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Abstract
Recently, the fast development of cloud computing, big data, and Internet of Things (IoT)

puts higher demands on high-speed data center communications. Vertical-cavity surface-

emitting laser (VCSEL)-multimode fiber (MMF) links dominate the interconnect within the

data center because of their low cost and high energy efficiency. Next-generation 800 Gb/s

and 1.6 Tb/s VCSEL based MMF links have been proposed by IEEE 802.3 Ethernet Working

Group, while 200 G and 400 G Ethernet standards are currently in use.

This thesis presents an accurate and efficient system-level VCSEL-MMF link model.

Then, analytical expressions for power coupling coefficients into graded-index fibers are

derived, facilitating the calculation of the mode power distribution in the aforementioned

model. Based on the model, a mode partition noise (MPN) mitigation method is

investigated by optimizing the beam launch condition into the MMF. These contributions

are detailed as follows.

My first work is to propose a versatile compact equivalent circuit model for the multiple-

quantum-well (MQW) VCSEL. The dynamics of carriers and photons are analyzed with

comprehensive rate equations of the MQW VCSEL, which are strongly dependent on the

number of quantum wells. To speed up the simulation, these comprehensive rate equations

are then manipulated into a simplified set of rate equations. Therefore, the number of

equations and extracted parameters is significantly reduced, which improves the calculation



Abstract ii

efficiency of the VCSEL model.

Secondly, a spectral-dependent electronic-photonic model of high-speed VCSEL-MMF

links is built. In this system-level model, five modules are included: 1) the VCSEL; 2) the

coupling from the VCSEL to the MMF; 3) the MMF transmission link; 4) the coupling from

the MMF to the photodetector (PD); and 5) the PD. The split-step small-segment method

simulates the signal evolution over the MMF link based on the concept of fiber mode groups.

The proposed model, which is validated by a 25 Gbps NRZ transmission experiment, also

analyzes the influence of the launch conditions on the mode power distribution in the fiber.

As the third contribution of my thesis, the closed-form analytical expressions of power

coupling coefficients into the graded-index fiber are derived for the key launch conditions—

central launch, offset launch, tilted launch, and generalized launch, which avoids the heavy

numerical computation of the conventional numerical method. With analytical expressions,

the calculation time is reduced by six orders of magnitude for the low-order fiber modes and

at least four orders of magnitude for the high-order fiber modes.

At last, with the above-mentioned VCSEL-MMF model, a mode-partition-noise (MPN)

mitigation method is realized by tuning the launch condition. This idea is validated using

the simulation and measurement, respectively. In the simulation, the MPN dependence on

the mode power distribution is theoretically assessed. After that, the MPN suppression is

experimentally observed from the frequency and time domain. The technique efficiently

improves the transmission performance of high-speed VCSEL-MMF links, reducing the
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complexity of the equalizer and forward error correction (FEC) algorithms.
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Abrégé
Récemment, le développement rapide de l’informatique en nuage, des mégadonnées et de

l’Internet des objets (IoT) impose des exigences plus élevées sur les communications à haut

débit des centres de données. Les liaisons laser à cavité verticale émettant par la surface

(VCSEL)-fibre multimode (MMF) dominent l’interconnexion au sein du centre de données

en raison de leur faible coût et de leur efficacité énergétique élevée. Les nouvelles générations

de liaisons MMF à 800 Gbps et 1,6 Tbps VCSEL ont été proposées par le groupe de travail

Ethernet IEEE 802.3, tandis que les normes Ethernet 200 G et 400 G sont actuellement

utilisées.

Cette thèse présente d’abord un modèle de lien VCSEL-MMF précis et efficace au

niveau du système. Ensuite, des expressions analytiques pour les coefficients de couplage

de puissance dans les fibres à gradient d’indice sont dérivées, facilitant le calcul de la

distribution de puissance de mode dans le modèle susmentionné. Basée sur ce modèle, une

méthode d’atténuation du bruit de partition de mode (MPN) est étudiée en optimisant la

condition de lancement du faisceau dans le MMF. Ces contributions sont détaillées comme

suit.

Ma première contribution a été de proposer un modèle de circuit équivalent compact et

polyvalent pour le VCSEL à puits quantiques multiples (MQW). La dynamique des porteurs

et des photons est analysée avec des équations de vitesse complètes du MQW VCSEL,
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qui dépendent fortement du nombre de puits quantiques. Pour accélérer la simulation, ces

équations de taux complètes sont ensuite dérivées en un ensemble simplifié d’équations de

taux. Par conséquent, le nombre d’équations et de paramètres extraits est considérablement

réduit, ce qui améliore l’efficacité de calcul du modèle VCSEL.

Deuxièmement, nous développons un modèle électro-photonique dépendant du spectre

des liaisons VCSEL-MMF à grande vitesse. Dans ce modèle, cinq modules sont inclus :

1) le VCSEL ; 2) le couplage du VCSEL au MMF ; 3) la liaison de transmission MMF ;

4) le couplage du MMF au photodétecteur (PD) ; et 5) le PD. La méthode de segments à

pas fractionnés simule l’évolution du signal sur la liaison MMF sur la base du concept de

groupes de modes fibre. Le modèle proposé et validé par une expérience de transmission

NRZ à 25 Gbps analyse également l’influence des conditions de lancement sur la distribution

de puissance de mode dans la fibre.

Pour la troisième contribution de ma thèse, les expressions analytiques de forme fermée

des coefficients de couplage de puissance dans la fibre à gradient d’indice sont dérivées pour

les conditions de lancement clés suivantes — lancement central, lancement décalé,

lancement incliné et lancement généralisé, ce qui évite le calcul numérique lourd de la

méthode numérique classique. Avec des expressions analytiques, le temps de calcul est

réduit de six ordres de grandeur pour les modes fibre d’ordre faible et d’au moins quatre

ordres de grandeur pour les modes fibre d’ordre élevé.

Enfin, avec le modèle VCSEL-MMF mentionné ci-dessus, une méthode d’atténuation du
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bruit de partition de mode (MPN) est réalisée en ajustant la condition de lancement. Je

valide cette idée en utilisant respectivement la simulation et la mesure. Dans la simulation,

la dépendance du MPN en fonction de la distribution de puissance de mode est évaluée

théoriquement. Après cela, la suppression MPN est observée expérimentalement à partir

du domaine fréquentiel et temporel. La technique améliore efficacement les performances

de transmission des liaisons VCSEL-MMF à grande vitesse, réduisant la complexité de

l’égaliseur et des algorithmes de correction d’erreur.
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fiber. R is the fiber core radius. The optical system between the VCSEL and

the MMF is defined by a 2× 2 matrix. . . . . . . . . . . . . . . . . . . . . . 72

4.3 The geometrical schematic diagram of beam launch. Point P is the center of

the VCSEL, and Point A is the projection of P onto the fiber input facet.

ψ is the incidence tilt angle between the ẑ-axis and the ž-axis, and θ is the
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Chapter 1

Introduction
This Ph.D. dissertation includes theoretical and experimental research contributions. In this

chapter, Section 1.1 explains the motivation of this thesis. After that, the thesis objectives

are detailed in Section 1.2. Section 1.3 enumerates the contributions included in this thesis

as well as the peer-reviewed publications during my Ph.D. study. Furthermore, the thesis

structure is summarized in Section 1.4.

1.1 Motivation

The Internet applications, such as streaming video, cloud computing, and big data, have

created a fast-growing need for datacenter infrastructures. Based on the forecast by Cisco [1],

the global IP traffic will reach 4.8 zettabytes per year by 2022 and have a three-fold increase

from 2017 to 2022. Therefore, next-generation high-speed data center systems are required

to support such a large-scale traffic. The traffic staying inside the data center occupies 85% of

the total datacenter traffic [2]. Thus, the intra-datacenter high-speed link is vitally essential

to transmit such a high capacity. Due to low cost and high power efficiency, vertical-cavity
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surface-emitting laser (VCSEL)-multimode fiber (MMF) interconnects are widely utilized in

over 85% of short-reach datacenter links [3].

Several techniques have been proposed to improve the transmitted data rate over the

VCSEL-MMF link. First, the VCSEL bandwidth and the MMF performance are enhanced

to support such a high-speed transmission. The bandwidth of the VCSEL has reached above

30 GHz [4], and MMF has evolved into the fifth generation (i.e., OM-5 MMF) with an effective

modal bandwidth of 4700 MHz·km. Second, some channel multiplexing schemes, such as

short wavelength division multiplexing [5], mode group division multiplexing [6], and spatial

division multiplexing [7], are proposed to increase the transmission capacity by using multiple

channels. In addition, digital signal processing techniques and advanced modulation formats

are also utilized to improve the transmission performance. In application scenarios of short-

reach VCSEL-MMF interconnects, the cost and energy efficiency play a vital role and must

be considered carefully. Considering mode selective excitation has superior performances

in cost and power consumption, it is exceptionally promising and potential to optimize the

MMF-VCSEL link.

The modeling and simulation of VCSELs and VCSEL-based MMF links have attracted

increasing research interest from industry and academia in design, test and optimization of

next-generation high-speed interconnects since 1990s. In particular, P. V. Mena proposed a

comprehensive VCSEL model [8] and a simple rate-equation-based thermal VCSEL

model [9]. In addition, a rate-equation-based model of asymmetric multiple-quantum-well
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lasers was proposed in [10]. In recent years, researchers have presented several advanced

VCSEL models to provide high-accuracy simulation. For example, a large-signal equivalent

circuit VCSEL model, realized in Keysight Advanced Design System, showed a satisfactory

agreement between simulation and experimental measurement [11]. In addition, based on

the measured VCSEL small-signal response and RIN spectra, the parameters of the

rate-equation model were extracted using a genetic algorithm [12]. Moreover, a

VCSEL-MMF link model was developed, consisting of a VCSEL model, an MMF model,

and a receiver model [13], and the measured bit-error-rate (BER) results validated the link

model with the transmission data rate of 10 Gbps.

To meet the requirements of next-generation high-speed VCSEL-MMF interconnects,

a comprehensive link model with high accuracy and short computation time is expected.

Designers and engineers can mimic the link transmission performance using the proposed

model and do not need to implement complicated on-site measurements. Additionally, with

this advanced model, the technique to improve the transmission capacity is explored by

tuning the launch condition between the VCSEL and the MMF. The launch-condition-tuning

technique shows advantages of low power consumption and easy implementation over other

methods, like digital signal processing.
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1.2 Thesis objectives

The first objective of this thesis is to build a reliable modeling platform for the VCSEL-MMF

link. More specifically, the model is focused on five essential parts of the VCSEL-MMF link

to realize highly accurate and efficient simulation:

• a compact VCSEL model insensitive to the number of the quantum wells;

• a VCSEL-MMF-coupling model showing the influence of the launch condition on fiber

mode power distribution;

• an MMF model based on the concept of mode groups rather than modes;

• an MMF-PD-coupling module considering the beam diffraction;

• a PD model with noise effects.

The VCSEL model is expected to accommodate a flexible number of quantum wells,

allowing the freedom to simulate an arbitrary VCSEL in the system-oriented

opto-electronic simulation platform. The VCSEL-MMF-coupling model reflects the beam

coupling from the laser source to the MMF input surface considering the diameter

difference between the VCSEL active region and the MMF core. The MMF model

investigates the modal and chromatic effects on signal integrity. The MMF-PD-coupling

model discusses beam diffraction in the free space. The PD model explores the equivalent
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circuit model and analyzes the noise effects inside the photodetector. To this end, an

advanced equivalent circuit model of the multiple-quantum-well (MQW) VCSEL is

proposed and detailed [14]. Afterward, a comprehensive spectral-dependent

electronic-photonic VCSEL-MMF link model is presented [15].

In the model platform, the calculation of coupling coefficients adopts the numerical

method to obtain accurate solutions. Unfortunately, the conventional numerical method,

such as the finite difference method, takes much time to compute. Therefore, the second

objective in this thesis is to derive analytical expressions for coupling coefficients into

graded-index fibers with launch conditions of center launch, offset launch, tilt launch and

generalized launch.

Mode partition noise (MPN) originates from mode competition and performs as

low-frequency relative intensity noise after a dispersive link. Unfortunately, conventional

equalization techniques enhance MPN due to nonlinearity and randomness of the noise.

Although some techniques have been presented to mitigate MPN, these schemes typically

require new components, increasing the cost of the short-reach transmission. Therefore, as

the third objective, the launch-condition-tuning method is utilized to mitigate MPN.

To sum up, these objectives are summarized below along with the outcomes:

• Develop a spectral-dependent electronic-photonic model of high-speed VCSEL-MMF

links.

– Developed an advanced and compact high-efficient equivalent circuit model for
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the multi-quantum-well VCSEL with the noise included.

– Developed a complete VCSEL-MMF link model from the view of mode groups,

which significantly reduces the scale of the matrix calculation.

– Obtained analytical expressions for the coupling coefficients between the Laguerre-

Gaussian beams and the MMF linearly-polarized modes.

• Implement measurement based on the VCSEL-MMF link to validate and apply the

proposed model.

– A 25 Gbps VCSEL-MMF link transmission is performed to validate the proposed

VCSEL-MMF link model.

– Mode partition noise is mitigated by optimizing the beam launch condition at the

fiber input surface.

1.3 Claim of Originality

This Ph.D. dissertation aims to provide a complete and efficient VCSEL-MMF link model,

allowing designers and researchers to develop and optimize the VCSEL-based MMF link.

With the proposed model, a launch-condition-tuning method is presented to suppress mode

partition noise. The contributions are detailed below.

• A compact equivalent circuit model with noise effects is presented for high-speed MQW

VCSELs. The model comprehensively accounts for the carrier and photons dynamisms
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of a MQW structure, which includes separate confinement SCH layers, barrier layers,

and quantum well layers. The proposed model is generalized to various VCSEL designs

and accommodates a flexible number of quantum wells. Experimental validation of the

model is performed at 25 Gbps with a self-wire-bonded 850 nm VCSEL. This work has

been published as a journal paper in Applied Sciences [14].

• Spectral-dependent electronic-photonic modeling of VCSEL-MMF links is presented for

next-generation high-speed interconnects. The beam coupling processes between the

VCSEL and the MMF and between the MMF and the PD are discussed, with spectral-

dependent three-dimensional launch conditions analyzed. The model accounts for fiber

effects on the transmission performance, specifically modal attenuation, dispersion,

mode mixing, and mode partition noise. An advanced split-step small-segment (4-S)

method simulates the signal evolution over the MMF with high accuracy and efficiency.

Experimental validation at 25 Gbps confirms the high accuracy of the VCSEL-MMF

link model. The model reveals that larger radial offsets can further excite lower-order

mode groups reducing the power distributed to higher-order groups when a tilted beam

couples to the input fiber facet. With an optimized misalignment launch, the modal

bandwidth is greatly improved by 3.8-fold compared to the conventional center launch.

The model helps determine the optimum launch condition to improve link performance

metrics such as the transmission reach. This work has been published as a journal paper

in Optics Express [15].
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• The closed-form analytical expressions of the power coupling coefficients are derived

for a Laguerre-Gaussian beam coupled into a graded-index (GI) fiber with either

central, offset, or tilted launch. The expressions are further generalized to an

arbitrary launching condition with the radial offset and the three-dimension angular

tilt simultaneously. The analytical results are in good agreement with the numerical

ones and can be applied to manufactured graded-index multimode fibers with an

index exponent parameter from 1.8 to 2.2. The largest time cost using the derived

analytical expressions is 10 ms; thus the computation time shortens by at least a

four-order of magnitude compared to 20 s for the conventional numerical method.

This work has been published as a journal paper in IEEE Journal of Lightwave

Technology [16].

• The multimode characteristics of vertical cavity surface emitting laser (VCSEL)

sources lead to mode partition noise (MPN), impairing high-speed multimode fiber

(MMF) links. A low-cost and straightforward MPN mitigation scheme is proposed by

optimizing the VCSEL-MMF launch condition. The dependence of MPN on launch

conditions is theoretically assessed. Simulation shows that the mode power

redistribution induced by rearranging the launch condition has excellent potential to

reduce MPN. Experiments are carried out to demonstrate the MPN reduction. By

using a 15-µm radial offset between the VCSEL and the MMF, efficient noise

suppression is observed in frequency and time domains. The work has been published
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as a journal paper in IEEE Photonics Technology Letters [17].

The main contents of this thesis are published in four journal articles [14–17] and detailed

in Chapters 3 to 6, respectively. The following is my list of publications and contributions.

In addition, four conference papers not related to this thesis are published as the first author

or co-author [18–21].

Published journal papers:

[14] S. Li, M. S. Nezami, D. Rolston, and O. Liboiron-Ladouceur, “A compact high-efficient

equivalent circuit model of multi-quantum-well vertical-cavity surface-emitting lasers

for high-speed interconnects,”Applied Sciences, vol. 10, no. 11, pp. 1–13, 2020.

S. Li: proposed the idea, modelled the VCSEL, performed the validation experiment,

and wrote the draft.

M. S. Nezami: performed the validation experiment.

D. Rolston: provided the measurement device, and helped revise the manuscript.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

[15] S. Li, M. S. Nezami, S. Mishra, and O. Liboiron-Ladouceur, “Spectral-dependent

electronic-photonic modeling of high-speed VCSEL-MMF links for optimized launch

conditions,”Optics Express, vol. 29, no. 2, pp. 2738–2756, 2021.
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S. Li: proposed the idea, modelled the VCSEL-MMF link, performed the validation

experiment, and wrote the draft.

M. S. Nezami: assisted with the proposal and experimental measurement.

S. Mishra: assisted with the manuscript revision.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

[16] S. Li, M. S. Nezami, and O. Liboiron-Ladouceur, “Analytical expressions for power

coupling coefficients into graded-index fibers with generalized beam launch

conditions,”Journal of Lightwave Technology, vol. 39, no. 22, pp. 7259-7273, 2021.

S. Li: proposed the idea, derived the analytical expressions, wrote the script, and

drafted the manuscript.

M. S. Nezami: assisted with the manuscript revision.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

[17] S. Li, M. S. Nezami, and O. Liboiron-Ladouceur, “Mitigation of mode partition noise

in VCSEL-MMF links by optimizing launch conditions,”IEEE Photonics Technology

Letters, vol. 33, no. 23, pp. 1313–1316, 2021.

S. Li: proposed the idea, ran the simulation, performed the experiment, and wrote

the draft.
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M. S. Nezami: assisted with the measurement.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

Published papers not included in this thesis:

[18] S. Li, M. S. Nezami, B. Bourouf, D. Rolston, and O. Liboiron-Ladouceur, “A Verilog-A

based VCSEL model for next generation high-speed interconnects,” in 2019 Photonics

North (PN), vol. CFP1909V-ART, pp. 1–1, 2019.

S. Li: proposed the idea, modelled the VCSEL, performed the experiment, wrote the

draft, and made an oral presentation.

M. S. Nezami: assisted with the model design.

B. Bourouf: assisted with the model design.

D. Rolston: provided the measurement devices, and helped revise the manuscript.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

[19] S. Li, M. S. Nezami, and O. Liboiron-Ladouceur, “Reach extension in short-reach

VCSEL-MMF interconnects using a coupling-weighted approach,” in 2020 IEEE

Photonics Conference (IPC), pp. 1–2, 2020.

S. Li: proposed the idea, performed the experiment, wrote the draft, and made an

oral presentation.
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M. S. Nezami: assisted with the experimental measurement.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

[20] S. Li, H. R. Mojaver, and O. Liboiron-Ladouceur, “Tilted-beam-enabled optical

equalization for PAM-4 transmission in VCSEL-MMF links,” in 2021 OSA Advanced

Photonics Congress(APC), pp. 1–2, 2021.

S. Li: proposed the idea, performed the experiment, wrote the draft, and made an

oral presentation.

H. R. Mojaver: assisted with the experimental measurement.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

[21] H. R. Mojaver, S. Li, V. Tolstikhin, K.-W. Leong, and O. Liboiron-Ladouceur, “High

radix SOA-based lossless optical switch prototyping for 25 GBaud PAM4

transmission in modern intra-datacenter applications,” in 2021 Optical Fiber

Communications Conference and Exhibition (OFC), pp. 1–3, 2021.

H. R. Mojaver: proposed the idea, performed the experiment, wrote the draft, and

made an oral presentation.

S. Li: assisted with the measurement.

V. Tolstikhin: assisted with the paper revision.
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K.-W. Leong: assisted with the paper revision.

O. Liboiron-Ladouceur: supervised the project and funding, and reviewed the

manuscript.

1.4 Thesis Organization

The thesis is organized as follows. Chapter 2 reviews the background knowledge for the

VCSEL-MMF link. Some advanced techniques to improve the transmission performance

are introduced. Chapter 3 presents an advanced MQW VCSEL model based on the rate

equations. Compared to the conventional MQW VCSEL model, the scale of the

rate-equation set is significantly reduced, resulting in high computation efficiency. Chapter

4 reports a spectral-dependent electronic-photonic VCSEL-MMF link model, which is

validated using a 25 Gbps NRZ transmission experiment. Measured eye diagrams and bit

error rates show good agreement with the simulation. In Chapter 5, closed-form analytical

expressions are derived for coupling coefficients into the multimode fiber with the launch

conditions of the central launch, the offset launch, the tilted launch, and the generalized

launch. The analytical expressions help qualitative understanding of the coupling

mechanisms and parametric dependencies. Additionally, the analytical expressions avoid

heavy numerical computations leading to significantly reduced computation time. Chapter

6 exploits a launch-condition-tuning method to mitigate mode partition noise. The
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efficiency of the method is confirmed by simulation and measurement. The proposed

technique has advantages of low cost and easy implementation because no external devices,

such as the spatial light modulator (SLM), are needed. Chapter 7 concludes the thesis and

highlights the contribution of each chapter. The possible future works are also presented.
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Chapter 2

Background
This chapter presents the theoretical background of the VCSEL-MMF link. Section 2.1 is an

overview of the VCSEL-MMF link. In this section, the applications of the link are introduced.

As essential components of the link, VCSELs and MMFs have achieved significant progress

recently, and Section 2.2 introduces the recent progress and development of VCSELs and

MMFs, followed by presenting several techniques to improve the transmission performance.

Section 2.3 showcases the multiplexing techniques, including spatial division multiplexing

and wavelength division multiplexing. With the increase of the transmitted data rate, digital

signal processing and advanced modulation formats have been utilized in the short-reach

interconnects, as detailed in Section 2.4. Mode selective excitation, with advantages of low

cost and low power consumption, improves the link bandwidth. The methods for mode

selective excitation are indicated in Section 2.5.



2. Background 16

Fig. 2.1: Global data center traffic, 2016-2021. [22]

2.1 An overview of the VCSEL-MMF link

The data center traffic has dominated the overall Internet traffic since 2018. Driven by

applications such as streaming video, social networking, and cloud computing, the datacenter

traffic reaches 20.6 zettabytes per year (ZB/y) in 2021 from 6.8 ZB/y in 2016 [22]. The data

center traffics from 2016 to 2021 are presented in Fig. 2.1, showing a linear growth trend.

Accordingly, the datacenter interconnects are facing challenges of high speed, low fabrication

cost, and low power consumption. Based on the Cisco white paper [22], the traffic within

the data center accounts for 71% of the data center traffic, as illustrated in Fig. 2.2.

The technologies used in the data center are listed in Table 2.1. VCSEL-MMF
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Fig. 2.2: Global data center traffic by destination in 2021. [22]

interconnects are utilized in over 85% of intra-datacenter links [3]. Over 90% of links have

a length of less than 100 m [23]. Therefore, VCSEL-based MMF links are dominating

short-reach intra-datacenter interconnects and will for several years still.

Table 2.1: Technologies used in current data centers [23].

Reach Fiber Type Loss Budget Technology Wavelength

0 - 100 m Multi-mode 3 dB VCSEL 850 nm

100 m - 300 m Multi-mode 3 dB VCSEL 850 nm

300 m - 1000 m Single-mode 3 - 4 dB DML, Si Photonics 1310/1550 nm

1000 m - 10 km Single-mode 6.5 dB EML, DML 1310/1550 nm

200 G and 400 G Ethernet standards are currently used, while speeds of 800 Gbps and

1.6 Tbps are expected possible between 2023 and 2025. Up to now, researchers have made
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much progress to improve the transmission speed of the single lane. To realize an over

100 Gbps transmission, a PAM4 signal was modulated over the VCSEL because of its

excellent spectral efficiency [24]. With the help of digital signal processing, a 100 Gbps data

sequence was transmitted over a 100-m OM4 MMF and a next-generation wideband MMF.

In 2021, an 850-nm VCSEL based 200-Gbps PAM-4 transmission over 100-m OM4 MMF

was demonstrated [25]. This is the first demonstration of a 200 Gbps single-lane

transmission using the VCSEL-MMF link. Furthermore, J. Lavrencik, et al. demonstrated

the feasibility of scaling the link capacity to 1 Tbps [26]. The performance improvement of

the link requires device optimization and the use of advanced techniques. Up to now, the

VCSEL bandwidth has been extended to over 30 GHz. With the improved fabrication

process, MMF has evolved into the fifth generation OM-5, supporting short wavelength

division multiplexing (SWDM). With the OM-5 MMF, the fiber effective modal bandwidth

reaches 4700 MHz·km at 850 nm and 2470 MHz·km at 953 nm. Additionally, multiplexing

techniques, digital signal processing (DSP), advanced modulation formats, and mode

selective excitation techniques are also adopted to improve the channel capacity and the

transmission performance. The background knowledge of these techniques will be

introduced in the following sections.
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Fig. 2.3: A schematic describing the VCSEL bandwidth improvement over years 2008-2019.

