
SHORT TITLE 

2-D SYMMETRIC AND ASYMMETRIC 

TURBULENT SHEAR FLOWS 



Mechanical Engineering Department 

Ph. D. Thesis 

A STUDY OF TWO-DIMENSIONAL 

SYMMETRIC AND ASYMMETRIC 

TURBULENT SHEAR FLOWS 

Rajni P. pa'tè:tc ,II 

The two-dimensional, incompressible, 'syrnmetric and asymmetric., 

self-preserving and non-self-preserving turbulent shear flows 

are investigated both theoretically and experimentally .. 

The theoretical analysis involves an integral method and 

an auxiliary equation which avoids the use of an eddy vis­

cosity or the mixing length concept. For a jet in uniform 

streaming flow, the integrated momentum equation and the auxil­

iary equation are solved. For the asymmetric jet~ the additian­

al information required to close the system of equations, is 

obtained from experimental results. 

Experimental results are presented for a plane jet in 

still air, a plane mixing lay~r and the asymmetric jet.. Ca­

llected results for a wall jet in uniform streaming flow and 

a plane jet in uniform streaming flow are used for comparison 

with theoretical predictions. 

As a subsidiary experimental investigation~ attention is 

given to the effects of free stream turbulence on free turbu­

lent shear flows. 



A STUDY OF TWO-DlMENSIONAL 

SYMMETRIC AND ASYMMETRIC 

TURBULENT SHEAR FLOWS 

by 

Rajni P. patel 

A thesis submitted to the Faculty of 
Graduate Studies and Research in 

partial fulfilment of the requirernent for 
the degree of Doctor of Philosophy 

Department of MechanicalEngineering 
McGill University 

Montreal, P.Q. 

Ju1y, 1970 

~ ~~jni P. Pate1 1971 



Summary 

The two-dimensional, incompressible, symmetric and asyrnme­

tric, self-preserving and non-self-preserving turbulent shear 

flows are investigated both theoretically and experimentally. 

The theoretical analysis involves an integral method and 

an auxiliary equation which avoids the use of an eddy viscosity· 

or the mixing length concept. For a jet in uniform streaming 

flow, the integrated momentum equation and the auxiliary equation. 

are solved. For the asymmetric jet, the additional information. 

required to close the system of equations, is obtained from ex­

perimental results. 

Experimental results are presented for a plane jet in stiII 

air, a plane mixing layer and the asymmetric jet. Collected re­

sults for a wall jet in uniform streaming flow and a plane jet 

in uniform streaming flow are used for comparison with theoreti­

cal predictions. 

As a subsidiary experimental investigation attention is 

given to the effects of free stream turbulence on free turbulent 

shear flows. 
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Preface 

The subject matter of this ~hesis is a collection. of re-

lated investigations carried out by the author under Dr .. B .. G. 

Newman's direction. 

The aim was to originate a simple method to predict the 

development of the flow for an asymmetric jet. To do thi:s it" 

was realized that there was no satisfactory method to predict, 

the affiliated flow (i.e. a plane jet in uniform streaming 

flow) on which the analysis could be based. Therefore ,. the 

study of a plane jet in uniform streaming flow became the centre 

of attention in section 2. The prediction of this flowby'the 

present method being satisfactory, it was decided to try the. same, 

approach on a weIl known experimentally investigated asymmetric, 

flow, i.e. a wall jet in uniform streaming flow .. The success 

of the prediction on these flows stimulated the author ta extend' 

the analysis to the asymmetric jet. 

l am aware of the frequent repetition of certain e quati on s' 

in this thesis but it simply reflects the way my thoughts evolved'., 

It would be helpful to the reader to note the recur.rence: of: the-

following equations: 

The mean velocity profile: 

The similarity form for the 
turbulence kinetic energy: 

The turbulence structure 
parameter (sp): 

U = Ul + uof(T)) 

2 2 
q = ql g(T) 



(iv) 

The auxiliary equation for 
the rate of growth: 

Full momentum equation. 

Half momentum equation. 

Total kinetic energy equation. 

Also the free shear flows investigated in this thesis are: 

a plane jet in uniform streaming flow. 

a plane wall jet in uniform streaming flow. 

a plane jet in still air. 

a plane mixing layer. 

an asymmetric jet which is formed when a plane jet is blown 
underneath a uniform stream in zero pressure gradient. 

Regarding the format of the thesis, l have presented intro-

duction and review of theoretical methods in section 1 and the 

present major theoretical analysis in section 2. l have given 

priority to the results (i.e. for plane jets and wall jets in 

uniform streaming flow) of other investigators in comparing their 

results (section 3) with the analyses of section 2. This is then 

followed by my own experimental investigations (section 4) of a 

plane jet in still air (section 5), a plane mixing layer (section 

6) and the asymmetric jet (sections 7, 8, and 9). Section (la) 

gives the summary and conclusions drawn fram the present study· .. 

Two Appendices are included and they give respectively details 

of experimental arrangement and checks on flow, and the effects 

of stream turbulence on free shear flows. 

AlI figures are given at the end and consecutive numbers, 

as they appear in the text, are assigned ta them. Sketches and 

figures are given for on-the-spot comparison in the main body 

of this thesis. 
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1. INTRODUCTION 

1.1 General 

It is natural that the simplest flow situations should draw· 

the attention of investigators first, and their investigations 

fall in a sequence going from the least to the more complex 

flow configurations. In the process,considerable knowledge in. 

both theoretical methods and experimental results has been. 

accumulated. For turbulent flows in general., however" the task' 

is formidable and many difficulties and uncertainties in 

theoretical analysis and experimental techniques exist., A. 

brief review of theoretical approaches adopted to an.alyse 

turbulent flows is given in section (1.2); and a modest. effort 

is made in this investigation to examine sorne of the experi­

rrental uncertainties. 

It is interesting to note that useful solutions of the 

boundary layer equations have been obtained by examining those 

particular flows for which the profiles of mean velocity' are 

sirnilar or self-preserving as the flOlN' proceeds downstream., 

For such flows the partial differential equation of motion is 

replaced by a total differential equation which can be solved 

either analytically or numerically. Such solutions have been, 

obtained in the pasrf: for both laminar and turbulent flows with. 

success. This type of approach is followed in this investiga­

tion and because no generalized theory is available for turbu­

lent shear flows, it is felt that experiments are very' useful 
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for physical understanding and may provide a direction for 

analytical approach in the future. 

As mentioned before most investigations connected with. 

free turbulent shear flows have been associated w'ith simp.le 

geometries, i.e. flows with a line of syrnrnetry or a wall .. 

There are many practical flow situations in which neither a 

syrnmetry line nor a wall boundary exist. These are the flow 

situations of interest for this investigation,. and in. par.ti~ 

cular an asymmetric free jet flow is 'investigated in. detail 

experimentally. Boundary layer control by blowing often. pro­

duces asymmetric flow configurations and when intensive; blowing. 

is used a jet flap results. Indeed, these flows are extremely 

difficult to investigate analytically. 

Incompressible asymmetric jet flows may be classified into. 

two groups: 

(a) flows influenced by a solid boundary; e .. g .. wall 

jets, and step flowSi 

(b) free asymmetric jet flowSi e.g. plane mixing 

layers and jet flaps. 

A characteristic feature of the asyrnmetric jets is that 

the maximum shearing stress does not occur at the wall or' at 

the maximum velocity point whereas in ordinary boundary layer' 

flow with zero pressure gradient it occurs near the wall where 

viscosity has the greatest influence. Figure (l) shows typical 

asyrnrnetric jet flows. Sorne of these flows such as wall jets 
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and plane mixing layers have been investigated in the past 

but for others even experimenta;L results are lacking. 

A slightly simpler case of the asyrnmetric turbulent Jet-

is the one in which the flow produced by a twa-dimensional 

jet is bounded on one side by a unifarm streaming flaw and on· 

the other by quiescent surroundings. This simple case is or' 

special interest because it lies in between twa asymptatic seTf;...· 

preserving cases, i.e. when jet velocity or maximum velocity in. 

the shear layer is much greater than the free stream ve·lacity-

the flow resembles, at least geametrically, a jet in. still 

surroundings and when the maximumvelocity decays ta the free 

stream velacity it becomes a plane mixing layer., Er.am naw on,. 

unless specified otherwise, throughaut this investigation the:. 

term "asymmetric turbulent jet" will imply the flow· configura-

tion shawn below. 
Ul 

~ ~~::::::;:a;1 u ' - -- ] ----- --- -
The purpose of this investigation is ta abtain. experi--

mentally variation of width and decay of the maximum velocity 

for the asymmetric jets. Because the twa halves of the asym-· 

metric jet are apparently quite different it is interestin-g to:-

evaluate entrainment rates on either side~ 

It is weIl known that in self-preserving flows,. such_ as a-_ 
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jet in quiescent surroundings, a plane mixing layer, and jets 

and wakes in equilibrium pressu~e gradients, turbulence quanti­

ties scale with local mean velocity scale but for non-self'-­

preserving flows they may or may not correlate with the local. 

mean velocity scale and thus may have sorne upstream history 

effects. It is, therefore, hoped that measurements and corre::-· 

lations of turbulence quantities may provide an insight of the 

structure of the asymmetric turbulent jets. Finally·, an addi­

tional purpose of this investigation is to present experirnental. 

results to permit detailed testing of prediction, procedures in'. 

future. 

The general outline of the present investigation. is as 

follows: 

In view of the geometric similarity of ·the asymmetric Jet 

to the cornbination of a half jet in quiescent surroundings. and. 

a half jet in uniform streaming flow, the background of theo­

retical and experirnental work on these flows is· given, in 

section (2). This is then followed ·by an analysis of a, Jet: in' 

uniform streaming flow. Also in this section a simple analysis 

is presented for the asymmetric jet. 

In section (3), applicability of the analysis of section 

(2) is demonstrated by comparing existing experimental resul.ts' 

for the two-dimensional jet in uniform streaming flow' and wa-ll, 

jets in uniform streaming flow. 

In section (4), the experimental arrangement is· briefly 
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described, and the details of the experimental set up together' 

with instrumentation and checks. on the apparatus are given in­

Appendix (1). Because sorne of the free shear flows are. associated 

with a free stream, it is probable that the stream turbulence 

may have sorne effect on the development of these flows.. Hence 

the effects of free stream turbulence on free shear flows. are 

given in Appendix (2). 

Exarnination of existinq literature is revealing. in. that~ 

although many investigations have been carried out for' the 

asymptotic states (i.e. a jet in still air and a plane mixin-g 

layer) of the asymmetric jet, only one or two presen.t turbulen-ce 

measurements. It was, therefore, decided to inve.stigate these 

flows and compare measurements with the few existing. results., 

Investigation of a two-dimensional jet in still air. is described 

in section (5) whereas that of a plane mixing layer is given. in 

section (6). 

Section (7) deals with measurements of the asyrnmetric Jets:., 

To cover the entire range, i. e. from a very stron.g ta a. very' 

weak jet, three values of the ratio (Uj/Ul) were selected., Nb.te. 

that U j is the mean velocity at the nozzle exit and U1. is the'. 

free stream velocity which is independent of x o' For. one· case: 

(i.e. Uj/Ul v:. 5.0) measurements were made in detail and they' 

include mean velocities, turbulence intensities" shear.· stresses, 

intermittency, triple correlations and one dimensional u 2-spectra., 

For other cases measurements of mean velocity and turbulence 

quantities are presented. 
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Section (8) describes methods of evaluating entrainment 

rates and gives results for the. two-dimensional jet in still 

air, the plane mixing layer and the asymmetric turbulent jets .. 

Finally in section (9) it is shawn that for practical purposes 

the simple analysis (presented in section 2.4.2) for the 

asymmetric jet is in good agreement with experimental results 

for aIl cases as far as length scales and velocity scales are 

concerned. 

In section (10) general conclusions drawn from this 

investigation are presented. 

1.2 A Brief Review of Theoretical Methods for Turbulent 
Shear Flows 

Although this investigation is highly biased to experi-

mental approach it is interesting to glance at sorne of the 

recent developments in theoretical methods for turbulent shear 

flows. These methods have centered around two approaches. In. 

spite of the sophistication and analytical satisfaction of the. 

statistical methods it is extremely difficult to solve exactly 

the equations of motion. In statistical analysis one studies 

the equations of motion in terms of time average quantities. It 

is weIl known that in doing so considerable information of the 

flow field is lost and resulting equations contain more unknowns 

and higher order correlations than there were originally .. 

Analytical studies following this approach are bedevilled with. 

many simplifying assumptions and experimental verification for 

them is hard to obtain. However, sorne solutions have been 
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obtained which are restricted to isotropic and homogeneous 

turbulent flow. Because free b~rbulent shear flows are ne.ither· 

isotropic nor homogeneous the complications in the above method 

are compounded further. In obtaining practical results an.other­

approach has been very useful. 'rhis method is generally referred 

to as phenomenological approach. In this approach~ in order to 

determine the velocity distribution, one establishes an expres-· 

sion for shear stress in terms of sorne empirical ex change 

coefficient. 

WeIl known names associated with phenomenologica1 approach 

are Taylor (1915), Prandtl (1925), von Karman (1930) and many 

others who have recently reverted to this method. In view· of 

its simplicity, practical usefulness and the fact that the 

physics of turbulent motion is built in (primarily from experi­

mental results) a short review of the evolution of the phenomeno­

logical theories is in order at this stage. 

It should be recalled that the Navier-Stokes equations of: 

motion when time averaged according to the method of Reyn.olds 

contain turbulent momentum transport terms which are re.ferred. 

to as Reynolds (or apparent, or turbulent) shear stresses. The 

existence of these terms in the rnomentum equation requires that 

every phenomenological theory of turbulence must provide sorne 

rneans of calculating them. 'rhe obvious and rnost tempting 

approach in the old theories has been to relate the Reynolds 

shear stress to the mean local velocity gradient. Thus in 

terms of the eddy-viscosity concept of Boussinesq (1877), the 

Reynolds shear stress uv is given by vT(ClU,/oy} where v'!! is· 
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defined as the eddy-viscosity. In doing this~ however, one 

difficulty has been replaced by,another and unlike laminar 

kinematic viscosity the eddy-viscosity is not the property of 

a fluid, so a definite number cannot be assigned to it. In 

fact V
T 

depends on Reynolds number, the position of the p.oint 

where it is evaluated and the boundary conditions of. a problem 

under investigation. The problem is, therefore, not simp1ified 

but other means have to be found to relate vT to the flowpara­

meters. 

Prandtl (1925) proposed two mixing length hypotheses in 

his paper but the one widely known and used is the one in. which' 

VT is given by 121 bU/èyf and the mixing length,. l,. in. turn. is 

assumed to be proportional to the typical width of a shear. 

layer; in other words T = p121~~I~~. As Batchelor (1950) has 

pointed out, this hypothesis is equivalent to the assumption 

that transfer of momentum is carried out by fluctuatin.g mo.tions· 

that are small in length compared with representative lengths 

associated with mean motion. This implies that small eddies 

are responsible for the transfer mechanism. Furthennore" the 

mixing length hypothesis of Prandtl implies a balance between 

turbulent production and dissipation, e.g. see Batchelor (1950),. 

Townsend (1961), Bradshaw et al. (1967), Nee and Kovsznay (1969), 

and Rodi and Spalding (1969). Because the convection and 

diffusion of turbulence energy are ignored the mixing length. 

approach is said to be too local, in other words, this mode1 

ignores the upstream history effects. In spite of these objections 
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the mixing length approach has produced surprisingly good 

results for many boundary layer. type flows. 

For free jet flows prandtl (1942) suggested that the 

eddy-viscosity is praportional to the product of a typical 

width, 1 , and velocity scale, u = (u - u. ), of a o 0 max. m1.n • 

shear layer. The suggestion is a consequence of Reynolds 

number similarity when VT is assumed constant across the flow. 

This implies that big eddies are now responsible for the transfer 

mechanism, but note that this is inconsistent with the concept 

of Boussinesq and his original suggestion. Also another 

restriction has been imposedi this is that VT is assumed to be 

a constant across the shear layer. 

To overcome sorne of the objections of the mixin~ length 

model Kolmogorov (1942), prandtl (1945) and Emmons (1954) have 

proposed a model which relates the eddy-viscosity to turbulence 
- 1/2 

kinetic energy and a length scale, i.e ... = p1(q2) dU!dy .. 

This suggestion has been used to predict various boundary layer' 

flows by Wieghardt (1942), Glushko (1965), and Beckwith and 

Bushnell (1968). For separated flows the model has been used 

by Spalding (1967). The applicability of this model ta self-

preserving turbulent jets and wakes is dernonstrated by Newman. 

(1968). Far interest it is nated that Beckwith and BushneIl use 

differential method whereas bath Spalding and Newman use integral. 

method. Newman has also pointed out that any eddy-viscosity 

model is incorrect in sorne specifie instances where the Reynolds 

shear stress is not zero even though the mean velocity gradient 
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is zero (e.g. at the point of maximum velocity ina wall jet 

in still surroundings). 

Townsend (1956) has given considerable impetus ta the 

phenomenological approach by providing a framework for future 

work. The essence of his approach, unlike others ,. is to accept· 

the fact that for many turbulent shear flows,. mean vel.ocity 

profiles are similar and merely appropriate veloci ty scales and 

length scales are required to specify the mean vel.ocity· profiles .. 

He then postulates a transfer mechanisrn and attempts ta. predict 

variations of the velocity and length scales. In sorne of the 

earlier methods Townsend (1965, 1966) assumes that the: turbulence. 

is geometrically similar, i.e. the ratio of uv to q2 rnight be a 

universal constant. For free shear flows, collected experimenta~ 

results (see Fig. (96» indicate that this is not a bad 

assumption. It should be realized that to make use of these 

mOdels, the turbulence energy equation has to be intradüced in 

the analysis and in doing sa additional complications are brought 

in the problem. Following Townsend (1965) Bradshaw et. al .. (1961') 

transformed the turbulent energy equation into an equation. far 

the Reynolds shear stress and using this equation tagether with. 

the continuity and the momentum equation they have successful1y 

predicted several incompressible turbulent boundary layer f.lows. 

both with and without pressure gradient. Using a similar approach 

Nash (1969) has recently demonstrated the feasibility' of' predict-

ing three dimensional turbulent boundary layers~ In many flow 

situations, however, this method is bound to fail; for often 

the Reynolds shear stress vanishes where q2 remains' f.in·ite, as 
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for example, near the line of symmetry in free shear flows. 

Recently another approach has been suggested by Harlow and 

Nakayama (1967). They have based their transport equation. for 

the eddy-viscosity on the turbulent energy equation. The 

process involves a large number of equations and a large number 

of ernpirical constants. Following Phillips (1967) Nee and 

Kovasznay (1969) have also proposed a rate equation to govern 

the variation of the eddy viscosity: Instead of the. turbulent 

energy equation they use this rate equation in conjunction. with. 

the momentum and continuity equations to form a closed system 

of equations for turbulent shear flows. They have obtained 

satisfactory agreement with experimental results for a turbulent 

boundary layer with zero pressure gradient. The degree of 

empiricism is, however, rather hi~h. 

It should now be pointed out that aIl the phenomen.ological 

models proposed 50 far contained a length scale which had to b~ 

related empirically to the width of shear flow in one way or' 

another. To obtain improvement and universality of a prediction. 

method for various shear flows it is believed that an independent 

differential equation for turbulent length scale is necessary,. 

contrary to "the rules for the game" due to Bradshaw (1969). 

Originally a suggestion of this kind was made by Kolmogorov' 

(1942) who introduced a differential equation for the "frequency". 

From Navier-Stokes equations, Rotta (1951) has derived the 

differential equation for the turbulent length scale (which. is 

a measure of energy containing eddies). Spalding (1967) and 
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his associates have produced a hybrid approach by retaining 

Kolmogorov-Prandtl-Emmons model.and incorporating it into the 

turbulent energy equation and Rotta 1 s equation for (q2 x: turbu-' 

lent length scale). After certain assumptions they have managed' 

to reduce the nurnber of constants to seven which are then 

obtained by procuring the best agreement with experimental 

results for the plane mixing layer, the plane jet and the 

radial jet. It is noted by them that no set of constants 

produces exact agreement in respect of aIl the main experimen.tal 

data. The resulting differential equations are solved simultan~ 

eously by the finite difference method of Spalding and Patankar' 

(1967). other advanced turbulence models are given bY'Launder 

(1970). Further comments on this field or micro integral or 

differential method are presented later together with the present. 

experimental results for a two-dimensional jet in still air,. a. 

plane mixing layer and a two-dimensional jet in a uniform stream­

ing flow. 

In view of the difficulties in obtaining universal constants 

for aIl boundary layer type turbulent shear flows there is s.tiII 

sorne value in those methods which are semi universaL in. nature .•. 

Even though integral methods are losing popularity,. McDonald 

(1968) has shown that predictions made from them are in. no way' 

inferior to those made from field methods. It is important te 

bear in mind that for ei ther integral or differentia.l method te' 

possess a long lasting value in real practice requires that it 

should be easier, quicker and cheaper to use. Indeed in this 
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respect Townsend's approaches for free shear flows have been 

very rewarding. As an example J:lis "large eddy equilibrium 

hypothesis", although at variance with expe.rimental. observa­

tions as noted by Bradbury (1963), Newman (1969) and many 

others, has stimulated sorne investigators to formulate a method 

of finding a relation for the eddy-viscosity in terms of me an. 

flow parameters (Bradbury (1963), Gartshore ('1965)., Gar_tshore 

and Newman (1969) have demonstrated the success of this approach 

for turbulent wall jet in an arbitrary pressure gradient- although. 

it must be recognized that the wall constraints are important 

in this flow. 

For a limited class of turbulent shear flows" as for 

example jets and wall jets, an admirable review of pre:dîction. 

methods is given by Newman (1969). Application of the. pheno­

menological theories to other shear flows can be found in. text 

books by Schlichting (1968), Hinze (1959) and a review'paper'by' 

Halleen (1964). Phillips (1969), in an interestin.g paper, 

reviews various approaches in search of establishing a, relation. 

for the Reynolds shear stress in turbulent shear flows .•. 

For turbulent shear flows Batchelor (1.950) has pointed' out:. 

that neither the large eddies nor the small eddies alone. are 

responsible for the momentum transfer hence in tue se: fIaws, sorne 

other kind of transfer mechanism must be present., In, a r.ecent: 

paper Townsend (1970) discusses the "nature and origin. o:f.' the 

"universal" structure of fully sheared turbulence" and' he postu­

lates the flow development in variety of shear flows by'using 
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an ana1ysis based on total strain rather than theusua1 rate 

of strain concept. In this app~oach the eddy-viscosity is 

re1ated to the total strain and mean f10w parameters., 
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2. THEORETICAL ANALYSIS 

2.1 General Outline of the Analysis 

The analytical investigation of an asymmetric turbulent 

jet is a highly complex problern. For example~ Wygnanski and 

Hawaleshka (1966) attempted to analyse an asymmetric jet (see 

the sketch below) created by the rnixing of a wall jet with 

quiescent surroundings downstrearn of a trailing edge. 

~ U. 
-- J 

.... 

edge 

....... .... ....... ....... 
........ 

........ 

Their approach was essentially a coordinate perturbation type 

and therefore its accuracy was limited to the immediate neigh~ 

bourhood of the trailing edge. It is interesting to observe 

that their solution for the mean velocity distribution breaks 

down within one inch downstream of the trailing edge and thus 

the range of value of their analysis is very limited. 

On the other hand for the present asymmetric turbulent 

jet (see the sketch below) considerable simplification. would 

result if it were possible to divide the jet at the maximum 

velocity and then analyse the two parts in a manner similar· 

to a half jet in uniforrn streaming flow or a half jet in still 

surroundings. 
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r-------~. t streaming side 

l Zero velocüy side 

-------
-- - -----....... -....... 

It should be emphasized, however, that the locus of the maxi-

mum velocity points is not a streamline and this will become 

clear as the analysis evolves. 

Following the approach of Patel and Newman (1961) for jets 
in streaming flow, Gartshore (1965) attempted to analyse the 

asymmetric jet by using a multi-integral technique.. He divided 
the asyrrnnetric jet in a manner similar to the one described 

above ignoring the interactions between the two parts" and was 

able to predict the width of the jet on the zero veloc:ity' side 

with fair accuracy whereas on the streaming side his predictions 
for the width were very poor. It is of interest to note that 

in methods similar to Gartshore 1 sone requires, a priori" at 

least sorne or aIl of the variables at one station to predict 

the flow development downstream of that station. Such methods 

imply that each prediction is restricted to only one case of 

uj/Ul . In addition use of the multi-integral technique requires 
sorne information regarding the variation of the Reynolds shear 

stress. For the asymmetric jets Gartshore (1965) confine d, his 
experimental investigation to only the mean velocity measure-
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* ments and these are compared with the present results later. 

Because analyses of a free jet in still air and a jet in uni-

forrn strearning flow are anticipated to be applicable the-se are 

exarnined before extending the analyses to the asymmetric Jet~ 

The present analysis {section (2.4.2)) for the asymmetric jet. 

involves application of an integrated x-momentum equation for 

each half of the flow. The analysis does not impose restrictions 

on the interactions between the two halves. The interactions 

are represented by the ratio of mean flow length. scales IL and 

1
2

. The variation of (1
2
/11 ) is obtained from experimental 

results. An auxiliary equation which is the same for a Jet~ 

in uniform streaming flow is used. With this information it~. 

is possible to evaluate explicitly the variations of IL" S~ 

and Uo for the asymmetric jet. 

