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Abstract

The warped braneworld picture introduced by Randall and Sundrum provides new
ways of solving long-standing problems in physics, like the gauge hierarchy problem.
If the warp factor is different for the time and space components of the metric, new
effects may arise. We concentrate on this possibility and show that the speed of grav-
ity may differ from that of electromagnetism, while Lorentz invariance is preserved
for the standard model fields. A charged black hole in a 5 dimensional bulk provides
the necessary background. Its properties are studied in detail to ensure correct em-
bedding of the brane. Computation of the speed of gravity in this setup is done both
perturbatively and numerically. The results are compared with experimental bounds
to constrain the parameters of our scenario.
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Résumé

Le scénario de monde branaire introduit par Randall et Sundrum procure de nou-
velles voies pour résoudre certains problémes difficiles en physique, comme celui de
la hiérarchie de jauge. Si les facteurs multipliant les parties temporelle et spatiale de
la métrique différent, de nouveaux effets apparaissent. On démontre que la vitesse
de propagation de la gravité peut étre différente de celle de 1’électromagnétisme, tout
en préservant l'invariance de Lorentz pour les champs du modele standard. Un trou
noir chargé, dans un espace a 5 dimensions, est & la base de notre modele. Ses pro-
priétés sont étudiées dans le détail pour assurer l'insertion correcte de notre brane.
La vitesse de la gravité est calculée de manieére perturbative, puis numérique. Les
résultats sont confrontés aux limites expérimentales pour contraindre les parameétres
de notre scénario.
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Gravitational Lorentz Violations in 5D Black Hole
Background:

A Numerical Investigation




1

INTRODUCTION

Attempts at unifying the fundamental forces of nature led physicists to try to formu-
late what is known as M-theory, which is a theory that postulates that we live in a
world of higher dimensions than the usual four we know. This intriguing possibility
motivated numerous investigations on how the extra dimensions could have remained
hidden from our senses until today. A first idea, known as the Kaluza-Klein (KK)
picture, is that they are rolled up in a very tiny space. The effective four-dimensional
theory would then be recovered on distances larger than the compactification scale.
In this picture, the extra dimensions would need to be so small that it would be
impossible to probe them.

Recently, however, a new idea for hiding the extra dimensions, the braneworld
picture, provided hope that they would be more accessible to our experiments. Here,
the standard model (SM) particles are assumed to be trapped on a (3+1) submanifold
of the higher dimensional spacetime, known as a 3-brane. Only gravity, being the
fabric of spacetime itself, is not confined to the brane and can therefore probe the
extra-dimensions. Since ordinary matter cannot escape into the bulk, it is no longer
necessary that the extra-dimensions be microscopic, and it is possible that some effects
may become observable. Braneworlds provoked excitement among the community
because they offered new possibilities for solving long-standing problems in physics.
In such a context, for example, resolutions of the gauge hierarchy problem and of the
cosmological constant problem have been attempted.

In the braneworld referred to as ADD [1, 2], the Kaluza-Klein idea is reintroduced
by considering compact extra-dimensions. Only this time, since only gravity can feel

the extra-dimensions, these need just be smaller than the current distance scale on



which gravity has been tested so far. This means that, for the case of two extra-
dimensions (the case with one extra-dimension is ruled out in this scenario), their
size could be on the submillimetric scale. This picture, although interesting, remains
disappointing in the end because it merely recasts the hierarchy problem into another
form. Instead of asking why the electroweak scale is so different from the Planck
scale, we now ask why is there a hierarchy between the fundamental scale and the
compactification scale.

Another braneworld scenario, more interesting than the previous one, is that of
Randall and Sundrum (RS) in five dimensions [3, 4]. The key difference is that here
it is not assumed that the metric must be factorisable. Instead, a warped metric, of
the form

ds® = a®(y)ndzida” + dy?, (1.1)

is used, implying curvature along the extra dimensions. It is the presence of the warp
factor a(y) that can provide an exponential hierarchy. What is more, this metric
can reproduce 4D gravity with negligible corrections, even if the extra dimension is
infinite. Scenarios of this type were studied with much interest with regards to the
cosmology and as a potential model to solve the above mentioned problems. From
those studies it was realized that there were cases where global Lorentz invariance
was violated along the extra dimension [5]-[14]. This manifested itself as different
propagation speeds between gravity and electromagnetism, and implied the possibility
of seeing what would be interpreted as an acausal signal from the point of view of an
observer on the 3-brane. For instance, gravitons emitted from an event would have
the possibility to take a shortcut through the bulk and outrun the photon signal stuck
on the brane. The gravitational event could be detected before the electromagnetic
one. But from the 5D perspective this is no real violation of causality. It is this kind
of effect that is the subject of this study.

The present work is heavily inspired by the study of Cséki, Erlich and Grojean,
described in [5], where a charged black hole in the bulk is a source of asymmetry

in the metric. We wish to confirm their results for the graviton zero mode and
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extend them to the excited states. Our motivation is that by studying the maximal
attainable velocities of the massive states it might be possible to develop a formalism,
similar to that of Coleman and Glashow in [15], appropriate to discuss the decays of
the particles and to deduce possible signatures for extra-dimensions. Note, however,
that the nature of gravitational Lorentz violations is fundamentally different from
that of the Lorentz violating effects discussed in [15, 16], it is only the framework
for discussing the decays that could present some similarities. We thus follow in the
footsteps of Csaki, Erlich and Grojean but we use a numerical approach where they
used a perturbation method. This will allow us to verify their model and investigate
its limits by studying large perturbations as well. We also want to see if the effect they
found could reverse, i.e. if the gravitational signal could arrive, at the observer on the
3-brane, later than the light signal. Ultimately, we want to deduce some constraints
on the model by applying existing bounds on the effect.

In section 2, we begin by describing what is meant by an asymmetrical spacetime
and how this leads to violation of Lorentz invariance. We then specialize the metric
to that of a charged black hole in the bulk. The embedding of the brane in the
spacetime is discussed and it is shown that a regulator brane is needed to hide the
otherwise naked singularity. The properties of the physical brane and of the regulator
brane are investigated. In section 3, we review the perturbation method of Cséki,
Erlich and Grojean for the zero mode of the graviton. We first solve the unperturbed
problem, i.e. we find the wave functions of the gravitons in the RS background. Then
a small perturbation of the metric functions is introduced and we try to solve for the
perturbed wave functions. For the zero mode, the result of [5] is recovered. We
extend the method to include the excited states of the graviton. Section 4 discusses
the numerical solution of the problem. It is verified that the perturbative approach
yields reasonable results for small perturbations. Larger perturbations are examined.
The results are put in perspective with experimental bounds in section 5. Our findings
are summarized in section 6. Finally, an appendix describes the use of an alternate

choice of parameters.



2

THE SETUP

In this section, we describe the scenario needed to obtain violation of Lorentz in-
variance. Before describing the spacetime as such, let us explain the phenomenon
on general grounds, and the properties that the metric should possess for this to be
possible. Then, we will settle on a definite scenario that will be the main subject of

this investigation.

2.1 Modified Dispersion Relation

Consider the following generic 5D metric for static 3D rotational invariant spacetimes:

ds®> = —n?(r)dt® + a2(r)d22 + b%(r)dr?, (2.1)
where
r is the extra dimension;
dE% is the spatial 3-section metric, with curvature k& = +1, 0;

n(r),a(r),b(r) are unspecified metric functions.

Here, and in the remainder of this work, the curvature parameter k is taken to be 0
since we care mostly about a flat space universe (so dE% = dz?). This metric is not
only warped (meaning that the coefficients multiplying the 4D section are a function
of the extra dimension) like in the RS scenario (see [3] and [4]), it is asymmetrically
warped, i.e. the warp factors n(r) and a(r) are different. Therefore, the local speed of
light ¢(r) = %, which we get by setting ds? = 0 for lightlike particles and dr? = 0 for
particles confined to a 3-brane, is a function of the extra dimension and will vary with

position along it. Each 4D section has a different Lorentz symmetry and thus Lorentz
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2.1 Modified Dispersion Relation 5

invariance is globally broken. Note that we can rescale the t and Z coordinates so
that at 7o, the position of our brane, we have n(ry) = a(ry) = 1 and the standard
model particles restricted there still see the usual Minkowski metric. On the other
hand, particles whose wave function has a finite extent in the extra dimension, like the
graviton in RSII, get affected by the change in the speed of propagation. Following
an example from [17], consider a scalar field ® which is used to represent the graviton

since it has the same equations of motion, see {18]. Its action is

Sq, = /dt d3£L‘ d’l"\/m [%gABE?A(I)(?B(I)] . (22)

where g := det gap = —n?(r)a®(r)b%(r) for the metric in (2.1).
Expanding S := [ d°zL(®,d4®) in this background, it is easy to see that the

Lagrangian density is

R o Y I WP GV B
o= MOS0 | 20+ 002+ 0] (29)

Applying the Euler-Lagrange procedure to get the equation of motion for this field

yields
a®(r)b(r) n(r)a*(r)

) o) 6,@) =0 (2.4)

Now, we assume that this problem can be solved by separation of variables ®(t, Z,7) =

0u® = n(r)a(r)b(r)0;® + O, (

A(t)B(Z)¢$(r). Since none of the coefficients has a dependence on t or Z, the differen-
tial equations for A(t) and B(&) are trivial and their solutions can be written as plane
waves on the brane; the solution has the form ®(t, #, 1) = ¢(r)e!“*~%) where {is the

3-momentum, and w the energy. With this form, the equation of motion becomes

a*(r)b(r)

—Ww%(r) = n(r)a(r)b(r)§*¢(r) + HO(r)e(r), (2.5)
where
@ . _a (1r)ad(r)
HO(r) := -5, (——b(r) a,) (2.6)

is a Hermitian operator. Equation (2.5) is an eigenvalue equation for w?. Let us
label the eigenfunctions by ¢, (7). The aim here is to show that solving this equation

implies a modification to the usual dispersion relation

wp = M7 + 7%, (2.7)



2.1 Modified Dispersion Relation 6

where M, is the mass of the n'® excited mode of the particle.

There are two ways to solve this equation approximatively by perturbation tech-
niques. One of them involves perturbing the background metric and will be discussed
in detail in section 3 when the explicit form of the metric functions n(r),a(r) and
b(r) will be known. For the moment, just to illustrate that the dispersion relation
gets modified, let us take the 3-momentum as the perturbation, which we will write
as An(r)a(r)b(r)q? (here \ is used only as a device to keep track of the order of the
corrections). We assume that the unperturbed problem

1)) = S 020 28)

is solved, which means that the eigenfunctions ¢£LO) (r) and their corresponding eigen-

values (w,(zo))z, which we define to be M7, are known. We further assume that the

solution to the perturbed problem can be expanded as

tn(r) = D)+ 161 (r) + NP (r) + - ; (2.9)
(Wn)? = W)+ AW + X2 W®)2 ... (2.10)

Then, to first order in A,

a6 1) + HOE) = TN (WP2000) + @900 0)
“ (2.11)
We are looking for the first order correction A(wy,)? := (w,(}))z, therefore we take the
inner product with ¢ (r). Due to the Hermiticity of H®(r), the last term on the
left hand side cancels the last term on the right hand side. Note that Hermiticity is

important here; one cannot take a3?r()’2(r) H (0)(1") as the unperturbed operator because

it is not Hermitian. The result is
Awn)? = 2%, (2.12)

where
o _ Jarn@anpmlg (P

3 r
L Rl

(2.13)



2.1 Modified Dispersion Relation 7

Finally, we see that the expected modified dispersion relation is
wi = M2+ c2q* (2.14)

and ¢, is identified with the local maximal attainable speed of the n*® particle as seen
on our brane.

