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Abstract 

lu this \\"ork wc solve t\\"o llew matrix ll10dl'!S, IISlllg ~tallda\(! and IlI'\\' f('('hllHlll('~ l'II!' 1\'., 1 

lllodels arc hascd on matrix cl1semhl('s not l)\'{'\'lOll~ly {'()n~idl,\t·d. Thl'Y 1111' l<'(ll\· .... l'llll·d 1,\ 

sJwcial fonn of antis}'ll1ll1ctIic ma(IÏces and nIt' c1a ......... lfi('t! ill the DIlI g('III'I:II(ll "11 .... "1111"" 

It lS shawn that, in the dOllhle s('aJll1g Jlllll!.. Illl'll fiel' (,ll('lg~' lin ..... Ill<' :-':\lllf' 1",11;1\ l'Il .l, 

PH'\'IO\lS 1110dcls clc~cllhing ollpn(('d clnd 11Il(llH'llt('d "I\lfa('l'~. \Ve ,,1"'0 fOIl1\d ,,!! :\lldll !\lIl,II 

~oll\ t 10 li for the charter 3 111 oc! l'! 



Résumé 

D;lIl.., ('(' tmvail, !JOliS avon~ résolus deux nou\'caux modèles de matIÏccs ('11 Iltih..,dll! 1(·.., 

t(,( hlllqtl"<" ~talldaJd aill~l que qllc!ques-Il11('s (If' n()tJ(~ ('1\1 Les deux mocl(·k~ ~()I1! La~\'·", 

:"111 d(·.., ('I1:"('lIlhl(,~ de lIlatll(,('S qlll Il'a\'RH'llt JaIll:U~ (~t(! ("!II(hés Ile; ~ont I!'PI!"<"('llt(;S l'dl 

1111" fOI Il JI' ~P('( laIP dl' 11IiI!li('(·~ aIltl-:-'yIlII11l'tl\(IIj('~ d ,>onl (lasc,('" dans 1'('ll"('llll,J(, dl''­

g("II("\:tI"lllo., [)ll! Il (>:-,1. llI()ntl(~ q\lc 1(~\11 (~Ij('I[!,IC 1I1llï', dal1~ la dOllhlc 1I1l11!l' d ("\,1\('11", 

!'()o.,:..('c!(> 1(· Ill('IIJ(' (,OIIl!)()ltl'lIlf'Ilt Clilique qlle d'antres 1110dl'!eS déjà ètlldJ("'" ('f d(;( 11\.1111 

d(·~ :-'111 ra('(", ()J J('llt(>rs ('t llon-Ollcntées. NOliS Rnl!1S 6galcl11cllt tlOlI\'é IIl1e <.,Ollltl()11 dd(lI­

t IOIlIW))(' pour le modèle du chapitre 3. 
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Introduction 

String theOlY has cvol"cd rapidly in the last five t.o sevcn 'y('<ll~, TI\I:-, 1('\'1\ al, dlll' III p.lI 1 

ta l'cf. [lJ with the cliscovery of gaugc and ~ravitational anomaly 1':\1I('I'lat ltlll , \\'a~ lllèlllll\' 

on the theor<.>tical sicle, 

LTnfOlt.unatcly, stIing thCOlists ale lill11t.cd la a !H'ltllrklfl\'(' ("P"II~II)II, \\'lllI'h l'. III)! 

sufficicnt to plo\ld(' \1t.lllllfOllllation surh éI.<; tll<' tille gl()lllld "Lili' of Iht' Ilwo!\ III 

otller \\olCls, thcIC ale llléllly \\'ay~ to (,OlllpflCify iL D =: JO ~lllllg 1111'01\' ICI f) 

a non-pcrturbative approarh \\'ollld be nC('(':"'''';'\1Y to elillllllafl' ~1)1I1(' C,OIIlIIIJII'" h\ ,,111)\\ III~', 

that they aIe inconsistent. 

The quantity of lIlterest in first quantized ~tri)]g IIH'OIy i:-, 1 lit' f()llo\\'llIg 1',,11111111''',1,,1 

(parti tion fu netion) [2], 

Z ,...., L J 'DgVX e-S"nlv 

lopol 

(() 1 ) 

whcre Spoly is the Polyakov action, 

Spoly = 2:QI J d2ç vggabDaXIIDbXvGllI'(X) 

In this equation, C IIV is a D-c1imcnsional clllheddillg ~pac(>-llIIll' 111('11 lf', Wlll'll';I'" fI"I, 1.., t111' 

wotld-shcct metric, OIlC applOélch is to \Vntc thl~ "'011<1-:-,1)('1'1 11lf'11 [1' III IIIf' 1 1/1i1'''1 111.11 

gclllgC, !J"I) = é'rJalJ TIll.., "'llllpllfif'" tlte ;1('11011 IH'I'all"'(' Iii \,;1111',/11''' III 1111' dl 1 lfJll, 1,111 1111 l" 

are also lIe\\! COlltllblllllil1'- flf)111 tllf' pal" 11I11'!',l;t!lJJI'i\..,IIII' 'J 111<" )',1\'('.., Il',1' 1(1 III" /1110111111111 

LWll\'I1Il' tlw(JlY. \\ IWlf' /111' LIOII\ Il II' al'tllill 1:-' 

2G - f) f 
--------. d'la ;;/( i/"n"I,'liJ"I;J l ') 1«(:J) 

·1 Sn 

Olle observcs that fOI J) =:: 2G, Illc fiPld If; c!(";1I11p\!,,,1 ;llIrI IIJf' Ipldltf 11111 Il'(''11'. 1 

mallYlll\'Hriant. Thi"l~an(>xalllplcofa(IIIH';d..,t1ll1gllJ('(lIy ·\II!if)111'.111111, 1111.1 
--- ------------

IThi., 1'> tille \\lIen one ;ld(!'> louLl co\\tprt"llll'> tn (,I1I('\lhl' \\I)rld-,liI"1 (1)-111,,1,'1',1"'\ fI,ll 1.,1,1 ,1 

e:-.plaillcd ill ~ection 1.2 
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f Itf!y pJ('~('Tlt tecl!l1ical diffie lllties whcn evaluating amplltude"i fOI léll gr' ~CllUS Il Il IllbPI 

The f>itllatioll if> even Illore cOIlIJnlcated In non-entieal stling thcOIICC; \\ hele tliell' If> 110 

COli fOI III al i 11\ ~triltnce 

Ail .11lPIllalive ap)lro(lch, caller! dynamical tnangulation [3, 4], was used for 1111l1H'lical 

~tlld)(,f> of 1I01l-CI itiral bll illg t heone<;, The idca is to (lJ!':>cletizc thc "tl ing wotlcl-sheet with 

~llIall fiat plaqllettes, ('Ollllf'ct tllf!rn togethcr in ail pos"ilblc ways, and (tl'y to) lccO\'er the 

('(Jllt 1111111111 11I1IIt, 'l'Ill.., ('(JI 1 ('~J!()lld<, to a sum ovel a1l posslblc dpfOi mat IOns f(lI a gi\'cn 

~'/,111I<' 11111111)1'1' :tI1d ,tl..,o (l\'('1 aIl g('II1l!'> Thlcc ycars agn SOIne It'Illdlkablc- plogIC'5"i \\'a5 

1Ilad(' [fJ, G, ï] (J!l 1 II(' il!l:t1yt l<' ,,1111', at le(\ . ..,t fOI ~IIllple tbeOlIPs HO\\t,\ C'I, tll1<' llH't hoel l"i 

('1111 1 '1111)' Il,:-,tli('((,d lu !l(JIH'1 Itl<'al ~tl ing embcddecl III D ~ 1 dllIll'n<;I()Il~ -- titiS IS lWC<lll<;e 

1.111' allalytl<' lIwlborle., l1"'I'd fOI n ~ l don't apply fOi Illghl'I dllllC'II<,I()llal ..,tJmg 111('OII('S 

EWll 1 hOllglI a ~I 1 1111', t III '(lI \' III D = 0 Illay appe<lI not. 10 ('(Jllr dlll lll\lch plt\'<'I(,~. Il 

pl 0"1(1(,<, a ~I IllpIP "t éll t IlIg pOlll1 It al"o S('I \'l'!':> a~ a to)' lllodel, \\ 11Hh ( Ollie! 1)(' Il..,l'!·\ll III 

Illld('If>ta!ldl!lg, éll1(l c!Olflg IIIDIC COll1pllcatecl ':alculatrons - in the Sélll1(' \\'Cl} a.'" \\,p acqllllc 

~OllJ(' (':-')1('1 ienc(' \\'It h ItIfillltc dlln('n~iol1al integraIs to bctter unclcr..,tancl thcl!' flll1ct.ional 

analogs 

In t.his ,\'orl\, chapll'f olle ib clcvoted to a rC\'lcw of matrix moclels, inclucling the 

i)IlIHII t.allt n'Iatioll lwtW('('1l t hl' topological expansion of 2-D quantum gravit y and the 

P('I t 111 bal )\'(' ('xpalJ~i()!l - \'ia Fe} nman graphs - of ma t IIX modpls This idca lS ('eilll al 

to lIlalrix Illodels 1 al~() di:-'I'Il"" Ihe exact sol1ltion of matIÎx model"i, the doublc :,cahllg 

I1Il1lt, tlH'lr fl(,(, ('ll1'lgy, and finally a claSSification schel!1c fOi the l1lodcl" \\'ItllIll thc 

CO!l!<'xt of ~yl11111l'fllc ~pal'(':-' In (!J,q)tel two 1 show th(' calclllntlon of ft I110dcl \\'ltll 

l'lllllpl('\ lllatIll'('~, llllIOdll('Jllg the sC(llIng IclatlOns and Ihr CI It 1('(11 \allles SOIl1l' of 1 Il<' 

1t':-'l\It:-. dPIï\'('d fOI tlll:-' !1llldel (aIl 1)(' applied to the t\\'o otlwl Illll(h+, dl"'(·ll"..,l'd III 

l'hapt('l 11111'(' ollie! f(11l1. 1 :-,11ll\\ the' (.dl'lIlatIOn<; of th('~(' I\\!l 11('\\ 1110dl'l.., 111 f) == () TIl!' 

Il'ol~\lJI ... r\l! :-.tl\lhlllg tll('IlI .Ill' that tht'~ \\('IC IMlt ofa clil:-. ... lf!(.ltlflll ... I·lwllll'.11111 dl"o thl'\ 

plt l\lIbl éll1 (IJ>JHlItlllllty 10 (''.(''Ild tlll' k(lllll<llI('~ fOl "oh III!!, Illdtll\ lI11,(kk 1I1111wh \1.1 

:-.kl'" -tlll!lOgllH.d p\lI~'II()lll1,tl" [K] \\'l' abo hac! to :-,ohe tlwlll t() C()llll'dIl' \\Ith ]>1('\ 1011" 

IIII)()(')... 10 ~\'(' If' hl' ph) "'j(':-; IL'\ (':lIed by the flcP Cll('lgy IS tll(' "';IJlW Ind(,l'd. flOlll Ih "'('1 j('~ 

1'\(l,lIl:-'Ion, \\'(' r.m :-.ay if tht' 11lodcl dl':-,rIibcs tll10Iicnted !-:>1l1 fac('s III ;lCldltloll to 01 J('nl('<! 

Olll'S. and, hy calculaI Ill!:', an appillpriatc latlO, wc \'an ~ay if It IS the C;élmc as j)lcviollS 

Illodl'1:-. (di~l't1~~l'd in l'haptl'!' two). The appcndix, which plcsents low-older peltlIIhntl\'C 

,) 



calculations for variout matrix models, can also help to find whel her or not 1 he llIndl'l 

includes unorientable surfaces. 

Finally, 1 concludc \Vith a discussion and a comparisoll of t.he' 1"'0 \I\(l(h'b' fl!'l' ('111'1 gll'~, 

and a comparison with other models. 
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Chapter 1 

Review of matrix models 

III t.his chapter l explain the basic concepts of matrix modcls, starting \Vith the Polyako\' 

patl! illteglal in string thcoly, \Vc then look at two approaches to get some infolmation 

fI (JIll the pm 1.1 tion f\llldion: Lioll ville theOl y and dynaJ11ical triang1\la tion The 1 clat ion 

llt't\\'('PII IlIat.lÎx models and dynamical t.riangulation is cxplaincd, and the C'xact bollltioll of 

a ::,iIllP)(' llIode) , u5ing Hellllitian lIlat l'lees, IS sketched, Finally, l intlOdllcc a clns5lficat.ion 

fOI IIwtIix lIlode)s hased 011 i>yllllllctric spaces, and discuss the problem of the !(.·dllctJOn 

of the rnal.tix integral. 

1.1 Polyakov path integral 

In stri1lg theolY, wc gCIlC'lally wanl ta calculate st.ling scattcring, amplitudC'5. tlll'> IS Just 

the :'-.tring equival('nt of t.hp Ilsllal calcll)ations that we are cloll1g in qualltum field thCOlY 

((' g QED), ThC' fllndamcnta) quantity, from which we can dClive almost ail qUcltitif>s of 

iut('It'!'ot, is the following partition function, or Polyakov path intcglal [2], 

Z = L y-X J VYabDXI1 e-8pol~ 
t0l'ul 

( 1.1) 

\\Ill'Il' f/u/l IS the \\'otld-sl!(,et lIH'tlic, and the XII mc the t'lllhedd1l1g \alial)I/,., of the 

~Ulril('l'!-> In a !->('attl'Iing amplitude calculatioll, one a1so i:1<:hld('s valions \el te:-. OjH'lalol" 

111 thl' path Illlq~lal. 'l'lu' ~lllll ()\(')' topologlC'S, hel'(" 15 l'qlll\'c1kllt to ,l :'>1111110 aIl ()llkl~ of 

loups in t\\'ll-dllllC'll!->itlllal <jll<1lltl1lll field theolY \Ve talk abOlit topologH''' !JC(',lll<;r <;tllllg 

illtl'l<lctinIlS l'()rrl'~pOl\(l to thl' sUILcl's \\'hich \\'e may distll1g1l1<;h f10m one ,1!lo!I\('1 11\' 



their topology Ce.g. the number of handles, or the gCllllS). FOI exampll'. fig \,1 gl\l'S a 

comparison of graphs in quantum field theory and in st! ing theory. 

--< Q,-~ 

Figure 1.1: Comparison of1l1teractions in quantum field throly and "tJlllg r!lml\ 

The sum over topologies is gencrally Wl itten as a SUIn ovcr x, the EIIIC'! ('hal ill \('\, 

wher~ 

x = 2 - 2(#handles) - (#holes). (1 2) 

The number of holes is just the number of asymptotic stl ings. The llUllllwl of hillldll'~ 1 .... 

for example, 0 in the first graph and 1 in the second. So for a fixed l1uml)('1' of a"ylllpfol.ic 

strings (for a given interaction), we sum over aH possible han(lles. 

1.2 Liouville theory 

The Polyakov path integral is \\'cighted by the folJowing tlction 12], 

Spo/y = 2-~ f d'1~ ôo.\"ÔbX"G11,,(X) 
7r0: 

One can fix the diffcomorphism flcedom of the mel ne on the \\'oJlrl· ... lwl'! I,\, (IIIII)'-,IJ,,', 1111' 

conformaI gduge, 
,p-

90b = e !Job 

\vhcre we can always choose, locally, {Job = Oob The action th('Jl 1)(:( ()JJJ('<' 

Spo/y = 2:QI f d 2
(J yggal'ôoX'lô/JXVG,,,,(X). 

