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Abstract

We use Nonrelativistic Quantum Electrodynamics (NRQED) as an effective
field theory to calculate the single photon annihilation contribution to the
positronium hyperfine splitting (HFS) in its ground state at order O(a®). Our
analytical result completes the hyperfine splitting calculation to order m.a®.
Using NRQED, we derive the Lamb shift of a scalar-scalar bound state and
O(a®) hyperfine splitting of positronium for a general excited state. Using
the same technique, we also rederive the Lamb shift of Hydrogen atom and

O(a®) HFS of positronium in its ground state.
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Résumé

Nous utilisons Electro-Dynamique Quantique Non-Relativistique (NRQED)
comme théorie des champs effective afin de calculer la contribution de ’anihi-
lation d’un seul photon au découplage hyperfin du positronium dans son
état de base & 'ordre O(af). Ce résultat analytique compléte les calculs
du découplage hyperfin & 'ordre m.a®. En utilisant toujours NRQED,
nous dérivons le décalage de Lamb de 'état scalaire-scalaire lié ainsi que le
découplage hyperfin du positronium pour un état excité général n et 1 a I’ordre
C{a®). Finalement, nous utilisons la technique NRQED pour redériver le
décalage de Lamb de ’atome d’hydrogene ainsi que le découplage hyperfin

du positronium a son état de base.
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Chapter 1

Motivation and Outline of this
Thesis

The detailed comparisons between the heroic precision calculations using
Quantum Electrodynamics (QED) and equally heroic precision measure-
ments represent one of the pinnacles of twentieth-century physics. On the
theoretical side, comparisons involving the energy levels of bound states, such
as hydrogen or positronium, pose a particular challenge. This is because of
the necessity of incorporating the small radiative corrections of relativistic
QED into the nonperturbative treatment required for the bound state it-
self. Important conceptual progress in handling bound states in QED was
made several years ago, by Caswell and Lepage[l], with the development of
non-relativistic QED (NRQED), which consists of an application of effective-
field-theory ideas to atomic physics applications of QED.

NRQED starts with the recognition that much of the complication of
QED bound-state calculations arises because the fine-structure constant,’
a = e?/4n, enters into observables in two conceptually different ways. First,

a enters as the small parameter which controls the higher-order QED radia-

1We use throughout units for which hA=c=1.



tive corrections. Second, a enters from the appearance in these calculations
of three separate scales: the electron mass, m, the bound-state momentum,

2| once it is recognized that v = O(e) in

muv, and the bound-state energy, mv
the bound state. While much of the higher-order QED radiative corrections
involve scales at, or above, m, where relativistic kinematic is important, the
complications associated with handling the bound states all arise at the lower
two scales, mv and mv?.

NRQED takes advantage of this hierarchy of scales to efficiently separate
the radiative corrections from the bound-state physics. First one accurately
integrates out all physics associated with momenta p 2 O(m), obtaining an
effective theory of non-relativistic particles whose interactions are organized
according to their suppression by powers of the two independent small param-
eters, o and v. This effective theory is then used to systematically compute
bound-state properties, at which point v becomes of order a. Keeping v and
o independent until this last step makes the bookkeeping more straightfor-
ward. The additional bonus is that bound-state calculations are much easier
to do within the effective theory because its non-relativistic framework per-
mits the direct application of well-tested techniques based on Schrédinger’s
equation.

Any effective field theory relies on the existence of a hierarchy of scales, it
e.g., in the case M) ~ mv <« M, ~ m, in a physical problem. The heart of the
effective theory’s utility lies in its power-counting rules, which identify how
to systematically isolate the complete contributions to any observable to any
fixed order in the small ratio, M; /M,. NRQED is no exception in this regard,
with the power-counting rules identifying the suppression of observables in
powers of v ~ . It is the recent development of NRQED power-counting

rules [2](3](4](6], which now makes it possible to directly identify the O(a")



contributions to any atomic-physics observable. These rules have recently
been demonstrated in practice in some illustrative papers{12][13][22](23][16]
[17].

Although contributions order by order in @ can also be obtained by other
methods, the virtue of NRQED lies in its simplicity, which potentially makes
more complicated calculations feasible. It also permits the very simple ex-
tension of low-order results to bound states involving particles of other spins
[14].

It is noteworthy to mention that the effective field theory approach to non-
relativistic systems is becoming standard in the literature for quarkonium
systems, the strongly-interacting anologues of positronium. One can find a
lot of papers about the corresponding effective field theory of Non-Relativistic
Quantum Chromodynamics (NRQCD). In addition, NRQED and NRQCD
are closely related to Heavy Quark Effective Theory (HQET), the effective
theory applicable to systems with a single nonrelativistic particle.

Despite all these developments in effective theory approches, the power of
NRQED approach has still not been fully appreciated by the atomic physics

community. Therefore, our goal in presenting this thesis is twofold:

1. Using NRQED we simplify and systematically rederive many old

well-known calculations such as:
e Order o* energy correction of positronium, scalar-scalar and fermion-
scalar bound state.
e Order a® Lamb shift of hydrogen atom.
e Order o® hyperfine splitting (HFS) of the ground state of positro-

nium.

Besides building confidence in our results, these calculations include

3



new results for intermediate steps in our calculations, in which we per-
form the matching of QED to NRQED at next-to-leading order (NLO)
and next-to-next-to-leading order * (NNLO) in a. Only a small part of
this matching is already available in the literature, and the remainder,
which we present here for the first time, will have applications to many

other higher-precision NRQED calculations.

2. Using NRQED we obtain new results to prove its power with respect

to the conventional calculations:

e Order o® hyperfine splitting of general excited states of positron-

ium.
e Order of hyperfine splitting of positronium in its ground state .

Our result for the O(a®) permits the first-ever analytical calculation of
the complete O(ma®) contribution to positronium hyperfine splitting (HFS)
[19]. To see the importance of this calculation let us explain the situation in
more detail.

The theoretical expression for HF'S of positronium in its ground state is

7 af8 1 5
= L3 il Bl 2 -1
AEy;y, = mea [12 W(g+21n2)+a (24lna +K)
T 3,2 1 3]
& & In®a™ + O(a’)|, (1.0.1)

where AEjy, is the energy difference between the triplet (ortho) and singlet

(para) ground state of positronium, and K is defined by

K = K,(1-v ann) + K3(2-y ann) + K3(3-y ann) + Ky(non-annihilation)

(1.0.2)

In this thesis, we use the abbreviations NLO and NNLO for Next-to-leading order and
Next-to-Next-to-leading order respectively. We also use HFS for hyperfine splitting.




Using NRQED we provide, for the first time, an analytical® calculation of
Ky (1-vy ann). Apart from K;(1-vy ann), all the contributions to K coming
from the non-annihilation, and the two- and three-photon annihilation pro-
cesses have been calculated before (see Table 5.1).

In this thesis, we first rederive the a* and a® corrections of the Eq.(1.0.1)
using NRQED as an effective field theory. We then calculate K,(1-y ann),
the single-photon annihilation contribution to the constant K, completing
the theoretical formula in Eq.(1.0.1).

The outline of this thesis is as follows:

e Chapter(2)
In this chapter we introduce NRQED by briefly reviewing the NRQED
Lagrangian. We then discuss the matching procedure, section(2.2),
which is required to obtain some of the NRQED couplings to leading or-
der in . We review NRQED propagators in section(2.3). Section(2.4)
gives a quick summary of NRQED power counting, as obtained in
Ref.[2]. These power counting rules are then used to systematically
identify all possible contributions to some particular bound state cal-

culations which we present in chapters (3), (4) and (5).

e Chapter(3)
Here we show how the NRQED Lagrangian, with the coefficients fixed
at the leading order, gives the full O{a*) order bound state energy
shift for positronium. We also calculate this energy level shift for the
cases where either or both particles have spin zero. This is the sim-
plest application of NRQED as an effective field theory in bound state

calculations.

3An independent numerical calculation of K;(1-vy ann) appeared at the same time as
our analytical expression.



e Chapter(4)
In section(4.1), we first summarize the next-to-leading order matchings
for two-fermi operators which are already given in the literature. We
then explain how these matchings can be used to calculate the Lamb
shift in the hydrogen atom, as well as in scalar-scalar bound states. The
reader will surely enjoy these derivations and prefer them over more
traditional ones based on the Bethe-Salpeter equation. Section(4.2)
is devoted to Next-to-Leading order matching of four-fermi operators.
Some of these matchings are new and have not been published previ-
ously. The main result of this section is that the complete O(ma®)
contribution in NRQED is obtained using precisely the same graphs
as for the O(ma') contribution, but with coupling constants which
are matched to relativistic QED at higher order in a. These results
are then brought together to give the hyperfine splitting for both the

ground state and the excited states of positronium.

e Chapter(5)
In chapter(5) we first perform a matching at NNLO for the spin-1
annihilation operator. This is then followed by the calculation of all
the bound state diagrams relevant to obtaining an analytical result for
the O(af) hyperfine splitting (HFS) of positronium in its ground state.
This is finally used to determine, for the first time, the the unknown

coefficient Kj(1-y ann) which we introduced in Eq.(1.0.1).



Chapter 2

Introduction to NRQED

As explained in the introductory chapter NRQED is an efficient adaptation
of QED which simplifies the handling of power counting, cancellation of di-
vergences, and gauge invariance in bound state problems. In this chapter we
introduce the NRQED Lagrangian and evaluate the various coefficients ap-
pearing in the Lagrangian by “matching” them to QED. NRQED Feynman
rules are described in section (2.2) followed by a discussion of propagators
in section (2.3). We then turn to power counting in section(2.4), which is
the core of this chapter. We give some examples to clarify how the power

counting rules work.

2.1 NRQED Lagrangian.

We start with the Lagrangian density of NRQED as applied to non-relativistic
electrons and positrons, which is obtained from full QED by integrating out
all virtual physics at scales greater than the electron mass, A 2 m.

The fields representing the low energy degrees of freedom in this theory
are ¥, x and A,, which respectively represent the particles and photons

with energy less than m. For example, in the case of positronium % and



x would be the non-relativistic electron and positron, while in the case of
the Hydrogen atom, would be the electron and proton. The Lagrangian is:
L = Lphaton + LZ—F‘ermi + L4—Fcrmi + - with: !

2 4

£2—Fcrmi = ¢t{i-Dt+R"ﬁ"—l)—--{-C]_O"B-’rCz(D'E—E'D)
2m  8m?

+c30'»(DxE—ExD)+...}1,/)

+ same terms with ¢ — x,

LocFermi = cyPlooax’ - xTorov + cs Ploax” - xT ooy
+ Cﬁ(leO'QO'DZX. - xloaop + h.c.) +...
_ 1o o oy K 40
Lohoton = 2(E B?) + A (k)mzA (k)
ok kik;
—cuo (k)5 49(k) (a‘-,- _ P—J—) +... (2.1.1)

Here D = i(p — qA) and D, = 9, + iqAy, and the components of the vector

o are the the usual Pauli spin matrices

(oY __fo-i) __(1 0
'“l10 SR R T Vo -1 )’

and the g is the electric charge.
For the NRQED we define perturbation calculations by splitting the La-
grangian density, £, into an unperturbed and perturbed part: £ = Lo+ Lipe,

where

Ly = EO,partides +['0,photon
= { ¢f(ia - —pz—) b+ T(ia - i) x} +1(E2 —Bz)
t” 2m X\~ om 2

The Feynman rules corresponding to this Lagrangian are listed in Fig.(2.1).

1We omit the four fermion terms proportional to ¢; and cs which are listed in ref.[2],
because they are redundant in the sense that they may be expressed in terms of those we
display.
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For the photon we choose the Coulomb gauge. This is the most efficient
gauge to study non-relativistic bound states since it permits the isolation of
the Coulomb interaction (which must be treated non-perturbatively) from

all other interactions (which can be treated as perturbations).

2.2 Matching at Leading Order.

The various coefficients, ¢;, appearing? in Eq.(2.1.1) are calculable functions
of @ and m which are obtained by integrating out scales larger than m using
QED. They may be conveniently determined by computing scattering pro-
cesses for free electrons and positrons® using both QED and the NRQED

Lagrangian, Egs.(2.1.1). Equating the results to a fixed order in & and v:

QED scattering amplitudes NRQED scattering
expanded in powers of p/m amplitudes,

completely determines the constants ¢; to this order. This is the so-called
matching procedure. Notice that no bound state physics enters at this stage
of the calculation.

Performing the matching operation at tree-level in QED gives the lowest-
order results in a [1]. We present these calculations in detail in subsequent
sections (see sections (2.2.1), (2.2.2) and (5.1)), but present here the leading

order results:

© _ 4 0 _ 4 © _ g
G = %? GZ - sz, C3 = 8m21
© _ _ T () _ _ 212
= - G =3 (2.2.2)

3There is no need to put any coefficients, ¢;, for D, and D?, since we can absorb
them into the parameters m and ¢. The Relativistic Kinetic Vertex is — 52":1- by Lorentz
invariance and for the applications of this thesis Lorentz invariance ensures the coefficient
of D* is uncorrected in powers of a.

3Since in this thesis we mainly concentrate on positronium, we take the electron and
the positron as the particles in the matching procedure. One should be careful in applying
these results for other types of spin 1/2 particles.

10
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and
O = =l =0, (2.2.3)

The superscript “(0)” indicates that the coefficient is a tree-level result.

2.2.1 Two-Fermi Operators

The coefficients of two-fermi operators, ¢y, c; and c3, appearing in Eq.(2.1.1)
can be fixed by considering the scattering of an electron by an external field
A,. This is illustrated, at tree level, in Fig.(2.2). In writing the LHS we
use the following representation of the Dirac spinor, u, in terms of a two-
component spinor, §:

u(p) = \/E;}m ( gi_g) (2.2.4)

E+m

where £ is normalized to unity. We then expand the vertex of Fig.(2.2) in

powers of £, leading to:

(QED)1st—row = ﬁ(IJ')CI'YW-(}")

11



Et p+p £ +1iq 6’1 LE’__B)_f_E E+O(p2/m2)

2m
(QED)2ﬂd—row = u(p )‘1’70“(?)

= g€t et . (P XP)
= g8 8§+ gl o=
ST (—ps—z) £+ O(p’/md). (2.2.5)

Using the Feynman rules of NRQED shown in Fig.(2.1), we can easily find
the right-hand side of Fig.(2.2) to same order in (p/m):

(NRQED)urow = —q€' 22 P ¢ tie €1 (p—p) x o

(NRQED)2pd—row = q£'5+2csé* o-(p'xp)— cft (p-p)te

(2.2.6)

Equating Eqgs.(2.2.5) and (2.2.6), we obtain the coefficients c\”, ¢{*) and ¢!
in Eq.(2.2.2). We refer to this as “tree level matching” because only tree
level QED diagrams are involved (similarly, n-loop matching will refer to
the number of loops “n” in the QED diagrams). The one-loop matching
introduces O(a) corrections to the coefficients, ¢;.

It should be emphasized that the matching calculation does not involve
any bound states at all, since it is done using only the scattering of free elec-
trons and positrons. Matching is also the only stage of the calculation which
involves QED diagrams. Once the coefficients of the NRQED Lagrangian are
obtained in this way only they are used in the subsequent bound-state calcu-
lations. This separation of the matching from the bound-state calculations
lies at the heart of NRQED’s simplicity. For example, this separation per-
mits the use of different gauges in the relativistic and non-relativistic parts
of the calculation, since the gauge choice used for NRQED is independent of
the gauge used in QED, so long as one computes only gauge-invariant quan-

tities. This permits the convenience of using a covariant gauge, like Feynman

12
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Figure 2.3: The matching which determines ¢; ', ¢5 ', ¢3 ', ¢4 ()

and c; .

gauge, in the QED part of the calculation while keeping Coulomb gauge for
NRQED calculations.

