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Abstract

A C*-algebra has the lifting property (LP) if any ucp map to a quotient C*-algebra admits
a ucp lift. It has the local lifting property (LLP) if every ucp map from a finite dimensional
operator system admits a ucp lift. The latter, introduced by Kirchberg in 1993 [23], is dual
to the weak expectation property introduced by Lance in 1973 [24]. The Choi-Effros lifting
theorem [10] implies that nuclear C*-algebras have the LLP, however non-nuclear examples
are few and far between. Following a construction of Courtney [13], we present an exposition
of results from various fields of C*-algebra theory which we will use to give another such

example.

Resumé

Une C*-algebre a la propriété de relévement (local), si toute fonction unitale et completement
positive (ucp) a valeur dans une C*-algebre quotient admet (localement) un relevement ucp.
Cette propriété de Kirchberg (1993) [23] est en dualité avec la propriété d’espérance faible
de Lance (1973) [24]. Grace a un theoréeme de Choi et Effros [10], nous savons que les C*-
algebres séparables et nucléaires ont la propriété de relevement local. Pourtant, les exemples
non-nucléaires ne sont pas nombreux. Suivant une construction de Courtney [13], nous
donnons un exposé de divers résultats venant de la théorie des C*-algebres et construisons

un tel exemple en se basant sur ces résultats.
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Introduction

In his groundbreaking 1993 paper [23|, Kirchberg introduced the local lifting property: A
unital C*-algebra A has the local lifting property (LLP) if for every unital completely positive
(ucp) map ¢ : E — B/I from a finite-dimensional operator system E C A to a quotient
C*-algebra, there exists a ucp lifting ¢» : £ — B. This property can be represented in the

following commutative diagram:

- B

-
-
-
. ™
-

ADE —— B/I

Kirchberg showed that this property is dual to Lance’s weak expectation property (WEP),
leading to many deep results, particularly an equivalence of many important conjectures in

operator algebras and various subfields of quantum physics.

Thanks to the completely positive lifting theorem of Choi and Effros (5.1.14), separable
nuclear C*-algebras have the LLP, however examples outside of this class were not plentiful.
Courtney [13] shows us a way to construct such an example, drawing from various branches
of C*-algebra theory. The objective of this thesis is to use the construction of Courtney
as a backdrop, allowing us to present proofs of some major results from across the field of

C*-algebra theory.

A chronological breakdown of the thesis is as follows: In the first section, we begin at the most
very basic level of operator algebras. We then, primarily following [7], formalize the theory of
C*-algebras and completely positive maps, including tensor products and characterizations
of nuclearity and exactness. In section 3 we introduce multiplier algebras, giving proofs of
some classical results, including Brown’s stable isomorphism theorem. We also touch on some
basic operator K-theory, a useful tool in the study of C*-algebras, particularly pertaining
to classification. George A. Elliot famously used the K, functor to classify approximately
finite dimensional (AF) C*-algebras [16]. We follow this by discussing C*-algebras with real
rank zero. The real rank of a C*-algebra, introduced by Brown and Pedersen [5], is the non-
commutative analogue of the covering dimension for a topological space. We give the proof

of an important result (theorem 4.1.8) showing that this property is equivalent to several
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others.

In section 5 we discuss the LLP, Lance’s WEP, and the theory that follows from Kirchberg’s
result that they are dual to each other in the sense of proposition 5.1.8. The major con-
sequence of this result is that the (up until recently open) question of Connes’ embedding
problem was equivalent to a number of conjectures about the WEP and LLP, including the
QWEP conjecture (see 5.1.7). We give a proof of a remarkable characterization of the LLP
(theorem 5.3.3) from a paper of Ozawa [31], which states that ucp maps to the Calkin algebra
B(£?)/ K (¢?) being liftable is sufficient for the LLP.

Another question of Kirchberg was whether there existed a non-nuclear C*-algebra which
had both the LLP and WEP (5.1.15). This was open until a recent paper of Gilles Pisier [36],
where he provides an example which satisfies the stronger requirement that the C*-algebra is
not even exact. Finally, in section 6 we address the slightly less restrictive task of coming up
with examples of non-nuclear C*-algebras with just the LLP. This is done following results
of Courtney [13] which build on the work of Hadwin [17], and Loring and Shulman [25]

regarding universal C*-algebras - a construction of Blackadar [4].

1 Basics of Operator Algebras

We will first give basic definitions, examples, and results from the basic theory of operator
algebras. Following this, we will state the important functional analysis theorems which
allow us to say things like “by spectral theory” with impunity. It is more than likely that
the reader is already familiar with the content of this section. Proofs are therefore omitted,

but included in an appendix for the sake of completeness.

Definition 1.0.1. A complex Banach algebra A is called a C*-algebra when equipped with

an involution operation x + x* such that for all o, 5 € C, x,y € A

(1) (az + By)* = az* + By’ (3) (2*) ==
(2) (zy)* =y z* 4) llz*z| = [l=]*.

Conditions (1), (2), and (3) define an involution on A, making it a Banach *-algebra. The
addition of condition (4), the “(strong) C*-condition,” defines a C*-algebra. Condition 4

7



implies that the involution is isometric (and thus continuous):
(4) = llzlI* < 2" [l2]l = llz]| < ll2"[|. Replace = with 2", [l2*[| < || = ||].

One can show that 4 is equivalent to the condition ||z*z| = ||z||||z*||, and do so without
assuming the involution is isometric. This equivalence is nontrivial to prove, however, and

we will only make use of condition 4 as stated above.

Definition 1.0.2. A morphism in this category of C*-algebras is called a *-homomorphism.
It is a homomorphism in the usual sense of Banach Algebras, with the added property
that it preserves the involution: i.e: f(z*) = f(x)*. An isomorphism in this category is
a *-isomorphism. It follows from the C*-condition that a *-homomorphism is norm non-

increasing, and thus a *-isomorphism is isometric.

The canonical example of a C*-algebra is the space of bounded operators on a Hilbert space,
denoted B(#). In this case, the involution is given by the adjoint. The conditions of
definition 1.0.1 were conceived as an abstract characterization of the structure on B(H) (see

A.1.6).

Another example of a C*-algebra is the algebra of complex valued continuous functions
vanishing at infinity, Cy(X), on a Hausdorff topological space X. Here the involution is given
by complex conjugacy of the function, i.e: where f(x) = WWL‘ € X. The C*-condition is
immediately obvious in this case. This is an example of a commutative C*-algebra and, in
fact, due to the Gelfand representation we may view any commutative C*-algebra as such a

space where the topological space X consists of the characters of of the C*-algebra equipped

with the weak*-topology (more on this in the appendix).

Definition 1.0.3. We say an element = of a C*-algebra A is:

(1) Self-adjoint (or Hermitian) if * = x,
(2) Normal if z*x = xax*,
(3) Unitary if 2*z = za* = 1.
If we view matrices M € M, (C) as linear operators on C" with the operator norm, we see

that the conjugate transpose operation acts as an involution, thus endowing M, (C) with
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a C*-algebra structure. In fact, any finite dimensional (by this we mean the dimension
of the underlying vector space) C*-algebra is isomorphic to a finite direct sum of complex
matrix algebras M, (C). This is a corollary of the Artin-Wedderburn theorem for semisimple

algebras (the self-adjointness of a C*-algebra implies that it is semisimple as an algebra over

Q).

Definition 1.0.4. An element of A is said to be positive if there exists some y € A such
that x = y*y. We'll denote by A, the set of self adjoint elements and by A, the set of all

positive elements in A.

The set of self adjoint elements in a C*-algebra forms a locally convex real vector space
with a partial ordering, which we’ll denote <. For a positive element we write z > 0, and
we declare x > y if x —y > 0. A particular type of positive element of a C*-algebra is a

projection. p is a projection if p = p? = p*p.

We will mostly concern ourselves with unital C*-algebras, that is, those with a multiplicative
unit 1 (sometimes denoted 14 € A if there is ambiguity). There will, however be times when
we must prove results in the non-unital case. Luckily we are always able to approximate a

unit:

Definition 1.0.5. Let I be an ideal in a C*-algebra A. An approzimate unit (or approximate

identity) is a net {e,} C Ay, such that
limzxe, = x = limeyx

for every x in A. We say this approximate unit is bounded if there is a uniform bound
on elements of the net (|le,] < M, Vo), and increasing if a < 8 = e, < eg. We call an

approximate unit quasicentral if ||ze, — eqz|| — 0.

Every C*-algebra admits an approximate unit, which we can take to be increasing and
bounded (by 1). A separable C*-algebra admits a countable (or sequential) approximate
unit. A C*-algebra admitting a countable approximate unit is called o-unital. An equivalent
condition to admitting a countable approximate unit it that of admitting a strictly positive

element a € A such that aAa is dense in A (and hence aA and Aa are dense t00).



Proposition 1.0.6. Let A be a C*-algebra without identity and denote by A the algebra

obtained by adjoining an identity 1 to A. Ais a C*-algebra with the following norm:

ANy +x
A1+ | :sup—H Y yll

forx e A, A e C
vro |yl

Proof. First we see that A is a Banach *-algebra with this norm (this just consists of checking
conditions 1-3 of the first definition). Now let 0 < 1 < 1. From the definition of the norm
on A, there exists some y with ||y|| = 1 such that p|A\l + z| < |[A\y + zy||. Then,

PN+ 2| < [[Ay + zyl* = [[(Ay + 2y)*(Ay + zy)|| by condition (5)
= [ly" (AL +2) (A1 + 2)yl| < [(A1 +2)"(A1 + )| since [|y[| = 1.
So, in particular |[A\1 + z||* < [[(AL + 2)*(AL +2)|| < [|(AL +2)*||[[(A1 + 2)||
= [[AL+zf] < [(A1 4 2)"]]
This means that [[(AL 4+ 2)*|| < [[(AL 4+ 2)™|| = || A1 + z]|

and therefore || A1+ z||? = [[(A1 + 2)*[|||A1 + z||

hence, giving us the strong C*-condition. This shows that every C*-algebra can be isomet-

rically embedded into C*-algebra with unity, called the unitization. O

Definition 1.0.7. Let A be a C*-algebra and F C A be a self adjoint subspace containing
14. We say that a linear functional p : £ — C is a state of E if it is a positive linear
functional (i.e. that p(z) > 0if x € A,) and ||p|| = 1. The set of states of A is denoted

S(A) and the extreme points of this space are called the pure states.

Definition 1.0.8. Let H be a Hilbert space. A *-representation @ : A ~ H is a *-
homomorphism 7 : A — B(#H). In the language of representation theory, we call such a

*_representation faithful if it is injective.

Of course if 7 is a faithful *-representation of a C*-algebra A, A is *-isomorphic to its image,
and thus any time we can construct a *-representation of A on a Hilbert space, we may
consider A as a *-subalgebra of B(H). We will also sometimes drop the “*-” and just refer
to representations of C*-algebras without any ambiguity. Following the Gelfand-Naimark-
Segal construction A.1.6, we can build, out of each state, a representation on a specific

Hilbert space which has a corresponding so-called cyclic vector.

10



Definition 1.0.9. An element £ € H is called a cyclic vector of the representation 7 : A ~ H
if the set {m(z)¢ : © € A} spans H.

The representation 7 is called non-degenerate if the set
T(AH ={r(x){: x € A, £ € H}
is dense in H. In the case where A is unital this is equivalent to having that 7(1) = 1.

Theorem 1.0.10 (Gelfand, Naimark). Let A be a C*-algebra. There exists a faithful *-

representation 7w : A ~ H on a Hilbert space H with cyclic vector &.

Definition 1.0.11 (Excision). We say that a state p can be ezxcised if there exists a net of

positive elements 0 < e; < 1 such that
|eiae; — @(x)e?|| — 0 and p(e;) = 1, for every z € A.

An important result of Akemann, Anderson, and Pedersen says that a states lies in the
weak*-closure of the pure states if and only if it observes an excision property. The following
lemma, which is simply a part of this result, will be useful in writing a short proof of

Takesaki’s theorem 2.2.12.

Lemma 1.0.12 (Akemann, Anderson, Pedersen). If p € S(A) is a pure state, it can be

excised.
Proof. First we prove the unital case. For any state p of a C*-algebra A, the set
L,={zx e A:p(xz"r) =0}

is called the left-kernel of p. Suppose a; a right approximate unit for £,. That is, for every
r € Ly, ||v —za;|| — 0. Let ¢; =1 — a;. Note that x — p(z) € ker(p) = L, + L3,

leize; — p(x)efl| = llei(x — p(x))eill = 0.

For the non-unital case, let b; be a quasicentral approximate unit with the property that
p(b;) = 1 (existence of such an approximate unit follows from [20, theorem 5.4.3]). Then

bje;b; will work, where ¢; was found as above for the unitization A. O
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1.1 Von Neumann Algebras

Definition 1.1.1. A C*-algebra M which is the dual space of a Banach algebra M, (the
“predual”) is called a W*-algebra (that is, M = (M,)*). Much like how a norm-closed subal-

gebra of a C*-algebra is a C*-subalgebra, a o (M, M,)-closed (ultraweakly closed) subalgebra
of M is a W*-subalgebra.

When discussing W*-algebras, we will refer to the ultraweak or o(M, M,) topology on a
von Neumann algebra, which we will sometimes simply call the o-topology. For clarity it
is perhaps worth mentioning that the predual of a Banach space embeds in the dual space
(the predual’s double dual, if you will), hence why taking the weak*-topology of a the pair
(M, M,) makes sense.

A *-homomorphism between W*-algebras is called a W*-homomorphism if it is continuous
in the respective ultraweak topologies on the W*-algebras. Predictably, we call a W*-

homomorphism 7 : M — B(#H) a W*-representation of M.

Theorem 1.1.2 (Sakai). Every W*-algebra has a faithful W*-representation on some Hilbert
space H. Thus every W*-algebra is *-isomorphic to a weakly closed self adjoint subalgebra

of B(H).

Definition 1.1.3. A weak operator closed subalgebra of operators M C B(H) is called a
von Neumann algebra. We shall see, thanks to von Neumann’s bicommutant theorem, that

we could have taken the SOT instead of the WOT.
Let B be any subset of bounded operators on H, a Hilbert space. The commutant of B is
B'={z € B(H) : vy = yx, Vy € B}.

The double commutant, or bicommutant, is simply B” = (B’). Note that any z € B
certainly commutes with all of B’, by definition, and so B C B”. It is also easy to see that

if AC B, B'C A'. It follows that B” C B’, but we also note that B’ C (B’)” = B". Thus,

Bc B"=BW= .

B =B" =B0® = .

12



Theorem 1.1.4 (von Neumann). Let M be a unital (with identity 1) *-algebra. Then the

following conditions are equivalent:

1) M is weak operator closed.
(1) p

(2) M is strong operator closed.
(3) M =M"

Definition 1.1.5. Let A be a C*-algebra and 7, : A — B(H) be the universal representa-

tion. We call m,(A)” the enveloping von Neumann Algebra of A.

The following theorem allows us to identify the enveloping von Neumann algebra with the
double dual A**, which we will do without mentioning, following well established precedent.

It was first proposed by Sherman in 1950, and later proved completely by Takeda in 1954.

Theorem 1.1.6 (Sherman, Takeda). Let A be a C*-algebra. Then the double dual, A**, is

a von Neumann algebra. In particular, A** = 7,(A)".

Remark 1.1.7 (Normal Extension). An important direct consequence of this identification is
the following universal property: If 7 : A — B(H) is a non-degenerate representation, then
there exists a unique normal extension, a normal representation 7 : A** — B(#H) extending

7 and such that 7(A**) = 7(A)".

Definition 1.1.8. A trace 7 on a von Neumann Algebra M is a linear map M, — [0, 00|
such that for any x € M., 7(x*x) = 7(zz*). We say a trace is faithful if 7(z) =0= 2 =0,

and we call it a tracial weight if it is unital.

The standard trace Tr on B(H) is an example of a normal, faithful, tracial state.

1.2 Spectral Theory

Spectral theory takes many different forms. For us, the essential will be to compile results
relating to the Gelfand representation, continuous functional calculus, and a spectral the-
orem. These results are ubiquitous in the basic literature on operator algebras, so we will

refer the reader elsewhere for the proof. A good exposition can be found in [39], for example.
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Definition 1.2.1. Let A be a C*-algebra and x € A. The spectrum of =, denoted o(x) is
the set of all A € C such that (x — AI) is not invertible in A.

Proposition 1.2.2. Let A be a C*-algebra. There is a unique norm on A preserving the

C*-algebra structure.

Proof. To see this we use that if || - || is a so-called C*-norm on A,
lell? = llz°2]) = sup{|A] : A € oa(z"w)},

(the second equality holds because z*z is normal) and note that the set on the right is

independent of the norm on the left. n

The Gelfand Representation is constructed for a general Banach algebra, however we will
state the C*-algebra case. Let A be an abelian C*-algebra. We denote by o(A) the set of
characters of A, continuous *-homomorphisms ¢ : A — C with ||¢|| = 1, which we equip
with the weak*-topology as they are a subset of A*. Sometimes this is called the spectrum
of A, whence the notation. First we may note that in the unital case, no element of ker(y)
can have a two sided inverse, and = — ¢(x) € ker(y), hence ¢(z) € o(x). Then, since
lo(z)| < r(z) < ||z|| and ¢(1) = 1, the assumption that ||¢|| = 1 is unnecessary in the unital
case. One also notes that the space of characters is weak™-closed and bounded when A is

unital, so by the Banach-Alaoglu theorem it is compact Hausdorff.

It can be shown (see [35, prop. 1.2.1], for example) that there is a bijection between o (A)
and set of maximal ideals in A given by ¢ — ker(y). If A is unital and generated by a single
x,and A € o4(z), x — X generates a maximal ideal (since = generates A). This induces a

homeomorphism o4(z) — o(A).

The Gelfand Transform is the map
: A= Clo(A)), P(x)(p) =p(z).

Theorem 1.2.3 (Gelfand). Let A be a unital abelian C*-algebra. The Gelfand Transform

® is an isometric *-isomorphism A — C(c(A)).
Corollary 1.2.4. The positive elements A, form a convex cone in Ag,.

14



Proof (sketch). 1t follows from the Gelfand representation that z is positive if and only if
|[1—z| < 1. With this in mind, showing that A is stable under positive scalar multiplication

and addition follows (see [39, p. 1.4.2] for details). O

We noted above that when a single element x generates a unital, abelian C*-algebra A,
there is a homeomorphism o4(x) — o(A). Taking the inverse of the Gelfand transform we
construct an isomorphism C(o(z)) — A by f — f(x). This functional calculus is called the

continuous functional calculus, and satisfies the the following properties

Theorem 1.2.5 (Continuous Functional Calculus). Let A, B be unital C*-algebras, and
x € A be a normal element. Then, for f € C(c(A)),

(1) the map f — f(x) is a *~homomorphism and if f is a polynomial f(z) = >_ a,2", then
flz) =22 ana",

(2) o(f(x)) = f(o(x))

(3) ff ¢ : A — B is a *-homomorphism, ¢(f(z)) = f(¢(x)), and

(4) if x, — x is a sequence of normal elements converging in norm, ) is a compact
neighbourhood if o(x), and f € C(2), then there exists an N such that o(z,) C Q for

n > N and f(x,) — f(z) in norm.

The proofs of (1),(2), and (3) are all straight forward, or follow from 1.2.3. (4) follows from

a Stone-Weierstrass argument.

With our new tools, we arrive at equivalent definitions for some C*-algebra properties:

Proposition 1.2.6. x € A is self adjoint (resp. positive) if and only if o4(z) C R (resp.
RT).

Theorem 1.2.7 (Multiplication Operator Spectral Theorem). Let H be a Hilbert space,
and T € B(H). Then there exists a measure space (X, A, 1), a continuous, essentially
bounded, real valued function f on X, and a unitary operator U : H — L*(X, 1) such that
|7\l = || flloos and T = U*W U, where U, € B(L*(X, u)) is the multiplication operator

[T (p))(x) = fz)p(x), Ve € L*(X,p).
Moreover, if ' € B(H) is a normal operator, f can be taken to be complex valued.
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2 (C*-algebra Theory

Results in this section are from [7] unless otherwise noted. We are interested in maps
between C*-algebras that offer a more general framework than the usual morphisms, the

*-homomorphisms. These are completely positive (cp) maps.

It will also sometimes be helpful to work in the context of operator spaces (for example in
the proof of 5.3.3). For our purposes, these can be viewed as vector subspaces of a C*-
algebra. Of course thanks to the Gelfand-Naimark theorem we can forget the C*-algebra
altogether and view an operator space as a normed vector space isometrically embedded into
B(H). We will also speak of operator systems, which are *-closed subspaces of a C*-algebra
A containing the unit 14. Of course one sees immediately that any C*-algebra is an operator
system, and any operator system is an operator space. When studying operator spaces we

work with the completely bounded (cb) maps.

Notation: We will denote the algebra of n x n matrices with entries in A by M, (X) for
any operator space X. If X is a C*-algebra, then so is M, (X). In particular, it acts on
the Hilbert X-module X™ (we will see Hilbert C*-modules a little bit later in 6.2). The
involution on a the matrix algebra over an operator system or a C*-algebra is the transpose

entry-wise adjoint [z;;]* = [l’jz]

2.1 Completely Positive Maps

As we mentioned earlier, a subspace E C A of a unital C*-algebra is called an operator

system if 14, € E and E* = E. We let A denote a C*-algebra and H a Hilbert space.

Definition 2.1.1. Let E C A be an operator system. An element in M, (F) is called positive
if it is positive in M,,(A), which is well defined since M, (A) is a C*-algebra. Let B be a
C*-algebra (not necessarily unital). A map ¢ : E — B is called completely positive (cp) if

each of the maps
pn 2 My(E) = Mn(B),  en([z5]) = [p(2i)]

is positive, that is, it sends positive elements to positive elements. The space of completely

positive maps from A to B is denoted C'P(A, B).
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If B is a unital C*-algebra, and ¢ is unital, we call it a unital completely positive (ucp) map.
If ¢ is contractive then we call it contractive completely positive (ccp) (you may also see cpc

in the literature).

Ezample 2.1.2. Some first examples of completely positive maps are *-homomorphisms.
Indeed, if ¢ : A — B is a *homomorphism of C*-algebras, then the ¢, are also *-
homomorphisms (so they are positive). More generally, if V' is an operator on H (where
B C B(H)) and 7 : A — B is a *-homomorphism, then the map p(z) = V*r(z)V is com-
pletely positive. To see this, recall that x is positive if and only if it can be written as

r = y*y. We can write
enlli]) = le(wiy)] = [V (zy)V] = (V) ma () (V")
and since 7, is a *~homomorphism, it follows that

en([z35]) = (V") mn(y) mn () V"
We will see in Stinespring’s theorem that all completely positive maps can be written as a
dilation of a *-homomorphism by a Hilbert space operator in this way.

Fxample 2.1.3. Positive linear functionals on operator systems are cp. Let E be an operator
space and f a positive linear functional. Consider a vector £ = (&,...§,) € £2, the n-

dimensional Hilbert space, and a positive element « € M, (F);. Then,

because we can once again write z = y*y.

The standard example of a map which is not completely positive is the transpose map

©(-) = (-)* on the algebra M,(C). Consider the matrix

€ My(M,(C)).

_ o O =
o o o O
_ o O =

0
0
0
0

|l
() ()

x is clearly positive, however po(x) has determinant -1, so cannot be positive.

The following propositions alow us to characterize the cp maps to and from matrix algebras.
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Proposition 2.1.4. Let A be a C*-algebra. The set of completely positive maps M,,(C) — A
is in bijection with the positive elements of the matrix algebra M,(A); under the identifi-

cation

CP(M,(C), A) 3 ¢ = [p(e)] € Mn(A)y,
where e;; are a set of matrix units for M,,(C).

Proposition 2.1.5. Let A be a C*-algebra. The set of completely positive maps A — M,,(C)

is in bijection with the set of positive linear functionals M, (A)% under the identification
CP(A,M,(C)) > p— ¢ e M,(A)L,

where we define
P(lag]) = play)i;.
Theorem 2.1.6 (Stinespring). Let A be a unital C*-algebra and ¢ : A — B(H) be a

completely positive map. Then there exists a Hilbert space ﬁ, a linear operator V : H — H

~

and a *-representation 7 : A — B(H) such that
o(x) =V*r(z)V, Vo € A.

Proof. We define a positive semi-definite sesquilinear form on the algebraic tensor A ©® H by
(Y bon Y aot) = (plabne),
j

this making it a pre-Hilbert space. We then may take H the completion of the quotient
AOH/[{zr e AOH : (x,x) = 0}.

Here A ® H denotes the algebraic tensor product, which we’ll define shortly (see 2.2.1). For
an element z € A ® H, we denote by 2" the image in H. Let V : H — H be defined by
£ (14 ®€)", and note that this is a contraction. For x € A allow 7(x) to act on the dense

subspace (A ® H)" C H by

() [(;bio@m)] = (;xbi@@m)A.