5 
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So, in this classical action the conformaI mode dccouples. We would like to kcC'p tills 

pl ()I)(~I ty when quantizing the theory. Taking care of the regularization of the path integral 

TIlea.'illre, one gds, 

(1.6) 

T/II~ fir~t telm rs non-local. It has two contnbutions, -D, coming from the cmbedding 

par t, 'D ... \ï', alld 26, COInmg form the rnctric part Vgab. The second tenn, invol\"Jng a 

hHIf' ('oi>llIological constant, cali he elilllinatcd \Vith appropnate local countertc1111:'. in t!t(, 

:1('11011, 

III tlie conformaI gaugc the pieviolls eqllation bccomes local, 

26 - D f ? - -ab ----- ri-a (j(g Da<pEh1> + 2R1» 
,18/T . 

(1 il 

This is the Liouville actIOn. As ' .... as cxplalI1ed 1Il the IIltlOduct.ioll, the field (j) d(,collple~ 

fOI D == 26, but even t.hen, tbcre ale technical dlfficulties when evaluating aI11plitllclc~ 

for laige geilIls Humber. StIing thcolips \Vith conformaI invariance are called clltlcal. 

I1cn'lItly, SOIl1e progress \Vas made in the nnderstanding of non-critical string theories 

(1I01l-COIl fO),lllally i Il Vit 1 iant). S0111e snch models were found to he com pleteJy sol11 bIc, llSlIlg 

III a 1 1 ix rJlodpls, alt.hough they are very simple. In t.he following 1 discuss in c1etad the idea 

of dyll il III ical tl iallg \1 1 11 1 ion~ as ail aIl Cl natl ve 1 egularizat.ron for non-cri t.ical strr ug t heOl ics 

1 abo ('xplain the IclatIOIJ of thls legl1lalol to matlix l1lodcls, which is t.h(' fOulldatioll of 

t II(' />1 ('~('llt wode 

1.3 Dynamical triangulations 

\r(' ('OIl'-,It!CI, for sIm pl ici ty, D = 0 (i e no cm brdcl i ng spacet.i me) 1 n t.ha t ('HM' t IJ(' pa Ilr 

11It('glall'l'dtJcl'~ 10, '"' -~ J 'D -11
:\-"\ .c, - L.J 9"b e , 

topol 

(1 S) 

Th(, EtJ\!'I 11111l11wr, " cornes flom an Einstein tCIll1, whcleas the other one is a COS1110-

logical Clll1~tallt t{'l'Ill (A is thr area). Ob\'ioHsly, the intc[('st.ing part of this theol)' is in 

ddining D!ll1b' 011(' solutIOn III th!' ploblem is through dynamical tliangulation [3], In 

tln:-. PWl't'tlUll' \\l' l'Onstlllct slllfaccs flom small, fixcd-slLe plaquettes Suppose thal thcse 
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are squares of sicle a. Then the functional intl'gral J Vgab is l'cplaced by 1\ slIm 0\'('1' ail 

numbers of plaquettes n, and a sum O\'er ail possible tilings for a gin'Il 11 (t.Ilt' tihlJg~ al't' 

the possible ways to cOllnect the squares in ord('r to gl'lll'ratc sl1l'facl's of n gi\'t'Il gl'lIl1~ 

Humber). \Ve write the result in terms of the frel' l'nergy, 

(1 ~l) 

(opol Il 111,I1Q' 

whel'e A = na2 is the al'ca, and 931 = e" IS the Slllllg cOllpllllg. ny 1l~lIIg CI Itlgalllhlll 

wc implicitly considcr only the connect<,d ~I <1phs, a~ \Il qllant \llll field t ht'l)} \' \\ II ht 1111 

it, thcre would be a differcnt sum on the nght-halld SIcle 1.0 aCCollllt fOI' tht' dl~, tllIIH'llt'" 

picccs 

1.4 Matrix models 

The relation with matrix models can now be seen by ronsidering the following 1111\1 l'IX 

integral, 

(1 1 Il ) 

\vhere S = NTr[~4>2 + ~4>4l and 4>,) is an N x N hermitiall matl'ix. Tite fiat. 1111'01 .... 11 If' 1', 

clefincd as 
N 

d4> = II d4>11 II d( R (',pl) )d(llll 1/)'1)' (1 Il) 

1=1 l'SI'S)'SN 

This integration can be evaluatccl pCltllrhatlvcly in t.he conpling b, 1l~llIg Ft'\'IIIII:111 

diaglam techniques. For example, the ,ptJ telln is IeIHC~('lIted hy ét ('IO~~ of 1\\0 l'dll'-> III 

lines (fig 1.2). 

The clctaIls can be fOllnrt in [9] 1Ielc \\'c simply poillt. 0111 th:" t1w dllili ~'.I iI]!II" III 111(' 

Feynman diagJé\1l1s corrc:-OjJond ta the tihng of "'11Ifa('('~ \VIl.h ~1ll111l ~qllilf('~ 'l'III' Id"" Id 

cillaI glaph is Ilot Ile\"". Givcn a gCllcral gUlph, olle (ail (·{)11~111J('t. il,~ dIJalll'y Il:11 III)',! !rI) 

cach line, its pClpendiclllar (fig 13). The tl(llI~latl(jnIIJI('~ :11(' il.'-, foll()w.." 

propagatol~ -. ('dg('~ 

matrix intcract\On~ -t fa('(!~ 

closed Joop<, -~ VI') II( 1'<, 

ï 



a c 
- ----<-
---~-

b d 

Figure 1.2: Feynman vertex and propagator for a matrix path integraJ. 

The lea!'iOn why we only get squares (quadrilaterals) is that the interact.ion is quartic. In 

general, for a <pM interaction 1 one would get M-gons (M=3,4,5, ... ). 

Figure 1.3: A graph and its dual equi\'alent. 

\Ve will no\\' use the )'csult obtained by 't Hoon [10], that. the matrices olganil.C tlw 

topological expansion of the dU:lI glaphs. This statement rc<]uilcS some cxplallHflOll "'p 
start by eounting the factors of N cntering in the evaluation of fi Fcynmfln g,l aph FOI 

('ach interaction we have a factor of N, bccause there is an N in the action ".(' (Ibo hm!' 

a faetor of l/N for each propagator. And fin ail y, fol' eaeh c10scd loops, \\e ha\'e fll1otlll'l 
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factor of N. This is because in a c\osed Ioop wc are slIlllllling 0\'('1' 1I1llic('s (i l' takllig a 

trace), so wc gct the dimcnslOn of the matnx, IV. So, fOl a glWIl Feynman dlilgl,\lll, tht' 

ovel aIl factor of N is, 

(Il:? ) 

whcre X = F - E + \1 (Euler character for t'>lllfac('~ Illatlt' of p()lygoJl~) 'VI' abollt.,('d thl' 

dual graph corrcspondence. We sec, then, t.hat ('(\eh Fl'~ nlllall dwglillll ('1111 hl' \'lil~,:-..1I1I'd 

by the Euler character of the sUlface in its l'Ollt'C;pondlllg dllal glaph 

If wc compare thcn our Feynman diagwlll ,'xpall~lllll ()f ('q.l 10 \Vith tlll' \';..pall:-"II)II 

111 eq.l 9, we notice that they are thc saille wit h liN plaYlIlg t hl' wh, of n. hait' :-.t 1IIIg 

coupling constant 9sl' So we write the frec (,lIerg)' fOI tllls lIIat.1 ix Illot!pl al-', 

:F = -log Z = L L') 1~ )-\( -b)lI[ttlZ/I!}S]II,\ (1 I:l) 
X Il 

where the number of tilings for a givcn n and \ \VilS evalllat<,d for Iow g('llll~ ~lIlfil('(' [DI, 

(1 II) 

In thls cquation, be depcncls on the rcglllall/,ati'JIi <.,cll<'lill' 1I~('d and I~ a IlI'gilt 1\'(' 1111111111'11, 

À is indepcndcnt of tlrat particlllal chOlce, and (\ (,;\lll!'~ Illfolllwt 1011 abolIt 1111' )'.('1111" 

expansion. Using this rcsult, the fiec cnelgy bl'('OlllPS, 

(1 I<i) 

whcre the summation over n was r<'placcd IJy ,1II (\wa IlIteglal, and 11. by Ain'/. i\(jW \VI' 

want to l'ccaver the continullm limit, Cl' ---* 0 III 01 <ICI tn l\eep the illtf'/~I al fi III !.(' l'v(' Ilal'(' 

ta take blbe ---* 1 while fiXIng Ao = (1'2/Iog(brjb), TIll:' j:, to avoid IL P()~,!->r1)\C' dIVI'I)',I'/Il (' III 

(bjber1
/

02
• \Vith thcse dcfinitlOl1s, wc have, 

(Iii) 

\\'c can dcfinc a IlCW 1('Il()lll1alr/,afloll LOII,,>tltllf. \ ra 'Jf( -= S -1(logh,jh) \ fI (;111 1)1' 1."1'1 

fiuitc by trlkll1g the so-('nJ1('c! dOIlI)l!! 'o( illlllg 1IIII1t N·. '>C" ,IIJeI III", -. 1 \, 011 111 1 

lIn fact, wc dpfined 0\11' bc to have au OP]JO"ltp ~lgll tf) tlt,lt of jI·f [9J. <Ill ,111<1(,<1,111111111" Il. Illtili ,.1 /1 

This i,> for furthcr con\,(~1I1eIlCC and dOf''>11 't ,lffp( t t II(' fIlI,d) .,/,>. 



ClltH al]H)int, one can write gR as 

(1 18) 

W})(!IC ~f is known as the critical index of the string susceptlbIiity. 'Ve have the ~1I11pl(> 

1('latiol1, À = 1- ,/2, and one fincls [11] that 1 = -1/2. In this analysis, it is unden-,tood 

that 1) -+ br, but be is a ncgativc number, and eq.l.l0 appcars to be divergent. The CUle 

fOI tJJi~ probl(!!H ls to vse analytical continuation for negatlve b. 

Ail hOl\glt the ahoV<' C'éllclllcüion WélS céuncd out wlth a factor of N in the action, it 

~h()llld 1)1' llot(·c1 tlJat. thele are other definitions of t11lS action (and also of the double 

hC:! IllIg III il! t). FOI exam piC', III thc following wc \Vi Il gi \'e the action an O\'crall fact 01 

of (i IIlhlt'ad of N, and wc will let {J -! N Wc call (-\ccol1lpli5h this with th(' follo\\'lIlp, 

1.1ilw.,follllatIOII, (P -+ ({J/N)I/2J, and rewlite the actlOll <lS, 

s 

(1.19) 

So, nul' previolls calcllbtion for gR arc essentlally 1Il1changed, ail that we have t.o do is to 

lepla('c N by (J, and b by b({JjN). VV~ get, 

1 (beN )-1+"Y/2 

gR = P (Jb - 1 (1.20 ) 

whiclt ih the l't'suit. fOllllcl in [12] ifwe let b = be . In fact the t\\'o approachcs are eqlli\'alc>nt2. 

Ahm'(' wc filst bet (J = N, and let b -+ be• In the other applOach usecl below, wC' sct b = be 

alld Id;1 -+ N. It isjust a matter ofchoosing Olle palamcter or anothel (in t.he actIOn) 

1.5 Orientability and the double-scaling limit 

O!ll' lllll'll':-.tlllg f(',llll1(' of the double-lin!' glaphs is that Ihe~' a]Jo\\, Il!'> 10 ::-,ay If till'il' dUel! 

1!,1.\ph l'(pll\'alelll l..'t)lIlaillS nl1oril'lltahlc III addition to Olirntablc (JlICS. 

To hl'\.' this, con:-'llkr the Hl'1l11ltian matlix modcJ, \\ith plOpngator < <''J""C'rd >== 

+(\./1\ ... This pznpagatm is l'l'pIC'S('llted by a dOllblc-linc, one for each index. One can 

'.!\\'l' point ollt, ho\\'cH'r, thdt the N,powel's COllllt1Jlg is slightly different. Fol' flll thel details, sec [12]. 
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only connect the indices a-d, and toc (fig. 1.2). So a glWll \'CI tex will ha\'e cOllncd<'d 

double lines, each line having an alrow in the opposite directIOn of the othc\'. T"'ll 

connected arrows in the same direction implirs contraction of incl!ccs This I1wans that 

one cannot twist a propagator, becaus(' the dilections of the arrows wO\lh\ not matrh On 

the other hand, ther are no problems w:th an even numb('1 of twists hecal1s(' \\'(' l'<lll al",ay-, 

untwist the Hnes. In terms of the dual graphs equlvaknt, we wOl1ld :-.ay t hat t.ht' :-'111 r.\(·l' 

is orientable. A twisted propagator would correspond, 111 the dUel! p,laph, to (,Ilttl\\~ ,\1I 

edge and revcrs1l1g its orirntation (fig 1.4) Twisted plopagatols, and hCIH'I' 111101\(,III"hl(' 

surfaces, would be pOSSible \Vith other mat.rices, slIch as ant 1!'>)'ll1l1H't 1 Il' Ol1('!-. 

abc 
a b' c 

b ç 
a 

c' b' a' 

Figure 1.4: Orientable and unorientablr Slll fnces. 

One could think here that the Feynman rxpanfllOIl of Cl gin'Il mod('1 wOllld 1('11 11', 

if there are unorientable surfaces in additIOn to the olIPntablc 011('') III Il)(' ('01111111111111 

limit. \Vhen one goes to the doublc-scahng limlt, howe\'(~r, the (Ol1tllhlll.loll flflili II", 

ullorielltable surfaces may not survive. One such (~xillllple I!'> !lll~ aIJlI'>ylllllll'lll( 111.1111 

moriel, which has the same frcc cnclgy as thc Ikflllltian IlIatllx IIIOdpl, r!('SjJlII' 11\1' LilI 

that its ciual graph had unol ientable sUlfaces Low oldpr c,d( li lat HJ\IS a\(~ dOI1(' III 1 III' 

appcndix for five diffcrent types of matrices tnr:lllding /!/'llIll!UIIl IIJ:tllJ('('" 'J 11(: Il'''<,(JII 

why ul10lientable contribution disappcar in the dOllble-~(';lIlllg lilllit 1'> lIut ('Id Il!'lv Il'';11 

[13]. So even though the dual graph of a FCy!llllnn l'XpilllC,lfJ!l J!.IV(·') n" !HJl Il "lllrl" flf 

contributions, we actually have to ~olvc for the frce CIJ(:1 gy 1,0 ~f'e wlwlJ 1 (Jill 1 JlJIIII(JIJ<, 

survive in the continuum limit (as explainf'ri tn the next ,>('( 1 Ion) 'J JII~ 1 .... 1)1j(' 111/)11\',,111)11 
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for ~olvlIIg the new matrix models in chapters 3 and 4. 

1.6 Exact solution of Hermitian matrix model 

The ('aklllatioll In ~ection 1 4 wa.., carried out ta show that It 15 possible to IrcO\'r! th<' 

('OlltilJl1l1lll lirIllt, and also to point out the way to do it (i e d01lble scaling 111I11t). \Ve 

willllf,(' t.he f>:lllle kiml of 11I111t in solving matrix models, but tl11S time wc will ~ol\'e thelll 

pxnctly. '1'0 I1ll1~t 1 atp t111f.> pl oced t1l c, let 's cOI1~ider the fo Il 0\\' i ng slIn pIc moclel \\' IH'I e we 

1l~(! a N x N IIcnnitian matrix <P, 

ZN = J d<p e-S(r/J) 

N 

J dU Jrr(dXle-S(r·»)tJ.~Cr:). 
1=1 

(1.21) 

( 1.22) 

In the s(!('onoline, <p was diagonalized uSl11g unitaly matlices, and the x~s are its eigen­

vaIncs. The IIIt('glal over the t1nit.aly group (dU) IS ll'lele\'ant here, because it i& only ail 

0\'('1 ail 1I0l Illalization constant. tJ.N 15 a Vandermonde determll1ant, 

1 .TI r 2 
• 1 'L. N- J 

. 1 

1 X2 
2 N-l 

tJ.N(X) = II (XI - x}) = clet 
2 2 x2 

(1 23) 
15,J<I5,N 

? ':t.,N-l 1 .LI" .r~\, 'N 

Above, t.he fact.ol tJ.~ is the JacobJan for the change in valiables fo1'm those in tlH' 111<'(\.<;1Il'r 

(1.11) alld those In rq 1.22 In solving matrix models, one al ways uses the technique of 

gCllng flolJ1 ail illtl'gral ove1' (ail the elements of) a matl'ix ta an integral over cigenvalucs 

[1.1), or :,,(11l\(' ::-.implcr set of parameters. 

