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Abstract

Spectral analysis (primarily in terms of spherical
harmonics) is applied to the atmospheric dynamical equations
in general, to truncated barotropic systems in particular and,
in addition,to the global geopotential height field of the 500 mb

surface for September 1957,

The complete set of equations governing adiabatic
fricti<-)nless flow transform into the spectral domain, and are
energetically consistent under practically any truncation pro-
cedure. Analysis of truncated barotropic systems leads to a
reinterpretation of barotropic instability in terms of the frequency

of momentum transport.

There is no evidence that the fluctuations of spherical
harmonic waves at 500 mb are global in chafacter, but the lack
of data in the southern hemisphere limits the validity of this con-
clusion. Hemispheric analysis of the geopotential height field at
500 mb for the northern hemisphere indicates that the planetary
waves are composed of a quasi-stationary component‘ and a rapidly
retrogressive component whose phase speeds are a large fraction

of the theoretical Rossby-Haurwitz phase speeds.




1. INTRODUCTION

The systematic investigation of the properties of the
meteorologically significant wave motions in the atmosphere has
proceeded apace since the pioneer work of Rossby, Haurwitz and
Bilinova in the late 1930's and early 1940_'5.. By introducing the
"beta plane'' approximation, Rossby (1939) formulated the vorticity
principle which governs the motion of long waves in a barotropic
atmosphere. Haurwitz (1940) and Bilinova (1943) extended this work
without the ''beta plane'' approximation, using spherical h;rmonics,
and obtained the corresponding phase speed formula for barotropic
waves on a spherical earth. Craig (1945) and Neamtan (1946) found
a particular solution of the non-linear vorticity equation in term-sj of
spherical harmonics. Kuo (1949) considered the barotropic problem
more realistically by permitting variations of zonal wind with latitude,
which introduced the possibility of developing unstable waves in this
current. Extensions of the physical model from one which conserved
absolute vorticity to one which conserved potential vorticity led to the
classic studies of the baroclinic problem by Charney (1947), Eady (1949)
and Fjortoft (1950). In these studies the essential physical relationships
between energy conver sion from potential to kinetic, and the correspond-
ing motions necessary to achieve the conversion, were demonstrated.
As well, the vertical wind shear was shown to be the pre.dominant para-

meter for the stability of such motions.

A major limitation of these studies was the mathematical




necessity of linearizing the equations of motion. This process consists
of choosing a dyna)mic and thermodynamic state which is a solution of
the equations; then considering small devia.tions from this state,
determining whether these deviations tend to grow, decay, or remain
the same. In principle one is interested in the deviations and their
behaviour, since they constitute the greater part of the day-to-day
variability of the atmosphere. In fact, however, linearization shifts
the emphasis of the study to the basic state, and as soon as the
deviations from the state become large (e.g., for an unstable basic
state) the linearized equations break down. Also, there appear to
be many physical systems which are stable to small perturbations,
but unstable for large perturbations, and hence beyond the scope of

linearized equations.

One solution to this difficulty is to abandon the analytical
study of the equations of motion and to integrate them by numerical
grid-point techniques. The fact that the equations are non-linear does
not present any fundamental difficulty.  This approach was initiated
by Charney and collaborators in the late 1940's, in order to do actual
forecasting of upper level wind patterns. ' Since then, the technique
of numerical integration ha‘s been applied to many physical models
of the atmosphere, both from a forecasting and a general circulation~
point of view. These models have done remérkably well in reproducing
the atmosphere's complex motions, at least in a statistical sense.
However, most of the models simulate the atmosphere in having very

many degrees of freedom, so that the physical processes represented




by the non-linear terms in the equations are not subject to much
more particular scrutiny than if one looked at actual atmospheric

data.

There is another approach to the problem. In 1954,
Silberman presented a method by which the advection term (a non-
linear term) in the barotropic vorticity equation may be evaluated
in the form of a Fourier -transform. In hisvmethod, the fields of
dynamic variables, rather than being represented by a finite ﬁumber
of grid points, are represented by the amplitudes of a finite number
of functions; in his case spherical harmonics. The most obvious
advantage of this method is the explicit continuity in space of the
dynamic fields. The disadvantages lie in the necessity of computing
the initial amplitudes from the original grid of data and the computat-
ion of the so-called 'interaction matrices'' which represent the non-.

linear advection term.

Lorenz (1960a)used Silberman's idea to study barotropic
motion on a flat earth. He discovered the remarkable property that,
if one transformed the equations into a spectral form (i.e., to a set
of equations describing the variations of the amplitudes of specified
spatial functions), then not only were the conservation theorems
(i.e., conservation of kinetic energy and mean square vorticity) valid
for an infinite set‘.of amplitudes, but also for a highly truncated set of
amplitudes. Further, by considering only the very minimum number

of degrees of freedom necessary to represent a physical process, one



could integrate the non-linear equations of motion analytically.
Platzman (1960, 1962) applied spherical harmonics to the barotropic
vorticity equation in the manner of Silberman and proved that the
conservation theorems for truncated systems hold in this fu‘nction
domain as well. He also did ’a. systematic delineation of those
truncated systems (applied to the barotropi.c vorticity equation) which
could be integrated analytically. By applying the spectral method to
a system of equations governing the rotating dish-pan experiments
Lorenz (1962) was able to reproduce the curve of transition from a
Hadley to a Rossby regime obtained experimentally by Fultz (1959),
and also explain to some extent the hysteresis effect of the transition

by a non-linear process.

The method of spectral representation of the equations
of motion, because of ité conservation properties, was recognized
as being very useful in the field of numerical weather prediction.
Baer (1964) integrated a spectral barotropic model from generated
initial conditions and demonstrated the feasibility of this process.
Recently Ellsaesser (1965) has integrated a spectral barqtropic model

from actual initial conditions with good results.

The spectral method has also found its way into general
circulation experiments. Bryan (1'959) considered a highly truncated
- spectral version (13 degrees of freedom) of a two-level baroclinic
model with heating and friction, but found that the number of degrees

of freedom was not sufficient to produce a definite life cycle in the




disturbances. However, his analysis of the horizontal momentum
transport in the model pointed out the importance of the ''differential
B-effect' in determining the direction of momentum transport (see
chapter 3). Robert (1965) applied the technique to a primitive
equation model, to demonstrate its feasibility for this type of

equation, and Peng (1965) was able to provide a reasonable explanation
for the up-gradient heat transport in the lower stratosphere by con-

sideration of a truncated spectral form of the equations of motion.

There a,.re two major applications of the spectral method.
One may take advantage of its conservation properties and apply it
with high resolution to produce better prédiction or general circulat-
ion models. More importantly, one may also apply this method with
very low resolution to specific physical models to gain‘insight into

the non-linear processes inherent in the equations.

The application of spectral representation to observational
studies\of the atmosphere has proceeded at a much slower pace than
the theoretical studies because of the lack of adequate data coverage.
One-dimensional Fourier analysis at latitude circles has been used
by many authors, Boville (1961), Eliasen (1958), etc., to determine
the distribution of horizontal kinetic energy as a function of wave-
length as well as to measure the contribution of various scales to
the maintenance of the atmosphere's budgets (e. g., heat, momentum).

Whether this approach can adequately define the dominant scales of

motion is questionable, because it lacks the determination of a wave-




length in the north-south direction, In fact, in most studies the
large variation of the phase angle of a given wave with latitude
indicates that the dominant scales of motion are considerably
smaller than those Which would be determined by counting the

number of waves around a latitude circle (Phillips, 1963, pp.161-162).

One of thé first attempts at representing atmospheric
fields by two-dimensional waves was made by Haurwitz and Craig
(1952). Lacking data even for a single hemisphere they resorted to
a statistical best fit method of analysis in terms of spherical harmonics.
The results were disappointing in the sense that no simple model could
account for the behaviour of the waves. However, they did show how
remarkably few waves were necessary to represent the large scale
features. Apa,rt from isolated attempts at using Chebyshev poly-
nomials for the representation in the north-south direction, spherical
harmonics have been used to analyze data fields into two dimensional
waves. ' Most recent observational studies (Eiia.é:en and Machenhauer
(1965), Deland (1965) ) have used data from the Northern Hemisphere
and assumed either symmetry or antisymmetry for the missing
SouthernHemisphere data. One attempt has been made at a global
analysis of the 500 mb height field, using the data obtained during
the IGY (Steinberg, 1965). (A detailed éomparison of the last three
studies referred to will be made in a subsequent chapter; suffice
here to say that a reasonable picture of the behaviour of spherical

harmonic waves is emerging.)
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The present study is divided into four sections:
The transformation of the general dynamical equations
into spectral form, and a study of the truncation properties

of the energy equations.

A detailed study of highly truncated systems representing
barotropic motion with a view to providing some insight
into barotropic instability.

A study of spherical harmonic analysis techniques and their

application to global, as well as hemispheric, analysis.

An attempt to applythe concepts formulated in (2) concerning
the non-linear behaviour of waves to the observed behaviour

of these waves.



THE DYNAMICAL EQUATIONS IN SPECTRAL FORM

In this chapter the dynamical equations of atmospheric
flow will be transformed into their spectral form using spherical
harmonics. The corresponding energy equations in spectral form
will be studied to determine the conditions imposed on a truncated

system in order that energy (potential plus kinetic) be conserved.

The Spectral Transformations
By Helmhotz' theorem any horizontal wind field may be
represented as the sum of anirrotational field and a non-divergent

field, i.e.

v.: V‘IP-/-VX , 2.1

where st:/kwi VX':VX' 2.2

Here Y is a stream function, X is a velocity potential and AR
is the unit vertical vector. From these definitions it follows that
the vertical component of relative vorticity (hereafter referred to

simply as vorticity) and the horizontal divergence are given by

. TXY = vl%

5

D = Vv = VX

r

]




The components of the horizontal wind field are then

o1 X Y
Ux = 5008 ox “e T T 5%
2.4
_ ) 2X = 1 ¥
Ve = ==+ 55 Ve T Zsm® 3

where & is colatitude, A is longitude and @ is the radius of
the earth.

Using this wind representation, the horizontal equations

of motions in a relative coordinate system C >\, 6, P, t)

may be transformed into the vorticity equation and the divergence

equation,

25 = ~AXVY VG —VXVE -ng - RXVY.VF
2t | P |

2.5

— VX VF ~5D -fD -AVwXVIX _TVw.V ¥
op 2p

3 = (1) (1) o) o073

R
_wD - AxVX.VF +VY.VF +3%2 4+ F5 -
op ‘ :

vi¥ _vw.vX -Vv3*§
F AV X 5 2p
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where 7[: is the Coriolis parameter ( 2£2 cos @) , LW is
the vertical motion in pressure coordinates ( w = .56% ) o,

and _% is the geopotential of a constant pressure surface. These

two equations coupled with the continuity equation,

I

Uix + 22 = o 2.7
2p

the adiabatic thermodynamic equation ( © is potential temperature);

29 - __kXVY.VO - VX.VO - w22 2.8

3t 2P

and the hydrostatic equation ( K = ’Q/ Cp )

K=/

3§.+ RP =) = 0O : 2.9

K

PP

form a complete set of equations governing adiabatic, frictionless

flow.

These equations willnow be transformed term by term
into the spectral domain in terms of spherical harmonics. It will
become apparent that the expressions obtained in this process depend
entirely on the geometric configuration of the individual terms. So
that, having worked through each term in the vorticity equation, most

of the terms in the other equations can be transformed by inspection.

As a first step, some elementary properties of ‘the

o T

* &£ is the total derivative; whileg‘_{_‘ is used to denote the horizontal

ot

derivative, i.e. at constant pressure.
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' , . M i‘mk
spectral functions will be considered. Let m = m e

denote a spherical harmonic of degree m and rank " . Then,
if X and 8 denote longitude and colatitude respectively, and @

is the radius of the earth;

v:EYD o= _‘“W:‘) Yo 2.10

o

1 -
where vV*: = ;
T a*sm 8

v 22
3 (sin 82 ) + —— =
( ae( 26 s O N
W\ .
and P “ is a normalized associated Lengendre function;

Pw;: = | <2n+l (- 'm\lj(l /u_z)d_ (/u. ;) /u—w.sé

™m ~m
(”') P'n
The P:? are othornormal in & ;

i | 1 if m=k I
™ m ‘(WO de » = £ 2.11

i}

0
so that the corresponding spherical harmonics are orthogonal over

the surface of a sphere;

ar T
’ . .
/Y*: 7/; sen OdGdN = cg;m S .4 2.12
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where the asterisk denotes the complex conjugate. The index 7
may be any positive integer or zero; ™ may be any integer.
. m
However, as can be secen from the definition of the P m o, if
P =
m > n n = 0O . So that 7 is usually restricted

to range from -7 . to -+,

The notation may be simplified by following Platzman
(1962) in defining a complex wave vector ¥ = Ny +4 ™My

In this notation equation 2.10 and 2.12 become .

§727; = -7w<2:+0 7&

2 7T
Y,y 1= S
/ "848 dA =
—_— S
2w /. * h A
o o
Further properties of these functions are given in Appendix A.
The expansion of the stream function and the potential
function in terms of spherical harmonics gives
W = &2 Z VJX Y)’
¥
2,14

X = a.zzx_ XXYX

where the spectral amplitudes are defined as,
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;@ .

21 7 | |
] '
._57}23/0/490 Yz, sin §A8dA
© o

2.15
r w
/ X Y* ‘nB d6 dA
= T Swn
Xa’ 27 a? 4
o o
Because of equations (2.3) the vorticity and divergence are simply
related to these amplitudes.
5= - .(:_ Cx Py Yy
2.16
D= =X CyXyTy
4
where Cx = ’YIX("?),"" I)
The spectral amplitudes are in general complex. In order that the
representation be real the amplitudes must satisfy,
* My
W, o= (-1) " Py
: 2.17

Xo = (1) Xy

where \o’* = My -1 My This result is obtained by taking

the complex conjugate of equations (2.14). . )

Other derived parameters of the flow can be represented

simply in terms of the spectral amplitudes.
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The mean zonal angular momentum M ;

+ o
v (ausm@)smedadl = _aﬁ(_z_)z W, 2,18
M = I 3

the mean horizontal kinetic energy E

2T

waf (V\V)&nédedl = %%CX(‘@%"-fXXX:) 2.19

the mean square vorticity :52 ;
ar

5 ‘Tlf/aﬁ" sin 0dOdX = ?/ % <y Y 2. 20

In non-divergent barotropic flow all of these quantities are conserved

~

(Platzman 1960).

Integration of equation (2.7) with respect to pressure
from p=0 to p withthe boundary condition that W= 0O at

P =0 results in,

I

w = -/GVZX dp : 2.21

o

so that substituting V3*X from 2.16, 2.2l becomes,

w= = Cx Xy Yy o . 2.22
. X .
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where the bar denotes integration from p=0 to p

The process of transformation consists of expressing .
the quantity in terms of its spectral amplitudes; multiplying by

(277’)—/ Y; sinddo d X and integrating over a sphere.

Hence,

Transforming, we obtain

&r T T T
= L * d) = -1 5 cud% ¥ sin@dOd A
Ay erffA Ty siac8do 2 55% e Telys
o o o ©

which, in view of the orthogonal relations 2.12,becomes

Ay = - Cx ———ji” ' 2. 23%

' 2
F = ~bxvy.Vf = (——'——9{) _L3fy = L zng_;f

asng 2 a 36 a?

Substituting for &/ in the above expression, we obtain

LMy A
E = "2.0.—2- ZSDO(Po(eJ'Tnd = —_ZZ.QZMO(%D(YO(
A X "

Transforming as before, we have

See footnote p. 10
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LV

F= -VX-Vf = - --’2_)(.4_3_1‘) = 20 sun6 X

R
w

Substitution for X  yields

F = 2nsdn6% g XYy = 2Q Z X, sing dfy e“"‘“)“
T

which, under transformation, becomes

As shown in Appendix B, the integral in the square brackets is non-

zero only when Ny~ 7’13, /

Thus,

FX = 201 (C')’Lx—l)éy Xy_, - ('Ylg-l-’l) Exti XY-H) 2. 25

A
2 212
mnJx_
where . é\‘ = [—?__'n_'\_};}
4""\;’ -
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Nz -fT%% = (-20.058) (- 2 CaXa V)

J,‘mdl
= 20 35 CuxXy ws8Pu e :
e

Transforming, we have

NX-‘:2_Q.2C X [fPMYwSGPW*SW.QJ-eJ

As in the previous term the integral in the square brackets reduces

to two terms (see Appendix B),

NY = ZQ (nr('ny-') éx XY-' +(ﬂ¥+|)('nxf2) éx'l'lxx‘l’l) 2. 26

The above components constitute what may be considered
as linear terms, in the sense that no products of amplitudes are

involved.

_ ol (2% 3 _2¢23
B= -AxVY.V3 = G el 963 5‘5‘9)5

Substituting the expansions for ¥ and &  we have

L (may+mMgdX

- -1 ZTZ Y P 4P, B
B 3 ﬁ«,s( «fa2p - %'_e)

siné
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By renaming dummies o , ﬁ ; adding and dividing by two, the

~ following symmetric form is obtained;

- - 1 J.('m,(-c--mﬁ)l
B- 25:‘—8 % % %( (C/g C“)[m« d__ﬁ 7",5 P Z;d} _

Transformation of the above expression leads to
= 43 = . '
By i 4% %cﬁ”ﬁ H«rﬁ 2. 27

¥

!'{d ¥p = O otherwise.

In 2. 27 the summation takes place over all possible
values of &« , /3 . The Huxyx» ye<; for.any particular com-
ponent measures the '"effectiveness'' of an interaction of corr;ponents

% , gbﬁ in producing a change in a third component L,‘Va, >
through non-divergent advection of vorticity. This transformation
was first performed by Silberman (1954) and later extended by
Platzman (1960). Silberman has presented analytic formulae for -

the evaluation of M« ¥4 (see Appendix B).

Application of the same technique as above results in

Cy EEVX'V‘S]Y = - §§ Xo'te Lavp | 2. 28
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® A
where Iowp': Ca Px(M - i‘Lf‘c_i_?)sM@d@; Mg+ g = My

sin28
1]

Tu ¥p = O otherwise

and,

by Y« yf szrﬁ | 2.29
A 2p

\w)
<

m

{

£
QJlQJ
IR IVAY
| S
o

i
2 M

m
where J‘o(x/c = Cux C/s qu Px Pﬂ sin8d8 ; Matmg = My
o

J:U’,@ = O otherwise;
and as before, ‘the bar denotes integration from p= o to p
Both I« ¥a and Ju Y4 are subject to calculation using
analytic formulae and their evaluation is presented in Appendix B.
Kubota (1960) first considered these transformations. His evaluation

of I,( ¥ is somewhat different however.

