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l~odern science strives t~ construct its picture 
of the world not from speculations but so 

far as possible from facts. It verifies its' 
constructs by recourse to observation." 

• Ernst Mach (1943) 
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ABSTRACT 
. , 

The behaviour of bubbles (voiÜm~ _ 0.08 1139 cm3) rlslng in 

viscous (1J - ~.62 - 28.2 Poise) Newtoni:" liqu~dSI fas stUd~ A 

detailed classification of bubble shape regiroes r presented and a method 

for predicting the bubble shape and.the ~ape df' t'ts wake was' de~eloped. 

Th~ available theoretical models and correlati were tested and their 

limits of validity were pointed out. 

The hydrogen bubble flow visualization technique was modified 

for use in viscous'liquids thus permitting, measurement o~the velocity 

field around bubbles of different shapes, ïncluding the velocities in the 

wake. Streamlines were obtained for 0.087 < Re < 296 and, where posslble, 
1 • 1 were compated wlth existing theories. The transition from a closed toroïdal 

wake carr~ed with ,the bubble to an open unsteady wake occurred at Re ~ 110. 

Interaction of two vertically aligned bubbles ~s observed and 

the principle of veloci~y superposition was verified directIy using the 

measured velocity field. 

The skirt inc~pience theorx of Wegener ~ al (1671) was extended . 
to indentèd oblate-ellipsoidal-cap bubbles and ,drops. A theoty for skirt 

thickness was developed which predicts decreasing skirt thickness with 

skirt Iength, as observed ~xper~entallY. lA simele theory to preaici'the 

lengt~ of the skirt was also formulated and verified experimentally. 
, 

It was found that the proximity of the container walls reduces the ft 

bubble ~ise ve1ocity, e10ngates th~bubble in the vertical 4irection, alters 
1 1 

the liquid flow field~educes the volume of the toroidal wake and the rate 

_of circulation within it, ~elays skirt formation and promotes the formation 

of waves on the skirt. 
1 " 

The wall effect theory of Col~ins (1967) was shown 

to be valid for bubbles in vis cous liquids for Re as low as 10. 
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'"RESUME 
• 1 

Le comportement des bu11es (de 0.08" i39 cc} d~ns ~.lïqùides . , 
Newton'iens (de O.6Z~~8.? Poise)a 6té ~tudiéi Une classification détaillée 

de la fo~me de~ bulles selon leur regime est présent6e: et ~ une méthode ~ .•. ' 
>:t 

. developpée pour la prédiction de la forme des bulles et de leur sillage. 
" 

Les quelquès mod~les théoriques et corrélat~ons existants ont été ~estés 
.-

et leur domaine de validité déterminé • 
\ 

~. La téchnique de visualisation par,des bùlles d'hydrpg~ne a été . 
1 

modifiée pour ·permettre la détermination'du champ de vitesse dans des . ' 

liquides visqueux autour des bulles de différentes formes. et autour des' 
1 . 

~illages accompagnant ces bu,lles. Les lignes de courant ont ~té obtenus d~ns ~~ 

ie domaine' du nombre de Reynolds de ~:~87 à 296, et si possible, ces lignes 
~ 

sont comparées avec des théories existantes. La transition d'un sillage 

"fermé" de forme toroidale à un sillage "ouvert" transitoire e'st observée 

·à un nombre te Reynolds d'environ 110. 
. l 

L~interaction de deux bulles alignées verticalement a été étudiée, 
1 

et"le principe de superposition des vectdUrs de vitesse a eté verifié 

directement à l'aide du champ de vitesse mesuré: 
. 

La théorie de Wegener et al (1971) sur la formation des "jupes" 
,. --, y-J 

a été étendue à des1bulles et gouttes de la forme.d'un e~lipsoide_applatie 

dont la base est- echanc.rée.- Une th.éorie sur l'épaisseur des -"jupes"~' a é~ 
Il 

developpée, celle-ci prédit,(e~ accord avec les observations, quP l'épaisseur 1 

d~ la "jupe" décroit avec la l?ngueur. Aussi, une théorie .simple p~ur la 

pr6diction de la longueur de la "jupe" a éd formuUe et verif.ée ~xperi~ 

mentalement. 

Il f;a été trouvé que 1 t effet de paroi réduit la vitesse 85cension

nelle, allonge la bulle dans la .direction verticale . 'change le chailp de 
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1 " 
vitesse, diminue le volume et la ~itesse de circu1atiôn du sillage 

f 
.' 

1 • l " 
toroïdal,' retarde la formation de la '5upe"et favorise en elle l'apparit,ion 

des instabilit~s. ,La théorie de Collins (196~) sur l'effet de'paroi a'~té 

prouv~e valide pour des bulles dans un liquide visqueux ayant' un nombre 
1 

de Reynolds aussi bas que 10. 
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1. 

CHAPTER 1 / 

INTRODUCTION 

. 
Bubbles play an important role ~n many processes encountered 

" in chemical and metallurgical engine~ring. Operat~ons such as absorp-

tion, desorption, fermentation, mixing~ floatation, sewage treatment, 

vacuum degassing and meta1 refining aIl involve the motion of dispersed 

gas bubbles in liqUids. Most industrial processes usually invotve 

~warrns of bubbles created by a large 'number of nozz,les or by a perforated 

plate. Nevertheless, it is essential to understand the behaviour of a 

single bubble before ~ complete knowledge of interacting bubbles can be 
1 J 

aChieved. Recognition of this has motivated a numb~ of investigations 

dealing with the fundamental aspects of bubble phenomena such ais bubble 
, 

formation, bubble shape and movement, ,interaction with anather bubb1e or 

a plane surface,' and mass transfer to and fram the liquide (Sideman 

et al 1966; Ca1derbank 1967; Soo 1967; Valentin 196T; Gomezp1ata and 

Regan 1968; Regan and Gomezp1ata 197Q; Bischoff and Himmelblau 1968; 

Gal-or "et!!. 1969; Gill ll!!. 1969-70; Tavlarides ~!!. 1970). Despite 
/ 

~hese efforts many challenging problems/still remain as pointed out in 

recent reviews (Harper 1972 j Wegener and Parlange 1973; Clift, Grace 

and Weber 1976) •. , 

The formation mechanism af a bubble may vary fram process to 

process, however, once a bubb1e has atta~ed terminal velocity its 

behaviour is independen~ of the formation mechanism and depends only 

upon. it,s volume, the physical properties of the liquid, and the size of the 
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container. A complete description of the behavior of a single bubble 

requires thé knowledge of its shape, rise velocity, the motion induced 

in the surr~~ding liquid and the effect of the container wallon these 

variables.· The present work is directed towards obtaining this know

ledge for single bùbb1es rising in re1atively viscous (0.8 to 28.0 Poise) 

Newtonian liquids. Since a large number of variabl~s were investigated 

and each has its own 1tterature, the results of this work are presented 
~-

in five relat~vely se1f-contained chapters, Chapters 3 through 7. Each 

chapter contain's a review of the relevant literature, 1ists the specific 

objectives ana then presentsUand discusses data obtained in this study. 

/ 
In order to measure the external liquid motion an experimental 

technique was developed to provide the velocity distribution over an 

1 extende~egion around the bubble without disturbing the bubble or the 
fT . 

flow and to provide, simultaneously, a vivid picture of. the flow field." 

This experimental technique is described in Chapter 2. The study of 

bubble shap~ and rise velocity ts presented in Chapt~r,3. The review 

of literature in this chapter is longer than that in the other chapters 
, 

and serves as a general introduction to the phenomena of bubble motion. 

Chapter 4 'contains extensive results on the liquid flow field around aIl 
\ 

of the different shapes of bubbles encountered in this work together 

with a detailed examination of the nature of bubble wakes. The -results 
V 

.~ ... '" 

* Since the ve10city field within the bubble has relatively little effect on 
bubble shape, liquid phase controlled mass transfer rate, bubble interaction 
and coalescence no attempt was made to study this internaI motion. ' Accurate 
interval circulation measurements are very difficult to obtain for gas 
bubbles though sorne attempts have been made, (Garner and Haycock 1959; 
Davidson and Kirk 1969; Pilla!!.!l 1976). Q 
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of Chapters 3 and 4 are used in Chapter 5 to explain the interaction and 

coalescence of, two bubbles rising in line. Chapter 6 is devoted to the 

elucidation of the\factors which control the onset, thickness and length 

of skirts trailing behind bubbles moving in viscous liquids. The results 
Q, 

of other workers on 

possible to support 

skirted bUbbles~nd drops are incorporated wherever 

the theories d~veloped in othis, chapter. The effect 

of the proximity of the container wallon bubble shapes, wakes and 

velocities is the subject bf Chapter 7. Fin?lly, the important contribu-
. 

tions of this study are presented in Chapter 8, and suggestions are 
o 

offered for further ~ork. 
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OJAPTER 2 

EXPERIMENTAL EWJPMENT AND PROCEDURES 
--.", .... 

1 • -4Î \, ~ ... 

J" ) , , 

/" 

4. " 

. 2.1 The Technique for Measuring Velocity Distribution in the Liquid 
« 

2 .1.1 Selection-, of' the -ëxperimental techni-gue - ' 

To me~sure the veJqcity field ip the 1iquid around a rising 

it was necessa~ to have ân experimenta1 ~echnique which WO~lQ 

provide·the y~locity distribution over an extended reg~on a~ound the 
. 

'bubble without disturbing the bubble or the flow,. and which would 

simultaneous1y provide a visual record-of the f10w fierd. These 

requirements ruled out the use of conventiona1 probe instruments such 

as pitot tubes and 1iquid film anemometérs and a1so the recent1y 

develo~~ technique." of 1aser-dopp1er anemometry. This 1eftfihe f\~w - 9 

visualizati~n techniques, suCh as injéction of dye or neutral1y buoyant 

partic1es into the liquid, electrp-chemical luminescence, Schlie~en 
\ '" 

and s~adow ph~tography and electro1ytic hydrogen-bubble genFration • 

For a more detai1ed discussion and comparison of the various techniques 

of ;lOW Visuali~ ,eoder sh~ld refer to ~he compr~en'ive 
./- ,"'.1 

reviews on the.~bject (Lippisch 1958; Clutter et al 1959; ASME 1960; 
... ' --

Clay ton and Massey 1967; Macagno ,1969; 1972; Wer16 1975; 

Merzkirc~ 1974; \\ ' 
\ 

" 0 

After ~ review of the various \low ~sualization methods the 
, ~ 

~ - / 

hydrogen-bub~le technique was selected fort1i~ present investiiftion 
\' ~ ~ 

because it is t~e most versatile, as,can be seen from its application -- . 
in a var~ty o~ ra~~er complex~, osteadY as~ well as time-dependent flows 

~ . 
(Lukasik, and Grosh 19S§; Hama 1962; Hama and Nutant 1963,; ~chraub !!.!.!. 

\ 

, . 
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1965; Hanse~ 1968; Weinberg and Heiser 1968; Lennemann and Howard 1969; 
, ~~ 

Maxworthy 1970; Matting1y and Criminale 1972; Rice and Thomas 1973; , 

Mattingly and Chang 1°974; Offen and ~'line 1974). 

Basical1y the technique uti~izes the electrolysis of water to 

introduce hydrogen bubbles into the flow. In a typical installation a 

very fine wire whieh aets as cathode is stre~ched'aeross the· region of 

flow that is to be investigated. A pulse of ~.c. volta~e is appl/ed to 

the wire and the hydrogen formed is swept off the wire by the passing _.' 

. .' 

flow. The gas'leaves the-wire in the fdfm of very smàll bubbles. Careful 

illumination makes these bubble5 visiblëÇ Oxygen is formed at an anode 

which i5 10cated out of the fiela of view. Hydrogen bubbles rather than 

oxygen are se1eeted as tracers since volumetrieal1y twice as much hydrogen 

is formed as oxygen in the e1ectrt1ysis of~water. 

The technique was first used by Ge1ler (1954), who in turn was, 

stimulated'by the work of Wartmann (1953) on injection of tellurium by 

electrolysis. A rev~~~ of thi~early work and an e~ce11ent exposition 

:of the hydrog~n bubble technique 15 give~ by Clutter et a-1 (1959,1961). 
.., . ,/ 

Schraub .!!.!!; (1965) Asunuma and Ta~eda (1965) and Matting1y (19.66) •. 

The evaluation of this'technique for "quantitative measurements has been 

dealt with by Schraub ét al(1965), Davis an~ Fox (1967), Tory and 
f ,---'" 

\. 

/ 

Haywood (1971), Somersca1es (1971) and GeTrard\ (1972). Studies of, the. 
• ,0 

factors affedting the size of xhe hydrogén qubble ha~e been made by 
r>' ~ • ~ ~ / 

, 

81andamer .!! al (1967) and by Tory and Haywood. (1~71). 

.-; 
1 
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- The hydrogen*bubble technique was used in this study for the 

following reasons: 

(1) The' tracer bubbles a~e easily produce~n the flow at anr. 

location and, because Qf the elec~rlcal nature of the 

generation, they may be pulsed and timed, and their number , , 

.' 

(2) 

andfsize are easily cont~lled. 
''nle t~chniqU,e all~ws ,-'tiPle point observation a~ the 

sa~e instant, thus providing complete velocity information. 

:(3) The cathode wire may be made 50 smaU that it causes 

negligible disturbance to the flow. 

(4) By suitably designing th~ cathod~ (see Section 2.2.4.,1) 

the trà~er bubbl~s can be introdueed into the wake of the 

~---______ ----~mmuHb~b~l~e.*~w~irtt~h~offut~bnr~e~akk1f,·n~g7tt~h;e~bu~bhlb~1~e~.-.--------
(5) 

\ 

(6) 

. . 
'nle tracer bubbles are relatively easy to photograph 

\ ' 
-' - \ \ 

beeause they are hlghly reflective, giving good contrast 

against the flow medium when side lighting is used. Also 
1 1 

for photography the techniq~e is su~ to t~ose m~th~s 

of flow visualization that suspend the trJ~er p~rticles 
• F 

through~t the liquide 

'nle effect of tracer particles on the phyrlcalr -p~operties 
of the liquid and on the flo~ under observation~s 

- -
minimized because the tracer ,bubbles are generated in 

a single plane in the desired quantity at a desired ±nstant. 

,,* Throughout this thesis, t~e t,erm "bubble" reférs to the air bubble around 
which the flow is being investigated whereas the terms "tracer bubble" or 
''hydrogen bubble." are used interchangeably to refer to the small, electro* 
lytically generate4.hydrogen bubbles used ta trace the flow fteta. -

.. 1 

i 
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(7) Unlike filaments"of dye the tracer bubbles do not lose 

their id~ntity and do ~ot dfscolor or contaminate the, 
, . . 

liquid thus permitting repeated use of ~he same liquide 

(8) The technique can be adapted (see Section 2.1.~) for use 
, , 

in very viscous liquids of aqueous solutions. 

(9) The.technique i5 relatively inexpensive. 
,. 

1 

A major drawback of the technique is the considerable time and 
, a • 

" effort required to analyse the film d~ta. 

~----------~--
2.1.2 Modification Ôf, th~ eonventio~al hydrogen-bubb~e ~echni9ue 

In th~conventional application of the hydrogen-bubble technique 
\ . 

~o study flow behind a blU!f body, rows of hydrogen bubbles are generated 

at a thin wire (usually made of platinum or its allors) placed downstream 
1 • 1 l, • 

of the body. sr pulsing the current to the wire a regular pattern of 

- hydrogen bubbles is formed; t.lJe 'subs'equent distortion or displacemen~ of 

this pattern gives the pioture of the;f10w (s,e Tory and Haywood, 1971 for 

an example). By applying d.c~ pùlses to a partly insulated wire or br 

using two cathodes, one o~ ~hich i5 a kinked or partlYt insul:ted 5traight . , 
1 

rire that 15 connected to a continuous d.c. supply and the other a 
, ' ~ III 

, ',~ 

straight bare wire to which d.c. pulser are applied. 50 called "time and 
1 , 

5treak line" patt~rns can ,be formed to'provide qualitative as weIl as 

quantitative information on 5teady and time-dependent flow (Schraub et al 

1965; Mattingly 1966). , 

'. 
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Because it 15 difficult to hold a bUbb,le 'steady* and observe 

the flow of the liquid past it, the conventional technique had to be ' 
" . 

lIIC>dified ~ ,it could be u.ed in the present investigation. prelimi,nary 

experime owed that the most convenient method of visualizing the' 
\ " . , 

flow relative to a st.iiona~ obserVer ~s_to generate ~sol~ted hydrogen 

tracer bubbles at reasonable spacing in a plane passing through the axis 
, , 

of the bubble and-then t~-pAotograph the path of these tracer bubbles with 
/ \ 

,/' 

,r./'" , 

a stationary cin6-camera. The observed motion at a fixed point in 
1 

spa ce would. of course. be 6n~teady with\time., To visualize the flow 

in the lmmediate neighbourhood of the bu~bple, the tracèr bubbies vere 

inj e~ted as ab~e and' their motion around the bubb~e was photographed' 
", ' 

vith a :Cà~ travelling upward at thel same speed as th,e bubble. Hare' 
~ . 

the observl~~mcrt-.ton appeared steady with time. To observe the liquid 
\ 

motion in the closed wake ~ra,iling the bubble, it WBS necessary to develop 
. ' 1 

a cathode that could introduce tracer bubb1es into the wake without 

breaking the ,~bble. -The, descript;ion of the successful cathode is given / 
"\ 

in Section 2.2.4.1. 

'" To date, ail of the'studies emp~oYing the hydrogen-bubble 

" 7 -.' 
* A bubble can be he1d'steady by a downward flow as demonstrated by 
Davidson and Kirk (1969), Moo~Young et 'ai (1971) and Kojima et- al (1975), 
but the èxperimental difficult, in dOInj;this for the large Dümbër of 
different sizes and shapes of bubbles studied in the pres.nt vort would 
have been formidable •. Purther, the liquid velocity profile necessary to 
hold the bubble steady-distorts the bubble shape from thaJ~ obtained in a 
free rise in a quiescent liquide ' 

r~, 

J 

, 1 

l' 

\ , 
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technique have used water as the working aedium* to which a small quantity 

'of, an~ionic solute such as sodium chloride\or sodium sulphate is adde~ 
\ 

to enhance the conductivity~ It was felt that tbe technique could be 
1 

applied to any aqueous liq~id, even of considerably higher viscosity, if 

SUff~cientl~~ v~ltage COUld,be app~ied. Consequently, a special high 

voltage (750 volts d.c. max.) electronic circuit was built. that could 
, 1/ 

generate hydrogen tracer bubbles in sugar'solution of viscosity as high 
1 

as 30 Poise. The details of this cir~uit can he found in Section 2.2.3. 

\ .-
2.~ 'Sxperimental,Equipment 

2.2.1 Ligui4 column and accessories 

"'.,, A schematic diaP.'8JD of t}le experimental set-up is shown in 

FiID1re·2.1. The test liq~id was contained in a transparent plexiglas5 
,1 

coluDDl <D**of height 182.9 cm., outsJde diameter 30.5 cm., and ,'inside 

diameter 29r2 cm. To avoid radial optical distortion a square plex~ . . ' 

glass :box <3:>' of wall thickness 1 cm. and outside cross-section 38.1 cm. ' 

;' x 38.1 cm. was placed around the upper 121.9 cm. of the cOlumn, and was 
'" filled with the test liquide 

A helli-spherical plexigiass dumPing alp <D of 7.62 cm. inside 

diameter was mounted on a brass shaft (!) Which passed through a liquid-

~ 

* Recently the author has discovered that Nowell (1965) had used 200 
watt (2 amp. max.) pulses to generate hydrogen bubbles in water-glycerine 
.ixture~ with concentration of glycerine up to 40\ (viscôsity~ 0.036 / 
Poise). ,/ 

** Humbers in circ les comspon~' to' those indicated in Fig. 2.1. 

\.' 

\ . '. 
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, 
tight rubber O~ring seal placed on the column wall 10 cm. above the 

\ 

bottom of the column. The cup was fixed to the rotating shaft in such 

a/way that it could be rotated along its diameter thus causing minimum 

disturbance in the liquide Ai,~'w~ introduced into th~ cup via a 0.64 cm., 

I.D~ copper tube (§) located at the center of the base of thè column. 
\ 

To the other' end of the copper tube was fixed a Luer valve ~ which 

ensured a tight f,it with the noule of a syringe CZ> used ,ta inlect the 

air bubble. 

/ 1 An inverted glass funnel ® attached to a stainless steel rod 

(2),214 cm. long and, 0.95 cm. diameter,was pla~d above ~he'~d care

fully centered'- on the axis of .the COIUDD1 so that the. bubble after leaving 
• 

the cup passed through the ;unnel and thus was centered. Three funnels 

of varyin' neck diameters (2.8 cm.,~3.7 cm. and 4.9 cm.) and 36 cm. h~ighi 

were used for effective centering.of bubbles of different sizes. 
\ 

For easy mixing of the liquid after diluting the solution air 
\ Il \ ~.I 

could be disp~rsed by means of a ç~pper sparger ~ connected to a 

compress~ air bottle @. For withdrawing a liquid sample or emptying 

the cOlumn, a 1.27 cm. I.D. outlet ~ was provided at the base of the 
fi" 

column. - ,~ 

2.2.2 Photocell activation system' 

, 
, . 

'fwo" o~inary~.flashlights . @ . were placed dime~ric'ally opposite ~,; ~f., 
two photocell~ C3 ~ational Semiconductor Model NSL-364) at approx~tely \ 

'. 
120 cm; apart. along the column. The high sensitivity of the photocel1 



.Y' 

1 

,1."2. 
1 

required' that the intensity of incident l~ght be mail\tained very steady'. 

This was aChieved by connecting the fl,shlights ta a steady low voltage 

d.c./Power supply @. TIte photocell responded to the interruption in 

light, caused by a rising bubble @. ..!!hen the light falling on the 

bottom photocell was interrupted a relay unit @ simultaneously witched' 
1 

"on the clock @ (Standard Electric Time Co. Model S-l), the pulse g nera-
, \ 

tor @ (HeWl\tt Packard Model 800SA), and the camera lIloving .device, 2 ..... .J 

The same Circui~ sWit,~ed off these inst~ments when the bubble 
\ \ \ 

the light ~~llin\ on t~e top photocell. 

1 The ~gram of the photocell activation system is shown 

in Figure 2:2.' It was built from' sever~l Motorola 'integrated circ~its. 

The change in the light intensity falling on the photocell èhanged its 

resistance which in tuTU was used to ~rigger a relay which had three inde-
\...... . 

pendent contacts. The ou~put of the photocells w~s applied to an electronic 
\ \ 

switching arrangement via,the two Schmidt Triggers (SN 7413) and then to 

the relay driver (SN 75451). These Schmidt Triggers were specifically 

selected to increase the response time of the circuit. The sensit~vity 
\ 

9f the photocells could easi1y be adjusted using the two potentiometers. 

This enabled ready triggering for different sizes of bubbles. The circuit , , 

cquld be reset·by a switch. The photocells were protected from stray 
\ , ~~ 

light by the photocell holdérs shown in Fig. 2.3(9:) !"'[ 11iése devices 

permitted onl>':. the light from the flashlights ~o faU on the photocells • 

. 
2.2.3 ElectroniF eguipment ~or tracer bubble generation ' . 

. (EJ The hydrogen tracer bubbles were produced by the electronic 
. 

circuit shown ~ Fi,. 2.4. Ii c~s\isted of a ~pecil!-l1y des~gned amplifier 

1 
, , 

:'J 
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PHOTOCELL HOLDER 
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light fro~ flashlight 

\ 

wall 
\ 

nut with a teflon insert 

KI, K2, and K3:knobs for moving probe in z, x and '9 directions, 
respectively. 

CA'IHODE PROBE HOLDER 

FIGURE 2.3(a) Detail.of Photocell Holder 

(b) Detailtof Cathode Probe Holder 
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l, 
powered from a variac (Superior Electric Co.; Powerstat type 2PF136). 

The power from the variac was transformed using a step-up transformer 

, (Hammond type EN7P), rectified by means of four diodes (IN 1120) and 

~ accuDUlated in a bank of capacitors. The .n~rgy was released as negative 

~~lses with voltage range of 0 to 7~0 volts triggered by a pulse generator 

(Hewle~t Packard Mode1t 800SA) which in tum could be tr~\.gered at the 

desi~ed moment either automatically by the photocells or ,manually. The 
, , 

very high amplification was necessary to pulse enough current through the 
:. . 

, wire to create hydrogen bubbles of acceptable size in the viscous liquids 

used in the present work. 

The output signal (max. 5 volts) of the pulse generat'or had a 

reversible polarity and' a 0.3 cps to 107 cps continuously adjus~able 
c, 

repetition rate vith a variable pulse width ranging from 3xlO-8 sec.'to 
, 

3 sec.. The sharply rlsing and falling voltage pulse enabled essentially 

instantaneous triggerjng of the d.c. voltage. The characteristiès of the ' 

, output of the.puise generator, such as pulse width, period and amplitude 

could be accurately monitored on an oscilloscope~ 
r 

The provision of a swit9h in the output of this power ~ply 
"\. 

permitted an easy polarity reversaI which was used when necessary to clear 

the cathode and thereby improve the quality of the tracer bubbles (i.e. 

smaller and more uniform bubbles). 

'. 

