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ABSTRACT

• This study is concemed with the numerical analysis, formulation, programming and
computation of solution of steady, 3D conservation equations of reacting laminar duct flow heat
and mass transfer in ducts of arbitrary cross-sections. The non-orthogonal boundary-fiued
coordinate transformation method is applied to the Canesian form ofoverall-continuity, momenta,
energy and species-continuity equations, parabolized in the axial direction. The boundary
conditions are also transformed accordingly.

In the mathematical modelling of the system under consideration, variable physical and
transpon properties of fluid, viscous heat-dissipation and buoyancy effeclS are also considered.
The non-Newtonian power-law constilUtive equation is employed to express the rheology of the
purely viscous fluids considered.

Applying a novel featur;: of the solution procedure, the contravariant velocity components
are introduced into the transformed equations while the physical Canesian velocity components
are retained as dependent variables of the velocity field in the equations. This approach greatly
simplifies the subsequent finite-difference formulation of the transformed equations. The latter
equations are discretized by the control-volume finite-difference method in which a suitably
adopted staggered grid is employed using Patankar's B-type arrangement in the. transformed
plane. -For dis=tizatilin. the transformed equations are integrated over 3D control-volumes,
followed by differencing the convective and diffusive terms employing upwind and central
difference schemes respectively. A modified version of the SIMPLER algorithm is introduced
in the solution procedure and a line-by-line TDMA algorithm is employed for the solution of the
discretization equations.

A computer-programme is developed for the generation of non-onhogonal grids
corresponding to the B-type arrangement in the transformed plane. A general computer
programme in Fonran is developed in this slUdy for the solution of flow, heat and mass transfer
problems for laminar reacting fluids in straight ducts of arbitrary cross-sections for Newtonian
and purely viscous non-Newtonian fluids. The model and computer codes are validated by
theoretical. experimental and numerical resullS from various sources.

The computer programmes are employed for slUdies in the analysis of hydrodynamics and
heat transfer in the thermal entrance regions of ducts of arbitrary cross-sections for Newtonian
and non-Newtonian fluids. Relevant results are documented for triangular, trapezoidal and
pentagonal duets. The computer programmes are ultimalely employed for simulation of the
production of polystyrene in arbitrary cross-sectional dUCI reaclors.
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RÉSUMÉ

Dans cette étude, on présente une modélisation numérique des ~uations de conservation de
quantité de mouvement, d'énergie et de masse dans un écoulement laminaire en régime établi
d'un fluide en réaction à l'intérieur d'une gaine tri-dimensionnelle dont la géométrie de la section
est arbitraire. Un système des coordonnées curvilignes non orthogonales adaptées aux parois
du domaine de solution est utilisé pour transformer les ~uations de base. Les conditions limites
ont également été transformées en fonction du nouveau système des coordonnées.

Le modèle mathématique de solution tient compte de la variation des propriétés physiques de
fluide, ainsi que des autres effets tel que la dissipation visqueuse et la flottaison dans le fluide.
Des solutions sont présentées pour l'écoulement d'un fluide Newtonien, ainsi que pour un tluide
non-Newtonien dont la viscosité varie selon la loi de puissance.

Dans la procédure de solution, une nouvelle approche a été adoptée, où les composants
contravariant de la vélocité sont introduits dans l'~uation transformée tandis que les composants
contravariants de la véolicité sont introduits dans l'~uation transformée tandis que les
composants cartésiens de vitesse sont maintenus comme variables dépendants dans les ~uations

de mouvement. Cette approche simplifie la formulation en différences finies des équations
transformées de profil de vitesse. Ces ~uations sont discrétisées dans un nombre de volumes
de contrôles et un réseau des noeuds déplacés en avant dans un arrangement de type B décrite
par Patankar. Les ~uations de base sont intégrées sur chaque volume de contrôle, les termes
représentants de la convection et de la diffusion sont convertis dans les ~uations des différences
finies en utilisant la méthode des valeurs en amont et des différences centrales. Une version
modifiée de l'algorithme SIMPLER est introduite et la solution des ~uations des différences
finies est assurée par un balayage Iigne-par-ligne et l'algorithme de AMTD.

Un logiciel a été développé pour la génération des coordonnées non-orthogonales qui correspond
à un arrangement de type B dans le plan de transformation. Un deuxième programme en
Fortran a été également écrite pour solutionner les problèmes de l'écoulement, transfert de
chaleur et de masse dans un écoulement laminaire d'un fluide Newtonien et non-Newtonien en
réaction à l'intérieur d'une gaine droite à section arbitraire. Le modèle et le logiciel ont été
validés par des résultats théoriques et expérimentaux venant des sources variées.

Les logiciels ont servis pour étudier l'écoulement et le transfert de chaleur dans la section
d'entrée dans une gaine à section variable d'un fluide Newtonien et non-Newtonien. Des
résultats ont été documentés pour des gaines à section triangulaire, trapézoïdale et pentagonale.
Les logiciels peuvent servir pour simuler la production de polystyrène dans des réacteurs utilisant
des gaines à sections variables.
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CHAPTER 1

LITERATURE REVIEW AND BACKGROUND

1.1 NEWTONIAN FLUIDS

Bosworth1 studied the distribution of reaction times in laminar flow tubular re

actors, the reaction being either homogeneously catalyzed or uncatalysed. In laminar

flow different filaments of the stream travel at different speeds as a result of the velocity

profile so that the different sections of the fluid will have different reaction times. At

any given rate of flow and given reaction vessel there is a population of reaction times

exhibiting a certain distribution curve. He dealt flrst with the distribution under con

ditions of negligible molecular diffusion and later investigated the effect of molecular

diffusion radially and longitudinally when it is taken into account. He also determined

the conditions under which axial or radial diffusion effects can be neglected in evaluat

ing the reaction rate data for reactors with noncatalytic walls. He concluded that the

modifying effect of diffusion on the reaction time distribution curve is most pronounced

in the smallest vcssels. In liquid systems, however, there is wider range of possible re

actor sizes for which the effect of diffusion is negligible. He also noted that since in

chemical engineering circles it is regarded as a normal practice to make the length of a

reaction vessel at least ten times the diameter, his condition for negligible longitudinal

diffusion effect is usually automatically satisfied.

Denbigh2 showed that for laminar flow the diffusion effect is often quite negligible

in liquids provided that the departure from the parabolic velocity distribution is not
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too large.

Cleland et aU studied diffusion and chemical reaction in viscous f10w non-catal~·tic

tubular reactors. They obtained a numerical solution in which onl~' radial diffusion of

the reactant was considered and the axial diffusion was neglected. The distribution of

contact time in laminar f10w causes a radial concentration gradient to be establishcd

which in turn tends to be diminished by molecular diffusion and under sorne conditions

by free convection. Considering an isothermal liquid phase first order chemical l'elle

tion, steady state, a.'Cial symmetry, f10w in axial direction only, no axial diffusion llnd

no volume change on reaction, the mass balance equation for a chemical component

was written with the velocity profile described by the Poiseuille's equation. A compar

ison of their theoretical predictions and experimental data showed satisfactory results.

However, under certain circumstances, free-convection, which was not inc1uded in their

solution, may have had important effects in laminar f10w tubular reactor performance.

Lauwerier'\ obtained an analytical solution for the concentration of Il substance

in a f1uid in Poiseulle f1ow, under the following conditions: an irreversible firsL order

homogeneous chemical reaction, steady state, isothermal condition, and constant phys

ical properties. He neglected the axial diffusion. A separation of variables method was

applied to obtain the solution of the partial differential equation describing the system

while an orthogonal set of eigenfunctions were determined for the eigen-value proD

lem. Also an asymptotic solution of the eigen-value equation was determined, valid for

higher eigen-values.

Wissler et al.5 later performed a numerical solution of Lauwerier's formulation in

which, the eigenvalues, the Fourier expansion coefficients, the norms and eigenfunctions

were computed and tabulated. These numbers coupled with the analytical results ob

tained by Lauwerier allow one to determine the composition of the reacting specie as

a function of position. They also tabulated the average concentration values deter·

mined by Cleland et al.3 , and the results obtained in their work which showed excellent
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agreement. They extended Lauwerier's method to deal with the case of consecuti\'e

first-order reaction .4 - B - C etc. and obtained an analytical solution for this

ea.se.

Katz6 studied a reaction catalysed on the wall of a cylindrical tube for a process

gus ll11dergoing an axial f10w with a pre-assigned radial pattern of axial velocity. He

lleglected axial diffusion compared to the main convective effect of the gas stream,

thus the range of applications would likely be for Poiseuille f10w and a correspondingly

low molecular diffusivity. Considering steady isothermal situation he introduced the

mathematical formulation of the physical system in question and then carried out a

reduction to an integral equation. Applications to kinetic analysis and to reactor design

was then discussed. A suitable eigenfunction expansion of the kemel of the integral

equation was then developed.

Walker7 studied the performance of a tubular reactor including first- order homo

geneous and heterogeneous reactions and Poiseuille flow, including both axial and radial

diffusion. He showed that exact analytical solutions to such problems are impossible

to obtain and numerical methods must be used.

Hsu8 obtained analytical solution for the problem previously solved by Cleland et

al.a nurnerically, using separation of variables method. He applied, however, numerical

integration to the characteristic value problem to obtain the eigenvalues, eigenfunctions

and relevant constants for a specifie value of diffusion parameter. The main advantage

of this method of solution is claimed to be the explicit expression of the reactant con

centration, while using a numerical method for solving the partial differential equation,

leads to solution through implicit difference schemes. Also, there is no need to worry

about convergence and stability as is required for the numerical methods. Obviously

these are advantages of any analytical solution to numerical solution.

Solomon et al.9 studied the interaction of irreversible, first order, simultaneous het

erogeneous and homogeneous reactions in an isothermal tubular reactor under laminar
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inar flow conditions. The irreversible reaction, .-1 --> products. is considered under

steady "tate conditions. Assuming dilute solution, constant fluid properties, Poiseuille

velocity distribution and no axial-diffusion, an analytical solution was obtained for the

problem using the separation of variables approach for which t.he charaderistic value

problem was solved by the Galerkin method 10, expanding t.he eigenfundions in a ''''Ill

piete set of trial functions. Ultimatcly, the values of the eigem'alues, eigenfunct.ions,

coeffici"nts and radial concentration profile were obtained for a dilute system. FIll't.her

investigations were carried out to deduce the conditions under which t.he hOlllogeneolls

reaction may be neglected in favor of the heterogeneous reaction and vice-versa. It. was

shown that the effect of heterogeneous reaction on the radial concent.ration Jlrofiles is

negligiblp. for low heterogeneous rates and for large homogeneous rates, that is, when

the homogeneous reaction rate is the controlling factor. An alternate case was also

studied viz. the heterogeneous reaction rate controlling. A limiting case of t.his prob

lem is the classical Graetz problem for which accurate values of t.he eigenvalues and

vectors were obtained numerically by Brown11 and asymptotically hy Sellars et al. l2 •

1.2 NON-NEWTONIAN FLUIDS

The problem of homogeneous reaction in a purely viscous non-Newtonian fllIid in

laminar flow in a tubular reactor has several industrial applications. The t.hermal pas

teurization of liquid food products is a typical example, where the liquid behaviour is

non-Newtonian and the death rate of microorganisms is proportional to the population

density of the microorganisms implying first-order kinetics l7 • The tublliar polymeriza

tion reaction is another example with complex kinetics and variable physical properties.

Homsy et al. 13 studied the problem of diffusion and chemical reaction in a tubular

reactor for non-Newtonian fluids in laminar flow operating. under isothermaland steady

conditions using a first-order reaction. They assumed negligible axial diffusion of the

reactant. The characteristic value problem resulting l'rom the separation of variables
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was solved by the method of Galerkin for various Ostwald de Waele (or power-law) and

Prandtl-Eyring models.

Osborne14 developed a convective model for the laminar flow performance of a

t.ubular reactor with a liquid reaction medium. Laminar flow severely restricts the ap

plication of the axial dispersion model so widely used under turbulent flow conditions.

LevenspieJl5 recommends a criterion for using the dispersion model in characterizing

the tracer response of laminar flow reactors so that small molecular diffusivity of liq

uids limits the laminar f10w application of the dispersion model 1.0 very long reactors.

The conservation equation for laminar f10w assuming axially symmetric, steady, fully

developed incompressible f10w with any order reaction was first introduced. Owing 1.0

the negligible effects of molecular diffusion as compared with the effects of the velocity

profile, which has been shown by Bosworth1 and Cleland et al.3 , the diffusion terms

were neglected 1.0 yield a pure convective mode! for the laminar flow reactor. A so·

lution of the resulting differential equation for the displacement of non-reactive tracer

injected into the reactor inlet can be used 1.0 relate average effiuent concentrations 1.0

the inlet stimulus for step and impulse inputs. These effiuent tracer concentration re

sponses were used 1.0 evaluate the apparent velocity profile index which was related 1.0

the non-Newtonian laminar flow reactor performance. The model was then extended

1.0 a multiple reaction sequence, A -> B -> S.

Tsay et al. IB studied the unsteady and steady state Graetz problems for mass trans

fer with first order chemical reaction in the entrance region for fully developed laminar

flow of power-law non-Newtonian fluids in a circular tube. They applied the instant

local similarity method 1.0 the unsteady state problem and local similarity method 1.0

the steady problem. The solutions of the first method, however, are restricted 1.0 small

times and small axial distance from the entrance and the solutions of the second method

are restricted 1.0 small axial distance from the entrance.

Venkatsubramanlan et al.17 studied convective diffusion with reaction for develop-
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ing flow of a non-Newtonian f1uid in the entrance region of a round conduit. l-sing the

approximate solution of Langhaar18 for the entrance velocity profiles, they obtaitwcl

conversions for homogeneous bulk phase reactions and wall-catalyzed heterogeneous

reactions. For a steady, two-dimensional flow with constant physical properties and

for power-Iaw fluids they solved the governing equations numerically. The eqllation for

concentration was solved using the Crank-Nicolson scheme of fini te- dilference Sl:heme.

The resulting set of tridiagonal system of equations was then solved by the Thomas

algorithm. They showed graphically the variation of bulk average concentration with

normalized-distance for different values of Schmidt numbers and reaction-parameter

for both Newtonian and non-Newtonian fluids. For a given value of reaction pllram

eter, they observed that the influence of flow development is higher at lower Schmidt

numbers. Typical non- Newtonian liquids are large Schmidt number fluids as they are

rather viscous and the diffusivities are rather low. For high Schmidt number systems

the calculations approach those of a fully-developed flow. Thus the flow development

in non-Newtonian systems could be neglected and calculations could be based on those

for fully developed conditions.

Cavatorta et a\.19 used the orthogonal collocation method developed by Villadsen

et al.20 to solve the problem of isothermal tubular reactor with first-order chemical

reaction for laminar flo:>\' for two types of non-Newtonian fluids: A power-law or Oswh:d

de Waele model and a Prandtl-Eyring mode\. Comparison of the results with those

obtained by Homsy et al.14 showed good agreement.

1.3 THERMAL POLYMERIZATION OF STYRENE

The reaction chosen for simulation in this study is the thermal bulk polymerization

of styrene in a rectil~near tubular reactor. There are several articles in the literature

dealing with thermally and chernical\y initiated tubular polymerization of styrene of

which only a few papers of interest are selected here for discussion on thermal poly-
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rnerization of styrene.

Sala et al,22 analyzed styrene polymerization by solving the steady, two dimen

sional conservation equations numerically using the upwind scheme for convective terms

and the stream-functionjvorticity approach. The finite difference equations \Vere solved

by Gauss-Seidel technique. The fluid was assumed to be Newtonian. Polystyrene, how

ever. is a non-Newtonian fluid. Variable (temperature-dependent) physical properties

were used. The viscous heat generation was disregarded. A simple first-order kinet

ics along with a constant molecular weight of 70,000 was employed. The influence of

inlet feed concentration, inlet temperature, and feed-rate on the temperature distribu

tion in adiabatic and isothermal tubular reactors was analyzed. It was concluded that

adequate control of the polymerization can be achieved by maintaining the tube wall

temperature below the inlet feed temperature to inhibit thermal runaway.

Wyman et al.23 introduced an approximate model to calculate the number and

weight-average molecular weights of the polymer being produced in a continuous steady

state tubular reactor from the zeroth, fust and second moments of radical and polymer

distributions. The partial differential equations describing temperature, velocity and

composition were written considering axial symmetry and incompressible larninar flow

in a cylindrical tube, allowing for variable viscosity and conductivity. The reaction

rate constant was of Arrhenius type in which the so-called gel effect was also taken into

account. The pressure drop in the tube was obtained from the equation of motion. Ra

dial convection, axial conduction and viscous heating of polymer in the energy balance

equation were neglected. The radial and angular components of velocity were ignored

in the equation of motion. The partial differential equations were solved numerically

using the classical explicit finite- difference method.

Husain et al.24 made a computational study of bulk thermal polymerization of

styrene in a tubular reactor in which the fluid rheology was represented by a power

law mode\. They considered the polymer to be a non-diffusing specie and neglected
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radial velocities. They also neglected the axial diffusion of mass and energy. They t.ook

into account the gel effect following Hui ct a1. 21 . The s~'stcm of differential eqnations

was solved by finite differencing radially and solving the resulting equations nsing a

fourth-order Runge-Kutta-Gill routine.

Valsamis et al.25,26 used piston f10w and segregated f10w lIlodels for the po1Ylllcr.

ization of styrene in tubular reaetors. Experiments were perforllled in a hc1icall~' coilel!

tube with a length of 14.6 m and a diameter of 0.46 cm. Running pme thermal stYl'Cne

polymerization al. 160 degrees Celsius yielded a conversion of 15% in 5.15 minutes

residence time.

Chen et al.27
,28 determined the residence time wash-out function theoretically by

means offlow models and experimentally by inert tracer t.echniques. Introducing st.eady

mass, momentum and energy transport equations for laminaI' axisymetric f10w in cy!in

drical coordinates using fully-developed velocity profile in axial direction. The mass

diffusion and heat conduction in axial direction were ignored. The viscous heating ef

fect was also ignored. The fluid was assumed Newtonian. The polymer was considered

1.0 be non-diffusing. The kinetic rate constants were obtained from Hui et. 1l.1. 21 , while

the physical property data were obtained from various sources. The partial differen

tial equations were solved by the method of !ines (MOL) in which the equations were

approximated by a set of initial value problems (IVP) in ordinary differential equa

tions which were then discretized using fini te differences and solved by IVP solver5.

The model predicted axial and radial velocity profiles which were subsequently used in

a tracer model which consisted of the unsteady, two-dimensional convective diffusion

equation. The solution of this model evaluated al. the tube outlet provided the resi

dence time wash-out function. Experimental measurements were made 1.0 verify the

theoretical model for residence time distribution using to1uene as a nonreactive inert

tracer. The measured wash-out function confirmed the presence of velocity profile elon

gation. Molecular weight of polymer was also calculated using the approach based on
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the zeror.h, first and second moments of radical and polymer distributions.

Kleinstreuer et al.29,30 solved the two-dimensional equations governing the thermal

polymerization of styrene at steady state in the laminar f10w in a straight circular duct

assurning axial-symmetry and power law model for liquid behaviour. They neglected

the body force term but considered variable physical properties and a developing fla\\"

\Vith parabolic velocity profile at inlet. They obtained the kinetic rate constants from

Hui et al.21 and the data for physical properties from various sources. Theyemployed

control volume approach for discretization and used a software package t1sing the SnI

PLE algorithm ta obtain the results. They analyzed a simple tube as a representation

of the shell-and-tube type configuration. They generated stability plots by computer

experimentation varying the effective system parameters and concluded that a small

tube up ta a radius of 2 cm could be effectively used ta carry out styrene polymeriza

tian. However, as the tube radius increases, the problem of thermal runaway and f10w

el9ngation make the operation unfeasible.

Malkin and Zhirkov31,32 discussed the effect of viscosity growth on the macro

kinetics features of the polymerization process and the influence of velocity profile

distortion over the heat and mass transfer characteristics. Due ta the velocity distri

bution and therefore the distribution of residence times along the radius, the liquid

layers stay longer near the reactor wall than near the axis. Therefore they react more

fully, and hence, the liquid viscosity near the wall becomes much higher compared ta

that near the axis. The more viscous liquid f10ws more slowly and remains inside the

reactor for a longer period of time as a result of which the following f10w structure

forms: very viscous products near the wall and a much less viscous mixture of reac

tants and products in the axial zone. The most typical featul'e of such a f10w are the

highly elongated and deformed velocity profiles with a point of inf!ection and with the

maximum veloeity much higher than the average velocity.
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1.4 CLOSURE

The above survey shows that for laminar flow tubular reactors, the a.xial diffusion

effect is negligible for both Newtonian and non-i\ewtonian fluids. this conclusion is

used later in the present analysis. The problem discussed in the above sur\'ey was

solved under specifie sets of assumptions, the most important of which are as fo11ows:

• only one or two-dimensional flows are considered,

• genera11y fully-developed flow is assumed for velocity profile distribution,

• usually the tubular reactor is considered to be isothermal.

• mostly constant physical-properties are used,

• viscous heat generation is generally disregarded,

• possible free-convection effect is ignored,

• most1y simple first arder reactions are considered,

• the problem is solved only for circular duct reactors and no attempt is made to

analyze noncircular cross-section duct reactors.

It is therefore clear that a comprehensive study, formulation and solution of a 3-D

reacting laminar flow problem in which velocity, temperature and concentration fields

develop simultaneously, deserves attention. Futhermore, it is important to consider

the effects of variable physical properties, viscous heat generation and free-convection

effects in noncircular duct reactors.
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CHAPTER 2

MATHEMATICAL MODELLING IN CARTESIAN COORDINATES
(GOVERNING-EQUATIONS AND BOUNDARY CONDITIONS)

2.1 INTRODUCTION

The flow, heat and mass transfer phenomena of fluids are governed by the conser-

vation equations of mass, momentum, energy and species. The conservation eqllations

subjected to various simplifying assumptions may be solved analytically or numerically.

Other than the assumption of negligible axial diffusion for the problems examined in

this work, no other simplifying assumptions are needed. Analytical solution of the

conservation equations is impossible for the case studied.

The strongly conservative form of the conservation equations will be presented in

this chapter. The conservative form enhances subsequent treatment of the equations

for numerical solution. The rheology of many purely viscous non-Newtonian f1uids is

adequately expressed by the power-law model for which the corresponding constitutive

equations (shear-stress, strain relationships) are given in this chapter. It is the goal

of this chapter to present the conservation equations in 3-D Cartesian coordinates in

which the constitutive equations to be included and the boundary conditions are to be

specified.

The latter equations and the boundary conditions are later transformed into curvi

linear coordinates to handle arbitrary cross-sections. The coordinate axes selected for

the Cartesian domain are shown in Figure 2.1.
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Figure 2.1 Arbitrary cross-sectional duct in Cartesian coordinates
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2.2 GENERAL CONSERVATION LAWS

2.2.1 The Overall Continuity Equation

ôp- +('V' pv) = 0
ôt

2.2.2 The Momentum Equation

ô(pv)--ai = -('il' pvv) - 'ilP - ('il' r) + pg

2.2.3 The Energy Equation

(2.1 )

(2.2)

ô(pCpT) = -('il' pCpTv)- ('il' q) _ (r: 'ilv ) + (ÔlnV) DP
ôt ôlnT p Dt

DCp
+pTJjt+QR (2.3)

2.2.4 The Reactant Continuity Equation

•
2-3
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2.3 CONSERVATION LAWS IN CARTESIAN COORDINATES• 2.3.1 The Overall Continuity Equation

(2.5 )

2.3.2 The Momentum Equation

x-component

ô(pu) ô(pu2 ) ô(pvu) ô(pwu) ôP--+ + + =---8t ôx ôy ôz ôx

(
ôru ôry, ôr.. )
-ô+-ô +-ô +pg,x y ::

y-component

(2.6)

ô(pv) ô(puv) ô(pv2 ) ô(pwv) ôP--+ + + =---8t ôx ôy ôz ôy

(
ôr,y + ôryy + ôrzv ) + pg (2.7)
ôx ôy ôz y

z-component

8(pw) + ô(puw) + ô(pvw) + Ô( pW2) = _ ôP _
8t ôx ôy ôz ôz

(
ôru ôry, + ôru ) + (2.8)
ôx + ôy --a;- pgz

• ~.
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(2.9)

• 2.3.3 The Energy Equation'

o â â
Ot(pCpT) + âx(pCpTu) + â/PCpTv)+

â â (âT) D ( DT)-(pCpTw) = - k- + - k- +
Oz Dx Dx Dy ây

â (DT) (âU Dv Dw)Dz k âz - Tu Dx + Tgg Dy +T:: Dz -

[ (
Du Dv) (Du Dw)

T: g ây + âx +Tu Dz + Dx +

(
âV DW)]

Tg: âz + Dy +QR

* In the energy equation, the Fourier's Law, q = -k 'ï1 T is applied

2.3.4 The Reactant Continuity Equation

2.4 THE STRESS TENSOR

2.4.1 The Stress Tensor

The nine .components of the stress tensor are as follows34:

•
(

Tu

T = Tg:

Tz:

T,y TU)
Tyy Ty:

Tzy Tu

2-5

(2.11)



• Consideration of the angular momentum shows that:

Tyr = Txy , T:r = 'r: ; T: y = Tg: (2.12)

that is the stress tensor is symmetrical and the state of stress at a point is uctcrmillcd

by six, rather than nine independent stress components.

2.4.2 The Rate of Strain Tensor

The rate-of-strain or rate-of-deformation tensor is symmetrical and has Cartcsian

components as follows34:

(2.13)

where 6.%%, 6.YY ' 6.:: are lineal strain rates and 6.: y , 6. y.. 6... are rates of shcar

deformation.

(2.14)

(2.15)

(2.16)

(2.17)

•
2.4.3 The Power-Law Constitutive Equations

For power-Iaw model the stress-tensor is related to the rate-of·strain tensor by the

following relationship34-3B:

2-6



•
in which

[

l ( )2 ("] .,1 âu âv âw· âu âv·
-(6j: 6il = 2 (-) + -- + -) +(- +-) +2 )) âx ây âz ây âx

(
âw âv)2 (âu âW)2-+- + -+ây âz âz âx

if one denotes H6ij : 6ij) = I then

(2.18 )

(2.19)

(2.20)

using the values of the rate-of-deformation-tensor, one can write the components of the

stress-tensor as follows:

•
in which

(
âu) ("-1) (âu)

Tu = -2p. âx I -,- = -2M âx

(
âv) ("-1) (âv)T = -2p. - I -,- = -2M -

YY ây ây

(
âw) ("_1) (âw)Tzz = -2p. âz I -,- = -2M âz

(
âu âV) ("-1) (âu âV)

T: = T : = -p. - + - I -,- = -M - + -
y y âyâx âyâx

(
âu âw) ("-1) (âu âw)T =T - -II - + - I -,- = -M - + -

:z z: - r- âz âx âz âx

(
âw âV) ("-') (âW âV)

T , =T, = -p. - + - I -,- = -M - + -
y y ây âz ây âz

2-7

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



•

•

where M is the apparent \'iscosity for a power-law fiuid.

2.5 CONSIDERATIONS INTRODUCED IN THE
CONSERVATION EQUATIONS

2.5.1 The Body-Force Terms in Momentum Equations

The body-force (the gravitational field) is applied only in the ';y" direction. fur

the coordinate system selected (Figure 2.1).

2.5.2 The Buoyancy Term in the y-Momentum Equation

Whenever there is a temperature variation in transverse direction in the flow field.

a buoyancy force is generated due to the presence of the body force field and causes ft

natural convection flow to be establishedJ9
- 41 • The buoyancy term is hence introduced

in the y-momentum equation while the pressure field is modified. For derivation of the

buoyancy term in the y- momentum equation refer to Appendix G.

2.5.3 Heat of Reaction in Energy Equation

This is expressed by QR = (-tlH}RA in which tlH < 0 for exothermic-rcactions

and tlH > 0 for endothermic reactions.

2.5.4 Steady State Condition

In practical applications, tubular reactors are operated in steady-state mode,

hence, thia condition ia accepted here for the chemically-reacting duct flows in arbitrary

geometries. Unsteady state situation is beyond the scope of the present study.
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2.5.5 Variable Fluid Properties

The intcrdependencc of f1uid properties with tcmperature and other variables, if

cxists, are introduccd through empirical equations for any specifie f1uid-reaction system.

Tlwsc propertics arc: dcnsity, viscosity, specific-heat ., thermal-conductivity, heat of

l'cadiou and mass-diffusivity. Refer to Chapter 5 for the specifie relations regarding

the f1uid properties for reaction system under study.

2.5.6 The Reaction Rate Constant

The Arrhenius model or any empirically-obtained rate-law may be used for any

reaction under consideration. The relations for the reaction under study are presented

in Chapter 5.

2.6 PARABOLIC APPROXIMATION

2.6.1 Parabolic Space Coordinate

It is experimentally observed that in geometries which do not undergo radial

changes in the primary f10w direction, the downstream conditions exert little or no

influence on upstream in th~ predominant f10w direction42
-

47
• Therefore the 'dow tends

to be dominatedby the upstream conditions and any small disturbance at a givell point

is not transmitted very far upstream of that point.

In this situation, the conditions in the main f10w direction become a "one-way"

coordinate, that is, the upstream conditions determine the downstream f10w properties

but not vice-versa.

* A constant specifie heat is considered in the discretized energy equation (h =

CpT)69 to employ control volume approach over the conservative form of the original

energy equation. Specifie heat is nearly constant for liquids within sorne specified

tcmperature l'anges.

2-9



• 2.6.2 General Conditions for the Parabolic Assumption

1. if there is a predominant direction of flow (no recirculation, no separation. no

reverse f10w or negative \'elocity in that direction),

2. if the diffusion of momentum, heat and mass is ncgligible in that dircction,

3. if the downstream pressure-field has little influencc on the upstrcalll flow con

ditions lthis condition results in a decoupling of the pressurc-field).

2.6.3 Application of Marching Integration

A reasonable approximation to such a flow is by a stcpwisc intcgration in the

direction of f10w from a given set of upstream initial conditions.

2.6.4 Decoupling of Longitudinal and Lateral Pressure Gradients

In order to be able to march in the "z" direction, one must treat thc prcsslu'C

"P" in the axial momentum equation differently than the prcssure in thc transverse

momentum equations42,43. The decoupling in the pressure-field is exprcssed by writing

the three-dimensional pressure-field as

P(x,y,z) = P(X,YiZ) +?(z) (2.28)

•

where p(x, Yi z) and ?(z) are the local and the average variations of the pressure

in the cross-section respectively45,46. The pressure P is a two-dimensional ficld, but

changes with "z" as the solution is marched in stepwise manner. The prcssure ? can

be thought of as a form of space-averaged pressure over a cross-section.

The pressure-gradient term in the axial f10w direction, ~~, is therefore decoupled

from those in the other f10w directions: ~~ and ~~. The gradient ~~ is referred to be

a mean viscous pressure-drop which is a function of "z" only and is constant in the x-y

plane.
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• 2.6.5 Advantages of the Parabolic Approximation

The governing equations are elliptic in ail three space-coordinates which require

a great amount of storage and computation time. Assuming that there is no strong

inHuence travelling from downstream to upstream of the duct, the governing equations

arc parabolized in the axial direction. The resulting equations are then elliptic in the

two transverse spacc- coordinates and parabolic in the axial space coordinate. These

cquations are solved by marching integration in axial direction in stepwise manner,

Holving a two-dimensional elliptic problem at each cross- sectional plane. The dependent

variables are needed only to be stored on the calculation plane and on the upstream

plane due to which substmtial economy of computer storage and computer time is

possible.

2.6.6 Modification of Governing Equations with Parabolic Assumption

In order to parabolize the fully elliptic governing equations in axial direction,

one should neglect the diffusion terms in the axial direction, therefore the terms

il!..:. ar.. !ùu. a (kaT) d a ( D a..,., 1 t d AI th di ta=' a=' a= 1 a= ïfi an az P A a= ) are neg ec e. 50 e pressure-gra en

in the axial-momentum' equation, ~~ is decoupled from the other pressure gradient

terms; ~~ and ~: using ~~ in that direction.

2.7 THE PARABOLIZED GOVERNING EQUATIONS IN
CART.ESIAN COORDINATES

2.7.1 The Overall Continuity Equation

•
888
-(pu) + -(pv) + -(pw) =0
8x 8y 8z
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• 2.7.2 The Momentum Equations

x-component

a( 2) a ) a( ) ap (aru ar"x)- pu + -(pvu +- pwu = -- - -- +-'-ax ay az ax D;c Dy
y-component

(2.30)

a( a 2 a ) DP (Drx" Dry")-- puv) + -(pv ) + -(pwv = -- - 1-'+-' - (p - PIl)g (2.31)ax ay az ay \ ax Dy
z-component

a a( a(2) dF (arx: ar,,:)-(puw) +- pvw) +- pw = -- - - +-'ax ay az dz Dx Dy

2.7.3 The Energy Equation·

(2.32)

•

a a a a (aT) D( DT)-(pCpTu) + -(pCpTv) + -(pCpTw) = - k- +- k- +ax ay az ax ax Dy Dy
M . l +(-f::,H)R" (2.33)

2.7.4 The Reactant Continuity Equation

(2.34)

* Note that the right hand side of this equation is true only if Cl' is a constant.
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• The pressure, P in the aboye equations is dynamic-pressure due to the introduction

of buoyancy term in the "y" momentum equation. In cases of negligible buoyancy effect.

P would be the total pressure defined as hydrostatic plus dynamic pressures. Refer to

Appendix G for details. The term 1 in the energy equation expressed aboye, is the

dissipation function for the power-law non-Newtonian fluid.

2.8 THE BOUNDARY CONDITIONS

2.8.1 Inlet (@z = 0)

Axial Velocity

A uniform entrance yelocity profile is specified at inlet:

•

W = Win/et

Transverse Velocities

It is assumed that there is no secondary flow at inlet:

u=o

v=o

Temperature

A uniform temperature-profile is specified at in1et:

T = Tin/el

Reactant Weight Fraction

For an unconverted reactant at in1et:

w=1
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• 2.8.2 Walls of the Duet

Axial Velocity

~o slip-condition is assumed on the \Valls of the duct:

w =0

Transverse Velocities

u=o

v=o

Temperature

For a constant wall-temperature:

T =Twoll

Reactant Weight-Fraction

The material does not move through the wall:

ôw =0
ôn

2.8.3 Outflow Condition (@z =L)

(2..l0)

(2.41 )

(2.42)

(2.43)

(2.44)

•
The complete conservation equations are elliptic, hence the geometrical domain

under consideration must be closedj therefore for duct fiow, the downstream boundary

conditions have to be specified. However for the parabolized governing equations used

here no downstream boundary conditions are required.
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2.9 CLOSURE

In this chapter the 3-D conservation equations of mass, momentum, energy and

species are written in their strongly conservative form in Cartesian coordinates includ

ing the following considerations:

• constitutive equations corresponding to power-Iaw non-Newtonian f1uids,

• viscous heat dissipation effect in the energy equation,

• free-convection effect (the buoyancy term) in the y-momentum equation,

• the heat of reaction in the energy equation,

• variable f1uid properties,

• arbitrary rate-Iaw model for the reaction involved.
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CHAPTER 3

COORDINATE TRANSFORMATION AND NUMERICAL
METHOD OF SOLUTION

3.1 INTRODUCTION

The subjects in transport phenomena are modelled by nonlinear coupied partial

differential equations. These equations can be solved by several approximate solution

methods for special cases such as asymptotic-expansion and perturbation mcthods.

collocation and integral methods, finite-difference, fini te-volume, and fini te-clement

methods63 • In general, finite-difference, fini te-volume and finite-element discretization

techniques have been the most successful methods the use of which, however, rcquircs

to discretize the entire domain employing a mesh or a grid network.

The fini te element method has been concerned with the treatment of irregular

boundaries since its beginning, however this method requires excessive amount of com

putational time and storage64 •

In fini te difference methods a convenient choice for a grid network is one composed

of rectangles. The application of the method is therefore suitable to domâins such as

rectangular shapes whose boundaries coincide with the computational grid points. In

earlier studies whenever the finite-difference method was applied to irrcgular-shapc

domains, special interpolation schemes were employed at the boundaries for discretiza·

tion of the boundary conditions. However, this method can lead to large crrors. In

any boundary value problem, the boundary conditions exert a strong influence on the

solution of the interior of the domain, 50 that greater accuracy is required in the rep

resentation of the difference equations at the boundaries than what is obtained by

interpolation.
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The inadequacy of the interpolation methods and the fact that an accurate ex-

pression of the boundary co:-ditions is best accomplished if the boundaries coincide

with sorne coordinate lines, brought about the development of coordinate transforma

tion of the physical domain Le. Cartesian coordinates to boundary-fitted curvilinear

coordillates such that ail the boundaries match the coordinate lines and the need to

interpolate the boundary conditions is eliminated4S - 51 ,56. The partial differential equa

tions are thus transformed from the Cartesian coordinates into the new coordinate sys

tem by appropriate transformation relations. The boundary-conditions are similarly

transformed without the need to use interpolation techniques.

The transformed plane is simply a rectangular domain. The transformed-equations

and the boundary-conditions are discretized over this plane and the discretized equa

tions are conveniently solved by similar methods in Cartesian space.

It has been shown that the partial differential equations do not change their type

Le. elliptic, parabolic or hyperbolic upon transformation.

3.2 THE ORTHOGONAL AND NON-ORTHOGONAL
COORDINATE SYSTEMS

The curvilinear boundary-fitted mesh generated over the physical domain, may be

either orthogonal or non-orthogonal. The generation of orthogonal meshes is generally

time_consuming45 ,55,65. In addition, the concentration of the grid lines in certain regions

of the domain is not conveniently handled when using orthogonal methods. The use of

non-orthogonal systems has the disadvantage that the transformed governing equations

become somewhat more complex because of the presence of the non-orthogonal termsj

also the finite-difference equations involve 9 discrete·points versus 5 discrete points for

orthogonal systems45 ,46.

The boundary-fitted methods involves the following two tasks for the solutio~ of

PDE's:
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(i) method for generating the coordinate systems or grid net",ork•

(H) method 1.0 mode! the gO\'erning equations in the transformed domain.

The use of non-orthogonal grid may be an optimum alternative for handling arbitrary

geometries if the performance of item (ii) above for a non-orthogonal system is compara

ble 1.0 that of an existing orthogonal system and if il. funetions similarly 1.0 t.he methods

used for orthogonal schemes ",hen an orthogonal grid is employed~5. A I1umber of stud

ies have appeared in the literature OII the use of the non-orthogonal numerical solut.ion

schemes. For example Hadjisophocleous et. al.66 applied a non-orthogonal numerical

method for prediction of transient natural convection in enclosures of arbitrary geom

etry. Shyy, et. al.67 and Braaten, et. al.68 applied a non-orthogonal numerieal seheme

using body-fitted coordinates for numerical solution of a recirculating f10w problem.

Maliskao\6 developed a numerieal model using non-orthogonal grids for the solution of

the three-dimensional fluid-flow problems in irregular geometries. This method uses a

novel grid layout which promotes numerical stability and convergence for the system

of equations. Maliska's method is adopted here 1.0 be applied 1.0 the present analysis

considering also any modifications required.

3.3 CURVILINEAR TRANSFORMATION

A transformation is defined between a physical region "D" of any arbitrary shape

and a transformed-region of "D'" of rectangular-shape as shown in Figure 3.1. In the

physical-region, the Cartesian coordinates x and y are the independent variables and

the curvilinear coordinates are the dependent variables. In the transformed regioIl,

the coordinates eand TI are the independent variables and x and y are the dependent

variables. There exists a one 1.0 one correspondence between the coordinates in the

physical-region and the transformed-region.

The general transformation relation from the physical-plane (x,y) ta the transformed

plane (e, TI) are given by48-S1:
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• ç = Ç(X'Y)}
11 = 11(X,y)

The Jacobian matrix of this transformation is

Il = [~: ~~]
The inverse transformation of Eqn. (3.1) (if exists) is:

x = x(ç, 11)}
y = y(ç, 11)

The Jacobian matrix of Eqn. (3.3), denoted by 12 is given by

12=[xe x~]
Ye y~

The Jacobian determinant or Jacobian simply, is then

J = J [~;: ~n = det[12l = xeY~ - x~Ye '" 0

where

(3.1 )

(3.2)

(3.3)

(3.4)

(3.5)

8x 8y
xe = 8ç i y~ = 811;

The Jacobian matrices, Eqns (3.2) and (3.4) are related by

one can readily show that:

etc.

(3.6)

ç% = My
n __ll
"x - J

Refer to Appendix A for derivation.

(3.i)

Partial derivatives are transformed using the following relations:

1
f% = J[Y~fe - yd~1

1
fy = J[-x~fe +xd~J

Refer to Appendix A for derivation.