By tIal1sfOlll1ing the dete1'minant (adding multiples of columns), wc can get the fol­

Ill\\'i ng fmlll, 

~,\'(.r) = cid 

P1(.Tl) 

PI ( 1'2) 
P2(·rd 
P2(.l'2) 

Wlll'Il' the P's art' orthogonal polYllol1lials clefined as, 

J d.r e-S(.r) P~.(.r)PI(.T) = o/.:,1h/.: 
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P,v-I(.î'2) 

(1 2.1) 

(1 :?j) 



The partition funetion is then easily found, 
.\'-1 

Z = N! TI hl' (1 :?(i) 
,=0 

Instead of v,:ork1l1g out. ail the \\'cIghts h. and the polj'llollllals ( \\'hll'h \\'o\lld 1'<'((1111(' il Illt 

of work for large N), one gCl1crally considcr ra tins of pa III 1 IOll fUll<' t \(lll~. 

_h~ (1 +~) __ ZN+IZ
2 

N-I 

h N - 1 N ZN 
= exp[-(F,'V+I - 2F\' + .F,\ -dl ( 1,:?ï) 

(1 28) 

In the large N limit, one has a~rF ~ - log(h N / hN - I ), So the plohl('111 l!-ll (·dllcl'd 10 findll1)!, 

the ratio of the last two wcights and t.hen integl al ing t\\'\('(, Tlw, 1.1110 can Il(' fOUI\(1 hy 

using a l'eCUrSioll relation for RJ", where RJ.. == hl,:/hl.._ l, and 1 f1~ :-: 1'~11 + .'hJ\ 1 Ud\ 1 

The recllIsion lelation will have the fOlll1 ,\ft/ N = fil 11('1 )(Ill of I?~. H~ 1, I?~ j 1, 1'1 ( Til 

'-'c:ve this equatlon, for largc N \Vith ft -; N, \\'(' \\'llIllt'l'd \\ !t.t! 1" ( .dl('<1 il !-l('idlllg tlll""I,', 

This cames from the faet that. wc want to "f'xpi\nd" tl\(' tP!-',toll of Illlf'I(':-.t. tWill a (111\('.11 

val \le of R, The j usti fication for sl\('h an flnsa t z I~ )!,I \'('11 III dli1 pl ('l':? Tlt(' 01 !t('1 d('1 ;111" 

can be found in [7, 15] 

The lCSttlt, known as the Painlcvé 1 equation, is 

t = 12 
- ~ Di 1 (1 '2!)) 

3 
where al:F = f, and t = N4/5/1 - be/bl is callcd a f>cahng 1>;11 élllIcf,el', Fol' lal'~(' t, 0111' 

finds the following solution for F, 

:F = ~t5/2 + ~ log t - _7_ t -,5/'2 + , , , , (1.30) 
15 24 1440 

Each factor diffcr from the other by C 5/ 2 = N- 2 11 - be/bl-H-, 
:'his rcslllt agrees with the pre\'Jous analysls, ::,ectioll 1 .~ 

COllcprning the Orif'lItablltty, \\'P If'/muk tltat tllf' fi/!">I t('1111 III tlJl' ~()llltl/)1I f{J1 .r 1" 

t 5/ 2 "" .\,2, whIle in the second olle wc llilw ](Ji~ t rv N° T!JI" !f'II" Il'' 1 !t;1f 1 If(' fll"l 1('1111 

cOIre:-,poJ1ch, to a !',]>JH're and the !-l('((H1d to il lUI Il.., ))(JI/I1!, tl/f' ',;tJIII' ,II ;dl (Jld('I" \v(' \\IJllld 

find that (Jllly lhe t\'CIl EI1]1'1 1l1111l!Wl" '>lIlfau'!-l d)JIWill Hill Il rlIJI'" II(JI Ilfl dll Ill<tl \\1' 111111 

llél\'e Ollf'lItablc !SlI/faces Illd('('d, I!J(, K!<-III !HJII](' 1" 1I1l/111( 1":tIJ]I'. IJIII Ih Ltill'i IHII/Ji".! l' 

X = 0, The anaJy!',i~ of ~('ct)()n 1 5, tl!ollgll, tf'll" ll~ IIt,tf Ilw)(' .1)(' (J!tlr (/jllll!1111110Il',!l f IIlJ 

orient cd !SlIIfaccs for thlS Illodrl In g(~nela] we ('(jllllot lIlakf' t!JI" iI,""llllJ/illfJIlIJd,,,('d (JII 1 1 JI' 

solution for the free encrgy only, and wc have to CfJ/II!J()/(! \Vil!J ()t1lf'/ kllf)w/l 1I11Jr\(·I" 
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1.7 Classification of matrix models 

J wlil llOW illtlOdll(,(' li :'.11 Il pIc clas~ificatlOn ::,chemc for matnx moclcls, basecl on symmetric 

~paccs TllC jll~tificatj{)n of '>11ch a classification is that lt glves ail the models for which 

tIlC lcdll('tiol1 of the lmttrix integral allows for a solution by a polynomial methocl (as 

!-'k(·tclj{~d ill tlw IHcviolls section). Indeed, we want ta solve val iOlls moclels fOl differcnt 

Illtlt.IIX ('IIS('llIblc', but wc cannot choose any type of matllccs 111 any combination (the 

clJO]l'C of tlJ(' pot('ntlal I~ al"o I('~tllcted), becaubc it could he ImpossIble to lfldllce the' 

IlIilIIIX illtl'glal to ail 1l11,('gICt! ovel clgcnvalucs (or !-'omc slnlplcl ~ct of pmamctcls) Tlti~ 

/l'c!ud/o!l i~ nCC('~~a/y 1)('1':1U5(' lIslIally , the matnx ll1tcgutl IS Ill1possible ta e",duate' 

dlll·CUy. So w(' III·pd ~oll\e kiml of classification, 01 restllctlOlls, 011 tlte types of mockb 

This I~ wlJ('rc !-'ylllll){'t (le bpacc'S comes mto play 

1.7.1 Synunetric spaces 

Sy 111 III ct 1 il' SpllCl'S ran be considered as an extension ta the usual classification of Lie 

glOups. A pmtial deflnition is as follows: any symmetric spacc X can be realized as a 

~('t of cosl'ls GIf\: of a cOlJllected Lie group G on one of its subgroups K. This is only a 

pal t.lal ({t'finition 1l('('élllse homogcneo\ls spaces aiso satisfy this definition. The difference 

hetwC('1I the t\\'o spa('('f, IS that symmctl ic spaces satisf)' some symmetries Ilot fOllnd in 

tll/' hOlllogl'll<·()th cas(' The cla.'lsical types [16, 17], ale listecl 111 table l.1. The t\\'o ne\\' 

lIIodl'ls, III l'hapt('1 3 ,\I1d 4, ale III the DIlI ensemble In fact. we gCl1elally talk abOlit 

gt'II<'lalol t'1Ic,('1I1hles ",lllch aIr the set of matlices associélted to the symmetllc spaccs3 

They cont'~p()lld~, for chapter 3, to n odd, and for chapter 4, to 11 eVeIl. The next !-,('( tlOlI 

d('als wlth the lC'ductloIl nf matnx integ,rals, and the Jacoblans fOl SOIl1C of the matli" 

1.7.2 Reduction of the 111atrix integral 

Tht'Il' .tn' a fe\\- \\ays to It'ducc a matlÏx int('gral, depcnding on the type of mat.rix or 

thl' lIIatll" l'nsl'llIblr For l'xalllple, for the Hcrmitian matrix moclel, one can sim ply 

3111 t op\llogical t t'rl1l~, t hl' gt'Ut'I all,r (,Il'>elllhle is Identified \\ i th the t augent ~ pace of a ")"111 met de spaee 
r'Il\\Ill'lItlat 1011 of t hl' gl'II\'I at 01 s gins 115 the so-called circulaI' ensemble, "hich wc will not dJ'iCll<;., hel e 
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Cartan's 
notation 

AI 
AIl 
AllI 

BD 1 

DIlI 

CI 
CIl 

X=G/K 

SL(n, R)/SO(n) 
SU(2n)! Sp( 11) 
SU(p, q)/ S( Ct])) x U(q)) 

SO(p,q)/SO(p) x SO(q) 

SO(2n)/U(n) 

Sp(n, R)/U(n) 
Sp(p,q)/Sp(p) x Sp(q) 

Syst<'lll nf 
Rank r<,stllctl'd 

Inots 

11 - 1 
r-:--------

.4 n - 1 

12 - 1 .4 n - 1 

n=ml1l(p,q) p :::: 1. ('" 
JI > Ij,Ile, 

n=min(p,q) p:::: q,J)" 
}J > Il. 11 ,, 

11/" :::: 1 
111" :::: 1 
/II" :::: 2, 111!,1 -­

III" ::: ~, 1/1 loi ::.:: 

/11,/ -'~(/) -1/) 

III" :: - 1 
111,1 - (JI .- '/) 

III" .::: 1 
11/2 11 =-= 2 /: ,(' k 11/,,':: ,l, "'~.l 0 

11 :::: 2k t 

/Je/.. 
n Cn 

11=min{p,q) P ::: (j, Cn 

p > q, /J( 

------ ----

1 111"-::·\,11/,,,1:--

/lI,i -:: ,\ 

III" -:: 1 
III" -: l, IJI~,I -: ~~ 

III" :::: '\, 11/ '1 Ji ::: :3 
11111 .:: ·I(p -- 1/) 
---- -----

Table 1.1: Cla..e:;sification of the ~~ïnIl1d,I\{' :-'PéH'('S 

dlagonalize the matrix as It is donc in M<'t h(\\ book [1,1] 'l'Ill' Il'snlt IS t hilt \V(' gl'l ;\11 

integral over the cigrnvalucs \Vith a Jacobiall in term:-. of tlll':-'(, 1'1!',('II\ahll'S 'l'III' Idl'l\ 

bchinrl this l'eeluet ion IS tn ':,Jlllplify t.he matrix illtl'gr.d 

The symmetIic E:>pac<,s lIltlOduccd 111 the pICVIOIl'> :-'lIh:-'I'('1111!l gl\'(' 11<' a :--y"II'III.II)(' 

approach t0 ident If Y the ma t 1 i'\ cnsemble for wll1ch a :-'11 Il Il ,II Il,d \I( t IO\l 1<' (11)<,,,11 l!" \of li 

thesc spaces, howe\'el, the pIOccd1lre OflCd1lclIlg the IlllltIlX 1111,(').'.1<111'-, lJIolf' ('oillpl('\ ,\11 

analogy can be used to underf>tand how the Ja.cobian alld the <.,l'!. (j!lllfl'!,.latllJlI plll.\IIlI'tl'I:, 

alise. Consider the volume clement in ftat spacc WI iUI'H III ('.1111''''1.111 1 ClfJldllldlf''' aile! III 

spherical coordinatcs, f1~1 rh:. = dw dr 1,,'V-1 Sp/H'I iC'.d "'\'11111)('11 \' wllilld i111!)\\, II~ 1" 

intcgratc out the ang1llar plut dw \VIth ,.N-I 1)('illg tlJ(' .hl{)III:llI :IIJfI 1 ,11f' 111I1'1'pllllll 

vallable FOI a Syllllllctllt: "pace (matlix (,1l..,eI1l111(~) tlJl' 1Ii1111 Il)('11'-1111' C il Il III' d'l CJllIlICJ 1 t\ 

in the Sélll1C \';fl!' \Vith thc ": 111I1Wtl)' ])\()\ïrlPc! by tllf' .1'-"1)1 lal,'d l',IIJIIJI III c!"IIII', ql \',1' J",'I 

the .Jaco1JÎnn nnrl a1:-.o a ,>t:t of p:l!ftlllf'tel'> (Wllll II dll' Il()t 11 1'11'" <1111\' 1 1 JI' 1 1)',1 11\.dlll",IJ! 1 1 If' 

matrices). In the f'Xéllllple (11)()\'c the ~y11l111l't 11' 1'> gl\ l'II IJ)' t III' (Cl'-,I,t S'O( \ ! 1 J/""'( J(;\ J, 

which ie:; the vedor lilllit of Icctallgillai IllatiIl e,,> a,,,> "twlll,rliii [1'>:;] ('-CJ Il Il,,dl\' 1'0 cl ':c·( 1111 

model), For the techntral dctillb the Icadel I~ lefcllf'd tf) l!f.I~')II.',()II\ IlfJ(l" [li], 1.( 1 Il'-, Ill" 
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Cartan '8 System of 
notatIOn Ic~trictcd l'oots Jacobian 

A 1 An-l rr I:r, - .1') 1 
1<) 

AlI An-l rr lx, - 1')1
1 

1<; 

C 1 Cn II Ix~ - x;1 rr J', 

,<] 

DIlI n = 2k , Ck Il (x~ - X;)4 Il .T, 
1<] 

n = 2k + l, ECk Il (x~ - X;)4 rr ,r? 
1<] 

Table 1 2. Symmctl'ic bpaces and thcir Jacobians 

f>ay !J('rc that t.hcl'c is a 1('latiol1 bctwcen the multiphcltics of the !'Oot.s and the (IXpOI1(lllts 

III 1 he .Jacobian Table 1 2 gl\'CS '>OI11C &Y1l11llctric spaccs and t helr a~&()('iHtcd Jacolwlll 

If. ~h()llld bl' Ilotre! hclt, Ihat matlix lllode)s wlth Helmitlall l1latllccS, anll~ylllI11f'tl'ic 

IllatIÏcps, etc, are Ilot palt of tllls clAssification. ln fnet they belollg to the 11101(' btAlldmd 

glOlIps likc U(n),SO(lI), Sp(2n), and 50 on. 