Indeed, this is a *-representation. Finally, noting that V* is defined on (A®H)" by (a®n)"
w(a*)*n, we see that p(z) = V*r(x)V for all z € A. O
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Remark 2.1.7. In particular, we see that since a *-representation is isometric, ||¢|| = [|[V*V]| =
lo(1)]]. We call the triple (,V,H) a Stinespring Dilation. If A is non-unital one can still
prove a version of Stinespring’s theorem, as it can be shown that a ccp map on a non-unital
C*-algebra can extend to a ucp map on the unitization. If ¢ : A — B is a ccp map from a
non-unital C*-algebra to a unital one, define ¢ : A — B by @(x + Al ;) = @(z) + 15 (see [7,
proposition 2.2.1]).

A useful class of completely positive maps are conditional expectations. Here we give the
definition, as well as state Tomiyama’s theorem and one more elementary, but useful lemma

(see [7, p. 12] for the proofs).

Definition 2.1.8. Let A C B be C*-algebas. A conditional expectation from B onto A is
a ccp projection @ : B — A that is bi-module (meaning ®(bxb’) = bP(x)b for z € A and
b,/ € B).

Theorem 2.1.9 (Tomiyama). Let & : B — A be a projection. Then TFAE:

(1) @ is contractive,
(2) @ is ccp,

(3) @ is a conditional expectation.

Lemma 2.1.10. If 1, C N C M are von Neumann algebras and 7 is normal, faithful, tracial
state on M, then there exists a unique, normal, trace preserving conditional expectation

M — N. In particular, ® is defined by the relation

7(a®(z)) = 7(ax), Vz € M,a € N.

2.1.1 Arveson’s Extension Theorem

Lemma 2.1.11. Let £ C A be an operator system, 14 denote the identity, and ¢ : E — C a
positive linear functional. Then ||| = 1(14), and any isometric (norm-preserving) extension

of ¥ to A is also positive.

Proof. Fix some x € E with ||z|| < 1 such that |¢)(x)] is close to |||, say |¢(z)| = ||¢||—¢ for

e > 0. We can rotate ¢(x) (by multiplying it by some scalar ¢ on the unit circle) and so we’ll
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assume 0 < ¢(x) € R. A positive map is self adjoint, so 2¢(x) = ¥ (z) + ¢ (2*) = Y(x + z*),

and therefore z is also self adjoint.

For a self adjoint € F, we can use the operator inequality < ||z|| - 14 and so ¥(z) <
|lz][(14). Thus ||| < (1a)||z]] +e. We then easily obtain ||¢|| = ¢(14). It follows that
any norm preserving extension ¢’ of ¥ will need to have ||¢'|| = ¢'(14), and will therefore

be positive. n

Corollary 2.1.12. Let £ C A be an operator system and ¢ : £ — M, (C) a completely
positive map. Then ¢ extends to a completely positive map A — M,,(C).

Proof. We must make use of the very useful correspondence CP(E, M,(C)) <— M, (E)3.
For a completely positive map ¢ we define the corresponding positive linear functional ¢ on
M, (E) by

P([zis]) = ) (i)l

2%
With this in mind the proof is easy. Given a cp map ¢ on E we use the lemma above to

extend its corresponding positive functional ¢ to all of M, (A). This corresponds to a cp

map on A which extends . O

Theorem 2.1.13. (Arveson Extension) Let E be an operator system in a C*-algebra A,
and ¢ : F — B(H) a ccp map. Then there exists a ccp map ¢ : A — B(H) extending ¢. If

A is unital and ¢ is a ucp map, then we can find a ucp ¥.

Proof. We'll take an increasing net of finite rank projections P; € B(H) such that P, — 1,
the identity operator, in the strong operator topology. Denote by ¢; the cp maps which take
x — Pyp(z)P; for x € E. We can view each of these as maps to matrix algebras M, (C),
and so by the corollary above, we can define them on all of A. Now we return to viewing
the maps ¢; as maps into B(H), passing to a subsequence if necessary, we let 1) be a cluster

point of the net ;. Clearly v is completely positive and extends .

Moreover if we had ¢ contractive as well, then the maps ¢; would be ccp maps. We can
make use of the well known fact that for any Banach space X and von Neumann algebra M,

the unit ball of bounded operators B(X, M) is compact in the point-ultraweak topology (we
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realize this space as the dual of the Banach space B(X, M,) and apply the Banach-Alaoglu
theorem). Then there must be a cluster point ¢ in this unit ball, which is once again easily

seen to be a cp extension of ¢. [

2.2 Tensor Products

We will often need (or want) to discuss tensor products of C*-algebras. Because C*-algebras
are at once, both algebraic and analytic objects, defining the tensor product of C*-algebras
requires some subtlety. Indeed, we will give the definition of a few types of tensor products,
characterized by different analytic properties. In this section we are going to mostly establish
notation and quickly go over important properties and results that will be used throughout
the thesis. There is, of course, much more depth to to this topic and for a positively
comprehensive treatment we refer to the excellent book by Nate Brown and Narutaka Ozawa

[7]-

The first order of business is the algebraic tensor product. That is, given C*-algebras A and

B (we could just as well take vector spaces), the tensor product of underlying vector spaces.

Definition 2.2.1. Let C.(A x B) denote the space of functions on A x B with compact
support. We denote x(,,) the characteristic function of a given point (z,y) € A x B. It is
not hard to see that indeed, the set {x(,) : © € A, y € B} forms a basis of C.(A x B).

Consider the following four classes of elements in C.(A x B):

(i
(ii

) X X(z1+z2,y) — X(z1,y) — X(z2,)
) X

(i) AX(ey) = XOw);
)

7y1+312 X(Ivyl) = X(Ivy2)7

(V) AX(zy) — X(@2y)-

Let K denote the vector space spanned by these four classes of elements. Then we define

the algebraic tensor product (denoted A ® B) by
A®B=C.(AxB)/K.

We will denote the image under this quotient of (., by the familiar z®@y. These elementary
tensors span A ® B.
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Of course, this algebraic tensor product observes the familiar universal property that if there
is a vector space V' and a bilinear map 0 : A x B — V| there existsamap o : A®B — V
such that 6(x®y) = o(x,y). We may also refer to the tensor product of maps, which behave

in the usual sense: Given ¢ : A — C,v¢ : B — D, there is a map
PRV AOB—=-COD: ey ¢(r)¢Y(y).

If ¢,7 are linear functionals (i.e. C,D in the above are C), since C ® C = C by the
isomorphism & ® ¢ — £C, the tensor product map is also a linear functional. We may define

multiplication on A ® B by

(Z €T; ® %) (Z CL]‘ ® bj> = Z ZL’Z‘CL]' ® yzb]
i J 1,

We may also define an involution on A ® B in the obvious way:

(Zﬂfz@yz) :Zi’f:@y;‘k

With these definitions, it is not hard to show that the tensor product of two *-homomorphisms

is also a *-homomorphism.

This construction is very straightforward, but this object will become interesting once we
choose a norm to equip A® B with. Of, course if we want to make a C*-algebra we will need
to inherit some analytic properties from an embedding into a Hilbert space. If A C B(H)
an B C B(K) for two Hilbert spaces H, K, we will want to represent A ® B in some tensor
product of these. We already know about H ® K, however it remains to define a Hilbert
space structure on this space. It is not a difficult exercise to show that

<Z€i Q1) & ® 773> = > (& &0y (mh)

i J 1]

defines a positive definite sesquilinear form on ‘H ® K, making it a pre-Hilbert space. The
completion with respect to this form is the Hilbert space, denoted HQI, and is called the
Hilbert space tensor. If H and K have the orthonormal bases {¢;}, {n;} respectively, then

the elementary tensors {§; ® n;} form an orthonormal basis of HRK.

The norm induced by this inner product is an instance of a cross norm, a norm such that

on elementary tensors: [|€® n|| = ||€]|||n]]-
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If v € B(H) and y € B(K) are bounded operators, we define the algebraic tensor product
map in the same way we did earlier, except denoting it x @y : H © K — H ©® K. The

following proposition describes how we impose a norm on these maps to create B(H®K).

Proposition 2.2.2. Given operators = € B(H),y € B(K),
[z ® y](€ 1) = 2(6) @ y(n) € HRK.

defines a unique operator, and moreover, ||z ® y|| = ||z||||y]|-

Proof. Letting a € H® K and using the fact that for any such & there is a set {k;} C K such

that a = Y, & @ ki, where {&} is an orthonormal set in H, ! we can show that
lidw © y(a)|* =

@yk)|| < Z ly(R)II* < TPl

By continuity, one extends idy ® y to a map idy ® y on the Hilbert space tensor HRK with

norm < ||7T']| as well. We may do the same for x ® idx, and so if we define
r®y=(r®idg)(idy ®y),
we note that r ® y agrees with x ® y on the algebraic tensor, and obtain the inequality
lz @yl < [l [yl

For the other direction we take sequences of unit vectors &,, 7, in H, K respectively such that
lz(&n)]] = =] and [Jy(n.)|l — |ly|| as n — oo. Since the norm on HRK is a cross norm,

1€, ® My || = 1 for each n, and moreover we may invoke this again to show that

Iz @ y)(&n @m)ll = l[2(&) @ y(ma)ll = @ lllz)] = l=|llyl-
O

As one may have expected, the tensor product operators we just defined satisfy all the

properties that we laid out in definition 2.2.1 for the algebraic tensor. Additionally, these

"'What we have said here is not strictly kosher because we took an a € H®K, a space which is not

complete, however there are ways (see [7] 3.1.10) of making this precise.
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operators agree with the multiplication and involution operations we defined. From the
canonical isomorphisms B(H) = B(H) ® Cidx and B(K) = Cidy ® B(K), and by [7, prop.

3.1.17], we get a *-homomorphism
B(H) ® B(K) — B(H&K), Zx ® y; Z@@yz

We can therefore, extend out idea of tensor product operators to our desired setting of

C*-algebras:

Corollary 2.2.3. Let A, B be C*-algebras with representations m4(A) C B(H) and 75(B) C
B(K) on Hilbert spaces H, KC, respectively. Then 74 ®@ 7 : A® B — B(H®K) given by

TAOTE:a®b— my(a) ® mp(B)
is a *-representation.

Here we use ® to mean the tensor product of elements in a C*-algebra, as well as the tensor
product of vectors in Hilbert spaces. This abuse of notation is standard and shouldn’t cause
any confusion.

2.2.1 C*-norms on A® B

As we have previously alluded to, the act of completing the algebraic tensor product of two
C*-algebras so that the end product is also a C*-algebra requires delicate care. Let A, B be
C*-algebras and A ® B be their algebraic tensor.

Definition 2.2.4. A C*-norm on A® B is a norm || - ||, such that for all z,y € A® B,

D) llzylla = lzllallyla:
(2) llzlla = [|2*[la, and
(3) M=zl = ll=]3-

Usually, we denote the completion of A ® B with respect to this norm by A ®, B

In general we will be able to define a few C*-norms on A ® B, however in some cases,

particularly the following important example, there is only one.
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Proposition 2.2.5. Let A be a C*-algebra. There is a unique norm on M, (C) ® A.

Proof. We use the well known isomorphism of algebras
M,(C)® A= M,(A).

The fact that M, (A) is known to be a C*-algebra gives the existence of this norm, and since

there is always a unique C*-norm, the uniqueness follows. O
The two tensor products which are commonly used are the following:

Definition 2.2.6 (Max Norm). Let 2 € A ® B. We define the maximal norm (commonly

referred to as the ‘max norm’) by
||| max = sup{||7(x)|| : 7 : A® B — B(H) cyclic *-representation}.

The completion of A ® B with respect to || - || max is called the mazimal (max) tensor and is

denoted A ®pax B.

That this norm is finite follows from the fact that given any such 7 : A ® B — B(H)
there exist restrictions m4 and wg, to A and B respectively, with commuting ranges (see [7,

theorem 3.2.6]). Then for an elementary tensor z ® v,

m(z@y) < [ma(@)llms @)l < llallllb]-

Definition 2.2.7 (Min Norm). Suppose 7(A) C B(H) and o(B) C B(K) are faithful
representations. We define the minimal (min), sometimes called spatial norm on Y z; ®y; €

A® B by

[Sesol] - [Srwo o]

We call the completion of A ® B with respect to this norm the min tensor and denote it

BH®K)

min

either simply by A ® B or by A @i, B if there is ambiguity.

That these are norms to begin with (as oppose to just seminorms) is surprisingly delicate to

prove. It turns out to be the case, but we will refer to reader to [7] for the proof.

A natural question to ask is whether the min norm is defined independently of the choice of

faithful representation. It turns out that this is indeed the case.
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Proposition 2.2.8. The minimal tensor product norm is independent of our choice of rep-

resentations 7, 0.

Proof. We will show that the norm is independent of o, and the argument for 7 is identical.
Let us also assume that the C*-algebras in question are separable (this makes the proof

simpler, and one can relatively painlessly deduce the general case). Denote by || - ||min the

!
min

norm induced by the representations m, o, and by || -||.,;, the norm induced by 7 and another

faithful representation ¢’ : B — B(K').

Take an increasing sequence of finite rank projections p; < py < ... in B(H) such that p,

has rank n and p,(§) — £ in norm for all £ € H. Then, for any z € B(H®K),
12]] = sup{||(pn @ idx)z(pn @ idc)][}-
For any > 2, ®y; € A® B,
HZ% QY|
!/
HZ T @ Y

We took p,, to have rank n, so, in particular, we have that p, B(H)p, = M, (C). By 2.2.5 we

= sup Hanﬂ(xi)pn ®o(y:)||, and

min

= stnlp HZPnW(%)pn ® o' (ys)

know that M, (C) ® B has a unique C*-norm, hence,for each n,

HZPnW(%)Pn ® o (y:)

- Hanﬂ(xi)pn ® o' (yi)

The suprema must therefore coincide, and we have shown that || - ||lmin = || - ||/ O

min*

Corollary 2.2.9. If A is non-unital, any C*-norm on A ® B can be extended to a C*-norm

on A® B, where A denotes the unitization, as usual.

See [7, p. 76] for a straight-forward proof. This obviously implies that for two non-unital
C*-algebras A, B we can extend any tensor product norm to the algebraic tensor of their

unitizations.

Proposition 2.2.10 (Universal Property of ®yay). Given any *-homomorphism 7 : AQ B —
C, there exists a unique *-homomorphism 7 : A @, B — C which extends 7. In particular

|| - [|max is the largest C*-norm on A ® B.

26



The proof of this is immediate. Just pick a *-representation p : C' — B(H), and it follows
that por : A© B — B(H) is a contractive (w.r.t. ||-||max) *~homomorphism, which naturally
extends to A ®uax B. Applying universality to A ® B — A ®, B gives that || - || max = || * [|as

for any C*-norm || - [|4-

The next proposition gives an argument based on the excision property which will allow us
to skip most of the work in proving Takesaki’s theorem (not that there was anything wrong
with Takesaki’s proof). The details of the proofs we will include, as well as Takesaki’s proof

are found in [7, section 3.4].

Proposition 2.2.11. Let A, B be unital C*-algebras, || - |, a C*-norm on A ® B, and ¢, v
states on A, B respectively. Then ¢ ® ¢ extends to a state ¢ ® ¢ of A ®, B.

Proof. We need to show that ¢ ®1) is continuous with respect to || -||o. Assume without loss
of generality (thanks to the Krein-Milman theorem) that ¢, are pure states. By 1.0.12,
there exist nets e;, f; which excise ¢, 1) respectively. Then for z € A ® B,

lella > lim [[(e; @ fiales © £i)]| = lim (o ® ¥)(@) (e © ] = (0 ® ¥) ()]
]

Theorem 2.2.12 (Takesaki). Let A, B be C*-algebras. || - ||mn is the smallest C*-norm on
A®B.

Proof. We work first in the unital case, and assume that A, B are separable. In this setting,
we are guaranteed the existence of faithful states p € S(A) and ¢ € S(B). If || - || is any
C*-norm on A ® B, we may by proposition 2.2.11 extend ¢ ® ¥ continuously to a state
Y ®a ¥ € AR, B. By the uniqueness of GNS representations, the induced representation
Tooaw|Aop 15 unitarily equivalent to m, ® my. Moreover, these representations are faithful
because we chose faithful states. Because the min norm is defined independently of the
faithful representation, the norm closure of 7, ® 7, (A ® B) is isomorphic to the min tensor
product A ® B. This implies that pi,g, (A ®4 B) is also isomorphic to A ® B. However
A ® B must then be a quotient of A ®, B, which implies that || « ||min < || - ||a-

The non-unital case follows from 2.2.9. The non-separable case is a consequence of the

inclusion property of ®i,, which we’ll outline below. O
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We now give a few more important and useful results regarding the min and max tensor
products. We won’t include the proofs, however all can be found in chapter 3 of Brown and
Ozawa’s textbook. The properties in question may seem intuitive, however the proofs are
delicate and non-trivial. That being said, the first corollary is an immediate consequence of

Takesaki’s theorem and the universal property of ®pax.
Corollary 2.2.13. For any C*-norm || - ||, on A® B, there are surjective *-homomorphisms
ARuax B—> ARy B — A®un B.

Theorem 2.2.14 (Continuity). Let ¢ : A — C and ¢ : B — D be completely positive (cp)
maps. Then

wOY: AOB—->COD
extends to c¢p maps

2 ®max ¢ : A ®max B — C ®max D, and
pRY: A B — C®D,

with the property that
1 @max ¥l = [l @ ¥l = llell[[¥]l.

Theorem 2.2.15 (Inclusions). Let A C B and C' be C*-algebras. Then,

(1) AwCCB®C,
(2) If, for every non-degenerate *-representation m : A — B(H), there exists a ccp map

¢ : B — m(A)" such that p(z) = 7(z),Vo € A, then A @pax C C B Qpax C.

Finally, we mention the following result about exact sequences. One will note that we only
have included the case of ®,,.,. While in the case of inclusions, the max norm required an

extra condition, here the min norm is the one requiring an extra condition.

Proposition 2.2.16 (Exact Sequences). Let A, B be C*-algebras, and I < A and ideal. If

I — A — A/I is an exact sequence, then the sequence
I®maxB (_>A®maXBH9A/I®maXB
is exact.
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This is not true for the min tensor product, however there is one class of C*-algebras for

which it is true: the exact C*-algebras (see 2.3.22).

2.3 Nuclear and Exact C*-algebras

Now that we have a basic understanding of C*-tensor products, we are prepared to talk

about nuclear and exact C*-algebras.

Definition 2.3.1. Let A, B be C*-algebras. A map 6 : A — B is called nuclear if there
exist sequences of ccp maps ¢, : A — My, (C), and 9, : My, (C) — B such that

U © on(z) — O(x)|| = 0, Ve A.

We may call this topology of point-wise convergence in norm the point-norm topology. If A
and B are unital, we may take ucp maps as oppose to ccp maps. We note immediately that

a nuclear map defined in this way is ccp (or ucp in the unital context).

Remark 2.3.2. Instead of matrix algebras My, (C), we could have taken our ccp ¢, 10, maps
to be to and from a sequence of finite dimensional C*-algebras A,,. Then all we would need
to do is represent each A, in some M, (C) and see that there are conditional expectations
U, : M, (C) — A,. Then if &, : A, — My, (C) are the unital embeddings, @, o ¢, and

1, o ¥, are the ccp maps that we desire.

We have an associated notion for von Neumann algebras:

Definition 2.3.3. If A is a C*-algebra and M a con Neumann algebra, we call a map
0 : A — M weakly nuclear if there exist ccp maps ¢, : A — My, (C), and v, : My, (C) such

that

(W, 0 on(x)) = n(@(z)), Vo € A,nnormal functionals in M,.

This topology of pointwise ultraweak convergence is called the point-ultraweak topology.

Once again, if 6 is unital we can take ucp maps ¢,, 1,.

Proposition 2.3.4 (Compositions). Let § : A — B and o : B — C be ccp maps. If either

of @ or ¢ is nuclear, then so is g o 6.
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Proof. If we have for 6, say, ccp maps ¢, 1, to and from matrix algebras M, (C) respectively,
such that ¥, o ¢, — 6, then we may take 1)/, = o o 1,. These will be ccp maps with

Yl 0@, — o of. The other case works in the same way. ]

Definition 2.3.5. A C*-algebra A is nuclear if the identity map id : A — A is a nuclear
map. One finds other terms for nuclear C*-algebras in the literature, including amenable

C*-algebras, and C*-algebras with the completely positive approximation property (CPAP).
Once again we have a von Neumann version:

Definition 2.3.6. A von Neumann algebra M is called semidiscrete if the identity map

idy : M — M is weakly nuclear.

When we state Connes’ theorem, we will see a definitive link between the C*-algebra and
von Neumann cases. In particular, it will follow that A is nuclear if and only if A** is

semidiscrete.
Definition 2.3.7. A C*-algebra is exact if it admits a nuclear faithful representation.

Proposition 2.3.8. Exactness, as defined above, is independent of the faithful representa-

tion.

Proof. Suppose m: A — B(#) is a nuclear faithful representation of A, and ¢ : A — B(K)

is a second faithful, non-degenerate, representation. It suffices to show that o is also nuclear.
Let ¢, : A — My, (C) and v, : My, (C) — B(H) be ccp maps so that v, o ¢, — 7 in the

point-norm topology. We can define a *~homomorphism on the range of 7 by:
¢ :71(A) —» B(K), @(n(x))=o(x).

This is certainly well defined since 7 is faithful. Since *-homomorphisms are ccp maps, it is
also ccp, and hence admits a ccp extension ® to all of B(H), by Arveson’s extension theorem

(see 2.1.13). Defining a new sequence of ccp maps ¢/, = ® o 1,,, we get that
¢;0¢n:(j)oz/}nogon—><i)owza

in the point-norm topology, and hence that o is also nuclear. O
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Remark 2.3.9 (Dependence on range). If 7 : A — B(H) is a faithful representation, we may
regard nuclearity of A as the requirement that the map idy = 7 : A — 7(A) is nuclear. In
contrast, for A to be exact we only require that the map 7, viewed as a map to all of B(H),

is nuclear. The subtlety here is to do wit the range of the map 7.

Remark 2.3.10 (Nuclearity Implies Exactness). Of course, looking back to where we showed
the composition property of nuclear maps, we see that if A is nuclear, and we take 7 : A —

B(#H), indeed A must be exact.

Remark 2.3.11 (Subalgebras). Clearly every subalgebra of an exact C*-algebra is also exact
(in fact this is a characterization of exactness), however the same cannot be said for nuclear

C*-algebras, particularly because of the dependence on the range.

Here are some more facts about nuclearity. Some are easy to prove, and some (in particular

(4)) are highly nontrivial.

Proposition 2.3.12.
(1) Any ideal in a nuclear C*-algebra is nuclear. In fact any hereditary subalgebra is
nuclear, see 3.2.1 for the definition of a hereditary subalgebra.
(2) A non-unital C*-algebra A is nuclear if and only if the unitization A is nuclear.
(3) A finite direct sum of nuclear (resp. exact) C*-algebras is nuclear (resp. exact).

4) Direct limits of nuclear (resp. exact) C*-algebras are nuclear (resp.exact).
g

Remark 2.3.13. Take the (> direct sum of more than finitely many algebras in (3) above
and the statement is no longer true. Consider

@Mn(C) = {(z,) sequences : xz, € M,(C), sup ||z,|| < oco}.

neN "
We will see that there are RFD C*-algebras, (i.e. some which embed into the above algebra)
which are not exact, for example the full group C*-algebra of a countably generated free
group C*(F) (more on this in the next section). Of course we know that an exact C*-algebra
cannot have a non-exact subalgebra, so the above direct sum cannot be exact and hence it

is not nuclear.

Ezxample 2.3.14 (AFD C*-algebras). First one mentions that clearly any finite dimensional

C*-algebra is nuclear (see remark 2.3.2). We call a C*-algebra approzimately finite dimen-
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sional (AFD) if it is the inductive limit of finite dimensional C*-algebras. With proposition

2.3.12 in mind, the nuclearity of these becomes obvious.

A less trivial example is that the class of abelian C*-algebras are nuclear:
Proposition 2.3.15. Every abelian C*-algebra is nuclear.

Proof. By 2.3.12 we shall only prove the unital case. Thanks to the Gelfand representation,
let A = C(X) for some compact Hausdorff space X. Let F' C X and £ > 0. Then we can
find a finite open cover {Uy, ..., U,} of X such that for each f € F and each i =1,...,n,

\f(z) — f(y)| <e, whenever z,y € U,.

Here we are taking z,y to be points in X and not elements of the C*-algebra A as we
have done everywhere else (apologies for any confusion). We now take a partition of unity
{01, ...,0,} subordinate to the open cover {Uy, ...,U,}. For those of us whose topology may
be rusty, that is a set of functions X — [0, 1] where the support of each o; is contained in

U, and where at each z € X the sum

n

Z oi(z) = 1.