2.2 A Plane Jet in Quiescent Surroundings 

For a plane jet in quiescent surroundings ,. from d'imensionaL 

analysis, Newman (1961) has shawn that the distributions of-the 

mean velocity and the mean turbulence parameters are similar. at:. 

aIl downstream stations. The similar profiles differ onTy' in' 

scales of length and velocity. The growth of the. length. scale 

is linear with the downstream distance, x, and the· veloc:ity scale. 

varies as x-l/2. The shape of the non~dimensional mean. valocity' 

* It should be noted that Dr. Gartshore's measurements of this 
flow were exploratory and ancillary to the main work of his 
thesis, which was 'The streamwise development of two-dimen­
sional wall jets and other two-dimensional shear flows'., 
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profile is predicted by Tollmien (1926), Gbrtler (1942) and 

Townsend (1970) by using phenomenological approaches. The se 

observations are weIl substantiated by many experiments (for 

mean velocity only), however, sorne disagreement between experi-
mental results exist and these will be discussed in section. (5) .. 

In many investigations (for example, see Newman (1968), 

Townsend (1970»information derived from a plane jet in 

quiescent surroundings is used to ex tend analyses to more 

complex free shear flows. In particular when the turbulence 

energy equation is incorporated in an analysis sorne assumption. 

regarding the dissipation length scale is required and often. 

the ratio of mean flow length scale to the dissipation length. 

scale is assumed to be the same as that for the plane jet .. 

The purpose of the following analysis is to show that for a 

plane jet in still air the ratio of the mean flow length scale 

to the dissipation length scale is related to the rate of 

growth, a parameter representing the structure of turbulence, 

and shape factors. 

Consider a two-dimensional jet in quiescent surroundings 

for which the time averaged equation of motion in downstream 

direction x (for constant density p, and incorporating the 

approximate form of the y-directional momentum equation) is 

(see Fig. (2a ) ) : 

(1) 
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where: 

U and V are mean ve10cities in directions x and y 

respective1Yi u and v are the associated turbulent 

fluctuations about the mean, 

and T/p 
- dU = - uv + ..., -

dY 

The time averaged continuity equation is: 

èlu dV 0 (','2-.) dX + dy = 

Combining equations (1) and (2) and integrating between, 

limits y = 0 and y = 00, (i.e. the full integrated momentum 

equation) , 

d 
dx 

00 

J [ U2 + (u
2 

- v
2

) ] dy 
o 

= o 

The difference between the normal Reynolds stresses is-

often neglected (Townsend (1956» and similari ty profiles are 

assumed as follows: 

((4)" 

where 

u .0 = the mean velocity scale and is equal to U~;, 

q2 = (u2 + v 2 + w2 ) 
~ 

2 = turbulence energy scale and is found to be ql 
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proportional to u; for self-preserving flows,. 

10 = length scale defined as that value of y at 

which U = 1. u 2 0 

and Um is the maximum velocity at y = o. 

Combining equations (4) with equation (3) one obtains, 

u2 1 12 = constant o 0 

00 

where 1 2 = f f2 d~ 
o 

Similarly the integrated half-momentum equation is 

(:5:) 

obtained by combining equations (1) and (2) and in.tegrating 
between limits y = 0 and y = 1

0
, 

i.e. 
(uv}n=l 

2 uo 
1. dlo lJ = 2 dx f(l) 0 fd~ «(6) 

where -puv is the Reynolds shear stress and the v·iscous shear· 
stress is neglected. 

For a plane jet in still air the non-dimensionaI. mean 
velocity distribution is represented weIl by an exponentiaI 

k 2: function (Hinze (1959), Newman (1967) ~ etc.) (e .,g., f = e:- ~ 
where k = ln 2 because of the definition of 10> so equation 
(6) reduces to: 

(üV}n=l 
u2 

o 

dlo 
= 0.2 dx «(7) 
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The integrated total energy equation is: 

1. [00 0 [u (u2 + q2) ] dy = _ r E dy 
2 0 ôx d ('8) 

where E is the rate of energy dissipation per unit volume .. 

If the momentum condition and equations (4) are used 

in equation (8) then one gets, 

where 

and 

E dy 
10 -2 3/2 

= - (ql) 1100 Le 

LE = the average dissipation length sca.le. o'f­

the turbulent motion 

Tl = the non-dimensional position of the approxi-:-' "00 
mate edge of the non-dimensiana~ mean 

velocity profile, i.e. Tl c:; 2: •. 0 .. 00 

(The traditional definition of Tl is: the' 00 
non-dimensional mean position of the supe.r 

layer. ) 

Equation (7) when substituted into equation (9) gives,. 



- 22 -

dl o 
dx [ 3 J fg dT] - 2g ( 0) ] 

(10) 

It should be mentioned that until ~ow qi was not speci­

fied except that it is a characteristic scale for the turbulence 

energy in the shear layer. qi is now defined as the value of 

q2 at ~ = l corresponding to the position where U is equal to 

a half centre line value. In the investigations of Townsend 

2 and Newman it is assumed to be the value of q at ~ = O. Present. 
measurements (to be described later see section (5» for a 

plane jet in still air show that: 

g( 0) ;:; 1.12, [~] 

dlo --- = C = 0.103 dx 

5.9; 
~=l 

00 

o 1 fq d~ c: 1.10 

and for the exponential profile 01 f3 d~ = 0.62. 

CIl) 

Bence with the numerical values of equations (11)3nd 

defining the turbulence structure parameter, (sp) - [~l uv ~=l (Townsend (1970) uses uv/q2 to specify the turbulence 

structure), equation (10) becomes, 

1/2 
0.62 + 0.2 c (sp) = 0.715 c 

3/2 10 
(sp) 

LE 
(12) 
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Equation (12) shows that the ratio of the mean flow length 

scale, 1
0

, to the dissipation l.ength scale, LE' depends on 

the rate of grawth and the structure parameter. The experi­

mental values for C and (Sp) when substituted into equation 

It is interesting to compare the present value of 10iLE 

to the one (1 o/L E = 0.254) ob ta ineà, by Newman (1968) (although 

he does not explicitly quote the value of 1 IL it was calculated o E 

from his equation (3) using his suggested values for the. para-

meters appearing in this equation). It should be emphasized 

that the close agreement between the.two values is noteworthy· 

since they were obtained by using different assumptions.. For 

instance'Newman's equation (3) is derived with the assumption 

that q2 at y = 0 is a representative value within the fully 

turbulent. part of the flaw whereas the analysis presented here 

is compaLratively more exact. An important conclusion is that 

the value of 1 IL is insensitive to plausible assumptions o E 

regarding the distribution of the turbulent energy in the 

shear layer. 

2.3 A Plane Jet in a Uniform Streaming Flow 

2.3.1 General 

Although many investigations in the past have been under-

taken for a plane jet in a uniform streaming flow none of the 

methods proposed has been satisfactory in correlating the exist-

ing experimental results. Essentially most of the methods 
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except the one proposed by wygnanski (1969) are integral 

methods. Wygnanski' s approach .is based on a coordinate-type 
perturbation expansion and a series truncation together with 

the assumption of constant eddy viscosity across the flow 

(i.e. v
T a function of x only). His method requires two 

experimental constants which are obtained from the. limiting 

self-preserving cases. 

AlI the integral methods although different in concept 

assume geometrical similarity of mean velocity profiles. 

Squire and Trouncer (1944) use a "double integral" technique 

and introduce Prandtl's mixing length hypothesis~ 

(T = p12 ~~ I~~I), to specify shear stress at the "half­

velocity" point in the shear layer. The mixing length, l,. 

in turn is assumed to be a constant proportion of the width 

of the shear layer (i.e. in effect V
T oc uo10 and the eddy 

viscosity Reynolds number, u 1 /VT ' equals a constant through:-· o 0 

out the flow field). Hill (1965) uses integral momen.tum and 
moment of momentum equations. The latter has an iutegral, 

involving shear stress, which is evaluated from the experimentaI 
results of jets in still surroundings. Abramovich (1963.) uses 
the integral momentum equation together with an auxiliary 

equation (see section 2.3.2) which involves one experimen.tal 
constant. These integral methods have one serious objection 

in that they do not exhibit the expected asymptotic behaviaur,. 
i.e. a strong jet in a uniform streaming flow negenerates ta a 
small-perturbation jet and both these extreme cases are self-
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preserving with quite different values for the eddy viscosity 

Reynolds number. 

Integral methods known as variable eddy viscosity 

Reynolds number methods have been developed to incorporate 

tye expected asymptotic behaviour. This group of methods 

endeavours to allow for changes in the eddy viscosity Reynolds 

number by applying Townsend's (1956) large eddy equilibrium 

hypothesis using local values of strain-rate ratio to, compute 

local values of the eddy viscosity Reynolds number.. Methods 

of Bradbury (1963) and Gartshore (1965) fall into this category~ 

'Indeed they must exhibit the expected asymptotic behaviour 

because Townsend used his large eddy equilibrium hypothesis 

originally to explain differences in the eddy viscosity' 

Reynolds numbers for the two extreme cases. 

In Gartshore' s method the eddy viscosity Reynolds number. 

is related te scale of the largest eddies, and this scale is 

assumed to be proportional to the standard deviat'ion of the 

position of the laminar super-layer. The standard deviation 

in turn is obtained from measured intermittency distributions .. 

The double integral technique similar to the one of squire and 

Trouncer is used and the resulting equations are soLved 

numerically by a four-point Runge Kutta technique.. It should' 

be noted tha t in his method, apart from initial conditions to' 

start numerical calculations, two experimental constants are 

required. In spite of the sophistication and extra assumptions 

introduced by Gartshore, his predictions for turbulent jets in 
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uniform streaming flow are not in good agreement with the 

experirnental results of Bradbury. 

Bradbury and Riley (1967) have also concluded that simple 

integral theories using Townsend's large eddy equilibriuITI 

hypothesis do not predict this flow accurately. They have, 

in fact, shawn that the application of the large eddy equili-

brium hypothesis leads to errors in the predictions of flow 

development, opposite in sense but equal in order of magnitude 

to the errors obtained with the constant eddy viscosity Reynolds 

number theories. Thus there is as yet no simple method for 

predicting jets in uniforrn streaming flow. 

For interest it is noted that Naudascher (1967) has pro-

posed a method which incorporates a new forro of similarity' for 

such flows but his similarity form introduces an inconsistency 

into the analysis and also has limited experimental verification' .. 

An attempt is therefore made to analyse the development of 

mean flow characteristics for the plane jet in a uniform stream-

ing flow that is valid over the entire range of flow rather 

than over asyrnptotic regions only. The integral momentum 

equation is used together with an auxiliary equation to provide 

solutions for both u and 1. Only one weIl established experi-o 0 

mental constant is required. Even though the investigation. is 

limited to incompressible and isotherrnal conditions it can be 

extended to studies of other main characteristics of the flaw, 

e.g. temperature, density and concentration profiles (see for 

example Abramovich (1963». 
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2.3.2 Simple Analysis for Plane Turbulent Jet in Uniform 
Streaming Flow 

Although the analysis presented here specificaIlyapplies 

to two-dimensional flows it can be extended to axi-syrnrnetria 

flows (see Newman (1967) for the general equations). Since the· 

appraach is ta use the integral momentum equation sorne assump-

tian must be made for the mean velacity profile.. FoIlowing 

Townsend (1956) the velocity profile in both jet·s and wakes ta' 

a good degree of accuracy may be written as (see Fig .. ('2b»:: 

(/IJ) 

where f(Tj) is a universal function of Tj. = y/la. 

U
1 

is the ve10city of the external irrotational flow' 

and is independent of x, 

ua is a mean ve10city scale ( = Um - u1 > and. la is:- a:. 

characteristic 1ength sca1e for this layer.. Bath. 

--

Ua and la are functions of x only. 
U1 

U1 

--'(J. 
-- - J --.-. -----

, -­, 
-- y 

~~ . .i. __ ._. 
-x .................. ----

U 
1 

Because the shear f10w under investigation is in. a. constant: 
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pressure field, the time-averaged boundary layer equation in 

downstream direction x (for con.stant density p, and· using the 

approximate equation in the y-direction) applicable to this 

flow is: 

-2 2 
uQQ + vdU + ~(u - v )= 1 dT 

dX dy ox P dY 

which is the same as equation (1) with the same notation but 

different boundary conditions. 

The time-averaged continuity equation (2) also remains 

the same. Hence combining the continuity equation and the 

momentum equation and integrating the resulting equation between 

limits y = 0 and y = 00 (note that at both limits T = 0)" one 

getsi 

(~I4) 

Once more if the difference between the normal Reynolds stresses 

(which is quite small compared to the excess momentum flux." 

except possibly near the edges where the intermittency f.ouls 

up the integral analysis anyway) can be neglected tben 

equation (14) reduces to: 

00 

o J (u2 
- uu 1) dy ;: constant 

Equation (15) simply implies that the e~cess momentum in the 

x-direction is constant. Substituting the velocity profile 
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equation (13) into the integrated momentum equation (15) one 

obtains: 

('16) 

where 

and 

There are two unknowns in equation (16),. u and l , and o o. 

hence another equation giving a connection between u and l o 0 

is necessary before any prediction regarding their individua1 

variations in the x-direction can be made. 

Choice of an Auxiliary Equation 

The choice of a second equation varies froIn one method to 

another but whatever the choice may be,. a necessary requirement 

is that the method must exhibit proper variation of tha eddy 
, 

viscosi ty Reynolds nurnber, uo1o/vT. It shou1d. be men.tioned 

that this requirement is not sufficient, as can be se en. fr.om 

the methods based on Townsend 1 s hypothesis of Il large eddy equi-

1ibrium" (e.g. Bradbury (1963) and Gartshore (1965» .. Hence 

an additional requirement is that there must,be agreement 

between predictions and experimental results. The author (1969) 



- 30 -

has recently shown that use of a simple auxiliary equation 

satisfies both the requirements. mentioned above. In that paper 

the auxiliary equation was based on Abramovich's (1958, 1963) 

approach. The same equation can also be derived using a rela-

tivistic approach (Kruka and Eskinazi (1964); Newman (1969». 

It will be shawn in the next section that the auxiliary equation. 

suggested by the author is approximately related to the structure 

parameter, (sp). 

For reference, the auxiliary equations used by Abramovich 

(1958) and Patel (1969) are given be1ow. 

Abramovich, fo11owing prandtl, suggested the following 

equation: 

o 
[ 

u ] 

Newman (1967) has derived equation (17) from consideration 

of a mixing layer in constant pressure. Equation (17) can be 

derived by using Prandt1' s mixing length hypothesis, (i .. e .. 
"21/2ô 

't" = pl(q) ô~)' and "the restricted form of the energy-

length mode1" of Spalding (1968). For self-preserving flows 

Townsend (1970), (see his equation (7.3», obtains equation 

(17) by considering equations for the overa11 balance of momen-

tum and total energy. It will be shown later that Abramovich's 

equation (17) is not in agreement with experimenta1 results 

(p a te 1 ( 1969) ) . 
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* The auxiliary equation proposed by the author is:' 

dl 
o 

dx ('18) 

where C is the rate of growth of a plane jet in stil~ surround--

ings. 

The constant C depends on the definition of 1
0

., Usual1y 

1 10 is defined as that value of y at which (U-U1 ) = 2 Uo and 

then the value of C can be obtained experimental1y by' analyz-

ing data of a jet in still surroundings. The auxi,liary equa­
dlo 

'tion (18) for a jet in still surroundings becomes dx = C. 

Newman (1967) has collected values of C from various experi-' 

mental investigations on jet in still air and suggests an, aver-· 

age value of C = 0.104. The author's measured value" C = 0.103:, 

is in agreement with Newman' s suggestion. with the same defini-

tion of 10 as above the value of Cl in Abramovich's equation. 

(17) is 0.052 (i.e. Cl = C/2). 

Moreover, comparison of Abramovich's equation (17) and the:. 

auxiliary equation (18) indicates that there is hardly- any-

qualitative difference between the two equations except, for 

the change in constants. In effect, as will be shown. 1ater-" 

* The author proposed this auxiliary equation independently 
but later discovered that it was used to transform the 
longitudinal coordinate by Kruka and Eskinazi (1964) for 
wall jets in uniform streaming flow. 
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one is an approximately constant eddy viscosity Reynolds number 

hypothesis and the other is a variable eddy viscosity Reynolds_ 

number hypothesis with correct asymptotic values. 

Solutions for 10 and Uo 

The auxiliary equation (18) together with the in.tegrated 

momentum equation (16) gives: 

('19) 

Equation (19) can now be integrated after sorne man.ipulations. 

and the solution is: 

l 
CI U 2_ 

l 1 
Me 

where Xo is introduced as the constant of integration. and is'­

such that when x = xo' U o ~ 00 and the hypothetical origin of 

the jet is identified. 

Define e = ML 
u 2 

l 
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Equations (20) and (16) now reduce to: 

+ 

and 

(I2/I1 )2 (1 - I 2/I1 ) 

(I2/I1 + u1 / u
o ) 

(22) 

These are most convenient expressions and give implicitLy 

the variation of 10 with (x-xo). 

From equations (22) and (23) for a strong jet~ 

-1/2 
u ~ (x-x ) and 1 ~ (x-x ) o 0 0 0 

For a sma11-perturbation jet equation (22) reduces to 

and equation (23) then gives: 

(25) 

Hence it is noted that equations (22) and (23) do predict the 

expected behaviour of the jet deve1opment. Furthermore,. note 

that there is on1y one experimenta1 constant, C, in these 

equations. 
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The corresponding ~esults are now obtained using 

Abramovich's equation (17). With equations (17) and (16) 
the solutions for Uo and 10 are: 

(26) 

and 

Equation (27) is identical to equation (23) as would be 

expected, however comparison of equations (26) and (22) indi­

cates that equation (26) for a small-perturbation jet will give 
a value of (u

l /uo )2 at a particular downstream station balf 

that obtained from equation (22), e.g. equation (26) for a 

small-perturbation jet becomes: 

(28) 

compared to the one obtained from equation (22), 

x-x 
2CII (T) (:29) 

2.3.3 the Auxiliar 
Parameter sP) 

The merit of the auxiliary equation (18) for jets in uniform 
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streaming flow has been demonstrated by Patel (1969), however, 

to agument confidence in its use, the following analysis is 

presented. The method is similar to that of Townsend (19.70) 

but the objective is different. It is known that. a. plane jet .. 

in uniform streaming flow (i.e. Ul = constant) is not. a self:-· 

preserving flow (patel and Newman (1961» but the eXEerimental. 

evidence (Bradbury (1965» suggests otherwise:" and' thererore" 

it is anticipated that an extension of Townsend's aEproach may' 

prove useful as far as the. turbulent structure. of this. fl.ow is 

concerned. 

Townsend obtains an equation for Cl (see equat·ion, (17) 

for the definition of Cl which is the entrainment cons.tant) 

and relates it to the maximum effective strain.. From this 

equation he then postulates whether or not a self'-preserving 

development of a flow is pos~ible. Although many' assumEtions: 

must have been involved in deriving his equations" the:- specifl:c: 

equation for Cl applicable to the plane jet in, uniform streaming 

flow is not given. Thusthe author has borrowed~ the spirit Or: 

his unifying and approximating approach for s·elf-preserving. 

turbulent shear flows in the present analysis·.. The EurEose of~ 

the present investigation is to show that the: auxil.iary'equation. 
dl 

(18) for d~ is related to the structure parameter" (Sp·)" as 

defined in section 2.2. Because many assumptions ar.e involveci 

in the derivation, the analysis is presented in. detail. and" each 

assumption is clearly stated. 

Neglecting terms involving the viscous and normal. Reynolds 
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stresses, the integrated equation for the mean-floW kinetic 

energy for the flow under inves~igation is: 

l d 
oJ U (u

2
-ui) 

00 
't" èu 

2 dx dy = - of f> èy 
dy (3:0:)' 

Equation (30) can also be written as: 

l d 00 2 r 't" èu 
2 dx 

0 1 u(u-ul ) dy = 
- 0 P èy 

dy 

It should be noted that in deriving equation ('3L) both 

the integral momenturn equation (15) and the fact that Ui is. a· 

constant are used. 

To the same approximation as equation (30) ,. the integrated' 

turbulence energy equation is: 

1 d (2 r 't" èu 
2 dx ol U q dy - oj p q dy =:... C

OO 

E dy' 
01 

Adding equations (31) and (32), the integrated total. energy 

equation becomes: 

( E dy 
0 1 

CE-) 

Equation (33) is in agreement with those given. by Townsend' 

(1970) and Newman (1968). (Note that adding equations (30.) and 

(32) one obtains the integrated total energy equation. given by' 

Newman.) 
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Now following the approach similar ta the one. used for 

the plane jet in section 2.2 it is necessary te- evaluate the 

integrated half momentum equation. For this I?urpose the~ 

velocity profile equation (13) is suhstituted in. the: momentum 

and continuity equations (1) and (2) respectively, and to the 

same approximation as the integrated momentum e<n1ation. (15.), 

the resulting equation is then integrated between. ~imits Y. =·0 

and Y = 1 o· 

i.e. 
dl o 

= dx 

duo 

dx 

Measurements of Bradbury (1963) show that the'. non-:-dimen~ 

sional mean velocity distribution as represented by' the· vel:ocity 

profile equation (13) may he given hy an. exponentiaL fünction, 
k 2 

f = e - T] where k = ln2 thus defining 1'0" and the mean. velocity 

scale, uo' is given hy (Um - u l )" where U~ is. the- maximum 

velocity at y = O. Hence with the expanential ve~ocity"distri-

hution one gets: 

1 00 

a J fdTl = 0.81 Il = S f dT] = l .. 065 
0 

1 00 

o J f 2
dT] = 0.68 ; 1 2 = r f 2

dT] = 0.755 (35.) 
0 

13 = oJ f3d T] = 0.62 
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In equation (35) one could use the values given by Bradb~ry 

(1963) based on experimental re~ults. 

From the momentum condition (i.e. equation (16» it can 
be shown that: 

du o 
dx 

dl o = ---dx (36) 

Substituting equations (35) and (36) into equation (34) one 
obtains: 

(UV)T)=l 
0.81 

dlo [ (0.705 + Ul/uo l ] ( 1.18 U l ) u 2 = dx (1.41 + Ul/uo ) +-
U 0 o ' 

- 0.31 
dlo (0.886 + ul/uo ) ~3TJ dx 

As expected equation (37) reduces to equation (7) when. 

Ul ~ 0, but because of the subsequent simplifying assumptions 

in the following analysis the final equations do not display' 

exact agreement with corresponding equations of section 2 ... 2 .. 

To simplify the algebra later, and following Townsendian 

spirit, equation (37) may be approximated to (see figure below):: 
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l 

(uv)n=l 
dl 2 o u 
-- 0 dx 
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Equation 

--
_ ... ----

---t:quation (38) 

l 4 

Corn of the exact 
and roxirr.ated 
mornenturn equations 

5 

Reverting to the integrated total energy equation ('33) which 

on substitution of the velocity profile equation (13) becomes:: 

00 

= - ~ E dy 
o 

Equation (39) with q2 = qi g(~) becomes: 

1 2 [
d1

0 
21

0 dUo] ooJ 2 1 3 
2 Ul u - + -- - f d~ + - u o dx U o dx 0 2 a-

00 

J fg d~ 
o 

= - J E dy 
o 

In deriving equation (40) it is assumed that 

[
dIO 310 dUOIjoo 3 -- +._- f dT'l dx' U' dx. '1 cr ._ 

(40) 
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and = constant. 

Combining equations (36) and (40) one gets: 

U1 2 

[ 
(u) J 00 

~ 2+ u~luo of 

fg dT} 

( 4-1) 

where equation (36) is approximated to: 

10 du d10 

[ ~ + UI/Uo ] 0 
dx = - dx U o + u1/uo 

00 

q3 
10 

and 
of 

E dy = T)oo 1 LE 

00 cl g dT) = T)oo i T)oo is taken, generally, as.: mean 

posi tion of the super layer, i.e. a value of T) at· which inter-

1 mittency is 2. (See equation (9) for the presen.t de fin ition .} 

To reduce equation (41) further, the following assumptions are 

made: 

00 

f fg ~ 1.0 
o 

00 

i T)oo = 2.0 and because f f2 dT) = 0.·755, 
o 
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00 

and J f3 dT) = 0.62, these two integrals are assumed to be 
o 

the same. With these values eq~ation (41) becomes~ 

2 

[ _2_(_U~1~/_u~0_) __ + __ 2 __ (U~T~-/_u~0_)_+ ___ 11 

2 + ul/ua- -

= 2 
1 

dl /dx o 

The half momentum equation (38) and the total energy- equation 

(42) give: 

2 2 
1 [( 1+ Ul/uo ) ] fCXl f2d'T"l +1. ql {..!. dlo ( /) 
- 2 / '1 2 (-) 2 dx l + U 1 u·o -2 + Ul U o 0 uv 1 

T)= 

[ 2 
(Ul /uo )2 + 2 (ul/uO ) + 1]) 

2 + Ul/uO 

q2 
3/2 1/2 3-/2: 

10 dl 
[ 1.( 1+ Ur) J = 2 

[ (U~)T\~1 ] 
( ~) 

LE 2 - U o 

«(43J 

Equation (43) is further approximated to: 

_1_ 

=[2 [ 
qi ]3/2 

(üV}T)=l 

dl o 
dx 

dl 1/2 

( d~) [1 + ~~] 3/2 

f44) 
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which becomes: 

q2 dl 
_=-1_ 0 

- dx 
(uv)l1=l 

('45J 

As mentioned in section (2.2) qi is defined as the value: 

of q2 at 'Il = 1 and with this definition it is clear' from equa:-

tion (45) that equation (18) (i.e. the auxiliary equation. 

suggested by the author) is at least related to the structure: 

parameter (SP). This relation is now established. 