2.2 Progress in VCSELs and MMFs

Since 2000, the VCSEL design and fabrication have made a significant breakthrough. The

research on large-bandwidth VCSELs has attracted much concern from academia and

industry. Fig. 2.3 shows the advances of VCSELs in recent years. The bandwidth increased

to over 30 GHz in 2019, while the reported bandwidth was only 19 GHz in 2008.

According to ambient temperatures, the VCSEL has cryogenic, room-temperature

(RT), and high-temperature applications, respectively. The recent advances for the

VCSELs are listed in Table 2.2. The cryogenic VCSELs are usually used for focal plane

arrays operating at 77 K and superconducting computers operating at 4 K. W. Fu, et al.

developed a cryogenic VCSEL in [27], which bias current and bandwidth at the cryogenic

temperature of 82 K are 0.3 mA and 50 GHz, respectively. Utilizing this 50 GHz cryogenic

VCSEL, the authors successfully implemented a 51.56 Gbps PAM-4 signal transmission at
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77 K. Based on their results, one finds that the cryogenic VCSEL could have a bandwidth

far larger than that at RT, providing a possible insight into the operation temperature of

the future data center system. The bandwidths of most VCSELs are limited to

approximately 30 GHz at room temperature and high temperature. In 2020, researchers

from UT Austin published their results at Conference on Lasers and Electro-Optics(CLEO)

2020 [28]. A multiple-transverse coupled-cavities VCSEL was proposed with an ultra-large

3 dB modulation bandwidth of 45 GHz. However, more information, such as the emission

wavelength and static DC response, were not reported.

Table 2.2: VCSEL advancements since 2005. T: temperature (◦C); λ: emission wavelength
(nm); f : bandwidth (GHz).

Designer Year T λ f Ref. Designer Year T λ f Ref.

NEC 2006 RT 1100 20 [29] NEC 2007 RT 1100 24 [30]

NEC 2008 RT 1100 24 [31] TUB 2008 120 980 11 [32]

Finisar 2008 RT 850 19 [33] UCSB 2009 RT 980 > 20 [34]

CUT 2009 RT 850 20 [35] TUB 2009 RT 850 20 [36]

CUT 2010 RT 850 23 [37] Finisar 2012 95 850 10 [38]

CUT 2012 RT 850 28 [39] NCU 2012 RT 850 22.4 [40]

NCU 2012 85 850 22.4 [40] SEDU 2013 85 850 16 [41]

CUT 2013 85 850 21 [42] CUT 2013 RT 850 24 [43]

TIT 2013 RT 980 29 [44] UIUC 2013 RT 850 21.2 [45]

TUB 2014 85 980 18 [46] TUB 2014 85 980 23 [47]
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TUB 2014 RT 980 24.7 [47] NCU 2015 85 850 20 [48]

IBM 2015 85 850 21 [49] NCU 2015 RT 850 26 [48]

CUT 2015 RT 850 30 [4] UIUC 2016 RT 850 29.2 [50]

UIUC 2016 85 850 24.5 [50] TUB 2016 RT 980 26.6 [51]

TUB 2016 85 980 24.5 [51] NCU 2016 RT 850 24∼29 [52]

CUT 2017 85 1060 16 [53] CUT 2017 RT 1060 22 [53]

TUB 2017 RT 980 31 [54] TUB 2017 85 980 25 [54]

TUB 2018 RT 980 35.5 [55] UIUC 2019 115 850 21 [56]

UIUC 2019 RT 850 30 [56] VIS 2020 RT 850 30 [57]

BCM 2020 75 850 28 [58] UTA 2020 RT – 45 [28]

UIUC 2021 −190 880 50 [27]

Note:
TUB: Technische Universität Berlin; UCSB: University of California, Santa Barbara;
CUT: Chalmers University of Technology; NCU: National Central University;
SEDU: Sumitomo Electric Device Innovations USA; TIT: Tokyo Institute of Technology;
UIUC: University of Illinois at Urbana-Champaign; VIS: VI Systems GmbH;
BCM: Broadcom Inc.; UTA: The University of Texas at Austin.

The conventional VCSELs are generally based on the multi-quantum-well structure. To

obtain a larger-bandwidth VCSEL, other structures, such as the coupled-cavity and the

quantum-dot, are being investigated. For example, authors in [59] proposed a quantum-dot-

based VCSEL and applied this VCSEL to realize a 40 Gbps NRZ transmission at a high

temperature of 150 ◦C. Although no specific bandwidth data was indicated in the paper, the

quantum-dot-based VCSEL did lead to a much clearer eye diagram than the conventional

quantum-well-based VCSEL. This implies that the quantum-dot-based VCSEL is able to
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provide a broader bandwidth.

Table 2.3: Comparison between different kinds of multimode fibers.

Category Core/Cladding
Diameter (µm)

Overfilled
Modal Bandwidth

@ 850 nm (MHz·km)

Effective
Modal Bandwidth

@ 850 nm (MHz·km)

Effective
Modal Bandwidth

@ 953 nm (MHz·km)

OM1 62.5/125 200 Not specified Not specified

OM2 50/125 500 Not specified Not specified

OM3 50/125 1500 2000 Not specified

OM4 50/125 3500 4700 Not specified

OM5 50/125 3500 4700 2470

Benefiting from optimized manufacturing procedures, the bandwidth of the MMF also

improves. The comparisons between different generations of the MMF are shown in Table 2.3.

The graded-index structure has less modal dispersion compared to the step-index structure.

Thus, the MMF for telecommunication purposes has a graded-index profile. Overfilled modal

bandwidth and effective modal bandwidth characterize fiber modal dispersion. Overfilled

modal bandwidth is measured using light sources exceeding the numerical aperture of the

fiber such as light-emitting diodes, where fiber modes are equally excited. Effective model

bandwidth is measured using the VCSEL sources and the differential mode delay technique

as standardized in FOTP-220 [60].The first-generation OM1 MMF has a core diameter of

62.5µm, which overfilled modal bandwidth at 850 nm is 200 MHz·km. The OM2 MMF has

a smaller core diameter of 50µm and a better overfilled modal bandwidth of 500 MHz·km.
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Fig. 2.4: The illustration of SWDM.

With a more precise refractive index profile, the laser-optimized OM3 and OM4 MMF evolve

into a larger bandwidth compared to the OM2 MMF. Especially, the OM4 MMF is designed

to minimize the modal dispersion, leading to an overfilled modal bandwidth of 3500 MHz·km

and an effective modal bandwidth of 4700 MHz·km. To suit the need for the high-capacity

data transmission, the SWDM technique is proposed, in which the spacing between adjacent

wavelength channels is 30 nm. Unfortunately, the OM4 MMF has no clear specifications in

wavelength ranges beyond 850 nm; thus, the wide-band MMF, also called the OM5 MMF,

is fabricated to provide a stable bandwidth of over 2470 MHz·km from 850 nm to 953 nm.

The SWDM technique over the OM5 MMF is illustrated in Fig. 2.4, where a single fiber

can support simultaneous transmission of multiple wavelength channels. As such, the cost

of the entire transmission infrastructure is significantly reduced in comparison with the case

where a bulky fiber ribbon cable is used. Therefore, the SWDM technique has been applied

in the 100 Gigabit Ethernet [61,62].
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2.3 Multiplexing Techniques

The channel multiplexing techniques enable transmission capacity enhancement. More

specifically, the VCSEL-MMF short-reach interconnects mainly adopt spatial division

multiplexing (SDM) and wavelength division multiplexing (WDM).

Spatial division multiplexing has three realization methods. The first method is to use

a fiber array ribbon with multiple independent fiber lanes. This method is more easily

implemented but takes up space for data centers. The second method is to transmit data

signals over a multi-core fiber (MCF); in this case, each core of the MCF acts as one channel.

For this method, the critical concern is to manage the core distribution inside the cladding

to have the maximum core number and the minimum inter-core crosstalk. The third method

is to use the few-mode (FF) or multimode (MM) fiber. With this method, the signals are

modulated to the guided fiber modes or mode groups given various mode field distributions.

Moreover, the few-mode-multi-core fiber also attracts much attention and further extends

the transmission capacity by combining the second the third methods. These fibers for

spatial division multiplexing are sketched in Fig. 2.5.

In light of the inter-core coupling strength, MCFs have two categories: the weakly-coupled

MCF and the strongly-coupled MCF. The widely used weakly-coupled MCF is a 7-core fiber.

To have weak coupling, a trench structure between adjacent cores was proposed to reduce the

inter-core crosstalk of the MCF [63], with crosstalk value of -35 dB over 100 km at 1550 nm.
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Fig. 2.5: Fibers used for spatial division multiplexing.

The strongly-coupled MCF has a more dense core distribution but higher inter-core crosstalk

strength. Due to the smaller core-to-core distance of less than 30µm, the coupling coefficient

between cores is generally larger than 0.1, and the induced crosstalk needs to be overcome

using DSP techniques.

Mode/mode group division multiplexing, adopted by the third method, uses diverse

spatial intensity distribution patterns of the fiber linearly polarized modes, illustrated in

Fig. 2.6. To excite the required mode channels in fiber, spatial optical devices, such as

phase plates and spatial light modulators, shape the wavefront of the optical signal. This

method has a simple implementation, facilitating laboratory research. However, the

technique based on spatial optical devices remains challenging in deployed VCSEL-MMF

links due to devices’ large size, high insertion loss, and high cost. As alternatives,

fiber-based devices, such as long-period fiber gratings, photonic lanterns, or mode-selective

couplers, act as mode multiplexers/demultiplexers. Compared with the bulky spatial

optical devices, fiber-based devices have the advantages of low insertion loss, compact size,

and better compatibility with the MMF link.
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Fig. 2.6: Spatial power distribution of fiber linearly polarized modes.

It is worth noting that orbital angular momentum (OAM) multiplexing is a special kind

of MDM. By multiplexing the beams with different topological charges, OAM MDM is an

attractive and promising solution to increase the link capacity considering the

orthogonality of OAM beams. The OAM multiplexing usually focuses on the use of the

azimuthal indices, while the importance of radial indices is underestimated. Recently, a

group from the University of Southern California investigated the multiplexing of

Laguerre–Gaussian beams with different radial indices [64]. Their experiment

demonstrated a 200 Gbps free-space transmission system with two Laguerre-Gaussian

beams LG00 and LG01. To some extent, the idea proposed for free-space optics should

provide some inspirations for the fiber-based transmission.

The targets of MDM are the individual modes over fiber; thus, the mode coupling
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phenomenon is the major restriction of the signal performance. The modes within the same

mode group share the same propagation constant, leading to severe mode coupling. As a

result, a signal processing process is required to mitigate the distortion, and an ASIC chip

designed for signal processing consumes additional power.

In addition to MDM, mode group division multiplexing (MGDM) uses mode groups

rather than modes as independent channels. Due to divergent propagation constants, the

crosstalk between adjacent mode groups is negligible, especially for the short-reach

interconnect. The modes included in the first five mode groups are shown in Fig. 2.7.

Owing to the low mode mixing, the MIMO processing module can even be removed from

the receiver side. However, one drawback of MGDM is the limited number of channels

compared to MDM. Two schemes are proposed to realize the MGDM. One is to use

external devices such as multi-plane light converters (MPLCs) and mode-selective couplers

(MSCs) to excite the mode groups [65]. Moreover, as the second scheme, launch conditions

are tuned to excite multiple mode groups acting as a so-called “super mode group”. A lens

between the optical source and the fiber is optional to assist the mode group selective

excitation. The first method results in more channel quantities, but with a complicated

setup. The second method can be implemented more easily. However, several mode groups

are combined as a complete channel, i.e. a super mode group; thus, the available channels

are less than those when using the MPLC and the MSC.

In addition to SDM, short wavelength division multiplexing (SWDM) is another valuable
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Fig. 2.7: Modes within the first five mode groups.

multiplexing technique for short-reach VCSEL-MMF interconnects. SWDM is categorized

into two types: SWDM4 representing four wavelength channels and SWDM8 representing

eight wavelength channels. The operating wavelengths of SWDM4 are 850 nm, 880 nm,

910 nm, and 940 nm, respectively. For SWDM8, the wavelength range covers from 850 nm

to 1060 nm with a wavelength spacing of 30 nm. The optical source compatibility with the

SWDM specification is a crucial issue. While the conventional VCSEL usually works at

850 nm, VCSELs working at other wavelengths are also fabricated, as shown in Table 2.2.

As an application of SWDM, J. Lavrencik, et al. demonstrated an error-free transmission

using 850 nm, 980 nm, and 1060 nm VCSELs and 100 m OM5 fiber in [66]. This shows the

feasibility of the wavelength multiplexing over a range of 850 nm to 1060 nm. With the

scheme of SWDM8, the channel number has a 2-fold increase compared to SWDM4, and

the transmission capacity over one single fiber can eventually reach 1 Tbps with the help of
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SWDM [26].

2.4 DSP and advanced modulation formats

With more stringent requirements for transmitted data rates, DSP techniques for the short-

reach VCSEL-MMF links are developed, and more advanced modulation formats are also

adopted.

Generally, an optical signal can be modulated based on four dimensions: amplitude,

phase, frequency, and polarization. The most widely-used and straightforward modulation

format is the non-return-to-zero (NRZ) code, where one symbol transmits one bit.

Additionally, advanced modulation formats, such as 4-level/8-level pulse amplitude

modulation (PAM4/PAM8), carriless amplitude and phase modulation (CAP), and discrete

multitone modulation (DMT), have been used in the VCSEL-MMF links. These advanced

modulation formats provide higher spectral efficiency and improve the transmitted bit rate.

On the other hand, they also result in modulation nonlinearity and reduced signal noise

ratios. The recent demonstrations about the use of advanced modulation formats in

VCSEL-MMF links are detailed as follows.

The transmitted bit rate doubles the baud rate using the PAM-4 format, while the bit

rate is equal to the baud rate for the NRZ modulation. PAM-8 carries 3 bits per symbol.

Numerous experiments based on pulse amplitude modulation are carried out to improve the

transmitted bit rate over a single fiber lane. For PAM-4, a 200 Gbps transmission was realized
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over 100m MMF based on an 850 nm VCSEL for the first time in [25]. This contribution

provides a solution for the next-generation 800 GbE and 1.6 GbE Ethernet. As an example of

using PAM8, researchers from ETH Zurich experimented with 108 Gbps PAM8 transmission

over 25 m OM3 fiber [67]. With the help of pre-equalization at the transmitter side and

feed-forward equalization at the receiver side, the received bit error rate of the PAM8 signal

was below the 7% FEC threshold of 3.8× 10−3.

In addition to pulse amplitude modulation, the modulation formats of CAP and DMT are

also exploited in the VCSEL-MMF link. The researchers from the University of Cambridge

successfully achieved 112 Gbps and 124 Gbps CAP-16 data transmission over a single-lane

OM4 MMF of 100 m [68]. Their experiments show that it is feasible to use CAP modulation

over a VCSEL-MMF link to achieve a data rate of over 100 Gbps. In 2021, DMT modulation

realized 224 Gbps transmission with SD-FEC and 180 Gbps transmission with HD-FEC over

1-m OM3 fiber [69]. Their transmission experiment was achieved at both 850 nm and 910 nm,

and a gross data rate of over 400 Gbps should be possible using both the SWDM technique

and the DMT modulation format.

In addition to advanced modulation formats, strong nonlinear equalizers such as Volterra

equalizers and neural network equalizers have been used to improve the signal performance

for the short-reach VCSEL-MMF link, while these equalizers are also widely used for the

long-reach transmission. Recently proposed equalizers for short-reach VCSEL-MMF links are

summarized in Table 2.4. An attractive concern is to increase the equalizer performance but
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reduce the equalizer computation complexity simultaneously. For example, Peking University

did substantial research to optimize equalizers for the VCSEL-MMF link [70,71]. In [70], they

proposed a Gaussian mixture model-hidden Markov model based nonlinear equalizer to help

the PAM-4 signal transmission over the VCSEL-MMF interconnect link. The computational

complexity of the proposed equalizer reduces by 73% compared to that of the neural network-

based equalizer. Additionally, an advanced adaptive neural network-based equalizer was also

investigated by the same group [71]. Their scheme required an adaptive online training,

removing conventional labeled training sequences. As a result, a 56 Gbps PAM4 signal

was transmitted over 100 OM4 fiber, and the BER was below 1 × 10−3 with the help of a

neural network-based equalizer. Researchers from Shanghai JiaoTong University proposed a

threshold-based pruned retraining Volterra equalizer to reduce the computation complexity

by 70.7%, maintaining a good transmission performance [72]. They also developed a neural

network-based equalizer, which assisted 112-Gbps PAM-4 and PAM-8 transmissions based

on a 850-nm multimode VCSEL over 100 m OM3 MMF [73]. Furthermore in [74], a high-

performance and low-complexity Volterra equalizer was successfully demonstrated, where a

record of 93% complexity reduction was reported and the BER still reached a value below

the KP4 FEC limit of 2× 10−4 after 200-m OM4 MMF.

As seen from the above-mentioned literature, the research of equalizers concentrates on

two directions: one is to have excellent linear and non-linear compensation abilities with

affordable computation burden; the other is to reduce computation complexity but maintain
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Table 2.4: Advanced equalizers for the short-reach VCSEL-MMF link.

Group Year Equalizer Mod.
Format

Bit
Rate

(Gbps)

Baud
Rate

(GBaud)
Reach FEC Ref.

PKU 2020

Gaussian
Mixture

Model-Hidden
Markov Model

Based Equalizer

PAM4 56 28 100-m
OM4

HD-
FEC [70]

PKU 2020 Neural Network
Equalizer PAM4 56 28 100-m

OM4
HD-
FEC [71]

SJTU 2019 Volterra
Equalizer PAM4 100 50 100-m

OM3
HD-
FEC [72]

SJTU 2020 Neural Network
Equalizer

PAM4
/PAM8 112 56/37 100-m

OM3
HD-
FEC [73]

NSYSU 2018 Volterra
Equalizer PAM4 112 56 200-m

OM4
KP4-
FEC [74]

CAM 2019 CAP Equalizer CAP16 112 28 150-m
OM4

HD-
FEC [75]

CAM 2019 Neural Network
Equalizer CAP16 112 28 100-m

OM4
HD-
FEC [76]

good equalization performance. Combining multiplexing techniques, advanced modulation

formats and novel equalizers, a VCSEL-MMF interconnect link supporting dozens of Tbps

traffic is believed achievable.

2.5 Mode selective excitation

MMF as a type of multimode device allows multiple modes to propagate simultaneously.

Owing to spatial mode distribution, the mode temporal delays are quite different. Mode

selective excitation effectively manipulates the fiber mode generation and leads to a better
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Fig. 2.8: Schematic for center launch, offset launch, and tilt launch. R is the radius of the
fiber core; aoff is the radial offset; ψ is the tilt angle.

transmission performance. Two solutions here are proposed to optimize the MMF mode

excitation. One is to tune the beam launch condition; the other is to shape the beam using

optical devices such as a SLM or a phase plate.

The MMF has a core radius of 25µm, while the beam radius is of the order of several

microns. Benefiting from the radius difference between the VCSEL beam and the MMF, the

beam at the fiber input facet has sufficient translation and tilt space. Based on categories

of launch conditions, the central-launch, offset-launch, and tilt-launch techniques have been

proposed in the past few years. These launch conditions are illustrated in Fig. 2.8. The

mode-field matched central launch technique was presented by Prof. Y. C. Chung in 2007

[77], where only the fundamental mode was excited and transmitted over MMF. In 2020,

they successfully transmitted 112 Gbps PAM-4 signal over 1-km OM2 MMF with only a

9-tap feed forward equalizer [78]. The offset launch scheme utilizes the radial offset between

the laser and the MMF input surface to excite high-order modes selectively. For the offset



2. Background 34

Fig. 2.9: The transmissive SLM and the refractive SLM.

launch, J. Carpenter used this technique to improve the signal integrity in [79, 80]. The

tilt launch varies the incidence angle of the laser beam from the laser to the fiber input

facet. With different tilt angles, excited modes or mode groups have various power coupling

coefficients. Applying the tilt launch, N. Sheffi demonstrated a 5×5 multiple-input–multiple-

output (MIMO) system based on the mode group theory [81]. The maximum crosstalk was

lower than −9 dB, and the minimum coupling efficiency was larger than −1.5 dB. In addition

to the central launch, the offset launch, and the tilt launch, other beam launch strategies, such

as the line launch [82], the ring launch [83], the two-spot launch [84], were also implemented.

Selective excitation by optimizing the launch condition does not require external devices;

accordingly, this low-cost characteristic meets the cost and energy usage requirements for

short-reach datacenter links.

Another idea for mode selective excitation is to shape the beam amplitude and phase using

external optical devices. Typical devices for wavefront shaping are the spatial light modulator
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(SLM) and the phase plate. The SLM consists of independent optical units forming a one-

dimensional or two-dimensional array, and can be categorized into the transmissive SLM

and the refractive SLM [85], as shown in Fig. 2.9. Using the SLM, the amplitude and/or

the phase of the light are dynamically modulated so that the beam with the specific spatial

distribution is selectively generated after the SLM. The phase plate is a low-cost optical

device, which is usually made of glass. The beam phases are tuned due to various optical

paths at different regions of the phase plate.

With the assistance of external optical devices, mode selective excitation can be easily

implemented to improve the transmission performance [86], multiplex fiber channels [87], and

produce beam patterns [82, 88]. In [86], MPN was mitigated using a SLM, where 25-Gbps

OOK signal after 300-m MMF transmission was performed with about 1-dB power penalty

improvement compared to the case without wavefront shaping. Also, due to the selective

mode excitation assisted by the SLM, a 25-channel MDM-WDM system was realized to

increase the communication capacity [87]. In addition, by applying SLMs, phase plates, or

beam shaping masks, special beams such as the Hermite-Gaussian line beam [82] and the

Hermite-Gaussian square beam [88] have been obtained to achieve selective mode excitation,

increasing the link bandwidth.

To conclude this chapter, some background knowledge and recent advances of the

VCSEL-MMF link are presented. After the summarized progress of VCSELs and MMFs in

Section 2.2, several techniques to improve the transmission capacity are introduced in
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Sections 2.3–2.5, including multiplexing techniques, digital signal processing, advanced

modulation formats, and mode selective excitation techniques. Next, my contributions to

VCSEL-MMK link transmission will be presented in Chapters 3–6.
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Chapter 3

A Compact High-Efficient Equivalent

Circuit Model of MQW VCSELs
In this chapter, a compact equivalent circuit model with noise effects is proposed for high-

speed MQW VCSELs. The model comprehensively accounts for the carrier and photons

dynamisms of a MQW structure, which includes separate confinement SCH layers, barrier

layers, and quantum well layers. The proposed model is generalized to various VCSEL

designs and accommodates a flexible number of quantum wells. Experimental validation of

the model is performed at 25 Gbps with a self-wire-bonded 850 nm VCSEL. The work has

been published as a journal paper in Applied Sciences in 2020 [14].

3.1 Introduction

Due to their low power consumption [89], high modulation speed [26], and low cost [90]

vertical-cavity surface-emitting lasers (VCSELs) based links dominate modern datacenter

systems. A lot of development works have been carried out in the fabrication of
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VCSELs [52, 91, 92]. For these diverse design structures, the number of quantum wells

differs. As the demand for greater capacity increases, the VCSEL has incorporated

equalization circuitry, embedded in drivers through CMOS technology [93,94]. To facilitate

VCSEL design, fabrication and evaluation, an accurate VCSEL model, accommodating the

variable quantum well (QW) number, needs to be built in an electronic-photonic

co-simulation platform.

Previous models were proposed to simulate the performance of multi-quantum-well

(MQW) VCSELs [10, 95, 96]. In these models, the number of rate equations are

proportional to the number of QWs such that the model cannot be generalized to all

VCSEL designs [97, 98], and are not suitable for the system-level simulation of

VCSEL-based fiber links. The parameter extraction will also be a significant challenge in

view of the extremely large number of parameters. In addition, these models do not

account for noise effects, which are significant for assessing the transmission performance.

A versatile compact equivalent circuit model with noise effects is proposed for the MQW

VCSEL. The proposed model accommodates a flexible number of quantum wells (QW’s),

which provides the freedom to simulate an arbitrary VCSEL in the system-oriented opto-

electronic simulation platform. The model is developed in the commercial Cadence tool suite,

a schematic-driven tool for CMOS electronic integrated circuit design. The chapter outline

is as follows. Section 3.2 explains the VCSEL parasitic circuit model, which determines

the small-signal response. In Section 3.3, the carrier and photon dynamisms are analyzed
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for the structure including separate confinement hetero-structure layers, barrier layers, and

quantum well layers. In the QW layer, the carriers have two states: the confined state inside

the quantum well and the unconfined state above the quantum well. In Section 3.4, based

on the VCSEL structure analysis, a set of rate equations is obtained for the MQW VCSEL.

After that, a versatile compact rate equation set is obtained, with a significant reduction

in the number of equations. Laser intensity noise is expressed based on the Markovian

assumption and added to the compact rate equations. In Section 3.5, the rate equations

with noise terms are translated into the corresponding equivalent circuit equations. The

equivalent circuit model for the MQW VCSEL is realized. In Section 3.6, the accuracy of

the proposed VCSEL model is validated using a self-wire-bonded 850 nm VCSEL. In Section

3.7, a summary is provided.