TIl(! sylllllletric ~pa('('s clas'ilfication gives not only a broad lémgc of model~ wlllch alf' 

redlleiblp (and a s.Y~tell1atlc \Vay of reducing them), but al50 a convcnicnt. way ta lccoguize 

tl\(' diffcl'ent mat.rix modcls. 
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Chapter 2 

Complex matrix model with special 
couplings 

In this chapter 1 will show the calclllat.IOTl of Cl ll1atlix modcl \Vlt.h ('olnpll" IIldlll('('~ PDI 
('( NI 1/ 1 In tenus of groups, we say that they fOIl11 the gCIIClé\l.OI l'11~('lIIhl(' of III/' «()"pl Fi"-ld'( \1\' 

with N = A1 [18], The purpose ofthls lI10dcl if, to IlItI'O<lII<'(\ SOIlH' of 1 1 If' Id(·:I:-.lltat. wtlllH' 

used in solving the two other models Among othel' thillg~, t.he (lll~alz ll~l'd ill 1 he ~()IIlI iOIl 

of the model here will he used, with slight modificat.iolls, in the two Ot!IC'1 ~ h('(';uls(' of 1.1)(' 

similarities hetween the polynomials llsed in both case, 

2.1 Partition function 

Vve first write the matrix integral as, 

ZN = J dM e-/3V(M) (21) 

where, 

and JH is a complex, N x N, matllX The' '>IH'('lal ('olljlhlJp'c, (\/i Il)'' 1',1'11' IIC,('" IfI 

preservc a U(N) x U(N) &'yII1Jl1etly \\11I('h ,,110\\,>'\/1(1)1' c1J:I)'.'J/J:t1I/I·d (1' )', II() (MI)1 III 

,\It2;\12 tcrms). This structure cOlIIes 01lt dll('cIly of tlJl' (o..,f>t ((jII',llllr IIUII [1~l \rlr'l 

reduction to an intcglal over cigcll\'alllcs. \\'c tillll lite foll()\\,lIlg .J;lelllililIJ, 
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ami the partition function bccomes, 

(2.4 ) 

netween the first and the second line wc made a change of COOl dinate, y, = l:;, rllJ, = 

2'C,ri'c" in 01 dCI t.o get a .Jacobi an cxprcssible in tenus of a Vanc1ermondf' delrl millllnt 

(1I101C 011 thi~ IJc)()w). To do this IIltcgral, however, \h':! wIlluceel fiIst to drnnc Ollbogonal 

polytlolll ials. 

2.2 Orthogonal polynomials 

Orthogonal polynollliais ale lIeccssary bccause the Jacobian will be rc"'ritt(,11 as a de-

1('lllIiuilllt After :"Oll1e manipulation of the determinant, the enll ics will be orthogonal 

po\ynolJ1ials P. So thc \vhole dctcrminant. will gi\'e us a SUlU of products of thcse P's 

The expOlwntlfl\ in the integra) will serve as a measure weight for the polynOlmals and wc 

will be a.ble to cvaluatc the pattition function. Let's define the following polynolllials on 

t.1H' half-tine, 

Pk = yk + lower orders (2.5) 

and 

100 

d/1 PkP/ = hkDk./ (2.6) 

WhNC dit = dye-Ol'(y) ,,·c point out that they arc dlffercnt thal! tl!Of,C for the HennitHtll 

llIat.rix mode} becanse in that ca.'-"e they \vere defined on the \\ hale aXIS. \\'(' <,<'<' t hal Ill<' 

pmtition fundion, onc(' c\·a)ualed. will be \Vlltten 111 tcrms of Il's Ol\t tll<' !tee' CIl<'lg\ call 

1)(' Idatl·d 10 a latio of Z\" :--0 at the end of thc caJcu)ation wc \\'ill nccd 10 kllO\\ CI r,ltlo 

of (\\'o !t's. SUt'h latios ,lie denotC'd as Rk = hk/hl.- l ",here R ap!WéHS 111 tll<, foll()\\lllg, 

1\'('111 ~i()ll l'l'lat 1011 fOl the P's, 

(2 7) 

which ran cHsily be found from cq.2 5 and cq.2.6. So our problcl11 is redllced to finding an 

l',pH'ssinn for the R's and S's. In most mat rix l110clels, including t he one t hat we soh'ed 
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in chapter 3, the evaluation ,)f the partition functioll is Ilot so hi\! d. TIll' l'ompltcal('d 

part of the problem comes in fillding expreSSlOllS for the ill\\.iltal)' valtlt's app('atllll!, III Ihc' 

recursion relations for the polynomials, snch as S in l'q 2 ï. 

2.3 Recursion relations 

Here, the approach wc will follow IS that \\'e arc going to tly 10 find \,('(,III~I(l11 11·lntlllll" 

for the P's otller than (2.7). In doillg so \\,("11 find il s('t of Iwo s('lf-l'Olli-ol"tl'lIt l'qll.\llIlll'' 

in tellllS of R, S, k, a, b, and /3. \\'c COllSI<!l'l filst, 

DyPk = kPA'- 1 + 1 o. = 2: DJ,:.'?' , 
where Dk.' = 0 for 1 > k - 1, and DA',k-1 = k The coefficiellts DA.', fol' 1 < J,' -- 1, ('''" 1)(' 

found using the following integratioll, 

dy-(e- PkP,) = 100 d (w 

o dy 

to get a genera1 relation for the coefficients, 

-f3 100 

d'l(a + by)Pd">, 

+.1 d/-L(p,Dyn. + Pki)"P,) 

Assigning different values to 1, Wl' cali find sorne 1\Scflll J'(~lati()lls, 

l=k 

1 = k - 2 D/':,k-2hk-2:::: -PdO)n·-'2(O) 

1 < k - 1 Dk.tht = - Pk(O )P/(O) 

(2.!)) 

(2 10) 

(111) 

(~ I:!) 

(:! 1 1) 

(1. l:j) 

\Ve see that bccausc of the bOllndéuy t('III1S, the P(O)\, tlH' d('l iViltlvc of t 1)1' pol; IllIlllla'" 

invol"c alllowcr order polYllomials (i c. the lower bOIlIle! 011 1 i:-, Z('IIl) S(), :1'-. t Iwy c.1 :llld 

eq.2.l2-2 15 arc not uscfnl DlIt, in COlllbilllllg eqf> 2 12 ;alld :2 1:3, \V(' (':111 (·11111111:11(' I,IJI' 

bOlll1dary tCI ms, 
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So, wc finally have. 

(2.18) 

Thi~ J('('llr~ion relation will be slightly modified below to get OIlC of the two relations 

1I('(·d(·c1 to !',olve for R ,weI S To get, anothe! we wIll con<;lder !1l<,tcad, 

YÛy ?" = kP" + 1 o. = L Fu P, 
1 

(2 19) 

whCIe F".,I = 0 for 1 > k, and F",,, = k. The extra y wIll eliminates bOllnd,llY tl'11ll~ 

Again, tn gel the coefficients, wc consider a particlllal intcgral, 

100 

dYYôy(c- f3V n,PI) -1'X> dpP"PI 

-6",111" 

= -fJ 100 

dfly(a + by)P"PI 

+ 100 

dp(P,yôyPk + PI..yâyPI) 

frolll which wc get a gcneral relation for the F's, 

Fk,lh, + F1,I.. hk = fJhda(6k+I,1 + Sk6k,l + R/...lik-I,d 

+b{ c5k+2" + (SHI + Sk)f,"·+I.1 

+(R"+I + S~ + RI.. )f,k,/ 

+(Sk + 81..'-1 )Rklik-I,I 

+RkRk-I6k-2,dl- Ok,lh k. 

(2 20) 

(2.21) 

(2.22) 

As Iwfol'e, wc a.<;sign diffel'ent values to 1. In fact, 1 = k is sufficient to gC't (1)(' oth(,1 

\('('1\ 1 SiOll l'dation (t h('rc are no bOlllldary tenns herr'. and wc conld get a 1 rC1ll !:liOIl l'da t iOIl 

will! a fillitC' lltl1l10r1' of t(,1'111S) 

(2.23) 

alld nsillg F1.k = k, wc finally have, 

(2 24) 

TIll!'. is our filst l't'lat ion. Rcplacing in cq.2.18, we get a second lclation, 

(2 25) 
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2.4 Choice of the scaling ansatz 

Bcforc going on to the planaI a pplll'>:\Il1at1011 and the solutlOlls of tlll' 1('I'III~I\l1l Il'latlllll'', 

wc neccl to find slIitahle ansatl' l'nI' R, S. The cholel' that \\'1' \\illltlakl' 1" Ilot ;lIl11tlnl\ 

\Ve arc Ilot just dcaling \\Jth 110\\1'1 ~cnl'S l'xpanSlllll III fitet tl\l~ \ 1\\11('\' I~ b;tl--I,d 1\11 tIlt' 

faet that we want ta "cxpand" the lL'gion of lIltt'r('~t, \vJuch \\'lillcqUIII' tilt' 1IIIIlHIIlI tl(lll 

of scaling paramcters and so on 

Let mc start with a gcnclÎe lec1lfsioll lC')ation of the fOl m, 

n fi = F(Rn, Rn±l," .). (2 :,?ti) 

\Vc introduce, for convenicncc, ,,\ = N / (3 and write 

An 
N = F(Rn, Rn ±I" .. ). 

In the limit n = N -+ 00, wc will lise the notation RII=N = H(>.). Nmv, fOI lm)!;!' N dllrl 

n ~ N, we consider the follO\vingTa.ylor expall~ion of R lI (/\) wlwJ(' 1 -:: IIj.V -:::= 1, 

'1. ) 
Il - N f) 1 (11 - .N) cJ- ) 

R("\)=R(/\)+ -RI- I +- -- ----ft 1 1+ 
fi N f):r r- 2 N () / '2 1 

Ch'en that the dcpcnclencc of Rn(/\) 011 ,,\ OCCtllS as ,\jN III ('q:2 '2ï, Hlld !Il"! III tIlt' 1111111 

n = N -+ 00 this eqllation yields RP), wc gucs~ that the 1/ dl'!Jl'ndl'II('(' (';111 III' IVI It Il'11 il.", 

(220) 

for large N and n ~ N, 

\Ve now use the following idcntltlcs for a general fUllctioll J, 

('! :~ 1 ) 

and rewrite the R cXpal1f:>iOll as, 

( ! '\:!) 

where the plÎme denotes a deri\"atlvc \VIth rCf:>I)(~ct t.o À 
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EXpHlldillg the r(~cl1Isiotl Iclation for >. ~ .xc, R ~ Re (with N -> 00 and 11 ~ S ). \\C 

fll..,1 have, 

(233 ) 

wlJ('le R(.xr) = Rc. Wc al&o kllow that near thcsc critical values the rcclIl'sion 1('1<111011 

takl'~ the fonn, 

>. = F(R, R', R", .. . ). (2 3·j) 

So \VI' try il scaling solution for >. ~ .xc (which is the expansion we talked abolit. abO\'c), 

(235) 

alld ddll1C the scaling p;u amctcr t as, 

(2.36) 

T]JI' derivalive appcaring in the R expansion takes the form, 

R' = ~R(>.) = (J-Il( -(Jet)/ (2.37) 
8A 

Il 8
2 

( 
R = a.x2R >.) = (J-Il( _(J0)2 ï. (2.:38) 

We now write R7I (A) for n = N + l using the scaling 501utlOl1S for .x, R, R' .. .. 

(2 39) 

III t Ill' I:l ..... t lilll' we just usee! a lest'nhng of .r and also macle thc change Cl -> 1 - Il ~() 1 hat 

tl\t' .... l'al!llg paralllctC! takl'''' thl' forlll, 

(2 -JO) 
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2.5 Planar approxiInation 

In the so-callcel planaI' applO\IIl1atlOll, (\IlScltl aIl' rt'dut't'd tn tlll' 111111 1 III Il III Th"r 1" Illt'\ 

are rcduccd ta constants ( k = .Y -4 C\:', sa, RUI - .... n and SUI -0 S) 1'I11".I\1:',t·II\('1 

with the Cl itieality conchtion, ",dl alto\\" lit-. to dett..'11l1Î1H' t he l'lit je"l vall\l':-; apl't'.n 1I1)~ III 

these ansatz. \Vc also let k -+ 00, whilt' kccping k/;3 = ,\ lixed. Titis 1:-' .il\ ... t tltt' dtlllhk 

scaling limit. Eq.2.24 bccomcs, 

( '2. ·11 ) 

Similarly, from eq.2.25 wc ha\'e, 

R S2/4. 

Inserting in eq.2.41 we fincl, 

2,\ = aS + 3 2 bS . / 
2 

\Vc now reql\ire, for criticality [5], 8s'\ :::: 0 = a + 3bS Thi:-. I-',I\'('!,> 1\:-' tllf' ( 111)(.d \.dllt· 

Sc = -a/3b. Inserting III cq.2 43 and 2.42 W(' also get 1\' := _a'2/) 2/J illld U. :­

we choose ..\C = 1/2 and Re = l, thcn wc fille! ail the \'al\l("'), 

..\e = 1/2 Re = 1 
a = 1 

Sc = 2 
b = -1/6. 

2.6 Solutions of the recursion relations 

l ,/ / h' Il 
H, 

\Vc are now rcady to insert the fHl! all~atz in 0111' two rcclII~i()1l 1('lall()ll~ \\'(' (111111',1' 1 1 If' 

scaling solutions ta be, 

\\'hcre t is defined by t = CJ /2 - ;\, ):J-", \\'(' r11-,o \\ 1111' i\' 11JC,I(,ilrllJf' /, 1)(·( ;111'-,1' \' (' .. 11 flllh 

lI1tercsted lB the largr ~ beha\'lor of R illld S (alld "(j W(' I('pb l ' ,. Il) .V III (,1111(( III' 1111\ 

relations) In the R :tnsatz \\'e addcd SOlll(! [UOIe d('p',tr~(,c., (JI' rlf,(·dIJIII IJi" ('VJJ;tllrlJlI!', 1 1 JI' 
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orcier eq.225 cq.2.24 
~. 

{Jo 4/9 == 4/a 1=1 

fj-/l go = 2/ go == 21 

/3-/1-V 91= f' 90 == 291 

(3- 2/1 == fj-/1-2v 92 == 1/4/" - j2 2t = 2/3j2 - 1/392 + 1/6g~ -1/12 q~ 

Tahl,. 2 l' LOWP1>t or(\rr ~Ollltl()!1"i of the t\\'o n'CUISlO11 rC'latlOlls for t h(' COl1lpJC'x Ill"t 1 1< c'~ 

Illat 1 IX lIlodel 

fJ fllll<'tioll ill p(m:er~ of f3-v Tllls wdl h" l1('ccssary ta get consistent ~()llItlollC; hl'\(llld 

Jc'adillg OIder ill Il-v, Doing th(' ~all1c thllJg for 1 would only )'leld reclUlldélnt ('<[ll;ltl ll l1" 

Aft!'!' ills<'I'ting in the f('CIII~iOI1 rclations, êllld working out the lowcst olfler ('qU,ltIOIlC, 

wc !-lC't! that a consistellt solution rcquiles Il = 2v. For the t\\'o lecUlsion relatioll'>. the 

1 C'!'>llJts élie giw!1, order by arder, 111 table 2 1. 

FlOm cq 2.24, wc obtain the valucs of the exponents, v = 1/5, and f.J, == 2/5, \\'hlch is 

t'()ll~l!-ltp\ll wi th om previo\ls r('lat ion betwccn IL and v. Also, using the 1 elations oetw('cn 

tht' fi cOt'fficicnls and 1 from tht' fil:,t l'CCIII sion relation, we get, at arder /3-/' -2/, in t.1\(' 

!-lC'('olld J('('lIl sion 1 clat ion, a (llffei en tial eqlI Cl tioll for f, 

2t == f - 1/121" (2 -Iï) 

\\ Iwh 1:-' thl' wdl-known Palll\('\,é l equation, upon rellOll11alizatioll of t. At 0lc!('1 i-/I,llld 

d--/l- l
', \\'C' simpl~' gct C'qnalities (e g 0 == 0). ",111ch come from 0111' clit.icality 1 ('<jllllf'IIIC'l1t 

( fil~t d('li\'atiVl' of À \Vith I(,~pt'ct to 5 is zero) 

2.7 Solution for the free energy 

"'l' ('.1lI s()l\'(~ this pqllatiOll}Wltubativcly for large t, Sa, the value of Ris oetcrmil1f>d Ali 

th,ll \\'l' ha\'(' to do is to sohc for the partition function. OnE' casily finds (as in chnptcl 
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1 ), 
N 

ZN = rNN! II hl' 
1=1 

\\Te calculate, as usual, the ratio, 

Z,"I'+I Z N-l 2(N + 1)h;\,+1 
2Nh,\' 

= (1 + l/N)R N t1 
Z~ 

"" 1 - 11- 2/
590 

1 - fr-2/[l2.f 

The ratio of the Z's cau aiso be exprcsscd as, 

- ( F", + 1 - 2 Ft\' + F, .... - 1 ) 

ûLF 

Fil1ally, by comparing eqs,2.49 and 2.50, we have 

_/3-2/5&2 F 
ôt2 = 111(1 - 2flr 2

/
5

) 

_fJ-2/ 5 Fil :::: -2J;r W' 
Fil :::: 21 

From the Painlevé 1 equation, we can find a \vcll-knowlI PO\\'('l' !->CIJ('S ~1l11\11()11 fil 1 1 

f - fn2 1/2 1 -2 49/2 -9/2 -vLt --t ----t + 
96 3G8G4 

Rcpiacing in eq,2,51 wc get, 

Fil __ ? C,t1!2 _ 1 -') ·19V2 -'l!) _ v L - t - - - .,,- f - 1-
48 18·1:32 

(2,,18) 

('2 ~d ) 

( .! :,: ) 

1'1 - '/ 
- 1 .. i 

Frum the power series, wc !C'coglllze that the Illodc'l <!C"-,CI J1)('~ ('\('11 EIII('1 IJlllIdH'1 <,111 LIC (", 

only, in agreemcnt wi th the 1 e~\llts III the appf'J)fI!x J lHlc'pd, cac!1 III )\\'(:1 of f cl Ifl ('1 1'11/111 

the other by, 

t-5/ 2 = ((J_Nr 5/ 2(J-5/2/(-1/1) 

13- 2(1 - N / (J) _')/2 

"" N- 2(1 - N / (1)-)/'2 
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in the limit that (J -+ N. So we have even powers of N only. And because this is exactl)' 

the :,;une series as for the Hermitian matrix model, wc conclude that this model describcs 

01 ielltf'd ~1Il faces only. 