If the wave function concentrates near the brane, it is justified to expand the
expression for ¢2 in a Taylor series about 7y, the position of the brane. In doing so,

and keeping first order terms only, we get

[ dr(r=10) |¢<°>< W o[ |Ldr=ro) |¢“< Ik

& =14 2(n(rg) — d(ro)) Tar 169 [ar 169 )

(2.15)
This expansion shows that ¢2 has small variations from 1 that depend on the shape
of the wave function in the extra dimension. Note that we assumed the wave function
to be narrow and concentrated near ro. If that’s not the case, then the expansion
is not valid and greater changes to the form of ¢2 are expected. Also, application
of this method implies that the wave functions ¢$1O) (r) of the unperturbed problem
(2.8) (when ¢ = 0) are known. It is not obvious that one always knows them since
the functions n(r), a(r) and b(r) can be complicated and later, we will perturb in the
metric functions instead because we happen to know the solution in the unperturbed
RS background. The reason why it was done this way in this subsection was to
convince the reader that the dispersion relation gets modified for particles whose
wave function extends in the extra dimension. It also has the advantage that it shows
quite simply the main direction that this study intends to take which is to solve
the problem as exactly as possible using numerical techniques. We worked on very
general grounds in deriving our result by not specifying the metric functions. Next
we describe the details of these functions, after which we will proceed to solve the

problem with the other perturbation method before using numerical techniques.
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2.2 Charged Black Hole Background

It was shown that the speed of a particle gets a dependence on the spread of its wave
function in the bulk if the metric is asymmetric (n(r) # a(r)). Here, we wish to
motivate such a background, and we will follow the treatment presented in [5).

The model for the 5D bosonic sector of the theory is as follows. We assume that
the only sources in the bulk are a negative cosmological constant Ay, a scalar field
representing the graviton and a U(1) gauge field. Then, the most general ansatz that
keeps the homogeneity and isotropy of the spatial directions of the 3-brane, which we
embed in this picture in the next section, is eq. (2.1), to which one could add time
dependence to allow for expansion or contraction of the brane. The authors of [5]
have shown that by using a 5D extension of Birkhoff’s theorem!, this ansatz can be
reduced, by appropriate choice of coordinates, to

,,,2

7 a2 + Ldr{ (2.16)

ds? := —h(r)dt® + )
which is also the most general brane-universe solution [20]. One of the implications
of Birkhoff’s theorem is that from this choice of coordinates the background metric
becomes static while the brane can generally still be moving [21], which describes an
expanding universe. We will restrict ourselves to the stationary case for simplicity.
Also note that this metric is of the form that represents a black hole located at r = 0.
In this particular case where there is a U(1) gauge field in the bulk, it is an AdS-
Reissner-Nordstrom black hole. The metric function h(r) which characterizes this

spacetime is

= op Q@
W) =k+ 5 — 5+ 5. (2.17)

As said previously, we will only consider the & = 0 case. Other possibilities for &
are discussed in [5] where they are shown to be less interesting. This choice also
makes the equations a little easier to solve. Here, [ is the AdS length defined by
1/1? := —k2Ay,/6, where k2 = 87Gjs defines the 5D Planck scale. As r goes to

infinity, the contributions from u and @ become negligible and the metric asymptotes

!See [19] for an insightful proof and explanation of Birkhoff’s theorem in the 4D case.
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to the Anti-de Sitter spacetime, which is the name for a spacetime with a negative
cosmological constant; that’s why it is called an AdS-RN black hole. It is on scales
larger than [ that 4D gravity as we know it is recovered [4]. Without the U(1)
gauge field, there is one less integration constant, (), and this would have been the
AdS-Schwarzschild metric. The fact that we have this parameter allows us to evade
the fine-tuning problem that plagues models that attempt to solve the cosmological
constant problem. Here, () adds the extra freedom that is necessary to make the 4D
cosmological constant vanish on our brane without needing the brane tension to take
a specific value?. In units where the 5D Planck scale is unity, the meaning of y and
@ is that they represent the (4+1) energy density and charge density of the black
hole, respectively, and their value can be chosen to reproduce standard cosmology
to arbitrary accuracy [23]. Note that for a Schwarzschild metric, one always has a
horizon. For the RN black hole, there can be two, one or none, depending on the
relation between the parameters. In section 2.4, we study this in more detail.

One may wonder how can a black hole exist in the bulk since it was assumed that
particles were stuck to our brane. The answer, which was given in [24], is that there
is graviton radiation leaving our brane. Eventually, this will create an arbitrarily
high local energy density and form a black hole, without the need for a collapse of
conventional matter to create it.

As a last note concerning the asymetrical spacetime, the reader may be interested
to learn that such scenarios, although originally only inspired from the fundamental
M-theory, actually have rigorous connections with it. This was studied in [25]. In
particular, the interpretation of the AdS-RN black holes in the 10D spacetime context
is that they are spinning D3-branes.

Later, though, we will introduce a regulator brane to cut away the naked singularity. This has the

effect of reintroducing fine-tuning, see [22] for example.
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2.3 Embedding of a Brane in the Spacetime: Zo Symmetry

and Jump Conditions

In the previous section, a metric was found that presented the asymmetric warping
that leads to a gravitational Lorentz violating effect. There are, however, a few
features that must be added to the spacetime due to the presence of the brane.

Braneworlds with one extra dimension are usually inspired by a model derived
from M-theory by Hotfava and Witten [29, 30]. In this model, compactification on an
orbifold construction réquires the space to end at a boundary. One simple, elegant,
and well-defined, way to implement this is to impose a Zs symmetry that identifies
points on either side of the orbifold fixed points. Since braneworlds are generally
constructed in a similar fashion, with space ending on the brane, the Z, symmetry
of the metric about the brane is an equally good way to achieve this and is there-
fore commonly assumed. Although there have been some tentatives in describing
braneworlds that break this symmetry (see for example [31]), the end result is that
scenarios of this type must eventually revert to a Z, symmetric form at late times to
recover standard cosmology. For these reasons, throughout this work the tendency to
stick with this symmetry is followed.

Explicitly, reference [32] shows how to construct braneworlds by gluing together
two known solutions to Einstein’s equations. The junction point of these solutions is
interpreted as the brane. In the case where one takes two identical slices of spacetime,
the Z, symmetry is recovered®. Since the solution (2.16) asymptotes to the Randall-
Sundrum AdSs solution at large r, we cut it near infinity, just as is done to get a
finite 4D Planck scale, and replace it by a copy of the solution near the black hole.

It is implemented as follows:

r? 1
for r < ds® := —h(r)dt® + l—2d22 + mdﬁ; (2.18)
47,2 4
2._ 2 2 To/T° e 1 15,9
forr > rg ds® := —h(rg/r)dt* + 2 dXs + eI T—4dr , (2.19)

where, as before, ro denotes the position of the brane.

3See [23] for another interesting view about how to construct Z symmetric braneworlds.
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- n(r
“““““““““““““ a(r

Figure 2.1: Plot of the metric functions (2.1) (here we have set y = %%;2-, Q=05ro=1=1).

The metric functions are plotted in figure 2.1 in order to illustrate more clearly
what is meant by the Zs symmetry. For illustration purposes, we have set rg = = 1,
0= %% since this is the relation between the mass and charge of the black hole for
an ordinary equation of state (see next section), and @ = 0.5. This value for ) was
chosen only to show an appreciable deviation from the AdSs spacetime. Expressed
with our radial coordinate r, it is seen that the symmetry exchanges the short and
large distances, i.e. the long distance solution is a mirror of the short distance one
through the relation r < r2/r. Notice that, due to the symmetry, there is a kink in
the metric functions a(r) and n(r) at the position of the brane. In fact, for a metric of

the general form (2.1), it was shown in [33] that for the geometry to be well defined,

the following jump equations for the metric functions must be satisfied at the brane:

a/ l‘&2

C[L_lbll— = —?5/): (220)
n' K2
T[le]l = 3 (20 +3p), (2:21)

where

I is the energy density of the brane and



2.4 Physical Brane 12

P is the pressure.

The functions are evaluated at the brane’s location in the extra dimension, and the
notation [f'] := f'(r*) — f'(r~) stands for the jump in the derivative of a func-
tion. These equations are obtained by requiring the metric to be continuous, but
its first derivatives are allowed to be discontinuous (as is the case here) so that the
resulting Dirac delta function in the second derivatives matches, through the 5D Ein-
stein equations Gap = ﬁ;gTAB, the Dirac delta function in the stress-energy tensor
T8 |orane = ‘s(r—;r*ldiag(—-p, P, D, p,0) of an ideal infinitely thin brane (here p and p are
constants with respect to position in the brane for a homogeneous cosmology). These

jump conditions are exploited explicitly in the next section.

2.4 Physical Brane

Having found the conditions that the brane must satisfy in order to be correctly
embedded in the spacetime, we now use them to define the range of permissible values
of the parameters (rg, po,&o) that describe a brane on which we put the standard
model particles; we call it the physical brane. Here, &g := ;Lg is the equation of state
of the brane.

Using the jump equations (2.20-2.21), we deduce expressions for the mass and
charge of the black hole in terms of the brane parameters. Recall the metric (2.18)

from which we identify

b= — (2.22)

VR(r)’
2 1 1”2
> := 4/ h(rd =y - T .
for r > 7 n h(r¢/r),a I b ) oy (2.23)

(we could have taken the negative square root while doing this identification, but it

for r <y n:=+/h(r),a:=

o~ =3

amounts to the same thing because then the negative signs cancel since we have £T—;)l|
and %) Note that for n to be a well defined real quantity, we demand that h(r) > 0
for the part of the spacetime that we intend to keep, since then the ¢ coordinate in the

metric remains timelike and the r coordinate, spacelike. So in the following, we shall
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assume that the values of u and @ are such as to make h(r) > 0; it is shown below
that this is indeed the case. With these functions explicitly defined, and choosing
to keep the interior region with the r «» 72/r Z, symmetry understood as described
previously, one gets [a] = —2/ and [n/] = —h//v/h. It then easily follows from (2.20)
that

64/ h(ro) = fcgporo, (2.24)

from which it follows that py > 0, the physical brane has a positive tension. At this
stage, according to previous discussion, keeping the interior region is the natural thing
to do if one wants a finite 4D Planck scale. In the next section, another possibility is

discussed, where the exterior region is kept instead. Using (2.24) in (2.21) yields
18K/ (ro) = —K;5(2 + 3&0)gro- (2.25)

Substituting the expression h(r) = ’l”—22 -5+ %2 in the square of (2.24), and in (2.25),

we get
n_w @
36 (13 — r% + 7”3) = ﬂépgrg, (2.26)
b Q7 -
36 <l2 +o r_4> = —k3(2 + 3Qo)pre. (2.27)
o 0

Thus, as a consequence of the jump equations for a static brane (in the static case,
the two equations are independent), the mass y and charge @ of the black hole are

related to the parameters of the physical brane, by

I o).
L=3 (1 + %wop(%) 73, (2.28)
A9 1 _
Q=21+ 72(1 + 3@0)pa | 78, (2.29)
where, to simplify notation, we defined
P T
= 7
ﬁ2 — Ii}glz 2
~o B,
o= l—z—)
A Q2
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That way, the hatted quantities are dimensionless and the distances are measured
in units of I, the AdSs radius. These equations impose constraints on the brane
parameters.

First, if pg, @o, it and Q are physical fixed parameters, then the value of 7 is
determined from (2.28-2.29), and a fine tuning corresponding to the cosmological
constant problem is required. If, however, in a self-tuning approach, the values of
it and Q are allowed to dynamically adjust themselves then it might be that any
value of 7, is possible; one could position the physical brane anywhere in the extra
dimension. This might be preferable since it could be positioned far from the black
hole so that the space is closer to pure AdSs, making it more natural to perturb in
this background. But if 7 really is arbitrary, then a radion associated with it would
be phenomenologically dangerous. For the moment, let us keep these considerations
apart and leave 7y unspecified. It will be seen later, when the speed of gravity is
computed, that there is actually no dependence of our result on the choice of 7.

Next, we would like to obtain some constraints on go, apart from the gy > 0

discussed above. From the positivity of Q2 it is deduced that

—72
1 + 3o

po < (2.30)

when &y < —1/3. This provides an upper bound on go. When @y > —1/3, the
inequality reverses, but that does not make sense as a lower bound because the
requirement that p2 > 0 is already a stronger constraint.

Now, what about the brane equation of state, &y? For a radiation gas, the equation
is @ = 1/3, for a non-relativistic gas, it is @ = 0, but for the case of interest here, we
choose @y = —1, which is the ordinary equation of state for a cosmological constant
and represents pure brane tension. The restriction (2.30) then implies that 0 < g < 6.

