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¥ "Modern science strives to construct its picture -
i of the world not from speculations but so
3 far as possible from facts. It verifies its: e
z - constructs by recourse to observation."
3 ? '
2 Ernst Mach (1943)
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ABSTRACT
~ " = ‘
The behaviour of bubbles (voiﬁgé/-.0.0B

;139 cms) rising in
/

viscous (u = 0,62 - 28.2 Poise) Newtonian liquids d s studied) A

1

detailed classification of bubble shape regimes wds presented and a method

L}

for predicting the bubble shape and the ghape df [its wake was déyeloPed.
The available theoretical models and correlations were tested and their ;

i

limits of validity were pointed out. . ] 3
The hydrogen bubble flow visualization technique was modified
for use in viscous’ liquids thus permitting measurement of. the velocity !

field around bubbles of different shapes, including the velocities in the ’

wake, Streamlines were obtained for 0.087 < Re < 296 and, where possible,

were compated with existing theories. The transition from a closed toroidal

wake carried with .the bub?le to an open unsteady wake occurred at Re ¥ 110,
, / Interaction of two vertically aligned bubbles was obserQed and

the principle of velocity superposition was verified directly using the

measured velocity field. ‘

The skirt incjpience theory of Wegener et al (1571) was extended
to indentéd oblate-ellipsoidal-cap‘bubbles and drops. A theofy for skirt
thickness was developed which p¥edicts decreasing skirt thickness with )

_ skirt length, as observed expe?g;entally. {A siﬁg}e theory to preaicf\the
length o£ the skirt was also formulated and verified experimentally.

It was found that the proximity of the container walls reduces the
bubble rise velocity, elongafes the, bubble in the vertical direction, alters
th; liquid flow field\\feduces the volume of ;he toroidal wake and the rate

- .of circulation within it, delays skirt formaiion and promotes the formation

of waves on the skirt. The wall effect theory of Colfins (19@7) was shown

to be valid for bubbles in viscous liquids for Re as low as 10,
» +
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* RESUME -

Lo Le comportement des bulles (de 0.08 =139 ccy dans tigvhqmdes |

" Newtoniens (de 0.62 528.2 Po:.se)a été 6tud1é Une c1a551f1cat10n détaillée

2

. ! de 1a forme des bulles selon leur regime est présentée et une méthode
) ] ‘ l}developpée pour la prédiction de la forme des bulles et de leur silﬁllagé.
) . _ Les quelques mo;iéles théoriques et corrélat;it;ns existants ont &té testés
A “et leur domaine de val\idité déterniné . . '
. . La téchnique de visual\fsation par des bulles d'hydrogine a &té

; modifiée pour permettre la détermmatmn du champ de vitesse dans des

liquides visqueux autour des bulles de différentes formes. et au.tour des - .

szllages accompagnant ces bulles, Les lignes de courant ont ete obtenus dans \\ -'{.'

1e domaine du nombre de Reynolds de 0087 & 296, et si possible, ces lignes

i sont comparges avec des th8ories existantes. La transition d'un sillage

%} | . "fermé'" de forme toroidale i un sillage "ouvert" tran51t01re €st observée

% -3 un nombre %e Reynolds d'environ 110. | .
By s

E;: / L&intqraction c?e deux bulles alignées verticalement la été Etudiée,

;‘ JARR Get’le principe de éuperposition des vecteurs de vitelsse a 8té verifié

o v ¢ N

? - directement & 1'aide du champ de vitesse mesuré. o f)

% .

La théone de Wegener et al (1971) sur la formatlon des "jupes'

f -
P

r’_' a &té 8tendue & des . bulles et gouttes de la fome -d'un e111pso1de applatie

L R

dont 1a ba3e est, echancrée.. Une thforie sur 1'épaisseur des ."jupes“, a &t

-

. E,
developpée, celle-ci pré&dit,fen accord avec les observations, que 1'épaisseur .

I2l

de la "jupe" décroit avec la longueur. Aussi, une théorie .simple pbur la
prédiction de la Iongueur de la "jupe"'a €té formulée et verifée experi-

mentalement. ' _ - .
/

’\ ‘ 11 /.ra 8té trouvé que 1'effet de paroi réduit la vitesse ascension-
nelle, allor;ge la bulle dans la .direction‘ verticale ‘‘change le champ de
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toroidal, retarde la formation de la'jupe'et favorise en elle l'apparition

.

des instabilit&s. La th&orie de Collins (1967) sur 1'effet de paroi 8 6t6

. prouvée valide pour des bulles dans un liquide visqueux ayant un nombre

-

i
de Reynolds aussi bas que 10. ’ !

, 3 i
T o e e e R ———r U SR
w a0 i ,( i
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vitesse, diminue le volume et la vitesse de circulation du sillage ;
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] | CHAPTER 1 /

INTRODUCTION

prblés play an important role in many processes encountered
- . in chemical and metallurgical engineering. Operations such as absorp-
tion, desorption, fermentation, mixing, floatation, sewage treatment,
vacuum degassing and metal refining all involve the motion of dispersed
gas bubbles in liquids. Most industrial processes usuaily invo}ve
sSwarms of bubbles created by a large number of noz;les or by a perforated
plate. Nevertheless, it is essential to understand the behaviour of a
single bubble before a completF knowledge of‘interacting bubbles can be
achieved. Recognition of tﬁis has motivated a numb&® of investigations
dealing with the fundamental aspects of bubble phenomena such a's bubble
formation, bubble shape an& movement, interaction with another bubble or
» a plane surface, and mass transfer to and from the liquid. (Sideman
géjgl 1966; Calderbank 1967; Soo 1967; Valentin 1965} Gomezplata and
Regan 1968; Regan and Gomezplata 1970; Bischoff and Himmelblau 1968;
Gal-origs_gl_iQSQ; Gill et al 1969-70; Tavlarides et al 1970). Despite .
these efforts many challenging problems/éfgll remain as pointed out in
recent reviews (Harper 1572 ; Wegener and Parlénge 1973; Clift, Grace

and Weber 1976).. ' * ‘

The formation mechanism of a bubble may vary from process to
. process, however, once a bubble has attained terminal velocity its '
e : behaviour is independent of the formation mechanism and depends only

upon its volume, the physical properties of the liquid, and the size of the .

1

,“ff .
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container, A complete description of the behavior of a single bubble
requires the knowledge of its shape, rise velocity, the motion induced
\ in the surrounding liquid ané the effect of the container wall on these x

variables.* The present work is directed towards obtaining this know-

+ .

ledge for single bdbb1e§ rising in relatively viscous (0.8 to 28,0 Poise)

LS A

Newtonian liquids. Since a large number of variables were investigated

ok S et

and each has its own literature, the results of this work are presented

v "

in five relafﬁvely self-contained chapters, Chapters 3 through 7. Each

© VA B

chapter contains a review of the relevant literature, lists the specific

<Lt ke s

objectives and then presents’and discusses data obtained in this study. o

/

In order to measure the external liquid motion an experimental

FERABR s

B
o
et ¥

technique was developed to provide the velocity distribution over an

extended\region around the bubble without disturbing the bubble or theo

)

flow and to provide, simultaneously, a vivid picture of, the flow field.

This experimental techniqﬁe is described in Chapter 2. The study of

bubble shape and rise velocity is presented in Chapter. 3. The review

of literature in this chapter is longer than that in the other chapters
and serves as a general introduction to the phenomena of bubble motion.
Chapter 4 ‘contains extensive resultg on the liquid flow field around all
of the different shapes of bubbles encountered in this work éogether

. with a detailed examinati?:}of the nature of bubble ﬁakes. The Tesults

* Since the velocity field within the bubble has relatively little effect on

bubble shape, liquid phase controlled mass transfer rate, bubble interaction
and coalescence no attempt was made to study this internal motion. Accurate
— interval circulation measurements are very difficult to obtain for gas
Q:? bubbles though some attempts have been made. (Garner and Haycock 1959;
. Davidson and Kirk 1969; Filla et al 1976). ¢
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. . of Chapters 3 and 4 are used in Chapter 5 to explain the interaction and

; coalescence of two bubbles rising in line. Chapter 6 is devoted to the
‘ elucidation of the‘)factors which control the onset, thickness and length
of skirts trailing behind bubbles moving'— in viscous liquids. The results
of other w:rkers on skirted bubbles and drops are incorporated wherever

possible to support the theories déveloped in 'this‘ chapter. The effect ¢

R

of the proximity of the container wall on bubble shapes, wakes and i
velocities is the subject of Chapter 7. Finally, the important contribu-
tions of this gtudy are presented in Chapter 8, and suggestions are 4
offeredofor further work.

&
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CHAPTER 2 [

EXPERIMENTAL EQUIPMENT AND PROCEDURES

oo

-
-
.t

1 ' .- A ! ~
"2.1 The Technique for Measuring Velocity Distribution in the Liquid

EE

2.1.1 Selectionlof'tﬁe*éxperimental technigque -

" To measure the velocity field in the liquih around a rising
butble, it was hecessarx to have an experimental technique which would
provide: the yqlocity distribution over an extended region around the

‘bubble witho{xt disturbing the bubble or the flow, and which would
" simultaneously provide a visual record- of the‘flow\field:u These
requirementé ruled out the use of conventional probe instruments such
as pitot tubes and liquid filﬁ anemometérs and also the recently
develobed\techniqugﬂof laser-doppler anemogetry. This left_the f%?w
visualization techniques, such as injéction of dye or neutrally buoyant
* particles into the liquid, electrp-chemical luminescence, schlie¥en ’
and shadow photogrdph} and electrolytic hydrogen-bubble genpratioﬁ.

For a more detailed discussion and comparison of the various techniques

) of flow visualifiiipﬁ/:;;‘;eader should refer to the comprehensive
£ A

»

'reviews on the ‘subject (Lippiséh 1958; Clutter g:: al 1959; ASME 1960;

ClaYton\and Massey 1967; Macagno 1969;

line 1972; Werlé 1975;
Merzkircl; %974;

» . 8o
‘ \ After a review of the various klow wisualization methods the
. N -

P S
hydrogen-bubble technique was selected for the present investiggtion
R < - -8
because it is the most versatile, as.can be seen from its application
in a va;igzy of raqher complex, steady as well as time-dependeﬁt flows
o s ' ~

. - © v
(Lukasik, and Grosh 1958; Hama 1962; Hama and Nutant 1963; Schraub et al
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1965; Hansed 1968; Weinberg and Heiser 1968; Lennemann and Howard 1969;

Maxworthy 1970; Mattingly and Criminale 1972; Rice and Thomas 1973}

Mattingly and Chang 1974; Offen and Kline 1974). '

- - NG
L
*

Basically tie technique utilizes the electrolysis of water to

~ \ \
introduce hydrogen bubbles into the flow. In a typical installation a
very fine wire which acts as cathode is stretched-across the region of

flow that is to be investigated. A pulse of d.c. voltage is applfed to

the wire and the hydrogen formed is swept off the wire by the passing

flow. The gas-leaves ihe-wire in the f&fm of very small bubbles. Careful

illumination makes these bubbles visible? bxygen is formed at an anode / a

. ] ‘.
which is located out of the field of view. Hydrogen bubbles rather than . '

oxygen are selected as tracers since volumetrically twice as much hydrogen

. . . .
is formed as oxygen in the electrolysis of water.

®
-~

The technique was first used by Geller (1954), who in turn was
stimulated by the work of Wartmann (1953) on injection of tellurium by

electrolysis. A revjq&“of thisgearly work and an excellent exposition

‘of the hydrogen bubble technique is given by Clutter et al (1959,1961),
%

Schraub et al (1965) Asunuma and Takeda (1965) and Mattingly (1966).°
The evaluation of this technique for'quantigative measurements has been
dealt with by Schraub gg_glleéS), Davis and Fox (1967), Tory and ‘.
Haywood (1971), Somerscales (1971) and Gerrard (1872). Studies of the.
factors affed;ing th; sizg of the hydrogén\yyﬁble have b;enlmade by

ﬁiandamer et al (1967) and by Tory and Hayﬁbodw(1971).

s

[
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- The H}&rogen-bhbﬁle technique was used in this study for the

following reasons:

(lj The tracer bubbles are easily produced’zn the flow at any

acd
y ()
3)
>
”j':": (4)

-~

~ *

. o
location and, because of the electrical nature of the

generation, they may be pulsed and timed, and their number

and ;size are easily controlled.

'The technique allows tiple point observation at the

same instant, thus providing complete velocity information.
The cathode wire may be made so small that it causes
negligible disturbance to the flow.

By suitably designing the cathode (see Section 2.2.4.1)

the tracer bubbles can be introduced into the wake of the ,

ithout breaking the bubble. _

s

s (5) The tracer bubbles are‘relatively easy to photograph

(6)

\

because they are hiﬁhly ¥§f1ective, giving good contrast

against the flow medium when side lighting is used. Also
1

1 \
for photography the technique is superior to those methods

of flow visualization that Euspend the trgcer particles
Lo ]

throughout the liquid. U ’

The effect of tracer particles on the phfgitalwproperties
of the 1liquid and on the flow under observationsis
' b

minimized because the tracer bubbles are genérated in

a single plane in the desired quantity at a desired instant.

v

¢* Throughout this thesis, the term "bubble" refers to the air bubble around

which the flow is being investigated whereas the terms '"tracer bubble" or
"hydrogen bubble'' are used interchangeably to refer to the small, electro-
lytically generated.hydrogen bubbles used to trace the f£low field. :

s <
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. ) (7) Unlike filaments<of dye the tracer bubbles do not lose
‘ thezr identity and do not d}scolor or contaminate the,
| 11quid thus permitt1ng repeated use of the same liquid.
(8) The technique can be adapted (see Section 2.1.2) for use
in very viscous liquids of aqueous solutions.

(9) The technique is relatively inexpensive,

[4

, 1
A major drawback of the technique is the considerable time and

effort re&uired to analyse the film data.

2.1.2 Modification Sf~the conventionel hydrogen-bubble technique

In the conventional application of the hydrogen-bubble technique

to study flow behind a bluff body, rows of hydrogen bubbles are generated

at a thin wire (usually mdade of platinum or its a}loys) placed downstream

of the body. B& pulsing the current to the wire a regular pattern of
- hydrogen bubbles is formed; tbe'subsequent distortion or displacement of~
this pattern gives the picture of the/flow (see Tor; and Haywood_1971 for
‘ an examplej. By applying d.c. pulses to a partly insulated wire or by

using two cathodes, one of ¥hich is 8 kinked or partly;insulgted straight

wire that is connected to a continuous d.c. supply and the other a

%

straight bare wire to which d. c. pulser are applied, so called "time and
(’)\é}\‘ v

streak line" patterns can be formed to provide qual1tat1ve as well as
quantitative 1nformat1on on steady and t1me-dependent flow (Schraub et al

1965; Mattingly 1966) . : \

e A
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Because it is difficult to hold a bubble steady* and observe

the flow of the liquid past it, the conventional technique had to be
modified be:ore it could\be used in the present inVest{gation. Preliminary

1
experime owed that the most convenient method of visualizing the:

flow relative to a stationaiy obsofoer_was-to genexrate isolated hydrogen

tracer bubbles at reasonable spacing in a plane passing through the axis

of the bubble _and then to-photograph the path of these tracer bubbles with

a stationary ciné-camera. The observed motion at a fixed point in
space would, of course, be unsteady with'time. To visualize the flow
in tﬁe immediate neighbourhood of the bubble, the tracer bubbies were
injected as above and- their motion around the bubble was photographed'
with ; cdmexg\fravelllng upwnrd at the' same speed as the bubble. Here

the observed mot}on appeared steady with time. To observe the liquid

motion in the closed wake trailing the bubble, it was necessary to develop
. M |

a cathode that could introduce tracer bubbles into the wake without

breaking the hpbble. -The_description of the successful cathode is given
4

in Section 2.2.4.1.

™
To date, all of the studies employing the hydrogen-bubble

A
@

- - i ;o
* A bubble can be held steady by a downward flow as demonstrated by
Davidson and Kirk (1969), Moo-Young et al (1971) and Kojima et al (1975),
but the experimental difficulty in doing this for the large number of
different sizes and shapes of bubbles studied in the present work would
have been formidable., Further, the liquid velocity prof11e necessary to
hold the bubble steady- distorts the bubble shape from tha;:obtained in a
free rise in a quiescent liquid,

. / ~
\ ! ' B
N v
-y ,
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‘filled with the test 11qu1d

\ N * |
technique have used water as the working medium* to which a small quantity

‘'of an.ionic solute such as sodium chloride or sodium sulphate is added

\
to enhance the conductivity, It was felt that the technique could be
! -
applied to any aqueous liquid, even of considerably higher viscosity, if

sufficiently\Q:fh v61tage could be applied. Consequently, a special high

volt;ke (756 v&lts d.c. max.) electronic circuit wa7 built that could
) I
generate hydrogen tracer bubbles in sugar solution of viscosiFy as high

as 30 Poise., The details of this cirpuif can be found in Section 2.2.3.
. \ ,

2.2 " Experimental. Equipment L ‘ -
f

2.2.1 Liquid column and accessories

A schematic diagram of the experimental set-up is shown in

* Figure:2.1, The test liquid was éoytained in a transparent pleiiglass

column (:)**of height 182.9 cm., ocutside diameter 30.5 cm., and ‘inside
diameter 29.2 cm. To, avoid radial optical distortion a square plexi-
glass,iox (@ of wall thickness 1 cm. and outside cross-section 38.1 cm. .

v

X 38 1 cm. was placed around the upper 121.9 cm. of the column, and was
[

[
A heni-spherical plexiglass dumbing caup (:) of 7.62 cm. inside

diameter was mounted on a brass shaft (:) vhich passed through a liquid-

3
¥

* Recently the author has discovered that Nowell (1965) had used 200
watt (2 amp. max.) pulses to generate hydrogen bubbles in water-glycerine
m1xtures with concentration of glycerine up to 40% (vxscos1ty- 0.036 /
Poise). ¥ ‘

** Numbers in circles cofrespond‘tolthose indicated in Fig. 2.1.

. ' N
\ : \ )
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. .




|

100 ’

®

[
\ 4
L ity -1 :
' | I '
S
! )
' | ]
b ‘ [ON (R
: ' o ] :
" (Y
1
y o -eeo- A0y 0
| ! ' : < K
' : / ! Q: 1
! B 1, ~
o &
. p.c.@}| VL s
SUPPLY , (]- :
. -—
T -
' e |
! !y H
- L]
| pULSE RELAY |
GENERATOR [~~~ CONTROL :
"' ] I'\ ;
, : E :
[} [ ] 1}
o )
' 1]
; R S ANPUPRE B | Vg
: i ' 422
t PR
1
[ ]

<

AIR .SPARGER!

L

FUNNEL HOLDING ROD
COMPRESSED-AIR BOTTLE

1 TEST COLUMN
2 - SQUARE BOX
3 DUMPING CUP
4  ROTATING SHAFT
5  AIR INLET
6 LUER VALVE
7  SYRINGE

. 8  INVERTED

9

10

11

12

LIQU ID OUTLET

e e et e m—— et e ena -.}F----‘.-..; e = wmed

S

~

~

13 FLASHLIGHTS

14 PHOTOCELLS :

15_ EOW VOLTAGE D.C. SUPPLY

16 RISING BUBBLE

17 RELAY UNIT

18 CLOCK )

19 PULSE GENERATOR = °

20 CAMERA MOVING DEVICE \
< 21 HIGH VOLTAGE D.C. SUPPLY

22 CATHODE - ~

23 ANODE

24 16 MM BOLEX CINE-CAMERA

FIGURE 2.1 Schematic diagram of the experimental apparéfus

l

\

-
ek e e s . . L Ao — wm

L B AT A Dk et AL .




S e o e o T ey

11.

[
' ' | tiéht rubber O-ring seal pl.aced on the column wall 10 cm, abqw}e the
bottom (\)f the colum. The cup was fixed to tixe rotating shaft in such
a/way that it could be rotated along its diameter thus causing minimum
disturbance in the liqxlxid. Air.was introduced into th\e cup via a 0.64 cm.,

I.D\ copper tube @ located at the center of the base of the colum.