Thus far, three different forms of interaction matrices
have appeared, i.e. H X6, 'I«yﬁ 5 T XA . These three,it
will be seen, are sufficient to describe all of the terms in the
dynamic equations. These three interaction matrices, in fact,
represent the geometrical configuration of the three types of products
in the equations, i.e. the scalar griple product, the scalar product,

and the ordinary product. So that it is evident that Gz -(v? %)(VIX)
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transforms into

Gy = - §§ X s Jux g 2. 30
= X = _ L (w2 . gz.oﬁ.) ax
R - -/fé-Vw xVaP = 4"-,54',,46(3 38 30 9 P
Substituting for w, X we obtain
: 2
SZe - a,o d6 de

which through transformation becomes,

where Lo(xlg /Py(’mo('%_é ,6 alpq)clé N ';"r)c,m-’)’)?/s.= My

Lo()’,é = O

otherwise

This is not a new interaction matrix because in fact

Ho(b'/s = Cx—¢Cs Locx/s
2
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Q - V(A) v_a? a2 ( sin®o X ax 20 28 J 2
substituting and transforming, we obtain
QX = = 2 Xo( D“__é';b Iﬁxd 2.32
X 2 aP

It has now been shown how each of the terms in the
vorticity equation can be transformed into the spectral domain.
The non-linear terms are represented as infinite sums of selected
spectral amplitudes multiplied by an element of an interaction matrix.
All of these interaction matrices are subject to calculation using
analytical formulae. The remainder of the dynamic equations may
be transformed into the si)ectral domain using the same techniques
as above with the following expansions for the geopotential and

potential temperature,

_% = d-zzésxyr

2.33

e = éex\(‘(

The only term in these transformations that requires further analysis
is the Laplacian of kinetic energy. In equation 2.6 %/ (5’ Ve V)

has been split into three parts which will be considered separately.
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A W‘V -

% (uf+v) +L(ug+ W) + Uplx + VW

L
2

or written in terms of W, X  using 2.4,

’ — 2 2
where = E S‘:“,_e o 26

Now suppose {'X} = Z {X} YY , then it follows that
Y ¥
2 = - Cy ' ,
v, {X} ) % _a.z {X}Y YY 2,34 ‘
now, substitution for X from 2.14 gives
. , ":(mo( +mp)A
[x} = -« T2 X% (mama Pafls - dPidBe)e

PORY 46 48

Transforming, we obtain

(2}, - - EE e T

Substitution of the above expression into 2.34 leads to ‘

e~




Similarly, we obtain

l:vz{q/}]x = %%S{ %%I«xﬁ

<

Using similar arguments as above, the cross terms
/ AX Y - 22X oy
7 T atsi B 2 e 26 2

may be expressed as

l:vz"(] - _,_g% Cx Xats Luays
y |

or finally, we have

L 4

s | Jx

[ '

3 2 Ixx »
..vz J‘(u +Vy) = —LCXZZ ‘#'4/ madhalid o
L (2- ¥ + ?J\‘ 2 = @ « Ceo
[oor(aeuzevd))] = Loy s5 X I
2 = B Co

- —Vz(u* Uy + Vy Vx) = -1 Cy é § ‘)Z'o( Y Lu ¥8
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TABLE 2.1
SPECTRAL FORM OF THE VORTICITY EQUATION
TERM SPECTRAL REPRESENTATION CLASS
35 oy Ay
>t | v TF i
_xTY.V5 iz f Yu'ty Huaxp 2,2,2
-VX-V5 - = % Xa ¥s I«(Y,g 2,2,3
35 X, ¥ T
—_—w) 22 P4 <Y 2,2,3
p éé “3p £
kX Y. F -L200my Yy 2,2
-VX.VF 2Q[Cﬂx-')éxkv-. -(My+2) €y Xw-] 2,3
-3D ~ S5 Xufs Tuvp 2,2,3
“ 4
- fDi 20| ey~ €y Xy +y+1)(My+2) €y, 7(1;] 2,3
3% : Co X 3% . '
Sk TWXT S5 ¢§§ « e(-a—’;@idx/a 2,3,3
-Vw.v 2¥ =3 ic( 3 ¥ Ilgro( 2,2,3
ap < 8 2P
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TABLE 2.2
SPECTRAL FORM OF THE DIVERGENCE EQUATION
. TERM  SPECTRAL REPRESENTATION CLASS
oD -Cy A Xy -
2t dt
R YAVAR\Y; LCy 25 Yu'ts Lavp
V(\yzz*) Ler 22 = 2,2,3
-7t \Y'\Y) 4 X, X, Loy P
V(xzx LCe 2% Xa ,a__(;f 3,3,3
gt (\y,,.\\/x) -iCy E % Xy Y Ly, 2,3,3
I 2,2,3
V$.v5 g; Yu $g Lxxp
wad 53 X 258 Tuvg 3,3,3
ap X B 2p
—hXTX-TF ~d 20O My Xy 3,3
V4.V -m.[(m—:) €y Vg1 ~(My72) €y ‘Px-n] 2,3
52.4 S 3 Y "Lﬂ vy 2,2,3
® A
7[5 -z.Q.[‘nx(nx-:)e, Y- +f'1xf’xnr*2)68+l'f’xu] 2,3
= ¢
p) . I8
,k.waV;’?' -4 é% Cot X 37 Loxs 2,3,3
e T X
voodr | gz R Im la
-v:§ ¢y $y 1,3




TABLE 2.3

SPECTRAL FORM OF THE THERMODYNAMIC EQUATION
TERM SPECTRAL REPRESENTATION CLASS
26 d By -
EYY dt

P L
~RXVY.VO J-§ % Yu Op Locup 2,3
e Tuy '
—UX-TVO % % X« Gs _—‘dc,g 1,3
—w 28 _ 353 Xx328 Txus 1,3

SPECTRAL FORM OF THE CONTINUITY EQUATION

TERM' SPECTRAL REPRESENTATION CLASS
D ~Cy XY =

- 2w o Wy
2P 2p B

SPECTRAL FORM OF THE HYDROSTATIC EQUATION

| TERM

SPECTRAL REPRESENTATION CLASS
28 a* 22 -
5F 5
K=l 1 24
-RP g -KP Oy -
A A"
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In Tables 2.1, 2.2, 2.3 the transformations of the complete set of
dynamical equation as well as the class of each term according to

Lorenz (1960hare presented.

The tables are to be read as follows: the indicated
equation is formed by equating the first line of the table to the sum
of the remaining lines. Neither friction nor heating have been
considered, but these may be added to the right hand sides of the

equations in their spectral forms.

The Energy Equations

In this section the energy equations in spectral form
are studied with the view of determining under .what truncation
conditions the energy conservation theorem holds. Following

Lorenz (1960b)total potential energy P + T is defined as

P+I = Cp Po-KfPKGJM 2.41

where d M ' indicates the integration perforrhed over the entire
mass of the atmosphere. Separation of the integration over mass
into an integration over the surface of a sphere plus an integration
with respect to pressure, and substitution for © in terms of its

spectral amplitudes gives

J—— T R T e e T e UV




28

= _?:,o,"‘_g’_ fp"ei dp 2. 42

where O =.4ma

Then the time rate of change of P+I is given as

2(P+1) = C2p < fPK“_‘Q.: dp
ot ¢ 1z d
- ' o
A £ ~
P
~ 53 X, 38 Tvoy dp 2. 43
* £ 3P C,s '
using the spectral form of the thermodynamic equation. Now, as

can be determined from their definitions,

*
o - o m A«
Le(o,e =0 I__°‘C°é= -....(fz“(—l)“gp = J:(o§
7 ’ Ce

Thus it follows that 2.43 becomes

- m —
.S_E(P-fl') = ,_QC-;PO KO:/OP"[_{ Cul-1) “(X“ e % + Xu éa_i_a(")] d'F
Y4
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Application of the condition of reality of the representation results

in
-K 4 X = «* '
_3%(“1)‘ _Z;ﬁ/,‘ G/P gC«(X“e.‘ +X,‘%§:¢)aﬁp 2. 44
P
— P
Now Xy = fxd "LP , therefore it follows that

~ Substitution of this expression and integration by parts results in

- -t ' — L]
592(P+I)= g pls | pt (%CYXXGX)“P 2.45

where & has been replaced by ¥ as the dummy index.

The integrated horizontal kinetic energy,

'K.=V f}L(\V'V)“M | | 2. 46

may be expressed as an integral over pressure of equation 2.19

¥ ¥
K = %;_’v/é€ Cx(‘/’,% +’X¥XJ) ‘l/’ 2,47
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oK
ot
(1960b) shows, the logical independence of the thermodynamic

The problem ﬁow is the determination of As Lorenz
variables (class 1), non-divergent wind (class 2) and the divergent
wind (class 3) requires that terms classified in this manner (see
Tables 2.1, 2.2, 2.3) must cancel each other identically in a closed
system. One can therefore consider each class separately and
determine the conditions imposed on the truncation of the represent-
ation in order to achieve this result. Differentiating 2.47 with
respect to time, we have

2K = -Q_‘_szg-{"P
ot 42 -

2.48

_ o .
where 9K = f—[%(“rg})#/':(—fx%r) + Xy (‘Cx:_:x.) +X;(—c, 5_1{;)]

ot
The contribution made by each class to 59__5 » (which
will be denoted as _3_5 (2,2) , QB (3,3). * etc.) will now be
at. ot
considered.
) ’
Firstly,
- ' . " ) -~ _
2K (2,2) =Z —120my Y " 4 L20mMy Yy ¢y =0
2t ¥ '
_: , . X* . . X* X
2R (3,5 = T -i2@m XXy +120meXs Xy =0

x \

W

2. 49

2.50
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The vanishing of these terms simply requires that any wave present

in the truncation must be free to propagate (Platzman 1960).. In

the remaining discussion this condition will be implicitly assumed.

Now consider class (2, 2, 2).

—_ . * . I 2
0F (35 = 3 (15 0K Mo 55N N o)
. * * E 4
=__2J;_€_ 2 E[CCd‘C/q)(SI/d +IA "Px - %o( % Sb‘) LO( 3,8]

By renaming dummy indices twice, adding and dividing by three

we have,

(2,2,2) = _Z- gf. }Z[(fq- C,s)(%‘)”,a 5":- S".(x%; be) Lavg

\JIQ,
Hoxy

#(Ga-c) (s ty K- %"t ) gy bt = 4 4 4) /"”‘“J

Since the waves have been assumed to be free to propagate, for
each o, 8 y & in the summation there is a corresponding
< ) ﬁ* 5 X* . So that we may at any time change an index

to its conjugate without affecting the summation. This process

will be referred to as conjugation.

Conjugating ﬁ and & respectively in the last two
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terms of the above expression, we obtain

oK (2,2,2)= £ 232 Z [(Crcp)(%% AL ALY
3{ 6 < g ¥
%* ¥ % (_/)7")/3 :
+ (Cﬂ‘c)')(% L//x"#o( -yﬂ"}/)’ ‘/’d)/—,e*ccb’
| * ¥ X L *(_,)m“ |
+ (Cr- ) (Fr ¥ Y = Yy Yuta) Lrp ‘
’ g ma+il .
Now (see Appendix B) L(g’o()"" -1 L/g Foo = ("I) L A¥8
' my mytil

and v L)‘,éo(* = (=1) L./u'a(:(_/) Lavg
so that

DK (2 2,2) = 4 EZZ(Cd“C/)Q‘f(Cﬂ’CX)Q +Ey-c)Q=0 , o
25 (2, + 222

where Q = -(%%S"; - 4 ‘P; ) Laxg

This form of energy term illustrates the Fjortoft blocking theorem
(Fjortoft 1953). This equation also shows that if any three com-
ponents can exchange energy, i.e. Ly yp % O , then they do so

in the manner of the Fjortoft theorem.
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The contribution from class (2, 3) is
= ' * * #
9K (2,3)= 24 El:(“v")ér(xx-l Yy + Xyoy Vi) '("‘x"'z)éx-ﬂ(x‘lﬂ e
ot ¥

¥
+ 'X;-‘n Py) + np(ng-) €y (Xy- ¥y + Xpuy Wy ) +@at)0r+2) Sres (Xees v

. x. )
+ X;:-n \Pb’) ’(‘“x"‘) €y (%’-l X: + 5")': Xx) +(‘rl,+_2)é", (¢X+l X: + Vs xl’)

Ny (ny- 1) €y (W Xy + ‘P,..*, Xy) ~(urD)(t2) Exer (Yons Xy + %'-:: XV):]

. * X
if we let F‘ s = Ny (My+2) €yyy [XX-H ¢, + p ‘/"g]
, * p
ﬁ,_ y = My(ny+2) Exei [ %,, Xy + Fre X,J
2

and ‘since '—nx , = Ny~ we have

2K (2,3) = znf[{ Foe= Frvr) = (Fur -fﬂ

V)

For a summation to infinity, all terms except the first -

cancel in pairs so that since n = o

3K (2,3) = 2—O'<§:n,o - fl,0> =o 2.52.
2t .
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For a truncated system, say truncated at ¥= ¥, , we have

—B—E (2,3) = 20 ( Fz,o - Ez,o + f/,ro' - fz,x.) 2.53

Now § 1y Yo and f,_) Yo involve components Su,y,.,./ and

X Yot | ; so to preserve the property 2{(2,'3) =0 one con-
° 2 .

cludes that any components outside the truncation must be considered
to be identically zero. This implies that although the spectral form
of the terms of class (2, 3) may indicate a non-zero time derivative
for a component outside the truncation, it must be ignored in order

to preserve energy.

By similar techniques to above, the expressions for the
contributions of the remaining classes of terms may be obtained.

Thus one finds that

St %
' 5 S ¥
i’: (,2,3) = £ 2 % z 53} [X? Yuty * Xy ‘P«‘P::l Cycutcs s ] Marg

2.54

2.55

2.56
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"
where Mo(x/_; =fpo< Px PP’ sdn.ede 5 md*‘m’a=’mr
o .

Remembering equétion (2.22), i.e. wy= Cy iy , it is evident
that 2.54 and 2.56 represent the divergence of the vertical flux of
divergent kinetic energy and non-divergent kinetic energy respect-
ively. In a closed system, therefore, their contributions would be
zero. Otherwise they represent a boundary flux of kinetic energy.
Equation 2. 55 a}so represents a vertical flux of kinetic energy and
arises because the ver.tical motion may be corr'elated with the term

Vy, .\VX in the expression for the kinetic energy, é.lthough

V+ _vx does not enter the expression for the horizontal mean -

of kinetic energy.

The final class considered is (1, 3),

(1,3) = é. cx ( P X‘: + -%:XV) , ' - 2.57

%

[\
-

From the hydrostatic equation we have
k-1
) :
a* .i' = - .E___ Sy
2P P~

so that we may derive

| | L TF T* Rp<!
‘Ofxx*fy = 0-‘5-9,,“‘*%*)”‘*—-,{:“9*




Hence,

2K (1,3) = % Cx[ %,(fwfi:‘ +-><—;‘§¥)

+ Rp" ( % Oy + Xy e*)]

P"K aZ.

The first term represents the divergence of the vertical flux of
geopotential, and the second the W, e covariance. For a

closed system integration of equation 2. 58 with respect to pressure

leads to

K _ 2

Pa

—_— JE— K=1
/"a_zo,s)dp - R fgcy(xxe:‘w:‘e,)/» dp
It .

Substituting this expression into 2. 48 we find

2K = -~ gR [z (el +XF 00)p ' dp
2t 43}’0K ¥

By conjugating ¥ in 2. 60 we may obtain

2,58

2.59

2. 60

2. 61
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Comparing 2. 61 with 2.45 it is found that

2(P+T+K) = © .
2 (700

To summarize, if the set of equations used is an
energetically consistent one (deletions.of terms are made class by
class), then a truncated spectral version of the equations will be
energetically consistent ‘as long as i) the waves are free to propagate
and ii) any wave outside the truncation is considered to be identically
zero. Continuity in pressure has been assumed, so that any division
into pressure levels must modif;r those terms whose vanishing depends

on an integration over pressure (Lorenz 1960b).
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THREE-COMPONENT BAROTROPIC SYSTEMS

One of the most important properties of spectral forms
of the dynamic equation is that very highly truncated versions of
the equations satisfy the same conservation theorems as the full
set of equations. Further, these truncated forms have the ability
of representing in a very simple manner the non-linear effects
inherent in the full dynamical equations. In this section we will
study three truncated systems representing barotropic flow. The
first model was presented by Lorenz (1960a) and considers barotropic
motion on a flat earth where the Coriolis parameter is constant
(the "f-plane''); the second is the extension of Lorenz's model to
the '"B-plane'’; the third is an equivalent three component system in
spherical harmonics which accounts for the sphericity of the earth.
Because of the geometry of the first two models the relevant functions
to be used in the spectral representation of the dynamic equa}fions are
trigonometric functions of X, % . Where X is distance measured
in an east-west direction, y_ is distance measured in a north-south

direction.

Model 1 - Motion on the "f-plane"

The equation governing the first model is

2 (VPy) + -k x vy.v(viy) =0 3,

1
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where lf/ is a. stream function and 4 is the unit vertical vector.
Lorenz shows that by considering flows which are doubly-periodic
in X and o equation 3.1 may be transformed into spectral form in
terms of trigonometric functions of the form 6"'(7”"&2: -r'nJL?)
where 71 , N are integers; and Ly -j: s Ly =,2LI define the
fundamental region. Further, by truncating the representation he

shows that the minimum system capable of reproducing the non-linear

effect of the advection term in 3.1 is given by the following equations

Vip = Aoos,ﬁy + Feoshx + 265:'44.,@; sin kx

3.
¥ = =2 s }-—Fcos,éx-— 2C6  smdy s
,U A2 L2
Then the harmonic tendencies equation obtained by substituting
in _3. 1l are
dA - __ ! __FG
dt o (A241)
3.
aF = AG
e+ (d241)

_ w-'/ AF
20 (&2 +1)

A
o

"l

where K = 'k/L

The expression for the horizontally averaged kinetic

3
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energy and square vorticity are given by

— 2 2 2 —

E=1{AF", 267} v2=_L(Az+F2+ZGZ)
>k krar) z

and they are both conserved under this truncation, as may be

verified by using 3. 3.