=1

Pick a set of y; € U; and define a unital *~homomorphism (hence, ucp map)

Next we define

¢:(C"—>A, w(Zl,...,Zn) :ZZZ'UZ'
=1

To show that v is completely positive we identify M;(C") with an n-time direct sum of
Mi(C). Let T®0o € M(C(X)) = C(X, Mi(C)) correspond to the function in C(X, My (C))

taking x +— o(x)T and
k
Yt Mi(C") = My(A), ¢u(Th, . T) = > Ty @ oy,
j=1

for matrices T; € M;(C). It is then not hard to see that v, are all positive.
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Thanks to remark 2.3.2 we just need to show that i) o ¢(f) — f in norm:

7323 st

n

SO - e

i=1

<e.

lvop(f)— fll= Hf —~ Zf(yi)ai
0

Any time we can consider a C*-algebra result as a non-commutative analogue of a topological
result it makes people happy. From this result one sees that nuclearity presents itself as the
non-commutative analogue to having a partition of unity. In particular nuclearity is, in some

sense, akin to compactness in the non-commutative setting.

Definition 2.3.16. A von Neumann algebra M is called injective if for very operator system

E C A, a unital C*-algebra, and ucp map ¢ : E — M, there is a ucp extension A — M.

We will now state Connes’ characterization theorem [11]. This result is very important in

the study of von Neumann algebras, but we won’t give the proof.
Theorem 2.3.17 (Connes, 1976). Let M be a von Neumann algebra. TFAE:

(1) M is injective,

(2) M is semidiscrete,

(3) M has Schwarz’s property P: for any 7' € B(#), the weak operator closed convex hull
of elements of the form x7Tx* contains an element in M’,

(4) M has property E (Hakeda-Tomiyama): there exists a norm-one projection
B(H) —» M,

(5) M is approximately finite dimensional (AFD).

2.3.1 The Original Characterizations

The original definition of nuclearity, as given by Takesaki in 1964 [40], was that a C*-algebra
A is nuclear if and only if for any C*-algebra B there is a unique C*-norm on A ® B. In
particular, this is equivalent to the statement that A ® B = A ®uax B. We now show the

equivalence of this definition with the one given at the start of this section:
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Theorem 2.3.18 (Choi, Effros, Kirchberg). A C*-algebra A is nuclear if and only if for all
C*-algebras B,
A® B = A Qu. B.

In particular, this means that there is a unique C*-norm on A ® B.

Proof. We will show the easy direction (=). The converse is highly nontrivial and we refer

to [7, thm 3.8.7] (really, most of the work is done in 3.8.5).

Let id : A — A be nuclear. We want to show that for any C*-algebra B the identity map
idas, . B1dA Omax 1dp 1 A Qmax B — A Qmax B factors through A ® B. If this wording seems
strangely general, it is because this argument actually works for any nuclear map 6 : A — C
between C*-algebras. We want to show that there exists a ccp map ¥ : A® B — A Q@umax B
such that

A ®max B d > A ®max B

T~ A

A®B

commutes, where 7 is the canonical quotient map.

Let ¢, : A — My, (C) and v, : My, (C) — A be the ccp maps converging to id4 in the
point-norm topology. Recall from proposition 2.2.5 that any matrix algebra has a unique

C*-norm, so the following family of diagrams are approximately commutative:

iClA<®rr\a,>(iC1B
A ®max B ——— A ®max B

~
ﬂ'l ¥n®maxidp Twn@maXidB
3

Now we define a sequence of ccp maps V,, : A® B = A Qe B by

\Ijn = (wn Qmax 1dB) o ((bn & 1dB)

Then, since it is the pointwise limit of these contractive maps, the algebraic tensor map
idy®idg : A©B — A®B is contractive if viewed as going from A® B with the spatial norm to
A®B with the max norm. Hence it extends to a contractive linear map ¥ : AQB — A® . B.

Moreover ¥ is the point-norm limit of the ¥,,’s so it it completely positive.

34



This contraction, in combination, with the natural fact that there is a contractive map from
the max tensor to the min tensor (by the natural ordering of the norms) gives the equality

AR B =AQ®nu.x B. O
We are also able to now show the following corollary to theorem 2.2.15.

Corollary 2.3.19. If A C B and C are C*-algebras, and A is nuclear, then we have a
natural inclusion

A Qpax C C B Qpax C.

Proof. Suppose 7 : A — B(#H) is a faithful representation - in particular, let’s view m as a
nuclear map onto m(A). Then we have ccp maps ¢, : A = My, (C), 1, : My, (C) — 7(A)
so that 1, o ¢, — m in the point-norm topology. By Arveson’s extension theorem 2.1.13,
we may extend the ¢,’s to all of B. Moreover we may view the ,,’s as maps into the
enveloping von Neumann algebra so that ¢, o ¢, : B — A C w(A)". Let & : B — 7(A)” any

point-ultraweak cluster point of these maps. ® certainly is ccp and extends m on A, so we

may invoke 2.2.15. O

Another interesting tensor product related result is the following:

Proposition 2.3.20. Two C*-algebras A, B are nuclear if and only if A® B is nuclear (there

is only one tensor product in this case, by theorem 2.3.18).

Proof. We shall prove the equivalence A, B nuclear if and only of A ®,.x B is nuclear, but
there seems to be no reason this doesn’t apply to ®. The forward direction proceeds very
simply. Let 2 : A — M, (C), 2 : M, (C) — A, 2 : B — M, (C), ¥B : M, (C) — B be
the ccp maps such that ¥ o o — idy and 2 o 92 — idp point-wise in norm. Then it is

easy to see that

9071 = SOTI? ®max SO’E : A ®maX B - Mkn (C) ® Mln (C> = Mknln (C)7 and

¢n = 1/1,? Qmax wf : Mk’nln (C) — A Qmax B

are ccp maps such that ¥, o ¢, — idg Qpnax idp = idag,,,, 5. For the converse, fix a b € B

with norm 1 and ¢ € §(B), a state such that ¢(b) = 1. Define a ccp embedding
A= AQuax B, w(z)=2®Db
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and a so-called slice map?
idA®g0:A®B—>A®(C%JB.

Note that (id4 ® @) o, = id 4, so the nuclearity of A follows from the nuclearity of A ®pax B.

One shows B is nuclear in the same way. O]
Corollary 2.3.21. A is nuclear if and only if M,(A) is nuclear.

This is immediate once one remembers that M, (A) = M,,(C) ® A. Finally we give the main

characterization of exact C*-algebras:
Theorem 2.3.22 (Kirchberg). Let A be a C*-algebra. TFAE:

(1) A is exact.

(2) Given an exact sequence of C*-algebras I — B — B/I, the sequence
IRA—>B®A—->B/I®A
is exact as well.

In parallel with what we showed above, we have:

Proposition 2.3.23. Two C*-algebras A, B are exact if and only if A ® B is exact (this

here is just the min tensor).

2.4 Group C*-algebras

Thus far we have mentioned some examples of nuclear and exact C*-algebras, however have
failed to give may counterexamples. In this section we give a brief crash course on how one
constructs a C*-algebra (or even a von Neumann algebra) out of a discrete group and we shall

hopefully be able to gain some interesting information about potential counterexamples.

In what follows let G be a discrete group, and {J, : s € G} the canonical orthonormal basis

of 22(G).

Zthis is just the name for a map of the form p® idg : A® B — C ® B for some functional p € A*.
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Definition 2.4.1. The left reqular representation of G is
AN G — B(EQ), As(ét) = 55,5, Vs,t € G.
We can also define the right reqular representation p which takes d; +> dy5-1.

By the intertwiner 6; — ;-1 it is easy to see that these two representations are unitarily

equivalent.

The group ring of G, denoted C[G] consists of all formal sums
Z ass, ags € C
seG
where all but finitely many of the constants as are nonzero. The multiplication in C[G] is

defined by (3_ ass)(D_ast) = 3, ;e asarst, and there is an involution given by

(Z ass> _ > ast

se€G se€G

We then extend the left regular representation of G to a *-homomorphism A : C[G] —
B(£(G)).

Given f € (>°(GQ) and s € G, let s.f : t — f(s7't),t € G, define an action (left translation)
G ~ (°(G). Regarding (>°(G) C B((*(G)) as multiplication operators (i.e: f(d;) = f(t)d,
we see that for every f € (°(G),s € G,

NSNS = s.f .

What this means is that the action G ~ (*°(G) is spatially implemented by the left reqular

representation.

Definition 2.4.2. The reduced C*-algebra of G, denoted C}(G) (sometimes C}(G), r for

“reduced”) is the completion of C[G] with respect to the norm
]l = [[AG)], 2« € CIG].

If we took the closure with respect to the norm induced by the right representation, we

would get a group which is isomorphic, denoted C(G).
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Definition 2.4.3. The full group C*-algebra associated to G is the completion of C[G] with

respect to the norm
|z|| = sup{||7(z)]|, = : C[G] — B(H) a cyclic *-representation}.

The full group C*-algebra is also sometimes called the universal group C*-algebra, owing to

the following universal property:

Proposition 2.4.4. If u : G — B(H) is a unitary representation of GG, then there is a unique

*_homomorphism

7. : C[G] = B(H)
such that m,(s) = u, for all s € G.

Proposition 2.4.5. If H C G is an inclusion of groups, then C5(H) C C5(G), and C*(H) C
C*(@) as C*-algebras.

Definition 2.4.6. The group von Neumann algebra of G is given by

L(G) = (CX(G))" € B(*(G)).

2.4.1 Amenable Groups
An important class of groups that may be mentioned are amenable groups. They lead to

some examples of amenable C*-algebras (which are often found under a different name).

Definition 2.4.7. An invariant mean on a countable discrete group G is a state p : £°(G) —

C which is translation invariant. That is,

p(s.f)=n(f), Vfelr>(G),sed.
G is called amenable if there exists an invariant mean .

We say that G' has approzimate invariant mean if for every finite subset £ C G and € > 0
there exists a probability measure p € ¢*(G) such that maxeg ||s.u — pl| < e.
FExample 2.4.8. 1. Finite groups are amenable. Consider the invariant mean which asso-

ciates to the generating xs € *°(G) a value of 1/|G].
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2. Abelian groups are amenable
3. Amenability is closed under subgroups, quotients, extensions and direct limits, so any
group constructed out of finite oe abelian groups using those operations is amenable.

This class is called the elementary amenable groups.

Ezxample 2.4.9. The prototypical example of a non-amenable group is a non-abelian free
group. The free group on two generators, Fy = (a, b), admits a paradoxical decomposition:
If AT is the set of all reduced words starting with a, A~ are those starting with =1, B*, B~
are defined analogously, and C'is the set {1,b,0?,...}. Then

=ATUA U (BT\C)U (B UC)
but also Fy = AT UaA™ =5 (BT \C)U (B~ UC). Then if y were an invariant mean on Fy,

1= p(1) = plxa+) + plxa-) + ulxsne) + ulxs-ue)

from the first decomposition. However if p is invariant

= pu(xa+ +axa-)+ N(b_IXB+\C + xB-uc) = u(1) + p(l) = 2.

We now give a number of equivalent characterizations of amenability. This list is by no

means exhaustive.
Theorem 2.4.10. Let G be a discrete group. TFAE:

(1) G is amenable;

(2) G has approximate invariant mean;

(3) G satisfies the Folner Condition: For every finite subset £ C G and £ > 0, there exists

another finite subset F' C G such that maxsep |sFAF|/|F| < ¢;

4
5
6
7
8
9

The trivial representation is weakly contained in A;
(@) = C*(G);

C5(G) has a character;

For every finite subset E C G, || X .cp Asll = 1;

(
(
(
(
(8) C5(G) is nuclear;
9) L

)
)
)
)
)
) L(G) is semidiscrete.
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Remark 2.4.11. Together with previous results we also know that this is equivalent to the

von Neumann algebra L(G) being injective.

Remark 2.4.12. Since a non-abelian free group F is not abelian, it follows that C*(IF) is an
example of a non-nuclear C*-algebra. In fact, using the tensorial (original) characterization

of exactness, applied to the exact sequence

where [ is the kernel of the canonical *-homomorphism C*(Fy) — C}(F2), S. Wasserman
[42] showed that the full group C*-algebra C*(F) isn’t exact (see also [7, prop. 3.7.11]).
Group C*-algebras also provide examples for other types C*-algebras we've defined. For

example:

Theorem 2.4.13 (Choi). C*(F) is RED for F a countably generated free group.

2.5 Projective, RFD, and QD C*-algebras

Definition 2.5.1. A C*-algebra A is projective if for any C*-algebra B, and two-sided, closed
ideal J < B, any *-homomorphism ¢ : A — B/J lifts to a *~homomorphism ¢ : A — B so

that ¢ = mip. This is a standard categorical notion.

Definition 2.5.2. A C*-algebra A is called residually finite dimensional (RFD) if its points
are separated by finite dimensional representations. That is, for each 0 # = € A there is a

finite dimensional representation 7 : A — B(H) such that m(z) = 0.

Another way of saying this is that A is RFD if there exist finite dimensional *-homomorphisms

mi : A — My, (C) such that

@m A= @Mkl((:)

i€l el

is faithful. If A is separable we can take the index set I to be countable.

We have the following result which is useful. The proof we’ll present is from Terry Loring’s

book [27] which is an elegant modification of a proof of Goodearl and Menal.

Theorem 2.5.3. A projective, separable C*-algebra is RFD.
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Proof. Let A be separable and projective. We may view A as a subalgebra of B((*(N)),
and identify the finite dimensional C*-algebra M, (C) with the subalgebra B(¢*(1,...,n)) C
B(*(N)).

Now denote by E the set of all sequences (z,,) C [[ M,,(C) whose strong™® limit exists. Since
multiplication and involution are strong*-continuous on bounded subsets by definition of
the strong*-topology, F is a C*-algebra which admits an obvious surjection E — B(*(N)),
namely taking (x,) + lim(x,). Then, there is an embedding A — E — [[ M,(C). The
coordinate projections of [[ M, (C) restricted to A are finite dimensional representations of

A, and they separate points. O

Definition 2.5.4. Let A be a unital C*-algebra. A representation 7 : A C B(H) is called

essential if w(A) contains no nonzero compact operators.
The following results are due to work done in 1980 by M.D. Choi [9].

Theorem 2.5.5 (Choi). Let IF be a finitely or countably generated free group. C*(F) has

no nontrivial projections.

Proof. Tt will be sufficient to prove for the case of F = Fy. Let U,V be two generating

unitaries for a representation of C*(Fs) on some Hilbert space H. Define the C*-algebra

U = {norm cts ¢ : [0,1] — H : ¢(0) is a scalar operator}.
If ¢ € U is a projection, then ¢(0) = 0 or I. By continuity of ¢, each of the projections
{6(t) : t € [0,1]} must be 0 or I respectively, so U has no nontrivial projection.

By the spectral theorem, we may choose self-adjoint operators A, B € B(H) such that

¢4 = U and €’ = V. We define two new unitaries in & by
¢u(t) = ™, and ¢y (t) = .

The evaluation map ev:¢ — ¢(1) is a surjective *~homomorphism U — C*(F3). On the
other hand by universality of C*(F,), the assignment U,V +— ¢y, ¢y gives a surjective
*_homomorphism in the other direction. These two are inverse to each other, so we see
that C*(Fy) is *-isomorphic to a subalgebra of U, and hence cannot have any nontrivial

projection. O
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Corollary 2.5.6. If 7 is a faithful representation of a unital, separable, projective C*-algebra

then 7 is essential.

Proof. Let A be a unital, separable, projective C*-algebra. Since A is separable it can be
viewed as a quotient of C*(F) for a countably generated free group F. Since it is projective
A also embeds in C*(F). Supposing that m(A) were to contain a nonzero compact operator
K, then it must also contain K*K. But then the finite rank spectral projections of K*K
lie in 7(A) C n(C*(F)). However C*(F) (and hence any representation of C*(F)) has no

nontrivial projections. [l

Definition 2.5.7. A (separable) C*-algebra A is called quasidiagonal (QD) if there is a net
(resp. sequence) of ccp maps ¢, : A — My, (C) that are asymptotically multiplicative (i.e:
|pn(ab) — pn(x)dn(y)|| — 0 for all z,y € A), and asymptotically isometric (||¢,(x)| — ||z||
for all x € A).

Remark 2.5.8. 1. Because we may view a RFD C*-algebra as faithfully represented in
[ M,.(C) (where the product may be uncountable in the non separable case), such an
algebra will be QD.

2. If A is unital and QD then it has a net of ucp maps with the asymptotic properties of

the definition above. See [7, lemma 7.1.4] for a quick proof.

We treat the following statement as a definition, but for the traditional definition and a

proof of this characterization we direct the reader to [7, proposition 7.2.3].

Definition 2.5.9. A set of vectors Q@ C B(H) is quasidiagonal if there is an increasing net of
finite-rank projections converging strongly to the identity and which commute asymptotically
with every T' € Q. If 7 is a representation of A on H, then we call it quasidiagonal if w(A)

is a quasidiagonal set in B(H).

Remark 2.5.10. A representation of A being quasidiagonal is not equivalent to A being
quasidiagonal as a C*-algebra. This arises from a Fredholm index obstruction (see [7, remark
7.5.3]) due to the fact that we can approximate a separable C*-algebra which is a QD set of
operators by a RFD algebra. Voiculescu [41] showed that this issue is avoidable if we only

consider essential representations.
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Definition 2.5.11. An operator T € B(H) is quasitriangular if there is an increasing net of
finite-rank projections (P,) converging strongly to the identity such that || TP, — P,TP,|| —

0. If T and T™* are both quasitriangular then T is called bi-quasitriangular.

Because |TP,—P,TP,| = ||(TP,—P,T)PF,||, any QD operator is automatically bi-quasitriangular.

This means if 7 is a QD representation of A, then each m(a),a € A is bi-quasitriangular.

Remark 2.5.12. In particular, by remark 2.5.8 a faithful representation of a separable, pro-

jective C*-algebra must have this property.

Projectivity is a rare property for C*-algebras, however a useful property that is more com-

mon is that of there being a conditionally projective map to A.

Definition 2.5.13. Suppose we have the commutative diagram below in the category of
C*-algebras with *-homomorphisms. The *-homomorphism o« : C — A is conditionally
projective if there exists a *-homomorphism 1), as in the diagram below, so that the diagram

commutes.
c—""+B

A
al P ’ lﬂ'

A’T>B/I

So a being conditionally projective means is that if you can lift ¢ o o to a *~homomorphism,
then you can lift ¢ to a *-homomorphism. It should also be obvious that any *-homomorphism

a in where A is a projective C*-algebra is conditionally projective.

Remark 2.5.14 (The case of C = CV). If C = CV and all the C*-algebras and *-homomorphisms
in the diagram are unital, then « is conditionally projective whenever a set of orthogonal

projections in B/I summing to 1 lift to projections in B summing to 1.

3 Multiplier Algebras

For a C*-algebra A we denote by M(A) the multiplier algebra of A, which is the largest
C*-algebra which contains A as an ideal. To understand this concretely we embed A in its
enveloping von Neumann algebra 7, (A)” = A** and define M (A) as the idealizer of A in A**.

For example, the multiplier algebra of K = K(£?), the compact operators on the separable
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Hilbert space, is precisely the bounded operators B(¢?). Finally we note that for any unital
A, M(A) = A, as A cannot be a proper ideal of any C*-algebra.

M (A) may also occasionally be endowed with a topology. One such topology which we will
use is the strict topology, which is the coarsest topology in which the maps a — xa and
a — ax are continuous for all a € A, x € M(A). We view A in the norm topology for this.

The following proposition is easily proved with basic analytic techniques:

Proposition 3.0.1. If z; is a sequence of bounded self adjoint elements in M(A), and S C A
is a total subset (meaning the span of S is norm-dense in A), then x; converges strictly in

M (A) if and only if, for all s € S, x;s is Cauchy in A with the norm topology.

One simply notes that the strict topology is generated by the seminorms ||z, := ||za||+||az||.

The proof follows.

The corona algebra is the quotient Q(A) = M(A)/A. We denote by e;; the projection
in B({?) of a vector onto its first coordinate. Given a unital C*-algebra A, we’ll often go

between M (K ® A) and A with the map
= (€11 ® 1a)z(e ® 14)
and the identification e;; ® A ~ A.

Theorem 3.0.2 (Non-commutative Tietze). Let A, B be C*-algebras and 7 : A — B a
surjective *-homomorphism. Then 7 extends uniquely to a *-homomorphism 7 : M(A) —
M (B) such that 7(x)m(a) = m(x - a) for each x € M(A),a € A. Moreover, if A is o-unital,

the extension is also surjective.

Proof. The normal extension of m to A** clearly provides a suitable extension such that
M(A) — M(B). It remains to check surjectivity in the case of B having a countable
approximate unit. For this we require lemma 3.0.3, which can be found in [33], and lemma

3.0.4 which is from [32].

Let A be a C*-algebra. Denote by A™ (respectively A,,) the set of self adjoint elements in A

which can be obtained as the limit of a monotone increasing (resp. decreasing) net in (A)s,.
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Lemma 3.0.3 (Pedersen). Let A be a C*-algebra. Then, A™ N A, = M(A)sa.

Proof. Define Q = {p € A*: ¢ > 0A||¢]| < 1}. Let n denote the evaluation map. This is
an isometric map from A% onto the set of bounded affine functions on ) which vanish at 0,

so that n(As,) consists of the continuous functions on ) which vanish at 0.

Let z € A™ N A, and let {y,},{z.} € A, be the nets such that y, 2 = and z, \, z.
Recall that by Dini’s theorem, a monotone sequence of real valued continuous functions

which converges pointwise converges uniformly, and so for any y € A,

In(yziy) — n(yyiy)l| — 0.

Because 7 is an isometry, it follows that

lyz — yuil> < ly(z — vi)yllllz — vl < lly(z — vi)yllllz — wil| = 0

Since yy; € A we must have that yz € A for any y € A, and thus x € M(A). Conversely,

suppose € M(A),, and assume 0 < z < 1. Let uy be an approximate unit in A. Then
2V 2uyz? and (1 — 2)Y2uy(1 — )12

are increasing nets in A which converge to x and 1 — x respectively. Thus x € A™ and

l—ze€ A" (< x € Ap), hence z € A™ N A,,. O

Lemma 3.0.4 (Pedersen). If ¢ : A — B is a *-homomorphism, a € A", and ¢(a) = b then,
d({r € Atz <a})={ye BT :y<b}.

Proof. Let y € BT such that y < b. Because ¢ is a *~homomorphism, ¢(A") = Bt and
there must exist a self adjoint z € A,z < a such that ¢(z) = y. Now let’s denote z,,z_
the positive elements in A such that z = zy — z_. We have ¢(z1) = y, ¢(z—) = 0, and

zy < a+ z_, therefore the sequence
up = 22((1/n) + 2— + a) "M (z_ + a)"/?a'/?

converges (since for any operator f, {(f+ (1/n))"'f} is an approximate identity for L* N L,
where L is the closed left ideal generated by f, see the proof of theorem 1 of 3.0.4 for details).
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We denote by [f] the projection onto the range of an operator f. Set x := lim u}u,, and note

that
¢(x) = lmb((1/n) +b)""y((1/n) +)~'b = [bly[b] = y.

]

Continuation of the proof of Thm 3.0.2. Take a self adjoint element b € M(B). By lemma
3.0.3 there exist sequences {z,} and {y,} of self-adjoint elements such that z, b and
Yn \¢ b. Let {u,} be a countable approximate unit for ker w C A. Choose s1,t; € A such

that 7(s1) = x1, m(t1) = y1, and s; < ¢;. Now set
8/1 =81+ (tl — 81>1/2U1(t1 - 31)1/2'

So 7(s)) = x1, because u; € kerm, and s; < s} < t;. Suppose now that we have for

1 <k <n—1elements {s;},{s}}, {tx} in A satisfying:

(1) sk <) < spp1 <ty <tpfork<n-—1
(i) m(sg) = m(s,) = zx and 7(tx) = Y

(iii) tk — S;C = (tk — Sk)1/2(1 — uk)(tk - Sk)1/2

By lemma 3.0.4 we can then pick a self-adjoint ¢, € A such that m(t,) = yp and s, <
tn < tn—1. With the same reasoning we can pick a self-adjoint s,, such that 7(s,) = x,, and

s, 1 < 8, < t,. Finally set

/
n—

s=5p + (t, — sn)l/Qun(tn — sn)1/2

and we have s,, s/, t,, satisfying (i), (ii), (iii). Thus we may construct sequences {s,}, {s,}
and {t,} by induction which satisfy the three conditions. Therefore there must be s € A™
and t € A, such that s, s, s, /s and t, N\ t. Since 7 is normal, 7(s) = 7w(t) = b.
Finally,

0 S t—s S t” - Sgl = (t” - Sn)1/2(1 - Un)(tn - Sn)l/Q-

Since ker 7 is an ideal, there exists an open central projection z € A*™ such that kerm =
xA*™ N A (a projection p is open if there is an increasing net of positive operators converging

top). So B =7(A) = (1—x)A and we can identify B** with (1 —x)A**. This means that for
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each a € A™ we can write 7(a) = (1 —x)a. Since (t, —s,)"? = (t—s)Y/?and 1 —u,, — 1 —=x

in the SOT, ¢t —s = (1 — x)(t — s) (because z is central). This implies that
1t = sll = [[(1 = 2)(t = s)l| = [|7( = s]| = [|w(t) = 7(s)]| =0

which means that t = s € AN A,, = M(A). So there is a t € M(A) such that =(¢) = b for
each b € M(B). O

The above argument is due to Akemann, Pedersen and Tomiyama [1]. The reason for our
proving the more involved non-unital case of Tietze’s theorem is so that we may apply it
to ideals. If we let J < B be an ideal with quotient map © : B — B/J. Applying non-
commutative Tietze to the map idg @ 7 : L ® B — K ® B/J, we'll get a *-homomorphism

#: M(K® B) — M(K® B/J).

