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Abstract 

Qne or t~e most recurrlng themes ln many computer applleatlons such as 

graphies, automated cartography, Image proeesslng and robotles Is the notion of 

vlslblllty. We are concerned wlth the vlslblllty between two edges of a simple n-

vertex polygon. Four natural deflnltlons of edge-to-edge vlslblllty are proposed. 

,There exlst 0 (n log n) algorlthms and eompllcated 0 (n) algorlthms to solve 

thls problem partlally and Indlreetly. A simple, efficient, direct, llnear runnlng 

tlme, and thus optimal algorlthm Is presented to determlne edge-to-edge vlslblllty 

under any of the four deflnltlons. The algorlthm also Identifies the vlslblllty 

reglon If It exlsts. 
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Rèsumè 

, " 

" 

", 'L'un des thèmes les plus récurrents dans de nombreux domaInes -d'uappllcatlon Informatique tels le graphIsme, la cartographIe automatIsée, le 
E 
traltem'ent d'Images et la. robotlque est la notIon de v,lslblilté. Nous ,consIdérons 

le problème de la vlslbll1té entre deux côtés dans un polygône sImple à n poInts. 

~uatre dé finItIons naturelles de vlsl blllté côté- à-côt~ sont proposé es. \1 exIste des 

" algorIthmes 0 (n, log n) et des algorIthmes 0 (n) compllqués pOUl' résoudre ce 
, , 

problème de façon partielle et IndIrecte. Nous présentons un algorithme sImple, 
o 

o 
efficace, dIrect et linéaire "en temps d'exécutIon pour détermIner la vlslblllté 

côt~-à-côté avec n'h.nporte des quatres définItIons. L'algorIthme 'Idèintlfte 

'également la région de visibIlité si cè dernier existe. 
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CHAPTERONE 
Introduction 

The notIon of vlslblllty or hldden Une problem ln geometrlc objects 15 one 

that appears ln many applications: the central problem of computer graphIes 

[Fr&Lo], Im3:ge proeesslng [Da&Be], and surve1llanee and control of robots [Nt]. 
1 

A reasonable amount of research work has been devoted to solvlng thls problem 

ln two and three dlmenslonal cases [Gr]. Several papers [Da&Bel. [Sml, [Le&Prll, 

[EI&Av], [LeI, [EI&Av&ToJ, [Ml], [T03], [Ra&To] have appeared concernlng the 

problem of vlslblHty ln a polygonal reglon from a fixed point. 

Let P=(p l' P '2' ••• , Pn) be a simple planar polygo~ Indices axe taken modulo 

n throughout thls thesls. We assume the polygon 15 ln standard form, that Is, ail 

vertlees are dIstinct, .~o three consecutIve vertlces are co-llnear and vertlees are 

glven ln clockwlse order 50 that the Int.erior of the polygon l1es to the rlght as the 

edges are traversed. We say that a l1ne segment Bes mside P If 1 t does not lnter­

sect the exterlor of P. Two poInts are said to be visible If the l1ne segment JOlhtng 

them Iles Inslde P. The vertex vislbility po[ygon, or Just vlszbtlt'ty polygon, of P 

from a point x ln the plane, Is that reglon of P visible from x. It has appl1catlons 

ln path plannIng [Do] [Lo&We] and separablllty problems [Sc&To] [To&Ell 

[To&Sc] ln robotles, pattern recognition [Da&Be], and computer generatcd plc­

tures of three dlmenslonal obJects [Cu&Le] [Ra] rYal. Shamos [Sm] presented a 

llnear tlme algorlthm for computlng the vlslblllty polygon but counterexamples 

are shown ln [EU]. Freeman & Loutrel [Fr&Lo] and DavIs & BenedIkt [Da&Be) 

have proposed 0 (n '2) and at least 0 (n log n) tlme algorlthms for'thls pl'oblem 

respectlvely. EIGlndy & Avis [EI&AvJ and D. T. Lee [Le] solve the same problem 

optfinallY ln llnear tIme~-\ Melkman [MIJ lmproves the algorlthm of [Le]. Asano 

[AS} has a'n algorlthm that can handle polygons wlth "holes··. 

1 
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The vertex-vÎsibility graph, or the vie wab ilit y graph (Sm] 15 a graph whlch has 

applications ln computer vision' [Sp&Hal], shape de compositIon [Sp&Ha2] and 

classification of planar shapes ln pattern recognition !Av&El]. It Is a graph whose ~ 
~ 

nodes correspond t<? the vertlces of the polygon and, ln whlch two nodes are adja-

cent If the assoclated vertlces ar:e visible. By computlng the vertex' vlslblllty 

polygons for every vertex, the vertex-visibility graph can be computed ln 0 Cn 2) 

ttme [Av&El]. l'lb , 

A tople whlch has not been as mucb ~nvestl~ated as vlslblllty from a point 
, 

concerns the notion of visibtlity Irom an edge. A pOlygon P Is weakly visible [rom 
" , -1 1 J 

an edge uv If for evers point w ln p, there exlsts a point z on edge uv su eh t'hat 
1 u..I ' 

edge wz Iles Inslde P. Glven a pOlygon P and ~ speclfteél edge uv of P, the weak 

edge visibility polygon, or Just edge ~visibjlitv polygon, ~f P from edge ut!, 15' the 
o , 

reglon of P that sees at least one point of ed~e uv. Intultlvely, It 13 the reglon of 

" 
P vistOble, at one tlme or another, by a guar'ii patrolltng edge ~v.. The w.;eak edg~ 

vlslblIlty polygon solves the k-reachability?' problem ln 0 (n log, n) tIme [EI2] 
fi " v \t . 

whleh has applications ln planar separab1l1ty ln robotlcs, Q.Q.J.ll.Put'lng the reachable" 
" 

work are a of a robot arm, and prlnted c1rcu1t routlng II-fl]. EIGlndy lEU] 
" 

presented an 0 (Ti 2) algorlthm to find' the weak edge Vlslblll'f,y polygon uslng i'ler­

tex vlslblllty polygons [EU]. Recently, EIG\ndy IEI2], L~e & Lin ,[Le&Ll], and 

Chaz~lle & Gulbas [Ca&Gu] ail Independently proposed thfee dlfferent alg9ri'th~ 

for computlng the weak edge vlslblllty polygon ln 0 (n log 'n) ttme. More 
(> U '" 

o c' u 

recentlY' ToussaInt [TOI] reduced the complexlty to 0 (n). In the case where the 
CI '~" Cl 

polygon may have n .. holes", Suri & O'Rourke (Su&OR} present ah, 0 (n 4) algo-

rlthm for computlng the boundary of the polygonal reglon visible from' an edge 

and prove that It Is optImal. 

In thls thesls we conslder the problem of computlng edge-to-edge visibility ln ~ 
o 

a simple i\olygon. Glven a polygon P and a paIr of edges uv and. xy, It 15 deslred 

0._ 
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" rto determlne' vlhether edge uv and xy are' visible 'and. Ir 50,' report ,the visible part 
~ J'" ", . 

~ ~!;, 

" ;'or both edges. 'There appear tq,be four natural' definltlons or v,lslbmty between a. 
\}O J; 1 l ' 

Q' ))alt of ectges: J ' ' , 

o "o'J 1 G ft 

o J 

,'3.) Edge ~v Is ~ald t'o be completely visibl~ r~om' edge ,X,!! 1:f for. a.1I ,Paln·ts. Z-0n' edge ,,.' 
~ , If" (, (1 '\ 1 

" xy and ail points w on edge uv, w and z ar~ visible. , 
~ J' 1 J 1 

, ' , 
b) Edge ,uv Is sald to be strongly visible f~om eage xy If there' exlsts 

, ~ J, ' 

n CI ' J 'f 'c 1 

edg~ :ty such that for a.1l points w o~ édge uv, wand z are ~lslble. 
, . , 

~ ~ l "l', 

~,o ,c)oEdge ,uv \s sa\d r[..o, be w~akly visible from eqge~xy U:for ei}ch w on.epge uv:'~here 
l ' ,"", . l, , l " .' 

o 

~ 

"0 
0' , , 
0, 

ex15ts oa polnt-z'on edge xii such that wand z are viSIble: ",' " , ,: ' 
(> J Q 't " ' ~ l , : ' '1 • /. 

ct) Edge, uv 1$ sald tQ 'pe parüally vt'stble from edge' xy.lr tbe~e "e~lstl5 "a ,point won ' 
o -> ~ i l ( i 1 

, t ) J 1 l' " l" • 1 

edge 'UV and a poInt z on edge xy such th~t _w.and z are' viSIble. ' . 

These .• ,deft,n,ltlons are IIlustrated ln, FIgure 1. A;; "a hlqtlvat.loll 'r~r the" 
l' , " ' 

deft~\\lons, cons1der 'the p~oblem of PI,CI~g' a ~atchman ,on edg~ ~y 50 that he 
j" } .. 

'ean o,bserv;e edge uv. If he ean be plaeed 'anywhere' o,n edge xy and still he ;lble '~o--
, 

,,'! ' , 

observe ail of edge uv, we wlll have complete vlsibtlity. If there, exlses sortÙ!, nxed 
, () 1 ! 'i ~ "t 't l , 

r ~ II 1 (1 .JI • 

locatIon on edge xy from where be can obseI;Ve, ail qf eçlge IW, wc w\ll)l~ve slrollg 
c ' " 

visibilit1J~ Wlth" only weak visibility, ,however, the g"u~rg must p:~LroJ. IIp a/HI, <lown 
o , , ' 
~ , 

, part. or e,dge x,!/ln order to 'observe ~11 or e~ge> tw. FI n,ally , WltI,\' l'arl1fzl ,lJlStblllly. 
() r ' , 

the watehman can only observe par~ of edge uv, even If he patt'ob ,t.he Ien~th of ' 
) v ',,1 

, ' 

edge xy~ {; " ' , ) 

A ograph' analogous to the vertex-,visib'tltty' graTJh, for a pnlygOll" P call hl! 
'. . 

deftnedu ln t.erms of edges;' The edge ViSlbility graph 'Is a. grapll ,vho~)(" nod(;s 
, , 

Q , 

correspond to the édges of the polygpn and ln whi,e!) node Tl 1 Is adjacent tC) nocj« 
1 

" 
n"~ Ir' the edge assoclated wlth'nodé n 1 Is vlsl\)le from the edge 3S.<;oclated wlth 

, 
(1 ~ 1 1 

node n 2' So, we ean deflne rour klnds Ç)f edge, vlslblllLy graphs: c"üm'plcte, strong, 
" 'J 

weak", and partial, under the four corresponcllng ed,ge-to-cdge vlsl bllltlè. The 
l, 0 "J U I.J 

complete and partlal'edge vIslb1l1ty g~aphs are undlrected 'sIlice compl~tc and par-

, 
" 
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tlal edge-to-edge VISlbiIlty are symmetrlc, whlle the strong and "'weak edge vtstbtl­

Ity graphs are dlreeted slnee stroog and weak edge-to-edge vlslblltty ls not sym-

metrlc. 

