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Abstract: In order to reduce interference to the primary 

system and further improve the spectrum efficiency, the 
Fractional Fourier Transform is introduced as a tool to solve 
the spectrum sharing problem and a new spectrum sharing 
protocol is proposed in this paper where sinusoidal signals and 
chirp signals are utilized for primary users and cognitive users, 
respectively. In our spectrum sharing protocol, secondary 
users take the initiative to access the spectrum or act as a DF 
relay to assist the primary system adaptively according to the 
channel conditions of the direct transmission link. Moreover, 
the joint optimization of power allocation and user selection of 
distributed secondary users is studied to achieve the maximum 
achievable data rate for the secondary system while 
guaranteeing the target data rate of primary user. Simulation 
results show that compared with previous protocols, the 
outage probability of both primary and secondary systems can 
be improved, and with an increase in the number of secondary 
users, a higher achievable data rate can be obtained for the 
secondary system. 

Keywords: cooperative spectrum sharing; Fractional 
Fourier Transform; user selection; power allocation 

I. INTRODUCTION 

In order to adequately utilize spectrum resources and 
effectively improve spectrum efficiency, Cognitive Radio (CR) 
technology has been proposed to exploit underutilized 
spectrum in an opportunistic manner [1]. In traditional 
Cognitive Radio systems, secondary users can only access the 
spectrum in the absence of primary users and thus it is 
difficult for secondary users to realize continuous reliable 
communications. Hence, the spectrum sharing technology, 
aiming to achieve efficient and reliable communications of 
secondary users while guaranteeing the quality of service 
(QoS) of primary users, has attracted more attention [2-3].   

Since the performance of communications can be greatly 
improved through the cooperation between primary users and 
secondary users, cooperative spectrum sharing problem has 
been studied extensively. In [4], a two-phase spectrum sharing 
protocol employing Amplify and Forward (AF) mechanism is 
proposed where the primary system allocates a fraction of 
time and power to the secondary system in exchange for 

cooperation. However, the performance of this protocol is not 
satisfactory due to the fact that noise accumulates with AF 
relaying. In order to solve this problem, a two-phase protocol 
based on Decode and Forward (DF) relaying is given in [5], 
where secondary users can access the spectrum by applying as 
a relay to transmit the linear combination of the primary user’s 
signal and its own secondary signal. However, due to the fact 
that this composite signal will induce interference to both 
primary and secondary system, the outage probability of such 
DF based protocol is far from optimal. Moreover, this protocol 
has a stringent restriction on the distance between primary 
user and secondary user.  

In the following study, in order to reduce the interference 
to primary users, ref. [6] proposes a cooperative spectrum 
sharing protocol with joint time and power allocation. Then, 
the cooperative spectrum sharing protocols in which the 
secondary user cooperates to help the primary user reach its 
target data rate with a fraction of power and subcarriers or 
bandwidth while using the remaining power and subcarriers or 
bandwidth to transmit its own signal is proposed in [7-8]. 
However, the above-mentioned works focus on spectrum 
sharing adopting the strategy that the secondary user uses 
disjoint time or bandwidth to forward the signal of the primary 
user and transmit the signal of the secondary user. However, 
the spectrum cannot be fully utilized in this way. In addition, a 
spectrum sharing strategy which adopts multiple antenna 
technology to distinguish the primary signal and secondary 
signal has been proposed [9]. Although the strategy can 
guarantee the coexistence of primary and secondary users in 
the licensed channel and satisfy their requirements of 
communication, excessive computational complexity makes it 
difficult to be applied. 

In this paper, in order to further improve the spectrum 
utilization and reduce interference to the primary system 
effectively, we introduce the application of the Fractional 
Fourier Transform (FrFT) technology to spectrum sharing and 
we propose a new cooperative spectrum sharing protocol. In 
our proposed protocol, sinusoidal signals and chirp signals 
occupying the same frequency band are applied to primary 
and secondary users, respectively. Due to the energy 
concentration property of chirp signals in the FrFT domain, a 
chirp signal can be easily filtered out from a sinusoidal signal 



in the FrFT domain [10]. Moreover, most existing spectrum 
sharing protocols just consider the single case where the direct 
transmission link of the primary user is good enough to 
tolerate additional interference or too bad so that assistance is 
needed. In our proposed spectrum sharing protocol, different 
channel conditions for the direct transmission link of the 
primary user (PU) are considered. When the direct 
transmission link is good enough to support the PU’s target 
data rate requirement, the secondary user can actively access 
the frequency spectrum without affecting the primary user’s 
requirement by using power control. When the direct 
transmission link is not of sufficient quality to guarantee the 
PU’s QoS requirement, the secondary users can act as DF 
relays with a fraction of power to assist the primary user. As a 
reward, secondary users can utilize the remaining power to 
transmit their own secondary signal. In this way, system 
spectrum resource can be utilized adequately.  