., 
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2.2.4 Configuration of electrodes 

2.2.4.1 Cathode -------

17. 

, , 

The conventional cathode consisting of a platinum 13' Rhodium 

wire (0.001 to 0.010 in. thick) mounted on a glass frame (see Fig~2.5(a)) 

was tested in preliminarr experiments. The wire was aligned with the 

diametric'plane of the bubble. Upon passage of a bubble,thin wires were 

often broken; whereas, thicker wires (~0.005 in. thick) broke the bubble 

into two equal size bubbles which rose side by side to the top of the 
~" 

colùmn. Consequently# it was necessary to construct a"probe that would 

let the bubble pass without b~eaking it and that would remain rigide 

Since the bubble and the flow field were axisymmetric only half 
, 

of the diametric plane needed to be considered. Based on this idea the 

cathode probe shown in Fig.2.S(b) was designed. lt consisted of a bent 

glass tube of 0.8 cm. 0.0. and 0.6 cm. 1.0 •• A tungsten rod 7 cm. long 

and 0.2 cm. diameter was held at the lower end of the glass tube by 

melting the glass around the rode Mercury placed at the bottom of the 

glass tube provided the electric ,contact between the tungsten rad and 

copper wire led from the power supply. Across the tip of the tungsten 

rod a 0.0254 cm, thick tungsten 'wire was soldered. Because only half or 
':.. 

slightly more than half of the bubble passed over the tungsten wire~'~he 

bubble did not break. By sending an electrical pulse to the wire 

triggered br the photocel1 when the bubble had just passed the cathode, 

tracer bubbles could be introduced into the wake. 

'Approximately equal sections (~ 0.2 cm.) of the cathode wire 

were insulated to generate sufficient hydrogen-bubbles. The method of 

h 2 t2 r ;.; ._,o._,N .. ;;;;;;&!L 3 Ji j 
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{ . 
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FIGURE 2.5 Configuration 'of Electrodes 
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masking the wire by "sandwiching" it between card~oard cut-outs and then 

spraying with several thin coats of paint as suggested by Schraub et al 

(1965) was tried'but it was unsuccessful as indicated by. an uneven produc-

tion of hydrogen bubbles. The method finally. adopted involved applring·a 

thin coat of red enamel paint (Krypton manufactured by,Borden Inè.) or a 
~ J ~' 

, < • 

high voltage corona dope (manufactured by de~eral Ele~tric) with a small' 

brush .over the entire length of the wire and, after drying,cdissolving 

off the unwanted insulation br applying drops of acetone to the wire. 

The cathode pr9be was steadied br'a probe holder (see Pig.2.3(b)) 
\ 

which~llowed accurate positioning. It consisted of à siôtted brass rod -----------i 
, -~ ~ 2 ç,m. diameter and lS:'cm. long.....fixed-t-o-a-plft"fOrm which was rigidly : 

_ mounted on a wall. The platform c9uld be moved in two perpendicular 

directions in the horizontal plane and co~ld also be'r~ated. A brass 
, "'. 

nut with a tefion inser! was used ta fasten the glass p~ob~'to the slotted 

b;rass rode 

2.2.4.2 6D9Q§ 

The anode termdnal is shown in Fig.2.S(b). It c~sisted Of~~~ 
.'r . - ,,'" 

0.05 cm. th1.ck rectangular (S cm. x 8 ~cm.) c~pper plate attached--to a ~2.5 
, . 

cm. long 0.2 cm. 4iameter tungsten rad that· was fixed to a glass tube , 
similar ta one used for the cathode. The copper plate provided Sllf- . 

ficiently large area ta reduce the resistance of the circuit. The anode 
\ 

was fixed "'in the colUJlDl at the same level as the cathode terminal but 
> 1 

near the wall out of the field of view • ., 

.> , , 

• 

/ 

j 
1 
1 

,1. 
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2.2.5 Camera moving device 

A sketch of the camera moving device is given in Fig.2.6. It 

consisted of a platform attached " to a system of pulleys. This platform, 
./ -

cou1d move up or down ~t (;;~peed on which the camera was mounted, 
Q 

between 0 - 200 cm./sec., with the use or a variable speed e1ectric motor. 
• 1 

Il, 

The power to ,this electric motor was switched on and off· aùtomatically 

by means of the photoce11 controlled relaye !wo guide rods we~e provid~d 

to prevent vibrations wh en the platform was in motion. 
\ ' 

The variable motor 

~ speed contro1i~r was ca1ibrated to a11ow-the desi~ed speed t\ be selected. 

----------------

1 -- .. 

.' ---------------------- / 2.2.6 Lighting and photography 
\ 

The 1ighting arrangement is shown in Fig.2.7. !wo types of 

" lighting were emp1oyed: back-1ighting and side-lighting. The back-lighting 

was provided by a 116 cm. long Sylvania fluorescent tube 1ight which was 
\ 

chosen over the c~nventionallf1ood ligh~s to avoid generation of excessive 

unwanted heat because the viscosity of the test liquid wa~ very sensitive 

to'temperature. For the shape study,the wall effect study, the skirt'forma

don study and the coa~escence ,study only back-lighting was used, 'since 
.- . 

it gave excellent photographs ~f bubbles with a sh~rp, dark outline 

silhouetted against the bright background. (See typical photographs in 
( 'li ".-

Chapter 3, S, 6 and 7.) 

"'" 
." 

The most successful lighting-for photographing the tracer 

bubbl~S WBS by ill~ination with a-sharply collimat~sheet of li8ht 

from the side ébtained using two slits in series. The light source 

consisted of two 1000 watt self cooled spot light~ (Naren Industries Ltd., 

Model N-I03) placed about 60 cm. apart. The thickness of the sheet of 
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" J 

ligbt could be varied by adjust g the gap between two aluminum sheets, 
, , ' 

and was maintained at 2-3 mm.. The aluminum sheets s~id in grooves 
~ 

machined in two plexiglfss pl tes, one mounted at' each end of the square 

box surrounding the column. plane of illümination at slightly more 
~ 

thanl900 to the opticàl axis 0 the camera gave the bèst results. To 

prevent excessive hea~ing of,th the spotlights were left on 

only when photographs were being taken. In the flow field study it was 
1 

necessary to photograph the bultbl ,as well as the tracers, hence a' 

combinat ion of back and side illum,nation had to be employed~ This 
1 

resulted in photographs showing a black bubble surrounded by white tracer 
1 • 1 

bubbles on, a gray background (see Fig. 4.4). , 

'" ,/ , 
Photographie records/of'the various types of experiments 

, 

were obtained on 4-X 16 mm. reversaI films ASA 400 with a 16 mm. Bolex 
\ ' 

reflex ciné camera that could operate at 12 to 64 frames/sec •• Various 

lenses and filming speeds. were employed. The speed of the camera was 

independehtlY determined by'filming a clock accu;atè to 0.01 sec. for 

about 4 sec. at the beginning of each film. 

1\ , 1 

, 
2.3 Range o( Variables Studied 

1 

The hydrogen-bubble flow visualization technique requires the 

presence of water in the liquid medium. An aqueous sugar solution was , 

chosen as the liquid because it satisfied this requirement and because 
, . 

its viscosity could be varied over a wide range by dilution. The concentrated 

sugar solution ("sugar invert") was obtained 'in bulttfrom a local sugar 

refinery.* Although pale yèllow in colour it was sufficiently clear for 

\ 

* The donation of the sugar sol~tion by St. Laurence Sugar' Refinery / Montreal, 
is gratefully ackn~wle4gea. 

, \ 

\ 
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Il 

photography. Sin ce the properties of the gas do not play an important 
, 

role in the behaviour of bubbles, air vas ~d as the dispersed phase. 

The \ range of the variables studied in the present work are summarized 
t~..-I, 

in Tl(1)le 2.2. , \ 

2.4 Experimental Procedures 

The test col~ and,the surrounding square 'box were filled 

with the concentrated sugar solution. lnitially a,small quantity of 

distill,ed vater containin~me sodium sul,phate vas added to the liquid 

to enhance its conductivity. ~vas dispersed in the liquid ~or some 
~ i \ 

time to achieve good mixing_and.the liq~left overnight to clear 

the dispersed air. The physical properties of the liquid we~e then 

measured. The density of the liquid was determmed with ca11brated 
1 

~ydrometers, the viscosity with a Cannon-Fenske Capillary viscometer and , ) 

the surface tension'with a ring tensiometer. Since the viscosity of the 
. 

liquid was very sensitive to temperature, the temperature variations, in 

.the vertical directiàn vere minimized by circulating the ~ir in the 

laboratory with three fans.'. The var.ious 'procedures \employed fo~ the . \ 

dif~erent measurements are described below. 

1 

2w4.l Shape and rise velocity measurements 
\ 

The required volume of bubble was introduced into the liquid 
- t 

column by means of a ca~ibrated syringe and caught in the dumping cup. 

The accuracy of the volume measuring technique is discussed in Section 

, 3.4.1.1. After the disturbance in t~e liquid due to the bub~le injection 

had subsided, the bubble vas released by rotating the cup. The bubble 

motion vas photographed using back-lighti~g wi~h a stationary 16 mm Bolex 

cin6 camera positioned at 330 cm from the centre of the column and 110 cm 

'\ 

l 
• , 

j , 
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TABLÈ 2.1 
f 

Range of Variables Studied 
j 

Continuous Pha'se: 

Dispersed Phase: 

Bubble Volume: 

1 

Temperature: 

ColuDm Diameter: 

~ / 

AQUEOUS SUGAR SOWTION / 

JJ - 0.62 28.2 Poise 

p - 1.30 ,. 1.39 g/cm3 

cr - 76.7 80 dynes/cm 

M (- -4 2 
> 2.39xl0 - 8.7S"I.!> 

""-

AIR 

lJ - 1. 84xl0·4 1.8Sxl0-4 Poise 

p - 1.18xlO-3 1.20xlO-3 g/cm3 

O.O~ - 139 (cm3) 

29.2, 14.4, 7.06 cm. I.D. 

1 • 
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above the bubble generating cup. The time of passage of a bubble through 
\ . 

the column WBS obtained automatically by a c10ck activated by photocel,ls. 

The cin6 film was projected onto the lower surface of a trans

parent scree~ and the shape of the bubble was traced on a semi-transparent 

paper: To obtain the appropriate magnification facto~an accurate scale 
\ 1 

(25.4 cm x 25.4 cm) WBS suspended in the liquid in the cèntral plane 

conta~ning the axis of bubbfe rise and photographed,. The projection of 

the photograph of this scale a1so showed that the square box surrounding the 

cylindrical column was successful in eliminating the radial optical 

distortion. 'Errors due to the oblique viewing of bubbles were avoided . \ 

. , 
br tracing the bubble image when its position coincided with the.opt!cal 

axis of the camera •. To allow ready comp~rison of shapes of bubbles of 

different volumes and in difterent liquids the images of the bubble were 

always projected at a fixed magnification. The accuracy of the shape 
1 1 • 

measuring technique is discussed in Section 3.4.1.3. 
'-Î' 

The ve10city wasldetermi~ed from the bubble displacement data 

obtained from the cin6 film or from the'photocell ictuated clock. The 

accuracy èf these two techniques is discussed in Section 3.4.1.2. 
c:> 

\ 

\ 
2.4.2 Liquid velocity fiel~ measurement 

~ ~ 
For the flow fiela' study a\ combination of back and side-. 

"-

1 

• Ifghting (see Section 2.2.6) was used. The ciné camera was mounted on the 

platform of the camera movlng device and moved to the same level as the lower 

-photocell. The ~lectronic eguipment for' generation of tracer bubbles 
'" (see Section '2.2,.3), the lighting system 'and the camera moving device 

were all'prepared fo~ use. Suffi~ient hydrogen bubble tracers were 

'" generated,in the lighted, central plane, perpendicular to the viewing 

axis of the camera. The bubble WBS introduced into the liquid and 

, 
" 
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released as described earlier. When the bubble reached the level of the 

bottom photocell the activation\system (see Section 2.2.2) switched 

on~he clock, the pulse gener~tor and the camera moving device. The 
-. ,"" . 
motions of the bubble and the tracer bubbles in the surrounding liquid 

1 

were simultaneously recorded by the ciné-camera moving at the same 

speed*,as the bubble. When the bubble reached the level of th~ upper 

photocell the various instrum~nt~were automatically switched off. 

The above procedures were used to study the flow field in 
\ -

the Immediate neighbourhood of the bubble: F~r the flow far away from 
.-

the bubble a~d specifically behind the bubble the same experimental 

procedure was f~~l~Wed except that the cliné camera was kept ~tionary , , 

while filming. 

Two camera speeds, about 12 and 32 framer/sec, were employed. 

At the low filming speed the exposure was long enbugh, for the tracer 

bubbles to appear as strea~s. These streaks represent velocity vectors, 

thus showing the overall features of the velocity field in a single 

photograph (see Figs. 4.4-4.8). Details of t~e liquid motion were obtained 
) ~~ 

from frame-by-frame analysis of the film taken at the h1gher speed. 
\ \ .. ' 

2.4.3 Bubble interaction and coalescence observation; 
i 

The interaction and coalescence of two vertically aligned 

bubbles werè'l-studied as follows. The volume of the leading bubble was 

* At the beginning of each experiment, the speed of the camera moving 
device was preset at ~he rise velocity of the bubble under study. 

\t.,>~V-:~T.rJ!~_1 -":-._.(.:11:-" ........ ~,J .... ~ .. ~'':~H/'( k41! ... ,rj:ç!iswtaa:::JZG:x:&afiIS::.~IZS6ImJ .... '!abœu ..... .J. $ . 
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introduced into the d~ing cup by mea~s of the calibrated syringe. 

When the disturbance in the liquid had died, a desired volume for the 
\ 

28. 

trailing bubble was measured into the syringe and the syringe was con-

nected to the air inlet via the Luer valve. The first bubble was 
\ 

released from the cup and the second was injected from the syringe into 

the column. The initial separation distance of the bubbles could b'e 

adjJsted by varying the time between inverting the c~p and injecting 

the second bubble. Both bubbles wentJthrou~ the in~erted funnel above 

the dumping cup and'were thereby verticalry aligned. 

bubble pair was recorded by a stationary cin~ camera. 

) 

2.4.4 Wall effect peasurements 

J 

The" motion of the 
\ 

II 

The influence of the wall was examined by studying the behaviour 
1 

of bubbles rising in columns of smaller diameter'S<: For these experime~ts 
Ill' 

smaller plexiglass tubes were ins~rted from the top in~o the large column 

and ali~ed over the inverted funnel. the ~xperiments were performed 

using the procedure de~cribed earlier. 
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CHAPTER 3 
1 

SHAPE AND RISE VEJOCITY OF BUBBLES 

3.1 Introduction 

In many mass transfer devices gas-liquid contacting is facili-
\ 

tated' by dispersing the gas in the liquide The purpose of this subdivi-

sion .of·the gaseous phase into small bubbles is generally two-foldi it 

increases the interfacial are~ and it produces relative motion between 

the phases •• Both of these effects contribute to an increase in overall 

mass transfer raie. 

,Several investigators have studied mass transfer for a single 
1 -.,., 

bubble in order to obtain information w~ich might ultimately aid in the 

design of large scale contact ors • An estimate of the overall rate of 

mass transfer in a bubble column can be obtained by considering the mass 
, d ~ ~ 

transfer for a single bubble. To do tbis it is necessary to predict the 

terminal velocity and the shape of the bubble"from its volUlne, since the 

residence time of the bubble is dependent on the terminâl velocity and 

the mass transfer coefficient is dependent on the terminal velocity and 

• the shape. '1 

. \ 
This chapter reports the study of bubble shape and terminal 

~elocity in relatively viscous Newtonian liquid media. It is weIl known 
1 / 

that the shap~ as weIl as the rise veloc~ty/of the bubble is strongly 

affected by the proximity of the container wall. In this chapter the 

bubbles are considered to rise in an infinite medium. The wall effec,t 

is dealt w.ith in Chapter 7. 

" 

.,' , 
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'. 3.2 Literature Review 

3.2.1 Dimensional analysis 

Any boay rising or falling under gravit y reaches a terminal 
\ 

velocity whenl'the forces acting on it are in equi-Vibrium, i.e. 

30. 

Q 
drag force + btioyancy force + weight - 0 (3.1) 

For rigid bodies the drag is a function of the shape of the 

\ body, the terminal velocity and the physical properti~s of the medium. 
~. 

However, for fluid bodies such as agas bubble the situation is further 

complicated by the fact that: 

(i) the bubble can be deformed under the action of hydrodynamic 

forces, and 

(ii) a vortex motion may ensue inside the bubble due to momentum 
) 

transfer across the interface. 

Thus, the shape of the bubble and therefore the drag force acting on it 
1 

will, in genera1, be a comp1ex function of the hydrodynamic, vis cous and 
. 

interfacial forces. 

Since a general ana1yt,ical solution for the "drag~' of a bubble 

is not possible e"cept for special cases which wilhbe d~scussed later, 
G 

various workers (Schmidt 1934; Rosenberg 1950; Habe~ and Morton 1953 

and 1956; Wegener and Par1ange 1973; Grace 1973) have tried to correlate 

exper~ental results by dimensiona1 ,ana1ysis. 

The relevant physica1 quantities for a single bubb1e rising 

at its terminal velocity in an infinite liquid are: 

........ 

1 , 
1 

~ 
1 
; 
l 

1, 
.' 
1 , 
f , . 
~ 

1 
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p 

P' 

)J 

')J , 

- terminal"velocity of. bubble 
, 

- acceleration due ta gravit y 

density of the "'liquid 

- derisity of the gas 
/ 
, 

- viscos,ty of the liquid 

- viscosi~y of the gas 

surface or interfacial tension 

de e~uivalent sphere diameter 

'" 
31. 

It is usual in the studies of bubbles and drops to employ the 

equivalent sphere diameter, de' as the relevant length parameter because 

, it is independent of the bubble shape and is related directly ta the 

"bubble volume: 

(3.2) 

For gas bubbles rising in liquids the number of variables to 

#he considered is usual1y reduced by assuming that the motion of the 

enclosed gas has a negligible effect on the flow.* Thus,the density and 

,the viscosity of the dispersed gas can be dropped from the above liste 

With • the remaining six variables and the three dimensions of 'mechanics', 

we can forro three dimensionless groups which will describe the motion of 

the bubble. Various combinations of dimensionless groups have been used, 

for example: 

~ 

~ This assumption is justified because the ratio of the pressure and the 
viscous forces exerted by,the gas on the interface to the same forces 
exerted by the liquid on the interface are p'/p and ~'/~ respectively, 
which are usually smaller than lO-~ ànd 10-2, respectively. 

1 
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, 
FI (Re,Ea,M) - .0 

\ 
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(3.3) 

,> - (3.4) 

(3.5') 

, , 
(3.6) 

The defi~itions of these dimension1ess numbers and their physica1 

", , 

.' 

1 

,~ 

significance are listed be7" . 
, 

iii 

ie - pdeU 
« inertial force. (Reynolds Number) (3.7) 

~ vis cous force 

. 2 
We - pU de CI: inertia1 force (Weber Number) (3.8) 

o surface ttnsion force 

2 
0 

Ets - gd'e p CI: force (Eijtvos Number), (3.9) 
'0 tension force 

Q!I 

Fr - u2 
a: f inertia1 force (Froude Number) (3.10} 

gde {b buoyancy force. 

4gde 
, 

CD - CI: buorancr force (drag coefficient) (3.11) 
, 3U2 inert ia1 fbrce 

, 17 "" 

~ 1iquid property parameter 
-

M - (Morton Number) (3.12) 

.1' . pa3 

, . 

Orily-thre~ of thése dimension1ess numbers are inaependenf' since: 

We -

( 

AMRe4 1/3 
l"';3C ) 

D ~ 

1 

(3.13) , 
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Fr 4 - - (3.14} 

and 
·.:SCo 
. 

Eà - tWecD (3.lS) 

The Morfpn Number~ Mi is extensively used in the literature ta 
-J 

correlate experimental data since it 1S only a function of liquid physiçal 

properties and the acceleration of gravity. M varies over a wide range; 

in highly viscous ~ilS it can be as high as 105 and in liquid metais it 

can be as low" as .10-14: The variations in Mare principally due ta the 

factor u4 , Dsin~e p and cr do not vary much from liquid to liquid.* 
a 

• 
3.2.2 Classification of liquids according to Morton Number 

There have been many studies of the rise velocity of bubbles 

in liquids. Most of t~e'early work is summarised by Haberman and Morton 

(1953.1956). They have made ~ exhaustive study of the, literature~ col

lecting data of the previous experimenters and lntegrating these data 

with their own. Th'ese workers have demonstrated that the Morton Number~ 
( 

M, has a profound influence on the behaviour of rising bubbles. Their ' 
~ .. 

results show tha~ the liquids can be class~fied into two broad categories 
ri" • 

accor'ding to the' Mort'on Number: low' M liquids CM ~ 10· 8). and high M __ 

liquids OM ~.10·3)1 each exhibiting radically different bubble beh~~ur. 
For low M liguids the terminal velocity at first increases 

_0 

rapidly as the bubbie volume increasès. ,- achiève5 a maximum and after 
, / 

falling to a minimum rises again gradually. The bubble shape i5 at first 

* Liquid ~etals are' excèptions. They are reporte~to have surface 
tensions in the range 200-2000'dynesjcm (Slaughte~~67) as'~mpared to 
ordinary liq~ids having the range of 20-80 dynes/car. , , 

l ' 

• 
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spherical. then increas!ngly oblate. then. at about the volume corresponding 

to the maximum velocity. the shape fluctuates rapidly about an oblate, form 

until,\ for very larg'e vOl~S, the bubbles atta~n a spherical-cap ~~ 
with a steady frontal surface and a fluctuating ~- trajec- : 

tory is at first rectilinear. then at about h~bubble volum~or maximum . " 
velocity, zig-zag or spiral trajectories are observed. Finally, the 

" spherical cap bubbles ri se nearly r~ctili arly. 

For htgh.M liqulds, the terminal veloclty increases steadily 

with 'bubble ~olume. although the rate of increase decreases with volume. , 

\ Small bubbles are spherical. At larger volumes distortion from the 

sPhejicai'shape occurs, but the corresponding instability and decrease in 
:-, . ", 

r~ velo~ity do not app~a~; the' spherical c~p shape is achieved without 
- ' / <li 

th~ble surface ever becoming unsteady. 

~ rectilinear for any volume. 

The bubble traj ectories are'; 

In attempting to correlate bubble ris~ velocity data Many authors 

(Peebles and Garber 1953; Haberman and Morton 1953 and 1956; Tadaki and 

Maeda 1961; Jones 196~; Ange1ino 1966; Kojima et al 1968; Harper 1972) 

have plotted ~xperimental resul~s in te~s of CD versus Re at constant 

M as suggested by Equati~ (3.3). 

be summarised as fo1lows: ~) 
The main features of these plots can 

,e .. / \ 

(i) The-CD versus Re curves have a nearly universal form for 

very small and verr. large, Re. 
'""', ' 

(H)" For ~mall bubb1es th~ drag ~oeffici,ent falls between the 
, " . ~ 

drag,curve of Stokes for ri$id 
0. ~ ,L 

spheres and ~the drag corv~ 

of Hada~~ for fluid spheres. A transition from the , 

~olid to the fluid curve .kes place at a different Re ' 

~\ for different liQ?ids, e.g. it oc cors at Re ~ 40 for pure 

.. 
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1 

Re'~ 10-3 for olivè oil (Haberman and Morton 

(iii) For large Re, when the bubbles are spherical caps, en 
is independent of Re and has a constant value of about 

2.6, 

(iv) ,The variation ~f CD with M is mainly in the range Re ~ 

'0(102) for 10w M liquids where these curves exhibit a 

(v) 

sharp minimum. It i5 this minimum which corresponds to 

the maximum ve10city, and to the onset of oscillation'for ,. 

the e1l1p'soidal bubble. 

For high M liquids the minimum in the CD versus Re curve 

is very. sha1low or altogether absent. 

From the above discussion it is evi4ent that the behaviour of 

bubbl,s in high M 1iquids is distinct1y different' from that in low M 

liquids. '" 
.. 

3.2.3 Bubble regimes/ 

A plot ~f CD versus Re is not comp1etely satisfactory for pre-
~ '-, 

dicting the rise velocity and the shape a ~_~~Ivolume adop~s 
in a liquid." An ad~~is plot i5 t~at both Co and Re 

1-

- contain the variable Ui which generally i5 unknown. Recently, Grace (1973) 

pointed out that it i5 more' convenient to have only one dimensionles5 group 
1 • 
~ " 

containing the terminal velocity U, namely Re arid to plot Re versus Eotvos 

Humber, Eo, for constant M. Using such a plot he successfully correlated 
1. " j . 

data for 21 different 11quids with physica1 properties as diverse as 

mercury (M _'3.~XI~-14) and a. very visc~s liquid used to simu1ate a glass 

7 
melt (SAIB, M - ~.Ox10 ). 

, 

lf 1.,.: 1 

Three distinct regimes of bubble shape, namely 

r , 



" 

" " 
{ 

\" 

\ ' 

\ 

\ 

, 1 

36. \ 

spherical, ellipsoidal and 5pheriéal-cap wère delineated. (See Fig.3.l3~) 

'It i5 convenient to discuss the previoUswork in terms of these regimes. 