2.2.2 Four-Fermi Operators

To see how the effective four-fermi couplings, cso) and c§°’, arise, we repeat the

previous procedure for tree level e*e™ scattering in both QED and NRQED.
In this case the tree level photon-exchange graphs are automatically repro-
duced by their NRQED counterparts due to the just obtained matching re-
sults for c§°’, céo), and c(so). That means the ¢t-channel QED diagram cancels
the NRQED t-channel graphs in Fig.(2.3) *. This leaves ¢\” and ¢ to re-
produce the effect of only the annihilation graph in Fig.(2.3). This must be
reproduced by an effective interaction because the photon which is exchanged
must necessarily involve a four-momentum of order m, and so cannot appear

in the effective theory. For simplicity, in performing this matching we evalu-

4Indeed, for non-relativistic electrons and photons the energy of the exchanged photon
is much below the electron mass and so this scattering is described by the same t-channel
graph in NRQED. As a result, tree-level t-channel photon exchange does not contribute
to any of the NRQED four-fermi operators in the matching process.

13




ate all diagrams at threshold — i.e. all the diagrams have vanishing external
three momentum in the center-of-mass frame of the electron-positron pair.
We emphasize that this choice of external momentum is purely for conve-
nience, and the matching could equally well be performed with non-zero
(but non-relativistic) three-momenta for the electron and positron, giving
precisely the same NRQED coefficients. Using the QED Feynman rules, the

scattering amplitude for the annihilation diagram at threshold gives

(QED) = 50)n(0) (=3 ) 8(0)a0(0), (227)

where u(0) and v(0) denote the electron (positron) spinor at threshold:

u(0) = (50‘ ) . v(0) = ( -fngi )

The matrix element reads explicitly
2
@ED) = L (dnoe)- (doo)

= L[ (ete) (cler) + 5 (dhots) - (los)]
(2.2.8)

where we have used a Fierz re-shuffling on the second equality. We recognize
the right-hand side of Eq.(2.2.8) to be the matrix element between £; and &,

of the following operator:

¢ B+a1-03) _ ¢
4m? 2 4m

_§?. (2.2.9)

Here S = s; + s, with s; = %a'i is the total intrinsic spin operator, and
the subscript “i” of &; denotes upon which particle the corresponding Pauli
matrix acts. Recall from Fig.(2.1) that the sum of spin-1 and spin-0 Annihi-

lation vertices at tree level is
—c"s? — (2 - 8?). (2.2.10)
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Equating Eqs.(2.2.9) and (2.2.10) for spin-singlet and spin-triplet state, we
obtain ¢ = —¢?/4m? and ¢{” = 0. Therefore, we have obtained the coeffi-

cients ¢i” and c§°) in Egs.(2.2.2) and (2.2.3).

2.3 NRQED Propagators.

More complicated scattering amplitude involve e*e™ lines, which we now dis-
cuss. It is much simpler and powerful to work with old fashioned Rayleigh-
Schrédinger perturbation theory (in which one indicates explicitly if an in-
ternal particle has positive or negative energies), than with covariant time-
ordered perturbation theory. In addition, the use of the Coulomb gauge for
the photon makes computations in the effective theory much easier to handle.
In old fashion perturbation theory (OFPT) (10| all particles are on-shell but
energy is not conserved at the vertices, and all the diagrams have an explicit
direction along which time flows. That means Coulomb photons propagate
instantaneously (i.e. along vertical lines in our diagrams since we choose the
time axis to point to the right) and transverse photons propagate in the time

direction. In OFPT [10] the propagator for each intermediate state is:

1

EO - Eintermediate

(2.3.11)

In this expression Fy is the total unperturbed energy of the state of interest
and Ejniermediate 1 the energy of the particles present in the intermediate
state. For example, for a bound state having principle quantum number
n, nuclear charge Z and reduced mass u = mymy/(m; + m,), E; would
be —Z%ua?/(2n%) and Eipermediate is p3/(2m3) + p3/(2m,), with p?/(2m?)
counting for each fermion. When there are photons in the intermediate state,

we have the following cases, depending on whether we follow A; or Ay:
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Figure 2.4: Separation of a transverse photon into a soft, instantaneous

contribution (represented by a vertical line) and an ultra-soft propagator
(represented by the broken wavy line).
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Figure 2.5: The two non-covariant perturbation theory diagrams which
correspond to a single covariant diagram using time-ordered propagator.

1. Non-Coulomb photon (A;):
In this case the propagator, Eq.(2.3.11), should be modified for each
photon to:

1 1 kik;
X T ) 2.3.12
EO - Eiﬂtermcdiate 2\/ k2 + A2 ( 7 k2 + A2 ( )

where A is a regulator for infrared (IR) divergences and we should
also consider the photon energy, |k|, in the intermediate state energy,
Eintermediate- As is shown in [2], the power of NRQED is enhanced if
one separates the general photon propagator into the “soft” transverse
photons (having energies of order v = Zua ) and the “ultra-soft”
photons (with E ~ «2?/u) because the counting rules differ for the two
types of photons. Soft photons are represented by vertical lines (i.e.

they interact instantaneously), Fig.(2.4(a)) and therefore never appear
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Figure 2.6: Photon propagators.

in intermediate states. On the other hand, ultra-soft photons propagate

in the time direction, Fig.(2.4(b)).

It is shown in Ref{2] that when we have soft photon in intermediate

state, Eq.(2.3.12) reduces to

-1 kik;
o~ ) (23.13)

It is easy to prove this equation. Consider the diagrams shown in

Fig.(2.5). Using Eq.(2.3.12), we calculate the sum of the intermediate

propagators of these two diagrams:

27111

(s, ) 1
2k|\Y k2 %—w—%—lkl

1
Tz .L’__ir;-_kl’__]kl)

2u T 2my 2ma

(2.3.14)

For a soft photon, since |k| ~ Zua, we can ignore the other terms in

denominator with respect to [k|. Therefore we obtain Eq.(2.3.13) with

A=0.

2. Coulomb Photon (Ao):
In this case the Coulomb propagator is given by 1/(k? + A?).

Fig.(2.6) summarizes these three types of photon propagators.
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2.4 NRQED Power Counting

The essence of any effective field theory is its power-counting rules, since
these are what permit the systematic calculation of observables to any or-
der in small ratios of scales. Unfortunately, power counting in NRQED is
slightly more complicated than in many effective field theories because of the
appearance of ‘ultra-soft’ photons. Recall that the charged particlesin a QED
bound state typically have momenta p ~ ma and energy E ~ ma®. Pho-
tons can therefore be emitted with momenta equal to either of these scales.
Photons having momenta, k, (and energy w) of order ma (soft photon) do
not pose any problems for power-counting, but those having k,w ~ ma?® —
the ‘ultra-soft’ ones — do. Physically, such ultra-soft photons represent the
effects of retardation in the effective theory.

Fortunately, these ultra-soft photons have wavelengths which are also
large compared to the size of the bound state, and so their effects can be
organized into slightly more complicated power-counting rules using what
amounts to a multipole expansion in their couplings to the charged particles.
In the final analysis, this multipole expansion introduces extra suppression
by powers of « into interaction vertices involving ultra-soft photons. (Their
contribution to the hyperfine splitting starts at order ma® {2].)

When the dust settles, the power-counting result has an appealingly sim-
ple form [2]. Consider computing a contribution to a bound-state observable
using the NRQED Lagrangian, Eq.(2.1.1), in perturbation theory. We face

two possibilities, which are treated separately in the next two sections:
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Figure 2.7: Generic NRQED diagrams in the presence of soft photons

only.

2.4.1 Soft Photons

When only soft photons are present — i.e. when retardation effects are ne-
glected — all NRQED diagrams reduce to a set of instantaneous interactions,
giving graphs as in Fig.(2.7). There are several quantities which determine
the size of the contribution of any such graph to bound-state observables [2].
One of these is N, the number of electron-positron propagators separating
the instantaneous interactions®. The other two quantities are related to the
powers of & and 1/m which appear in each of the coupling constants, c;,
of the NRQED Lagrangian. Suppose the particles in the bound state have
masses m,; and m,, with charges ¢ = e and ¢ = Ze respectively. Define,
then, x and p to be, respectively, the total number of powers of 1/m,, 1/m,
which appear in the vertices of the graph of interest. Finally, denote by n;
the number of powers of a which appear in vertex “i” . a; similarly denotes
the number of powers of Z in a vertex. Suppose N, &, p, ¥;n; and ¥, a;,
with the sum over all vertices, are known for any particular NRQED graph.
Then the contribution of this graph to the energy-level shift in a bound state

is of order([2):
un+p+l

Ko P
myms

Z"af, (2.4.15)

5N is denoted Nrop in ref. [2].
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times a possible factor of In(Zua). Here p = mym,/(m,; +m;) is the reduced

mass and { and 7 are defined to be

( = 1l+Kk+p-N+> n,, (2.4.16)

1 = l+k+p—N+) a (2.4.17)

The proof of Eq.(2.4.15) is as follows. When we have only soft photons then
the only dynamically relevant energy scale in the NRQED graph is the typical
bound state three momentum v = Zua. The masses of the constituents
factor out trivially of any NRQED diagram. Indeed, the masses appear only
as an overall factor in the rules for the vertices and in the propagators®. Thus,
for any particular NRQED graph, there is an overall factor 1/(mfmju~—").
Since the NRQED graphs have dimensions of energy, integration of three
momentum in these graph should give us a factor y***~¥+1, That means we

obtain

,_L~+p+1 7 1+x+p-N
2.4.
m'{mg( a) (2.4.18)

There are also additional powers of Z and a coming from the charges of
vertices, 3; a; and Y ; n;, which we should add to the above equation. This
completes the proof of Eq.(2.4.15).

To understand how to work with these rules, let us consider Fig(2.9(a))
for positronium. Since m; = my; = m, 4 = m/2 and Z = 1, Eq.(2.4.15)
reduces to ma‘. From the Fig.(2.9(a)) we can seethat N =2,k +p =7,
;i = 2. Therefore this figure will contribute to the order of ma® in the
bound state calculation.

Although the quantity N enters in Egs.(2.4.16) and (2.4.17) with a neg-

ative sign, inserting additional interactions (and so increasing N) typically

6The propagator for the two bound particles is given simply by TF'T:F%W
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involves sufficient additional vertices to ensure that the net contribution to
¢ increases and that the contribution from the diagram is therefore further
suppressed. The only exception to this statement is the case of repeated
insertions of the Coulomb interaction, which increases N, >°; n; and Y ; a; by
1 but leaves k + p unchanged (recall the Coulomb interaction does not con-
tain any powers of inverse mass). Therefore, adding any number of Coulomb
interactions to a given diagram leaves the value of ( unchanged, indicating
that one cannot perturb in the Coulomb interaction, which must be summed
up to all orders. This is accomplished by using Schrédinger wave-functions
for the external lines of the bound state diagrams and the non-relativistic
Schrédinger-Coulomb propagator for intermediate states. On the other hand,
it is easy to see that adding any other interaction increases the value of ¢
since all the other interactions contain powers of 1/m. Consequently There
are only a finite number of graphs which can contribute for a given positive

choice of ¢.

2.4.2 Ultra-Soft Photons

For the diagrams containing ultra-soft photon we must extend the counting
rules presented in the previous section. This is accomplished in Ref.[2][6], but
because a full explanation of this counting would take too long, we simply
state here the final result.

A diagram containing ultra-soft photons contributes to order

#n+p+1 N (-
WZ"C! (2.4.19)
where we define ¢ and 7 to be
5=1+n+p—N+2N.,+ZM.— (2.4.20)
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Figure 2.8: Two non-covariant perturbation theory diagrams correspond-

ing to a transverse photon exchange.

i=l+k+p—N+D a;i+2N,+ > M; (2.4.21)

i i
where N, is the number of ultra-soft photons in the diagram and M; is
order of multipole expansion to which the #** vertex has been expanded. The
sum in ¥ ; M; is over all the vertices connected to ultra-soft photon. To

explain what we mean by multipole expansion, consider diagrams shown in

Fig.(2.8)":

e Zeroth order of multipole expansion
Zeroth order term in multipole expansion is obtain by setting p] = p:
and p;, = p2 in NRQED vertices. For example, for Fig.(2.8(a)) the

zeroth order term is:

Fig.(2.8(a))l0 = (%3 {v"®i.p) (q‘(pl + pi) ‘) (qz(p2 ~ pé)")

2m1 2TTL2
o8 (g )
2k[\"Y K2 /\p_ el By
2u 2my 2m2
veupd)
P1=P1=—P2=-P2=P

(2.4.22)

In the case of the Fermi vertex, this gives zero since the NRQED Feyn-

TThese two diagrams are considered into one diagram in covariant perturbation theory.
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(d)

Figure 2.9: Generic bound state potentials.

man rule is proportional to p’ — p = k. This means that the first

nonzero contribution is of the first order in the multipole expansion.

¢ Higher order multipole expansion
To obtain the higher order terms in the multipole expansion, one pro-
vides a factor (k- V)"/n! for each vertex connected to an ultra-soft
photon, where n is the order of interest in the multipole expansion,
and a plus(minus) sign is used if the photon is absorbed(emitted). The
gradient must be taken with respect to the three momentum of the
fermion line on the right of the vertex. It is necessary to distinguish

between the momentum of the fermion before and after the interaction,

even though we have to set them equal in the end.

In this thesis we do not need to go beyond the zeroth order in the multipole

expansion. We now give a few examples of the use of Egs.(2.4.20)) and

(2.4.21).

As a first example consider the interaction Fig.(2.9(b)) in hydrogen, m; =
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m, and m, = m,,, where the ultra-soft photon, Eqs.(2.4.20) and (2.4.21), is
connected to an electron line. In this diagram, x =0 and p = 1 (there is one
factor of 1/m on each vertex), ¥;n; = 1 (a factor e on each vertex), N =1,
N, =1 and, if the zeroth order in the multipole expansion (or in the Taylor
expansion) is used, M; = Mj = 0. This leads to a contribution of order o®.
The mass dependence is found to be u3/m? and the Z dependence is,. from

(2.4.21), Z*. This diagram therefore contributes to order

3z4
EZ o (2.4.23)
mC

In fact, this result is enhanced by a logarithm In(Za) and contributes to the
Lamb shift.

Consider now Fig.(2.9(c)) in positronium so that Z =1 and m; = mg =
me. In this diagram, the transverse photon is soft (represented by a vertical
line}). We can therefore use Eqs.(2.4.16) and (2.4.17). One has ¥ ;n; = 1 and
k = p = 1. If the tree level expressions are used for the coefficients, then this
diagram contributes to order m.a*. The same diagram will contribute to a
higher order in a if the loop corrections to the coeflicients of the Fermi vertices
are considered (the one-loop correction being, from Eq.(4.1.2), a/27).

As a final example, consider Fig.(2.9(d)) in positronium where m; =
my = m, and Z = 1. Here the photon is ultra-soft. As mentioned previously,
the first non-vanishing contribution from this diagram contains two factors
of k (one from each spin vertex) so that 3°; M; is equal to at least two.
N =1, N, = 1 and the other coefficients are as in Fig.(2.9(c)), if the tree
level coefficients are used. One then finds that this diagram will contribute

to order m.a’.
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Summary

In this chapter, we have reviewed the following preliminary subjects in a

NRQED calculation:

e The NRQED Lagrangian:
We wrote the most general Lagrangian which respects low energy sym-

metries such as parity and gauge invariance.

e Matching at the leading order:
The unknown coefficients in the NRQED Lagrangian are evaluated by
matching the QED to NRQED at leading order in « at threshold.

e Power counting:
It was shown that we have two types of counting rules in a bound
state system for soft and ultra-soft photons. Since there are an infinite
number of vertices in an effective field theory, it is extremely important
to decide which ones contribute to our problem. Using power-counting

rules allows us to make that decision.