Also, for that choice of equation of state, a nice relation between [i and Q exists:

32
A=37 (2.31)

However, as Csdki, Erlich and Grojean showed in [5], there is no horizon hiding the

black hole singularity for this particular value of @p. This is generally thought of as
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Figure 2.2: Plot of f(z) = 23/1% — iz + Q2. The positive roots, when present, show the position

of the horizons. In these curves, i took the values 2.5, (27/4)% and 3/2, respectively, while Q was
always equal to 1.

being unphysical since it violates the cosmic censorship conjecture [28]. It is seen
that there is no horizon in our case in the following way. The horizon is the place
where the 7 coordinate becomes timelike and the t coordinate, spacelike. Thus, at
that point, h(#) = 0, or equivalently, #4h(#) = 7 — 72 + Q2 = 0. Letting z := 72,
one looks for the positive roots of f(z) := z® — fiz + (2. This is a polynomial of
degree 3 with discriminant 413 — 27@4 (note that the discriminant is defined up to a
sign). When this discriminant is positive, there are three unequal real roots; when it
is zero, the roots are real with at least two of them equal; and when it is negative,
there is only one real root. The behavior of f(z) is shown in figure 2.2 for the different
discriminants. Note that £(0) = Q2 and that f’(0) = —fi, which implies that there is
always one and only one negative root (provided that Q2 # 0) since this is a degree
3 polynomial. So, if there are any remaining roots, then they must be positive, and
of course, these are the interesting ones, associated with the horizons. If there are no

positive roots, then there are no horizons. Thus, the condition for no horizon is that
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the discriminant be negative, or

A 4
s s, 2.32
Q* > 57 (2.32)

Plugging the expressions for i (2.28) and Q2 (2.29), and rearranging some terms to

make it easier to do the comparison, we get

1 1 ? 1 1 3
1— =P+ =1+@)pk | >{1-=p+=1+a)p] . 2.33
(1- g+ 550+ ) > (1= e+ a0 (239
With the choice @y = —1 for pure brane tension, this reduces to 0 > —p2, which is

clearly true, showing that there cannot be a horizon protecting from the black hole
singularity and that h(#) > 0 for every 7, as assumed previously. If &y was less than
one, the story could change. The range of parameters that would permit the existence
of horizons was studied in [5] but the end result is that this requires having exotic
matter on the brane, which is not introduced here for simplicity*. We are left with a
naked singularity that must be gotten rid of by cutting the spacetime with a second

brane that we call the regulator brane.

2.5 Regulator Brane

Now that the acceptable values for the parameters of the physical brane are known,
we seek those that are permissible for the regulator brane which is necessary to cut
the spacetime before the naked singularity. So the problem of embedding this second
3-brane in the 5D black hole spacetime must be faced again. In the following, the
parameters pertaining to the regulator brane are denoted by the subscript “-”, because
it is expected that it will be a negative tension brane. Luckily, most of the work was
already done in the previous section; there are a few signs that must be treated
carefully, however, before blindly replacing the subscripts “0” by the subscript “-”.
The jump equations (2.20) and (2.21) are derived on a very general basis and still

apply, as is, for this second brane. The place where one has to be careful is in

4This is actually a general feature. In [27], the authors derive a no-go theorem for horizon-shielded
self-tuning singularities which says in the case considered here that having self-tuning and a horizon

requires violating the positive energy condition on the brane.
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equations (2.18-2.19). The regulator brane must sit between the physical brane and
the black hole if one decided to keep the interior space. Hence one keeps the exterior
region with respect to the regulator brane. The inequalities in (2.18-2.19) then flip;
consequently, [a/] = +2/1 and [n/] = +h'/v/h. This then implies that (2.24) becomes

6/ h(r_) = —k2p_r_; (2.34)

unlike the physical brane, the regulator brane has a negative tension. Working out
the second jump equation carefully, there are two sign changes which cancel each

other and we get

18h/(r_) = —r5(2 + 30_)p’r_. (2.35)

In solving for j and Qz, recall that (2.34) must be squared, which will cancel the
newly introduced minus sign. So, although it is not obvious at first sight that the
equations for i and Q2 should remain unchanged because the jump equations change

sign at the regulator brane, they in fact still have the same form:

1
fp=3 (1 + 3—603_;32_) M, (2.36)
5 1
Q*=2 (1 + 5(1 + 3&_)[)2_) 7. (2.37)

Note that the motivation for keeping the interior region when placing the physical
brane was that a horizon would naturally cut the space near the singularity. Having
shown that this is not the case we introduced the regulator brane to play this role. But
there is another way of cutting the space that provides a means for eliminating the
naked singularity and a diverging 4D Planck scale. We could have taken the physical
brane to be the inner brane and the regulator brane to be the outer one. The previous
analysis shows that the sign flips cancel and we again have the same equations for
i and Q2. The only thing that would change is that now the physical brane would
have the negative tension while the regulator brane would have the positive one. This
is an interesting option because then our scenario resembles the RS model [3] and
allows us to solve the hierarchy problem, i.e. the problem of why the electroweak

scale (Mgw ~ 1TeV) is so different from the Planck scale (Mp =~ 10%TeV) [17].
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Their setup involves two branes, one with positive tension where the graviton is
localized, and one with negative tension where the standard model particles (our
world) are confined. The decreasing warp factor in their metric is what makes the
gravitational coupling weaker on the negative tension brane and this generates an
exponential hierarchy. In order to both follow the treatment of [5], which assumes
that we live on the positive tension brane, and consider a solution to the hierarchy
problem, we will not restrict ourselves to live on a particular brane. We will rather
investigate the two cases, namely that the physical brane can be the positive or the
negative tension one. A remark on the notation convention that will be assumed from
now on: the “0” and “-” subscripts always refer to the positive and negative tension
branes, respectively. The term “physical brane” refers to the brane on which we live,
irrespective of the sign of its tension which varies depending on the situation that is
considered; the “regulator brane” is the other one and has opposite tension.

Since [ and Q? are physical properties of the black hole, which are now fixed by the
positive brane parameters, and are constants in the bulk, equations (2.36) and (2.37)
are used in reverse to solve for (7_, j_,@_), the position, energy density and equation
of state of the negative tension brane. By equating the expressions for j (2.28-2.36)
and Q2 (2.29-2.37), we get

(1 + glawoﬁ{‘;) o = (1 + %w_ﬁi) (i (2.38)

and
(1 + %(1 + 3@0)p§> 8 = (1 + %(1 + 303_);33) 7. (2.39)
Since there are two equations and three unknowns, there is inevitably one parameter
that must be specified. As a first attempt, specifying a valid equation of state for the
negative brane seems easy and natural to do. But then, depending on the choice of
@w_, there are times when it is possible to solve uniquely for the other two parameters
7_ and p_, other times when there are two possible solutions and other times when

there is no solution at all. So it appears that arbitrary values of @_ are not permissible

(the situation is described in detail in appendix A). This results in many difficulties
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that disappear when we change our point of view and decide to specify the value of

7_ instead because this way of doing things allows us to choose the ratio

r_

x = (2.40)

7o
that solves the hierarchy problem.
Going back, then, to equations (2.38-2.39), w_ is isolated in the former, plugged

into the latter, and p? is solved for. It is also easy to solve for @_. With &g = —1,

the results are
2\ 1 /1 3 1
A2=A2 A ~ =-—1= 2 1_& - - _ = — 2'41
p_ p_ ("I">p0’w0 ) 7 36/ 24 \ 2 2 + 2 ( )

2
Py _
- (1 36) x4
1

and

w_ = (:)_(x,ﬁo,l:)o = —-1) = (242)

Plots of these functions are shown in figures 2.3 and 2.4. It is observed that, for z < 1
so that the negative tension brane is the inner one, as it should, the map between
p2 and z is one-to-one. Also, there is no upper limit for g2, but there is a lower
limit that is simply p2. Looking at the plot for @_, now there is both a lower and an
upper limit. The lower limit is —1 while the upper limit depends on 2. Furthermore,
for @_ > 0, the plot is no longer one-to-one, which is the source of the difficulties
mentioned earlier when @w_ was chosen as the specified parameter. This is why z is
naturally a better choice.

It was mentioned that by choosing z, the hierarchy problem could be solved®. The
appropriate value is z = 107¢ [3], which means that gy needs to be very close to 6
in order to generate a significant range for the p? and &_ parameters. Otherwise, p2

is incredibly large and @_ is very nearly 0. Observe that it was the equation of state

SIt is clear that this is true if we live on the negative tension brane since this is the Randall-Sundrum
setup, but if we live on the positive tension brane this is less obvious. The authors of [35] suggest
that this may still be possible if a warped supersymmetric extension of the model is introduced. We
will not discuss the details of such a model, but just consider z ~ 10~16 as an appropriate value for

the inter-brane distance ratio in our two cases.
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Figure 2.3: Energy density of the negative tension brane as function of its position (eq. (2.41)).

of the positive tension brane which was fixed. In the case where the physical brane
is the negative one, @_ could be slightly positive, depending on the value of gy. If we
insist that the physical brane still has a —1 equation of state, then the z > 1 part
of the graphs can be used to determine @y. In the following, we concentrate on the
@ = —1 case so that (2.31) holds. This will provide important simplifications later

OI1l.

2.6 RS Coordinates

Since we want to get the solution to the eigenvalue equation (2.5) by treating the
metric (2.18-2.19) as a perturbation of the Randall-Sundrum background, it is logical
to transform to the RS coordinates. The transformation is given explicitly by 7 —

foe™¥, where k := 1/l, and the rescaling (t, &) — 7(t,©). Then, the metric becomes

d82 — —6_2kly|il(y)dt2 + e—2k|y|d:i-’2 + _}:zzl__).dyz (243)
Yy
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Figure 2.4: Equation of state of the negative tension brane as a function of its position (eq. (2.42)).
where now

Y is the extra dimension; (2.44)

h(y) :=1— %e“’“'yl + %;66’”?/' describes the black hole spacetime. (2.45)

The positive tension brane is at y = 0, the negative one at y = y_ and the black hole
is at infinity. Note that with these coordinates, the Z, symmetry is taken care of by
the absolute values of y; there is no more need for two different functions to describe
the metric. This form for the metric is what will be used from now on. Observe

further that, when there is no black hole (4 = 02 = 0), the RS metric is recovered,
ds® = e W (—dt?* + dF?) + dy®. (2.46)

This fact confirms that (2.43) has the appropriate form for perturbing in the RS

background (see section 3).
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Similarly, the equation of motion (2.5), becomes

S 0(4) = P90 ~ s (D 0,00
(2.47)
for a metric of the form
ds? := —n?(y)dt® + a®(y)dz? + 72e W (y)dy?. (2.48)

Comparing (2.43) and (2.48), one deduces

n(y) = el Jh(y), a(y) = e, bly)= ——t——  (2.49)

7o ﬁ(y)e—klyl

for our case. Inserting these in (2.47), we get the final form for the equation of motion

of a scalar field in the AdS-Reissner-Nordstrom metric:

" —4k sen _i_L_l_(y_) ! e2klyl __uf____ ¢ =
¢(y)+( 4k sg (y)+h(y)>¢(y)+ ¢ (ﬁz(y) B(y)) ¢(y) =0  (2.50)

This is the equation we will seek to solve in the remaining parts of this work. It
corresponds to the expansion of the equation for the propagation of a scalar in the

background metric (2.43):

1

Vgl

The boundary conditions, imposed by the Z, symmetry, that ensure the evenness

O =

94(V/|9lg*Bop®) = 0. (2.51)

and smoothness of the solution at the orbifold fixed points are explicitly given by

¢'(Y)lym0y. =0, (2.52)

and the position of the negative brane appropriate for solving the hierarchy problem

is given by ky_ = 10m.
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PERTURBATIVE APPROACH

We mentioned that Csaki, Erlich and Grojean considered the black hole metric as a
linearized perturbation around the RS spacetime. This calculation, which is repeated
here for completeness, contrasts with the perturbation method used in subsection 2.1
in that it is not the momentum which is perturbed, but the metric functions. As said
previously, it is done in this way because the solution in the RS background is known.

For the purposes of using the perturbation technique, let us write the perturbation

as

h(y) = hO (y) + A (y) (3.1)

where equation (2.45) dictates that

. 7 Q2
AO(y) = —pettl 4 et (3.3)
0 0

The solution is then expected to be of the form

du(y) = )+ 2P (y) + X2 () + -+ - (3.4)
wp = W@+ A0 + X202 4. .. (3.5)

We will first solve the unperturbed problem and then add the first order correction.