Rewriting equation (45) together with the auxiliary' equa-· 

tion (18), 

1/2. 
c ( 46.)' 

It is interesting to note that in equation (46:) the: 
Ul velocity ratio, -, does not appear explicitly' and' thus' it. uo 

appears that at least within the range of the. approximations 

the turbulence structure parameter is not diractly dependent_ 

on the velocity ratio (c = C (velocity ratio)).. It~ is inter-' 

esting to note that for self-preserving floWs Newman (196.8) 

has predicted (uv/u~)'l)=l to be more or less c'onstant (see hiso 

figure 2.2). In making this statarnent it is implied that. the 
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ratio (lo/L E) is also independent of ul/uo . It will be shawn 
later that Bradbury's (1963) measurements are in agreement. with 

this general conclusion (see Fig. (7». 

It has been noted that as a consequence of the numerous 

simplifying assumptions equation (46) does not reduce to the 

equivalent equation for the plane jet in still air (i .. e: .. compare 
equation (12». However, sorne estimate of the error can be 

obtained by comparing ffieasured values of the structure parame ter· 
to the one obtained from equation (46). To obtain the structure 
parameter from equation (46) it is required that sorne assumpt·ion 

regarding (1 /L ) be made and following Townsend (1970) and o E 

Newman (1968) it is assumed that the ratio lo/LE has the same 

value as that in the plane jet in still air i .. e .. 1 IL -·0 .. 230.. o E 
Note that C = 0.103. Hence,with these values equation ('46) 

predicts the structure parameter to be about 5 .. 5.. The measured 

value of this parameter deduced from Bradbury's (he quotes a 

value of uv/q2 = 0.2) measurements is about 5 .. 9 (see Fig •. (7»). 
Considering the nature of the assumptions and the uncertainties 

in the measurements, the predicted value for the structure para-· 
meter is not unreasonable. Furthermore, it is noted that the 

nature of the total energy equation (46) is suCh that. the struc-· 
ture parameter is weakly dependent on the value of C normally 

encountered in plane free shear flows. In other words i.t is 

anticipated that the structure parameter does not vary a. great 

deal from one flow to another, e. g. in jets and wall jets in. 

uniform streaming flow, jets and wall jets in still air, etc. 

Collected experimental results for these flows to be described 
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later confirm this conclusion (see Fig. (96». 

2.3.4 Variation of the Eddy Viscosity Reynolds Number* 

Patel (1969) has shown that the auxiliary equation (18) 

gives the correct asymptotic value of the eddy viscosity 

.Reynolds number, RT = uolo/VT ' for a small perturbation jet. 
w 

or wake. In this section the details of ~ variation from one 

asymptotic value (i.e. corresponding to a jet in still air) ta 

another (i.e. corresponding to a small increment jet or to a 

small deficit wake) are given. For this purpose it should be 

noted that either the half momentum integral equation or the 

mean energy equation may be used. The former will provide ~ 

values at y = 10 (see at the end of this section) whereas the 

lat~er provides an average value of ~ at a particular downstream 

station. The mean energy integral equation is (5ee equation. 

(30» : 

[

00 't' ôU d 
o P ày Y 

The turbulent shear stress may be represented by 

.!.= 
P 

where v
T 

is eddy viscosity. 

(47) 

It is assumed that v
T 

is a function of x only (Townsend 

(1956». It iS'noted that this assumption is not necessary if 

*Note that RT is directly related to (sp) by definition.l' 

i.e. R cG (u2 /<?l) (sp) and is a constant for a particuIë.\r self­
T 0 

preserving flow. 
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the half momentum integral equation is used. Substituting 

the velocity profile equation (13) and (47) into the mean 

energy equation gives: 

(48) 

00 

f3(T)dT) where 13 = 
of 

00 2 
and r' = 

of 
(df) dT) dT) 

Now with equations (l6), (l8) and (l9) equation. (.4B-) can·. be 

reduced to: 

U
1 

u 
(I2 + Il U-)(31

3 + 2I2 u
l

) 
C [ ____ --:o~ _____ ..:::o~ _ (I +. r Ui)]-

( 1 + u
1
/u

o
) 1 U 1 . 3-. 2: ue: . 

2(I
2 

+ - l -) 

2I' 
= RT 

2 1 ua 

For a jet in still air equation (49) becomes:: 

4I' 
= CI

3 

For a sma11 perturbation jet equation (49) reduces ta:: 

«(49) 

(so:) 

(51) 
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It can be seen from equations (50) and (51) that both 

RT . and RT are abso1ute constants throughout the respective 
J W 

f10w fields and that their values are indeed different. With 

C = 0.104 and using Bradbury's (1963) integral values (i.e. 

l'/I
3 

= 0.9125 and l'/I2 = 0.745) RT . = 35.1 compared to 
J 

Bradbury's value of RT . = 36.5, the difference being entirely 
J 

due to the value of C used to ca1cu1ate RT .. Bradbury used 
J 

C = 0.10. Simi1ar1y RT = 14.35 compared to 14.7 which Townsend 
w 

obtained from measurements of the rate of spread of the wake. 

Note that RT . = 32.6 and RT = 13.3 if the ve10city profile is 
J W 

assumed to be Gaussian. Newman (1967) has obtained ~ = 13.3 
W 

for both round and two-dimensiona1 wakes from the measurements 

of Townsend. 

It is easy to show that the corresponding results using 

Abramovich's equation (17) are: 

2I' 
= RT 

For a jet in still air equation (52) reduces to: 

= 

{52} 

(53) 



e 

- 47 -

For a small perturbation jet equation (52) reduces to: 

= ('54) 

It is now obvious that as a consequence of the assumption 

(i.e. the characteristic velocity is replaced by the mean" 

~ (Ul + Um» which Abramovich made, his method fails ta give 

the correct value of RT . 
w 

It was mentioned at the beginning of this section that 

the variation of RT can be obtained without irnposing the res­

triction on VT (i.e. VT(x) is taken as an average value at a 

cross section ) if the half-momentum equation were used.. In. 

fact it can be seen from equation (37) which is the integrated' 

half-momentum equation and substituting equation (47) ioto 

equation (37) and taking the limit as Ul ~ 0 one gets: 

RT . = - 4.9 
J 

Cf 1 )n=l 
dl /dx o 

For the exponential profile and C = 0.103" equation (55) 

gives ~. = 32.6 which is the same as derived fram equation 
J 

(49). 

Similarlyequation (37), for a small perturbation jet 

(i.e. ua ~ 0), gives: 

= (56) 
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From equation (18) it can be shown that for a small 

perturbation jet: 

dl o 
dx = c (57) 

Hence equation (56) with equation (57) and the exponential 

velocity distribution giv~s RT = 13.3 which is,. once more, in 
. w 

agreement with the value derived from equation ('49). Note that 

Abramovich's equation (17) together with equation ('56) will 

give RT = 26.6 which is not in agreement with the measured 
w 

value. 

Finally, as mentioned before, the validity of equation 

(18) may be confirmed by comparing experimental results with. 

predictions from equations (22) and (23). 

2.4 Extended Analysis for Wall Jets and the ASymmetric Jet 

2.4.1 Wall Jets in Uniform streaminq Flow 

As stated in the introduction, plane wall jets in. streaming 

flow form a special group of flow configurations in. the general 

class of asymmetric flows. Therefore, before extending the 

analysis of section (2.3) to the turbulent asymmetric Jet. it is 

of interest to see whether or not the analysis is capable of 

predicting the flow development for a plane wall jet in uniform 

streaming flow (see the sketch below). 
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It should be noted that the wall jets in uniform stream-' 

ing flow offer an excellent opportunity to evaluate. tha merit 

of the analysis and possibly sorne direction for its extension. 

because in many investigations of wall jets (e.g .. Patel (1962');' 

Kruka and Eskinazi (1964); Gartshore (1965), etc' .. ) it is t'bund' 

experimentally that the mean velocity profiles are approximate1y 

similar to half the profile for a jet in uniform strearning f10w~. 

If the analysis of section (2.3) is applied to the outer }:?art 

of the wall jets additional assumptions have to be made.. The 

assumptions are: 

(a) Reynolds shear stress at y = Ym is zero,. where y rn 

is the value of y at which U = U rand m 

(b) changes in Ym with respect to x are small .. 

str ictly' speaking both assumptions are invalid,. nevertheless" 

it is observed that the measured shear stress at the point of,' 

maximum velocity is small compared to sorne characteristic shear 

stress, sayat y = 10 (for examp1e see the results af Bradshaw 
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and Gee (1960); Kruka and Eskinazi (1964», and the variation 

of y with respect to x is of second order. As a matter of rn 

interest it is noted that changes in Ym with respect to x have. 

cornpensating effects (patel (1969». Hence one may expe.ct the 

previous analysis (section 2.3) to apply, at least approxirnately, 

to the outer part of the wall jets in uniform streaming fl.ow .. 

Figure (3) defines the notation and with these definitions 

variations in U o and 10 are given by equations (22) and (23). 

The values of In (n = l, 2, 3, etc.) are kept the sarne as bef.ore 

because the non-dimensional mean velocity profiles are practi-

cally the sarne. It is reasonable ta assume that the wallon one 

side affects the growth of the outer part, presumably by 

suppressing transverse fluctuations, and hence the constant C 

would be different. On the basis of linear growth Bradshaw· and 

Gee (1960) have concluded that the influence of a wall. is fairly 

small. This is contrary to experimental results because the 

experimental rate of growth for a wall jet in still air is about 

half that for a free jet in still air. Indeed this suggests 

that the distribution of (v2/u~) across a free jet would be 

about twice that for the wall jet provided the ab ove assumption 

is valid. Guitton (1970) has compared his measurements of 

(v2/u~) for a plane wall jet in still air with the author's 

free jet results and his comparison confirms the above conclu-

sion. Furtherrnore, for free shear flows (outer part of wall 

jets included) it is observed that mean flow energy is trans-

ferred first to u-component of turbulence, then to v-component 

and finally to w-component, therefore, any reduction in v 2 



D 

- 51 -

wbuld reflect as an increase in w2 provided the transfer 

rnechanism follows the above sequence. Guitton's turbulence 

rneasurements for the plane wall jet show that the reduction 

in (v2/U;)'iS reflected as an incr::se in (w2 /u;). His 

rneasurements also show that both (u2/u2 ) and (w2/u2 ) are of 
......Q. 0 

the same order of magnitude whereas (v2 /u2 ) is about halE oE 
o 

( u2/u2 ) or (w2/u2 ). On the other hand, for a free Jet in still o 0 

air t~ rneasurements (to be described later) show that (v2ju;) 

and (w2/u;) are of the sarne order of magnitude and slightly 

smaller than (u2/u~). For a free jet in still air and a wall 

jet in still air the distributions of (u2/u~) are approxirnately 

the same. Thus, even though 105s of rnomentum to a wall is 

small, the strearnwise variation of the outer part of a wall. Jet 

is strongly influenced by the wall. 

For wall jets in still air the values of C col'lected from 

various investigations are given below: 

INVESTlGATORS VALUE OF C 

Sigalla (1958) 0 .. 0664 

Bradshaw and Gee (1960) 0 .. 0695 

Schwarz and Cosart (1961) 0 .. 0678 

Patel (1962) 0 .. 0650 

Kruka and Eskinazi (1964) 0 .. 0737 

Gartshore and Hawaleshka (1964) 0 .. 0650 

Guitton (1968) 0.0710 : 
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Finally, equations (22) and (23) together with the 

appropriate value for C will be.used to predict the develop-

ment of wall jets in uniform streaming flow. 

2.4.2 The Asymmetric Turbulent Jet 

It should be recalled that the ultimate aim of the analysis 

presented in sections (2.2) and (2.3) was to descrïbe the 

asymmetric jet. As mentioned before the geometri~ division of~ 

the asymmetric jet is assumed. Application of the analysis of 

previous sections to the asymmetric jet implies that any inter-

action from one part to other is ignored. This is not a serious' 

restriction for wall jets because of the presence of the wall .. 

However, for the asymmetric jet there is no apparent restriction 

on,fluid parcels making excursionsfrom one side ta the other. 

Thus there is some degree of interaction which may depend on. the 

shear stress at the point of maximum velocity and an the history 

of fluid crossing the maximum velocity layer with veIocity'V~ 

where V is the transverse velocity at the point of maxirrlUffi m 

velocity. The analyses of previous sections r therefore, cannot. 

be applied directly to the asymmetric jet. It is of interest to. 

note that the shear stress at the point of maximum veIocity' is 

expected to be small compared to sorne characteristic shear stress 

in the layers, sayat inflection points. The influence af~ a 

finite Vm is difficult to estirnate and" therefore, two approaches 

are presented. The first one is slightly more exact than the 

second but the secor.d one is more useful from a practical point 

of view. 
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(a) The First Approach 

Figure (4) shows a sketch of the asymmetric jet which is 

divided into a half jet in uniforrn strearning flow (sornetirnes 

referred to as the strearning side) and a half jet in still air­

(sornetimes referred to as the zero velocity side). 

u 
l 

strearning s_ide 

u 
y , ----- U. 

1 J 
;IM JIiI -"" - - x 

..... ..... - ..... ..... ..... ...... ............ 
Zero velocity side 

The velocity profiles on the two sides of the asymmetric jet 

are assurned to be, 

where 

Strearning Side: 

y-y rn 
Til = Il 

Zero velocity side: 

C58 } 

(.59) 
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and 

Note that because of asymmetry two length scales (Il and 1
2

) 

are now required to specify the velocity distributions.. More.-

over, the locus of the maximum velocity points is also unspeci-

fied although experiments indicate linear variation. of y with. m 

the downstream distance, x. Furthermore, it is reasonable to 

assume the transverse velocity VI = 0, in the uniform stream 

far away from the vortical zone. In actual experimental investi.-· 

gation this condition was satisfied by providing a top wall in 

a working section. with these preliminaries the equations of-

motion can be formulated as follows. 

For the streaming side, the continuity equatian. when. 

combined with the velocity profile equation (58) and integrated 

between limits Tll and Tl l = 0, gives: 

00 

where Il = f f(Tl)dTl 
o 

((60) 

Similarly, substituting equations (58) and (60) into the 

momentum equation (1) and integrating between limits Tlr a~d Tl 1:. - 0 

(the normal Reynolds stress terms are neglected) onegets:: 
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111 

i 
o 

('61)' 

From equation (6l) it is clear that (i .. e .. when. 111. + 00 , .. 

(üV) ~ 0 and f{oo) ~ 0), 

00 

where 1 2 = 01 f 2
d11 

For the zero velocity side the continuity equation, when' 

dy 
m 

dx 

combined with the velocity profile equation (59) and integrated' 

between limits 112 and 112 = 0 gives: 
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V (d12 + 12 dUO) 
U

ro 
= dx U

ro 
dx 

(63) 

The integrated roomentum equation for the zero velocity 

side is: 

(6.4) 

The boundary condition on the zero velo city side (i .. e •. at_ y=-ro 

00· 1 UV = 0 and f( 00) = 0) reduces equation (64) ta:: 

dy m 
dx (65) 
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It should be pointed out that because of the different 

length scales on either side of the maximum velocitypoint, 

(i.e. at Tll = Tl2 = 0), the gradient of the non-dimensional 

Reynolds stress distribution will not be continuous but the 

magnitude of the Reynolds stress at the maximum velocity'point 

must be the same. Hence it can be shawn from the momentum 

equations (62) and (65) that the locus of maximum velocity 

points must satisfy the following equation: 

dy 
-1!! 

dx 

+ 

d12 212 du 
(_ + _-2) 

dx u dx, 
m 

«(66} 

In equation (66) the second term on the right hand side is 

positive and usually much greater than the other comb:ined' 

terms, therefore (dYm/dx) is generally positive,. i. .. e~ .. the-

locus of the points of maximum velocity moves tawa r d's, the stream-

ing side as the flow develops downstream. This is in. agreement., 

with roeasurements and would be expected physical1y .. 

In the set of equations (62), (65) and (66) there are. five 

unknowns, namely, Il' 1 2 , u, y and (uv) . In:order·to·s.olve o m ID 

these unknowns, of course, five equations are required'., It 

should be realized that there is no additional independent equa--

tion which can be formulated for the problem without introducing 

further unknowns. Hence at this stage sorne assumptions are 
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required. Because of the assumed similarity between a half 

jet in uniform streaming flow and the streaming side of the 

asymmetric jet, it may be possible to use the auxiliary· equation 

(18) and assume (uv)m to be negligible. Nad the nuffiber of 

equa tions is equal to the number of unkna..m.s with only one 

constant (i.e. c) which can be estab1ished :from experimental 

results for a jet in still air. In princip1e, therefore, these 

equations can be solved by using starting conditions (i.e .. 

solutions are now restricted to only a particu1.ar case of the 

asymmetric jet unless sorne technique has been developed to cal-· 

culate the initial conditions) and the Runge Kutta technique .. 

However, to obtain equations (i.e. for Il' 1
2 

and uo) of wider· 

practical use and since sorne assumptions are, in any· case, 

necessary the above analysis is reformulated be1ow. 

(b) Simple Analysis for the Asymmetric Jet 

The following analysis, although simple, seems towork 

very weIl. It uses the same momentum equatians derived above 

but they are rernodelled for the present purpose.. For the rate. 

of growth on the streaming side the auxiliary equation. (18.) is: 

used. The only additional information required is obtained 

from experimental variation of the ratio (12/11). Wîth. this 

information it is possible to calculate exp1icit1y the varia-· 

tions of Il' 1 2 and Uo for the asymmetric jet. 

For the streaming side equation (62) can be rewritten as:: 



- 59 -

Simi1ar1y for the zero ve10city side equation 
written as: 

~x [ I 2 12 
u2 

m ] = - (UV)T)2=0 - u L [I ID dx 1 

Adding equations (67) and (68) one obtains: 

Let 

and 

ui )] = 0 
u2 

m 

Hence from equation(69) it is c1ear that: 

Me1 (x) + Me
2 (x) = constant, say M 

(65) can be re-

u Il - U1 Ym 1. 0 

(68) 

(69) 

(70:) 

(72)' 

From equations (67) and (68) it can be seen. that if: the 

interaction between the two parts were absent then Mel and Me
2 

wou1d be constants and ana1ysis of sections (2 •. 2') and (2.3) 
wou1d app1y. However, because Mel and Me

2 
are functions of x. 

this imp1ies sorne interaction between the two parts. The degree 
of interaction depends on asymmetry which in turn. may be 

expressed by the ratio (1
2/11)' It is difficu1t to estimate 
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exp1icit1y the exact division of momentum M between the 

streaming side and the zero ve19city side, but for' simp1icity 

the x-wise dependence of both Mel and Me
2 

is iso1ated by 

introducing a non-dimensiona1 factor K such that 

Me1 (x) = KM 

} 
and 

where K is a function of x on1y and M is 

defined as fo11ows: 

(74) 

Now from equations (70), (71) and (73) it can be shown. that 

u 2 
12 

(1 + 2.) {l + 
Il Il Uluo 

_ 2" 
(l-K) Ll + ~~ Ul) ] 1 Ym U1 = 

- I 2: 12: u; K Il I 2 1 2 u2 
m I 2 u 

0 

(75) 

} 

Examination of equation (75) indicates that over the who1e 

range of the asymmetric jet (i.e. from Um » UI ta uo~ 0:)' the 

1ast two terms in the cur1y bracket are much smal1er than one 

and hence they may be neg1ected., Experimental resuTts: to: be, 

described 1ater substantiate this assumption.. Therefore equa--

tions (75) and (71) can be approximated to 

Il U 1 1 +--

[ 
I2 U o ] 

(1 + U1 )2 
U o 
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and (77) 

It is clear from equation (76) that when U
1 

tends. to zero 

(i.e. for a jet in still air) K must tend to ~.. On. the other' 

hand the limiting value of K for a small increment jet_ (i.e.. .. 

U o -+ 0) cannot be estin.ated from equation (76) because K may' 

depend on the ratio (Ul/uo ) in sorne unknown fashion... Note th at_ 

equation (76) is not an independent equation but· it does provide 

a guide to the estimation of K. 

The two independent equations (70) and (77) contain. four' 

unknowns (i.e. Il' 12 , Uo and K) and equation ('76) suggests 

how the variation in K can be obtained from experimental 

results, but this is not sufficient to calcu1ate the f.our 

unknowns. It should be recal1ed that in the previaus analysis~ 

three more independent equations are required.. Hence ta c~ose· 

the system of equations for the simple anal.ysis it: is: pxoposed' 

to use the auxiliary equation (18) for the rate of gr.owth. on. 

the streaming side and an equation for K obtain.ed from experi-' 

mental results. 

The following equation fits the present experimental 
(.L+(I1/I2) Ut/uo) 

results fairly weIl when (1
2

/11) is pl.otted aga.in.st: 2' CL+Ui!ud : 
(see figure (91»: 

(l-t{II/I~ Ul/Uo ) ] 

(1 + u1/uo )2 

Hence from equations (76) and (78) one gets,. 
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(1 + Ul /U
O

)2 

l;{rl/Id<Ul/UJ 

1 

CT9) 

From equations (70) and (79) it can be shawn that 

Il UI 

(

1 + ru 
2logl0 

2 . 0 

, UI 2 
(:1+ -) .. u 

o 

«(80) 

and from equations (77) and (79), 

C8I} 

Equations (80) and (81) give the variations of Il and 1 2
. 

in terms of the ratio (Ul/Uo ). Then the variation of the ratio 

(Ul/uo ) with downstream distance, x, is obtained as follows:. 
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Combining equation (70) and the auxiliary equation (18) 

one gets: 

1. dK _ CI2 
K dx 2MK Ul l Ir Ul (1+ -. )(1 + _._--) 

u 2~ 1
2 

u a -: o. 

It can be seen that to solve equation ('82) explicitlY'with 

the variation of K given by equation (79) is quite a- complex· 

problem. The complexity may be reduced by approximating the 

variation of K by the simple expression given. below (see figure. 

(93) for variation of K versus ul/uo ): 

K = 
1 (.83.:)' 

2 (1 

Substituting equation (83) into equation. (82.) gives, 

= -

The solution of equation (84) is: 

CI u3 
2 0 
M. 

(8.4 ) 
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(8 - 4 Il ) 
I 2 Il ] 

ex' _. xo} 
+ - (3 - -) = 

(2 + 
Il Ul I 2 . U, U', l 

I
2 

-) ~(~ --) 
u U I UI 2 

0 

(185) 

where Xo is introduced as the constant of integratian and is such 

that when x = x u ~ 00 and the hypothetical origin. of the jet 
0' 0 

is identified. 

In summary, the assumptions invo1ved in the simple analysis 

are enumerated below: 

(l) The usual boundary layer approximation.s are assumed' 

to be applicable. 

(2) The mean velocity profiles on the two sides oE the. 

asymmetric jet are assumed to be geometrically 

similar with the 1ength scales Il and 1
2 

and the 

velocity scales u and U (see equations (58) and o m 

(59) ) . 

(3) The gradient of the difference of normal Reynolds 

stresses (i.e. u 2 - v 2 ) in the momentum equation 

for the downstream direction is neglected •. 



- 65 -

(4) The excess momentum on the streaming side is assumed 

to be a fraction, (K), of the total excess momentum, 

M, at a slot exit where M is given by equation. (74) 

(see sketch below). 

: U1 

1 
2 bUj(Uj-Ul ) 

L -_ .. ---.-+--=---1 ---------- ..... 

(5) The empirical expression (equation e79}) describing 

the variation of K obtained from the experimental 

results (Fig. (91» is simplified (see equation 

(83) and Fig. (93» so that the variation. of the 

velocity scale u o can be given explicitly· .. 

(6) The auxiliary equation (18) is assumed· to be· 

applicable to the streaming side of the asymmetric. 

jet. 

The experimental investigation of the asymmetric jets 

(to be described later in sections (7 and 9» justifies tbe 

above set of assumptions. 
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DEMONSTRATIONS OF APPLICABILITY OF THE 

SIMPLE ANALYSIS (SECTION 2.3) 

3.1 Plane Turbulent Jets in Uniform Streaming Flow 

To check equations (22) and (23) the experimental results 

of Bradbury and Riley (1967) for plane, symmetrical turbulent 

jets in uniform streaming flow are selected. Furthermore, for 

the purpose of demonstrating the conclusion regarding the struc-

ture parameter being independent of the velocity ratio, ul/uo ' 

the results of Bradbury (1963) will be used. 

The reason for using the results of Bradbury and Riley is 

that they have given their results in tabulated form and, 

moreover, their results are considered to be of fairly good 

quality. One of the serious objections to their tabulated 

results is that they have been obtained by arbitrarily shift­

ing the curves to correlate the results for aIl the (Ul/Uj ) 

ratios they investigated. The details are not given except 

that the shifts are attributed to changes in the hypothetical 

origin, xo' but these are not listed. Fortunately, they have 

presented sorne of their raw data in graphical form and these 

are used for the comparisons in Fig. (6). 

