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Abstract

I
I

In this thesis, we develop a first principle technique to study linear AC and the
nonlinear DC quantum transport in diffusive conductors. Starting from Biittiker’s
theory for AC and DC transport, the emittance and nonlinear DC conductance are
found in terms of the scattering matrix and it’s functional derivative. New theoretical
tools are developed to compute the functional derivative of the scattering matrix,
which would otherwise be unaccessible. These results allows us to compute the linear
AC and the nonlinear DC conductance for a diffusive conductor from first principles,
for the first time in literature. The sample-to-sample AC conductance fluctuations
are computed for a diffusive conductor. In this regime the dynamic response of the
conductor can either be capacitive or inductive, depending on impurity configuration.
Our results also suggest a crossover for the AC conductance distribution, from a
symmetric to a non symmetric distribution function as the number of impurities
increases. A degree of generic behavior is discovered, in that the AC fluctuation
amplitudes become independent of the strength of the impurities, although it depends
on the impurity density. A sample-to-sample analysis of the nonlinear conductance
fluctuations, in the diffusive regime, is also reported. In this situation the distribution
function is found to be a symmetric Gaussian like function for small disorder and a
symmetric exponentially decaying function for large disorder. An interesting result
is that the conductance fluctuations increase in an exponential fashion with N, the
number of impurities.

We also considered in this thesis the magneto-conductance fluctuations of a quasi-
1D quantum wire with artificial impurities (antidots). This problem can only be
solved numerically because of the finite size of the artificial impurities. We develop
a novel transfer matrix technique to solve the quantum scattering problem by com-
puting the scattering wave function, as a function of the external magnetic field. The
Landauer-Biittiker equation is used to compute the magneto-conductance. This work
is motivated by the experimental study [1], where several conductance fluctuations
anomalies were reported. Our numerical results give good quantitative agreement
with the experimental data and confirms the physical picture obtained from the ex-

periment.




Résumé

Dans cette thése on développe une technique a partir de principes fondamentaux
pour ’étude du transport quantique linéaire AC et non linéaire DC dans des con-
ducteurs diffusifs. En partant de la théorie de Biittiker pour le transport AC et
DC, la conductivité linéaire AC et non linéaire DC sont exprimées en fonction de la
matrice de diffusion et de sa dérivée fonctionnelle. Des nouveaux outils théoriques
ont été développés pour calculer la dérivée fonctionnelle de la matrice de diffusion,
sans lesquels celle-ci serait difficilement accessible. Ces résultats nous permettent de
calculer la conductivité linéaire AC et non linéaire DC pour des conducteurs diffusifs
a partir de principes fondamentaux et ceci pour la premiére fois dans la littérature.
Les fluctuations d’un échantillon a4 I’autre de la conductivité AC sont calculées pour
des conducteurs diffusifs. Dans ce régime, la réponse dynamique du conducteur peut
étre ou capacitive ou inductive, dépendant de la configuration des impuretés. Nos
résultats suggeérent un changement de régime pour la fonction de distribution de la
conductivité AC, d’une distribution symétrique a une distribution asymétrique avec
I’augmentation du nombre d’impuretés. L’amplitude des fluctuations AC deviennent
indépendantes de la force des impuretés mais dépendent de la densité des impuretés.
Une analyse des fluctuations de la conductivité non linéaire, d’un échantillon a 'autre,
dans le régime diffusif, est aussi étudié. Dans ce cas-ci la fonction de distribution se
trouve a etre une fonction symétrique gaussienne quand le désordre est petit et une
fonction symétrique qui décroit exponentiellement quand le désordre est grand. Un
résultat intéressant qu’on a obtenu c’est que les fluctuations augmentent exponen-
tiellement avec N, le nombre d'impuretés. '

Nous avons aussi considéré dans cette theése les fluctuations de la conductivité en
fonction d’'un champ magnétique dans un fil quantique quasi-1D avec des impuretés
artificielles (antidots) . Ce probléme ne peut etre résolu que numériquement a cause
de la largeur finie des impuretés artificielles. Nous avons développé une nouvelle
technique de transfert matricielle pour résoudre le probleme de diffusion quantique
en calculant la fonction d’onde de diffusion, en fonction d’un champ magnétique
externe. L’équation de Landauer-Biittiker est utilisée pour calculer la conductivité
en fonction du champ magnétique. Ce travail est motivé par 1’étude expérimentale
[1], ou plusieurs anomalies dans la conductivité ont été rapportées. Nos résultats
numériques sont en accord avec les résultats expérimentaux.

vii
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In this thesis, I develop a novel theoretical technique for first principle studies of
linear AC and nonlinear DC quantum transport, for mesoscopic conductors. In par-
ticular, for the first time in literature, I analyze the sample to sample fluctuations
of the admittance and the first order nonlinear DC conductance, for a diffusive con-
ductor in the regime where universal conductance fluctuations are observed. These
studies are facilitated by a number of theoretical developments which I make. I also
investigated the magneto-conductance fluctuations in a ballistic conductor with two
artificial impurities, by developing a numerical transfer matrix technique.
Specifically, I made the following useful contributions:

e The derivation of an expression, from first principles, for the N-th order func-
tional derivative of the scattering matrix. This quantity is crucial for analyzing
AC and nonlinear DC transport coefficients.

e The derivation of a generalized Fisher-Lee relation which relates the scattering
wave functions to the Green’s function, and is applicable not only to general
multi-probe conductors with jellium electrodes, but also to those with atomic
electrodes.

e The derivation of exact expressions for the linear AC and nonlinear DC con-
ductances which only require the scattering wave functions.

e The derivation of an exact expression for the N-delta impurity Green’s function,
wave function, scattering matrix, and relevant functional derivatives. These are
expressed in terms of the impurity free Green’s function and wave function, and
valid for any potential, in the presence of a magnetic field and in any dimension.

e The study of linear AC and nonlinear DC conductances in the diffusive regime.
Specifically, the distribution functions of these transport coefficients and their

fluctuations.

e The analysis of the quasi-one dimensional ballistic conductor with artificial
impurities inside a magnetic field to understand the experimentally observed

magneto-conductance fluctuations.
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1

Introduction

1.1 Mesoscopic Physics

Historically condensed matter physics has primarily focused on the study of systems
which are found in nature. It is only in the last two decades, with advances in
semiconductor fabrication and lithography technologies, that the study of artificial
nanometer scale systems has appeared (2, 3, 4, 5, 6, 7]. These artificial nanostruc-
tures include quantum wires {8, 9], quantum dots [10, 11, 12, 13, 14], and atomic wires
(15, 16, 17, 18, 19, 20, 21, 22, 23], to just name a few. The ability to create and study
these nanostructures is one of the great advances in condensed matter physics. The
central feature of these new systems is that their size is typically in the sub-micron
length scale, which leads to important quantum mechanical effects. A deep under-
standing of the behavior of electrons in these nanostructures cannot be accomplished
without tackling the quantum mechanics of these systems. In particular, the nature of
electronic conduction properties of nanostructures should be understood with a quan-
tum transport theory [5]. On the other hand, the “designer” capability to construct
such systems opens the door to exploring new quantum behavior. Indeed, these new
systems are interesting candidates for future generations of electronic devices whose
operational principles are based on quantum effects [7, 24, 25, 26, 27]. This new field

of research is known as mesoscopic physics, a term first coined by van Kampen [28].

Mesoscopic physics, as the word indicates, lies somewhere between the microscopic
and the macroscopic world. By microscopic we mean systems that are composed of

only a few individual particles, like atoms or small molecules. As for macroscopic,

1



2 1 Introduction

it refers to systems which are composed of a great number of particles (> 10%3),
which permits the application of the principles of statistical mechanics. The typical
length scale of a mesoscopic system lies somewhere between 1004 and 1pm. Our
working definition of a mesoscopic system, is one where the phase coherence length
of the electronic carriers is greater than the sample size. Under such conditions
quantum effects will play an important role in the electronic transport throught such
systems. In these systems the classical Boltzmann equation is no longer be suited
for understanding transport phenomena. The behavior of resistors and capacitors in
series or parallel are changed because of quantum effects. One way to treat mesoscopic
electronic devices is to view them as big quantum objects (large molecules), which are
connected to leads. The leads are important because they connect the nanostructure
to the macroscopic world. A transport theory for a mesoscopic system requires a fully
quantum mechanical treatment of the dynamics of the electrons inside the device.
In these systems of reduced dimensionality there are many length scales that come
into play. In particular, we have the Fermi wavelength, the mean free path, the phase
coherence length, and the systems size. For a more complete description of all the
relevant length scales which may play a role in quantum transport see [5]. Let us give

a brief overview of the length scales which we are concerned with:

e The Fermi wavelength is given by Ap = 27 /kp, where kf is the Fermi wave
vector which depends on the electron density. For metals we typically find that

Ar ~ 0.3nm. As for 2D electron gases in semiconductors we have Ag ~ 40nm.

e The elastic mean free path is defined by l,, = v, where vp is the Fermi ve-
locity and 7y, is the momentum relaxation time. The mean free path represents
the distance that the electron travels before it gets scattered elastically. By
elastic scattering we mean a scattering event which changes the momentum but

not the energy of the charge carrier.

e The phase coherence length is defined by l, = /D74, where D is the diffu-

sion constant and 7, is the phase relaxation time. The phase coherence length
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represents the distance traveled by an electron before encountering an inelastic
scattering event. An inelastic scattering event is when the phase information
of the wave function is lost, for example, by a scattering event which changes
the energy of the carrier from one energy level to another. In contrast to elas-
tic scattering, inelastic scattering destroys the phase information that the wave
function was carrying before being scattered. The temperature dependence of
ly is determined by the behavior of the inelastic relaxation time. One usually
writes 7, ~ TP (p =1~ 2)as T — 0 [29]. As we approach the zero tem-
perature limit the phase coherence length tends to infinity, l, — 0o as T — 0.
However, this behavior has been challenged by the recent experiment of [30, 31].
Typically, when T = 1K the phase coherence length is several microns. When
[, > L the system is said to be phase coherent. This means that the electron
travels through the system without loosing its phase. Phase coherence is a key

ingredient to obtain interesting quantum phenomena.

e The systems size is represented by its linear dimensions in all three spatial

directions: L., L,, and L,. From these three parameters we define four cases:

— A L Ly ~ Ly ~ L, usual bulk case
- Ap~ L; < Ly ~ L,, two dimensional film
- Ap~L;~ L, K L,, quantum wire

— Ap~ Ly~ L, ~ L;, quantum dot

By fixing the above length scales we generate many interesting regimes. In this
work we are interested in two particular physical situations. First, the diffusive regime
which corresponds to a system where Ap ~ L; < Ly ~ I, < L, < l;. In this situation
the electron diffuses quantum mechanically through a quantum wire keeping its phase
coherence. In other words, the electron suffers many elastic scattering events but it
preserves its phase coherence.

The second situation of interest is the ballistic regime, where Ap ~ L; < L, <

lm ~ L, < ly. In this case the electron goes through a quantum wire without, on
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average, suffering any impurity scattering while keeping its phase coherence. Most
of the scattering in this regime comes from the boundaries of the device. In both
cases the electrons maintain phase coherence which leads to interesting quantum

interference effects.

One of the key developments that has led to the fabrication of exceptionally pure
2D electron systems is a technique known as modulation doping [32, 33]. This simple
trick permits the spatial separation of charge carriers in the conducting channels from
the dopant atoms in a semiconductor heterostructure. Using semiconductors of high
purity and crystalline perfection, a thin layer of highly mobile electrons can be created.
In this thin layer the motion of the electron is quantized in the perpendicular direction
and thus the electrons are essentially constrained tc live in a 2 dimensional system.
Such a two dimensional electron gas (2DEG) has many interesting features, including
a low electron density which can be varied with an electric field. The low density
leads to a large Fermi wavelength, which is responsible for many interesting quantum
transport phenomena. In contrast, thin metal films have a high electron density which
is difficult to change because of the very small screening length for e — e interactions.

In a metal film the charge carriers have a very small Fermi wavelength.

A 2DEG can be constructed at the interface of a GaAs/AlGaAs heterostructure.
The electrons are confined to the GaAs layer by a potential well created at the
interface with AlGaAs. This potential well originates from the repulsive barrier
which arises from the conduction band offset of the two semiconductors (~ 0.3eV').
Note that the band gap of GaAs is 1.4eV, whereas that of Aly3GagrAs is 1.7eV.
Therefore, electrons migrate to the GaAs side because of the lower conduction band
energy. This results in an accumulation of positive charges in the AlGaAs side, which
generates an attractive force that further confines the electrons in the GaAs side of
the interface. In order to reduce the boundary scattering due to the donors from the
AlGaAs, a spacer layer of several hundred angstroms of undoped AlGaAs is usually
added at the interface. Because of the confinement of the electrons at the interface

the motion perpendicular to the interface is quantized. This leaves us with a discrete
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series of 2D electronic states which are called “subbands”. Typically, the potential
well is sufficiently narrow (about 10nm) that only one or two subbands are occupied.
Due to this quantization, in one of the three directions, the transport is essentially

two dimensional.

A central reason for using GaAs/AlGaAs heterostructures is that GaAs and
AlGaAs have approximately the same lattice constant and thermal expansion co-
efficient. This leads to a significant reduction of boundary roughness scattering at
the interface, and thus an increase in the electrons mobility p (¢ = dvy/9E). For
GaAs/AlGaAs one typically finds u ~ 10%cm?/V's, as compared to 10*cm?/V's for
silicon inversion layers. The electrons mobility is also high in GaAs/AlGaAs be-
cause of the low effective mass of the charge carriers, m, = 0.067m,, as compared to

m, = 0.19m, for silicon inversion layers.

The degrees of freedom of the electrons in a 2DEG can be further constrained.
We can create a narrow channel in the 2DEG such that a quasi-1D system is formed.
This is accomplished by selectively depleting electrons in all the regions outside a 1D
channel. A popular approach to create this lateral confinement is called the split gate
technique (2, ?]. In this technique, a negative voltage is applied to a split metallic
gate, fabricated on top of the 2DEG. The negative voltage repels (depletes) electrons
under the gate area, leaving only a narrow channel undepleted in which the electrons
are free to move. The most appealing feature of this approach is that the width of the
quasi-1D channel can be varied continuously by changing the applied negative gate
voltage, which is typically in the range of zero to one volt. The electron carrier density
is also affected by changes in the gate voltage. The most well known application of the
split-gate technique is in the fabrication of quantum point contacts [34, 9]. These are
small constrictions which are used to control the current of carriers from one 2DEG

to another 2DEG.

This new confinement leads to further quantization of the charge carriers: each of
the 2D subbands of the 2DEG are split into 1D subbands. The bottom of the energy

bands is denoted by E,, where n = 1,2,... . The total energy of an electron in the
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quasi-1D channel in the n-th subband can be written as,
h2k2

E= 2m,

+E, , (1.1)

where % is the reduced Planck constant, m, the effective mass, and k£ the momen-
tum along the free 1D direction. The energy FE, corresponds to one of the discrete
energy levels created by the presence of the new transversal confinement potential.
These energy levels depend on the details of the confinement. For instance, for hard
wall confinement, the potential is infinite at the boundary of the quasi-1D channel,
and the energy levels are simply E, = (nwh)?/(2m.W?), where W is the width of
the quasi-1D channel. One may also consider a soft wall confinement, where a step
potential with a finite height confines the charge carrier inside the wire. In this case,
quantum mechanical effects allows the wavefunction of the charge carrier to leak into
regions outside of the wire, but its amplitude decays exponentially in these regions
which make the confinment effective. Another commonly used confinement is the
parabolic potential, V(z) = m.02z2/2, where Q is the confinement parameter, and
the energy levels are E, = (n + 1/2)hQ2. From a theoretical calculation point of
view, one major advantage of using hard wall confinement potential is that the corre-
sponding transverse eigenfunction are simple sine functions which are mathematically
convenient to deal with. Clearly, the detailed form of confinement potential of a real
device depends on material properties and fabrication procedures of the system, and
therefore is non universal. But for a qualitative analysis of the main features of quan-
tum transport, which is the focus of this thesis, we will apply both hard wall and soft
wall confinement potentials.

In the next section we review one of the most significant features of quantum
transport in the mesoscopic regime, namely the phenomenon of universal conductance
fluctuations (UCF). We outline the theoretical model used to analyze this interesting
phenomenon. This was first carried out by Al'tshuler, Lee, Stone, and Fuckuyama
[35, 36, 37, 38]. In their approach, the linear response theory is used to obtain the
Kubo-formula for a diffusive conductor of infinite size for which the electrodes (leads)

do not play a role. Feynman diagrams are then used to evaluate the expression for
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the conductance fluctuations. For a multi-probe conductor, where electrodes are very
unportant, the transport analysis can be carried out using the Landauer-Biittiker
scattering matrix theory[39, 40, 41, 42]. We will discuss scattering matrix theory
and outline two of the main focus of this thesis: how to analyze the conductance
fluctuation when the external driving force (bias voltage) is time dependent; and
how to analyze DC conductance fluctuation at a nonlinear level. The linear DC
conductance of a system is the zero frequency limit of the linear AC admittance
Gop(w), where w is the frequency. Since for a diffusive conductor G,5(0) exhibits
UCEF, it is very interesting and natural to ask: what are the statistical properties of
the AC admittance? The same question can be asked for nonlinear DC conductance
as well. These quantities are however very complicated so that the diagrammatic
approach of Al'tshuler, Lee, Stone, and Fuckuyama [43] does not seem to be easily
applicable. In this chapter we will also very briefly outline our investigation on an
experimental situation where quantum transport in quasi-1D wires in which artificial
scattering centers are introduced to control the flow of charges [1, 44, 45, 46]. With
a uniform magnetic field, the transport properties can be tuned to produce very
interesting conductance fluctuations. The understanding of this device forms the

third topic of this thesis.

1.2 Universal Conductance Fluctuations

Perhaps the most striking phenomena of electron transport in the mesoscopic regime
is the observed sample-to-sample universal conductance fluctuations [47, 48]. These
fluctuations are not time dependent noise but are reproducible signatures of quantum
interference. The physics of the sample-to-sample DC conductance fluctuations and
its universal behavior have been the subject of active research for more than a decade
[3] and is now well understood.

The UCF is completely a quantum phenomenon, because for classical systems the
sample-to-sample conductance fluctuations are negligible. The root-mean-square of

the classical conductance is given by < (AGaassicat)? >% lm/L < Geassicat >2, where
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ln is the elastic mean free path, L is the linear size of the sample, and [, < L
for macroscopic conductors. This estimate is obtained by the following arguments.
First, we split up the classical conductor into N = L/I,, small independent conductors
connected in series, each of which has some random value of conductance G;, due to
the random distribution of impurities inside. Applying the central limits theorem to
these random numbers {G;}, it follows that the fluctuations go as < (AG;)? > / <
G; >~ 1/N. This implies < (AGuussicat)? > / < Getassicat >*= Im/L, therefore
approaches zero as L — oco. An underlying assumption for the above arguments is
that the phase coherence length [, of the conductor is smaller than /,,,. If this condition
is not satisfied, we cannot say that the small pieces of the conductor are independent
classical conductors, since quantum coherence effects persist over distances that are
greater than the size of each small conductor. In this situation, one can no longer
break up the system into L/l,, independent classical conductors. It is, however, still
possible to split up the conductor into L/l, small quantum pieces. Assuming that
each of these quantum conductors has some random value {G;} for their conductance,
we can apply the central limits theorem, once again, and find that the conductance
fluctuations are given by < (AGguantum)® >= ls/L < Gpuantum >2. Therefore, the

fluctuation vanishes when L - oc.

Now, consider the case where the phase coherence length is larger than the samples
size, L < ly: the above arguments break down. We can no longer split the system into
small pieces that can be treated independently. Due to the quantum coherence over
the entire sample, one must treat the conductor as a whole. For instance, a change
in the position of a scattering center at one end of the device causes a change in the
scattering wave function 1 (r) at the other end. Thus, when L < [, the conductance
fluctuations need not be negligible for large L, and the fluctuation can therefore

contain information about the physics of the entire system.

Experimental measurements have shown that the conductance of a phase coherent
conductor in the diffusive regime (l, <« L < l3) fluctuates in a seemingly random

but reproducible manner, as a function of external parameters such as bias voltage
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and magnetic field [47, 49, 50, 51, 52, 53]. Similar conductance fluctuations are
observed from one sample to another. These fluctuations exhibit unexpected features,
for example, as the temperature decreases (I' — 0) the conductance fluctuations
increase. However, the central feature that has stimulated the most research is that
these fluctuations seem to be universal, i.e. the value of the rms of conductance, AG,
is independent of the value of the conductance itself, independent of systems size, and
independent of the type of impurities — as long as the transport is in the mesoscopic
diffusive regime. Moreover, the universal value of these conductance fluctuations are

of the order AG ~ €2/h, at very low temperatures.

Since the universal fluctuations are found in the diffusive regime (I, < L < ly),
one suspects that this effect is due to quantum interference. Recall that changes in
magnetic field, bias voltage, or impurity configuration (positions of elastic scattering
centers) lead to changes in the interference pattern of the wave function, because dif-
ferent quantum “paths” in a conductor are altered by these parameters. For example,
the interference pattern is expected to be different from one sample to another due
to the different positions of the impurities. This leads to a difference in the conduc-
tance between these samples. Why are the fluctuations universal? This is due to the
fact that the conductance is not only affected but is actually dominated by quantum
interference effects in this regime. Therefore, as long as the interference pattern is
altered — regardless by what means, similar conductance fluctuations occur. This
leads to an ergodic assumption [38], that fluctuations due to a change in the magnetic
field, bias voltage, or impurity configuration, are all equivalent and lead to similar
values for AG. It turns out that the actual value of AG depends on the time reversal
symmetry (TRS) of the system [38, 54]. If TRS is broken then the value of AG is
reduced by a factor v/2, but the general physics of the fluctuations are still caused by
quantum interference effects. Theoretical analysis of UCF has largely come from two
directions. One is analytical work within the linear response theory (37, 38], and the
other is by direct numerical simulations [54, 55, 56|. Both confirm the above physical

picture.
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\

Figure 1.1: Single bubble diagram, which represents the impurity averaged conductance. The two
vertical lines with the three dashed lines between them represent the contribution from the impurity
averaging and is called the diffusion propagator.

The theory of Al'tshuler, Lee, Stone, and Fuckuyama [35, 36, 37, 38] is perhaps
the most successful in understanding UCF'. Their approach consists of using Feynman
diagrams to evaluate the expression for < (AG)? > in the mesoscopic diffusive regime.
Their results show that conductance fluctuations are independent of the impurity
scattering strength and the impurity density, and depend only weakly on the geometry
of the system. In the rest of this section, we briefly outline this theory, following its
original development [38].

