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MAGNETISM AND MAGNtTtC EXCITA TtONS 
IN NARROW~ND METAU , _ 

AND RAREU"TH COMPOUNDS 

. In Part 1 of thls thlSl" 'Nt In'm.tt the propertl" 
of 1 model fol' mqnttlsm ln narrow band metals whlch 
conshu of Iocallnd Ofbltah hybfldlrlnl wlth a lDad 
conduction bind, Wt IXlmin. lM Itltle """"tic propem" 
of thh modtl and obtaln the ~ItloN undtf wtltch a 
"",",tle ltate tKIItS. W. also txamiM the mllMttc ex· 
citations, .,." Wlvta Ind seMn ~UCNltloM, ln thl, modtl, 
'Nt show tMt lM .n wallt d~ rtlatlon h" the 
\\IUII qUldrltlc form ~ the k/InI wawttncttlllmit. Wt aho 
show that lM tClu."", ()f .fttetram-off .,1" nuctuatiOfl' 
1tId, to<lM UlUII 'T' 'tnn '" the ","tl'lllY at low tempe\" 
IN"'" and dl1CUll lu ..,1Ic.\tlon ta the pmlurt tfftct. ln, 
..c •. 

ln Part th, wt conslder the dl""lnl or mqnttlc 
txdtlt40ns ln ,tn",t-cround .. tl~ 'V'~ by ranctom 
fltlds (dut ta- thenMl ftuctuat~') uslnl the c~"t 
pottntla1 IPt>lOklmation (CP A) Ind dlKW lU ..,IICltion 
ta ~. Tl W. nnd thlt, ln addition to bl'Oldtnlna. the 
sCllte"na stllfts the ~In Wlyt moclel. 
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• 
ln r.rt 1 \of thl. th")I, w. InvoJ"iaalO tho proportll'" 

of 1 modet for .a.neti.m 1. ~arrow band .otall which con.i~t~ 

of loclli'td orbitait hybi-idilina with 1 brold conduction ,.. 

band. We tXlmino the, .,,"tic l'''lnlt'.c proptrtlo' of thi~ 

model and obtlln the condition. undtr whlch a ma.nltic Itate 

txi.ts. W. allo ex.",~n. tho IIIlan.tic txcitltl0~J: .pln 

"'IVt. Ind Ipln f.luetuations, ln th!s mode!. We show that . , 

tht 'pin wav. di.perlton rolation has th, uluil quadratic 

(orm ln th, lona ~.vol.nlth liMit. W. allo Ihow that tho 

scatterina of electrons off spin fluctuations le.d. to tho 

ulual T' terlll ii the r.siltivity at 10w ttmperatures and 

dise"ss its application to tho pressurt ,ffeets in «-Co. 

In Part tII. WI consldor the aampina of maanetic 
, -

excitations ;'in,slnalei'-,round-stlte .yste.s by randoM 

fields (due to thermal fluctuations) usina the cohlrent 

potential approximation (CPA) Ind discUl1 its application 

to PriT!. W. find thlt, in addition to broldenina, the 
e 

scatttrina shifts the spin wavt1Fodos. 
,1 
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L. prtmi.re partie d. cetto th ••• canctrno l"tud. 

d •• proprl't6s d'un _od.', pOUT 10 ma,n'tismo dans lOI 

'm' t • u x l bah do 't roi t. • qui con 1 is t. d' 0 r b 1. t al. s 1 0 c aIl, , 0 ~ 

hybrid'es avtc une larae bande de conduction. Nous 

ex.minons les propri'te •• a,n'tiqu.~ .tatiques de c •• od.l~ 

et obtenons II' conditions .op. lesquelll' b~ 'tat 

•• ,n'tique existe. Nous I~a_inons au"i danl co mod~lo 
1 

los .xcitations •• ,n'tiqu •• , 10' ondo, do 'pin et 1 •• 

fluctuations d. spin. Nous montrons qUI la relation do 

dispersion dl l'onde de ~pln poss~dt la 'orm~ quadratiquu 

usutlle dans la limite dts ar.nd •• lon,ueurs d'ondt. Nou~ 

aontrons aUlsi que la disp.rsion dts 'lectrons par le. 

fluctuations de 'pin. conduit au tera. habituel en Ta dans 

~ la r'sistivit' l ba.so ttmp'rature et dllcut~ns Ion 

application aux .ffotl dl pro.,ion dans a-Ce. 

", 

Dans la 2i • mo partit, nous considlron, l'amortiss'.lnt 

de. excitations aaan'tiquts par diS cha.ps al'atoir.s(dQs 

aux fluctuations tharalquts) dans les syst.",es ayant pour 
1 , . 

'tat fonda.ental un sinaulet, en utilisant l'approximation 

du potentiel coh'rtnt (~PC) et nous discutons son appl1t~tjon 

~ Pr,Tl. Nous trouvons que, .n plus d, les 'lerrir, 1. 

dispersion d'plac. 1.s modes d'onde de spin. 

ç 



, , 
" (1 U) 

Acknowled,tmtntl 

\ 

1 aM very al'ateful to 1ft)' surel"visor 01'. N.J. Zuckor.an,n 

for hi. h.lp. luidanct and encoural,.ent throulhout th, 

courl' of thi, work. 

1 would like to thank Dr. D.J.W. Geldart for IUllestina 

the pl'obl •• dilcuilld in ChaPte~V and Appendix 8 and fol' ' 

helpful discussions. 1 wish to acknow1eda. th. clos. 

cooperation of Dr. W.J.L. Buytrs in the wOl'k of Part Il .. 
o f th i. th •• i, and t 0 t han k. h i 1ft for h el p lu 1 d 11 CUI S 1 0 ~ l '0( 

t would also lik. to thank Dr. R. Harris for h.lpful 

discussions and a critical r,adin. of the .anulcript and 

to Dr. M. PU,chke for helpful discussions. 

Finally 1 would like to thank a.G. Muli.ani and D. 

Zobin for .any useful discussions. and Doborah Terry 'for 
1 

ty~ina th!s th.sis. 

~. financial support of th. National Research Council 

oF Canada is arat.fully acknowled •• d. 

" 

\ 

\ 

- ~~ ~~~~----------------------------



j 

( t \' ) 

TAILB OF CONTENTS 

PaRe 

AbstT~~t 0 (i) 

Acknowlodaem.nts (1(1) 

Pr.tAc~ (vi) 

Stat,m.nt of orilinality (vlli) 
1\ 

Part 1: Maln.ti.~ and Malnltie Ixcitations ln ftarrow 
band mltals 

Introduction 1 

Chapter 1: 

1.1 : 

1. 2: 

Chapter Il: 

2.1: 

2.2: 

2 • 3 : 
",-

Chapter Il 1 : 

3.1: 

3.2: 

Claapter IV: 

•. l : 

• . 2 : 

. 
The narrow band Modll 

The Anderlon model 

The narrow band Model 

Spin wavls in th. narrow band aodet 

Spin .avi. in th. localiled .odel 

Spin .ave. in thl it inerant Model 
~ 

Spin .avi. in the narrow band aodel 

1 

1 

Spin fluctuations in the narrow band 
Model 

Spin fluctuations in the itinlrant 
Model 

Spin fluctuations in the narro. band 
Model ' 

Applications of the narrow band .od,l 

Heusler allo)'1 

Pressure effocts in a-Ce , 

ft 

13 

1. 

la 

.7 

.a 
SS 

60 

7g 

al 

g3 

loa 
108 

110 



" 
t 

.(\~ ) 

- PI.e 

1 Ch.pter V: The doublt rtsemlnce theory 120 

!\ • 1 : The Ciro li m\)Jel 121 

S , l : Extenl'ion of the el l' (\ 1 i .o~ e 1 124 

~ 
i' 

Appenclix A 117 

Appendix • 150 
i'" , . . ) 

, 
Patt. It: Da.pln. of .a.net lc exc i ta,t 10n. 

,rounel-st.Ite sylte ••. 
in .inllet-

(i) Introduct.ion 154 
. 

(11) Malnetic excitations ancl t.he rlndo. lSg 
phl.t approxi.ati~n '" 

(iii) SCltterin. of aalnttic exc itat ionl and 166 
the coherent pottntil1 approxiMation 

8ibl10araphy 100 

.. 



~ .. ------------.... ----~---------------------.. _------------------

t 

t \' i ) 

PRF.F.\CE 

This thesl~ ls eonc~rn~J wi~h the .tudy o( so.e 

f- ~ proble~t rfl~teJ ~o .aanetitm in metallie syste.s. The 

maanetic mo.ent associated with an atom r.sults from th. 

mo •• nts of .lectrons such Il th. 3d el.ctrons in transition 

metalt and the .t .lectrons in th. rare-.arth •• tall. 

Th.s. two rronps of metals, how.ver. ditfer in a (unda­

mental WI)': 0 the 3d electrons in the transition •• tals 

are ltinerant while the 4fOelectront in th. rare-earth 

metals al" well localiteJ It thelr respective atomte 

sites. Thul, in the transition .etals luch as Ni, Co 

and Fe a band plcture is tmployed for the 3d electrons 

and the mlanetizatlon rc~ult~ from the spllttina of th~ 

spin up Ind spin down bands. On th. other hand the 

.alnetic mo.ents in the rare-earth metals (e.l. Cd) are 

weil locali,ed and they interact via the cOnductlo~ 

electrons, 

ln certain metals the localized .aanetic electrons 

can hybridize with a conduction band i.e. the localiled 

orbitais and the conduction states are .ixed and electrons 

can ju.p froM ~ne to the other. If the locall.ed orbitals 

haveappreciable overlap with orbitais on neiahbourina 

site~ they will form a narro~ band and thi! band aa, also 

hybridil~ wlth a broad condu~tion band. 

ln other .etals the localiled moment i. stronaly 

.ffocted by the electile charies of the nelahbourina 

.. o ... 
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Ion •. JThO'" char,t. prod"ct an ,I,etroltatlc :otlntlal 
1 t ~ 

(~All.d th. c~y~tAl-fle\d pot~nt\&l) wht~h can splLt th. 

Ifllllnd state multll,let (')f th~....c.ntral ion. Tht, 

tnt~rostlnl m.anettc b~hlvlour. 

ln Part 1 of this thesls we study, th. Maan. 

propertle. of metals in whlch th. maan.tl~.l.et 
hybridil. wlth the co!'ductlon hand. lIn 

exa.lne thelr ~tAtlc propertie, auch as "",netia 

and Curie temp.raturo. And also tholT collectlv 

excitAtions ln hoth the f.Tromaanltic and paraMalnetic 

~tAt~S. ln PArt Il w, conslder metaille syst •• s wlth-

strona crystal.fields. Here ,,,. consldet the da.-pina or 

seattorlna of spin wave~ b)' fl\lC't\lltlna magnotle f'l.\dJ 

whleh result froM thermal fluctuations or spins. 

• \ 
\ 
\ 
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Statdment of or1ainAlity 
$ 
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, "" 1 

Th" mA t Ct l'i ft 1 i n Ch_Il ter ~ 1 - 1 Von t h 0 Hat i c. • n d d Y n à mie 
." \ 
~alnotlc pTOpOTtlos of tho naTrON b~nd modol 11 orliinaU. Tho 

oxtonsion of the 'double "Tosonaneo thtoor)r (or' th. interaction 

To the best'of my 
. r" 1 • 

betweon ... two momonts i. also oriain.l. 

knowledao,tho - ,.. , 
coherent po~'ontial Îpprcvfm.tlon i. us~d for the 

~ 

riTst tim~ in Part Il ta investlQ&tt the sCltt.rina of spin 
• , 

wavos in 11nalet-around-state sysJ~m~. 
( . 

\ 

.' 
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• 
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PART 1 

• Maanlti •• and .aanetic excitations ln narrow band .etal. 

INTRODUCTION 

. . . 1 
f.rro.aaneti •• has beln a fascinatina subj.ct for .any 

years. In Ig07 Weiss pût forw.rd ~he tI.ol.cular field" 

.J hypothesis that .ach atom of a fel'rollaanet'lc .aterial ls 

a .aanetic dipole and is acted upon by an intense .aln,tic 

field p~oportional to, and parallel to, th, .aanetilation 

in the reaion surroundina it. This .et with considerable 

SUCCISI in accountina for spontaneous malnetization and its 

variation with temp.ratur.~ Weiss r.aliled that the 

.olecular field has to be more iritense than could be accounted, 

for by ordinary maanettc forces but was unable to trace. 

its oriain. The' strona interaction l'esponsible fol' spon~aneous 

.aanetil.tion was recolnized by Heisenb~ra in 1926 as bein, 

the "exchanae" interaction between electrons predicted br 

the . the n . ne w 1 y d () vol 0 p e d q li .1 n tu m mec han i cs. The exchan,e 
~ 

" 
forces are basically electr~st.tic ln oriain ~nd consequentl, 

•• Y have an in~ensity many orders of .aanitude areater tban 

the'ordinary .aanetie forces between the spin .oaents. 

The ftrst theoTY of ferro.aanetisa based on exchanae 

interactiohs was put forward independently by Heisenb,ra and 
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Dirac in 1928. They showed that the exchanae interaction 

betwe~n electron~ localized on different atomic sites can 

be written in t~rms of a coup1ina betwoon their spins. The 
• 

resu1t ls the Heisenbera Ha.iltonian 

(1) , 

where ~i 15 the spin of the i th atoaie site and J ij the 

~ e~chanae interaction b.twe.n the i th and th4 jth eto.s. The 

Heis.nberll ~ode~ of direct interaction is .ainlr applicable 

to insulators such as the ferromaln.tic co.pounds SuO and 

GdC1,,\ 

1 n the i ro n - a r 0 U P Ille t aIs Fe, C 0 and Ni, cal cul a t ion s 

show that the exchanae couplina between e1ectrons locali&od 

on atomic sites i, too s.all to account for their strona 

ferromaanetis •. Ther. are, moreover, other reasons why a 
< 

perfectly locallzed .odel 15 Inadequate for these .etals. 
\ 

In particular it i~ now known that the measured .oaents per 

atom are not lnteera1 numbers of Bohr magnetons. The 

'collective electron' model first put forward by Stoner and 

by Sfkter explained this fact by takina into account the 

Itinerant nature of the 3d eleetrons. These eleetrons now 

form p~nds and the effeet of the exchanae interaction is to 

split the spin up and spin down bands alvina rise to a net 
, 

malnetie moment. As in the Weiss molecular fiel~· theory. 
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., 

the oxchan~e field which splits the ~pin up ~~d spin down 

bands i5 in furn proportional to tho ne' magneti:ation. 

The band pi~tur~ nllows a non-Integral occupation per atom 

and this can oxplain th~ fact that th~ mom$nt! in t~e iron-

group metals are not inte~r~l numbers of Bohr magnotons. 

Direct exchange between electrons localized on ato.ie 

sites i5 even les! likely to be signific~nt in rar~-earth 
"!I> • 

metals where the 4f orbitals, with radi! of about ~.3A. over-
. 

lap very little with orbitais on neighbouring atoms which 
_ 0 

are 50paTated by about 3A. In the rare-earth motals. 
~ 

indirec~ ~xchange via tho conduction electro~s is Tosponsible 

for the magnetie arder. An example of such an interaction 

15 the Ruderaan-Kittol-Ka5uya-Yosida or RKKY interaction. 

In this model. an ~xchange interaction hetween ~ local~ze~ 

spin and the conduction electrons causes a polari:ation of 

the conduction electrons whlch 15 centered around the local 
/ 

momont and falls off with distance in an oscillatory manner. 

Another localized spin sees this polarization and interncts 

with it thus lending ta a coupling"between the spins. For 

two spins ~l and ~2 separated by a distance R the iKKY 

interaction energy 15 given br 

(2) 
/-

, . 

! 
1 

, 1 

1 
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! 
where.J is tho exehange COUplini betwccn the locali:ed spin 

and the conduction electrons, : the numh~r of conduction 

el e c t r 0 n s p e r Il tom. € F t hl.: r Co' T'M i en 0 r ~)' and k F the Fer", i W Il v e 

vector givcn by 

(3) 

where n l.S the conduction electron ,eonc,entration. The 

interaction (2) is oscillatory and we note that the coupling 

can he changed from ferromagnetic to anti-ferromagnetic by 

chan~ini k F i.e. by changing the e1ectron concentratio~. 

In the first part of this thesis we examine a new .odel 

for magneti5. that is more suitable for certain metals and 

intermetallic compounds. An interesting example is presented 

by a group of intermetallic compounds known as Heusler alloys. 

Before deseribing the new model we give below a brief 

description of these alloys. 

The Heusler a110ys first beca.e of interest in 1903 

when F. Heusler discovered that it was p05sible to make 

ferromagnetic alloys entirely from non-ferromagnetie elements. 

These alloys were made from copper-maganese bronze alloyed 

with the elements tin, aluminum, arsenic, antimony, bismuth p ... 

or baron. Among the first to be discovered were the alloys 

Cu Mn Sn and CU
2 

Mn Al. 
2 1 

A comprehensive erystal10graphic 

investigation of the structure of one of these alloys was 

carried out br Bradley and Rodgers (1934) on CUI Mn Al. The 

structure is shown in Figure 1 and is best describ'ed in terms 
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of four interpenetratini face-centered cubic sublattices 
'.' 

A. 8. C and D. At the stoichiometric coaposition Cu.~nAl 

the A and C sites are occupied by <u atoms, the 8 sites 

by Mn and the 0 si tes by Al. -. This arrangellent corresponds 

to the Strukturbericht type L21. Heusler al10ys are nov 

com.only defined as ternary intermetallic compounds at the 

stoiahiometric composition X1YZ with the L21 structure. 

The magnetic moment in the Heusler alloys was believed 

by early investigators to be carried by the Mn atoms. The 

first direct evidence in support of this viev vas obtainea 

by Felcher et al (1963) from neutron diffraction measurements. 

They investigated the ~agnetic moment distribution in CU.MnAl 

and vere able to show that within the accuracy of the 

experiment the entire aOllent of the molecule cou1d be 

attribu~ed to the Mn atom. Later experiments have confir~ed 

that in .ost Heusler alloys containing Mn the magnetic 

moment is confined to the Mn sites. The only exceptions are 

a series containing cobalt (Keb5ter (1971)) in which the 

magnetic moment i5 5hared 'with the Cobalt atoms. 

A summary of the properties of the principal ferro-

magnetic Hcusler allays is sho~n in Table 1. The lattice 
i 0 

parameter i5 of the ~tder of 6A in these alloys. The 

magnetic moment per formula i5 of the or.der of 4118 (where 

liB is the Bohr magneton) in the non-cobalt alloys and of 

the order of S~B in the cobalt ones. In the latter, between 

25-30 per cent of the aoment is on the Co atoas and the rest 

In ~ontrast to ~he lattice constant and 

-. 

---------------------------_____ IIIIII.r.. ~~"" ...... 
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Lattice Curie Malnetic M.nmftn t: 
AllQy Paraluter TClllperatu ro', pel" formula 

2a. (.~ ) Tc:, (Je) lJ (Bohr allanetons) .. 
Cua.MnAl 5.95 6'00 3.8 

CU.1 Mntn 6,2 520 4.0 

C'U2 MnSn 6. 1· (530 ) ... J 

Pd,MnSn 6.380 189 ".23 ... 

PdaMnSb 6.424 247 4 .• 0 

"'hMnIn 6.068 323 4.40 

~hMnSn 6. OS 2 344 4.0S 

Ni2 MnSb 6.000 360 3.27 

COa MnSi S. 6S-l. 985 5,07 A 

C02MnGa S. 7 i 0 69 .. . 4.0S 

COaMnGe 5.743 90S S, Il 

Co 2 MnSn 6.000 829 S.08 

Table l, Properties of SOI" of the ferromagnetic Heusler .11015. 

(T.ken from Webster .(1969)). 

2. Il. 

~l 
eA "OB • • t 

" 1 .t· ...... 
\ 
/1 

.~ , 

FIa.I.TlttHeuderSWCi" 

t 
1 . 

., 

• 

< , 

1 



o m:lindtlc mùment the Curie tt''''lrllratul'e varit's \\idely in thesc '.> 
o ( 

:\110)'s bein~ hi~hest in the \cObllllt allors. 

lh~ intct'RC'tioll respon..;:blc lor th\! nlL~nment of the 

AccorJln~ to the carlv the()r>', ferromatlnetism requires the 

presence of Rtoms ~ith an incomplete shell of olectrons to 

provide a permanent moment/. usually the d and f Slhells. 

These atoms must have n~ighbours with which they can interact 

to produce a p05itive value of the exchange Integral, and 

hence the distance between the atoms must not be too great, 

or else the inter~ction encrgy becomes insufficient to 

stabillze the f('rromagnetic condition. Coles et al (1949) 

used these ideas to compare Cu 2 MnAI and Cu 2 Mnln. The'se two 
1 

alloys are ~trictly an~logous as regards valencies. 

5 t ru c tu r e san d c 1 c ..: t r 0 n c'o n c en t rat ion. 
..... 

However 1 the In 

atom (which i5 below Al in the periodic table) has a largsr 

radius and consequently the lattice constant and the 

resultRnt Mn-Mn separation is larger in CUl~lnln than CulM'nAl. 

Assuming approximately the same moment on the Mn atoms in 

both alloys they concluded that in the direct exchange 

pièture the lower Curie temperature in the In aUoy is due 

to the larger ~In-~n separation' in this compound. 

However, objections have been raised against direct 

exchange between the Mn atoms because the Mn-Mn separation 
o 

in thc~ "allolys i5 '\, 4.2A which 1s thought to be too large 

to account fOT the strong ferromagnetism in the non-cobalt 

-. 

1 - . 
! 
t 

l ' 
t ' 

: ' 



o tI 
alll.lYs. (In 3110rs containini cobalt the situation is mdre 

compll('.tteJ in tha"t tnt- Co tltOtJS al so carry Il moment and one 

can have Co-Co, Co-Mn and ~In-Mn inter~r~fÎ-ions. The Co-Co 
, , 

~ . 
dtstanc(' is '\, 3.0~ Nhile ''ifh~ Co-\{n <;\'paration is '" 2.6.-\ and 

it is likely that therè would be direct exehan~e in these 
c, 

alloys. The exchanae mechanism in the cobalt alloy$ 1s 

expected to be quite complex and in ,~hat follows we will 

concentrate on the simpler case of non-cobalt al10ys.) It 

is also known th$t the conduction el~ctrons play an 

important role in the magnetism of these alloys. The 

series Pd,Mnln. Pd 2 MnSn and Pd1MnSb illustrates this point. 

The last two allors are ferromagnetie with Curie te.peratures 

of 189 l\nd 247K respectively (see Table 1) wh! le Pd 2 Mn ln 

is antiferromagnetic with a ~éel temper'ature of 142K. The ., 
o 

lattice parameter for Pd 2 Mnln is 2ao ~ 6.373A and its 

magnetic moment per formula 1s 4.3 ~. Althaulh smal1 
« B 

changes in the lattice parameter and the •• ,netie mo_ent 

may have some effeet on the exchange forces, i~ i5 the 

conduction electron concentration (assulfting that In 

contributes 3 electrons·to the conduction band while Sn and 

Sb contribute 4 and 5 electrons respectively) that deteraines 

whether ferromagnetie or anti-ferromagnetic arder will 

predominate. This suggests that th~. interaction between the 

Mn l, atol'lS might be an indirect one via the conduction eleetrons 

such as the RKKY interaction. In this way it would be possible 

• 
1 

, 1 

!Kt J ... __ U.&:ACS ._14 



o 
t~ f~rroma~n~tism in Pd2~nSn anJ PJ

2
MnSb as resultlng From 

3. chan~c in th~ ele-:tron concentratl.on ilS Iftentioned e:\rli~r. 

Th" milgnetl~ moment ("l' the Mn atol"'~ in an allr.:>y such 

as CU1MnAl results frodl the unfilled d~shells of ..,n. lhe 

outer sand p electrons of Cu, Mn and Al form broad 

conduction bands while the d-orbitl\ls of Mn relllain weil 

10c31i:ed. However the broad conduction bands overlap 

the d-levels and mixina or hybridization takes place between 

these states. Thus any theorr fQr the Heusler alloys 1ftust 

take into account this hybridi:ation and in the first part 
. 

of this thesis wt consider such a model. To si.plify.lftatters 

we take an ideali:ed situation and consider a model consisting 

of the following: 

(i) a broad free-like con4uction band for the outel'-

shell electl'ons 

(ii) a periodic lattice of N magnetie atoms e.ch 

with a localized non-degenerate orbital 

(iii) mtxing between the conduction and localized states 

via a hybridization matrix ele.ent which allows 

electrons to jump from a localized state into a 

conductbn state and vice versa 

(iv) a Coulomb repulsion between opposite spin electrons 

on the loc~lized orhital: This spin-splitting 
• .. 

interaction is responsib~e for the .agnetic moment .. 
forJllation on the localized,levels. 

The Mn ~toms ln the Heusler alloys are weIl separated 



o and ~(' hav~ assulhl'd the 3d ort'li'tals to be \H'l 1 lo..:ali,:ed. 

