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“ Abstract

‘O
One of the most recurring themes In many computer applications such as

Ao

graphlcs, automated cartography, Image processing and robotlcs Is the notion of

visiblilty. We are concerned with the visibllity between two edges of a slfnple n-

vertex polygon. Four natural deflnitlons of edge-to-edge visiblllty are proposed.

There exist O (n log n) algorithms and complicated O (n) algorithms to solve

this problem partlally and Indlirectly. A simple, efliclent, dlrect, llnear running
time, and thus optlmal algorithm Is presented to determine edge—bg—edge visibliity
under any of the four deflnitlons. The algorlthm also ldentlfles the visibliity

region If 1t exlsts.
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N LL'u‘n des; themes les plus récurrents dans de nombrelgx domalnes
d'da:p‘pllcatlon Informatlique tels le graphlsme, l'zrcarnograpme automatlsée, le
eYbraﬂtem’em d'lmages et la robotlque est la notlon de vislbtllté. Nous consldérons
le\ probleme ude la vlslt;lllbé entre deux cOtés dans un polygodne slinple 4 n polnts.
Quatre dé ﬂnlb!éns naturelles de visiblilté coté-a-coté sont proposées. Il existe des
algorithmes O(n,lo}z n) et desv algorlthmes O (n ) compliqués pour résoudre ce

profnlémeu de I’ac;on/ partielle et lndirecte. Nous présentons un algorithme simple,

Oemcace. direct et llnéalre'en temps d'exécutlon pour détermlner ta visibillté

. cOHLe-A-chLEé avec ,n‘hhpone des quatres définitlons. L'algorithme ‘identifie

T - .
€galement la réglon de visibilité sl ce dernler existe. .. .
" » .
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CHAPTER ONE

Introduction

——

The notlon of visibllity or hidden ilne problem In geometric objects Is one
that appears In many applications: the central prqblem of computer graphles
[Fr&Lo], Image processing (Da&Be], and survelllance and control of robots [Ni].
A reasonable amour;c of research work has been devoted to solving thls problem
In two and three dimenslonal cases [Gr]. Several papers [Da&Be], {Sm]|, [Le&Pr1],
[E1&Av], [Le|, [El&Av&To], [MI1], [To3], [Ra&To] have appeared concerning the
problem of visiblllity In a polygonal region from a fixed polnt.

Let P=(p,, Py ..., P, ) be a simple planar polygor%[ndlces are taken modulo
n throughout thls thesls. We assume the polygon Is In stand-ard form, that Is, all
vertlces are distinct, no three consecutive vertices are co-linear and vertlces are
given In clockwise order so that the Interlor of the polygon lles to the rlght as the
edges are traversed. We say that a line segment lles inside P If 1t does not Inter-
sect the exterlor of P. Two polnts are sald to be wisible If the llne segment Jolh+ng
them lles Inslde P. The vertex visibility polygon, or Just uvisibility polygon, of P
[rom a point x In the plane, Is that reglon of P wisible from z. It has applicatlons
In path planning [Do] [Lo&We] and separabllity problems [Sc&To] ['llo&El]
[To&Sc] In robotlcs, pattern recognltion [Da&Be], and computer generated pic-
tures of three dimenslonal objects [Cu&Le] [Ra] [Ya]. Shamos [Sm] presented a
IlInear tlme algorithm for computing the visibility polygon but counterexamples
are shown In [El1l]. Freeman & Loutrel [Fr&Lo] and Davis :95 Benedikt [Da&Be]
have proposed O (n?) and at least O (n log n) time algorithms for'thls problem
respectively. ElGIndy & Avis [El&Av] and D. T. Lee {Le] solve the same problem
optfinally In llnear time:* Melkman [Ml] Improves the algorithm of [Le]. Asano
[As] has an algorithm that can handle polygons with "holes”.

%

,/
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“ » Introduction " - 2

~ The vertez-visibility graph, or the viewabslity graph [Sm) 1s a graph which has

applicatlons In computer vlslogn’ [Sp&Hal], shape decomposition [Sp&Ha2| and
classlﬂcatk_)n of planar shapes in pattern recognitlon [AV&EI]. It 1s a gréph whose
nodes correspond to the verti¢es of the polygon ar‘id‘ In which two nodes are a?Ua-
cent If the assoclated vertices are vl:slble‘ By computing the vertex’ vlglblilty

polygons for every verteX, the vertez-visibility graph can be computed In O (n?)

time [AV&EI]. ’ v

A toplec which has not been as much anestlogated as visibility from a poiﬁt

0

concerns the notlon of vz'sibz{;'ty from an edge. A polygon P Is u{eakly' visible f1l“om
an edge uv if for evex:y point w In P, there exlsts a polnt, zon edée uv suc‘h that
edge wz lles inside P. Glven a polygon P and a specified edge uvY or P, the weak
edge visibility polygon, or Just edge 'uzszd\dzty polygon, of P from edge uv ls the
reglon of P that sees at least one polnc of edge uv. Intultively, 1t 1s the regloa of

P wisible, at one time or another, by a guard patrolling edée yv. The weak edge

visibllity polygon solves the k-reachability® problem In O (n log.n) time [EI2)
8 . Lo

which has appllications In blanar separabllity In robotlcs, camputing the reachable’

work area of a robot arm, and printed clrcult routing [Hl]. EIGindy [ﬁ)ll}

©

presented an O (n?) algorithm to find the weak edge v&slblll“tﬁr polygon uslng wer-

tex visiblilty polygons (Ell]. Recently, EIGindy [El2], Lee & Lin ,[Lé&Lll, and

Chazelle & Gulbas [Ca&Gu] all 1ndependently proposed t,hx“ee different algorlﬁhms

for computing the weak edge visiblilty polygon In O(n log n) time. More

o

recently, Toussaint {Tol] reduced the complexity to O(n). In the cgse where the

a

polygon may have n "holes”, Surl & O'Rourke [Su&OR] present ak O (n*) algo-

rithm for computing the boundary of the polygonal reglon visible from an edge

o

and prove that 1t 1s optimal. o

In this thesls we conslder the problem of computing edge-to-edge visibility In b

a simple Polygon. Given a polygon P and a palr of edges uv and :zfy, 1t 1s deslred

©
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- ;40 determine whether edge uv and 2y ar@m’s“ib(e‘and. If so, report .the visible part

"zy and all polnts w on edge uv, w and z are vzszble. . Lo

: exlsbs ) polnn’z on edge zy such Lhab w and 2z are uzszble e O

.
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.*of both edges. There appear tq be four natural definitlons of visibility between a .
b ’ : .

palt' of edges N ) ;oo e

.
- ¢ 7
s

a) Edge uv 1s sald to be completely visible from edge, zy }r for all palnt.s zon edge * ,7

1

[ 1

N R t s

b) Edge v Is salq to be strongly vistble from edge L(xy" If there exlsts a-point zon

9
1

o ! I '
‘edge zy such that for all polnr,s won ¢dge uv, wand z are U;z.s‘zblc.

1 ¥

ey Edge 4v 1s sald $0 be w.,ak[y visible from edge; zy \f-for each won, edge uv, ‘there . .

4 i
'

bt
f

i ¢
v

d) Edge wv s sald to be parzzally visible from edge’ zy lr ohere e‘clsts a polnL won ’

edge wy and a polnt, zon edge zy such that wand 2 are mszble

, These _\deﬁ‘nltlons are lllust,ra.r,ed lnn ‘Flguire 1.’ A,s A'a mQLivangn' for c‘he . '
deﬁm:uons, fcoﬁsﬁder :the bgéblem of pl%cing a )Xvatchm'an ‘an edge zy so that he
’éa:n Qbserve edge uv. If he can be placed ‘anywihere& on edxge zy and stll be able 'go -—
dbserve all of (;dge uv, we will have co'mpletc; vzsii);l’ity. Ir Lheré. exists S()ﬂl‘e fixed
location on edge :1:51/ from where he can obqserve all of edge uv, w; will have .strong

o

vistbility With only weak visibility, however, the guqrq must palt,rol. up ahd dJown

b

part of edge zy In order to observe all of edge, uv. Finally, with' partml;néabxlaty.

