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Abstract

We use Nonrelativistic Quantum Electrodynamics (NRQED) as an effective

field theory to calculate the single photon annihilation contribution to the

positronium hyperfine splitting (HFS) in its ground state at order 0(06 ). Our

analytical result completes the hyperfine splitting calculation to arder mea 6 •

Using NRQED, we derive the Lamb shift of a scalar-scalar bound state and

0(05 ) hyperfine splitting of positronium for a general excited state. Using

the same technique, we also rederive the Lamb shift of Hydrogen atom and

0(05 ) HFS of positronium in its ground state.
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Résumé

Nous utilisons Électro-Dynamique Quantique Non-Relativistique (NRQED)

comme théorie des champs effective afin de calculer la contribution de l'anihi­

lation d'un seul photon au découplage hyperfin du positronium dans son

état de base à l'ordre O(a6 ). Ce résultat analytique complète les calculs

du découplage hyperfin à l'ordre mea4
. En utilisant toujours NRQED,

nous dérivons le décalage de Lamb de l'état scalaire-scalaire lié ainsi que le

découplage hyperfin du positronium pour un état excité général n et 1à l'ordre

O(a5). Finalement, nous utilisons la technique NRQED pour redériver le

décalage de Lamb de l'atome d'hydrogène ainsi que le découplage hyperfin

du positronium à son état de base.
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Chapter 1

Motivation and Outline of this

Thesis

The detailed comparisons between the heroic precision calculations using

Quantum Electrodynamics (QED) and equally heroic precision measure­

ments represent one of the pinnacles of twentieth-century physics. On the

theoreticai side, comparisons involving the energy levels of bound states, such

as hydrogen or positronium, pose a particular challenge. This is because of

the necessity of incorporating the small radiative corrections of relativistic

QED into the nonperturbative treatment required for the bound state it­

self. Important conceptual progress in handIing bound states in QED was

made several years ago, by Caswell and Lepage[l], with the development of

non-relativistic QED (NRQED), which consists of an application of effective­

field-theory ideas to atomic physics applications of QED.

NRQED starts with the recognition that much of the complication of

QED bound-state calculations arises because the fine-structure constant, l

ct = e2 /411", enters inta observables in two conceptually different ways. First,

ct enters as the small parameter which controis the higher-order QED radia-

l We use throughout units for which ", =c =1.
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tive corrections. Second, a enters from the appearance in these calculations

of three separate scales: the electron mass, m, the bound-state momentum,

mv, and the bound-state energy, mv2
, once it is recognized that v = O(a) in

the bound state. While much of the higher-order QED radiative corrections

involve scales at, or above, m, where relativistic kinematic is important, the

complications associated with handling the bound states aIl arise at the lower

two scales, mv and mv2
•

NRQED takes advantage of this hierarchy of scales to efficiently separate

the radiative corrections from the bound-state physics. First one accurately

integrates out aH physics associated with momenta p ;(: Gem), obtaining an

effective theory of non-relativistic particles whose interactions are organized

according ta their suppression by powers of the two independent smaU param­

eters, a and v. This effective theory is then used ta systematically compute

bound-state properties, at which point v becomes of order a. Keeping v and

a independent until this last step makes the bookkeeping more straightfor­

ward. The additional bonus is that bound-state calculations are much easier

to do within the effective theory because its non-relativistic framework per­

mits the direct application of well-tested techniques based on Schrodinger's

equation.

Any effective field theory relies on the existence of a hierarchy of scales, it

e.g., in the case Ml ro.J mv « M2 ro.J m, in a physical problem. The heart of the

effective theory's utility lies in its power-counting roIes, which identify how

to systematically isolate the complete contributions to any observable to any

fixed order in the small ratio, M1/M2 • NRQED is no exception in this regard,

with the pawer-counting mIes identifying the suppression of observables in

powers of v ro.J Q. It is the recent development of NRQED power-counting

rules [2)[3][4][6], which now makes it possible to directly identify the O(aR
)

2
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contributions to any atomic-physics observable. These rules have recently

been demonstrated in practice in sorne il1ustrative papers[12][13][22][23][16]

[17].

Although contributions order by order in a can also be obtained by other

methods, the virtue of NRQED lies in its simplicity, which potentially makes

more complicated calculations feasible. It also permits the very simple ex­

tension of low-order results to bound states involving particles of other spins

[14].

It is noteworthy to mention that the effective field theory approach to oon­

relativistic systems is becoming standard in the literature for quarkonium

systems, the strongly-interacting anologues of pasitronium. One can find a

lot of papers about the corresponding effective field theory of Non-Relativistic

Quantum Chromodynamics (NRQCD). In addition, NRQED and NRQCD

are closely related ta Heavy Quark Effective Theory (HQET), the effective

theory applicable to systems with a single nonrelativistic particle.

Despite aU these developments in effective theory approches, the power of

NRQED approach has still not been fully appreciated by the atornic physics

community. Therefore, our goal in presenting this thesis is twofold:

1. Using NRQED we simplify and systematically rederive many oid

well-known calculations such as:

• Order 0 4 energy correction of positronium, scalar-scalar and fermion­

scalar bound state.

• Order 05 Lamb shift of hydrogen atom.

• Order aS hyperfine splitting (HFS) of the ground state of positro­

nium.

Besides building confidence in our results, these calculations include

3
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new results for intermediate steps in our calculations, in which we per-

form the matching of QED ta NRQED at next-to-leading order (NLO)

and next-to-oext-to-leading arder 2 (NNLO) in a. Ooly a small part of

this matching is already available in the literature, and the remainder,

which we present here for the first time, will have applications to many

other higher-precision NRQED calculations.

2. Using NRQED we obtain new results to prove its power with respect

to the conventional calculations:

• Order aS hyperfine splitting of general excited states of positron-

ium.

• Order a 6 hyperfine splitting of positronium in its ground state .

Our result for the 0(06
) permits the first-ever analytical calculation of

the complete O(met6
) contribution ta positronium hyperfine splitting (HFS)

[19]. Ta see the importance of this calculation let us explain the situation in

more detail.

The theoretical expression for HFS of positronium in its ground state is

where tt.Eh/l is the energy difference between the triplet (ortho) and singlet

(para) ground state of pasitronium, and K is defined by

(1.0.2)

:lIn this thesis, we use the abbreviations NLO and NNLO for Next-to-Ieading order and

Next-to-Next-to-Ieading order respectively. We aIso use HFS for hyperfine splitting.

4
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Using NRQED we provide, for the first time, an analytica13 calculation of

K1(1-; ann). Apart frOID K1(1-; ann), all the contributions to K coming

frOID the non-annihilation, and the two- and three-photon annihilation pro­

cesses have been calculated before (see Table 5.1).

In this thesis, we first rederive the 0 4 and a 5 corrections of the Eq.(l.O.l)

using NRQED as an effective field theory. We then calculate K1(1-; ann),

the single-photon annihilation contribution to the constant K, completing

the theoretical formula in Eq.(l.O.l).

The outline of this thesis is as follows:

• Chapter(2)

In this chapter we introduce NRQED by briefiy reviewing the NRQED

Lagrangian. We then discuss the matching procedure, section(2.2),

which is required ta obtain sorne of the NRQED couplings ta leading or­

der in a. We review NRQED propagators in section(2.3). Section(2.4)

gives a quick summary of NRQED power counting, as obtained in

Ref.[2]. These power counting rules are then used ta systematically

identify aIl possible contributions ta sorne particular bound state cal­

culations which we present in chapters (3), (4) and (5) .

• Chapter(3)

Here we show how the NRQED Lagrangian, with the coefficients fixed

at the leading arder, gives the full O(a4
) arder bound state energy

shift for positronium. We aIsa calculate this energy level shift for the

cases where either or both partic1es have spin zero. This is the sim­

plest application of NRQED as an effective field theory in bound state

calculations.

3 An independent numerical calculation of K l (1-'Y ann) appeared at the same time as

our analytical expression.
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• Chapter(4)

In section(4.1), we first summarize the next-to-leading order matchings

for two-fermi operators which are already given in the literature. We

then explain how these matchings can be used ta calculate the Lamb

shift in the hydrogen atom, as weIl as in scalar-scalar bound states. The

reader will surely enjoy these derivations and prefer them over more

traditional ones based on the Bethe-Salpeter equation. Section(4.2)

is devoted to Next-to-Leading arder matching of four-fermi operators.

Some of these matchings are new and have not been published previ­

ously. The main result of this section is that the complete O(ma5 )

contribution in NRQED is obtained using precisely the same graphs

as for the O(ma4) contribution, but with coupling constants which

are matched ta relativistic QED at higher arder in o. These results

are then brought together ta give the hyperfine splitting for both the

ground state and the excited states of positronium.

• Chapter(5)

In chapter(5) we first perform a matching at NNLO for the spin-1

annihilation operator. This is then fol1owed by the calculation of aH

the bound state diagrams relevant to obtaining an analytical result for

the 0(06) hyperfine splitting (HFS) of positronium in its ground state.

This is finally used to determine, for the first time, the the unknown

coefficient K l (1-1' ann) which we introduced in Eq.(l.O.1) .

6
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Chapter 2

Introduction to NRQED

As explained in the introductory chapter NRQED is an efficient adaptation

of QED which simplifies the handIing of power counting, cancellation of di­

vergences, and gauge invariance in bound state problems. In this chapter we

introduce the NRQED Lagrangian and evaluate the various coefficients ap­

pearing in the Lagrangian by "matching" them to QED. NRQED Feynman

rules are described in section (2.2) followed by a discussion of propagators

in section (2.3). We then turn to power counting in section(2.4), which is

the core of this chapter. We give sorne examples to clarify how the power

eounting rules work.

2.1 NRQED Lagrangian.

We start with the Lagrangian density of NRQED as applied ta non-relativistic

electrons and positrons, which is obtained from full QED by integrating out

aIl virtual physics at seales greater than the eleetron mass, A ~ m.

The fields representing the low energy degrees of freedom in this theory

are 1/;, X and Ap , which respectively represent the particles and photons

with energy less than m. For example, in the ease of positronium 'r/J and

7



• X would be the non-relativistic electron and positron, while in the case of

the Hydrogen atom, would he the electron and proton. The Lagrangian is:

L, = L,photon + L,2-Fermi + L,4-Fermi + ..., with: 1

(2.1.1 )

l,2-Fermi _ 1/Jt{iDt + D
2

+ 0
4

+ Cl cr . B + C2 (0 . E - E . n)
2m 8m3

+C30' • (D x E - E x D) + ... }'"

+ same terms with 't/J ~ X,

= C4 1/Jf trU2X· • XTU2cr't/J + Cs 1/JtU2X· • XT(j21/J

+ Cl; ( '"t0"20'D2x' . Xt0"20'1/1 + h.c.) + ...

_ ~(E2 _ B 2) + egAo(k) k
4

AO(k)
2 m2

i k
4

. ( kiki)-cloA (k) m2A1 (k) dii - V + ...

•

Here D = i(p - qA) and Dt = 8t + iqAo, and the components of the vector

lr are the the usual Pauli spin matrices

(01) (0 -i) (1 0)
al = 1 0 a2 = i 0 a3 = 0 -1 '

and the q is the electric charge.

For the NRQED we define perturbation calculations by splitting the La­

grangian density, L" into an unperturbed and perturbed part: L, = L,o + Lint,

where

l,o - l,O.portidel + L,OtPhoton

- {",t(i8t-:~) 1/1+ Xt(i8t- :~) x}+HE2
-B

2)

The Feynman rules corresponding ta this Lagrangian are listed in Fig.(2.1).

lWe omit the four fermion terms proportional ta C7 and Ca which are listed in ref.[2],

because they are redundant in the sense that they may be e:xpressed in terms of those we

display.

8
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• For the photon we choose the Coulomb gauge. This is the most efficient

gauge to study non-relativistic bound states since it permits the isolation of

the Coulomb interaction (which must be treated non-perturbatively) from

aIl other interactions (which can be treated as perturbations).

2.2 Matching at Leading Order.

The various coefficients, Ci, appearini in Eq.(2.1.1) are calculable functions

of Ct and m which are obtained by integrating out scaleslarger than m using

QED. They may be conveniently determined by computing scattering pro­

cesses for free electrons and positrons3 using bath QED and the NRQED

Lagrangian, Eqs.(2.1.1). Equating the results to a fixed order in Ct and v:

QED scattering amplitudes NRQED scattering

expanded in powers of p/m amplitudes,

completely determines the constants ct to this arder. This is the so-called

matching procedure. Notice that no bound state physics enters at this stage

of the calculation.

Performing the matching operation at tree-level in QED gives the lowest­

arder results in Q [1]. We present these calculations in detail in subsequent

sections (see sections (2.2.1), (2.2.2) and (5.1)), but present here the leading

arder results:

(0) _ q
Cl - 2m t

(0)
C4

(0) q (0) iq
C2 = 8m2 ' C3 = Sm2 '

?ra (0) 21t'a
- - m2' Ci; = - 3m4 ' (2.2.2)

•

2There is no need to put any coefficients, Ci, for Dt and D2, since we can absorb..
them into the parameters m and q. The Relativistic Kinetic Vertex is - ~ by Lorentz

invariance and for the applications of this thesis Lorentz invariance ensures the coefficient

of Dot is uncorrected in powers of Q.

3Since in this thesis we mainly concentrate on positronium, we take the electron and

the positron as the particles in the matching procedure. One should he careful in applying

these results for other types of spin 1/2 particles.
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Figure 2.2: The matchings which determine c~O), 4°) and c~O). The graphs

on the LHS represent QED Feynman rules, while those on the right are

for NRQED.

and

C(O) - riO) - c(O) - 0
5 - """;1 - lO - • (2.2.3)

(2.2.4)

•

The superscript "(O)t1 indicates that the coefficient is a tree-level result.

2.2.1 Two-Fermi Operators

The coefficients of two-fermi operators, Cl, c2 and C3, appearing in Eq.(2.1.1)

can be fixed by considering the scattering of an electron by an external field

Aw This is illustrated, at tree level, in Fig.(2.2). In writing the LHS we

use the following representation of the Dirac spinor, u, in terms of a two­

component spinor, ~:

u(P) =JE2~m ( ~~ )

where ~ is normalized to unity. We then expand the vertex of Fig.(2.2) in

powers of ;;, leading to:

11



• _ _q c(t P +p' ç+ iq c(t (p' - p) x cr ç+ O(p2/m2)

2m 2m

(QEDhnd-row - u(P')q"YOU(P)

_ q ç't ç+ iqc(t a" (p' x p) ç
4m2

- q {t (p8:::')2 ç + O(p3 /m3 ). (2.2.5)

Using the Feynman mIes of NRQED shawn in Fig.(2.1), we can easily find

the right-hand side of Fig.(2.2) to same order in (p/m):

(NRQED)16t-row

(NRQED)2nd-row

't p + p' . 't- -q ç 2m ç+ ~Cl ç (p' - p) x cr ç

_ q ç't ç+ 2C3 ç't cr . (p' x p)ç - c2Ç't (p _ p/)2 ç

(2.2.6)

•

Equating Eqs.(2.2.5) and (2.2.6), we obtain the coefficients c~O) 1 4°) and c~O)

in Eq.(2.2.2). \Ve refer to this as "tree level matching" because only tree

level QED diagrams are involved (similarly, n-Ioop matching will refer to

the number of loops "n" in the QED diagrams). The one-loop matching

introduces O(a:) corrections to the coefficients, Ci,

It should be emphasized that the matching calculation does not involve

any bound states at all, since it is done using only the scattering of free elec­

trons and positrons. Matching is also the on1y stage of the calculation which

involves QED diagrams. Once the coefficients of the NRQED Lagrangian are

obtained in this way only they are used in the subsequent bound-state calcu­

lations. This separation of the matching from the bound-state calculations

lies at the heart of NRQED's simplicity. For example, this separation per­

mits the use of different gauges in the relativistic and non-relativistic parts

of the calculation, since the gauge choice used for NRQED is independent of

the gauge used in QED, 50 long as one computes only gauge-invariant quan­

tities. This permits the convenience ofusing a covariant gauge, like Feynman

12
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Figure 2.3: The matching which determines ciO), C{0), c~O), c~O) and c~O).

gauge, in the QED part of the calculation while keeping Coulomb gauge for

NRQED calculations.