Now we are ready to do the simplest calculations in the bound state by using
NRQED as an effective field theory. We will calculate the full O(a*) energy

shift of positronium, scalar-scalar and fermion-scalar in a bound state.
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Chapter 3

Leading-Order Bound State
Energy Shift.

The O(a*) correction to the binding energy of an electrostatically bound sys-
tem of two spin-% particles is a well-understood problem in quantum mechan-
ics. Recently, corrections at the same order to the energy of states involving
two spin-0 particles or a spinj- spin 0 bound state, have been calculated (18]
using Bethe-Salpeter methods. In this chapter we reproduce these results
for the full O(a*) energy corrections for the above systems, using NRQED.
The purpose in so doing is to test NRQED against standard results, and to

develop some techniques for later use in our calculations.

3.1 Positronium Energy Shift to Order o*.

All NRQED calculations can be divided into three steps.

e First use the counting rules to identify the diagrams which contribute to
the order of interest. This first step not only permits the identification
of the relevant diagrams, but it also fixes the order (in the number of
loops) at which the coefficients, ¢;, of the NRQED Lagrangian must be
matched.
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Figure 3.1: The lowest order diagrams contributing to the fermion-fermion
bound state energy.

e Second, match the coefficients to the order indicated by step one.
¢ Finally, evaluate the relevant NRQED bound state diagrams.

We are now in a position to perform these steps for the calculation of the

full O(a*) corrections to all energy levels of a spin 3-spin -;- bound state. We

first consider the general case where the two fermion masses are different .
To find all the NRQED diagrams which contribute to order a* we start

from the counting rules:
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o Soft photons

Recall that soft photons contribute to order :

“n+p+1
=Z"0f, (3.1.1)
mamy
where
(=l+k+p-N+> n (3.1.2)
1

Since we want to calculate to the order o, we put ¢ = 4, and obtain
the following constraint: £ +p — N + }°; n; = 3. Considering first the
case where N = 0, we are left with the condition x + p+ ¥ ;n; = 3.
There are five possible solutions for this condition which correspond to

the diagrams shown in Fig.(3.1):

1. k=2, p=0and Y ;n; =1, Figs.(3.1 (e), (g))-

2. k=0, p=2and ¥;n; = 1, Figs.(3.1 (d), (f)).

3. k=1,p=1and T;n; =1, Figs.(3.1 (a), (b), (c), (h), (k)).
4. k=0,p=3 and ¥;n; =0, Fig.(3.1 (i)).

5. k=3, p=0and ¥;n; =0, Fig.(3.1 (j))-

As the reader can easily check, all the diagrams having N > 1, con-

tribute at least to O(a®) .

e Ultra-soft photons
From Eq.(2.4.20), one can see that diagrams with ultra-soft photons

start at O(a®) , and so are irrelevant at the order of current interest.

All the diagrams which contribute to this problem are therefore shown in

Fig.(3.1). It is important to notice that the annihilation diagram in Fig.(3.1(k))
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will contribute to the energy shift only when the particles involved are anti-
particles of one another, and so have the same masses. The wave-function,
¥(P), is the product of the Schrédinger wave-function in momentum space
and a two component, dimensionless spinor. The spinor part acts on each
fermion line. For a spin %-spin % bound state, this becomes a tensor product
of two such spinors. There would be of course no spinors for a bound state
of two scalars.

Let us start the a* calculation by considering the contribution of diagram
Fig.(3.1(a)) to the energy shift: (in this chapter we replace all ¢;’s by their

tree-level values.)

d’pd’p’ . e , Ze /
AE, = 2n)f ¥ (p') [(Qma(p+p)s) (-2—(p+p)1)
-1 ( (p—pP)ilp - p’):)]
X | ;i — Y(p
(p-p)2\" (p-p)
_ —Zé dpd’p’ . [(p+p’)2 (P> —p'?)? ]
- 4mamb/ (2m)S vip) p-p)? (-p) vip)
p(Za) e p(Ze)' 3p(Za) (3.1.3)
ndmymy mement  2mamy(€ + 1/2)n3’ o
where we considered the charges to be g = —e and ¢ = Ze and we have
used v = Zua.

Another spin independent contribution comes from the diagram with a
Darwin vertex on one of the fermion line and a Coulomb vertex on the other

fermion line, Fig.(3.1(d)). This diagram leads to an energy shift equal to

épdp .. [eP—P) 1
Af | Gy V| T 2 Gl P
I¢( 0)* = fnzzz b0 (3.1.4)

where m, and m, are the fermions’ masses. Notice also that the cancellation
of the Darwin vertex with the Coulomb propagator means that this inter-

action will be represented by a delta function in configuration space. We
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obtain the same result for the Fig.(3.1(d)). Therefore, we have

pZa)y, | p(Za)
am2nd T 2mind

a

AE;+ AE, =

b0 - (3.1.5)

There is also a contribution from the diagram having a spin-orbit vertex
on one fermion line and the p - A interaction on the other fermion line,

Fig.(3.1(c)). This contribution reads

AE, = /M,ﬁt( l)[(e(P+P')i) (iZe(—p' +p) x U'b)j)

(2m)8 2m, 2my
-1 ~_(p—pP)ilpP - P);
(p-p')? ('5" P-p)? )]w(p)
_ iZe? dspldsp./' 20 - P X p '
- 4mgm, / (211')6 v ( )( (p — p;)z )>¢(p)
- el ;sL > (3.1.6)
My T

where L is the total angular momentum. If we add the result of Fig.(3.1(b}))
to Eq.(3.1.6), we have

-L
Za < (Sp + Sa) S

AE, + AE, = .
Mgy T
Za S-L
= <=3 2
My T
( (-C%T fJ=¢0+1

_ (1 = di0)p*(Za)%ds, i _
- < ifJ=¢
2mampf(€ + 1)(1/2 + £)n3 [(Z)) )

. F ifJ=2¢-1
(3.1.7)

where S is the total spin. The contribution of Fig.(3.1(g)) is similar to
Fig.(3.1(b)). The results is

Za sy-L
AE, = g < (3.1.8)
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Therefore we conclude that

Z -L Z -L
AP L B L (3.1.9)

AP+ AE, = 2m} r3 2m2 r3

Now, let’s compute the contribution of diagram in Fig.(3.1(i))
dpd®p .\ [-p*(2m)%(p - P')
AE; = /W¢ (P){ 8m3 ]1/’(1’)
—p(Za)t  3ui(Za)!
2min3(l+1/2) 8m3lnt ’
For the Fig.(3.1(j)), we just need to replace m, with m; in Eq.(3.1.10).

(3.1.10)

Now, if we put m, = m;, then for Fig.(3.1(h)) we have
dip'd®p , —ie(p' — p) X o, iZe(—p'+p) x o
pi’p, (p,)[( (p' - p) )( ( p) b).
s J

AE,

(2m)s 2m 2m

o)

_ f;?z dzg;d)ZP_,. ) [((p’ - p) x Z;)_ I()E;’ —p) % m)] ¥(p)
2Z¢? (1 —80)(Za)y® <Y > &5,

[W(0)2 < sq-5p > +

3m? m2n3f(€ +1)(£+1/2)2¢ + 3)(2£ - 1)’
(3.1.11)
where Y has the following form:
Y = 2L2(Sa . Sb) - 3[(Sa . L)(Sb . L) + (Sb . L)(Sa . L)] (3.1.12)

The final O(a*) contribution comes from the annihilation diagram in Fig.(3.1(k)):

2 4
e 9 2 ma de0
AE, = i < S* > |[¢(0)|" = yca (3.1.13)

If we put all contributions together, we obtain the full O(a*) energy shift for

the spin 3-spin 1 bound state ! which is given in Ref.[9].

ma? ( 11 1
2 \32n* n3(2(+1)
1Here, the particles are antiparticle of one another. When we have two spin 1/2 particles

with equal mass which are not antiparticles of one another, we only need to subtract
Eq.(3.1.13) from Eq.(3.1.14).

AE;_;(a*) = + e_',,,), (3.1.14)
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where s is the total spin of system and €}, = 0 and

st fJ=0+1
7 1-§
1 _ L0 -1 . _
he = Gadto t samre ) $ O wEs if J =1, (3.1.15)
—(3t-1 e T __
L 'ef(éT-T)l if J = -1

If we ignore the spin of one the particles, then after some algebra we can

recover the result of Ref.[15].

3.2 Scalar-Fermion and Scalar-Scalar Bound
State Energy Shift to Order o*.

Let us now turn our attention to scalar quantum electrodynamics. The sit-
uation is here much simpler than QED because of the absence of spin. The
propagator is the same as derived above and so is the rule for the p*/m?
interaction. The vertex rules are easily found by expanding the scalar-
electromagnetic vertex g(p, + p),). Again, we divide the interaction by a
factor of v/2E+/2E' to obtain the nonrelativistic normalization. The zeroth
component of the vertex is then given by

potp _ E+F
5VEE  2JEE

which, to lowest order, gives simply g. The next order interaction is given

(3.2.16)

by g(p* + p'* + 4p?p?)/16m?* (the O(p?/m?) corrections can easily be seen
to drop out). The three-vector part of the vertex is equal to

p+p’ _ p+p 1 p+ps
q2\/EE’-q 2m +q2m2( 2m )+

This completes the Feynman rules we are going to need in this case.

(3.2.17)

One remark must be made about perturbation theory in non-relativistic

scalar QED. Because of the similarity between the non-relativistic scalar
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QED and NRQED we can use the result of previous section. In the case of
Scalar- Scalar bound state, there are only three diagrams which contribute
to the a? energy correction, Figs(3.1(a)), (3.1(e)) and (3.1(f)). If we add
AE, + AE, + AFE; we obtain the result of Ref.[18]:

4 4
4 = M(L _L)(_"__é)
AE, (o) = 2nt m} * m3/\(£+1/2) 4
L PZa)dy,  pNZe)  3i(Za)
n3m1m2 mlmgn“ 2m1m2n3(£ + 1/2)’

(3.2.18)

where m, and m, are the scalar particle masses. For the case of spin %—spinO,
we just need to consider diagrams (a), (b), (c), (d), (e) and (f) in Fig.(3.1).
Since there is no Darwin term on scalar line, we can easily get the result in

Ref.[18].

4 4
N - :ﬂz_‘*)_(i _1_)( n___ §>
ABr-u(e) = 2n4 m3 * my/\L+1/2 4
LHZa) e pHZa)t 3 (Za)
ndmemy mempnt  2mpmyn3(€ + 1/2)
3 4 3 z 4 1 1
LH (Zozr) ft.o L ( 30) ( + 2)
2min n mgmy  2mj
L) (8= €+ 1/2) 8= (L= 1)
(2¢+1) £+1 ¢ ’
(3.2.19)

where m; and m; are boson and fermion masses respectively.

In this chapter, we have calculated the simplest NRQED diagrams which
contribute to the lowest order, O(a*), of the bound state systems. In the
next chapter, we consider the order o® calculations. To do that we are faced
with one-loop NRQED diagrams which lead to UV divergences in some cases.
We should not worry about this because at this order we also need to perform

a matching procedure at NLO which renormalizes the NRQED coefficients.
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. The UV cutoff, A, appearing in some of these coefficients cancels the UV
divergences of the one-loop NRQED diagrams. In the following chapters we

discuss these points in detail.
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Chapter 4

Next-to-Leading Order Bound
State Energy Shift.

So far we have done tree level matching!to get the rules of the effective theory.
It is clear that this tree level matching is equal to a series expansion in powers
of p?/m?. The relativistic physics must be put back into the non-relativistic
theories in order to obtain sensible results. Since relativistic effects take
place at a length scale much shorter than the scale probed by the low energy
theory, it can be incorporated in the effective theory by renormalizing the
coupling constants of the latter. To do so, all one has to do is to compute a
specific process up to a given number of loops in both NRQED and QED, for
example, and then require that the two results agree. Doing this at tree level
would only reproduce the interactions derived before. However, when loops
are taken into account, the NRQED coefficients will acquire corrections in
the form of a series expansion in a. For example, the coefficient of the spin
dependent interaction of Eq.(2.2.2), ¢; becomes (e/2m)(1 + a/2r) [16], to
take into account the correction to the anomalous magnetic moment.?

It is important to notice that this “matching procedure” can be done with

10nly tree level QED diagrams were involved.
3For more detailed explanations, the reader is referred to Ref.[8].
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scattering amplitudes, and that no bound state physics needs to enter at this
stage. Once the coefficients are fixed to a certain order in the fine structure
constant, the low energy theory can be applied to bound state calculations
without any further need of the full theory. This is the crucial feature that
makes NRQED much simpler than the traditional Bethe-Salpeter approach,
as it completely decouples the high energy contributions from the low energy
contributions. The high energy contributions can be systematically incorpo-
rated by calculating scattering amplitudes only. Only the low energy theory
(with its parameters renormalized) enters when the time comes to evaluate
bound state properties. This is to be contrasted with the Bethe-Salpeter
approach in which one must deal simultaneously with both the high and low
energy contributions.

The O(a®) energy corrections can be divided into two parts. The first part
is spin independent and contributes to the Lamb shift, and the second part
which is spin dependent, should be considered in calculation of hyperfine
splitting (HFS) in a bound state system. In section(4.1.1), we calculate
the Lamb shift in the hydrogen atom using NRQED as an effective field
theory. We then concentrate on scalar-scalar bound state in section(4.1.2). In
section(4.2.1), we calculate the well-known HFS result for the ground state of
hydrogen atom and then extend the formula to arbitrary n and ¢, producing
a new result. All these calculations will show how we can systematically
reproduce the old results while gaining the power to extend them very easily.
Those who are familiar with traditional calculation of the Lamb shift and
hyperfine splitting in the hydrogen atom will surely appreciate NRQED and
hopefully will consider NRQED more seriously.
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Figure 4.1: The matchings which determine cgl) and cg‘l,).

4.1 Matching at Next-to-Leading Order for

Two-Fermi Operators

More accurate calculations, such as those of interest in this chapter, require
the next-to-leading corrections to the coefficients of Egs.(2.1.1). In this sec-
tion we discuss higher-order corrections to the coefficients appearing in both
Lohoton and Ly_permi- We write ¢; = cfo) + c?) + ... with C‘(o) as given in the
section(2.2), and now concentrate on computing the next corrections, c,(l).

Among the simplest higher-order corrections to the NRQED Lagrangian,
Eq.(2.1.1), are the contributions to Lpnoton. To lowest order these are pro-

duced by vacuum polarization, Fig.(4.1), which gives:

m_ oy _ o .
Cq Cio 15” ( .1.1)

Similarly, QED one-loop vertex corrections modify the couplings in £;_pepmi,

to give (7], [12]:

wm _ __2 (9.‘) [§ (%)_39]

@ 8m? \r 3111 m 9]’

ORI & (i)

1 2m \27/’

- &

Cq sz T . (4.12)

Here A is the ultraviolet cutoff used to regulate NRQED loop graphs which
arise when matching. In any calculation of physical properties, such di-
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Figure 4.2: One-loop matching for the NRQED vertices.

vergences cancel amongst themselves, or against explicit cutoff dependence
which arises from divergences in NRQED loop graphs.