3.1 Unperturbed Case Solution: ji=Q? =0

The unperturbed problem is the case without the black hole (i = Q2 =0=
h(y) = 1,/ (y) = 0); the eigenvalue equation (2.50) is reduced to

8.0 (y) — 4k sgn(y) ¢° (y) + mae®MpP(y) = 0, (3.6)

23
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where
my, = (W)? - §%. (3.7)

Recall that here we work in the RS background (2.46). Since this metric is symmetric,
the ¢ and Z coordinates are treated on equal footing. It is then appropriate to define
m2 = (w”)2 — G as the separation constant when the separation of variables is
performed. This is not possible when working in an asymmetrical background as
can be seen from the equation of motion (2.47) where there is a difference in the
coefficients multiplying w2 and ¢2. This is clearly apparent in eq. (2.50) where the
relationship between w? and §? is altered by a function of y. Note that a subscript
n is introduced. This is to emphasize the fact that this is an eigenvalue equation
and that there are many eigenvalues satisfying it. We will refer to these different

eigenvalues as the different modes of the scalar field.

Further insight about the meaning of m2 can be obtained by decomposing the 5D

action, with 8O)(t, 2,9) = 5, pu(t, DEV(y) := 3, 7940 3):

Ssp = -;— / d*zdy /|glg*P0.2O (8, Z,y) 052 (1, Z,y) (3.8)
= %Z {/ d*z n“"@ucpna,,cpm/dy e“Zklquﬁ?)(bﬁg) (3.9)
+ / d*z OnPm / dy e_4k|y|8y¢$l°)8y¢,(3)] ,  integrate by parts
= %Z [/ d%n“”@ucpna,,gom/dy 2kl $(0) () (3.10)
- / d*z onom / dy ¢§,2>ay(e-4’“'ylay¢§?>)} ,  recall (3.6)
= Z B/d‘lm (n“"@ugon&,(pm—i—miapn(pm) /dy e_2k|yl¢£l°)¢£2)] . (3.11)

By demanding that the state be normalized in the y direction, i.e.

/dy e—2k|y|¢7(10) (y)¢1(3) (Y) = bum, (3.12)

the 5D action reduces to a 4D action Sip = 33, [ d*z (0" 8,0n0upn + MEPneyn).
Therefore, the bulk field ®(¢, Z,y) is seen, by a 4D observer, as an infinite tower of

scalars n(t, Z) with masses m,,, which are the eigenvalues of equation (3.6).
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Figure 3.1: Quantum mechanics potential in the RS picture (eq. (3.14) with k = 1). There is one
bound state due to the delta function at the position of the positive tension brane.

In [4], Randall and Sundrum transform the problem to a more familiar non-

relativistic quantum mechanics one. Starting from (3.6) they change variables to
5 ©

z = sgn(y)(e*W — 1) /k and ¥(2) := "—51‘0—2@6‘3”?/’/2, thus turning the problem into the

Schrodinger equation, for which one has more intuition. They get

[ n mg,
28+ V()| 9(2) = Tai(e) (313)
where the potential, sketched in figure (3.1), is

15k2 3k
V@) = s 12~ 2 7 1)@

(3.14)

From the shape of the potential, it is deduced that there is only one state bound to
the positive tension brane because of the negative delta function. The bound state is
the zero mass mode discussed in the next subsection. All other states are scattering
states because the potential goes to zero at +0o and there is a continuum of Kaluza-
Klein states with all possible m2 > 0. This is modified by the presence of the negative

brane which has the effect of quantizing the m,,’s. Let us now derive those modes.
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3.1.1 Zero Mode

For the zero mode (m2 = 0), the solution to equation (3.6) is

e—4ky

- for y <0,
D =a+e] F = (3.15)
o T % for y > 0.
Enforcing the boundary condition (2.52)
O, =0, (3.16)

we get that co = 0. Thus, qb(()o)(y) is just a constant (this, incidentally, also satisfies
the boundary condition at y = y_).

Alternatively, the same result can be obtained by following the example in [36].
Letting 9, (y) := e 2kl (y), the first derivative term disappears in (3.6) which
becomes

[—82 — mZe® Wl 4 4k — 4k6(y)]9a(y) = 0. (3.17)

The difficulty arising from the presence of the delta function is that it makes the
derivative of 9, (y) discontinuous at y = 0 by the amount of 4k ,,(0), which we get
by integrating the equation between —e and ¢, and taking the limit € — 0. One must
therefore be careful when matching the solutions for y < 0 and y > 0. In doing so for

the zero mode, we obtain

2ky —2ky
cse®™ + cqe for y <0,
Po(y) = (3.18)

—cge® + (3 + 2¢4)e 2Ry for y > 0.

Demanding that the solution be finite for all y implies ¢4 = 0, which yields 1(y) =
cse” !, Transforming back to the original function c;S(()o)(y) = 1ho(y)/e Wl it is
again deduced that ¢ (y) is a constant. From the normalization condition (3.12) we

get that

k -
¢ = 1 — e~2ky- ST VE. (3.19)

It may seem like the solution is not localized on the brane since it is a constant in
the extra dimension. This would be undesirable if the scalar field is to represent the

graviton responsible for our 4D gravity. The localization comes from the decreasing
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warp factor which effectively suppresses the wave function away from the positive

tension brane.

3.1.2 Excited Modes

Next, we tackle the cases where m2 # 0. We will refer to these as the excited modes
and follow the reasoning described in [37]. As it turns out, eq. (3.17) is in fact Bessel’s

equation of order v = 2. To make this more obvious, momentarily change variables

from y to ¢ := "2f— tl, ; then eq. (3.6) can be recast, for y # 0, as
L0 1 ¢, 2E) 1 (¢ — ) =0 (320)

which is one of the standard ways of writing Bessel’s equation. The solutions to this
equation are well known to be J2(¢) and Y32({), the second order Bessel functions of
the first and second kinds, respectively. In terms of the original variables, the solution
is

e%y (J (—“—)+b Yz(mey)) for y > 0,
ot (o (m5) +buaYs (m£2)) fory<o.

where N,, Ny2, b, and b, are constants. As before the solutions must be matched

¢ (y) = (3.21)

at the brane: ¢\ (Y)ly=0— = (y)ly_0+, and ¢(0)( )I = ) (y)‘ _=0. This
permits to deduce that N, = N, and
by, = bpe (3.22)
2kJs (B2) + my, J4 (B
_ _h (%L). (3.24)

<

(

The last equality follows from the derivative identity & [z™Jy(z)] = 2™Jpm-1(z) and

=[3
N—r’

a similar one for the function of the second kind. Putting that together, the full

solution for the excited modes is written as:

© _e%lyl (mneklyl> __J1 (M) (mneklyl)
o) =5~ | 2% vi(m) 2\ (325)
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In the RS potential (3.14), this is not normalizable because the potential goes to zero;
furthermore all masses are possible. But in our scenario, there is a black hole at infin-
ity and a negative tension brane (and hence another delta function in the potential)

is introduced to cut the space before the singularity. This has the consequence to

quantize m,. The boundary condition ¢;§0) (y)‘ = o0 (y)l = ( permits to
=y- y=—y-
find the eigenvalues m,,. We find
m J1 (M) m
(e ) — LY (e ) = 26
1<ke ) yl(mka)l(ke ) 0 (3:26)
or ( \
J1 (z,e Y-
n) — Y n) — Y, 3.27
J1 (.T ) le(xne_ky_) 1(1: ) 0 ( )
where
Ty 1= an—neky'. (3.28)

It is not possible to isolate x, in equation (3.27), so it must be solved numerically
once y_ and k are specified. However, in the case where e®¥- is known to be large,

like in the solution to the hierarchy problem [3], where ky_ = 10w, then it can be

J1 wne'ky—)

approximated that Vi (o) ~ 0 and the above reduces to looking at the roots of

the following function instead:

I (%’ieky—) =0. (3.29)

By numerically evaluating the roots of the Bessel function, one concludes that

my/k = 3.8317e *v- (3.30)
mo/k = T.0156e~*¥- (3.31)
ma/k = 10.1735¢7*¥- (3.32)
my/k = 13.3237¢*v- (3.33)

For conventional matter on the positive tension brane, k ~ Mp = 10! TeV [4]. This
means that the mass splitting is of a few TeV; the excited states may be detected in

future collider experiments. If matter is confined to the negative tension brane, then
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k ~ Mgw ~ 1 TeV. But m,, is the mass as seen on the brane at y = 0. Observers at
= y_ will see a mass scaled by e*¥- [17]. Therefore, the observed mass splitting is
again of a few TeV.
On the other hand, if ky_ is close to 0, then the previous approximation cannot be
used since equation (3.27) becomes a trivial identity. In this case, an exact numerical
solution is needed. From now on, we will assume that e*¥- is large and that the above

approximation can be done. For the low lying modes then, m,/k o« e *¥- is small,

and so is b, = G ~ T (M)2 x Ze~2ky-  as can be seen by using the asymptotic
n= )~ 1 ()« e, y using the asymp

approximations of the Bessel functions. Thus, in this approximation, the Y5 term can

be neglected when integrating the solution. For example, it is now easier to normalize

and find N,,:

Y
1= [0 aye e ) (3.34)
—y
= 7\/_—2 / dy e** J, (T ), because of the smallness of b,; (3.35)
My,
T / dttJ3 () (3.36)
~ n . . o . .
~ N / dttJ. ( t), the integral over [0,1] is negligible; (3.37)
_ ie%y‘ [J (mn ky-— ) J (mn ky— )J (mn ky— )] (3.38)
N’r2z 2%k 2 k 1 A 3 A .
eM- o rmy
= o ky-—
Nk J; ( 7 € ), because of (3.29). (3.39)
Finally,
62k|y| m. ekly] T /My 2 mnek‘yl
H) ~ e (Jz( o )+Z(T) Y2< : )) (3.40)
72 (Fretv-)

Of course, the zero mode solution that was obtained earlier can be derived from a
limiting procedure. However, the normalization that was just found cannot be used.
This is because that result was obtained by assuming that the Y3 term could be
omitted when doing the integral, but that is no longer true when m,, — mg = 0. It

is then better to proceed as follows:

2kly| kly| 2 klyl
O(y) ~ & Mn® T (D Min®
¢n’ () A (JQ( p )+ 1 ( - ) Y2< p >> (3.41)
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Figure 3.2: Wave functions for the first few excited modes (eq. (3.40)). ky— = 107 was used and
only the region where there are interesting fluctuations are displayed.

el (1 (mue\? 7 mo\2( 1 2%k 2
N, (5( o% ) +1(%) (= (mnekly|> (342)
. _NL, (3.43)

which is the same result as before, namely that ¢§,°) is a constant. 'The correct
normalization has already been done in the previous section.

In order to get a feel for the mathematical work that was done, the solutions are
plotted in figure 3.2 for the low lying modes. The zero mode is not displayed because
it is just a constant, too small compared to the other modes in this region. The main
feature is that the excited modes are concentrated at the negative brane. They grow

exponentially and they oscillate because of the Bessel functions.
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3.2 Perturbed Case: fi, Q2 0

Just as in subsection 2.1 we now introduce a small perturbation. In this case it is
AR (y), the black hole of our scenario. The small correction terms qSS,l)(y) and wi”
are then expected to be proportional to the perturbation terms %e“klm and %ze(’k'yl if
these remain small in the interval between the branes. Note that this implies taking
po very close to 6 to make /73 and Qz/FS sufficiently small, since we said that
ky_ =~ 107 (more on this in section 4). Our main concern here will be to find the
correction term w7(,1) to the energy, without being overly concerned about the exact

form of the corrected wave function.