(3.8)

(3.9)

•
Higher order derivatives are obtained by repeated application of Eqns. (3.8) and

(3.9). The two tasks involved in the transformation are:
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(i) Coordinate Generation (or Grid Generation) This is necessary to eteter

mine the location of the coordinate lines in the interior of the physical domain. :\

coordinate line is specified as being coincident with each boundary line segment

while the other coordinate varies monotonically along that line. The generation of

a coordinate system is thus simply a boundary-value problem.

(ii) Transformation of Governing PDE's This is employed to transform t.he

partial-differential equations under consideration into the new coordinate \'ariables

before being discretized. :\11 computations, both to generate the coordinate system

and to solve the governing PDE's, can be performed on a rectangular domain in

the transformed space.

3.4 NUMERICAL GRID GENERATION

A method of generating the general boundary-fitted coordinate systems is to let

the curvilinear coordinates to be the solutions of an elliptic partial differential system in

the physical plane, with Dirichlet boundary conditions on all the boundaries·19 - 51 .54,IIO.

An elliptic system is used because the solution of such a system is completely

defined in the interior of the region by its values on the boundary. In other words, when

the entire closed boundary of the physical region is specified, the partial-differential

equations (employed for grid-generation) must be elliptie.

The solution of an elliptie system yields harmonie funetions which have eontinuous

derivatives of all orders. Moreover, harmonie-funetions obey a maximum principle,

which states that the maximum and the minimum values of the funetion must oeeur

at the boundaries of the region of the physieal-domain. Thus, no extrema oecur within

this region, 50 that the first derivatives of the funetion will not simultaileously vanish

in this region, and henee the Jaeobian will not be zero due to the presence of an

extremum. The maximum principle also guarantees the uniqueness of the eoordinate

funetions ç(x, y) and 71(X, y) .
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• The physical domain under consideration may be a simply-connected region or a

multiply-connected region. The generated coordinate system produces a rectangular

domain il! the transformed-space (Figure 3.2).

Consider a simply-connected region, the boundary of which is specified at discrete

points (XI" Yb)' The simplest elliptic system to choose is ta use the Laplace equation

und ta find ç, TI 50 that a system of Laplace equations is satisfied in the physicai plane.

that is:

Çn + çyy = 0 (3.10)

TIn +Tlyy = 0 (3.11)

or

,/ç=O (3.12)

\121'/ = 0 (3.13)

where

2 ô2 ô2

\1 = ôx2 + ôy2

with the following Dirichlet boundary-conditions:

ç=Çl }
1'/ =1'/3(X, y) on ri

ç=Mx,Y)} onr
2

1'/ =1'/2

ç=Ç2 }
1'/ = 1'/4 (x, y) on r 3

ç = Ç4(X,y)} on r
4

1'/ =1'/1

(3.14)

(3.15)

(3.16)

(3.17)

•
where Çl, Ç2' 1'/1 and 1'/2 are different constants and 1'/3(X, y), 6(x,y), 1'/4(X,y) and

Ç4(X, y) are specified monotonie functions on ri, r 2, r3 and r4.

Since it is desired to perforrn all the numerical computations on the uniform rect

angular transformed plane, the dependent and the independent variables in the above
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• equations must be interch:~nged. This results in:

(3.18 )

(3.l!J)

Refer to Appendix A for derivation.

The coupling coefficients in the above-equations are:

o 0
Q = or- + y

~ "

(3 = x~x~ + y~y~

')' = x~ + Y~

(3.20)

(3.21 )

(3.22)

The boundary conditions are:

x = !l(f,I,T/)}
y = 91(f,1,T/)

x = h(f" T/2)}
Y = 92(f" T/2)

x = !a(6'T/)}
y = 93(f,2, 1/)

x =J4(f" 1/1) }
y = 94(f" T/I)

on ro
1

on r;

on ro3

on r;

(3.23)

(3.24)

(3.25)

(3.26)

•

The functions JI, 91' 12, 92, 13, 93, J4 and 94 are specified by the known shape

of the contours rI, r 2, r 3 and r 4 and the specified distribution of f, and T/ over them.

Equations 3.18 and 3.19 can be solved by A finite·difference method using second

order centra! difference approximation of derivatives and applying the SOR (successive

over-relaxation) method using linearly interpolated initia! guess. The discrete values of

(x,y) at the corresponding (f,,1/) points are then determined. The finer the mesh, the

smaller would be the numerica! error.

The grid generation method described in this section is employed to develop a

B-type grid generation computer programme required in this work.
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• 3.5 TRANSFORMATION OF THE GOVERNING EQUATIONS

The governing partial-differential equations and the respective boundary-conditions

must be transforrned to the corresponding curvilinear coordinates using the transfor

mation relations of Section 3.3 in order to be solved in the transformed plane. The

problem of solving the governing-equations on a complex physical domain is therefore

changed to the solution of the transformed-equations on a uniform grid of rectangular

shape in the transformed plane.

In general, the transformation operation generates additional terms in the govern

ing equations 50 that these equations become more complicated upon transformation.

For the transformation of the governing equations, one has to first decide upon the

dependent variables in the transformed-plane for the velocity components which could

be either the physical Cartesian velocities or the contravariant velocity components.

The concept of contravariant velocities is shown in Figure 3.3. The contravariant ve-

locities are related to the physical Cartesian components by the following relationships:

u = y~u - X~V}
V = x~v - y~u

W= Jw
(3.27)

•

Use of contravariant ve10cities as the dependent variables leads to a complex trans

formation in which the physical interpretation of the transformed equations is also very

difficult.

Retaining the physical Cartesian velocities as the dependent variables in the trans

formation of the equations has the advantage that very complex transformed equations

are avoided. Aiso the equations preserve their conservative form after transformation,

which is a desired feature in the physical interpretation of the equations and in the

convenience of formulation of discretization equations.

The dependent variables for velocity components selected in this work in the trans

formation tusk are the physical-Cartesian velocities, how~ver, both the Cartesian and
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•

the contravariant velocities take part in the structure of the transforrned equations and

in the solution procedure.

3.6 DlSCRETIZATION OF TRANSFORMED EQUATIONS

3.6.1 Grid Configuration

By grid configuration or arrangement one implies a proper choice of storage loca

tions for the dependent variables in the transformed plane for which there are alterna

tive selections. A suitable grid configuration should be chosen for any specifie problem.

The grid arrangement adopted is largely responsible for obtaining discretization equa

tions which converge fast and exhibit good stability and accuracy. Grid configuration

is to be considered only for the variables in the transverse plane and how the variables

are located with respect to the axial direction is not of major importance.

3.6.2 Basic Requh'ements of a Proper Grid Configuration

A favorable grid configuration should be capable of providing the following goals:

(i) pressure should be located such that the pressure gradient terms in the momentum

equations can be accurately evaluated,

(ii) velocities should be located where they are required for mass conservation,

(iii) the numerical scheme for non-orthogonal grid should revert to a 5-point cquation

type when the grid employed is orthogonal15•

Two of the most important grid arrangements (non-staggered and classical stag

gered) and the novel grid arrangement46 adopted for the current problem are descrihcd

here.

3.6.3 The Non-Staggered Grid Configuration

In this arrangement (Figure 3.4) all the variables are located at the same grid

point location designated by P. There would be a serious drawback in discretization
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of pressure gradient terms in the momentum equations usmg this configuration so

that a non-realistic wavy or zigzag pressure.field may lead to a convergent solution.

This difficulty, referred to as the checkerboard pressure-field pattern69 , is avoided if a

staggcred grid configuration is employed.

3.6.4 The Classical Staggered Grid Configuration

In this arrangement (Figure 3.5) the velocities are located at the middle of the

four faces of each cel1, while pressure, axial velocity and physical properties are located

in the middle of the cel1.

The advantages of this layout are as fol1ows:

(i) the danger of generating wavy pressure-field is eliminated,

(ii) the velocities are located where they are required for mass balance.

3.6.5 The Grid Configuration Adopted

, For a non-orthogonal grid system, the best choice is a c1assical staggered-grid in

which both components of "tI" and "v" velocities are used coincidentally at the same

location with the contravariant-velocities normal and parallel to the faces of the ce1146

(Figures 3.6 and 3.8). This configuration involves one difficulty which can be solved

by an interpolation schemé6 • Due to the fact that one of the contravariant velocities

(paral1el components) do not enter to satisfy the overall continuity equation, the "tI"

and "v" values can depart considerably from their realistic values during the iteration

process. The values of these velocities can, however, produce normal components of the

contravarient velocities which would satisfy the mass balance equation while the parallel

components of the contravariant velocities remain free to assume unrealistic values. The

solution to this difficulty is to enforce somehow the continuity equation to also hold for

the parallel components of the contravariant velocities. Thus the parallel components of

the contravarient velocities are obtained by interpolation from the normal components
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of the contravarient velocities which do satisf~' the mass consen'ation (refer to Appt'udix

G for details).

3.6.6 The Discretization Method

The transformed governing equations are discretized using the method known as

the "control-volume" finite difference approach69
•7o • Applying this method. the l'al

culation domain is divided into a number of control volumes such that there is one

control-volume surrounding each grid-point. The differential equations are integratcd

over each control-volume. For 3D problems, triple integrals are involved. In the fonnu

lation of the discretization equations, the upwind difference scheme is applied to the

convective terms and the central difference approximation to the diffusion terms. A

three-dimensional control volume is shown in Figure 3.7.

3.6.7 Location of the Control·Volume Faces

For the proper location of the control-volume faces, the B-type grid or prnctice-B69

is employed here (Figure 3.8). In this arrangement, one first draws the control-volume

boundaries and then places a grid-point at the geometric center of each control-volume

through which the main grid lines are drawn. If the grid is designed titis way; then the

entire calculation domain would be covered with regular control-volumes.

3.6.8 The Solution method of the Discretization Equations

The discretization equations are algebraic equations and are solved by a line-by

line tridiagonal matrix (TDMA) algorithm. Introducing a relaxation-factor to the

discretization equations one may enchance the convergence of the iterative solution.

With the line-by-line method use of overrelaxation is uncommon while under~axation

is often used to avoid divergence in the iterative solution of the equation69 •
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• 3.7 SOLUTION PROCEDURE

3.7.1 Use of Primitive Variables Versus Stream FunctionjVelocity Method

For the two-dimensional f1uid-f1ow problems, one method is to use the stream

function/vorticity formulation, by which the pressure-determination is avoided and the

number of equations are reduced from 3 to 2. In three-dimensional f1uid-f1ow problems,

however, generalization of the two-dimensional stream-function/vorticity formulation,

illcreases the number of variables from 4 ta 6 and hence the method loses its attractive

features and what is claimed to be a great advantage. Moreover, by retaining the

primitive variables, the equations are solved for the quantities that are of direct interest.

3.7.2 Handling of Pressure-Velocity Coupling in the Parabolic Direction

The method adopted here is that of Raithby Schneider71 • Primari'y the momentum

equation in the axial-direction is solved with the boundary-condition using a guessed

pressure-gradient (~~) ta obtain a tentative axial-velocity wp. The corresponding

mass fiow rate is

M' = L Jpw'
ail P

(3.28)

where "ail pl! denotes ail the w-control volumes inside the duct walls. Defining two

new variables:

Q = _ 8Ï'
8q and

8wfp=8Q (3.29)

•
The corrected pressure-gradient (~~) would be related to (~~). by
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• And the corrected axial-velocity would be related to !Vi> by

IL' P = !Vi> + fpl::.Q (3.31 )

where f p is obtained from the following discretization-equation using appropriatll boundlll'Y

conditions:

A~fp = A:JE + .4~f\V +A~ fN +.4: fs + J pl::. Il

and l::.Q values is chosen to make the total mass fiow rate constant, i.e.

l::.Q = M - M*
LallpJpfp

in which "M" is the exact mass-fiow rate known from the inlet conditions.

3.7.3 Pressure-Velocity Coupling in the Transverse Direction

(3.32 )

(3.33)

•

Any assumed pressure distribution is checked by determining whether the velocities

obtained from the momentum equations using this pressure field conserves mass or

not. Thus, we find the pressure field which drives velocities such that the overall

continuity equation is satisfied. Hadjisophocleous et al.66 , Shyy et al.67 and Braaten et

al.68 employed the SIMPLE algorithm69 in their analysis for non-orthogonal systems.

Maliska46 proposed a mixed scheme comprising of the SIMPLE and the SIMPLER

algorithms69 • In the present work the SIMPLER algorithm modified for non-orthogonal

system46 is further developed for the solution of the power-law non-Newtonian fiuid

problems and is employed in the solution procedure. The algorithm is explained briefiy

in the following para~raph.

The coefficients of the "u" and "v" momentum equations are computed using the

best available velocities. A Poisson-like equation for pressure using pseudovelocities is
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• solved to obtain a tentativc pressure-field, p., which is used to solve the "u" and "L'"

mornenturn equations to obtain the starred-velocities u· and U·. These velocities do

not, in gencral, conserve mass. The corresponding values of U· and v· are obtained

by substituting u· and u· in the following relations:

U• • •= Yqu - xqu (3.34)

(3.35)

These yelocities must be corrected by U - U* and V - v* respectively, to obtain "U"

and "V" velocities which do conserve rnass. The above changes are related to the

corresponding required changes in the "u" and "v" velocities as follows:

U - U* = Yq(u - u*) - xq(v - v*)

V - V* = X((v - v*) - y((u - u*)

Estirnates of change in "u" and "v" that result from change in "P" are:

(3.36)

(3.37)

(3.38)

(3.39)

•

in which P' = P - po. Similar expressions are obtained for Un - u~, Vn - v~, U w -

u:" V w - v:'. u. - u;, and v. - v;. The value of P' is obtained from a Poisson-like

pressure-correction equation derived in this work for the power-Iaw non-Newtonian fluid

in which the starred-velocities are used (Appendix F). Once the P' is known, the con

travariant velocities which enter into the mass-balance (U., Uw • V" Vn ) can be found

from the Eqns. (3.36) and (3.37). The other contravariant-velocities (V. , Un, Vw , U.)
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•
are obtained br interpolation (Appendix G). The physical \'elocities "u" and .. /.... an~

readily obtained from the relevant equations.

To obtain an equation for pressure correction. P'. one should sllbstitutc thc velocity

correction (3.38), (3.39) etc. in Eqns. (3.36) and (3.3i) to obtain cquations for "U"

and "V" in terms of U', V' and P' which when substituted in the O\'crall eontinllity

equation:

(pU), - (pU)w (pV)n - (pV). (pW)D - (plVlu 0
boç + boT! + boa =

results the following Poisson-like pressure-correction equation:

A.ppp= AEPk + .4NP'" + .-lsPs +AwPty + A.NEP"'E+

.4SEPh +ANwP",w + .4swPsw +B

in which

A.p = AE + AN +Aw +As

also

ANE + .4NW +Asw +ASE = 0

(3.-l0)

(3.41)

(3.42)

(3.43)

Refer to Appendix F for the values of B and the coefficients. The Poisson-like pressure

equations is similar to the equation for pressure-correction equation,

ASEPSE +ANWPNW +AswPsw +B (3.44)

•
with the exception of the B term which is expressed in terms of pseudovelocities for

the pressure equation while starred-velocities are used in the relation for pressure-

correction.
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3.7.4 Outline of the Solution Procedure

In the 3D parabolic solution method, applying marching integration from plane to

plane, ail the velocity components, pressure, temperature and concentration fields are

iterated to convergence over a given plane employing the stored values of these param

eters at the upstream plane. The results obtained over the plane under computation

is then stored as upstream-plane-data to be employed in the computation at the next

downstream plane. This process is followed in the axial direction up to convergence at

successive planes.

The method for handling pressure-velocity coupling in the parabolized axial direc

tion and the modified SIMPLER algorithm dealing with the pressure-velocity coupling

in the transverse direction are used in the solution procedure for computation over each

plane.

Due to the inter-equation coupling and the general interdependence of the physical

properties to temperature and mass-fraction, ail the equations must be solved simulta

neously for each cycle of iteration in the following order:

• axial momentum equation,

• transverse momentum equations,

• energy equation,

• reactant continuity equation.

For the power-law non-Newtonian fluids, the constitutive equation is dependent on the

velocity field as weil as the temperature and mass-fraction fields for its consistency

index. The convergence is further improved by an inner iteration for the axial velocity

component in each cycle mentioned above.

The following solution procedure is developed in this study for the solution of

3D parabolized conservation equations in ducts of arbitrary cross-sections for either

Newtonian or non-Newtonian fluids:
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•

•

(i) compute the coefficients for the axial momentum equatioll llsing the bcst a\·ail·

able velocities and USillg a gllessed pressure-gradient solve the axial Il\Olllelltlllll

equation for a tentative a.xial-velocity, w',

(ii) solve for the factor "f" and calculate "b.Q",

(iii) Calculate the corrected axial-velocity field, w, and the corrected pressure-graclient

in the axial direction, using the "f" and the "b.Q" parameters. Procecd to perforlll

an inner iteration for w.

(iv) using the best available velocities, compute the coefficients for the "Il" and ",,"

momentum equations,

(v) compute the pseudovelocities, û and ÎI and the corresponding contravariant COIIl

ponents Û and li using the relevant relations,

(vi) solve the Poisson-like equation for pressure, P, in whicb Û and li are uscd,

(vii) treating this pressure-field as P*, solve transverse momcntum equations fol' u' lLnd

v' ,

(viii) calculate the corresponding U' and V' from the relevant equations,

(ix) solve the Poisson-Iike equation for pressure-correction, pl, in which U' and V' are

used,

(x) correct U' and V' velocities using P' solution to obtain "U" and "V" componcnts

that conserve mass and obtain the other components of "U" and "V" vclocities

by interpolation,

(xi) compute the physical velocities, "u" and "v" from the latter contravariant-veloeities

using the relevant equations.

(xii) solve the energy equation,

(xiii) solve the reactant continuity equation.

With the new velocity field, temperature and mass-fraction values obtained above

return to Step (i) and iterate up to convergence.
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•

3.8 CLOSURE

The non-orthogonal boundary·fitted coordinate transformation method is intro

r1uceu in this chapter for grid generation of the physical domain and transformation of

t.he Cartesian governing equations 1.0 the curvilinear coordinate system. The discretiza

t.ion procedure for the transformed equations employing the control volume approach

is then explained. A solution procedure, developed in this study, is described briefly.
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CHAPTER 4

THE TRANSFORMATION AND DlSCRETIZATION OF
GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

4.1 INTRODUCTION

The final form of the transformed and discretized governing cquations fo11o\\'cd by

the boundary conditions are presented in this chapter. The details of transformation

from Cartesian coordinates to the curvilinear coordinates are presented in Appendix

B. In this transformation the physical Cartesian velocity components are retained as

the dependent variables, while transformation relations of partial derivatives are ap-

plied to the parabolized governing PDEs through which the Jacobian of transforma-

tion is brought in the manipulated equations. Furthermore, the contravariant velocity

components are introduced in the transformed equations substituting thcir relevant

relationships.

It is observed that the conservative form of the governing equations arc preserved

upon transformation.

The transformed components of the stress tensor, expressed by the power-law

constitutive equation, ·are substituted in the transformed governing equations which

are then expanded to their ultimate form before being used for discretization.

It is to be noted that the source term in the transformed energy equation is com

posed of the viscous dissipation and the heat of reaction terms, while the source term in

the transformed reactant continuity equation involves the rate of reactant consumption

due to chemical reaction.

A typical derivation of the discretization equations is presented in Appendix C. For

each nodal point P, four adjacent control volumes surrounding the interfacial points (e,

n, w and s) are considered over which the transformed transverse momentum equations
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• are integrated and discretized. Thus. four pairs of discretization relations foru and v

velocities, namely, (U., v,), (un. I)n). (u w • IJ w ) and (u ... L'.,) are obtained. ~[eanwhile.

the transformed equations for axial momentum, energy and reactant continuity are

integrated over the main control volwne enclosing the nodal point P from which the

discretization equations for Wp, hp and mp are obtained.

The discretization of each specifie transformed equation, following integration.

15 accomplished by applying the upwind difference scheme to the convective terms

and the central difference scheme to the diffusion terms. Moreover, the fact that the

How field must satisfy the mass conservation equation provides sorne simplification to

the discretized governing equations combined with the discretized overall continuity

equation. Finally each equation is ca5t into the general discretization forro, that is,

an algebraic relation connecting values of the dependent variable for a group of grid

points, bearing their respective coefficients.

Specifie derivation is required for the transformation and discretization of the the

wall condition for the reactant continuity equation, the details of which are presented

in Appendix E.

4.2 THE TRANSFORMED GOVERNING EQUATIONS

4.2.1 The Overall Continuity Equation

•

8 8 8
-(pU) + -(pV) + -(pW) =0
8e 81/ 8u

4-2
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• 4.2.2 The Momentum Equations

x-Component

~(Pu[/)+ ~(PUV) + :a (pu IV) = - ~ [y,,( Tu) - .r,,( TYE )]-

;1/ [X~(TYE) - Y~(Tu)l- [YrIP~ - y~p,,1 (4.2)

v-Component

~(PvU)+ ~(PVV)+ :a(pvW)=-;ç [Y~(TZy)-X~(Tyy)J-

;1/ [X~(Tyy) - Y~(Tzy)l- [x~P~ - x~P~]-

J(p - P.)g (4.3)

z-Component

~(pwU)+ ;1/(PWV) + :a (pwW) =- ~ [Y~(Tzz) - X~(Tyz)J-

;1/ [x~(fyz) - Y~(Tzz)]- J~: (4.4)

4.2.3 The Energy Equation

•
(4.5)
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• 4.2.4 The Reactant Continuity Equation

where W == WA for the derivatives.

(4.6)

4.2.5 The Transformed Forms of Components of Stress-Tensor, "1" and "M"

•

2 -
Tu = -..,[y~ue - Yeu~]M

2 -Tyy = -..,[xev~ - x~velM

[
8W

] -Tu = -2 80' M

- - 1 [ lM-T. y = T y• = -.., XeU~ - X~Ue +Y~Ve - YeV~

- - [8u 1 [ l] M-T., = T,. = - 80' +.., y~we - Yew~

- - [8V 1 [ l] M-Ty , = T,y = - 80' +.., xew~ - x~we

• [(Y~ ye)2 (Xe X~)2 (8w)2]
[= 2 Jue - 7u~ + JV~ - Ive + 80' +

[ Y~ Ye Xe X~]2-ve - -V~ +-u~ - -ue +
J J J J

[
Xe X~ 8v]2
-w --We+- +J ~ J 80'

[ ]

2
Y~ y 8u-we - !!1w~ +
J J 80'

• _( 0-1)
M=Jl'[ -,-

4-4
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(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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• 4.3.1

4.3 THE EXPANDED SET OF TRANSFORMED
GOVERNING EQUATIONS

The Overail Continuity Equation

:ç (pU) + :'7 (pl/) + :a (pP;") =0 (4.15)

4.3.2 The Momentum Equations

x-Component

:ç(PUU) + :'7(PUV) + :11 (puW) = :ç [cr:~] +~ [q~~] +

:ç [C;~~] + :ç [c.r~~] +

i. [cu8U
] + i. [c~8u] +

8'7 5 8'7 8'7 fi 8ç

i. [cu8v
] + i. [cu8v

] _pu (4.16)
8'7 7 8'7 8'7 8 8ç

where

M
Cr = J[Q+Y~I (4.17)

c; =- ~ [13 + Y~YqJ (4.18)

Cu M (4.19)3 = -Jxqyq

Cu M (4.20)4 = JXqY~

c; =~ ['Y + y~J (4.21)

CG =- ~ [13 + Y~Yql (4.22)

Cu M (4.23)7 =--x~y~
J

Cu M (4.24)8 = JYqX~

·u 8P 8P (4.25)P =-y --Y~8ç q 8'7
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•
v-Component

:t;({JVU) + :T}({JVV) + ;'({JvW) = ~ [Cf~~] + ~ [C{~~] +

â [cvâu] â [cuâu]
ât; 3 ât; + ât; 4 âT} +

:T} [q~~] + :T} [c~~~] +

~ [cvâu] +~ [cvâU ] _âT} 7 âT} âT} 8 âf,
pv _ Su (4.26)

where

!VI
Cf = J[a+x~J (-!.2ï)

C~ =- ~ [,8 + x~x~J (4.28)

Cv Û (4.29)3 =-Jx~y~

Cv !VI (4.30)4 = JX~Y~

!VI
q = J["Y + x~l (4.31)

C~ =- ~ [,8 + x~x~l (4.32)

Cv !VI (4.33)7 =--x~y~
J

Cv !VI (4.34)8 = JX~Y~

·v âP âP
(4.35)P = ÔT} x~ - âf, x~

• Sv = J(p - P.)g (4.36)
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•

z-Component

where

cr = !VI Ck (4.38)
J

Cf = _Û {3 (4.39)
J

Cf = !VIYq (4.40)

Cf = -!VIxq (4.41)

!VI
(4.42)Cf =-"1

J

C~ = -~ {3 (4.43)

Cr = -My{ (4.44)

Ci: = !VIX{ (4.45)

pw = JdP (4.46)
du
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• 4.3.3 The Energy Equation

(4.4i)

in which

h = CpT (4.48)

Ch - ~~ (4.49)
1 - JCp

C; =-~~ (4.50)
JCp

Ch - 1~ (4.51)
3 - JCp

h 13 k
C4 = -"'j Cp (4.52)

Sh = J!VI Î + J( -{:,l!)R.A (4.53)

4.3.4 The Reactant Continuity Equation

(4.54)

where

•

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

4-8



•
4.3.5 The"Î" and ",\1" Terms

" "( n _1 )M=p.·[ -,-

4.4 THE DISCRETIZATION EQUATIONS

4.4.1 Discretization Equation for "ue"

(Refer to Figure 4.1)

or

(-1.61 )

(-1.62)

(4.63)

AP:· Ue =2: ACnb)e . U(nb)e +B:-
{

PE - Pp PN +PNE - Ps - PSE } b.V (4.64)
b.e Y~e - 4b.Ij Y~e

where

(4.65)
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(4.72)

•
il.P: = 11- (pU lE,0 Il 6'16 0' + lI(pU)p,oIl6TJ60' + 11- (pV)n•.oIl 6 F,60'+

C"E6TJ60' C" 6'160'
II(pV)",oIl6F,60'+(pW).,u6F,6TJ+ 1 6F, + tP6F, +

q'n. 6 F,60' + q'..6F,60' (4.66)
6'1 6'1

U Il ( Il A A Cgn.6F,60'AN. = - pV)n.,O ,-,F, '-'0' + 611 (4.68)

AW: = II(pU)p,oIl6TJ60' + Crp~;6O' (4.69)

AS: = lI(pV)•• ,oI16F,60' + q ••::.6O' (4.ïO)

.<lU. =(pW).,u6F,6TJ (4.ï1)

B: =AU• . u"u + [C2'E 60' +C:n .6O'lul - [C2'E6O' +C:••60'JU2

[C2'p6O' +C:n.60'Iun + [C2'p60' +C:••60'Ju. + [C:E~;6O'] v..-

[
C:S6116O' C:p61160' Cfn.6F,6O' Cf••6F,6O']

6F, +. 6F, + 611 + 611 v.+

[C:p~;60'] vw + [C:E6O' +CSn .6O'] VI - [C:E6O' +Cs.•60'] V2

[C:p6O' +Csn.6O'I Vn + [C:p6O' +Cs••60'1 v.+

[
Cfn.6F,60'] [C!f••6F,60']

611 V3 + 611 Vs

•
L[PUI 6V={PE-PP _PN+PNE-PS-PSE }6V

• 6F, y~. 4611 y{•

4-10
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• 4.4.2 Discretization Equation for "t',"

(Refer to Figure 4.1)

A.P: . t', = A.E~ . t's, + ..LV: . l'N, + ..UV: . t'II', + .-lS,~ . l'S,+

B~ - L[P:16V'

or

where

AP: =AE~ + AN: +A.W: + A.s~ + ..J.U.

(·I.ï-l)

(-I.ï5)

(4.ï6)

AP: = 11- (pU)s,oIl61)6l7 + lI(pU)p,oIl61)6O' +11- (pV)n.,oIl6ç6l7+

q s61)6O' q p 61)6l7
lI(pV)..,oI16~6l7+ (pW).,u6~61) + 6~ + 6ç +
qn.6~6O' q ••6~6l7 ( ~~)

61) + 61) 4.11

•

AEV = 11- (U) 116 6 Cïs61)6l7• P s,o 1) l7 + 6~

AN: = Il - (pV)n.,oIl6~6l7 + qn~ç6O'

v lit ) Il q p61)6O'AW. = pU p,o 61)60' + 6~

AS~ = lI(pV)••,oIl6{6l7 + q ••~:6l7

AU. = (pW).,u6~61)
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•
B: = .·lU, . V,.U + [C;E6er +C:n.6er]Vi - [C;E6er +C:..6er]V2

[C;p6er +C:n.6er]vn + [C;p6er +C:..6erJv. + [G;E~;6er] u•• -

[
G;E6T/6er G;p6T/6er qn.6f,6er Q ..6f,6er] ,

6f, + 6f, + 6T/ + 6T/ U.-r

[G;p~;6er] U w + [qE6er +C;n. 6er]Ui - [G.fE6er +Q'..6er] U2

[G.rp6er +C;n.6er] Un + [Qp6er +G;..6er] u.+

[Qn-:T/f,6er] U3 + [Q":T/f,6er] Us - L[S:]6V (4.83)

•

L[P' V j6V={P,v+PNE -PS -PSE _PE-Pp }6V
• 46'1 x~. 6f, x~.

L[S:J6V = J.(P. - Pa)g· 6V

4.4.3 Discretization Equation for "un"

(Refer ta Figure 4.2)

AP~· Un = AE~· UEn +AN~· UNn +AW~· UWn +AS~· USn+

B~ - L[j>~]6V

or

where

/l.P~ = AE~ +AN~ +AW~ +AS~ + AUn
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•
A.P~ =11- (pU)ne,oI161]60" + II(pU)nw,oIl61/60"+

11- (pV),v,oI16ç60" + lI(pv')p,oI16ç60"+

( W) 6&6 Crne6 1]60" Crn,"61/60"
p n,U.. 1] + 6ç + 6ç +

G;.v6ç60" + G;p6ç60"
61] 61]

A,E~ = 11- (pU)ne,oIl61]60" + crne:
ç
1]60"

..lN~ = 11- (pV)N.oI16ç60" + G;,v:;60"

.4W~ = lI(pU)nw.oIl 6 1]60" + qn~1]60"

AS~ = lI(pV)p.oIl6ç6.0" + G;p~:60"

AUn = (pWln,u6ç61]

(-LSO)

(4.00)

(-LOI)

(4.02)

(4.03 )

(4.04 )

'(4.05)

B~ = AUn . un,u + [C;ne60" +C;N60"]U3 - [G;ne60" + C;p60"iu o '

[CU A CU A ] [CU A CU A ] [C~ne61/60"]2nw'-'0" + 6N'-'0" U7 + 2nw'-'0" + 6P'-'0" U w + . 6ç VI -

[
Cfne61/60" Cfnw67/60" q p6ç60" QN6Ç60"]

6ç + 6ç + 61/ + 61/ V n+

[Cfnw:e1/60"] VII + [C:ne 60" + C:N60"] V3 - [C:ne 60" +C:p60"] Ve

[C:nw60" +C:N60"j V7 + [C:nw60" +C;p60"] vw+

[
C;N6Ç60"] [Qp6Ç60"]

61/ Vnn + 61/ V,

•

(4.96)
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• 4.4.4 Discretization Equation for "vn"

(Refer ta Figure 4.4)

AP~· Un = A.E~· VEn +AN~· VNn +AW~· UWn + .4S~ . USn+

or

where

B~ - L[P~)6V

AP" = AE" + AN" +AW" +AS" + AUn n n n n n

(4.9ï)

(4.98)

(4.99)

•

.4P~ = 11- (pU)ne,oI161)60' + lI(pU)nw,oIl61)60'+

11- (pV)N,oIl6ç60' + lI(pV)p,oI16ç60' + (pWJn,u 6 ç61)+

Cfne61)60' Cfnw61)60' Q N 6ç60' Csp6ç60'
6ç + 6ç + 61) + 61) (4.100)

AE~ = 11- (pU)ne,oI161)60' + Cfne~ç1)60' (4.101)

AN~ =11- (pV)N,oIl6ç60' + QN:;60' (4.102)

AW~ =: lI(pU)nw,oI161)60' + Cfnw~1)60' (4.103)

AS~ = II(pV)p,oIlDU~O' + Csp~;60' (4.104)

AUn = (pW)n,U6ç61) (4.105)
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•
B~ = .4.Un . l'n,V + [C2n,6.O" + c~,v6.o"lL'J - [C2n, 6.0" + CI~p6.o"IV,-

[CV 1\ Cv 1\ 1 [CV 1\ Cl' 1\ 1 [C.ïn,6.I/6.O"]2nw w O' + 6Nua Vj + 2nw LlO' + 6pw(1 VIL' + . 6e lil-

[
CJn.6.TJ6.O" CJnw6.TJ6.O" Crv6.é,6.O" qp6.é,6.O"]
_. 6.é, + 6.é, + 6.'1 + 6. rl Il n+

[
CJnw6.TJ 6.C:'J [CV 1\ CV 1\ 1 [C" 1\ C" 1\ 16.1; U11 + -ln.wO" + 8,vwO" ltJ - .""WO" +8(>WO" Il,-

[G.rnw6.O" +CBN 6.O"] U7 + [C.~nw6.o" +CBp 6.O"j U lV+

[Q,v:;6.o"] Unn + [Qp~;6.o"] u. _ L[S~I6.V (4..106)

•

L[P' VJ6.V={PN -Pp _PNE+PE-PNW-PWx }6.V
n 6.1] x(n 46.1; ~n

L[S~J6.V = Jn(Pn - P.)g· 6.V

4.4.5 Discretization Equation for "u w"

(Refer to Figure 4.3)

AP::' . Uw = AE::'· UEw +AN::', UNw +AW::' . uWw+

AS::' . USw+B::' - L[P::'J6.V

or

AP;, . Uw =L A(nb)w' U(nb)w +B::'-

{
Pp-Pw PN +PNW- PS-Psw }6.V

6.1; y~w - 46.1] Y(w

where

.4P::' = AE::' +AN::' +AW::' + AS::' +AUw
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•

A.S~ = II(pV).w,oIl6ç617+ C~.w~ç617

AUw = (pW)w,u 6 ç67]

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

(4.119)

•

B~ = .4Uw . uw,u + [Qp617 + C:nw617]Un - [C~p617 + C:.w617]u.

[C~w617 + C:nw617]UIl + [C~w617 + C:.w617]U12 + [c;p~;617] Ue-

[
Cf p67]f::,,17 Cfw67].6.17 Cfnw6ç617 C~.w6ç617]

6ç + 6ç + 67] + 67] vw+

[Cfw:
ç
7]617] Vww + [C,fp617 + C;nw617j V n - [C,fp617 + C;.w617j v.

[C,fw617 + C;nw617j VII + [C.l'w617 + C;.w617j V12+

[
Cfnw6ç617] [CJt.w6ç617']

67] V7 + 67] Vs

L[P"]6V = {Pp -Pw _ PN +PNW -Ps -Psw } 6V
w 6.ç Yqw 467] Y~w
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• 4.4.6 Discretization Equation for "v lV "

(Refer to Figure 4.3)

A.P~ . L'w = A.E:;'· VEw + A.N~ . VNw + A.W~ . V\l'w + ..J.S~" . US w+

B:;' - L[P~I6.F

or

where

AP~ = AE:;' + AN:;' +AW~ + AS:;' + AUw

(·U211)

(4,121)

(4.122)

•

AP~ = 11- (pU)p,oll6.7)6.u + II(pU)w,oll6.7)6.u +11- (pV)nw,oll6.~6.I7+

()
Crp6.7)6.u crw6.7)6.u

II(pV),w,oll6.ç6.u + pW w,u6.ç6.7) + 6.ç + 6.~ +

C~n~ç6.U + C~,w~ç6.u (4.123)

AE:;' = 11- (pU)p,oll6.7)6.u + crp~;6.U (4.124)

AN~ =11- (pV)nw,oll6.ç6.u + qnw~ç6.U (4.125)

C·w 6.7)6.u
AW~ = lI(pU)w,oll6.7)6.u + 1 6.ç (4.126)

AS:;' = lI(pV),w,oll6.ç6.u + C~,w~ç6.U (4.127)

AUw = (pW)w,u6.ç6.7) (4.128)
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•
B~ = AU,• . Vw,U + [C~p60' + C~nw60'Jvn - [C~p60' + C~.w60'Jv.

[C~W60' +C~nw60'jvll + [C2w60' + C~.w60'Iv\2 + [Cj'p~;60'] u.-

[
Cj'p67)60' Cj'W67)60' qnw6f,60' Q.w6f,60']

6f, + 6f, + 67) + 67) u w +

[Cj'W~f,7)60'] Uww + [C:p60' + CSnw60'J Un - [C%p60' + CS•w60'j u.

[C,~w60'+ CSnw60'J u\\ + [C%w60' + CS•w60'] U12+

[C~n~~f,60'] UT + [q.w~f,60'] Us - L[S~J6V (4.129)

•

L[p·VjAV_{PN+PNW-PS-PSW _Pp-Pw }6V
w u - 467) X~w 6f, X qw

L[S~J6V = Jw(Pw - P.)g· 6V

4.4.7 Discretization Equation for "u."

(Refer to Figure 4.4)

or
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(4.131)
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•
where

(4.134)

(4.13;)

(4.138)

(4.140)

(4.136)

(4.139)

..l.P: = 11- (pU)••.oll!:::,T/!:::,O' + lI(pU).w,oll!:::,T/!:::,O' +11- (pV)p.oll!:::'{!:::'O'+

lI(pV)s,oll!:::,ç!:::,O' +(pW).,u!:::,ç!:::,T/ + Cf'.~çT/!:::'O' + Cf"~T/!:::'O' +

qs!:::,ç!:::,O' + qp!:::,ç!:::,O' (4.135)
!:::,T/ !:::,T/

AE: = 11- (pU) •• ,oll!:::,T/!:::,O' + Cf..~;!:::,O'

AN: =11- (pV)p,o Il!:::'ç!:::'O' + qp~;!:::,O'

" II( U) Il A A Cf.w!:::,T/!:::,O'AW. = p 'W,O '-"T/'-"O' + !:::'ç

AS: = lI(pV)s,oll!:::'ç!:::,O' + C~S~;!:::'O'

AU. = (pW).,u!:::,ç!:::,T/

B: =AU. 'u.,u + [C~•• !:::'O' + C6'p!:::'O'ju. - [C~•• !:::'O' + C6's!:::'O'jus-

[C" A CU A J [C" A C" A j'l'C;•• !:::,T/!:::,O']2.w'-"O' + 6P'-"O' U w+ 2'w'-"O' + 6S'-"O' U8 + L !:::'ç. V2-

[
C;•• !:::,T/ !:::,0' C;.w!:::,T/ !:::,O' C7pf:l.ç !:::,O' C!fs!:::'ç!:::,0' ]

!:::'ç + !:::'e + !:::,T/ + !:::,T/ v. +

[
C!fp!:::'e!:::'O'] [C;.w!:::,T/!:::,O'] [C!fS!:::,ç !:::'O']

!:::,T/ V n + !:::'ç Vl2 + !:::,T/ V..+
[C:•• !:::'O' +C:p!:::'O'j V. - [C:.. !:::'O' +C:S!:::'O'j Vs-

(4.141)

•
L[PU]!:::,V = {PE +PSE - Pw - PSW _ Pp - Ps } !:::,V

• 4!:::,e Yq'!:::,T/ Y{• (4.142)
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• 4.4.8 Discretization Equation for "u."

(Refer ta Figure 4.8)

(4.143)

or

where

AP; = AE: +AN: +AW; +AS: + AU.

(4.144)

(4.145)

AP; = /1- (pU)••,o/l~1)~O' + II(pU).w,o/l~1)~O' +11- (pV)p,o/l~ç~O'+

/I(pV)s,o/l~ç~O' +(pW}.,u~ç~1) + Cf"~;~O' + Cf,~1)~O'+

CSp~ç~O' + CSs~ç~O' (4.146)
~1) ~1)

•

A.E: = /1- (pU) ••,o/l~1)~O' + Cf••~;~O'

AN; =11- (pV)p,o/l~ç~O' + CSP~;~O'

AW; = /I(pU).w,o 11~1)~0' + Cf,w~1)~O'

AS: = II(pV)s,o/l~ç~O' + C;s~;~O'

AU. =(pW).,u~ç~1)
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•
B: = Ar•.v•.u + [G;•• t::.a +C:pt::.alv. - [G;•• t::.a +C:st::.aj Vs 

[C~.wt::.a +C:pt::.a]vw+ [G;.wt::.a + C~St::.aIV8 + [q...~;'t::.a] /l~-

[
q .. t::. TI t::.a q.wt::. TI t::.a q p t::. f, t::.a qst::. f, t::.a ]

t::. f, + t::.f, + t::. TI + t::. TI Il o, +

[ C~.wt::.Tlt::.a] [CV A CV A Jt::.f, U12 + oh. wa + 8pwa u.-
[C.r•• t::.a + C:st::.aj Us - [Cf.wt::.a + Cgpt::.al uw+

[CV A CV A J [qpt::.f,t::.a]üwwa + 8Swa u8 + t::.TI un+

[qs~~t::.q] u.. - L[S:lt::.V (4.152)

•

LIP'VJAV={Pp-PS _PE+PSE-PW-Psw }t::.V
• w t::.TI x~. 4t::.f, x~.