To calculate Eqs.(4.1.2), we impose the relation illustrated in Fig.(4.2).
This matching was performed in [12] but, even though our final result is of
course the same, our derivation differs sufficiently to be presented it here. The
QED scattering amplitude (the left hand side of Fig.(4.2)) can be expressed
in terms of the usual form factors F;(Q?) and F>(Q?) in the following way (to

be consistent, we use a non-relativistic normalization for the Dirac spinors):

—-e—————-ﬁ(p L F:’) [’Yu A" (QF(QY) - %aﬂj AYQ) & Fz(Qz)] up.s)

V2E . V2E
RU@U![ - e+ g5Q - gho (b xphd+ . Je+
QU [ QA - gz (' x P+ | & (413)
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where Q = p’ — p, s and s’ are the initial and final spin of the electron,
respectively, and £, £ are the corresponding initial and final two component
Pauli spinors normalized to unity. We choose the convention that e is positive
so that the charge of the electron is —e. In Eq.(4.1.3), as in the rest of this
section, we use m to represent the mass of the electron. Notice that the
matching involves a double expansion. One expansion is in the coupling
constant o and the other is the non-relativistic expansion in Q/m which
leads to renormalization of different NRQED operators. The non-relativistic
expansions of the form factors are [12]

@) = 1= ZS(s-D-

_a @

w7

Q%) = e (4.1.4)

where a, is the electron anomalous magnetic moment which, to the order of
interest, can be taken to be a/(27). In Eq.(4.1.4), since Q° = E' — E is of
order of v? and |Q| is of order v, we have ignored Q® respect to Q. If we

substitute (4.1.4) in (4.1.3) we obtain

o € 1240 §9‘. m —§ z
€1 (-eAVE + gt Q%1+ 2 (1) - g) + 7+
- Z:.%z{’ta -(p’ x p)Aof[l + E;— + ] +0(Q*/m").

(4.1.5)

We must now compute the right-hand side of Fig.(4.2) to complete the cal-
culation of the one-loop renormalized NRQED coefficients. Since we are
dealing with ultra-soft photons in Figs.(4.2(h)), (4.2(i)) and (4.2(k)), we use
the Feynman rules for the ultra-soft photon. Working at the zeroth order of

the multipole expansion, Fig.(4.2(h)) corresponds to

E.f(2ep,-)(2ep}) d3k Oi — ;’;':k’,j 1 (—eA)
om '\ 2m )PV VK + A2 0
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1
ool
dk k? 2k? 4 3)3

22 K2+ )2
1 1

X VKT K+ A
8 2A 5 ' P p'

= Y 2 t
3 [1“( ) 6]§ eAod 3

where, in the second line, we have used the fact that the integral is already

~ €l —ene (S BB

(4.1.6)

proportional to p - p' to justify approximating p? ~ p”? = 0 in the propaga-
tors. The corrections to these expressions will lead to higher order operators.

Notice that we are only working with scattering diagrams when perform-
ing the matching, no bound state physics enters this stage of the calculation.
To compute the amplitudes in Figs.(4.2(i)) and (4.2(k)), we just need to
evaluate the first one and then obtain the second one by replacing p by p '
For Fig.(4.2(i)), we can write

(2ept)(2epj) d3k 8ij — ——J'ssz 1 1 (_er) ¢
@rPevki+ X2 E-E k2 + X2 E- B ’

(4.1.7)

Here, E represents the on-shell energy p?/2m. Of course, in that limit, the
propagator 1/(E — p?/2m) is divergent, which signals the need for a mass
renormalization. In NRQED, we perform mass renormalization exactly as in
QED; i.e. we start by keeping E # p?/2m and subtract the mass counter-

term:
dk k? 2k? + 323 1
2 k24+ A2 2/Kk2+ N2

1, e ., p
gt —\2
& er(m) 3

1 1 ) 1
(E—%;-—\/kz-i—/\? —vkZ + 22 E-{;;-E'
(4.1.8)
Expanding the term in the parenthesis around E — £~ we get a series which,

by construction, starts at order (E — p?/2m)', which cancels the propagator
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1/(E — p*/2m) in Eq.(4.1). One can then finally take the limit E — p?/2m
with the result for the sum of Figs.(4.2(i)) and (4.2(k)):

3'n'm2(p +p )jdkk k2+ A2 k24 X2 k2+,\2£
—¢t
Sa [ln(2A) 5] (-—6149—6-(1)2 + pm)) . (4.1.9)

T3l a6l am?

1.
—'2"5* eAg

Putting everything together, the complete right-hand side of Fig.(4.2) is ob-
tained by adding Eqs.(4.1.6) and (4.1.9) to tree-level diagrams:

, , 8 A
€1(~ede + €'QA%[~cr+ (35)5 (1n(5) - 3]
+ 236t (p' xp)A°¢ (4.1.10)

Now, by equating (4.1.5) and (4.1.10), we can evaluate cgl) and 0(21] to get
Eq.(4.1.2).

4.1.1 Lamb Shift in Hydrogen Atom.

Having completed cEl) we now turn to some applications. The Lamb shift,
the shift between the hydrogen 2S,/; and 2P, ; states, is without any doubt
the most well-known bound state application of radiative corrections. It
has the form m.a®(lna + finite) where the finite piece contains the Bethe
logarithm, a state dependent term that must be evaluated numerically. The
log term is relatively easy to extract and its calculation is presented in many
quantum mechanics textbooks. The finite contribution is much more difficuit
to evaluate because it requires the application of QED to a bound state. In
this section, we rederive the complete O(a®) corrections in the non-recoil
limit? of hydrogen atom (i.e., m./mp = 0) using NRQED. In section(4.1.2),

the Lamb shift for scalar-scalar bound state will be presented.

3In the literature, these corrections are also referred to as the Lamb shift. We will also
adopt this notation in the rest of the thesis.
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Figure 4.3: Diagrams contributing to order a' of hydrogen atom in the

non-recoil limit.

In our case, we first need to isolate the NRQED diagrams contributing
to order &® in the non-recoil limit, i.e. we neglect corrections suppressed by
powers of m./m,. To warm up, we first isolate the diagrams contributing to
order a* in the non-recoil limit (the full NRQED calculation of the O(a?)
energy shift for arbitrary masses is presented in Ref.[14]). In that limit, the
only relevant diagrams are shown in Fig.(4.3). This can easily be checked by
using the NRQED counting rules derived in Ref.[2]. Since soft and ultra-soft
photons obey different counting rules, we consider their contribution in turn.

Soft photons contribute to order :

x+p+1 ptl
=27 = mep af, (4.1.11)
mgm} mj

where p is the reduced mass and p and & are, respectively, the total num-
ber of inverse powers of m, and m, appearing in the NRQED vertices. In
Eq.(4.1.11), we approximated p = m, which is exact in the non-recoil limit.

The coefficient ¢ is defined by
(=14+k+p—N+)Y n,; (4.1.12)
i

as was discussed in section(2.4).
Now, to obtain the correction of order m.a*, we need to have p = 0
and ¢ = 4 (see Eq.(4.1.11)). The only way to have p = 0 is to either have

a Coulomb interaction on the nucleus line or no interaction at all. This
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already reduces greatly the number of possible diagrams. Turning now to
the condition ¢ = 4, we obtain from Eq.(4.1.12)

k—N+> n;=3. (4.1.13)
i

Recalling our previous result that no O(a*) diagrams have N > 1, we set
N = 0. We are then left with the condition x + 3; n; = 3. One possibility
is K = 3 and 3 n; = 0 which corresponds to the relativistic kinetic energy
vertex on the electron line. Another possibility is « = 2 and 3" a; = 1 which
can be fulfilled with the Coulomb vertex on the proton line and either the
Darwin or the Spin-Orbit interaction on the electron line. There are no
Coulomb interactions with only one inverse mass, so the condition £ = 1 and
S n; = 2 cannot be satisfied. The three possible diagrams are illustrated in
Fig.(4.3).

To order o, starting first with N = 0, we must either increase « or 3 n;
by one. It is not possible to increase the number of inverse electron masses &
by one, but there are two ways to increase Y n; by one. One way is to include
the one-loop corrections to the coefficients ¢;'s of the vertices in Fig.(4.3), so
requiring the matching of these interactions to O(a). The other possibility,
with k = 2 and }"n; = 2, is to consider the new interaction corresponding
to the vacuum polarization correction to the Coulomb propagator which is
depicted in Fig.(4.4(a)).

We now turn to diagrams for which IV = 1. It can easily be verified that
¢, Eq.(4.1.12), cannot be made equal to 5. We have now uncovered all the
diagrams containing only soft photons which contribute to order a®. The
only remaining possibility is to consider diagrams with ultra-soft photons

which lead to a contribution of the form given by Eq.(4.1.11) but now with:

(=Yni+1+p+r—N+2N,+ > M, (4.1.14)
i i
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Figure 4.4: (a): Order a® contribution from the Uehling potential. (b):
Order a® from ultra-soft photon(any number of Coulomb lines in the in-
termediate state are understood.)

As before, we set ¢ = 5 and p = 0 to obtain non-recoil corrections of order

o,

For diagrams containing ultra-soft photons, the minimum value of N
is 1, because these photons propagate in the time direction (we again refer
the reader to Ref.[2] for more details). Working at the zeroth order of the
multipole expansion (M; = 0) and considering only one ultra-soft photon
(N, = 1), we then have the condition « + £ n; = 3. Since the ultra-soft
photon is necessarily transverse and transverse vertices contain at least one
power of inverse mass (see Fig.(2.1)), « is bigger or equal to 2. In addition,
Y_n; is at least equal to one (i.e. there at least one factor of ¢ in the
vertices). Thus, the condition k + Y n; = 3 is satisfied by the simplest
diagram which corresponds to an ultra-soft photon connected to two p -
A vertices, as represented in Fig.(4.4(b)).There are no other possibilities.
Having identified all diagrams contributing to the order of interest, we now
turn to the matching. From the above discussion, we see that we need to
match to one loop the coefficients of the interactions contributing to order a®.

We are now ready for the third and last step of the calculation, the

computation of the bound state diagrams per se. Since only c; and c; receive
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an O(a) correction, only Figs.(4.3b, c) are needed for the O(a®) calculation.
Let us now start with Fig.(4.3(b)).

d*p'd? o, p%
AEg = 2c3(Ze) ZPCP p‘I"(p)(—p———p)‘I'(p)

(2m)s (p'-p)?
= C3££<SC'L>
_(iZe\ Z3%p%® (6(5 - (£+1/2) (G —(£-1/2)\,, _
- c’( )n3(€+1/2)( (e+1) ] )(1 o),

(4.1.15)

where ¥(p) is the Schrédinger wavefunction including the electron spin* cor-
responding to the quantum numbers n, j and £.

In Eq.(4.1.15) we used

d°p prero-pXp’' _ .a-pxr’
ZoE v =i—3 (4.1.16)
For the diagram of Fig.(4.3(c)), we find
d3 :dap 1
ABy = v(p’ ( 2 Ze )\p
(c) 2y ¥ (p ) —co(p " - p) P -pP (p)
ds /d3 .
= o Ze [ L5 E )
323

= —c; Ze|¥(0))? = —c; Ze 6,0 (4.1.17)

Using the counting rules, we also found that the diagram depicted in
Fig.(4.4(a)) would contribute to O(ma®). This diagram corresponds to the
well-known Uehling potential and is found to be

d*p'd’p 1 -(p'-p)*
AE — - 4 ( _
(a) (2n)3 oy (P ) —e P _p)2c9 m2

1
(p'—-p)? Ze )‘p(p)

= e Zet S UO) = —te, P

de0- (4.1.18)

4In the non-recoil limit, the spin of the proton completely decouples from the problem.
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. We finally turn our attention to the only remaining diagram, which is rep-
resented in Fig.(4.4(b)). The corresponding integral is (as shown in Ref.[2] ,

in zeroth order of the multipole expansion we set p ' = p on the vertices):

dskdap . 2ep,- 261),‘ 1 1 k"kj
ABw = | Gy ¥ P) 5 om 2k B, - g 78— 577) ¥(p)
e 1 dp . (p* - 5)
= sy | G ® / dh ki e ¥ (p)
d°p p’/m?
= 2P ¥*(p) (—2L ) ¥(p). 4.1
s [ #E 0 @) (R W0 (e119)

In a bound state, beyond tree level, one must include an infinite number of
Coulomb lines in the intermediate state. This can easily be seen from the
counting rules, Eq.(4.1.14). Indeed, adding a Coulomb line will not change
¢ because this increases both N and Y ;n; by one, which has no overall
effect. Because of this, one must use the Coulomb Green’s function for the
intermediate state. Using the bra and ket notation, Eq.(4.1.19) must then

be replaced by the well-known expression:

2a < nfvep|n' >< n|vyln >
— d 2 r . 1
N L e W (4120)

This part of the calculation is well known and is carried out in many text-

books (see for example Ref.[9]). The result is

dex (Zar)? s  if€=0

3r nd

AE =m (4.1.21)

In Zma®  jfg£g,

2<En>

where < E,, > is the Bethe logarithm which can be evaluated numerically

[15], and is defined in the following equations:

L | < nlvepln' > (B, — Eu) In|Ey, — En|
Lo | <n|vgpln’ > [*(E7, — En)

In< E, >= ,for £=0

4o mZia® 2 1
—min (< En >) = -3—1;;! < nIVOpln" > |2(E:' - En) In (m) 1 for £ # 0

. 3r
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Now, by using Eqs.(4.1.2), (4.1.1) we can add the a® contributions from
Egs.(4.1.15), (4.1.17) and (4.1.18) to Eq.(4.1.21) to obtain

In—2—+28 if£=20
4 2<En 0> 30
AE = mi2(Z9) (4.1.22)
3r nd Z2mal 3 )
In 3<Bn> + _-—8(2l+1)cjl if £ ?é 0,
where Cj, is given by:
6(j—(£+1/2)) 6 —(¢- 1/2)))

= - . 4.1.23
Cie ( (€+1) ] (4.1.23)

Eq.(4.1.22) is the well-known Lamb shift.

4.1.2 Lamb Shift in the Scalar-Scalar Bound State.

Let us consider the scalar-scalar bound state which is made of two non-
relativistic particles with masses m and M respectively. We assume the
non-recoil limit namely, 33 = 0. As shown in previous chapter that the
coulomb and Dipole vertices in non-relativistic scalar QED are the same as
NRQED. There is no Darwin vertex at leading order and obviously no spin
dependent vertex. Although there is no Darwin vertex at the leading order,
there is no guarantee that this vertex does not contribute at the NLO in a.
To check this possibility we match NRQED with scalar QED at the one loop
order. We follow the same steps as we did in section(4.1.1). First of all we

calculate the modified vertex function of scalar QED (SQED) °:

)]

The next step consists of imposing the relation shown in Fig(4.5) for the

external static coulomb field A%(q). The left hand side of Fig(4.5)(scalar

(4.1.24)

5The charge of particles are taken to be —e and Ze for light and heavy mass respectively.
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Figure 4.5: One-loop matching for the scalar non-relativistic QED vertices.

QED scattering amplitude) can be written as follows

] -

e+ 55 @A g7 (D) - ) + -] +or@ym)
(4.1.25)

where Q = p’ — p. The right hand side of Fig.(4.5) has been calculated in
Ref[16]. The result is

e 8a 5
—eA" + QZAO[ (CZ)SQED + — 8m2 311' (l (——-) - —)] . (4.1.26)
Now, by equating Egs. (4.1.25) and (4.1.26), we can evaluate (c2)sqep :
e a8 2A 2
(c2)sqep = W;g[ln (;) - 5] + O0(a?). (4.1.27)
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We see from Eq.(4.1.27) that (c;)sqep starts at O(a) which differs from
QED case.