The three differential equations 3'. 3 can be solved
analyticall} and the solution can'be expressed in terms of elliptic
functions. They may also be solved vby numerical integration, and
it is perhaps somewhat easier to do so, especially if v?ze wish to
change paraméters and initial conditions to obtain a variety of

solutions,

The A in the equations 3.2, 3.3 representsa zonal flow
with a sinusoidal profile, F and G being waves superimposed on
the zonal flow. Let us then consider a basic zonal flow A = A

1 /
and perturbations F =F', G = G . Then, linearizing equations

3.3, i.e. neglecting products of perturbation quantities, we have

dA - o

Adt
S A CSnT Ol
At* 2 (*+1)

, :
with a similar expression for G’ . The above equation is of the

z -
form 4°X =X ; and solutions to this equation are exponential

d+4*

3.5
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Figure 3.1la: Fluctuations of components of Model 1 for a linearly stable case.
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Figure 3. 1b: Fluctuations of components of Model 1 for a linearlyhnstable
: case.
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if 4 >© and sinusoidal if £ <0 . Thus for stable oscillations
X%~/ >0 or since =0 ,ol> / ; for unstable oscillations
oAt~/ <O or X</ . At this point most énalyses of the

dynamic equations stop. In this system one is not so limited. One
may in fact study the non-linear behaviour of the system in con-
junction with at worst a simple numerical integration with respect

to time.

In figures 3.la and 3.1lb we present ‘the results of two
numerical integrations of equations 3.3. Time is measured in
units of 3 hours, so that if A = /, the vorticity of the zonal flow
is of the order of f in middle latitudes. The time step used was
2 units or 6 hours. The initial conditions were chosen to be per-
turbation conditions, that is, so that the linearized equations would
be valid initially. The curves are labelled U , vV , UV

according to the wind components they imply, i.e. U = A,V = F ,

Instability of small perturbations

a) Stable case, X >/ Figure 3.la

The perturbations (V , WV )initially tend to die out, feeding
kinetic energy into the zonal flow. The perturbations then take back
their kinetic energy, the net result being that the perturbations move

with some fraction of the maximum wind.
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Figure 3. 2a: Fluctuations of component of Model 1 for a linearly stable
: case with subcritical initial perturbations.
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‘ Figure 3. 2b: Fluctuations of components of Model 1 for a linearly stable

case with supercritical initial perturbations.
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b) Unstable case, £/ Figure 3.1b

The perturbations grow right from the start, initially
growing exponentially, taking energy from the zonal current. "The
growth does not proceed without limit but is slowed down as the
zonal flow becomes weaker, finally ceasihg altogether when the
zonal flow becomes zero. The perturbations then decay and feed
energy back into the zonal flow which now changes sign. The

process of growth and decay then repeats itself.

Another type of instability

In the linearly stable case A remained practically
constant. This is because the perturbations F and G were small
initially and always remained small. If, however, one starts an
integration where F and G are no longer small relative to
we have the possibility of causing large fluctuations in A, \
Figures 3.2a , 3.2b present the results of numerical integration
of equations 3.3 for a stable case where perturbation c.onditions no

longer appiy.

In figure 3. 2a the initial perturbation is not strong
enough to take all the energy from the zonal flow, but does cause

a large fluctuation. In figure 3.2b the initial perturbation has

been increased slightly, and the zonal flow is completely depleted

and then reversed in a similar manner to the linearly unstable case.
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The above constitutes a minimum system of equations,
as devised by Lorenz (1960a), capable of representing non-linear
barotropic motion. Stability and instability here appear to involve
the same process, and the particular motion and development of a
perturbation, stable or unstable in a linear sense, is governed by
its non-linear interaction with the basic flow. The only difference
between stability and instability is in the amplitude of the fluctuations
of the various modes of motion. That this amplitude of fluctuation
depends on the relative magnitudes of the perturbations and zonal
flow illustrates what may be called instability depending on the size

of the perturbation.

Model 2 - Motion on the "'B-plane"

The extension of the Lorenz model to the '""-plane' is

quite straightforward. The governing equation for this system is

_Bz(vsb)+,/»éxvs1/v(v¢) A3t =0 3.6

and the simplest possible truncation of the system is
vVig = A cas,é; + F, wskx + Fpsinkx + G, Slx}t_,l? coshRx

+ G, 5:34.,2%5‘:"-/@"

3.7
Ww = -A CDS»Z; -/:, coskx - Fo sinkx - _Cu s‘u; cosbx
L2 ? &2 4 L2

- G2 sénl? s Rx
A3y 42
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where 2 , /Z have the same meaning as in the previous model.
Because of the free phase propagation generated by the Rossby term
{ ﬁo oY ) both the amplitude and phase of each wave must be

X

included.

The harmonic tendency equations resulting from the

substitution of the representation 3.7 into 3.6 have the following

form,
dA (R6,- F,G)
dat 20((/4-012)
dF . % AG, +_@_,: . AR _ 3 4G,
A+ 201+ o) > TF (/*dz)A .é— £ 3.8

j.é..G.!: - (- “L)AFi + [ X” ﬁo“z z . i_Gz: (/-dZ)AF,‘ §0°<z>6/
t o< &(1ra) dt ,——-"‘ )

where o ="€/1_

For reference, A can be identified with the previous
A, Fi with F, G, with 2G. I f,=0then F, and G,
being zero initially, would always remain so. Again, A may
be identified with a zonal flow and F, s Fz o, G, , Gz. with

perturbations on this basic current.

The first step in the discussion of this system will be a
linear analysis of the equations 3.8. As before A=A » which is
’ /

/
large compared to the perturbations F, , Fo G, Y Gz_

Neglecting products of perturbations equations 3.8 become




47

..Oi__ = O
dt
LF o AG +for! AF.’ w3 Fr! ’
—_— = IeF o Z2 - AG, = [ F,
At 20Fad). © F 2 ¢ 20+ jg' 39
A6 = U DRE ol g5 dG L (- FE - for 6/
dt « & (1+oY ALt of & (14a?)

This set of linear equations can be solved by setting each of the -
unknowns equal to an amplitude multiplied by ewt » and solving
the resulting set of linear equations for the frequencies consistent
~with a non-trivial solution. This process gives the following

frequency equation;

' 2

o I+ o2

B= %2(/+(/_<,(_z)z) S Gy 3.10

2.2 2/ x2) T2
/j’ocx +e((lo()A

T ) 207

In this analysis instability corresponds to real positive

roots or complex roots with positive real parts.

The solution of the above equation can be expressed in

the form

(—Bi B*-yc? ) : ' 3,11
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CASEI B>0 B*-4c* >0 ; roots are purely

imaginary, so that the system is stable

CASE Il B>0 B*-4c* <0 ; roots are complex and the

system 1is unstable

CASE Il B< O Br*-yc*>0 ; roots are purely real;

this case is impossible

CASE IV EB«c o B*-4c*c 0 ; roots are complex and the

system is unstable.

Thus the necessary and sufficient condition for stability

2
Az <z (ﬁa/'e) ;oK<

This is equivalent to A
4 Zx# (- %)

if x>/ then B?*-4C?®* =20 no matter what the value of A .

is B*-gyc?= 0.

The stability criterion is quadratic in °<IJ- so that for given values

of the zonal flow A , there will be uppei‘ and lower wavelength

bounds on the unstable modes.

The roots of the frequency equation were found using the
McGill 7044 computer and a standard library routine for the following

model of the zonal current, where the amplitude remains variable.
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FREQUENGCY (18 hrs) ™!

1.5 2 2.5
| |
j

— . {
~6 8 10 12

Figure 3.4: The linear phase speeds of the components of Model 2.

Curves are labelled with different maximum zonal winds

of 90, 24, 21 metres/sec.
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GROWTH RATE ( I8 hrs)

RATIO OF WAVELENGTH(—'I‘_{) —

Figure 3.5: Linear growth rates for wave components of Model 2 for

various maximum zonal wind values in metres/sec.
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Figure 3.3
/Z?:: m 600N
45°N
Ly=o 30°N
Ly= am | L=2r - & - @ = radius of the earth.
3 L a
Time is measured in units of approximately 18 hours such that
= g = _ZC_ = _,(?. 1 —
f 6 and /70 =z = Thus it follows that /go/z_ /.

These parameters were also used in the numerical integrations to

be described later.

The roots obtained are of the following forms
a) stable regime ;*'_j_u), T .LUJZ , b) unstable regime_-i—_(,,;;l + _[_uoz .
Figure 3.4 shows the phase speeds (i.e. imaginary parts) as a
function of K for various maximum zonal winds, while Figure
3.5 shows the growth rates for waves in the unstable regime.
In both of these diagrams only the magnitudes of the roots are
shown. The linear analysis of this system as presented in

Figures 3.4 and 3.5 indicatesthe following general features.

a) Very long waves ( x=Lty soy ) are stabilized by the inclusion
Lx

of the Rossby term. The two phase speeds are very widely

different, being determined primarily by the Bo effect.
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Figure 3.6: The fluctuations of vorticity sqdared and variation in phase
angle in degrees of the components of Model 2 for a stable -

short-wave configuration.
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b) Short waves ( o(:_éz/> 7 ) are stable as before, and their phase
L

speeds are determined primarily by the zonal current.

c) Intermediate wavelengths may be unstable if the zonal current is

strong enough.

This picture is consistent with the barotropic analysis of
Kuo (1949), although instability is more difficult to achieve in the

sense that greater zonal wind shear is required.

The system of equations may be shown to have solutions
which are elliptic functions of time (Platzman, 1962), but again by
simple numerical integration we may study the non-linear properties

of the model.

In the following three cases the initial conditions are the
same and correspond to perturbation conditions, i.e. A = -6 ;
F/ = FZ = G, =G, = 0./ at ¢= 0 . The mean square
vorticity of each component (which in this system is proportional to
~ the kinetic energy)and the phase angle of the two waves are plotted

as functions of time. Here again, A is referred to as U ;

F, ,F2 asthe'"v ' wave, and G, , G, asthe' wv " wave.

CASE I « =1.5 LINEARLY STABLE (Figure 3.6)

The two waves interchange energy and the zonal current
undergoes only very slight changes { £ .001% and thus is not plotted).

The average angular phase speeds of the waves correspond very
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closely to the results of the linear analysis. The two waves do vary

their relative positions periodically, but with small amplitude.

CASE 1I K =0.7 LINEARLY UNSTABLE (Figure 3.7)

In this case the waves are linearly unstable and start to
grow at once, extracting energy from the zonal current. Soon all of
the energy is removed from the zonal current which changes sign for
a short period, and the perturbations have reached their maximum
intensity. The perturbations then decay, feeding their energy back
to the zonal current which climbs back to its original value. The
"wv ' wave lags the '"v' wave when the zonal current is decreasing
westerly and shifts to be leading vhen the zonal current is increasing

westerly.

CASEIIl & =0.3 LINEARLY STABLE (Figure 3. 8)

The zonal current undergoes a weak sinusoidal fluctuation
of about 10% of its amplitude. The perturbations oscillate sinusoidally
as well, both being out of phase with the zonal current. The phase
progression of the waves is quite different from CASE I. Here the
waves are retrogressing and have phase variations which are similar
to CASE II. However, because the average phase speeds of the two
waves are widely different, the amount of time spént in one phase

configuration is small.

As in Model 1 discussed previously, we can cause large
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Figure 3.9: The fluctuation of vorticity squared and variation of phase
angle in degrees of the components of Model 2 for a long

wave non-linear configuration. Time step = 0.9 hours.
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fluctuations in a stable zonal current merely by having large enough

perturbations initially. Figures 3.9, 3,10 illustrate this for both

long wave and short wave cases.

The question now is what physical significance or conclusions
can be drawn from this simple non-linear system? Firstly, the non-

linear process in operation here is horizontal momentum transport

and convergence. The covariance of the convergence of momentum

transport and the zonal wind is, of course, the measure of the energy

conversion from eddy kinetic energy to zonal kinetic energy. The

horizontal momentum transport in this system is given by

Lx
1 doe = -1 L (FG -FG,)cost
Mr= [, f(uv) * .29<(/+oc1)1‘(2 mhie) 7
o

The connection with the rate of change of zonal kinetic energy is

apparent because

C.A_’é_\. _ / | (FZGI—F/GZ)
At 2 (1+2)
Now, if we let
A
Fy = (F, =+ Fzz)z and ¢v=“"‘5t““f£—

Fi

n
Gu.v = (G/z"' GZZ) - and ¢uv=mﬁ’"‘.@-

.12

.13

.14
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then 3.12 becomes

/ ! y _ .
Mp = - i b B G (sind s d - asd, sin Jasty

-1 L Fv Guy 5éﬂ(¢v—¢uv) C.os/é; 3.15
2 (1+2) A*

thus south of the wind maximum we have southward transport of
westerly momentum if ¢v > ¢u_v . Because of the simplicity of
the system the momentum convergence has the same profile as the
zonal current so that no splitting or north-south motion of the wind
maximum can be produced. The important thing to note is that the
momentum transport depends on the difference ;'.n phase of the "'y "
and " wv " waves. From this consideration the following physical
picture presents itself. The.two waves (''yv ', "wy') are moving in
an east-west-direction. Even if they are in phase at one particular
time, because of their different scales (resulting in different Rossby
phase speeds), they become out of phase at a later time; and transport
and converge momentum changing the zonal current. This change in
the zonal current produces a change in the phase speeds of the two
waves and an oscillation has been started. The details of thé motion
then depend on how much of an effect the perturbations have on.the:
zonal current. If they have little effect then the oscillation is weak
and we may consider the system as stable, and if they have a iarg'e

effect we may consider the system as unstable. The effect must be

on the zonal current, and it is not sufficient just to have large
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momentum transports. In fact, this is the reason why the inclusion
of the Rossby term stabilizes the long waves. Because of the large
difference in Rossby phase speeds of the " v ""and " v ' waves, and
although for this scale of motion the momentum transport is large, no
significant energy conversion takes place because there is not enough
time. In other words, although the amplitude of the momentum transport

is large, its time frequency is also large; so that it changes direction

before it performs a significant energy conversion.

In the non-linear system the division between stability and
instability is not as sharp as in the linearized system. As a measure
of instability in this non-linear system one may use the amplitude of
fluctuation of the zonal component for given initial values of the
pertuz;bations. Figure 3. llshovs‘rs the results of the determination
of the amplitude of fluctuation as a function of o . As the initial
values of the perturbations are decreased, one may expect that the

curve may more closely resemble Figure 3.5 .

Model 3 - Motion on a Spherical Surface

The starting point for this model is the same as for
Model 2, i.e. the barotropic vorticity equation, but without the
'""B-plane' approximation. This model does have an added corhplexity,
since for particular components representing the zonal wind it ‘is
possible to have a zonal wind which is non-zero when averaged in a

north-south direction.
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From Table 2.1, the spectral equation describing barotropic

flow is

- Cy ifx - J_%%L/Jat//ﬂ deﬁ “-':Zﬂmxsbx 3.16

Z

where = a® = %

¥ > Yy Yy

The simplest truncation which produces non-linear exchange

is a three-component one. Thus, one component represents the zonal

O
flow ‘71/71 , and the other two represent perturbations of longitudinal

™ . m .
wave number m ; ¢ and W, where s £.4 . This corres-
ponds to Platzman's class L3 (Platzman, 1962). In accordance with
the truncation procedure outlined in the previous chapter the com-
-m -m . .

ponents &  and Y _ mustalso be included. So that in

Y) o, /5 can take on the set of values { o,m ); ( 2m k); (fm,s ).

Performing the indicated summation in 3.16 the following

equations are obtained

o R m -rn Mmo-m , m - I O ~m
—Cn"_(:_‘/_’lL:.LS",/eS"sH/kns FLi¥e Yo H s » & -
dt
. - -mom . -m m -m O ™
’/‘-"Sbk‘#sH/k.ns +J‘¢S¢JkH$'n¢k
m . o mm . m mm
~"Cs_._.__é{L'LS:: -‘5&7?‘1&2/_/715,& +‘L¢-‘Q¢:/'/Jes:¢_
At

S ° m % mom WM, Mmoo .
+'LL%/7L¢S H’n_ss +J‘7b7z%s /7/5571 -.LZ.Q')’HS”?
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m . m omm . m ,0 mm
—C,.Qo_(-_SI:,_k: “’-%35”5"/71,,@5 +J—¢s(/’—nH5,k;
dt

.., 0 .M omm - ,m , o0 mmo . m
+'L(//-n_(////€ /-/—n,é,.é +J'%«k L#n H,‘é,,é'n "—Lzﬂmsb/k

-m -
The equations for ¢ 4 , ¢ :;n may be obtained by
taking the complex conjugate of the last two equations, and so will

be carried implicitly.

Using the symmetry and redundancy properties of the H's

(Appendix B) the equations may be simplified to

—n S =L (YIS -y T L) mcanc)E
3.17

—cs Y = imty (Y (- )E ~ 4T (enCs)os ) =4 22m S
dt

—Ck i{_ib:;: = imYy, (‘Ib?(cn'Cs)f - %Z(Cn'éé)ogg) —.L'ZQM%Z
At

where
T
g = _f_P::/O? LPr o
2 )
2 0
oL = /,D;” P 4
o] dg
s > o
X f = f P APx Ao
' 46
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The horizontal mean of kinetic energy in this system is

‘ 2 oz m ¥ *m
= _3__’_.((:71$0n + 2Cq S’ﬁk‘fr +2Cs(7/’:n‘7ﬁs
3 3.18

:2 rm —
_6‘;_-(./::.;’,,_-/-E.',‘,< + ET7)

my

while the mean square vorticity is given by
2 | CL‘fJOZ' ClYyrnyrnm 2y A,
5' = = n Tn +2A¢AL/‘J&+2C5‘)V5$P5)
.19

(5% + 5 +53) ’

v,
2. .