3.1 K-Theory of Stable Multiplier Algebras

Two projections p,q € A are called Murray-von Neumann equivalent if there exists a v € A
such that v*v = p, and vv* = ¢q. We denote this equivalence by p ~ g. A projection p is
called infinite if it is Murray-von Neumann equivalent to a proper sub-projection of itself.

That is there is a ¢ < p with ¢ # p such that p ~ q.

A C*-algebra A is called finite if u*u = 1, implies that uu* = 14, in other words the unit is

a finite projection. A is called stably finite if every matrix algebra M, (A) is finite.
Proposition 3.1.1. Let A # C be a unital, simple C*-algebra. TFAE:

(1) For every nonzero, positive = € A, there is a y € A such that y*zy = 14,
(2) Every hereditary subalgebra of A contains a (necessarily infinite) projection equivalent

to 1,4.

If either of the above conditions is true, we call A purely infinite. If A is purely infinite and
simple, then for every n € N, M,,(A) is purely infinite and simple. We now state a result of

Rgrdam [38], which classifies the A for which the corona algebra Q(ARK) = M(A®K)/ARK

is simple.
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Theorem 3.1.2 (Rgrdam). Let A be a unital C*-algebra. Then, the stable multiplier algebra
M(A® K)/(A® K) is simple if and only if A is finite dimensional (i.e. In: A = M,(C)),

or A is purely infinite and simple.

We call a multiplier algebra of the form M (A ® K) stable for any C*-algebra A. That these
algebras have trivial K-theory is important in the proof of lemma 4.2.4. The references used
for the operator K-theory are the well known book by Bruce Blackadar [3], as well as the
introductory book by Regrdam, Larsen, and Laustsen [37]. Obviously operator K-theory is
an important field unto itself which requires much study to understand fully, however in
the narrow context of Multiplier Algebras we hope to get away with just understanding the

basics. First we outline the construction of the first K-theory group K.

Given an abelian monoid (M, +'), the Grothendieck completion of M is a group with the uni-
versal property that any other group containing the homomorphic image of M also contains

this group. We define an equivalence class ~ on M x M by
(a1, as) ~ (by,by) if there exists ac € M : a; + by + c=as + by +" c.

The Grothendieck Group of M is
GM):=M/ ~

with operation + such that

[(al, CLQ)] + [(bl, bg)] = [((11 +/ bl, a9 +, bQ)]

In other words, these equivalence classes [(a, b)] are formal differences a — b of elements in

M, and artificially create inverses for elements in M:
[(a,b)]+[(b,a)] = [(a+"b, b+ a)] ~ [(0,0)] because a+"b+'0+"c = b+ a+'0+'c with ¢ = 0.
The Grothendieck group admits a homomorphism

v: M — G(M) a—[(a,0)]

called the Grothendieck map.
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Given a C*-algebra A, we obtain the group Ky(A) as follows: Let P(A) denote the set of
projections in A, and P,(A) = P(M,(A)) = P(M,(C) ® A)). Then we define

Poo(A) = | Pu(A).

Define an equivalence relation ~y on Py (A) by
P~ qif v € Myym(A) :v'v = p, vv* = q.

Of course, if p,q are in the same P,(A), then this is just the classical Murray-von Neu-
mann equivalence. We may also define an operation @ on Py (A): If p,q € P,(A), P(A)

respectively,

p 0
pdqg= € Mpim(A).
0 ¢

We now define a monoid D(A) := P (A)/ ~¢ with operation + defined by:
] +la] = [p @ q].
Definition 3.1.3. We define Ky(A) to be the Grothendieck completion of D(A):
Ko(A) = G(D(A)). There is a map [-]o : Poo(A4) — Ko(A), p = [plo == v([p])-

Now we construct the higher K-group K;. We once again start with a C*-algebra A, and
assume it is unital. We denote by U(A) the group of unitary elements in A, which forms
a topological group with the norm topology. We will denote u ~j; v when two unitaries
u,v € U(A) are homotopy equivalent. Of course, any two =,y € A are homotopic in A via
the path t — tx + (1 — t)y, however it is not a given that any two elements of U(A) are
homotopic in U(A).

Similarly to how we started our construction of Ky, we denote U, (A) = U (M, (A)) forn € N
and U, (A) the union of the U, (A)’s. We define the binary operation @ on U, (A) by

uw 0
uDv = € Unin(A), foruel,(A), vel,(A).

0 v
We define an equivalence relation ~; on U, (A) by u ~; v if there exists a k > maxm,n

such that u® 1, ~p 11—, B v, where 1; denotes the identity element in My(A) (wd 1y = w
by convention), for each u € U,,(A), v € U,(A).
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Definition 3.1.4.
K1(A) = U (A)/ ~1
The operation + on K (A) is defined by [u];+[v]; = [u®wv];, where [-]; denotes the equivalence

class with respect to ~j.
Proposition 3.1.5. Let A be a C*-algebra. Then K((M(A® K)) = K1(M(A® K)) = 0.

Proof. Take a sequence v; of isometries (so since multiplier algebras are always unital, v}v; =
1) in 1® B(f?) C M(A) @par M(K) C M(A ® K) with pairwise orthogonal ranges (these
exist because M (A ® K) = M,(M(A ® K)) for all n, and hence is properly infinite, see [3,
p. 12.1]). Let p be a projection in M (A®K). With our characterization of strict convergence
in 3.0.1, we see that the sums g = ov;pvf and ) v; 10 converge strictly in M(A® K). Then

we define
0 0 p 0
w =
V1Y Vi) 0 ¢
p 0 00
Then, w*w = ,  and ww* =
0 ¢ 0 ¢

So, in Ko(M(A® K)), [q] = ww* ~y w*w = [p ® q] = [p] + [g]. This argument of course
works for any matrix p € Py (A), so we must have that Ky(M (A ® K)) is trivial. The same
argument works for unitaries so likewise, K;(M(A ® K)) = 0. O

The fundamental result of operator K-theory is a Bott periodicity theorem which shows that
Ky(A) and K;(A) are the only two K-theory groups for a given C*-algebra A (see [3], section
V.1.2). A consequence of this is that we may construct the following long exact sequence,

which becomes cyclic due to the Bott periodicity result:
Theorem 3.1.6 (Six-term exact sequence). Suppose

I—— A" A/l

is a short exact sequence of C*-algebras. Then there is a cyclic exact sequence of groups:

Ko(I) —=— Ko(A) —"— Ky(A/I)

B Jo

Ki(A/T) +— Ki(A) «—/— Ki(I)
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3.2 Hereditary C*-algebras and Stable Isomorphism

Definition 3.2.1. Given a C*-algebra A, a hereditary C*-subalgebra B C A is one such that
whenever a € A,b € B are such that 0 < a < b, then a € B. If p € M(A) is a projection,
then pAp is a hereditary C*-subalgebra of A called a corner. A subalgebra B C A is called
full if it is not contained in any proper ideal, or equivalently if it generates the whole algebra

as an ideal, that is, Span(BAB) = A.

Remark 3.2.2. If a € A is a positive element (not necessarily a projection), then aAa is a

hereditary subalgebra (and the smallest one containing a).

Next, we include the following facts from [13], which are surely well known. Suppose I < A is
a closed two-sided ideal. We may define M (A, I) as the multipliers of A which do not leave
I. That is,

MA ) ={zeMA):(z-A)U(A-z)CI}.

Proposition 3.2.3. Let A be a C*-algebra and I < A a closed two-sided ideal. Then:

(1) The canonical *-homomorphism o : M (A, I) — M(I) is surjective.
(2) The image of o is a hereditary C*-subalgebra of M ().
(3) The kernel of the Tietze extension 7 : M(A) - M(A/I)of m: A — A/l is M(A,I).

If A, A/I are o-unital, there is a short exact sequence
M(A,I) — M(A) - M(A/I).

Proof. (1) By definition of M(A, ), it contains I as an ideal, and there is a unique map
o: M(AI) — M(I) defined by o(z)b =z -bforall b € I,z € M(A,I). If we can show
that I is essential in M(A,I) (i.e: whenever zb = 0 for all b € I, x = 0. Equivalently, 1
intersects trivially with all other nontrivial ideals of M (A, I).) then ker(c) = 0 and we've
shown injectivity. So let 2b = bz = 0 for some nonzero x € M(A, ) and every b € I (we will
require our ideals to always be two-sided). Then there is a nonzero a € A such that za # 0
and hence za € I. But then there must be a b € I such that 0 # (za)b = z(ab). But ab € I

so we have a contradiction.
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(2) Tt will suffice to show that o(M (A, I))M(I)o(M(A,I)) C o(M(A,I)). Let x1,29 €
M(A,I),y € M(I) and let z € M(A) act on A such that
zea=x1-(y-(xe-a))and a-z = ((a-x1) - y) - 2

for all a € A. Then z € M(A,I), and

o(2)b=z-b=z1-(y-(22-0)) = o21) - (y - (o0(2) - b)) = (0(21)yo(22)) - b,
for all b € I. Likewise b-0(z) = b o(z1)yo(x2). So, o(z1)yo(z2) = 0(2) € a(M(A,I)).
(3) Let x € M(A) be in the kernel of 7, i.e: 7(z)m(a) = 7(a)7(x) = 0,Va € A. Then,
m(x-a)=7(a-z)=0,Ya€ A;sox-a=a-x € [,Va € A, and thus x € M(A,I). ]

Lemma 3.2.4 (Pedersen). If B is a C*-algebra containing another C*-algebra A as an

essential ideal, then there exists an embedding B — M(A) taking A to itself.

Proof. Let p be a central projection in B™ (the set of elements of B” obtained as monotone

increasing limits of elements in B) such that A” = pB”. Let
{r € B:px=0} =,
which is an ideal orthogonal to A. Then the map
7:B—= A" xw—px

is injective. It is clearly the identity on A, and moreover for each y € A, x € B, pry = xy.

This gives the embedding. O]

Remark 3.2.5. Applying this to a C*-tensor product, where A®, B C M(A)®, M(B) as an
essential ideal gives us a natural embedding M (A) ®, M (B) C M(A®, B). This embedding

is strict in most cases (see [1, Thm. 3.8]).
We make use of the following deep result [2, prop. 2.6] which Terry Loring adapted in [26]

so that we may include the norm condition that contractions lift to contractions.

Proposition 3.2.6 (Akemann, Pedersen). If zy,...z,, € A are positive, and x;z; € I for
i # 7, then there exist a;,...a, € I such that (x; — ay),...(z, — a,) are positive and pairwise

orthogonal in A.
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We will require a few lemmas to prove this, also from [2].

Lemma 3.2.7. If x = ulz| is the B(#H) polar decomposition of an element a« € A C B(H),
a C*-algebra, then for every complex valued f on o(|z|) vanishing at 0, uf(|z|) € A. In
particular we can replace B(H) with any von Neumann algebra, so this lemma is allowing

us to use polar decomposition in general C*-algebras.

Lemma 3.2.8. Let € A be self-adjoint, f be a continuous function on o(|z|), and = denote

the quotient map A — A/J for some closed, two-sided ideal J. Then f(m(x)) = n(f(z)).

To prove both of these lemmas we use the Stone-Weierstrass theorem to approximate a
continuous function by polynomials (with 0 constant term) because o(|z|) C R is compact.
This helps because it’s easy to see that for such a polynomial,

u (Z = 1”)\i|x|i) = Z = 1"\x|z € A
A similar fact can be formulated for the second statement. Finally, the Gelfand representa-

tion gives the desired result in both cases.

Proposition 3.2.9. Let A be a C*-algebra, [ < A, z,y € A such that xy € I. Then, there
exist a,b € I such that (z —a)(y —b) = 0.

Proof. In the case of z,y positive elements, set 71 = (x —y),y1 = (x —y)_ where (xr —y) =
(x —y)+ — (xy)— is the unique decomposition of the self adjoint element (z — y) into the
difference of two orthogonal positive elements. Orthogonality gives that zyy; = 0. Since
x,y € I, m(x)m(y) = m(zy) = 0, and so we could consider that 7(z) — m(y) is already written

as a difference of orthogonal positive elements. So,

m(z) = (7(z) = 7(Y))s = (7(z —y))s = 7((x —y)4) = 7(21),

where here we applied lemma 3.2.8 to the function (-),. The same argument gives that

m(y) = m(y1). Set a = — x1,b =y — y1, and note that (z — a)(y — b) = z1y; = 0.

In the case where x,y are non positive, we will use the polar decomposition in A**, thanks

to 3.2.7, and write x = u|z|, y* = v|y*|. Note that by Gelfand theory,
o] 20y |2 = lmm(e + )20 (g e + )2
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1/2

and since I is a closed ideal, |z|'/2|y*|'/? lies in I as well. Since these are positive elements,

the first part of the proof gives us the existence of ay,b; € I such that

(l2["* = a)(ly*|'/* = b1) = 0.

Set a = u|z|'/?a; and b = by|y*|"/?v*, and note that by an application of 3.2.7 to (-)/2,
ul|z|2, v|y*|V/? € A and so a,b € I. Finally, since y = (y*)* = (v|y*])* = |y*|v*,
(= a)(y = b) = (z = a)(|y"|v* =) = ulz2(|z[V* = ar)(ly*["/ = b)) ly"[*0" = 0.
[

Remark 3.2.10. In the above proposition, if z,y are positive (resp. self-adjoint), then (z —
a), (y — b) can be taken to be positive (resp. self-adjoint). The positive case is baked into

the last proof. For the self adjoint case, we let

v = [(2] = lyl)- ]2 ulal (2] = Jyl)4 ]

y1 = [(l2] = lyD)-1"*oly (2] = |yl) -]

1/3 13 =

and note that 2,3, = 0 and clearly since z,y are self adjoint, u|z|'/? = |2|"/3u and v|y

ly|*/3v. If we can show that 7(z1) = 7(x) and 7(y1) = 7(y), it suffices to let @ = z — x; and

b=y —y. To show this we use lemma 3.2.8 and note that |z|'/?|y|'/? € I = |z||y| € I, so

m(x1) = [(n(lz]) = w(lyD)+] P (ule| ) (7 (|2]) = 7 (ly])+]

= w () (ulz"P)m(|2])? = 7 ().

Proof of Proposition 3.2.6. The case of n = 2 is what we showed in the proof of 3.2.9 (see
the last remark). We assume it true for (n — 1) and proceed by induction. Let y = 327" z;,
and x,, be a positive element such that z,x;, z;x, € IVi =1,...n—1. By remark 3.2.10, there
exist a,,b € I such that (z, — a,)(y —b) = 0 (since z,y € I) and (z, — a,), (y — b) € AT.

Since m(y) > w(x;) for each ¢ < n, we may apply lemma 3.0.4 (n — 1) times to get elements

by, ...bp_1 € I such that (x; — b;) are all positive and satisfy (x; — b;) < (y — b).
Now we define a C*-subalgebra
Ay={z € A: (z, — a,)r = z(x, — a,) = 0}.
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Note that (y —b)(x, —a,), and since 0 < z; —b; <y—0b, z; —b; € Ay, foreachi =1,..n— 1.
Now note that {z; :=2; — b; : 1 <1i <n — 1} satisfy z;2; € I N Ay, Vi # j, so by assumption

there are ¢, ...c,_1 € I.A, such that x; — b; — ¢; are all positive in Ay and
(.Ti — bz - Ci)(l’j - bj - Cj) = 0, Vi # j

Now, set ay = by + ¢, for 1 < k < n—1, and note that since xy — ay, are in Ag, (v —ag)(z, —

ap) = (T —an)(zr —ar) =0 forall 1 <k <n. O

Corollary 3.2.11. Let A be a unital C*-algebra and I < A. If x4, ...z, are pairwise orthog-
onal, positive, contractions in A/I, then these lift to z, ...z, € A which are also pairwise

orthogonal, positive, and contractive.

Proof. By 3.2.6, there are yi, ...y, € A such that n(y;) = x;. Define z; = f(y;), where
f(A) = min(1, \). Making use of 3.2.8,

m(z:) = w(f(4:) = fm (i) = f(@:) = @i,

because x; are contractions. Finally,

2,%; = f(yi)f(y;) = 0.

3.2.1 Brown’s Stable Isomorphism Theorem

The next theorem we will prove is the stable isomorphism theorem due to Lawrence Brown
[6]. We will give the full proof following Brown’s initial work. As usual, ® denotes the min

tensor.

Definition 3.2.12. A pair of C*-algebras A, B are stably isomorphic if A K =2 B® K,
where K is the algebra of compact operators on the separable Hilbert space K(£2).

Let A be a C*-algebra with I <A a dense two-sided ideal. We know [14, Prop. 1.7.2] that A
admits an increasing approximate unit of elements in /. A helpful corollary to this is that

if we have a right ideal R < A which generates a dense two sided ideal, then we can assume
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this approximate unit takes the form ), 77r;, where r; € R. Noting the basic fact that in a
C*-algebra,

a'b+b*a < a*a+bD
it follows that any self adjoint element = of the two sided dense ideal [ = R*R is abounded

above by a sum Y afa; with a; € R. Then we can take

r; =c;i(e + Z crep)V?,

Lemma 3.2.13. If p is a full projection in M(A) (that is, pAp is a full corner), e € A, and
e > 0, then there are ay, ...a, € A such that > aipa; <1 and ||(1 = > alpa;)e|| < e.

Proof. Considering that pA is a right ideal generating a dense two sided ideal if p is a full
projection, we apply the preceding argument to get an increasing approximate unit of the

form > aipa;. Then we may make an appropriate choice of n based on e. O

Lemma 3.2.14. Once again let p € M(A) be a full projection, and suppose A has a strictly
positive element e. Then there exist (a;) € A such that > alpa; = 1 with convergence in

the strict topology.

Proof. Suppose ny < ng < ...ny. For some k, suppose we have s, = > 1" afpa; < 1 and

(1 — sk)e|| < 1/k. By 3.2.13, there exist by, ...b,, € A such that
s' =) bipb; < 1, and [|(1 — s3) /2 (1 — s')(1 — s)"%e|| < 1/(k + 1).
1

Let ngy1 = ng +m and a,,; = bj(1 — sx)Y2. So the s — 1 strictly. Now note that
for arbitrary € A, the sequence z*(1 — Y ) afpa;)x is monotone decreasing and has a

subsequence (the s;’s) going to zero, hence goes to zero. Finally, since

Y aipa; | x x” ” aipa; | x
(<] (Son)

indeed the sum converges strictly to 1. O

1/2
<

Now let e;; be a generating set of matrix units for the C*-algebra K = K(¢?) of compact

operators on the separable Hilbert space. We also note that in the subsequent proofs Brown
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makes liberal use of the fact that M(A) ® M(K) C M(A® K) embeds as a subalgebra. This
is because A ® KC is an essential ideal of M (A) ® M (K), and follows from 3.2.4, as was noted

by Akemann and Pedersen in [1] (see remarks after corollary 3.6).

Lemma 3.2.15. Let p € M(A) be a full projection, and e € A a strictly positive element.
Then,

(1) There exists a partial isometry v € M (A ® K) such that
vu=1®ey;;, and wu" <p®l1

(2) There exists a v € M (A ® K) such that

*

v'o=1, and w'=p®1

Proof. (1) Take the sequence (a;) as in 3.2.14 and let u = Y pa; ® e;; € M(A® K). That
the sum converges strictly is not terribly hard to see. Let’s denote by u, the partial sums
> 1 pa; ® e;;. Because finite sums of the form b, ® e, are dense in A ® K, and ||u,|| <1, it

will suffice to show that the u, converge in the seminorms || - ||, e, -

First note that (b ® ej;)(pa; ® €;1) = 0 unless i = k, so obviously (b ® ej;)u, will converge.
For the other side, note that:
(et = ) (0 ® egi) P = 10" © ) (un = wn)* (= 1) (b @ eg3) | < [0 ) afpai)b]| = 0
m+1
That the above goes to zero is thanks to 3.2.14. So indeed the u,, are convergent in the

seminorms we wanted, and hence we have strict convergence.

(2) Let N; be disjoint infinite subsets of N such that N = U;N;, and let e; = 3,y 1®e;; €
M(A ® K). We will proceed in a similar way to our previous proofs. Suppose we have for

some fixed n, a set of partial isometries {vg : 1 < k < 2(n — 1)} such that:

(i) vjug are all mutually orthogonal, as are v,v},
(i) 2 vfon = Y0 e,
(i) S vjoe < 1 e,
)

(iv) S P up < (p@ 1) X0 ey, and
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2n—2 % n
(V) Dot wvp = (p@1) 300 e

We build vs, 1 and vy, recursively. One may easily adapt the argument in (1) to obtain a
partial isometry u such that uv*u = e, and uu* < (p ® 1)e,. It is not hard to see that there
exists a partial isometry w € M(A® K) such that w*w < e, and ww* = (p® 1)e, (indeed
once the second condition is satisfied, adjusting to cover the first poses no issue). Then we

define:

n 2n—2 n 2n—1
* *
Vop—1 = U E e; — E vivg |, and v, = (p® 1) E e; — E vpvp | w
i=1 i=1 i=1 i=1

By construction, the vy satisfy conditions (i)-(v). Finally we set v = > v, with strict

convergence. O

Corollary 3.2.16. If B is a full corner of A, and A has a strictly positive element, then B
is stably isomorphic to A.

Proof. 1f B is a full corner, then B = pAp for a full projection p € M(A), so we may make
the identification

BK=(pe1)(AK)(p®1).

The isomorphism A ® K — B ® K is induced by the partial isometry v as above. O

We are now ready to prove Brown’s main theorem. The case of a full corner was just proven,
but to extend the result to any hereditary subalgebra Brown makes use of a clever matrix

trick:

Theorem 3.2.17 (Brown). Let B be a hereditary subalgebra of a C*-algebra A, and suppose

both have a strictly positive element. Then A is stably isomorphic to B.

Proof. Let My(A) = A ® My(C) be the algebra of 2 x 2 matrices with entries in A, and
{ei; 1,7 = 1,2} be matrix units for Ms(C). Define the following subalgebra C' C My (A):

C = {Zaij(}beij:an € B, a1 € BA, a9 € AB, and ay EA}.

Using coordinate projections, we may easily see that B is isomorphic to the full corner B®eq;

of C, and A to the full corner A ® eq. If x1, 29 are strictly positive elements of B and A
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respectively, then 1 ® e;; + x2 ® egy is a strictly positive element of C. We now simply
invoke corollary 3.2.16 to see that C' is stably isomorphic to both A and B, and hence A is
stably isomorphic to B. O

4 C*-algebras with Real Rank Zero

The real rank of a C*-algebra was introduced by Brown and Pedersen [5] as a non-commutative
analogue of the notion of dimension for a topological space. Results in this section are due

to Lawrence Brown and Gert Pederson [5] unless otherwise noted.

4.1 The Real Rank of a C*-algebra

Definition 4.1.1. The real rank of a unital C*-algebra A, denoted RR(A), is the smallest
integer such that for any n-tuple of self adjoint elements (z1, ..., z,,) in A with n < RR(A)+1,
and every e > 0, there is another n-tuple of self adjoint elements (y1, ..., %,) such that > y?
is invertible and || > (z; — y:)?|| < e.

For non-unital A we define the real rank of A to be the real rank of its unitization. If A has
real rank zero, this means that any self adjoint element can be approximated by an invertible

self adjoint element.
Proposition 4.1.2. Any von Neumann Algebra has real rank zero.

Proof. Let A C B(H) be a von Neumann Algebra and z € A,,. Consider the spectral
projection of z corresponding to the Borel subset [—¢, ], and denote this projection p. Then

y = (1 — p)x + ep has self adjoint inverse by spectral theory.

That is, recalling the multiplication operator version of the spectral theorem (1.2.7), H
can be identified with some L?*(X, 1) by a unitary, and there is a real valued function f and
multiplication operator ¥, corresponding to the element x, so that [zp](t) = f(t)¢(t). Then,
p is given by the multiplication operator f; := x[_ o f and y is given by g = (1— f;) f +<f-.
This function is real valued because x is self adjoint and it’s not hard to see that 1/g is

bounded and real valued as well, hence showing y has a self adjoint inverse. Finally,
|z =yl < llpz]| +llp|| = 2.
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Lemma 4.1.3. If x,y € A, are such that ||zy| < &2, then if z = z — v,
|z =@+ yl <2 |z —zll <6, [zm -yl <e
Proof. First we recall that |z| denotes v/z*x for z € A, a C*-algebra. It is immediate that
122 = (= + 9)*I = [2(yz + 2y)|| < 4¢?

The square root is operator monotone, that is, if < y in a C*-algebra, then z'/2 < y'/2. 3

Moreover, on positive elements the square root is subadditive, so
4y < (22 +4)V? < 2| + 2.

Similarly,
|zl <z +y+2e=l[z] - (@ +y)| <2

Now, 2(z4 —z) = |z2| + 2 — 22 = |z| — (x + y) < 2¢, and by analogous reasoning we obtain

the third and final inequality. m

Lemma 4.1.4. If z,y € A, are such that ||z — y|| < e, then for 62 = (||z] + ||y||)e,
el =Tyl <6, Nz =yl < (0 +2)/2, Nz =y < (6 +2)/2.