It is widely recogniz interfacial te~sion forc~s tend 
" 

to minimize the surface area o~ a fluid particle; thus bub~les.of su~ficiently 

small Eo (and hence small We) tend to be spherical no matter how large the 

value of Re. (See Fig:3.13~) Alth'ough first pointed out br Satto (1913), 
1 

it i5 not wide1y appreciated that when viscous forces predominate over 
\ 1 ~--

inertia forces a bubble will also tend ta b~ sphe cal; thus bubbles are 
, , 

spherical at low Re, no matter how large the và (See Fig. 3.13.) 

Por Re « l, when inertial forces are , ~ 

the drag coef-

ficient, CD' has been shown ta be, 

- / 

. ! 
"for a solid sphere (Stokes 1851), and 

r_ -" 16 
-u Rë 

for fluid sP'e~ (Hadama~ 1911, Rubczynski 1911) vith p~ « p and 
\ 1 l 

(3.16) 

(3.17) 

p' « p, the cdnditions appropriate to agas bubble. The former equaL 

tian applies to spherical bubbles with a rigid interface, i.e. when surface-
\ . 

'. 

active impurities are present in quantities sufficient ta prohibit internaI , . 

circulation (Levich 196~). The la,tter. applies . t~ a bubble wi th a complete~y 

mobile interface, corresponding to a very pure liquid. 'Rec~ntly~ Go1ovin, 
... 

, , 

; _su IdU dl. 

1 
o 
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'1 
and Ivanov (1973) ~sed.the as~ptotic matching technique* to obtain 

_ higher order approximation for the drag coefficient of agas bubb1e: 

CD - .!§.+ 2 + l Re ln(!!.) Re 5 2 (3.18) 

For Re » l" Fig. 3.13 shows that bubb1es can be spherical 
\ 

providing that the Morton Number 1s sufficiently small. Here one expects 
... 

the'effects of f1uid viscosity to be important in the viscinity of the 
1 

bubble surface but ~f little imp~rtance in the bulk of the f1uid. At 

high Re.LeVich (1949) evaluated the,energy dissipation in irrotationa1 

flow past a sphere and obtained 
\ 

Co -
!§. 
Re (~ .19) 

/ 

as "a,first approximation to the drag coefficient of a' spherical bubb1è, as 
} 

, r 

did Ackeret (1952) and Chan and Prince (196S later but independently. 
• 

Moore (1963) improved Levich's resylt by sol ing the boundary layer equa-

tions analyticall~. By extending the energy dissipation calculation to 
~ . , 

include the contribution from the boundary layer and wake he obtained 
\ \ 1 , , 

(~ 
, , 

, ' f 

Cn .- ~(l 2.21 } (3.20) 1 .-
"- Re Rel/2 

J. 
1 ~ -

* Golovin and Ivenov's solution is thè ~as bubble analogue of the weIl 
known Proudman and Pearson (19S7) expansion for a rigid sphere. It match~ 
the Ossen solution, whi~h takes aècount of the convective terms as Re + 0 
~d correctly de scribes ,th'e velocity distribution at, large distances 
,(van Dyke 1964), to the ~damard-Rybczynski solution for a freely circulating 
gas sphere in the neighbourhood of the bubb1e surface. ' 

\ 

% 
J 
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Winnikao and Chao (1966), Harper and Moor~ (1968) and Parlange 
• 

(1970) have'extended the theory ta account for the internaI as weIl as 
\ 

external flow. me theoretical treatment of boundary layers is peyond 

the"scope of the present work. The interested reader should refer to 

Harper's (1972) review p~per • 
. " 

\ 

3.2.3.2 ~~!!p~~!~!!_~~~~!~~ 1 ~ 

Ellipsoidal bubbles are found at relatively high Reynolds 

,Number and intermediate Eotvos Number. Grace's (1973) bOùndary between the 
\ 

ellipsoidal and spherical regime is somewhat arbitrary because of paucity 

of data and the amount of e~centricity which can be tolerated before a 

bubble is considered ellipsoidal. The presence of surface active impuri

ties has a significant effect on bubble deformation and this further 
\ . / 

complicates the ,issue. Ellipsoidal bubbles commonly undergq periodic 
" . 

dilations or random wobbling motions which also make characterization of 

shape difficult. Grace c~as~ified bubbles as ellipsoids when the ratio 
. 

of minor to major axiS was less than 0 .. 9. Th.e term "ellipsoidal" was 

~ used to refer to bubbles which are oblate concave (viewed from inside) 

around the entire surface, and it did not necessa~ily i~ly fore and aft 

symmetry. 

Taylor and Acrivos (1964) showed by a perturbation technique 

for Re « 1 and We « 1 that a spberical bubble~would deform into an 
, '. 

oblate ellipsoid and finally approach a shape somewhat similar to that 
1 

- of a spherical cap bÙbble with further increase in Ne. These authors 

derived the following equatiOQ for th~ drag of a bubble at low Re: 

) , 
( 

; 
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Co ,- ~ + 2 + t Re In~e + 1. 33~: + ..... (3.21) 

/ 

The second and,third terms of the right-hand side of the equation are the 

contributions of the inertial effect and the fourth, of the deformation of 

the bubble. 

Moore (1965) and El Sawi (197~) have shown for gas bubbles in 

steady flow at Re » 1 in low M l,iquids that the minimum and ",subsequent 
, 

rise in CD with Re can be exp,ained in terms of a transition from a spherical 

to an ob1a~e ellipsoidal shape. 

Fina11y, the instabilit~of bubbles, generally encountered in 

10w M liquids has been studied experimental1y and theoretically by Saffman 1 

(1956) and Harturian and Sears (1957). These 1ater workers collated pre-

vious results on ons et of instability and a1so experimented on a number of 

liquids. No experiments were reported with M > 10·S in which the motion 

became unstab1e. Instability was found to set in either when Re reachéd 
" 

1 

a value of about 200 ,or when We' (as defined by Equation (3.S))* reached 

about 3.2, with the former criteria applying to impure\viscous liquids and 
\ 

the latter to purer liquids of 10w viscosity. It was postulated that 
, 

oscillations originated from a surface instability generated by interac~ion 

of surface tension and hydrodynamic pressure forces: Other workers have 

obtained exp~rimental critical values of We ranging ~rom 2.96 to 4.24 for 

bubb1es and drops (Winnikow and Chao 1966). 

* Note that Hartunian and Sears have employed ~ different dêfini~on 
for Weber Number. 

1 

, 
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Most of the previous work on spherical-cap bubbles is summari~e4 
, \ 

- in recent reviews by Harper (1972) and Wegener and Parlange (1973).~ 

Grace (1973) has shown that co ditions for the occurance of 

spherical-cap bubbles ar~: (see Figure 3.1 

1 

(i) E~ ~ 40. This condition assur that interfacial tension 

forces play a negligible role in termining the behaviour 

of bubbles; and 

,Cii) Re ~ 1.2 

For low M liquids condition (ii) is' satisfied',~el1 before (i). 
" 

However, for high M U'quids, bubbles pass directIy from the' spherical , 

regime to spherical-cap regime, exhibiting no ellipsoïdal regimè. Condi-. 
tion (ii) then becomes the limiting condjtion. It,should be emphasized 

tliat in what Grace tefers to as "spherical-cap regime", he has încluded àl1 

bubbles with fIat or indented (dimpled) bases without fore and aft symmetry. 

Such bubbles May look very similar to segments cut from sphères or from " 

obl'ate ellipsoids. In thft present work th~ former ,will be referred to as 

"spherical-caps" and *e latter as "oblate-ellipsoidal-caps", respectively. 

There has been considerable controversy regarding the exact 

nature of wakes below spherical-ëàp~qbbles*. but now there is enough 

evidence to support the ~positioo th~: ~ ~ow Re,(Of~en encounte~ed in 

high M liquids) these bùbbl~s carry along w~p them closed laminar wakes 

while at high. Re (usually in low M liquids) the ~kes are ~confined 'Imd 

turbulent (wegene~and Parlange 1973). Spherical \~p bubbles in highly 

\ 

, 
* This point is discussed in~Çhapter 4. 

" ,J , 
~ 
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;[1 

viscous liquids have also been reported t~ trail very thin sheets of gas , 
, \ 

referred to as "skirts".~ (Harper 1972; Wegener and Parlange 1973) 

On the theoretical,side Davies and Taylor (1950) were,first to' 
• l ' \ 

advance'a fluid mecbanical model to determine the rise velocity of : 

spherical-cap b~bbles without regard to the nature of t~e wake.:,Assuming 

that: 'r 
: 

(i) the flow around the pubble-cap is potential flow over the 

forward part of a sphere of the same radius as the bubb1e-

-::::: ' cap, and 

(ii) constant pressure condition inside the bubble can be 

.satisfied near e - 0 to order e2, where e i5 the polar 
l , 

, .' 'ngle measured from ~he front, s~agn~ttn point, 

these author~ related the bubble velocity, U, to the radius of curvature 
. 

at the bubble nose, Ro' by the simple equation:** 

,-

u - i IgRo (3.22) 

( 

.... 
-;w..,. 

It is intere5ting to noie that this relation has been found to agree weIl 

with experiments'bot~ in 10w M liquids where one exp~cts a turbu1e~~ wake 

(Davies and Taylor 1950; Rosenberg 1950) and in high M 1iquids where a 

/ 

closed laminar wake is expected (Davenport 1964; Guthrie 1967; Sunde1l 1971). 

Collins (1966) obtained the second approximation to the Davies 
\ 

, 

and Taylor expression by using a li~ear perturbation of th~ spherical shape. 

The constancy of the surface pressure was satisfied to t~rms of order 94 

giving: 

* The subject of skirted bubbles is dealt with in Chapter 6. . ~ 

~~ According ta Siemes (1954), Prandtl had als6 derived the same equa~ion 
1ndependently as seen Jin his unpublished notes on b'4'ble research. 
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U - 0.652 /gR' \ (3.23) 

.~ , 

where R is the average radius of curvature over the front 750 (i.e. 

t 37.50 around front stagnation ~oin~) of the bubble. Recently, ,Harper 

(1972) repefted 

past a spheroid 

Collin's analysis with the weIl known irrotational flow 
/ -

and found thap the spheroid must be oblate with eccen~ 

tricity - 1/2 and the corresponding rise veloclty is given by 
.~ 1 \ 

U - 0.643 ~R' (3.24) 

Since the last three equatibns do not differ significantly from each 

other, EqÙàtion (3.22) is usually used. 

In order to obtain a relationship between the bubble velocity, 

U, and the bubble volume, V, the semi-angle subtended by the spherical

cap, 6m, must be known. For~spherical-cap bubbles ~ith Re ~ 100, Grace 

(1970) has shown that am is approximatelY constant at 500
• Using this 

experimental observ~tion together with the geometric relationship (see 
o 

Equation (3.40)) wh~ch·gives the volume of the spherical-cap segment, 

Equation (3.22) can be transformed into 

U - 25V1/ 6 (3.25) 

This relation i?S in good agreement with the experimental data 

~ on low M, liquids (Oavies and Taylor 1950; Haberman and Morton 1953; Guthrie 

1967; Slaught~r 1967). 

"', 
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JI 
,f 

Moore (1959) suggested a free-streamline. model which assumed 

that the spherical cap bubble is followed by an Infinite ~xi-symmetric 

wake and predi~ted values of am - 39Q and CD - 2.1. However, these'values 
~ , 

were in poor agreement with ~he observed values of am - 500 and Co - 2.6. 

, This is not surprising since'Moore's assumption'misrepresents the actual 
, "-.. 

, wake. Moore's model was improved by Rippin and Davidson (1967), who pre-
" . 

dicted the shape and the velocity b~ a numerical method. They found that 

the shape is indeed ~l se to spherical cap with amax - 500 which is in 

diétions were about 2 \ igher than the values observed experimentally. 

Mendelson (1967 tried ta draw an analogy between spherical-cap 

b bb1 .. . 1· i·d d· 11· 1 1 f rf u es r1s1ng 1n 1qU1 ap waves travé 1ng a ong a p ane ree su ace. 

His equ~tion*agrees reasonably weIl with large bubbles moving through low 

M liquids but fails to predict correctly the transition between large 

spheroidal and spherical-cap bubb1es (HarPer 1972). \ 

Parlange (1969) has given a solution for the case of spherical 
, . 

cap bubbles with closed,laminar wakes in high M liquids. He assumed that 
1 c,. v 

for Re ~ 1 (but sma11 enough to,stil1 have a lamdnar wake) the f~ow 
'._ .,';J ......... 

consists of a Hill ~:; (1894) spherical vortex, surrounded by an irrotationa,l 

• f,low exce;ting a thin b~unda7Y' la~er •. To teroth order the volume of the 
< 

bubble was ignored compared with the volume of the enclosed wake. The 

ro1e of the bubble was primarily' ,~o fumish, by i ts buoyancy, the energy 

necessary for the rise of the wake. The theory gave for the rise velocity 

1 2 1/3 2/3 1/3 1/3 
U - 3'('S1;) g ctr) V (3.26) 

* By replacing the wave length in the weIl known Kelvin's equation 
(Lamb 1932) for wave velocity by the equatoriaj Cirjmfereni§' ~de' 
of the equivalent sphere Mendelson obtained: ~ - 2a + e .. pcr; 2 
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where it should be noted that the rise velocity can be calculated from a 

known bubble volume and the physical properties of the liquid,unli~e Oavies 

and Taylor éXpre"ssion, Equation (3.22). 

Assuming that the bounda!y layer corrections computed by Harper 
\ 

and Moore (1968)* can be applied, Parlan~e (1969) a150 gave a second 

approximatio~ for the rise velocity: 
~ 

~. , 

U - Uo[l + (6.6 - 0.14 InReol(? Reo)-1/2] (3.27) 

where Uo is given by the zeroth order result of Equation (3.26) and 
. 2pRoUo / 

Reo --lJ--
Davidson (1974)** showed that viscous. flow around a spherical-

cap bubb1e r~sults in a different radial pressure distribution within the 
~ 

,-. 

fluid frolll that .obtained for potent,ia! flow. In order to maintain constant 

pressure within the bubble, he calculated that the radius. of curvature 
, 

with was decreased increasing viscosity, and was related to"the bubbIe's 

velocity by: 

ft u
2 ~+/128!!L ] 

'" 
R - (~28) 

" 0 8 g Tr pu3 • 1 

.... 

* In a Iater paper' Pariange (1970) presented his own version of the 
boundary layer correction (Ste Section 4.3 for details). However, both 
theories yield essentially the same numerical resuit for viscous dissi-
pation and rise velocity. \ 

** The author is grateful to Profes.or J. , Davidson of Cambridge University, 
who graciously provided~hl~esearch notes~on this subject. Since 
Equations (3.28) and (3.29) hàfe not been,published elsewhere, a brief out
line of Davidson' 5 der'ivation h presenteU in Appendix -A:. 

\ ,,// 
.... _-~'" '-""~ ~ . ~,~ 

\ 
\ 

~ :::t.L..,..<t.41.~' i 'WUA ... t 
\ 

'. 1 
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(3.29) 

Note that by putting ~ - 0 in the abbve expression Davies and TfY1or's 

re1ationship, Equation (3.22), is recovered. 

3.2.3.4 Qbl~S~_~11ip§gig!1:~p_~~22!~~ 

It will ,. shown later in this chapter that for 1. 2 ~ Re ~ 45 

and Eo ~ 14 bubbles adopt an oblate-ellipsoidal-cap shape. Recently, 

Wàiregi and Grace (1976) have developed an equation that relates the 

rise velocity of an ob1ate-ellipsoidal-cap f1uid particle to its shape: 

sin-le - ell-e2/(p.p'L'b 
U !- 3 - P g 

e 
(3.30) 

-Here e is the cap eccentricity defined as e _ ~_(b/a)2 where b and a 

are the 'semi-minor and the semi-major axis, respectively. Their deriva-
f" " ' , 

( 

tion essentially uses the Davies and Taylor assumptions, but with the 

pressure 'di~~ribution derived assumirig the' cap- is a portion of an oblate q 

ellipsoid of revo1ution. Not~ that for bubbles. where p' « p, Equation 

(3.30) simplifies to Equation (3.22) as e + O. A favourable agreement 

with experimenta1 data~or drops and bubb1es was reported. 
" .IiI'~ ~~ 

3:-

3.2.4, Rubble deformation and shape parameters 
. -

Most of the early experimental work dealing with bubble deforma-

tion was concentrat~d on bubbles rising in 10w M liquids (Rosenberg 1950; 

Harmathy 1960; Tadaki and Maeda 1961; Calderbank and Lochiel 1964; 

Calderbank 1967; ,Aybers and Tapucu 1969). Of these studies that of Tadaki 

= 

. 
,1 

i 

" .J 
'r 

" 
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~_ y~' , 
and Maeda (1961) is~e Most ,extensive,covering -14 different liquids with 

3.94x10- 11 :<M <2.S4xl0- 4• ~ey correlate~ the deformat).on index, 
" .. ' 

definèd as-the ratio of the equivalent spherical diameter to the maj.or , " 

. axis of the bubble, with Re and M. and ('proposed ~mpiriCf11 f~rmulae for 

~~proximatel~_preiji~ting the bubble shape for low vis cos it y liquids. 

~." Experimental studies on the shapes of bubbles r~sing in high M 

liquids have been publ~shed only in the' lasttdecade. Thesé,are summarised 
i 

in Table 3.1. 
~ 

The first successful·theoretical treatment of the deformation of 

a spherical f1uid ~ti~le was carr~ed out bY,Tay~or and Acrivo~ (1964) for 
1 

10w Re and small deformation. These authors used a singular p,erturbation 
{;}'_ • Cl 

~olution'of tne axisymmetric equation,of moti~and oëtain~d th~ fi~st . 
order and the second order deformation equations describing the surface .. . -. \ 

, 0 • 

• 
of the fluid particle. For air bubbles their second order deformation 

equation, which takes into account the perturbatio~due to deformation, 

simplifies to: 

~ 

, R* - 1 - ~4weP2(cose) 5 We~ 
S6 ~3{cose) (3.31) 

, . ~ .i " . 

'-' 
where R* 1s the dimen'sionless radial~sl-is~ance, rire describing the bubble 

1 

~urface, e is the angle measured f~om t~~ front stagnat~on poi~t and 

~ P2(cose)" and P3(cose) are ,the Legendre polynomials of 2nd and 3,rd order, 
, 0 .. 

respectivelY. Brignell (1973) e~ended t~~ Taylor and Acrivos solution . .. 
(! 

:>1 " 

to higher order and derived the fOll?wing equation to describe the bubble 
, , 

surface: 

/)' ... 

I~ -, 

<. 

.. 
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TA8LE.3.1 Sùmaarr of Bubble slip. Melsure-.nts in Hiih M Liguid. , 

Author 

Anielino (1964,1966) 

v 
Jones (1965) 
r 

~\ "l', .. 

Hayash1 ,'MatullObu (1967) 

Davenport (1964) 
Davenport !l!!. (1967) 

. Sl&uJht~r (196n 

Guthrie (l~) 
Guthrie • Br.dshaw (1973) 

KoU- !!.!.!. (1968) 

f 

Ca1derbank (1970) 

Grace (1970),** 

Sundell (1971) 

Hnat (15173) 

Walresi (1974) 

8onato (1971) 

* S approx' c s1z. 0.1 • 1 ca3 

M approx. size 1. 10 01
3 

L approx. slze ~ 10 eal 

Llquld Used . 

,propylene Itlyeol 
lainenl 011 
al ye·11n• 

sucrose solutions 
of diff. cane. 
paraffin 011 

• Il!Ce:o1 It diff. teaps. 

syrup 
,lycorine ,,' 

polYV!nyl ale~ol 
solutions of dlff. cone • 

Itlye.rin. 

polyvinyl alcobol 
solution of difE. conc. 

easter oil 
,lye.orine 

!I~::Ol 
vaHouI llquids 

aineral oU 

llinera1 011 

sUJar solution v 

paraffin 011 
,lyeerine of dlfl. cone. 

:, 
** Data ai other workers on ineluded anll;, B., correlated. 

, \ 

" ~# i 

Approx. * 
llubble Sbe 

S,M,L, 

S 

M,L 

M,L ,. 

S,M. 

-s;M,L 

M,L 
~ 

M,L 

M,L. 

S,M,L 

S,M 

.., 

Shlpe Para .. terl 
MeASund 

..xlm. w1dth 

.. xl.u. width for 
spherlca1 and e1lipsoida1 
cap. only , 
.spect ratios 

~ (heiJht/llldth) 

radius of cap, e 
hei,ht, ;basal rallius 

·radius of cap, Sa 
, hei,ht, basal radius • 

radius of ~p, e 
heiJht, basal ra~ius 

a'Peet ntio 

inverse of aspect ratio' 

ine1uded an,le 

radius of cap, 8 •. 

radius of cap. e •• sUrt lenrth. 
etc. .., 

- ;:;' ~dius of cap, e , sUrt lenJth, 
ttc. " ., 
aaxi.ua wldth and heisht 

) 
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R* -
t 

l' - ~eP2(cose) 
24 

(3.32) 
'i 

However, this result is o~ litt le practical value as shown later in 

Section 3.4.2.2. Pan and Acrivos (1968) extended the Taylor and Acrivos 
- . 

solution to the more general case where the Reynolds number pertaining 

to the motion inside of a bubble i~unrestricted. They demonstrated that 
\ , 

the internaI circulati1n does not affect the shape of a gas bubble, whereas 

it contributes in a mirOr, but significant, way to the ,deformation of a 

liquid 'drop. 'JI 

At smallez Re whé're small de~orma.t:tons from spherical shape are 
1 

e~countered the theoretical approach of Taylor and Acrivos ha~ been suc-

cessful in predicting'the deformation of bubbles'and drops (Wellek et al . --
1966; Hayasni and Matunobu 1967; Kojima et al )968; Pan and Acrivos 1968). 

... 1-----

On the ot~er hand, at larger Re and ~or more extensive d~formations 

analytical approaches have not been sucèess~ul primarily because of the 

'" non-1inearities in the equation of motion and the ~,priori unknown geometry 
'c: 

of the bubble surface. In addition, ~umerical solutions ~o the full 

Navier-Stokes equation in which the shape, as well as the flo~ is unknown 

are not econom1c on present computers. Faced'with' these diff!culties, 
1 

sevè'ral simple predictive models have been propos1;d. Savic (1953) 'sug-, 

gested a proc~dur~ whereby'the shape is determined by'a balance of the 
, 

Savic~s approach hâs been extended br 
',Q. .. 

normal stresse5 "at the ~interface. 
• 0 10t ,. 1#'. ' 

Prappacher ànd Pitt~r' (1971) for water drops fa11ing through air and by 

,Wairegi (1974) for drops and bubbles in liquids. Unfortunately, the 
. ,- \ 

externa1 d,namic pre'ssure distribution (which in tum depends
J 

on the 
1 

, 0 

'~l 
~ 

-~ 

~ 
,~ 

~ 
", 
~ 

" 
~ . 
• j 
.~ 

i 
'# ;1 

" 

1 
~ 
~ , 

1 

,; 
" '. " ~ 
~ 

~ 

1 , 
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shape One ~ishes tQ deduce) must be lcnown to apply t~e method. 
!' .... 

"t.hls method is ,of limited practical ~alue for preeJ,icting 'sb,ap,es 
~ ,,'" 

Thul. 

from' 

first principles. 

3.3 Objectives 

From the foregoing discussion it is clear that there is no 

't:.,,'vs.ati5facto~ thedreti.Ç~l_ solution avaÙable ta predict the shape for the 
, ...... -

- l ' 

wide range of Re and the associated complex flow conditions encountered 
, 

in practice: Despite the wealth of data now available (see Table,3:1), 

"~! unified ~ay of presenting and predictin~ bubble_ deforma:ion has be6h ~ 

fe~orted. The present work on bubble shape was, therefore, directed 

~JwardS_ COl~ecting more experimental data in ;iSCOUS-liqUidS, i~tegrating 
t~em with pr.eviously'-reported data and devising a scheme to predict bubble 

.J 

, shape. 

Another objectilve -of the present research"was to determine the 

conditions at whiCh the bubbles change from spherical to oblate-ellipsoidal 

ta pblate-ellip~oidal-cap and then ~o spherical-cap~ It was also desired '. 

to delineate on Grace's plot (i.e., Re versus EH plot) othe~ possible sub-
, -', 1 

. regionssùch as spherical-cap with closed steady wake, spherical-cap with 

open unsteady wake. skirted bubble with smooth'skirts, wavy' skirts, etc •• 

\li 
In his review paper Harper (1972) points out that: ''More experi-

ment~l results are desirable for Re > 10 and M > 10-6; there seems to be 
1 l 

a change ~~ the ~a~cter~f the'CD v~rsus Re ~rves between M- 10.5 an~ 
M- 10.2 but no transitio~1 cases are available." The ~resent experiments 

, - • 1 

were performed' on hi~h M liquids (~9XI0·4 < M < 7.11xl02) in brder io 

f~11 some: of the gaps p~esent in the Fxisting experimental dat~. 

• 
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Î 
It appears that no systematic experiments have been reported in 

, , 

liquids of intermediate values of M to determine the value of M for which 

there",will be no bubble instability and maximum' rise velocity. If this . . 
criti'Cal value of M could .be' l~cated precisely, one could use this as the 

.. \. 
( boundary between the 10w M liquids and thé high M liquids. In the present 

investigation an att~mpt was made to locate this çritical value of M. 

