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Th i s the si f) pre:; en t s :1 var i a t ion, l l fin i t (~ c l e rn C li t 

formulatiori for bounrlcd, 10ss-free electromacnctic {ield 

proble!':1s. The trc:l.tmcnt io (~,:;n~ral, encofTlpassin{~ any timc­

h2rmor.ic field in an infini te' -wavè{~uide structurC' filled 

Vii th sour'cr: ... free mcd 1 a. A statior.ary encn;y functional i8 
1 

construct~d for either of the three components of the 

clectric QI' of the In'l{';nctic field vector. In Cartesian 

coordi~ateR this functional,is specialized to linearly 

polariz-ed travelling waves while in cylindrical coorrlin~ücs 

i t ls Sp8C la li ",cd to cire ular ly' polari zed c irculat in[; 'NaVe s. 
\ 

:;olution of the functional i.e accomplü;\1ed by the hie;h-orcler 
• 

1:1\) 1I1ÛÙ w niCll l eÙUc(:~ 
,., 

the functional to a matrix form. Two finite element computer 

pror;raTs are presented, one for the solution of linearly 
J!, 

polarizerl travellin~ waves in anisotropie wavce;u' es Hnd 

onother for the analysis of 1inear accelerator 
;­

l 

Very ~8f)t matrix 8~iembly is obtained by usin~ prc-cnlculnted, 

ùniversally const:lnt fini te element m~trices _;J'or ùp ta and 
v . 

includinc; 6th-arder p,olynarfli~1 approxi.rncüion. Various .. 
e~n~plês nrc given and the program results arc analyzed in 

,detail. 
;f , 
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RESU;'·lE 
... ( 

L'objet de cette thèse est l~ [orr:1ùl.ttion varLitionelle 

dep probl~mes de champs electrom~~nctiquc~ non dissjpatifs dans 

dps domains bornés. en vue d'utiliser ln. ll1éthode clef3 élé1nents 

finis. Cecte Qpproche e~nérale permet de traiter tous les 

problèmei3 rela ti fs à cles champs stationn8.ires d8.ns des guides 

d'ondes constj tués par Y/î milieu sélns sources. Unf' fonctionelle 

énergétique stationnaire est construite pour chacune des t!,ois 
7 

composante s de s vecteu 1'8 repré sentant les champs él'cctriq ù'es 

ou magnétiqu9S. En caorc1onI1éc~~ cartésiennes cette fonctionelle , '. 

est appliqu~e à la propagation des ondes ~ polarisation linéaire, 

tandis au'en coordonn6es cylindriques on étudie les ondes à 
~ 

polarisation circu~aire. La r~solution de cette fonctionelle 

est effectuée pat une méthôde dus élé~cnts finis trianGuln(res 

d'ordre supérieure qui permet de mettre le probl~ma sous forme 

~atricielle. Deux programmes de calculs utilisant les éléments 
- .... 

flnis sont,annexés; l'un pour la propa{,;ation dûS ondes à 

polarisation linéaire dans des Guides d'ondes anisotro~es, 

l'autre pour l'analysc des cnvité~ d'un accélérateur linciaire. , 
1 

L'assembla~e matriciel est obtenu ~r~G rnpj~~ment grJce ~ 

l'emploi de\matrices' universelle. calculées 

~lémcnts finis allant jU8qU'~ l'orrtre (6). 

/ \ 

à l' av,';ncG pour des 

Les récul tats de 
i 

dj vers éxemples prél.3entés dans la thèse ,sont <rn.·alysé~ en détail. .. 
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CHAPTER l 

l ~, T :~ 0 r; 1] C T ION 

1,1 ~';éltut'e of the Problem .. 
Dnn to the bro~,d VJrlety of pr8.ctical appl iC8.tionG of 

w8.veguirtG~, resonators and othcr microwave devices, the 

development of ~ethods to solve thp associated electro~a~netic 

field problems hé)~: :qcceived a great deal of' n.ttention in the 

p.1.st two decade s , At the bCB;in!1inf:, a t tcnti on 'lias fOC11 scd on 

âna l'yt ica 1 mcthorl. s, but w i th the" advent of el Ge tronic c omputers, w 

numerica l methods have gained promin(~nce. Of thcse, fini te 

cH ffcrencn mcthocls were the first ta Q.:r,ain acccptarièe ar.lOnf?' 

microw:1.'!f.: cngincers. In reccnt year~j howevcr, :ini te c] ernent 

mcthods t18ve be~n re.~~zed ta be rr.ore readily sUlted ta solve 

wavep;ulof> problern~~-[1,16-18J. This thesis presents a Gcneral 

finite ClCfT1Cr'lt m·?thon Tor G11ch problcms. 

The electroma~netic boundary value problcms tre~tcd in 

this the,;iG are thos<? aGsociated with: 
. 

_ homo~enpou8, isotropie wave~uides; 

- jnhomoceneous, isotropie wavec;uides; 

homoeeneous, anisotropie wavec;uides; 

- inhomogeneous, anisotropie wavcguides; 

- > nxi symrnetri e rG sonant ea vi tie s for l incar Qcce lera tors. 

'. ,~ 

t--

\ 
1 

i 
.1 

These prob-lems, with the exception of homof:,encous isotropie 

waveeuides, require a formulation in -~~iüé~h th"e eyectra~m-3.ënetrE--r--
fields are treated as veetor 

[2,J,13,19-~~J, the tendency 

quantitieo. With a few exceptions l' 

;n reeent years has been to 
i 

,,_ J 

:-1 
~"" .::''''-' 
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~on.t:üns a ur:rfied foc ,llation of the :lbovo problo'n!; in tcr:ns-

of al1 threo co:nnow:nts of t}H~ r..aGetic or of thc~c:lcctric fjeld , . 

vector·. By e~ployint~ tr'e fini te clement r.cthdd, the forrr.ulation 
" 

allows tr.e t,.reâtment of wave,c;u icie R;eg;,:0tries Vii t:l ;J.n Ztrbl tl~.-::.ry 

cross-sectio~. Furt: (~r'lOre, it <1110".18 Feneral puq)Q~~c computer 

prop;rams to be wri tte;t which C2:n be usod by a microwave en,c,Lncer 

oYen if he is unfar.:iliar with the details of t(lC T.r:tnod. 

J:n a n~view pr'.."Çl'r [lJ wnich appez:.n~d in 19é r
), ,','exler ;1~lkes 

--of êlectronjacnetic field problems: 
1;"0 ... 

"Al t:-'OUQ'r1 thGr~ are so·~.C inc1ic2~ions of ho.'/, to proceed, 
the :,ut::or h2~-) not seen :U:,'," ,(:8:1,. t'al c,or:1p\.<tcc m8tl1ods for 
field:o wlth Ztll ::slx COT1JOnen t.s·( f f-:~eçtrlc c1{lcl 1~1'llsrwtic 
fl01G Dreser.t. _~J.c:'"l :':C!lcls rc~u~r'~ ootn ::o:.n c:lcctrlc D.nd 
r? -r>J,;"C'lC vectoC' Dotent.1:l.1 fU;,':tlor: ta gc;n»t',~te thon,. Per- . 
h~ns it "ou1d ~e just a~ weil to solve th~ çlectrjc and 
r'::l:--y~p:is fielrlc:. rlircctJy ratrU]r tn~n throw)l two potcn-
tiaL f:J:1ctions." -0 

In hi s c or:.c l ud ing rc :--arf\ s he 2dd s th~ 1:; , 
""r. \ 

! 

"In tn8\6-irn'Tlodi2.te future,: e':1phasis S\'10Uld perhaps be 
pL3.C0d upon the è.evel~r-cnt of :~uü t -; diffrJrence and 
v2riz-,t:o;13.1 tr;c:,ni~s for SOlVl;.'"'; f_elds n:1ving all 
co~pcne~ts 0: lJ lectric zmsi m(1~nl~'tic ~ield present every-

_ wterü,_ ':::,,0 __ d.;-:,, __ t~ L< ..... Lth i1~e_\'{ _e_>s~ E?R!l-()n.. CE;, tg; •• [SC) ,...pp .. D 2-____ -- ---- --t--

1881), most ~othods appcar to per~lt sOlution only of 
fiefes derivable fron a sln~le scala pote~tl3.1. It i8 
not difflcult to for~:Jlate and solve field prob18ms in 
a rr.ul tid ielectric rer:ion, but i t ':"'3.y r~ot correspond ta 
the ~ct:J3.1 electro~3.~netic ~roble~. ~niE is inrtlcated by 
the continuinp.: discussion of- "quasi-'I'.~rl:" microstrip waves." , 

, 
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Zlnd/or anisotropie rr,crliui1. In essence, this chapter contai,ns 

th" results presented in a doctoral disGert~tion by'Guptu [J] 

in 10 65. ~he moment method 18 applicable to c~vities Zlnd ~avc-

\?~ides of Zlrbi trar'y cross-section and o.rbi trary L~near JnE:cila, 

f'Y"oviried that the e'npty cavi ty or wZlver:uide modes Zlre knmv,l1 • 
• 

Tne field co~ponents in a c8vity or wavcguide fil1ed with 

;:: n isotropie Mate r la 1 are expand e d in tcrlTl~1 of the fie Id cOl11pon-

cnts of the empty ca vi ty or wa 'le (';uide mode s to 0 btaif,\,' a mfltrix 

, equation: the order of this ffiatrix eQu~tion dcpcnds upon the 

nu~ber of e~pty cavity or wZlveguide modes used in the expansion. 

l Tl pr'inc 1ple, the :lccuraey of the solution ean be of an,y (h~gree 

b1..<t'is ill ).JT'actiee limitèd ty the=; siz..:; of the co;-;!}>'..<ter. ln the 

for~ulation used, the matrix equations Zlre devcJoped for a 
1 • .. .,.;J 

.general Zlnisotropic mediur and the0 ::-3peêializ,~(l for rect:cjY'I§1;ular 

c ;]."i tie s c ontaininR; plasnas and ferrite s; the freq uency depend- ' 

ence of the materl~l property ten$ors i8 not lncluded and hence 

tne ~odes obtained do not exist si~ultZlneously. 

In 10 67, ::ar.r:.aford [4J describcd 3, finite differerlccjvari-

ationZll -~th6d for homoGe~oou3 isotropie wave[uides of arbltrary 

shape: His forrTlulation is Dascd t.:pon the solution of the lklmholtz • 0_ 

equation in terms of the longi~udin~l electric and magnctie field 

components and the der~vation.of a variational expression. A 

, puzzling' feature of his \'Jork i8 t-hat 'he deals wi th eor:1plex 
- • 1 ,. ~ ,. 

functions for Ez and Hz even aftèr the removal of the z-depend-

ence fro~ the expressions,. 'rhe 'fini te difference formulac used 

are obtained fro~ a Taylor seri€s exp~nsion in wh~ch terms of 

. "? 
1.6A 

--: 
rrJj 
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n: (l cr 11 ù l' 
, , 

dl):, l! S \'i l +,' 1 lsotropir; morE;', ;:,lf1n::l101d !Jrlefl,'1 dJ:.t.::W>:3(':; 

{'"'ades c;ontêl inin~ t ransw~rr;c l y ma{!nC' Lj 7,cd f/;r1'1 te~. 'L'ho proposed 

rr'l~t hori for the~-sol Il ti on 0 f -{ randYc !~scly magne L i l,l~d Ferri kC-

lO:J.ded '.'I,:voguidf' problc:rls in'lolve3 a finite diffcrence '>;atrix 

Vll1ich is not sYIT'ï1,-:tric. Con::C:;f{uently, accorcljl1;' to Eanntford, 

the phy;;ical int(;rprctation of the r0L;ultine co:,.plcx c L{~'_)nvalues 

15 di ffLcult. Furtl1er, the m;)terial peoperty tCLsors u::,cd by./ 

I!ann:lford are restrlcted in the sc:n"o that null eletnenLu are, 
lJ ~~ .. 

Included and the frcquency;cpendcncc,of the m3.terial property 

tensors i3 not taken into C'onsideration durlng ~omputation. For 
<7 

inhom0f"l'neOUs iGotr,opic n,cci i8., the rcsul ting eocfflc ir;nt matrix 

in Hannaford 1 s formula tion b,ccomes inde fini te Icl.bove the 45 degrl~e 
, 

'air-:i"e' O,'j -tl-a: dispersion djz,Gr,,~,l. ;-;ineG 1')67, th'L:; ::;;;ort-

cO'11ing o~, two-c o'llponent form~lat ions has reoc c ured in a number 

of ot he r 'finit e cl i fferene C [lnd fini te C lenlent varia tl onJ.l method s 

[5-12J. Heferrin!~ to the vf'ctor vadational ( , 

intcgralè-i dco1.lced 

by Bcrk [13J, Hannaforcl dismi~ses three- and 01x-component vector 

formulations as beinp) more compllcated than Lh~ E -H formulation. 
L , Z Z , 

f, 
\, 

tirnes 

BArk' s variational cXliressions have been rcfcrred to many 

sinee the PUblic;:ltiO'h of refcr(lncè (lJJ in 1956. In this 

work, which ~s bascd on h~s doctoral dissertation at ;,r'r in 1991-, 

Berk deri ved three-" and six-component vector variational express­

ions in the form of RayleiCh quotients for theOresonanee 

'frequeneies of a resonator filled with loss-free p anisotropie, 

homOBcneous or inhomogeneQus ,media. His expressio~s arè eit~er 
:7 

in terms of the elec tric field E or 01 the mal:~nctïc field H or 

both. Howê'Jer,., oJüy the mae;netic fie Id exprc S fi ions ho ve natural 
, ' 

f 

1 

\ 
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r.GI'1p-oncn<t vcctor formuLltioh. Il:l.vin['; wor~~(;rt prier Lü the ' 

(Ievelopment of finite (:lcments, one of Dlèl'lc'::; prinr.ipo.l concerns 

'.~ ,is the choice of the tri::ll field~J used. He point;; Ollt thatt~ 
" 

.. 
" •• • one ~Ùlould :f1~tKO evel'y uffortt-o ;j(jtect---trictl fic~d!; 
which satlsfy ~é~ n;l.ny of the knO'N!ol f.?ï.Lure" or the solutlon 
as 1.of3'"ib1 e. ln r~ll~t.icular, one SIlü'llJ attpr'fJt to dr:vj:Jo 
trial fit!lds winch, 3.t sllrLl.,~es 0; dié3conti.11 11(ty, not only 
have cO'1tinuou~) tfl.llrçenti.l1 compoI1""nt~o, but cOllli.nuQu~; norri1al 
comuonC;:lU; of (E.J~) anù (/J.H) ~s '.·:/~11. Th-ts i:-; bec--aüse Lhe 
1ast snt 0 f bOl~;:(h l'y C and t t i.. 0:1:: doc:-; no t fol 101'1 ftom the 
first set un)ess Lh~ trlal (icl.i~> s,ltlGfy ~'a~{'t .. ~;ll's 
equat'i.ons. " 

.., 
An impressive effort on rnor:Q" or 1e:.o8 the samc theme is .... , 

h 

evident iq the work~ of Thomas [14,15J i~ 1969. Howcvor, his 
.... jl" , 

work is basicallY a scalar formulation of th~ l~otropic wave­, 
f:ui de pro blem baseù 0" the Rayl cügh-H i tz approxi mat i on 'rlethod 

.1 , 

; 

u~ing ?clync~ials in polar conrrlin8tps ~s a triul set [15J. 

C' • . .)lnce 1969 ; variety of other methods for the solution of 

isotropie waveguiae pcoblemc appcared in the literaturc; these 

have baen reviewed in recent papers by Silvester and'Csendes 

[16J, by ~'lies [17) and by Nt~ [18J. 

The ooly threc-component ~ector variation~l meLhod B~pear­

in?\in recent year~ i,s due te Enr:;lish and. Young [19J in 1971. 

" 

'i ~ "-

In their paper the authqrs stat8 [19J / 

"The )ector vari:1tion~l formulai. lons of _ the Maxwel'l. 
equations which have been prccentcù in the Ilterature 
are exnrecsed in terms of all six electrom~lp,netic field 
compon~nts ,[4J-[6J. This paper devolops and-applics a 
vactor variational formulation Qf the Maxwell equations 
in tcrms of the elebtric .Iield E vQctor (a three-compOhent 
formulation) by expressing the magnatic !laId vector in 
th.e MaXWéll equa.t..ions in terms of the electric field 
vectorL An alternative formulation in terms of the maenetlc 
fie] ct H vector ls also possible. However, ,the electric 
fielrl forMulation has more aSGoclatcd ûirichlet euidû-wall 
boundary cO:1di tions than the magnetic fleld formula'tion 
<1nd thus bas a f~ster solutio:1 convergence rate." 

.. 
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formuLltlon on the 

tï<;-LG of the nllmber of DirlCh 1 et boundHry <:CGndi tl on;; to bo , ' 
~,/ ( 

~,1.ti.~jfiod. They list the <<.1dVant,il!~OS of the threc-conponel1t 

6 

vootor for~ulntion ns reriuced mntrix cize and donsor coefficiont , . 

lT:3.trices in compari80n te thA- !:;iX---ComporlCnt_fnrmulation t;:ivcn 

by l~nglish in his rloetoral dissertation [20J in 1969 and in il 

naper by 2nglish [21J which apPoclred"<:i'rl 1971. Ho"//over, thoy 

find that VIi th this formulation the nL"ltrix elements aDe more .. , ~ '( 

, i 
,complica ted to calculate, the guide,-wc1l1 boynd3.ry conçU tions 

, 

on the t~ial funct ions are more restrieti ve and th'é, ï~posi tion 

of eontinuity consLraints on the trial field çci~poncnts is less 

straightforward. EnGli sh and Young apply thçir nJcthod to 

inhomogenpously fillcd isotropie parallol plate wclvcguides and 

to recta~~ular wàve~uidcs. Unfortunatcly, in thei.r formulation 

tric cocèition nxE-::O m'lst 80 sa-t;isfi0(j 8',c:.'etly hy ti"w trial 

-! 
funetlons, sa that waveguidc shapes other than clrcular or 

rec tangular cnnnot be treated. The authors cnforc e the c ontinui ty 

of the normal compo'lP~t of the eleetrle flux density vector at 

- '" rlieleetrie interfacr~s. This m03:ns that the trial-function choiee 

rt~pends upon ~~e morte under consideration"and therefore ench 

pnrticular prùblem requirés separate treatment. Finally, with 

rêgard -:to 3.ni~otrop-ic media, English Bnd Young conclude that 
~ - ~~ 

P the coefficié~{ matrix will be Her~iiian; tAat this statement 

is not true is evident from the present work. 

Interesting cnough, the six-eomponent veetor formulation, 

~lthough critici~ed by mBny ineluding English [19J, still has 

ne"N proponents. Very reeently, a six-collporent form)Jl.é::làon has 

been presentee by Satomura, Matsuhara and Kuma8,ai [22J Ui 

eonnection with th~ analysis of anisotropie slab waveguides. 

/ 
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l!ll' fj plcl of W:.lV,8r; prop'lf~.Ü1_11g 

riirecf;ion Ln tel'mr; of 8. ]lnear cornhltnLLon oC element:lf'J plane 

____ ,.1:.l:lVe!3. ln the COllt'!~e of the an8.1y:::;i~1 they arrive nt a dl.--;persion 

relation from which they conclude th:ü in order to obt:lin a 

solution, the tonnor co~ponents must satisfy certain propagation 

c c)nd i t Lons. 'l'h i s 1 cads thcrn to incorrr~ctly sta te tha t only when 

these propagation conditions are satj:;fied arc anisotropie 
1 

m8.terin.ls capable of transmittinG waves which propa~atc in the 

z-direction. In faet. the conditions they derive are only valid 

for linearly polarized travelling waves. 

It ls interesting to note that the fo~ulation r,iven in 
1 

this ~hesis is more closcly related to a paper presented by 

stone [23J in 1973 for the solutiqfl of acoustic wave propaeation, 

than ta the metb .. o(}s, -lisLcù above for electromagnetic wave 

hi~h-order finite-elemcnt formulation of potential problems [24J, 
as i8 the methort in ~his thesis, although he considers acouRtic 

wave propagat i on. In c onm~ction wi th the die lectric \'IQ.Veguide 

problem stone says that "the variational prlnciple must be 

modifieci to accomort3.te"t-he -required interface conditions". 
'" 

apparcntly not ronliz5ng that an analogous three-co~ponent 

.. lormulation of 0,lectrOffiGcJl-otiç: wave pr?b~c~s_ i8 also possible. 

Remarkably, the finite element matrices used by stone [23J are 

precisely the samd as the ones computed in this thesis for the 

travelling wave problem. t~o of these matrices have been given 

previously in Silvester's work [24Jp a thirgJone has beân" 

'computed independently by Csendes [7,12J and by Daly [9,25J 

and the remaining two have been co~puted by stone [23,2?J. 
However, in each of these cases, the matrices are ~ivcn only 



." 
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up to J'ùurth ordl'r, not ~ix as in thi..::; the~)j ::.;. Fir~)t- and 

S<;co"1rl-orrler fjnj te element solution" to ela~;tic surf:J.c(~ waves 

ha'.Je 2.180 been r) ven by others [?'7 •. ~8 ] 1 but tlTese f~rnl111ations 

are 1c88 intirnately related to thc prcsent method. 

the 

lt is cvidery from the foregoing li terature Gurvey that 

nccd for a un~fied thrce-fompon nt veûtor variational 
" \ 

formulati.:On of the loss-free bounel.cl electromagnetic f1 ld 

prob1 em has lonE'; been reco;:sniz • Al though tllC ncces~:;/rY 

ingredicnts for a general formulayipn have existed, the Ez-Hz . 

approach has been favoured over threc-component and six­

conponent ~-H.vcctor formulations. Furthermore, the finite 

element rnethod [29-35J has. been applied only to Ez-Hz formula­

tions [7-9,12J. Tt i8 hoped t~at the work pre~ented in this 

the sis will both complement and provide an alterna~ive to 

1.3 The Ori~inai Contributions 
1 

Briefly, tMe orir;inal contributions contained in this ... 
thesi~ can be 8umma~1zcd as foilows: 

a) A unified, general, three-component vector variational 

formulation of electromagnetic field problems 1s presented 
) 

u~in~ the high-order polynomial triangular finitc element 

methodJ 

b) Specialized functionals are introduced for various wave 

types depending on the electromagnetic properties of the media, 

without recourse to complex arithmeticJ ._., 

1 
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thr~o-co"l'onG:-'-: v·:ctor fi01d problc;--.s in c:rlll:dricCll coordinates 

f l . 1 . t f l 1 t 6' l" or po yno"nlCl 8pproxl;;;a lons 0 or;lcrs Olne ll:, l ve 1 
f 

d) A three-Coffiponent magnetic field vector solving computer 

pro[::ra"! is pr:=sented witien permits the analysis of llnoarly 

polarized travelling wa"es in waveguides of arbitrary cross-

section and includes the anisotropy of the ~edium; 

e) The occurrence of non-physical (spuri9us) solutions in 

variational for~ulations is explained; 

f) A linear accelerator cavity field analysis computer 

proGra~ based on the high-order polynomial triangular finite 

ele~ent method is presented. 

1.4 Outlin~ o~ the Th~sis 

startin~ in Chapter II, the curleurl equation is deriv~d 

from r:axwell':3 ec.uation:3 and an enei'gy fur..etional wi th station-

ary prope-rtics at the solution of this' equé..tion i,[l",.c,onstructed 

for non-condue~v? anisotropie media. Tnls functional is then 

speciolized ta ~~ferent wave types in Cnepter III and special 

for.~s of the funct~al are discretized bY,using the finite 

e lement method. 1 .. 
The co~puter proGrQ~ming of the special functional forms 

i sine l uded in the Appendice s. In these, Fortran pr"ograms a:çe 

presented "whieh return, the components of the magnetic field 

intensity vectQr and the wave-number for a given value of the 

propasation constant. A description of the program for linearly 
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1,()l;lri~'.cd travellin;' '.'!lves 2~j contain'.·,t in Ch.lplcr IV wllet'C; Ct 

• ' j 

dC'dic8tcd uffort i8 [rj~i.rle to pr'ove th:lt the co:-nputt·r progr.am 
/ J . 

9
t'" 'urns correct (and accurnte) solutions. The oxamplc3 prc:srmted 

in haptcr IV illustrate the r:f~nerall ty of the method ~wd of, 
o " 

the computer pr~Gram and indicate potential applications. 

As is pointed .out p the progrRm rctu:rn8 not only the expected 

'physically meanin~ful solutions but nlso eigenvectors and 

eïgenval ues void of physicfll mcaning. It i8 shawn by an example 
• r 

in Chapter !V that these non-physical sOlu'tlOl-ù:;·are duc to a 

larger than expecterl set of natural boundary cond i tions. 

~ corresponding computer pro gram for the solution'of 

circulating waves in cy~indrical geomctry has not been 

imp~emented in this thesis, although the corr~sponding .finite 

element matïjices have been computed and are made availaùle. 
1\;' ~. 

Hc"''''v''''''' ri C,...~~"+,,.,.' pro .... v>..,·~ foY' ~ "'or" r('\~t~l'", t~d cll. ~~ A-P-'w"- 't..,J,., <... Vll!1!1...À v'-".... t.)..l. <-1.'11 J.. c.J.. ul v \"';"'>.L 1....... L,. è.ltt..J...J V..L. 

axisymmetric problerns, narnely those with only an azimuthal 

vector component pres~nt, has béen written []6J. A ~€ry 

specialized version of this program for lineàr aC,celera>tor 

cavity applications is included in th~ Appendices and is 

describ.ed fully in Chapter V. This COPlputer proGrarrl., illustrates 
,) 

the power of the present method if the progrmrrning is carried 

far en_a.~e;h~, It M:'lY be not ed tha t the program i s now be ing us'ed 
-, 1f 

for accelerator'-~avi ty design at the Karlsruhe Nuclear Re'Geat-~h 

Cent're. 

This thesis touches ort~ variety of topics held together 

by the generality of the finite element formulation given in 

,Chapters II and III. The p~,ogF.-amming Elone by the author is qui te 

extensive. However, because df the wealth of solution techniques 

discovered, much of the programming can be regarded as a pilot 

~.'" 
r • 



• 

v/Ol'l< fôr the de'1elop:~10nt of ev(~n more e ['ricient n~<, 
11 , 

, " 
versatil, computer pr~Grams in the future. 

\ 

\ 
\, 

, 



CHAP1'EH II 

BASZD ON MAX~ELL'S EQUATIONS 

S\tmm~ 

The behaviour of electromn(netic fields i8 Governed by 
,- , 

Maxwell's equations. The objective of this chaptcr 18 to cast 

.-'the;'~_9quations into tl. form whJ/h lends itself cnsjly to 

v~riational trcatment. The basic differcntial opcrator equation 

derived i~ referred to as the curlcurl equation; various forms 
, 

of this equation are associated with a host\of physical problems 

of practicaJ importance. The dcrivation i8 kept as generaL as 
, 

possible and it includes the treatment of anisotropie media. 

l'he ooundal'y ~ ondi tions associat,éù wi Lll PI1YS.Lcal J)L'oblems are 
~ 

al so treated in de~i l and a discussion of the uniq uen"€ss of 
! 

the solution ~ppears dg weil. A functional related to energy 

iG dcrived for the curlcurl equation in Cnrtesian and cylindrical 

coordinates. 

2.1 Dori vati on of. the Curl curJ Sa uat i on 

Conslder Maxwell' s equations for tirne-harmonic fields [37. 

38 J: 
curl E = -jwB (2.1) 

curl H == +jwD + J (2.2) 

div B = 0 (2. J) 

div D = ~ (2.4) 

" 

The vectors E and H are known as the electric and magnetic 

.. 

) 
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\ ficl ci intensi tic'.s and t\1(~ y,cctor::-; D and B ... :l.r(~ rcfcrrcd te ,;18 

clcctric and rn:wnetic flux dcnsities rospE:.:ctively. "5Fêlenotcs 

o 

, ,. 

currcnt densi..ty and it l-ûncLl~es impressed currents (Ji) 

as induced conJJt\lc~ion currents (Je). Chare;c densi ty is 

as well 

1 

~. The lma,ginary unit j in eq uations ( 2.1 ) repre scnted by 
\. 

a~d (2.2) can he interpr0ted as a phase diffcrence of ~ in time 

(or space) hetwecn the electrie and magns;tic field vect<?rs., It 

orj~inates from the assumption that the electrorrélGnctie fields 

are t i~-harmonic wi th angular freq uency w. r-
;>J'inco. the di verv,en'ce of the curl of uny vector i s identie­

a111 ~qual to zero, it i8 immedjately obvious thut equations 
" , -

(2.)) and (2.4) are implicit in equations (2.1) and (2.2) 

respectively. Equation (2.2) yields 

div D 1 -= --divJ jW 

j 
(2.5) 

where the right-hand aide is equal to the charge density 7 

by the principle of the ~onservotion of charge. ConsequentJy, 

attention wil~'be focused on equation (2.1) and (2.2) in the 

following. 

Let ~, Ê and " o be the tcnsor pcrmeabili ty, tensor 

J2:'rmi tti vi ty and tensor conducti vi ty functions respecti vlt§ly. 

These tensors descTibe the medium and in cenera] they ~re 

functions of the spatial coordinates, frequency, vnd the fields 

themselves. The constitutive relationships for anlsotropie 

medi~ can be written as follows 

D = Ê E 

J = â E c 

(2.6) 

(2. i) 
(2.8) 

') 

.1 1 
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:r sub:-;tituLlnc; c:jllations (2.6) throu;-~h (2.13) in"cquatiom.; 

(?1) anrl. (~.2) rC:3!,octivoly and the'l1 L1.1üng. curl of both 

~ides, one obtains 

cu r l ( p-1 c u rI E) = - jw cu r 1 H 

['ww, substitutinG for curtH i,n"equation (2'.9) from equation 

(2.2) and for curl E in" equation (2.10) fro~ cquat1.on 1(2.1) 
l , 

gives 

• 
c~rl({1-1curl E) -,â~ÊE + jwôË = -jwJ"i (2.11) 

cur] (ê- 1curl H) - W"tlH - cur1(ê- 1 ê;Ë) = cur1(ê-1J i ) (2.12) 

E~uations (2.11) and (2.12) are equivalent to Maxwe11's 
..;_/ 

equations (2.1) through (~. For any particular problem, 

bath of th2CC c1uat~on3 "'''n be <"'olvc--1 +0 ,...-1· ur, ï? nnd U H'""'''''lcr v'-- 10-.,.). 1....0. V b • v ..I.J t.-&,.... ~.... """H...... , 

equation (2.11) dcpends only on E whereas equation (2.12) 

involvec both E and H. For nonconductive media, i.e. where & 
ie identica11y zero, the equations reduce to the more attract-

ive form 

/ 

(2.13) 

( 2.14) 

For conrtuctive media in which displaccment currcnts can be 

neglected, equation (2.,11) becomes 
1 

t~ • 

eurl(p-l cur1 ,E) + jwôE = -jwJ. 
l 

( 2.15 ) 

V. 
whereas equation (2.12) reduces to 

curl Fi &Ë = J. 
l 

( 2.16) 
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Hr'T"y,Ltinr; ,tlH: rnilnipula~,ions pt'rfor,ffiCd pr',,'/ious1y to arrivt~ ,tt 
( 

fY1Uil.tion (2.12), one can obt2in from (2.1u), (2.1) ~nd (2.6) 
:, 

an cquation cimilar to (2.15) 

cu r l ( ô- 1 r, url TI) + j w ê H = cu r l ( Ô -1 Ji ) ( 2 • 1 7 ) 1 

1 

The di vel'genceless character of the magnetic flux densi ty ,1 

B can be exploiten by inventing the concept of a magnetic 

vector potential A and an electric sCé'llar potentiai ~. ThuS, 

since di v curl of any vector and cur] grad of any scalar are 

irlenticaily zero. ~ muy be written as 

~ = curl(A + j~ erad p) 

,According to cquation (2.1), E can then be obtained hy removing 

the curl oporator 

E = - jwA - grad p (2.19) 

Making use of equations (2.4), (~.7) and (2.19) one now obtains 

div D = -jwdiv(Êït) - div(Ê grad,6) = ~ (2.20) 

'i 
It shoutd be noted from equa'ions (2.19) and (2.11) that when 

, , 

the frequcncy w i8 zero, i.e. in the case ~f static fields, 

e~uation (2.11) iB satisfied identical1y and therefore it cannot 

be used to 'solve for Ë. Instead, one must use eq uatlon (2.20) 

wi th w set to zero 

ct i v (Ê grad ,6) :r - r (2.21) 

p obtain E 
.,. 

Thus one can solve for and then from equation 
* 

(2.19); this solution will be valid both in conduc-eive and in 

nonconductive media. In a conductive medium, the conduction 



i 
l' 
V 

-J .. ::::; = () J~ e 

: I-
n' 1 
1) (;lcl, H 
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tù ~~ppoar. 

If Je is the only CJ1Tcnt flo"';ir~(, then e;1 tJ ,ttion (2.2) gives 

curl H = Je (2.22) 

Thi" co~.l:?,incd with equ;üions (2.1 13) and (2.6) reco~ 
1 

(2.23) 

A rote general for~ of this equa~ion i3 obtdined by substituting 

for in equation (2.11) fro~ equation (2.19) 

This equation can only be use:ul if p is elimin~ted. The 

traditional procedure, if the per~eability ~ is a sealar, 

is to apply the vector identity 

( 2.25 ) 

• to the first term on the left-ha~d side of (2.24). This yields 

t'-l grad(divA) - (div.t-t-lgrad) ft.. - w'3Ê ft.. + jwôA = 

Ji - (ô + jwÊ) grad p ( 2.26 ) 

\ 

Since the èi~Eence of A i8 u~specified up to this point, 

O!1e C2.n ;"ow ~ose divA such tnat the followin['; rclationshi'p 

is satisfied ( 

grad(div A) = -(t'ô'" jWtlÊ )g;rad j6 ( 2.27 ) 
1 

). 1 

Equation (2.27) is a generaliz~1 Lorentz condition for 
1 

electrically anisotropie media dharacterized by the tensors 

Ê and ô' and the se~lar permeability ~. Benie equation (2.26) "-
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( 2.28) 

Here the vector po tential A ha::; both its curl andl-its 
.. t 

di ven,;cnc e fi xed. When the permeabi li ty i s a tensor"(]. u;lnt i t , 

one ITlllst use equation (2.21..1-) and mu"t make other sitrplifyin" 
~ 

assur'lptlons ta eU minate the electric scalar potenti::tl . /J 

frdl1' the equation. 

One shauld mention pere in passing thut Naxwell's 

equations mai
4 

be extended if one accepts the mathematical 

concepts of electric vector potential p, m8~netic scalar 
1 

poterltial 'JI, mll§jnetic charge m and magnetic current density 

~. SGsentially, thisnamounts ta the observation ~hut equation 

( 2.20 r rernains sa t i s fied if one adels to the right-hand s5 de 

of (2.1 0 ) the ~url of the cl~ctric vector potentinl F .• Since 

A and F, p und r, ~ and m and J and M are dual quuntities, 

it i8 quite casy to write analogous equations to the ones 

ri eri ved here for F and 'te 

'rhe primo.ry concern of this the sis i8 the &olution of 

equations (2.1J), (2.1h) und (2.2J) in bot1 n(lf.;c1 rer;iot.;;. The 

diff..erential operators in these equations are self-ad',)0int and 

theref6rc lend thernselves readily ta a Rayleieh-Ritz type of 

finite element' methoa. The operators in equations (2.15) and 
~ . j ',\ ri- " 

(2.17) are not delf-adjoint due ta the presence of the 
'/ cl 

multiplier jW and are thus not amenable ta the same treatment. 

Pinite element matrices derived for the operators of equations 

(~.13), (2.14) and (i.2J) can however.be used withaut 

modification in a Galerkin t&pe solution of equa~ions (2.15) 

-( an<;l (2.17) [39J. TAe operators in equations (2.21) and (2.28) 

1 
/ 

/ 
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l, 

---- ._-,----

\ 
(J l f'!,1C'nt met ho.! for t hr~ ca~-:;e" \ 

of isotropie mejia [29-35J. Provid0d that the tensors are 

He.rmi t icm,J ext en~, 1. on te an i. ~30trepic media j s ::; trai ght fot'ward 

[44 J. 
]..,~quati.ons (2.13), (2"11~) and (2.23) i:Œe ~")p~~cial cases of 

1 
the fo II oYling f"cn,eral e(p~a t l on d·,,? pend ing on the '"interprc tél tien 

of p, q, V and g 

curl (p curl V) - w::lq V '=-g ( 2.29) 

l,n thE! .pext section an enerr:y rel3.tNl functlonal which i8 

variationally stationary d.t the solution point will be e;iven 
'1 

for ,the operator in equéJ.tion (2.29). It'wi11 be shol'wn that 

fo~ 1038le83 media 
l, 

.. 
p and 

7·}'le r~' .... aj' !o~ ,-+- nrGpe~4 ... 
v ,J ':: 1 • .1. - '" 1. J J \J f ) 1. V.Y 

arc Hermitian tensors and thus 

of the curlcur1 Op2rator iG prc3crvod. 

2.2 Functional FormuJation 

An cnerf-",y funetional ['4àl-'a~soc1Çlted with the opc:çator 

of eouéJ.tion (2.29) i8 given by" 

(2.30) 

In view of the faet that the elec tric and ma,c:;netie field 

intert~tties vary harmonically in time, and therefore have 

both magnitudes and ·pl1ascs, the following inner produet should 

be used 

= JJJ(b*.a)dU 

" 
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Trî0 .:1:, teri:~k hf!rQ. dencl Lc';, co:nplex c:onjugate. Wi th thj ,3 

rlefHiition of inner product, thf~ functional ln (2.JO) can--be 
a 

r·;wrl tten RS 

F(v) ::: JJJ[V*.cu~l(pcu·rlv)]dU - w:dJJJ(v*.qv)dU 
fi fi 

+ JJJ(V*.g)dU + J!J(g*.v)dU 
.il. \:).il. 