2.2.2 Four-Fermi Operators

To see how the effective four-fermi couplings, ciO) and c~O), arise, we repeat the

previous procedure for tree level e+e- scattering in bath QED and NRQED.

In this case the tree level photon-exchange graphs are automatically repro­

duced by their NRQED counterparts due to the just obtained matching re­

sults for ciO), 4°), and c~O). That means the t-channel QED diagram cancels

the NRQED t-channel graphs in Fig.(2.3) 4. This leaves ciO) and c~O), to re­

produce the effect of only the annihilation graph in Fig.(2.3). This must be

reproduced by an effective interaction because the photon which is exchanged

must necessarily involve a four-momentum of order m, and 50 cannat appear

in the effective theory. For simplicity, in performing this matching we evalu-

"Indeed, for non-relativistic electrons and photons the energy of the exchanged photon
is much below the electron mass and 50 this scattering is described by the same t-channel
graph in NRQED. As a result, tree-level t-channel photon exchange does not contribute
ta any of the NRQED four-fermï operators in the matching process.

13



• ate aIl diagrams at threshold - i. e. all the diagrams have vanishing external

three momentum in the center-of-mass frame of the electron-positron pair.

We emphasize that this choice of external momentum is purely for conve­

nience, and the matching could equally weIl be performed with non-zero

(but non-relativistic) three-momenta for the electron and positron, giving

precisely the same NRQED coefficients. Using the QED Feynman rules, the

scattering amplitude for the annihilation diagram at threshold gives

(QED) = v(O)q-ypu(O) (:~) ü(O)q-ypv(O), (2.2.7)

where u(O) and v(D) denote the electron (positron) spinar at threshold:

u(O) = ( ~ )

(2.2.9)

•

The matrix element reads explicitly

(QED) - 4~2 (~f0"20'6) . (~10'0"2~i)

- 4~2 [H~J~2) (~16) + H~J0'6) .(~10'6)]
(2.2.8)

where we have used a Fierz re-shuffiing on the second equality. We recognize

the right-hand side of Eq.(2.2.8) ta be the matrix element between ~1 and Ç2

of the following operator:

L (3 + 0'1 • (7'2) =L S2.

4Tin2 2 4Tin2

Here S = SI + 52, with Si = ~(7'i is the total intrinsic spin operator, and

the subscript "i" of O'i denotes upon which particle the corresponding Pauli

matrix acts. RecaIl from Fig.(2.1) that the SUffi of spin-1 and spin-O Annihi­

lation vertices at tree level is

(2.2.10)

14



• Equating Eqs.(2.2.9) and (2.2.10) for spin-singlet and spin-triplet state, we

obtain c~O) = -rf/4m2 and c~O) = O. Therefore, we have obtained the coeffi­

cients c~O) and c~O) in Eqs.(2.2.2) and (2.2.3).

2.3 NRQED Propagators.

!vIore complicated scattering amplitude involve e+e- lines, which we now dis­

cuss. It is much simpler and powerful to work with old fashioned Rayleigh­

Schrôdinger perturbation theory (in which one indicates explicitly if an in­

ternai partic1e has positive or negative energies), than with covariant time­

ordered perturbation theory. In addition, the use of the Coulomb gauge for

the photon makes computations in the effective theory much easier to handle.

In old fashion perturbation theory (OFPT) (10] all particles are on-shell but

energy is not conserved at the vertices, and all the diagrams have an explicit

direction along which time flows. That means Coulomb photons propagate

instantaneously (i. e. along verticallines in our diagrams sinee we choose the

time axis to point to the right) and transverse photons propagate in the time

direction. In OFPT (10] the propagator for each intermediate state is:

1

Eo - Eintermediate
(2.3.11)

•

In this expression Eo is the total unperturbed energy of the state of interest

and Eintermediate is the energy of the particles present in the intermediate

state. For example, for a bound state having principle quantum number

n, nuclear charge Z and reduced mass JI. = mlm2/(ml + m2), Eo would

he -Z2p.a2/{2n2) and Eintermediate is p~/{2m~) + pi/{2m2), with p2/{2m2
)

eounting for each fermion. When there are photons in the intermediate state,

we have the following cases, depending on whether we follow At or Ao:

15
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Figure 2.4: Separation of a transverse photon into a soft, instantaneous

contribution (represented by a verticalline) and an ultra-soft propagator

(represented by the broken wavy Hne).

1 -

~P$P-~
-p . -p+k

1

- 1 - k-p . p-

~ 1F ~
-fi -p+k

Figure 2.5: The two non-covariant perturbation theory diagrams which

correspond to a single covariant diagram using time-ordered propagator.

1. Non-Coulomb photon (Ai):

In this case the propagator, Eq.(2.3.11), should be modified for each

photon to:

(2.3.12)

•

where ..\ is a regulator for infrared (m) divergences and we should

also consider the photon energy, Ikl, in the intermediate state energy,

Eintef'mediate. As is shown in [2], the power of NRQED is enhanced if

one separates the general photon propagator into the "soft" transverse

photons (having energies of order "( =Zp.Ct ) and the "ultra-soft"

photons (with E ~ "(2 / p.) because the counting roles differ for the two

types of photons. Soft photons are represented by vertical Hnes (i. e.

they interact instantaneously), Fig.(2.4(a)) and therefore never appear

16
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Figure 2.6: Photon propagators.

in intermediate states. On the other hand, ultra-soft photons propagate

in the time direction, Fig.(2.4(b)).

It is shown in Ref(2] that when we have soft photon in intermediate

state, Eq.(2.3.12) reduces to

(2.3.13)

•

It is easy to prove this equation. Consider the diagrams shawn in

Fig.(2.5). Using Eq.(2.3.12), we calculate the sum of the intermediate

propagators of these two diagrams:

1 (6 kiki) ( 1
21kl ii - k2 _,2 _~ _ .z... - Ikl

2#J 2m1 2m2

+ =X - L ~ l2=!l: -Ik')
2", 2m1 2m2

(2.3.14)

For a soft photon, since Ikl "V Z J.LCi, we can ignore the other terms in

denominator with respect to Ikl. Therefore we obtain Eq.(2.3.13) with

À= O.

2. Coulomb Photon (Ao):

In this case the Coulomb propagator is given by 1/(k2 + À2).

Fig.(2.6) summarizes these three types of photon propagators.
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2.4 NRQED Power Counting

The essence of any effective field theory is its power-counting rules, sinee

these are what permit the systematic ealculation of observables to any or­

der in small ratios of scales. UnfortunatelYt power counting in NRQED is

slightly more complicated than in many effective field theories because of the

appearance of 'ultra-soft' photons. Recall that the charged particles in a QED

bound state typically have momenta p ,....., ma and energy E ""'J mo.2• Pho­

tons can therefore be emitted with momenta equal to either of these scales.

Photons having momenta, kt (and energy w) of order ma (soft photon) do

not pose any problems for power-counting, but those having k, w ,....., mo:2 ­

the 'ultra-soft' ones - do. Physically, such ultra-soft photons represent the

effects of retardation in the effective theory.

Fortunately, these ultra-soft photons have wavelengths which are also

large compared to the size of the bound state, and so their effects can be

organized ioto slightly more compIicated power-counting rules using what

amounts to a multipole expansion in their couplings to the charged partic1es.

In the final analysis, this multipole expansion introduces extra suppression

by powers of a into interaction vertices involving ultra-soft photons. (Their

contribution to the hyperfine splitting starts at order ma6 [2].)

When the dust settles, the power-counting result has an appealingly sim­

ple form [2]. Consider computing a contribution to a bound-state observable

using the NRQED Lagrangian, Eq.(2.1.1), in perturbation theory. We face

two possibilities, which are treated separately in the next two sections:

18



•

•

Figure 2.7: Generic NRQED diagrams in the presence of soft photons

only.

2.4.1 Soft Photons

When only soft photons are present - i. e. when retardation efIects are ne­

glected - all NRQED diagrams reduce to a set of instantaneous interactions,

giving graphs as in Fig.(2.7). There are severa! quantities which determine

the size of the contribution of any such graph to bound-state observables [2].

One of these is N, the number of electron-positron propagators separating

the instantaneous interactions5
• The other two quantities are related to the

powers of a and 1/m which appear in each of the coupling constants, Cit

of the NRQED Lagrangian. Suppose the particles in the bound state have

masses ml and m2, with charges ql = e and q2 = Ze respectively. Define,

then, K. and p to be, respectively, the total number of powers of 1/ml' 11m2

which appear in the vertices of the graph of interest. Final1y, denote by ni

the number of powers of cr which appear in vertex "i" . ai similarly denotes

the number of powers of Z in a vertex. Suppose N, K., p, Ei ni and Ei ai,

with the sum over aIl vertices, are known for any particular NRQED graph.

Then the contribution of this graph to the energy-Ievel shift in a bound state

is of order[2]:

(2.4.15)

5N is denoted NTOP in ret. [2] .
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• times a possible factor ofln(Z~a). Here ~ = mlm2/(ml +m2) is the reduced

mass and ( and 1] are defined ta he

ç = l+~+p-N+LniJ

1] - l+lt+p-N+L ai

(2.4.16)

(2.4.17)

The proof of Eq.(2.4.15) is as follows. When we have only soft photons then

the only dynamically relevant energy scale in the NRQED graph is the typical

bound state three momentum "Y = Zp.a. The masses of the constituents

factor out trivially of any NRQED diagram. Indeed, the masses appear only

as an overall factor in the rules for the vertices and in the propagators6 . Thus,

for any particular NRQED graph, there is an overall factor l/(m~m~p.-N).

Since the NRQED graphs have dimensions of energy, integration of three

momentum in these graph should give us a factor 'Y,,+p-N+l. That means we

obtain

(2.4.18)

•

There are also additional powers of Z and œ coming from the charges of

vertices, 2:i ai and Li ni, which we shouid add to the above equation. This

completes the praof of Eq.(2.4.15).

To understand how ta work with these mIes, let us consider Fig(2.9(a))

for positronium. Since ml = m2 = m, 1J. = m/2 and Z = 1, Eq.(2.4.15)

reduces ta mat:. From the Fig.(2.9(a)) we can see that N = 2, ~ + P = 7,

Li Tl; = 2. Therefore this figure will contribute to the order of mas in the

hound state calculatian.

Although the quantity N enters in Eqs.(2.4.16) and (2.4.17) with a neg­

ative sign, inserting additional interactions (and 50 increasing N) typically

6The propagator for the two bound particles is given simply by (pi~~)/2#1'
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• involves sufficient additional vertices to ensure that the net contribution to

( increases and that the contribution from the diagram is therefore further

suppressed. The only exception to this statement is the case of repeated

insertions of the Coulomb interaction, which increases N, Ei ni and Ei ai by

1 but leaves K. + P unchanged (recall the Coulomb interaction does Dot con­

tain any powers of inverse mass). Therefore, adding any number of Coulomb

interactions to a given diagram leaves the value of ( unchanged, indicating

that one cannat perturb in the Coulomb interaction, which must be summed

up to aIl orders. This is accomplished by using Schrodinger wave-functions

for the external Hnes of the bound state diagrams and the non-relativistic

Schrodinger-Coulomb propagator for intermediate states. On the other hand,

it is easy to see that adding any other interaction increases the value of (

since aIl the other interactions contain powers of 1/m. Consequently There

are ooly a finite number of graphs which can contribute for a given positive

choice of (.

2.4.2 Ultra-Soft Photons

For the diagrams containing ultra-soft photon we must extend the counting

rules presented in the previous section. This is accomplished in Ref.[2l[6], but

because a full explanation of this counting would take too long, we simply

state here the final result.

A diagram containing ultra-soft photons contributes ta arder

•
where we define ( and il to be

( = 1+ It + P - N + 2N.., +E Mi
i
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Figure 2.8: Two non-covariant perturbation theory diagrams correspond­

ing to a transverse photon exchange.

17 = 1 + K. + p - N + L ai + 2N'Y +L Mi
i i

(2.4.21)

where N'Y is the number of ultra-soft photons in the diagram and Mi is

order of multipole expansion to which the i th vertex has been expanded. The

sum in Li Mi is over all the vertices connected ta ultra-soft photon. Ta

explain what we mean by multipole expansion, consider diagrams shown in

Fig.(2.8)7:

• Zeroth arder of multipale expansion

Zeroth order term in multipole expansion is obtain by setting P~ = Pl

and P~ = P2 in NRQED vertices. For example, for Fig.(2.8(a)) the

zeroth order term is:

. 1 1d
3
pF~g.(2.8(a)) 0 = (211")3

•
(2.4.22)

In the case of the Fermi vertex, this gives zero since the NRQED Feyn-

TThese two diagrams are considered into one diagram in covariant perturbation theory.
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Figure 2.9: Generic bound state potentials.

man rule is proportional to p' - P = k. This means that the first

nonzero contribution is of the first arder in the multipole expansion.

• Higher order multipole expansion

To obtain the higher order terms in the multipole expansion, one pro­

vides a factor (±k· V p~)n ln! for each vertex connected to an ultra-soft

photon, where n is the order of interest in the multipole expansion,

and a plus(minus) sign is used if the photon is absorbed(emitted). The

gradient must he taken with respect to the three momentum of the

fermion Hne on the right of the vertex. It is necessary to distinguish

between the momentum of the fermion before and after the interaction,

even though we have to set them equal in the end.

In this thesis we do nat need ta go beyond the zeroth arder in the multipole

expansion. We now give a few examples of the use of Eqs.(2.4.20)) and

(2.4.21).

As a first example consider the interaction Fig.(2.9(b)) in hydrogen, ml =
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• me and m2 == Tnp, where the ultra-soft photon, Eqs.(2.4.20) and (2.4.21), is

connected ta an electron line. In this diagram, K. == 0 and p == 1 (there is one

factor of l/m on each vertex), Li ni == 1 (a factor e on each vertex), N == 1,

N.., == 1 and, if the zeroth order in the multipole expansion (or in the Taylor

expansion) is used, Ml == M 2 == O. This leads to a contribution of order 0 5 .