Using the tendency equations 3.17 the energy

exchange in ﬁhis system is described by

dEn - (cs-ca)Q 50 . (-0 Q
dETe . {cn-cS)Q ' 4?232 = C&(Cn-Cs)Q
At | A2 |
1Es = (Ca-n)Q A3 s(ch-c)Q
at ‘ : PR '

vhere Q = 244 (WY _yFtm ™), &

This is again the Fjortoft blocking theorem; and it can

be seenthati _‘é_g:—_- A 57___ o .
dt At
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Linearizing the equations and considering time variations

of the form e.:.'m(;"t the following frequency equation is obtained
= Yo+ Y %X Ssék =
G-—G( s+¥r) + 0s¥kr - 2524 =0 3.20
o o
where Yo = 20+ ¥mds(n-Cs) | & = ¢, (cn-€5)§
Cg Ck
° o
Ye= 20 tHn%e(Cn-Co) | g, = ¥y (cn-S)8
Cte Cs
Thus the necessary and sufficient condition for stability is that
2
SsSe = —L (Ys-%4) 3. 21
../—
and the phase speeds are given by
2 ' , 3.22
G = \K_‘Sﬁ:.k iy é‘ﬂxs‘\dJD -4'4‘555;43
2

The physical meaning of the'para.meters are the following:

\65 R X,k are the Rossby phase speeds (of convective phase speeds)
S . Sk 2re non-linear phase speeds (depending on momentum
. >
transport).

Now, if 8_5 g/k?O then waves are stable. From their definitions given
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POSSIBLE UNSTABLE MODES FOR A GIVEN ZONAL COMPONENT

n 1 2 3 1 4 5 6
S,K | NONE | NONE | 2,4 2,5 2,6 2,7
v 3.6 3,7 3,8
A |
L 4,6 4,7
U
= | 4,8 4,7
!
S | 5,8
| |
| 5,10
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after 3. 20 we have
'oz ) |
Ssg;k. = P 5: (C’lZ'CS><C7L‘CJ2)
CcCy

thus, it follows that unless the zonal wave scale is intermediate to the.

other two, and gf\. O , the waves are stable. Since the equations

are symmetricin § , & let s>_# . Then waves are stable
unless
_,k & 7 LS and \? £ O
™mm o
Now, § = —’;'7— L skxn XO i s+kim = odd

and [s-n)z _kss+m

thus the number of possible unstable modes is quite restricted.
The combinations of ( $ , -k ) which can be unstable for a given

zonal component are given in Table 3.1,

As indicated previously, this model has the added feature
that a purely convective phase speed (one that does not require energy
exchange) involving the zonal component is possible. This is
measured by the parameters g and &4 . Itis instructive
therefore to compare the case where %s=odk = 0O with the

stability criterion of Model 2. Since
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fP”“‘oU’ 4o

. 0
it follows that P-n must be even, i.e. 7. = even; which corres-
ponds to an odd zonal wind field. Assuming that .£<7z < 5§  and

? ¥ O the condition for instability is

Z (Ys - )/,/g)z CsCe
- 4€2 (Cn-Cs)(Cs- Co)

3.33

202
where s = —=— 3 ¥k = 20 i. e. the Rossby phase
Cs Ce
speeds for a zero zonal wind. Now, the wavelengths of the com-
z 2
ponents are defined as Ly = Q/C—,L etc. where a. is the

radius of the earth so that 3.33 becomes
2
. (¥ - Ya)
o -
4l e\ Ls\2
RO DI
NNLn Ln

It may be shown that the stability criterion in Model 2 can

Ip

be written as
AZA - (XV‘XLA.V)Z.
R (B

where 8v , ¥wv are the Rossby speeds, and L+ , Ly » Luv

——r

/ZZ

are the wavelengths of the components. Thus Model 2 and this case
of Model 3 are physically equivalent. Model 2 could be made com-

pletely physically equivalent to Model 3 if a constant zonal wind was
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Abscissa is n times the amplitude of the zonal current.

The curves are la.b'elled_

such that the first index is the east-west wave number, the second is the total

wave number.




71

8

n=4
_.‘ l._RANGE OF ATMOSPHERIC VALUES
-6 -4 -2 2 4 ‘B .
' ' ' | | ny® (DAYS™T)
-401 2
—8Q3——m———

Figure 3.13:

b
e
S

PHASE SPEED(DEGREES/DA ,)

- 1401

- 160+

-180¢

-1001

(8]

Linear phase speeds and growth rates of waves in Model 3.

Abscissa is n times the amplitude of the zonal current. The curves are

labelled such that the first index is the east-west wave number, the second

is the total wave number.




72

20+
n=5
5 c RANGE OF ATMOSPHERIC
—_— .7 VALUES
R N 2 4 8 8
/,—"’— ———————— §~~~-"r~::\
Lo -20¢% 3
"’\
W
- 401 2
7/
7/
/7
P4
- 60”3
V4
rd
7/
L -
% 2
27 Lol ag
\} )
/ V] )
ad 9 = ~ /
e 0 ; s /
S e 0-100) 5 © ~ y
\\ 7/ wn = N 7
~._.,7 =3 s
> b sl \3Z5
,/ \\\\ (Ie < 8 . //’/
/,/ \\’N)‘§ E 0 ”’,
S T .= 120 6—-~—--""
©
N
-140] 7 =
-1601 8
-180+9

Figure 3.14: Linear phase speeds and growth rates of waves in Model 3.

Abscissa is n times the amplitude of the zonal current. The curves are
labelled such that the first index is the east-west wave number, the

-~

second is the total wave number.




73

204
n=5
- «———RANGE OF ATMOSPHERIC VALUES
-.8 -6 -4 -2 2 ‘4 -6 ' _P
nyd (DAYS™)
s\\\ ,/’ e - \\\ N
T TTTT —-*'~_,_:\\
=~ -201 T =y
\ SN \‘s
*\ S \\\
\ ~
\ -40" 2 \\
Se \\
\\ \
\\
\\\ »
. -6013_
> il W
S S (23} -7
< 9
S ool a2
O -80i 4
o <
— (] -
~ L ~ ~
o g 2N
-~ o .~
< 9 Jool 5= S
i -
w o 7
< 2 -
D P 12016 - = —— ==~ ——7122)
- =140t 7 .
-160+ 8
" -180l9

Figure 3.15: Linear phase speeds and growth rates of waves in Model 3.

Abscissa is n times the amplitude of the zonal current.

The curves are

labelled such that the first index is the east-west wave number, the second

is the total wavé number.




74

added to the sinusoidal profile since the p-plane approximation was

employed.

In Model 3 the importance of the difference in the Rossby-
Haurwitz phase speeds ( YS , ¥4 ) in determining the stability of
the system is much more explicit. In Figures 3.12to03.15the results
of the computation of phase speeds and doubling time for zonal currents
with M= 3 to § for some possibly unstable combinations of (s,R ).
The abscissae represent 7 times the amplitude of the zonal components
in units of da.y—l. If 7 %% is the same for different 41 's then the
maximum values of the zonal wind they represent are approximately
equal. In anticipation of the results of the spherical harmonic analysis
of the 500 mb surface the range of values of 7t SL:;_ for the month of

September 1957 have been indicated on the stability diagrams.

The picture presented is similar to Model 2. In the stable
regime the phase speeds are widely different, as one approaches the
neutral point the phase speeds become more nearly equal. While this
result would occur in any quadratic frequency equation of this type the
physical interpretation of fhe difference in linear phase speeds in terms
of horizontal momentum. convergence makes it more nﬁeaningful

(see Model 2).

These diagrams show that, at least as far as this model
describes the situation, the zonal components as observed at 500 mb
during September 1957 are well into the stable regime. (No zonal

components up to .= 7  ever during the month has an amplitude
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which is unstable for any combinationof $ ,R £ /© ). So

that if the barotropic motions described by this model are to be

observed they will probably be of the stable type.

The intégration of equations 3,17 (because of their
similarity to equations 3.8 ) produce essentially the same
results as Model 2. Figures 3.16, 3. 17 show the results of two cases
of numerical integration of equations 3.17 . In one case
(Figure 3.16) the initial value of L/J_? is in the unstable regime,
the other (Figur'e 3.17) is for a stable initial value of W; . In
both cases the initial values of F , Fz , G, , Gz. were one

hundredth of the initial values of %g—

Thus the same interpretation of the stability diagrams and
the numerical integrations in terms of horizontal momentum transport

and convergence as was formulated in Model 2 apply to Model 3.
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4. DATA ANALYSISIN TERMS OF SPHERICAL HARMONICS

In order to study further the application of the spherical
harmonic re.presenta’cion of the dynamic equation we need to represent
real observations in terms of these harmonics.. Generally speaking,
both the non-di.vlergent and the’ divergent parts of the wind field as
well as the temperature are required in harmonic form. Due to
the limitations of the data, at least at the present time, the ‘spectra.l
representation of the divergent wind must be considered as un-
obtainable, and even the non-divergent wind must be obtained from
some diagnostic equation relating it to the generally observed

variable, the geopotential height field.

Given the geopotential height field of some constant
pressure surface there are two ways in which the spectral represent-
ation of the non-divergent wind field (i. e. the stream function) may
be obtained. The first method consists of analyzing the heig}it field
into spectral components, then solving a diagnostic equation in the
spectral domain; the second consists of solving the diagnostic
equation numerically, then analyzing the resulting stream function.
Each is not without its problems, some of which are discussed
below. In this sfudy the first method was used with the linear
balance e.quation. ‘The second method is being applied by A. Robert
and his associates (private communicati;bn) using the non-linear

balance equation for the purpose of barotropic forecasting.
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The Analysis of the Geopotential Height Field

The geopotential height Z, expanded in a series of

spherical harmonics, has the form

=] " “m .
2N = 5 (A (8) cosmA + B (9)50"—"”1)
. ma0
00 m |, m
=35 (ATcosm) +8n5mm1) P
mMm=0 m=m
: P""
where 6 is colatitude, A is longitude and Fm denotes the
normalized associated Legendre function of the first kind as
defined previously. The first series represents a simple Fourier

analysis around latitude circles and thus it follows that

AT(e) = Z AL P

Bm(e) ém B:: 'D?:

The above expansions are based on the following orthog-

onality condition
U2
m Am _ n ‘
//Dn P/k .Sm@de = g/e. 4,3
°

In accordance with equation 4.1 and 4. 2 the analysis
usually proc.eeds in two stages. Firstly, Fourier analyses are
performed at latitude circles; then these Fourier amplitudes are

analyzed in terms of the Legendre functions. The properties of

one-dimensional Fourier analysis of grid point data around latitude




circles has been fully discussed elsewhere (Godson, 1959,
Boville, 1959). Here, the problem of transforming the Fourier

amplitudes into spherical harmonical amplitudes will be considered.

Applying the orthogonality condition 4.3 to equation

' aas) ™
we can determine A.n and B'n by the following integrals

AT - [A”‘(e) P sin 6 d6

BT =f5*"(e)P;” sin 646

In order to evaluate these integrals Fourier amplitudes
from latitudes extending from the north pole to the s.outh pole must
be available. Failing this, the representation must be restricted
to either even or odd functions for a hemisphere of data or to some
scheme of a statistical '"best fit'" to the data (Haurwitz and Craig
1952). Even if the data are available over the entire- range’of
latitude the integrals on the right hand side of 4.4 must still be -

evaluated by numerical quadrature.

Properties of Numerical Quadrature

Suppose that Fourier analyses have been performed at
a set of colatitude circles 9}, ; one may define a numerical
Ly ,
quadrature scheme so that the integral f F(e) 4B is
(<]

approximated by

80

.4




/Df(e)cle ~ 3 flei)w(Ei) = fle)

where W (6i) is a weighting function which may correspond to
Simpson's rule etc., 1 is summed over the data latitudes and

the bar represents the entire quadrature procedure.

In order to preserve as much as possible the integrity
of the origiﬂal data fields especially when regenerating grid point
data fields from the analyzed components, it is necessary that the
numerical errors introduced by the analysis scheme be as small
as possible. Ideally the orthdnormality condition (4. 3) in the
integral domé.ih should be satisfied in the quadratufe domain (4.5)
as well. Practically speaking, quadrature schemes may be judged
on how closely they approximate this ideal condition. This question

will now be considered.

Assume that the data, i.e. the Fourier amplitudes, are

exactly represented by the series
0 m m
A7) = Z Ak Pa
: : A=

mr"m .
If 4.6 is multiplied by P—n sin 8 and the quadrature scheme

4.5 is applied the result is

A = AT(e) Prsind = Z Ak PXPTsino
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g m
where A : is the estimate of the true amplitude A“ ,
for if orthornormality is preserved the quadrature part of °
equals 1 if £=7  and zero for Rxm .
If a matrix qu,k is defined such that
m m m ,
Grk = P P4 sin6 -1 4.8

then 4.7 becomes

AT -An = Z G AL

If the orthonormality is preserved in the quadrature scheme then

G ., will be identically zero.

Thus the error introduced ih the estimate of the

A ™ .
amplitude A depends on the quadrature scheme and the

n
distribution of the true amplitudes, A‘:{:

The form of the data. used in this study is Fourier
amplitudes at 5° latitude intervals from north pole to south pole.
To study the effect of the quadrature scheme, the matrices
were evaluated over this grid. Three quadrature schemes were
tested; trapezoidal, Simpson's rule and Gaussian of order 40.
The first two are suited to equally spaced grid points, thé last
requires véry specifically located grid poinfs so that some inter- -

polation scheme must be used. Eliasen and Machenhauer (1965)




Table 4.1a: Matrix (5.0,  using the trapezoidal rule (in units of 107°)

k" 1 2 3 4 5 6 17 8 9 10 11 12 13 14 15 16 17
1 1.9 of 29 0 3.7 0 -43 0 -49 0 -54 0 -59 0 -6.4 0 -6.9
2 3.2 0 -4.3 0 -52 0 -59 0 -6.7 0 -7.3 0 -80 0 -8.6 0
3 4.5 0 -56 0 -6.6 0 -7.5 0 -83 0 -9 0 -9.8 0 -11
4 5.8 0 -6.9 0 -8.0 0 -9.0 0 -9.9 0 -11 0 -12 0
5 7.1 0 -8.3 0 -9.4 0 -0 ©0 -1 0 =-12 0 -13
6 8.4 0 -9.6 0 -1l 0 =-12 0 -13 0 -14 0
7 9.7 0 -11 0 -12 0 =-13 0 =-15 0 -16
8 11 0 -12 0 -14 0 -15 0 ~-16 0

9 213 0 -14 0 =-15 0 -16 0 -18

10 14 0 -15 0 -17 0 -18 0

11 .15 0 -17 0 -18 0 -20

12 17 0 -18 0 -20 O

13 19 0 -20 0 -22

14 20 0 -22 0

15 22 0 -24

16 24 0

17 -26

+ Values given as zero are less than 10°7.
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Table 4. 1b: Matrix G:Je. using the trapezoidal rule (in units of 10-5).

k 4 5 6 7 8 9 1o 11 12 13 14 15 16 17 18 19 20
4 -0.3 0+ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
5 -0.3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
6 -0.3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
7 -0.3 0 0 0 0 0 0 0 0 0 0 0 o o0
8 -0.4 0 0 0 0 0 0 0 0 0 0 0 0
9 -0. 0 -o0. 0 0 0 0 0 0 0 -0.1 O

10 -0.5 0 -0. 0 -0.1 0 -0.1 0 -0.2 0 -0.2

11 -0. 0 -0. 0 -0.2 0 -0.2 0 -0.2 O

12 -0. 0 -0.2 0 -0.3 0 -0.3 0 -0.4

13 -0.7 0 -0.4 0 -0.4 0 -0.5 O

14 -0.8 0 -0.5 0 -0.6 0 -0.9

15 -0.9 0 -0.7 O -.10 O

16 -.12 0 -.11 0 -.17

17 -.16 0 -.18 0

18 .23 0 -.29

19 -.34 0

20 -.54

+ Values given as zero

are less than 10~

v8



Table 4. 2a: Matrix G:x,b. using Simpson's rule (in units of 10-5)

k i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 . 67 0+ 3.3 0 9.5 0 20 0 38 0 64 0 100 0 150 0 230
2 3.1 0 9.0 0 20 0 39 0 67 0 110 0 170 0 250 0
3 8.7 0 19 0 38 0 66 0 110 0 170 0 260 0 380
4 | 19 0 36 0 64 0 110 0 170 " 0 260 0 | 380 0
5 36 0 63 0 100 0 160 0 250 0 380 0 560
6 62 0 100 0 160 0 250 0 370 0 550 0
1 100 0 160 0 240 0 360 0 540 ° O 800
8 | 160 0 240 O 360 0 530 0 790 0
9 240 -~0.1 350 0 520 0 780 O 1200

10 350 -0.1 520 0 770 0 1200 0

11 : 520 -0.1 770 .0 1200 0O 1800

12 770 -0.1 1200 O 1800 0

13 1200 -0.1 1800 0 3000

14 1800 -0.1 3000 O

15 3000 -0.1 5800

16 5800 -0.1

17 . 20000

S8

+ Values given as zero are less than 1077,
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Table 4.2b: Matrix G“k using Simpson's rule (in units of 10 5)

k®* 4 5 6 1 8 9 10 11 12 13 14 15 16 17 18 19 20
4 -03 00 0 0O ©0 0 0 o 0 ©0 -.02 0 -.04 0 -.11 0 -. 29
5 .03 0 0 ©0 O 0 -0l O -.04 0 -.10 0 -.25 0  -.66 0
6 .03 0 0 o0 -.02 0 -.06 0 -.16 0 -.42 0 -1.1 © -3.0
7 .04 0 -.03 0 -.09 0O -.23 0 -.59 0 -1.6 0 -4.3 0
8 206 0 -.10 0 -.29 0 -.75 0 -2.0 0 <55 0 -16
9 .15 0 -.32 0 -.89 0 -2.4 0 -6.7 0  =-20 0
10 .37 0 -.97 0 -2.7 0O =-7.7 0 -23 0 77
11 ' 1.0 0 -29 0 -84 0 -25 0 -85 0
12 3.0 0 -89 0 -21 0 -92 0 400
13 9.1 0 -28 0 -97 0  -420 0
14 | =29 0 -99 0 -440 O 4100
15 - ‘ 100 0 -450 O  -4200 O
16 | 450 0  -4200 0 24000
17 -4300 0 24000 O
18 24000 0 -13000
19 -13000 0
20 -12000

+ Values given as zero are less than 1077,
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Table 4.3a: Matrix 6,:*‘ -40 point Gaussian* and 6 point interpolation (in units of 10-5)
k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 0 -.01 O

3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -.01 O -.01
4 0 0 0 0 0 0 0 0 0 0 0 -.01 O -.01 O -.01 0