3.2 VCSEL Structure and Dynamism Analysis

Although designs and materials used for the VCSELs vary, these VCSELs have one typical

common structure, as shown in Figure 3.1. Two multi-layered Bragg reflectors are located at

the top of the p-doped region and at the bottom of the n-doped region, with the high-index

layer and low-index layer alternating. Constructive interference is caused by the reflections

at the interface between the high-index and low-index layers for the reflective wave around

the Bragg wavelength, and the multiple layers act as a mirror to improve optical gain [99].

The oxide layer, with a specific aperture size, transversely confines carriers to the active
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region. The p-doped and n-doped regions provide carrier injection for the active region

between them.

The active region consists of separate confinement heterostructure (SCH) layers, barrier

(B) layers, and quantum well (QW) layers, detailed in Figure 3.1b. The SCH1 layer is

adjacent to the n-doped region, while the SCH2 layer is adjacent to the p-doped region.

The barrier layers are sandwiched between two adjacent QW layers and have a larger energy

bandgap than the QWs. Conventionally, the QWs of 850 nm VCSELs are fabricated using

GaAs. However, InGaAs QWs increase the differential gain, which is advantageous to reach

higher speeds [100]. In QW layers, carriers have two states: an unconfined state and a

confined state. The confined state indicates the carriers are confined at the bottom of

the wells and no longer free to move in three dimensions. The carriers in the unconfined

state (also referred as the gateway (G) state) are free to move in three dimensions and

occupy energy higher than the carriers in the confined state at the bottom of the well [101].

Therefore, the gateway state can be viewed as an intermediate state for carriers originating

from either a SCH or barrier layer. The MQW-SCH-G-B structure is widely adopted for

850 nm VCSEL devices [97,98]. In [97], the VCSEL performance investigation uses a 7-nm-

thick GaAs MQWs separated by 8-nm-thick Al0.3Ga0.7As barriers.

The dynamic behavior of the VCSEL is determined by the carrier and photon dynamism

illustrated in Figure 3.1c. The carriers are injected into the active region due to the injection

current. Then, carriers drift with applied electric field between the top and bottom contacts
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(Figure 3.1a) and diffuse from carrier concentration gradient between the n-doped and p-

doped regions. Carrier movements between the two energy bands are labelled capture when

the carrier moves to a lower bandgap region, and escape when it jumps to a higher bandgap

region. Tunneling is the quantum process, where a carrier penetrates through a barrier

region, facilitating a carrier motion between adjacent QW regions. Photons are generated

via stimulated emission involving an electron-hole recombination.

Fig. 3.1: (a) Cross-sectional schematic of a MQW VCSEL. (b) The active region of the
VCSEL represented by a MQW-SCH-G-B band diagram. The subscript of SCH, QW, G,
B represents the position of the corresponding layer. (c) The carrier and photon dynamics
in the first QW are illustrated. The red and green solid lines represent the conduction and
valence band edges, respectively. The black dash line represents the energy state in the
quantum well.
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3.3 Parasitic Circuit

A complete VCSEL model includes the extrinsic parasitic circuit description and the

intrinsic rate-equation-based model. The parasitic circuit originates from the cavity

structure explained in Section 3.2 and determines the small-signal response. The

rate-equation-based model reflects the variation in the number of carriers and photons

inside the active region.

The complete parasitic circuit model is shown in Figure 3.2a. The contact pads introduce

resistance, capacitance and inductance to the parasitic circuit. Cp is the capacitance between

the contacts, the resistance Rp represents the contact pad loss, and Lp is the inductance

induced by the contacts. The resistance Rt and Rb model the top, and bottom Bragg

reflectors, respectively. The oxide layer capacitance, Cox, is in series with the junction

capacitance, Cj. The resistance of the active region, Ra, is parallel with the series connection

of Cox and Cj. The time-varying current flowing through Ra serves as the input to the rate

equation model. In Figure 3.2b, the parasitic circuit is simplified for further circuit analysis

and modeling. The series connection of Cox and Cj leads to Ca, and the combination of the

top and bottom Bragg reflector resistances leads to Rm.
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Based on Figure 3.2b, the input impedance of the parasitic circuit is expressed as,

Zin (f) =
(((

j · 2πf · Cp
)−1

+Rp

)−1
+
(
j · 2πf · Lp +Rm +

(
j · 2πf · Ca +Ra

−1
)−1

)−1
)−1

(3.1)

where f is the frequency of the modulation signal and j is the imaginary unit.

Fig. 3.2: (a) The complete parasitic circuit of the VCSEL; (b) the simplified parasitic
circuit model.

The active region injection current with respect to time t, Ia(t), is expressed in Equation

(3.2),

Ia(t) = Id · ejωt · Zin
Ra +Rm − ω2LpCaRa + jω

(
CaRaRm + Lp

) (3.2)

where Id is the amplitude of the time-varying high-speed driving current.

Due to Joule ohmic heating and free carrier absorption loss, the VCSEL self-heating

effect leads to temperature elevation of the laser cavity [102]. The parasitic elements in the
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active region, Rm, Ra and Ca, are modelled as the function of the active region temperature,

as shown in Equation (3.3),

f(T ) = a0 + a1 (T − T0) + a2(T − T0)2 + a3(T − T0)3 + a4(T − T0)4 (3.3)

where a0, a1, a2, a3 and a4 are the polynomial coefficients, T is the VCSEL cavity temperature

in Kelvin, and T0 is the relative temperature subtracted from T to reduce the requirement

for coefficient extraction precision.

The active region temperature is expressed as follows due to the self-heating effect,

T = Tamb + (IV − P )Rth − τth
dT

dt
(3.4)

where Tamb is the ambient temperature, V is the device voltage, I is the driving current, P is

the output light power, Rth is the thermal impedance of the VCSEL, and τth is the thermal

time constant.

Considering the excellent thermal conductivity of the contact pads and relatively large

gap between pads and the active region, it is accurate enough to regard Rp, Cp, and Lp as

temperature-independent.
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3.4 Compact Rate Equations

The SCH-QW-G-B bandgap structure in Section 3.2 is modeled using the set of rate

equations expressing the carrier and photon dynamisms. In this section, the rate equation

model describes the intrinsic behaviors of a MQW VCSEL with more complete carrier and

photon dynamisms than previously reported [103, 104]. First, the rate equations are

derived for the two SCH layers (SCH1 and SCH2) of the active regions. Carriers injected

into SCH1 make their way to SCH2. The carrier movement between a SCH layer and an

unconfined state in an adjacent QW layer determines the carrier quantity. In addition,

electron-hole recombination in the SCH layer with high carrier density is included. The

variations in carrier numbers with respect to time in the two SCH regions are expressed by

the differential equations below,

dNSCH(1)

dt
= ηinjIa (t)

q
−RSCH (1) −

NSCH(1)

τD
+ NG(1)

τD
(3.5)

dNSCH(2)

dt
= −Ileak

q
−RSCH (2) −

NSCH(2)

τD
+ NG(nw)

τD
(3.6)

where NSCH(i) and RSCH(i) represent the carrier number and the combination rate in SCH1

(i = 1) and SCH2 (i = 2). ηinj is the current injection efficiency (dimensionless) and q is the

electron charge. The injection current Ia (t) is a time-varying high-speed signal, and Ileak is

the leakage current. NG(j) is the unconfined carrier number in the gateway state of the QW
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layer, where the subscript j denotes the gateway state in the jth QW layer counting from

the bottom of the active region (in Figure 3.1b). The number of gateway states in the active

region is the same as the number of QWs (denoted as nw), therefore 1 ≤ j ≤ nw. τD is

the effective carrier transport time between a SCH or barrier layer and its adjacent gateway

state.

Next, the gateway rate equations for the carriers are derived. In the first gateway state

(at the bottom of the active region in Figure 3.1b) and the last gateway state (at the top),

the following effects are considered: the carrier exchange with the adjacent SCH or barrier

layer, the electron-hole recombination, and the carrier exchange with the confined states

within the QW layer. Equation (3.7) represents the rate equation for the unconfined carriers

in the bottom QW layer (j = 1),

dNG(1)

dt
= NSCH(1)

τD
−

2NG(1)

τD
+ NB(1)

τD
+ NW (1)

τesc
−
NG(1)

τcap
−RG(1) (3.7)

where NB(1) is the carrier number in the bottom barrier layer, NW (1) and RG(1) are the

confined carrier number and the recombination rate of the unconfined carriers in the bottom

QW layer, respectively. τesc and τcap are the QW carrier escape, and capture lifetimes,

respectively. The rate equation for unconfined carriers in the top QW layer is expressed in
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(3.8),

dNG(nw)

dt
=
NSCH(2) − 2NG(nw) +NB(nw−1)

τD
+ NW (nw)

τesc
−
NG(nw)

τcap
−RG(nw) (3.8)

where the subscript nw represents the top layer. For gateway states in the other QW layers

(i.e., 2 ≤ j ≤ nw−1) which are adjacent to two barrier layers, the rate equation is expressed

by Equation (3.9).

dNG(j)

dt
=
NB(j−1) − 2NG(j) +NB(j)

τD
+ NW (j)

τesc
−
NG(j)

τcap
−RG(j), 2 ≤ j ≤ nw − 1 (3.9)

Similarly, in the barrier layer, I consider the carrier exchange between the barrier layer and

the two adjacent gateway states as well as the electron-hole recombination using Equation

(3.10),
dNB(k)

dt
= NG(k)

τD
−

2NB(k)

τD
+ NG(k+1)

τD
−RB(k), 1 ≤ k ≤ nw − 1 (3.10)

where RB(k) is the recombination rate in the kth barrier layer.

For confined carriers by the quantum wells, the dynamisms, such as carrier

capture/escape, quantum tunneling, spontaneous and stimulated emissions, and

recombination, are accounted. The following equation represents the rate equation for
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confined carriers in the first QW layer,

dNW (1)

dt
= NG(1)

τcap
−
NW (1)

τesc
−RW (1) −

NW (1) −NW (2)

τtun
− vgΓW (1)GW (1)SW (1) (3.11)

where SW (1) represents the photon number in this QW layer. τtun is the tunneling time,

and vg is the group velocity of the lasing medium. RW (1), Γ
W (1) and GW (1) represent the

recombination rate, the optical confinement factor, and the gain coefficient for the confined

carriers. The rate equation for the confined carriers in the last QW layer is expressed as the

following,

dNW (nw)

dt
= NG(nw)

τcap
−
NW (nw)

τesc
−RW (nw) −

NW (nw) −NW (nw−1)

τtun
− vgΓW (nw)GW (nw)SW (nw)

(3.12)

where the subscript is replaced to represent the top layer (nw). The rate equation for confined

carriers in all other QW layers is expressed as follows, where the subscript is generalized to

j to represent the jth QW layer.

dNW (j)
dt

= NG(j)
τcap
− NW (j)

τesc
+NW (j−1)+NW (j+1)−2NW (j)

τtun
−RW (j) − vgΓW (j)GW (j)SW (j),

2 ≤ j ≤ nw − 1
(3.13)

Finally, Equation 3.14 accounts for the photon number generated in the jth QW,

dSW (j)

dt
= −SW (j)

τp
+Rωβ(j) + vgΓW (j)GW (j)SW (j) (3.14)
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where τp is the photon lifetime. Rωβ(j) represents the rate of electron-hole recombination of

the lasing mode.

The rate equations describing these carrier and photon dynamisms are detailed above.

The number of differential rate equations reaches 4 · nw + 1 for a VCSEL where nw

corresponds to the number of QWs, leading to a challenging computation complexity. In

addition, parameter extraction from the experimental results is required to simulate and

evaluate the performance of the manufactured VCSEL. The number of parameters included

in the aforementioned equations is relatively large, which challenges parameter extraction.

Furthermore, the proposed rate equations are strongly dependent on the number of QWs,

such that the model cannot be generalized to all VCSEL designs as those in [97, 98], where

the numbers of QWs in these designs are quite different. It is, therefore, necessary to

manipulate the rate Equations (3.5)–(3.14) to make them independent from the number of

QWs. The detailed analysis of carrier and photon behaviors builds a set of rate equations

for their comprehensive dynamisms, and the inclusion of the gateway states bridges SCH

layers and QW layers. Consequently, the issues mentioned above are overcome by a series

of transformations of rate equations. Combining Equations (3.5) to (3.10), Equation (3.15)

below describes the variation in the total number of unconfined carriers, NS,

dNS

dt
= ηinjIa − Ileak

q
−RNS + N

τe
− NS

τc
(3.15)
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where N is the total number of confined carriers inside each a QW. The total number

of unconfined carriers, NS, and of confined carriers, N , in all layers are expressed as the

following:

NS =
∑2

i=1NSCH(i) +
∑nw

j=1NG(j) +
∑nw−1

k=1 NB(k), N =
∑nw

j=1NW (j). (3.16)

The total recombination rate for the unconfined carriers in all layers gives the equivalent

recombination rate as, RNS , which shows the total number of recombined unconfined carriers

per unit time:

RNS =
∑2

i=1RSCH(i) +
∑nw

j=1RG(j) +
∑nw−1

k=1 RB(k). (3.17)

The equivalent escape lifetime τe is equal to τesc, while the equivalent capture lifetime τc

is expressed as the following:

τc = τcap ·
NS∑nw

j=1NG(j)
. (3.18)

The confined carrier dynamisms are expressed below by combining Equations (3.11) to

(3.13),
dN

dt
= NS

τc
− N

τe
−RN − vgGNS (3.19)

where the photon number S is the total number of photons in QW layers, RN is the total

recombination rate for the confined carriers, and GN is the gain coefficient weighted by
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optical confinement factors. These can be expressed as the following:

S=
∑nw

j=1 SW (j), RN=
∑nw

j=1RW (j), GN = 1
S
·
∑nw

j=1 ΓW (j)GW (j)SW (j). (3.20)

For the photon dynamisms, Equation (3.21) is derived from the summation of (3.14) over

the QW position j:

dS

dt
= − S

τp
+RS + vgGNS, where RS=

∑nw

j=1Rωβ(j). (3.21)

With respect to Equations (3.15), (3.19) and (3.21), the equation set for the carrier

and photon dynamisms consists of three differential equations, an important reduction in

computation for the modeling of a laser source with MQWs. Each differential equation is

assumed to consume the same computation time, because the terms in equations are similar.

The calculation efficiency, defined as the reciprocal of the computation time for the whole

equation set, improves by 3.3-fold for a laser source with three QWs and by 6-fold for five

QWs.

The recombination rate terms RNS , RN and RS consist of three main types of

recombination: Shockley-Read-Hall (SRH) non-radiative recombination, radiative

recombination and Auger non-radiative recombination. A third-order polynomial based on

the ABC model [105] describes recombination terms, where ANS , AN and AS are SRH

recombination coefficients for unconfined carriers, confined carriers and photons, BNS , BN
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and BS are corresponding radiative recombination coefficients, and CNS , CN and CS are

corresponding Auger recombination coefficients. The expressions for RNS , RN and RS are

expressed in Equation (3.22). Specifically, the radiative recombination dominates the

photon generation, and non-radiative recombination effects are negligible. Therefore, values

of AS and CS are set to 0.

RNS = ANSNS +BNSNS
2 + CNSNS

3,

RN = ANN +BNN
2 + CNN

3,

RS = ASN +BSN
2 + CSN

3

(3.22)

The strong thermal dependence of VCSEL I–P characteristics is mainly attributed to the

temperature-dependent carrier leakage out of the active region [106]. The carrier leakage is

represented by the leakage current Ileak in Equation (3.15), which is expressed by a fourth-

order polynomial of temperature in Equation (3.23). It is worth mentioning that the fourth-

order polynomial provides sufficient parameter fitting accuracy and acceptable computation

complexity,

Ileak = b0 + b1 (T − T0) + b2(T − T0)2 + b3(T − T0)3 + b4(T − T0)4 (3.23)

where b0, b1, b2, b3, and b4 are the polynomial coefficients. In the same way as Equation

(3.3), T0 is subtracted from T to reduce the requirement for coefficient fitting precision.
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The weighted gain coefficient GN is expressed as follows [106,107]:

GN = G0 (N −N0)
1 + εS

(3.24)

where G0 is the gain coefficient, ε is gain suppression factor, and N0 is the transparency

carrier number.

Laser noise is important in the VCSEL model. As such, the noise terms FNS , FN , FS are

added to the right-hand side of Equations (3.15), (3.19) and (3.21), accounting for fluctuation

in NS, N and S. The noise-inclusive rate-equations are expressed below as Equations (3.25)

to (3.27):
dNS

dt
= ηinjIa − Ileak

q
−RNS + N

τe
− NS

τc
+ FNS (3.25)

dN

dt
= NS

τc
− N

τe
−RN − vgGNS + FN (3.26)

dS

dt
= − S

τp
+RS + vgGNS + FS (3.27)

Based on the Markovian assumption that the noise sources have relatively small

correlation time compared to the carrier and photon lifetimes [108, 109], FNS , FN and FS

satisfy the following correlation functions,

〈
FK(t)FJ(t′)

〉
= 2DK,Jδ(t− t′) K, J = NS, N, S (3.28)
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where the angle bracket represents time-average operator, and δ(t) is the Kronecker delta

function. DK,J is the diffusion coefficient, described by Equation (3.29),

DNS ,NS = NS
τn

; DN,N = RspS + N
τn

; DS,S = RspS; DS,N = DN,S = −RspS;

DNS ,N = DN,NS = DNS ,S = DS,NS = 0
(3.29)

where Rsp is the spontaneous emission rate, and τn is the carrier recombination lifetime. With

Equation (3.28) and (3.29), FNS , FN and FS are mathematically expressed in Equation (30),

FNS =
√

2DNS ,NSx1; FN = −
√

2DS,Sx2+
√

2
(
DN,N −DS,S

)
x3; FS =

√
2DS,Sx2 (3.30)

where x1, x2 and x3 are independent Gaussian random variables with zero mean and unitary

standard deviation.

3.5 VCSEL Equivalent Circuit Model

To realize the hybrid electronic-photonic modeling, the noise-inclusive rate Equations

(3.25)–(3.27) are translated into a set of equations describing circuits. The equivalent

circuit model is derived based on these circuit-described equations. To eliminate

non-physical solutions of the carrier and photon dynamisms, Equation (3.31) is used to
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ensure that NS and N are positive values,

NS = NSEQVacte
V

2VT , N = NEQVQW e
Vw

2VT (3.31)

where NSEQ and NEQ are the densities of unconfined and confined carriers in thermal

equilibrium at zero bias, and Vact and VQW are the volumes of the active region and the

single QW. VT , V , and Vw are the thermal voltage, and the voltages across the SCH and

QW layers, respectively. The relationship between the total number of photons S and the

optical output power Po is expressed as Equation (3.32),

S

Po
= λτp

2πηc}c
(3.32)

where λ is the free space wavelength, τp is the photon lifetime, ηc is the output power

coupling coefficient, } is reduced Planck constant, and c is the light speed in free space. By

substituting (3.31) into (3.25), Equation (3.33) is obtained to represent the equivalent circuit

for the unconfined carriers in terms of current variables,

Ia = IC + ID − ICw − IDw + I1+IRS + IL − IFNS (3.33)
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where

IC=qNSEQVact
ηinjτc

, ID=qNSEQVact
ηinjτc

(e
V

2VT −1), ICw=qNEQVQW
ηinjτe

, IDw=qNEQVQW
ηinjτe

(e
Vw

2VT −1),

I1=qNSEQVact
2VTηinj

e
V

2VT
dV

dt
, IRS = q

ηinj
RNS , IL = Ileak

ηinj
, IFNS = q

ηinj
FNS .

In addition, Equation (3.34) is derived by substituting (3.31) and (3.32) into (3.26), which

represents the equivalent circuit for the confined carriers in QWs,

IC + ID = ICw + IDw + I2 + IR1 + IS1 − IFN (3.34)

where

I2=qNEQVQW
2VTηinj

e
Vw

2VT
dVw
dt

, IR1 = q

ηinj
RN , IS1 = qλτpvgGNPo

2πηinjηc}c
, IFN = q

ηinj
FN .

Substituting (3.32) into (3.27), Equation (3.35) is obtained, describing the equivalent

circuit for the photon dynamism,

Cp
dVo
dt

+ Vo
Rp

= IR2 + IS2 + IFS (3.35)
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where:

Rp = 1 Ω, Cp = 2τp
Rp

, Vo =
√
PoRp, IR2 = 2πηc}c

λVo
RS, IS2 = vgGNτp

Vo
Rp

, IFS = 2πηc}c
λVo

FS.

The equivalent circuit schematic is shown in Figure 3.3, based on Equations (3.33)–(3.35).

The equivalent circuit model is realized in the Cadence Virtuoso environment based on the

Verilog-A language. As seen from the mathematical derivations above, IC , ICω and IL are

considered as constant current sources, while ID and IDω are regarded as currents passing

through a diode with the diode ideality factors equal to 2. Other current components,

IRS, IR1, IR2, IS1, IS2, I1, I2, IFNS, IFS and IFN , are generated by time-varying current-

controlled current sources. The circuit in the bottom right corner of Figure 3.3 converts VO

to the practical optical power output, PO. RL is an arbitrary resistor for completeness of

the closed circuit, and its value does not influence the functionality of the circuit model.

3.6 Results and Discussion

The model validation and parameter extraction are divided into two parts: One is for the

parasitic circuit and the other is for the circuits of carrier and photon dynamisms. For

parameter extraction of the parasitic circuit, the S11 data are utilized. For the circuits of

carrier and photon dynamisms, the measurement results of output optical powers at different

bias currents are utilized.
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Fig. 3.3: The compact circuit model for carrier and photon dynamisms of the MQW VCSEL.

The experimental setup for S11 measurement is shown in Figure 3.4. A bias-tee is

employed to combine the bias current and the small signal from a high-precision

time-domain reflectometer (TDR). After the bias-tee, an 850 nm VCSEL chip is driven. S11

data are measured by the TDR module. The self-wire-bonded VCSEL chip under test is

manufactured by II-VI Incorporated.

Fig. 3.4: The experimental setup for S11 measurement.
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The measurement for I-V-P data (I for injection current; V for VCSEL voltage; P for

optical power) is performed automatically using the computer program, and the experimental

schematic diagram for I-V-P measurement is shown in Figure 3.5. The DC power supply is

controlled by a personal computer (PC) to change the output voltage. A resistor of 462 Ω

is used to protect the VCSEL, which voltage is recorded by a multi-meter. Therefore, the

current passing through the resistor and the VCSEL can be obtained using Ohm’s law. The

fiber couples the light of the VCSEL and is connected to an optical power meter. The optical

power meter data is recorded by a PC. Based on the I-V-P data, the VCSEL temperatures

under different bias currents are obtained using Equation (3.4) with Rth = 2× 103 K/W. It

needs to be pointed out that the differential term in the right-hand side of Equation (3.4) is

equal to zero for the steady state.

The expression for the magnitude of S11 is shown below based on Equation (3.1),

H (f) = 20 · log10

∣∣∣∣∣Zin (f)− Z0

Zin (f) + Z0

∣∣∣∣∣ (3.36)

where Z0 = 50 Ω is the measurement system impedance. The values of parasitic electrical

elements are extracted using the least squares algorithm. The mean-square error between

the calculated magnitude of S11 by Equation (3.36) and the measured data is minimized to

determine the optimal value of each element. The extracted values of Cp, Lp and Rp are

given in Table 3.1, and the polynomial coefficients of Rm, Ra and Ca are given in Table
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Fig. 3.5: The experimental schematic diagram for I-V-P measurement. The green lines
represent the communications between a PC and measuring instruments; the red lines
represent the electrical link; the yellow line represents the optical link. The DC source,
multi-meter and OPM are controlled by PCs, respectively. DC: direct current; R: resistor;
PC: personal computer; OPM: optical power meter.

3.2. The measured data and the simulation curves of S11 are depicted in Figure 3.6(a). The

calculated S11 can fit the measured data very well.

Table 3.1: Extracted values of Cp, Lp and Rp.

Parameter Unit Value
Cp pF 0
Lp nH 0.86
Rp Ω 4

Curve fitting of large-signal DC responses is utilized to extract the parameters for the rate

equations which describe the VCSEL electro-optical dynamisms. With the obtained VCSEL

temperatures, the coefficients b0–b4 are extracted by minimizing the sum of the squares of



3. A Compact High-Efficient Equivalent Circuit Model of MQW VCSELs 61

(a) (b)

Fig. 3.6: (a) The magnitude of the simulated and measured S11 under the bias current of
3 mA and 6 mA; (b) measured and simulated I-P characteristics.

Table 3.2: Polynomial coefficients of Rm, Ra and Ca.

Parameter Unit a0 a1 a2 a3 a4
Rm Ω 280.70 -88.16 10.19 -0.47 0.01
Ra Ω -213.34 84.59 -9.06 0.40 -0.01
Ca pF 4.05 -1.24 0.14 -0.01 1.02× 10−4

the residuals between the simulation and measurement results of the leakage current. T0

in Equation (3.23) is chosen as 300 K. Under steady states, rate equations are simplified

into the non-differential nonlinear equations. The temperature-independent parameters of

nonlinear equations are extracted by fitting the I-P curve. Table 3.3 presents parameters

of the rate equations, which are extracted by curve fitting. The simulated I-P curve and

the experimental result are depicted in Figure 3.6(b), and they match with each other very

well. Based on the extracted parameters in Tables 3.1–3.3, the equivalent circuit model

is realized in Cadence Tool Suits (Virtuoso Environment 5.10.41). The 25 Gbps PRBS-7
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transient responses under 6 mA bias current for both simulation and measurement are shown

in Figure 3.7. The peak-to-peak jitter in the experiment is 11.3 ps, while the simulation result

is 11.4 ps. The measured vertical and horizontal eye-opening ratios are 0.55 and 0.71, while

the simulated ratios are 0.58 and 0.70, respectively. The measurement and simulation show

satisfactory match, proving that the proposed model have strong ability to simulate the

VCSEL performance.