There are two methods ln the Ilterature· to partlilly solve tbe edge-to-edge 

vtslblllty problem. One way of dotng thts Is to compute tbe weak edge vlstbtllty 

polygon of P from one edge, say edge llV;-wlth any of the algortthms ln [Elgl, . , 

[Le&Ll}, [Ca.&Gu), or [TOI) and subsequently check whetber the other edge tnter­

sects an edge of tbe weak edge vlslblllty polygone 3 This approach y\elds an"algo­

rlihm for the weak and partial edge-to-edge vis ih ilit Y problem. In [T021 Toussaint 

shows tbat the sbortest path solves the partial edge-to-edge vlslblltty problem 

and wlth a triangulation of P as a preprocesslng step, a partial edge-to-edge visi­

bility query ln P can be answered ln 0 (n) Mme. Both approaches run ln 

o en-log n) tlme and achleve 0 (n) tlme wlth the fal-rly lnvolved and compllcated 
~ 

llnear tlme triangulatIon aigorlthm recently dtscovered by TarJan 8l Van Wyk q 

[Ta8lVaJ. The detatls wtll be dlscussed ln chapter two. 

In chapter three, we exhlblt a Simple, emclent, direct and IInear ttme algo-

rlthm for determlnlng edge-to-edge visibility and reportlng the ·visible part or both 

'edges under any of the four deftnltlons. ~ 

The last chapter dlscusses sorne related open problems, and sugges'ts sorne 

directions ror further research. 

,/j 
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CIIAPTÈR TWO 
Previous Methods 

Wlthln the short ltterature of computatlon~l geometry, two other dlft'erent 

~ problems, determlnlng 0 the weak edge vlslblllty polygon and the shortest path 

bet~e'm two vertlces of a simple polygon, can be us~d lndlrectly t~artlally solve 

the edge-to-edge vlslblllty problem. 

2.1 Edge-to-Edge Visibility via Weak Edge Visibilitr Polygon 

Avis & Toussaint !Av&To) consldered what mlght be termed the "Jall-

house" problem, that Is, checklng the weak vlslblllty ot a Simple polygon from an 

o edge. It 15 mdtivated ln !Av&To] by checklng If the Interlor of the polygon can be 

watched by a mobile guard patrolllng an edge of the polygon. They Introduced 

three notions of polygonal vlslblllty from an edge ln a simple polygon: complete, --
strong and weak vlslblllty, slmllar to the edge-to-edge vlslblllty deftnltlons ln 

chapter one, and then presented a llnear runnlng tline algorlthm to solve thls • 

problem under any of the three vlslblllties. A more dlIDcult problem Is determln-

" lng the visible reglon of a simple polygon from a glven edge, or the edge vlslblIlty 

polygon, under the three vlslblllties. Recently, the problem of findlng the weak 

edge vlslblllty polygon recelved a lot of attentIon. Flve dlfferent algorlthms have 

been developed. 

Ghosh & ShyamêÎsundar !Gh&Sy] clalmed an 0 (n) algorlthm. The main 

'dea of thelr algorlthm 15 that the weak edge vlslblllty polygon Is the union Qt the 

vertex vlslblltty polygons from a
o 
few vertlces, namely the two endpolnts of the 

edge and those vertlces that are visible from eÏther one of them. Unfortunately, 

the algorlthm does not always work as a counterexample 15 glven ln 1E12J. 

6 

" 
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Previous Methods 7 

Followlng the steps oC the algorlthm for checklng the edge vtsl bill t Y of a slm-, 

pie polygon tram an edge ln [Av&Toj, Lee &. Lin [Le&Llj proposed an 0 (n log n) 

algorlthm for computlng the weak edge vlslb\1\ty polygon. In thelr algorlthm, 

aCter trlangulatlng the polygon, vertlces oC the polygon are scanned, twlce to com-

pute the furthest clockwlse visible point on the edge, called the left Intercept, and 

the Curthest counterclockwlse visible point on the e,pge, called the rlght InLerce"Pt, 

and malntaln the perspective blocklng vertex, called the anchor "point, ln a con-

catenable queue assoclated wlth the vertlces. Then the weakly vls\ble reg\on \8 

determlned from the relative positions oC the left and rlght Intercepts on the 

edge. 

Recently, EIGlndy [E12j otrered an emclent method to compute the weak 

edge vlslb1llty polygon uslng a hlerarchlcal representatlon of the polygon based on 

a decomposltlon Into a set of slmpler components: monotone polygons. The algo-

rlthm preprocesses the polygon ln three passes. Flrst, It cuts off parts of the 

polygon whlch cannot be wealcly visible from the edge. The second pass performs 

a regular decomposltlon on p, that Is, the polygon 15 decomposed Into a set of 
o 

components that are monotone wlth respect to a vertical Hne [Le&Pr3J. Flnally, 

It computes the hlerarchlcal rcpresentatlon of P bascd on the regular decomposl-

tlon. The algorlthm traverses the hlerarchy and computes the left and rlght 

Intercepts of the weakly vIsible vertlces of the monotone components encountered 
, . 

on the edge, whlch takes up 0 (n log n) tlme. Unllke the prevloll51y de~c!'llJetl 

algorlthm, tllis approach Immedlately determlnes the weak vlslbll\ty of Li VCll,cX 

when the vertex Is encounted durlng the scannlng step, and thls scannlll~ procc'5S 

18 termlnated when It 15 clear that the remalnlng 'vertlccs are Ilot wcakly vblble. 

Flnally, It traverses the weakly visible vertlces and computes tl~e )veakly vblble 

parts of those reglons bounded by the non-visible vertlce::., called the gap Biter III 

[EI2]. The entlre process runs ln 0 (n log n) Ume. An 0 (n ) al~orlthm for mono-
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tone polygons 15 also shown ln [E12}. 

More recently, Chazelle Sl Gulbas [CaSlGu} developed a dJ~erent 0 (n log n) 

algorlthm for ftndlng the weak edge vlslblllty polygon. The[r main tool Is the 

classlc geometrlc duallty ln the two-slded plane tntroduced by the klD.etlc frame­
" 

work ln [GuSlRa&SI}. The weakly edge vIsIble reglon ln th~,\ plane duallzes to a 

double wedge ln the dual plane. Mter trlangulatlng the polygon as preprocesslng, 
, 

the algorlthm partItIons the double wedge ln the dual plane Into convex subdlvl-

slons based on the weakly vIsIble reglon of the edgcs of the polygon ln the plane. 

Then It computes the convex subd,lvlslon assoclated wlth the w~akly vIsible 

reglon rrom the edge. This algorlthm runs ln 0 (n log n) tlme even arter- trlangu-

tatlon. 

Most recently, ToussaInt [TOI} presented a llnear tlme algorlthm to deter-

mine the weak edge vlslb1l1ty polygon, wh\ch \s also called the strong hldden-Hne 

problem ln a Simple polygon ln [TOII. It combInes results" from vlslb1l1ty and 

shortest paths [Ca} wlth the Ilnear tlme polygon triangulatIon algorlthm 

dlscovered very recently by TarJan Sl Van Wyk [Ta&VaJ. The algorlthm starts 

wlth the llnear tlme trIangulatIon [Ta&Va) on the polygon and the construction 

of the dual tree [Ca] also ln llnear tlme. Then lt decornposes the polygon Into 
iÂ 

sleeves correspondlng to the branches ln the dual tree. The maIn step Is travers-

Ing the sleeves to cut off the InvIsible parts of each trIangle traversed uslng the 

four shortest paths from each endpolnt of the glven edge to each endpolnt of the 

triangulation diagonal. The algorlthm first uses a procedure of ElGlndy {EI2] to 

compute ail the shortest paths from the endpolnts or' the edge to ail vertlces of 

the polygon ln llnear tlme. ThIs algorlthm runs ln llnear tlme even alter trlangu-

latlon. 

Glven a sImple pOlygon P and two edges uv and xy ln P, the weak and par-

tlal edge-to-edge vlslblllty problem can be solved ln llnear tlme once the two 

'" 

o 
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weak edge vlslblllty polygons rrom edg~ uv and edge xy are obtalned. A subse-

quent cheek on whether the other edge Interseets an edge or the weak edge vlsl­

b1llty polygon suIDees for partial edge-to-edg"e v\slb\l1ty. The weak edge-to-edge 

• vlslbll1ty 15 round If the weak edge vlslblllty polygon contalns the other edge. 

Uslng the last algorlthm to obtaln the weak edge vls\b1l1ty polygon, both entlre 

processes can be done ln 0 (n ) tlme theoretlcally, but the llnear tlme polygon trl-

a.ngulat\on algorlthm 15 very Involved and uses heavy data structures such as 
, 

recurslve ftnger search trees [Br&:Taj (Hu&Mh] [Ma&SIj and clrcularly levcl-\1nkc(l 

2-4 trees [Ho&:Mh&Rs&Ta]. Alternatlvely, uSlng any of the oLher threc 

o 0 (n log n) algorlthms to obtaln the weak edge vlslblllty polygon, parttcularlythe 

one by ElGlndy [EI2], our problem of weak. and partIal edge-to-edge VISlblllt~n 

be solved praetlcally a.nd effielently but ln 0 (n log n) tlme. ComprehenSive 

pseudo code Is glven ln [EI2]. 

2.2 Edge-to-Edge Visibility via Shortest P aths 

Glven a sImple polygon P and two poInts w.\, z ln P, the sliorlest pa(/t (or 

geodesic path), SP(w,zlp), between w and z ln P Is a ,polygonal p'hth connectlng w 

and z whlch Iles entlrely ln P, and sueh that the SUffi of Its euelldcan edge-lcngths 

Is a minimum over aIl other Internai paths. GeodesIe paths flnd applicatIon ln 

many areas sueh as Image processlng [La&Maj, operations research [Le&:Pr2], col-

lIslon avoldance problems ln robotles [T04], eomputlng the trajectory 01' a raclng 

car [Cal. wlre routlng ln 1,ntegrated boards [Hlh and optlmlzatlon on a control 

problem of Bellman [Dol [EI21. 

Reeently, Chaze Ile [Ca) and Lee &: Preparata [Le&Pr2! Independently 

dlscovered the same 0 (n log n) algorlthm for comput\ng SP( tv,zIP). Both of these 

algorlthms ftrst trlangulate P and then ftnd the shortest path ln 0 (n ) LIme by 

checklng every triangulation edge to report those edges Intersectlng the shortest 

path and proceedlng to compute the shortest path. Employlng the lInear tlme 
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polygon triangulation algorlthm by Tarjan &, Van Wyk [Ta&'Va}, 'the runnlng 

tlme of both algorlthms becomes llnear. 