" . 
the' l'd" ~l('ctrons would 

• .. a. 
Orbttlll~ on nei&hbùuring atoms and 

f \) r rn .1 V E.' r)' n arr () \. ban d . \lthl,)ugh wc hive n~i~ct~d th~ 

'" 
overlap of the 3d orbitaIs w(> still rcfer tt, this model as 

the narrow band model. We also .e that this model is 

aiso .Slll table for the 4f electrons in th~ ure-ea'rth 'lIetals 

,and the Sf electrons in the :\ctinid~ m~tal5. 

The propertie" of th~ nar~,ow band model are investigated 

in the first three chnpters. In chapter 1 we exalJine the 

static magnetic properties of this sy<;,tem. The Coulomb 

repulsion(U) favors a ferromagnetic or spin split state 

while the .ixing or hybridization potential(V) has the 
J 

OpposIte effect. ln the Hartree-Fo..:k...qpproxil:lation. we ... 
discus5 under what conditions a ferromagnetic state i5 

stable as U and V are varied. We thus obtain a magnetic 

pha5e di.gra. which shows the m4gnetÎc. and non-magnetic .., 

regions in U-V space. In the ferromagnetic stHe we obtain' 

the variation of the l1Ialnetiz,\~i'()n and Curie temperature as 

a function of U and as expected both increase with U. 

Finally, we plot the temperature dependence of the magneti-

zation and the static susceptibility. 

ln chapter Il we consider the ferromagnetic state and 

examine the collective excitations or spin waves of the system. 
, 

These spin waves are single particle excitations which 

propagate through the crystal with energy III and wave vector 

~. In the long wavclength )lmit. we show that the dispersion 



o 

• 

Il 

r~lation for the~e excitations has the u,ual' quadratie form 

Ca) '\, Oq2. The stiffness coeffici~nt n i5 evaluated for 

dlffer~nt values of magneti:ation and it is shown that for 

sm.ll v~lues of the mag~eti%ation 0 increases linearly with 

magnetilation. 

We th~n conslder. in chapter III. th. excitations of 

the system in the paraaagnetie state. Th.se excitations 

• are known as "~pin fluctuations" and their spectral density 

is obtained. We then eonsider the effect of the spin 
~ 

fluctuations on the resistivity and show that the te.p~rature 

dependence of the spin fluctuation part of the resistivity 

has the usual form i.e. aT 2 bthaviour at low teaperatures 

going over to a linoar dependence at hiaher t~~era~ur.~~­

At still higher tempe.rM-u~-til-e-l'esCstfvity deviates bolow 

th. linear law. 
_ '-r ............................... "" ..... , .. ~ 

.. - In chapter IV we discuss the application of this .odel 

to the ferro.agnetic Heusler alloys, We also dlscuss 

• 

qualitatively the possible application to Œ-Ce and in particular 

atte.pt to explain the pressure dependence of the resistivity 
"..-:? 

found in Œ-Ce. 

For the Heusler alloys we find that the Curie teaperatures 

obtained are higher then th~ observed values and hence, in 

chapter V we examine another model. This Is the double 
i. 

rasonance model which considers the interaction of two Mn 

atoms. The d leveis of each ~n atom fora resonances by 

hybridilation with the conduction band and the interaction 
1/ 

between the atoms is via the conduction band. This interaction 

llZ_ 82.... .u_ » lUl&=S ~_ . a. 
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. 
was derived by CaroU (1967) who showed that. for a latae • • separstion R of the Mn atoms. it val'les as l/R', This'*'i.s 

valid for dtlute a~loys wher~ the separation of the •• ,n~tie 
atoms is very large but is expected ta he a poor approxlaatlon 

, 

for concentrated .!loys $uch .tas ~'he Heusl'er a110ys. In 

chapter V we obtain the l/R' correction ter. to this lnter-

action and show that we ca~ obtain a better fit to the , .' 
// 

/ffeusler alloys than that given ,by Caroll 's expression. 
/~ 

• 1 

\ 

Î 

.--- -

, 

, 1 

, / 
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Chaptel' 1 

The narrow band .odel 

The malnetic .oaent on ato.! arises from unfilled 

inner sheIla !ueh as th~ 3d electrons in the transition 

aetals, tte 4f alectrons in the ra~e-eal'th .etals and 

the Sf eleetrons in the aetinide .etals. When such ato.s 

condense into a solid the outer valenct electrons fora 

broad conduction bands. The inner shell ,lectrons .ay or 

.ay not fora bands dapendin, on the ext,nt of the overlap 

of,the 'lave funetions on nei,hbourinl ato.s. In tha rar.­
.r' 

,arth .etala the 4f alectrons ara weil localizad and retain 

.uch of th,ir atoaic charaeter. In th. iron-,roup .,tals 

the 3d wavefunctionson nei,hbourinl atoms ov,rlap to so .. 

eXl,nt and the 3d eleetrons fora narrow bands. The sa., 

1s true of soae of the actinide .etals where the overlap 

of Sf wavefunetions is Appreciable. On the other hand. wh en 

transition aetal or actinid~ ato.s co.bine with non-aagn.tic 

metals to fora inter.etallte compounds the overlap is redueed 

and the inner shell wavefunctlons remain weIl localized. 

However, when the broad conduction band for.ed from the outer 

electrons overlaps the localized orbitals. aixing or 

hybridization takes plac~ as electrons jump fro. the localized 

orbitais into the conduction band and vice versa. We are 

thus lead to consider an idealized model consisting of a broad 

conduction band hybridizing wlth localized orbitaIs centred on 

Rto.lc sites of a peTiodic lattice. The localized orbitaIs can 

, 
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\ 

be considered as the limit of an infinitely narrow band 

(i.e. zero overlap) and we call th!s model the narro"W ban,d 

model. 

We begin in section 1.1 with a brief description of 

the Anderson model which considers the simpler tase of one 

m'a g net i c a tom dis sol v e d in a m e ~ a IIi c ho st. The n in s e ct i on 

1.2 we de scribe the narrow band model and examine its static 

magnetic properties. 

1.1 Tfie Anderson .odel 

The characteristic property of transition metal atoms 

is an unfilled inner shell of d-electrons, which gives rise 
. '" r 

to interesting magnetic properties. Wh en such an atom is 

dissolved in another metal, its d-shells retain much of their 

localized character, the d-electron wavefunction being mo~tly 

containo"ed within the impurity cell" while the outer s-electrons 

go intô the conduction band of the hosto However, the state 

of magnetization of the impurity depends strongly oh the hosto For 

exa,ple in sorne metals Fe group impurities appear to lose 
! 

their_magnetic moments completely. Figu~~ 1.1 shows what 

happens ta the magnetic moment of Fe when dissolved into alloys 
a 

of the second-row transition metals. We see, for example; 

that iron forms a local moment in molybdenum but not in 

rheniu". 
\ 

In the ato~ic d-sh~l. exchange and Couloab correlations 

produ~e alignfilents of spfns"to live" a magnètic .oment· (Hund' s 

ru 1 e) . 
'---- ~ . ln aJmetal11c host the d-Ievels of a transition metal ' 
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Electron concentration .v 

Figure 1.1 • 

.. 
Magnetic lIIo@lent in Bohr .... netons of an iron 

atom disso1ved in various second-row transition 

meta\s and a110ys as a function of electron 
1 

concent"ration. (After 'A.. Clogston et al (1962». 

1 

1 
1 

1 
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impurity May lie ~omewhere in the conduction band. so 

d-elcctron wavefunctions hybridize with conduction electron 

i' states and this can change the atomic character of the 
1 

impurity wavefunctions. The hybridization produces a resonance 

or a vi~tual bound state (v.b.s.) ~.e. the sharp d-level is 

broadened. Friedel (1958) argues that ~ narrow v.b.s. wil~ 

retain a localized moment, while for a broad state the 

~agnetic splitting will be swamped out and the state will be 

degenerate with respect to spin and non-magnetie. 

Following the above ideas. Anderson (19611 proposed a 

model for loealized magnetic states in metais. He considered 

\ 

'j 
.' 
1 

1; 

1 

1 

a potentially magnetic atom dissolved in a metailie hosto )Tyhe .1 
hosf i5 represented by a conduction band and the impurity h 

1 -4 
a non-degenerate localized d-orbital whieh is'allowed to 

mix or hybridize with the host conduction states. Including 

a Coulomb repulsion between opposite sp~n electrons in the 

localized state. the Hamiltonian in the second quantized 

notation is: 

H ... LEk 
ct C

ta + LEd 
t Cda ka CdO' 

ka a 

+ L (V kd 
ct Cda + Vd!. 

t 
C!.a) + U ndt (1.1) 

!.a 
Cda nd ... 

ka -

where El is ~he kinetic energy of a conduction electron with 

t momentum t and CkO' and Cka are the creation and annihilation 

operators for conduction electrons wi~h aoaentua ~ and spin o. 
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r Cda and Çda are the creation and annihilation operators for 

the locali:ed d-level with spin--a and Ed is the energy of this 

level. The third term in (1.1) represents the hybridi:ation 

and Vkd is the mixing matrix element. The fourth.~erm is 

the Coulomb repulsion between states of opposite spins and t~e 

Coulomb interaction U is given by 

where ~d(~) is the wavefunction for the d-level. 

nda = C: a Cda is the number operator. 

In (1.1) 

In th~ Hartree-Fock approXi.atio~ the operator 

is replaced by 

where < nda> is the average occupation. The d-part of th. 

-Green~ function is then (Anderson (1961»: 

(1. 2) , 
• 

where 

(1. 3) 

• 

,1 .. 

., . 
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and 

(1.4) 

where 6 is a positive infinitesima1. The real part r 

reprësents a shift in the d-1eve1 and can be abso~bed into 

Ed' The resulting d-par~ of the density of states is 

1 ,. -
11' (w-E )2'. 62 

da . 
Cl. S) 

~ This is a Lorentzian of width 6 as shown in figure 1.2. 

1 

Integrat~ng (1.5) to the Ferai leve1 €F gives the 

averag~ occupation nu.ber 
1 

(l .6) 

Because of (1.3), equation (1.6) represents a pair of coupled 

e.quations in < l'ldt> and < nd ",>· F6'r UPda (€F) < 1 t~e on1y 

solution is non-magnetic i.e. <: ndt> == < nd"'> while for 

UPda(c F) > l, a magnetic solution « ndt > 1> <: nd .» is s'table. 

The phase boundary between magnetic and non-aagnetic states 
1. 

is given by U1Pda(E:F) :II ~ and ~,his is shown in figure 1.3. 

,.~ 

1.2 !he narrow band .odel 
( 

We now generalize the Anderson .odel fro. a one i.purity 

problem to a systea with N atoas situa~.d on an ordered lattice. 

The N localized levels fora a fIat band which hybridizes'with 



_. . 

-

r 

Figure 1.2 

Sche.atic plot of the density of state distributions 

in ~he ~nderson model in r magnet~c case. 

• 

~------------------------------~~----------
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Figure l.l 

Regions of •• ,netie and non-aagnetic behaviour in the 

Anderson model. 
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a broad conduction band. The Ha~iltonian can then be 

~written as: 

... 

(1.7a) 

H is the conduction band part given, as before, br 
s 

(1.7b) 

Hd is the fIat localized band 

(1.7c)t 

where i runs over the N sites (~e r~fer to this as the 

d~bandt but it could also represent a narrow f-band). The 

mixing term Hsd and the interaction term Hdd are similarlr 

given br 

. ' .' ï:. (V kdi cta Cdia + Vdik C: ia Cka) (1.7d) 

kia 
~ 

and 

~ 

Hdd = LU ndit 
n
dU

_ ~ (1.7e) 

i 

J~_ .. 

with 

~ 

-t Cdia (1. 7f) ndia = Cdia 

\ 

\ 
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To obtain the various densities of 'tates we e.ploy 

the Green's function method of Zubarev (19&0). 
i 

..(' 
For two 

operators,A and B, we define the retarded Green's function 

.. ~ as: 

'1. 

GABtt-t'")~ .. «A(t)IB(t'"»> 

, 

= -ie(t) <: [A(t), 8(t'")].> (1.8) 

where e is the step function and < .•• > denotes a thermal-

average. The + or - sign indicates an anticommutator for 

Fermion operators and a commutator for Boson operators 

~espectively. The time dependence of the operators is in 

the Heisenberg represent~tion i.e. for any operator 0 we 
\ 

have 

iHt -iHt o (t) ". e Oe (1. 9) 

where H is the Hamiltonian of the system and we have taken 

~ ". 1. UsinS (1.9) it 1s straightforward to show that the 
, 

equation of aotion for the Green's function is: 

-

\ 

\ 

• <: <: [A (t), H] (B (11'") > > 
~ 

1\ 

(1.10) , 
1 , 

, 

l' 
1 
1 
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Fourier transforming this equation we obtain: 

• 
(l.11) 

where « . •• • .• »w indica tes Fourier transfo~.. 1 t can 

a1so be shown (Zubarev (1960» that 

CID 

<BA'>:IO 1 J (w) f (lAI) dw 
_CID 

where J i5 the spectral function liven by 

J(IAI) • '- ! 
'If 

\ 

and for Fer.ion opera tors f (w) is the Fermi function 

f (w) • ( e Bw + 1) - 1 

with B = 1/CT. 

~ 

(1.12) 

(1.13) 

~ince we are interested in the average occupation 

nu.bers for the localized and conduction states we de~ine 

• the following Green's functions: 

t 
G' j (t-t"') ... «Cd' (t) Icd . (t~»> 

1 cs 10 J cs (l.IS) 

.; 

, 
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• 

and 

, ... 
'C~"a (t ... »> (1,16) 

For the first Green's function the equation of motion (1.11) 
1 

lives 

+ « [Cdl,~(t). H] 1 ct (t~»> 
v dja cil 

(l.17) 

The eoamutator on ~he right hand side is easily evaluated 

giving: 

[Cd' ,H] 1: Bd Cd' la l'a 

l, Henee 

1 ~ , 
W G'j (w) '" 61,), + Ed G" (CLI) + - ~Vd'k Gk , (w) 1" 1)" IN 1 __ Ja 

1 

.. 
where, in an obvious notation 

4'-

k 

G (t t ") .. «c,-(t)1 ct Ct"»> »<1 r r..v dja 

(l.18), 

(1.19) 

1 

î 
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The rast ter. of (1.19) represents a higher order Green's 
./ 

function and its equation of .otion would generate a Green's . 
.Î 

funetion of still highe~ order leading to a hieraehy of \ 

eoupled Green's funetions equations. To deeouple these 

equations we use the Hartree-Fock approxiaation whieh is 

equivalent in this case to replaeing the nu.ber operator 

ndi - a in (1.19) by its average value < Jldi-a>-.<nd-a> 

independent of site. With this si_plieation. equation {1.l9) 

reduces to 

l 
+ -
li 

(1. 20) 

vith 

(1.21) 

The equation of .otion for ~kja gives 

f.t) G1;a(w) .« [Cka(t). H] tC!ja(t'l»tat ~.é 

/ 

or 

(1.22) 

\ 
1 
1 

• 
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l' 
i , 

1 

1 
1 , 
, 
1 

1 

1. 

Q 

1 . 

e 

________ . .....:.-' -.J... 

Substituting (1.22) in~o (1.20) gi~es 

\ ÔiJ 
G. ·o(w) .. w"E 

1) da 
(1.23) 

. 
This is an integral equation for G.. ~hich can easily he 

. IJO 

solve4 by introducing the Fourier transf9 rm : 

C 
f..//)/ 1 ~ () i '!l.. (R. - R . ) 

. 'ê1~w .. N L. Grta w e l ~1-J 
/--%1 , l ,. 

(1.24a) 

and it:; inverse 

G a (w) 
1 I. G.. ~û)) i<t.(R.-R.) (l.24b) '" ri C -1-J 

~ , 1) a 
ij 

. th .. 
runs lover the where R. Is the position of the 1 site and t -1 

Bri llouin zone. Hence fr\(lo24 J and using the relation .. 
1 

VdiJc "" Vdok 
t: ik . R. - -1 0.25) 

.. 
we find 

IVdO!:1 2 

G,.o(W) 
1 c 1°(W) • .. + 

W-Edo (w- Edo) (w- e;~) 

Hence 

1 \ . 1 
G ;a(Cal) = Iv 12 (1.26) 

\ w-E - d~ 
da w-E,. 

. \ 

~ ....... ,. ,~ .. 



o which can be re\\ritten as a sum of t,,·o "quasi-particle" 

Greenls fun~ion as: 

(1.27) 

where J 

(1.28) 

and 

(1.29 1 

Siailarly for G~~~a(w) we find that 

1 

with 

Substituting the second equation into the first gives .. 

Glct ,o(C&l) = 
ô~k.'" ~~-! IL V1d1 vd1t " Gk"k'O(W) 

(W-€:k) (w-Eda) 
, 

W-Et N 
Rok" J 

le = ~ + 
Iv do~ 12 

G" "'0 ( w) 

fJ)- E:k ( W- Ek ) (1&)- E d a) 

• , u 

1 

.It' 

, 
• 
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f' ~ , 

------------.------ -l' 
1 

uSlng (1.25). ~s before thlS can he rewrltten ln the l'quas ;_ 
/ 

P 3 r tic le' 1 for r" :1 S • 

• 
where 

= l _ ZÀ 
ka 

(1.30) 

(1.31) 

/ The "quaSl-particle" energies C~a are shown in fia:;ure 

1.4 together ~lth the unperturbeft conduction band and the 

fIat localized band at Ed , Here, ""e have made tht' follo',ln~ 

~i~plifylng assurnptions: 

V
d 

is indepe~dent of Q and wc wrlte 0q..I J 

v = V 
do~ -' 

(l 32) 

(ij) the conduction band is parabolic i.e. 

• -fi 2 k 2 
(1.33) Ck = 2m ,. 

, 
As see/n _in figu re 1 : 4 , the hybridization betw-een the conductIon 

band and &he N localized state; IS coherent and instead of 
. ' .. 

1 0 cal i z e 'd L o'r e nt: i a n r e son an ces ( as, fou n d ï.n the 0 n e i r.J P l! r : t y 

ca5e) we find two new hybrid bands split by an ~nergy gap . 

.. , ....... 

\ 
1 
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1 
1 

•. F i/gure 1. 4 
Hybridized bartds in the non-mag~etic state in the narrow band 
m'odel (sche.atic)" In the magn'etic c.ase t:he spin up bands will 
be shifted,downwards relative to the spin down bands. 
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" HaV!n g found the Green's function we cart now go ahead 

and obtain the ~\'erage occllp~ion numbers' using equat10n 

(1.}~). Thus the average occupation per atom of the localized 

states for spin a is 

Nda 
1 L t 

Cd' > = < Cd' N la la 
i 

OC> 

1 'L {OC> 
1 J..m G .. (w+i6) f(w) dw = N ( --
'TT lIa 

i 

00 

= f Pdcr(W) f (w) dw (1.34) 
~. _00 

" " 

where the last line d~fines the density of ~tates p~r atom 

ofl spin cr for t'he localized states 

= ~ L. (- .!. 1 mG.. ( w+ i 6 ) ) 
'TT Il cr 

• (1. 35) 

i 

Substituting (1.24) and (1.27) into (1.35) gives 

(1.36) 

where we have used the rela~ion 

1 
lm, x+i6 = - 1f «x) . 

si0-ar1Y the average occupation of the conduction states 

per ~ and of spinao is 

.' l' 
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N 1 2-{~ c > = N ca a ka 
i k - -

ri 00 

1 2- [110 C- l lm Gkka(w+iô» f(lIl) dlll = N 1f 
k 

= /10 
~CII) 

p
ca

(lIl) f(lIl) dw Cl. 37) 

where again we have introduced the dens'i ty of states per 
. 

atom of spin cr for the conduction states 

\ 

P (Ill)·: 1 L,(- 1 lm Gkka{w+iô» ca Fi 11' 
Cl. 38) 

Je 

Substituting (1.30) in~o (1.38) gives 

PCC1(W) 
1 I- y>' 6(W-E~C1) lit -N ~C1 

kÀ 

'(1.39) 

1 
, / 

The densities of states given by equation (1.36) and 

(1.39) are the main results of this section. As the y 

stand 1 these equations are not ~ a very convenient form. 

They can be simplified by pk~forming the sum over the wave­

vectors and thereby removing the 6-functions. It follows 

from (1.32) ~nd (1.33) that €~criS a function only of the 

magnitude of 1- and hence sa are Z~C1 and Y~a. This enahles 

us'to aake a further approximation and re~lace the sums in 

(1.36) and (1.39), which are talten over the Brillouin zone# 

by an Integral over a sphere of the 5aae v~lu.e. Thus, if 

the radius of the sphere i5 q. we have 

. 

( 

1 
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i. e. qs ;1 (61T;V)1/3 (1.40) 

" \ 
.... 

where v is the unit cell volume. The replacement is then 

1 ~ ~ 3 qfs 2d 
'- -7 q q 

N '+ qs' 0 

\ 
Using this we find, after a 11tt1e a1gebra, that 

3/2 
""-

E 3/2 
s 

... 0 otherwise 

and 

jwhe re 

/ 
E = 112q 2/2m 

s s 

and the band edges are'given by 1 

and 

1 ,. 

2
1 

(Ed + llË2
d ' + 4 V 2 ) 

(J 0" 1 

1 

• 

.1 

1 
1 

(1.41) 

(1.42) 

(1.43) 

1 
J (1.44a) 

(1.44b) r 
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Typical density of states curves are dra\m schematically 

in figure 1.5 and sha~s the qualitative features of the 

densitles of states for fïnlt~ values of V . 
., > 

We note here that these densitie~ of stat~s do not 

• have a simple Integrable farm and ta obtain ~he occupation 

numbers the integrations have to be done numerically. 

Ta investigate the properties of the system described 
/ \ 

above we perform model calculations treating U and V as 

variable parameters. We are especially interested in the 

effects of U and V on the static,magnetic properties. From 

the results of section 1.1, we expect ,U to favour a magnetic 

or spin-split state and V to have the opposite effeet. We 

begin by rewriting equation (1.34) for the average occueation 

number of the local,ized state as: 

(1.45) 

where we have now explicitly indicated that the density of 

states Pdo depends on Edo' Sut from (1.21), Edo depends on 

< nd > '" Nd . Hence equation (1.45) is really a pair of 
-0 -0 

coupled equations for Nd + and Nd~: 

(1. '46a) 

and 

(1.46b) 
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These two equations must be salved self-consistently and, 

de pen d i n g 0 n the rel a t i \' e " st r en g t h s 0 f U and V, we m a y la a \ e 

• non-magnetic solution (N dt = Nd~) or a magnetic one 
\ 

Thus we can draw a U-V phase diagram showing 

rthe magnetic and non-magnetic regions and this 1S done below. 

We then examine other properties of this model sueh as the 

magnetization, the Curie~temperature and the susceptibility. 

(i) Phase diagram at T = O. ... 
The simplest way to obtain the condition under which 

~quation (1.46) has a magnetie solution is throu~h the 

d-part of the statie su~ceptibility X. The dynamic 
s 

susceptibility is derived in appendix A and taking the 

statie limit we find 

• 
1 - UX s 

(1.47) 

When the denominator is zero the susceptibility diverges 

and this indicates a transition from a nan-magnetic ta , 
f 

a ferramagnetic state. Thus the phase baundary is given by 

ux 0 z: 1 
S 
,t 

(1. 48) 

In the above equation XO is evaluated in the non-magnetic s 

state and it i5 then easy to show that 

-: 
" 

ux· fOO Pl (w) f (w) dw /10 P2(W) 
-af (w) =: + aw dtt (1. 4 ,~,) 

5 _00 _GO 1 
..... 

.... v 

1 

1 
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where 
~ 

& (W-E
do

) 
Pl (w) - - 2 UV,2 p (w) (I !SQ) 

,1 ca ((W- Edo}2+ y2)2 

'"'and 

td 
P2 (w) Uy2 P do (w) 

1 (1.51) = 
«w-E )2+ V 2) 2 

da 

with Pco and Pda given by (1.41) and (1.42) respectively. 

Since we are working in the paramagnetic state we have 

Nd + =Nd~ = Nd and Edo is independent of o. 

Before we can proceed further We need to know the 

total number of electrons in the system. The densities 

of states p and ~ each have room enough for one electron ca ua 

per atom per spin i.e. the maximum possible number of electrbns 
1 

is 4 per atom. 4 electrons per atom represents completely 

full bands and this is not an interestifig case. We do not 

co'nsider here t'te case of 2 electrons per atom because thj 5 

represents a special case of full lower bands at zero 

temperature. Fot our model calculations we have chosen 

3 electrons per atom i.e we have 

(1.52) 

This 1s done by introducing a chemical potential U in 

the Fermi function f(CAI) as 

/' 

\ ' 

7 
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and p i5 chosen to satisfy condition (1.52). The choice 

1 of 3 electrons per atom represents a model calculation and 

cannot be applied ta realistic systems such as the Heusler 

alloys. The main reason is that the simple model we 

consider does not take into account the degeneracy of the 

localized level. This is discussed further in chapter IV. 

It is convenient to normalize aIl anergies to € 
S 

(given by (1.43)) which is typical1y of the order of a few 
., 

eV for the Heusler a11o)'s of interest to us (e. g. in 

CU2MnAl and CU2Mnln E 'V 4 eV). U and V are also of the s 

order of a few eV and we have therefore taken the range 

of normalized U and V to be 'VO - 1. We assume Ed lies in 

the middle of the band and thus take Ed = O.S. 