Table 3.3: Parameters for the rate equations model.

Parameter Unit Value Parameter Unit Value
ηinj − 0.86 b3 mA/K3 2.4× 10−4

τe ps 400 b4 mA/K4 −1.9× 10−6

τc ps 1 ANS s−1 1.1× 108

τp ps 2.8 BNS s−1 5.3
VQW m3 6× 10−18 CNS s−1 1.9× 10−8

Vact m3 2.3× 10−16 AN s−1 1.3× 108

NSEQ m−3 4× 1019 BN s−1 1.8× 101

NEQ m−3 6× 1014 CN s−1 9.1× 10−6

τn ns 5 AS s−1 0
Rsp s−1 1.4× 1012 BS s−1 1.8× 10−3

b0 mA 5.1× 10−2 CS s−1 0
b1 mA/K 1.2× 10−1 vg m/s 8.6× 107

b2 mA/K2 −8.7× 10−2 GN m−1 4.2× 103

3.7 Conclusions

A compact high-efficient equivalent circuit model is proposed for the multi-quantum-well

VCSEL. The number of nonlinear equations significantly decreases, resulting in improvement

of the computation efficiency by 3.3-fold for three QWs-VCSEL and by six-fold for five QWs-
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(a) (b)

Fig. 3.7: (a) The measured eye diagram of VCSEL at 25 Gbps; (b) the simulated eye
diagram based on the proposed model.

VCSEL. In addition, parameter extraction becomes much easier compared to conventional

MQW models, due to the reduction in the number of parameters. The model is system-

oriented and can be used as a part of the VCSEL-based link modelling.
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Chapter 4

Electronic-photonic Modeling of High-

speed VCSEL-MMF Links
Spectral-dependent electronic-photonic modeling of VCSEL-MMF links is presented for

next-generation high-speed interconnects. The beam coupling processes, between the

VCSEL and the MMF and between the MMF and the PD, are discussed, with

spectral-dependent three-dimensional launch conditions analyzed. The model accounts for

fiber effects on the transmission performance, specifically modal attenuation, dispersion,

mode mixing, and mode partition noise. An advanced split-step small-segment (4-S)

method simulates the signal evolution over the MMF with high accuracy and high

efficiency. Experimental validation at 25 Gbps confirms the high accuracy of the

VCSEL-MMF link model. The model reveals that larger radial offsets can further excite

lower-order mode groups reducing the power distributed to higher-order groups when a

tilted beam couples to the input fiber facet. With an optimized misalignment launch, the

modal bandwidth is greatly improved by 3.8-fold compared to the conventional center

launch. The model helps determine the optimum launch condition to improve link
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performance metrics such as transmission reach. The work presented in this chapter has

been published as a journal paper in Optics Express [15].

4.1 Introduction

Due to low power consumption [89], high modulation speed [26], and low cost [90],

vertical-cavity surface-emitting laser (VCSEL)-multimode fiber (MMF) interconnects

represent over 85% of short-reach datacenter links [110]. Further, more than 90% of MMFs

are shorter than 100 m [23]. As the demand for greater capacity intensifies, high-speed

devices such as VCSELs and photodetectors (PDs) are developed [111, 112]. Data rates of

VCSEL-MMF transmission systems reach 100 Gbps per lane with equalization [72] and

potentially reach 1 Tbps in aggregated capacity through multiplexing techniques [26]. At

high-speed transmission, the mode launch condition has significant impact on the

performance due to the enhanced fiber sensitivity to mode power distribution. The

optimization of the beam launch condition, such as offset launch

techniques [79, 84, 113–115] and tilt launch techniques [116], was studied for fiber

bandwidth enhancement. As VCSEL-MMF links consist of electrical and optical

components, as well as optoelectronic devices, a hybrid electronic-photonic link model plays

a significant role in the design and evaluation of high-speed next-generation interconnects.

Device-level modeling previously reported [117, 118] do not account for the overall link-

level system modeling in the device optimization. At the system level, a 10 GbE system
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model illustrates modal and chromatic dispersion interference (MCDI) [13]. However, the

spectral dependence and other fiber effects are neglected affecting the simulation accuracy

of the higher speed link. In addition, existing mode launch models only exploit specific

mode-excitation conditions [81, 119]. In [120, 121], spatial segments of a PD are utilized to

detect mode-division-multiplexed signals, where a fairly simple fiber-PD coupling model is

given. Nonetheless, they do not further discuss the effects of launch conditions and free-space

diffraction phenomenon between the fiber and the PD. Therefore, more accurate models of

the VCSEL-MMF and MMF-PD coupling are required to simulate high-speed VCSEL-MMF

links for next-generation interconnects. Additionally, signal processing CMOS circuits, such

as equalizers, are generally used to extend link capabilities and mitigate the contradiction

between increased data rates and limited device bandwidth [75,122]. In such context, hybrid

electronic-photonic modeling of a VCSEL-MMF link allows modular extension within an

electronic design automation environment.

A comprehensive hybrid-electronic-photonic modeling platform is proposed, sensitive to

the coupling conditions for high-speed VCSEL-MMF links. The chapter outline is as

follows. In Section 4.2, the spectral-dependent beam coupling from the VCSEL to the

free-space is analyzed. Section 4.3 explains the mode coupling over the fiber input facet.

The radial offset and 3-dimensional (3-D) angular tilt are simultaneously included and

coupling coefficient matrices are calculated for different coupling conditions. Section 4.4

introduces the coupling-coefficient-dependent fiber model sensitive to launch conditions.
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An advanced split-step small-segment (4-S) method calculates the signal evolution over

fiber. In Section 4.5, along with the coupling analysis from the MMF to the PD, a

wavelength-sensitive PD model, matching the multi-wavelength characteristic of the

VCSEL, realizes the opto-electric conversion. The proposed link model is developed in the

commercial Cadence tool suite, a schematic-driven tool for CMOS electronic integrated

circuit design. In Section 4.6, the high accuracy of the electronic-photonic modeling

platform is validated by 25 Gbps non-return-to-zero (NRZ) transmission experiments over

different coupling conditions and transmission distances. Section 4.7 presents impact of

launching conditions on mode power distribution With spectral-dependent 3-D coupling

conditions investigated, it is found that compared to high-order mode groups, further

optical power can be distributed to low-order mode groups using a larger radial offset with

a tilted beam. Section 4.8 is the conclusion.

4.2 VCSEL-to-Free-Space Coupling

As a part of the VCSEL-MMF link model, the advanced equivalent circuit model of the

multiple-quantum-well (MQW) VCSEL in the previous chapter is used, which includes the

extrinsic parasitic and equivalent circuits. The temperature-dependence and noise effects

are accounted in the model as well as carrier and photon dynamisms. With the extracted

parameters, the VCSEL model shows a satisfactory ability to reproduce the measurement

results in small-signal and large-signal responses. The VCSEL outputs multiple transverse
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modes, with typical numbers from 3 to 10 [123]. When each VCSEL transverse mode is

coupled into the MMF, the launch condition significantly impacts the link performance.

Therefore, it is important to define the corresponding power of each VCSEL transverse

mode and model the launch-condition-dependent VCSEL-MMF coupling. The VCSEL is

modelled as a cylindrical weakly-guided step-index waveguide supporting linearly polarized

(LP) modes [124]. Each mode exhibits its own specific resonant wavelength meeting the

cavity resonance phase condition. The wavelength of the gth VCSEL LP mode, λg, is

obtained from Eq. (4.1) using the effective index model [125]:

λg=λc − λc
µg

2 (na − nc)
nc
(
µg2 + ωg2

) (4.1)

where λc is the central wavelength, na and nc are the refractive indices of the core and the

cladding, µg and ωg represent the core and cladding propagation parameter of the gth

VCSEL mode. In the simulation, the value of na is obtained from the publications [86,126].

Based on the step-index waveguide eigenvalue equation [127], µc, µg and ωg are derived by

fitting the measured VCSEL optical spectrum. It is worth mentioning that the VCSEL

wavelength compositions slightly vary between devices due to fabrication process

variations. For applications of mass production of VCSEL-MMF modules, statistical mean

and worst-case parameters of VCSELs should be included in the model. As a

proof-of-principle demonstration of the model, a typical multimode VCSEL spectrum is
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measured with a bias current of 6 mA using a 25 Gbps VCSEL (manufactured by II-VI

Incorporated). The measured overall spectral power with an optical spectrum analyzer

(Anritsu MS9710C) is shown in Fig. 4.1(a), fitting a Gaussian distribution. Based on the

obtained Gaussian distribution and the wavelengths of VCSEL modes calculated in (4.1),

Fig. 4.1(b) illustrates the output power of each VCSEL mode normalized to the peak value

of the Gaussian distribution curve. The corresponding power of the gth mode (from right

to left) is denoted as Pg. As seen from Fig. 4.1(b), the third and fourth VCSEL transverse

modes (i.e., LP21 and LP02) have close wavelengths such that both modes are superposed

due to the linewidth of the transverse mode, resulting in a merged peak.

Fig. 4.1: (a) The measured VCSEL optical output spectrum. The solid blue line is the
VCSEL spectrum for a typical bias current of 6 mA; the red dash line is a Gaussian fitting
curve. (b) The normalized output power for each VCSEL mode to the peak value of the
Gaussian distribution curve.

The cylindrical coordinate system (r̃,ϕ̃,z̃) is used for modeling the VCSEL mode at its
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output, as shown in Fig. 4.2. The radial coordinate axis r̃ and the azimuthal coordinate axis

ϕ̃ are at the VCSEL surface with the pole õ at the VCSEL aperture center. The coordinate

axis z̃ is perpendicular to the VCSEL surface. The normalized transverse field of the gth

VCSEL mode, L̃P g, is derived using Eq. (4.2) at z̃ = 0 (i.e., at the VCSEL surface).

L̃P g(r̃, ϕ̃) = Ng ·


Jl(µg · r̃

/
av)

Jl(µg)
·
[
1−H(r̃ − av)

]
+
Kl(ωg · r̃

/
av)

Kl(ωg)
·H(r̃ − av)

 · e−ilϕ̃ (4.2)

where Ng is a normalization constant, av is the VCSEL oxide aperture radius, l is the

azimuthal index of the gth LP mode, i is the imaginary unit. H(·) is the Heaviside Step

Function, Jl(·) denotes the lth-order Bessel function of the first kind, and Kl(·) represents

the lth-order modified Bessel function of the second kind.

As the VCSEL beam propagates in free space after emission, the diffraction will change its

amplitude and phase. As a result of the symmetric circular structure of the VCSEL, modes

are expanded over the Laguerre-Gaussian (LG) mode basis, accounting for the diffraction

phenomenon. Eq. (4.3) expresses the normalized spectral-dependent mode profile of the

hth LG mode, L̃Gh, in the cylindrical coordinate (r̃, ϕ̃, z̃), with f1 and f2 representing the

amplitude and phase functions of the LG mode beam.

L̃Gh(r̃, ϕ̃, z̃, λ) = f1 (r̃, z̃, λ) · e−i·f2(ϕ̃,z̃,λ) (4.3)
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The functions f1 and f2 are defined in Eq. (4.4) and Eq. (4.5),

f1 (r̃, z̃, λ) =
√

2n!
π(n+ |m|)! ·

1
ω (z̃, λ) ·

 √
2r̃

ω (z̃, λ)

|m| · L|m|n

 2r̃2

ω(z̃, λ)2

 (4.4)

f2 (ϕ̃, z̃, λ) = πr̃2

λq (z̃, λ) − φ (z̃, λ) +2πz̃
λ

+mϕ̃ (4.5)

where n and m are the radial and azimuthal indices of the LG mode, λ stands for the

beam wavelength, Lmn (·) is the generalized Laguerre polynomial, ω(z̃, λ) denotes the spot

size, φ(z̃, λ) expresses the Gouy phase shift, and q(z̃, λ) is a complex beam parameter. The

expressions for q(z̃, λ), ω(z̃, λ), and φ(z̃, λ) are defined by Eqs. (4.6) to (4.8):

q (z̃, λ) = πω0
2A (z̃)− iλB (z̃)

πω02C (z̃)− iλD (z̃) (4.6)

ω2 (z̃, λ) = − λ

πIm
(
1/q (z̃, λ)

) (4.7)

φ (z̃, λ) =
(
2n+ |m|+ 1

)
arctan

(
B (z̃) · λ

A (z̃) · πω02

)
(4.8)

where ω0 is the beam waist. A(z̃), B(z̃), C(z̃) and D(z̃) are the elements of a 2× 2 ABCD

matrix, describing the optical system between the VCSEL and the MMF (see in Fig. 4.2)

[128,129]. The optical system represented by the transfer matrix will depend on the type of

optical module and may include a collimating lens or a 45◦ reflective metal, or both.

With Eqs. (4.2) and (4.3), the coupling coefficient cgh between the gth VCSEL mode,
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Fig. 4.2: Launching system between the VCSEL and the MMF using cylindrical
coordinates(r̃, ϕ̃, z̃) referenced to the VCSEL and (r̂, ϕ̂, ẑ) referenced to the fiber. R is
the fiber core radius. The optical system between the VCSEL and the MMF is defined by a
2× 2 matrix.

L̃Pg, and the hth LG mode, L̃Gh, is obtained by the overlap integral as follows:

cgh(λg) = Kf

∫∫
AV

L̃P g (r̃, ϕ̃) ·
[
L̃Gh

(
r̃, ϕ̃, 0, λg

)]∗
r̃dr̃dϕ̃ (4.9)

where Kf is the Fresnel coefficient for the fiber–air interface, AV is the VCSEL aperture

area, and the asterisk denotes the complex conjugate. Kf is approximately 0.98 because of

the small refractive index difference between the air and the glass [126].
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4.3 Free-Space-to-MMF Coupling

MMF is considered as a weakly-guided graded-index (GI) waveguide with the refractive

index (RI) profile parameter α. Due to the cylindrical structure of the fiber, it is common

to use the cylindrical coordinate system. As such, (r̂, ϕ̂, ẑ) describes the MMF LP mode

field distribution. The radial coordinate axis r̂ and the azimuthal coordinate axis ϕ̂ are at

the MMF input facet with the pole ô at the center, and the ẑ-axis is along the fiber axis,

as shown in Figs. 4.2 and 4.3. The analytical expression in Eq. (4.10) elucidates the uth

MMF LP mode within the profile parameter range (1.8 < α < 2.2) of manufactured optical

fibers [119] at ẑ = 0 (i.e., at the fiber input facet).

M̂LP u(r̂, ϕ̂, λ) = 1
R
·

√√√√ V |l′|+1Γ(p′)
π Γ(p′ + |l′|) ·

(
r̂

R

)|l′|
· L|l

′|
p′−1

(
r̂2

R2 · V (λ)
)
· e−

r̂2
2R2 ·V(λ)−il′ϕ̂ (4.10)

where l′ and p′ are the azimuthal and radial indices of the MMF LP mode, R is the fiber core

radius, V (λ) =2πR
√
n1(λ)2 − n2(λ)2/λ is the wavelength-dependent normalized frequency,

and Γ(m) is the gamma function equal to the factorial of m − 1. The modeling of the

wavelength dependence of the core peak RI, n1, and the cladding RI, n2, uses the third order

Sellmeier equation [130]. It is worth noticing that Eqs. (4.3) and (4.10) are both dependent

on the optical wavelength λ, which implies that the field distribution of LG modes and MMF

LP modes are different for diverse wavelengths.
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Fig. 4.3 illustrates an arbitrary launch of LG beams with a radial offset and a 3-D

angular tilt. The reference point P is at the center of the VCSEL, zd is the distance between

the VCSEL center and the light spot center at the fiber input facet. Three right-handed

Cartesian coordinate systems are used for modeling. The plane x̂ − ŷ of the coordinate

system ô− x̂− ŷ− ẑ is located at the input facet of fiber, where the origin ô is the center of

the fiber input facet, x̂-axis coincides with the direction of the beam radial offset and ẑ-axis

coincides with the fiber axis. o−x− y− z has a lateral translation of aoff from ô− x̂− ŷ− ẑ

along the x̂-axis. Different from the first two coordinate systems, ǒ − x̌ − y̌ − ž is at the

beam wave front plane, where y̌-axis corresponds to the intersection line between the MMF

input facet and the beam contour across ǒ, and ž-axis is along the beam optical axis. At

the input facet of MMF, the free-space LG beam excites MMF LP modes, with the radial

offset aoff , the incidence tilt ψ between the ẑ-axis and the ž-axis, and an azimuthal tilt θ

between the ŷ-axis and the y̌-axis. The combination of aoff , ψ and θ ensures an arbitrary

launch condition in three-dimensional space, overcoming the restriction of launch conditions

in reported literatures [81,119]. ψ has a value ranging from 0 to 90◦. θ is between −180◦ and

180◦, relying on the coordinates of the point P, (PX ,PY ,PZ), with respect to the coordinate

system o− x− y − z. When PY > 0, θ is less than 0; otherwise, θ ≥ 0.

Eq. (4.3) in the coordinate system (r̃, ϕ̃, z̃) is rewritten as Eq. (4.11) in the cylindrical
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Fig. 4.3: The geometrical schematic diagram of beam launch. Point P is the center of the
VCSEL, and Point A is the projection of P onto the fiber input facet. ψ is the incidence tilt
angle between the ẑ-axis and the ž-axis, and θ is the azimuthal tilt angle between the ŷ-axis
and the y̌-axis.

coordinate system (r̂, ϕ̂, ẑ),

L̂Gh (r̂, ϕ̂, ẑ, λ) = L̃Gh (r̃, ϕ̃, z̃, λ) (4.11)

where

r̃ =
√
x̃2 + ỹ2,

x̃ = r̂ sin ϕ̂ cosψ sin θ −
(
aoff − r̂ cos ϕ̂

)
cosψ cos θ − ẑ sinψ,
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ỹ =
(
aoff − r̂ cos ϕ̂

)
sin θ + r̂ sin ϕ̂ cos θ,

z̃ = ẑ cosψ −
(
aoff − r̂ cos ϕ̂

)
sinψ cos θ + r̂ sin ϕ̂ sinψ sin θ + zd,

ϕ̃=



π+ arctan
(
ỹ

x̃

)
, when x̃ < 0

π

2 , when x̃ = 0

arctan
(
ỹ

x̃

)
, when x̃ > 0

.

Based on Eqs. (4.10) and (4.11), the coupling coefficient for the wavelength λ between

the hth decentered and tilted LG mode and the uth MMF LP mode, dhu(λ), is expressed as

Eq. (4.12).

dhu (λ) =
∫ +∞

0

∫ 2π

0
L̂Gh(r̂, ϕ̂, 0, λ) ·

[
M̂LP u(r̂, ϕ̂, λ)

]∗
r̂dr̂dϕ̂ (4.12)

The expansion of LG modes over the orthogonal MMF LP modes is obtained in Eq.

(4.13),

L̂Gh(r̂, ϕ̂, 0, λ) =
∑NMLP

u=1 dhu(λ)M̂LP u(r̂, ϕ̂, λ) +
∑∞

u=1+NMLP
dhu(λ)M̂LP u(r̂, ϕ̂, λ) (4.13)

where NMLP denotes the number of guided LP modes propagating along MMF. The first

term on the right-hand side of Eq. (4.13) indicates the guided LP modes, while the second

term represents the lossy LP modes which powers radiate. It is worth mentioning that mode

power distribution is independent of the coordinate system. Therefore, coupling coefficients

cgh are the same in the coordinate systems (r̃, ϕ̃, z̃) and (r̂, ϕ̂, ẑ). At the fiber facet (r̂, ϕ̂, 0),
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the expansion of the gth VCSEL LP mode over the MMF LP modes is expressed in Eq.

(4.14).

L̂P g(r̂, ϕ̂, λg) = ∑
u=1

∑
h=1

(
cgh(λg) · dhu(λg)·̂MLP u(r̂, ϕ̂, λg)

)
= ∑

u=1 egu(λg) · M̂LP u(r̂, ϕ̂, λg)
(4.14)

where ∑
h=1 cghdhu can be defined as egu. As illustrated in Fig. 4.4, a power coupling

coefficient (PCC) matrix, H′, whose element is ηgu, is obtained, where ηgu is equal to |egu|2.

In addition, a corresponding wavelength matrix Ω′ is generated, where the element, Λgu,

is equal to λg. In view of the large value of NMLP (over 200 for 850 nm wavelength), the

number of elements in H′ and Ω′ is on the order of 103. As a result, tremendous computation

cycles are needed to iterate each mode propagation. MMF modes are degenerated into mode

groups, which are indexed by the principal mode number (PMN) v = 2p′ + |l′| − 1. Fig.

4.5 depicts the MMF modes included in the first ten mode groups. Within the same mode

group, modes share approximately the same propagation constant [131,132].

A PCC matrix H with the element ξgv and a wavelength matrix Ω with the element

ζgv are built for each mode group. H′ and Ω′ are converted into H and Ω to express the

coupling relation between VCSEL LP modes and MMF mode groups, as shown in Fig. 4.4.

The number of guided mode groups NMG is typically around 20 to 30. Therefore, the size

of H and Ω is only about 10% of that of H′ and Ω′. The use of mode groups improves

calculation efficiency of the proposed coupling model by approximately 90%. Due to nearly

the same propagation characteristics of the degenerated modes, the use of mode groups
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Fig. 4.4: The conversions of matrices H′ to H and Ω′ to Ω. l and p are the azimuthal and
radial indices of the VCSEL mode, while l′ and p′ are the azimuthal and radial indices of the
MMF LP mode. v is the principal mode number of the MMF mode group. The element ξ
of H is the summation of elements, η, circled by the same color in H′; The elements in the
gth row of Ω′ and Ω are equal to λg.

maintains the computation accuracy very well, which is verified by works [133,134].

4.4 MMF Model

Attenuation, dispersion, fiber mode mixing and mode partition noise (MPN) play

significant roles in the signal distortion, especially in the VCSEL-based MMF link. Due to

the MMF multimode excitation and the VCSEL multi-transverse-mode output, the model

should include mode-dependence and wavelength-dependence of these effects. With a

coherent source and mode-selective loss devices, it is worth pointing out that modal noise
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Fig. 4.5: The azimuthal and radial index distribution in the first ten MMF LP mode groups.
The first and second element in the parentheses are the azimuthal and the radial indices,
respectively.

may occurs when the link suffers from source frequency changes or environmental

vibrations such as mechanical stress. Modal noise results in speckle pattern variations at

the fiber output translating into signal-to-noise ratio fluctuations [135]. The model assumes

no source frequency fluctuations nor environment vibrations; thus, modal noise is not

studied.

Attenuation and fiber mode mixing lead to mode power fluctuation. As a result of

intrinsic waveguide properties and material defects [136], LP modes experience differential

mode attenuation, where higher-order modes suffer more loss. Eq. (4.15) defines the spectral-

dependent modal attenuation for the vth MMF LP mode group excited by the gth VCSEL
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mode, γgv:

γgv = γ0+γ0 · Iρ

η ·
(
ζgvv

πR

)2α/(α+2)

·

α + 2
2α · 1

n1(ζgv)2 − n2(ζgv)2

α/(α+2)
 (4.15)

where γ0 is the attenuation per unit length of the fundamental mode, η is a weighting

constant, ζgv is the wavelength element in the matrix Ω, n1(ζgv) and n2(ζgv) is the core peak

RI and the cladding RI of the MMF, and Iρ(·) is the ρth-order modified Bessel function of

the first kind. Thus, the attenuated output power Pout(gv), as a function of the transmission

length z, is obtained as follows:

Pout(gv) (z) = Pg · ξgv · e−γgvz (4.16)

In addition to differential mode attenuation, fiber mode mixing phenomenon contributes

to power transfers between modes, inducing mode power fluctuation as well as inter-symbol

interference (ISI). Based on coupled power equations, fiber mode mixing is expressed by Eq.

(4.17),
∂PM

gu

∂z
+ τ

∂PM
gu

∂t
=
∑

û6=u d
M
uû

(
PM
gû − PM

gu

)
(4.17)

where PM
gu is the power of the uth MMF LP mode induced by the gth VCSEL LP mode,

dMuû is the coupling coefficient between the uth and ûth MMF LP modes [137,138], and τ is

the time delay of the uth MMF LP modes per unit fiber length. The superscript of PM
gu and
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dMuû, M, denotes the MMF mode.