Proof. First we note that ||z? — 3?|] < 6% and so by the same operator monotonicity of the

square root argument as above, |||z| — |y||| < J. Finally,

20z —yy) = (el +2) = (Jyl +y) = (2l = lyD) + (¢ —y) = oy =yl < (0 +)/2.
The same argument gives the third and final inequality. O]

Lemma 4.1.5. If A is unital, p is a projection in A, and x € A such that b = (1 —p)z(1—p)
is invertible in (1 — p)A(1 — p), then z is invertible in A if and only if a — c¢b™'d is invertible
in pAp, where a = pzp,c = pxr(l — p), and d = (1 — p)ap

30n invertible y > 0 (otherwise take y + d1) suppose that 2 < y? = ||y~ 2%y~ < 1. Then w =

-1

y‘l/2 /2 = 47122412 where z = xy~' (so w,z are similar, and ¢ is normal). Then, |lw| = r(w) =

) <zl = Vizzll = Vg la?y= < 1= 2 <.
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Proof. We note that we may define a correspondence

pAp PA(1 —p)
A+—
(1—=p)Ap (1-p)A(l—p)
It’s obvious that the map from A is onto, and if x is to be mapped to the zero element then,
prp = (1 — p)z(1l — p) = 0, so it is also one-to-one. In view of this correspondence, x € A

can be written according to the decomposition

a c p cb? a—cbtd 0 p 0
r = =

d b 0 1—p 0 b \b7'd 1—p

Both the triangular matrices correspond to invertible elements in A, so provided b is invert-

ible, x is invertible if and only if @ — cb~'d is invertible. O

Theorem 4.1.6 (Brown, Pederson). Let A be a unital C*-algebra. If RR(A) = 0, then
RR(pAp) = 0, for all projections p € M(A). Conversely, if RR(pAp) = RR((1—p)A(1—p)) =
0, then RR(A) = 0.

Proof. Suppose A is unital. Then of course p € A = M(A). If RR(A) = 0 and = € pAp is
self adjoint, then z € A (in particular, z + 1 — p € Ay,) and we can find self adjoint and
invertible y € A such that ||z +1—p—y| <e. If welet b= (1 —p)y(l —p), then

L=p=b=l1=p)lz+1-p—yll-pl<e

Assuming ¢ < 1, b is invertible in (1 — p)A(1 — p) and so invoking lemma 4.1.5, because b

and y are invertible, this means that

z = pyp — py(1 — p)b~" (1 — p)yp € pAp

is invertible. We obtain the estimate ||b7!|| < (1 — ¢)~! by approximating the Neumann

series of b~!. Then we can bound:
lpy(1 =)o~ (1 = p)ypll < (1 =) lpy(1 = p)II* < (1 —)7'e™
Then, since ||z — pyp|| = [lz — y| < e,
lo = 2]] < llz = pypll + (1 —e)7'e® < e+ (1 — )7
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Thus, RR(pAp) = 0.

Conversely, suppose (once again for A unital) that RR(pAp) = RR((1 — p)A(1 — p)) = 0.

Take © € A,, and write is according to the decomposition from 4.1.5 noting that since

*

=21 d=(1-plap=[px(l—p) =c"

Also we remark that a,b are self adjoint in this case. Let ¢ > 0 and find some b, €
(1 —p)A(1 — p) self-adjoint and invertible such that ||b—by|| < e. Next we can find ag € pAp

self adjoint such that ag — cb'c* is invertible in pAp and |la — ap|| < e. Lemma 4.1.5 shows

that
ap C
o =
c* bo
is invertible in A and of course we see that ||z — z¢|| < e. Thus, RR(A) = 0. O

The case of non-unital A follows if one of the projections p or (1 — p) is taken to be in A (we
simply follow the same steps noting that the unitzation of (1 — p)A(1 —p) is (1 — p)A(1 —
p) + C(1 — p)). However, if A is non-unital and both p and (1 — p) are not in A, the proof
becomes more involved. Fortunately, we will not require this case, as the projections in the

theorem below are all in A.

Lemma 4.1.7. Let xq, ...z, € A. If there is a projection p € A such that ||(1 — p)zi| < e

for each k, then there exists an approximate unit for A consisting of projections.

The above can be found in the proof of theorem 3.1 of [15]. We have the following charac-

terizations of real rank zero algebras. We follow the proofs from [5] and [34].
Theorem 4.1.8 (Brown, Pedersen). Let A be a unital C*-algebra. TFAE:

(1) RR(A) =0,
(2) (FS) The elements in Ay, with finite spectra are dense in As,,
(3) (HP) Every hereditary C*-subalgebra B C A has an approximate unit consisting of

projections,
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(4) For any two orthogonal elements z,y € A, and ¢ > 0 there is a projection p in A such
that ||(1 — p)z|| < e and py =0,

(5) For any two orthogonal elements z,y € A, and £ > 0 there is a projection p € A such
that [[(1 —p)z|| < e and [jpy| <e,

(6) For any two elements z,y € A, and € > 0 such that ||zy|| < €* there is a projection

p € A such that ||[(1 — p)z|| < € and ||py|| < €.

Proof. First we prove the equivalence (1) = (6) = (5) = (1). The implication (6) = (5) is

immediate. Let ¢ > 0. To show (1) = (6) take an &; > 0 such that
lzgl? + ((2llz = yll + e1)e1) 2 +e1) /2 < e

Next choose an invertible z € Ay, such that ||z —y — z|| < €1, and note that since z is
invertible, 0 & o(z) so by the spectral theorem there is a projection p such that pz = z, and

of course (1 — p)z = z_. Then,

[z =z < Ml = (@ = y)+l + Iz — )+ — 2411

By lemma 4.1.3, ||z — (z — y).|| < ||zy||*/?, and by applying the second inequality of 4.1.4
to x —y and z, [[(z — y)+ — 24| < (= =yl + l|zl)e1)"/? + €1). Finally noting that

|z|| < ||z — y|| + ¢ by assumption, we get that
lo = 2 || < eyl + (2lle =yl +e)en)* +e1)/2 <e.
A similar argument gives us ||y — z_|| < €. Hence,

= [T =p)zl =1 = p)(x = 2| <&, and []py|| = [Ip(y — z-)|| <e.

Next we want to show the implication (5) = (1). Take an = € Ay, and € > 0. z; and
x_ are orthogonal in A, so we may, by assumption, choose a projection p € A such that

|1 = p)a-]| < < and [[pr_|| < . Then,

[z = [pzp + (1 —p)z(1 = p)]| = [[(1 = p)zp + p2(1 = p)|| = [lpz(1 —p)|

= [lpz(1 = p)ll = lIplz+ — 2-](1 = p)I| < 2e,
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and

—ep <pzp, and (1—p)lz(l—p) <e(l—p).
Therefore,

y =pxp+2ep+ (1 —plz(l —p) —2:(1—p)

is self adjoint, invertible in Ay, and ||z — y|| < 4e. Hence, RR(A) = 0, and we’ve completed
(1) = (6) = (5) = (1)
Next we prove (5) = (2) = (3) = (4) = (5). (4) = (5) is clear. We shall now show
(5) = (2). Let z € Ay, and take real numbers r, ¢ such that r < x < t. Let s = (r +1)/2

and for ¢ > 0, let p be a projection such that ||[(1 —p)(z — s)4|| < € and ||p(z — s)_|| < e.
Then,

|z — [prp + (1 = p)z(1 —p)]|| = (1 = p)zp + pz(1 — p)|| = |[pz(1 —p)|
= [[pz(1 = p) + ps(1 = p)|| = [Ipl(x — 8)4 — (x —s)_J(1 = p)|| < 2¢
Moreover,
(s —¢) <sp—p((x—s)y —g)p < sp—plx —s)p=prp < tp,

and similarly,

r(l=p) <A =plz(l =p) =1 =p)(x =s)(1 =p) +s(1 —p) < (s +)(1 —p).

We already showed that (5) = (1), so by theorem 4.1.6, pAp and (1 — p)A(1 — p) are both
real rank zero, and we may replace z in the above by prp and (1 — p)z(1 — p). Starting
with ||z]] < 1 and letting &, = 27 "¢, after n iterations we end up with {p; : 1 < k < 2"},

orthogonal projections summing to 1, and such that

Hw - ZPMZ%H < (e1+...+en) <26

and

(k—1)27"" — 1 —e < ppapp < k27" — 14 ¢, VE.

If we set

Ty = Z(kQ_"H — D)py,

k
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then z,, has finite spectrum by construction, and

lz = zall < llw =D prapill + | Y prepr — x|
k k

Zpkxpk — (k27" = 1)py,
k

< 2 + < 3e 427

Hence, we have found a dense subset of elements with finite spectrum.

(2) = (3), i.e. (FS)=(HP). Let B C A be a hereditary subalgebra. By 4.1.7, if 24, ...z, € B
and € > 0, we must find a projection p so that |[(1 — p)zg|| < € for each k. However we note

that, in fact,

11 = p)a]l* <

Y

(1—p) Z TpTy

so it suffices to show that we can find p for a single positive . Furthermore, we may assume
that ||z|| = 1, by scaling. Choose § > 0 so that 6§ > & — 2. There will be large enough N
such that 0 + 6" > 1. Since we assume (FS), there exists a y in A,, with ||z — y|| < 4,

and 0 < y < 1 (by spectral theory). The map t + /" is continuous, so we also have
ot/ =yt < 6.

Let ¢ be the spectral projection of y onto the interval [§, 1], which gives ||(1 — q)y| < 9.
Then, because we chose N sufficiently large, ||(1 — y*")q|| < d. Thus,

I =@zl <1 =)z =yl +lly — gyl <26
and, because we assumed ||z|| = 1,
/gt — g < 36.
Letting z = 2'/"qz"/™ € B, we see that
|z — 22| <65 <e—e?=(1—¢).

Hence, o(z) C [0,e] U[1 — ¢, 1]. Letting p denote the spectral projection of z corresponding
to the interval [1/2,1], we note that p € B, because z € B, and ||z — p|| < e. Then,

Q=p)z|| <e+|(1—-2)z|| <e+35+[|[(1 —q)z| <ec+5I < 2e.
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Hence, p forms our approximate unit.

(3) = (4). Let 2,y be orthogonal elements in A,, and B = zAz C A be the hereditary
subalgebra generated by x. By assumption (3) = (HP), there is for any ¢ > 0 a projection
p € B such that ||(1 — p)z|| < e. Since y is orthogonal to z, it annihilates B, hence py = 0.
This completes the equivalence (5) = (2) = (3) = (4) = (5), and thus completes the

proof. O]
Immediately from the equivalence (1) <= (3) we obtain the following corollary:

Corollary 4.1.9. If B C A is a hereditary subalgebra and RR(A) = 0, then RR(B) = 0.

The process of determining RR(A) for an arbitrary C*-algebra is not straight forward, how-
ever there are many examples of common C*-algebras which can be shown to be real rank

zero thanks to the following proposition (a collection of results from [5]).

Proposition 4.1.10.
(1) If RR(A) = 0, then for every n, RR(M,(A)) = 0.
(2) If (A;); is a net of real rank zero C*-algebras and

E—

then RR(A) = 0.
(3) If RR(A) = 0 and B is approximately finite dimensional (AFD), that is, it is a direct
limit of finite dimensional C*-algebras (B;);, then RR(A ® B) = 0.

Proof. (1) Since M, (M(A)) = M(M,(A)), there is no harm in assuming A to be unital.*
Let us assume that for n < N, RR(M,,(A)) = 0 and we shall proceed by induction. Denote
by en the projection onto the span of the first N basis vectors. Consider the projection

p=1®eyn. Then,
pMy1(A)p = My(A) and (1 —p) My (A)(1 —p) = A.

We assumed RR(A) = 0 and RR(My(A)) =0, so by theorem 4.1.6, RR(My.1(A)) = 0.

“4please excuse the ambiguity in the notation for a multiplier algebra M(-) and matrix algebra M,,(-).
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(2) Assume A is unital and that 14 € A;,Vi. If A; is not unital take the unitization to be
A; = A; ® Cl,. However, if A; is unital, but. 1a, # 14, then take B; = A; + C(14 — 14,
which has real rank zero and and note that A is the direct limit of the B;. Pick some
xr € A, and choose ¢ > 0. For each i, we may find an x;, self-adjoint in A;, such that
|z — ;|| < e/2. Because RR(A4;) = 0, there exists a y; € A;, self-adjoint and invertible, such
that ||z; — y;|| < €/2. Of course an invertible element in A; will be invertible in the direct

limit, and ||z — ;|| < e. Hence, RR(A) = 0.

(3) Once again we may assume B to be unital such that each of the B;’s contains 15. For

each ¢ note that we may write

N
A® B; =@ M,,(A).
k=1

By (1), each M,, (A) has real rank zero, and therefore so does A ® B; (being a finite direct
sum). Since A ® B is the direct limit of the net A ® B;, each of which has real rank zero,
RR(A® B) =0 by (2). m

4.2 Lifting Projections

We now note some more results compiled in [5]. Lemma 4.2.1 is due to Zhang, and was used
by Brown and Pederson to show one of their main results, that multiplier algebras of matroid
C*-algebras have real rank zero. A C*-algebra is called matroid if for any finite number of
elements z1, ...z, there are yq, ...y, residing in a subalgebra isomorphic to a matrix algebra,
with ||z; — y;|| < e. That proposition 4.2.2, and hence by extension, corollary 4.2.3 follows
from 4.2.1 is due to George A. Elliot.

Lemma 4.2.1 (S. Zhang). Let I < A is a closed ideal with RR(I) = 0, and B C A is a
hereditary subalgebra. If p € B/(BN1) is a projection which lifts to a projection in A, then
p lifts to a projection B.

Proof. Let p € B + I be a projection which we may write as p = b + = with self-adjoint
b€ B and x € I, and let us find another projection ¢ € B such that p — ¢ € I. Consider

the corner pIp, which is a hereditary subalgebra of I which has RR(0). Hence, by theorem
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4.1.8 (3), there is an approximate unit of projections for pI/p. In practice, this means that

for every e > 0, there is a projection r < p such that ||pz?p(1 — r)|| < €%. Then,

lzp(1 =) = [I(zp(1 = 7)) zp(L = r)l| = |1 = rllllp2*p(1 = 7)]| = [lp2*p(1 — )| <&,

and hence, ||z(p — )| = ||zp(1 — )| < . Now note that
p—r=plp—r)=bp—r)+zlp-r).
Letting p; = p — r, and by = bp1b, we get p; = by + x1, for some x; € I, and
1]l < 2[blle + &*.

If € is small enough, then ||b; — b3|| < 1/4, and there is a neighbourhood V' of 1/2 so that
VNo(by) =. Letting f € C(o(by)) be such that f(t) =0 for ¢t <1/2 and f(¢) =1 for t > 1,

by continuous functional calculus ¢ = f(b;) is a projection with p — ¢ € I. O

Proposition 4.2.2. If 1 9 A is a closed ideal with RR(I) = 0 and the induced group
homomorphism 7, : K¢(A) — Ko(A/I) is surjective, then every projection in A/I lifts to a
projection in A. (See 3.1 for the definitions of Ky and K7)

Proof. Because w, is surjective, any projection from A/I lifts to a projection in M, (A),
for some n. However A C M, (A) is hereditary (consider p the projection onto the first
coordinate, so that A = pM,,(A)p), so by 4.2.1, such a projection projection also lifts to one
in A. O

Corollary 4.2.3. If [ < A is a closed ideal with RR(I) = 0 and K;(I/) = 0, then every

projection in A/I lifts to a projection in A.

Proof. Consider the following part of the six-term exact sequence in K-theory (see 3.1.6 -
also [3] for details):
Ko(A) —"— Ko(A/T) —2—= K,(I) =0

The exactness of this segment of the sequence implies of course that m, is surjective, and so

we may invoke proposition 4.2.2. ]
Lemma 4.2.4 (Courtney).
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(1) Any finite collection of pairwise orthogonal non-zero projections in M (K @ Q(K))
(which sum to 1) lifts to pairwise orthogonal projections in M (X ® M (K)) (which sum
to 1).

(2) For any N > 1, any unital *-homomorphism C¥ — M(K ® Q(K)) lifts to a unital
*-homomorphism CV — M (K @ M(K)).

Proof. Assertion (2) follows directly from (1). 3.2.11 states that py, ...p, lift to some 1, ...x,, €
M (K ® M(K)) which are pairwise orthogonal positive contractions, but not necessarily pro-

jections. For each ¢ define

I =z, M(K® M(K),K®K)z;,

A= M(K® M(K))z; and, B;=pM(K® Q(K))p;,

Giving us for each i, the short exact sequence I; — A; - B;.

Because the z; are pairwise orthogonal, if we can lift the p; to projections in the A;, the
lifts will also be pairwise orthogonal. Fix an ¢ and note that I; is a hereditary subalgebra
of M(K® M(K),K ® K) (specifically, the one generated by z;). By 3.2.3(2), I; embeds in
M(K ® K) = B(£?) as a hereditary subalgebra. B(¢?) has real rank 0, a property which will
pass to I; by corollary 4.1.9.

K ® Q(K) is simple, o-unital, and purely infinite, so by a result of Rgrdam (3.1.2, or [38,
theorem 3.2], also independently proven by S. Zhang) the corona algebra Q(K ® Q(K)) is
simple. Then, K ® Q(K) is the only closed two-sided ideal in M (K ® Q(K), so B; embeds
either as a hereditary subalgebra of M (K®Q(K)), or as a hereditary subalgebra of K®QQ(K).
Either way, B; embeds as a hereditary subalgebra of a o-unital C*-algebra. Since B; is also
o-unital (i.e. there is a strictly positive element), in both cases we may invoke Brown’s stable

isomorphism theorem 3.2.17 to determine that we are in one of the two following situations:
either C@ B, 2 M(K® Q(K)), or K®B =K Q).
By the stability of K, for C*-algebras of the form K ® A, we have

Ko(K® B;) = Ko(B;) = Ko(Q(K)) or  Ko(B;) = Ko(M(K @ Q(K)).
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Since Ko(M(K)/K) = Ko(M(K)) = 0 and by 3.1.5, in both cases, K(B;) = 0. Recall that
RR(Z;) = 0, and note that the induced group homomorphism 7;, : Ko(A;) — Ko(B;) must
be surjective (because Ko(B;) is trivial). Hence, by proposition 4.2.2; the projections p; in

5 The Local Lifting and Weak Expectation Properties

In this section we introduce the local lifting property (LLP). Of the many characterizations
of this property, one which is of particular interest is 5.3.3. Although we only wish to
apply the result to C*-algebras, we include much of the operator space theory leading to the
original operator space result. We also introduce the LLP’s cousin, Lance’s weak expectation
property (WEP). Unless otherwise noted @ denotes the min tensor product, as usual. Most
of the work on this topic was at least initiated by Eberhard Kirchberg in the foundational
paper [23], and much of it has been compiled by Narutaka Ozawa in [30].

5.1 First definitions and historical context

Let A, B be C*-algebras and J<B a (closed, two-sided) ideal. We callaccpmap ¢ : A — B/J
cep liftable if there exists a ccp map ¥ : A — B such that ) = ¢, where 7 : B — B/J is the
quotient map. ¢ is called locally ccp liftable if for every finite dimensional operator system
E C A, the restriction ¢|g is ccp liftable. If we have unital C*-algebras (as we usually will)
we can replace ccp with ucp in this definition and be perfectly satisfied (this follows from
an argument based on 5.1.13 - see [7, lem. 13.1.2]). We shall henceforth abide by this new

definition.

Definition 5.1.1. We say A has the lifting property (LP) if for every B, J, and ¢ as above,
v is ucp liftable. A has the local lifting property (LLP) if every ¢ is locally ucp liftable.

Remark 5.1.2. The LLP, as is implied by the name, is a local version of the LP. It is imme-
diate, then, that the LP implies the LLP.

We say A C B is (weakly) cp complemented in B if there is a ucp map ¢ : B — A (resp A™)

such that ¢|4 = id|4. An example of an inclusion of weakly cp complemented C*-algebras
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is: for H < G discrete groups, then natural inclusion of C*-algebras C*(H) C C*(G). The

conditional expectation defined simply by s — 0, Vs € G\ H is sufficient.

Definition 5.1.3. A has the weak ezpectation property (WEP) if it is weakly cp comple-
mented in B(H ), where one faithfully represents A C B(H). A is said to be QWEP if it is
the quotient of a C*-algebra with the WEP.

Remark 5.1.4. Arveson’s theorem 2.1.13 essentially states that B(#) is an injective von
Neumann algebra. Because of this, the definition of WEP is independent of the choice of

faithful representation.

Remark 5.1.5. If instead we have von Neumann algebras M C N, with 7 a faithful normal
trace on N, then recall that by lemma 2.1.10 there is a unique trace preserving conditional
expectation ® : N — M with the relation 7(a®(z)) = 7(ax)) for a,z € M. Thus M is cp

complemented in N (also weakly cp complemented by the Bicommutant theorem).

The obvious example of a C*-algebra with the WEP is B(#). In studying the WEP and
LLP of separable C*-algebras we note that B(#) is universal because it is injective and
contains all separable C*-algebras. The other object which is universal in a sense similar to

this is C*(F), because every separable C*-algebra is a quotient of it. Moreover, C*(F) has
the LP (and the LLP).

Proposition 5.1.6 (Kirchberg). C*(F) has the LP for F a countable free group.

Proof. First we shall show that a *-homomorphism 6 : C*(F) — B/J is ucp liftable.
Let Uy, Us,... be the free generators of C*(F) and 1, xs,... € B be contractive lifts of
0(Uy),0(Us), .... Let

Tn (1 — zpa)/?
Ty = S MQ(B)
(1 —zpay)'/? —;,

Evidently, Z, is a unitary. By universality of C*(FF) there exists a *-homomorphism p :
C*(F) — My(B) with p(U,) = &,. Composition with the projection onto the (1,1) entry
gives the desired lifting C*(F) — B.

Given an arbitrary ucp ¢ : C*(F) — B/J we now want to show there exists a ucp lift. We

assume that B/J is separable because F is countable. By the Kasparov-Stinespring dilation
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theorem 6.2.5, there exists a *~homomorphism
6:C*(F) > MK B/J)

such that ¢(x) = (6(x))1; for z € C*(F) (here K denotes the compact operators on the
separable Hilbert space). We can now invoke the non-commutative Tietze theorem 3.0.2
which states that the *-homomorphism 7 : K ® B — K ® B/J extends to a surjective
*_homomorphism

#: M(K® B) - M(K® B/J).

We can now use the first part of the proof to find a ucp map p : C*(F) — M (K ® B) such
that § = mp. Then defining a new ucp map

v C(F) = B, (x) = (p())nn
gives the ucp lift of . O

It seems proper to mention now that it was conjectured by Kirchberg that all separable
C*-algebras are QWEP. This is known as the QWEP conjecture and much work was done
on this. In particular it was shown that the following conjectures are all equivalent to this
conjecture, including Connes’ embedding problem, a big (up until recently open) problem in

von Neumann algebra theory.
Theorem 5.1.7. The following are equivalent:

(1) (QWEP conjecture) Every separable C*-algebra is QWEP;

(2) C*(F) has the WEP;

(3) There is a unique C*-norm n C*(F) ® C*(F) (here F is the countably generated free
group F). In particular, C*(F) @ C*(F) = C*(F) ®max C*(F);

(4) Every C*-algebra with the LLP has the WEP;

(5) Tsirelson’s Problem in quantum information theory, see [19, p. 5];

(6) (Connes’ Embedding Problem) Any separable II;-factor embeds into R, the ultra-

power of the hyperfinite II; factor R. °

SA factor N C M is a subalgebra of a von Neumann algebra with trivial (up to scalar multiplication)
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This study was initiated when Kirchberg proved the remarkable proposition below, estab-

lishing the duality between the LLP and WEP that we have been referring to:
Proposition 5.1.8 (Kirchberg). Let A, B be C*-algebras. Then,

(1) A® B = A ®max B if A has the WEP and B has the LLP,
(2) A® C*(F) = A ®max C*(F) if and only if A has the WEP,
(3) B(H) ® B = B(H) ®@max B if and only if B has the LLP.

However, a consequence of the groundbreaking 2020 paper of MIP*=RE in quantum com-
plexity theory [19] was a refutation of Tsirelson’s problem, and hence Connes’ embedding
problem as well. This leads to a cascade of results related to the WEP and LLP. In particular,
it implies that all of the statements in the above theorem are false.

The proof of 5.1.6 is due to Kirchberg [22]. The question of properly distinguishing between
the LP and LLP in the separable setting was interesting. In the non-separable setting there
exist examples of C*-algebras with the LLP but not the LP, such as /¢y (see [30, p. 10]).
In the separable setting it was shown that the LLP and LP are equivalent if the QWEP
conjecture were true. Of course, the aforementioned refutation of the latter means that as

of 2020, there is still no answer to the following question:
Question 5.1.9. Does there exist a separable C*-algebra with the LLP but not the LP?

The following is a useful characterization of the LLP which is certainly known to experts.