To obtain the phase diagram we prodeed as follows: 

for fixed U and V we solve the self-consistent equations 

(1.46) with Nd + = Nd~ and satisfying (1.52).We search for 

pairs of values of U and V which satisfy the critical 
" 

condition UX; = 1. Th~se for. the phase boundary shown in 
, 

figure 1.6. For UXo < 1 we have a non-magnetic solution s 

to (1.46) and for UXo ~ 1 a magnetic solwtion is the 
1 5 

stable one. As expected, we see that as U increases we 

.. go irom a non-magnetic to a magnetic region and vice versa 

for V. 1 

\ 

o 

\ 

" 

• 

j 
• 
j 
j 

j 
1 

- , 

• 
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( i i) . }., a g n! t i z a t/i 0 n at T = 0 

From the phase diagram of figure 1.6 we know the values 

of U and V for which a magnetic solution to (1.46) exists. 

We investigate here how the magnetization varies with U for 

a fixed value of V. The simplest way to obtain the magnetie 

solution is to plot Ncit as a, fune t ion of Nd'" for a given 

value of the Fermi energy E: F · Typical plots are shown 

schematieally in figure 1.7 for two values of U, one in 

the non-magnetie region (figure 1.7a) and the other in the 

magnetic region (figure 1.7b) . In these figures AB~ is the 

• reflection of AB about the line OP whieh corresponds to 

We see from figure 1.7a that there is only one 

possible self-consistent solution and it is the non-màgnetie 

solution at A. In figure 1.7b there are two self-consistent 

solutions, a rnagnetic one at C and a non-magnetic one at A . 

The magnetic solution at ~ is the s\able one and we can 

converge to it by following the path indicated by the arrows. 

Having found this solution we then vary ~F to satisfy (1.52) . 
• 

We obtain the magnetic solution for various values of U • 

and plot the magnetitation in figu~e 1.8. The d-part of the 

magnetization Md" the conduction part M~ and the total 

magnetization M are d~fined as 

Md = Ndt - Nd. (1.5 3a) 

Mc' = N - N (l.S3b) ct c.J. 

M = Nd ... M (1. 5 3,~) 
1 c 

For low values of U the magnetization 15 %ero. As U 

increases beyond a critical value Uc the magnetization increases 



f 
/ 

from zero, at first very sharply, and tehds to saturate for 
J 

high value/s of U. The value of U ls cornsistent \Vith 
c 

figure 1.6. Ne also note that Md»Mc and this is reasonable 

since the magnetic interactions are in the d-band. 

(iii) Curie temperat~res 1 
The rnagnetization sho~n in figure 1.8 is the maximum 

value obtained at T = O. As the temperatur(e increases we 

expeet this value to decrease steadily and to drop to zero 

at ~ transition or Curie temperature T. Above this 
c 

temperature the. system would be non-magnetic. To find 

this ternperature ~e again look a~ the statie susceptibilitv 

and its temperature dependence. At high temperatures, the 
; ~ 

unenhanced susceptibi li ty XO is' small ( and UXo« 1) but as 
\ s : 

T decreases it increases. The crltlcal temperature is 

reached when UX O = 1 at which point the statie susceptibility s _ 

" Is diverges,signalling a phase transition to the ferroaagnetic 

stat~. Thus T is defined by 
~ 

UX ° (T ) = 1 
5 C 

(1.54) 

As in th1 case of .agnetization we have obtained Tc as a 

function of U for a fixed value of V and this is shown in 

figure 1.9. Agaift, for small U the Curie temperature is 

,zero but at U
c 

it star~s increasing in a _anner siailar to 

the aagnetization. 

• 
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(iv) Magnetization as a function of temperature 

For a point in the ~agnetic region 'of the phase 

diagram we solve (t.46) self-consistently for various 

tempera.~res and plot the magnetization as a function of 

temperature in figure 1.10. As expected. the magnetization 

decreases as the temperature increases and drops to zero at 

the value of T given by (1.54). c 

Cv) Para.agnetic susceptibility as a function of T 

At teaperatures above the Curie teaperature we ~lot, 

in figure 1.11, the inverse of the static susceptibility 

as a function of ternperature. 'The linear ~ependence ~ith 

temperature indicates that the static susceptibility has 

the following Curie-Weiss form 

c x s (T) = :r:-r-
c 

where C is the Curie constant. 

1 

\ 
1 

1 
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Figure 1.10 

Magnct~zation as a function of temperature in the narrow 

band model. Md' Mc and Mare defined in (1.53). AlI 

energies are normalized to € (equation (1.43». s 
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Figuré 1.11 

Inverse static susceptibility as a function of temperature 

• in the narrow band model. AlI energies are normalized to 

Es (equation (1.43)). 
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Chapter II 

Spin waves in the narrow band model 

In ferromagnets, at zero temperature, aIl moments are 

aligned resulting in maximum magnetization.l At finite' 

teaperatures there will alway5 be some .is~iîentation of 

the moments because of thermal activation and hence the 

spontaneous magnetization of a sample will d~crease as the 

temperature is raised. At low tcmperatures the magnetization·' 

MCT) i5 found to vary with temperature in the following~ 

simple manner: 

MCT) .~M(o) (l - AT
3

/
2

) (2. 1 ) 

"here A ~ constant. 

80ltzm~atistics to 

\ 

Although the application of 

the Weiss molecular field theory 
\ 

aives an expression for the temperature dependence of 

the magnetization which i5 in qualitative a~reement with 

experiment , the theory does not yield the T3/ 2 behaviour 

observed at low temperatures. 

Bloch (1930) introduced the idea of spin waves in order 

to exp!ain the observed temperature dependence of the 

ma,netizatlon . In section 2.1 we give a brief reyiew of 

• ~in wave. in the loca1ized theory of ferroaaanetilM. Then, 
1 

in section 2.2, we di.cu •• how the.e concepts are extenSed 
( 

to itinerant electrons. Final1y, in section 2.3, we ex.aine 
1 

spin waye. in tÂe narrow band aodel. 

! 1 

, ' 

1 

1 r 
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2.1 Spin waves in the lo~alized model 

In 1930, Bloch propo~cd a theory to des~rlbc the 

behaviour of a ferromagnet in which a small fractJon of the 

total spin is not aligned to the magnetization. The 

simplest excited states of the system are thos~.i~ which 

the magnctic moment is reduced by a single deviation of 

the ,total spin. This deviation is not static sin~ê an 

exchange interaction of sorne type will ensure that it 

travels through ~he lattice. Thu5 the spin deviation may • 
f' 

he considered to be associated with aIl the ions in the 

crys ta) and forming a co 1; ec t ive exc lta t ion. lf~ dev la t ion 

were maintained on a particular lattice site it would he a 

single particle excitation and would require much more encrgy. 

Thus the collective excitations, which are called spin waves, 

are the magnetic excitations of lowest energy. At finite 

teaperatures, the complicated motion of the spins can he 
J 

" con.ldered as a superposition of spin waves. This idea 15 

similar to that used in treating the complicated thermal 

aotion of ions in a solid which is considered to be composcd 

of a superposition of normal vibrationa! .odes. The normal 

vibrational .odes are called phonon. and by aryalo gy a spin 

wave .ay be considered as a quasi-particle reterred to as a 

maanon. 

_ The disp,rsion relation for spin ,waves is of fundamental 

intere.t and for the localized mod~I tt can be obtained in a 

straiahtforward vay. We be&in with the Heisenberg Hamilton1an 

1 
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l' ._--------
: -... 

H = - 2 2 J .. s. s. 
i>j 1J -1 -)(1 

(2.2) 

1 

Introducing transverse spin opèrators 

+ S: s. x .1is. y = 
J J J 

(2.3)" 

and assuming only nearest neighbour ibteraction J, the 

Hamiltonian can be rewritten as: 

(2.4) 

z 
F~llOwing Holstein and Primakoff~(1940) we write Sj and 

5; in term5 of boson annihilation and creation operators 

+ a
j 

and a
j 

(2.Sa) 

C2.Sb) 

,./ + 

S '.S •• j 8 j ~ j (-2. Sc) 

Usina the .span.ion . ~-
/ 

+ 
&j~ &J 1/2 1 

... , 1 ... + 

(1 1 
25 ) 

• if &j a j - 'J2s% a j a
j 

a. a j J 

(2.6) 

1 
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~ , 
and neg ~.!.~ting terlls hi gher than quadrat ic in a j f the 

t 
Hamiltonian becomes 

H = - JS 2 NZ - 2JS (2.7) 

1 
wh,re Z is the nu.ber of nearest neighbours. This can 

nov be diagonalized by a transforaation from tbe atoaie , 

operators a
j 

ta spin vave operators bt 

-(2.8) 

th where R. is the posit~on of the j ion. Substitutine this 
-J ! 

1 

Into (2.7) and nee1eeting the constant flrst tera we find~ 

where 

1 ~ i t.a 
wk • 2JSZ (1 -; ï te - -) ~ 

(2.9) 

(2.10)' 

and 6 are vector 5 to the nearest neiehbours. In (2.9) 

+ bk b
l 

is the nuaber operator for a aa,non of vaveveetor ~ and 
-
~n.rIY "'t' The cH.per.ion relat Ion (2.10) ha,_ a very .1ap 1. -
fora in the lon,wavel.n.th liait. Thu. for 1+0 an4 for a 

euble lattlce 

.. _&*2 
... k - (2.11) 

" 
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~here the stiffness coefficient 0 lS given by 1 

(2.12) 

and a is the lattice c~stant. 

It is instructive to look at spin waves from the 

classical point of view WhlCh give5 a more physical picture 

The spin'~ i5 now considered as a classical spin which will 

preeess around a .agnetic field. The state of one spin 

deviation now becomes a state in whieh a wave travels through 

the precessJng spins in such a aanner that. in the direction 

of the wave. the phase angle between neithbourin& spins 

differ by a constant amount~ Figure 2.1 shows the usual 

classical..Jlicture of a spin wave. If we consider a spin 
--.. 

S. sur r 0 un d e d b Y ne i g, h b 0 urs S.. t h t: Ha mll ton i a n i 5 
~ -J 

- 2J S .. ~ S.. Thus we may represent the effect. of the 1 
-1 ~-J 

exehangeJon spin S. br an effective field which i5 proportional 
-1 

t 0 2 J t 5 j' The c 1 a 5 5 i cal e qua t ion 0 f t'Il 0 t ion for !i i 5 the n 

3!i 
ft • 2 J !i ~ ~ Sj 

j 
\ (l.13) 

Without~in, into details of ~he calculation (see fOT exàn.ple 

Kittel (1~71»equation (2.13) has a .OlU~ion fOT ~i of a 

travell1nl wave form ei(wt - ~'!i) with ~ ,iven in terms oi 

k by (2 .10) . 

• 
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There is now a sound body of ~xpcrlmental work which 

de~onstrate that spIn waves rcally do exist in magnetic 

materials. On~ of tre most direct methods of probi~g 

spi n "" a v,e sis b 0 ne u t r 0 n in e 1 a 5 tic 5 C a t ter i n g . The ne ut r () n 

has a spin of 1/2 and a magnetic moment of about -1.9 nuclcar 

l magnetons, and 50 it will interact magnetically with the 

magnetization of a lattice and thus be scattered. In 

inelastic scattering the neutrons can be thought of as 

~ creating or destroying a magnon in the scattering process. 

~~onservation of energy and mo.entum allows the determination 

~.;~f the pnergy and momentum of the spin waves i.e. the 
• 
4.etermination of the dispersion relation for magnoJls. ReslIlts 

of experiments on face-centered cubic crystals of Co + 8\ Fe 

by Sinclair and Brockhouse (1960) are shown in figure 2.2. 

The dispersion relation 15 of the fora: 

Wk • 6 + Ok 2 (2.14) 
/' 

vhere A i5 a .ap introduced by anisotropy fields. The value 

of 0 in (2.14) vas found ta be 5.9 x 10-29 e~. ca z or 
• 

approxi •• tely 370 .eV AZ • 

The effeet of spin waves art .agnetixation can be 

easily derived. The spin deviation operator for the wholc 

system 15 1 ~\ 

(2.1S) 

.. 
• 

" .... , 
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where nk 
+ \ 

bk bk .· Th~s equation states that each excited 

spin wave reduces the z-co~~onent of th~ total spin by one 

unit. The magnetization is thus glven by 

M (T ) = M (0 ) - g~ ~ L < n k :> 

- !f -

where the average occupation numbers are determined by 

Bose-Einstein- statistics. Hence, 

, 

M(T) .. M(o) 1 

At low teaperatur'es, it is a good approxim,ation to U$e the 

long wave1ength expression for wk (equation (2.11)) and, 

~ rep1acing the sum over ~ by an integral, we fin~ 

~ 

(
kT )'3/2 

M(T) • M(o) - ~B r:J.3/2) 4T1'0 ' (2.16) 

, 
where,r; is the Riemann-Zeta function. This is the Bloch 

3/2 , ; 1aw. Altho"gh the first experiments to see how the 

.aenetization of Îe, Ni and Co changed on cooline to very 10w 

teaperatures were mad~ a~ early a. 1910, lt was not until 1936 

th1t a proper investi,ation of the aagnetizatfon of Fe and Ni 
t, 

waj .ade down to 20f (Fallot (1936». This "orle vas 

specifict!ly done to see if the .a~netization.at 10w 

te.perature. followed the l_AT3/ 2 1aw predict~d by the Bloch 

theory or whether it "as closer to the 1-8T 2 dependence • 

which other investieatorl had found was appl i cable at hi!;) . r 
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, Figur" 2.1 
Clas5ical ~icture of a spin wave: (a) The ends of the splu ·vcctors 
precess on the surface of cones, with successive spins advanc~ù in 
phase by a constant an~le. (b) Spins viewed from above, showing 
one wavelengtn. ~ 
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temperatures. Fallot fodnd that l_AT 3/ 2 gave a better fit. 

Marc recent work (such asvthat of r:Iliot, et al (l9S~Jon (;0) 

3/2 ;: 
does confirm the T dependence at very low temperaturcs. 

k' 

2.2 Spin waves in the, Itinerant mode! / 
:t 

For a considerable time lt wa~ not clear wheth~r sp' 

waves could exist in mctals where the maenetic ~lectrons 

are itinerant. ,The earlier band model of ferromaenetlsm 

(Stoner (1938), Wohlfarth (l9S3))did not contain any spin 

W8ve excitations because bt used th~ molecular field 

approximation which preclude. spin wav. excitations from 

the out5et. Howev.r, HeTrine and Kittel (195-1) proposect 

that Ipin W9ves did exllt in metals, and since that time a 

new theory of itinerant .lectron ferroma,netism has becn 

evolved by fzuyama (1960), Izuyama and Kubo (1964) and 

Mattis (1963). In es.ence the.e treatment. ~nve.tii.te 
( 

lIore, -fully the features of the Stoner-Wohlfarth mod,el ( 

However, the interaction is now tre.t.d in d proper~namjC 

form,. rather than th •• tatic apPiroximation met"h" u.ed earlier. 
" A. a ~tartinl point w. eon.ider th. Hubbard Hamilton!an 

1 
(Hubbard (1~63» which d.eserlbe. a band ot interactin, 

! 

electron.. Th. interaction 1. a Coulollb r.pul.ion betwecn 

.l.etron. of oppo.lt •• pin. when th.! are at tn. .a.eatomic 

.ite. Th. Hamilton!an 1. th.n a IUII ol a kinetic aneriY 1 

1 
tarm and an interaction t.rm 

.. 

-
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CkO' Ck" +LI nit ni" (2.17) 

tfW , 

where 1 is the Coulomb repul.ion and 'r 
CiO where nia • CiO 

CiO' are creation and annihilation operatots for 
l-Cio and , 

Wannier states for site i and arc/related to the conduction 

state wave funétionl by: 

ilc,Ri C 
e - - ka (2.18) 

Su bit i t u t\i n, th i sin t 0 ( 2 , 1 7) , 1 v e 1 

J 
+ -N 

t t 
Cca. .... _kff+ C ... +k"'t Ck .... Ck "+ 

l , - -
(2.19) 

• 

The' mol.cular field (MF) approximation .pplied to (2.'17 J il' 

equivalent to rep1acin, the four op.rator product by two 

operator products al 

.. 
. (2.19.) 

and u.in, (2.11) w. find that ln th. NP approxi.atlon the 

Ha.lltoni'ft beeo ••• 

, 1 \J 

(2.20) ~ 
1/ 

1 

• 

1 

-/. , 
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where 

(2.21) 

Th~5 in the MF approximation the band il Ipin~Jplit (fil~~e 2.3a) 

by an a.ount proportiona! to th~ malnetization and thi. is 

equivalent to the Stoner-Wohlfarth model. We now consider 

a Ipin-flip excitation of an electron trom a Itate k to 

k + ~ al .hown in filure 2.3a. The en.rlY of thil linlle­

particle excitation il: 

. , 

• t! +<t- (2.22) 

wh.if. < .. > • < nt>~ < n ... > i. the .alnetiz.t{on. Th •••• inlle-
, Q 

partiel. excitation. arè known a. Stoner excitationl and 

th.ir .p.ctrum i. ~iven by (2.22) and .hown by the .haded 

r'lion, of fi.ur,e 2. 3b, W. note that th.re i .• a ,ap ,in the 

.xci tatlon .n.rIY at .... 11 " and at 4. 0 th1 •• ap i. equal 

to th. band' .pllttln. 1< al>, , 
1 

W. can a1.0 forM .xcitation. ot 10w.r .n.r,y/by taking 
1 

a lin •• r co.bln.tlon of th. final.-partiel •• xcitation. i.e. 

br lor.ln. a coll.ctiv. excitation or a .pin wave. Th • 

• xcitation corr~.pondin, to (2.22) i. ,iv.n br the op.rator 
. t r - Ct+~+ c~+ and w. now d.~in. t .pin waV' op.rator It" a 

.up.rpo.ltloft of th.,. 1.~. 

. ' 

1 

1 

1 i 



; 

1 

. 1 

1 

1 

(2.23) 

IV 
1f ,)'he excitation energy for this spin wave 15 lJJ'l ' then 

BC:)- satisfi •• the followina equation of motion 

.. (2.24) 

It il straightforward to show from {2.19) and (2.23) that . 

+ 1 L t t 
cid 

ct 
N Cl k (C~"+k + .. t C."+!"tC!"~ !+'j~ 

f~/! 

, 'r 
C!-'t' ~) C"'.k'tCk'+ 

/ 
.. ~ - - ... 

W. tr.at th. 
\ 

• eeond t.rm in th. r~ndom pha •• approximation 

(IPA) by r.plaetn, :h' 4-particl. op.rator. by 2-pa1tiele 

op.rator. a.: 

C!t 

1 

, 

1 

t 

"1 
1 

l 
1 

, 
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tJ 
( 

Replacing < nkO'> by the FC,.rmi function f(E ko ) we g<!t: 

where we h.ve uled the relation 

Hence from (2.24) we have 

t Equatln. coeflici.nts of Ck+ ~ Ckt .iv,,: 
-1 -

.. 
(%.%5) 

, 
Th. l.ft hand .ide 1 •• con.t.nt .nd d.notin, it br A W~ ~~~ 

Cl k ,-, lW' - 4d, .. 
, 

A 

1 ~ \ Â 
Jub.titutln. ~hi. b.ek into '(2,25) w, obt.in th. fol1owinl 

\, 

• 

1. 



1 
1 

l' 

'j 
1 
1 

! 

0 

1-
,lt 

J 

( 

equation for the spin wave sw energy w, 

2: f (l;,+.) - f(E:j.t) 
1 1 ~ 

(2.26 ) . -N k sw w, - (F.:~.'+1 + - 'k t) 
\ ! 

The lame expression was obtained br Izuyama, kim and Kubo 

(lg63) trom the dynlmie Juseeptlblilty. Tbe.e author. allu 

.howed that in the lona-wavel.nath 11mit (2.26) yields the 
0' 

followine di.perlion relation 

",\W • Dql 

, 

wtlere 
1 
i 

1 L (f(e~t) + f(E~+»V2ei. 
D • Ji k i - 2 J< ." > 

" 

(2.27) 

( f ( E.k ... ) • f ( e i 4) J (vtt il 2 

(l< 111»2 

Althou,b the .pin WIV, .tiftn ••• co.tfici.nt 0 ha. a different' , ~ 

.t~ro.copie ori;in frolfA that of the localiz.d mod.l" the 
. 

• pln wav. 'en.r,y 1. one. mol" of th. tOI'. Dq2 (fi,ur. 2.3b) ln 

th. lona-vave len.~h liait: H.ne. the •• ,n.Uzation at low 

t.ap.ra tur •• ln th. itln.rant aod.1 '1111 al.o fo 110'1 the 

110ch T3/2 law. -. 
l ~ .~' 

1 Il , 
2.3 SEle wav •• in tbt! narrow band.-- aieS. 1 • 

A. in ;th. ttln.rant ,a •• , .pin w~v •• ,ln th. narrow baryd 
, 1 

.od.1 can b. ~ul1t up Iroa a lin.ar coabination Qf .1n.l~-

p.rtlcl •• xcitation,. To do thi. w. ftr.t obtaln th. H.rtr~e­

Fock expr ••• !on for th •• od.1 H •• l1ton1.n d •• cr1b.d 1n Chaptor 
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1 

e· 

.. 

k 
,t,Ul"' 2, J (a' 

'pin-,plit b.n', 01 t~. Itin.rant .0411 .h,vin, a .i~.l.-p.rtlcl. 
.xcitation (.ch •• atic). ca> • ~ft+> -< '-.' t. th •••• ".tl,ation. 
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: 
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'l,ur. Z.J{b) 
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',.ct~u. of .ift~l •• p.~tlcl. Cltoft.r contiftuu.) .n4 .pln v.v • 
• xcitation. ln th. itintrant .0,.1 (.ch ••• tic). 
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1 (equation (1.7»). In thls approximation the înteraction 

term 15 treated in exactly the Jame way'as for the itincr:..nt 

model i.e.as in equation (2.19.). The Hamilton!an thul reduce, 

to 

Ho · L E: k C: a C
ka 

+ 2 Eda 
t 

Cdia CcHa 
~t - - lI' 

G (Vkd i 
t 

Cdia + Vdik 
t 

CkO) ,+ Cka Cdia -!', (2.28) 

This cln be .i.plified further by trln.for.in, Cdia to 

ao •• ntuM r.pre.entltion: 

(2.29) 

lubstltutln, th1. into (2.2') Ind u.in, (1,25) w. ,et: 

(2.30) 

wh.,.. W. hlv. tak.n Vet0ft to b. r'll. ft 1 •• tra1jhtforwlrd 

to show ~t .q~atlon (2.300 1. dla.onlllz.~ br th. fol1owlna 

unltary tran.fora.tlon: 

• 



o 

! 
1 with 

t 1 

(co"- e 
\ sin e 

-sin :.) cos 

+ 
w~ere ~a i. liven by (1.29). Equation (2.30) ean the~ be 

written 1. 

"0 ., L'C~a 
·,A 

(2.32 ) 

with ~~ ,iven by (1.28). Thi. 1. not a .urprl.in, reluIt 

and we eould have 'u •••• d it lro. the fora of (1.21) and (1.28) 

for th. Gr •• n'. lunetion. in th. Hartre.·Poek approximation. 

' •• u.e th •• tate. in (2.32) a. the .in,I.-partiel •• tate. 

lro. vhich w. build up th. coll.ctive .xcitation •. Th. ener,yof 

a transition {rom a .pin up .tat. in the ~~band with wav.-

v.ctor !+~ to a .pin.dovn .tatA in th. A band vith vave vector 

~ i. W~~A" ,iv.n by 

w;t" ~ • c Àk~ (2.33) 

• 

+ 
The op.rator fo~ .ucb a tranli t ion 1 • ." l" a X!+,+ and the 

, • + 
lour pOlSible tran.itions lor " ... and ,," •• ar. Ihown ln 

. 
fl,ure 2.4a. Th. continuu.~tru. r.pr •• ,nt.d by (2.33) 

1 •• hown .ch, •• tical1y in litu 2.4b. A. in th. Itinerant 
, 

.0d,1 tb,r. al'. lap. in th •••• xcitation. forl{f- 0, and 



~ ~ \, ~. 

~ r' ;t.\ 

o 

• 1 ... ' ';...::, • ________ "'_ ......:.b.~ _ 

aJain we can form collective excitations of lowcr energy Ly 

takiJU linear combination!5 of the .~ingle-particle cxcitatloo1, 
, 

The .pin wlve operator il now defined as 

(2.33) 

and it. equat10n of aotion ls a,aln (2.24). We now write 
1 

the full Hamilton!an H in ter., of the H.rtree-Pock Ha.iltonian 

Ha,' o . 