Eq. (4.17) aims at fiber modes, such that the simulation process calls this equation

tens of thousands of times (in the order of 104). With today’s computing capabilities,

the computation load is important resulting in simulation time up to several hours. As

modes within the same mode group exhibit the same transmission characteristics, after some

mathematical operations, a modified steady-state coupled-power equation (4.18) is derived

for the mode groups instead of Eq. (4.17),

∂PG
gv

∂z
=
∑
v̂ 6=v

dGvv̂

 PG
gv̂

Ng,v̂ −Ng,v̂−1
−

PG
gv

Ng,v −Ng,v−1

 (4.18)

where PG
gv represents the power of the vth mode group excited by the gth VCSEL LP mode,

and Ng,v denotes the number of modes within the first v mode groups. The superscript,

G, represents the MMF mode group. dGvv̂ expresses the coupling coefficient between the vth

mode group and the v̂th mode group, which is derived from dMuû following Eq. (4.19):

dGvv̂=
Ng,v∑

u=(Ng,v−1+1)

Ng,v̂∑
û=(Ng,v̂−1+1)

dMuû (4.19)

While differential modal attenuation and fiber mode mixing influence the amplitude,

modal dispersion and chromatic dispersion result in time delay difference, leading to ISI

and MPN penalties. Using the well-known WKB (Wentzel-Kramers-Brillouin) analysis of

the Helmholtz equation [139], the modal propagation constant, βgv, is obtained using Eq.
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(4.20).

βgv
(
ζgv
)

=2πn1

ζgv

√√√√√1− n12 − n22

n12

 (α + 2) · ζgv2 · v2

α · 2π2R2 · (n12 − n22)

 α
α+2

(4.20)

It is worth noting that n1 and n2 are wavelength-dependent as well based on the Sellmeier

equation. The modal delay per unit length, tmgv is proportional to the first-order derivative

of βv,

tmgv = − λ2

2πc
dβgv (λ)
dλ

∣∣∣∣∣
λ=ζ11

(4.21)

where c is the speed of light in vacuum.

Due to the multi-transverse-mode nature of the VCSEL, its output shows a relatively

wide spectrum as seen in Fig. 4.1. The chromatic dispersion is usually neglected for the

low-speed data rate transmission because the chromatic delay is far less than the bit period;

however, it is of vital significance for the performance evaluation of the next-generation

high-speed (≥ 10 Gbps) VCSEL-MMF interconnects [133, 140]. The chromatic delay per

length,tcgv, is expressed in (22),

tcgv = S0

4

ζgv4 − λ0
4

ζgv
3

 (ζgv − ζ11
)

(4.22)

where λ0 is the zero-dispersion wavelength, and S0 is the zero-dispersion slope. With the

interaction of the modal and chromatic dispersion, the total delay, tgv, is equal to tmgv + tcgv.

Mode competition among the lasing transverse modes of a multimode VCSEL contributes
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to random correlated fluctuations in the mode powers. In the dispersive fiber link, the time

delay induced by dispersion effects de-correlates VCSEL modes, resulting in MPN. The

standard deviation of MPN, σMPN , is expressed below [86],

σMPN
2 = κMPN

2 ·
{∑

g
ag
[
Fg (t)

]2
−
[∑

g
agFg (t)

]2
}

(4.23)

where κMPN is the mode partition parameter. Fg is the signal waveform carried by the gth

VCSEL mode after propagation over the fiber, and it is given as

Fg (t) =
∑NMG

v=1 ξgvfg
(
t− τgv

)
(4.24)

where ξgv is the power coupling coefficient from matrix H, τgv is the temporal delay of the

modulated signal induced by the MMF dispersion after fiber transmission, and fg is the

waveform before coupling to the MMF fiber for a given sequence.

A highly-efficient and highly-accurate fiber effect simulation approach, named split-step

small-segment (4-S) method, is proposed to emulate the signal evolution along the MMF, as

illustrated in Fig. 4.6(a). Using the 4-S method, the MMF fiber is equally divided into Ns

segments with an identical length of ∆z. The algorithm steps, outlined in the flowchart of

Fig. 4.6(b), are implemented as follows:

Step 1: At the fiber input facet, the transmission distance, z, is 0, where the power of

the vth MMF mode group excited by the gth VCSEL mode is agξgv;
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Step 2: the first MMF mode group excited by the first VCSEL mode is selected;

Step 3: the selected mode group propagates over the first half of the small segment with

the length of ∆z/2, while only the mode mixing effect is numerically calculated;

Step 4: at the mid-point of the segment, attenuation and dispersion effects over the whole

segment are imposed;

Step 5: the mode group propagates over the second half of the segment, while only the

mode mixing is considered;

Step 6: the steps 3 to 5 are repeated until all MMF mode groups for all wavelengths are

iterated over;

Step 7: the steps 2 to 6 are repeated over the next segments until the light reaches the

fiber output facet;

Step 8: MPN is determined by Eqs. (4.23) and (4.24).

The error of the 4-S method is positively correlated with ∆z; however, the

computational cost is inversely proportional to ∆z. Therefore, a shorter segment results in

a more accurate result, while the simulation time increases. In our model, the small

segment ∆z is chosen as one-twentieth of the fiber length for the tradeoff between high

accuracy and low computation burden. With this small segment, the simulation can

reproduce the measurement satisfactorily as seen in Section 4.6.
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Fig. 4.6: (a) Illustration of the split-step small-segment (4-S) method. The fiber length L

is divided into several small segments with the length of ∆z. (b) The flowchart describes the
4-S method, where NV is the number of VCSEL modes, and NMG is the number of guided
MMF mode groups.

4.5 MMF-PD Coupling Model and PD Model

A photodiode (PD) detects and demodulates the optical signal after fiber transmission. The

beam coupling into the PD after the MMF influences the photocurrent magnitude, inducing

the signal-to-noise ratio variation. In addition, the coupling between the MMF and the

PD significantly affects the channel crosstalk in mode-group-division-multiplexing (MGDM)

systems [121]. Due to the multimode VCSEL output and its wide spectrum, the PD model
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used in the VCSEL-MMF link should be wavelength-sensitive for high simulation accuracy.

Fig. 4.7(a) shows the beam propagation from the MMF output facet to the active area of

PD. The cylindrical coordinate system (̂̂r, ̂̂ϕ, ̂̂z) is built at the fiber output facet. Its origin ̂̂o
is at the facet center, and ̂̂z-axis directs towards the outside of the fiber along the fiber axis.

The coordinate systems (̂̂r, ̂̂ϕ, ̂̂z) and (r̂, ϕ̂, ẑ) meet the following relations: r̂ = ̂̂r, ϕ̂ = ̂̂ϕ, and

ẑ = ̂̂z + L. The MMF LP mode profile is described by Eq. (4.10), and Eq. (4.3) expresses

the free-space LG mode after fiber to characterize beam diffraction. Using Eqs. (4.3) and

(4.10), at the fiber output facet, the coupling coefficient between the uth guided MMF LP

mode excited by the gth VCSEL mode and the wth free-space LG mode, denoted as fguw,

is given by the overlap integral as follows:

fguw =
∫ +∞

0

∫ 2π

0
M̂LP u

(̂̂
r,̂̂ ϕ,Λgu

)
·
[
L̃Gw

(̂̂
r,̂̂ ϕ, 0,Λgu

)]∗ˆ̂rd̂̂rd̂̂ϕ (4.25)

where Λgu is the element from the mode wavelength matrix Ω′, due to the wavelength stability

during fiber propagation. Based on the orthogonality of the generalized Laguerre polynomials

[ [141], Eq. 7.414], the LG modes after the MMF, L̃Gw, have a waist of ω0 = R
√

2/V (λg),

where R is the fiber core radius. This simplifies the expansion of MMF LP mode profiles over

LG modes. Consequently, the MMF LP mode with the azimuthal index l′ and the radial

index p′ is fully coupled onto the free-space LG mode with the radial and azimuthal indices

n and m if the relations m = l′ and n = p′ − 1 are satisfied.
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A new cylindrical coordinate system (˜̃r, ˜̃ϕ, ˜̃z) is built at the PD, where the axes ˜̃r and ˜̃ϕ
are located at the surface of the PD active area, and the pole õ is at the center. Under this

system, Eq. (4.26) expresses the electrical field for the wavelength λg at the PD surface,

EPD(g)
(̃̃
r,̃̃ ϕ

)
=
∑

u

∑
w

[
Egu

(
t− τgu

)
· e−i·βgu·L · fguw · L̂Gw

(̃̃
r,̃̃ ϕ, dpd,Λgu

)]
(4.26)

where Egu is the waveform carried by the uth guided MMF LP mode, τgu is the relative time

delay of the uth mode induced by modal and chromatic dispersion after fiber propagation,

dpd is the beam transmission distance between the MMF and the PD surface, and βgu is the

propagation coefficient.

Fig. 4.7: (a) Beam launch with misalignment between the MMF and the PD. (̂̂r, ̂̂ϕ, ̂̂z) and
(˜̃r, ˜̃ϕ, ˜̃z) are cylindrical coordinate systems. The purple region represents the PD active
area where photons are converted into electrons. (b) The equivalent circuit model of a PIN
photodiode.
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The wavelength-dependent responsivity of a PIN photodiode, Rpd, is modeled as follows,

Rpd(λ) =ηpdqλ2π~c (4.27)

where ηpd is the quantum efficiency, q is the electron charge, ~ is reduced Planck constant.

Therefore, the photocurrent is

Ip =
∑NV

g=1

[
Rpd

(
λg
)
·
∫ rpd

0

∫ 2π

0

∣∣∣∣EPD(g)
(̃̃
r,̃̃ ϕ

)∣∣∣∣2˜̃rd̃̃rd̃̃ϕ
]

(4.28)

where NV is the number of VCSEL modes, and rpd is the radius of the PD active area. A

spectral-dependent equivalent circuit model of the photodiode with noise effects describes

the behavior of a PIN photodiode, as shown in Fig. 4.7(b). Rsh and Csh denote the shunt

junction resistance and capacitance, RS models the contact resistance, Lb and Cb are the

parasitic inductance and capacitance due to the bond wires. The noise currents consist of

four sources: the shunt-resistance thermal noise It sh, the series-resistance thermal noise It s,

the shot noise Is and the flicker noise If , which variances are expressed as (4.29)–(4.32),

respectively: 〈
It sh

2
〉

= 4kT∆f
Rsh

(4.29)

〈
It s

2
〉

= 4kT∆f
Rs

(4.30)

〈
Is

2
〉

= 2q(Id+Ip)∆f (4.31)
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〈
If

2
〉

= KfId
εf∆f

fe
γf

(4.32)

where k is the Boltzmann constant, T is the device temperature, Kf is the flicker noise

coefficient, Id is the dark current, fe is the frequency at which the noise is measured, εf is

the flicker noise exponent, γf is the flicker noise frequency coefficient and ∆f is the bandwidth

of the photodiode.

4.6 Experimental Validation

A comprehensive spectral-dependent link model is presented, where the offset condition and

3-dimension tilt conditions are simultaneously considered. The model is developed within

a commercial Cadence tool suite, so that the modular extension can be realized easily by

designers to verify the performance of the targeted device. The simulation results and

experimental validation will be given in this section.

An experimental setup is built on a vibration-isolated optical table to validate the

model, as depicted in Fig. 4.8. First, a bias-tee is employed to combine the bias current

and the high-speed signal generated by the pulse pattern generator (PPG). After the

bias-tee, a wire-bonded 850 nm VCSEL chip (manufactured by II-VI Incorporated) is

driven by the biased signal. The VCSEL beam is butt-coupled into the OM4 MMF, using a

6-axis micro-positioning stage to tune the relative position between the VCSEL and the

MMF. After transmission over the MMF, the beam profiles and eye diagrams are
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Fig. 4.8: Experiment schematic. DC: direct current; PPG: pulse pattern generator; CCD:
charge-coupled device; PC: personal computer; OSC: oscilloscope.

measured, respectively. For beam intensity profile measurement, a charge-coupled device

(CCD) camera beam profiler (Thorlabs BC106-VIS), located after the MMF, is used to

detect the beam intensity profiles. To minimize mode-dependent fiber effects and maximize

the influence of the launch condition, a back-to-back (B2B) configuration is employed with

a short MMF of 1 meter. For eye diagram measurements, the light is fully coupled to the

PD active region without misalignment. The oscilloscope (OSC) is synchronized in time

with the PPG. The data signal is then analyzed on an oscilloscope.

The beam profiles in the top row of Fig. 4.9 are obtained from experiments, while those

in the bottom row of Fig. 4.9 are the simulation results. The measurement and simulation

show visually similar spatial beam intensity distribution to prove that the model is able to

evaluate the guided fiber modes for different beam launch conditions. Their discrepancies

are attributed to VCSEL polarization instability [142], imperfect parallelism between the

VCSEL aperture and the CCD sensing surface, the CCD camera resolution, and the stray
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light. The donut profile in Fig. 4.9(a) has a dispersed intensity distribution over the CCD

camera, thus it is more sensitive to these adverse impacts.

Fig. 4.9: (a): The beam intensity profile at the fiber input facet. (b)-(e): The intensity
profiles of guided modes excited by different launch conditions at the fiber output facet. The
launch conditions are: (b) aoff is 0µm, ψ is 20◦ and θ is 0◦; (c) aoff is 10µm, ψ is 10◦ and
θ is 0◦; (d) aoff is 10µm, ψ is 20◦ and θ is 45◦; (e) aoff is 10µm, ψ is 10◦ and θ is 90◦. The
top figures in (a)-(e) are the experimental results; the bottom ones present the simulation
results.

Utilizing the Cadence Tool Suite (Virtuoso Environment 5.10.41), the VCSEL-MMF

link is simulated based on the proposed model. The parameters used in the simulation are

summarized in Table 4.1, which values are extracted from the devices’ datasheets,

publications [86, 111,126,132,143,144], experimental measurement, and parameter fitting.

In the experimental setup, multimode fibers manufactured by Corning Inc., with the

length 100 m and 200 m, are used for the transmission. A 25 Gbps PRBS7 NRZ signal is

generated by the pulse pattern generator (Anritsu MU181020A) combined with a multiplexer

(Anritsu MU1813A). Eye diagrams for center launch (no tilt nor offset) in experiments and
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Table 4.1: Parameters Used in the Simulation.

Symbol Description Value Symbol Description Value

av
VCSEL oxide

aperture radius 3µm λc Central wavelength 852 nm

na VCSEL core RI 3.6 rpd
PD active area
radius 40µm

nc
VCSEL cladding

RI 3.59 ηpd Quantum efficiency 0.87

R GI-MMF core
radius 25µm RS

PD contact
resistance 0.72mΩ

n1
GI-MMF core peak

RI
1.47

(at 850 nm)
Rsh

PD shunt junction
resistance 430kΩ

n2
GI-MMF cladding

RI
1.45

(at 850 nm)
Csh

PD shunt junction
capacitance 0.18 pF

α
RI profile
parameter 2 Cb

PD parasitic
capacitance 98 fF

γ0
Attenuation
coefficient

0.53×10−3/m
(at 850 nm) Lb

PD parasitic
inductance 0.44 nH

ρ
Order of Bessel

function 9 Id Dark current 0.1 nA

η
Attenuation

weighting constant 7.35 Kf
Flicker noise
coefficient 1×10−12

S0
Zero-dispersion

slope
0.101

ps/(nm2·km) εf
Flicker noise
exponent 1

λ0
Zero-dispersion

wavelength 1310 nm γf

Flicker noise
frequency
coefficient

1

κPMN
Mode partition

parameter 0.03

simulations are shown in Fig. 4.10. Fig. 4.11 plots peak-to-peak jitters, bit error rates

(BERs) and eye-opening ratios versus fiber lengths. In the experiment, the peak-to-peak

jitters are 13.9 ps, 16.5 ps and 20.0 ps for the back-to-back, 100 m and 200 m transmission,

respectively, while the corresponding jitters are 14.1 ps, 16.6 ps and 19.8 ps in the simulation.
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The experimental BERs are 3.3×10−7, 5.3×10−6, and 1.3×10−4 for the B2B, 100 m and

200 m transmission, while BERs in the simulation are 3.5×10−7, 5.4×10−6, and 1.3×10−4.

The BER values are limited by the parasitic bandwidth of the wired-bonded VCSEL [14] and

expect to have lower values using the large-bandwidth VCSELs [4, 145]. The eye-opening

ratio is an important metric to show the eye diagram quality [146, 147]. The vertical eye-

opening ratio (a ratio of the eye height to the amplitude difference between one and zero

logical levels) measured in the experiment are 0.379, 0.287 and 0.170 for the B2B, 100 m and

200 m transmission, while the simulation results are 0.382, 0.289 and 0.167. The horizontal

eye-opening ratios normalized to the unit interval are 0.653, 0.588 and 0.500 for the B2B,

100 m and 200 m transmission, while the simulation results are 0.648, 0.585 and 0.505. The

experiment and simulation have satisfactory match, which validates that the proposed model

have strong ability to predict the transmission performance.

To validate the launch condition sensitivity of the proposed model, a coupling condition

is realized with aoff = 10µm, ψ = 20◦ and θ = 45◦. Fig. 4.12 shows the eye diagrams for the

center launch and the given launch. Due to misalignment, the amplitude of the PD output

signal is approximately 25 mV, less than 110 mV relative to the center launch. However,

fewer modes are excited so that mode-dependent signal distortion is effectively suppressed.

With the fiber length 200 m, the experimental BER is 2.3×10−6, while the simulation result

is 2.5×10−6. The experimental vertical eye-opening ratio is 0.337 and the horizontal eye-

opening ratio normalized by the unit interval is 0.631. The values of 0.331 for the vertical eye-
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Fig. 4.10: Eye diagrams for B2B, 100 m, and 200 m transmission. aoff is 0µm, ψ is 0◦ and
θ is 0◦.

opening ratio and 0.636 for the horizontal eye-opening ratio are obtained in the simulation.

The peak-to-peak timing jitter values in the measurement and simulation are 14.8 ps and

14.5 ps, respectively. The simulation results match the experiment and validate the ability of

the model to simulate the transmission performance with arbitrary launch conditions. The

mode power distributions under the center launch and the given misalignment launch are

shown in Fig. 4.13. Compared to the center launch, the misalignment launch improves the

transmission performance, but the additional attenuation resulting from coupling loss needs

to be compensated.
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Fig. 4.11: The fiber length versus jitters, BERs, and eye-opening ratios in the experiment
(in orange) and simulation (in blue).

4.7 Impact of Launching Conditions on Mode Power

Distribution

Mode power distribution (MPD) is of vital significance due to mode-dependent propagation

characteristics over the MMF. When different launch conditions are applied, the model can

evaluate the corresponding MPD and determine the optimum coupling scheme of

VCSEL-MMF links. In Fig. 4.14, mode power distributions induced by a multimode

VCSEL are shown, with only the radial offset aoff included. With an increase in radial

offset, higher-order mode groups obtain more power, which matches our expectation for the
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Fig. 4.12: (a) Eye diagrams for 200 m transmission where aoff is 0µm, ψ is 0◦ and θ is 0◦.
(b) Eye diagrams for 200 m transmission where aoff is 10µm, ψ is 20◦ and θ is 45◦.

Fig. 4.13: Mode power distribution at the fiber input facet. The top plot refers to the
center launch, while the bottom one corresponds to the misalignment launch with aoff =
10µm, ψ = 20◦ and θ = 45◦.
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offset excitation. Fig. 4.15 shows the effective modal bandwidths for different radial offsets

without including fiber mode mixing and MPN. The horizontal axis is normalized to the

bandwidth-distance product of the center launch. Compared to the center launch, the

bandwidth-distance product of the MMF link has a 1.1-fold, 1.4-fold and 1.8-fold

improvement for radial offsets of 10µm, 15µm and 20µm, respectively. MPD patterns of

Fig. 4.14: (a)-(d) The mode power distribution only with the radial offset: (a) The offset is
0µm (center launch); (b) the offset is 10µm; (c) the offset is 15µm; (d) the offset is 20µm.

purely angular launch are shown in Fig. 4.16 for angular tilts of 0◦, 5◦, 10◦ and 15◦. When

ψ is 15◦, low-order mode groups vanish, and the power concentrates on high-order guided

mode groups. As a result, the bandwidth-distance product improves by 3.5-fold as seen in

Fig. 4.17. Based on Fig. 4.15 and Fig. 4.17, the tilt tuning plays a better role for the

control of selective mode excitation, due to the limited impact of radial offsets.
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Fig. 4.15: The frequency response for different radial offsets.

Fig. 4.16: (a)-(d) The mode power distribution only with tilt ψ: (a) ψ is 0◦ (center launch);
(b) ψ is 5◦; (c) ψ is 10◦; (d) ψ is 15◦.

When the radial offset aoff and the tilt ψ are simultaneously changed, the MPD can

be optimally controlled. MPD figures are plotted in Fig. 4.18 (a)-(c) and (d)-(f). In (a)-

(c), aoff is fixed at 10µm, and the values of ψ are 5◦, 10◦ and 15◦, respectively. With the
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Fig. 4.17: The frequency response for different angular tilts.

same radial offset, higher-order mode groups are excited with a larger ψ, which matches

the conclusion of purely angular launch. This result is explained by the fact that the input

beam has a better overlap with the high-order MMF modes for large angular tilts. However,

the improvement of the bandwidth-distance product for 15◦ is only 1.5-fold over the center

launch. In (d)-(f), the tilt ψ is fixed to 10◦, and aoff is varied to 5µm, 10µm, and 15µm,

respectively. The lower-order mode groups obtain even more portion of power for a larger

radial offset. Therefore, the bandwidth-distance product decreases with the radial offset

increasing, as shown in Fig. 4.19(b). The reason is that the radial offset is counteracted

by the angular tilt misalignment, which implies the combination of a radial offset and an

angular tilt does not necessarily result in expected high-order-mode excitation.

Finally, Fig. 4.20 shows MPD patterns, with a radial offset aoff , tilt ψ, and tilt θ

concurrently analyzed. aoff is fixed at 10µm; ψ is fixed at 10◦; the values of θ are 45◦, 90◦,
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Fig. 4.18: (a)-(c) The mode power distribution with a fixed radial offset of 10µm and
varied tilts ψ: (a) ψ is 5◦; (b) ψ is 10◦; (c) ψ is 15◦. (d)-(f) The mode power distribution
with a fixed angular tilt (10◦) and changed radial offsets: (d) aoff is 5µm; (e) aoff is 10µm;
(f) aoff is 15µm.

Fig. 4.19: (a) The corresponding frequency response for different angular tilts. (b) The
corresponding frequency response for different radial offsets.

135◦ or 180◦. Higher-order mode groups are excited by a larger tilt θ. The modal bandwidths

under these launch conditions are shown in Fig. 4.21(a). The bandwidth-distance product
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Fig. 4.20: (a)-(d) The mode power distribution with aoff , ψ and θ concurrently analyzed:
(a) aoff is 10µm, ψ is 10◦ and θ is 45◦; (b) aoff is 10µm, ψ is 10◦, and θ is 90◦; (c) aoff is
10µm, ψ is 10◦ and θ is 135◦; (d) aoff is 10µm, ψ is 10◦ and θ is 180◦.

Fig. 4.21: (a) The frequency response for different θ values. (b) Eye diagrams of 25 Gbps
NRZ after 200 m transmission. The launch conditions are: (top) aoff =10µm, ψ=10◦, θ
=0◦; (bottom) aoff =10µm, ψ=10◦, θ =180◦.
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increases with the increasing value of θ. When aoff is 10µm, ψ is 10◦ and ψ is 180◦,

the bandwidth-distance product has a 3.8-fold improvement over the center launch. The

additional coupling loss is 4.5 dB of due to lower coupling efficiency from the laser to the

fiber. Fig. 4.21(b) displays simulated eye diagrams for 25 Gbps NRZ transmission over 200 m

fiber length, with ψ of 0◦ (corresponding to the magenta curve in Fig. 4.21(a)) and 180◦

(corresponding to the aqua curve). The vertical and horizontal eye-opening ratios of the

top eye diagram are 0.17 and 0.56, respectively. The bottom one is more widely open by

virtue of better selective mode excitation, with the vertical eye-opening ratio of 0.32 and the

horizontal eye-opening ratio of 0.62. The results are based on simulation only and provide

a sense of the possible improvement in the frequency-distance curves with respect to launch

conditions.

4.8 Conclusion

A spectral-dependent VCSEL-MMF link model is proposed for the next-generation

high-speed interconnects. Spectral-dependent coupling analysis is realized with the offset

and tilt angles included. The coupling model is sensitive to mechanical misalignments

(radial offset, axial offset, and 3-dimensional tilt) and optical spectra. With

mode-dependent fiber effects explained, the signal evolution over the MMF is simulated by

an advanced split-step small-segment method. In addition, the equivalent circuit model of

a wavelength-sensitive PD, matching the multi-wavelength characteristic of the VCSEL,
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realizes opto-electric conversion. The link model is validated using a 25 Gbps NRZ

transmission experiment. Measured eye diagrams and bit error rates show good agreement

with the simulation. While small-signal measurements have not been done, it is considered

in future work. A CMOS-compatible electronic-photonic simulation platform is built in

Cadence tool suits to help users design their devices. The model verifies that the

misalignment launch can improve the effective modal bandwidth greatly compared to the

conventional center launch (e.g. 3.8-fold improvement with aoff of 10µm, ψ is 10◦ and θ is

180◦), although the concomitant additional attenuation needs compensation. As one of the

applications, it can be used to explore the optimum 3-D coupling solution of VCSEL-MMF

links. With the transfer matrix representing the optical system between the VCSEL and

the MMF, our model also provides a strong tool for optimizing components in the

practically produced multimode optical module, such as the focal length of a lens inserted

between the VCSEL and the MMF. While a typical VCSEL was used in this work, with

the Monte Carlo simulation, the statistical variations in the VCSEL parameters can be

included in the model to investigate the variances in the performance obtained with various

launch conditions.