Consider now the foLlowing ~ector idnntity: 
, ' 

div(a x b) = (curla).b - a.curlb ( 2. JJ) 

c 

Interr,rating both side,s" 'and then applying the di vergenoe . " 
.- --~~ - _~r-_"_~...-- ___ _______ ~ ___ .... __ ~__..._~ ____ ..... -..... "... ___ _ 

theorem to the left-hélnd side ylelc{s--

#(axb).dS ::: JJJ[(curla).b-a.curLb]dU 
r .n. fi 

With a replaced by v* and 
~-.J;.../ 

replacc.,J by (p curl v) one 

obt:1ins 

JJJ[v*.curl(p curl v)]dU::: JJJ[curl(v*) .(p curl v)]dU 
, .n. n 

- ~ [v* x (p curl v) ].n dS ( 2.35 ) 
r 

Note that t2.?S) iG mere~y the application of Grcsn'G flrst 

irlentity i~ vector forro. Since the curl operat6r ls linear, 

one .. can wri te 

\ 

curl(v*) = (curl v)* ( 2. J6.) 

Now, substituting (2.J5) into (2.02) one obtains 
~ 

F(vf= JJJ[(curl v)*.(p curl v)]dU - w~!jJ(v*.qV)dU 
.n. , fi 

+JS!(v*.g+g*.v)dU- M[v*x (pcurlv)].ndS (2.J7) 
fi r œ 

e'--------------_____ 0 

----~~-------~ / - - -
By denoting the components oftl1eV~Y ~ld(' curl v 

.. 

, '-~ 

by ,gi' vi and (curl v) i p i = 1 t 2.,3 , and the ~tomponents of ----

~ 1 

,. 
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t r, e t-en s or:~ p and cl by p. . and q l, 1. , i, j :- 1, 2 , J ,. 
] , J P 

r.-'<;pe-c tLvely, one can rewrite lhe functionti] in Lh8 following 

form 

- - '* . +P'+l . (curl v). (curl v)·+l-w~(q. ·lv·l a 
l ,l. l 1 1,1 l 

+q.' ·"·lv~v. 1 +q, 1 .v.v~ 1) + v~g. + g~v, ] dU 
1 , 1 + 1 1 + 1 + " l 1 l. + 1 1 . 1.J-. 
3 [_3 *' Q '-J-+ I: # J1· L (P'+l ,v'+2- P '+2 .v. (curlv)J' .ndS 

i =1 r j= 1 1 , J l. 1., J 1 + : 

The subscripts.in (2.38) arc cyclic modulo J. ~he unit vector 

in th~ i-th coorditl~~ te direction i8 denoted by l, • The volume 
1 1 1 . 

integral i8 defined over 80m3 volume n bounded by a 8q'r'fac e w~ 
. 

r. The surface ~ntegral js earried out aver r. The unit vector 
) 

n i8 outward normal every'.vhere to \the surface r. 
" 

The funetion~l F(v) 18 an energy related quantity. This 

relationship arises from the faet that aIl the terms in the 

integrand of the ,volume intef';ral are proportiona l to volume 

enerp;y donsi ty. For insta.nce, if Y repre scmts the e lec tric 

field intensi ty E and J, p represents the inverse of the 

permeability tensor Pt then the term - '* -(eurlv) .(pcurlv) i8 

the dot product 
-il- -B.H has the 

, 

dimën;:;ionali ty of volurn.e enetgy densi ty. 

If one assumes that the medium is lossless, then by its , 
rel,ation ta enerry-, the fun'ctional F(v) must be q. real , 

number. Cansequently~ one can immediately establish that the 

di~gonal elements of the tensors 
.. 
p \ 

.... 
q and must be real, 

p. , and q. n, must be real. 
lpl 1,1 

p and (1 have Now, if 

----------
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Jo>, 

r.O,,:\l,>{ Of:'-<11, '--:':<11 ple:,lpnt:.:;, tllen tIlC o.lly '::"y i~l '.,,\idl • 

and q 

~Oll') j d,~r t'or i) r L'nef> t'ic foll o\'lin>~' term ln Lhe fune ~lon3.1 

(2.'3d): 

",< + q v v* q.. V. v, 
1,1+1 1 1~1 i+l,i i i+l 

::::' 

, 

"'" (Ql' ,1'+1+ q. .)[Re(v~)-!\C~(v~' -).- lm-Cv )Im(v* )J+ 
1+1,1 ,1 1+1 i . .i+l • 

(J=T)(q'+l .- q .. l)[Im(v. )Re(v~ 1) + Rc(v. )Im(v~ 1)} 
l ,1 1,1+ l 1+ 1 1+ 

ErHlit t ion (2. ')g) C:ln al so be wri ttcn in the follow ine; way 

(J , , 1 v~ v . l + q. 1 ,v, v'!1' 1 :::: 
'L,l. l 1-1 1+,1 1 1+ 

-

[ He(q .. tl~' q. 1 .) -+ CI lm (q1 .. 1+ q. 1 . )J[Re(v~ I v .)] + 
1,1 1+ ,1 "';-J.. L,l+ J_+ ,1 1+ 1 

(2. lJ.O) 

If q is HermiLL'n, then Che following rcln.tions hold true: 

Ro(Qi+l,i) -

Im(q. 1 ,) 1+ ,1 

Re(q. '+1) 
l, l 

-Im(q ... '1) 
1, l .. 

• 
q. . 1 v~v. L 1 + q, 1 . ',[. v~ 1 == l , l + l l r 1+ -, l 1 l + 

2[i:h;(q . . 1 )He(v~+1v.) + Im(a .. l)Im(v~ 1'1·)] ::: 
l,l'~ 1 1 ~1,l+ + 1 

~ ~ 1 
2" ( f v) ') R ., (q 'v' v)-= 

K. C' q i , i + l' )_ i' l i == ". \ C l + 1 ,i i t 1 j 

[{ [- ( ).. (' * ) v* If ] 
1 r:. Qi+l,l 'i,1+1 i+1 i 

(2.41) 

(2.42) 

... 

\ 
l, 

) 
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yjclrJs 

p .. l(curl v)~(curl v). 1 +p.. . (curl v). (curt.vt~··_--- ----
1,l+ l. 1+ 1.+1,1 l 1+1 

. 
Rn[(p. 1 .+ p~. l)(curlv)~ l(cUrlv).] (2.4l~) 

1+,1 1,1+ 1+ 1. 

-. 
l' 

In viow of th~sa rpsults the funatlonal in (~.)8) can be 

rewri tt('n in tlH~ fo110\'linl"': V'my .... 

-w2 [q: ,lv.1~ + ,2Re(q. +1 . v " v. )J'+ 2Re(g. v~)} dU 
L,l 1 1 ,1. , 1. 1. 1. 

- -, --J -
+ ~ §:fo[Ii E (Pi+l J.vj+2-P·+2 .v"!+l)(curlV)J.].~'dS~~ 

i =1 r j =1 ,. 1 1 J 1 

2.) 13 ,.:l (' ri. . t' 
J (lUT, ,~r~il 1 JlDnS 
... _---- - \ 

H-p to this point, '~function<11 Zl.s::;ociatcd ','lith the 

curlcurl cquation has been derived. AccorJing to the Mini~um 

Theorem [40J 'the vector function V which minimizes F(v) i8 

a solutLon of the ~!~SOciat,0d differ . .!ntial cquation. rrllOrc are 

infjnit(;1~! m3.ny f1~ncti.onG V which r3atjsfy :l Jiffercntial 

equatlo'l. Of t~10~)r., only thc) O-:1e '...,hlCh r,atisfips c:-ertajn 

bounc1ary c.:mdi.tions is nccd0d. Tt i~~ there[ore Rssumed that 

the rer:io'l .0. i;; bounùed by a perf,::(,tly conducting surface 
l 

rand tho. L th0:rf~ i s no ne t tran::ft'r of cnergy élcr.QSS i t.'!.'~ 

LGt v rEJ]1rl~~;f~7ît; thf~ f~lectrlc field intensity E. I],'hen 

p cu ~~1 v 
-1 -' -

-- ~ . cllrl E =- -)WH (2.46 ) 



.. 2) 

and the surface integral term in the functional (2.37) c~n be 
1 

wri ttcn as 

-* --- # [v x Cp curl v)J.n dS 
r 

/ 
= jw Ffi 

r 

=* - -(ExH).ndS (2.47) 

The cross product Ë*x H is weIl known complex Poynting 

ve-e-t-or -repres€nting thJ densi y of power flux&-- 'l'-hB surface 

inteeral in (2.47) therefore.represents the net powe~ flow 

across the bo~n8ary surface. If the boundnry lS a perfect 
~ 

conductor, then no energy 1.S trans~erred and the Poynting 

vector is tangential eve ywhere to the surface. Mathematically 

this idea ls expres$ed Y the equation 

" (2.,48) [ V*X (p èurl v) J'.j/:: 0 

The boundary C~ditrons 
/ 

that are implicitly enforced by 

integral froM the function~li i.e. 

that correspond td the choice given by equation (2.48), are 

called the natural b~undary conditions of the functional [29-

)5]. ,1 t i s a we 11 known property of sca laI' triple products 
" . 

that they rern~in unchanged under a cyclic pcrmut~tion of three 

vectors. Thus one can write the f,ollowing equalitiesl 
.1:.._ \...... ~ 

,la-

[v*x CP curl v)J.n = [(p curl v) x nJ.V* 

= (n x v* ) . (p curl v) 

= 

n l 

* vi 

(p cu rI v)i 

'-

n 2 

* v
2 

(pcurlv)2 

n) 

v* 
, 3 

(pcurlv)3 

It will now be shawn that the boundary ~onditians implicit in 

.-
l' .. Ulll"'~ -~"'i---::' " 
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co' ""only c,ncountered in 
L 

c rm:leetion wl th eleetromagnet~c pr<:>blems. 

v repres~nt t~~ elcc~rie field E ag3.Ln. . ~ 

Let Then by 

'(2.49) it is obvioU3 tr.at e,-"!uéition (2. u8) will be sati,sfied 

whenever 

n x o on r (2.50) 

Now, let v represent the ~~gnetic field H. Then t agnin by 

virtue of (2,49) it can be seen that equ2tion (2.48) will be 

satisfied whenever (2.50) i8 true. Th~ boun~~ry 6onditiQn\ 

expresscd in -e~ua-tion (2.50)· is the one commonly used [J7,J8] , 

on perfect electric conductors. It merely states that the 

eiectric field intcnsity vector E must be normal ev~tywhere 

at the boundary. . 

~r.c tCi.mdary cOi,di tian gl':en by ... 

n x H = Ti x p-l cur1 E = 0 on r 

is equally correct and satisfies (2.48), but it is only 

r.leanin~ful if one éccepts tne idea of perfeet macnetic 

.. ""'''' .' conduci:~r. This ~defined as a ratèrial for whieh 

De nor~al everywhere at its surface. ' 

H must 

':'he 'coundary cop.di tians (2.50) and (2.51) can also be 
, 

obtained in terms of the magnetic vector potentia'l A. For 

'perfeet electrie eonductors t by virtue of equation (2.19), 
Jo 

wri te one ean 

n x E = n x A = 0 on r 

while for perfect T'Jagnetic conductors one obtains 

n x H.= n x ~-lcurlA == 0 on r (2.53) 

\ --
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7he bO'lnd '(ry conril t i on for E on n f;crfect e 1 C'~tric conJuctor 

must De cxamTned :Tore close l~{. The cross product n x E 

-r''''~'' 
produces :l. vector ·.vi th t!lrec cOmpOIW!lt~;. inch component must 

vanish individually. If th9 co~ponent8 of n -are nI' n2 and 

• n) and those of E are El' 
0-

,E2 and :EJ' thcn the fOllowing 
'\ , 

thre~ equations will result 
,. 

n.E. 1 - n. lE. = 0 
l 1+ 1+ l 

itocyclic mod ). (2.54) 

1 

The solution ta the system of three equations given py (2~54) • 
i5 

'- . 
EZ- = (n2/nl)~ ~-- ,1 0 . El--ar-b.i'±~~- --~ ~ - - - - ~-- ---\-2 .. .§§} t-

E) = (nJ/nl)El nll 0 1 El arbitrary (2.56) 

EZ = (n2/nJ)E) 1 nJI 0 E :::: 0 . n =0, E 
1 '1 ' J arbitrary {2.57) 

E 
2 = arbitrary n :::: 

2 
1 E :::: E = 

1, J 
0 n1= n)= 0 (2.58) 

Therefore ri x Ë :::: 0 does not specify E in magni t~-:,çie, i t 

only specifies ~ts direction, i.e. E has tOJbe everywhere 

normal to the boundary surface. 
1 

A very similar reasoning can be carried out for. the 

components of ê- 1curl H. The solution of these i E?quations 

re~ml t in three, irnped(lnce type boundary conditions, one for 

each component of H. These boundary condi tians are given 

here in rectan~ular coordinates (x,y,z) and in cylindrical 

coordinates (r,e,z). The symbol'S v and ... 
pare used 

, instead of H and ê- 1 in order to preserve generality. In 

rectangular coordinates (x,y,z),' the following is obtained 

by setting each corr.ponent of tf,le v.ep'tul:' Cp curl v) x il to 

zero. 

~-

'-

- -
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àl ~v .. rix x = ~ _' 1 -14', 

on ex dn 

+( D +'0 ") 1 ['"' ()VX+p evy +p (ov::::. _ èv;! H.o (cv x _ ~v Z) J.9y. 
'yy -zz ~'';vYày 'lZeh zx. dy dz -z.y -Oz ox dn 

- 1 è v 0 v è v è ',r è v y ~ Of x d 7. 
+(p +P ) [D -. _Z+p ~-p (_z -:....:..y )-'0 ( )] 

yy ZZ yyex 7.7. oz yx., 2Jy dz - yz ex - èy dn 

(2.59) 

èvy = èvy Si. 
on ôy dn" 

(', ' 

'(2.61) 

1'" 

These equ3tio~s appear to be quite co~plicated. Kote however, 
.' 

that for two-dimensional problems defined in the x-y plane, 

dz/dn i8 zero and th~ equations beco~e sOffiewhat simpllfied. 

In cylindrical coordinates (r,e,~) the above equations 

take on a sir.i lar form: ' 

. ) 

.. .. 
: 

1 
.< 



, , 

" 

'. 

(2.62) 

(2.6)) 

'-, 

(2.64) 

.'t._1;f, 

Notice igain that for axisymne,ric proble~s defined in the 

r-z planè d e/dn = 0 and the expressi ons above become less· 

cO'11plicated. 

The boundary conditions (2.59) to (2.64) are valid for 

E, H and A at perfect electric and magnetic cônduct~rs. 

These bounda~ cor.ditions are natural boundary conditions 

of the functional when the surface integral is set ta zero' 

and will be auto~atically satisfied by the function which 
/ 
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r.:::1.:-1.7e8 thr> fur.ction:Ll. In ot":~!.· word:: one does not nced , 

to rp;;trict the set fr'o"'";' which the function v 'i.Ï .. s tal\en. 

Diric~let boundury cO;'ldi tions such as the ones contaijled.,1.r:, 
.. !~ 

e~ations (2.55) throu[h (2.58) have, of course, to ,:be 
".. " "' 
ta~en care of explicitly. This i3 usually casy ta accomplishr 

~ne question in connecticin with boundary conditions 

reFains unanswered: Are the boundary conditions derived here 
.. 

sufficient to ~uarantee a unique solution? The answer ta this 

question is not at âll obvious sinee one i8 dealing with 
-' 

vector qucmtities. Tnu3, if one is solving for E, is it 

euffici€nt- "to-- sp8G-i-fy--- n -x Ë = (L----or dacs_JJne alsa _ have to 

specify another condition? At least' one weIl known te;tbook 

on electro:-rlar--netic theory states that two conditions must be 

spe~ified in the case of a vector function [41J. 

2.4 U!'1ioucness 
• 

It wi] l now be shown that the boundary given 

in (2.50) tnrough (2.53) for perÎect; electric or magnetic 

conductors do indeed guarantee unique solutions to the 
\" 

curlcurl eouation (2,29) .. Suvpose that twa distinct solution'"S 

exist for the. sa"'1e-"Qèt.2-~dary value problem a!1d dcnote them by 

Vi a~d Y2' Electro~agnetically, V1 and V2 could be . \ 

\ 

either electric field intenpity·vectors or magnetic field 

vectors. It is required tflat the curlso of the two solutions 

V1 and V2 be equ~l so th~t Y1 and V2 both have the same 

volune sources. Due to ,the linear nature of the curl operator 

the difference solution also satisfies the 
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di ffcre:--, t 1..3.1 (2.2 Q ). but ~lth a V "y-,: "\l;'n;'" "'O\'rnl' (~ .... i l t 'J ~ J.. 1 t..) ,,,,) , i., terme 

MoreovC'r. the ct;rl of Vd i:; zero. 

The enerp:y ndr'11 of the vector field V Ni 11 be dc::f1 ned by 

the following inte~ral 

Ilvll 
_* _ i 

= [ J J J V • qV dU ] (2.65) 

where the integr~tlon i8 over a volume n bounded by a 

~urfacc r. Th0 nor~ of V as ~iven by (2.65) is a nu~ber 

aSf;igned to V wnich is in the ~nprgy sense a measure of the 

magnitude of V. The vector function V belongs ta a lineaT 

space B.~ Tne nGrm given in (2.65), is v--alid. provided that 

the following co~ditions,are met 

( 1 ) 

( 2) 

( J ) 

(4) 

If the J 

lia Il ~ 0 aES 

Ilcaii = Icl\\al\ where c is any real nu~ber 

II~ + -sI! ~ Ilaii r Ilbll ( 4-~l'~~nle l'neq"~l;+\T\ VJ... al "'0 - u.a J..t',J,] 1 

lia Il = 0 i~plief a:: 0 

by J' nan-sin?:ular ~i tj an matrix representing the 

material property tensor q is posltive definite, then the 

Hermitian for~ [VJ*[qJ[V] is strictly positive for all 

non-trivial [v]. This is the only requirement needed to meet 

the four conditions above. Permittivity anrt permeability 

tensors of passive r.ej:a are all positive definite J by J 

matrices. 

One would like to fi~~~tiO~s under which the 

square of the ener_E;l.f-în5r:~ of Vd vanishes. _If the energy norm 
.---~" ' 

is zero/t~ by property number (4) above Vd itself will be 
// 

zerô/ 'almost e;erywhere,l. By substituting for q,Vd fro~ 

1 '\almost everywhere' ir.plies e~erywhere except on a denul":1erable 
subset of fi such a~ ti:e surface r. 

\ -
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th e CIl rlc u r1 e'] 'Jat i on ;-l.rj(i then u~; i ng .Greeh' ~3 fi r~;t lLlnnti ty 

i:'1 vcctor form (see 8tlll.:1tion (2.)))), the encrgy norrn of Vd 

can be transfor~ed as follows 

- (1jw 2
) !=J [V~ x (p cur1 Vd)].n dS 

r 
,(2.66) 

The volurre integral over .Cl. vanishes because the curl of Vd 

is zero within the.volume. In.order to ma~e the surface 
" . 

intG:G;ral vaniRh one roquiras: that the integrand be -zero. 

! 
(2.67) 

This lS true whenever either 

,-
(2.68) 

or 

(2.69) 

Obviously, if V1 and V2 both satisfy either of these 

conditions at the boundary surface, then Vd a1so satisfies 
) 

t hem and (2.66) i s e:.} ual to .zero. There fore V 1 and V 2 are 

one and the same u~ique solution of the curlcurl equation. 

Note that the proof breaks down when the frequency w is 

zer~ 

The situation is quite different for the magnetic vector 

potential A. The b~undary condi ti'ons gi ven in (2.52) .and 

(2.5J) in terms of A for perfect electric and magnetic 

cO:'1ductors, respectively, guarantee that the electric and 

. ' 
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Irnrr '10tic nt;Ld~; fi: anrl H dE'rivcd from th~~ <;otution of 

of A 18 SOl'1ehON fixed, A itr-;elf.i..s not ullique. Ir 't,he 

Coulo~b convention ls adopted, the divergence of A 'will be 

zero an'} equation (?2J) will reduce to the vector Pois30n 

the sO,llltion is not urQ..<1uc ifÎtny ~he 

. bounclar,! c oneH tian 
- " -1 - . "-:----n x p ourl A = ,0 l S appl u:?d ta aUr parts 

of the boundary. 

, \ 
2.5 g~.pJic i t· F9...r:;;·'1'~ 9f t h(~ Functi anal 

If Cl regian of space iG bounded by a perfect electrie 

conductor with no magnetic currents flowinf on ito surface, 

l,e. if nxE iG zero, ~~en cquation (2.1,3) can..be Golved 

for thp V(' C tor E by us irlg the bounda!'y c onri i t ion n x E = 0 

The corrcr-;pondinr-; vector H can be obtaincd for tlw saine 

problem oy solvlnrr equation (2.11~) with tne boundary cO:1tlition 

TI x ê -1 curl H = O. 'Ehe el ectrie eurrcnt indue ed on the surfac e 

\ 
of the )yerfect electrie eonductor can be obtained by evalu<.-lting 

nxH. 'rh8 induc~)(l clectric surface charge/l,rl.eneity· ie f~,iven 

b • y n. (Ê Ë) 
l' 

If the bouncLll'Y of the rer;ion bchaves ] ike a perfect 

magn~tlc C'onductor 'N1 th no electric current" flowinr; on i ts 
- ~ J-'-

surface, ,i ,e. if nxH is 7,cro, thnn equation (~.1lJ.) c~n be 
, 

Golved for the m~Pl10tic field veetor H by usi.ne the boundary 

condition n x H == O. The co~r8Gpondint~ '1ector E can bl) 

obtained for the f),llne problcm by solvj:1g equation (2.13) with 

~ - -1 -
the bounrJary conni tian n x p cur1 E ::"- 0 The "nar:netic current 

() 



() 

> 

'. 

are fo:.u,d on the "1t,:;wtic conrldctor. 

If the bou~d3ry ~onsistG oartly of Cl. perfpct elcctric 

conductor ;wd' partl:l of a p?rfect maD;c:·~tic conductor, th0n 

the vector E can be ,obt8.irl(~(l by solvl.r1G equation (2.13) 

wi th the boundar~1 (!éY\di tion n x E == 0 on the p1cctric 

co;\ductor 2'1d /,,;..i t~ the b~u:r1'Llry conditlon n Xl:t- 1cur1 E = 0 

o~ the :;,2.cnetic cor:j Jctor. l'he corresponding vector H is 

obt,-i.i;\~d by so1.vlnL'; '?Quation (~.14) with the boundary 

condi tion n x Ê-1CTt~1 H = 0 where the electri{ conductor is 

loca"ted and wi tn tr.e bound;:Jry condi tion il x H ::: 0 where the 
Cr 

'113.iD'letlc co::ductor is foun~. .. 

)2 

~ u ~ .:i 0 lut i 0 :13 are, un H1 u e in a l lof the ab ù ve cas 0 s. 'r h e 

practical prob1e'11s it can a1so be considered to be source-

free (i.~. Ji i8 z~ro). The sources most often met in practical 

problei:1G are of the conduc':.tion current type in which CCl.se it 

is easif~r to s01vc 0CJuation (2.23) for tne mai]letic vecLor 

pote:ntial. It wi 11 be assUT~ed'·from hore 0:1. that the medium 

is bi;;~ar and that the frequency dcpendence of th~ matcrlal 

pronerty tcnsors c~n belne~lected. 

For an abrupt disco~tinuity in the permlttivity i in 
./<' 

an inho"'1oreneous 'Tlediu:tt there is, an abrupt change in the 

electric f~eld E as welle In such cases it is advantagcous 

to sa l ve fo.r the "1ar:netic field from eq uation (2.14). Simi larly, 

for an intomogeneous medium with discontinuities in, the 

" 
per!"r.eability H displays niscontinuities and it is easier 

v 

to solve for E froo equation (2.13) than for H from 
o 

.' 
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""e~111tion (;~.lh)., Th~ 

\ ~) 

\ 

occUrTt;nc.~ of both tyP(~!; 

\ 

,lfhe solutlon of the curicurl equation 1S 8.chieV8d by 

33 

minimizinp" t~e aSGocLé-ltcd functlonal. The bound,.try conditionG 

(2.50 ) throu~h (2.G~) 3re natural if the ~urface integral is 

" nCP.:lect ed frOlT1 the functi onal. For the boundary C ond i ti on 

nxv=O, which must be taken care of explicitly, the surface 

-. 

intefraJ still vanishcs. W'i thout0 the ;:;urf;lce integral, the 

funr::tional r:iven in (2:1-1-5) takes on the following form in 

~ectangular coardinates (x,y,z); 
~ 

0'1 0V* av?, cv* , ov* ~Vy àvy ~v* 
F (v) = J J 1Re [ p (_z. __ z _J - z + r) , Ty xx oy oy 

ov 0','* 
( x x 

+ Pyy bZ 6Z 
,.\ .. 0';* v· 

+ P (_J -X 
zz ex ox 

b'l cv* 
+Zp (-,-~~ x 

yx oy bz 
cv* oVy +2p* (~ 

zx èy ox 
0'1 ov* 

X rx +2p (-:.-~ 'x zy uz 

Oz 

Cv x cv; 
Oz Ôx~ 

L. 0V~' ~1L 
6y ~x 

avy ov* 
- x 

Oz bZ 
0'1* _1 èvy 
oz ox 

oy àz Oz z r 

ôV~z ov ~v* 
- + z _Z) 

-àz ox -ox ox 

0" * 0V lhx 0v* J. x ~) - oy 
+ ~--ox 'èy oy 

_ oV z 
ov· ~ ov* z + _Z) 

oy ox Oz ox 

cv* cv 6v* ()v 
-~ x + ---1L ---E) 

ày oy èz' ày 
Cv ~v* bv cv* 

x x + z X) - --Oz -oy- rx 7iY 
\ 

- w2 (q V v* + q v v* + q y y* + 21 v y* 
xx x x yy y y zz z z qyx x y 

< 0 

l 

/ 
+~q;xvzv~ +2qZYVyY~) + 2(gxV~ +gyV; +gzv;)]dxdydz 

.. 
(2.70) 

For the two-dimensio~al, homogeneous, isotropie waveguide 
If 

problem the above expression reduces ta the familiar form [29] 

F(v) ::: JJ(r;rad_Yz'. gradvz _w 2 u E v~+ 2g v )dxdy 
("0 0 z z z (2.71) 



, l , , , 

Notice t~8 factor l/r 

The r arises fro~ tne 

dY* o 
Or 

~v* 
-2..) 
ôr 

..... 
• ~ (2.72) 

in sor::c of the te~ rI.the integrand'. , ; -

Jacobian oÎ the confor~31 transÎorm-.. 
ation'frd~ rectangul~r to cylindrical ?oorjin~tes. The singular­

i ty a t r ~ 0 i s poten tially trou bles?r.1e as far as the 

integration i8 concerned. Although one cannot make the assertion 

fro~ exanining the ab ove expression. one can state from an 
~ 

understanding of the phYS1CS of the·;(~problern that the singulari ty 

is integrablc [37.38.42J. The lim~t of the ter~s with the l/r 

n .... _ J t 1 

- , 



Il 

) 

c;inr"J'2ri>;:r as r tends to 7cro i8 indeter:;]jn~tc; thi;3 

8ugge~ts ~~a~ l'H6"pital's-rule CGn be applicd. ln such 
, " 

analysis t'le li:rits of the:~A qUélntities are finitc instoad 

of blowinr- up, s'lfc:;esting tho.t the sin;;ulari ty can be , 

re~ovej. ~his point will be discusscd in more dotail in a 

later chapter. -u ... \f> 

At th i s poi:-lt one c ould easily ask: How doe 8 one knoVi 
( 

if the fu:::ctionals (2.45), (2.70)'\~md (2.72) Gre correct? 
_.J "'-'\ 

35 

There is a way of checking the functio~al, and this has been 

done. If the ihtegrand of the volume integral part of the 

functional F(v) i8 denoted by L, then according to the 

calcul'As of variations, the first variation of F will be 

zero provided that the following eouations are satisfiedt 

i = 1,2,3 (2.73) 

Thcse equations are referred to as the Euler equations 

associated with the Lagran~ia~ L [43J. Tne a j represent 

spatial coordinates. It has. baen verified that (2.73) rcduces 

(2.45), (2.70) and (2.72) to the curlcurl erluation. 

,/ 

, ' , 

, 
1 

, 

/ 
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CHAFTEH III 

DISCRETIZATIO~ OF THE FU~CTIONAL 

BY APPRCXI~ATIO~ OF VECTOR FIELDS 

WITH HIGH-ORDER POLYNor.:IAL TRIANGUL\R FINITE EI.EiViENTS --------------"'----- \ 

Summary 
\ " 

This cha,pt@rèiscussesthesolution of electro~aenetic 
1:' 

)6 

vector field proble~s in cases where travelli~~, circulating 

or evanescent waves occur in a bounded environ~ent. Variation-
\ 

ally stationary fu~ctionals are derived for specifie wave 

types in planar ~nd axisym~etric two-dimensional geometries. 

The singulari tics e;~countered in the functional .for ax] sy:nmetric 

geometries are eli~inated by a transforMation of\the field 
1 

cûn ponent::;. The t.cé..:lsforl'i8,j fields éŒe exp!.'ëssed aci a. lillO"U' 

combination of local high-order, interpolation polynomials over 

trian~ulnr reRions in the x-y and r-z coordinate p~anes. The 

coefficients of t~e expansion are equivalent to the numetical 

values of the fields at the interpolation nodes over·the 

triangle. By substituting the polynomial approxiffiations of the 

fields into the functional, a ~atrix expression is obtained 

whic h i s the discret i zed eq '.li yalent 0 f the', "oriGinal functi onal. 
"-

The r.latrix expressior: i5 assembled from universally con.stant 

element matrices and geo~etric factors relating ta triangle 

shape, siz~ and position. Tne r:ecessary elexent matrices have 
1 

been corr.puted and tabulated wi th the aid of 'a PLII FORl\'lAC 

preprocessor. Additional element matrices are obtained from 

'these by simple row and column permutations. The procedure for 

assembling a global proble~ i8 stated. Finally, a matrix. 

" 



37 

<;(;lutlon;:; of the IT"ttl'ix equ:1t'ton yjeld approxir<cl.tc s(;]ution~~ of 

Lhf~ origilnl field equ8.tions. 

In tlli::; ~:;cction, the types of tuided waves which may cxist 

in bounded, 108;:;lc80 ~cdia will be discu;:;sed. In the (x,y,z) 

c 00 rclina te "Vs terr., i t 1Ni 11 be assumed th,ü the be h;:lViour of the 

flmction whicll descr; bes the wavcs in the z-direction i8 l<nown. 

In the (r,O,z) system, the same condition is assumcd with 

r~Gp0ct to the e-dirpction. These assumpttons are nccessary in 

orclor to rcriuce th(~ üqu;-:.tionr; to two dimension;:J.l spaces. 

~pc(~trum, th;y will propagate only if the frcquency le dbove 

,"" the cutoff frcrluency. At and above outoff, Cl Guided wave in the 

rect:1.ngul:1.r cr.lOrdinatc system (x,y,z) i8 char8cterii',ed by the 

rclntive pha~c8 of its field Vector components and by a 

propn{~tion con;:;tant p. Bclow the cutoff frcquency the 

S 18 roplaced by 8.n attenuatlon constant 
cl 

a c h;Œact·eri;!' 1né!: an evuncscc'nt \'lave decay int:; in the Z-(Ùrect ion. 

The fl'net ion;, dr; ~:;cri b i. n;, the fie ld C orrponcnt s in the x-y plane 

and the freqllcncy w at which the Vlave occurs in n medium 

dcc.cribod l)y thl~ Tilatcrüd prop(~rty tcnGors €. "and are in 

gencréll unkno\'lYJ. Similarl y, in the axi[jyn:~le tric C;1,GC tllc rel3. t ive 

phn~3c8 and thf) cireulélLion const":tt m of;-t guided wave are 

1mown but the fur:ctionf> describlC{~ the field components in the 
~ 

r-z plane and tlw freCl t .. pc.cy are un1..,now·n. In tr11.'S case the 
{ 

cO!Î'~t.ant ru if'; T;ot rl.Y'l.i.t';ary LlJG 'uo rf:18r.p(J to the :lzimuthal 



J8 

periQdicity of the wavc. In axisymmctric eeometry attcnuation 
" , 

in the O-direction cannat existe 

l t is very important 'to realiz8 that the character or'''1;t' 

wave that can bc supported in any given medium de.pends upon 
/ 

the form of the materlal property tensors describing the medium. 0 

In order for the equality in Maxwell's equations (2.1) and (2.2) 

to hold, there must exist a precise balance between the relative 

phases of the field vQctor components and the phases of the 

off-?iagonal elements of ,the tensors Ê and 
.. 
~. For example, 

consider ~he thrce components of equation (2.1) in (x,y,z) 

coordinates, assuming that in the z-directiqn the wave varies 

as exy (-yz) 

~E __ z + yEy = -jw(p H + PxyHy + PxzHz) (3.1 ) 
dy xx x 

ôEz 
-jw(tlyxHx 

.. 
+ pH)' (3.2) - yE - = +p H x ~x yy y yz z 

~Ey ~Ex 
= -jW(~ H + P H + pH) (J.J) 

3x - ~y . zx x zy y zz z 

v 
If Y is replaced by an attenuation constant ct, then in a 

medium wi th real and sy~metr~' permeabili ty and permi tt~ vi ty 

tensors evanescent W8ves mus be of the form '\ 
~ -. 

Ë = [ï E (x,y) + ï E (x,y) + ï E (x,~J exp( jwt-az) (3.4) x x y y z z 

In other medta, other types of evanescent waves may existe 

If Y ois replaced/by j~. then only travelling waves of the 

- - -rorm 

E = [ïxE (x,y) + ï'Èy(x;'Yr + I..,E<;(x,y)exp(:i: j 1T2-)] exp( jwt-j~z) x y .. ~ 

(3.6) 

\ 
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li = [IxHx(x,y) + lyHy{x,y) + IzHz(x,y)exP(:i.j~)J exp( jwt-jj3z) 

().7) 

may exist in media characterized by'permenbility ana permittiv­

ity tensors of the following fotm. 

tIxx Pyx 
+' ~ 
J~zx 

" I:l = P-yx Pyy 
+' 

Jl"zy ().8) 

-jpzx -jezy ttzz 

.' +'E Exx Eyx J zx 
,. ~yx E = Eyy +'E J zy 

-je zx -jEzy • Ezz 

respecti vely. fThese tensors are characteri stic of transversely 

magnetIzed-ferromagnet~ic materials and p18 sma [38, 45-47J, The 

magnetization may be in any direction, but restricted to the 

x-y plane [48J. The waves described by (J.6) and (J.7) are 

linearly polarized with respect to the trans~erse plane. 
1 

Circu},arly polarized waves are also possible in waveguides 

[50}.' For example, in an anisotropie wave~tide with ~ongitud­

inal mRgneti zation [J8, 45 J, "the medium i3 uSlÀally deseri bed 

by material property tensors of the form 

Pxx 
+' 

Pzx 
JO J~yx '. 

il = -j~yX Pyy -j~ZY (3.10) 

l1zx 
+' JPzy l1zz ~ 

Exx +jE yx Ezx 
.. -jE ~y-y -j E (3.11) E = yx zy 

Ezx +'E J zy Ezz 
- . 

,"-



\ 
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The field ve tors of circularly polarl Q ~ravciiLng waves 

can ibed as follows 

Ë = [1 x (x, y} + ïyEy (x, exp (:i:j~) + IzEz (x, y) ] exp( jwt - j ~z) 

( 3.12) 
\ ' 
~H (x,y)exp(:t j 'I!2) + l H (~,y) + T H {x,y)exp(:i: j 'TT2-)]· 
f' x y Y '1 Z z 
\ exp(jwt-j~z) 

(3.13) 
, 

Waves wi h complex propagation constants ~+j~ are also . Z' / possib e in lossless media [49], though they are usually/ 

consi ered only with lossy media. ' ~/ 
, In the fOllowing, only propagating wave., of ttf type 

given in (3.6) and (3.7) and media described by ~sors sueh 

as (3.8) and (3.9) will be considered. A similadanalysis ean 
/ 

bF! performed for other typ-es of waves. In dire~t ana] ogy with 

travellin~'waves in (x,y,z1 eoordinates, circulating waves in 

the (r,e,z) coordinate system are taken to be of the form 

, Ë=[ïrEr(r,z) +IeEe(r,z) +IzE~.r,,..,z)exP(:i:j~)]exp(jwt-jme) 
o 

c \ 

( 3 .14) 

H = [ IrHr (r, z) + l eHe (r, z) + l zHz (r, z )exp ( :f:jR) ] exp( jwt - jme ) 

• (3.15) 

and the permeability and permittivity tensors are taken ta .. 

~rr 
+" l1er JPzr 

~ = ~er l1ee +jf:lze = Cartes ian tensor ( 3.16) 
at the plane e == 0 

-jPzr -j~ze ~zz 
• 

\ 
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Err Eer +jE zr 

Ê = E er- - Eoe +jE ze = Cartésiiln tertsor (J.17) 
at the plane 8=0 

- jE '7°j E E.zz zr ze 

Note that circulating waves are lincarly polarized with 

respect to the r-e plane and,circularly polarized with 
\ 

respect to the r-z plane. The circulation constant 

be an intoger (including zoro). 

J.2 Exp1i.cit For:ns of the Functional for 

Travo 11 inf: and CirculotinB Waves 

Subst i tuting a vector function u(x,y,z) of the 

m must 

forrn 

given in, ( J. 6) (J.7) and tensors .. and q of the form or p 

(J.B) or (J.9) into the functicnal (2.70), an cxplicit fcrm 
1, 

~ for F(v) is obtained for travelling waves hi'ch â.:ee-linearly 
~ ""-.---. 