The mass dependence is round to he J.1.3/m ; and the Z dependence is, from

(2.4.21), Z... This diagram therefore contributes to order

(2.4.23)

•

In fact, this result is enhanced by a logarithm In(Zo) and contributes to the

Lamb shift.

Consider now Fig.(2.9(c)) in positronium 50 that Z == 1 and ml == m2 ==

me' In this diagram, the transverse photon is soft (represented by a vertical

Une). We can therefore use Eqs.(2.4.16) and (2.4.17). One has Lini == 1 and

K, == p == 1. If the tree level expressions are used for the coefficients, th'en this

diagram contributes to order mea 4• The same diagram will contribute to a

higher arder in a if the loop corrections to the coefficients of the Fermi vertices

are considered (the one-Ioop correction being, from Eq.(4.1.2), a/2rr).

As a final example, consider Fig.(2.9(d)) in positronium where ml ­

m2 == me and Z == 1. Here the photon is ultra-soft. As mentioned previously,

the first non-vanishing contribution from this diagram contains two factors

of k (one from each spin vertex) 50 that Ei Mi is equal to at least two.

N == 1, N.., == 1 and the other coefficients are as in Fig.(2.9(c)), if the tree

level coefficients are used. One then finds that this diagram will contribute

to order meQ7•
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Summary

In this chapter, we have reviewed the following preliminary subjects in a

NRQED calculation:

• The NRQED Lagrangian:

We wrote the most general Lagrangian which respects low energy sym­

metries such as parity and gauge invariance.

• Matching at the leading order:

The unknown coefficients in the NRQED Lagrangian are evaluated by

matching the QED to NRQED at leading order in a at threshold.

• Power counting:

It was shown that we have two types of counting rules in a bound

state system for soft and ultra-soft photons. Since there are an infinite

number of vertices in an effective field theory, it is extremely important

to decide which ones contribute to our problem. Using power-counting

rules allows us to make that decision.

Now we are ready to do the simplest calculations in the bound state by using

NRQED as an effective field theory. We will calculate the full O(a4) energy

shift of positronium, scalar-scalar and fermion-scalar in a bound state.

25



•

•

Chapter 3

Leading-Order Bound State
Energy Shift.

The O(a4 ) correction ta the binding energy of an electrostatically bound sys­

tem of two spin-! particles is a well-understood problem in quantum mechan­

ics. Recently, corrections at the same arder to the energy of states involving

two spin-O particles or a spin~- spin 0 bound state, have been calculated [18}

using Bethe-Salpeter methods. In this chapter we reproduce these results

for the full O(a4
) energy corrections for the above systems, using NRQED.

The purpose in 50 doing is to test NRQED against standard results, and ta

develop some techniques for later use in our calculations.

3.1 Positronium Energy Shift to Order 0:4 •

AlI NRQED calculations can be divided inta three steps.

• First use the counting rules to identify the diagrams which contribute ta

the order of înterest. This first step not only permits the identification

of the relevant diagrams, but it also fixes the order (in the number of

loops) at which the coefficients, Ci, of the NRQED Lagrangian must be

matched.
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Figure 3.1: The lowest arder diagrams contributing to the fermion-fermion
bound state energy.

• Second, match the coefficients to the order indicated by step one.

• Finally, evaluate the relevant NRQED bound state diagrams.

We are now in a position to perform these steps for the calculation of the

full O(a4
) corrections ta all energy levels of a spin ~-spin ~ bound state. We

first consider the general case where the two fermion masses are different .

To find aIl the NRQED diagrams which cantribute ta order a 4 we start

from the counting roles:
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• • Soft photons

Recall that soft photons contribute to order :

J,J.,,+p+l
--z'7cl·m"mP ,

(l b

where

(=l+K+p-N+L: ni

i

(3.1.1)

(3.1.2)

•

Since we want to calculate to the order 0 4 , we put ( = 4, and obtain

the following constraint: J'i. + P - N + Li ni = 3. Considering first the

case where N = 0, we are left with the condition l'i. + P + Li nt = 3.

There are five possible solutions for this condition which correspond ta

the diagrams shown in Fig.(3.1):

1. J'i. = 2, P =°and L:i ni = 1, Figs.(3.1 Ce), (g)).

2. fti. = 0, p = 2 and Li ni = 1, Figs.(3.1 (d), (f)).

3. J'i. = 1, P = 1 and Ei ni = 1, Figs.(3.1 (a), (h), (c), (h), (k)).

4. J'i. = 0, p = 3 and Li ni = 0, Fig.(3.1 (i)).

5. J'i. = 3, p = °and Ei ni = 0, Fig.(3.1 u)).

As the reader can easily check, all the diagrams having N ~ 1, con­

tribute at least ta 0(05 ) .

• Ultra-soft photons

From Eq.(2.4.20), one cao see that diagrams with ultra-50ft photons

start at 0(05
) , and so are irrelevant at the arder of current interest.

AlI the diagrams which contribute to this problem are therefore shawn in

Fig.(3.1). It is important ta notice that the annihilation diagram in Fig.(3.1(k))
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• will contribute to the energy shift only when the particles involved are anti­

particles of one another, and 50 have the same masses. The wave-function,

1jJ(p) , is the product of the Schrodinger wave-function in momentum space

and a two component, dimensionless spinor. The spinor part acts on each

fermion Hne. For a spin ~-spin ~ bound state, this becomes a tensor product

of two such spinors. There would be of course no spinors for a bound state

of two scalars.

Let us start the a 4 calculation by considering the contribution of diagram

Fig.(3.1(a)) to the energy shift: (in this chapter we replace al! C;'s by their

tree-level values.)

(3.1.3)

where we considered the charges to be ql = -e and q2 = Ze and we have

used "( = ZJ.lO.

Another spin independent contribution cornes from the diagram with a

Darwin vertex on one of the fermion Hne and a Coulomb vertex on the other

fermion line, Fig.(3.1(d)). This diagram leads to an energy shift equal to

1d3p'd3p [e(p - p'? 1]
(21r)6 W*(p') 8m~ Ze CP - p/)2 1/J(p)

Ze21f1J'(O)12 = Jl3(Za)4 d
- 8 2 'fi 2 2 3 1,0 ,ma man

(3.1.4)

•
where ma and mb are the fermions' masses. Notice aIso that the cancellation

of the Darwin vertex with the Coulomb propagator means that this inter­

action will be represented by a delta function in configuration space. We
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• obtain the same result for the Fig.(3.1(d)). Therefore, we have

(3.1.5)

There is also a contribution from the diagram having a spin-orbit vertex

on one fermion Hne and the p . A interaction on the otber fermion line,

Fig.(3.1(c)). This contribution reads

(3.1.6)

where L is the total angular momentum. If we add the result of Fig.(3.1(b))

to Eq.(3.1.6), we have

Z 0 (Sb + Sa) . L
--< >
mamb r 3

Zo S·L
= --<-->

mQmb r 3

if J = f. + 1

-
2mambf.(f. + 1)(1/2 + l)n3

-2
l(l+l)

-2
T

if J = l,

if J = l - 1

(3.1.7)

where S is the total spin. The contribution of Fig.(3.1(g)) is similar to

Fig.(3.1(b)). The results is

•
Zo Sb· L

IlEg = -22 < -3- > .
m b r
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(3.1.9)
• Therefore we conclude that

Za. Sb • L Zo. Sa • L
t1Ef +t1Eg = -2 < -3- > +-2 < -3- >.

2mb r 2ma r

Now, let's compute the contribution of diagram in Fig.(3.1(i))

ilE
i

_ ! d
3
p'd

3
p"p'( ') [_p4(27r)3§(p - p')]"p( )

(21r)6 P 8m~ p

_J.L4(Zo.)4 3J.L4(Zo.)4
- 2m~n3(l + 1/2) + 8m~n4 ' (3.1.10)

For the Fig.(3.1Q)), we just need ta replace ma with mIl in Eq.(3.1.10).

2Ze2
2 (1 - Ol,O)(Zo.)4JL3 < Y > 85,1

= 3m2 111'(0)1 < Sa • Sb > + m2n3f.(1. + 1)(1. + 1/2)21. + 3)(2l- 1) ,

(3.1.11)

where Y has the following form:

(3.1.12)

(3.1.14)

•

The final 0(0.4 ) contribution cornes from the annihilation diagram in Fig.(3.1(k)):
2 4~

t1E1c = 4~2 < S2 > 1"p(O)12 = m~n~t,o. (3.1.13)

If we put all contributions together, we obtain the full 0(0.4
) energy shift for

the spin ~-spin ~ bound state 1 which is given in Ref.[9].

4) ma
4

( Il 1 , )
ilEf-/(a. = -2- 32n4 - n3(2i + 1) + EJ,l 1

1Here, the particles are antiparticle ofone another. When we have two spin 1/2 particles

with equal mass which are not antiparticles of one another, we ooly need to subtract

Eq.(3.1.13) &om Eq.(3.1.14) .
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• where s is the total spin of system and €~.t = 0 and

3l+4
(t+l)(2t+3) if J = t + 1

-1
t(t+1) if J = l, (3.1.15)

(3.2.16)

(3.2.17)

•

-(3i-l) if J = t - 1
l(2t-l)

If we ignore the spin of one the particles, then after sorne algebra we can

recover the result of Ref. [15].

3.2 Scalar-Fermion and Scalar-Scalar Bound

State Energy Shift ta Order a4
•

Let us now turn our attention to scalar quantum electrodynamics. The sit­

uation is here much simpler than QED because of the absence of spin. The

propagator is the same as derived above and 50 is the rule for the p4jm3

interaction. The vertex rules are easily round by expanding the scalar­

electromagnetic vertex q(PJj + p~). Again, we divide the interaction by a

factor of J2EJ2E' to obtain the nonrelativistic normalization. The zeroth

component of the vertex is then given by

Po+P~ E+E'
Q2v'EE' = q2JEEI

which, to lowest arder, gives simply Q. The next arder interaction is given

by q(p4 + p/4 + 4p2pl2)/16m4 (the O(p2/m2) corrections can easily he seen

ta drop out). The three-vector part of the vertex is equal to

p + p' P + p' 1 P + p' 3
Q2y'EEi = q 2m + q2m2 ( 2m ) + ...

This completes the Feynman rules we are going to need in this case.

One remark must be made about perturbation theory in non-relativistic

scalar QED. Because of the similarity between the non-relativistic scalar
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•

QED and NRQED we can use the result of previous section. In the case of

Scalar- Scalar bound state, there are only three diagrams which contribute

to the a 4 energy correction, Figs(3.1(a)), (3.1(e)) and (3.1(f)). If we add

f1Ea + aEe + ~E1 we obtain the result of Ref.[18]:

-J.L4(Za)4 ( 1 1 ) (n 3)
LlEs_&(a

4

) = 2n4 m~ + m~ Cl + 1/2) - 4
+JL3(Za)48t ,o + tL3(Za)4 _ 3tL3 (Za)4

n3mlm2 mlm2n4 2mlm2n3(l + 1/2)'

(3.2.18)

where ml and m2 are the scalar partic1e masses. For the case of spin ~-spinO,

we just need ta consider diagrams (a), (b), (c), (d), (e) and (f) in Fig.(3.1).

Since there is no Darwin term on scalar line, we can easily get the result in

Ref.[18].

-JL4(Za)4 ( 1 1 ) (n 3)
tlEI _,(a

4
) - 2n4 m} + m~ l + 1/2 - 4

+J.L3(Za)4 eSl,o + J.L3(Za)4 _ 3J.L3(Za)4
n3mlmb mlmbn4 2mfmbn3(l + 1/2)

JL3(Za)4eSt ,o JL3(Za)4 (1 1)+ + --+-
2m]n3 n3 mlmb 2m]

x (1 - eSt,a) (d(j - (e + 1/2)) _ d(j - (l- 1/2)))
(2l + 1) l + 1 l'

(3.2.19)

where mb and ml are boson and fermion masses respectively.

In this chapter, we have calculated the simplest NRQED diagrams which

contribute to the lowest arder, 0(04), of the bound state systems. In the

next chapter, we consider the arder a 5 calculations. Ta do that we are faced

with one-loop NRQED diagrams which lead ta UV divergences in sorne cases.

We should not worry about this because at this order we a150 need to perform

a matching procedure at NLO which renormalizes the NRQED coefficients.
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•

The UV cutoff, A, appearing in sorne of these coefficients cancels the UV

divergences of the one-loop NRQED diagrams. In the following chapters we

discuss these points in detail.
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•

Chapter 4

Next-to-Leading Order Bound

State Energy Shift.

So far we have done tree level matching1to get the rules of the effective theory.

It is clear that this tree level matching is equal to a series expansion in powers

of p2 /m2 • The relativistic physics must he put back into the noo-relativistic

theories in order to obtain sensible results. Sînce relativistic effects take

place at a length scale much shorter than the scale probed by the low energy

theory, it can he incorporated in the effective theory by renormalizing the

coupling constants of the latter. Ta do sa, all one has ta do is to compute a

specifie process up to a given number of loaps in both NRQED and QED, for

example, and then require that the two results agree. Doing this at tree level

would only reproduce the interactions derived before. However, when loops

are taken inta account, the NRQED coefficients will acquire corrections in

the form of a series expansion in Q. For example, the coefficient of the spin

dependent interaction of Eq.(2.2.2), Cl becomes (eJ2m)(1 + a/21r) [16], to

take into account the correction ta the anomalous magnetic moment.2

It is important ta notice that this "matching procedure" can be done with

lOnly tree level QED diagrams were involved.
2For more detailed explanations, the reader is referred to Ref.[8] .
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•

scattering amplitudes, and that no bound state physics needs ta enter at this

stage. Once the coefficients are fixed ta a certain arder in the fine structure

constant, the low energy theory can be applied ta bound state calculations

without any further need of the full theory. This is the crucial feature that

makes NRQED much simpler than the traditional Bethe-Salpeter approach,

as it completely decouples the high energy contributions from the low energy

contributions. The high energy contributions can be systematicalIy incorpo­

rated by calculating scattering amplitudes only. Only the low energy theory

(with its parameters renormalized) enters when the time cornes to evaluate

bound state properties. This is ta he contrasted with the Bethe-Salpeter

approach in which one must deal simultaneausly with both the high and law

energy contributions.

The O(a5
) energy corrections can he divided inta two parts. The first part

is spin independent and contributes to the Lamb shift, and the second part

which is spin dependent, should he considered in calculation of hyperfine

splitting (HFS) in a bound state system. In section(4.1.1) , we calculate

the Lamb shift in the hydrogen atom using NRQED as an effective field

theory. We then concentrate on scalar-scalar bound state in section(4.1.2). In

section(4.2.1), we calculate the well-known HFS result for the ground state of

hydrogen atom and then extend the formula ta arbitrary n and 1., producing

a new result. AlI these calculations will show how we can systematically

reproduce the oid results while gaining the power to extend them very easily.

Those who are familiar with traditional calculation of the Lamb shift and

hyperfine splitting in the hydrogen atom will surely appreciate NRQED and

hopefully will consider NRQED more seriously.
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-----<Qr----- + ...

(4.1.1)

Figure 4.1: The matchings which determine ~1) and c~~).