3.2.1 Perturbative Zero Mode

Substituting (3.4-3.5) into the equation of motion (2.50) and keeping terms up to
order A only, and recalling that (w(()()))2 = ¢ and that qu(()O) (y) is a constant for the zero

mode, we get

#0(v) — 4ksen()eV(v) = M (—200 +*h0(y)) 6 (3.44)
- )2
_ (‘%ws” + (‘%—e‘*k‘yl + %—e“’“”")> -
(3.45)

The left-hand side of this equation is linear and the inhomogeneous part contains only
exponential functions of y. The method of undetermined coefficients can therefore be

used to solve this differential equation. The general solution is

1 i o 1 02 g2 1w®
D (y) = <C1 +oopethy — L AT ory | _Q_Q_eSky 420 Dooky ) 4O (3 46)

127 k2 32 78 k2 2 k2
for y > 0. The boundary conditions qbg(l)(y) o = 0, coming directly from
y=U,y-
eq. (2.52), permit to solve for cz,
14g° % 1 Q2 ¢? 2%k 4k
=B L gty = T (g 2y otky- 4
Co 81*3162( + e“¥-) 16 78 kz( +e + "), (3.47)

and to get an expression for the dispersion relation of the zero mode:

A

1 o 2
w§) = 17 (—2% + %(1 + ery")> e*¥-. (3.48)
o 7o
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Since the unperturbed solution is to be recovered when the perturbation terms vanish
it is deduced that ¢; = 0 because ¢, and wél) — 0 as [i, Q2 — 0.
Now, the linear dependence of w(()l) on the momentum ¢ implies that the velocity

of the zero mode is

8&)()

Ugrav, ‘= —3—(}— (3.49)
0wy + wp”)
N —— 3.50
5 (3.50)
By @ k) e
= 1+ (—2—7% + 4728(1 + =) | €2~ = const. (3.51)

Here, vgay, is independent of momentum and thus the limiting speed is simply

Coravy, ‘= qli_)rglO Vgrav, (3.52)
S (3.53)

Since electromagnetic radiation is stuck on the physical brane located at yynys and

follows a null curve ds? = 0, its speed of propagation is

—\ 2
Cem = (2—:) (3.54)

= /Ay = Ypnys)- (3.55)

When the physical brane is the positive tension one (ypnys = 0), this is

poQ
~1-— -, .

If the jump equations (2.31), fixing the mass and the charge of the black hole, are
used to relate fi and Q2 the difference between the speed of the graviton zero mode

and the speed of the photon in this background can be expressed as

A

2
oky- @

6

273

= const. wrt g to first order in /i and Q? (3.58)

(vgravo - Cem)perturbatively = (COSh(Zky_) - 1)6 (357)

> 0, always. (3.59)
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So the perturbation approach of Cséki, Erlich and Grojean predicts that gravity will
always propagate faster than light in such a spacetime.

If, on the other hand, we choose yynys = y—, then the results are

A

N 2
Com =~ 1 — i ethy- 4 X @ eﬁky~

.60
23 o (3:60)

and

(Ugravo - Cem)perturbatively = _(COSh(2ky—-) - 1)e4ky._€2_6 (361)
= const. wrt ¢ to first order in /i and Q? (3.62)

< 0, always. (3.63)

In opposition with the previous case, the speed of gravity is found to be slower than

that of light on the negative tension brane.

3.2.2 Attempt at Finding a Perturbative Solution for the Excited
States

Here, we try to extend the results from the previous section to the excited states.
The motivation for knowing the propagation speeds of these modes is that Lorentz
violating kinematics could influence the decays of such particles [15] and provide
new signatures for the presence of extra dimensions. Proceeding similarly as before,
but using (3.7) instead, we end up with the following differential equation for the

correction function:

$n0(y) — dksgn(y)¢V(y) + Mmlod(y) (3.64)
- o (y)dz(O) (y) — o2klyl ( (2m + q h(l) ) +2 /m2 + q2w(1)) ¢(0)
(3.65)

e4k|y‘ . 3 Q262kiy|
fi— 57— | 0 sen(y) (3.66)
0

etklyl

32 ,2k|y|
—e? ((2mi+q2> (ﬂ— Q ;2 ) -+ 2Vm] + gw ”) ¢ (y)

0 0
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The homogeneous equation is the Bessel equation, which has already been met. But
that equation is not linear! Therefore, the method of undetermined coefficients is
inapplicable. That makes the inhomogeneous equation much harder to solve. The
method of variation of parameters could be an option, but the inhomogeneous part
being so complicated, it is discouraging even to think about trying this method. In
fact, inputing this equation in a symbolic mathematical software results in a long, un-
usable, solution with unperformed integrals. After considering many possible analytic
approximations, we found that none were really suitable. Because of the difficulties
involved in extending the perturbative technique used in [5], we try another method,
one that is closer to the treatment used in section 2.1.

Restarting from (2.50) and redoing the change of variables 9, (y) := e~ 2kl ) (y),
the equation of motion is rewritten as
w2ely

H"l’n(y) == il(y)

Yn(y), (3.67)

where

H = 08,(hy)d,) — 4k*h(y) + 2ksgn(y) b'(y) — g™ + 4kh(y)5(y) (3.68)
= [0,(h©8,) — 4k2h© + 2k sgn(y) K@ — g2 W + kRO 5(y)]

+A[0,(RM8,) — 4k*h® + 2k sgn(y) 'Y + 4kh W (y)] (3.69)

= HO 4+ \HO, (3.70)

to first order in A.

Note that H® is a Hermitian operator in the usual sense. This may not be obvious
since the wave function does not vanish at the branes, and so the boundary terms
that arise when integrating by parts in order to prove the Hermicity do not disappear.
But here the periodicity of the space is what saves us. Explicitly, doing it only for the
first term of H(© which is the only one that is suspicious with regards to Hermicity,
we get

Y- . Y- . o
Pr0, (R0 Wmdy = 8y (W 0y m) — B, Ynh 00 dy  (3.71)

—-y- -y
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N Y- R
[Wih@8 Y. ~ | 8,4k O0dmdy  (3.72)
Yy Yy Yy Y

= [0, pmY,.
[ 0,002 hOp) — 8, (OB, dy (3.73)
Wb @0yl — 18R O],
+ [ 8,00, dy (3.74)
—y—
Y-
- / (8, (RO, ) dy, (3.75)
Y-

where the boundary terms vanish because the functions at y_ are the same as those
at —-y_.

Using this expansion for H and the previous expansions for w, and iL(y), the
unperturbed equation (3.17) can of course be recovered. The order X equality is then

W0 + @@ — ey (o oy hY
H 1/}n +H ¢n == (wn )I‘pn ( )

PO 42 MO 1 (3.76
70) h(O) + 2w, w,, ', ) ( )

Just as in section 2.1, we take the inner product with wr(lo) and use the Hermicity of

H® to cancel the terms involving w,(,l). This yields
0 0 0 ) 0
—<¢r(z)|H(1)¢r(z)> + (w ( )) (¥ (O)I(:(O))2 2k|y|¢7(l)>

2% 7(10) < (0) | e:(“(ljﬂ)ll 7(l0)>

wh = (3.77)

The inner product in the denominator is just 1, if we use the normalization (3.12).

Putting in the explicit form of H(), the expression becomes

wd = (0)/ O (g (h(l)a) 4k*RY + 2R W)p(O gy
+w0 / ¢*<°>h 2O dy (3.78)
n h(o) n
= (O)A (h) + WO B, (h). (3.79)

Since w® = vm2 + ¢, and m,/k o< e7*¥- all the terms are roughly comparable for
q <K m,. But, for large momentum g, only the second integral is important. In that

case,

1) (0))2 e2ky 4 3.80
o) g [P vy (3.80)
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Y- [ Q2
= g / O | — e + 2B | dy (3.81)
0 To To
q [V o (M 2 6ky Q2 8ky
N L e =~ d 82
Nﬁ/o J2< . 7*38 +TAge Y (3.82)

The last approximation is the same that has been done before, i.e. we assume that the
Y, term can be neglected when integrating. The resulting integral, although simplified
compared with our original expression, can still not be performed analytically; the
second term, and most important one, resists every attempt that was made. Even
expanding the Bessel function in a Taylor series does not help, too many terms would
have to be kept in order to mimic appropriately the behavior of the wave function
near the regulator brane. This is rather disappointing since we are thus reduced to
using numerical integration. However, our analysis is still useful in the sense that
it tells us that the first correction term to w, is proportional to ¢ for large enough
momentum, just as for the zero mode, while it should be inversely proportional to
this quantity for low momentum (if we can still assume that ¢ > m,). Moreover

we can show how the dispersion relation is expected to change. Squaring eq. (3.5)

results in
W = (WO +r® +...)2 (3.83)
~ (m2 +¢)(1+ 2By (h)) — 24,(h) (3.84)

to first order in A\. Comparing with the usual dispersion relation (2.7), it is deduced

that the limiting speed of the n*® mode has been modified to
ey, = 1+ 2By (h) (3.85)

and that the mass of the mode changes due to the presence of the black hole pertur-

bation:
M2 = m2(1 + 2B, (h)) — 24, (k). (3.86)
In terms of these, the group velocity of the n** mode with momentum gq is

Own,
Vgrav, = '% (387)
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2
C
~ grav, I (3.88)

MR+ o,

As a consistency check, it can be verified that this result reduces to the previous

one for the zero mode case where it is possible to do the integrals. In fact, plugging

Oy) = \/ 1—_—6_’“%76‘2’“3’ into (3.79), the first integral, Ao(k), vanishes and the second
one, By(h), yields exactly the result (3.48) that was obtained from a different method.
The speeds of gravity (3.51) and (3.85) then also agree. In this case the mode remains
massless, My = 0, to first order.

Since it is not really worth using numerical techniques to compute the integrals
An(ﬁ) and Bn(ﬁ) just to get what will be an approximate result anyway, in the next
section, we redo the calculation for the speed of gravity, but this time using numerical
methods on the exact equation (2.50). That way we will be able to investigate not
only small perturbations, but larger ones as well. We will observe the behavior of
Vgrav, — Vem fOI the zero mode and the first low-lying ones. In particular, we want to

find out if the dispersion relation always remains linear at large g and if the speed

difference could change sign.
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NUMERICAL SOLUTION

After trying to extend the perturbative solution to the excited states and not being
able to find an analytic form, we end up needing numerical techniques to solve our

difficulties.

4.1 Method

Starting with equation (2.50) for the equation of motion of ¢ in the bulk, equa-
tion (2.31) is used to eliminate [ in favor of (2. Note that the way of writing the
perturbation (2.45) is misleading in a sense because it gives the appearance that the
equation is dependent on 7y. Remembering equation (2.29) for (2, however, the iird
dependence is seen to cancel out. The variables that the equation really depends on
are then ¢, y and po (it would also depend on @y, but it was already fixed to be —1).
For ease of computation, let us further define § := 36 — p2, which is a measure of
how close py is to 6. This allows to quantify the perturbation and thus to make
comparisons with the perturbation approach which, may be recalled, is only valid
when the perturbation terms %e“’“'yl and %)Eeﬁmy' remain small compared to 1 in the
interval between the branes. In terms of 8, Q?/#$ = §/18 and the equation of motion

i1s rewritten as

§'(y) — 4k sgn(y) (1 = _") #(y)+ e ( v ) s@)=0, (41
y) — 4k sgn(y) | —2— | ¥'(v) +e — = y) =0, .
h(y) h?(y) h(y)

where now

) = 14 O ettul (3 2kl

h{y) =1+ 3¢ —5te . (4.2)
The domain of small perturbations is then simply

—— é 6ky_
A= T <1, (4.3)

38
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where only the Q2 restriction was used because it is the strongest one. A is defined to
be the value of the perturbation. For the case where e*¥- & 10'® to solve the hierarchy
problem, this means that § < 1.8 x 107%, which justifies the previous statement that
po is very nearly equal to 6 1. For simplicity, we will let k¥ = 1 to set the scale of the
problem.

Our goal now is to solve numerically the boundary value problem defined by equa-
tion (4.1) with boundary conditions (2.52). MAPLE’s numeric routines were used;
they proved to work better than the Numerical Recipes’ shooting technique [38] for
this situation. It is quite understandable that this problem is hard to solve since
the equation contains great hierarchies due to the exponential functions of y and
the smallness of § (4.3). It may be thought that changing variables to the previous
¥ (y) would remove part of the hierarchy and make the equation easier to solve, but
that turned out not to be the case; the computation times were even greater and
convergence of the method less frequent. Computations for large values of y remain
difficult to perform. We therefore concentrate on solving the problem correctly for
small hierarchies and then try to extrapolate the results to greater ones.

Once a list of values for w as a function of ¢ and § is obtained for a given mode,
the extraction of its speed of propagation is done by numerically computing the
derivative (3.87). To exhibit the difference between the speed of the graviton’s nt®
mode and that of an ordinary particle with the same mass, with usual maximum
speed Com, We plot

Ygravy, — Vem (4.4)

)
vem

where e, is simply the expression (3.88) with cem, given by (3.55), in place of cgray.
This gives the factor by which the velocity is increased for gravitons with respect
to ordinary particles stuck on our 3-brane. Note that, here, the numerical result

(M? = w? when q = 0) is used for the mass of the particle in the expression for

1This may look like a fine-tuning, but it is not a real one. It is not a requirement that § be that small
for the solution to the hierarchy problem to work. This is merely a requirement to ensure that the

perturbation method is valid.
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Vem- It would not have been totally appropriate to use (3.86) in ven because then
the particles that are being compared may not have exactly the same mass. Still,
the approximate mass is used in the computation of the first order prediction from

perturbation theory.