B
KON !

the watchman can only observe part of edge uw, even If he patrols the length of -
N & ) i
édge zy. * r o g N B ‘

b )

A 'graph’ analogous to the vertez mszbzlzty graph for a polygoni P can be
deﬂnedﬁ In terms of edges: The cdgc visibality graph 1s a gra.ph whose nodes

corrvespond to the édges of the polygon and In wmch node nl 1s adjacent to node

" Ny e

ny If the edge assoclated with node n,ls vlslple from Lhe edge assoclated with

' T

node n,. So, we can deflne four kinds of edge. visibllity graphs: combplete, strong,

#

weaku. and partlal, under the four corresponding edge-to-edge visibilitiés. The
¢ 0 ¢ I ’ N .

complete and pa.rt,lahedg,gg visiblilty g;-aphs are undlirected since complete and par-
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c. weak visibility - d. partial visibility

FIGURE 1 : Visibilities between two fixed edges

¢ | . o




Introduction 5

tlal edge-to-edge visibillty are syx;lmetrlc, while the strong and‘weak edge visibll-
nﬁr graphs are dlrected since strong and weak edge-to-edge 'vlslbmt,y Is not sym-
metric.

There are two methods 1n the literature to parti®lly solve the edge-to-edge
visibility problem. One way of doing this Is to compute the weak edge visibllity
polygon of P from one edge, say edge uv‘,‘wl)t.h any of the algorithms In [E12],
[Le&Ljj, [Ca&Guj, or [Tol] and subsequently check whether the other edge Inter-
sects an edge of the weak edge visibllity polygon. , Thls approach ylelds an.algo-
rithm for the weak and partial edge-to-edge visibility problem. In [To2] Toussalnt
show§ that the shortest path solves the partlal edge-to-edge visibillty pfoblem

and with a trlangulation of P as a preprocessing sﬁep, a partial edge-to-edge visi-

‘bility query In P can be answered In O(n) time. Both approaches run In

O (n log n) time and achleve O (n) time with the falely Involved and complicated
D
llnear time triangulation algorithm recently dlscovered by Tarjan & Van Wyk

[Ta&Va). The detalls wlll be discussed In chapter two. €

In chapter three, we exhibit a simple, efMclent, dlrect and llnear tlme algo-
rithm for determining edge-to-edge visibility and reporting the wvisible part of both
‘edges under any of the four definitlons. .

The last chapter discusses some related open prbblems, and suggests some

L

dlirectlions for further research.
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CHAPTER TWO

-

q
0

Within the short ilterature of computablongl geometry, two other different

% problems, determining’°the weak edge visibllity polygon and the shortest path

between two vertices of a simple polygon, can be used indirectly t.%,pa.rtlally solve

the edge-to-edge visiblllty problem.

2.1 Edge-to-Edge Visibility via Weak Edge Visibility Polygon

Avls & Toussalnt [Av&To] consldered what might be termed the "jall-
house"” problem, t,hat,(ls, checiclng the weak visibllity of a simple polygon from an
edge. It Is mdtivated In [Av&To] by checking If the Interlor of the polygon can be
watched by a moblle guard patrolllng an edge of the polygon. They Introduced
three notlons ot’/p_olygonal ‘vlslbmt,y from an edge In a slmple polygon: complete,
strong and weak visiblllty, simllar to the edge-to-edge visibillty deﬁnlut.lons in

chapter ore, and then presented a llnear runnlng time algorithm to solve this

problem under any of the three visibllitles. A more difflcult problem is determln-

“ Ing the visible reglon of a simple polygon from a glven edge, or the edge visibilty

polygon, under the three visibllitles. Recently, the problem of finding the weak
edge visibllity polygon recelved a lot of attentlon. Five different algorithms have
been developed.

Ghosh & Shframésundar (Gh&Sy] claimed an O (n) algorlthm. The maln
ldea of their algorithm 1s that the weak’edge visibllity polygon is the unlon ¢f the
vertex visibllity polygons from a few vertices, namely the two endpolnts of the
edge and those vertices that are vislble from elther one of them. Unfortunately,

the algorlthm does not always work as a counterexample Is glven In [El2].

7 —-



Previous Methods 7

Fo}lowlng the steps of the algorithm for checking the edge visibllity of a sim-

ple polygon from an edge In [Av&To), Lee & Lin [Le&Li] proposed an O (n log n)

© algorithm for computing the weak edge visibllity polygon. In thelr atgor\thm.

after trlangulating the polygon, vertices of the polygon are scanned twice to com-
pute the furthest clockwlse vislble polnt on the edge, called the left Intercept, and
the furthest counterclockwlse visible polnt on the edge, called the right ;merce"pt.
and malntaln the perspectlve blocklng vertex, called the aﬁchor“poln;., In a con-
catenable queue assoclated with the vertlces. Then the weakly visible reglon is
determined from the relative positions of the left and right Intercepts on the
edge.

Recently, ElGindy [El2] offered an effliclent method to compute the weak

edge visibllity polygon using a hlerarchlcal representation of the polygon based on

a decompaositlon Into a set of simpler components: monotone polygons. The algo-

rithm preprocesses the polygon In three passes. First, 1t cuts off parts of the

polygon which cannot be weakly vislble from the edge. The second pass performs .

a regular decomposltion on P, that 1s, the polygon Is decomposed Into a set of
coomponems that are monotone with respect to a vertlcal lne {Le&Pr3]. Finally,
it computes the hlerarchlcal representatlon of P based on the regular decomposi-
tlon. The algorithm traverses the hlerarchy and computes the lel‘£ and right
Intercepts of the weakly visible vertices of the monotone components encountered
on the edge, which takes up O (n log n) tlme. Unlike the previously described
algorithm, thils approach Immedlately determines the weak visiblllty of a vertex
when the vertex 1s encounted during the scanning step, and thls scannlng process
Is terminated when It Is clear that the remalnlng 'vertices are not weakly visible.
Finally, 1t traverses the weakly vislble vertlces and computes LI}e weakly visible
parts of those reglons bounded by the non-vislble vertlces, called the gap fllter in

[El2]. The entire process runsin O (n log n) time. An O (n ) algorithm for mono-
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tone polygons Is also shown In [E12].

More recently, Chazelle & Gulbas [Ca&Gu] developed a different O (n log n)
algorithm for findlng the weak edge visiblllty polygon.‘ Thelr malxn to;)l 1s the
classlec geometric duallty In the two-slded plane lntroducedﬂby the kinetle frame-
work In [Gu&Ra&Sl]. The weakly edge visible reglon In th¢ plane dualizes to a
double wedge 1n the dual plane. After triangulating the polygon as preprocessing,
the algorithm partitlons the double wedée In the dual plane Into convex subdivi-
slons based on the weakly visible reglon of the edges of Lt;e polygon in the plane.
Then 1t computes the convex subdglvlslon assoclated with the wqakly vislble
reglon from the edge. This algorithm runs in O (n lbg n) time even after- trlangu-
latlon. °

Most recently, Toussalnt [Tol] presented a llnear time algorlthm to deter-
mine the weak edge visibliity polygon, which Is also called the strong hidden-line
problem in a simple polygon In [Tol]. It comblnes results from visibliity and
shortest paths [Ca] with the llnear tlme polygon trlangulatlon algorithm
discovered very recently by Tar)an & Van Wyk [Ta&Va). The algorithm starts
with the llnear tlme trlangulatlon [Ta&Va) on the polygon and the construction
of the dual tree [Ca] also In llnear time. Then 1t decomposes the polygon lnto
sleeves corresponding to the granches In the dual tree. The maln st;epv Is travers-
Ing the sleeves to cut off the Invisible parts of each triangle traversed using the
four shortest paths from each endpolnt of the glven edge to éz;ch endpolnt of the
triangulation dlagonal. The algorithm first uses a procedure of ElGIndy [El2] to
compute all the shortest paths from the endpolnts of the edge to all vertlces of
the polygon In linear time. This algorithm runs in llnear tlmeucven after triangu-
latlon.