To the other end of the copper tube was fixed a Luer valve @ which
/ !
ensured a tight f’it with the nozzle of a syringe @ used .to inject the

Nl T xr e 1 SRR

Y

air bubble.

ok tan " o

3

/  An inverted glass funnel attached to a stainless steel rod

PRy

" aery

R TV T

@). 214 cm. long and 0.95 cm. diameter, was plac;d above the cup and care-
' fully centered on the axis of ¢he column so that the bubble after leaving
4

the cup passed through the funnel and thus was centered. Three funnels

i s LY

of varyinE neck diameters (2.8 cm.,,3.7 cm. and 4.9 cm.) and 36 cm. h‘éight"

were used for effective centering.of bubbles of different sizes.

\ ‘
] - For easy mixing of the liquid after diluting the solution air

\

l could be dispersed by means of a cc;pper sparger @ connected to a

compressed air bottle @ . For w1thdrawmg a 11qu1d sample or emptymg

m o v e s e s mew] Ws RS Rt AL R AT MR A bR D el

the column, a 1.27 cm, I.D. ocutlet @ was provided at the base of the

column, T

v

2.2.2 Photocell acf:ivation system- : o)

'fwo °ramarwa135hllghts @ . were placed dimetrically opposite \ ]*‘
two photocells @ (ﬁatlonal Semiconductor Model NSL-364) at approximately °

120 cm; apart along the columm. The high sensitivity of the photocell




A2,

required that the intensity of incident light be maintained very steady.
This was achieved by connecting the flashlights to a steady low voltage /
d.c. ,power supply CED. The photocell responded to the interruption in

light caused by a rising bubble @ . When the light falling on the

bottom photocell was interrupted a relay unit CED simltaneously switched
‘on t},1e clock (Standard Electric Time Co. Model S-1), the pulse gpnera-
tor QE) (Hewl\tt Packard Model 8005A), and the camera moving device,
The same circuit switched off these instruments when the bubble interrupt

by
the light fallidf on\tbe top photocell.

r ' I The ﬁgg;;;:\zgggram of the photocell activation system is shown

/ in Figure 232) It was built from»severél Motorola ﬁntegrated circuits.
The change in the light intensity falling on the photocell changed its
resistance which in turn was used to trigger a relay which ﬁad three inde-
pendent contacts. The\zﬁ;put of Fhe photocells was applied to an electronic
switching arrdngement via.the two Schmidt Triggers (SN 7413) and then tb
éhe relay driyer (SN 75451). These Schmidt Triggers were specifically
selected to increase the response timé)of the circgit. The sensitivity
of the photocells could eésily be adjusted using the two potentiometers.
This enabled ready triggerihg for different sizes of bubbles. ThF circuit

could be reset by a switch. The photoéells were protected from stray

} b

light by the photocell holdérs shown in Fig. 2.3(2)! Thése devices

¢

permitted only the light from the flashlights to fall on the photocells.

\ R - N

2,2,3 Elecfron;p equipment for tracer bubble generation

A

. ‘ The hydrogen tracer'bubbles Were‘produ.ced by the electronic

circuit shown iﬁ Fig. 2.4, It cpnsisfed of a specially designed amplifier

‘
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ﬁbwered from a variac (Superior Electric Co.; Powerstat type 2PF136).

The power from the variac was transformed using a step-up transformer

(Hammond type EN7P), rectified by means of fgur diodes (IN 1120) and

accumulated in a bank of capacitors. The en;rgy was released as negative
nglses with voltage range of 0 to 750 volts triggered by a pulse generator

(Hewlett Packard Mode& 8005A) which in turn could be triggered at the
. N

, desired moment either automatically by the photocells or manually. The

-

very high amplification was necessary to pulse enough current through the
* e
wire to create hydrogen bubbles of acceptable size in the viscous liquids

used in the present work.

i

The output signal (max. 5 volts) of the pulse generator had a
reversible polarity and a 0.3 cps to 107 cps co;tinuously adjusgﬁble
repetition rate with a variable pulsg width ranging from 3x10~8 sec. to
3 sec.. The sharply rising and falling voltage pulse enabied essentially
instantaneohs triggering of the d.e. voltage. The characteristics of the -
output of the pulse generator, such as pulse width, period and amplitude
could be accurately monitored on an oscilloscope.

©

The provision of a switch in the output of this power ﬁﬁpply
. g,
permitted an easy polarity reversal which was used when necessary to clear

the cathode and thereby improve the quality of the tracer bubbles (i.e.

smiller and more uniform bubbles).

( - |
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‘ . 2.2.4 Configuration of electrodes . ‘

2.2.4.1 Cathode
The conventional cathode consisting of a platinum 13% Rhodium
wire (0,001 to 0.010 in. thick) mounted on a glass frame (see Fig.2.5(a))
was tested in preliminary experiments. The wire was aligned with the
_ diametric plane of th; bubble. Upon passage of a bubble,thin wires were

often broken; whereas, thicker wires (3 0.005 in. thick) broke the bubble

into two equal size bubbles which rose side by side to Ehe top of the

[ IR P VL i - S

\ column. Consequently, it was necessary to construct a probe that would
<

let the bubble pass without breaking it and that would remain rigid.

[ |
Since the bubble and the flow field were axisymmetric only half
of the diametric plane needed to be considered. Based on this idea the
3 cathode probe shown in Fig.2.5(b) was designed. It consigted of a bent
3 glass tube of 0.8 cm. O.D. and 0.6 cm. I.D.. A tungsten rod 7 cm., long

and 0.2 cm, diameter was held at the lower end of the glass tube by

melting the glass around the rod. Mercury placed at the bottom of the
glass tube provided the electric contact between the tungsten rod and
copper wire led from the power supply. Across the tip of the tungsten

rod a2 0.0254 cm, thick tungsten wire was soldered. Because only half or

-
xS o e R A LA Tty S ot 3o SIS e

slightly more than half of the bubble passed over the tungsten wire, -the
bubble did not break. By sending an electrical pulse to the wire
! triggered by the photocell when the bubble had just passed the cathode,

tracer bubbleS could be introduced into the wake.

9

(:) “Approximately equal sections (v 0.2 c¢m.) of the cathode wire
were insulated to generate sufficient hydrogen~bubbles. The method of

74y

o
&
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. Q . FIGURE 2.5 Configgration‘of Electrodes

- \ | L

. (¢c) Anode




AN I T S0 ARG Crta g

~

19,

~‘ : l
Oov -
, .

masking the wire by "sandwiching" it between caidkoard cut-outs and thep
spraying with several thin coats of paint as suggested by Schraub et al
(1965) was tried 'but it was unsuccessful as indicated by. an uneven produc-
tion of hydrogen bubbles. The method finally adopted involved applying -a
thin coat of red enamel paint (Kryptgg manufactured by Borden Iné:j oT a
high voltage corona dope (manufactured By de;eral Electric) with a‘small
brush over the entire length of the wire and, after dr&ing,cdissolving

) off the unwanted insulation by applying drops of acetone to the wire.

TR AR R IT IFEDY T T OF IR A VL SR~ TR S A

e

| The cathode probe was steadled by a probe holder (see Fig.2.3(b))

whlchﬁi}lowed accurate posltlonzng. It cons1sted of a slotted brass rod ’,‘_,-A——E

a \ 2 ¢m. diameter anq_l§’ggl_;9ggﬂfixed~%o~a~p1§ff'¥m wﬁzziﬂ;zgﬂ;;;;;;;ﬂdﬂﬂd !
E - i ‘ .m;unted on a ;all. The platform could be moved in two perpendicular %

directions in the horizontal plane and cqyld also bé\rqggted. A brass §
F nut with a teflon inserf was used t& fasten the glass pnoﬁé\tq‘the slotted . g
4 brass rgd. ) ' %
: 2.2.4.2 Apode S ' \ ‘

" : &
The anode terminal is shown in Fig.2.5(b). It consisted of
*«

0.05 cm. thick rectangular (5 cm. x 8 cm.) copper plate attached-to a 2

-

e

-L

A

. ) cm. long 0.2 cm. diameter tungsten rod that was fixed to a glass tube

¢

similar to one used for the cathode. The copper plate prov1ded suf-
ficiently large area to reduce the resistance of the circuit. The anode

was fixed 'in the column at the same level as the cathode terminal but

near the wall out of the field of view.
> :
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2,2.5 Camera moving device
A sketch of the camera moving device is given in Fig.2.6. It

consisted of a platform attached to a sysfem of pulleys. “This platform,
/‘ .

e Mg o o ey,

on which the camera was mounted, could move up or down at ﬂ} speed

9 . -
between 0 - 200 cm./sec.,; with the use of a variable speed electric motor. .
- . |

1Y, T

“

- The powerlfo.this electric motor was switched on and off automatically

]
! by means of the photocell controlled relay. Two guide rods were provided

to prevent vibrations when the platform was in motion. The variable motor
N . X

P - SR VR v v W il

’\L///\ speed controlier was calibrated to allow the desired speed t? be selected.

"

—/ t -

et P
2.2,6 Lighting and photography

\ .
The lighting arrangement is shown in Fig.2.7. Two types of

PO, L g

lighting were\émployed: back-lighting and side-lighting., The back-lighting

~ was provided by a 116 cm. long Sylvania fluorescent tube light which was

el e A X

\
chosen over the conventional'flood lighgs to avoid generation of excessive
A\
unwanted heat because the viscosity of the test liquid was’ very sensitive
o ' ¢
. to temperature. For the shape study,the wall effect study, the skirt' forma-

tion study and the coalescence study only back-lighting was used, 'since

v

M
v eeraA T

it gave excellent photographs of bubbles with a shé;p,‘dark outline

silhouetted against the bright background. (See typical photographs in

R .

éhapﬁér 3,5, 6 and 7.)

~
. The most successfﬁl lighting for photographing the tracer

Na

bubbles was by illuqination with a“sharply hollimatégagheet of liéht

from the side obtained using two slits in series. The light source

R <

consisted of two 1000 watt self cooled spot lights (Naren Industries Ltd.,

Model ﬁ-lOS) placed about 60 cm. apart. The thickness of the sheet of
| S
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only when photographs were being takip. In the flow field study it was
,as well as the tracers,‘hence a
combination of back and side illumination had to be employed, This /
resulted ?n photographs §howing a black bubble surrounded by white tpacef

bubbles on, a gray background (see Fig. 4.4),

A

1

A

&

Photographic récords’of'tﬁe vgrious types of experiments
were obtained on 4-X 16 mm. reversal films ASA 400 with a 16 mm. Bolex
reflex ciné camera that could operate at 12 to 64 frames/sec.. Various
lenses and filﬁiﬁg speeds were employed. The speed of the camera was
1ndepende£t1y determined by f11m1ng a clock accurate to 0.01 sec. for
about 4 sec, at the beginning of each film,
I ‘ , Co |

2.3 Rangp ofoar1ables Studied

The hydrogen-bubble flow visualization technique requires the
presence of water in the liquid medium. An aqueous sugar so}ution was
" chosen as the liquid because it satisfied this/requirement and because
its viScosity could be varied over a wide range by dilution. The concentrated
sugar solution ("sugar invert") was obtained in buiﬁ?%rom a local sugar ’

refinery.* Although pale yéllow in colour it was sufficiently clear for |

\

* The donation of the sugar solﬁtion by St. Laurence Sugar'Refinery,LMontreal,
is gratefully acknowledged.
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" |
_photography. Since the properties of the gas do not play an important

role in the behaviour of bubbles, air was used as the dispersed phase,

The\raqgir of the variables studied in the present work are summarized
e

in Table 2.2.

i A b

\

2.4 Experimental Procedures

"
;
"\
I
h
N
‘
%
%
4
'

The test column and.the surrounding square 'box were filled

with the concentrated sugar solution. Initially a small quantity of

distilled water containing some sodium sulphate was added to the liquid

5 Y
«

e

to enhance its conductivity. Air was dispersed in the liquid for some

time to achieve good mixingyand.the liquidiggi\left overnight éo cleér \ ;
the disﬁersed air. The physical properties of the liquid were then
) measured. The ?ehsity of the liquid was dete;yined with calibrated
. !hydrometers;'ihe viscosity with a Cannon-Fenske Capi}lary viscometer and
the surface tension with a ring tensiometer, Since the viscosity of the

liquid was very sensitive to temperature, the temperature variations. in

.the vertical direction were minimized by circulating the air in the
laboratory with three fans.. The vazious'procedures\employed for the
- \

different measurements are described below.

/
\

y 2.4.1 Shape and rise velocity measurements

The required volume of bubble was introduced into the liquid
[

column by means of a calibrated syringe and caught in the.dumping cup.

\

~

The accﬁracy of the volume measuring technique is discussed in,Section

3.4.1.1, After the disturbance in the liquid due to the buﬁple injection

(:) ) had subsided, the bubble was released by rotating the cup. ?he bubble
motion was photographed using back-lightipb with a stationary 16 mm Bolex

ciné camera positioned at 330 cm from the centre of the columm and 110 cm

. \ |
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TABLE 2.1 | .
Range of Variables Studied .
Continuous Phase: AQUEOUS SUGAR SOLUTION /
p = 0,62 - 28.2 Poise '
- p = 1.30 - 1.39 g/cm’ i
- ‘c = 76.7 - 80 dynes/cm
M, = 2.39x107% - 8,755102 ‘
' ~
Dispersed Phase: AIR
, p o= 1,84x10"% - 1,85x10"% Poise
o = 1.18x10% - 1,20x10"3 g/cn® I
\
</
Bubble Volume: =, 0,08 - 139 (cms)
‘ |
Temperature: 20.8 - 25.3 °c
Column Diameter: 29.2, 14.4, 7.06 cm. 1.D,
&
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above the bubble generating cup. The time of passage of a bubble through
the column was obtained automatically by a clock activ&ted by photbcells.

The cin& film was projected onto the lower surface of a trans-

~

parent screen and the shape of the bubble was traced on a semi-transparent

\

paper.” To obtain the appropriate magnification factor, an accurate scale
. | r

(25. 4 cm x 25.4 cm) Qas suspended in the liquid in the céntral plane
conta1n1ng the axis of bubble rise and'photographed The projection of

the photograph of this scale also showed that the square box surrounding the
cylindrical column was successful in e11m1nat1ng the radial optical \
distortion. 'Errors due to the oblique viewing of bubbles were avoidfd

by tracing the bﬁbﬁie image when its position coincided with the optical
axis of the camera. To allow ready comparison of shapes of bubbles of
different voiumes and in different liquids the images of the bubble were
always pr;jected at a fixed magnificationr The acchch of Fhetshape
measuring technique is discussed in Section 3.4.1.3.

The velocity wasldetermined from the bubbigfgisplacement data
obtained from the ciné film or from the photocell Bctuated clock. The
accuracy of these two techniques is discussed in Section 3.4.1.2.7
2. 4\2 Liquid velocity field measurement

r~ F
For the flow field study a combination of back and side-

lighting (see Section 2.2.6) was used. The ciné camera was mounted on the

platform of the camera moVing device and moved to the same level as the lower

photocell. The electronic egﬁipment for: generation of tracer bubbles

(see SectionIZ.z.S), the lighting system and the camera moving device
'were all ‘prepared fo& use, Sufficient hydrogen bubble tracers were

generated in the lighted, central plane, perpendicﬁiar to the viewing

axis of the camera. The bubble was introduced into the liquid and

Al
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released as described earlier. When the bubble reached the level of the

bottom photocell the activation 'system (see Section 2.2.2) switched

.. on_the clock, the pulse generator and the camera moving device. The

motions of the bubble and the tracer bubbles in the surrounding liquid
{
were simultaneously recorded by the ciné-camera moving at the same

speed*.as the bubble. When the bubble reached the level of the upper

photocell the various inst;umentgwwere automatically switched off.

The above procedures were used to study the flow field in

\ .
the immediate neighbourhood of the bubble. For the flow far away from

the bubble and specifically behind the bubble the same experimental

procedure was fby&bwed except that the ciné camera was kept S®atiomary

while filming. |

\

Two camera speeds, about 12 and 32 fr;méf/sec, were employed.
At the low filming speed the exposure was ibng enough for the tracer
ﬁubbles to appear as streaks. These streaks represent velocity vectors,
thus showing the overall features of the velocity field in a single

photograph (see Figs. 4.4-4.8). Details of t?e liquid motion were obtained

from frame-by-ffame analysis of the film taken at the hi;her speed.

\

2.4.3 Bubble interaction and coalescence observation .

i

The interaction and coalescence of two vertically aligned

bubbles were-studied as follows. The volume of the leading bubble was

* At the beginning of each experiment, the speed of the camera moving
device was preset at the rise velocity of the bubble under study.




introduced into the dumping cup by meahs of the calibrated syringe.
When the disturbance in the liquid had died, a desired volume\for the !
trailing bubble was measured into the syringe and the syringe was con-
nected to the air inlet via £he Luer valve, The first bubble was
released from the cup and the second was ihjected from the syringe into
the column. The initial separation distaqce of the bubbles could be
adjusted by varying the time between inverting the cup and injecting

. ~

the second bubble. Both bubbles went/éhrouéh the inQerted funnel above

the dumping cup and'were thereby vertically aligned. The motion of the
/

a

bubble pair was recorded by a stationary ciné camera.

! .
2.4.4 Wall effect measurements

The influence of the wall was examined by studying the behaviour

Il

of bubbles rising in columns of smaller diameters? For these experiments
. ]
smaller plexiglass tubes were inserted from the top into the large column

) ‘ * _ .
and aligned over the inverted funnel. The experiments were performed

using the procedure described earlier.
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CHAPTER 3

|

SHAPE AND RISE VELOCITY OF BUBBLES

3.1 Introduction ‘

In~many mass transfer devices gas;liquid contacting is facili-
tated by dispersing the éas in the liquid. The purpose of this subdivi-
sion .of- the gaseous phase into small bubbles is generally two-fold; it
increases the interfacial area and it produces relative motion between
the phases. . Both of these effects contribute to an increase in overall
mass transfer rate.

Several investigators have studied mass transfer for a single

y
bubble in order to obtain information which might ultimately aid ir the

design of large scale cont;ctors. An estimate of the overall rate of
mass tgansfer in a bubble column can be obtained by considering the mass
?ransfer for a single bubble. To do this it is necessary to predict the
terminal velocity and the shape of the bubble-from its volume, since the
residence time of the bubble is dependent on the terminal velocity and
the mass transfer coefficient is dependent on the terminal velocity and
the shape. B - 1

This Eha%ter reports the study of bubble shape and terminal
>elocity in relatively viscous Newtonian liqPid me&ia. It is well known
that the sﬁapé as well as the ;ise veloc;ty/of the bubblelis strongly
affected by the proximity of the container wall. In this chapter the

bubbles are considered to rise in an infinite medium. The wall effect

is dealt with in Chapter 7. _J/////“\\\_,_

!
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3.2 Literature Review

3.2,1 Dimensional analysis .

Any body rising or falling under gravity reaches a terminal
. \
velocity when”the forces acting on it are in equih&brium, i.e.

¢
P

drag®force 4 buoyancy force 4+ weight = 0 (3.1)

For rigid bodies the drag is a function of the shape of the
> body, the terminal velocity and the physical properties gf the medium,
However, for fluid g;dies such as a gas bubble the situation is further
complicated by the fact that:
(i) the bubble can be deformed under éhe action of hydrodynamic
forces, and
(ii) a vort;x motion may ensue inside the bubble due to momentum
transfer across the interface. |
Thus, the shape of the bubble and therefore the drag force actirg on it
will, in general, be a complex function of the hydrodynamic, viscous and
interfacial forces. -
Since a general analytical solution for the "drag'" of a bubble
is not possible except for special cases which will.be d;s;ussed later,
various workers (Schmidt 1934; Rosenberg 1950; Habermgﬁ&and Morton 1955
and 1956; Wegéner and Parlange 1973; Grace 1973) have tried to correlate
experimental results by dimensional analysis.

¥

The relevant physical quantities for a single bubble rising

at its terminal velocity in an infinite liquid are:

\
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A
)

‘ U = terminal velocity of. bubble
4:‘*, 3
o & ™ acceleration due to gravity
5 -
) p = density of the liquid
3'“ * .
& pt = der/isity of the gas .
¥
‘l W = viscosity of the liquid

-

'u' = viscosity of the gas

RPN S

¢ ™ surface or interfacial tension

. 1
de, = equivalent sphere diameter 1
It is usual in the studies of bubbles and drops to employ the K
equivalent sphere diameter, de’ as the relevant length parameter because .
3 . it is independent of the bubble shape and is related directly to the
4 A
A
“bubble volume: . i
] .
4 d -— 6V~'1/3 * .