(2.3") 

1 

,., 
(2.35) 

+ W. n •• 4 to .xprl,. H ln t.ra, of the op.rator, aA~a and 

aA\O'. Ho li alr.aeSy ln thi',tora and_ cu put HeSeS and Hadd into 

th. r.quir.cS fora by ulin. (2. 2~, ancl (2.31). We have trom 

(2.31) that ' 

wh.J" 

1 
J 

1 

(2.36 ) 
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Spin Wave 
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SP 

w~+-

• 

q 
l ,. /'i,UJ'. ï .... (b) 

J,.ct" •• of .t •• l .. ,."tl.l ••• 4 .,IA •• V.' •• citation. th th • 
• , 1 

•• J'J'ow b •• ' ao •• l C'.~ ••• 'ic,. 
1 : ~ 

,1 #. 
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i 

" 

1 

• 
< 

and 

" 

\ \ 

(2.SI) 

1 

j 

1 ~, t 

Th. 'commutator ln (2.24) 1 •• aly :0 .v.l~&t. n~ for Ho and 

H.dd wo hav.: 

.. 
j 

/ 

.~ U< "d.' 
~ , lei • 

AI ~ ..... ~ ~" ,+ &A\ fi. l'~ ,414",. 
\ c·(2.~O) . 

:1 _. . 
/' 

Th. co •• ,uf"tor w'th. Hdd '" 110" , •• ,tl.tt.d nd' .r.quir .• ~ .. -

Iltlle .0J. O.,e, . "lOI (1"',;/,,. , •• , .,. thlt W. ft •• cl to· 
'. ;' \ . fi 

t~. "110.i", <'0 •• "'.1'" 
< "J . 

/ 'II - f 

.valult. / 

1 • . " 
l ,? " 

, , /. " ... ~ 
• • _. ,,-. L 

, 
• 

, 

T 



--------------------~--. \ 
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o 

1 

./ 

• 

/ 

/ 

1 

'\ 

" 

1 .. 

/ 

,:;; 

(2.41) 

W. now u •• "th. random pha •• • pp~ox1m.tion (RPA) ta .lmpl1fy 
~ 

(2.41) and thi. 1 •• qulval,nt to •• k1na th. tol1owln, 

r.,l.c.~.nt.: 
'. \ 

{ 

., 
"'; 

.. + • • < a Q. ,1 Cl >a • "a ",.- .t ~".-,.+ )..Ja+ 
. / 

· ',.~ .. /,~ .... , 't(~ • 
" / .,. .. ~ ~ ,I.~ ~ " " l 

'# .... ~t ,'" / .,~ 
, 

.' J '," ~ •• '. M'" ".(,~, /-
'J "l • , ',' 1· , 

• .' ~, . .l. ••. ~ __ .' '. , .. "..-.1. , ...• 

1 

/ 

/ 



- . fi 

() 

1 

/ 

• 

, 

" , 

where we have repllc.dthc av.riae vMlue. by Fermi functlo"~ . .. 
Simillrlly we (lnd . 

1 

i 

• 'f • , 

1 

1). ~ + 1).2,."~e~ lÀ",. I" .. t ... 
l " • a ~ t(t À • ) .+ 1 

)"À .. ",t.. t·+ >'J'+ ),IJ'-&I+ 

). . 
.. ~"If ~.", Q. .. le, Cl'.1.) l, ... '\ 4 .. 1 .01. 

fi" ,. f' , T "'J" "I~' ,'T 

, 

Proll (2.37), (2.41), (2.42) and (2.41), w. ,.t 

1.1" ,/ 
/, 

,1.43) 

1 
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j 
1 

t • 

/ 

J 

1 

5 Il tÎ 

,+ U 

': l 

...,.' l" ~ t )../ 1 ~ ). '1 ~, 
X," 1 XI"~f t (f ( c:. Q Il,) .. f ( c;. t".", )) FI L- X ~~ X Q t 

fi 'f f 1 " '1,. ~ 1 ~. ').. ' • ~ • ... }' 

/ 

+ 

• ).. t 1 ~ a "'. ,,'. J t 
(2,44) 

wh.r. w. h.v.·u •• d th. f.et th.t 

(2.45) 

, , 

,f • , 
Il 

" i 'H' 

• 

\. 



o 

• 

1 
O.notln~ th. lum on th, RHS by A, we lot 

.. 

• 

(2.41) . 

(2.4' ) 

~Thl1 1.pl1clt .qu.tlon for wjw. i. th •• o.t i.~rt.nt r"ult 

of thi. ch.pt.r, W. note th.t w. wou14 h.v. obt.in.4 th • . 
•••• •• pr".lon lf w. h.4 •• t th. d.no.in.tor of th, dyn •• lc 

, . 
• u.c.ptlbil1ty '.quatlon (A44) in app.ndl. A) to z.ro. 

,Iine. w~ .r. lnt.r •• t.d ln 10nJ.waV'1.n'th .pln wav •• 

w. can ,.p.Ad .quacion (2,4'), to do thl. w. lir.t r.arran,. 

-

1/ (2.4') 

, 

# •• " 
·t 

, , (%.'0) 

w 



- '. -s .. dt \ f 

" 

o wo h.vo 

(2.5J) 

1 (2.52 ) 

(2.13a) 

~ 

.1.11.rly 
A 

Zt~ '1 fil 

· wr -(E;f,'· ~:~) 
( f ~ ~W -i .9-f., .:&, -W,. 

;p 

il.",: 
~,r-

1 

f (t,. Ye)' 
~ 

+ !1 

(Z,llb) 

• H.n •• , ,~o. (2.41' w. bave , , 

G 

.. / • a +, /.Ur - 'f (2. lA) 

1/ 



CJ 

/ 

,e 

... '\-_._'-

( , 

whor. 

(2.55) 

(2.56) 

ç 

1 
and \" 7 , 1 

C. c !L ~ [' .. Zl, {CE;,) i V'Z;40 - Z;~ f(t;~H t"Z;, 
lN L- ' 'f).'" , ~(~~ 

l ' ' 
1 1 1 1 -,. f ,. ) ( • 'i V·" V ,. fi X ,: '(' V'· V" ~(~)' + Z (t., z.,~ EU + - Z'I · Ilt., '" Zsl(l.u ) Zif t 1.1,< -1t~. - I, 

Lli~' 
+ t;11(~;t)z;~(ye;S ~ Z;~f(t;.)Ztt ~yej,r J ~ 

_~ ~ 1 Llf ~)' 
" ,., (2. J 7) 

and aIl d.rlv.tiv •• ar. 'ak.n wlth r •• ,.ct to i, ln th. ab~. 
w. have Iv.r.,.d ov~r III dtr.ett.on. Of" utin, th. tol1owSn, 

r.latiCt ... s 

r 

.; 

------'~!------------......... 
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/0 

'f 

/ 

Now, lt 1. .tralJhtfor~"rd to .how th.t 

" ,,' 
" 1 

~ Zl1 2- 'Z! Ji - ....j ... 
U /VIa( ~!~~ A, ",: ~ x 

wh.r. ~d 1. th. d-part of Lh ••• enotlt.tion Ind i. ,iv.n by 

1 (1.53.). 

H.nc. 

Q.­
". 

,1 

= 1 Iro. (2.41) 

.t.11.rly, it ~.n b •• hown th.t , 

Mt/. + Mt. 
li Mtt· 

/, .-
1 

1 4 
wh.,. Mc i. th. conduction ,.rt 01 th ••• ,n.tll.tion ,iv.n 

by (1.IJb). 

H.no. Iro. (2.14) VI have / 

(2.1' ) 

Idt' 

(2 ,.Jf) 

Thui the 4i.,.,.i •• '0' Jo ••• w.v.J ... t~ .,in .av. i •• ( th. 

10 •• OC' Cli,u,. 2.4') 'n t~ ••• "'V ••• ~· •• 4.i ., i. th_ 
/ 

- '. 

î' 

• 
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" ~ 

1 

, 

ft .. 
, ' 

lOCIIJ%ed and Jtj~.r.nt modo!. d •• cri~ed pr.v1~u.ly. w~ 
h • v • • v. 1 u • t "d J) t 0 r the m () d cd C d 1 l: U 1 • t J eH". "r ch. r t ct r , fj fi d" 

a funct10n of U. Th. .lan.tS ut ion ~d 

co.pari.ion. ln Pl,ur. 20 Sb wo plot 0 

•• ,n.tizltlon Nd Ind w. note chat for 

.tlffn ••• co.ffici.nt 11 proport t onll 

.. 
/ 

./ 

" 

,/ 

, , 
" j .::; 

... ~ ..... 1 

" , . 

/ 

1 

1 

/ 

f • aho "lott,d (d r 
, 

1. a func:tion o t th., 

.all1 Nd th. 

to M4 , 

1 

/ / 

• '1 .. ' 

.. , 
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û Chapt~r fIl 

S P 1 n f 1 u c t U Il t ; O/lIS j nt: 1 t' n IJ l r' () w b {j n cl ln ') dt' 1 

Th. m.snet11.. "uIJcepti 1dlity of ne~rJy (err(Jmll~'1Gtl<.. 

m.t.l. Juch Il Pd JA tnh~nced br .tS'ona 1ntcT.ctlon!J 

t,-~ t w 0 0 n 1) p pOl 1 t!! :. p 1 n ~ le, t r Q fi:' 1 n t h (! d - b • n d . The 0 v ~ r a il ~ 

<,H': '" u p • t , () n • () f IJ 1) th. r 1 n b;t t1 ,J w, j. t h co " 'p" but t Il (! 1 n t CH' ~ 

, Iction. indue. tr,nllent p:ir~lleJ .pln\.. .. )1Snm.nta. over 

miero.copie T.aion. of th. crYlt.l, Th"\' fluctuatio~. Ir<: 

• f 

... known '1 'pin fluctuation", 'lho n •• rer the m.t.l 1" tu thCl 

f. T r 0 III a tI "t 1 C 1 li 1 t 1 b 11 .1 t y, t h ft 1 r ce 1 t • r 1. t • • p" t 1. 1 lU Il.! 

t.mp2ra1 p.r.llt.nc. of th, ••• pin fJuctua~40n., Th • • fr~r.t 
~ ..... ",-, 

of .pin fluctuation. t •••• n in I.v.r.l prop.rtl •• or n'~fly 

f.rro.alnotie M.tal.. Doni.ch Ind enl.l.b.r, (1'66) .how.d 

that .ptn fluctuation. produc. a l.r,' T.nor.aliz.tion of th. 
r 

4-hol ••••• ln Pd, 1 •• d1nl to .n .nhanc ••• nt of th •• lectron1, 

sp.cifie h.l' 'or~.~.~pl •. Figure< 3, 1 .bow. th. ,nhlnc.mont 

o( \~ •• u.c.ptib111ty and th •• pecitie h.lt eonltant 

tow.rd.'th •• nd ut th. 44 In4 14 I.ri... Al.o Ihown i. th~ 

.uppr ••• lon of th •• up.rconductin. erit"11 ' •• p.ratur ••• th, 

· .nhane ••• nt iner.~.... POl1owin,.n 1ntti.l .u" •• tlo" by ! 

/ 

Uoniaeh, "1"I(.nd 'th, •• t'.r CU66) .howod th.t th. t.ndp'Ilr.'Y 
, 

,owlrd. plrll1.1 111,n •• nt r.pr •• ,nt.d br .p1n iluctultfun. 

QPpo, •• the .up.rcoAductiv. palrin~ ot op,o.lt •• ptn 
1 

.1.etron., c~.r.b~ .u"rIJ.1n. th •• up.rc •• 4ucttftl ,ritlc.l 

t'."J'itur •• 

OJr' 01 tll. a •• e .lat.r •• tin, .fl.ét • • , .p1ft fluctu.tl ll na 
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,Iu.c.piibtlity (1), .1.ciYOntc .,.cilic h •• t 

con.tant Cy) sa' .u,.ycoft4uctia. CYttic.l 
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iOV'Y~' th. fft4 01 t). 44 .~~ 14 •• ~i •• 

(.'C.y Aft".' •• 4 J.n ••• (1.6.»/ 

.' 
.. ( 

1 1 e f' 
\ t" 



\ 

\ 

\ 

, 

\ 

\ 
\ 

- - - -~~ 

\ 
\ 

i 1'\ 1" th (.l t r fi" lS pOT t J.I r 0 P (- l t i e $ IJ f (J j db. "'~ Jt J6 now 

re.l.ttvlty of Pd, Pd-!'d., l.r-Fe -rd uther trafl~ltjon metul 

.110y. li due to th, Ic.tt~r!n, of conductJon electron~ 

trom 'Fin fluctuations. fn •• ction 3.' we revltw brlcfly 

.pin fluctuation. and .pln fluctu~tlon Ttll~tlvtty ln the 

111nerant lIode!. Th.n, in IIct10n 3.2, w. examlne(.pln 

fluctuation. 1n th, n.rr~w band model. 

3.1 l,ln t1uctuat~n. Ir. th. ltln.r.nt -.2.!!.!. 
alca"" 01 th. cSynamie charact.r 01 .pln fluctuation. 

\ -

\

thllf prop~rtl •• mu.t b./ •• a.1n.cS by 100k1n& at th. dynomjc 

Ju,clptlbl1ity ot th •• y.t... Th. dyn.mic .u.c.ptlbi1itX 
,'. ,f 

\X(!.,t) 1. th. l' •• pont. lunctlon lor th •• a~n~ti:a~lon H(r,t) 

rri.ln. II'~. an appl1.d ~a,n.tle ti.ld He!.,t): 
\ " 

Th 1in.ar r •• pon •• th,ory 01 Kubo (1"') .how. that lOT 

an.v.r •• It.14 th, r •• pon., lunetion i. ,tv,n br th. 

(1,2) 

WIa.r~ JiC' 'U .". 4.~.iC, "".'01'# IltI,..~~,) l'. a /Id 1. 

1 

~ / ( '- .. 

,) 

1 

J' 

l, 

, 
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· ... 

-----':U;"o (l\l6!) ha"e evalu«tt4.. the Ii)'n.","" IUICeJ'lt't bl11ty, in 
1 

th.o random ,phAIO i\I'prOXll1\=-t t·,,~, n~rq. f,n tl\to,.nctin~ it l1\t"'t,nt 

tltetronl d.lcribtd by tht HU~~Ard Ha",ilton1,n (~qu.tlon (2.1:)), 
( 

They flnd th~t th, Four!.r tranarar", of th. d~n.mlc ,ulc~rttbilitv 

)\a. th, for. 

(S, S) 

whtrt 

_____ ' -ls, - w 

and Cka 1, livln by (l.21). WI nott fruM (S,!) that tho 

Itatlc .ulCtptibilitY X(O.O) i •• nhanced abavi the non­

Int~ractlnl Pauli sus'clptibllit'y X'tO,O) by,thl Stonor 
, 

tnhanclment factor S. In tht pITa.aanetic pha.t X'(O,O) 1. 

tqual to tht dlnsity of .tatl' at tht Fermi level Pd' Thu, 

s 1. -- l-Ip« (S.S) 

The Itatic lu,coptibility divaTaes for IQd • 1 and this 

indicate. a phase transition (ro. a paramalnetic -tate to ~ ,. 
ftrr01ftalnltic: statf'. If IPd < ,'1 then the 'yst •• il para­

~.~n.tlc whi1. th. f.from'anltic state i. stable for JPd > 1. 

--\, 



o Th. pole. ot the' .d)'n.m·'~ ~u~e'lltiblUty XC'.t,l) l".prt'~~1\t 

t ho. x e l t (1 d st. t • i 0 (' th. s >' ~ t ~ m " n J l t s 1 i m A ai" Ar>' p 1\ r t JI 1 \ ~ ~ 

the frequ.ne)' dl~trlbutlon, or Ip.etral d.n~lt)'. of ~h'l' 

.xcitations. Fiaure 3.2 shows 11ft XCt.Cù) for .f~valu,'1 of 

th. Stoner enhancfmont factor in th, plra.'anetlc p~a.e. 

Th. pOlition of th. peak ln th. sp.etral d'~lit)'. WSF,.(tl. 

is aiven b)' ~he pol. of X(~.Cù). 

aiven by (Doniach (1~67): 

For ~m.ll ~. th!. pol. is 

w (3.6) 

wher. 

WSF (,) = ~ é,: (1- Ife() ~ (3.7) 

7r 1ptt k.p 

Thui w. have polt's of X (l"') on th. 1 ... ln71 ax 1. .. which 

aive rise to poaks ln th spectral density The oxcltati~n~ 

r'prolonted by such • spectral density al" thorefor. 

critlcally da.ped and are thi apin fluct~atlonJ .entione~ 

.arli.r. F.quation (l.i) i~ th. disp.rsion relation for sr in 

fluctuations and Cù SF ia in fact the inverse of the life-timr 

of those fluctuations. ~t note from 03.7) that th. lif~-timo 

'tends to infinlty as IP d ... 1 i.o. .s the rerrolfta,netlc 

Inltabillty il approachtcl the p.rsistence·of the spin fluct\ln~lon$ 
\ 

Increases. 
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Filur. !.2 

Spectral denslty for .pin fluctuations in the 

Itinerant .odel. The peak beeo ••• Iharper a. 

the Stoner Inhanee1ft.n~ factor S (~q~atlon 1(3.S)) 

inef ••• I. (after Oonllch (1~61»). ~ 

.... , 

• 



;", 

(lSl6t1). A alm\"h Jtwo-b~:\J mochl ia uaod. one \r.pr.sontinR 
,jJ. 1 

th, ,-lik, portion of th. F.~Mi ~urfac. and th~ other th~ 

d-likt portion. Tho conductlvity of t~. mtt.l 11 allumtd 

to arilo lol.ly (roa th. a-band. which haa a n •• r1y fr •• , 

,lectron ch.rlcttr. whi1t tht eff.ctlvt tltetron •••• in th~ , 
narrow d-blnd ia .uch llratr. Th, d.b.nd. on the other hand. 

11 .aaumtJ to dominatt the m •• n,tie proptrti'.. Th. ,-tl.Cffona 

e.n th.n ac.tter off d-band spin fluctu.tions via 1ft s-d 

(S. a) 

wh.r,fi il th. volu •• of th. unit ctll. J the coupl!na con'tant • 

• (r)' tht spin dtnsity of th. s-tltetron' and S Ct) th. spin .. - . 
d,nlity of tht d-b.nd. Trtatina tht inttraction H,x as A 

, p.rturbation, Mill •• nd L.d.r.r (l966) have cilcui.ttd the 
) 

( 

spin-flip se.ttfrln. ratt P(1.1-)bf s-,ltctron. from the 

statt ! to 1- ulinl th. Fer.i Goldtn rult and find that it is 

.iven br: 

P(tl-+Ij') .. V" ~1(1_ fs)(wn (II))' ~(l) Il ~J(.,.n) 
(S', g) 
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.. 

• 

" lunet1o" for th(.\ ~onauctlon 'tAte' k. n(~n i' the' ftn!lo~ 

fu"ctlon, f(\) i~ tht fnl'm flct\.'\' (l'2' thl"d~,Il'htt!\lt' ""lI 

~.("n) i,"th. 'l'C'ctl'Al ~.n~\t)' l")f thl' 'l'in fl\\Clu"t\O"'" 

ahon by 
t . 

1 

1 

Wh~ro ~ • '-k~ 1. the olfctron wavC' v.cto~ ch.na. on Ir t t • r in {! ,a n d n • .'~: (k" i ~ th. • n e ri y cha na' , 

ln .quilihdunI, th, detailtd balane. cond'ltion P(~ .. ~·) 

• P(k~.L)is ,atl~fl.d and on~ can th.n u •• th. variationAI m~th~d - -
This 15 ~lvon 

by 

(cfnt) i JJ~ dl /!s-~·rp.(!S:,!S') 
'y (e k.; h 7i.~ r . ( 3 • 1 1 l 

wh.re • ls the electronie charat and kF th. Fermi voctor of 

~h. conduction electron •. Po (!.!'") 11 tht equilibriu. VAlue 

of the scatttrina rate. Equation (3,11) can be ,taplilieJ 

usina (l.9) ta Rh,", 

• .. (/-~, )(1+ ~ (A») 

• 
o (~. 1.2) 

-

.1 

i 
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• 
wh.r. f~ 1. tho t'qullib\'iuftl diltrl~\lti(')n and n. \, the 

numbC'r of "tOlU 1"1' un'tt \O\UIlt'. 'Nill" .ntlll.t'd.r~r Wt'fU thf 

fi~lt to point out that ~qu.tlon (l.12) aivi •• T' d.ptnd('n~r 
, , 

fo~ th. ~.slltivlt)' a~d wou\d .xplain thl l.rao T' t.rm in 

th. r •• tltiVity)f rd and J'It at low t .. mptraturt •• Lattr w. 

will discula how in a.n.ral & TI dtp.nd.net can bt obtalntd. 

Tho addition of Nl impuTitit. ta Pd ,r.atl)' tnhanc~~ 

the T' t.r. in th. r.li,ti\lty. Iut for luch al10)'1 • 

lotal11.d spin fluctuation ~od.l 11 ne.d.d. Ta co.put. th. 
" .; 

Ip~n fluctuation .poetral denlit)' in dilute li-Ni allo)'1 

L. d. rel' and Mil 1 s (1 9 tI 8) ule d ~ 1 hl pl. ,lx t • n 1 ion 0 f th. 
( 

Hu b bar d 1\ 0 dt' 1 . L ~~ 1 il. d • pin f lue tua t 1. 0 nia r 1. •• b. c • U 1 (\ t h (' 
• 

Coulomb int.raction l, iner'l.ed to a value 1 • 61 in the 
, 

Ni hlpurity cil l , l blini the valu. in th. Pd hOlt c.l1s. 

Th. Ha.iltonian 15 th.n: 

H c: 1-/. + !lI L 'nfljt lld.j~ 0.105) . 
J 

" wh.r./Ho is th. Hubbard Ha",iltonian (tquatiort'(2.l7)) and the 

'U. ov'l' j in th. s.cond tore 11 t,k.n ov.r the i.p~rit)' c:oll~. 

L.4oro~ and Milh (1961\~ in\·t'sti~Attd the l't'panse of th\, 
J 

syst •• to a tim. and spltlftlly varyin, maln.tic (itld usin~ 

• ~yn •• ic .oleculll' fi.ld approxi.ation .quivalent to the RrA. 

Since th. i.puritiel d •• troy th. trlnslational invariance of 
• 

th. 5yste., the definitlan of the _aanetic responle lunction 

is leneralil.d~ The ~us~~ptibillty X i5 now a (unction of 

'. \ .. 
. , 

" 

,. 
" 



6# « • 1 

he"th r l\n~l -

- -.. -.... ~ --" ... 

!. ... ftlhl I\(\f ~tl1\l,l)' of' r .. !'· :1~ "',u tht' ~' ... jtC' ln "'1 
1 If> 

Th C' F (l u,' le r '1' l'ln fOl' m Il f t hl" d Y II " ni i l' '~\. l' ~ '"- P 1 ~'l liT Y 
1{ • 

. / ' ... 

X (~. l',CI)) = 'X(~.w)'6n' t c /jl X (J'w) X(,~w) 
l-llI =;{w) 

Wher'/~(,tW) il th, enhanced hOlt sUlceptibility (~.~). c 

la t~e i.purity concentration and r(w) 11 liv.n by 

~ / 
r 

.. -'X (w) lL'X(~IW) 
N 9 

-- (~.lS) 

The Ipet'tf'al ~n'ity 1. no\\ & tUlft of a hOlt .n\~" tmpurity 

spectral d.nstty aiv.n by th. f!rlt and J.cond tara. of (,.14) 

r.sp.ctive1)'. L.d(\l'flr and ~fill. have shown th_' th. 10"11. j. j 

spin fluctuation, due ta the i.purlti •• allo l'Ad ta _ r' 

Iter• ln the reJisCti,Xlt y , .. 

This calculAtlon by L.derer and Nilll of th~ rtslstivity 

due to Icatteiina of conductlon altctronl from locallied 'pin 

fluctuations hn, bC't'n cut.nded hy t.:.t~cr and l)onhch (l!~-:'t') 

ilS: 

.. 
(l.16) 



() 
l, 

1 

1 

• 

• 

/ 

J~ . 

~ (w) ... f;. J IF (,)t FI( ~I"') f d.~ 
(1.17) 

• 
and 

.. 

(l.18) 

/ 

HtrG TF • l/'p' Pc is th. cltnslt)' of stat •• pel' atoll at the 

Fer1ftl levtl roI' t-.ht condu<:tlon tltctl"ons, la ls thtir trrC'('ti\'e 

• a s s • n cl n i s th. j r cle "' l t ~. . Bq ua t ion ( 3 • 16) ~ ho w S th 0 

.tnel"al for. 01 th, rosistivity clut to Icatterina from Bos. 

ex~itatlo", • .. 
The avera.ecl spectral 4enllty fol' the 10call1ecl spin 

fluctuationsl, aiven by (Kal.er and noniach (1910»~ 

8 
li' l " "'Sp + fA.) 

WSF = (S.20) 
1, 
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e 

'," -., l 

,,~: . . . , ....... 
~ , , 

a 1. the J~c.l tnhlnctmont rActor ~ivon by 

1 -- (3.21) 

Ind IR and fI are tht r •• l and i.aa1naty paru of I(w) 1.(1. 

(3.22) i (w):: - -

Por ••• 11 w, rI il proportiona1 to wand htnct wSF i. ind.p.ndent 

of w. The .ptctral dtnsity r(w) inerel'" lintarly with 
-

tntray w at low eneraits, peakl at wSF and talls off 

approxl.ately al 1/w at hi ah tntr.~e. 1. ahown in Piaure 3.1. 