Glven a simple polygon P and two edges uv and zy 1n P, the weak and par-

tlal edge-to-edge visibllity problem can be solved In Nnear time once the two
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[4

weak edge visiblilty polygons from edge uv and edge zy are obtalned. A subse-
quent check on whether the other edge Intersects an edge of the weak edge visl- )
blllty polygon suffices for partlal edge-to-edge visiblilty. The weak edge-to-edge
vislblllty Is found If the weak edge visiblllty polygon contalns the other edge.
Using the last algorithm to obtain the weak edge visibllity polygon, both entire
processes can be done In O (n ) time theoretically, but the llnear t,l.me polygon trl-
angulation algorithm s very involved and uses heavy data structures such as
recursive finger search trees [Br&Ta] [Hu&Mh] (Ma&Sl] and circularly level-linked
2-4 trees [Ho&Mh&Rs&Ta]. Alternatively, uslng any of the other three
O (n log n) algorithms to obtaln the weak edge visibliity polygon, particularly/the
one by ElGindy [El2], our problem of weak and partial edge-to-edge visiblllty\can
be solved practically and efliclently but in O(;z log n) time. Comprehensive

pseudo code 1s given in [El2].

2.2 Edge-to-Edge Visibility via Shortest Paths

Glven a slmple polygon P and two polnts w, z In P, the shortest path (or
geodesic path), SP(w,2|P), between w and 2z !n P Is a polygonal path cbnnecnlng w
and 2z which lles entirely In P, and such that the sum of Its euclidean edge-lengths
s a minlmum over all other Internal paths. Geodeslc paths find appllcation in
many areas such as Image processing (La&Mal, operatlons research [Le&Pr2], col-
liston avoldance problems In robotics [To4)], computing the trajectory of a raclng
car [Cal], wire routing In integrated boards [Hl}s and optimlzation on a control
problem of Bellman [Do] [El2].

Recently, Chazelle [Ca] and Lee & Preparata [Le&Pr2] Independently
discovered the same O (n log n) algorithm for computing SP(w,z|P). Both of these
algorithms first trlangulate P and then find the shortest path in O (n) time by
checking every trlangulatlon edge to report those edges Intersecting the shortest

path and proceeding to compute the shortest path. Employing the linear tlme
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polygon triangulation algorithm by Tarjan & Van Wyk [Ta&Val, the running
time of both algorithms becomes llnear.

More recently, a different O (n log n) algorithm due to EiGlndy [El2] first
constructs the hlerarchlcal description of P based on a decomposlition into ximno—
tone components In O (n log n) time and then searches It to report the sequence'
of monotone components contalning the shortest path, from which the shortest
path can be constructed later In llnear time. Compared tO the previous algo—‘
rithms [Ca] and [Le&Pri], the number of edges checked when searching thé
hlerarchical description Is much smaller than the number of edges In a triangula-
tlon of the polygon.

Toussalnt [To2] proved that the partlal edge-to-edge v!siblilty between two
edges uv and zy In a slmple polygon P depends entirely on the convexitles and
the Intersection of the two shortest paths SP(y,u|P) and SP(v,z|P). Uslng elther
the shortest path algorithm by Lee & Preparata [Le&Pr2] or Chazelle [Ca], the
partial visibllity between any two edges of P can be determined in O(n) time
given any O (n log n) trlangulation [Ca] [Ga&Jo&P1&Ta] [Pr&Sm] as a prepro-
cessing step [To2]. Thus, the partial edge-to-edge visibllity can be determlined In
O (n log n) time. Agaln, using the linear time triangulatlon of polygon, the com-
plexlty 1s redliced theoretlcally to O (n) tlme, but the entlre algorlt,hnul becomes
very Involved and lmpractical. Alternatlvely, uslng the shortest path algorithm
by ElGindy [EI2], the running time remalns O (n log n) while the programming ls
much simplified. With some modifications simlilar to those methods In this thesls,
the shortesn%aths can be used to determine 1n llnear time the edge-to-edge visl-

bllity according to any of the four definltlons.

2.3 Conclusion
The weak edge visiblilty polygon approach has too much overhead to solve

our problem efliclently. All the computatlons of the double scans in [Le&Ll}, the

-
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e -
o

o regular ‘decomp’osmon and r,h;z’ hlerarchlcéul represent,::a,t,lon of thé polygon In [El2i.
@ the planar subdlvls;!on 1o [Ca], the dual tree In [To2] and the trlangulation of the
polygon In {Le&LY, [Ca] and [To2]-have no direct contribution toward solvl;lg our
prob{em. In addlf,lon, all these computations are much more compilcated than
need be for our problem and solve only two of ihe four edge—nq—edge visiblilty
problems. The shortest pg,t,h approach s closer to our px?oblem than the weak
edge visiblliity polygon approach, but 1t Is still an Indlrect oqne. We will present.a

simple, efficlent, dlrect and llnear running tme solutlon to the edge-to-edge visls

) bility problem.
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CHAPTER THREE
The Edge-to-Edge
Visibility Algorithm

We start by defining some termlnology used In thls chapter In section one.
Then some prellmlnary results are given In sectlon two. Sectlon three describes In
detall 2 llnear running time algorithm for determlining the edge-to-edge visibllity
of 2 simple polygon glven any two fixed edges under any of the four edge-to-edge

visibllisles defined 1n chapter one. We belleve that the algorithm presented here is

the simplest, most direct and efficlent one.

3.1 Definitions and Terminology

The right half plane of an edge wz, RHP(w,z), Is the half plane defined by the
line passing through wz, and lylng on the right of edge wz, Including the line wz.
The half lmé of an edge wz, HL(w,z), 1s the Infinlte half llne startlng at w and
passing through z. Edge uvls partially facing edge zy If and only If one endpolnt
of gdge zy s in RHP(u,v). Edge uvls totally facing edge zy If and only If z and ¥y
are In RHP(u,v). Edge uv Is facing edge zy If and only If edge uv Is partlally or
totally facing edge zy (see Figure 2).

A polygonal chaln ¢, ¢, ...y ¢, , denoted by C(c 1+Cp ), Is sald to have a cut
through the quadrilateral Q=(uvzy) If and only if there exlsts a sub-chaln Cyr e
¢,,where 1<1 <7 <p wlith ¢, and ¢, lylng outslde quadrllateral Q such that

1) all polnts except ¢, and ¢, on the sub-chaln Ite In the Interlor of Q, and

2) the two Intersectlons are on the two opposite edges vz and yu of Q respec-

tively, that 1s, edge ¢, ¢, Intersects edge vz, and edge c;’llc Intersects edge

J

yu, or, edge ¢, ¢; ., Intersects edge yu, and edge €iC, Intersects edge vz (see

Flgure 3).
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FIGURE 2 : Examples of faclng uv is partlally facmg Xy, Xy 1Is totally
facing uv, and pq is not fdcing uv

Y
a. Chain that cut through the b. 'Chain
Quadrilateral uvxy throug!x
- uvXxy

FIGURE 3 : Cuts
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Let P==(p,, P4 ..., Pp) be a slmple polygon In the plane. Conslder all the
Intersection pOli’lBS between edge pg and C(p,q). An Intersectlon polnt p, Is sald to
be going out If p;_, I1s on the left of edge pg. An-Intersectlon point p, Is sald to
be going in If p,_, Is on the right of edge pg. Conslder the Intersectlon points on

“edge pg are sorted such that p = Pry Pryp , pp, = qls ‘monotonle on edge pq.
The reduced chain of C(‘p,q), RC(p.q), Is edge prpr, C(pr,pr). edee prpr,
C(psop1,), - edee p,k_gp,‘_lf, Clpy,_op1,) (f pf; 1s gowng out), or, C(ps,pr,). edge
P11y Clpr,pr,), edee prpr, - Clpy,_ppp,_ ) edge pp_py (f py, 1s going in). Note
that If p; Is going out, py  Is going tn and If p; Is gaing in, p;_ Is going out (see
Figure 4). Glven two edges uv and zy of a slmple polygon P, the inner convez
hull of the reduced chaln yu, ICH(y,u), 1s the cor;vex hull of all the polnts on

C(w,u) lylng In Quadrllateral(uvzy) except edge yu (see Figure 5).