Fig. (5) gives the variation in growth of the jet, l , 
o 

in accordance with equation (23). The tabulated results oÎ 

Bradbury and Riley are cornpared with the prediction from 

equation (23) which is represented by a solid line. Use of 

their tabulated results is possible here because this presen-
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tation does not in volve x. The agreement between experi­o 

mental results and equation (23) is excellent as would be 

expected because equation (23) is simply a statement of c.on-

servation of excess momentum. 

Fig. (6) shows the variation of velocity scale u with o 

x. In this figure both tabulated and raw data (obtained from 
Ul 2 

,their ((-u-) vs xie curves) are given, the former being repre-' 
o 

sented by a broken line. Also included in the figure is, a 

curve representing equation (22) with 2CI1 = 0.,2025., In. re­

plotting the data of Bradbury and Riley for aIl the cases of 

(ul/uj ) shawn in Fig. (6) it was noted that ('xo/2e) was smalT 

and hence i t was 'neglected. The effect of arbitrary' adjust~, 

ments of the curves by them clearly shows in the. disagreement. 

between the predicted curve (equation (22» and the dotted line 

and it also show's that such adjustments are indeed no.t justified 

because the raw data and prediction from equation (2Z) are in', 

agreement. 

Since the publication (Patel (1969» of the pre.sent... results 

other investigators have attempted to predi.ct the development 

of this flow. For instance, Newman (1969) selected Bradbury's 

results for Ul/Uj = 0.162 as a test case ta compare the predic­

tions using Abramovich's (equation (17» and the author"s 

(equation (18» auxiliaryequations. He obtained the variations 

in 10 and Uo using the Runge Kutta technique to solve the equa­

tions. To show the range over which this comparison was made, 

the results of Bradbury for U1/Uj = 0.162 are included in Figs. 
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(5) and (6), and also the curve representing equation (26) 

(this equation is obtained by using Abramovich's auxi1iary 

equation (17» is given in Fig. (6). Note that over this narrow 

range aIl methods shawn in Fig. (6) may be considered equally 

good. 

Another example is the recent investigation of Rodi (I970) 

who adopted the field method (or differential method) of 

Spalding (1968) and his associates to predict the deve10pment 

of jets in uniform streaming flow. (For detai1s of this method' 

the reader is requested to refer to many reports by Professor 

Spalding and his associates at Imperial college, London.) His 

predictions are also included for comparison in Fig .. (6).. He 

employed two methods to evaluate the variations in ul/uo ' the 

first is described by Rodi and Spalding (1969) (the results are 

shown as line CR 

relation for the 

Emmons model for 
CR 

given by P 
CR + (Ë 

whereas € is the 

= 00), and the second one employs an empirical 

proportionality constant in the Prandtl-Kolmogorov-

t b l ( ' - 1/2 dU dA' ur u ence ~.e. - uv = Al q dy" an l ~s 

- 1) 
where P is the production of kinetic energy 

dissipation of kinetic energy). For the latter 

case the predictions are indicated by a line representing 

From Figs. (5) and (6) it is clear that the method proposed 

in section (2.3) does predict satisfactorily the variations in, 

10 and Uo for jets in uniform streaming flow. It should be noted 

that the present method is simple, and unlike Newman's or Rodi's 

methods it is quite cheap because it does not require computer 
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calculations. 

Finally, in Fig. (7) the turbulence results of Bradbury 

(1963) are replotted to show that the 

(sp) = [ q2/uvJ 'Tl=l is independent of 

structure parameter, 

the velocity ratio U
I· .lu. o 

This was the conclusion reached from the analysis of section 

(2.3.3). Note that the value of the structure parameter is 

.about 5.9 for the range 0.5 < ul/uo < 5.0. Here it is. 

reemphasized that one may use the analysis of section (2:.3.J) 
either to predict the structure parameter having obtained C 

or to predict C having measured the structure parameter. In any' 

case it is worth noting that in the present method only one 

constant is required to be evaluated from experimentaI results 

for a jet in still air. Fu rthermore, an importan.t r.emark may 

be made for the present method, that is, it avoids the. main 

shortcomings of the eddy viscosity and mixing length. theories, 

(see Batchelor' (1950», and at the same time it is net contrary 
to them for it is capable of predicting the correct asymptotic. 

values of the eddy viscosity Reynolds numbers (see section 

2.3.4). 

3.2 Plane Turbulent Wall Jets in Uniform streaming Flow 

As mentioned in section (2.4.1), wall jets in. uniform 

streaming flow offer an excellent opportunity te evaluate the 

merit of the present method. The analysis of section (2.J) 

is assumed to be applicable to wall jets in uniform streaming. 

flow. For comparison measurements of Patel (1962); Kruka and 
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Eskinazi (1964) and Gartshore (1965) are selected. These 

investigations incorporate sufficient experirnental variations 

between them for the present purpose, for example the measure-

rnents of Gartshore and the author were made in the same apparatus 

but Gartshore used a modified slot construction (see Gartshore 

and Hawaleshka (1964». 

Fig. (8) shaNs experirnental results of Kruka and 

Eskinazi, Gartshore, and Patel plotted in accordance with. 

equation (23). Aline representing equation (23) with Il = 

1.0125 (note that this is the same value of Il as used in. Figs. 

(5) and (6» is drawn. It can be seen from this figure that 

the collected experirr~nta1 results for various ratios of' 

(Ul/Uj) are in agreement with equation (23). 

Fig. (9) shows the variation of velocity scale ua with. 

x. It should be noted that for aIl the wall jet cases con~ 

sidered here the hypothetical origin xo is found ta be 20 

slot widths upstream of the slot (see Fig .. (10». Equation 

(22) can now be fitted to the experimental results in. Fig .. (9) 

by selecting various values of C. TwO such curves with values 

of CIl = 0.062 and 0.0653 are represented by solid lines .. From 

this figure it may be concluded that the constant C for wall 

jets is about 0.065. It is interesting to compare this value 

of C with that obtained from growth of wall jets in still air, 

e.g. Schwarz and Cosart (1961) give C = 0 .. 0678; Sigalla (1958) 

gives C = 0.0664; Patel (1962) gives C = 0.065; Kruka and 

ESkinazi (1964) give C = 0.0737 and Gartshore and Hawaleshka 
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(1964) give C == 0.065. Note that the value of C obtained 

from Fig. (9) is not inconsistent with the values of C obtained 

from wall jets in still air. It is therefore concluded that the 

simple method presented in section (2.4.1) is capable of pre--

dicting reasonably weIl the development of main characteristics 

of wall jets in uniform streaming flow. 
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4. GENERAL DETAILS OF THE EXPERIMENTAL 

INVESTIGATION 

A detailed description of the experimental apparatus is 

given in Appendix 1. The aim was to produce a plane two-dîmen-

sional jet, a plane mixing layer and the asymmei:ric jet. without_ 

unnecessary modifications and/or complications in the experi-

mental apparatus. This was achieved by using' the MCGi11 17 in. 

x 30 in. blower cascade wind tunnel and a two-dimensionaI slot 

0.265 in. x 30 in. Al th ou gh the slot arrangement appears' ta. be 

similar to that of Patel (1962), and Gartshore and Hawaleshka 

(1964) it differf? in detail. These details are given in. 

Appendix 1. 

TO produce li, e two-dimensional jet Q.~ the s lat was. supplied 

with air from an auxiliary centrifugaI campressor ,. driven. by a 

10 H.P. constant speed three phase mator ,. situated in a compres-

sor room underneath the Aerodynamics Laboratary·. The supply 

pipe from the compressor room ta a service point in. the. labora-

tory is permanently installed. Other details and connections 

to the slot are given in Appendix 1. For the investigation of 

a two-dimensional jet in still air the top wall fr.am the, warking: 

section (see Fig. (28» was removed. For a plane mixing layer 

the blower tunnel was operated and the slot was carefu11ytaped 

off. For the asymmetric jets both the tunnel and the jet'were 

used. 

The air supplied by the auxiliary centrifugaI compressor 

was maintained at the same temperature as the tunnel air by 
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incorporating a watercooled heat exchanger in the supply line 

and care was taken to stabilize the air temperature in the 

laboratory before any measurements were taken. The maximum 

variation in air temperature was thus maintained within 1°F 
f 

and it is known (see Patel (1968) that this change in. tempera-
ture has very small influence on hot-wire output. 

To avoid the contamination of hot-wires by dust particles 

both the tunnel and the centrifugaI compressor inlets were 

provided with air filters (DRI-pak No. 2100 with prefilters, 
manufactured by American Air Filter Company, which is claimed 

to filter dust down to about 0.5 microns diameter). This was 
found to be extremely effective and practically no accumulated" 
dust was observed on the wires even after considerable running 
time. 

The blower tunnel is driven by a single stage centrifugal 
fan with backward curved blades (Buffalo 980 B.L.), and powered" 
by a three phase, 550 volts, constant speed, 25 H.P. electric 

motor. An alternative 5 H.P., variable speed D.C. motor was 

used to run the tunnel at low speeds "(i.e. less than 60 ft/s.). 
Appendix 2 gives the reasons for providing this alternative. 

The working section for the plane jet and the mixing layer 
investigations was the same as that of Fekete (1970) except 

that a screen and louvres (at top and bottom) used in his inves-" 
tigation were removed. For the asyrnmetric jets this working 

section was replaced by a similar one with a top wall. (This 
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was done so as not to disturb the louvre settings in Fekete's 

experiment.) Both working sections were mounted on roller 

castors to facilitate easy removal and attachment of the work~ 

ing section ta the tunnel exit. 

A special traversing gear, (similar ta that used by Fekete 

(1970) except that the one used in the present investigation 

had an approximately 42 in. long lead screw) was used for aIl 

traverses. The details of the traversing gear together with 

its drive mechanism are given by Fekete (1970). 

The hot-wire anemometer used in this investigation was 

a commercial unit manufactured by DISA, (55AOl anemometer modi­

fied ta accept a 55DIO linearizer)i it is a constant tempera-

ture anemometer. The hot-wire probes were also manufactured 

by DISA. (The author welded hot-wires whenever the probes 

were found uns~tisfactory.) Other details of the hot-wire 

probes used in this investigation are given in Appendix 1. 

AlI the hot-wire calibrations were obtained by using a pitot 

tube made from 0.030 in. O.D. hypodermic stainless steel tubing 

with internally sharpened lips. The calibration procedure is 

described in detail by Patel (1968) and for the present investi-

gation this was accomplished in the free stream produced by the 

tunnel. The linearized hot-wire output was measured by two 

RMS-meters (DISA 55D35 and Hewlett-Packard 3400A), a Hewlett­

packard (2212A) voltage to frequency converter, a Hewlett­

Packard (5216A) digital counter, a Heathkit Audio Generator 

(Model AG-8) for external time control to vary the time for 
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averaging the signal and a Hewlett-packard (562A) printer. 

For the measurements of energy spectra a B.rüel and Kj oer. 
audio frequency spectrometer type 2112 was used and frequency' 

analysis was made by using ~ octave filters.. For: triple and. 

quadruple correlations DISA random signal indicators" (c:orre-:­

lator Type 55P~o6)" together with a precision. full wave recti­

fier circuit (see Guitton (1968) for details) were used. The~ 

intermittency measurements were made by usin.g a di.f'ferentiating. 

circuit and 'Ultra violet' Recorder Type 1050 (New Electronic 

products Ltd.) incorporating a gal vanometer type BB 3000.. The 

galvanometer response was limited to fluctuat'ions below'lOOO 

c/s. 

The conventional two-dimensionality checks for. a.plane_Jet. 

in still air and the asymmetric jet were made at x/b =: 53:.4 

and 217.0 downstream of the slot exit by pitot· and' hO.t-wi-re. 

traverses. AlI pressure readings were taken with. a. sing)':e. tube 

precision manometer (Lambrecht) which was calibrated against 

the ASkanian Werke filled with distilled water.. The results 

of these checks are reported in Appendix 1 .. 

Although the experimental resul.ts reported. here do- not. 

include two complementary investigations on the technique of. 

hot-wire anemometry it is important to mention them briefly. 

(a) The analysis of slanting wire readings involves 

knowledge of the longitudinal cooling of a hot-wire. Investi-

gations of Champagne and others (1965" 1967) have confirmed 
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the directional sensitivity of an inclined hot-wire but in 

their investigations the conclusion regarding the effect of" 

longitudinal cooling was reached through measurements obtained 

statically. A dynamic test of their conclusion is given by 

Patel (1968). 

(b) The measurement of triple and/or quadruple correla-

tions and cross-component spectra involves the use of matched 

X-wires rather than single slanting wire. An investigation of-

X-wire probes was therefore undertaken. The detailed results 

of this investigation are reported by Guitton and Patel (1969) 

(see also Jerome, Guitton and Patel (1970); DISA special 

information C.T.À. Note No. 14). The summery of this investi-

gation is: 

"In constructing an x-type hot-wire probe it has b:een. 

the policy of a number of experimenters and manufacturers te 

place the two wires forming the X close to each other to assure_ 

that they are both measuring in effectively the same plane .. A. 

number of important experirnents have been made using such a 

probe design. 

Recent experiments at the University of British columbia 

and McGill University have shown that a X-wire probe which has 

two wires almost in the saffie plane is quite sensitive ta move-

ments of the velocity vector out of that plane (defined as 

pitching motion). This has been attributed to the influence 

on one wire of the hot wake produced by the ·other. In this 
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note a DISA x-type probe (type 55A32), with the wires 0 .. 006" 

apart, is tested and found to have a static sensitivity' to 

small angles of pitch, which is very significant for low wira 

Reynolds numbers « 5) but becomes small for Reynolds numbers 

greater than 10. A modified probe, having the wires one wire 

length apart, is suggested and when tested found to have no 

pitch sensitivity." 

Sinee the above investigation the author has collected 

typical investigations as examples in which X-wire probes are 

either built by the investigator, or use DISA probes,. or com-

pletely ignore the details of the ir X-wire probes. Beeause 

the effect due to thermal wake interference is a function of: 

both the wire separation to diameter ratio (s/d) and the wire 

separation to wire length ratio (s/l), these values are aiso 

reported in the following table. Note that the smaller these 

parameters are· the more severe will be the interference. 

Recommended values of these ratios are: s/d;:;:; 200 and s/l;::; 1 . .0 •. 
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Bui1t Used DISA Ignored 
X-wire X-wire detai1s 

Investigators probes probes of sld Sil 
X-wire 
probes 

Grant
è 

H.L. 0 . .075-
(195 ) * 30 . .0 0.15. 

Kruka, v. and 
Eskinazi, S . 

(1964 ) * 53.3 0.20 

* 0.16 Guitton, D.E. AlI DISA X- 32 
and Pate1, R.P. wire probes 

(1969) bui1t before 
this investi-
gation had 
separation of 
approx. 0.2 mm 
(DISA factory 
specification) 

MObbs, F .R. 
( 1968) * ? 1. 

Wygnanski, I. 
and Fied1er, 
H.E. (1969, 
1970) * ? 'l. 

Champagne, F.H. 
Harris, V.G. and 
Corrsin, S. 
(1970) * ?: 7: 

Chao, J.L. , and 
Sandborn, V.A. 
(1966) * 
Rose, W.G. 

(1966) * ? 1: 

Bradshaw, P . 
(1967) * ?: 1: 
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5. TWO-DlMENSIONAL JET IN STILL AIR 

5.1 General 

Although the number of experiments on jets in quiescent 

surroundings has been considerable, the detailed information on 

a plane jet as opposed to an axisymmetric jet is very Iimited . 

. For instance, Miller and Comings (1957), van der Hegge Zijnen 

(1958) and Heskestad (1963) have reported the measurements of 

Reynolds stresses in a plane jet. van der Hegge Zijnen and 

Miller and Comings made their measurements within the range 

o < x/b < 40 and there is sorne doubt that the flow within this 

range may not be strictly self-preserving (Heskestad (1963); 

for axisymmetric jet in still air, Wygnanski and Fiedler (1969) 

suggest x/d > 70 for self-preservation). It is also of interest 

to recall that their turbulence measurements are in disagreement 

which may be due in part to different techniques used.. van der 

Hegge Zijnen used a non-linearized constant current hot-wire 

anemometer and diffusion technique whereas Miller and Comings 

deduced v2 from static pressure measurements. 

On the other hand Heskestad made his measurements far 

downstream from the nozzle where the flow is expected to be 

self-preserving but restricted his measurements of Reynolds 

stresses to only one station (x/b~ 102). He used a linearized 

constant temperature hot-wire anemometer to measure Reynolds 

stresses, and hot-wires of aspect ratio (i.e. length to diameter 

ratio) of about 400. He found disagreement between the measured 
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and the calculated shear stress distribution and attributed 

the discrepancy to shortcomings of hot-wires in high intensity 

flows. 

It appears from the existing measurements of a plane 

turbulent jet in still air that experimental confirmation of 

self-preserving nature of the jet is not yet demonstrated . 

. Furthermore, it is shown by Bradbury (1963) and Newman (1967) 

that the flows in the previous investigations may not' be two.-

dimensional. In addition there is no mention regarding varia-

tion in temperature between jet air and the still surroundings 

and, therefore, one presumes that in these investigations 

(except Heskestad's) there may be sorne effect on hot-wira 

measurements due to the possible temperature gradient across 

the flow. 

The present investigation was., therefore,. undertaken to 

reinvestigate a plane turbulent jet in still air experimentalTy' 

and at the same time check the usefulness of h.ot-wire technique 

and confirm the two-dimensionality of the jet flowbefora 

embarking on the asymmetric jet investigation .. 

The measurements reported here are for a jet- Reynold's 

number, Ujb/V, of 3.51 x 104 and include mean velocities and 

the Reynolds stresses. AlI measurements were made with. a 

linearized constant temperature (DISA) hot-wire anemometer 

and only single wires were used. Apart from the longitudinal. 

cool~ng corrections (Champagne (1965), Patel (1968») to the 
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results of inclined wires no other corrections have been applied 

unless specified. It should be mentioned tha.t the temperature 

of the jet air was maintained at room temperature by a heat 

exchanger to within 1°F. For other details on the experimental 

technique, care and precautions taken during this investigation 

the reader is referred to Patel (1968) and Appendix 1 .. 

. 5.2 Experimental Arrangement 

Two-dimensional turbulent jet was produced by a slot the 

details of which are given in Appendix 1. The design of the 

slot is essentially the same as suggested by Gartshore and 

Hawaleshka (1964), however, the slot opening is now of fixed 

width and sorne modifications have been made between the 6° 

diffuser and the slot. The slot was 30 in. x 0.265 in .. thus 

having an aspect ratio of approximately 113. The slot was 

mounted in the tunnel floor as shawn in Fig. (A.2). 

The filtered air was supplied to the slot from a lQ H .. P .. 

centrifugaI compressor (see section 4). The air supply was 

controlled by a butterfly valve in the supply line upstream of 

a heat exchanger which controlled the air temperature. 

The two-dimensionality checks on the flow emerging from 

the slot are given in Appendix 1. 

5.3 Results and Discussions 

5.3.1 Mean velocity 

The mean velocity measurements were made with a linearized 
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hot-wire anemometer at five stations within the range 12.275 

~ x/b ~ 152.0. Fig. (11) shows the mean velocity distribution 

across the jet at various stations. The results shawn. in. this. 

figure are non-dimensionalized by the velocity scale U' and' m 

the length scale x, the distance from the slot exit... The use 

of x as the length scale enables one to detect deviations from 

similarity quite easily and also shows changes in the location 

of hypothetical origin of the flow. From Fig. (Il) it can° be 

seen that the mean velocity profiles are similar beyond x/b = 

27.35 and the hypothetical origin does not cbange with. the 

downstream distance. 

For comparison results of Heskestad (1963) are shown by 

a solid line (mean line drawn through bis data) in. Fig •. (11) .. 

Also included in the figure is an exponential profile given by 

uJU
m 

= e-(8.03 y/x)2 The exponential profile fits the experi-' 

mental results' fairly weIl and it will be used later' (see 

Figure (18)) to calculate shear stress distribution across the 

jet. The slight disagreement between the present results. and' 

those of Heskestad may be due to the difference in. geometry of_ 

the experimental apparatus. Heskestad used solid boundaries 

in (y-z) plane at x = 0 and the existence of these boundaries 

is likely to impose adverse pressure gradient on. the jet flow 

thus giving slightly broader velocity distribution .. , Associated 

with this is the higher rate of growth for a jet in. still air .. 

5.3.2 Growth of the Plane Jet 

It is weIl known that the growth of a plane jet in still' 
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air is linear but there exists sorne doubt regarding the value 

of the rate of growth. Newman (1967) has collected values of-
rates of growth from various investigations and concludes that 
the variations in this rate are mainly due to end effects 

(i.e. earlier investigations were made with slots having aspect: 
ratio, (slot length/b), less than 100). Newman gives an. average 
value for the rate of growth as 0.104 + 2%. Fig~ (12) shows the 
variation of (Ym/2 == lo/b) versus (x/b) for the present investi­
gation. The results of Heskestad are also included in this 

figure for comparison. From the figure it can be seen that the 
rate of growth for the present investigation is 0.103 and it is 
thus in agreement with the value suggested by Newman. Hèskestadls 
measurements show rate of growth of 0.11 (Heskestad (1965». 

As mentioned in section 1.2, considerable progress has 

been made in finite difference (differential) methods since the 

* investigation of Spalding and Patankar (1967). They have 
developed a siffiple and fast computational method for solving 

partial differential equations. It is beyond the scope of this 
investigation to give here aIl the details involved in their 

method but as a test their programme (GENMIX - see Spa1ding 

(1968» was used to predict the growth and decay of the centre 
line velocity, Um, for the simple case of a jet in still air. 

Fig. (12) also shows the variation of (Ym/2/b) obtained from 
their method. Note that the differential method requires sorne 

* 
The author wishes to take this opportunity to sincerely thank Professor D.B. Spalding for providing him with his papers, GENMIX programme and valuable suggestions on the use of his computer programme. 
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starting conditions and in this case the starting condition 

was provided by the velocity profile at x/b = 12.275. The 

velocity profile was represented by 16 points and it was neces­

sary to use finite values of the velocity at the edge (about 

10% of the centre line value). Any attempt to specify the edge 
velocity near zero involved either excessive computer time or 

erroneous results. It can be seen from figure (12) that the 
predicted rate of growth is not in agreement with experimental 

results. However, the discrepancy can be removed by varying 

the mixing length constant, :>.., in their method (Spalding (1969». 

5.3.3 Decay of Centre-line Velocity 

It is easy to show that the centre line velocity for a Jet 
in still air varies as x -1/2 provided the jet momentum is con.­

served. Fig. (13) shows (U j /Um)2 versus (x/b) where Uj is the 
slot exit velocity. From the figure it can be concluded that 
the centre line velocity, U , varies as m 

-1/2 x . Fig. (14) 

shows a comparison between the present results and those obtained 
using Spalding's (1968) method. Once more it is possible to 

reduce the discrepancy by varying the mixing length as noted 

above. It was observed that the same value of À does not remove 

discrepancy for both Um and Ym/2. It should be noted that the 

hypothetical origin of the jet is at x = 0 (see Figs., (12) and 

(13». 

5.3.4 Distributions of the Normal Reynolds stresses 

The normal Reynolds stresses were measured with single 
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normal and slanted linearized hot-wires and the direction of 

the mean flow was assumed to be parallel to the axis of the 

jet. The non-dimensional distributions of the normal. Keynolds 

stresses are shown in Figs. (15, 16 and 17).. Fig. (15.) shows 

(Ju2/um) versus (y/x) distributions for various downstream 

stations. It can be seen from this figure that aIl measure-' 

ments except at x/b = 12.275 collapse on a single. curve.. It: 

is interesting to note that for the plane jet the longitudinal 

fluctuations become self similar beyond about 30 slot widths 

downstream of the slot. As wygnanski and Fiedler (1968) have 

noted it appears that mean velocity distributions become self' 

similar first and then (Ju2 /um) distributions attain self 

similar state. This is to be expected because for plane turbu­

lent flows the transport equation for u 2 contains a production term 
- -

whereas the transport equations for v 2 and w2: do not contain the 

production term thus the energy is transferred. from the mean 

motion directly to u 2 and only pressure-velocity~gradient 
- -

correlations transfer the energy to v 2 and w2 ., For this reason. 

measurements of v 2 , w2 and uv were made beyond x:/b: = 70., 

In Fig. (15) measurements of Heskestad are represented by 

a dashed line which is a mean line through his data., It~ can be 

observed that Heskestad's measurements are generallyhigher by 

about 10% than the present measurements but the shapes of 

(Ju2 /u ) distributions are very similar. On an. average there m 

is + 5% scatter in his measurements of Ju2 /u and since his m 

experimental investigation he has reported an error in his cal-
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brations of the vacuum thermocouple circuit (see footnote on 

page 733, Heskestad (1965». In the same figure measurements 

of Bradbury (1963) are shown by a solid line. His measurements 

are for a jet in a small axial flow (Ul/Uj = 0.07; and far 

downstream where the data was obtained the streaming velocity, 

Ul , is about 20% of the centre line velocity). It can be. seen 

that his measurements are lower than those of Heskestad and in 

reasonable agreement with the present results. 