III fflet, lo compare \Vith other modcls, we g('nerally consider a ratio of coefficients 

10 I.akt Illlo ~ccollnt that F and t have lInkl1O\\11 normallzation. For examplc, 111 the 

folJowlllg :-'(~l II'S, 

(JI\(' wOlild cOllbider ratios like, 

Fil = t l
/
2(cQ + II Ck C5/ 2k

) 

k==1 

(2 .. 55) 

(2.jO) 

wllC'IC J + k = l + m, sa t.hat aIl powers of t cancels. Here, and thro\lg,hont t.h(' fllesl"'_ ",r 

will llSP the IatlO coc2/c~ (involving the first thrce corfficicnts). \Vc havr.:, 

(2.5ï) 

This véllllC will serve as a reference wh en solving other moclels. 
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Chapter 3 

First model in the DIlI generator 
ensemble 

In this chapter \W' conslcler the fir&t of the t\\'o ll10dels III tilt' DIlI g«'I1('lal.o! «'1I:-.«'llIhlc' 

matrices are the generators of SO(2n)jU(n) for 11 odd :\~ \l~llal, \\'P will dl'Ii\l(' \{'C\!I 

sion relations for the 01 thogonal polynomials (!-lPct Ion 3 :2), b1lt 11\ t Il!' ('\'alllal )flll \ ,f 1 II<' 

dcteI1llinant (section 3,3) wc ",Ill also necd to ddilll' 1('('lllf.IOII Il'/allOll:-' fOI IIIC' pill 1 111011 

function itself as weil as for an auxIliary quantlty TIlls 1& a \'i\l wt.i(J1I 011 a ~t illld.lld 1 ('C il· 

nique usee! for other modcls, In section 3;) Wt' \\'dl !-loI\'(' 11l('~(' J('('t1I:-'I(J1I Il,1,,111111', \\'1111 

ansatz based 011 those used in chapu'r 2, Fillally, III &('c,tioll 3 G \\(' !-lol\'c' fOI 1 hc' Ilc'c' {'IWII',\ 

and compate wlth previous modcls, 

3.1 Partition function 

The Jacobian for this model is, 

N N 

.J = 111,1'71 11 (.l'~ - r;)'1 (:~ 1 ) 

I<J 

Anel wc are going to makc tlle allaly,>is \\lfll Ilw polc'lltllll 1: .~ (1/) l'Il. 1 1 ï II" I{'.!',I,II 

why thcrc are no lincaI or cuille 101111 if. tbat \\c alf' dc·allll)', \\ Il h .11111'>1'11111)1'11 II' llldlllC {" 

(dcfincd at the cml of the apl)C'whx) And wc kllO\\' tlut! Iidd /)(,\\(% IIf "llIl"\III!!!' IIIf 

mati ices are tracelcss, \\'C lise in faet tbr: &J1Jlpll·~t fC11 III fClI il /lCill'ld I;t! J Il)',1)1'1 (,1 (11'1 

potcntIaI ",oulcl only ylCld mOle cOlllplicalcd (~qt\allqll'" '1 llf' pill 1 Il 1(111 l'lIllf t lflll {ilii 111' II 
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bf' WI i tt ('II as follows, 

(3.2) 

(33) 

ndween thp first and the second line, wc used the suhstitution y, = x;, dy, = 2.r.,rI.L,. 

The cOlllplicated part of this integral is the Jacobian For convenience of evaluation wc 

will /('wllte it 11..'> a detenninant [14]. This is the usual approach to this kind of problem. 

'vVe have, 

N N 

Il y; TI (y, - YJ)4 = clet 
r<j 

Po(yd 
y2ôy Po(yd 

PO(Y2) 

PI(YI) 
y 2ÔyPI(Yl) 

PI (Y2) 

P2N- I(Yl) 
y2ÔyP2N_I(Yl) 

P2N-I(Y2) 

TI\(' P'S are the uSlIal orthogonal polynomials on the half-lim:, defincd as 

Pn (y) = yn + 1.0. Po(y) = 1 

100 

dp. Pn(y)Pm (y) = hnDm,n dtl = dye-p\'(Y) 

and flO111 which we derive the following Iccursion relation, 

3.2 Recursion relations 

. (3.4) 

(3.5 ) 

(3 G) 

(3.7) 

Fl'Olll the form of the dptCllllilltlllt it is clear that. we ha\'e to find a IccUlsion relatioll fOI 

,1/2()"P" (y) IlIdct'd. tlw ICC11ISIOn relation will t('llus ho\\' to dccompose t.he dctl'llllIlJClllt 

ln ('\;1111<11(' Il. This Id('(\ \VIII he c1cîllned lat('l'. Su \\.C' fil~t \\'Ille the gelleral fOI III of the 

Il'l'lIl'~Il)1l l't,lat WH. 
'l 71+1 

lÔvP'1 = 1/ Pn+1 + L Fu,I?' = L FIl.IP, (38) 

'==0 1=0 
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The F's are Fn•n+ 1 = n, Fn,l = a for 1 > Il + 1. and F" 1 \1I11lt·t t'1ll111H'd fOI 1 < 11 -1- 1 Ollc' 

gencrally st arts by considering the follo\\'ing Illteglal. 

100 2 d (-,:w D) dYY-
d 

e Pnrrn = 
o Y 

(3 10) 

The bracket notatIOn in the Inst lillc l'eqllll'rs ~tH1H' t'\.plallat 1011 'l'Ile' hl ;tc'\-('I \\'11 It tilt' 

su bscripts 11, ln mcans ail pOSSI bic pa t hs flOlll P, t () /">", 1)\ 1 1'1)( ·.Ilc'd "ppl)(' dt )( '110.., (If <'q :~ ï 

In thiscase, bccause there is only OIlt'!J, \\(' "pp" thl' Ic'cl\\'-lll!l \C'\.lIlO!l (l1I1\' (}I II't , l'cil 

a tenu [yi.-] , one ,,"oule! apply the 1l'(,lll~IOII lc·lalloll /, IldJe'" III ,lIllt'l \\'cll\l". 1 lit' 1{'..,IIlIIIP', 

polyl10l11 lais of l Pm will ha\'e dlffer(,llt dq!,(('('c; :\lld Ilwll ..,1 .tI.l1 jllllt!lll't \\ Il It j)" \\'111 III' 

e!ifferent than zelO only if it is of the salll(' dq!,Il'(' \ pli 11\1\' (,tlll I\t'Ip 1 () "1'1' wh.lI h'lJ 'P,')I 

(fig 3,1) Each horizontal line l'epl'<'s(,lll~ il poh 11(11 1\\ ,tI \\ Il Il d dillc'lC'lI1 dq',lc'(' \\ IJe'II 1111" 

of thcm is ll1ultiplied by y2, fol' eXél.lllple, t!J('H' dIt' dtflt'II'Il1 p"lll" 1'/l".,t!,I(·.I1 1 Illdlll)', 1,. 

each tenn ln the recursiol1 relatIOn SlIppO!-.C' that. \\(' \\,\111 lu (.dt IIlalt' r dl) f ,11,1/ /'" /'" 

Then we have to collcct ail Pn tel 111:', ('Ol11lllg out of .1/ PlI 1111' l'akllidl 1011 1" <I!-. foill/""" 

hn [y2]n,n = 100 

dy e-/lV l PnPn 

100 

dye- fJV Pn(Rn+IPn + S~P" + R"P" + , ) 

(Rn+l + s~ + Rn )"" (:\ 1 1 ) 

This rcsult can be rcad directly frolll fig 3 1 

\Ve can also cio the plCVIOtlS Illtcglal r1IH'( tir (\\111111111 IlIfco~',1;I1III~', 1)\ Jldlh) III Il,1', 

casc \rc gct 

l 'X d 
'2 -j3V 

ri!)!) -d (e ?nPm) 
o y 

j" 1) 
Il III 

+ [x.. rli/I/e-:II' r" P,', ( : l ' 
Jo 

_3[y2\, '( lJ)]III,,,h,,. -+- L( /'" ,r/ II ,1/", /-,,' I(~I ,,/'1/ l": l,: J 

1 

-;3[y2V'(Y)]n.",h m + Ft/,mlt", +- FIII,II"" r:l Il) 

2Q 



n,?,'- --

n t 1 

n 

/1- 1 

1
\ _ r) 
• J 

Figure 3.1: PictOl ial representation of a scalar product of t\\'o polynomiab. 

Comparing the two results, we have, 

(3.15) 

To find the diffcrent coefficients we sim ply have to asslgn different values to m. \\le 

start \Vith m = 71 and we stop with m = n + 3. This is because our potential V is of order 

two. So y2 V' is of order three. Wh en the diffcrence bet\\'cen m and n is four 01 more, 

ly2 V'(Y)]n.m is obvlOusly zero. The coefficients are, 

m = n -+ Fn.n = ~ [y2V'(Y)]n.n - rY]n.n 

171 = n - 1 -+ Fn.n-l = CO[y2V'(V)]n_l.n - 2[yJn-l.n - (71 - 1)) Rn 

m < n - 3 -+ Fn.m = O. 

For simplicity wc will write C = ly2V'(v)] and D = rV]. The recursion relation can finally 

be wlittcn as 

yZâyPn = nPn+l + (~Cn.n - Dn.n) Pn + ({3Cn- l •n - n - l)RnPn-1 + 

(3.16) 
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3.3 Evaluation of the deternlinant 

\Ve can no\\' e\'aluate the paltitioll fllnction But instcad of dOlllg it dill'l,th, \\'1' \\'dl 

find a rCCUr51011 relation for Z, The way ta do lt is to t'on~ld(,1 t IH' IIPPI'!' Iwo hl\(,:-' of 1 hl' 

determinant, and look at ail the possible pIOdurts ofpolYllollllab )..!,1\'11l)..!, Hull Il'ln all"'\\'I'I~ 

\Ve wlite t.he Jacoblan of the partition fUllctlO1I 2,'\'+1 (\:-., 

PO(Yl) Pl(f;d P2N-2(Yl ) P2.'\'-I(Yl ) Pl \ (III ) })2.\' t dl/l) 

P~N-'2(!ld p~s -1 (!II) !): \ ( 1/1 ) } '~ \ 1 1 (111 ) 

Pu.; -2(.1/2) P'2.\' -1 (!J2) 1'2 \' ( 1/2 ) J '2 ,\ t d 1/:.> ) 

J = clet P~N-2(!f2) P~.\'-I(ll'2) J>~\,(II!) })~\tl(.IIJ (~ 1 ï) 

where the 1 denotes y 20y, 

\Ve will now show how to fincl one of these contributiolls Iwfnl'c li~t.illg t1lC'1Il ail. FOI 

example consider the 2 x 2 block in the nppC'1' Iight COII}('!. III p~,v 1-1 1 ht'l(' 1'> a fael (JI PU\' 

coming flOm tlte lC'ctllsion relat.lOn that wC' f01\lId So III 1 II(' ('\';t!lIiIIIOIl of t II<' dl'I ('1111111<1111 

we will ha\'e a telm hhr (N + 1) < P~N(Yd,P2\'td!ll) > ln 'l'III' (~j 1) 1;\1 lin Itlllll'~ 

ftom tlte fact that we hét\e (N+l) &11,h tl'Im~ (the' ot)WI (ll\<," 1)('\\lg l'~N IC
'
ll)/'.'\ ,,c'll). 

etc) The telll1 Z!\, IS just thc &ubdeU>llllll1i1nt fhal \.., Il'fl ,tf'II'1 1111' 1'11111111:1111111 III' 1 Ill' 

t\\O rO\\'5 and columns, The notation Z l(,pIC<'(,llt~ tlll' (!t-II'111111/dlll, <l11r! Z IIIt' l'dlllllOl1 

fllIlctioll, which is jlIst ail intcgultloll with applOpllatl' \"('I~J,llh of;;' So \\(' "\'(' III)\\' 

the c\'alllatlon of the p,utitlOn functlon éIIi~t's Tlw d('I('llllllIdllf 1" (j ~11111 of jllodlll h of 

polynoll1ials, aIle! wc Intrgratc OVCI thesc j>loc!llch ll"lllg 1111'11 (j)I!logolI:t!lly 11·lalloll Il 

&hould be notcd helc that the factol 2- N III tlw paltlt]clli 1111)( Illlll (:\:\) \I,i\:-.liol lak('1i 11110 

account bC'clIl'le one can always lcdcfine Z = 2-'\ Z alld al Ill!' /'1111 of Il/(, ('alclllill IOIi, \\'1' 

considcl a ratio of Z'5 for will< h the~c factol ~ al (' 1111'\('\'<1111, 

\,"e no\\ mahc a li"t of all the contlib1ltion~ \Vith a 1'J1ld(· glilph of tl)(' fil,,1 1 \VI) 111)1''-, 

of the e!ctcrminil.nt in cach case 
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ln the' last case wc had t.o define anothel "partitIOn flll1CtlOl1" } ',v in order to ayoid (ln 

illfinite recllIsion relatIOn clue to the following pattern, 

/
JI 
'2N-6 

P2f';+I 

Ind('('d, in that ca:,c, ,,'C can go dO\\'l1 to the first colul11ll llsing the In.'5L Lerm in the 

J('('II 1 SWIl 1 (,1 il t ion for P', 

"'c can 110\\' \\'1 i te the rccurSlO1l 1 cla tion for the parti t ion fUIlet ion, 
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-N(N + l)(N - 1) < P~N-2' P2N+l >< P~.v-.l' f'!,v > 

< P~N-4' P2N-l > 2N-2 - (N + 1) < P~.'Ii-l' P'2.\'4 l '> y, (:1 \~) 

Bu t now we must also find a 1 eClll'sion relation for t Ill' )' 's D\' l'(lIl~ldt'IJlIg II\(' 1\ PPt'J 

right corner of ZN+1 we ha\'(' the follùwing contlihntions, 

12N-4 
ni ni 

12N-2 
ni 

~ 2N-3 

P N-l 

"'2N-4 12N-3 
ni 

l2N-2 
DI n 

'lN 
ni 

r. N-l 

P N-l 

We immccliately write clown, 

(:~.I D) 

l 

\Vc no\\' dcfinc, for latel con\'cnÎence (v·/e waut to have a ~l1l()()lh pl<lllili 1111111 i1'-. \ .,,) 

the follo\\'ing two ansatz, 

f:~ 'Jj ) 

and rc\vrite eqs.3.18 and 320 in tellJ1~ of pûlYllormab III W alld X Art('1 ';(JIIII' ;d:~I'I)lilJ( 
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I!lantp\llation~, NI 3 18 !)(!cnmcs 

(3 22) 

Alld slInilarly for eq.3.20, 

XN+1WN - [y2V'(y)hN,2N-l2 R lV + R \" - 0 b 211'+2 N 2N+2- II' - . (3.23) 

3.4 Planar approximation 

WI' 1l0W tlllll to t.he planaI' applOximation 1.0 get the critical vall1cs for IV and X. \'\'e 

filst have to f'xpand tll(' paths ln eqs.3.22, 3.23, 

(3.~4 ) 

[lV'(y)hN,2N+l --+ [ay2 + by3hN,2N+l = a(S2N + S2N+d 

+b(R2N+2 + Ru,' + 1 + R2N + SiN+l + siN + Sl.\'+ 1 S2,v ).(325) 

U~illg the ctitical valucs fOllnd in chapter 2 (except for NI f3, morc on this in the next 

!-.ectioll), a = 1, b = -1/6,5 = 2, R = 1, and lV/{3 --+ 1/4, eq.3 24 beC'omcs a + 3bS = 0, 

alld ('«.3 25 !w('OlllCS 2aS + 3bR + 3b52 = 3/2. Our two rcclllsion relations, eqs 3 22, 3.23, 

takp the simplp form, 

11'3 + 3lV2 + 3lV + 1 

XlV +X 

o 
O. 