4.1 Matching at Next-to-Leading Order for

Two-Fermi Operators

More accurate calculations, such as those of interest in this chapter, require

the next-to-leading corrections ta the coefficients of Eqs.(2.1.1). In this sec­

tion we discuss higher-order corrections to the coefficients appearing in both

r d r lIT't (0) (1) 'th (0) • . h
L.photon an L.2-Fermi· vve wrl e Ci = Ci + Ci + ... W1 Ci as gIven ln t e

section(2.2), and now concentrate on computing the next corrections, cP}.

Among the simplest higher-order corrections to the NRQED Lagrangian,

Eq.(2.1.1), are the contributions ta L,photon' To lowest order these are pro­

duced by vacuum polarization, Fig.(4.1), which gives:

Al) - C(l) - ~
~ - 10 - 151r

Similarly, QED one-loop vertex corrections modify the couplings in L,2-Fermi,

to give [7], [12]:

__q (Q) [~In (2A) _ 20] ,
8m2 1r 3 m 9

- 2~ (~),
_ iq (0)

8m2 :; •
(4.1.2)

•
Here A is the ultraviolet cutoff used to regulate NRQED loop graphs which

arise when matching. In any calculation of physical properties, snch di-
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Figure 4.2: One-Ioop matching for the NRQED vertices.

vergences cancel amongst themselves, or against explicit cutoff dependence

which arises from divergences in NRQED loop graphs.

To calculate Eqs.(4.1.2), we impose the relation illustrated in Fig.(4.2).

This matching was performed in [12] but, even though our final result is of

course the same, our derivation differs sufficiently to be presented it here. The

QED scattering amplitude (the left hand side of Fig.(4.2)) can he expressed

in terms of the usual fOIm factors FI (Q2) and F2(Q2) in the following way (to

be consistent, we use a non-relativistic normalization for the Dirac spinors):

• (4.1.3)
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• where Q = p' - p, s and s'are the initial and final spin of the electron,

respectively, and ~,ç' are the corresponding initial and final two component

Pauli spinors normalized ta unity. We choose the convention that e is positive

sa that the charge of the electron is -e. In Eq.(4.1.3), as in the rest of this

section, we use m ta represent the mass of the electron. Notice that the

matching involves a double expansion. One expansion is in the coupling

constant Q and the other is the non-relativistic expansion in Q/m which

leads ta renormalization of different NRQED operators. The non-relativistic

expansions of the fonn factors are [12]

_ 1- ~[Q2 (In(m) _ ~)]+ ...
31r m2 À 8

ex Q2
= ae - 1r 12m2 + .... (4.1.4)

•

where ae is the electron anomalous magnetic moment whieh, ta the order of

interest, can be taken to be ex/(27r). In Eq.(4.1.4), sinee QO = E' - E is of

order of V2 and IQI is of arder v, we have ignored QO respect to Q. If we

substitute (4.1.4) in (4.1.3) we obtain

+ _e_~tt Q2AOe[1 + 8a (ln(~) - ~) + ~ + ...]
8m2 31r À 8 1r

- 4~2(t fT' (p' x p)AO~[1 + ; + ...] + O(Q4/m4).

(4.1.5)

We must now compute the right-hand side of Fig.(4.2) ta complete the cal­

eulation of the one-Ioop renormalized NRQED coefficients. Since we are

dealing with ultra-soft photons in Figs.(4.2(h)), (4.2(i)) and (4.2(k)), we use

the Feynman rules for the ultra-soft photon. Working at the zeroth arder of

the multipole expansion, Fig.(4.2(h)) corresponds to

3 ~ 1ci1c'

/
d k ai; - k 2+1î 1

(211")3 2v'k2 +,\2 -v'k2 + ,\2 (-eAo)
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• 1
x ~ _ ~ _ v'k2 + ,\2 ç

2m 2m

'" c't(_ A )C (~)2 p' . p f dk k
2

2k
2+ 3,\3

'" ~ e 0 ~ m 3 21r2 k2 + ,\2

1 1
x -2V-:;::;:::k===2=+:::;,\==2 k 2 + .À2

- 8a [ln(2A) _ ~] c'teAoç p . p' (416)
311" ,\ 6 ~ 4m2 ••

where, in the second Hne, we have used the fact that the integral is already

proportional to p . p' to justify approximating p2 ~ pl2 ~ 0 in the propaga­

tors. The corrections ta these expressions willlead to higher order operators.

Notice that we are only working with scattering diagrams when perform­

ing the matching, no bound state physics enters this stage of the calculation.

To compute the amplitudes in Figs.(4.2(i)) and (4.2(k)), we just need ta

evaluate the first one and then obtain the second one by replacing p by p '.

For Fig.(4.2(i)), we can write

!c't (2ePi )(2epj )f d
3
k 8ij - k~~i:t lI)

~ )3 2 2 (-eAo ç.2 2m 2m (27r 2vk2 +,\2 E - .2:. - - Ik2 +,\2 E - .2:-
2m V 2m

(4.1.7)

Here, E represents the on-shell energy p2/2m. Of course, in that limit, the

propagator l/(E - p2/2m) is divergent, which signaIs the need for a mass

renormalization. In NRQED, we perform mass renormalization exactly as in

QED, i.e. we start by keeping E i:- p2/2m and subtract the mass counter-

term:

1 't e 2 p2--ç eAo(-) -
2 m 3

dk k2 2k2 + 3,\3 1f 211"2 k2 +),2 2Vk2 + ),2

(E _~ _1v'k2 + ),2 - -v'k: + ),2)
2m

1
E - È.. ç.

2m

(4.1.8)

•
Expanding the term in the parenthesis around E - ~, we get a series which,

by construction, starts at order (E - p2/2m)1, which cancels the propagator
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•

l/(E - p2/2m) in Eq.(4.l). One can then finally take the limit E --? p2/2m

with the result for the sum of Figs.(4.2(i)) and (4.2(k)):

Putting everything together, the complete right-hand side of Fig.(4.2) is ob­

tained by adding Eqs.(4.1.6) and (4.1.9) to tree-level diagrams:

Now, by equating (4.1.5) and (4.1.10), we can evaluate C;l) and 41
) to get

Eq.(4.1.2).

4.1.1 Lamb Shift in Hydrogen Atom.

Having completed C~l) we now turn to some applications. The Lamb shift,

the shift between the hydrogen 251/ 2 and 2Pl/2 states, is without any doubt

the most well-known bound state application of radiative corrections. It

has the form meQ5( ln 0 + finite) where the finite piece contains the Bethe

logarithm, astate dependent term that must be evaluated numerically. The

log term is relatively easy to extract and its calculation is presented in many

quantum mechanics textbooks. The finite contribution is much more difficult

ta evaluate because it requires the application of QED to a bound state. In

this section, we rederive the complete 0(05
) corrections in the non-recoil

limit3 of hydrogen atom (i.e., me/mp = 0) using NRQED. In section(4.1.2),

the Lamb shift for scalar-scalar bound state will be presented.

3In the literature, these corrections are also referred to as the Lamb shift. We will also
adopt this notation in the rest of the thesis.
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Figure 4.3: Diagrams contributing to arder 0 4 of hydrogen atom in the

non-recoillimit.

In our case, we first need to isolate the NRQED diagrams contributing

to order a5 in the non-recoillimit, i.e. we neglect corrections suppressed by

powers of m,jmp • To warm up, we first isolate the diagrams contributing to

arder 0 4 in the non-recoillimit (the full NRQED calculation of the 0(0:4 )

energy shift for arbitrary masses is presented in Ref.[14]). In that limit, the

only relevant diagrams are shown in Fig. (4.3). This can easily be checked by

using the NRQED counting rules derived in Ref.[2}. Since 50ft and ultra-soft

photons obey different counting rules, we consider their contribution in turn.

Soft photons contribute to arder :

(4.1.11)

where Ji. is the reduced mass and p and K. are, respectively, the total num­

ber of inverse powers of mp and me appearing in the NRQED vertices. In

Eq.(4.1.11), we approximated Ji. ~ me which is exact in the non-recoillimit.

The coefficient ( is defined by

Ç=l+K.+p-N+Lni,
i

(4.1.12)

•
as was discussed in section(2.4).

Now, to obtain the correction of order mea4, we need to have p = 0

and ç = 4 (see Eq.(4.1.11)). The only way to have p = 0 is to either have

a Coulomb interaction on the nucleus line or no interaction at all. This
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• already reduces greatly the number of possible diagrams. Thrning now to

the condition ( = 4, we obtain from Eq.(4.1.12)

ft - N + L ni = 3. (4.1.13)

Recalling our previous result that no O(a4
) diagrams have N ~ 1, we set

N = O. We are then left with the condition", + Ei ni = 3. One possibility

is '" = 3 and 2: ni = 0 which corresponds ta the relativistic kinetic energy

vertex on the electron Hne. Another possibility is K. = 2 and E ai = 1 which

can be fulfilled with the Coulomb vertex on the proton Hne and either the

Darwin or the Spin-Orbit interaction on the electron Hne. There are no

Coulomb interactions with only one inverse mass, 50 the condition", = 1 and

Eni = 2 cannat be satisfied. The three possible diagrams are illustrated in

Fig.(4.3).

Ta arder aS, starting first with N = 0t we must either increase fi. or E ni

by one. It is not possible to increase the number of inverse electron masses '"

byone, but there are two ways ta increase Eni byone. One way is ta include

the one-loop corrections to the coefficients Ci'S of the vertices in Fig.(4.3), 50

requiring the matching of these interactions to O(a). The other possibility,

with Il, = 2 and Eni = 2, is to consider the new interaction corresponding

ta the vacuum polarization correction ta the Coulomb propagator which is

depicted in Fig.(4.4(a)).

We now turn ta diagrams for which N = 1. It can easily be verified that

(, Eq.(4.1.12), cannat be made equal ta 5. We have now uncovered a11 the

diagrams containing only soft photons which contribute to order aS. The

only remaining possibility is ta consider diagrams with ultra-soft photons

which lead ta a contribution of the form given by Eq.(4.1.11) but now with:

•
( = L ni + 1+ P + ~ - N + 2N,., + L Mi'

i i
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Figure 4.4: (a): Order a 5 contribution from the Uehling potential. (h):

Order aS from ultra-soft photon(any number of Coulomb lines in the in­

termediate state are understood.)

As before) we set ç= 5 and p = 0 to obtain non-recoil corrections of arder

a 5
• For diagrams containing ultra-soft photons) the minimum value of N

is 1) because these photons propagate in the time direction (we again refer

the reader to Ref.[21 for more details). Working at the zeroth arder of the

multipole expansion (Mi = 0) and considering only one ultra-soft photon

(N.., = 1), we then have the condition K. + Eni = 3. Since the ultra-soft

photon is necessarily transverse and transverse vertices contain at least one

power of inverse mass (see Fig.(2.1)), K. is bigger or equal ta 2. In addition,

E ni is at least equal ta one (i. e. there at least one factor of Cl in the

vertices). Thus, the condition K. + L: ni = 3 is satisfied by the simplest

diagram which corresponds to an ultra-soft photon connected to two p .

A vertices, as represented in Fig.(4.4(b) ).There are no other possibilities.

Having identified a11 diagrams contributing to the order of interest, we now

tum ta the matching. From the above discussion, we see that we need ta

match to one loop the coefficients of the interactions contributing to order 0 4.

We are now ready for the third and last step of the ca1culation, the

computation of the bound state diagrams per se. Since oo1y C2 and C3 receive
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• an O(a) correction, only Figs.(4.3b, c) are needed for the O(aS
) calculation.

Let us now start with Fig.(4.3(b)).

== 2c
3
(Ze)! d3pld3pw.(p)(tre. p' x P)'1t(p ')

(21r)6 (p , _ p)2
i Ze Se • L

C3-<-->
1r r 3

== c (iZe) Z3JL3a3 (d(j - (l + 1/2)) _ d(j - (l- 1/2))) (1 _ d )
3 21r n3 (i + 1/2) (l + 1) i l,O ,

(4.1.15)

where '!I(p) is the Schrodinger wavefunction including the electron spin4 cor­

responding to the quantum numbers n, j and l.

In Eq.(4.1.15) we used

d3 , , ,

! p ip "r 1 tT • P X P .tT • P x r
--e == ! -=-----
(21r)3 pt.! 41rr/3 •

For the diagram of Fig.(4.3(c)), we find

(4.1.16)

•

Using the counting ruIes, we also round that the diagram depicted in

Fig.(4.4(a)) wouid contribute ta O(maS). This diagram corresponds to the

well-known Uehling potentiai and is found to be

(4.1.18)

fIn the non-recoillimit, the spin of the proton completely decouples from the problem.
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(4.1.20)

• We finally turn our attention to the only remaining diagram, which is rep­

resented in Fig.(4.4(b)). The corresponding integral is (as shown in Ref.[2] ,

in zeroth order of the multipole expansion we set p , = p on the vertices):

(4.1.19)

In a bound state, beyond tree level, one must include an infinite number of

Coulomb Hnes in the intermediate state. This can easily he seen from the

counting ruIes, Eq.(4.1.14). Indeed, adding a Coulomb Hne will not change

ç because this increases both N and Li ni by one, which has no overall

effect. Because of this, one must use the Coulomb Green's function for the

intermediate state. Using the bra and ket notation, Eq.(4.1.19) must then

be replaced by the well-known expression:

2a L f dk k < nlvopln' >< n'Ivopln >.
31r n' En - En' - k

This part of the calculation is well known and is carried out in many text­

books (see for example Ref.[9]). The result is

{

ln-A
4a (Za)4 <En>

IlE=m----
31t" n3

Z2::
1 ma
n 2<8n >

if l. = 0

if l. # 0,

(4.1.21)

•

where < En > is the Bethe logarithm which can be evaluated numerically

[15], and is defined in the following equations:

1 E - En' 1 < nlvopln' > 12(E~ - En) ln IE~ - Eni ~ 0 - 0
n < n >- "1 1 l' 12(E' _ E ) , Lor .t,-

~n' <nvopn > n n

4a ( mZ
2
a

2
) 2a ( 1 )-min E =-3 LI<nlvopln'>12(E~-En)ln E' -E ,forL#O

311' < ft > 1r n' ri n
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• Now, by using Eqs.(4.1.2), (4.1.1) we can add the aS contributions from

Eqs.(4.1.15), (4.1.17) and (4.1.18) to Eq.(4.1.21) to obtain

where Cjl is given by:

if l = 0

(4.1.22)

if l;6 0,

C. = (8(j - (l + 1/2)) _ 8(j - (i - 1/2))) .
1

1 (l + 1) l

Eq.(4.1.22) is the well-known Lamb shift.

(4.1.23)

4.1.2 Lamb Shift in the Scalar-Scalar Bound State.

Let us consider the scalar-scalar bound state which is made of two non-

relativistic particles with masses m and M respectively. We assume the

non-recoil limit namely, ~ = O. As shawn in previous chapter that the

coulomb and Dipole vertices in non-relativistic scalar QED are the same as

NRQED. There is no Darwin vertex at leading order and 0 bviously no spin

dependent vertex. Although there is no Darwin vertex at the leading arder,

there is no guarantee that this vertex does not contribute at the NLO in a.