(3.2)

For gas bubbles rising in liquids the number of variables to
“be considered is usually reduced by assuming that the motion of the

enclosed gas has a negligible effect on the flow.* Thus, the density and

‘the viscosity of the dispersed gas can be dropped from the above list.
With the remaining six variables and the three dimensions of ‘mechanics,

we can form three dimensionless groups which will describe the motion of

the bubble. Various combinations of dimensionless groups have been used,

for example:

* This assumptiorol is justified because the ratio of the pressure and the

viscous forces exerted by the gas on the interface to the same forces

O exerted by the liquid on the interface are p'/p and u'/u respectively,
which are usually smaller than 10~3 and 10-2, respectively.
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significance are listed below;

"F1(Cp,We,M) =-0 | (3.4)
-2 ' # ‘ . - ‘
F;(Re,E6,M) = .0 ) (3.5)

\ N
I?I(Fr,Re,M)?ﬁm o (3.6) |

bl
yo—
M 1

The definitions of these dimensionless numbers and their physical .

”

o

fe = P4 o inertial force. (Reynolds Number) (3.7)
H viscous force
.2 .
we = PUde o« jnertial force (Weber Number) (3.8)
o surface teénsion force
E8 - 8de P« buoyancy force " (E6tvos Number)  (3.9)
"o surface tension force : :
' ’ @
Fr = U0 « / inertial force , (Froude Number) (3.10)
gd, © buoyancy force. )
Cp = 4gde « buoyancy force (drag céefficient) (3.11)
.3y2 - inertialfbrce - . )

-

4

M = gﬁ_ - liquid ﬁroperty parameter (Morton Number) (3.12)

A2
/

/ ‘po?’ B ) )

-~

Only thre¢ of these dimensionless numbers are independenf since:

.

BN

¢
. 4 173 . )
We = (i‘%%;;) . - i . (3.13) -
¢ N . -
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Fr = ' . (3.14)
3¢ o . )
and ' 1 D )
ES = & WeC) (3.15)

The Morton Number, M, is extensively used in the literature to
correlate experimental data since it is only a function of liquid physical
properties and the ﬁcceleration of gravity. M varies over a wide range;
in ﬁighly viscous oils it can be as high as 105 and in liquid metals it n
can be as low as 10°1%; The va;iations in M are principally due to the -
factor u4,vsinpe p and o do not vary much from liqﬁid t9 liquid.*

. \

% 3.2.2 Classification of liquids according to Morton Number

There have been many studies of the rise velocity of bub?les
in liquids. Most of the early work is summarised by Haberman and Mortoﬁ
(1953,1956). They have made gn exhaiistive study of the literature, col-
lecting dat; of the previous experimefiters and inteéfating these data

wity their own. These workers have demonstrated that the Morton Number,
\ M, has a pr?found inﬁluence on the béhaviour of rising bubbles. Their
results ;show' that, the liquids can.be clasgified into two broad categories
according to the‘M;;ton Number: 1low'M liquids (M ¢ 10'8).and high M
liquids (M >A10‘3)§ each exhibiting radically d%fferent bubble behgzg;ur.

For low M liquids the terminal velocity at first incredses

rapidly as the bubbie volume increases,-achieves a maximum and after
falling to s minimum rises again gradually. The bubble shape is at first

v ~ | ¥ [
. ! 1

I

* Liquid metals are exceptions. %hey are report;}.to have surface
tensions in the range 200-2000°dynes/cm (Slaughte 67) as-BSompared to
ordinary liquids having the range of 20-80 dynes/cd, o
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‘spherical cap bubbles rise nearly rectilipéarly.

34.

spherical, then increasingly oblate, then, at about the volume corresponding
to the maximum velocity, the shape fluctuates rapidly'about an oblate form

\ : : \
until, for very large volumes, the bubbles attain a spherical-cap sha

with a stéady frontal surface and a fluétuating—Eiifi//lhe/bﬁsgi; trajec-
\

tory is at first rectilinear, then at about the bubble volume~#or maximum

velocity, zig-zag or spiral trafectories are| observed. Finally, the
i
For high M liguids, the terminal velocity increases steadily
4
with ‘bubble volume, although the rate of increase decreases with volume.
Small bubbles are spherical. At larger volumes distortion from the \
spheglcal shape occurs, but the correspondlng 1nstab111ty and decrease in

-~
riéi velocxty do not appgar, the spherical cap shape is achieved without

[«
thg/pnbble surface ever becom1ng unsteady. The bubble trajectories are’

rectilinear for any volume. |

‘In attempting to correlate bubble rise velocity data many authors
(Peebles and Garber 1953; Haberman and Morton 1953 and 1956; Tadaki and
Maeda 1961; Jones }96?; Angelino 1966; Kojima et al 1968; Harper 1972)
have plotted 9iperimental results in terms of Cp versus Re at constant

M as suggested by Equation (3.3). The main features of these plots can
be summarised as follows?g\\/ I : ‘ -m
(1) The- Cp versus Re curves have a nearly universal form for
very small and very large Re.
(ii) A For small bubbles ;ﬁg drag coefficient f;lls between the
- diﬁg‘éuf!? of Stokes fof rigid spﬁeres and:the,drag curve
of Hadam%§d for flﬁid sphefes. A trénsition froF the

solid to the fluid curve #akes place at a different Re

» for different liqﬁids, e.g. it occurs at Re % 40 for pure
’ v =y



- contain the variable Uj which generally is unknown. Recently, Grace (1973)

35.

' |
watér and Re % 10-3 for olive oil (Haberman and Morton

1953)>

N

(iii) For large Re, when the bubbles are spherical caps, CD

. is independent of Re and has a constant value of about

~

2.6.

1

(iv) 1The variation of CD with M is mainly in the range Re %
‘0(102) for low M liquids where these curves exhibit a

sharp minimum, It is this minimum which corresponds to

’

the maximum velocity, and to the onset of oscﬁllation'for

3
!

the €llipsoidal bubble. ~ ©
) For high M liquids the minimum in the)CD versus Re curve ‘

is very shallow or altogether absent.

From the above discussion it is evident that the behaviour of

(- RN Vg »

bubblgs in high M liquids is distinctly different” from that in low M

liquids. ~ . ‘ ‘ \

3.2.3 Bubble regimes
A plot of Cp versus Re is not completely satisfactory for pre-
‘ : N L4

dicting the rise velocity and the shape a ngp;g/ef/given‘volume addp;s

in a liquid.. An adfifigfﬁi/g;awbaék/gg/;;is plot is that both Cp and Re

pointed out that it is more’ convenient to have only one dimensionless group

(-

containing the terminal velocity U, némely Re and to plot Re versus Eoths
Number, E&, for constant M. Using such a plot he successfully correlated

data for 21 different liquids with physical properties as diverse as -

-14

mercury (M -fs.ﬁilo ) and a very viscous liquid uséd to simulate a glass

melt (SAlB, M -1.0:107). Three distinct regimes of bubble shape, namely
v

’
¢

o . s
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spherical, ellipsoidal and spherical-cap were delineated. (See Fig.3.13.)

It is convenient to discuss the previoﬁs‘WOrk in terms of these regimes.

1
~— \

3.2.3.1 Spberical_ bubbles
| It is widely recognized that interfacial tension forc\es tend
to minimize the surface area of a fluid particle; thus bubb}es.of sufficiently

small Eo (and hence small We) tend to be spherical no matter how large the

vilue of Re.‘ (See Fig.3.13.) Although first pointed out by Saito (1913),

- |
it is not widely appreciated that when viscous forces predominate over

inertia forces a bubble will also tend to be spherical; thus bubbles are

spherical at low Re, no'mgtter how large the value of Eo. (See Fig.3.13.)

For Re << 1, when inertial forces are negligible, the drag coef-
: \ .

E ficient, Cp, has been shown to be

; ~ r | _ 7/ -

: 24

3 CD 4 'ﬁ? (3‘ 16)

o * B . (3.17)

]
;or £luid §pheﬁ( (Hadamafd 1911, Rubcz}nski 1911)’with n! << q gnd
p' << p, the conditions appropriate to a gas bubble. The former equaL‘
tion a@plies to spherical bubblés with a rigid interfaée, i.e. when\su?face-
; active impurities aré"present in quantities sufficient to prohibit internal
circulation (Levich 1962). The layter‘applies:tp a bubbie with a completely

egg mobile interface, corresponding to a very pure liquid. 'Rec#ntly; Golovin.

L
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' and Ivanov (1973) used,the asymptotic matching technique* to obtain /
_ higher order apﬁroximatioh for the drag coefficient of a gas bubble:
- 2 )
Cp Re+ 2+ Re ln( ) ’ (3.18) )

For Re >> 1, Fig. 3.13 shows’tha\t bubbles can i>e spherical
providing that the Morton Number is sufficiently small. Here one expects
the effects of fluid viscosity to be impo;'tanlt in the viscinity of the
bubble surface but of little importance in the bulk of the fluid. At

high Re,Levich (1949) evaluated the.energy dissipation in irrotational
\ :

flow past a sphere and obtained )
&
|
; o ¢ - g_:. : l (3.19)

Y ’

as . a first approxlmatlon to the drag coefficient of a spherical bubble, as

ade wemetat oo

did Ackeret (1952) and Chan and Prince (1965) later but mdependently.

o

raam s s

Moore (1963) improved Levich's result by solying the boundary layer equa-

A

tions analytically. By extending the energy|dissipation calculation to

PR L P

include the contribution from the boundary layer and wake he obtained

v
¢

PR NV

4 -~
B
4 . .

N ( 48 - 2.21
i - 3. 0
Cp _-7..1 (3.20)

4

~.

Golovin and Ivanov's solution is the gas bubble analogue of the well

) known Proudman and Pearson (1957) expansion for a rigid sphere. It matchgs
the Oseen solution, which takes account of the convective terms as Re - 0
and correctly describes. the velocity distribution at _large distances
.(van Dyke 1964), to the Hadamard-Rybczynski solution for a freely cn'culatmg

gas sphere in the neighbourhood of the bubble surface.
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N

Winnikao and Chao (1966), Harper and Moore (1968) and Parlange
(1970) have 'extended the theory to account for the internal as\well ;s

external flow., The theoretical treatment of boundary layers is beyond

the -scope of the present work. The interested reader should refer to

Harper's (1972) review paper.

.o

AN
3.2.3.2 Ellipsoidal bubbles s

------------------
\

Ellipsoidal bubbles are found at relatively high Reynolds

.Number and intermediate E6tvos Number, Grace's (1973) boundary between the

[N

\ . v .
ellipsoidal and spherical regime is somewhat arbitrary betause of paucity
of data and the amount of eccentricity which can be tolerated before a
bubble is considered ellipsoidal, The presence of surface active impuri-

ties has a significant effect on bubble deformation and this further
\ .
complicates the issue. Ellipsoidal bubbles commonly undergo periodic

&

dilations or random wobbling motions which also make characterization of

[

4 shaﬁe difficult. Grace ciassified bubbles as ellipsoids when the ratio

of minor to major axis was less than 0.9. lThe term "ellipsoidal" was
used to refer to bubbles which are oblate concave (viewed from inside)
around the éﬁtire surface, and it did not necessarily imply fore and aft
symmetry. ' <

Taylor and Acrivos (1964) showeé by a perturbation technique
for Re << 1 and We << 1 that a spherical bupb;e&would deform into an
oblﬁte ellipsoid and finally approach a shape somewhat similar to that
of a spherical cap bﬁbb;e with further increase in We. These authors

derived the following equation for the drag of a bubble at low Re:

t

- ™ ¥
t \ , ~ I ,
! 1 r \




bubbles and drops (Winnikow and Chao 1966).

39,
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16 2 R W
CD(- TO'+2+§RG 1rl-2-£+1.33n-:-+.-... (3-21)

-

\

The second and. third terms of the right-hand side of the equation are the
contributions of the inertial effect and the fourth, of the deformation of
the bubble. ’

Moore (1965) and El §awi (1974) have shown for gas bq?ples in °
steady flow at Re >> 1 in low M liquids that the minimum and -subsequent
rise in Cp with Re can be exgﬂained in terms of a transition from a spherical ’
to an oblate gllipsoidal shape.

Finally, the instabilitg;of bubbles, generally encountered in
low M liquids has been studied ex;erimentally and theoretically by Saffman
(1956) and Hartur;an and Sears (1957). These later workers collated pre-
vious results on onset of ins;ability and also experimented on a number of
liquids. No experiments were reported wi;h M >.ib'8 in which the motion
became unstable, Instability was found to set in eithér when Re reachéd

. I
a value of about 200 .or when We (as defined by Equation (3.8))* reached

about 3.2, with the former criteria applying to impure‘viscous liguids and
the latter to purer liquids of low viscosity. It was postulated that
oscillations originated from a surface instability generated by interaction

of surface tension and hydrodynamic pressure forces. Other workers have

obtained experimental critical values of We ranging from 2.96 to 4,24 for

o

'

* Note that Hartunian and Sears have employed a different definition
for Weber Number. - \ ‘ '
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3.2,3.3 therical:cap-bubble§

Most of the previous work on spherical-cap bubbles is summarised

T in recent reviews by Harper (1972) and Wegener and Parlange (1973).”

Grace (1973) has shown that conditions for the occurance of

spherical-cap bubbles are: (see Figure 3.1

A

(i) Eb > 40. This condition assures that interfacial tension

forces play a negligible role in determining the behaviour

of bubbles; and ~ /

N |

\\

(ii) Re >\1.2
;! For low M liquids condition (ii) js*satisfiéd\well before (i).
However, for high M lihuids, bubbles pas; directly from tge\spherical
regime to spherical-cap regime, exhibiting no ellipsoidal regime. Condi-
t;on (ii) then becomes the limiting cohdition. It>sﬁould be emphasized
that in what Grace éefers to as "spherical-cap regime"? he has included all
bubbles with flat or indented (dimpled) bases withéut fore and aft symmetry.
Such bubbles may look very similar to segments cut from sphéres or from“
oblate ellipsoids. In the present work thq\former.will‘be referred to as
"spherical-caps" and the latter as "oblate-ellipsoidal-caps", respeCtiveiy.

Thereehas been considerable controversy regarding the exact
nature of wakes below spherical-édp-bqulés*, bué now there is enough
evidence‘to support the proposition thét a. }ow Re :(often encountefed in
high M liqui&s) these b&bbqu carry ?long with them cléﬁed laminar wakes
while at high Re (usually in low M liquids) the wakes are upcoﬁfined'hnd

turbulent [Wegeneﬂrand Parlange 1973). Spherical ap bubbles in highly
‘ ’ -

* This point is discussed in“Chapter 4.
N

N
~
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vissous liquids have also been reported to trail very thin sheets of ga§
referred to as "skirts'.* (Haréer 1972; Wegener and Pariange 19?3) -
On fhe theoretical side Davies and Taylor (1950) were. first to’
advaqce‘alfluid mechanical modél to determine the ris;‘veiocity of :
spherical;cap bubbles without regard to the nature of the wake.2~Assuming
that: | L Co
(1) the flow around the pubble-cap is potential flow over the -’
forward p;rt of a spheré ;f the same radius as the bubble-
cap, and
(ii) constant pressure condition inside the bubble can be
.satisfied near § = 0 to oxder ez, where 8 15 the polar

/

dngle measured from the front stagnation point, l

\

these authbrs related the bubble velocity, U, to the ‘radius of curvature
at the bubble nose, R, by the simple eqﬁation:**

PO

; U - 2 /R | - . (3.22)

It is interesting to ﬂ§;E that this relation has been found to agree well

with experiments'bo;ﬂ in low M liquids where one expects a turbulent wake

(Davies and Taylor 1950; Rosénberg 1950) and in high M liquids where a

closed }aminar wake is expected (Davenport 1964; Guthrie 1967; Sundell 1971).
) ' Collins (1966) obtainea the second approximation fo the Davies

and Taylor ;xpression by usiné a liéear perturbatian of the spherical shape.

The constancy of the surface pressure was satisfied to terms of order 94

AN

giving: . ) \

|

1

~

* The subject of skirted bubbles is dealt with in Chapter 6.

** According to Siemes (1954), Prandtl had alsé derived the same equation
independently as seenlin his unpublished notes on bubble research.
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42,
U = 0.652 /gR S (3.23)
4,
where R is the average radius of curvature over the front 75° (i.e.
t 37.5° around front stagnation point) of the bubble. Recently, Harper ™

(1972) tepghted Collin's éna}ysis wity the well known irrotational flow
paét a spheroid and found that the spheroid must be oblate ﬁith eccen- §
tricity -14? and the‘Forrespbnding rise velocity ;s given by

U = 0,643 /g:ﬁ- . . \ (3.24)

] | 1

Since the last three equations do not differ significantl}'from each
other, Equation (3.22) is usually used,

In order to obtain a relationship between the bubble veloéity,
U, and the bubble volume, V,Ithe semi-angle subtended by the spherical-

cap, em, must be known. Forﬂspherical-cap bubbles Qith Re » 100, Grace

AR S e T

(1970) has shown that ém is approximately constant at 50°, Using this

k
3

i
A
4

experimental observation together with the geometric relationship (see
Equation (3.40)) whjich gives the volume of the spherical-cap segment,

Equation (3.22) can be transformed into

U - 25v1/6 ' (3.25)

This relation ¥s in good agreement with the experimental data 3

~ on low M liquids (Davies and Taylor 1950; Haberman and Morton 1953; Guthrie j

1967; Slaughter 1967).
. A w |

\
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ﬁ Moore (1959) suggested a free-streamline model which assumed

that the spherical cap bubble is followed by an infinite hxi-symmetric

" wake and predicted values of em = 39% and Cp = 2.1. However, these values

R N
were in poor agreement with the observed values of o = 50° and CD -2.6.

[

" This is not surprising since Moore's assumption misrepresents the actual
. P .

wake, Moore's model was improved by Rippin and Davidson (1967), who pre-

dicted the shape and the velocity by a numerical method. They found that
the shape is indeed clpse to spherical cap with Omax =~ 502 which is in

excellent agreement wi h the observed value:' However, their velocity pre-

dictions were about 20% higher than the values observed experimentally.
Mendelson (1967 trie? to draw an analogy between spherical-cap
bubbles rising in liquid apd waves traQe}ling along a plane free surface.
His equgtion*agrees reasonably well with large bubbles moving through low
M liquias but fgils to predict correctly the transition between large
spheroidal and spherical-cap bubbles (Harper 1972). '
Parlangg (1969) has given a solution for the case of spherical

cap bubbles with closed laminar wakes in high M liquids. He assume& that

| < -

Q¢
for Re 3> 1 (but small enough to still have a laminar wake) the flow

., ~
consists of a Hill's (1894) spherical vortex, surrounded by an irrotationgl

flow excepting a thin béundary‘layer.- To Zeroth order the volume of the
bubble was ignored Eompared with the volume of the enclosed wéke. fhe

role of the bubble was primarily- to furnish, by its buoyancy, the energy

N )

necessary for the rise of the wake. The theory gave for the rise velocity

\

1/3 2/3  1/3 1/3 °
U -_;.(g?) e @ v ‘ (3.26)

o

* By replaciﬁk the wave length in the well known Kelvin's equation
(Lamb 1932) for wave velocity by the equatorig% cir mdg, '
of the equivalent sphere Mendelson obtained: - f20 ,Ze
. A Tp o -3 .
’ B

[
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where it should be noted that the rise velocity can be calculated from a
known bubble vglume and the physical properties of the liquid,junlike ngies
and Taylor éxpression, Equation (3.22).