»3.2 Preliminary Results

We begln with some observations about v‘lslbmty between edges. Flrst, the
edge-to-edge Visiblilty deflnltlons mean that partial visibllity lmplles weak visibll-
1ty, Implles stvong visiblilty, Implies complete visibllity, but not the converse (see
Flgure 1). Secondly, the definitlon of completely visible Is symmetric, that Is,
edge uv 1s completely visible from edge zy If and only If edge zy Is completely
visible from edge uv. Partlal visibllity Is also symmetric. Thirdly, strong visibll-
1ty and weak visibllity are not symmelric as lllustrated by the examples In Figure
1(b) and 1(c). Fourthly, edge uv Is completely visible from edge zy if and only If
u and v are vislble from ¥y and l:z: respectively. Finally, we. note that a slmeIIe
polygon Is convex If and only If every palr of edges Is completely visible.
Lemma 1 O: Glven any two edges uv and zy of a simple polygon P, edge uv is

elther totally faclng, partlally facing or not faclng edge zy, and v;ce versa. Also

edge uv and edge zy cannot partlally face each other (Table 1).
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FIGURE 4 : Reduced Chain RC(y,u)
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Proof : The first part follows stralghtforwardly from the’ deﬂnltlonszae,tt.hér both
z and y aré In RI—IP(u.v), or elther z or .y 1s In RHP(4,v), or both z and y are not

In RHP(u v). Secondly, assume. edge uv and edge Zy are parnlally facing each

3

other. Conslder the Im,ersect,lon poln{ o, of llne zy and line -uv. Slnce wor v
{ ‘

excluslvely 1s In RHP(z,y), o must lle between u.and von the llne uv. And slnce z

ory exclustvely Is 1n RHP(u,v), 0 must lle between z.and ¥ on the line zy. ’fllere-
o ’ |

" fore, edge uv Intersects edge zy at o, which ‘violates t.r}e simplicity of the polygon.

<

. N s
o n s
4
N x
i
i
1 1

[

[

Lo zy 1s notefaclng | zy .!s partially zy is votally fac-
uy facing u‘u“ o ing uv
uv Is not faclng case 1 " case 2 case 3 -
zy
uv s partlally case 4 "no such’ case case 5
facing zy
uv Is totally fac- case B8 X case 7 . case 8
ing zy '

Table 1 : Eight Canonical Positions of Two Fixed Edges

Lemma 2 :
a) If both edges are not facing each other, then only vertex-to-vertex visiblilty Is

possible. (case 1 In Table 2)

b) If one of the two edges Is not facing the other edge while the other does, then

only vertex-to-vertex or vertex-to-edge visibility are possible. (case 2, 3, 4,

a

and 6 In Table 2)
Proof : The visible reglon for any pOl;lt. w on edge uv, except the two endpolints,
Is RHP(u,v). Let w be any polnt In the Interlor of edge uv, and z be any polnt In

the Interlor of edge zv.
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i

xy is not facing uv

xy is partially facing uv

xy is totally

facing uv
2.1.1 2.1.2 2.1.3
1 Ytox vtoy utexy 3.1 v to xy
xtov ytou
;‘ v u v
b 4 x
o 7
& v
-
(«]
=
-2
>
-
»
»?
&0 Y v
£
3]
&
5 u
= No such case
a8 4.2.1 4.2.2 4.2.3
-: x tou xtov y to uv
(]
a | ¢ x
Qﬂ
> --
=
2 4
- x
6.1 y to uv 7.uv to xy 8. uv to xyy
™ v H“ '
» X u v
(.1}
IE
T .
o v u x
o
.2‘ %
'a' 8.2 x to uv
- o
0 u
-
2 Y ¥
> Y Y *x
]
Y x v

Q3
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Q

a) If both edges are not facing each other, then z and y are not in RHP(u,v), so
edge zy Is not vislble from w; also, u and v are not in RHP(z,y), so edge uv 1s not

visible from z. Therefare, only visibilitles between the four endpolnts are possible.
b) If edge zy Is not facing edge uv, then % and v are not In RHP(z,y), hence, edge
uv Is not visible from 2. Therefore, only visibllity between vertex z or y and edge

uv 1s possible. B

®

]
Glven two ﬁ%ed edges uv and zy of a simple polygon, from lemmas 1 and 2 1t

follows that we have elght canonlical cases of the general edge-to-edge visibility

‘problem as shown in Table 1 and 2.

&
. The dlfferent situatlons that arlse are shown In Table 2. In case 2, edge zy

can only be vislble from vertex u or v excluslvely, We have two subcases, as edge
zy 1s partlally faclng edge uv, elther u or v exclusively Is in RHP(z,y). If u Is In

v ¢

RHP(z,y) (case 2.1), It 1s obvious that when v and z are visible (case 2.1.1), and

"when v and y are visible (case 2.1.2), no other types of visibllity are possible.

However, when nelther z or y Is vislble l‘fé‘m v, we must conslder the visibllity
from u to edge zy (case 2.1.3). A parallel sltuation holds If v s In RHP(z,y) (case

2.2.1 to 2.2.3). In case 3, when edge zy Is totally faclng edge uv, elther u or v

excluslvely can be vislble from edge zy (case 3.1 and 3.2). Cases 4 and 6 are symi-

metrical to cases 2 and 3, respectively. In cases 5 and 7, one edge Is partlally fac-
Ing and is totally faced by the other edge. We will call these cases improper
edge-to-edge visihility as different from proper edge-to-edge visibility (case 8). ~

Now, we have four subproblems: vertex-to-vertex visiblllty, vertex-to-edge
visibllity, Improper edge-to-edge visibility and proper edge-to-edge vistblllity.

These subproblem are summarlzed in Table 3. As a prellminary step In the gen-

_eral algorithm, we can determlne In constant time which of the above cases holds

for a glven query.

Fo
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( ) zy 1s not zy 1s partlally Ty Is total,lir
facling uv - faclng uv facing v,
uv 18 case 1 case 2 case 3
not |1. if zto v Is visible if ¢1s In RHP(z,y) then v to Ty
facing then partlal vistbllity; 1. if v to z Is visible visibillty;
Ty 2. if z to u 15 visible then partial visibllity; [if no visiblilty
then partial visiblilty; 2. if v to y Is vislble then 1 to zy
3. if yto v Is visible then partlial visibllity; visibility.
then partial visibllity; 3. u to zy visibility
4. if yto u 1s visible else ’ L :
then partial visibllity; 1. if u to z 1s visible .
5. no visibllity. then partial visibility; [
- 2. if u to y1s visible
¢ then partial Vvisibllity;
3. v to zy visibllity.
;tv Is case 4 no guch case case &
( partlally | if z 1s in RHP(u,v) then I Improper
facing 1. if y to u Is Visible ' uv to Ty
Ty then partlal visibllity; vislblilty.
2. if y to v Is visible ‘
& then partlal visibility; :
3. z to uv visibllity
else
1. if £ to u 1s visible
then partlal visibillty;
2. if z to v Is visible
theh partial visibillty;
3. y to uv visiblllty.
uvls case % case 7 . case 8
totally [y to uv visibllity; Improper zy to uv uv to 1y
facing if no visibllity visibillty visibility
- zy « |then zto uv visibllity.
e: ] Table 3 : Preliminary Step of Finding

e,
"

Bl

the Type of Edge-to-Edge Visibility
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3.3 The Algorithm

In thls section, we present a llnear runnlng time algorithm to solve the
edge-to-edge visibllity problem. We assume we have done the prelimlnary step
discussed In last sectlon 1;1 order to solve the general edge-to-edge visibllity prob-
lem.

3.}31 Edge-to-Edge Visibility

First, we conslider the proper edge-to-edge v!s&t;\llty subproblem. The algo-
rithm wlll be shown and a proof of correctness will follow. The baslc Idea Is to
find the two inner convex hulls of .C(y,u) and C(v,x), respectlvely, bounded at the
endpoints, and then to détermlrnet the visibllity by analyzing these two chalns.

ALGORITHM EDGE-TO-EDGE VISIBILITY

Input : A simple polygon P=x(p,, Py, ..., y), 2nd two edges In P, uv and zy,
totally faclng each other,

'Output : the visibllity between edge uv and edge xy.