Consider an infinitely large diffusive conductor in the mesoscopic regime where
localized impurities provide elastic scattering for the charge carriers. The impurity
potential is chosen to be,

V(r) =3 7d(r—r), (1.2)
where v is the strength of the impuritie;, which are assumed to be the same for all
impurities. The linear DC conductance is obtained from the conductivity, which is

given by Kubo's formula:

no_ 1 re\? R A nl &8 e Ry Aft
0u(r¥) = - (=) [67(r,1) - 64 (F)F.) [67(' 1) - 64(r'1)]
(1.3)
where (ez) =1/2(V,- 62) and the function GF(4)(r, r') is the retarded (advantaged)
Green’s function. The average conductance is equal to, < G >= 1/L? [dr [dr’ <

0..(r,r') >, where < ... > is an average over random impurity configurations. This
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Figure 1.2: Conductance fluctuations diagrams, which include: (a) single, (b) double, (c) triple, and
(d) quadruple, bubble-bubble diffusion connectors.

can be expressed in terms of Feynman diagrams [38], which are shown in Fig. 1.1.
The diagram reads as follows: the wiggle lines represent the current vertices, the
two lines connected to the two wiggles are Green’s functions, and the rectangle with
the dashed lines is the diffusive propagator which represents the averaged impurity

scattering.

The conductance fluctuations are measured by:
<(AG)?>=<G*>-<G>? . (1.4)

The Feynman diagrams which represent the rms of the conductance, AG = /< (AG)? >,
are of great complexity, but can still be evaluated using standard diagram techniques
[57]. In the language of Feynman diagrams, < GG > includes both connected and
disconnected diagrams, but since the disconnected ones are canceled by the term

< G >< G > in Eq. (1.4), we only need to compute the connected ones.

Using Eq. (1.3), the expression for the conductance, and Fourier transforming the
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Green's functions, we find [43]:

e? dp dp’
< GG >connected = (m) / / (27)3 (27r)3p2p2pzpz
< [6R(p) - G*(p)] [G*(P) - G*(p)]
6*(p") - G*@)] [GR(P) ~ GA(P)] >eomnected - (13)

A typical term in the above expression is:

(4m2 Lz) / / (dp d PP < < G*(p)G*(P)GR(P')GH(P') >connectea -
(1.6)
From a Feynman diagram point of view, these expressions correspond to all the
possible ways to connect two conductivity diagrams using one, two, three or four
impurity diffusion propagators, which are represented by the ladders connecting the
two conduction bubbles (see Fig. 1.2). The first, diagram in Fig. 1.2(a), can be
shown to be negligible in the weak scattering limit [38]. This leaves us with the
task of evaluating the last three Feynman diagrams in order to compute the total
conductance fluctuations. We give a brief review of how to compute these diagrams

by evaluating the diagrams corresponding to Fig. 1.2(b).
The expression for Fig. 1.2(b), which we denote by Fy,, is given by:

F, ( 2L2> /dr/dr /dr"/dr’"P(r"’ r)P(t',e)J(r,r")J(', ") , (1.7)

where the two P(r,r’) represent the two ladders connecting the conductivity bubbles

and the two J(r,r') are the current functions which connect the two ladders together.
Let us evaluate this expression.
The current contribution for this diagram, which represents one of the term ob-

tained from Egq. (1.6), is given by,
Jer) = [a” [ PGR e GRE" G G E ) . (18)

To evaluate the current function J(r,r’') we note that < G®(r,r') > decays exponen-

tially on the length scale of the mean free path [, in the diffusive regime. Since this
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is the shortest length in our system and [/, <« L, we may approximate the current

function with its totally localized form,
J(r,r') = Jod(r — 1') ( /dr/dr'Jrr) (r—r) , (1.9)

where V' is the volume of the sample. After tedious manipulations [43], we find the

following expression for J:
2
TmvepNg
TMUENE 1.10
643 (1.10)

where 4 is the imaginary part of the self-energy, Ng is the total density of states at

J0=

energy E, vp is the Fermi velocity, and m the mass of the charge carriers.
The diffuse propagator, which we denote by P(r,r’), satisfies the following partial

differential equation [43],
—~DV?P(r,r') = 26Ny2%6(r - ') , (1.11)

where N; is the impurity density and D = v%k/(26) is the diffusion constant. This

equation has a general solution given by

rl) = Z Q:n(r’)Qm(l‘)

m

(1.12)

b

where Qn(r) are the eigenfunctions and A,, are the eigenvalues obtained from the

eigenvalue equation,
D

"~ 26Nyy?

The boundary conditions are hard wall in the transverse directions z and y, and

Vsz(r) = ’\QO(r) . (1-13)

periodic in the direction of propagation z. This leads to the following expression for

Qm(r):
L LyL,; m,mz, . ML, ., ,M,TY
Qm(r)—\/ 8” cos( I ) sin( I ) sin( zy ), (1.14)

with the eigenvalues:

D 7 \?2 , L2 , L2
Am = W (Z:) [m + msz +my—£§ . (1.15)

To evaluate F, we substitute Eq. (1.9), Eq. (1.10), Eq. (1.12), Eq. (1.14), and
Eq. (1.15), into Eq. (1.7). This leads to an expression, where the integrals are easily
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evaluated using the orthonormality conditions of Q,(r). The final result is,

1 /D\} 1
F"=E(7) Sx (1.16)

This expression represents the contribution from one of the diagrams that is topo-

logically represented by Fig. 1.2(b). Evaluating all diagrams that are topologically
equivalent to Fig. 1.2(b), we find that the total contribution from this type of Feyn-

man diagram to be [43],
1 00 co oc 1 2
F,= ( ) >3 2 > (Re(—)) . (1.17)
m:.:=1m:=0my=0 A1’"
Similarly, the contributions from the other Feynman diagrams, Fig. 1.2(c) and Fig. 1.2(d),
which are denoted by F; and F,, respectively, are given by [43],

nesp(5)n| S8 G o

=0my=0m.=1ln.=

and

A= (3) Re[z DI f/\ {\‘{\‘Zf\c’ J , (1.19)

me=0my=0m.,l.=l n;,j:=2

where f.n, = 4mn/m(m? — n?). The total conductance fluctuations are given by,
AG=2(F,+ F,+F,) , (1.20)

where the factor 2 is to account for the particle-hole channels which have the exact
same contribution as the particle-particle channels [38]. All that is left is to evaluate
numerically the summations in Eq. (1.17), Eq. (1.18), and Eq. (1.19). For a 2D square
conductor, L, <« L, ~ L,, one finds that the value of the conductance fluctuations is
AG = 0.86€%/h, where e is the electron charge and h the Planck constant. Notice that
the impurity density and the scattering strength <y of the impurities do not appear in
AG (see Eq. (3.52)): these non universal parameters are canceled out. One therefore
use the term universal to describe these conductance fluctuations.

As already mentioned above, we are interested in analyzing conductance fluctu-

ations beyond AG in the mesoscopic diffusive regime. However, as we will discuss
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in the next section, the AC and nonlinear DC transport coefficients are more diffi-
cult to analyze due to several factors, the most prominent one is the role played by
electrodynamics. While the diagrammatic technique reviewed above can be formally
applied to these situations [58], it is extremely difficult to obtain concrete predictions
even for the dynamic conductance itself, let alone its fluctuations. In the following

section we discuss the basic considerations for AC and nonlinear DC transport.

1.3 General considerations of quantum transport

In the last section we have reviewed linear response analysis of UCF, using Kubo’s
formula, for infinitely large mesoscopic diffusive conductors. Another approach to
quantum transport, equivalent to the linear response theory, but much more conve-
nient to apply when the electrodes of a conductor must be considered, was proposed
by Landauer in 1957(39]. The idea is that since conduction measures how easy (or
how difficult) it is for an electron to traverse a system, the conductance should be
related to the probability of the electron to go from one side of the conductor to the
other. In other words, conductance should be expressed in terms of the transmission
and reflection coefficients of a conductor. The Landauer formula expresses this point
of view,
2¢?

Gos = 7, Las (1.21)

where G,z is the linear DC conductance for a two-lead conductor, with the leads
labelled by a, 3, and T,z is the transmission coefficient from lead 3 to «. For example,
if a conductor is classical, one can calculate its conductance by solving a drift-diffusion
equation for the transmission coefficient 7,4, while for quantum coherent conductors
one can obtain 7,5 by solving the quantum scattering problem. Landauer’s approach
has given a clear view and a very simple way to understand conduction of a two-lead
conductor. Inspired by Landauer’s idea, Biittiker in 1986 derived a result for linear
DC conductance for general phase coherent multi-leads device [42], using scattering
matrices. In this section, we discuss some general considerations of quantum transport

in AC and nonlinear DC situations using the scattering matrix approach. It will
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become clear why the diagrammatic approach reviewed in the last section does not
seem to be applicable.

So far the Landauer-Biittiker formalism has been successfully applied to under-
stand a wide variety of experimental observations [5]. In particular, it has been
applied to study weak localization phenomenon in a diffusive conductor {59], the
Aharonov-Bohm effect in metallic rings [60, 61], and universal conductance fluctu-
ations [43]. All these systems were studied at equilibrium. Very recently, it has it
become possible to measure linear AC and nonlinear DC conductance coefficients in
nanostructures [62]. These new experimental investigations have demanded that the
theoretical approaches be extended to these new and complicated situations. Indeed,
in clear contrast to the linear DC transport theory where, the Landauer-Biittiker for-
malism has been very successful, the status of AC and nonlinear DC theory is far from
satisfying. For example, it was only until recently that some fundamental issues of
AC and nonlinear DC quantum transport theory have been identified [63, 64, 65, 66]
and only very few have been solved [67, 68, 69, 70].

For a multi-probe coherent conductor, the transport coefficients are defined by the
current-voltage (I — V') curve:

Io(w) =Y Gap(W)Va + Y Gogy(w)VaVsy + ..., (1.22)

8 By
where the subscripts {a} indicates lead o, Gop(w) is the linear frequency dependent
conductance, Gog,(w) is the second order nonlinear conductance, and so on. So far,
there is no first principles theory which can predict the general nonlinear coefficients,
unless w — 0. From a theoretical point of view, there are two fundamental principles
which are very important. First, the total current flowing through all the leads must

be conserved. Therefore, from Eq. (1.22), we must have
Y I(w)=0. (1.23)
This gives rise to the sum rules, such as:

D Gop(w) = Y Gagy(w) =0 . (1.24)
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The sum rules put severe constraints on the form of these transport coefficients.
Second, a theory must be gauge invariant, meaning that the predicted current cannot
change if the potential at all the leads are shifted by the same constant amount.
This is simply the statement that the definition of the potentials zero cannot change
physics. Therefore, setting {V,} — {Va. + A}, where A is a constant, we find from
Eq. (1.22) the sums rules:

Zg: Gap(w) = Zﬂ:Gaﬂv(w) = Z Gagy(w) =0 . (1.25)

v
Again, these further sum rules constrain the form of the transport coefficients. It
turns out that the linear DC conductance coefficient G,5(0), given by Eq. (1.21)
satisfies these sum rules automatically.

However, a difficulty for AC transport theory, even at the linear order, is the
current conservation Eq. (1.24), i.e. how to guarantee 3", Gop(w) = 0. As shown
by Biittiker [64, 65, 66, 71], current is not conserved unless the displacement cur-
rent, which is induced by the AC field, is taken into account. Displacement current
arises because of induction by electrodynamics, therefore it is related to interactions.
Therefore, a correct AC theory must include interactions at some level, usually at
the Hartree level [72], but this complicates matters significantly. For a nonlinear DC
theory, the difficulty is to make sure that gauge invariance is satisfied, for example
the second order nonlinear coefficient 35 Gp,(0) must be made to satisfy Eq. (1.25).
Again, one can prove that gauge invariance is not satisfied unless interactions are
included [73]. Therefore, to correctly analyze AC and nonlinear DC transport coeffi-
cients, a necessary condition is to solve quantum scattering problem self-consistently,
including electrodynamics [58), which is, unfortunately, a very difficult problem. Re-
call the analysis of last section: no interaction is necessary in understand the basic
physics of UCF, because it is a result of linear DC transport. In addition, it seems
very difficult to generalize the diagrammatic approach of the last section by adding
the self-consistent electrodynamics, in order to investigate AC and nonlinear DC
transport coefficients. Clearly, these coefficients are important physical quantities as

they help to provide a general and more complete picture of quantum transport in
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nanostructures.

1.4 OQutline of thesis

In this thesis we use both exact analytical techniques [74] and a numerical transfer
matrix approach [75] to solve quantum scattering problems in mesoscopic conductors.

First, we develop new theoretical tools that will allows us to compute the func-
tional derivative of the scattering matrix in terms of the scattering wave function:
these derivatives appear naturally in AC and nonlinear DC theory. This is a very
important step which allows us to compute the linear AC and the nonlinear DC con-
ductance for a diffusive conductor from first principles, for the first time in literature.
Second, we will investigate the zero temperature linear AC conductance fluctuations,
and discover that the sample-to-sample fluctuations indicate the fact that a diffusive
conductor can have a capacitive or a inductive dynamic response, which is sensitive
to the impurity configuration. Our results also suggest a crossover for the AC conduc-
tance distribution, from a symmetric to a non symmetric distribution as the impurity
density increases. A degree of generic behavior is discovered in that the AC fluctu-
ation amplitudes become independent of the scattering strength, although depends
on the impurity density. Third, we report an analysis of the sample-to-sample fluc-
tuations of the nonlinear DC transport coefficient, in the conventional UCF regime.
Very interesting behavior is discovered for the first time in literature as well.

The final topic of this thesis considers a seemingly simpler situation where magneto-
conductance fluctuations occur in a quasi-1D quantum wire where artificial impurities
(anti-dots) are placed. However, this problem can only be solved numerically because
of the finite size of the artificial impurities. This drastically complicates the scattering
analysis and renders the analytical approach non applicable. We therefore developed
a novel numerical transfer matrix technique to solve the quantum scattering problem
by calculating the transmission coefficients as a function of the external magnetic field.
We apply the Landauer’s formula Eq. (1.21) to predict the conductance. Our work is

motivated by the experimental study of the same system, where several conductance
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fluctuation anomalies were reported [1]. Our numerical results give good quantitative
agreement with the experimental data and we confirm the physical understanding

inspired by the experiment.

The rest of the thesis is organized in the following way. In chapter 2 we review
the scattering matrix theory for quantum transport. We derive expressions for the
emittance E,g, which is defined by G,s(w) = Gos(0) — ie2wE,z, and the nonlinear
DC conductance Gqp,(0). All three of these transport coefficients, Gag, Eqg, and
Gy, are expressed in terms of the scattering matrix sqan gm, its functional derivative
dSan,sm/0U(7), and the internal response potential u, (), also known as the character-
istic potential. In chapter 3 we derive a series of new theoretical results which greatly
simplify our computation of the emittance and the nonlinear conductance, including
a general formula for the N-th order functional derivative of the scattering matrix.
We also derive the Generalized Fisher-Lee relation, which relates the scattering wave
function to the Green’s function for multi-probe conductors. Such a relationship is
expected but, to the best of our knowledge, we do not know of any such formula in
literature. required These results combined, greatly reduce the computational effort
required when we calculate the linear AC and nonlinear DC transport coefficients. In
chapter 4 we derive an exact expression for the N-delta impurity Green’s function,
G™}(r,r'), in terms of the impurity free Green’s function, G (r, r’). Using this result
we obtain an analogous result for the wave function ¥{")(r), the scattering matrix
g:‘)ﬁm, and its functional derivative Jsg:,)ﬁm/ 6U(r). Using our general formulas we

reproduce the exact analytical results found in [76] and [77], which were obtained

S

for the case of a single impurity. In the latter part of chapter 4 we study the UCF
regime for the usual linear DC conductance, G,4(0), using our formalism. We then
study the emittance and nonlinear DC conductance fluctuations in the UCF regime.
In chapter 5 we develop an extended transfer matrix technique to study the effects of
artificial impurities in a magnetic field on the linear DC conductance, in the ballistic
regime. These numerical simulations are used to explain recent experimental results

(1, 44, 45]. Finally, in chapter 6 we summarize our work and provide a brief outlook
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for future research.




2

Gauge invariant transport theory

In the last decade quantum transport under a time dependent field has been the
subject of many studies [78, 79, 80]. The problem of nonlinear DC quantum transport
has also, in recent years, been a subject of new experimental and theoretical work
[62, 63, 64, 65, 66, 69, 70, 81]. A great theoretical challenge is to predict, for a
general phase coherent conductor, the transport coefficients as a function of the AC
field frequency w and the bias potentials {V,}. In particular, one desires to obtain
general expressions for the emittance, E,3, and the first nonlinear DC conductance,
Gagpy, as defined in Eq. (1.22).

A system which is subjected to a time dependent field, provided by an AC bias
voltage, produces a total current composed of two parts: a particle current and a
displacement current. The displacement current is an essential ingredient in AC
transport since without it the total current is not conserved. Therefore, any realistic
theory for AC transport must contain a displacement current. The origin of the
displacement current is electrodynamic induction, which is related to electron-electron
interactions. Hence, e — e interactions are at the heart of any physically plausible
theory of time dependent transport.

Similarly, nonlinear DC transport requires gauge invariance: the physics of the
system does not change when the electrostatic potential is changed everywhere by
the same constant amount. This requirement put severe restrictions on any theory
of nonlinear quantum transport, as discussed in the last chapter. In particular, any
realistic theory needs to contain information about the internal potential distribution

in order to preserve gauge invariance. Thus, AC and nonlinear DC transport contain

21
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more ingredients than the familiar linear DC theory.

The original scattering matrix theory for quantum transport was developed to
study the linear DC transport, i.e. the first term of Eq. (1.22) at w = 0. The approach
consists of computing the particle current using the scattering matrix. Biittiker and
his co-workers have developed an extended scattering matrix theory which deals with
linear AC transport and nonlinear DC transport [29, 64, 63, 66, 69, 70, 71, 73]. To
solve the AC problem the scattering matrix approach is applied in two steps. First,
the particle current is calculated and one finds that the current is not conserved
in the AC regime. Second, the e — e interactions are considered which change the
potential landscape, and thus generates an internal response (induction) that cancels
exactly the non-conserved piece. Similar considerations are applied to the nonlinear
DC transport problem, which leads to a gauge invariant scattering matrix theory of
nonlinear transport at the 2nd order.

A new ingredient that is found in the linear AC and nonlinear DC transport theory
is the characteristic potentials. The characteristic potentials describe the changes of
the electrostatic potential inside the quantum conductor during transport, i.e. when
the electro-chemical potentials of the electron reservoirs are changed externally. In
particular, the first order characteristic potential, u.,, describes the change of the
electrostatic potential to first order in the bias potentials {V,}. It is the first order
characteristic potential which enters into the expressions of the emittance, E,g, and
the 2nd order nonlinear DC conductance G.g,. Higher order transport coefficients
require the knowledge of higher order characteristic potentials, %yq, Uyag, ----

In this chapter, we follow [82] to review these concepts, and to develop the neces-
sary theoretical framework for our work. Let us once again emphasize that our theory

of quantum transport respects current conservation and gauge invariance.

2.1 Expansion of the current operator

In this section we derive an expansion for Biittiker's current operator [73]. The

current operator is defined in terms of creation and annihilation operators, which
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Figure 2.1: Schematic drawing of a general quantum conductor. In this situation we have 5 leads
that connect the device to the externally controlled electron reservoirs. We chose the scattering
region such that it extends into the lead regions.

are denoted by a},(E) and G.,(E), where these operators represent the creation and
the annihilation of an incoming mode in the n-th subband from the a-th lead with
incoming energy E. We also define the creation and annihilation operators EIm(E)
and b,,(F) for outgoing charge carriers in the n-th subband leaving from the a-th
lead with energy E.

The operators for incoming and outgoing modes are related by the scattering

matrix:

bin(E) = 3 Sanpmidfm(E) - (2.1)
Bm

This relation simply states that the probability amplitude that a charge carrier leaves
the device (see Fig. 2.1) through the a-th lead in the n-th mode is given by the
sum over incoming all incoming modes &Em(E) multiplied by the scattering matrix.

Recall that the scattering matrix s, gm is the probability amplitude that an incoming
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mode from the (-th lead in the m-th subband leaves in the a-th lead in the n-th
subband. The above relation gives the partitioning of the outgoing states in terms of
the incoming states.

Using these operators it can be shown that the total current operator to first order

in w is given by [73]:
It = -,?Z [ dEAE' (&}, (E)aan(E') — Bin(E)ban(EN] € E-EM" . (22)
n

This equation states that the total current going through the a-th lead at time ¢ is
given by the sum over all incoming modes from the a-th lead minus the sum over all
outgoing modes leaving through the a-th lead, with the appropriate averaging.

Typically one assumes that the operators @} ,(E) and @,,(E) are time independent,
which is correct for a DC bias potential. But for an AC potential the creation and
annihilation operators are no longer time independent. In general they have a non
trivial time dependence because of the oscillating external bias. They are the solutions
to the equations of motion generated from the time dependent Hamiltonian, wkich
includes the AC external potential as a perturbation. In order to obtain a current
conserving expression for the operator Eq. (2.2) we need expressions for df,(E) and
Gan(F) which take into account the internal potential U(r, {V,}).

We now follow the work of [82]. The model Hamiltonian for a system in the

presence of an external oscillating potential is given by,

H=Y (E‘am + eV, cos wt) @l (Eams t)@am(Eam, t) - (2.3)

In this equation @sm(Eqam,t) is the time dependent annihilation operator for an in-
coming carrier from region a in mode m. eV, coswt is the shift in the electro-chemical
potential away from equilibrium, i.e. pq(t) = peq + €Va coswt, where pgq is the equi-
librium electro-chemical potential of the leads. The eigen-energy levels E,, have a
functional dependence on the internal potential landscape U(r, {V,}). The potential
U includes the internal response to the external perturbation which generates the

displacement current. Note that the potential U should also be a function of time
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but since we are only interested in the response to first order in w we can neglect this

dependence.

The creation operator Gom(Eqam,t) represent the incoming electrons which are
"dressed” by the oscillating bias potential. The operators a},(F) in Eq. (2.2) are
the Fourier transform of a!  (Eqm,t). Usually, the operators in Eq. (2.2) are taken to
be the "bare” creation and annihilation operators, i.e. the creation and annihilation
operators for incoming modes in the presence of a static infinitesimal bias potential.
When bare operators are used for AC transport, current conservation is violated [64].
To obtain current conserving AC transport coefficients, Biittiker [64, 66, 71] added
an extra term to Eq. (2.1) which is a functional of the internal potential U. Instead
of using this approach we follow [82] to derive an expression for the dressed operators
by solving their equations of motion to the desired order in the bias potential and
AC frequency.