Consider next the Uehling potential coming from the vacuum polarization
of scalar particles as well as the electron. If the m. ~ m then we cannot ignore
the effect of scalar particle in this vertex. Therefore we should calculate the
vacuum polarization in SQED and do the similar matching shown in Fig.(4.1)

at the lowest order to the non-relativistic SQED, we obtain:

o

(c‘gl))SQED = (C%))sqan = 120% (4.1.28)

It is important to mention that when m > m,, the ;f‘- expansion of the
electron part of the one-loop vacuum polarization can not be used, since m,
is small compared to p ~ ¥ = pa ~ ma. To see this fact, consider the first
term of the ;,;L expansion, which is refered to as the Uehling potential. The
diagram of this potential is proportional to %E— To obtain the dimension of
energy for the whole diagram, the integral over three momentum should lead
to v* = (Zua)® ~ (Zma)?. As a result the whole diagram becomes propor-
tional to ﬂ‘-:—"g—’- Now, if we consider the second term of the -ff: expansion, it
has an extra factor of ng with respect to the first term of expansion. This

means it should be multiplied by an extra factor ¥2. Therefore the second

a3m
2
me

2 with respect to the

term in expansion will be suppressed by a factor of
first term (the Uehling potential). Now, if m > m,, then %’:i will not be
suppressed. This means that we cannot simply keep the first term in Tay-
lor expansion of the electron vacuum polarization. On the other hand, if
m ~ m, then 5:;"-“2-3 ~ a? is a small number, which assures that the higher
order corrections in the Taylor expansion will be suppressed.

Now we are ready to look at bound state diagrams. By using the counting

rules in previous chapter, we find that Figs.(4.6), (4.4) are the diagrams that
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Figure 4.6: Diagram contributing to order a* of scalar-scalar bound state
in the non-recoil limit.

contribute to the O(a®). Similar to what we have calculated in chapter(3),

these bound states diagrams can be evaluated:

(mZa)?

AEparwin = —(C2)sqep Ze — 10 (4.1.29)
3 4 3 4
y e (Za) #(Za)
AEycpting = —4C¢S )73123_.6"0 - 4(C<_(;1))SQED 3 deo (4.1.30)
In -2— if£=0
da (Za)t <En>
AEse(j energy = ms_ﬂ'- n3 (4131)

Ip Z2ma®  if £,

2<En>

where < E, > is the Bethe logarithm which can be evaluated numerically
(15] and m, is the mass of the electron. Now, by using Eqs.(4.1.1), (4.1.27)
and (4.1.28), we can add the a° contributions from Eqs.(4.1.29) , (4.1.30) to
Eq.(4.1.31) to obtain:

s+ -2 if£=0

4 2<Eng> ' 360 = 5m2
AE = m%"i (Za) (4.1.32)
" In Zme? if£%£0
2<E, > '

Eq(4.1.32) is the Lamb shift for scalar-scalar bound state. Unfortunately
we do not have a scalar particle with m ~ m,, so these calculations do not
have a physical application. When m, < m, the terms appearing in the £
expansion of the vacuum polarization are not suppressed for higher powers of
2. requiring one to sum all these terms. The resulting integral is still under

investigation.
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4.2 Matching at Next-to-Leading Order for

Four-Fermi Operators.

We now turn to the next-to-leading corrections to L£4_permi- These correc-
tions can be divided into the following three classes according to the topology

of the one-loop QED graphs which are involved:

e One-Photon Annihilation
These corrections consist of QED graphs which describe one-loop cor-
rections to the tree-level process of the s-channel exchange of a single
virtual photon. As before, t-channel exchange of a single virtual photon

does not contribute corrections to L4_fermi-

e Two-Photon Annihilation
These consist of the QED ‘box’ graphs which describe the s-channel

exchange of two virtual photons.

¢ t-Channel Two-Photon Exchange
The final class consists of QED box graphs which describe the t-channel
exchange of two virtual photons. Although t-channel one-photon ex-
change does not contribute to NRQED four-fermion interactions, t-
channel two-photon exchange does contribute because there is a region
of phase space for which the loop momentum is larger than the elec-
tron mass, and so does not appear in the corresponding two-photon
exchange graphs of NRQED. The corresponding physics is therefore
put back into the effective field theory by renormalizing the coefficients

of the NRQED four-fermi interactions.

We now describe, in turn, the matching due to each of these classes of

graphs. While the contributions to c(,,l) and cf;l) due to the first two of these
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Figure 4.7: The graphs which give the one-photon annihilation contribu-

tion to c.(tl).

may be found in the literature [7], [12], those due to the third class we present
here for the first time.

Matching due to one-loop corrections to single-photon annihilation are
described by the graphs of Figure (4.7). The contributions to the scattering
amplitude of electrons and positrons at threshold from the QED graphs on
the left-hand side of the equality in this figure must be equated to the con-
tributions of the NRQED graphs on the right-hand side. Evaluating all the

graphs for a spin-triplet e*e~ state, and solving for ¢\ then gives (7], (12}
4402
M (1-y ann) = pcy (4.2.33)

The same matching can be performed for the coefficient cgl) by using the spin-
0 annihilation vertex for the NRQED four-fermi interaction and evaluating

all diagrams in a state of total spin equal to zero. The result is trivially
cgl)(l-'y ann) =0 (4.2.34)

by charge conjugation invariance.
Although all possible one-loop s-channel single-photon exchange QED
graphs appear on the left-hand side of Fig.(4.7), all NRQED one-loop cor-

rections to the four-fermi interaction do not appear on the right-hand side.
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An important issue is therefore how to determine which NRQED graphs must
be included to any given order in the matching process. The simplest way to
do this is to imagine performing the matching slightly off-threshold, i.e. with
the external particles having a small velocity in the center of mass frame. As
mentioned earlier, this does not affect the value of the NRQED coefficients.
Which NRQED diagram must be kept is then decided by counting powers of
a and v, with v ~ « kept in mind for bound-state applications.

For example, for the present purposes of computing the O(ma®) hyperfine
splitting, we show in section(4.2.1) that we require both ¢; and ¢5 to next-
to-leading order, @(a?). This implies that this coupling must be matched to
QED with an accuracy of up to order a?v?. The loop diagram involving the
exchange of one Coulomb photon contributes to order ® a?/v and cancels a
similar term in the QED one loop vertex correction. At threshold, the 1/v
contribution becomes 7 a 1/ infrared divergence which cancels a similar term
in the QED diagram®. All other NRQED loop graphs which could appear
on the right-hand side necessarily involve additional powers of the electron
or positron velocity, v, and so give contributions to ¢; which are smaller
than O(a?). For example, consider the diagram containing the four-fermi
operator followed by a transverse photon connected to two dipole vertices.
Since each dipole vertex is proportional to ep/m ~ ev, the total contribution
of this diagram would be ~ a(ev)?/v, where the factor of a comes from the
coeflicient c&o) and the 1/v has a similar origin as the 1/v encountered in the

Coulomb diagram. The total contribution of this diagram is therefore ~ a?v

8This diagram is proportional to a? [ d3k/((p? - k? + i€)(k — p)?) =~ a®/p where
p = mv is the external momentum.

"We regulate all such infrared divergences by including a photon mass, A, into photon
propagators.

8Because the coefficients of the effective theory describes only high-energy virtual effects
in QED, it is a general result that these coefficients are always infrared finite.
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Figure 4.8: Diagrams which contribute to two-photon annihilation contri-

butions to cgl) .

which is of higher order than required for the O(ma®) hyperfine splitting. In
this way it may be seen that only the Coulomb-exchange NRQED loop need
be kept in Fig.(4.7).

We next turn to the QED box graphs describing s-channel electron-
positron annihilation into two virtual photons, Figure (4.8) (notice that
there is no diagram with a one Coulomb correction to the four-Fermi opera-
tor because c”) = 0). The matching appropriate for these graphs gives {7,

(12]:
(1) o? ;
¢; '(2-y ann) = (—n—ﬁ) (2 ~2In2+ m’). (4.2.35)

This time charge conjugation invariance forbids a contribution to the spin-

triplet operator and one finds
M (2-y ann) = 0. (4.2.36)

Notice that in Eq.(4.2.35), the one-loop contribution to cs, has both a real
and imaginary part. This imaginary part causes the low-energy hamiltonian
not to be hermitian. The resulting loss of unitarity in the time evolution
is just what is required to describe the depletion of electrons and positrons
due to their mutual annihilation into real photons. Since annihilation is a
high-energy effect, it appears in NRQED as an effective four-fermi operator.
This imaginary part may be used to compute the decay rate for positronium

bound states by calculating the imaginary part it implies for the bound state
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Figure 4.9: The one-loop ¢-channel matching diagrams.

energy eigenvalue, E. The decay rate for bound state is then given by the
familiar relation, I' = -2 Im(F).

We now turn to the contribution to ¢4 and c¢s due to the t-channel two-
photon QED exchange graphs, given in Figure (4.9). Here C is meant to
represent cﬂl) when the diagrams are evaluated in a spin 1 state, and cgn
when the diagram is evaluated in a spin 0 state. Similarly, the four-fermi
interaction represents either the spin 1 or spin 0 annihilation vertex. It is
straightforward to verify that only the given NRQED graphs can contribute
to these coefficients up to O(a?v°).

In order to determine cﬂ” and cg” separately, we must include all of the
spin-independent NRQED diagrams in the matching. This is actually more
work than is required purely for the purposes of calculating the hyperfine
splitting, because only the difference c,(,l) - cgl) enters into this quantity.
Since the spin-independent graphs cancel in this difference, it suffices to
only compute spin-dependent graphs if one is strictly interested only in the
hyperfine splitting. However, we present here the separate matching for both
¢4 and cs, since these two coefficients must be known separately for other

applications, such as the complete O(ma®) shift of the positronium energy
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levels.
Evaluating the left-hand side of Fig.(4.9) (the QED graphs) for a spin-
triplet electron-positron configuration gives, after a straightforward calcula-

tion:

—2mm 11w 4 2 A
— 2 =
(QED)g=y = [ e + 3 + s +-—n ( )] . (4.2.37)

Using the NRQED Feynman rules to calculate the right-hand side of
Fig.(4.9) gives the following contributions. The only spin-dependent NRQED
diagram, part (d) of Figure(4.9), gives:

(NRQED)s=1(d) = 2 f ( wpxal),- (_iegnf 62),- (pz_:z\*)
(- 2n) (5F) (7ew)
- (/(pdz-){-pkz )
2ma?

= — 4.2.
3mA’ (42.38)

where the overall factor of 2 in the first line takes into account the two
possible ways in which the NRQED diagram can be drawn.
Similarly, diagram (f) of Fig.(4.9) gives:

d*p [ € e? 1 PiD;
oRaEDielr) = [ s (5m) (am) 7w (09 o)
X -1 1 (éij ‘PJ )
2/ T /DTt N o N

- _[§-21 2+ln(i)] (4.2.39)

All the other NRQED diagrams can be calculated in a similar manner.

The final result for the sum of the NRQED diagrams, evaluated in a spin-
triplet state is:

—27rm+ 117 + 28
A3 122m  15m?

(NRQED)s_; = —2c(t-ch) + o [
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‘;251112 + 11 (2)] . (4.2.40)

Solving for c4(t-ch) then gives the result:

D (t-ch) = (Z_z) [m (%) - I43 +1In 2] . (4.2.41)

An identical procedure applies to the S = 0 state. The QED graphs are

then found to give:

=2mm 217 16 2 A
— 2 — —— —
(QED)s=0 = [ 13 2om T 3z T ln( )] . (4.2.42)

For § =0, part (d) of Fig.(4.9) now equals

2ra?
m

whereas the other NRQED diagrams are left unchanged because they are

(NRQED);s=0(d) = — (4.2.43)

spin independent. The sum of the NRQED diagrams is then found to be

-21rm_ 217 + 28
A3 12\m  15m?

-%m(z) + ;‘:TEI“ (%) ]

(4.2.44)

(NRQED)smo = -2 (t-ch) + o [

The complete matching result from Fig.(4.9) then is

¢M(t-ch) = — (-%) [1 (A) + 3(—5 + ln2] (4.2.45)

The complete one-loop contributions to the coefficients ¢4 and c¢s are then

given by combining the results from all three classes of graphs:

2
o= 1-y ann) + ¢V (t-ch) = = [ ln(A) @~m2]

m? 45
2
m _ Q) _ & [ (A) 4 _ ]
s {)(2-y ann) + iV (¢t-ch) — In + 1 3ln2 +iw

(4.2.46)

With the NRQED Lagrangian now in hand, we next proceed with the de-
termination of which graphs can contribute to the O(ma?®) hyperfine splitting

in positronium.
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4.2.1 Hyperfine Splitting in Positronium to Order o°.

In this section, we present an NRQED calculation of the complete con-
tributions to the positronium hyperfine structure at next-to-leading order,
O(ma®). The result we obtain for the ground state hyperfine splitting agrees
with previous results [40]. However our results are easily extended to the hy-
perfine splitting of excited states having arbitrary quantum numbers n and
£. These agree with previous results [20] for arbitrary n but £ = 0, but to
our knowledge ours is the first calculation® which is applicable to general n
and £. We may now apply these power-counting arguments to the hyperfine
splitting. An important simplifying feature appears in this specific applica-
tion, since the hyperfine splitting compares the energies of two states having
different net spin. As a result it suffices to consider only graphs for which at
least one of the vertices involves a spin-dependent coupling.

To proceed, we start by recapping the power counting which leads to the
graphs which contribute to the O(ma*) hyperfine splitting [14]. In this case
we require { = 4,s0 K + p+ > ;n; — N = 3. Consider first the case N = 0.
In this case we require all possible graphs containing a single instantaneous
photon exchange, subject to the following two conditions: (Z) at least one
vertex is spin dependent; and (i) k + p + ¥;n; = 3. The five classes of
graphs which satisfy these two conditions are displayed in Figure(4.10). The
coupling which appears in part (a) of this figure is ¢;, which appears twice,
so inspection of Eq.(2.2.2) shows that the tree-level contribution, c§°’, gives
k+p =2and };n; = 1, as required. The same is true for parts (b) —

which is linear in c(lo) — and (c) — which is proportional to cgo}. Finally,

9The authors of ref.[21] have presented all the potentials necessary to calculate the
order o shift of the positronium energy levels but explicit numbers are only given, in a
numerical form, for the n = 2 level. Qur formula agrees with these numbers.
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Figure 4.10: The NRQED graphs which contribute to the hyperfine struc-

ture at order ma?.

parts (d) and (e) involve the four-fermi couplings, ¢4 and cs, the largest of
which also arises at tree-level, proportional to a/m?, again giving k + p = 2,
Yini = 1. It follows that these graphs contribute to O(ma*) provided we
use the leading-order contribution to their couplings. It is noteworthy that
only the graphs of parts (a), (d) and (e) of Figure (4.10) contribute to the
hyperfine splitting of the ground state, since all of the others vanish when
evaluated in an s-wave configuration.

It now remains to consider the case N > 0. Having N = 1 implies
including one more interaction in addition to the diagrams shown in Figure
(4.10). It can be easily verified that any additional interaction (excluding,
of course, the Coulomb interaction) increases the combination s + p + 3, n;
by at least 3. For example, one can add a transverse photon coupled to two
dipole vertices, introducing the square of the coefficient c‘1°’ = g/(2m). This

increases k by 2 and n by 1. The net change in ¢ is therefore 3 — 1 = 2 and
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the diagram contributes only to order ma®. Similarly, adding a Coulomb
photon connected to a Coulomb and Darwin vertex increases « + p by 2 and
Y in; by 1, whereas adding a relativistic kinetic vertex doesn’t change ¥°; n;
but increases k + p by 3. Adding other interactions necessarily leads to, at
best, O(mas’).