/ Assuming that the boundary layer corrections computed by Harper
and Moore (1968)* paé be applied, Parlange (1969) also gave a second

approximatiornr for the rise velocity:

-

© b &

U = U1+ (6.6 - 0.14 Inke ) (9 re )" 1/2] (3.27)

where U, is given by the zeroth order result of Equation (3.26) and

ZpR p § o

Reo - .
Davidson (1974)** showed that viscous flow around a spherical-
cap bubble rg;ults in a different radial pressure distributioﬁ within the
fluid from tﬁat,ogfained for potential flow. In order to maintain constant
pressure within the bubble, he calculated that the radius. of cﬁ}vature

was decreased Gitb increasing viscosity, and was related to the bubble's

velocity by:

~ - SU” 128 (
R T 33 [” 77--3—] | (328)

903

i

" * In a later paper Parlange (1970) presented his own version of the

boundary layer correction (see Section 4.3 for details). However, both
theories yield essentially the same numerical result for viscous dissi-
pation and rise velocity. \

** The author is grateful to Professor J. Davidson of Cambridge University,
who graciously provided his-research notes3on this subject. Since
Equations (3.28) and (3 29) ha ;e not been ubllshed elsewhere, a brief out-
line of Davidson's derivation s presente& in Appendix ‘A.
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g and U = 2 /gr - S (3.29)
2 0 pRo
<
: } &
Note that by putting u = 0 in the above expression Davies and T§ylor's Q
. ! R
relationship, Equation (3.22), is recovered. L_(‘}%

\\\\\

-

3.2.3.4 Qblate ellipsoidal-cap_bubbles

LR PP R PP ppg— E1Y P R —ppp—E ==

It will %e shown later in this chapter that fof1.2§ Re g 45

"and Eo > 14 bubbles adopt an oblate-ellipsoidal-cap shape. Recently,

Wairegi and Grace (1976) have developed an equation that relates the

ok al,
T

rise velocity of an oblate-ellipsoidal-cap fluid particle to its shape:

-1 4 ) .
. U = 30 ¢ '33 € /-L-ng( 'p #b . (3.30)
’ e

-Here e is the cap eccentricity defined as e ...#1-(b/a)2 where b and a

B

B

5

. are the -semi-minor and the semi-major axis, respectively. Their deriva-
] ar <

tion essentially uses the Davies and Taylor assumptions, but with the ’

pressure distribution derived assuming the cap. is a portion of an oblate -
, ) ellipsoid of revolution. Note that for bubbles, where p' << p, Equation -
. (3.30) simplifies to Equation (3.22) as e + 0. A favourable agreement

with experimental data for drops and bubbles was reported.

XA <

3~

3.2.4 Bubble deformation and shape parameters

Most of the early experimentai work dealing with bubble deforma-

tion was concentrated on bubbles rising in low M liquids (Rosenberg 1950;

o Harmathy 1960; Tadaki and Ma-eda 1961; Calderbank and Lochiel 1964;

' (;) . Caldérbank 1967; Aybers and Tapucu 1969). Of these studies that of Tadaki

|
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and Maeda (1961) \Evt'he most extensive,covering 14 different liquids wn:h

y 3. 94x10'11 <M < 2.54x10° -4, They correlated the deformation :mdex,

defmed as-the ratio of the equlva.lent spherical diameter to the major
. axis of the bubble, with Re and M and ‘proposed empiricp,l formulae for
pproximately preﬁicting the bubble shape for low viscosity liquids. o
- e ™

Experimental studies on the shapes of bubbles rising in high M

liquids have been published only in the’ last‘decade. These are summarised
in Table 3.1. J ' ' .
?

The first successful-theor'e.tical treatment of the deformation of

a spherical fluid mticle was carried out by Taylor and Acrivos (1964) for

— L . f

|
low Re and small deformation. These authors used a singular perturbation

‘L? - . * S *
solution ‘of the axisymmetric equation\of motiofPand obtained the first

[}

order and the second order deformation equations describing the surface

o

" of the fluid ﬁarticle. For air bubbles their second order deformation

°

equati‘on, which takes into account the perturbation>due to deformation,

simplifies to: , A ' =

5@ ‘ <

W

,‘ R* == 1 - -ZZ-WePz(cose) - —?—-P (cose)
- 5

YN

(;.31)
where R* is—tPe’dimensionless radial{ﬁi%tance, 1\'/1‘e describing'the bubble
-§urfaée, 8 is the angle measured f}om t@b front stagnation point and
Pz(dbse)aand Ps(cose) are the Legendre polynomials of an and 3rd order,
rpqucéivel&. 'ﬁrignell (197§T e;tended ;ﬁb Taylor‘ané Acrivos solution
:; higher order and derived the follgw@né equation to describ; the bubble

surface:’ . .
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TABLE,3.1 Summary of Bubble Shape Measurements in High M Liquids
. ’ .
) . Approx, * Shape Parameters .
Author ‘ Liquid Used Bubble Size Measured
Angelino (1963,]966) propylene glycol o ML maximm width .
mineral oil ‘ [
glycerine
v .
Jones (1968) SR sucrose solutions . S,M,L mexioum width for : !
P AW of diff. conc. ‘ spherical snd ellipsoidal : N
paraffin oil ’ caps only ’
* glycerol at diff. temps. b '
. Hayashi § ‘Matumobu (1967) syTup L S ' aspect ratios
glycerine * 2 5, (height/width)
*  Davenport (1964) polyvinyl alcchol M,L radius of cap, @
Davenport ot al (1967) solutions of diff. conc. height, basal radius
“Slaughter (1967). glycerine ° ML -yadius of cap, 6
‘ £ \ . ‘ height, basal radius: N
Guthrie (19&) = I polyvinyl alcohol M,L ’ radius of c‘ap, 8
Guthrie § Bradshaw (1973) solution of diff. conc. ~o height, basal radius
Xojima et al (1968) caster oil S,M. o aspect Yatio
§ ; glycerine .
syrup g
m Calderbank (1970) 2q.” glycerol e ~SM,L - inverse of aspect ratio’ °
- Grace (1970)** ) various liquids ' M,L included angle
Sundell (1971) ° mineral oil oML radius of cap, 6,
Hnat (1973) " mineral oil M,L. radius of cap, Op, skirt lemgth,
- stc, Fy \ R ;
Wairegi (1974) sugar solution . S,M,L | = gdins of cap, el, skirt length, R
: paraffin oil c, . )
¢ . Bonato (1971) glycerine of diff, conc. S,M " maximum width and height
* S approx. size 0.1 - 1 cnss ‘ . ‘ i
M approx, size 1 - 10 cm ’ .
L spprox. size > 10 en® . ° . -
‘ *+ Data of other workers on included mgl:. ™) co?rolntid. o
) . ‘ ~- [ ) ’
g - ' ' .
Ov ; ~ b
N - 9
r ' 4 .
N -
o o : ” " ! ¢
N ] .
[ S ‘( ~
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l 48,
R* = 1\ - 3 _WeP (cole) -2 Wez (coée) -+ WeRe{==P 1 (cos8)
24 2 56 Re '3 16 2 §
| .
-1 b (cose) b - Lwere?(log Re)P, (cose) (3.32)
" Ta00 '3 24 g Rel% SN

. = ~
However, this result is of little practical value as shown later in

Section 3.4.2;2. Pan and Acrivos (1968) extended the Taylor and Acrivos
so;ution to the more generhi case where the Reynolds number pertaining

to the honion inside of a bubble iw unrestricted. They demonstrated that
the internal circulation does not affect the shaoe of a gae bubble, whereas

-

it contributes in a minor, but significant, way to the deformation of a

N \

liquid drop. u

At smaller Re whére small deformations from spherical shape are
epcountered~the theoretical approach of Taylor and Acrivos has’ been suc-
cessful in predicting the deformation of bubbles'and drops kWellek et al
1966; Hayashi and Matunobu 1967; KOJlma et al 1968; Pan and Acrivos 1968).
On the other hand at larger Re and for more extensive deformatlons
analytlcal approaches have not been successful primarily because of the
no;;linearities in the equation of motion and the gbpgiggirunknown geometry
of the bubble ;urﬁaee. In eddition, numerical solutions to the full o
Navier-Stokes equation in whieh the shape, as Qell as the flow is unknown

bl

are not economic on present computers. 'Faced°with’these difficulties,

several simple predictive models have been proposed Savic (1953) sug-

gested a procedure vhereby" the shape is determlned by a balance of the

normal Btresses at the 1nterface. Sav1c s approach has been extended by

v \

Prappacher and P1tter (1971) for water drops falling through air and by

Nairegi (1974) for drops and bubbles in 11qu1ds. UnfortunTtely, the

external dynamic preSsure distribution (which in turn depends’on the
- J

9
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shape one Wishes to deduce) ﬁusf be}knewn to apply the method. Thu3,

ﬁthzs method is.of limited practical value for predicting shgpes from

first prmnciples. . ‘ ‘.f

A

3.3 Objectives

A

From the foregoing discussion it is clear that there is no

o satlsfactory theoretical solution available to predict the shape for the

'v\_

wide range of Re and the associated complex flow conditions encountered
in practice; Despite the wealth of data now available (see Table\3:1),
no unified way of presenting and predicting bubble deformation has beé¢h

3

&eborted. The present work on bubble shape was, therefore, directed

-

Jwards collecting more experimental data in viscous-liquids, integratzng

tﬁem with previously reported data and devising a scheme to predict bubble

)
' shape.

Another objective of the present research was to determine the
conditions at which the bubbles change from spherical to oblate-ellipsoidal

to oblate-ellipsoidal-cap and then to spherical-cap. It was also desired -

) to delineate on Grace's plot (i.e., Re versus Eb plot) other possible sub-

,regions,sdch as spherical-cap with closed.steady wake, spherical-cap with

open unsteady wake, skirted bubble with smooth skirts, wavy skirts, etc..

s In his review paper Harper (1972) points out that: 'More experi-

mental results are desirable for Re > 10 and M » 10” 6 there seems to be

a change 1n the ¢haggcter \?f the*Cp versus Re curves between M w 1075 and
M= 10~2 but no transltlonal casSes are avazlable." The present experiments
were performed on high M liquids (213§x10' < M < 7.11x10%) in drder to

fill some of the gaps present in the insting experimental data.

PP AR g
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' - It appe;zrs that no systematic experiments have been repoﬁed in
liquids of interﬁediate values of M to determine fﬁe value of M for which
there will be no bubble instability and maximum rise velocity. If this
critical vafue of M could be‘lgcated precisely, one could use this as the
bound;ry between the low M liquids and the high M lidhids. In fhe present
investigation an attempt was made to locate this critical value of M.

. N\
The final objective was to test the available theoretical models

s A e e

g .~ predicting rise velocity and to point out ‘their limitations.

» N -
s K N \)

3.4 Bxperimentai Results and QiScusbion
Ie .

- L The results bbtained on shapes and rise velocities of bubbles

are presented and discussed in the following settions,

. X k y‘ <\~ \

3.4.1 .Evaluation of measuring techniques
- 3.4.1.1 Volume measurement :

3 . . The simple‘method of introducing a desired volume of gas into

the liquid column by means‘ of calibrated syringe as described in Chapter 2

4 \\\ was .checked as_follows. For large syringes, the volume was checked by

cétching the bubble at the top of the column wifh a funnel leading to a

graduatéd cylinder. For ‘the smallest syringe (1 cm3 capacity) the.volume

~

introduced was compéred with that calculated frdﬁ photographic measurement
of the bubbles which were either perfectly spherlcal or oblate e111pso1da1 ‘

Both of these checks verified that the volume introduction technique used

-

in the present work was accurate w1th1n %t 1%. The volume was corrected

° to the local hydrostatic pressure at the midpoint of the test section where
. | » )
all shape and velocity measurements ?ere made, o

®
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3.4.1.2 Velocifz measurement

\ I

Using the ciné-p#otography technique described in Chapter 2, the

I

instantaneous rise velocity of a bubblg could be determined within + 0,5%
accuracy. Typical results of bubble displacemerit with time showed a linear
. relatf%nkhip indicating that the possible increase in velocity due to the
change in hydrostatic hQ§d was ﬁegligible. The average ri?e velocity

' measured using the two photocells was accurate within t 0.9%. The agrée-

ment between the results of these two techniques was found to be excellent,

""""""""""""" momssess : \ ;
_The shapes of the bubbles were obtained with the photographic .

method desqribed “in Chapter 2, Careful analysis of a great number of
tracings from the films indicated that an oblate ellipsoidal or spherical,

shape desc¥ibed the whole of tHe contour of the bubble except the base of

o

4 éhe bubble which was slightly conve& for small bubbles and flat‘for larger

bubbles. To determine the ellipsoid or spﬁbre which fits the shape, the

\

following procedures were used. -
(i) Oblatezellipseidal-cap_bubbles_as_shown_in Fig,3.1(a)

On the tracing of 'a bubble a vertical axis of syﬁmetry

’

was determined by folding the tracing such that the left and the right
halves_of the bubble coincided. °‘The horizontal symmetry was similarly
obtained by £41ding the trécing along the maximum width of the bubble.

By superposition%ng the top half of the bubble on to the botto?, thep
V ellipse which fits the bubble was fompleted. too |
(i) Oblate-ellipsoidel-cap bubbles_as_shown i EAgS1(b)
The vertical symmetry was found asuﬁefore. Assuming the
origig of éhe co-ordinate sy#tem at the nose of the bubblé‘the equation

- -~

A N .

il
N




‘ of the ellipse is given by: v

2 2 - \
b2, Lab) ™ 10 (3.%5) ’
a? l:t2 .

¢ where a and b are the major and minor semi-axis of the ellipse, respectively.
A} l a

& "' The value of a and b could be obtained by solving
A

»

Equation (3.33) using any two co;ordirié\te points Hli)‘ingwop the bubble

»

o
-

boundary. 'To increase the accuracy and avoid St;bj ective error intro-
duced when d;awing the bubble shape, se\reral co-ordinate Ipoints on the
bubble boundary were obtained to give s/everalv estimates of a and b from
Equation (3.33). Provided that the co-ordf.naltes were suffici 1I:1y widely
spaced, five co-ordinate points were found to be satisfactory in\ giving

1 '

values of a and b with t 6,5% accuracy. '

bod ol e aats

. )‘(iii) Spherical-cap_bubbles _as_shown_in Fig.3.1(c)
2 , ) The verti&al axis of symmetry was found w;s before. 'fhe
centre of the sphell'e that fits the bubble was located by superimposing on
the bubble tracing a transparent plexigle\lss plate (1 mm. thick) on which
circles of varying radius at intervals of 2 mm. were inscribed. The

values of radius of curvature, R, using this method were determined with

+ 5.0% to + 3.0% accuracy.for the smallest toslargest radius, respectively,
The values .of t}@_mas‘uréd-rédidaé-qf ‘eurvature weére found to be in good

agreement with those calculated geometrically from measurements of the
|

basél radius, a', and the height, h, of the bubble.
4 Having determined thé ellipsoid or sphere that €its the shape

the following shape parameters defined in Fig.3.1 were measured.

a? f > -

ot

2 ! LI
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!

a = semi-major axis
A ! b ™ semi-minor axis
* h = bubble height

{ W - bubble width

a' ™ basal radius

- A \ . \
¢' = indentation

R = radius of spherical cap

8, = semi-included angle

-.3.4.2 Bubble shape results

» N\

!
The photographs in Fig.3.2 show all of the shapes encountered
gr

AY

N in the present work. The change in the bubble shape with the variation of

liquid properties ilJustrated by the series of photographs in Fig.3.3

for a 9.3 cm> bubbf@@n eight differdnt sugar solutions. The viscosity

was ,ovaried from 28 to 0(85 Poise giy(ing Re = 2,47 to 151. To facilitate

visual comparison /th ubble is shown at the same magnificatiori in all’

the photographs/ The effect of bubble volume and liquid properties on

L

~

bﬁbble shape is demonstrated in Fig.3.4(a) & (b). The horizontal series of

.

tracings in these figures dep'ict the gradual i:ransformation of the bubble

shape with increase in volume, from sphere to skirted bubble or to-spherical-cap

bubble depending. upon’ the physical properties of the liquid. The progres-
. : > ! \
sive stages in these transformations are summarised schematically below.

\\ / l . \




55,

5

!

‘ ' . &

% \
5 .
K | FIGURE 3.2 Photographs of Typical Shapes of Bubbles
. i
Liquid Properties . / 3 |
o o Vs U
- No. (Poise) (;/pcns) (dynes/cnm) M (cm”) (cm/sec) - Re EY Ne Shape*

1 26.80 1.3%0 80.0 7.11:102 0.19 2.12 0.078 8.67 . 0.056 -]

2 " " " " 0.56 4,37 ° 0.232 17.7 | . 0,339 OB

s 0.84 1315 7.8 ' 8.20x1074 1.39 25,49 55,8  32.2 15,4 gD
: 4 20.84 1,384 79.0 2.66x10°  27.8 3112 7.77 43 63.8 oec

1 1.30 1.326 77.0 4.63:10'3 9.3 35.33 N0 115 -130 scC
Y 6 0.8 1315 6.8 8.20x107* 27,8 4s.e3 - 29 237 1 sc0 -
s 4 v [}
Co 7 13.18 1.378 79.1 4,30x10 46.3 39.12 18.3 e3."»9 119 SKS
3 - »
; ] " " " " 120.3 47.14 30.3 641 237 /' SKM
3 . S - spherical .

OF - oblste ellipsoidal

OED - oblate ellipsoidal disc-like . @

OEC - oblate ellipsoidal cap 4 ‘

SCC - spherical cap with closed toroidal wake ! ’

SCO - spherical cap with open unsteady wake N

SXS - skirted bubble with steady smooth skirt N

J SKW - skirted bubble with wavy skirt
* Note: " Bubbles are not shown at the same magnification. The grid in the background is approximately 2 c® x 2 c».

‘.|

| N

{

\

A

-
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FIGURE 3.5 Effect of'Liquid Property on Bubble Shape
Bubble volume = 9.3 ca’; 4, = 2.61 cn.

Liquid Properties

(Po:u) (1/?:_!-';) _(dy-n:s/ cm) (ct/ls’cc) Re ES
28.00 1.389 80.0 - 19.10 2.47 116
20.84 1.384 778 20.61 3.87 116
13.00 1.378 79.1 25.92 7.16 116
7.81 1.370 8.8 29.15 13.3 116
5.42 1.361 78.0 5118 204 116"
2.85 1.346 77.6 34.28 2.2 116
1.30 1.326 77.0 35.33 94,0 - 115
0.85 1.314 76.8 37.55 151

114

OEC - oblate ellipsoidal-cap
SCC - spherical-cap with closed toroidal wake
SCO - spherical-cap with open unsteady wake

Note:: All bubbles shown at the same magnification., The grid

1

o
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u M
(Poise) (-)
R

26,80  7.11x10°

L1398 5.55x10
13
v 7,30
v
. .
7.86
2.89  1.09x10°" Q
28.13
1.00

1

Voluse (a’) —

1 Bo(=) %

0.4¢
15.6

——

' 2 cm l

0.19 0.38
0.63 .1 '

10.43

l.84 3.2

0.66

16.13

38.53

R G Y i
v 4

0.93
24.8
o

60.47

N

1.85
39.4

9.28

27.12 '

92.76

4.63
n.6 .

g {

FIGURE 3.4(a) Tracings Illustrating the Effect of Bubble Voluse and
[Taquld Properties on Bubble Shade (e number at the

v
¢

noze 1is

@ coTrres

ng Re;

entation at the bubble

base is not shown; for other liquid properties see Table 3.3)

-
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: ' s - ‘spherical
' N ) ' ‘ . : ' -
, oblate-e}ligsoidal - T e
e INCREASING
" I . n . VOLUME *
' oblate-ellipsoidal-cap

. . - ! J
( / ] l \ ) |
spherical-cap spherical-cap ‘

steady skirt
(open unsteady wake) (closed toroidal wake) ‘

( . ) s v . l ! S ' o
\ P . -
. , steady .skirt |
o ) : < 'l . , .
x . , . . wavy skirt . wavy skirt

oo ' ' fe 1.

. ) Mg0.7 T 0.7 $M L35 ) M>»3
v -

» : ° ’ y

" It is. often feported in the‘liteéature (Haberman and Morton
A . 1953, 1956; Grace 1973) that with 1ncreas1ng -volume bubblesl in V1Scous
) , (or hlgh M) liquids change directly from spherical to spher1ca1 cap

;;hape without going thgough an e111p501da1 regxme.: The present photo-
'éraphs indicate that this i clearly not true. The transformation from
spheriéal to ébherical-cap shape is a gradual process via ellipsoidal and

.0 i 'ellipso;dal;cap shapes, In fact, in fairly high M liquids (M > 3)
ellipsoidal‘bubbles.do not change into spherical caps* but instead around

Re % 12 develop thln sklrts ‘at the periphery of thelr bases. _For inter-

> - medidte M 11qp1ds (3 %M 2 0.7) the ellipsoidal-cap buBbles change- into

[

» *

. X This was found to. be true for volumes up to 139 cms. At considerably
' -larger volumes with higher Re, skirts would be anstable and it is conJet-

tured that at very high volumes bubbles will be spherlcal-cap even in
. s liquids of h1gh M.