Expanding the total energy in terms of the external perturbation potential {V,}
we find,

Eom + eVacoswt = Egp + O coswt + 0P (coswit)? + ..., (2.4)

where the operators Of) are given by the spatial integration of the i-th characteristic
potential folded with the i-th order functional derivative of E,,, with respect to the

internal potential. In particular, we have that

ON =3 (8ap + O3 Bam) Vi (2.5)
B
where
i aEam
Ov, Eam = /dru,g(r)JU il (2.6)

and ug(r) = %‘i‘%l is the first order characteristic potential. We can now use the

expansion Eq. (2.4) to rewrite the Hamiltonian in the following way,
H=Y (Em + 5" 0% (cos wt)") ! (Eam, )éam(Eam,t) - (2.7)

The dressed annihilation operators @om(Fam,t) satisfy the equation of motion:

ddam = ~ > 3
dt (Eam:t) = [aam(Eama t), H] . (28)
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Since the time dependence of the Hamiltonian is simple, direct integration can be
performed. Up to linear order in voltage we only need to keep the term OE,‘) in the

Hamiltonian. This leads us to the following solution for Gam(Eam,t):

_ i eOM)
Gam(Eam,t) = @am(Fam)ezp (—E [Eamt + ” sin th , (2.9)

The operator @, (Earm) is essentially the bare annihilation operator at an energy level
Eom. Eq. (2.9) provides an explicit expression for the dressed annihilation operators
in terms of the bare operator as a function of time. Tc obtain the dressed operators

in energy space we perform a Fourier transform:

dom(E) = / dt o (Eam, )€ %/
= aa,,,(E)
0“) [Gam (E + fw) — Gom(E — hw)]

2hw
8ﬁ2 2(0(1))[ m(E + 2hw) — Gom (E — 2hw)] +
—Z (—eO()) [ewag_e-mas]ndam(m. 2.10)

To obtain this expression the continuum limit was taken, i.e. we transformed the
discrete energy levels E,,, into a continuum of energy states labeled by E. The first
term in this expression corresponds to the zero-th order response of the system in w.
This corresponds to the usual DC transport regime. To obtain the linear and non
linear DC conductances we must put the first term of the above expansion into the
expression for the current Eq. (2.2) and then expand in terms of the bias potentials,
V,. Similarly, the second term in Eq. (2.10) represents the first order response in w to
the oscillating AC potential. To obtain the linear AC conductance we put this term
into Eq. (2.2) and expand to first order in V.. Let us now compute G,3, Gog,, and
E.5.

2.2 Transport

In this section we compute the linear and nonlinear DC transport coefficients. To

obtain an expression for the DC current operator we put the first term from the ex-
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pansion Eq. (2.10) into Eq. (2.2). Taking the ensemble average of the DC current
operator leads us to an expression for the DC current in terms of the bias poten-
tials. Expanding this expression in terms of the bias potentials {V,} leads us to the
transport coefficients Gog and Gog,.

Putting the first term from Eq. (2.10) into Eq. (2.2) and using Eq. (2.1) we find,
L(t) = ): | aBdE’
[ (E (z San ﬂm E)) (Z sannl(E')a'vl(E’))

_ZZZ/dEdE’aﬁm(E) [ 0‘66 6"'"‘5"‘ anﬂm( )San'yl(E )] a (E') (E-E"t/h

eI E—ENt/N

n fm ~4l
=+ / dEdE'ﬂXl: @Y (E) Agmut(@, 0, E, E')ay(E")eE-EN/R (2.11)
yimmn
where
Agm.,,(a n, E E) (5035 5,,,,,6,,, anﬁm(E)saﬂ -7{(E’) (212)

To obtain the physical current we take the quantum statistical ensemble average of
the current operator. The ensemble average, at temperature T, of the creation and

annihilation operators deep in the leads is given by,
< 6L (B)afn(E') >eq = bumbasd(E — E') fa(E) (2.13)

where f,(F) is the Fermi function for reservoir a. Taking the ensemble average of

the DC current operator Eq. (2.11) we find,

<lo>=7 [dBAE' T Agmole,n, B E) < ahy(E)ay(E') > 55N

Bylmn
h/dEdEl Z Aﬂm’yl(a n, E El) ml‘sﬁ'r‘S(E E’)fﬁ( ) (E~-E')t/h
Bylmn
h/dE%;nAﬂmﬂm a,n, E, E) f4(E)
/dEﬂZ aﬂénm_ anﬂm(E {V })saﬂﬁm(E {V })] fﬁ( )

== AE 3 f5(E)AuolE: {VA)) (2.14)
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where the transmission function A,4(E, {V,}) is defined by:

Aas(E, {V,}) = Z [5aﬂ6nm - s:rm,ﬂm(E’ {V2}sangm(E, {Vv})] . (2.15)

mn

Notice that we have explicitly included the scattering matrix dependence on the bias
potentials {V,}. Notice that, the time dependence has dropped out of Eq. (2.14), as
it should for DC transport.

The DC transport coefficients are formally obtained by Taylor expanding the cur-

rent function in terms of the bias potential {V,}:

<I,>= ZGQM + 5" Gapy VaVy + .. (2.16)
B

To accomplish this we expand the Fermi function, f,(E) = f(E — peq — eVa/kgT),
and A,3(E, {V,}) in terms of {V,}:

for= £+ @5f)(~eVi) + 3 Opef)(~eVa + .. (217)
and
1
Aas(E, {V2}) = Aas(E) + 300, Aag(EIV; + 5 T 00,04, Aag(E)VV; + . . (218)
v T4
Putting these expressions into Eq. (2.14) we find, to 2nd order in the bias,
<Io>=1 [dBfa(E) T Aws(E, {V3)) (2.19)
B
1
= 7 [ 4B S (1 + @ef)(-eti) + 50 )(es) )
(AantB) + ¥t Aus(ENV + 3 01,0y A.,ﬂ(Ew,‘vy)
=2 / dEf(E) ZAa,g(E / dE(:f) ZA,,[, (—eVp)
+ + [dEf(B) S0 Aw(E)V; + /dEf )3 X 8,00 Aas(E)V,
Bw
+ 2 [ dB@ef) X 0v Aas(EYVy(~eV) + 7 [ dE'S 2(0551)(eVs) Aa(E)
By 8
To simplify the above expression notice the sum rule,

Z Aap(E) = Z [50,55“,,, - SLn,ﬁm(E)san,ﬂm(E)] =0, (2.20)
8

pnm
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which follows from the unitarity condition on the scattering matrix,
Zsfm,ﬁm(E)san.ﬁm(E) =1. (2.21)
Bm

Applying this sum rule to Eq. (2.19) we find that the first, third and fourth terms in

the expansion vanish, which leaves us with,

<la>=7 [dBE(-05/) T Aas(E)eVs
8

+ & / dE(-0gf) Y. Ov, Aas(E)VeV;
h B

+2f 45y 2 (O5E1) (eV3)*Aas(E) (2:22)

We can further simplify the above expression by integrating by parts the last term

on the right hand side, we find,
e2
<h>=% /dE(-BEf) S Aas(E)V;
]

2
+ ;_h/dE('_aEf) > (eaEAaﬂ(E)‘sﬂ'r + 26V.,AQ§(E)) ViV, . (2.23)
By

Let us impose gauge invariance by finding the constraints on Eq. (2.23). Physical
quantities, like the current, are invariant under a global shift of all the bias potentials,
Va = V, + AV. This implies that A.s(E, {V, + AV}) = Agp(E, {V,}). In turn, this

leads us to the following constraint,
edpAsp(E) + Z Ov,Aas(E) =0 . (2.24)
i

The above equation simply states that the first order term of the Taylor expansion
of Agp(E,{V, + AV}) in AV must vanish since a global gauge invariance leaves the

system invariant. Imposing this constraint, Eq. (2.23) becomes,
€2
<la>=% [dB(-06) T Aus(E)Vs
8

2
+= > [ 4E(=051) (20, Aap(E) = By, Aag (E)Sg,) VaVs . (2:25)
-
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We replace the partial derivatives with respect to the bias potentials {V,} with func-
tional derivatives and the characteristic potentials {u,}. This way the transport co-
efficients can be written in terms of quantities which are defined inside the scattering

region. This is accomplished by using the following relation,

8Aq5 U(r éAaﬁ
6VAaB /d JU r) aV fd ’Y(r) 1 (2'26)
where the characteristic potential is defined by,
_au(r)
u,(r) = v, (2.27)

The electrostatic potential build-up inside the conductor, due to a change in the

external bias, is denoted by U(r). Eq. (2.25) becomes,

<Ih>=— /dE —0&f) ZAaﬂ

/ dE(~8gf) / erA"ﬂ (2uq(r) - 85,) VaV; . (2.28)

Since we are only interested in zero temperature limit in this work, we take this limit

(T — 0) in the above expression:

< I >= —ZA sV + thfdr “3) (2u, (r) — 63,) VsV, (2.29)

where we have used the identity: Ogfo(E) — 6(F — Ef) when T — 0, where Ef
is the Fermi energy of the electron reservoirs at equilibrium. The above expression
is evaluated at the Fermi energy. We can now read off the transport coefficients by

comparing Eq. (2.29) with Eq. (2.16), which leads to,

e2

Gaﬁ = FAaﬁ y (230)
and
_ e? JAag
Gasr = 5 / dr 572055 (2us(e) = b1) (2.31)

These expressions will be used in Chapter 4 to study quantum transport in the diffu-
sive regime. In particular, linear and nonlinear conductance fluctuations in the UCF

regime will be calculated using these equations.
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Next, we derive an expression for the linear AC conductance. We only give a brief
account of the derivation since it follows the same lines as the one just performed.
The second order term of the expansion of the annihilation operator G,,(E) is (see

Eq. (2.10)) is given by,

2,_Woﬂ) [Gam(E + hw) — Gom(E — hw)] . (2.32)

Putting this expression into the equation for the current operator (see Eq. (2.2)),
taking the ensemble average, and expanding all the terms to first order in V,, we find

after some algebra [83],

dNag

<I >——zewE/dE ~9pf) =22V

+ie wZ/dE'( e f) [d Z d"""(r us(r)Vy . (2.33)
Taking the limit T — 0 the expression becomes:

< Iy >=—ie wz ( dnm(r)) ug(r)Vj

= —ie wZE,,,,Vf, : (2.34)
8

Note that the DC component is omitted from the above expression, i.e. when w goes
to zero, the current is given by the linear DC formula discussed above. The above
equation uses the following notation. The local partial density of states (LPDOS) is
defined by [29],

dnag(l‘ _ 1 6san.ﬂm 651111,;3111
B = i [ Sendm5el(r)  deU(r) ™| (239)

This then defines the global partial density of states (GPDOS),

Na a
d = / & ﬂ(r : (2.36)

The emittance E,g from Eq. (2.34), which is the first order transport coefficient in w
and V,, is given by,

Eop = — Dy (2.37)

dE
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where
dn(r, a)
Dog = / dr ( a(r) , (2.38)

where dn(r,a)/dE is known as the emissivity and is defined below. Clearly, Dog
represents the internal response of the system to the oscillating AC potential since it
depends on the first order characteristic potential, u,(r) = dU(r)/dV,.

The physical meaning of the various scattering DOS has been discussed in [29] and
here we include them for completeness of presentation. The quantity dn.g(r)/dE of
Eq. (2.35) is the LPDOS which describes the local density of states of carriers which
enter the device (see Fig. 2.1) at lead a and exits at lead 3. This is the most fundamen-
tal quantity of all the scattering DOS. We note that partitioning a scattering process
using the partial DOS greatly enhances the physical intuition and helps to understand
the complicated quantum scattering problem. Clearly, the GPDOS dN,s/dE, given
by Eq. (2.36), is the total partial DOS describing the scattering event of a carrier
entering at lead a and leaving at lead §.

The partial local DOS,

dn(r,a)  « dneg(r)
dE "% dE (2:39)

describes the local density of states of charge carrier which exit the device from lead
a regardless of what lead they came in from. We call this quantity the emissivity.

The partial DOS
dn( ﬁ, z dnag (2.40)

describes the local probability that an incoming charge carrier enters from lead
regardless which lead it exits. This partial local DOS is called the injectivity. It
is obvious that for systems with time reversal symmetry (e.g. no magnetic field),
injectivity is identical to emissivity. These partial DOS can be calculated from their
definition Eq. (2.39) and Eq. (2.40) once the LPDOS is obtained. They can also be
directly computed using the scattering wave functions or the Green'’s functions. In

particular, [29, 84] has proven the following expression,

dn ﬁ, Z () (2.41)

h'Ugn
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where v, is the electron’s incoming velocity in lead 8 in mode n. Eq. (2.41) provides
a practical means for evaluating the partial DOS once the scattering wave functions
are known. The consistency between the different approaches for evaluating the
injectivity and the emmisivity provide strong constraints on any theoretical prediction
made about these quantities.

Finally, we define the total local DOS,

dn(r) dnas(r)  —dn(a,r) _ dn(r,B)
W“% dE ‘z,,: dE 'zﬁ: dE (242)

The last ingredient that we are missing is the characteristic potential, u,(r). Once
we know how to compute them, we will have all the required quantities needed to

investigate the transport coefficients.

2.3 Characteristic Potential

In this section we derive an equation for the first order characteristic potential u,(r),
following [82]. The characteristic potential contains all the information about the
response of the internal potential, which we denote by dU(r), to first order in the
bias potentials {V,}. We derive an expression for u,(r) within the Thomas-Fermi
and quasi-neutrality approximation which leads to an analytical expression in term
of the LPDOS.

Consider the multi-probe conductor of Fig. 2.1. In the equilibrium situation where
all the electro-chemical potentials of the reservoirs are equal to a common value y, =
fig = -+ = p, we denote the potential landscape of this conductor by U([u,.},r). U
contains all the contributions due to material properties of the conductor, the external
confining potential of the split gate as discussed in Chap.1, the effective interaction
potential between electrons (e.g. Hartree potential), the electron-ion interactions,
and any other effects. Next, consider the situation when we apply a bias potential
Va to lead a so that the electro-chemical potential of this lead deviates from yx by an
amount du, = eV,, therefore its electro-chemical potential becomes y, = p + €V,

Since ), # u, an electric current starts to flow through our conductor. In addition,
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because of the transport of charges and electron-electron interactions, the potential
landscape U will be perturbed by an amount dU(r) = U([gq + pa), t) — U([tta], F)-
The presence of U reflects the physical phenomenon of electrostatic induction which
is very important for AC and nonlinear DC transport situations. In fact, without
0U, an AC theory violates current conservation while a nonlinear DC theory violates
gauge invariance. For specific devices, 6U can be numerically computed by solving
a Poisson equation coupled to the quantum transport equations in a self-consistent
fashion [85]. In this work, we are interested in the small bias regime. We therefore

calculate 8U order by order in terms of the perturbation du,,
1
edU((pa), £) = ) ua(r)dpa + 3 Y uagbptadus + -, (2.43)
a af

where the functions u,, uag, - - - are the characteristic potentials which characterize the
change in the potential landscape with an external perturbation. Hence, the functions
uq(r) determines the response of the electrostatic potential inside the device to first
order in du,.

Let’s determine the constraints on the characteristic potentials that gauge invari-
ance and current conservation impose. Consider an increase in all the electro-chemical
potentials by the same constant amount, du, = du. Then according to Eq. (2.43) we

have, to first order in pu:
dp=edU(r) = ua(r)bp . (2.44)
Therefore the characteristic potentials must satisfy the sum rule,
Y ua(r)=1. (2.45)

The constraints imposed on u,(r) by current conservation appear as boundary
conditions on the electrostatic potential 6U(r). Deep inside the a-th reservoir, the
interactions are completely screened, therefore an increase of the electro-chemical
potential by du, raises the electrostatic potential by the same amount, i.e. U(r) =

dpq /e deep in the a-th reservoir. This implies, to first order in du,:

Ope = €dU(r) = uo(r)dpa - (2.46)
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This implies that,

uo(r) =1 for r deep in the a-th lead, (2.47)

and
uq(r) =0 for r deep in the S-th lead where a # 3. (2.48)

Eq. (2.47) and Eq. (2.48) serve as the boundary conditions for u.(r).
What is the equation for the characteristic potentials? Obviously, since 6U satisfies

a Poisson equation,
V26U(r) = —4ndp(r) , (2.49)

the characteristic potentials should also satisfy Poisson’s equation. To derive such
an equation explicitly, we need the charge density 6p(r) which is established during
transport and generates the change of the potential landscape dU for the conductor.
Clearly, dp has two contributions: the injected charge, which comes from external
reservoirs and is due to the external bias, and the induced charge, which is estab-
lished throughout the conductor due to the injection of charges via electrodynamics.
To make the discussion simpler, we will further partition these charges by their con-

tributions from each lead,
5pa(l‘) = innjected,a(r) + 6Pinduced.a(r) (2'50)

where dpinjected o(r) is the injected charge from the a-th lead and dpinduced,a(T) is the
induced charge because of the injection of charges through lead a. The total charge

density, which enters the right hand side of Eq. (2.49), is

5p(r) = 3" 6pa(r) - (2.51)

In the linear response regime, the external injection is proportional to the electro-
chemical potential change 4, discussed above, and is given by [82],

dn(a,r)

1B e - (2.52)

innjected,a (l‘) =

This quantity can be easily calculated once the injectivity is known. The physical

meaning of Eq. (2.52) is also very clear: the amount of injected charge depends on
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the driving force du, as well as the partial density of states of injected charges from
the a-th lead.

The induced charge density is much more difficult to obtain because it is a direct
consequence of electron-electron interactions. Within mean field theory, the induced
charge can be formally written as a nonlocal response of the conductor to the local

change of the potential landscape dU:
Opinducedal(t) = = [ dr' o(r,r)esU(r') . (2.53)

The minus sign simply indicates that the induced charge is opposite in sign compared
with the injected charge, and integration is over all space where the potential land-
scape is varied. The quantity II,(r,r’) is the response kernel, commonly called the
Lindhard function, and it is now solely due to the charge injection through the a-th

lead. Therefore the total response function is
O(r,r') = Y Ma(r,x) . (2.54)

Replacing 6U of Eq. (2.53) by Eq. (2.43), to first order in external perturbation, we

have,

Spinducedal(r) = — [ dr’ Talr, ) T us()ds - (2.55)
B

From this equation, for a given model of the response I1,, the induced charge can be
computed once the characteristic potential is known.

Substituting Eq. (2.43), Eq. (2.51), Eq. (2.52), and Eq. (2.55) into the Poisson
equation Eq. (2.49), we obtain an equation for the first order characteristic potential,

dn(a,r)

1B (2.56)

—V2uq(r) + 47re/dr’ [I(r, ' )us(r') = 4me

The boundary conditions for this equation are provided by Eq. (2.47) and Eq. (2.48).
This equation is readily solvable, at least numerically, if we have a model for the
Lindhard function II. Unfortunately, II(r,r’) is extremely difficult to obtain and
therefore has never been calculated from first principles for a multi-probe conductor

in the mesoscopic regime. However, the physical meaning of the Lindhard function has
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been well understood in the development of Fermi liquid theory [86] as the nonlocal
charge response, and our kernel II is the “scattering analog” of the same concept.

In order to put the problem into a solvable form, so that we can compute the
AC and nonlinear DC conductances in the diffusive mesoscopic regime, we will, in
this work, use the Thomas-Fermi approximation for IT which drastically simplifies
the calculation. In this approximation, the non-locality of II{r,r') is neglected so
that II(r,r’) = é(r — r')II(r), indicating that the charge response in our conductor
is rather localized. This is reasonable for metallic or highly doped semi-conducting
samples where interactions are effectively screened. For our purposes, the Thomas-
Fermi approximation provides results which give at least a good qualitative physical

picture. By summing over «a in Eq. (2.56) and recalling that 3", u,(r) = 1, we obtain,

dn(a,r) dn(r)
N — —
/dr H(r,r)—za: =T (2.57)
Then within the Thomas-Fermi approximation we conclude that,
dn(r)
I(r) = T (2.58)

Using this approximation, Eq. (2.56) takes on a simpler form which is numerically

solvable,
dn(r) dn(a,r)
dE dE

Clearly, for a general multi-probe conductor there is little hope to solve this ana-

—V2uy(r) + 4me uq(r) = 4me (2.59)

lytically in any precise fashion, and therefore it is usually solved numerically. An
example of this is found in [87] where the non-equilibrium charge distribution and
the electro-chemical capacitance of atomic clusters were analyzed. For theoretical
and qualitative analysis, which is what we are interested in, a further approximation
is usually made [88], which is the condition of local charge neutrality. This requires
that the total charge be neutral at every point in space, namely dp(r) = 0, which
means that the injected charge is exactly balanced by the induced charge. Therefore,
local charge neutrality implies V2u, = 0, and from Eq. (2.59), we obtain

-1
Ug(r) = d"((i‘gr) x [d;‘g)] : (2.60)
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We emphasize that u,(r) can always be directly solved from Eq. (2.59) as in [85].
For physical situations where charge polarization is not very important (such as con-
ductors with good transmission property), local neutrality can be applied. In the
rest of this work we compute the characteristic potential within the Thomas-Fermi
approximation and the local neutrality condition, since these are applicable to our
systems of study.

Finally, let us note that the above procedure can be generalized to higher order
characteristic potentials: u,g, ¥agy, ... . Within the Thomas-Fermi approximation

the partial charge density from the o-th lead is given by [82]:

dn, 1 d?n, 2
8pa = “E (O — edU) + N IE? (Qpa — eU)" + ... . (2.61)

Putting this expansion and Eq. (2.43) into Eq. (2.49) we find, after much work [83]:

dng d’*n, d?
—V2uag(r) + 411’62%1105(1‘) = 47e? (d; Oap — dgg Ug (1) (2.62)
d®nq d?
_ dgz ug(r) + — E’z ua(r)uﬁ(r)) . (263)

This provides an equation for the second order characteristic potential u,s(r). No-
tice that all the quantities involved are known from the linear order calculation, thus
uqs(r) can be numerically computed. Similarly, the third order characteristic poten-

tial uqg,(r), requires the knowledge of us(r) and uqg(r).

2.4 Summary

In this chapter we have elaborated Biittiker’s transport theory for linear AC and non
linear DC transport coefficients. The major break through in this quantum transport
theory is that it respects current conservation and gauge invariance, something that
most other transport theories do not satisfy. Moreover, to compute these transport
coefficients all that is required is the scattering matrix s,n gm, the functional derivative
of the scattering matrix dsq4y sm/0U(r), and the first order characteristic potential,
uq(r).

In summary, we have the following results:
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e Linear DC conductance:

82
Gag = 5-Aas(E) - (2.64)

e Second order Nonlinear DC conductance:

§Aap

€
Qm=ﬁ[¢&wﬂ@%m—@g. (2.65)

e Linear AC conductance (emittance):

[d dnag(r [d dn(r a) 5(r) . (2.66)

These expressions are at the heart of our study of linear AC and nonlinear DC quan-

tum transport phenomena.
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Scattering matrices, Green's functions, and functional derivatives

In the previous chapter we reviewed the scattering matrix approach for computing
quantum transport coefficients. The key quantities that are required to compute
these quantum transport coefficients are the scattering matrix sgn, on, it’s functional
derivative 65gm on/0U(r) and the characteristic potentials u,(r). While sgp,on can
be readily calculated, in contrast we have that §sgm on /U (r) is extremely difficult to
compute.