Begin

1. [initzalization] Bulld a double circular linked 1ist for the vertices of the simple

polygon.

2. [in case of a cut] If C(v,z) or C(y,u) cut through the Quadrllateral Q(uvzy),
then return with 'No Visibillty’.

3. [locate the intersection points] FIND Intersectlon polnts py =4y, pr, ..., pj,=u
between C(y,u) and edge yu, and py = Py . . Pj,,, =T between C(nz)
and edge vz, INSERT p; between p, and p, ., Into.the linked list, where
edge p, p,,, Intersects edge yu or edge vr at pj, for 1 =1,2,...,0. All Inserted
vertices are labeled as intersection polnts and are linked In a double circular
list. 'We denote a polnt gowng out as p; and a point going in as Py, M ppor
P, Is going outl, Insert y or v respectlvely before It and consider it as going
. If p; or py s going in, Insert u or z respectlvely before It and conslder It

as going out.
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4. [find the reduced chain of C(y,u)]
For (in,out ) = (1,2), (3,4), ..., (k-1,k ) do
If yp;, p;, v !s monotonle
then [scan forward and delete]

a. scan forward starting from pr,, to the first Intersectlon polnt

pr, . which Is on edge p; . 4
b. delete all polnts between ., and Pr, s excluslve, If any.

else [scan backward and delete]
a. scan backward along the Intersectlon polnts list, locate p; .

and py » such that p; 1s between p; . and p; . on edge yy;
b. scan forward startlng from pr,. to the first Intersection point
pr. . Which Is on edge py_+ py .}
¢. delete all polnts between pr,,, and Pr, «» excluslve, If any.

5. [find the reduced chain of C(v,z)] Analogous to step 4 with C(v,:z:) replacing
C(y,u), vreplacing ¥ and z replacing u.

8. [compute the inner Conver Hulll Find the lnner Convex Hull of C(v,1},,

ICH(v,z). Find the Inner Convex Hull of C(y,u), ICH(y,u). Let v’ be the polnt

preceding u in ICH(y,u). Let v' be the polnt after v In ICH(v,z). Let 4" be

the Intersection of line uu' and Hlne zy. Let ¢ be the Intersection of line w'

and line zy. Simllarly, we deflne ', " =" and ¥".

7. [construct the polygon H| H « edge uv, ICH(v.z), edge zy, ICH(y,u)
8. [tdentify the visibility region of edge uv from edge zy)

If z=v and y= u"

“then edge uv is completely visible from edge zy;

If yu"v'vare monotonlc on edge zy

then edge uv s strongly visible from edge zy between u” and v;;

If u* and v" are on,edge zy and v'v" does not Intersect ICH(y,4) and w'u"

does not Intersect ICH(v,z)

then edge uv Is weakly visible from edge ry between u” and v";

If H 1s asimple polygon

then edge uv Is partially visible from edge zy between L, and R, on edge
wand L, and R,, on edge zy, where L,,, R, L,,, and R, are the
Intersectlons of edge uv and zy with the two critlcal lines of support L
and R between two convex polygons constructed by ICH(v :c) and edge
vz and by ICH(y,u) and edge yu.

. [tdentify the visibility region of edge zy from edge uv) Analogous to step 8 with

z replacing v and v replacing .

End

~
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Lemma 3 : Bot,l; C(v,z) and C(y,u) do not cut through Q(uvzy) If and only If for
all w on edge uv and all z on e\dge zy, there exlsts a polygonal path wz lles In the
Interlor of ‘the Q(uvzy), except w and z such that it does not intersect C(v,T) or
C(y,u). i
Proof : [if] Assume C(v,2) or C(y,u) has a cut through Q. Let r and s be the two
vertices that reallze the cuf, that Is, r Is not s and all polnts tn C(r,s), except r
and s, lle In the Interlor of Q. Therefore, C(r,s) partitlons Q Into two reglons at
edge vz and edge yu. Obvlously, for all w on edge uv and all z on edge zy, any
path wz In the Interlor of Q will Intersect (;(r,s) (refer to Filgure 8).

[only if] Assume C(v,z) and C(y,u) do not cut through Q(uvi'::g). By definitlon, for
all » and s on C(v,z) or on C(y,u), where r < s and both lle outside Q(uvzy),
elther, there I1s 2 point ¢ between r and s that lles outside Q, or, If not, both of
the two Intersectlons of C(r,s) and Q lle on one of the edges vr or yu. In the
former case, r<{i{<s, all three vertlces r, {, s lle outside Q, and both C(r,t) and
C(t,s) satlsfy one of the two above cases. In the latter case, C(r,s) partitlons Q

Into two polygons. Slnce the two polnts of Intersectlon lle on the same edge, edge

uv and edge zy will be on the same polygon. I

Lemma 4 : In step 4 of ALGORITHM EDGE-TO-EDGE VISIBILITY,

after each lteratlon

a) all the visited Intersection polnts are monotonic on edge yu;

b) all chalns between each visited Intersection palr, whose first polnt Is i polnt
on C(y,u) going c;un of Q(uvzy) and whose secop/d polnt is the one going 1n, Ne
Inside Q(qvmy); /

- /

when the algorlthm terminates

¢) C(pr, +) 1s simple;

d) all polnts of P lylng outslde Q(«tvzy) are deleted;

e) C(y,u) les instde Q(uvzy) except for the Ifitersection polnts;
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f) (C(y,u) Is simple.

Proof :

a) (refer to Figure 7) If Pl P1,, % 1smonotonic, py , Is on edge p; u, and p;
pr, » U 1s monotonlc, thus keeping all the vislted Intersection points monotonle. If
not, then all the visited Intersectlon polnts after p; . are on C(p; . ,p,m) which
is on C(p[m, ,p,—m,), and hence they are deleted. In additlon, Pr, . 1s on edge
pr.' Pr.2and pr ooy Pr,.. P, . 1s'monotonle, thus keeping all the visited Inter-

sectlon polnts monotonlc. \

b) If ps,,., Pr., % s monotonle, conslder the last palr p; . p;  and the current

palr p;_ p;. . Just added. C(p\}:_‘_l,u) has lts first Intersection with edge yu at
py,.,. so Clpr,, _p1,,) Intersects edge yu only at py  and p; . C(pg .pp.) can-
not Intersect edge uv or edge xy since the polygon Is simple. Furthermore, 1t can-
not intersect edge vr or edge yu slnce otherwise It would Dhave a cul through
Q(:w'zy). Therefore, C(py,.,_oPr1,,, ) lles completely Inside Q(uwvzy) except for the two
endpolnts. If py pr ~u ls not monotonlce then deleting the palr p; —p, . up
to the palr p; » py + and adding the palr p; , p; , has no effect on the chaln
between each visited Intersection palr.

c) Ir PI,.... P1,, % 1s monotonlc, from the previous step, C(y,p,m_l) Is simple. I'rom
part b, C(p;, .Pr,, )' lles inslde Q(uvzy) except for lts two endpoln)Ls. Le., 1t does
not Intersect edge yu except for Its two endpolnts. C(p; . ,p; ) does not inter-

sect the chalns between lnt,e.rédccr,lon palrs, since otherwlse the polygon Is not slmm-
ple. Since all chalns between visited Intersectlon palrs lie inslde Q(uvzy) (part por
Figure 7) and are monotonlc on edge yu (part a of Figure 7), and all the Intersec-

tlon palrs are on edge yu, edge py

st

pr, » does not Intersect C(y,py, ). Therefore,
C(%.pr, +) s stmple. If p; p; ~uls not monotonle, from the previous step

C(wpr,,.,) s simple and C(y,p;,+ ) 1s simple. Since p; , s on edge p; . py ..
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C(wpr, +) s stmple.

d) All polnts that are outslde Q(uvzy) are the polnts between a polnt, pr,» golng
out of Q, and a point Pr, going Into Q. In each step the algorithm deletes all
polnts between a p; point né; a p; polnt. Consequently, all polnts outside Q
wlll be deleted when the algorithm termlnates.

e) From the results of part b and d, 1t Is obvlous that when the algorithm ter-
minates, C(y,u) lles outstde Q(uvzy) except for the Intersection polnts.

f) Fromm the results of part ¢, 1t Is also obvious that when the algbrlthm ter-
mlnates, C(y,u) Is simple. IR

Lemma 5.1 : Edge ¥b1s partially visible from edge zy \f and only If H is a simple
polygon.