Then we study the joint optimization of power allocation 
and user selection of distributed secondary users such that the 
transmission data rate of the secondary user (SU) can be 
maximized subject to the target data rate constraint of primary 
user. The influence of the number of secondary users and 
transmit power on the performance of primary and secondary 
systems is analyzed. Simulation results show that the 
efficiency of our proposed spectrum sharing protocol as well 
as the outage probability of both primary and secondary 
systems can be improved significantly, and the achievable 
data rate of the secondary system can also be improved with 
the increase of the number of secondary users. 

The remainder of this paper is organized as follows: 
Section II describes the system model. Detailed analysis of our 
proposed cooperative spectrum sharing protocol with joint 
user selection and power allocation is given in Section III. In 
Section IV, the performance comparison between the 
proposed spectrum sharing protocol and the protocol in [11] is 
performed. Finally, conclusions are drawn in Section V. 

II. SYSTEM MODEL  

In this paper, we consider an overlay cognitive radio 
network. The primary system comprises a pair of primary 
transmitter PT and receiver PR, denoted as terminal 1 and 
terminal 2, respectively, as shown in Fig 1. The secondary 
system contains N secondary transmitter STn, denoted as 
terminal 3n, n  {1,2…N}, and one receiver SR denoted as 
terminal 4. It is assumed that the channel coefficient over links 
is denoted as v

ij ij ijh d g , where v is the path loss coefficient, 

ijd is the normalized distance from terminal i to terminal j and 

ijg is the fading coefficient from terminal i to terminal j which 
is modeled as a Rayleigh variable. Thus 

2

ijg is exponentially 
distributed with mean 1 ij , i.e.,  

2
~ij ijg   . Hence, 

2

ijh  
obeys exponential distribution with mean 1 v

ij ijd  , i.e., 

 
2

~ v
ij ij ijh d   [12]. In this paper, we assume that the 

primary receiver PR can obtain the instantaneous channel gain 
of direct transmission link PT PR  and the secondary 
transmitter STn can obtain the instantaneous channel gain of 
their related transmission links PT STn , ST PRn  and 
ST SRn  (n=1,2..N).  
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Fig.1 System model  
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Fig.2 Sinusoidal signal and chirp signal in FrFT domain 

Thanks to the energy concentration property of chirp 
signals in the FrFT domain, chirp signals can be easily 
separated from sinusoidal signals. Hence, we use sinusoidal 
signal and chirp signals for primary user and secondary users, 
respectively. By properly designing the parameters of 
sinusoidal and chirp signals, the sinusoidal signals can show 
flat distribution in the FrFT domain so that the chirp signal 
can be easily filtered out in the FrFT domain with very narrow 
band filter. At the same time, very minor distortion can be 
found for sinusoidal signal after the filtering of chirp signal. 
The expression of these two kinds of signals can be expressed 
as: 0( ) cos(2 )cs t A f t      and 

2
0( ) cos(2 )cc t A f t kt     , respectively, where A is the 

amplitude of the signal, fc is the central frequency, 0  is the 
initial phase and k is the chirp rate. The amplitude spectrum of 
these signals in the corresponding energy concentration FrFT 
domain is illustrated in Fig. 2.  

III. COOPERATIVE SPECTRUM SHARING PROTOCOL 

In this paper, a cooperative spectrum sharing protocol 
based on transform domain processing is proposed, and the 
transmission procedure for the proposed protocol is given in 
Fig.3. We assume that the primary and secondary nodes use a 
single antenna. The signals transmitted by primary user and 
secondary users are expressed as px  and ,s nx (n=1,2..N), 
respectively, with the assumption that 

   2 2

, 1p s nE x E x  . Since in each transmission slot, only 
one ST is selected to access the spectrum or assist the primary 
user, we remove the index of n for simplification.  