L[S:]t::.V = J.(P. - P.)g· t::.V

4.4.9 Discretization Equation for "wp"

(Refer to Figure 4.9)

AP~. Wp = AE~· WEP +ANY;' WNP +AW~· wwp+

AS~·WSP +B~ - L[PY;It::.V

or

APY;: Wp =L A(nb)P' W(nb)P +B~ - Jp [~:] t::.V

also

AP~ =AE~ + ANY; +AW~ + AS~ +AUp
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(4.155)
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(4.157)



•
APp = 11- (pU)e,oll.6.7).6.u + lI(pU)w,oll.6.7).6.u + 11- (pV)n.oll.6.ç.6.u+

II(pV)•.oll.6.ç.6.u + (pW)p,u.6.ç.6.7) + C~~~.6.U + Crw~;.6.U +

Cfn.6.ç.6.u C;''',.6.çC::.u
.6.7) + '--.6.7) (4.158)

CW.6.7).6.u
AEp=11- (pUle,oll.6.7)l:.u + tel:.

ç

ANp = Il - (pV)n.oll.6.çl:.u + C5"n~:l:.u

AWp = lI(pU)w.olll:.7)l:.u + Cl"w~;.6.U

ASp=lI(pV).,olll:.ç.6.u + C~~;.6.u

AUp = (pW)p,ul:.ç.6.7)

(4.159)

(4.160)

(4.161)

(4.162)

(4.162)

Bp=AUp' wP,u + [C~l:.u +CJ':..6.u]wne - [C~l:.u + C~.6.u]w.e-

•

. [Cf..6.7)]ve - [Cf.l:.7)]ve,u + [C:'w.6.7)]Vw+ [C:'wl:.7)]Vw.u+

[G;un.6.ç)un - [C7'nl:.ç]un.u - [Cf,l:.ç]u. + [Cf,l:.ç]u.,u+

[Cè"n.6.ç]vn - [Cè"n.6.ç]vn.u - [C~l:.ç]v. + [C~l:.ç]v•.u

L[Pp]l:.V =Jp [~:] l:.V
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• 4.4.10 Discretization Equation for "hp"

(Refer to Figure 4.5)

.-lP~. hp = .-lE~· hEP + .-li\i~. h NP + .-lW~. hwp+

.-lS~ . hsp +B~

or

A.P~ . hp = L Atn6lP . h en6 )p +B~

also

AP~ =AE~ +AN~ +AW~ + ASJ, + AUp - Sph . LW

where

(4.166)

(4.1Gi)

(4.168)

(4.169)

•

AP~ =11- (pU).,oll.67].6u + lI(pU)w,oll.67].6u +11- (pV)n,oll.6~.6u+

II( ) Il .6.6 () Cr•.67].6u Crw.67].6u
pV ',0 ~ u + pW p,u.6~.67]+ .6~ + .6~ +

C~n.6~.6u + C~•.6~.6u (4.170)
.67] .67]

Ch .67].6u
AEJ, = 11- (pU).,oll.67].6u + 1• .6~ (4.171)

AN~ = 11- (pV)n,oll.6~.6u + C~n~;.6U (4.172)

Ch .67].6u
AW~ = lI(pU)w,oll.67].6u + Iw.6~ (4.173)
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•
AS~ = lI(pV). oll.6ç.6O" + Cf.~ç.6o"

, ~

.-lUp = (pW)p,v.6ç.6~

B~ = AUp , hp,v + [cg,.6O" + G.~n.6o"lhn'-

[cg,.6O" + G.f..6O"jh.. + [C;w.6o" + G.f•.6O"lh.w 

[cgw.6o" +C,fn.6O"lh nw +S~,.6V

where

(4.174)

(4.175)

(4.176)

(4.177)

Note: al, bl , a2 and b2 are obtained from source-term linearization, such that:

..!Pp = AEW +ANp +AWp +ASW +AUp - Spm ·.6V (4.182)•

4.4.11 Discretization Equation for "mp"

(Refer ta Figure 4.5)

ASW·msp+BW

or

A.Pp .mp = L A(:.bJP . m(nb)P +BW

a1so

(4.178)

(4.179)

(4.180)

(4.181)
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•
where

spm = -Jp·c (·US3)

APp' = 11- (pU)e,0116T/6". + II(pU)w.oIl 6 '16 ". + 11- (pV) .. ,1I116ç6".+

II( V) 116&6". (W) 6&6 e~ 6'16 ". C;~A'16C7
l' .,0 " + P P.U" T/ + 6ç + 6ç +

er:. 6 ç6". + e:ï.: 6ç6".
6 T/ 6 T/ (·US·l )

m Il ( ) Il'''' e~6T/6'"A.Ep = - pU e.O w.T/w.". + 6ç (-1.1S5)

.4.Np' = 11- (pVln,o Il 6ç6'" + er:.~;6'" (-1.1S0)

em 6 T/ 6".
.4.Wp' = lI(pU)w.oIl6T/6". + 1w6ç (4.18;)

A.sp = lI(pV).,01l6ç6". + e:r.~;6'" (4.188)

.4.Up = (pW)p,U6ç6T/ (-1.1SO)

B p = AUp . mp,u + [e;:6". +e.:':,6".]mne -

where

S'l!=-Jp·d

(4.100)

(4.101)

•

Note: c and d are obtained from source-term linearization:

RAP = c·mp+d
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• 4.4.12 Discretization Equation for "Îp " and ".Ùp"

(4.193 )

(4.194)

(4.201)

(4.199)

(4.200)

DI = [y,p u, - Uw _ Yep Un - U.]2
.Jp 6ç .Jp 61)

_ [xe p Un - U. x.p u, - u w ] 2D2 - -.Jp 61) .Jp 6ç
2

Da -_ [w p
: (J'w P.u ]
t..::. (·U90)

D'I = 2[D1 +D2 +Da) (4.196)

D _ [Y'P u, - Vw _ Yep Vn - v. xeP Vn - V. _ x.p v, - uw ]2 ( _
5 - .Jp 6ç .Jp 61) + Jp 61) Jp 6ç 4.19/)

D6 = [xep Wn - W. _ x.p W, - W w + Vp - VP.u] 2 (4.198)
Jp 61'/ Jp 6ç 6(J'

D _ [up - UP.u Y.p W, - Ww YeP W n - W.]2
7 - 6(J' + Jp 6ç - J p 61'/

L[Îp ] = D4 +Ds +D6 +D7

L[Afpj = Jlp' [D4 +Ds + D6 + D7 ](n;')

4.5 THE DISCRETIZED BOUBDARY-CONDITIONS

Inlet (@ (J' = 0)

(i) Axial Velocity

W(ç, 1'/) =Win/et (4.202)

(ii) Transverse Velocities

•

UI(Ç,I'/) =0.

U2(Ç, 1'/) = O.

VI(Ç, 1'/) = o.

V2(Ç, 1'/) = o.

(4.203)

(4.204)

(4.205)

(4.206)
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•

•

(iii) Temperature

T(ç, '1) = Tin,.t

(iv) Reactant Weight-Fraetion

m(ç,,,) = 1.0

Walls of the Duet

(i) Axial Velocitv

w(ç,,,) = O.

(ii) Transverse Velocities

Ul(Ç,") =o.

U2(Ç,") = o.

Vl(Ç,7)) =0.

V2(Ç,7)) =o.

(iii) Temperature

1 ~ ç ~ LI for '1 = 1, JVfI

1 ~ " ~ J'vIl for ç = 1, LI

l~ç~L1 for7)=I,Ml

1 ~ 7) ~ Ml for ç = 1, LI

1 ~ ç ~ LI for 7) = 1, Ml

1 ~ 7) ~ Ml for ç = 1, LI
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• (iv) Reactant \\ieight-Fraction

Wall Condition of the Reactant Continuity Equation @ 1=1 Boundary

•

or

with

also

APp' .mp = .'lEp' mE + .4.Np .m,v + ASp . mS + E p

AWp' = O.

APp' = .'I.E'; + ANp' + AS'; + AUp' - 0.55'; . LW

1
APp' = 1/- (pU).,ol/~l)~C7+ 211 - (pV)n,ol/~Ç~C7+

1 1
21/(pV).,OI/~Ç~C7 + 2(pW)P,U~ç~1)+

cm ~1]~C7 1cm ~Ç~C7 1cm ~Ç~C7
}. ~ç + 2 3n ~1] + 2 3. ~1] +
~cm ~Ç~C7 I3n + ~cm ~ç~C7I3.
2 4n ~1] an 2 4. ~1] a •

.'lEp = 1/- (pU).,ol/~l)~C7+C~ ~l~C7

.4Np' = ~I/- (pVln.ol/~Ç~C7 + ~Ci':. ~~~C7+

~cm ~Ç~C7 I3n
2 4n ~1] an

ASp = ~1/(pV)"OI/~Ç~C7 + ~C~ ~~~C7+
~cm ~Ç~C7 13.
2 4. ~1] a.
1

AUp = 2(pW)P,u~ç~1)

E'; =AUp' mp,u +(Crp~C7l3p +C2}.~(7)(m. - mn)+
ap

C2':~C7(mne - m.e ) +0.5SCm
• ~V
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(4.223)



• Wall Condition of the Reactant Continuity Equation @ I=Ll Boundary

A.Pp ·ml' = ..lNp ·mNp + .·UVP·mlVP+

or

\Vith

also

A.Sp .msp + B p

. 'pm _ '""' .,m + Bm
."1 l' . ml' - L.. ."(nb)p . m(nb)p l"

.4Ep =o.

(·l.~~·l )

(4.~~5)

(4.226)

•

A.Pp = AWp +ANY; + ..lSp+ .4Up - 0.5Sp .LW

l
..lPP = lI(pU)w,oI161)60' + '2 11 - (pV)n,oIl6(60'+

1 1
'2 11 (pV)"oIl6(60' + '2(pW)p,u6(61)+

cm 61)60' 1cm 6(60' 1cm 6(60'
lw 6( + '2 3n 61) + '2 3, C':,fJ +

~C4m 6(60' (3n + ~C4m 6(60' (3, (4.22ï)
2 n 61) an 2 ' 61) a,

AWp = lI(pU)w,oIl61)60' +C:"w 6~~0' (4.228)

ANp = ~II_ (pV)n,oIl6ç60' + ~C;:' 6~~0'+

~C:' 6 ç60' (3n (4.229)
2 n 61) an

ASY; = ~1I(pV)"oIl6ç60' + ~C;; 6~~0' +

~cm6ç6t7 (3, (4.230)
2 4, 61) a,
1

..lUI' = '2(pW)p,u6ç61) (4.231)

Br;: = ..lUI" mpu + (CrP60'.8p +C:i'p60')(mn - m,)+
, al'

C~60'(m,w - m nw ) +0.5SCm
• 6V (4.232)
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• Wall Condition of the Reactant Continuity Equation @ J =1 Boundary

APp .mp = A.Ep .mE + A.IVp .mlV+

•

or

\Vith

also

ANp .mN + Bp

ASp =0.

APp = ..lEp + AWp + ANp + AUp - 0.5Sp . ~V

1 1
APp = 211 - (pU)e,oll~7)~O' + 211 (pU)w,o 1I~7)~0'+

11- (pV)n,oll~ç~O' + ~(PW)p,u~ç~7)+
1cm ~7)~0' 1cm ~7)~0'
2 le ~ç + 2 lw ~ç +
1cm ~7)~0' f3e 1cm ~7)~0' f3w
2 2e ~ç "te + 2 2w ~ç "t. +
cm ~ç~O'

3n ~7)

..lEp' = ~II- (pU)e,oll~7)~O' + ~cr; ~~~O'

~cm ~7)~0' f3e
2 2e ~ç "te

AWp = ~11(pU)w,oll~7)~O' +~C~ ~~~O' +

~cm ~7)~0' f3w
2 2w ~ç "tw

ANp' = 11- (pV)n,oll~ç~O' +Cf:.. ~i~O'
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•
AUp = ~(pW)p,U.6ç.67)

Bp = AUp' mpu + (C;P.6,/3
p +C.;"p.6I7)(m w - m.)+

, AfP

C1":..6O'(mn• - mnw ) +0.5SC m ·.6V

(4.240)

(4.241)

Wall Condition of the Reactant Continuity Equation @ J=Ml Boundary

•

or

with

àJso

A.pp .mp = AWp ' mp + AS';: . mp + .'lE';: . mp + B';:

.4.Pp .mp = L ·4.(:.b)p . m(nb)p + B';:,

ANp =0.

APp = AWp +AS';: +.'lE';: + AU?, - 0.55';: . .6V

1 1
APp = 2 1i(-pU).,oli.67).6O'+ 2 11 (pU)w,oli.67).6O'+

1
li(pV)"oli.6ç.6O' + 2(pW)P,u.6ç.67)+

1cm .67).60' 1cm .6TJ.6O'
2 le .6ç + 2 lw .6ç +
1cm .6TJ.6O' P. 1cm .6TJ.6O' /3w
2 2e .6ç 1. +2 2w .6ç 1w +
cm .6ç.6O'

3, .67)
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•
.-tEp' = ~II( -pU)•.oll6.'16.<7 + ~c;: 6.l~<7~: +

~cm 6.'16.<7
2 1. 6.ç

-tH,rm = ~II( U) 116. 6. ~cm 6.'16.<78w
• p ., p w,O '1 <7 +'J 2w 1\ C +

- - u~ lw
1~m 6.'16.<7
ZV1 W 6.ç

, cf:,
.-tSp' = lI(pV). oll6.ç6.<7 + C:r,: '-'~ <7• '1

1
.-tUp = Z(pW)P.u6.ç6.l)

Bp' =AUp' mp.u + (C;'p6.<7~; +C,;"p6.(7)(m. - m w )+

c.r;6.<7(m. w - m.e) +0.5SCm ·6.V

4.6 CLOSURE

(-1,2-15)

(-1.2-17)

(-1.248)

(4.240)

(4.250)

•

This chapter is devoted to the presentation of the transformed and discretized

governing equations as weil as the boundary conditions.

The coefficients of the discretization equations are a1ternatively exprcssed in terms

of l and J coordinates in Appendix D to be introduced in the cof'lputer programming.
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•

•

CHAPTER 5

POLYMERIZATION OF STYRENE

5.1 INTRODUCTION

The chemical reaction which is selected in the present study for simulation is

the thermally initiated polymerization of styrene. This reaction is selected becausc

polystyrene exhibits a power-Iaw non-Newtonian behaviour24 ,29,3o and the reaction is

conducted in steady laminar flow tubular reactors. The present work, however, affords

a predictive tool for simulation of the manufacturing of polystyrene in ducts of arbitrary

cross-sections. Using the model, the following characteristics can be predicted under IL

specified set of operating conditions:

(i) velocity and pressure fields,

(ii) temperature field,

(iii) concentration field and molecular weight distribution.

Moreover, this reaction is used to examine the validity of the present work comparing

the new computational results with the already existing experimental and numerical

results in literature.

In this chapter the kinetic model for a third order initiation is presented for thermal

polymerization of styrene. AIso, the correlations of fluid properties of solution mixture,

obtained from several sources, are presented. Subsequently a method for estimation

of the weight- and number-average molecular weights is outlined. Finally, the thermal

stability considerations of polystyrene reactors are discussed.
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• 5.2 KINETICS OF THERMAL POLYMERIZATION OF STYRENE

5.2.1 Reaction Mechanism

The reaction mechanism72,73 consists of four steps: thermal initiation, propaga

tion. chain transfE:r to monomer and termination by combination as shown below:

Thermal Initiation:

AH +M ~ trimers

M+M~ dimers

M +M ~ AH (Diels-Alder adduct)
k_ 1

AH +M ~ .4.. + M· (slow)

A·+M~Ri

MO+M~Ri

Propagation:

Ro M kp R·
n + -> n+1

(fast)

(fast)

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

Chain Transfer to Mo.nomer:

Ro +Mk..... p +R.
n --.. ··n 1

Termination by Combinati,on:

Ro +R" k, Pn ni ---. n+m
i

5.2.2 Rate of Reaction

(5.8)

(5.9)

(5.10)

•
A rate expression 21,27-30 is obtained by applying the steady-state approximation

to the various radical species in the system.
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•
Rate of Thermal Initiation

(5.11 )

Applicati . ,f the steady-state assumption to [A.'] and [M'] results:

d[~~'J = k2 [A.H][lvl]- k3 [A"][Al] = 0 (5.12)

from which

(5.13 )

and

Hence,

[M"] = k2 [AH] .
k4

Substituting for [A"] and [M"] in Eqn (5.11), one obtains:

(5.14)

(5.15)

(5.16)

Application of steady-state assumption to AH results in:

d[~~] =kl [M]2 _ LIfAH] - k2[AH][M]- ks[AH][M] =0 (5.17)

. from which

•

[AH] = kl [Mj2 .
LI + (k2+ks)[M]

Substituting for [AH] into Eqn (5.16), one obtains:

Ri = 2k l k2 [MJ3
LI + (k2+ks)[M]
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•
Simplifying Assumptions

Case 1: Second-order thermal initiation kinetics

if (k2 + ks)[M] ~ k_ 1

then Ri = ( 2k1k2
) [i.'lf

k2 + ks

Case II: Third-order thermal initiation kinetics

Rate of Propagation

Rp =kp[R*][M] .

Rate of Termination

(5.20)

(5.21 )

( - ??)0. __

(5.23)

(5.24)

(5.25)

At steady-state the concentration of free radicals is constant and the rate of initiation

equals the rate of termination. Thenj

•

or
J.

[R*] = (~:r
Therefore, the rate equation is of the form

Rp =kp[R*][M] ,

or

(R.)t
Rp = kp k: [M] .
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•
l:sing the simplified third-order thermal initiation kinetics,

R, = 2kiPII~
l

Rp = kp CktIP ) , [MI,

or

or

5.2.3 Kinetic Data21 ,27-30

(5.30 )

(5.31 )

(5.32)

(5.33)

kj = 2.019 x 101e(-1381C/T)

kp = 1.009 x 105e(-3557/T)

m6

(kg)2(s)
m3

(kg)(s)
m3

(kg)(s)

(5.34)

(5.35 )

(5.36)

•

in which

Al = 2.57 - 5.05 x 1O-3T

A2 = 9.56 - 1.76 x 1O-2T

A3 = -3.03 +7.85 x 1O-3T
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5.3 DATA FOR SYSTEM PROPERTIES

Table 5.11ists the thermophysicall1U1ù properties for styrene polymerization:2'1,27-1o

Table 5.1 Fluid properties data

1
1

Properties Correlation Units

Density p = 1174. 7 - 0.918T + (75.3 +0.313T)w p ~m

Viscosity 1]0 = exp[ -13,04 +2013/T +MWO. 1S x
(3.915wp - 5.437w~ + (0,623 + 1387/T)w~)l Pa-s

Thermal km = [2.72 - 2.8 x 1O-3(T - 150)" 1.6x
Conductivities 1O-5(T - 15W](10-4 )(418.4) J

(m){.)(I\)

kp = [2.93 +5.17 X 1O-3(T - 80)1(10-4 )(418.4) J
(m){.){K)

kmi• = (1 - Xm)km +Xmkp J
(m){.)(J\)

Specifie Heat Cp = 1880.0 J
kgK

Mass Diffusivity Dm = 2.0 X 10-9 m'

•
Heat of Reaction t::.H = -6.7 X 105 ..L

kg

Power Law Index n= 0.2

5.4 PREDICTION OF MOLECULAR WEIGHT DISTRIBUTION

The average molecular weight of polymers depend on the temperature and rate

of polymerization. In a tubular reactor, the final molecular-weight distribution is the

result of continuous blending due ta reaction, diffusion and convection. Changes in

the molecular weight distribution are caused by continuous bknding of increments

of new polymer which is assumed to be formed instantaneously due ta reaction into
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•
the already cxisting polyrncr. and continuous blending of polymcr by <iiffusion an<i

convection23
,H-30. The following relatiC'ns are obtained for cylindrical rcactol's which

are appropriately expressed for non-circulaI' ducts.

5.4.1 Instantaneous Average Molecular Weights

- _III
(5..11)JIn in.' :::; 104.10-

, Ilo
- _112

(5,-!2 );vlw ino' :::; 104.10-
, III

where

{3
(5..13 )Ilo =Rp(Cm+ '2)

III =Rp(Cm+ (3 + 1) :::; Rp (5.44)

Rp(2Cm + 3(3)
(li.45 )112 = (Cm + (3)2

in which

k,Rp
(5..1G)

{3 = k~[MJ2

and

C _ k'r,m (5.4;)m - kp

5.4.2 Streamline Average Molecular Weight (MNS, MWS)

•

1
L:(Pi+1WP,i+1 - PiWP,;}

MNS = L: Wi _ -;-__....!.i-=.l!.- _

L: w;fMi 1:. 2(Pi+1WP,i+l - PiWP,i)/(Mn,i + Mn,i+l)
i=l
1
L:(MW ,i+l +Mw,i)(Pi+1WP,i+l - PiWP,i)

MWS = L: wiMi = !;i-=.!l'----_-:- _

L:Wi 1
2 L:(Pi+1WP,i+l - PiWP,i)

i=l
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• where lC, is the weight of polymer of molecular weight JI; .

5.4.3 Mixing eup-Average Molecular Weight (MNA, MWA)

For the polymer leaving the cylindrical reactor:

211" JaR p(r)v:(r)lYINS(r)rdr
l'vINA. = R

211" Jo p( r )v:(r )rdr

211" JaR p(r)v:(r)AIWS(r)rdr
JvIWA. = R

211" Jo p(r)v:(r)rdr

5.4.4 Polydispersity of the Polymer

(5.50)

(5.51)

•

The polydispersity of the polymer is commonly expressed as by taking the ratio

of cup-averaged weight average molecular weight to the cup-averaged number average

molecular weight (polydispersity =MWA/MNA.).

5.5 THERMAL INSTABILITY

Polymerizing solutions are highly viscous liquids with very low thermal condue

tivities and significant heat-generation due to the exothermic chemical reaction. These

properties may lead to hot spots and thermal run away in certain situations29 ,30 • If the

heat generated in the reactor is not removed rapidly enough, then a hot spot may occur

in the polymerizing mixture due to which the local temperature may rise significantly

(thermal runaway). The critical temperature for polystyrene is about 245·C, therefore

the hot-spot may lead to a thermal ignition within the reactor above this tempera

ture. For practicai reasons, "thermal instability" is defined to occur if T '=: 200·C

anywhere in the reactor. This definition is based on the consideration that setting the

maximum operating temperature at 200·C provides a safe limit weil below the ignition
'-

temperature of polystyrene to insure conservative thermal stability
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Ineffecth·e dissipation of heat across tube radius is the main factor leading 1.0 rh"

,hermally unstable situation in a tubular reactor. It \Vas found that a tnbe of radius

below 2 or 3 cm involves no problems30 • In general. depending upon the in!et and

the wall temperatures when the tube radius is increased a higher flow rate is requirel[

ta maintain stable operation. This is due 1.0 the fact that a low flow rate and hence

a longer residence time leads ta very high conversion levels in the center of the t.uhe.

The large amount of heat thus generated under these conditions cannot he ade'luut.ely

dissipated because of the poor transfer rate of heat from the center of the tube ta t.he

wall. A tube of small radius (1 cm - 2 cm) has been found ta be the most desirable in

terms of thermal stabili ty even al. very low flow rates30 •

Styrene polymerization may be practiced in a single tube reactor or in tubes of a

shell-and-tube type equipment. In the latter case, assuming that the flow is identical

in ail tubes, a single tube is representative of the whole system. Husain et. al.2-\

have observed that polymerization in tubes of a shell-and-tube type vessel can involve

unstable flow distribution and recommended a single tube operation in a large diameter

tube which on the other hand requires special attention from the thermal stability point

of view.

5.6 CLOSURE

This chapter considered the thermal polymerization of styrene in tubular reactors,

which is selected as a test case ta validate the present work and to obtain new sim

ulation results. The information presented in this chapter regarding the kinetic data,

correlations for fluid properties, method of molecular weight predictions and thermal

stability aspects of tubular polymerization reactors are employed in the computations

in the present study.
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CJ-IAPTER 6

THE SELECTED GEOMETRIES AND GRID GENERATION

6.1 INTRODUCTION

The select ion of duct geometries of interest and even the angles and side-lengths

of sorne of them is a matter with infinite choices, however, it is logical to try sorne

standard geometries when there is no preference to choose a specific one. It may be

imagined, however, to examine the effect of a specific parameter of a geometry such

as an angle in a triangle. The requirement to perform such an investigation is not

observed at present. The geometries selected in the present study for simulation are

listed in table 6.2.

6.2 THE COMPUTER CODES FOR GRID GENERATION

The computer programmes: AGRID. FOR and BGRID.FOR were developed in

this study for the generation of A- and B-type grids, respectively. A piotter programme,

PLOT.FOR, was developed for grid plots. These programmes were examined under

the MU5IC·A operating system on IBM3D9D machine. The plots were drawn by the

Zeta Piotter available in the Computer Center of McGill University. The computed

results of the coordinates of the physical Cartesian domain (x, y), the coefficients

of coorclinate transformation (or, (3, 7), t!le Jacobian of transformation (J) and the

difference approximations of the first deri...atives (x~, xq, y~, Yq) are stored in files for

utilization in the main computer code for. the solution of the conservation equations in

arbitrary cross-sectional ducts. The piotter software also utilizes the stored values of x

and y for grid plots. 'A user's guide to these computer codes is included in Appendix

H.
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6.3 GRID GENERATION PLOTS

The plotted results of 21 x 21 B-type grid of the selected geometries are presemed

in Figures 6.1 through 6.6. The B-type grid is the arrangement used in the solution of

consen'ation equations. The BGRIO.FOR and PLOT.FOR programmes \Vere ntilized

for the generation of these grids. The BGRID.FOR programme contains 435 tines

and requires 287, 416 bytes of memory while the execution time is about 0.6 seconds.

The optimum rela.'Cation factor for the solution of grid generation equations and the

corresponding number of iterations required for the convergence of these equations are

listed in Table 6.1. Refer to Appendix A for the method of computation of the optimum

relaxation-factor.

Table 6.1 The Optimum Relaxation Factor and Number of Iterations

Geometries Number of Iterations Relaxation-Factor

Circular 24 1.ïl733093
Square 1 1.71733379
Triangular 13 1.71733284
Trapezoidal 13 1.71733284
Pentagonal 21 1.71733379
Hexagonal 20 1.71733284
Rectangular (AR = 1.5) 1 1.71733284
Rectangular (AR = 2.0) 1 1.71733284
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Table 6.2 List of the Selected Geometries

Geometries
• Circular ,

~-. . D ,

• Suqare

h
B & C

AD'

• Equilateral- ,
triangular l!î\• 1

A 0 C
,

• Trapezoidal
,

acute angle =600
,

B r--&~c

one side twice lt \the other
A 2& 0

• Pentagonal ,
each angle =10So

bB c

1\,,,·
A 0

,

• Hexagonal B & C

each angle =1200
, / )1\.'20'

A 0

• Rectangular ,
aspect-ratio =1.5

&

I~and B

aspect-ratio =2.0
A 0 ,
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CHAPTER 7

THE COMPUTER CODE FOR CONSERVATION EQUATIONS

7.1 INTRODUCTION

The equations which model the reacting flow problem examined in this study

result in a set of discretization equations, the solution of which required a new computer

code to be developed. The solution procedure employed in this code is that explaincd

in Chapter 3. This code has the generality and flexibility to perform computations

for combined and individual studies of laminar duct flow transport phenomena: fluid

dynamics, heat transfer and mass transfer with chemical reactions in straight ducts of

arbitrary cross-sections for Newtonian and for purely viscous non-Newtonian fluids.

Following debugging of the code, numerous computational experiments .....ere re

quired to determine the validity of the algorithms used in the solution procedure in

terms of accuracy, convergence and stability. Also determination of the values appro

priate relaxation factors for the solution of discretization equations required extensive

numerical trials.

This computer coçie (STAR30.FOR) was run on the MVS operating system of

IBM ESA9000 machine. The STAR30.FOR programme contains more than 2500 lines

of codingand is composed of a main programme and 32 sub-programmes (subroutines).

The memory requirement for this programme is 2720 K and the typical CPU time is

about 15 minutes.

The results of computations performed by BGRID.FOR which are stored in files

are read by a subroutine and fed to STAR30.FOR to perform iterations for the solution

of the discretization equations on planes in the axial parabolized direction marching

from station to station.
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The major steps followed in the main programme and the functions of the .ub

routines are explained in this chapter. A brief user's guide to this computer code is

included in Appendix H. Refer to Figures 7.1 and 7.2 for the marching sequence through

a duct and a general f10w chart of the computer code.

7.2 THE MAIN PROGRAMME

INITIALIZATION

- call GRID,

- call SUPPLYI,

- call INLET,

- call INLETW,

- call FIELDS,

- call BOUNDl,

- call CONTVB,

- cali CONTV,

- cali CONTVW,

- cali PROPER,

- call APPVIS,

* CONTINUE,

- cali COEFF,

** CONTINUE,

- call FACTW.

SOLVE EQUATIONS OF AXIAL· AND TRANSVERSE-VELOCITIES

- compute B-term and coefficients of w-momentum equations,

- 'cali SOLVE,

- correct "w" and "dp",
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IXLET IPLA~E=l IPLAXE=2 oreT~

• 1 1
END

1 1
FLOW -1 1

1

1 1
1 1
1f .1:::.0" ~I

Figure 7.1 Marching Sequence Through a Duct.

INITIALIZATION
r- ~IPLANE=l

,..--..1 ITER=l

.....
+p::
t::l
E-<-Ilp::

..... t::l

+ E-<- NOt::l
Z
«:
....:l
Il.-II
t::l
Z
«:
....:l
c.- NO

:\·IAIN PROGRANI~IE

--------
A TYPICAL ITERATION
LOOP OF DISCRETIZATION
EQUATIONS ON ONE PLANE

YES

VALUES OF x, y. n, I~. ;.

.re~ Ye, .t'l' y"
COMPUTED BY BGRID.FOil
AND STORED IN FILES

SUBROUTINES

• Figure 7.2 Flow Chart of the Computer Programme
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- compute residual ofaxial-velocity equation: caU CONVERL

- compute contravariant velocity "WC": caU CONTVW,

- caU APPVIS.

COMPUTE B-TERM AND COEFFICIENTS OF TRANSVERSE-VELOCITY

EQUATIONS

- cail FACTU,

- cali FACTV,

- compute BUI and coefficients for Ul velocity equation,

- compute BVI and coefficients for VI velocity equation,

- compute BU2 and coefficients for U2 velocity equation,

- compute BV2 and coefficients for V2 velocity equation.

COMPUTE PRESSURE FIELD ON SIMPLER ALGORITHM

- compute pseudo-contravariant velocities,

- cali PRESS,

- compute B-term using pseudo-contravariant velocities,

- cali SOLVE,

- compute residual of pressure equation: call CONVER2.

SOLVE TRANSVERSE VELOCITY EQUATIONS FOR TENTATIVE VE

LOCITY VALUES

- for Ul-momentum equation to obtain Ul":

- modify B-term to include pressure gradient,

- cali SOLVE,

- for Vl-momentum equation to obtain VI":

- modify B-term to include pressure gradient,
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- cali SOLVE.

- for U2-momentum equation to obtain U2':

- modify B-term to include pressure gradient,

- call SOLVE,

- for V2-momentum equation to obtain V2':

- modify B-term to include pressure gradient,

- cali SOLVE,

- compute tentative contravariant-veiocities (UCI', VCI', UC2', VC2'): call CONTY.

SOLVE PRESSURE CORRECTION EQUATION

- cali PRESS,

- compute B-term using starred-contravariant-veiocities,

- cali SOLVE.

CORRECT TENTATIVE VELOCITY VALUES

- correct contravariant veiocities (satisfying mass conservation),

- compute contravariant velocities (not satisfying mass conservation),

- compute physical velocities: cali PHYSICAL,

- compute residuals of cross-stream veiocity equations: cali CONVERl.

SOLVE ENERGY EQUATION

- call KINET,

- cali APPVIS,
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- caU FACTH,

- compute B-term and coefficients of energy equation,

- caU SOLVE,

- compute residual of energy equation: caU CONVERl,

- compute "T" values,

- call PROPER,

- call APPVIS,

- compute Nusselt-number.

SOLVE REACTANT CONTINUITY EQUATION

- cali KINET,

- cali FACTM,

- compute B-term and coefficients of reactant-continuity equation,

- cali SOLVE.

UPDATE BOUNDARY VALUES OF REACTANT-CONTINUITY

EQUATION

- caU PROPER,

- cali FACTM,

- cali KINET,

- compute B-term and coefficients,

- cali SOLVE! and SOLVE2,

- compute residual of reactant continuity equations: cali CONVERl.

UPDATE PHYSICAL PROPERTIES, MOLECULAR WEIGHTS AND

APPARENT-VISCOSITY

- cali PROPER,

- cali KINET,
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- caU MOLWT,

- caU PROPER,

- caU APPVIS.

COMPUTE RESIDUALS OF SUCCESSIVE VALUES OF DEPENDENT

VARIABLES AND MASS SOURCE - PRINT RESULTS

- cali RESIDU,

- wri'~ residual values,

- write results of pressure-drop, Nusselt-number, molecular weights, etc.

CHECK NUMBER OF ITERATIONS AND NUMBER OF PLANES

- go to (**) for number of iterations required,

- if plane-number not equal to end-plane-number go to (***),

- otherwise cali OUTPUT to print-out other results at end-plane,

*** continue.

CONTINUE MARCHING SEQUENCE PLANE BY PLANE

- if plane number greater than end-plane-number go to (****) otherwise procecd

iterations on the next plane,

- cali UPSTR,

- cali APPVIS,

- cali SUPPLY2 or SUPPLY3,

- GO TO (*),

**** STOP,

- END.
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7.3 SUBROUTINES

1. SUBROUTINE GRID

Reads the values of the coefficients of transformation, the Jacobian of transfor

mation and the difference-approximation of first-derivatives already computed by

BGRID.FOR and stored in files.

2. SUBROUTINE SUPPLYI

Provides information regarding the geometry, relaxation-factors for the first plane

of computation, axial step size, number of stations in the axial direction, etc. This

subroutine can be switched to Newtonian, non-Newtonian and styrene polymer

ization cases to furnish requisite data required to start computations in each case.

3. SUBROUTINE SUPPLY2

Provides the downstream relaxation-factors for computation of hydrodynamics and

thermal entrance regions

4. SUBROUTINE SUPPLY3

Provides the downstream relaxation factors for styrene polymerization simulations.

5. SUBROUTINE INLET

Stores duct entrance boundary conditions (except for the axial velocity component)

as the upstream plane values for computations over the first plane in marching

sequence.

6. SUBROUTINE INLETW

Stores duct entrance boundary condition for the axial velocity component and its

contravariant velocity component similar to INLET.
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7. SUBROUTINE INLETW1

• This subroutine is used to specify parabolic \'elocity profile at entrance for circulaI'

ducts whenever required. Write "CALL I:\LETWl" after "CALL I~LETW" in

the main programme for this case.

8. SUBROUTINE COEFF

Computes the AU coefficients in the discretization equations.

9. SUBROUTINE FIELD

Introduces the tentative values of velocity components, pressure, tempcrntul'c,

enthalpy and mass-fraction required to start Iterations for the solution of the dis

cretization equations over each plane.

10. SUBROUTINE BOUND

Introduces the boundary conditions required for the iterative solutions mentioned

in FIELD.

11. SUBROUTINE CONTY

Computes the contravariant velocities for the field values of the transverse velocity

components.

12. SUBROUTINE CONTVW

Computes the contravariant velocities for the field and boundary values of the

axial velocity components.

13. SUBROUTINE CONTVB

Computes the contravariant velocities for the boundary values of the transverse

velocity components.
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15.

SUBROUTINE PROPER

Computes the physical-properties: density, viscosity, thermal conductivity, specifie

heat, mass diffusivity and heat of reaction. This subroutine can be switched to

);ewtoninan, non·Newtonian and styrene polymerization cases.

SUBROUTINE UPSTR

Stores the upstream quantities required in marching steps plane by plane.

16. SUBROUTINE PHYSICAL

Computes the transverse physical Cartesian velocities from the contravariant ve·

locity components.

17. SUBROUTINE OUTPUT

Writes the computed results of axial and transverse velocity components, pressure,

temperature, mass·fraction, density, viscosity, etc.

18. SUBROUTINE CONVER1

Computes the residuals of discretization equations (except the pressure equation)

for convergence criteria.

19. SUBROUTINE CONVER2

Computes the residual of the pressure discretization equation for convergence cri

teria.

20. SUBROUTINE APPVIS

Computes the apparent viscosity for power-law non-Newtonian fluids.

21. SUBROUTINE FACTU

Computes the transforrned diffusion coefficients for u-momentum equation (includ-

• ing UI and U2).
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23.

SUBROUTINE FACTV

Computes the transformed diffusion coefficients for v-momentum equation (includ

ing VI and V2)'

SUBROUTINE FACTH

Computes the transformed diffusion coefficients for energy equation.

24. SUBROUTINE FACTM

Computes the transformed diffusion coefficients for reactant-continuity equation.

25. SUBROUTINE FACTW

Computes the transformed diffusion coefficients for w-momentum equation.

26. SUBROUTINE PRESS

Computes 9 coefficients of pressure-correction equation.

27. SUBROUTINE SOLVE

Employs a line by line TDMA algorithm for solution of the discretization cquution.

28. SUBROUTINE SOLVEI

The same as SOLVE modified for the reactant-continuity boundary condition ut

J = 1 and J = Ml.

29. SUBROUTINE SOLVE2

The ssme as SOLVE modified for the reactant-continuity boundary condition at

I = 1 and I = LI.

30. SUBROUTINE RESIDU

Computes the maximum residual values of dependent variables in successive iter-

• ations for convergence criteria.
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31. SUBROUTINE KINET

• Computes the kinetics of the chemical reaction.

32. SUBROUTINE MOLWT

Computes the weight and number average molecular weights, polydispersity and

cup-averaged conversion for styrene polymerization.
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CHAPTER8

RESULTS AND DISCUSSIONS

8.1 INTRODUCTION

The present work concerns with the study of simultaneous aspects of duct tmns

port phenomena. Primarily, however, these different aspects: fluid fiow, heat trnnsfcr

and mass transfer with chefiÙcal reaction are studied individually for the purpose of

validation of system model and computer codes. Sorne original results are also obtained

in these areas. Ultimately the main problem of f1ow, heat and mass-transfer with chem

ical reaction is solved in overall and the results are presented and documentcd. The

main purpose of the study was for the non-Newtonian f1uids, however, sorne rcsults

were also obtained for Newtonian f1uids for validation, wherever required.

8.2 FLUID FLOW

Numerical results are presented in Figs. S.1-S.19. The specific geometries sc1ectcd

for this analysis are as f1ows:

• square duct,

• equilateral triangular duct,

• trapezoidal duct (acute-angle =60°, one side twice the other),

• pentagonal duct (each angle = lOS0).

Ali the above ducts were selected on the basis the same equivalent diameters. Con

sequently, the same value of the relaxation factor was applied 1.0 all the geometries

corresponding 1.0 each discretization equation. Il. is believed that this scheme is valid if

the geometries selected do not involve oddity. For a pictorial representation of this con

cept, one may refer 1.0 Bejan83 for a scale drawing of the duct sizes for sorne geometries
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having the same equivalent diameter. The inlet Reynolds number values applied for

the l'ewtonian f1uid was 900 and that for the non-Newtonian case was 128 respectively.

The problem is solved for constant-property f1uid and the f1uid is considered isothermal

in the transversed direction due to which the buoyancy effect is ignored. For the sake

of numerical accuracy and computational economy the mesh size selected was 21 x 21

over the transversed plane. The typical CPU time was about 3 minutes for one run.