This last argument has immediate implications for calculating the @(ma®)
hyperfine structure. To this order all of the relevant graphs must still have
N = 0. The next-to-leading result is therefore obtained from the same
graphs, Figure (4.10), but using the next-to-leading order — i.e. O(a?) —
contributions to the coefficients, ¢;. In section(4.2), We have shown in de-
tail how these corrections are computed for the case of the coefficients of

() and cgl)

the four-fermi interactions, ¢4 . To compute the hyperfine split-
ting we evaluate the graphs of Figure(4.10) using Coulomb wavefunctions
to describe the initial and final electron-positron lines. Consider, first, the
hyperfine splitting for s-wave states. In this case only graphs (a), (d) and
(e) of Fig.(4.10) contribute since the other two graphs contain one vector, o,
which can’t be dotted into any other vector if £ = 0. We find

smnle) = 2(57) [T e (R L

( —ie((p ;mk) a 62),. (aﬁ - "(,‘;):(i); 2 ) (k)
= 2 (2) 5 <oi-a> ROP
NFFETH
§E.(d) = — ’;:: (e S(5 +1)) 8y,
- (B (o) o) s
§Bne) = — ':;:: (€ 2 - 5(S+1)] d¢0)
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m3ad a\? A 4
=~ (75) (&) (-u(B) + 5 -smawin) x

2= S(S +1)] beo (4.2.47)

where n and ¢ = 0 are the principal and orbital quantum number of the
positronium state of interest, and S = 0 or 1 is the net intrinsic spin of the
ete~ state.

Using the formula ' = -2 Im(E), we obtain from §E,(e) the O(ma®)

decay rate of the s-wave state of parapositronium (S = 0):

ma?®

[(n,0%) = 3

(4.2.48)

In the rest of the chapter, we concentrate on the hyperfine splitting so we
drop the imaginary part contained in §E,(e). Adding the contributions of
diagrams (a), (d) and (e) of Fig.(4.10), and taking the difference between
S =1and S = 0 finally gives:

AEhf,(n,as) = 0E(S=1)-46E,(S5=0)
=“(Zf)D2+6P”’ (4.2.49)

in agreement with standard results {40][20].

The hyperfine splitting for arbitrary quantum numbers is computed by
modifying the previous calculation in two ways. First, diagram (a) of Fig.(4.10)
must be computed for £ # 0 states. Notice that diagrams (d) and (e) of this
figure are nonzero only for s-wave states since they represent contact inter-
actions. Secondly, diagrams (b) and (c), which contribute only to £ # 0
states, must be computed. Since the calculation of these latter contributions
is presented in chapter(3) [14], we present here just the final result[22] for
the splitting B, (S = 1,4,7) —6E,(S =0,4,5' = £):

ABys(n, £,0%) = — ("‘"‘5) [ (m2+ )5,0

27nd
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C;
4+ 3)

(1- 5,0)], (4.2.50)

where j is the total angular momentum quantum number of the triplet state
(S = 1), and the coefficients C;; are given explicitly by:

4

4445 [
2(¢+1)ZL2¢+3) ifj=£+1
Ci={ mity if j = £ (4.2.51)
—4l+1 P
| -1 ifj=£-1

To summarize, we see that the hyperfine splitting to O(ma?®) is hardly more
difficult to obtain in NRQED than is the O(ma*) result. The only extra effort
required is obtaining the complete matching of all spin-dependent effective
operators to next-to-leading order in . We have performed the required
O(a?) matchings for those four-fermi operators which had not been previ-
ously given in the literature. Furthermore, results for the hyperfine splitting

for general n and £ are obtained with very little effort.

Summary

In this chapter we have performed four different calculations.

e Rederivation of the Lamb shift of the hydrogen atom in the non-recoil

limit, ;ﬁ—: = 0, using NRQED as an effective theory.

e Derivation of the Lamb shift of a scalar-scalar bound state in the non-

recoil limit, 2 = 0, using NRQED as an effective field theory.

e Rederivation of HFS of positronium in its ground state to the a® order
using NRQED as an effective field theory. This result is the second
term in Eq.(1.0.1).
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o Extension of the HFS of the positronium at O(a®) order to the general

excited state, n and £ .

In brief, throughout chapters(3) and (4), we have obtained, respectively, the
first two terms of Eq.(1.0.1). We are now ready to calculate the unknown

coefficient, K;(1-y ann), in Eq.(1.0.1).
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Chapter 5

Next-to-Next-Leading Order
Bound State Energy Shift.

In this chapter we calculate the analytical expression for the HFS of positro-
nium in its ground state coming from the one photon annihilation diagram
to order ma®. Let us recall the results of chapter(4.2), where the coefficient
of spin-1 annihilation vertex, c4(1-y ann), was derived at Next-to-Leading
order (NLO) in a, Eq.(4.2), and then by using cgl)(l-fy ann) we were able
to get the contribution of the HFS in positronium to order a®. Therefore,
to achieve our goal in this chapter we should proceed one step further and
perform a matching at two loop level to get cﬁz)(l-'y ann). Fig(5.1) shows
the relation that we can use to accomplish this goal. Since we have already
obtained the coefficient cg“’ from the matching of NRQED with QED at tree
level (see section (2.2.1)) then in Fig(5.1), the first term on the left-hand side
cancels the first term of the right-hand side. The same cancellation happens
for the second terms with the coefficient c&l)(l-'y ann) recalculated at one-
loop matching taking into account all one-loop NRQED diagrams. Therefore
Fig(5.1) reduces to a simpler form, Fig(5.2), which is our basic relation for

matching at Next-to-Next-Leading order (NNLO). From now on the match-
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Figure 5.1: The general form of matching for the annihilation diagrams in
a triplet state up to two loops.
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Figure 5.2: The matching that determines c\2(1-y ann).
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Figure 5.3: The matching above the threshold which determines c.(,o) and

.

ing is done above the threshold where the external particle are NOT at rest:
A/m € o € v < 1 (where A is IR-regulating, photon mass). This is contrary
to the previous chapter where we took all the external particles at threshold:
=0 i/m<KLaxkl.

Before we embark on the two-loop matching, we need to introduce the
concept of Derivative interaction. We also need to redo one-loop matching

with all the NRQED diagrams which are relevant for the two-loop calculation.

5.1 Derivative Interaction

As we have shown in section(2.2.2) the threshold amplitude of the one photon
annihilation gives a four-fermi interaction at tree level, cﬁo). To obtain the
NNLO precision we need the correction to this diagram up to p3/m?, where
Do is the three-momentum of the fermions. In other words, we need to do
the matching above the threshold, as shown in Fig.(5.3). We denote by cg"’
the coefficient of the new four-fermi interaction, which we call the Derivative
interaction. ) is derived in Ref.[7] and is equal to

0 _ -2ra
% = gmt

(5.1.1)

It is important to mention that 3/4 of the Derivative vertex, —%%(p? + q2) =

=272(p?), comes from the photon propagator correction!. To see this fact,

!p? and q? are the momentum squares of incoming and outgoing of particles in the
center of mass frame (p? = q*).
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. let us look at the photon propagator in the one photon annihilation diagram:

[

e?

(p1 +p2)?

mel ®

62

[(m+E,p) + (m + 2, —p)]2
2 2

e e
T 2m+ ";,%)2 T 4m2(1 + ,;{—2;-)2
2
Ta p

where we should still multiply Eq.(5.1.2) by a factor 2 due to the spin av-
erage of triplet state. Further, it is shown in [7] that 1/8 of the Derivative
vertex comes from the Taylor expansion of each vertex of the one photon

annihilation diagram.

5.2 Revisiting One-Loop Matching

Although we have shown one-loop matching in the O(a®) calculation, for
higher precision we should redo the matching, this time keeping some higher
order diagrams that were previously left out (the diagrams with the insertions
of interactions relevant at the NNLQO). The one-loop matching is shown in

Fig.(5.4), and we start with the NRQED diagrams.

The NRQED Part.

In all NRQED diagrams in this chapter, we use the Table of Integrals given
in Refs.[7] and [38] (see Appendices A, B). Throughout this chapter the
hierarchy A < po is understood. We start with the diagram which has one
Coulomb line.

. 2 d? —m !
Fig.(5.4(a)) = (%) (?15_3(—62) (p2 -pi- ie) (Po — P)2 + A2
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Figure 5.4: One-loop matching required for two-loop calculation.

ao? b4 (po +p)* + A2
- (m_pg) /dpp2 —p3 —ie ln((pg —p)? +/\2)
a? \[n? 2P0
= {—)|— +irin| — .2,
(mpo)[2+mn()t)] (5:23)

where pg is the momentum of external particle.
The analytic expression for the NRQED diagram with the insertion of
the Transverse interaction, Fig.(5.4(f)), reads:

Fig.(5.4(f)) = (22;") d’p (e(po+p).->e(po+p),-)

(2r)3 2m 2m
(Po — —)1’ + a2 (6” - (p?p: 1_));():;:—;:),-) (p’ —_z:%n— ' )

2

= (2m3)[/ 2m

+/dPP(2Pu+2P +2%) ((P+Q) +/\2)

2po(p? ~ P — ie) (r—q?2+ X2
dpp*2(p® — po)? ]
G A V= R 7 )
- ("f:;" )[ 42 +iln (B §°)] (5.24)

The diagram with the Spin-Spin interaction is the next one-loop NRQED
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diagram
Pig(sa@) = [ s (TRGRIT) (FHRIR X
b e
Ta -m
SR
- (27rm3) ((p — po)? + A*)(p® — p — ie)
- ()l 629

where A is the ultraviolet cutoff coming from the loop integral. Diagrams
containing the Darwin interaction can be obtained from the diagrams with

the Spin-Spin interaction. To see this fact, we calculate the diagram in the

Fig.(5.4(e)).

) dsp 1 2ra
Fig.(5.4(e)) = W(_e) (P — Po)? + A2 ( m2? )

(p2 ——p?— ie) (—e(l;r;’p())z)

= %(Fig.(5.8(d))) (5.2.6)

Using the Feynman rules given in Fig.(2.1), we find:

Fig.(5.4(b)) = /(27‘,)3( 2) p— pl)2+,\2

(=) (")

g2
( 3:2 ) [pmrz +4A + 2impo In (2—?1)] (5.2.7)

We should mention an important fact: in all NRQED calculations, we
are allowed to put the cutoff either on the momentum flowing through the
fermion line, or on the Coulomb line, or on the contact interaction. As it

is shown in Ref. [7], whatever routing we choose for one diagram, we can
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not change it for the other diagrams in the middle of the calculation. That
means we have to calculate all the scattering diagrams, as well as bound state
diagrams, with one type of routing. In this chapter we always put the cutoff
on the fermion line. The last two diagrams contain the Relativistic Kinetic

and the Double Annihilation interactions:

Fig(54() = [ (s—:r?;-g(—é) = (== .)2x

(p — po)? + A2 \p? — pf — ie
(- %) (%)
4m?3 m2
a? ) 2
(s3] s
' dp 2ma., -m
Fig.(5.4(g)) = /(21r)3( m2 ) (pz - ie)
A2
== 2A+ipo7r) (5.2.9)

The QED Part

The QED diagrams for one- and two-loop vacuum polarization and vertex
correction have been calculated in Refs. {32] [33][31]. In Refs. [37] [36] these
calculation have been implemented into the threshold regime. The expansion

of one-loop vacuum polarization above the threshold is :
j=—-—. (5.2.10)

The spin average (S = 1) of the one-loop vertex correction above threshold,
expanded in terms of the center of mass velocity is:

a\ [7*m n2py  iTm 2po 2ipem . (2P 2i7pg
(Ol T () () 2
Gy (w)[4po +3m+2pgln()\)+ Im . A 3m

(5.2.11)

To get the QED part, the left-hand side of Fig.(5.4), we should use II; and
G1[36](37}:

—_m2 _m2 2
QD = |m +26,(1+ B+ BV(Z2),  (s212)
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where we have seen before that —p2/m? comes from the expansion of pho-
ton propagator and —p?/(6m?) comes from the expansion of each vertex.

Therefore for the QED part we obtain:

_ —Tpa\1 /2

QED = [nl + 2@1(1 + 67)] (Tn?) (5.2.13)

Now if we put everything back into the relation shown in Fig.(5.4), we obtain
2 2

(1) 1 _ 44 _ 13Aa 5.9.14

¢4 ' (1-y ann) o " (5.2.14)

If we performed the c.(,l}(l-fy ann) matching for the vacuum and the vertex

separately we would obtain the following result

M1y ann) = [c”(1-y ann)) o + [c§ (1-y ann)]ye  (5.2.15)

where
2 2
1) _ 8a a“A
[ca’(1-y ann)]p = e Ry
2 2
(1)1 _ 4 100°A
[ci’'(1-y ann)],, = — P (5.2.16)

where PC and VC stand for the propagator and vertex corrections.

5.3 Matching at NNLO for Four-Fermi Op-
erators Coming from Propagator Correc-

tions.

To compute ng] (1-y ann) we proceed in analogy to the calculation of cﬁl)(l-'y ann)

in the previous section, and determine the contributions of the vertex cor-

rection and vacuum polarization to cgz)(l-y ann) separately:
¢t? (1-y ann) = [P (1 ann)|pc + [ (1 ann)jyc, (5.3.17)
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Figure 5.5: The matching which determines [cﬁz)(lwy ann)|pe.

We start with the calculation of [c‘(f)(l-'y ann)|p. from the relation displayed
in Fig(5.5). As may be seen from this figure, the QED part ( left-hand side
of Fig.(5.5) ) requires calculation of the vacuum polarization function up to
two loops. We then need to expand these functions for small velocities. The
corresponding expression suitable for our task can be found in Ref.[37]. The
result is as follows:
-a? 21 11a?
e = [47r2 (3 - _2"43) T 32
3a? a’ [ —ipg
— —1 3.
+=CIn(2) + 5 n(m)] (5.3.18)

The final form of the QED part (left-hand side of Fig.(5.5)) is thus:

QED = (-z;n’i;ﬁ)(n‘-prn,) (5.3.19)

To compute the NRQED part (the right hand-side of Fig.(5.5)) we start
with the next NRQED diagram shown in Fig.(5.6):
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4 4

Figure 5.6: Double annihilation diagram with one Coulomb line inside.

. d*pd3q 1 1
Fig.(5.6) = 2n)e (’,—’é 2, w)(e)(—e)('——é By +if)
(21ra) 1

T2 ((p—aq)?+ %) )
-« pq (p+q’+A
= e | e = (e %)

—-a’r A in

= e [ln (2p0) M ’2_] (53.20)

Now, we put all terms into the equation shown in Fig.(5.5), and then

solve for (¢ (1-y ann)]p¢:

Pl () 21 0-36) 22 T o]
(5.3.21)

where we have ignored the terms proportional to ;h-

and the terms with
higher inverse powers of the electron mass because they would contribute to

the HFS at higher order (more than af).
5.3.1 Hyperfine Splitting in Positronium to Order af
Coming from Propagator Correction.

Before we start the bound state calculation, we would like to recall an es-
sential element of NRQED. As we have shown by using the counting rules,
adding a Coulomb line does not change the order of a diagram, which in-
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dicates the nonperturbative nature of the Coulomb interaction in a bound
state. Therefore, there are an infinite number of diagrams, each with a dif-
ferent number of Coulomb lines that should be added up. These Coulomb
lines can occur in two places, in external lines or in intermediate states.
Fortunately, in external lines, Coulomb lines are already considered in the
Schrédinger wave function of the external particles. Furthermore, we are
lucky because even for the intermediate states, the sum of Coulomb ladder
diagrams (full propagator) has been calculated before. Therefore, an analyt-
ical expression exists both in coordinate space [24] and in momentum space
[25]. Because in this thesis we work exclusively in momentum space, only
the expressions of [25] are used. In summary, the full propagator in mo-
mentum space, due to Schwinger [25], consists of three pieces: a piece with
no Coulomb terms, one with one Coulomb term, and another with two and
more Coulomb lines. The term with no Coulomb lines is the usual electron-
positron propagator used so far, whereas the one Coulomb term has been
used, for example, in the calculation of the diagram depicted in Fig.(5.6).