Our proof follows remarks after proposition 6.5 of [12].

Corollary 5.1.10 (Arveson, Effros, Haagerup). Let ¢ : A — C*(IF)/J be a the identity on
a unital C*-algebra A (viewed as a quotient of C*(IF) for some free group ). Then A has
the LLP if and only if ¢ locally lifts.

Proof. The only if direction is trivial. Now if we suppose F C A is a finite dimensional

operator space, and let ¢ denote the lift of the restriction ¢|g. If we denote by p the

center. A factor is of type II; if every projection can be written as the sum of two Murray-von Neumann
equivalent projections, and the identity projection is finite. A factor is hyperfinite (AFD) if it contains a
dense increasing union of finite dimensional subalgebras. Connes [11] proved there is a unique such factor,

denoted R.
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surjective *-homomorphism C*(F) — A, then given any ucp map to a quotient C*-algebra
¢ : A — B/J, the composition ¢ o p : C*(F) — B/J is ucp and using the well known fact
that C*(F) has the lifting property, there is a ucp lift C*(F) — B. The composition of 1
with this lift gives us the desired lifting of of ¢ on F, and hence we’ve shown A has the
LLP. O

Remark 5.1.11. With a little work it’s not hard to see that in the case of separable A and

countably generated free group F, A has the LP if and only if ¢ lifts.

As an immediate consequence of the previous corollary, we get a new class of examples of

C*-algebras observing the LLP and LP:

Corollary 5.1.12. Every projective C*-algebra has the LLP. Every separable projective
C*-algebra has the LP.

For the second assertion remember that a separable C*-algebra is a quotient of C*(F), for F

countably generated, which has the lifting property.

Perhaps the most well-known class of examples of C*-algebras admitting the LLP are the
separable, nuclear C*-algebras. This follows from the Choi-Effros lifting theorem, below. An
elegant proof due to Arveson is included in [7, appendix C]. The main ingredient in this

proof is the following useful lemma:

Lemma 5.1.13 (Arveson). Let E be a separable operator system, B a separable C*-algebra
and /< B aideal. The set of ccp maps £ — B/I which are liftable is closed in the point-norm
topology.

Proof. Let ¢ : E — B/I be a ccp map and 7 : B — B/I the quotient map. Suppose there is
a sequence of ccp maps ), : E — B such that w0/, — ¢ in the point-norm topology. Since
E is separable we may choose {x} to be a norm dense subset. Passing to a subsequence if

necessary, the point-norm convergence implies that for every k < n,

|7 09, (2x) — (ax)| < 1/2".
It can be shown (by a simple induction argument - see [7, appendix C] for details), that

there exists another sequence of ccp maps ¢, : E — B such that
17 0 (k) — p(ap) | < 1/2%, and || (zx) = Yalz)|| < 1/2"7F, k<,
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and 7o)/ = mo1b,. Then the 1, converge to some ccp ¥ on the norm dense subset {z,},

they do so on the whole space. Moreover v is certainly a ccp lift of ¢. O

Theorem 5.1.14 (Choi, Effros). Let A be a separable C*-algebra. Every nuclear ccp map
A — B/I is cep liftable.

Proof. 1t suffices to show that any ccp map ¢ : M, (C) — B/I is liftable. Then since any
nuclear ccp map factors approximately through matrix algebras, and the point-norm limit
of liftable maps is liftable, the theorem follows. By the bijective correspondence in 2.1.4, we
take the corresponding positive a = [¢(e;;)] € M,(B/I) for the matrix units {e;;}. Since
Tn @ MpB — M,B/I is a *-homomorphism, «a lifts to some b € M,(B).. Applying the

correspondence again gives some map 1 : M, (C) — B which is a ccp lifting of ¢. O]

As an immediate consequence, every ccp map from a nuclear C*-algebra to a quotient is
liftable. In particular this implies that every map from a separable nuclear C*-algebra is

cep liftable (just compose with the nuclear map id4). Hence, separable, nuclear C*-algebras

have the LP (and the LLP).

In the same paper [23] where Kirchberg launches the study of the LLP and WEP, proves
most of the results found in this section, and poses the QWEP conjecture, the following

question is also asked:

Question 5.1.15 (Kirchberg). Does there exist a non-nuclear C*-algebra with the LLP and
WEP?

In 2020, Gilles Pisier [36] constructs a first example of a C*-algebra with these properties.
In fact, concrete examples of a non-nuclear C*-algebra with just the LLP have been hard to

come by. We will show a class of examples satisfying these modified criteria.

5.2 Operator Spaces and Operator Space Duality

Definition 5.2.1. Let X C A be an operator space in a C*-algebra A. A vector space
homomorphism ¢ : X — Y C B to another operator space is called completely bounded (cb)

if each of the maps
on : Myp(X) = Mo(Y),  en([z35]) = [o(25)]
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is bounded with respect to the norms on M, (X) and M, (Y) inherited from M, (A) and
M, (B). If ¢ is completely bounded we assign to it a norm

l¢lles = sup ||l enll,

the completely bounded (cb) norm. In the language of operator spaces we say that ¢ is
completely contractive if ||¢|la < 1 and completely isometric if each ¢, is isometric. The

space of all completely bounded maps X — Y forms a Banach space with the cb norm and

is sometimes denoted CB(X,Y).

The next thing we’ll need is some basic facts about operator space duality. Let E, X be an
operator spaces. Here and for the rest of the section we will simply write ® for the min
tensor of operator spaces, which is defined as the norm closure of the algebraic tensor £ ® X

in B(H ® K), where we represent £ C B(H) and X C B(K).

For an operator space £ C B(H) we denote by E* its Banach dual space, and will proceed

to define an operator space structure. For x = [zy] € M,,(E) we define
O : " = Min(C),  0a(p) = [o(zn)].

Denote by B,,(E) the closed unit ball of M,,(E). The following isometric inclusion gives the

operator space structure on E*:
O:E 30— <11 I Mw B(H)
meN z€ By, (E)

Theorem 5.2.2 (Operator Space Duality). Let E, X be operator spaces, and X finite
dimensional. There is an isometric identification between E*® X and the space of completely
bounded maps C'B(F, X). If both operator spaces are infinite dimensional then there is an

isometric inclusion £* ® X C CB(E, X).

Proof. The construction we will use is as follows.First we’ll suppose that X is finite dimen-

sional. For any ¢ = [p;;] € M,,(E*) = E* @ M, (C) define

T, :z— [¢ij(x)] € M,(C), for z € E.
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So T, is a cb map £ — M, (C) = X, and it is readily available from the definitions and from
the fact that M, (M,,(C)) = M,,(M,(C)) that the bijection ¢ <> T,, is isometric:

1@l () = sUp{|[(02)n (D)1t M)y 2 2 € Ny € B (E)}

= Sup{[|(T5)m (@)l st 01 () = € Ny € B (E)} = ([Tl

This concludes the finite dimensional case. Now we let X be a general operator space. For

z=> ., ®x; € E*©® X, we'll define our operator T, : E — X by
T.(e) = ngi(az)wi, for x € E.

Now let X C B(H), and for simplicity let’s assume H is separable. Take P, an increasing
sequence of finite rank projections in B(H) converging to 1 in the strong operator topology,
and with the property that rankP, = n. Denote by ®,, : B(H) — M, (C) the compression
by P, (z — P,zP,), and fix a z € E* ® X. We remark that

Thapa.) (=) () = Z 0i(2) D () = (B 0 T2) ().

So when we pass to the finite dimensional case we just proved, it suffices to first make the

identification T{iaga,)z) ~ (id ® ®,)(2) and then use this fact.

[2]lmin = sup [|(id @ ©n)(2) | 2+ s, (c) = sUP [P © Teller = [ T]|eb-
[l

Given a C*-algebra B, a finite dimensional operator space F' and an ideal J < B there is a

contractive isomorphism

(FOB)/(F®.J)— F®B/J

which will be useful because we can view F'® B/J as a quotient space of cb maps E* — B.

5.3 Calkin Algebra Characterization of the LLP

Let 2 denote the separable Hilbert space, and K = K (¢?) the ideal of compact operators in
B(f?). The quotient algebra B(¢?)/K is known as the Calkin algebra.
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The following theorem from a paper of Ozawa [31] characterizes the local lifting property
in terms of ucp maps to the Calkin algebra. We’ll write the proof in the C*-algebra case,
however it appears that there is no way to avoid passing through the more general case of
operator systems with the operator local lifting property (the operator space analogue of
the LLP). We are afforded some simplification thanks to the characterization in proposition
5.1.10 however it is essentially the same proof as proposition 2.9 of [31]. We'll use the

following technical lemma:

Let 0 : B — B(f?) be a ucp map with the exactness property that 6(J) C K. Then for a
finite dimensional operator system E C A (in fact it is true for an operator space), there are

natural ucp maps

0:B)J— B(®)/K, x+Jw—0(z)+K
and 0: (E®B)/(E®J) — (E® B(*)/(E®K).

The easiest way to view @ is through the identification in theorem 5.2.2 and the isomorphism
described afterwards. If we view an element u € (E® B)/(E® J) as a cb map ¢, : E* — B
mod CB(E*, J), then @,y = 0 0 ¢, is the cb map E* — B((?) /K corresponding to O(u).

Lemma 5.3.1. Let © denote the set of all ucp maps 6 : B — B({?) as above with the
property that J C K. For u € E ® B/J we have:

|ullzon/r = sup I(ide @ 0)(u)]| pene)x (1)
c

lull(zeB)/(Ear) = sup 101l (o5 (BoK) (2)

Proof. Let v € E® B with |[v+ F ® J|| > 1 in the quotient space. Since B is separable,
so is J, and so there exists a positive element h € J with 0 < h < 1 such that hJh = J (a

so-called strictly positive element). For each n we’ll define a projection
Pn = X[i/n1)(R) € J* st. lm ||(1 — pp)h| =0

Of course, by density this means that for any = € J, lim||(1 — p,)z|| = 0. Next we’ll define
a set of projections h,, such that h, > p,. Let f, € Cy(0,1] be defined

fat)=ntif 0 <t <1/n, and f,(x) =1if 1/n <t

78



and set h, = f,(h). Then it is clear to see that h,p, = p, and so in the usual ordering on

C*-algebras, h,, > p,. Therefore for each n,

[(T® (1 =hp)o(1 @ (1= hy))|lEep~ = [[(1 @ (1 = pa))v(1® (1 = py))lees

> ||U+E® J||(E®B)/(E®J) >1

For each n take a ucp map 0,, : (1 —p,)B(1—p,) — My, (C), a finite dimensional C*-algebra

of corresponding dimension such that
|(idp ® 0,)(1 ® (1 — p,))v(1 ® (1 —py))|| > 1.

Then we can define a ¢/, : B — M, (C) by 0/,(x) = 0,((1 — pn)b(1 — p,)) and finally a
0:B — [, M, (C) by 8(b) := (0,,(b)).

We can canonically view [], My, (C) € B(®,C*) and note that § maps J into the com-
pact operators K(&,Cq) = (], My, (C)),, because of how we've defined § in terms of the

vanishing projections (1 — p,). Then, by the inequality we showed earlier,
16(v+E®J)| >1

This gives the second equation. The first equation follows the second in combination with

remembering there is this contractive isomorphism
(FeB)/(F®J)—FoB/J
for any finite dimensional operator space F' and ideal in a C*-algebra J < B. m

Remark 5.3.2. In words, what equation (1) in the lemma essentially states is that we may
approximate (in norm) a ucp map ¢ : E* — B/J by a composition § o ¢ : E* — B({?)/K
for 6 € ©. Equation (2) states that if we lift some map 6 o ¢ as above to B(¢?), then that

lift is # and in norm, a limit point of these such maps will be a lift of ¢ to B.

Theorem 5.3.3. Let A be a C*-algebra. A has the LLP if and only if any ucp map
A — B(£?)/K has a ucp lift.

Proof. Proving the only if portion is straight forward. We let ¢ : A — B(¢?)/K be a ucp

map, and £ C A a finite dimensional operator system. The local lifting property gives a

79



ucp lift £ — B(¢?). Since B({?) is an injective object in the category of operator systems

(Arveson’s theorem 2.1.13), this map can be extended to a ucp map on all of A.

To produce the if direction let us assume that any ucp map into the Calkin algebra has a
ucp lift and consider the isomorphism ¢ : A — C*(F)/J which arises from the universality
of C*(F). Let E C A be a finite dimensional operator system. Under the identification from
theorem 5.2.2

CB(E*™,C*(F)/J)= E*® C*(F)/J

let u € E* ® C*(F)/J be the restriction of the identity map ¢|z. For any 6 € ©, id ® 6(u)

corresponds to the composition 6 o @|E - colored blue in the commutative diagram below.

9o¢\E~é(’11,) e -
/// ////
s -7

s -

ADE ——— C'(F)/] — B(®)/K

LT O

90;;\ ;.;Nid:}i‘wé(u)

—

By assumption, this ucp map into the Calkin algebra has a ucp lift 8 o ¢|g which corresponds
in (E® B(?))/(E®K) to O(u). Then by equation (2) in lemma 5.3.1 there is a limit point
- precisely a u € (E® C*(F))/(E ® J) with cb norm approximated by the cb norm of the
é(u) for all 8 € ©. But these are of course ucp maps so they have cb norm 1, and hence u

corresponds to a ucp map E — C*(F) which lifts ¢|g. This proves the LLP by proposition
5.1.10. O

6 Non-nuclear C*-algebras with the LLP

We are able to give a class of examples of non-nuclear C*-algebras with the LLP. We use
techniques of Kichberg and results of Courtney to obtain a characterization of the LLP. We
then make note of the improvements of Loring and Shulman on the work of Hadwin which

implies that the class of examples we will define satisfies this new characterization.
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6.1 Universal C*-algebras

We want to emulate the idea of a presentation for a group, but in the case of C*-algebras. Of
course, these are much more complicated structures and we will see that there is a little work
to be done to guarantee that what we obtain in the end has a C*-algebra structure. Indeed,
unlike groups, rings, and algebras, we don’t define C*-algebras as quotients of a free object,
but instead the GNS construction says we must realize them as operators on a Hilbert space

with certain topological properties. The following construction is due to Blackadar [4].

Let G = {z; : i € I} be a set of generators and R a set of relations which we’ll assume
all take the form ||p(z;,,...,z;,)|| <r, for n finite, 0 < r < oo, and p a polynomial in the
variables {z;;, 27 : 1 < j < n}. Note that when r = 0, the relation is in fact an algebraic
relation between the generators and scalars. Something else worth mentioning is that this
norm || - || is just an abstract norm. It means nothing until we identify these generators with
operators on a Hilbert space. At that point the norm will be the natural norm on B(H),
but until then it is strictly a fictitious norm. Additionally, we don’t necessarily assume that

the scalars are present in the generated algebra.

For our pairing (G, R), a representation is a set of operators {T;} € B(H) with an assignment
G — {T;} so that the T; satisfy the relations in R, where in B(H) the complex coefficients
of p may be regarded as scalar multiples of the the identity operator. Such a representation
p may be extended to an injective *-homomorphism p from F(G), the free algebra with

involution on G, into B(H).

The pair (G, R) is admissible (in the sense that it will generate a C*-algebra) if there exists
a representation as described above, and that the relations in R imply a bound on the
generators x;. That is, whenever {T/*} are representations on Hilbert spaces H* for a € J,
then &,7* C B(®,H*). For an admissible pair (G,R), we can define a C*-seminorm (a

seminorm with the C*-condition ||z*z|| < ||z*||||z||) on the free algebra F'(G) by

llz|l = sup{||p(z)]| : p is a representation of (G, R)}

Definition 6.1.1. We define the universal C*-algebra C*(G,R) to be the completion of
F(G){x - |l=ll] = 0}
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with respect to [|-[|. C*(G,R) has the universal property that any representation of (G, R)
extends uniquely to a representation of C*(G, R). We will denote the unitization of C*(G, R)

Remark 6.1.2. Any C*-algebra A can easily be viewed as a universal C*-algebra with the

generators G = A and the relations being all the C*-relations between elements of A.

Ezample 6.1.3. In this section we’ll discuss several families of universal C*-algebras which

were studied in [13]:

1. The wuniversal unital C*-algebra associated to a single polynomial relation. We let
p € C[z] be a polynomial with at least one root with norm smaller than C' > 0 (this

will guarantee the existence of a representation), and present the algebra:
Citz |zl < C, p(z) =0).

Notice here that the relation p(z) = 0 has been written as an agebraic relation, however
we also have bounded the generator, so we’ve certainly got an admissible set of gener-
ators and relations. Tatiana Shulman showed that for p(z) = 2", the above algebra is
projective (see [25] corollary 3).

2. The Pythagorean C*-algebras,

P, =C"(x1,..., 2, : foxz =1).

Note that the relation in these algebras implies that each of the terms of the polynomial
xjz; must have norm at most 1, and so by the C* condition ||z;|| < 1. By theorem 4.1
of [13], P,, has the LP for n > 1.

3. The universal unital C*-algebra generated by a contraction which will be denoted by

A was extensively studied in [12] and has generators and relations
A= Cilw o] < 1),

Concretely, for some Hilbert space H, this is the C*-subalgebra C*(T,1) C B(H)
generated by the identity I and a universal contraction T : H — H. T is a univer-

sal contraction if for every other contraction S € B(H) there is a *-homomorphism
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C*(T,I) — C*(S,1) taking T to S. We note that if 7" and S are two universal con-
tractions, then by definition they admit a *-isomorphism C*(T,I) = C*(S,I), and so

A is indeed defined independently of the contraction.

The following few results are due to Courtney and Sherman [12]. Proposition 6.1.6 is a key

step in obtaining “exactness”-type result.

Lemma 6.1.4. If 7 is a faithful representation of a projective C*-algebra A on a separable
Hilbert space H, then for any a € A, w(a) € w(A) is the norm limit of a sequence of nilpotent

operators in B(H) if and only if the o(m(a)) is connected and contains 0.

In particular, if 7" is a universal contraction in B(H), then there is a sequence of nilpotent

operators converging to 7' in norm.

Proof. We begin by citing a result of Apostol, Foias, and Voiculescu [8, Thm 2.7] which
states that an element 7' € B(#) is in the norm closure of the set of nilpotents if and only

if:

(i) T is bi-quasitriangular,
(ii) o(T) and 0.45(T') are connected, and

(ili) 0ess(T") contains 0.

Let 7 be a faithful representation of A on a separable H, which, because A is projective, is
essential by 2.5.6 and so o(m(a)) = 0ess(m(a)). We remarked in 2.5.12 that 7(a) will also be
a bi-quasitriangular operator for each a € A. Hence, o(m(a)) is connected and contains 0, if

and only if each 7(a) is the norm limit of a sequence of nilpotents.

Of course the spectrum of a universal contraction 7" must be in the closure of the unit disc,

and the sequence of nilpotents can be modified so that the 1) criterion is satisfied as well. [

Lemma 6.1.5. Let A € D, the unit disc, and 7" be a universal contraction operator on a
separable Hilbert space H. There exists a sequence of contraction operators 7, such that

(T,, — AI)* =0 and T,, — T pointwise in norm.

Proof. Since the spectrum o(T — AI) = D — X is connected and contains 0, by 6.1.4, there
are nilpotent operators NV, € B(#) such that N,, — T'— Al in norm and N}} = 0 for each
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n. We would like to edit this sequence so that we only have contraction operators. To this

end, for each n > 1 let T,, := ¢, N,, + A\l where ¢, = 1 if N,, + A[ is a contraction, and

B S P
AESYE

Cn

otherwise (i.e. when ||N,,+AI|| > 1). Then (T,,— )" = (¢,N,,)™ = 0 and since | N, + | —
|T|| =1, ¢, —» 1. Thus, T,, — T in norm and the definition of the constants ¢, ensure that

each T, is a contraction. O

Proposition 6.1.6. Let A € D. Any faithful, unital representation = : A — B(#H) factors
through A, , = Ci(z, : ||z,] < 1,(x, — A)" = 0). That is, there exist maps v, : Ay, —
B(H) such that 1), o ¢, converges to 7 in the point-norm topology, where ¢,, : A — A, ,, are

the canonical inclusions due to the inclusions of the sets of relations.

Proof. Concretely, we can view the unital C*-algebras A, ,, as those generated by the uni-
versal contractions 7), from Lemma 6.1.5 in the same way as we did for A. That is, there

are surjective homomorphisms
Yt Axy — C*(T5,,1) C B(H)

defined by the canonical identification x,, — T,,. Then, since the T,, are built in Lemma 6.1.5

so that T,, — T pointwise in norm, we must have that for any a € A,

|15 © Pn(a) —w(a)|| — 0.

6.1.1 Lifting Polynomial Relations

We briefly discuss the business of lifting relations in a C*-algebra. This follows from work
of Hadwin [17], and comments by Loring and Shulman [25] and is pertinent to our study of

the universal C*-algebra associated to a polynomial relation.

In the case of p(z) = 2", Olsen and Pederson [29] proved that the relation lifts. In particular,

they showed that nilpotent elements have nilpotent lifts. Hadwin, then extended this result.
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Theorem 6.1.7 (Olsen, Pederson). Let A be a C*-algebra, I < A a closed, two-sided ideal,
n > 0 be an integer, and y € A/I such that y" = 0. Then there exists an element = € A

such that 2" = 0 and 7(z) =y, where 7 : A — A/I is the quotient map.

Theorem 6.1.8 (Hadwin). Let y € A/I satisfy the polynomial relation f(z) = 0, where
f € C|z] is the minimal polynomial of y, with N roots, and 7 : A — A/I denote the quotient
map. Then there exists an orthogonal family py, ..., py of projections in A/I summing to 1

such that the following statements are equivalent:

1. There exists an orthogonal family of projections ¢i,...,qn € A, summing to 1, such
2. There exists € A such that 7(z) = y satisfying the polynomial relation f(z) = 0.

The construction of these projections is as follows: We can write
p(2) = (2 = AN)™ - (2 = A", N # ), when i # j.

Let M denote the matrix consisting of the direct sum of the N k; x k; Jordan blocks for the
eigenvalues ;. f being the minimal polynomial, C[y] & C[z]|/fC|z] which is also isomorphic
to C[M]. Then we can find polynomials fi, ... fx such that: if fi(y) =:1e; € A/I, >, e; =1,
eiej = d;5e5, and e;(y — \;)¥e; = 0. Let s = Y. efe;, and note that s is invertible and has

the property that for each 7, efs = se;. Then

8_1/26Z81/2 _ 51/262-3_1/2,

1/2

which implies that s'/2e;s7/2 is self adjoint. Moreover by definition of the e;’s, it is also a

projection. Denoting these

pi = 51/261'8_1/27 1=1,..., N,

we have a family of projections in A/I summing to 1. It turns out that these p; are exactly

the projections that satisfy the theorem (see [17, thm. 2] for details).

Remark 6.1.9 (Hadwin). It follows from this that a family of projections in A/I lifts to
projections in A if and only if the self adjoint element p; + 2ps + ... + Npy lifts to a self
adjoint element of A with finite spectrum. By the equivalence (1) <= (2) in 4.1.8, it
follows that this is true whenever RR(A) = 0. We then obtain the following corollaries:
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Corollary 6.1.10.
(1) If A has real rank zero, then any y € A/I satisfying a polynomial relation f(y) = 0
lifts to an « € A such that f(x) = 0.
(2) If M is a von Neumann algebra, then any y € M /I satisfying a polynomial relation
f(y) = 0 lifts to an x € M such that f(z) =0.

6.1.2 The Universal C*-algebra of a Polynomial is not always Nuclear

Let p € C[z] be a polynomial. We show that the algebra
Cofx: |lz| < C, p(x) =0)

is not exact (therefore not nuclear) in general. We follow the paper of Courtney [13] as
usual, as well as the work of Courtney and Sherman [12] on .4, the universal algebra of a

contraction (see example 6.1.3(3)).

Definition 6.1.11. We say a unital C*-subalgebra A C B embeds relatively weakly in-
jectively if there exists a weak expectation ® : B — m,(A)* (i.e. a ucp map such that
®(a) = my(a), Ya € A). Here m, : A — B(H,) is the universal *-representation of A from

the GNS construction.

Using this new terminology, we could say that A has the WEP if A embeds relatively weakly
injectively into B(H) for some Hilbert space H.

Proposition 6.1.12. C*(Fy) embeds relatively weakly injectively into A. In fact they embed

relatively weakly injectively into each other - see [12, theorem 6.10].

Proof. Let m, : C*(Fy) — B(H,) be the universal representation, and Uy, U, be the images
of the generators. Let Ay, Ay be self adjoint elements of B(H,) such that U; = e and

A A
C* (U, Uy) C C*(Ay, Ay) = C* (El + zf) C CH(Uy, Un)",

where o = [|A; + iAs||. A is generated by a single contraction, call it =, which admits a

decomposition & = x; + ixy. The €% are unitaries in A and C* (e’ e'®2) C C* (1, o) =
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A. Because A is the universal unital C*-algebra generated by a contraction and (A; +iA4y)/«

is a contraction, we get a surjective unital *-homomorphism

A Ay
Z_

YA C" (;Jr )> P(x)) = Aj/er.