The Newtonian case was solved with an axial step size of 0.160 m for which 26

marching stations were required in the axial direction to converge to the fully-developed

f10w condition. The predicted results for the centerline velocity development, axial pres

sure gradient and axial velocity profiles on the central plane are presented in Figs. 8.1

8.3. The axial velocity results show an excellent gradual development as expected.

Within the numerical accuracy, there is close agreement between the ultimate center

line velocity results and their corresponding theoretical values examined for the square

and circular ducts. The computed result for the square duct centerline velocity (~ )

is' 2.110 versus the theoretical value of 2.096 at the fully-developed condition where the

relative deviation between two successive values of ~ is only 0.24%. The computed

result for the circular duct centerline velocity (~ ) is 1.99 versus the theoretical value

of 2.00. Also the results obtained in the present analysis for Newtonian f1uids in square

ducts exhibit excellent agreement with the experimental measurements of Goldstein et

al.87 for velocity development and those of Beavers et al.88 for pressure-drop values (see

Figs. 8.1a and 8.2a). Comparing the fully-developed profile in Fig. 8.3 with Goldstein

and Kreid's experimental1y measured result, it is observed that the present numerical

result over-predicts the Goldstein's profile by only a few percent which seems satis

factory for the fully developed condition obtained at convergence in this work. The

Newtonian normalized centerline velocity and dimensionless axial pressure gradient

results for different geometries are compared in table 8.1. There exists only slight dif

ferences between the results for the selected noncircular ducts. The results obtained by
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others in a previous analysis for the normalized axial velocity (~) for the triangulur

and trapezoidal ducts are somewhat different from the results obtained in this analysis.

Refer to table 8.2 in this respect.

Table 8. 1 Results for centerline velocity and pressure gradient

Newtonian
Geometries wc/Jill (Po - F)Mpw5)

Square 2.11 9.49
Triangular 2.04 9.63
Trapezoidal 2.06 9.79
Pentagonal 2.03 9.68
Circular (for comparison) 1.99 10.13

Table 8. 2 Results for centerline veloeity

Newtonian (~) at F.D.
Geometries Previous analysis101 Present analysis

Triangular 2.222 2.04
Trapezoidal 2.093 2.06

About 5 iterations were required to obtain converged solution over each transversed

plane. The convergence criteria was set on the basis of the residual values defined as

follows:

(i) the residual of the momentum equations, that is, the remainder of these equa

tions when the results are substituted for the veloeities into these equations.

In general R =L: an6'f'n6+b-ap'f'p and R will be zero when the discretization

equation is satisfied69 •

(ii) the residual of velocities, that is, the difFerence in velocity values between two

successive iterations,
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Table 8. 3 shows the residual values of momentum equations and velocities at the

fully developed condition.

Table 8. 3 Residual values (fluid-flow)

Momentum-equation Residual Velocity Residual
Geometries Transverse Axial Transverse Axial

Square 0.12 X 10-6 0.21 X 10-10 0.34 X 10-6 -0.35 X 10-5

Triangular 0.26 x 10-6 0.98 X 10-10 0.60 X 10-6 -0.44 X 10-5

Trapezoidal 0.20 x 10-6 0.36 X 10-10 0.40 X 10-6 -0.32 X 10-5

Pentagonal 0.18 x 10-6 0.52 X 10-10 0.44 X 10-6 -0.35 X 10-5

It should be noted that. the numerical solution procedure which was developed and

implemented in this study, did not show any instability or convergence problems.

The development length computed for square duct in this work is z' = 0.127,

whereas, the result obtained by Neti et al.96 is z' = 0.11 (at F.D. condition). In the

analysis of Neti et al.96 , however, the use of either inlet (or mean) axial velocity in

the evaluation of normalized centerline velocity, dimensionless axial pressure gradient

and Reynolds number is ambiguous. The Reynolds number in the present analysis is,

however, evaluated locally at each of the fixed transversed planes, using the mean axial

velocity. The value of development length computed in this analysis for a circular duct is

z' = 0.136, whereas the value indicated by Maliska45 is z' = 0.162 (at F.D. condition).

Note that the development length which is expressed by Langhaarl8 is obtained from

the equation ~ = O.0575(NRe)' that is D(t~.) = z' = 0.0575 at fully developed

condition. This value is far from the computed results presented above. There are

also other literature values corresponding to triangular and trapezoidal ducts which

are far from the resul~s obtained in the present analysis. Table 8. 4 shows the results of

development length values obtained in this analysis and some results from literature.

The development lengths computed in this work are based on the usual definition of
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Table 8. 4 Development length results (n=l)

Newtonian Development Length (.::')
Geometries Present analysis Literature Values

Square 0.127 0.09 (ref. 87), 0.110 (ref. !J6)
TriangtÙar 0.126 0.0398 (ref. 101)
Trapezoidal 0.124 0.0314 (rer. 101)
Pentagonal 0.129 --
Circular 0.136 0.0575 (ref. 18),0.162 (ref. 45)
(for comparison)

entrance length, which is, the dimensionless length, z', corresponding to the centerline

velocity to reach 99% of the ful!y developed condition.

The non-Newtonian analysis is for a polystyrene solution with a power-Iaw index

of n = 0.5 and Reynolds number value of 128 at inlet. The axial-step size selected

was 0.05 m. The axial velocity development shows a plug-fiow behavior at ,al! four

cross-sectional ducts chosen, although the triangular duct shows a slight delay in the

development to a plug fIow velocity profile. The results for centerline velocity devel

opment, axial pressure gradient and axial velocity profiles on the central plane are

presented in Figs. 8.4-8.6. The plug fIow behavior observed for the non-Newtonian

case was previously predicted by Husain and Hamielec24 in their analytical studies of

tubula.r styrene polymerization. The non-Newtonian case applied to circular ducts in

this analysis (not included in the thesis) also showed a plug fIow behavior. It is, how

ever, worthwhile to mention that spedfic non-Newtonian cases should be investigated

separately due to the wide range of viscosities involved and the power-Iaw indices.

The solution procedure showed a lower criticallimit of axial step size, ~q = 0.01

m, at which u and v components of velocity field (secondary fIow) could not be obtained

in conjunction with the w component (primary f1ow). An upper limit was also observed

for the values of ~q selected beyond the value mentioned above for both Newtonian
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and non-Newtonian cases.

The transverse veiocity components, 1L and v components, suppiy the fluid that

permit axial flow deveiopment, the highest vaiue of which occur near the entrance where

the most rapid arrangement of the axiai veiocity takes piace96.In iaminar flow. due

to the very sman components of transverse veiocities, the secondary flow has a sman

effect on the primary flow and the axiai pressure-gradient43 ,46. The resuits of secondary

flow analysis, obtained in this work, for Newtonian and non-Newtonian cases at one

axiaiiocation, are presented through Figs. 8,8 to 8.15. Comparing the corresponding

z/Dh vaiues, it is observed that the axiaiiocation for non-Newtonian case is doser

to the entrance than for the Newtonian case. The secondary flow is away from the

walis towards the intermediate sections at which it is reversed in direction, for ali the

geometries. The order of magnitude of the secondary flow veiocitip.s for square ducts

obtained in this work, conforms with the resuits illustrated by Briley43. Comparing

Newtonian and non-Newtonian secondary-flow results, it is observed that the resuits

of Newtonian case are reiativeiy higher than the resuits of non-Newtonian case. The

reason for this difference is attributed to the primary veiocity profile patterns of the

two cases, that is, tending to parabolic for Newtonian and piug-flow for non-Newtonian

cases. The resuits ofaxiai-veiocity contour piots at F.D. condition, are presented

through Figs. 8.16 to 8.19 for Newtonian fluids.

The conventionai hydraulic (or equivaient) diameter concept is used in this work

for noncircuiar duct caicuiations. It is determined such that the ratio of pressure forces

acting over the cross-sectional area (A) to frictionai forces acting aiong the wetted

perimeter (P) is the same as in a circuiar pipe, and aiso such that for the circular

pipe Dh = D. Therefore, Dh = 4 "~~14 = D = 4~ for any noncircular ducts. The

concept of hydraulic-diameter, when applied to Moody diagram (for circular pipe flow)

does not yield favorable resuits, especiaily for the laminar region, so that using Dh

in laminar flow, the friction factor f ~ R.(~.) wouid be within ±40% accuracy for
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different geometries while in turbulent f1ow. the friction factor f :::: f.lloody is \\'ithin

±15'lo accuracy91. These discrepancies are due to the fact that such an analogy of a

noncircular duct with a circular duct does not take into account the effect of nonuni·

formities or shape factors, such as sides and corners of the noncircular geomctry into

the correlations already developed for circular tubes. As an example of the effect of

the geometric properties in laminar f10w is that, in rectangular and triangular ducts,

the wall friction varies greatly, being largest near the midpoint of the sides and zero at

the corners91 .92 • In turbulent f1ow, however, due to the effect of secondary f1ows. the

shear is nearly uniform along the sides, dropping off sharply to zero in the corners91 ,92.

Mathematically the friction factor for circular ducts is usually expressed by a function

of the form f = F( w[J, ~), obtained by dimensional analysis. The use of Dh for

noncircular ducts in this form of dependency yields f = F( W~b, Db)' This intro·

duces error due to the lack of shape·factor effect in this relationship. These effects will,

however, be taken into account if one modifies the above functional relationship by

f :: F( W~b, Dh' L: CP) in which cp stands for any effects due to the geometric nonuni·

formities. Practically, however, many investigators applied the concept of hydraulic

diameter to obtain correlations for laminar friction factor or pressure drop for different

geometries, such as isosceles trianguiar, square and rectangular ducts91 . In this work,

the effect of each geometry is introduced through the grid generation parameters into

the computations. These parameters are the transformation-coefficients (0/, (3, 1'), the

Jacobian of transformation (J) and the difference approximation of the fust derivatives

(xe,Ye,x'l'Y'I)' The effect ofsecondary fiow, although not significant in laminar f1ow45,

is considered in this work. The predicted results are supported by good agreement

with the experimental results of square duct and the analytical result of circular duct

as shown in Figs. S.3a and S.7 respectively. The effect of zero shear rate at the corners

of geometries is plainly observed for bath Newtonian and non-Newtonian cases. This

is shown by center1ine axial velocity profiles for triangular and pentagonal ducts (Figs.
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S.3b, S.3d, S.6b and S.6d) in which the axial velocity tend towards its peak value at a

location closer to the corners of these ducts rather than the centerline of the ducts.

This work demonstrates the suitability of the numerical model and the solution

procedure applied to the 3D parabolized Navier-Stokes equations in straight ducts of

arbitrary but constant cross-sections. The favorable agreement obtained between the

present numerical solution with the experimental results of Newtonian fluids and the

absence of instabilities in the numerical solution procedure, establishes the validity of

the numerical modelling and solution procedure employed in the present investigation

for fluid flow.

A review of some of the related developments in the numerical methods for the so

lution of momentum equations reveals the elegant features of the numerical procedure

applied to this work. In general, coupling between the momentum and mass conserva

tion equations is often the major cause of the slow convergence of the iterative solution

methods. Caretto et al. 94 applied a numerical method to the solution of the momen

tum equations which involved an implicit simultaneous solution of coupled nonlinear

difFerence equations without linearization or decoupling. The solution procedure was,

however, a point by point iterative method due to which slow convergence is inevitable.

The method of Patanlœ.r and Spalcl.ing42, involved linearization and decoupling of the

equations. In their method, the non-linear terms (the product terms) of the momen

tum equations are handled by setting the value of velocities in these terms the same

as their values at the previous axial step. The axial momentum equation is treated

separately from the transverse momentum equations which are decoupled by assuming

a pressure-field in the transverse direction. In the computations of transverse velocities,

corrections are made for tentative transverse velocities and pressure field by iteratively

solving a Poisson lilre equation for the pressure-correction. The method proposed by

Briley43 requires two Poisson like equations to solve, one for a velocity potential for

velocity corrections and the other for the pressure field. The method of Patankar and
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Spalding42 developed later brought about the SIMPLE and SIMPLER algorithms69 • in

which two Poisson like equations are solved for pressure and pressure corrections. The

SIMPLE and SIMPLER algorithms have been already applied to solve problems using

the non-orthogonal boundary fitted coordinate transformation system. Sorne of these

works are worthy to mention here. Hadjisophocleous et al.66 • Shyy et al.67 and Braaten

et al.68 employed the SIMPLE algorithm in their analysis for non-orthogonal systems.

Maliska45 ,46 applied a mixed scheme comprising of the SIMPLE and the SIMPLER

algorithms. In the present work, the SIMPLER algorithm is further developed for the

solution of the power-Iaw non-Newtonian fluid problems. The use of nonorthogonal co

ordinates versus orthogonal system, has the advantage of getting rid of the generation

of orthogonal grids at certain locations which are difficult or impossible to make. The

staggered grid employed in this work uses both of the 1L and v velocity components at

each velocity locations. This grid arrangement together with the numerical scheme in

which both of the physical Cartesian and contravariant veloeities are involved, have

led the finite difference equations to converge faster without numerical instabilities.

Besides, a combination of upwind difference scheme for the convective terms and cen

tral difference scheme for the diffusive terms which is employed in this work, provided

satisfactory results.
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Fig.'s 8.10 a & b Secondary flow velocity profiles for a ttapezoidal ducl, Newtonian fluids,
Re = 900, (z/D.J/Re = 0.0054
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Fig.'s 8.11 a & b Secondary flow velocity profiles for a trapezoidal duet, non-Newtonian f1uids
(n = 0.5>, Re = 128, ('l/DJ/Re = 0.0115
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Fig.'s 8.12 a & b Sccondary flow velocity profiles for a triangular dUCl, Newlonian fluids, Re = 900,
(7/f).,J/Re = 0.0054
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Fig.'s 8.13 a & b
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Secondary flow velocity profiles for a triangu1ar duel, non-Newlonian fluids
(n =0.5), Re =128, (zlDtJlRe =0.0115
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Fig.'s 8.14 a & b Sec:ondary flow velocity profiles for a pentagonal duel, Newlonian fluids,
Re = 900, (z/D,J1Rc = 0.0054
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Fig.'s 8.15 a & b Secondary flow velocity profiles for a pentagonal duel, non-NeWlonian fluids

(n =0.5), Re =128, (z/OJ/Re =0.0115
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Fig. 8.16 Axial-velocity Contours, Newtonian Fluids, Square Oucts, Re = 900

(@ F.O.)

f .D,S

Fig. 8.17 Axial-velocity Contours, Newtonian Fluids, Triangular Oucts, Re = 900

(@ F.o.)
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Fig. 8.18 Axial-velocity Contours, Newtonian Fluic!s, Trapezoidal Ducts, Re = DOO

(@ F.D.)

,. .0.5

Fig. 8.19 Axial-velocity Cont'lurs, Newtonian Fluids, Pentagonal Ducts, Re = 900

(@ FD.)

8-25



•

•

8.3 HEAT TRAN5FER

The results for heat transfer analysis for constant wall temperature case and for

typical Pr = 6.78 are shown in Figs. 8.20-8.22. tables 8.6-8.7 and 8.12-8.15. The same

gcometries arc sclcctcd in this study as were selected for the f1uid-f1ow study, presented

in thc prcvious part ofthis chapter. Also, circular and rectangular ducts oftwo different

aspect ratio (1/2 and 2/3) were examined for validation of the model and computer

code for heat transfer.

Computations were performed on the basis of the same equivalent diameters, 50

that the same value of the relaxation factors was applied to different geometries corre

sponding to each discretization equation. As mentioned before, this scheme is valid if

the geometries selected do not involve oddity. The Newtonian case was solved for an

axial step size of 0.276 m for which 250 marching stations were required in the axial

direction to reach to the converged solution. Separate rUllS were conducted with an

axial step size of 0.552 m to confirm the limiting values of Nusselt numbers. The mesh

size selected was 21 x 21 over the transversed-plane as specified before. The memory

requirement for computations was 2720 K and the typical CPU time was about 26

minutes for one run. The computations were performed for fully-developed velocity

and developing temperature profiles. Referring to Kays et al.Bl the results obtained

in this analysis are weil suited for the simultaneously developing velocity and temper

ature profiles for the respective Prandtl number. Viscous dissipation effect was also

considered in the present study. The buoyancy effect in this study is negligible due to

the close temperatures selected for the f1uid at inlet and at wall. Future work, however,

is required for mixed-convection studies. About 5 iterations were required to obtain

converged solution over each transversed plane. The convergence criteria was set on the

residual values similarly defined for the f1uid-f1ow study mentioned before, such that

the residuals for this study are as follows:

Ci) the residual of energy equation,
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• (ii) the residual of enthalpy values between two successive iterations.

Table 8.5 shows the residual values of energy equation and enthalpy values at the

converged solution.

Table 8. 5 Residual values (heat-transfer)

Geometry Energy-equation Residual Enthalpy Residulli

Square 0.303 x 10-7 -0.275 X 10-.1

Triangular 0.160 x 10-6 -0.270 X 10-'\
Trapezoidal 0.533 X 10-7 -0.270 X 10-'\
Pentagonal 0.694 x 10-7 -0.385 X 10-.1

Rectangular (1/2) 0.224 x 10-7 -0.357 X 10-4

Rectangular (2/3) 0.262 X 10-1 -0.315 x 10-01

Circular 0.105 x 10-6 -0.501 X 10-'\

The results of local and mean Nusselt numbers obtained for ducts of dilferent

. cross-sectional geometries are presented in tables 8.6 and 8.7.

The local Nusselt number for constant temperature wall boundary conditions,

N Uloc =N U=.T: is expressed in terms of the f1uid bulk-temperature-gradient along the

f10w path length by

1 d(}~
Nu T-----=. - 4(}~ dz" (8.1)

•

Refer to Appendix G for derivation. The logarithmic mean Nusselt number for constant

wall temperature boundary condition is expressed by:

(8.2)

which is obtained from Eqn. (8.1) by integration (Appendix G).
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Table 8. 6 N U.,T variations for different geometries Newtonian Fluids, Pr = 6.78

G. Square Triangular Trapezoidal Pentagonal

100 4.635 4.373 4.564 4.689
75 4.104 3.871 4.025 4.157
60 3.767 3.576 3.701 3.844
50 3.527 3.377 3.479 3.633
43 3.345 3.234 3.314 3.481
37 3.204 3.126 3.186 3.366
0 2.980 2.598 2.972 3.098

Table 8. 7 NUm,T variations for different geometries Newtonian Fluids, Pr = 6.78

G. Square Triangular Trapezoidal Pentagonal

100 7.1~6 6.841 7.005 7.009
75 6.386 6.072 6.232 6.266
60 5.842 5.555 5.706 5.761
50 5.441 5.178 5.320 5.391
43 5.129 4.889 5.022 5.105
37 4.878 4.659 4.783 4.877
0 2.980 2.598 2.972 3.098

The results for the Iimiting Nusselt-numbers are indicated in table 8.8 for all

geometries under consideration. These values correspond to the dimensionless bulk and

centerline temperature values of 0.993 and 0.986 respectively, in which the temperatures

are nondimensionalized with the difference between the fluid wall temperature and the

fluid temperature at the duct entrance.

The limiting Nusselt numbers (NUT) for square, rectangular, triangu1ar and cir

cular ducts obtailled in this study are compared with analytical and numerical results

of other investigators in table 8.9. These results confirm the validity of the model and

computer code for heat transfer in this study.
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Table 8. 8 Thermal entry length and limiting N UT results

Geometry G: Z·· = Limiting RTl = RT2 =
thermal NUT TOu't -T'nlC' reL-Tr"'e'

entry length
"rWIIIl-rlnler 1'''''''''1- T"llrl

Square 2.6248 0.381 2.980 0.993 0.986
Triangular 2.5175 0.397 2.598 0.993 0.986
Trapezoidal 2.6200 0.382 2.972 0.993 0.986
Pentagonal 2.9522 0.339 3.098 0.993 0.986
for comparison:
Rectangular (1/2) 2.9287 0.341 3.363 0.993 0.986
Rectangular (2/3) 2.7346 0.366 3.118 0.993 0.986
Circular 3.1582 0.317 3.603 0.993 0.986

Table 8. 9 Comparison of limiting Nusselt numbers

Square Rectangular Rectangular Equilateral Circular
(1/2) (2/3) Triangular

Clark and Kays98 2.890 3.390 .- - -
Dennis et al.97 2.980 3.390 3.120 - -
Shah and London98 2.976 3.391 3.117 - -
Schrnidt98 2.970 3.383 3.121 - -
Javeri98 2.981 3.393 - - -
Lyczkowski et al.98 2.975 3.395 3.117 - -
Kays and Crawford81 2.980 3.390 - 2.350 3.658
Wibuiswas100 - - - 2.570 -
This Study 2.980 3.363 3.118 2.598 3.603

A comparison of variation of Nusselt number for square duct with sorne literature

data, is presented in Fig. 8.20 which shows a clo8e agreement. The analytical results

of Dennis et al.97 and. nurnerical results of Lyczkowski et al.98 shawn in this figure are

however, calculated by alternate approaches defined for local Nusselt number. The

results obtained in this analysis for NU.,T and NUm,T for square ducts for Newtonian
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• lluids are compared with the numerical solutions of Chandrupatla et al. 99 in tables

8.10 and 8.11. There is a close agreement between their solutions and the present

rcsults for NU.,T but there are sorne differences between NUm,T values. The results

obtained by Chandrupatla et al.99 are for fully developed velocity profile, with no

secondary llow and no viscous dissipation effect. Also, the effect of variation of Prandtl

Humber is ignored in their analysis and no value is mentioned for the Prandtl number

corresponding to their results. It is believed that, the differences existing in the results

of NUm,T as observed in table 8.11, are mainly due to the difference in the values

of Prandtl numbers. Chandrupatla et al.99 ignores the effect of Prandtl number on

NUm,T by the reasoning that it is included in the relevant (:;4) term99 • However,

N U m is a!fected by Pr through the effect 8b according to the following relations:

or

but

Pr 1 1Pr (1)
NUm,T = -X ln 8b = 4(X/4) ln 8b (ref. 99) (8.3)

(8.4)

therefore

or

8b = f(Pr)

NUm,T = h(G.,Pr)

(from energy equation1*) (8.5)

(8.6)

(8.7)

•
The thermal entry length is analyzed in terms of the dimensiowess bulk and cen

terline temperatures in Fig. 8.21 for the selected geometries. The thermal entry length

1* U 89 - _1 [829+829] (ref. 99) in which 8 = 11/-_11'..'"8% - Pr 8yl' 'ihl'
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Table 8. 10 Comparison of Xusselt number..'\iu:.r. variations (n=l)

Chandrupatla et al99 Present Analysis

G: .VU:r,T G: .Vu::r

0 2.975 0 2.9S0
40 3.432 37 3.204
50 3.611 50 3.527
SO 4.0S4 75 4.104
100 4.357 100 4.635
133.3 4.755 127 4.845
200 5.412 190 5.S0S

Table 8. 11 Comparison of Nusselt number, NUm.T, variations (n=l)

Chandrupatla et al99 Present Analysis

G. NUm,T G: NUm,T

0 2.975 0 2.9S0
40 4.S41 37 4.S78
50 5.173 50 5.441
80 5.989 75 6.386
100 6.435 100 7.186
133.3 7.068 127 S.084
200 8.084 190 9.612
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obtained in this study for square ducts is Z·· = 0.381 which is close to the "alue

obtained by Neti et al.96 , Z" = 0.352. The value obtained in this study is. howev~r.

corresponding to the dimensionless bulk and centerline temperatures of 0.993 and 0.986

respectively while the values obtained by Neti et al.96 are that of 0.988 and 0.9ï9 re

spectively. The results of central plane thermal development are shown in Fig. 8.22

in terms of the dimensionless temperature profiles which are defined differently from

that used in table 8.8 and Fig. 8.21. The temperature is nondimensionalized here with

the difference between the uniform wall temperature and the bulk fluid temperature.

Temperature profiles are shown at three different axial positions.

Table 8. 12 NUz,T variations for square ducts (for Re =. 900 & Pr = 6.ï8@n = 1)

G: n = 1.25 n = 1.0 n = 0.75 n = 0.50

100 4.270 4.635 5.855 7.156
75 3.713 4.104 5.410 6.638
60 3.365 3.767 5.076 6.197
50 3.122 3.527 4.786 5.764
43 2.944 3.345 4.527 5.334
37 2.811 3.204 4.294 4.918
0 2.800 2.980 3.169 3.332

Table 8. 13 NUz.T Variations for triangular ducts(for Re = 900 & Pr = 6.78@n = 1)

Gz n = 1.25 n = 1.0 n = 0.75 n = 0.50

100 4.201 4.373 4.860 5.948
75 3.685 3.871 4.383 5.579
60 3.383 3.576 4.092 5.321
50 3.182 3.377 3.883 5.092
43 3.093 3.234 3.722 4.877
37 2.934 3.126 3.593 4.671
0 2.510 2.598 2.738 2.879
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Table 8. 14 SU:.T variations for trapezoidal ducts(for RF = 900 & Pr = 6.7S@71 = 1)
C-.

G: n = 1.25 n = 1.0 n = 0.75 n = 0.50

100 4.342 4.564 5.535 7.586
75 3.790 4.025 5.068 7.363
60 3.462 3.701 4.754 7.154
50 3.238 3.479 4.503 6.904
43 3.075 3.314 4.291 6.614
37 2.952 3.186 4.105 6.297
0 2.839 2.972 3.141 3.317

Table 8. 15 NU •.T variations for pentagonal ducts (for Re = 900 & Pr = 6.78@n = 1)

G. n = 1.25 n = 1.0 n = 0.75 n =0.50

100 4.500 4.689 5.258 6.502
75 3.956 4.157 4.764 6.163
60 3.641 3.844 4.450 5.886
50 3.436 3.633 4.215 5.610
43 3.292 3.481 4.028 5.331
37 3.189 3.366 3.871 5.058
0 2.962 3.098 3.225 3.388

The results oflocal Nusselt-number (NU.,T) distribution for power·law non-Newtonian

fluids for different geometries are tabulated in tables 8.12 ta 8.15 for lin" values of 0.50,

0.75 and 1.25. These results correspond to the Newtonian case of Re = 900 and

Pr = 6.78. The results of Newtonian fluids (n=l) are also included in these tables

for comparison. These results show that the value of Nusselt number increases by

decreasing the power-law exponent (n) at any specific G•.
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• 8.4 MASS TRANSFER WITH CHEMICAL REACTION

In this study the thermal polymerization of styrene is selected for analysis in non

circular cross-sectional duel. reactors. The only experimental data available in open

literature is that of Valsamis ct al.25 for a reaction conversion of 15 wt. %. This resnlt.

is not verified by Chi-Chi Chen27 in his numerical investigation who obtained a mIne

of about 10.0 wt % of conversion for the same set of operating conditions. The resnlt.

obtained by the present work is close 1.0 the value obtained by Chi-Chi Chen27 • HefeI' t.o

tables 8.16a and 8.16b of the fol1owing section (i) for details. The validation of syst.em

modelling and computer codes for mass-transfer is accomplished through comparison

of the numerical results of other investigators with the predicted resnlts obt.ained by

the present computer codes. One may refer 1.0 the fol1owing sections (ii), (iii) and (iv)

for details. The effect of free-convection in this study is ignored for the results t.o be

comparable with literature data in which this effect is not considered. Further invest.i

gations which are presented in the fol1owing pages show that reaction conversion resnlt.s

are only negligibly affected if free-convection is considered. The effect of variation of

number of stations in the axial direction is also observed in tables 8.16b, 8.1ïb and

8.17c, which indicates a satisfactorily close agreement in the results of conversion for

different numbers of stations in the axial direction. The reactor exit results of molecular

weights (Mw and Mn) md total reactor pressure-drop values are also indicated.

Section (i) Valsamis and Biesenberger25 , 1976 experimental l'un:

reactor length 14.6 m

tube diameter 0.0046 m

•

residence time

inlet/wall temperature

conversion

8-39
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• Table 8. 16a Chi-Chi Chen27
• 1986, simulation results

Velocity-Profile Conversion, Ylolecular-weights Polydispersi ty
wt % ;\lIn x 10-5 klw X 10-5 JI".

M.

piston-f\ow 10.53 1.13 1.99 1.i6
parabolic 10.12 1.14 2.00 U5
V,(r,z) & Vr = 0 9.69 1.14 2.00 U5
V,(r,z) & Vr(r,z) 9.98 1.14 2.00 1.i5

Table 8. 16b Present work simulation results

Number of stations Conversion Molecular-weights Polydispersity Total
selected in wt % Mn X 10-5 Mw X 10-5 Mm 6.P (Pa)Mn
axial-direction

15 10.13 1.30 2.25 1.73 51.0
30 10.34 1.28 2.22 1.73 58.0

••

Section (ii) Husain and Hamielec24 , 1976:

length of tube

tube radius

inlet velocity

inlet feed temperature

wall temperature
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Table 8. 17a Husain and Hamielec~4. 19T6, simulation results

Length Z (cm) Conversion, ~Iolecular-weights Polydispcrsity
X m (%) Mn X 10-5 ,Uw X 10-5 M:..:.

.\1 fi

100 1.26 4.16 T.34 1.76
300 3.95 4.04 T.16 UT
500 6.62 3.96 T.08 1.78

Table 8. 17b Present work simulation results

Number of stations selected in axial direction : 5

Length Conversion Molecular-weights Polydispersity Total
Z (cm) wt % Mn X 10-5 Mw X 10-5 Mw. 6.P (Pa)Mn

100 1.38 4.22 7.43 1.76 0.037
300 4.14 4.75 8.68 1.83 0.40
500 6.74 4.52 8.20 1.81 1.46

Table 8. 17c Present work simulation results

Number of stations selected in axial direction: 10

Length Conversion Molecular-weights Polydispersity Total
Z (cm) wt % Mn X 10-5 Mw X 10-5 Mw. 6.P (Pa)Mn

100 1.37 5.09 9.33 1.83 0.06
300 3.95 4.48 8.08 1.80 0.48
500 6.43 4.40 7.87 1.79 1.74
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• Section (iii) Chi-Chi Chen27 , 1986:

length of tube

tube radius

mass fiow

inlet feed temperature

wall temperature

6.4 m

0.55 cm

1.345 X 10-4 kg/sec

140·C

135·C

Table 8. 18a Chi-Chi Chen27
, 1986, simulation results

Conversion, Molecular-weights Polydispersity Total
wt % Mn X 10-5 Mw X 10-5 M", 6.P (Pa)Mn

26.49 1.55 2.87 1.85 758.3

Table 8. 18b Present work simulation results

Number of Stat;nno s"lecte..l in axial-dir"otion : ln

Conversion, Molecular-weights Polydispersity Total
wt% Mn X 10-5 Mw X 10-5 Mw 6.P (Pa)Mn

26.60 2.21 3.93 1.78 243.0

Section (iv) C. Kleinstreuer and S. Agarwal29 , 1986:

•

length of tube

tube radius

mass flow

inlet feed temperature

wall temperature
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Table 8. 19a C. Kleinstreuer and S. Agarwal29 • 1986. simulation result:

Boundary-condition for Conversion
velocity at entrance wt%

Parabolic 54.8

Table 8. 19b Present work simulation results

Number of stations selected in axial direction: 100

Boundary condition Conversion Molecular-weights Polydispersity Total
for velocity wt % Mn X 10-5 Mw X 10-5 M.... 6.P (Pa)Mn
at entrance

Parabolic 55.35 4.82 9.68 2.01 2702
Uniform 55.22 4.81 9.67 2.01 2617
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8.5 SIMULTANEOUS REACTING FLOW, HEAT AND MASS-TRANSFER

Ernploying the sets of operating data of the previous section, this work is conducted

for the analysis of five different cases of thermal polymerization of styrene in arbitrary

cross-sectional dur.( reactors for eight different geometries. The operating candi tians

for these five cases are reported in table 8.20. Typical CPU time was about 10 minutes

for t.he longest l'un. About 5 iterat.ions were required on each transversed-plane for con

vergence. The same convergence indicat.ors were select.ed here as mentioned previously

in Fluid-Flow and Heat-Transfer sections. Refer 1.0 Table'8.21 in this respect.

Table 8. 20 Operating conditions
-

Case Win/et Tin/et Twall Mass-fiow Reactor
mis oC oC kg/s length (m)

# 1 0.000695 100 100 0.7267 X 10-3 5.0
#2 0.000695 130 100 0.7027 X 10-3 5.0
#3 0.001780 140 135 0.1345 x 10-3 6.4
#4 0.000020 130 100 0.2000 x 10-4 5.0
#5 0.047250 160 160 0.6095 x 10-3 14.6

Table 8. 21 Residual values (mass transfer)

Species-continuity Mass-fraction
equation residual residual

0.2 x 10-7 0.2 X 10-2

The basis for computations in all the reactors bearing different geometries in their

cross-sections and the same length, is the same residence-time in the reactors or the

same cross-sectional area, while the same uniform velocity is maintained al. inlet of

each l'eactor. The diameter of circular duct corresponding ta the cases under study are

8-44



•

•

Table 8. 22 Diameter of circular-ducts corresponding to non-circulaI' geometries

Cases # 1 #2 #3 #4 #5

diameter (m) 0.0400 0.0400 0.01100 0.0400 0.00460

tabulated above. The results obtained in this analysis arc indicated in tables 8.23 t.u

8.27 for the five cases under consideration. In these tables the results of polymer weight

fraction (WPA) in wt %, molecular weights (J'vin and l'v[.. ), polydispersity (ii.. /AI,,)

and bulk-temperature ( ·C) are indicated which are corresponding to the conditions

at the exit of the reactors. The total pressure-drop results of the reactors are also

indicated. Referring to these tables, it is observed that there are only slight differences

in the results obtained for different geometries eorresponding to each case. Also not

a specifie geometry is recognized to be generally superior than circulaI' duet reaetors

from the conversion point of view of the chemical reaction under study, cOllsidering the

least pressure.drop results also.

The simulation results for molecular-weights distribution, velocity, temperature,

concentration, density and viscosity profiles are presented in the attached figures in

this section. The piotter subroutine GRAPHl.SAS is utilized to generate these plots.

Referring to tables 8.23-8.27, the following classification is possible from the con-

version point of view based on the circulaI' duet (wt%) results:

Case # 1: 6.74 wt%, low conversion,

Case # 2: 14.20 wt%, low conversion,

Case # 3: 26.60 wt%, intermediate conversion,

Case # 4: 55.20 wt%, high conversion,

Case # 5: 10.10 wt%, low conversion.

The reason for the low DP results of cases # 1 and # 2 is due to the low level of

conversion involved. The relatively higher values of DP <if case # 5, which is even at
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Table 8. 23 Simulation Results of Styrene Polymerization at Reactor Exit

Case # 1

No. Geomctry WPA J'VIn Mw Polydispersity bulk-temp Total DP
(wt %) (~) (--.!iL) (1fk) ( ·C) (Pa)kg mol kgmol Jllln

1 Circular 6.74 452460 819590 1.81 102.3 1.46
2 Square 6.74 452910 820240 1.81 102.2 1.88
3 Triangular 6.38 453450 820660 1.81 101.9 2.70
4 Trapezoidal 6.33 454100 822100 1.81 101.9 2.57
5 Pentagonal 6.63 453810 822110 1.81 102.1 2.28
6 Hexagonal 6.74 452940 820450 1.81 102.3 1.69
7 Rectangular

(AR=1.5) 6.70 453784 821697 1.81 102.0 1.91
8 Rectangular

(AR=2.0) 6.63 455120 823870 1.81 101.8 1.97

low conversion level, is due to the smaller tube I.D. (0.0046 m) practiced in this case.

An analysis of the attached figures reveals the folIowing major points:

(i) Mol. wt. distribution; AlI cases except case # 4 (high conversion case)

exhibit a peak at a point closer to the reactor inlet. In case # 4, there is a gradual

increase in mol. wt. distribution from inlet to the end of the reactor. The results

are not conclusive to a generalization.

(ii) Axial velocity profile: AlI cases exhibit plug f10w behavior which is in close

agreement with prediction the of Husain and Hamielec24 • Sorne velocity distortion

is observed due to the effect of angles as revealed in triangular and pentagonal

ducts. This effect is to induce higher rates of generation of polymers at corners

rather than at sides due to which viscosity increases around locations closer to

angles. The effect on velocity is a retardation of the velocity profile in the vicinity

of the angles.
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Table 8. 24 Simulation Results of StFene Pol~'merizationut Rcactor Exit

Case # 2

No. Geometry WPA ,\ln l'V!w Polydispersity bulk-temp Total DP
(wt %) (~) (-k.- ('li.", ) ( OC) (Pa)kg mol kgmol) Mn

1 Circular 14.2 338740 610770 1.8 106.0 1.05
2 Square 12.7 348550 628480 1.8 104.7 2.52
3 Triungular 11.0 351450 634420 1.8 103.7 6.11
4 Trapezoidal 11.3 352080 635670 1.8 103.7 6.36
5 Pentagonal 12.8 347180 625660 1.8 105.0 2.87
6 Hexagonal 13.6 343910 620230 1.8 105.4 2.76
7 Rectangular

(AR=1.5) 12.2 351620 634550 1.8 104.1 2.80
8 Rectangular

. (AR=2.0) 11.5 356170 643600 1.8 103.3 3.26

Table 8. 25 Simulation Results of Styrene Polymerization ut Rcuctor Exit

Case # 3

No. Geometry WPA Mn Mw Polydispersity bulk-temp Total DP
(wt %) (kg km.ol ) (kgkmol) (&) ( OC) (Pa)Mn

1 Circular 26.6 220716 392673 1.78 136.3 243
2 Square 26.2 221160 393250 1.78 136.1 244
3 Triangular 24.8 220210 391120 1.78 136.0 347
4 Trapezoidal 25.4 220880 392530 1.78 136.0 347
5 Pentagonal 25.8 220420 391860 1.78 136.2 286
6 Hexagonal 26.5 220910 392960 1.78 136.2 254
7 Rectangular

(AR=1.5) 25.9 221278 393410 1.78 136.0 242
8 Rectangular

(AR=2.0) 25.8 221610 393980 1.78 135.9 261
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Table 8. 26 Simulation Results of Styrene Polymerization at Reactor Exit

Case # 4

No. Geometry WPA !'Vln J'VI." Polydispersity bulk-temp Total DP
(wt %) ( kg k~ol) ( kgk~ol) (&) ( OC) (Pa)

~\tln

1 Circular -- ? 481130 966680 2.00 101.4 261700._

2 Square 57.2 499470 998160 2.00 101.2 9078
3 Triangular 47.4 486550 940300 1.93 101.1 11540
4 Trapezoidal 50.0 489210 953850 1.95 101.2 3625
5 Pentagonal 54.8 492120 979150 1.99 101.2 41568
G Hexagonal 55.7 487320 976770 2.00 101.4 7574
7 Rectangular

(AR=1.5) 54.1 495730 979780 1.98 101.2 4937
8 R~ctangular

(AR=2.0) 48.9 488230 947800 1.94 101.1 1910

Table 8. 27 Simulation Results of Styrene Polymerizatioll at Reactor Exit

Case # 5

No. Geometry WPA Û n Mw Polydispersity bulk-temp Total DP
(wt %) ( kgk~ol) (kgkmOI) (&) ( OC) (Pa)Mn

1 Circular 10.10 129960 225290 1.73 161.0 50.8
2 Square 9.97 130040 225440 1.73 160.9 67.2
3 Triangular 10.56 130330 225810 1.73 160.8 106.1
4 Trapezoidal 10.30 130380 226000 1.73 160.8 117.0
5 Pentagonal 10.20 130132 225600 1.73 160.9 67.8
6 Hexagonal 10.40 130100 225570 1.73 161.0 64.1
7 Rectangular

(AR=1.5) 10.20 130250 225810 1.73 160.8 73.9
8 Rectangular

(AR=2.0) 10.70 130430 226000 1.73 160.7 106.6
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(iii) Temperature profiles

Case # 1: Isothermal reactor, exothermic reaction proceeds and the temperature

profile is developing to higher values.

Case # 2: Cooled-wall reactor, heat removal is observed from the temperuture

profile which is developing to lower values.

Case # 3: Mildly cooled-wall reactor, temperature profile is mildly developing to

lower values.

Case # 4: cooled-wall reactor, temperature profile is developing to lower valu(~s.

Case # 5: Isothermal reactor, temperature profile is developing to higher values.

(iv) Concentration profile: The profile is developing. In case of angle effect, such

as for triangular and pentagonal ducts, an increase in concentration is observed nt

these locations.

(v) Density and viscosity profiles: The effect of angle, is plninly observed in

viscosity profiles such that there is a drastic increase in viscosity close to the

angles. This is observed in viscosity profiles for the triangular and pentagonal

ducts of ail cases. The density profiles are also a!fected to sorne extent close to

these points.

EfFect of Free·Convection Due to the narrow temperature range involved in

the transversed direction, the e/fect of free-convection (buoyancy effect) in this

study is found to be negligible. This is observed from the following results which

were obtained considering free-convection effect for circular ducts corresponding

to the results in tables 8-12.