More recently, a dltIerent 0 (n log n) algorlthm due to EIGlndy '!E12] first 

constructs the hlerarchlcal description of P based on a decomposltlon Into mono-

tone components ln 0 (n log n) tlme and then searches It to report the sequence 

of monotone components contalnlng the shortest path, from whlch the shortest 

path can be constructed later ln llnear tlme. Compared to the prevlous algo-

rlthms [Ca] and [Le&Prlj, the number of edges checked when searchlng the 

hlerarchlcal description Is m uch smaller than the number of edges ln a trlangula-

tlon of the polygon. 

Toussaint [T02] proved that the partial edge-to-edge v!slblllty between two 

edges 'Uv and xy ln a simple polygon P depends entirely on the convexltles and 

the Intersection of the two shortest paths SP(y,ulp) and SP(v.xlp). Uslng elther 

the shortest path algorlthm by Lee &, Preparata [Le&Pr2] or Chaze lie [Ca], the 

partial vlslbtllty between any two edges of Pean be determlned ln 0 (n) tlme 

glven any 0 (n log n) triangulation [Ca] [Ga&,Jo&Pl&Ta] [Pr&Sm] as a prepro-

cesslng step [To2]. Thus, the partial edge-to-edge vIslblllty can be determlned ln 

o (n log n) tlme. Agaln, uslng the llnear tlme trIangulation of polyg9n, the com-

" 
plexlty Is reduced theoretlcally to 0 (n) tlme, but the entlre algorlthm becomes 

very Involved and Impractlcal. Alternatlvely, uslng the shortest patll algorlthm 

by EIGlndy [EI2]. the runnlng tlme remâlns 0 (n log n) whlle the programmlng Is 

much s\rnpltfted. "Vith sorne modifications slmUar to those methods ln thls thesls, 

the shortest ~aths can be used to determlne. In llnear tlme the edge- to-edge vlsl­

blllty accordlng to any of the four deftnltlons. 

2.3 Conclusion 

The weak edge vlslblltty pOlygon approach has too much overhead to solve 

our problem efficlently. Ali the computatIons of the double scans ln [Le&LI], the 
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regular ,decomposltlon and the hlerarchlcai representatlon of thé polygon ln !EI2J, 

the planar subdivision ln [Ca], the dual tree ln [To2j and the trlang,Ulatlon or the 

polygon ln [Le&L\I, [Ca} and [To2]"have no direct contribution toward so!vlng our 

prob~em. In addItion, aIl these computa:tlons are much more compllcated than 

need be for our problem' and solve only two of the four edge-to-edge vlslblllty 
J;\ 

problems. The shortest pa,th approach Is closer to our problem 'Chan the weak 
Q 

edge vls1blllty polygon approach, but It Is still an Indlre~t one. We will present·a 

simple, etnclent, direct and ltnear runnlng tlme solution to the edge-to-edge vls1 .. 
q 

b1l1ty problem. 

" 1 

\ , 
o 

, ' 

, , 

. ' 
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CHAPTER THREE 
The Edge-to-E-dge 
Visibility Algorithm 

We stare by deflntng some termlnology used ln thls chapter ln section one. 

Then some prellmlnary results are glven ln section two. Section three descrlbes ln 

detall a. lInear runnlng ttme algorlthm for determlnlng the edge-to-edge vlslblllty 

of a simple polygon glven any two fixed edges under any of the four edge-to-edge 

vlslbllities deflned ln chapter one. We belleve that the algorlthm presented here Is 

tbe simplest, mo~t direct and efficient one. 

3.1 Definitions and Terminology 

The right hall plane of an edge wz, RHP( w,z), Is the half plane defined by the 

Hne passlng through wz, and lylng on the rlght of edge WZ, Includlng the Hne wz. 

The hall {me of an edge wz, HL( w,z), 15 the Infinite half Une startlng at w and 

passlng tbrough z. Edge uv Is partially facing edge xy lf and only If one endpolnt 

of (~dge xy Is ln RHP( u, v). Edge uv Is tolally !acing edge xy If and only If x and y 

are ln RHP( u, v). Edge uv Is facmg edge xy If and only If edge uv Is partlally or 

totally faclng edge xy (see Figure 2). 

A polygonal chain CI' C 2' •••• CP' denoted by C(c l'cp)' Is sald' to have a cut 

through the quadrllateral Q=( uvxy) If and only If there exlsts a sub-chaln CI ' ••• , 

C J ' w.here 1 ~ 1 < J ==';p wlth CI and c] lylng outslde quadrllateral Q such that 

1) ail points except CI and C J on the sub-chaln Ile ln the Interlor" of Q, and 

2) the two Intersections are on the two opposite edges vx and yu of Q respec-

tlvely. that 15. edge c, CI +l Intersects edge vx, and edge C;:l C J Intersects edge 

yu, or, edge CI Ci +1 Intersects edge yu, and edge C j -1 C J Intersects edge vx (see 

F\gure 3). 

12 

( 
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x 

.. 

. , . 
FIGURE 2.: Examples of facing. u~ Ïs p'artialI; faeÙ,lg xy, xy is totally 

facing uv, apd pq is not fâcing uv , 

v 

J 

a. Chain that eut through the 
Quadrilateral uvxy 

y 

b. 'Chain that do not eut 
through the Quadrilateral . 

- uvxy 

FIGURE 3 : Cuts 

1 
" 1 
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Let P=(p l' P 2' "'r Pn) be a simple polygon ln the plane. Conslder ail the 
, 

Intersection points between edge pq and C(p,q). An Intersection point p,is sald to 

be g'oing out If Pi -1 15 on the left of edge Pq. An ,Intersection poInt p,is sald to 

be going ,in If p,_Ils on the rlght of edge pq. Conslder the Intersection points on 

! edge pq are sorted such that P = Pl,' Pl,' .•. , PIt = q Is 'monotonie on edge pq. 

The reduced chain of C(p,q), RC(p,q), Is edge PI,PI'l C(PI
2
,PIIJ)' èdge P1

3
P1

1
, 

C(PI
1
,PI

6
)' ••• , edge Pft-2PII-I' C(PII_1,PII ) (If Pl; Is gomg out), or, C(PI1,PI,), edge 

P1
2
P1

3
, C(Pla,PI

1
)' edge P11Plr,' ... , C(PII,-'l,Plt )' edge Plt-1Plt (tf Pli Is going in). Note 

that If Plis gomg out, pr Is going in and If Plis go.,'ng in, Plis going out (see 
1 1.+1 1 1+1 

Figure 4). Glven two edges uv and xy of a Simple polygon P, the inner convex 

hull of the reduced chain yu, ICH(y,u), Is the convex hull of ail the points on 

C(y,u) Iylng ln Quad'rllateral(uvxy) except edge yu (see Figure 5). 

'3.2 Preliminary Results 

We begln wlth sorne observations about vlslblllty between edges. Flrst, the 

ed$e-to-edge vlslblllty deftnltlons mean that partial vlslblllty Implles weak vlslbll-

Ity, Implles sûong vlslbll1ty, Implles complete vlslblllty, but not the converse (see 

Figure 1). Secondly, the deftnition of completely vIsIble Is symmetric, that Is, 

edge uv Is completely visible from edge xy If and only If edge xy Is completely 

vlslqle from edge uv. Partial vlslblllty Is also symmetric. Thlrdly, strong vlslbll-

Ity and weak vlslblllty are not symmelric as 1llustrated by the examples ln Figure 

l(b) and l(C). Fourthly, edge uv Is completely visible from edge xy If and only If 
" , 

u and v are visible from y and x respectlvely. Flnally, we note that a simple 

polygon Is convex If and only If every pair of edges Is completely visible. 
o 

Lemma 1 : Glven any two edges uv and xy of a Simple polygon P, edge uv Is 
o 

elther totally faclng, partlally faclng or not faclng edge xy, and vice versa. Also 

edge uv and edge xy cannot partlally face each other (Table 1). 
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FIGURE 4 : Reduced Chain RC(y,u) 
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ICH(y,u) 

x 

FIGURE 5 : Inner Convex Hull 

ICH(v,x) 

\ 
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, 
Proof : The flrst part follows stralghtforwatrdly froOl the" définitions: e,lther both 

~ 

!'C and yarè ln RHP(u,v), or elther x or ,y Is ln rtHP(u,v), or bath x and y are not 
o 0 , 

ln RHP(u,v). Secondly, assume, edge tiv and edge xy are p'art,lally fae-lng each 
Ù L r l 

other. Conslder the Intersection" pOIrl( 00, of Hne ~1j and I!ne 'uv. Since u or v 
l , 

excluslvely 15 "ln RHP(x,y), 0 must ne between u. and von the lIne uv. And sln~e x 

or y excl~lvely 15 ln RHP(u,v), 0 must Ile b'etween x,and yon the Hne xy. There-. , .., , , 

. fore, edge uv Intersecta edge xy at 0 , whlch 'vlolat~ t~e slmpllcltY of the polygon. 
, 0 

• " l 
1 

" 
, , 

~ 
0 .- xy 15 n?~clng xy .15 par~lally xy \5 totaHy fac-

, 
" UV Caclng uv Ing 'Uv ,-

v 

uv 15 not faclng case 1 case 2 çasl! 3 1 

xy , 

'Uv 15 partlally case 4 " no such' cqse case 5 

taclng xy . 
'Uv Is totally fac- case 6 , case 7 , case 8 

1 

lng xy 

Table 1 : Eight Canonical Positions of Two Fixcd Edgcs 

Lemma 2 : 

a} If both edges are not faclng each other. then only vertex-to-vertex vlslbllity Is 

possible. (case]. In Table 2) 

b) If one of the two edges ts not faclng the other edge whlle the other <locs, then 

only vertex-to-vertex or vertex-to-edge vl51btllty are possible. (case 2, 3, 'l, 

and 6 ln Table 2) 

Proof : The visible reglon for any polin w on edge uv, except the two cndpolnts, 

Is RHP(u,v). Let w be any point ln the Interlor of edge uv, and z be any point ln 

the Interlor of edge xy. 
1. 

_ o ______ ~o~ ____________ _ 
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xy is Dot racing uv 

xtov 

f71 
~ 

1 
ytou 

xtou ytov 

~X~x v u v 
u 

4.1.3 
x to uv 

4.2.3 
Y to uv 

~-... x 

6.1 Y to uv 

6.2 x to uv 

v .... ____ ..r 

xy is partially racing uv 

2.1.3 
u to xY' 

No such case 

7. uv to xy 

v 

u 

y 

18 

xy is totally 
facing uv 

3.1 v ta xy 

V. 
Dx 

3.2 u to xy 

5. uv to xy 

x 

8. uv to xYIi! 
, . 