.... 'Dtfininl a characttri.tic para.alnon tt.ptraturt TSF and a 

eharaet.rlltie reli'tlvlty PSF by 
~ 

tt 

~7;F - WSF - (3.23) 

fSF - 8fe - (3.2~) 

- '" n\.ltod and introcluel.nl a nor.aUltcl rtltltivity p and a 

" •• ptraturt " 

,.." 

· ~/fsF P -- (3.2S) 
.~. 

l'''J 

T/TsF T - (3.26) -

\ 

~ 
\ 
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The avera'ld spectral denslt, (equatlon ~(3.19) for 

locall.ed .pln fluc~tlons (Iche.atic) 



C.> 

-- ~----._.-

th~ r.~istivity oxpr.lsi~n (3.1~) ca" b. wrITt~" A' 

1 -,."", 

T 
o 

(l.l7) 

.' Equation (3.27) c,1 •• unlvers.l .xpression for th. r.slstlvlty 

in t.r., of th. di •• n~ionl.ss quantttits ~ and ~ and all 

para •• t.rs of th. host ~.tal and iapurlty atoMs al" includ~d 

ln th. norMalll'tion factors in (3.25) ancl (3.26). Fiaure ~.4 

~ ~ ~l ~ shows a plot of p v.rsus T. At low t •• p.ratur.s th. w t.rm 
• 

• quival.nt to takinl the ~p.ctral dtnsity to ho lin.ar ln 

.n.TlY. Puttina x .~/~ we th.n fincl that 

- (3.28) 

MIIls. At hilh ~ •• p.ratur'l .quation (3.21) liv.s 

E -- l 

Th. r.sistivlty p a. a function of t •• p.ratur. T will hav~ the 

sa •• for. as th. unlversàl curv. in Fiaur. 3.4 only if th~ 

scalina factor. in (l.2S) a,ncl. (3. 26) are te.peratur. ind(!pf'nd~nt. 

/ 

1 , 

1 

l 
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. 't htRh tell\IH'rAtures. th~ \'A\'l":\tion of tht' ~u~~«'lltlhll"\' 

". l t h t ~ r.I P l' " A t \l l' ~ w 1 1 1 Il f f (' C t t h 0 ~ e ~ ~ • l \ n ~ fa c 1 (, l~ • 1 h t 
ttll\ptraturt varlation of rR and il is vtry small. but lt 

ean ho s.tn 'rom (3.~1) that a smal1 ehanae in f R produces .. 
a lara' chanal' in a wh.n a ls larat. To lilustratt thi. 

) 

.fftct. Kal,tr and nonia~h (1~70) ealculattd the t •• p.ratur~ 

depend.nct of Q for an untnhanced host .t~al (Fll. 3.5). 
1 

For Œ l~r.e tht varl~tion of a, and henee PSF ' with temp.rature 

1 

ean be ne.l.cted but the dter.ast in Œ with tt.peratur. will chanir 

tht scalina factor TSF Iceo~dlnl to (1.23) and (3.20). 

Piaure 1.6 shows th. d.crta.e below the lin.ar law produc.d 
t by the variation ofa with te.ptrature. 

Kai •• r and Doniach have shown that th. above thtory 

d.scrib •• fairly wtll tht ob.erved behaviour of tht i.purity 

resll'tivity in dilute lt-Ft alloys OVt,. an exttndtd 

tt.ptratur. rlna' (FilUrt 3.7). 

3.2 Spin fluctuations ln th. narrow band aodtl 

Wo now .xaaint spin fluctuations in tht narrow band 

.odel d •• cribtd in stetion 1.2. Sine. the .ain .aanetie 

.tftct, are exptcttd to oetur in the d-band Wt look at the 
, 

~-plrt of the dynamic susceptlbility: 

-
x~· (t-t') = (3.30) 

whor. 

si = 

:1 , 

,f 

• 
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F11UI'e S •• 

Valvtr.al cur\'t fol' Ipln fhactuatioa 

T •• lltivlty calcuiat~~ froa (S.21). 

1 . 
1 

Tht dotttd l1n. 11 tht h1ah t •• ptratur. 

liait Catter ~alstl' aftd DOftalch (li10) . 
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Fiaure 3.5 

Oecr,ase of th, lOC)al enhanc •• ent factor 
(~) (~quat on (l.21 ) as the te.perature 
(T) incre.ses. ,a 15 the Ferai ener,y of 
the host d-band{alter. ~als.r and Donlach 
(lg7~») • 

14~--------~~-----------' 
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cr tO)a 100 

o.tt 
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1 
Figure 3.6 1 

The effect on the spin fluctuation resistivity 
of the temperature dependen~ 91 ~ shown in 
Fiaur~ 3.5 (after taiser and ~niach (1970». 
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Fllure 3,7(a) 

Resistivity date of Sarachik (lg68) for Ir-Fe, The full line is the universal 
~rve of Pilure 3 •• (after Kai,er and 
I>onlach (1910») '. 
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.. Fl,ure 3.7 {b) 
dan of Sal'aahlk (1968) ft)r 
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. le51sti vi ty 
Ir-Fe. The 
!rOM Pl,ure 

full line h a theor.tic.l C.Ir\·C' 
3.6 (after r.is~r and Doniach (1970 
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• 

-- (3.3lb) 

. 
The Green's function (3.30) is evaluated in Appendix A using 

diaara •• atic techniques. In RPA the Fourier tTansfora of the 

(3.32) 

wher. 

, 

')(C"W) = ~LZ~'tZ~4 (f(E;+ft)- f~f:~)) 
~ ).. ..: < (d ~ ( E ~ ., t - E~.) + i , 

(3.33) 

where t,a and ~a are as defined in Chapter 1 (equations (1.28) 

and (1.29». Al we are interested in the paramaanetic phase 

we will drop aIl spin indices in (3.33). Replacing the sum 

over ~ by an intearai over a sphere of radius qs' as discussed 

in Chapter 1 (se. equation (1.40), we find 
t$ 

')((f1w)= 3 .... I-ll,;h~E~I~f(E~) 
If ~ ~,: o' - r 

(3 .. ~.1 ) 

.. 
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whera ~ • cosa and a is the analo between ~ and ,. 

For a parabolic ba~d, wo have: 

(3.55) 

Substitutina (3.35) in~o (3.34) and aaain normalizlna al1 
"!:t 

eneraies to ~ (equation (1.43») we flnd: . s 

where 

, ( (rift/") .) 
,2 1 + Â {( -"r".)" +1 )Yt 

p)l _ é ~ (y ft) + ()I r (3.31) 
-1 

'7 = EJ~ - éft - ~ (3.38) 

-( • "llQ E,. ) Va (3.39) 
, 

)lW - fa. - ~ - é~ 
" 

If v' 

(3. <41 ) 

, 

" 

• 
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\ 
ln (S.Sb) we ha\'(' a1so normaliled XO(qtw) by multiplying it 

by' Es' l\'~ note from (3.37) and (3.40) that 

(3.42) 

and 

(3.43) 

i.e. the re.l par, of X·(q.w) 15 even i~ while its 
\ 

i.aainary part is odd. The spectral density is 

,J I~ 1( (~Jw.) 

.2 1"", 'X. ( , 1 W ) 

. " 

Hence. fro. (3.42) and (3.43). the spectral density i5 odd in 

w. We can siaplify the expression for X·(q.~) by .aking the 

substitution 

(3. 4S) 

in (3.37) Thus lie find: 

~ . 
l ' • 

, ., 
,j 

"",.. 
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Evaluatina tlt,e real .~d imaginary parts of JV and substitutin~ 
. 

thef!'\ into (3.36) we obtain. after sorne ala cbra : 
• , , -

1.". 'X" ( ~ 1 OJ) = L- J I~' f (l ~) (u .. 
" X • 

~ 1 

~ XO (1lW) = ri R~ f(E~) dE .. (3.48) 

(3."7) 

).. 0 

l where 
~ " ï 

with 

e)l .. 1 

0 --
and 

R~ · -~ -

with 

(3."9) , 

fo"7r (f/-eX(/o) (0 
,,')." \' 

~ 

1 

~ 

-31 ZQ , 
32 'f 

(3.50) 

.... ~ 

L ~y (3.51) 
f 

V 

(t(-~)- l')( é,-~)-f1") 
(E+(~)-/)( F..{,t,)-li 

(3.52) 
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Fl,ure 3.8 
The ia.ginary part of twe unenhaneed suseeptibility in the naTro~ 
band .odel for V-I.O, U-2.1 and &-Sd - t F • l.l. AlI energies 
are nor_alized to Es (equat'ion (l.~lY). 

as .. e .. ~ 
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Figure 3.9 
Th. real part of the unenhanced susceptibility in the narrow 
band .odet fot V • 1.0. U • 2.7 and ~ • Ed - cF • 1.3. AlI 
entreies are nor.aliled to t s (equation (1?43». 
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Pliure 3,10
1 .. 

The spectral density for spin fluctuations in the narrOw band 

:JI' model for V· 1.0. U • 2.7 and E"· Edo "- 'F • 1.3. AIl 

enerjies are nor •• lized to E (equation (1.43)). s 
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To seo the behaviour of the dyna.ic susceptibility and the 

spectrftl density wc hav~ a~àin performcd' ~;d~l calculations 
. ., :. 

• If 
and as an illustratIon we Riv~ here the results of one set 

.- °lf 

'" of such ealculations. Thetparaaeters we chose were V-l.O 

and U-2.7 (all e~ies nor_aliled to Es)' Another i.portant 

para.et er i s t'he s epa ra t i on of the d -1 eve 1 froll the F erlli 

level. We label this E and we have 

~ . 

(S.53) 

The results for E-1.l are shown in Filure l.8 to Figure 3.10. 
1 

In Fieure l.8 we have plotted the i.alin'ry p~rt of X·{q.w) 

as a funetion of ~ for various values of q. For .ach q. 

la X·{q,w) starts off linearly with w and then drops off 

sharply to zeroo Fieure 3.9 shows the real part of 

X·{q,w) as a funetion of ~. We note that for very s.all 

values of ~, Re X·(q,w) varies slowly with w. Finally in 

Filure 3.10 we plot the sp~ctral density A(q,w) as • funetion 

of w. As in the case of the Itinerant lIodel, A{q,w) rises 

very sharpli to a peak and then drops off to lero. 

For s.all w, the imaginary part of.X·(q,w) has the 

following form: 

(3.Sot) 



() 

f 

lOS 

where t is a roal constant. (j,) , 

the following appioximation for th~ rear part of l·(q,~} 

.P 

(l.55) 

where X· • X·(O,O) i5 the static sU5ctptibility. - Under s 
• 

these conditions the poles of the dynaalc susceptlbllity Ar. 
1 

aiven by 

-- +' -,(, 
(l.56) 

1 , (l.57) 

Again, fro. equation (l.56)~~/note that the excitations are 

critlc.lly da.ped spin flu~tuation$ and the dispersion 

1 relation for these excitations is aivln by (3.51). 

With the above approxi.ations the spectral density 

beco.es 

w 
(3.58) 

.. 

• 

" 
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Hence the averaae spectral d~nsity th~t appears in the 

.·expression fOT the resistivity (equation' (3.16) is· 

-Il (w) !:: 
(3.59) 

...... 
The .ain q-dependence of the intearand in (3.59) co.es from 

the q' ter. and we therefore .ake the si.plifyina assuMption 

of replacinl~F(q) by an appropriate averaae value. 

its value at qs and introduce a characteristic spin 

fluctuation frequency wSF : 

We take 

(1.60) 

'", 

Substitutina this into (3.59) we find 

w. -- (1.61) 

where 

B (3.62) 

Thus the averaged spectral density has the same for. as in 

the locali:ed spin fluctuation model of ~aise~ and Ooniach. 

Hence ~he universal curve'li~en by equation (3.27) and sho_n 

"" . • 

., , 



h 

o 

\ 

Il , 

eD 

107 

• 
in Figure 3.4 applies in the narrow band model too. 1 Th~ 

scalina factors for ~ and ~ in the narro~ band mod~l .re, 

'however. ,ivan by different expressions. Fro. (3.S1) and 

(3.'0), and definina TSF as before (equAtion (3.23»~ wa 

hava for thls Model 

, 
(3.63) = 

UsS 
where S i5 the Stoner' enhanca •• nt f·actor 

5 1 -
1 - U-X; 

(3.64 ) 

As the te.perature increasas S decr~ases and hence (ne,lecting 

the te.per.ture depend.nce cC't) TSF increases a~d PSF 

r ••• ins unchanaed. This bahaviour is si.ilar to the locali:ed 

spin fluctuation Model and thus we expect the resistlvity ~~ 
l'r • 

the narrow band .odel ta deviate fro. the universal curve in 

•• anner siMilar to Filure 3.6. 
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Applications of thé narrow band model 

We now examine possible applications of the narrOh 

band model described in the previous chapters. B~cause of 

t]).e idealized nature of the model we can only make qualitative 

comparison of the basic features of the model with experiment. 

ln particular. we will discuss two cases: magnetie properties 

of <Heusler alloys a~d the effects of pressure on the 
\; 

_ainetic properties of Q-Ce. 

4.1 Heusler a110>:,s 

The lIagnetic moment on Mn atollS in the non-cobalt' 

Heusler alloys is of the arder of 4 Bohr lIagnetons. Because 

we assumed in our lIodel that the l~calize~~level is non­

degenerate the aaxillum magnetization that can result from the 

spin splitting of such a level is 1:) Thus, in arder to 

compare experiment wi~h the results of the model calculations 
r 

of Ch'apter 1 we take Ils of the Ilagneticl~.omen t (the d,egc::neracy 
,Id, 

of the d-level of Mn is 5) i. e. 0.8 Bohr .agnetons. FrOm 

Figure 1.8 we see that: for a .agnetization of 0.8 we need a 
• ,'". ... 

value of U of the order of 0.65. Ifith this value of U the 

Curie te.perature given ~n Figure 1.9 is of the order of 0.054. 
, l' 

These are given/in units of energy that are nor.alized to E 
1 S 

i.e. if T is the Curie te.perature in degree K then c 
\\ 

(4. l) 
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vhere k B is the Boltzaann constant. Since E is of the s 

order of 4eV ve find that T is of the order of 25001. This c 
, 

value of T is at least 4 times greater than Any of the c 

non-cobalt alloys listed on page 6 . To obtain an iaprove­

aent in these results ve must perfora aore r~alistic 
calculat~on~. Such calculations have to take into aeeount 

the band structure~f these alloys, the de,eneracy of the 

d-level and the exchange effects on the Mn atoas. This is 

a coaplex problea and ve do not atteapt it here. Instead, 

ve discuss in Chapter V, a differ,nt aodel whieh lives lood 
~. 

fits to both the malnetization and Curie teaperature in the 

Heus 1 er a 11015. / 
Finally, it is interesting-to exaaine the results of the 

spin vave calculations of Chapter II~ Froa Filure 2.Sb Ve 

see tha t for a a.gnet i z at ion of 0.,25, (D/t 2 /2a) '" O. 12. 

. 

Putting in values of t and a ve find D "'450 aeV Â 1. Evidence 
r, 

of spin vaves in the Heusler al10ys 1s found 1ndirectly in 

nuclear aag~et1c resonance experiaents and directly froa 

inelastic neutron scattering experiaents. Sugibuehi and 

Endo'(1964) report that t~e nuelear aagnetie resonance lines 

and aagnetilation follov a T3/ 2 lav in CU2MnAl. They find 

the folloving relatjonship for the NMR frequeney: 

(4.2) 