5 0 0 0 0 0 0 0 0 0 0 -.01 0 -.01 0 -.01 O -.02
6 0 -1.8 0 .84 0 -.68 0 .88 0 -.81 0 .38 0 -.03 0 -.20 0

5.9 0 -6.5 0 -1.3 O 1.1 0 .96 0 -3.1 0 2.7 0 -1.4 0 .22

8 0 10 0 =26 0 14 0 2.2 0 -2.2 0 -4.9 0 5.9 0 -3.3 0

9 36 0 -13 0 -43 0 42 0 -4.2 0 -5.0 0 -12 0 15 0 -6.6
10 -0 21 0 -36 0 -60 O 85 0 -13 0 -21 0 -16 0 36 0
11 78 0 10 0 -65 0 -8 0 168 0 56 0 -43 0 -12 0 64
12 0 115 0 3.5 0 -122 0 -8 0 1260 0 -130 0 -61 0 -7.6 0
13 32 0 173 0 -60 O -152 0 -119 0 385 0 -233 0 -96 0 43
14 0 88 0 194 0 -714 0 =257 0 -163 0 570 O -415 0 -78 0
15 152 0 90 0 314 0 -198 0 -412 0 -187 0 768 0 -588 0 -50
16 0 197 0 239 0 319 0 -409 0 -584 0 -272 0 1133 0 -830 0
17 292 0 465 0 247 0 236 0 -673 0 -903 0 -210 0 1593 O -1159

Values given as zero are less than 10-7
#« NOTE _K index corresponds to the interpolated function

L8



Table 4. 3b: Matrix G:Jv. -40 point Gaussian and 6 point interpolation (in units of 10-5)
k™ 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
4 O+ 0 0 0 0 0 0 0 0 0 0 | 0 0 0 0 0 0
5 0 -.01 0 0 0 o . 0 0 0 0 0 0 0 0 0 0 0
6 .79 0 -.20 0 .21 0 -.25 0 15 0 -.03 0 -.04 O .06 0 -.04
0 229 0 .16 0 -.21 0 -.87 O 1.0 0 -.57 0 15 0 .14 0
8 -2.4 O 13 0 -2.7 0 -1.2 0 -1.4 o0 2.6 0 -1.4 O 49 0 0
9 0 3.8 0 2 0 -9.9 O0 -1.4 0 -4.7 0 8.8 0 -4.1 0 .56 0
10 16 0 -4.4 O 50 0 -2l 0o -7.9 0 -4.7 O 21 0 -13 0 4.0
11 0 -4.3 0 -16 0 102 0 -54 0 -9.6 0 -2.4 0 38 0 -23 0
12 -55 0 -28 0 -12 0 | 164 0 -96 0 -10 0 -2.6 0 77 0 -54
13 0 -91 0 -32 0 -38 0 284 0 -162 0 -22 0 23 0. 118 0
14 36 0 -94 0 -94 0 -24 0 464 0 -284 0 -11 0 37 0 177
15 0 123 0 -190 0 -114 O 21 0 683 0 -411 0 -9.1 0 64 0
16 47 0 94 0 -227 0 -114 O 54 0 1049 0 -653 0 -15 0 136
17 0 -76 0 189 0 -247 0 -167 0 225 0 1441 0 -988 0 25 0
18 -151 0 -15 0 327 O0 -356 0 -73 0 35 0 1920 0 -1379 0 -2l
19 0 -11 0 78 0 370 0 -298 0 -76 0 533 0 2571 0 -2029 O
20 237 0 104 0 31 0 653 0 -398 0 -82 0 862 O 3161 0  -2654

+ Values given as zero are less than 10~/
* NOTE .k index corresponds to the interpolated function
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used a five point interpolation formula, here a six-point Lagrangian

interpolation was used.

Because of the interpolation necessary in Gaussian
quadrature the expression for the G-matrix must be modified to
. . 3 -m .
include the interpolation scheme. So that the G‘nak for Gaussian

quadrature is given by

G:,k = Z (2 P:(Xi)g-ij) Pl"(xj) w, = 1 4.10
J 4

where };j are the interpolation weights to convert the field to
be analyzed from the data latitudes X.i to the Gaussian latitudes

XJ- and V{I are the appropriate Gaussian weights

In Tables 4.1,4.2 ,4.3 the G matrices are given for
the zonal components (9 = 0 ) and for a typical set of wave com-
" ponents (+n =4 ). With the exception of the G matrices for
Gaussian qdadrature plus interpolation, the matrices are symmetric

in ‘n),k ; so that in these cases only half the matrix is presented.

The first thing to notice about the matrices is that there
is no parity mixing. That is, for a symmetric component only
symmetric components produce non-zero effects, and vice versa.
This is understandable because the set of latitudes used is symmetric
With respect to the equator, and the numbers obtained for these
elements, if non-zero, are just a measure of the truncation and

round-off error in using 29 bit precision. As well, quite generally,




- ° 3 .
Table 4.4a: Matrix Gnk using Gaussian quadrature of order 40 over Gaussian latitudes (in units of 10-7)

k 1 2 3 4 5 6 1 8 9 10 11 12 13 14 15 16 17
1 .93 -.48 -.02 -.04 -.02 -.02 -.14 -.01 -.27 O -.38 0 -.57 0 -.89 -.01 -.96
2 .59 -.40 -.07 O+ -.04 0 -.27 O -.42 0 -.72 0 -.97 0 ~-l.1 0
3 033 -.41 -.10 -.05 -.15 0 -.44 0 -.75 0 -1.1 0 ~-1.2 0 -1.3
4 .30 -.45 -.16 -.05 -.32 0 -.75 0 -1.1 0 -1.3 0 -1.4 0
5 .04 -.42 -.30 -.04 -.62 0 -1.1 0 -1.3 0 -1.5 0 -1.6
6 -.24 -.30 -.63 -.04 -.93 -.02 -1.3 0 -1.5 0 -1.7 O

-.72 -.41 -.86 -.07 -1.2 -.01 -1.5 0 -1.8 0 -l.6
8 -1.0 -.44 -1.2 -.03 -1.4 -.03 -1.8 -.01 -1.7 O
9 -1.4 -.41 -1.4 -.02 -1.7 -.01 -1.7 0 -1.5

10 -1.6 -.42 -1.6 -.04 -1.7 -.03 -1.6 0

11 -2.4 -.46 -1.6 -.03 -1.7 -.03 -1.9

12 -2.7 -.42 -1.4 -.06 -1.9 0

13 -2.5 -.45 -1.8 -.05 -2.3

14 -2.9 -.41 -2.3 -.05

15 -3.6 -.43 -2.6

16 ~4.1 -.46

17 -4.6

+ YValues given as zero are less than 1079,

06
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Table 4. 4b: Matrix G:Je. using Gaussian quadrature of order 40 over Gaussian latitudes (in units of 10~

k™ 4 5 6 7 8 9 10
4 -.57 -.18 -.07 0+ -.16 0 -.07

.02 -.09 O

5. -.44 -.27 -.16

6 -.96 -.35 -.26 0 -. 20

1 - -1.2 -.27 -.41 -.02

e ]
[}

1.5 -.34 -.53

9 | -1.7 -.33
10 2.1
11
12
13
14
15
16
17
18

19
20

11 12 13 14 15 16
0 -.01 0 -.01 0 -.03
.03 0 -.04 0 -.01 0
-.01 -.03 0 -.06 0 ~-.18
.24 0 0 0 -.25 0
-.01 -,37 0 -.21 0 -.04
-.75 -.04 -.67 0 .0l 0O
-.38 -1.1 -.02 -.49 0 -.02
~2.6 -.36 -.96 -.04 -.66 O
-2.5 -.42 -1.1 -.03 -1.2
~2.9 -.38 -1.7 -.02
-3.6 -.36 -1.9
-3.9 -.40
-4.0

17 18
0 -.02

-.14 0
o .18
.17 0
0o .08
-.06 0
0 -.50

-.51 0

-1.7 -.04

-.36 -2.1

4.2 -.45

-5.1

19 20
0 -.20

-.29 0

.09 O

-.01 -.25

-.46 0

-1.3 0

-.04 -1.8
-2.6 -.05
-.43 -2.4

-5.3 -.43
-5.4

-+ Values given as zero are less than 10-9.

=

)
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the higher the order of the function to be integrated the larger the
element of the G matrix. As far as the zonal components are
concerned, the Gaussian plus interpolation G matrix is closest to
zero, whereas for the wave components the trapezoidal G matrix
is closest to zero. Another feature of the Gaussian plus inter-
polation is that it is very accurate as long as the function to be
integrated is of a lower order than the interpolation scheme. This
illustrates how the interpolation scheme degenerates the Gaussian
quadrature. Table 4.4 shows the G matrices for Gaussian
integration over Gaussian latitudes and the difference is striking.
These results also show that if one wishes to minimize the purely
numerical errors introduced into an analysis the data should be
obtained at Gaussian latitudes. However, if the data are at
regularly spaced intervals of latitude, then Gaussian plus inter-
polation should be used for the zonal components, and trapezoidal

integration for the wave components.

Thus far only the numerical properties of different
quadrature schemes has been considered; the data has been con-
sidered precisé and independent at each data point required. This
of course is not true. In fact the data in original form are full of
errors, both systematic. and random. As well, in order to obtain
the data at the grid points, interpolations over at least 5° latitude
are performed either by a numerical process in the case of

objectively analyzed fields or by eye in the case of subjectively




93

analyzed fields. In view of this, discussion of the merits of
various quadraturé schemes becomes questionable. However,
one may take the attitude that any numerical Operatioﬁ performed
on the data fields which has internal errors only serves to
degenerate the information content in the data and thus one should
be as careful as:possible about any numerical operation, i.e.

minimize sources of error which are controllable.

The Linear Balance Equation.

The linear or geostrophic balance equation is

forp + & ¥ - gviz 4y

where Y/ is a stream function, Z is the geopotential height
field, f is the Coriolis parameter2Q cos8 , (L is the angular
velocity of the earth's rotation, } is the acceleration due to

gravity. Equation 4,1] may be rewritten to the following form
2 . 2
(«OSQ%% - SM.G_B_V/ = _Z V9Z 4,12
206 212

' 2
where dﬂ': at VvV . If ‘~/J is expanded in terms of spherical

harmonics

=2

20

d

Mg
Ms

0

(qrasml +ﬁ:55«t‘m2) P.:n
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and this expansion, as well as the expansion for the height field
is inserted into the balance equation, the following recurrence

relation is obtained

- q::: 0(-,:, Aq: ,
N(n+2)€ny ) L fFO-Dme)ET{ b= m+D{ 0 413
ﬁ'n.-n ' ﬁon-: B‘H

mz2 _ (n-m)(n+m)
T (@n-=0)(zn+1)

where €

P

‘Equation 4.13 is the same (apart from constants) as obtained by

Eliasen and Machenhauer (1965). ‘

In practice the representation of the height field must
be truncated at some point. In this study the truncation was such
that each set of waves corresponding to a given value of MM
contained 17 components. So that for 7 =0 ,» 7M. ranges from
1tol7; formm %o , M ranges from M to "M +16. For anti-
symmetric non-zonal components (n-y = odd) and symmetric zonal
components { YA = even, m=o0 ) of the stream function, the recurrence
relation is self-starting and the only problem is the truncation. For
symmetric non-zonal components ( M-y = even) and antisymmetric
zonal components { " = odd,™= O ) some condition must be applied

to obtain a solution.

There are two physical properties of horizontal stream

flow that are easily expressed in terms of the spherical harmonic




Table 4.5: Solution of linear balance equation in the spectral domain.
TYPE MODE BOUNDARY RECURRENCE RELATION IMPLIED CONDITION
CONDITION AND RANGE OF INDEX ON HEIGHT FIELD
° ° o
o o | M(n+2) €np1 Xy = N(M+D) A . . o
Zonal |Symmetric 3620(2 = 2A| ITA, = G € *Xic
= (n-N(n+1) é:\ °<:-t
for MN=35,..... 1Y
A0
- Yn+i) €545, = Nlne) AS
. o _
Zonal syn?riteltric S = © ° «x°
- 2)€
for n=16,14,.-- ... 2 N(+2) €y K
m
m| g™ - An
(n-Din+)Em { :‘,,:} = 'rl(n-r\){ o
Non- . o< G- B
Symmetric Ml ()
zonal =0 ™
™m m Xk
61’4\4—!6 -’n(’n-!-Z)é.n,.. A
for nzmaiS . ... m+ | e"n-n
m mn
Am+i - S A Amste -
{@m } - ’Y\(’n+2)€“+‘$ g = ‘“(Y\’H) g™ ™ -
Non- Anti- m N+ " M+ -
; m
zonal | symmetric| _ | Am - Sl S { o(,::‘s
(Tn+2)e1;n+’ B:: . -(‘ﬂ-\)(\’\-\'\) E‘Y\ (5"“ (‘fvv\-t‘) é:n“,l‘ %—mols
for n=m+2.... m+14 n-

G6
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amplitudes of the stream function. They are the mean horizontal

kinetic energy E and the mean squa’re vorticity 37'

_E_:: —7-:;' -ZL(VV)dS =;/_(2£' )ZZ ‘n('n.-n)( e’"“)@.,.g )

s m2) mz0
4.14

Nzt Mszo

— 2 2 2, w2 mz) -
1:-—’-/‘72 tus = L) Z Z el (5P ) (14 57)

™ o
where ST: =1if m = 0; S o = 0 otherwise, and (311 = 0

where @ is the radius of the earth.

In barotropic flow both these quantities are conserved.'
It seems reasonable to expect that, in any representation of the
horizontal wind field, these quantities should be well defined. It
can be shown that neither the series for E nor the series for
-:S_z (4.14) converges without a zero in the recurrence relation
beyonrd the 'lavtst of the height components. This then gives us a
condition that may be applied to the non-starting recurrence set

and a modification that must be made (implicitly or explicitly) to

the height field in the self-starting recurrence set.

The system and the boundary condition are summed up
in Table 4.5. The system is reversible in the sense that once
ha\}ing modified the last component of the height field (for a given
value of m), then to solve the balance equation for Z from the

computed stream function components regenerates the initial height

' field components.
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The system and boundary conditions have a simple
physical interpretation for the zonal components. For symmetric
zonal components the condition imposed on the heigHt field is that

g = O at the equator (where ? denotes the longitudinal
rrafegn at a given latitude), so that geostrophy for the zonal current
can be applied everywhe;'e. For antisymmetric zonal components
the boundary condition can be shown to be equivalent to requiring
that the mean angular momentum of the zonal current (measured
by o(f ) be equal to the mean angular momentum of the geo-
strophicaily computed zonal current. (This condition was used by
Eliasen and Machenhauer in an eXplici£ manner for the northern

hemisphere). Presumably equivalent conditions hold for non-

zonal components but their precise nature has not yet been determined.

There is another feature of the solution to the linear
balance equation which can cause difficulty; error progation from
smaller scales to larger scales during the determination of symmetric
non-zonal components and antisymmetrical zonal components. Say
the balance equation has been solved for a given set of height field
components. One may consider any one value of m , as the argu-
ment stili holds. Consider m equal to 1. Then ( <>(,‘.l , ﬁrlv. )
are the stream functions corresponding to the set { A, ) B.,I,_ ) of
height components and they are related by the recurrence relations
given in Table 4. 5. If a small change, & , is made in AI7 (or

B,'-, ), then the stream functions amplitudes o(-,’,, (or /3-,’1 ) will be
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changed. If d.,;_ denotes the change in « -,{,_ we have
/ ‘
!
d.ls = 16 4 N 13 = - 1416 —6115 dlS , etc.
/ / élls 15 .13 e,q,
/ - / ]
. or in general C[,,_, = -n(n+2) €y s

m-D{(m+1) ¢},

A
. Now e;\“ - N (m+2)2n-1) ]2 > 1 for all M
En e (m=D(@n+3 '
'
Thus CLW—I > 1 for all 7
nsts

- so that a change in the last component of the height field is propagated
to the larger scale components and amplified. In the case of the
total amplication to component = ,' is approximately by a

factor 25. In simpler terms it means that each of the stream
functions so computed is just a linear combination of the height field
components of a smaller scale, but that the weight that a particularv
height field component has in determining the stream component
increases for an increasing difference in scale (as represented by

the inde}; 7 ). In contrést; for antisymmetric stream fields com-
ponents, an error in one of the height field components is damped

in the iteration.
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Hemispheric Analyses

The above methods which apply to giobal analysis may
be easily specialized to perform hemispheric analyses. The
simplest way to modify the analysis is to assume that the height
field is either symmetric or antisymmetric with respect to the
equator. This may be done explicitly in a general analysis
programme or implicitly in a purely hemispheric analysis pro-
gramme. If the symmetric mode is chosen there are no difficulties.
If the antisymmetric mode is chosen, Gibbs phenomenon can arise
because antisymmetry implies the vanishing of all Fourier com-
ponents at the equator. This may be avoided by sdbtracting the
equatorial value of AO from the Ao’s at the rest of the latitudes
and setting' Am and B™ equal to zero at the equator. The
Fourier amplitudes are small in the equatorial regions and thus
this process does not generate much error. Indeed, one may
interpolate the Fourier amplitudes linearly to zero from some

higher latitude without seriously affecting the results.

The Details of the Method Used

The data points were spaced at every five degrees of
latitude (except latitudesiSSO) including the equator and every ten
degrees }iongitude including the Greenwich meridian. The data
consisted of geopotential height values in decametres at each of

the grid points of the 500 millibar surface for the month of September
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1957. The data source and methods of synoptic analysis and

extraction are described by Luistro (1964) and Steinberg (1965).

~ ~ -~

Fourier analyses were performed at all data latitudes;
the amplitudés at + 85 degrees latitude were obtained by averaging
those at the poles and + 80 degrees. These Fourier amplitudes
were then analyzed into coefficients of the associated Legendre
functions using the trapezoidal rule formk 0 and Simi)son’s' rule
form=0 . The Legendre functions were generated at the data

latitudes using the following set of recursion formulae.

L
P‘M'H = (2m+3)25l:n.9 P?:n

M+
L L
-— ™m 2_ k3 2 m
7-::, = [(2ned(2ne3) 12 g P.. - _"_‘_.z_.'r_n_] P -1 4.15

m -
where P:—'—!—- 3 P%:O '”’)ﬂ

1z
The Fourier analysis (for this data grid) permits the

definition of seventeen waves and a mean height around a latitude

circle. Since there are 37 data latitudes (35 for non-zonal com-
ponents because the values at the poles are identically zero) the
system permits a maximum of 37 zonal components and 35 non-
zonal components to be defined for each Fourier wave number.