Case # 1: 6.75 wt% conversion,

Case # 2: 14.50 wt% conversion,

Case # 3: ?6.70 wt% conversion,

Case # 4: 55.24 wt% conversion,

Case # 5: 10.30 wt% conversion.
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CHAPI'ER 9

CONCLUSIONS AND CONTRIBUTIONS TO KNOWLEDGE

9.1 INTRODUCTION

The fundamental research carried-out in this study to provide a comprehensive solution

procedure for steady 3D reacting laminar duct flow, heat and mass transfer in arbitrary cross

sectional ducts, suitable for both Newtonian and non-Newtonian fluids, was consequently

accomplished by the development of a computer software for computational studies and

simulation purposes. This software was later shown ta he a powerful tool for utilization in

applied research in the territories of reacting laminar duct flow transpon phenomena. An

extensive pile of results obtained in this area are presented in the previous chapter. The present

chapter summarizes the most outstanding conclusions of this work and the elegant contributions

furnished to knowledge in engineering science.

9.2 SUMMARY AND CONCLUSIONS

(i) The non-onhogonal boundary-fltted coordinate transformation method applied and the

numerical solution procedure extended in this work to employ the SIMPLER algorithm

for non-Newtonian fluids, is examined successfully without any convergence difficulties

and instabilities in computations, for the solution of 3D parabolized conservation

equations in straight ducts of arbitrary, but uniform cross-sections.

(ü) The results obtained for validation of system modelling and computer codes are shown

to he in good agreement with the previously obtained results by other investigators for

aIl aspects of the job, viz: fluid-flow, heat-transfer and mass-transfer with chemical

reaction considered in this study•
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(ili) The application of non-onhogonal coordinates versus onhogonal systems reveals the

advantage of getting rid of the generation of onhogonal grids at certain locations of

difficult or impossible to make.

(iv) The variations in the number of stations in the axial-direction for marching integration,

in the parabolized 3D solution procedure, as examined in polystyrene simulation slUdies,

provides satisfactorily close values of results.

(v) The hydrodynarnic center-plane axial-velocity development for the Newtonian fluids (Re

=900) shows an excellent gradual development towards parabolic pattern.

(vi) The hydro<lynamic centerline velocity values for noncircular ducts are shown to be not

necessarily coïncident with the peak value of the axial velocity profile due to the effect

of zero shear rate at the corners of the geometries.

(vii) The hydrodynarnic center-plane axial-velocity development for the non-Newtonian case

(Re = 128), shows a plug-flow behavior for all geometries under consideration. However,

some geometries show a slight delay in the development to plug-flow velocity behavior.

(viti) The hydro<lynarnic development length values obtained in this work are documented for

future references. Some of these results are somewhat far from those declared previously

by others.

(ix) The secondary flow is away from the waIls towards the intermediate sections at which

it is reversed in direction, for aIl the geometries. The results of Newtonian case are

higher than the results of non-Newtonian case due to the difference in the primary flow

velocity profile pattern.

(x) In the thermal slUdies of this work, the limiting-value of Nusselt-numbers for severa!

specific geometries conform well with the values previously obtained by other

9 - 2
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investigators. The Nu",.T results are different to sorne extent from the values obtained by

Chandrupatla et al99
• The reason is believed to be due to the difference in the values of

Prandtl numbers employed.

(xi) The thennal enlly region development profile (Pr = 6.78) shows an excellent gradual

development in the axial direction for severa! geometries.

(xii) The results for the thermal enlly length value of square dUClS are close to the result

obtained previously by others.

(xiii) In the simulation of styrene polymerization, only slight differences are observed in the

results obtained for different geometries corresponding to each case under consideration.

(xiv) From the conversion point of the chemical reaction under study. not a specific geomelly

is recognized to be in genera! superior than circular duct reactors.

(xv) The free-convection effect (buoyancy effect) is negligible on the conversion of reaction

in the present study.

9.3 CONTRIBUTION TO KNOWLEDGE

The developments listed under items (i)-(v) below are the consequences of the fundamental

reSCllICh carried-out in this work for the numerlcal solution of reacting laminar duct flow heat

and mass ttansfer in dUClS of arbitrary cross-sections for power-law fluids. This job was laler

followed by an applied research employing the developed computer codes in the potential areas

of interest. The originalities obtained in the latter part are listed in items (vi), (vii) and (viii)

below.

(i) Development of the general non-orthogonal boundary-fitted solution procedure to handie

non-Newtonian fluids for 3D parabolized conservation equations. This includes the
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derivation of the coefficients of the pressure-correction equation to handle power-law

fluids ID be employed in the SIMPLER algorithm.

(ii) Contribution to existing knowledge in the area of numerical fluid-flow and heat-transfer

by detailed hand-calculations from which appropriate relations are evolved for machine

computations, employing the philosophy of non-orthogonal boundary-fitted coordinate

transformation and the control-volume discretization approach.

(iii) Development of a non-orthogonal grid generation programme in Fortran coding,

corresponding to B-type arrangement in the transformed-plane for arbitrary geometries.

(iv) Development of a general computer programme in Fortran coding for the solution of any

3D laminar duct flow heat and mass transfer problem with chemical reaction in straight

ducts of arbitrary cross-sections for NewlOnian and non-Newtonian fluids.

(v) Full testing and validation of system modelling and computer-codes by comparison of the

predicted results obtained in this work with the theoretical, experimental and numerical

results of other investigators in open literature for the fluid flow, heat transfer and mass

transfer aspects of the job.

(vi) Contribution to existing knowledge in the area of fluid flow by the original results

obtained for velocity profile development and pressure-drop analysis of the hydrodynamic

entrance region of triangular, trapezoidal and pentagonal ducts for Newtonian and non

NeWlOnian fluids. Laminar secondary flow analysis is also presented for ail geometries

mentioned above for both Newtonian and non-Newtonian cases.

Contribution to existing knowledge in the area of heat-transfer by the original results

obtained for teroperature profile development and Nusselt number variations of the

9 - 4
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thermal entrance region of the geometries mentioned in item (vi) for Newtonian and non

Newtonian fluids.

(viii) Contribution to existing knowledge in the area of thermal polymerization of styrene by

the original results obtained from simulation of manufacturing of polystyrene in sl'bitrary

cross-sectional duct reactors. In this respect, extensive group of results are documented

for five different sets of operating conditions in eight different geometries.

The results in the latter area include molecular weights distribution, pressure-drop

analysis, velocity. temperature, concentration, density and viscosity profiles. It is to be mentioned

that even for circular duet reaetors, there exists only a few results for sorne of these items in

open literature.
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a

A

AH

AR,ar

B,b

b

b

c

NOMENCLATURE

coefficient in the discretization equation

cross sectional area

Diels-Aider dimer

aspect ratio

constants

constant term in discretization equation

constant

constant term in discretization equation

constants

a constant

chain transfer constant for monomer

cp specifie heat

ct 1 ct, etc. transformed diffusion coefficient for dependent variable rP

D pipe diameter

D domain in Cartesean coordinates

D coefficients in transformed equations

D,Dm mass diffusivity

DP pressure drop

DE, Dh equivalent or hydraulic diameter

DA mass diffusivity of A

D* domain in transformed coordinates

d.!. dimensionless

f friction factor

f a function

• f defined by Eqn. (3.29)
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• NOMENCLATURE (Continue)

F. D. fully.developed

g a function

g acceleration due to gravity

Gz Graetz number (G z = ).)
h a function

h enthalpy (h = CpT)

l viscous dissipation function

l index of "e" axis in transformed plane

J index of "TJ" axis in transformed plane

J Jacobian of transformation

k a constant

k thermal conductivity

k; rate constant for thermal initiation

kp rate constant for propagation

kt rate constant for termination

k'r,m rate constant for chain transfer to monomer

L duct length

L. entrance length

LI maximum value of ur' index

Ml maximum value of "J" index

m mass fraction

M monomer

M apparent. viscosity for a power-law fiuid

M mass fiow rate

• [M] monomer concentration
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• NOMENCLATURE (Continue)

lV/w.in,,'

l'vIw,i

MWS

MNS

instantaneous number average molecular weight

instantaneous weight average molecular weight

weight average molecular weight at axial position i at any strcamline

number average molecular weight at axial position i at any streamline Il

weight average molecular weight for a streamline at the reactant exit

number average molecular weight for a streamline at the reactant exit

limiting Nusselt number

local Nusselt number

Nusselt number

mean viscous pressure

( R P (
Plb.-nD;:)(ceelb'-l) pCeDIlb)Peclet number Pe = e' r = Il tD:-1 = t

dead polymers of chain length (n +m)

heat flux

wetted perimeter

nodal point

total pressUre (dynamic + hydrostatic), (refer to page 2-13)

dynamic-pressure (refer to page 2-13)

Prandtl number (Pr = CZ1;~:~')
h

pressure correction

static pressure at inlet

mean Nusselt number

MWA, Mw cup-averaged weight average molecular-weight

MNA, Mn cup-averaged number average molecular-weight

power-law index

unit normal vector

n

n

Nu

NUT

NU:,T

NUm,T

P

P

P

P

Pr

P'

Po

p

Pe

Pn+m• q
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•
Q

Q

Qrn

QR

RDPT

R

R II

Re

R., NR.

Ri

Rp

RI

R~, R·rn

RW

RWCL

S

SC

SP

Iii

Wei

Wo

WPA

• wp

Wi

NOMENCLATURE (Continue)

h('at f10w

dcfined by Eqn. (3.29)

mass f10w rate

hcat of reaction

- 1 2(Po - P)/('ipwo)

rcsidual of discretization equation

mass rate of consumption of reactant "A" due to chemical reaction
D" ~2-n

Reynolds number (Re = Ph: ), general,

for power-law f1uids and Newtonian f1uid at n=l.O

Reynolds number (R. = P(D;)Ü1), for Newtonian f1uids

rate of thermal initiation

rate of polymerization

rate of termination

radical chains of length n and m

axial velocity ratio (*)
centeriine velocity ratio (7)
source-term

constant part of linearized source term

coefficient of the dependent variable in the linearized source term

mean axial velocity

centerline velocity

inlet velocity

polymer average weight fraction

polymer weight fraction

inlet velocity
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• NOMENCLATURE (Contin1Le)

t

tl

T

T,"

v

v

[v]

u, v, w

û, fi, tÔ

û, V, W
u·, v·, w·

time coordinate

inlet temperature

temperature

wall temperature

bulk temperature

centeriine temperature

inlet temperature

volume

velocity vector

average velocity

velocity components in the Cartesian system

pseudovelocity components

pseudovelocity components

tentative velocity field

.'

monomer conversion

nodes neighbouring to P

nodes neighbouring to P

nodes neighbouring to P

duct length

dimensionless axial-distance, Z· = Oh'fl:(local) ' for Ncwtonian fluids

dimensionless axial distance, Z·· = (z/D,,)/P.

U·, V·, W'tentative contravariant velocity field

Cartesian coordinate system

dimensionless axial distance, defined in ref. 99

x, y, z

X

Xm

E,W,N,S

NE,NW,

SE,SW

z

Z·

Z··

•
N-S



•
a

fi

a, fi, "f

e, 7/, U

Jl.

P

Pa

TJo

r

Tij

6.H

6.ij

6.P

€

11

<p

q,

W

WA

Jl.o

Jl.l

Jl.2

<P• fh

Greek Letters

relaxation factor

defined pararneter

coordinate transformation coefficients

axes of curvilinear coordinate

consistency index (for power-law fiuids) and viscosity (for Newtonian fiuids)

density

arithmetic mean density for duct cross-section

viscosity

bounding surface

stress-tensor

heat of reaction

rate of deformation tensor

pressure-drop in the duct

roughness

kinematic viscosity

general dependent variable

dimensionless variable standing for geometric nonunifornùty effect

mass-fraction

mass-fraction of "A"

zeroth moment of polymer chain distribution

lat moment of polymer chain distribution

2nd moment of polymer chain distribution

a general dependent variable

dimensionless bulk temperature, Ob =(tb - tw)/(tl - tw)
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*

*

Superbscripts

refers to transformed quantities, except for vclocitics

a tentative value

transformed plane

Subscripts

•

m monomer

nb general neighbour grid point

P polymer

P central grid point under consideration

U upstream plane

D downstream plane

Special Symbols

L[ 1 finite-difference approximation of the quantity in brackets

liA, B, .. . lllargest of A, B, ...
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APPENDIX A

DERIVATION OF TRANSFORMATION RELATIONS
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• A. 1 BASIC RELATIONS

o 0

Q = x· +Y·
~ '1

A. 2 DERIVATION OF DERIVATIVE-TRANSFORMATIONS

(.·U)

(.·L2)

l.·LJ )

( .•1.-1)

ç - y~ (.4.5)% - J

Ye (.·I.G)T/% = -7
x~

(.U)çy=--
J

T/y = 1- (.4.8)

let

x = x(ç,T/) & y = y(ç, T/) (.4.9)

fJx fJx
&

fJy fJy
(A.lO)dx = fJç dç + fJT/ dT/ dy = fJç dç + fJT/ dT/

(1)

•

dx fJx dç fJx dT/-=--+--dx fJç dx fJT/ dx
&

&

dy fJy dç fJy dT/-=--+-dx fJç dx .7r, dx
(A.11)

(A.12)
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(I-a)

I~ x~1
Y~ - Y~ =Y~ (..1.. 13)ç, = 1 x~ ,- xeY~ - x~Ye Jxe

Ye Y~

(I-b)

1 xe ~I
'l, = 1Ye

-Ye -Ye (.-1..14)
x~ 1- xeY~ - x~Ye

=-
xe J

Ye Y~

(II)

dx ÔX dç ÔX dTJ
&

dy ôY dç ôy dTJ
(.·Ll5 )-=--+-- -=--+--dy ôç dy ÔTJ dy dy ôç dy ÔTJ dy

& (.-Ll6)

•

(II-a)

I~ x~1
Y~ - -x~ -x~

(.4.17)çy = 1 x~ 1- xeY~ - x~Ye
=-

xe J
Ye Y~

(II-b)

1xe ~IYe xe xe (.4.18)
TJy = 1 x~ 1- xeYq - xqYe

=-
xe J
Ye Y~
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• DfA. 3 DERIVATION OF RELATIONS
Dx

Df
ây

let f = f(x, y)

8f 8f
df= -dx+ -dy

âx 8y

as x = x(ç, 7)) and y = y(ç, 7)), then

f= f(ç,7))

8f = (8
f

) (8x) (8f) (8Y)8ç 8x 8ç + 8y 8ç

8f = (8f) (8x) + (8
f

) (8Y)
87) 8x 87) 8y 87)

&

(.-1..20)

(.-1.21)

(.-1..22)

or alternatively:

~~ = (~~) x~ + (~~) y~ & ~~ = (~~) x~ + (~~) y,/ (.-1.23)

•
A - 4

(A.24)

(A.25)



•
Summary

Of (U) Y~ - (U) Ye
&

8f (U) Xe - (U) x~
(.·L26)f)x = -=

J 8y J

f. = (feY~ - f~Ye) & fy = (f~xe - fex~) (.-1.2ï)
J J

f) (te) y~ - (:~) Ye
&

8 (~~) Xe - (:e) x~
(.-1.28 )-= 8y =Dx J J

or nI trcrnatively

& 8 x~ 8 Xe 8-=---+--8y J8E, J8ry
(.-1.29)

A. 4 TRANSFORMATION OF POISSON EQUATIONS

f = f(E"ry) E, =E,(x, y), ry =ry(x,y)

8f 81
dl = 8E, dE, + 8ry dry (A.3D)

•

(i) Evaluate the First Derivative

81 = ôl ôE, + ôl ôry &
8x ôE, ôx 8ry ôx

A - 5

ôl ôl ôE, ôl ôry-=--+--ôy ôE, ôy ôry ôy
(A.31)



•
or alternatively:

or alternatively

(.·1.33 )

(..1.3-1 )

•

Therefore:

a (a/) a (a/) a" a (a/) al)
àx a" = a" a" ax + al) a" ax
a (a/) a (a/) a" a (a/) al)ax aT} = a" al) ax + aT} aT} ax
a (a/) a (a/) a" a (a/) aT}
ay a" = a" a" ay + aT} a" ay
a (a/) a (a/) a" a (a/) aT}ay aT} = a" aT} ay + aT} aT} ay

A - 6

(..1.36 )

(.-\.37)

(A.38)

(A.39)

(A.40)



•

•

or altcrnatively:

(Je). = feeE,. + feqTJ.

(Jq). = feqE,. + fqqTJ.

(Jeh = feeE,y + feqTJy

(Jq h = feqE,y + fqq TJy

Now substitute in f .. & fyy:

f .. = feE,.. + feeE,; + feqE,.TJ. + fqTJu + feqE,.TJ. + fqqTJ;

fyy = feE,yy + feeE,; + feqE,yTJy + fqTJyy + feqE,yTJy + fqqTJ;

or

f .. = feE,.. + feeE,; +2feqE,.TJ. + fqTJ .. + fqqTJ;

fyy = feE,yy + feeE,; + 2feqE,yTJy + fqTJyy + fqqTJ;

let f = x in f••:

E,uxe + E,;xee +2E,.TJ.xeq + TJuXq + TJ;X qq =0

and f = y in fu:

E,uYe +E,;Yee + 2E,.TJ.Yeq + TJuYq + TJ;Yqq = 0

A - 7

(.-1..41 )

(.-1..42)

(.-1..43 )

(.-1..44)

(.-1..45)

(A.46)

(A.4ï)

(.'1..48)

(A.49)

(.4.50)



•

•

or alternati\'ely:

let

and

Then

& _ -EMçz) +F I (-Jç~)
~n - J

-Fj(JT/y) +EI(-JT/z)
T/n = J

A - 8

(..t.5l)

(.·Ui2)

(..t.53 )

(.·1.54)

(..t.55)

(.-l.56)

(A.57)

(A.58)

(A.59)

(A.60)



•

•

let f = x in fyy:

and f =y in fyy:

or alternatively:

or

in which

çrz = -(Elçz +Flçy)

T/rz = -(EIT/z + FIT/Y)

çyyX{ + 77 yy Xq = -(ç~X{{ +2çy77yX{q + 77~Xqq)

çyyy{ +77yyYq =-(ç~y{{ +2çy77yY{q +77;yqq)

çyyX{ + 77 yy Xq = -E2

çyyy{ +77yyYq = -F2

E2 =Ç~X{{ +2çy77yX{q +77;Xqq

F2 = ç;y{{ +2çy77yY{q +77;yqq

A - 9

(.·L61)

(.4..62 )

(.4..63)

(.4..64)

(.4.65)

(.'1..66)

(.4.67)

(.4.68)

(A.69)

(A.7D)



•
I-E2 Xql
-F2 Yq -E2y,/ + F2 x"

çyy = (.·1,il)

1x~ Xql x~Yq - X"Y~

Y~ Yq

1x~ - E2
1

Y~ -F2 -F2X~ + E2Y~
'1yy = (A.. i2)

1x~ xql x~Yq - XqY~

Y~ Yq

ç _ -E2(Jçz) + F2(-Jçy)
(A.. ï3)yy -

J
-F2(J'1y) + E2(-J'1z)

( •.\..j-l)'1yy = J

or

çyy = -(E2çz + F2çy) (.4.ï5)

'1yy = -(E2'1z + F2'1y) (.4.ï6)

Using

Çu =-(Elçz + Flçy) (A.ï7)

T/u =-(EIT/z + FIT/y) (A.7S)

and

çyy =-(E2Çz + F2çy) (A.79)

'1yy =-(E2T/z + F2T/y) (A.SO)

•
Sunstitute into Poisson equations:

Çu +çyy = P(ç,T/)

'1u +T/yy = Q(ç, T/)

A - 10

(A.Sl)

(A.S2)



•

•

let

thcn

-(E1çz + Fiçy) - (E2 çz + F2çy) = P

-(EiT/z + FIT/y) - (E2 T/z + F2 7]y) = Q

-(El + E2)çz - (FI + F2 )çy =P

-(El + E2 )7]z - (FI + F2 )7]y =Q

Eçz + Fçy =-p

ET/z + FT/y = -Q

-E(~)+FC:;)=P

E(~) -F(;) =Q

A - 11

(_-LS3)

(.-LS")

(.-LS5 )

(.-LS6 )

(A..Si)

(A..SS)

(A.•S9)

(..1..90)

(.HI)

(A.92)

(A.93)

(A.94)

(A.95)

(A.96)



•

'New let

and

E = -J(Pxe +QxQ)
J

F _ -J(QYQ + PYe)
- J

(.·L9i)

(.·L9S)

(..l.99)

(.-t.100)

(.-t.101 )

(..1.102)

(..1.103)

(.'1.,104)

(..1.105)

•
frem Eqn. (A.103)

xee (~r + 2xeq (~) (-~) +xqq (-~r +xee (-x;r +

2xeq (- j) cn +Xqq Cir = -(Pxe +QXq) (..1.106)

A - 12



•
(x~ + y~) + (x~ + yV ? (X(X~ + y(y~)

x(( J2 X~~ J2 - _X(~ J2

=-(PX( +QX~) (..l.lOi)

Ct 'Y 2(3x(~
J2 X(( + J2 X~~-p- = -(PX( + QX~) (.4.10S)

or

from Eqn. (:\.105)

(..1.109)

•

y(( [ (~r+ ( -;~r] + y~~ [ ( -J(r+ (;r] +

2y(~ [(~) ( - ~) + (- X;) (1)] = - (Py( +Qy~)

(y~ + x~) + (Ye + xV ? (X(X~ + Y(Y~)
Y(~ J2 Y~~ J2 - -Y(~ J2

= -(PY~ +Qy~)

CtYu + 'YY~~ _ 2(3y(~ _ _ (P +Q )
J2 J2 J2 - Y~ Y~

Summary

Ctx~( +'YX~~ - 2(3x~~ =-J2(px~ +QXq)

CtY~~ +'YYq~ - 2(3y~~ = - J2 (Py~ +QYq)

or

CtX(( + 'Yx~~ - 2(3x~q + J2(px~ + Qxq) =0

CtY(~ + 'YYqq - 2(3Y~q + J2(Py( + QYq) = 0

A - 13

(..l.l1l)

(.'1.•112)

(.4.113)

(.'1.•114)

(A.115)

(A.116)

(A.117)



• Note: An a\ternate method of derivation of the above equatiolls is to appl)' the concepts

of differemia\-geometry61,

A. 5 DERIVATION OF DISCRETIZATION-EQUATION FOR
GRID-GENERATION EQUATIONS

A. 5. 1 Second-arder Centrai-Differentiai
Approximation of Derivatives

(.4.122)

(.4.121)

(.-1..120)

(.·L119)

(,·l.l1S)
( X'+1 . - X'-1 ')Id lt)

x~ = 2h

(X ' '+1 - X' , 1)I,) 1,]-

X q = 2h

( X' l '_?X' '+X'+I ')1- Il - I,) 1 ,)

X~~ = h2

( X" 1 - ?X, '+ X' '+1)I,J- .. 1,1 l,)
X qq = h2

(Xi+I,i+1 - Xi-l,HI + Xi-I,i-l - Xi+l,i-d
X~q = 4h2

A. 5. 2 Discretization of Grid-Generation Equations

Consider the transformed Lap\ase Equation:

(.4.123)

Using the above re\ationships for the approximation of derivatives:

Q' '(x' l ' - ?X' ,+ X'+I ') + 'Y' '(x- '-1 - 2x" + X· '+1)-',1 1- ,J .. 1,1 • ,J I,J Il} l,) l,]

2Pi,i(Xi+I,i+l - Xi-l,HI + Xi-I,i-I - Xi+I,i-d/4 = 0 (A.124)

in which

h=~e=~T/=l (.4.. 125)

•
and

(A.126)

(A.127)

A - 14



•
2 2

"{i,j = (Xe + Ye )i,j

Ji,j = (XeYq - XqYe)i,j

(.4,128)

(.-1.129)

takiIlff
"

Tl = CIIi,j (A..130)
2( Cll i,j +'Yi,j)

T2 = ( 'Yi,j ) (.4.131)
2 CIIi,j + 'Yi,j

T3 = Pi,j ( •
()

.'1.132)
4 CIIi,j + 'Yi,j

Xi,j - (Xi-l,i + Xi+I,j)T1 - (Xi,j-l + xi,i+dT2+
(Xi+l,i+l - Xi-l,i+l + Xi-l,j-l - Xi+I,i-I)T3 = 0 (A..133)

or alternatively

x(I, J) = [x(Il, J) + x(I2, J)]T1 + [xli, JI) + x(I, J2)]T2-
[x(I2, J2) - x(Il, J2) +x(Il, JI) - x(I2, J1)jT3 (.4.134)

in which Il = l - l, 12 = 1+ l, JI = J - 1 and J2 = J + 1. Introducing the
relaxation·factor "w" one can write:

X(I, J) = w{[x(Il,j) +x(I2, J)]T1 + [x(I, JI) + x(I, J2)JT2
[x(I2, J2) - x(Il, J2) + x(Il, JI) - x(I2, Jl)]T3}-

(w - l)x(I, J) (A.. 135)

or alternatively

x(I, J) =, (1- w)x(I, J) +w{[x(Il, J) +x(I2, J)]Tl+

[x(I, JI) +x(I, J2)]T2 - [x(I2, J2) - x(Il, J2)+
x(Il, JI) - x(I2, Jl)]T3} (A.136)

•
Similarly

y(I, J) = (1 - w)y(I, JI +w{(y(Il, J) + y(I2, J)]Tl+
[y(I, JI) +y(I, J2)]T2 - [y(I2, J2) - y(Il, J2)+

y(Il, JI) - y(I2, Jl)]T3}

A - 15

(A,137)



•
Optimum Relaxation Factors

in which Pi; is expressed51 as

+ (underrelaxation)

- (overrelaxation) 1$w<2

•

1 [ J~.p~. ( 7r )
Pi; = --=-- la~}. - ~41 1cos [MAX _ 1 +a·' +'V••1) "]

1 2 Jt% 1 ( 7r )]'Yi; - 4 cos JMAX-1

Note: Overrelaxation is often used in conjunction with the Gauss-Seidel method69 , the

resu1ting scheme being known as Successive Overrelaxation (SOR) method.

Linearly-Interpolated Initial Guess for the Iterative Solution of
the Equations51

The values of "i' and "1f' at each point in the field are set equal to the average

of the four boundary-points having either the same eindex or the same TI index, the

average being weighted by the distance to the boundary in the transformed plane.

Thus:

. (JMAX-i) (j-1)2:1:i;= JMAX-1 :l:i,l+ JMAX-1 :l:i,JMAX+

(
IMAX-i) (i-1)
IMAX -1 :1:1,; + IMAX -1 :l:1MAX,j

for

i = 2,3, , l MAX - 1 and

j = 2,3, ...... , JMAX - 1

An analogous equation is used for y.

A - 16
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•

APPENDIX B

DERIVATION OF TRANSFORMED GOVERNING EQUATIONS

B • 1



•

•

B.I The Overall Continuity Equation

a a a- (pu)+- (pv\+- (pw)-Oax ay az

a a a-a- ~ (pul-", (pv)]+-lx( (pv)-Jo( (pu)]+J.- (pw)-O, ~ aa

a a a- [p ~u-",v)]+- [p ~v- Jo(u)]+- (pW )-0
a~ a~ aa

but

Jw-W

therefore

a a a
- (p U)+- (p V)+- (pW)- 0
a~ ~ aa

B - 2

(B.\ )

(B.2)

(B.3)

(BA)

(B.5)

(B.6)

(B.7)



•

•

8.2 The Momentum Equation

8.2.1 x-comDl>nent

a . a a ap (a't xx a't Y"J'-(pu·)+-(pvu)+-(pwu)---- -+-ax ay az ax ax ay
Io::t

(;) _ .v,. (p u2 l( - J'l (PJ\ + Xi (p vu l~ -;ç, (p vu )(
J J

1 a 2 1 a
(J) - - a' [.v,. (p u )-;ç, (p vu)] +-- ~ (p vu)-J'l (p if l]

J .. Jc3T)

1 a 1 a(;) -- a' [(p u)(..v,. u-;ç, vl]+-- [(p u) 'Xiv- J'l u)]
J .. Jc3T)

but

therefore

1 a 1 a(;)--- [puU]+-- [PuV]
Ja~ Jc3T)

B - 3

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(B.13)

(B.14)

(B.15)



•

•

1 a 1 a a
LH5--- (puU)+-- (puV)+- (puw)

Ja~ Jal'l ocr

ap (at xx at YX)
RH5 - - ax- ax + ay)

1 1 ~ ~

RH5- -"J~P!-~p~ ]-"J[Y" (t ,Jc~ (t .<.J~l

1 ~ ~

-J~ (t y)~ -~ (t y)e l

la ,. " la .... ...
RH5 - --- [y, (t \ - x (t \]--- fv. (t ) - y, (t ,J]

Ja~ ~ xX -11 yx Jàtl ~~ y ,

1-- [y,n.-y,~]J ~~~ ,~

Therefore, x-component:

la la a la ~ ...
Ja~ (pUU)+Jd!t (puV)+ ao (PUW)·-Ja~ [Y,,(t,J-~(ty)l

1 a ~ ~ 1
--- fv. (t ) - YI te \]-- [y, n. - y,~ ]Jàtl ~ y ,xX J 11~~ '11

or

B - 4

(8.10)

(B.17)

(B.tH)

(B.19)

(B.20)

(B.21 )

(B.22)



•

•

2.2.2 v·component

a a· a ap (a. xy a. )-{puvl ... -(pv') ... -(pwv)---- _ ... ---l2' - (p-p )gax ay az ay ax ay a

1 a 1 a
(J) - - - !Y. (puvl- x (p Il ») ...-- r", (pll) - y, (puvl]

J a~ q -'1 J c3T) ~~ (

but

yqU-~V-U

-"( v- .l'tu- v

1 a 1 a
(J)--- [pvU)"'-- [pvV1

Ja~ Jm,

1 a 1 a a
LHS--- (pW)"'-- (pvV)"'-(pwv)Jaç Jo.l al1

ap (a. a.)RHS- -- - -!!:t... ---..a - (p - p )gay ax ay a

B - 5

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)



•

•

therefore y-component:

B - 6

(B.30)

(B.31 )

(B.32)

(B.33)

(B.34)



•

•

2.3 z-comoonent

a a a 0 ~ (a. x • a. yz)-(puw) ... - (pvw)+- (pw-)---- --+-ax ay az dz ax ay

a a(i)-- (puw)+- (pvw)ax ay

laI a
(i) - -- [y; (p uw) - x (p vw)) +-- rV. (p 1/W) - YI (p uw)J

J~ ~ -~ J~~ (

laI a
(i)--- [(pw) (y, u-~v}]+-- [(pw) ~v-J'tU))

Ja~ ~ J~

but

y~u-~v-U

~v-.!'lu- v

therefore

laI a
(i)--- [(pw)u]+-- [(pw) V]

Ja~ J~

B - 7

(8.35)

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)

(B.41)



•

•

1 èI 1 èI )0l---(pwU)+-- (pwV
JèI~ JèIll

èI 1 èI èI 2)LH5- 1-(pWU)+-- (pWV)+-;- (pW
J èI~ J élTl "a

$ (èI';cz èI, yz)RH5---- -+-
. cb èlx èly

B - B

(B.42)

(B.43 )

(B.44)

(B.45)

(B.46)

(B.47)



•

•

Therefore z-component:

la la a 2-- (pwU)+-- (pwV)+- (pw )-
Ja~ JaT] aa
la .... l'

- -- [y, (or j - x lor \]
Ja~ ~ x. -"'1 yz'

la ~ .... 4i
--- r"" (or \ - YI (or 1]--
J~ ~'t; yI! , xz' da

or

a a a
- (pWU )+- (pWV)+- (pwW)-
a~ ~ aaa ,., ,.,

- - [y, (or \ - X (or \ ]
a~ ~ x:z' -"'1 yz'

a ,., ~ 4i
- ~ ~ (or y) - Jl (or x)]-J.da

B - 9

(B,48)

(B.49)



•

•

8.3 The Energy Equation

a a a
- (pCpTU)+- (pC Tv)+- (pC Tw)-ax ay p az p

a~ aT) a~ aT)- k- +- k- +MI+ (-/iH)Ra ax a ay A

1 a
LHS--- [pc T(y, u-x v)]

Ja~ p ~ -"'1

1 a+-- [pc T/"'v-y,u»)Je7rj p ~~ ,

a
+- (pC Tw)ao P

B - 10

(B.50)

(B.51)

(B.52)

(B.53)



•

•

but

Y~U- Xi. v- U

xtV- J1iU- v

1 a 1 a a
LHS--- (pC TU) +-- (pC TV) +- (pC Tw)

Ja~ p Jal1 P aa P

B • 11

(B.54)

(B.55)

(B.56a)

(8.56b)

(B.57)

(8.58)

(8.59)



•

•

but

lô(œ A )lÔ(Y ~ ) •.•RHS--- -la'~_L.kT. +-- -.kT. --la'~ +M I+ (-AH)R AJôe J J ~ JÔTI J ~ J

B - 12

(8.60)

(8.61 )

(8.62)

(8.63)

(8.64)

(8.65)



•

•

Tht:refore the ener!,'Y equation:

1 a 1 a a
-- (pC TU)+-- (pC TV)+- (pC Tw)-
Jal; P Jc3T] P ao P

la(a P )la(y P \-- -kT,--kT. +-- -kT. --kT.)
Jal; J ' J q Ja'1 J q J '.

" . "~M I+ (-tl. H )R A

B - 13

(B.66)

(B.67)



• B.4 The Reactant Continuity Equation

(B.68)

(B.69)

(B.70)

•

but

therefore

B - 14

(B.72)

(B.73)

(8.74)



•

•
B - 15

(B.75)

(B.76)

(B.77)

(B.78)

(B.79)

(B.80)



•

hut

2 2
y~+~-œ

~y"+~~-p

~+J1-Y

1a[PD II PDIl ] 1 a [PD II PDIl ]"RHS--- --cxc.>.---IJc.> +-- --yc.> ---IJc.>. -R
Ja~ J ' J ~ JÔ!l J ~ J ' Il

Therefore, the reactant continuity equation:

(B.SI)

(B.S2)

(B.83)

(B.84)

la la a lÔ[PD" pD" ]-- (pc.> U)+-- (pc.> V)+- (pc.> w)--- --czc.>(---IJc.>
Ja~ Il JÔll Il aa Il Jô~ J J ~ (8.85)

1 ô [PD II pDIl ] ~+-- --yc.> ---IJc.>( -R
JÔll J ~ J Il

•
(8.86)

B - 16
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•

B5. The Transforme<! Form of the Components of Stress.Tensor

[ ( ".1] ~ ],,_. au av - au av ...
t -t -L-II-+-)r a -- (-+-) M

KY YI< êy êx êy êx

[ ( ".1] ],.,,, au àw - êu êw ,.,
t -t -·-L II-+-)r a --Lrl(_+_) M

.u ut êz êx ~ êz êx

B - 17

(B.87)

(B.88)

(B.89)

(B.90)

(B.91)

(8.92)

(8.93)



•

•

( n-1) )]" awàv- àwàv""
t -t --LII(-+-)I~ __ r](_+_ M
Y"Y êly èJz 1 èJy ôz

"" [1 àV]"t -t -- -1",10' -xw.)+- M
Y' 'Y J ""f, ~ -.", ôo

B.6 The Tmnsformed Form of 1 and M

Î- 2[(~ ~J( ~)2+ (Jlt v.: _ 1Ç, ~)2 +(aw)~l+(~ 'i _Yi v.: ... Jlt ~ _1Ç, ~)2
J J J~ J aa J J~ J J

( )
2 ( )2Jlt av au y. Yi+ -1'1 _31.10'.+- + -+~w.--w

J~J'ao ÔOJ'J~

B - 18

(8.94)

(8.95)

(8.%)

(8.97)

(8.98)



•

•

APPENDIX C

DERIVATION OF DISCRETIZATION EQUATIONS

C - 1



• •

Typicai derivation for". (refer to Fig. C.I)

i
D1'" JE a iD JE 1'" aa (puU)dçdTJdu + -a (pu V)dTJdçdu+

u .. pç uP"TJ

1,,· JE iD a iD 1'" JE a au. a(puW)dudçdTJ = ac(C~ ac )dÇd1Idu+
"e P U (j U .:Il!: P ~ ""

rD 1'" r
E

a au rD ln. r
E

a au
lu " lp aç(C; aTJ)dçdTJdu+ lu " Jp aç(C; aç)dçdl1c/u+

i
D ln. JE a au iD JE ln. a au

-a(C:a)dçdTJdu+ -a(C;a)dTJdçc/u+
u •• pç TJ UP •• TJ TJ

i
D JE ln. â au iD JE ln. a âu

a(C; ac)dTJdçdu+ -a(C;a)d1Idçc/u+
UP •• TJ., UP •• TJ TJ

i
D JE ln. a au iD ln. jE-a(C: a

t
)dTJdçdU - pUdçdTJdu

UP •• TJ., V •• P
(C.I)

•

(pUU)E!:lTJ!:lu - (puU)p!:lTJ!:lu + (puV)n.!:lç!:lu - (puV)•• !:lç!:lu+

(puW) •.D!:lÇ!:lTJ - (puW).,V !:lç!:lTJ = ( C~ :~ ) E !:lTJ!:lu - ( C~ ~~) p !:lll!:la +

( q :~) E !:lTJ!:lu - ( Ci :~) p !:lTJ!:lu + (q :~) E!:lTJ!:lu - ( C; :~) p !:lTJ!:la+

( C: :u) !:lTJ!:lu _ (C: ~v) !:lTJ!:lu + (Cs ~u) !:lç!:lu _ (Cs ~u) 6ç6u+
TJ E TJ p TJ n. TJ ••

(C; ~~) n. !:lç!:lu - (CG ~~) •• !:lç!:lu + (q ~~) n. !:lç!:lu - ( C; ~~) •• 6ç6u+

(C::~)n. 6ç!:lu - (C::~) •• !:lç!:lu - P:!:lV (C.2)

LBS = (pU)E!:lTJ!:luuE - (pU)p!:lTJ!:luup +(pV)n.!:lç!:luu".-

(pV)•• !:lç!:lUU,. +(pW).,D!:lÇ!:lTJU. - (pW).,v!:lç!:lTJU.,U (C.3)
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•
LH5 = lI(pU)E,oll.67).6o-u. -11- (pUlE,oll.67).6o-u .. 

{1I(pU)p,oll.67).6o-u w - 11- (pU)p,oll.67/.6o-u.) +

lI(pV)n.,oll.6~.6o-u. -11- (pV)n.,oll.6~.6o-u3

{1I(pV)•• ,oll.6~.6o-u5 - 11- (pV)•• ,oll.6~.6o-u.) +

(pW)"D.6~.67)U, - (pW)"u.6~.67)U.,U

LH5 = lI(pUlE,oll.67).6o-u, -11- (pUlE,oll.67).6o-u,,

lI(pU)p,oll.67).6o-u w +11- (pU)p,oll.67).6C'u,+

lI(pV)n"oll.6~.6o-u, -11- (pV)n.,oll.6~.6o-u3

lI(pV)•• ,oll.6~.6o-u5 + 11-- (pV)••,oll.6~.6o-ue+

write the continuity equation:

Ô Ô Ô
ô~(pU) + Ô7)(pV) + ôo-(pW) =0

iD L'lE :~(PU)d~d7)do-+ iD lE L' :7) (pV)d7)d~do-+

l n. fE fD ÔÔ (pW)do-d~d7) = 0
., Jp Ju 0-

(pU)E.67].6o- - (pU)p.67].6o- +(pV)n•.6~.6o--

(pV)•• .6~.6o- + (pW).,D.6{.67] - (pW).,u.6~.67] = 0

multiply by -u.