Proof : (refer to Flgure 8) [only if] Let w on edge uv be visible from z on edge
Ty, then edge wz lles inslde P, so edge wz dves not Intersect C(v,z) and C(y,u).
Consequently, ICH(v,r) and ICH(y,u) do not Intersect edge wz. Edge wz spllts the
Q(uvzy) Into two reglons R(uwzy) and R(wwvzz). Since ICH(v,r) lles lnside
Q(uvzy), 1t Nles Inside R(wvzz); and since ICH(y,u) lles Inslde Q(uwvzy), It lles Inside

R(uwzy). Therefore, ICH(v,z) does not intersect ICH(y,u) and H 1s simple.
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[if] If H 1s slimple, ICH(y,u) does not Intersect ICH(v,z). The polygon constructed
by concatenatlng ICH(y,u) and edge yu, and the polygon constructed by con-
catenating ICH(v,z) and edge vz are both convex and do not intersect. By a well-
known theorem In convexlty {Se&WIl], two non-lntersecting convex polygons are
linearly separable, and by construction of H, the llne separating the two polygons
must intersect edge uv at some polnt w and edge zy at some polnt z. Slnce edge
wz 11es inside H, 1t lles Inslde P. Therefore, edge uv Is partially visible from edge
zy. W \ i

Lemma 5.2 : Edge uv Is uwealcly visible from edge zy If and only If «" and »" are
on edge zy and edge v'v" does not Intersect ICH(y,u) and edge u'u” does not
intersect ICH(v,z).

Proof : [only if] Suppose edge uv Is weakly visible from edge zy, then there
exists a polnt z on edge zy such that edge zu lles Inside P (refer to Figure ﬂ(a)).‘
Nelther ICH(v,z) nor ICH(y,«) can Intersect edge zu. Edge 2u splits the Q(uvzy)
Into two reglons, R(uzy) and R(uvzz). Since ICH(v,z) lles Inside Q(uvay), 1t lles
lnside R(uvzz), and slnce ICH(y,u) lles Inslde Q(uvzy), 1t lles Instde R(uzy). Hence
edge zu lles Inslde H and edge uu” les In I;{(uzy). Therefore, edge »'u" cannot
Intersect ICH(v,2). Slnce ICH(y,u) Is concave In H, edge uwu" cannot Intersect it.
Therefore edge w¢” lles inslde H and u"” I1s on edge ry. An exactly parallel argu-
fnent shows that edge v'v" cannot Intersect ICH(y,u), and v” 1s on edge zy.

[if] There are two cases depending on whether or not edge uu” Intersect edge "
Instde H. Suppose edge uu” does not intersect edge vv" inside H(refer to FFlgure
9(b)). Slnce v" and v" are on edge zy, edge v'v" does not Intersect ICHI(y,u) and
edge u'u" does not Intersect ICH(v,z), edge uu” and edge vv” split the Q(uuvzy)
Into three Reglons R(uu"y), R(uvv"v") and R(vav"). Since ICH(y,u) Is tnslde
Q(uv:cy)’ and concave In H, It lles In R{uu"%) and since ICH(v,z) 1s Inslde Q(uuvry)

and concave in H, 1t lles In R(vzv'). So R{uvv"v")Is inslde 11 and thus Inside P.
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weakly visible from edge zy. On the other hand, suppose that edge uu” and edge

vv” Intersect at a polnt ¢ Inslde H (refer to Flgure 9(c)). ICH(y,u) does not inter-

sect edge uw'u” because of Its convexity and edge vv” by assumption. ICH(v.:c)
h

does not Intersect edge v'v" because of its convexity and edge u’'u” by assump-

tlon. So edge v'u” and edge v'v” lle Inslde H. It follows r,hacut,'he two triangles utv
4

‘and #”{v" lle inside H and hence Inslde P. Choose any polnt w on edge uv and

~

exténd w through ¢ to a polnt z on ledge u"v". Slnce edge wz lles inside the two
triangles which are Inside P, 1t folll;>ws that, any w on edge uv Is visible from a
point zon edge xy, and edge uv Is weakly vislble from édge zy.

Lemma 5.3 : Edge uv I1s strongly visible from edge zy If and only If yu"v"z are
monotonlc on edge zy

Proof : [only if] (refer to Figure 10(a)) Suppose edée uv 1s strongly visible from
a polnt z on edge z. ICH(y,uj must lle to the left of edge zu, and ICH(v,z) must
lle to the right of edge zv. Since both ICH(y,u) and ICH(v,z) are concave In H,
ecdge uu” lles to the left of edge zu and edge vv" lles to the right of edge zv.

Therefore, u” lles between y and z and v” lles between 2z and z, thus yu"v"r are

monotonlc on edge zy.

[if] (refer to Figure 10(b)) Suppose yu"v"z are monotonlc on edge zy. I1CII(y,u)

lles to the left of edge w"u and ICH(v,z) lles to the right of edge v"v. Slnce edge

"' ¢ does not Intersect edge v" v, the Q(uvv”u”) lles Inslde H, and Inslde P. Elther

one of the two dlagonals of the Q lle inslde. If edge " v lies inslde Quvv"u"),
edge uv 1s completely visible from u". If edge v"u lles instde Q(uwvv”u"), edge uvls
completely visible from v". If both edges lle Inslde, edge uv Is completely visible

from any polnt w on edge u"v". Therefore, edge uv Is strongly vislble from edge

zy. M

N

Y
In thls case, edgf uv s strongly visible from edge u”v". Therefore, edge uv i1s *
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Lemma 5.4 : Edge uv Is completely visible Trom edge ry If and only If z=v" and

yr=u".
Proof : [only if] Suppose edge uv Is completely visible from edge zy. Then edge
yu and edge vz must lle Inside P. Thus C(y,u) does not Intersect edge yu, and

C(v,z) does not Intersect edge vz Therefore, £ = v" and y = u”

[if] Suppose z = v" and y = u". Then edge vz and edge yu lle Inside P. There-

fore an edge wz for any w on edge #v and any zon edge zy must also lle‘inside F.
e

cefore, edge uv s coomplet,ely visible from edge zy. W
Theorem 1 : Glven a simple polygon P, and two %dges uv and zy totally facing
e%ch other, ALGORITHM EDGE-TO-EDGE VISIBILITY determines tﬁe visibil-
Ity between these two edges In llnear time.
Proof : [Correctness| Step 2 determlne whetp\er or not C(y,u) or C(v,z) has a
cut through the Q(uvzy). It can be done by two simple tests for Intersection of
each chaln with edge yu and edge vz along the irertlces on the cl'mln. By Lemma
3, If there Is a cul, the program termlnate with 'INo visiblllty’, Step 3, 4 and 5
find the reduced chaln RC(y,2) and RC(v,z) by Lemrﬁ@\;l. Since C(7,u) lles to the
right of, or on edge yu, C(y,u) and edge yz can be consldered as a simple polygon.
Simllarly, C(v,z) and edge vz can also be consldered as a simple polygon. Step 8
and 7 find the polygon H which can be done by ajny existing correct convex hull
"algorithm for a slmple L;blygon [Pr&Sm]. Step 8 and 9 determine one of the four
kind of visiblilty from e\;dge uv to edge zy and from edge zy to edge uv by l.emma
5.1 to 5.4. The strongly and weakly vislible reglon is between u” and v” (sec Flg-
ure 9 (b), (c) and 10 (a), (b)). In the case of partlal visibiiity, 1t Is obvlous that
the visible reglon Is between the two critlcal Hnes of support.
[Complexity] Since step 1, 2 and 3 are Just linear scans along the chalns, each
can be done In linear time. In Step 4 and 5, each polnt being searched lIs deleted,

and every Intersectlon polnt s consldered only once. Thus, this step takes llnear

\
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-Q ,
time. The convex hull of a simple polygon In step 6 can be found !n llnear time.