(3.26) 

(3.2ï) 

'l'Ill' ~()llItiolls aIl' Il' = -1 (tllplc root), ",hile.\ l('lW\lIl~ l111c!e!clll1ll1ccI \\'1' dont 

1\J11l\\' the l'llti!',l] \'a]I\(' of.\. bllt it turns out that it \\'ililw dct!'J'lIlIIlI'cl \\ l1C11 ~ol\'Jllg tlt!' 
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3.5 Scaling ansatz 

Let us look now at the full rc('ur~lOn relatIOns t.hat Wl' want ta snl\'{~, 

11IN H'N-l ," 
lV N + 1 l V N lV N -1 - b ( n ( Sm + 1 + 5'2.v ) + b ( R '2/1; + R'2 '" + 1 t R'!. NI'!. -/- 5-5.\' 1 1 

2 4N 2) .\",\l'v-l 
+S2N + S2N+1 S2N) - J - J + b' (a + 1I(5u ,"1 + S!,Y 1- Sl,\,. 1)) 

-lVN - 1R2.'\,(R'l,vtl + R l .\, + R2,\'-1 + 5;"'_1 + sj", -t ''"''2\' -IS!\,) 

lt'N- IR2 \' ( -, .1N) , 
- 0(.':»\ + 52\'-1) - - + R""R','_I{I,\' ." --"- () b _. {j - _/ ." 

The next step is ta find suitablc all~iltz fOl 17, S, lV, alld.Y 11«'11' aIl' "Olllt' 1"111.11 k", ,"Hllll 

thcse ansatz. Filst, the ('IIt1cal valllCS for (/, b, n, and S .II!' Il)1' "'.Il1lt'.I:-' 11111'-," III ",c',IIClll 

2,5. The reason for this 15 that \\{' can do the "allll' allai:;"', .... 111'11' .1 .... \\'" cllcl III ,'II.\pll" 

2. Indeed, the potent.inl if, the ~alll(,. and t.he !>O]YllOIllI,llc, alc' <!('!II)('t! 1111 tlll' h,d! 11111' III 

both ca~cs. In faet tills analysi~ I~ inclepl'lldcllt. of tlll' fUI1ll llr t li" .ld{'{)\'ldll ()1I1\ l11C' 

result for the partition fUIlCtlOll ZN i~ affecter! as weil a.c, tlte (,lltwill valtH' of Aï/i TIIf' 

other difference cames fWIll t!H' fad t.hat for fl and S, thp 111<1('\ 1.., 2N + l -= '2(N 1 l/'.!.) 

Sa, wc will writc 1/2 instcad of 1 in the exponcnt.ial \\' alld X haw l-otalltlald illI:-,at'l., 

R2N+1 == l-/r~CXp(-~f3-"~t)(!J() + !lI 13' Il + !/,!/,-'i-" 1· .. ) (:\ :HI) 

l Ü 
S2N+l == 2(1-/3- ll exp(-'2p-"üt)J) (3;11) 

ü 
lVN+1 -1 + ;J-P rxp( -lfJ-" Df )(ho + ri-"h l + li -2"/,! + (:\ :1'2) 

D 
X Ntl Xc - ir" ('xp( -lIF" Dt )(k{) + rF 'II" + .'1 -"'l,! + (:~ :l:\) 

1 
== (j-V( -/3 - N). (:1 :\ 1) 

4 

After 1l1scrting t.he aIl~atz ill lire leClllc,lolllelall()II~, l'q<'' :\ 2,,-) :JIJlI:\ L~) (,i! .1 '" c'ld,', 

), anclusing <p = Il == 2/5, a == (J == v == 1/5, wc fille! 1/11' Il'<''ldh f~I\('11 III 1;",11':\ 1 \\" 

f>CC that. a c()nsl~tent ~l)lutlon 1('(jlliJe~ tllat Sr = 0 III r!Olllg <"0, \\(' )',f'! 1\\0 dill"IIIIIIit! 

equations ddlIlillg ho and "0, 

o 
o 

6f + 110/;;0 + kb 
-61' - 12fho + h~ + 3hoh~J + h;; - Gfhr) 
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older cq.328 eq 329 
-

(1-1/5 0 hoXc = 0 

(1-2/5 6/ Xc = 0 -6i - goXc + hlXc - hoko - k~ = 0 

(1-:1/5 -3gh - 6goho + h~ + 3hoho 3f' + 6fho + goko - hlko + hoko - hokl 
+h~ - 61/;:0 - 6fhoXc == 0 k~/2 - glXc + g~Xc + h2X c - k~ = 0 

Table 3.1: Lowcst order solutions of the two recursion relations for the DIlI - odd n -
lIlat.IIX moc}<,l. 

\VI' llsed 1 he rad t.hat. 'ID == 21, found flOl11 the chapter 2 analysis \Vith R2k and 521.. an~atz 

l;~lIlg Ill!' known !-'olution for 1 (samc as 111 rhaptcr 2 but \Vith f -+ 2t ), and power sCliC's 

~()II1t1()11 fOI ho and ko,\\'e filld il f,('1 of algeblalc equations t.hat. wc (',\li 50h(' Fillalh'. \\'(' 

t'IHl \I)> \Vit.h 4 sol\ltions, 

ho = ±2V3t1
/

4 + ~t-l 1= ~~ t- 9
/
4 + .. , (3.37) 

J,o -r:2 I3t 1/ 4 + ~Cl ± 5/3 C 9/ 4 + 
TV.) 8 384 ... 

éllld 

(3.38) 

h. tUlIlS out that wc will only nced ho in the solution of t.he frce enelgy. 

3.6 Solution of the free energy 

\\'(' cali 1I0\\' look al, tl1<' fIC(' cnclgy. \Ve start \\Ith ('qs. 321 Hnd \\'c lIl\'('It Ill<' Oll!' \\ith 

ZN 
Z,\'-1 

ZN+l 

ZN 
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Tak;.1g the ratio of the two expressions we get, 

ZN+lZN-l 
Z~r 

The lV's can be written, 

lVN+1 - -1(1 - (3-1/5(ho + h l{3-l/5 + ... - j3-1/5h~ - p-2/5,,~ + Il.0.)) 

- -1(1 - hoj3-1/5 - (hl - h~){3-2/5) + !t.o. (:~ ,l~) 

WN -1(1 - (3-1/5(ho + hI P-I/5 + h.o )) 

-1(1 - hoj3-1 /5 - hl,3-2/5) + h.o 

From which we calculate the ratio of W's, 

"" 
1 - ho{3-1/5 - (hl - h~)13-2/5 

1 - ho{3-l/s - h l j3-2/5 

(1 - ho{3-l/s - (hl - h~){J-2/5) (1 + 110/1-1/ .... + hl/i- W' -1- ,,;~,I Y') 

== 1 - h5{J-2/5 + (hl + h6){J-2 j S - (hl - h~)fJ-2/5 

(:~ ·I·I) 

Similarly, for the R's, 

\Ve then have, 

ZN+~;N -1 ~ (1 _ 2f {J-2/5)( 1 - 2f (3-2/S)( 1 + h~{J-2/5) ~ 1 - (4 f - h;,)/r lj', (:\ I(j) 
N 

The ratio of the Z's can also be CXIJl0SSed as III (2.50), 

(:1 ·1 ï) 

So wc finally have, by compnrillg cqs. 3.4G and 3.47, 

_(3-2/SfP F = 1 n (1 - (4 f - ";J) (r '2 r, ) 
Dt 2 

f"V -4f + h~,!j-'lr, 
Fil rv 4f - h~ (:1 ,1 ~) 
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Bctween the first and the second linc we used the expansion of the natural logarithm 

Uf>illg the solution for f and the solutions (3.37) for ho, wc filld, 

Fil = 8tl/2 -y: V3 C3/4 + 83 t - 2 + 
T 2 96 .... (349) 

III that. case, the universal ratio yields 83/9, which is a new result. Doing the same \Vith 

(;3 :18), we get, 
J3 13 Fil = 8t l / 2 =F _t-3/ 4 _ _ t- 2 + 
2 96 

(3 .jO) 

III thi:, :,ecolld ca.<,e the ratio is -13/9, whlch is the same result as in [20,21) althollgh the' 

IlIHtllX ('Ilsemblr 111 tl1<'!-.c papcls 18 <lIffcl(,llt. FlOm prcviolls solutions this I~ the' l'\J)('('te'<1 

latlo fOI t.he fl(,(, I~nergy of pl11C 20 quantulll glél\'lty \'v'lth ol'lcllted and U1101'lC'llt<,d <'111 frl (' 1"', 

011<' Sl1lpli~illg 1 (,l-olllt is that our 1\\0 l,OlutlOlls diffcI only hy t- 2 (\'ellficd llP to 1.jtll 01 de'I 

of Fil ), wl1J('h is the term cOllcsponding to the tOI us and the Klein boule. 
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Chapter 4 

Second model in the DIlI generator 
ensemble 

In thlS chapter we consider the second of the t\\'o 1l10c\('ls in t.he DIli g('I1('liltol ('11"('111111(' 

- matrices are the generators of SO(2n)jU(n), n e\'PI1. Agnin, wc will I\(·(·d III ddilli' 

recursion relations, but due to the nature of the Jacohli\ll, wc wIll fil!-.t. !illd 11'1:1111111" 

between orthogonal polynomials and skew-orthogonal polynornialf> (M·d.loH ., 2) '1'111'. 1:-. 

a new technique, In section 4,3 we will dcfine sllitable qllantltips flOIll wlll('h 1t·('III!-.IOII 

relations will emerge, Standard scaling an<;atz are plopo~('d in hcct.lon ·1 G alld a ~olllll(lIJ 

for the principal recursion relation i'3 round Finally, 111 the la!->t. !-.('t'f.IOIl, \V(' ,,()h'(' fOI 1111' 

frcc encrgy and, again, compale with ple\'iol1~ ll'odc'ls, 

4.1 The partition function 

The Jacobial1 for this model is, 

N N 

.J = II 1:r,1 rr(x~ -:r;)1 ( 1 1) 
1<) 

and "e élie going ta lJ1akc the al1aly~ls, <t.c, lI~lIal, wltll t Ill' pO!,c'lIt Jal \1 -: 1/ 1 L 1- 11/'2 1 1 

The pal titiol1 functiol1 can thel1 bc \Vrittell as follows, 

J
OO N 

ZN = -'X) II d.T,.J e- f3V (x?J 

1 

(/1 '2) 

( 1 :~) 
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Dd\VI~I~lI the fil'st and the second line, we uscd the substitution y, = x~, dy, = 2:L',d:r, 

Tlie cOlllphcated part is, again, the Jacobian. For convenience of evaluation \\lC rc\vl'it(' it 

;'l-> il dl'lf'llIllIHlIlt [8]. We have, 

Qo(yd QI(yd 
ôyQo(yJ) ÔyQI(YI) 

N QO(Y2) QI (Y2) 

Il (y, - y;)'" = clet 
,<; 

DyQO(YN) DyQ] (YN) 

wl)(,1 e the Q's are Metha's skcw-orthogonal polynomials, 

with 

Qt(Y) = yt + 1.0. 

1 

-1 

Q2N-I (YI) 
ay Q2N-I(yd 

Q2.V-I(Y2) 

ail othfllS heing O. With thesc clcfinitions wc can easily cvaluate ZN, 
N-I 

ZN = 2- 1
\, rI II Q"~ 

,=0 

(~ ·1) 

(~.5 ) 

( ~.6) 

(4. ï) 

(4 8) 

(4 9) 

1Il'l(~ \ve Il::,ec! skcw-ol'thogonal poiynomials hccausc \Vil h the orthogol1éd OIWS, Z,\ 

('''1I110t he l'\·alllat.ed (i.e. gi"cs an 1I1finite recllIsion relation for ap, t.his is \Vhat \\'c fOlIl;r! 

in chaptl'I 2). On the other hand, \\'lth Q polynomials, ZN is eas)' to fincl, but the prohll'lII 

is to c~tahlish recnr~ion relations for them and the q's. lndeed, the only kilO\\' Il'CUI!:>lOll 

1 pl il 1 ion is III fi III t c 18] The approach th at \\'c wIll fa Il a\\' is ta 1 cla te the Q polynollllais 

\\ i t 11 the r pnlynolllials (1 hrse al e the Ilsllal art hogonal polynomwls for which 1 eC\l1 sion 

11'1.\tIOll'" are wdl-Imo\\'ll, 01 at Ipnst. l'as)' to fine!) 

4.2 Relation betwcen P and Q polynolnials 

\ \'l' ~t al t ",it h the gcneral expansion of the p's in tel111 of the Q·s. 

(·t Hl) 
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In order to find odd and even Cs and t<.' 's, wc \\'d 1 l'Pli <'IlICI f(l1l1 (J III \ Id 11('\ ~ 1 Il f 11., 

calculation we take the Q product of Il P pol) IllllllltlJ .1lI.! il (2 \Ioh !lllllll"J lîlt' ht .... 1 

line will show the result llsing the <.>xpansion of P's 11l tel m~ of (J's TI\I' flliltm l11g \lllt'~ 

transform the Q product in a P product (orthngon.l1 polYlIomiallC'!allon) W<, ha\'(', 

f.,,2]q,-] 

~ J dye-J3v(Q2,_2)P~'+1 - Q~'-'2)P.2r+I) 
= 1 J d -JvQ Ù jJ '2 ye 2'-2) .r '2d 1 

1 -/3I'Q P IX 1 f' ( J\").-./\ ) 2"e 2,-2) l,Jill -2. (1/-/ ( (2, 

~ < OV'Q'2'-2), Pl, ~ 1 > /' - ~(h,- 2)(0)/\ Il (Il) ( Il:!) 