4.2 Results

The results yielded by the numerical procedure described above are displayed in this
section. We show that in the perturbative regime we recover the predicted behavior

of section 3, but that this behavior changes for stronger perturbations.

4.2.1 Zero Mode

The zero mode case is perhaps the most important one because it is responsible for the
1/r? behavior in Newton’s law of gravity [4]. It is also the one for which the first order
result in perturbation theory is most complete, with predictions for the energy, speed
difference and wave function corrections. Recall that for this case, the unperturbed
solution is simply a constant and that the first correction is given by (3.46). This
is dominated by a term going like e®*¥ and can therefore already be seen to yield
unreasonable results at large y_. This is verified by plotting both the perturbative
solution and the numerical result for different values of y_. (figure 4.1). For the
lower y_, there is good agreement between the two solutions. However, starting at
about y_ & 4 (this value actually depends on ¢ and §), the deviations between the
two solutions are becoming important. Whereas the perturbative solution becomes
increasingly negative, the numerical one flattens out to 0. The wave function is
therefore no longer constant and feels the negative tension brane less and less as
the distance between the branes is increased. The fact that the perturbative result is
diverging from the true solution at higher y_ is important to note for the computation
process because it is the first order result that is used for the first initial guess. As can
be seen, this is not always appropriate and can result in longer computation times

and nonconvergence. In those cases where the first order result is too far from the
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Figure 4.1: Zero mode wave function at different positions of the negative tension brane. The blue

curve shows the first order prediction from perturbation theory and the red one shows the true

(numerical) solution. The plot at the left is for y_ = 2 and that at the right is for y_ = 4; here
=1 and A = .1 for both plots.

exact one, it is best then just to use the unperturbed solution, which is actually closer
to it.

Figure 4.2 shows the orthogonal projections of a three-dimensional plot of the
correction to w((,o) as a function of ¢ and A. This allows us to verify the computation
of the energy eigenvalue. As expected, the numerical and perturbative results are in
better agreement for lower perturbations. What comes as a surprise though, is that
there is also better agreement at low ¢, which was not believed to be a requirement
for the small perturbation regime. It really is the appropriate combination of g
and ¢ that makes the numerical and perturbative solutions agree. The higher the
perturbation, the lower ¢ needs to be, and vice versa. In the example shown, where
A ranges from 0.1 to a value as high as 1, the results are in fair agreement, even
for the large perturbation, provided that ¢ is kept small (0.05 in this case). And a
weak perturbation of A = 0.1 can give an unacceptable first order result if ¢ is large
enough (not shown here since the graph stops at ¢ = 2). This was found to be the
case for even smaller perturbations.

At this point, one might wonder what is the value of wy when ¢ = 0, or equivalently,
does the zero mode acquires a mass due to the perturbation? Although we were

not able to compute directly with ¢ = 0 for this particular mode, the tendency of
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Figure 4.2: Correction to w(()o) as a function of ¢ and A. The dotted lines show the perturbative
prediction (3.48), while the solid lines show the numerical result. Each color represents a different
perturbation or momentum, and y-. = 2.

Wo —w(()o) to decrease with ¢ indicates that the curve indeed passes through the origin.

Furthermore, since the theory should reduce to 4D general relativity at low energies,
and the graviton mass is forbidden by general covariance, there is good reason to
believe that the mode remains massless as perturbation theory showed to first order.

With My = 0, (4.4) is in fact (Vgrav, — Cem)/Cem. This is plotted in figure 4.3,
along with the perturbative prediction (3.57) for the case where the positive tension
brane is the physical one. The first plot shows the dependence of the velocity on the
momentum. As noted earlier, the perturbative approach does not show this depen-
dence, hence the horizontal lines in the first graph and the unique dotted line in the
second graph (displayed in red, but valid for all momenta). The numerical calculation
shows on the contrary that the speed of the particle is ¢g-dependent. Moreover, it is
interesting to note that vgy, is decreasing monotonically with g instead of remaining
constant, as is normally the case for a massless particle in our everyday world. It is
also bounded from below. Therefore, cgray, as defined in (3.52) is not a limiting speed
in the sense that it is the maximum speed, but rather a lower bound for the speed
of gravity and that lower bound corresponds to cey since the curves eventually all
go to 0, no matter what the perturbation is. There is also an upper bound to vgay,,

given by ¢ — 0 and it corresponds to the perturbative result for small perturbations,
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Figure 4.3: Relative speed difference between the gravity zero mode and the photon as a function
of ¢ and A when the physical brane has positive tension. The dotted lines show the perturbative
prediction derived from (3.57), while the solid lines show the numerical result. Each color represents
a different perturbation or momentum, and y_ = 2.

but is lower than this for A closer to 1. From these results, it is seen that the usual
dispersion relation gets modified in a more complicated way than what was expected.
It is not clear at this point what the correct form should look like, analytically. We
can comment, though, that the reason why the effect disappears at high energies
is that the de Broglie wavelength which is proportional to 1/q is becoming shorter
than the AdS length I. Therefore, the energetic gravitons do not see the spacetime
curvature, nor therefore the Lorentz invariance breaking, and they propagate as in
flat space, bending negligibly in the bulk. Hence the speeds of propagation tend to
the conventional value. The second plot shows the dependence on the magnitude of
the perturbation. For small A, the behavior is linear, as expected, but for larger
perturbations this changes. As A keeps increasing, the speed of gravity reaches a
maximum and then begins to fall back to the ¢y value. This is slightly noticeable on
the blue and yellow curves of the example, where A was limited to be less than 1, but
it was verified to be the case even for the other curves if larger perturbations were
allowed. In conclusion, for high enough momentum or perturbation the difference in
propagation speeds between gravity and electromagnetism reduces to 0. The most
important differences occur at low gq.

The previous results were obtained for a very low hierarchy (y— = 2). As y_ is
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increased, the shape of the curves in figure 4.3 remains more or less the same except
that the interesting features are occurring at lower and lower ¢, for the same range
of A, and the differences in speed are decreasing in magnitude. Figures 4.4 and 4.5
show respectively the approximate value of the momentum below which behavior
similar to the one shown in figure 4.3 is expected, and the order of magnitude of the
maximum relative difference in speeds between gravitons and photons (A = 0.3 was
kept constant). At y_ = 2, the maximum relative differences between gravity and
electromagnetism is of order 0.1%, while at y_ = 10 this is of order 1x1078%. Starting
near y_ = 10 the computation is attaining its practical limit. From an extrapolation
based on the fact that the effects decrease exponentially with g_, it is found that at
y— ~ 107, the maximum relative differences between gravity and electromagnetism
is of order 1 x 1072"% and the value of ¢ at which we would begin to see such a small
difference is about 1 x 10713, in units of k. In this case where the physical brane has
positive tension, k ~ Mp;; this means that the interesting momenta are suppressed
to near the TeV scale, making them more accessible. The origin of the exponential
suppression for the differences of speed is readily understood. Equation (3.57) goes
like Q%e*¥- /7§ at large y_. But Q%/75 goes like e%¥- A, Consequently, (Vgrav, — Cem)
goes like e~2%¥- since the perturbation A is the quantity that was kept constant while
y_ was increased.

In the other case where the physical brane is the negative tension one, the analog of
the graph 4.3 is shown in figure 4.6. The numerical results follow the perturbative ones
(3.61) very closely. The magnitude of the effect is more important in this case, being
of the order of 20% approximatively for A = 0.5, and this time the speed of gravity
is less than that of light. The ¢-dependence is very weak while increasing A has the
effect of increasing the difference of speeds. Contrary to the previous case, as higher
hierarchies are generated, the magnitude of the effect does not change. This can be
seen from equation (3.61) where the dominant contribution goes like —(Q2e8%¥- /78,
i.e. exactly as A, which was kept constant. It follows that the difference in speeds

also remains constant.
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Figure 4.6: Relative speed difference between the gravity zero mode and the photon as a function
of ¢ and A when the physical brane has negative tension. The dotted lines show the perturbative
prediction derived from (3.61), while the solid lines show the numerical result. Each color represents

a different perturbation or momentum, and y_ = 2.
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Figure 4.7: Excited states wave functions for the first (left), second (middle) and third modes (right).
The blue curves show the unperturbed solutions and the red ones show how the true (numerical)
solution behaves as a result of the perturbation. Here y_ =2, ¢ =1 and A =1 for each plot.

4.2.2 Excited Modes

Now, passing to the excited modes, we do a similar analysis. Figure 4.7 shows that
the wave functions of the first three excited states change less dramatically than for
the zero mode, even for a large perturbation. It is interesting to compare with figure
3.2 showing the wave functions of the unperturbed problem at a large hierarchy.
Figure 4.8 shows the correction to the energy eigenvalue. As it should, the per-
turbative result agrees with the numerical one at low perturbations. The agreement
also seems better at low ¢, but it is a less important effect than for the zero mode

case. In particular, the fact that the first order correction to the energy is greater
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than the true correction for ¢ = 0 implies that (3.86) overestimates the mass of the
excited modes. At higher momentum, the curvatures of the lines representing the
first order result and the numerical one do not even agree, showing the limitation of
the perturbative approach. The discrepancies also increase with the number of the
mode. The first mode results are fairly concordant under soft perturbations, but for
the third mode this is less the case.

As for the speed of the excited modes, figure 4.9 shows, for matter on the positive
tension brane, how it compares with that of a similar electromagnetic particle with
equal momentum. There is general agreement at low perturbations. As the pertur-
bation is increased, the difference in speeds first rises, but then eventually falls back,
contrary to the first order result. Here it is not necessarily true that low momentum
gives us better agreement. There seems to be an intermediate range of momentum
where the pertubative curves are closer to the numerical ones. As the momentum
is increased, the difference between the speeds of the excited states and the electro-
magnetic particles decreases. Unfortunately, we cannot say what are the asymptotics
at large ¢ because it is very difficult to calculate beyond ¢ = 3. However, the first
mode (blue curves) shows an interesting behavior: at sufficiently high ¢ and large A,
Uem Decomes greater than vg,y. It would be interesting to know if it is maintained at
high ¢. A similar change of sign in the difference of speeds was found for the second
mode for larger momentum and perturbation (not shown). It is probable that this is
a general feature for all the excited states.

The difference in speeds was expected to increase with the number of the mode as
the scale of the different graphs shows. The numerical results demonstrate, however,
that the contrary is happening. The higher the mode, the closer vgay is t0 Vem. For
example, concentrating on the blue curves of the graphs that show the dependence on
q, the perturbative results suggests that the relative speed difference peaks at about
0.36 for the first mode, at 0.44 for the second, and at 2.00 for the third; the numerical
results demonstrate another tendency since the peak values are about 0.22, 0.18 and

0.15, respectively.
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Figure 4.9: Relative speed difference between the gravity excited modes and electromagnetic particles
of the same masses as a function of ¢ and A. The dotted lines show the perturbative prediction
derived from (3.88), while the solid lines show the numerical result. Each color represents a different
perturbation or momentum, and y_. = 2. The physical brane is taken to be the positive tension one.
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When the standard model particles are confined to the negative brane, results
are quite different. As for the zero mode, the speed of electromagnetism is greater
than that of gravity. The magnitude of the effect, though, is comparable with the
results obtained on the positve brane. When the momentum is increased, Vgray — Vem
reaches a local maximum and then slowly grows to more negative values, which is not
shown by the perturbative approach. It also decreases monotonically with A. For the
third mode, the perturbative result is almost exactly the opposite of the numerical
one. This could suggest a sign error in the program, but it is refuted by the good
agreements for the first two modes. What happens is that the perturbative curves
come from (Ugray)perturbative — (Vem )perturbative; Where there is an error in each of the
two quantities. Although it can be verified that, individually, (Vgray)perturbative is close
t0 (Vgrav )numeric 81d (Vem )perturbative 1S €lose tO (Vem )numeric, the error on each quantity
is acting in a different direction; (Ugrav)perturbative i Overestimated and (Vem )perturbative
is underestimated. The errors for this mode are enough to change the sign of the
combined quantity (Vgrav)perturbative — (Vem )perturbative Whereas this does not happen for
the previous modes. This shows a limitation of the perturbation method, and it is
best then to ignore the third mode results.