'The final ,objective was ,to test the available thèoretical J!lOdels 
\ 

predicting rise velocit~ and to point out their limitations. 

J , -
"\ 

) 

3.4 EJÇp!rimental Results and Discus'sion 
i~ 

The results obtained Qn shapes and rise velocities of bUbbles 

are~presented and discu$sed in the follow~ng séétions. 
\... '. '\ 

3.4.1 .Ev!luation of measuring techniques 
. 

3.4.1.1 Volume measurement 
----------~--~----

The simple -method of introducing a desired volume of gas into 
~ 

the liquid co1umn by means'of ca1ibr~ted syringe as described in Chapter 2 

was .,checked as follows. For large syringes, the <"~olum~ was èhecke~ by \ ~ 
, -

catcbing the bubble at the top of the column with a funnel leading to a 

graduat~d cy1inder. For 'the smallest syringe (1 cm3 capacity) the_v~lume 

introduced was compared with that ca1culated fràm photographie measurement 
• 1 _ • ' 

.~" 
of the bubbles which were either perfeetly spherical or ?blate ell~psoidal. 

80th of these checks verifieq that the volume introduction techniqùe used 

in the present iork ~s accurate within ± 1%. The volume was corrected 

A to the local hydrostatic pressure at- the midpoint of the test section where 

aIl shape and velocity measurements wer~ ~e. 

\ ' 
\ 
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(a) Oblate 
Ellipsoidal Cap 
(em > 90) 

(hL Oblate 
Ellipsoidal Cap 
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FIGURE 3.1 Definition of Bubble Shape Parameters 
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1 

Using the cinE-p~otography technique described in Chapter 2, the 

instantaneous rise vélocity of a bubble could b, determined within ± O.S\ 

~ accuracy. Typical results of bubble displacement with time showed a linear 

" relatf-on'ship indicating tha~ the possible increase in velocity due to the 

change in hydrostatic he ad was negligible. The average rise velocity , 

measured using the two photocells was a~curate w'ithin ± 0.9\. The agree

ment between the results of these two techniques was found to be excellent. 

t 
_The shapes'of the bubbles were obtained with the photographiç 

method desçribed·in Chapter 2. Careful arialysis of" a great number of 

tracings from the films indicated that an ~blate ellipsoidal or spherical. 

shape desct!bed the w~oie of tHe contour of1the bubble except the base of 

. the bubble which was slightly convJx for small bub~l.es and fIat' for larg;r 
'\ ' 

bubbles. To determine the ellipsoid or sphere which fits the shape, the 

following procedures were used. ' 

(i) Oblit~:~11iPjQigil:~iP_byg9!~§_t~_~bQ~_i~_fii~~~!lil 
, t' 

On the tracing of 'a bubble a vertical axis of symmetry 
\ \ J "\ 

1 • 

was determined by folding the tracing such that the l'eft' and the right 

halves of the bubble coincided. 'The horizontal symmetry was similarly' 

obtained by f61ding the tracing along the maximum width of the bubble. 

By superpositioning the top half of the 'bubble on to the bottom, the '. / ~ ; 
ellipse which fits the bubbl~ was Fomplete4. 

<il '/ 1 ... 

(ii) Q9!i~~:~!!ip§9idBl:~BP_bvbbl§J_iJ_JbQwn_iD_EiiA~Al!bl 
1 - - •• ," 

, ' 

, l 

The vertical symmetry was found' as before. Assuming the 
l " 

origin of the co-ordinate system at the nose of th~ bubble the equation 

\ 

, , 

, 
" 

, , 
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of the ellipse is given, by: ~: , , ,,' 
ô 

x2 
(l+b) 

2 
11 (3. 3f) -+ -a2 b2 

whe!re a and b are the ,majpr and minor semi-axis of the ,.ellipse, respectively. 
1 • 

The value of a and b could be obtained by solving 
\ j 

J. • \ '-l, 

Equ~tion (3.33) using any two co-ordin~te points 11ing~on the bubble 
• v , ,rJ6 

\ boundary. To increase the accuracy and avoid subjective ~rror intro-
,J. 

duced When drawing the bubble shape, several co-ordinate points on'the 
1 

bubble boundary were obtained to give sbveral' estima tes of a and b from 
1 1 

Equation (3.33). Provided that the co-ordinates were suffiei tly widely 
• 

spaced, five co-ordinate points were found to be satisfactory in giving 

values of a and b with ± 6.5\ accuracy. 

(iii) §ph~!~~!!:~!P_~p~!~!_!!_!h2~_!~_~!B!~~!!~1 
\, ~ 

The vertical axis of symmetry was found as bef\ore. The 

centre o~ the sphere thatfits the bubble was located br superimposing on 

the bubble tracing a transparent plexiglass plate (1 mm. thick) on wbich 
\ 

circles o~ varying radius at intervals of 2 mm. ~ere inscribed. The 

values of radiu,s of curvature, R, using this method were detl!rmined with 

% 5.0\ to ± 3.0\ accura~,fo~ t~, smallest to·largest radius, respectively~ 

The values ,of ~.meaiured·rad~u$·~f·curvature·were foun~ to be in good 
- 1 

agreement with those calculated 'geometrically f~om meaSuTements of ~he 

basal radius, at, and the height, h, of the bubble. 

Having determihed the ellipsoid or sphere that _its the shape 
- \ 1 

the following shape parame~ers defined in Fig.3.1 were measured. 

1 _ . ' . 
", 

. .. 
• 
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, 
a - semi-major axis 

') 
b - semi-minor' axis 

h - bubb~e height 

w - bubble width 

a' - basal radius 
... \ , 
c' - indentation 

R - radius of spherical ç8:P 

am - semi-included angle 

3.4.2 Bubble shape results 

3.4.2.1 ~1!~!~!Y!_~!!sr!P~!2~ 

The photo~aphs in Fig.3.2 show aIl of the shapes encountered 

in the present work. The change in the bubble s~ape with the variation of 

liquid properties series of photographs in Fig."3.3 

for a 9.3' cm3 bubb n eight different sugar solûtions~ The viscosity 

was varied fr01ll 28 to 0 85 Poise giv1ing Re - 2.47 to 151. To faci).itate 
"0 ~ \ 

visual ~omparison th ubble is shown at the sam~ magnificat ion in a11\ 
- ) , 

';fI t~e photographs 1 The ~ffe~t of bubble volume ~d liquid properties on 

bubble shape i~ demonstrated ~ Fig.3.4(aJ, & (b). The horizontal series of 

tracings in these figures deplct the gradua~ transformation of the,bubble 
, 

shape with inC'1:ease in volume, from sphere to skirt'ed 'bubble or to"spherical-cap 

bubf,le, depen~ing~pon' the physical properties of the liquida The progres-
(;> \ 

sive stages in these transformations are summarised schematically below. 

\ 

. \ .. 
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\ FICJJRE S.2 / PhotOIftI!!!' of !lEI ca 1 Sha!!!. of lubbl •• 

--: 

Li9!ld '~rtle. 
CI 

No. 
1/ 

tPol.el ~1!ca3l tcll!!e./c1'l 

1 26.10 1.3'0 10.0 

2 " ft " 
3 0.84 1.3is 76.' 

1 

4 20.84 1.384 7'.0 

5 1.30 1.326 77.0 

6 0.84 1.315 76.' 
" 7 13.15 1.371 ".1 
• ft ft ft 

s - .pb.rical 
CE - oblat •• 111p.014&1 

OED - oblat •• 111paoldal dl.e-lit. 
CEe - oblat •• 111p.oidal cap 

1 

M 

7.11x102 

" 
•• 2OxI0 .. 4 

Z.66xl03 

•• 63xlr3 

1.2OxlO'" 

4.3OXI0 

" 

sec - .pberical cap w!th clo .. d toro!da1 wak. 1 
seo - .pbuica1 cap wlth ~ Uftltudy vau 
SIS • .k1rtecl bubbl. wlth .tudy saooth .kirt 
SJOf - .Jdnecl bubbl. vith uV)' .Urt 

V U 
tcaSl 'ca/.ecl - Re 

0.1' 2.12 0.071 

0.56 ' 4.S7 0.232 

1.U 25.4' \ 55.3 

27.' Sl.12 7.17 

'.3 35.33 ,..0 

27.1 43.'3 21t 

46.3 !t.12 11.3 

120.3 47.14 30.S 

55. 

j 

1 

; , 

Elf w. Sba!!· 

1.67 0.056 S 

17.7 0.33' œ 

32.2 15.4 œD 

245 63.' oec 
115 -130 sec 
2!7 124 seo 

33' 11' SIS 

641 2!7 lSDI 

~: lubble. are not shown at th ..... _plficatlon. n. p'ld ln tb. backaround 1. approxiut.ly 2 CIl x 2 ca. 
.. , 1 
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FICJ1R! 3.3 Ilf.ct of"'L1!J!!id Propertl on lubbl. Shal!! 

aubb1e vo1u.e _ 9.3 ~3; d.'- 2.61 ca. 

LiQUid ProE!rti ... 
\1 Il ' a U 

No. (Poise) (r/c.:s) (dyn.s/CII) M (ca/s.c) Re EB w. Shape' 

, \ 

l 2a.00 1.319 ao.o, 8.04lxl03 19.10 2.47 "116 17 • .3 

2 20.104 1.3104 7~ " 2. 66xl03 20.61 3.57 116 li.3 

3 13.00 1.37' 71.1 4.11xl01 25.92 7.16 116 36.0 

4 7.al 1.370 ,71.5 5.51 2SJ.U 13.3 116 48.4 . 
"-

5 5.42 1.361 7'.0 ~1.31 31.15 20.4 116 . 61.2 

OEe 

CEC 

œe 
œc 
œc 
œc 
sec 

, 

6 2.85 1.346 77.6 

7 1.30 1.326 77.0 . 
8 0.85 1.314 76.a 

• OEC - oblat. el1ipsoida1-cap 
sec - .ph.rlcal-cap w1~h cl0.ed torolda1 vak. 
seo - sph.ri~l-cap vith open unsteady _ka 

1.0!~10"'1 34.21 42".2 116 1f.3 

4!63XI0·3 35.33 M.O u 115 130 -
8.6Oxl0-4 37.55 151 114 170 

,Note: 1 A.U bubb1 ••• h~ at th. sa. _lIllf1catlon. 
" " . (' 

Th. p-id in th. backJTOUDd 11 approxilla.te1y 2 CIl x 2 ca. 
, , \ . \ 
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(Pol .. ) (. ) 0.1' , + , 
26.10 7.11&103 

0 

0.63 

13.91 5.S5x10 0 

1.« 

7.30 4.17 0 
, 

--------------
" , ... 

7._ ,. 
1.Oh10· 1 0 2.n 

l--, 
~ 

ZI.13 

1.00 1.64XIO·3 

~ .A' 

J 

Volla. (ta3) _ O." 
!oH ~ - 15.6 

2 cm 

0.36 

0 
1.11 

0 
3.n 

0 

10.43 

C':) 

3'.53 

c: ~ 

FIQIU l.4(a) 

57. ' 

0.66 1.38 

0 ~ ,\ 

.) 

1." ~3.t2 

0 
5.13 '.21 

0 0 
16.13 %7.1% c==:s C ~ 

-
-. 

60.41 n.16 
~ 

c: , ~ / ~ 
1.15 

31.4 

4.63 

n.6 

4> 
Traelnr. Illu.~ratlnr thl !l1.et of Bubbl. VOIUM and 
Liou!d PTôpen! .. on 1û661e $l\ao, (lb. îîiLïî6n at the 
nazI l, th, eorr •• pcnalnl ie: !ftdentatlOft at th. bubbl' 
ba •• Il not .hawn: for oth.r 11quid prdpertl., , .. Tabl. l.3) 
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(POl •• ) 
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13.11' 
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7.SO 

2.811 

1.00 

If 2.46 

(-) 

0 , 
7.1bl0! 

6.43 

S.S5ltlo 0 
0 

l' 

" 

14.15 

4.17 C') 

. , 

128.5 

1.6blO·a' ~ 

3 . ---VolUIN Cc;-) )--." .rI EO(O)~~ '.3 
115 

.... 
, .' <, S'cm 

• 

• 

4.~ 

0 
"', 

U.~7 

0 

23.116 

~ 

lb 

ç-
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5-9. . .' 
'spherical 

;. l f 

Oblate--"Oidal 
c • 

• ~ 1 • j 
INcRBASING 

VOLUME 0 

oblate-ellipsoidal-cap 

,,' /, l, ,.~ 
skirt spherical-cap ~ spherical-cap steady 

(open .unste~dy wake) (Closed toroidal wake) 

, . 
" 

\ . 

'v ,l 
steady.skirt 

. ·l, 
wavy skirt 

M" 0.7 
'. 

" 

••• . wavy sk1rt 

1 • 

M »3 

It iS'Qfte~ reR0rted in the 'literature (Haberman and Morton 
, 

195'3. 1956; Grace 1973) t;hat' with increasing'volume bubbiesii in vBcous 
o , 

(or high M) liquids change directly from spherical ta spherical cap 
c , 

. r 

'~shape without gOing through an ellipsoidal regime., The present photo- 1. 
'il, .' • 

. graphs i~aicate that this is clearly n?t true. The transformation from 
. -

spherical to sPQerical-cap shape is a grad~a1 process via ellipsoidal and 
~ \ 

'ellipso~dal-cap shapes. In faet. in fairly high M 1iquids (M ~ ~) , 
ellipsoidal bu~bles,do not change into spherical caps* but instead around 

Re ~ 12,develop thin s~irts 'at thp periphery of their/bases. ofor inter-
,(1 1 

mediâte M liqu1dS (3 ~M.~R.7) the ellipsoidal-cap bubbles change.into 

* This was found to. be true for volumes up ta 139 cm3~ At conslderably, 
~arger volumes with nigher Re.skirts would be onstable and it is conjec
tured that at very hiah volumes bubbles will be spherical-~p even in 
liqpids of high M. 
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spherical-~~p bubbles and then develop skirts. Por liquids with M ~ 0.7 

no skirts were observed for bubble volumes up to 139 cm3• For skirted 

bl1bbles the length of the skirt WBIi found to increase with bubble volume 

and above a certain'volume the skirt became wavy and its bottom edge 

showed'some "instabi1~ty (see Fig.3.2(8)). In the remainder of this chapter, 

only bubbles without skirts are considered. The interesting topic of . 

~kirted bubbles is taken up again in Chapter 6. 

The vertical ser~es of tracings in Figs.3.4Ca) & Cb) show the pro-
l , " • 1 

f01.1nd effect of liquid properties on bubble .shape for a fixed vO,lume. It is 

, observed that as t~e viscosity of the liquid decreases the bubble deforma

ti~n ~~ fi~ed volume inc~e~sés making it prOgre.~Si~elY .f1a~ter.: For ," 

bubbles of aIl shapes the,front surface was always smoo\h. ,The edge of. 

the bubbles changed from being rounded for the small sizes to being 

quite sharp for the larger ones. The bottom of the ellipsoidal cap and 
1 

spherical cap bubbles for Re < 110 appears fIat on side-view photographs , 
but is actual:ly indented. This indendatioIL was readily observed .visually 

and it was also seen on photographs of bubbles with Re < 50. (see Fig.3.2(4). 
, """ q,~ 0 

- Fig.3.3Cl) to Fig.3.3(6)). Similar indentations havè also been reported 

by other workers (see end- o~ Section 3f3.2.2). 
" , 

Fo~ spherical-cap bubbles 

~ith' Re ~ 110, where the bubbles have open unsteady'wâkes (see Chapter 4), 
- 1 1 

the lower surface does not remain steady but, fluctuates as can be seen 
\ .. , 

from Fig.3.2(2) and Fig.3.3(S). 

. \ 

3.4.t.2 Comparison of deformation from the spherical shape with 
~h!~!'!~!~!l_p:!~~~~~9~!_~ ____ ~. ______ ' _____________ :, ___ _ 

The experimental shape~'of slig6tly deformed ~ubbles ·rising in 

28.23 ,Poise sugar solution are compared with the the ory of Taylor anœ 
~ . 

" .. 
,1 

• 0 

, ~ . .:: 
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FIGURa 3.S Co arison of Deformation ,of Bubbles in 28.23 Poise 
Sugar Solution w t eoret1cal re ictions 

left half + eXperimental shape --
right half + theoretical predictions 

For bubbles (a) to (e): the theoretical predictions of Taylor and 
Acrivos (i964) and Brignell (1973) are 
indistinguishable. ~ximum difference 
less than 2%.) , 

fiol. 

For bubble (f): Taylor & Acrivos' prediction, Equation'(3.31) 

-._, Brign,ell' s prediction, -Equation (3.32) 
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Acrivos'(Bquation (3.31}) and Brignell (E~~~tio~3.32))Qin Figure 3.5. 
:.~ .. 

The theory successfully predicts the flattening oftthe blbble and develop-
i 1 

'me~t of the indentation' at the rear as ·bubble volume incre~s,$..it is 
) .. 

,90teworthY that for'low Re; (see Fig.3.S(a) to (e}) ,Bri~ell's h gher ~rder 

// theoretical predictions do not differ ~ignificant1Y (less- tnan \~ from _ '. 

, those of Taylor and Acrivos until We exceeds"'2 (see Fig:3;S(f)) However, ~" 

at this point the basic assumptions of the'theory are violated nd both 

equations fail to represent thè observed shape. He~~e, it is c ncluded 

that t~e theory of Taylor ~nd Acr~V~5 15 .c~~ate en~f:h for,pr d1cting 

very small deformations and that the hi'gher order th'Elo of Bri ell is 
, 

" , 
of ,little practical value. i 

\ 1 

1 

3.4.2.3 CQtI~!!~!9U~_fQI_Qybbl~_~~f~!ID!~iQU _ ~ ~ 1 1 

o 1 

In th~ present wo.rk b/a, h~w, h/de and w/de nd am are selected 
- ~ 1 1 

a~ deformation indiceso to give a mea~ùre _ of the d~~'iat~on from, spherical 

shape. ,The reason for their choice ~ill be,ôme obviouJ in the~followini 
/ ' 

discussion. The shape parameters h" w'l ,; b, 'and aJii h~ve been defined 
, " 1 

in Figure 3.1. The physical properties f the ~iq~id~ employed i~ the 
, ... . •• '6 -

shape study are listed in Table 3.3., Only data o~ ~ubble~ ,of de < 4',3 cm: * 

rising in the ~9.2,cm 1.0 •. column are shown to, insure that the wal~ 
.- - --~ , - - , 

------ ., 
effect was negligible~ -------.. ;--- -

The deformation indices, w/de a~d h/dèfare plotted against 

a 

* The reason fQr' $alect~'tbi$,&$ a c~iteria i$',iven in SectlbR J.4~3.S4 
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"Re in Fig. 3.6 for seven sugar solutions with M varying from 1.64xlO·3 ' 
, ' \ / 

to 7.11xl02• On these co·ordinates the data collapse onto a single curve 
J 

which suggests that for high M liquids,deformation is function of Re only. 

This confirms the observation of Kojima ~t al (1968) for high M liqùids 
, --

up to Re ~ 25. 

As expeèted. b~th w/de and h/de tend toward unit y as Re decréases, 

whereas an asymptotic mean valùe 'of 1.79 and 0.4 respecti\l'ely is approached 

at Re ~ 100. 

~~radius of curvature, height and width of a perfect spher~cal-, 
~ap segment. (i.e. with fIat base without any indentation) is given by: 

J 
R - 3 \0 1/3, (3.34) 

.' 2 (cos Sm ~ 3cos6m +"'2) 

o 

h '- R(1 ~-~ cosa ) . '. m 
(3.35) 

.. 
(:6 

. , ,'. 

w - ·2R sine 
o m 

Using these equations and the mean 'experimentally observed value 4 

',of tne semi-ipcluded angle, e _,480
, for Re ~ 100 we predict w/d ~ 1.792 

l'" m, ~ e '" , 

ana h/de - 0.399. Bath ôf these values are in excellent agreement with 
, . 

the experimentally observed val~es of 1.79 and 0.4, respectively. 
. ~, ~ , 

,5 .. 

The deformation indices b/a and a or h/w give a'complete descrip-a 
1 m . . . 

• Q , 

tion of buoble s~ape'except the indentation' at the base. The~e deformation 

indices are plotted against Re i~ Figure 3.7. The various shape regimes ' 

(except sKirtèd bubbles) are also indic~t~d. AlI three deformation indices 
r • ) 

found td bl a function only of Re for these • . '/1 ; 
l ,'" ~ 

ontr4st to experimental obs~rvations in low M 
o (/ . , 

'. 

. " . 
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o 
(closed symbols used for b/a) 

li (Poise) 
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~FlGURE 3,7 Generalized correlation for the bubble deformation 
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, 1 . 
~ 1iquids where Tadaki and Maeda (1961) found the deformation to be function 

of both Re and M. 

" 
~ In Figure.3.8 the pres~nt correlations are compa~ed w~th the 

, 
shape data of other ~orkers for 2S high N liquid~. The agree~ent is 

. , 
excellent bearing in mind the different experimental techniques and the 

wide variety of liquids used. 

Kojima~!! (1968) presented th~ fOllowing empirical correlation 
1 

for high M l~q':1ids and for 0.1 < Re < 20 • ., 

h -w 
% 2 0.81 - 0.217 lQg~Re - 0.084(log Re) 

/ ~ 

(3.37) 
\ 

This' equation, also shown on Figure 3. 8, is in good agreement with the~, . 

pres~nt data. 
~ 

Parlange's\theorr. (1969)" whicQ was reviewed in Section 3.2.3.3, 

can also be used to predict the shape of spherieal-cap bubbles with laminar 

wakes. The low~ order and higher order rise velocities can be calculated 

,for ~ known volume and liquid 'prop~rties using Equations (3.26) and (3.27), 

'~espective1r. TheDradius of cury~ture, R, can then be found br Davies . 
o 

and Taylor's expression, Equation (3.22). Fur~her, neg1ecting the inaenta-
.... 

.-

tion.at the rear 6 , h and w can be computed br Equations è3.34) to (3.36).' - m 
The values of h/w so ca1~ulated were found ta be independent of 1iquid 

properties, and were only functions of Re as depicted in Pigure,,3-. 8• For' \. 
. 

4S ~ Re ~ 110 where the basic assumptions of pariari~e' Theory are rèason; 

ably justified the experimental data are found to lie between the.two 
" '\ 

th'eoretica1 lines. ,,_ \0' 
,) 
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F'IGURE 3.8 Co~rison of present correlation with 
px:evlous work 

Experiments 

Wairegi (1974) 

Haberman & Morton (l~S3) 

l\ngelino (1964) 

.Jon~s (1965) 

o Wegener !!. al (1971) 

--"--- R Rosenberg (~9S0) 

---...... ' Di Davies & Taylor (1950) 

1 
- - - - >- - Davenport' (1964) 

1 

• III· •••••••• ,- .. ' •• Guthrie (1967) 1 

S~aughter (1967) 

Kojima et· al '1968) 
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~~~ Experimental data of many previous workers (see Fig. 3.9) 
• 

Pr~sent correlation (from Fig. 3.7) ~ 

Theory 

----M Moore (1959) 

----RD R~ppin & Davidson (1967) 

--- - x - lI'_ Parlange' s zeroth order 0 the ory '(1969) .. 
Pa~lange's fitst order theory (1969). 
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Above Re ~ 110 spherical-cap bubbles have u~steady open wakes· 

and are dynamicallY similar in shape with e % 48°.i~When this value of , m ,.". 
__ .. Jù ,,~' w 

am is s~bstituted into Equat~on~ (3.35) and (3.36) we obtain h/w - 0.223. 
. ~ 

This ~alue compares weIl with h/w _ 0.23 observed in Figu~e 3~S. . 
, , 

Previous/workers have classified bubbles as spherical-caps f~r 
, . , 

b 

Re as low as 1. 2 (Jones 1965~ Grace 1970)" I,Careful re-examination of the 

same data revealed that the bubbles were actually oblate-ellipsoidal-cap~ 

.and that the, SPherical-~ap classificati~ was~sed as a crude approximation.' 

Present ·classification using method (iii)'described in Sect~on 3.4.1.3 

~ indicates that the bubbles are of spherieal-cap shape for Re ~ 45. How

ever, if Co'l1~ns' (1966), sugge's,tion of fitting the sphere only over tlJe 

-,' 

• ... Il _ '" 

fro~~ 750 of the, b~bble cap is a~opted th en buôbles with Re as law·as 10 
. 

can be treated as spherica1-caps for the sake of simplicity. 
, 0 

Using this simplified classification the semi-included angle, 

am' fo~ the spherical-cap bubbles is .plotted in Figure 3.9 and compared 

with'previous experimental data. The agreement is very good, with the , 
, , 

scatter in the pr~sent data belng no ,more than reported by other worke!s. 
o 

)~ ~ il "" ~ 

, parfang~ts theory can b~ used to predict Sm for spherical~caps 
-<:, 

as describe~ earlier in this,section •. The values of e~ so calculated were 

a1so found to be indépen~e~t of liquia'properties and were only a function , ' , 

of Re as depicted in Figure 3'.9. ,For 10 ~ Re ~ 110 the experimental data 
~ . 

o 0 

are bounded by the ~ower and the higher order theoretical pr~ictions. 
~ , " , , 

Above Re ';:1 110 bo~h theories are very clo~e and predict a decrease in e 
"- m 
j,. \ 0,. \ 

0 

• This is shown in ~~pte~ :' ~ ", 
" !" 