The term with two or more Coulomb lines, called the R(p, q) term, is

—64my* 5 472 472
R(p, (- - - “In(A
(e:q) AP+ PR+ TP\ PP E P2 a(4)
+(4A i tan™"(4A - 1) ), (5.3.22)
where A is defined to be
2 2 2 2
A= P+ (5.3.23)

4y (q-p)?
When we use Schwinger’s expression to calculate a diagram consisting of
an intermediate state, the diagram can only diverge for the no Coulomb and
one Coulomb case. This UV divergence will then be canceled with four-Fermi

interactions coming from the matching of NRQED with QED. On the other
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Figure 5.7: The whole double annihilation bound state diagrams.

hand, all the contributions coming from the R term are finite (there are no
UV divergences).

We can now concentrate on all bound state diagrams which are shown in
Fig.(5.7). (We have to include c,(,l)(l-'y ann) in this diagram because it has
been changed by the rematching procedure shown in Fig.(5.4))

Fig.(5.7(a) = _[cg”(M ann) + ¢ (1-y ann)Lc (S(S + 1)) b (0)[?
mia®\ [a?A 8a?
- 2( 8r )[m3 _9m2]+

(B2 26-20)
8r /\m?/8lr 2rm 2 *
1lr = A
o+ S In(@) +7ln (-";)] (5.3.24)
The linear divergent term in the above equation coming from the rematching

of cf,l}(l-*y ann) cancels the linear divergence appearing in the bound state,

Fig(5.7(b)).

Fig.(5.17(0)) = (73) (;:,I))s( —m )

T P +72
—-ma® A mab
= (5.3.25)

riacsto) = (Z) /5208 () on-a (2)
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ma® 1
=~ | €
32m4 / ( +72)(g +72)(p — q)*

- —Té‘f- In (é) + Tgf—ln(z) (5.3.26)
3 rar?  ddpd _
Fig(s7(d) = (L) (21%2“) d( ;;i)ﬁqR(p, qQ) = 1—gma5 (5.3.27)

Now if we add Eqgs.(5.3.24), (5.3.27), (5.3.25) and (5.3.26) together, we arrive
at the HFS of positronium coming from the two-loop correction of the photon
propagator up to O(a?).

2 . mab 27 1 /13 21
B (yam)| = —gma®+ T~ 5+ (5 + 56)

+7@) +31n(@)]  (5:3:29)

where the first term in the above equation is a part of a® contribution to HFS
of positronium that we have calculated in the previous chapter. It is worth
nothing that the terms involving A and In(A) have been canceled, showing
that in NRQED the physics is independent of the choice of momentum cutoff,
A.

5.4 Matching at NNLO for Four-Fermi Oper-

ators Coming from Vertex Corrections.

To obtain the complete form of c,(f)(l-fy ann), we start with the basic relation

shown in Fig.(5.2), whose full form is depicted in Fig.(5.8).

NRQED Calculation

We begin by considering the NRQED part of Fig.(5.2). We note momen-
tum is routed through the fermion line, which is always kept as shown in
Fig.(5.8(g)), and secondly, the momentum of any external line is taken to be

Po- For one loop and two loop NRQED diagrams, the momenta are always
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Figure 5.8: The matching which determines [c{? (1-y ann)], ¢
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shown as in Fig.(5.8(a)) and Fig.(5.8(g)) respectively. It is easy to show that
Figs.(5.8, b, c, d, e, f) will not contribute to the order o® in bound state
calculations. Let us look at one of these figures, Fig.(5.8(b)): If we count
all the factors of a and m in this diagram we find that this contribution is
proportional to (;—})(%) Therefore in the bound state this diagram should
be multiplied by v* = ﬂl‘sﬁ to have the dimensions of energy. That means
this fizure will contribute to ma’, which is irrelevant to our calculation.
Since the only relevant one-loop NRQED diagram, Fig.(5.8(a)), has been

calculated before, we only need to concentrate on the two-loop diagrams.

Coulomb Interaction

Let us begin with Fig.(5.8(h)), which is an easy diagram to calculate since

we need only to square Fig.(5.8(a)) and then divide it by factor 27ra/m?2:

Fig.(5.8(h) = (2:;8)[%2“«1:1 (%)]2 (5.4.29)

The next diagram is shown in Fig.(5.8(g))

21ra) d3pd3q

Fig.(5.8(g)) = ( 2 (2m)® (=€) (po — P)? + A? (p2 —p2 — ie)

1 -m
e <q2 o ie)

3
(2:110) / Ipda (P* —p§ — iE)q(q?' - pj — ie)
2 2 2 2
o (o) e (o)

a® \rat . 2pe\? ind  /2pg
= (z@g)[az"z““(ﬂ + 5l (F)]. (5430
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Transverse Interaction

There are three two-loop diagrams in Fig.(5.8) which have a transverse pho-

ton: (v), (w) and (y). Let us start with (w):
: _ [ &pdiq (e(po + p);\ (&(Po + D), -m
Fig.(5.8(w)) = _/ (27)3 ( m ) ( m ) (pz —p - ie)
-1 (5__ _ (Po = p)i(Po - P)j)
(Po =P+ X\ (po—p)?+ N

() (=)
(P—q)?+A2\g? —p} —ic

3
- e [611r+48—12ln(§0) +12i1r1n(3?2)

48m? A
+72 + 12poIn (%)] (5.4.31)
Figsat) = [ BN ()
(q ——p:l— ze) (e(p £ ) (e(pZTnQ)j)
(p—a)(p - Q)J>
(Pp-q)2+ A

) —48ln ( )—36111(2)

\
) +24w1n(A)+121w+72]

(5.4.32)

1ra3
= 48m 2[_12 (
Do
A

+12irln (

To calculate Fig.(5.8(y)), we can multiply Eq.(5.2.3) by Eq.(5.2.4) and then
divide it by the factor 2ra/m?.

Pt = (25) 5 v (2] 55 m ()]
(5.4.33)
Spin-Spin Interaction
The two loops diagrams are
Fig (5800 = ‘1(3217:)364(_62) (p- p:)2 + A2 (p’ —;T%n— ie)
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(—ie(q—p) X a)i(—ie(q— p) X d)j

2m 2m
( -m ) (20#)
¢* — p —ie/ \ m?
= (i) [+ 200 (50)] (o0 +ivm)
= (12m2pg) [7r +2iln ( 3 2A +impg (5.4.34)

With a similar calculation we can show that

Fig.(5.8(0) = (;::z)[ﬂn (1;‘)-21 (2§°)+m] (5.4.35)

Fig.(5.8(m)) = ( - 27::‘2;0) [7r +2ln (QT”")] (2A + i'rrpg) (5.4.36)

Darwin Interaction

For the Darwin contribution, as showed in the previous section, we need

to multiply the corresponding diagrams with the Spin-Spin interaction by a

factor 3/4:
Fig.(5.8(0)) = ( — a; ) 7+ 21n (2§0)] (2A+i7rpo) (5.4.37)
Fig.(5.8(n)) = ( 16:;0) 21n (%) —2ln (2§’°) +1,1r] (5.4.38)
Fig.(5.8(r)) = ( 325‘;?0) -1r+2zln( i")](mﬂm) (5.4.39)

Derivative Interaction

There are two two-loop diagrams with the derivative interaction, Fig.(5.8j, i):

- ' d3pd3 1 -m
Fig.(5.8(7)) = / (270 (" )(p “ o)+ N2 (pz —p2— ie)

(—e )(q p1)2+/\2 (q ——pT )(‘47"“3(:;'*'1’3))

(31rm2po) / (¢? nﬁ: ing(g:—p;(), - i€) ln (((z i- f,:;z i :\\2
2 Az
n (G aren)
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-a® 3 2po\? .2 2po
(36m2p0) [pﬁﬂ ~ 12poIn (—/\_) +12ipor” In (_A—)

+24AT + 48iAIn (2%) _ 24p07r] (5.4.40)

/' d3pd3q(_ez) 1 ( -m )
(2m)8 (P — po)? + A2 \p? — p? — ie

() e h o () (Rl 220

Fig.(5.8(1))

(a—Ppo)? + A2 \g% —pf —ie 3m!
—-a3 2p0
- () ()
(szpo) [1r+21 n 3 X
2 . 2po
PoT” + 8A + +211rp0 In —,\— (5.441)

Relativistic Kinetic Correction

The next class of NRQED diagrams contain a Relativistic vertex.

) 3 2 2
Fig.(5.8(t)) = ( - 96:121)0) [— pom® + 12pg In (—f\)g)

—12ipem?ln (iﬂ) ~ 24Ar — 48iAln (-2%9) + 24po1r]

a’ 2po
(96m2po) [48”" 487 h‘( ;) )

2
+24impg + 1r2pg —12pgIn (gi—o) + 12ipgIn (2%)]
(5.4.42)

Fig.(5.8(s))

Similar to Fig.(5.4.33), Fig.(5.8(u)) is just the product of two one-loop dia-

grams:

Fig.(5.8(u)) = ( o )[11'+2z’1n (2—?)] X

16m2po

[po‘lrz + 4A + +2impo In (2—§2)] (5.4.43)

Double Annihilation

The last diagram in the NRQED part is shown in Fig.(5.9), which reads:
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Figure 5.9: Double annihilation diagram with one Coulomb line outside.

) d*pd3q -m -m 2ra\ 2
Fig (5.8(2)) = (2m)6 (¢) (p2 - p§ - ie)(—e)(q2 - pé - ie) ( m? )
—4mad A V(T .. (2pe
- ( m?2 ) [4pg7r + §] (5 il (T)) (5.4.44)
Now if we add all the NRQED diagrams in Fig.(5.8) which contribute to the

O(a®) HFS, i.e., (a), (g), (h), (i), (), (k), (1), (m), (), (0), (r), (), (t), (u),
(v), (w), (x), (v) and (z), we obtain:

adrd iddn? . /2p0\  om. (2po\? 5aim . [/2po\?
vnaep - 22,5 () e ()
RQED 602 + 2 n 3 2 n 3 ) n{~
+ 5 a®m®  i5adw? n (2ﬂ) 29d’r  Tir’d®
18 m2 3m? A 6 m? 6m?2
3 3.3 3 . 3
+ 7a1r1 (@)+4awln(é)_ga1r_88m m(gp_o)
3m? A Im? A 9mpy, mpg A

(5.4.45)

QED Calculation

To calculate the left-hand side of Fig.(5.8), we use the spin average (S = 1)
of the one- and two-loop vertex correction above the threshold expanded in
terms of c.m. velocity. This calculation has been carried out in Ref.[37] with
the following result:

a
G, = (__
2 288p3nm?

3 2
) [6m21r4 — 72m?n%In (%’3) — 288mn’p,
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2p0 Do
—2047%p ln( /\) +192p§7r21n( /\) 19272 In (;)

+3064p2 — 688pim? + 17n'p2 + 384pin? In(2) — 288(3p?
2
+72ir*m? In (2 ) — 576immpg ln( ) + 204imp ln( Po)]
A A A
(5.4.46)

Using G;(Eq.(5.2.11) and G, for the QED part we obtain

ceo - (593 vr0i+ - )

= (2;&)[G2+G2(m )+2G2+G2( 7p°)]. (5.4.47)

Solving the relation shown in Fig.(5.8) for [c4 (1 ann)|,,, we obtain

(¥ (1-y ann)],; = NRQED — QED, (5.4.48)

where QED and NRQED terms were given in Eqgs.(5.4.47) and (5.4.45):

[cﬁz)(l-'y ann)j,, = (:2?;357:) [—(%‘ - 2(3) 11783 +41In(2) - %ln (:;:)]

(5.4.49)

5.4.1 Hyperfine Splitting in Positronium to Order of
Coming From Vertex Correction.

With the help of counting rules, we find all the diagrams which contribute to

a®. They are shown in Fig.(5.10). We begin by calculating the diagram(a)

Fig(5.10(a)) = ~[{’(1y ann) + {1y ann)ly (S(S + 1)) l(O)/?
= ma [— - 1] +
{3 -8) -2+ - b ()
(5.4.50)

As we see from Fig.(5.10), except for the Derivative interaction, we have

three different types of NRQED bound states for each interaction. In our
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Figure 5.10: All the bound state diagrams which contribute to a® except
the diagrams with the Double Annihilation interaction.

calculation we use the ground state wave function which has the following

property:
dap ds 87!’1/2’)'5/2
s E(P) = / ps 2 1 ~2)2
(2m) (27)® (p? +7%)
A3\ 1/2
- (?) . (5.4.51)

We label all the bound state diagrams with momenta p and q, as shown in
Fig.(5.10b, c). Once again we should mention that we have to put the cutoff
on the fermion line (fermion routing) in all the bound state calculations.

The next diagram has the Spin-Spin interaction:

3\12 ¢ Bpddq 8712452 /970 1
_ 0 pd’q g
Fig.(5.10(8)) = (?) (2m)% (p? +12)? ( m?2 ) (-}nf - 9"%)

(—ie(q ;";:) X cn)i(—-ie(q ;n;:) X o )j

[ L)
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-1 (5”_ (p—q)i(p—q)j)
(P-q?+A\"7  (p—q)2+ N
_ (_mas) 2/3(q — p)’e - oy
6474/ J (q-p)*(P* +7*)(g* +7?)
—ma?® A N ma’®
12r m 48

(5.4.52)

3IN1/2 p BoBadik {l/2~5/2
. Y\Y? 1 d&°pd’qd’k 8n'/y 2ra -m
Fig.(5.10(c)) = (7) / @r)° (% + 1) ( me ) (_72 _ qz)

(—ie(q— p) X al)i(—ie(q— p) X d’g)j

2m 2m
-1 (P — )P — 9);
(p — q)? (J‘j ~ (p-qp )
-m gy -1
(F=2) e
_ (—mza") d*pd3q 1. tan™'(2)
96 @m)e P +71)H e +7%) ¢

_’2’1“6 (ln (%) - ln(2)), (5.4.53)

Eq.(5.4.53) is 1/3 of contribution of the Double Annihilation bound state
with one Coulomb line, Eq.(5.3.25). Therefore, we can multiply Eq.(5.3.26)
by factor 1/3 to get the R term for spin-spin interaction.

—-ma’

Fig.(5.10(d)) = —

(5.4.54)

Since the diagram with a Darwin interaction and one with a spin-spin in-
teraction differs by a factor 3/4 we can write down the result of the Darwin
bound state diagrams easily:

-ma® A  ma®

Fig.510(h) = =2~ +T
—ma®
Fig.(5.10()) = ;"2 (ln(%)—ln@))
Fig.(5.10(5)) = "3;:“6. (5.4.55)
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The next set is the Transverse bound state diagrams
3\ 1/2 d3 d3 871.1/2' 5/2 ITa
. 7 pd’q 8m'/2y
Fig.(5.10(e)) = ( m ) (2m)8 (p* +42)2 ( m? )
(e(q+ p),-) (e(q + p),.) ( -m )
2m 2m g%+ 72
-1 (J“_ (q—p).-(q—p)j)
(a-p)2+Ar2\" (a-p)?
2_.2\2
~ (maﬁ) d*pd’q [(p+q)? - =]
64rt/ J (a—p)(P® +72)(F +7%)
- mat|l (A) 1o - l]
= ma [4ln 7 4ln(2) 5

' _ \Y2 r Bpdiqdik 8x'2452 f2na
Fig.(5.10(f)) = (?) / 2n)° (p2+72)2( )

(52 (%) (75)

— ;)12 — (5,_ _(a (2)_(;)2 p),.)
(kzﬁ ) (q-k)? 5 (=€)
ma® /n?