Table .2 : Illustration of the eight cases of two fixed edges 
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a) If both edges are not faclng each other, then x and y are not ln RHP(u,v), 50 
,> 

edge xy 15 not visible Crom w; also, u and v are not ln RHP(x,y), 50 edge uv 15 not 

visible trom z. ThereCore, only vlslblllties between the Cour endpo\nts are possible. 

b) Ir edge xy Is not faclng edge uv, then u and v are not ln ~(x,y). hence. edge 

uv Is not visible from z. Therefore, only vlslb11tty between vertex x or y and edge 

uv ls possible .• 

fJ 
Glven two ftxed edges' uv and xy of a simple polygon, from lemmas 1 and 2 It 

tollows that we have e\ght canonlcal cases oC the general edge-to-edge vlslbl11ty 

. problem as shown ln Table 1 and 2. 

The dltrerent situations that arise are shown ln Table 2. In case 2, edge xy 

can onlY be visible trom vertex u or v excluslvely. We have two subcases, as edge 

xy 1s partlally faclng edge uv, elther u or v excluslvely 15 ln RHP(x,y). If u Is ln 
o 

RHP(x,y). (case 2.1), lt Is obvlous that when v and x are visible (case 2.1.1). and 

°wlien v and y are visIble (case 2.1.2), no other types oC vlslblllty are possible. 

However, when nelther x or y Is vIsible rlim v, we must conslder the vlslbl11ty 

from u to edge- xy (case 2.1.3). A parallel situatIon holds If v Is ln RHP(x,y) (case 

2.2.1 to 2.2.3). In case 3, when edge xy Is totally faclng edge uv, elther u or v 

excluslvely can be visible from edge xy (case 3.1 and 3.2). Cases <{ and fi are sym-

metrlcal to cases 2 and 3, respectlvely. In cases 5 and 7, one edge Is partlally fac-

lng and Is totally faced by the other edge. vVe will cali thesc cases l7nfJropcr 

edge-to-edge ViSlbtllty as dlfferent, from propcr edge-to-edge vtSlbilzty (ca~e 8). 

Now, we have four subproblems: vertex-to-vertex vlslblllty, vertex-to-edge 

vlslblllty. Improper edge-to-edge vlslblllty and proper edge-to-edge vlslblllty. 

These sUbproblem are summarlzed ln Table 3. As a prellmlnary step ln the gcn-

. eral algorlthm, we can determlne ln constant tlme whlch of the above cases !lolds 

Cor a glven query. 
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xy 15 not 

faclng Ul1 

case 1 

, 1. if x to 11 15 visIble 

then partial vlslblllty; 

2. if x to U I~ visIble 

then partial vlslblllty; 

3. if Y to v 1s vIsIble 

then partial vlslblHty; 

4. if Y to u Is visible 

then partial vlslblllty; 

5. no vlslblllty. 

case 4 

xy Is partlally 

faclng Ul1 

case 2 

if 11 Is ln RHP(x,y) th en 

1. if 11 to x 15 vlslblè 

then partial vlslblllty; 

2. if 11 to y ls vIsible 

then partlal vlslblllty; 

3. U to xy Vl51bmty 

else 

1. if u to x 15 visible 

then partial vlslblllty; 

2. if u to y 15 visible 

then partial vls\btnty; 

3.11 to xyvlslblllW. 

no such case , 

parttally if x Is ln RHP(u,v) then 

faclng 1. if Y to u Is visible 

xy 

Ul1 Is 

totally 

faclng 

xy '-~ 

then partIal vlslblllty; 

2. if Y to v Is vIsible 

then partIal vlslblllty; 

3. x to 'Uv vlslblllty 

else 

1. if x to u Is visIble 

then partial vlslblllty; 

2. if x to v Is visible 

theh partial vlslblllty; 

3. y to uv Vlslblllty. 

case 6 
G 

y to uv vlslblllty; 

if no vlslbUlty 
. 

then x to uv vls\bHlty. 

case 7 

, , 
1 

, , 

Improper xy to uv 

vlslblllty 

Tab~e 3 : Preliminary Step of Finding 

the Type of Edge-to-Edge Visibility 

" 

xy 15 total,IY 

faclng Ul1 , 

case 3 

11 to' xy 

vlslb1l1ty; 

20 

. 
if no VIslblllty 

then tt to xy 

vlslblllty. 

.' 

caseS 

Improper 

uv to x.y 

vlSlblUty. 

caseS 

'Uv to xy 

vlslblllty 

'. 
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1) 

3'.3 The AIgorithm 

In thls sectIon, we present a llnear runnlng tlme algorlthm to solve' the 

edge-to-edge Vlslblllty problem. We assume we have, done the prellmlnary ste~ 

dIscussed ln lsst section ln order to solve the general edge-to-edge vlslblllty prob-

lem. 

3.31 Edge-to-E8ge Visibility 

Flrst, we conslder the proper edge-to-edge vlslb\l\ty subproblem. The algo-

rlthm wlll be shown and a prooC of correctness will follow. The basic Idea ls to 

" 
ftnd the two Inner convex hulls oC, C(y, u) and C( v.x), respec~lvely, bO,unded at the 

endpolnts, and then to determlpe, the vlslbnlty by analyzlng these two chalns. 

ALGORITHM EDGE-TO-EDGE VISIBILITY 
Input : A sImple po!ygon P=(p l' P 2' ••• , Pn), and two edges ln p, uv and xYt 

" " 
totally faclng each other. 

'Output: the vlslbHlty between edge uv and edge xy. 

Begin 
1. [initialization] Bulld a double clrcular nnked l\st f~r the vertlees of the Simple 

polygon. 

2. [in case of a cut} If C( v,x) or C(y,u) cut thr'ough the Quadrlla.teral Q( 1LVxy) , 

then return wHh 'No Vlslblllty'. 

3. [locate the intersection points] FIND Intersection poInts PII=Y' 1'1
2

, ... , PIt =u 

between C(y,u) and edge yu," and PI =v, Pl" .... 111. =x beLween C(ll.X) 
, tH t+2 .~I 

and edge VX. INSERT PI, between p) and p) +1 Into ,the Ilnked IbL, wherc 

edge p) P, +l Intersects edge yu or edge vx at Pl,' for t =1.2 •...• l. Ali IIl~ert.cd 

vertlces are labeled as Intersection points and are IInked ln a double circulaI' 

llst. We denote a point gomg out as PI .. r and a point going ln as PI,.' If !J/ I or 

Plis go;'ng out. Insert y or v respectlvely before It and conslder It as gOlT1g 
.+1 

in. If PIt or Pli ls going in, InserL u or x respectlvely berOl'e It and conslder IL 

as going out . 

\ 

-' 



c 

c 

(1 

The Edge-to-Edge VisibiIity AIgoritliin 22 
: fi 

4. lfind the red'Uced chain of C(y,u)] 
For (in ,out) = (1,2), (3,4), ... , (k -l,k ) do 

If y Pl,.. PI .. , u ts monotonIe 

th en [scan forward and delete] 
a. scan forward startlng from Plnt to the ftrst Intersectl0I'! point, 

Pl _ whlch ls on edge Pl u; 
ttI lit 

b. delete aIl points between Pl", and Pl,,, • , exclusive, If any~ 

eise [scan backwçrd and de/ete] 
a. scan backward along the Intersectlon points Ust, locate PI 1 

nt 

and Pl,.' such that PI • ., ts between PI .. ,' and PI,.' on edge yu; 
b. scan forward startlng from Pl.,., to the first Intersection poInt 

Pl 1 whlch Is on edge PI ' Pl ; 
~ "' •• t 

c. dei ete ail points between Pl .. ,' and Pl", .' exclusive, If any. 

5. [find the reduced cham of cCv,x)1 Ana!ogous to step 4 wlth CCv,x) replaclng 
C(y,u), v replaclng y and x replaclng u. 

6. [compute the inner Convex Hulq Flnd the Inner Convex Hull of C(v,x) •. 
ICH( v,x). Flnd the lnner Convex Hull of ,C(y. 11.), ICH(y, u). Let u' be the poInt 
precedlng 'IL ln ICH(y,u). Let v' be the point after v ln ICH(v,x). Let u" be 
the IntersectIon of Hne uu' and Hne xy. Let v h be the Intersection of Hne Vv' 

and Hne xy. Slm\larly, we define x', y' x' and y". 

7. [construct the polygon HI H +- edge uv, ICH( v.x), edge xy, ICH(y,u) 
8. [identify the visibility region of edge uv from edge xy] 

If x = 1/' and y = u" 

\) 
th en edge uv 15 completely visible from edge xy; 

If yu" v" v are monotonie on edge xy 
then edge uv 15 strongly vis:ble from edge xy between u" and v"; 

p , 
If u" and v" are on l edge xy and v'v" do es not lntersect ICH(y,u) and u'u" 

do es not ln~ersect ICH( v,x) 
\ 

then edge uv Is weakly visible from edge xy between u" and v"; 

If H Is a Simple polygon 

th en edge uv Is partially visible from edge xy between LUIJ and Ruv on edge 

uv and Lzy and Rzy on edge xy, where Luv, Ruv ' Lzy , and Rz:; are the 

Intersections of edge uv and xy wlth the two crltlcal I1nes of support L 
and R between two convex polygons constructed by ICH( v,x) and edge 
vx and by ICH(y,u) and edge yu. ' ' c 

9. [ident'fy the visibility rcgion of edge xy from edge uv] Analogous to step 8 '\'{lth 
x replaclng tt and v replaclng y. 

End 
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Lemma 3 : Both C(v,x) and C(y,u) do not cut through Q(uvxy) lf and only 1r ror 

aU w on edge uv and ail z on edge xV, there exlsts a polygonal path wz Iles ln the 

Interlor of'the Q(uvxy), except ,w and z, such that \t does not \ntersect C(v,x) or 

C(y,u). 

Proof: [if] Assume CC v,xL or C(y,u) has a cut through Q. Let rand s be the two 

vertlces that reallze the cut, that Is, r 15 not s and ail poInts ln C(r,s), exc~pt r 

and s, Ile ln the Interlor of Q. Therefore, Ç(T,S) partitIons Q InLO (,wo reglons al. 

edge vx and edge yu. Obvlously, for aU w on edge uv and ail z on edge xV' any 

path wz ln the Interlor of Q will Intersect Ç(r,s) (refer to Figure 0). 