A direct way to compute dSqan gm/0U(r) for a multi-probe conductor is to follows
the procedure in [77]. First, we calculate the scattering matrix sqn gm for the conduc-
tor. Next, we add an extra localized scattering potential U(r) = dUd(r — r') inside
the conductor at position r', where 8U is infinitesimal. We then evaluate the new
scattering matrix, s, 5., under the perturbation of 6U(r). The functional derivative
is then given by the limit 6U — 0: 6Sanm/0U(r) = (54, gm — San,sm)/0U. This
procedure is then carried out for each spatial point r of the multi-probe conductor.
Clearly, this method of computing functional derivative is extremely time consuming,
and thus quickly becomes impractical when dealing with 2D systems.

In our work, we derive from first principles an expression for the functional deriva-
tive of the scattering matrix for a multi-probe conductor. The analytical expression
for the functional derivative is expressed in terms of the Green’s function and the
wave function, which are quantities that are directly computable. Combining this
result with a new relation between the wave function and the Green’s function leads
us to a simple expression for the 8Sapn gm/0U(r) in terms of Yan(r).

In this chapter we derive an expression for the emittance, E,s, and the nonlin-

40




3.1 Functional Derivatives 41

ear conductance, Gog,, which only requires the scattering matrix and the scattering
wave function. These results are used later when we study emittance and nonlinear
conductance fluctuations in the diffusive regime. In Section 3.1 we derive expressions
for the functional derivatives of the Green’s function, the wave function, and the
scattering matrix. In Section 3.2 we review the Fisher-Lee relation [89]. This sets up
the work in Section 3.3, where we derive the generalized Fisher-Lee relation, which
relates the Green’s function to the wave function in a way which is similar to the
usual Fisher-Lee relation. In Section 3.4 a generalized proof is used to extend the
result to Bloch states and multi-probe systems. In the final section we combine the
results from the previous sections with those from Chapter 2. This leads us to new

expressions for Eqg and Gog,, which are easy to evaluate.

3.1 Functional Derivatives

In the previous chapter we derived expressions for the quantum transport coefficients
for AC and DC transport. To compute these expressions we must first calculate the
functional derivative of the scattering matrix dsgm on/6U(r). This quantity arises
from the derivative of the scattering matrix with respect to the bias potential via the

chain rule,

asﬁm an 633m an (l‘)
/ SO0 oV, (3-1)

One can understand this equation in the following way. The scattering matrix sgn an
corresponds to a solution 1),, to Schrodinger’s equation. The electrostatic potential
U(r) in Schrédinger’s equation is a solution to Poisson’s equation with boundary
conditions given by the bias potentials {V,}. This implies that a small change in the
bias potentials 6V, leads to a change in the electrostatic potential éU(r), which in
turn induces a change in the scattering wave functions ¥,,, which leads to a change
in the scattering matrix 0ssm an.

Note that the integration in the above equation is nothing more than the contin-
uous version of the chain rule. In the discretised version of this system we replace

the function U(r) with a collection of variables {U;}, which represent the value of the
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electrostatic potential in the discretised scattering region. This leads to the following
substitution: Sgm an[U(F)] = Sgm,en({Ui}). Applying the usual chain rule we find,

Jsﬂm.an({Uk})_ ds mam({Uk})aU 58man[U )jdU(r)
D Ve 17 - [a=me s (3D

where we have taken the continuous limit in the last step.

In the following section we derive a general formula for the functional deriva-
tives of the scattering matrix. This is accomplished by first computing the functional
derivatives of the Green’s function using Dyson’s equation. The Lippmann-Schwinger
equation is then used to obtain an expression for the functional derivatives of the scat-
tering wave functions. Finally, the previous results are used to obtain an expression
for the functional derivatives of the scattering matrix. To summarize, we compute in

the following order: dG/8U — 61an/0U — 65gm.an/0U.

3.1.1 Functional Derivatives of the Green’s function

By definition the functional derivative of any physical quantity is its response to an
infinitesimal delta-function perturbation, 6U(r) = §Ué(r—F), where F is located inside
the scattering region. Formally, the functional derivative of the Green’s function is

given by

6G(r,r') I G[U(r) + 6Ué(r - 1)](r,r') — G[U(r)](r, ')
SUT) st U

where we explicitly show the Green’s function dependence on the potential, U(r).

) (3.3)

The Taylor expansion of the Green’s function provides a way to obtain the functional

derivative,
' i, 9G(r,r’)
G[U(r) + 8U(r)](r,¢') = GU(x)](r,¥') + ———==0U +... . (3-4)

To obtain such an expansion Dyson’s equation is used.

Let the Hamiltonian A represent a free system and G(r,r’) be its corresponding
Green'’s function. We add a perturbation potential V'(r) to this system which leads
to a new Hamiltonian Hy = H + V(r) and a new Green’s function Gy (r,r'). Dyson’s

equation relates Gy (r,r') to G(r,r’) and V(r) via,

Gv(r,r') = G(r,r') + [ dr"G(r, ")V (t")Gy (", t') . (3.5)
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It is straight forward to show that
HyGy(r,r') = —6(r-r') . (3.6)
Applying Dyson’s equation Eq. (3.5) to the situation where V' (r) = 6U(r) = éUé(r —
r), we find
Gsu(r,t') = G(r,r') + j dr"G(r, ¥)8U (") Gy (r", ')
= G(r,t') + ] dt"G(r, ¥")6US(t" — F)Gau (r”, ')
= G(r,r') + 8UG(r,F)Gsy (F,1') . (3.7)
Setting r = T we obtain an equation for Gy (F, r'),
Gsy(F,r') = G(E,1') + SUG(E, t)Gsy (F, 1) . (3.8)
Solving for Gy (T, r'),
Gy (E,r') = [1 - 6Un] ™' G(F,r') (39)
= G(%,r') + sUnG(t,r') — ... ,

where we have set n = G(f,T) and we have expanded [1 — 6Un|™'. Putting this

expansion into Eq. (3.7),

Gsu(r,r') = G(r,r') + SUG(r, F)Gsy (£, ')
= G(r,r') + 0UG(r,T) (G(F,r') + UnG(E, ') — ...)
= G(r,r') + SUG(r,v)G(F, ') — ... . (3.10)

Comparing this equation with Eq. (3.4), we find,

6G(r, 1)

U ) = G(r,F)G(f,r') . (3.11)

This expression has been derived for 1D cases [90)].
We now obtain an expression for the second order functional derivative of the
Green'’s function. This is obtained by the following:

#Gr,ry &  (8G(r,r)
8U(rp)8U(r,) ~ 6U(r,) ( 6U(ry) )
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0§
= 3U(rs)
5

= (%M-G(r,rl)) G(ry,r') + G(r,r) (WG(rl,r'))
= G(r,ry)G(rs, 1,)G(r1,v') + G(r,r;)G(r1,13)G(r, 1) .

(G(r,r1)G(ry, r'))

This last equation can be cast into the following form:

2G(r,r') '
U)oU) ~ 2, ST Tr0)CEr, )Gl ), (312

where S, is the group of all permutations of two elements and P(7) is the i-th element
of the group. In this notation it is straight forward to show, by induction, that the

N-th order functional derivative of the Green’s function is given by:

SNG(r, ! ,
T ) = 55, GG ere) . Gleeno sron)Gler <)
Sy

where Sy is the group of all permutations of N elements. We now have an explicit
expression for all the functional derivatives of the Green’s function. Let us now

compute the functional derivatives of the scattering wave functions.

3.1.2 Functional Derivatives of the Scattering Wave function

To compute the functional derivative of the wave function we use, once again, the
Taylor expansion,
§(r)

Yeu(r) = ¥(r) + WCSU +.. . (3.13)

In the previous section we obtained an explicit expression for the Taylor expansion by
using Dyson’s equation, which related G(r, ') to Gsy(r,r’). The analogous equation
for wave function is the Lippmann-Schwinger equation. Let %(r) be the wave function
for a free system, ¢y (r) be the wave function for the perturbed system, and V'(r) be

the perturbation potential. Then the Lippmann-Schwinger equation is given by,
wy(r) = ¥(r) + [ dr'Gy (r, ©)V ')y (r') (3.14)

where Gy (r,1') is the Green’s function of the perturbed system. It is not difficult to

show that 1y (r) satisfies Schrédinger’s equation for the Hamiltonian Hy = Ho + V.
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Setting V(r) = dU(r) = 8U4(r — T), we obtain

Ysw(r) = ¥(r) + / dr'Gsy (r, ©')oUS(x' — E)y(r)
= Y(r) + UG (r, F)Y(T) - (3.15)

Substituting Eq. (3.10) into Eq. (3.15),

Ysu(r) = ¥(r) + UGy (r, F)Y(T)
= 9Y(r) + 86U (G(r,F) + UG(r,£)G(T,T) + ...) ¥(T)
= Y(r) + SUG(r, E)Y(F) + ... . (3.16)

Comparing Eq. (3.13) and Eq. (3.16), we conclude,

5y (r)
3U(F)

We can now compute higher order functional derivatives. The second order functional

= G(r,)V(F) . (3.17)

derivative of the wavefunction is given by,

Fyr) & o¥(r)
sU(ry)0U(ry) ~ 6U(ry) (JU(rl))

= w‘z—r?) (G(r,r)y(ry))

= (776 ) w00) + 600 gy vten)
— Gle, 1) Glea F)U(E) + G PG EU(ED) - (318)

This last expression can be written in the following form:

52
oU (r;)bé(U)(rl) sz G(r,rp(1))G(rp(1) Tr2))¥(Tr(2) (3.19)

where, once again, S is the group of permutations of two elements and P(7) is the
i-th element of the group. Finally, by induction we find the N-th order functional

derivative:

5N
U (em)- Jffg')z)JU(rl) PXS: G(r,rp1))G(rp), Tp(@)).--G(Tp(v-1), TN V(T P(N)) -
€

We will now obtain a general expression for the functional derivatives of the scattering

madtrix.
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3.1.3 Functional Derivatives of the Scattering Matrix

Up to now we have not worried about the type of leads for our quantum conductor.
Theoretically, the leads of a conductor are mostly modeled by jellium leads where
there is no atomic structure: a lead is a perfect quasi-1D quantum wire where the
confining potential of the wire is assumed to be either hard or soft. A hard wall
potential means the confining potential has a step function profile which is infinitely
high at the wall. A soft wall, on the other hand, is modeled by a potential of finite
height which spatially extends to infinity away from the wall. Jellium leads are easy
to model because the electrons wavefunction along the leads are plane waves, as we
have assumed so far. More recently, quantum transport measurements on atomic and
molecular scale nano-electronic systems have received great attention [91, 92, 93, 94,
95, 24, 96, 97] because they represent the ultimate size limit of functional devices.
The current-voltage (I- V) characteristics of these atomic and molecular systems have
promising characteristics for device applications, including high nonlinearity, negative
differential resistance, electro-mechanic and electrostatic current switching {92, 93,
94, 95, 97]. Demonstrations of molecular based logic gates [92] and non-volatile
random access memory device (93, 95] have already been made, and clearly point to
the exciting possibility of molecular computing machinery [92]. For these molecular
devices, the leads are atomic: they have their own discrete translational symmetry,
represented by a collection of atoms at positions {R;}. Therefore, it is useful to

consider atomic leads as well as the simpler jellium leads.

All the equations derived so far are valid for jellium as well as atomic leads. In
contrast to the Green’s function and the wavefunction, the functional derivatives of
the scattering matrix depends on the details of the leads that we are modeling. In
this section we first derive an expression for the N-th order functional derivative of
the scattering matrix for jellium leads. We will then derive the analogous result for

a system with atomic leads.

The scattering matrix for a quantum conductor with jellium leads is defined by
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[73],
[Van —ikgp-
d"an(rﬂ) = Z ‘Sﬁa mn¢an(ya) thanZa + _sﬂm an¢ﬁm(yﬂ)e Kom 7o ’ (320)
B,m Ugm

where rg = (23, ys) are local coordinate systems such that zz = 0 is the position of the
boundary between the scattering region and §-th lead, vgp, is the Fermi velocity for
the m-th subband in the §-th lead, and ¢ (y;s) is the m-th transverse eigenfunction
in the §-th lead. This relation between ¥,, and Sgm on can be inverted to obtain an

expression for the scattering matrix in terms of the wavefunction,

/U m
Sgm,an = —JﬂQJnm + U_ﬂ_ -/Cg dyﬁ¢ﬂm(yﬁ)wan(yﬁa Ig = 0) * (321)

where Cj is the boundary surface between the 3-th lead and the scattering region,
in order to simplify the notation. From now on, zz represents the position of the
boundary between the the 3-th lead and the scattering region.

The strategy for computing the dsgm on/6U(r) is to apply the results of the two pre-
vious sections in combination with Eq. (3.21). Note that the transverse eigenfunction
in the leads, {@sn,}, are unaffected by the presence of a delta function perturbation,
0U(r) = 6US(r — £), in the scattering region. Thus, it is a constant from the point of

view of the functional derivative. This leads to the following result,

5535"(1:" _<5U6(r (ﬁf / Y bpm (Y )ban (23, y ))
-2 i (2555
= \/E /C WG (t) (G(z0, ¥ ¥} (1))
= \/% (iﬁvgm / ay' ¢sm (y')G (25, ¥ r)) P(r)

= W%m(r)waﬂ( r), (3.22)

where we have introduced the function ¥, (z,y):

Fom(x) = thugm | dy'$om(y)G a5, 7). (3.23)
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To compute the higher order derivatives first notice that,

Jsm 5 {. , , ’
J?Z(S) = 3U) (mvﬂ"‘ ;, ' donaany )G(xa,y;r))

. , N )
= Zﬁvﬁm /(;B dr ¢I3m(‘rﬂa y) (WG(-’CB! y ;l'))

= ihvgm fq, dr' S (25, ¥') (G5, ¥'; F)G(F, T))

= (iﬁvgm /Ca dY' ogm (x4, y')G(zs, ¥ )) G(f,r)
= Ypm(E)G(F,r) . (3.24)

Let us now compute the second order functional derivative of the scattering matrix,

523ﬁm,an _ d 6sﬂm'0n
8U(r;)0U(r1) — 6U(rz) \ 6U(r1)

5
= U (r2) (hm;:w””‘(r‘)%"(r‘))

—1 Jwgm(rl) - é-wan(rl)
h\/m [ 6U( wan(rl) + ¢ﬂm(rl)m}

This last equation can be rewritten in the following form:

[wﬂm (l‘g (1‘2, rl)d’an (1'1) + &ﬂm (rI)G(rl’ r2)¢6m (1'2)]

(523 8 —1
an,fm = an\T G(r , T m(T . 3.25
8U(r2)oU(r1)  hy/UgmUan Pezsz’*!’ (rp)))G(rpq), Tr2) ) Ysm(Tp(2) (3.25)

Finally, by induction we find that the N-th order functional derivative of the scatter-

ing matrix is given by,

JNsan,ﬁm — —Z (326)
6U(I'N)(SU(1'2)6U(1'1) h\/i]_EmU_an

3" Yan(rp))G(rpay, Tr@))--G(TP(N=-1), TP(N))Yom (TR(N)) -
PeSy

Let us derive the analogous result for a quantum device attached to atomic leads.
The scattering matrix for a system with asymptotic states given by Bloch states is

defined by,

wan r/3 Z [Jﬁaamn¢g:)(ra) + Mzgn Sgm, an¢5m )(1' )] , (327)

B,m
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where {#(™} are the incoming Bloch states in the n-th subband in the a-th lead and
{#{@*9} are the outgoing Bloch states in the m-th subband in the 3-th lead. This
relation can be inverted to obtain an expression for the scattering matrix in terms of

the scattering wavefunction,

Sman = ~dgalum + [ [ a6 () (x| (3.28)
an
where
Im = [ drgl()sle(x') (3.29)
-]

where Cj is the first unit cell outside the scattering region at the boundary with the
-th lead region and ¢{)t is the dual of the n-th subband Bloch state in the 3-th
lead. With this expression it follows from our previous derivation that first order

functional derivative of the scattering matrix is given by,

63ﬁm,om. _ -1 -
6U(l‘) - hmwﬁm(r)‘pan(r) ’ (330)

where

Vpm(r) = ihvgm /C , dr' st (r)G(r,r) . (3.31)
To obtain the higher order functional derivatives it suffices to notice that Eq. (3.24)
is valid for Bloch states. It then follows that the N-th order functional derivative of
the scattering matrix for such a Bloch system has the same form as Eq. (3.26) except
that 1, (r) is replaced by Eq. (3.31).

To summarize, we have derived a general expression for the functional derivatives
of the scattering matrix from first principles. These results provide a systematic
way to compute the functional derivatives of scattering matrix. Next, we find an
expression for the scattering wavefunction in terms of the Green’s function. This
will allow us to express the first order functional derivative of the scattering matrix,

dSanpm/0U(r), in terms of the wavefunction, s, (r).

3.2 The Fisher-Lee Relation for Jellium leads

The scattering matrix tells us the response at one lead given an excitation by an

incoming carrier at another. The Green'’s function, on the other hand, has much more
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information. It knows the response of the system at an arbitrary point z in space
given an excitation originating at z’. Since the Green'’s function has full knowledge of
how a conductor reacts to an arbitrary excitation, it must also contain the scattering
matrix. Then we should be able to extract the scattering matrix from the Green'’s
function. The equation that relates the scattering matrix to the Green’s function is
known as the Fisher-Lee relation [89]. We now give an informal derivation of this
relationship following [5].

Consider a device connected to a set of leads. We use a local coordinate system
where the boundary of the scattering region with the §-th lead is located at z3 = 0.

We express the Green's function evaluated at the boundaries in the following notation,
Gpa(Ypi Ya) = G(z5 =0,y Ta = 0,7a) - (3.32)

We now express the above Green’s function in terms of the scattering matrix. To
simplify the situation, for the moment, we ignore the transverse degrees of freedom
and treat the system as if it was one dimensional. We know that a unit excitation
at r, = 0 gives rise to an wave amplitude A7 moving away from the conductor and
a wave amplitude A} moving towards to conductor. The wave going towards the

conductor will be scattered into different leads, which leads us to,
Gﬂa = 6130‘4; + SﬁaA; . (3.33)

It can be shown [5], using the Green’s function continuity equations, that

1

- 3.34
o (3.34)

+ A= —
A = A5 =
The conventional normalization for the scattering matrix is

v -
Spo =/ 5sa - (3.35)
Va

Combining the above equations we find the following resulit,
Sfa = —Jga + ih‘/vangga . (336)

This is the Fisher-Lee relation in one dimension.
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To obtain the multi-mode version of this equation first notice that Eq. (3.33)
becomes,
Goa(WsiYe) = 3 3 Gan(ta) [0pabumAzy + Spmandfn| bom(ys) . (3.37)
nea mep
when the transverse degrees of freedom are taken into account. From the Green’s
function continuity equations it can be shown [5],

! (3.38)

Ar = A7 =-— ]
Am Bm fw,gm

The conventional normalization for the multi-mode scattering matrix is,

v
Spm,an = ‘f ﬂS;t‘im.cm . (3.39)
Van

Gga y ya ¢an(ya) Onmdas + sﬁm,an] ¢ﬁm(y ) (340)
6 (Y %% ; m [6ambas 5

To obtain an equation for the scattering matrix in terms of the Green's function, we

invert Eq. (3.40),

Therefore,

Soman = ~bagbum + ihy/Oman [ [ dy'dy" 8am(y')G(5,Y'sTarU")San(y") (3:41)

This is the higher dimensional version of the Fisher-Lee relation.

3.3 The Generalized Fisher-Lee Relation for Jellium leads

In general, we may consider G(r,r’) to be the electron probability amplitude at po-
sition r given a delta-function excitation at another position r’. The wavefunction,
on the other hand, is the probability amplitude for an electron to be at a position r
given some initial probability amplitude. Therefore, the information contained in the
wavefunction is also contained in the Green’s function.

Let us now prove the following relation between the wavefunction and the Green's

function:
Yan(r) = ihvan | dy'an(y)G(za,¥'5¥) | (3.42)
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where r is located inside the scattering region. We call this equation the Generalized
Fisher-Lee relation.

To prove Eq. (3.42) we will first show by direct computation that the relation is
true for a perfect 2D quantum wire. Having shown this we will next construct systems
which consist of a perfect 2D wire with an arbitrary potential in the scattering region,
which can contain both a local and a non-local term. Dyson’s equation is then used to
obtain an expression for the Green’s function for the new system in terms of G (r, r'),
the Greens function for a perfect 2D wire, and the potential. Similarly, we use the
Lippmann-Schwinger equation to get an expression for the wave functions for the new
system in terms of (%) (r) and the potential. With these expressions in hand we use
our previous results to show that the Generalized Fisher-Lee relation is true.

First, let us consider a perfect 2D wire with an empty scattering region located in
the region z € [0, L]. The lead to the left of the scattering region is denoted as lead-1
and to the right as lead-2. The scattering wavefunction for an incoming mode from
lead-1 in the n-th subband

fn (r) = dn(y)e™= (3.43)
where ¢,(y) is the transverse eigenfunction which depends on the choice of confining
potential of the wire. Similarly, the scattering wavefunction for an incoming wave

from lead-2 in the m-th mode is given by
Ui (r) = $m(y)e ™" . (3.44)

Next, the Green’s function for a perfect 2D quantum wire is given by [5],
eikn fz—z'|

G(U)(rv tJ) = Z ¢n(y)¢n(y')_.— ’ (345)
m thv,
where £, is the n-th eigen-momentum and v, is the Fermi velocity of the carrier in

the n-th subband.
Using Eq. (3.43), Eq. (3.44), and Eq. (3.45) we now show that the Generalized

Fisher-Lee relation is true for a perfect 2D wire. For z inside the scattering region

we have that

tkn|z|
ihvm / dy' 6 (y') GO0, y'; 7, y) = thvm / dy'dm(y') (Z 6 (U)bn(¥) > )

P thvy,
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ika

= iﬁvm¢m (y)
= ¢m (y) eikmz

= yin(z,y) .

thvy,

Similarly,
etknlL—z|
it / dy' b (v} GO (L, o'; 7, y) = ihvm [ dy' ¢m (y') (Zﬂ: bn(v)Bny) 1 - )
. pikm(L—z)
= thumdm(y) hUm
= Gm(y)e~ "0

0
= Y (z,y) -

We absorbed the phase factor e*= into the definition of the scattering wavefunction
since it has no physical effect. Notice that if we use a local coordinate system such
that zo = 0 corresponds to the position of the boundary of the scaitering region with
lead-2, then the phase factor would be absorbed by the local coordinate system.