(CA)

(C.S)

(C.O)

(C.7)

(C.S)

•

-(pU)E.67].6o-U. + (pU)p.67).6o-u. - (pV)n•.6~.6o-u.+

(pV)•• .6~.6o-u. - (pW).,D.6~.67]U. +(pW).,u.6~.67]U. =0 (C.9)
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•

•

add Eqn. (C.5) ta Eqn. (C.9)

LHS = lI(pU)e.ollo6.l)o6.<7U, -11- (pU)E,ollo6.l)o6.<7U,,

II(pU)p,ollo6.l)o6.<7U w +11- (pU)p,ollo6.l)o6.<7u,+

lI(pV)n"ollo6.ço6.<7U, -11- (pV)n"ollo6.ço6.<7Ua

II(pV)..,ollo6.ço6.<7U5 + 11- (pV)..,ollo6.ço6.<7U,+

(pW)"no6.ço6.I)U, - (pW)"u o6.ço6.I)U.,U

(pU)Eo6.l)o6.<7U. + (pU)po6.l)o6.<7U, - (pV)n,06.ço6.<7U,+

(pV).,o6.ço6.<7U, - (pW)"Do6.Ço6.I)U, + (pW)"uo6.ço6.I)U, (C.10)

LHS =11- (pU)E,ollo6.l)o6.<7U, -11- (pU)E,ollo6.l)o6.<7U,,

Il (pU) P,o Il o6.l)o6.<7Uw +Il (pU) P,o Il 06.1) o6.<7U. +

11- (pV)n"ollo6.ço6.<7u, -11- (pV)n"ollo6.ço6.<7Ua-

lI(pV)•• ,o Il o6.Ço6.<7U5 + Il (pV)."ollo6.ço6.<7U,+

(pW)"uo6.ço6.l)u. - (pW)"uo6.ço6.l)u.,u (C.ll)
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•
{II - (pU)E,olll/::'1]/::,q + lI(pU)p,oll/::'1]/::,q + 11- (pV)n.,oll/::,ç/::,q + II(pV)•• ,oll/::'ç/::,q+

.,. A CiE/::,1]/::,q Cjp/::,1]/::,q C~n./::'ç/::,q C~•• /::,ç/::,q} _
(pH ).,u/::,çL>l/ + /::'ç + /::'ç + /::'1] + /::'1] u. -

. CuE/::'1]/::,q Cup/::'1] /::,q
{1l-lPUJe.oll/::'1]/::,q + 1 /::'ç }U•• + {1I(pU)p,oll/::,1]/::,q + 1 /::'ç }U w+

{II- (pV)n.,oll/::'ç/::,q + C~n-:1]ç/::,q }U3 + {1I(pV)••,oll/::'ç/::,q + q"~1]ç/::,q }US+

(pW).,U/::'ç/::'1]U.,U + [C;E/::'U + C;n./::,q]UI + [-C;E/::,q - C;•• /::,q]U2+

[-C;p/::,q - C;n/~q]Un + [C;p/::,q + C;•• /::,q]U. + [c;E~;/::'U] V•• +

[
CjE/::'1] /::,q c;p/::,1] /::,q Cfn. /::'ç /::'0 Cf•• /::'ç /::,q] [c;p/::'TJ /::,q]

/::'ç - /::'ç - /::'1] - /::'TJ v. + /::'ç V w+
[C.ïE/::,q + csn./::,q]Vl + [-C.ïE/::,q - c:.. /::,q]V2 + [-C.ïp/::,q - C:n./::,q]vn+

[C.ïp/::,q + c:../::,q]v. + [Cfn-:1]ç/::,U] Va + [Cf••:/::,q] Vs - L.[P.U]/::'V (C.15)

•

·U [8P 8P]L[P.] = L 8ç Yq - 81] YE •

L[P.
U
]=L [ ( ~:) • Yq. - ( ~:) • YEe]

L[PU] = (PE- Pp) _(Pne - P.e )
e /::'ç Yqe /::'1] YEe

L[PU] = [PE - Pp] _ [PN +PNE - Ps - PSE]
• /::'ç Yqe 4/::'1] YEe

c - 6
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APPENDIX D

MODELLING OF COEFFICIENTS OF DISCRETIZATION

EQUATIONS IN I-J COORDINATES

D-1



• D. 1 COEFFICIENTS FOR THE "["l" :'vIOMENTUM EQUATION

(Refer to Figs. D.1 and D.2)

"AE" and "AW" Inter-Relationship

..I.E::' = 11- (pU)p, 011 61]6er + C,"r~r'" }
A.lV; = II(pUhv,01l61]6er + c'"w:t'"

In terms of 1 & J

.4E(I, J) = 11- (pU)(I, J),01l61]6er + CUI(/i~6116" }

.4.W(I, J) = II(pU)(I - l, J), 011 61]6er + CUl(/-~:)6~6"

from Eqn. (D.2) changing l, J --+ l + l, J

.4.W(I + 1, J) = II(pU)(I, J), 01167J6er + CUl(I~161]6er

Subtract (pU)(I, J) from Eqn. (D.3)

.4.W(I + 1, J) - (pU)(I, J) = lI(pU)(I, J), 01l61)6er-

( U)(I J) CUl(I, J)61)6er
p ,+ 6ç

or

AW(I + 1, J) - (pU)(I, J) = 11- (pU)(I, J), 01161)6er+
CUl(I, J)61)6er

6ç

(D.l)

(D.2)

(D.3)

(DA)

(D.5)

The terms on the right hand side of Eqn. (D.5) is equal to AE(I, J) according to

Eqn. (D.2). Therefore

or alternatively

AW(I +1, J) - (pU)(I, J) = AE(I, J) (D.6)

AE(I, J) = AW(I + 1, J) - FLOW (D.7)

AW(I +1, J) =AMAX1(0.,FLOW)61)6er +DIFF (D.S)

•
in which

FLOW = (pU)(I, J)

DIFF= CUl(I,J)61)6er
6ç

D-2
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• from Figure 0.3:

FLOW = RHOI . UCl(I. J) + RH02 . UCl(I + 1. J)
2

in which

RHOI =O.5(RHO(I, J) +RHO(I - 1, J)) }
RH02 =O.5(RHO(I, J) +RHO(I + 1, J))

DIFF = CUl(I, J)!::"TJ!::"u
!::"ç

".4.N" and ".4.5" Inter-Relationship

(0.11 )

(D.12)

(D.13)

.4.N::' =11- (pV)"W' 0ll!::,.ç!::,.u
AS::' = II(pV).w,OIl!::,.ç!::,.u

(D.14)

In terms of 1 & J

.4.N(I,J) = 11- (pV)A, 0ll!::,.ç!::,.u
.4.S(I,J) = lI(pV)B,OIl!::,.ç!::"u

(D.15)

from Eqn. (0.15) changing l, J ---> l, J +1

.45(1, J +1) = lI(pV)A,OIl!::"ç!::"u + CU5~~ç!::,.u

Using B ---> A due to the transformation l, J ---> l, J + 1:

Proo/:

(D.16)

designate "B":

[

1 -l,J
"B" -t-

1 -1, J-l
B

I,J ]

I,J -1

•

change "B":

[

1 -1 J
I,J ---> I,J +1 ==> '

1-l,J-l

---> [1 -l,J +1

l -l,J

the latter shows the location of "A" in the middle, that is

0-3

B l'J]
I,J -1

I,J +1]
I,J



• [
I-1..1.+1 A I..1+I]

l - 1..1 LI
Subtract (pV)A from Eqn. (D.16)

.-l.S(I. .1 + 1) - (pV).-l. = lI(pv·).-l..OIl.6~.6O' - (pV).-l. + CU5~.6~.60' (D.li)
'1

or

CU5-l..6 C.60'
AS(I,.! + 1) - (pV).-l. = 11- (pV)A, 011.6(.60' + 6 ~ (D.IS)

'1

The terms on the right hand side of Eqn. (D.IS) is equal to .-l.N(I, J) according ta

Eqn. (D.15). Therefore

or alternatively

AS(I, J +1) - (pV)A = AN(I, J) (D.19)

in which

AN(I, J) = AS(I, J + 1) - FLOW (D.2o)

.4.S(I, J +1) = AMAXI(o., FLOW).6(.6O' +DIFF (D.21)

FLOW = (pV)A (D.22)

DIFF = GU5A.6(.60' (D.23)
.61/

from Figure D.4:

FLOW = RHOI· VG2(I -l, J + 1) + RH02· VG2(I, J + 1) * (D.24)
2

in which

[GU5(I, J) +GU5(I, J + 1) + GU5(I - 1, J +1) + GU5(I - 1, J)J.6(.6O'
DIFF = 4.61/

(D.26)•
RH01 = O.5(RHO(I -1, J) + RHO(I - 1, J +1))}
RH02 = 0.5(RHO(I, J) + RHO(I, J + 1))

(D.25)
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• • Proo/:

}yI
p:-v

V:!:
t

FLOW=p'V: C~)(f)=(~;)(f)=;;t (massflux)

(
;vI) 2 J.I

FLOW A.RE.-!: Ut (L) =-t (mass flow rate)

To evaluate "FLOW" at point "A":

from Figure D.5:

(FLOW)A(6ç)(6<7) = RH01 . VC2(I -1, J + 1)· (~ç) (6<7)+

RH02 . VC2(I, J + 1)· ( ~ç) (6<7)

(FLOW)A = RH01· VC2(I -l, J + 1~ + RH02· VC2(I, J + 1)

NOTE 1

Consider the fol1owing relationships:

AE(I, J) = AW(I +1, J) - FLOW

AW(I + l, J) = AMAX1(O., F LOW)6776<7 +DIFF

(D.27)

(D.28)

•

(i) as "AW' is calculated for the c.v.'s designated by (I+l, J), therefore in the process

of changing Ifrom 3 to L2, "AW" would not be calculated for the c.v.'s designated

by (3, J), that is, the far-west c.v.'s. AW(3, J) is ta he calculated in a separate

process.

(ii) as "AE" is ohtained from AW(I+1, J), therefore to calculate "AE" for the far-east

c.v.'s, AE(L2, J), it is necessary to calculate AW(L1, J) which needs a separate

treatment.
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• NOTE 2

Consider the fol1owing relationships:

.·LV(I, J) = A.5(I. J + 1) - FLOIV

A.5(I. J + 1) = .·L1,1.-lX1(D.. FLOIV)t.~t.a +DIFF

(i) as "AS" is calculated for the c.v.'s designated by (I, J +1), thercfore in the proeess

of changing J from 2 to 1\1[2, ".'1.5" would not be calculated for the c.v. 's desigllllted

by (1,2), that is, the far·south c.v.'s. A5(I,2) is to be calclliated in Il sepllrntc

process.

(H) as "AN" is obtained from A5(1, J + 1), therefore to calclliate ".-lN" for the far

north c.v.'s, AN(I,I1,12), it is necessary to calculate .45(I, An) which needs n

separate treatment.

Ta Obtain .4W(3, J)

Using

•

AW(1 + 1, J) = AMAX1(D.,FLOW)t.17L:.a +DIFF

let l = 2

AW(3, J) = AMAX1(D., F LOW)t.17t.a +DIF F

in which

FLOW = (pU)(I, J) = (pU)(2, J)

DIF F = CU1(I, J)t.17t.a = CU1(2, J)t.17t.a
t.f, L:.f,

from Figure D.6:

FLOW = RHO(l, J). UC1(2, J) + RHOl· UCl(3, J)
2

in which

D-6
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• RHOl=
RHO(2,J) + RHO(3,J)

(D.34)
2

DIFF=
CUlt:!, J)6.I76.u

(D.35)
6.(

Ta Obtain AE(L2, J)

Using

.-lE(I, J) =AW(I + l, J) - FLOW (D.36)

.-lW(I + l, J) = A}vIAXl(O.,FLOW)6.I76.u +DIFF (D.3i)

let 1= L2

.4E(I,L2) = .4W(Ll, J) - FLOW (D.38)

AW(Ll, J) =AM.4Xl(O.,FLOW)6.716.u + DIFF (D.39)

in which

FLOW = (pU)(I, J) = (pU)(L2, J) (DAO)

DIFF = CUl(I, J)6.716.u = CUl(L2, J)/':'I76.u (DAI)
6.E, 6.E,

from Figure D.7:

FLOW = RHO(Ll, J). UCl(Ll, J) + RHOI . UCl(L2, J)
(DA2)

2

in which

RHOl=
RHO(L2, J) + RHO(L3, J)

(DA2)
2

DIFF=
CUl(L2, J)6.716.u

(DA3)
6.E,

Ta Obtain AS(I,2)

Using

.4S(I, J + 1) = o4Mo4Xl(O.,FLOW)6.E,6.u +DIFF (DA5)

let J = 1• 045(1,2) = o4Mo4Xl(O.,FLOW)6.E,6.u +DIFF (D.46)
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• in which

FLOIV = (pF)..l

DIF F = cn..J..6.ç .6.".
.6.71

(D.·lïl

( DAS)

from Figure D.S:

FLOIV = RHO(I.l)· FC2(I. 2) + R:'O(l- 1. 1) . FC2(l- 1. 2) (DAO)

in which

DIFF = [CU5(I, 1) +CU5(I - 1, l)].6.ç.6.".
.6.71

To Obtain ..J.N(I, J.I2)

Using

A.N(I, J) = AS(I, J +1) - FLOW

..J.S(I, J +1) = AJ\-I.4Xl(O., FLOW).6.ç.6.". + DIFF

let J = An

..lN(I, Jv!2) = AS(1, JvIl) - FLOW

.4.S(1, Ml) = AMAXl(O., FLOW).6.ç.6.". +D1FF

in which

FLOW = (pV)A

DIFF = CUSA.6.ç.6.".
.6.71

from Figure 0.9:

(D.50)

(D.5l)

(D.52)

(D.53)

(D.54)

(D.55)

(D.56)

FLOW = RHO(1, Ml)· VC2(I, Ml) +RHO(I - 1, Ml)· VC2(I - 1, Ml) (0.57)
2

D1FF = (CU5(I -l,Ml) :~U5(I,Ml)].6.Ç.6.'" (D.58)

•
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O. 2 COEFFICIENTS FOR THE "[,'2" MOMENTUM EQUATION

• . (Rcfer to Figs. 0.10 and D.ll)

"AW" and "AE" Inter-Relationship

In tcrms of l & J

'E" =..... .
..J.W: =

Il ( ") 011 A A + Cj'"An
AC7

}- pl.!... ul) u17 A~

II( TC) 01[6 617 + C,·""AnAC7pu .w. 1) A~

(D.59)

Il - (pU)c, 01161)617 + CUIl~-;nAC7 },.,lE(I. J) = ,
..J.W(I, J) = II(pU)a. 01161)617 + CU1~~"AC7

from Eqn. (D.50) changing l, J -> I + 1, J

CU1C61)617
,.,lW(I + l, J) = II(pU)C, 01161)617 + 6ç

Using B -> C due to the transformation l, J -> I + l, J:

Proo/:

(D.50)

(D.51)

d · "B"eSlgnate :

change "B":

[

I -1 J
HB" --t- '

I -l, J-1
B

I,J ]

I,J -1

[

I - l, J l, J ]
l, J -> I + l, J =} B

I -l, J - 1 l, J - 1

[

l, J I + l, J ]

-> l, J - 1 1+ l, J - 1

the latter shows the location of "e" in the middle, tha.t is

•
[

I,J C

l, J - 1

0-9
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•
Subtract (pU)C from both sicles of Eqn. (D.61)

.·HV(I +L J) - (pU)C = II(pU)C. 01167160- - (pU)C + C[,1~~'160- (D.62)

or

.4W(I + 1. J) - (pU)C = 11- (pU)C, 01167160-+

CUIC67J60-
6f,

(D.53)

The terms on the right hancl sicle of Eqn. (D.63) is equal to .4E(I, J) according to

Eqn. (D.60). Therefore

.4W(I + 1,1) - (pU)C = A.E(I, J)

or alternatively

A.E(I, J) = A.W(I + 1, J) - FLOW

.4W(I + 1, J) = A.MA.Xl(0.,FLOW)67]60- + DIFF

in which

(D.54)

(D.55)

(D.56)

FLOW = (pU)C (D.67)

DIFF = CUIC6.7]60- (D.68)
6.f,

from Figure D.12:

FLOW = RHOl· UCl(I + 1, J -1) +RH02· UOl(I +1, J) * (D.69)
2

in which

RH01 = 0.5(RHO(I, J -1) +RHO(I + l, J - 1)) }
RH02 =. 0.5(RHO(I, J) +RHO(I + 1, J))

(D.70)

• F
_ [OU1(I + l, J) +OU1(I + l, J -1) +OUlU, J - 1) + OU1(I, J)J6.7]60-

DIF - 46.f,

(D.71)
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• • Proof:

.'vI ( )FLOW = pc.' : Ut mass flux

.vJ
(FLOW)(.-lRE.-l) : t (mass flow-rate)

To cvaluate "FLOW" at point "c"

from Figure 0.13:

(FLOW)c(61))(6oo) = RH01 . UC1(I + 1, J -1) (~I)) (600)+

RH02· UC1(I + 1, J) ( ~I)) (600) (D.72)

(
F LOW)c = RH01 . UC1(I + 1, J - 1) + RH02· UC1(I + 1, J) )

2 (D.73

"AN" and "AS" Inter-Relationship

AN: = 11- (pV)p,OI16ç6oo
AS: = II(pV)s,OIl6ç6oo

In terms of 1& J

(D.74)

+CU5ll.J)6(6.. }AN(I, J) = Il - (pV)(I, J), 01l6ç6oo 6q

AS(I, J) = lI(pV)(I, J - 1), 01l6ç6oo + CU5(!.J-l)6(6..
6q

from Eqn. (0.75) changing l, J --> l, J +1:

AS(I, J + 1) = lI(pV)(I, J), 01l6ç6oo + CU5(I~~6Ç6oo

Subtract (pV)(I, J) from Eqn. (0.76)

(D.75)

(D.76)

(D.77)

AS(I, J + 1) - (pV)(I, J) = lI(pV)(I, J),OI16ç6oo - (pV)(I, J)+

CU5(I, J)6ç6oo
61)

•
or

AS(I, J + 1) - (pV)(I, J) = 11- (pV)(I, J),OIl6ç6oo+

CU5(I, J)6ç6oo
61)

0-11

(D.78)



• The terms on the right hand side of Eqn. (O.iS) is equal 10 .-i.Y(I. .I) llccol'lling 10

Eqn. (0.i5). Therefore

•

A.S(I. .1 + 1) - (pV)(I. J) = A.N(I, J)

or alternatÏ\'ely

.-iN(I, J) = A.S(I, J +1) - FLOW

A.S(I, J + 1) = ..J.,111.-iX1(O., FLOW)l>çl>O'.+ DIFF

in which

FLOW = (pV)(I, J)

DIFF= CU5(I,J)l>çl>0'
l>Tf

from Figure 0.14:

FLOW = RH02· VC2(I, J)'+ RH01· VC2(I, J + 1)
2

in which

RH01 = O.5(RHO(I, J) +RHO(I, J + 1)) }
RH02 = O.5(RHO(I, J - 1) +RHO(I, J))

DIFF = CU5(I, J)l>çl>O'
l>Tf

To Obtain AW(2, J)

Using

AW(I + 1, J) = AMAX1(O.,FLOW)l>Tfl>0' +DIFF

let 1 =1

AW(2, J) =AMAXl(O., F LOW)l>Tfl>O' +DIFF

in which

FLOW = (pU)C

DIFF = CUICl>Tfl>O'
l>ç

from Figure 0.15:

0-12

(D.iD)

(D.SO)

(D.Sl)

(D.82)

(D.S3)

(D.74)

(D.85)

(D.86)

(D.B7)

(D.BB)

(D.B9)

(D.B9)



• FLOW = RHO(l, J) . UCl(2, J) + RHO(!' J - 1) . ['·Cl(2. J - 1)

2
IF _ CUH!, J - 1) +Cui(!' .1)61)60'

D F - 2~ç

Ta Obtain AE(L2, J)

Csing

AE(I.J) =AW(I + I,J) - FLOW

AW(I + 1, J) = A""I.4Xl(D., FLOW)~1)~O' +DIFF

let I = L2

.4.E(L2, J) = AW(Ll, J) - FLOW

.4.W(Ll, J) = .4MAXl(D.,FLOW)61)~0' +DIFF

in which

FLOW = (pU)C

DIFF = CUlC~1)~O'
~ç

(D.9l)

(D.92)

(D.93)

(D.94)

(D.95)

(D.96)

(D.9i)

(D.98)

from Figure D.16:

FLOW = RHO(Ll, J). UCl(Ll, J) +RHO(Ll, J -1)· UCl(Ll, J -1)
2

•

D1FF = [CUl(Ll, J) +CUl(Ll, J -1)1~1)~0'

2~ç

Ta Obtain A5(I,3)

Using

.4.5(1, J +1) = .4MAXl(D.,FLOW)~ç~0' +DIFF

let J = 2

A5(1,3) = AMAXl(D.,FLOW)~ç~O' +D1FF

in which

D-13

(D.99)

(D.lDD)

(D.lOl)

(D.lD2)



•

•

FLOW = (pl/)(I. J) = (pl/)(!. 2)

DIFF = GU5(I. J)6~60' = GU5(I. 2)6~60'
61) 61)

from Figure D,li:

FLOW = RHOl· VG2(I, 3) + RHO(I,l) ' l/G2(I, 2)
2

in which

RHOI = RHO(I, 2) + RHO(I, 3)
2

DIFF = GU5(I,2)6~60'
61)

To Obtain AN(I, ,'vI2)

Using

A,N(I, J) =AS(I, J + 1) - FLOW

.4S(I,J + 1) = AMAXl(O"FLOW)6ç60' + DIFF

let J = M2

A,N(I,M2) = AS(I, Ml) - FLOW

AS(I, Ml) =AMAXl(O.,FLOW)6ç60' + DIFF

in which

FLOW = (pV)(I,J) = (pV)(I,M2)

DIFF = GU5(I, J)6ç60' = GU5(I, M2)6ç60'
61/ 61/

from Figure D,lS:

FLOW = RHOl' VG2(I,M2) +RHO(I,Ml) , VG2(I, Ml)
2

in which

RHOI = RHO(I, M3) +RHO(I, M2)
2

DIFF = GU5(I,~:)6Ç60'

D-14

(D,103)

(D,104)

(D,I05)

(D,lOG)

(D,lOi)

(D.lOS)

(D,lOg)

(D,110)

(D,111)

(D.112)

(D.113)

(D,114)

(D,115)

(D.116)



(D.11 i)

•
D.:~ COEFFICIENTS FOR THE "IV" MOMENTUM EQUATION

(Refer to Figs. 0.19 and 0.20)

"AE" and "AW" Inter-Relationship

AEp = Il - (pU)., 01161}60' + cï"~r~'17 }
A.Wp' = lI(pU)w, 011 61}60' + c,~..~{~L>17

In terms of 1 & J

.4E(I, J) = 11- (pU)(1 + 1), J), 01161}60' + C~I(ï+l/)L>'L>17 }
(D.118)

AW(I, J) = lI(pU)(Ï, J), 011 61}60' + CW1(liiL>·L>17

from Eqn. (0.118) changing l, J --+ l + 1, J:

.4W(l + 1, J) = II(pU)(l + 1, J), 01167]60' + CW1(~~ J)67]60' (D.119)

Subtract (pU)(l + 1, J) from both sides of Eqn. (0.119)

AW(1 + 1, J) - (pU)(l + 1, J) = lI(pU)(l +1, J), 01167]60'-

(pU)(1 + 1, J) + CW1(~~J)67]60' (D.120)

or

AW(1 + 1, J) - (pU)(l + 1, J) =11- (pU)(l + 1, J), 01167]60'+

CW1(T+1, J)67]60'
6ç (D.121)

The terms on the right hand side of Eqn. (0.121) is equal to AE(I, J) according to

Eqn. (0.118). Therefore

•
or alternatively

in which

AW(I +1, J) - (pU)(I +1, J) =AE(I, J)

AE(I, J) =AW(I +1, J) - FLOW

AW(I +1,J) =AMAX1(O.,FLOW)67]60' +DIFF

0-15

(D.122)

(D.123)

(D.124)



• FLOIV = (pL'HI + 1..1)

DIFF = CWl(I+f. .J)6116a
6ç

from Figure D.21:

FLOW = RHOI . FCl(I + 1. J)

in which

RHOI = RHO(I. J) + RHO(I + 1. J)
2

DIFF = (CWl(I, J) + CWl(I + 1,J))6,,6a
26ç

" ..lNp" and "ASj!:" Inter-Relationship

ANp = 11- (pV)n, 0116ç6a + C;n~:I:>17 }

ASj!: = lI(pV)., 01l6ç6a + C;';I:>EI:>17
I:>~

In terms of 1& J

A.N(I, J) = 11- (pV)(I, J + 1), 0116ç6a + CW5(l.~~tlI:>EI:>17 }

AS(I,J) = lI(pV)(I, J), 01l6ç6a + CW5(/'J)I:>EI:>17
I:>~

. from Eqn. (D.131) changing l, J - l, J + 1:

A.S(I,J + 1) = lI(pV)(I,J + 1),OIl6ç6a + CW5(I,~)6ç6a

Subtract (pV)(I, J + 1) from both sides of Eqn. (D.132)

(D.125)

(D.126)

(D.12ï)

(D.128)

(D.12!))

(D.130)

(D.131)

(D.132)

(D.133)

or

AS(I, J + 1) - (pV)(I, J + 1) = lI(pV)(I, J + 1), 01l6ç6a - (pV)(I, J + 1)+

CW5(I, T+ï)6ç6a

6"

The terms on the right hand side of Eqn. (D.134) is equal to AN(I, J) according to

Eqn. (D.131). Therefore

•

AS(I, J + 1) - (pV)(I, J + 1) = 11- (pV)(I, J + 1), 0116ç6a+

CW5(I, J+1')6ç6a

6"

AS(I, J + 1) - (pV)(I, J + 1) =AN(I, J)

D-16

(D.134)

(D.135)



•

•

or al~crnativcly

.·LV(I,.I) = .45(1, J + 1) - FLOW

A.5(I, J + 1) = AA-IA.Xl(O., FLOW)L::.çbou + DIFF

in which

FLOW = (pV)(I, J + 1)

DIFF = CW5(I.J+1)boçL::.u
L::.1/

from Figure 0.22:

FLOW = RH01· VC2(I,J + 1)

in which

RH01 = RHO(I, J) +RHO(I, J +1)
2

DIFF = [CW5(I, J) +CW5(I, J + l)]L::.çL::.u
2L::.1/

Ta Obtain .'lW(2, J)

Using

.'lW(I + l, J) = .'lM.'lX1(O.,FLOW)L::.1/bou + DIFF

let 1 =1

.'lW(2, J) = .'lM.'lX1(O.,FLOW)bo1/L::.u +DIFF

in which

FLOW = (pU)(I + l, J) = (pU)(2, J) = (pU)(l, J)

DIF F = CW1(T+ï, J)bo1/bou = CW1(2, J)L::.1/bou
L::.ç L::.ç

CW1(1, J)L::.1/bou
= L::.ç

from Figure 0.23:

0-17

(D.136)

(D.13ï)

(D.138)

(D.139)

(D.140)

(D.141)

(D.142)

(D.143)

(D.144)

(D.145)

(D.146)



• FLOW = RHO(1..l)· CCI(2. .1) (D.Hi)

DIFF=
CIF1( 1. .I)6.I/6.a

(D.I-lS)6.E,

To ObtaÏi• .-lE(L2. J)

Csing

.-lE(I.J) = .-lW(I + l.J) - FLOIF (D.I-I!J)

.-lW(I + 1. J) = .·L'vJ..!XI(O.,FLOIF)6.I}6.a + DIFF (D.liiO)

let 1 = L2

.-lE(L2, J) = .4.W(LI, J) - FLOW (D.liil)

.4.W(Ll, J) =AAJ.4.Xl(O., FLOW)6.I}6.a +DIFF (D.152)

in which

FLOW =(pU)(I + 1, J) = (pU)(Ll, J) = (pU)(LI, J) (D.153)

DIFF=
CWl(I + 1, J)6.I}6.a CWl(LI, J)6.I}6.a

=6.ç 6.ç
CWl(Ll, J)6.I}6.a

(D.154)= 6.ç

from Figure D.24:

FLOW =RHO(Ll, J) . UCl(Ll, J) (D.155)

DIF F = CWl(Ll, J)6.1}6.a (D.156)
6.ç

To Obtain ..15(1,2)

Using

..15(1, J +1) =AMAXl(O., F LOW)6.ç6.a +DIF F (D.157)

let J =1

AS(I,2) =AMAXl(O.:FLOW)6.ç6.u +DIFF (D.158)

• in which

D-18



• FLOW = (pl/)(I . .! + 1) = (pl/)(I,2) = (pl/)(I.1)

DIFF = CW5(I.J+1)6ç617 = Cnr 5(I.2)6ç617
6rJ 6rJ

CW5(I.1)6ç617
=

6rJ

from Fi/lurc 0.25:

'FLOW = RHO(I.1) ·l/C2(I,2)

DIFF = CW5(I,1)6ç617
6rJ

To Obtain AN(I, ;1;[2)

Using

.4N(I, .1) = .45(1, .1 + 1) - FLOW

A5(I, .1 +1) = .4MAX1(0.,FLOW)6ç617 +DIFF

let .1 = An

AN(I,lvI2) = .45(I,A'11) - FLOW

A5(I,;vIl) = AMAX1(0.,FLOW)6ç617 +DIFF

in which

(D.159)

(D.160)

(D.161)

(D.162)

(D.163)

(D.164)

(D.165)

(D.166)

from Figure 0.26:

FLOW = (pV)(I, .1 +1) = (pV)(I, Ml) =(pV)(I, AJ1) (D.16i)

DIFF = CW5(I,J+1)6ç617 = cW5(1,M1)6ç617
6rJ 6rJ

= CW5(I,M1)6ç617 (D.168)
6rJ

•

FLOW = RHO(I,M1)· VC2(I,M1)

DIFF = CW5(I,~:1)6Ç617

0-19

(D.169)

(D.1 iO)



(D.171)

•
D. 4 COEFFICIENTS FOR THE ENERGY EQUATION

(Refer to Figs. 0.27 and 0.28)

"..lE" and "..lW" Inter-Relationship

.-lE~ = 11- (pU)., 01167/60' + C~'~t~·" "}
.-lW~ = lI(pU),., 01167/60' + c~"'~;""

In terms of 1 & J

.-lE(I,J) = 11- (pU)(1 + 1).J),01l67/60' + C~l(l+~f)"~""}

.-lW(I,J) = lI(pU)(Ï.J),01l67/60'+ CIIl(lii"~"" (D.172)

from Eqn. (0.172) changing J, J ----> J +1,J, one can write:

.-lW(1 + 1,J) = lI(pU)(I + 1,J), 01167/60' + CHl(~/)67/60' (D.173)

Subtract (pU)(1 + 1, J) from both sides of Eqn. (0.173)

AW(1 + 1, J) - (pU){I + 1, J) = lI(pU){I + 1, J), 01167/60'-

(pU){I + 1, J) + CHl(~/)61)60' (D.174)

or

AW(I + 1, J) - (pU){I + 1, J) = 11- (pU)(1 + 1, J), 01161)60'+

CHl(T+T,J)61)60'
6ç (D.lï5)

The terms on the right hand side of Eqn. (0.175) is equal ta AE(l, J) according to

Eqn. (0.172). Therefore

•

or

or alternatively

in which

AW(I + 1, J) - (pU)(1 +1, J) =AE(I, J)

AE(I, J) =AW(1 +1, J) - (pU){I +1, J)

AE(I,J) = AW(I +1,J) - FLOW

AW(1 +1, J) = AMAXl(O., F LOW)61)60' +DIFF

D-20
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(D.l77)

(D.17B)
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• FLOW = (pL'HI +1.J)

DIF F = CHl(T+ï. J)6'76 0'
6é,

from Figure 0.29:

FLOW = RH01 . UC1(I +1, J)

in which

RH01 = RHO(I, J) + RHO(I + 1, J)
2

DIFF = (CH1(I,J) +CH1(I + l, J))6'76 0'
26é,

"AN" and "AS" Inter-Relationship

h Il ( Il A +c~n ll.Ell... }ANp = - pV)n,°6é,uO' ll.~

,4S~ = lI(pV).,OI16é,60' +C~.ll.Ell. ..
ll.~

In terms of 1 & J

AN(I,J) = 11- (pV)(I,J +1), O1l6é,6u + CH3(l.~~1)ll.Ell." }

. AS(I, J) = lI(pV)(I, J), 0116é,6u + CH3(l.J)ll.gll...
ll.~

from Eqn. (0.186) changing l, J -> l, J + 1:

AS(I, J +1) = II(pV)(I, J + 1), 01l6é,6u+

CH3(I,J"TI)6é,6u
61]

Subtract (pV)(I, J + 1) from both sides of Eqn. (0.187)

(D.1S0)

(D.181)

(D.182)

(D.183)

(D.184)

(D.185)

(D.186)

(D.187)

(D.188)

or

AS(I, J + 1) - (pV)(I, J + 1) = lI(pV)(I, J + 1), O1l6é,6u - (pV)(I, J + 1)+

CH3(I, J"TI)6é,6U
61]

The terms on the right hand side of Eqn. (0.189) is equal to AN(I, J) according to•
,4S(I, J + 1) - (pV)(I, J + 1) = 11- (pV)(I, J + 1), 01l6é,6u+

CH3(I, J"TI)6é,6u
61]

(D.189)

0-21



• Eqn. (D.186). Therefore

.4.S(I. J + 1) -(pF)(I. J + 1) = ..J..\'(I. J)

or alternatively

..J.N(I. J) = .4.S(I. J + 1) - FLOir

.4.S(I. J + 1) = A}vI.4.Xl(O.. FLOW)6ç60" + DIFF

in which

FLOW = (pV)(I, J + 1)

DIFF = CH3(I,J+1)6ç60"
671

from Figure D.30:

FLOW = RHOl· v'C2(I, J +1)

in which

RHOI = RHO(I, J) +RHO(I, J +1)
2

DIFF = [CH3(I, J) +CH3(I, J +1)]6ç60"
2671

Ta Obtain AW(2, J)

Using

AW(I + 1,J) = AMAXl(O.,FLOW)67j60" + DIFF

let I =1

AW(2, J) = AMAXl(O., FLOW)6TJ60" + DIF F

in which

(D.lOO)

(D.lOl)

(D.1021

(D.103)

(D.104)

(D.105)

(D.106)

(D.107)

(D.lOS)

(D.199)

• from Figure D.3l:

FLOW = (pU)(I + l, J) = (pU)(2, J) = (pU)(I, J)

DIFF = CHl(T+T, J)67j60" = CHl(2, J)67j60"
6ç 6ç

CHl(l, J)67j6u- 6ç

D-22

(D.200)

(D.20l)



• FLOl-'l = RHO(L.J)· UCl(2 . .J) (D.202j

DIFF=
CHl( L .J)6.116.a

(D.203)6.ç
Ta Obtain .·!E(L2,.!)

CSillg

A.E(!"!) =AW(I +1,1) - FLOW (D.204)

AW(I +1,1) =AlvfAXl(O.,FLOl-'l)6.116.a +DIFF (D.205)

let 1 =L2

AE(L2, .1) = .-tW(Ll, .1) - FLOW (D.206)

.-tW(Ll,.!) =AMAXl(O., FLOW)6.116.17 + DIFF (D.207)

in which

FLOW =(pU)(I + 1, .1) = (pU)(Ll, .1) = (pU)(Ll, .1) (D.20S)

DIFF= CHl(l+l,.1)6.TJ6.17 = CHl(Ll,.1)6.116.17
6.ç 6.ç

CHl(Ll, .1)6.Tf6.17
(D.209)- 6.ç

from Figure D.32:

FLOW =RHO(Ll, .1) . UCl(Ll, .1) (D.21O)

DIFF = CHl(Ll, .1)6.Tf6.17 (D.211)6.ç
To Obtain AS(l,2)

Using

AS(I, .1 + 1) =AMAXl(O.,FLOW)6.ç6.17 +DIFF (D.2l2)

let .1 =1

• AS(I, 2) =AMAXl(O., FLOW)6.e6.17 +DIFF (D.213)

in which

D-23



•

•

FLOW = (pF)(1. J + 1) = (,)\")(1.2) = (pF)(1.l)

D1FF = CH3(1.T+ï)6~60' = CH3(l.2)6~60'
61/ 61/

CH3(l.1)6~60'
=

61/
from Figure D.33:

FLOW = RHO(l.I)· "C2(1. 2)

D1FF = CH3(l.1)6~60'
61/

To Obtain .olN(LVI2)

Using

.olN(1, J) = .olS(1, J + 1) - FLOW

let J = ,\-12

.4N(1,M2) = .4S(1, MI) - FLOW

in which

FLOW = (pV)(1, J + 1) = (pV)(1, Ml) = (pV)(I, Ml)

D1FF= CH3(1,T+ï)6~60'= CH3(I,Mï)6~60'
61] 61]

CH3(1,M1)6ç60'- 61]
from Figure D.34:

FLOW =RHO(1, Ml) . VC2(I,M1)

DIFF = CH3(1,M1)6ç60'
61]

D-24
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(D.215)

(D.216)

(D.21;)

(D.218)

(D.21!l)

(D.220)

(D.221)

(D.222)

(D.223)



•
Range of variations of 1 and J

•

1 = 3

J = 2

to

to

far-west
c.v.is

L2

M2

Figure D.I

D-25

far-east
c.v.'s
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1 D.9

•

•
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~C2~~ l:~ . VC2(I,MI)

\RHO(I l Ml)
... ". '" .

- 1 •••••• ~ •••• , ••• •• :.'

cU5(i:'- (Ml) '.:::.:üè"i(r;ivi2):'
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:..... ""'::1:: { :-.:'
.f· .,' o' '. "1 '.' ••• "
..:. '.:.'~ =+= ~:-:.::.~:

M3;-_-+-_--L.
1 - l

Figure D.9
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•
Range of variations of land J

1=2

J = 3

to
to

L2

M2

2,J)

L2 LI
far-east
c.v.'s

_______-J
1

Figure D.lO

far-west·
c.v.is

1 2

,_._,..- ...... - - -, - - T - p- - r - --
1

, 1 1 1
1 1 1

1

1
1 . 1.,": " .. ' ':'. '. : '. "1' 1

~'<!
:::' ':::1 1 1+- ~::..., ",:' '.:

r----- -~ - ., ::.:....:.;.~.:.4- -... -r-- l1/\» '.'.:: ï
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1 1'" " .. : ,., .... '1 1

1" .: ..
•f. :.:::~':

1-4',:.;..::
~- - + " ',\ : . :~~.~~~l~ -t---~. :.;

" o.".., :, '.' ":":::'1 1
1 1

.. ' . .
1::'::',:: ..".: .... :'. :.

~ .:..:. 1,
1 1 1 1 1

L L 1 1 1- - - - l- -

Ml

J

L;....
:s III '
0-
III •
.>.. .
",U
'+-

-M2
.s:::...."Ill.0-
C •
.>...
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'+-
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•
N

J+1 +--I--~~-+--"'"
1 1
1 1

__ ~~n~iA) ~ __ ~~.lDl
, 1
1 1
1 1

E

1+11-1

J w W',", t. •..•..:. e
! ...:. ::VC2(I,J)

V2(I,J). ~ ". 'U2(I J)

---ts~<b);·:. :uc"2tr,jf-', : ( )
1~ >::.:..~ :;; .v.~ ..~IJ

J - 1 ......---+-:-.. ..:..,;....:..:;...:..~.~..~..~.''4'_--...~
S

1

Figure D.ll
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• J

J - 1

UCl(! 1 J) POINT "c ". +, /
: '.:.' :...... ' : .' ~ ...:.,.. .' .' ....

:::':'.' ':: '::.' '~H9~; ::.:~<:::: :.: .:':. ':-:
1 '.~ '.::~. :::.':.,::;_••:1 '.'::.:. .:..:: '..:',;:",' 1
T:: ": ..' .:f : :t-
1" : •.•••• :.: :'1,','.:': '.' :-.:::,'11: 0'.' _. • .• ' ••• ,

:':. :: :', UCl(1+1,J - 1):':.;... , '" " '.
IRHOi" 1+1

Figure 0,12

POINT "c"

J

.èz
2

J - 1 -t-.....:._...::.~"::....:'·....:·4·--t...
1 RH01 1+1

Figure 0.13

1=3

J , .
(RHO(l,J) :.:: ::.:: : -: :- ',:
\ CU1(l,J) 1:. : •• ' '.: VC2(2,J)

POINT "c"_t..:..:.·-' ----t-":'_-'. . ..' .1: :.', .' ..:.:. ',"
• o' •• 1
l' " , .. : . 1
IUC1(2,J-1; ~< "1

J - 1 -=J=!!:...:.... ..:.:.•.-+-.:.....-...:..:'.+---+
RHO(l,J - 1)1 1;"2
CUl(I,J - 1) Figure 0,15

POINT(I,J)

1+11

Figure 0,14

. • '. o'. '. :
1. : " ~ : . . - . 1

1· ... '. VC2(I,J+l)
,., .'. . .UC2(I,J+1)- --.(~.~;~. :·:-::-::r ~--
1 RH01 :. ',,: .
,. • 1
o':' : ':.' ::... " .

1.'.:.: .::.. : 1
':.:. '::: VC2(I,J)
1,:.:,;',.<' UC2(! J}---+'--- ---T'" -
1 iùlô2' ,::t: :1
l ,' .... 1,,' .. ''; ::.,,'.,

" " ••' '. • 1 1.. , :.

! - 1

J

3+1

J - 1

J - 1
L3

•

J -t--~.t-.,-:-:','.-:-'.::-<'1.: 1:-:.:-:,-.:~.: J:'~{Y8r~zti~~
::> Ud2(t2,J).:: ëtJ1(L1,J)

- - - T. ;'';"i.~. ,':' -':....~OINT "c"
l' ••.• '. • •••
r,:,'.:;; .';. ::' :':-:'.1.' . . .. :. ...: ....•
.,'.,~: .. ::. :',,: :',',' UC1(L1,J -1)

L2 L~.f!UI.o(L1,J - Ï)
Figure 0,16 \'CUl(Ll,J -1)

J=3

J=2

J=l

::Y<:.:~ ~~<):
r' .• " .J ".'
." ;, : : ': ~VC2(I,3),___ ,.;._l..:!jI.... ... - .....r --
::.~~: 1.::···.·,l ,'. , • , ..... 1

1 RH01· :: .,', ':,
1::: :.:;: :'.:., ;'00'0' :. ..0 ' .~, ..'
1 ~ i

RHO(I1) --+POINT(I,:
1 'o-.t VC2(I,2) . 0___~ ..r. .1

1-1 . 1 1+1

Figure 0.17
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•

l
.