vith 

A 

~~~--------~~----------~------------------------.. ~ 



() 

• 

1 l ,) 

f 
Slnce w(T) is direetly pro:portional tO the magnetizatlon·'· 'J, 

this is the sane constant A that appears in the Bloch 
- l , 

.,....) 1 .... 

• 

Equation (2.16) can ~e rewritten as 

M(o) (I- fi (r-)3f.) 
(4.3) 

with ,,,,, 
A 

Henee 

A 
~ 

and 

.]) 

--

-" -

-. 

ira tC%) 
11(0) (If n:)3Ja 

~ o· ost7 
(NS/v ) 

2/3 

f O' OS f7V) ka r NSR 

1 

o· OS"11 

(NS/v) 

For CU2MnAl, (VIN) : 2a: where 2a •• 5.95 and S ~ 4 giving 

°1 
100 ""e.V Il 

the\dispersion relation for spin waves in Pd2MnSn was studied . 

by Ishikawa and Noda (1973) by the neutron inelastic scattering 

aethod. These authors also find a value of 0 of about °2 100 êtey .\. 

for this al10y. The order of aagnitude of the results of tJ.e 

narrow band .ode] are thus consistent with experiaental values . 

• ,2 Pressure effects in a-Ce 

The localized f-Ievel in the rare-earth aetal cerium 

also hybri~izes wi th the conduction band. He'nce the narro,"" 



o 

l l l 

band model is 3ppropriate here too. The position of the f-l.'\C'j l.1 

cerium changes with pressure leading to dramatic changes in lts 

magnetic propertics. The most strlking feature is the chan~~ , 

in the spin fluctuation r.esistivity Io.'ith pressure in the 

para.agnetie phase of cerium. In this sectio~ ~e show that( 

these results can be explained in the narrow band model ~Y 

extending the calculations of Chaptel' III and investigating 

the effect of a shift in the position of the localized 

level on spin fluctuations. Before we do this we give a , 
brief description of the main experimental results. 

The change in the magnetic properties of cerium with 

pressure is illustrated by its pressure-te.peratule phase­

di.gram shown in Figure 4.1. The e and y phases have net 
1 

.agnetic ao.ents but w~ concentrate here only on th~ 

para.agnetie a-phase. In the a-phase Cerium is a Pauli 

para.agnet vith a strông local exchange enhancement vhich 

decreases vith increasing pressure (MacPherson et al (1971)). 

Furtheraore. the resistivity data of Katz.an and Mydosh (1972) 

shows a spin fluctuation contribution which decreases .. i .. ;. 

pressure as shown in Figure 4.2. Apart from a residuai 

value vhich is non-spin fluctuation in orilin. the res~stivity 

curv~s of Figure 4.2a strongly rese.ble those of Figures 3.4 

and 3. 6 . For a.l 1 pre s sur es. the r e sis t i vit Y var i es as T 2 

, , 
at low temperatures and changes to a linear law at higher 

~emperatures. As the te.perature increases further. the 

resistivity deviates below the linear lav. We also note that 

as the pressu~e increases the resistivity decreases. 
1 

The T2 law is aore clearly se~n in Figure 4.2b. where the 

1 
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1 

• 
resistivity is plotted as a function of T2 Thus the 10w 

\ 

temperature resistivlty has the form 

( ..... ) 

where Po is the residual resistivi{Y. The coefficient a as 

a function of pressure is shawn in Figure 4.3. Also shawn 

in this figure is the experimental1y determined spin 

fluctuation temperature TSF a~ a function of pressure (from 

equatjons (3.28) and (3.29) TSF • ~ wb/a where b is the 

slope of the linear part of the resistivity curve). We see 

that as the pressure increases a decreases while TSF increases. 

ln the virtual ~~und state .odel the pressure effects 

in a-Ce can be explained in terms of an upward shift of the 

f~level .vay from the Fermi levei as pressure increases 

(Coqblin (1971)). However. this model is oversiaplified 

sin~e the Ce atoms are treated as independent of each other. 

In this respect the narrow band model is aore suitable. 

However. following Coqbl1n. we must also assume in the 

narrow band aod~l that as pressure increases thé f-level 

aoves upwards away irom the Fermi level i.e. E(given by 

(3.53)) increases. Ta simul.te pressu1e effec~s we have 

evaluated the dynaaic susceptibility for various values of 

E and these are shown in Figures 4.4 to 4.6. As seen in 

Figure 4.6 the spin fl~ctuation spectral function increases 

as E decreases i.e. as pressure decrea.ses and this will 

Tesult in an increase in spin fluctuation resistivity as 

( 



1 l 4 

is found experimentally. To investigate 
\ 

plot in Figure 4.7 TSF glven by (3.63) add the coefficient 

a of the Tl term given by (3.28) as a fullition of e:. t-he 

qualitative features of these plots are in agreement with 

the experimental curves of Figure 4.3. Aiso shown in 

Figure 4.7 is the Stoner enhancement factor S which decreases 

with e: or pressure in agreement with the susceptibility 

aeasurements of MacPherson et al (1971). We conclude that 

the narrow band modei gives a fairly good qualitative 

description of the pressure effects in a-Ce (Bahur.uz and 

Zuckermann (1974)). 

The model described in section 1.2 has been used by a 

nuaber of authors. Ratto et al (1969)incorporated this 

.odel in a theory to explain t~e pressure dependence of the 

superconducting transition te.perature of lanthanum and the 

presence of a superconducting high pressure phase in cerium. 

Kishor~ and Joshi (1970) obtained the conditions for ferro-

•• gnetism, for zero and finite width of the d-band, as à 

function of the widths of both the conduction and d-bands. 

This was extended by Jullien and Coqblin~1973). w~o included a 

variable hybridization. to explain the .agnetis. of actinide 

.etals. Daniel (1971) used this model to discuss spin 

polarization and hyperfine fields in Heusler alloys. 

r 
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Fi,ure 4.2 

Spin fluctuation resistivity in a-Ce as a function of 

rd 

teaperature and pressure (a~ter Katz.an and Nydosh (1972)) . 
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Figure 4.3 

The T2 coefficient (a) and the spin fluctuation 

te.perature (TSF) versu~ fressure in 

~at&.an and Mydosh). 
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Real part of ~he unenhanced susceptibility for V~1.O~,U=2.7 
and l values of €-Eda • ~F' AlI energies are nor.alized to 
€s (equation (1.43». 
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Figure 4.6 

The spectral density for ;pin fluctuations for V a 1.0, 

U 2 2.7 and E = ,EdO - EF , AlI energies are normalized 

to t (equation (1.43». 
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Figure 4.7 

The Stoner enhance.ent 

factor (S). the spin 

fluctuation te.peraturc 

(TSF) and the coefficiett 

of the T2 term in the 

resistivity (a) as a 

conveniençe. to those :, 

of E~!~26. AlI energi~ 
'. ' 

are nor.alized to E s 

(equation (1.43)) • 

• 
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Chapt er V 

The dOU\le resùnance th~ory 

) 

The CurIe temper~tures for the Heusler allors predicted 

by the narrow band model of Chapter 1 were found to b~ too 

• high co.pared to the ex~erimental values. Hence, in this 
. 

chapter we examine an alternative model for the Heusler 

alloys which gives a better fit to their Curieeteaperatures. 

One of the more successful theories for the Heusler 

a 11 oys i s the doub 1 e (re son ance theor y .. 0 f Caro li (1967). 1 n 

this theory the interaction between the •• gnetic moments 

of two transition atoms, e.g. Mn, dissolved in a normal metai 

such a~ Cu is considered. However. the interaction energy 
fn 

in this aodel is derived in the limit of very large Sepa~!i~n 

of the two iapurities and this is not a good approxi.at(on 

for concentrated alloys or inter.etallie coapounds such as the 

Heusler al10ys. ln the l'i'llit of large separation._ the • . 
interaction energy in this model varies as l/R' where R is the 

. 
distance between the •• gnetic atoms. In this chapter we 

derive the next correction ter. to the interaction energy 

whieh is of th~ order l/R~ and show that it gives a better 

fit to the Heusler alloys than the first approxiaation of 

Caroli. In section 5.1 we examine briefly the Caro~i model 

and then in section 5.2 discuss the extension of this model 

and investigate its consequences. 

, 1 

1 

. . 
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5. 1 The Caroli ~odel 

Caroli (1967) has dlscu~sed the problem of interaciion 

between two impurity atoms ln th~ framework of the Ande!son 

model. The Hamiltonian considered is a generalization of 

(1.1) to the case of 2 impurities: 

+- l (I/'J.di (;11" Cdif +- V",o,! C;.o~ C'J.') (S 01) 

!~, 

where i refers to impurities 1 and 2. The mechanism of 

interaction can be qualitatively explained as -follows: thè 

first impurity scatters an electron of spin cr ~nd wavevector 

k and thus the wavefunction for large r is 
. " ~.)' e - + 

ky 

·where ocr i~ the phase shift. The electron is jthen scattered 

by the second impurity and,the problem can be treated in the 

.' 
original Anderson fashion by replacing ~he aatrix eleaent 

where R is the distance between the two iapurities. The 
1 

Green's function for the second impurity ~s thus modified and 

Caroli finds that 

1 
t1(j1.ti (w) - t ./----,---­

w- Eq2ti _(r;Jf _ ~ ~;p) 
. . 

/ 
/ • 
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where , r; -;, Ll 2 -r; 

with rand 6 being respectively the shift and width of 
2 2 

) 

the iso1ated second impurity. Due to the presence of the 

first impurity, the effective shift r~ and width â' of the 
2 2 

second i.purity are modified. This creates a variation of 

the number of electrons on the second iapurity and consequently 

to a coupling between the two impurities. It is obvious that 

the problem has to be treated salf-consistently but it exhibits 
.... 

clearly the .echanisas of interaction. Caroli has shown that 

for two magnetic impurities, the interaction energy can be 

written in teras of a c9upling between their moments just a~ 

in the Heisenberg Hamiltonian. Thus, if Sand S are the 
-1 -2 

spins of the two impurities, then the interaction Hamiltonian 

has the fora 

H = ]-(R) S, • ~2 -
1 

S~ 
(S.2) 

where 

1 

\ 1 tr6 

;{(r<) "L-i(f(fIE (R) 

tf6' 
(S.3) 

e· , 
and EGO (R)'~s given, in the liait of large separation. br the 

following expre~~ion 
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(S." ) 

wh:re the phase shift ÔO is given in terms of Nda , the 

number of electrons of spin cr in the d-states, by Friedel's 

theorell: 

(5.5) 

Before we apply these results to the Heusler alloys we note 

that the interaction energy J(R) in this,.odel has a form 

c similar to the RKKY interaction (equation (4.1». 

ln the .olecular-fleld approxi_ation the para_agnetic 
1 

-
Curie te.perature resulting from (S.2) is 

1 -
.31<8 

'[T(R) 
R 

(5.6) 

We cODsider first the al10y ~ulMnAI: the nu.ber of sp 

electrons contributed to the conduction band by each Cu and Al 

1 
ato. 15 1 and 3 respe~tively.Mn has 7 electrons in its outer 

sand d shells and if "dt and "d. are the nu.ber of spin up 

and spin down electrons ip the d-state then the nu.ber 

contributed to the conduction band i5 1-H~t-Nd+. Thus the 

nu.ber of conduction electrons per Mn ato. is 12-N4t-Nd~ and 

knowing the volu.e per Mn atom tbe' conduction electron 

concentration, and consequently EF and k F , can be found. Also 

-
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knowi ng' Nat and Ndf fi xe s the magnet i za t ion i. e. /we have 

wherfJ)d is the ~agnetic 

of the!oscil1atory na~ure 

(5.7) 

moment in Bohr aagnetons. Because 

of J(R)" the SUII in (5.6) converges 

very slowly and we needed to sua over 300 shells to obtain 

good convergence. The resultant Curie temperatures are shown 

in Figure 5.1 as a function of magnetization for various 

î 

1 values of NcJ.f· Fo'r a gi-ben value of ~tJ.t the 'Curie temperature 

i~~ery sensitive to the value of the lIagnetization because 

of the ~hase factors in (5.4). We note that for the value 

of the Jlagnetization given in the table on page 6 (Md -3.8) 

the maxiaull value of T is ~ 500' and this is in good c 

agreellent with the experimental value of 600(. However. 

1 

for the other alloys the agree.ent is poor e.g. for the 
~ 

ferroaagnetic .~loys Pd2MnSn and PdtMnSb the Caroli theory 

pred~cts negative Curie temperatures. 
\ 

5.2 Extension or the Caroli .odel 

The expression for the interaction energy (equatioà (5.4» 

is only valid in tb,e liait R+CD. / This is expected to be a good 

approxiJlation for dilute alloys but in concentrated alloys like 

the Heusler a110ys it is a poor approximation. We need to 
'" 

consider the next term in (S.4) which will be of order I/R~. 

To do this we start with the following expression for the 

-
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Figure 5.1 
~.oretical curves of the Cu~ie teaperature in the Caroli .odel 
(equations (5.6) and (5.4)) for CuzMnAl. The broken horizontal 
line is the experimental value of the Curie te.perature. 
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CI interaction energy (Caroli (1967»: 

where G~d(E) is the isolated impurity Green's function 

1 

(5.9) 

and F(E,R) is given by 

F( ER.) :;.' L V!s d2 Vrl.I!, L ,,~(" 1/(/2/5 
J, 1< E.-E~-I-':' 1< f-r!C+~, 

1 _ -

1 t i 5 shown in"appendix B that for a five-fold degenerate 
" 

d-orbital F is given by 

';'21<1< . 
.. F(l,t<) JS Ll2(~) e !I(kR.) . -

(k.R)J. (5.10) 

where , 
fj (f.) - 11 [( ,~c + ,,)'" + k; J G~ r - ( 'sc t'A)l + /('1 I<p 

..". 

(5.11) 

and 

(1 S'7' ~. .1:l32 
~-

+ 2~ - 102 .,.. S'/".04· f7(X) +; 
X X 2 X J X'" jtS" 

10530 _. Il3lfo~ + 3'70) 
X' X 1 ~. (5.12) 
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Substituting (S. 10) and (5.9) into (5.8) and integrating 
1 

br parts, keeping only ter~s to order l/R~, we find after 

some algebra 

1 

4 ~:) 
(5.13) 

vhere 

B (5 . 14) 

G<S' 
U 

(5.15) 

• 

B ::: (5.16) 

qsc and À are defined iri appendix B. In deriving (5.13) we 

have expressed (5.9) in terms of the phase shifts 6° as 
1 

(Caroli (1~67» 

(S. 17) 

f ,.. 
â being the vidth of l an is?lated i.purity. ~he value of b 

n . 
• nd hence of 8) ts not known for the Heusler alloys and aay be 

cons~dered an adjustable parameter. However, for transition 

metal impurities in normal metals ~~leV and since EF is one 

, 
" 
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order of magnitude greater we have taken B = 0.1 in our 
'" 

subsequent calculations. 

We note that (5.13) can be written as a sum of two terms: 

(S. 18) 

where E~a' (R) is Caroli's expression (equation (5.4) and 

E~a (R) the leading cO}j.rection ter.: 

-2S éF ~~~ ~ S~I (TH~ (2/(ç/U .r~+ .r") 
7[ (~K)'t-

+ Ur~ (:U<FR.+ [Cdtr')) (s. 19) 

Substituting for Eaa'(R) in (5.3) we can a150 write the 

exchange coupling J(R) as a sum of two corresponding teras 

J(r<) X (R.) + T, CR) (S.20) 

J (R) is the Caroli term (equation (5.3») and JI (R) is the 
o 

correc t ion ter. 

1 

.7,(1<) = l 
, (fer' 

1 ~, 
- (fu 
2 

, 
~(}6 (1<) 

(5.21 ) 

Although J (R) ~ l/R~ compared ta llR ' for J (R). the coabination 
1 0 

of sine and cosine factors that appear in (5.4) and (5.t9) can 
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make J l (R) larger than JO (R) .. This is illustrated in Figure 

5.2a for,Cu2MnAl which shows that the interaction energy 

i5 substantially changed by the correctiJon term. For 

example, the first neIghbour interaction changes from a 

small posItive value to a large negative value. , 'Ilis i5 
? 

illust~ated further in Figure S.2b where we plot the ratio 

JI/J for the nearest neighbour distance as a function of 
o 

> 
This figure showsLJ1/J o < -1 for aIl possiblr values of 

Nd~ which means that the correction ter. changes the sign pf 

the nearest neighbour interaction. Thus we expect the 

Curie temperature to be changed substantially by the new 

term in the interaction energy and indeed this is what is 

found. 

In Figure 5.3 we plot the Curie temperatureaT of c 

CU2MnAI resulting from the interaction energy J(R) (equation 
• 

(5.20)). Also shown, for comparison, is the Curie teaperature 

T given by the Caroli term J (R). 
c~ 0 

As aentioned earlier, 

for CU2MnAl with magnetization M
d
=3.8. the Caroli expression 

gives a Curie te.perature which is slightly saaller than the 

-

experimental value (~500K compared with 6~OK found experimentally). 

With the correction ter. we are able to fit exactly the Curie 

temperature of CU2MnAl as ~hown in Figure 5.3 where the broken 

horizontal line represents the experimental value of the Curie 

tempera ture. 

Figures 5.4 and S.S sho~ the results for C~2Mnln and 

CU2MnSn respectively and agaln we see that we need the 



- < .. 
"-

• ... r 

\ 

130 

'l" 

correction terrn J1(R) to give the right Curie temperatures. 

Finally. Figure 5.6 shows the results for Pd 2 NnSn and 

In these two alloys Caroli's expression gives 

negative values for T for all possible values of Nd~ but c 

again with the correction term JI (R) we, can obtain the right 

Curie temperatures as shawn. ( 

Il 

• .> 

\ 

\ 

(' 

1 

" 
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Figure S.2(a) 

Interaction energy for CU2MnAl. J(R) = JoCR) + JI{R) where 

Jo is the Caroli term and JI is the correction ter.. The 

para_eters used are Md = 3.8, Ndt = 

noraalization constant eo = lO~EF/n 
• 

Mn-Mn nearest neighbour distance. 
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Appendix A 

In this appendix, we give a brief sketch of the 

derivation of the dynamle susceptibility. The d-part of 

the susceptibl1ity.is defined as: 

. 'X'i (i,t) = i. (J (t - t') < [ Si Ct)} s; (t'>]> (A .1) 

1 ' 
where 

(A. 2a) 

and • 

(A.2b) 

The Green's funetion in (A.l) viII be evaluated using 
~' 

di ~gra.a t le aethods. The Ham il ton ian of the sys t e~ ..,. r 
(equation (1.7» i5 writtcn as a su. of a non-interact~nl . \ 

pa rt "0 and the interac t ion ter. Hint: 

-- t 

where 

-- + I-Isd 

, 
1 
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and 

with Hs' Hd' Hsd and Bdd gh''!n in (1.7). The diagrams 

are then de\eloped by expanàing in a perturbation series 

in Hint" Fol1owing Matsubara (1955), we introduce the so-

called "teaperature Green's function", which depends on 

a fictitious imaginary time T: it: 
'\ 

'X ~ (t, 'l') == <Tt (CdiJ. ("C) ~i1 (-r;)C~jt ('t '>c.d.jJ.{ l.'») 
~ (A. 4) 

where the Hei5enbe~operator5 Cdia(T) ~re defined by 

(A.5) 

~ is the che.iea1 po~ential, N the nu.ber operator and TT 

i5 the ordering operator for T. Going over into the 

interaction representation, equation (A.4) beco.es 

(Abrikosov et al (1963»: 

~ ((~iJ. Ct) Cti, (-t) (dit (t'')clj~{'I:') S )) 

<5), 
where Cdia(T) are now in the interaction representation 

(A.7) 

(A.6) 

\ 

< • ,;... •• >, reprerent~ the thermal average in the non-interactift, 

1 



Il ,. 

13~ 

•• system and S is given by 

s= ~.e)(tf-jl/,;At·)Jt}·· 
~ 

,. "Yr '/r 

= Lt;}; J .... f 't, ... Jl .. (~ (lI~f('r/)", Hi..( ('r~))) 
"wC) ." • (A.t) 

Substituting this in the numerator of (A.6) we obtain the 

perturbation series for the susceptibility 

1 ~ "Yr Y~ 
'XL ''t,'t') == < s). L ~ F1 dt,··· dt .. • 

-.J 0 '71==0 • li fi 

(A.9) 

Ke shall not expand 5 in the denominator of (A.6) because, 

as it turns out, the factor < 5>0 cancels an identical 

factor in the numerator (in teras of diagrams, this is 

equivalent to neglecting aIl disconnected diagraas). 

The first term in (A.9)· is the zeroth or'der ter. 

(A. 10) 

Usina Wick's theore.,~is deco.pos~s into 

1C:j ("t,",') =: (71: (C.lit(t)C4;r(i)~<T,; ( CdLj ("C)C4j~ l'n)~ 

(A. 11 ) 

where we have introduced the free-particle Green's function 
, 1 

-
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CA. 12) 

The second term in (A.9) is the first order term 

1 Yr 
'X9 ('r, 't ') == - f ri '(/ ('TT ( C~i/'t) (cli, Ct) C;ir (t') CdJit ') H.:..t (T,)~ 

o 'Ir 
= - U L {dt

l 
(71:: (C~./t)Cdir('t) c~~,.ct')C~41(t:'J 

t • ... 
+ ) of' Je Cdl.t(~) (tllr(T, (41.+(1:,) CI..J. ('t; })~ 

(A. 13) 

Again, using 'iek's theorea, thi' reduces to 
, Yr 

')(~ ('1:, t') == - (j L fd.'r, { G;, CT,,'t'J ~;'r( 'C, -r.) ~/~i4. ('t', t) ~~t{f,,"r) 
t • • • 

+ (iq,(-r,'t') ~1i.t(t,,1)Gj,J,('C:T.') G;tt(t,,'t,} 

- li~r (t"J t') ~~lt("t:, 1,) ~;,J, (~, 'C)~;l~(t: t,) 

- 'iqt (1':, t:') ~i~(t~ tJ c{t(t(-r,,'Ç) ~:(,. ('t"T,)] 
'(A.14) 

To drav diacra.J, ve represent tbe free-partiele Green's 

function C· by a strai,ht 1ine and the iateraction U by 

a wavy 1ine: 

GD ( - ') -.. 'l,t r 
'J~ / j 't' 

• 
J .. 

) 

and 