Fig. (16) shows distributions of (Jv2/um) at x/b = 74.0 

and 152.0. For comparison measurements of Heskestad are also 

included in this figure. It should be mentioned that although 

Heskestad's resuit is represented by a mean line through his 

data there is much bigger scatter in his data than the present 

results. It is surprising, in spite of care and precautions 

taken in the present investigation, that scatter of such a 

magnitude exists in these results. Furthermare, it cannat be 

blamed on lack of sufficient averaging time (e.g. Heskestad 

used two minutes as typical integratian time and the present 

measurements were made with one minute integration time). 

Further investigation is indeed required to explain the large 

scatter observed in v 2 and w2 measurements. For the presen.t 

purpose it can be concluded that the measurements of v 2 in 

this investigation are in agreement with those of Heskestad 

and that (Jv2/u ) distributions attain similarity beyond m 

x/b ~ 70. 

Fig. (17) shows the comparison of (Jw2 /u ) between the 
m 
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present results and those of Heskestad. As mentioned above 

these results are also in agreement with each other. 

Comparison of Figs. (15, 16 and 17) shows that at the 

centre line of the jet aIl components of turbulent intensities 

are nearly equal thus it appears that the flow is nearly iso­

tropie on the centre line of the jet. Everywhere else (Ju 2/Um 
.is bigger than both (Jv2 /um) and (Jw2 /um), the latter two com­

ponents of turbulent intensities are of the same order of magni-

tu de across the jet. Although large scatter appears in. experi-

mental results it may be concluded that the plane jet flow 

attains sirnilarity beyond x/b = 70. 

5.3.5 Distributions of the Reynolds Shear stress 

As mentioned in section (5.1), Heskestad found considerable 

disagreement between his measured and calculated Reynolds shear 

stress and indicated that the hot-wire technique of measuring 

various Reynolds stresses in high intensity flow may be suspect. 

In this connection it is worthwhile to note that one may doubt 

his calculated shear stresses because details of his calculation 

method a,,.e not reported (i. e. whether he used a graphical inte­

gration technique or represented the non-dimensional me an-. 

velocity profile by an ernpirical function). In the following 

investigation details of the Reynolds shear stress calculations 

are given and it is shown that the measured values are in agree-' 

ment with the calculated shear distribution. 

The equations of motion for a plane, incompressible,. turbu-
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lent jet are: 

y 

------
au 

t ---
;-=--::---=:10;. . .--t----to+_ 

L ------------
x 

Continuity: oU + aV 
0 ox oy = 

Momentum: U
OU + OX 

VOU + Q.Lu
2 

oy ox 
_ v 2 ) - .2.UP 

- oy 

The weIl known similarity forms for this flow are: 

U = Umf(y/x) 

u
2 = u; gl (y/x) 

v
2 = u; g2 (y/x) 

w2 = u; g3 (y/x) 

and uv = u; gl2 (y/x) 

(:5.3.5 .. :l) 

(:5 • .3.5.2) 

where U is the maximum velocity at the centre line and x is 
m 

taken as a length scale. (Note that the hypothetical origin 

of the jet was found to be at the slot exit.) 

Substituting the similarity forms in the momentum and 

continuity equations and combining the two, one obtains: 
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(gl-g2) + Tl(gl_gl) 1 2. (5 .. 3'.5:.3 ) 

where a dash refers to differentiation with resp~ct to' Tl. 

It is a common practice to ignore the. normal Reynolds 

stress terms in the momentum equation, but for' the' present 

investigation these terms are retained in the above. equation. 

The above equation on integration gives:: 

(5.3.:.5 .. 4-) 

This equation will be used to evaluate the shear stress distri~· 

bution across the jet. It should be noted that to: caTcuHrte 

(uv/u;) one needs to know the forros of the functions f:', gl' and' 

g2. It is possible to obtain (of course with the. approximation 

that the terrn Tl(gl-g2) rnay be neglected) the. func.tional" f:brm 

for f adopting the eddy viscosity concept. (see Heskestad. (L963», 

but gl and g2 have to be obtained from measurernents .. To. be. 

consistent it is proposed to use experimentaI results f.br f, gL 

and g2' Furtherrnore, the equa tion for (uv /u~) contain s a term 
Tl 

involving J fdTl which can be evaluated best by- f:Lt.ting: an ernpiri-
o 

cal expression to the experimental data.. As rnentioned in section 

(5.3.1) the following expression fits the experimentaL results 

fairly well (see Fig. (11». 

f = e-(8.03 y/x)2 (5.' .• 3.~. 5~. 5 ) 

It is mentioned in passing that this expression is consis-· 
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tent with the rate of growth found in the present investigation. 

In Fig. (18) a comparison is made between the measured and 

calculated shear stress distributions. The shear stress measure-

ments were made at x/b = 74.0 and 152.0. The measured values 

are corrected for both the longitudinal cooling (patel (1968» 

and the high intensity effects. For the latter Guitton's (1970) 

.correction factor was used. From the figure it can be seen that 

the measured shear stress distribution is in reasonable agreement. 

(e.g. the agreement is no worse than that reported bY'WygnanskL 

and Fiedler for axi-symmetric jet) with that ca1cu1ated from 

the momentum equation. Moreover, the results show that simi­

larity of shear stress distribution is attained beyond x/b = 

70. The comparison of calculated and measured shear stress 

also serves as a test for the two-dimensiona1ity of the jet 

flow. Other two-dimensionality checks are given in. Appendix 1 

and considering overall results (see Figs. 12,. 13 and 18) it 

can be concluded that the flow emerging from the slot was 

satisfactorily two-dimensional. 

It should be mentioned that measurements show uw = O. 

across the jet. 

5.3.6 Turbulent Energy Distribution Across the Jet 

In section (2.2), (see equations (11»,. it was reported 

that to obtain the dissipation length scale, Le" of the turbu­

lent motion it is required that the distribution of the turbu-

lent energy across the jet be known. Fig .. (19) shows the distri­

butions of the turbulent energy and other functional relations 
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required for thispurpose. Note that in this figure the length 

1 
scale, 10 (= Ym/2)' is the value of Y at which U = ~ Um and the. 

function g is defined as follows: 

g(~) = q2 (5 u 2 + v 2 + w2 ) 

(qr)l1=l 

The values of q2 were obtained from Figs., (15., 16 and 17). 

From Fig. (19) it can be found that: 

g(O) ~ 1.2 and 

00 

J fgd~ ~ 1.10 
o 

The above values are used for the calculation of LE in. sectj:ün 

(2.2) . 

5.3.7 General Conclusions 

(i) The measurements reported in this section. confirm 

the self-preserving nature of the two-dimensional jet· in still 

air. It was noted that similarity of various distributions is 

attained in steps i.e. first the mean velocity distributions 

become similar at x/b ) 28.0, then u 2 distributions become 

similar beyond x/b = 30.0 and finally v2~ w2 and uv' distributions 

become similar beyond x/b = 70.0. 

(ii) On the whole the present measurements are generally 

in agreement ,,,,ith those of Heskestad (1963)., The experimental' 

scatter in the present results is much smaller compared to 

Heskestad's results. Although constant temperature, linearized, 
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hot-wire anemometers (of different design) were used in. both 

investigations the techniques of extracting turbulence com-

ponents from hot-wire results were different and thus the. 

general agreement between Heskestad's and the present results 

is encouraging. 

(iii) Comparison of mean velocity profiles at various 

.z-positions (Appendix 1), the expected variations of 1. (= Y /2) o lU 

and U (Figs. (12) and (13)) and comparison of the measured m 

and calculated distributions of the Reynolds shear stresses 

(Fig. (18)) enhance the conclusion that the flow emerging from 

the slot was tw·o-dimensional. 
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6., A PLANE MIXING LAYER 

6.1 General 

Recently considerable effort has been directed towards 

the study of free shear flows. In this group of shear flows 

a plane, turbulent, incompressible mixing layer between a 

,uniform stream and quiescent surroundings is a camparatively 

simple flow to investigate because of its complete self~preserv-

ing nature. However, except for a few investigations (Gartshore 

(1965); Hackett and Cox (1967»dealing with mean velocity 

measurements not much renewed attention appears t,a have been 

given to the plane turbulent mixing layer since the. appearance 

of the work of Liepmann and Laufer (1947)., It, should be 

recalled that Liepmann and Laufer did not measure w2 and' üW 
presumably because w2 is expected to be of the same order' as 

v2 and uw is expected to be zero. Furthermore" techniques of' 

hot-wire anemometry have developed considerably' since their 

investigation therefore it is of interest to reinvestigate the 

plane mixing layer. 

This investigation, although far from being complete" 

was undertaken with a hope that a certain duplication of, the 

measurements would be desirable. Since the complet'ion of the 

present investigation Wygnanski and Fiedler (1970) have reported 

extensive and sophisticated turbulence measurements in this 

type of flow. Unfortunately, they overlooked (see footnote 

on page 333 of their paper) the importance of the geometry of 
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their experimental apparatus (i.e. they used a trip wire and 

a solid surface in the plane x = 0) and the parasitic effects 

on their hot-wire probes (i.e. they used conventiona:L DISA 

X-wire probes); also the range, (15 < x < 23), overwhich 

their measurements were taken is quite small. Thus their. 

measurements are suspect. Nevertheless,. their measurements 

are compared with the present results Iater .. 

It is worthwhile to note that Hackett and Cox: (1:967) have 

indicated that there is need for a unified approach to' calculate 

shear stress distribution from mean velocity profiles in this 

flow. The difficul ty arises from the non.-existence of.- weIl: 

defined boundariès. An approach to the calculation. oE uv is 

presented which agrees with shear stress measurements ... 

Experimental results presented here ara for'ui/V =:5~.8 x 

104 per foot which is higher than most othar: investigations and 

the free stream tUrbulent intensity of 0.5% ('see Appendix 2). 

The results include mean velocities and the Reynolds stresses 

at three stations. These were obtained by' using linearized 

constant temperature hot-wire anemometer (only single.wires. 

were used) and include the longitudinal cooling corrections 

where appropriate (Patel (1968)). The mixing layer: was formed 

at the exit of the McGill 17 in. x 30 in .. blower' cascade wind 

tunnel. An investigation regarding the two-dimensionality of 

the flow emerging from this tunnel is given. by Patel (1964) .. 

other details of instruments, experimental techniques, etc. 

are given in section (4) and Appendix 1. 
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6.2 ,A Method forCalculatinq the Reynolds Shear stress 

It is weIl known that the plane turbulent mix'ing layer 

is completely self-preserving and the lateraI width of the 

flow is proportional to the distance from a suitably chosen 

origine 

---...... U 
1 

Y ------------- x ---- ...... ----------
The self-preservation is represented by 

U = Ul f(1')) 

u 2 = u2 
gl(T)) 1 

v 2 = u2 
1 g2(T)) 

w2 = u2 
g3(T)) 1 

and uv = u2 
g12(T)) 1 

(6 . .2..1:) 

where T) = y/x and f and gs' are universal functions of 1')., 

The equation of mean motion in the x-direction with. 

boundary layer approximations is given by 

(6.z .2) 
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and the continuity equation is 

= o (6:.2.3) 

Substituting the similarity forms from equation (6 .. 2.1) into· 

equations (6.2.2) and (6.2.3), and then combin.ing the momentum 

equation (6.2.2) and the continuitYequation (6 .. 2 • .3) one gets: 

-~ffl + fi f ~df - ~(gi - g2) + gi2 = 
1 

(6.2: .. 4 ) 

where dashes denote differentiation with respect to ~,. and it. 

is assumed that V = 0 at ~ = 0 or where f(O) = 1.. For· high 

Reynolds numbers the right hand side of equation (6 .. 2 .. 4} can 

be neglected, and also neglecting the difference between. the 

normal Reynolds stresses, equation (6.2 .. 4) after integration 

reduces to: 

(:6 •. 2 .• .5) 

This equation is identical to the one given by Townsend· (1956, 

see equation 8.3.5) except for the term involving normal 

Reynolds stresses. For the condition that shear stress· is zer.o 

at y = ± 00, Townsend gives 

(6.2·.6) 

Equation (6.2.5) can also be written as 

Equation (6.2.7) has been used by Hackett and Cox (1967) to 
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eyaluate the shear stress distribution from a measured mean 

velocity profile. They had to determine the constant of inte-

qration by trial and error such that at the edge~ of the mixing 

layer the shear stresses were zero. In this connection it is 

of interest to note that Liepmann and Laufer (1947) have also 

assumed that V = 0 at ~ = 0 and must have determined the constant 

of integration on this basis. Although Wygnanski and Fiedler 

'«(1970) do not give details of their calculation for the shear 

atress distribution they too have made the same assumption as 

Liepmann and Laufer (see their figure (41». Furthermore, they 

liad to impose a condition that the calculations for the shear 

stress distribut~on proceed from high velocity side and far 

away from the mixing zone. The logical question,here seems 

ta be: what happens if one starts the calculations from the 

zero velocity side? 

In practice it is difficult to locate exactly where the 

edge ~ = 0 should be and, moreover, the assumption V = 0 at 

this point can be questioned because there is no reason to 

believe that it is so, for instance, n = 0 is not a symmetry 

line or a solid boundary. Therefore it appears that the diffi-

aulty in calculating the shear stress distribution from a mean 

velocity profile using equations (6.2.5) or (6.2.7) arises from 

bath the difficulty in locating ~ = 0 and the assumption that 

v..= 0 at ~ = O. Since it is not necessary to impose this 

r.e:strictive assurnption following analysis is presented and used 

to calculate the shear stress distribution for a plane mixing 
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layer. 

The continuity equation (6.2.3) after substitution from 

equation (6.2.1) and integration reduces to: 

v = U1 [ T)f - f fdT) + A ] ('6 •. 2 • .8) 

where A is a constant of integration which gives the inf10w 

ye10city from the high ve10city side. Substituting equations 

(6.2.1) and (6.2.8) into equation (6.2.2), and as before 

neg1ecting terrns containing the normal Reynolds stresses and 

viscosity, gives 

g 1 = f 1 J fdTl - Af 1 12. '1 (6.,2: .. 9) 

Equation (6.2.9) on integration gives 

g 12 = f r fdT) - f f 2
dT) - fA + B (6..,2- .. 10) 

where B is another constant of integration. 

Now examination of equation (6.2.10) indicates that two 

boundary conditions are required to eva1uate the constants A 

and B. These boundary conditions are: 

at T) = 0 i uv = 0 
(6 .. 2 •. 11) and at T) = 00 i uv = 0 

Equation (6.2.10) with these boundary conditions becomes 
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Note that in equation (6.2.12), as a consequence of V being 

not zero at ~ = 0, an extra term, which is not a constant, 

appears compared to equation (6.2.7). Equation (6.2.12) can 

be used to calculate the shear stress distribution from a 

mean veloci ty profile, but the second boundary condition (i.e .. 

at ~ = 00, uv = 0) is not satisfactory. The reason for this 

is that the equation of motion without the terms containing 

the normal Reynolds stresses is not applicable in the outer 

region (i.e. edge towards which U ~ 0). In any case, even 

measurements in this region would be contaminated. Rence to 

establish the boundary conditions with sorne confidence and to 

avoid using graphical integration techniques the following 

approach is preferred. 

The non-dimensional mean velocity distribution to a good 

degree of accuracy may be expressed analytically by (see Fig. 

(21» 

~ = f(~) = e-(k~)2 
Ul 

where ~ = ~o - (Ym!~-Y) 

(6 .. 2 •. 13 ) 

k is a constant, Ym/2 is the value of y at which U = ~'l 

(6 .. 2 .. 14 ) 

Note that the edge of the mixing layer on the high velocity 

side is now established by the value of ~o and once this value 

has been assigned the constant k can be obtained from equation 

(6.2.14). The analytical expression for the non-dimensional 
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mean ve10city profile (i.e. equation (6.2.,13» can then be 

compared with a measured profile and adjustment in ~o may be 

made if necessary. Thus the first boundary condition in 

equation (6.2.11) can be assigned with sorne confidence and' 

justification. The second boundary condition is specified' 

from the measured (uv/Ui) distribution. It shouldbe recal1ed 

that Liepmann and Laufer have also discarded the second bound-

ary condition of equation (6.2.11) and replaced it by- the 

condition that the distribution of (UV') has a, maximum where. 

è2U}èy2 = O. It will be shawn later that the present approach 

is not inconsistent with the condition of Liepmann, and Laufèr.~, 

The revised 'boundary conditions, therefore" are: 

at ~ 
. Ym!2-y _ 

= 0 (~.e. x - ~o) ;: 

at ~ 
Ym!2-y 

= ~o (i. e . x = 0) i 

uv/ui = a and f(O) =. L 

uv/ui' = 0 .. 0096' (ineasured data) 

and f(~o)' = 0.50. 

(6 .. ~.15) 

With these boundary conditions the integrated momentum equation 

(6.2.10) reduces to 

~ ~ 

(l-f) [ 0 •. 0192. + 2 
~o' 

B.Y f f fd~ f f2d~ + f . ~ .. 
g12 = = - f. d~ 

u 2 
1 0 0 0, 

~o J - J fd~ 
o 

Substituting the ve10city profile equation (6.2.13) into equation 
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(6.2.16) gives 

('6 .. 2 .. 17) 

where Z is a constant and depends on Tio as fo11ows: 

Z = 0.0216 + 1 erf (.l2kTio ) - ~ erf (kTio ) (6 .. 2.18) 

In this investigation equations (6.2.17) and (6 .. 2.18) are 

used to ca1cu1ate the shear stress distribution. It is pointed 
out that the non-dimensiona1 mean ve10city profiles given by· 

equation (6.2.13) where Tio = 0.125 and 0.118 equally fit the 

col1ected experimenta1 resu1ts (see Fig. (21», so the following 
constants corresponding to these values of Tio will be used ta 

ca1cu1ate (uvÎui) from equation (6.2.17) 

Ti o k Z 

0.125 6.67 0.0994 
0.118 7.07 0.0948 

6.3 Resu1ts and Discussion 

6.3.1 Mean Ve10city 

Initia11y a test was performed to eva1uate the effect of 

a top wall in the working section on ve10city distribution in 
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the mixing layer (also see Fig. (B.12) for J:2/Ul distributions). 

This was undertaken because Liepmann and Laufer (1947) 

recornmended that it is especially importan.t,. f.or the_ two-dimen-

sional character of a mixing layer and for reducing affects of 

any draft in a room, to close the boundary opposite to the mixing 

zone. Fig. (20) shows mean velocity distribution at x = 21.7~. in. 

both with and without the top wall in the working section. for-a 

test condition ul/v = 16.1 x 104 per foot and (/:2/01) = 0'.56%. 
x;=O 

From this figure it can be seen that there is hardly any influence 

on the mixing layer by the absence of the top wall .. This' may 

be due to a bigger depth of free stream (i .. e .. ~ < .1-• .63 where H 

is the depth of free stream at x ,= 0) in the present investiga-

tion compared to that (i.e. ~ < 4.7) for the experiments of 

Liepmann and Laufer. A more appropriate parameter in. this 

connection would be the ratio of the width of a mixing layer' 

to the width of a free stream, and the smaller this ratio the 

better chance there is for a mixing layer to be not a-ffected-by 

the other boundary (Townsend (1956»). 

The subsequent experimental results reported here are for 

ul/v = 54.8 x 104 per foot and without the top wall in the 

working section. 

Fig. (21) shows the non-dimensional mean veloci ty distri--

butions measured at three downstream stations (i .. e. x = Il. n in. 

25.75 in. and 40.25 in.). In this and subsequent figures y is 

measured from the centre line of the tunnel and Ym/2 is the 

value of y at which U = ~Ul. Included in this figure are the 
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measurements of Liepmann and Laufer (1947), Gartshore (1965) 

and Wygnanski and Fiedler (1970). Except near the zero velocity 

region the present measurements are in good agreementwiththose 

of Liepmann and Laufer, and Gartshore. Also from this figure it 

can be concluded that the mean. velocity' profiles are se~f~ 

preserving as anticipated. The measurements of Wygnanski and 

Fiedler are not in agreement with other results reported in 

this figure. It is interesting to note that. recentlyRodi and 

Spalding (1969) used a field (or differential) method to~ predict. 

the velocity distribution in a plane mixing layer. They used 

the results of Wygnanski and Fiedler together with. other~f:i::'ee 

shear flows (i.e~ a plane jet and a radial jet) te obtain 
-

constants (seven in aIl) in their calculation method. with 

this set of constants they predicted velocity dïstribution in 

the plane mixing layer and showed good agreement· between their 

prediction and the results of Wygnanski and Fiedler·.. The.ir 

conclusion is acceptable if the non-dimensional mean' velocity' 

Ym!2-y 
profiles are plotted as U/Ul versus ( _ ) where (yO' 9-YO 1) 

yO .. 9 YO.I .• o. 
is the distance between the points at which. the velocity is O.9Ui_ 

and O.lUl . However, when their predictions are replotted' in 

Fig. (21) they are in agreement with other results but not: 

wygnanski and Fiedler's. It should be mentioned that the present 

way of plotting the results is preferred because deviat.ions. from 

similarity are easy to discern in such a plot .. 

6.3.2 Growth of the Mixing Layer 

Fig. (22) shows the growth of the characteristic layers in 
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the plane mixing layer where, for example, YO ... 95 refers to the 

locus of points at which U = 0.95Ul. For comparison, measure­

ments of Gartshore, Liepmann and Laufer,. and Wygnanski and 

Fiedler are included. From this figure it can be. seen that. 

the characteristic layers in the mixing layer grow· linearly 

with the downstream distance x as expected and the..hypothetical 

origin of the mixing layer is at approximately x =·i in. Note­

that for yO. 95' yO. 50 and yO .10 the present· measurements are. 

in agreement with the measurements of Liepmann and Laufer. 

However, considerable disagreement is apparent between the 

present results and those of Gartshore for YO .. 10" It~ is worth. 

noting that in this region measurements with bath. a pitot tube. 

and a hot-wire become unreliable and therefore comparisons of 

results are not meaningful. 

6.3.3 Distribut.ions of the Normal Reynolds stresses 

Measurements of the normal Reynolds stresses in. the pl·ane 

mixing layer are presented in Figs. (23), (24) and· (25). For 

comparison measurements of Liepmann and Laufer, and Wygnanski 

and Fiedler are also inc1uded. From these fIgures· it can be 

concluded that the present measurements confirm the sel.f-

preserving nature of the turbulence quantities as postulated 

byequation (6.2.1). It should be mentioned that the range 

(11.0 in. ~ x < 40.25 in.) over which these measurements were 

taken is bigger than that of Liepmann and Laufer (11 • .8 in. ~ x ~ 

29.5 in.) or that of Wygnanski and Fiedler (15.275 in. ~ x ~ 

23.1 in.). Considering the measurements of Wygnanski and Fiedler 
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note that their results for (}U2/ul ) are in agreement with 

the present results on the high velocity side. However, their 

results for d V 2/u l ) and (Jw2/ul ) are constderably bigher than 

the author's. As noted in section (6.1) this was anticipated 

because of the geometry of their experimental arrangement and 

the contamination of their X-wire by thermal wake in.terfe.rence 

(Guitton and Patel (1969». 

On the other hand the results of Liepmann and Laufer are 

slightly lower than the present measurements. The difference 

may be attributed to the old electronic networks, non-linear 

hot-wire anemometer and the omission of the longitudinal cool­

ing effects on sianted hot-wires in their investigation .. , 

On the whole the general shapes for the distributions of 

the normal Reynolds stresses are very similar f.or all the 

investigations reported in these figures. It is noted that 

contrary to the conclusion of wygnanski and Fiedler the points 

of maxima in these distributions occur approximatelywhere the 

Reynolds shear stress distribution attains a maximum. This is 

not unreasonable because one would expect maximum turbulence 

intensities where turbulence production is maximum.. Also con­

trary to their conclusion is the observation that both dV2/Ul) 

and (Jw2/ul ) are of the same order of magnitude over the range 

-0.06 ~ (Ym/2-y )/x ~ 0.06. 

6.3.4 Distributions of the Reypolds Shear stresses 

Fig. (26) shows the measured Reynolds shear stresses at 
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three downstream stations, i.e. x = 11.0 in., 25.75 in .. and 

40.25 in. For comparison the ca1cu1ated shear stress distri-

butions (using equation (6.2.17» are a1so given in this 

figure. The two ca1cu1ated curves refer to two values of ~o 

se1ected to represent the measured non-dimensional mean velocity 

distribution (see section (6.2». The resu1ts ofWygnanski and 

Fiedler are compared in Fig. (26). 

From Fig. (26) it can be seen that contrary' to the conclU­

sion of Hackett and Cox (1967), and in spite of a large change 

in ~o compared to that given by them (i.e. 0.003), both calcuL-· 

ated curves are in satisfactory agreement with. the measurements. 

Thus it rnay be conc1uded that the rnethod presented in section 

(6.2) (i.e. equations (6.2.17) and (6.2.18» provides a satis-

factory approach for ca1cu1ating the Reynolds s~ear stress dis-

tribution from a measured non-dimensiona1 mean ve10city profile .. 

Note that the shear stress measurements are in. accord with' the 

self-preserving nature of a plane mixing layer. 