[only if] Assume C(v,x) and C(y,u) do not cut Lhrough Q(1LVXY). By deflnltlon, rOI' 

ail T and s on C(v,x) or on C(y,u), where r < sand both Ile outsldc Q(uvxy), 

e\ther, there Is a point t between rand s that Iles outslde Q, or, If not, both of 

the two IntersectIons of C(r,s) and Q Ile on one of the cdges vx or yu. In t.hc 

former case, r< t<s, ail three vertlces r, t, s Ile outslde Q, and both e(r,t) and 

C(t,s) satlsfy one of the two above cases. In the latter case, Cer,s) partItIons Q 

Into two polygons. Slnce the two points of Intersection Ile on the same cdgc, edgc 

uv and edge xy wH! be on the same polygon .• 

Lemma 4 : In step 4 of ALGORITHM EDGE>TO-EDGE VISIDILITY, 

after each IteratIon 

a) ail the vlslted Intersection points are monotonie on edge yu; 

h) ail chalns between each vlslted IntersectIon pair, whosc flrst point 1'3 a poInt 
1 

on C('y,u) golng out of Q(uvxy) a.nù whose second poInt ls the one golll~ ln, 11P 

Inslde Q( ~vxy); 

c) C(y,PI,. j) ls sImple; 

when the algol'lthm termlnates 

d) ail points of P lylng outslde Q(7lVXY) are deleted; 

e) C(y,u) Bes lnslde Q(uvxy) except fol' the IntersectIon poInts; 
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f) 'C(y,'U) Is sImple. 

Proof: 

a) (refer to Figure 7) If PI"I-l p/ •• r u ts monotonie, Pl,., Is on edge Pl .. , u. and Pl .. , 

PI,. * U Is monotonie, thus keeplng ail the vIslted Intersection poInts monotonie. If 

not, then ail the vIslted IntersectIon points aCter Pl •• ' are on C(PI •• ' ,PI'~I) whlch 

15 on C(PI .. ,' ,PI,. ,), and hence they are deleted. In addition, Pl, •• Is on eclge 

PI •• ,' Pl .. " and PI •• ,' -;1 PI •• ,' Pl,., Is'monotonIc, thus keeping ail the vlslted Inter-

sectIon poInts monotonIe. \ 

b) If PI • .,_I Pl .. , 'U Is monotonie, conslder the last pair PI .. r-I PI .. f-2 and the CUITent 

pair Pl •• , PI .. ' Just added. C(PT.oI_I'U) has Its Urst IntersectIon wlth edge yu at 

not Intersect edge uv or edge xy slnce the polygon 15 simple. Furthcrmore, It can-

not Intersect edge vx or edge yu slnce otherwise It wou Id have a cut through 
o 

" Q(uvxy). Ther~fore, C(Pl • .,_I,Pl • .,) Iles completely Inslde Q(-llVXy) except fol' the two 

endpolnts. If PI Pl 'IL 15 not monotonie then deletlng the paIr Pl PI np 
".1-1 nI "'-1 0.'-:1 

to tlle pair Pl .. ' Pl •• ,' and addlng the paIr PI,.,' Pl,., has no effect on the chain 

between each vlsIted Intersection pair. 

c) If Pl .. /-1 Pl", !~ 15 monotonlc, from the previous step, C(U']}I",) Is sImple. F'rorn 

part b, C(PI .. ,_I,PI.) Iles lnsldc Q(uvxy) except for Its two endpolnts, I.e., It doc::. 

Ilot Interseet edge yu except for ILs two endpolnts. C(PI ••• _1,PI .. ,) does Bot Int!'r-
,. 

sect the chalns between Intersection pairs, slnce otherwlse the polygoll I~ Ilot ~Il/I-

pie. S\nee ail cha\ns between visited Intersection pairs Ile Inslcle Q( uvxy) (pa.rt ? of 

Figure 7) and are monotonlc on edge yu (part a of Figure 7), and ail the Inter::,cc-

tlon paIrs are on edge y'U, edge Pl", Pl,., does not Intersect C(y,PI .. ,). Therefore, 

C(y,PI, • • ) Is simple. If PI • .r_1 Pl .. 1 tL Is not monotonie, from the prcvlous stcp 

C(y,PI",) Is simple and C(y,PI,.' ) Is Simple. Stnce Pl,. # ls on edgc PI .. ,' PI,. 1 , 

J -
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C(y,PI,. _) Is simple. 

d) AlI points tbat are outslde Q( uvxy) are the points between a point, PIn" golng 

out of Q, and a point PI.. golng Into Q. In each step the algorlthm deletes ail 

\ 

poln\s between a Pl • ., point tq a Pl,. poInt. Consequently, aU poInts outslde Q 

wlll be deleted when the algorltl1m termlnates. 

e) From the results of part b and d, It Is obvlous that when the algorlthm ter­

mlnates, C(y, u) Iles outslde Q( uvxy) except for the Intersection potnts. 

f) From the results of part c, It Is also obvlous that when the algorlthm ter-

ml,nates, C(y,u) Is Simple .• 

Lemma 5.1 : Edgc ttb 15 partially visible from edge xy If and only If H Is a simple 

polygon. 

Proof : (rerer to Figure 8) [only if] Let won edge uv be visible from z on edge 

xy, then edge wz Iles Inside p, 50 edge wz dues not Intersect C(v,x) and C(y,u). 

Consequentl~, ICH(v,x) and ICH(y,u) do not Intersect edge wz. Edge wz 5plltS the 

Q( uvxy) lnto two reg\ons R( uwzy) and R( wvxz). Slnce ICH( v,x) lies lns\de 

Q(uvxy), It Iles Inslde R(wvxz); and slnce ICH(y,u) Iles Inslde Q(uvxy), It Iles Inslde 
, 

R( uwzy). Thererore, ICH( v,x) does not Intersect ICH(y, u) and H Is Simple. 
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[if] If H Is simple, IÇH(y, u) does not Intersect ICH( v,x). The polygon constructed 

by concatenatlng. ICH(y,u) and edge Vu, and the pOlygon constructed by con· 

catenatlng ICR( v,x) and edge vx are both convex and do not Intersect. By a well-

known theorern ln convexlty {Se&Wl), two non-Intersectlng convex polygons are 

Ilnearly separable, and by construction of H, the Hne s~paratlng the two polygons 

must Intersect edge uv at sorne point w and edge xy at sorne point z. Since edge 

wz Iles Inslde H, lt l1es lnslde P. Therefore, edge uv Is partlally visible from edge 

xy .• 

Lemma 5.2 : Edge uv Is weakly visible from edge xy If and only If u" and v" are 
" 

on edge xy and edge v'v" does not Intersect ICH(y,u) and edge u'u" does not 

Intersect ICH( v,x). 

Proof : [only if} Suppose edgl' uv Is weakly visible from edge xy, then there 

exlsts a point z on edge xy su<.:h that edge zu Iles Inslde P '(rere!' to F'lgurt' ü(a)). 

Nelther ICH(v,x) nor ICH(y,u) can Intersect edge ZU. Edge zu spllts t,he Q(uvxy) 

Into two reglons, Re uzy) and R( 1tvxz). Since IeH( v,x) Iles Insldc Q( UV2Y), 1!, IIc~ 

Inslde R(uvxz), and slnce ICH(y,u) Iles Inslde Q(uvxy), It Iles Inslde R(uzy). Hence 

edge zu Hes 1nslde H and edge uu" Iles ln R(uzy). Therefore, edgc 1t' u" canllot 

Intersect ICH(v,x). Slnce ICH(y,u) Is concave ln H, edge uu" canno!' Inter5ect It. 

Therefore edge 1tll" Iles Inslde H and u" Is on cdge xV. An cxactly paral1C'1 arl;U-

ment shows that edge v'v" cannot Intersect ICH(y, u), and v" Is on ed~e xy. 

[if] Therc are two cases dependlng on whether or not edgc U1L" Intcr~e('t erl~(; ml" 

\nsl...:te H, Suppose edge mL" does not Interseet edge vv" Inslc\e I-I(rcfer (,0 Fl~lIre 

ü(b )). Slnce u" and v" are on edge xV. edge v'v" does not Intersect ICII(y,u) alld 

edge u'u" does not Intcrsect ICH(v,x), edge uu" and edge vv" split tl1f! Q( llVXy) 

Into three Reglons R(1W" y), R(uvv"u") and R(vxv"). Sinec ICH(y,Tl) 15 Ill~lde 

Q(uvxy) and concave ln H, lt Iles ln R(uu"y) and slnce ICH(v,x) ls In~ldc Q(ltvXy) 

and concave ln H, lt l\es ln ne vxv"). So R( uv v" u") 1s Insldc II and thus lIi~ldc P. 
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In thls case, edge uv 13 strongly visIble from edge u"v". Therefore, edge uv Is \ 
\ 

weakly visible from edge xy. On the other hand, suppose that edge uu" and edge 

00" Intersect at a point t Inslde H (fefer to Figure 9(c)). ICH(y,u) does not \nter-

sect edge u'u" because of Its convexlty and edge 11V" by assumptlon. ICH( v,.:z;) 

does not lntersect edge v'v" because of lts convexlty and edge u'u" by assump-

, 0 1 

'\ tlon. S? edge u'u" and edge v'v" ne Inslde H.Jt follows that the two triangles utv 

, , 

"and u" tv" He Ins\de H and benee Inslde P. Choose any point w on edge uv anrt 
" 

extend w through t to a poInt z on edge u" v". Since edge wz Iles \nslde the two 

triangles whlch are Inslde P, It follows that, any w on edge uv 15 visible from a 

point z on edge xV, and edge uv 1s weakly visible from edge xV .• 

Lemma 5.3 : Edge uv Is strongly visible from edge xy If and only If yu" v" x are 

monotonie on ed~e xy 

Proof : [only if] (refer to Figure lO(a)) Suppose edge uv Is strongly visible from 

a point z on edge xV. ICH(y,u) must Ile to the left of edge zu, and ICH( v,x) must 

Ile 00. the rlght of edge zv. Since both ICH(y,u) and ICH(v,x) are concave ln H, 

edge uu" Iles to the te ft of edge zu and edge vv" Iles to the rlght or tdge zv. 

Therefore. u" \tes between y and z and v" Bes between z and x, thus yu" v" x arc 

monotonie on edge xV. 

[if] (refel' to Figure lO(b» Suppose yu" v" x are monotonie on edge xv. ICII(y,u) 

Iles to the left of edge u" u and ICH( v,x) Iles to the rlght of edge v" v. SI nec cdge 

u"u does not 1ntersect edge v"v, the Q(uvv"u") Iles Inslde H, and Insldc P. Elthcr 

one of the two dlagonals of the Q He Inslde. If edge u" v lies Inslùe Q( nvv" 11"), 

edge 1W Is completely vIsible from u". If edge v" u Iles 1nslde Q( 1LVV"1l"), edge uv ls 

completely visible from 1./'. If both edges Ile Inslde, edge uv Is completcly vIsIble 

from any point w on edge 'Il" v". Therefore, edge uv Is strongly vIsIble from ed!;c 

xy .• 

, \ 
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Lemma 5.4 : E,dge uv Is °completely visible .Trom edge xy If and only If x=tr and 

FU". 
+­

Prool : [only if] Suppose edge uv Is eompletely vIsible trom edge xy. Then edge 

yu and edg~ vx must Ile Inslde P. Thus C(y,u) do es not Interseet edge yu. and 

CC v,x) does not Interseet edge V:0 Therefore, x = fi' and y = u" 

[if] Suppose x = v" and y = u". Then edge vx and edge yu Ile Inslde P. There­

~re an edge wz for any won edge uv and any z on edge xy must also lle'lnslde P. 