Let us now consider a general situation described by the Hamiltonian,
H=H"+V (3.46)

where A9 is the Hamiltonian for a perfect 2D quantum wire, and V is some scattering
potential that describes our quantum device. The potential has two pieces, one local

and one non-local !,

V(r) = Vieear(r) + Vi1 (r) (3.47)

where

Ve (@)o(r) = ¥ Z,x,(r) / dr'x, (£)(r') . (3.48)

The functions x, (r) form a basis for the non-local potential. The matrix Z,,, for the
non-local part of the potential is symmetric, Z,, = Z,,. Because of the general form

of the potential, the system can represent a wide variety of quantum device connected

1A non-local potential is often necessary in defining atomic cores in a typical density functional

analysis of molecular devices.
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to two jellium leads, like an atomic cluster, a quantum dot, or an atomic wire. The
only assumption we make about the potential is that it is Time Reversal Symmetric
(TRS), which implies that G(r,r') = G(r', r).

Before moving on with our derivation let us notice the following,

/ dry(r) VL (r)G(r, 1) / dry(r) (zz,,”x,, / dr'y, (r')G(r', r ))

(214

= fdr'/drzZp‘,l/}(r)Xﬂ(r)XU(rl)G(rlv l‘”)
=//drdr'ZZ,wG(r", r’)x,,(r')x,,(r)w(r)

= /dr’G(r”, r') (Z Zuux,(r’)/drx#(r)w(r))
_ / dr'G(r",r') (2 Z,.x,(r) / drx“(r)zj;(r))

= / de'G(r", v') Vi (t)u(r) | (3.49)

where we have used G(r,r’) = G(v/,r) and Z,, = Z,,. This result will be used in our
derivation of the Generalized Fisher-Lee relation.

Using Dyson’s equation we obtain an expression for the Green’s function in terms

of the potential V and GO (r, r'),
G(r,r') = GO(r,r') + / e GO (r, )V (+")G(r", ¥') . (3.50)
Similarly, the Lippmann-Schwinger equation gives us,
Yan(r) = pO(r) + / dr'G(r, ')V (r')yQ(r') . (3.51)
Next, we evaluate the right hand side Eq. (3.42) using Eq. (3.50), we find,
ihvgn /C _4Y'$an(y)G(2a: Y5 )
= ifvn [ dy/9an(y)) (G (za/iv) + [ dr"CO (/5" V(") 1))
= ihvan / dy'ban (¥') GO (za, s T)
+ / dr” (zf’w.m / 0y bon(4) GO (za, ")) V(") G(r", )
(0)(1' +/dr" (0)(1'" V({r"\G(r",r)
= O(r) + [ dr"G(r, e")V (") Q@ (") | (3.52)
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where we have used Eq. (3.49) to get the final result. Comparing Eq. (3.52) with
Eq. (3.51) we conclude that

Yan(r) =z'hva,,/c Ay ban (¥ )G (20, Y5 1T) (3.53)

which is precisely the Generalized Fisher-Lee relation.

3.4 GFL Relation for Multi-Probe and Atomic systems

One limitation of the above result is that it does not apply to multi-probe quantum
conductors and/or conductors that are connected to atomic leads. Let us extend
the proof of the Generalized Fisher-Lee (GFL) relation to include such systems. We
first we prove the GFL for a multi-probe with jellium leads. This is accomplished by
using the usual Fisher-Lee relation. We assume, as before, that the systems are time
reversal symmetric.

Using the Fisher-Lee relation we compute the functional derivative of the scattering

matrix. From Eq. (3.41) and Eq. (3.11) we find,

§ng an ' (-'l'ﬁ,y Tay Y )
(5U( ) zﬁ'\/vﬁmvan//dy dy ¢ﬂm ) 5U( ) ¢°ﬂ( )
= ih/TamTan | [ dy'dy" $pm(¥')G 25, 4 1)G (T3 T ") dan(¥")

= W—;m_— (h0ms [ Bt/ Glas, y'i1)) (ihvne [ "Gz " F)bn(s"))
= hmwﬁm( )"pan(r) 2 (354)

where we have assumed TRS and used Eq. (3.23) to obtain the final result. Comparing
Eq. (3.54) with Eq. (3.22) we conclude:

Wan(x) = Fan(e) = g | /o (4/)Glzp, 41 (3:55)

which is the Generalized Fisher-Lee (GFL) relation. To extend this result to Bloch
states we simply use the Fisher-Lee relationship for atomic leads and repeat the above

procedure. The final result is:

Yan () = Pan(r) = ihUgm / 'Ot ()G () | (3.56)
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where Cj is the first unit cell outside the scattering region in the g-th lead and
(""t)f (r) is the dual of an outgoing Bloch states. With these results we only require
the wavefunction to compute dsgm on/0U(r). This greatly reduces the complexity
and computation time required to obtain the functional derivative of the scattering
matrix, since there is no need to compute the Green’s function.
In this section we proved that the Generalized Fisher-Lee relation is true for all
TRS systems. We then rigorously derived the Fisher-Lee relation for systems with
atomic leads. Finally, we argued that to compute the first order functional derivative

of the scattering matrix we only require the wavefunction.

3.5 Transport Coefficients and LPDOS

We now apply the results from the previous sections to the quantum transport coef-
ficients discussed in Chapter 2. In particular, we obtain equations for the first order
nonlinear DC conductance, G,g,, and linear AC conductance, E,3. We assume, once
again, time reversal symmetry.

We first find an equation for G,4, in terms of the scattering wave functions, ¥un(r)

and the characteristic potentials, u,(r). From Eq. (2.65) we have,

Gasy = = [ de 3722 (2ur(r) =) (3.57)
where
Aag(E, {V}}) = Z [5uﬂ5nm - s{?m.an(E! {Va})sgm.an(E, {V*r})] . (3.58)

Let us express dA,5/8U(r) in terms of tqn(r),

dAq 8 '
JUA(ﬁ) = 5U(l‘) Zm [6aﬂdnm - SLm,an(E, {‘/'Y})Sﬁm.aﬂ.(Ey {‘/‘Y})]

Z [ S8m, ansﬁm,ﬂﬂ]

(5U(r o
==Y s} Sspmean | o o
& [*emen 5U (r)

(Ssﬂm an

=-2 E Re [s;,m,an —(STJ(I_—)]

n,m
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= —22 Re [Sﬁm anﬁ\/ITm_¢ﬂm( r)Yan(r )]

_ 'lr/)ﬂm (r)sﬁm,an"»bon (1‘)
_—221m[ N J , (3.59)

where we have used Eq. (3.22). Using this expression for §4,5/6U(r) we now have

an equation for G,g,, which is expressed in terms of ¥4u(r) and u,(r). This result
is used in Chapter 4 when we study nonlinear DC conductance fluctuations in the
diffusive regime.

To obtain the emittance, E,5, we must first derive expressions for the local partial

DOS. From Eq. (2.35), the LPDOS is given by,

dnc.,g( ) 1 f 555," an
Td4E 4i7r,§:n[ mangoir) ¢
( s
t an,fm
5 (im 585

1

“om
1
T oom

t -
n,m ( -Sﬂm.an W"/)ﬁm ( )'wan (r)} )

— 1 wﬁm (r)sﬁm,and’an (1')
= _grg (Re /Tt D X (3.60)

With this result the emittance can be expressed in terms of the scattering matrix,

L

scattering wavefunction, and the characteristic potentials. In Chapter 4 we use this
result to study emittance fluctuations in a diffusive conductor in the mesoscopic
regime.

To summarize, in this chapter we have developed theoretical tools which we will use
to study nonlinear DC and linear AC quantum transport coefficients. In particular,
we have found from first principles an expression for the functional derivative of the
scattering matrix, d5gm on/8U(r), in terms of the wavefunction, ¥,,(r). This greatly

reduces the computational effort required to calculate G,4, and E,4.
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Exact N-impurity Solution: Admittance Fluctuations

In Chapter 2 we reviewed a quantum theory for linear AC and nonlinear DC quan-
tum transport, which conserves current and is gauge invariant. In particular, we
derived expressions for the emittance, E,5, and the nonlinear conductance, Ggup,-
In Chapter 3 we derived a new expression for the functional derivative of the scat-
tering matrix, 0Sqn gm/0U(r), expressed in terms of the scattering wave functions,
Yan(r). This leads to equations for E,5 and G,g, in terms of the Songm, Yan(T),
and u4(r). Within the Thomas-Fermi and local neutrality approximations, we can
express uq.(r) in terms of Y¥,n(r). This leaves us with expressions for the emittance,
E,p, and the nonlinear conductance, G,g,, in terms of the scattering matrix and the
wave function. We now apply these results to investigate conductance fluctuations.
In particular, we are interested in emittance and nonlinear conductance fluctuations
in the diffusive regime, where universal conductance fluctuations are found for linear

DC conductance.

QOur approach is to generate a disordered conductor in the diffusive regime using
an impurity potential which consists of localized elastic scattering centers given by,
V(r) = ¥; 76(r—r;), as used by Al'tshuler, Lee, Stone, and Fuckuyama [43]. With this
choice of impurities we can exactly solve Dyson’s equation. This leads us to an exact
expression for the N-delta impurity Green's function, which we denote by G")(r, r’).
The Lippmann-Schwinger equation is then used to obtain an exact expression for
w{¥)(r), the N-delta impurity scattering wave function. Combining these results with
the results from Chapter 3 we obtain exact expressions for the scattering matrix,

sffg’an, and it’s functional derivative, Jsgg‘an /8U(r). Once all these results are derived

58
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we use them to compute the transport coefficients E,3 and G,5,. We then study
the sample-to-sample emittance fluctuations, AFE,g, and the nonlinear conductance
fluctuations, AG,g,. These quantities are computed by evaluating numerically our
exact expressions for E,3 and G,p, and then performing statistical analysis. But
first, we compute the fluctuations of the usual linear DC conductance, G,g, in order
to locate the UCF transport regime. Moreover, since we have an exact solution for
the N-delta impurity problem, we can probe the full parameter space, N and -y, where
N is the number of impurities and ~y the strength of the impurities. This allows us
to study the crossover from one regime to another, for instance, from the ballistic
regime to the UCF regime.

In Section 4.1, we derive expressions for GV (r, '), y{¥)(r), 63%)’&"/6U (r), and

(~)
sﬁm,om'

impurity in a perfect quasi-1D quantum wire, for which the scattering matrix and it’s

In Section 4.2 these general results are applied to the specific case of 1-delta

functional derivative has been found using a mode matching method [76, 77]. Our
results are compared to these, and are found to be consistent. In Section 4.3 we apply
our technique to the N-delta impurity situation for a perfect 2D quantum wire. We
then study AG,s, AE,s, and AG,g, for different values of N and v. In particular,
we find values for N and v which leads to AGqp in the UCF regime.

4.1 Exact Solution to the N-impurity problem

In the next section we derive exact expressions for the N-delta impurity Green'’s func-
tion, wave function, scattering matrix and it’s functional derivative. These theoretical
results are crucial for our later work on emittance and nonlinear conductance fluctua-
tions. Similar results can be obtained for the N-delta magnetic impurity Green’s func-
tion and wave function (see appendices). The essential ingredient in these derivations
is that the delta-function impurities can always be integrated out of our equations.
This simplifies the integral equations, which provide exact expressions for G™V)(r, r')
and ¥™)(r), to algebraic equations which are easily solved. Once expressions for

G™M(r,r’) and ¥™)(r) are found the results from Chapter 3 are used to compute
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s and 658, 16U (x).

an,fm an,fm

4.1.1 The N-delta impurity Green’s function

Let us consider a system described by an "unperturbed” Hamiltonian H®. For
example, the system can be a quantum wire, a 4-probe Hall bar, or a molecular
device. The Green'’s function corresponding to this system is denoted by G© (r,r').

We add to this system N-delta impurities, which leads to the new Hamiltonian,
H™ = O 4 y™(r) | (4.1)
where the impurity potential is given by,
N
VM@ =3 7d(r — ;) . (4.2)
i=1

The strength of the impurities are represented by {v;} and their positions by {r;}.
To obtain the Green’s function for this new system, GV (r, r'), we use the following
approach. First, we view the system described by H©® as a free system and the
one represented by HV) as the perturbed one. The potential V(¥)(r) is treated
as the perturbation potential. Using Dyson’s equation we express the perturbed
Green'’s function, GV (r, r'), in terms of the free Green’s function, G (r,r’), and the
perturbation potential V(¥)(r). Finally, we solve Dyson’s equation exactly.

Dyson’s equation is given by,
G™(r,r') = GO(r,r') + / dr"GO(xr, r" ) VM (£"GM (", 1) . (4.3)
Integrating out the delta function impurities we find,

N
G(N) (ra r,) = G(O) (l', l',) + z G(O) (rv ri)’YiG(N) (ri’ l") . (44)
i=1
Setting r = r;, for j = 1,...,, N in Eq. (4.4), we generate a system of N equations for
the N unknowns {G")(r;,1')}, given by,
N
G™M(r;,r') = GO(x;,x') + Y GO (x;,1:)%G M (x;, 1)

=1

N
= GOr;,r') + 3 0inGM (')
i=1
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where we have set n;; = G(O(r;, ;). Solving this set of equations we find:

N
GM(ri,r') =3 (85— myv)~ GO(xjo ) (4.5)

Jj=1
Finally, substituting Eq. (4.5) into Eq. (4.4) we find,

N
GM(r,r') =Gz, r) +ZG‘°’ (r, 1)y (Z [6;; — miiv] ' GO(xj,x ))

=1 =1

N
=GO, ')+ Y GO (r,r:)v:M;;GO(r;, 1), (4.6)
ig=1
where
M;; = (85 - nigmi) ™ - (47)

Thus, we have found how to add N delta impurities to any system. Note that the

only ingredient required in this derivation was Dyson’s equation.

4.1.2 The N-delta impurity scattering wave function

We are now ready to obtain an expression for the N-delta impurity wave function,
¥ ¥)(r). This is accomplished by expressing the wave function, ¥/{¥)(r), in terms of
the free wave function, ¥{%(r), the N-impurity Green’s function, G™)(r, 1’}, and the
potential V{¥)(r), via the Lippmann-Schwinger equation. Using the results from the
previous section we find an exact expression for the wave function.

Let ¢(M)(r) be the perturbed wave function, ){°) (r) the free wave function, G™)(r, ')
the perturbed Green’s function, and V(™(r) is the perturbation potential. The

Lippmann-Schwinger equation is given by,

p(r) = $O(r) + [ d'GM (@, )V N )pO() . (438)
Integrating out all the delta-functions impurities we obtain,
N
™) (r) = 1/1(0)(1') + Z G(N)(l‘, rk)'?’kw(o)(rk) . (4.9)
k=1

Substituting Eq. (4.6) into Eq. (4.9), we find,

Pp™(r) = pO(r) + Z (G( M(r,re) + Z GO (r, 1) % MG (r,,rk)) 1™ (x)

k=1 ij=1

N
= ¢pO(r +ZG(°)(I' )b O (re) + Y GO(r, r)viMijnjsve @ (re) -
i,J.k=1
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This is an exact expression for the N-impurity wave function in term of ¥{(r),
G9(r,r), and M;; (see Eq. (4.7)).

It would appear that the N-impurity wave function, (") (r), depends on three

center interactions, i.e. terms that depends on 3 different impurity positions. But
since the N-impurity Green’s function depends only on two center interactions it is
reasonable to suspect that the 3 center term in {")(r) is artificial.

Let us now turn the 3 center term into a 2 center term:

N N
M (1) =9O() + 3 GO, )@ (re) + Y. GO (r, )y Mimie vy (ri)

k=1 t,j,k=1

N N
=)+ Y GOr,r)w (Bu) ¥O(re) + Y GO(r,ri)y (Mymiewe) 91 (re)

ik=1 igk=1

N
=9 O) + ¥ GO(r,r:)w (8idie + Mymjere) O (xs)
igk=1

N
=90 + Y GO(r,r;)nM;; (Mﬁcl + njﬂk) ¥ (ry)

i k=1
N
=) + Y GO(r,r:)viMy; (66 — mig vk + niwve) ' (rs)
i,j,k=1

N
= Iw(O) (l‘) + Z G(O) (l', ri)’YiMij (6.fk) 1’0(0) (rk)

ijk=1

N
=) + 3 GO(r,r:)viMi;p O (x;) .

ij=1
Thus, the N-delta impurity wave function is simply given by,

N
™M (r) = pO(r) + 3 GO(r,r;)viM;;jvO(r;) . (4.10)

ij=1

Before moving on let us check the above result by re-deriving it using a different

approach. This new derivation simply reuses the method that was employed to obtain

GM(r,r') from Dyson’s equation. An alternate form of the Lippmann-Schwinger
equation is given by,

sM(r) = pO(r) + f dr'GO(r, )W ()™M (r') . (4.11)

Integrating out the delta-functions we find,

»M(r) = () + % GO(r, r) v (r;) . (4.12)

i=1
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Setting, r = r; for j = 1,..., N, we generate a system of N equations for the N
unknowns {M)(r;)}:
N
PM(r;) = vO(r) + 3 GO(rj, ri) v ™(xy) . (4.13)
i=1

Solving this system we find,
™M) =Y MipO(r;) . (4.14)
i=t

where M;; is given by Eq. (4.7). Putting this result into Eq. (4.12) we obtain the
final result,

N
'(f)(N)(l') = 'l,b(o)(l’) + Z G(o] (l‘, r,—)'y,-i\/I,-jt/)(O) (I‘j) . (415)

iJy=1
Thus, we have found consistent expressions for the N-delta impurity wave function,

from two different approaches.

4.1.3 The functional derivative for the N-impurity problem

Now that we have an equation for the scattering wave function, ¥(¥)(r), we are in
position to find an expression Jsﬁm an/0U(r). It was shown in Chapter 3 that the
functional derivative of the scattering matrix can be expressed in the following way:

Using Eq. (3.22) we have,

65231:2,071 —Z / ’ (N) f (N)
SU(r)  Ry/UpmBan (/cﬂ 4y $om(¥')G (Iﬁiy’r)) (r) (4.16)

where G™)(r,r') and ¥{¥)(r) are given by Eq. (4.6) and Eq. (4.10), respectively.
Substituting these equations into the above expression,

5y

Am,an __

6U(r) ~ h\/UpmUan (
( (ﬂ)(r ) + Z GO (r, )M, ij r,))

l,]-—

t,j=1

- ﬁ——\/v;:z%m (mvﬁ’“/ 4y Gpm (¥')G (25, V' r)) v (r)

zﬁ'Uﬁm/ dy ¢ﬁm(y) Z G 0)(1:3’ y ,!';)%M,,G(“)(r l')) '{/J((&)(l‘)

—1
+ —_—

?fl’l},gmf dy' dam(y') (G(O) (zg,y';1) + Z GO (zg,y's 1)y My GO (rJ, r)

|
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- N
MW dy’¢ﬂm(y')G(°)($a,y';r)) GO (r, r:)y: My (x )) .
b\ /UgmVan ( /cﬁ idzzl j y
+ — —1 - { thy / d’¢ (f)iG()( MG (
h\/UsmVan pm Cs Y Psm\Y R zg,Y i) YviMij r;,T)

N
(Z G(o)(rari)'YiMiﬂbgz(ri)) .
i,j=1

This leads us to the final result:

IsGman 0550 an
sU(r) 5U(r)
Z ¢(0) (l‘, 'Y:A’ItJG(O)(I' r) (0)(1-)
hv UgmUan (, J=1
—t 39 (¢ o
M W G™ (r,r;)v:iM; "/)
hm (5_3 (e, 2y My (e )) '
3O (07 M, GO (x,, 1) GO, e Myy§(x;) |
h v UgmUan (‘-Jz‘: ’ 7 t,le 7

where @) (r) is given by Eq. (3.23). The contributions to the functional derivative

from the impurities are clearly seen.

4.1.4 The Scattering Matrix of the N-impurity problem
Let us find the effect of the N-delta impurities on the scattering matrix. Recall that
the scattering matrix is obtained from the wave function. In particular, the scattering

matrix for an impurity free system, which we denote by sg),zmn, has the following form,

. v
Shman = —5gabum + v o / dy' Sgm (¥ )50 (25, 9') - (4.17)
van Cﬂ
Similarly, the N-impurity scattering matrix, sg,?,an, is given by
N v
Sman = ~0gabam + 1/ 2= [ dy'bpm(y )0 (25,¥)) - (4.18)
van Cﬁ

Substituting Eq. (4.10) into the above equation we find,

Ugm
Shan = ~Saadom + /222 [ dy¢ﬁm(y)(w<°’(zﬂ, + 3 GO (zp, g mo) .,wa,,(r,)) @

1,j=1
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= —Spabom+ 22 [ 40y Y2 5.4
1{ Uﬁm/ dy’(ﬁg (y) E G(O) Iﬂ,y,r:)% lﬂ/) (rj)

I,J_

—s0 L Tt ©

— (0 7(0)
=3 O (r
fman t A TomTan :,le () m(rz 1M, 3] ( J)

where we have used the definition of %\ (r) (see Eq. (3.23)).

If the underlying system is time reversal symmetric (TRS) then the system with N-
impurities is also TRS, since elastic scattering does not break TRS. The Generalized
Fisher-Lee relation, Eq. (3.53), then implies,

N 0 0
S(ﬂm),an = Sfa% on t b o o Z 11’;%,31 (r; "/,JVI,] &‘2( ) . (4.19)
mUan ; j=)

Notice that we only need the free wave function, ¥{%), in order to obtain the N-

impurity scattering matrix sfg?ﬂm.

4.1.5 Summary

In these last four subsections we have shown how to obtain the N-delta impurity
Green'’s function, wave function, scattering matrix, and it’s functional derivative, in
terms of their impurity free counter parts: G (r,r'), y{0(r), 32331 an» and Jsﬂm an/OU(r).

In summary, we have found:
e The N-impurity Green's function:

N
G™(r,r') =GO, r') + 3 GO(r,r;)v:M;GO(x;,r') . (4.20)

i,5=1
e The N-impurity wave function:

YR (r) = $8l(r) + Z GO(r,r:) M 8)(x;) - (4.21)

1,7=1
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e The N-impurity scattering matrix:

N
Soman = Soman + Z Bom (e )1 M Q) ;) (4.22)

h\/ UsmUan ; j=)

e The N-impurity scattering matrix functional derivative:

6sgN) -
= ] 'Bom()GCM (25,4 1) | 4V
SU(X) ~ hy/Tgmban (”wﬂm /CB 2y ¢sm(y')G (za,y,r)) (r) . (4.23)

Using these results we can study emittance fluctuations, AF,5, and nonlinear
conductance fluctuations, AG,g,, in the diffusive regime. Note that our results are
perfectly general. They are valid in any dimension, for any confinement potential,
and in the presence of a magnetic field. Thus, we have a general set of tools to study
quantum interference effects in phase coherent conductors. Note that in the presence
of a magnetic field one cannot use the generalised Fisher-Lee relation to simplify the
expression for the functional derivative of the scattering matrix, and thus one must

compute the Green’s function.