104

Chapter 5

Analytical Expressions for Coupling

Coefficients into GI Fibers
The closed-form analytical expressions of the power coupling coefficients are derived for a

Laguerre-Gaussian beam coupled into a graded-index (GI) fiber with either central, offset,

or tilted launch. The expressions are further generalized to an arbitrary launching

condition with the radial offset and the three-dimension angular tilt simultaneously

occurring. The analytical results are in good agreement with the numerical ones and can

be applied to manufactured graded-index multimode fibers with an index exponent

parameter from 1.8 to 2.2. Using the derived analytical expressions, the computation time

shortens by at least a four-order of magnitude compared to conventional numerical

methods. The work presented in this chapter has been published as a journal paper in

IEEE Journal of Lightwave Technology [16].
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5.1 Introduction

The Laguerre-Gaussian (LG)-beam modal decomposition attracts increased research interest

due to its wide applications in optical communication, such as mode selective excitation

[148, 149] and mode division multiplexing [87, 150]. Compared to step-index fiber, graded-

index (GI) fiber has lower modal dispersion and lower mode mixing [151]. Therefore, the

latter is an optimum choice for communications applications, while the former is more used

in optical sensors [152] and fiber lasers [153]. Mode power distribution, which is strongly

dependent on the launch conditions between the modes of the LG beam and fiber modes, play

a determinative role for these applications [15]. A lot of works explored the optimum mode

power distributions [15, 79, 81, 121, 154, 155]. Diverse launch techniques, such as an offset

launch [79], mode-field matched center launch [155] and tilted launch [81] are proposed and

developed.

The power coupling coefficients, a significant metric to quantify the mode power

distribution, can be derived numerically by solving the overlap integral of two coupling

modes [79]. Analytical solutions provide qualitative understanding of the coupling

mechanisms and parametric dependencies. Additionally, the closed-form analytical

expressions using a determined number of standard mathematical expressions avoid heavy

numerical computations leading to significantly reduced computation time. Also, compared

with numerical methods, it is more convenient to program analytical solutions in
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mathematical calculation software. In 2010, Amphawan, et al. in [119] proposed an

analytical derivation of the power coupling coefficient for an offset launch of the

fundamental Gaussian beam in a graded index MMF. In addition, an analytical expression

is derived in [81] when a tilted Gaussian beam is coupled into the fiber. However, the

analytical expressions in [81] and [119] only applies to the Gaussian beam, which can be

regarded as a special case of the LG beam.

The LG beam shows more application potentials. For example, LG beams with

different azimuthal indices provide access to optical orbital angular momentum

multiplexing [156], and high-order LG beams also increase the transmission capacity

through fiber spatial division multiplexing (SDM) techniques [157]. An analytical

expression of the power coupling coefficient for the LG beam launch meets these

applications. In addition, to better make use of the fiber channel, launch conditions are

required to simultaneously include beam offset and tilts. The launch conditions in

references [81,119] consider only one alignment dimension at a time (the radial offset or the

angular tilt) of the beam at the fiber input facet. Moreover, their launch positions are

restricted to the beam waist plane not accounting for the beam propagation. Analytical

expressions of coupling coefficients are proposed for an arbitrary launch condition when a

LG beam is launched into the graded-index fiber.

Closed-form analytical expressions of power coupling coefficients are derived, when an

LG beam is launched into a weakly-guided graded-index fiber employing a central launch,
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an offset launch, and a tilted launch. Then the expressions are generalized to an arbitrary

launch condition. The rest of the chapter is organized as follows. Section 5.2 shows the

theoretical basis for the analytical expressions of power coupling coefficients. The

preliminary concepts of Laguerre-Gaussian modes, linearly polarized (LP) modes, launch

conditions, and power coupling coefficients are introduced. In Section 5.3, for different

launch conditions, their analytical expressions are derived. More specifically, in Section

5.3.1, the obtained analytical expression corresponds to the center launch; in Section 5.3.2

and 5.3.3, the analytical results are derived for the offset and tilted launch, respectively. In

Section 5.3.4, a more generalized expression is presented under an arbitrary launch

condition including both radial offset and angular tilt of the beam at the fiber facet.

Section 5.4 compares the power coupling coefficients from the derived analytical expressions

with those from the numerical finite difference method, validating analytical expressions. It

is shown that the analytical expressions are applicable to manufactured MMF with profile

parameters between 1.8 and 2.2. The computation times of both analytical and numerical

methods are presented and compared. In Section 5.5, a summary is presented.
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5.2 Theory Principles

5.2.1 Laguerre-Gaussian Beam Model

Surface emitting optical sources such as VCSELs generate optical beams that may be

modeled as Laguerre-Gaussian (LG) modes [158], solutions to the complex paraxial

Helmholtz partial differential equation in the cylindrical coordinate system (r,ϕ,z) [128].

The LG modes with the radial and azimuthal indices p and l, as expressed in (5.1), form a

complete and orthogonal basis set, where i is the imaginary unit:

LGp,l (r, ϕ, z) = C

ω1
·

√2r
ω1

|l|·L|l|p
(

2r2

ω12

)

· exp
(
− r2

ω12 − i(k
r2

2R1
+kz − Φ)− ilϕ

) (5.1)

where

C =

√√√√ 2·Γ (p+1)
π·Γ

(
p+ |l|+1

) ,
Γ (p+ 1) = p! (p ∈ Z) .

The wavenumber k is the spatial frequency of the mode equals to 2π/λ where λ is the

wavelength in the medium. L|l|p (·) is the generalized Laguerre polynomial. For a given LG

mode, ω1 denotes the beam spot size at z, R1 is the radius of curvature of the beam wavefront

that intersects the beam axis at z, and Φ is the Gouy phase shift of the Laguere-Gaussian
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beam. The normalization constant C is derived by normalizing the intensity of the LG mode∣∣∣LGp,l

∣∣∣2 as in (5.2): ∫ +∞

0

∫ 2π

0

∣∣∣LGp,l

∣∣∣2rdrdϕ = 1. (5.2)

For different azimuthal and radial indices, the mode spatial field distributions in the r-φ

plane are shown in Fig. 5.1. The azimuthal index l represents the number of 2π phase

changes along one closed circle around the optical axis. The radial index p describes the

radial distribution of a given LG optical mode and represents the number of nulls radially.

A Gaussian optical mode is a special case of the Laguerre-Gaussian optical modes where the

values of the azimuthal and radial indices are equal to zero (l=p=0).

5.2.2 Electrical Field Distribution in Weakly-guided Fiber

The graded-index optical fiber, first invented by Jun-ichi Nishizawa [159], has a refractive

index profile described by (5.3),

n(r)=


n1·
√

1− 2·∆·
(
r

R

)α
, 0 ≤ r < R

n2 , R ≤ r ≤ RC

(5.3)

where n1 is the refractive index along the fiber axis, n2 is the cladding refractive index,

∆=(n1 − n2)
/
n1 is the profile height parameter, R is the MMF core radius, RC is the

cladding radius, and α is the index parameter. For commercially manufactured fiber, α
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Fig. 5.1: Spatial distribution in the r − ϕ plane of the Laguerre-Gaussian (LG) beams for
different azimuthal and radial indices with their corresponding intensity, phase, and electrical
field amplitude profile. For the amplitude profile, the x-axis is normalized to the beam spot
size, and y-axis is normalized to the maximum field amplitude.

ranges approximately from 1.8 to 2.2 [119].

Under the weakly-guidance approximation, the transverse electrical field satisfies the

following scalar wave equation,

(
∇2 + k2n(r)2 − β2

)
·Ψs,t = 0 (5.4)

where ∇2 is the transverse Laplacian operator, β is the scalar propagation constant, and
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Ψs,t is the transverse electric field with the fiber mode azimuthal index s and radial index t.

Equation (5.4) has no closed-form solutions for Ψs,t with the exception of the infinite

parabolic profile [127]. With the assumption of an infinite parabolic refractive index profile,

a closed-form analytical solution for the fiber mode electrical field is obtained in (5.5). The

analytical solution in (5.5) is a good approximation for the mode electric field in a

commercially manufactured graded-index fiber with α ranging from 1.8 to 2.2 [160]. As

examples, the electric field amplitude profiles of the LP01 even mode and the LP45 even

mode for finite α-exponent and infinite parabolic refractive indices are shown in Fig. 5.2a

and Fig. 5.2b, respectively. The electric fields for finite α-exponent refractive indices are in

good agreement with those for the infinite parabolic profile both in Fig. 5.2a and Fig. 5.2b.

To quantify the degree of agreement, the correlation coefficients of electric fields between

finite α-exponent profiles and the infinite parabolic profile are calculated and illustrated in

Fig. 5.2c. All values are larger than 0.995, validating our results.

Ψχ
s,t (r, ϕ) =B·

(
r

R

)s
·Lst−1

(
V r2

R2

)
· exp

(
−V r

2

2R2

)

·


cos (sϕ) , when χ is ′e′(even)

sin (sϕ) , when χ is ′o′(odd)

(5.5)

B= 1
R

√√√√√ 2V s+1·Γ(t)(
1 + δ0,s

)
π·Γ(s+ t)

(5.6)

V is the normalization frequency given by V=2πn1
√

2∆R/λ. The superscript χ is either ′e′
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(a) (b)

(c)

Fig. 5.2: (a) The electrical field amplitude of the LP01 even mode for the finite α-exponent
refractive index profiles (dash curves) and the infinite parabolic refractive index profiles (solid
curves). (b) The electrical field amplitude of the LP45 even mode for the finite α-exponent
refractive index profiles (dash curves) and the infinite parabolic refractive index profiles
(solid curves). (c) The correlation coefficients between the finite α-exponent refractive index
profiles and the infinite parabolic refractive index profiles with α ranging from 1.8 to 2.2.
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or ′o′ denoting the even (cosine) or odd (sine) mode solution. B is a normalization constant

described in (5.6), where δ is the Kronecker delta function. With this normalization constant,
∫+∞

0
∫ 2π

0

∣∣∣Ψs,t

∣∣∣2rdrdϕ=1 for all combinations of s and t, and the gamma function Γ(·) has

the same definition as in (5.1). It is worth mentioning that the circular symmetric mode

with eisϕ is also a solution of the scalar wave equation, which is equivalent to Ψ′e′s,t+i·Ψ
′o′
s,t.

In the application of SDM, even and odd modes are widely used for transmission channels;

therefore I prefer the even and odd modes rather than the circular modes.

5.2.3 Power Coupling Coefficient

The description of the beam launch condition into the fiber in three-dimension free space

is shown in Fig. 5.3. The point O is the center of the fiber input facet, the point P is the

center of the LG beam source, and the point A is the projection of P at the fiber input

facet. The point B is the intersection point between the fiber input facet and the beam axis

of the LG beam emitted from point P. The launch condition considers four parameters: the

longitudinal distance z0=PA, the radial offset aoff=OB, the incidence tilt angle ψ=∠APB,

and the azimuthal tilt angle θ=∠ABO. The positive x-axis of the fiber Cartesian coordinate

system is defined to be along the direction of aoff , i.e., from the point O to the point B;

thus, aoff≥0. By combination of these parameters, the launch conditions cover the entire

free space over the fiber input facet.

The calculation of the power coupling coefficient requires that the LG beam and fiber
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Fig. 5.3: Illustration of launch condition at the fiber surface (blue dash line). P is the
center of the LG beam source; A is the projection of P on the fiber surface; B is the beam
incident point; O is the center of the fiber input facet.

transverse electrical field be in the same coordinate system. The incidence tilt angle ψ is

small in practical laser-fiber coupling structures to realize large coupling efficiencies. Based

on this fact, the LG beam at the fiber input facet, Ep,l, is expressed in the fiber coordinate

system as (5.7),

Ep,l (r, ϕ) = LGp,l (r̃, ϕ̃, z̃) (5.7)

where

r̃2 = r2 + aoff
2 − 2aoffr cosϕ,

r̃·eiϕ̃ = e−iθ·
(
r·eiϕ − aoff

)
,

z̃ = r sinψ cos (ϕ− θ)− aoff sinψ cos θ + z0

cosψ.

The field coupling coefficient, cp,ls,t,χ, between the normalized Laguerre-Gaussian mode in
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(5.7) and the normalized MMF mode in (5.5) is obtained using the overlap integral as follows:

cp,ls,t,χ =
∫ +∞

0

∫ 2π

0
Ep,l(r, ϕ)·Ψχ

s,t(r, ϕ)∗rdrdϕ. (5.8)

The relation between the power coupling coefficient, ηp,ls,t,χ, and the field coupling

coefficient, cp,ls,t,χ, is expressed in (5.9):

ηp,ls,t,χ=
∣∣∣cp,ls,t,χ∣∣∣2. (5.9)

5.3 Analytical Coupling-coefficient Expressions

In this section, the closed-form analytical expressions of cp,ls,t,χ are obtained for the center

launch (Section 5.3.1), the offset launch (Section 5.3.2), the tilted launch (Section 5.3.3),

and the generalized launch (Section 5.3.4), respectively. The derivation steps follow the flow

chart outlined in Fig. 5.4, where the overlap integral (5.8) is split into the ϕ-component

integral part and the r-component integral part to reach the final solution.

5.3.1 Center Launch

For a central launch, the beam excites the fiber modes exactly at the center of the fiber

input facet without any misalignment between the optical source and the fiber. In this case,

aoff=0, ψ=0, and θ=0. The expression of the LG beam over the fiber input facet accounts
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Fig. 5.4: The flow chart describing the derivation steps of the analytical expressions.

only for the longitudinal distance z=z0. The coupling coefficient between the LG beam and

the LP even (cosine) mode can be found using (5.8) with the ϕ-component integral part

rewritten as: ∫ 2π

0
exp (−ilϕ) cos (sϕ) dϕ=π·

(
1 + δ0,l

)
·δ|l|,s. (5.10)

The delta function δ in (5.10) characterizes the orthogonality of the trigonometrical functions;

thus, |l| and s must have identical values to make the coupling coefficient non-zero for the

central launch. Substituting the ϕ-component integral (5.10) into (5.8), the r-component

integral is written by reordering the terms as follows:

cp,ls,t,′e′=π
(
1 + δ0,l

)
δ|l|,se

(iΦ−ikz0)B·C
ω1

 √2
ω1R

|l|

·
∫ +∞

0

r2|l|+1·L|l|p
(

2r2

ω12

)
·L|l|t−1

(
V r2

R2

)

· exp
(
− r2

ω12 −
V r2

2R2 − ik
r2

2R1

) dr.
(5.11)
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Letting ν = 2
ω12 , µ = V

R2 , b = ν + µ

2 + i
k

2R1
, x = r2, and using the integral formula in

[ [141], Equation 7.414-4], the integral term may be rewritten as

1
2

∫ +∞

0
x|l|·L|l|p (νx)·L|l|t−1 (µx) · exp (−bx) dx,

for which the solution is

1
2 ·

Γ
(
p+ t+ |l|

)
Γ (p+1) Γ (t) ·

(b− ν)p(b− u)t−1

bp+t+|l|

· 2F1

(
−t+1,−p;−p−t− |l|+1; b(b−ν−µ)

(b−ν) (b−µ)

) (5.12)

where 2F1 (·) is the Gaussian hypergeometric function. Since t−1≥0, this Gaussian

hypergeometric function term has a closed-form expression (5.13) called Jacobi polynomials

of degree t−1 [161].

t−1∑
k=0

(−1)k
(
t− 1
k

)
Γ (p+ 1)

Γ (p− k + 1)

·Γ
(
p+ t+ |l| − k

)
Γ
(
p+ t+ |l|

) [
b(b− ν − µ)

(b− ν) (b− µ)

]k
(5.13)

The field coupling coefficient between the LG beam and the fiber LP even mode can thus



5. Analytical Expressions for Coupling Coefficients into GI Fibers 118

be rewritten from (5.11) as the following:

cp,ls,t,′e′ = eiΦ−ikz0·
(√

2
)|l|−2

π
(
1 + δ0,l

)
δ|l|,s

· B·C
ω1
|l|+1R|l|

·(b− ν)p(b− µ)t−1

bp+t+|l|
·
∑t−1

k=0

{
(−1)k

· Γ
(
p+ t+ |l| − k

)
Γ (k + 1) Γ (t− k) Γ (p− k + 1)

[
b (b− ν − µ)

(b− ν) (b− µ)

]k}
.

(5.14)

For the field coupling coefficient between the LG beam and the fiber LP odd (sine) mode,

its ϕ-component integral part is slightly different from (5.10), which is expressed as follows:

∫ 2π

0
exp (−ilϕ) sin (sϕ) dϕ=sgn(l)· − iπ

(
1−δ0,l

)
δ|l|,s (5.15)

where sgn(·) is the sign function. Following the same mathematical derivation, the closed-

form analytical expression for the fiber LP odd mode is written as (5.16):

cp,ls,t,′o′=eiΦ−ikz0−iπ2 ·
(√

2
)|l|−2

π
(
1− δ0,l

)
δ|l|,s

·sgn (l) · B·C
ω1
|l|+1R|l|

·(b− ν)p(b− µ)t−1

bp+t+|l|
·
∑t−1

k=0

{
(−1)k

· Γ
(
p+ t+ |l| − k

)
Γ (k + 1) Γ (t− k) Γ (p− k + 1)

[
b (b− ν − µ)

(b− ν) (b− µ)

]k}
.

(5.16)

The expressions (5.14) and (5.16) for the LP even and odd modes have a difference in

phase revealing that even and odd LP modes can act as separate sub-channels in MMF SDM

transmission.
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5.3.2 Offset Launch

In the case of an offset launch, the beam reaches the fiber facet with a radial offset aoff at

the fiber input surface while the tilt angles, ψ and θ, are zero. Based on the relation (5.7),

the expression of the LG beam at the fiber input facet for the offset launch is

Ep,l (r, ϕ) = C

ω1

√2
ω1

|l|[r·e−iϕ·sgn(l)−aoff
]|l|

· exp
(− 1

ω12−i
k

2R1

)(
r2 + aoff

2−2raoff cosϕ
)

·L|l|p

2
(
r2+aoff 2−2raoff cosϕ

)
ω12

 · exp (iΦ−ikz0) .

(5.17)

The following binomial formula (5.18) and the generalized Laguerre polynomial expansion

(5.19) are used for deriving the analytical expressions:

(a+ b)n =
∑n

k=0

(
n

k

)
akbn−k, n = 0, 1, 2 · · · , (5.18)

L|l|p (x) =
∑p

k=0 (−1)k
(
p+ |l|
p− k

)
xk

k! . (5.19)

As a result, (5.17) is transformed into (5.20). By using (5.18) and (5.19), (5.17) is

simplified into a form of polynomial expression, which paves the way towards the analytical
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solution of the coupling coefficients.

Ep,l (r, ϕ) = C

ω1
·

√2
ω1

|l|· exp (iΦ− ikz0)

·
∑|l|

j1=0

{(
|l|
j1

)[
r·e−iϕ·sgn(l)

]j1(−aoff)|l|−j1
}

· exp
(− 1

ω12−i
k

2R1

)(
r2+aoff 2−2raoff cosϕ

)
·
∑p

j2=0

∑j2

j3=0

[(
j2

j3

)(
p+ |l|
p− j2

)
(−2)j2
j2!ω12j2

·
(
r2+aoff 2

)j2−j3(−2raoff cosϕ
)j3]

(5.20)

Substituting the expressions (5.5) and (5.20) into (5.8), the coupling coefficient for the

fiber LP even mode is expressed below as (5.21) after some mathematical manipulations,

which includes a ϕ-component integral part and a r-component integral part:

cp,ls,t,′e′ =

(√
2
)|l|
B·C

ω1|l|+1·Rs
· exp (iΦ− ikz0)

· exp
(− 1

ω12 − i
k

2R1

)
aoff

2


·
∑|l|

j1=0

∑p

j2=0

∑j2

j3=0{(
|l|
j1

)(
p+ |l|
p− j2

)(
j2

j3

)
(−2)j22j3
j2!ω12j2

(
−aoff

)|l|−j1+j3

·
∫ +∞

0
rj1+j3+s+1·

(
r2+aoff 2

)j2−j3·Lst−1

(
V r2

R2

)

· exp
(
−αr2

)
dr

·
∫ 2π

0
exp

[
−i·j1·sgn (l) ·ϕ

]
·(cosϕ)j3 · cos (sϕ)

· exp
[
i·b·r· cos (ϕ)

]
dϕ

}

(5.21)
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where

α= 1
ω12 + V

2R2 +i k

2R1
,

b =
(
− 2
ω12 i+ k

R1

)
aoff .

Noticeably, the ϕ-component and r-component integral need to be transformed into the

analytical expressions. Before calculating the ϕ-component integral part of (5.21), a useful

equation (5.22) is obtained, based on the trigonometric product-to-sum formula and power-

reduction formula:

(cosϕ)m cos (qϕ) = 1
2m

∑m

k=0

(
m

k

)
cos

[
(q+2k−m)ϕ

]
. (5.22)

Using trigonometric transformation formulas, the ϕ-component integral part in (5.21),

denoted as f1, is simplified as (5.23):

f1= 1
2j3+1

∑j3

j4=0

(
j3

j4

)
·
∫ 2π

0
exp

[
i·b·r· cos (ϕ)

]
·
{

cos
[(
j1·sgn (l)− s+ 2j4 − j3

)
ϕ
]

+ cos
[(
j1·sgn (l) + s+ 2j4 − j3

)
ϕ
]}
dϕ.

(5.23)

Equation (5.23) is observed as an integral representation of the Bessel function. The
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Bessel function of the first kind, Jl(z), is given by (5.24) [141]:

1
2π

∫ 2π

0
exp

[
i·x· cos (ϕ)

]
cos(lϕ)dϕ = i|l|J|l| (x) . (5.24)

With (5.24), the ϕ-component integral is solved, and f1 is transformed into the Bessel-

function expression:

f1 = π

2j3 ·
∑j3

j4=0

(
j3

j4

)
·
[
iγ1Jγ1 (br) + iγ2Jγ2 (br)

]
(5.25)

where

γ1=
∣∣j1·sgn (l)− s+ 2j4 − j3

∣∣ ,
γ2=

∣∣j1·sgn (l) + s+ 2j4 − j3
∣∣ .

The two terms with γ1 and γ2 in (5.25) correspond to the circular symmetric LP modes

with the phase terms e−isϕ and eisϕ, another complete set of solutions of the fiber scalar

wave equation (5.4). The r-component integral part, represented by f2, can be transformed

into (5.26) using the binomial formula (5.18) and the polynomial expansion (5.19):

f2=
∑j2−j3

j5=0

(
j2 − j3

j5

)(
aoff

)2j2−2j3−2j5

·
∑t−1

j6=0

{(
t− 1 + s

t− 1− j6

)
· 1
j6! ·

(−V )j6
R2j6

·
∫+∞

0 exp
(
−αr2

)
·rµ·

[
iγ1Jγ1 (br) +iγ2Jγ2 (br)

]
dr

} (5.26)
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where

µ = j1 + j3 + s+ 1 + 2j5 + 2j6.

According to the following integral formula (5.27) [22, Equation 6.631],

∫+∞
0 xµ exp

(
−αx2

)
Jν (bx) dx

= bνα−
ν+µ+1

2

2ν+1Γ (ν + 1) ·Γ
(
ν + µ+ 1

2

)

·1F1

(
ν + µ+ 1

2 ; ν + 1;− b
2

4α

) (5.27)

the integral f2 is rewritten below with the last term modified where 1F1 is the confluent

hypergeometric function. q could be 1 or 2, corresponding to the two added terms in (5.23)

after the trigonometric product-to-sum operation, respectively.

f2=
∑j2−j3

j5=0

(
j2 − j3

j5

)(
aoff

)2j2−2j3−2j5

·
∑t−1

j6=0

{(
t− 1 + s

t− 1− j6

)
1
j6!

(−V )j6
R2j6

·
∑2

q=1

 α− γq+µ+1
2 iγqbγq

2γq+1Γ
(
γq + 1

) ·Γ(γq + µ+ 1
2

)

·1F1

(
γq + µ+ 1

2 ; γq + 1;− b
2

4α

)}
(5.28)

The field coupling coefficient between the LG beam and the fiber LP even mode for the

offset launch defined in (5.21) is expressed with the integral parts of the ϕ-component and



5. Analytical Expressions for Coupling Coefficients into GI Fibers 124

the r-component rewritten, as summarized below in (5.29):

cp,ls,t,′e′ = exp (iΦ− ikz0)

·

(√
2
)|l|
π·B·C

ω1|l|+1·Rs
exp

(− 1
ω12 − i

k

2R1

)
aoff

2


·
∑|l|

j1=0

∑p

j2=0

∑j2

j3=0

∑j3

j4=0

∑j2−j3
j5=0

∑t−1
j6=0{(

|l|
j1

)(
p+ |l|
p−j2

)(
j2

j3

)(
j3

j4

)(
j2−j3

j5

)(
t−1+s
t−1−j6

)

· (−2)j2
j2!ω12j2

1
j6!

(
− V

R2

)j6(
−aoff

)|l|−j1+2j2−j3−2j5

·
∑2

q=1

[
α−

γq+µ+1
2 iγqbγq

2γq+1Γ
(
γq + 1

) ·Γ(γq + µ+ 1
2

)

·1F1

(
γq + µ+ 1

2 ; γq + 1;− b
2

4α

)]}
.

(5.29)

It is worth noting that 1F1 is a non-elementary function in principle, but the term 1F1 in

(5.29) can be given by a closed-form analytical expression (see Appendix A).