(07

The universality of C*(Fs) means that there is a surjective unital *-homomorphism
¢ . C*(Ul, U2) s C*(eiaxl’ €iam2), (z)(U]) — ei‘”f.
o = idew(, 1), 50 A contains a relatively weakly injectively embedded copy of C*(Fy). O

Remark 6.1.13. Of course this means that there is a copy of C*(F) for a free group F
embedded in A as a subalgebra. As we mentioned in 2.4.12, C*(FF) is never exact, for a
non-abelian free group F, and an exact C*-algebra cannot contain a non-exact subalgebra,

hence A is not exact.

Proposition 6.1.14. Let A € C* and C' > |\|. Then there exists an N > 0 such that when-
ever (z — \)N|p(x) for p(z) € C[z], the universal C*-algebra A = C*(z : ||z|| < 1,p(x) = 0)

is not nuclear.

Proof. Fix some A and assume WLOG (by scaling) that C' = 1. For each n > 1, let
A =Clx: |lz|| < C(x — A" =0).

Clearly if (z — X\)"|p(x), then A surjects onto A, ,, or equivalently A,, embeds in A. If A
is to have a nuclear faithful representation, then so must A, ,, by composition. Hence it
suffices to show that for some N, A, y is not exact. Recall that we denote by A the universal
C*-algebra of a contraction. By proposition 6.1.6, the representation 7 factors through the
Ay . In other words, there exist homomorphisms ¢, : A — Ay, and ¢, : Ax, — B(H)
such that for each a € A, ||¢) o ¢(a) — 7(a)|| — 0.

If the A, ,, were exact for more than finitely many n, then it would imply that those v,, would
be nuclear. However then m would be nuclear and so .4 would need to be exact. However

this is absurd as we just showed that A is not exact. O]
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6.2 Hilbert C*-Modules

A Hilbert C*-module behaves much like a Hilbert space, except that the inner product on

the module may take values in a general C*-algebra as oppose to just C.

Let B be a C*-algebra. A pre-Hilbert B-module is a complex vector space E equipped with
amap (-,-) : E x E — B satisfying:

1) (
(i) (z,y)b = (x,ya) for x,y € £, b€ B
(ii) (z,y) = (y,2)"
(iv) (z,z) > 0 and (z,y) = 0 if and only if z = 0.

Define a norm on such a module by ||z|| = (z,z)"/? (it is easy to check that this indeed

defines a norm on F).

Definition 6.2.1. A Hilbert B-module is the completion of a pre-Hilbert A-module with

respect to the norm || - || defined above.

Let B be a C*-algebra. B is itself a Hilbert B-module with the inner product (x,y) = z*y.
For any Hilbert B-module F, we denote by E™ the direct sum of n copies of E, and it is
not hard to see that B™ is also a Hilbert B-module with the inner product (®;x;, ®;y;). =
> (i, y;). We may extend this definition naturally to the case of n = oo without any issue.
We denote by L(E, F') the set of adjointable bounded linear maps £ — F' for two Hilbert
B-modules E, F. We simplify the notation to L(F) in the case E = F.

If Ais a C*-algebra and F a Hilbert B-module for some C*-algebra B, given some ucp map

¢ : A — L(E) we may define an inner product taking values in B on A ® E by

<Z a; Q x;, ij ® yj> = sz¢(ajb])y]
i J 1,]

Let {V;} be a countable collection of finite dimensional vector spaces and define a inner
product on each V; ® B by (v ® z,w ® y) = (£{,n)z*y. The Hilbert direct sum Hp =
D,-,(V; ® B) with inner product (£ ® z,n® y) = ({,n)z*y is a Hilbert C*-module, named
the Hilbert space over B. It’s not hard to see that we may view Hpg as the tensor H ® B
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where H is the separable Hilbert space ¢2. This is a very important example as we will see in
the stabilization theorem below. This theorem is due to Kasparov in [21], however we follow
a simplified proof found in the literature (see [28], for example) using polar decomposition

as oppose to a lengthy Gram-Schmidt process.
For FE, E5 Hilbert B-modules and x € E},y,z € Fy, we define the functions
Ory € L(Ey, Ey), 0,,(2) =2y, 2).

Note that 5 , = 0,,. If T' € L(Ey, Ey), then T - 0, = 071(),. In Particular,

ecc,yeu,v = em(y,u),v = Hx,v(u,y)-
Define the space % (E,, E1) to be the closure of the linear span of 6,, in L(E,, Ey). If

E, = Ey = E, then we write £ (E).

Lemma 6.2.2. If F is a Hilbert B-module, and T is a positive element of J# (E), then T is

strictly positive if and only if T" has dense range.

Proof. 1f T is strictly positive, then by definition, T.¢(E) is dense in % (F). Note that
[ (E)|(E) is dense in E, and so

In the other direction, suppose now that T has dense range and for arbitrary = € E take a
sequence {x,} C E such that Tz, — =. Then for any y € £, 6,, = lim#6,,, ,. However note
that each 170,,, € T (E), so T# (E) is dense and T is strictly positive. O

Theorem 6.2.3 (Kasparov Stabilization). Let B be a unital C*-algebra and E a countably
generated Hilbert B-module. Then £ & Hp = Hp.

Proof. Let {z;} be a countable system of generators for F where each generator is repeated

infinitely often, and {e;} the standard orthonormal basis for Hp. Define:
T:Hp—E®Hp, T(e)=2"2;04 ",
It is not hard to see that T' € L(Hp, E & Hp), since we may decompose T as

T=> 270,
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which in fact shows that '€ # (Hp, E & Hp).

Because each z; is repeated infinitely many times, for each fixed i there are infinitely many
k such that x; @ 27%e; € ran(T). Hence z; ® 0 € ran(T) and by the same argument on the

x;'s, 0@ e; € ran(T) for each ¢. Thus, ran(T') is dense in E @ Hp. Now consider the operator

4 0
48 !
T*T = Lo + | 473 (wg, 1) 47w, m0)

0

and denote these two parts K and K’ respectively where we note that K, K’ > 0. ran(K)
is dense and so K is strictly positive by lemma 6.2.2 and 77 is also strictly positive. Then
we use the lemma again to see that T*7T has dense range, and therefore so does |T'|. Now

define on the range of |T'| a map
V:Hg — E&Hp, V(’T|£)IT§

Because ||V (|T1€)|| = ||T)&]|, we may continuously extend V' to all of Hp, where it extends
to a unitary Hp — E & Hp. O

Lemma 6.2.4. If E is a countably generated and full B-module, and B has a countable

approximate unit, F*° = Hp.

Proof. We'll begin by proving the claim that if E is full and has a completely positive
element (or has a countable approximate unit), then we may decompose £ = B & F for

some Hilbert B-module F':

Because B has a strictly positive element, we may take a sequence {e;} C E such that
> (e, e;) =1 in M(B) with convergence in the strict topology (see [6] Lemma 2.3). Define
aTl: B — E> by T(b) = (e;b);. Since ((e;b);, (e;0);) = b*b, we see indeed that (e;b); € E>.
Next define T* : E* — B by T*(x;) = > (e;,z;). Because we have a Cauchy-Schwarz
inequality in a Hilbert C*-module ((z,y)(y,z) = |(z,x)||a(y,vy)), T*(x;) will converge in
norm to some a € A. Clearly T"T = idy and T @ id : A @ (1 — TT*)E® — E* is an

isomorphism.
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Finally,
where the last isomorphism is from theorem 6.2.3 because F' must be countably generated

(as it is a complemented submodule of the countably generated module E>). O]

The following is a version of Stinespring’s theorem (due to Kasparov), which was adapted
by Courtney to consider the module A ®4 B for a ucp ¢ : A — B instead of A ®, Hp as in
the standard version [21, Thm 3].

Theorem 6.2.5 (Kasparov). Let A, B be unital C*-algebras with A separable and ¢ : A —
B a ucp map. Then there exists a *-homomorphism ® : A — M (K ® B) such that Va € A,

(CID(a))H = (611 (9 13)(19(&)(611 ® 13) =e1 ® ¢(a) = ¢(a)
Proof. Let ' = A®, B. Since ¢ is unital and A is separable, E has a countable generating

set, and is full. Then by lemma 6.2.4, E* = Hp.

Let m : A = L(E),m(a)(a’ ® b) = aa’ ® b be the unital *-homomorphism induced by the
left action of A on the algebraic tensor A ® B. Likewise, let mo, : A — L(E*) be the

homomorphism
Woo(a)[(an & bn)n] = (aan (9 bn)n

Define W € L(B, E) by W(b) = 14 ® b and a map W* on elementary by

W) ai@b) =Y dla;)bi.
b |(Snn Suon)

=1

2 n

> (i d(a))d(as);)

3,j=1

- (Z ws )

=1

The inequality follows from the fact that for an arbitrary completely positive map ¢,
o(x*z) < |lp(1)]|¢(z*z), which is a direct consequence of the classical Stinespring theo-
rem. We apply this fact to the cp map ¢ =id® ¢ : M,, ® A — L(H}). So now it is clear
that for any a ® b such that (a ® b,a ® b) = 0, W*(a ® b) = 0, and hence by continuity we

may extend the map W* to all of E, noting that it is indeed adjoint to W.

Moreover we observe that [W*m (a)W](b) = ¢(a)b so indeed W*m ()W = ¢. We also
note that since W*W = 1pp), WW* € L(B) is a projection and W is a unitary in

91



L(B,WW*(FE)). By the Kasparov stabilization theorem and the remark at the start of
the proof we get an isomorphism
(1-WW*E)] e E*2[(1-WW")E)]®Hp = Hs.
Suppose that U € L(Hp, [(1—WW*)(E)] @ E*) is a unitary which implements this isomor-
phism. Then V := W & U is a unitary implementing
BeHp=WWH(E)s[(1-WW*")(E) & E*=E¢E™.

This implies that V*moo(-)V = W*m ()W @& Utneo(-)U : A — L(B + Hp) is a unital *-
homomorphism. Let ¥ : £(B + Hp)=>M (K ® B) be the *-isomorphism which takes (pro-
jection onto B) to €11 ® 1, and define @ = W o V*r(-)V.

(@(a))1n = (e @ 1p)P(a)(en; ® 15) = V(W T (a)W & 04) = ¥(¢(a)) = enn ® ¢(a).

6.3 A class of C*-algebras with the LLP

We conclude by giving a class of examples of C*-algebras with the LLP. This is the work of
Kristin Courtney [13], albeit with a strong Kirchberg flavor.

Lemma 6.3.1 (Kirchberg). Let A C B(#H) be a C*-algebra with strictly positive element.
Then A has the WEP if an only if M(A) has the WEP.

The proof relies on the fact that the identity map of M (A) approximately factors through
[*°(A) by completely positive contractions (see [23, Observation 5.3 (iii), (viii)]). Given this,
one uses the corresponding result for [*°(A) (see [23, Cor. 3.3 (i)]).

Proposition 6.3.2. Let 7 : M(K) — Q(K) be the quotient map and recall that the non-
commutative Tietze extension theorem gives us a surjective *-homomorphism extending
ide ® 7

7 MK® MK)) = M(K®Q((K)).
A separable unital C*-algebra A has the LLP if and only if any unital *-homomorphism
p:A— M(K®Q(K)) lifts to a ucp map 6 : A — M(K ® M(K)).
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Proof. Let us first assume A is a separable unital C*-algebra with the LLP. The compact
operators K is a nuclear C*-algebra, and B({?) = M(K) has Lance’s weak expectation
property (WEP), so K ® M (K) has the WEP. We remark that separable C*-algebras have a
strictly positive element by virtue of admitting a countable approximate unit. So by lemma

6.3.1, M(K ® M(K)) has the WEP.

Now let’s fix a ucp map ¢ : A — Q(K). Karparov’s Stinespring theorem 6.2.5 gives us a
unital *-homomorphism ® : A — M (K ® Q(K) satisfying (®(a))11 = ¢(a). By assumption
there is a map 6 : A — M(K ® M(K)) extending ®, i.e: such that pif = ®. Then define
a ucp map ¢ : A — M(K) by ¥(a) = (6(a))11. The commutative diagram below (adapted
from [13]) may be a helpful way of visualizing this:

(IC ® M(K

-7 ()11

It is clear to see that ¢ extends ¢ to M (K), and so by the characterization in theorem 5.3.3,
A has the LLP. O

Theorem 6.3.3. Let A be a separable unital C*-algebra and o : CV — A a conditionally

projective unital *~homomorphism for some N > 1. Then A has the LLP.

Proof. Let p: A — M(K®Q(K)) be a unital *-homomorphism. Then poa : C¥ — M(K®
Q(K)) is also a unital *-homomorphism. By statement (2) of lemma 4.2.4, any unital *-
homomorphism CV — M(K®Q(K)) lifts to a unital *-homomorphism CV — M(K® M (K)).
This implies that p has a lift and by 6.3.2 we’ve shown that A has the LLP. O]

In the hopes of tying many of the prior results together we now are able to show that our
example of a universal unital C*-algebra generated by a single polynomial relation abides

by this version of the LLP. In particular we arrive at the following corollary:

Corollary 6.3.4. Let C' > 0 and p € C[z] a polynomial whose roots A are such that |\| < C.
Then the universal C*-algebra A = C!(z : ||z|| < C, p(z) = 0) has the LLP.
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Proof. Write p as p(2) = (2 — An)* - (z — X\;)*'. In [25, remark 12], we are shown how to
construct a conditional projection CN~! — A. Letting B/I be a C*-algebra where elements
satisfy the relations p(z) = 0 and ||z|| < C, we immediately note that by universality there
exists a *-homomorphism A — B/I. Applying the construction of 6.1.8 to any y € B/I, we
get a family of orthogonal projections summing to 1 which lift to projections (also summing
to 1) in B. Moreover if ||y|| < C, then by the proof of [25, thm. 9], ||z|| < C. In particular
(recalling remark 2.5.14) there is a lift A — B and we have that there exists a conditional
projection

CcN-1 5 A

]

In 6.1.14 we showed that a large subclass of these C*-algebras are non-nuclear, and hence

provide examples of non-nuclear C*-algebras with the local lifting property.

94



References

1]

Charles A Akemann, Gert K Pedersen, and Jun Tomiyama. “Multipliers of C*-algebras”.
In: Journal of Functional Analysis 13.3 (1973), pp. 277-301. 1SSN: 0022-1236. DOI:
https://doi.org/10.1016/0022-1236 (73) 90036-0.

Charles A. Akemann and Gert K. Pedersen. “Ideal perturbations of elements in C*-
Algebras.” In: Mathematica Scandinavica 41 (Dec. 1977), pp. 117-139. pOI: 10.7146/
math.scand.a-11707.

Bruce Blackadar. K-Theory for Operator Algebras. Mathematical Sciences Research
Institute Publications. Springer, New York, NY, 1986. 1SBN: 978-1-4613-9572-0.

Bruce Blackadar. “Shape theory for C*-algebras.” In: Mathematica Scandinavica 56
(Dec. 1985), pp. 249-275. DOI: 10.7146/math.scand.a-12100. URL: https://www.
mscand.dk/article/view/12100.

Lawrence G Brown and Gert K Pedersen. “C*-algebras of real rank zero”. In: Journal
of Functional Analysis 99.1 (1991), pp. 131-149. 1SSN: 0022-1236. DOI: https://doi.
org/10.1016/0022-1236(91)90056-B.

Lawrence G. Brown. “Stable isomorphism of hereditary subalgebras of C*-algebras”.

In: 71(2) (1977), pp. 335-348.

Nathaniel P. Brown and Narutaka Ozawa. C'*-algebras and Finite Dimensional Approz-
imations. Vol. 88. Graduate Texts in Mathematics. American Mathematical Society,

2008. 1SBN: 978-0-8218-4381-9.

D. Voiculescu C. Apostol C. Foias. “On the norm closure of nilpotents”. In: Romanian

Journal of Pure and Applied Mathematics 19 (1974), pp. 549-577.

Man Duen Choi. “The full C*-algebra of the free group on two generators.” In: Pacific
Journal of Mathematics 87.1 (1980), pp. 41-48. DOI: pjm/1102780313.

Man-Duen Choi and Edward G. Effros. “The Completely Positive Lifting Problem for
C*-algebras”. In: Annals of Mathematics 104.3 (1976), pp. 585-609.

95


https://doi.org/https://doi.org/10.1016/0022-1236(73)90036-0
https://doi.org/10.7146/math.scand.a-11707
https://doi.org/10.7146/math.scand.a-11707
https://doi.org/10.7146/math.scand.a-12100
https://www.mscand.dk/article/view/12100
https://www.mscand.dk/article/view/12100
https://doi.org/https://doi.org/10.1016/0022-1236(91)90056-B
https://doi.org/https://doi.org/10.1016/0022-1236(91)90056-B
https://doi.org/pjm/1102780313

[15]

[16]

[17]

[18]

[21]

[22]

A. Connes. “Classification of Injective Factors”. In: Annals of Mathematics 104.1

(1976), pp. 73-115. 1SSN: 0003486X.

Kristin Courtney and David Sherman. The universal C*-algebra of a contraction. 2018.

DOI: 10.48550/ARXIV.1811.04043. URL: https://arxiv.org/abs/1811.04043.

Kristin E. Courtney. Universal C*-algebras with the Local Lifting Property. 2020. DOI:
10.48550/ARXIV.2002.02365. URL: https://arxiv.org/abs/2002.02365.

Jacques Dixmier. Von Neumann Algebras. North Holland Publishing Co., 1981. ISBN:
978-0444557407.

George A Elliott. “Automorphisms determined by multipliers on ideals of a C*-algebra”.

In: Journal of Functional Analysis 23.1 (1976), pp. 1-10. 1SSN: 0022-1236.

George A Elliott. “On the classification of inductive limits of sequences of semisimple
finite-dimensional algebras”. In: Journal of Algebra 38.1 (1976), pp. 29-44. 1sSN: 0021-
8693. DOI: https://doi.org/10.1016/0021-8693(76)90242-8.

Donald W. Hadwin. “Lifting Algebraic Elements in C*-Algebras”. In: Journal of Func-
tional Analysis 127 (1995), pp. 431-437.

Adrian Toana. “Tutorial on von Neumann Algebras”. In: Model Theory of Operator

Algebras, Workshop and Conference. Sept. 2017.

Zhengfeng Ji et al. MIP*=RE. 2020. DOI: 10.48550/ARXIV.2001.04383. URL: https:
//arxiv.org/abs/2001.04383.

Richard V. Kadison and John R. Ringrose. Fundametals of the Theory of Operator
Algebras. Vol. Vol. I Elementary Theory. Graduate Studies in Mathematics. American
Mathematical Society, 1997. 1SBN: 978-1-4704-2072-7.

G. G. Kasparov. “Hilbert C*-modules: theorems of Stinespring and Voiculescu”. In:

Journal of Operator Theory 4.1 (1980), pp. 133—150. 1SSN: 03794024, 18417744.

Eberhard Kirchberg. “Commutants of unitaries in UHF algebras and functorial prop-
erties of exactness.” In: Journal fir die reine und angewandte Mathematik 452 (1994),

pp. 39-78. URL: http://eudml.org/doc/153631.

96


https://doi.org/10.48550/ARXIV.1811.04043
https://arxiv.org/abs/1811.04043
https://doi.org/10.48550/ARXIV.2002.02365
https://arxiv.org/abs/2002.02365
https://doi.org/https://doi.org/10.1016/0021-8693(76)90242-8
https://doi.org/10.48550/ARXIV.2001.04383
https://arxiv.org/abs/2001.04383
https://arxiv.org/abs/2001.04383
http://eudml.org/doc/153631

[25]

[26]

[27]

28]

[29]

[31]

[32]

[33]

[34]

Eberhard Kirchberg. “On nonsemisplit extensions, tensor products and exactness of

group C*-algebras”. In: Inventiones Mathematicae 112 (1993), pp. 449-489.

Christopher Lance. “On nuclear C*-algebras”. In: Journal of Functional Analysis 12.2
(1973), pp. 157-176. 1SsN: 0022-1236. DOI: https://doi . org/10.1016 /0022 -
1236(73)90021-9.

Terry Loring and Tatiana Shulman. “Lifting algebraic contractions in C*-algebras”. In:

(2011). DOT: 10.48550/ARXIV.1111.6124. URL: https://arxiv.org/abs/1111.6124.

Terry A. Loring. “C*-Algebras Generated by Stable Relations”. In: Journal of Func-
tional Analysis 112.1 (1993), pp. 159-203. 1ssN: 0022-1236. DOL: https://doi.org/
10.1006/jfan.1993.1029.

Terry A. Loring. “Lifting solutions to perturbing problems in C*-algebras”. In: Fields
Institute Monographs. AMS, 1996. 1SBN: 978-0-8218-0602-9.

James A. Mingo and William John Phillips. “Equivariant Triviality Theorems for
Hilbert C*-modules”. In: 1984.

Catherine L. Olsen and Gert K. Pederson. “Corona C*-algebras and their Applications
to Lifting Problems”. In: Mathematica Scandinavica 64.1 (1989), pp. 63-86.

Narutaka Ozawa. “About the QWEP Conjecture”. In: International Journal of Math-
ematics 15 (2004), pp. 501-530.

Narutaka Ozawa. “On the lifting property for universal C*-algebras of operator spaces”.

In: Journal of Operator Theory 46.3 (2001), pp. 579-591. 1SSN: 03794024, 18417744.

Gert K. Pedersen. “A decomposition theorem for C*-algebras”. In: Mathematica Scan-

dinavica 22.2 (1968), pp. 266—268. 1ssN: 00255521, 19031807.

Gert K. Pedersen. “Applications of weak® semicontinuity in C*-algebra theory”. In:
Duke Mathematical Journal 39.3 (1972), pp. 431-450. DOI: 10.1215/S0012-7094-72~
03950-6.

Gert K. Pedersen. “The linear span of projections in simple C*-algebras”. In: Journal

of Operator Theory 4.2 (1980), pp. 289-296. 1sSN: 03794024, 18417744.

97


https://doi.org/https://doi.org/10.1016/0022-1236(73)90021-9
https://doi.org/https://doi.org/10.1016/0022-1236(73)90021-9
https://doi.org/10.48550/ARXIV.1111.6124
https://arxiv.org/abs/1111.6124
https://doi.org/https://doi.org/10.1006/jfan.1993.1029
https://doi.org/https://doi.org/10.1006/jfan.1993.1029
https://doi.org/10.1215/S0012-7094-72-03950-6
https://doi.org/10.1215/S0012-7094-72-03950-6

[38]

[39]

[40]

[41]

[42]

Jesse Peterson. Notes on von Neumann Algebras. available on personal website. Apr.

2013.

Gilles Pisier. “A non-nuclear C*-algebra with the weak expectation property and the
local lifting property”. In: Inventiones mathematicae 222.2 (June 2020), pp. 513-544.
DOI: 10.1007/s00222-020-00977-4.

M. Rordam, F. Larsen, and N. Laustsen. An Introduction to K-Theory for C*-Algebras.
London Mathematical Society Student Texts. Cambridge University Press, 2000. DOTI:
10.1017/CB09780511623806.

Michael Rgrdam. “Ideals in the multiplier algebra of a stable C*-algebra”. In: Journal
of Operator Theory 25.2 (1991), pp. 283-298.

Shoichiro Sakai. C*-algebras and W*-algebras. Classics in Mathematics. Springer-Verlag
Berlin Heidelberg, 1971. 1SBN: 978-3-642-61993-9. DOI: 10.1007/978-3-642-61993-9.

Masamichi Takesaki. “On the cross-norm of the direct product of C*-algebras”. In:
Tohoku Math. J. (2) 16 (1964), pp. 111-122. 1SsN: 0040-8735. DOL: 10.2748/tmj /
1178243737.

Dan Voiculescu. “A note on quasi-diagonal C*-algebras and homotopy”. In: Duke Math-
ematical Journal 62.2 (1991), pp. 267-271. DOI: 10.1215/50012-7094-91-06211-3.

Simon Wassermann. “Tensor Products of Free-Group C*-Algebras”. In: Bulletin of
the London Mathematical Society 22.4 (July 1990), pp. 375-380. 1SsN: 0024-6093. DOI:
10.1112/b1ms/22.4.375. URL: https://doi.org/10.1112/blms/22.4.375.

98


https://doi.org/10.1007/s00222-020-00977-4
https://doi.org/10.1017/CBO9780511623806
https://doi.org/10.1007/978-3-642-61993-9
https://doi.org/10.2748/tmj/1178243737
https://doi.org/10.2748/tmj/1178243737
https://doi.org/10.1215/S0012-7094-91-06211-3
https://doi.org/10.1112/blms/22.4.375
https://doi.org/10.1112/blms/22.4.375

A Fundamental Results in Operator Theory

A.1 The Gelfand-Naimark-Segal (GINS) Construction

The Gelfand-Naimark theorem realizes a C*-algebra, an abstract algebraic object, as a norm-
closed algebra of bounded operators on a Hilbert space. The Gelfand-Naimark-Segal (GNS)
construction, which provides the machinery behind this theorem, is at the heart of all C*-
algebra theory, and can be found all over the literature. Our particular approach follows the

book of Kadison and Ringrose [20].