For the excited states we did not try to extend the results for greater hierarchies,

the computations being too expensive to perform.
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Figure 4.10: Relative speed difference between the gravity excited modes and electromagnetic parti-
cles of the same masses as a function of ¢ and A. The dotted lines show the perturbative prediction
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one.
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PHYSICAL BOUNDS ON GRAVITATIONAL LORENTZ VIOLATION

Experimentally measuring the speed of gravity is certainly not an easy task. The
latest attempt tried to take advantage of the rare Jupiter-QSO encounter that oc-
curred on September 8, 2002 [39]-[41]. However, the result, which was stated as
Cgrav = (1.06 £ 0.21)cem, generated controversy among certain members of the sci-
entific community who claimed that the measurement was wrongly interpreted and
that it measured nothing more than the speed of light itself (see [42] for example).
This, and the examples that follow, show that it requires good precision data and
plenty of imagination to obtain some bound for the speed of gravity. In this section,
we discuss how the results we found compare with bounds obtained from experiments
and from other phenomenological studies, and how they might be applied. We ignore
the above result of Kopeikin and Fomalont because of the controversy it faces and
because its uncertainty is too high anyway compared with other existing bounds.
There exists an interesting indirect bound from observation of ultra high energy
cosmic rays. In the case where gravity propagates slower than light, it is expected
that gravi-Cerenkov radiation would dissipate the energy of a cosmic particle traveling
faster than the graviton. Hence, observation of high energy cosmic rays coming from
astronomical distances implies that such a process is working very inefficiently, from
which it is possible to deduce a limit for the speed of gravity. The very stringent
bounds obtained in this way in [44] are (Cem — Cgrav)/Cem < 2 x 1071° for an observed
3 x 10! GeV proton of galactic origin and (Cem — Cgrav)/Cem < 2 x 1079 if the
observed particle was of extra-galactic origin. Since, in the model we investigated
with our world on the positive tension brane, we did not find that the speed of gravity

could become slower than that of light for the zero mode we conclude that Cerenkov
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radiation is not possible for this state. Thus we get no interesting constraint in this
case. However, it was shown that vgay < Ve for large enough g and A, at least for the
first and second mode, and presumably all excited modes. This permits gravitational
Cerenkov radiation into the higher modes if the initial particle is energetic enough to
produce massive gravitons that have more momentum than energy. This is probably
possible in our model since the massive states have a relatively low TeV splitting
and the momentum at which the speed of gravity becomes less than that of light
is exponentially suppressed for strong warping, which would correspond to the TeV
scale. Unfortunately, radiation of the massive modes was not discussed in detail
in [44] so it is difficult to infer a minimum energy for this to happen, but it was
mentioned that including them would strengthen the previous bounds by several
orders of magnitude. A calculation involving only the excited states would be relevant
to our case.

In the other case, where we live on the negative tension brane, the speed of gravity
was shown, in our model, to be less than cey,, even for the zero mode. Thus the bound
of [44] can be applied. Even though it is not entirely clear that the perturbative
result (3.61) is valid in the momentum range characteristic of the cosmic ray’s graviton
radiation (because the bound applies to gravitons or KK states with phase velocity
W/q < Ce for ¢ ~ 10! GeV), we still use this approximate result in order to constrain
the model; the correct way of constraining the model would require computations
impossible to perform. Furthermore, the good agreement between the perturbative
result and the numerical one for an observer on the negative tension brane make
the use of the perturbative result plausible. Conservatively using the less stringent
bound, which is still a far smaller effect than those considered in figure 4.6 and
contributes to justifying the use of the perturbative result (3.61), one can deduce
that A < 16 x 10715, Here the Kaluza-Klein gravitons are also slower than their
electromagnetic counterpart, even for low momentum, and their spectrum also has
a TeV splitting. Thus the excited modes are likely to play a role in the Cerenkov

effect. Again, a more detailed calculation is in order for us to deduce constraints on
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our parameters !,

For the excited modes, it is unlikely that we would observe any of their Lorentz-
violating effects in accelerator experiments if our brane has positive tension. If we can
expect the same kind of exponential suppression of the results as for the zero mode
for the strongly warped case (which seems quite likely, though we have not proven
it), then the effects will not be observable because they will be far too small. On
the other hand, the effect might be large enough in the weakly warped case. But in
this case the gravitons would have Planck-suppressed couplings and their production
cross section will be far too small. If we live on the other brane, the situation becomes
more interesting. Now the gravitational resonances are of order of a TeV with TeV-
suppressed couplings. It is thus likely that a few low lying modes could be produced
at the Large Hadron Collider (LHC). The Lorentz violating effects we found for the
zero mode were not suppressed by the effect of warping; if that also applies for the
excited states then the effect might be detected in heavy graviton decays. Another
possibility where the massive states could be relevant is if they are relics from the big
bang. If they are light enough, they could still be around today, but that is probably
unlikely. For the rest of the discussion, we will concentrate on the massless state.

For the case where gravi—Cerenkov radiation is not possible (Cgray > Cem), the ex-
isting bounds are less stringent. The most direct one comes from the observation
that the Sun’s spin axis is closely aligned with the solar system’s planetary angular-
momentum vector and the assumption that this is not coincidental [46]. If there were
preferred frame effects, then there would be a torque acting on the Sun that would
modify this alignment. Since the measured misalignment is very weak, after the hy-
pothetical torque has been acting during the 5 billion years of the Sun’s existence, it
is possible to constrain the ap parameter of the parametrized post-Newtonian (PPN)
formalism that is used to discriminate between the various metric theories of grav-

ity [47). In turn, this parameter is interpreted as the relative difference in speed

'Following the initial submission of this thesis, an investigation of the KK modes in the context

presented here was undertaken by James Cline. The results are presented in [45].
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between electromagnetic and gravitational waves in the context of Rosen’s bimetric
theory of gravity. The bound obtained is |(Cgray — Cem)/Cem| < 107°. Since the exper-
iment constrained the low momentum range and the bound indicates that the speed
difference is relatively small, it is then tempting to assume that the small perturbation
regime is valid and that the result (3.57) can be used to constrain our parameter. The
result is A < 53552(%2:—)_1 x 1075, Both for strong warping and very small warping this
gives unacceptably large bounds on A that cast serious doubts on the validity of using
the perturbative result in this case. Only for a moderate warping might one obtain
a respectable bound that would imply A <« 1. For example, with ky_ = 2, which is
the value used in most of the graphs that were presented, one obtains A < 2 x 1074,
It is possible to obtain other bounds, from the numerical results, that do not rely on
the perturbative regime and that could also constrain the momentum, but these are
complicated to obtain; more computations would be needed. The situation is easier
if we live on the negative tension brane. The bound is A < 8 x 1078, valid for any
warping except the very low ones, which are not of interest in this model.

Other bounds, more stringent than this solar system test, are obtainable in a some-
what more indirect way. The idea is to study the way in which gravitational Lorentz
violations in a brane-world picture influences the dispersion relations of 4D observ-
able particles through graviton loops [48]. The very strong limits on the Lorentz
violating effects of ordinary particles [15] then restrict the possibility that the speed
of gravity differs from that of light. The authors of [48] obtain various bounds for
the different processes under study. The most stringent ones come from atomic spec-
troscopy constraints and from ordinary Cerenkov radiation from protons in high-
energy cosmic rays. Their results are derived for applicability to various scenarios of
extra dimensions and depends on Ms, the value of the fundamental scale of the the-
ory. In the 5 dimensional case they are |(cgrav — Cem)/Cem| < 3 X 10715(M5/TeV)3
and |(Cgray — Cem)/Cem| < 1 X 10717(M;5/TeV)2, respectively. The first bound is
stronger than the solar system one if My < 700 TeV, while the second requires

Ms < 2 x 107 TeV. For our first case, M5 ~ M, = 10'® TeV, so none of these
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bounds is interesting compared to the previous one. However, for the warped 5D
scenario meant to solve the hierarchy problem, My ~ TeV, and these results consti-
tute a marked improvement over the direct bound. The constraints on our model are
A <24 x 107 and A < 8 x 107Y7, respectively, again assuming that the perturba-
tive result is applicable (that is disputable, as previously discussed for the Cerenkov
bound, since it is again the UV limit of the theory which is relevant here).

Still, the most direct and obvious way to test gravitational Lorentz violation awaits
the possibility of performing the experiment. The method consists in comparing the
arrival times of a gravitational and an electromagnetic signal coming from the same
source [43]. The event could be, for example, a supernova explosion. The gravitational
wave would possibly be detected by the recently constructed LIGO detector (Laser
Interferometer Gravitational-Wave Observatory). Making some necessary assumption
about the relative times of emission of the two signals, the propagation speed of
gravity can be deduced. Type II supernovae within a distance of about 20 Mpc,
the distance to the Virgo Cluster, are expected to yield a sufficiently strong signal
for detection, if the collapse is non-axisymmetrical [49]. For such a distance, and
assuming that At < 5 yr is the maximal allowable difference of arrival times between
the two signals to allow us to identify that they come from the same source, it can
be shown that we need at least |(Cgrav — Cem)/Cem| < 1077 for the experiment to yield
a believable result. This constraint lessens if the supernova explodes closer to us,
but these are much rarer compared to the more distant ones which can occur at
a rate of about one per year. A lower limit for this technique also exists. If the
difference in times of emission for the electromagnetic and gravitational signals is
about one hour, then this leads to an equal uncertainty in the propagation time
differences, which represents a ~ 1071'% lower limit on the above quantity. Given
the bounds discussed above, the experiment might not detect anything. In particular,
our findings from the extrapolation of the zero mode results (matter on positive
tension brane) imply that in the strongly warped case the difference of propagation

speeds between light and gravity could be of order 1 x 1072"% for A of order unity,
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which is well below the above lower limit. Such a tiny effect could never be detected
by a gravitational wave observatory. The case where we live on the negative tension
brane is therefore more interesting for this experiment because the differences in speed
for small enough perturbations are more accessible. In 5] and [10], it is argued that
detecting even a tiny difference in speed would severely constrain the parameters j
and Q2. Although this is probably the case, the study presented here shows that this
is not definitive since the Lorentz violating effect are not strictly monotonic functions
of the perturbation (at least for the matter on the positive tension brane case), and
there could be dependence on the momentum as well (but very slightly because these
experiments concern the infrared limit of ¢). A tiny difference in speed would therefore

constrain only part of the parameter space.
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CONCLUSIONS

The braneworld pictures of the RS type offer various possibilities for solving high
energy physics problems. One of the most interesting consequences might be that
Lorentz invariance is no longer valid in a higher dimensional context where gravity is
allowed to probe the bulk. We studied such a possibility by examining in more detail
the work in [5].

Section 2 set the stage for the calculations. We demonstrated that the requirements
for having a speed of light that differs along the extra dimension is that the metric
be asymmetrical. Such a metric could be obtained if graviton radiation off the brane
formed a black hole in the bulk. Assuming that the sources consist of a negative
cosmological constant, a scalar field and a U(1) gauge field, the result is an AdS-RN
hole which is characterized by its mass and its charge. The embedding of the brane
in this spacetime with respect to the Z,; symmetry and the requirements imposed
by the jump equations were then discussed. Applying those to the physical brane,
and choosing an ordinary equation of state Wy = —1, we found, however, that the
black hole singularity is unprotected by a horizon. Therefore, a regulator brane was
introduced to cut away the divergences. In particular, it was shown that its position
could be chosen in such a way as to solve the hierarchy problem. The equation of
motion of a scalar field representing the graviton was written down.

In section 3 attempts were made at solving for the graviton wave function and
energy. The unperturbed case was solved exactly in terms of Bessel functions, while
the perturbed one had an analytic solution only for the zero mode. Nonetheless,
we arrived at an expression for the energy of the excited states, but numerical tools

were shown to be needed to compute the final result. Still, we demonstrated how the

58



99

masses of the unperturbed states are expected to change due to the introduction of
the bulk black hole, and how the velocity is expected to change with momentum. Our
method is different from that of [5], but we showed that we obtain the same result
for the zero mode case.