. i
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spherical-cap bubbles and then develop skirts. For liquids with M g 0.7

]

no skirts were observed for bubble volumes up to 139 cmz. For skirted

bébbles the length of the skirt was found to increase thh bubble volume

and above a certain volume the skirt became wavy and its bottom edge .

- Fig.3.3(1) to Fig.3.3(63). Similar indentitions have also been reported

showed -some ‘instability (see Fig.3.2(8)). In the remainder of this chapter,

o

only bubbles without skirts are considered. The interesting topic of.

§birted bubbles is taken up again in Chapter 6.

-

The vertical series of tracings in Figs.3.4(a) § (b) show the pro-
. b4

foynd effect of liquid properties on bubble,shape for a fixed vé}ume. It is
observed that as the viscosit; of the liquid decreases the bubble deforma-
tion ‘7 fixed volume increaség making it progressively .flatter. For -
bubblesvof a11 shapes the front surface was always smooth. \The e&ge of.

the bubbles changed from being_rounded for the small sizes to being

quite sharp for the lbrger ones. The bottom of the ellipsoidal cap and
spherical cap bubbles for Re < 110 appears flat bn side-view photographs
but is actually indentéd. This indendation. was readiiy observed visually

-

and it was also seen on photographs of bubbles\zith Re < 50.(see Fig.3.2(4),
by other workers (see end: of Section 3§3.2.2). For spherical-cap bubbles
hith'ﬁe % 110, where the bubbleF have open unsteady'wakes‘(see Chapter 4),

- J

the lower surface does not remain steady but fluctuates as can be seen

™., ~ e

from Fig.3.2(2) and Fig.3.3(8). ol

k8

. 3,4.2,2 Comparison of deformatlon from the spher1ca1 shape with

theoretical pred1ct10ns\

--------------------------- D S D D S TGS W W AD N A AR G T P e N

The experimental shapes of slightly deformed -bubbles ‘rising in

28.23 Poise sugar solution are compared with the theory of Taylor and

[



Fé ’ ] [ -

"

|-

FIGURE 3.5 Comparison of Deformation of Bubbles in 28.23 Poise ‘

. Sugar Solution with Theoretical Predictions

-

’

<

liquid properties: u == 28.23 Poise

p = 1,390
o == 80,00 2
M =" 8,82x10
N . )
V3 U " . Re EY ‘We
. No. (em™) (cm/sec) ) ) ) o
a 0.46 3.94 0.19 15.7 0.26
b 0.74 4,82 0.27 21.5 6.45
, c 0.93 6.63 - 0.40 25.9 . 0.93
d 1.39- 8.00 . 0.55 32.7 .<§;.s4
e . 1,85 8.17 0.61 39.6  1.77 f
£ 2.78 10.00 0.86 51.8° 3.03
left half + experimental shape J—
right half -+ theoretical predictions
For bubbles (a) to (e): the theoretical prediciions of Taylor and
' Acrivos (I964) and Brignell (1973) are
indistinguishable. (Maximum difference
less than 2%.) :
For bubble (£f): ------- Taylor § Acrivos' pred:‘icti.on, Equation’ (3.31)

——e¢—— Brignell's prediction, -Equation (3.32) -

il

@ f
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14 ’ ' l‘ ’ ‘) ' !
Acrivos ‘(Equation (3.31)) and Brignell (Equation“s.SZ)) in Figure 3.5.
The theory successfully predicts the fiattenxng of .the W#bble and develop- '

ment of the indentat1on at the rear as bubble volume increasﬁé :: is

i

noteworthy that for low Re (see Fig.3.5(a) to (e)) Brigyell's higher order
, = i ¢ ¥

/ , v v *
// theoretical predictions do not differ significantly (less- than 2%) from _ , :
/ B N ®
those of Taylor and Acrivos until We exceedsn2 (see Fig.3:5(f))| However, w1
A a

)

at this point the basic assumptions of the theory are violated and both R :

equations fail to represent the observed shape. Henge, it is concluded :

0 ’
~. ) .

that the theory of Taylor and Acrivos is accurate enqu'h for predicting

9

very small deformations and that the higher order theoty of Brignell is |

v . . i
t
{
i

1 »
y f

of little piactical value.

3.4.2.3 (Correlations_for bubble deformation

Y

{
!
i
|
‘ a
. r .
In the preﬁfnt work b/a, h/w, h/de and w/d, and g, are selected /
' as deformation indices to give a meaéure of the dév1atjon from spherical
shape. . The reason for their choice L111 bﬁsome obvious in the follow1ng
/7
- discussion. The shape parameters h, w, 8, b, and 6y héve been defined
in Figure 3.1. The phy51ca1 properties of the 11qu1d§ employed in the an

shape study are 11sted in Table 3.3. Only data on bubbles of d < 4, 3 cm®

rising in the 29.2. cm I.Dn‘column are shown tplgnsure_;hap_;he wall

. ) effect was negligible, ‘ ' W e

(a) Dependetcs.of bubble shape_ocu_Reynelds Number B

~ .
»

The deformation indices,.w/de and h/dé#fare plotted against .

H ~

a - .

The reason for selecting this as a criteria is given in Sect®on 3.4.3.5.

! N\

*

¢




" . Re in Fig, 3.6 for seven sugar so\lutions with M varying from 1‘64x10'3 '

to 7.11x102. On these co-ordinates the/ data collapse gnto a single curve
which suggests that for high M liquids deformation is function of Re only.
This confirms the oﬁsswation of Kojima }_2_5_1_ (1968) for high M liqixids ‘
up to Re ¥ 25, ‘ "
As expeéted, both w/d, and h/de tend toward unity as Re decréases, ’
whereas an asympto;tic mean value of 1.79 and 0.4 respectively is approached
at Re » 100. )
The radius of curvatu’re, height and width of a perfect spherical- o \2

cap segmen‘Lt« (i.e. with flat base without any indentation) is given by:

[ d
y R - — e
3 - 173, . L., .39
N 2(cos o, — 3cosey +2) . Ty
h - R(1% 4cose) " ‘- (3.35) )
i <»
W - :2R sinelll . ' .

\

Using these equations and the mean 'experimentally observed value -
.of the semi-i/ﬁcludgd angle, em -,480, for Re 3 100 ve predict w/de - 1,792
and h/d, = 0.399. Both of these values are in excellent agreement with .

Q \

the expermentally observed values of 1.79 and 0. 4 respectively.

cax

The deformat:.on indices b/a and o, °F h/w give a "complete descr1p-;
tion of bubble shape except the indentation at the base. These deformatlon
indices are plotted against Re in Figure 3.7. The various shape regimes °
(exc[ept skirted br;bbles) are also intfics{te‘d. All three defox)-mat'ion i:;dices
" are well 'éorre»latec,l\aﬁdna e found to\} b_T a function only of Re for these

high M liquids. This is in xontrast to experimental observations in low M
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4 liquids where Tadaki and Maeda (1961) found the deformation to be function

of both Re and M. L g o ) .
, . \\ -~ *’ . . -
- In Figure 3.8 the present correlations are compared with the

-

shape data of other qbrkers for 25 high M liquidq: The agreement is :

excellent bearing in mind the different exberimental techniques and the

;o

wide variety of liquids used. o o )
Kojima et al (1968) presented the following empirical correlation

for high M 1iquids and for 0.1 <Re < 20,
¢ . 4

% = 0.81 - 0.217 log-Re - 0.084(log Re)? (.37

o \
RN -
. B .
\

' !
- N Y ’

This equation, also shown on Figure 3.8, is in.gpod agreeme;t»yith'thé&'
present data. . , T . '
Parlange's ‘theory (1969j;,which w:? reviewed in Section 3.2.3.3,
can also be used to predict the shape of spﬁériéal—cap bubbles‘with laminar
wakes. The lower order and higher order rise veidcities can be calculated
.for a known volum; and liquid'pfgpgrties using Equations (3.26) and (3.27),
Tespectively. The’radius of curvature, h, can then be foundlby Davies

and Taylor's expression, Equation (3.22). Further, neglecting the indenta-

_ tion.at the rear Gm, h and w can be computed by Equations f3.34) to (3.36).°

The values of h/w so calculated were found to be independent of liquid

propertiés, and were only functions of Re as depicted in Figure 3.8, For ~ .

45 > Re > 110 where the basic assumptions of Parlange's Theory are reason-
ably justified the eiperimental data are found to lie\ between the.two

N\ ‘ N

theoretical lines. N \.

\ : o t4

.
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FIGURE 3.8 Comparison of pregent correlation with

previous work

Experiments
Wairegi (1974)

Haberman § Morton (1953)

Angelino (1964)

Jones (1965)

Wegener et al (1971)
Rosenberg (1950)
Davies & Taylor (1950)
6avenport”(19g4)
Guthrie (1967) 3 ‘
Slaughter (1967) |
Kojima et al (1968)
Experimenthl data of many previous workers (see Fig. 3.95
Preseni correlatiSn (from Fig, 3.7) .
Moore (1959)

Rippin & Davidson (1967)

Parlange's zeroth orderotﬁeory (1969)

Parlange's first order theory (1969)

Fact
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¥
Above Re > 110 spherical-cap bubbles have unsteady open wakes*

and are dynam1ca11y similar in shape w1th e % 48° .ﬁBWhen this value of
a k)
em is substltuted into Equatlons (3.35) and (3.36) we "obtain h/w = 0.223,
[ Y
This value compares well with h/w = 0.23 observed in Figuze 3.8,

Previous workers have classified bubbles as spherical-caps for

/

Re as low as 1.2 EJones 1965; Grace 1970)." ‘Careful re~-examination of the

same data revealed that the bubbles were actually oblate-ellipsoidal-céps
0 .
.and that the, spherical-cap classification was used as a crude approximation.

Presentbclassification using method (iii)'described in Sect@on 3.4,1.3
indicates that the bubbles are of spher#cal-cap shape for Re > 45. How-
ever, 1f Colllns (1966) suggestlon of fitting the sphere only over the
front 75° of the bubble cap is adopted then bubbles with Re as low asJ10
can be treated as spher1ca1-caps for the sake of s1mp11c1ty.

. | Using this simplifi;d classification the semi-included angle,
Bms fof,%he spherical-cap bubbles is plotted in Figure 3.9 and compared
with-previous experimental data. The agreement is very good, wifh the .

N

scatter in the present data belng no more than reported by other workers. .
p Parfhnge's theory can be used to predlct -3 for spherlcal -caps

as descr1beq}ear11er in this.section, - The values of em so calculated were

ai;o found*to be indépendengdof liquid-properties and were only a function

of Re as depicted in Figure 3.9. For 10 g Re ¢ 110 the experimental data

B

" are bounded by the lower and the higher order theoret1ca1 predictions.

Above Re 5 110 both theories are very close and predict a decrease in em

kS \

* This is shown in Chapter 4. ‘ : N : .
-t v, 0 N -~
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while the experiments show an approximately constant value, This is
not surprising since beyond this point the wake is no longer closed and
)laminar, and thus the very basic assumption of the theory is v{olated.

On the other hand as Re is lowered below about 45 increasing deviation
from the other assumptions* of the theory is expected thus explaining the

increasing disagreement between theory and at lower Re.

It should be pointed out that there has been some debate

regarding the application of Parlange's theory (Parlange 1972; Grace 1972).- *

This confusion is avoided here by calculating em from the cbmplete equa-
tions of Parlange's theory rather than from the simplified equations

relating 6 to Re which require series expansion and then truncation.
. , A i

T e e e 0 e o e e o T e e

‘ The deformation in terms of h/d, of bubbles and drops has
often been correlated with respect to Eotvos Number, E& (Harmathy 1960;
Wellek et al 1966; Reinhart 1964) and Weber Number; We .(Hayashi and
Matunobu 1967; Kubota 53_32_196?; Aybers and Tapucu 1969; Wellek ggxgl
1566). Unlike th;h/de versus Re.plot, Figure 3.6, the data for the various
liqﬁids did not collapse ontdﬁa single curve when plotted against E8 or
We but were represented by different curveg‘with liquids of higher M
exhibiting smaller deformation. fhus we conclude tha; in high M liquids
the bubble deformation is wéll correlated against Re in\contrqst to low M

liquids where the deformation is reported to be well correlated by We
N .

(Kubota et al 1967; Aybers and Tapucu 1969) or E6 (Harmathy 1960).

r

* At lower Re the external flow deviates from potential flow and the
bubble volume become comparable to the wake volume as will be shown in
Chapter 4. : '
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® : (c) Iodentaticn.of bubbles v

g /

It was pointed out in-Seetion 3.4.2.1 that under certain
conditions the base of the bubble is indented. Sinﬁlgg indentations (or ﬁ
' ' dimples) have been reported by other workers for bubbles (Davénport 1964;
‘Slaughter 1967; Guthrie 1967; Kojima 33.33_1968; Jones 1965; Calderbank
et al 1970; Sundell 1971; Hnat 1973) and for drops (Garnér et al 1957;
Fararoai and Kiﬁter 1961; Shoemaker and Chazal 1969; Wairegi 1972). How-
ever, no measurement of the size. of the indenta;ion has been feported.

With proper lighting conditions this indentation is clearly seen
on photographs of bubbles (s;; Fig.3.3) and drops (see Fig. 6.17(1)) (Garner
et al 1957; Shoemaker and Chazal 1969; Wairegi 1972), however the curved
surface of the dimple is diéplaced on the photographs due to the difference
in refractive indices of\the two phases. Hence it is not possible to .
calculate the actual volume of the indentation from the apparent shape

of the indentation, except where the error due to refraction is small such

as in liquid drops in continuous liquids of similar refractive index.

N

In the present work an estimate of the volume of the indentation Qas
made by calculating the total volume of the bubble caf from the ciose-up
photograph (assuming axisymmetry) and subtracting from this volume the
measured volume of the bubble, ’

The volume of the ellipsoidal-cap bubble, Vg, was calculated
using the following geometrical relationship (see Fig.3.1(a) for,thi
definition of the variables):

R ! - 3 o 3 \
Vee = Zma%b - na?|(2b-n) - B=(hB) (3.38)
* '3 2b2

e ~
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The volume of the spherical-cap bubbles, VSC’ was calculated
using two different geometrical relations which are shown below; and. the

average value'was taken (see Fig,3.1(c)).

/
Voo = LGat’n+n%) O (3.39)
3 2 co§36 o
v Vgo = m (g-cosem+-—3ﬂ) (3.40)

Close agreement between the volumes calculated using these two
~ A '

fbrmulLe was found. : ¥

The volume of the indentation, Vi’ is given by

V. = Vg -V (3.41)
where Vo = total volume of the ellipsoidal cap, Vg, or the-

spherical-cap, VSC-

and V = measured volume of the bubble corrected for the
appropriate hydrostatic pressure, .
@ . : |
The dimensionless indentation volume, Vi/VC, is plotted against
the Reynolds Number in Figure 3.10. From this graph it is seen that the

‘indentation begins to appear about Re % 1.5, and increases to a maximum

at around Re ¥ 40, then begins to decrease. Note that the iqdentaiion is

quite significant for intermediate Reynolds Number with a maximum value
of Vi/VC of 0.4. Similar values have been found recently by Hnat (1973) '°

using shidowphotography for spherical-cap bubbles rising in mineral oil.

~

1
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) , i
. Above Re > 110 the bubble wake is open which causes the bottom
surface to fluctuate. This makes the indentation calculation inaccurate,
as shown by the increased scatter in the data. Neverthelessf the trend
of the data does ipdicate that the'indentat;pn for this regime is negligible

as was found by Davenport (1964) and Guthrie (1967). .
¥ .

3.4.3 Rise velocity results

The terminal_fise velocities of bubbles of volumes 0.08 to 139 cm>

in various sugar solutions were measured using the methods described in

Chapter 2.. The accuracy of these techniques has already begp discussed

in Section 3.4.1.2. The physical propertie§ of the sugar solutions are

<

given in Table 3.3.

Rl LSRR 7PS SN S

et e

3.4,3.1 Correlation between drag coefficient and Reynolds Number

The rise velocity results are presented {n terms of the drag /

coefficient, Cps and the Reynolds Number, Ré, in Figure 3,11. Various
theoretical equations that were reviewed in Section 3.2.3 are also pre-

sented on the same figure. The drag coefficients for bubbles of all sizes

and shapes for all high M liquids with M ; 5.48x10'3 falY on a single

curve,rwhich also compares very well with the data of 6ther workers

(Haberman and- Mprton~1953 and '1956; Jones 1965; Redfield and Houghton
L4
1965; ‘Angelino 1966; Kojima et al 1968). )
. . ¢ \f\\ .
‘\\\ At low Re the data‘correspond to the Hadamard-Rybczymski theory
(Equation\CS*:-LZ)) for gas spheres which suggests that internal circulation
was present for tﬂggé*bubbleSmeIheu?ragMCﬁrvewbegihs to deviate from the
1) ,
Hadamard-Rybczynski equation around Re 3 0.5, indicating that the inertial

effects and the deformation of bubbles begin to affect the drag. Up to

- 2N AR TR M 2 7Y ey
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. , Re % 1.5' the data follow the Taylor and Acrivos theory (Equation (3.21))
which accounts for the inertia effects as well as ‘the effect of the bubble'
deformation. Golovin and Ivanov's theory (Equation (3.18)), which takes
into account only the inergial effects, conférmé to the data to a larger
value of Re ¥ 5, However,. this agreement is fortuituous since the bubble
shape is fa; from spherical at this value of Re (see Fig; 3.4(a)).

¥ i N At increasing Re the drag coefficient decreases and tends to-
wards a fairly constant value of about 2.6 for Re 3,110 where the bubbles
are dynamically similaf.spherical—caps. In the range 45 & Re g 110 where
~ the bubbles are truly spherical-cap shape with a gkosed toroidal wake the
drag data are backed by Parlange's zeroth order and first\hrder theories
(Equations (3.26) and (3.27)). Outside this range the predictions show

increéging divergence from the data because the assumptions of Parlange's

theory are not justified as discussed earlier (see Section 3.4.2.3).

For liquid having Morton Number, M, larger than 5.48x10'3 the

G TR i R - e n

drag coefficient curve is universal, i.e. it is independent of M, and

hence it can be used to prédict the rise velocity of Bubbles of any shape.

S .
; AN The drag data for the sugar solution with M --1.64x10'3 do not
; " /

follow the general trend for the ﬁigher M liqﬁids which suggests that a

change in bubble behaviour sets in somewhere in the Morton Number range

o
N ., e
e ! .o
%, o
[ NRICT,
JLasasaasag A e

Noy s

, L oo of l.ééxloia“i‘M ) in the drag curve for the least
/// ﬁ“ﬂwuhﬁx;ﬁﬁbﬁéwiiquid M X1077) c074esponded to the bubbles having almost

range of values Of M obtained from the data of previous investigators for

N

the transition in the drag curve are compared in Table 3.2. It is clear

that the present data provide the closest estimate of the Morton Number

for this transition. ’ . ‘
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. TABLE 3.2 Morton Number for Transition in Drag Curve &
. f 1
11 | ‘
' Refierence Critical M ) “
present work . 1.64x10°3 < M. < 5.48x10"3
Haberman § Morton (1953 § 1956) | 4.18x10™% < M < 1.54x1072
Jones (1965) . 3.53x107%7< M < 3.76 ;
Redfield & Houghton (1966) 1.39x10°% < M < 2.32x107
Tadaki & Maeda (1961)* 2,54x10°% < M
Angelino (1966)** M < 2.93x10"2 ,
Kojima et al (1968)** M <.1.87x10°2 -
* only lower limit available / ; ;
** only upper limit availab} ‘ 3
/
. / ‘ /I /
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3.4.3.2 Modification_of Grace's_plot

-

. - e 13

Following the method of Grace (1970) the present velocity data

EE A

are plotted as Reynolds Mumber versus E8tvos Number in Figure 3.12. Also

Sefiad

T

shown in the figure are the boundaries ofllhe three shape regimes distin-
guished by Grace. The measured rise velocities of bubbles largér than
de N 4.3 cm. were cofrected for the wall effect using the qgthqd described
in Chapter 7, before including them on this plot. g
Grace transformed the Stokes and Hadamard-Rybczynski equations
for spherical bubbles in terms of dimensionless groups and gave:
. I
1.5 ¢

EU -

Re = T (Re g 0.2) 3.37)

wﬂére k'= 18 and 12 for the Stokes and Hadamard-Rybczynski equations,
respectivélyT The present data are well-bounded by these two equations
for small spherical and even slightly ellipsoidal bubbles, The data for
small bubbles in the most viscous iiquid\ﬁM -711; show very good agree-
ment with the Hadamard-Rybczynski equation, implying that these bubbles
were fuliy éirculating.4 This éan be explained by the fact that these 2
experiments were perfg;;ed on a freshly prepared suga} solution thus

ensuring minimal chance for contamination. i

For dynamically similar spherical-cap bubbles with Re. > 100,

Grace also showed that:

_0.70(E8)0-75
MOQ 25

Re

(E6 > 40, Re > 100) ' (3.38)

v

‘ . 3 - 3
The present data also conform to this ‘equation in the specified regime.
) B

JIn the intermediate range,tﬁe data showed excellent agreement with the

curves presented by Grace on his generalized plot (similar to Fig. 3.12).