T~rore, edge uv 15 c~mpletely visible from, edge xy. • . 

Theorem 1 : Glven a simple polygon P, and two ~dges uv and xy totally faelng . 
each other, ALGORITmvf: EDGE-TO-EDGE VISIBILITY determlnes the vlslbll-

<Il' 

Ity between these two edges ln llnear tlme. 

Proof : [Correctness] Step 2 determlne whet~'er or not C(y,u) or C(v,x) has a 

cut through the Q(uvxy). It can be done by ~wo Simple tests for IntersectIon of 

each chain wlth edge yu and edge vx along the vertlces on the chaIn. By Lemma 

3, Ir there Is a cut, the program termlnate wlth 'No vlslblllty', Step 3, 4 and 5 

ftnd the reduced chaIn RC(y,u) and RC(v,x) by Lemnla 4. Slnce C(y,u) Iles to the . \~ 

r.lght of, or on edge yu, C(y,u) and edge yu can be consldered as a sImple pblygon. 

Slmllarly, C(v,x) and edge, vx can also be cons\dered as a s\mple polygon. Stcp {} 

and 7 flnd the polygon H whlch can be done by any exlstlng correct convex hull 

111a'h~0rltl1m for a Simple p01ygon [Pr&Sml, Step 8 and 0 determlne one of the four 

" klnd of vlslblllty from edge uv to edge xy and from cdge xy to cdge uv by Lcrnma 

5.1 to 5.4. The strongly and weakly visible reglon Is betwccIl u" and v" (sec Flg-

ure 9 (b), (c) and 10 (a), (b)). In' the case of part\al vlslbll\ty, IL Is ohvlons that 

the visible reglon Is between the two crltlcal Ilnes of support. 

[Complexity] Since step 1, 2 and 3 are Just IInear scans along the chaln~. each 

can be done ln lInear tlme. In Step 4 and 5, each poInt belng searched 15 dcleted, 

and every lntersectlon point 15 consldered only once. Thus, thls step takes Ilnear \ 
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tlme. The çonvex hull oC a slmp~e polygon ln step 6 can be round ln 11near tlme. 
, 

Constructlp" the polygon H ln step 7 takes O~y a constant tlme. ~ 8 and 9 

are Just some Ilnear tlme tests o~ the polygon H. The crltlcal llnes oC support 
... 

can be round el-ther InlOO (n) tlme wlth the 'rotatlng eal1pers' ot TO\).S5alnt [ToS] 

or ln 0 (log n) tlme ~Ith the more recent algorlthm oC Rohnert [Rh]. Thererore, 

ALGORITHM: EDGE-TO-EDGE VISmILI,TY rullS ln 11near tlme .• ,. .. 
Ir-

.' . 
The computation' oC the reduced chain ln step 4 and 5 can be done by a 

varlet y or alternate, methods. >However, m05t oC thern elther use sorne very com-
- '" , 

pllcated data str"bctures or requlr~ morè th~n llnear tlme. They will be dtscussed 

~ 
ln the last section or thls chapter. 

3,32 Improper Edge-to-Edge Visibility 

In thls section, we conslder the improper edge-to-edge vÜJibility prQblem. 

Only the IdentÙlcatlon oC the vlslblllty reglon ln the prevlous algorlthm needs to 
~ 

be modlfted. 

Lemma 6 : Glven edge uv Is partlal~y Caclng edge xy and edge xy Is totally faelng , 

.. edge uv 

,1) edge ~v I~ partlally visible trom edge xy ir and only If H 15 a simple polygon . ... 
2) edge uv Is weakly visIble rrom edge xy If and only If 'U" and v" are' on edge xy, 

, 0 

edge v'v" does not Intersect ICH(y,u) and edge 'U'u" do es not Intel1'ect 

ICH(v,x). 

-3) edge uv 15 strongly visible from edge xy If and only If yu" v" x are monotonie 'on 

Hne xy .. 

" 4) edge uv eannot be completely visIble trom edge rft'!I 

5) part 1 to part 4 of the lemma stlll hold If edge uv 15 totallY, Caclng edge xyand 

edge xy 15 partlally Caclng edge uv . 

Proof: 

.~ 

\, 
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Input: A simple polygon P=(p l' P 2' ... , pnJ, and two edges ln P. uv and xy, 

where edge uv partlally faces edge xy and edge xy totally races edge uv. 

Output: the vlslblllty reglon between edge uv and edge xy. .. 

Begin 

1-7. same as ALGORITH1vf EDGE-TO-ED(iE vrSIBILITY 

8. [~dentify the visibility region of edge uv from edge :cyl 
If yu" lI',x are monotonie on l~ne xy. ê 

then edge 'Uv Is strongly visible trom edge xy between u" and v" ; 
o 

~f 'U" and v" Is On edge xy and ~dge v'v" do es not Intersect ICH(y,'U) and 

edge u'u" do es not Intersect ICH(v,x), 

then edge 'Uv Is weakly visible rrom~edge xy between 'Il" and v"; 
u 

If H ls a simple pOlygon, 

cthen edge 'Uv Is partially visible from edge 'xy between Luv and Ruv on edge 

. uv and LZ3I and Rxy on edge xy, where Luv, Ruv ' Lxy ' and Rxy are 

deftned ln the same way as ln step 8 or ALGORITHlvI EDGE-TO­

EDGE VISIBILITY. 
, 

Dg, [identify the visibility region of edge xy from edge 'Uv] Analogou5 to step· 8 

wlth x replaclng u and v replaclng y. 

nrl 

1-3) Parts 1, 2, and 3 are taken care of by Lemmas 5.1 to 5.3. 

4) Slnee edge uv Is partlally faclng edge xy, elther x or y Is not ln RHP(u,v). So 

elther x Is not Visible from u or y Is not visible from v. Therçfore, they cannot be 

completely visible from each other. Il 

5) The proofs to part 1 and part 4 are exactly llle same. Part 2 and Part 3 follow 

stralghtforwardly, w\th a note that ICH(v,x), a degenerate case, must be ~ V.I: 

ln ûrder ta satlsfy the assumptlons. Wlth 'Uvx concave ln Q( uvxy), only verLex v 

on 'edge uv can posslbIy see x. If edge xy Is weakly or strongly visIble from edge 

uv then x must be vls1 bIc from v. Aiso If x' 15 on edge uv~, vx' y" u are mono-

tonie on Hne uv tl!'!;jn x" Is v . 

<3> Theorem 2 : Glven a Simple polygon P and two edges, 'Uv and xV, where edge uv 
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" \5 partlally raclng edge xy and edge xy Is totally faclng edge uv, ALGORITHM: 

llvfPROPER EDGE-TO~EDGE VlSIBILITY determlnes the vlslblllt, between 

these two edges ln Unear tlme. 
, 

Proof : Same as Theorem 1 except step 8 and gare referenced by Lemma 6 

Instead of Lemma 5.1 to 5.4. 

3.33 Vertex-to-Edge Visibility 

Thlrdly, the vertex-to-edge vlslblllty problem can be consldered as a special 

case of an edge-to-edge vlslblllty problem. Take the vertex w as an edge uv where 
" 

, u and v are w. We construct the polygon H wtth two chalns and one edge . . ~ 

ALGORITHM VER TEX-TO-ED GE VlSIBILITY 

Input: A simple polygon P=(p l' P 2' ••• , Pn ), tWG> edges pq. and wz, where only 

vertex w to edge pq vlslblllty between edge pq ana wz Is 1)os51 ble. 

butput : the vlslblllty reglon between edge pq and edge wz. 

Begin 
" o. [transform edge pq and vertex w to edge xy and edge uv] Let x be p, y be q, 

edge xy Is edge pq, and let u be w, v be w. Edge uv has length O. 

1-6. same as ALGORITHM EDGE-TO-EDGE VISIBILITY 

7. [construcl polygon HI H -1- ICH (w]J), edge ]Jq, ICH (qw) 

6. [identtfy the visibility regtonl 

If w = x" and w = y" , 

End 

then edge pq Is strangly visible from edge wz at w. 

If H Is a simple polygon, 

thell edge pq are partially visible from edge wz between u" and v" on edge 

pq and w. 

Lemma 7 : Glven two edges pq and wz of a Simple polygon, where only vertex w 

ta edge pq vlslbllity between edge pq and wz ls possible. 

a) I-I ls a simple po[ygon If and oIlly If edge pq 15 partlally visIble from edge wz. 

b) ~dge pq Is weakly visIble from edge wz If and only If edge pq 15 ptrongly vlsl ble 

fr0!ll edge wz. 
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, ,c) edge 1tfZ"cannot be weakly visIble from edge pq. <iiJ' 

" ' --d) w = p ",and w =" q" If and only If edge pq Is strongly visible from edge wz 

,i e) edge wz cannot be strongly visible rrom edge pq 

f) complete vlslblllty Is impossible. 

Proof,: 

a) The proof 15 slmllar to that of lem ma 5.1. 

35 

b) [only if] Suppose edge pq Is weakly visible from edge wz. Slnce edge w:: 15 not 

visible from edge pq cxcept vertex w, edge pq must be strongly visible rl'Om 10, or 

trom edge wz. 

[if] Weak vlslblllty Is Impl1ed by strong vlslblllty. 

c) Vertex z on edge wz Is not vlslb e from edge pq. 

cl) [ifl, Suppose edge pq Is 5trongly vlslble from ~dge wz. Slnce only 10 Is visIble 

from edge pq, edge pq Is strongly visible from vertex w. Since ICH(p,w) and 

ICH(1O,q) are concave In"H, they cannat Intersect trIangle wpq except at the cnd-

points; otherwlse, w Is Dot visIble from p and q. Therefore, ICH(p,w) b edgc pw 

and ICH( w,q) Is edge wq, and hence, w = p" = q". 

[only if] Suppose w = ri" and w 4 p". Then ICH(p,w) 15 edge pw and ICH(w,q) 

Is edge wq. SA w 15 vIsIble from p ~nd q. Therefore, edge pq 15 strongly vl::,llJlc 

" 
from vertex w, or from edg0 tut. 

e) 1t Is Implled by part c; not weakly visIble Implles not strongly vIsIble. 

f) It ls lmplled by part e; not strongly vlsl bic Implles not completely vJsll>le whlch 

\) 

ls symmetrlcaI. • 

Theorem 3 : Glven a simple poly'gon P, and two edges( pq and wz of a sImple 

pplygon, where only vertex w ta edge pq vlslb1l1ty betwee~ edge pq and w:: ls POS-

) 
slble. ALGORITHI'v1 VERTEX-TO-EDGE VISIBILITY ct'"'etermlnes the vlslblllty 

between these two edges ln Ilnear tlme. 
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Proof : Lemma 3 and lemma 4 apply also to the vertex-to-edge case when we 

conslder the vertex as an edge of same endpolnts. Step 8 Is aiso Justlfted by 

Lemma 7. The rest of the proof Is the same as that oC Theorem 1. 