-
, 



i e 
1 

1 

14], 

The dia~ra.s corresponding to (A.ll) and (A.14) are 

. 
(..~. 

(A. 1 S) 

• ')(~ ('l, '[') = 
t , 

, 
J-C 

• 1 

é...: -1- J-c. 
. 
,~ 

1- f-c, t t 

+ 
. 1 

i~ + jt' . 
'f Jy. ''t 

.-'" ~ 
1(' , 

1 ~ 

9r0R CA .16) 

Slal1arly ve can find diaaraas correspondin, to the hi,her 

order tera. ln (A.'). The nuaber of tera. Inerea.es very 

fast vith order bùt, fortunately, ve Aeed Dot cODslder the. 

ail. To helln vith,and as •• ~tion.d •• rIl.r,ve caa ne,lect 

ail diieona.ct •• dialr._. such •• the foarth ~iaJraa ia 

li;. Seco.dly. for tke 8th arder tera, tkere viii be .ets 

lOf aJ Htopolo,lcallyH ,1ailar 'la,r .... ack ,lYl., t' •• a •• 

coatrl"tl •• to I~J. ~.C ..... f the al factor 1. (A.9) v. ~an 
co •• '''r o." o •• 4lâSf •• 1. t •••• t 11 •• 4rop t'. at factor 

la (A.,). 'Ylul1, ••• c. •• a.,l.et l' ',lalra. coat.iaia, th. 

. , 
' .. 

• 
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facto~ ~. provided we repl.ce .11 the free partfcle Gr~nJs 

function G ~. by the Hartree-Fock propagators. With these 
lJO 

simplifications we have 

'Xi,j(~/r./) - C> + <D + <rJ) 

+ 8 + ~ 
...,. ~ 

+ third and higher order diagraas (A .17) 

Inspite of the above simplifications it is still not possible 
1 

to evaluate tije above sum. However, as we shall show, we 

can sua a certain subset of these diagra.s to infinite order. 

These are the so-called "bubbletf diagrams 

,~, 'Xé.j ('r,t') = 0 -+ <D + <[}> + ~ + ... 

1 

(A. 18) 

This is an approxiaatiop equivalent to the randoa phase 

approxiaation. The sua in (A.18) can be ea.ily perforaed 

if we Fourier' transfora i t. We fi ~st cOJuider the zeroth 

order ter. 

-- (A .19) 

j 

Follovin, Abrikosoy et .1 (1963) the 'ourier series for G 

and 1 are 4efined as: 

• 
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o 1 _ 0 -i. Iù", (1: - "t ') 
t: .. ( 't, 1: ) = l "\ t:... ~~) e 
'"7'-Jff L 'te.; ~4~ , 

?1' 0 ;:'(A. 20) 

• 

vhere 

(,Ù1\ - (27\ +1) l[ T 

and 

we fla4 , 

0) 1:. 1 J +:1 J '.. • •• • 
'..:: 1 ,-

(A.22a) 

(A.22b) 

(A.22c) 
,. 

, O(~j (Jl,,}= -TL V~it(;n..~w,:)'j·J{r-I) 
",' " (A.24) .., .. 

• 

, , 
_ Î 
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~~ 
c) )\e no'- introduce the spatial FourierLfor GO and X"" as: 

(A. 25) 

and 

" 

where 1. is Ithe posit~on o'f' ;he it.h ato •• Substituting (A.2S) 
~ -1 

in (A. 24) aiyes 

&oaparing (A.27) and (A.26) we obtain: 

(A.28> 

Next we con. 14er the firlt order ter. 
1 1 

'Xii (1:, ~') -== <:I> 1 ~ 
J ~ 

. ' = U li:!d't, ~;, ~~;t)t;~,(~/r,) ''-J (~,'t}Vj(i~~/) 

.; UT"LP-r.f t;;t(",,,,j'~I'(")~{,,,,,,<;jf4("l 
t .... /tJ " .. ·Cl ~1 

:& J • ~ i" ..,.,-.., ... )('t,-''t'').,.( .... -''~)(~--t;lJ 
't.l" 

(A.2'> 
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..., ;... 

.' 

() Using the rtfla t j on 

Y'r ~ (W7lf - W"_ ) 'rI 
ï Id'!:, t" e 

~ "'" t,J", 
\ ~ 

1 
, = , 1 (A. 30) 

~ • '.' 

, 
1 

., 

! 

Lettin, wn% • Wn • • nn and wn1 
1 ~ 

'X ~j (1:/r') -

/rp 

Henee 

/ (A.14) 

1 



. / 

/ 

HencJ 
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... 

1 
1 
1 

(A.3S) / 

ln a .iailar _anner, we find for the l.eon4 ord.r ter. ~ 

. ~ ,. . .'.,.-
r " ("Il.) = 'X (,.4.0)UX(J'4.0) U 'X. (,,4..) . (A.l?) 

,.. . 

w. thu. find for X the followin, ,eo •• tric .eriel: . 
( 

• l , 

?( ~,Il .. ) = 'X (~.J1,,) +~X (~I~)';' 'X (JJ~)+ .. - · 
1 1 • 

.. "l(f,Jl..)(1+ U?C'·(J'~ (VX·(t,4,,»)' + .... ) 

IX·( J/Jl">/(I- ~'X.(f:,tI/. .. ») 
/ - (A. 3') 

Pro •• quatlon (li27) ol Chapter 1 w. have the Hartr.e-Pock 
1 

propa,ator 

) , 

To eyalu.te ,- Cf ,o.), Vi u.e the fOll""'., rel.~t.J.o1I 

'\ 

J 

1 
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(A. 40) 

• 
1 

where 

1 

elZ + 1 
(A.41) 

,j 
unit. Juch that the Bolt:.ann con. tant and 6 • 1fT (u.in, 

K
B 

• 1). The contour C 11 Ih~wn in Piiure A.l. Equation 

(A.40) tl ealtly prov'd by notin, that tbe funetion fez) 
." 

ha. pOle. on the iaa,inary 'xi. at z • ! (2n.l). • LWn , and 
- &1 

1 that tbe re.ldue at the.e pole. i.C·,). ~ence, fro. (A.21), 

(A~l9) and (A.40) we have 

ln addition to tbe pole. of fez), the lnte,rand in (4,42) 

A' ~ 
ba. pole. at z • t,'~ .~d at z • - lOn + t'.J~' The.e polel 

are .hown in PLiure A.2 whlch al.o .how. how one can deforM 
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( r (E;'J'~.) - f ( E;', )) r 
i Il,, - (E; .J', - E~'~ ) !~< 

where we have ·used the faet that f(z-lUn ) • f(t) sinee 

o • 2n n/6. n 

Finally we obtain the rea1 tlme Green', function 

1 X("w) from the teaperature Green's funetion X(f,On) br 

replacina iOn br w (AbrikoJov et al (1963». Thus 

wh.r. 

~ -, 

• 

1 1 1 

J 

1 

1 
1 

1 

1 

1 
" 

\. 

, 
1 

l " , 
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z-~ 

o c 

c 

Pl,ure A,l 

f' Contour for the lnt_lral 111 (A. 40) . The lull 

circl •• in4lc:ate the pole. of f (1) . 

; 
1 

, '1 

~ .. 

) (. 

"- , 
t , 

il - ~n., +~,~,t , , 
, • 

~ 
(. 

e U,IIU A.' ,( 1 
Ve'o, •• 4 c....... fol' ,ta. i~t.,I'.l iD (A.4Z). 

• " . . " l' 
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Append lx B 

In th!J appendix we evaluate the function f(~,R} that 

appears in equation (5.8). Thi. derivation 1. due to , 
" 

D.J.W, Geldart (private co.surlieation),. Caroli'. expre.sion 
1 

for P (Caroli (1967») 1. ,.nera1ited to the cal. of .~fiy.­

fO,I4 dOlonerate' t • 2 orbital to~ 
l 2. 

F(f,t<) = 2.. (~~ (f.,R.)) 
",- -l 

vith 

F... (~J R.) = L Vt/"'/j 'Il"'" 
le -

and 

\ 

-i ~./( e -
i. -. E.! I-l f 

• 

• i. th. 4.o~~it.l w.Y.lun~tioA .. .,. 

~ (X) ,= C +' f"'" y~ (t) 
". . 

. 1 

(Il) 

(82) 

('l) 

(.4) 

""el'. C 1 •••• ~ •• lil.tto. COtl.t •• t, 'da ,' ••• pt"~'~.l'" .. 
\, 
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harmonie and, for a Mn ion, À. 3.54111 -1 (Griffit.h. (1961»). 

Por V, the 5creened Cou 10mb pot enti a 1 15 used 
f 

. 
l' 

V (!) Vo 
e..i Cf~<y -- -

'Y 
(85) 

q is the inverse of the Tho •• s-Fer.i .cr.enin, len,th and 
se. 

is ,iven br 

~s, = (16) 

vhere n i. the conduction eleotron concentration, • the 

electronic char,è- and e F the ferai level. 

SubstitutiD, (15) and (84) into (Il) and expandin, the plane 
~ 

vave in .ph.riea1 har.onle. the lnt.,r.1 i • ••• 11y ev.1u.ted 
• .e 

,tvins 

(17) 

(1') 

In.ertiR, (11) loto "2) Jiv •• 

(19) 
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wnere ..' 

a", (kR) = Jdll'!. Yq • ..c~) ">4"'<;) 
(B 10) 

A,ain expandin, the p1anewave into partial waves the inte,ra1 

invo1vel a coap1icated product whieh can be evaluated in 

ter •• of C1eb.ch-Gordon coefficients. The reluit, with 

t • 2, 15 

Q ... (KR) = 2.. (2LtI)/j,Y,R) (Li 0,.. It.", >(LiOO/ (0) 
L' 

(B11 ) 

where jL i; a Ipheriea1 8e.l.el lunetion. 'With (Bll) in 

(89), the k lnte,ral can b •• valuated analytieally. Droppin, 

ter •• whieh deeay exponentially with R, we flnd 

F... (é/R.) - ~ (2L+I),/ (Llo..,. 1 ~ .... ) < L too 1 t~> 
" ? E .. !<lCk) !,JI<R)] (812) 

.. 
wh.r. k 11 no~ ,iven br t Zk%/2a • ~ and t L i. th •• ph.rieal 

Hankel funetion of th. fir.t kind. Th. su. ov.r a in (BI) cau 

be also evaluat.d usln, prop.rti •• of th. Cleb.ch-Gordon 

co.ffici.nts stvlns 
, ~ 1 

F (L,R.) = (21(1)S (2 ...... le I(k)' ~ ( i LI.., (/cR) < l.too IL.») 
t / L 0 

(113) 

1 
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o Henee "'le only need the fOllowing spherical Hankel funetions: . 

ho (z) - e~2 ( 1) -
h

1
(Z) - i 2 [i(-i-f,)- {.] -

. 

"II (z) - e'Z [-i ( .L - !! + 10. ) 1- ( !!. - '-t.)j - z z' Z6 ZlL 

Substitutin, thes. in (8l3i we obtatn finally 
-" 

(114) 

wher. 

(1 + 12~ 
1 

fi (X) - 101 - !i'1''': + -::: -X- X' ~. 
~ -1- 5"1'1-0'· 

x" ",4' 

-IDSJo - '!..3IfO,,· + Ç,1O ) -X' :x., X' 

(IlS) 

a"4 .' 

(116) 

1 , , 
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Part II 

Oaaping of mainetic excitations in singlet-ground-.tate syste~s. 

(i) Introduction 

There has been considerable interest in the dynaaics 

al localized aa,netic sy.tea. in which the .in,le ion 

crystal-field-only ground state il • sin,let. In thes. 

systems orderin, occurs by a magnetic polariz.tion of the 

,round state and this .echanilm il fundaaentally dlfferent 

fro. conventional a.gn.ts where aa,netic arder results fro. 

the alignaents of per.anent moaent.. Recent reviewsof thi. 

field are aiven br Cooper (1972a) and 8ir,.neau (1973). 

In this part of the the.i. we exa.ine the .cattering 

of the aa,netic excitation' in the.e sy.teas and we will 

concentrate our attention on the ferro_aanetic compound 

Pr,Tt. The exckan,e interaction betw1en the Pr ion. in thi. 

co.pound i. veak and only just lufficient ta induce aa,netic 
',,­

arder at t.ap.rature. b.low Il.6K .. The •• tur.tion _oaent 

i •• bout IO~8~8 which il only a quarter of the fre. 10n value 
1 , 

(81rg.n.au et .1 (1971». In Pr,Tt, th. nine-lold degenerate 

4f 2 'H~ ,round aultipl.t of th. pr ' • ion i •• plit by th. 

cry.tal-fi.ld Into •• 1nalet fi low'lt st.t. followe4 by a 

tripl.t r, , • doublet fa and a triplet r.CPigure 1). 
~ 

Th~ aol.cular field .ixes up th •••• tat •• a.d .pl1t. th. 
, ' 

•••• n.ract ...... hown ln 'tlu", 1. f1l.,' ••••• tic .xcitation. 
'-, 

al" now tr.n.ition. '.tw •• n the,. l.v.lt v_tek ,ro,.,at. 

tbrou,h th. 1.ttic. via tb ••• ch •••• interacti... Tb ••• 

• 

\---------------------------------------
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collective excitations are spin vaves. 

Measurements of the spin wave dispersion relation ln 

polycrystalline .aterial by neutron inelastic scattering 

have been made by BirgeneaJ et al (1971) and the strikin, 

feature of thele results was the in.enlitivity of the 

excitation eneray to te.perature (Pi,ure 2). The .iapl •• t 
, 

theory for lin,let-eround-state Iyste •• i. the 11n,1.t-

.in,let .odel in which the .xcited Itates of the around 

aultiplet are approximated by a .inele level. Thil th.ory, 

wh.n 101ved within th. randoa phase approxlaation lIPA), 

predict. that the frequency of the 10n,ltudinal zone-centre 

'pin wave mode will fall to zero (i.e. '0 soft) a. the 

teaper.ture i. rai •• d Iroa zero to the tr.n.ition (eap.r.ture, 

.nd will then ri •• aJain as the te.perature iner.a.e, further. 

This il in .ark.d contrait to the .xperi •• ntal re.ult. 

aentlon.d abov.. It wa. not cl.ar fro. th ••••••• ur •• ent. 

(whlch had to b ••• d. at non-zero wav.veetor. bec.us. th • 

• p.cla.n va. polycry.tal11n.) vh.ther the zon.-c.ntre aod. 

do •• or do., not '0 loft. However, temperature .ff.ct. 

~r.dlct.d by th. '1n,1.t-.1n,l.t th.ory .hould have b •• n 

r.adl1y ob.ervabl •• t th. a,ce •• lbl •. wav.v.ctor.. A 

r.fin ••• nt.~f th. ~h.ory, th. 11nJlet-tripl.t aod.l, il Dot 

in .lJnifiéaatly b.tter a,r.,ment vith .xp.ri •• nt. la thil 

aod.l four '1at •• of th. ,round aulti,l.t are "inelud.d, th • 

• ia,l.t ri ,rouad .tat. and tripl.t r~ .xcit.d .t.t ••• 
1 

A .horteo.tu, 01 th •••• i3pl •• od.l th.ori •• i. th. 

n.,I#ct of th. oth.r l.v.l. b.lon,ln, to th. ,round aultlpl.t. 

1.( 
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2 , , r '--r--;--~I --;--.;--., 
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Pl,ure 2 

1 

JOO ... 
.. 

• 
Typical 'X~it~'.C.lI' iri PrlTt ., a luactio. 

01 teaperature, Sl.l1ar b.kaviour i. ob •• rv •• 

at ail oth.r vav.v.ctor. t •• ot~ PrlTt , 
a •• tcc 'r. The i •• tru .. a'a' vt4th for t ••• , 

~.e ••• va. 1.25 •• v (after .tr ••••• u .t,al (1"1» • 

. J 

, ,. 
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The only theories of sini1et-&round-state 5y~te.s in vhich 

the real level 3cheme i5 considered/ are based on the 

p;eudoboson theory of Grover (1965). This W8S applied to 

Pr,Tt by Cooper (l972b). The pseudoboson tbeory is rest"ricted 

to low temperatures. since on1y transitions out of the 

,round state are included and cannot be readily extend.d.to 

hi,her temperature.. However, Holde. and Jurer. (1974) point 

\ Ou·t tha t the _a rked con tra 5 t noted by Bi r,eneau ,t al (1911) bettteen 

the experiaent and the limple mod.l th.ories coa.s fro. th~ 

ne,lect in the lheorie. of the hi,her en.r,y levels and the 

excitation. out ol the.e excited stat.s. They IU,,'lt a 

aethod of obtainin, the te.perature d.pendence of the spIn 

ttave. takin, into account the real leve! .ch ••• and tbe 

excitations froa ail the levell of rhe ,round aultiplet. 

ln thi. ca •• the excitation. are obtained tro. tbe poles 

of tbe dynaaic JUJceptibility. Tbe dyn .. lc JUJc.ptibllity 

ts evaluate4 in tbe rando. phaJe approxi.~on (aPA) and 

thil th.ory is revi.wed briel1y in fectl~. (il). 
l' 

Tbe excitations obtained in the l'A are w.ll defin •• 

.pin wave.. At tinlte ~.per.tur •• th •••• re d •• ped .s • 
* , 

r •• tlt of .catterln, tro. tluctuatln, (f'.ld. hl .. t1a. crystal. 
, , :, , 

Tbe.e fle14 •• rl~e 11'0. ther.al flu~tu.tio.s of spin. whl~h 

are coupl.4 br an .x~han,e iftt.ra~tio.. la .ectloa (il!) w. 
• 

exa.in. tbe .e.tt.rift. of splft .wave. br the-JJuct .. t1at fte~. 
o1<t 

u.in, th. co".r~nt potent 1.1 .pl'J'O:l,l •• tion (C,}). The r ••• l t s 

.how that,ia •• 41tlon.~to tb • .v~J!JIIJ.jI": th •. , 'ffj_rfn, intro4uc'l 

•• Jalft ln th •• ,hl way. aud.s. The frell._,. aDd int • .41t,. 
.Ir ,,.. t #' 

4 : 

" 

/ 
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} 

,- of) tho n.utron pe.k 1t Qbta1f1C1d 1n th. CPA .nd COlip.t.ct 

wlth th •• xp.rim~ntMl data uf Siri.n.,u .t .1 (lg71) and 

with th. RPA r •• urt •. 

'i 1 r .... 4n.t ie .xc 1 t.t 10n·, .nd th. r.ndo.- ph. ,. 'PROlt.lt 1o!.:.. 
. 

Th. H •• l1toniln w. con.14.r con.t~t. ot 1 'U. ot 

.1ft.I.-ion c".t.l.t1.1~ t.ra. Ind • H.l •• nb.r, 'Kchan,. 

int.ractiun t.rm: \ 
t 

H'· 2- Vc, (, ) - L Jij 5(t). Hi) 
(1) , 

l , 

4- c,J 

ln 
\ 

cub1c th. cry.tal.f1.1d pot.nt1.1 V" cln b. .y ••• try, 
\ 

1 

wr1tt.n in t.r •• ot th. op.r.tor .qu1vll.nt. (Hutchin,. 
1 . 

V,,· 8:(0:+&0:)+8;(0:-'IOt) (2) 

, --

,h .o •• ntua and" Ind" .r. th. cry.tal-fi.ld pata •• t.;, 

which d.p.nd on th. d.t.il. of th. ery.tal\.tructur., Jn th. 
1 

aql.cular fi~ld .,prolt.acion C •• art Cl.66» t~. H •• 1~tOftian 1 
~ / 

(1).' l'.dul.. to s 
!. 

(J.) 
\\ 

, 
;'k .;- '( ~rQ})' 

qJ. , 

, ,-
, 

1 

1 

J 

,t 
, . 

t' 
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The ltam1lton!a" O.) h 'ltst dh~(lul1ud to ,ive 1 •• t 

of mol.cul"r fjeld eilllltnlt.te»' 111> 'and COTT.spondin, 
, " .. 

• 1 a.nv~ lu •• wn ' O.flnlnK f he op.r.tors en (1) and en (1) al 

cr.utlon and annihilation ~r,r.tor. r.lp_ctiv.ly for th. 

ItMte ln; on lit. 1, th. mol.cular fi.ld Ha.lltantan can 

b. wrltt.n Il: 

fi, 
1-10 = L. w~ c: Ci) (11 (4 ) 

(lb) . 
,." 

~ 

Th. 1II01.eulll' tt~.ld l' •• ult. fol' Pr,YL 'l" lu •• &rl,.4 ln 

'l,~r. l 'nd T,bl. 1. W. not. thlt th. aol'cular tt.ld 

'3 

alx ••• oa. of th •• xelt.d .t,t •• into th. ,round .t,t. thu. ~ 

indueln, a aoa.nt ln th. ,round .t.t •. 
i 

U.in, th •• quatlon of aotlon •• thod, luy.r •• t al (1~7S) 

have d.riv.d "Pl' ••• ton. fol' th. 10n,itudi.a1 and tran.v.r •• 

. co.pon.nt. of th. 4ynl.1c IUlc.ptibillty ln th. raft40a 

ph ••• ap,roll.~lon CRPA), W. now outl!A' brt.fly th.ir 

4.~iv.tlon, Tf. drn •• 1e .".e.ptibilltr t. ,iv.n br th. 
i 

~ r.tard.d ~r.~f. lunetioR 4.11a.4 a. (%ubar.v (1~60»: 

G"" (fj, f) - - i e (t ) < [ S.c (~, ~ ), S,. CJ)] > 

" , 

• < ~. (';,~) J s, m) 
and lc. H.i ••• ~", .quaC1 •• • i ... , .. ,,, 

IN (~'j,"';. ([S".t.), Sf(JV>~~<[IS,,(t,t), Ul }S,4~ 
/ . --"- ,., 

'. 
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M,,~h •• tM/lotf •• .. II.·flJ,(.wtk .!.at.. .. 

0 A.t ~._~ t.. A..-.6.. 
!.. . ...!l!.!!.) :...~::.:. .) .. 1 Il) ,,1 (TK" (''':!.l'II\ c:t ,. 

c "!.fl I,.! '.c' .. , ", 'T'u) ~I '1'''\ (, 

/). 'l'JU 1.01/11 1 t. "2 ~. Iul ".IJ~ n.f'ml f 1. "'Jl 3 •• ~t 

~r:-"I :! 1.411 - 'L ~:4J , :1 1. r.Ol -t.r.u , 
• 1.11~ !J.ti.;a , J.',O' ~.Ul 
Ij "'l.H'f 1) • ~.lU ~ 

Il 'l. ,. -·J.HI/ , /' 0 ','TH ~ 

7 3 .• ~ O.l1~ '1' ".~tJ 
,. 

" :S.,~. 0 • ~.It'~ 
., 

t i.U~ - CL 0.0 • • ~ .. ., Col 

2 1.61n 0.010 J (1.011 l.UI - 1 I.OUI '.60(1 3 0.00i 0.1111 - ~-r. • o.u. 0 c • •• 0 

• 1.". '.H' • 1 1.,1" J. '161 • r.-r, • 1.a:s, -l,tu • lJtu -.,110 
'f " ... • '1' t,,, t 

• .,." -Lm • 1 ',b' -1,"1 • • 1 .... -l,UO • • 1." -l.Jla • , 1.tU 0.714 f '.1.411 o .... - ~ l.4el G.ON , .... -0.101' r·-r. • J.U' 0 • 1.U4 • r.-r, " • 1.3U -2.'" • 1.U. -1.0" • • 
'f 2.0H -2. ISO , .... -1,"1 

• t.M4 0 • 1." 0 

• 2.';)1 1.UI .0- f 1." 1.ln • 
• L'lU -o.ue f 1 .... ..... - • 1,.01 ~., ... • 1."" '.'1'1 • • I,W -I~ • • J.'" -1."" • 1 r.-r. 

'1 1 .... 1 .... • " 1 .... I.,JZ~ • • J,.' '.IU - 1 ••• 1.ln 

" 
., ... • • 2," t 

• .,'" O,'H , '.UT 0 • 1. 'Ii' ..... • .. ..,. • , ','ta 1.11' • , 1.1311 1.'" • • l.ut -1 .... • • l.UI -J ..... • • 1 .... O,.U • 1.'" ' •. 41.' 
4 •.• U -1."" '1 •• 'f2'l l,'" - • 2.'IU O,tH , 1.üf 1.'" • 1.0'1J 0 • 1.Ut " t ',UI •. n. • t l.lM I.t .. .. ., 3.010 .... 1 '.Nt -J.'" - ., 

:l.'U , .. 1 .. ~ -J." • '.ftt '.0 t ..... • 
• J .... -0,'" • .. ...., ',t'I' - • ".U t,- t , .... J,. 

t .,UJ -J.'~ • '.-" -t.' 
F "'-

TI&l. 1 

In.r,r l.v.l. In4 .atr! • • I •••• t' ot tb. total a.,ula,. \r 

.o •• nt". ! in 'r,Tt (aft.r Ho 14.11 1114 'uy.r. (1"4)). 

r 

• 
('. 

\ 
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l' 

(6 ) 

FrOm (1) Mnd Pll), the lf(Jti\11tonlan H cln b. rewr1tt.n a. 

th. aol.eullr fi.ld op.rator. Cn 1.: 1 

s" - .L S,,"'~, c!. c" 1 1 

"",,, C') 

c, ' 

c', 

• _.4 ar. 'abut't •• 1ft Tab1. 1 lor 'r.Tl. It t. conv.nt •• t to 
1, 

,u~Jtitut. for '0 eiv.ft-br CI' into D~' •• 4 4.,tn. an lnt.r-
oA • lev.1 .u ••• ,tibl11ty a by~ 

- A 

G-'(':HtJ} • 2. f" .. " ~'("'fI)'i,t) 
\. 

(10) 

1 

1 

"; 
. "{"'/~d;)I., ('~J .. ,t)lfl('I~) Ji, (i1) (11) 

, -

.. , 

, '''j'' .'*. 
- 1 

i " '1 

1 

! / 



o 
) 

and l t» e c. U Il t t C) JI, 0 f m 0 1 j () n f:-l 

W ~'("'7t'';J)'')'' <[C~(';)(,,(i), 5~(j)]> 

+ ([C:(;,t)C.(.:,t), H7/'pCj)~ ( li) 

/ 
Ulln, (3b) and (8) th. H.ml1~onlan H ln (7) can b. wrttt.ft 

/ 

.ntlr.l\ ln t.Tm, of th. op~ratorl Cn and h.nc. :_. 

cC)mmut.t~. ln (12) can b •• a.l1y .valuat.d. Sa •• t.ra. fro. 
\ 

\ th ••• cond com.utator ~nvolv. product. of tour Cn op.ratpr •. 

Th ••• ,ive rl •• to a ht,h.r ord.r Gr •• n'. tunctioft. wbo •• 
, ~, 

.quatton. of mo\lon ,.n.rat., ln a .1.11.1' vay, Gr ••• '. 
* .functton. of an .v.n bl,h.r ord.r,. Tb. r •• ulti., hi.rachy 

of Gr •• n'. tunctlon .quatlon •• ay ,. d.coupl •• ln th. l'A 

by r.placln, a eroduct ut four op.t.tor. br t.r •• lnvolvln. 
" '-' .. 

only two op.ratar. a. fol1Yw,: 

, C: (i)e, (i' Cf (t) ';(1) = (c:' (( ~c.,.. (()) c: J (l) ';() f_, 
+< Cl ft) CJ (t) > c:" (,-Je,{e) f;, 

• L c;. Cl}C}{I)r... +~c!. (i)c,(,)r~t. 

1 (lJ) 
4-wh ...... f •• (C.C!) C.(J.» 1. tla. 101.za.nA occup.tion t.cto .. 

for th. 1 .... 1 • '.4 1. 1.4., .. ".t .'f Cu "«.1 -.ab.titut1n, 
f 

lnto (12) &ftd t.kt_, 'ourl •• c ..... , ..... , It c ••••• t,y b • 

• 1'&0..,. tl'&.t 

~""(",,,). t'(u} + t+(4AJ) j(J)~-'(t;"') 
c' +l-(.}llJ)Ç,~("uJf "(·(~'l(t)~Y(tl") 

r , r~" 
", 

" \I<~ / 

.~ 

r 



o 

.. -

,. 

.. 

" 

,. 
164 

whe1"e 

ancS th •• 1n,l.-ion .u.c:.ptibil1t,f ,QS(w) 1. "iv.n by 

(f," - f'm ) 
(AI - ( W" - W .. ) 

(16) 

'" 'or Pr ,+ ion in cubic .y ••• try, 4t 1. 'fou&4 tllat II Any on. 

of J., S. or St h4' a non-:.ro .atrlx .1 ••• nt b.tw •• n th. l.v.l • 

• and n, th.n th. oth.r tvo havI t.ro •• tr!x .1 ••• nt.. H.nc., 

fro. (16), th. only non-zero compon.nt. of th •• 1n,ll-10n 
•• • + % % 

.u.~.pt1bl11ty Ir., " and 1 . Wlth th1 •• t.pl1flcatlon 

,quatlon (14) r.cSucI. to: 

+- ;-
G+-(,,~). ('"(lAI) +? (loi) T( t) ~ Cf''') (11.) 

~-t( f/(4) ~ f (141)'" rjuJ 7(,) ft(~ 1111) (l7b) 

(l7c) 

Th. com,onent •• f th. 4,n •• lc .u.e.,Cjbi'iC, a •• Chu •• jv.n by: 
1 

GtYf/~ ) t+-(w) " , - c (J'.' -
l '- ,T(" 11- (VI) 

, l, 

• ; / .v 
' - ' 

, , 
-, -

/ 
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+ 

(llc) 

Althou,h th •••• quatlon, have • very ,l.ple for., .o.t 01 

th. 1nlor.at10n about th. co~pl.x cry.tal l.v.l .tructur. 

i. cuntained ln th •• 1n,le-lon .u.ceptibility ,a~{w) ,tven 

by (16). Ali th. trln.ttion. between t ••• 1n,l.-10ft l.v.l. 
--are ,ontalne4 ln (l6Mnd .qultton (11) tefl. u. hott th ••• 

propa,at. throu,h th. ery.tal al .pln wav •• vla th. 

exehln,.. The 'iJn wave .n~r,i •• al'. ,iv.n br th. pol •• 
• 

of th. Gr •• n', l'unctlon G(t,w) an' the neutron ta.l •• tic 

tc.tt.rin, cro"-J.ctton 1. proportiona! to 

1 
(l') 