At the beginning of each transmission time slot, two cases 
for secondary spectrum access need to be considered 
depending on whether  the Signal to Noise Ratio (SNR)  12r  of  
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Fig.3 Flowchart of the proposed spectrum sharing protocol 

primary direct transmission link is higher than a given 
threshold 1 2 1ptR

   , where ptR  is the target data rate of 
primary user. The SNR of direct link 12r  can be computed by: 

  2 2
12 12p wr P h  ,                               (1) 

where, pP is the transmit power of PT and 2
w  is the power of 

Gaussian noise.  
Access Mode: when 12 1r   which indicates that the 

direct transmission link of primary system is good enough to 
achieve its target data rate ptR , so that the primary system can 
tolerate additional interference caused by the secondary 
system. In this case, the primary receiver PR sends a spectrum 
sharing access request message which indicates the tolerable 
interference I. After listening to such message, STi computes 
its corresponding spectrum sharing priority iM  with the 
consideration of channel gain of ST PRi   links 

2

32,ih  and 

ST SRi   links 
2

34,ih  (i=1~N). The priority of each 
secondary user can be expressed as: 

 

 

2

34,

2

32,

, 1,2...
exp

i

i

i

h
M i N

h
  .                  (2) 

In (2), the priority of secondary user decreases rapidly with 
the channel gain of ST PR link. In this way, the secondary 
with worse channel condition of ST PR link have more 
opportunity to be selected and the interference due to the 
access of secondary user can be reduced. Moreover, the 
priority of secondary user increases with the channel gain of 
ST SR link, so that the selected secondary user can 
transmit more data to PR while trying to reduce the 
interference to primary user. 

In order to reduce the signaling overhead, similar to [11], 
each secondary user starts count-down timer with the initial 
value which is computed by: 

 , 1, 2...i

i

T i N
M

 
  
 

,                           (3) 

where,  is a constant. From (3), the secondary user with the 
highest priority has the smallest initial value and thus the 
corresponding count-down timer decrease to zero first.  

Assuming that STk’s timer decreases to zero first, it 
broadcasts the first access responding message. When the 
primary system receives the first access responding message, 
the corresponding secondary user will be selected and will 
work simultaneously with primary system.  

In the access mode, the signal px  from PT and the signal 

sx from STk are transmitted simultaneously. The signals 
received by PR and SR are denoted as 2y  and 4y , respectively, 
and can be expressed as follows: 

 2 12 32, 2p p a k sy P h x P h x w   ,                      (4) 

4 14 34, 4p p a k sy P h x P h x w   ,                      (5) 

where, aP is the transmit power of STk and iw  represents the 
Gaussian noise with the power of 2

w  at terminal i. 
To improve the performance of primary receiver PR, the 

signal of secondary user sx should be filtered out from 2y  
using the energy concentration property of chirp signal in the 
FrFT domain. After removing the estimation of sx  from the 
received signal with the assumption of perfect channel 
estimation, the remaining signal can be denoted as: 

  12 32, 2pm p p a k s sy P h x P h x x w    ,          (6) 

where, sx represents the signal filtered out in the FrFT domain 
which can be expressed as   1s sx e x   and e  is the signal 
separation error. Thus the achievable data rate of PR can be 
expressed as:  

2

12

2 22 2
32,

log (1 )
p

p

a k w

P h
R

e P h 
 


.                 (7) 

At the secondary receiver SR, we can also utilize FrFT 
domain filtering to obtain the estimation of the signal from 
secondary user sx . The filtered out signal with perfect channel 
estimation can be denoted as: 




34, 4sm a k sy P h x w  ,                           (8) 

Thus the achievable data rate of SR is: 

 
22

34,

2 2

1
log (1 )

a k

s

w

e P h
R




  .                  (9) 

In order to achieve the optimal performance of the 
proposed spectrum sharing protocol, the transmit power of STk 

aP  needs to be optimized to maximize the achievable data rate 
of secondary system subject to the target data rate constraint 
of primary user. This optimization problem can be formulated 
as: 

 max sR ,                              (10.a) 

subject to  

  
0

p pt

a s

R R

P P



 
,                              (10.b) 

where, sP  is the maximum transmit power constraint of 
secondary user. Substituting (7) into (10), and considering the 
fact that STk can obtain the tolerable interference of primary 
user I from the spectrum sharing admission message, we can 
deduce the following formulation: 

2
2 122 2

32,

1

p

a k w

P h
e P h I 


   .                  (11) 

Finally, the optimal transmit power aP  in the access mode 
can be calculated as follows: 

 
22

32,

min ,a s

k

I
P P

e h

 
 
 
 

.                     (12) 

Thus, the achievable data rate of SR sR in Access Mode 
can be expressed as: 

    2 22 2
34, 32,

2 2

1 min ( ),
log (1 )

k k s

s

w

e h I e h P
R




  . (13) 