4.2 One impurity in a 2D pipe: An Analytical Solution

In this section we reproduce the results found in [76] and [77]. In [76] an exact
expression for the wave function 1(r) was obtained for a perfect quasi-1D wire with
one delta impurity placed in the scattering region. The wave function ¥(r) was
computed using a mode matching technique. The scattering matrix was then obtained
from 1(r). The electrons incoming energy was chosen such that only one mode
propagates through the wire. In [77] the functional derivative of the scattering matrix
was computed, by adding an extra infinitesimal delta-function perturbation, U(r) =
dUd(r — 7), where U — 0. Let’s use our results from the previous section to obtain
expressions for the wave function, the scattering matrix and its functional derivative.
This exercise serves as a confirmation of our results.

Let us first compute the scattering matrix elements sﬁ,)l,m and Szm 1n- 1O accom-

plish this we require the free scattering wave functions, zpfn (r) and zpz,, (r). For a
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perfect quasi-1D quantum wire, these are given by [5],
Yin (F) = da(y)e*™* and  ¢{)(r) = du(y)e ™ . (4.24)

From Eq. (4.22) we have,

0
m n
— (0) —tkmz +iknz
S2m ln hm (¢m(yl) [) 71M11 (¢n(yl)e l)
=6 + —1 71¢m(y1)¢n(y1) gilkn—km)z1

hvvemvin 1 —mnu ’
where we have used 32m 1n = Omn, for a perfect quasi-1D quantum wire, and M;, =
1- 711111]" .Letussetz) =0,y =%, 1 =7, m =1, and v, = 2k, in the above

equation so that we have the same notation and units as in [76]. We then find

NN S Y6m(Yo)én (o)
R Vs S T
7t DIum
2\/k k, o
where Iy = Y6n(Y0)dm (%) and @ = 1 — 7. Following [76], we have that
il
o= s =1- 5 (4.25)
which is exactly their result. Following the same procedure we find,
by = sV, = —Hu (4.26)

=S = 2%
which is also in agreement.
We now compute the functional derivative of the scattering matrix using Eq. (4.23).
To do this we must compute the wavefunction. The first ingredient needed is the

impurity free Green’s function for a perfect quasi-1D wire is given by [5],
eiknlz—:r’ |

GO, r') = 4u(y)bnly)) —— - (4.27)

thu,
From Eq. (4.21) we have

81) (r) = wﬁ?(r) + GO (r, rl)'YlMllw{?z)(rl)

= ¢n(y)e thnz (Z O (Y)Pm yl)EikMIz_xll) ( n ¢n(yl)eik":’)
thuy 1 —mm

lan 71¢n yl ¢m(yl) lknzl
= e D i (L~ )

Pm (y)eikmlz—zll .
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Using the same notation and units as in [77], we find,

(1)( +.kl,_- + z —iméi(y1) ¢m(y1)¢m(y)eikm|z]

2km (1 — mmu1)
L (428)

T,y) =

_ ¢1(y +ikiz +Z

Similarly,

zr‘"‘ m(y)emla (4.29)

2 (@y) = a@e™ + 5
The functional derivative of the scattering matrix is given by (see Eq. (4.23)),
ésth

Bm an __ (1) (1)
e SR )
where we have used the Generalized Fisher-Lee relation. Using Eq. (4.25), Eq. (4.28),

Eq. (4.29), and Eq. (4.30), we find, for z < z; = 0,

(4.30)

dey 5391),11
sU(r) 6U(r) .
2k (2, 9)vl (z,v) (4.32)
= Tkl- (; Qn¢m(y)e_ikmz) 'w(xv y) 3

where we have set ¥(z,y) = Y (z,y) and ¢, = d1m —il'1m/(2kma). This is the result
found in [77]. Similarly, we have that,

1
b, _ 53&1),11

5U(r) ~ () (4:33)
muwmu) (4.34)
2hwuwu),

which is also consistent with the results in [77]. Now that we have verified our formal-
ism against known results, we move onto the heart of our work, studying emittance

and nonlinear conductance in diffusive conductors.

4.3 Admittance Fluctuation in the UCF regime

We now study emittance fluctuations, AFj,,, and nonlinear conductance fluctuations,

AG;1, in the Universal Conductance Fluctuations (UCF) regime. For a disordered
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conductor described by the elastic mean free path [, and conductor linear size L,
the quantity /,,/L has been considered [98] as the fraction of all the M transmission
channels in the disordered sample (e.g. in 2D) for which the transmission probability
is of order unity, i.e. these M.s; ~ M(l,,/L) channels are the open channels respon-
sible for conduction. Then the conventional UCF phenomenon can be viewed as a
reflection of the sample-to-sample fluctuation of Mgy, which is related to a single
parameter l,,.

In our study, we take advantage of the fact that we have access to the full parameter
space, N and {7;}. This allows us investigate the crossover from the ballistic regime
to the UCF regime, and from the UCF regime to the insulating regime. This will lead
us to gain a better understanding of the physics behind the crossover from one regime
to another. We start by studying the fluctuations of G, in order to find where the
UCF regime is located.

To start, let us compute the N-delta impurity scattering matrix for a quasi-1D
quantum wire. The free scattering wavefunction for this system, 1[){ and wzm,

given by Eq. (4.24). Putting these expression into Eq. (4.22) we find,

(V) (0) (0) (0
Som,in = S2m m (T viMijy, (r
2m,1 2m,ln ﬁml?l¢2 ( ’Y YA ! (J)
— é‘ (Vs —zkmz; 1]‘/ n tk,.x,
\/—mg,]z:l Om (¥i) YiMijbn(y;)e
= bnm 1) B (y) € kn s ~hm) 4.35
\/midzl 7:Mu¢m(y )¢ ( ) ) ( )
and
N
mVln §j=1
Z YiMijdm (y:)On (y5)e gilhnzithnz) (4.36)
h‘/vmvn /i

These expressions for the scattering matrix are used to compute the linear DC con-
ductance, with the help of the Landauer-Biittiker formula Eq. (1.21).
Let us now compute the functional derivative of the N-delta impurity scattering

matrix. To do this we first obtain expressions for the wave functions w(N ) and wéﬁ).
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Putting Eq. (4.24) and Eq. (4.27) into Eq. (4.21) we find,

wgf)(r) (U) !') + Z G(o) (l' l';)’)’; tnglr);)(rJ)

=1

zk,.l:t—z,l .
= ¢n( :kn: + Z (z G (y)n (i) ™ ) 'YiMij(bn(yj)etk"xj

i,7=1
e e:kn(lx—x‘|+z,)
= ¢n(y)e i Z¢n Z ’71.M1]¢n yz)¢n(y])—7’w_ s (437)
n i,j=1 n
and

Wi (r) = i (r) + 2 GO (r, r3): Mijb) (x,)

i,j=1

) tkn(|z—zi|-Z;)
= ¢n(y)e—tknz + Z ¢n (Z 71N1t]¢n(yt)¢n(y])e_-_nv——) (438)

‘]_

Now that we have expressions for 1/1{5) (r) and 1/)&5) (r), we use equation Eq. (4.23)
to obtain an explicit expression for 53‘(9?20" /6U(r). We can now use the results from

Chapter 3 to obtain exact expressions for E5, and G;y;.

4.3.1 Linear DC conductance Go;

Our first objective is to find the UCF regime. Our parameter space is given by the
variables that control the strength of the impurity potential. These are, the number
of impurities, N, and the strength of each impurity, {v;}. To simplify our analysis,
without changing any of the essential features, we set all the impurity strengths equal
to one common value v, i.e. v = v for ¢ = 1,..., N. With this simplification the
impurity potential strength is fixed by only two parameters N and 7.

We are now ready to compute G5, for different random impurity configurations.
We choose the transverse eigenfunction, ¢,(y), to be the usual sine functions, ¢,(y) =
\/2/_W sin(nmy/W), where W is the width of the quantum wire. We fix the incoming
energy of the electron such that there are 18 propagating modes in the wire, whose
contributions are summed up. Our procedure is the following: first we generate
a random impurity configuration, {r;}, where i = 1,..., N, which we then use to

evaluate the quantity M;;, by direct matrix inversion. The impurity positions are
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Figure 4.1: Plot of the linear DC conductance G3; versus sample number, for N = 300 and v = 100.
Each data point corresponds to the conductance for a fixed random impurity configuration {r;}. The
large fluctuations seen in this graph corresponds to quantum interference effects. With this choice
of parameters the system is in the UCF regime, where AG2; ~ 0.86e2/h. As the figure indicates,
1000 samples were used. The choice of units for the conductance is Go = e2/h.
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Figure 4.2: Plots of < G321 > versus v for a variety of values of N, from N = 75 to N = 150.
Each data point on each of the curves is obtained by averaging over a 1000 random impurity con-
figurations. As the number of impurities is increased the computation time increases as N2, which
effectively limits the range of values that we can explore in a reasonable time. We clearly see that
the conductances dependence on + is weak for high values of v > 40. The choice of units for the
conductance is Go = €2/h.

chosen to be randomly and uniformly distributed throughout the scattering region.
Once we have the matrix M;;, we use Eq. (4.36) to obtain the scattering matrix,
which is then used to compute the conductance for this impurity configuration using
Eq. (2.64). Finally, sample-to-sample statistical analysis is carried out by averaging
over many random impurity configurations for fixed values of N and y. We have

checked numerical convergence for the conductance fluctuations.

In Fig. 4.1 we plot the conductance versus the sample number. We have fixed
the number of impurities to be N = 300 and set the impurity strength equal to
v = 100. This graph is very reminiscent of typical data from numerical studies
of universal conductance fluctuations [54, 55, 56]. For these values of N and vy we

find that the conductance fluctuations is equal to AGq; =~ 0.86e2/h, where AG2, =

\/ < G%, > — < Gg; >2, which is the expected value of conductance fluctuations for

the UCF regime in 2D systems [55].
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Figure 4.3: Plots of AG5, versus 7 for a variety of values of N, from N = 75 to N = 150. The data
points for each curves are obtained by averaging over a 1000 impurity configurations. We clearly see
that the conductances fluctuations become independent of the disorder parameters, N and ¥, and
have the universal value AG2; & 0.86e2/h (within 5% error), when N > 100 and v > 10. The unit

of conductance is Go = €*/h.

In Fig. 4.2 we plot the average conductance < G9; > versus the impurity strength,
~, for a variety of values for N. Over 1000 impurity configurations were used to
average. The decrease of < G3; > is vary rapid for smaller values of v but it becomes
quite slow when < is large. The sample is metallic even for the largest v(=100),
as eighteen incoming channels add up to a conductance of the order 10G,, where

Go = €%/h. At large v, < G5, > depends on N very sensitively as Fig. 4.2 shows.

In Fig. 4.3 we plot the conductance fluctuations versus the impurity strength for
different values of N. First, note that for N > 100 and v > 10 the conductance
fluctuations are independent of the disorder parameters, N and <, and have the usual
universal value for 2D diffusive conductors, AG,; = 0.86e?/h (within 5% error). This
behavior persists all the way up to N = 325 (and v > 10), after which point the
conductance fluctuations start to decrease as N is further increased. For N = 75 the

conductance fluctuations are slightly under the universal value, for the full range of
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values for y. When the value of IV is too low (N < 75) the transport is not in the UCF
regime, no matter the value for v, i.e. the disorder is not strong enough to generate
maximal interference effects. Therefore, AG5, is less than the UCF value. Indeed,
in the limit N = 0, our conductor is a perfect quasi-1D wire for which AGy; = 0
identically. On the other hand when N is high (N > 350) the conductor approaches
the insulating state. In this situation the wavefunction starts to be localized so
that the conductance fluctuations are again reduced from the UCF value. Therefore,
between N = 100 and N = 325 (and v > 10) we have the UCF regime, for our choice
of incoming energy E. Note that UCF also exists for larger values of N but with

smaller values of v < 10.

Now that we have identified a region of the parameter space where the UCF regime
is, let us move our attention to the actual distribution functions of G,;, which we de-
note by P(G2;). In Fig. 4.4 and Fig. 4.5 we show the histogram of the conductance
for different values of N, from N = 50 to N = 500 with v > 80. These are, es-
sentially, the distribution functions of G;;. When N is small, e.g. N = 50, the
distribution resembles a narrow Gaussian like functior, whose rms is smaller than
the universal value. As the number of impurities is increased, the Gaussian like dis-
tribution becomes wider until the UCF regime is reached around N = 100. As N is
increased from 100 to 300 the distribution remains unchanged except that it’s average
value, < Go; >, decreases. This is the UCF regime. As the average value of G5, de-
creases, with increasing value of NV, the distribution approaches the insulating regime
(G2, = 0), i.e. when no current flows through the system. As N increase beyond 300
the tail of the Gaussian like distribution starts to accumulate against the G,; = 0
limit. The distribution becomes narrower, which leads to a reduced value for AGs;,
the rms of the distribution. Therefore, the end of the UCF regime starts when the

tail of the distribution P(G3;) starts to accumulate against the hard wall at G3; = 0.

We now have identified a region in the parameter space where the UCF regime is
located. We have also obtained a good understanding of G5, and AG,, dependence

on N and 7. In the following sections we investigate the transport coefficients Ej,




4.3 Admittance Fluctuation in the UCF regime 75

50 impurities 75 Impurities
10 : ' . 10 , . .
8 8
6 r 6
4 + 4 +
2 - 2+
0 : ' 0 :
0 10 0 10 20
100 Impurities 150 Impurities
10 - . ; 10 : . :
8 rL . 8 .
J S I ]
4 - q ‘;? ] 4 r r b
0 il 0 J ‘ i .
0] 10 20 0 10 20
G,, G,

Figure 4.4: Histograms for G5, for different values of N, from N = 50 to N = 150. The value of the
impurity strength is v = 80. As the value of NV increases from N = 50 to N = 100, the Gaussian like
distribution increases in width, i.e. it rms increases. Already at N = 75 the distribution function
P(G?2;) is almost identical to the N = 150 distribution. This is expected since AG2; =~ 0.80 for
N =75 and AGy =~ 0.86 for N = 150. We have used over 10000 different random impurity
configurations to obtain each histogram. The units for the conductance is Go = €2/h.
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Figure 4.5: Histograms for G»; for different values of N, from N = 200 to N = 500. The value of
the impurity strength is again chosen to be v = 80. As the value of IV increases from N = 200 to
N = 300 the Gaussian like distribution retains it's shape and simply moves towards the Go; = 0
limit. At N = 400 the distribution function P(G,;) starts to accumulate against the Go; = 0 limit,
which reduces the value of AG2;. For N = 500 the distribution has lost it’s original shape and it's
rms is significantly reduced. The units for the conductance is Go = €2/h.
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4.3.2 Linear AC conductance E9;

In this subsection we report the behavior of emittance E5,. In particular, we will
study the emittance fluctuations in the UCF regime. The procedure for this study
follows the same line as the one in the previous section. We use expressions for the
scattering matrix Eq. (4.36), the wavefunction Eq. (4.37), and the characteristic po-
tential Eq. (2.60), to evaluate the expression for E; Eq. (2.66) for a given random
impurity configuration {r;}. This procedure is repeated for many impurity configura-
tions, typically 1000 to 10000. One major difference between computing G4; and E;,
is that the emittance requires the scattering wavefunction, ¥,,(r), while the conduc-
tance only requires the scattering matrix, San gm- On a numerical level this make the
computation of F»; much more intensive than G4, even with an exact expression for
the scattering wavefunction.

For highly disordered sample /,, << L, we expect a capacitive-like dynamic re-
sponse because of the large resistance. On the other hand, when the degree of disorder
is reduced the response can be inductive-like. Hence, we expect the distribution func-
tion for E,;, which will be calculated below, to change as the degree of disorder
changes, indicating a crossover from a capacitive response to an inductive response.

In Fig. 4.6 we plot typical sample-to-sample fluctuations for the emittance. We
have used the same parameter as in Fig. 4.1 from the previous subsection, N = 300
and v = 100. For this degree of disorder it is apparent that E; fluctuates between
negative and positive values, indicating that the dynamic response of the disordered
conductor depends on impurity configuration. Recall that a system is said to have
an capacitive response when E5; = —FE); < 0 and an inductive response when Ej =
—FE1; > 0. We see from Fig. 4.6 that depending on the impurity configuration, the AC
current can either be leading or lagging the AC voltage. Thus, a simple rearrangement
of impurity positions can change the dynamic nature of conduction in the diffusive
regime. Therefore, the AC current can be leading or lagging quite randomly from

sample to sample.
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Figure 4.6: Plot of E,; versus sample number for N = 300 and v = 100. With this choice of
narameters, the system is in the UCF regime. The graph clearly shows that depending on positions of
the impurities, the dynamic response of the conductor can either be inductive (E,; > 0), or capacitive
(E21 < 0). Thus, the dynamical nature of the response depends on the impurity configuration. The
unit for emittance is Ey = 1/hw.
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Figure 4.7: Plots of AFE;; versus v for a several values of N, from N = 75 to N = 150. Each data
point was computed by averaging over 1000 random impurity configurations. We clearly see that
the emittance fluctuations depend only weakly on « for large values of v > 25. On the other hand,
the emittance fluctuations are very sensitive to the number of impurities, V. The unit for emittance
is Eg = 1/hw.

In Fig. 4.7 we plot the emittance fluctuations as a function of the impurity strength
«v for several different impurity number N. For each data point, 1000 random impu-
rity configurations were averaged. Fig. 4.7 clearly shows that when + is large enough
(v > 25), AE,; seems to be independent of v, showing some generic behavior with
respect to the impurity scattering strength. However, because E3; depends on the
electrostatic potential build-up inside the conductor [64, 82|, as reflected by the func-
tional derivative in LPDOS (see Eq. (2.35)), AFE), is thus expected to be a sensitive
function of the degree of disorder determined by impurity number N. Our results

indeed confirms this picture as shown in Fig. 4.7.

Let us now turn our attention to the distribution functions P(E,;). Of the two
contributions to E,;, namely the external charge injection due to the time depen-
dent disturbance and the internal response due to Coulomb interactions, the external

contribution is given by global partial density of states. This is related to the elec-
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tron dwell time of the scattering region [84, 29]. The distribution function of dwell
time has been analyzed within the random matrix theory [99, 100] for chaotic cavi-
ties, and within the invariant embedding formalism for 1D disordered system [101].
Their universal properties have been well studied [102, 103]. However, the statistical
properties of the internal response is much more complicated and it has only been
included within the very crude constant capacitance charging model for chaotic cavi-
ties [99, 104]. Here we numerically investigate P(E5;) from first principles where the
internal response is calculated through the LPDOS. Fig. 4.8 shows P(E5;) obtained
from our numerical analysis for different values of N. Each of the graphs were ob-
tained by generating over 10000 data points, each of which corresponds to a random
impurity configuration. When N is small, e.g., N = 50, P(E5;) is centered around
a positive value of E5;, which indicates a predominantly inductive dynamic response
(see Fig. 4.8). This is consistent with the fact that the system is rather conductive
for this degree of disorder. Also note that the distribution function is quite sym-
metric. As N is increased to 300, the larger degree of disorder makes the system
less conductive, and the center of the distribution is shifted to center near zero (see
Fig. 4.9). While the distribution is still quite symmetric, it is now wider indicating a
larger fluctuation amplitude AFE5;, as seen in Fig. 4.7. When N is increased further,
P(E,;) not only shifts its center to a negative value of Ey;, it becomes asymmetric
(see Fig. 4.9). For large N the disordered system is less conductive, therefore we
expect a capacitive dynamic response (e.g. a parallel plate capacitor has zero DC
conductance). This is clearly shown by the shift of the distribution toward negative
values of emittance. For N = 500 the body of the distribution is located on the
capacitive side while the right tail of P(E,;) extends far into the inductive side. We
note that the random matrix theory predicts a capacitance distribution which is also

asymmetric, for an one-probe chaotic cavity [99].

This study of emittance demonstrates the fundamental differences between trans-
port coefficients that only depends on the external response versus transport coef-

ficients which also depend on the internal response. The internal response for the
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Figure 4.8: Histograms of E»; for different values of N, from N = 50 to N = 150. The value of the
impurity strength is chosen to be v = 80. As the value of N increases from N = 50 to N =150, we
have a Gaussian like distribution whose width increases with N. Moreover, the average value of Eq)
approaches zero, as N is increased. The distribution becomes more and more capacitive, which is
consistent with the system becoming less and less conductive as N is increased. We have used over
10000 different random impurity configurations to obtain each histogram. The unit for emittance is

Eo = 1/hw.
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Figure 4.9: Histograms of F»; for different values of N, from N = 200 to N = 500. The value of
the impurity strength is set equal to v = 80. As the value of N increases from N = 200 to N = 500,
the Gaussian like distribution developed a long tail in the inductive side. At N = 500 the body of
the distribution is in the capacitive side while its tail extends far into the inductive side. We have
used over 10000 different random impurity configurations for each graph. The unit for emittance is
Ey =1/hw.
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Figure 4.10: Plot of the nonlinear conductance Gy;; versus sample number for N = 300 and v = 100.
The graph shows that depending on the position of the impurities, the current going through the
system can either be increased (G111 > 0) or decreased (G1;; < 0), by the nonlinear current term.
The unit for Gy; is G = €2/hV.

emittance, for example, leads to an asymmetric distribution function P(FEs,;), which
is in contrast to the perfectly symmetric distribution for the G»; (away from G5, = 0).

We now turn our attention to the nonlinear conductance Gyy;.

4.3.3 Nonlinear DC conductance G111

In this subsection we study the behavior of the nonlinear DC conductance. We choose
G111 as our nonlinear transport coefficient. This is equivalent to any other of the
nonlinear conductances, Go5,. From gauge invariance we have, Gy;; + G112 = 0 and
G111 + Gio1 = 0, which implies G113 = —G112 = —Gha1. As for current conservation
it imposes the condition G;; + G211 = 0, which leads to G;; = —G2;;- The rest of
the coefficients are related to G;;; using the other gauge invariance conditions.

We now study the nonlinear conductance fluctuations. The procedure for this
follows the same lines as what was used to obtain emittance fluctuations. We use

expressions for the scattering matrix Eq. (4.36), the wavefunction Eq. (4.37) and the
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characteristic potential Eq. (2.60), to evaluate the expression for G;; (see Eq. (2.65)),
for a given random impurity configuration {r;}. We repeat this procedure for many
impurity configurations, usually 1000 to 10000. Computing G1,; is much more com-
putationally intensive than G2; since it requires the wavefunction.