3.34 Vertex-to-Vertex Visibility 
'\ 

Flnally, ln the vertex-to-vertex visib-:ïity, let rand s be the two vertlces. lt 

sufflces ta perform a lInear scan for the Intersection between edge rs and each 

edge of the polygon P, and to test whether edge rs 'Is Inside the polygon. 

3.4 Alternative Methods 

" The reduced chain computatIon descrlbed ln last section can be vlewed as 

the problem of cutting a polygon with a stralght Hne through two glven vertlces 

p and q of the polygon. lt can be solved by many other ways. 

One conceptually simple way Is to find the IntersectIon poInts between the 

polygon edges and edge pq and sort them along edge pq, whlch can be done ln 
i 

o (n log n) tlme [Kn]. Then a llnear trace will report the reduced chain. This 

procedure Is domlnated by a sortlng algorlthm and thus requlres 0 (n log n) l'un-

nlng tlme. 

A Jordan sequence Is a sequence of real numbers x l' x 2' .•. , X n whlch are the 

"""'--
absclssas of the Intersection poInts of a Jordan curve ln the plane wlth the x-axis, 

Ilsted ln the order the poInts occur ln the Jordan curve. Wlth sorne transforma-
\ 
l 

tlon ln the plane, the reduced chain computatIon Is equlvalent to sortlng the Jor-

dan sequence. Sortlng Jordan sequences has applIcatIons on Intersectlng a Simple 

polygon wlth a I\ne [Ho&Mh], [Ed] and cornputational geography 

[Ho&Mh&Rs&Ta]. Recently, the Jordan sequence sortlng prbblem was solved ln 

llnear tlme ln [Ho&Mh&Rs&Ta] and [Ho&Mh], by convertlng It Into a data mani­

pUlation problem that Involves repeated spllttlng of IIsts. This algorlthm req_s 
1 

cornpllcated and heavy data structures sueh as circularly level-llnked 2-4 trees, an 
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',-

extenslon,of level-Ilnked 2-4 trees Invented by Huddleston & Mehlhorn [Hu&:Mh] 

[Mh] and Mater &: Salveter [Ma&SI]. whlch ln turn Is an extension of level-lInked 

2-3 tree [Br&Ta). 

A simllar procedure to that proposed ln the last section uslng stacks, to do 

the reduced chain computation, was dlscovered Independently ln the context of 

provlng the polygon-cuttlng theorem ln [Ca]. The theorem states that every slm-

pIe polygon can be decomposed lnto two simple polygons, each of them havlng at 

most two thlrds of the total welght, deftned as the SUffi of each asslgned welght 

on the vertlces. 

The reduced chain computation descrlbed ln the last section deletes every 

vertex immedzalely after the scannlng ln eH,her direction on the chain. Il, Is 

belleved that thls procedure Is the simplest, most efficIent and direct one. 
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CHAPTER FOUR 
Conclusion and Further Research 

We have glven t'our natural deftnltlons ot' vlslblllty between a paIr of edges 

ln a sImple polygon P. The edge-to-edge vls1blllty can be determlned Indlrectly 

by elther the Edge Vtsibility Polygon of P or the shortest paths in P. The former 

ftnds only the weak and partial edge-to-edge vlslblllty. whlle the latter ftnds only.-

the partIal edge-to-edge vIslblllty. Both Indirect approaches elther run ln 

o (n log n) tlme, or ln 0 (n) tlme but use the cOffipllcated llnear polygon trl-

angulatlon algorlthm. We have presented a dIrect, efficIent, sImple, llnear run-

nlng tlme and the.refore optimal aigorithm to compute the four edge-to-edge vlsl-

bllltles: complete, strong, weak, and partial, and to report the vIsible reglon on 

both edges: 

Wlth sorne mlnor modIficatIons, ALGORITIDv1 VERTEX-TO-EDGE VISI-

BILITY ln the Jast chapter can be used to de termine the vlsiblIlty between a ver-

tex and an edge of a sImple polygon. An edge ls elther completely or partlal1y 

vIsIble from a vertex ln a simple polygon. 

There are several Interestlng and closely related open problems ln thls area. 

Avis & ToussaInt [Av&ToJ glve a \lnear tlme optimal algorlthm for determlnlng 

whether or not a glven polygon Is completely, strongly or weakly vIsIble from a 

glven edge. A more dltTIcult and Interesttng version of the problem Is: glven a 

polygon, does there exlst an edge from whlch the polygon 15 completely, strongly 

or weakly vl~lble? The stralghtforward approach 15 to apply the above algorlthm 

ln [Av&To] to each edge ln turn, yleldlng an 0 (n 2) algorlthrn. However, the 

complete and strong vlslblllty case can be solved ln llnear tlme by uslng the ker-

nel ftndlng algorlthm of Lee & Preparata [Le&Pr11. It Is an open questIon 

whether we can do better for the weak vlslblllty case. 
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Conclusion and Further Research 

In ~he case where the polygon Is not visIble from any edge, lt Is natural to 

deftne an edge vlslblllty polygon of a sImple polygon from a glven edge under the 

four edge-to-;~dge vlslblllty deftnltlons. 

The weak edge vlsIblllty polygon dlscussed ln chapter two can be round ln 

o (n log n) tlme eIDclently and practlcally [E12] [Le&L1] [Ca&Gu] and Impractl-

cally ln llnear tlme theoretlcally [TOI] wlth the llnear polygon triangulation algo­

rlthm [Ta&Va]. A simpler llnear tlme algorlthm [S' deslred Cor Hndlng the weak 

edge vlslbHlty polygoo. 

The strong edge vlslblllty polygon has no unIque deflnltlon. Any subpolygon 

of the weak edge vlslb1l1ty polygon, contalnlng one poInt on the glven edge and 

having every edge strongly vIsible from that point, can be a strong edge vlslblllty 

polygon. However, we cao deftne the maxImum area strong edge vlslblllty 

polygon and the maximum perlmeter strong edge vlslblllty polygon. The former 1s 

the largest area that a statlonary guard on the edgc can see, and the latter Is the 

longest perlmeter polygon. Computations of these polygons also nced further 

Investigation. 

The complete edge vlslblllty polygon cao easlly be proved ta be the lntcrsec-

tlon of the two vertex vlslblllty polygons from the two endpolnts. Any point Iylng 

outslde the Intersection cannot see elther one of the enclpolnts. Any poInt Iylng 

lnslde the Intersection can see any point of the edge slncc It can see both end-

potnts. Intersection of t'Wo subpolygons of a Simple polygon can be donc ln Ilncar 

t1me by scannlng both llsts or edges. Vertex vlslblllty polygons can be round \ n 

o (n ) tlme [EI&Avj, so thls problem can be solved ln 0 (n ) tlme. 

Conslder the problem of computlng the complete, strong, weal< and partial 

edge vlslblUty graphs of a simple polygon. Our !lnear tlme eclge-to-edge vls\I)llIty 

aIgortthm can Identlfy aU four graphs, but II, Is of not much help here slnec the 

Î 
appl1catlon of the algorlthm to ail pairs of edges ylelds an 0 (n 3) algorlthm. On ' 
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the other hand, the weak edge vlslblllty polygon ean be used here for computlng 

the partial and weak edge vlslblllty graphs. For eaeh edge of the polygon, we 

must compute the weak edge vlslblllty polygon of whleh a llnear scan now 

Identtfles aH edges of the polygon parttaUy or weakly visible from the edge. This 

results ln an overall tlme complexlty of 0 (n 2 log n) If the weak edge vlslblllty 

polygon Is obtalned from [EI2], [Le&LI] or [Ca&Gu] and of 0 (n 2) If It Is obtalned 

from [TOI]. For the strong edge vlslblllty graph, we have to use the brute force 

o (n 3) algorlthm above. The complete edge vlslbH1ty graph can be computed ln 

o (n 2) tlme ln the same way as computlng the weak edge vIslblltty graph but 

from the complete edge vIslblllty polygon whleh can be found ln 0 (n) tlme. A 

slmllar 0 (n 2) approach Is to compute the vertex vlslblllty polygon for every ver-

tex of the polygon. Then we check the vlslblllty between every pair of eonseeu-

tlve vertlces to report an edge ln the graph between the two edges ln the polygon 

assoclated wlth the two pairs of consecutive vertlees. This algorlthm worles prop­

erly slnee two edges are completely visible If' and only If both endpolnts of both 

edges are visible. Simpler, more efficIent, and 0 (n 2) algorlthms to find ail four 

graphs 15 another Interestlng research tople. 0 CE) algorlthms to 'generate the 

four vlslb1l1ty graphs, where E Is the number of edges ln the graph, would also be 

a great Improvement. 

Another Interestlng open question would be to determlne whether evel'y edge 
, -

on the boundary of the polygon Is completely, strongly, weakly, or partlally vlsl-

ble from every, sorne or one edge of a glven set of edges ln the polygon. The 

cOITespondlng problem for vertex v!slblllty, that Is, eheeklng the vlslblllty of a 

Simple polygon from a set of polygons 15 dlseussed ln [Ell]. A generallzed version 

of the vlslblllty problem would be to determlne a minimal set of edges fl'om 

whlch every ~dge of the polygon Is 'eompletely, strongly, weakly or partlally vlsl-

bie from every edge ln the set. It 15 known that ln the worst case a guard may 
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n 
have to vlslt l-J locations ln order to observe a n-slded polygon [Cv]. 

3 

-41 

Flnally, we note that aU the problems ln three dimensions correspondlng to 

those dlscussed ln thls thesls are open. 

1/ Il .... 

r 

'" 

, , 

"e 



c 

, . 

c 

Bibliography 
t 

[As] T. Asano, tf'EffIclent algorlthm for flndlng the vJslblllty polygon for a polyg<?­
nal reglon wlth holes", Tech. Rept., Osaka Eleetro Çommunleatlon 

~ UniversIty, 1985. c 

[Av&EI] D. AvIs and H. EIGlndy, »A comblnatorlcal approach to polygon slmllar­
Ity", IEEE Trans. Information Theory, Vol. IT-29, 1983, pp. 148-150. 

[Av&To] D. Avis and G.T. Toussaint, "An optImal algorlthm for determlnlng the 
vlslbH1ty of a polygon from an edge", IEEE Trans. Computers, Vol. C-30, 
December 1981, pp. 910-914. 

/; 
[Br&Ta] M.R. Brown and R.E. TarJan, "DesIgn and analysls of a data structUre' 

for representlng sorted IIsts", SIAM J. of Comput. 9, 1980, pp. 594-6}4'. 