Assistance Mode: When 12 1r  , i.e. the direct 
transmission link is too difficult to guarantee its requirement 
of target data rate and the primary system needs cooperation, 
primary receiver PR sends assistance request message which 
indicates the target cooperation gain Q. Upon hearing such 
message, STi calculates the priority value with the 
consideration of the channel conditions of PT STi links 

2

13,ih , ST PRi  links 
2

32,ih and ST SRi  links 
2

34,ih (i=1~N), respectively.  
The priority of each secondary user can be expressed as: 

   
2

2 2 2 2

13, 2 32, 34, 32,exp ,

1, 2...

w
i i i i i

s

Q
M u h u h h h

P

i N




 
   

 



,(14) 

where,  u x  is the step function and 
2

2 2 1ptR
   . When the 

channel gain of PT STi links is higher than 2 , STi can 
decode the received signal from PT successfully and DF 
mechanism can be adopted to relay the primary signal. 
Moreover, when the channel gain of ST PRi  link is higher 
than 2

w sQ P , STi is able to assist the primary user to achieve 

its target data rate. Otherwise, primary user cannot achieve its 
target data rate even though STi uses the total power to 
forward the primary signal. 

From (14), it can be seen that the priority of secondary 
user increases rapidly with the channel gain of ST PR link, 
and hence, secondary user with better channel condition of 
ST PR  link is easier to be selected to assist primary user 
and higher cooperation gain can be obtained. Moreover, the 
priority of secondary user also increases with the channel gain 
of ST SR link. Hence, the achievable data rate of 
secondary system can be improved. 

Then, all the secondary users with 0iM   will start a 
count-down timer with the same value as in Access Mode. 
Assuming that the first timer reaching zero is in STk, STk 
broadcasts an assistance response message to identify its 
presence. When the primary system receives the first 
assistance response message, the primary system knows that 
its target data rate can be achieved through cooperation with 
the secondary system. Then he corresponding secondary user 
will be selected and will cooperate with the primary system 
with the following two-phase DF relay procedure.  

In the assistance mode, one whole transmission procedure 
is divided into two phases. In the first phase, the signal px  
from PT is transmitted, and the signals received by primary 
receiver PR and secondary transmitter STk are denoted as  1

2y  
and  1

3,ky , respectively. Then, they can be expressed as follows: 
 1

2 12 12p py P h x w  ,                         (15) 

 1

3, 13, 13,k p k p ky P h x w  .                      (16) 

In the second phase, STk decodes the primary signal px  
from the received signal  1

3,ky  and adopts DF relaying to relay 
the signal of primary user. Since not all the power of 
secondary user is allocated to transmit the relayed signal of 
primary user, the remaining power is used to transmit its own 
signal, and the transmitted signal from STk in the second phase  

 2
x  can be denoted as the linear combination of the 
regenerated signal px  with power  s aP P  and its own 
signal sx with power aP , i.e.,    2

s a p a sx P P x P x   . 
Then, at PR and SR, the received signal can be formulated as: 

 2

2 32, 32, 32,s a k p a k s ky P P h x P h x w    ,         (17) 

 2

4 34, 34, 34,s a k p a k s ky P P h x P h x w    .         (18) 

The signal of secondary user sx is filtered out from 
 2

2y using the energy concentration property of chirp signals in 
the FrFT domain and the remaining signal is: 

 32, 32, 32,pm s a k p a k s s ky P P h x P h x x w     .   (19) 

Then combining the received signals  1

2y  and pmy  using 
Maximal Ratio Combination (MRC) to decode px  at PR, the 
achievable data rate of PR is: 

 
22

32,12

2 2 22 2
32,

1
log (1 )

2

s a kp

p

w a k w

P P hP h
R

e P h 


  


.     (20) 

After filtering out and decoding the secondary signal sx , 
the achievable data rate of SR can be expressed as:  



 
22

34,

2 2

11
log (1 )

2

a k

s

w

e P h
R




  .               (21) 

The optimization problem of power allocation in the 
assistance mode can also be denoted as (10).  Since STk can 
obtain the knowledge of the cooperation gain the primary 
system    needs    from    assistance   request     message,   after 
substituting (20) and (21) into (10), we can deduce the 
following formulation: 

 
2 2

32, 12

22 22 2
32,

s a k p

wa k w

P P h P h
Q

e P h





  


.           (22) 

Finally, the optimal power aP  in the assistance mode can 
be obtained as follows: 

2 2
32,

2 22
32, 32,

s k w

a

k k

P h Q
P

h Qe h





 .                          (23) 

Thus, the achievable data rate of SR sR in Assistance 
Mode can be expressed as: 

 
2 22 2

34, 32,

2 2 2 22
32, 32,

11
log 1

2

k s k w

s

w k k

e h P h Q
R

h Qe h





   
   
    

. (24) 

If none of the secondary user can help the primary user to 
achieve the target data rate, i.e., no ST responds to the 
assistance request message, the primary system will perform 
direct transmission mode without the assistance of secondary 
system. 