1 

" 

'': . 

o' '" '. \, -------, -----
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while the experiments show an approximately constant value. This is 
') 

not surprising since beyond this point the wake is no longer closed and 

laminar, and thus, the very basic assumption of the theory is violated. 

On the other hand as Re is lowered below about 45 increasing deviation 

from the other assumptions* of the theory is expected thus explaining th~ 

increasing disagreement between theory and at lower Re. 

It should be pointed out that there has been some debate 

regarding the application of Parlange's theory (Parlange 1972; Grace 1972).- ~ 

This confusion is avoided here by" calculating am from the complete equa

tions ~f'Parlange's theory rather than from the simplified equations 

relating e to Re which require series expansion and then truncation. m 

(b) O~P~Dg~DÇ~_Qf_gygg!~_~h~p~_gn_g!h~!_p~!~~~!~:~ 

The deformation in terms of h/de of bubbles and drops has 

often been corre'lated. with respect to Eotvos Number, Ec (Harmathy 1960; 

Wellek et al 1966; Reinhart 1964) and Weber Number, We .(Hayashi and --
\ 

Matunobu 1967; Kubota ~ al 196!i Aybers and Tapucu ~969; Wellek~!l 
, , 

1966). Unlike the h/de versus Re.plot, Figure 3.6, the data for the various 

liquids did not collapse cnte a single curve when plotted against EH or 

We but were represented by different curves with liquids of higher M 

exhibiting smaller deformation. Thus we conclude that in high M liquids 
, 

the bubble deformation is weIl correla~ed against Re in contrast to low M 

liquids where the deformation is reported to be weIl correlated by le 
~ 

(,Kubota !!.!.!. 1967; Aybers and Tapucu 1969) or' E(j' (Harmathy 1960). 

. , 
',* At lower Re the external flow deviates from potential flow and the 
bubble volume become comparable to the wake volume àS.will be shown in 
Chapter 4. 

't! ,< 
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It was pointed out in. Sect~n 3.4.2.1 that under certain 

conditions the base of the bubb1e is indented. Simi1ar indentations (or 
r 

dimp1es) have been reported by other workers for bubb1es (DavJnport 1964; 

~laughter 1967; Guthrie 1967; Kojima ~ al 1968; Jones 1965; Ca1derbank 

~ al 197'0; SundeH 1971; Hnat 1973) and for drops (Garn~r ~ !!. 1957; 
, 

Fararcui and Kinter 1961; Shoemaker and Chazal 1969; Wa~regi 1972). How-
1 

ever', no measurement of the size. of tl}e indentation has been reported. 

With proper lighting conditions this indentation is clearly seen 

on photographs of bubbles (see Fig!3.3) and drops (see Fig. 6.17(1)) (Garner 

~!! 1957; Shoemaker and Chazal 1969; Wairegi 1972), however the curved 

surface of the dimp1e is displaced on the photographs due ta the difference 

in refractive indices of~the two phases. Hence it is not possible ta 

ca1culate the actual volume of ~he indentation from the apparent shape 

of the indentation, except where the error due ta refraction is smal1 such 

as in 1iquid drops in continuous 1iquids of simi1ar refractive index. 

In the present work an estimate of the volume of the indentation was 

made by calcu1atiI)g the total v·olu~e of the' bubble ca~ from the c'lose-up 

phetograph (assuming axisymmetry) anq subtracting from this volume the 

measured volume of the bubble. 

The volume of the ellipsoidal-cap bubble, VEC' was calculated 

using the following geometrica1 re1ations~ip Csee Fig.3.ICa) for, the 

definition of the variables): 

4 2" ' 2 [' _ b3 - (h-b) 3} 
,~a b - ~a (2b-h.) ---
., 2b2 (3.38) 

.. . -

1 
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• The volume of the spherical-cap bubbles, VSC ' was calculated 

using two different geornetrical relations which are shown below, and, the 

average value was taken (see Fig.}.l (c)) • 

/ 

(3.39) 

(3.40) 

Close agreement between the volumes calcu1ated using these two 

fèrmu1ke was found. - , 

where 

The volume of the indentation~ Vi' is given by 

Vc - total volume of the ellipsoïdal cap, VEC~ or the' 

spherical- cap, V SC' 

and V - measured volume of the bubble correc~ed for the 

appropriate hydro~tatic pressure. 

(3.41) 

The dimensionless indenta~ion volume, Vi/VC' is plotted against 

the Reynolds Number in Figure 3.10. From thi$ graph it is seen that the 

indentation begins to appear about Re ~ 1.S~ and increases to a maximum 

at around Re ~ 40, then begins to decrease. Note that the irydentation is 

quite significant fbr inte~ediate Reynolds' Number with a maximum value . 
of V i/V C of 0.4. Similar values have been found recently by Hnat (1973) l' 

usin. sh&dowphotoeraphy for spherical-cap hobbIes rising in mineraI oi1. 
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1 , 
Above Re ~ 110 the bubble wake is open which causes the bottom 

surface to fluctuate. This makes the indentation calculation inaccurate, 

as shown by the increased scatter in the data. Neverthe1ess, the trend 

of the data does ipdicate that the indentation for this regime is neg1igible 

as was found by Davenport (1964) ~nd Guthrie (1967). 
1 

3.4.3 Rise velocity results 

The terminal ri se ve1ocitie,s of b.lbb1es of volumes 0.08 to 139 crn3 

. 
in various sugar solutions were measured using the methods described in 

Chapter 2. The accuracy of these techniques has a1ready been discussed 
, , 

in Section 3.4.1.2. The physical properties of the sugar solutions are 

given in Table 3.3. 

3.4.3.1 ç~!r~!!!~~~_È~~~~~~_~!~~_~~:~~!~!:~!_~~~_~=~~!~~_~~~=! 

The rise ve10city resu1~s are presented in terms of the drag . ( 

coefficient, CD' and the Reynolds Humber', Re, in Figure 3.11. Various 

theoretical equations that were reviewed in Section 3.2.3 are also pre-

sented on the same figure. The d~ag coefficients for bubb1es of aIl sizes 

and shapes for aH h,igh M liquids 'with M ; S.48xI0-3 fal on a single 
, 

curve,.. . h also compares yery wel-1 with the data of ther workers 

(Haberman an~~rton 
( 

53 and '1956; Jones'1965; Red eld and Houghton 

1965; 'Angelino 1966; Kojima!!!! 1968). 
( 

~, 
"'~ At low Re the data, correspond to the Hadama'r~ki theory 

-''''-.........-

(Equation (3~-L7)) for gas spheres which suggests that internal circulation 
"-"~"''''' . 

,\"" 

was present for thèSebubb~e--dra.g--aar-ve~begihs to deviate from the 
1 , 

Hadamard-Rybczynski equation around Re ~ 0.5, i~di~ting that the inertia1 

effects and the deformation of buDb1es b~gin to affect the drag. Up to 

2!2 i ..... S d(rj!S;.K. n. Ij- t _·~A_L::W:IJZf ...... &&Z : 2 & 7F 
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'" 1 Re '" 1.5' .he data follow the Taylor and Acrivos theory (Equation (3.~1)) , 

which accounts for the inertia effects as weIl as the effect of the bubble\ 

deformation. Golovin and Ivanov's theory (Equation (3.18)), which takes 

into account only t~e inertial' effects, conformS to the data to a larger 

value of Re % S. However" this agreement is fortuituous since the ~ubble 
\ 

shape is far from spherical at this ~alue of Re (see Fig. 3.4(a)). 

At increasing Re the,drag coefficient decreases and tends to-

wards a fairly constant value of about 2.6 for Re >~llO where the bubbles 

are dynamically similat.spherical-caps. In th~ range 4S ~ Re ~ 110 where 

the bubb1es are tru1y spherical-cap shape with a c~osed toroidal wake the , , 

drag data are backed by Parlange's zeroth order an~ {irst ~rder theories 

(Equations (3.26) and (3.27)). Outside this range the predictions show 

increa'iing di~ergence from the data because the assumptions of Parlange's 

theory are not justified as discussed earliér (see Seçtion 3.4.2.3). 
< 1 

For 1iquid h~ving Morton Number, M, 1arger than S.48x10-3 the 

drag coefficient curve is universal, i.e. it is in4ependent of M, and 

hence it can be used to predict the rise velocity of bubbles of any shape. 

The drag data for the sugar solution ,with M - 1.64xlO-3 do no't 
1 1 

~ollow the general trend for the higher M liquids which suggests that a 

~ change in bubble behaviour sets in som~where in the Morton Number range 
;:0'4,. -

. "~~ L~""44444_~~ ___ --~;_}_!.§4xl~~~~~~ ~ . <}" 8x10-
3

• ln the drag curve for the least 

. ---7'w 

"'-~~--·-·~---",_.~yjs-êoüs···Üqu;d CM • xlO-) co-Lesponded to the bubbles having almost 

'0 1. 

, 
1- '.~ ... 

'l!"-

'\ _ iJ. 
di~~ like/shape (5 e photograph in Fig.3.2(3)) and~wobbling motion. The 

range 0 values; f M obtained from the 'data of previous investiga~ors for 

the transI ion in ~he drag curve are compared in Table 3.2. It is 'clear . 
that the present data provide the closest estimate of the Morton Number 

for this transition. 

, 
, 1 

, 1 
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TABLE 3.2 Morton Number for Transition in Drag Curve 

• 

Re~erence 

present work 

Haberman & Morton (1953 & 1956) 

Jones (1965) . 
Redfie1d & Houghton (1966) 

Tadaki & Maeda (1961)* 

Ange1ino (1966)** 

Koj:rma ~ !l. (1968) ** 

* on1y lower 1imit avai1ab1e ~ 
** on1y upper 1imit avai1~ 

/~----~-
~~ 

( / 

Critica1 M 

1. 64x10 ·3 < M- < 5.48xlO·3 

4.18x10·8 < M < l.S4~10-2 

3.S3xlO·4~< M < 3.76 

1.39xlO·3 < M < 2.32x10 ·1 . 
2.S4xIO·4 < M 

M < 2.93x1O·2 
, 

M < .1. 87x10·2 
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Following the method of Grace (1970) the present velocity data 

are plotted as Reynolds Number versus Eôtvos Number 'in Figure 3.12. Also 
...-- ~ 

shown in the figure are the boundaries of the three shape regimes distin-

gu'ished by Grace. The measurbd rise velodties of bubbles larger than 

de ~ 4.3 cm. were corrected for the ~all effect using the ~~~~p'd described 

in Chapter 7, before including them on this plot. 

Grace transformed the Stokes arid Hadamard-Rybczynski equations 

for spherfca1 bubbles in terms of dimensionless groups and gave: 

Re -
E61•S 

Jd,i0.S_ 
(Re ~ 0.2) 

t J 

1::' 
{3.37) 

where k'- 18 and 12 for the Stokes and Hadamard-Rybczynski equations. 

respectiv~1Y. The present data are we11-bounded by these two equations 
1 

for,small ~pherical and even slightly ellipsoidal bubbles. The data for 
- '-

small bubbles in the most vis cous liquid (M - 711) show very good agree-, -
" ment with the Hadamard-Rybczynski equation, implying that these bubbles 

we~e fully circulating. This can be explained by' the fact that these 

1 experiments were perf~rmed on a freshly prepared sugar solution thus 
,l" 

ensuring minimal chance for contamination. 

For dynQmically sfmilar spherical-cap bubbles with Re, ~ 100, 

Grace also showed tqat: 

O. 1.0 (EO)O. 75 
Re - ....;....::-;..-.~--

MO.25 
(Eô ~ 40, Re ~ 100) ." (3.38) 

" 

~ 

The Pfesent data also ~onform to this 'equation in the specified regime. 

,In the intermediate range,tbe data showed excelient agreement with the 

curves p~esented by Grace on his geReralized plot (similar to Fig. 3.12). 

, \ 
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• 
\ 

*In order to delineate the "oblate ellipsoidal disc-like (wobbling)" 
regime some additional experiments wer~ performed in sugar solution 
of,~ - 0.615 Poise; p _ 1.301 g/cm3; a - 76.7 dynes/cm; M - 2.39xlO-4• 
These are also included here. The physical properties of aIl the 
other liquids are listed in Table 3.3. 
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(' 

Oetailed photographie observation of shapes together with the 
1 

additional information obtained from the studies reported in Chapters 4 

and 6, has enabled us to delineate six additio~al shape regimes on the 
o 

plot. The modified version of this g~neralized plot* is shown in 

Fig. 3.13 with the experimental points removed. It allows the predic

tion of.theOterminal rise velocity and the bubble shape, given only the 
, . 

volume of the bubble and the liquid properties; namely viscosity, density 

and surface tension. 

3.4.3.3 Y~1~~!~l_~9!!~1!E!9~_!~!_~~:B~_~~~~!:; (E~ ~ 40) 

For large bubbles CV > 2 cm3) Angelin.b (1966) suggesi'ed the 

relation U - KVm between the rise velocity U and the bubble volume V, 

where K and m are constants which depend only upon the physical properties 

, of the liquid. The present velocity data in a 29.2 cm 1.0. column were 

plotted on log-log paper (see Fïg.3.l4(a)) and from the straight line 

1 graph the ,value of K and m were calculated. The departure of the data 

from the straight line corresponds to ~he point where wall effect~begin 

to become significant. This point is very weIl demonstrated in Fig.3.l4(b) 

where the data of Wegener et al (1971) for air bubbles of volumes as high -- " 

as 320 cm3 rising in two columns of 150 cm and 30 cm diameter are shown. 
<: 

The present data as weIl as data of previous investigators 
o 

covering some ~9 liquids in aIl confirm the relation U - KY
m

• The physical 

properties of the liquids and th,e corresponding values of K and mare given 

in Table 3.3. The plot of K and m versus M is shawn in Fig.3.15. This 
\ 

correlation is entirely empirical, but quite useful. The 

* Compared with the recent correlation of Wallis (1974), the present modified 
version of Grace's correlation is based on greater range of data, is easier to 
use. and provides more information regardingtshape regimes. Very recently, 
the latter correlation has a150 been extended and verified for drops (Grace 
.!1 !!. 1976). 

tu: 5 
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rise velocity of a large bubble in an infinite extent of any liquid can 

he calculated from this correlation. . ./ 
It is interesting to note that the value of K approaches 25 

and the value of m approaches 1/3 for a low M liquid as predicted by the , 
semi-empirical theory of Oavies and Taylor, Equation (3.25). Note also 

~ '.that the values of 'K and n remain approximately constant for 10- 14 ~ M ~ 10-
4

, 

, 1 
which implies that, for this range of M, liquid properties have no ~ignifi-

cant effect on the rise velocity'of large bubbles. 

3.4.3'. 5 CQ~~Ii~QlJ_2f~~i§~LydQ~it~_QLQ~!!t~:~!gl?~Q!9~!:f!pJ?~~~1~~ 
witb_tbeD~ 

". 1 
The velocity data for oblate-ellipsoidal~cap bubbles are shown in 

Fig. 3.16(a)- (c). Sundell (1971) reported that thë velocity of bubbles' rising. , 

in water is reduced by the presence of the wall in a 30 cm. diameter 

column (same as that used in present work) at bubble yolumes in excess 

of about 43 cm3 .(see Fig.3.14(b)). Assuming the same criteria to apply 

for viscous liquids, the point_at which "waÜoeffect5" set in, i5 indicated 

on each graph (i.e., de ~ 4.3). 
, 

The velocity predicted using the mea5ured shape data. (i.e., 
." 

se~-majo! axis a, semi-minor axis b) and the ~heoretical result of 

Wairegi and Crace, Equation (3.30), is in very good agr~ement with the~ 

experimental value!;. TheO"theory slightly ove;predicts the veloc:L-t;y, 

especially at very' low ~e; however, as Re 1s increased, the predictions 

approach the experimental values. This is expected since the theory as'sumes 

a potential flow around an oblate e~lipsoid. It is nOfeworthy that th~ 

theory is suécessful ~n predicting tqe rise velocity for oblate skirted 

bubbles as welle 

li 

"-, ' 
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o 

FIGURE 3.16 Comparison of the Rise Velocity of Oblate' 
Ellifsoidal-Cap Bubbles with Theoretical 
Pretbctions 

. 
No. 1.1 (Poise) * 

( 

a 26.80 

b . 13.98 

, c 7.30 , 

87. 

o e~erimental data (shaded symb91 indicates bubbles with skirt) 

-=--- - -'Par1ange' s, zeroth order theory (1969) 
, 

_e ---J.'. -Pa:rlange' 5 first é$rder theory (1969) 

-----Wairegi & Grace's theory (1976) , 
( 

* Other" Ùquid properties,are listed in Table 3.3. 
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The lheory of Parlange, Equations (~.26)" and (3.27), which is 
1 

only applicable for spherical-cap bubbies with re1atively high Re, is 
\ 

\ 
a1so shown for comparison. The experimental data are bracketed by the 1 

1 \ ~/ 

theoretical curves, the spread between the curves de~reaSing with i'creaSing 
, \ '1 

\ 

Re. For ~e ~ 10 the dat1i are approxi"ted by the average value of the 

zeroth and first arder PFedictions. 

l' .' 

3.4.3.5 
l , 1 

COlllPiriSOD. oL ri.,se.llelocit);. of. spberi cil: câp. bubbles.witb.'tbeol1!' 
, 

In Fig.3.17Ca) ~ (d) velocity data for'the spherical-cap bubbles* 

are compared with existing theoretical models. We find that the data 

compare fairly weIl with Qavies and Taylor theory (Equation (3.22)), , , 

provided there is no appreciable wall effect. 
, 

- ._..,---- ----~_._--------,------~- ... -- ------ ~ 

, 
'. 

ri DaVidson,' s theo~ (Equation (3.29) l' which c1aims to incorporate 

the vis cous effects into the Davies and Tay~or equation, predicts the 
1 • 

l 1 
velocities.fairly weIl despite the fact that the analysis is incorrect 

1 
as pointed out in Appendix A. The parlaniè theory exhibits the trends 
1/,,-

l " , 

discussed in the last section and, as e~ected, the theory begins to 

disa~ :_~~~ ~he data for Re ~ 110, wh~re the sp~erical.cap,bubble no 

lOnge~,~ ~losed'toroida1 wake. Mendelson's theory agrees reaso -

ably weIl with the data of spherical-cap bubbl~s in ~ow viscosity li uid 
- .... 

but overpredicts-the velocity for bubbles in high viscosity liquids 

(compare Fig~ 3.17(a) with Fig. 3Ü7(d)). 
• 1 _ 1 

.... 

* Bubbles at Re ~ 45 were no spherical-cap in the' ,strictest sense but 
were classified as spherica1 caps as discussed earlier,in Section 3.4.2.3. 

1 

.. 
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FIGURE 3.17c"c0K;a5ison of the'Rise Velocity of 
~ erical-Cap Bubbles with 

eoretical Predictions 

. 

No. lJ(Poisp)* 

a . 5.09 
~ , 

b 2.89 
, 

c 1.36 
<, 

d 
"l,- I 

1.00 
1 

1 
~ 
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o experimental data (shaded symbol indicates bubble with skirt) 

----- Davies & Taylor's theory (1950) 
. 

-------------- Mendelson' 5 theory (1967) 

-- -i!' __ - Davids~n's theory (1974) ,. 
1 

-"Parlange' 5 zeroth order theory (1969) 

• - Parlange's first order theory (1969) 

\ 
c-. 

... Other liquid properties are listed in Table "3.3. 
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3.5 Conclusions 

1. The physical properties ~f the liquid have a profound 

effect on the bub~le shape. ~s the viscosity (or Morton number, M) of 

the l~quid decreases the bubble deformation'for a fixed volume incr~ases, 

becoming progressively flatter. 

2. The critica~ ~alue of M separating the so-called high-M 

liquids from low-M'liqu~ds lies between 1:64xI0-3 and 5.48xI0-3• 

Bubbles in high-M liquids exhibit no ins~ability or wobbling,motion 

and the drag coefficient curve (Co versus,Re) is independent or M. 

3. The small deformation of bubbles from spherical shape 

at low Rê is pre'dicted by the theory of Tayloz: and Acrivo~ '(1964). The 

higher order theory of Brignell (1973,) \ is of little practical value. 

• 4. With increase in,bubble volume in high-M liqui~s, the 

bubble shape does not change directly from·spherical to spherical-cap 

but goes through oblate ellipsoidal and oblate ellipsoidal-cap shapes 

with the possibility of skirt formation. In these liquids bubble 
\ 

deformation depends only upon Re. The shape parameters of the bubble, 
, -

such as width, heigpt, indentatio~, etc. can be predicted f~om ~he ~ 

gèneralized correlations presenfed in Figs. 3.6, 3.7 and 3.10. 

5. 
1 

1 

Six additional shape regimes have been added to the ie 

";-'--,. 

versus EH plot, namely: oblate ellipsoidal-cap, wobbling disc-like oblate 

ellipsoidal, s~irted bubbles with ~mooth steady.laminar skirts, skirted 

bubbles with wavy unsteady skirts, spherical-c~p with closed toroidal . 

wake and spherical-cap wi~ open unsteady wake (Sée Figs~3.12 and 3.13). 
1 

6. The equation of Wairegi and"Grace (1976) relating the 

bubble shape and rise"velocity is valid for oblate ellipsoidal-cap, and 

oblate skirted bubbles provi~ed Re ~ S. 
1 / 
/ 
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1 
7. For spherica1-cap bubb1es the Daviés and Taylor (1950) 

eq~ation g~ves a good prediction 9f the rise>ve10city for Re as low 

, as 10.· ~ar1ange' s (1969) zeroth order and first order theories give .' 

good upper and lower bounds on toe'rise velocity of spherical-caps .--
provided 10 ~ Re ~ 110. Mendelson's wave analogy predicts the rise 

. 
velocity of spherical-cap bubb.les in low viscosity liquids (ll ~ 1. 0 

Poise) with fair accuracy. Davidson's (1974) attempt to incorporate 

vis<:ous effects into the Davies: and Tay.1or treatment se~give 

'good prediction of the ~elocity of spherical-cap ?ubbles despite an 

error in his analysis (see Append~x A). 

8. The rise ve10city of large bubbles CV ~ 2 cm3; Eo ~ 40), 

in an infinite media is p~edicted by U-- KV
m wher~ the values of K and 

m can be obtained from Fig. 3.15 for any liquide 

9-;~ -·For liquids with M'<' 10-3, the-rise 'velocity of large 

-bubbles CV ~ 2 cm3) is independent of '1 iquid pr.operties, and is given 

by Equation (3.25). 

• For Re ~ 4S the bubbles are not spherical-cap in the strictest sense. 
However, if Collins' (1966) suggestion of jitting a sphere over the 
front 750 of the bubble cap (i.e. 37.50 around the front stagnation point) 
is adopted then bubbles with Re as low as 10 can he treated as spheri<:al
caps. 

1. 
i .-

1 , 
- l 

~ . . 
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CHAPTER 4 

LIQUID FLOW FIELD INDUCED BY A RISING BUBBLE 

4.1 Introduction 
1 

The rate of mass, mamentum and heat transfer between a moving 

bubble and the surrounding liquid is dependent upon the detdils of the -

velocity field near the bupble~ In addition, a rising bubb~e may carry 

with it a wake of the continuous fluide This wake plays a key raIe in 
\ 

o _ 

transport process~s, mixing, as weIl as bubble interaction and coalescence. 

Due to non- linearitt in the equations governing the flow and the 

~priori unkriôwn shape of the bubble no theoretical solutions exist which 

accurately describe the flow field, except at ve~ low Re where the 
'" \ :d';: 

inertia effects can be negle~ted and the bubble adèpts a spherical or 

almost spherical shape. Therefore, for our understanding of the flow , 

field we must rely on the results of systematic experimental investiga

tions in which the signif~cant pa~ameters are varied over a wide range. 

In this chapter, experimental measurements of the entire velocity field 
'\ , 

-around bubbles of different shapes are presented and discussed. Ani 

attempt has been made tO,cover ~wide range ofrRe (0.087 to 296) where 

a11 the maj or shapé t,ransitlons and the associated changes in the flow 
~ , ' ~ \ . , 
field a~ encountered; Where possible the experimental results are 

'compared with the existing theories. / 

4.2 Literature Review 

4.2.1 Development of the flow field around a moving body 

Whenoa body maves through an infinite amount of quiescent fluid, 

the non-dimensional quantities describing tbe flow field depend only-upon 
1 

t" 

" 

"" 
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the Reynolds Number, Re (Rosenhead .1963; Batchelq:r 1967). The following 

description of the development of the flow field around a solid sphere 

will illustrate the dependence of the flow field on Re. 

As Re tends to zero th~ vorticity generated at the surface of 

the sphere is diffu~ed radially to the bulk of the liqu~d and the flow 

is axi-symmetric. By neglecting the inertia terms of the Navier-Stokes 
, 

equations, Stokes (1851) obtained an analytical solu~ion for the flow. . , 

Oseen (1910) took ,the inertia terms partIy into account and obtained 

solutions valid for small, but finite, Re. In Oseen's approximation-the, 
- l , 

streamlines close less rapidly behind the sphere, the flow does not dis-' 

play fore-aft symmetry and vorticity is convected downstream to form the 

wake. 