Constructing the polygon H In step 7 takes only a constant time. SteP 8 and 9

are just some llnear time tests on the polygon H. The critical lines of support
@

can be found elther In®O (n) time with the 'rotating callpers’ of Toyssalnt [To5]

or 1o O (log n) time with the more recent algorithm of Rohnert [Rh]. Therefore,

e

ALGORITHM EDGE-TO-EDGE VISIBILITY runs in llnear time. ll e

The computatlon® of the reduced chaln in step 4 and 5 can be done by a

varlety of alternate, methods. -However, most of them either use some very com-
plicated data structures or require more thin Ilnear time. They wlill be dlscussed

-

In the last sectlon of this chaf)ter.

3.32 Improper Edge-to-Edge Visibility
In thls sectlon, we consider the improper edge-to-edge visibility problem.

Only the ldentification of the visibllity reglon In the prevlous algorithm needs to
0 & o

o

be modified.
Lemma 6 : Given edge uvis partlally faclng edge zy and edge zy Is totally facing

edge uv

,1) edge im 1s partlally vislble from edge zy If and only if H 1s a simple polygon.
LY

2) edge uv s weakly visible from edge zy If and only If 4" and v™ are on edge zy,
edge v'v" does not lﬁtersect, ICH(y,u,) and edge u'u” does not Intersect

. ICH(v,z). Q
3) edge uv s strongly visible from edge zy If and only if yu v"z are monotonicon .

line zy. -

" 4) edge uv cannot be completely Vislble from edge «y

5) part 1 to part 4 of the lemma stlll hold If edge uvIs totally faclng edge zy and

3

edge zy Is partlally facing edge uwv.

Proof : ‘ ’
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GORITHM IMPROPER. EDGE-TO-EDGE VISIBILITY

Input : A simple polygon P=(p,, Par w Pn.)» and two edges In P, uv and zvy,

where edge uv partlally faces edge zy and edge zy totally faces edge uv.

Output : the visibllity reglon between edge uv and edge Y. .

Begin

1-7. same as ALGORITHM EDGE-Td-EDGE VISIBILITY

8.  [identify the visibility region of edge uv from edge zy)

If yu" v’z are monotonic on line zy, ]

then edge wv s strongly vz’silgle from edge zy between u” and v";

If v" and v" Is on edge zy and edge v'v" does not Intersect ICH(y,4) and

D edge u'u" does not Intersect ICH(v,2),

then edge wv s weakly visible fromPedge zy between u” and v";

If His a simple polygoun,

then edge wv s partially visible from edge‘zy between L,, and R,, on edge
‘uwv and L,y and R,, on edge zy, where L,,, R,,, L,
deflned In the same way as In step 8 of ALGORITHM EDGE-TO-
EDGE VISIBILITY.

°9. [tdentify the visibility region of edge zy from edge nuv] Analogous to step’ 8

, and R;, are

with 2 replaclng u and v replacing ¥.
End

o

1-3) Parts 1, 2, and 3 are taken care of by Lemmas 5.1 to0 5.3.

4) Since edge uv Is partlally faclng edge zy, elther £ or y1s not In RHP(u,v). So
elther zIs not visible from « or ¥y Is not visible from v. Ther¢fore, they cannot be
completely visible from each other. s -
5) The proofs to part 1 and part 4 are exactly t&ﬁe same. Part 2 and Part 3 follow
stralghtforwardly, with a note that ICH(v,z), 2 degenerate case, must be edge vI
In order to satlsfy the assumptlons. WIth uvz concave In Q(uvzy), only vertex v
on‘edge uv can possibly see z. If edge zyls weakly or strongly vislble from edge
uv then £ must be visible from v. Also If 2" 1s on edge ud or-vZ"y" v are mono-

tonlc on llne uv tiggn =™ 1s w.

® Theorem 2 : Given a simple polygon P and two edges, uv and zy, where edge uv

%
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[

Is partlallymraclng edge zy and edge zy ls totally faclng edge uv, ALGORITHM
C IMPROPER EDGE-TO-EDGE VISIBILITY determlines the visibllity between

these two edges In llnear tlme. B
Proof : Same as Theorem 1 except step 8 and 9 are refere;lced by Lemma 6

instead of Lemma 5.1 to 5.4.

3.33 Vertex-to-Edge Visibility
Thirdly, the vertex-to-edge visiblllty problem can be consldered as a speclal
case of an edge-to-edge visibllity problem. Take the vertex w as an edge uv where

[

VU g.nd v are w. We construct the polygon H with two chains and one edge.

GORITHM VERTEX-TO-EDGE VISIBILITY
Input : A simple polygon P==(p,, P o «., P )» tWo edges pqg. and wz, where only

vertex w to edge pq visibllity between edge pg and wz Is possible.

&)utput : the vislbllity reglon between edge pg and edge wz.

( Begin
0. [transform edge pq and vertez w to edge zy and edge uv] Let z begp, y be g,
edge zy Is edge pg, and let u be w, v be w. Edge uv has length O.
| . 1-6. same as ALGORITHM EDGE-TO-EDGE VISIBILITY
| 7. [construct polygon H} H + ICH (wp), edge pq, ICH (qw)

4

(tdentsfy the vistbility region]

If w=z"and w=y",

then edge pq s strangly visible from edge wz at w.
If H1s a slmple polygon, .

then edge pq are partially visible from edge wz between u" and ¢" on edge
pq and w.

End

Lemma 7 : Glven two edges pq and wz of a slmple polygon, where only vertex w

to edge pg visibllity between edge pg and wz 1s possible.

[

a) H Is a simple polygon If and only If edge pg Is partlally visible from edge wz.

b) edge pg Is weakly vislble from edge wz If and only 1If edge pg s strongly visible

( from edge wa.
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€) edge wzcannot be weakly visible from edge pq. "
- d) w= p ".and w =¢" If and only If edge pq s strongly visible from edge wz

e} edge wz cannot be strongly visible from edge pq .

f) complete visiblilty Is Impossible.

?roof:

a) The proof Is simllar to that of lemma 5.1.

b) [only if] Suppose edge pqgls weakly vislble from edge wz. Slnce edge wz Is not
visible from edge pg except vertex w, edge pg must be strongly vislble from w, or
from edge wz.

[if] Weak visibllity 1s Implied by strong visiblilty.

c) Vertex zon edge wz Is not visib e from edge pq.

d) [if]) Suppose edge pg is strongly visible from édge wz. Slnce only wis vislble
from edge pg¢, edge pg Is strongly vislble from vertex w. Slnce ICH(p,w) and
ICH(w,q) are concave In-H, they cannot intersect triangle wpg except at the end-
polnts; otherwlse, w Is not visible from p and q. Therefore, ICH(p,w) ls edge pw
and ICH(w,q) Is edge wgq, and hence, w = p" = ¢".

[only if] Suppose w = ¢ and w =t p". Then ICH(p,w) Is edge pw and ICH(w,q)
.ls edge ‘wq. So w Is vislble from p land ¢. Therefore, edge pg s strongly vlisible
from vertex w, or from edge w2, |

e) It Is implied by part ¢; not weakly visible Implles not strongly visible,

f) It 1s implied by part e; not strongly visible Implies not completely visible which

’

1y '
1s symmetrical. B .

Theorem 3 : Glven a simple polygon P, and two edges,pq and wz of a simple

%

pelygon, where only vertex w to edge pg visibllity beLwee(n‘ edge pg and wz s pos-

| )
sible. ALGORITHM VERTEX-TO-EDGE VISIBILITY determlnes the visibllity

a

between these two edges In llnear time.




&
The Edge-to-Edge Visibility Algorithm 36
Proof : Lemma 3 and lemma 4 apply also to the vertex-to-edge case when we
( consider the vertex as an edge of same endpolnts. Step 8 Is also Justifled by ]

i
Lemma 7. The rest of the proof 1s the same as that of Theorem 1.

3.34 Vertex-to-Vertex Visibility
< .
b Finally, in the vertez-to-vertex visibtlity, let r and s be the two vertlces. It
suffices to perform a llnear scan for the Intersectlon between edge rs and each

edge of the polygon P, and to test whether edge rs 1s Inslde the polygon.