Comparison between the present resu1ts and those of 

Wygnanski and Fiedler indicate that the agreement between the 

two is not satisfactory. As mentioned before their' measurernents 

are suspect. It should be noted that their' rneasured and 

calculated (see the author's comments in section (6.2» shear 

stress distributions "agree quite weIL" and this was attributed 

to the small scatter in their non-dimensional mean velocity 

profile. It is reca1led here that Liepmann and Laufer have 

also obtained close agreement between their measured and 
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calculated results. In view of the methods used by these 

investigators to calculate the shear stress distributions 

such claims for close agreement between measured and calculated 

results are rather premature as will be shawn below. 

Fig. (27) is presented for interest because it clearly 

shows that a variety of shear stress distributions havebeen 

~alculated from practically the same non-dimensional mean 

velocity profile. Because of a lack of definite boundary 

conditions various investigators have used different.methods. 

Common among their methods is the assumption or implication 

that at the high velocity edge V = O., Presurnably- V could be 

worked out by a suitable sink distribution placed along the 

edge of the streaming side to represen_t constant. entrainment. 

As mentioned before Hackett and Cox used trial and- error methods 

to establish a constant such that the shear stresses at_both 

edges of the mixing layer become zero., They- used' both theirs 

and Liepmann and Laufer's non-dimensional mean. velocityprofiles 

(these velocity profiles are in good agreement with each other). 

Rodi and Spalding (1969) used their differential. method to 

calculate the shear stress distribution. They' observed-dis-

crepancy between their shear stress profile. and the' pro:file 

given by Wygnanski and Fiedler. They were unable to explain 

this discrepancy and concluded that sorne clari:fication.was 

needed. 

For the present investigation two profiles are given in 

Fig. (27), they refer to the sets of boundary' conditions of 
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equations (6.2.11) and (6.2.15). The set of boundary conditions 
in equation (6.2.11) does not p'rocure agreement between the 

measured and the calculated profiles. It should be noted also 
that the calculated as weIl as the measured shear stress profiles 

attain maxima at 1) v; 0.10 (i.e. at (Ym/2-y )/xv; 0.025) and this 
is in agreement with the second boundary condition suggested 

by Liepmann and Laufer (i.e. the shear stress is maximum where 

ô 2u/ôy2 = O. It is easy to show that for the present velocity 
profiles ô 2u/ôy2 = 0 at 1) v; 0.10.) 

From Fig. (27) it can be seen that the discrepancy between 
various methods is enormous and unbelievable. This stems 

primarily from the difficulty in assigning proper boundary 

conditions in the plane mixing layer. The present method 

therefore seems at least consistent and removes arbitrariness 

from the investigation. 

It should be mentioned that (üW) was found to be zero 

across the mixing layer in this investigation. 

6~3~5 General Conclusions 

FoTlowing conclusions are drawn from this investigation: 

{il the measurements of mean velocity and the Reynolds 

stresses confirm the self-preserving nature of the plane turbu­

lent mixing layer. The range of Reynolds numbers, 5.02 x' 105 < 
Ulx 6 

(Rex = -V-) < 1.84 x 10 , for this investigation is quite 
large compared to other similar investigations reported in the 

literature. 
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(ii) the assumption V = 0 at.~ = 0 commonly adopted in 

previous investigations on a plane mixing layer is not made 

in the present investigation. Its use in ~n analysis leads 

to erroneous distributions of shear stress calculated from 

the non-dimensional mean velocity measurements. A method which 

does not impose restriction on V but involves a further 

empirical input as a boundary condition is presented and it 

gives satisfactory agreement between the measured and the 

calculated shear stress profiles. 

(iii) the discrepancy between the present turbulence 

measurements and those of other investigators (i.e. Liepmann 

and Laufer (1947); Wygnanski and Fiedler (1970» are 

attributed to either the differences in the experirr,ental 

arrangements, or omission of the longitudinal cooling correc-

tions to inclined hot-wires results, or the thermal wake inter-

ference between the closely spaced wires of an X-wire probe. 
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7. THE ASYMMETRIC JET 

General 

In applications of technological interest jet and wake 

flows are frequently asymmetrici examples are the flows in 

the wakes of slotted aerofoils or behind jet-flapped aero-

foils. A simple case of an asymmetric jet is being investi-

gated here and consists of a two-dimensional turbulent jet in 

zero pressure gradient with uniform streaming flow on one side 

and quiescent conditions on the other. Fig. (28) shows a 

sketch of the experimental set up to produce this simple case. 

The streaming flow is provided by the 17 in. x 30 in 

MCGill blower wind tunnel. The various ratios of jet-to-free 

stream velocity, (Uj/Ul ), are obtained by varying either the 

tunnel speed or the jet velocity. To obtain high values of 

(Uj/Ul ), however, it was necessary to reduce the tunnel speed 

by a l·arge factor. This introduced a complication because the 

turbulence intensity in the uniform stream was not constant 

(see Fig. (B.l))over the whole operating range of the wind 

tunnel (the tunnel was driven by a 25 H.P., constant r.p •. m. 

(720), A.C. motor and the free stream velocity was changed by 

adjusting the inlet guide vanes). For example, at 115 ft/s. 

the turbulence intensity in the free stream (on centre line) 

was about 0.4% whereas at 25 ft/s. it was about 1.3%. It was 

thought that such a variation of turbulence level might sig-

nificantly affect the growth of the jet. To the knowledge of 

the author the effects of free stream turbulence on free shear 
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flows have not been investigated. 

To determine the sensitivity of jet flows to free stream 
turbulence a subsidiary investigation was therefore undertaken. 
Measurements were made in both plane mixing layers and the asym-
metric jets with free stream turbulence ranging from 0.5% to 
1.1% (see Appendix (2». It was concluded that the turbulence 
intensity must be reduced below 0~7% of the free stream for the 
effect to be negligible. To achieve this level at low tunnel 
speeds, an additional 5 H.P. D.C. motor drive was therefore 
installed. This was found satisfactory for speeds less than 
60 ft/s. and the turbulence level remained constant at about 
0.5%. 

The results of experiments on the asymmetric jets for 
values of Uj/Ul = 2.275, 5.08 and 9.0 are given in this 
section. The above ratios of (uj/U

l ) were selected to cover 
the entire range (i.e. from a strong jet case to a weak jet case) 
of the asymmetric jet flow. The measurements' include pitot 
and hot-wire traverses for mean velocity, Reynolds stresses, 
intermittency and spectra of the longitudinal fluctuations. 
Certain local double and triple correlations have also been 
obtained. The conventional (i.e. by velocity profiles) two-
dimensionality checks on the flow are given in Appendix 1. In­
section (8) evaluation of entrainment velocities for the various 
free shear flows investigated here is given. This is then 
followed in section (~by comparison of experimental results of 
the asymmetric jets with the simple analysis presented in section 
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(2.4.2). 

It should be noted that unless specified otherwise aIl 

hot-wire measurements for the asymmetric jets are not corrected 

for the longitudinal cooling and the high intensity effects. 

The longitudinal cooling correction factor for uv is 1 . .08 and 

for both v2 and w2 it is 1.16. 

For convenience the three cases of the asymmetric jet are 

identified as follows: 

Uj/Ul = 2.275 (a weak asymmetric jet) 

Uj/U1 = 5.08 (a mild asymmetric jet) 

Uj/Ul = 9.0 (a strong asymmetric jet) 

Results and Discussions for the Asymmetric Jet with 
Uj/Ul = 5.08 

7.2.1 Mean Velocity Profiles 

The mean velocity profiles at various downstream positions 

were measured by both a pitot tube and linearized bot-wires. 

For the pitot traverses the static pressure across the asynunetric 

jet was assumed to be a constant and equal to the atmospheric 

pressure. For comparison Figs. (29) and (30) show typical results 

for the case Uj/Ul = 5.08 at two downstream stations,. x = 26.75 in. 

and 33.75 in. It can be seen from these figures that apart from 

the edge of the zero velocity side the results from the pitot 

tube and the hot-wires are in good agreement with each other. 

Towards the edge of the zero velocity side measurements made 
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by the pitot tube probably give velqcities lower than the 

actual whereas the hot-wire results probably over-estimate 

the velocities in this region. On these figures positions 

of the half velocity scales (see Fig. (4» are also indicated 

to show that within this range (Il < Y < 1
2

) the agreement 

between the pitot tube and hot-wire results is very good .•. 

The reason for this is that the turbulence intensity within 

this range is less than 15%, and therefore one would expect 

the agreement to be fairly good. Moreover, these hot-wire 

and pitot tube results give independent checks on the velocity 

measurements. 

Figs. (31) and (32) show non-dimensional mean velocity 

profiles on the two sides of the asymmetric jet. The measure-

ments were made with a linearized hot-wire at seven downstream 

stations within the range 3.125 in. < x < 40.75 in. For the 

streaming side the velocity scale u o and the length scale Il 

(see figure (4» are used whereas for the zero velocity side 

the scales are U
m 

and 1
2 

respectively. A comparison is made 

by including in these figures the tabulated profile of Bradbury 

(1963) which is shown by a solid line. Also an exponential 

profile is shown in Fig. (32). The discrepancy between the 

experimental results and the exponential profile is not large 

and thus an approximate method, incorporating a sirr.ilarity 

hypothesis, for predicting the growth of the asymmetric jet 

is not likely to be seriously in error. The figures (31) and 

(32) substantiate the assumptions of section (2.4.2) (see 
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equations (58) and (59») in that the ve10city distribution in 

the asymmetric jet can be diviqed into two parts: (a) the 

streaming side resemb1ing a half jet in uniform stream and 

(b) the zero ve10city side resembling a ha1f jet in still 

air. It is a1so observed that the present velocity measure-

ments are in genera1 agreement with Bradbury's resu1ts on the 

streaming side although sorne disagreement exists in the region 
of very low velocities. As mentioned before in this region 

the hot-wire overestimates the velocities. 

7.2.2 Variations of Main Characteristics of the Asymmetric 
Jet; Uj~l = 5.08 

The variations of main characteristics such as the lengths 
and velocity scales and the locus of the points of maximum 

ve10city for the asymmetric jet (Uj /U1 = 5.08) are given in 

Fig. (33). These measurements are reported because they display 
sorne characteristics of the asymmetric jet and furthermore the 

know1edge of their distributions is required to evaluate distri­
butions of uv from mean velocity measurements (see equations (61) 
and (64) in section (2.4.2». 

Considering the growth of the asymmetric jet it can be 

seen from Fig. (33) that the zero velocity side (i.e. 12 ) grows 
1inearly with downstream distance and the streaming side growth 
(i.e. Il) exhibits non-linearity very clearly. Note that the 
shear layer on the streaming side grows less rapid1y than the 
one on the zero velocity side, as expected. Another feature 
worth noting is that the locus of (Ym) is a straight line over 

the range 10 in. ~ x < 40 in. but with a different origin. 
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This is in agreement with the observation of Gartshore (1965). 

In section (2.4.2) it was noted (equation (66»that the locus 

of the points of maximum velocity moves towards the streaming 

side as the flow develops downstream. The variation of (y ) 
m 

in Fig. (33) clearly substantiates this observation. Similar 

conclusions may be drawn from the results of other cases of: 

the asymmetric jet reported later. 

The variation of velocity scales (i .. e ,. u and U ) is o m 

represented by the distribution of (u /Ul) because (U = Ul' + U ) omo 

and Ul is a constant. It is interesting to note that most of 

the variation (or decay) in (uo/ul ) for this case të!.kes place 

within a short distance from the slot exit, and beyond about 

x = 20 in. (i.e. x/b = 75.5) (uO/Ul) decays v.ery nearly' linearTy 

with downstream distance x. 

7.2.3 Distributions of Reynolds stresses 

The Reynolds stresses in the asymmetric jet (case Uj/Ui. = 

5.08) were measured at six downstream stations ,. It is instruc­

tive to note that for non-self-preserving flows Ce.g .. Bradbury 1 s 

jet in a uniform streaming flow) one is tempted to use a velocity 

scale which is the same for both mean velocity distribut'ions 

and Reynolds stresses. On the other hand Kruka and Eskinazi 

(1964) following Fôrthmann's suggestion recommend the maximum 

shear as the characteristic quantity for expressing Reynolds 

stresses in similarity forms. It transpires that for non-self-

preserving flows the mean velocity and Reynolds stresses are not 

both reduced to sirnilarity forms by the same velocity scale. 
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Therefore in the present investigation it is proposed to use 

the local maximum velocity as the scaling velocity for turbu-

lence quantities on the streaming side of the asymmetric jet. 

For comparison Reynolds stresses are also non-dimensionalized 

by the velocity scale u o . 

Figs. (34) to (37) show the distributions of Reynolds 

.stresses on the streaming side of the asymmetric jet. The 

distributions of the turbulence energy, (q2), is shown in 

Fig. (38). Note again, that these results are not corrected 

for the longitudinal cooling effects but if the reader wishes 

to correct them, the correction factors are as follows: 

no correction for u 2 , 

correction factor for v 2 and w2 is 1.16, 

and correction factor for uv is 1.08. 

In these figures the turbulence quanti tes are non-dimensionalized 

with the velocity scale uo. The measurements were made over a 

wide range of values of x (i.e. from very close to the slot to 

far away from it) and they clearly show that as the flow develops 
- - -

downstream the values of (u2 /u~), (v2 /u~), (w
2 /u~), (uv/u~) and 

(q2/u~) increase, and it can be concluded that the use of u o as 

the velocity scale does not reduce the experimental results to 

the usual similarity forms. For interest it should be mentioned 

that although Bradbury's (1963) tabulated results for a jet in 

uniform streaming flow are not compared in these figures they 

lie very close to the results of station x = 3.125 in. The 
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variations in these figures are mainly due to the decay of u 
o 

because the turbulence is expec.ted to be maintained by sorne 

transfer from the zero velocity side. 

It was proposed at the beginning of this section that the 

local maxin.uITt velocity will be used to non-dimensionalize the 

turbulence quantities. Figs. (39) to (43) show the distributions 

of turbulence parameters across the asymmetric jet. The results 

on the streaming side (i.e. Figs. (34) to (38» are replotted 

with Um as the velocity scale. Also note that the length scales 

on the streaming side and the zero velocity side are not the 

same thus the gradients of these distributions at ~l = ~2 = 0 

will be discontinuous. For comparison uncorrected results of 

the plane jet in still air (see section (5» are shawn by solid 

lines on the zero velocity side. 

From Figs. (39) to ( 43) it can be seen that for the stream-

ing side the results collapse better when U (instead of u o ) is m 

used for the velocity scale. This is particularly true for 

measurements beyond x = 20.50 in. On the zero velocity side 

the measurements show similar trends as do the results of the 

plane jet in still air, but the asymmetric jet turbulence 

intensities are slightly lower than those of the plane jet. 

However, within the experimental scatter and beyond x = 20.50 in. 

the present results show that the zero velocity side of the 

asymmetric jet behaves very much like a plane jet in still air. 

It is of interest to note that the shear stress at the maximum 

velocity points (see Figs. (37) and (42» is nearly zero. This 
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is not inconsistent if one observes the results of other 

asymmetric flows associated with a uniform stream, for instance, 

a wall jet in uniform streaming flow (see measurements of 

Bradshaw and Gee (1962), and Kruka and Eskinazi (1964». 

Fig. (44) shows the distributions of (uv/q2) across the 

asymmetric jet. From the figure it can be seen that although 

(uv/q2)-distributions on the streaming and zero velocity sides 

do not display exact sirr,ilarity of shapes, their magnitudes 

at ~l = ~2 = 1.0 are about the same.' 

Figs. (45) and (46) show the shear stress correlation. 

coefficients, R- = (uv IJ u?) v 2 ), in the asymmetric jet and 
uv 

these are compared on the streaming side with the measurements 

for a plane jet in uniform stream made by Bradbury (1963). It. 

should be mentioned that Bradbury has compared his measurements 

of R- with those of Eskinazi and Kruka (1962) for a plane 
uv 

turbulent wall jet in a unifornl stream and also with the measure--

ments of Gibson (1963) for a turbulent axisymmetric' jet in 

quiescent surroundings. His measurements were in good agreement 

with those of Eskinazi and Kruka, and Gibson. From Fig. (45) 

it can be seen that the present measurements of R- on the 
uv 

streaming side are in agreement with Bradbury's results. 

For the zero velocity side the distribution of the shear 

stress correlation coefficient, Ruv' is compared in Fig. (46) 

with the author's results for the plane jet in still air' 

(section (5». The agreement is again quite good. It should 

be mentioned that the measurements of R-- are effectively inde­
uv 
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pendent of both intermittency factor and the longitudinal 

cooling effects. A comparison between Figs. (45) and (46) 

(i.e. the streaming side and zero velocity side) shows. that 

apart from the position of maximum R-- the results are in uv 

general agreement with each other. Thus it appears that 

there is a tendency to a universally similar structure for 

aIl turbulent shear flows. 

7.2.4 Measurements of Triple Correlations 

It was mentioned in section (4) that the analysis of 

slanting hot-wire readings involves knowledge of both the 

longitudinal cooling effects and high intensity effectd. The 

dynamic test for the former effect is given by Patel (1968) 

and the latter is investigated by Guitton (1970)., It should 

be noted that aIl shear flows associated with quiescent 

surroundings encounter high turbulence intensities in. regions 

close to the Sl.ll surroundings. Hot-wire measurements- in. this 

region, therefore, have to be corrected for high intensity 

effects. The correction factors for various turbulence compo-

nents, however, involve triple and quadruple correlations (see 

Heskestad (1963) and Guitton (1968» and these have to be 

measured by a matched X-wire probe. In this investigation DISA 

equipment was used in conjunction with a precision full wave 

rectifier (details of this and a full description of how the 

correlation coefficients were obtained, are given by Guitton 

(1968». 
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In section (4) it was stated that the standard DISA X-

wire probes were prone to thermal cross talk because of- the 

close proximity of the two slanted wires (Guitton and Patel 

(1969». For the present purpose a modified X-wire probe was 

used (the modification is given by Guitton and patel). Ta 

verify the dynamic response of the modified X-wire probe and 

to check the repeatability of the turbulence measurement~ the 

shear stress correlation coefficients across the asymmetric 

jet were measured at x = 26.75 in. A comparison. between. the 

results obtained by a single slanted hot-wire and the modified· 

X-wire probe is shown in Fig. (47). In this figure the full 

line represents the results obtained by the single slanted wire 

and the points are for the modified X-wire probe results .. The 

agreement between the two sets of results is very· good and 

enhances confidence in both the modified X-wire probe and· the 

electronic equipment. Note also that R- is nearly zer.o acrass uw 

the flow. 

The triple and quadruple correlations for the asymmetric 

jet were measured at x = 26.75 in. only. However,. because 

Guitton's (1968) correction factors for Reynolds stresses 

involve only triple correlations these are presented in. Fig. 

(48). The triple correlations shown in the figure are as 

follows: 

Ruw2 uw2 
= 

J u 2 . w2 

uv2 
R~ = 
uv J u 2 . v 2 
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= 

= 

Fig. (48) shows that across the asymmetric jet R-2 and R-2 uw uv 

are of the same order and the shapes of their distributions are 

very similar. On the other hand note that R-3 is mu ch. bigger v 

than R.;3, the latter being approximately zero ac'.:"oss the flow. 

It is also noted that on the streaming side R-3 is practically 
v . 

of the same order of magnitude as R--. For interest it is uv 

mentioned here that R-- was approximately zero (negligibly uw 

small compared to R--) across the asymmetric jet.. Not. only uv 

at this station (i.e. x = 26.75 in.) but at various streamwise 

stations single slanted wire results also indicated that (uw) 

was approximately zero. 

The resul ts shown in Fig: (48) were used to work out 

Guitton' s (1968) high intensity correction factor f'or the 

Reynolds shear stress. Fig. (49) shows the combin.ed correction 

due to the longitudinal cooling effects and the high intensity 

at x = 26.75 in. Note that between the half velocity points 

on either side of the maximum velocity point, the correction 

due to the high intensity, on the average~ is small and this 

is attributed to low turbulence intensity « 20%) encountered 

within this region. In the following section the measured 

Reynolds shear stress distribution is corrected by using the 
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correction factor shown in Fig. (49). 

7.2.5 Check on the Momentum Balance 

Coles (1968) has pointed out that a severe test for the 

two-dirr,ensionality of a plane turbulent shear flow is to 

dernonstrate the rnomentum ba~nce by rneasuring various terrns 

in the rnornenturn equation. For the asyrnrnetric jet under investi-

gation the rnomentum equationson the streaming and zero velocity 

sides are given by equations (61) and (64) respectively (see 

section (2.4.2)). It is rnentioned that in these equations 

the terrn containing the difference between normal Reynolds 

stresses (i.e. ~x (~~2» is neglected because it was found 

that its contribution is quite small. Various terrns appear-

ing in equa tions (61) and (64) were rneasured (see Fig.. (33» 

and the Reynolds shear stress distribution at x = 26 . .75 in .. 

for the asymmetric jet was computed. The result is shawn. in. 

Fig. (50). At this station the Reynolds shear stress distribu--

tion was measured by using a single slanted, linearized hot-

wire. As rnentioned above the hot-wire results are corrected 

for the longitudinal cooling effects and high intensity effects. 

(for correction factor see Fig. (49). Frorn Fig •. (50) it cano 

he seen that although a perfect agreement between the results 

shown therein is not achieved, the agreement is indeed satis-

factory. The disagreernent at the point of maximum shear on. the 

zero velocity side is about 8%. A general observation can be 

made from many published measurements of Reynolds shear stress 

distributions in various turbulent shear flows and that is that 
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the measured shear stresses in the regions of maximum velocity 

gradient are usual1y sma1ler than those ca1cu1ated using the 

momentum equation. This indicates that sorne complicated inter-

ference mechanism may be in operation for a hot-wire in these 

regions. No attempt is made here to investigate effects of 

velocity gradients on hot-wire measurements. Therefore, it 

may be concluded that for the asymmetric jet the momenturn 

balance is satisfactory and the flow is effectively two-dimensional. 

7.2.6 Intermittency 

The intermittency was measured using a differential signal 

from a 1inearized normal wire and recording the signal on an 

'Ultra-Violet ' recorder. The technique of ana1yzing the recorded 

signal was similar to the one used by Gartshore (1965) and 

Guitton (1970). 

The intermittency measurements were made at five downstream 

stations. The resu1ts are shown in Fig. (51). For cornparison 

measurements of Bradbury (1963) (for a jet in uniform streaming 

flow) are shown by a dotted line on the s.treaming side and those 

of Gartshore (1965), and Heskestad (1963), (for a jet in still 

air), are shown on the zero ve10city side. From the figure it 

can be seen that for the zero velocity side, apart from the 

resu1ts at x = 6.125 in., the present resu1ts fa11 on a single 

curve and, furthermore, they are in agreement with the results 

of both Heskestad and Gartshore. For the streaming side, however, 

the results show systematic change in the intermittency distri-

butions. The intermittent zone becomes bigger and bigger as the 



- 124 -

flow develops downstream and at x = 40.75 in. there is hardly 

any fully turbulent zone on the streaming side. This is not 

surprising because as the asymmetric jet tends to its asymptotic 

state (i.e. a plane mixing layer) the whole flow becomes inter­

mittent (wygnanski and Fiedler (1970) have shown that there is 

no fully turbulent zone in a plane mixing layer). It is inter-

esting to note that over the streamwise range of the inter-

mittency measurements the half intermittency point on the zero 

velocity side is at ~2 ~ 1.65 whereas on the streaming side 

it lies between 1.42 and 1.88. Finally, from Fig. (51) it may 

be concluded that the zero velocity side of the asymmetric jet 

behaves very much like a jet in still air as far as the inter-

mittency distribution is concerned. 

7.2.7 One-Dimensional u 2-spectra 

In theoretical discussions of isotropie turbulence ,. it 

is a general practice to define a mathematical quantity which 

has the closest analogy to the physical notion of the energy 

associated with a particular scale of motion. This quantity 

is the three dimensional spectral density function E(~). 

However, the way in which E(K) can be measured directly is 
"'" 

unknown and therefore measurements are usually made of the 

one dirnensional spectrum function ~(kl) where ~(kl) is defined 

by 

= 

The one dimensional spectrum function is related to the 
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three dimensional spectrum function by (Batchelor (1953), Hinze 

(1959»: 

where 1 2 -q 2 

- k 1 for isotropie 
turbulence 

It is weIl known that in small scales of motion the important 

parameter of turbulence is the energy dissipation,. E" (Hinze 

(1959» which is defined as follows: 

where v is the kinernatic viscosity 

It can be shown that the energy dissipation density" E ,'-'"1s 

related to the one di~ensional spectrum function,. e.g. 

= -5v 

00 

or E = l5v cf ki cp (k l ) dkl 

The integrand, kicp(kl ), is known as the dissipation spectrum 

and describes the distribution in wave nurnber of the rate of 

decay of turbulent energy to heat. 

In the inertial subrange viscosity has little direct effect 
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and hence from dimensional arguments it can be shown that 

The constant of proportionality in the above equation is an 

absolute constant and is often referred to as Kolmogoroff's 

constant. The existence of an inertial subrange depends on. 

the magnitude of turbulence Reynolds number, R~ = (~lu2)/v, 
where ~ is Taylor lateral rnicroscale (Gibson (1963». ~ is 

also referred to as the dissipation length (Naudascher (1965». 

Gibson, following Corrsin, suggests R~ > 500 for the existe~ce 

of the inertial subrange. The microscale ~ is evaluated from 

the following relation: 

00 

= ~ ki cP (k1 ) dk1 = :~ (for isotropie turbulence) 

o 

Following. Gibson (1963) and Grant et al. (1962) values of 

~ at various lateral and streamwise positions were obtained .. 