--____... 1'" 

~~~larized : 

----------~ 

(j 

1 

1 
,1 

J 

( 3 • 18) --- -----
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he cO'1:~tant 2rr/f3 arises from the in-cogratlon witn re~:;pect 

oz, where the limits of integrati.on <ire a and 2'TT/~, 
f 

.• e. the bcginning and the end of a peri.od in the dlrection 
1 

traVt~l. The source function g = f(x,y,z) :LS assumw to be 

the .sarne form as the wave function v:: u(x,y,z) • 

A similar procedure for circulating waves produces the 

lowing.functional form 

~u mu ou· Ou • 
F ( li) = 2'TT J' J' (p rr ( ~ è z e ~ .J:)'~ + Pee r [( è zr ):2 + ( è r

Z 
) a ] 

, _~u U mu 
+p z Z [ ( .Jr~ + -Ir,) a + ( "1:) 2 ] + 

\ 

-w2r(qr u 2 +qeeu2a+ q .u 2 + 2Q e u ua~2Q u u =F2Q aUe U ) r r z~-z r r zr r z z z , ' 

+2r( frur + feue" + fz uz )} dr dz 
; 

\ 

fi :: 0, :l1 , :1:2 , :1: J, . . . 

(3.19) 

The * and ~ terms in the above arise from the fact that the 
• 

. z vector componobt may either lead or lag the other two .. 
components by a time phase of i radians. AlI quantitics in 

(3.18) and (J.19} are real and the materia1 property tensor 

elements that appcar now dcsignate maEnitudes only. 

It ls clear from the expression (3.19) that when m=O 

there ih a l/Jr singularity in terms involving ue a1one, 

but not in terms invol ving ur or uz ' Whèn ml 0 the 

singularity a1so affects tcrms involving ur and uz ' 'rhe 

physica1 significance of t~e singularities i8 that the 

azimuthal compon~nt of the field must always vanish alon~ the 
---- -----\----- ------ -

\ 
z-axis if the axih i8 to be source-frc0 [42J. The ur and Uz 

t . 



\~ 

\.'i.. 

4J 
\ 

components howcver, must vanish at r = 0 only when they vary. 

,w(th·the 9-coordinéltc. In such case there is at lf!ast one null 
o 1 

plane e =,constant for the se field components arict again they 

must vanish at r::: 0 if the z-axis i8 to remain source-free. 

On the other hand, when there is no variation with e (i.e. 

m = 0) 1 fini te non-zero values at r = 0 are permi tted for ur 

and ~z and provided that t~ey are continuous functions with 

'"' continuous first derivatives, the z-axis will stay source-free. 

In\order to avoid difficul ties in trying to integr_ate the 

terms in the f6nctional (3.19) later~ the singularities ~ill 
~ 

be removed by transforming the components of the vector 

function [52J.' In the case m::: 0 one introduces 

( 3.20) 

( J. 21) 

and consequently the functional given in (3.19) becomos 

( J. 22) 
" 

As can be seen, the l/Jr singularity has dis3.ppeared. For 

reasons which will ~ecome clear later on, this form of F i8 

and 

are zero [52J. Unfortunately the discre,tizatfon. procequre 
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employpd requires thQt factors of the form ~r should not 

appear in the functional. The only way out of tnin dilem~a 

is to use the transfor~ation 

().2)) 

instead of the one givencby (3,20). It then becomes possible 

te carry out the discretization, thoueh the prOCed\lr~ 

involved and wil~ not be pursued here. 
b 

When m -1 0 in addition ta the transformation given in 

().20) for ua and fa' the following tran"sformations will 

also be used 

.Jr hr (r, z) 
1 ().24) 

ur = 

f r = .Jr dr ( r, z) ().25)· 

~uz = .,frhz(r,z) (3.26) 

-
f = Jrdz(r,z) (3.27) 

z 

\ The functional given in (3.19) now takes on the following 

form 
, , 

-w2r2(Qrrhr2+Qeehe2+<'l. h 2 + 2QO h he=f 2Q h h ~ 2q ehe h ) zz z r r zr r z z z 

m = ~1, ~2 J ±), ••• 
", 

().28) 

; 
... / .. .., 
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In the following, only the functional forms glyen in 

(3.18) and ('J.28) will be eonsidered. The Integrations involvcd 

will be performed over an arbitrary triangular rCGion in trye 

x_y' or: the r-z plane. Over this region the maenitudes of 

the elements of the m~terial property tensors are as~umed to 

be constant. 

3.3 Diseretization 

The objective of this section is to discretize the two 

functionals which appear in equations (3.18) and (J.28) so 

that they ean be written in matrix form. In the process, the 

vector fields ~re approxirnnted by interpolation poJynomials 

;over a genernl triangular region in such a way that all 
J 

geometrical information i8 ~eparated from the Froce~~ of 

intef,ration. In other words, the integrations are performed 

once and on]y once, and geometrical information 18 added only 

when a specifie proble~ is solved [24~. 

Examining each terrn in the integrands of the two 

functionals, one finds that many of the terms are similar 

l ta each other in f?,rm. Thcre are six representative terms in 

each functional which mus~ be discretized. The 'six rcprese~talive 
... 

integrals for the functional (3.28) are 

1 • JJh1 h2drdz 2,. 
èh2 drdzn 3. 

Oh2 drdz J'J'rh
1T 

JJrh1Tr z 
Oh

i 
6h2 Oh1 èh2 4. JJr 2

- - drdz 5. J'Jr 2
- -- drdz 6. JJ'r 2 h1h2drdz 

Oz Oz or èr 

, 

" 

c,. 
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1 

The subscriptB l,and 2 appear on;~t"hc componci1 ts of the 
, 

vector h toI siJ~nify that there may be two distir..ct co:npononts 

of h 
~ , 

-, ........ JIt 

inyolved-1n the inter,ration. 'rhe :üx reprcGtmtative 
'1 

integrals for the'~unctional (J.18) are 
.. 

"' 1. JJu l U2dxdy 2. 
oU 2 

J J:Ul oy dxdy J. 
OU 2 J J ul Ox dxdy 

4. 
oUl èU 2 

Jf Ty Ûy dxdy 5. 'J J 
oUi èU 2 
ôX.6x dxdy 6. 

n oU 1 oU 2 JI Ôy Tx dxdy 

The representative integrals 1 through 5 for cach functional 

~re analogous to one another. The sixth integral for travelling 

waves has no counterpart. This tfITm would aris~. howover. in a 
\ ~ . 

functional for circulating waves jf the phasss of the field 

components were different and the form of the material propccty 

te'!1S01'S were al teréâ. The' Tarrn encountered then would be 

It turns out that one needs to work only on the representative 

inte~rals associated with the functionhl for circulating waves; 

the ~ntegrals in the functional for trhvelling waV8S can be 

der~ ved ,,-from these integrals qui te simply. 

o .' Cbnsider now an axisymmetrlc electromnenetic field problem. 

The solution re~ion in the r-z plane may haye an arbitrary 
. 

shape. In the triangular finite element mcthod, one approximates . 
. 

the boundary of this l'croion by a polygon as closely,us possi b1~," 
~ f J ..... '4 

and divides the interior of the polygon into trian~les. This 

proces? is indicated in Figure J.1. The triangles rnay be of 

.. 
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An arbitrary solution region approximate~ by a polygon 
and divided up into triangula~ subresions in the r-z 

- i' - l 

plane. , 

, , 
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dl fferent Rhapes and sizes. By selectln:s :.l genpr,ll trian~le 

and approximatinf each componcnt of the vcctors h 
, 

"'\ 

hy a cQ~plete se t of n interpolation polynoMld.ls 
-.1\.... 

• "1' 

1, '2,), :.'. ,n} each of degr.ee N, thf) cor:l!.)onent;..; of 
;:,1lt.. 

d ~·.are 'wrLtten in the /<>f'm [21~J 

h :::: 
Z 

n 
L 

i=l 

n 
L 

i =1 

dz ~ i~l G~ ai{)1,72,7J ) 

n i 
de :::: i ~1 Ge ai ('71 ']2' 7J) 

..... 

and d 

: ~ = 

and 

( 3.31) 

( 3. J2) 

(J.JJ) 

( J. J4) 

11hc iÂterpolation polynomials a· 
~ 

are such that they evaluate 

ta 1 at the i-th i?terpolation node and arc zero at aIl 

other n-l nodes [24J. Cons~quently, the coeffi~ients .v~ 

and Gi of ~he linear combinations represent the values of 

the components of h and d at each of the n interpolation 

node s in the tr làngl e. The interpolation po lyrlOrnial sare gi ven 

a~ a function of the triangle area coordinates 71' 72' 7J' 
Th2se local coordinc1 tes are related ta the ~loh:ü coordinate·s 

rand Z' by the fa llowing expression 

). :::: 1 ( a. + b.r + c. z) i '~. 1 2 J (J.J5) ---. .~ , , 
~ 2A ~ ~ ~ 

whcre A i8 the are:l of the tr'iang(e and the coefficients 

b. and' given by " a. , c. are 
~ 1 ~ 

a· ~ r i +1z i +2 - r i +2zi +1 
'. i cyclic nod J (J.J6) 

~ 

\ 
\ 

o. 

\ 
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C - r - r i - i+2 i +1 , ..... 
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i cyclid mod 3 (J.J7) 

i cyclic mod 3 (J.J8) 

}t6re r~ and zt. are the radial and axial c.oordinates of 

tri:ngle vertices. Figure J.2 ShO~ a typical triangle 

the n:: (N+1) (N+2 )/2/assOCio.tcdhnterpolation nodes and 

the . 
and 

their local coordinaies for ~he .case N = 5 • 

It should be noted ~hat the radial coordinate r within 

a triang1:~ can be expressed in terms of the local coordinates 

). and the vertex radial coordinates ~s the simple sum 
1. 

3 
r == I: r.]. 

i=l 1- ~ 

It turns out tijat this i8 a very convenient expression to 

employ. No similar forro exists for the square-root of r; 

this condition explains the stated difficulty with the factor 

Jr in the functional (3.22) • 

In order to discretize the six -Fepresentative integrals 

in t~e two functiohalsp the expression for r 2 and the partial 

derivatives of the components of h with respect to rand 

z ar~ needed 

J .3 
r 2 = E r· E r· )i )j (3.40) 

i=l 
l 

j=l J 

~h. 3 Ôh. 1 3 n k ~ak 
l 1 E b· l = E b. E v. (3.41) 

Or: = ct;. ~t; .. 2A j=l J 2A j==l J k=l l 
J J 

hh. J oh. J n, 
V~ 

èak l :: 1 E _ C. l = 1 E c. E (3.42) 
Tz 2A j~ J- ~~j 2A j=l J k==l ~ ~ J 

• 
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., 

i 2(4,1,0) 

5(3,1,1) 

9(2,1,2) 21(0,0,5) 
1,1,J) 

1,2 8(2,2,1) 

20(0,1,4) 

Figure J.2 

Thé 21 internolation nodes in a 5-th order triangle 
(N = 5). 'l'he rlUrJbers in bl~ackets represent the 
tri~nple area coordinntes multlplied by N, l.B. 

( N)l ' N )2 ' N 7)) • 
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Consider first the disctetization of integral number 6. One 

~ ~obtains 

• 

(3.43) 

where the column matrices 

" coefficients and Vi 
2 

[v l J and [V 2] contain the n 

respectively, associated with 

the linear carnbinations of interpolation pOlynomials given 

in (J.29) through (J.J1). The superscript t denotes 
~ 0 

transpose. The, symmetric, n by n matrix [T] is given by 

[T] = 
:3 
E r. 

i=l l. 

J 
Er. 2 1 A 1 [Y. -. j) 

j=l J 1. J 

where the universally constant ~lement matrices 

(3.44 ) 

[Y .. J' have 
l.J 

elements, of which the (m,k)-t~s 

.--------------
given by the integral 

(m, k ) 1 J'r-e :e--- ---- ,. 
Yi j == 21ÂÎ J li /j cxm cxk .. (3.45) 

The integration is carried out over a trlangular region. 

Integral number 1 has the discretized form 

where the symm~tric, n by n matrix [R] is universally 

constant and has the following elements 

R(m, k) = 1 .J.J (lm (lk ds 
2rAI 

(3.46) 

(3.47 ) 

where the integration is over a trian~le. One nice property 

of triangle area coordinates is that their sum is always 
1 

equal ta 1 

3 
I: ). = 1 

i=1 l. 
(3.48) 

as can be Deen from equations (J.J5) through ().J9). Due to 



• 

, • 
1 

( ) 

.~ 

this propertY,of'the local coordinates, if the nine element 

matrices [YijJ are given, the element matrix [R] can be 

obtained from them by simply summing over the subscripts i 

and j 

:; :; 
~ 1: [Y .. ] 

i=1 j=l lJ 
[R] = 

This property explains the earlier remark that only the 

representative integrals associa~ed with the functional 

for circulating waves need to be evalu~ted; the discretized 

52 

ferms of the representative integrals associated with the 

functionaf for travelling waves are derived from these values 

using equation (3.48) ." 

Integral number 2 can be dlscretized as follows 

The non-symmetric, n by n matrix [J] is assembled from 

symmetric and antisymmetrig co~stant element matrices [Uij ] 

and [UijJ, respectiv'ely, "àccording to the rule 

lAI 3:; ( } [J] = 2A .E ri.E (r'+2 -r·+1 ) [U .. J + ~.J 
1=1 J=l J J lJ J , 

The (m,k)-th element of the symmetric matrix [U .. ] are lJ 
given ~ the following integral 

(3.52 ) 

The antisymmetric matrices Q[ij] have elements given by 

( :;. 53) 

- , 

Notice that' (J" 51) contains coefficient~ given in' terms of 

the radial coordinates of the triangle vertices. The sign 
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1 

1 
1/ 
1 
r 

• 

• 

, , 

of the coefficient~ -depends on the order of·the vertices. 

Howe1ier, the sign of the area vepto'r A cancels this sign . 
difference producing an ekpression which is invariant with 

respect to the ordering o~ the triangle vertices. 
\ 

Discretization of the"third integral pr.oduces results 

very similar to that of. the second one 

Again, [N] is a non-symmetric, n by n matrix ~iCh ia 

assembled from [UijJ and ~ijJ in the f~llowing manner 

5J 

""'"""l 

[N] lAI 3 3 {.} = 2A.r: r .. r (Zj ... i- zJ· ... 2) [UiJ·] + ŒiJ·J 
~=1 ~ J =1 _ 

(3.55) 

The fourth integral can be transformed into the 

.following matrix form 

. ~h ~h' 't 
J' !r2 _ 1 -=---? drdz cC> [Vi] [n][V2J 

bz ~z 

.where [n] 'is a symmetric, n by n matrix gi ven by 

if 

(3.56 ) 

The symmetry ~f [nJ is not obvious from (3.57). It appears 

however that the summation over,the index t can be eliminated 

and the expression cast· into the more revealing form 

where [Qijl] are constant, syrnmetric matrices. The elements 

of are 
1 
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/ ,~, 

where the integration is"over a triangle~ T~~ subscript 1 is' 

cyclic modulo J. 

An entirely analogous procedure for the fifth integral 

yields 
, ~ 

, èh ~h • 
j j r 2 -1., .-:l drdz 

~r or 

where [E] if~ ,gi ven by the sarne exp:r::'ession as 
1 

_ fi c ," r 

but with the constants replaçed . 
expression -again reduces to ~ ,-

(3.60 ) 

[n] Mf ' 
by ~t. Thi-~ 

/ 

,1 

The discretization of the seventh integral requires more 
. 

algebraic manipulation than the pr~vious ones. As before. only 

~ -the final result is reproduced here 
\ 

Oh ~h t 
J' J' ra _1 _2 drdz c:::> [/V1T [ZJ[V 2J (3.62) 

/ oz or 
wh/re the non-symmetric: n by n rnatrix [Z] is given by 

The matrix [ZJ can be split into sym~etric and antisymmetric 
jj 

parts and the summation over the index -t can be eliminated. . " 

;r 
;,.'Then the fOllowing formula is obtained 'f 

'. 
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where w1 ~nd t 1 are coefficients given by 

. ' . 

w1 =:: "'0\+1°1+2+ b1 +;c1 +1 )· 

~~he e1ements of the constant, symmetric matri~e~ [Q, '1 J have 
J.J 

a1ready been defined in equation (J.59).-Thè (m,k)-th element 

of the constant, antisymmetric matrices [~ij1J is given by 

().67) 

The subscript 1 is cyclic modulo J. 
, 

One can now write down the discretized equivalent of the 

functional for circulating waves given in (3.28). The fo11owine 

matrix form is obtained , 

•

.... e ...... ______ ~ __________ ~-,I 

• • • 
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Using the properties ol triangle area coordinates given 
\ 

in equation (3.48), the disc~~tized forms of the six 
, " . \ 

representative integrals in the 'functional for travelling 

'waves are as follows 

where 

and 

3 
[u . ] = I: [u i J' ] 

J i=1 
3 

[Q.] == I: Di., ,J 
J i=1:lJ 

J J 

'\ 

, 
t J ' .... 

co- ZIAI[vl ] [R][V2J 

<> [VIJt[~J[V2J 

[v 1 ] t [!> ] [v 2 ] 

[V 1 Jt [è~J[v 2J 

[V1 ]t[zj[V2] 

[ Q ] = I: L [Q, '1 ] 
1 i=1 j=l :lJ 

( 

(J.69) 

(J.70) 

(J. 71) 

(3.73) 

( 3.74) 

(3.78 ) 

l!. (3.80) 

(3.81) 

(3.82) 
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[~l] = i~l j:l [gijl] 

~ = (xl +1 -xl )( y I-Y 1 +2) ~ (Xl -xl +2)( YI +1 -y l ) 

57 

(3.83) 

(3.84 ) 

(3.85 ) 

Again, the subscripts are cyclic modulo J and the subscripted 

X and y coordinates represent the vertex coordinates of 

the triangle. Using these results, the matrix form equivalent 

of the functional (3.18) can be written as 

F(V) = 2cl1 {CV
X
'Jt(p [.f5] +2~2IA\P [H])[V J 

~ zz . yy x 

-[Vy]t(2~pzx[1] +L~f32IAlpyx[R] + 2pzz[Z]t + 2f3PZy[.N']t )[VxJ 

+[Vy]t (pzz [ëJ + 2f3pzx [y] + 2s21A1Pxx[R J) [Vy ] 

"'[V z Jt (2~pyx ['J-]t + 2Pzx~J - 2~Pyy[.N1t - 2Pz~[ZJ t) [V xJ 

~[V ]t (2f3p Mt + 2p [é] - 2Sp ['ï]t - 2p [zJ) [v ] z yx zy xx zx y 
+[v z Jt (pxx GE>] + Pyy [8J - 2pyx Ut] ) [v z ] . 

-w2 (2IA/}{q [v ]t[R][V ]+2q [VyJt[R][Vx]+q \ [v Jt[R][V ] xx x x yx yy y y 

T2qZX[V z Jt [R J[V x J=f2Qzy[V z Jt [R][Vy ]+qzz [v z Jt [R J[V z J) 
t t ' t 

+41AI ([Gx ] [RJ[Vx ] + [Gy] [RJ[Vy ] + [Gz ] [R][VzJ)} 

The column matrices [Vx]' [VyJ, [V~], 

[Gz ] in ().86) contain'tbe coefficients 

expansions \ 

n i 
Ux = E V· a. 

i=l x 1 

3 i 
lly = E vyai 

i=l 
3 i 

U z = 1: V a. 
i=l z 1 

, 
[Gx]' [Gy] 

of the linear 

! / 
J 

\ 

( ).86) 

and 

( 3.87 ) 

( 3.88) 

(3.69 ) 
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n i 
fx t (3.90 ) = Gxai 

i=l 
n i f = t G a. (3.91) 

y i=l Y l 

n 
Gia. f = t (J.92 ) 

z i=l Z l 

The discretized furrctionals ().68) and ().86) can be 
, 

constructed for a triangle of arbitrary shape provided that 

the vertex coordinates are known and the constant matrices '. ~\' 

[YijJ. [UijJ, [QijJ, [Qijl] and C9.ijl] are given. 
t 

There are 81 such constant matrices. all involving various 

integrals of the interpolation polynomials (l •• 
1. 

In the next 

section, it will be demonstrated that only 14 of these 

matrices are independent, the remaining 67 being obtainable 

by row and co~umn permutations, and the procedure for 

computing these 14 matrices will be indicated. 

).4 The Element Matrices 

In order to compute the element matrices,' an explicit 

definition of the inte~~olation polynomials 

given. The]pOlynomials 

(l. 
1. 

must be 

./ 

~<, 

j+k+l = N {:rj;Y:-/ 
/'~ 

where 

for m ~ 1 (). 94) 

= 1 for' m = 0 

'" have been used ex:ensively~ent years to generate 

V 

" 

/' 

~ 

'" 

/' 
/ 



• 
o 

high-order pOlynomial triangular finite elements [24J. The 

triple set of subscripts (j,ktl) in (J.93) correspond to 

.59 

the product of N times the triangle area coordinates at 

the i"-th interpolation nOde, i.e. (N11,N72,N~). Figure J .• 2 

demonstrates the case N=5 • 

Substituting these interpolation,polynomials into the 
-

right-hand sides of equations (J.45), (J.52), (J.5J), (J.59) 

and {3~67), yields expressions in which the integrands are 

polynomials in triang~e area coordinates. A typical term in 

these polyno~ials is of the form 

where C is a different constant for each terme The integral 

of this monomial over a triangle of area A is given by [53,54 J 

m Jo • o. • 
J'J'( C -e -e P ) d 2 cil m. J. p. 

Il'27J s = A (m+j+p+2): 

Althoueh straightforward, the integrations in equations (3.45), 

(J.52), (3.53), (3.59) and (3.57) cannot be carried out by 

hand, except in the case N=l or 2, due to the large number of 

\ .:7IgebJ;'aic operations req uircd. However, using an IBM PL/I FORMAC 

c~mpiler the pOlynomia,l expressions may be manipulated and 

Integr.,!~.ed symbolically rather than numerically [55J (see 

Appendix 1). Even so, it has required several hours of computing 

time on an IBM 360/75 computer to obtain the independent 

matrices for polynomial orders up to and including 6. 

From equations (3.45), (3.59) and (3.67) it is apparent 

that there is symmetry of the elements with respect to the 
~ 

indeces i and j in the matrices [Y. ° j, 
1J [Q .. 1J and 

1J 
[~ijlJ. Exploiting this symmetry property reduces the required 

-
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number of matricéS from 81 to 54. Furthermore, lt la apparent 

from Figure J.~ that a 'th!ee-fold symmetry exists between the 

triplet (N71' N)2' N 7). F·or example ,-:~ ~de nu-mbers J, 11 a,nd 20 

in Figure 3.2 are aIl permutations of (4,0.1). This symmetry 

diminishes the required number of matrices further by a factor 

of ); instead of 54 only 18 matrices are now required. In 

addition, two additional matrices may be removed from each of 

the sets and ~~jlJ due to a symmetry with respect 

to the subscript 1. There'fore only the following 14 independ-

ent matrices remaifl '\ 

-
Symmetric matri~es: [Q111 J , 

[U11 J ' 

"Antisymmetric matrices: [9.1 11 J, [9.112J, [g,121 J, [9.2J1 J, 

[Q 11 J , (Q21 J 

The numerical values of the symmetric matrices appear in 

Table J.1 for N=l and N=2. These were obtained in connection 

with the formulation of triangular finite elements for the 

gen~~alized Bessel equation of order m and have been 

published elsewhere [52J. The p~rmutation op~rations which 
":l 

must be applied to obtain the entire set ~f symmetric element 

matrices, appear in Table J.J. The numerical values of the 

inderrendent, antisym'Tletrie matrices ?-re listt~d in Table j. 2 

'Cl 1 

for N~l and N=2. Trye permutation rules for generating the 

entir'e set are shown in Table 3. 4 • Higher-order matrices 

(N=J through 6) are not reprodueed here sinee they require 
l ,1 

considerable spaee. In actual practice, the numbers are 

-handled by two computer programs called block data generators, 

------~~ - -- ----
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'Pirst-order matrices 

Ql1~ Q121 Q221 

r 

Q231 Yi1 

, 
" 

~ '. 
- 0 0 0 0 ,~ 12 

Y21 

J 

U11 
4 

U21 
2 

o 1 1 

o -1 1 
de~om = 12 

. 
'.' 

0 1 
o -1 1 
denom = 24 

0 1 " .. / 
o -1 1 
àenom = 12 

, 

3 2 
312 
deno~ = J60 

2 3 
111 

denom = J60 

1 0 
1 0 ,0 
denom'= 24 

2 0 
100 
denom = 24 

, SeconJ-order matrices 

, 

Q121 l ,'Q'2·21 
--.J 

Q231 Qll1 .: 

" 

0 0 ~ 0 
0 96 " 0 48 16 0 16 
o -96, 96 o -48 48 -16 16 . '0 -16 16 / 

o -12 12 ? 0 8 -8 ;15 12 12 39 0 4 -4 15 
0 0 o -8 16 o -16 16 -20 J2 ":16 6 -48 64 '0 0 o -16 )2 
0 12 -12 1 -8 7 0 8 -8 5 -12 7,.. 4 4 -16 7 o -4 4 1 -16 15 
denom =-1bO de:1orn = 360 denoin = 360 

y Y21 u11 \j- U21 --11 

24 '\ 
J J6 ·6 

12 48 _ 0_ J6 24 64 '" o 96 
12 24 48 o 1,2 12 24 32 64 o )2 32 
-) -6 -6 2 -1 o _2 0 J -5 o -4 o· -6 24 0 0 
o 12 12 -2 8 . -2 12 8 "'0 ·12 4 16 16 ° 0 ,... , 

-8 48 J? ° 0 
-J -6 -6 1 -2 2 o -4 -2 o -2 1 -,2 -4 0 0 0 0 -1 -8 e o· 0" 0 
de!'.o":1 = 2520 denor! = 2520 . denom = 360 denom = 360 

. ... . ~ 
~ <~'\I " Table ~.1 

The first- and second-order, indepéndent, syl~metric element matrices are given as integer 
quotients brought to a co~~ori deno~inator. Only the lower triangle portions are~reproduced. 
The rrapping operations to obtain the remaining symmetric matrices are given in Table J.3 • 

"7 
~ 

o 
.--

." 

~ 

0"­..... 

... 
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First-order matrices 

Ç.ll t, 
o -1 . 0 
1 0 0' 
000 

d.enom = 12 

... ,.;; 

9.112 

000 
o 0-1 
o 1 0" 

denom = 12 

Second-order matrices 
" 

" 
~ .. 

., 

Q121 

,0 -1 -0 
,,. 0 0 

o {) 0 
denom = 24 

.? '1" ---

" 

Q11! ~H.2 
, 1 

0 . 0 0.:: 0 0 0 o -60 0 _ 9 -12 0' 
60 • o ,.a.4: -4 -8 0 0 o -96 o -24 12 
o -~4 - 0 4 -16 0 0 96 o -12 24 0 

-9 4 -4 0 ~o 0 0 0 12 0 -4 1 
12 8 16 0 o 0 r 0 24 -24,'" 4 o -4 
.. 0 0 0 0 o 0 .. 0 -12 O~ -1 4 0 
denom .. = 180 der.or.1 = 180 , -

1[11' U2l 
~ 

0 24 24 -5 4 -5 ~ 16 8 -6 -8 -1 
-24 0 0 o 16. -4 -16 0 o 24 48 -8 
-~4 0 o -4 '16 . 0 -8 0- -0 o 32 0 

5 0 4 0 0 0 6 -24 0 0 0 0 
-4 -16 -16 0 0 0 8 -48 -)2 0 0 0 

.2 i;,~l.j; O. 0 0 0 1 8 0 0 0 0 
denÇ)m = 360 denom = 360 

Ç,231 

o -1 0 
1 0 0 
000 

denom = 24 

Q121 
.. 

o -24 0 1 

r 

~d ~ ~ 
f ;,..-

"'\ 

U11 

011 
-1 0 0 
-1 0, 0 
denom = 24 

·Q.231 
-4 0 0 -4 

, 

0 

U21 

o ·2 1 
-2 0 0 
-1 0 0 
denom = 24 

.l"y 

5 8 0 
24 . 0 16 -24 -16 0 4 ~O 16 -24 -)2 0 
o -16 0 -4 -16 0 o -16 0 -8 -48 0 

-1 24 4 0 o 9 -5 24 .8 0 o 0 
4 16 16 0 o 0 -8 32 4-8 0 ,0 O' 

0 0 0 0 o Q o. 0 0 0 ~··,o 

denom = 360 7) denom ;: 360 
* 

" 
';/~ ~ Table 3.2 

Tn~: first- and second-oroer .• independent, antisymmetric element matrices are given ~s 
int~ger quotients brought to a corn~on denominator. The rnapping operations ta obtain the 
re~ainin~ antisymmetric element ~atrices are given in Table ).4 

l "", ~ 
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Matrix 

Q. '1 J.J 1 = 1 
. 

i = 1 
Qi1i 
given 

-. 
Q211 = 

i ,= 2 
Q121 

i = J 
,Q311 = 
7Q121 "'v 

- L-- _ - -

Matrix 
Y •. 

J.J c j = 1 

< i' 
Yil 

i = 1 . gïven 

Y21 
i = 2 given 

, 
Y

31 = 
i = 3 7Y

21 

- /' 
f •• 

~ 

j = 1 

1 = 2 1 = 3 

Q112 = Ql13 = ;' 
~TQ22i ~2Q22f 

Q212 = Q213c = 
1tTQ121 1(2Q 231 

Q312 = Q313 = 
9ZQ231 1t~Q121 

--

j = ~ j =; ) 

Y12 = Y13 = 

Y21 Y
31 

Y22 = Y
23 

1(Y11 Y32 
, 

Y
32 

- Y
33 

= 

'RY21 
. 

'Ra Y11 

~ 

j - 2 

1 = 1 1 = 2 
" 

Q12i Q122 = 
given 1'TQ121 -

Q221 Q222 = 
given 'RQ111 

Q321 = Q322 = 

Q231 ~Q12i 
~~---- ---- - -

~: Rotation 
pe'rmutation 
operator 

T: F1ip_ 
permutation 
operator 

ft? : 1<. ~ 

Table 3.3 

1 = 3 l = 1 

Ql~3 = Q131 = 

~2Q23~ 1'"Q121 

Q2.23 = Q231 
~2TQ221 given 

Q323 = Q331 = 
1l:3 rQ 121 1"Q221 

• 

Matrix 
u .. lJ j = 1 

U11 
0 

i =-" given 

U
21 i = 2 given 

U
31 

= 
i = J TU21 -

Permutation operations ~Ymmetric element matrices 

l' 

1 
~ ~-4, ( 

..., r' .... ~ 1 

. 

j = J . 

l = 2 

Q132 = 
1Q2Jl 

Q232 = 
9(Q121 

Q332 = 
1<Q221 

'" ~ 

j = ? 

U12 = 
RT U

21 

U22 = 

~Ul1 

U
32 

= 

~U21 

• 
~ 

l = ) 

Q133 = 
~~Q121 

Q2)) = 
2(

3rQ
121 

Q333 = 
~3Ql11 

j =.,lJ 

U1 ) = D 

~3U21 

u2) = 
~31'U21 

U
33 

= 

1êU11 

1 

1 

0\ 
\..tJ 

'--' 
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Matrix 
Q "'1 -lJ 1 = 1 

i = 1 
Q111 
given -

i = 2 
Q2ll ::: 

S121 

i = 3 
S311 ,.; 

:~l'9.ZJl 

,ç 

,/0 

<4 

.;, 

" 

j - 1 ( 

1 = 2 l = J 

Q112 9.113 = 
given -1"Qlll 

<" 

~12 = ~213 = 
-~2;-Q231 +~2Ç.23l 

S312 = S313 = . 
1 

+~29.12t +~9.231 ~ 

J 

.. 
J .- 2 

1=1 1 = 2 

Q12l 9.î 22 = 
given -~27Q231 

9.221 = 9,222 = 
-~TÇ.l1l +1Ç.l11 

Q321 :: 9.322 =" 

Q231 +:R9.121 
- - '--- -~ 

~: Rotation 
permutation 
operator 

'J": Flip 
permutation 
operator 

1(2 : 1<. Ji 

Table 3.4 

" 

----

J - J 
l = :3 l = 1 1, = 2 

S123 = 9.131 = 9.132 = 
+R2S231 -~g:-S231 +~Q231 

, 

~223 = 9.231 Q232 ;:: 
+1'Ç.112 g~v:en +:RQ.121 

Q323 = Q331 = 9.332 :: 
-rSi231 +12

2
9.112 - .1l

2
1'Q.l11 

---- -~- --

Matrix 
u. , j = 1 j = 2 -lJ 

"" , 

Ul1 
, U12 = 

i = 1 given +~21 
. 
U21 U22 

::: 

i ::: 2 , given +:R..!!t 1 

U31 = 11:32 = 
i :: 3 " +11121 +1{U21 , , 

Permutation operations for~ the antisymmetric e1ement matrices 

, -~~----

~ 

.' 
1=:3 

9.133 = 
+~Q.121 

9.231'= 
-1'9.231 

9.~JJ = 
+A 9.111 

'------ ------

-
j :: 3 

Ul3 = 
+1(2U2l 

U23 = 
+~1U21 

11:~3 = 
+.1l Ull 

.. 

-
~. 

~ 

~< 

0\ 
~ 

') 
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which, store aIl 14 independent matrices as integer quotients 

with'cornmon denominators and generate single precision block 

data statements containing the matrices. The block data 

generator programs are listed in Appendix II and Appendix III. 

The block data generator program in Appendix III also ~erforms 

thë summations indicated in èquations (3.49) and (3.80) through 

(3.83). Thus, the element matrices required by the discretized 

functional (3.86) Tor travelling wave-s. are also produoed. The 

permutation rules> for these element matrices may be ~erived 

from the rules in Tables 3.3 and 3.4. It should be noted here 

that the element matrices [RJ and [QIJ have originally been 
c', 

given for-polynomial orders 1 through 4 by Silvester [24J. the 

antisymmetric matrix [RIJ has been given independently by 

Csendes [7,12J and by Daly [9.25J and the matrices [UIJ and 
c'-. 

[QI] have been computed by stone [23.26J for N=l through 4. 

~he permutation rules in Tables ).) and,).4 hruVe be~n 
, J ~ 

discussed in detail el~where [24,55-57J. A brief explanation 
, 

of these rules will however be given for sake of conpleteness. 
1 

There are two basic kinds of permutation rules for element 

matrices. One corresponds to a mapping. of t'he interp~lation 

node n~bers by a rotation of the triangle counter-clockwise 
:. 

until ~he last node number Dccupies ~he relative location of 
\ 

the first one. For a second-order triangle, {he required 

mappin,g 1s shown in Figure 3.3. The permutation rule associated 

with this m~ping operation is called the rotation permutation 

rule and is denoted by the letter $l,. In Figure 3.3, the. 

relative positions of the nodes of the triangle in the rotated 

position match the re1ative positions of the nodes of the 
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triangle 
in standard 1 
position 

Mapping of the 
order ,triangl e 

triangle 
in standard 
position 

... 

triangle 
in rotated 
position 

L-~~--4 
1 

Fi5re 3.3 

inte:::!ation nodes of 
by a counter-clocKwise 

a second­
rotation. 

triangle 
in flipped 
position 

! 
j 

4----*_-=~ 
4 6 6 

pc. 

Figure 3";4- . 

Mappinr:; of the interpolation nodes of a second-order 
triane;le by a flip-over about an a,xis in i ts plane" 

66 

/ 

,., 



• 

,) 

'. , , 

.., 
. . r l 

triangle in the standard position.-The node numbe~'~equence 
A ' 

of the triangle ,in the standard position corresponds to the 

row and column sequence of the independent element matrices 

of Tables 3.1 and 3.2. In the rotated position. the sequence 

becomes 6.3.5,1.2.4. For example, if the r'ows and columns of 

the Qi11 matrix are permuted in the sequence in which the 

nodes of the rotated triangle match the nodes of the triangle 

in the standard position, the resulting matrix is Q222' 

Therefore, one obtains 
., 

c 0 L U ;M N S C 0 L U M N S 

Q222 6 3 5 1 2 4 

6 7 -12 -8 0 12 1 
R 3 -12 96 0 0-96 12 
0 5 -8 0 16 0 0 -8 
W 1 0 0 0 0 0 0 

Qi1i 1 2 3 4 - 5, 6 ........ 

1 0 0' "'. O' ~ \' 0 0 ~ 
R 2 0 96 -96 -1'2 0 12 
0 3 0-96 96 12 0-12 > 
W 4 0-12 12 7 -8 1 

S 2 12 -96 0 0 96 -12 
4 1 12 -8 0-12 7 

s 5 0 0 0 -8 16 -8 
6 0 12 -12 ' 1 -8 7 

..,1 

Thts result apP,~ars in Table .3.3. When applied twice to the 

sa~e matrix, t~ permutation operation ~ results in a second 

counter-clockwise rotation of the rotated triangle in Figur~ 

3.3. The'doubly rotated triangle's node sequence is 4,5,2, 

6.3,1'. ~ 

The second type of permutation rule corresponds ta the 
c' 

mappihg~~f the interpolation node numbers by 'fllpping' the 

triangle a~out an axis in/-l~ plane, as illustrated in Figure 

3 • .4. The flip permutation r~~i,S denoted by the letter r. 
'" " As an example p.,consider the Q.113 m trix w . ch according to 

Table 3.4 is equal to One ollowin~g: 

" 
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c 0 L U M N s C 0 L '-, U M N s . 

Sll) 1 J 2 6 5 4 9.111 1 2 ') 4 5 6 , , 

1 0 0 60 0 12 -9 
R J 0 0 24 0 16 -4 
0 2 -60 -.24 0 0 8 4 
w 6 ' o '0 0 0 0 0 = -'J'. 

1 0-60 0 9 -12 0 
R 2 pO 0 24 -4 -8 0 
0 ~ 0-24 0 4 -16 0 
w -9 4 -4 0 0 0 i> 

s 5 -12 -16 -8 0 0 0 
4 • 9 4 _lf.,1 0 0 0 

S t 12 8 ,16 0 0 0 
~ . 0 0 0 0 0 0 

" 
(J.97) 

It can be se en from Tables J.) and ).4 that the perm~tation 

rules ara... also needed for the combinations ~'7" and 1<?7"". 
~ 

In these cases, the :R and r permutation rl.:lles are applied 
j. 

consecu~ively. ~ortran function subroutines implementing the 

permutation rules and their combinations have appeared 
i 

elsewhere [56J. 

).5 Minirnization of the Discretized Functionals 

over a Compoi.J:rid Triangular Re"fdon 

With the indèpendent element matrices, the matrix forms 

(3.68) and (J.86) representing the discretized equivalents 

---- ' of the-Tunctionals (3.18)- and (3.28), can be constructed for 

any given triangular region. In any collection of connected ' 

triangles such as the one in Figure 3.1 , the discrete matrix 

equation for each triangular subregion can be generated. 
~ 

Assuming continuity of the electromagnetic veétor fields 

from triangle to triangle, \ the local functionals can be 
' . • -

. , 
" 

assembled into a global matrix forme In order to achieve this,' 

it is required that contributions fr~m each triangle be 

prope,rly idE?l1tified and connected together. The trial functions 

must have c~htinuity from element to element in order to 
, " 
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satisfy the functional and, therefore, the adjacent potential 

or wave fun~tion values are set equal. .. 

The asJemblY process is' usually performed theoretica~y 
with connection matrices [Jl,58].,Ln most applications however, 

they are selQom needed explicitly [57]. It is sufficient to 

employa global numbering sequence for the interpolation nodes 

in a compound region. Provided that the local funçtionals arè 

constructed using the global ?~de identifiers, the proper 

location of the element in th~_global matrix is determined. 

In form, the ~atrices in ().68) and (3.86) are unchanged in 

global interpretatioh. For example~ the column matrix [Yr ] 

of equation (3.68) in globa~"form simply contains the 
'" .J 

coefficients yi from aIl of the triangles in the sequence " r 
in which the nodes are numbered. Similarly, the matrices [D], 

[R], [J], [E], [N] and [T] are in global form the SUffi 

of the individual contributions of each triangle assembled by 

the connection matrices. 

Under a global interpret~tion of the discretized functionals 
'- . 
(3.68) and (3.86), one can proceed to minimize them by 

differentiating the functionals,with respect to each of tJ~. 
- ../ 

coefficients yi ~i yi and yi yi yi respectively, r' zP e x' y' z 
~. 

and equatin~ each of the results to zero. Three matrix equations 

with three unknown column matrices result for eacp functional; 
l) 

the three equations can be co'hlbined into a single large matrix 

,equation with a single unkno\n column vector. 

For th~ functional for circulating waves, equation (3.68), 

one obtains 

().98) 
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where the column matrices [Ve ] and [G ] are given by 
c 

[Vr ] 

- [Ve ] = [Vz ] (3.99) 

EVe] 
and 

" 

[Gr] 

[G ] (G ] 
Il (3.100) ~ e z 

[q~] 
-. ,..-

and the syrnmetri~ matrices [Sc], (Tc] and [Tcd ] are . 
given by 

[s ] = c 

, 

\ 

, 2Pee[D] 

+4rn 2 lAI pzz[R] 
t 

-2mPze( [J] + [J] ) 

t 
±2mP er[J] 

+4m 2 
1 AI pzr[RJ 

() 

2mPzr[J] 
1 

l -2P er[D] 
1 
l , 
1 
1 
t 
1 
1 
1 
1 

1 1 

--- - - -- -.- _ •• - - - - - - - - - -.f.- - - - - - - - - - - - - - -- - +- - - - - - - - - - - --- --- --
1 

%2mPer[J] 2Pee[E] : ~3IAlpze[R] 
t 1 • t 

+4rn21A 1 P [R] +Pee ([N] + [N] ): ~3Pze [N] zr 1 

+IA~'Pee[R] 

+4m:il1 Al Prr[R] 
1 

~2Pze[E] 

: ~2mp [J] 
~ 1 rr -- - -- - -,- - - - t - - - - --- --+.- - - - - - -..,;- - - - - -- - - -r - - - - - - - -- - - - - - - --

2mPzr[J] =f3I Alpzo[R], l 2Prr[D] 

--2Per[D] . :r=3pze[N] : +2pzz[E] 

\ 

t 1 t 
=FPz e [N] 1 +3p ( [N] + [N] ) 

1 • 

1 " 
1 

zz . 

+91 A 1 ~z z [R] 

\ (3.101) 
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1 
1 

2qrr[T] i ~2qzr[T] 
1 
1 
1 
l , --- ----- - ---+ --- - ----- ---- ..... - - ------------• 1 

1 
1 , 
1 1 

[TC]::: ~2qzr[T] i 2qzz[T] ; =f2qze[T] 
1 

, . ------------ .. _--- --------~ ----- --------
1 
1 
1 
1 

2qer[T] : ~2qze[T] 2qee[T] 

, , 

2[TJ i' 0 ,: 0 
--- ---+ .-------:- --- ---

1 1 o : 2[T}: 0 
-- - - ----+-- - - -~-i--------

1 t 

o ; 0 : Z[T] 
• 
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(J.102} 

C3.103) 

For the functional for travelling waves, equation (3.86), 

one obtains 

[St][VtJ - w2 [Tt ][Vt ] ::: -[TtdJ[G~J 

where the colurr.n matrices [VtJ and [Gt ] r-
are givën by 

[V J 1 
X 

[VtJ ::: [v ] y (3.105) 

[v J 
z 

and 

[G ] 
x 

[Gt ] = .~GyJ (3.106) 

[G;) 
.' 
~i 

and the symmetrîè coefficient matrices 

are given by " 

J 



• 

le • 

[s ] == 
t 

1 
1 

2QXX[R] 1 2Qyx[R] l~qzx[R] 
--- --- -----~------------~ ------ - ---
-- 1 1 

2Qyx[R] : 2qyy[R] 1~2qzy[R] 
l , 

--- - ------ -t--------- ---+-- - --- - ---
1 1 

2QZX[R] l~2qzy[R] ! 2qzZ[RJ 
1 , 

12 

(3.107) 

(3.108) 
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[R] l 0 0 

• • -----f-------t----- .. 
o l' [RJ: 0 ().109) 

-- ---t-----+~-----
o 0; [R] 

• . 

The matrix equations (3.98) and (3.1Q4) reduce to matrix 

eigenvalue equations whenever the right-hand sides are source­

free. The eigenvalue~ of the equati~ns are ur and the eigen­

vectors are the nodal values of the vector fields. For every 

value' of the propagation constant ~ ~ or of the circulation 
-..", 

constant m, an eigenvalue-eigenvector spectrum set can be 

obtained. When the frequency w i8 set to zero, and the rlcht-

hand sides are non-zero, a system of linear equations results 

for the vector potential funct~on. In the eigenvalue prob]e~, 

the e,ie;enfunctions represent ei ther the magnetic or the electric 

field intensity vectors depencting on the choice of ~ and ~ 

and the boundary conditions. The size of the coefficient 

matrices for a single triangle fitted with polynomials of docree 

N and having n interpolation nodes, is 3n x 3n; for an 

assembly of triangles with a total of ~ interpolation nodes, 

the size of the coefficient matrix will be :?~x 3~. 

The solutions of equation (3.98) must be retransformed 

into the orir,inal variables in accordance with equations (3.20), 
" ,r~ 

(3.24) and (3.26). 
.. 

Finally, it should- be pointed out that althouf,h the 
;. 

material property tensors are assumed to be independent of the 

frequency w in the formulati;on given here, there is no 

theoreticaJ reason why the W dependence could not be tal<;cn 
. 

care of. Wi~h the material property tensor elements given in 

terms of t~e frequency, the matrix 2igenvalue equation can be 

:/ ,.' 
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" . rewritten as a matrix polynom~al equation in~. The solution 

~ of such an equation is a problem in numericalüanalysis, not 

'~ectromagnetic theory. Moreover, the problem can be turned 

in 

• 

'. 

aro~ by assuming that W is gi ven and th~ propagation 

constant ~ or the circulation constant m is unknown. In 

thé coef!~cient matrix [St] there are terms with ~ and ~~. 
" l, 0 0 

Thus the < equat'ion could be wri tten right away as, a second degree ~ 

matrix polynomial equation in the propagatidn constant. 

( 

t . , ._" 
" 

t 

" ., ," 
\' ... !-

" . 

.... ' 
1*\. 

.. . 

J 

<; 
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• 
éHAPTER IV 

- -.-- ---- COMPUT-E!\ pROGRAM, RESULTS AND APPLICATIONS 

... 

" 
o ~ 1 

A computer program is ptesent~d whieh implemen~~ the 

trianVÙar fini te element method for linearly polarized 

. travellin~ waves. For demonstrative purpoSest the first 

problem solved i5 that of an e~pty square wavesuide. ln 
\ 
addition~ more complicat~d problkms such as the half-filled 

dielectric loaded rectangular waveguide, enclosed single 

microstrip and anisotropie wavef,uides are also solveq in 

arder tô illustrate potential ~liç~tions. A detailed ' 

analysis of th~~results is carried out in each case. 

\ 

4.1 The Three-Co~non~nt M~rnetic Field Vector pro~r2m 

,A computer program Whiph as~embles the matrices [St] 

.... 

and [Tt] U,;iven by equatiions (3.107) "and (J.l08)"respectively) 

for a collection of triang~eS in th~ x-y plane' has been written. 

A do .. uble px:e'eipion versi'on,l of this'pr6€';l;'mn is listed in l 
'" li" ,< 

Appendix IV. The basic côrr(p~ents of the matrix assembly are, 

carried out in the subroutine ASSEMB. In essen e, this sub-
~, , , 
lroutine 1s a fortr~n langua~é equivalent of eq ations (J.75) 

, 
through (J.79). (J.84) , and, (J. 85) , Tables , 3.J and 

. , 
. equatian~ (J.l07~ and (J.l08). The su~mations in 

,( J. 80) t~r.GUf'"~ (J.?:3) have becn performed by. the 

3.4, and --­equations 

" ( blaek data l) 
" . 

generator pro~ram Gi v'en 'in"A'ppendix III. Thus, ·the matrj,Fe~ 

1 

" 

, , 

/ 
1 

) 
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" 

together with the matrix. 

are storect in five block data subprograms (BLDCK1, 

BLOÇK2, BLOCK). BLOCK4, BLOCKS) which are accessible to the 

subroutine ASSEMB. The permutation-' rules required in the 
, (' 

assembly proc~ss 1re ~'perf~rmed by the t'unct'ion sUbro~tines 
J ., ........ .., .. ~. 

/' 
ROTATl and ROTAT2. The matrices are stored in linear arrays 

'" 
their lower'triangle: th~function subroutine 

" 

LOCATE ro~ides the necessary address conversion. 
, 

, <' 

Bcessary geoMntric information about triangle 

eoordinateS\and·interpolq:tto~ node lOGations are supplied 
o 

J, 

to ASSEMB by the subroutine REApIN. Tris subroutine processes 

the input data consisting of a list of the triangle-vertices 
,. ~ 1 

and coordinates and aïso a list of the triangles. UsinE, this 

information, R~ADIN generates additional points cor~~spon&i~b 

to the desired pol:(nomial approximat"ion Qver each triangle." ' . 
The relative locations ~f these points are rnapped approximately 

:on the line printer by t_'lie subJroutine MAP. " 

After 'assernbling t~e global ,[S~J and [Tt] matrices, 
t 0 \ 4).1, 

the MAIN pro gram 'Calls subroutinc EIGVAL and EIGVEC to _solve 
\. 

tpe matrix eigenvalue equation 

1 

where k 

7::--for all of' the eigei'lvalues and ejgenvect rs desired. SubroutinE: 
1 

,> EIGVAL uses the Choleski method to dec mpose the positive 
, nA" ~ 

definite'~atrix [Tt] intoJ~ower a
1

- upper triangular factors 

and ''to cast the rnatrix "eigenval~e, lequation (.4.1) into standard 

,;~.ormvl. Householder',s rnethod knd a modified sturm sequ~nce 
~ ~ 

lsee also seqtion S in Chapter V. 

\ 
, . 

( 
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procedure are employed to compute the eigenvalues. The 
~ 

eigenvectors are computed in the subroutine EIGVEC by 

Wielandt iteratlon and are prope~Jy trânsformed to give the ' 

eigenvectors of equatiort'~(-4-;'1)" 

The eigenvectors of equation (4.1) can be interpreted' 

either as the approxlmate nOdal values of the magnetic field 
li 

H within a region bounded by a perfect electric conductor 

!) J. or as the approx'imate nodal values of --t,he eléctric field E 
\ o 

in a region bounQed by a perfect magnetic' conductor. Since 

~he curlcurl equation in terms of E or H does not 

represent Maxwell's equations a~ zero frequency, solutiotis 

at k = 0 are not possi ble. , t' 

With the cigenvector interpreteJ as a magnetic field, . 
the material, property tensor Î> in equation (3.107) represEmts 

the inverse of the permittivity tensor. On the other hahd, the 

tensor 4 in the e*pression fo~ [Tt] in equation (3.108), 

,must be taken to be th~ permeability tensor of the medium. 
\. 

~hese tensors must be constant irievery triangular subregion, 

al though different triangles may have different permi tti v·i ti es 0' , 

Boundary conditions are not enforced by the computer 
~ • 1 

program. Slnce the condition 

'(4.2) 

is a natural one for the functional and it will be satisfied 
.. 
automatically by the eigenvectors. 

<JI' 

Due to the genera ri ty oi'- the fini te element fo,rmulation 
t 

on which the program is based, solutions can be obtained for 

a variety of problems that normally are gi ven special tr.eatrnent. 
" 

/ 

o 

( 
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The simplest .category is the isotropic, homogeneous waveguide 

probl~m. In the next section solution is given to the empty 

square waveguide in order ta demonstrate how the pragram works 

" and also to illustrate the generality of the method. Results 
~ 

have bee'n;' qbt~ed Vil th both a single precision version of 

. the program and with a double precision version. C~~ari,on 

of results help~to ascertarn the amount of round~off error 

in the sine~e precision results. 
""'--

4.2 Solution to,.a Homogeneou€, Isotropie Wav.eguide P~oblem 

Consider the sQuare, waveguide shown in Figure 4.1. The 
1 ... 1 ) 

l, region ha,s been di vided i~to two triang~es whose verticEJ:?' 

have been numbered. The i'nput data cards to the program fi.ave 
J 

been re~duced in.Figure. 4.2. The first card contains an 
... 

asterisk in column 1, followed uby the problem" titlé. The X 

after the title specifies that no punched ouiput)~~ d~sired 
1 . 

(a P would ca,use the pragram to punch out the eigenval ue s a'nd, 
,. 

eigenvectors on cards). ~~he two n~mbers following the X a~a 

the x and y coordinate scale factors (taken here as unit y). 

The -2.000 after_ the scale factors is the starting value of 

'tm.e desired propagation constant ~. This value of 

be incr~mented by 1.000 (the next number . ' 

until 8 different 'values of ,~ (ranging to +5.000). 

are used, as indicnted by the last number on 
, ' ! 

a card,numher 1~ 
, 

sif,-'Yl in 'Col'umn 72 sie;nifies' that the 
~ 

Id,component shquld hav~ a ~hase factor 

ta the oth~r .t.wo field camponents., 

exp(-J1I ) 
2 

magnetia 
/ 

relative 

J 

1 

. . 
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Figure 4.1 ( , 

Cross-section of an empty square waveguide. The region has 
been d.i vided into 2 triahgles and the vertices numbered '1 ta 4 • 

/ 
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Input d~ta cards which describe,the ernpty square waveguide 
problern to the three-component magnetic field vector program. 
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(~PCCC(q 
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The second data card again contains an asterisk in column 

1. }The purpose of the se asterisks i~ to provide tKe program 

W~h a means of detecting the first two cards of a data set 

in a long stream~of data. The six numbers ,following the 
'i. '~ 

asterisk on the second data card are the xx, yx, YY. zx. zy 
•• 1. .... 1\\1'; 

and zz ,~~f~n~:,t~s of the magnitudes of the permeabili ty tensor 

of the medium filling the waveguide. The figures given 
o.'!). , • 

'I., 

r,ep,r.esent :the \~elati ve permeabili ty tensor of free space.. 

The irra~l )1umbèi", 0.0000 ",following the t'el1S3or compone~tf;3 has 
f, ... ·( 

no bearing on a~ ernpty wav~guide_problem. In a ferrite fillcd 
r ',,;, j, • 

waveguide proble~, i t i~--1used to ndicate the" direction of the 
'. 1 

external magnetizlTIg f1eld with r spect to the y-coordinate 
r 

axis. The lqst two in~eger nurnber ,on th~s'data card request 
, , 

the prograrn to compute 25 modes st~rting with mode number 20. 
, " ,It turns out that the first 21 modes returned by the program 

" for this'pr'oblem are non-physical solutions associated with 

zero freqùency. Their number can be'€stimated from the number 
" 

of boundary nodes; hence the figùre 20 used on the. data card 
'" "-to specify the f~rst ,mode to be returned. ~ 

! ~,' 

The ne:x;t four data cards' '( cards No. J through No. 6) contain 
/ ~ 

the x-y coordinates of the tri~ngle verticë~~~nd the n~mbers 

assigned to them in' Figure 4.1 ." The blank card following thcoe 
.\ \) 

/ , 

indicates the end 'of/the input poipt list to 'the program. 
. . 

" Cards, nu~~~r 8 a.nd' 9 consti tute a list of the ~riangl,eS 

de~ing the p'~obl'em ,region as weIl aS information p~/:r;'taining 
--~ ~~ 

to the type of triangle employed. The first figure on card 

number 8 indicates that the triangle" ls to be fitted with a 
l ' 

.4-::tb order i~t'erp-olation polynomial for aIl field conponenits. 

"; 
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The ~ext three numbers, 1. 2 and 4, define a triangle with'\ 

,vertex numbers 1~ 2, and 4. The six numbers after that are 

the magnitudes of the xx, yx', yy, zx, zy and zz components 

'of the relative permittivity tensor of the medium contained , 
by the,region defined by the triangle. As was the case with 

; 

. the permeability tensor, the numbers here represent the 

permittivity tensor for free space. Card number 9 contains 

similar information for a triangle whose vertices are-numbered~ 

3, 2 and 4. The polynOmta1 arder and the permittivity tensor 

elements have not been punched sinee the pro gram automatically 

uses the values from the previous cardo The list of triangular 
.c. 

'-t- 1 elements is terminated by a blank card (card No .10). 

The program suppleme.nts the list of 'input points wi t,h a 

full set of interpolation nodes which it generates in each 

tri§ingle. In this pase, sinc~ there are 15 interp~t'~~n nodes 

in eaeh 4~~h order tFiangl~, of which 5 nodes ~re 'commbn, the , 
" 

~otal number of points obtained is 25. Since three components 

of the magQetic field vector are associated with each node, 
.. Ir ~ .J '" 

the numbèr of unl<nowns, and hence the rriatrix size t for this 

problem will 1;Ie 75 x 75" 

The output from the p~ogram consists first of aIl of a 

restatement of'~he input pojnt and triangle lists. This is 

fOl,lov~~d by an. approximate map of the input points, assemb,led 

poin.~ and triangle l~sts: a .second m<ap;>"this time of the 

assembled point~~ a page providing an êrror code and p~blem 

size information,' "and finally, tpe wave-numbers and ~itenvectors 

requested. A portion of the output from.th~ single precision .. / 

version of the pro gram appea!s in Figu~~~ 4.3 ;hrough 4.7 • 
( 
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*** CI~E~SI(~S fF T~E PRCPLE~ *** 

-
fRR[R crnE: "f"ISTA!<fI ;: 

TCTAL ~c. iF rct'TS: "~PTSfi = 

PEQ~ISSTnLE \c. CF ptI~T~: "LNGl l1 :::: 

~ [. CFT Q 1 t..1\ r, L L ,., REL ErvE r-, T S : ,t " E L ~ T" :::: 

PEel.; l'Hf': "S"-r-'bTPI)(: tlLENGTl-fI :::: 

flVf'J.ILhflLE flS"-r-''1T~rX: "LC~\GST" :::: 

~(. CF ~'TRIJ=S I~ II~VTx": "II\CI[" = 
J'lVAIL/lPL;:: III\VTX" 5 1 Z E : "LNVlx" = ... il 

WI'ITf'>IX "Ill':::.: "I\PTS~" ;,-.. 
:::: 

PR(PtCAT'lrl\ Cr:l\;~T/lf\;T: " PET /'Ir" :::: 

P E R 1-1 F A tH L 1 1 Y T F. ~ S r ~ EL F ~ E f\ l S : "p X'X" :::: 
" P 'V )(!I :::: 
"p'VylI :::: 

(-J)"P1X" :::: 
(-J)"PlV" :::: 

"r::ERt'Zl" :::: 
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The eigenvalues k obtai~ed from the program are plotted 

in Figure 4.8 as a function of the propagation constant ~. 

It is appar:-Bnt from this pl'ot that the TEmn ana TMmn -modes 

familiar from analytical solution of the empty square waveguide 

problem {J8] ar.e correctly returned by the program both for 

positive and for negative valued of the propagation constant. . , 

Table 4.1 shows the errors in the wav€-numbers computed for 'the 

wavegui~e modes. Dege~erate mOdes (e.~. TE01 aOd TE10)~produce 

a single curve on the k-13 diagram, but, al though the program 

returns two almost identical eigenvalues,' the eigenv~ctors are 

a linear combination' of th~ associatecf ej'g~nfunctions. The ']E - . 
and TM modes can be easily distinguished by insp'ecting the 

eigenvectors returncd for ~ ~ 0: for TM n;:'de s the Hz C omp~t 
Hx and 'Hy components vani,sh for TE modc~. is iero while the 

The wavef-alide modes descri bed: above are not the first 
. 

ei~enfunctions of the ~atrix eigen~alue equation. In this·t~se 

for example, the TE01 and TRiO mo.deG are the thirtY-Gccon~ 

and thihty-th~rd re~pectively. The first 31 modes represent 

'spurious' sol utions of the wave€,:uide problem. ~e pI"€sent 

method 18 not the first to generate more modes.than desYred 
? ' ,.. •• 

1 """" ,6 

t5,7-12J; many other form~lations [5-12,59J , pa'rtic~L:lTly 
" 

those invol vj ng iy!homogénEtous \vav~guid'e 'and microstr~p problems, 

are pJ:gucd by the occurrence of' sp~riouG mOdys.) 
l 

It can be seen from Figure 4.8 th~ modes No •. 26 through 
•• J 

31 have· k-~. curves which are straight lines at ±45 degrees 

with respect tç the axis, with'the hyperbolas déscri~ing'~he 

behaviour o,f the wavetui'q,.e modes being asymptotic ta these 

lines. k-~ ~urves a-t< ± 45° angle are ch~ractcrj stic of TErf. 
.. 

modes. The occutrenc~ of these modes iD the solution is 

" 
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Figure 4.8 

k-~ diaf'"ram for the emoty, E'ouare Wéi.'1er;uidc prooTem-prepareâ­
from the output of the shwle preel :;j on version of tJ1C thrce­
eompo-nent magnetic field vector pro{;ra:n. 
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Mode = 0 

)7. 

) . TM12 7. JJ21) 

)9. 73 1.9271 

o. 7. 

1. 8.1291} 7 • 

2. }. ()80 3 9.5122!lf.1f5:3 

~ ob8 9,77 2())!7.29 9 

: Mode 1 ~ :-OIJ __ 1 f3 = 4' 1 ê = 5 --
No. 'ty:ne _ k ___ ' ~~I_ror! k 1 >"orror -J }{----r-u!!2.r-J;'_Ql: 
)2. 'l'E01 14~231 0.0072 i 5. 08°4 o. 001i-9 5.90526 1 0 . 00 )6 

)). 'rB10 ,4.JZ14hG ,0.01)2 1 5 . 08 9 , 0.0093 5.90)46' 0.0069 
1 1 1 

--'3 r-.-+--rr-E1-1-: 5 • 36:3 91jO-:-o:s~ . 9809 u o. 04h 7 . 911 0 , 0 . 0) 5 J 

35. ~~11?' 374[;8 i o. 260815. 990:5 o. 20~~ î' b~99J i o. 1673 

3 • '1h20 i iJ. 9831710. 294817 • :~7:J .0. 2515-10.04703 i 9. 2215 

37. TE02 16.983181°.2949 1 7 • 6759 i 0.2579 18.04755 '0.2217 

) • TM12 '7.66524 ;°. 5489 : 8.10]66 i o.Jo%/-8": )50 0.26W 

J 9. 'rM 21 i 7 . r/3 2 9 1. '7 6 34 : 8 • 21 i 21 ; 1. 5759 'B • 7 20?: 1 . J-w4 

ID. TE12 1~79oio;r:-9E135 i 8. 22712 ; 1. 7? 2e ,8. 75'10211. 5598 

1. TE21 8.T580ITiOfo09 1 tL57076 16.0237 9 0 0746'1 i5.2437 
l--- 1 1 1 

2. '1' E2 2 ' -9 .-'7-7 3--r4--:-5 1 4 ~ 1 09 i 1 0 • 1252 3 , 9 0 ~--t-l 0-. • -5---;'6-0-3 t-l 3-. -5-7 3-7 

4J. TM 22 l O. 0221 t • (3 21 10 • 3 12 6. 3278 J 10. 7816 5. 7442 

Table 4.1 

Percent f"rrors- in trie wétve-nurlbers k of the- wliver;uide 
modos CO'TIp:ltOrj Gy the slrwlc p10t'cj~ion vendon of the 
three-co:r;ponent 'r;}'71ctlc field vector progr'am for the 
homop,encous, r;quare waver;ulcie proble:n. 
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91 ,. 
puzz1in~ since TEM modes are known to exist on transmission 

lines but may not exist in ho~low waveguides. " 
'& .... f, 

" . 
if' In arder to explain tllp' o'ccurrence of modes No. 26 through 

~. :t 

31, the behaviour of the fi~l.ch..sol~tions ·~ust be examineq,. 11he 
.,;,. .. 1 ( 

magnetic field vectors ret~r~etl by the prûgra~ for these modes 

have a constant H~ compon~nt if ~ = 0 'and a vatlishing one at 
z 

other ~ values. The Hx ~d ~ components display an 

unusunl spatial depcndenc~ and do not rcsemble any known fjeld 

conrifurnt~on; it appears from the output that the eigen-

functio~l;: LiS~'OC iatf;r) wi th triose modes do not satj r;fy thp 

requir:C':îr>nt th:-lt the mnp;neti c field be tangenti8J ta the 

bouY)cbry ;,urface. Tt t\1f?rcfore appç>O.rs thO.t lTlod('s 1';0.26 -ta 

No. J1 do not rcprc.J~nt Ci )rhy~ icc f,O] ution of the wél.ve[~uidc 

prob] P:Ti, onl y él mat}H;'f1nt-l)~d sol utl 0 of the CJ rcnvalue probl CI,l. 

MOreOV(T, t~lC' nur;lh(~r of such ilodes WhlCh occur in the outpLlt 

varies "\J-::h trlO nW,lher of clofrccs of fn~cdo'Tl in t:w finjtc 

elament ~o·lel. 

A sL:Tlil~r ~;jtuation eXl.f]i,,, for lllode::; j~o. 22 throuch No. 25, 

curvcs that arc charéicteristi c of slow w~ves • .... 
The lélttf'r élrc knO\'.ll to exi[;L only in !J('riodic hOLlO{';cncous 

structll"'["(;f-;, noL il! Lollo'/! wavcf~uiclcs. r\~oclcs No. l throu[~h No. 

on the E',1"Olllld:i that the curlc-url Cq1)(j Lj on cloce noL 
, 

,~ '" 
rr.llX\lell'~; eq\)<lL~o;)s ai, zero frequency. 

To o'bi;:=J;;-l tllC v[;1up;, plottcù ln FiGure 4.8 the computer 

prof,rar'11 rcquirN1 2 m'Inutos <l!ld 41 seconds of CPU (Centra] 

Procc;,~;j;l" Ulli-r) 1;îr~C' tu excrute 2 • 182K bytt:s of dynamic coro 
, r ... 

--~----------.--------~-------------------------------
1 An I?i.' :'c,,-·~! ,fi J'/ H co:njJ11cl~ f,cr:.c.r:ltc.·d oUJect coele W3:~ u::-cd. 

2 An IK\~ 1L,-0/75 C' Of.lputer wa.':i uscd. 

- ~---~~------_..-._----_ .. 
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is.required by the proeram, although the prog~am is dimensioned 

for much larger*problems than~this example. In view of the 
• 

complexity of the method andfthe program, the computin~ time 

given here and the accuracy shown in Table 4.1 compare quite 

favournbly with those of other numerical methods [17,18J. 
~ 

The empty, square waveguide problem has also been solved 

with the double pre6ision version of the program. There was no 
i 

sieriificant increase in computing time, but storage requirements 

were' nearly douoled. Compud son of the resul ts showed that 

round-off errors in the sl_'nf,le precision results are of the 

order of 0.001 %. The errors shown in Table '+.1 may tllCrefore 

be attributed ta discretization error. 

4.3 
'" 

An Inhomoc('ncouf", IsotroD19' ,'/_ttvc{~uidC Probler1 

Figure 4.9 shows the dlrrensions, trianru1ation and partial 

solution of a rectan~ular wave~uide haJf-filled with n 

dielectric material of relative per'Ylittivity 2.45 .Ar'lc;ure 

4.10 displays th~ data cards for thlS problom and the program , . , 
output for the TM11 , modE' (the 54-th olr:pnvector)~producEd 

, 

in Fie;ure 4.12 The k-~ rliae;ram (lpp~~-\rs in Fir;ure 4.1,1 • 
1 

Th~ modes in FiE.';ure 4.11 and 4- .16 have barn dasi f,na-Led ' 

TE anrl TM ac c oro hl{': to. tht-, fie ld VB citor c omponent s pre ;;ent a t 

eut-off. Tt 'ts unden::tood that tt1cse d('~ir.n;l.tions do not have 
r 

.. 

the RaMe meanin~ as in the case of the empty wdvc~uidc modes 
" • " - -- --- ,,," '.5' 

,l>'-
sinee above eut-dff ~il'electric and ~a~netic field components , 

~, -
are prûsent. The 56-th nnd 58-th eic,pnfunctions are dJfficult , 

to elassify since t~oy possPss threc non~Yanishing vector 

cO!Ylponents even at ,eut-off. 'Ehe k-~ curV"e corresponding to 
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Di~ensions and tri~gulation of a rect2~gular waveguide half-filléd with a dielectric. 
~he internoJ.ation node nu~bers generated by the progra~ are shown together with the 
~~~etic field vector R for the TX11 ~ode at eut-off obtained from the program (see 
Fipure 4.12). Tre concentration of the field in the dieleetric material is noticeable. 
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1.0000 ü.JOCO 1 .0000 O.OOCO 0.0000 1.0000 0.0000 26 35 CARDOO02 
1 '-1 • C3 0 00 C 0.50000 CARDOO03 
2- -1.00JOO a.aeooo ÇARCOOO~ 