‘ /
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FIGURE 3,12 Experimental Rise Velocity* of +Bubbles Plotted ¢ X
on a Grace Plot (i.e. Re versus EG) . . \

o \EXPERIMENTAL SHAPES (see Fig. 3.2) /.
"o 's spherical _ ‘ //

. @ OE oblate ellipsoidal . VO /

, S OED oblate ellipsoidal .disc-like (wobbling)

2 © OEC obla'te-ellipsoidal-cap' )

' ® SCC  spherical-cap with closed steady v;ake~ ,/

j i)‘ SCQ spherical-cap with open unsteady wake ' .o

§ o SKS sicirted bubble with. smooth stéady skirt,

@ SKW skirted bubble with wavy unsteady skirt

}

\ ‘ "PROPOSED REGIME BOUNDARIES
—————— Present work : ‘

------ Grace (1973)

THEORETICAL PREDICTIONS ‘ /
o) - o .

- ~———— Stokes law .

—_— Hadamard-Rybczyn/s’ki

——x— Davies and Taylor

¢ ~_ ~.
*In order to delineate the "oblate ellipsoidal disc-1like (wobbling)"
regime some additional experlments were performed in sugar solution
of . = 0.615 Poise; p = 1,301 g/cm3; o = 76.7 dynes/cm; M = 2.39x10°4,
These are also included here. The physical pronertles of all the
other liquids are listed in Table 3.3,

1
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\ ‘ : FIGURE 3.13 Modified Grace, Plot Showing Bubble Re&im; L }
N (data points removed) i :
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. ) Detailed photographic observation of shapes together with the

¥ additional information obtained from the studies reported in Chapters 4

57 %

and 6, has enabled us to delineate Six additional shape regimes on the

2]

plot. The modified version of this generalized plot* is shown in ~
Fig. 3.13 with the experimental points removed. It allows the predic-

tion of. the terminal rise velocity and the bubble shape, given only the

. g

volume of the bubble and the liquid properties; namely viscosity, density

Il

and surface tension.

«

3.4.3.3 Velocity_correlation for_ large bubbles (Ev 3 40)

--------------------- L e T L]
¢

For large bubbles (V > 2 cms) Angelinp (1966) suggested the

b TR PG TR - e

relation U = KV™ between the rise velocity U and the bubble volume V,

q

‘ where K and m are constants which depend only upan the physical properties
E of the liquid, The present velocity data in a 29.2 cm I.D, column were

plotted on log-log paper (see Fig.3.14(a)) and from the straight line

PR

graph the value of K and m were calculated, The departure of the data

from the straight line corresponds to the point where wall effectsPbegin

o ox e

° to become significant. This point is very well demonstrated in Fig.3.14(b)
i where the data of Wegener et al (1971) for air bubbles of volumes as high
‘ as 320 cm3 rising in two columns of 150 cm and 30 cm diameter are shown.
The present data ascwell as data of previous inxestigators
covering some 49 liquids in all confirm the relation U -'KVm. The physical
properties of the liquids and the corresponding values of K and m are given
N in Table 3.3. The plot of K and m versus M is shown in Fig.3.15. This

correlation is entirely empirical, but quite useful, The

)

* Compared with the recent correlation of Wallis (1974), the present modified
version of Grace's correlation is based on greater range of data, is easier to
use, and provides more information regardingishape regimes. Very recently,

the latter correlation has also been extended and verified for drops (Grace
et al 1976).
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. e TABLE 3.3 Liouid Physical Properties and Vaiues of K and m for the Velocity Correlation, U = KV®
[} - ! ’
s ) )
,: ‘ u . ‘ Py s ¢ Y
s Author ! Liquid (Poise) (g/cm”) (dynes/ca) M K »
'!‘ Present work sugar solution 26,80 1.390 80 7.11::102 7..21 0.408 i
b ) . n 13.98 *  1.379 78.8 5.55x10 12 0.312
" 7.30 1,370 78.7 417 16.2. 0,283 ,
3 " 5.09 1.358 77.7 1.03 18.3 0,231
: " 2,89 1.347 77.6 1.08x10-1 205 0.209
HE » 1.36 1.325 77.3 5.48x10" 22,5 0,190
A " 1.00 1.320 76.8 1.64x10°3 24,8 0.174
g Wairegi (1974) . paraffin oil 2.00 0.883 37.§ 3.37x10°1  19.9  0.215
' sugar solueion - 13,38 1,392 ' 79.1 8.76x10 15.9  0.269
L . " 3.40 1.366 76,2 2.17x10°1 20,5 0.209
5 .o, .37 1.300 ©  73.6 3.55x10°5 24,5 0,165 ,
{;}3- Angelino (1966) glycerine 14,40 1.260 . 63.72 1.33x10% 8.9 0,38
, . sineral oll 7.40 0.882 31.85 1.03x102 1.0  0.34
glycol 1.05 1.023 34.15 2.93x10°2 21,0  0.20
Davies § Taylor (1950) , water . 0.016 1.0 73.00  1.65x10730 24,8 0,167 ,
nitrobenzens 0.018 1.2 43.9 1.01x10" 24,7 0.166
. . .
Crabtree (1969) sugar solution 2.63 1.333 77.4 7.59x10°2 20 - 0.199
‘ 1
Guthrie (1967) * PVA solution 7.35 1.02 4.0 2.88x10 _, 15,2  0.272 ‘
. T 2.76 1.01 46,5 s.6lx10-1 20,2 0.210
: " 1.30 1.0 46.9 2.69x100F 20,8 0.207 .
" 0.46 1.01 47.7 4.01x1077 269 0.174
" . 0.01$ 1.01 0.0 3.93x10" 24.8 0,168
tap Agter 0,011 1,00 - 73 o s.e9xa0mi 248 0,167
Wegéner et al (1971) ninersl oil 2.29 0.9 32 9.15x20"} 19,5 0,229
: » 1.19 0.9 32 61.67::10‘2 23,0 1,840
Slaughter (1967) 87% glycerol 1.57 1.228 65.5 1.73x10°2 22,0 0,201 ,
) hest transfer salt  0.0458 1,965 118.9 1.51x10-9 24,2 . 0,166
vater 0.00936  0.998 72.3 2.34x10°11 251 o0.168
Jones (1965) . 99% glycerol. 12.00 1.261 62.5 6.60x10 13.0  0.350
paraffin oil 2.935-  0.88 28 3.77 18,06 0.256 ,
60% sucrose 0.678 1.286 76.95 3.53x107% 23,5  0.166
S0% sucrose 0.237 1.23 75.85 5.76x10°® 24,5 0,164
- 40% sucrose -0.0783 1.176 74.85 7'.47::10'8 24.0 0.161
= Astarita (1965) glycerol 5.48 1.246 64.2 .2.68 17.0  0.244 /
Davenport (1967) WA solution 2.16 1,00 46.2 2.16x10°! 5202 0.201 .
" 1.15 1.00 46,9 1.66x10°3 23,5 0,166
" 0.54 1.00 47.0 8.03x104 24,5  o0.163
vater 0.0t 1,00 73.00 2.52x10°11 250  0.166
sercury 0.0155 13,55 48,7 3.6 x10~14 25,0 0,166
Haberman § Morton (1956) mineral oil 0.58 50,866 20.7 1.45x10"2 23,3 0.201
Rosenberg (1950) . vater 0.01 0.988 72.8 2.57x10°3 2409 0.167 .
Kojisa et al (1968) com syrup 19.40 1.38 81.0 1.89x10% 8.8 0,410
glycerine 19.60 127" 63.5  4.43x108, 8.0  0.390
, glycerine 13.30 1.26 63.4 9.54x10 10.3  0.358 .
caster oil . 3.76 © 0,953 38.8 5.52 7.3 0.281
"Tedaki § Maeds (1961)  iscamyl alcohol 0.056 0.813 24,5 8.06x10~7 24,9  0.170
Angelino et sl (1964) - glycerine 12.87 1.169 “e5.72 - 8.90x10 7.9 0.333
aineral ol 6.23 0.89 31.85 5.14x10 . 13.5  0.310
; slycol . 0.60 1.015 34.15 3.15x10" 4.8 0.2
f \, -~ .
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. E rise velocity of a large hybble in an infinite extent of any liquid can

be calculated from this correlation,

L

It is interesting to note that the value of K approaches 25

b
;‘%
2t
i
o
QJ%
» Ry LN
i,
s
:
3
{l
4
;

and the value of m appranhes }/3 for a low M liquid as predicted by the
semi-empirical theory of Davies and Taylor, Equagzbn (3.25)., Note also
- “.that the values of K and n remain approximately constant for iO'ld < Mg 1074
which implies that, for this range of M, liquid properties have no signifi-

cant effect on the rise velocity of large bubbles.

]

with_theory . T
¢ [ : ’
The velocity data for oblate-ellipsoidal-cap bubbles are shown in

Fig.3.16(a)-(c).~Sundell (1971) reported tﬁgt thé velocity of bubbles rising
in water is reduced by the presence of the wall in a 30 cm. diameter |
column (same as that used in present workj at bubble volumes in excess

of about 43 cms.(see Fig.3.14(b);. Assuming the same criteria‘to apply

for v%scoys liquids, the point‘at‘which "rall effects" set in, is in&icaéeé

on each graph (i.e., d, % 4.3),

The velocity predicféd using the measured shape data. (i.e.,
semi-major axis a, semi-minor axis b) and the theoretical result of
Wairegi and Grace, Equation (3.30), is in verylgood agreement with the
experimental vélué%. The”theory slightly ove;predicts Fhe veloc{ty,
especially at very' low ge; however, as Re is increased, the predictions
approach the experimental values, -This is expected since the theory assumes
a potential flow around an oblate ellipsoid. It is.noyeworthy that th? :
(Z) tﬁeo?y is successful in predicting the rise veloéity %gr oblate skirted

. bubbles as well.

. !
.\-‘éf: s . ~
~ "

- -
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87.
. . FIGURE 3.16 Comparison of the Rise Velocity of Oblate ,
Ellipsoidal-Cap Bubbles with Theoretical
) ' Predictions '
No. u(Poise)*
=7
a 26,80 :
. b : 13.98 |
' c 7.30
\
(o} experimental data (shaded symbol indicates bubbles with skirt)
~~— ~— ——'Parlange's zeroth order theory (1969) '
—— ¢ —+s—DPdrlange's first 6rder theory (1969)
N Wairegi & Grace's thegry (1976) -
. / . - . . | ™~

- * Other liquid properties are listed in Table 3.3,
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. Y The /theory of Parlange, Equations (3.26) and (3.27), which is

only applicable for spherical-cap bubbles with relatively high Re, is
v ' \
also shown for comparison. The experimental data afp bracketed by the |
i \ -

theoretical curves, the spread between the curves decreasing with ig;reasing
.- X \ -

Re. For Re > 10 the datd are approxim?ted by the average value of the

\ zeroth and first order predictions,

3 P .

! : 3.4,3.5 Comparison-of-rise-yelocirx-of-Sphericaizcap-bubbles_uith-‘theory/

In Fig.3.17(a) - (d) velocity data for the spherical-cap bubbles*

are compared with existing theoretical models. We find that the data

}ﬁ ﬁ’; % ?g . é&ﬂi n;‘:.: ‘-:,"-AJ;~:_:‘-"' “’.,: __,: ’f: ":_ ‘{ & ::; : ‘: :.-: %

compare fairly well with Davies and Taylor theory (Equation (3.22)),

e :\iéf

:
Pk g i e
£9
GrEEs 2%

, provided there is no appreciable wall effect. ' - ’

-
* ]

. S N T - e e

] Davidson's theo?y (Equation (3.29))/, which claims to incorporate
. the viscous effecté into the Davies and Tay%o} equation, predicts Fhe
velocities.fairly well despitg thetfact thaé the analysis is incorrect
as pointed out in Appendix A. The Parlan & theory exhibits the trends

J/ N .
discussed in the last section and, as expected, the theory begins to

disasggee W
longj:\hﬁ

ably welliwith the data of spherical-cap bubbles in low viscosity liguid

'th the data for Re > 110, where the spherlcal-cap bubble, no

a~?losei ‘toroidal wake, Mendelson s theory agrees reaso -

but overﬁfgdicts-the velocity for bubbles in high viscosity liquids

(compare Figl 3.17(a) with Fig. 3417(d)).

* Bubbles at Re g 45 were not spherical-cap in the strictest sense but
. . were classified as spherical-caps as discussed earlier in Section 3. 4.2.3,
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D _FIGURE 3.17.- Compaxison of the Rise Velocity of

herical-Cap Bubbles with

. S
, "l{eoretical Predictions

. M | ‘i
/ \ o
No. ‘u(Poisp)* ;??
’\E
a 5. 09 l , ‘g
b 2.89 , \ %
c 1.36 |
-~ . d ‘ 1.00 .
S , . ;
| - . ‘ l |
O experimental data (shaded symbol indicates bubble with skirt) . o g
/
Davies § Taylor's theory (1950) j E
‘ —eeeleeannen. Mendelson's theory (1967) . . . ,‘
-t Davids&n's theory (1974) - .
'‘Parlange's zeroth order theory (1969) i

* Parlange's first order theory (1969)

fand

* Other liquid properties are listed in Table '3.3.

!
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. 3.5 Conclusions

AN

1.  The physical properties of the liquid have a profound

7

effect on the bubble shape. As the viscosity (or Morton number, M) of
the liquid decreases the bubbie deformation for a fixed volume increases,
becoming progressively flatter. ‘

' 2. The critical value of M separating the so-called high-M
liquids from low-M'liqu§ds lies between 1:6hx10'3 and 5.48x1073,

- Bubbles in high-M liquids exhibit no ins;ability or wobbling\motipn

g
<

“sn,

and the drag coefficient curve (CD versus Re) is independent of ﬁ.

“

3. The small deformation of bubbles from spherical shape

at low Re is predicted by the theory of Taylor and Acrivos '(1964). The

RO R ST 2
\

higher order theory of Bfignell (1973) is of little practical value.

4. With increase in bubble volume in high-M liquids, the -~
bubble shape does not change directly from -spherical to spherical-cap
byt goes through oblate ellipsoidal and oblate ellipsoidal-cap shapes‘
with the possibility of skirt formation. In these liquids bubbls
deformation depends only upon Re. The shape parameters of the bubble,
such és width, height, indentation, etc. can‘be‘predicted f;om the —

b .

generalized correlations presenFed in Figs. 3.6, 3.7 and 3.10. ‘ */”
- |
5. Six additional shape regimes have been added to the Re

I3

versus Eb plot, namely: oblate ellipsoidal-cap, wobbling disc-like oblate
ellipsoidal, skirted bubbles Qith smooth steady laminar skirts, skirted
bubbles with wavy unsteady skirts, spherical-cap with closed toroidal .
wake and spherical-ca; with open unsteady wake (see Figs.3.12 and(3.13).

/ . 6. The equation of Waireg% and\Grgce (1976) relating the

bubble shape and riée"velocity is valid for oblate ellipsoidal-cap and

“

oblate skirted bubbles provided Re 3 5. -

s e TSR A I

57 oY
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7. For spherical-cap bubbles the Daviés and Taylor (1950)

equation gives a good prediction of the rise-velocity for Re as low

as 10.* Parlange's (1969) zeroth order and first order theories give ;
good upper and lowegﬂpounds on the rise velocity of spherical-caps
provided 10 3 Re 3% 110. Mendelson's wave analogy predicts the rise
velocitylof spherical-cap bubbiles in low viscosity liquids (u ¢ 1.0

Poise) with fair accuracy. Davidson's (1974) attempt to incorporate

viscous effects into the Davies and Taylor treatment seéﬁEWRg/give

‘good prediction of the velocity of spherical-cap ?ubbles despite an

error in his analysis (see Appendix Aj.
\ 8. The rise velocity of large bubbles (V 2 2 cms; Ev > 40),
in an infinite media is predicted by il---l(Vm wheré the values of K and
m can be obtained from Fig. 3.15 for any liquid, | '
9. -For liquids with M‘<‘10‘3, the-rise'velocity of large
‘bubbles (V 2 2 cms) is independent of 'liquid properties, and is given

by Equation (3.25).

N

* For Re ¢ 45 the bubbles are not spherical-cap in the strictest sense,
However, if Collins' (1966) suggestion of fitting a sphere over the

front 75° of the bubble cap (i.e. 37.5° around the front stagnation point)
is adopted then bubbles with Re as low as 10 can be treated as spherical-
caps. ’ ' . .

b

“
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D . CHAPTER 4 T
LIQUID FLOW FIELD INDUCED BY A RISING BUBBLE

4.1 Introduction ' )

) The rate of mass, momentum and heat trénsfer éetween a moving
bubble and the surrounding liquid is debendent upon the detdils of the
velocity field near the bubble. In addition, a rising bubble may carry
with it a.wake of thg‘bontinuous fluid., This wake plays a key role in
transport processes, mixing, as well as bubble interaction and coalescence.'.

Due to non-iinearié} in the equations governing the floﬁ\and the
a priori unknown shape of the bubble no theoretical solutions exist which
accurately hescribe the flow field: efcept at very on Re where the
inertia effects can be neglected and the bubble adéﬁfs a spherical or

almost spherical shape. Therefore, for our understanding of the flow

field we must rely on the results of systematic éxperimental investiga-

i D i 2 s A S R

tions in thch the signiﬁiéant parameters are varied over a wide range.
+ In this chapter, exﬁerimental measurements of the entire velocity field
“:aro;;d bubbles of different shapes are presented and discussed. An|
attempt has been made tolc;ver a wide range of ‘Re (0.087 to 296) where
éll the major shape;txinsition§ and the associated changes in the flow

. field dre encountered; where possibie the experimental results are

“compared with the existing theories. |/

L . ’

. 4.2 Literature Review

4.2.1 Development of the flow field around a moving body

When-a body moves through an infinite amount of quiescent fluid,

the non-dimensional quantities describing the flow fieﬁd depend only upon

-
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the Reynolds Number, Re (Rosenhead 1963; Batchélqr 1967). The following

description of the development of the flow field around a solid sphere

will illustrate the dependencé of the flow field on Re. A
’ As Re tends to zero the vorticity generated at the surface of

the sphere i; diffuéed radially to the bulk of the liquid and the flow

is axi-symmetric. By neglecting the inertia terms of the Navier-Stokes

equations, Stokes (1851) obtained an analytical solution for the floﬁ.

Oseen (1910) took the inertia terms partly into account and obtained
solutions val1d for small, but finite, Re. IﬁVOSeen's approximation~the
streamllnes close less rapidly behind the sphere, the flow does not dis-'
piay fore-aft symmetry and vorticity is conyected downstream to form the
wake. ‘ | . .

‘ As Re increases convection becomes more and more effective in
sweeping the vorticity dcﬁnstream‘where it ismeventually‘dissipated by |
viscous motion. The action of convection countering diffusion of vorticity

gives rise to a boundary layer around the body which becomes’ th1nner with

1nére351ng Re. The liquid in the region outside the ‘boundary layer and

2

.outside "the wake has negligible vorticity and its motion can be described
; n

- f N -

by the potential (or inviscid) flow equation. .

At some critical Re* boundary layer |separation occurs leading

!

to a recirculating toroidal standing eddy at the back of the sphere. The

Q

* The precise Re at which recirculation starts has been a matter of con-
siderable debate. Clift, Grace and Weber (1976) have reviewed all the
available experimental data and numerical solutions and have Found the
best estimate forlthe critical Re to be 20, '
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separation is caused by the retardation of the fluid particles in the
boundary layer during their passage towards the rear stagnation point
where an adverse pressure”gradient is encountered.