Concerning the coupling coefficient for the LP odd mode, the whole derivation is almost
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identical to that for the even mode, so its expression is directly given in (5.30):

cp,ls,t,′o′ = exp
(
iΦ− ikz0 + iπ2

)
·

(√
2
)|l|
π·B·C

ω1|l|+1·Rs
exp

(− 1
ω12 − i

k

2R1

)
aoff

2


·
∑|l|

j1=0

∑p

j2=0

∑j2

j3=0

∑j3

j4=0

∑j2−j3
j5=0

∑t−1
j6=0{(

|l|
j1

)(
p+ |l|
p−j2

)(
j2

j3

)(
j3

j4

)(
j2−j3

j5

)(
t−1+s
t−1−j6

)

· (−2)j2
j2!ω12j2

1
j6!

(
− V

R2

)j6(
−aoff

)|l|−j1+2j2−j3−2j5

·
∑2

q=1

[
α−

γq+µ+1
2 (−1)qiγqbγq

2γq+1Γ
(
γq + 1

) ·Γ
(
γq + µ+ 1

2

)

·1F1

(
γq + µ+ 1

2 ; γq + 1;− b
2

4α

)]}
.

(5.30)

5.3.3 Tilted Launch

For the tilted launch, the beam reaches the fiber input facet with a small tilt angle ψ. The

x-axis direction in the fiber coordinate system is defined to coincide with the line AB in Fig.

5.3 when aoff is zero. In such case, the expression of the LG beam over the fiber input facet

is described as

Ep,l (r, ϕ) = C

ω1
·

√2r
ω1

|l|·L|l|p
(

2r2

ω12

)

· exp
(
− r2

ω12−i(k
r2

2R1
+k z0

cosψ−Φ)−ilϕ
)

· exp (−ikr sinψ cosϕ) .

(5.31)

Substituting (5.5) and (5.31) into (5.8), the coupling coefficient for the fiber LP even
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mode is expressed in (5.32):

cp,ls,t,′e′=
∫ +∞

0

C

ω1
·

√2r
ω1

|l|·L|l|p
(

2r2

ω12

)

· exp
(
− r2

ω12−i(k
r2

2R1
+k z0

cosψ−Φ)
)

·B·
(
r

R

)s
·Lst−1

(
V r2

R2

)
· exp

(
−V r

2

2R2

)
·rdr

·
∫ 2π

0
exp (−ilϕ−ikr sinψ cosϕ)· cos (sϕ) dϕ .

(5.32)

Using the relation (5.24) for the Bessel function, the ϕ-component integral part, denoted

as f1, is simplified in its expression (5.33).

f1=(−i)|s−l|πJ|s−l| (k· sinψ·r) +(−i)|s+l|πJ|s+l| (k· sinψ·r) (5.33)

With the ϕ-component integral rewritten, (5.32) is reorganized into the following

expression (5.34) with (5.33):

cp,ls,t,′e′= exp
(
iΦ−ik z0

cosψ

)
π·B·C
ω1

√2
ω1

|l|( 1
R

)s

·
∫ +∞

0
r|l|+s+1·L|l|p

(
2r2

ω12

)
·Lst−1

(
V ·r2

R2

)

· exp
(
− r2

ω12−
V

2R2 r
2−i k

2R1
r2
)

·
[
(−i)|s−l|J|s−l| (k· sinψ·r)

+(−i)|s+l|J|s+l| (k· sinψ·r)
]
dr.

(5.34)
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Expanding the Laguerre polynomials using the series (5.35),

L|l|p
(

2r2

ω12

)
· Lst−1

(
V r2

R2

)

=
∑p

j1=0

∑t−1
j2=0

[(
p+ |l|
p−j1

)(
t−1+s
t−1−j2

)

· 1
j1!j2!

(
−2r2

ω12

)j1(
−V r

2

R2

)j2]
(5.35)

and using the relation (5.27), the r-component integral is solved. The coupling coefficient

into the fiber LP even mode for the tilted launch is presented in (5.36):

cp,ls,t,′e′= exp
(
iΦ−ik z0

cosψ

)
π·B·C
ω1

√2
ω1

|l|( 1
R

)s

·
∑p

j1=0

∑t−1
j2=0

{(
p+ |l|
p−j1

)(
t−1+s
t−1−j2

)

· 1
j1!j2!

(
− 2
ω12

)j1(
− V

R2

)j2

·
∑2

q=1

[
α−

γq+µ+1
2 (−i)

γq
bγq

2γq+1Γ
(
γq+1

) ·Γ(γq+µ+1
2

)

·1F1

(
γq+µ+1

2 ; γq+1;− b
2

4α

)]}

(5.36)

where

α = 1
ω12 + V

2R2 + i
k

2R1
,

b = k sinψ,

µ = |l|+ s+ 1+2j1 + 2j2,
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γ1 = |s− l| ,

γ2 = |s+ l| .

Likewise, the coupling coefficient into the fiber LP odd mode for the tilted launch is

expressed in (5.37):

cp,ls,t,′o′= exp
(
iΦ−ik z0

cosψ+iπ2

)
π·B·C
ω1

√2
ω1

|l|( 1
R

)s

·
∑p

j1=0

∑t−1
j2=0

{(
p+ |l|
p−j1

)(
t−1+s
t−1−j2

)

· 1
j1!j2!

(
− 2
ω12

)j1(
− V

R2

)j2

·
∑2

q=1

[
α−

γq+µ+1
2 (−1)q (−i)

γq
bγq

2γq+1Γ
(
γq+1

) ·Γ
(
γq+µ+1

2

)

·1F1

(
γq+µ+1

2 ; γq+1;− b
2

4α

)]}
.

(5.37)

Additionally, the analytical expression of the coupling coefficient for the circular

symmetric mode can also be obtained from (5.36) and (5.37) using 1+δ0,s
2 ·(cp,ls,t,′e′−i·c

p,l
s,t,′o′).

5.3.4 Generalized Launch

For a more generalized launch condition, as illustrated in Fig. 5.3, the beam arrives at the

fiber input surface with misalignment values aoff , ψ, and θ. In fact, the offset launch derived

in Section 5.3.2 and the tilted launch derived in Section 5.3.3 can be seen as two special cases.

Under the generalized launch, the expression of the LG beam over the fiber input facet is
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expressed in (5.38) using the fiber cylindrical coordinate system:

Ep,l=
C

ω1

√2
ω1

|l|[eiθsgn(l)
(
r·e−iϕ·sgn(l)−aoff

)]|l|

· exp
(− 1

ω12−i
k

2R1

)(
r2+aoff 2−2raoff cosϕ

)
·L|l|p

2
(
r2+aoff 2−2raoff cosϕ

)
ω12


· exp

[
−ik sinψr cos (ϕ−θ) +ikaoff sinψ cos θ

]
· exp

(
i·Φ−ik z0

cosψ

)
.

(5.38)

Applying the binomial formula (5.18) and the Laguerre polynomial expansion (5.19), the

expression (5.38) is rewritten as follows:

Ep,l=
C

ω1
·

√2
ω1

|l|· exp
(
i·Φ−ik z0

cosψ

)
·ei·θ·l

· exp
[
−ik sinψr cos (ϕ−θ) +ikaoff sinψ cos θ

]
· exp

(− 1
ω12−i

k

2R1

)(
r2+aoff 2−2raoff cosϕ

)
·
∑|l|

j1=0


(
|l|
j1

)[
r·e−iϕ·sgn(l)

]j1(−aoff)|l|−j1


·
∑p

j2=0

{(
p+ |l|
p−j2

)
(−2)j2
j2!ω12j2

·
∑j2

j3=0

[(
j2

j3

)

·
(
r2+aoff 2

)j2−j3(−2raoff cosϕ
)j3] }

.

(5.39)

Therefore, the coupling coefficient (5.8) for the fiber LP even mode is expressed in (5.40)

after mathematical operations, divided into two parts: the ϕ-component and r-component
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integral.

cp,ls,t,′e′=

(√
2
)|l|
B·C

ω1|l|+1·Rs
·ei·θ·l· exp

(
iΦ−ik z0

cosψ

)

· exp
(− 1

ω12−i
k

2R1

)
aoff

2+ikaoff sinψ cos θ


·
∑|l|

j1=0

∑p

j2=0

∑j2

j3=0{ (
|l|
j1

)(
p+ |l|
p−j2

)(
j2
j3

)
(−2)j22j3
j2!ω12j2

(
−aoff

)|l|−j1+j3

·
∫ +∞

0
rj1+j3+s+1

(
r2+aoff 2

)j2−j3Lst−1

(
V

R2 r
2
)

· exp
(− 1

ω12−i
k

2R1
− V

2R2

)
r2

 dr
·
∫ 2π

0
exp

[
−i·j1sgn (l)ϕ

]
(cosϕ)j3 cos (sϕ)

· exp
[
−ik sinψr cos (ϕ−θ)

]
· exp

( 2
ω12 +i k

R1

)
aoffr cosϕ

 dϕ }

(5.40)

Both ϕ-component and r-component integrals need to be calculated. Letting

ε=2aoff
ω12 +i

(
k

R1
aoff−k sinψ cos θ

)

and ζ=k sinψ sin θ, the ϕ-component integral in (5.40), denoted as f1, is reorganized as
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(5.41). The parameters ε and ζ characterize the beam misalignment at the fiber input facet.

f1= 1
2j3+1

∑j3

j4=0

(
j3

j4

)
·
∫ 2π

0
exp (ε·r· cosϕ)

·
{

cos
[(
j1·sgn (l)−s+2j4−j3

)
ϕ+ζ·r· sinϕ

]
+ cos

[(
j1·sgn (l) +s+2j4−j3

)
ϕ+ζ·r· sinϕ

] }
dϕ

(5.41)

A generalized Schläfli integral given by (5.42) [162] helps to solve the integral in (5.41),

where the order of the Bessel function, ν, is an integer.

1
2π

∫ 2π

0
exp

[
x· cos (ϕ)

]
cos (y· sinϕ−νϕ)dϕ

=(y+x)ν/2

(y−x)ν/2
Jν

(√
y2−x2

) (
ν ∈ Z,Re (x+ y)>0

) (5.42)

To facilitate the calculation, aoff>0 is assumed here. When aoff=0, the generalized

launch degenerates to the tilted launch in Section 5.3.3, and power coupling coefficient can

be obtained by (5.36) and (5.37). the most common convention is used that the principal

value of the complex argument is located at (−π, π ]. Noting that Re (ε)>0 and cos (x) is

an even function, for ζ ∈ R,

∫ 2π

0
exp

[
ε·r· cos (ϕ)

]
cos (ζ·r· sinϕ−ν·ϕ) dϕ

=
∫ 2π

0
exp

[
ε·r· cos (ϕ)

]
cos

(
|ζ| ·r· sinϕ−u (ζ) ·ν·ϕ

)
dϕ

=2π·
(
|ζ|+ε

)u(ζ)·ν/2(
|ζ| −ε

)u(ζ)·ν/2 ·Ju(ζ)·ν

(√
ζ2r2−ε2r2

)
(ν ∈ Z)

(5.43)
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where

u(ζ)=


1, ζ ≥ 0

−1, ζ < 0
.

u(ζ), depending on ψ and θ, indicates how an incident LG beam tilts at the fiber input facet.

Therefore, (5.41) is evolved into (5.44) with the ϕ-component integral rewritten,

f1 = π

2j3
∑j3

j4=0

(
j3

j4

)[∑2
q=1

(
|ζ| −ε

)γq/2(
|ζ|+ε

)γq/2

·
[
−sgn

(
γq
)]γq

J|γq|
(√

ζ2−ε2·r
) ] (5.44)

where

γ1 =
[
j1 · sgn (l)− s+ 2j4 − j3

]
· u(ζ),

and

γ2 =
[
j1 · sgn (l) + s+ 2j4 − j3

]
· u(ζ).

The signs of s in γ1 and γ2 are opposite, implying the even mode can be formed by two

circular modes with the opposite azimuthal indices. After substituting (5.44) back into
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(5.40), the r-component of the integral is extracted from (5.40) as follows:

f2=
∫ +∞

0
rj1+j3+s+1

(
r2+aoff 2

)j2−j3
Lst−1

(
V

R2 r
2
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·e−αr2
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=
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(
j2−j3

j5

)(
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)2j2−2j3−2j5 ∑t−1
j6=0

{
1
j6!

·
(
t−1+s
t−1−j6

)
(−V )j6
R2j6

∫ +∞

0
e−αr

2·rµ·J|γq| (b·r) dr
}

(5.45)

where

α= 1
ω12 + V

2R2 +i k

2R1
,

b =
√
ζ2 − ε2,

µ = s+ 1 + j1 + j3 + 2j5 + 2j6.

Using the integral formula (5.27), (5.45) is transformed into the analytical expression

(5.46) with the r-component integral solved:

f2 =
∑j2−j3

j5=0

(
j2−j3

j5

)(
aoff

)2j2−2j3−2j5

·
∑t−1

j6=0

{ (
t−1+s
t−1−j6

)
1
j6!

(−V )j6
R2j6

·α−
|γq |+µ+1

2

b|γq|Γ
(
|γq|+µ+1

2

)

2|γq|+1Γ
(∣∣∣γq∣∣∣+1

)

·1F1


∣∣∣γq∣∣∣+µ+1

2 ;
∣∣∣γq∣∣∣+1;− b

2

4α

}.

(5.46)
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The index j6 in (5.46) are summed from 0 to t−1, suggesting the LG beam is coupling into

all t mode lobes of the fiber LP mode Ψs,t along a radial direction.

The coupling coefficient cp,ls,t,′e′ between the LG beam and the fiber LP even mode is

expressed and summarized by (5.47). Likewise, the expression (5.48) is derived for the odd

mode following the identical derivation. It is worth noting that by the simplification of (5.47)

and (5.48), the analytical expressions under the offset and tilted launch conditions can also

be directly derived as shown in Appendix B.

cp,ls,t,′e′=

(√
2
)|l|
π·B·C

ω1|l|+1·Rs
·ei·θ·l· exp

(
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2
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·
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∑j2−j3

j5=0

(
j2−j3

j5

)(
−aoff

)|l|−j1+2j2−j3−2j5 ·
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(5.47)
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cp,ls,t,′o′=
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(5.48)

5.4 Validation and Analysis

A well-known finite difference method (FDM) solves the scalar wave equation numerically

[163,164], and the numerical results are used to validate the analytical expressions. In both

numerical and analytical methods, the fiber parameters are n1=1.47, ∆=0.01, R=25µm,

and RC=62.5µm. The beam has a waist of 3µm, and the longitudinal spacing z0 is set

100µm. In the FDM simulation, the maximum grid step size is 10 nm.

To validate the accuracy of the derived expressions, our analytical results are compared

with corresponding numerical ones for an MMF with an infinite parabolic refractive index

profile. When the LG beam is coupled into the fiber LP even modes, Fig. 5.5 presents the

power coupling coefficients for the first four modes under the conditions of a central launch
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(Fig. 5.5(a)), an offset launch (Fig. 5.5(b)), a tilted launch (Fig. 5.5(c)) and a generalized

launch (Fig. 5.5(d)), respectively. Likewise, Fig. 5.6 shows power coupling coefficients when

the LG beam is coupled into the LP odd modes. In one grid, the number in black is the

analytical result, while the number in red is the relative difference between the numerical

result and the corresponding analytical one. The MMF fiber allows the propagation of

hundreds of modes at 850 nm. Here only four LG and LP modes are shown as examples.

It is worth noting that the conclusion also applies to other modes. The errors between

the power coupling coefficients from the analytical expressions and the numerical FDM

are negligible. Therefore, the accuracy of the closed-form analytical expressions of power

coupling coefficients is verified.

In addition, my solutions are compared with the ones in [119] and [165]. Reference [119]

discusses the offset launch of the Gaussian beam into the MMF, assuming the beam waist is

located at the fiber’s input surface. Therefore, in our expressions, the input beam is LG00,

and the longitudinal spacing z0 is 0µm. Fig. 5.7 shows the power coupling coefficients into

the fiber modes LP01 and LP11 calculated by our expression (5.29) and the solution in [119].

The radial offset values range from 0µm (i.e., center launch) to 15µm. Both solutions lead to

the identical coupling coefficients. Reference [165] explored the influence of both beam radial

offset and angular tilt of the Gaussian beam on the power coupling coefficients. It is also

worth noting that their analytical expression ( [165], Equation 11) derives the sum of power

coupling coefficients for the LP even and odd modes. Therefore for the comparison, the power
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(a) (b)

(c) (d)

Fig. 5.5: Power coupling coefficients between four LG beam modes and four LP even
(cosine) modes for an infinite parabolic MMF. The black number in a grid is the analytical
result, while the red number is the relative difference between the numerical result and the
corresponding analytical one. The launch conditions are: (a) central launch; (b) offset launch
with aoff=5µm; (c) tilted launch with ψ=3◦; (d) a generalized misalignment launch with
aoff=5µm, ψ=3◦, and θ=90◦.
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(a) (b)

(c) (d)

Fig. 5.6: Power coupling coefficients between four LG beam modes and four LP odd
(sine) modes for an infinite parabolic MMF. The black number in a grid is the analytical
result, while the red number is the relative difference between the numerical result and the
corresponding analytical one. The launch conditions are: (a) central launch; (b) offset launch
with aoff=5µm; (c) tilted launch with ψ=3◦; (d) a generalized misalignment launch with
aoff=5µm, ψ=3◦, and θ=90◦.
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coupling coefficients of the LP even and odd modes are summed up, i.e.,
∣∣∣c0,0
s,t,′e′

∣∣∣2+
∣∣∣c0,0
s,t,′o′

∣∣∣2.

Fig. 5.8 illustrates the comparison between our results and the results reported in [165] for

the following launch condition: aoff = 5µm, ψ = 3◦, and θ = 90◦. The obtained power

coupling coefficients are identical.

Fig. 5.7: Comparison of power coupling coefficients obtained using our analytical
expressions and the result in [119] when the Gaussian beam couples into LP01 and LP11.

In practical commercial fibers, the refractive index exponent parameter α depends on

the manufacturing processes and usually has a value ranging from 1.8 to 2.2. The refractive

index of the MMF has a finite power-law structure expressed by (5.3). Fig. 5.9 shows the

relative power coupling coefficient difference when LG00 couples into the LP01 fiber mode.

The relative coefficient difference is defined as the difference between the numerical and

analytical results divided by the analytical one. The offset launch has aoff=5µm; the tilted

launch has ψ=3◦, and the generalized misalignment launch has aoff=5µm, ψ=3◦, and θ=90◦.
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Fig. 5.8: Comparison of power coupling coefficients between our results and the results
in [165], with the launch condition aoff=5µm, ψ=3◦, and θ=90◦.

As seen in Fig. 5.9, for all launch conditions, analytical results are in good agreement with

numerical results for the finite power-law MMF with α values from 1.8 to 2.2, where the

maximum error is below 4%. Similarly, for high-order modes, the analytical expressions also

properly calculate the power coupling coefficients for the commercially manufactured MMF.

Fig. 5.10 illustrates the relative differences between the analytical and numerical results

when coupling into the LP45 even mode. The launch conditions are the same as those in

Fig. 5.9. To ensure the power coupling coefficient is over 0.01, LG44, LG01, LG01, and LG11

are chosen as the input Laguerre-Gauss mode of the central launch, the offset launch, the

tilted launch and the generalized launch, respectively. Based on the orthogonality of the

generalized Laguerre polynomials, a conclusion can be mathematically obtained that the

input mode LG44 is required to realize large power coupling for the central launch. When α



5. Analytical Expressions for Coupling Coefficients into GI Fibers 141

further deviates from 2, the relative power coefficient difference increases because of larger

refractive index discrepancy between the α-exponent profile and the infinite parabolic profile.

It is also worth mentioning that the curves in Fig. 5.9 and Fig. 5.10 behave quasi-linear,

resulting from approximately linear dependence of the electric-field difference between the

α-exponent refractive index and the infinite parabolic assumption on the value of α−2 when

α is near 2.

Fig. 5.9: Relative power coupling coefficient difference between the numerical results for a
finite power-law MMF with α 1.8 to 2.2 and the analytical expressions, when coupling into
a low-order fiber mode LP01.

The simulation time are compared when using the numerical FDM and our analytical

expressions obtained in Section 5.3.1-5.3.4. Each coupling coefficient is calculated 1000 times

using Matlabr R2020b on an Intelr CoreTM i5-7200U CPU computer. The average single-

run time is obtained using the Matlabr stopwatch timer. Fig. 5.11 shows the time cost for
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Fig. 5.10: Relative power coupling coefficient difference between the numerical results for a
finite power-law MMF with α 1.8 to 2.2 and the analytical expressions, when coupling into
a high-order fiber mode LP45.

coupling of the LG beam mode LG00 into the fiber mode LP01 and the coupling of the LG

beam mode LG44 into the fiber mode LP45. The analytical expressions (5.14), (5.29), (5.36)

and (5.47) are used to evaluate the execution time for the central launch, the offset launch,

the tilted launch and the generalized launch, respectively. When coupling into LP01, the

analytical expressions of all four launch conditions take negligible time to calculate the power

coupling coefficient. The time cost is 1 µs for the center launch, 30 µs for the tilted launch,

and 50 µs for the offset launch and the generalized launch. The improvement reaches at least

six orders of magnitude in comparison with the numerical FDM. Because more terms are

included in the analytical expressions for the high-order MMF mode, more time is needed as

shown. The time cost is 4 µs for the center launch, 0.3 ms for the tilted launch, and 10 ms for
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the offset launch and the generalized launch, with a significant improvement of seven, five and

four orders of magnitude compared to the conventional FDM. The analytical expressions for

the offset launch and the generalized launch require more arithmetical operations compared

to the central launch and the tilted launch; therefore, they lead to greater execution time

as shown in Fig. 5.11. Due to the large difference in computation time, especially for the

coupling into high-order fiber modes, the expressions in Section 5.3.1-5.3.4 should be chosen

properly given a specific application scenario.

It is worth mentioning that the number values are stored and represented by the floating-

point number format in a digital computer. Most mathematical software such as MATLABr

used in this work and programming language (e.g., Java and C++) follow the IEEE Standard

754 [166] to construct the floating-point numbers. The double-precision data type is adopted

here with a machine precision of 2−53. Due to the limited arithmetical operations in the

analytical expressions, the error caused by addition/subtraction of small numbers is expected

to be negligible.

5.5 Conclusion

The closed-form expressions of power coupling coefficients have been derived for the center

launch, the offset launch, the tilted launch and the generalized launch of a

Laguerre-Gaussian beam into a graded-index fiber. The validity of our analytical results is

confirmed by comparison with the conventional numerical FDM and can be extended to
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Fig. 5.11: Execution time for the calculation of the power coupling coefficient. CL: central
launch; OL: offset launch; TL: tilted launch; GL: generalized launch.

calculate the power coupling coefficients for manufactured graded-index MMFs with

1.8≤α≤2.2. With analytical expressions, the calculation time cost is reduced by six orders

of magnitude for the low-order fiber modes and at least four orders of magnitude for the

high-order fiber modes. These analytical expressions are useful in analyzing the coupling

mechanisms and parametric dependence on power coupling coefficients.

In applications such as mode selective excitation and mode division multiplexing, the

launch conditions are optimized to improve transmission performance. Due to its heavy

computation pressure, the numerical solutions of the power coupling coefficients are not

practical to explore the optimal launch conditions considering a large number of power

coupling coefficients needed to be calculated. The closed-form analytical expressions have
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much less computation time than the conventional numerical method. Benefiting from

superior performances especially in computation time cost, the analytical expressions

potentially open the door to efficiently ascertain optimal launch conditions.

In addition, the transverse electric field in the graded-index fiber exhibits the

Laguerre-Gaussian mode profile. Therefore, our solutions can also benefit in the evaluation

of the connector misalignment and quantify the inter-modal crosstalk induced by connector

imperfection.
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Chapter 6

Mitigation of Mode Partition Noise by

Optimizing Launch Conditions
The multimode characteristics of vertical cavity surface emitting laser (VCSEL) sources

lead to mode partition noise (MPN) impairing high-speed multimode fiber (MMF) links. A

low-cost and straightforward MPN mitigation scheme is proposed by optimizing the launch

condition between the VCSEL and the MMF. The dependence of the MPN on launch

conditions is theoretically assessed. Simulation shows that the mode power redistribution

induced by rearranging the launch condition has great potential to reduce the MPN.

Experiments are carried out to demonstrate the MPN reduction. Using a 15-µm radial

offset between the VCSEL and the MMF, efficient noise suppression is observed in both the

frequency domain and the time domain. The work presented in this chapter has been

published as a journal paper in IEEE Photonics Technology Letters [17].
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6.1 Introduction

Vertical cavity surface emitting laser (VCSEL) -based multimode fiber (MMF) links

dominate rack-to-rack transmission within data centers due to their low cost and low power

consumption. Recently, a 1 Tbps capacity link has been demonstrated [26], and IEEE

P802.3db supporting 400 Gbps operation over short-reach fiber was also projected [61].

Compared to the step-index fiber, the graded-index MMF is preferred for datacom

applications, owing to its less dispersion and superior bandwidth. However, the VCSEL

outputs multiple modes leading to mode competition. The power in each mode fluctuates

randomly, exhibiting low-frequency intensity noise enhancement in a dispersive link, which

is mode partition noise (MPN) [167, 168]. With the increasing demand of data rates and

transmission distances, the noise impairment significantly influences the link performance.

Equalization and forward error correction (FEC) can significantly improve the data rates

and enable longer transmission reach. However, as mentioned in [70, 86, 169], conventional

equalization techniques lead to MPN enhancement due to nonlinearity and randomness of

the noise, which is also theoretically explained in [170]. Thus, mitigation of MPN requires

to be performed before equalization in high-speed interconnects within datacenters.