.3 -1.0(,,):)0 -0.50000 CARDOOO5 
4- 0.00000 a.5CUOO CAHOOOO6 
:p c>.\.;vOOO O.OOOCO CARDOOO7 
t O.Cf..J::lOO -Q.5C000 CARooaoe 
7 1.OÙJCC O.t:>()JOO CARDOOC9 
ti 1.ÛGîCC 0.00000 CARCOOIO 
9 1.üùOOO -0.50000 CAHOOQ t 1 

CARDOO12 
1 2 4 1.0000 0.0000 1.0000 0.0000 0.0000 1.0000 (ARC0013 
5 2 't CAROC014 
5 .2 -'-3 - ~ CARDOOlS 

li: 
5 0 3 " CAROOO16 
5 4' 7 2 .4500 0.0000 2.4500 0.0000 0.0000 2.4500 CARDOOI? 
5' 8 7' 'CAf-<DOO 18 
5 d 0 CARDOO 19 
~ 8 b CAROOO20 

CARCOO21 

// Fi'gure 4. 10 
/ 

Data eards for the inhomoge'neous, isotropie, reetangular waveguide problem. 
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Figure 4.11 

k-~ dinfr;:Jm for the rectan{!ular vmveguicie h~lf-filled with 
a dielectric Jt<1.torlal of relai.ivc perrnittivJty 2.45. 'l'ne 
diarram W8S proparerl from the output of the three-co~ponent 
omagnetic fie1 ct vector pror;ral'1 listed in Appendix IV • 
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Output from the single prec~s~on version of the three-component magnetic field vector 
prog~am: the 54-th eigenvector corresponding to the TM11 mode of the rectangular wave-(, 
~uide1 half-filled with a dielectric naterial of relative permittivity 2.45 as in- t 
Fig:.J.re 4.9. ~:'-'e :-::.a~etic ::ie:d ve(}tor H p:-es9Y1ted here is plotted in Figure ~9 • 
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the TE10 dominant waveguide mode (curve 52 in Figure 4.11) 

agrees very weIl wi~h the analytical solution [37.41,59J. The 

k-~ curve of the dominant mode is obtained by solving the 

foilowing transcendental Equation [59,60J 

kotan(k t ) = -k tan(k ) 
~ t 0 

where 

(4.4 ) 

and 

Table 4.2 contains the analyticnl solution as weIl as~the 

values bf k obtajned from the single and the double preci~]on 

versions of the three-component mafnetic field vector pro~ra~. 

Two sinrJ e recuIts are f:iven in Table 4.2: the 

second se replacin[, the four third-order 

trianr:le3 d' le tric ref,i on by two sixth-ordcr ones, 

causing the 
..r' 

from 147 to 210. Accordjng 

to established theory, t~e accuracy of the solution should 
'­,~ 

improve with increasin~ order and increaslng matrix $ize [58J. 

The percent errors in fJ.'Cible 4.2, however, indicate a declinf~ 

in the accurncy. This cnn only be attributed to accumulated 

round-off error in the single precision version of the program, 

an error whicn may be expected to increase with lare;er matrix 

si~e. This obs~rv~tion is further subs~antiated sinee the double 
1 

precision resul ts are the most accurate. ,1 
........ 

Spuriou~ ~odes appear in this problem as they had before 

in the homof,eneous wave[,uide problem: The k-~ diaf,rarn in 

/ 

e 
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~ k k % k % k % 

analytical double error single 1 error single error 
l .. N=) in k N=) in k N = )&6 in k SO-,-U-Clon 

n = 147 n = 147 n = 210 

0.0 1.1;]16905 1.17179 +0.008492 1.17209 +0.034096 1.16948 -0.188659 

"'\ . " 
1.0 . 1.J787~39 1 1.37885 +0.007695 1.37914 +0.028729 1.37687 -0.135914 

~, j:. 

If473069 1 1.84745 +0.007746 1.84761 +0.016408 • 2.0 1.84250 -0.260211 
'" 

3.0 2.4D25974 2.40266 +0.002606 2.40275 +0.006351 2.40001 -0.107692 

~8J66 -0.004159 
r 

4.0 2.9837841 ' 2.98362 -0.005500 2.98245 -0.044732 
0 

5.0 3.5765880 3.57612 -0.013085 3.57615 -0.012246 3.57587 -O.O~O075 
L 

N: the degree of the interpolation polynomials used 
n: rr.atrix size 

: 

Table 4.2 

Values of k obtained from the sin01e and the doubl~precision 
versions of the three-co~po~ent ~a~~etic field vector program 
for the dominant mode of the recta~~ular waveguide half-filled 
with a dielectric material of relative permittivity 2.45 • 
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Figure 4.11 ahows that the waveguide mode k-~ curves No. 52 ~ 

through 58 intersect with curves No. 28 through No. 51 which 

represent spurious modes. These intersections result in a change 
... 

in the sequence in which the eigenvalues and eigenvec~ors appear 

for different~~lues of ~. The eigenfunctions cha~~erY SlOW~ 
with .changes ln ~ a9d it is therefore ~dent which discrete 

values of the output in the k-~ plane should be joined. Note 

that th~ problem can only occür in inhomoeeneous waveguides 

since the k-~ curves intersect only in the region between the 

air and the dielectric lines. 

The magnetic fieJd for the TM11 mode plotted in Figure 4.9 

i llustrates {t-e accuracy wi_th_Ythi-Ch-thè natural bouno2ry 

conditions are,satisficd. The mode pattern presented there 

presprves itE chararter above eut-off. but the 

eomponcnt grows as '~ increases. 

H z field 

To obtélin a1l of the points plott.ed on the k-~ diaf,réun, 

9 minutes 34 seconds of computer time was required with the 

double precision program Qnd 10 minutes 11 seconds with the 

singl e pre.cision prograrn. stora{~e reqUirJemcn~s were 100 K and 

50 K sinple preeision word;; respeeti~. 'rhe Fortran IV H 

compiler and the IBM 360 Madel 75 computer were used. When 

the matrix sj ze \'las increased from 147 to 210, the sinGle 
"'1' 

,-' 

precision pro~ran re~ui.cd 31 minutes 45 seconds (CPU) te solve 
~ ç, 

the s~me prob1 cm. ','/hile .these co;mputing tirncs are conradt;!,~'jJlc, 

the resul ts arc nccer;sary in order ta understand t'he method . 

" .' 

.... 