In this study each wave was analyzed into seventeen coefficients

6f the Legendre functions. All of these waves are not, of course,

signifi;:antly above the noise level; but presumably a complete




Table 4. 6: The distribution of the variance of the mean of a height analysis of 100 sets of random fields.

Theoretical variance of the mean =0. ; values have been multiplied by 104.

j m 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 3 7 12 5 1 16 1 1 5 4 6 12 14 16 4 2 16 4
2 12 10 5 4 10 6 4 32 9 4 5 2 0 4 2 5 13 11
3 3 20 3 5 1 7 10 5 4 2 0 9 17 21 1 0 10 7
4 4 5 4 11 1 2 34 4 6 11 1 8 7 30 2 12 3 12
5 6 4 1 8 16 31 3 2 7 0 8 18 10 8 7 3 13 0
6 1 32 4 3 12 9 1 2 1 6 18 5 2 7 1 9 2 1
7 10 12 11 9 6 1 8 5 2 6 3 7 1 12 3 6 3 1
8 52 10 0 5 15 6 5 8 17 12 3 2 5 1 2 5 12 12
9 10 11 12 6 12 0 7 10 1 1 7 7 6 10 6 16 5 7

10 | 195 0 1 1 16 5 10 9 11 | 13 1 7 15 25 8 9 3 1

11 2 5 2 3 13 8 2 1 3 1 9 17 15 11 18 22 8 6

12 751 0 23 1 4 10 9 3 -5 8 0 8 7 8 0 7 9 5

13 31 9 1 2 2 1 7 4 3 2 6 0 1 0 2 7 1 0

14 1295 0 20 24 4 1 11 13 3 1 0 3 5 2 2 4 5 5

15 11 5 7 3 2 6 6 8 7 9 1 3 9 10 20 9 5

16 2542 2 1 3 1 2 10 6 1 1 9 0 4 0 33 10 6 13

17 2 7 3 2 11 4 8 4 5 7 3 5 4 21 1 2 17 20
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Table 4.7: The distribution of the mean variance of a height analysis of 100 sets of random fields.
Theoretical mean variance = 39.2; values have been multiplied by 104.

j 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16’ 17
1 540 843 851 932 921 959 906 959 826 985 1015 942 884 1029 972 825 804 936
2 502 732 826 677 844 888 1009 869 941 806 919 895 949 1044 855 856 862 835
3 688 618 798 809 699 839 911 838 861 726 762 960 940 814 877 881 917 918
4 800 600 615 740 715 805 852 733 750 798 939 638 916 897 959 761 931 935
5 600 627 512 624 807 850 658 706A 797 873 1034 748 840 792 757 884 836 807
6 634 571 595 679 700 782 759 795 708 734 725 788 806 766 771 795 781 846
1 624 714 695 661 605 736. 661 660 770 769 711 680 879 709 873 704 908 661
8 730 647 .563 629 637 819 745 708 698 665 795 800 776 649 845 828 747 1015
9 751 579 582 636 648 755 759 602 797 790 847 653 886 831 657 822 812 687

10 708 625 604 535 645 757 588 715 713 723 626 770 583 744 722 845 763 863

11 555 580 524 652 556 754 660 745 732 633 714 698 715 599 812 902 688 810

12 486 508 634 569 690 795 1748 656 736 679 646 754 824 651 698 849 781 774

13 675 611 644 604 680 701 684 691 708 713 1755 636 772 195 772 791 132 784

14 659 556 599 464 546 153 652 631 716 670 514 816 767 641 686 693 798 832

15 779 608 632 713 582 587 692 603 708 849 784 700 582 739 721 596 823 644

16 667 601 605 581 631 725 632 727 562 558 ,682 633 780 576 734 745 713 150

17 1252 593 574 583 619 553 684 682 802 640 766 826 673 593 751 665 128 739

201
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analysis will thus aid in the determination of the noise level.

The Random Error Noise Level

it has been shown (Godson 1959 ) that random errors
tend to produce a ''white' spectrum when subjected to a Fourier
analysis. (A '"white'' spectrum is one in which the variance is
constant for all wave numbers). It seems reasonable that this
same property should hold in the case of spherical harmonic analysis.
To test this property, 100 sets of Fourier coefficients at all data
latitudes were generated from a standard random number generator
programme. The random numbers had a normal distribution with
a standard deviation of 25/17 units. Five hundred was added to the
mean values at latitude circles (i.e. the A° ). These generated
Fourier data were then analyzed into L.egendre polynomials ( using
the same analysis scheme as was used on the real data). The
variance of the mean and the mean variance of the 100 samples were
computed for each wave component and are shown in Tables 4. 6 and
. 4.7. The results indicate that the spectrum is quité closely "white''.
The bias to higher variances and mean values for large values of
is due to the increasing bias in the analysis programme for large
values of 77 . This bias in the analysis is especially large for the
zonal components where for some components the mean variance is

smaller than the variance of the mean. Theoretically, if the

spectrum is exactly white then the mean variance in any component




Table 4.8: Variance of mean values of stream function amplitudes obtained from 100 sets of random height

fields. Values have been multiplied by 102.

; m o 1 2 3 4 5 6 71 8 9 10 11 12 13 14 15 16 17
1 7415 255 45 76 52 7 115 28 24 6 40 3 2 7 19 18 83 32
2 o 0 o 0 0 2 o o 1 1 1 3 3 4 1 1 5 1
3 1115 26 11 21 14 4 35 18 7 1 16 3 1 2 10 3 21 5
4 o 1 o0 1 0 o0 o o o 1 1 1 7 .9 0 0 0 3
5 424 9 5 1 5 1 16 11 6 0 11 1 2 2 9 2 12 4
6 1 1 o0 1 1 2 1 o 1 1 o 1 7 9 1 0o 1 2
7 23 2 4 4 2 o0 10 8 5 0 3 2 1 3 8 3 g 4
8 o o o 2 1 1 1. 0 1 1 1 2 4 6 0 1 0 3
9 114 0 3 3 0 0 6 3 1 1 1 2 1 2 6 1 4 2
10 o o 1 o 2 1 1 1 11 1 2 5 5 1 4 1 4
11 130 0 1 3 0 1 2 4 o0 0o 1 2 0 0 3 1 4 1
12 1 1 1 1 4 2 1 1 o0 o0 0 4 4 7 1 4 2 6
13 20 0 1 2 0 0 2 2 o0 0o 1 o 1 o 2 o 1 1
14 0 1 1 1 3 2 2 2 0 o0 1 3 3 6 1 5 2 5
15 116 0 0 0 0 0 o o o0 o0 o 0 o0 o0 2 1 0 1
16 1 1 1 1 4 1 3 3 0 0 2 2 2 3 2 9 1 4
17 o 0 o0 0 o0 o o o o0 0 o o o0 0 0o 0 0 o

¥01



Table 4.9: Distribution of mean variance of stream function amplitudes obtained from 100 sets of random

height fields.

Values have been multiplied by 10

1

11
12
13
14
15
16

17

m 0

1994 2552 1072

1

1 2
289 272
2 3
106 102

4
53 51
6 6
30 28
8 .1
17 16
9 8
10 9
10 9
3 3
13 11
0 o

2

10

11

3

571

39

22

14

11

4
490
7

142

72

43

21

10

16

10

10

5
488
9
157

82
10
47
11
28
13
17
13
10

15

6 7
404 404
11 13
134 140
11 12
71 74

10 11
41 45
10 12
27 28
11 12
17 17
13 | 15
8 10
15 16
3 4
15 17
0 0

8
393

13
138

13

- 15

12
48
13
28
15
16

15

15

17

9
340
17
130
15
72
15
44
14
28
16
17

17

19

22

10
317
20
108
17
58
16
36
17
23
19
14

18

19

22

11
393
20
152
20
87
18
53

18

36

18
21
17
11

16

12
357
21‘
121
22
68
21
44
22
29
23
19
24

12

13
308
26
118
24
65
20
41
20
21
22
15

23

24

26

14
393
24
149
27
86
26
55
20
34
25
22
30
11

31

30

15
293
27
112
26
69
27
46
22
28
20
18
22
10

23

23

16
415
25
156
30
85
31
50
32
31
30
21
32
12

31

31

17
320
31
124
30
13
25
46
24
30
26
19
29
13

29

- 32

s01
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should be the same, and then we can compute this value by the

following consideration.

There are 37 data points entering into the analysis of
each Fourier wave. For all non-zonal waves, the polar values are
not considered since the representation has no degrees of freedom -
at the poles (i.e. PY,:(O) = P:‘('ﬂ’) zZ0 if Mm% 0O ). Thus the total
number of degrees of freedom in the field is 35 X 17 + 37 = 632.
For a ""white' spectrum then the theoretical field variance will be
divided equallly into each degree of freedom, so that the variance in

any component should be = 39.2/632 = 620 X 1074,

This number agrees quite well with the values given in
Table 4.7. The error level in the analysis of real data can be
estimated then by considering the distribution of variance in the
smaller scales. This involved the estimation of the point where the
spectrum becomes ''white'' so that the error level obtained must be

considered as. only an estimate.

It is also of great interest to determine the effect of
random errors in the geopotential height field on the stream functions
obtained through the linear balance equation. To determine this
effect the sample of random height fields was put'through the linear
balance equation. The statistics of the stream functions obtained
are given in Tables 4.8,4.9. The zero values in the Tables for
J. = 17 are just the boundary condition imposed on the solution of

the linear balance equation. Generally the tables show that the
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Table 4.10: Distribution of the variance of the mean height field in DMZ.

Values have been multiplied

by 102
; 0 1 2 3 4 5 6 8 10 11 12 13 14 15 16 17
1 11110 102 28 1 8 0 0 0 0 0 0 0 0 0 0 0
2 52761 140 0 3 14 26 9 1 0 0 0 0 0 0 0 0
3 1194 133 57 5 30 3 6 1 1 0 0 0 0 0 0 0
4 2416 213 158 17 23 20 5 0 0 0 0 0 0 0 0 0
5 52 27 10 15 68 5 7 0 0 0 0 0 0 0 0 0
6 396 32 45 2 22 11 1 0 0 0 0 0 0 0 0 0
7 2 78 25 1 39 7 4 0 0 0 0 0 o o 0 0
8 2135 85 11 5 4 1 0 0 0 0 0 0 0 0 0
9 92 51 27 3 7 0 0 0 0 0 0 0 0 0 0 0
10 13 36 36 5 2 1 0 ] 0 0 0 0 0 0 0 0
11 o 5 3 1 0 0 0 o o 0 o0 o0 0 0 0 0
12 5 11 18 2 0 0 0 0 0 0 0 0 0 0 0 0
13 2 3 1 2 0 1 0 0 0 0 0 0 0 0 0 0
14 19 3 0 0 0 0 0 0 ©o o o0 o0 o0 0 0 0
15 2 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
16 21 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
17 0o 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0

Lo1



Table 4.11: Distribution of mean variance of the height field in DMZ. Values have been multiplied by lOZv

m 0 1 2 3 4 B 8 9 10 11 12 13 14 15 16 17
1 11287135 52 17 22 15 10 8 3 1 1 0o 0 o o 0 0o o
2 52792193 52 36 671 62 37 24 1 9 3 2 1 1 0 0 1 0
3 1283 197 130 80 120 60 47 37 15 9 7 3 3 2 1 1 0 0

4 2452 311 268 106 207 87 60 45 17 16 6 3 2 2 1 1 1 1

5 85 106 78 140 157 82 41 27 17 14 7 4 3 2 1 1 0 0
6 420 79 195 67 127 59 40 27 12 1 5 4 3 1 1 1 1 1
7 33145 84 76 8 33 27 19 9 9 4 2 2 2 1 0 0 0
8 29 174 134 39 28 24 19 12 71 4 2 3 1 1 1 1 1 1
9 125 79 54 31 31 6 9 12 4 4 3 1 1 1 1 1 0o o0
10 33 60 72 21 19 13 10 5 4 4 2 1 1 o o 0 1 1
11 29 30 28 15 15 10 5 6 2 2 1 1 1 1 1 1 0o 0
12 12 30 35 15 10 6 4 3 3 2 2 1 1 0o o 0 1 1
13 6 20 12 10 6 5 3 3 2 1 1 o0 o0 1 1 1 0 o
14 24 12 8 4 7 5 1 1 2 1 1 1 1 o 0 0 o0 O
15 4 9 8 5 3 4 2 2 1 1 o 0 0 1 o0 o0 o0 0
16 24 5 4 4 4 3 1 1 1 1 1 1 1 ©0 o0 0O o0 0

17 1 5 4 4 3 2 1 1 0 0 0 0 0 0 0 1 0 0

801
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variance of the mean of the stream function is approximately 100
times greater than for the height field. However, the rr;ean

variance is also different by the same factor, so that this is con-
sistent with the numerical values of the stream field components

being on the average 10 times greater than the height amplitudes.

However, the distribution of variance is quite different.

The most obvious feature is the dependence on parity.
The variance in symmetric components is generally much larger
than the variance in the antisymmetric components. The feature
of error amplification in the symmetric components is thus well
illustrated in these tables. On the basis of these tables ‘an estimate
of the noise level in each of the components may be obtained, and at

the very least applied to the long term statistics of the flow.

The Statistics of the Flow at 500 mb for Sept. 1957

The Geopotential Height Field

In Tables 4.10, 4.11 the variance of the mean and the
mean variance of the geopotential height field for the month of
September 1957 are shown as distributed over the components. In
these tables (as in others of the same type in this section) index
\/'= n-m+1 if m %0 and J=7m if m=0 . These tables
show that the great majority of the variance is contained in the zonal
componenfs; 97% fo‘r the mean field and 91% fc_)r the mean variance_.

However, the zonal components contribute very little to the transient
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Figure 4.1: Distribution of variancec of height field for eddy components
as a function of the three wave numbers (decametres) .
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part of the variance since the variance of the mean is 99% of the
mean variance, and in fact the contribution of the zonal components

to the transient part of the variance is only about 14%.

Disregarding the zonal components, the main contri-
butions of variance come from the low wave numbers or large scale
waves. In a spherical harmonic representation there are three

wave numbers one may consider. The wave number 7 and its
Yr2a’
nin+t)

corresponding wavelength L¥= is the two dimension wave-
length that enters as the dynamically significant wavelength in any
analysis based on spherical harmonics. The wave number, 77 ,
measures the wavelength of a disturbance around a latitude circle,
and M- measures the wavelength in d north-éout_h direction.

For example, for a given 7 (i.e. two-dimensional wavelength) one
may have a system which is elongated along a latitude circle (low .,
high m-m ) or elongated along a meridian (low n-mt , highm ). The
wave number - also measures the symmetry or asymmetry of

the flow with respect to the equator according to whether it is even

or odd respectively.

In Figure 4.1 - the distributions of variance for the
standing (monthly mean) and the transient (mean square minus square
of the mean) .parts of the height field (excluding the zonal components)
are shown as a function of the three wave ﬁumbers. The distribution
over 7 shows a broad maximum in the transient part ranging from

7N = 4 —/0 which corresponds to a wavelength range of approximately
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9000 km to 4000 km. The standing part shows maxima at 7 = ¥

and = 8 and a relative minimum atn = 6 .

The distribution over ™ shows that the variance of the
mean field is largely contained in waves withm=21 and 2 . There
is a secondary maximum atm=4. The transient part is much

more equally distributed over the first five wave numbers.

The distribution over the north-south wave number
indicates that the mean field is more largely asymmetric than
symmetric with respect to the equator (maxima at n-m=3 , and
M-mz= 7 ). Even the transient part has its largest variances in

odd components but the general picture is not one of dominance.

These results are in agreement with those of Steinberg

(1965) who analyzed the same data using a different analysis technique.

Noise Level in the Height Field Analysis

In accordance with the experiment described in the
previous section one may expect that random errors will contribute
equally to the mean variance of each component in the system. Thus
if one c‘an determine where the variance approaches some constant
value, then an estimate of the random noise level may be made. An
inspection of Table 4.7 shows that although the mean variance
shows a tendency to level off the values are still monotonically
decreasing. This may indicate that the noise level from purely

random errors is less than 0.01 DMZ. Indeed the random noise
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level consisted with a standard deviation of an individual grid point
. . 4 _ 2 .

value of + 2 DM (+ 65 feet) is given by & 006 DM®. This is

not to say that these components whose variance is greater than

. 006 DM? are significant, but rather that the noise level may be

determined by another cause.

Each spherical harmonic wave is in principle a global
éntity. Real highs and lows, especially on the smaller scale, are
not global entities, but in this context localized perturbations (e. g.
a hurricane). The process of analysis will misinterpret these
perturbations and form global waves which when added together
reproduce the localized variations. As far as the distribution of
variance of the amplitudes necessary to represent a localized
perturbation is concerned, one may expect that those components
whose wavelengths are similar to the scale of the localized
perturbation will have a large part of it, and the variance will
decrease for smaller and larger scales. This process would tend
- then to produce a distribution of variance which decreases mono-
tonically for decreasing wavelength since it would add little to the '
variance contained in the large scale waves. Thus one might
expect that if the energy spectrum of the waves was obtained that
the energy contained in the smaller scales of motion would be
approximately equal. Thus seems to be the case as will be shown

from the energy spectrum derived through the linear balance equation.