With further increase in Re the size of the toraidal wakefgrows
as a result of increasing vorticity generation. Up to Re N 130 the wake
remains steady as the vortiéity generation is balanced by the rate of
transfer to the fluid”outside the wake with no ‘net vortieity accumulation
iﬁ the wake. ' At around Re ¥ 130, a weak loLg-period oscillation becomes
apparent in .the tip of the wake. The amplitude increases with Re,‘ but
the flow behind the eddy remains laminar to Re about 200 (Taneda 1956).
At still higher Re (Re » 276) diffusion and convection can no longer keep
pace with vorticity generation so that pockets of vorticity are shed
periodically from the wake'(Goldberg«and\Florsheim’1966). This wake
shedding is the cgui; of oscillatory motion bf a freely falling sphere.
Eventually, at very high Re, 0(105), the wake becomee turbulent.

A similar seqdence of'changes has been oGEerved in the flow
past. a solid body of other shapes as Re is increased.(Batchelor 1967;
Geldberg'and Florsheim 1966). The critical value of Re for thé various
transitions in the waie is found to depend on the shape of the body.*

The behav1our of a bubble (or drop) differs from a solid sphere

in three ways. Firstly, the velocity of the external fluid relatlve to
B

~

* For example, Masliyah and Epstefn (1970) -has reported a decrease in the
critical Re for the appearance of a recirculating eddy behind spheroids
with decreasing aspect ratio. The results of their numerical solutions
gave the critical Reynolds Number, Re_ (ba'sed on semi-major axis, a) of
20, 9, and 3 for the spheroid ‘of aspect ratio (major axis/minor axis) of
1, 0. 5 and 0.2, respect1ve1y. These values of Reynolds Number correspond
to Re (based on dg) of 20, 7.14, 1.75, respectively.

{
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. the bubble/(or drop) is\ not usually zero at the interface as would be
. the case\for the sérid body. Since this results in less vortic;ty : o .
generation, wake formation is delayed and thinner boundary layers and
smaller wakes are'formed at equal Re. (Le Clair 1970;,£e Clair and H;miélec
1971; Haﬁielec_gg_gl_1967; Rivkind et al 1972; Garner and Skelland 1955;
Ga;ner and Tayeban 1960; Elzinga andlBanchero 1961). Secondly, a bubble
- (or.drop) defoLms with 1ncre851ng Re., ‘Since in most systems it deforms 0
to an oblate spheroid and then to a spherical-cap, the formation of an
‘attached toroidal wake and the subsequent onset of wake shedding are pro-
moted by the deformat1on (Satapathy and Smith 1961). Thirdly, surface
active materials may affect the veloc1ty‘at the surface and hence the
internal circulation (Savic 1953; Garner and Haycock 1959; Levich 1962)

¢
and the shape (Garner and Haycock 1959; Winnikow and Chao 1966; Edge and’

>

Grant 1971).

—

4,2,2 Flow fields and wakes of bubbles

- . Several workers have done experiments on wake§'behind bubble
‘risiné in two-dimensional‘liquid beds because it is easier to photograph
the wakes behind two-dimen;ional bubﬁles (Collins 1965; Calderbank 1967;
‘L , ‘Crabtree and Bridgewater 1967; Lindt 1971 a and b; Lazarek and Littman
. 1974). waev;r, these results afe not directly applicable to three-
dimensional b&bbles because the gap width between the plates hasla strong
' - effect on the wage (Crabtree and Brldgewater 1967).
szag1 (1925) was the flrst to notice a wake following a three-

dimensional bubble. By close inspection of ‘single oblate spheroidal air

(é) bubbles zig-zag&inﬁ through water he noticed an upward current of water
‘behind ‘the bubble; and the larger the bubble the largef was this upward

J
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current.. Haberman and Morton (1953) and Saffman’ (1956) suggested that

* the zig-zagging (or oscxllatlng) motion 'is due to the periodic sheddlng

of vortices. Saffman (1956) carried out the most comprehensive study of

the unstable motion of bubbles in water and concluded that up to d = 0.14 cm.

the stable motion is rectilinear. For 0.14 < de <70,2 cm. the zig-zagging

1R 1

motion is stable and is the only motion that occurs. Above de > 0.2 cm.
zig-zagging motion is unstable and spiralling motion can occur in the
. B
* t
presence of a disturbance. The cause of the zig-zagging motion was at-

. \ . . o3 cqs
tributed to the interaction between an oscillating wake and an instability

. |
in the liquid near the front of the bubble provided that the bubble is

sufficiently oblate. No evidence concerning the cause of spiralling motion

was 'prgsented, except the .suggestion that it may be due to the onset of

turbulence in the wake. : “

_ Subramanian and Tien (1970) ‘photographed the wakes carried by

~

small bubbles (0.1 cm. g d, < 0.4 cm., 20 < Re g 606} in water using a

e'\-
dye tracer technique.* Their photographs of the wake and the trailing
dye filaments are very similar to those observed for drops (Magarvey and

Bishop 1960, 196la, 1961b; Magarvey and Maclatchy 1968; Al Dimian and

. . . |
Ruckenstein 1970; Winnikow and Chao 1966). The small bubbles of Subramanian

and Tien retained their spherical ggape and rose rectilinearly with a wake
~N, T ' .

followed by a single trail, the intermediate size bubbles had a slightly
, ; &
~

distorted oblate shape but moved rectilinearly with a wake followed by a

L

* These authors also attempted to measute the volume of the wake carried
by the bubbles but their results are unreliable because their assumed
shape of the wake was unrealistic and their method of calculating the
volume was in error. Further, the dye used by, these authors might have
been surface active thus y1eld1ng bubbles with more solid-like surfaces.
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. double trail. The larger bubbles rose with zig-zag motion leaving a K
haphazard trail. This general description should ebply to small bubbles
. rising in low M liquids.

/ ' Al
A great number of studies have been devoted to the nature of

th wake behind large spherical cap bubbles. Some confuszon arose in the
\\ \l'tereture from\the spark photogra?hs of spherical-cap bubbles in nitro-
benzene present\d\by Davies and Taylor (1950). These photographs, which
eemed to 1nd1c:le a closed turbulent wake at rather large Re (Re ¥ 6200),
led some authors ko assume: that around the spher1ca1 reglon, made up of
the cap of the bubble and the closed wake, the flow is a potential flow,
which closes behind the spherical region. That the bubble formed only
a "closed" wake and the cbmbined unit travelled as a potential body was
refuted by Maxworthy (1967).& His argument was that as a bubble rises - .
with constant velocity it must exper1ence a finite drag and that thls\
drag will be seen behind the»bubble as a momentum defect in the liquid.
-Maxworthy (1967) demonstreted.tbe presence of an extended turbulent wake
—bf letting a 2.5 cm3 bubble (Re ¥ 4800) rise in a clear water above a
pool of dye. A significant discharge of vorticity from the wake was found.

4

Similar observations have been reported by Guthrie (1967); Guthrie and

Bradshaw (1973) and Lindt (1971). Excellent schlieren photographs of °
spherical cap bubbles (Re = 8300 to 38,000) and their wakes have recently
appeared -in the literaturekaegener et al 1971; Wegener and Parlange 1973).
These photographs clearly demonstrate.that et high Re the wake is turbu-
lent and extends far downstream from the bubble,

A wake structure entirely different from the turbulent one has )
L. :‘!‘?een observed for sl/)herical cap bubbles at low Re (g }00) that are normally

encountered in\iigh M liquids. In this case the bubble is followed by a
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. " toroidal vortex. O'brian and Gosline (1935) were the first to observe

v

such a vortex below a spherical cap bubble rising in livestock oil using
. small entrained air bubbles caught in the wake. Similar observations

were reported by Davenport et al (1967), Crabtree (1969) and Nardyanan
/

_ et al (1974). Schlieren photographs by Slaughter and Wraith (1968) and

@ . N
| Wegener and Parlange (1972) have provided, td date, the best photographic
\ .
evidence of a stable laminar wake which consists of a toroidal vortex

with a streaming cyiindrical tail extending below it. The latter authors )

also showed that the closed laminar wake behind spﬁéfiéal cap bubbles
. :j "

exists up to about Re ¥ 100 above which unsteadiness in the wake sets in

and at higher Re the wakes become turbulent. -

b v

.
= . ~ ) ! o

4.3 Objectives \ "~ .

From the foregoing review it is evident that the available

&
;
5

H
4
a3
%

information oh bubble wakes is very ;imited,‘and mainly qualitative.

- There is virtually no information availaﬁlg on wakes behind bubbles at

low Re* in high M liquids. Many authors have assumed a particular‘velo-
city field around a bubble and used it to predict mass transfer rates

' (Baird and Davidson' 1962; Ldchiel and Calderbank 1964; Calderbank et al

'1970; Brignell 1974), bubble interaction (Crabtree and Bridgewater 1972;
5]
Wah-on 1971; Wairegi 1974; Narayanan et al 1974) and terminal velocity

from observed bubble shapes. (Davies and Taylor 1950; Collins 1966; Grace i
. ) /

and Harrison 1967; Wairegi and Grace 1975). However, the actual velocity
‘ |

* Re ¥ 56 appeﬁrs to be the lowest Re for bubbles in high M liquids,
s at which experimental evidence regarding nature of the wake is reported

e

("

S¥ 3 (Slaughter and Wraith 1968). At the time of writing this chapter the %}
:a paper of Hnat and Buckmaster (1976) was not published. Their finding \
3 is discussed in the "addendum", Section 4,6.
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field has never been measured experimentally to confirm these assump-

tions. The aim of the work described in this chapter is to measure the

entire velocity field around the bubble, and the size and the shape of

1
the wake behind the bubble of all the different shapes in viscoﬁs (high M)

. + liquids, . @
, 4.4 Theory
' For a fluid sphere moving in another fluid [in analytical solu-

«d - I3 - :\( N h(.is
tion"describing the internal as well as external flow. field was derived,

- independently, by Hadamard (1911) and Rybczynski (1911). The-key assump-

tion was that the inertial effects were negligible in both phases, i.e.

Y

Re = 0, The following boundary conditions were used:

) uniforn flow remote from the sphere,

|

u (ii) no flow~gcross the interface- between the fluids,”

(iii) c°ntinuiti of the tangential velocity across the inter=~ |

Sy

4 N N

N |
’ face, and

-
i ©

. T2 .
' (iv) continuity of the tangential stress across the interface.

A detailed derivation of this solution is available elsewhere,(ﬁevich 1962;

I — .
Fappel and Brenner 1965; Batchelor 1967). The resulting stream function and

the velocity components describing the flow field, together with the

appropriate co-ordinate system, are summarised in Table 4.1, ' The Stokes'
(1851) solution for a rigid sphere is recovered by putting the viscosity

y ' . . . e
ratio k = E_ = = into these equations while the solution for a gas .bubble
2 \

r rising through liquid can be obtained by setting x = 0,

' A very important conclusion follows if one considers the normal
P C%) stresses at the interLace. It can be shown that the components of normal

stress at the interfacevdiffer by a constant amount (Batchelor 1967) and

~
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TABLE 4.1 Hadawand-Rybczinki -Solution for a Sphere

l

P

External Fluid

Internal Fluid

stream function, v

\

2,402

U.2.: 20 1 [(2¢43%) R Uxisintof,  r.2

7 sin®0 1 i(T.'ﬁ 2(1«)(9 J 4(1+x) [1 ® J
radial veloecity, u, - - '

Ueossl1 - (243€) R xR 3 cos T, ]

coseb 3000 T +—-—'—(2(1“) rk) ] - & 2

R
tangential velocity, u, Using [1 4%;43:) : f‘-zf—(:):s] g:i::) [1 2(-{)2] )

spherical polar co-
ordinate system with
frame of referencé fixed
to the sphere

relations with cartesian coordinates
and velocity components: o
X e r$ing
y = 1c0$6

- UgCost + ursino
uy =1,C08¢ = U sine .

vhere

-1 3y
T g

uo --rﬁv% l

\nruml veloc:lty, U

Zlkz ieu-g 3] ilﬂta ‘ .

* for Stoka's

for freely éirculating gas bubble, x = 0 :

solution for a rigid svhere viscosity ratio, « -.3;- «
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. ’ that if the interfacial tension is constant over the surface (as. it will

¢

be in absence of surface active\ggggzs) the curvature will be constant.

In other words, a fluid particle (ﬁybple or drop) moving at its terminal
/‘;.‘; ,"

A
whEs T

velocity with very low Re should be spherical, whatever its size (see

Chapter 3, Fig.3.12). It is only w;en inertial E;rces become signifiéant 4
that gubbles gnd drops deform from the spherical shape. Taylor and Acrivos ‘ ;é
' . (1964) used a singular perturbation procedure analogous to that employed (g
by Pfoudman and Pearson (1957) for a solid sphere, and matched a sglution 2;

satisfying the Oseen equation atlinfinity and the Hadamard-Rybczynski
equétion in the neighbourhood of the sphére. The partial inclusion of K
the inertial effects was shown to be responsible for the deformation.
It was demonstrated that to a first approximation the sphere deformed iﬁto

\gn oblate rather than a prolate spheroid. Having determined the deforma-

21 ” T ag -
B Y i,

tion (i.e. shape of the oblate spheroid) these authors aiso investigated

P Ry s

the effect of the deformation on the flow field by assuming creeping flow

around the oblate ellipsoid. “The stfeaﬁ functions for the flow field
externai to the bubble for the two cases cited above,c;n readily be obtained
by setting the viscosity ratid x = 0 in the Equations(17) and (24) of
Taylor and Acrivos (1964) and substituting these in their éﬁﬁation (12a).
\»The radial and angular velocity .components ar; readily obtained using the
relationships between the stream function and the velocit& components
shown in Table:4:1.' The final iesult;_are summarised in Table 4.2. Taylor
and Acrivos also persued a higher order approximation which predicted a
flattening of the underside of rising bubblgs at increased Weber Number, We.
Recently, Golovin and Ivanov (1971; ébnéidered only the case

1

) of gas bubbles, i.e. ¢ = 0 and used the asymptotic matching téchnique to

m‘.

obtain a*éofution for the exxernél flow field around a spherical bubble

&\ * \
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" up to terms of order Re’lnRe. However, at Re large enough for these
higher order terms to become important, the bubble deforma;fon is suf-
ficiently large for the assumption of a slightly deformed spherical shape -

~

to be invalid., Further development of these solutions appears fruitless.
At higher Re'w;ere the bubble takes on an oblate ezlipsoidal-cap

shaée no theoreticai solutions are available. The flow field around the

bubble, at least in front of the bubble up to its base,.is expected to

be between two limiting cases: tﬁe‘creeping flow around a solid oblate

ellipsoid and the potentiil flow around an oblate ellipsoid which fits

the bubble shape. A detailed derivation of the stream function for creeping

flow and potential flow past’ an oblate spheroid can be found in Happel

and Brenner (1965) and Milne-Thomson (1968), respectively. The resulfs
LA are summarised in Tables 4.3 and 4.4. The co-ordinate system together

with-transéormation relationships and a geometric interpretation of the

°

N oblate ellipsoidal ce=ordinates £ and n are presented in Table 4.5.

\ For Re large with respect to 1 but below the critical Re for

| which unsteady motion sets in, the bubble assumes a spherical-cap shape
and carries with it a‘glosed laminar wake. Parlange (1969) modelled this
situation by considering the flow to be irrotational outside the complete
sphere of which the bubble formed the cap. The bubble was assumed to

have little effect on the dynamics of the flow in the wake except causing
13

it to exist. The vorticity was then confined to the enclosed wake region

which was treated as a Hill's (1894)(§pherica1 vortex. The stream function
and velqcity-componepfs for the external potential flow and internal Hill's_
vortexlafe summarised in Tablé 4,6, ,

(:) Parlange (1969) also pointed out that at the streamline separating
the ;ake and the outside flow, the viscous stress,mist be continuous.

As a result, a boundary layer must grow on both sides of the separating

?f.{; -
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a TABLE 4.2 Taylor-Acrivos Solution for s Slightly Deformed Circulating Gas Bubble

“

5 : External Flow Field .
P ! . . ‘Model 1 i ‘Model I1
¥ k Inertia Effects Included; Deformation Effect Included; Assumes
é\ . ) Assumes Spherical Shape Creeping Flow-Arcund an Oblate Ellipsoid
R —
i “ . & ‘
, 2.ind 2
b, “ ’lstrean functiom, ¥ -—-—-"" sin 9 (—) - | (143Re (1-cose) } G - z 4 URTMe sin%s [gl ]
4 8/ R

! . i unzue sin’a(1-5cos’q) [or %

‘ R 16 7r3

N\

=Ucosé [1 - -:-]{ 14 %-6-80 (242cosg-sinotang) }

R
=Ucosg [1 - -1-_-] -

P."_E.‘i"_’.‘.’[‘:“ 53(:) ]

radial velocity, V
> > 48
- T - UNe(cose-Scosse+Ssin2gcoga) 2.(3.) _ _2_(3_)5
© 32 700 T 77T
S )
A
. , .
. . o s
+ , [tsngential velocity,u, Usina[ - -‘_};]{1 + -:ske(l-cose)} Us:l.ne [1 - r] U'lesi.ne[ﬂl (: ]
‘ ) UWesinsg (1-5cos gl + 8
v ] - o [ +39 ]
e : > g
e toru;nl velocity, U 22 (ew! 1 r2p o0 1 l
; ’ L) [ ‘
' ~ 3u (1+. ‘%)E A ) 3u (14_1_2_)

LN
co-ordinate -system

ssme is in Table 4.2 with R being radius of equivalent sphere and the origin of the co-
ordinate system coinciding with the center of mass of the dispersed fluid
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TABLE 4.3 Creeping Flow Past a Solid Ohlate Ellipsoid .
- \ N

stream function, ¢ °

~

vwhere A = sinhg
A = sinhg
o o

%“"2 1- 1
xo((xg 1) - (xg -1)/(A§+ 1) cot A

+

ok - (}5 -1)/(A§+ 1) cot™ta )

. e . 1 ) .
velocity component ’uﬁ Uc2 sin?n 1/2{°°5h Esinh &_coshe 2(1 2¢ )eosh Esinh‘ccolt sin1_|£+( 1-2¢8 )ccﬂ:s\hz }
2c(cosh®g-sintn) - ¢ 2[e/1-€2-(1-2¢?)sin"1e] o
velocity component, uE ue? sinncosn {cos;\z _sinh¢- (1-2e2)cosh2 gcot” 1 sinhg }
/2
lec(cosl_\2 E--:r»in2 n) ’ 2 e/l-é- (1-203‘2 )sin‘l e - -

co-ordinate system

¢

see Table 4.5
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TABLE 4.4 Pootential Flow Past an Oblate Ellipsoid
stream furiction, y ' | Uc Zsin 5 cosh2 £ rsinhc-cosh 2Ecot: ~lginh ) ] (
R 2 N
L = ell-e%sin"le
velocity component .j“ Usinn [s inhE- 1-sinhEcot ™ 1s inh g] -
(cosh 2s-sinzn) 1/2 e -ez-sin'le

veloc'ity cénponent ’ uE l _Uc 2sinncosn [coshzﬁ- (sinhE-cosh 2&;cr:t "plsinhzl]
Q x(coshzz-sin zn) 1/2 e/l-e %sin"le T

\ - - -3

co-ordinate system . | see Table 4.5
- - } N

AN



| i R st e e [ A T ety e e -
A}

- 113.
\ c |
TABLE 4.5 Oblate Ellipsoidal Co-ordinates L -
N . and Transformation Relationships ‘ '
‘: ' - u Il
}J‘q'; y ‘ y4 u
‘. * " . E
/ —~s R
Un

N

-Transfomat:ion Y +ix = c sinh(f 4 in) for c > 0 gives:

y = ¢ sinhEcosn and x = ¢ coshEsinn
Spheroid surface \is given by g ™ tanh‘l(b/ai) o
wﬁere PR ct‘:shao' and b = ¢ sinhaq‘are the semi-axi}s;'

focal length, ¢ = val . bz; e'ccentricity,:e - f1 - qu---:- .
’ , a

N . J
The ellipsoidal co-ordinates (£,n) are related to- the cartesian co-

ordinates (x,y) by: . )
Rs#R Rs~R

-1t ™ . <1172 1
E cosh [——-—2c ] and n = sin [ 5o ]

where Ry = [y2+(x-c)2]1/2 and R, = [y?,_ (xj,_c)Z]l/Z

1 | :
The velocity components u and uy are related to the velocity components

ug and u; by: (see Appendix B for detailed derivation). | 1

ug sinhi sinn + u, coshg cosn -
u -
x (coshzé cos2n +sinh25 sinzn]lf 2 i
) and /
. Q : u, coshf cosn— ﬁn sinht sinn
by = -

l X ’ (coshzz coszn -l»sinhzg :g:inzn)ll2

~ \
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TABLE 4.6 Parlange's ‘Model for Wake of Spherical Cap Bubble
!
External Flow, r » R Internal Plow (in Closed Wake), r ¢ R
pd ] )
-rhaoreticu/m{u Irrotionsl (Potential) Fiow Hill's Spherical Vortex
el - ;
2...2 3 2...2 2 .
Ur®sin®e JUr~sin®o | r.“
s‘tre/uém, v 2 [1'(%) ] g [(i') l]
e "
. &3 SUcosé [ r,2
radial velocity, 6 -Ucoso |1~ (r_) - =) -1
3 1r3 . susine[ 2
tangential velacity, u | Usine =) == PR - R

spherical polar co-
ordinate system with
frame of referemce
fixed to the

spherical wake

le

For relationships between co-ordinates
and Cartesian system, see Table 4.1.
L

and velocity components in spherical-polar
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streamline.l The boundary layer fheory of ﬂarper and Moore (1968) was
;ncorporated to correct'for viscous dissipation in the boundary lafer.

o

I '
In his later paper, Parlange (1970) presented his own treatment of the
i

. Boundary layer which differed from Harper and Moore's,

The essential difference between the two treatments is the

assumption regardlng the nature of the boundary’layer inside the sphere.