3.4 Alternative Methods

N

The reduced chaln computatlon described 1n last sectlon can be viewed as
the problem of cutting a polygon with a stralght line through two given vertices

p and ¢ of the polygon. It can be solved by many other ways.

One conceptually simple way 1s to find the Intersectlon points between the

( . polygon edges and edge pg and sort them along edge‘ pq, which can be done In

- O (n log n) time [Kn]. Then a linear trace wlll report the reduced chain. This
procedure Is domlnated by a sortlng algorithm and thus requlres O (n log n) run-

-

ning time.

A Jordan sequence Is a sequence of real numbers z,, o, ..., Z, Which are the
\/
absclssas of the Intersection polnts of a Jordan curve In the plane with the z-axls,

l1sted in the order the polnts occur In the Jordan curve. With some transforma-

\
)

tion In cﬁe plane, the reduced chaln computation Is equlvalent to sortlng the Jor-
dan sequence, Sorting Jordan sequences has applicatlons on Intersecting a simple
polygon N with a llne [Ho&Mh], [Ed] and computational geography
[Ho&Mh&Rs&Tal]. Recently, the Jordan sequence sorting problem was solved In
llnear time In [Ho&Mh&Rs&Ta] and (Ho&Mh), by converting It Into a data manl-
pulation problem that Involves repeated splitting of lists. This algorithm reqx@ggs

( ) complicated and heavy data structures such as cilrcularly level-linked 2-4 trees, an

q
s
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extension of level-linked 2-4 trees Invented by Huddleston & Mehlhorn [Hu&Mh]
.

[Mh] and Mater & Salvete; [Ma&sSl], which In turn Is an extenslon of level-linked

2-3 tree [Br&Tal.

A slmllar procedure to that proposed In the last section uslng stacks, to do
the reduced chaln computatlon, was dlscovered Independently in the context of
proving the polygon-cutting theorem 1n [Ca]. The theorem states that every sim-
ple polygon can be decomposed Into two simple polygons, each of them having at
most two thirds of the total welght, defined as the sum of each assigned welght
on the vertices.

The reduced chaln computation described In the last sectlon deletes every
vertex tmmediately after the scanning in elther directlon on the chaln. It s

belleved that thls procedure 1s the stmplest, most efficlent and direct one.

b




CHAPTER FOUR

Conclusion and Further Research

We have glven four natural deflnitlons of visiblllty between a palr of edges
In a stmple polygon P. The edge-to-edge visiblilty can be determined Indirectly
by elther the Edge Visibslity Polygon of P or the shortest paths in P. The former
finds only the weak and partlal edge-to-edge visibility, while the latter finds only-
the partial edge-to-edge visibllity. Both Indilrect approaches elther run In
O (n log n) time, or In O(n) time but use the compllcated linear polygon trl-
angulation algorithm. We have presented a direct, eflicient, slmple, linear run-
ning time and t.he;ét’ore optimal algorlthm to compute the four edge-to-edge visl-
bllities: complete, strong, weak, and partlal, and to report the visible reglon on
both edges.’

With some minor modlifications, ALGORITHM VERTEX-TO-EDGE VISI-
BILITY In the last chapter can be used to determine the visiblilty between a ver-
tex and an edge of a simple polygon. An edge 1s elther completely or partlally
visible from 2 vertex In a simple polygon.

There are several Interesting and closely related open problems in this area.
Avis & Toussalnt [Av&To| glve a llnear time optimal algorithm for determlning
whether or not a glven polygon ls completely, strongly or weakly vistble from a
glven edge. A more dlfllcult and Interesting verslon of the problem is: glven a
polygon, does there exlst an edge from which the polygon Is completely, strongly
:)r weakly visible? The stralghtforward approach Is to apply the above algorithm
In [Av&To] to each edge In turn, ylelding an O (n?) algorithm. However, the
complete and strong visibllity case can be solved In llnear tlme by using the ker-
nel finding algorithm of Lee & Preparata [Le&Prl]. It 1s an open questlon

whether we can do better for the weak visiblilty case.

38
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In the case where the polygon Is not vislble from any edge, It Is natural to
deflne an edge visibllity polygon of a sitmple polygon from a given edge under the
four edge-to-edge visibility definitions.

The weak edge visibllity polygon dlscussed in chapter two can be found in
O (n log n) time efficlently and practically [El2] [Le&Ll] [Ca&Gu] and Ympracti-
cally in llnear tlme theoretically [Tol} with the llnear polygon trlangulation algo-
rithm [Ta&Va]. A slmpler llnear time algorithm I deslired for finding the weak
edge vislblllity polygon.

The strong edge visibllity polygon has no unlque deflnitlon. Any subpolygon
of the weak edge vislbllity polygon, contalinlng one polnt on the glven edge and
having every edge strongly visible from that polnt, can be a strong edge visibllity
polygon. However, we can deflne the maximum area strong edge visibllity
polygon and the maximum perlmeter strong edge visiblilty polygon. The former 1s
the largest area that a statlonary guard on the edge can see, and the latter Is the
longest perimeter polygon. Computations of these polygons also need Tlurther
Investigatlon.

The complete edge visiblilty polygon can easlly be proved to be the Intersec-
tlon of the two vertex visiblilty polygons from the two endpolnts. Any polnt lylng
outslde the Intersectlon cannot see elther one of the endpolnts. Any point lying
inside the Intersectlon can see any polnt of the edge slnce It can sce both end-
polnts. Intersection of two subpolygons of a simple polygon can be done In linecar
time by scanning both lists of edges. Vertex visibllity polygons can be found In
O (n) time [El&AV], so this proble'rﬁ can i)c solved tn O (n) tlme.

Conslder the problem of computing the complete, strong, weak and partial
edge visibillty graphs of a simple polygon. Our linear time edge-to-edge vistbllity
algorithm can ldentlfy all four graphs, but It Is of not much help here since the

]
application of the algorithm to all palrs of edges ylelds an O(n 3) algorithm. On




@

Conclusion and Further Research . 40

the other hand, the weak edge visibllity polygon can be used here for computing
the partlal and weak edge visibillty graphs. For each edge of the polygon, we
must compute the weak edge visibility polygon of which a llnear scan now
ldenttfles all edges of the polygon partlally or weakly visible from the edge. This
results In an overall time complexity of O (n?log n) If the weak edge visibllity

polygon 1s obtalned from [EI2], [Le&Ll] or [Ca&Gu] and of O (n?%) If 1t 1s obtalned

" from [Tol]. For the strong edge visibliity graph, we have to use the brute force

O (n3) algorithm above. The complete edge visibility graph can be computed in
O(ng) time In the same way as computing the weak edge visiblllty graph but
from t,he] complete edge vislbllity polygon which can be found In O(n) tlme. A
simllar O (n?) approach Is to compute the vertex visiblllty polygon for every ver-

tex of the polygon. Then we check the vislbllity between every palr of consecu-

) f
tlve vertlces to report an edge 1n the graph between the two edges In the polygon

assoclated with the two palrs of consecutlve vertices. Thls algorithm works prop-
erly since two edges are completely vislble lfland only If both endpolnts of both
edges are visible. Simpler, more efllclent, and O (n?) algorithms to find all four
graphs 1s another Interesting research toplc. O (E) algorithms to generate the
four vlslblllty graphs, where F 1s the number of edges In the graph, would also be
a great Improvement.

Anoch?r Interesting open questlon would be to determline whether every edge
on the boundary of the polygon Is completely, strongly, weakly, or partlally visl-
ble from every, some or one edge of a given set of edges In the polygon. The
correspondlng problem for vertex visibillty, },han Is, checking the visibllity of a
simple polygon from a set of polygons Is discussed In [El1]. A generallzed version
of the vislbllity problem would be to determlne a minimal set of edges from
which every edge of the polygon Is'completely, strongly, weakly or partlally visl-

ble from every edge In the set. It Is known that In the worst case a guard may

W
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have to visit ]_—gj locatlons 1n order to observe a n-sided polygon [Cv].

Finally, we note that all the problems In three dimenslons corresponding to

those discussed In thls thesls are open.

e~

"l e
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