[Ca] B. Chazelle »A theorem on polygon cuttIng wlth appllcatlons", 23rd Annual 
IEEE Symposium on Foundations of Computer Science, 1982, pp. 339-349 

ICu&Le] W.H. Chu and D.T. Lee, "The hldden Une ellmlnatlon problem 
revlslted" , Proceedings of the International Conference on Advanced Auto .... 
mation, Tatpel, Taiwan, December 1983, pp. 409-480. 

[Cv] V. Chvâtal, "A Comblnatortal theorem ln plane geometry", J. Comb1'na­
torial, Th B., Vol. 18, 1975, pp. 39-41. 

[Ca&Gu] B. Chazelle and L.J. Gulbas, "Vlslblllty and Intersection problems ln 
plane geometry", Proc. Symposium on Computational Geometry, Bal­

Il tlmore, June 1985, pp. 135-146. 

{Do] B.R. Donald, "Hypotheslzlng channels through free-space ln sOlvlng the 
ftndpath problem", Massachussetts InstItute of Technology, Artlflclal Intel­
llgence Laboratory, A.I.Memo No. 738, June 1983. 

[Da&BeJ L. Davis and M. Benedikt, "Comp.utatlonal rnodels of space: Isovlsts and 
Isovlst flelds", Comp. Graph~cs and Image Proc., Vol. Il, 1979, pp. 4ü-72. 

[Ed] H. Edelsbrunner, Problem P36, Bull EATCS 21, October 1983, pp. 1ü5. . , 

[El1] H. EIGlndy, "VIslblllty ln polygons wlth appl1catlons" , M. Sc. Thesl;', School 
of Computer Science, McGllI University, November lü80. 

\E12J H. E1Glndy, "Hlerarchlcal decomposltlon of po!ygons wlth appllcatlons", Ph. 
D. Thesls, School of Computer ScIence, McGIll UnIversIty, May 1085. ' 

[El&Av] H. EIGlndy and D. Avis, "A Ilnear algorlthm for computlng the vlslblllty 
polygon from a poInt", Journal of Algorithms, Vol. 2, 1981, pp. 180-1ü7. 

42 

-' 

) 



o 

• 

1 
/ 

Bibliography 43 

[EI&Av&To] H. EIGlndy, D. Avis, and G.T. Toussaint, "Appllcatlons of a two­
dimension al hidden-Une algorlthm to other geometrlc problems", Comput-
ing, Vol. 31, 1983, pp. 191-202. " 

[Fr&Lo1 H. Freeman and P.P. Loutrel, "An algorlthm for the two dlmens\onal 
'hldden Hne' problem", IEEE Trans. Electronic Computers, Vol. EC-16, 
No. 6, 1967, pp. 784-790. 

[Gr] J.G. Grlffiths, "Blbllography jof hldden-Hne and hidden-surface algorlthms", 
Computer Aided Design 10, No. 3, 1978, pp. 203-206. 

[Ga&Jo&Pr&Ta] M.R. Garey, D.S. Johnson, F.P. Preparata and R.E. Tarjan. 
"Trlangulatlng a simple pGlygon", InformatIOn Processing Letters, Vol. 7, 
1978, pp. 175-179. 

[Gü&Ra&SI] L. Gulbas, L. Ramshaw, and J. Stolft, "A klnellc framework for 
computatlonal geometry", Proc. 24th Annual FOCS Symp , 10S3. pp. 100-
Ill. 

[Gh&Sy] S.K. Ghosh and R.K. Shyamasundar \" A I1near tlme algorlthm for com­
putlng the vlslbllIty poly~n from an edge," Proc of Seventh Inlernatwnal 
Conference on Pattern Recognition, 10S4, pp. 471-174. 

[HI] D.W. Hlghtower, "A solution to I1ne-routlng problems on the contlnuous 
plane" , Proc. of'Design Automation vVorkshqp, lOGO, pp. 1-2·1. 

tHo&Mh] K. Hoffmann and K. Mehlhorn, "Intersectlng fi. \lne and a sImple 
pOlygon", Bull EATCS 22, February 10S4, pp. 120-121. 

[Ho&Mh&Rs&Ta] K. Hoffmann, K. Mehlhorn, P. Rosenstlehl and R.E. TarJan 
"Sortlng Jordan sequences ln llnear tlme", Proc Symposium on Computa­
tional Geometry, BaltImore, June 1085, pp. I{lO-203. 

[Hu&Mh] S. Huddleston and K. Mehlhorn, "A new data structure for represcIlLlng 
sorted llsts", Acta Info 17, 1982, pp. 157-184. 

[Kn] D.E. Knuth, The Art of Computer Programmmg Volume III : Sortmg and 
Searching, Addison-Wesley, Reading, :tvlass., 1973. ..::;:; .... ---

[Le] D.T. Lee, '''Vlslblllty of a sImple polygon", Computer VzslOn, Grap!ms and 
Image Processz'ng, Vol. 22, I{JS3, pp. 207-221. 

[Le&LI) D.T. Lee and A. Lin, "Computlng the vlslblllty polygon from an cdge". 
Tech. Rept., NorLhwestern University, 1984. 

[La&Ma] C. LantueJoul and F. Maisonneuve, .. GeodesIe methods ln Q ualHltatlve 
1mage analysls", PaUe.rnRecogmtion, VoJ.17, 19S1, pp. 177-187. 

J 
[Le&Pr1] D.T. Lee and F.P,. Preparata, "An optImal algorlthm for fHldlng the 

kernel of a POlygon .... !JACM, Vol. 26, No. 3, 1970, pp. 415-421. 

[Le&Pr2] D.T. Lee and F.i 'preparata, "Euclldean shortest paths ln the presence 
of rect1l1near barrlel'S", Networks, Vol. 14, 19S1, pp. 303-410. 



c 

l " Bibliography 44 

[Le&Pr3] D. T. Lee and F.P. Preparata, "Location of a poInt ln a planar subdivi­
sion and Its applications", SIAM J Computing, Vol. 6, 1977, pp. 594-606. 

(Lo&We] T. Lozano-Perez and M. Wesley, "An algorlthm for planning colllslon­
free paths among polyhedral obstacles", Communications of the ACM, Vol. 
22, 1979, pp. 560-570. 

[Ma&SI] D. Mater and C. 'Sal~~ter, " Hysterlcal B-trees", In/o. Proc. Lett. 12, 
] 981, pp. 199-202. 

[Mh] K. Mehlhorn, Data Structures and Efficient Algorithms, Vol. l, S~rting and 
Searching, Sprlnger Verlag, 1984. 

[MI] A.A. Melkman, "On computlng the vlslb1l1ty polygon from a pg1nt", Tech. 
Rept. CS-85-260, Ben Gurlon UnIverSity, Israel, April 1985. 

[NIJ N.J. NHsson, "A mobile automaton: An appllcatlon of artlfic1al Intelllgence 
techniques" , Proceedings, IlCAl-69, pp. 509-520. 

[Pr&SmJ F.P. Preparata and M.I. Shamos, Computational Geometry: An Intro­
duct:'on, Sprlnger-Verlag, 1985, pp. 160-165, 

[Ra] D. Rappaport, "A Ilnear algorlthm for ellmlnatlng hldden llne from a polygo­
nal cyllnder", The V:'sual Computer, Vol. 2, No. 2, 1986. 

[Ra&To] D, Rappaport and G.T. Toussaint, "A sImple llnear hldden-Hne algo­
rlthm for star-shapedopolygons", Pattern Recogmtion Letters, Vol. 3, 1985, 
pp. 35-39. 

[Rh] H. Rohnert, "Shortest paths ln the plane wlth convex polygonal obstacles", 
Tech. Rept. A 85/06, UniversIty of Saarbrü cken, 1985. ' 

[Sm] M.!. Shamos, Problems in computatt'onal geometry, Carnegie Mellon UnIver­
Sity, (1975) revlsed 1977. 

[Sp&Hal] L.G. Shapiro and R.M. Harallck, .. Aigorlthrns for Inexact matchlng", 
Proc. 5th [nt Conf. on Pattern Recognition, Miami Beach, 1980, pp. 202-
207. 

[Sp&Ha2] L.G. ShapIro and R.M. Harallck, "Decomposition of two dlmenslonal 
shapes by graph-theoretlc clusterlng", IEEE Trans. on Pattern Analysis 
and /l1achme Intelligence, Vol. P AMI-l, January 1979, pp. 10-20. 

[Su&ORj S. SurI, J. O'Rourke, "Worst-case optimal algorlthms for constructlng 
vlslblllty polygons wlth ho les" , Tech. Rept. JHU/EECS-1985/12, August 
1{l85, 

[Sc&:To] J.-R. Sack and G.T. Toussaint, "Translatlng polygons ln the plane", 
Tech. Rept. SCS-TR-47, Carleton University, March H)84. 

[Se&:Wl] J. Stoer and C. Wltzgall, Convexity and Optimization in Finite Dimen­
sions 1, Sprlnger-Verlag, 1 {l70. 



o 

o 

o 

o 

Bibliography 46 
\ 

[TOI] G.T. Toussaint, "A llnear tlme algorlthm for soiving the strong hIdden-Une 
problem ln a sImple polygon", Tech. Rept. SOCS-86.2, McGllt University, 
January 1986. 

[T02] G.T. Toussaint, "Shortest path solves edge-to-edge vlslb1l1ty ln a polygon", 
. Tech. Rept. SOCS-8S.19, MeGlll UniversIty, Septeml)er 1985, aise to 

appear ln Pattern Recognitioi{'Letters. . 

[To3] G.T. Toussaint, "Pattern recognition and geometrlcal complexlty", Proc. 
5th Int. Conf. on Pattern Recognition, MIamI Beach, FL., December 1980. 

[T04] G. T. Toussaint, "Shortest path solves translation separablltty of polygons~/' 
Tech. Rept. SOCS-8S.27., McGlll UnIversity, October 1985. 

[ToS) G.T. Toussaint, "Solvlng geometrlc problems wlth the rotatlng cali pers" , 
Proc. MELECON '89, Athens, Greece, 1983. 

[To&EI] G.T. Toussaint and H. EIGlndy, "Separation or two monotone polygons 
ln llnear tlme", Robotica, Vol. 2, 1984, pp. 21S-220. . 

lTo&Sc] G.T. Toussaint and J.-R. Sack, "Sorne new results on movlng polygons 
ln the plane", Proc. Robotic Intellignece and Productivity Conference, . 
Detroit, 1983, pp. 158-163. 

[Ta&Va] R.E. TarJan and C. Van Wyk, "A Ilnear tlme algol'lthm for trlangulat­
Ing Simple polygons", manuscrlpt, October 1985. 

[Ya] F,F Yao, "On the prlorlty approach to hldden surface algorlthms", Proc. 
21st Annual Symposium on Foundations of Compu.ter Science, October 
1983, pp. 301-:307. 

Q -

, ' 

"" 

• 