-

When the vort1c1ty layer 1n51de the sphere reaches the rear stagnatlon .

point it must climb back along the axis., Harper and Moore assume that,

as it does so, the structure of the layer is unchanged. The resuiting

circulation is less than that of the inviscid Hill's vortex and is given

by:

’ 1 strength of the vort / 2 5 (205) 142467
actual stren 0 e vortex . K
strength of unperturbed Hill's vortex = l- ep 2+3/xyY

N
| ' veres (4.1)
where Ko-il 2ReU
H H

- sphere. The above equation is expected to be valid when k € 2, Re > 50

and the ratio predicted by Equation (4.1) is grehter than 0.5 (Harper
1972). In contrast, Parlange (1970), assumed that viscous diffusion

obliterates the inside boundary layer before it ?eaches the fron stagna-

t

tion point. Like Harper and Moore's tre%tment, the internal circulation

is less than the inviscid Hill's vortex ﬁut by ausigniiiyéntly smaller
- / _ , “
amount as can be seen from his prediction:

v

it

. | . . v
actual strength of the vortex - ] . g [6_ 3
_strength of unperturbed Hill's vortex wReD 2

| . <’ \ - 01000(402),
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It. is worth noting that despite these differences in predicted internal
circulation, both the theories yield essentially the same mnumerical .
results for the viscous dissipation and hence the drag coefficient

v

(Parlangeﬂl97b). ' .

To a first approximation the internal flow pattern ipside a
gas bubble has negligible effect on the externa} flow (Harper and Moore
1968); hence, any deviation from potential flow arodnd a sphericél-cap
bubble may ‘be predicted using thehboqndary layer theory of Moorﬁ (1963) *.
The theoretical equations for obtaining ;he radial and angular velbcit;
components for this case are tabulated in Table 4.7.

‘ The external boundarx layer enveloping the closed tofoidal wake
stretches near the rear stagnation point intola long thin wake .in which
the velocity perturbation gradually deca&s to zero but the momentum defect
remains finite, This'ﬁomentum defect accounts for the relatively narrow
trail extending from the rear of the toroidal wake observed by Slaughter
and-Wraitﬁ (1968) and Wegener and Paflinge (1973). )
) Far downstream from the bubble the vorticity is &issipated by
viscosity and the streamlines in fhe wake become nearly parallel to those
in the extirnal irrotational flow. By assuming that the pressure in the
Qake ik nearly eqﬁal to the free stream pressure outside the wake, it is
possible to evaluate the afsymptotic wake velocity diskribution. The

wake structure is here independent of "the geometry of the bubble generating

the wake and is determined by the drag, Dﬁ exerted on the liquid by the

bubble, the liquid density, .p,.and the :FHquid viscosity, .u.! For a steady

* Moore's boundary layer theory applies to a gas bubble and is a special

‘case of a more general theory for a fluid sphere later developed by Harper
and Moore (1968). ‘

)
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I
TABLE 4,7 Moore's Boundary .Layer Solution for a Spherical Gas Bubble

!
........
'
AL R TRTAT I

- AY
- . ¢
1

0. L 2 u = ' i
ug ug +u'y and u. u.+ u r’ resgectwely
~ ’ “ ’ N . o AN
where ug and u, are the velocity components for potential flow given

in Talale 4.6 and

u'g and p'r are \\the perturbation velocity components given by:
\ - -

L - e o | : 2
uly = P and u', = Us%q

where § = 2

: | . - PUR ,
e | H Re T
P\ = -6 sind XV 2 (s/2x1/2) .
|
-R \ .
3 \ ,

3
- exp (- 22 ) = z erfcz ] l

2/ X 1 y/2/X
q = =TT {h (e)f f(z)dz + h(9) [2 cot 6- SXSine]joz fr(z)dz) .

AN
h(8) = 6vX sinZe

3 cosecd’e(-z-\- cosd - + cosze)
3 3
1

and

¥

{'he co-ordinate system is the jsame as that defined in Table 4.6.
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viscous wake, Bltchelor (1967) has shown that the asymptotic wake velo-

city, Wa, is given by:
N L D . Uxp - 4.3)
a 4muL 4uL :

! ’

!

in the region in which Wy << U. Here L is the vertical downstream distance
from the body to the point considered and x is the horizontal distance to
the point from the vertical axis along which the bubble rises. Noting that
the &rag force acting on a bubble is given by Vpg, where V is the bubble

volume, Crabtree and Bridgewater {197}) obtained the‘axisymmetriﬁ‘asymptotic

[y
“~

wake velocity distribution:

(4.4)

\ q

For the turbulent wake behind a spherical cap bubble a free

streamling théory which assumes an infinite stagnant wake have been pro-
posed by Mogre (1959) and Rippin and~Davidson (1967). While this physical
model is unrealistic, it\is-intérestiﬁg t; note thap it gives a reasonable
approximation for fhe drag coefficient and for the bubble shape.

4.5 Experimental Results and Discussion

The flow field in the immediate neighbourhood of the bubble was
investigated by ciné-photographing the bubble togethqﬁ;ﬁith the -surrounding

hydrogen tracer bubbles with a moving camera, where as the flow field far

away from the bubble and specifically behind the bubble was ciné-photographed

by a stationary camera. The findings of these experiments are presented in

Sections 4.5.2 and 4.5.3, respectively,

- ‘
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'

~ 4,5.1 Evaluation of flow field measurigg;;echniqgg
For both sets of experiments extreme‘care was taken to insure
the alignment of the cathode, the illuminating sheet of light, and the
. bubble directing funnel such that the tracer bubbles photographed were
. located in the‘central plane coﬁtaining the axis\of'bubble rise, An;
misaligﬂment couldeasily be %:tgcted Becau;e the tracer bubbles did not L
) ‘ remain in the photographi;\;I;HE?\\Only a small number of experiments

showed such three-dimensional effects and these were rejected. !

[

It was also necessary to control the size of the tracer bubbles; .
p if they were too small the amount of ligh£ reflected wﬁs ipsufficient for
_satisfactory photographs, whereas, if the} were ioo large, the tracer -
bubbles would not follow the flow with sufficient acguracy. The size of
the tracer bubbles and hence their terminal velocity was expected to be a
function of applied voltage, pulse width, cathode wi&e diameter, liquid

properties, liquid velocity past the cathode and the type and concentra-

tion of the electrolyte added (Asanuma and Takeda 1965; Tory and Haywood

} 1971). In the present work the size of ‘the tracer bubbles waS controlled :
by varying the applied voltage and the duration of the pulse. The rise

- velocity OF typical tracer bubbles was estimated by generating a row of

' hydrogen bubbles in a stagnant liquid and measuring-the time taken by

these bubbles to rise a fixed distance.* Their size was also calculated .

using both Stokes and Hadamard equation. The following table shows the

|

results for the tracer bubbles in the most and the least viscous aqueous

}
sugar solution used in the present study.

¢ 3

[

* In order to avoid interference from the cathode these measurementS were

done above a distance greater than 100 wire diameters, which is larger

than the distance of 70 wire diameters recommended by Schraub et al (1965).
~ .

1

/

%
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1

Liquid Properties

Tracer Bubble

\

Al

Temp. | Velocity - Tracgr Bubble Diameter (cm.)
(Poise) cg/cm3) (dynes/cm) | (°C) (cm/sec) Stokes Spheres|Hadamard Spheres
28,00 {3239 80.0 20.6 0.013 0.069 0.057
0.82 | 1,314 76.8 23.9 0.018 0.014 0.012

\

The tracer bubbles removed from the wire bywthe shear of the flowing liquid

were con51derab1y smaller than those detached by buoyancy force in a stagnant

11qu1d,~thus, the rise velocity of the tracers may safely be neglected com-

|4

A

pared to the liquid.velocity measured in this present work.

i

4)5.2 Liquid flow field close to a bubble

The e§gerimenta1 streamlines around various shaped bubbles were

obtained from frame-by-framefanalysis of the ciné-films as described in

T

Chapter 2. The streamlines predictions of the theoretical models described

in Section 4.4 were eompqted using the method outlined in Appendix C.

-------------

\

spherical_bubble.

Fig.4.1 compares the experimentally measured equatorial velocity

distribution with the three different theoretical predictions (potential -

flow, Hadamard-Rybczynski solution for a gas sphere and Stokes solutzon

for a solid sphere) for a spherical gas bubble at Re = 0, 087

The greatest

difference in the velocity field.for the three theories is expected at the

bubble interface where the Stokes model predicts zero telocity, the Hadamard-

-

@




Dimensionless Distance, x/R a —
2 3 4 5 6 7 8 9 10 11
L 1 ] m | § L} 1] ¥ | lﬂ
o Experimental Results
Q : - —=-—  Stokes Theory -~ - .
3 ~———  Hadamard-Rybczynski Theory J
§ { A mm——— Potential Flow Theory
50l L\
.,-Li_*"
vy
0
o ) -
5 e
o -
o
e} _ -
N =
2
. s / ___-;:j!::. .
B 1.0
) =]
a ) v R U ® e . € ‘
0 1 (cm3) (cm) (cm/sec) (Poise) (gm/cm3) (dynes/cm) .
— / )
s ,’ 0.224 0.377 2.313 27.83  1.389 80.0
.,";5 : | . /
g ! M Re ES
- S =) (=) (-) ( ]
Q : 827.5 0,087  9.68 ‘

’ s - ~ 1 C;‘.-
- ~

FIGURE 4-1: Comparison of equatorial velocity distribution for a spherical bubble with

theoretical predictions.
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A

Rybczynski model predicts a dimensionless equatorial velocity of 0.5

and the potential flow model predicts a value of 1.5. Further, the dif-
ferences between the pre&ictibns of the three models diminish as the
distance from the bubgie increases. The experimental results are in
excelleﬁt agreement ;ith Hadamard-R&bczynski theory. The theoretical
predictions of the bubble rise velocity is 2.32 cm/sec and 1,54 cm/sec.
for the Hadamard-Rybczynski and Stokes models, respectively. Theifqrmer
value\agrees very well with the experimental value of 2.31 cm/sec. This
experimental run was conducted in a fresh aqeous sugar seplution with
minimal chance of surface ;ctive impurities being picked up by the solu-
tion, and this explains why the bubble behaved as a freely circulating
éphere. | - /

A comparison of an experimental and theoretical streamline is
2

displayed in Fig.4.2. Each of three theoretical predictions was started
28

g

" from the topmost experimental position. The ticks on the theoretical

streamlines indicate the predicted position at the same time interval
used iﬂ plotting fhe experimental positions. Again, there is favourable
agreement with the Hadamard-Rybczynski model. The combination of the

P , -
excellent agreement between the measured and the Hadamard-@ybczf%éki

terminal rise velocity plus the excellent agreement between the measured
S .

n ‘ s . s . “ . 22
and the predicted streamlines is‘a convincing proof of the suitability and

accuracy of the hydrogen-bubble tracer technique used in this study,
e ™~

4.5.2.2 Eigy_field around an_oblate_ellipsoidal_bubble

S TR O G e S Em AR G B e i D S e S G P D AL 4w S Am P S R e AT R b W W

An experimental streamline close to an oblate bubble is compare&

with theoretical predictions in Fig.4.3. It clearly demonstrates that for

a slightly deformed bubble the deviation from the Hadamard-Rybczynski
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(a) Potential Flow
Model

FIGURE 4-2: Comparison of experimental streamline with theoretical

(b) Hadamard—Rybczynski (¢) Stokes

. ' 123, ;

o Experimental positions at 0.417 sec.
intervals

4+ Theoretical predictions at 0.417 sec.
intervals

(experimental conditions as in Fig.4-1)

b4

Model Model

streamline around a spherical bubble.
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. FIGURE 4.3 Comparison of Experimengal Streamline with Theoretical {
Streamlines Around an Oblate Ellipsoidal Bubble . |
. o .
‘ : O Experimental -~ positions at intervals of 0,0417 sec
C ——— Theoretical predictions: - 3
- (a) Hadamard-?ybczynski model - assumes ci‘eeping flow j
around an equivalent sphere
(b) Taylor-Acrivos Model I - inertia effects taken into
T . account with assumption of spherical shape, i.e.
: \ 4 el e /’ ~ -
2 , deformation neglected. . ;ﬁi
f‘ . ' ’ (c) ’Taylor-AE':rivos _Model-1I - assumes creéping flow around !
.E an oblate ellipéoidal bubble, i.e. inertial effects 1
% - neglected. C -
] . u
E . « _
E/ Bubble Rise Velocity, cm/sec B A
] — .,
g . _ Experimental- .Theoretical Predictions -
: . , (a) (b) w (c)
:J\- s ’ . \ ]
g A _ 5.56 5.89 . 5.62 5.52 i
’ v = - N T
a 3 - 3 b 2 ’
. Experimental Conditions: *V = 0.91 cm” . . ]
. B, = 27.83 Pois
v ) q p = 1.389 g/cm
’ c = 80 dynes/cm
’ M = 827.5
» ‘ . Re- = 0,37 °
- Ne - 0.81 :
. Eb = 24,90 - . F
. b/a = 0.87
- ! ‘ ] )




e AT MR T AP RN T I Y
Ll
0

8

)
i

)
-

%,

.
‘v

1

hy




B e o

theory can be explained by the analysis of Taylor and Acrivoes (1964).
. - .
Their Model II (see Table 4.2) which assumes creeping flow around an

oblate. ellipsoidal bubble appears to agree withfthe data somewhat better
than their Model I which simply takes inertidl effects nto account while
neglectlng the bubble deformatxon from spherical shage. . ‘ N

Taylor and Acrivos (1964) pointed out that their analygis is .

”

applicable only if the following conditions are met:
(1) the interface be ggée from surface active impucities
2
T Eeu
@) ﬁ_» 1
- (5) ( )-—< 0(1)

2 2.0 ‘ \

./

The experimental run reported in Fig.4.3 satisfied all but the

last condition which requires that Re pertaining to the internal gaseous

phase, i.e., based on gas properties, be small, However, Pan and Acrivos’

(1968) extended the Taylor-Acrivos (1964) analysis and demonstrated that '

for gas bubbles restriction No.5 can be relaxed because the inertial forces

\ .
and the external flow. Theréfore, it is concluded that the present data
\
‘support the theory of Taylor and Acrivos, within the limits of experimental

\ of the internal circulation do not significantly affect the bubble shape

}r' - error. : )
. Sy . .

\ h 3
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A. Overall features of the flow field Rl N
; 4 - & ’
] - \' - Typical long-exposure photographs of bubble wakes, taken using

the experimental technique described in Chapter 2,"are reproduced in

~
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F1gs 4.4 to 4.7 vwhich spay the Re range from 12 tg/296. In many of the
photographs the right-hand portion shows the wake boundary and the posi-
tion of the vortex ring sdmewhat better than the left because the probe
introduced the tracer bubbles largely in thg riéht-hand half of the wake.
Fig.4.4 illustrates the effect of liquid properties and bubble

size on the bubble shape and its wake for %6’-18.2 to 159. The top,
A

‘the middle and the bottom rows , show bubbles in three different sugar

solutions of viscosity S.Od, 3,10 and 1,30 Poise, whereas the left, the
middle and thgright Splumlshow bubbles of three diiferént volumes of 7.0,
9,3 and 27.8 cms. All the bubbles except ﬁor,Fig.4w4(9) are shown at the
same magnification to facilitate visual compari;on. Note that bubbles
No.1 to 8 are at Re < 92‘and trail closed, steady, axisymmetric, toroidal
wakes while bubble No.9 at Re = 159 has an open, unsteady, asymmeftic wake.
Eddies or vortices of scale similar to bubble size are observed for the
open, unsteady wake while in the turbulent wake observed at much higher '
Re (of order 10° - 105) by Wegener et al (1971, 1973),£or sphericalrcap
bgbhlés in water, ;he scale of the edd@eé is much smaller than the bubble.
The development of the wake with increasing bubble size and
hence Re in a low viscosity sugar solution is depicted inﬁthe series of

l

photographs of Fig.4.5. In F1g.4 5(1 ‘osed wake ttrailing an oblate- ‘

A

ellipsoidal-bubble ri%h/aﬁ’igggét tatio (width/height) of 0.25 ‘is illustrated.

This almost disc-like shape was obserVed over a narrow Re range from 42 to

69 in the least viscous solution‘(u « 0.84 Poise) investigated in the

present work. Bubbles of this type wobbled along their axis of rise,

howeverg the eﬂgloseJ wakes trailing these bubbles remained attached to
: ' /

the bubbles during the entire rise. 'The same results were obtained even

when the experiments were repeated in the absence of the ‘probe and with
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FIGURE 4.4 Effect of Liguid Properties and Bubble Size on the Bubble Shape snd Its Nake
. - Liquid Properties \
No. (Po:u) (z/?:n-") (dyn:s/ CI'} M \ (c‘n,s) (Cl/ll,ic) Re ES ) We
1 5.00 L Lesss 7.7 9.62x10% 7.0 28.25 18.2  96.2  $3.1
2 5.00 - 1.389° 7.7 9.62210 9.3 $1.12 22,00 116.5  44.1
s s 1,359 ™7 el 218 ss.80 o6 2024 - 9.0
¢ 3.10 11,349 77.6 1. 44x10° 7.0 31.12 321 95.6 349
3 3.10 1.349 - m6  Laduot 9,8 3s.01 $7.4 1518 . 6.8
6 3.10 149 77.6 Laxi0t 20,8 a.21 67.4 2409  111.0
7 1.50 1,326 7.8 580 7.0 32.26 7.9 943 423
) s 1.30 1.326 77.3 a.58x10°% o3 34.48 9.6 114. 53.2
» 130 1,326 77.3 458103 27,8 3.3 159 238 121
kD

All bubbles shown at megnification of 0,506¢ oxcept’l:nbble No.9, which is.at ngnittution‘ of 0.316.

*i.0. 1 cmac

!

corTesponds to 0,506 ca on the yﬁotompl\.
. ‘ 4

NS

P
)

r



B .N.m%nky W s e o ¥ v s -3 & gt o T
KL AN e £ [T BT e v g : 3 ﬁ. PR -..m,aa T,

FSL DAy

- Al

i




14
"».‘;&“J'Wﬂ AP e s g i - m t oh e .
G Ty g o N g % T G S

| '128.
. ' FIGURE 4.5 Wake Development with Increasing Bubble Size
(or Re) in a Low Viscosity Sugar Solut;bn
. v U .
No. (cms) (cm/sec)’ Re Eo _We
1 ' 0.74&~ 24,14 42.4 21.22 10.3
2+ 0.74 24,14 42.4 ZI»Z?T’ 105
3 2.8 32.00 87.4 51.1 30.6
| 4 ' 3.7 33,10 99.5 . 6139 36.0 -
5 4.6 33,95 110 71.8 40.8
o 6 46 ' 3395 110 \JL8 . 40.