A determination of the noise level on this basis is




Table 4.12: Distribution of kinetic energy of the mean (metres/sec)z; zonal values XIOZ; other X 10

3

j

11
12
13
14
15
16

17

m

1555
619
2595
37

- 295

(%]

[\Y)

228
39
238

159
132

251

212
76
83

‘237

824

27
1310
1060

163

569
150
30
389
53

73

33
76
217
115
920
341
413
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549
201
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28
89
88
10

55

73

130
38
93
73
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188

79
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15
90
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28
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4
336
100
271
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44
503
277
139

68

31
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13

49

116
11
329
29
41
207
150
60
14
' 17
26

10

20

6
20
8
208

132

23

74
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37

50

14

60

11

100
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112
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73
10
44
18
18
10
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70
48
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Table 4.13: Distribution of mean energy (metres/sec)z; zonal values X 102; other X 103

;g m o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 1590 622 403 371 865 521 399 519 355 412 308 363 314 275 241 227 247 277
2 629 100 137 113 277 344 381 394 243 141 194 128 117 96 71 54 95 99
3 2626 442 420 459 1110 1096 987 823 543 642 294 284 244 237 213 200 171 161
4 53 354 341 474 1007 676 601 634 404 391 267 207 188 177 126 92 80 85
5 346 1571 1862 904 1662 808 780 678 403 386 340 306 305 208 165 156 145 116
6 18 352 891 779 1076 947 456 465 309 342 255 215 126 134 97 65 100 101
7 35 1758 1371 559 928 708 569 441 279 237 172 260 136 142 117 125 136 120
8 14 1338 489 634 629 335 396 392 234 174 131 154 125 133 96 77 116 86
9 27 724 884 441 452 415 396 426 256 184 130 181 134 113 117 138 93 122

10 270 524 656 465 411 379 309 308 168 188 124 115 124 142 104 125 134 119

11 ‘64 974 1193 297 387 253 192 167 124 158 145 141 72 80 86 105 86 83

12 257 591° 452 253 256 255 177 310 184 133 115 106 82 90 74 87 83 90

13 18 380 391 434 325 249 157 197 135 125 101 104 83 80 75 100 71 58

14 171 732 475 376 235 227 214 187 165 123 102 84 99 109 83 89 107 89

15 146 307 294 303 359 232 139 130 117 85 68 75 57 54 41 82 55 6l

16 260 463 366 422 186 174 202 165 123 136 85 128 96 136 96 96 105 92

17 © 0 ©0 0 0 5 0 0 0 0 0 0 0 0 0o 0o o o

qrT
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Figure 4. 2: Distribution of the horizontal mean kinetic energy per unit
mass over the three wave numbers (metres/sec)z.
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essentially equivalent to deciding on a noise level by requiring
continuity in time. Steinberg (1965) used continuity in time to
estimate the noise level at 0.6 DM2 which is consistent with a
random error with a standar.d deviation of + 6 DM or + 200 feet!
This hardly seems reasonable; so‘ that some process similar to

that described above must occur in the analysis.

The Stream Function

In Tabies 4,12, 4.13 the horizontal mean kinetic
energies per unit mass are shown as distributed over the com-
ponents. Table 4.12 gives the kinetic energy of the mean and
Table 4.13 mean kinetic energy in me’cres2 sec-z. In the mean,
flow the energy is split between zonal flow and eddies in the ratio of
4 to 1 while in the total flow (i.e. mean energy) the ratio is 3 to 4
respectively. The bulk of the energy of the zoiial flow (94%) is
I contained in the mean flow. Figure 4. 2 illustrates the distribution
of kinetic energy for the standing and transient parts of the eddies
over the three wave numbersn ,m ', andn-m . The distributions
are not too different in shape from fhe distributions of the variance
of the height field, but the maxima are shifted to higher wave numbers.
In particular the absolute maximum shifts fromn =7 in the case of
the height field ton=8 . As well, the distribution over . of the

transient kinetic energy shifts the absolute maximum from m=1to

m=4 ,
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Figure 4.3: Distribution of the horizontal mean kinetic energy per unit
. ' mass over wave number (metres/sec)”. (From Eliasen and
Machenhauer, 1965).
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The distribution of kinetic energy over n-m shows
relative maxima for even values of n-m , which indicates that the
circulation is asymmetric with respect to the equator from an

energetic point of view as well.

The tails of these distribution indicate (as can be seen
vin the Table of mean kinetic energy) that for large wave numbers
each component has approximately the same energy. (This appears
as a horizontal line for the distribution of » and m-~  since
each ™ and m-m  has 17 components. In the distribution over

n. however it will appear as a line sloping negatively towards

zero atm. =35 ).

Eliasen and Machenhauer have performed similar cal-
culations for the northern hemisphere (assuming a symmetric
southern hemisphere) for the month of January 1957. From their
published results the distributions of kinetic energy were calculated
and are presented in Figure 4.3. (The distribution over m-m was
not calculated since the only permitted values in their scheme are
the odd values). The main features of the distributions of the
transient component compare quite closely, except that the January
values are about twice as large as those for September. However,
the standing eddies have quite a different distribution of kinetic
energy over wave length. In particular, in January the energy in
components m=2 and 3 is five or six times that in September.

Also the distribution over m shows a large maximum at 77=5> 6
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‘ Figure 4. 4: Distribution of horizontal mean kinetic energy per unit mass
corrected for an equal energy noise level (metres/sec)”.
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Table 4. 14: Mean zonal wind profiles (metres/sec) including components up to the indicated wave number.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Lat
90 0 0 0 0 0 0 0 0 0 0 0 o - 0 0 0 0
80 1.19 -0.46 5.06 5.90 2.55 2.54 1.88 1.42 1.58 7.29 4.83 -1.28 -0.54 4.18 0.19 -4.76
70 2.34 -0.76 8.88 10.35 5.63 5.61 5.02 4.72 4.78 5.47 5.77 7.88 7.48 4.24 17.39 11.52
60 3.41 -0.76 10.59 11.99 8.81 8.80 8.85 9.03 8.94 5.51 6.70 8.29 8.31 9.85 7.55 3.96
50 4.39 -0.35 9.91 10.69 10.66 10.67 11.12 11.37 11.34 12.24.11.19 8.14 8.39 8.54 9.90 12.98
40 5.23 0.49 7.23 7.15 9.68 9.69 9.89 9.79 9.87 12.21 12.05 13.91 13.57 12.12 11.72 9.18
30 5.91 1.74 3.53 2.75 5.59 5.59 5.30 5.06 5.08 3.21 4.24 4.89 5.12 7.20 6.72 8.67
20 6.42 3.32 0.10 -0.91 0.00 -0.01 -0.33 -0.28 -0.36 -1.57 -2.25 -4.63 -4.63 -6.59 -5.39 -6.71
10 6.73 5.08 -1.82 -2.51 -4.13 -4.14 -4.04 -3.81 -3.81 -1.46 -1.88 0.16 -0.05 1.12 -0.55 0.12
0O 6.83 6.83 -1.42 -1,42 -4.18 -4.18 -3.81 -3.81 -3.74 -3.74 -2.74 -2.74 -2.44 -2.44 -0.61 -0.61
-10 6.73 8.37 1.47 2.16 0.54 0.54 0.64 0.41 0.41 -1.95 -2.37 -4.41 -4.62 -5.79 -7.47 -8.14
-20 6.42 9.51 6.29 7.30 8.21 8.22 7.89 7.85 7.78 8.99 8.32 10.70 10.70 12.66 13.86 15.18
=30 5.91 10.09 11.87 12.65 15.49 15.48 i5.20 15.43 15.45 17.33 18.36 17.72 17.95 15.87 15.38 13.43
-40 5.23 9.98 16.71 16.79 19.32 19.31 19.51 19.61 19.68 17.34 17.17 15.30 14.96 16.40 16.00 18.53
-50 4.39 9.13 19.39 18.61 18.58 18.57 19.02 18.77 18.74 17.83 16.78 19.84 20.09 19.95 21.32 18.24
-60 3.41 7.59 18.93 17.53 14.35 14.35 14.40 l4.2i 14.12 17.54 18.73 17.14 17.16 15.62 13.32 16.90
-70 2.34 5.43 15.07 13.60 8.88 8.89 8.30 8.60 8.66 7.97 8.27 6.17 5.77 9.01 12.17 8.04
-80 1.19 2.83 8.35 7.42 3.98 4.00 3.34 3.81 3.97 -1.74 -4.19 1.91 2.65 -2.07 -6.06 -1.12
90 0 | o o o o 0
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. Figure 4.5: Comparison of mean zonal wind profiles (metres/sec) obtained by
successive inclusion of components of the stream function from the
linear balance equation. Curves include components up to (0, 3),
(0,5), (0,11).
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which is absent in the September curves. The January distributions
also appear to have constant energy in the large wave numbers but at

a somewhat lower value.

This last observation appears to be confirmed in Table 4, 13
where the components of even symmetry appear generally to have
higher energies. This is consistent with the error pr‘opagating
feature of the solution of the linear balance equation (pp 97, 98)
so that the jagged appearance of Figure 4.2 may be somewhat
spurious. (This does not imply that the conclusion about the anti-

symmetry of the height field is invalid).

Considering the equal energy distribﬁtion as a ''noise
level' on .the remainder of the distributions, corrections were made,
and the final distributions of the transient part are shown in Figure
4.4 . The shape of the distributions hardly changes, but the absolute

values are reducedby 1 to 2 metresz/secz.

Representation of the Mean Zonal Flow

The meah zonal flow for the month was calculated from
the mean values of the zonal component.s of the stream function.
The calculation was performed for each component separately, then
these results were added successively to see the effect of each term
of the resulting profile (Table 4,14). In Figure 4,5 the profiles of
zonal wind obtained by adding components up to and ir;cludinvg the

indicated number are presented. The two jet structure, with a




124

Fig:-4. 6: Comparison of mean zonal winds for the month of September 1957.
Stream function winds include components up to and including (0, 11).
Tropical zonal wind values obtained from De Las Alas (1966).
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stronger jet in the southern hemisphere, is determined mainly by
components up to m=3 . The jet maxima are too far north and

a [+ .
south however, and thus components Y¢ , %g take care of this
by shifting the maxima towards the equator without affecting the
maximum values. Components with 7= 6,73, 9 add very little
to this profile because their mean values are very small. Com-

] Q . . . .
ponents Y,  ; L//,, add detail to the jet maxima, actually producing
two maxima in the southern hemisphere and a secondary maximum
in the northern hemisphere. They also add structure to the profile

in the tropical regions.

The mean geostrophic zonal wind profil.e was calculated
by finite differences over 5° of latitude from the mean height profile.
Figure 4.6 shows the comparison between the geostrophically com-
puted winds and the stream function winds (for n< //.). The agreement
between the two is very good north and south of 20° latitude. The
stream winds give a small region of easte;lies near the south pole,
but since the analysis gives equal weights to equal area this is probably
_spurious. As might be expected the geostrophic winds behave rather
badly near the equator, being ~40 metres per second at 2. 5°S and
+8.5 metres per second at 2. 5°N. The stream function winds are well
behaved near the equator, and agree fairly well with the observed mean
zonal winds in this region. (The observed zonal winds were taken from
a study by De Las Alas (1966) of the tropical region for the same period .)
This is not too surprising because one of the conditions for sélution

of the linear balance equation is that the derivative of the zonal height
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Figure 4.7:

Daily values of zonal stream function components for the month of
September 1957.
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Figure 4. 8:
Daily values of zonal stream function component for month of September 1957.
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field be zero at the equator. Since the height field is implicitly
modified to reach this condition, geostrophy could be applied
everywhere. It was found that the best agreement was obtained
by only including zénal components of the stream function up to
M=/l . The remaining components seemed to just add noise

to the profile.

The Fluctuations of L.arge Scale Components of the Stream Field.

Zonal Components

The variation of the largest scale zonal components
(m= 2,3 ) as a function of time is shown in Figure 4.7
These components determine to a large extent the total structure
of the zonal flow, and thus do not change very much over the month.
The symmetric component ‘71/20 (giving a stronger jet in the southern
hemisphere) does show a tendency to decrease during the course of
the month in accordance with increasing zonal flow in the northern
hemisphere and decreasing in the southern hemisphere. Any
secular changes in HU;) and y/; are masked by what appears to

be a high noise level in these components.

. o o .

The components %4 s %5 (Figure 4.7), undergo
fluctuations at least as large as their mean values with a dominant
period of the order of a month. Their values are predominantly of -

. o . . 0 .
one sign however, %4_ being negative for 28 days and ‘705 positive

.for the 30 days. The smaller scale components y’:*%;a SZ/;, 90;.) (Fig.4. 8
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essentially fluctuate about zero with amplitudes of the order of

1 - 3 equivalent decametres.* The components %,Z , %:‘(Fig; 4.9)
. 0 o .

behave in the same manner as Sb,f ) %5 undergoing relatively

large fluctuations but remaining predominantly of the same sign.

The components with > // have not been considered for
two reasons. Firstly the analysis program is such that numerical
erroré of the order of the mean amplitudes of the components with
M >/l can be produced; secondly these components add nothing

but noise to the computed mean zonal wind profile.

Non-zonal or wave components

In their studies of the fluctuations of the planetary scale
waves both "Eliasen and Machenhauer (1965) and Deland (1965) have
demonstrated (using spherical harmonic analysis over the northern
hemisphere) that there is a component of barotropic, or more
precisely equivalent barotropic; motion on this scale. These
planetary waves are composed of a relatively stationary component
plus a moving component which moves westward with phase speeds
of up to 40 degrees longitude per day for the largest scale. Recent
evidence indicates that these fast moving components extend to great

heights. Hemispheric analysis in terms of spherical harmonics at

* Equivalent decametre - the stream function has been reduced to
approximate gegpotential height in decametres. For proper
units of m%sec~! multiply by the constant 5;/_()_ in M. K. S. units.
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Fig. 4.10: Dalily values of amplitudes and relative phase angle of stream
function component (1, 1) for month of September 1957,
Amplitude in equivalent decameters.
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Fig. 4.11: Daily values of amplitudes and relative phase angle of stream
function component (1, 2) for month of September 1957.
Amplitude in equivalent decameters.
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Fig. 4.12: Daily values of amplitudes and relative phase angle of stream
function component (2, 2) for month of September 1957.
Amplitude in equivalent decameters. '
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Figure 4.13: Daily values of amplitude and relative phase angle of stream
function component (1, 3) for month of September 1957.
Amplitude in equivalent decameters.
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Figure 4.14: Daily values of amplitude and relative phase angle of stream
function component (2, 3) for month of September 1957.
Amplitude in equivalent decameters.
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Figure 4.15: Daily values of amplitude and relative phase angle of stream function
component (3, 3) for month of September 1957. Amplitude in

equivalent decameters.




137

three levels, 500 mb, 100 mb, 25 mb, indicate that the mdving

parts are consistent in the vertical. (Boville, to be published).

One of the most striking ways of illustrating this behaviour is on

a phase diagram. This is a plot of the amplitude and phase on a
polar diagram, each point representing the wave at a given time.

If a wave behaves according to the model above, the trajectory of

the point representing it will tend to be circular about some mean
value. This trajectory may or may not enclose the origin depending.

on the relative magnitudes of the moving part and the stétiona.ry part.

In the phase diagrams to follow the positive abscissae is
the Greenwich meridian; motion from east to west is in a clock-
wise sense. As well the plotted points represent the amplitude and
relative phase of the waves so that to determine angular phase speeds,

the relative phase changes must be divided by the zonal wave number
m .

Figures 4.10 to 4.15 are the phase diagrams (in
equivalent decametres) for the very largest scale waves (<3 ) in
the streafn field at 500 mb for September 1957. These'diagrams
indicate that there is little if any coherence in the time variations
of the amplitudes and phase of these components. (This is not
primarily due to the properties of the linear balance eqdation because
the same incoherence in time is observed for the height field com-
ponents for the globe). Certainly there appears to be no evidence

of any retrogressive barotropic mode.




1586
Figure 4.16: Daily values of amplitude and relative phase angle of southern hemi-

spheric height field component (1, 2) for month of September 1957. Antisymmetry
with respect to the equator is assumed. Amplitude in decameters.
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Figure 4.17: Daily values of amplitude and relative phase angle of northern
- hemispheric height field component (1, 2) for month of September 1957.
Antisymmetry: with respect to the equator is assumed. Amplitude in
decameters. ' '
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Figure 4. 18: Daily values of amplitude and relative phase angle of southern hemispheric height field componen
(2, 3)for month of September 1957. Antisymmetry with respect to the equator is assumed. Amplitude in dm.
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180

Figure 4.19. Daily values of amplitude and relative phase angle of

northern hemispheric height field component (2, 3) for month of
September 1957. Antisymmetry: with respect to the equator is
assumed. Amplitude in decameters.
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In order to account for this rather incoherent behaviour
the original global height field was split into two hemispheres and
analyzed separately assuming antisymmetry. Figures 416,417,
4.18,4.19 are the phase diagram (in decametres) for the largest
components (1 £3 ) for the northern hemisphere and the southern
hemisphere. The difference between their behaviour in the two
hemispheres is quite striking. The waves in the northern hemi-
sphere follow quite closely thé model of a standing perturbation
plus a rapidly retrogressing component, whereas those in the
southern hemisphere show little consistency from day to day. As
well the stationary parts of these waves have different amplit.udes
and widely different phase positions in the two hemispheres. This
points up a serious difficulty that occurs when one is trying to define
the behaviour of waves on a global scale. If in fact the stationary
parts of the waves are generated by friction and/or heating, then
there is every reason to expect these components to be unrelated
in the two hemispheres. Thus even if there exist oscillations which
are planet-wide, when they are superimposed on the standing parts °
they will be extremely difficult to detect. This may well be a factor
in the time variation of the stream componenfs. However, the large
scale southern hemisphere height field componenfs themselves behave
in an erratic manner which indicates that the fluctuations of these

waves are poorly defined by the data.

Generally speaking, the smaller scale waves are more
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Figure 4. 20: Daily values of amplitude and relative phase angle of southern
hemispheric height field component (4, 7) for the month of September 1957.
Antisymmetry with respect to the equator is assumed. Amplitude in
decameters. ' '



144

Z3 NH ..

180 ~—

| DM

90W

Figure 4. 21: Daily values of amplitude and relative phase angle of northern
hemispheric height field component (4, 7) for month of September 1957.
Antisymmetry with respect to the equator is assumed. Amplitude in
decameters. ' '
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Figure”4. 22: Daily values of amplitude and relative phase angle of southern
hemispheric height field component (4, 9) for month of September 1957.
Antisymmetry with respect to the equator is assumed. Amplitude in
decameters. '

’




146

90E

180

90W

Figure 4. 23: Daily values of amplitude and relative phase angle of northern
hemispheric height field component (4, 9) for month of September 1957.

Antisymmetry with respect to the equator is assumed. Amplitude in’

decameters.
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well defined than the large scale waves in the southern hemisphere
(at least in the sense that their time behaviour is reasonably co-
herent). Figures4.20,4.22 show the phase diagrams for the
largest components of zonal wave number 4 i. e. Z; and Z; .
Both the waves move from west to east throughout the month with
fairly constant pha-se speeds, and smoothly varying amplitudes.