Ta check this possibility we match NRQED with scalar QED at the one loop

order. We follow the same steps as we did in section(4.1.1). First of all we

calculate the modified vertex function of scalar QED (SQED) 5:

(4.1.24)

•

The next step consists of imposing the relation shawn in Fig(4.5) for the

externa1 static coulomb field AO(q). The left hand side of Fig(4.5)(scalar

5The charge of particles are taken ta he -e and Ze for light and heavy mass respectively.
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Figure 4.5: One-Ioop matching for the scalar non-relativistic QED vertices.

QED scattering amplitude) can be written as follows

-e(p~ + Po)AO [1 _ aQ2 (ln(m) _ ~) + ...] _
2VEE' 3~m2 À 4

-eAo+ 8:2Q2AO [:: (ln(7) - ~) + ...] + O(Q4/m4),

(4.1.25)

(4.1.26)

where Q = p' - p. The right hand side of Fig.(4.5) has been calculated in

Ref(16]. The result is

o 2 0 [ ( e 80 ( 2A 5)]-eA + Q A - C2)SQED +-- ln(-) - - .
8m2 31r À 6

•
Now, by equating Eqs. (4.1.25) and (4.1.26), we can evaluate (C2)SQED :

(C2)SQBD - 8:2H[ln (:) - ~] + O(a2
). (4.1.27)
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• We see from Eq.(4.1.27) that (C2)SQED starts at O(a) which differs from

QED case.

Consider next the Uehling potential coming from the vacuum polarization

ofscalar particles as weil as the electron. If the me "V m then we cannot ignore

the effect of scalar particle in this vertex. Therefore we should calculate the

vacuum polarization in SQED and do the similar matching shawn in Fig.(4.1)

at the lowest arder to the non-relativistic SQED, we obtain:

( (1)) ( (1)) cr
cg SQED = ClQ SQED = 1207[" (4.1.28)

•

It is important ta mention that when m » me, the ..1!... expansion of the
m"

electron part of the one-loop vacuum polarization can not be used, since me

is small compared ta p rv "Y = p.a t'V ma. To see this fact, consider the first

term of the ..1!... expansion, which is refered to as the Uehling potential. The
me

diagram of this potential is proportional to ~. Ta obtain the dimension of
m"

energy for the whole diagram, the integral over three momentum should lead

to "(3 = (ZJ,La)3 rv (Zma)3. As a result the whole diagram becomes propor­

tional ta ~. Now, if we consider the second term of the ..l!.. expansion, it
~ ~

has an extra factor of ~ with respect to the first term of expansion. This
me

means it should he multiplied by an extra factor "(2. Therefore the second

term in expansion will be suppressed by a factor of Q2~2 with respect ta the
me

first term (the Uehling potential). Now, if m » me, then 0)2 will not be
If

suppressed. This means that we cannot simply keep the first term in Tay-

lor expansion of the electron vacuum polarization. On the other hand, if

m t'V me then Q2~2 l''V a 2 is a small number, which assures that the higher
me

order corrections in the Taylor expansion will be suppressed.

Now we are ready ta look at bound state diagrams. By using the counting

roles in previous chapter, we find that Figs.(4.6), (4.4) are the diagrams that
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Figure 4.6: Diagram contributing to order a 4 of scalar-scalar bound state

in the non-recoillimit.

contribute to the OCCiS). Similar to what we have calculated in chapter(3),

these bound states diagrams can be evaluated:

(mZa)3
tlEDarwin = -(C2)SQED Ze 3 dlO (4.1.29)

1rn '

_ (1) #J.3(Za)4 (1) J.L3(Za)4
tlEuehling - -4cg 2 3 dl,O - 4(cg )BQED 2 3 al,O ( 4.1.30)

men 'm n

4a (za)41 1n <:n> if i = 0
tlE,elf energy =m 37r n3 (4.1.31)

ln Z2 ma2 if i -J. 0,
2<En > ..,...

where < En > is the Bethe logarithm which can be evaluated numerically

[15] and me is the mass of the electron. Now, by using Eqs.(4.1.1), (4.1.27)

and (4.1.28), we can add the aS contributions from Eqs.(4.1.29) , (4.1.30) to

Eq.(4.1.31) to obtain:

l
in m + 11.. - ~

4a (Za)4 2<En ,O> 360 Sm~

6E=m---
37r n3

Z2 2
1 ma
°2<E >n.l

if i =0

if i '# 0,

(4.1.32)

•

Eq(4.1.32) is the Lamb shift for scalar-scalar bound state. Unfortunately

we do not have a scalar particle with m f"oJ me, 50 these calculations do not

have a physical application. When me « m, the terms appearing in the !!ï
expansion of the vacuum polarizatioD are Dot suppressed for higher powers of

;;, requiring one to SUIn all these terms. The resulting integral is still under

investigation.
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4.2 Matching at Next-to-Leading Order for

Four-Fermi Operators.

We now turn ta the next-to-Leading corrections ta .c4-Fermi- These correc­

tions can be divided into the following three classes according ta the topoLogy

of the one-loop QED graphs which are involved:

• One-Photon Annihilation

These corrections consist of QED graphs which describe one-Ioop cor­

rections ta the tree-level process of the s-channel exchange of a single

virtual photon. As before, t-channel exchange of a single virtual photon

does not contribute corrections to C4-Fermi.

• Two-Photon Annihilation

These consist of the QED 'box' graphs which describe the s-channel

exchange of two virtual photons.

• t-Channel Two-Photon Exchange

The final class consists of QED box graphs which describe the t-channel

exchange of two virtual photons. Although t-channel one-photon ex­

change does not contribute to NRQED four-fermion interactions, t­

channel twO-photon exchange does contribute because there is a region

of phase space for which the loop momentum is larger than the elec­

tron mass, and sa does not appear in the corresponding two-photon

exchange graphs of NRQED. The corresponding physics is therefore

put back iota the effective field theory by renormalizing the coefficients

of the NRQED four-fermi interactions.

We now describe, in turn, the matching due ta each of these classes of

graphs. While the contributions ta C~l) and C~l) due ta the first two of these
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(4.2.33)

•

Figure 4.7: The graphs which give the one-photon annihilation contribu­
tion to cil) .

may be found in the literature [7], [12], those due ta the third class we present

here for the first time.

Matching due ta one-loap corrections ta single-photon annihilation are

described hy the graphs of Figure (4.7). The contributions ta the scattering

amplitude of electrons and positrons at threshold from the QED graphs on

the left-hand side of the equality in this figure must be equated ta the con­

tributions of the NRQED graphs on the right-hand side. Evaluating aIl the

graphs for a spin-triplet e+e- state, and salving for cil) then gives [7], [12]:

(1) 4402

C4 (1-, ann) = 9m2 •

The same matching can he performed for the coefficient C~l) by using the spin­

o annihilation vertex for the NRQED four-fermi interaction and evaluating

all diagrams in a state of total spin equal ta zero. The result is trivially

C~l) (1-"'( ann) = 0 (4.2.34)

•

by charge conjugation invariance.

Although ail possible one-loop a-channel single-photon exchange QED

graphs appear on the left-hand side of Fig.(4.7), ail NRQED one-loop cor­

rections to the four-fermi interaction do not appear on the right-hand side.
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An important issue is therefore how to determine which NRQED graphs must

be included to any given arder in the matching process. The simplest way to

do this is ta imagine performing the matching slightly off-threshold, i. e. with

the external particles having a small velocity in the center of mass frame. As

mentioned earlier, this does not affect the value of the NRQED coefficients.

Which NRQED diagram must be kept is then decided by counting powers of

a and v, with v "J a kept in mind for bound-state applications.

For example, for the present purposes of computing the O(maS) hyperfine

splitting, we show in section(4.2.1) that we require both C4 and Cs to next­

to-Ieading arder, O(a2). This implies that this coupling must he matched to

QED with an accuracy of up to arder a 2vo. The loop diagram involving the

exchange of one Coulomb photon contributes ta arder 6 Q2 Iv and cancels a

similar term in the QED one loop vertex correction. At threshold, the l/v

contribution becomes 7 a 1/À infrared divergence which cancels a similar term

in the QED diagram8 . Ail other NRQED loop graphs which could appear

on the right-hand side necessarily involve additional powers of the electron

or positron velocity, v, and so give contributions ta C4 which are smaller

than O(( 2 ). For example, consider the diagram containing the four-fermi

aperator followed by a transverse photon connected ta two dipole vertices.

Since each dipole vertex is proportional ta ep/m "-1 ev, the total contribution

of this diagram would he ~ a(ev)2/v, where the factor of a cornes from the

coefficient c~O) and the l/v has a similar origin as the l/v encountered in the

Coulomb diagram. The total contribution of this diagram is therefore ~ Q2V

6This diagram is proportional to a 2J~kl«(p2 - k2 + iE}(k - p)2) ~ a 2/p where

p = mv is the external momentum.
1We regulate all such infrared divergences by including a photon mass, À, into photon

propagators.
8Because the coefficients of the effective theory describes only high-energy virtual effects

in QED, it is a general result that these coefficients are always infrared finite.
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Figure 4.8: Diagrams which contribute to two-photon annihilation contri­
butions to C~l).

which is of higher order than required for the O(ma5
) hyperfine splitting. In

this way it may be seen that only the Coulomb-exchange NRQED loop need

he kept in Fig. (4.7).

We next turn to the QED box graphs describing s-channel electron­

positron annihilation into two virtual photons, Figure (4.8) (notice that

there is no diagram with a one Coulomb correction ta the four-Fermi opera­

tor because C~O) = 0). The matching appropriate for these graphs gives [7],

[12]:

(4.2.35)

This time charge conjugation invariance forbids a contribution to the spin­

triplet operator and one finds

(4.2.36)

•

Notice that in Eq.(4.2.35), the one-Ioop contribution to Cs, has bath a real

and imaginary part. This imaginary part causes the 10w-energy hamiltonian

not ta he hermitian. The resulting 10ss of unitarity in the time evolution

is just what is required to describe the depletion of e1ectrons and positrons

due to their mutual annihilation into real photons. Since annihilation is a

high-energy effect, it appears in NRQED as an effective four-fermi operator.

This imaginary part may be used to compute the decay rate for positronium

bound states by calcuiating the imaginary part it implies for the hound state
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Figure 4.9: The one-loop t-channel matching diagrams.

•

energy eigenvalue, E. The decay rate for bound state is then given by the

familiar relation, r = -2 Im(E).

We now turn to the contribution to C4 and Cs due ta the t-channel two­

photon QED exchange graphs, given in Figure (4.9). Here C is meant to

represent c~l) when the diagrams are evaluated in a spin 1 state, and C~l)

when the diagram is evaluated in a spin 0 state. Similarly, the four-fermi

interaction represents either the spin 1 or spin 0 annihilation vertex. It is

straightforward to verify that only the given NRQED graphs can contribute

to these coefficients up to O(a2vO).

In arder to determine C~l) and c~l) separately, we must include an of the

spin-independent NRQED diagrams in the matching. This is actually more

work than is required purely for the purposes of calculating the hyperfine

splitting, because only the difference C~l) - C~l) enters into this quantity.

Since the spin-independent graphs cancel in this difference, it suffices to

only compute spin-dependent graphs if one is strictly interested only in the

hyperfine splitting. However, we present here the separate matching for both

C4 and Cs, since these two coefficients must he known separately for other

applications, such as the complete O(maS
) shift of the positronium energy
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levels.

Evaluating the left-hand side of Fig.(4.9) (the QED graphs) for a spin­

triplet electron-positron configuration gives, after a straightforward calcula-

tian:

(QED)s=1 =ci [-~m + 1~~: + 3~2 + ~21n (~)] . (4.2.37)
Using the NRQED Feynman rules to calculate the right-hand side of

Fig.(4.9) gives the following contributions. The only spin-dependent NRQED

diagram, part (d) of Figure(4.9), gives:

(NRQED)s=t{d) = 2f (~~3 (-ie~,: «TI) i Cie~,: «T
2

) i (p2-:\.2)
x(Oii - p;:~2) (~7) (p2-:2À2)

_ 80
2 (f dp p2 )

3m (p2 + ,X2)2

21ra2

- 3m'x' (4.2.38)

where the overall factor of 2 in the first line takes into account the two

possible ways in which the NRQED diagram can he drawn.

Similarly, diagram (f) of Fig.(4.9) gives:

f d3p (e2
) ( e2

) 1 ( PiPj )
(NRQED)s=l(/) = (21r)3 2m 2m Vp2 + ,X2 di; - p 2 + ,X2

-1 1 (.. pipi)
X 8~

2vp2 + ,X2 Vp2 + ,X2 - p2 + A2

_ a
2

[28_21n2+1n('x)]. (4.2.39)
m2 15 A

Ali the other NRQED diagrams can he calculated in a similar manner.

The final result for the sum of the NRQED diagrams, evaluated in a spin­

triplet state is:

(1) 2 [-21rm 111r 28
(NRQED)s=1 = -2 C4 (t-ch) + Cl ,X3 + 12Am + 15m2
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• _2. ln 2 + 2. ln (,\)]. (4.2.40)
m 2 m 2 A

Solving for c4(t-ch) then gives the result:

c~l)(t-ch)=- (::) [ln(~) -1~ +ln2]. (4.2.41)

An identical procedure applies to the S = 0 state. The QED graphs are

then found to give:

[
-21l"m 211r 16 2 (,\)]

(QED)s:::o = o? ,\3 - 12.Àm + 3m2 + m2 ln m .

For S = 0, part (d) of Fig.(4.9) now equals

211"02

(NRQED)s=o(d) = - Àm

(4.2.42)

(4.2.43)

•

whereas the other NRQED diagrams are left unchanged because they are

spin independent. The sum of the NRQED diagrams is then found to be

(1) 2 [-21l"m 211r 28
(NRQED)s=o = -2 Cs (t-ch) + a ,\3 - 12Àm + 15m2

-2- 1n(2) + 2- ln (.À) ].
m2 m2 A

(4.2.44)

The complete matching result from Fig.(4.9) then is

c~l)(t-ch) = - (::) [ln (~) + ~: + ln 2] . (4.2.45)

The complete one-loop contributions to the coefficients C4 and Cs are then

given by combining the results from all three classes of graphs:

C~l) _ c~l)(I-'Y ann) + c~l)(t-ch) _ :: [-ln (~) + 2:: -ln2]

C~l) c~1)(2-'Y ann) + c~l)(t-ch) _ (12 [-ln (A) +.! - 31n2 +i1r] .
m2 m 15

(4.2.46)

With the NRQED Lagrangian now in hand, we next proceed with the de­

termination ofwhich graphs can contribute ta the O(ma5) hyperfine splitting

in positronium.
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4.2.1 Hyperfine Splitting in Positronium to Order a 5•

In this section, we present an NRQED calculation of the complete con­

tributions to the positronium hyperfine structure at next-to-Ieading order,

O(mQ5). The result we obtain for the ground state hyperfine splitting agrees

with previous results [40]. However our results are easilyextended ta the hy­

perfine splitting of excited states having arbitrary quantum numbers n and

f.. These agree with previous results [20] for arbitrary n but l = 0, but ta

our knowledge ours is the first calculation9 which is applicable ta general n

and l. We may now apply these power-counting arguments to the hyperfine

splitting. An important simplifying feature appears in this specifie applica­

tion, since the hyperfine splitting compares the energies of two states having

different net spin. As a result it suffices ta cansider only graphs far which at

least one of the vertices involves a spin-dependent coupling.