As Re increases convection becomes more and more effective in 

sweeping the vorticity downstream where it is eventually âissipated by 

viscous motion. The act'ion of convection countering diff~sion of ,vorticity 

~ives rise to a boundary layer around the body which becomes'thi~er with 

in~reasing Re. The liquid in the region outside the-boundary layer and 
, 

_.outside -the wake has negligible vorticity and its motion can be described 
- , 

by the potential (or inviscid) flow equation. . , 

At some critical Re* boundary layerlseparation'occurs leading 

to a recirculating toroidal standin$ eddy at the back of the sphere. The 
o 

* The precise Re at which recirçulation starts has been a matter of cqn
siderable debate. Clift,'Grace and ,Weber (1976) have reviewed aIl the 
available experimental data and numerical solutions and' have found the 
best estimate for 1 the critical Re to be 20. 

, , 
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separatio~ is causeq by the retardation of the fluid particles in the 

" boundary laxer during their passage towards the rear stagnation point 

where an adverse pressure gradient ~s encountered. 

With further increase in Re the size of the tornidal wake.'grows 
" 

as a result of increasing vorticity generation. Up to Re ~ 130 the wkke 

remains steady as the vortldity generation ~s balanced by the rate of 
, . 

transfer to the fluid outside the wake with no~net vorticity accumulation 
.. 1 

in the wake. ' At around Re ~ 130, a weak long-period oscillation becomes 

apparent in the tip of the wake. The amplitude increases with Re, but 

thè flow behind the eddy remains laminar to Re ab~t 200 (Taneda 1956). 

At stilJ~hi~her Re (Re ~ 270) diffusion and èonvèction can no longer keep 

pace with vorticity generation so that pockets of vorticity are shed 

periodically from the wake (Goldberg-and,Florsheim~1966). Thi~ wake 

shedding is the c~usJ' of 

~entually, at very high 

oscillatory motion bf a freely falling sphere. 
5 " 

Re, 0(10 ), ,the wake becomes turbulent. 

A similar s~quence of changes has been observed in the flow 

past, a solid body of other shapes as Re is incr~ased.(Batchelor 1967; 

Goldberg-and Florsheim 1966). The critiéal value of Re for the various 

transitions in the wake is found to depend' on th~ shape of the body.· 

The behaviour of a bubble (or drop) differs from a solid sphere 
1 

in three ways .. 
\ 

Firstly, the velocity of the external fluid relative to 
, 1 

* For éxample, Masliyah and EpsteIn (1970)'has,reported a decrease in the 
critical Re for the appearance of a recirculat~ng eddy behind sphe~oids 
with decreasing aspect ratio. The results of their numerical solutions 
gave the' critical~Reynolds Number, Rea (b/sed on semi~major axis, a) of 
20,9, and 3 for the spheroid'of aspect ratio (major axis/minor axis) of 
1, 0.5 and 0.2, respectively. These values of Reynolds Number cOTrèspond 
to Re (based on de) of 20, 7.14, 1.75, respectively. ' 

... } .... 
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'1 
the bubble (or dr~p) is not usually zero at,the interjace as would be , 
the case for the sotid body. Since this results in less vorticity 

generation, wake rormation is delayed and thinner bounda~ 1ayers and 

smaller wakes are formed at equal Re. (Le Clair 1970;, Le Clair and Hamielec 

1971; Hamie1ec.~!! 1967; Rivkind~!l 1972; Garner and Ske11and 1955; 

Garner and Tayeban 1960; Elzinga and Banchero 1~6l). Second1y, a bubb1e 
'1 : 

(or drop) deforms with increasing Re. 'Since in most systems it deforms 

to an oblate spheroid and then to a spherica1-cap, the formatio~ of an 

attached toroidal wake and the subsequent onset of wake shedding are pro-

moted by the deformation (Satapathy and' Smith 1961). Third1y, surface 

active materials may affect the ve10city at the surface and hence the 

internaI cïrcu1ation (Savic 1953; Garner and Haycock 1959f Levich 1962) 

and the shape (Garner and Haycock 1959; Winnikow and Chao 1966; Edge and 

Grant 1971). 

, 
4.2.2 Flow fields and wakes of bubbles 

Several work~rs have done ,experiments on wakes behind bubble 

rising in two-dimensional liquid beds because it is easier to photograph 
• .,. 

thewakes behind two-dimensional bubbles (Collins 1965; Ca1derbank 1967; 

Crabtree and' Bridgewater 1967; Lindt 1971 a and bi Lazarek and Littman 
~ , 

_ 19~4). However, these results are not directIy applicable to three

dimensional bXbbles because the gap width between the'plates ha~ a strong 

~ effect on the wa~e (Crabtree ahd Bridgewater 1967). 
'. 

Miyagi (1925) was the first to notiée a wake rollowing a three

dimensional bubble. By close ;nspection of single oblate spheroida1'air 
-

bubbles zig-zagging through water h~ noticed a~ upward current of water 

'behind\the bubble; and the larger the bubble-the large; was this upward 

{ 
f. 

'J 
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! 

current., Haberman and Morton (1953) and Saffman' (1956) suggested that 
, " 

, ,:the zig-zagging (or dscillating) motionis due to the periodic shedding 

of vortices. Saffman (1956) carried out the Most comprehensive study of 
", 

the unstable motion of bubbles in water and concluded that up td de - 0.14 cm. 
,.5~~· 

the stable motion i5 rectilinear. For 0.14 < de <-0.2 cm. the zig-zagging 

motion is stable and is the only motion that occurs. Above de > 0.2 cm. 

zig-zagging motion is unstable and spiralling motion can Qccur in the .', 
• 1 

presence of a disturbance. rhe cause of the zig-zagging motion was at-

tributed to the interaction betweeh an o5cillating wake and an iristability 
" 1 

in the liquid near the front of the bubble provided that the bubble i5 
\ 

sufficiently oblate. No evidence concerning the cause of spiralling motion 

was 'prQsented. except the ,suggestion that it may be due to the onset of 

turbulence in the wake. 

, Subramanian and Ti,e~ (1970) 'photographed the wakes carried by 

small bubbles ,(0.1 cm.' ~ de ~ -0.4 cm., 20 ~ Re ~ 600r in wate'r using a 

dye tracer technique.* Their photographs of the wake and the trailing 

dye filaments are very simi1ar to those observed for drops, (Magarvey and 

Bishop 1960, 196~a, ,196lb; MagarVey and ~clatchy 1968; Al Oimian and 

Ruckenstein 1~70j Winnikow and Chao 1966). 
, • 1 

The small bubbles of Subramanian 

and Tien retained'their spherical ~ape and rose rectilinearly wi~h a wake 
"", • 1 

followe~ by a single trai1, the intermediate size bubble5 had a slight1y 
, 1"." ~ 

distorted oblate shape but moved rectilinea~ly with a wake followed by a 

• These authors also attempted to meàsure the volume of the wake carried 
by the bubbles but their results are unreliable because their assumed 
shape of the wake was ÙDrealistic and their method of ealculating the 
volume was in error. Further, the dye ~sea by~~hese author5 might have 
been surface active thus yieldin~ bubbl.s with more solid-like surfaces. 

1/ 
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doubie trail. The larger bubbles rose with zig-zag motion leaving a 
. 

haphazard trail. This general description should apply to smal1 bubbles 
l ' 

rising in low M liquids. " 

l ' A great n~mber of studie~ have been devoted to the natufe of l 

th

t 
w~ke,behind large spherical cap bubbles. Some confusion arose in the 

~ terature froml 'the spark photographs of spherical-cap bubbles in nitro-
1 ·1 

b nzene present~dby Davies and Taylor (1950). These photographs, which 

eemed to indica~e a closed turbulent wake at rather large R~ (Re ~ 6200), 
1 

some authors ~o assume;that' around the ~pherical ~egion, made up of 

cap of the bubble and the closed wake, the flow is a potential flow, 

which closes behind the spherical regian. That the bubble formed only 

a "closed" wake and the combiJ!~d unit travelled as a potential body was 

refuted by Maxworthy (19671':{ His argument was that as a bubble rises -
,.".. .... ~ 

~ . 
with constant veloci~y {t'must experience a finite drag and that this, 

.-
drag will be seen behind the bubble as a momentum defect in the liquide 

-Maxworthy (1961) demonstrated t~e presence of an extended turbulent wake' 

-by letting a 2.S cm3 bubble (Re % 4800) rise in a clear water above a 

P901 of dye. A significant discharge of vorticity from the wake was found. 

Similar observations have b~en reported by Guthrie (1967); Guthrie and 

Bradshaw (1913) and Lindt (1911). Excellent sch"lieren photographs ~f ' , 
. -

spherical cap bubbles (Re - 8300 to 38,000) and their wakes have recently 

appeared, -in the literature" (Wegener !!.!! 1971; Wegener and Parlange 1973). 
1 l ' 

These photographs clearly demonstra,te_ that at high Re the wake is turbu-

lent and extends ,far downstream from the bubble. 
1 

.~ 

A wake structure entirely different from the turbulent one has 
1 

been observed for spherical cap bubbl~s at low Re ~ 100) that 'are normally 
1 1 

" et;lcountered in high lof liquids" In this case the bubble is followed by a 

" 1 
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, 
toroida1 vortex. 

1 
O'brian and Go~line (1935) were the first to observe 

such a vortex be10w a spherica1 cap bubb1e rising in 1ivestock oi1 using 

sma11 entrained air bubb1es caught in the w~~e. Simi1ar 9bservations 

were reported by Davenport !l!! (1967), Crabtree (1969) and Narayanan 
1 

et al (1974). Sch1ieren photographs br Slaughter and Wraith (1968) and 
" ---'--' 

..a. .. 
Wegener and Parlange (1972) have providèd, t~ date, the best photographie 

\ 
evidence of a stable laminar wake which consists of a toroidal vortex 

with a streaming cyiindrical tail exte~ding below it. The latter authors 

also showed that the closed 1aminar wake behind spherîeal pap bubb1es 
~;f 1 

exists,up to about Re ~ 100 ab ove which unsteadiness in the wake sets in 
, 

and at higher Re the wakes ~ecome turbulent. , 

4.3 Objectives 

'---- From the foregoing review it is evident that the avai1ab1e 

information,ob bubble wakes is very ~imited, land main1y qualitative. 
1 

There is virtua1ly no information available on wakes behind bubbles at . . 
low Re* in high M liquids. Many authors have assumed a partic~lar velo-

city field around a bubble ~d used it to predict mass transfer rates 
, 
.' '(Baird and Davidson' 1962; Lochie1 and Ca1derbank 1964; Calderbank et !.!. 

"1970; Brignell 1974), bubble interaction (Crabtree and Bridgewater 1972; 
, l1lJ 

Wab-on 1971; Wai~egi 1974; Narayanan et al 1974) and terminal ve10city --... 
from observed bubb1e shapes, (Oavies and Tay'lor 1950; Collins 1966; Grace 

and Harrison 1967; Wairegi and Grace 1975). 
1 

1 

However, the actua1 ve10city 

1: 

* Re ~ S6 appears to be the lowest Re for bubbles, in high lof Ùquids, 
at which experimental evidence regarding nature of the wake is reported 
(Slaughter and Wraith 1968). At the time of writing this chapter the 

paper of Hnat apd Buckmaster (1976) was not pub1ished. Theïr finding 
is discussed in the l''addendum'', Section 4.6. 

, \ 

,. 

.r. 
<" 
; 

~~ ~l 

,1 
, ' 
~( 

i 
$ii 
~ 

~ 
'tiê 
1. 
~;~, 

,~1 
lF 
'l 

'" 



\ 

"Jt"'·"'*'''~~~,''~~lj1''II'''·1'''!~'7i'('~''ifl~,;a_''''''flll'.''''''''''''8P.~~~_4Jl,(lJyg4'JJ4Uf4Ql.iJ ; __ ;-.;,. . . -
106. 

\ 1 ~d 
field has never been measured experiment~lly to confirm these assump-

tions. The aim of the work described in this chapter is to·measure the 
\ 

entire veloci~y 'field around the bubbl'e, and the size and the shape of 

the wake behind tqe bubble of aIl ~he different shapes in ~iscots (high M) 

liquids. 

4.4 Theory 

For a fluid sphere moving ~n ano~her fluidffin analytical solu-
th~() 

tion~describing the internaI as weIl as external flo~ field was derived, 

,independently, by HadamarH (1911) and Rybczrnski (1911). Th~key as~ump

tion was that the inertial effects were negligible in both phases,' 'f.e. 

Re ~ O. The following boundar,y conditions were used: 

(i) uniform flow_r~mote fro~the sphere, 

(H) no flo;1cross the interface" between the fluids;J 

(i1i) eontinuity of the tangential velocity across the in~er-

face, and, 
'r 

(iv) continuity of the tangential stress across the interface. 
, 

A detailed derivation of this solution is available elsewhere, (Levich 1962; 
1 .----. 

Happel and Brenner 1965; Batchelor 1967). The resulting stream function and 
\ \ ... / .. r 

the velocity components describing ~he flow field, together with,the . 

appropriate co-ordinate syste~, ar~ summarised in Table 4.1. 'The St'okes' , 

(18S1) solution for a rigid sphere is récovered by putting the viscosity 

ratio K -~- œ into these equations while the solution for a gas.Qubble 
11 

rising through liquid can be obtained by setting K - O. 

A very important ~onclusion follows if one considers the normal 

stresses, at the interkace. It can be shown ~hat the components of normal 

stress at the interface differ by a constant amount (Batchelor 1967) and 
\. j 

\ 1iI!'. 

\1 
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TABLE 4.1 Hadaaand-Rybczinki -'Solution for a Spbere 

\ -
0 , 

Bxternal Pluid 
. 

InternaI Fluid 
10 

, 

, 
Itre .. function. ~ 

\ 
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2
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[ ~2Sin2 e 1 _[C2"3 1C) Jt' + ~!.) 3 J (i)2J 2 (1+IC) 'f' 2 (1+ te) r "(1+IC) -1-

radial velocity. ur '/ 
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that if the interfacial tension is constant over the surface (as. it will 

be in absence of surface actiV&~S) the curvature will be constant. 

In other words, a fluid particle (bubb~e or drop) moving at its terminal 
,{}...le; j.-

velocity with very low Re should be spher~cal, whatev~r its size (see 
; , 

Chapter 3, Fig.3.12). It is anty when inert,ial forces become significant 

that bubbles ~nd drops deform from the spherical shape. Taylor and Acrivos 

(1964) used a singular perturbation procedure analogous to that employed 

by Proudman and Pea~on (1957) for a solid sphere, and matChed a solution 
" 

; 

satisfying the Oseen equation at infinity and the Hadamard-Rybczynski 

equ~tion in the neighbourhood of the sph€re~ The partial inclusion of 

the'inertial effects was shown to be responstble for the de format ion. 

It was demonstrated th~t to a first appro~imation the sphere deformed into 

an oblate rather than a prolate spheroid. Having determined the deforma
~. 

tian (i.e. shape of the oblate spheroid) t~ese authors also investigated 
. 

the effect of'the defOrmation on the flow field by assuming creeping flow 
~ , 

around the oblate ellipsoid. The stream functions for the flow field 
, \ 

external to the bubble for the two cases cited above.can readily be obtained 

by setting the.viscosity ratio K - 0 in the Equations(17) and (24) of 

Taylor and Acrivos (1964) and substituting these in their Equation (12a). 

~ ~e radial and angular velocity.components are readi1y obtained using the 

relationships between the stream function and the velocity components 

shown in Table 4.1.- The final results.are summarised in Table 4.2. Taylor 

and Acrivos also persued a higher order approximation which predicted a 

flattening of the underside of rising bubbles at increased Weber Number, We. 
1 

v~. ,_ 
Recentlr, Golovin and Ivanov (1911) cons!dered only the case 

of gas bubbles, i.e. K - 0 and used the asymptotic matching technique to 

obtai~' a '}'~olution for the external flow field around a spherical bubble 

" - • < 

; ... 
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up to terms of or~er Re2lnRe. However, at Re large enough for these 

higher o~der tenus to become important, the bubble deforma.ti'on is suf-

ficiently large for the assumption of a slightly deformed spherical shape 
, .. 

"-

to be invalide Further deyelopment of these solutions âppeàrs fruitless. 

At higher Re' where the bubble takes on an oblate ellipsoidal-cap 
, 

shape no theoretical solutions are available. The flow field around the 

bubble, at least in fron,t of the bubble up to its base, is expe~ted to 

be between two limiting cas~s: the creeping Flow around a solid oblate 
, 

ellipsoid and the potential Flow around an oblate ellipsoid which fits 
Q 

the bubble shape. A detailed derivation of the stream function for creeping 

flowand potential flow past'an oblate spheroid can be found in Happel 

and Brenner (1965) and Milne-Thomson (1968), respectively. The results 

are summarised in Tables 4.3 and 4.4. The co-ordinate system together 

with transformation relationships and a geometric interpretation of the 

oblate ellipsoidal co-ordinates ~ and n are presented in Table 4.5. 

For Re large with respect ,to 1 but below the critical Re for 

which unsteady motion sets in, the bubble assumes a spherical-cap shape 

and ca~ies with it a closed laminar wake. Parlange (1969) modelled thiS'\ 

situation by considering the flow to be irrotational outside the complete ( 

sphere of which the bubble formed the cap. The bubble was assumed to 

have little effect on tne dynamics of the flow in the wake except causing , 
it to existe The vorticity was th en confined to the enclosed wake region 

which was treated as ~ Hill's (1894)~Pherical vortex. The stream function 

and velo,city- compone!!ts f01" the external po~ential f1low and internaI Hill' s 

vortex a~e summarised in Table 4.6. 

~arlange (1969)'also pointed out that at the streamline separating 

the wake and the outside flow, the viscous stress. must be continuous. 

As a result, a boundary layer must grow on both sides of the separating 

o 
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• 
TABLE 4.2 Taylor-Acrivos Solution for a Sliiht1Y Defo~ Circulatinl Gas Bobbie 

-
Extnnal Plow Field 

_ Model _,{ 
Inertia Effects Included; 

MoctU.n 
Defo~tion Effect Included; Assu.el 

ASSUMS ,Spherical Shape Creepin, Flow- Around an Oblate Elliploid 

• 
ti " 

2 2 [ 2 ] UR
2
Sin

2e [CL) 2_ !.] + UR;e S1n29~4r _ 3R] stream function. , UR s~ e Ci) - t U+b-cose)} 2 R R 24 rr 
<-

. _ URlwe Sin211(I-Sco~2I1l [2: _ ~] . 
,16 7r 73 , ~ \ r 

" \ 

i 

[ , RJ lMecose [4R ~ ~/] radial ve1ocity. V -uc'ose[l - !Ju+ ~(2+2cos~-sinetane)} ... r r 16 -Ucose 1 - r - --:t'i""ï r - 3~ 

3 '2 [' 3 - SJ . _ UWe(cos2-Scos ~+Ssin IIcoslIl i{!) _ le!) 
0 32 7 r 7 r 

~ 
~ 

, 

t.nl~ntial velocity.ue 
1 

USine[l - ~r']{l + ~(l-cosil); U~ine(l _ ~]+~[:R+3~)3] . 

# 

UWesine CI-ScoI
2
e) _ [.!c!) 3+ !c!) 5 ] • . 64 7r 7r 

,) (j 

= . 
2 ar.2.{e :e 1 l 1 teninal veloc1ty. U :R le'"" Il 1 

3\1 (l+~ 
. 3\1 (l+We~ 1 

"l;- r _ 
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1. ~ , ( ! -
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co-ordinate-srstem - sa. às in Table 4.2 with R hein, radius of equivalent spl1ere land ,the oriain of the co-
. ~ .... orC1inate sl'stell cOincidin, with the center of .ass of the dispersed fluid . , . . 1. 
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velocity coaponent, Ut 
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co-ordinate syste. 
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TABLE 4.3 , Creeping Flow Past a SoUd Oblate Ellipsoid 
v 

- . 
,. . 

1 A/(At I) - (}2 -I)/(A~ i) cot-lA 
o 0 where A - sinht 1- _1 

Ai(A~ 1) - (A 2 _1)/(A2+ 1) cot Ao J ~ 
A - sinht o 0 

o 0 0 -

-- -
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- 1 
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XZ~(cOS~t-sin2T) ..."' 2[elI-e'2-(I-2e2)sin-1e] ---, 

, , 
----
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TABLB 4.4 Potential Plow'Past an Oblate Ellipsoid 
c 
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.' 

, 

Oblate Ellipsoidal Co-ordinates 
and Transformation Relationships 

) 

y 

Cl 

1 
~ 

a " 
1 
1 

uYt 
1 
1 

'Transformation y +ix _ c sinh(~ + in) for c > 0 gives: 

y - c sinh~cosn and x - c co~sinn 

Spheroid surface 1s given by ~o - tanh-l(b/a~ 
", ' 

. , 

where' a - c cosh~o and b - c sinh~o'are the semi-axif; 

focal length, c _/a2 - b2; eccentricity" e - JI -; -i . 
• , a 

The ellipsoidal co-ordinates (~,n) are related t~the cartesian'co

ordinates (x,y) by: 

-1[RtRlI ~ - cash - and Tl -. 2c 

wnere 
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The v'elocity coaponents u and u are r~lated to the ve'locity components . x y 

-0 

Ut and ~ br: (see Appen4ix B for detailed derivation) < 

. u~ 5inh~ sinn + un cosh~ COsn 

and 1 
1 

Ux - (cosh2~ cos2n -4- sinh2t sin2n) l/~ 

u~ cosht COST) - lin sinh~ sinn 

1ly - (cosh2~ COS211 +.sinh2~ ~in2n)l/2 r, 
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TABLE .6 Parlange's \Model for Wake of Spberical Cap ~bble 

1/ Exte'l'D&l Flow. r ~ R I~temal Plow (in Closed Wake). l' 4 R 
t 

Irrodonal (Potental) Flow Hill t. Spherlc:al Vortex 
, 

ur2s~2e (1-$ 3] 2 2 ~ 2 ~ 
# 

301' iin Il Cl) ~l 

-uCOle [l~~) 3 
] _~[(i)2_1] 

< 

, 

Usine [~.(~) 3] , 3U~in~ [2(f) 
2_~ . 

! t L i U 

, 

"'~"r. bubble , y 

... 1- ......... 1 
, 

l , 
.", - x 
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@V\ ue 
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() [~ x -
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" 
, 

.; 
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For re1adonshipl betwen c~ordinates and velocity coaponents 
and Carte.iaD syu .. , ... Tabl, 4.1. 
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streamline. The boundary layer theory of Harper and Moore (1968) was 

incorporated to correct for viscous dissipation in the boundary layer. 
'1 ' 
In his later paper, Parlange (1970) presented his own treatment of the 

1 

boundary layer which differed from Harper and Moore!s. 

The essential difference between the two treatments is the, 

assumption regarding the nature of the boundary layer inside the sphere. 
\ , 

When the vorticity layer i~side th~ sphere reaches the rear stagnation , 

point it must climb back along the axis. Harper and Moore assume that, 

as it does so, the structure lof the layer is unchanged. The resulting 
. 

circulation is less than that of the inviscid Hill's vortex ,and is given 
", 

by: 

actual stren h of the vortex 
strengt 0 unperturbed H11l's vortex 

where IC - ~' ; y - f and ReO - 2R~U , R being the radius of the 

.. " 

sphere.' The above equation i5 ~xpected to be'valid when IC ~ 2, Re ~ 50 'c 

and the ratio predicted by ë4uation (4.1) is gre~ter than 0.5 (Harper, 

1972). In c?Dtrast, Parlange (1970), assumed th~t viscous dif(usion 

obliterates the inside boundary layer bafore it ~eaches the fron stagna~ 
1 

tian point. 'Like Harper and Moore's tre~tment, the internaI circulation 
\ ' 

is less than the inviscid Hill' s vortex ~t by, a',' Signi~tly s.maller 

amount as can be seen 'from his prediction. 'l' 
It 

\ -

'. 1 -~// [14c} ex 3 wReo 2 

••••• (4.2)' 
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It, is worth not'ing ,that despite these differenoes in predicted intemal 

circulation, bath the theories'yield essentially the same-numerieal 
1 l, " 

results for the viscous dissipation and hence the drag coefficient 
" 

(Parlange 1970). ' 

To a first approximation the internal flow pattern inside a 

gas bubble has negligible effect on the external flow (Harper and Moore 
\ 

1968) j hence, any deviation from potential f,16w around a spherical-cap 
1 

bubble maf'be predicted using the boundary layer thaory of Moore (1963)*. 
- \ l ~ 

, , 

The theoretical equations for obtaining the radial and angular velocity , 

) components for this case are tabulated in Table 4.7. 