Proposition A.1.1. Let A be a C*-algebra, F C A be a self-adjoint subspace containing
la, and x € E. If A € o4(x), then there is a state p of E such that p(x) = A.

Proof. 1t A\ € o(x) then for complex numbers « and g,

ar+ B € o(ax+ p1) = |ar+ F| < ||az + 51|
Define po(ax + 1) =ar+ B on B={azx+p1:q,p € C}

po defines a linear functional on the subspace B C E with po(z) = A, po(1) =1 and ||p|| = 1.
By the Hahn-Banach theorem we can extend py to p a bounded linear functional on £ with

|lpll = 1. Since p is bounded, it is positive and therefore a state. O

Theorem A.1.2. Let A be a C*-algebra, £ C A a self-adjoint subspace containing 1,4, and
x € E. Then:

1) If p(x) = 0 for each state p of E, then x = 0.

(1)
(2) If p(x) is real for each state p of E, then z is self-adjoint
(3) If p(x) > 0 for each state of E, then x € £, = EN A,
(4)

4) If x is normal, there exists a state p of E such that |p(x)| = ||z||

Proof. (1) Suppose z is self adjoint and p(x) = 0 for each state p of E. Then o(z) = {0}
and so ||z|| which coincides with the spectral radius of x is 0, and therefore x = 0. Now
suppose z is an arbitrary element in the subspace E. Then x can be written as y + iz
for y, z self-adjoint elements. p(z) =0 = p(y) = p(z) = 0 = y = z = 0 and therefore

x = 0.
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(2) Suppose p(z) € R for each state p of E. Then p(z — z*) = p(z) — p(z) = 0 so = = z*.
(3) If p(x) > 0 for each state of F, then by part 2 x is self adjoint. By proposition A.1.1,
o(z) CRT and so z € F,.
(4) If z is normal, it has spectral radius r(x) = ||z|| so there is A € o(z) such that |\| = ||z]|.
By the above proposition A = p(z) for some p, and thus ||z|| = p(x).
[

The set of states of £ C A is called the state space of E, which we denote by S(FE). It is
a subspace of the unit sphere in the Banach dual space E* and is closed and convex in the

weak™ topology o(E*, E).

The state space S(E) is convex, and is thus is equal to the convex hull of its extreme points.
These points must exist due to the Krein-Milman theorem, which states that for a compact,
convex set X in a locally convex space, there exists at least one extreme point and X is in fact
the convex hull of these points. We call the extreme points of S(E) pure states and denote
the subspace of pure states P(E). We will use the following corollary to the Krein-Milman

theorem later on.

Corollary A.1.3. Let V be a locally-convex topological vector space and X a nonempty
compact convex subset. If p is a continuous linear functional on V', there is an extreme point

xo € X such that Re(p(z)) < Re(p(xg) for all z € X.

For the proof, simply note that if we denote ¢ = sup{Re(p(z)) : x € X}, then the set
{z € X : p(z) = ¢} is a compact face (nonempty convex subset Y with the fact that any
‘line’ ax + (1 — )y, z,y € Y : a € [0,1]) of X. In particular it is a nonempty compact
convex set in V' so it has an extreme point. An extreme point of a face of X will be an

extreme point of x with Re(p(x¢)) = ¢ > Re(p(x)),Vz € X.

Theorem A.1.4. Let A be a C*-algebra, £ C A a self-adjoint subspace containing 1,4, and
x € E. Then:

(1) If p(z) = 0 for each pure state p of E, then x = 0.
(2) If p(x) is real for each pure state p of E, then z is self-adjoint
(3) If p(x) > 0 for each pure state of F, then x € E, = EN A,
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(4) If x is normal, there exists a pure state p of E such that |p(z)| = ||z]|

Proof. We just remarked above that any state is the weak*-limit of a convex combination
of pure states, so by the corresponding results in A.1.2, the first three facts follow. For the
last assertion suppose that x is normal and, by A.1.2(4), let ¢ be a scalar and 7 a state
such that 7(z) = ¢ with |¢| = ||z||. Denote the evaluation map (at an element a € E) ev,
on E*  the Banach dual space. Let a be a complex number with |a| = 1 and such that
7(azx) = |¢| = ||z|. From corollary A.1.3 applied to P(E) C S(E) with linear functional

eVaz, there is an element py € P(E) such that
2l > [p0(2)] > Reevaa(po)) > sup{Re(evea(n)) : p € S(E)}
> Re(evaa(7)) = Re(r(az)) = [[A]
O]

We note that given a vector in a Hilbert space { € H, the map we : n +— (n€,&) defines a
positive linear functional (when ||£|| = 1, a state) on H. Such maps we are called vector states
of H. Of course if m: A ~ H is a representation with cyclic vector &, then z — (7(z)&,§)
defines a vector state. The GNS construction in lemma A.1.6 will show that any state can
be obtained as the cyclic vector of a representation behaving in this manner.

Proposition A.1.5. £, is a closed left ideal of A, and for any x € £, and y € A, p(y*z) = 0.

Proof. Since a state is self adjoint (because it is positive), we may define an inner product
on A by (z,y)o = p(y*z). Then the left kernel is simply £, = {x € A: (z,z)o = 0}, so it is
a subspace of A. Then

(& + Ly + Lp) = (x,y)o = ply"z) (3)
gives a definite inner product on A/L,. If z € £, and y € A,

p(y*=)]* < p(y*y)p(ae) =0,
so p(y*z) = 0. If we replace y with y*yz,
p((yr)*(yx)) = p((y"yz)"a) = 0,

soyr € L, and L, is a left ideal. Since p is continuous £, is closed. O
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Lemma A.1.6 (GNS Construction). For each state p of A, there is a *-representation

(mp, H,) with a unit cyclic vector £ such that p(x) = (m,(x)E,§) .

Proof. The inner product in equation 3 above gives a pre-Hilbert space structure to the
quotient A/L, for any p. Let #H, be the Hilbert space obtained as the completion of this
space. The map

m(@)(y + Lp) = 2y + L,

defines, for each x € A, a linear operator acting on the pre-Hilbert space A/L, (because L,
is an ideal). If we can show that 7 is bounded on A/L,, it may be extended continuously to
a bounded operator on H,. A similar argument to what we used to show the left kernel is a
left ideal works and will show 7(z) < ||z||. The continuous extension of 7 to all of H, will
be denoted 7,. It is not hard to see 7, is a homomorphism (simply check that is is the case
on A/L,) and note that A/L, is everywhere dense in H,. Likewise, the following shows that

7, is self adjoint.

(my(z)(y+ L,), 2 + Lyho) = (zy + L.ho, z + L.ho) = p(z"zy)
= p((@*2)"y) = (y, 2"z + L) = (y, m(z") (2 + Ly)).
Thus, 7, defines a *-homomorphism A — B(H,). If A us unital, then the cyclic vector can
easily be seen to be the image £ of 1+L, in H,. If A is non-unital, take an approximate unit

eq and since positive linear functionals are bounded, the image s of e, in H, will converge

to some cyclic vector ¢ for ,.

Finally, clearly (z€,&) = (x + L,,1+ L, = p(z) for all z € A. O

Corollary A.1.7. If 0 # z € A, there exists a pure state p on A so that 7,(x) # 0, where

7, is the representation obtained from p via the GNS construction

Proof. By A.1.4(1) there exists a pure state p such that p(x) # 0. Equivalently, thanks to the
GNS construction (m,(x), &) # 0, where ¢ is the cyclic vector for 7,. Thus, 7,(z) #0. O

In particular, this last corollary tells us the the representations obtained in a GNS manner

from the pure states of A are numerous enough to separate points in A.
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Theorem A.1.8 (Gelfand, Naimark). Let A be a C*-algebra. There exists a faithful *-

representation 7 : A ~ H on a Hilbert space H with cyclic vector &.

Proof. Let Sy be any family of states containing all the pure states of A. Let
¢:®WPZA—> @Hp,
pESH PESH

where 7, are associated the GNS representations. For any x € ker(¢), m,(x) = 0 for each
state p € Sg. However by corollary A.1.7 tells us that the pure states separate points, so x

must be 0, and thus ¢ is faithful. O]

Remark A.1.9. In the case where we choose Sy = S, the whole state space, the representation
¢ = @sm, : A~ BsH, is called the universal *-representation of A. Due to the Gelfand-
Naimark theorem, we will henceforth treat a C*-algebra A and its representation as a norm

closed *-subalgebra A C B(H) for some Hilbert space H interchangeably.

With this representation theorem in mind, let us now show that our C*-algebra definitions

of certain types of elements coincide with certain properties of Hilbert space operators.
Proposition A.1.10. x € B(#) is (in the sense of C*-algebras):

(1) self-adjoint if and only if (z&, &) € R for all £ € H,
(2) normal if and only if ||z€|| = ||z*¢|| for all £ € H,

(3) a projection if and only if p is the orthogonal projection onto a closed subspace of H.

A.2 Locally Convex Topologies on B(H)

Now that we know that the study of C*-algebras can be viewed as the study of closed
subalgebras of operators in B(H), we should be aware of other topologies on B(?) which

are useful.

We can define the strong operator topology (SOT) on a subset M C B(H) to be the topology
with a base of neighbourhoods of the form V(xg; &1, ...&,; €) for &, ...&, € H and € > 0 where

Vi(@o; &y nie) ={z € M2 |[(z = 20)§l| <eVj=1,..n}
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Accordingly, x,, — x in the strong operator topology if and only if ||(x — x,)¢]| — 0VE € H.

The generating family of seminorms for the SOT is x — ||z£|| for each £ € H.

We define the weak operator topology (WOT) on B(H) to be the weak topology generated

by the following family of linear functionals
Fp={we, : B(H) > C:{,neH} where we,(z)= (x n)

In other words, it is the weakest (coarsest) topology such that each of the above maps
are continuous. A base of neighbourhoods in the weak operator topology is of the form

V(205 &1, ...6n; €) where
V(20; Wey s - Wep s €) = {x € B(H) : |[{((x —x0)&,m)| <eVj=1,..n}

A sequence x,, — x in the weak operator topology if and only if |{(z,—x)&,n)| — OVE,n € H.
We note that, fittingly, the weak operator topology is in fact coarser (weaker) than the strong
operator topology.

Lemma A.2.1. Let ¢ : B(H) — C be a bounded linear functional. The following are

equivalent.

(1) ¢ is weak operator continuous.
(2) ¢ is strong operator continuous.

(3) There exist &1, ...6n, M1, ... € H such that o(z) = ). (&, n;) for all z € B(H).

Proof. (1) = (2) is trivial by ordering of topologies, and (3) = (1) is immediate by the def-
inition of the seminorms which generate the WOT. Let’s now suppose ¢ is SOT-continuous.

Then the pre-image of the unit ball of C in B(H) is also open, so we can find a constant

K > 0 such that [p(z)]* = K Y] ||2&]|*. Now take the subset
Ho = {®x& : v € B(H)} C H.

The map @®,;z&; — p(z) extends to a continuous linear functional on the closure H,. Thus,

by Riesz representation theorem, there exist 01, ...n, such that

n

p(x) = Z@Uﬁum)-

=1
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A major consequence of this theorem is that the continuous dual spaces with respect to the

WOT and with respect to the SOT coincide. This gives us the following useful corollary.
Corollary A.2.2. The weak and strong operator closures coincide for convex subsets.

Since the dual spaces coincide for all three topologies, the corollary follows by geometric

Hahn-Banach. One can also prove this directly as follows:

Proof. Let K C B(#H) be convex. Then denote K, K* the weak and strong operator
closures respectively. The first inclusion K O K¢ follows immediately from the ordering of
topologies. Now let z € K* and we’ll show that z is in the strong operator closure. Choose
&,..6, € H and let &€ = (&;,...,&,). For any y € B(H), the operator y®" is defined by
YE (01, oo ) = (YN, -, y1). Then K = {y®" -y € K} is a convex subset of B(H®").

Since 2" is in the weak operator closure of K, ¢ is in the weak operator closure of K in
H®". This means that z¢ is in the norm closure = for some y € K, ||y — z&;]| is small for
each ¢ = 1,...n. This is precisely what it means for = to be in the strong operator closure.

Therefore K¥ C K5, O

A.2.1 Kaplansky’s Density Theorem

Kaplansky’s density theorem is a fundamental result in operator algebras. It is often used in
the literature without being mentioned by name. The proof can be found in any textbook

on operator algebras, but we follow [35].

Lemma A.2.3. Let f € C(C). Then f is continuous in the SOT on any set of bounded

normal operators.

Proof. We may, by the Stone-Weierstrass theorem, approximate f uniformly by polynomials.

Multiplication is SOT continuous and taking adjoint is SOT continuous on normal operators.

]

Lemma A.2.4 (Cayley Transform). The map = — (z —i)(x +4)~! (the Cayley transform
on the Riemann sphere) is SOT continuous from B(H)s, to U(B(H)).
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Proof. Let (x,) be a net of self adjoint operators in B(H) converging to = in the SOT. The
spectral mapping theorem (self-adjoint elements are normal) gives that ||(z,+1)7'|| < 1 for

each . Then for each £ € H,
Iz = i)(2 + )71 = (2o — i)(za + )¢
= [(@a + ) (@a +i) (@ — )" = (za — )(2 +49) " )(z + )¢l
= [(zq +1) 71 2i(x — 24)(x + 1)
< 2||(x — ) ||| (x 4+ 4)"'€|| = 0 in the SOT.
Hence, the Cayley transform is SOT continuous on self adjoint elements. O

Corollary A.2.5. If f € Cy(R) then f is SOT continuous on self-adjoint operators.

Proof. f € Cy means it vanishes at infinity so

fal+)/(1=1), t#1
g(t) =
0, t=1
defines a continuous function on the unit circle. A.2.3 gives that g is SOT continuous on the

unitaries, and A.2.4 gives that the Cayley transform (we can denote it U) is SOT continuous

mapping to the unitaries. It then follows that f = g o U is SOT continuous. m

Theorem A.2.6 (Kaplansky Density). Let A C B(H) be a C*-algebra, denote A* the strong
operator closure of A, and (A); denote the unit ball of A. Then,

Proof. In both cases the nontrivial inclusion to prove is D.Suppose x, — x is a net of
elements converging to a self-adjoint x in the SOT. Since the involution is continuous in the
WOT, (x4 +x%)/2 — x in the WOT. But since the space of self-adjoint operators is convex,
by A.2.2 the WOT and SOT closures coincide, so z is in the strong operator closure of A,,,
hence (Ag)* = (A%)4.

First we show (2) for self adjoint elements. Let (y,) C Asq be s.t. y, — x in the SOT. Take
a function f € Cy(R) such that f(t) =t when |t| < ||z| and |f(¢)| < ||z|| for all £ € R. Then
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|f(ya)| < ||z]| for each o, and f(ys) — f(z) in the SOT by corollary A.2.5, thus proving the
self adjoint case. Now to extend this to the case of an arbitrary element we use a matrix

trick:

First we note that My(A)s = My(As) C B(H?). Let z € (A%), then

- ") € (@),
¥ 0

is self adjoint. Then we know there is a net of matrices in (My(A)),

~ aa bOC
To = )
Ca da
converging to Z. Of course, ||b,|| <1, and b, — = in the SOT. O

A.3 Von Neumann Algebras

We first mention that the predual of a W*-algebra is unique, a fact which is nontrivial to
prove (see [35, thm. 4.4.4]). It will be useful to note that the sets of self adjoint elements
My, and positive elements M, in a W*-algebra are closed in the o(M, M,) topology (for a
simple proof, see [39, lem. 1.7.1]).

Let M be a W*-algebra. The ultraweak topology o (M, M,) is built so that the multiplication
maps L, : z — ax, R,x — xa are continuous. If p is a projection in M the left (resp. right)

ideal Mp (resp. pM) is closed in the ultraweak topology.

Conversely, if L < M is a left ideal, there exists a projection p such that L = Mp (and the
same goes for a right ideal). To see this we take N = LN L*, which is a W*-subalgebra of M
(it is clearly a C*-algebra, and the involution is ultraweakly continuous so N is ultraweakly
closed). We then take p to be the identity on N, so it is a projection in M with Mp C L. If

x € L, then z*z € N, and because p is identity on N,
pr*rp = pr*x = ¥xp = xx.

Thus, (1 — p)z*z(1 —p) =0, so a(l — p) = 0, implying that Mp D L. Tt is also not hard to

see that this projection must be unique.
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If we have an ultraweakly closed two-sided ideal I <M, there are two projections p, ¢ so that
I = Mp = gM. However both of these must act as the identity on INI*, so p = q. Moreover
px = (px)p = prp = p(xp) = xp for any © € M, so p is central. Thus, we will use that any

closed two sided ideal is generated by a central projection.

Proposition A.3.1. If o : M — N is a W*-homomorphism between two W*-algebras, then
the image ¢(M) is closed in the o(N, N,) topology (the ultraweak topology on N).

Proof. Note that I = ker(yp) < M is an ultrawealky closed two-sided ideal, and so admits a
central projection p such that I = Mp. Restricting ¢ to M (1 — p) gives us a *-isomorphism,
hence an isometry. Thus the image of unit sphere of M is the unit sphere of (M), and so

it is o (N, N,)-compact (Banach-Alaoglu). Thus ¢(M) is a o-closed subalgebra. O

A positive linear functional p on a C*-algebra A is called normal if for any increasing net x,,
with least upper bound z, p(x,) has least upper bound p(z). Equivalently if we have instead
a W*-algebra M, we may define a normal linear functional to be a o(M, M,)-continuous
positive linear functional (c.f. [39, p. 1.13.2]). It turns out that the space of normal states

on M can be identified with the predual (see [39, p. 1.13.2], and the remarks thereafter).

Lemma A.3.2. Let © € M be an element in a W*-algebra. If p(x) = 0 for each o-continuous
positive linear functional p, then x = 0. In particular, the normal linear functionals form a

point-separating family.

Proof. Tt will be sufficient to show that if x is a self adjoint, non-positive element of M,
then there is a o-continuous positive functional such that p(z) < 0. Since the positive
elements form a convex cone in the space of self-adjoint elements, and are closed in the
o(M, M,)-topology. We can find a o-continuous linear functional g on My, (separation
theorem for locally convex vector spaces) such that infyen, g(y) > g(x). But since My
is a cone, 0 = infycr, g(y) > g(x). Therefore, g(xz) < 0, and g(y) > 0 for all y € M.
For arbitrary elements of M, define a linear functional f on sums of self adjoint elements:
f(a+1ib) = g(a) +ig(b). f is a linear functional on M. Since My, is closed, the involution

is o-continuous, and so f is o-continuous and positive such that f(z) < 0. O
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For a normal state p on a W*-algebra M, let 7, : M — B(H,) be associated the GNS
representation. For §,n € H,, set f(x) = (7,(x)n,§). Because the pre-Hilbert space M/L,
is dense, there are sequences ay,, b, in M for whom the images of a, + £, and b, + L, in H,

(which we shall denote as d,, b,) converge in norm to £ and 7 respectively.

[{mp(2)€, 1) — (7 (2)dn, bi)|
< Wmp(@)(€ = @), M| + (T (2)n, (0 — b))

< ll2llllg = a@nllllnll + lzlln = ballllan ] — ©.

So we see that f(z) is the uniform limit of the sequence

fulx) = <Wp<x)dn>b;1> = p(b,xay),

which lies in the unit sphere of M. Because p is normal, fs lie in the predual M, and so
does f. We've shown that the map = +— mp(z) is continuous in the respective ultraweak
topologies on M and B(#,) on bounded spheres, and so 7, is a W*-homomorphism. In

particular, 7, is a W*-representation onto H,.

Theorem A.3.3 (Sakai). Every W*-algebra has a faithful W*-representation on some
Hilbert space H. Thus every W*-algebra is *-isomorphic to a weakly closed self adjoint

subalgebra of B(H).

Proof. Consider the set of all normal states on M, call it S,,(M). We build a universal
W*-representation much like was done in the Gelfand-Naimark theorem. Let
W:@ﬂ'piM—) @’HP.
pESH PESH
We must do a little more work to show that 7 is a W*-representation. Let F' be the set

consisting of all finite linear combinations of elements in (Jg H,. F is dense in pes, Mo
Let

£ = Z@-, n= Zm, where &, 1m; € H,,.
i=1 i=1

Then, f(x) := (m(x)&,n) = >0 (7, (x)&,mi) is the sum of elements of the predual, and
so f € M,. For amy ¢ 1 € H the function fe, : z — (w(x)¢,n) is in M,. Thus,
m: M — B(H) is a W¥-representation.
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If x € ker(n), then once again 7,(x) = 0, and thus p(x) = 0 for each normal state p of M.

By lemma A.3.2; we see that the normal linear functionals separate points, so x = 0. O]
Theorem A.3.4. Let B C B(H) be a self adjoint set. Then B’ is a von Neumann Algebra.

Proof. The self adjointness of B’ follows obviously from the self adjointness of B. If x € B’
then for any y € B,z*y = (y*x)* = (zy*)* since B is self adjoint, = yz*. Obviously the
identity is in the commutant as well. Now let z,, be any net in B’ such that z, — = € B(H).

Then for any y € B and £,n € H

([, y1€m) = (zy&,m) — (2&,y™n) = lim(zay, n) — (za&,y™n) = lim((za, yl¢,n) = 0

where [z, y] = xy — yx is the commutator. This shows that z in the weak operator closure

of B’ is in fact in B’, so in particular that B’ is a von Neumann algebra. H

The following nifty little lemma will be helpful in the proof of the main theorem. This
lemma, as well as this particular version of the proof of the bicommutant theorem follow the

presentation of Adrian loana in [18]

Lemma A.3.5. Let M be a unital *-algebra and K C H an M-invariant closed subspace
(that is, *t K C K for = € M). The orthogonal projection p onto K lies in M’.

Proof. It v € M, xpH = 2K C K. So, (1 —p)zpH C (1 —p)K = {0} = (1 —p)azp = 0.
Note also that z* € H = (1 — p)a*pH = {0} = pz(1 — p) = 0 (note orthogonal projections

are self adjoint). Subtracting the first equation from the second, we get px — xp = 0. O

Theorem A.3.6 (von Neumann). Let M be a unital (with identity 1) *-algebra. Then the

following conditions are equivalent:

(1) M is weak operator closed.
(2) M is strong operator closed.
(3) M = M”

Proof. The implication (1) = (2) is obvious because an algebra is necessarily convex, and

implication (3) = (1) follows immediately from theorem A.3.4. We need to show (2) = (3).
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We know that M C M”, however we need to show that this embedding is weak operator
dense. Fix some x € M" and some &1, ...&, € H. Let p be the orthogonal projection onto

the subspace
Mé& = {y& 1y € M}.

It’s obvious that M¢&; is closed and M-invariant, and so by lemma A.3.5, p € M’ = px = xp

since x € M". This gives
x&y = xp§; = p(x&1) € ME;,

which implies that there exists y € M with ||z§; — y&|| < e for each i = 1,...n (what we're
trying to show), in the case where n = 1. To extend this case to larger n, we use a standard

matrix trick.

Define a unital *-homomorphism 7 : B(H) — B(H") = M,,(B(H)) in the following way:

y 0 - 0
y - 0

my) =1 ‘ ' In other words, 7(y)(M1, .., ) = (YN1, -, Y1)
00 - y

We will need to show the following two facts to finish our proof.
L. m(M") C (M, (M) 2. 1(M") C M, (M)

To prove (1), let w(z) € w(M") and A = (a;;) € M,(M'). n(z)A = (va;;) however since
x € M" and each a;; € M', (za;;) = (a;jo = Am(x). To prove (2) let A € w(M)". So that

means that for any x € M, a;jx = xa;;, which of course means that a;; € M’ = A € M, (M").

Facts (1) and (2) togethter with (A € B = B’ C A’) give us that 7(M") C n(M)”, and
hence that for our fixed x € M”, w(z) € m(M)". If £ = (&1, ...z,,) then the case n = 1 implies
that there exists a y € M such that

Im(2)€ = m(y)Ell < e

This shows that x is in the weak operator closure of M. O
Finally, we give a sketch of the proof of the Sherman-Takeda theorem, as presented in [39].
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Theorem A.3.7 (Sherman, Takeda). Let A be a C*-algebra. Then the double dual, A**,

is a von Neumann algebra. In particular, A** = 7, (A)".

Proof. Suppose m, : A — B(H) is the universal *-representation. Then we can identify A
with 7, (A) because the representation is an isometric isomorphism onto the image in B(#H).

Then, the weak operator closure m,(A)" is a von Neumann Algebra and let m,(A)”, be its

Banach space predual. Then for a ¢ € m,(A)¥

B

lell =" sup [p(z)] = sup [p(z)] = [l¢]al-
llzll <1, lzl<1,
zem, (AW T€EA

Here we used Kaplansky’s Density theorem the fact that the unit ball is weakly closed.
So the mapping ¢ — |4 is isometric. By an application of the Riesz-Markov-Kakutani
representation theorem (see [39, p. 1.17.1] for details) any bounded linear functional can be
written as the linear combination of states. Then, since {¢|a : ¢ € W*} contains all the
states of A, the mapping ¢ +— |4 defines an isometric isomorphism M—A)“’* — A*. Taking

the dual, we get A** is isometrically isomorphic to m,(A)* = m,(A)" O
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