To proceed, we start by recapping the power counting which leads to the

graphs which contribute to the O(ma4
) hyperfine splitting [14]. In this case

we require ( = 4, sa l'i, + P+ Li ~ - N = 3. Consider first the case N = o.
In this case we require aIl possible graphs containing a single instantaneous

photon exchange, subject to the following two conditions: (i) at least one

vertex is spin dependent; and (ii) '" + P + Li Tti = 3. The !ive classes of

graphs which satisfy these two conditions are displayed in Figure(4.10). The

caupling which appears in part (a) of this figure is Cl, which appears twice,

50 inspection of Eq.(2.2.2) shows that the tree-Ievel contribution, C~O), gives

Kt + P = 2 and Ei ni = 1, as required. The same is true for parts (h) ­

which is linear in c~O) - and (c) - which is proportional ta c~O). Finally,

9The authors of ref.[21] have presented all the potentials necessary to calculate the
order aS shift of the positronium energy leve1s but explicit numbers are only given, in a

numerical form, for the n = 2 level. Our formula agrees with these numbers.
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Figure 4.10: The NRQED graphs which cantribute ta the hyperfine struc­

ture at arder ma4•

•

parts (cl) and (e) involve the four-fermi couplings, C4 and Cs, the largest of

which aiso arises at tree-level, proportional to Ci./m2
, again giving K. + P = 2,

Li ni = 1. It follows that these graphs contribute to O(mo:4) provided we

use the leading-order contribution to their couplings. It is noteworthy that

only the graphs of parts (a), (d) and (e) of Figure (4.10) contribute to the

hyperfine splitting of the ground state, since aH of the others vanish when

evaluated in an s-wave configuration.

It now remains to consider the case N > o. Having N = 1 implies

inc1uding one more interaction in addition to the diagrams shown in Figure

(4.10). It can be easily verified that any additional interaction (excluding,

of course, the Coulomb interaction) increases the combination '" + P+ Ei n,­

by at least 3. For example, one can add a transverse photon coupled to two

dipole vertices, introducing the square of the coefficient c~O) =q/(2m). This

increases K, by 2 and n by 1. The net change in , is therefore 3 - 1 = 2 and
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• the diagram contributes only ta arder ma6
• Similarly, adding a Coulomb

photon connected ta a Coulomb and Darwin vertex increases '" + P by 2 and

Li ni by 1, whereas adding a relativistic kinetic vertex doesn't change Li ni

but increases K. + P by 3. Adding other interactions necessarily leads ta, at

best, O(ma6
).

This last argument has immediate implications for calculating the 0(ma5 )

hyperfine structure. Ta this arder aH of the relevant graphs must still have

N = O. The next-to-Ieading result is therefore obtained from the same

graphs, Figure (4.10), but using the next-to-leading arder - i.e. 0(02 ) ­

contributions to the coefficients, Ci, In section(4.2) 1 We have shawn in de­

taïl how these corrections are computed for the case of the coefficients of

the four-fermi interactions, cil) and C~l). To compute the hyperfine split­

ting we evaluate the graphs of Figure(4.10) using Coulomb wavefunctions

ta describe the initial and final electron-positron Hnes. Consider, first, the

hyperfine splitting for s-wave states. In this case only graphs (a), (d) and

(e) of Fig.(4.10) contribute since the other two graphs contain one vector, tr,

which can't be dotted into any other vector if i = O. We find

-

-

c5En (d) -

-

c5En (e) -• 60



• - (;;::) (:r(-ln(~)+~-31n2+Î1r)X
[2 - S(S + 1)] 8l ,o (4.2.47)

where n and l = 0 are the principal and orbital quantum number of the

positronium state of interest, and S = 0 or 1 is the net intrinsic spin of the

e+e- state.

Using the formula r = -2 Im(E), we obtain from tSEn(e) the O(mo:5 )

decay rate of the s-wave state of parapositronium (S = 0):

(4.2.48)

In the rest of the chapter, we concentrate on the hyperfine splitting 50 we

drop the imaginary part contained in 8En (e). Adding the contributions of

diagrams (a), (d) and (e) of Fig. (4.10), and taking the difference between

S = 1 and S = 0 finally gives:

(4.2.49)

•

in agreement with standard results [40][20].

The hyperfine splitting for arbitrary quantum numbers is computed by

modifying the previous calculation in two ways. First, diagram (a) of Fig.(4.10)

must be computed for l =F 0 states. Notice that diagrams (d) and (e) of this

figure are nonzero only for s-wave states since they represent contact inter­

actions. Secondly, diagrams (b) and (c), which cootribute ooly to l =1= 0

states, must he computed. Since the calculation of these latter contributions

is presented in chapter(3) [14], we present here just the final result[22] for

the splitting tSEn(S = 1, l, j) - 6En(S = 0, i, j' = i):
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•

where j is the total angular momentum quantum number of the triplet state

(S = 1), and the coefficients Cjl are given ~xplicitly by:

4lt5 if j == l + 12(ltl)(2lt3)

Cjl = -1 if j == l (4.2.51)2L(ltl)

-"l±1 ifj==i-12l(U-l)

Ta summarize, we see that the hyperfine splitting to O(ma5
) is hardly more

difficult to obtain in NRQED than is the O(ma4) result. The only extra effort

required is abtaining the complete matching of aIl spin-dependent effective

operators to next-to-Ieading arder in Q. We have performed the required

0(Q2) matchings for those four-fermi operators which had Dot been previ­

ously given in the literature. Furthermore, results for the hyperfine splitting

for general n and i are obtained with very little effort.

Summary

In this chapter we have performed four different calculations.

• Rederivation of the Lamb shift of the hydrogen atom in the non-recoil

limit, ~ = 0, using NRQED as an effective theory.
mp

• Derivation of the Lamb shift of a scalar-5calar bound state in the non­

recoillimit, : = 0, using NRQED as an effective field theory.

• Rederivation of HFS of positronium in its ground state ta the a5 arder

using NRQED as an effective field theory. This result is the second

terD1 ün ~.(1.0.1) .
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• Extension of the HFS of the positronium at O(a5 ) arder to the general

excited state, n and l .

In brief, throughout chapters(3) and (4), we have obtained, respectively, the

first two terms of Eq.(l.O.l). We are now ready to calculate the unknown

coefficient, K1(1-'Y ann), in Eq.(1.0.1) .
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Chapter 5

Next-to-N ext-Leading Order

Bound State Energy Shift.

In this chapter we calculate the analytical expression for the HFS of positro­

nium in its ground state coming from the one photon annihilation diagram

ta order ma6
• Let us recall the results of chapter(4.2), where the coefficient

of spin-l annihilation verte:<, c4(1-, ann), was derived at Next-to-Leading

order (NLO) in a, Eq.(4.2), and then by using C~l) (1-, ann) we were able

ta get the contribution of the HFS in positronium to arder aS. Therefore,

to achieve our goal in this chapter we should proceed one step further and

perform a matching at two loop level to get c~2)(1-"Y ann). Fig(5.l) shows

the relation that we can use ta accomplish this goal. Since we have already

obtained the coefficient c~O) from the matching of NRQED with QED at tree

level (see section (2.2.1)) then in Fig(S.l), the first term on the left-hand side

cancels the first term of the right-hand side. The same cancellation happens

for the second terms with the coefficient C~l) (1-'}' ann) recalculated at one­

loop matching taking into account all one-Ioop NRQED diagrams. Therefore

Fig(5.1) reduces to a simpler form, Fig(5.2), which is our basic relation for

matching at Next-to-Next-Leading order (NNLO). From now on the match-
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spin-! annihilation
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Figure 5.1: The general form of matching for the annihilation diagrams in

a triplet state up to two loops.
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Figure 5.2: The matching that determines ci2)(I-"Y ann) .
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+--
QED two-Ioop
corrections to
annihilation

diagrams in 8=1
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•

•

Figure 5.3: The matching above the threshold which determines c~O) and
(0)

C6 •

ing is done above the threshùld where the external particle are NOT at rest:

>../m «: 0: « v « 1 (where >.. is ffi-regulating, photon mass). This is contrary

ta the previous chapter where we took all the external particles at threshold:

v = 0 « >"/m « 0: « 1.

Before we embark on the two-loop matching, we need to introduce the

concept of Derivative interaction. We also need ta redo one-loop matching

with aIl the NRQED diagrams which are relevant for the two-loop calculation.

5.1 Derivative Interaction

As we have shown in section(2.2.2) the threshold amplitude of the one photon

annihilation gives a four-fermi interaction at tree level, ciO). To obtain the

NNLO precision we need the correction to this diagram up to pfi/m2 , where

Po is the three-momentum of the fermions. In other words, we need to do

the matching above the threshold, as shown in Fig.(5.3). We denote by ~O)

the coefficient of the new four-fermi interaction, which we caH the Derivative

interaction. c~O) is derived in Ref. [7] and is equal to

(0) _ -21ra
C6 - 3m4 • (5.1.1)

It is important to mention that 3/4 of the Derivative vertex, -,:: (p2 + q2) =

~(p2), cornes from the photon propagator correctionl . Ta see this fact,

Ip2 and q2 are the momentum squares of incoming and outgoing of particles in the
center of mass frame (p2 = q2) .
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• let us look at the photon propagator in the one photon annihilation diagram:

- [Cm +;i-, p) + (m + ~, -p)]2
e2 e2

- (2m+ ~)2 - 4m2(1 +~)2

""J rra (1 _p2),
l''J m 2 m 2

(5.1.2)

•

where we should still multiply Eq.(5.1.2) by a factor 2 due to the spin av­

erage of triplet state. Further, it is shown in [7] that 1/8 of the Derivative

vertex cornes from the Taylor expansion of each vertex of the one photon

annihilation diagram.

5.2 Revisiting One-Loop Matching

Although we have shown one-Ioop matching in the O(a5 ) calculation, for

higher precision we should redo the matching, this time keeping sorne higher

arder diagrams that were previously left out (the diagrams with the insertions

of interactions relevant at the NNLO). The one-Ioop matching is shown in

Fig.(5.4), and we start with the NRQED diagrams.

The NRQED Part.

In all NRQED diagrams in this chapter, we use the Table of Integrais given

in Refs.[7] and [38] (see Appendices A, B). Throughout this chapter the

hierarchy À « Po is understood. We start with the diagram which has one

Coulomb tine.
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•

[ Cil) (1 - 'Y ann) ]

Po -

2c~O)( ~+~+~>

2~+ ~+~)+2c~O~

Figure 5.4: One-Ioop matching required for two-loop calculation.

where Po is the momentum of external particle.

The analytic expression for the NRQED diagram v.-ith the insertion of

the Transverse interaction, Fig.(5.4(f)), reads:

The diagram with the Spin-Spin interaction is the next one-Ioop NRQED
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• diagram

Fig.(5.4(d)) _Jd
3
p (-ie(p - Po) x fT) (-ie(p - PO) x fT)

(21r)3 2m i 2m i

-1 ( CP - PO)i(P - PO)i)
(p _ po)2 +,\2 8ii - (p _ PO)2 +,\2

( 21ra) ( -m )
m2 p2 - pij - if

_ (-0:2
) J d3

p 2/3(p - PO)2
21rm3 «p - PO)2 + ,\2)(P2 - pij - if)-c~n [A + i1r:O

] (5.2.5)

where A is the ultraviolet cutoff coming from the loop integral. Diagrams

containing the Darwin interaction can be obtained from the diagrams with

the Spin-Spin interaction. To see this fact, we calculate the diagram in the

Fig.(5.4(e)).

J d3p 1 (21rQ)
Fig.(5.4(e)) (21r)3 (-e) (p _ PoF +,\2 m2

( -7.) (-e(p - po)2)
r - Po -u 8m2

- HFi9.(5.8(d)))

Using the Feynman rules given in Fig.(2.1), we find:

Fig.(5.4(b)) =

(5.2.6)

(5.2.7)

•
We should mention an important fact: in all NRQED calculations, we

are allowed to put the cutoff either on the momentum fiowing through the

fermion line, or on the Coulomb line, or on the contact interaction. As it

is shown in Ref. [7], whatever routing we choose for one diagram, we Can
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• not change it for the other diagrams in the middle of the calculation. That

means we have to calculate all the scattering diagrams, as weIl as bound state

diagrams, \Vith one type of routing. In this chapter we always put the cutoff

on the fermion Hne. The last two diagrams contain the Relativistic Kinetic

and the Double Annihilation interactions:

Fig.(5.4(c)) =

Fig.(5.4(g) )

(5.2.8)

(5.2.9)

The QED Part

The QED diagrams for one- and two-loop vacuum polarization and vertex

correction have been calculated in Refs. [32] [33][31}. In Refs. [37] [36] these

calculation have been implemented inta the threshold regime. The expansion

of one-Ioop vacuum polarization above the threshold is :

III = -Ba _ ipoCl!.
91r 2m

(5.2.10)

The spin average (S = 1) of the one-Ioop vertex correction above threshold,

expanded in terms of the center of mass velocity is:

G - (Cl!) [1r
2
m 2 1r

2
po i1rm 1 (2Po) 2ipo1r 1 (2Po) 2i1rPo ]

1- - --- +--+--n - +--n - ---1r 4po 3m 2po À 3m À 3m

(5.2.11)

To get the QED part, the left-hand side of Fig.(5.4), we should use III and

Gtl36] [37]:

• QED
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• where we have seen before that -p~/m2 cornes from the expansion of pho­

ton propagator and -P5/(6m2
) cornes from the expansion of each vertex.

Therefore for the QED part we obtain:

(5.2.13)

(5.2.14)

Now if we put everything back into the relation shawn in Fig.(5.4), we obtain

(1)(1 ) _ 44a2 13A0 2
C4 -'Y ann - 9m2 - 3m3

li we performed the cil)(l-, ann) matching for the vacuum and the vertex

separately we would obtain the following result

where

[cil) (1-'Y ann) ]pc

[cil) (1-'Y ann)]vc

8a2 a 2A
- ---

9m2 m3

402 1002A
- m2 - 3m3 '

(5.2.16)

•

where PC and VC stand for the propagator and vertex corrections.

5.3 Matching at NNLO for Four-Fermi Op­

erators Coming from Propagator Correc­

tions.

To compute C~2) (1-'Y ann) we proceed in analogy to the calculation of c~l)(l-'Y ann)

in the previous section, and determine the contributions of the vertex cor­

rection and vacuum polarization ta c~2) (1-, ann) separately:

(5.3.17)
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•
[c~2)(1-...,ann)]~ +

PC~

[ c~l)(l - ..., ann)] X~10l +
PC~

Figure 5.5: The matching which determines [c~2)(l-1' ann)]pc.