In Fig. 4.10 we plot the fluctuations of G,;; from sample-to-sample. We use,
once again, the same values for the disorder parameters that were chosen in the
previous subsections, N = 300 and y = 100. From Fig. 4.10 we see that conductance
fluctuations are centered around G;;; = 0. This is understood by the following. Using
Eq. (2.16) we can evaluate the current going through the first lead, /;. Combining
this with the identities G1;; = —G112 = —Gh21 = G122 and G, = —G)2, we arrive at

the equation,

L=GuVi =Va)+Gu(V; — V2)2 . (4.39)

Therefore, for a conductor with a symmetric potential landscape, U(z,y) = U(~z, y),
the current I, must be equal to —I; when we interchange the bias V; with V;. This
implies that the expression for the current cannot have a quadratic term, and hence
the nonlinear conductance must vanish, G;;; = 0. For our diffusive conductors, on
average the random impurity configurations is symmetric, it then follows that the
average conductance feels a symmetric potential landscape, which implies < Gy;, >=
0, which is what is seen in Fig. 4.10. For a specific sample, however, depending on the
impurity configuration the we can have either G,;; > 0 or Gy;; < 0. This implies that
the nonlinear current contribution can either increase or decrease the total current
depending on the impurity configuration.

In Fig. 4.11 we plot the nonlinear conductance fluctuations AGy,; versus the num-
ber of impurities N. This graph clearly shows that AG;;; depends very sensitively
on the number of impurities. This behavior for AG/;, originates from its dependence
on the internal response of the device, which is characterized by the characteristic po-
tential, uq(r). To better understand the nonlinear conductance and its fluctuations,
we turn to the distribution functions P(G1y1)-

In Fig. 4.12 and Fig. 4.13 we show the distribution functions for G, for different
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Figure 4.11: Plot of AG},; versus N, the number of impurities. The nonlinear conductance fluctu-
ations depends very sensitively on N. When the value of NV is low (N < 150) the increase of AG);;
is approximately linear. As N goes from 150 to 500 the curve is looks like an exponential. The
fluctuations grow very quickly with N for large N > 150. The unit for Gy, is Gj = e*/hV.

values of N. All the distributions functions are symmetric and centered around zero,
since < Gy;; >= 0. When the value of N is low, around 50 (see Fig. 4.12), the
distribution is a narrow Gaussian like function. As N increases from 50 to 150 the
body of the distribution spreads symmetrically so that the P(Gy);) slowly becomes
a wider Gaussian like function. This is consistent with the slow increase in AG,,
as N is increased from 50 to 150, as seen in Fig. 4.11. As N is increased from 200
to 500 the distribution function change from a Gaussian like function to a symmetric
exponentially decaying function centered around < G;;; >= 0. The width of the
distribution increases dramatically, which indicates that a wide range of values for
the nonlinear conductance is reached. This picture is consistent with Fig. 4.11 which
shows that the conductance fluctuations, i.e the rms of P(G);;), increases in an
exponential like fashion as NV increases.

In summary, we have analyzed the sample-to-sample fluctuations for linear DC,
linear AC, and nonlinear DC conductance, in two dimensional disordered mesoscopic

conductors. We found that the distribution function for Gy is a Gaussian like func-
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Figure 4.12: Histograms for G, for different values of N, from N = 50 to N = 150. The value of
the impurity strength is chosen to be ¥ = 80. As the value of N increases from N = 50 to N =150
we have a Gaussian like distribution whose body spreads symmetrically around G111 = 0. The width
of the distribution increases proportionally with N, which is consistent with Fig. 4.11. We have used
over 10000 different random impurity configurations to obtain each distribution function. The unit

for Glll is Gy = ez/hV.
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Figure 4.13: Histograms for G, for different values of NV, from N = 200 to N = 500. The value
of the impurity strength is chosen to be ¥ = 80. As the value of N increases from N =200 to N =
500 the distribution changes its shape from a Gaussian like function to a symmetric exponentially
decaying function. The width of the distribution grows very rapidly from N = 200 to N = 500,
which is consistent with what is seen in Fig. 4.11. We have used over 10000 different random impurity
configurations to obtain each of these functions. The unit for G11 is Gy = e?/hV.
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tion for values of N and < in the diffusive regime. When the tail of the Gaussian
distribution starts to accumulate against the G3; = 0 limit, the value of AG,, is
reduced from it’s universal value 0.86e?/h. In contrast to the distribution function
for Go;, we found that P(E,;) is symmetric for small disorder and asymmetric for
strong disorder. When the value of N is low, the distribution P(E»;) is symmetric
and centered around a positive value of E5;, which corresponds to an inductive be-
havior. But when the value of NV is high the distribution P(E>;) becomes asymmetric:
the body of the distribution is in the capacitive side E3; < 0, while having a long
tail which extends deep into the inductive side. This type of asymmetry has been
shown for chaotic cavities [99, 103]. Thus, the distribution function of the emittance
depends on the dynamic response of the conductor: for an inductive like response the
distribution is symmetric while for an capacitive response it is asymmetric.

We found that the distribution function for the nonlinear conductance at low dis-
order is Gaussian like. The average value of the distribution is < G,;; >= 0. As
the degree of disorder increases the width of the Gaussian like distribution increases
in a linear fashion. At high values of disorder, P(Gh;;) looks like a symmetric ex-
ponentially decaying function, the body of the Gaussian distribution has speared
symmetrically into two long tails. The fluctuations, at large values for the disorder,
increase in an exponential manner. Thus, the distribution function of the nonlinear
conductance depends on the internal response of the conductor: for small disorder the
distribution is symmetric and Gaussian like, while for strong disorder the distribution
is a symmetric exponentially decaying function.

To explore our theoretical predictions experimentally one needs to assume ergod-
icity. Experimentally, one cannot average over impurity configurations since it would
imply performing experiments on thousands of samples, which were all prepared the
same way. This of course is not feasable. Instead one should use perform the aver-
aging over the bias potential or magnetic field and invoke the ergodicity principle,

which says that is equivalent to averaging over impurity configurations.
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Extended Transfer Matrix study of an Antidot system

So far we have investigated conductance fluctuation phenomena in diffusive quantum
conductors using mainly analytical techniques. In our model, used in the previous
chapter, the diffusive scattering is provided by localized impurities, which are repre-
sented by delta-functions. Physically, the existence of such impurities can either be
intentional or accidental. For example, a semiconductor can be doped intentionally
while defects occur randomly during the fabrication process of a conductor. These
impurities can effectively limit the number of conducting quantum channels which
connect the electrodes for the incoming charge carriers to the electrodes for outgo-
ing carriers. Sample-to-sample conductance fluctuations occur because the impurities
are distributed randomly from one sample to another, and UCF occurs because of

interference effects due to coherent scattering in diffusive conductors.

In the last decade or so, artificial impurities can be carefully fabricated and placed
in a coherent quantum conductor to control the flow of charge [1, 44, 45]. Very
interesting quantum interference phenomena can be produced in a controlled fashion
using these artificial structures. Perhaps the most interesting artificial impurity is
the antidot, which is simply a potential peak in an otherwise flat potential landscape.
In a quantum device, such as a muiti-probe quantum dot, if one antidot whose size
can be controlled by an external voltage is placed inside the dot, the device shows
important characteristics of quantum chaotic scattering, as shown in the experimental
study of [1, 44, 45]. The presence of antidots inside a conductor may also cause weak
localization, meaning a decrease of conductance with respect to the classical value [5].

More complicated weak localization phenomenon is also observed for arrays or for

89
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random distributions of antidots which “dope” a conductor [59]. Quantum transport
properties of a four-probe quantum dot, in which an antidot is confined, has been
found [105], in a magnetic field, to cross over from the quantum Hall regime to a
regime dominated by quantum interference, as the antidot size is increased. Such a
crossover is accompanied by a set of approximate but interesting micro-symmetries

between elements of the scattering matrix [106].

There are many ways of fabricating an artificial impurity, but up to now two
methods seem to dominate. The first approach, known as etching, consists of drilling
a hole in the 2DEG. The region where the hole is becomes a forbidden zone where the
charge carriers cannot enter. In this region we effectively have a hard wall potential.
The second method is the split gate technique discussed before, which consists of
depositing a metallic disk on top of an insulating layer which is resting on the 2DEG
and then applying a negative electric potential on the disk. When the negative electric
potential is on, it creates a repulsive potential in the 2DEG beneath the disk, which
prevents the electrons from entering that region. One major advantage of the latter
approach is that the size of the antidot can be tuned by simply changing the applied
electric potential. An increase in the (negative) potential will increase the effective

size of the restricted area for the charge carriers.

In this chapter we develop and apply an extended transfer matrix technique to in-
vestigate the experimental results in [1]. We use this numerical technique to compute
the magneto conductance, i.e. the linear DC conductance G(B) as a function of the
magnetic field B, for the experimental device reported in [1]. In this experimental
study, a 2D device was fabricated using an AlGaAs/GaAs heterostructure, which con-
tained a 2D electron gas with mobility 105%¢cm?/V s and Fermi wavelength A% = 330A.
The device consists of six electrostatic gates: four of the gates are used to define the
wire’s boundaries, and the two other gates are used to define two antidots which are
placed symmetrically inside the wires boundaries. The electrostatic potential applied
to the antidots can be adjusted so that many configurations can be generated using

the same device, as seen in Fig. 5.1. In particular, for small gate voltage on the anti-
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(b)

(c)

Figure 5.1: Schematic diagrams of the experimental system studied. Each of the configurations are
realized by adjusting the (negative) potential bias on the split gates which define the antidots and
the boundaries.
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dots, the configuration seen in Fig. 5.1(a) is established. In this configuration three
quantum point contacts are formed, two of them are between the antidots and the
walls, and the third is between the two antidots. Recall that a quantum point con-
tact {(QPC) is a constriction which limits the number of subbands that can propagate
through the contact region. For larger voltages, the space between the two antidots
can be pinched off, this effectively produces a larger antidot and eliminates one of the
QPC'’s (see Fig. 5.1(b)). Finally, a large voltage can be applied to one of the antidots
and the nearby wall. In this situation, seen in Fig. 5.1(c), the quantum point con-
tact between the lower antidot and the wall is closed. The experimental system in[1]
was cooled down to about 100mK and a uniform magnetic field was applied in the
direction perpendicular to the device. Using this device, “molecular orbits” around

the antidots were created and investigated using a magnetic field.

In contrast to the work from the previous chapter, we will now use a numerical
scheme to solve the quantum scattering problem. Because of the finite size of the
artificial impurities, we can no longer use Dyson’s equation to obtain an exact solution
for the Green’s function. Moreover, in the presence of a magnetic field, there is no
known analytical expression for the Green’s functionfunction for a perfect 2D quantum
wire. Thus, we need a numerical technique to solve the transport problem. For this
purpose, we have developed an extended transfer matrix approach to obtain the wave
function and scattering matrix. They provide us with all the required information to
compute the linear DC conductance, which we will compare with the experimental

results.

In the following we discuss in detail the extended transfer matrix technique. This
includes the solution to the generalized eigenvalue equation, which arise when a finite
magnetic field B is applied. We then discuss the properties of the wave function in the
scattering region and in the lead region. The presence of the magnetic field changes
the usual form of the wave function, and thus care must be taken to construct it. The
current associated with the scattering wave function is also discussed. Finally, we

apply the transfer matrix technique to the experimental device of [1]. These results
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Figure 5.2: Schematic plot of a 2 dimensional quantum wire. The region of width W between the
two solid lines is the wire region, the shaded region in the middle is the quantum scattering region,
the un-shaded region on both ends are the leads. The two thick dashed lines indicated the two
auxiliary hard walls (see text).

are then compared to the experimental data.

5.1 The Generalized Eigen-Momentum Equation

The first step of our calculation is to determine a proper basis set for expanding the
scattering wave function. When B = 0, the basis set is just sine functions for a hard
wall confinement. But when B # 0, we must compute the basis functions. Consider
an infinitely long perfect 2D quantum wire shown in Fig. 5.2. Instead of using the
usual hard wall boundary conditions to model the lateral confinement, we use, this
time, a soft wall potential. By soft wall potential we mean a step potential whose

height is not infinite, but is much greater than the electrons incoming energy.
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In the presence of a magnetic field the wave function satisfies the following Schrédinger

equation:

ﬁ2 52 ﬁ2 ) B 2
[_2m 322 om (’@ + i—cx) + V(x,y)J ¥(z,y) = E¥(z,y) , (5.1)

where the vector potential is A = B(0,z,0) and V(z,y) is the confinement potential.
We chose V' to be a soft wall potential away from the wires boundaries. To simplify our
theoretical work we add to V a hard wall potential far away from the boundaries, such
that the wave function is essentially zero at the hard wall. Recall that in the region
where the soft wall potential is the wave function decays exponentially. Adding a hard
wall potential leads us naturally to use sine functions as a basis for decomposing the
transverse part of the wave function. A represents a uniform magnetic field pointing
in the z direction, which is the direction perpendicular to the 2D plane (see Fig. 5.2).

In contrast to the zero B field case, Schrddinger’s equation Eq. (5.1) is no longer
triviaily separable. The anzats ¥(z, y) = e*™Yu,,(z) does not lead to an equation for
um(z) which is independent of k,,. We can nevertheless break up the wave function
into a longitudinal and a transversal piece: a plane wave along the transport direction,
and a transverse part describing the modes. The price for such a decomposition is
that we no longer have a simple eigenvalue equation for the transversal eigenfunction.
Therefore, a generalized eigenvalue problem must be solved.

In the left lead region we use the following anzats for the wave function: ¥(z,y) =
exp(ikk yluk (z), where L denotes the left lead. Putting this expression into Eq. (5.1)

we find,

n o h? . 9B 2 L L -
[—2m. or?  2m* ( m Ez) + V(x)] Um(z) = Eug(z) (5.2)

For later convenience, let us rewrite the above equation in a more compact form:

&2 z\?
[—ﬁ + (krl.;, - 1_23') + V.(.’Ii)} uan(:E) = k2ur£;:(x) 3 (53)

where k? = 2m./R*E, V, = 2m./K?V, and 1} = ,/ch/qB is the magnetic length.
Notice that a new length scale, the magnetic length /g, has been introduced. This
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length scale represents the spatial extension of the wave function in the presence of a
finite magnetic field B. Note that for a fixed value of the electrons energy E, Eq. (5.3)
is a quadratic eigenvalue equation for k,. One important consequence of having to
deal with a general eigenvalue equation is that the solutions are going to be complex.
Thus, the longitudinal eigen momentums, k,,, are general complex numbers.

Let us now cast the generalized eigenvalue equation into a matrix form. First, we
need to decompose the eigen functions uZ(y) onto a fixed basis. This is accomplished
by expressing uZ(y) as a sum of sine functions, which naturally from a basis for our
hard wall boundary conditions far away from the soft wall confinement potential.

Decomposing u%(z) onto the sine basis ¢o(z) = /2/Dsin[5F(z + D/2)] we write:

N
um(z) = z_: Xam®Pa(z) = Z xam\/‘sm ——(x + D/2)] . (5.4)

We diop the superscript L for u,,(z) and &, to simplify the notation and for later
convenience. We choose N large enough such that we obtain numerical convergence.

Putting this equation into Eq. (5.3) we find,
N[ ar, T ., 2 -
Z (W) + (kn + 1_2') + Vs(I) chn¢a =k Z Xan¢a($ . (5'3)
a=1 B

We can simplify this last expression by multiplying it by #3(z) and integrating over

the transverse direction, z. We find,

2k, 1:2 .
[ki’ + (— J xgn+z (/ dzdy(z) [ 7 l4 + V.(:::)] ¢u(x)) Xan = k®Xgn. (5.6)
Next, we rewrite the above equation,

2

Z [k2 _ (QWW)? — kﬁ} 0BaXan — (/dm¢ﬂ(x [27216 ; + V‘(x)] ¢Q(I)) Xan =0.
) (5.7)

We are now ready to express the generalized eigenvalue equation in terms of matrices.

To this end we introduce the following vectors and matrices:

Xn = ( Xin »X2n 1+-- y XNn ) ’ (58)
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R—(Z)2 0
2 _ r2my2
E= 0 =) , (5.9)
K2 — (X2
Xop = [ d263(2) 5 6a(a) (5.10)
and
Veas = [ d23(2)V.(2)a(a). (5.11)

Using these matrices we obtain a compact expression for the generalized eigenvalue

equation Eq. (5.7),
E'Xn — kﬁxn - anXx,. - szn - V.x,, =0 . (5.12)

Finally, we introduce the effective Hamiltonian H =E - X?-V,, to obtain a simple

form for the generalized eigenvalue equation,
Hxn = kn(kn + 2X)Xn » (5.13)

which can be solved numerically. Thus, Eq. (5.13) gives us the transverse eigenvectors.
Before moving on let us take a moment to see what happens to the usual orthog-
onality conditions for our generalized eigenvalue equation. By taking the adjoint of

Eq. (5.13) and multiplying it by x, from the right we find,
XnHxn = X3k Ky + 2X)xn - (5.14)

To obtain the above result we have used the fact that H and X are both symmetric

matrices. Similarly, by multiplying Eq. (5.13) from the left with x;, we obtain,
XnHxn = Xpkn(kn +2X)Xn - (5.15)

Therefore,
Xnkin (ki + 2X ) xn = Xk (ki + 2X)xn - (5.16)

This can be rewritten in the following form,

(kn = k) xialkn + kn + 2X]xa = 0. (5.17)
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This last equation says that x%,[k% + kn + 2X]xn # O, only when k, = k.. This
orthogonality condition will come in handy when simplifying the expression for the

current. Finally, our choice of normalization for the generalized eigen vectors is,
Xalkn + kn +2X]xn = 1. (5.18)

This choice of normalization will also be useful when computing the particle current
associated to the wave function.

As discussed already, in general &, is a complex number. We will therefore divide
the k£, into two groups in order to identify which solutions represent charge carriers

moving from left to right and vice versa. The two groups are defined as follows:

o First group: Right moving modes, Im(k,) = 0 and Re(k,) > 0, and local

evanescent modes, which are right decaying, Im(k,) > 0.

e Second group: Left moving modes, Im(k,) = 0 and Re(k,) < 0, and local

evanescent modes, which are left decaying, Im(k,) < 0.

Note that some of the solutions from the first group are related to the solutions
from the second group. To see this, let us first notice that for any given solution x,

of the generalized eigenvalue equation, the complex conjugate x;, is a solution to,
Hy: = k3 (ks +2X)x5 . (5.19)

This means that (xx,)* = xx:, where we have explicitly written out the dependence
of x, on the eigen momentum k;,,. Notice that for a real eigen momentum, &} = k,,
the associated eigen-vector is therefore real, (xk,)* = Xt: = X&.- Thus, real solutions
from the first or second group are unrelated. Next, let us consider complex solutions
kn.. In this case we have for a given complex k, that its conjugate k;, is the eigen
momentum for the eigenvector xi. = (x,)*. Thus, for a complex solution &, from
the first group, it’s complex conjugate &, is a solution from the second group, and
vice versa. For this reason, we say that the complex solutions come in conjugate

pairs.
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5.1.1 Current in the presence of a magnetic field

The current in the presence of a magnetic field can be measured in either the left or

the right lead (see Fig. 5.2) and is given by,

I_h

~ 2m.,

[ e [v (@ ) (i + Zyb(e,y) - bl v (- — ) (z)
0 ) ay 128 ' ’ ay l23 1

(5.20)
where the wave function ¥(z,y) is evaluated in one of the leads. For example, the

wave function in the right lead has the following form,

N
Y(E,y) =) Y ti, € ¥ Xanda(z), (5.21)

kn a=1

where the sum over the generalized eigen momentum, k,, only includes right mov-
ing states, ¢, represents the transmission amplitudes, and x,n are solutions to the
generalized eigenvalue equation for the right lead. Putting Eq. (5.21) into Eq. (5.20),
h

I=
2m.,C

3 (teati, e® 505 [k + K+ 2X]xk,) - (5.22)

n ‘km

In the above equation, the only non-zero terms are those with real k,’s, i.e. those

with &} = k,. This follows from the orthogonality condition Eq. (5.17). Therefore,

h -
I = 2 Z (tknt;,.an [2kn + 2X]Xk,,)
M kn€Ereal

L SN (5.23)

2m, knEreal

This expression is essentially the Landauer-Biittiker equation for charge carriers in

the presence of a magnetic field.

5.2 Extended Transfer Matrix Algorithm

Let us now solve the quantum scattering problem for a two probe device. To compute
the wavefunction everywhere inside the system we will use a transfer matrix technique.
Let us briefly give an overview of the transfer matrix technique. To be specific,
consider the device shown in Fig. 5.2, where we specified the left lead, the scattering

region, and the right lead. The first step is to solve Schrodinger’s equation in the
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leads. This is accomplished by solving the transverse eigenvalue problem in each lead
using using our basis set obtained in the last section, Eq. (5.4). We next find all the
wave functions in the scattering region. To do this we divide the scattering region
into small slices such that in each slice the potential is approximately constant along
the direction of propagation, V' (z,y) = V(z,y;), where y; is the position of the i-th
slice. Schrodinger’s equation in each slice is then solved. The wave functions are then
related using the continuity equations. The continuity equations simply express the
fact that the wavefunction and it's first derivative are both continuous. This way, the

total wavefunction in the scattering region is obtained.

5.2.1 The wavefunction in the leads

To be specific, we take the incoming electron to be in the left lead in the n-th mode.
The scattering wavefunction in the left lead has the following form:
N

¥(z,y < 0) = Lie* " Vul(z) + T rome™¥vl(z) | (5.24)

m=1

where {g%} are the left moving eigen momentums and {v%} are the corresponding left
moving eigen vectors, for the left lead region. Similarly, {kL} are the right moving
eigen momentums and {uZ} are the corresponding right moving eigen vectors, in the
left lead. These were obtained in the last section. The incoming wave amplitude
I, uses right moving eigen solutions. Recall that in the zero B situation there is no
difference between right moving and left moving eigen vectors, and a right moving
eigen momentum k,, is related to a left moving eigen momentum by the transformation
k. = —ky,. Finally, r,,, is the probability amplitude for an incoming electron in the
n-th channel to be reflected into the m-th channel.
Similarly, the scattering wavefunction in the right lead has the following form:
N

W(z,y > L) = Y tame* ™ Vul(z) | (5.25)

m=1

where {k} are the right moving eigen momentums and {ul} are the corresponding

right moving eigen-vectors, in the right lead. The coefficients ¢,,, represent the prob-
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ability amplitude for an incoming electron in the n-th channel scatters through the

systems and leaves in the m-th channel by the right lead.