Not contenting ourselves with the numerical calculation of an approximate result,
the full exact computation was performed with a powerful algorithm in section 4.
The problem proved difficult to tackle even with the numerical techniques. We ob-
tained partial, but interesting results which are compared with those obtained from
the perturbation method. For the case where the physical brane is the positive ten-
sion one, the general feature is that the Lorentz violating effects tend to disappear
at high momentum and large perturbations. This was not expected from the first
order results and suggests that it is probably best to perturb to higher order both in
the metric functions and in g to exhibit the two effects to a better approximation.
Computations done while increasing the interbrane distance showed that the effect is
exponentially suppressed at large separations. In the other case where the hierarchy
problem was addressed by having conventional matter on the negative brane, the
numerical computations showed better agreement with the perturbative predictions.
In this case, the interbrane separation has no effect on the magnitude of Lorentz
violations. Whereas gravity was shown to propagate generally faster than electro-
magnetism for the previous case, the opposite is happening in this scenario. The
effects on the massive gravitons were also investigated.

By studying current experimental bounds on the speed of gravity in section 5, we
deduced some constraints on the parameters of the model. The more stringent one is
A < 8 x 107" derived from ordinary Cerenkov radiation from protons in high-energy
cosmic rays. It applies for the case where we live on the negative brane. The other
scenario was not so well constrained. We showed however that speed differences of the
order of 1 x 10727%, far below the current limits, for the strongly warped case were
possible. Hopes to see any deviation from exact Lorentz invariance are now mostly

founded on the observation of gravitational waves from distant sources. The current
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bounds suggest that the effect is small enough not to cause an unobservably large
difference in arrival times between the optical and the gravitational signal. On the
contrary, the experiment might be limited by the uncertainties related to the emission
times of the two signals. Very small differences in the speed of light and gravity would
then not be measurable.

Not only could the detection of gravitational Lorentz violation be a signature for
the existence of extra dimensions, but there are suggestions that such an effect could
be used to solve other cosmological problems. In [12, 14], the authors reexamine in
this context the issue of the horizon problem, the problem of the uniformity of the
cosmic background radiation over causally disconnected regions. The idea is that if
gravity can go faster than light, then it can cover larger distances in the same time.
Thus regions of the universe that were thought to be causally disjoint may actually
have been connected by gravity. A careful study in [9] shows however that the effect is
probably too weak to work. Another case of interest with some link to gravitational
Lorentz violation is the new flatness problem studied in [11, 10]. The problem is
to suppress violations of Lorentz invariance on our brane without compromising the
universe evolution to an almost exactly flat one. In [50, 51], the effect is extended to
braneworlds of six dimensions. Clearly, the idea that there could be different speeds
of propagation for gravity and electromagnetism is an interesting one and it deserves

further attention in future works.
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ALTERNATE CHOICE OF PARAMETERS

The purpose of this appendix is to describe our first attempt at solving for the posi-
tion, 7, and energy density, pr, parameters of the regulator brane with specification
of Wg. As will be shown, this is an unfortunate choice because it turns out that not
any Wg is permissible for a given gy.

Manipulating equations (2.38-2.39) yields an equation whose roots give us the

value for Tr—’gk = %(ﬁo,djo,(bR) and another one whose roots give the value for pp =

Pr(fo, Vo, WR):

A 6 ~ ~ 2 ~
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These look a little bit messy, they are simplified by using explicitly our choice @y = —1
L \2

and by defining x := (-:—g"‘) (this definition is a little different from that in the main

body of the text) and y := p%. We get

b ab
=z — = A.
g9(z) ==z (1——a)x+(1—a) 0 (A.3)
and
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We again need to find the positive roots of degree 3 polynomials g(x) and #(y). Pre-

vious experience in section 2.4 show how to deal with those. Here g(0) = ab/(1 — a)

and ¢'(0) = —b/(1 — a), and the discriminant of g(z) is proportional to D1 :=
_ﬁl(;la_ab)‘;@ﬁ_ But conclusions regarding the number of positive roots are more diffi-

cult to draw because the coefficient multiplying = and the constant term in g(z) can
be either positive or negative, depending on what value of &Wg is chosen. In the case
of t(y), we have t(0) = 1296% and t'(0) = %% (1+ 3wg)pE — 36). The discriminant
is proportional to D2 := —27(1 — b)@% — 108(1 — b)w?, + —9(18 — 19b)w} — 4(27 —
34b)?, — 3(9 — 19b)0% + 12bwg + b. At large |@g|, D2 will be negative while at small
Wg, the sign will be governed by 120p + 1. Again, it is difficult to say right away
exactly how many positive roots there are.

At least the discriminant gives the total number of roots for these polynomials.
Plotting the regions where D1 and D2 are positive, it is found that they match ex-
actly, which is reassuring since when there are n solutions for 7, then there must be
correspondingly n solutions for pr. For the rest of this section, we shall therefore refer
to D1 and D2 simply as D since they contain the same information. The positive and
negative regions of D are shown in terms of Wg and jy in figure A.1. The figure has
been further divided in 7 non overlapping regions, for which we discuss the behavior
of g(z) and t(y).

Region R1: D < 0;@0g > 0, there is only one real root.

g(0) > 0 = it is negative for g(z).

t(0) > 0 = it is negative for t(y).

Region R2: D > 0;wg > 0, there are three real roots.

g(0) > 0; ¢’(0) < 0 =, two of them are positive for g(z).

t(0) > 0; ¢/(0) < 0 if 3 < =28—; ¢t"(0) < 0 if 3 < 36922-3%% hich can be shown

1+36R’ (1+30R)?
to be true in this small subregion of R2 where t'(0) > 0 and thus t(y) is curving down.

= there are two positive roots everywhere in R2 for ¢(y).
Region R3: D > 0;—1/3 < Wg < 0, there are three real roots.
g(0) < 0; ¢’(0) < 0 = only one of them is positive for g(z).
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t(O) <0; ¢(0) > 0if 5 < 5557

2 < 36%_}1 which we graphically verified to be the case, so t(y) is curving

which is true in this region since g2 < 36; t”(0) > 0

up at this point. => only one root is positive for ¢(y).

Region R4: D < 0;—-1/3 < @g < 0, there is only one real root.
9(0) < 0 = it is positive for g(z).

t(0) < 0 = it is positive for t(y).

Region R5: D < 0;—1 < Wg < —1/3, there is only one real root.
9(0) < 0 = it is positive for g(z).

t(0) < 0 = it is positive for t(y).

Region R6: D > 0;wr < —1, there are three real roots.

g(0) > 0; ¢'(0) < 0 = two of them are positive.

t(0) < 0; £(0) > 0 if p2 > %, which is true in this region since g3 is positive and

> 36 1+60r—30F

the rhs of the inequality is negative in this region; ¢"(0) < 0 if p2 (EEarat

which was graphically verified to be the case, so ¢(y) is curving down at this point.
=> the three roots are positive for t(y).

Region R7: D < 0;0gr < —1, there is only one real root.

9(0) > 0 = it is negative for g(z).

t(0) < 0 = it is positive for t(y).

Figure A.2 shows the behavior of g(z) in these different regions. The interesting
thing to notice is that if ©p and jy are chosen so that they are in the region R1 or
R7, then it is not possible to place a regulator brane, there is no valid solution to
the equations (2.38-2.39). Regions R3, R4 and R5 show that it is possible to place a
regulator brane at a determined place in the extra dimension. On the other hand, it
may come as a surprise that there seem to be two possible places where to put the
regulator brane when Wg and jg are in regions R2 or R6; the choice seems ambiguous.
It remains to check that the corresponding values of p% that one gets when solving
the equations are physical before accepting that there may be two places where the

regulator brane can be placed for a given @g.
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2/3 T ta‘m 2/3

leol

ggurg A.1: Regions in red show the place in the (&g, fo) space where D > 0, regions in blue are
<0.

Figure A.3 shows the behavior of ¢(y) in the different regions. Again, region R1 has
to be rejected for lack of positive roots. This confirms what was found while studying
g(x). Here one could think that R7 offers good solutions, but as seen before, it also
has to be rejected from the study of g(z). Again, the regions R3, R4 and R5 offer
a unique positive solution, which is a good thing because then there is no problem
in determining /%. In region R2, there are still two positive roots, which does not
invalidate the possibility that there may be two places where to put the regulator
brane. Region R6 has three positive roots for {(y) whereas there were only two for
g(x). One of these three roots must have no corresponding solution for z and must
be rejected. Again, the possibility of having two correct solutions to (2.38-2.39) when

&g and p% are in R6 cannot be invalidated.
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Legend

®z=1 in R1

................. ®=1/2 in R2
a>R=-o.05 in R3

-------------------- ®:=-0.3 in R4
®z=-0.6 in R5

~~~~~~~~~~~~~~~~ ®:=-1.2 in R6
®=-2 in R7

X

Figure A.2: Behaviour of g{x) for the different regions of figure A.1.

Now that we know what to expect, we can verify that our analysis of g(z) and #(y)
was correct and get a better feel for their roots than the one given by figures A.2 and
A.3. Plots of the results for and pr obtained by numerically finding the roots for
different values of the parameters wgr and Py are shown in figures A.4 and A.5 where
it is seen that for @r > —1, the regulator brane, when it is allowed to exist, will sit
between the black hole and the positive brane, and for &g < —1, the regulator brane
is the outer one. This shows that for @g > —1 the energy density of the regulator
brane must be negative while for ¥r < —1 it is positive in order to respect the jump
conditions discussed before (the outer brane has the positive energy density). The
sawtooth pattern on the edges of the graph are numerical artifacts and are smoothed
out when a tighter grid is chosen.

The exact predicted behavior is obtained, with the multiple solutions in regions
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Legend
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Figure A.3: Behavior of ¢(y) for the different regions of figure A.1. Note that it has been verified
that there are two more negative roots for the curve representing the region R3, as described in the
text, but they are too far to the left to be displayed in this graph. The curves for the regions R6
and R7 are also difficult to read with this scale, but zooming in confirms what was said in the text.
R2 and R6. There is, however, a constraint that was not looked at yet, that will
eliminate the undesired extra solutions for ¢(y) in regions R6 and R7, that were
discussed previously. Since the equation for the charge of the black hole in terms

of the regulator brane parameters is the same as in terms of the physical brane

parameters, the same constraint (2.30) applies to p%, i.e.

—-72

< — A7

when wgp < —1/3. This constraint is shown in magenta in figure A.5. Any solution
above this surface must be rejected. Thus the solution in R7 is eliminated and also

the greater solution in R6. The same regions obtained when studying g(x), with the

same number of solutions, are recovered. The only thing that remains to do, to verify
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Possible positions for the regulator brane in terms of the parameters omega_ and rho0
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Figure A.4: The possible values of -T;g“ When there are two solutions the greater one is shown in
green and the lower one in red. When there is a unique solution, it is shown in blue.
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Figure A.5: The possible values of pr. When there is more than one solution the greater one (in
absolute magnitude) is shown in green and the lower one in red. When there is a third solution, the
middle one is shown in cyan. When there is a unique solution, it is shown in blue. The magenta
surface is %; solutions greater than this have to be rejected because they don’t satisfy the

positivity of Q2. Then there remains no solution in R7 and only two solutions in R6, as it should
to be able to simultaneously solve for %‘ (see previous figure).
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that these are correct solutions, is to verify that our solutions can simultaneously
solve (2.38-2.39). This is not obvious since the equations were decoupled and solved
separately, and some solutions were eliminated. It turns out (after verifying with
another numerical procedure) that all of the remaining solutions are okay, provided
that, in the cases where there is a multiple solution, the lower g solution is taken
when the lower fr? solution is chosen to form a solving pair, and vice versa.

In summary, 7, is arbitrary, @y = —1 is chosen, it was shown that we can choose
0 < fp < 6 when we choose Wg > —1 but not in R1, and —6 < py < 0 when we choose
Wg < —1 but not in R7. Then, it is possible to solve for ’;—’0’* and pr uniquely when we
are in R3, R4 or R5 (blue regions in figures A.4 and A.5). In R2, one can still solve,
but there are now two couples of solutions, i.e. the green surface in figure A.4 solves
simultaneously with the red surface in figure A.5, and vice versa. Similarly in R6, the
green surface in figure A.4 solves simultaneously with the cyan surface in figure A.5,
and the red surface in figure A.4 solves simultaneously with the red surface in figure
A5,

This way of doing the analysis of the input parameters was a lot harder than what
was done in the main part of the text. It can be verified that the conclusions agree. If
the 3D graphs of equations (2.42) and (2.41) are plotted, where wg is substituted for
z, and rotated in the appropriate way, analogs of figures A.4 and A.5 are recovered.
It is unfortunate that taking such a route led to so many difficulties that numerical
computations were needed to arrive at our goal, but it nonetheless presented the
problem and its solution from another point of view which was valuable because it

helped us forge our intuition about the scenario.
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