Similarly, for < Q2'-2}, P2, >Q, < Q2'-2;+1, P'2, >Q, illId < (J'l, -1) t l, /'2111 ->tJ. \\(' I.· .... P(·( 

tivcly have, 

W,.2J-lq'-J ~ < j3l1'Q2,-'2J' P21 > f' - ~(h'-2)(())P.lr(()) 
-W,,2Jq,-) ~ < (3l1'Q2,-2J+I, ]J'l, > l' - ~q2'-2)-j 1(())P'2'(()) 

1 
- 2"(2z + 1 )b}oh 21 

-Ç,,2}+IQI-j = ~ < {JV'Q21-'2J+I, [>21+1 > P - ~Q2'-2J+I(())r:l'11 (0), 

Vo/e will now consider the above equations for sJ)(!cific \'alllcs of J FOI <'CJ. 4.12, 

f",2)q,-} = ~ < {JV'Q2,-'2j' P2r+ 1 > /' -- ~q lr· 2j(O)P'2'1 dO) 

J = 0-+ f,1,Oq,-O = ~ < 13(" + Iilf)(h· Pb t 1 > l' - ~(h(()W2111(()) 
1 J 

q, = '2(3 < (0 + !JlIl(P2' +, ()), ell , 1 ~/' -~(j,,((jJ/\II(()) 

('1 1·1) 

(-1 J S) 

q, = ~/lbh2'+1 - ~(h(())P.!"I(O) (1 /f)1 

J=l- (".2(/1-1 =~<(3F'qb-2,P.2HJ >I,--~(j!r !((J)/',,'II(J) 

f",2q,-1 =-~Q21-2(O)P:hl-l(()) (lIt) 

In the next-to-last line, the P pIOrlllct 1'3 () ])('Citll'>C th(~ bJg!ll''-lf Il plJ!\'II{JJIIl:t! III IIJ/' (j 

expansion is of order 22 - 2. "VII en Il1Ultlplicd by tlJ(~ fil'!>1 d(,liv;tf_I\'(~ ()f 1111' P/!fIollfl,d (01 
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ord('/ yI J, WC get at most a 2l - 1 OIder polynomial which is not 51lfficICnt to plOd1\ce 

<,o/lIetIJllIg III il p/(),I,H:t wlth PZ•tl . 

Sil/Jllady, cq'> -4 13 and 4.14, \Vith J = 0.1, ancl cq 4 15 ''v'lth J = 0 only, ~'Idcl., ..,i Il li IHI 

/('~ldts UpOIl dlVldlllg thesc by (3 ancl h, we assemble ail the IIscful reclI/sion IclatlOm, ln 

tlw followlIIg, 

b 1 QZI(O)PZI+I(O) 
2 2 (3hz.+1 

1 Qz.-z(O)P.lt+l(O) 

2 (3hz'+1 

O [( b .... ) bl QZ.(0)P21(0) 
- a + ~2, - WrI - JI 

/2, 

-ÇdfJ, ---
(3hz'+1 

1 Q2,-Z(0)Pz,(O) 
2 (3h2• 

1 
- 2[bRz'tl - ~rJ(a + bS21 ) + (~>lwrJ - ~,zbl 

= 

1 Qz,tl(0)P2,(O) (22 + 1) 
2 (311z, f3 

b 1 Q2,-I(O)P2r(O) 
2 2 ;3hz, 
1[( IS ) 1 1 1 QZ,+I(O)PZ'tl(O) 
-2 a + ) 2,tl - )Çrl - -2 ''.11 . 

~ /'Z'+I 

4.3 Scaling quantities 

(4 18) 

( 4.19) 

( 4.20) 

(4 21) 

(4 22) 

(4.23) 

(4.2·) ) 

Im,tead of working directly \Vith the quantities in the above relations, we will choose 

suitabh' \'ariables which have a smooth planaI' limit. Let us define the following scaling 

qllant Ities, 

No\\' cnll~ider eqs . .J.l8 - 4 24 wnttcn 1lI t(,l'ms of thcse quantitles, 

1F, 

R'l'+1 
~,2lr,-1 

RZ'+1 R2,R'l'-1 
o 

= 

= 

b 1 X,A~HI 
.) .) 2'2, 

1 X'-IAz/TI 

:? 2.2,Z1,-I Z2,-2 

n + bS1r - wrlb - X,.4 2, 
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wlllVI _ 1 1 .\"'-1 A:.?, = ------ ( l '2~) \ 
R2IRzl-1 2 Z2,-IZ2'-2 

-2WI bRb+1 - ~,d(/ + hS!/) + (~,,''',J ~/! \h 

-) '1:\'2, -
(~I+l) 

l 1 :\ll) ---
1 j 

-w,2~F,_1 b ) ;-1..1 2/ 
= - - ------ l 1 :\ \ ) 

R2,Rz'-1 2 222/- I Z2,-2 

-2ÇII W, 
a+ bS2,+1 - b~J\ 

) ; ." 2,-\ 1 
(.\ :tn = - ----

R2.+1 Z2, 

4.4 Planar approximation and critical valups 

It tlllns out that wc wIll need to kll0\\ ollh' Ill<' (111[(',t! \,\111,·" III \" ;111<1 Il', 111'(':\\\"-" fUI 

a, b, ('tl:, wc ll~e the '3<1.111(' \'alues <1.."- III c11ilpt('1 :~ '10, \l,' \1 111(' 

b ~ - 1 /6 ,\ == 1 /:J --+ l / 1 
(J--+) 

7 . -1 
.. \ .-~ '.! /:) ( 

<..., '1 

. ' 
~" 

- . ~" (,1 :n) 

where the values for A ami Z C.lll !w ca."-II\ fOlllid 1l:--11I,l!, [Il(' "\pll' Il 101111 gl\ ('11 III "1', [11111 

-l 5. \Vlt.h these critical valucs, cqs.-l 26, ·1 28, <llld ,1 ::?~) 1 )('(',)1111''', 

121V ·-l+-IY ( 1 :) 1 1 

Cl ·1 + "'-"1 - -I.Y (., :rl) 

wlIV -~\' 
3' ( 1 :\fj) 

Combinîng eqs.4.36 and 4.35, we gct a lelatlOll \\'Ill! X ,llld IF (111)' Il''lllg l'q. Il:H \V(' 

solve for X and W, 

X 
1 

= -
2 

IV 
1 

(·1 :riJ 
12 

One also finds that WI = -2. To cOll1pll'tf' ,I}(' ;111.11\"-1" \II' Ildl ,,1"(1 "(JI 1·, (1111111(' IIIIJf'1 

('l'îtlenl \'aluC's Eqs -4 2ï. ,1 304.31 illld ,1 :3::~ 1)('101111''-, 

Ç2 1 

12 G 
1 ·1:2 

6 
= -+-1[,1 +) J­

G :3 
111 
-w? - -+ -)' 
12 - 12 3 
121 2 

--6 Çj = -+-çj+-)' 
3 G J 

J 
( ) ( 

(j -1., J 

from which wc gct 6 = 2, Ç) = -3/2, Y :::= 1/2, HIId 0,,'2 ::.: ;3 
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4.5 Recursion relation for W's 

Ddore gOlIIg fil 1 1 11er, we can take a look at the frcc cncrgy tn scc exactly what q\lantltie~ 

w(! have tn kuow. The ~ollltion for the pal tition function \\'as round to be, 

N-l 

ZN = 2- N N! Il g" 
1=1 

A~ lI'>lIal wc (,(J/I'>lder ft latio of Z'5, 

I;u t., 

~(J, 

IV\ 

l\'N - 1 
( ) ( )

-1 
'Ix (1/\'--1 

J311'2.v 1311 '2.\'-2 

{fNh'.!s-2 '1 2S-1 

qN -1 11 2.\ 11 2.\-1 

( 4.42) 

(4.43) 

'1\ 1 

(j\ -1 R'l \ R2"'-1 

(<1 45) 

Ami t.lte ratio of Z's b Idatca tü Fil. Sa ail wc have to know is the latio W",/IV"'_I. 

sOllletlllllg that \\'c can ca:,ily fill(l \VIth a Iccurslon IclatlOl1 for thc HI'S (of coursc \\'r also 

ha\'c to filld tlH' diff<'rclltial eC}uatioll satisficd by thc fUl1etloIl lIscd in the IV aIlf>atz) 

To filld thi., l/'l'\l1~101l IclatioIl wc only llCCel cqs 426.4 :::!8, and 4.29. From (4.28) wc 

11<\\'(' , 

( 4 .·16) 

PlItt Illg in (4 29), 
(a + bS'21 - ,\IA 21 )lV,- 1 1 '\,-1.42, 

!IR2IR2t-1 = -"2 Z21-1211-2 
(-I.Ji) 

FIOlll (-126) wc abo ha\'c, 

.Y, Z,11 (1 211', -- )---) 
.4 11 1- 1 R'21-'-l . 

Z21-2 b 211",_1 ) 
--( ----
.4 21 - 1 R 21 - 1 

Ht'planllg in (-I-Iï) wc get, 



~\'fultiplying by A21-IA21+IR21+1 and rearranging krills, \n' ohtal/l, 

4Z2IZ21_IA2IAz,_IlI",W,_I + [Z21-1.421-1"·h+l(a + hS.!,)·- Z2'-IZ!'··\2,.·\'2'. lb 

-A 2I .·h+IR2I b]2R2'+1 "'1-1 + !Jz Rb n .!,_Il? 2, t 1· \!,:h'-l 1 = O. (1 W) 

At this point wc can look at .4. and Z, and try to exprl':-'s the11l as f\lndions of knowll 

cl'.1antities (a, b, S, etc). Starting from, 

Pt
2

(O) = ( bS) 
f3h t a + 1 

and, 

(·1 rd ) 

we have, 

and, 

( 1 .rI:\) 

So ,ve can rewrite eq.4.49 as, 

(21+1) 2i " ! 
(- (3 +bR21+dC-ïJ+bR21)[2H/, -bR2It-d ll '-1 

22 b2 

+R2i+I(a + bS21 )(a + bS2t+I)[( - f3 W,-d + 2R21R21-d = o. 

4.6 Scaling ansatz 

\Ve nmv have to choosc slIltablc ltn5atz for ~()Ivlllg OUI i('{ 111'>ltJll 1I'IIItlOll 'l'III' dltJ)('l' l', 

simIlar to the modcl of chaptr'r 3 

and, a.s llsual, 
N 1 - = - _ tfJv-l. 
(J 4 
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order coefficient 

/3-1/5 0 

/3-2/5 61 = h6 + h~ 

Table 4.1: Lowest orcier solutions of the recUlsion relation for the DIlI - e\'cn n - matrix 
modrl. 

Agaill, the gcncral index 7 is rcplaccel by N bccause wc are only intcrestcd in the large N 

li/llit. 

Using SOII1C information from the moelel of chapter 2 (with Cl factor of 1/2 fOl cReh 

clel ivative Iwcausc of a diffcrent normalization for t), 

go 21 
f' 

gl = 
2 

g2 = ~!" - 12 

16 

and Ilsing cP = Il = 2/5, p = v = 1/5, we find the coefficients listed in table 4.1. 

So thc &Ollltlon for W can be written, 

IV,\'_I 

~(1 - fJ-I/5(h + a- 1/5h + )) 12 0 jJ 1·· 

1~(1 - hOp-Ils - h1P-2/5 + ... ) 

- 1
1
2(1 - fJ-I/5(ho + (hl + h~)!1-1/1 + .. ))) 

- 1
1
2 (1 - hofJ- I/5 - (hl + h~)p-2/5 + .. ). 

4.7 Solution for the free energy 

\Yl' arc 1l0W rrady to calculatc the ff('c energy. A simple calclliation gives, 

Z"'+I Z ,/\,'-1 
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(., G 1 ) 

where the ratio for the IV's \Vas obviously the saille a~ III l'h"ptl'I 3 (tl(('il all~(\tz aH' 

idcntical). So, 

Fil = 4f - h~. 

Now, we know that / satisfy thE' Painlevé l cquat.ion, t :.:: r - ti (". alld Il \\('11 kllo\\'11 

power series solution is, 

1 49 / = 2t l / 2 _ _ t-2 _ t--<J/2 + 
384 589824 

(.1 (;:1) 

Replacing in 6/ = hÔ + h~, wc find a similnr series for ho, 

1 5V3 h = ±2 I3t 1/ 4 - -t- I ::r: _t- 9/ 4 + o Vol 8 T 384 .... (.1.G4) 

Finally, 

Fil = 4/ _ h' ~ 8t l / 2 l v'3 t<I/4 _ 13 t- 2 + 
o T 2 9G 

(., (5) 

The difference in poweIS of t i& again C'J/4, which I~ t h(~ ~alll(' ,1" III (·11apt(,1 :L Sn \\(' ('1\11 

say that this models dcscnbcs 1\1l011cntcd S\ll fae('~ fOl :-'lllf" a:-. \\(,11 tl.., ()\'ll'Il\('d ()IlI'!-. 'l'Il 

compare \Vith previous modcl, we cOllsider the latio of ("Jdlkll'lIts, 

8 X 
l:l 

COC2 --<JO 13 

n (·1 (i(j) 

This is the same ratio as what was found in t.he fin,t sol\\t !Oll of (hapt ('1 3, '-.0 t hl'" 111odl·1 

describcs exactly the sa me physics. 
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Conclusion 

No olle call (klly the impoI tance of string theory in today's theorctical ph) SICS, The idea 

of Ilsing 1-0 ()hjcct~ lIlf->tead of point-like particles, the hope for quantizing g,ra\'it.y, and 

tlll' unificatioll of allllltf'ractioI1<;, arc all equally good reasons for studying st.ring thcory, 

11l1fOll.tlllaf.dy, our pClttllbati\'c approach to stIillg thCOl')' IS not sllfficicnt tü ans\\'cr 

:-.tlch qtll·:-.t.IOIlf> as "what if-> thl' tlllC grolllld state of the theolY" .-\ Ilon-pcrtnrbative 

appl Oi\ch I~ Ilecc\ed, 

Mil 1.1 ix Illl)(!('!S Célll he \'lc\\'ed as an a t tem pt to pro\'ide such 11011- pel t 1II ha t i\(' Î nfOlllla­

tioll Ind('('d, by lIf->lIIg Illatllx ll1teglal, \ve ('an sol\'e some E>lll1ple :-.tllng 1l10dels Thf' t,,"o 

!H'\V lIlat!!x mo(lP\s ~t\ldl('d 1Il t IllS thcsis \Verc choosen fOl llWI1\' lea.<;OllS Fin~th, the\ ,,"cre 

paIl. of a c1a.,,:-,ifÎ<'atlOll :-,c!wlIle Srcond\y, the)' \\cre sol\'t'c1 to COlllpen(' thcII fll'C 01l!'lg\' 

\\'Îth otlwl 11Ioc!cb \\'Ith tlll' !Jupe that It \\'oll\d COl1filI1l the \'(\I1(l1t.\ of llltt'lpll'tillÎOll of 

l)leviol\s !('sI\!ts and }H'lhaps ~how new phases of simple stlll1g lI1ode\.:; Flllally, looklllg at 

t Ill' cOlltJiblltions il1 thc flet' enclgy and comparing with low-0!dC'! pel tll:-bati\'c analY5i5 

muId IH'lp ill detelllllning if e\'cn Euler llumber surfaces !Ilcludes ulloriented surfaces 

As an H:,>id(', the sol1ltlOn of thcsc moocls allowed us to extend the techniques used 

in soh'illg ll1atlix lI10dcls In chapter 3, we soh'ed a rCC\llSlon ~~Iatlon for the partition 

f1\ll! t IOll a~ \\'('11 a." t!Jo,,{' fOI the Il''lIal polynollllais t-.lOleu\'('l, wC' hael to df'fillC' 1\\'0 kinds 

of pnrt itlOu f1\llrtloll" III Old('! to get a sf't of t\\'o [jnite Il'{'lll''lllll IC\éltIollS III c!Jnplcl 4, 

1\(' Il:-.{·d :-,k{'\\'-{lIt!tIl~~llllal PI)I~Il()lllIals lIl"tl'acl of the \l~\lal ulthogollll\ jlolynoll1wls Olle 

ln ilIliIlIt<' 1!'('III:-'IIlU 1('!.I!IOIl", llO\\'('\'CI, \VI' abo hac! ta 1 (·!.\tl' the f()IIllf'I ta th!' Icltll'! III 

dlllllg :-'0, \\1' fiually rO\lnd a ~l't of flIllte Il'L'\lI~IOIl 1('latioIl~, \\ Ith \\'!tJ('lll\c ('()Itlel <'ohe tl\l' 

ulOde!. 