·' / 

• 

, 

4.4 A Mierostrin'Proble~ 

The problem of an enclosed microstrip supported by a 

dielectrie slab is essentiaIIy just another form of the 

100 

inhomogeneous isotropie waveguide problem. However, a micro-

strip can support low frequency propaGation due to the presence 

of two conductors and has ~enerated cor.siderable interest in 

J\ recent years [5,6,9-11,61-64J. 

In order to illustrate how a microstrip problem can be 

so]ved by the finite element method presented\here consider 

tha microstrip trcated by Daly [9J. Tne dimensions and 

trianr;ul;ltion are shown in Figure 4.13; the data cards are 

listed in Fi~ure 4.14 . 

Daly has a]eo solved this proble~ by.a hjrh-order poly­

nomia] trj~npular finite element method [9,24,58J, usin~ a 

lon~)tud)nal electric and ~aFnetic field vector components 

(E and H ) formulation. None of the modes reported by IJaly 
z z 

are Iabeled non-physjcal, although he presents results for 
\lit 

thrce diffcrent mode types: the quasi-TEM mode, a "low-loss , 
\ 

surface wave" and the fir2T waveguige 'mode. His results uSlng 

a 4-th order polynomial approximation have becn p~ttcd ln 

Figure 4.15 in arder to ~0~pare them with the rcsults obtained 

by thi s nrethod. Da 1 y' s surface wave has been d i ~mj s sed GY 

Corr and Davie~ [5J. ~y Bird [65J and by KraE,c and Haddad [10J 

as a "spurious mode". The result~ shawn in Figure 4.15 

substantjate this finding since no k~~ curVOG appear which 
.. 

match Daly's pointG for the surface waye • 

It is apparent from Figure 4.15 that Daly's quasi-TEM 

solution is fairly close to mode nu~ber 38 obtaine~ by this 

--
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microstrip problem. The encircled node numbers~represent the input 
noints. The strin is of zero t~ickness and is located between nodes 
9 a~d 12. The rêlative per~ittivity of thè dielectric support is 4. 
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••••• DALy·S CLOSEO, SINGLE MICROSIRIP •••• X l.ce 1.00 O.COO 0.500 li-CARCCCOI • l.ccec o.ccoe 1.coeo c.ooaè a.occe I.CCCO o.cceo 17 83 CARCC002 
1 -1.(CCCC • C.5ccce (ARCOOC3 
2 -l.CCCCC c.CCOCC ~-. (ARCOOO4 
3 -1.CCCCC -0.50cce (ARCCOO5 4 0 c.ceccc -C.5ccee ~' CARcece6 
5 1.CCCCC -C.5ccce CARTOOC7 
6 I.CCCCC c. CC C CoC (ARrOOOa 
7 1.ceoco 0.50cce (ARCe cee; 
8 c.ccccc C.5CCCC (ARCOCIO 

< q -O.!.iCCCC c.cecce 
" 1 

(AR[OOll 
'0 l .< 

10 -C.01CCO c.ceGce t'~ CARCCC12 
Il C.Clcee e.cccct (ARtOOI3 
12 C.5CCCC c.COCCO v CAR(0014 "J 

13 0 C.5ccce 0.50ece if!' CARCOeJ15 
14 ~ -C.5CCCC o.secce CARCC016 -
15· -0.5CCCC -C. scncc CARCOOl1' 
16- c.sccec -c.secee (ARCaOI8 

/- CARCCCIC; . 2 15 ' 2 9 4.CCCO - C.COOO 4.0000 O.ClOOO 0.0000 ~.OOOO CARCOC20 
15 2 - 3 CARrOO21 
15 Il q 

C~RCeC2Z 
15 Il 4 , 

(ARC0023 
lé t 1 4 

"'" 
CARCOO24 

16 Il 12 "- CAR[C025 
l~ 6 12 ',,- CARCC026 

.,1 t 6 5 CARCOOZ" ' 
7 6 13 1.CCCO c.occe l.CCCO O.tCCO C.tOCO 1.COOO - ( ~ R {: 0 0 2 8 . ~~.,. 

12 6 13 CtlRCC02.q, "' ...... '< 
l ' 12 ' le 13 C~RrC03{}- " . 

'8~ le 13 C~Rrco31 
8 1 C. 14 CARC-C032° 
ç • le 14 "\ ~, '(ARCOO~3 
9 2 14 l, ,'. CARCC034 

: . 1 2 14 CtllHC035 
CARr:CO~6 

Figure 4~ 14 

~t~ cards used with the program of Appendix IV to solve 'Daly~~ microstrip problem. 
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non-physical'modes (1-49) ~ 1 

g~î~:: :~~~~~;d:a~~de ~~~1, 
Daly' s quasi TEM mode / tJI " 

1"" 

Figure 4015 

k-~ dincrnm for DnJy's microstrip problem propared from the 
output of the double precision vendon Qi the three-compo~8:1t 
magnetic field vector pro;-:rar:1. SO!1'e of the non-physical mo.ies 
have been 18ft out for clarity. 'l'he",solution obta.i.ned by D:üy 
has also been plotted for co~pariso~. 
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method. However. the eigenfunction associated with this mode 

has aIl of the features of a non-physical mode, e.g. the 

boundary condition n.H -= 0 is not satisfièd. Conclusive 

evidence that this mode is not the quasi-TEM wave can be 

obtained by proceeding on theoretical grounds; the number of 

spurious modes with non-zero eigenvalues (J2 in this problem) 

always equals the number of boundary nodes (J2 in this problem) 

whi~h in this case i~cludes the nodes on the microstrip. 

This number corresponds to the number of rows and columns that 

would be elimin8ted from the asse~bled finite element ~atrices 

if the boundary condi tion n.H = 0 were riroi'dly imposed at aIl 

the boundary nodeG. 

The ap:reement between the first wave[';U':de mode obtained 

by this method (curve numbcr 50 in Fi~ure 4.15) and the four 

points plotted by Daly is very Food. Geometrlcally, the problem 

i8 a diffieult one [66J since second-order interpolation poly­

nomiais ean~ot easily approximate the true fields whieh are 

singular at the edfes of the mierastrip. For l'liCher values of 

~ and k it i8 very diffieult, indeed at times impossible 

ta ascertain whicll points are to be_ jolned on the k-~ diagraln • 
.. 

Where the eurve i8 doubtful, the k-13 curves have been drawn 

8.8 a dotted line in Figure IL15. In aIl probu.bility, this 
y" 

. ___ ~p~rob~~m would not arise with a more aceurate dj ~.:;eretization. 
----

However, increasin~ the matrix size from second to th~d order 
"" 

is prohibitive sinee with second-arder triane1es used there 

were 48 nOdes, re0ulting in a matrix size of 144 and an 

execut ion ti me -of 20 minute~..; and 39 r;econds (CPU). 'tvi th t\rd­

order tri~ngles the rnatrix order would have been 288. 
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It is interesting to note that the first two waveguide 

modes of the m~crostrip problem have k-~ curves which cross 

at about f3 = 1. Both of these modes have only' a longitudinal 

maenetic field \omponent at eut-off and are therefore labeled 
1 .. 

as TE modes! Th~ differenee between tHe two modes is that Hz 

is antisymmetric about the y-axis for the first one (curve 

number 50 in Figure 4.15) and symmetric for the second one 

(eurve number 51). The next three higher-order modes are also 

chnraeterized as TE modes at eut-off. 

4.5 The Or} ?;in of the ,Sruriouf' r.1odps 

The results shown in Figure 4.11 for the dieleetric loaded 

wélveguidc h.'1VC been replottcd 8S ~/k versus·k in Figure 

4.16. Axis of thu:; type are com:1only used in the li terature 

sinee ~/k i8 a less sensitive parametcr than ~.' ln the 

present case. notice that in arldition to crossine the wave~uide 

mode eurves in the rdtion 1.0 < (~/k) < (1/~2.4S) , the curves 

associated with the spurious modes are near]y parallel to each 
-{ 

other and are close]y spaced. 

Severéll finite difference anrl finite element formulations 
.' . 

of the inhomoreneou~, isotropie waveguide and microstrip 

problems hélve been established (5-12J some of which g}ve ri8e 

to spurious modes sirnilar to those obtaincd by the finite 

element method presentpd in this thesis. ln most cases p the 

formulation i8 given in terms of the E z and H z field 

components. It i8 an élnn6ying feature of all of these formula­
) 

tians (including the present one) that the spurlous mode~ are 
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Plot of a/k versus k for the rectanr~l~r waveguide half­
filled with a dielectric naterial of ,relative perrrüttivity 2.:':'5. 
The diap:ra1\\ wa::; prep:lred fro:n the output of the thrC'E'-componpnt 
ma~netic field vector Dro~ram Ijsted in Appendix IV. ~he curV0S 
are desi('11atpd as in Fif,ure 4.11 ~ 
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diffieult,to separate from the physieal solutions sinee the 

dispersion eurves çontain two interseeting classes of modes. 

"The cause of these spurious solutions is believed 
to be in the indefinite nature of the variational 
expression, (7). Similar extraneous-solutions are 
reported by Harrington [34J th2t occur for an indefinite 
system but not for a definlte system. The identification 
of the spurious mode class was made by inyestigation of 
slab-loaded wave~uide structtlres. The modes which . 
propagate on this type of structure are weIl known[32.t.}'t, 
however using the formulation described, it was found 
that as weIl as these physical modes, spurious modes 
were also present of identical appearance to those in 
Fig. 11. It W2S found that the nu~ber of these modes 
was equal to.the number of ~esh DOlnts on the air­
dielectric in~erface, and tbat each mode could be charact­
erized by the number of change~ of si~n of the value~ of 
p acrass the interface. Agaln, thlS ~umber of s~urious 
solution? ap-rees Wl. th H~rrington' s findln{'"s [34 J, wllere ' 
one free' boundary noint gave ri~e to o~e STrrious solutlon, 
and two points to two spurious solutions." 

"Apart fr'o'Tl the considerations (Ti ven, i t would be very 
difficult to account for the se .ITod~s pnysically; thcir . 
number, absence of low-freouency cutoff, and thelr rapid 
spatial rlependence of field cOMponents along the dielpcbric­
air interface aIl point to their being nonphysical." 

.. 

Corr and Davies derived finite difference equations from "the 

variational !(pression for ~)n_ inhomogeneously fj lIed structure" 

~riginally ~iv~y Berk [13J. Berk's variationa] expre8s~on 
i8 in fact an energy: J'unctional in terms of the longi ~udj nal 

field components Ez and Hz' This functional i8 then modified 

[5J
2 

by applyinr, the "di vergence theorem" in order to rernove 

the second d~rivative tetms. Although not mention~d by the 

authors, the procedure involveG the s~ting of a surface 
"r. 1 , \ 

integral ta zero, and henGe\ i ntroduces natural ""poundary , 
1 \ \.'rf 

conditions jnto the finite ~ifference equation~ • 

lequation numbers, figure numbers and reference ntlmb,r~ refer 
to those r;i veti in the paper by C orr and Davie s- (':,e f~ rence [5]) 

2a slip of the tongue by the authors; it is in fq9t Green's 
first identity that ~s applied 
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The results in ihis thesis do not sup 

conclusion that the cause of spurious modes 

nature of the functional 1 • The functional used in the present 

rnethod is clearly definite, or possibly positive semidefinite. 

for isotropie media. The number of spurious modes emerging 

from the solution of the matrix eigenvalue equation varies with 
\ 

the matrix size regardless of the formulation used. Since the 

spurious modes have no low frequency eut-off, one possibility 

is that they are non-unique solutions. On the other hand, one 

accepts without hesitation the increase in the number of 

emerging waveguide rnodcç. The reador is rerninded here of the 
ç' 

uniqueness proof given in section 4 of Chapter Il. Accordipg 

to this section aIl solutions are unique, except the ones for 

which the frequency is zero, provided that the surface lntef,ral 
.. 

in equation (2.66) vanishes for certain boundary conditlons. 

,These conditions were given in equat}ons (2,67) through (2.69) 

and were obtained unde!" the assurnption that the surface inter;ral 

vanishcs if ~he integrand vanishes. In t~e functional (2.37) , 

for, the curlcur] equat50n, a similar surface integral was set 

to zero and resulted in the natural boundary conditions given 
n 

in section J of Chapter Il. These natural boundary,conditlons 

were the sarne as those which occured in the analysis of 

uniqueness. Howcver, it should be pointed out that in order for 

the relevant surface inte~ral terrn ta vanish over the boundary 

surface as a whole,-the integrand need not be identically zero 

everywhere on the boundary. It is possible to have a non-zero 
l 

\ 

integrand and still obtain an intcr;ral of zero, provïdinr; of 

l the indefinitn8ss in the Ez,Hz formulations arlses ln 
conjunction wjth a Ain~ularity at the air and dielectric lines' 
on the dispersion diarram. 

" \ 
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" co~rse that the integrand changes signe In such a situation, 

the solution would be unique, but would satisfy sorne boundary -. 

conditions which are not desired. Physically, the solutfons 

obtained with such boundary conditions'would satisfy the 

condition that ,no net, power may flowr~cro'Ss the boundary surface, 
1 

but that power may flow inward trr out ward over partial sections 

of the boundary. Solutions of this type satisfy Maxwell's 

~uations and the curlcurl equation, of course, but they do not 
l' 

- satisfy the electro~agnetic boundary conditions associated with 

perfect conductors. 

T~ ilJustrnte the above arbument, consider for example 

mode No. 22 obtained for the empty square wavêsuide problQ,Ti1 

discusC'cd in !"Jection lj..2. The H z values at the 

interpolat10n nodes for eigeni'unction No. 22 at ~ == 1 (see 

curve b in Figure 4.8) are sho~n in Fieures 4.17a-throueh 4.17c 

as they were produced by the three-corrponent maVletic field 

~ctor pro gram of Appendix IV~ The maGnitude and direction of 

~he transverse component of H at the interpolation nod0S are 
V-/ 

shown in FiEure 4.18 It is clear that H is not tangential 

at the si~~ walls of the guide. 

Consider now the surface integral S.I. "around the guide 

walJs which was set equaL to ~ero in dcriving the natural 

boundary condi ions. For a unit length in the z-direction one 

obtains 

[ -* -1 - ] -
== #:# H x (Ê curl H) • n dS 

(4.6) 

, >(' 
Since the medium in this problem i8 two-dimensional empty space 

," 

.. « - 7 
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Figure 4.17a 

Values of H returnüd by the three-col4rponent 1 
mar~netic figld vector prqp;rél'11 for mode l'lo.22 
of the empty souare wave~ujde problern. The 
values arc shown at the lnterp~lation norles. 
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0.02 9.33 18.94 12.49 -11.53 

0.07 -5.06 -3.79 -0.19 -4.30 

5 ./~ 3 3.53 1. 92 3.53 5.43 

-4.30 -o. ~9 -).79 -5.06 0.07 

-11.53 1? .11-9 H3.95 ·'9!!J 0.02 
..... , .... 

l 

Figur~ 4',,17b " 

Va]ues of H returned by the three-component 
mar;netic fjt';ld vector prof,ram for mode Ho.22 
of the empty square w~ve~uide problem. The 
values are ~hown nt the intorpolation nodes. 
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Figure 4.1 7c 
Values of Hz returned by the three-component 
magnetic fh;lrl vector prof;ré1P1 for 'l1ode j~o. 22 
of the empty square waverulde problem. The 
values are shown at the interpolation nodes. 
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Magnitude and direction of the transverse . 
component of H nt the interpolation nodes 
for mode No. 22 of th,~ CTrT1ty square wave­
guide problem. See aiso FJ[';ures It.17a&b. 
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and sinee = ~(y,x) accord~ng to the results shown in 

in Figures 4.17a and 4 .17b, the z-component of curl H and 

hence Ez must vanish at the boundary. Therefore, the surface 

integral can be rewritten as 

(4.7) 

In order to evaluate this integral, the partial derivatives of 

Hz .need tQ be evaluated at the interpolation nodes by 

differentiating the interpolation polynornials over each tri-

angl~~) the resul ts of suç,h differentiatlon are shown in 

Fir;ures 4 ~ 19a and 1+.1 9b. Notice thht there i s a di scontinui ty 

in the first derIvative of the solutIon at the common triangle 

edge. The intefration can be carried out for each side of the 

square by using the 4-th order Newton-Cotes quadrature forrulae 

for one-dj~ensional inteeratJon. Star~inc with the corner 

labeled a in Fifoure l} .18 and r.;oing clocl\wise, one obtains 

b OH c èH 
S. l . ::: -J(H + -~) H dy +J(_z + Hy) Hzdx 

a x èx z b èy 
d èH a èH 

+J(H + ~) H dy -J(_Z + Hy) Hzdx 
c x x z d oy 

= +6.4) +6.4) -6.4) -6.4) 

,- 0 (4.8) 

Thereforc it can be seen that the surface inteGr~J.1 vanishcs 
\; Il 

for the entirc boundary but not for each individual triancle 

edfoe. The integraJs on the cornrnon trianGle edgc have been 

found to be equal, j .e. 

a OH ~H 
J[ n (H + _Z) - Il., (_Z + H ) ] Hz dl = . c x x OX Y oy . y 

c OHz OHz 
-J [n (H + -0-) - n (-ô- + H ) ] H dl 

a X x x Y y Y z 
(4.9) 
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Figure 4.19a 

3.42 

0.01 

Values of ~Hz)ax at"the interpolation 
the empty p~uare wave~uide problem. The 
is discontinuous ai the common triangle 
hence two values are shown. 

\ 

, 

nodes for 
derivative 
edge and 

-"t", Y 
, ' 
l l ~' 

2.01 0.01 3. 4 2 9.26 10.98 -25.99 

-6.87 , 
-0.68 -2.99 -2.87 -0.58 - 't' x 5.36 ------.. 

l 

- 3.49 2.02 2.99 2.02 3. 49 2.99 --, 

--
5.J6 -0.58 -2.87 -2.99 -0.68 -6.87 

-25~99 10.98 9.26 3.42 0.01 2.01 

Figure 4.19b 

Value~ of oHz/~Y at the interpo~ation nodes for 
the empty square wavcRuide problcm. The derivative 
i8 discontinuous at thc common triangle edge and 
hence two valu~s are shown. 
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The higher order spurious modes returned by the prog'ram 

have similar properties in this case as weIl as for th~ 

dielectric loaded waveguide problem of section 4.3. There 

is no doubt that these modes are non-physical solutions, and 
o 

they appear only as mathematical solutions. It appears 

however, that not enough is known about the variational finite 

element method with respect to the ways in which natural 

boundary conditions are derived. No treatment of the finite 

element method [29-35,67J known to thi~ author mentions the 

possibility of non-physieal solutions arising from the dropplng 

of the surface inte{!ral term ~n the way indicated above. lt is 

likely that ln E and H finite diffcrence and finitc z z ,. 
e]ement forrnulationf; of 'the d)electric loaded waveA;uide and 

microstrip problems the spurious modes reported by the authors 

oceur for rca~ons similar to that given here [16J. 
....... 

Assumin~ that the occurrpnce of spurious modes is cauGcd" 

by the rea~on Biven above, it shouJd be a relatjvely easy task 

to fiiter out the non-physical solutio~s. ln the present method 

one couIn enforce the boundary condition n.B =- 0 explicltly 

at each boundary point by eliminating rows and columns from 

~he matrix eipenvalue equation. Thus, for the ,empty squar~~ 

waveguide probJem with 16,boundHry interpolation nodes, 10 

independent conditions can be addcd due to the symmetry of the ~ 

probJem. Ten rows éind columns and hence 10 modes would bG 

eliminéiteti. In thi s way the spurious modes No. 22 throul3h No. 

31 could be eliminnted from. the spectrum sinee they do not 
.. 

satisfy these conditions • 

The elimination of spurious modes No. 1 through No. 21 

requires a different treatment. These solutions satisfy the 

\ 
\ 

\ 
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condition curl H = 0 on the boundarYr and belong to the null 

space of the eurlcurl operator, but are not valid solutions 

sinee they oeeur with zero eorresponding eigenvalue. They may 
o 

therefore be eliminated by finding the rank of the coefficient 

matrix in equation (4.1) and rataining o~ly the 
1 

'­independent rows and columns. 

It is interesting to note that non-physical modes have 

not been reported in veetor variation~l formulations using a 
, 

restricted set of trial functions whieh satisfy the boundary 

conditions over rectanr,ular and circular reGions [19-21J • 

. , 

4.6 A HomoF~~,neous, ,Magneticé11ly Anl;'otropic Waver;uide Problcl11 

Consider a_rectangular waveguide with a 2:1 width to 

height ratio completely fiile~ with a ferrite material 

characteri7.ed bOy a: re~ative permittivity of 2.0 and a relative 

permeability tensor ~r given by 

3.0 ,0.0 +jO.8 

.- 0.0 1.0 +jO.O fr = (4.10 ) 

-jO.8 '~O -J .0 
" 

3.0 

It i8 aS8umed here that the electromé1f,TIctic propcrties o~,the 
, , 

materia 1 do not vary wi th freq uenoy, al thouf,h thl s aS8U'l1ptlün~ 

i8 not valid in f,~neral for ferrites [45-47J. 

Data cards to solve this problem using the cOffiputer 

pror,ram in Appendix IV are shown in Fif,ure 4.20 A map of the 

~asscmbled pOJnts is presented in Figure 4.21 lndicating the 

relative locations of the intefpolation noden in the two 

sixth-order triangle finite ~lement model. The program output 

,J 



,; 

"" 

.J 

<> 

• 
..... 

, -
. i 
~ 

.. 

/" 

'. 

r ~~ 
~) '~~ 
!~ 

.. 
,./ 

~ • 
1 

" 

() 

*~.FERRITE-FILLED ~ECTANGULAR WAVEGUIDE •• X 1.00 1.00 -1.000 1.000 7-CARDOOO~ 

* 

6 

300:"'UO 
1 
2 
3 

, 

4 

1 
3 

-(' 

.. 

~ 

2 

r, • 1.' () C ) 1 •. 0000 • c. eaoc c.oooo 3.0000 a.opoo 4-4- 25 C:ARDO-o'02 t. <' 

-1.0COOO 
-l.(;(j"CC 

lo("')~O 

lQO{''',)~1J 

4 

4 

2.0000 

a ~ 

C.50aoe, 
. -~.5Cûv(, 

-O.5CO\J\) 

0.50000 

o.c,ODe 200QoOO 0.0000 O.Oo,po 

" 
ç 

Figure 4.20 p 

2.0000 

o 

C:AR~0003 ',' 
CARC0004 
CMW0005 
CAH00006 
CARC0007 
CARoe;.'ooa 
CARD0009 
CARC0010 

'. 

D Data cards for the ferrite-fil~~d rectangular waveguide problem • 
• 

~ 
o 

.", ) 
/ 

J, 

~ i 

o 

'" t' 
~ ..... i 

~ 

, 1 
" " 

.' 

t> 

.. 

'." 

i 

~ 
~ 
~ 



1 
1 

r " 

1 

i 
f 

" 

• 
r 

11-- , • 
. " 

"" 

~ 

~ 

., 
<, .. 
\. 

f 

'V 

**** •. FEHPHTE-FILLED F<ECT~"GUL,AF' W,AVEGJ leE ..... .. 

*** MAP OF THE ASSE ""SLED PCI NTS *** 
'i 

1 6 9 13 18 24 ,4 

'" 5 

7 

10 

J14 

19 

/ 

8 

11 

@ 

20 

25' 
, , 

.-" 

" 

12 

16 

@ 

26// 
," 

" , 

45 

, 
'" ~ 

" " 

17 

22 

,@' 

46 

40 

.... 
,~ 

" 

" " 

23 

,,28/.'" 

@ 

41 

36 

,. 
,," 

.; 

"," 

,}9/ 

48 

(§) 

37 

33 

" " 

/,;" 

49 '"' 

43 

38 

34 

31 

2' 44 39 35 32 JO 3' 

Figure 4.21 , 
The rnap\of the assembled points returned by the three-component 
ma::snetiè." field vector progra;n showing the approxi:nate locations. 
of the ~terpolation nodes. The problern solved is a ferrite­
filled recta~~ular waveguide using two sixth-order triangles. 
The c~rc]ed nodes lie o~ the x-axis. .. 

J/~ 

.p " 

J 
1 

" 
~ 

. 
~;~ . 

'< • 

e 

::" 

t 

1 

'~i .. ' 

~ 
~ 

"" 



• 

• 

118 
• 

for the 58-th eigenvector is reproduced in Figure 4.22 for 

~ = 1. The complete k-~ diagram~ prepared from the program 

output is shown in Figure 4.23 • 

Analytical solution can be obtained for the dominant 

waveguide mode and also for sorne of the higher-order modes. 

A chara~eristic of these modes is the lack of an HY field 

component. On the k-~ diagram these modes are nymbered 58, 
c. 

, 60 and 64 respectively. The procedure to obtain the analytical 

solution for these modes follows. 

The curlcurl equation in terms of the magnetic field H 

is gjven by 

The fol1owing assumptions may be made: 

a) H ::: 0 y 

(4.11) 
\. 

b) no variation occurs with respect to y 

c) the fields var~ as exp(-j~z) in the z-directionj 
~ 

d) Hz has a ph~se factor exp(-ji) relative to Hx and Hy' 

The relative permittivity is 2.0 and the relative permeabiJity 
t 

ter:_sor i8 glven in equation (4.10). Equation (4.11) then 

reduces to 

~2H 
OHz 

k 22 (1H +0. 8H ) 0 f3-- - --
x ox x z 

~Hx ù 2 n 
f3èx 

___ z_ 
k22(O.8Hx+3Hz) ::: 0 

ox d 
(4.13) 

Substitut~nc for Hx in cquatlon (4.1) from equation (4.12) 

and collectj nE!; ternis, yields the following second-o~der 

dj fferential ea uation in Hz 

è2 Hz 
+ (16.7 2 k 2 _ ~:il)H = 0 _ (4.14) , 

èx~ 3 \ Z 
( 
) 

- ~-----

\ 
1 ~ 

':)' 
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Output from the three-component rnagnetic field vector program of 
Appendix IV showing the 58-th eigenvector art e = 1 for the ferri te­
filled rectangular waveguide problem. The circled point numbers 
correspon:d to the c'ircled nodes in Figure 4.21. Hx and Hz at 
these Doints are pl~tted in Fi~ures 4.24 and 4.25 respectively. 
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The boundary condition on H is given by equation (4.2); 

under the asswnptlons,listed above, this reduces tci 

(4.15 ) 

and must be satisfied at x =:t 1. Assuming a solution of 

the fellowing form 

H = 'A sin (!n1Tx) + B cos (!n1Tx) z _ n=1,2,J, ••• (4.16) 

in equation (4.14), the following dispersion relation ls 

obtained 

n=1.2,J • ••• (4.17) 

A comparison of the analyti~ solution with the fjnite 

element qolution,has been made. The percent errors in the 

wave-numbers computed by the finite element mcthod are r,ivcn 

in Table 4.J for the dominant mode (n =1) and two highcr­

order mories (n = 2 and J). 

The values of Hz at the interpolation nodes which have 

been circled in Figures 4.21 and 4.22 are listed in Table 4.4 

for various values of the propar,ation constant. To obtajn the 

analytical solution, substitute for Hz in equation (4.15) 

from equation (4.16) and set x:::::k: 1 one obtains 

B::: (1. 6~/}TT)A for n = 1 (4.18) 

for n = 2 (4.19) 

for n = J (4.20) 

where A. is an arbi trary constant. Thus, for n::: 1 (dominant 

mode) the Jongitudinal mafTIctic field i8 given by 

- - -~.- - --- -- -'-------------
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S k1 ~ % error* k2 % error* k) % error* 

, -4 -3 
-1 0.788758 1.74x10 1.39655 1. 64xl0 2,.06006 0.956 

0.665367 2.56xl0 
-4 

1.})076 
-) 

2.01606 a 1.70xl0 • 0.99'9 

1.74x10 
-4 -J 

+1 0.788758 1.39655 1.64xl0 2.06006 0.956 
-4 

1.57754 
-3 2.L8662 +2 1.07723 2.42xl0 1.J5x10 0.838 

-4 
1.84005 

-) 
2.38326 +3 1.43441 ).89x10

l 
1. 32x10 0.717 

+4- 1.820J1 0.06xl0 
-4 

2.15448 1.17xl0 
-3 2.62255 0.164 

-4 -3 <> 

+5 2.21999 0.59x10 2.50133 1.15x10 2.92135 0.378 
- - _ .. -- _. - ._---~-

*analytical solution: k 2= ~_J2 __ [~2+ (n~)2J 
n ' ~ 2 

Table 4.3 

The wave-numbers kl' k2 and k) retu~ed by the three­
component magnetic field vector prcgra~ (modes No. 58, No. 60 
and No. 64 respectively in Figure 4.23) for the ferrite-filled 
rectangular waveguide proble~. The percent errors are given. 
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, ~ , 
The arbi trary const'ant Amay be chosen in such a way that 

the finit~ êlement solution matches the analytical solution 

at x == + 1 • The percent errors so obtained are also given in 

Table 4.4 The agreement of the two solutions is quite good. 
j 

The Hx and H j 

z values at the interpolation nodes 

circled in Figure 4.21 have been plotted in Figures 4.24 and 

4.25 from the proeram output. Apparently H is not tangential 

at the metal boundary and shows a reciprocal behaviour for 

13 == :1: 1. Fie] d s of thi s type are expected from ferri te- fi lIed 

wavegui'des wi th transverse mae;netization [45J. 

The magnetic flux densi ty vector components are gi ven by 

B ::: J.O Hx + 0.8 Hz x (4.22) 

B = H = 0 
y y (4.2) 

Bz = - j ( 0 • 8 Hx + 3. 0 Hz ) (4.24 ) 

U~ing the results from the finite element program, Bx and 

. 

? Bz" have been calculated from Hx 

nodes and the results are plotted 

and H at the interpolation z 

in Figures 4.26 and 4.27. 

Note that B" i8 zero at x=:i;l, i.e. the condition n.B=O x 

is satisfied at the metal boundary. 

The matrix size for the ferrite-filled rectangular wave­
r 

guide problem was 147 and required 9 rninutes-43 seconds to 

'obtain aIl of the points en the k-~ diagram. 

rPhe example r:i ve~ here shows th"at the three-component 

magnet i c fie Id vector program i s cnpa ble of sol ving homo~eneou St 

- - - ) 
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Hz(X=-l} 

2 1 Hz(x= 0) 
1 2 H (x=+l) ! H ,( x=-- ) H (x=--) H (x=+-) H (x=+-) 

1 z 3 z 3 z 3 z 3 z 
El and and and and and and and _ . 

% error* % error* % error* % error* % error* % error* % error; 1 

-4.3323 -4.1199 -2.8028 -0.73543 +1.5289 +3.3845 +4.3J23 
-1 

0.000 -0.007 0.010 0.006 0.020 -0.010 - 0.000 

-5.1357 -4.4480 -2.5674 +0.00006 +2.5676 +4.4481 +5.1J58 
0 

0.002 -0.006 0.019 ----- 0.012 -0.008 0.000 
'" 

-4.3323 -3.3845 -1.5289 ' +0.73546 +2.8028 +4.1199 -tJL 3323 
+1 

0.000 -0.010 0.020 0.002 0 .. 010 -0.007 0.000 
9 

-3.1721 -2.2089 -0.65313 +1.0771 +2.5187 +3.2859 +3.1721 
+2 

0.000 -0.013 0.029 -0.007 0.003 -0.008 0.000 

-2.3821 -1.4568 -0.14028 +1.2133 +2.2418 +2.6700 +2.)821 
+3 

0.000 -0.030 0.081 -0.009 0.001 -0.017 0.000 

-1.8767 -0.98929 +0.16511 +1.2757 +2.0424 +2.2640 +1.8775 
+4 . 0.043 -0.080 0.162 -0.060 0.02) -0.025 0.000 

., 
-1.5391 -0.67965 +0.]6195 +1.3064 +1.9012 +1.9862 +1.5389 

, +5 
-0.008 -0.040 -0.013 -0.011 -0.026 -0.017 00000 

'-- - -- ------- _.- -- --'- -
* analytical solution: hz=A[sin(~nx) + (1.6S/3n)cos(tTIx )] where A has been chosen 
in such a way that the percent error in the computed values Hz(x=+l) is zero. 

Table 4.4 
Values of Hz ret~rned by the pro~r2~ of Appendix IV at the interpolation 
nodes circléd in Figures 4.21 and 4.22. The percent errors are also shown. 
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Figure 4.24 

Values of Hx at the interpolation nodes cirêled in 
Figure 4.21, for the ferrlte-filled rectangular 
wavcguide problem. 
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a==+) . _--<1..__--= 
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+2. 

+ • x 

-2. 

-4 . 

.. Figure 4-.25 

Values of Hz at the interpolation nodes circled in Figure 4.21. 
for the ferrite-filled rectan~ular waveguide problem • 
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Figure 4.26 
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+1. 

1 

) 

Values of Bx at the interpolation nodes circled in Figure h.21, 
for the ferrlte-fillod rectanpular waveguide problem. The 
values have been calculated from Hx' and Hz obtaincd from the 
finite element pro~ram of Appendix IV, 
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-1. +1. x-, 

-5. 

-10. 

-15. 

Figure 4.27 

Value~ of Bz at the interpolation nodes circled in Figure 4,21, 
for the ferfite-filled rectap~uJnr wave~uide problern. The 
values h8.ve been calculated from Hx élnsL.JLz ~btaj ned from the 
fini te element prograr:1 of Appenclix {V.' ~ 
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magnetipally anisotropie waveguide problems with v~ry good 

aecuracy. Although the present program is limited to frequency 

independent mater~pl property ~ensors, the program ean be 

extended to deal with frequeney dependen~ tensors as weIl by 

solving a matrix polynomial equation in k iteratively. 

Inhomogeneous, magnetieally anisotropie waveguide problems 

oeeur in a large number of praetieal applications, perhaps even 

more than the homogeneous ones. In order to treat such problems, • 

it is best to solve for E rather than for H sinee H is 
• 1 

" ' 
diseontinuous if the permeability i8 discontinuous. In order 

tp eonvert the present program into an I-field solving program, 

the boundary condi ti on ri x E = 0 must be adde,d to the, program. 

This would resulf in eliminating certain rows and eoltlmns 

associated with boundary nodes from the global coefficient 
., 

c 
matrices assembled by the proeram. 

4.7 Homogeneo~s and Inhomoweneous, ~lcctrically Anisotropie 

!aveeuide Problems 

Consid,er ap;ain a rectanr;ular waveguide wi th a 2: 1 width 
o 

to height ratio and filled with an anisotropie dielcctrie 

material which ls characteriz~d by a relatlve permeability 
" 

of 1. 0 anrl a re'lati ve ,per"mi tti Vl ty tensor Êr [,i ven by 

2.5 0.0 +jO.75 

0.0 1.0 +jO.O (4.25 ) 

~jO.75 -jO.O 2.5 

li • 

Tensor permittivit~es of this type are characte~l~~ic of 

, 1. 

, " 
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trq~sversely magnetized plasmas, although in general plasmas 

have a frequency dependent permitt~vity tensor [38,68J. -, 

The data cards for this problem are shown in Figure 4.28 

The assembled point map i8 the same as for the ferrite-filled 

rectangular waveguide probl~m of the previous section and is 

given in Figure 4.21. The wave-numbers for the first six 

physically meaningful modes are given in Table 4.5 and the 

correspondtng k-~ curves appear in Figure 4.29. These modes 
1 

are the 58-th thro~gh 6J-rd in sequence at t3 = 0, the first 

57 modes being non-physical modes. It is interesting to note 

that in this case the fjrst JO modes have imaginary values of , 

k correspo:'1ciin,a: to ne[,ative eif,0nvalues k 2 • This jndicates 

that f01 electrically anlsotropic 'problcms the functiqnal 

(3.18) may bocorne ner-ative. 

The pro[':ra:n output for the 59-th ei;\envector at ~ = 1 

c6rresrondinzr ta the second wélvcf,uide modo i8 reproduced in 

Figurc 4.JO. The transverse maf,netic field vector at the 

interpolation nodes ha~ been plotted from thlS output in 

Fie;ure 4. J1. In this fj (':ure, the efÎect of anisotropy of the 

medium ,on the ma~netjc field is clearly visIble. Notice that 
. 

the 'bourydary condition n.H::: 0 i8 satisfied approxhmtely 

but accura~ely at the wave~uido wnlls. 

Due to the particular form of the permittjvity tcnsor 

given in 'equation (4.25) the dominant waveeuidc mocle a[; we11 

as sor.le higher-order modes -are not affected by the ànisotropy 
1 

of tl'c rTlf.\~,~ un, and tr.e se modlb:; be h~ve as if 

empty spacc ':-'l'he followin{~ a.f;sumpt 1 ons Pî"lY 

a) H = 0 y 

the medium was 

be made: 

b) nova ri 81. ion 0 c (' u r [; w i t h r c r; p E' C t t 0 Y ~ 

" /:' 
_ /, 

" 

, .. . , , 
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* •• PLASMA-FILLE~, RECTANGULAR WAVEGUIDE •• X 1.00 
• ' - 1-~ :J-c;.. 0 0 

1 
2 
3 
4-

~.l'OOC 

- 1. Dû')(, 0 
'-1.(.'))00 

1.''':)J~O 

1 .. ç ,:).) v.O 

1.0000 O.OvOO ÙœOOOO 
0.50000 

- (j. sc C~)û 
-O.S-:>QOC 

o.ovOOO 

'-... 

~ , , 

1.~ -1.000 1.COO 7-CAROOOOI 
1.0000 0.0000 1 99 CAR00002 

CARD0003 
C.ARD0004 
CARDaoos 
CARC0006 
CARDOC07 

6 1 
3 

2 
2 

4-
4 

2.501J0. O.~OOO 1. OC/CO 0.7500 0.0000 2.5000 CARDQOOB 
CARDO009 
CARD0010 

\ 

.q -l~" 

Figure 4.28 

Data cards for the plasma-fi lIed rectangular waveguide problem. 