VC2(I,Ml)
----r---T

r- -- T-- ~~. 'POIN'Ij"
l RH?(I,Ml)\ ..---1(I~M2) i

-' - ' : ,: . . . " . .l' ., . .. . . 1

: :: : '. V·'C2'(I M2'1 '. '. • • '.'
1 ":'. '. ,. 'T---...1~__."': :-'::;~"

----',,:,~ '" 'f
l'RH'01" '.' ..::,
1 o ... ' ..' '. '. ,,1
... • :.... .... 1 ••• ' •
'. .

J=M2 •

J=Ml

J=M3 r

Figure 0.18

•
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•
Range of variations of 1 and J

1 = 2 to L2

J = 2 to M2

----~

I---r-- -,-- -,. ·:T··f - - - r - --.
0' "

1l'.... ' .
1

'".:: .~ .
1

1
,.:,:: ..

: : : :' .:: 1. .. •• 0, f
1

1 . 1:"" ." •• ".. ,'.1' 1
1 -f" .. ::;':1

1
~_. ';:":"'\~~;'4- - 1

I- i-- - ..... -t- l.... - ":-:-:.' '.:: :":'1
1

J.(':: ~
.: ..

1 :>: ....:1 1
1.. :.' :. .' o. 1,

1
1: ••' .. .'.• :. ':1 1

1j" <....:.:
:!;:~1

. ' . '.
0: ::',:' ~:

......~7'~'''7..7 ~.7t7;.-
o •• ' • ~~~..~;-. ':"7-. .' . '. -r'" ".., .' '. ..". :' .~:." ..: ',':; ',: ':.;'.;. ~ /"1 ;:.;'.:'-::.:.

....... :. ... .. .
'" 1" .....

:::.:-.:'.:'/:1: ~;:: ::::::.':: "'~:::'::.{' ..:.:: . .'::. '.:'
f::::·~(::·

o.'· •• ' .. '. ': :" ." .. ' .. .o/.:t'. . ' .. :...... : '.:':',,: " .'. : .',' : .. " ... "'::",'1:- " •• '.. '.' '. ~ 1

(,':..... :.;:::':'.:'::(:;: ':~;'.
• ~ " 1. ·1.·,.·" ;. ::. '.:.:~ :.(: '.::.::. ... ': ... ,....:: ... .' ....

... ' J ""':'1 ... :.:., ;':::::1.. '. . ''':::'.:..;+:.::.:.'.p:") :}::,+r.', :2·4/:·:::'::' :: .:.: ~>::; ..: . .. .
... 0' : :"

.' .'. " . ,.... .:........:... .. '. '", ...:..:.....:. ........~
1:::'.: ::..:,'.: ~ '..:; ::':';;~I'

1
.: : . ; .:. "': .'. 1 1., ... .... . • s'" •

1 r: .; ... :.,' ;"','1 1

1' .' • '. 1 .. ::: :'.:
11-- + -+/:.::;.~ :';;':;4 --1- .....:~ -t--~

1: :.::'.: :,'....:: .:.::.....'1
11 1

........
1' ... ' .. , .. .

1.' .. ' ..... '... ' .' ., r'''' ...... "
1 ,:.:,~.:~\ ::,:.:,:.::,':. ,

1
L _. - L - - 1';' ....::ii. .::'.::: ~:'I 1- --

..c:....
:::111I
0
III •
• >l- •
.. U...

..c:....
l- III
O
C •
• >
l- •
.. U...

•
far-west j
c.v.is

Figure D.19
1

far-e~st 1
c. v. s
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EwJ

1Hl +---t--~>----t-'I--.,.

1

n 1
---+--- ---t----

:~i/:L::/' :!~://.:::::;i
1 W';"':' p-:::>.:j e

:~(::.}\ ::>':"->.::::
J . ---f--'-- ..... _-+--_.

1 5 1
1 1
1 1

J - l +--I----+:S--lI--~
1 - l Ï 1 1+1 1+1

•

Figure 0.23

Figure 0.20

1

Figure 0.21

Ï

J

1
1
1

- .-+--- ---+--J+1 1.::-·,' .....::.:..,
l' ". ::: " .. " .>,

UCi(I,J) .:-.'::.:.: 1 UCl(1+1,J)

(.' .'. ~:. :RH":'0''1":1\.. ".' . . .
l,""': ••..•.. ,1 _
1".: : .. : ',;:,:.":.. 1 POINT(I+1,J)

J - - - ... :.: "" ':' . -.,:, '-'~ - -
1 1
1 1

L t---~-j: .... : ··.··.. ::1

F:~~i~2~j). :>: UC1(~,J)
;
J " " ,

1 '.::'. " ••• ' •
l' .. ' .. ." 1

POINT..... ,:..,: : :: : :: ':-: 1

(2,J) OR (l,J) +-'-- '--- +-
1=1 1=2 3

2
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•
l ,, ,

- - -+- - - - - .-·i,::::'.>'::: ::::'
l " •• : •••••• 1

1:.:.:::::.:.:;::" UCl(L1,J)

:··:::.~~O(~~:;~:"---+~.~.~+~ :'·l.:i Pg~~~iS\,J)
I=L2 I=L1

L2 LI
Figure D.24

J=3

J=2 3

J=l 2

1

---+--;.. ---.+---:.:.::: :-::'. ::..:'.~<:,':: '. '" '. : ..' ."
" .... :. .' . ":'

{
RHO(I,l): ':::':::.'

. 8(I 1)'~' "',CW ,.·.··-:1• "c ••••
---~~-- ~_.:.. .... ---

/i: VC2(I,2)

POINT(I,2) OR (I,l)

Figure D.25

1: .. :.:,:'.:. 0:.":.,,. " .. ' . .
l':.:''~::'::e : :., : .. ::.\ .

: ,',\0' •.l-: :1~ .... c~.:._+ _

1
1

!

•

J=M1 Ml

J=M2

J=M3
l - 1

•
1

Figure D.26
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•
Range of variations of 1 and J

1 = 2

J = 2
to

to
L2

M2

1

! 1·:·;···········:'·1' 1
1 -+-:.:!:::'.. :. '.'.:.:;. ':'1 1 1

,- -- '-1-' -~- ::··:..::·~,;:.: ..4- -~ --t- l

1 1 r
f·; .;.:.:..~ ~ :': ~: i.·:.:::: 1
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,

.. ' .' ..... .... '"

,_.- -''-- '-- -': .:...... '::':::T' -r- - r - --
1 l' . . "..:' . 1 !

1 1
·:.:·: : .,' : ::: .:. 1

• .,. " •• 1 1

.c:...
'-<Il
o-c:: •

1 >
'- .
'" u....

.c:...
:::l <Il
0
<Il •
,>
'- .
... u...

l ,.: .:....... :.-,,' :., 1 1<.:.) ::-:.:::: :'. 1

1
- - -+ l'.....' .' ..... ;. ·'1 1

- -;.::.. : ~ '7= .:-::-:r - t- -1 - ----i

1 1
(:.:..:::....: :::::':':~':I 1 1
.:: ::.. :< .; :. .... 1

1 1 r:.'. :,,::>, ::.:.: ':'.:::, 1 1
l
, ' o.·.

L --_L _ _ 2.\'j·~ii{i 1 1-'-"- - .-.1

•
far-west
c.v.'s . Figure 0.27 1

far-e~st
c. v. s
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N
Hl +--+-.-......---+---+

l,J)

T

1+11+111

1 1
1 1
1 1---+--- ---+---1:': :-:.' '. ::' .','.,.0. ',' " : :'.;' ... 11 '. '.

U~l(I!~): : .;'; : :: :<: :..!.:..UC.1(~+
. l';.: ~. '.: • . • Jt:'o, T

'. .'. RH01.1 POIN,...... : .. ... . :.'1 .
1 .' • .' ....: : ::1 (1+1 J).. - - -+,-'-=-'- ---T '
1 1
1 1
! 1

- -

Hl

J

J-1

1- 1
! 5

1- 1 Ï l Hl 1+1

J

J-1

FigUre D.28
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.0°: '" "1 •••• ••••

:;'::":.":.: :~:>:.:~:
-+ .. . . Il.,. • '+1---- - __ LJ' _

, .VC2(I,J)
1 1
l ,

,
POINT' 1

(I,J+1)---.... VC2(I,J+1),1----+--- ,---+---....... /' ' . :"',
l' • '; .. '.,

, RH01 ';:. ':.:1·. '. :. : .
_:: ,. ,:·:·.:::.~r

Figure 0.30

1=3

3+1 '1--+---+--,
1
1
1

J+1 t---. "'.-,-t----
1
: : •• '.. :: .. : ••,.,

• 0. o' •• '.' 1" . . , .
1: UC((2,J) ':'::; 1J '

POIN 1:.::.; .: '.;.' ,

(2 J) OR (1 i) :.: . .';:. :'::1
, '. • • • • • j • 1- 1..... ....

JI-:....:.."'. '..::.. '- T - - - l-
I 1
1 1
1 1

J - l 'I---+----l---.-.' -
1=1 1=2 3

Figure 0.31
1+1-1+11

:.
1 - 1 1

J

J+1

J+1

J-1

J=3

•

J

• 1, 1

---+--- ----l
'::';::: :.~·::.:l
1 -. • '., •• 1

UC1(L2,~):·.·:: '-:'. :'. : 1 UC1(L1,J)

1 'iRHO(L1,J)' ,,,,,-
\" • 1 ~ J-2
1: •• CH1(~~!J):1 POINT -

-- - i':'~ :·:t--- ~ (L1,J) OR (L1,J)

• 1 J=lI=L3 L2 I=L2 I=L1
LI

Figure 0.32

1 1
1 1
, 1

---'- - .,...+.-- ----r::::::.:.. :: :.,
'. ' ... ' .....:.:,

1 • : •••• • '.. •
'.::.... :. ::. ;,;1

( RHO(I,i) ':,";' :.: .::.
- \ ~~3~:'~l ~.9~:(~'.f)
2 ----- - -

1-1 ~I
POINT Figure 0.33

(1,2)' OR (1,1)

1+1
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1+11

Figure D.34·

POINT(I,M1) OR (l,Ml)

1- 1

1
~ "VC2(I,Ml)

.:'..~ ::' jI. r····. : ;. ':. ". :·1
\ RHO(I,M1 ::;:.:~ ~..~~.\1CH3(~,M1)

1':";:--:: ~
• • ••• 1'" . . . "

1(::..::::.: :-i.·\; '.:1
l':':::::: ",":":'1

-~ - - ~'.:..:.:.:., i.:..,,:~-_...
1 VC2(I,M2)
1 1
1 1

1

M2

J=M3

J=M2

J=M1 M
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•

•

APPENDIX E

DERIVATION OF DISCRETIZED

BOUNDARY CONDITIONS FOR

REACTANT CONTINUITY EQUATION

•

E-l



• TRANSFORMATION RELATIONS FOR
. DIRECTIONAL DERIVATIVES

ôll = ('Ylq - f3/~) (E.1)
ôn q J"fi

ôll - (Olfe - f3lq) (E.2)ôn ~ - Jy'Q

or

ôll 1 [ôl ôl ] (E.3)ôn q= J"fi 'Y ÔT! - f3 ôe

ôll __1 [OI ôl _f3ôl ] (E.4)ôn ~ - Jy'Q ôe ÔT!

TRANSFORMATION OF BOUNDARY-CONDITIONS

•

ôml 1 [ôml ôml]- = 'YW411 - - f3w411 -an q=W411 JW4 1"/'YW411 ÔTJ W411 ôe W411

but

ôml -0
an q=W411 -

therefore

1 [ôml ôml]"Yw411 - - f3W411 - = 0
Jw41"/"YW411 ÔTJ W411 ôe W411

or

ôml ôml'YW411 A... - f3W411 ôt =0
"'/ W411 ~ W411

from which

and

E-2

(E.5)

(E.6)

(E.7)

(E.S)

(E.9)

(E.10)



•
but

ami -0
an e=",oll -

therefore

-=J-"::"~== [01"'011 _aam_1 - (3"'011 _aam_1 ] =0
"'011 01"'011 ~ "'011 T/ "'011

or

ami ami01"'011 at - (3",01l!l.. = 0
~ "'011 v'l 1"'011

from which

am 1 - (3"'011 am 1
a~ "'011 - 01"'011 817 "'011

(Refer to Figs. E.l and E.2)

DERIVATION OF DISCRETIZATION EQUATION
FORmp

@ J = Ml BOUNDARY
(Typical Derivation)

(E.l1)

(E.12)

(E.13)

(E.14)

•

(Refer to Fig. E.3)

l) f.P E~(pUm)dedT/dU +iDEf.P ~(pVm)dT/ded~+

f.PEiD ;'(pWm)dudedT/ = iD f.PE;(Ci"~)dedT/du+

iD f.P E~(C2':)dedT/du+ iDEf.P ~(Cr:)dT/dedu+

iDEf.P ~(Cr~)dT/dedu+ iD f.P EsmdedT/du (E.15)

E-3



•

•

1 1
"2(pUm).!:::.1)!:::.u - "2(pUm)w!:::.1)!:::.u +(pVm)p!:::.ç!:::.u-

1 1
(pVm).!:::.ç!:::.u + "2(pWm)p,D!:::.ç!:::.1) - "2(pWm)p,u!:::.ç!:::.1) =

~ ( Ci~) • !:::.1)!:::.u - ~ ( Ci~) w!:::.1)!:::.u + ~ (C;' ~~ ) • !:::.1)!:::.u

~ ( C;' a;;) w !:::.1)!:::.u + ( Ci a;;)p!:::.ç!:::.u - (Ci ~~ ) • !:::.ç!:::.u+

(Cf ~7) p !:::.ç!:::.u - (Cf~) •!:::.ç!:::.u + ~S~ !:::.ç!:::.1)!:::.U (E.16)

1 1
LHS = "2(pUm).!:::.1)!:::.u - "2 (pUm)w!:::.1)!:::.u + (pVm)p!:::.ç!:::.u-

1 1
(pVm).!:::.ç!:::.u + "2(pWm)p,D!:::.ç!:::.1) - "2(pWm)p,u!:::.ç!:::.1) (E.17)

1 1
LHS = "2(pU).!:::.1)!:::.um. - "2(pU)w!:::.1)!:::.umw+ (pV)p!:::.ç!:::.ump-

1 1
(pV).!:::.ç!:::.um. + "2(pW)P,D!:::.ç!:::.1)mp - "2(pW)p,u!:::.ç!:::.1)mp,u (E.1S)

1
LHS = "2 {ll(pU).,oll!:::.1)!:::.ump - 11- (pU).,oll!:::.1)!:::.ume}-

1
'2 {ll(pU)w,o Il!:::.7/!:::.umw - 11- (pU)w,oll!:::.1)!:::.ump}+

(pV)p!:::.ç!:::.ump - {II(pV).,oll!:::.ç!:::.ums -

111- (pV).,oll!:::.ç!:::.ump} + '2(pW)P,D!:::.ç!:::.7/mp-

1"2(pW)p,u!:::.ç!:::.1)mp,u (E.19)

E-4



•
1 1

LHS = 2"(pU).,olL:.T/L:.ump - 2"- (pU).,ollL:.T/L:.ums-

1 1
2"(pU)w,olL:.T/L:.umw +2"- (pU)w,ollL:.T/L:.ump+

(pV)pL:.~L:.ump -1I(pV).,ollL:.~L:.ums+

111- (pV).,ollL:.~L:.ump + 2(pW)p,DL:.eL:.T/mp-

1
2(pW)P,uL:.~L:.T/mp,u (E.20)

Write the continuity equation:

a a a
a~(pU) + aT/ (pV) + au (pW) = 0

12 [(pU). - (pU)wl L:.T/L:.U + [(pV)p - (pV).l L:.~L:.u+

12 [(pW)P,D - (pW)p,ul L:.eL:.T/ = 0

(E.21)

(E.22)

(E.23)

(E.24)

•
Multiply by -mp

1 1
-2(PU).L:.T/~qmp +2(pU)w~T/~qmp - (pV)p~e~qmp+

1 1
(pV).~e~qmp - 2(pW)p,D~eL:.T/mp +2(pW)p,u~e~l'/1np =0 (E.25)

E-5



•
1 1

LHS = 2 11(pU).,ollt:.7/t:.ump - 211 - (pU).,ollt:.7/t:.umE-

1 1
211(pU) ...,ollt:.7/t:.umw +211 - (pU) ...,ollt:.7/t:.ump+

(pV)pt:.et:.ump -1I(pV).,ollt:.et:.ums+

1
11- (pV).,ollt:.et:.ump + 2(pW)p,Dt:.et:.7/mp-

III
2(pW)p,ut:.et:.7/ffip,U - 2(pU).t:.7/t:.ump + 2(pU)... t:.7/t:.ump-

1
(pV)pt:.et:.ump +(pV).t:.et:.ump - 2(pW)p,Dt:.et:.7/mp+

1
2(pW)p,Ut:.et:.7/mp (E.26)

1 1
LHS = 211 - (pU).,ollt:.7/t:.ump - 211 - (pU).,ollt:.7/t:.umE-

1 1
211(pU)...,ollt:.7/t:.umw +211 (pU) ...,ollt:.7/t:.ump-

lI(pV)"ollt:.et:.ums + lI(pV).,ollt:.et:.ump+

1 1
2(pW)p,Ut:.et:.7/mp - 2(pW)p,Ut:.et:.7/mp,U (E.27)

• (E.28)

E-6
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RHS = ~Cr:b>.'1b>.O' (~) e - ~C;':,A'1ô'O' (~) w +

lem A A Pe (am) 1 m A A Pw (am)
2" 2e LoJ.'1LoJ.O' "te ae e - 2"C2w LoJ.'1LoJ.O' "tw ae w +

C3'Pb>.eb>.U~; (~) p - Cf;b>.eô'u (a;;)•+
C;Pb>.eô'u (~7) p - C:;b>.eô'u (~7) .+

!Spô'V (E.32)
2

• (E.33)
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y

Dml- -0
Dn (=woU -

ami -0
an q=woll -. .

'''\ -0an .....11 -

amI- =0an (=woll

:z:

Fig. E.l Boundary condition on the physical plane

1] Dm 1 !3wall Dm 1- -----
Dq wou - 1'waU De wall

1]=Mll------------,

Dm 1 !3woll am 1- -----De wou - Il/wall Dl] waU

11=1
ç=1

Dm 1 !3wall am 1- -----
a'f/ wall - 1'waU De wall

am 1 !3wall Dm 1
ôe wall =;;;;;;, Dq wall

~ e
e=Ll

•
Fig. E.2 Boundary condition on the computational plane
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Figure E.3 control-volume (al J = Ml boundary
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APPENDIX F

DERIVATION OF RELATIONS OF PRESSURE-VELOCITY

COUPLING IN TRANSVERSE DIRECTION

F - 1



• F. 1 DERIVATION OF PRESSURE-CORRECTION EQUATIONS,
Consider the continuity equation in transformed plane:

8(pU) 8(pV) 8(pW) _ 0
8~ + 8'1 + 8u -

integrate this equation over an interior control-volume:

N

(F.l)

w

Fig. Fl

E

•

which is thereby discretized:

[(pU). - (pU)w].6.'16u + [(pV)n - (pV).I.6.~.6.u+

[(pW)D - (pW)u].6.~.6.'1 =0 (F.3)

F - 2



•
dividing by 6V = 6f,6TJ60' one obtains:

(pU), - (pU)w (pV)n - (pV). (pW)o - (pW)u _ 0 (F. ')
6f, + 6'1 + 60' - ..

or alternatively:

P,U.-PwUw PnVn-P.V. poWo-puWu_
O6f, + 6'1 + 60' -

Now consider the contravariant velocities relations

U - uYq - VX q }
V = VX{ - uY{

for which the starred-velocities:

or by difference

U-U" =(u-u")Yq- (V-V")X q }
V-V· = (v - v")x{- (u - u")y{

or

U = U" +(u - u")Yq- (v - v")xq }
V =V" + (v - v")X{- (u - u")y{

but

U - u· =U'}
v-v· = Vi

Eqn. (F.lO) is for the velocity corrections of u and v. Then

U =U· +u'Yq -V'Xq }
V = V· +V'X{ -u'y{

(F.5)

(F.6)

(F.ï)

(F.S)

(F.9)

(F.I0)

(F.l1)

Eqn. (F.n) is the contravariant-velocities in tenns of starred-quantities and velocity-

corrections, from which

•
u. =U:
Uw = U:,

(F.12)

F - 3



•
and

Vn =V,:
V. = V;

(F.13)

Substituting the latter discrete values of contravariant-velocities in Eqn. (F.5):

( U• 1 1 U.' ') l +P• • +P.u.y~. - P.v.:r:~. - Pw w - PwuwY~w + Pwvw:r:~w .6.ç

( v.., , V. , + ' ) 1 +pn n +Pnvn:r:~n - pnunY~n - P• • - P.v.:r:~. P.u.Y~• .6..,.,

1
(PDWD-PUWU).6.cr =0 (F.14)

or alternatively

let

(F.15)

(F.16)

then
,

P.u.Y~•
.6.ç,

Pnvn:r:~n

.6..,.,

,
P.v.:r:~.

.6.ç
1

pnunY~n

.6..,., (F.17)

•
One should obtain the rèlations for the velocity-corrections (i. e., U~,

v~, U~, v~) to substitute in Eqn. (F.17).
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F. 1. 1 List of Discretization Equations for Transverse Velocity

A.P:u. = L ·-l.(nbl. u(nbl. +B~-

f PE-Pp PN+PNE-PS-PSE }~V
l ~ç Yq. - 4~1] Y{•

.4.P:v. = L A('nb). v(nbl. + B:-
{

PN+PNE-PS-PSE PE-Pp }~V
4~1] x{. - ~ç x q •

.4P:un =L A(nblnU(nbln +B~-

{
PNE+PE-PW-PNW PN-Pp }~V

4~ç Yqn - ~1] Y{n

AP~vn = L A('nblnV(nbln + B~-

{
PN - Pp PN E +PE - Pw - PNiV } ~V

~1] X{n - 4~ç xqn

.4P~uw = LA(nblwU(nblw +B::'-

{
Pp - Pw PN +PNW - Ps - PSW } ~V

~ç Yqw - 4~1] Y{w

A.P~vw = LA('nblwV(nb)w +B::'-

{
PN +PNW - Ps - PSW Pp - Pw } ~V

4~1] x{w - ~ç xqw

AP.uu. = L A(nbl. U(nbl. +B:-

{
PE +PSE - Pw - PSW Pp - Ps } ~V

4~ç Yq. - ~1] Y{.

AP:v. = L A('nbl. V(nbl. +B:-

{
Pp - Ps PE + PSE - Pw - PSW } ~V

~1] x{. - 4~ç x q•

F • 5

(F.IS)

(F.ID)

(F.20)

(F.21)

(F.22)

(F.23)

(F.24)

(F.25)
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•

F. 1. 2 Derivation of Relations for Velocity-Corrections

Velocity-Correction u~

.4.p.uu. = 2: Aënb).U(nb). +B:-

{
PE-PP _PN+PNE-PS-PSE }b.V

b.~ y~. 4b.7j y~.

AP.uu; = 2: Aënbl.u(nbl. +B:-

{
Pë-Pp _P'N+P'NE-PS-PSE }b.V

b.~ Y~e 4b.7j Y~e

Subtract: Eqn. (F.26) - Eqn (F.27)

let

then

F - 6

(F.26)

(F.2i)

(F.28)

(F.29)

(F.30)

(F.31)
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•

Velocity-Correction v:
A.P:ve = L A(nbl. V(nb). +B~-

{
PN +PN E - Ps - PSE PE - Pp } ~V

4~7J x(e ~e x qe

AP:v; = LA(nbl.v(nbl. + B~-

{
Pl. +Pl. E - Ps- PSE PË; - Pp } ~V

4~7J x(e ~e x qe

Subtract: Eqn. (F.32) - Eqn (F.33)

let

then

F - 7

(F.32)

(F.33)

(F.34)

(F.35)

(F.36)

(F.37)
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•

Velocity-Correction u;"

.4P~uw = L.4(n6)wU(n6)w +B:'-

{
Pp - Pw _ PN + PNW - Ps - PSW y W} .c:.v

.c:.e Y~w 4.c:.7] ~

.4P~u:' =L A(n6)w U(n6)w +B:'-

{
Pp - Pw _PN + PNW - Ps - PSW y W}.c:.V

.c:.e Y~w 4.c:.7] ~

Subtract: Eqn. (F.38) - Eqn (F.39)

AP~[uw - u:.l =L A(n6)w U(n6)w - L A('n6)w U(n6)w -

{
(Pp-Pp)-(PW-PW) _

.c:.e y~w

PN) + (PNW PNW ) - (PS - PS) - (PSW - PSW)y W}.c:.V
4.c:.7] ~

let

then

F - 8

(F.3S)

(F.39)

(F.40)

(F.41)

(F.42)

(F.43)



•

•

Velocity-Correction v:..

Subtract: Eqn. (F.44) - Eqn (F,4S)

let

then

F - 9

(F.44)

(FAS)

(F,46)

(F,46a)

(F,47)

(F,4S)
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•

Velocity-Correction u~

.4P:un = L .4(n6)n U(n6)n + B~-

{
PS+PNS-PW-PNW PN-Pp }LW

4t1e Y~n tl7) Yen

AP:u~ = L A(n6)n U(n6)n +B~-

{
PE + pr. S - Piv - PNW _ pr. - Pp } tIV

4t1e Y~n tl7) Yen

Subtract: Eqn. (F.49) - Eqn (F.5D)

let

then

F - 10

(F.-!9)

(F.5D)

(F.51)

(F.52)

(F.53)

(F.54)
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•

Velocity-Correction v~

A.P~vn = LA(nb).V(nb). +B~-

{
PN - Pp PE + P.'IE - PlV - PNIV } ~V

~Tf X~n 4L\ç X'I"

.4.P~v~ = L ·4.(nb). V(nb). +B~-

{
PN-PP PË;+PNE-PW-PNIV }~V

~Tf X~n 4~ç X"n

Subtract: Eqn. (F.55) - Eqn (F.56)

let

then

F - 11

(F.55)

(F.56)

(F.5i)

(F.58)

(F.59)

(F.60)
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Velocity-Correction u~

AP."u. =L A(nbl. U(nb). +B:-

{
PE+PSE-PW-PSW Pp-PS }6.V

46.ç y~. 6.7] y(.

AP."u; =L .4(nb). U(nb). +B:-
{

PÉ+PSE-PW-PSW P'P-PS }6.V
46.ç Y~. 6.7] Y(.

Subtract: Eqn. (F.61) - Eqn (F.62)

let

then

(F.61)

(F.62)

(F.63)

(F.64)

•

AP" , =-6.V { P~ +Ph - Plv - P~w
• u. 46.ç Y~.

,_ 6.V {P~+P~E-Plv-P~w
u. - - AP," 46.ç Y~,

F - 12
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•

Velocity-Correction v~

AP:v. = L A('nb). U(nbl. + B~-

{
Pp - Ps PE+ PSE - PlV - PSIV } 6 V

61/ x~. 46~ x".

A.P:u; =L ·-!('nbl. V(nbl. + B~-

{
P;.-PS PÉ+PSE-PW-PSlVx }6V

61/ x~. 46~ q.

Subtract: Eqn. (F.67) - Eqn (F.68)

let

then

F - 13

(F.67 )

(F.6S)

(F.69)

(F.70)

(F.71)

(F.72)
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F. 1. 3 Summary oC Relations Cor Velocity Corrections

, __ .6.V {P1-P~ _PN+PNE-Ps-Ph }
u. - A.p.u .6.~ Y~. 4.6.7/ Y(.

, _ .6.V {PN+PNE- Ps - Ph P1 - P~ }
v. - - A.P: 4.6.7/ x(. - .6.~ x~.

u' __ .6.V {P~ - Plv _ PN+PNW - Ps - Psw }
w - Apu .6.& Y~w 4.6. Y(w

w ~ 7/
1 __ .6.V {PN+PNW - Ps - Psw _ P~ - Plv }

Vw - .4P~ 4.6.7/ X(w.6.~ x~w

, __ .6.V {PN- P~ _ P1 +PNE- Plv - PNW }
vn - AP;: .6.7/ X(n 4.6.~ x~n

1 __ .6.V {P1+ PNE- Plv- PNW _PN-P), }
1.!n - AP:: 4.6.~ Y~n.6.7/ Y(n

, __ .6.V {P~ - Ps _ P1 + Ph - Plv - Psw }
v. - .4P: .6.7/ x(. 4.6.~ x~.

1 __ .6.V {P1 +Ph - Plv - Psw _ P~ - Ps }
u. - AP.u 4.6.~ Y~'.6.7/ Y(.

F. 1. 4 Substitution oCVelocity-Corrections in Eqn. (F.17)

(F.ï3)

(F.ï4)

(F.ï5)

(F.ï6)

(F.H)

(F.7S)

(F.79)

(F.SO)

•
F - 14
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•

which can be simplified:

_ PeD.TJD.O'Y~e [Pl _ p' J+ peD.O'YneYee [Pl + P' - P' - p' J+
.4Pe"D.ç E P 4APeu N NE S SE

peD.O'xnexee [Pl P' P' P' J PeD.TJD.O'x~e [Pl p, 1
4AP:, N+ NE- S- SE - AP:D.ç E- p+

PwD.TJD.O'!i~w[Pl _ p' ]_ PwD.O'YnwYew [Pl +p' - P' - p' J-
ApuD.& P W 4Apu N NW S SIV

w ~ w

PwD.O'xnwxew [Pl + P' _ P' _ P' J+ PwD.TJD.O'x~w [Pl _ P' ]-
4.4P~ N NW S SW AP~D.ç P IV

PnD.çD.O'x~n [Pl _ P' J + pnD.O'xnnxen [Pl + P'. _ P' _ P' ]+
APvD.TJ N P 4Apv E NE W NW

n n

pnD.O'YnnYen [Pl + p' _ p' _ p' J_ PnD.çD.O'Y~n [Pl - p' J+
4Apu E NE W NW ApuD.TJ N P

n n

P.D.çD.O'x~. [Pl _ p' J _ P.D.O'xn.xe. [Pl +P' _ p' _ p' ]_
ApvD..TJ P S 4Apv E SE W SW• •

p.D.O'Yn.Ye. [Pl + P' _ P' _ P' J+ P.D.çD.O'y~. [Pl - p' J+ S = 0 (F.82)
4.4P.u E SE W SW AP.uD.TJ P S

F - 15
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and more simplification:

1 [p'b.7]b.UY~. P.b.7]b.ux~, Pwb.7]b.uy~w Pwb.7]b.ux~w
Pp .4.p.Ub.~ + AP:b.~ + AP::,b.~ + AP~b.~ +

Pnb.~b.ux~n Pnb.~b.uY~n p,b.~b.ux~, p,b.~b.uYi,]_
.4.P~ b.7] + AP::b.7] + AP:b.7] + AP,u b.7] -

P' [P.b.7]b.UY~. P.b.7)b.ux~. pnb.uxqnXen pnb.uYqnYen
E 4.pub.t + AP'b.t - 4AP' - 4Apu +.. c ~ c '- ft n

p,b.uxq,xe, P,b.Uyq,ye,] +P
'

[ P.b.UYq.Yee _ P.b.uxqeXee
4AP' + 4Apu N 4Apu 4AP' +

, " c c

Pwb.uYqwYew Pwb.uxqWXew Pnb.~b.uxin pnb.~b.UYin]
4Apu + 4AP' + AP'b... + Apub." +

1IJ w n "' n "

P' [peb.Uyqeyee peb.uxq.xe. Pwb.uYqwYew Pwb.uxqWXew
S 4.4.P;< + 4AP: - 4AP::, - 4.4.P~ +

p,b.~b.ux~, P,b.~b.uYi,] 1 [pwb.7]b.UY~W Pwb.7]b.ux~w
A.P:b.7] + AP:b.7] +Pw AP::,b.~ + AP~b.~ +

pnb.uxenXqn Pnb.uYenYqn p,b.uxq,xe, p,b.Uyq'Ye,]
4AP' + 4Apu - 4AP' - 4Apu +n ft , ,

p' [p.b.Uyeeyq. p.b.uxe.Xq. pnb.uxqnXen pnb.Uyqnyen]
NE - 4Apu - 4AP' - 4AP' - 4Apu +

c c ft ft

P' [Peb.Uyeeyqe Peb.uxeeXqe p,b.uxq,xe, p,b.Uyq,ye,]
SE 4Apu + 4AP' + 4AP' + 4Apu +

e c ,f "

P' [pwb.uyewyqw Pwb.uxewXqw pnb.uxqnXen Pnb.uyqnyen]
NW 4Apu + 4AP' + 4AP' + 4Apu +w w n n

P' [pwb.uyewYqw Pwf:),.uxewXqW P.f:),.uxq.Xe. P.f:),.uyq•ye.]
SW - 4Apu - 4AP' 4Apv 4Apu +tu w , ,

PwU:' - PeU: + P.v; - PnV; + puWU - PDWD (F.83)
b.~ b.7] f:),.u

F - 16
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• F. 1. 5 Final Results

(F.88)

(F.85)

(F.87)

(F.92)

(F.90)

(F.86)

(F.S4)

_ Pe L::.l) L::.17Y;e Pe L::.l) L::.17X~e PwL::.l)L::.17Y~w Pw L::.l) L::.17x~w
Ap - A.P:L::.ç + AP:L::.ç + A.P::,L::.ç + .4P:;'L::.ç +

PnL::.çL::.17Y~n pnL::.çL::.17X~n P, L::.çL::.17x~, p, L::.çL::.17Y~,

APi: L::.l) + AP:; L::.l) + .4P:L::.l) + .4P: L::.l)

Il _ PeL::.l)L::.17Y~e PeL::.l)L::.17X~e pnL::.17XenXqn pnL::.17YenYqn
• E - .4PeuL::.ç + AP: L::.ç 4AP:; - 4.4P;: +

p.L::.17Xe.Xq. p.L::.17Ye.Yq.
4Ap· + 4Apu• •

peL::.17X{eXqe PwL::.17YewYqW PwL::.17XewXqw
4Ap· + 4Apu + 4Ap· +

e w w

pnL::.çL::.17X~n Pn L::.çL::.17Y~n
AP:; L::.l) + APi: L::.l)

A _ peL::.17YeeYqe peL::.17XeeXqe PwL::.17YewYqw
S - 4Apu + 4Ap. 4Apu

e e w

P.L::.çL::.17X~. p. L::.çL::.17Y~.
AP: L::.l) + AP.uL::.l)

Il _ PwL::.l)L::.17Y~w PwL::.l)L::.17X~w pnL::.17XenXqn PnL::.17YenYqn
• w - AP::,L::.ç + AP:;,L::.ç + 4AP:; + 4AP;:

p.L::.17Xe,xq, p,L::.17Ye,Yq,
4AP: 4AP:

PeL::.17XeeXqe PeL::.17YeeYqe PnL::.17XenXqn pnL::.17YenYqn
ANE = 4AP: 4APeu 4AP:; 4AP;: (F.89)

A
PeL::.17XeeXqe peL::.17YeeYqe p,L::.17Xe,Xq, p,L::.17Ye,Yq,

SE = 4Ap. + 4Apu + 4Ap. + 4Apue e • ,

A - PwL::.17Xew:&qw pwL::.17YewYqW + PnL::.17:&enXqn + pnL::.17YenYqn (F.91)
NW - 4Ap. + 4Apu 4Ap. 4Apu

tu tu n ft

PwL::..17XewXqw PwL::..17YewYqW p,L::..17Xe.Xq, p,L::..17Ye,Yq,
Asw= 4Ap. 4Apu 4Ap· 4Apu

tu tu , •

ApP;' = AEP1 +ANPIv +Awpiv +AsPs+ANEPNE + ASEPSE+

(F.93)

•
in which

B = PwU:' - PeU: + P,V," - PnV': + puWu - PDWD
L::.ç L::..l) L::.17

(F.94)

F - 17
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also

and

Notes

ANE+AsE +ANW +Asw =0

(F.95)

(F.96)

1. Taking "pli = constant in the above formulations (which can be consequently

dropped from the coefficients and the "B" term) showed to be effective in the

convergence of the problem.

2. The values of .6~ =.67/ =1 for simplicity.

•

(F.97)

(F.98)

(F.99)

(F.IOO)

(F.101)

F - L8
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in which

B - (U· _ U·) +(V· _ V·) + (Wu - WD )
- w • • n t:,.(J'

also

Ap =AE + AN + Aw + As

and

ANE+AsE +ANW +Asw = 0

F. 1. 6 Special case: Maliska et. aI.46

This case is valid for Newtonian fluids.

1) Constant "p"

2)

F - 19

(F.I02)

(F.I03)

(F.I04)

(F.I05)

(F.I06)

(F.I07)

(F.IOS)

(F.109)

(F.UO)



•
3)

A.P.
U

= AP: = A. )
AP::' = .4.P':; = Aw

AP:: = AP~ = An
AP.u -_ AP" - A• - ."1•

(F.111)

•
F - 20
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l'sing

Pp [L:.o-(Y~e + x~e) + L:.o-(Y~w +x~w) + L:.o-(x~n +Yin) + L:.o-(x~. +vi,l] =
~ ~ An A.

P I [L:.O-(Y~e +x~e) L:.o-(xqnxen +YqnYen) L:.o-(xq.xe. +yq.ye.l]
E - + +Ae 4An 4A.

PN
'

[ L:.o-(YqeYee +xqexee) L:.o-(YqwYew +xqWxew) L:.o-(x~n + yin)]
4Ae + 4Aw + An +

P' [L:.o-(yqeYee +XqeXee) _ L:.O-(YqwYew +xqwxew) L:.o-(x~. + yi.)]
S 4Ae 4Aw + A. +

P' [L:.o-(X~w+Y~w) L:.o-(xenXqn +YenYqn) L:.o-(xq.xe. +yq.ye.l]
W Aw + 4An - 4A. +

p' [L:.o-(xeexqe + YeeYqe) L:.o-(xqnxen + yqnyenl]
NE - 4Ae - 4An +
P' [L:.o-(xeex qe+YeeYqe) + L:.o-(xq.xe. +yq.ye.l] +

SE 4Ae 4A.

P
NW

[L:.o-(xeWxqw +YewYqw) + L:.o-(XqnXen + yqnyen)] +
4Aw 4An

p' [ L:.o-(xewXqw +YewYqw) L:.o-(Xq.Xe. +yq.ye.)]
SE - 4Aw - 4A. +

(U:' - u:) +(V: - V;) + (WU;o-WD) (F.113)

Using

x2 +y2 =Cl( (F.114)q q

XeXq +YeYq = f3 (F.115)

X~ +Y~ = '"f (F.116)

•
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•

F. 1. 7 Final Results of Special Case

•
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(F.l1S)

(F.l19)

(F.120)

(F.121)

(F.122)

(F.123)

(F.124)

(F.125)

(F.126)

(F.127)



•
in which

and

aalso

B =(U' - U') (V' _ V') Wu - WD
lU • +. n + /:;(7

Ap =AE +AN +Aw +As

AN E+ ASE +"!NW +Asw .., 0

(F.12S)

(F.129)

(F.130)

F.2 DERIVATION OF THE PRE~,SURE·EQUATIONFOR

SIMPLER ALGORITHM

Momentum Equation:

is written as:

L: A('nbl. U(nbl.
U. = Apu

•
/:;V {PE - Pp PN + PN E - Ps - PSE }
AP.u .6e Yqe - 4.617 Y(e

Let us define pseudovelocity Û. as

The momentum equation is then written:

(F.13!)