The external boundary layer enveloping ~he closed toroïdal wake 

stretches near the rear stagnation point into a lon~ thin wake.in which 

the velocity perturbation gradually decays to zero but the momentum defect 

remains finite. This'momentum defeét accounts for the re~tively narrow 

trail extending from the re~r of the toroïdal wake observed by Slaughter 

and.Wraith (1968) and Wegener and Par linge (1973). 
, ~ 

Far downstream from the bubble the vorticity i5 dissipated by 

viscosity and the streamlines in the wake become nearly parallel to those 

in the external irrotational flow. By assuming that the pressure in the 
- ( 
wake i~ nearly e~al to the free stream pressure outside the wake, it'is 

possible to evaluate the assymptotie wake velocity dis\~ribution. The 

wake struct~re' is here independent o~the geometry of the bubble generating 
~ , 
'D the wake and is 4etermined by the drag, D, exerted on the liquid by the 

bubble, the liquid density, .p ,~_'and the !Hquid viscosity, 'lolo 1 For a steady 

* Moore's boundarr.layer theory applies to agas bubble and is a special 
case of a mor~ gen~ral theory for a f~uid sphere later developed by Harper 
and Moore (1968). ' 

, 
t 'l->-" ,,.. Si P, ;: r..3) ( •• Ji ,Qi4C MS. 
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, 1 

TABLE 4.7 Moore's Boundary.Layer Solution for al Spherical G~s Bubble 

where 

where 

and 

., 

Ua and ur are the velocity 9omponents for potential flow given 
1 

in Table 4.6 and 
1 

u'e and u' are Ithe perturbation velocity components given by: 
'r' \ 

f 
u'e - Uc5p 

p -

s 

fez) 

q -

\ 

h(a) - 6rx'sin2e 

" • 

and 

• , 'Re - ~\ 
II 

1 

[2 cot 8- 3X!ine]J:~2~(Z)dZ} . 

/ 

The co-ordinate system is the same as that defined in Table 4.6. 

'" 

\ \ 
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'0 l viscou's wake, B~~chelOr 
city, Wa' is g~Ven by: 

(1967) has shown that the asymptotic wake ve1o-

l "D' : 

Wa t 4wlJL exp 
(4.3) , 

the re~ion in which Wa « U. Here L is the vertical downstream di~tance 

f om the body to the point considered and x is the horizontal distance to 

e point from the vertical axis along which the bubb1e rises. Noting that 

e drag fo~ce acting on a bubb1e is given by vpg, where V is the bubole 
-

volume, Crabtree ~nd Bridgewat~+ ~197~) obtai~ed the axisymmetric asymptotic 

wake ve10city distribution: 

(4.4') 

-
For the turbulent wake behind a spherica1 cap,bubble a free 

stream1i~~ theory whi~ assumes an Infinite stagq,nt wake have been'pro-

posed by M09re (1959) and Rippin and Davidson (1967). Whi1e this physica1 
, 

model is unrea1istic, it, is-interesting to note that it gives a reàsonable 

approximation for the drag coefficient and for the bubb1e shape. 

4.5 Experimental Resu1ts and Discussion 

The flow field in the immediat~ neighbourhood of ~he bUbble was 

investigated by cinê-photograph1ni thè bubble together with the-surrounding 
~~ , 

hydrogen tracer bubb1'es with a moving camera, where as the f~ow field far 1 

aWaY from the bubble and'specifica11y behind the bubble was cinê-photographed 

by a stationary camera. The findings of these experiments are presented in 

Sections 4.5.2 and 4.5.3, resp~ctively., 
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4.5.1 Evaluation of flow field measuring techni~e 

For both sets of experiments extreme care was taken to in sure 

the alignment of the cathode, the illuminating sheet of light, and the 

, bubble directing funne'1 such that the tracer bubbles photographed were 
- 1 

locate~ntral plane containing the.axis of 'bubble rise. Any 

misaligrlment coul~ly be detected because the tracer bubb1es did not 
~~ 

remain in the pho~ograpkic plane.~-Only a small number of experiments 

showed such three-dimensio~~l e~fects ~nd these were rejecteç. 

It was also'necessary io control the size of the tracer bubbles; 

if they were too small the amount Gf light refleçted was insufficient for 
\ 

, satisfactory photagraphs, whereas, if they were too large, the tracer 

bubbles would ~ot follow the flow with sufficient accuracy. The size of 

the tracer bubbles and hence thei~ terminal velocity was expected to be a 

function of applied vol~age. pulse width, cathode wire diameter, liquid 

properties, liquid velocity pasF the cathode and the type and concentra

tion of the electralyte added (As~uma and Takeda 1965; Tory and Ftaywood 

1971). In the present work the size of 'the tracer bubbles was contr01led ~ 

by varying the applied voltage 'and the duration of the pulse. The rise 

velocity Or typical tracer bubbles was estima~ed by genera~ing a row of 
1 

hydrogen bubbles in a stagnant liquid and measuring,the time taken by 

these bubbles to rise a fixed distance.* Their size was also calculated 
- , 

us!ng both Stokes and Hadamard equation. "The following table shows the, 
, 

results for the tracer bubbles in the MOst and the least viscous aqueous 
1 

sugar solution used in the present study. 

4 

* In order to avoid interference from the cathode these measurementS were 
done'above a distance greater than 100 wire diameters~ which is larger 
than the distance of 70 wire diameters recommended by Schraub et al (1965). --~ 

/( 
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-
1 

\ , 
Liquid Properties Tracer Bubble 

Temp. Velocity Trac~r Bubble Diameter (cm.) 
(Poipe) (g/cm3) (dynes/cm) (OC) (cm/sec') Stokes Spheres Hadamard Sph~res 

28.00 S:9 80.0 20.6 0.013 0.069 0.057 
1 

0.82 1. 4 76.8 23.9 0.018 0.014 0.012 
\ 

The tracer bubbles removed from the wire by the shear of the flowing li~uid . 
were considerably smaller than those detached by buoyancy force in a stagnant 

~ .. \ \ , - ;--1'" 
i 

liquid,~thus, the rise velocity of the tracers may safely be neglected com-

pared to the liqui~.velocity measured in this present work. ; 

4 .IS. 2 Liquid flow field close to. a bubble 

The e;perimental streamlines around various shaped bubbles were 
'" , 1 

obtained from frame-by-frame'analysis of the cine-films as described in 

-------Chapter 2. The streamlines predictions of the theoretical model~ described , . 
tri Section 4.4 were compu~ed using the method o~tlined in Appendix C. 

~ 

Fig.4.1 compares the experimentally measured equatorial velocity 

distribution with the three different theoretical predictions (potential 

flOW, Hadamard-Rybczynski solution for agas sphere and Stokes solution 

'" for a solid sphere) for a spheriçal gas bubble at Re - 0.087. The greatest 

4ifference in the veloeity field,for the three theories is expected at the 
\ l.- l ' -. ' 

bubble interface where the Stokes model predicts zero velocity, the Hadamard-

o ," 

. 
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Dimensionless Distance, x/R 
2 3 4. 5 -6 7 8 9 10 Il 

• Experimental Results 
0 \ -- Stokes Theory ........ 

Q) Hadamard-Rybczynski Theory 1 J ':J-i 

\ 
----- ,Potential Flow Theory .. 

~,< • 0.5 
-ri ~l" 
() -

'" 
o ' 
~ 

~ 

~~ '-. 

~ ~ 
Id 

-ri 
J.I ---0 
~ 
Id 

~-------. & 1.0 ---
r:r.l ,'" -, 
co , 

V R U ,... e - ~ co 1 Q) (cm3) (cm) (cm/sec) ~oise) (gm/cm3) (dynes/cm) ~ 1 
.::: 1 0.224 0.377 2.313 27.83 1.389 80.0 0 

-ri 1 • / co , 
.::: , .f< 

m M ~e Ea 
-ri 1.5 

(-) (-) (-) 
Q 

827.5 0.087 9.68 

~ 
N 
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l 
c~ ~ 

FIGURE 4-1: ComEarison of eguatoria1 velocit~ distribution for a sEherica1 bubble with 

theoretical predictions. .., 
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Rybczynski model predict5 a dimensionless equatorial velocity of 0.5 

and the potential flow model predicts a value of 1.5. Further, the dif-. 
ferences b~tween the pre~ictions of the three models diminish as the 

" 
distance from the bubble increases. The experimental results are in 

excellent agreement with Hadamard-Rybczynski theôry. The theoretical 

predictions of the bubble rise velocity is 2.32 cm/sec and 1.54 cm/sec. 

for the Hadamard-Rybczynski and Stokes m~els, respectively. Theiformer 
\ 

value agrees very weIl with the experimental value of 2.31 cm/sec. This 

experimental nm was conducted in a fresh aqeous sugar s,olution with 

minimal chance of surface active impurities being picked up by th~ solu

tion~ and this explains why the bubble behaved as a freely circulating 
1 

sphere. 

A comparison of an experimental and theoretical streamline is , 

displayed ir(Fig.4.2. Bach of three theoretical prediëtions was started 

from-the topmost experimental position. The ticks on the theoretical ~ 
streamlines indicate the predicted position at the sa~ ,time interval 

used in plotting the experimental positions. Again, there is favourable 

agreement with the Hadamard-Rybczyn~ti .model. The combination of the 
,..,.. 

.-, 
excellent agreement between the measured and the Hadamard-~bczynski 

termipal rise ve!ocity plus the excell~nt agreement between the measur~d 
D , 

a~d the predicted streamlines is"a convincing proof of the suitability and 

\. accuracy of the hydrogen-bubble tracer technique used in this study. 
'''- ~ 

" 
An experimental streamline close 1:0 an oblate bub~l~is compared 

\ ' 

with theoretical predict~ons in Fig.4.3. It clearly demonstrates that for 

a slightly deformed bubble the deviation from the Hadamard-Rybczynski 

! f 

" "', 

1 , 

- {. 
\ 
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• 

0 

o 

o Experimental positions at 0.417 sec. 
intervals 

+ Theoretica1 predictions at 0.417 sec. 
intervals 
(experiInE:ntal conditions as in Fig. 4.:-l~ 

(b) Hadamard-Rybczynski (c) Stokes 
Model Mode 1 

FIGURE' 4-2: Comparison of experimental streamline with theoretical 

streamline around a spherical bubble. 
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FIGURE 4.3 Co~arison of Exper~l Streamline w1lh Theoretical 
Streamlines Around an Oblate El!ipsoidal Bubble 

o . Experimental.- positions at intervals of 0.0417 sec 

--t-- Theoretical predictions: 

-.(a) Hada~rd!t'YbczynSki model - assumes creeping flow 

around an ~quivalent sphere 

(b) Taylor-Acrivos Model l - inertia effects taken into 

account wi~ assumption of spherical shape, i.e. 
" .. 1.. r .... 

def.ormation' neglected. 

124. 

(c) Taylor-Aêrivos }iode 1/· II - assumes creeping flow around 
- ~ 

an oblate ellipsoidal bubble, i.e •. inertial effects 
~, (1 

neglected. 

. , 

Bubble Rise Velocity, cm/sec 
1 

. 
. 

" 

Experill!ental- Theoretical Predictions " . , (a) (b,) ., (c) 

5.56 "'- 5.89 5.62 5.52 
" , . , . 

" 

- 0.91 cm3 Experimental Conditions: " V -
Il , 27.83 Pois~ 

"J- I P - 1.389 g/cm 
(1 - 80 dynes/cm 
M - 827.5 

• Re - - 0.37 
.fie - 0.81 
EU - 24.90 #-

b/a _" 0.87 
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t~eory can be explained by the ana1ys'is of Taylor and Acrivos (1964). 
. J • 

Their Mad,el II (see Table 4.'2) which assumes creeping flow around an 
) l' .. , 

oblate. ellipsoidal, bubble appears to agree ~i,~h the data somewhat better 

than their Model l 'whi~h simply takes in~rti~(l effects lnto a~cô\.1Jît' while 

neglecting the bubble deformation from spherical sh~~e. : 

, "TaYlOr and Acrivos '(1964) po~ted o~t that their anal~ 15 0 

applicable only if the following conditions are met: . 1 

(1) the interface be irae fr~m surface active impurities 

(2) 

(3) 

(4) 

, (S) 

!! < Ofl) 
2 

~_ < 0(1) 

2 
.I!:,.... » 1 
pRa 

.(P'll).B!< 0(1) 
plJT 2 , / 

, .' 
The experlmental run reported in Fig.4.3 satisfied aIl but the 

, 1 

last conditio~ which requires that Re pertaining td the internaI gaseous 

phase, L'e., based on gas properties, be sml!'. However, Pan and Acrivos' 

(1968) extended the Taylor-Acrivos (1964) analysis and demonstrated that 
, ' 

. . 
for 'gas bubbles'restriétion No.S can be relaxed because the inertial forces 

of the internaI circulation do not significantly affect the bubble shape 

and the external flow. '1b!~~fore, 'it is concluded that th~ p~;s~nt da~~' 
\ 

'support the theory of Taylor and Acrivos, within the limits of e~erimental 

error. 
~ 

4!S.2.3 Q~!~rip!!gv~~f_fl~~_f!!1~_!rQ~~_~~~~1!~_!~_8!_?_i 
" ~ 

A. OveralI features of the flow field 
'$ 

Typical long-exposure, phot ograph 5 ,of bubble wakes, taken using 

the experimental technique described in Chapter 2, are reproduced in 

1 

'. 
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Figs.4.4 to 4.7 whieh the Re ran~e from, 12 t~96. In many of the 

photographs the right-han portion,shows the wake boundary and the posi

tion of the vortex ring s ewhat better than the left beeause the probe 

introdueed the tracer bubbles largély in the right-hand half of the wake. 

Fig.4.4 illustrates the effect of Hquid propérties and bubble 

size on the bubbl~ shape anq its wake for ~- 18.2 to 159. The top, 

the Middle and the bottom rows J show bubbles in three different sugar 

solutions of viseosity 5.00, 3.10 and 1.30 Po~se, whereas the left, the 

middle and th~ right e/ol\lJDl show bubbles of three di~ferent volumes of 7.0, 

9.3 and 27.8 cm3• AIl the bubbles exeept for Fig.4-.-4(9) are shown at the , ' 

same ma~ifieation to faeilitate visual eomparison. 

No.l t9 S'are at Re < 92 and trail elosed, steady, 

Note that bubbles , . 

~xisymmetric, toroidal 

wakes while bubble No.9 at Re - 159 has an open, unsteady, asymmettic wake. 

Eddies or vortiees of seaie simi1ar to bubble siz~ ~re observed for the 

open, unsteady wake whi1e in the turbu1~nt wake observ~d at much higher' 

Re (of order 103 - 105) by Wegener~!! (1971, 1973)'for spherical~cap 
( 

~b~les in water, the seaie of the edd~es is much smaller than the bubble. 

The develop~nt of the wake with increasing bubble size and 

henee Re in a 'low viscosity sugar solution is depicted in-'the series of 

photographs of Pig.4:S.· ln Fig.~!Û-a--c1OSé,C;;;';-;ai~ing an oblate- .I:~_ " 
ellipsoidal-bubble ,i~ct<ratio (width/height) of 0.25 ois illustra~. 
,This a1most dise-like sha~ was obs~ed over a narrow Re range from 42 t~- -

69 in the Ieast viseous solution, (loi ,;i,o 0.84' Poise) investigated in the 

present work.' Bubbles of this tyPe wobbled alang their axis 9f rise, 
, ' 1 

however, the enelosed wakes trailing these bubbles remain~d attached to 
.;1 , 

• 1 

~he bubbles during the entire rise. '·The same results were obtained ~ven 
, .-. 

whe~ the experiments were repeated in the abs~nce of the-probe and with 

f r 

.. 

---------------------_____ !I!!'!I!II ____________________ , ,\.,(~ . ..;:,1. 
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FIœRE 4.4 lit.ct of Llguld Properti.. and lubbl. 51z. on th, lubbl, Shape and It. Mlk, 

c. 

LiS214 Properti.s 
\1 " a ' V U 

No. (Pob.) ("~) (dyn.s/ca) M (cal) (caI.ec) Re Et! W. 

5~00 
~ 

7i.7 t.62xl01 1 1.35' 7.0 21.25 11.2 M.2 33.1 
~ 

2 5.00 - 1.359- 77.7 ,.62xl.01 51.3 31.12 - 22.0- 116.5 44.1 

3 5.00 1.35' 77.7 - g.6MOI 27.' H.IO 'XS,.' 202.4 H.O , 

4 3.10 -11.34f 77.6 1. "alOI 7.0 31.12 32.1 t5.6 S4.t 

" 1. 44al0
1 - '1 

5 3.10 1.34' • 11.6 g!3 33.01 37.4 .1$1.' 66.'~ 

6 3.10 1.34' 77.6 1. "xlOl 27.' 41.21 67.4 240.' 111.0 

1 1.SO 1.326 77.3 4.51x10·! 7.0 S2.26 77.51 M.S 42.S 

1 1.S0 1.326 77.S 4.SldO·S 9.S 14.4' 91.6 114, 53.2 

51 1.30 1.326 77.3 4.5bl0'3 27.1 43.30 1551 UI 121 

, j 

AU bubbrl.s .holft\ at _pification of 0.50,* except bubble No.'. whlch- 11. at _pltrcation 0{'11.316-

*1 ••• 1 ca .c~ cos;e,ponds to 0.506 ca ~ the photo~ph~. 

• 

\ 
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FIGURE 4'.5 Wake Development with' Increasing Bubble Size 
(or Re) in a Low Viscoslty Sugar Soluti~~ 

V U 
No. (cm3) (cm/sec)' Re Eë 

~-
24:14 1 0.74 42.4 21.2 

2* 0.14 24.14 42.4 
-,,' 
'\ 21.,2. 

3 .2.8 32.00 87.4 51.1 

4 3.7 33.10 99.5 6h9 

5 4.6 33.95 110 11.8 
\ \ " 

6** 4.6 33.95 110 ~71.8 

7 5.6 > 34.98 120 ' 81.2' 

8 27.8 43.93 258 237 

9 37.2 45.61 296, . 288 

Same bubb1~ as No.1 but lafter a rise of 20 cm. 

Same bubble as No.S but aiter arise of 65.1 c~.,.. 

, 128. 

We 

10.3 

10.3 

30.6 

36.0, 

40.8 

, 40.8 

46.1 

124 

147 

AlI bubbles shown at magnification of 0.503 except Nos.S and 9, which, are 
at magnificat ion of",0.314. 

ft 

Liquid properties: ~- 0.84 poise
3 

p - 1.315 g/em 
a - 76.8 dynes/cm 
M - 8 .. "ZOxl0-4 
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FIGURE 4.6 Different Stag~s of Unsteady Open 
Wake behind a Spherical Cap Bubble 

Experimental conditions: V - 23.2 c;m3 

U~ 42.22 cm/sec 

,1l - 1.3 poise 

p- 1.315 g/cm3 

(J- 76.8 dynes/cm-
~I." 

M-' 4.S8xlO .. 3 

Re - 146 
"-. , 

Eij - 210 

We ~ 108 
,1 

, 

Photographs taken at intervals of 0.0417" sec. with 
. 

moving camera at shutter speed of 1/33 sec. 

AlI photographs shown at magnification of 0.235. 
a 

. , 

, . , 

e> 
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FIGURE 4.7 Wakes Behind Oblate EllipsOidal 
Cap and Skirted Bubb1es 

Liquid ProEerties 
1.1 P a V U 

No. (poise) (g/cm3) dynes/~m M (cm3) (cm/sec) Re Ea We 

11* 20.80 1.390 80.0 2.58x102 55.6 38.65 12.2 382 123 

2* 20.80 1'.390 80~0 2.58JÇ102 61.2_ 39.78 13.0 407 134 

3 13.44 1.38? 79.8 4.54xlO 36.1 36.91 15.6 287 97 

4 1!,)71 1.385 19.3 2.6'7x10 37.0 40.32 22.1 292 ,117 

5** 11.71 1.385 79.3 2.67x10 31.0 40.32 22.1 292 ' 

6 13.44 1.387 79.8 4.54x10 31.0 37.55 16.0 292 

7 10.30 1.382 79.3 1.60xl0 33.3 38.04 ", 20.4 275 
~. 

ë.--, . 

8 10.30 1.382 79.3 1.60xlO 42.2 41.24 . 23.9 319' 
... - , 

9' 7.4 1.370 78.7 4'.41 27.80 37.29 26.0 241''-: 
.& 

< 

* Slight wall effects may have been present for these bubbles. 

** Same bubble as No.4 but after a rise of about, 40 cm. where a skirt 
had developed. 

Note: Bubb1es are shown at different magnifications. Ali photo~phs 
taken with ,a Nikon camera at shutter speed of 1/15 or 1/2 
seé. except No.l, 2 and 9 which were taken with a 16 mm Bolex 
camera. The camera was kept stationary g.nly in the cas~ of 
bubb1e No.6. 
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very long time lapse between successive experiments for the residual 

disturbance in the field liquid ta die out. Jones (1965) also obs~rved 

similar wobbling motion for disc-like bubbles in liquids of similar 

physical properties although he did not observe the wake behind such 
, ' 

~ ~.-;..~ ~.~ 

bubbles in his experiments. Since the wakes remained attachect-'~(f -the 

_ bubbles throughout their rise, the wobbling motion of their bubbles c~~~--~ 

not Ilbe attributed to vortex shedding phenomena. It should be empha'sized 

that at higher Re (but less than about 110) in the same solution, ~ubbles 

adopt spherical-cap shapes, rise rectilinearly without wobbling and trail 

a closed toroiUal'wake (see Fig.4.S(3),\(4) and ,(5)). 

Another noteworthy point is that when a bubble passes by the 

row of tracer bubbles generated at the probe, the line of tracers is 

j 

.~ 

" , l stretched out~to indicate the familiar drift* of the surrounding liquid 
".. ,.l, .... -
~~. 

(see Fig. 4.23) ,caused by the passage of the bubble. The widening tail 

(or'two tails) behind the enèlosed wake:seen in Fig.4.5(1) is part of this 

drift. It giv~s'the impression that th~ wake may he spilling out, however, 
f' . 

1.. ';l' ~ 

this is not the case as can be seen from Fig.4.5(2). ~ch shows that the 

trail has disappeared after the bubble has ~ravelled about 20 cm. 
, 1 

With increasing Re, the closed wake grows in both the traRSverse 

and the streamwise directions until Re ~ 110 when the onset of instability 

in the wake i5 observed. Figs.4.S(S) and 4.5(6) represent such a s~~

tion. Both figures show th~ same bubble observed at a time laPFe of 
1 

1.918 sec. during which the bubble had risen 6?1 cm. Note that the wake 

symmetry observed in Fig.4.5(5) i5 destroyed in Fig.4.S(6) as the instabHity .. 

*. See the footnote on page 200. 

=== 
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sets in. Further increase in Re results in periodic shedding of vortices 

which causes the bubble to wobble and its base to oscillate (see Fig.4.S(7) 

'. to (9)). 

The different stages of a typical unsteady open wake behind a 

spherical cap bubble (Re - 146) at intervals of 0.0417 sec. are presented 
.. 

in Fig.4.6. The difference between the unsteady and open nature of the 

wake as compar~to a closed laminar wake is quite striking. Although 

the bubble wobbles around its axis of rise in harmony with the shedding 

of the vortices. its rise is always rectilinear as indicated from the 

position of the bubble nose which is always in line with the vertical 

scale in the photographs. 

The nature of the wake behind oblate-ellipsoidal-cap and behind 

skirted-bubbles is i11ustrated in Fig.4.7 for Re - 12 to 26. The indenta-

tion of the bubble base can.clearly be seen in Fig.4.7~1) and (2) where 

the part of the tracer bubbIe motion is obscured by the indentation and - - (-. 

instead a reflection of th~ streamline is observed on the jndented~sur

face. Fig.4.7(3), sqows a bubble with a, volume just too small to ha~ 
, 

skirt while Fig.4.7(4) sh~ws a bubb~st large enough ~or a skirt to 

existe The wake of a skirted bubble at Re ~ 21 observed with a moving 

,camera and with a stationary camera is )presented in ~ig.4.7(5) and/4.7(6). 

respectively. Thé presence of a'circula~ng eddy in the wake enclosed 

by-the skirt is obvious in Fig.4.7(S). Cine-film of this experiment 

clearly showed that the 1iquid in the wake contained within the skirt is 
""" 

not stagnant but moves as a toroidal vortex. Fig.4.7(S) shows that some , 
of t~e circulation occurs outside the skirt with a single toroidal vortex 

, partly inside, and partly outside the skirt. The circulation rate of the 

vortex vas obsërved to be somewhat slower than that observed in the absence 

'. l 
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of the skirt for a slightly smaller bubble volume. This is not surprising 

since the-rate of moment~m trânsport from the external ~iquid to ,the' . , -

enclosed wake is expected to be lowered by-the presence of the sUrToundi~g, 
c' 

skirt. "Close inspection of Fig.4. 7(6) reveals that the induced ~motion of 
" 1 

liquid beh~d the bubble is significantly greater than ahead of it • . , 

Fig.4.7(7) shows' an example of a po or photograph that t,an result due" to 
,\ . 

use of a rathe; wiae-sheet of light that shows excessive tnree-dimensional 

effects. A wake protected ~y a fairly long 5kirt i5 displayed in Fig.4.7(8) 
. 

which suggests tha~ the cent;e of the vortex is shifted towards the end , , 

of the skirt as tK:_Skirt lengthens., This impl,ies considerable slonng 

downdif th~ lïqui~nclosed by the skirt. Finally, the ~ake behind a 

bubble Which is flmost an oblate sem~-elliPS~d is shoWn in Fig.4.7(9). 

, 

B: .,,~etailed ,e'$Perl.mental ~tr~amlines 0 • \. 