\ 
, 

----------

• 

.... :....,,' 

Q 

.... 
\N .... 



• 

/ 
, ... ;;f,t 

~, ~ 

'" 

r

M 

-,. 

~' 

""-

Mode Wave No. Wave No. Wave No. Wave No. Wave No. Wave No. 
sequence k k k k k , k 
No. at for for for for for for 
eut-off ~ == 0 ~ =:1:1 ' ~ = 2 B = '3 8 = 4 ~ = 5 

58. 1.57079 1.8.62-09 2 . .54311 3.38635 4.29737 .5. 2409!± 

59. 1.84347 1.981.58 2.31568 2.74757 3.23586 3.76164 
'-

.60. 2.41193 2.45579 2.68605 3.06212 3.52855 4.22407 

61. 2.49244 2.70275 3.13139 3.545.55 3.97489 4.43659 
" 

62. 3.07893 'J .15321 3. 42275 4.00935 4.78733 5.64)04 

63. 3.14165 3.29696 3.72424 4.34395 5.08625 ~_.90.5_~ 
---

Table 4.5 

Wave-numbers for the first six physically meaningful modes 
returned by tne prograM of Appendix IV for the plasma-filled 
reetangular waveguide problerr:. The k-~ eurves are plotted 
in Figure 4.29 • 

\."~ 

~ 

/ 
/ 

., 

, 

" 

) 

• 
.. 

t-A 
\..tJ 
1\) 



• 

• 

k 

6 

5 

:3 
<. 

./ 
/ 

/ 
/ 

"-

/ 
/ 

/ 
/ 

/ 

-/ 
/ 

/ 

" 

" 1 / 
/ 

/ 

~~::lk 

, 
" , 

-1 

, , , 
" , / 

" 
/ 

/ 

o 

/ 
/ 

/ 

/ 
/ 

/ 

1 2 3 4 

Figure 4.29 

k-~ d18~ram prcrared fro~ the output of the three­
corr:ponont mar:neti c field vector prorrarn for-'the 
plasma-filled rcctaneulnr wnve~uide problem. Only 
the first six physicnlly rneaningful k-~ curves are 
shown • 
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Output fr 
Appendix 
filled 
nodes see 
from this 

field vector program of 
at S=l for the plasma­
the location of the 49 

the three-componcnt magnetic 
showing~the 59-th ei~envector 

an~ular waveguide problem. For 
J.\iF;Ure 4.21. ?he plot in FiguFe 4.31' has been prepared crut. 
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Figure 4.J1 

The transverse magnetic field vectors at the interpolation 
nodes for the seco~d waveguide Mode of the plasma-fill~d 
recta~pvlar waveg~de (6=1). The pro~ram output for thlS 
rrode is reproàuced in Figure 4.30; the node numbers are ~s 
shown in Figure 4.21 • . ' 
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c) the fields vary as exp( -'j-~z) in 

d) Hz. has a phase fact or exp( - j!!) . 2 

136 

z-direction; 

ative to Hx and ~. 

Under these conditions, curl H has only a' y-component 

c' -) - \OH z ' J/ J.,. 

(curl H y = ly(-j~Hx +.J ~x ) (ç4~>~6) 

Since the inverse of the permittivity tensQr is given by 

2.5 0.0 -jO.75 
... -1 0.0 5.6875 -jO.O (4.27 E 

. ??- +jO.Q 2.5 

the curlcurl equation (4.11) reduces to the following two 
/ 

differential equations 

( ~aH x 
~àHZ) 

àx 
- k2 H x (4.28) 

( 02Hz 

ax 2 

OHX) 
~-
~x 

+ k 2 H z = 0 (4.29 ) 

Eliminating Hx from thcse equations resutts in the familiar 

hollow waveguide equat:on 

(4.30) 

r: T~e boundary condition on H, given by equatlon (4.2), is 
{ ;-' 

\ 
the simple homogeneous Neumann bdundriry condition 

n.t x=:f:1.0 

The solution of equations (4.30) and (4.)1) is 

Hz = A sin( n ~ x) 

d~spcrsion relation 18 

k 2 = (n '!!)2 + ~2 
2 

n=l,2,), ••• 

the familiar hyperbolic one 

n=1,2,), ••• (4.)) ) 
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It can he seen from Table 4.5 and Figure 4.29 that modes No • 

58 and No. 63 ~orrespond to the above analytical solutions 

for n=l and n=2·~espectiyely. 

As for the ferri te-filled waveguide problem, the ma,:trix 
_-.:"'~ 

size for thi s p.roblem was 147 and the exeeutien-ti-me--wa;trî5 
r----- ( ,l' 

minutes 47 seconds. . 

Consider now the same reetangular waveguide bu.~/)aving 

only one half filled with the anisotropie material, fhe 

rema1ning half being completely ernpty. The data cards for this 
\ 

problem are given in Figure 4.32; the triangulation is the 

same 'as the one in Figure 4.9. The prouam output for the 

53-rd eigenvector corresponds to the secorid w~veguide mode 

when ~=1 and i8 reproduced~in Figure 4.33 The transverse 

magnetic field vector at the interpolation nodes i8 plotted 

, from thi 8 output in" Figure 4.34. Thi s mode i s anél.l ogous to 

;the one shown in 'Figure 4-.31 for the entirely filled wa;ver;u,ide. 

INotiee that the inhomogeneity of the medium causes H to have , y 
"'-

a disèontinuity in the flrst derivative in the x-direction. 
"'-" 

The effects'O{~ the anisotropy of the medium ar~ alse, evident 
"-, 

in Figure 4.34 • ~~ponents of the electric f] ux. densi ty 

vector D are giveri b the components of'Maxwell's curl 
~ , 

eq uation "-
" 
~" 

~Hz ~" (4.34 ) Dx = Ty-- - ~~ 

Dy := f3 H -
~Hz 

(4.35 ) x ox 

Dz := ~ OHx (4.36 ) 
ox oy 

r) 

In order to determine the electric field, two calculations 

ft - tr 

,~ 

- 1 • 

" 

'"'\ 
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" * •• I~HC~OGENtCUS, ~~ISCrRCPIC kAVEG~IDE •• X l.ee 1.CC +1.(CC o.ecco 1-C~R[eOOl 
* I.CCOO c.ccoe l.cceo c.ecoo o.CCCC l.ecec C.CCCO 4C 2e CARCCCC2 

3 

". 

1 -1.CCCCC C.5CCCC C~RtCCC3 
2 ~-- -l.CCCCC c.ceccc (~RtCOC4 

3 -1.ceoco - -C.5ccce C~RCCCC5 
4 . __ c .. cecce c. 5ceee C~R[CeCt 
5 - - C~CCCCC c.ccccc (~R[CCC7 

6 C.CCOCO -C.SCCCC C~R[(CCe_ 

1 l.cccec e.5ecee (~RrCCC~ 
8 l.ceccc c.eeccc (M~reCIO~, 
q 1.CCOCO -0.5COCO C~R[CCII 

1 2 4 
5 2 4 
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Figure 4.32 
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Output from the three~component magnetic field vector program of 
the 53-rd eigenvector at El = 1 for th2 ir~ho~cgeneous anisotropie 
€~ide proble~. The locations of the 49 ~odes are shown in F~gure 
Figure 4.J4 has been preparéd from this output. 

Appendix IV shows 
rectangular wave-
4.9. The plot in 
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The transverse magnetie field vectors at the interpolation nodes for 
the second waveguide mode at ~ = 1 for the inhor.lOgeneous anisotropie 
reetangular waveguide problem. The corresponding progr~m output is 
presented in Figure 4.33; the node numbers are as those in Figure 4.9 • 
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are necessary. In the empty spaee region D is proportional 

to E, in the anisotropie dieleetrie region the components 

of E are given by 

"-

Ex = (2.5Dx + O.75Dz}/5.6875Eo (4.37 J 

E = D /€o (4.38) 
y y 

Ez = (O.75Dx + 2.5Dz)/5.6875Eo (4.39 ) 

'i\ 

Table 4.6 contains the components of D at the interpolation 

nodes at the dielectrie interface. The values have been 

corr.puted accordins to equations (4.34) throuEh (4.36), The 

derivatives of thé components of H have been computed by 

exact._differE'ntiati on of the interpolati on polynomials. Bearing 

in mind th~t differentiation i8 ,an unstable numerical process, 

the results indicate that the continul: ty condition for the 
\. 

normal component of D at the interface i8 satisfied. ~able 

4.7 con~ins similar results for E. The continuity condition 

on the taneential component of E at the interface is\also 

very approximately satisfied. Reference [69J contains an 

excellent examplE' of a practical application of inhomogeneous, 

anisotiopic waveguide problems. 
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N or:le 0 
n .1"'1 ber .;x: 
2.t t!le 
ir.~:~r-

1eft of 
. -'-
1l!'-,0r-

'-'0' or -Pro:. t;e; 

D 
X 

:r;:'le;ht of 
in-ter-
..C'r,,-. D 
_r~ 

L;. -0.221 U -0.2214 

21 

.' 18 

5 
.5 

27 

28 

06 

-6.7360 -6.7360 

-11.066 -11.066 

-13.439 -13. 4 39 
-13.625 -13.625 

-11.2C4 -11.204 

-6.6c~8 -6.6048 

+0.4487 +0.4487 

Dy 
c 

1eft of . .... 
l:J.L..er-
r c :.. 2e 

D 
Y 

p 

right of . -'-
2.~t...er-

f~ ~ '} 

+7.9665 +7.6845 

+5.5114 

+2.9857 

-0.0147 
-1.2328 

-4.24-28 

+6.6692 

+4.0549 

-0.5633 
+0.1390 

-3.8580 

-6.0229 -7.2389 

-7.0958 -10.528 

:table 4.6 

Dz 

1eft of 
inter­
f2CS 

Dz 

right of 
inter­
f3..C'e 

+0.5018 -0.8695 

+3.984 3 

+6.3331 

+7.5481 
+8.0882 

+6.2077 

+11.230 

+19.447 

+23.781 . 
+21.076 · 

+18.262 

+3.6J22 +10.048 

+0..3614 -8.6531 

The co~ponents of D at the interpolation nodes at the dielectric 
interface for the inhoMogeneous a~iso~ropic rectangular waveguide 
proble~. The first four nodes belonR to one triangle, the other 
four nodes tQ an adjacent triangle ~see Figure 4.9). 
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Node E E E E e E 
Q x 0 X 0 Y 

€ E 
o Y ~Ez ~Ez 1 

1 

at the 1eft of 19ht of 1eft of nU~ber~: right of 1eft of right -of 1 

inter- - i~ter-inter- int - inter- 1 inter- inter-
face / ... 2.ce face face face face _ Id face 

~~ 
4 -0.2214 -0.2120 +7.9665 +7.6845 +0.5018 -0.4114 

1...--

21 1-6.7360 -1.4800 +5.5114 +6.6692 +3.984) +4.0481 
1 

18 ! -11. 066 -2.3000 +2.9857 +4.0549 +6.3331 +7.0889 
. -

5 -13.439 -2.7713 -0.0147 -0.5633 +7.5481 +8.6810 
5 -13.625 -3.2100 -1.2328 +0 .1390 +8.0882 +7.4675 

1 

27 1 -11.204 -2.5168 -4.2428 -).$580. +6.2077 +6.5497 

28 -6.6048 -1.5782 -6.0229 -7.2389 +3.6322 +3.5456 
, 

-6 +0.4487 -0.94)8 -7.0958 -10.528 +0.)614 -).7444 
" , 
- - -- - ------

Table 4.7 

~e co~ponents of E at the interpolation nodes at the 
dielectric interface for the inho~ogeneous anisotropie 
rectangular waveguide problem. The first four nodes belong 
to one triangle, the other four nodes to an adjacent 
trian~le (see Fi~ure 4.9). 
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Summary 

CHAPTER V 

LACC: A LINEAR ACCELERATOR CAVITY CODE 

BASED ON THE FINITE ELEMENT METHOD 

. 
-" 

Linear Accelerator Cavity Code (LACC) is a Fortran IV 

computer program~r}tten especially for the numerical 
1 

< 

144 

calculation of electromagnetic fields in linear accelerator 

(linac) cavities by the high-~rdcr, pOlynomial, triangular 

fini te element lll-C'thod. The program input consists chiefly of 

the cavi ty f,eom~try and, the fini te element triangul ation of 

th~ sQluiion region. The output contains the normaJized 

longitudinal and transverse componertts of the electrlc field 

intensity, the normali~ed periphcral magnetic field intensiiy 

and aisri global quan~itie~ Buch as the Q factor, stored enercy, 

power lost, and shunt impedance. 

5.1 Introduction 

The LACe computer program js a specialized version of the 

een~ral, Jxisymmetric, one-componcnt vector"finitc ~lement 
---' computer progr;]ffi AXISYMr.J-VECTOR-HELMtlOLTZ-FINTEL6 [)6J. 'l'he 

- ~ 

• • 0 
latter was developC'd in ,order to solve bounclary value-,probJ ems 

described'in one form or another bJ the generalized Bessel 

equation 'of-ôraer m 
, , 

(5.1) 

. - , 

- - tt 
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• 

subject to the boundary conditions normally derived for scalar 

potentials, vector potentials or field intensities at conducting 

surfaces [52]. The AXISYMM-VECTOR~HELMHOLTZ-FINTEL6 program 

of the returns orrly the wave-number k and unnormalized vrlues 

wave fu~ction ~r p~tential. If , 
ThL 'pres~nt program, LACC, bridges the gap between a purely 

'\ ~ 
mathema,cal solution and the computation of parameters relevant 

to linac cavity design. The program ls in no way restriçted to 

only linac cavities. It will perform equally wèll for many other 

types of cavities which operate at microwave frequencies. 

5.2 The Linac C8vitv Electron~;-wnctic F1CId Problem 
, r{ 

, . 
The classical electromagnetic fleld problem of the e'npty 

resonator with conducting walls is governed by Maxwell's 

equations [38J. For time-harmonic fields the equatlons are 

curl E ::: -jwpo IT 

curl H == +jw Eo if 
.; 

Duc to the j denti ty di v curl (any vector) = 0 , the above 

~quations automaticalJy guarant~e the di~ergencelcss nature 

-~f the electric and ma~nptic field intensity vectors E and 

H. In order to obtain an equation in terms of H, alone, 

one cah ta~e the curl of both sides of (5:3) and th en 

substitute for curIE from equati,on (5.2). This yields 

curl curl IT - W~JJ EH::: 0 
(.00 1 (5.4) 

The quantity w~ will be denoted by the letter k and 
Co 0 
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referred ta as the wave-number. Since 'the divergence of H 

i8 ident~cally zero, equation (5.4) can also be written in 

terms of the Laplacian op~rator 

Equation (5.5) ls the familiar Helmholtz equation. 

Once H, i5' known, E can be obtained from (5.3) in 

terms of H. Assuming cylindrical symmetry and taking H' 

ta be purely peripheral, one obtains 

. ' 

-±..L ~He (5.6) Er ~ (-) 
.' WEo èz 

• ~He He) 
Ez ~ -=...L( + (5.7) 

WE 0 r o r 

where the imaginary unit j merely denaten a i time phase 

dj fference between the components of E and He' The 

singularityat r=O in equation (5.7) imrlediately raises a 

question: ls Ez sinEular along the 'Jaxis of symmetry? 

Since H is solenoidal) a~plication of L'Hospital's rule to 

the limit of Ha/r as r approaches zero, leads to the 

follo:r ing expression for Ek alang the z-axis 

2 · ~He 
E = .::.9(_) 
. zr:=:O WEo br 

(5.8) 

Figure 5.1 showsnthe outlines of a typical axisymmetric 

Iinac cavity; Along the metai walls of the cavity the elcctric 

field intensity vector E must be normal everywhere ta the 

surface, i.e • 

/ 

• 
. - = 
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zend 
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Figure .5.1 

A typical linear accelerator cavity 
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where n denotes the ~utward normal unit vector to the 

perfectly conducting rnetal surface. 

Substituting E from equation (5.3) into equation (5.9), 

one obtains the boundary condition for H at the con9ucting r 

surface 

n x curl H = 0 (5.10) 

This.can, be shown to be equivalent to the following irn~edance-

type boundary condition for He 

He dr 
r dn (5.11) 

The net displacement current (Id) flowing through a 

transverse cross-sectional portion of the cavity i8 obtained 

by applying Amp~re's law. According to this law, the integral 

of t,.hel)magnetic field intcnsity He ~er any clo8ed circular 

patly-, r =- R around the axis of,'the ca~y is 1 

(5.12) 

,.'" .. ~\o 

Notice that the -integrand 18 rHe rather than just Ho alone. 

Let 5 denote rHe . 5 will be calle? the displacement 

current distribution. The boundary condition equivafent to 

(5.11) in terms of 5 can be writtem as 

~g = 11' H dr + 11 r oH ~ == u {H dr _ H dr) =, ,0 
On ' ç- 0 e dn ~. 0 On' 1.. 0 e dn e dn (5.13) 

Thereforc the displacement current distribution function r 
~ ~ 

satisfics tl1e hOITogeneous Neumann boundary condition at the 
, 

.cavity wnlls: This ma~es 5 attractive t~ work with in finite 

difference formulations of the linac cavity field problém [70, 

71J. 

r 

" 
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Another important observation ls that along a line 

z = constant, the right-hand side of equation (5.11) vanishes 

because dr/dn (i. e. the cosine of i) vanishes. Therefore, 

for a cav-ity which displays symmetry about such a line, it is 

possi ble ta solye for the fields in only one half of the 

region by treating the plane of symmetry as if it were a metal 

wall. 

The boundary condition for HS gn the axis of symmetry 

(z-axis) is always homogeneous Dirichlet, i.e. He= 0 ~t r = 0 • 

This is due to the fact that the magnetic field vector is 
; { 

jOlenoidal. The last boundary condition one needs to consider 

i8 idcntified as the dri ft-tube end in Figurç 5.1. Before 

statine the boundary condition however, ihe operation of linac 

cavities [72,91J m~st be described. Linac cavities are used in a 

chain. co~nected to each other at the ends of the drift-tubes, 

forming a lon~ structure. Sueh structures have the property 

that they are able te propagate waves with phase velocities 

which are lewer than the speed of light. This property i8 

ideally suited for the acceleration of elementary particles 

sinee protons and electrons must travel at speeds less than 

that of light und can only 'ride' on a wave which has a low 
\. 

phase velocity. The resonant frcquency of the cavities shifts 
, ~ 

along the ehain and consequently the particles accelerate as 

they travel along the structure. 

The mode in which the e\eetromagnetic wave'piopagates 
" « . 

along the structure can be any one of several differcnt kinds. 

When the electrjc fields in adjacent civities are oppositely 

directed, and the particlcs pass through the cavity in one 

, 
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the fields. Accelerators generally operate in the fundamental 

~- or 2n-mode which are well separated in frequency from the 

next lowest order modes. Sometimes however, higher order modes 

May become excited in the cavities and interact with the 

pa~ticles to produce undesirable effects. 

5.3 Finite EleTllent Method 

for the Cornuutation of the Ma_netic Field 
c .... 

with the assumption that H has only an He component 

which does not vary with e , it can be shown that equation 
I~ , ~ '. 

(5.5) takes the fOllowing ferro in cylindrical coordinate s 

( 5.14) 

It can aise be shown that the Euler eq u"ation associated \'Ii th 

the enere;y-related functional 

èdt ~~ de
2 ~de } 

F(3-ee ) =2'IT!J{r[( oz9)2+( or9)a-,k2de:J+ r9+2Jee ore drdz 

( 5.15) 

is equatio~ (5.14). The natural boundary conditions associated 

with (5.15) arc of the homogcneous Dirichlet type or of the 

impedance type as e;ivèn in equation (5.11) [73~;" 

It is known that the function which extremizes F i5 a 

solution of the Euler equation and satisfies the natural 

boundary co~ditions of the function~l [J~,40J. Instead of the 

true solution, an approxirnate solution ~o equation 

sought. The~pproximate solution has the form 
/ 

.. / n 
H /'~ 1: H~ (Fr/.Jri) ai 

) 9 i=l 

(5 .l/}) i s 

(5.16) 

! 
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over triangular elements in the region of solution. The ai 

form a complete set of local interpolation polynomials over 

a triangle. Each ai evaluates to 1 at ~he ~interpolation 

node and to 0 at aIl other nodes. The H~ are coefficients to 

be determined for each of the n interpolation nodes and 

represent the local values of He' In a triangle fi tted wi th 
1 

N-th degree pOlynomials there are n = (N+l)( N+2 )/2 inter-

polation noctes which are locàted so that any three adjacent 

nodes are vertices of a triangle similar to the original one. 

Figure 5.2 shows the locations of the 28 interpolation nodes 
/ 

in a 6-th arder triangle. The r· l. in equation (5.16) represents 

the radial coordinates of the iDterpolation nodes. , '. 
'Denoting H~/~ by v. the functional 

J. 

discretized to yield the matrix quadratic form 

F can be 

where [v] is the column matrix of the G,oefficients V, 
J. 

and 

the superscript t denotes transpose. The matrices [S] and 

[T] are symmet ric and gi ven by 

(5.18) 

[T] = 4IAI[pJ 

where A denotes the triangle area. The symmetric matrices 

te]. [w] and [p] can be assembled from universal. constant. 

symmetric, element describing matrices [ Qij1 l. CU. ,] and 
J. .J 

[Y .. ] respecti vely, as given in the formulae below: 
J.J 

3 J J 
[c] == 1:: r. 1:: r. I: cot( t31 ) [Q, 'lJ (5.20) 

i:::1 1. j=l J 1=1 J. J 

. - = 
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Figure 5.2 

\--- The locations of the 28 interpolation nodes in a 6-th order triangle 
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3 :3 . 
A [w] = lAI 1: r. 1:(z'l-~'l) CU .. ] (5.21) 

1 j=l J+ J- lJ i=l 
J J 

[p] = l r. 1: r. [Y .. ] (5.22) 
1 J lJ 

'. ~ i=l j=1 

The ~l represents the interior angles at the triangle 

vertices while r 1 , r2' rJ' zi' z2 ·and zJ ar~ the 

radial and axial coordinates of each of the ve~tic~s respect­

ively. The 8ubscript j in equation (5.21) i8 cyclic modulo J. 

The total number of Q-matrices i8 27: there are nine U-matrices 
_J 

and nine Y-matrices; thore is only one R-matrix. Of the se 46 

ma tri ces 0 n 1 y [R ] , [Q 111 ] ' [Q 2 21 ] ' [Q 121 ] ' [cl 2 J 1 ] ' [u 11 ] ' 

[U21 J, [Y11 J and [Y21 J are independent, the remaining 

matrices can be obtained from these nine by row and column 

permutations which have been described in detail elsewhera [24, 

52,55,56J. 
The discretized functional (5.17) yields the following 

matrix equation when differentiated with respect ta the 

coefficients V. 
J. 

Equation (5.23) i8 the discrete f~~m of (5.14). The individual 

equations for a many triangle reGiO~ may be combined to form 

one large Elobal matrix cquation for the overall reeion. The 
/ 

impedance bo~ndary con~ition (s. 11) is automaticalRY katisfied 

at aIl unconstrajned boundary nodes because this is the natural 

boundary condition of the functional. 'llhe coefficients V. 
1 

are 

zero at aIl boundary nodes constrained by the homogeneous 

Dirichlet boundary condItion. Thus the rows' and columns assoc-

iated with these coefficients must be removcd from equation 

(5.2)). 

N - -

,/, 
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The LACe computer program assembles the matricés [S] and 

[T] of equation (5.2) from the nine given universa~ element 

matrices stored in the program. It separates the unconstrained 

coefficients from the' constrained ones and solves the rnatrix 

eigenvalue problem for the unconstrained coefficients V. 
~ 

(the 

eigenvector) and the wave-number k (the square-root of the 

eigenvalue). The coeffiçients V. computed by "LACC are trans­
~ 

formed into according to the equation 

(5.24 ) 

The coefficients provide values of the magnetic field 

intensities in varions modes at the nodal points. The computer 

program then uses these coefficients to compute global linac 

cavity parameters . 

.. 
Special Quantities Related to Linnc Cavity DesiGn 

i 

The criterion for an optimal accelerator cavity design is 

high operational efficiency. The operational efficiency of a 

cavity depends upon two factors: (1) the gain in kinetic cnergy 

of a particle passing through the cavity and (2) the power lost 

in the cavity walls. The designer must thercfore obtain from 

the calculated magnett-c field intcnsity performance measuring 

quantities wh5ch allow hjm to choose between competitive 

desi~ns. Such quantities are the transit time factor T, the 

shunt i~pedance Z and the Q factoq. 
1 

Faraday' [; law ~f e lcctromat;notié induction can be used to 

obtain the elcctromotive for~e V induced~across a cavity by 

Î 
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a changing magnetic field in the cavity. The total flux ~ . , 
through the longitudinal cross-section of the êavity is found 

by integrating the flux densi ty Be =e-He over the surface 

of the cross-section 

~ = 1.10 !! He dr dz 

Then, according to Faraday's law 

v = - d,0/dt = - jWl!o J' J' He dr dz 

• The imaginary unit j indicates that there i8 a time phase 

difference of ~ bctween He and V. For a cavi ty operatinc; 

in the fl-mode, V reprcsents the unnormalized voltage betwcen 

points A and D in Fi~urc 5.1, whoreas for a cavity operating 

in the 2n-mode, V 18 the voltaGe between points Band C. 

The electrorr,oti ve force V can also be found by computirw; 

the work donc in carrying a unit charf,e complelely around the 

loop bounding the lonp,itudinal cross-section of the cavity. 

Thus, usiDg the dc~,f[';nations in Fie;ure 5.1 , one 
\ 

BAD C 
V = f E. al = J' E dz + JE dr + J' E. d1 + J' E dr C ,Z B rAD r 

has 

The line inr,t~c:ral botween pOfts A ~nd D alcmG the mctal 

surface vani shcs s':i nec E iB everywhcre norrnal to di. Th~ 

integrals from B to A and from D to C are obviously equal • 

. The electromotive force varies harmonic;rJy with ti~e 

ln phase with E z and laf,f,lng by TI radinns. If no timc 
2 

were requjred for the particle to trélvel throuf,ll the cavity, 

then the part:cle would truvl'rr,c a po Lunt ia} di ffcrence e;i ven 

by .... 
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(5.28) 

and it would be accelerated by the maximum axial electric 

field. However, the particle 18 traveling with finite velocity 

and takes a finite amount of tirne to t~avel through the cavity. 

Assuming that its velocity is c'onstant and that it enters the 

cavitj at the beginning of a cycle (i.e~ it enters at tirne 

t = 0) and .leaves i t after one-half cycle (t = 'TT/v.» when the 

cavity is operatine in the n-mode or after a complete cycle 

(t = 2'TT/w) when the cavi ty operates in the 21T-mode, the particle 

traverses the followine potential diffcrencesl 

v ( 1,.) 
B 

= J E sin( 'TTz/L)dz ( 'TT-mode) (5.29) 
Be C z 

( 2rr) B 
v = -J E cos( 2'TT z/L) dz (2'TT-mod,e) (5.30) 

BC C z 

Here L is the lenr,th of the cavity (the distance between 

points Band C in Fif,urc 5.1). 

The ratio of the voltage ~iven by (5.29) or (5.30) to 

that given by (5.28) i8 c~lled the transit time factor T 
u 

and is of f,reat significance to the linac cavity designer [72J. 
'-, 

This factor indlcates the effect on the particle of not bcing 
f 

sUbjected to the maximum value of the field at all times 
,J 

durinv, i ts pasS>8.p;e throuf,:h the caVl ty. The eneq:.;y gained by a 

partic1e of charf,e q i8 thu8 given by the product qvBcT 

instead of simply by qVi3c whi,ch would rpsu} t if the electric 

field was sthtic. 

The maximum enerfY U ctored in n cavity can be obtained 

from the mar;netic field il) the following way 

- -

1 

'" 
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2.". 
U = i! B. if d v = t flo ~! J ~ ë r ~r d z de = 1T po J J' rH: dr d z ( 5 • 31 ) 

Thus the volume integration reduces 10 an integral over the 
(, 

longitudina~ cross-section. 

One Jean oQtain the capàc'i tance bf the cavi ty at resonance" 

from the stored energy and the electromoti~e force in the 

cavity from the r~iation 

If the walls of the ca~ity are perfect conductors, there is 

no 108s and the cavity behaves in a purely reactive manner. 

The inductance at reso~ance can he determined if the wall 

currents are known. 
\ 

In order to find the 'currents on the walls of a cavi ty" . 
• 

one can use the "nx H" rule. Thus, the tanc:ential current_ t" 

densi ty J is equal in magni tude ta the tangeLtial magnetic 

field intensity He but it has a different direction, as 

i-ndica ted in Firurc 5.1. One obtains 
• "-
J = n x H :;: H (- Q~ l + dr l ) = H dl e dn r dn z e 

.. 
The muc;ni tude of the current densi ty along the cavi ty 

i8 therefore descri bed by the function He • 

One can no~ obtain the cavi~ty inductance nt resonance 
~ 

from the stored energy and the integral of the sq uaFe of the 

wall current 

2'TT A 
~o = 2 U / J J H2 rd! dO = 

• '0 D 0 
(5.)4) 

Thus, the components of a loss-less parallel Le circuit can 

~ ~~ .~--,,-,e ----:...__.....' ____ ~ ________ ...... ___ _ 
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be determined which describe the behaviour of the linac cavity 

at resonance. The displacement current f10ws through a 

capacltance Co and the surface current flows through an 

inductance Lo' 

" If the cavity walls have a finite c~ductivitYJ the fields 

penetrate the conductor surfa~e and transfer ne~ power into t~e 

cavity, walls, in addition to the inductive effects of the 

conductor. The ca1culation of losses'in the metal walls is 

relative1y easy if one assumes that the currents in the 10s8y 

walls are identical to the loss-free currents. Then the average 

power 108s at any given point on the surface ls given by the 

expression 

P = .! R J2 
~ S 

where Rs is the surface resistivity, Integrating this over 
'''-

the entirc rnetal, surface t one obtains the, totàl ,average power 

10ss 

211 A, 
P = t R J' J' He:i d! r d ~ 

s 0 D 
(5.36) 

,'< 

The interna l irnpedance per unj t area of conductor surfacc' 'i3 

e;iven by [38J 

where .. 

Hcre 
1 

CJ i8 ~he conductivity of the rnetal and 

• depth. Therefore the power 10S8,is .' . 

(5.38) 

ô 18 the skin 
, ' 

'0 

, ' 

~_ ,. ~o ,~~~_~_.::.:.;;.::;:;_;;,;;;;,;:;;;::;;;;;:.;;;;;;~ __ .. ___________ .r. 
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The apparent shunt irnpedance of the cavity may be 

defined as 

Q 

160 

(5.40) 

According to equation (5.40), shunt impedance and power 

10ss are in inverse proportion. Linac cavity designers 

endevour to build linac cavities with a high s4unt irnpedance. 
f 

One of the most importan't performance figures in linac 

cavity design i8 the quantity ZT2 which includes transit 
(-

tirne effects. 

The quality factor Q of the linac cavity is defined by 

Q 

the 

Q = w Q ( mélximum store rl ene~p:y) = woU/p 
average power loss 

describes the sharpness of resonance and 

persistance of the occi11ation. 

Not aIl of the quanti ties mentioned in 
~,~ 

i8 a measure of 

thif3 section are 

computed by the LACe comput~r prograrn,' sî'mply'because not all 
, ",4 ____ ~- , 

of therll. are needed. Sorne of thèm have been ment io~d mere ly 
r~ .. l ' 

~ to shed more liGht on the physical behaviour of the device • 
...... _ J~I 

5.5 NU'11crical M0thods Usod in the LACe ComDutr:r PrOr;r:Hl! 

As mentioned' at the end of section 5. J, the computer 

pror:;ram 'LAce assembles the matrices, [SJ and [T] of the 
l} 

matrix eif:envalue equ8tion (5.23). The whole matrix asscmbly 

procedure is carried ~ut by the subroutine ASSEMB. The.nine 

/ 

", 
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independ~nt element matrices ([RJ, [Qlll J, [~~21r' [Q121 J. 
[Q23~J. - [UllJ, [U21 ]' [Yll ] and! [Y21 ]) are'"yiored in 

five'BLaCK DATA subprograms in single precision~The assembly 

of [SJ and [T] is 9arried out ln double ~cision in order 

to minimize the introduction of round-off ?~ror. 
/ 

The choice of the method used to solve the matrix eigen~ . . 
value equation (5.2)) is entirely traditional [57,58l~4,~]. . , 

It permits the computation of aIl eigenvalues and aIl eigen-
... ., 0{) 

vectors directly. The eigenvalues are computed iT'!/Lhe sub-' . --
rou:ine EIGVAL. All operations are carried o~in double 

precision. A-brief description of the proce~re follow&. 
l' 

• t 

The positive definjte, symmetric matri~ [T] is first 

,,' decomposed into a lower and an upper triangdlar matrix by the 

Choleski method, with .the upper triangular factor equal to 
, ... 

the transpose of the lower triangular factor, i.e. 

\ [T] ~ [L][UJ = [LJ[L]t . 

• 
The inverse of [LJ is easy to obtainç[76,p.446]. Consequcntly, 

~., 

equation (5.23) is recast in the form 

""-"'"-, t t 
'[LJ- 1[SJ[LJ- 1 [LJt[V] - k2[L]-l[L][L]tlLJ-~ [L]t[VJ = a 

l-V
l 

rcduccd to the form of the ~tandard eiecnvalue 

[z][xJ - k2 [XJ = a 

if the notat ions 

\ 
l 
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and 

(5.46) 

SubroUtTn~~ICVAL computes and stores.the matrix [Z] and 

then tridiagonaliz~s [~] _ by Housellolder's method. The 
, 

~sired number of eigenvalues k 2 are computed from the 
l ' 

stored diagonal and subdiagonal elements' by a modifÎed sturm 

sequence procedure. sixt Y bisections are carried out for each 

eigenvalue. 

The computation of the corresponding eigenve~tors [X] 

is also carried out in double precision arithmetic by the 

~subroutine EIGVEC. Accordine to the matrix size, two or more 

Wielandt iterations arc performed to produce e~tors of 

the tridiagonal matrlx. The eigenvectors of the matrix [ZJ 
\ 

are obtained from the eieenvectors of the tridiaconal matrix 

by an inverse HJuseholder transformation. These ei~envectord 
• J t 

~re then scalcd and premultiplied by' [1J- 1 
in order to obtain 

the eigenvectors [v] of the orieinal problem, equation (5.23). 
,/ 

The most time-consuming part of the above method is the 

Householder tridiago~alization [76] wl}j ch is performed only 

o~e for ea~h problcm. In view of the fact that any of the 
. 

eigenvalues and~eir,envectors of (5.23) can be obtained by this 

method, it i8 very effectïve. On the other hand, since the 

first two eig~nvalues are widely separated, matrix powerine; or 

inver.se i teratior [76 J could be used as an al terhati ve when 
, 

on1~y the first eigcnvalue is required. 
l 

Once the eieenvector [V] has been computcd, the stored 

enere;y U- niay' be computed as given ln equation (5.31). Undér 

\ 

il 
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the transformation"(5.24) the discretized version of equation 

(5.31) can be,written as 

t U = 'fT tto j! ra va dr dz c:::> 'fT e- o [V] ![T][V] 

The matrix [T] is stored in.ACC and the computation of the 

~duct [V]t[~.J[V] is accomplished when the eigenvector [V] 
is determined. Since [v] is not normalized at this point in 

the program, the stored energy obtained 1n this calculation is 

unnormalized. 

The program next transforms [V] according to equation 

(5.24) and overwrites the values of [V] with the result. In 

the rem3.in~r of this section, thG" notation [He] will be 

used in order to avoid confusion. 

In order to obtain the total emf from equation (5.26), 

He 'must be integrated o~e~he longitudinal cross-section of 

the cavity. Given the coefficients H~ at the interpolation 

nodes, the integratio~ is carried out using the Newton-Cotes 

quadrature formulae for triangles [77]. This process amounts 

to replacing the integration in (5.26) by t~o summations 

m n . 
!!He dr dz = r. IAsl. r. ci H~' s 

8:::1 "1.=1 
(5.48) 

The first sum in (5.48) i8 calculated over the m triangles 

that subdividc the region df solution in the r-z plane and i8 

weighted by the surface area of pach triangle. The seconq 

summation e~tends Over the n interpoJation nodes of a 

triangular finite element of order N. The quantities 
• (Ir. 

c. 
1 

the closc~ Newton-Cotes quadrature weights for triangles 

r 
are 

" 1 i 
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(5.49) 

where the integration is over'a triangular region. These 

weights have been calculated for a general triangle and their 

values are stored in the subroutine AINTEG. 

It should be pointed out that the total emf obtained in 

this manner is unnormalized and, for a cavity operating in 

the TI-mode, it doe~,not equal the potential difference along 
" 

the z-axis. In order to find the axial potential difference, 

the off-axis contributions across the drift-tubes must be 
" 

subtracted from the total emf. For this purpose, the line 

integrals in equation (5.27) need to be evaluated. These 

integrationr, however, involve electric field components rather ' 

than HO. In order to obtain E, one must use eq uations (5,6) 

through (5.8)r aIl of which involve derivatives of He. 

He i8 glven'in the solutIon in terms of interpolation 

polynomial s a· l 
over triangular regions. The differentiation 

of these ~Ql~nomiars i~ re~atlvely strair,htforward [J9,78,79]i 

by the chain rule of, dif-ferentiation, for a single triangle 

there results 

(5.50) 

The ). represent the three tri8ngle area coordinates in 
J 

tSrms of which the interpolation polynomials 

The area coord~pates 7· J 
are related to the 

coordinatcG by the following expression 

o.. 
~ 

r 

are given, 

and z .. 