We start with the calculation of [ci2) (1-1' ann)]pc from the relation displayed

in Fig(5.5). As may he seen from this figure, the QED part ( left-hand side

of Fig.(5.5) ) requires calculation of the vacuum polarization function up to

two loops. We then need ta expand these functions far small velacities. The

corresponding expression suitable for our task cao be found in Ref.[37}. The

result is as follows:

The final fonn of the QED part (left-hand side of Fig.(5.5)) is thus:

QED = (2~~)(m +II2)

(5.3.18)

(5.3.19)

•
To campute the NRQED part (the right hand-side of Fig.(5.5» we start

with the next NRQED diagram shown in Fig.C5.6):
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•

Figure 5.6: Double annihilation diagram with one Coulomb line inside.

Now, we put all terms into the equation shawn in Fig.(5.5), and then

solve for [c~2}(1-'Y ann)]pc:

(2) ( -(
3

) [128 1 ( 21) 111r 'Ir A ][Coi (1-'Y ann)]pc= - --- 3--(3 --+-ln(2)+7rln(-)
2m2 811r 2'1r 2 16 2 m '

(5.3.21)

where we have ignored the terms proportional to ;}.r and the terms with

higher inverse powers of the electron mass because they would contribute to

the HFS at higher arder (more than a6 ).

5.3.1 Hyperfine Splitting in Positronium to Order a 6

Coming from Propagator Correction.

Before we start the bound state calculatioD, we would like ta recall an es­

sential element of NRQED. As we have shown by using the counting rules,

adding a Coulomb line does nat change the order of a diagram, which in-
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• dicates the nonperturbative nature of the Coulomb interaction in a bound

state. Therefore, there are an infinite number of diagrams, each with a dif­

ferent number of Coulomb Hnes that should be added up. These Coulomb

Hnes can occur in two places, in external Hnes or in intermediate states.

Fortunately, in external lines, Coulomb Hnes are already considered in the

Schrodinger wave function of the external particles. Furthermore, we are

lucky because even far the intermediate states, the SUffi of Coulomb ladder

diagrams (full propagator) has been calculated befare. Therefore, an analyt­

ical expression exists both in coordinate space [24] and in momentum space

[25]. Because in this thesis we work exclusively in mamentum space, only

the expressions of [25] are used. In summary, the full propagator in mo­

mentum space, due ta Schwinger [25], consists of three pieces: a piece with

no Coulomb terms, one with one Coulomb term, and another with two and

more Coulomb lines. The term with no Coulomb Unes is the usual electron-

positron propagator used so far, whereas the one Coulomb term has been

used, for example, in the calculation of the diagram depicted in Fig.(5.6).

The term with two or more Coulomb lines, called the R(p, q) term, is

R(p,q) =

where A is defined ta he

(5.3.23)

•

When we use Schwinger's expression ta calculate a diagram consisting of

an intermediate state, the diagram can only diverge for the no Coulomb and

one Coulomb case. This UV divergence will then be canceled with four-Fermi

interactions coming from the matching of NRQED with QED. On the other
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• [ c\I)(1-., ann) +cfJ(l - ., ann)] M
PC~

(a)

P if

tP~ 1 ~tP
Col ..

(c)

(b)

(d)

Figure 5.7: The whole double annihilation bound state diagrams.

hand, aU the contributions coming from the R term are finite (there are no

UV divergences).

We can now concentrate on all bound state diagrams which are shawn in

Fig.(5.7). (We have ta include c~l)(l-7' ann) in this diagram because it has

been changed by the rematching procedure shown in Fig.(5.4))

Fig.(5.7(a))

(5.3.24)

The linear divergent term in the above equation coming from the rematching

of C~l} (1-7' ann) cancels the linear divergence appearing in the bound state,

Fig(5.7(b)).

Fig.(5.7(b)) -

-

Fig.(5.7(c)) -
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(5.3.27)

(5.3.26)

(5.3.28)

•

•

ma
6

fd3 d3 1--- p q
32rr4 (p2 + -y2)(q2 + -y2)(p _ q)2

ma
6 (A) ma

6

- --ln - + -ln(2)
8 1 8

(
1

3
) (2rra)2f d

3
pd

3
q _ -3 6Fig.(5.7(d)) - rr m2 (2rr)6 R(p, q) - 16 ma

Now ifwe add Eqs.(5.3.24), (5.3.27), (5.3.25) and (5.3.26) together, we arrive

at the HFS of positronium coming from the two-loop correction of the photon

propagator up to 0(06
).

where the first term in the above equation is a part of aS contribution to HFS

of positronium that we have calculated in the previous chapter. It is worth

nothing that the terms involving A and In(A) have been canceled, showing

that in NRQED the physics is independent of the choice of momentum cutoff,

A.

5.4 Matching at NNLO for Four-Fermi Oper­

ators Coming from Vertex Corrections.

To obtain the complete form of ci2) (1-1 ann) , we start with the basic relation

shawn in Fig.(5.2), whose full form is depicted in Fig.(5.8).

NRQED Calculation

We begin by considering the NRQED part of Fig.(5.2). We note momen­

tum is routed through the fermion line, which is always kept as shawn in

Fig.C5.8Cg)), and secondly, the momentum of any externalline is taken to be

Po. For one loop and two loop NRQED diagrams, the momenta are always
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•

•

~~+2~~+2~~

4D~+~+~

2~+2~

Po ..p ..q

21 1
1

Figure 5.8: The matching which determines [C~2) (1-'"( ann)]vc
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• shown as in Fig.(5.8(a)) and Fig.(5.8(g)) respectively. It is easy to show that

Figs.(5.8, b, c, d, e, f) will not contribute ta the arder 0:6 in bound state

calculations. Let us look at one of these figures, Fig.(5.8(b)): If we count

all the factors of a and m in this diagram we find that this contribution is

proportional to (:~)(~). Therefore in the bound state this diagram should

be multiplied by "'(4 = m::" to have the dimensions of energy. That means

this figure will contribute to ma?, which is irrelevant to our calculation.

Since the only relevant ane-Ioop NRQED diagram, Fig.(5.8(a)), has been

calculated before, we ooly need ta concentrate on the two-Ioop diagrams.

Coulomb Interaction

Let us begin with Fig.(5.8(h)), which is an easy diagram to calculate since

we need only to square Fig.(5.8(a)) and then divide it by factor 21ro:/m2 :

•

(
0:
3

)[1r
2 (2P)]2Fig.(5.8(h)) == 21rP5 2 + i1r ln >..

0

The next diagram is shawn in Fig.(5.8(g))

Fig.(5.8(g)) =
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•

•

Transverse Interaction

There are three two-loop diagrams in Fig.(5.8) which have a transverse pho­

ton: (v), (w) and (y). Let us start with (w):

Fig.(5.8(w)) = / d
3
pd

3
q (e(po + pli) (e(po + p)j) ( -m )

(21t")3 2m 2m p2 - ~ - if

-1 ( (Po - P)i(PO - p)j)
(Po - p)2 + .,\2 8ij

- (PO _ p)2 + .,\2

(_e2 ) 1 (-m)
(p - q)2 +.,\2 q2 - P5 - if

1t"(t3 [ . ( 2po ) 2 . (2Po)
- 48m2 6~1t" + 48 - 121n T + 12~1t" ln T

+11"2 + 12Po ln (:a)] (5.4.31)

/
d3pd3q 2 1 (-m)Fig.(5.8(v)) - (-e )----

- (21t")3 (Po - p)2 +.,\2 p2 - P6 - ie

(
-m. ) (e(p + q)i) (e(p + q)j)

q2 - P6 - tE 2m 2m

-1 ( (p - q)i(P - q)j)
CP - q)2 + ,\2 8ij - (p _ q)2 + .,\2

= 4~:2 [ - 12 ln Cior-4Sln (~) - 36In(2)

+12i1l" ln Cio) + 11"2 + 2411" ln (~) + 12i1l" + 72]

(5.4.32)

To calculate Fig.(5.8(y)), we can multiply Eq.(5.2.3) by Eq.(5.2.4) and then

divide it by the factor 21ra/m2•

Fig.(5.S(y)) = (2:2)[~2 + i1l" ln CiO)] x [~i + ~ + i ln C~)]
(5.4.33)

Spin-Spin Interaction

The two loops diagrams are

/
d3pd3q 2 1 (-m)Fig.(5.8(k)) = (-e )-:-------
(211')6 (p - PO)2 +.,\2 p2 - P6 - ie
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•

(
-ie(q - p) X Ir) (-ie(q - p) X tr)

2m i 2m j

(
-m ) (2Q1T)

q2 - pa - if m2

- C~~J [7r + 2i ln C~)](2A + i1rpo) (5.4.34)

With a similar calculation we can show that

Fig.(5.8(1)) - (~~:)[2ln e) -21n C~) + i7r] (5.4.35)

Fig.(5.8(m)) = (12-;~J [7r + 2i ln C~)](2A + i1rPo ) (5.4.36)

Darwin Interaction

For the Darwin contribution, as showed in the previous section, we need

to multiply the corresponding diagrams with the Spin-Spin interaction by a

factor 3/4:

Fig. (5.8(0) ) ( 1;;3
Po

) [1r + 2i ln Cio)](2A + i1rpo) (5.4.37)

Fig.(5.8(n)) - (1;;~) [2 ln (~) - 2ln C~) +i1r] (5.4.38)

Fig. (5.8(r )) - (32::pJ [1r + 2i ln Cio)] (2A + i1rPo ) (5.4.39)

Derivative Interaction

There are two two-Ioop diagrams with the derivative interaction, Fig.(5.8j, il:

Fig.(5.8(j)) =
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•

(
-03 ) [ 3 (2PO)2. 2 (2PO)- 36m2po P01r - 12po1r ln T + 12tpo1r ln T

+24A1r + 48iAIn cr) -24P01r] (5.4.40)

Jd3pd3q 1 (-m)Fig.(5.8(i)) (_e2) _
- (211")6 (p - Po)2 +..\2 p2 - P5 - if

2 1 (-m) (-41r0:(q2 + p
2
))

(-e ) (q _ PO)2 +.,\2 q2 - pa - if 3m4

(
_0:3 ) [ . (2Po)]

- 6m2Po 1r + 2t ln T x

[P01r2 + 8A + +2i1rPo ln C~O)] (5.4.41)

Relativistic Kinetic Correction

The next class of NRQED diagrams contain a Relativistic vertex.

Fig.(5.8(t)) = (- 96:2PJ [ - Po1r
3

+ 12po ln C~or
-12ipolT

2
ln Cf°) - 24AlT - 48iA ln Cf°) + 24Po1r]

Fig.(5.8(s)) - (96::pJ [48Po - 48po ln c~O)

+24i1rpo + lT2po - 12po ln Cr) 2 + 12iPo ln C~o)]

(5.4.42)

Similar ta Fig.(5.4.33), Fig.(5.8(u)) is just the product of two one-loap dia-

grams:

Fig.(5.8(u)) - (16::Po) [1r + 2iln C~O)] x

~01r2 + 4A + +2i1rpo ln C~)] (5.4.43)

Double Annihilation

The last diagram in the NRQED part is shown in Fig.(5.9), which reads:
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• -Po

~1 (0)

1 c"

Figure 5.9: Double annihilation, diagram with one Coulomb line outside.

Now if we add all the NRQED diagrams in Fig.(5.8) which contribute to the

O(a6) HFS, i.e., (a), Cg), (h), Ci), (j), (k), (1), (m), (n), (0), Cr), (s), Ct), (u),

(v), (w), (x), (y) and (z), we obtain:

NRQED

•

QED Calculation

To ca1culate the left-hand side of Fig.(5.8), we use the spin average (S = 1)

of the one- and two-loop vertex correction above the threshold expanded in

terms of c.rn. velocity. This calculation has been carried out in Ref.[37] with

the following result:
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• -2041f2p~ ln Cio) 2 + 192p~~ ln Cio) -192~p~ ln (:)

+3064p~ - 688p~7r2 + 177r4p~ + 384p~1f2In(2) - 288(3P~

• 3 2 ( 2po ) . (2PO) • 3 2 ( 2po ) ]+72Z7r m ln T - 576z1Tmpo ln T + 204z1T Po ln T

(5.4.46)

Using G1 (Eq.(5.2.ll) and G2, for the QED part we obtain

QED (21Ta) [G2 (1 + -P~) + 2G2 (1 + -p~ + -P5)]
- m2 1 m2 m2 6m2

- (:n[G~+G~(;~) +2G2+G2(;~~)]' (5.4.47)

Solving the relation shawn in Fig.(5.8) for [c~2)(1-'Y ann)]vc, we obtain

[ci2) (1-; ann)]vc = NRQED - QED, (5.4.48)

•

where QED and NRQED terms were given in Eqs.(5.4.47) and (5.4.45):

[c~2)(1-'Y ann)]vc = (~:n [:2 (~: - 2(3) - 11~3 + 4ln(2) - ~ ln (~)]
(5.4.49)

5.4.1 Hyperfine Splitting in Positronium to Order 0:6

Coming From Vertex Correction.

With the help of counting rules, we find aIl the diagrams which contribute to

0 6. They are shown in Fig.(5.l0). We begin by calculating the diagram(a)

Fig.(5.10(a)) - -[c~1)(1-'Y ann) + c~2)(1-'Y ann)lvc(S(S + 1)) ItP(O)12

s[5A ]ma 61f -1 +

ma6 [~(655 _(3) _ 173 + ~ 1n(2) _ ~ ln (A)]
1r2 144 4 144 2 6 m

(5.4.50)

As we see from Fig.(5.10), except for the Derivative interaction, we have

three different types of NRQED bound states for each interaction. In our
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•

Figure 5.10: AIl the bound state diagrarns which contribute to a 6 except

the diagrams with the Double Annihilation interaction.

calculation we use the ground state wave function which has the following

property:

(5.4.51)

•

We label aH the bound state diagrarns with momenta p and q, as shown in

Fig.(5.1Db, c). Once again we should mention that we have to put the cutoff

on the fermion line (fermion routing) in aIl the bound state calculations.

The next diagram has the Spin-Spin interaction:

(
1'3) 1/2Jd3pd3q 8'1r1

/
2

"'(5/2 (21rCt) ( 1 )Fig.(5.10(b)) = :z :z1r (2'1r)6 (p2 + "'(2)2 m2 _1: _ i:.
m m

(
-ie(q - p) X 0'1) (-ie(q - p) X 0'2)

2m i 2m j
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•
Fig.(5.10(c) )

Eq.(5.4.53) is 1/3 of contribution of the Double Annihilation bound state

with one Coulomb Hne, Eq.(5.3.25). Therefore, we can multiply Eq.(5.3.26)

by factor 1/3 to get the R term for spin-spin interaction.

-ma6

Fig.(5.10(d)) = 16 . (5.4.54)

Since the diagram with a Darwin interaction and one with a spin-spin in­

teraction differs by a factor 3/4 we can write down the result of the Darwin

bound state diagrams easily:

•

Fig.(5.10(h)) ­

Fig.(5.10(i))

Fig.(5.10(j) )

-maS A ma6

+-
161r m 64

-;aG (ln (~) -ln(2))

-3ma6

64 .