It can be argued that this regularity has been forced on the data
through its distribution, and the use of time continuity for its
analysis. However, as can be seen from the phase diagrams, the
phase goes through almost three cycles; which means that a fair
part of the system will be in good data areas at least three times
during the month. This rather strange idea that the short scale
waves are more well defined than the large scale waves can perhaps
be supported by the following argument. In order to detect a fairly
rapid retrogressive component superimposed on a stationary one the |
phase position must be determined very accurately.. Notice in
Figure 417 that the range of phase angles for Z;_ in the northern
hemisphere is only + 45° for the entire month. The smaller the
amplitude of the moving part relative to the stationary part the more
accurate must be the phase determination. The synoptic analyst in
the southern hemisphere must resort to a combination of time con-
tinuity and what he can determine about 500 mb from the surface
observations when working in poo'r data areés. The very large
scale waves (such as zonal wave number one which measure the

eccentricity of the flow about the pole) are not obviously apparent




148

on a synoptic chart. As well, their vertical structure is most
probably such that they have very low arﬂplitudes near the surface.
Thus one may expect that fluctuations of the type observed in' the
northern hemisphere for the very large scale waves would be los£

through lack of definition in the southern hemisphere.

Broadly speaking, the behaviour of the waves in the two
hemispheres (even if well-defined individually) is different.
(Compare Figures 4. 2Q, 4. 21, 4. 22,4. 23 ). When the two hemi-
spheres are combined then the time behaviour of the waves becomes
less coherent. For example (as was shown by Steinberg (1965) for |
zonal wave number 4) if there exist two independent perturbations of
the same zonal wave number in the northern and southern hemi-
spheres which are imbedded in zonal currents of different speedé,
then variance (or energy) will be shifted from even Legendre com-~
ponents to odd Legendre components of that wave as the two independent
perturbations come into and go out of phase. This may be interpreted
as a non-linear interaction of waves with an odd zonal flow, but this

appears to add little to the understanding of the system.

Because of the variability of the phase changes from day
to day of a large number of the components it was decided that com-
putations and comparison of phase speeds of the components in
general would be meaningful only.as regards to sign (i.e. whether a
particular component's motion was dominantly retrogressive, pro-

gressive or neither). For those components which do have well-
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Table 4.15: CHARACTER OF THE FLUCTUATIONS OF SPHERICAL HARMONIC WAVES .
R = RETROGRESSIVE P = PROGRESSIVE X = NOT DOMINANTLY ONE OR THE OTHER

m—> 1 2 3 4 5 6

T | [on SLO v sm (ShO-lwe | sm [SEO7 | s [SEO| | s SKO wm |su SLO-
1 - - X

2 | -72}| X X - - R

3 - - R |-25| R X - -

4 R X X - - R R X X - - X

5 - - P R | R R - - X R | +9 X - - X

6 X P R - - R P P P - - P R P | P - - X
7 - - R R | P P - - P X |49 P - - P P P P
8 R P X - - X P P P - - P X P | P - - P
9 - - X X P | X - - P P | +9 P - - P | +5 P P
»10 X P X - - X P P P i P P P P - - P
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defined and consistent phase variations over the period of the
month phase speeds in degrees longitude per day were computed.
These determinations were made for the three sets of components;
i.e. the global stream function; the northern and southern hemi-
sphere height components; and are presented in Table 4,15 No
distinction was made between those components which had little
coherent behaviour (such as SU;i ) and those which were progressive

for one part of the month and retrogressive for the other.

The stream function components even under this very
rough classification do not show any pattern save that short waves
are progressive. On the other hand the northern and southern
hemisphere components do show a pattern of long retrogressive
waves, intermediate quasi-stationary components and short pro-
gressive waves. The wavelength of the quasi-stationary waves
appears to be longer in the southern hemisphere, which is con-

sistent with a stronger zonal flow.

Components le and Z; in the northern hemisphere
retrogress very rapidly during this period (September 1957) at
speeds which are approximately twice as large as those obtained
by Deland for January 1957. It is noteworthy that components
Z‘; , Z; , Z: in the southern hemisphere all appear to

progress at the same speed, approximately 9° per day.

This last observation may shed some light on the meaning

of the time variations of the components, especially for the smaller
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Figure 4. 24: Daily values of amplitude and relative phase angle of northern
- hemispheric height field component (6, 9) for month of September 1957.
Antisymmetry with respect to the equator is assumed. Amplitude in

decameters.
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Figure 4. 25: Daily values of amplitude and relative phase angle of northern
hemispheric height field component (6, 11) for month of September 1957.
Antisymmetry with respect to the equator is assumed. Amplitude in

decameters.
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scale components. If a particular perturbation with a given zonal
wave number (e.g. Y0 = 4 or 6) has a latitudinal shape which is
characteristic to itself and is largely maintained as the wave is
advected by the zonal flow, then the Legendre components repres-
enting the latitudinal structure of the wave may be expected to
maintain their relative phase positions as the pérturbation is
advected. This appears to be well-illustrated by wave number

four in the southern hemisphere and wave number six in the northern

hemisphere (Figures4. 20? 4, 21, 4. 24, 4. 25).

On this basis one can account for the results of Deland
(1961). He found that the waves without exception ""showed greater
eastward, or less rapid westward, motion than would be predicted

from the Rossby-Haurwitz wave speed'.

For the large scale retrogressive components this result
can be explained by a very small amount of divergence as illustrated
by Eliasen. and Machenhauer (1965). If the smaller scale waves
correspond to the model above, then being largely located in the
region of strong westerlies, their phase speeds and thus the observed
phase speeds of the Legendre components representing their latitudinal
profile will be much larger than the corresponding Rossby-Haurwitz
phase speeds of Legendre components. This indicates that for small
scale perturbations the Legendre components individually have little
meaning in terms of the dynamic equations and linear phase speéds.

This is presumably what Deland means when he says ''it is possible
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they are all carried along by the faster -moving smaller-scale

waves, by means of non-linear interactions''.
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5. SUMMARY AND CONCLUSIONS
The broad aim of this investigation was to study the
application of spectral techniques (primarily in terms of spherical
harmonics) to the dynamical equations in general, to highly truncated
systems in particular, and then to observed motions in the atmosphere

with the view of delineating the non-linear behaviour of waves.
On this basis the following conclusions can be drawn:

1. The full dynamical equations transform straightforwardly into
the spectral domain; the non-linear terms appearing as sums

of products of amplitudes modified by interaction coefficients.

2. The main advantage of the spectral forms is that they conserve
energy under only mildly restrictive truvncation; the main dis-
advantage is the necessity of computing large numbers of
interaction coefficients in the application of the spectral forms

to models with many degrees of freedom.

3. Highly truncated spectral forms of the dynamical equation may
be studied in a quasi-analytic manner with fruitful results. In
particular, the results of previous stability analysis of barotropic
motion can be interpreted in terms of the non-linear behaviour of

the waves in simplified models.

4. In a non-linear system the distinction between stability and in-
stability is not as clearly defined as in a linear system. In fact,

zonal current systems which are linearly stable may undergo
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large fluctuations if subjected to finite perturbations.

The comparative study of simplified barotropic motion on the
B-plane and on a sphere indicates that they are essentially

equivalent.

There is no evidence in the September 1957 data at 500 mb that
fluctuations in the large-scale vorticity patterns are global in
character, but rather that the two hemispheres behave independ-
ently. This means that although the statistics derived from a
global analysis (such as the distribution of kinetic energy over
wavelength) are probably meaningful, the individual béhaviour of
the waves is not. On the other hand, hemispheric analysis
produces a reasonable picture of the fluctuations of the large-

scale components.

There is little evidence of non-linear behaviour of the type dis-
cussed in terms of three component systems. This fact is not
inconsistent with the following observations. Firstly, as was
‘indicated previously, the large-scale zonal components are well
into the stable regime. Since the zonal components are large
compared to the perturbations, the large-scale waves may be
expected to behave linearly. That is, they undergo little energy
exchange with the zonal flow. Secondly, the existence of a
quasi-stationary part éf a wa've (which is presumably thermally
or frictionally forced) violates the basic of the truncated model.

Thirdly, for shorter wavelengths the large number of possible
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interactions limits the possibility of any three component

exchange being dominant and thus observable. Fourthly,

the behaviour of the shorter waves indicates that they may
have latitudinal structures which are chafacteristic to

themselves and not related to the spherical harmonics.

This last observation, coupled with (5), suggests that
the study of smaller scale motions may be more profitable and

more simply done on the B-plane.

The definition of the large~scale motions in the atmo-
sphere is far from being complete. However, as this work suggests
(in agreement with Deland (1965), Eliasen and Machenhauer (1965) ),
the use of spherical harmonics to specify these large-scale motions
seems promising. The discovery that the large-scale waves do
behave approximately in accordance with the Rossby idea is
significant, not only for the understanding of these motions but also
for the purpose of extended range forecasting. If spherical
harmonic analysis is able to separate out significant motions, then
the study of the spectral forms of the dynamic equations becomes
very important. Here only extremely simple barotropic motion
has been studied. This work should be extended to more com-
plicated physical systems which are able to convert potential to
kinetic energy and also respond fo the forcing produced by large-

scale heating and friction.
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APPENDIX A

The functions

. 1 ,

™ 2n+l (n-m)! )2 ™M nim n

ID'-_n T hy ("—'2 'g_——/ ("’/“-z) d [,u.‘—/) ;mz0
2'n, (7t+m). é“n-rm

P =0"P

where/u,= 5059) 7’(_=O)/)2,.... 5 'rnzo)i'l...._*')z)
are orthonormal in & over the range ( © , 77 ) and satisfy the

equations (Rojanski, p 532)

',COSH/D::A;”PZ/ -/-B,n',D;:

AP _  om ymt m M=/
APy e e
5m9d_~_7‘ = AR Pry —0+) By /O'n.-/

.1




where the expansion coefficients are

m?_ (e (n-m+) vn2_
" (2m+1) (2n+3)
C-ml _ (mema)(nem+2) D.ma_ _
m - ” =
Q@a+1) (2n+3)
2 (n-m+)(M-m+2) m*

En’ - e

@n+) (@m+3)
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(‘"*’m)(’ﬂ—m)

(2'"“‘) (2'n+|)

(‘Y“M)(’h -m-t)
@n-0(2n+1)

(m+m)(n+m=1)
(2m -1) (2‘)14-!)

G:)L = ('rL-'m)(-n-l-MH) H:’f“" = futm)m-m+1)
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APPENDIX B

In view of equation A.5

fpn SUn- o(sm@de

T
= /qpny (7(4 And /Dndf'/ - (n“+/)87'l; ed_/)fmadév
Q

which, upon application of the orthogonal relations 2.11 s

gives
my P my 7’{7
f'F Smed 7'ta( sw_édé = Ry A?zd g i "(7'(4'/‘/)5710( Sll.‘-/ B.1

Thus equation 2. 25 may be written as

T

. . my : 7y
g XKy | B s 9%‘ sin@d8 = (ny-1) €y Xy = (m,#2) €2,+1 Kyss

2 z z

2 2
where € 7 = Ty -my = B = AmV : B.2
ny 2 ny Ry+s ’
Fn>—1 ¥

Similarly, using A.6 it can be shown that

m | My
ZC«’X.,(fP p 50595,,'%643=7zx(7zy~l)€nxxxr_l+(77xfl)(71¥+2)6m+1Xﬂ/ B.3

t
The following integrals of triple products of Legendre

~ function arise naturally from the spectral transformation of the
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vorticity and divergence equations

/7’47/9 = E"‘_Z"_Cf Lowp B. 4

-
here Loy = P’(mdpdd_'%—m . {(_@/ d6
v a of 48 ’549)

—Z;(x/e = C/ Ko(r/f B.S'

4 £ A ,
/a/’, mamp I (B A ) sino 46
(4]

where Koavpg = sin*d 46 46
T
J;r/g - Co(C,G fPo( Pa,Plg sen 848 : B. 6
0
Here o, B,Y are wave vectors defined as &= +i71y etc.,

and the Pd are the normalized associated Legendre functions of

the first kind.

The symmetry properties of the interaction matrices may

be obtained from the above equations.
L o )r,é = - Lfé Y «

LX*Y“‘,&* = - Ldl’lg
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Further by integration by parts gives (Silberman, 1954)

Lugp =0 " Lutpy = 00 Lyap

so that in consideration of the evaluation of L g ¥g one need only

consider positive values of 77« M, My

Following essentially the development of Silberman
(loc. cit. ) the following expression of L x Y g in terms of

integrals of the type B.6 may be obtained.

Lo(),/:.v;—_ Exx/s - E/grx

i L7
> r4
2 .
where Euf,s =m, (@ 1ac+1) (ne=n)! = gt Yy fEi P Pﬂ$m9¢19
| ' -
. (ﬂu-r’fno\) } 9 Nq-MM« /
and ?En7+i'm°( —n9='nd-/,nd_3).,.._m“+larm,,(

Consider now Ko( Y8 .

: r
- p. [ ™M«TMe Fu b _ AR Al ) sinsds
Kaxp of - ( Sin*4d 4G 48 |

The Po( satisfy the following differential equation

e 5‘:“5.{.@‘) -+ (ﬂd(’?o('f/) - .__W“Z)S#'Képa( =0
d0 A8 swm?é

'B.9

B.10
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Intégrating the following expression by parts gives

T T n

/A/D,gl_&o_{_&s;neda = R,d_r%@‘siné/ &d(Px _/:ma)cw

d8 d6é 48

Since _i_’o/g can be expressed as a linear combination of Py 's
g

and no Py has singularities at the poles, the first term on the

right hand side is equal to zero;

T

PY é’?é_@m}téde = /quf‘{(f’ ___[sm@)dG
48 48

Differentiating through the right hand side of B. 12 gives
7

| o 4P 4 6de
_/3 dP, PP d Smei@ A8 f/oo( f ﬂsm
flp 46 da"(s""—@de o ) yda( 46).

Using B. 11 results in the following expression

" ”

PrdBe 4B sin 6 d6 :/7; Py (rptng+> = 77 )5in8 65 d6

48 46 A s34
T

_fd_f’r Pi AF8 sinOdO
AT 46

Similarly, expansion about the other term gives

[P __fd&Sméflﬁ fP P(”oc(%t"")" )Sm@Po(JG
46 48

-
,f APy Py dPu 5in 040
A6 4e

[+]

B.12

B.13

B. 14
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Addition of B.13 and B.14 gives

r m
ZIPY;—? g_gﬁ‘ sen8d8 = [;14(7147") +7zﬂ(71ﬁ+/).7f/°¢ Pfe‘-" svlnedlé

T
= (md+mg?) f P P P i de
0 SenB

fp, 4 (h ;)sMexe

Thus 2 Ky ¥ A is' given by

2 Ky xg = [Wd(ﬂa-!’l)-fnp(nﬁw)] /OPMPY P,s s 8d8

T

ST
+ (ma """7,e>2 f“_’?_‘;ﬁ” S 46 +/O_‘_"_f¥ simbd (fubs)da
> Sim / A8 46 ‘

Integrating the last term on the right hand side by parts and using .

equation B. 1l one obtains

S 38

fcmsm 84 (PuFr)do = f&/;, (1 ryes) =76 )y 5inB 40
o

.15
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Since My +mﬁ = my for non vanishing of the interactions,

Kol ¥ 8 can be expressed as

Ny (Ny+1) = Nt (76 +1)- T (Mg +1)

-
R Py Py sm8dao
o

Kd»’ﬁ = p

or more simply

m
Cy"Co(-C,e Po( PY P,B S‘:ﬂ-ede
2 -]

A« g =

" Thus all of the interaction matrices are expressible in terms of -
integrals of the product of three Legendre polynomials. An
7]- 4
expression for integrals of the type f Foc Py /36 sin6 A8 has
o

also been presented by Silberman (loc. cit. ). 4

(15 + 7y -7y -/),’,’[(27:}1-/)(271,(11)(271,; +/27 z

(g #7017 4+ DI (R 7y =718) 1)

%4
/" PPy By sinBdb =

(nY‘f'mr) ! (ﬂ)""mr).’ ("’3/8"77',4).’ (nd -mu)!

X
2 (Marma)! (mg+mpd!

Ay~ 4 -
% yZMY (_I)Z("t; 71,"/'71;)""777'0"'/1- (7(,8 o+ m/g* h)./ (7244. 7?3""7’7,6 —-/I. )./
. A=

(My=-my-h)! k! (Mg-ms-h)! (%x—ﬁy-f-m,g-f/?-)./

where & /! =/'€("é'2)(”é‘4‘)' .-+ 2o0r/, and oll=CnN-=1
as well,any terms with the single factorial of a negative number |
are considered equal to zero. It is also implicitly assumed that

'md.,.-mﬁ =-my - The above integral vanishes unless the following

.16




conditions are fulfilled

Ny + Np + Ny

-

even

e
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These selection rules result in similar selection rules for the

interaction matrices which are summarized in the following table..

SELECTIONS RULES

Interaction
Matrix

Huyp

Lo( X,B

Turs

Kou,e

Taxp

Wave Rulet}l_md +mg= My

Mot mg=my

777“1‘777/5 =7ny

7)10(#77%:77)?

T+ Mg = My

‘ /ﬂm—ﬁ/g/<77y

/710("?1'4/5 nx

/770(‘71'4/1' 7y

/na-ngls Ny

Inu~rg /< ny

Triangle

Rule £ N * g £ N+ Mg | & Nt npg | ENatHg LNt NG
Parity

Role y Na#s # Nyzodl| Na+ g Ny=0dd [Uyt Rg+Ny=even| T st M= even Rt Mgt Mg= Ve
Additional Na 2 2 oe

Rules AXNg M7 %0 | Ay k05750 [NaF0; M50 (Mo 0

The quantity vanishes unless the specified condition is fulfilled

The symmetry and redundancy relations for the interaction

matrices are as follows

Lans”=

L« ¥4

-
-

-Lar«

- L

—
—1

¥ N ¥

'y

. .
GD) “Z.o("i/‘gy = (—/)m’ngd,s"'
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where o('v=7’i<x - LMy etc.,

Ho(x,e = H/ezro( = = Hoxt g gt
Ko()’ﬂ = Kpro = | K«*Y",e"
Joxg = T ¥ a = jo(‘Y",&;

.

Since all of the interaction matrices can be expressed in terms of
T
integrals of the type Mdy/é =f/ec Fy '76 s 8dé , they can be
[4]
‘evaluated by taking advantage of not only their own symmetry and

redundancy relations, but also those of Muoxg
Mayg = Mgr«
M
Mo*ys = (=1) Mapgy
m
- 4
MO(X/G* = (—-/) /‘77(0(/3

Thus in computing the interaction matrices only positive wave

vectors need be considered.

B.17

'B.18