In our proposed cooperative spectrum sharing protocol, the 
interference to and from the primary system can be greatly 
reduced thanks to the energy concentration property of chirp 
signals in the FrFT domain. Moreover, our proposed spectrum 
sharing protocol can be performed under different channel 
conditions of direct transmission link. Hence, spectrum 
resource can be fully utilized and outage probability of both 
primary and secondary system can be improved effectively. In 
addition, the joint optimization of power allocation and user 
selection of distributed secondary users is performed to reduce 
the interference to primary system and achieve a better 
performance of secondary achievable data rate. 

IV. PERFORMANCE ANALYSIS  

To simplify the simulations, a round single-cell scenario 
with the normalized diameter of d is considered as given in [8], 
where, the distance between PT and PR is normalized to “1”, 
and PT and PR are located at points  2, 0d  and  2, 0d , 
respectively. STs are randomly distributed in the cell and SR 
is located at  0, 2d . The main configuration parameters are 
summarized in Table I. 

TABLE I    SYSTEM PARAMETERS 

Parameter Symbol Setting 
Cell Diameter  d 1 

Path Loss Exponent  v 4 
Signal Separation Error e 0.1 

Primary Target Rate Rpt(bit/s/Hz) 1 
Secondary Target Rate Rst(bit/s/Hz) 1 
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Fig.4 Outage probability of primary system vs. the number of secondary 

transmitter 
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Fig.5 Outage probability of secondary system vs. the number of secondary 

transmitter 

Fig.4 and Fig.5 compare the outage probability of primary 
and secondary system with our proposed protocol and the 
spectrum sharing protocol in [11], respectively, with 

2 2 5dBp w s wP P   . From Fig.4, it can be seen that the 
outage probability of primary system can be reduced to zero 
when the number of secondary transmitter N>=4 which 
indicates that the performance of primary system can be 
effectively improved through cooperation, and the outage 
probability for our proposed protocol is smaller than the 
protocol in [11]. From Fig.5 we can observe that the outage 
probability of the proposed protocol is reduced significantly 
for secondary system when comparing with the protocol in 
[11]. The reduction of outage probability is owing to the fact 
that the secondary signal can be filtered out from the primary 
signal through fractional Fourier domain filtering and the 
interference to both primary and secondary system can be 
greatly reduced. Moreover, from Fig. 4 and Fig. 5, we can also 
conclude that with the increase of secondary user number, the 
outage probability can be reduced, and the number of 
secondary user has more impact on the outage probability of 
secondary user. 
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Fig.6 Achievable data rate of secondary system vs. 2

p wP   

The performance of achievable data rate of secondary user 
is shown in Fig.6. It is obvious that with the increase of 

2
p wP  and the number of secondary users N, the achievable 

data rate of secondary user can be improved significantly. It is 
because that secondary user can obtain more opportunity to 
access the spectrum in our proposed spectrum sharing protocol 
whatever the channel condition of direct transmission link is. 
In addition, when the number of secondary uses increases to 
20, it will be difficult for secondary system to achieve a better 
communication performance with a further increase in the 
secondary uses number. 

V. CONCLUSION 

In this paper, we propose a cooperative spectrum sharing 
protocol which employs transform domain processing 
technology. In our proposed protocol, primary user and 
secondary user which adopt sinusoidal signal and chirp signal, 
respectively, can be easily seperated. Hence, interference to 
primary system can be greatly reduced. Moreover, secondary 
users can access the spectrum or act as a DF relay to assist the 
system adaptively according to the channel conditions of 
primary direct transmission link which makes the spectrum 
sharing  more flexible and improve the outage probability of 
secondary system effectively. Then we study the joint 
optimization of power allocation and user selection so that the 
transmission data rate of secondary user can be maximized on 
the premise that the primary user’s data rate requirement is 
satisfied. Compared with the protocol in [11], the performance 
of outage probability of our proposed protocol is improved for 
both primary and secondary system and the improvement for 
secondary system is particularly remarkable. Moreover, 
achievable data rate of secondary system is also significantly 
improved with the increase of 2

p wP  and the number of 
secondary users. 
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