\rl' Il 0\\' :-'\lIlII11ê1I'l/l' O\lI t\\'o ll1aiIlIl'Sldts, \\'lth their IIllpltl'dtion~, Fil:-.tl~, fOl ('HCI! (lf 
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the models, the free energy \\'as the same as otl1('1 mockls pn'\'i()\l~ly ~t t1dlt'd alll! t1~lllg 

completely differellt matrix ensembles (IatlO -13/9) TIlt~ 1l11',\1I~ tlH' f!lll(\\\llI~ If tll\' 

model WCI e to dcscri be gl él\'i ty cou pied t 0 ~nllH' nt IIl'1' hy"tcm. t ht'lI \\ t' t '\ 111'<'1 t ha' d If!'!' 1 t'1I1 

regulatOls wotlld iIltloducc a <!rpclldt'Ill'(' nf tJl(' fi l'l' ('Il<'lg\ 011.1 Ct1llpJIIlg P,\I.I\\lt'1<'1 l "ll\g 

dlft'clent matlix CI1~l'll1hll'S \\0I11e! \wJd dt/ll'lt'1l1 I\'''ull-. !lut titi" 1" lItlt litt' t "hl':-OO lllii 

moc\els clescllbe pure gld\'lt~', il." Il \\,1.'-.111,,1 .Ih:-'Ulllt'd fOl Plt'\ltlll" "tllllllllll" 

Secondl.)', although hoth mode!,,) wld t',acth' the :-0 il Il 1(' Il .... ull, l!tl'II' 1" .\11 ,ttldlllOIl.d 

solution fOl n-odd (ratIo 83/9) Thh "olntll>l! ddl'cI" fl(l1l1 tl((' (lllIl'l "lit' Ililh 1,\ 1111' 

coefficient of the tOlus/Kkll1 hottlt' Il'1 III So alll.ttlo" IIt"I t!tllllll 111\1"1" till" 1,'1111.11" 

the sa me in both solutions :\ slIllllal ('ffet'! \\a~ found III [:22] fOl l~nS]) 111:11 II' ,'" .1I11t1l11gll 

the physical intcrprctatlOII was <kal III that 1':\:-'1' 1I1'\(' It 11'1ll.tll\'> 111It'\I'.\1 IIlI Ih,' IIt'\I 

solution 

l will conclude here with an llldlCatlon of ",hat ('(JuJd \)(' d()ll<' III t!t'\t'Illp IlIal.ll' 

models further. Another problcm \VIth mati ix mod('Js 1'-' that "lJllo,,1 ,III ()f t IWIII I('quil t' 

thcir own particular mcthod of solution '1'11f'11' I~ 110 ~t alldal cl appl llitl h tu .... (l''·ln~~ all t h(' 

models - stlch an applOi:lch wO\lld be II1!f'!('c:;tlllg III fill't thl~ 1:-' ]11"1 IIJ(' "illll(' pl()I,]I'11i il .... 

pelfoIming orc1l11ary lIltC'glatloll, \\'IIli th(, ddl'I'J('II(I' 11<'11' 111011 IJII' 11111111,1" ;111' f,dlll"lllg.l 

c1a!S~lfication scht'll1e C'OIl(('llllllg Iltl' "o]1I1I!)1l IJf Ihl' 111,,111' IIIII·~IJ." '1111' 1 1IIIIcl ,.1,," 11\' 

to ~ol\'c \\'ltllOut (lJag()Ilé1II~lllg tlj(' lllilllH l'" f:I"I Fillitlh 11111' 11111111 l '1II',lcll'l 11111111111 1111' 

t.ding of slllfaccs, but abo of \·()11111l1'~. h\'I)('I-\()IIII/l('~, ('II SIII Il 1111)(11,1" (Illlld \ ll'Id ',01111' 

ll1sight into legulators for higlwl dlJl1('lI:-'lOllllill, and 111011' 1I'.dl"I II' 1 111'11111· ... 1 If 1',1,1\ It\ 
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Appendix A 

Low-order perturbative calculations 

ln this "PP('lldix, wc show the calculation of the low order expansion of SOIne matrix 

lIIoc!C'ls. 

Let liS fir~t l'ccall the basic quantity that wc want to expand perturbat.ivcly. III mat 1 IX 

lIloc!rls wc gell(>rally start from, 

wit.h 
N k f ri,,! cxp( - If TI' !l12 )(TI' }[4/" 

"1..--
~ - k! fdMexp(-!fTrll1 2) 

(A.2) 

whcl'c the Z(O) factor in the dcnominator was addcd fol' normalization, and Al is an 

N x IV matrix. So, cxcept for k=O, which contains no information (i.e. Za = l, the lowest 

orcier in this 1)('1 t \ll'bat.ion SPI il'S cornes flO111 the coefficient, 

Berml' Iwrfollll i ng the calcllla tlO11S, wc sta t.e some basIc 1 cSIIl t S l1Sillg Ga li ""1 él li in t ('­

grals, 

! (? )1/2 
1 

_l::!..;r2 ~11 
1 = ( .r c 2 = -;-;-

. j,' 

(.-\ -! ) 
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Sa, 

and we write, 

( .\ ô) 

We will now calculate the lo\\'est arder coefficient for Ical symllll'tric, l't'al antbYIIIIIH't­

rie, Hermitian, complcx, and DIlI matlices, ail N x N Tills will gi\'t' liS the lu",(,!'!t old"1 

pm'v'crs of N, and hcnce the kind of <;\11 fa('{'~ that a PP(',\! III ('aell l'as\' 

A.l Real symmetric nlatrices 

It turns out that a four-matI ix calculatioll J('qllil'c~ the 1'(,~1I1t. of Il t\\ 0 11Ialll' ( .11('11101111111, 

so we start with 

J 15 _1:1..,/". ~J C' 5 5 S _ ( e 1 . vI) I..} 
< 1) kt >- J _1:1..,/, • .,'1 (.\ i) 

riS e 1 '. 

'vVe first remark that the trace of the matlix sqlIalcd can 1)(' d(,coll1posC'r! a~ lilI!O\\'!'!, 

Tr S2 = SIJS)I = SIJSI) = SI~ + 2 L SI~' (.'\.8) 
1<) 

So, when we have two diffcrcnt indices (i=k diffclent t.han j=I)1 the n' williw il f,,('tol' of 

two in the denominator. The re.sult is O,l.o)d2N Duc Lo tlH' ~yllllllf't Iy of 1.1)(' IIlil1l \1'1'<', 

there is another terl11 with the i!l(lIces inU·rchanged. Fil1fllly, ill the ca.<'(' I.llilt 1 ,I"-k=I, 

there should be only one N factor ill the c!ellominatol. Tlie fullowlll).', 1",>,Ilt '.t"('~ 11I11l 

account aIl possibilities, 

( . \ !}) 

\Vc can now easily e\'aluate the coefficient Zr, 

+N < 51)51, > < S)kSkt > 

2N < S,/J}1.' >< 51.1511> +N < SI)SU >< Sl,tSI! "..> 

1 1 l 
- 2N[2N(OI}b}k + OtkoJ])2N(OI.IO/t + ~k,h/J)l + N ;ïi,ij(~,lb}} -+- ~"h}d 
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(O)/Okl + O)IOhl) 
1 

= 4N[2(N + N2 + N 2 + N 3
) + (N2 + N + N + N)] 

= ~[2N2 + 5N I + 5NO]. 
4 

(A. ID) 

III 1 ha 1 case, wc sec tltat there are contnbutlOns from orientcd and unorient.ecl Slll fac('!';. 

A.2 Real antisymmetric matrices 

:\galll, wc enJelllate first < A"Au /. \Ve j)locecd as above, decomr,OSll1g t.he II(1c(' of tll!' 

Illal IIX 1-Iqual ('c! (I.e, follo\\'s, 

TT' A2 = A'JA)t = -A,)A'J = -2 L A~J' 
'<J 

(A 11) 

So, WIH'1l we have two different indices (i=k different than j=I), there will be n fRctor 

of two in the dCllominator. The result is o,koJt/2N. Due ta the antisymmetry of the 

matI j('(·s, there is anot hr!' term \Vith the indices interchanged and a minus sign. F:nally. 

III t IJ(' ca."c t.hat i=j=k=l, the lcstdt should be O. The following expression, again, takes 

11110 (\('(,()lIllt ail po~slbl!Jtics, 

(A 12) 

The c\'alllation of the coefficient 15 similar ta the symmetric case, except t hat \\'P ha\'(' to 

lal\(~ ll1to <lecount the minus signs, 

N < TrA4 > 

= 2.'\' < ~41]44)k >< .. 4kl.4.h > +l\' < .. 4 t ) .. 4kl >< A}k ... 411 > 

2N[2~V (5.}~)k - (j,]. DJ)) 2~V (bk/D/, - (jk/6,,)] + N ~1~i2 (6,1. 6J1 - /l'/\J~) 
(bJ /6 A., - ô),Ôu) 

IJ\,12(N _.\'2 - N 2 +N3
) + (N 2 

- N - N + N)] 
·1 

~12N2 - 3.1\'1 + NO], (:\.13) 

.\galll, thl'I'l' arc l'ont ribut ion" fIOIl1 01 icntl'd and unoriented surfaces III tllal. ca~e "'c 

kilO\\' tlt,lt III the contlnuUIIl Illlllt (double scaling), only onented smfaces "Un'I\'CS. 
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A.3 Hermitian matrices 

Agam, we need < .~I,)JhJ >. \\'p PIO('('l'C! as ahon'. dt'Cllllll)()slnp, thl' Il al'<' of Ihl' lIlatll\ 

sq1\ared. B1\t wc will use the fae! that il Hl'lllIItlallll1alli:-.. cali \)(' \\'l\tl('11 .'~.\1 ' . ...,. t, 1 l, 

where S is a real symmetric and A 18 a l'cal alltl~ynl\l\l'tllc maIn\. \\'l' 1\,\\('. 

This is just a combinat ion of both pl'cccccling H'Sltlts So "'l' will ha\'(', a .... \\'l'II. 

For the coefficient, we simply have, 

2N < M,),I}k >< !lhl.~'h > +N < M,]Mu >< ,\lJ~,i\!/, " 

2 ~c5'kc5J)6J..1c511 + !~Tc5'/6)kb)16J..1 

l \ \ 1 \ 

(2N 2 + NO). (.\ Iii) 

In that case, thcre are onry con tribu tions flOm e"Cll Euler 1111111 bel' SIII filC'('~ \\'!Jl< It dl':,1 III lI' .... 

here, oriented surfaces. This can easily be seCI1 lJ1 the product.s of t.he d(·1t il 1'11/11111111'" 111 

the next-to-Iast liue. 

A.4 Complex matrices 

Again, wc necd to calcuJate < C',JCJ..ol > Wc will \\'Iit.e C == A + 711, Wltl'JI' .t.\ IllId fj IIJI' 

l'cal matrices, \vithout any paltil'1dfll ~Yllllll(~tlief.,1 \Ve plo('('erl il.'" "IJ(J\'I', r!('(fJ!IJ))I)',IIII', 

the trace of the matrix 5qUéll('d \V(~ 1lél\'C, 

lIn [18], a ~peCla.1 fOrln of cOlJlplcx IllrtlIICl") 1<, 1I~('d, 1)1I! Il tlllU (Jill", l", "'flII\.tI, III 1', III' 1111' ,11.1i 

we have hcrc cxccpt fOI a factor of 2 III the trM <: of the matll\. tn t 111' f"111 t h 1'0\\" 1 
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= Tr(AT A-zBT A+1AT B+BT B) 

= Tr AT A + TT BT B 

= LA~) + LB~ 
l,) l,} 

(A.1 i) 

This factor of 1 for both summations willlcsult in a factor of IV in the dcnominator. The 

two-matl ix product gives us, 

< CI!Ck/ > = < (AI) + iBI))t(Akl + iBkl ) > 

= < (A), - iB),)(A kl + ZBkl ) > 

< A),Akl > + < B],Bkl > -i < B),Akl > +i < A)IBkl > 
6JJ.. 0,/ 0JkOI/ 

= --+--N N 
2 

= NO)J..o,/, (.-\ 18) 

For t.he coefficient, wC! get 

N < (ct),jCJk( Ct)k/C/, > 

N < (ct)I)C}k >< (Cth/C/, > + 

N < (Ct)I]C/1 >< C]dCth., > 
2 2 2 2 

N N O,k O)) N oklfJ" + N N 011 0)/ IV OkkO)/ 

4(2N2 ). (A 19) 

ln this pnrticu)ar calculation, there arc only contributions from the sphere. Compai ing 

\Vit.h IIermitinn matrices, we see that the tilings arc difl'erent on a microscopie scale but 

the <!oublc-scaling continuum is the sa1l1c. 

A.5 DIlI generator ensemble matrices 

The n'stdt, helc, will be C'édclllated explicltly using thc represcntmioll of the matnces fOI 

the DIlI gl'Ill'Iator (,Il~('mbll' SO(2n)jU(n). 

G = (Xl 
7 \_ 

- 2 
(.-\ 20) 

wb'\(l Xl, X 2 E SO(n) algchra. and ale antlsymmctric. \\'c ha\'(', fhst. 

Tl' AJ2 = 2(Tl' xf + Tl' Xi) = -4 I: .\~,I) - -! 2:: xi,,) (A.21 ) 
I<J I<J 
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Now, wc will calculate the fourth power of the matrix l'xpllcltly, al1d dl'compOSt' II Illln 

products of antisymmetric matriccs (Le, SI, X 2), ',"c have, 

N < Tr G
4 > == N < Tr(2Xt + 2X~ + 8X~xi - -1.\I X 2.\I X '2) > 

== 21
1
6(2N2 

- 3NI + No} + 2 /6(2N2 
- 3N1 + NO) + 

S..!...(N2 - ') NI + NO) _ .j~(NI _ NO) 
16 ~ 16 

_ N2 - 2N1 + NO (.\ :?:2) 

wh cre we uscd the rcsults for ant.isylJ1l11ctlic l1latticc.., (IHlth thr' lilli\IIl'1-.11lt .I!lcl thc' 1\\'0-

matIiccs product), So, agam, \\'P have cOlltllhntl011:-' ftnll\ olil'lltl'd alld 1I11011\'lltc'd ~\ll 

faces, Comparing \Vith syllll11etl'Ïc l11atrices, \\l' ~('l' thal \\l' hau' cldrc'H'III c UlII1 tlnll \llll', 

at low order (ratio cQcdcT is diffclcllt), hut thp dOllhlC'-'ocallllg l'Olltllllllllll i.., Ill(' ~"III1' 
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