" 

'.) 
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where the subscript j is cyclic modulo 3 and the subscripts 
/ 0 

on rand z represent ~€ vertices of the triangle. Hence, 

one may write 

~), &' 
.::..2 = (rJ'+2 - !',J'+1)/2A (5.52) ôz ' 1 

1 \ 

If ai ~s an interpolation polynomial of d~gree 'N, then 

i ts first) deri vati ve is of degree N - 1. Since the ,set of 

all pOlyJomials of degree N - 1 or le~s is embedded in the 

set gf polynomials of degree N or less, one may express the 

derivative of the ai ~n terms of th~ polynomials 
') 

selves without introducing any approximation 

Ôa, 
1 =: 

dl' J 

n 
L 

k=l 

a, 
~ 

them-

The coefficients 
(i,k) , . 

G. are slmply the values of the derivativc 
J 

at the k-th lnterpolation node. One can also regard C\i,k) 
J 

as the (i,ld-th entry of a n by n matrix [GjJ. rrhree such 

matrices exist, one for each value of the subscript j. These 

are row and column permutations of'each other and therefore 

onlY,one (say [G1J) needs to be computed. As with the inter-

polation po) ynomials Ilk , the differentiation matrices [G, ] 
J 

are independent of trianele size~and eeometry and need to be 

computed only once [39,78,79J. 

Equntion (5.50) may now be writtcn as 

n 
l: 

k=l 

./ 

. 3 r'2- r 'l (i,k)' 
Hl ~ ( ,1 + J J + ) G 
e '''''1 2A J' Ilk 

J= 

In matrix notation this i~ simply 

OHe kJ [(--) 
Oz 

3 r -r ' (' k) , 
= E (j+2 j+l)_[G,l,· J[H 1 ] 

j=l 2A Je, 

" - -

'1 , , 
:. 

) 
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A similar derivation for partial derivatives yields 

3 z - Z (-. k) . 
E (j+l j+2)[G.J.· ][HJ.] 

j=l \ 2A J e 

The non-zero values of matrix [G
1

] are stored in a 
1 

block data subprogram (BLOKK1) for polynomial approximations 

up to and in,cluding 6th order. Sincelthe last N + 1 rows and 

the lower triangle portion of [G1 ] arre zeros, li ttle storage 

space is required. The rnatrix multiplication and additions 

requirod bi equations (5.55) or (5.56) are performed by the 

subroutine DERIV E79J. 
It should be noted that due to the piecewise continuous 

nature of ~e obtained in the fini te element n:etho.d, the 

functioYls E~~d Ez are discontlnuou3 at inter-eler.lent 

ede;cc. Since :~~rentiation is Cl difficul t numcricc:.l !proc~dure, 

the electric fj eld <~aluo;; at tri ancle edges -will not be as 
'\, ,~t 

accura-cc as tl'iOGe in\~hc approxir.latiolî. of the ma@1etic field. 
, 
\ 

The di;::continui tics ir: 'the electric field vc:...lucs can be 

smoothed by nver8cing the valu0s obtained nt common edges or 

at vertices. LACC prints th'!), discontinuous values of the 

field t~ianc;le by trianp,le only upon request; otherwise it 
'\ 

sirop] y returnr; the srroothed approxi n1o. t i on t 0 Ë. 

l" {) f partj CUlOT intcruf:t are the axj al e lcctric field 

value0 and the off-axis values of E'r along the radius of 

the,drift-tub0 end in the TI-mode C~8C. The integration of 

E 

~ 

E"· nlonr; the edr:cs .of triangleS" which lie along tliU z-axis _ z J,- ,( 

i8 pcrfo·~me~ according Vequation (5.28). Along cac}} edge, 

the vu.lues of Ez <;lrc.(tnovm at equo.'l] y spacsd 'intûrvals; 

the num'ber o'f thesc intcrval s depondr; upon the ",order of the 

( 

., en 'PO -
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polynomial approximation in that triangle. Since the 

approximatio'n is made wi th pOlynomials and the nodes are 

equispaced on triangle edges', the method of integration used 

is the one-dimensional, closed Newton-Cotes integration 

formula [76] 

z2 

.f Ezdz = 
zl 

v 

N z -Z'l 

E hi Ez [ zl + i ( 2 N 1) J 
1=0 

There is no error term in the right-hand si de since the 

integration formula is exact for polynomials of degree N 

or lef;s. 'rhe weights hi are available [76,p.116] and arc 

storcd in the program {BLOKK2 bloclç data subpror:ram). frhe 

quanti tics zl and z2 are the z-coordinateE~ of 'the- vertices 

of a tr.i,anr;le edge 1yir.(T, on the axis. frhe summation in equation 

(5.57) iG performed in the Gubrouti~e COTESl for any given 

si de of a trianpJ e of order N. Note' that i t mates no difference 

which segment end-point is ta ken fi~st since the integration 

formula is symmetric with respect to the weight~. 

Th!'? intee;ral of Er along the drift-tube end i8 obtain~ 

in the sorne way as the inte~ration of E z along the axis .• 

Contributions from aIl of the triangles lying a]ong the pélth 

of intc~ration must of cou~se be accumulated. For a cavity in. 

n-mode operation, the cmf contributions fram the drift;tubc 
, 

ends arc subtractcd from the tutul cmf obtained VJa Fataday's 

law in order ta arrive at the net emf across the cavity. This 

emf val ue is e);:pected t9 b~ more accuratc thcm the one obtain'ed 

by the line inteEral method since the latter involves more 

differcntiution. 1 
/ 

The line intecral method must be used however, in , 

cOffiputin~ the transit time factor. The denominotor of the 
'/t-, 

. ,- a • 

Il 
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transit time factor has already b cn G~culated. The numerator ,,, 

is given by equation (5.29) or (5.JO) and may be evaluated by 

the Newton-Cotes integrntion. The only requirement before 

calling the subroutine COTES1 is to multiply the values of Ez 
L 

by the proper trigonemetric function. The errer in Ez is 

somewhat sm,?othed in the integrntion and ther;h is a tendency 
) 

~or these errors to diminish when taking ratios [80J. Thus, 

the transit time factor may be expected to be accurate even if 

the emf values are in error. 

It i8 necesRary to compute the transit time factor in 

order to arrive nt a reallstic normalization factor for the 
" 

field values. Linac cavity desie;ners pre fer 'to have the field 

. mar,ni tnde such that the er'lf per uni t axial distance ü; , 

1 MegaVol t/mct cr. Thi B fif,ure inc l ude s tr2.n si t timc e ffect s. 

Conse,!uent1y, the normalization factor nf can, be determined 

from the folloVlinc; reJatjonship hetween rf, the axial emf V, 

the transi't tirre factor T and the cavi ty lene;th L 

nf V TI L = 1 MegaVol t/rneter 

AIl of the results printed by LACC are normalized. 

The final caJculation 58 the value of the irte~ral in 
e 

the power 10S8 calculation in equation (5.39). The. intee;ration 
.... .<, \ 

IIV in (5.39) involvep the square of a function which has b8en ~ 

approximated by 8. polynollllnJ of def,ree N. (l'he\. square of He 

is therefore a polynomial of degree 2N. One could slmply 
If ." 

take the square of the nodal values of He and thon use th~ 

one-dimensional Newton-Cotes formula'to perform the inter;rtltion . 

Howcver, this would invo1ve t~pproxjmation of a polynomial 



• 

• 

@f. degree 2N by one of dc!;ree ~ N. In order to avoid this 

approximation the following procedure i5 used. Consider a 

triangle edge along a rnetal wall of the linac cavity. The 

magnetic field along the edge is given. Thus one can write 

He along the ~riangle egde as a linear combination of one-

dimensional interpolation polynomials a:~ 
1. 

where 

N+l . 1 
H := E Hl Ci. 

e i~l e 1 

Hi represents the 
"e 1) 

(N+l ) nodal values of the field 

aloll!g ,t"he trianGle edf,E'. The power 108s P 8pecified by 
, 1 

, i\ 
eQu1tion (5.J9) thcrefore becomes 

A N-i 1 N+l _ i 1 1 1 i 
p - 'f'( .jUJ f ,,/2 è. ï:: S ï:: l: (.Jr. He) - J Ci i Ci j di (Jij H ~ ) 

D 1=1 j~l l S s 
(5.60) 

The firr;t ~~mation 15 over the trianp-lE' cdc:er; cOlncidcnt w.i'Ch 
""'- ). '1< ~ 

meta1LB'ô'ul-td~;riü;; 0 f Lhe cavi ty in Fj [~11re 5.1. 1'he le tter s 

denotes the ] en~,,;th of the trl<lnr;le cd[e and N i s the poly­

.. ':). 
n~él.l dcr:rce. The subscrlpted radi::l C'oordinrücs r· and t . 

.". 0 l . J 

ref'er to the coorc1inates of the interpolation nodes aIonE; t'he 

trian~le ed~e. The symmetric N+l by N+l matrix [Tl] may 

,be rer;arclcd as the metric of the interpol ation polynofill.al s 

ThesE' matrices are 2vailablp for polynomial der,rccs beyond 6 

1 
a .• 

l 

[81J and arc indopcndcnt of the len~th and pODitidn,o~ll tri­

anpJe eclF~e. LACe stores the motrlces [Tl] up tq and jnclUlllng 
~ 

the matrix corresponcting to pOlynomjals of decree 6 in a black 

.. data subproGl'i1lJl (BLOKK)). !.Jubrouti ne eOTES2 rcr>for~)-pe rnatrix 

multip1jèation requir0d by C'quation (5.60) • • • 

~ __ ~ ___ · ____ ~_r __ ~rr ....... rr ........ """. 



• 

• 

/ 

170 

5.6 Input/Output Fentures of the LACC Computer procram 

In this section, the input procedures of the LACC 

computer pro~ram are described for a practical Iinac cavlty , 

and the output obtained from the progra~ i5 explained. 

Consider ar-;ain the linac cavi ty in Figure 5.1. Due to 

symmetry about a transverse plane, only one half of the 

C' longi tudinal cross-section of the cavi ty need to be considered. 

Fi e;ure 5. J shows trlO triangulation of the upper half of the 

cavity cross-section. Curved sections of the boundary are 

approximatcd by strall~ht line ~;(>p;ments, while sections wlllch 

are strairht 1 ines are Inodcled cxactly. il] 1 trüu1~',le ed[';(>!; 
1 

tl1at é1.T'pc;tr a10n.o; tnc prob]cm bOHlllary l]e ent:irely along li, 

unl j ke th (' u,;ar:o in the AXI SYr.1fIl-- V-ECTOR-JŒU/'tHOLTZ-FI NT EL6 

prO{T~lm. This 18 bCCélU:~G LACC icl'"='nti fio~--: bOUfldàrios by 

(» Lhor l le> ('ntircly ;llong a "bound.try, or olso entircLy inG1l1e 

the cavity. A1~o note that in Dome casc~ trian~le odp;cs are 

matched to lv:o clJual trian{çlp (~clGcG a,lonf';. Such trlanglo:; ;-~re 

fitted wi th cliffc:rcllt polynor.Llal orders wjth cOlYlcidc:nt nodos 

[57,75J anrJ <1re accr>ptC'd by LACC. 

'rh€.' trl'1.nr.le V(,r"t1c<.?s in Figure 5.3 have bCf·n numbercd ln 

:=m <1rbitrcJ!'~1 :wquenci'. Givrn the; r a!ld z coorc1H1ates of 

cac h ver Lex po int, nn i nrnü po i nt li ct j r: pr0parcd and pune 11 ej 

out on dai,;l ca'rdG, one point nunber and the assocj;JLed cool'ujn-
r , 

ate:; pe;r en-ù. ry'!1ese C;Jrdf~ arc: reproduccd in FiGure 5.4a wlwrp 

they ar(~ pr0C'cclcci by a ddta hC'éHler c;:1rÙ containinf, an astorJ ~~}:, 
, 

the problc;n tjtlc'élnd the r élnel ~J scale f~ctors. 'rhc lnput 

point l j st j s lennj n:tted by a bJ an]; card. 

,/ ,. 

---- - - -~----_ .... 
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Figure 5.3 

Triangul'at-ion of the upper half of the cavi ty cross-section of Figure 5.1 . 
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Figure 5.4a 

I.eo 

.-.,/ 

y-.. 

• 
o 

CA~CCCCI 

6.0S1?2CARCCC02 
12.1C344(~RrOCCl 
lZ~TÇ~4kL~DC~CC4~ 

<; • f; ç C 74 r t, P r:-(-((5' 
g.407eGCA D ccr,Ch 
<;-. 2 9 C 74 CAP [C CC 7 
9.L.SC14CàRr:CCCP 
Il.1271~CAP[CC09 

Il.49?2?C~qCCCIO 

1l.(:?71C;CARrCCll 
Il.t211GCARCCC12 
11<.417 21C td~ C COL 3 
1 c. P R C 2 4 C- t;;p C COI 4 
s. Cj(14 1 C; CA q CC Cl 5 
El • R l 9 ft 5 ( li 0 CCC 1 6 
-7. 4q/df:CI',qCC~17 
é.C5172CL'lRCCC1? 

~~o 2 ? 9 5 ( li R CCC 1 ~ " .­
lC.PlCéSCAqCCO?O 

é.C5172CtlRCCC21 
!lC.55PC;éCARrC02~ 

9.C9C74C6RrC023 
f.f9CI4CAD'"CCCZ4 
S.lSCï4CàRCCC?5 
9.G77'JRCAPrçO?6 
6.C5172CAR[C027 

CA R.C CC? P 

-"T 

Data cards containing the input point list. Tr.~ coordina~e di~ensions are in centimeters. 
~ ,...... .s. 
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Figure 5.4b shows the remaining data cards requir't-:d by 

LACC. It presents the input element list, one triangle per 

card. The fj rst number on evcry card specifies tl1e polyno"'1ial 
- " 

order in the clement and the next three numbers specify a 

trianglé by i ts ve,rtex. numbers. An arbi trary s~ence may be 

us~~o spccify'these:ver~ices; ~owever. once specified, an 

irnr\l ici t order. ABC is defin.?d for the verti ce s • 

~è~!,i ft!;," sîx"til and sevènth nUlnbcrs on each data card 

designa\o .:bôundary conditions for 'sjdcs AB, BC and AC respoct-
'/ ' 

ive1y, of the trianflc defined orr that card by vertex numbprs 

A, 13 8.nd C, 'rherc :::tT'€, three typps of boundary condi tion~; for .. 
td ;ln,,;l0' edf~(,';:. 

r' 
( 1) l n,tore lC;ilctî t con"tinui ty ; 

. ~ 

(2) '1')w Impedan('~ boundary condition given in equatio~'.. 

(5.11') at hounlhry ec1{~es (this includl~s the trcm~;'!erGe plallt~ , 

P of symmp.try); 

( 3) 'J'ho homogen(;ous Diric hlct bouncb.f;y condi ti on on 
'? 

boundary cd:"cs (this includ s the , , axi 8 of symmetry). 
~ , 

'l'-- \ 
v '" 1 r11here' is \ no di s t Lnct ion in the 

" . r Qtment of thB fjrst t\Vo 
( 

<, 
() l 

thE"f;e and both are cOl"lmunicQ.ted ta the proe;ram USll1C; the 1 ,. 
c 

charél.cü·r o. rfhe third type, of ccl,ge condi tion is speclficd 

in.the data by tne ch~tréJct('r 1. 'lhe80 c}lÇlract(!rs are c3.11cd '< 

t 

cOllstrain t numners j a constrai,llt numb~r of o rcfers' to 
n , 

vQ.lucs ar~ free prIor to the 

soluLiol1 of Itho problcrn, \'<hih~ a.consLraint numbDr of 1 

dcsj r;nates t:t;"ian(,lc chies wb(~re HO values are fixed to be 

zero. 

The 8-th~ 9-th ,ano lü-th cntrles al! each c3.rd nre alplJ,t-

numérlc C'har;t2tl!rn c'111~ct. ~;Ü{;!r.qAlt ·ldcntifiers. 1'hf'y idcntify 

1 
&1 

, ( 
____ ~~1· __ ~_s~/ __ .7 .... ? .... '~ 
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,-J 4 25 2 3 1 1 0 Z E * CA~(,CC?9 
\ 

l, ~ 4 25 a c c ~ * * C~qCCC30 

4 25 4 73 0 0 0 * * * CAQCCC31 
J 

4 25 26 21 0 0 c 
} * * * CAPrCC32 

4 '25 . l 2'{:: l C C ... l R * C>\Q[C031 
4 ~"3 7 26 0 C C * *" * t.A,°CCG34 ,. {, 2~ 7 70 ,;~ 0 c c * * R (tiRr:CC35 
4 l l 7 ?è 0 0 c * * 1< C/lRCOO36 
4 1 \ 7 10 0 0 c "* * f.' C~PCCC17 
4 1 1 17 20 0 C a * R * CARCCO~P 

.. 4 LI 14 17 a r- C * * * (~P[OO19 " . , ..... 
4 5 24 0 C C ~ * * C~oCCC40 

("'\ 2 S 6 1: 24 0 0 c ,... 
* * c.~.R ccc 4 l 

.,.., 2 6 7 ?? a 0 c fol * * c~prOO42 

? 6 
" 

74 ?? 0 C C * * * (~RCC043 

2 21 24 22 a a c * * * CAQCCC44 
2 7 <>- . ~ :?l 0 c 0 t>I 0 * * (ARCCC/iS 

2 10 A ? l 0 C CD * * -* CAPCC046 
2 ~ '9 lG 0 0 C M ~ * CAPCCC47 
2 1 l l'? 1S a 0 a f" * * CARCCC48 
i ~/" / <='RCOO49 13 19 C C C ~ * :* 
2 13 14 19 0 0 C M * * GAPCC050 

( 2 14 1')"" " 1 ? a a c ~ * * CARCCCC::1 
0 

2 15 16 le 0 0 c ,... 
* * CARfee,? 

? . ~ l f) 17 lR C C C t" * * CARceOS1 
CftprCC54 

Pl,;,)(X, 1 1 (ARCe055 
• .... 

4f 

Ffigure 5. 4b 

Data cards cont~ining the input ele~nt list. 
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trian~lc sides along the.z-axis (Z), along the end of the 
1 

drift-tube (E), alon~ the transverse plane~of syrnmetry (R) 1 

and alon~ the metai walls of the cavity (M). The sequence in 

which ,they appcar on each card is the same as the sequence 

used for constraint numbers. An asterisk has been used for 

triangle edr,es that do nM belong ta any of the four categories. 

mentioned above. 
. 

The primary raIe of the sef,ment identifiers Z, E and M, 

is to idcntify the line scc;ments wherc various line integrals 

wi 11 be ('val uated. rl'hus, Z } denti fie~~ the path 0 f intce:ra tian 

for the compuLation of the pmf acros~~ the ca.vity by tho lino 

inter,ral l-:-,~thod. 'l'ho identi fler E incli,ca.tes the inte{~rdtion 

'patll alofl{~ the drift-t'lbe f'nù radius where the co:nputat'lon of 

the c1ffff c on tri buti on by the l ine inte~r{ll me thod j s al so 

rerluired. IV! identiflC!sothe rr.etal walls of Lhe cavity Vlllore 

the' power 1 os::.; must be CO l :1pllted. rL'he j dentifier H merely 

communicates to the program the existence of a tran~versc 

pla.nc of symmetry. I~ addition, the idehtificrs serve the 

purpose of checklll['; the correctnesc; of the t:rian{~l.q3.tion and 

the geol1!etry of the proble!'l, a~3 discussed below in the 

description of thb data proce:)[üng. 'l'he cavity clefLned by _~he 

d é.-Ü a" in Fi[~ures 5.4a and 5,L~b wUl opc>ratc in the n-mod(~ silice 
, ' 

a homo{~f:nuouG Di rj ch 1 et boùnd~ŒY C ond i ti on ci ~ spec.'t. fi ed nt UIE' 

0 

end of thf' d rift - tub e '. 'rhi s i8 ident·i fj ed by the se ['.lllunt 

identjfi0r E". If tiw cavi ty j <-' u 1..0 Opl-'rdtc in the Zn-mode, a 

'" constrnint l1u'nber of 0 should be assigned ta the drift- tube 
• 1 

end, and the [;cgmont i dent 1 1'1 cr E omi t ter!, ci nep in ,21T-mod e 
-'" , 

operation the drift-tube end muy be r0~arded as being sea]od-

off. .. .' 

1 
~I 

, i 
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The input e/lement list is also terminated by a blank 

data car~. One additional data card iB required,providing two 

optional code words, the sequence number of,the first mode . ' 

'desir'cd Rnd the total number of modes to be returned by the 

progrâm. The optional cpde word PU specifies that th~ results 

should be pun~hed out on cards antl the optional code'word EF 

that a list of the electric field values ,for each 
~ -

trlan€Ùe is te be printed out separately: XX is used ïn FLeure 

5.4b instend of EF, indicatin~ that such a listjne is not 
J 

req uircd • 

AlI dntu,cards are proccsscd by the subroutine READIN. 

Thi s subrouU ne reproduc c s the input point and e] ement li st'0 

in the output. Subroutine r~AP produces a crude diac;ram of the 

1 ocation~ of input point~-; on tr'c 1 inp pd nter. rrnis i8 usefvl 

for chec}; i Y'f-: errors in the data cards. A nurrber of errors ln 

the data :tre also J1utœnatiC'aJ]y ch~cJ\(?d by the 8ubr'outine 

READIN [5'1,75J. , \t~ ~. " 

( 

From the input poipt and element'llste READIN generato~ 

an assemblcd ~oint list and an clement list (sec Figures 5.5a 

and 5. Sb). The> aSf:',C'm'l\l ed PO) nt ,111d element li St8 are gencrateo 

when illtcrpo] Cition nod e s (l rC' éJdded to t he input point li st. 
, ' 

The points :w the af;:-,elTlh1 cd .1 if>t are renumbered and rearn,ll1ttJ d 

.,;, 'ln 8uchJl \Vay that fixed Boints (i.e. points with Dirichlet 
.. -'\1 

boun~8.ry concl i tion) appear ét t the: rmd of the asscmbled point 
) 

list. A seçonrl n1:Jp of tlle pOints is produ'Cc.d on the line 

prlntel' "by t}H~ subroutj ne MAP ([;e,e Fi[~ure 5.6), 'thi fi, time wi 1:!h 
• 1 • 

the assemb] pd points. HEADIN a1 sa prints an error code àml the 

required ancl uvnilable size of certain primary arqlys, as weIl 

1) 

- • - ! • 
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~1np of the é:lfiserr.bleù point set. Pû~t' nUPlbers of inter­
polation nôè.cr; whicll, ~rc si tu;~ted too c] o~c over-v:ri i~e 
each otl'cr. 'rhey Cééll b0 reco\ ercd fro~n the aS8e~pblcd 
~point and elerne;1t li:..;ts shown in'Fir;Jn':f] 5.5-a é1nd S.5b. 
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as a list of points with Dirichlet boundary conditions (see 

Fi gure 5.7). ~ " 

~s~~ 'informa~on passed on by READIN, subroutine 
--" , 

FINDIT de1frmlnes the cavity length L by reviewing aIl 

segmen~ id~iers. Tt verifies that the segment identifiers 

E and .R refer to horizontal line segmEH).ts on1y, and that the 

identifier Z refers to vertica1 segments. Any deviation from 
,~ 

this ~oh'di tion causes the prof:ram to abandon the 'data set and , 
. ,tô print art nppr<?pri atE' error me~;sage. 

Another check_.of the data peri'ormed by FINDIT concerns 

the tri arwul :lt ion of the rer;lon. In 'fT-modo opera Lion, the 
. 

mafQlct i c fi e 10. i S 7,ero both al Ol'f, the ,,7.-8.xi~ nnd n10nG the er'cl 

of the drj ft-tllbe. Thus the field Vé.,J ue8 are very 10\'1 ln the . .... 

Gorner defj n0d by the axis and trw dr lft- tube end radius • 

• Better resu 1 ts arE! 0 bta ined in dl fferent iat'ing He in thi s 

case if the '90 0 corner belongs to one triane;le. Consp'quentiy, 

subroutine FINDIT detec$s any subdivision of the corner and 

abanclons the data set, printin[; an appropriate error messac;e. 

A similnr check is ma~e for th~ eO Q angle made by the z-axis 
o 

and the transvcrs e pl~~ne of symJl'P try. 

oSubroutincs FINDI'r and LINAC, alonp; wi th thC"Jlû;JJtR,~,~crnn'l 

produC'c the r,loba1 qu~mtities discusr3ed in se'ction '5.1~ and 
J 

print them as in Fifure 5. f.3. The c omputc:d,,..{.EJ r;onant freq unecy' 
( / 1 

and the field values ore prjntcd by the ~brôutinc OUTPUT. 

l"i{';urc '~.9 dlO',vS the nürmalized values of ~e and rHe at 

the interpolation nodes for the problem ut hand. Fieure 5.10 

containG the 1 iet of normalizocl and averae~ecl' values of Er' 

E and lEI at the nodos; These resul ts Vlcre also punched .on 
'Z 

( 
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•• ** HCYT'S 80~~~Z"SH~PEC PRCTON LINAC CAVIT~ •••• 

*.* Dl~E~SICNS CF THE PRcnlE~ *** 

ERReR CCCE: ",.,lSTAKf1 = 

~C. CF FIXEe POTENTIALS: "NF IX" ~ 

~c. CF FREE PCTENTlhlS: "t\FREE" = 

TCTOL t\C. CF °PCI~TS: "NSUr-' " = 

PERfllSSIPLE, r\C. CF pruns: "LNG.T" = 

~C. CF TRIANGLL/lR ELE~E""TS:Ilf..JEL~T" = 
.' 

REClJIREC "S"-I-'ATRIX: 
..... 

'AVAILAALc "S"-f,.IATPIXf' 
• , / 

, , 

"LfNt-l ..... " = 

'~Lr~r,sT" = 

I\C. CF EI\TRIfS I~ "NVTX": tlINrlC" = 

~V"ILArLf: "tlVlX" SIlF: "Lr-.VIX f1 = 
<-

0 

13 

132 

145 

2ee 

15 

e17e 

12/'10 

25C' 

14g 

181 

Iii 

'cr' 

pel ~T S W 1 TI; ..... C ~ (1 c; ~ r- r, u ~ 0 1 PIC f-J LET A r LJ 1\ C ft R Y ,C ( 1\ r TT 1 [ r-, 

POINT' 
NO. 

133. 
134. 
135. 
136. 
137. 
l~P. 

139. 
140. 
141. 
142. 
14' '3. 

, 'J 
',144. 

14'r; • 

'>. 

WhVE-
FlJt\CTICt\: 
..... R*t-' 

c.C c.c 
c.e c.c 
0.0 D.O 
c.e c.c 
a :c c.c 
c.c o.c 
c'. c o.e 
o.c c.e 
o.c a.a 
0.0 0.0 
c.e c.c 
o.e c.c 
0.0 0.0 

Figure 5.7 

- 'Z ., 

<) 

, 

~ubroutine READJN prints ouf a~ error code ~nd the 
r,pqu:i:recl and aVCli lubIe fiil',c of ccrt~in arrays: 'a list " 
of poi n~t[j wi th ~ richl et boundury cotlùi tion1..a l,so 
appeanr',in the output. . . 

. 
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• 
**** HCYT'S 805M ... Z,"$HAPEC PRCTCN LINAC C/IVITY **** 

.** C~~RACTERISTICS CF TrE lINE~R ACCELEq/lTOR CAVITY *** 
l, 

CAVITY LF~GT~: nCl" = 
C.(r-'lnf\EC [qIFT-TUPJE-ENC RflCI 1: "COTER" = 
R!J.r,I~L SY~~ËTRY F~CTnR: tiRS" = 
N l' tw' A ER CF" r 0 F. S ·C t\ R = fol ~ t t\ : fi K T R AC K" = 
MflXIt-'L;t-' 7-crrRCIr\ATE CfI. R=Pf.'If\: "Zf.'tlX" = 
~1~r~L;~ l-(rrRC~~~TE eN R=R~IN: "Z~IN" = 
( Il Z /1 A x ,,- " l t- 1 \ '1 ) * Il R S " Ile a = " C ... ECK" -= 
~INIf'lU~ R-cr('RrI~àTE: tiR"""" = 
PART ICLE VfLec ITY/L 'lGI-'T VELCC ITY: "RET"" = 
PJnCE t\c. "t<CL~T" = 
r-'orE TVPE: "TYP" == 

SURF/lCF I~TfrR{JL CF ""T~Tf:J.: "SUIi" = ., 
CCRRECTf[;iVrLTAGE (II<;U~"-'Ir.ELT"'V"):tlS'4C" = 
Llr-.;F.-I\TE:CQ"l CF El flLCt\G AXIS: ,,","VF71'\T" = 
T R 111\ S 1 T T 1 ~I E F" r: T (~ N U ~ E R fi T Q R : " T F 7 1 N T l' = 
I!\TECRAL cr FR (PEA,.. t-CLF): "CELTflV I1 = 
PO\o,Ff~ LC5~ 11\ ~ET/JL \-./ILLS: "PCwlrS" = 
CrNCL.CTIVITY CF T~F ",ETAl: "CC"CUC" = 
THAf\SIT Tlt--'E FflCTfH: "TTF" :: 
SC A L F F t. C l r q (= C L / ( sr' C * T TF) ) : " S F" =-

,S Q U fl P F CFT f~ F SC tJ. L E ç: t C T r p : " S F 2 Il == 

lCO* ("S/olr ll
-

II V6l Ir\T") /"Sf..1r" ~ "0l T'(" """ 
F NF H G Y S TC R f: C l fi. TI- E Ct> VIT Y : " V T V li :: 

C - F fi eTC ~ (è rJ [ c~" * V 1 VIP CV, Les ) : " C F ~ C TRU == 

SHUNT r~()E['4.'k~èE: "ZItJPFC":: 
" 7 II" P Feil * " T T'~ Il; * ? Il l T '2" :: , ~ 

S H l; t\ T l ~ P Er 1\ l\1,G 'E P E R U ~ 1 T l, E t\ G TI-: Il 1 r VER L Il = 
l! 

"7T2"I"CL" 
" Ir v E PL" 1 1. r,: r tJ C T R " 
" Z T 2 C ll1 1" C F'tt C TR" 

"zrLQ" == 
IIlf2CLr." :: 

~ figure 5.8 
/ 

O.121C~4r+oc ~ET[RS 

C.38CCCC~-Ol r-'FTER5 
2 (2 FC~ SY~~ETR~) 

9 C-LESS 
C.121C~~O+02 C[~TJ~ 

C.fC51~?n+CI C[NTI~ 
C.12l(·}l1f~+CC tJFTER$ 
c.c CE~TI~ 

C.f5~Cf7r,+CC C-LE5S 
1 • 
o • 3 1 1; 1 S,C; C + 0 1 
C.l'5C"315r+C6 
C • 14 F <; :: 'dH C (; 

.JO.14Ltl14C+Oé 
C.1l7C,PCC+06" 
C .17fC5(f+C'~ 
C.2(;q17~r:+04 

c. 5<;1 C lff+C8 
, C.~11;7'5CC+CC 
-C.53?L.C(;f+C4 
O.2A~4'5ér+ce 

C .28S/12CC+Cl 
C.14771 ~n-Cl 
O.27EP7?f-t05 
C.iHSR4AC+07 
C '. '54 '-1 ? ~ C C -f C 7 

~/, -
rr'~(6 7 7 ~ ~r r: -t 0 e 
C .4 t1St'1Sr:+C8 
c ~ '2 4 2 f' <; é r + C 4 
C.H:12~sr>~C4 

r:-LF~~ 
r;;-l E <: <: 

vrL 1':: 
VCL1S 
VCLTS 
VfLiS 
VLL T~ 
~/l1TS 

FI- (S 1 ri 
C-LF~; 

C-LE~S 

f-trss 
PF~Cf\T 

Jr Ll_ ES 
C-LES~ 

C ~' f' S 
('1-'''5 

CH.JS/I" f 

[1- rJ S / ~ 
r \i r..o S / t-
e I-IJ S II" 

Joint outpui fram subroutines FINbIT and LINAC and the MAIN 
progrRm containjng the global quaritities discusscù in section 
5. J} • 

l' 
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cards and used as input to a modified version of the finite 

element fietd plotting program FINPLr [82J. ThlS program u~es 

a CALCOMP digital pIotter to drak lines of constant He t rrye.' 

E z and The plots produced are given in Figures 

5.11a through 5.11e. These plots reveal that" the E-field 

values are less accurate 'than the H-fj,.eld value~Nevertheless, 
l , 

th'ése plots indicate very weIl the nature of the fiel~ 

" configuration in the cavity and the locations of the maximum 

field values. 
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Fi'gure 5. lia 
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Linps of constant H for, the fundamental mOdeY<808.799 f.1Hz). 
The values ranGe fr~m' 0.0 to 2576.0 Ampères/meter in stcps .of 
13-5.58 A:npères/meter. These arE}-normalized values suctf that, 
the emf acrODS the cavity i8 1 MV/m including the transit 
time f:'lctor. ' 
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Fi gure , 5 • 11 b 

Lines of constant ff (=rH ) for the fundamental mode (808.799 
MHz). The values range f,~om 0.0 to 2590.0 A~pères in steps of 
136.31 Amp~res. The values are normalized as for He, 
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Lines of constant Er for the fundamental/ mode (808.799 MHz). 
The values ranpc from -~.-Û2.SL.1,Q_)+2.4431 MegaYolts/mete~ in 
steps of 0.2416 MY lm ." 'The value sare normali 7\cd as for ~e . 

--'~ 

r 

- - 2 



• 

• 

o 

• 1 , 
~ 

. 
1 • 

-, .. ) ~ 

~ 

~ 
~ 

, 
0.0 MV/m 

/----------

! 6 5 

-------~--

,0.0 MV m 

" 

Figure 5.11d 

..... .... 
, 

'" 

J 2 

r \ 

., 
1 

, 
\ 

\ 

1 

/ 
/ .. 

189 

\ 

\ 
1 
1 

IJ 

1 

J 
1 

Lines of constant E7, for the fundamental mode (808.799 MHz). 
The values rémr-8 from -0.0655 to +5.26J6 McgaVolts/meter in 
steps of 0 .. 2805 MV lm. 'l1he value sare normali zed as for He' 
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Lines of constant leI for the fundamental mode (808.799 MHz). 
The values rg..n.2;e._from 0.0 to 5 ... 2647~e{~avo:.ts/meter in steps 
of 0.2771 MV/m. The values are nor )lized as for He" 
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The problem treated in the previous secti;rn has been 

'solved'by Hoyt, Simmonds and Rich [70J in 19 5 using a 

computer progr~m (LALA) based on finlte di ference methods. 

In order to make a meaningful comparison/ etween their 
, / 

results and the finite element solution~ their method must 

be explained briefly [70,80, 83J. / 
The LALA pf'o[!r<1.m work 8 wi th ti function 8-::: rHe as has 

been discus:;sed in sec1;ion 5.2. Tyle numerica] method cmployed 

i8 successive point over-relax1!ion. A s~uare mesh 18 used 

and a nine-point difference equatiorJ. i8/derivod for intcrior· 

points from a variational formulation. At the boundary, a 

spec ia1 set of boundary di fferellc e CCl ua ti ons are used, whi ch 

accordinr. to the 8uthors sati8fy the hOTTloseneous Neumann 

boundnry condition for 5 on the actual cavity boundary. ln 

Hoyt' s word s [.83J 

- '~The LALA pro{~raP1 ur;cs a zir:-zaC' approximation to 
the actu81 bOlJndo.ry. 'l'his zig-zn,r: ooundary lies cither 
on or outsidc the actual boundary. The calculation i8 
carried out for the r0cion j nside the ziC-zo.{'; lboundary • 
The eq uat i on~, uf;ed t 0 compute the val uc~: of F . for the 
'zip;-'Z8.['; bounrlnry point~~ are derj ved sa. as to- satj sfy' 
physical boundary condi tion3 on the El'ctua1 boundary." 

-
The LALA program dctermines the domino.nt eie;envalue by rn.eans 

of the Hay1 eip;h quotient. An ini tial f,ue~s is made for the 

e ieenva] ue and for the fune ti on ff, followed by an i tcrat î ve 

procedure ta produce a new ff and a new eigenvalue.oThe 

process is rcpeated until/.'th0 values pettle down to small 

chanrr,e s. 

i 

1 F denotes rH e in Hoyt's paper. 

- - -
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Using this method, the resonant frequency of the cavity 

as produced by LALA ls 804.80 MHz. According to the paper 

gtven---in--·ief~érënêè~'TioJ/ -'~:Eh-e---ë-omputed frequency probably i 8 

within 0.1% '~. The fre4~ency computed by the finite element 

program is 808~799 MH~. This figure is approximately 0.5% 

off of the frequency, computed by Hoyt, Simmonds and Rich; . 
" 

hence, either the ~uthors of LALA have underesti~ated the 

error in LALA SOl~Çions or the finite element program i8 highly 

inaccurate. .~ 

Detajls of the computational tests performed with the 

AXISn::r,1-VECTOR;HELMHOLTZ-FINTEL6 fini te element CO:np'Jter 

pro~ram have peen publish_ed e~s(l'whe_re [52J._ The~>ndic~te :'nat 

the agreemcr+t between analytjcal solutions and the wave-nw:1bers 
, 

of the dominant modes computed by AXISY~M-VEGTOR-HEL~lliOLTZ-

FINTEL6 for cylindricoJ resonators is [~tter than 0.1%. In 

view of the fact 'that LACC work s in double pr~ision ari thrî~:tic 

whereas AXISYr,1~-VECTOR-HELr.'lHOLTZ-FINTEL6 ls wri tten in slnr,lc 

precision, the agreement for the same te~t cases i8 better 

than'O~Ol%. Table 5.1 shows the resonant frequencies of 

cylindrical cavities with various ~i as computed by LALA 

and by LACC. The percent errors i' the sc results are aiso 
~ 

given. They indicate that both programs produce accurate 
Î 

results for Lvlidrical cavit~ problerns~1 
, ~ ~ 

Considc~ine; trlat the matrix si ze for the linac cavi ty 

probleJ;J of se-ction 5.6, is 132 (a large value by finite elcr,wnt , , 
- 1 ,-

~tandards) and that seeond-. and f.ourth-order elcme:J qf.e used 
/--

in the approxi~ationr it is v~ry unlikely that the f eq~eney 
returned by LACC eould be in error by as mueh as 0.4% • " ln 

\ ' 

\ 
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~ \ 
cavity analytical LALA1F % error LACC % error 1 
radîus freque:lcy freq. in LAJ.<A. 1 freq. in LACe 1 

, l!1. C"1 in f/:Hz in ~.:Hz freq. 1 in i'.:Hz freq. ~ 

14.96 766.9962 767.04 +0.00571 ! 
J 

766.951 -0.00589 
1 

'14.98 765.9722 766.04 +0.00885 : 765.926 -0.00603 
1 

1 

15.00 764.9509 764.92 -0.00404 : 764.905 \-0.00600 
"T 1 ~ .. 
15.02 763.9323 763.93 -0.00030 7'63.886 -0.00606 .. 