85

(5.4.55)



•

•
vertex

Fig.(5.10(k) )
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•
Fig.(5.10(l))

Fig.(5.10(m))

(
-m ) (21ra)

p2 +,2 m2

ma5 A ma6

-------
8rr m 16

~:6 (In (~) -ln(2) _ ~)
56 6

256
ma (5.4.58)

The last diagram contains Derivative interaction:

(5.4.59)

Fig.(5.10(n))
_ Jd3pd3q 81r1/2,5/2 (-41ra(p2 + q2)) 81r1/2,5/2

(21r)6 (p2 + ,2)2 3m4 (q2 + 1'2)2

-2ma5 A ma6

31r m + -4-

•

Now, we add aIl the contributions coming from the diagrams ofFig.(5.10)2with

the result:

[ ]
5 ma

6
[ 235 1 (655 )

~Ehjl(l-'Y ann) vc - -ma + -4- - 72 + 41r2 36 - (3

+2In(2) - ~ In(a)] (5.4.60)

Final Result

We will now obtain the final result by adding the order a 6 terms of Eq.(5.3.28)

to that of Eq.(5.4.60)

flEhf,(l-'Y ann, a6
) _ m~a6 [:2 (1:~7+ 1: (3 )

1183 9 1 -1 ]
- 288 + 4 ln(2) + 6 In(a ) .

(5.4.61)

The In(a-1) term was already known and is included in the In(a-1) con­

tribution presented in Eq.(1.0.1). We can now easily read off the unknown

2There is aIso a numerical factor related ta the permutation of some diagrams shown
in Fig.(5.10): For Figs.(b, c, d, e, f, g, k, e, hl, this factor is 2. For the Figs.(h, i, j), it is

4. There is no permutation factor for Fig.(n) .
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• analytical/ Contribution
Order Specification

numerical in Mhz
Refs.

1. m eo 4 a 204386.7(1) [39]

2. m eo 5 a -1005.5 [40]

3. m eo 6 lna-1 a 19.1 [29]

4. m eo 6 Nonannihilation(C/L) n -7.2(6) [41]+[42]+[1]

S. Nonannihilation(Pa) n -3.29(4) [41]+[42]+[43]

6. 1-,- annihilation a -2.34 this work

7. 2-,- annihilation a -0.61 [44]
8. 3-,- annihilation a -0.97 [45]

9. m e 0 1 ln2 0-1 a -0.92 [30, 7]

Sum (Caswell/Lepage) 203388.3(6)

Sum (Pachucki) 203392.2(1)

Experiment 203389.1(7) [28]

Table 5.1: Summary of the theoretical calculations to the HFS. Only the

references with the first correct calculations are given.

coefficient KI (1-, ann) from the Eq.(5.4.61).

(5.4.62)

•

Our analytical result completes the calculations to arder me o 6 and clearly

shows how amazingly3, NRQED simplifies the bound state calculation. In

Table 5.1 we have summarized the status of the theoretical calculation to

the HFS of the positronium ground state including our own result. Ta ar­

der meo 6 , the logarithmic in 0 and constant contributions are given sep­

arately. The constant terms are further subdivided into non-annihilation,

and one, two and three photon annihilation contributions. The error in

the order meo 4 result (1.) cornes from the uncertainties in the input pa-

3During completion of this thesis we were informed of the work by Adkins, Fell and

Mitrikov[46] using Bethe-Salpeter formalism and numerical methods. Their result agrees

with ours representing an independent cross check.

88



•

•

rameters 0:, n and me and the errors in items 4. and 5. are numerical.

For aIl other contributions the errors are negligible. The uncertainties from

the ignorance of the remaining m e 0:7 1n a-1 and m e0:7 contributions are not

taken into account. As indicated, there are two contradictory calculations

for sorne of non-annihilation contributions based on results from Caswell and

Lepage (CjL) [1] and Pachucki (Pa) [43]. The result containing the Caswell­

Lepage calculation leads to perfect agreement between theory and experiment

[~Ehf.f(th)-8Ehf.f(ex)= -0.8(1.0) Mhz], whereas the HFS prediction based

on the result by Pachucki leads to a discrepancy of more than four standard

deviations [L\Ehf,(th) - ~Ehf.f(ex) = 3.1(0.7) Mhz]. It remains the task of

future examinations to finally resolve the theoretical situation.
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Chapter 6

Discussion

Having come this far, we would like to daim that the two principal goals of

this thesis, as outlined in chapter(l), have been accomplished.

The first part of the thesis from the beginning until chapter(5), except

sections(4.2.1) and (4.1.2), essentially proves to the reader that we can obtain

aH the well-known results on the properties of bound states by using NRQED

as an effective field theory. These results, obtained here from NRQED for

the first time, are as follows:

• Order a 4 energy shift in positronium and the Hydrogen atom[14].

• Lamb shift in the Hydrogen atom[16].

• Order aS hyperfine splitting of ground state of positronium[17].

By using the NRQED power counting we can isolate the diagrams that con­

tribute to each of the above cases and then perform a matching procedure

which brings the effects of high energy modes to the NRQED coefficients.

Hence, we would daim that NRQED is simple and systematic. The reader

is strongly urged to compare the NRQED calculations presented here to the

existing calculations done using conventional methods in standard text books

sucb as [9] to confirm our daim.
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In the remainder of the thesis, we have further demonstrated the strength

and elegance of the NRQED formalism by presenting the following new re­

sults:

• a G HFS of positronium.

In chapter(5), for the first time, we gave an analytical result to the

order 0 6 of the ground state hyperfine splitting coming frOID one photon

annihilation.

m ea
6
[~( 1477 13 ~ )

4 71"2 81 + 8 ~3

1183 9 1 1]--- + - In2 + - Ino-
288 4 6 .

(6.0.1)

To obtain the above result, we had to perform a matching procedure at

the 2-1oop level in order ta derive the spin1-annihilation vertex coming

from one-photon annihilation. The relevant contribution was:

c~2)(1-'Y ann) = (-;:1r) [:2 (1:~7 + ~3(3)
1483 9 1 A]

- 288 + 41n(2) + 61n (;;)

(6.0.2)

Our calculation completes the order a 6 HFS of positronium which

proves QED, once again, is a correct theory ta very high arder in a.

It would be very difficult, if not impossible, ta obtain this analytical

result using traditional methods.

• Completing the expression for cil) and C~l) at NLO, 0(a2).

We have calculated the contribution ta the C~l) and C~l) coming from

the t-channel two-photon QED exchange graphs. This has finally com-
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• pleted the expression for C~l) and C~l):

(1) _ a
2 [-ln (A) + 232 -ln2]

C4 m2 m 45

C~l) _ a
2 [-ln (A) + i. _31n2 + i1r] .

m 2 m 15

• Order a 5 HFS of positronium

(6.0.3)

Another new result is the arder aS HFS of positronium for general n

and l

[ (ln2+ ~6) Ol~

Cil ( )]( 1) 1 - 810 l (6.0.4)
41+ 2

where the coefficients Cjl are given explicitly by:

4l+S ifj =l+12(l+1)(U+3)

Cjl = -1 if j = e (6.0.5)2l(l+1)

-4l±1 if j = l- 12l(2l-1)

The above result has been previously obtained for the ground state

using the conventional ways.

• Scalar-Scalar bound state

We have shown the Lamb shift for scalar-scalar bound state ta he

l
In m +.1!.._~

40 (Za)4 2<En .o> 360 5m~

aE=m---
3'1r n3

Z2 2

ln 2<:0>n.l

if l = 0

if l ;é 0,

(6.0.6)

•

This result is valid for the scalar particle case with a mass approxi­

mately equal to that of the electron, which does not correspond ta a

physical case. The arder aS of Scalar-Scalar bound state for m,calar »
melectron is still under investigation.
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The above new results show that NRQED is not simply a method to sim­

plify the well-known calculations, but is a powerful formalism which allows

the derivation of new results, such as 0(06
) HFS, previously unattainable

with conventional techniques.

In summary we hope ta have convinced the skeptical reader that:

NRQED is simpler, more systematic and more powerful than

QED for the study of non-relativistic systems, and particularly

non-relativistic bound states.
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Appendix A

Table of IntegraIs(1)

The IntegraIs which are shown in Tables.(A.l, 2, 3, 4, 5) are directly copied

from Ref. [7]. These are very usefui integrals for the bound state calculations

and scatering diagrams at threshold. Let us define the values in the Tables.

A
tan-1(lql/ï)

(A.O.l)- Iql

B ï (A.O.2)- (q2 + ,2)

C ï (A.O.3)- (q2 + 4/2)

'D
tan-1(lqI/2ï)

(A.DA)-
Iql

A Iql (A.D.5)-
ï

B
q2

(A.D.6)- q2 + /2
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1 1r2B/"'(2
p.q 11'2A - 1r2B

(p. q)2 1("2 ( q2 - "'(2)A + 1("2"'(2B
p2 21r2A - 7r2B

p2 + "'(2 21r
2A

Table A.l: Three dimensional integrals

1 21r2C2 /"'(3

p2 21r2c2/, + q21r2C2/,3

(p. q) 1r2q2C2/'"'(3
p2 p . q 1r2c2 (8')'4 + 5,2q2+ q4)/r - 1r2V

(p. q)2 1r2C2 (8')'4 + 4"'(2q2+ q4)/"(3 _ 1r2V

(p2)2 7r2C2(lO'Y4+ 6'Y2q2 + q4)/'Y3

Table A.2: Three dimensional integrals (continued)
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-10,5 351r2/64"'{

-8,4 511'"2/8"(

-6,2 47f/ >. - 3rr2/"'{
-6,3 311'"2/4"(

-6,4 n-2/8"(
-4,1 41r1q - 2rr2l'Y
-4,2 7f2/'Y
-4,3 n-2/4'Y
-4,4 1t'2/8"'{

-4,5 51t'2/64"'{
-3,0 2rr'Y1>.2
-3,1 -41t' lnp./'Y) l'Y
-3,2 2rr/'Y
--2,0 47f/>'
-2,1 2rr2 l'Y
-2,2 rr2 1"(
-2,3 31t'2 / 4'Y
-2,4 57f2 /8"'{

-1,-1 4rr ln(A/'Y)l'Y - 41r In(>'/'Y)11 + 21r"Y/ >.2
-1,0 411'"1n(A/'Y)/'Y - 4rrln(>'/7)/1
-1,1 41rln(A/"()/'Y
0, -1 41rAI"(2 + 4rr1>.
0,0 41rA/'Y2

0,1 41rA/'Y2 - 211'"2 l'Y
0,2 41rA/'Y2

- 3rr2l'Y
0,3 41rA/'Y2

- 15rr:l141
1, -2 271"A2 /'Y3 + 8'1r In(A/'Y)l'Y - 8'1r ln(>'11)/'Y + 2rr'Y1>.2
1, -1 21rA2 /'Y3 + 41r In(A/'Y) l'Y - 4'1r In(>'I'Y)l'Y
1,0 2rrA2 /'Y3

1,1 21rA2/'Y3
- 41r1n(AI1)/'Y

1,2 21rA2
/ 13

- 81rln(A/'Y)/'Y + 21r1'Y
2, -2 41t'A3/3'Y· + 81rA/'Y2 + 4'1r1>.
2,-1 41rA3 /3"'{· + 4'1rA/'Y2

2,0 471"A3/3'Y·
2,1 -41t'Alr + 41rA3/314 + 211'"2/'Y
2,2 -8rrA/'Y2 + 41rA3

/ 3'Y4 +Sr l'Y

1 Values of n,m 1•

•
Table A.3: One dimensional integrals

96



•
1 Values of n,m 1

•

-5,1 47T /).. - 7r
2
/, - 21T2 1n 2/'1'

-5,2 -7T2/2'Y + 21r2 1n 2/,

-5,3 31r2/16,
-4,2 1r3

/ 4, - 7T /'Y
-3,0 -7r2/,y + 47r/)..

-3,1 27T
21n 2/,

-3,2 1r2/2,

-3,4 111r2
/ 48"Y

-2,1 1r3
/ 2"Y

-2,2 1r3
/ 4"Y + 1r/'Y

-1,-1 21r2 1n(A/"Y)/, - 1T
2/"Y + 41r/ À

-1,0 27r2 1n(A/,)/"Y
-1,1 21r2 1n(A/,)/, - 271"2 ln 2/"Y

-1,2 21r21n(A/'Y)/, - 2~ ln 2/"Y - 7T2/2,
-1,3 21r2 1n(A/'Y)/, :- 21r2 ln 2/'Y - 131r2 /16,

1, -2 7r2A2
/,3 + 47r2 1n(A/'Y)/"Y - 41rA/,2 + +47T/)..

1, -1 1r2 A2/"Y3
- 27rA/r +27r2 1n(A/'Y)/'Y+ 7T2 /'Y

1,0 7T2A2
/ 13

- 41rA/12+ 1r2/'Y

1,1 1r2A2/'Y3
- 27T2 1n(A/"Y)/'Y - 41rA/"Y2+ 1r2/"Y + 21r2 1n 2/'Y

1,2 rr2A2/'Y3
- 41r2 1n(A/'Y)/"Y - 21rA/'Y2+ 31r2 /2'Y + 41T'2 1n 2/'Y

Table A.4: Second type of one dimensional integrals
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1 Values of n,m 1

•

-4,1 -47r2 ln 2/'Y + 47T2l,
-4,2 27r2 1n 2/'Y - 7r2l'Y
-4,3 7r2 1n 2/2'Y - 7r

2
/ 8'Y

-2,0 47r2l,
-2,1 47r2 1n 2/,
-2,2 27r2 1n 2/'Y + rr2l'Y
-2,4 557r2148, + 57r2 ln 2/4,
0, -1 87r In(A/'Y)/, - 81rA/,2 + 87T2l'Y
0,0 87T In(A/'Y)l, - 81rA/,2 + 41r2l'Y
0,1 81r In(A/'Y)/'Y - 87rA/'Y2 + 47r2l, - 41r2 1n 2/,
0,2 81r In(A/'Y}/'Y - 81rA/'Y2 + 31r2l, - 61r2 1n 2/,
0,3 81r In(A/'Y)/, - 87TA/'Y2 + 151r2/8, - 151r2 ln 2/2'Y

Table A.5: Third type of one dimensional integrals
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(B.O.1)

(B.O.2)

•
Appendix B

Table of Integrals(2)

The following Integrals have been preformed by A. H. Hoang[38]. These Inte­

graIs are very useful in doing the scattering calculations above the threshold.

!
p2

Il - dp 2
p2 - Po - if

A . Po
- +ur2
-!d p 1 ((P+PO)2+).2)

12 Pp2 _ P5 - if n (p _ PO)2 +).2

l (2PO) .7r ( 4p~ )- 'Trtan- T + ~21n 1 + ).2

-!d P 1 (q+p)2+).2)
13 Pp2 _ P~ _ if n (q _ p)2 + ,\2

_ [t -1 (q + po) + t -1 (q - po) + i 1 ( (q + PO)2 + ).2)]
7r an ). an ,\ 2 n (q-Po)2+).2

(B.O.3)

For the following IntegraIs, we present the answer with the condition). «Po:

14 -

-

15 -

-

• 99



• 16 -

-

17 -

-

la -

-

• 100

(B.0.6)
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