The technique involves a plot of ki ~ (kl ) versus k l and the 

area under the curve then provides E and~. It should be 

rnentioned that ~ can be considered roughly a rneasure of the 

eddies responsible for the energy dissipation in the final 

stages only thus it differs from the dissipation length LE 

used by Townsend (1956) and Newman (1968). Townsend (see 

equation (5.6.4) on page 95 of his book) defines the dissipa-

tion length in isotropie turbulence as follows: 

E - 3. - 2 

- 3/2 
(u2 ) 
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where E is not the rate of turbulent energy dissipation by 

viscosity as above but it is the rate of turbulent energy 

dissipation which is determined by the rate of energy transfer 

from the large scale motions. 

The purpose of the present measurements was to check 

whether or not the inertial subrange with -5/3 power exists, 

to obtain variations of À. and to obtain the Kolmogoroff con-

stant. 

Figs. (52) and (53) show typical results of one dimensional 

u 2 -spectra measured by a Band K audio frequency spectrometer 

using 1/3 octave filters. The wave number k~ was assumed to be 
J. 

00 2 
equal to (2rrf/U) and by definition f cp{kl > dk1 = u.. The se 

o 
measurements were made at typical lateral positions which are 

indicated on a sketch included in the figures. Also included 

in these figures is a line with -5/3 slope. From both figures 

(52) and (53) it can be concluded that the spectra exhibit a 

range with -5/3 power. The range of turbulence Reynolds numbers 

for measurements shown in these figures was 326 ~. RÀ. ~ 715. 

In Figs. (54) and (55) (ki cp (kl )/u2 ) is plotted against 

k l . The shapes of these curves are very similar to those given 

by Grant et al. (1962). AlI the curves exhibit a peak around 

k l = 300 ft- l As mentioned before from plots similar to Figs. 

(52) and (54) the energy dissipation, E, and À. were ca1culated. 

It was found that values of À. were approximately independent 

of the lateral position. In Figs. (56) to (58) the value of À. 
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is the mean valueat a particular streamwise station. Fig. 

(56) shows variation of À with downstream distance x. From 

the figure it can be se en that beyond x = 20 in .. (i .. e. in. the 

region where the flow is not affected.by conditions at the 

slot) À does not vary a great deal. For interest variation 

of À with the mean flow length scales Il and 1
2 

is shown in 

Fig. (57), and Fig. (58) shows variations of (Il/À) and (l~/À) 

with downstream distance x. It may be concluded from these 

figures that À is not directly proportional to the. mean flow 

length scales Il and 1
2

, 

Fig. (59) shows values of the Kolmogoroff constant, K', 

obtained in the present investigation plotted against dissipa--

tion E. For comparison values of K' obtained by Grant et al •. 

(1962) in a tidal channel and by Gibson (1963) in an axisymmetric 

jet in still air are included. The value of K' for grid turbu-

lence is the one quoted by Gibson from measurements of Kistler 

and Vrebalovich in California Institute of Technology Co-op 

Tunnel. It should be recalled that Kr is expected to be an 

absolute constant, however the present measurements show a 

definite trend i.e. it increases as E increases.. Similar beha-

viour can be seen in the resul ts of Grant et al as weIl.. It 

is possible that the measurements near the slot are contarninated 

by the conditions at the slot and values of K' are much larger 

than those of other investigators. Far away from the slot, 

however, values of K' are in agreement with those reported by 

Gibson and Grant et al. An interesting observation from other 

measurements not reported here is that the extent of the inertial 
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subrange for measurements near the slot was quite small even 

though the turbulence Reynolds numbers were quite large (i.e. 

R
À 

> 750). On the other han& far from the slot the turbulence 

Reynolds numbers were srnall (326 ~ R
À 
~ 715) but the inertial 

subrange extended over much wider wave number space (see Figs. 

(52) and (53». The turbulence Reynolds number for the experi­

ment of Grant et al. was 3600 and for the experirnent of Gibson 

it was about 780. It is difficult ta draw any definite conclu-

2 2 -sion without further measurements of the v ,w and uv spectra. 

7.3 Results and Discussion for the Asyrnmetric Jet with Uj L[1=9.0 

It was noted before that as the ratio of jet to free stream 

velocity increases the asymmetric jet approaches the jet in 

still air. Measurements were, therefore, made with (Uj/Ur ) = 

9.0. These measurernents include mean velocity traverses and 

Reynolds stresses at a number of streamwise stations. 

7.3.1 Mean Velocity Profiles 

As shawn in Figs. (60) and (61), the non-dimensional rnean 

velocity profiles are again geornetrically sirnilar and in agree-

ment with those obtained with (Uj/Ul) = 5.08. For comparison 

the tabulated results of Bradbury (1963) are shown by a solid 

line. Once more the agreement is satisfactory. 

7.3.2 variations of Main Characteristics of the Asymmetric 
Jet U J.L!Il = 9.0 

Fig. (62) shows the variations of the main characteristics 
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of the asyrnmetric jet with (Uj/Ul ) = 9.0. Compared to the 

results for the case (Uj/Ul ) = 5.08 (Fig. (33», both Il and 

1
2 

grow approximately in a linear fashion with downstream 

distance and they are roughly equal in magnitude. However, 

deviations from linearity are apparent as the ratio (uo/U
l

) 

decreases. It is also worth noting that the locus of (y ) m 

beyond x = 13.5 in. is again a straight line and moves towards 

the streaming side as postulated by equation (66) in section 

(2.4.2) . 

7.3.3 Distributions of Reynolds stresses 

It was mentioned in section (7.2.3) that for the streaming 

side of the asyrnmetric jet a better collapse of Reynolds stresses 

is obtained when they are non-dimensionalized with the local 

maximum velocity U instead of the excess velocity u. Hence m 0 

the Reynolds stresses for the present case are first scaled 

with the excess velocity Uo (Figs. (63) to (67» and then in 

Figs. (70) to (74) they are non-dimensionalized with Um. A 

comparison is made with Bradbury's (1963) tabulated results 

in Figs. (63), (64), (65) and (67). From these figures it 

can be seen that the results do not collapse on a single curve 

and that the disagreement between Bradbury's and the present 

results is quite pronounced. However, if one ignores the 

measurements below x = 26.75 in. on the ground that the flow may 

not be fully developed then the results in Figs. (63) to (67) 

may be considered to lie close to a single curve. 
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Fig. (68) shows the distributiens ef (üV/q2) acress the 

streaming side ef the asyrnrnetric jet. Over the streamwise 

range (i.e. 6.125 in. < x < 40.75 in.) these measurements 

display a similarity forrn as before (cempare Fig .. (44» but 

there is seme difference in the shapes of these profiles. In 

particular, fer the streng asyrnmetric jet,. (i .. e ... with U"/U
1 

= 
J. 

9.0), the shape of (uv/q2) distributien en the streaming side 

is appreximately syrnrnetrical abeut 111 = l,. and similar te- that 
fer a jet in still air. 

(Uj/Vl ) = 5.08 (see Fig. 

eccurs at abeut 111 = 1.6 

is ne lenger symmetrical. 

Note that fer the asyrnrnetric jet with. 

(44» the maxirr~m value ef (uv/q2) 
~\'e -

and the shape ef (uv/q2) distributien 
" 

It appears that this is a 

characteristic feature of small perturbatien (ue/U1 < 0.5) je.ts 
(in uniferm streaming f1ew) or wake flows. 

The distribution of shear stress cerre la tien coefficient, 

(uv/Ju~Jv2) fer the streaming side ef the asyrnmetric jet with 

Uj/Ul = 9.0 is shewn in Fig. (69). In this figure results ef 
Bradbury are given fer cemparisen. As noted abeve Bradbury's 

results shew a maximum around 111 = 1.6 and. his R-- distributien uv 
is net symmetrical whereas the mean line drawn threugh. the 

present results indicate a maximum value areund 111 = 1 .. 0. and' 

the R---distributien is appreximately symmetrical. It 1s aIse. uv 

neted that uv at the point of maximum velecity is quite small .. 

The Reynelds stresses on the streaming side ef the jet 

were nen-dimensienalized with the lecal maximum velecity Um 
in a manner similar ta that for the case of Uj/Ul = 5 . .08 •. 
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These results are shown in Figs. (70) to (74). Comparison of 

these figures with corresponding results in Figs. (63) to 

(67) indicates that over the whole range of measurements the 

velocity scale U produces better collapse of results on single 
m 

curves. In Fig. (70) (u2/u~) distribution for a jet in still 

air is shown by a solid line. Figs. (70), (74) and (75) also. 

contain results for the zero velocity side. From these figures 

it may be concluded that the zero velocity side of the asymmetric 

jet behaves in a manner similar to a plane jet in still air .. 

However, it would be amiss not to point out that apart from 

(~/u2)-distributions the other distributions of Reynolds stresses m 

are lower than the corresponding ones for a jet in still air. 

On the other hand the two sides of the strong asymmetric jet 

display similar profiles for Reynolds stresses (e .. g., see Figs. 

(70), (73), (74) .(75». 

Fig. (76)'gives distributions of (uv/q2) across the zero 

velocity side of the strong asymmetric jet. From the figure 

similar conclusion as that for the streaming side 

may be drawn o~ce Tno~e. 

The distributions of shear stress correlation coefficient,. 

R-, for the zero velocity s.i.èi3 is shown in Fig. (77). In this uv 

figure a mean line representing R---distribution on the stream­uv 

ing side is shown by a solid line and R_-distribution for a 
uv 

jet in still air is shawn by a dotted line. From the figure 

it.can be observed that R---distributions on both sides of the uv 

strong asymmetric jet are of the same order of magnitude.. It 
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should be pointed out that measurements reported in this 

thesis indicate that the shear stress correlation coefficient, 

R-, is not a constant over the major portion of shear flaws uv 

investigated here. 

7.4 Results and Discussion for the Asyrnmetric Jet with Uj LQl=2.275 

In sections (7.2) and (7.3) results were presented for a 

mild and a strong asymmetric jet respectively. This section 

deals with a weak asyrnrnetric jet in which the ratio of jet to 

free stream velocity is small. As this ratio decreases the 

asyrnrnetric jet tends to its other asyrnptotic state, i .. e .. a plane 

mixing layer. For the weak asyrnrnetric jet measurements of mean. 

velocity and Reynolds stresses are presented. Because the 

asymmetric jet with (Uj/Ul)= 2.275 very quickly (wi.thin 

approximately 70 slot widths downstream) becomes a plane 

mixing layer, as far as the mean velocity distribution is 

concerned, it was found difficult to identify a ccurate ly' the 

length scale,ll' and velocit);" scale, uo' on the streaming 

side and therefore turbulence rneasurernents on the zero velocity 

side only are presented. 

7.4.1 Mean Velocity Profiles 

The non-dirnensional rnean velocity profiles are shawn in 

Fig. (78). In the figure, for the strearning side a tabulated 

profile of Bradbury (1963) is shawn for comparison,. and on the 

zero velocity side the exponential profile is shawn by a solid 

line. Also for cornparison, on the zero velocity side rneasure-
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ments of a plane mixing layer are included. The plane mixing 

/ 8 5-1 layer results were obtained for Ul v = 3.5 x 10 ft at x. = 

27.75 in. and they are in agreement with other mixing layer 

results reported in Fig. (21). From Fig. (78) it. can be con-

cluded as before that even for the weak asyrnmetric jet the mean 

velocity profiles are similar. Also note that the results. on 

the zero velocity side are in very good agreement with the 

'resul ts for the plane mixing layer. 

7.4.2 Distributions of Reynolds Stresses 

As mentioned above distributions of Reynolds stre~ses are 

presented for the zero velocity side only. The distributions 

of (u2/u~) are shown in Fig. (79). In this figure. the author's 

measurements for a plane mixing layer (see section (6» and a 

plane jet in still air (see section (5» are given for compari-

son. It can be observed from the figure that the measurements 

for the zero velocity side of the weak asyrrnnetric jet· display 

a trend similar to the plane mixing layer results., There are 

indications that if the measurements were extended further 

downstream, where the zero velocity side of the weak. asymmetric' 

jet truly becomes a plane mixing layer, they would be in. agree-

ment with the results for a plane mixing layer. 

Figs. (80) and (81) show the distributions of (v2;U2) and m 

(w2/u2 ) respectively. In these figures the plane mixing layer 
m 

resul ts are also included. It can be seen from F igs., (80) and 

(81) that the results for the weak asymmetric jet are considerably 
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higher than those for the plane mixing layer. On the other 

hand the results for the weak asymmetric jet lie below those 

for the plane jet in still air. It is also noticeable that. 

although the measurements of (u2 /u2 ) collapse on a. single m 

curve (it is emphasized here that these measurements were 

made over a narrow range of downstream distance, e ... g. 12.625 m. ~ 

x < 21.625 in., and therefore it is possible that variations m 

.( u 2 /u2 ) are not distinguishable.) the distributions of- (v2 /02) 
~ ID 

and (w2/u2 ) do not collapse on single curves.. This indicates 
m 

that the structure of the flow represented by turbulence compo-

nents is continuously changing. On the other hand·,. as shawn in 

Fig. (82), it appears that turbulence energy distributions (i.e. 

(q2/u2 » exhibit a self similar structure (note that_ the se: m 

results are also for a narrow range of x) but it is dîffîcu~t 

to draw a definite conclusion from Fig. (82). 

Fig. (83)· shows the distributions of (uv/u~) on. the zero 

velocity side of the weak asymmetric jet. In. the fïgure these 

are compared with the results for the plane mixing layer. The 

shapes of the shear distributions in both. cases are very 

similar and the results for the weak asymmetric jet seem to 

collapse on a single curve. 

Finally, a comparison is made, in Fig .. (:84), of· the shear 

stress correlation coefficients for the weak asymmetric jet, 

the plane mixing layer and the plane jet in still air.. It is 

encouraging to note from Fig. (84) that for aIl these flows 

the distributions of R-- are roughly the same .. Following table uv 
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gives the maximum values of R- in other turbulent shear flows uv 

for comparison 

Investigator Flow (R-) uv max. 

Gibson (1963) Axisymmetric jet in 
still air 0 .. 53 

Kruka and Wall jet in uniform 
ESkinazi (1964) streaming flow 0.50 

Bradbury (1963) Plane jet in uniform 
streaming flow 0.575 

Klebanoff (1954) Boundary layer in zero 
pressure gradient 0 .. 5 

Present Plane mixing layer 0.55 
investigation 

Plane jet in still air 0.475 

The asymmetric jet~ 

strong jet case Uj /Ul =9.0 0.65 

Mild jet case Uj/Ul=5.08 0 .. 40-0.50 

Weak jet case Uj/Ul=2.275 0.42-0.47 
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8.. EVALUATION OF ENTRAINMENT 

The basic process in the ~read of turbulent flows such 

as jets, wakes and boundary layers is the entrainment of non-

turbulent fluid by the turbulent fluid within the shear flow. 

The process takes place at the free edges which are neither 

plane nor weIl defined. Although the vorticity transfer at 

the edges is controlled by the action of viscous forces, the 

entrainment is essentially independent of viscosity and is 

probably controlled by the large scale turbulent motion. 

Townsend (1970) suggests that the structure of the whole flow 

establishes both the level of turbulent motion and the entrain-

ment rate. Using the information of the structure parameter 

(Townsend uses the ratio of mean turbulence energy, q2, to the o 

maximum shear stress to represent the structure of a particular 

flow). Townsend then predicts the entrainment rates in wakes, 

jets, mixing layers and boundary layers. 

The purpose of this section is to present methods to 

evaluate the entrainment from experimental results of the 

various shear flows reported here. 

The rate of entrainment by definition is given by: 

d 
E = dx 

Ye 
f U dy (8.1) 

where E is the rate of entrainment and y represents the free e 

edge of the turbulent shear flow and YI is zero for flows ow 

with a solid boundary or a symmetry line. 
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Following Spalding it can be shawn that the rate of 

entrainment is given by 

E = - [èJ~&p] at a constant x 
Ye 

(8.2) 

The above equation was derived using von Mises' form of the 

equation of motion, however it can also be derived by apply-

ing the momentum equation at the edge, for example, see Michel' 

'et al. (1968) and Newman (1966). It is noted that. although 

the edge of a plane turbulent shear flow is not very weIl 

defined in T-y plane, it is sharply defined'in T-U plane 

(Escudier (1968». Thus a plot of T versus U not only gives 

the entrainment rate but also provides the dissipation integral: 

Ye èJu 
01 T/p "ày dy. 

Another method for evaluating the rate of entrainment is 

to integrate mean '.7elocity profiles and use equation (8.1)., 

For the asyrnrnetric jets the entrainment takes place on 

both sides. The entrainment on the zero velocity side, E , z 

is obtained by integrating complete velocity profiles and on. 

the streaming side it is obtained by evaluating the rate of: 

decrease of volume flow in the uniforrn stream. However" to. 

evaluate the entrainment rate on the streaming side, Es' one 

has to identify the edge of the uniforrn stream at each station. 

In the present investigation two criteria were used to identify 

this edgei (a) it was assumed that the edge on the streaming 

side is located at a value of y where U = 0.01 u o ' and, (b) 

it was located at a value of y where the intermittency ~ = 0.5. 

It should be noted that these criteria allow sufficient flexi-
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bility in the definition of the edge on the streaming side. 

The rate of entrainment, Es' is then given by 

Es = Ul 
d5 where 5 is the value of y dx 

at which U = 0.01 u 
0 

dy (8.3) 
Es = Ul -.::E.O .5 where Y -0 5 is the dx "(- . value 

of y at which "( = 0·5. 

To establish confidence in the evaluation of the rate of 

entrainment by equation (8.2) it was proposed to test the 

method in a flow field where the rate of entrainment can be 

obtained by sorne other means. Such a flow field is a plane 

jet in still air for which it is easy to show that the rate 

of entrainment is given by 

(8.4) 

dlo where dx is the rate of growth for the plane jet in still 
00 

air and Il = f f(y/lo)d(y/lo) = 1.065 (with the exponential 
o 

profile). Measurements for the plane jet· in still air reported 

in Fig. (12)' give .dlo/dx = 0.103, hence the non-dimensional 

entrainment rate from equation (8.4) is E/Um = 0.055. 

In Fig. (85) the measured values of the Reynolds shear 

stress are plotted against the mean velocity for the jet in 

still air. The measurements for two downstream stations, 

x/b ~ 129 and 152, are included. In the figure lines 
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are drawn to indicate the slope at the edge and according 

to equation (8.2) the slope of, these lines gives the rate of 
entrainment. The lines shown in the figure have a slope of - 2 
0.05, i.e. E/U = d(uv/um) = 0.05 compared to 0.055 obtained m d(U/U) 
from equation (8.4) .. Itmis, therefore, concluded that equation 
(8.2) provides a fairly satisfactory (within 10%) means of 

evaluating the rate of entrainment in plane turbulent shear 

flows. In passing it should be mentioned that the edges of 

the plane jet are clearly defined but they do not coincide with 

U = O. The edges seem to be located where U/Um ~ 0.15 or very 
nearly where the intermittency ~ = 0.5. Furthermore, the 

results shown in ~ig. (85) are corrected for the effects of 

the longitudinal cooling only. with the uncertainty in the 

high intensity corrections at the edges {Heskestad (1963) ~xtra­
polates his correction factors beyond ~ = 1.0 (approximately 

l or 2% correction), whereas Guitton (1968) gives roughly 5% 
correction due to the high intensity within the range 0.8 ~ 
~ < 1.6.) the rate of entrainment obtained from Fig. (85) is 
thus indeed satisfactory. 

Fig. (86) shows the results for the plane mixing layer 

(section (6» replotted to obtain entrainment rates according 

to equation (8.2). The results are for three downstream stations 
and they collapse on a single curve as would be expected. In 

the case of a plane mixing layer the irrotational fluid is 

entrained on both the streaming and zero velocity sides. The 

slopes at the edges of the plane mixing layer are indicated in 
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Fig. (86) and they give the rates of entrainment as follows: 

zero velocity side: Ez/Ul = 0.035 

streaming side: Es/Ul = 0.06 

It is interesting to compare the value of Ez/Ul with the 

results of Begg etaI. (1967) who measured the rate of entrain­

ment directly using a technique developed by Spalding and 

Ricou (1961). They measured the rate of entrainment, ( E lu ~ z l 

0.037), in the core region of a symmetrical two-dimensional 

jet which is a mixing layer. The agreement between the results 

of Begg et al. and the present is very good and once again 

augments confidence in the use of equation (8 .. 2).. Note that 

the rate of entrainment on the streaming side of the plane 

mixing layer is nearly twice that on the zero velocit.y side •. This 

may be due to the higher intermittency on the streaming side 

compared to that on the still air side (see interrnittency 

results of wygnanski and Fiedler (1970». 

Fig. (87) shows a typical plot of (uv/ui) versus (nful ) 

for the asyrnmetric jet. The shear and mean velocity rneasurements, 

for aIl the asymmetric jets investigated here, were replotted 

in this rnanner to obtain the rates of entrainrnent on both sides. 

Figs. (88) and (89) show (Es/Ul ) and (Ez/Ul ' plotted against 

(uo/Um). Also included in these figures are the values of the 

rate of entrainment obtained using equations (8.3). From these 

figures it may be concluded that both methods (equations (8.2) 

and (8.3» give satisfactory results and they do not depend 

critically on the criteria specifying the free edges. It should 
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be rnentioned that since the' rate of entrainrnent depends on the 

structure of the whole flow the appropriate scaling velocity 

for it would be U (see sections (7.2), (7.3) and (7.4» but" 
m 

to show the variations of E and E with downstrearn distance 
s z 

they are scaled with Ul in Figs. (88) and (89). These f,igures 

also show that the results for the asymmetric jets fol'low a, 

particular trend, however, because of large scatter in Fig. 

'(89) it would be difficult to extract a particular'distribution 

curve. In Fig. (90) the ratio (Es/Ez) is plotted against 

(uolUm> and for this figure the entrainrnent rates obtained by 

equation (8.2) are used. From the figure it. cano be seen that 

the ratio (Es/Ez) remains very roughly constant (about 1.7) 

over the range 0 ~ u lu ~ 0.6. For large values ox' (u lu > 
... 0 rn' . 0 rn 

it appears that (Es/Ez) tends to one as would be expected f:br, 

an ideal jet in still air. It is interesting te note, here 

that although the rate of growth on the strearning side decreases 

with increasing (Ul/Uo ) the rate of entrainment on that side 

is always greater than that on the zero velocity side. 
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9. COMPARISON BETWEEN EXPERIMENTAL RESULTS AND THEORETICAL 

PREDICTION FOR THE ASYMMETRIC JETS 

It was mentioned in the Introduction that the primary 

purpose of the present investigation was to predict the deve1op-

ment of the asymmetric jet. To this end a simple ana1ysis was 

presented in section (2.4.2). In this section a comparison is 

made between the experimenta1 resu1ts of section (7) and the 

theoretica1 predictions for the variations of Il' 1
2 

and u o 

(see equations (80), (81) and (85) in section (2.4.2». The 

on1y other experimenta1 results (i.e. of mean ve10city profiles) 

for the asymmetric jets are those due to Gartshore (1965) and 

these are inc1uded also for comparison. 

In deriving equations (80) and (81.) it is noted that sorne 

experimenta1 information was needed in order to predict varia-

tions of both '11 and 1
2 

(see figure (4) for the definitions of 

Il' 1 2 and uo). Equation (76) providesthis 

information. Hence in Fig. (91) the ratio of (1
2
/11 ) is p10tted 

against (1 +[u1/ud I l /I 2
)/(1+ u1/uo )2 It shou1d be noted 

that in Fig. (91) aIl experimental resu1ts seem to corre1ate 

very weIl according to equation (76). A curve which fits the 

present resu1ts is inc1uded in the figure (see equation (78». 

Fig. (92) shows a comparison between measured and predicted 

(equations (80) and (81» variations of Il and 1
2

• From this 

figure it can be conc1uded that equations (80) and (81) adequate1y 

describe the variations in Il and 1
2 

respective1y. 
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It should be recalled that to reduce the complexity of 

the analysis presented in section (2.4.2) the variation of K 

(see equation (79» was proposed to be represented by a simple 

expression given in equation (83). Fig. (93) is presented to 

shaw the comparison between equation (79) and the simple 

expression given in equation (83). For aIl practical purposes, 

as can be seen from the figure, the disagreement betNleen the 

two is small. Indeed the discrepancy for the range of (Ul/uo ) 

shawn in Fig. (93) increases as (Ul/uo ) increases. 

Fig. (94) shows the variation of U o with the downstream 

distance x. It should be noted that for aIl the cases of 

asy~~etric jets 1nvestigated so far the hypothetical origin xo 

is found to be 20 slot widths upstream of the slot (see Fig. 

(95». In the figure equation (85) is represented by a solid 

line. In equation (85) the values of Il/I2 = 1.411 and C=0.103 

were used. From Fig. (94) it can be concluded that the agreement 

between the measured and predicted variation of,uo is very good. 

Thus the simple analysis presented in section (2.4.2) not only 

provides means of correlating experimental results for the main 

characteristics of the asymmetric jets but also predicts them 

satisfactorily. Also it is restated here that the method of 

analysis in section (2.4.2) avoids the usual objections associated 

with the eddy viscosity and mixing length theories (Batchelor 

(1950». 