As MPN is detrimental in VCSEL-MMF links, it recently attracted the attention from

researchers. Authors in [134] developed a theoretical MPN model that includes the effect of

modal-dispersion chromatic interaction in VCSEL-MMF channels. The impact of MPN on
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the performance of the received signal in MMF links was studied in [154]. Several

techniques have been proposed to mitigate MPN. In [171], the use of a semiconductor

optical amplifier (SOA) reduced the MPN induced by the spectral filtering effects of an

Fabry–Pérot (FP) laser. In 2016, a scheme using a Mach-Zehnder interferometer (MZI) and

a reflective semiconductor optical amplifier (RSOA) alleviated the noise with the improved

bit error rate (BER) by three orders of the magnitude for a 10 Gbps signal [172]. These

schemes inevitably require new components such as SOAs and MZIs and, thus, increase the

cost of short-reach interconnects in datacenters. Encoding techniques were also introduced,

shifting the electrical spectrum away from the low-frequency region. The authors in [173]

demonstrated 8B/10B and Manchester encoding with PAM4 modulation format to

suppress MPN. In [174], Manchester encoding in conjunction with balanced detection was

employed to overcome the MPN-induced limitation. Finally, wavefront shaping techniques

such as using a spatial light modulator (SLM) was used to mitigate MPN in VCSEL-MMF

links [86]. The signal-to-noise ratio (SNR) improvement of a fixed sequence showed the

validity of the scheme. Due to its large size, insertion loss, and cost, SLM-based technology

remains challenging in deployed VCSEL-MMF link-based applications.

By optimizing the beam launch conditions at the fiber input facet, a low-cost MPN

mitigation scheme is presented for VCSEL-MMF link applications. The mode power

distribution over fiber is optimized, and its impact on the MPN is theoretically analyzed.

With this proposed technique, the MPN mitigation is observed in the frequency domain
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and time domain. The low-frequency relative intensity noise (RIN), a significant

frequency-domain characteristic of the MPN, is efficiently suppressed using a 15-µm beam

radial offset at the fiber input facet in our experiment. The reduction in intensity noise is

also observed in the time domain by measuring the signal-to-noise ratio (SNR) of an

alternative zero-one bit sequence. Additionally, a 1.3-dB power penalty improvement is

realized for a 10-Gbps NRZ signal after 500-m OM4 MMF transmission, benefitting from

the simple MPN mitigation scheme.

6.2 Principle and theory

A simple analytical expression that estimates the level of MPN is expressed in (6.1) [175]:

σ= κ√
2

[
1− e−(π·B·D·L·∆λ)2

]
(6.1)

where κ is the mode partition coefficient, B is the baud rate, D is the fiber dispersion

parameter, L is the fiber length, and ∆λ is the root-mean-square (RMS) spectral width of

the VCSEL. Equation (6.1) was adopted by the IEEE 802.3 Ethernet working group as an

MPN estimator [176]. It is worth noting that several assumptions are made in applying

(6.1), i.e., a continuous Gaussian laser spectrum [134], a single-mode fiber channel [134,177],

and an alternated zero-one sequence [177].

As these assumptions are incorrect for VCSEL-MMF links, an enhanced model suitable
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for VCSEL-MMF links was developed [86,134], with the following expression:

σ2 (t) =κ2
[∑N

i=1AiF
2
i (t)−

(∑N

i=1AiFi (t)
)2
]

(6.2)

where Ai is the normalized power of the ith VCSEL mode, N denotes the number of VCSEL

modes. Fi (t) is the signal waveform modulated onto the ith VCSEL mode after propagating

over the MMF and is expressed as,

Fi (t) =
∑M

g=1Cigfi
(
t− τigL

)
(6.3)

where M is the number of MMF mode groups, Cig is the power coupling coefficient between

the ith VCSEL mode and the gth MMF mode group, fi(t) is the waveform before coupling to

the fiber for a given bit sequence, τig is the length-normalized temporal delay of the gth MMF

mode group excited by the ith VCSEL mode, and L is the fiber length. Based on (6.2) and

(6.3), it is observed that MPN strongly depends on the power coupling coefficient Cig and the

differential modal delay τig. The later, τig, is mainly determined by the fiber characteristics

such as its index profile exponent parameter and its refractive index distribution. The

mode group delays over MMF are quite different, directly resulting in the MPN generation.

Optimization of the fiber design can reduce the differential modal delay [178] for lower MPN.

Unfortunately, τig remains invariable for a given fiber link, unless additional components are

used (e.g., compensation fiber segment [179]). The power coupling coefficient, Cig, is also
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of vital significance to MPN. Indeed, the appropriate mode group excitation will lead to an

optimized fiber mode group distribution, a path to MPN alleviation. The proposed launch-

condition-tuning technique exploits this aspect by optimizing mode group power distribution,

due to selective excitation of the MMF mode groups under different launch conditions.

6.3 Simulation and measurement

6.3.1 Simulation Analysis

The MPN intensity is strongly dependent on the mode power distribution over the fiber,

following (6.2) and (6.3). Phase manipulation using an SLM [86], a phase plate [180], or

a liquid crystal on silicon (LCOS) [181] has been developed but are incompatible within

datacenters due to their size, high cost, and significant loss. To overcome these drawbacks,

a novel MPN mitigation method is proposed using selective launch conditions. The VCSEL

beam coupling into the MMF is illustrated in Fig. 6.1(a). By optimizing the VCSEL

beam launch condition at the fiber input facet, power coupling coefficients between VCSEL

modes and MMF mode groups can be optimized [15, 148], and the MPN can be suppressed

effectively. In the simulation, the VCSEL oxide aperture diameter is 6µm and the spacing

distance between the VCSEL and the MMF is set to 100µm. The VCSEL beam has a center

wavelength of 850 nm and a root-mean-square (rms) spectral line width of 0.65 nm. The

graded-index MMF fiber, with a left-tilted mode delay profile, has a length of 500 m, a core
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radius of 25µm, a maximum core refractive index of 1.47 at 850 nm, a chromatic dispersion

parameter of -100 ps/(nm·km), and a fiber index contrast of 0.01. Fig. 6.1(b) shows the

power coupling dependence on the launch conditions between the VCSEL and the MMF,

where the radial offsets are 0µm (central launch), 5µm, 10µm, and 15µm, respectively. The

last three launch conditions refer to so-called offset launch. The power coupling coefficients

are normalized to the total power of the guided mode groups.

Fig. 6.1: (a) A simplified illustration of the VCSEL beam coupling into the MMF. (b) Mode
group power distribution at the fiber input surface for offset values of 0µm, 5µm, 10µm,
and 15µm. (c) The MPN level after 500 m MMF transmission for the offset launch values
of 0µm, 5µm, 10µm, and 15µm. The sub-figure framed by dotted lines is the zoomed-in
region from 0 to 1000 ps.
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The power coupling coefficients differ for different launch conditions. For a large radial

offset, high-order mode groups are excited where the low-order mode groups are suppressed.

Comparatively, low-order mode groups earn more power from the input beam for smaller

radial offsets. Selective mode excitation provides a simple possibility to suppress the MPN.

The level of MPN for different launch conditions are simulated based on (6.2). The simulation

uses 10 Gbps PRBS31 non-return-to-zero (NRZ) signal with the rise and fall time of 20 ps

(10% to 90%). The peak-to-peak amplitude of the NRZ signal is normalized to 1. With the

aforementioned modulation signal, the simulated MPN level represented by the standard

deviation δ is illustrated in Fig. 6.1(c). The mode partition coefficient κ is set to 0.03, a

typical value measured and used in [86, 169]. The MPN level lowers with increased radial

offset values. For example, at a time delay 250 ps, the standard deviations of the MPN are

0.0069, 0.0063, 0.0051, and 0.0036 for the radial offset of 0µm, 5µm, 10µm, and 15µm. In

Fig. 6.2, the averaged MPN levels over the duration of 4000 ps are calculated with different

MMF refractive index exponents, output optical spectrum widths, VCSEL oxide aperture

diameters, and VCSEL-to-MMF distances. The 15µm offset launch is found to effectively

mitigate the MPN.

6.3.2 Experiment Validation

Mode competition induces MPN and exhibits low-frequency noise enhancement. The RIN

measurement in the low-frequency region reveals the MPN level [182]. Fig. 6.3(a) depicts
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Fig. 6.2: The time-averaged MPN levels for different MMF refractive index exponents (a),
optical spectrum full width at half maximum (FWHM) (b), VCSEL oxide aperture diameters
(c), and VCSEL-to MMF distances (d).

an experimental setup to measure the RIN in the frequency domain. The output light of a

25-Gbps multimode VCSEL manufactured by II-VI Inc. is coupled into the MMF placed on

a 6-axis micro-positioning stage with a translation resolution of 50 nm. Fig. 6.3(b) presents

the laser optical spectrum with multimode behavior. The beam offset position at the fiber

facet is tuned by the stage, and the tilt between the fiber and the VCSEL is controlled



6. Mitigation of Mode Partition Noise by Optimizing Launch Conditions 155

by a custom V-groove that can be moved. After 500-m transmission, a multimode optical

receiver (Thorlabs RXM25DF) detects the optical signal. A DC block (BLK-89) removes the

DC component of the electrical signal, and an electrical spectrum analyzer (ESA, Anritsu

MS2668C) is used for the measurement of the RIN. The resolution bandwidth of the ESA

is set to 100 kHz. The RIN is obtained from the measured power spectral density following

the method proposed in [183]. Since the amplifier response is independent of the launch

condition, the photoreceiver gain is simply omitted from the calculation of the RIN. Fig.

6.3(c) illustrates the calculated RIN in the frequency domain. Mode competition results in

a higher RIN value at low frequencies (< 2 GHz) [167,168]. Compared to the 0-µm offset, a

15-µm offset suppresses low-frequency RIN by 3 dB at 300 MHz and 2 dB at 1.2 GHz.

A 10 Gbps payload transmission experiment with/without the offset launch is performed.

The setup configuration is shown in Fig. 6.4(a). A pulse pattern generator (PPG, Anritsu

MU181020A) generates a 10 Gbps PRBS31 NRZ signal. A bias-T combines the data with a

7-mA DC current, and the VCSEL output is coupled into the MMF. At the receiver side,

a multimode variable optical attenuator (VOA, Fibertronics Inc. VOA-MM50) controls

the received optical power. After the optical receiver, an error detector (ED, Keysight

N4903B) measures the bit error rate (BER) values as shown in Fig. 6.4(b). As observed,

the transmission performance for the 15-µm radial offset is better than that for the central

launch. To achieve a low BER (10−12), the received optical power of -9.6 dBm is required for

the 15-µm offset launch, while the power increases to -8.3 dBm for the central launch. The
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Fig. 6.3: (a) Schematic of the experiment setup for the RIN measurement. VCSEL: vertical-
cavity surface-emitting laser; MMF: multimode fiber; PR: photoreceiver; ESA: electrical
spectrum analyzer. (b) The VCSEL optical spectrum at 7 mA. (c) The RIN of the measured
signal. The red trace represents the RIN with a 0µm radial offset, while the blue trace shows
the RIN with a 15µm radial offset.

BER curves converge with decreasing received optical power by the fact that the receiver

noise dominates the error formation at the lower optical power.

The performance improvement may also be attributed to the suppression of the

dispersion-induced inter-symbol interference (ISI) by the mode-group selective excitation.

To further confirm the MPN is mitigated, at the receiver side, instead of the ED, a digital

communication analyzer (DCA, Agilent DCA-X 86100D) is used to measure the eye

diagram as shown in Fig. 6.4(a). A data sequence (periodical bit stream of eight ones and

eight zeros) at the data rate of 10 Gbps is generated by the PPG, following the method

proposed by [86]. The equivalent 0.625 GHz square waveform with a 50% duty cycle
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Fig. 6.4: (a) The experiment setup for the BER and eye diagram measurement. PPG: pulse
pattern generator; VOA: variable optical attenuator; PR: photoreceiver; ED: error detector;
DCA: digital communication analyzer. (b) BER versus received optical power for the 0-um
(blue) and 15-µm (red) offset. (c) The eye diagram for radial offset value of 0µm. (d)
The eye diagram for radial offset value of 15µm. The vertical scale is 100 mV/div, and the
horizontal scale is 500 ps/div.

eliminates the influence of the dispersion-induced ISI on the transmitted data. The eye

diagrams for the offset values of 0µm and 15µm are shown in Fig. 6.4(c) and (d). For a

finite persistence of 80 s, the SNR for the 0-µm offset is 11.73, while the SNR for the 15-µm

offset is 14.25. The intensity fluctuation in (d) becomes less than that in (c). The MPN, as

a kind of intensity noise, is mitigated via the launch condition tuning, which leads to the

SNR improvement. It should be noted that the offset launch also leads to a larger fiber
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bandwidth and an additional power coupling loss compared to the central launch. The

measured 3-dB bandwidth is approximately 8 GHz for the central launch and 11 GHz for

the 15µm offset launch. However, in view of the low transmitted rate and the large VCSEL

output power (3 dBm), these effects should have negligible effect on the measured SNR.

6.4 Conclusion

A low-cost and easily implemented scheme is validated to alleviate the MPN in a dispersive

link. The MPN dependence on the mode power distribution is theoretically assessed. The

MPN performance for a 15-µm beam radial offset at the fiber input facet is experimentally

compared to that with the central launch. Although MMFs with various differential mode

delay profiles may have different optimum launch conditions, the proof-of-principle

experiments demonstrate that optimization of the launch condition can rearrange the mode

power distribution and result in MPN reduction. The proposed launch-condition-tuning

technique in the optical domain is transparent to the modulated data. As such, it can

improve the transmission performance of the high-speed VCSEL-MMF link, reducing the

complexity of the equalizer and FEC algorithm and leading to lower cost and better energy

efficiency in the optical interconnects. The technique sheds light on a promising solution to

mitigate the MPN for the VCSEL-MMF interconnects.
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Chapter 7

Conclusion and Future Work
This chapter first summarizes the research contributions in this thesis, and then discusses

some possible research direction related to VCSEL-MMF link.

7.1 Conclusion

This thesis investigates the modeling and applications of the high-speed VCSEL-MMF links

for next-generation data centers.

In Chapter 2, the background information about the VCSEL-MMF link is given. First,

the advances of VCSELs and MMFs are outlined. Then, multiplexing techniques, digital

signal processing, advanced modulation formats, and mode selective excitation techniques

are presented.

In Chapter 3, a compact high-efficient equivalent circuit model is proposed for the

multi-quantum-well VCSEL. In the model, the number of nonlinear equations significantly

decreases, resulting in the improved computation efficiency by 3.3-fold for three

QWs-VCSEL and six-fold for five QWs VCSEL. In addition, parameter extraction becomes
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much more accessible than conventional MQW models as the number of parameters is

reduced. The model is system-oriented and can be used as a part of the VCSEL-based link

modeling.

In Chapter 4, a spectral-dependent VCSEL-MMF link model for the next-generation

high-speed interconnect is proposed. Spectral-dependent coupling analysis is realized with

the offset and tilt angles included. The coupling model is sensitive to mechanical

misalignments (radial offset, axial offset, and 3-dimensional tilt) and optical spectra. With

mode-dependent fiber effects explained, the signal evolution over the MMF is simulated by

an advanced split-step small-segment method. In addition, the equivalent circuit model of

a wavelength-sensitive PD, matching the multi-wavelength characteristic of the VCSEL,

realizes opto-electric conversion. The link model is validated by using a 25 Gbps NRZ

transmission experiment. Measured eye diagrams and bit error rates show good agreement

with the simulation.

In Chapter 5, the closed-form expressions of power coupling coefficients are derived for

the center launch, the offset launch, the tilted launch, and the generalized launch of a

Laguerre-Gaussian beam into a graded-index fiber. The validity of our analytical results is

confirmed by comparison with the conventional numerical FDM and can be extended to

calculate the power coupling coefficients for manufactured graded-index MMFs with

1.8≤α≤2.2. With analytical expressions, the calculation time cost is reduced by six orders

of magnitude for the low-order fiber modes and at least four orders of magnitude for the
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high-order fiber modes. These analytical expressions help analyze the coupling mechanisms

and parametric dependence on power coupling coefficients. The launch conditions are

optimized in applications such as mode selective excitation and mode division multiplexing

to improve transmission performance. Due to its computation time as large as 20 s as

shown in Fig. 5.11, the numerical solutions of the power coupling coefficients are not

practical to explore the optimal launch conditions considering that a large number of power

coupling coefficients need to be calculated. The closed-form analytical expressions spend

much less computation time than the conventional numerical method. Benefiting from

superior performances, especially in computation time, the analytical expressions

potentially open the door to efficiently ascertain optimal launch conditions. These

expressions are based on the infinite parabolic refractive index assumption; therefore, the

analytical results are only limited to the manufactured graded-index telecommunication

fiber, and not suitable for other kinds of fiber such as the step-index fiber and the

triangular-profile graded-index fiber.

In Chapter 6, a low-cost and easily implemented scheme alleviates MPN in a dispersive

link. The MPN dependence on the mode power distribution is theoretically assessed. The

MPN performance for a 15-µm beam radial offset at the fiber input facet is experimentally

compared to that with the central launch. Although MMFs with various differential mode

delay profiles may have different optimum launch conditions, the proof-of-principle

experiments demonstrate that optimization of the launch condition can rearrange the mode
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power distribution and result in MPN reduction. The proposed launch-condition-tuning

technique in the optical domain is transparent to the modulated data. As such, it can

improve the transmission performance of the high-speed VCSEL-MMF link, reducing the

complexity of the equalizer and FEC algorithm and leading to lower cost and better energy

efficiency in the optical interconnects. The technique sheds light on a promising solution to

mitigate MPN for the VCSEL-MMF interconnects.

7.2 Future work

In this section, some possible works are presented to enhance the research of VCSEL-MMF

links in the future.

First, the MIMO realization based on launch-condition tuning is an interesting topic for

future research. By tuning the launch conditions of the VCSEL beams emitting from a

VCSEL array, different sets of mode groups are excited to provide multiple transmission

channels. The inter-channel crosstalk is an important metric to evaluate the MIMO

performance. To reduce the crosstalk, the optimum launch condition can be investigated

using the proposed analytical expressions proposed in Chapter 5. It is worth mentioning

that although the analytical expressions have low computation burden, the calculation time

is still considerable when traversing all launch conditions including the radial offset, the

incidence angle and the azimuthal angle. Some intelligence algorithms, such as swarm

algorithms or neural network algorithms, are expected to search for the optimum launch
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condition for each VCSEL beam. Moreover, the VCSEL chip distribution in one VCSEL

array is well worth investigating to support the calculated launch conditions, realizing the

reasonably minimum crosstalk.

Second, in Chapter 4, an advanced VCSEL-MMF link model is built. Due to the

temperature effect, the VCSEL and the MMF show quite different mechanical, electrical

and optical characteristics. For example, the optical output of the VCSEL with the same

bias current has a lower power for a higher ambient temperature, while the fiber radius and

length become larger due to thermal expansion. Also, the VCSEL has different mode

emissions at different temperatures. In this sense, the link performances, such as mode

power distribution, are temperature-dependent; consequently, the temperature effect on the

VCSEL-MMF link is worth analyzing in the future. Up to now, there are some

temperature-dependent VCSEL models; however, no well-known VCSEL-MMF link model

is built to discuss the temperature effect.

Third, due to high bandwidth and low weight, the VCSEL-MMF link is preferred by the

intra-satellite communication. The radiation effect from the space environment will lower

the performance of the VCSEL, the MMF, and the PD. To evaluate the influence of the

radiation dosage, a radiation-sensitive model is expected to assess the signal integrity over

the link. To validate the model, some experimental results should be obtained for various

radiation dosages. In addition, optical links designed for space applications are required to

have a lifetime expectation of 15 years, which means these communication links must keep
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the power budget high enough to accommodate all the losses [184]. The radiation-effect-

included model will help transmission performance evaluation of the intra-satellite optical

communication. Because of the large temperature swing in space, the combined effect of

radiation and temperature is also an intriguing theme.

Last but not the least, a record transmission date rate of 1 petabit per second over the

VCSEL-MMF link is expected. Up to now, 200 Gbps per lane transmission has been

realized experimentally [25]. With the multiplexing schemes including short wavelength

division multiplexing (SWDM) and mode division multiplexing (MDM), the total

transmission capacity is significantly enhanced. In 2017, 14.5 Tbps data was successfully

transmitted over 2.2 km OM2 fiber [185]. It can be inferred that the data rate will be

further increased when more advanced fiber with shorter length is used. In 2020, over 1

Pb/s C+L-band transmission was demonstrated over a 15-mode fiber [186]. With the

success of 1 Pb/s transmission at the C+L band, it is believed that this data rate should

also be achievable at the 850-nm band. The research on the VCSEL-MMF link will push

the record of the transmission data rate higher and higher.
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Appendix A
In (5.29), 1F1 is a non-elementary function in principle. Its close-form expression is derived

here. Firstly, the Kummer’s first property formula is given by (A-1) [161].

1F1 (x ; y ; z) = exp(z)·1F1 (y − x ; y ;−z) (A−1)

As such, the confluent hypergeometric function in (5.29) is transformed as.

1F1

(
γq+µ+1

2 ; γq+1;− b
2

4α

)

=exp
(
− b

2

4α

)
1F1

(
−µ−1−γq

2 ; γq+1; b
2

4α

) (A−2)

In addition, the confluent hypergeometric function is given in terms of the Laguerre

polynomial by (A-3) [187].

Lmn (z) =
(
n+m
n

)
·1F1 (−n;m+ 1; z) (A−3)

When n and m are non-negative integers, the Laguerre polynomial Lmn (·) is the sum

of finite terms according to the generalized Laguerre polynomial expansion (5.19). Next, I

only need to prove the terms µ−1−γq
2 and γq in (A-2) are non-negative integers to ensure a

close-form expression.
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The definitions of µ and γq are rewritten below. Based on (5.29), the subscript q can be

1 or 2, resulting from the two addends in (5.23). Obviously, γq is a non-negative integer.

µ=j1+j3+s+1+2j5+2j6

γ1=
∣∣j1·sgn (l)−s+2j4−j3

∣∣
γ2=

∣∣j1·sgn (l) +s+2j4−j3
∣∣

When j1·sgn (l)−s+2j4−j3 ≥ 0, I have

µ−1−γ1

2 =1−sgn (l)
2 j1+s+j3−j4+j5+j6 (A−4)

Since j3 ≥ j4, µ−1−γ1
2 can only be a non-negative integer. Likewise, when

j1·sgn (l)−s+2j4−j3 < 0,

µ−1−γ1

2 =1+sgn (l)
2 j1+j4+j5+j6 (A−5)

Thus, µ−1−γ1
2 is still a non-negative integer. Similarly, µ−1−γ2

2 proves a non-negative integer

as well. As a result, based on (A-2), (A-3) and (5.19), the confluent hypergeometric function
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1F1 in (5.29) is given as a closed-form expression as follows.

1F1
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b2

4α
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This conclusion also applies to the confluent hypergeometric functions in (5.30), (5.36),

(5.37), (5.47), and (5.48).
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Appendix B
Equation (5.47) is the analytical expression for the LP even mode under the generalized

launch condition, while (5.29) and (5.36) are ones under the offset and tilted launch condition.

Here, it is shown that (5.47) can be simplified into (5.29) and (5.36).

For the offset launch, in (5.47), ψ = 0 and θ = 0; thus ζ = 0 and b =
(

2
ω12 i− k

R1

)
aoff

def=−

boff . In this case, (5.47) can be converted into (B-1).

cp,ls,t,′e′ = exp (iΦ− ikz0)

·

(√
2
)|l|
π·B·C

ω1|l|+1·Rs
exp

(− 1
ω12 − i

k

2R1

)
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2


·
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)(
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)

· (−2)j2
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1
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(
− V

R2

)j6(
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·
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(−1)|γq|+γq α
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2 (boff )|γq|
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·Γ
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2
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2 ;
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off

4α

]}

(B−1)

Due to
[
i · sgn

(
γq
)]γq
≡ i|γq| and (−1)|γq|+γq ≡ 1, (B-1) becomes the same form as (5.29).

For the tilted launch, in (5.47), aoff=0 and θ=0; thus ζ=0. The term(
−aoff

)|l|−j1+2j2−j3−2j5 in (5.47) is non-zero only when |l| − j1 + 2j2 − j3 − 2j5=0. The
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equality holds while j3=0, j2=j5, and j1=|l|. In this case, (47) is converted into (B-2).

cp,ls,t,′e′= exp (iΦ− ikz0) ·

(√
2
)|l|
π ·B · C

ω1|l|+1 ·Rs

·
∑p

j2=0
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p+ |l|
p− j2
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t− 1 + s
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)
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· α
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)/
2
b|γq|

Γ
(∣∣∣γq∣∣∣+ 1

)
2|γq|+1

Γ


∣∣∣γq∣∣∣+ µ+ 1

2


· 1F1


∣∣∣γq∣∣∣+ µ+ 1

2 ;
∣∣∣γq∣∣∣+ 1;− b

2

4α

]}

(B−2)

With
[
−i·sgn

(
γq
)]γq

=(−i)|γq|, the expression (B-2) yields (5.36).

For the LP odd mode, the expression (5.48) can also be simplified into (5.30) and (5.37)

following the same derivation steps.
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