~! 

15.04 762.9165 762.94 . +0. 00J08 ';--- 762.870 -0.00609 
, 

15.06 761.90J3 761.95 +0.00613 761.856 -0.00621 

*LALA results c?urtesy of Dr. K. ~ltta~ [84J 
~ 1 

Table 5.1 
, 1 

The resonant freQuencies oP cylindrica~ cavities with various 
radii as co~puted by LA~A and by LACC. The LALA program used 
a rectangular ~esh comprising 3171 ~es~ points'to solve the 
cyli~drical ~avity proble~. ~he LACe p~ogra~ solved the sarne 
proble~ with sixth-order polyno~ial approximation using ~4 
nodes. Tne percent errors s~indica~e that both programs 
produce accurate results for cylindric~l cavity problems. ln­
Figure 5.12 the percent errors are plo~ted against the cavity 
radii • 
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the ~ut?~'q opinion, the discrepancy between the LALA and the 
~ \ 

LACC redu~s c~n only be a~ributed to serious shorteomings in 

the method~sed by the o{iginators of LALA. In LALA. the 

Neumann bounqary condition is imposed by setting the function 
/ 

values on ~~e zl g-zag boundary equal to values obtalned by 

linear i ~rpolation b~ween points of a cell just inside the 
, 

actual b undary. This enn lead to an uncertainty in the precise 

location f the point where the Neumann condition is satisfied, 

of approximately one mesh length (~1 mm). This ,unce,rtainty is 

clearly reflected in the variation of the percent errors in 

the LALA rcsults Wlt~ cavity radius for the cyljndiical cavity 

problem (Eee Tablo 5.1 and Figure 5.12). In arder ta further 

substantjate this point, th~ radlal coordinates of the' input 

5 JI'a were points No. Il throu;~h No. 19 in Fir;ure c; 5. J and 

increar-;cd by 0.455 millilctor (this correspond~, to a mere 0.32% 

increasç in the rrl<1ximum cavj ty radius) .and the prob1 0 m \'la" 

sol vod 8.f,ain. The rcsonant freq uency cOllputed by LACC for thi G 

cavity i8 ~06.)70 MHz. This fiEure i8 substanti<111y closcir to 

the LALA resonant frequency and is 0.30% lower than the LACe 

recuIt for the smal1er cavity. A further lncrease of 0.7281 

millimeter in the z-~ordinates' of the input points No. 8 

through 16 (sec }'j{\ures 5.3 ~nd 5.4a) rCGults jn a resonélnt 

frcqucncy of 802. JB1J JV:Hz. Since for the zig-zQG boundary the 

resonant frcquency obtained by the LALA pro~ram for thiH 

problcm lies someVvherc betwe~ ues obtaincd by LACe 

the ori~inal contour (Fieure 5.J)\a~d1the slightly enlar~ed 

one, i t must be c,pnc J uded th' the zi[;-zag boundZlry used i:-1 

for 

LALA introduces an Rppreciab e ror in the resonant frcquencles 
- -> 

\ 

c ornputed by i t • 

• - = 
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FigUrJ 5.12 
1 

The variation of perce~t errors in the LALA 
anq t0e LACC resonant frequencies of cyl­
ind~ical cavi~ies witt/the CQvity radius. 
The flucturrtio~s in ~h~ LALA % error are due 
ta the v:ay LltLn 'îz..rJ.dlet:_ t!-',e boundcŒY candi tion. 
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The agreement between other quantities computed by the 

--twe--c.Ql1}.puter pro~rarns is fairly good. The resul ts are summarlzed 
------. -----

in Table 5.2. The--cl_~se agreement of the Q-factor calculations 

can be attributed to the ~t~tl~n~ry property of this quantity. 

The axial emf, power loss and stored ehe-rgy in the' cav~ t~ are 

-: llot gi ven in Hoyt' s paper [7 0 J . .. ' 
There are_ a numbBr of mesh iteration computer programG--îor 

linac cavity applications on the market [85-88J. Of these, LALA 

is probably the most widely used and accepted. ~ith the number 

of mesh points ran~inf beiween 5000 and 15000 LALA can solve 

a lina~ cnvity problore in 10 to 20 minutes on an IBM 7094 , 

co~putcr [70J. The sj~c of the eigenvalue problem in the exnnp1e 

in the previous section was 132. Usin(~ (J.ll IBM Fortran ,IV H 

compiler and an IBM 360/75 computer, the probl~m solution ! 

req uired 57 pecond s (CPU) of nri thmetic corr.putin{~ time wi th 
-

LAce. At 10;\ f',t 60% of thi s tirno was spent on sol vinr; the matl'ix 

e if,f'nvaJ ue en uati on proper. Al thouf,h i t i s impos s i bl c to mah \~ 

a precise comparison rcgRrdinG speed, LAce is estimated to be 

rour;h ly 5 tj mc G faster t,han LALA [89]. 

l~~h~Uld a18-.o be pointed out that mesh i teration prOf,r~~ms 

req ui rE~ c onv err,p.!}c e to solve the larGe, Eparse m;\trix e igell-
( .> 

va] ue Cil uélti on wi th wllich the se pro[':ramr; él~e assod ated. HOV/-

CV0r, this convcrr,cncc> should not be confused wi th conver[;encc: .-
"" , to the truc r:olution of the proble:n; an jLurative procedut'c 

may converr,e very nicply ta a wrone answcr. Another type of 

converr;encc i8 relstcd to the nature of the subspGce in whj ch 

the Rpproxlmation occurs. This type of convcreence has tieen 

presented e12ewhere [56,58J and is usua11y illustruied by a 

* 
-J 

~ __________ N _____ nft~ ________ nz __ .......... """"! 
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Axial Power Transit 
CO!T_puter Cavi ty Freq. emf V in 108s P in .time Q 
program Slze f il': MHz MegaVolts ',Yatts factor T factor . 

? . 
L,;.ee original 808.799 148.554 2691.75 0.81475 27887.2 

-
enlarf'"ed . 

-
lACC i:1 ~he- r 806.370 148.563 26c:6.76 0.8147..0 27900.9 

èir-ectiorl 

/ 

- en lo.!.'F',ed 
LAce il". the y.lz 802.384 148.591 . 266 3.31 0.8'1455 27973.9 , directions .-

" 0 
<J 

LALA* original 804.80 - - 0.8160 27890.0 
~ 

, 

L--.. ____ ---- -_._- - ~ -- ~._.- -~ 

*LALA results are taken from'reference [70J { 

\ 

.~ \ 
... 

.. 
Table 5.2 

eomparison of tte results returned by 
LAce and by LALA for Hoyt's linac cavity. 

1 

o 

.,. 
ZIT2/L 

1 in 
~n/m 

1 

1 

44.965 
1 

1 
1 

44. 881 

45\.445 
, 
i 

! 
44~04 

" 

.. •• 
""----

stored 1 

energy U . 
in Joules 1 

\ 

0.01.477 

0.01485 -
. 

0.01478 
- . 
'-

.. 

~ 

"' 

-

/ 

-
~ "''' ~ " 



• 

• 

198 

plot 'of the error in the eicenvalues of an analytically 
'. ! 

solvasle problem versus matrix size on a semilogarithmic scale • 

Curves are often plotted for various orders of po~ynomial 
, .' 

approximatioN. The'results are alsa vp.lid for the LACC proE;ram. 

In ordcr to illustrate the accuracy of the LACC program 

,!th trianeles of various orders, two simple problems will be 

considered here. The fj rst one cons·ists of a centrally loaded, 

. circular cylindrical cavity similar to the one given in a paper 

by Hoyt [8)J. The longitudin~l cross-section of the cavltYt 
, 

the trianpllation and the.j nput point and element ~"j sts for 

thj s pro bl em (1 ppenr in Fi gure s 5.1 Ja and S.l)b. 'rhe sec ond 
C? 

prohlerl i8 lllustrtlted in PiGurrs 5.11~a [lnd'S.l1tb. ln this 

case there i~ no sharp re-entrant corner At the drift-tube. 

The resul ts to these probl ems arc gi ven j n Tablcé:; S. J and 5.h 

re::;pectively, where the computing times rcquired (1re a180 

indicéJted. 

It is cvident froDl the results di~playcd ln Tnbles 5.3 

and 5.lf that the _solutions irnprove with inereased matrix sizc 
< 

,. and hj ['"11er po lynOTnlé1. l deGre~. l t i 8 al sa al!parent, that the ra t e 

o'f converAenc8 is influenced by t~e geomctry of the problern. 

The re-entrant corner [tt the dri ft-tu.be walls for the cavi ty 
1 _ . 

of Fir,ure 5.1Jel educcG UJe converGence of the solutlon ~incC' 
~-

,the ::;olution i.," re-entrant canlers. The 1e:08 

pronounced tlle bel~d fr:u:;ter tlw rate of convcrgence. 

For a Lor than fl'Oq uency and Q, the c onver[,cnc c' 

i8 onuniformi ty i8 moct pronounccd, in the 

potentiell v acroS8 the cavi ty. 'l'he exp lanCl.tion of' 

of [HeJ from which V is derivcd, 
1 

", 

~ 
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The longitudinal cross-section and the 
triangulation of a centr~lly'loaded 
circular cyl~nd~ical c~vity. 
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1 Fi ~ 

.? 
.., .. 1 ~ , 

*** INPUT POINT LIST *** 

POl NT HORllONTI\L VERTICAL 
NO. COOROÜJATE COO~Dlr-.JATE 

(CENTIMETER) (CENTIMETEQ) 

1. 0.0 5.7151)0 
2. 1.90000 5.71500 
3. 3.80000 '5.71500 
~~ 11.41000 5.71500 
5. 0.0 3. n 'l()f) " . 
6. ] • 90000 3.?11)()() ,' .... ' 
7. 1.80000· 3.21500 
8. 0.0 0.0 
9. 2.A500Q 0.0 

10. 11'.43000 0.0 

\ 

*** INPUT ELEME~T le- 1 ~~T *** " 

VERTlCFS: OIRICHlF:T <; fr,MPH 
CQNSTQ.APITS lOF: "J TIF 1 E K S. 

1\ 8 C A 8 B,-C • A_C A_ R P, 

1 ? ') ~ 1 0 1 E 1 

6 '2 5 0 0 0 M 
6 9 '5 0 0 0 * A 9 5 0 0 0 '1 R 
(, 7' 9 0 0, 0 M. 
q 10 7 0 0 o ~ R 
(~ 10 7 0 () 0 ;., 
7 3 \ 4 0 0 0, 1.1 

-.J 

Figure 5.1Jb 

Input point and input ele~ent lists 
fo~ a centrally loaded circular 
cylindrical cavity (see Figure 5;1~ 

_C "'_C 

* l 
.;r * 
* * 
* l 
tr. :>: 

* * 
* * M * 
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1 

N 1 2 J_ 4 5 ,6 
-

6 • 20 n 42 72 110 156 

t(sec) h-,-2 14 . 8 7.0 14.1 ]If_.L 83.0 
" 

1 J 
f(MHz) 911 900'876. 51~S 848.488 837.671 834.109 832.773 • 

\ 1 , ! j 
V ( MV 0] t s ) ! 1 39 . 874 ' 135. 815 1 141 .1./-41 139.434 138.616,138.795 , 

p(Wrltts) 
, 1 • 1 1 1 

12006.11 2649. 37' "3<l~'. 5713115.3513133.08 i 'J143: 00 . - -
T '.8171-641.841587: .80811)' !819741 .824581 .823518 

,u(,Joules)I.OJ1912' .011178! .012838 .01273~1.012799~.012819 
Q 127291.6 23237.6122167.4 21517.5 21409.2,121)41.0 

ZT 2 /L 
1 

37.0194 )6.6893 )6.4817136.3665 45.6049,4J.1424 
(Mn/rn ) 1 

N: the degree of t~c interpolation polynomials used 
n: the ~ize of the ei~env~lue problem 
t: cornputin{'" time (CPU) 

.. ' Taole 5.) 

Results obtained for, the centrally 10aded circular 
cylindrical cRvity describcd in Fif,ures 5.13a and 
5.13b. The computing times required are indicated. 

J 
/ 

! 
i , 
j 
1 

1 

1 
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" Figure 5.14a 

The longitudinal cross-section and the 
triangulation of a cavity in which the 
drift-tube outer edge is rrot sharp. 
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.** I~PUT POINT LIST *.* 

POl "lT HrJR 1 ~OI\JT AL VERTICAL 

TRIJ\t~GlE 

"l0. 

1 • 
2. 
3. 
4. 
5. 
6. 
7. 
8. 

NO. COnRI)IN~TE COORDINI\TF 
tCPHI~ETER) (CENTIMETE~) 

1 • 0.0 5.71500 
2. -~ 1.90000 5.11500 
3. 11.41000 4.0DOOO 
4. 11.41000 0.0 
5. 0.0 3.21500 
bc 1~90000 3.21500 
7. 3.80000 3.21500 
R 0.0 0.0 
9. 1.90t'lOO 0.0 

10. 1.AOOOO 0.0 

*** INPUT ELE/w'1E'\IT LI<)T *** 

VEQ.T1CES: DIRICHLF.T SFGMr'l·T 
CON S T R f\ ,'n s fD[\JT(Flf JJ ') 

A n C A _0 R C A C tJ -. -
1 '2 1) 1 0 1 
h ? :; 0 0 0 
6 9 'i 0 0 0 
A q 5 0 0 1 
6 7 '} 0 '0 0 
q~ 10 1 0 0 0 
{t 10 1 0 o • 0 
7 3 {t 0 0 0 

, 
Figure 5.14b 

Input point and input element lists 
for a cavity in which the drift-tube 
outer edge is not sharp (see Figure 
5.14a) • 

,. . 

P B r !\. _C - -
~ .je l 
1-1 >:< * 
*' * * R * l 
M * * R * * 
* * ;(: 

M M * ("...s. ~ 

.-. 
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/ ) 

N l 2 J 4 .5 6 t" 

n 6 20 42 72 110 156 

t(sec1 4.1 4.5 6.7 13.4 33.0 80.0 
- 1 1 1 

f(MHz) 1001.39 o67.02~ 964.92.11964.689: 96LI-.415 1 964.301 

V(MVoltr; ) 1)9.874.135. 40~ ~ 1 39.915 ; 1)8. 56) i 137.962 !.138. 076 

P(Watts) 4t}7.51 
l ' l ' 

4~ni.4814672.15:4559.67 4558.65'4546.78 

T . 81 716L~ 
! 1 1 

• 81-1-4110 1 • 816925 .. 8248 q JI. 828490 1 • 827808 

U(Joules) .014J67 .014754 
' 1 1 

.015602! .015255 .015222'.015215 

Q 21847. l } 20J66.9j202h6.2 i20278.JI2027~.O '2o;n5.6 

ZT2/L 
( Mo/m) 

127.6253 25.9685 24.4641125.0676 25.0732:25.1387 

N: the degree of the interpolation polynomials used 
n: the size of the eir,envaluc problem 
t: computinr: tjme (CPU), 

Table 5.4 

Results obtnined for th~ cnvity described in 
Figures 5.14a and 5.14b. The computing times 
req uired are indicated. 

1 
1 
1 
1 , , 
; , 
1 

1 
1 

1 
1 , 
, 

1 
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are not variationilly stationary, but th frequency is 

variationally stationary, being related to 

quotient. Indeed, the values computed are 

an upper bound to the true frequency [37J. 

ayleigh 

teed t'o be 

has 

has similar properties. 

One additional comparison between the results obtained 
-, l 

from LALA and LACC is possible. Hoyt has obtained the 

following results for the cavity of Figure 5.1)a [8)J 

frequency: 

Q-factor: 

8)8 MHz 

218)0 

'Transit time factor T: 0.802 

axiar' emf Y: 178 KY x 0(8 = 142.4 KV 
J 

" ZT 2 /L 36.6 Mn/l 
These values have roughly the same accuracy ae the finite 

, . . 
element results obtalncd wlth N =? 1 and N::: 4, as prescnted 

~ 
in Tàble

M

5.3, and are less accurat~ than the higher order 

results. 1 
1 

A general moral can be drawn from the above material: 

. it is' insufficient to run a computer program only once and 
, 

te accept the rcsults as definitjve. One must be aware of the 

limitations as weIl as the advantages of the method used . . 
AlI conclusions must be based on a comparison of the rcsults 

from different working prog~ams based on several methods; 

experimcntation and analysis of every_published comput~r 
, 

program should be carried out in detail • 1 
Of course", f'urther improvements' in LAce can be made, both 

with rer,ard to speed and accuracy. LAC~ already incorporates 
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r . 
major improvements over the precedent prograrn, AXISYMM-VECTOR-

HELMHOLTZ-FINTEL6. The rnemory requirements of these prograrns 

are problem dependent and are esse~tiall~ determined by the 

size of the global coefficien~ matrices [S] and [T]. As it 

stands, .LACC requires JOOK bytes of ~ore. 

The accura~y of LACC could be further irnproved by storing 

~ the ~onstant fini te element matrices [R], 

[Q121J, [Q23l]' [Ull ], [U21 J, [Y11J and 

[Q11!J, t [Q221 J, 
• 

[Y21 J (discussed 

in sectioh 5.3) in double precision in the block data sub­

proGram8. This would require an extra 7551 words (~JOK bytes) 

of stora~e. The improvement in accuracy would probabJy appear 

in the 5-th' or 6-th significant fiGures and would becorr:e 

noticeabie when many high-order triangles are used. Accuracy 

improvements cauld also be brought about in sorne of the derivcd 

quantities by irnproving the procedures uscd to differentiate He' 

Computing speed rnaY"well be improved by swi tching to an 

iterative method to solve the matrix'eigenvalue problern. How­

~ver, this would limit the program to the computation of only 

Ithe fundarncntal mode, and rob the proGram of one of its nicest 

featur0 s. 

~ 5.8 Fj eld CornnutCltion for Othe:!:' Types of Cavi ties 

by the LACe Prop;ram 

The LACC computer prograrn has the capacity to compute 

aIl of the TM 0 modes under the assum~tions given in s~ction rnn 
5.2. Toroidal resonators (i. e. resonators for which the z-axi s 

i8 excluded from the solution reeion) m,y be trcated as weIl 

_. ~- ~---------------
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as'cylindrical ones [52J. There are microwave power tubes 

tnat employ cavities with cylin~~lcal symmetry (e.g. klystron 

.bun6her ~avi ties, c'~a.xi trons) and operate in the TM010 mode, 

.he mode used by ~inear accelerator cavities, but with a 

freque,ncy above 1 GHz. In pn~Vlious applications, the LALA . . 

computer program has been used to design such cavities with 

success [90J. 
\J 

There ari'applications where it is desirable to operate 

in the neighbourhood of or above 10 GHz. Unfortunately, the 
J 

size of a cavity thnt would op~rate at such frequencies in 
.. 

the TM010 mode is impractically small. Designers have tried 

,to avoid this dilemma by operating so:ne cav,ities ih higher-
, , 

order modes. For examplc, Hant and S~erter recently preoonted . 

a modified conical cavity"for millimeter and submlllimeter 

wave applicéttions [92J that would op~r;:rte in the TMOnO modes 

for n:;: 5 to n::: 9. The maximu:n cavi ty radius used iG 7.6354 J 

wavelength ranges from about 1.5 centi-

meters ta 

Hant and an analysis of the cavity using 

analytical methods to obtain the fields and the frequency at 

resonance. The shape and dimensions of their cavity are 

rpproduced in F1 gure 5.15. The diagraT.l ShOJ-'1S that the cavi ty 

is wade of t~ree distinct parts: a cylindrical waveguide 

(beam hale), a para11el-plate radial guid~ând a quasi-wedge 

radial waveguide. Each Qf thesc three components are tractable ..... 
ana-lytica 11y' al thouf,h the ·'ana lysis "of Hant and Sccger i s fairly 

long and tcdious. In addition p ' evcn though difficult ,trans-

cendental functions are employed, th~ an~lysis involves a 



• 

\ 

) 

• 

208 
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number of approximations. At the end of the analysis, the 

authors present design curves for a modified conical cavity 
. . 
wlthout the beam hole, arguihg that in many applications the 

. . 
beam hole diameter is small and may be neglected. 

Using LACC, the solution of this problem can be obtained 

by an engineer in a matter of minutes. Only the input point 

and Input element lists need tp be calculated by hand (see 

Figures 5.16b and 5.16c); a representative triangulation is 

presentéct~Figure 5.16a. Th.e drift-tube has been omi tted 

here ~xcept for the region involving the parallel plate radial 

guide. T~e solution obtained is actually that of a 6avity 

without a beam hole (i.e. co~pletely scaled) but the power 

108s and hcnce the Q-factor are co~puted as if a hole of radius 

0.509 cm existed in the center of the cavity. Table 5.5 contains 

the resonant frequencies ~nd the Q-factors computed by LACC 

together with the resonant frcquencies estimated from the 
l' 

design curvcs of Hant and Seeger. The gencral behaviour of the 

Q values computed by LACC follows the design curves of Hant 

and Seeger. 
fi 

Contour plots obtained for the TM050 mode are displayed 

in Figur~s 5.17a through 5.17d. The most illustrative among 

these plots is Fi~ure 5.17b whera lines of constant. Sare 

shown and the five maxima and minima are clearly distinguish-

able. The electric field componcnts which are obtained by 

differentié1.ting He diSPI~Y rernarkably smooth contou~s, 
keeping in mind that the TM050 mode i8 the li-th eigenfunction 

returned by LACe • 

/ 
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beam 
hole 

zt 
a = 0.509 
b = 1.390 
c = 0.232 
d = 6.110 
p = 30 0 

r 

Figure 5.15 
c;;' ''1'. 

Shape and dimensions of the modifie~~ 
conical cavity of Hant and Seeger. 

4 

21 12 M 11 M 19 M 15 M M 

Figure 5.16a 
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cm 
cm 
cm 
cm 

Triangulation of 'the regio~ of solution for, the J 

modifj ed conieal eavi ty of liant and Seegér. '11he 
drift-tube has been omittcd except in the region 
of the parallel plate radial wave~uide. 

• - -

, 
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. •••• ~CCIFIEC CC~IC~L C~VITY FCR sue-~~ WftVES •••• 

., 

SCALf = 
SCALE = 

.** 

POINT 
"JO. 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

1 Q. 

Il. 
12. 
13. 
14 • 
15. 
16. 
17. 
lA. 
) 9. 
20. 
n. 

1.00 

1.00 

~OR 1 ZONT AL 

VERTICAL 

INPUT POINT LIST *** 

HOR IlC'JT AL VERT ICAL 
COOROINAT!: 
ENTIr~ETE~ ) 

5.61'tl8 4.3551A 
0.50900 0.~3200 
1.39000 0.23200 
4.44722 5.52215 
5.35769 4.88461 
6.14163 4.09869 
6.7~115 ':\.18821 
7.25088 2.180A7 
7.'i3A56 1.10nc; 
7.6354':\ 0.0 ... 
1.25900 0.0 
0.50900 0.0 
7.20A2Q 1.59410 
3.09971 3.1A821 

/ 3.09911 0.0 
4.94042 0.0 
1.67059 0.7129 1t 

2.1851S ... d 0.35647 
2.17935 0.0 
0.0 - --- 0.23200 

"- 0.0 0.0 

Figure 5 .1.6b 

Input poini list for the modificd conical 
cavi ty of Hant and Seeger (see Figure 5.16a). 

\ 

\ 
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, 
**** MODIFJED CONJCAL CAVITY FOR SUA-MM WAV~S **** 

*** INPUT ELEMENT LIST *** 

TRIANGLE ORDER VERTICES: DI~ IORET SEGMPJT 
CQ~STRAINTS IDFNTIFIEI:{S 

NO. N A B C A _A' B_C ~_C A _B B_ e fI_C 

1 • 3 • 2 11 12 0 0 0 * M * 
2. 3 70 2 12 0 0, 0 * * * f) 
3. ~ 20 21 17 1 0 0 7 * * 4. 3 2 3 11 0 0 0 M * * 5. l 19 3 11 0 0 0 -Ir. * ~ ~ 

6. ':\ . ' 19 1 lA 0 0 0 * * ,~ 

7. 3 17 1 18 0 o ,l 0 M * * A. 3 19 15 18 0 0 0 ~1 * * 4. 6 17 14 15 . 0 0 U 11 '" * 10. 6 16 )4 15 0 0 0 * '" M 
1,1. 6 16 lit 7 0 

1 

0 0 * * * 12. 6 14 4 7 0 0 0 M * '" .' 
13. 6 16 10 7 0 0 0 M * '" 14. 3 4 5 1 0 0 0 M '" * 15. "3 5 6 1 0 0 0 ~ '" '" 16. 3 6 7 1 0 0 0 M * * 17. "3 7 fi 13 0 0 0 M '" * 18. '] 8 9 13 0 0 0 M * * 19. 3 9 la n 0 a e / M '" * ,1 ,,\: 

( ;.. , 

'> .. 
" 

1 Figure 5.16c 

Input element list for the modificd conicQ.l 
cavity of Hant and See[;er (see Figure 5.16a). 
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LAC~ , N==l an:i 2 
t? n:::27 

Mode Mode f Q 
No. Type 1 l\lliz 

1 • 1 TT.1010 750.019 9125.59 
- -2. TM020 3067.89 11382.3 

4. TY.030 15528.34 ,12167.4 

7. T;\1
040

" 8477.62 1~3~9.4 

11. TM050 11180.8 11811.2 

-14. TTf.060 14L~2~.1 114184.8 

18. T~;070 201.;'9..0.6 15994.6 

N: order of aDDroxi~ation 
n: overall ~a~rix size 

\ 

~ 

N=2 2.nd 4 N=3 and 6 , 

n=88 n=183 . ' 

f Q f Q 
MHz fI:Hz 

706.4L}Q 8738.83 700.823 8691.51 

J019. h 9 11182.1 ;301J.90 11144.6 

5361.93 12678.7 5356.39 
• 1 

12670.5 

76)0.12 
, 
1215).9. 7614.73 1222-0.7 

9718.95" 9892.23 9"670.06 9807.68 

1150J.O 0807.12 11403.8 9J27.10 

13715.2 14312.0 13219.6 13815.6 
0 

Table 5.5 

LAce results for the modi~ied conical cavity. 

î 

~ 

<7-­
- v 

" 

Hant and Seeger 
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MHz 
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. . ! 

Linos of constant ff (= rHe) for the': mOdilried conical " 
cavity. Maxima and minima are sltuated ~ere the 1 

linos are sparse. 
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Figure 5.17c 

Lines of constant Er for the modified conibal cavity • 
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Lines of constant Ez for the modi fied conical cavi ty. 
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CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 Surnmary ( 
A Ïinite element formulation of bounded eleetromagnetie 

field problems ha~ Deen presented in which the medium may be 

anisotropie but-must be linear and loss-free. This formulation 

has two main feature s: 

(1) the general description of electrornagnetic fieîds 

pI"'esented in Chapters land 1.1 and the adoption of the 

generalized curlcurl equation âs the governjng diîferential 

equation; 

(2) the choice of high-order pOlynomial triangular finite 

elements to solve the electromagnetic boundary value problem. 

The generality and elegance of the method can be attributed 
" 

mainly to the first aspect of the form~lation mentioned abovc. 
/ 

Maxwell' equations, though co~cise and clear from the mathematic-

al point of view, do not easily lend themselves to,a variat~onal 

finite element approaeh. The eurlcurl equation i8 an attractive 

alternative, especially _ince it ls satisfied by both the 
, / 

electrie and the magnetic field intensities. The vector Helmholtz 

equation, often used in its stead, is a special form applié~ble 

only to non-divergent electromagnetie fi~lds and can in fact 

be derived from the eurlcurl equation. Thus, r" ty 

of problems can be solved from the curlcurl equat on inelud~ 

fields both in isotropie and a,nis0;t;,ropic, homogeneous and i~ ~ 
" 

homof>eneous nedia. The work pres~nted in this thesis has been 

. « -
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restricted to source-free, non-conàuctive media, but the 

approach has a great potential for further ~evelopment~in 

the areaoof diff.usion problems for- conduetive media. ineluding 

anisotropie conductors, ano also problems in which sources are 

involved. 

Although primarily intended to demonstrate the new 

approach, it is hoped that the three-component magnetic field 

vector program of Appendix IV will be used to solve many more 

waveguide problems in addition to the ones given in Chapter IV. 

Thi~ is expected to be the case on the other hand with the 

linear accelerator cavity field analysis program LACC which 

rivaIs existing programs based on finite difference methods 

and demonstrates how far pra~)~mming can be carried from a 
-\ , 

practical viewpoint. 
1 

6.2 Advantages and Disadvantakes of the Method 

An inherent advantage of the present three-component 

vector formulation is the absence of singularities at ~ =~ 

(air line) àhd ~ = JE;. k (dielectric line) on t3e dispe;rsion 

diagram for inhomogeneous, isotropie problems. This advantage 

arises because the wave-number k and the propagation constant 

~ (or the circulation constant m for axisymmetric problems)' 

appear indep~ndently of the material property tensors. Another 

important positive factor in the present formulation i8 the 
~ , 

possibility of choosing various types of waves, depending ~pon 

the choice of the material prope;rty tensors. The developme~t , 

in this thesis has pursued only linearly' polarized travelling 

, 
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waves and c~rculating waves f evanescent waves and cIrë~ù!â.rly 
" 

or ellipti~ally polarized travelling waves can als,b be treated 

along similar lines. 

The advantages of choosing the variational finite element 
o 

method to solve the boundary value problem are many. For 

isotropic media. the curlcurl operator i~s positive self-adjoint 

and hence the minimum theorem applies. For lossless anisotropie 

media. the material prope.ty tensors are Hermitian and the 

self:adjoint prope~ty is preserved. Since the boundary conditions 

on the magnetic field intensity vector H at perfect electric 

conductors are natural for the functionals derived in this 
1 
thesis, physically meaningful solutions can be obtained even 

if no boundary conditions are explicitly enforced. Either the 

dielectric properties may be inhomogeneous or the magnetic 

properties may be, but not both because the interface conditions 

are satisfied auto~at~cally provided that the H field vector 

is chosen for electric inhomogeneities and the E field vector 

for magnetic inhomogeneities. 

In addition to the advantages of the variational finit~' 
\ 

element method mentioned above, it should be noted that the \ 

eigenvalues returned are always upper bounds; therefore hfgh~y 

accurate solutions can be obtained by increasinE the number of 

, Begrees of freedom for any particular problem. Even so, the 

matrix size remajns relatively srnall compared to finite 

difference ~ethods. pcrmitting the use of direct ~ethods to 

solve the eigcnv~lue problem. 

·The choice of triangular element shape has both advantages 

and disadvantages. Its chief advantage is that un arbitrary 

) 

1 
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polygon can be represented.exactly by unions of triangles • 

Further, the integrations in the functional formulation can be 

carried out once and for aIl explicitly by separating shape, 

size and position describing factors from the integrations 

themselves~ Thus the expensive computations required to obtiin 

element matrices need not be for every problem ~nd 

solution times depend almost on the matrix size, and 

on the 'equation Bolving' algorithm employed rather than the 

matrix,assemb~y. \ 

Although programming the finite element method using 

high-order 'nterpolation polynomials is relatively co~plicated, 

it has the dvantage that a general program may be written to 

solve a ategory of problems. Data prep~ration for'thcse , 

general programs is relatively simple. 
1 

As for disadvantages, it must be pointed out that tri-

angles with strajght edges are not perfectIy suited to model 

curved boundarieB. Mixing triangular elements of variDus 

polynomial orders is a good'way of handling such b6undaries, 

but still lëaves room for improvement. 

Afthough the matrix size in a finite element formulation 

is usually ~e~y much smaller than in a finite difference method, 

in this case it js still quite large in view of the faét that 

three unknowns must be conr.idered for every interpolation nodo. 

'This creates difficulties with regard to c~mputer memory 

require~ents. The~explic!t enforcement of boundary conditions 
~ 

on the magnetic field vector H w5uId be useful in saving 
-

computer memory. The computer progra~ LACe does not of course 
, 

suffer from this shortcoming, but it would benefit from , 
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exploi"tation of the sparsi ty of the coefficient matrices. 

o \ 

. "-
The presence of spurious, nÔQ-physical solutions in 

\ 1 

~igenvalue problems involving aIl three components of H is 
\ 

a very annoying feature. Spurious modes can and should be . , 

filtered out- by explicitly enfo~cing th~ boundary conditions 
'" 

at the metal walls and by reducing the coefficient matrix to 
. 

f~~l rank. As the pràgram stands, analyzing results obtained 
, 

by the three-component magnetic<field vector program of , , 

Appendix IV can be a frustrating experience because of the 

presence of spurious modes. 

A complete k-~ diagram pan be obtained with the three­

component magnetic field vector program for any bounded 
• 1 

linear waveguide. However, the use of the program is restricted 
. 

'by the fact that a cDmplete dispe~sion diagram is relatively 

e~pensive to produce. It is suggested that the modal approx­

imation technique [8,12J be employed in the future in order 

to reduce costs. 

The boundary condition n xE = 0 must be incorporated in 
, 

the present program in order to make it capable of solving E 

field proôlems. This addition is absolutely necessary for 
co 

solving problems with inhomogeneities in the permeability 

tens,or'. There are abundant practical applications, for example 

phas~ shifters using ferrite slabs, which cannot be tackled 

with the present H fi~ld program but could be treated with 

an E field program. A~SOp in connection with the boundary 

condition nxH=O. "'\'" ~: 

it should be mentioned that this condition 

would make the three-co~ponent magnetic,field véctor program 
; 
capabl~ of exploiting symmetry~ it is very desirable to employ 
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symmetry arguments since it reduces the matrix size. 

,..-~ Another restri~tion in the present formulation is thAt the 
, 

material property tensors must be constant in every triangular 

element. For inhomogeneous media, 'the discontinuities in the 

material property tensors must therefore be step-like: smoothly 

varying permittivities or permeabiliti~s could be handl~d, 

although they would complicate the formulation. Moreover, the 

method presented in this thesis has been restricted to 

frequency independent material property tensors r It is mainly 

a matter of numerical analysis and not of electromagnetic , 
theory to extend the methodology to include the frequency 

dependence of the material property tensors • 
. 

Although the element matrices have been computed ,exactly, 

they are truncated to singl e precision word length (i. e. seven 

si{;Ylificant figures on the f3M 360/75 cO"11puter) in the block 

data subproErams. This introduces sorne 'error in the solutions, 

especially when many higher-order elem~nts are used. Accuracy 

could be irnproved in these cases by storing the element 

matrices in double precision at the expense of using more 

oomputer memory. Ideally, one would like the computer program 

to perform the computations in integer ari thmetic,. Unfortunate-

ly, Fortran IV compilers o~ IBM computers restrict the use of 

integers to maQ1i tudes less than 231 _1. The high-order 

element matrices in exact integer quotient form contain numbers 

which are close to or excced this limite 
" 

At present, doubl~ precision arithmetic i8 required in 

order to produce accurate solutions because round-off errors 

may accumulate in41e precision computation for lare;er 
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, 

rna~rix size. If the programs are ever rewritten or perfected, 

substantial s~vings in computer memory would result from using 

an iterative clean-up procedure instead of double precis\on 

arithmetic. 

6. J ~ecommendations for Further ,Research 

Sorne recommendations for furthe~ work are implicit in the 

discussion given in the previous section. These recommendations ,... 

are of a type which could be performed immediately and would 
. 

perfect and extend the present computer programs in useful 

ways. For example, the formulatioD of the three-component axi-

symmetric vector problem has been given in general in the 

thesis and the required element matrices have aIl been computed. 

However, only a special case has been program~ed in the LACe 

prograM. Another example is the three-component maenetic field 

vector program which could be modified in such a way that the 

propagation constant ~ could be computed for any given value 

of the wave-number k. Further, the three-component magnetic 

field vector program could easily be modified to accept complex 

values ~n order to solve for waves whlch have complex propag­

ation éonstant. 

A logical extension of the method would be to the lossy 
,JtIIII 

case since losses are important in most practjcal anisotropie 

~aveg~ide problems [48.93-95J. Since the material property 

tensors are not Hermitian for lossy media, the differential 

operator is not se1f-adjoint in this case. Consequently, the 
, 

functionals derived for the loss-free case do not apply and 

new, bivariate functionals would neod to be derived. 
'4 

- -

, 

7 
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Finally, it should be noted that in addition to anis~tropic{ 
media there exist )media which are bianisotropic [96J. For such 

media the magnetic and electric flux densities depend upon both 
. 

the electric and the magnetic field intensi ties. Cons~quently. 
Î the curlcurl o:gerator needs 1;0 be extended for this case. The 

finite element formulation of the correspond~ng bianisotropic 

electromagnet~c field problem is a logiëal possibility • 
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