It was noted in section (2.3.3.) that the structure parameter 

(SP)=[q2/uv]~=1' does not vary a great deal in many plane, free 
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turbulent shear flows. Collected results of both self-preserv-
ing and non-self-preserving shear flows are, therefore, shown 

in Fig. (96). Note r.hat apart from the results on the stream­

ing side for the asymmetric jet, Uj/Ul = 9.0, aIl other results 
collapse reasonably on a single curve. This substantiates the 

observation of Townsend (1970) that in aIl free shear flows. 

the ratio of mean turbulence energy to the maximum shear stress, 
. 2 
(qo/uvm), is roughly a constant. However, it should be pointed 
out that no systematic change in this ratio from one flow to 

another is observable in Fig. (96). 

It can be observed from Fig. (96) that there is no sub­

stantial region across the flow over which the ratio (uv/q2) 

remains constant. However, note that in most of the free shear 

flows the non-dimensional mean velocity profiles are similar 

(usually the exponential profile fits experimental results 

reasonably weIl), and Fig. (96) indicates that (uv/q2) distri-

butions are also similar, therefore, one would expect (see 
.' . 

figures below) the ratio to remain constant 

over the major portion of a turbulent shear flow. 
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It can be shown that the above ratio can be rewritten 

as: 

= (9 •. 1) 
fi 

where u is an appropriate velocity scale (i.e. for jets and o 

wall jets in still air it is equal to U and for jets in 
m 

streaming flow it is (Um-Ul » and 10 is the length scale 

l defined as the value of y where U = 2 u o • 

2 u l 
,,' h (.9.:

2
) ( 0 0) , '1 It ~s ~nterest~ng to note t at ~s proport~ona 

u VT 
to the effective strain in a turbulentOshear flaw. It is shown 

by Townsend (1970) that the maximum effective strain is rough1y 

the same in aIl flows and it is given by 
-
q2 

maximum effective strain, a ~ ~ 
m Tm 

(9.2) 

i.e. = constant x 

In equation (9.3) q~ is the average value across a turbulent 

shear layer. In this respect equation (9.1) is more general 

because, there, both q2 and V
T 

are local values. 

2 u l 
To test the hypothesis that (S=2) ( 0 0) may be an absolute 

u vT 
constant (over the major portion of Othe flow) in most free 

turbulent shear flows, Fig. (97) is presented. In this figure 

results for both self-preserving and non-self-preserving flows 

are included., It can be seen from the figure that[(q2/u~) 

(u l Iv )]iS roughly a constant and has a value of about 4.0 
o 0 T 
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over the range 0.2 ~ ~ < 1.2 for the fully developed part of 

the flow and the the following flows: 

(a) Plane jet in still air, 

(b)' Plane jet in uniform streaming flow, 

(c) Plane wall jet in still air, 

(d) Plane wall jet in uniform streaming flow, 

(e) Plane mixing layer, 

(f) Plane jet in equilibrium pressure gradient, and 

( g) The asynunetric jet; the streaming side and the 

zero velocity side. 
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10. SUMMARY AND CONCLUSIONS 

The primary object of the investigations presented in 

this thesis was to originate a method capable of predicting 

the development of the flow in the simple case of the asymmetric 

jets. In the Introduction sorne of the commonly encountered 

asymmetric jets are named and the simple asymmetric jet is 

defined. The general outline of the present investigation is 

given there. The same section also gives a brief review of 

theoretical methods to analyse turbulent shear flows. 

The theoretical method for predicting the flow development 

in the asymmetric jet is based on the observation that it may 

be possible to divide the asymmetric jet into two parts:· (a) 

the part on the streaming side resernbling a half jet in uniform 

streaming flow, and (b) the part on the zero velocity side 

resernbling a half jet in still air. The locus of points of 

maximum ve10city divides the asymmetric jet. Attention is 

therefore focussed first on analysing these basic flows. By 

introducing an auxiliary equation (18) (which avoids the use 

of an eddy viscosity or the mixing length concept) it is possible 

to predict the development of a plane jet in uniform streaming 

flow (section (2.3)). In this section, following Townsend (1970), 

an approximate analysis which uses the integrated total energy 

equation is given and it is shawn that the auxiliary equation 

(i.e. equation (18)) depends on the turpulence structure para­

meter, (sp) = [q2 /uv] 'Tl=l • 

The analysis for a jet in still air is weIl known.. In 
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section (2.2) it is shown that the ratio of length. scale to 

average dissipation length, (lo/LE)' is insensitive to plausible 

assurnptions regarding the distribution of the turbulen.t energy 

in the shear layer. Moreover, the rate of growth (dl /d.x) is o 

related to the turbulence structure pararneter, (Sp), and the 

ratio (1 /L ) (see equation (12}). o E 

The analysis for the asyrnmetric jet is given in section 

(2.4.2). It uses an integral rnethod and solutions are obtained 

for the variations of Il' 1
2 

and uo' where Il and 1
2 

are length 

scales on the strearning side and zero velocity side respectively. 

For this purpose the same auxiliary equation (i.e. the one used 

in the analysis for a jet in uniforrn streaming flow,. equation 

(18}) is retained and the additional information required is 

obtained from the experirnental variation of the ratio (11 /1
2
). 

To dernonstrate the applicability of the analyses presented 

in section (2) sorne experimental results of other investigators 

were used. 

For plane jets in uniform streaming flow the results of 

Bradbury and Riley (1967) are used. It is shown in. section 

(3.1) that the present method predicts their results satis­

factorily. For comparison predictions obtained by Rodi (1970) 

using a differential method (Spalding (1968» are also included. 

It is concluded that the predictions by the present method are 

valid over the entire range of the flow rather than for asyrnptotic 

regions only and also for various free stream to jet exit velocity 

ratios. The turbulence results of Bradbury (1963) confirm that 
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the structure parameter (SP) is independent of the velocity 

ratio as indicated by equation (46). It is worth noting that 

in the present method only two parameters, (i.e. C and l IL ) o E 

are required to be evaluated from experimental results for a 

plane jet in still air. 

For plane wall jets in unlform streaming flow measurements 

of Patel (1962), Kruka and Eskinazi (1964) and Gartshore (1965) 

are selected. These investigations incorporated sufficient 

experimental variations between them to assess the present 

method. The comparisons of experimental results and predictions 

(i.e. for land u ) using the present method show that the o 0 

analysis of section (2.3) is applicable to wall jets in uniform 

streaming flow. 

A survey of literature indicates that not many investiga-

tions have been made for both a plane turbulent jet in still 

air and a plane mixing layer. In particular the experimental 

confirmation of the self-preserving nature of a plane jet in 

still air was' not demonstrated heretofore. Also it has been 

found (Bradbury (1963», Newman (1967» that previous investi-

gations suffered from problems of two-dimensionality. Therefore 

experimental investigation was undertaken to obtain results 

for a plane jet in still air. The results are presented in 

section (5). From the experimental results it was concluded 

that similarity of various distributions (e.g. mean velocity 

and turbulence components) is attained in steps. First the 

mean velocity distributions become similar at x/b > 28.0, then 
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u 2-distributions become similar beyond x/b = 30 and fina11y 

v 2 , w2 and uv distributions become similar beyond x/b = 70.0. 

On the whole the present measurements are generally in agree-

ment with those of Heskestad (1963). 

A plane m1xing layer was also investigated experimentally 
, 

(see section (6)). It is shown that one of the co~~on1y 

adopted assumptions (i.e. V = 0 at the edge of a plane mixing 

layer) leads to erroneous distribution of shear stress ca1culated 

from the non-dimensional mean velocity measurements. A method 

which does not impose restriction on V is presented and its use 

gives satisfactory agreement between the measured and the 

calculated shear stress profiles. The discrepancy between the 

present turbulence measurements and those of other investigators 

(i.e. Liepmann and Laufer (1947); Wygnanski and Fiedler (1970)) 

are attributed to either the differences in the experimental 

arrangements, or omission of the longitudinal cooling correc-

tions to inclined hot-wires results, or the thermal wake inter-

ference between the closely spaced wires ofaX-wire probe 

(Guitton and Patel (1969)). 

Having obtained the measurements for the two asymptotic 

states of the asymmetric jet, experimental investigation for 

three asymmetric jets was commenced. The results are presented 

in sections (7, 8 and 9). The experimental results show that 

it is possible to divide the asymmetric jet into two parts. 

The locus of maximum velocity points divides the asymmetric 

jet. The shapes of the non-dimensional mean velocity profiles 

on the streaming side are in agreement with Bradbury·s (1963) 
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results for a plane jet in uniform streaming flow. On the zero 

velocity side they are in agreement with the author's results 

for a plane jet in still air. It is noted that. for non-self-

preserving flows the mean velocity and Reynolds stresses are 

not both reduced to similarity forms by the same velocity scale. 

The main characteristics (i.e. Il' 1
2 

and uo) of the asymmetric 

jet can be predicted satisfactorily by the simple analysis of 

section (2.4.2) (see section (9». 

Collected experimental results of both self-preserving 

and non-self-preserving shear flows indicate that the structure 

parameter, (SP), does not vary a great deal from one flow to 

another. Therefore an analysis based on its invariance would 

appear to be attractive and would be even simpler than. the 

analysis presented here. Finally, experimental confirmation 

of Townsend's (1970) suggestion, that maximum effective strain 

in most of the· turbulent shear flows remains roughly constant, 

is obtained. 

It is required by the regulations of the Faculty of Graduate 

Studies and Research that a clear statement of the claim of 

original work be made in the thesis, therefore, following is 

claimed by the author as contribution to knowledge: 

(a) Measurements presented in this thesis are claimed 

to be more accurate than those previously made for 

a plane jet in still air and a plane mixing layer. 

Detailed mean velocity and turbulence measurements 

for the asymmetric jet are original. 
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(b) On the theoretica1 side an auxiliary equation 

is suggested as a replacement for Abramovich's 

equation (17). The justification of the. author's 

auxi1iary equation (18) by various means is aIso 

original. 
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APPENDIX l 

Apparatus 

A schematic diagram of the experimental apparatus is 

shown in Fig. (A.l). The McGill blower tunnel which was used 

for the experiments has an exit section 30 in. wide and 17 in. 

high. It is driven by either a 25 H.P., fixed r.p.m., A.C·. 

motor or a 5 H.P., variable speed, D.C. motor (see Appendix 2). 

Downstream of the fan is a 5° diffuser, a settling chamber with 

deep cell honey-comb and three removable screens, foIlowed by 

a 6:1 two-dimensional contraction. Since the investigation of 

Patel (1964) the'screens in the settling chamber have been 

replaced to produce effectively two-dimensional flow in. the 

working section. The test section (or working section) (see 

Fig. (28)) for the present investigation is attached to the 

tunnel exit. The general description and calibration of the 

tunnel is given by Wygnanski and Gartshore (1963). For the 

present investigation the inlet of the tunnel was provided with 

a DRI-PAK filter box to remove dust. The top wall of the work-

ing section was removed for the investigation of the plane jet 

in still air. A jet slot, 30 in. wide and 0.265 in., high,. was 

incorporated at the bottom of the tunnel exit as shown in Fig. 

(A.2). The jet was emitted parallel to and below the uniform 

flow from the tunnel. The jet air supply was provided by an 

auxiliary 10 H.P. centrifugaI compressor. A DRI-PAK filter box 

was used also at the inlet of the compressor. An 8 in. diameter 
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flexible pipe follawed by a 6° diffuser (Fig. (A.2» connected 

the compressor supply to the slot. The rnass flow to the jet 

was controlled by a bleed valve far upstream of the slot. In 

between the bleed valve and the diffuser was provided a water' 

cooled heat exchanger to control the air temperature. The 

contraction r~tio for the slot was approximately 16. Other 

details of the slot design are given in Fig. (A.2.). The slot 

arrangement is very similar to that used by PateI (1962), 

Gartshore and Hawaleshka (1964), and Gartshore (1965). 

The hot-wire anemometer used in this investigation was 

a commercial unit manufactured by DISA (see section (4». It 

was mentioned in section (4) that DISA probes were used for 

aIl the hot-wire results reported here. For mean velocity 

and longitudinal turbulence intensity measurements DISA minia­

ture hot-wire probes (55A25) were used. The active section of 

the hot-wire on these probes is 1 mm. long and 0 •. 005 rrun. in 

diameter. The hot-wire is made of platinum plated tungsten, 

and has resistance at 20°C of 3.5 + g:~ ohm. The temperature 

4 -3/0 coefficient of resistance is about x 10 c .. AIl hot-wires 

were operated at approximately 1.8 times their cold resistance. 

For Reynolds stresses 2 v , w2 and uv~ only single slanted 

wires (DISA probes 55A29) were used. These wires have Iength 

to diameter ratio of approximately 200. 

The angle of yaw was measured with an optical comparator 

(for other details of care and calibrations see Patel (1968». 
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For measurements of triple correlations a DISA (55A32) 

X-wire probe was modified as suggested by Guitton and Patel 

(1969). The modification requires that the separation dis-

tance between the two wires be approximately one wire length. 

For this probe the wire separation to diameter ratio was 

nearly 200 and the wire separation to wire length ratio was 

almost 1. 

Checks on Two-Dimensionality 

It was noted in section (5) that the flow issuing from 

the slot (Fig. (A .2» was effectively two-dimensional. This 

conclusion was reached through observing the expected behaviour 

of 1 , U and üV for a plane jet in still air. The conventional o m 
check on the two-dimensionality by measuring the mean velocity 

profiles is given in Figs. (A.3 to A.7). 

Fig. (A .3) shows the linearized normal hot-wire D.C. and 

r.m.s. voltage output for a plane jet in still air. These 

measurements were obtained at x/b = 53.4 and they are propor­

tional to the mean velocity and~2 respectively. The measure-

ments were made at 3 in. and 9 in. on either side of the centre 

line. From the figure it can be seen that the flow issuing 

from the slot is effectively two-dimensional. For the range 

o < y < 10 measurements indicate nearly perfect agreement, 

however, beyond y > 1 , i.e. in the region of low velocities, 
o 

there seems to be sorne scattèr in~~2-measurements. Note also 

the tail appearing in the distribution of D.C. voltage, E, 

which is an inherent characteristic of a hot-wire because the 
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wire cannot distinguish between positive and negative flow 

directions and it simply transfers the heat loss into a 

positive voltage E. In other words, at the zero velocity edge 

of the flow where the fluctuations are large and the flow 

direction is uncertain, the wire acts merely as a rectifier. 

Thus the average voltage differs from the voltage which would 

have been generated by the true mean velocity .. 

The two-dimensionality checks for the asymmetric jet 

were made by pitot tube and linearized hot-wire traverses. 

The measurements were made at two downstream stations, namely 

x/b = 53.4 and 217. These results are shown in. Figs .. (A .• 4 

to A. 7). From these figures it can be concluded that within 

6 in. on either side of the centre line the flow is. effectively 

two-dimensional. 
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APPENDIX 2 

EFFECTS OF STREAM TURBULENCE ON FREE SHEAR FLOWS 

Introduction 

Considerable work has been done on the effects of free 

stream turbulence on boundary layer transition, separation 

and on drag of models and plates (schubauer and Dryden (1935), 

Dryden et al. (1937), Liepmann and Fila (1947) and Dryden 

and Keuthe (1929». The effect of free stream turbulence on 

the characteristics of the turbulent boundary layer on a fIat 

plate has been experimentally investigated by Kline et al .•. 

(1960). Recently, Junkhan and Serovy (1967) have reported 

an experimental investigation dealing with effects of free 

stream turbulence on heat transfer from various boundary 

layers. It should be noted that aIl of the above investigations 

were concerned primarily with gross effects on flows associated 

with solid boundaries. It was observed by Kline et al. that 

the boundary layer thickness increases with increase in. free 

stream turbulence. A similar conclusion was obtained also by 

Junkhan and Serovy. 

No experimental investigation on free shear f10ws speci­

fically aimed at the study of effects of stream turbulence has 

been reported before. It is, therefore, the purpose of this 

investigation to appraise whether or not free shear flows are 

sensitive to the effects of stream turbulence. The types of 
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free shear flows referred to in this context are necessarily 

coupled with free streams, e.g. plane mixing layers, turbulent 

jets in streaming flows, asymmetric jets, etc. 

Attention is focussed on the asymmetric jet and a plane 

mixing layer in this investigation. For the asymmetric jet 

the results reported here are for two values of free stream 

.turbulence intensity and for two downstream stations, one near 

the slot and another away from it. The reason for this choice 

is that in one case the effects of both the slot and free 

stream turbulence are present whereas in the other only free 

stream turbulence effects predominate. The results include 

measurements of mean velocity and distributions of turbulent 

intensities. 

Experimental Arrangements 

The experimental apparatus used in this investigation is 

already described in Appendix l and section (4). The McGill 

blower tunnel had been used for investigations of jets and 

wall jets in the past (patel and Newman (1961), Patel (1962), 

Gartshore and Hawaleshka (1964) and Gartshore (1965». The 

tunnel was driven by an A.C. constant speed motor and the air 

speed was controlled previously by variable inlet vanes. 

Variation of the Tunnel Turbulence Intensity 

The longitudinal turbulence intensity measurements in the 

McGill blower tunnel were originally carried out by patel (1962) 

using turbulence spheres and it was found that at high tunnel 
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velocity the turbulence intensity at the centre of the exit 

plane was less than 0.5%. Later, Wygnanski and Gartshore (1963) 

confirmed this by using a non-linearized hot-wire anemometer. 

They found that the turbulence intensity in this tunnel increases 

as the velocity decreases. They attributed this behaviour to-

flow separation from the variable inlet vanes which are. upstream 

of the centrifugaI fan. 

In view of·· the var ious modifications,. reported earlier, to 

the tunnel it was decided to measure turbulence intensityat 

the centre of the tunnel exit. At the same time a test was 

performed to show whether or not the inlet vanes are the sole 

cause of increase in turbulence intensity. This test consisted· 

of simply throttling the flow by a perforated plate at the. fan 

exit to get the low velocity range, leaving the inlet vanes 

open. 

Fig. (B.l) shows the variation of turbulence intensity at 

the centre of the tunnel exit. In this figure results of tests 

with and without the perforated plate, and those of Wygnanski 

and Gartshore (1963) are included for comparison. Note that 

with the perforated plate the turbulence intensity reduces a 

little but not a great deal. This suggests, contrary·to the 

proposition of wygnanski and Gartshore, that the constant speed 

fan may be the cause of the increase in turbulence intensity at 

low tunnel speeds. Indeed, a detailed investigation would be 

required to establish whether or not any specifie relation 

between the fan speed and turbulence intensity exists •. For the 

purpose of the present investigation, the main objective was to 
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establish a limitof free stream turbulence intensity below 

which the effects are negligible. It was also desirable to 

maintain the free stream turbulence at a constant value over 

the whole operating range of the tunnel. From Fig. (B.l) it 

can be seen that the present results are in agreement with 

those of Wygnanski and Gartshore thus indicating that the modi-

fications to the tunnel have not affected the turbulent intensity 

distribution. The figure also indicates that the existing test 

facility, fortunately, provides an excellent opportunity 

(without introducing external turbulence generating bodies in 

the working section) for investigating effects of stream turbu­

lence on free shear flows. The perforated plate was removed 

from the tunnel in subsequent investigations. 

To maintain the turbulence intensity at a constant value 

a variable speed D.C. motor drive was installed. onlya 5 H.P. 

D.C. motor was' available at the time and this restricted the 

range of the tunnel speed between zero and about 60 ft/s. maxi-· 

mum. Fig. (B.2) shows a comparison of turbulence intensity 

distributions obtained with the constant speed A.C._ motor drive 

and the variable speed D.C. motor drive. with D.C._ motor drive 

two tests were performedi one with the inlet vanes' completely 

open and another one with the inlet vanes about half open. 

From the figure it can be seen that the turbulence intensity 

level has considerably reduced in the range 1.0 x 105 ft- l < Ully 

4.0 x 105 ft- l and it remains roughly at a constant value of 

0.55% with the D.C. motor drive. Also the positions of inlet 

vanes do not have any significant effect on the level of turbu-
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lence intensity. For UllY > 4 x 10+5 ft- l the A.C. motor drive 
gives a level of turbulence intensity of about 0.5% and, there-
fore, it was decided to retain the A.C. motor drive for high. 
speeds only. 

Effects of stream Turbulence on the Asymmetric Jet 

The effects of stream turbulence were investigated for 

'the asymmetric jet with (u./U
l ) = 2.275. Because the speed . J 

in the tunnel can be varied from about 30 ft/s. to 120 ft/si 
with A.C. mot or drive and the maximum jet velocity obtainable 

was about 265 ft/s., the ratio (uj/ul ) = 2.275 was selected •. 
For this purpose the free stream velocities were 34 ft/s. and 

112.2 ft/si with corresponding turbulence intensities of 1.1% 

and 0.4% respectively. 

Figs. (B.3) and (B.4) show mean velocity distributions 

at two downstream stations, namely x/b = 16.5 and 81.7. From 
these figures it can be seen that the asymmetric jet with high 
stream turbulence grows or spreads faster than the one with low 
stream turbulence, as would be expected •. 

Figs. (B.5) and (B.6) show distributions of longitudinal 

turbulence intensity across the asymmetric jet at'x/b = 16.5 

and 81.7 respectively. It is interesting to observe from 

Fig. (B.5) that the distribution of (1:2/ul ) for the asymmetric 
jet with 1.1% turbulence intensity is greater at aIL values of 
y than the one with 0.4% turbulence intensity. This is rather 
unexpected and this behaviour rnay be due to the combined influences 
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of the slot and the stream turbulence. It would be difficult 

to uncouple the individual influences of the slot and the 

stream turbulence at this station. However, far from the slot 

the flow is expected to be independent of the slot effects and 

there it is possible to assess effects of the stream turbulence 

alone. 

Fig. (B.6) shows (Ju2/ul ) distributions at x/b = 81.7 

and it can be seen that the stream turbulence has significant. 

effect on the streaming side only of the asymmetric jets. 

Repeated measurements are also in agreement with this conclusion. 

Figs. (B.7), (B.8) and (B.9) represent distributions of. 

(Jv2/ul ), (}w2/ul ) and (uv/uî) respectivelyat x/b = 81.7. 

These measurements also suggest that the distributions of: 

turbulence components are dependent on the stream turbulence •. 

To decide·the level of free stream turbulence intensity 

below which free shear flows may not be affected seriously, 

the following measurements on a plane mixing layer were made .. 

Effects of stream Turbulence on Plane Mixing Layers 

For plane mixing layers mean velocities were measured at 

various downstream stations with different free stream turbu-

lence intensities. From the measurements of velocities the 

rate of growth of a mixing layer with a particular free stream 

turbulence intensity was evaluated. The rate of growth is 

defined as ~x [YO.95 - YO.5] where YO.95 and YO.5 represent 

y-co-ordinates at which U/U l = 0.95 and 0.50 respectively. 
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Fig. (B.IO) shows the rate of growth plotted against the free 

stream turbulence intensity at x = O. For comparison, results 

of Gartshore (1965) and Liepmann and Laufer (1947) are included 

also. Because Liepmann and Laufer do not specify the free 

stream turbulence intensity in their investigation, their 

results are indicated by a dotted line. Similarly, for the 

results of Gartshore, the level of free stream turbulence was 

'estimated from Fig. (B.l) because he investigated his mixing 

layer in the same tunnel. Since the flow characteristics of 

a fully developed turbulent mixing layer are expected to be 

independent of Reynolds number, the variation in growth rate 

in Fig. (B.IO) is due to the variation of stream turbulence. 

It is interesting to note that the rate of growth is not 

affected significantly for values of free stream turbulence 

intensity below 0.6%. 

Fig. (B.ll) shows distributions of longitudinal turbulent 

intensity across plane mixing layers at x = 27.75 in,. for various 

values of free stream turbulence. For this test the intensity 

was varied from 0.76% to 1.4%. It is interesting to see from 

the figure that the distributions of (/U2/Ul) depend consider­

ably on the free stream turbulence intensity. 

Fig. (B.12) shows distributions of ():2/Ul ) for the same 

Reynolds number, (ully) = 1.61 x 105 ft-l, and various values 

of stream turbulence. For comparison, in the figure, results 

of tests with UllY = 3.58 x 105 ft-l, and with Ully = 1.61 x 105 

-1 
ft and the top wall in the working section, are included. 
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From the figure it can be seen that both Reynolds number and 

the top wall do not have an appreciable effect on the (Ju2/u
l

) 

distTibution but the free stream turbulence intensity of 1.4% 

significantly changes the distribution of (Ju2/ul ). It is, 

therefore, concluded that the flow characteristics of a plane 

mixing layer are independent of Reynolds number and free stream 

turbulence provided the value of the stream turbulence is less 

than about 0.7%. 

Conclusions 

The results of tests carried out in this investigation 

show that even though the stream turbulence was much smaller 

than the self generated turbulence in the shear layers, its 

effects on the main characteristics of the flows associated 

with free streams cannot be neglected. In the case of plane 

mixing layers it was found that the rate of growth was altered 

by about 30% when the turbulence intensity in the free stream 

was changed from 0.5% to 1.4%. On the whole, judging from the 

results of plane mixing layers, it may be concluded that for 

free stream turbulence intensities of less than 0.6% the 

characteristics of free shear flows will be independent of the 

effects of stream turbulence. Measurements reported in the 

main text of this thesis were, therefore, made with free stream 

turbulence intensities less than 0.6%. 
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