HOl'." .n', Juy.r. (J9'.) ••• luy., •• t ~l (1".) h&v • 

• ppH •• thi. th.ory'to 'r,Tt Sft; ('r, 1,&),Tt •• 4 ObC.t~ 
lalr1y Jooi •• ~ •• m,nt wlth ,x,.,' •• nt 1. th. t •• ,.ratur. 

1 

\ 

,.,.ncS.nc. 01 th •• "netic ,«cit.~o •• Il th •••• y.t ••• # .... 

0' th. reluit. for ",1t .~ •• ~O~.' ta ",ur •• J aa4 .~ , , 
" ' 'l,u .. J ...... eu, ;b,.ni.ft n._jU" • •• f • Il .... .,. aU "'-

...... or"'UH 1.r;t~,. .r.i,.~.te, O." ~ ... . 
• " ,; ~,i ',-, _.' <~, ~tlÎl: j.. 1 

't $11 " It rd 
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lowelt branch •• ari.in, from r~-r, transition. have 

appre~jable di.per.ton. Th~ hleher.froquency br.nch~J, 

,inc~ they have .mall matrix .lem.ntl (see Tabl. 1), ar. 

aJmo~t lndependent of w. ""'ectC'Jr ••• xpeot..:ted (rom .quation 

(18). At finite temp.ratur.s'th. excited .tat •• b.co •• 

popula~.4 an~ n.w .ode. appear. At 0,9 Tc the 41.p.r.lon 

r.lation. of th. low •• t fr.qu.ncy .xcitation. Ar. al .hown 

in 'l,ur. 4. 

(lil) Scattfrln, of maan.tic .xcltation. ana th. cob.r.nt 

pot.ntlal a,proxi.atlon. 

Th •• a,n.tic .xcitat10n. obtain.d fro. th. R'A .xpr ••• lon 

for t~. dyna.ic .u.c.ptibility Ar. undaap.d~ A. a.ntlon.d 

.arl1.r, th •••• pin wav •• ar. tran.1t10n. b.tw •• n .1n,l.-10n 

.ol.cular fi.ld .tat •• wblch propalat. throulh tb. cry.tal 

via th •• xckan,. lnt.raction. If th •• ~at. 01 an 10n w.r. 
1 

to •• viat. fro. th. aol.cular ti.~ valu., 1t woul. b • 

• quival.nt to tntroduc1n, a d.f.ct at that .tt. whlcb can 

.catt.r th. "in wav... On. vay ln whtcb th. aol.cular 

fl.1 •• tat. of aft ioft aay b. cban, •• 1. by applyto, a .aln.tic 

fi~l.. In tbi. vork w. a •• u •• Chat tb.r. i. a 4t.tributlon 

of fluctuatin, fl.14. ift th. c~ylt~l ~blcb ca •• catt.r th • 

• pin W&Y", At .ny .1t. th.,. tt.l •• ari •• froa th.r.al 

fluctuation. 01 th •• pte. on n.t.hbourift' .it •• ~htch coupl. 

to th. c.ntr.l .1t. yi. th •• xchan,. iat.raction. Th. 

IC.".,.!., ., t~ • • ,1,ft ii~V" t. 'J' •• tt. i~ C#Jt"'ftt 

,.tHeta' _"l' •• '''.'.. "l'A) ••• 11' tt!.t- t ••• ctto. (A) 

. .' , J 
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o REOUCED WAVE -VECTOR COMPONENT, t. FOR q.=(t,t,Oi 21r/a . '-
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li.p.r.1oft r.lat1oft of .,i. wav •• pro,~ •• ct ••• 10n. th. 
1 _ 

(110) cHr.ettuft tif 'l't1" ,.t 1-0, Tta. full cil'el •• 11'.-

• clu '1.P9r,~ .. t.l , ... dt •• f IiI' ....... , .1 (1"1) 6 1'11. 
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Dt.,.r.ioft r.latio. tot' 'l'J1' a' liai'e t •• ,.t'.tur.~ ~e 

.y •• ol •• -ft i4.Atlfy the Jia,te.ton tr ••• lt10.' eOl'r.J,oft4t •• 
Â to th. exctte4 .ta'. J,18 .aY.JI (.f'er .uy.r_ .t al (1""'1 

" 

- , 
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bel (1 W W i th. brie t' • U la .. a n' u t the C PAr e , 1 J l t" • " h e n j n , ,,-

.ection (8) ~c: obtaÎn an .xpl't~ •• lon for tilt distribution 

ol flucttlatin, (jeld. which 11 uled to dilcu •• th • 

• catt~rJn~ of .pin wave. in '1ection (C), Fjnally. the 

reluIt •• nd conclusion. are " ven ln J.ction (0) • 

.LA) Th. Coh.r.nt Pot.ntta1 Aperoxi.atlon 

Th~ coh.r.nt pot.ntlll .pproxi.ation (CPA) i. an 

.. , 

ca •• of a blnary m.t.11ic .110y th •• 1ft.r.nt .catt.rln, 

pot.nt1al •• t- th. two typ •• of atot ... r. r.pla,.d by th • 

• Ia •• ff.ctive pot.ntial at tach atoaic .1te, Thi. r.store. 

th. tran.lational invarianc. of th. latt1c. Ind .nabl •• th • 

• 1.ctron1c band .tructur. to b. calcul't.d, w. ,ive h.re 

• bri.! .u •• ary 01 th •• Iln,r.,ult. of th. CPA an' th. 

r"'.r 1. t.f.tr.' to th. PIP.r. by lov.n (1'67, 196') tor 

turth.J' 4.tI11 •• 

~on.i'.~ an 11loy of •• to •• of type A a.4 • ~lth 

conc.ntration , .n' I.e r,."ct1v,ly, Jn th. ab •• nc. of any 

,cltt.rin, pot.ntlI1. th ••• ptr latt1c. ~~ ~,r •••• t.4 br • 
, 

con'uction ban' ~Lth a Ha.tlton!ln Ho ,lv.n .y 

j .. l. = 
C20) 

1 
(21 ) 
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or in mom~ntulII f~pr~'4!nt.tlQn 

G~ (~) 1 
"'ï-

il.) - El( (2.2 ) 

.. 
ln the pret.,ce of th. pot.nt!al., th. total H ... 1Jtonlan H 

i. writt.n al 

(21) 

wb.r. III 1. th. contrlbution 4u. to th. pot.ntial. aD' bal 

th. fal1owln, tor. in th. W_4nl.r r.pr ••• ntation: 

H, -- (24) 
, .. , -

Tb •• to.lc pot.Dtla1 Vi ba. th. valu. VA at th. A .1t •• 
... 

aa' v. at t~ • ,lt., aa4 Cl •• 4 '1 ar. th. cr.attoD a.4 

••• 1hllatlot op.rator. for th •••• ftl.r funct!oft of tb. 1th 

ato8ic .ttJl Th. to~.' Gr ••• f • fuftct!on 1. 

G(~ ) 1 .. 
:l1li ,W H (2J) -

~ 

~ 

aneS 1. r.lat.4 to t". u.,.rttar".4 Gr ••• '. fu.ctt •• •• fol10w.: 

G - ~'+ GO"'q '2" ~ 

,. , ... •... , ... t'.,t' .... c.ct .... " ".coa •• 

'(211 
... 

/ 
/ 

{ 
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1 

• 
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17 l 

-'The startln, point' for (,PA 11~to ••• ulle an .'f.çtiv~ 
/ '."".., 

potentl~l E(w) at eaLh flte !.e. (~n effective mtdlua ~:th 

t ft e li a Il' j 1 t 0 fi 1 an 
\ 

1-10 
' + ....... 

Heff -= + 1.L (w) Ci Ci 
.. .. . (2') 1 

(. "'\ 

1 

" The potefttl.al t (w) 1. enerlY ctepencSI.t an4 l, u.ually cal1e4 
of 

the .1.ctron telf-ener,y. It t. ct.te~ .. d •• 1f-.. n.t.t.ntly 
- ~ 

br requirin, that th. exce ••• 1n,1 ... ,lA .catterln, li. ~ero., 
~ 

The Gr.en', lunction lor the .llectl~.~edlu. 1. 

~~ el! 
G (tA1) ~ 

, 1 " .. ,. 
'(2' ) 

.. ,. .~-. / 

'. 

If ••• 10" with (21) th; total ,"~ f"~fl0" if .. 
"" " 

relatecS to the .If.ctiv. 're.n'. luftctio4 at (ollo~.: ..... 

/ 

wt. ••• v, 1. 

cil cff -
~~J + L éiu ~ Gtj 

t 
1 

tN ."_ .. ~ 
JOtHtia' at ... ~. !' 

V, 
, yc ~E'U) - • 

// 

. , ; ., :},.. 
~ ~ 

, r"~ 
.< ~. 

'- f - , ~ ;;',-; ;-' :~ ... ~ , ," ' , 
"-; ," ;' , :jrij}!fj: ,~~ ... \ ' ,>:", . , . e~1' ..... .... .J l~ ~tv'~" t.~':" .,"':.., li ~ i 

. il> , , 
• +~I 'l',,,''!o&f 

4Y 
(J1 ),. 

1"., 

(J2) 

.... '\ 
1fI' 

1, 

-. 

'" 
/ 

/ 
/ . 

, 

-

( 

~ 

,r' 

• 

.. 
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.. 

l'~ .. . ... 
, ! 

l'hC\ \t')t~\ ~f\"\n~ (I( ~" .\,~tro" \tuo hl th\ •• 1C.ct" •• 

tl<H(lt\tln.\ 1" ~\v.n hy th«.' "tn)ll" .. Ite/' t-mAtrlx 

, 

--. 
1 - " 

(33a) 

ae~A~.e ot the tranllatlonal lnvAr1ance ot the etf.ctlv. 

M.dtuM Gttt l. lndeptndtnt ot the ait. and w •• ay tak. t to 
U, 

. , 

-- 1 _ ~ f/f 
'Vo o 

(SSb) 

ln CPA w. a.aUM' that the exc ••• acatttrin. li .tro l.t, 
1 

, . 

Nt.lectlnl th, ~.m.lnlnl lcatttrlni t~r •• Wt tind that tht 

Or.tn'. lunetlon Ci (whlch w. now denot.e br aÇPA ) i. ~.t of 
~ 

th. tfftctive mtdly~ w. at,rt,d wlth l." 
, 

(3S) 

( 36~ 

f 
Thu, th. CPA cOlhHtlon aar ht wrltttn ." 



o 

/ 

l?~ 

'(I-r.) (V, -E (101)) 

1 - ~~:~(",) (v.- te ... » 
:la 0 

" 
wh.rt (~') 

(!A) 

.nd th ••• tl-.n.r.y t(w) i. d.t.r.lned •• 1t.conli.t.ntly .. 

troM (31) And 08). 

ln the tollowinl .Ietion. we will .pply the •• re.u\t. -to th, Icatt.rin. ot th, Ipifi wav •• dllcul.ed ,.rller. W. 

will .how that the p~opa.ator .quatlon tOI' th •• plft w.v •• 

in rt.l .pace h •• th •• am, l~r~ a. th.t ot ,1tctron. 

(.quatlon(21». How.v.r. lnlt •• d of two type. ot ,·catt.rina 

poteritl.l. WI haVI an lntit. di.tributlon ot field. which 

.c.tt.r th •• pln wav ••. 

(Il Diltrlbutlon of tluctuaSln. fltld •. 
t 

Th. 'luctuatlna fleld. At • aitt ~ •• "lt trom thermal 

tluctu.tlon.lo;î'ot .plnl of n.i~hho\lr\n. atom. which al" c"Oupl.d 

to the c.ntral lit. by th •• ~ch.n •• lnt.raction. furr.r 
. \ 

and H,er (1873) ext.ndld.th. moltcula~ ti.ld th.ory tor 

r.r.· •• rth •• tal. to 1nclu4. 'U.~h flu~tu.t'lnl t'l~dl and 

weI" t~u. able to obt.in a b.tter fit '01' th, Maln.tilation 
1 

ol NdSh 1. a lunetton ot t.m~.~.ture. ~~,tht ••• ction WI 

pr •• ont an alt.rnative d.rlvitlon or the probabillty dl.trlhutlnn 

of pur'r.r and H •• r fo-r the .tl\lctuattnl 'lelda. Th. r.lul t ln$l 

,xrro~,lon tA ~UbA.quont\y Ultd to exa.ln. th •• ~.tterln. of 



o 

1 r S 7 

-, 

"r l ". w .. v o. .\t 1\ <) Il' ~." rut o'm l' t' r" t. \1 r , " , " h , l'l' () h. \\ 1 lit )' 

far A d.v\,tln~ ~s ln 'h~ :.~~mpnn,nt of • -ri" ,- alven 
1 

hy l.' ~t\dIHI "1\\1 

whtro < as! >1. Ilvon by tho fluctuation dl •• lpation thoor,,,, 

,. 1'0() 

= .2~ II~ ~ %1((\ I>J) c".fJ. !Kr, ri. IN, 
(4 ()) 

..... 
Tho U,."Ol,'. lunetlon ln (40) II th. 'ull Gr •• n'I 'unetton of 

th. 1)'.tO'" whrch 1nclude. th, o"ectl ot t'hl tluctuatlnl 
• 

tilld, .rlf-conalltentl)'. lA tlrat êrproximAtlon t. t~ 

~r.pl.c, GI
' in (40) Uy lt. RrA valut. Ta Il,,,pll'y thl~ 

• xpr ••• lon w. o",ploy th. ~l.t.lc.l lpproxlmation and k.ep . ' , ' 

" on1y, th. 10aeUni t'T'" ln Cath m' 1hu. 
. .. 

(rr:) - lie Ir ... ~II(t'(lw) J~r ~ -.. • 
&" KT rI~ ill('4/W)' dw 

1C 1.':' W 
and ualna the KrAmtr.-Kronia relation thla ~'duce. ta 

~ 

1< T G 1:& (,,' è. , 0 ). 
(. \ ) 

" . 

whoro all(ll.O) l, th~ la~Al .tatic .u.~optlbllity. Uaina 

tho IH'A e>.proa"lnn fl,)\' tho .u.~.ptlhUity Cequat\on (lac) w. 



li r ' 

o 

s 

(04 2 ) 

whtrt Wt havt now indicattd txplleltty tht tt.perature 

dependenet of the Ilna1t.lon aUlctptlblllty. The Curie 

t •• p'~ltur. for th. transition to ln ord.red Itltt l, .lv.n 

ln tht RrA by tht,~~lt ot the, • 0 cOMponent 0' the Itatle 

IUlctptlbl\lty ln (~2) 1.t. 

th 1ft. th 1. w. c ln r t w r 1 t t (04 2) 1.: 

( we,) 
-'1"(0) 

wher. 

w(r) 
1 

. , 

1+ ~(T)-r~ 

For n.ar.at nelahbour int,rlction. ~(') li • Itructur. factor 

alv'n by 

r(t), .. Je')/:r(o) 
.. r e..;"g.: 

, 
4 

C,. 

lb 

r 

... 



........ s~ ............ ~4,. .... ~l7~ ....... E~~Q~)P .................... ~ 
l' t\ t-" ' 

o 

J 

'\ 
~ 

1 n 'tl \\ À t ton ( .. 5 ). • lIt h " t. m p • rit ur, d • p" n, ,h ne. 1. 1 n y (T ) 

wlll"h l, ,'.finea '": ... 

l'OIT.) - ;(OIT) 
~ (OJ T) 

C 4 7) 

At the tranlltion te.p.fatur. y • 0 and W li of th. ord.r 

of unlty, ., no~ .ak. a turthtr l\mp11tyln. a •• u.ptlon by 
, 

, nt.l,ctln, th, t'.p.f.turt d.p.nd.ne. ot W and r.pla~lnl it 

~ .... , by unlty. Wlth thl. approxi.ation Wt tlnal1y obtaln 
" 

kT 
.J 7(0) 

(41) 

Th. tl.ld h at 1 ,lv.n .lt. du. to fluctuations as. of apln. 

of nolahbourLna ~~om. i. 

(48) , 

wh.r. ). • 2J (0). From (18) 1 (41) and (48) tho probabl \ lty loI' 

a fi.ld h at 1 .lt. ia 

P(k) = 1 

, 
! 

(50) 

Thil la the aa •• Ixprt.llon al" that ob~.lntd by Purr.r and 

H,r1' (\81S), 

1 

• 

\ 
/ 

, 0 



o 

• 

'( 

, 
, ) 
~ 

.. 
~/'U" R lQ lot th. m A LB' t ! ~ ! X\! lt a t l ~tnJ . 

1 

~. now eon.id,r. ln th. crA, t~. _cltttrini of th, _pin 
1 

, 

n\' •• by th. tlY~h~.tin. ft,ld •. To do tht, "'t writ. the 

.• u,. C 0 pt lb l11 t r" 'q \1 • t 10 n (1 ''7) 'l n f • j:\ l "la c: • ta r m" 1 l Y •• : 

ln th. pr ••• nc. of th. fluctuatinl fi.ld. h dt.tribut.d 

at th •• to.ie lit •• ",lth 1 diltribution ,lv.n by (50) thl. 

'qultlon -IIb'COI'" 

G (~jl~! q • 3 (L,w, k) ~'.i + f ,(ll'.ll l)'! ~ (~i, w, 1.) 

(52) 

To 11mplily "'Itt.ra, ."" now chin •• th. notation A'laht1y and 

r.writ •• qulttons (51) and (52) r"p,ctiv'ly aa: . 
G'(~j,w) ·l(~IW)~';j -r f f(~')~) J., ç,.(~j)~) 

~ 

? (~'IW~b~: + t 1(~IW) ~t fi ( y) tH) 

(51) 

and 

(54) 

W. now d,fin, ~ n.w tyftctlon P la 

(55) 

, t '" • 

10 that •• ubltltutinl thts ln (S~) .iv •• . 

: 1. 



o 

"-

\ 
\ 

IH 

F(~/w) a ~'J + t J.:t 7 (t; .. ) F(ti)~) 
• (StI) 

(, 

1 

(S '7) 

Tt CAn ~ •• lly b •• h~wn thlt Q 'At\.fi •• ~th. followln •• qultton 

Q{':j/w)c QO(~j/ .. )-t f Q.·(~·()w)(1(f/.s-) -a"(fJ"ljG.(~·I") 
(58) 

.,. h. r • Q. 1 l. -. val \1 A t t d 1 n th. • b ,. ne. 0 t th. • c a t t • r t n a H· 0 1 dl. 
, ' 

Th. prop •• ator tqultion (51) Ihould h. compar.d with oqultton 
• 

(J?) (or an tloctron Icatttr.d by a ~orl.1 of potent'.l •. 
, 

w t t h,1 n th. C PA ;_ 1 00 k for t h t • 1 \ f . con l , • t ct n t Q wh l ~ .. 

minimll" the Icatttrlna. Followln. tht araum.ntl of 

'Ictlon (A) th. lin.l.-Iltt t-matrlx il 

• 
-CL - l(t,~) -l i~JtN) - r (w) -

l '- Q. (00, w) (~(t,N) -,'(~JwJ-I("Q (59 ) 

If h la th, fi.ld At .itt l th.n thl. t-aatrlx ··Y b. 

wri t tt'n .. : 
t(l) = 

(60) 

." , ~ ,... 

wh~r. 6Q(w~ il tho dlff.r.n~o ln th. Il~ll •• lon lu,c~ptlbility 

Ii " 

"" -,' 
'\ 

' \. 
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~ 

ln th. ~r •• enc. And "b •• ne. ot th. f'l.ld h. Th .. CPA 

.:andltl,\n 1. th." 

[f(/") t (/..) d/.. - 0 (61 ) 

Î , . Th ••• lt-.ner,y t(w) r.lat •• tht I.lf-conaiat.nt CPA aolution 

Q to th. M.an fi.ld lolut\on Q. vla the equation (co.part wlth 

(36) ) : 

(62) 

"he~e 

Q(J'W) =- Q'(!,~) 

1- Q'(,.~) r( ... ) CSS) 

.., 

\IIith 

QO("w) - J(!) 
JI - 7(,) j'(w) 

(64) 

Th. lait equation li eailly obtained tro. th. Pourier 
• 

, transrorlu of .quations .(56) and (57). 

.lt. runction ln (60) ia 

P1na11y. the ,ln,1'-

(65) 

Htnce (61) 11 an lmpUclt f'unction tor t(tù) ",hich can b, 
, ' \ 

lolved br ~n ,itirativo proc.dur •• ~~ thui obta\n Q(,.W). Th!.1 



• 

, . 

J 

~ 
CA» th.n b. l"v~rtod. lulna (51) And (~S) t ta .l-vo \u tho 
l' 

CPA ~\I~c.ptlbl,\>tt~ 

l·(~).+ r,fw) __ _ 

1- l-rl) (It~) + X(w)) (66) 

Ulln, thll G W. can obtaln th. sptn wav •• ptetru. and the 
• ntutron leatt.rln. crol.-.tetlon ln th, CPA . 

. 
10) ~ •• ultl and Conclullon •. , 

WI have appll,d th, te.ttlrln, th,ory d~scrlbtd abovt 

to th. da.pinl ot th •• a.n~tlc ,xcitations ln Pr,TI. Thil 

co.pound has th. Cu,Au structurt whlch t. tquivalent t~ fee 
/' 

Pr wlth tht eorn.r Pr ,toms rtplac.d by Tt. Btratn.au (\~72) 

points out that If th, char.e of t)t Tl ion i. taken tquat 

to that of tht pr'· lon. th.n ln tht point chaT,e Modtl tht 

tfftctivt sy •• ttry at th. PT sltt li cubic. tt thtft tollowi 
, ' .. 

that tht ratio of th. crystal-ft,ld para •• ttr lat Ilven by 

tht point chari' mod.l li ·1.~.4 (Hald.n and Ruyera (l~1.». 

Tht ma.nitudts of It and al art cho •• n to r.product th. 

obatrvtd cry.tll-filld spllttln.. Th. aVlral1 ~ryltal-flI1d 

Iplttttni b.twe.n tht ,round .tatt Ind tht fi rit excit.a 

J • 

r 

.tlto trlpltt 1. ~ • 77K tnd tht crY~tal field pata.tttf •. \'ho •• n 

t 0 t' 1 t th 1. art .8; •• 1. 0.. X 10·' TH 1 a nel 81 • 6. g X l 0 - , T\ .~ 
1 

(lfH; • 4IK). A~.u.lnl only ntartat ntllhbour Intt.lctlon, 

thl txchan.t (ou~li~. Je-S.a x lO·'THal 1. cho.tn to ,ive th; 
1 

gblo~vod ,atuT.tion mo •• nt ln Pr,Tl (~oldtft and luy.rl (1914)), 



o 

un 

1'0 ~VA lUIto t'ho Cf'A prl,)pa,ato,' (66) w. 101vo th. , , 
e 0 \1 pl. loi .\i qua t ton, ( t\ 1) • n d ( ~ S) t' 0 r t ho. ,1 ,. 'n 0 r. )" t (tA;! ) 

r~ fA~llltatl ftu.orlcal 
.t 

caleulation. w. r.plAco th. Cl,)nt1nu~uI cUatrlbutlon ln (61) 

by A finit. numb.r of dllcrito llolds with the Gau'llan 

dlltrlbutlon 11von b)" (50). W. lound that w. can ob tain . 

lood conv.rl.nc. wlth a talrly •• all nu.b.r of ft.ld • ., 
(ln our calculation. wo have conald.r.d lS 'i.ldl), 

~Th. broad.ntna of th •• pln wav •• od •• du. to Icatt.rin. 

i. shown in PLiure S. In thl. ttluro tho 11n •• hap. of th, 

trlnlv.rlO .pln WAVI modo. li ahown for S valu •• of th. 

wavevoctot'. W. not. that the ,- 0 .od. tl ah1ttod upward. 
lt 

rro .. 0.3 THI, ta 0.65 THI and 1.1110 brold.n.d ln th, CPA 

comparld to th. RPA. Tho O~Ol THI wldth ln th. RPA ca •• 1. 

th. Lorontllan wldth Irtillelall)" introduo.d ta Ilap11t)" 
1 
1 

nu •• rlcal co.putltion. Thi. wa. dont by ~ddlnl ta th. 

fr.qu.nc)" a a.a 11 llftlllnlr)" part è • 0.01 THl. In the 

CPA, the wldth i. 0.05 THI whlch •• an~ that th, broad.nin, 

du. ta Icattorlnl i. 0.03 TH •. At v.ry low t'.p.ratur •• th! • 
• 

bro .... en in. cU lippe, r. Il • )tp.ct~.d 1 i nc, a. T.O th, fhletua tin, 

fl.lda dia'pp.ar.· AI ~h.-t •• porltur. lacr'l'o. th, daapinl - . 
wldth lncl".'" Ind thon ro.alnl f'lr1, conltant at 0,03 ~ 

rraM •. 5 to 51 K (tho hllholt-t •• p,ratur. coftlldtr'd), The 

lar •• Ihlft ~t the , • 0 .od. li du. t~ th. fact th. 
t 

J C 1 t t • l' 1 nif i.l dl' r t q u1 t • lar.o, Par, x.'.p l 0 a t T • O. g Tc 

th. av.ra., Ic'tt'Tln, liold 11 twlce a~ la, •• al th~ .oJ.culal' 

tield, Th •• ,.nitu40, of tho ftcrd. Incr •••• r'pldly al T l/2 

. ' .' f 
, -/ 
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at 10w t •• p.ratur"Ct'qult!nn (48)) ltnd honc. th, acatt.rin, 
1 

l, Ixpoetod to ln~r.a •• rapidly At \ow !t •• p.ratur ••• At th. 

t •• perature lncroa"1 turther th, .~attorinl wou1d t.nd to 
1 

.aturate and thi. could oxplain why t~o daaplnl ~ •• atnl 

talr1y conlt.nt abovo •. 5 K. 

[n Fllur. G W" .how the dllp.rllon of th. 10n.lt",~lnal 

.pln ·wavi. at a flnit. tl.p.ratur. (T.1SK). th. "",el' part 
, 

11 th. RPA"r.lult which Ihowi th •• aln dllp.rl1on curve' 

.1Xlnl wlth 2 w.at dlsp.rllonle.i aodl' orillnatin, 'l'o. 
~ 

thl excitld stat.a. The lowor tPA pictur. 11 ln aark.d 

contrait. H.r. th •• ~ln dllperllon curv. 1 •• hlft.d u,ward • 

with .axi.ua .hlft occurinl at •• al1 wav.v.ctorl. In 

addltion. n.w w.ak .od •• app.ar whlch al" falrly dlsp.rsionl.11 

and th.y allo aix w1th th •• ain,displraion curv •. In the 

RPA th. Ipln wav. aod •• aay b. Id.ntified ~I arilln, fro • 

tran'~tlon.~ b.tw •• n p.ir. of aol.cular fl.ld 1.v.l" br 

.x •• lnln, th. l.v.l Itructur. ~f Pl,ure 1 and the •• ~rlx 

010 •• nt, of 1abl0 1. In th. CPA th, inclulion of th. 

fluctu.tin, fl.1d. chanl.1 th. l.v.l Itructur. and 1t bICO •• 1 

~lfflcult ~o 1dont1f; th. n.w w.at .o~ ••• 

PlIUI" ., showi th. t'.p'l'atul" d.p.nel.nc. 01 th. \. 0 

.aln .pln ",av •• od.s arilln, lr~. 

th •• PA, the .nor.i~1 of both th~ 

.od •• d.cr •••• al th. t.ap.ratur~ 

th. r, .. r, tl'aftl1t1oftl. In 

tran.v.r •• afta 10ftlltudlnal 

lncr •••• I. Althoulh th'1 
; -. '* " 

exhiblt loft .od. b.h.vlour. th, .od •• do ~ b.co •• loft at 

th. tran.1tlon t •• p'l'atur •• Th.1r_.norI1 •• fall off to a 

finit. va-iuo t.t Te and' then lncr.a •• &.aln al th. tOlllp'l'at\ll" 



f 

111 " 

incr.a ••• furt~.r. In con~ra.t, ln thl C'A. th •• n.rll •• 
,.:­

• of th •••• od ••. lncr.a.e wlth t •• ptratu"e and ahow no . 

t.nd.ncy toward loft.nln.. The .pllttln. b.tw.en the 

tranlv.r •• and tonait_dlnal .od •• abov. Tc li du. to th. 

f,ct that w' have only cOft.id.r.d,fluctuatlnl fl.ldl ln t~e . 
a-directlon. The .harp I1n.af ri •• at low t'.p.rature, l~ 

the C'A .ode. 1. du. to the .harp incr •••• l~ th •.• a.nltud., 

of th~ .catterinl 11.1d. at 10w te.p~atur... W. no~that 

th. te.p.ratur. dl.trlbutlon of th. fl.ld. (.quatlon (~I) •• a .. 1'" 

obtaln.d ln th. clal.lc~l approxl.atlon .hlch 11 not appllcabl. 

at low t'.peratur ••. 

Pliure 1 indlcat •• th./t •• p.r.tur. d.p.nd.nc. of th •• aln 

.od •• at flnlt. wav.v.ctor aad aho •• that th.ir b.havlour 
(~ 

wlth t'.p.ratur. 1. qualltativ.ly th •• a •• a~ th. , • 0 

.od ••. 

Flnally,ln Fllur. g •• plot the fr.quencf and Int.n.lty 

of th. n.utrOft pea~ a. a lunctlon 01 te.per~t\lr. and co.pa~. 

th •• wlth th. exp.rl.ental r.lutt. of P1,ur. 2. 'or th. 

fr.qu.ncy, the t'A re.ult. are not a. lood a. thol. ln the 

R'A whll ••• r •••• nt- wlth experi •• nt 

b.tt.r ln CPA. 

for th. làt.nllty il 

Recentl, ia~ (187S).lntroduc.d an •• Ich ••• tor 

calcul.tinl da.plnl;.tf~c~. ln th. apln excitatlon Ipectra 01 .. 
aln.l.t-Iround-.tat. ".t ••• by u •• of th. 10~~lt order •• lf-

, 

conlllt.nt cOrr.ctlont to tb. RPA. Th.,. corr.ctlons allo 

correl,ond to .pln wav. Icatt.rlnl by ,tnll •• lt. fluctuationl, 
/ 
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C'A~.t~O. of thll.,.~tio. ,1nc~-h. co~,~.,~,. ~,ly t~'t 

• 1.ll.t •• ou~1.t .xcltatl0.' 1. p.~a.a.ft.tl~ d~e, - . 

'ra.Mlal\& • ..wh.t.a. tai. :C'A va •• pp11.d to ,~, •• x~l'a'lo1\1 ' .. 
" 1 _ ", l' 

ln 'raT" W. hop, to a,ply th. C'A a •• 1'.11.". ".'''od' '0 
dhcp ,~I. for,t~l. ,urfo", 

In conclu.10n, •• have pt •••• t.d a f.~od·Of oalculatlnl 
. , . 

th.·daapln. of t~ •••••• tle .xcltatlo •• ln .lftll.t-,tound. 

Itat. 1,lt •• 1 u.l •• thi coh.t.nt ~ot •• tlal ap,~oxl.atl0._ 

10 •• of th. t'.u1 tl al" dllllcu1' to" ln,t.r'l'.t a ••• 01" 

,x,.rl ••• t.l lalot •• tloft l, n ••••• ' to 11v. UI a '.tt.t 
l ' 

~ und.rltaa.lal_ . In pat'l~ular •• 'al1 •••• aIUI' ••• 1\,a att 
~ 

t.qulr •• 01 th. "la .av. ,p.ct~a Oft Ila.l •• ct",al 'taT& 

whloh woul. dt.tlnlul'h ",,,. v.l'lo~1 .0 •. ' ( .. ,.cla11, th. 
, 

.0 •• ' •• a~ tk. 10.'-0 •• tl'l) an. would thui a110w dlt.c' 

coa,atl10n vl'h th. C'A t •• utt. to b. aad •• 
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Pllur. 9 

Te.p.ratur. dep.ndene. of th. tr.qu.ney (~op) and int.nslty 

(botta.) of th. p.ak 1~ th. n.ytron seatt.rlnl ln RPA and'CPA. 

1 Th. full elrc1 •• a1'l the exp.rl •• ntal re.ul,t! of Ilra.neau et 

al (1971). 
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