- W(? - 1) (5.4.56)

For the R term of Transverse interaction, we have

('7_3)1/2/d3pd3qd3k 8ml/245/2 (27\'0:)
T (2m)® (P2 +7)2\m?

Fig.(5.10(g)) =

(Hoeeh) (2o 2)
-1 —Pji\q—P);
GooF (6,.,._(q (Cll)) (;) p) )R(q,k)
[ 2\ [&pdq [(p+q)? - E=LFIR(q,K)
- (w‘:‘m“) /2 (a- p)2@2+72)(q +4?)
- ﬂl’;_(g _ %) (5.4.57)

The next set is related to those diagrams which have Relativistic Kinetic

vertex

. 3\ 1/2 d3 8 1/2.5/2 2 __
Fig.(5.10(k)) = (Zﬂj) (2r)3 (p1; +',yyz)2 (— P4m;Yz)
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( —m ) (211'0)
p* +9%/ \ m?
ma® A mab

8'rr5m 16
Fig.(5.10(1)) = %(m (%)—m(a)—%)
Fig.(5.10(m)) = %%mas (5.4.58)

The last diagram contains Derivative interaction:

Fig.(5.10(n))

d3pd3q 87('1/2’75/2 (—471'0(})2 + qZ)) 81!'1/2")’5/2
(2m)8 (p? +92)? 3md4 (q® +7%)?
—2ma® A ma®

= 3r m + v (5.4.59)

Now, we add all the contributions coming from the diagrams of Fig.(5.10)with

the result:

6
[AEhfa(l-'Y ann)] = —-ma’+ mf [ -

235 1 (655 )
ve

72 T\ O
+2h42)-§hqaﬂ (5.4.60)

Final Result

We will now obtain the final result by adding the order a® terms of Eq.(5.3.28)
to that of Eq.(5.4.60)

mea® [ 1 71477 13
ABy (v sano®) = P[5 (S 56)
1183

9 1.,
28 1 1n(2)+g In(c )]

(5.4.61)

The In(a™!) term was already known and is included in the In(a~!) con-

tribution presented in Eq.(1.0.1). We can now easily read off the unknown

3There is also a numerical factor related to the permutation of some diagrams shown
in Fig.(5.10): For Figs.(b, c, d, e, {, g, k, e, h), this factor is 2. For the Figs.(h, i, j), it is
4. There is no permutation factor for Fig.(n).
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analytical/ Contribution

Order Specification numerical in Mhz Refs.
1. m.at a 204386.7(1)  [39]
2. mu.b a -1005.5 {40]
3. m.flna™?! a 19.1 {29]
4. m.af Nonannihilation(C/L) n —-7.2(6)  [41]+[42]+[1]
5. Nonannihilation(Pa) n —-3.29(4) [41]+[42]+[43]
6. 1-+ annihilation a -2.34 this work
7. 2-v annihilation a -0.61 [44]
8. 3-7v annihilation a -0.97 (45]
9. m.a’ln*a! a -0.92 (30, 7]
Sum (Caswell/Lepage) 203 388.3(6)
Sum (Pachucki) 203 392.2(1)
Experiment 203389.1(7)  [28]

Table 5.1: Summary of the theoretical calculations to the HFS. Only the
references with the first correct calculations are given.

coefficient K;(1-y ann) from the Eq.(5.4.61).

111 1477
K,(1-y ann) = Z[;;(— —Ca)
+3
4

_ 1183

o+ n (2)] (5.4.62)

Our analytical result completes the calculations to order m.a® and clearly
shows how amazingly®, NRQED simplifies the bound state calculation. In
Table 5.1 we have summarized the status of the theoretical calculation to
the HFS of the positronium ground state including our own result. To or-
der m.a®, the logarithmic in a and constant contributions are given sep-
arately. The constant terms are further subdivided into non-annihilation,
and one, two and three photon annihilation contributions. The error in

the order m.a* result (1.) comes from the uncertainties in the input pa-

3During completion of this thesis we were informed of the work by Adkins, Fell and
Mitrikov(46] using Bethe-Salpeter formalism and numerical methods. Their result agrees
with ours representing an independent cross check.
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rameters ¢, i and m, and the errors in items 4. and 5. are numerical.
For all other contributions the errors are negligible. The uncertainties from
the ignorance of the remaining m.a” lna~! and m.a” contributions are not
taken into account. As indicated, there are two contradictory calculations
for some of non-annihilation contributions based on results from Caswell and
Lepage (C/L) (1] and Pachucki (Pa) [43]. The result containing the Caswell-
Lepage calculation leads to perfect agreement between theory and experiment
[AExss(th)—AEys,(ex) = —0.8(1.0) Mhz], whereas the HFS prediction based
on the result by Pachucki leads to a discrepancy of more than four standard
deviations [AEjy,(th) — AEys,(ex) = 3.1(0.7) Mhz]. It remains the task of

future examinations to finally resolve the theoretical situation.
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Chapter 6

Discussion

Having come this far, we would like to claim that the two principal goals of
this thesis, as outlined in chapter(1), have been accomplished.

The first part of the thesis from the beginning until chapter(5), except
sections(4.2.1) and (4.1.2), essentially proves to the reader that we can obtain
all the well-known results on the properties of bound states by using NRQED
as an effective field theory. These results, obtained here from NRQED for

the first time, are as follows:

e Order a* energy shift in positronium and the Hydrogen atom[14].
e Lamb shift in the Hydrogen atom[16].

e Order o® hyperfine splitting of ground state of positronium(17].

By using the NRQED power counting we can isolate the diagrams that con-
tribute to each of the above cases and then perform a matching procedure
which brings the effects of high energy modes to the NRQED coefficients.
Hence, we would claim that NRQED is simple and systematic. The reader
is strongly urged to compare the NRQED calculations presented here to the
existing calculations done using conventional methods in standard text books

such as [9] to confirm our claim.
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In the remainder of the thesis, we have further demonstrated the strength
and elegance of the NRQED formalism by presenting the following new re-

sults:

e af HFS of positronium.

In chapter(5), for the first time, we gave an analytical result to the
order af of the ground state hyperfine splitting coming from one photon

annihilation.

mea® [ 1 /1477
AEhj,(l-’Y anl, as) = [7—1'_-2' ( —C3)

4 81
1183 9 1 -1
—?8—8—'{‘21 2+6 Ina ]

(6.0.1)

To obtain the above result, we had to perform a matching procedure at
the 2-loop level in order to derive the spinl-annihilation vertex coming
from one-photon annihilation. The relevant contribution was:

¢ (1-y amn) = (_:::W) [ = (1;:7 '—Cs)

1483 1. A
288 T Zh‘m + Eln('n'i)]

(6.0.2)

Our calculation completes the order a® HFS of positronium which
proves QED, once again, is a correct theory to very high order in a.
It would be very difficult, if not impossible, to obtain this analytical

result using traditional methods.

o Completing the expression for c,(‘l) and cg) at NLO, O(a?).
We have calculated the contribution to the cﬁl) and cgl) coming from

the t-channel two-photon QED exchange graphs. This has finally com-
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pleted the expression for c.(,l) and cgl):

2
- S
C4 111 m + 45 1n2

m?
a? A 4 .
& - & [_ In (;n.) +o =32+ m] . (6.0.3)

Order a® HFS of positronium

Another new result is the order a® HFS of positronium for general n

and ¢

5 16
AEhfs(n, ¢, as) = - (;:;3) [ (ln2 + "g—) b0

Gj
1-§ ] 0.
@+ D (1-6w)|, (6.0.4)
where the coeflicients Cj, are given explicitly by:
( ¢ e
z(z+41)&+3) ifj=£+1
Cit={ s if j=¢ (6.0.5)
- [i Y S
{ 2:(2:—11) ifj=£0-1

The above result has been previously obtained for the ground state

using the conventional ways.
Scalar-Scalar bound state
We have shown the Lamb shift for scalar-scalar bound state to be

2
ln m + 1 _ m . iff=0
(Za)4 2<En, 0> 360 S5m2

AE = m2® (6.0.6)
3Ir nd
| Z2ma?_ if2+£0
0 2<Ep > 1 # ’

This result is valid for the scalar particle case with a mass approxi-
mately equal to that of the electron, which does not correspond to a
physical case. The order a® of Scalar-Scalar bound state for m,cgqr >

Melectron 15 Still under investigation.
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The above new results show that NRQED is not simply a method to sim-
plify the well-known calculations, but is a powerful formalism which allows
the derivation of new results, such as O(a®) HFS, previously unattainable
with conventional techniques.

In summary we hope to have convinced the skeptical reader that:

NRQED is simpler, more systematic and more powerful than
QED for the study of non-relativistic systems, and particularly

non-relativistic bound states.
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Appendix A

Table of Integrals(1)

The Integrals which are shown in Tables.(A.1, 2, 3, 4, 5) are directly copied
from Ref.[7]. These are very useful integrals for the bound state calculations

and scatering diagrams at threshold. Let us define the values in the Tables.

A = tﬁ’—‘:ll(qllﬂﬁ (A.0.1)

= @-2-1—7—2) (A.0.2)
C = (qT}Tm—?) (A.0.3)
D = t—-——“"_ll(('l‘lﬂ/ 27) (A.0.4)
A = l’%‘ (A.0.5)
B = al% (A.0.6)
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f(pa)| [dpeHim
1 m2B/+*
P-q A - 7B
(p-q) | P*(? -1 )A+7*y*B
p? 2m2A - 7B
p?+4? 2m2A

Table A.1: Three dimensional integrals

f(p ) Jdp ((p—q)’i'(:)qzlp’ﬂ’)’
1 2m2C2jy®
p2 21‘.2(:‘2 /’7 + q27r2C2 /,73
(P-q) T2 q*C? /4

p’p - q | 2C*8y* +5v°q* + q*) /7 — 7D
(p-q)? | P2C*(8y* + 4¥*q* + q*) /v — =D
(p?)? m2C2(107* + 67%q + q*) /7

Table A.2: Three dimensional integrals (continued)
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Values of n,m

4m/y? [ dg A™ B™ B

~10,5 3572 /64~
-8,4 572 /8y
-6,2 awfA - 3n? /v
-6,3 3t /4y
-6,4 2 /8y
—4,1 4r/q - 212 /v
—-4,2 w3 [y
-4,3 72 /4y
-4,4 72 /8y
—4,5 572 /647
-3,0 2my /N2
=3,1 —4rIn(A/v) /v
-3,2 2/
-2,0 Amf
~2,1 22
-2,2 w2 [y
~2,3 372 /4y
~2,4 572 /8y
-1,-1 4rln(A/v)/y — 47 In(A/7) /7 + 27y /A2
-1,0 drln(A/v)/v = 4mIn(M7)/~
-1,1 4rIn(A/Yy) /vy
0,-1 awA/77 + 47 /A
0,0 4wA [~?
0,1 arA/y? — 2n? /v
0,2 4rA/v? — 302 [y
0,3 ATA/y? - 1572 /4y
1,~2 27A% /4 + 8rin(A/y) /v — 8xln(A/y) /7 + 2my/ N\
1,-1 27A% /7 + 4rln(A/y) /v — dxln(A /) /v
1,0 2mA? /43
1,1 27A%/y® — 4dnIn(A/7) /7
1,2 27A%/y® — 8xIn(A/v)/v + 27/
2,-2 4wA3 /344 + 8nA /¥ +4n /A
2,-1 4wA3 /344 + dwA /y?
2,0 4rA3 /348
2,1 —4mA/y? + 4wA3 /344 + 202 [y
2,2 —8wA/Y? +4wA3 /3y + 5% [y

Table A.3: One dimensional integrals
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‘ Values of n,m

4m/y? [ dg A® B™ Tan"'(A)

-5,1 Ar [N — w2 /v — 2ntIn2/y

-5,2 -m2/2y + 2r%1n 2/

5,3 372/167

—4,2 w3 /4y — /[y

73,0 —12 ] + 4T/

-3,1 272In2/y

-3,2 w2/2v

-3,4 1172 /48y

-2,1 3 /2y

-2,2 w34y + [y

~1,-1 2n2ln(A/7)/y — /v + 4x /)

-1,0 2nIn(A/v) /7

-1,1 22 ln(A/y) /v — 27 In2/y

-1,2 22 ln(A/7y)/v — 272 1n2/y — w?/2y

-1,3 272 In(A/7) /v = 272 In2/y — 137%/16y

1,-2 m2A2 /3 +dn?In(A/7) /v — 47A /¥ + +4m /A
1,-1 w2A% /4% — 2xA/y? + 2n2 In(A /) /v + 72 /]y

1,0 A% [y® — AmA /4% + 72 )y

1,1 w2A% /43 — 272 In(A/7) /v — 47 A/ + 7% [y + 272 1n 2/
1,2 n2A?/y® — An®In(A/v) /7 — 27A /¥ + 372 /2y + 472 In2/y

Table A.4: Second type of one dimensional integrals
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Values of n,m

4w /v* [dg A™ B™ In(1 + A?)

-4.1 —4n2In2/y + 4n?/y

—4,2 212In2/y — n?/y

-4,3 721n2/2y — n2/8y

-2,0 4r? [~

-2,1 4m2ln2/y

-2,2 22 In2/y +n?/y

-2,4 5572 /48~ + 572 In2/4y

0,-1 8mIn(A/v)/y — 8wA/y* + 8n2 [y

0,0 87 In(A/v) /v — 8wA/¥? + 4n? [y

0,1 8min(A/v)/y — 87A/y? +4n?/y — 4x%In2/y
0,2 8mln(A/vy)/y — 87A/y? + 3n2/y — 6n2In2/y
0,3 8min(A/v)/y — 87A/y* + 1572 /8y — 15n%In2/2y

Table A.5: Third type of one dimensional integrals
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Appendix B

Table of Integrals(2)

The following Integrals have been preformed by A. H. Hoang{38]. These Inte-
grals are very useful in doing the scattering calculations above the threshold.

2

p
L = fd S S
' P e
Do

= A+ir— 7 (B.0.1)
(p + pu)2 + A2
L = [d ( )
2 /p p—-zen (p— po)? + N2
2
= mwtan! (2—;)2) + ia In (1 + %) (B.0.2)
B P (g+p)* + ,\z)
b= [dppz—p% " ((11—10)2+/\2
_ 1 q+po) (q Po) ((‘1+P0)2+/\2)]
w[tan (_A + tan~ /\ + = 5 ln ———-———(q 2o+
(B.0.3)

For the following Integrals, we present the answer with the condition A\ < pg:

R e M (e Rl (s )
ERNCRNGY oas
k= /""d” ——ara=m " (o)
- ofufl) u() =

99



Is

I; =

+p)? + A2
qudp(qz _ q In ((q p)

X

(p+po)? + ,\2)

v —i€)  \(g—p)?+ A (p—po)? + A2
72 [4100 —4poIn (2%) + 2i1rp0] (B.0.6)
3 2 2
D (p+pa)*+ A )
[t (o m e
1, . 2p0
Do [§p07r +ipeTin (-A—) + 4A] (B.0.7)
3 2 2
q (g+p)*+ A (p+po)? + A2
dad : —In ( ) In ( )
/“’(qZ-pa—ze)(pﬂ—pa—ze) (@-pE+X3) " \(p—po)2 + X2
pily + 4ATL, — 2pym® (B.0.8)
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