(F.132)

(F.133)

• _. _ .6V {PE-PP _ PN+PNE-PS-PSE } (F.134)
u. - u. AP: .6e Yq. 4.617 Y(e
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• F. 2. 1 Summary of Relations for Velocity Components

_ • LlV {PE - Pp _ PN + PN E - Ps - PSE }
U e - U e - Apu Ll& Yqe 4Ll Yliee' ~

_. LlV {PN+PNE-PS-PSE PE-PP}
Ve - Ve - Ap. 4Ll XIie - Ll& X q•· ~ ,

_. LlV {PE+PNE-PW-PNW PN-PP }
Un - Un - Apu 4Ll& Yqn - Ll Ylin

n , ~

_. LlV {PN-PP PE+PNE-PW-PNW}
Vn - Vn - Ap. Ll Xlin - 4Ll& X qn

n ~ ,

• LlV {Pp - Pw PN + PNW - Ps - PSW }
U w = U w - Apu Ll& Yqw - 4Ll Yliww' ~

_ • LlV {PN +PNW - Ps - PSW Pp - Pw }
Vw - Vw - Ap. 4Ll Xliw - Ll& Xqw

w . ~ ,

_. LlV {PE+PSE-PW-PSW Pp-Ps}
u. - u, - Apu 4Ll& Yq, - Ll Yli.· , ~

_ • LlV {Pp - Ps PE +PSE - Pw - PSW }
v, - v, - Ap. Ll Xli' - 4Ll& X q•· ~ ,

Comparing these results with the Eqns (F.73) to (F.8D):

(F.135)

(F.136)

(F.137)

(F.138)

(F.139)

(F.14D)

(F.141)

(F.142)

stand in place of

and "P" stands in place of "P'''. Then

ASEPSE + ANWPNW + AswPsw + B

where

(F.143)

•
(F.l44)

Note that a constant "p" in t1:le above formulation showed an effective convergence in

practice.
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• F. 2. 2 Relations for Pseudovelocities in 1 and J Coordinates

U1P(I, J) = (AE(I, J) x U1(I + 1, J) + AN(I, J) x U1(I, J + 1)+

AW(I, J) x U1(I - 1, J) + AS(I, J) x U1(I, J - 1)+

CON(I, J))/AP(I, J)

V1P(I, J) = (AE(I, J) x V1(I + 1, J) + AN(I, J) x Vl(I, J + 1)+

AW(I, J) x V1(I - 1, J) + AS(I, J) x Vl(I, J - 1)+

CON(I, J))/AP(I, J)

•
F - 25
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•

•

Hl --+--+--+-+-+-;-----+--4-+--
1 1

-- --
1 1

J

u2(1+1,J)

J - 1 --+-+--+-t--;--"'~P~-I--

1-1 l 1+1
Fig. F3

V2P(I, J) = (AE(I, J) x V2(I + l, J) + AN(I, J) x V2(I, J + 1)+

AW(I, J) x V2(I -1, J) + A5(I, J) x V2(I, J - 1)+

CON(I, J»/AP(I, J)

U2P(I, J) = (AE(I, J) x U2(I + 1, J) + AN(I, J) x U2(I, J + 1)+

AW(I, J) x U2(I - l, J) + A5(I, J) x U2(I, J -1)+

CON(I, J»/AP(I, J)

F - 26
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•

APPENDIX G

DERIVATION OF MISCELLANEOUS RELATIONS
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• G.l CONTRAVARIANT VELOCITIES

UCl and VCl (Figure G.I)

UI = uIY~1 - vlx~1

VI =VIXel - UIYel

UCI(I, J) = UI(I, J)Y~I - VI(I, J)X~1

VCI(I, J) = VI(I, J)Xel - UI(I, J)Yel

l = 3 ta L2 and J = 2 ta M2

UC2 and VC2 (Figure G.2)

U2 = U2Y~2 - V2X~2

V2 = V2Xe2 - U2Ye2

UC2(I, J) = U2(I, J)Y~2 - V2(I, J)X~2

VC2(I, J) =V2(I, J)Xe2 - U2(I, J)Ye2

l = 2 ta L2 and J = 3 ta M2

WC (Figure G.3)

WC(I, J) = JAC(I, J) . W(I, J)

1 = 2 ta L2 and J = 2 ta M2

UCI and VCI at the Boundaries

J=2toM2

(G.I)

(G.2)

(G.3)

(GA)

(G.5)

(G.6)

(G.ï)

(G.8)

(G.9)

•
UCl(2, J) = Ul(2, J)y~(l, J) - Vl(2, J)x~(l, J) (G.lO)

VCl(2, J) =Vl(2, J)xe(l, J) - Ul(2, J)Ye(l, J) (G.ll)

G-2



•
.J = 2 to M2

UC1(Ll, J) = U1(L1, .I)Yq(Ll, T) - V1(Ll, J)x,,(L1, J) (G.12)

FC1(Ll, J) = y'l(L1, J)x~(L1,.T) - [T1(L1, .I)ye(L1,.I) (G.13)

UC2 and VC2 at the Boundaries

1=2 to L2

1=2 to L2

UC2(I,2) = U2(I, 2)Yq(I, 1) - 1/2(I, 2)xq(I, 1)

VC2(I, 2) = V2(I, 2)x~(I,1) - U2(I, 2)y~(I, 1)

(G.14)

(G.15)

UC2(I, ,l,Il) = U2(I, JvIl)Yq(I, JvIl) - V2(I, lvIl)xq(I, AIl) (G.16)

VC2(I,,'VIl) = V2(I,AJ1)x~(I,JvIl) - U2(I,M1)y~(I,M1) (G.17)

WC at the Boundaries

1=2 to L2

•

1=2 to L2

1=2 to M2

J=2toM2

WC(I, 1) = J AC(I, 1) . WeI, 1)

WC(I, Ml) = J AC(I, Ml)· Wei, Ml)

WC(l,J) = JAC(l,J)· W(l,J)

WC(L1, J) = J AC(L1, J). W(L1, J)

G-3

(G.1S)

(G.19)
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•

•

G.2 CONTRAVARIANT VELOCITIES
SATISFYING MASS-CONSERVATION

( Fi!\1l!": (,'.1 )

(UI - Un = (UI - u;)y~ - (VI - vj)x~

(V2 - V2") = (V2 - vi)x{ - (U2 - ui)y{

let

and

U2 -u2= U~}
V2 -vi = v~

UI = UI" +u;y~ -v;x~

in alternate form let

u\ = DUI}
v\ = DVI

u~ =DU2}
v~ = DV2

then

UI =UI" +DUIy~ - DVIx~

V2 = V2" +DV2x{ - DU2y{

@ points "w" and "s":

UI w =UI~ + DUIw •y~w- DVIw ' x~w

·V2. = V2; + DV2• . x{. - DU2• . y{.

G-4

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

(G.27)

(G.28)

(G.29)

(G.30)

(G.31)

(G.32)

(G.33)

(G.34)

(G.35)

(G.36)

(G.37)



•
or in terms of .•l'' and .•J":

CC1(1. J) = UC1°(I, J) + DUl1· Y~I - DFl1· .r~1 (G.3S)

•

VC2(1, J) = FC2°(I, J) + DV22· Xe2 - DU22· Ye2 (G.3D)

DU _ _ 6 F [(PC(I, J) - PC(1 - 1, J)) _
11 - A.PU1(I, J) 6ç Y~I

(PC(I -l, J + 1) + PC(I,J + 1) - PC(I - l, J - 1) - PC(I, J - 1)) ]
46~ ~I

(GAO)

DVl1 = - APV1(I, J)

[
(PC(I -1,1 + 1) + PC(I, J + 1) - PC(1 -l, J - 1) - PC(I, J - 1))

46~ xel -

(PC(I, J) - PC(1 - l, J)) ] (G.41)
• 6ç X~I

D
V'J'J _ 6 V [(PC(I, J) - PC(I, J - 1)) ._

-- - APV2(1, J) 6~ Xe2

(PC(I +1,J -1) +PC(I +1,J) - PC(1 -l,J) - PC(I -l,J -1)) ]
46ç x~

(G.42)

61'
DU22 =

APU2(I,J)

[
(PC(1 +1,J -1) +PC(I +1,J) - PC(1 -l,J) - PC(I -l,J -1))

46ç Y~2 -

(PC(I,J) -;C(I,J -1))ye
2

] (G.43)
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• G.3 CONTRAVARIANT VELOCITIES
NOT SATISFYING MASS-CONSERVATION

(Figure G.5)

Contravariant Velocities Satisfying Mass-Conservation:

(dcnatcd by ')

UCl(l, J)

UCl(I + l, J)

VC2(I,J)

VC2(I,J +1)

Contravariant Velocities Not Satisfying Mass-Conservation:

VCl(I, J)

UC2(I, J)

VCl(I + l, J)

UC2(I,J + 1)

Relation for UC2(I,J) (Figure G.6)

UC2(I, J) = UCl(I, J) +UCl(I + l, J) +UCl(I + l, J - 1) +UCl(I, J - 1)
4

(G.44)

for l = 2 ta L2 and J = 3 to M2

Relation for VCl(I,J} (Figure G.7)

VCl(I, J} = VC2(I, J) +VC2(I, J +1) +VC2(I - 1, J + l} + VC2(I - l, J)
4

(G.45)

for l = 3 to L2 and J = 2 ta M2

•
G.4 PHYSIÇAL VELOCITIES

U =uY~ -vx~

V = -uYE +vxE

G-6
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•
(GAS)

and

(G,4D)

(G.50)

(G.51)

but

Therefore

u = t[UXE +VxqJ}
v = ï[UYE +VYq]

u1 and v1 (Figure G.8)

..

(G.52)

(G.53)

1
u1(1, J) = JACI (UC1(1, J). XEl + VC1(I, J). Xql)

1
v1(1, J) = JAC1 (UC1(I, J). YEl +VC1(I, J). Yql)

u2 and v2 (Figure G.9)
1

u2(I,J) = JAC2(UC2(I,J). XE2 + VC2(I,J) 'Xq2)

1 :
v2(I,J) = JAC2(UC2(I,J). YE2 +VC2(I,J) 'Yq2)

G.5 APPLICATION OF RELAXATION FACTOR

(G.54)

(G.55)

(G.56)

(G.57)

•
Consider the general discretization equation (for momenta, pressure, energy and species):

APprPp =L A(nb)PrP(nb)P +Bp - L[Fp]boV (G.58)

in which the term L[Fp]boV appears only in momentum equations. Now write:
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•
(G.59)

(G.51)

(G.55)

(G.54)

(G.50)

(G.55)

, E A'(n6)pllÎ(n6)P +Bp L[Fp]tlV
Op = -

A.Pp APp
or alternatively:

. _ '0 + EA(n6)p,pCn6lP +Bp "'0 L[Fp]tlV
Op - <iJp APp - 'l'p - A.Pp

Applying relaxation factor, a:

, _ "'0 (EACn6)p,pCn6lP+BP _ .• _ L[FP].6V)
t;Jp - 'l'P +a APp <Pp APp

• 0 a ~ aBp 0 aL[Fp]tlV
<pp =,pp + APp L-J A(n6)p<P(n6)P + APp - a<pp - APp (G.52)

APp t/>p = .4.Pp cPP + LA(n6)p<P(n6)P +Bp - APp<p p - L[FpJtlV (G.53)
a a

APp ,pp = ~ ACn6)p,p(n6)P +Bp + (1 - a)APp ,pp _ L[Fp]tlV
a L-J a

let .4.Pp = AP(I, J)
a

(1 - a) APp = (1 _ a).4.P(I, J)
a

Bp ~ B(I, J) (G.57)

AP(I, J)<P(I, J) = L .4.(n6)(I, J),p(n6)(I, J) +B(I, J) + (1 - a)AP(I, J)<P(I, J)-

L[FpJtlV (G.58)

Relations for AP(I, J):

Ul:

VI:

AP(I, J) = (AE(I, J) + AW(I, J) + A:i~'/) + AS(I, J) + AU(I, J)) (G.59)

AP(I J) = (AE(I, J) + AW(I, J) + A.N(I, J) + AS(I, J) + AU(I, J)) (G 70)
, REL2 .

•

U2:

V2:

4.P(I J) = (AE(I, J) + AW(I, J) + AN(I, J) + AS(I, J) + AU(I, J)) (G 71)
• , REL3 .

AP(I J) = (AE(I, J) + AW(I, J) + AN(I, J) + AS(I, J) + AU(I, J)) (G 72)
, REL4 .
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•
W:

. P(I J) _ (A.E(l, J) + ..l.IV(l. J) + ..1.\'(l. J) + .o1S(l. J) + .o1U(l. J)) _
.01 , - REL10 (G .• 3)

H:

(.o1E(l, J) + ..l.W(I, J) + .o1N(l, J) + ..l.S(I, J) + ..l.U(I, J) - SP(l. J) . DF)
.o1P(l, J) = RELS

(G.i.j)
M:

. P(I J) = (.4-E(I, J) + .4W(I, J) + .4N(I, J) + .o1S(I, J) + ..l.U(I, J) - SP(l, J). DI')
.4 , REL9

(G.i5)

P:

pc:

"P(I J) = (AE(I, J) +AW(I, J) + .4N(I, J) + AS(I, J) + ..l.U(l, J») G )
... , REL6 ( .76

.4P(I, J) = (AE(I, J) +AW(I, J) +A:~~~J) + AS(I, J) + AU(l, J) (G.77)

Relations for CONti, J) = E(I, J) + (1 - a)AP(I, J)t/J(I, J)

•

U1 :

VI:

U2 :

V2:

W:
H:
M:
P:

PC:

CONti, J) = E(I, J) +(1 - REL1)AP(I, J)U1(I, J)

CONti, J) =E(I, J) +(1 - REL2)AP(I, J)V1(I, J)

CONti, J) =E(I, J) + (1 - REL3)AP(I, J)U2(I, J)

CONti, J) = E(I, J) + (1 - REL4)AP(I, J)V2(I, J)

CONti; J) = E(I, J) + (1 - REL10)AP(I, J)W(l, J)

CON(I, J) = E(I, J) + (1 - RELS)AP(I, J)H(I, J)

CONti, J) =E(I, J) + (1 - REL9)AP(I, J)M(I, J)

CONti, J) = E(I, J) +(1 - REL6)AP(I, J)P(I, J)

CON(I, J) =E(I, J) + (1 - REL5)AP(I, J)PC(I, J)

G-9

(G.7S)

(G.79)

(G.SO)

(G.S1)

(G.S2)
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• G.G PRESSURE-GRADIENT TERMS IN 1 AND J COORDINATES

(G.89)

(G.8i)

(G.91)

(G.93)

UI Momentum Equation

L[P'"I~V={PP-Pw _P,v+p.vw-ps-Psw }~V
". ~ç Y~w 4~7J Yçw

L[P~I~V = {[ PU, J) -:t-1, J)] Y~!_

[PU,J + 1) + PCI -l,J + l~~:U,J -1) - peI -l,J -1)] YÇ!} Ùl(G.88)

VI Momentum Equation

L[PV1~V = {p,v + Pmv - Ps - Psw _ P,v - Pw } ~V
w 4~7J xçw ~ç x~w

L[P~l~V =

{ [
PCI, J + 1) + peI -1, J + 1) - P(I, J -1) - peI - 1, J - 1)]

4~7J x ç! -

[PU, J) -~(I - 1, J)] X~!} ~V (G.90)

U2 Momentum Equation

L[PUI~v={PE+PSE-PW-PSW _Pp-Ps }~V
• 4~ç Y~. ~7J Yé'

L[P:I~V=

{ [
P(I + 1,J) +P(I +1,J -1)- PU -l,J) - peI -l,J -1)] _

4~ç Y~2

[PU, J) -~(I, J -1)] Yé2 } ~V (G.92)

V2 Momentum Equation

L[PVI~V = {Pp - Ps _ PE +PSE - Pw - Fsw } è,V
• ~7J xç• 4~ç X q•

L[P:l~V = {[P(I, J) -~(I, J -1)] Xé2-

[
P(I + 1,J) + peI + 1,J -1) - PU -l,J) - peI -l,J -1)] } ~V

4~ç X q2

(G.94)

•
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(G.9B)

(G.99)

(G.95 )

(G.9B)

(G.97)

• G.ï DERIVATION OF PRESSURE-GRADIENT TERM
FOR BOUNDARY CONTROL-VOLUMES (J = 2 AND J = JI2)

Range of Variations of 1 for BoundlllJ' Control-Volumes at J = 2 and J = "-12. 1=3,L2

UI Velocity (Figure G.IO)

@ J = 2 Control-volumes

CON(I,2) = CON(l, 2) - L[1,\"jL:::.V

CON(I, 2) = CON(I, 2) - L[Y~I . P~I - Y~l . P~dL:::.V

P _ 8PI _ P(I,2)-P(I-l,2)
~I - 8ç 1 - L:::.ç

P~I = 8P 1 = ~ [8P 1 + 8P 1 ]
8." 1 2 8." 2 8." wall

p 1 = ~ [P2• - PI + 8P 1 ] = 1 P2' - PI + ~GG1
~ 2 L:::.." 8." wall 2 L:::.." 2

P([,J)+P([-l.J) P([,2}+P([-1.2) 1

P~I = 2 2L:::.." 2 + 2"GG1

P(I,3)+ P(l -1,3) -P(I,2) - P(l -1,2) 1
GG1P~I = 4L:::.." + 2"

CON(I,2) = CON(I,2) _ [(P(I,2) - ~(I -1,2)) Y~l _

(
P(l, 3) +P(l - 1,3) - pel, 2) - P(l - 1, 2) ~GG1) ] L:::. V

4L:::.." +2 Y~I

(G.lOO)

GG1 = PI - Pwall

(~)
Hp(l - 1,2) +pel, 2» - HP(1 - 1,1) +P(I, 1»

= (~)
(G.101)

(G.102)

(G.103)

•

VI Velocity (Figure G.lO)

@ J =2 Control-volumes

CON(I,2) = CON(I,2) - L[l,\"]L:::.V

CON(I,2) = CON(I, 2) - L[:Z:~I . P~I - ;:~I • P~dL:::.V

CON(I,2) =CON(I,2)-

[(
pel, 3) + pei - 1,3) - P(I,2) - P(I - 1,2) + ~GGl) :Z:~I _

4L:::.." 2

(P(I,2) -~(l -1,2») :Z:~I] L:::.V (G.104)
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•
U1 Velocity (Figure G.lO)

''1 ,J = ;"112 Control-volumes

CON(J, M2) = CON(I, M2) - L[.PI"J6.V

CON(J. "'/2) = CON(J, M2) - L[Yql . Pel - Yel . Pql ]6.V
_ DPI _ P(J,M2) - P(J -l,M2)

Pe1 - D~ 1 - 6.~

Pql = DPI = ~ [DPI + DPI ] = ~ [PI -P2
• + ÔPI ]

DI) 1 2 DI) 2 ÔI) wall 2 6.1) ÔI) wall

1 PI - P2• 1
Pql =? A +?HH1_ '-"'1) -

P(I.M2l+P{l-l,M2) _ P(I.M3l+P{l-l,M3l 1

Pql = 2 26.1) 2 + 2HHl

P _ P(J, M2) + P(J - 1, J\'12) - P(J, ]\113) - P(l - l, M3) ~HH
'II - 46.1) + 2 1

(G.10S)

(G.lOG)

(G.107)

(G.10S)

(G.109)

(G.1I2)

(G.ll3)

•

CON(I, M2) = CON(I, M2) _ [ (P(l, M2) -:?-1, M2)) Yql _

(
P(I,M2)+P(J-l,M2)-P(I,M3)-P(I-1,M3) ~HH) ] 6.V

46.1) + 2 1 Yel

(G.lIO)

HHl = Pwall - Pl

(~)
HP(I -l,Ml) +P(I,Ml)) - Hp(I -l,M2) + P(I,M2))

= (~)

(G.m)

VI Velocity (Figure G.lO)

@ J = M2 Control-volumes

CON(I,M2) =CON(I,M2) - L[.P~J6.V

CON(I,M2) =CON(I,M2) - (xel' Pql - Xql . Pel )6.V
CON(I,M2) =CON(I,M2)-

[(
P(I,M2) +P(l -l,M2) - P(I,M3) - P(I -l,M3) lHH)

46.1] + 2 1 xel-

(P(I,M2) -;(I -1,M2)) xql] 6.V (G.1I4)
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• C.S DERIVATION OF PRESSURE-GRADIENT TERM
FOR BOUNDARY CONTROL-VOLUMES (I = 2 AND 1 = L2)

Range of Variations of J for Boundary Control-Volumes at 1 = 2 and 1 =L2. .J=3.~I2

U2 Velocity (Figure G.11)

@ 1 = 2 Control-volumes

CON(2, J) = CON(2, J) - L[Pl"]b.V

CON(2, J) = CON(2, J) - L[Y~2 . P~2 - Y~2 . Pdb.V

p~2_8PI_~[8PI +8PI ]_~[P3'-P2+8PI ]
- 8f, 2 - 2 8f, 3 8f, wall - 2 b.f, 8f, wall

P = ~P3' -P2 ~EEl
~ 2 b.f, + 2

PC3.Jl+PC3.J-1) PC2.Jl+P(2.J-1) 1

P~2 = 2 2b.f, 2 + '2EE1

P = P(3, J) + P(3, J -1) - P(2,J) - P(2, J -1) ~EEl
~2 4b.f, + 2

(G.115)

(G.116)

(G.llï)

(G.118)

(G.llD)

(G.120)

(0.121)

•

p _ 8P 1 _ P(2, J) - P(2, J - 1)
~2 - 81) 2 - b.1)

CON(2, J) = CON(2, J)-

[(
P(3, J) + P(3, J -1) - P(2, J) - P(2, J -1) ~EEl) 1 • _

4b.f, + 2 Y~2

(
P(2, J) - P(2, J - 1») ]b.V

b.1) Y~2

EEl = P2 - Pwall

(~)
Hp(2, J - :) +P(2. J» - Hp(l, J - 1) +P(l, J»

= (~)

V2 Velocity (Figure G.11)

@ I = 2 Control-volumes

CON(2, J) =CON(2, J) - L[P;]b.V
CON(2, J) = CON(2, J) - (X~2 . P~2 - X~2' P~2)b.V

G-13
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•
[(

P(2, J) - P(2. J -1))
CON(2, J) = CON(2, J) - !::.T/ . X~2

(
P(3. J) + P(3, J - 1) - P(2, J) - P(2, J - 1) ~EEl) ]AV

4!::.ç + 2 x ~2 L.>

(G.124)

U2 Velocity (Figure G.ll)

@ [ = L2 Control-volumes

CON(L2, J) = CON(L2, J) - L[Î'2U ]!::.V

CON(L2, J) = CON(L2, J) - L[Y~2 . P~2 - Y~2 . P~21!::.V

p~2_ôPI_~[ôPI +ôPI ]_~[P2-P3,+apl ]
- ôç 2 - 2 ôç 3 Ôç wall - 2 !::.ç aÇ wall

1 P2 - P3' 1
P~2 =:2 !::.ç + :2 FFI

P(L2.Jl+PIL2.J-1) P(L3.J)-PIL3.J-1) 1
P~2 = 2 2 + -2!!'Fl2!::.ç _

P = P(L2, J) + P(L2, J -1) - P(L3, J) - P(L3, J - 1) ~FFI
~2 4!::.ç + 2

(G.125)

(G.126)

(G.127)

(G.131)

(G.128)

(G.129)P 2 = apI = P(L2,J) - P(L2,J -1)
~ ÔT/ 2 !::.TJ

CON(L2, J) =CON(L2, J)-

[(
P(L2, J) + P(L2, J -1) - P(L3, J) - P(L3, J -1) ~FF) _

4!::.ç + 2 1 Y~2

(P(L2, J) - ~(L2, J - 1)) Y~2] !::.V (G.130)

FFI = Pwall- P2

(~)
Hp(Ll, J) +P(Ll, J - 1)) - Hp(L2, J) +P(L2, J - 1))

=- (~)

•
V2 Velocity (FiglJre G.ll)

@ [ =L2 Control-volumes

CON(L2, J) = CON(L2, J) - L[N]!::.V

CON(L2, J) =CON(L2, J) - (X~2 . P~2 - X~2 . P(2)!::.V

G-14
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•
CON(L2,J) = CON(L2,J) _ [( P(L2,J) -~(L2.J-1)) Xe2 _

(
P(L2, J) +P(L2, J -1) - P(L3, J) - P(L3. J - 1) ~FF)"]",'

46~ + 2 1 .rrl~ ul

(G,134)

G.D BUOYANCY-TERM IN y-MOMENTUM EQUATION

Using gy = -g, the y-momentum Eqn. (2.7) becomes:
8 8 8 8
8t(pv) + 8x(puv) + 8y( pv2) + 8z(pwv)

8P (8r,y 8ryy 8r:y)=--- -+-+- -pg
8y 8x 8y 8z

or
8P

LHS=---pg-Q
8y

(G.135)

(G.13f)

for simplicity here. In order to introduce the buoyancy term into the y-momcntum
, 'Eqn. (G.135), one may write:

where:

Therefore

P =Ps+Po

Ps = hydrostatic pressure

Po = dynamic pressure

8Ps 8Po
LHS=-----pg-Q

8y 8y

(G.137)

(G.138)

Now consider the special case that the fluid suddenly ceases to flow. The y-momentum
Eqn. (G.136) for the no·flow condition becomes:

8Ps
- 8y - p.g =0 (G.140)

in which p. is the arithmetic mean density for a cross-section. From Eqn. (G.140)•
or

8P
0= --'-pg

8y
@ no-flow or hydrostatic condition (G.139)
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• aps
-- =PagDy

:-<ow substitute for - f)~, in Eqn. (G.138)

apo
LHS = Pag - a:y - pg - Q

or

(G.141)

(G.142)

(G.144)

apo
LHS=-a:y-(P-Pa)g-Q (G.143)

in which (p - Pa)g is the buoyancy term. The y-momentum equation is therefore written

as:
a a a aat (pv) + ax (puv) + ay (pv

2)+ az (pwv)

apo (aTZY aTyy aT:Y) ( )= -- - -- + - +- - P - Pa 9ay ax ay ôz
The pressure is to he modified in other components of the momentum equation:

x-component:

•

z-component:

Using

One can write:

Therefore

and

that is:

x-component

z-component:

ôP Q'LHS= ---
ôx

ôP Q'LHS=---
ôz

P =Ps+Po

ôPs =0
ôx

ôPs =0
ôz

LHS =_ôPo _ Q'
ôx

LHS=_ôPo -Q"
ôz

G-16
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(G.148)

(G.149)

(G.150)
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•
Using the blloyancy term in the y-momentum Eqn. (2.31), the pressure is modified tn
dynamic-pressure.

G.lO NU55ELT-NUMBER

From Bird33 (page 423)

dQ = h/oc(rrDdz)(To - n) --; dQ = h'ocPdz(Tw - n) C.154

in which P: perimeter, To = T,o = T",all

dQ = (;r~2) pCp[vjdT; --; dQ = .4.cpCp~jrdT; C.155

in which _4. c = cross-sectional area

A.c (pW) dn
h,oc = p(CPIl) -;: (Tw--"::"T;-)d-z G.156

_ h/oc(DE) = Ac (CPIl) (PW(DE)) dTb C.15i
NUloc - k P k Il (Tw - T;)dz

Ac dTb
Nu/oc = p(Pr)(Re) (T

w
_ T;)dz G.158

Ac (~) 1
Nu/oc = DE. P (Tm-r.) = ( d. ) G.159Tw-T, DE·Re·Pr

dT; _ d('l"w - T;) = -d (Tw - t;) = -dB; G.16u
Tw-T, Tw-T/ .Tw-T/

in which

•

also

dz d ( z ) d 00

DE.Re.Pr = DE.Re.Pr = z

and from the definition DE =4~, one can write D~~P =t
therefore

G-17
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•

•

1
Z" - --Ill Bb.Vum,T _-!

1 1
NUm,TZ" = ~11l B

b

~I-Ill 2-
:VUm,T = 4Z" B

b
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• Range of variations of "1"

for boundary control-volumes (âl J = 2 and J = M2 .

J = 2 1 = J, L2

J =M2 l = J, L2

•
1=1 1=2 1=3 1-1 w

. Fig. G.10

G-21
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• Range of variations of "J"
for boundary control-vol urnes (al l = 2 and l = L2
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• H.I INPUT DATA AND FILE ALLOCATIONS FOR GRID PROGRAMMES

H.!.l CIRCULAR-DUCT

y
Q

{

.r =R(l - cos 45)
.-1 Y = R(l - cos 45j

Q

{

X = R( 1 - cos 45)
B y = R(1 +cos 45)

Q

{

X = R(l +cos 45)
C y =R(l +cos 45j

Q

{

X = R(l +cos 45)
D Y = R(l - cos 45j

•

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR: BGRID.FOR:

STAR 01 STAR 25

STAR 02 STAR 26

STAR 03 STAR 27

STAR 04 STAR 28

/data

LI· Ml· Tolerance

0.2928932R 0.2928932R 0.2928932R 1.7071068R

1.7071068R 1.7071068R 1.7071068R 0.2928932R

1

R

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (Ll-1) & (MI-I)

H-2



•

•

EDIT PLOT.FOR PRIGRAMME: y

FOR LI x AH = 21 x 21
y

X = 6"

Y = G~) (6") = 6"

6"
6,X = = 0.3

21-1
6" x

6,y = = 0.3 X
21-1

FILES FOR AGRID.FOR: FOR BGRID.FOR:

N(STAR 01) OLD N(STAR 25) OLD

N(STAR 02) OLD N(STAR 26) OLD

PROGRAMME

CALL PLOT(0.3, 0.3, -3)

CALL SCALE(X,6.0,441,l)

CALL SCALE(Y,6.0,441,1)

Note 1: numbers assigned to files are arbitrary.
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• H.1.2 SQUARE-DUeT

a
Bt-----, C

y

A . D
x

{

X =0.
.4 Y = O.

{

X = O.
B y=a

{

x=a
C y=a

{

x=a
D y=O.

•

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR: BGRID.FOR:

STAR 05 STAR 29

STAR 06 STAR 30

STAR 07 STAR 31

STAR 08 STAR 32

/data

LI· Ml· Tolerance

O. O. O. a

a a a 0

2

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (Ll-l) & (Ml-l)
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•
EDIT PLOT.FOR PRIGRAMME:

FOR LI x AH =21 x 21

x = 6"

y = (~) (6") =6"

6"
/::,X = 21 _ 1 = 0.3

6"
/::,y = = 0.3

21-1

Y.-
1
----,

x :z:

FILES FOR AGRID.FOR:

N(STAR 05) OLD

N(STAR 06) OLD

FOR BGRID.FOR:

N(STAR 29) OLD

N(STAR 30) OLD

•

PROGRAMME

CALL PLOT(0.3, 0.3, -3)

CALL SCALE(X,6.0,441,1)

CALL SCALE(Y,6.0,441,1)

Refer ta note 1 on page H.3.
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• H.1.3 TRIANGULAR-DUCT

y

A

B

c x

{

J: = O.
A y =0.

{

X = a/2
B y = a . sin 60°

{

x=a
C y:= O.

{

X = a/2
D y= O.

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR BGRID.FOR

STAR 09 STAR 33

STAR 10 STAR 34

STAR 11 STAR 35

STAR 12 STAR 36

/data

LI' Ml' Tolerance

O. O. a/2 0.8660254a

a 0 a/2 0

3

a

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (Ll-l) & (Ml-l)

•
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•
EDIT PLOT. FOR PRIGRA:vfME:

FOR LI x AIl = 21 x 21

x = 6"

Y = (0.866~254a) (6") = 5.1961524" say 5.2"

6"
6.X = 21 _ 1 = 0.3

- 2"AY _ D. _ 0?6
u - 21-1 - .-

y

y - - - -

-+----........--x
X

FILES FOR AGRID.FOR:

N(STAR 09) OLD

N(STAR 10) OLD

FOR BGRID.FOR:

N(STAR 33) OLD

N(STAR 34) OLD

•

PROGRAMME

CALL PLOT(0.3, 0.26, -3)

CALL SCALE(X,6.0,441,l)

CALL SCALE(Y,5.2,441,l)

Refer ta note 1 on page H.3.
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• H.1.4 TRAPEZOIDAL·DUCT

y

Br-a--JC

7"if"'--------+._.~:J:
A l---- 2a -/ D

{

X = O.
A. y = o.

{

X = <1/2
B Y = a . ~in 60·

{

X = 3a/2
C y = a . ~in 60·

{

X = 2a
D y = O.

•

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR BGRID.FOR

STAR 13 STAR 37

STAR 14 STAR 38

STAR 15 STAR 39

STAR 16 STAR 40

/data

L1" Ml· Tolerance

O. O. a/2 0.8660254a

3a/2 0.8660254a 2a O.

4

tan 60'

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (L1-1) & (M1-1)
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• y

y
EDIT PLOT.FOR PRIGRAMME:

FOR LI x Ml = 21 x 21

x =12"

Y = (0.86~~254a) (12") = 5.1961524 say 5.2"

12"
/::,.X = = 0.6

21- 1

/::,.y = 5.2" = 0.26
21-1

x

FILES FOR AGRID.FOR

N(STAR 13) OLD

N(STAR 14) OLD

FOR BGRID.FOR

N(STAR 37) OLD

N(STAR 38) OLD

•

PROGRAMME

CALL PLOT(0.6, 0.26, -3)

CALL SCALE(X,12.0,441,l)

CALL SCALE(Y,5.2,441,1)

Refer to note 1 on page H.3.
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• H.1.5 PENTAGONAL-DUCT

-t~A;),....--D~--·x

y

B c

{

X = a . cos ;2°
.4 y = O. '

{

X =O.
B y = a . cos ISO

{

X = a(1. + 2 . cos 72°)
C y = a . cos 18°

{

X = a(1. + cos 72°)
D y=O.

•

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR BGRID.FOR

STAR 17 STAR 41

STAR 18 STAR 42

STAR 19 STAR 43

STAR 20 STAR 44

/data

LI" Ml" Tolerance

0.3090169a O. O. 0.9510565a

1.6180338a 0.9510565a 1.3090169a O.

5

tan 72°

tan 36~

a

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (L1-1) & (M1-1)
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•
EDIT PLOT.FOR PRIGRA)YIME:

FOR LI x Ml = 21 x 21

x = 6"

Y = (1.53884lïa) (6") = 5.i063388" say 5.i1"
1.6180340a
6"

6.X = 21 _ 1 = 0.3

6.y = 5.il" =0.2855
21-1

y
!

Y---

x

FILES FOR AGRID.FOR

N(STAR li) OLD

N(STAR 18) OLD

FOR BGRrD.FOR

N(STAR 41) OLD

N(STAR 42) OLD

•

.PROGRAMME

CALL PLOT(0.3, 0.2855, -3)

CALL SCALE(X,6.00,441,1)

CALL SCALE(Y,5.il,441,1)

Refer to note 1 on page H.3 .
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• H.1.6 HEXAGONAL-DueT

-It--Jo.:Al....---~D~----t~X

B

120·

Cl c
{

X = a/2
..! y = O.

{

X = a/2
B y = a . tan 60·

{

X = 3a/2
C y = a . tan 60·

{

X =3a/2
D y=O.

•

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR BGRID.FOR

STAR 21 STAR 45

STAR 22 STAR 46

STAR 23 STAR 47

STAR 24 STAR 48

/data

LI" Ml" Tolerance

a/2 O. a/2 1.7320508a

3a/2 1.7320508a 3a/2 O.

6

tan 60·

a

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (Ll-l) & (Ml-l)
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•
EDIT PLOT.FOR PRIGRA),IME:

FOR LI x Aofl = 21 x 21

x = 6"

Y = C·ï3~0508) (6") = 5.1961481" say 5.2"

6"
b.X = 21 _ 1 = 0.3

b.Y = 5.2" = 0.26
21-1

x x

FILES FOR AGRlD.FOR

N(STAR 21) OLD

N(STAR 22) OLD

FOR BGRID.FOR

N(STAR 45) OLD

N(STAR 46) OLD

•

PROGRAMME

CALL PLOT(0.3, 0.26, -3)

CALL SCALE(X,6.00,441,1)

CALL SCALE(Y,5.2,441,1)

Refer ta note 1 on page H.3.
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• H.1.7 RECTANGULAR-DUCTS

y

a
BI-----.C

b

A D

{

X = O•
•~ y = O.

{

X = O.
B y =b

{

x=a
C y=b

{

x=a
D y=O.

EDIT AGRID.FOR OR BGRID.FOR PROGRAMMES:

FILES AGRID.FOR: BGRID.FOR:

STAR 100 STAR 200

STAR 101 STAR 201

STAR 102 STAR 202

STAR 103 STAR 203

/data

LI' Ml' Tolerance

O. O. O. b

a b a 0

/endrun

* This is for AGRID.FOR, for BGRID.FOR use (L1-1) & (M1.1)

•
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•
AR = 1.5

EDIT PLOT.FOR PROORAMME:

FOR LI x An = 21 x 21

x = 6"

Y = (D (6") = (1~5) (6") = 4"

6"
/:::,.X = 21 _ 1 =0.3"

4"
/:::,.y = 21 _ 1 = 0.2"

y

yt-----.

x x

FILES FOR AGRID.FOR:

N(STAR 100) OLD

N(STAR 101) OLD

FOR BGRID.FOR:

N(STAR 200) OLD

N(STAR 201) OLD

•

PROGRAMME

CALL PLOT(0.3, 0.2, -3)

CALL SCALE(X,6,441,1)

CALL SCALE(Y,4,441,1)

Refer to note 1 on page H.3.
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•
AR =2.0

EDIT PLOT.FOR PRIGRAMME:

FOR LI x .\</1 =21 x 21

x = 6"

y = (D (6") = G) (6") = 3"

6"
b,X = 21 _ 1 = 0.3"

3"
b,Y = 21 _ 1 =0.15"

FILES FOR AGRlD.FOR:

N(STAR 104) OLD

N(STAR 105) OLD

FOR BGRID.FOR:

N(STAR 204) OLD

N(STAR 205) OLD

•

PROGRAMME

CALL PLOT(0.3, 0.15, -3)

CALL SCALE(X,6,441,1)

CALL SCALE(Y,3,441,1)

Refer to note 1 on page H.a.

Note: The sequence of steps followed on MUSIC-A operating system are as follows:

(i) ZETAPURE

(ii) EDIT AGRlD.FOR OR BGRID.FOR

(iii) EXECUTE AGRlD.FOR OR BGRID.FOR

(iv) EDIT PLOT.FOR

(v) EXECUTE PLOT.FOR

(vi) ZETASUBMIT
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•

H.2 SEQUENCE OF STEPS ON MUSIC·A OPERATING SYSTEM

FOR GRID GENERATION

(i) ZETAPURGE

(ii) EDIT AGRID.FOR OR BGRID.FOR

(iii) EXECUTE AGRlD.FOR OR BGRID.FOR

(iv) EDIT PLOT.FOR

(v) EXECUTE PLOT.FOR

(vi) ZETASUBMIT

H.a SEQUENCE OF STEPS ON MUSIC-A AND "OS" OPERATING

SYSTEMS FOR SOLUTION OF DISCRETIZATION EQUATIONS

(i) EDIT STAR30.JCL

(ii) EDIT STAR30.FOR

(iii) SUBMIT STAR30.JCL (ENTER "OS" PASSWORD)

(iv) DISPLAY "OS" OUTPUT (ON MUSIC."A") (Select View and/'ÇJr Print)

H.4 A BRIEF USER'S GUIDE (INPUT INSTRUCTION)

FOR STAR30.FOR PROGRAMME

(a) Refer to SUPPLYl subroutine:

(i) KK: choose desired geometry by its appropriate number specified in the programme

(ii) DSI: select axial-step size

(iii) IIM: number of planes in axial-direction

(iv) IIMl, 11M2, IIM3,IIM4 & I1M5: plane numbers for which printing of results re
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• desired

(v) RELI to RELIO: relaxation-factors appropriately selected for the solution of their

corresponding discretization equations

(vi) DP: an initial guess for the pressure-gradient in the axial-direction

(vii) lE: (1) for fluid-dynamics & heat-transfer (Newtoninan)

(2) for f1uid-dynamics & heat-transfer (non-Newtaninan)

(3) for polymerization

(viii) WINLET: specify duct inlet uniform velacity

TlNLET: specify duct inlet uniform teinperature

TWALL: specify duct wall temperature

NX: specify f10w behaviour index (power-law exponent)

RHOINLET: specify fluid density at duct inlet

SPHTlN: specify fluid specific-heat at duct inlet

SPHTW: specify f1uid specific-heat at duct wall

VlSCIN: specify fluid viscosity at duct inlet

CONDIN: specify f1uid thermal conductivity at duct inlet
.. _. - ..- _.-. __.'- -'. _ - ---'.

(b) Refer ta PROPER subroutine

M·ake apprapriate changes as required.

(c) Select eithe; SUPPLY2-or àUPPLY3 i; th; ~a.i~·programme

Make apprapriate changes for the values of relaxation-factors inside SUPPLY2 or

SUPPLY3 subroutines as required.

(d) EDIT STAR30.JCL for file numbers as related to BGRID.FOR programme.

H.5 LIST OF COMPUTER-PROGRAMMES

•
(i) BGRID.FOR

(H) PLOT.FOR

(iii) STAR30.FOR

(iv) GRAPHl.SAS
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•

Note:

The computer programmes are available on a diskette and can be

obtained from the following address on request:

Professor Arun S. Mujumdar,
Department of Chemical Engineering,
McGill University,
3480 University Street,
Montreal, Quebec,
Canada H3A 2A7
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