5.2.2 The wavefunction in the scattering region

Let us now develop the transfer matrix technique to solve Schrédinger’s equation
every where inside the scattering region. The first step is to divide the scattering
region into M small slices such that the potential is essentially constant along the
y direction in each slice, 0 = y; < y2 < y3 < ... < ypu < ym+1 = L, where we
have chosen {y;} such that y;,; —y; = A = L/M << 1. When A is small enough,
Viz,y: < ¥ < ¥iv1) = V(z,y;) = Vi(z). Using this approximation we can solve
Schrodinger’s equation in each slice, the same way it was done for the leads. Therefore,
the wavefunction in the i-th slice, y € [y;, ¥i+1], has the following general form,

N ) i
(2, y) = ) [Agleik&’w-y;)ug)(x) + Bgz)ezq&’(y—y.-)vg)(x) 1 (5.26)

m=1

where ¢ = 1,..., M and the sum is over the transverse eigen modes. The coefficients
A® and BY) are unknown, which we will find later. As before, £{) is a right moving
eigen momentum, u{)(z) is the corresponding right moving eigen vector, ¢ is a left
moving eigen momentum, and v{)(z) is the corresponding left moving eigen vector,
in the i-th slice.

Let us now relate all the wavefunction of ~.q. (5.26) together. Recall that the
wavefunction and it’s first derivative are continuous across the boundary between the

i-th slices and the (¢ — 1)-th slice. This implics that at y = y;,
pE (@, ) =00 (z,m) (5.27)
and
%d’(“”(z‘, vi) = a%“’(“ (%) - (5.28)

Putting Eq. (5.26) into Eq. (5.27) and Eq. (5.28) we find,

N o) ikSDa (1 1) ial-
> [An“ en 8yl (z) + B Vet

n=1

Va vr(li—l)(x)] —

N
> [A9u@(z) + B ()] (5.29)
n=1
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and

(A=D1 8 5D (z) + BED (i)™ i )] =

M=

n=1

]

i[ ik )ud () + BO (1gP)(z)] . (5.30)

We decompose the above equations onto the sine basis to eliminate their spatial
dependence. First, we expand the right moving modes, u{, and left moving modes,

v{¥), on the sine basis functions,
uld(z Z Ve, (z) , (5.31)

and
v(z E Wlle,.(z) . (5.32)

All the information of the eigenfunctions u{) and v{") is contained in the matrices V!

and W), Using these expressions we find,

af i—1) ikl DAy (-1 i-1)_ig "V Apr(i-1)
> [Agnem Ty 4 b apn) -

z

Y [APV + BYWRY] (5.33)

n=1
and
Al 1) (i-1)\ ik DA A(i- i—1) [ (i—1 VA 1)
z[ i— kx ): V(t Br(: )(zqr(: )) “In [,V(' }—
n=1

Z [A9 KOS + B (ig®)WE] . (5.34)

Next, we define vectors and matrices in order to express Eq. (5.33) and Eq. (5.34) in

matrix form. Let:

X = (AP, AP, .., ADy (5.25)
=(BY,BY, ..., BY) , (5.36)
{Dgi)]n ('k(‘)A)(snm: and [Dgi)]nm = e(iqgi)A)Jnm’ ' (5-37)

[Kgi)]nm = ikf(:)‘snmr and [Kéi)]nm = iqg)énm ’ (538)
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VOlam =V®, and (W =W, . (5.39)

nm?

Eq. (5.33) and Eq. (5.34) become,
VEIDITINTY + WEDDEIY = v + WO (5.40)
and
V(i_l)Dgi—l)K{i-l)X(li—l) + W(i_l)Kéi-»l)Dgi—l)Xgi—l) _ V(i)Kfi)Xgi) + W(i)Kéi)Xgi) ,
(5.41)
where 1 = 1,...., M + 1. We have added the continuity equations between the last
slice and the right lead. We are now faced with the problem of solving a system of
2(M +1) equations with 2(M +1) unknowns, x\” and ). We could solve this system
iteratively, by expressing the unknowns in the i-th slice, xgi) and xg), in terms of the
unknowns in the (i — 1)-th slice x‘f‘” and xg"*l). Once iterated this would lead to an
equation relating the variables from the first slice, [, and ry,,, to the oane from the
last slice, t,,. This final equation could be solved and an expression for r,,, and t,m,
in terms of I,, could be obtained. The problem with this procedure is that it is not
numerically stable, because of the repeated multiplication of the exponential factors
explig¥] > 1 (when the imaginary part of ¢!) is negative).

To get around this problem that conventional transfer matrix approaches run into,
we must reformulate our equations in such a way that avoids multiplying the divergent
factors over and over. To this end we group the vectors fo’ and xg) into a 2N vector
given by,

(1)
X9 = (i_ffl i | - (5.42)
x2 D
Using these new vector x¥ we can now rewrite the continuity equations in a tridiag-
onal matrix form. The continuity equation, Eq. (5.40) and Eq. (5.41), are now given
by,
L% 4 LPX® 4 [Py 6+ =g | (5.43)
where
ve-up-t g

LY =
V(i—l)Kgl—l)Dgl—l) 0

(5.44)
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. 1 740)] —Wa-1)
Ly = 1) y(i-1) G-y pt-1 |’ (545)
V(i_ 'Dl —'W ' )D2

and

o [0 e (5.46)
0 WOKP(DP)

There are no amplifying factors in Eq. (5.43), thus it can be iterated without danger.
At the start of the iteration, we have x(! = (}{!, #D{P), where 7 is the reflection
amplitudes (see Eq. (5.24)) and Dgl’) is the matrix from Eq. (5.37) for the left lead.

The corresponding equation is
LW 4 £{0y@ = _fO (5.47)

where I, is the incoming wave amplitude in the n-th mode, (I;,)n = 4,,. At the

end of the iteration, we have M+ = (£ x§*) D{™)) where  are the transmission

amplitudes (see Eq. (5.25)). The last equation is,

EMHD 00 4 FMD, e (5.48)

Eq. (5.43), Eq. (5.47) and Eq. (5.48) form a complete set of tri-diagonal matrix
equations, which can be iteratively solved by standard routines. In particular, we can
solve this tridiagonal system of matrix equations without any divergences, because

they are no amplifying factors being repeatedly multiplied.

5.3 Numerical Results

We now apply the extended transfer matrix technique to investigate the quantum
wire reported in [1]. Recall that the experimental device is a 1pum wide by 5um long
quantum wire, fabricated on an AlGaAs/GaAs heterostructure, with two antidots
with a diameter of 0.2um placed inside. The Fermi wavelength of the charge carriers
is A% = 330A4. In our theoretical study, we use the same parameters as those of the
experiment, except for the Fermi energy, we discuss this below. The different antidot

configurations are shown schematically in the Fig. 5.3. The step like potentials used
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Figure 5.3: Conductance G(B) as a function of the magnetic field. The corresponding arrangements
of the antidots are indicated in the insets.
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to mimic the confinement due to the wires boundary and the repulsion of the antidots,
has a height of 2.8 electron volt (eV). The electron energy is equivalent to a wavelength
A = 2w x Ar. We consider a lower energy in order to minimize the computation
time, but this doesn’t change the main features of the transport coefficients. In
all our calculations, we assume an electron effective mass m, = 0.067m,, which is
appropriate for AlGaAs/GaAs interfaces, where m, is the bare electron mass. Our
numerical results are presented in the form of the magneto conductance G(B) as a
function of the magnetic field B. Here, G(B) is related to the transmission amplitudes

tam via the Landauer-Biittiker formula, G = €/h ¥, , |tam|*.

In the calculation shown in Fig. 5.3(a), the centers of both antidots are placed at
a distance of 0.3u from the nearby boundary, thus three 0.2y wide QPC’s are formed
between the boundaries of the confinement and the antidots. The magneto conduc-
tance plot show interesting resonance behavior. The valley in conductance marked
by the letter X corresponds to the “X” peak, which is experimentally observed in
the magneto resistance [1]. The X peak is due to the coupling of the local states
caused by cyclotron trapping. This happens when the cyclotron orbit is commensu-
rate with the size of the “molecule” formed by the two antidots. The radius of the
cyclotron orbit is estimated by R, = hkc/(eB) =~ 0.4p. Assuming that the typical
molecular orbit is roughly a constant for different energies, which is reasonable since
the molecular orbit is largely fixed by the geometry of the arrangement of antidots
inside the wire. This implies the position of the X peak in B found in the experiment
should be different than what we find numerically, but the ratio k/B should remain a
constant. Since the experimental k% is a factor 27 larger than the wave vector k used
in our simulation, we expect that the experimental X peak position be at a higher
value of the magnetic field than what we find in our theoretical work, by the same
factor. The experimental X peak occurs at about B = 0.24 T (1] while our result
is at around B = (0.045 T. Hence, taking into account of the 27 difference in the
k values, good agreement between our numerical simulations and the experiment is

found. One source for the small difference of the k/B ratio could be due to the fact
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that the molecular orbit changes slightly for different energies.

On top of the X peak, there are extra modulations which are due to the Aharonov-
Bohm (AB) effect. The peaks showing here are due to the coupling of the local orbits
that circumvent both antidots. The modulation period is proportional to the inverse
of the area enclosed by the local orbits. The period obtained from our calculation is
AB = 8.2 mT, corresponding to a AB area AA =~ mR? ~~ 0.542, which also agrees

reasonably well with the experimental result[1] of 7 mT.

At magnetic field greater than 0.1 T, Fig. 5.3.(a) shows 3 more peaks, which
corresponds to the AB oscillations induced by the electron circumventing a single
antidot. The distance between the first two peaks is 28 mT, corresponding to a AB
area AA' ~ mR? ~ 0.14u2, which is again in excellent agreement with experimentally
observed AB period of 27 mT in this range of the field strength [1]. Furthermore,
one can see that the AB period has a trend of getting larger at higher magnetic field.

This effect is also observed in the experiment [1].

In the calculation shown in Fig. 5.3.(b), we move the two antidots closer such that
there is now only a 0.1y gap between them. The other two gaps between the antidots
and the boundaries are now 0.25u wide. It can be seen that in this case the X peak
appears at approximately the same position as the situation of Fig. 5.3.(a). However,
since the gap between the antidots is now narrower, it is harder for the electron to
pass through there. Therefore the AB oscillations due to the single antidot orbit
are suppressed. We are left with AB oscillations which are only due to the larger
“molecular” orbits, i.e. orbits that circumvent both antidots. As shown in Fig. 5.3.(b),
one finds a smaller period oscillations all the way up to 0.2 T. The period found in
Fig. 5.3.(b), on average, is about 8 mT, which is consistent with a “molecular” orbit
AB effect. It is worth noting that other than the AB peaks, there seems to be some
extra resonances in Fig. 5.3.(b). The cause of these extra peaks is likely to be due to

quantum resonances caused by the QPC'’s.

In the device geometry shown in Fig. 5.3.(c), we put an additional antidot in the

structure of Fig. 5.3.(a). The additional antidot is placed in between the lower bound-
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ary and the lower antidot, so that the lowest gap is effectively closed. Experimentally
this situation was established by adjusting the negative potential on the wires bound-
ary which pinches off the lower QPC, as discussed in detail in [1]. For this case the
orbits which surround two antidots cannot exist, only those surrounding one antidot
remains. Indeed, as shown in Fig. 5.3.(c) the valley that corresponds to the X peak
disappears. On the other hand the three AB peaks at B greater than 0.1 Tesla still
remains at the same position. This clearly demonstrates that the X peak is caused by
the “molecular” orbits that surround the two antidots. The results from Fig. 5.3.(c)

agree with those found experimentally when the device has the same configuration

[1].

5.4 Conclusion

In order to simulate the experimental situations of (1], we developed an extended
transfer matrix technique which solves the full quantum scattering problem in the
presence of a magnetic field. The experimental device was used to study the classi-
cal and quantum transport features as a function of a uniform magnetic field. The
resonance behavior in the magneto conductance, observed experimentally, was repro-
duced and understood. The peak positions and spacings agree quantitatively with
the experimental data. In particular, the classical focusing effect is responsible for
the anomalous X peak; and the AB oscillations account for the near regular magneto-
conductance peaks at higher magnetic field strength. The simulation results of this
work thus confirms the physical picture established by the experimental measure-
ments. In contrast to other model studies [46, 107] our work provides a full quantum
mechanical analysis and our results agrees quite well with the measurements.

As discussed in the text, while good quantitative agreement has been obtained be-
tween our simulation and the measurements, there do exist slight differences regarding
to the precise values of the X peak position and the AB periods: our simulation values
are slightly larger. This can be understood in the following way. When comparing

numerical results with experimental values, we have assumed that the “molecular”
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orbit which surrounds the two antidots remain the same for different electron ener-
gies. While this is a reasonable assumption for the particular system we have studied
(because the electron motion is confined by the walls and QPC’s), in reality, the
“molecular” orbit size is weakly dependent on the electron energy. We find that the
small discrepancy between the numerical values and the experimental data can be
accounted for if we assume that the radius of the trapped “molecular” orbit in the
numerical study is a few percent smaller than the corresponding experimental one.
However, this energy dependence is indeed very weak since the energy chosen for our

numerical calculation is a factor 472 smaller than the experimental Fermi energy.




6

Conclusion

In this thesis, we have developed and applied a first principle approach to study emit-
tance and nonlinear conductance fluctuations, in disordered quantum conductors. In
particular, we studied quantum transport fluctuations in the Universal Conductance
Fluctuations (UCF) regime in a diffusive conductor. We also developed a numerical
transfer matrix technique in order to study the magneto conductance of an antidot
system which was experimentally realized and reported in Ref.[1]. These develop-

ments form the bulk of our work.

To study linear AC and nonlinear DC conductance, Biittiker's quantum transport
theory was used. In contrast to the linear DC quantum conductance, the linear AC
and the nonlinear DC transport coefficients require internal response terms in order to
satisfy gauge invariance and current conservation, essential physical requirements for
any realistic theory of quantum transport. The internal response of the emittance and
the nonlinear conductance, in the scattering matrix approach, requires the knowledge
of the functional derivative of the scattering matrix. To compute this, from first
principles, we used Lippmann-Schwinger equation to derive an explicit expression for
the functional derivative of the wave function. This result was then used to obtain
an expression for the functional derivative of the scattering matrix. This led us
to an equation which depends on the wave function and the Greens function. To
eliminate the functional derivatives dependence on the Green function we introduced
the Generalized Fisher-Lee (GFL) relation, which expresses the wave function in terms
of the Green’s function. Putting these results together we obtained an equation

for the functional derivative of the scattering matrix, which only depends on the

109
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scattering wave functions. This eliminated the need to calculate the Green’s function,
which drastically reduced the computational time required to obtain the functional

derivative, and thus E,5 and G,g,.

Once the expressions for the transport coefficients were obtained in terms of the
scattering matrix and the wave function, we next turned our attention to computing
the wave function for a diffusive conductor. We use the same model for disordered
conductor as Al'tshuler, Lee, Stone, and Fuckuyama for their study of UCF [38]. The
model uses N localized elastic scattering centers of strength -, represented by delta
functions, to generate an impurity potential landscape for the disordered conductor
in the diffusive regime. We derived exact expressions for the Green'’s function and
the wave functicn. Solving Dyson’s equation, we obtained an expression for the N-
delta impurity Green’s function. Then using the Lippmann-Schwinger equation the
N-delta impurity wave function was obtained. The final expression for the wave
function was expressed in terms of the impurity free Green’s function, wave function,
and the matrix M;; (see Eq. (4.7)), which contained the information of the localized
scattering centers. This exact solution was used to obtain expressions for all the

transport coefficients of interest.

With all these theoretical developments, we analyzed the sample-to-sample fluc-
tuations for the linear DC, linear AC, and nonlinear DC conductance coefficients in
two dimensional disordered conauctors in the diffusive regime. We found that the
distribution for G,; is a Gaussian like function for values of V and <y away from the
insulating regime G; = 0. The usual UCF regime was found for a range of values of
N and v, where AG,; ~ 0.86e2/h, which is the expected value for UCF in 2D. The
boundary of the UCF regime was identified with the accumulation of the tail of the
Gaussian distributions against the G2, = 0 limit, which led to a narrower distribution
and thus a reduced value for AG,;. In contrast to P(Gy;), we found that P(Ey;) is
symmetric for small disorder and asymmetric for strong disorder. When the value of
N is low, the function P(E,;) is symmetric and centered around a positive value of

E,;, which corresponds to an inductive behavior. But when the value of N is high
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the distribution P(FE,;) becomes asymmetric: the body of the distribution is in the
capacitive side Fy; < 0, while having a long tail which extends into the inductive
side E;; > 0. Finally, we also computed the distribution function for Gy;;. At low
value for the disorder P(G1,;) is a Gaussian like function, and its width increases in a
linear fashion with N. When we have strong disorder, P(G1;;) looks like a symmetric
exponential and the width of the distribution increases exponentially with N. This
picture is confirmed when plotting AGy;; versus N. Thus, distribution function of
the nonlinear conductance depends sensitively on the internal response of the con-
ductor: for small disorder the distribution is symmetric and Gaussian-like, but for

strong disorder the distribution is symmetric exponential-like.

The theoretical results that were developed can be applied to a wide range of
physical systems. In particular, the linear AC and nonlinear DC quantum conduc-
tance through atomic wires can be efficiently computed numerically using our results.
Conventionally, one requires the Green’s function to compute the emittance and the
nonlinear conductance. Computing the Green’s function for an atomic system with
open boundary conditions can be a very tedious process [72], but computing scatter-
ing wave function can often be much easier. Using our results. One only needs the
wave function to compute the linear AC and nonlinear DC conductances. Therefore,
for example, the second order transport coefficients can now be studied for the first
time for atomic and molecular systems using our theoretical formalism. This has
not been carried out so far, but will be investigated in the near future. As for our
exact solution for the N-delta impurity Green’s function and wave function, they can
be used to explore the quantum transport in different regimes, one very interesting
situation is the the “mixed” regime [108] where both diffusive and ballistic trans-
port characteristics play an important role. Moreover, using the same technique we
can obtain exact solutions for the N-magnetic impurity Green’s function and wave
function (see appendices), which can then be applied to study the so called Giant

Magneto Resistance (GMR) phenomenon [109, 110, 111, 112].

Our numerical work on transfer matrices was aimed at simulating the experiment



112 6 Conclusion

reported in [1). In this experiment the magneto conductance of a 2D wire with two
antidots, with adjustable diameters, was measured. The aim of the measurements
was to understand the classical and the quantum transport features in such ballistic
systems using a magnetic field. The transfer matrix technique was developed to make
full quantum scattering calculations in the presence of a magnetic field. We found
that the experimentally observed resonance behavior in the magneto conductance was
reproduced and understood. In particular, our numerical results exhibit the classical
focusing effect that causes the X-peak to appear. The spacing of the peaks due to
AB oscillations were, approximately, in quantitative agreement with the experimental
data. Our results confirmed the physical picture which arises from the experimental
measurements, and our work provided the first full quantum mechanical approach
which gave good quantitative agreement with the experimental results. Finally, we
point out that our numerical transfer matrix technique is very useful in its own right:
it can be applied to a variety of 2D quantum coherent conductors in the presence
of magnetic field. Especially, it can be efficiently applied to systems with irregu-
lar potential landscape, and with the more realistic soft device confinement. There
have been extensive experimental studies on transport of 2D electrons in semicon-
ductor systems in both low and high magnetic fields [106, 113, 114], our technique is

applicable to simulate these measurements.




Appendices

A.1 N-Magnetic Impurity Green’s Function

In this appendix we derive an expression for the N-magnetic impurity Green’s function

using Dyson’s equation. In matrix notation Dyson’s equation is given by
¢™M(x,r') = GO(r, 1) +/dr"é(°) (r, " )WWM (@"GM (", ). (A.1)
The N-magnetic impurity potential is,
-~ N -~
V¥ (r) = S Uié(r — 1)) (A.2)
=1
where
. cos(§;)  sin(8;)e %
Yi )
sin(f;)e'*  — cos(6;)

The angles 0; and ¢;, with the magnitudes |¥;|, completely characterize the magnetic

impurity vectors ¥;. The free Green’s function has the general form,

GO o0 = ( ¢ r)GY )
G2 (r, )G (x, )
Once we have integrated out the all delta functions Dyson’s equation becomes an
algebraic equation,
GM(r,r') = GO(r,r') + f:c‘ﬂ”)(r, ;) UG (r;, 1) . (A.3)
i=1
Using this equation we generate a system of N matrix equations with N unknowns

{G™(r, ™)}

~ N -~ - ~
G(N)(l‘lal") = G(O)(l‘hl") + Z G(o)(rhri)UiG(N) (ri,1')

i=1

113



114 A Appendices

N
G" (r,r') = G® (r2, ') + z G(o)(rzafz‘)Uié(m (ri, 1)

=1

N
G™) (rn,r') = G(O)(I'N, r) + ZG(O)(TN, l'i)UiG(N)(l'i,l")

=1
In matrix notation we find:
( GM(ry, 1) ) ( GO(r,,r') ) ( il Aely .. AwOn \ [ GM(r.,v)
G(N)(fz,l") é(o)(rz,l") ﬁszl ﬁzzUz ﬁ?NﬁN G'(N)(l'z,l")
= + s
\ GM(ry,r') } \ GOry,r) | \ Ay vl ... AinnUn ) \ GM(xy,r) )
where 7j;; = GO)(r;, r;). The solution to this system of equation is given by
( GM(ry, 1) \ ( My My .. My ) ( GO(r,,r) )
G(N)(rg,l") A:fgl Mzz MQN G(O)(rg,r’)
= i . (A.4)
\ CM(@n,r) ] \ My Myz ... Myw J \ GO(rn,r')
where the matrices M,-J- are defined by,
. . R . . R . -1
(Mu Mo . M) (T-duli =iely . D)
My My .. My il T—iply .. —fnUn
\ Myi My2 . Myn )\ =m0 =il ... T—dwnOn )
(A.5)
Putting all these results together we find,
N
GM(r,r') =GO, r') + Y GO(r,r;)U:M;GO(x;, 7). (A.6)

ij=1
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This is an exact expression for the N-magnetic impurity Green’s function for any free

Green’s function GO (r, ).

A.2 N-magnetic impurity Wave function

In this appendix we use the Lippmann-Schwinger equation to derive an expression for
the N-magnetic impurity scattering wave function. The strategy that was used in the

previous appendix will once again be employed. The Lippmann-Schwinger equation

is given by
$N(e) = §O(r) + [ ar'GOr, )TN ()M () (A7)
Integrating out the delta functions we find,
- -~ N -~ ~ -~
M (r) = 4O (r) + 3 GO (r, r;) UM (r)) . (A.8)
Jj=1

Using the above equation we generate N matrix equations for the N unknowns
M (r):
N
;) = pO(r;) + 3 GO (s, r)UpM(r) (A.9)

i=1

Following the same mathematical procedure that was used in the previous appendix,

we easily find,

N
v M(r;) =S Mp™M(ry) . (A.10)
i=1
Finally, putting this result into Eq. (A.8) we find,
-~ -~ N -~ -~ -~ -~
M () = O (r) + Y GO (r, 1)U MO (x;) (A.11)
i,j=1

This is an exact expression for the N-magnetic impurity wave function for any free

wave function ¢©(r).
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