The experimental streamlines describing ~he detailed motion of , 

liquid around the different shapes of bubbl~ for Re - 2.5 to 293 ~re 

presented in th~ series of tracings in Figs.4.8 to 4.i2. A legend
o 

which 
~ "-

is commQn to aIl of these figûres is exp~ained in Table 4.8. 
" t!' ' ' 

J 
A 

The change in' th~.bubble shape and the corresponding C~'~~~I~ 
'\ 6t~i !<\; '!'~" ~ • ... • • .~ ,,1- 7.-"':',,;.'!' \ " • -t "-"~-I \.;, , 

the flow field with the variation of l~~uid properties is shown ifi7".A:;.r ,p ~ 
• - .............,: ~ 1 

Fig;'.4. 8{~) to 'Cg)! for a 9.3 cm3 bubble in seven different sugar solut'ions. 
, , ft 

Similar change!> for a 27':,8 cm3 bJlbble in four different solutions are pre-
o • .. .' ,.;sented in Fig.4.9(a) to ,(d). 

The variation in bubble shapes and-the surrounding liquid flow 

field 'with the change in bubble volumes is.illustrated in Figs.4.l0(a) to 
<7 '1;> .... o ,_ 

(e), Figs.4.11(a) to (f) and Figs.4.12{a) to (d) .for three diff~r$lt sugar 

solutions of v~scosity 20.84, ,'.81 and 1.3q ~oise • 

. ~ 
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TABLE 4.8 Legend for Figures 4.8 to 4.J2 . ' 

-• starting positi~n of tracer particle 
'. 

o position of tracer bubble at e~er~ frame 

• posi!ion of, traçer bubble at every St~ frame· 

® vortex centre.and wake stagnation point 

~ . centre of a sphere or ~ ellipso~d that fits the 
bubble cap 

-L-. ___ • __ boundary of a sphere ,or ~n el1ipsoid that fits the 
> ~.. bubble cap 

~ ---~~ ~oundary of closed toroidal wake 

-------- indenta~ion of bubble 'base 
'. 

1 

~ote: ~or streamlines in the closed-wake smaller symbols are used apd 
, for·some streamlines, t,racer positions only at every 5th frame 

- are shown to preserve 'clarity. '\ 
~ ~ 

* Figure 4.8(g) ~ exc.ption where'the shadeq éircles represent 
another set of ~eàml~nts fT~ thë same experimental run but 1 sec. 
later. ;,', , 0 , 

Direction of flow of liquid.~ith respec~ to the bubble 1s shown bel~w: 
• 1 

'1( • 

" " 

probable path of 
tracer bubbles ' 
'lDasked by indentation 0 

, '"' 

. vortex centre 
, bounda1:Y of closed ----~:.---i-:--":" 
-toroida~" wake 

waké'st,gnation point 
o l '\ 

; 

c, 

) 
..... ' 

t , 

, 
'. . 

, -
'\ 

, 0 

" ' 
1 

1 

.~ _.----------~----------------------------

'j 
l' 

; 
.. 
1 

~ 

. 
o 1 
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, 1 FIGURE 4. a Elt.ct ofr Llguld Propertle. on IIubbl. Shape, aM Flow Pl.ld 

'\ IIubbl. Vol .. - s:s caS; cl. i. 2'.61 ca. 

" .. 

o -

" 

Ll~ld Propertl •• 
\1 li fi 

No~ (pola.) CI/caS) (d)'ll •• /ca) M 

• i •. oo .. 1.3'S 10.0 a.4ixl~ , 
b 13.00 1.371 7'.1 4.1W04 

c 7.11 1.S7P 71.5 5.51 

d 5.42 1.361 71.0 1.31 

• q 2.15 1.346 77.6 1.OSslO·1 
, 

4.63X1O·S f 01.30 1.S26 77.0 

76.8 
0 

'.6DaIO·4 .. 0.15 l.na 

For lefIDd ... Tabl.·4.1 • 
. AU bu~bl.. sbown at .... "lIllflcatlon. 

- OEC· oblat. .1lipsolda1 cap 
sec • .Jlhadcalocap vith elo.ed toro14a1 wab 

. seo • aP,l.dcal C:-P vith open un.t.ady vat • 

. . 

.. 

~I 

~L<::;.a!:i'iM",!§m;"St~J2lti~ \, li 
'\ 

M"l4iîïiÉifb! 

U 
caI .. e Re El 

IS.lO ,2.47 116 

%S.S2 7.16 116 

21.15 13.3 116 

SJ.15 20-.4 1 lU 

34.21 4%.2 116 
... 

S5.33 su.o 115 

37.55 151 114 

< 

'-
1 ... • \ 

s 
w. fru./ •• e 

17.S S5.00 

36.0 35.67 

41.4 35.00 

61.2 35.67 

8'.3 34.S8 

130 33.60 

170 34.67 
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PIQJRE 4.~' Eff~~ of Liguid Properti .. on II1bbl. Sba". ad Flow Field 

II1bb1. VOIUM '- 27.11 ca'; d. - '.76 ca 1 
1 ~ 

'~~ - ~ 

Li9!id PZ0e!rt1 •• 
\1 ~ Il U S 

No. (poiM) (alca3) (cl)'fte.1 ca) M ca/MC Re !o •• fnat/lec lbape-

a 13.70 1.371 79.1 . 5.07%10 34.24 12.' 241 103 304.00 CIEC 
, ' 

b ;, Il 7.'1 1.nO 7'.5 S.S1 .. 37.34 2'.6 2'2 134 35.00 CE . -
c 5.42 1.361 71.0 1.31 3t.l' 37.0 242 15' 35.67 œc 
cl 0.12 1.315 76.' 7.4OXIO·4 43.'3 265 237 276 35.00 seo 

,Or 1.,_ ... Tabl. 4.'. 
"'~''"'f''"!,; -

1.11 bubbl .. ' Ihown at saM _pification. except (d). 

- OEC - oblab .Uipao1clal cap -
seo • apherlca1 cap vith open uuteady wa~ 
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FIGURE 4.10 Variation' of Bubble Shape and Flow Field 

with ~bble 'Volume in ~igh Viscosity Sugar 
Solution " ! " • - 1 

J .. • 
1 (r l' 

1. 
< 

V3 U 5 . 
No. (cm) (c.m/s~c) Re Eo ,We iframe/sec 

0 

;:;;;;. 
'r, 

a 13.9 22.85 .4.53 152 31.8 - 36.5 
. 

b 23.1 21.'92 __ 6.56 213 59 •. 1 1 36.5 
J, />9tr <~ •• c 37.0' ,32.33 '8.38 292· ,36.0 

\ , .-.---/ '. 
~ 

d 46.3 34.19 10.1 339 110 36.0 ' 
1 

e** • 55.5 38.65 12.2 . 383 37.0 

• 1 

For legerta see Table 4.~. 

AlI bubb1es shown at same magnification.1 J 

'" r 

* OEC - 9blate el1ip~oi~al cap 
** Sligh~ w~ll effects may have been resent for this case. 

'" 
Liquid propertiès. p - 20.84 poise 

p -' 1.384 g/cm3 
a - 79.5 dynes/cm 
M - 266 
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FIGURE 4.11 Variation o( Bubble Shape and Flow Field with 
Bubble Volume in Int~rmed~ate Viscosity Sugar 
Solution 

;g 

'a 

(C~3)\ u S , 

No. Çcm/sec) .Re Ba We~ frame/sec 
.' 
" 

6~9. 27.53 11.4 , 
95.9 38.8 35.00 a , 

-, b- 9.3 29.",15 13.3 116 48.4 35.00 

~ c 18.5 36.43 121.0 184 106 35.00 

d 2,7.8 37.34 24.6 242 134 35.00 

e 37.0 39.50 28.7 293 \ 174 35.00 
f 

f 37~1 39.7.7 28,9 293 188 35.00 
1 

" 1 '. (~ 

For l~gend see 1aijle'4.8. 
AlI buhbles shawn r,t ~~ magni\i~tion • 

• * OEC - oblate e];.1ipsoidal cap . 
SICS - skirted bubb1e with steady smooth skirt 
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FIGURE 4.12 Variation of Bubble, Shape and Flow Field with 
Bubb~e Volume in Low Viscosity Sugar Solution 

,1 

V , 
U S 

No. (cm3) (cm/sec) Re EH We frame/sec 

a 2.3 27.13 45.5 45.6 /"' 48.4 33.60. 
\ 
1 ~ 

b 4.6 30.20 60.9 72.3 87.8 , 34.00 
i 

:90 

C 7.0 33.8f 81.8 94.8 11,8 33.60 

d 9.3 . 3s~-'33' 94.0 115 130 33.60 

'For legend see Table 4.8. 
AlI bubb1es shown at same magnificat ion. 

* sec - spherical cap with closed toroidal wake 

Liquid properties: 
1 

~ - 1.30 pois! 
p - 1.326 g/cm 
a - 77.0 dyne,s/cm 

. M - 0.00463 
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\ 

From carefu1 9bservation of cin~-fi1ms, 10ng-exposure photo-
\' 

graphs of wakes presented on the preceeding pages and the stream1ine 
c 

tracings shown in Figs.4.8 to 4.12, th:fo110wing conclusions emerge , \ 

regarding bubb1es witq c10sed toroidal wakes. J 

'" The bubble wake attains a steady state fairly rapidly after , 
" passing through the probe. ,The size of the wake remains constant with 

no exchange of li~~id with th~ external liquide Within the toroidal 

wake the tracer bubbles remain on a single~streamline. During their up-
\ < 

ward motion they disappear into the iJlden:tation~ but reappear moving 

downwards and follow the same streamline again. The flow always separa tes 

at the edge of the bubble bas~. The liquid within the closed wake moves 

, considerably slower than the terminal bubble rise velocity. As the 
) 

external liquid'flows around the bubble its velocity decreases, especially 

once past the base of the bub~le (see the stream1ines adjacent to the 
1 

bubb1e in any.of Pigs.4.8 to 4.12). As the f1uid flows over the surface 

of the bubb1e the shear stress at the bubb1e-liquid su~face is very sma11 

since the viscosity of, the liquid i5 very much greater.~han that of the 
, 1 . 

gas. Ho~ever, on the boundary between the c10sed wake and the external 
j 

fluid the ~hear stress ois significant because the wake fluid and the external 

fluid have the same Vi5C05ity. -The slowing down of the external,(luid is 

le 55 noticeable at higher Re and lower viscosity; for examp1e, compare 

Fir4.8(f) a~d 'Fi'g.4.10(d).· ~ " 

The'streamlines of the externa1 flow widen behind the bubble . 
at increasing Re as the size of the closed wake grows (see Fig.4.8(a) to 

\ 

(f), for examp1e). It i5 aI 50 evident that the fore and aft symmetry 

present at Re « 1 is destroyed rapidly as Re is increased above 1. 

1 

"-. 
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A comparison of the boundary of the c10sed wake with the boundary 
1 

'" of an oblate-ellipsoid or of a sphere which fits the bubble-cap shows that 
1 

these do not match except at Re around 5 (see Fig.4.8(a) and (b) or F~g.4.10 

(a) and (b)). For Re < 5 the wake is smaller and above it is larger than 

the spheroid that fits the cap. 

It is also clear from these figures that the transition from an , 

oblate-ellipsoldal-cap to a spher-ical-cap bubble" occurs around Re ~ 44 (see 

F~'g. 4.8 (e) 

Chapter 3. 

, 
and Fig.4.12(a)) in accord with the shape study presente~ in 

\ ' 

h . 1. h For spherical-cap bubbles close to t is trans1tion pOlnt t e 

shape of the wake is far from spherical and is more like,) a part of prolate 

ellipsoid (see Fig.4.12(a)). As Re is increased further the wake widens 
• 

in the transverse direction with the IDB;x~m Wi,dth coinciding with the q .. ~ 
horizontal plane tha~ contains the vortex centres. The wake becomes mo~~ 

nearly\ sPhiical as Re approaches 100 (se~ Fig.4.8(f)), but it is still 
~ , 

e10ngated in the streamwise direction. 
" " 

Finally, for spherical-cap.bubb1ès with unsteady open wakesi 

" the liquid f'low ahead of the bubble base is essentially steady (see photo-
, 

graphs of Figs.4.4(9), 4.5(8) and (9) and 4.6). Further evidence of this 

is provided in Fig.4.8(g) Which shows two sets of streamlines. The shaded 

and unshaded circles represent the streamlines for the same bubble at 1 sec. 

apart. It is clear that the motion is unsteady on1y be10w the base of the 

bubb1~. 

4.5.2.4 Elg!_fi!!~_!!g~~_gg!!~!:!!lip§Qi~!!:S!P_gygg!!! 
~ 

Figs.4.13(a), (b) and (c) compare the experimental stream1ines 

and the theoretica1 stream1ines around oblate el1ipsoidal-cap-bubb1es at 

Re - 2.47, 13.3 and 42.2. The theoretical prediétions are made for potentia1 
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FIGURE 4.13 . ' Compar1son between Experimental and ~eoretical 

1 

No. 

a 

·b 

c 

o 

• 

Streamlines aroUnd Oblate Ellipsoidal' Cap Bubble 

, 

For complete experimental 
Re data and details refer to 

. 

2.47 Figure 4.8(a)\ 
'il 

13.3 Figure 4.8(c) 
1 

42.2 Figure. 4. 8Ce). 
, 

"'-, 

experimen'ta1 position of tracer bubble at, every frame 

theoretical predictions - potential flow past an Dblate 
, ellipsoid 

theoretical predictions - creeping flow past an oblate 
ellipsoid 

--------. apparent indentation of bubble base 

- - - boundary of c10sed toroidal wake 

----.------- boundary of~el1ipsoid that fits the bubble cap 

® stagnation point 
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flow and creeping flow around a solid oblate ellipsoid. Sin#'the shape 
.. 1,//1 

, (,' 

of the closed wake does not agree wi th the boundary of the;::" heroid that 
l"1 

fits the cap, one should not expect any agreement betwe~ the data and 
1 

i 

the theory below the base of the bubble. TIterefore. th'e comparison is 
/ 

• 1;' 

made for the flow around the bubble cap only up t~t~ base. 'For aIl 

three cases the experimental data lie between th~'potential flow and the 
1 

creeping flow predictions with the poten~ial fJ~w showing better agreement. 

The deviation from the potential flow dimin~es witn increasing Re: A~ 
1 
l' \ 

about 2 to 3 semi-major axes away from th,/bubble the flow field is weIl 

represented by potential flow. TItis e~ains why even at Re as low as 5 
,1 

the rise velocity model for an ellipsoidal cap bubble CWairegi and Grace 
l, 

1976), which is based on assumption of potential'flow around an oblate 
ù 

ellipsoid, is successful in predicting the rise velocity (see Section 3.4.,3.5). 

, In Fig.4.l4 the experimental equatorial velocity distributions . ... 

for five ellipsoidal-cap bubbles at Re - 2.5 to 42.2 are compared with 

the predictions of potential flow and creeping flow past solid oblat~ 

ellipsoids. The following conçlusions emerge. 

(i) AlI the velocity profiles approach the potential flow 

model rather than th~ creeping flow. 

(ii) As expected, these yelocity profiles are ordered syste

matically with increasing Re. 

(iii) 'The deviation from potential flow extends to a distance 
1 

of about 3.5 semi-major axis for Re - 2.47, and this 
... '" " , t 

distance decreases with Re to about 1.6 semi-major axis 

at Re - 42.2. At the two highest Re, a slight peak in 
~ 

the veloc:ity profile is observed. The velocity approaches 

the 'llee/U - llimit from above. Similar velocity maxima 
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b l . Dimension1ess Distance f~Qm centre of E11ipsoid,- x/a 
234 5 
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1. 

1. 

b/a 
0.83 
0.77 
0.73 
0.63 
0.81 

Re 
.~2~.7 
7.16 

13.5 
20.4 
42.2 

V;9.3 cm3 

(for experimental conditiQ~s see Fig. 4-8) 

1 Creeping flow prediction 

b/a 
0.83 } 

~ 0.63 

~ 

Poten~ial f10w prediction 

• 

FIGURE 4-14- : Equatori.a1 Velocity Distribution for Oblate E11isoidal-cap Bubbles 

• 
" 

-" tH 

~~ 

_ r l FI f]1rer • .,It" r' mut nlr Itltr.uF:!l*t ,.;;::, ~.~' ~ _ '! ,,-': JS,$k '\l. ... .r~- -rr .... 

:1 

-1 

" 
l 
~ .. 
1 
i 
~ 

'1' 
" 

j 
-! 

l 
i 
·C 

• i 

.1 
-1 

~ 

1 



,. 
l' 

" . 
~, 
~'. 
ft 
J 

1. 

t 
r, 

'.' 
;. 

i 

1 

, : 

e· 

() 

also been observed by Seeley (1972) for flow 

external to solid spheres at Re > 290. 

The dimensionless equatorial velocity at the bubble 

~I surface increases from ab9ut 0.56 to 0.81 for Re-

2.47 to 42.2, re5pectively. 
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In Fig. 4.15 the experimental streamlines around spherical~ 
. . 

cap bubbles'are compared with,the'predicti?ns based upon potential flow 

around a sphere that fits the bubble cap for Re ranging from 45.5 to 265. 
, 

The agreement i5 remarkably good up to the bubble base. It can be seen 

from Figs. 4.l5(a) and (g) that beyond the bubble base the agreement is 

!
poor for stréamlines fairly close to the toroi~al wake becaùse t~e wake 

shape does not coincide with the sphere that fits the cap. However, at 

1 distances greater than about 2de the influence of the wake shape on the 

flow field diminishes and the potential flow prediction is surprisingly 

close ~the experimental measurements,.especially at high.Re. 

An experimental strèamline very close.to a spherical-cap bubble* 
" 

is compared with the th~oretical predictions of Moore's (1963) boundary 

layer model and of potential f10w in Fig. 4.16. In accord withJe~ectation~ 

the predictions of thesl-theorie~ are almost identica1 far fr~m the bubb1e, 

but differ in thé vicinity of the' bubble surface where the vis cous effects 

* Since theboundary layer is very thin. on1ya few tracer bubb1es 
were found which were close to the bubble surface yet whose position 
within the bouhdary layer cou1d be determined accurately. The experi
mental run shown in Fig. 4.16 lis one of the few which met these criteria. 
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FIGURE 4.15 Comparison between Experimental and Theoretieal 
Stream1ines around ~pherical Cap Bubb1es ' 

\ 
, 

For complete experimental 
1 

No. Re data and detai1s refer to 

a 45.5 Figure 4.l2(a) 

b 60.9 Figure 4.12 (b) . 
, 

\ 

c 81.8 Figure 4.12(c) 
1 

, "'J...:I' d 94.0 t1guJ:ç / .... -.. -" 
e 151 Figure 4.8(g) 

, 
f 265 Figure 4.9(d) . . 

ï 175. 

o experimental positions of tracer bubble at every frame 

theoretica1 pre4iction - potentia1 flow around a sphere 

------- apparent indentation of bubb1e base 

-- -- - boundary of c1o'sed toroidal wake 

-.-.-.-boundary of sphere that fits the bubb"le cap, 

® stagnation point 

, 
-1 

\ 

1 

-------------------~ -------------- ----------
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• Experimental data 
0 Prediction - M06re's 

Boundary Layer Theory 

X Prediction Potential Flow 
Th~ory 

Re = 265; Rao = 588 

(For details of experimental 
conditions see Fig. 4-9(d}) 

1 cm ..1 
\ w-ic ----~'1 

FIGURE 4-16: Comparison of experimental and theoretical stream-
1 

1ines very close to the surf~ce of ~ spherica1-cap 
1 < J 

bubble. 

\ 

/ 

J 
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FIGURE 4.11 CO!f!rison between Experi.ental and Theoretical Streamlines around Oblate Skirted Bubbles 

-:. 

Liguid Pr0E!rties 
Ji p cr V U 5 

No. (poise) (g/c.3) (dynes/cm) M (cm3) (cm/st'c) Re EH le frare/sec 
, 

a 13.00 1.318 79.1 41.08 40.7 37.94 17.2 311~ 162 , 35.67 

b 1.31 1.310 18.5 5.51 31.1 39.77 28.9 293 188 35.00 

'. 

/. 

, Ô experi.ental position of tracer bubble at every frame 
Il -

" ----
I---'theoretical predictions - potential flow past an oblate ellipsoid 

• theoretical predictions - creeping flow past an oblate ellips,oid 

--- --- -- boundary of closed toroidal-wake 

---·---·--boundary of ellipsoid that ~its the bubble cap 
" '. 

• 
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ar,e confined to a thin boundary layer. Fig. 4.16 demonstrâtes that 

Moore's boundary layer theory i5 success!ul in predicting the deviation 
\ ~ 

from potential flow. Further, the good agreement with Moore'5 theory 

implie5 poor agreement with Parlange's (1970) version of the boundary 

layer theory which 15 significantlY different from Moore's over the 

forward surfa,ce of the bubble. 

/ 
<) / 

Flow field around 5kirted bubbles 
-------------------------~~----

Fig. 4.17 co~ares the exË~imental and the theoretical 
- "-

o 

streamlines around oblate shaped skirted bubbles at Re _ 17.2 and 28.9. 

The experimental data for both cases are bracketed by the potential 

flow and the ~reeping flow predictions, however, the potential flow model 

shows the better agreement. The enclosed wake extends beyond the ~Poof 

the skirt and is larger than the spheroid that fits the bubble. 
u 

The critical Re at which the instabillty in the closed toroidal 

wake sets in leading to an open unsteady wa~ with periodic vortex 

shedding, was determined in five solutions. The results are tabulated 
• in Table 4.9,)which shows that the transition occurs around Re - 110 ± 2. "", 

-i'_ 
~ ~ J' '" 

This value i5 in favourable agree~~nt with the critical value of Re ~ 100, 

estimated by Wegener and Parlange (1973). '. 

4.5.2.8 Parameters of the closed toroidal wake 
-------------------------~------------
About 30 to 40 long-exposure wa!ce" photographs per bubble, some 

- -
of which have been presented in Section 4.5.2.3, were taken for about 45 

different bubbles in seven different sugar solutions. These photographs 
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TABLE ~4.9 Critica1 Condition Open Unsteady Wake 

.. 

" 

1 ~ 

L' p 

~ 
,? 

< 

,~ 
% 

.~ 

Liquid Properties Bubb1e Data 

V U' b Eo Re 
(cm3) (cm/sec) (-) (- ) 

lJ p. a--'\ M 
(Poise) (g/cm3) (dynes/cm) (-) 

1 

\~ 
1 

2.39x10- 4 0.615 1.301 76.7 2.75 30.21 110.4 50.3 

0.840 1.320 77 .1 8.20x10 .. - 4 4.6 33.95 109.9 71.5 

0 1•00 1.320 77.1 1.62x10-3 7.2 35.11 1l0~2 96.4\ 

1.30 1.326 77 .2 4.S9x10-3 11.6 37.94 108.7 133.0 

1.36 1.325 77 .2 S.SOxl0-~ 13.9 38.46 111.8 149.8 

• 

~ .... -~ -

o 
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, . 
were analysed to obtain the wake shape, its size and the location of tre 

vortex centre. For the case where the experimental condiiions were 

identical, the detailed streamline results presented in Section 4.5.2.3 

were used as a cross-check. 

Fig. 4.18 shows ~he effect of Re on the wake width, on the wake 

height and on the locàtion of the vortex centres aIl in dimension1ess 

forme With increasing Re the size of, the wake increases quit~ signifi

cantly (see Fig. 4.18(a) and (b)); the vortex centres move downstream 
-

(see Fig. 4.18(d)) and spread apart in the transverse direction (see 

Fig. 4.18(c)). Data obtained from Slaughter's (1967) Sch,lieren photo-

graph of a bubb1e w4ke are a1so inc1uded in these figures. The agreement 
\ 

with the present data is fair1y good. Available numerical solution 

results (,Masliyah and Epstein 1970) and experimental data for solid 

spheres (Taneda 1956; Kalra and Uhlerr 1971) and for solid oblate ellipsoids 

(Masliyah 1972) of aspect ratio 0.5 and 0.2 are a150 shown for compa~ison. 

Th~ experimental data·of the present study are weIl bracketed-by the 

results for'solid oblate el1ipsoids of aspect ratio 0.5 and 0.2. More

over, the data show better agreement with the results for solid oblate 

ellipsoids of aspect ratio 0.2 as Re tends to 100. This is explained by 

'the fact that as Re tends to 100 bubbles become spherical-caps with aspect 

ratio, i.e. height/width of about 0.223 (see_Ch~pter 3, Fig._ 3.8). 

, the experimental data are fairly weIl ~orrelated.by the 
"!t>\.,. _. 

, following expressions: 

- 0.794 log Re - 0.032 for 4 ~ Re ~ 110 

for 8 ~ Re ~ 110 

. '. 

(4.5) 

(4.6) 

'1 
~ 
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FIGURE 4.18 Effect of Re,on the Shape Parameters 
of C10sed Toroïdal Wake 

(a) wake width (b) wake height 

(c) & (d) the locatiœn of the vortex centres 

.' 
Present Experiments 

1.1 P cs M 
Symbol (Poise) (gm/cc) (dynes/cm) (-) 

<> 20.80 1.389 80.{) 2.58x10 2 

• 13.10 1.378 78.8 
..r 

4.3Sx10 

Q 7.40 , 1.370 78.7 4.41 

0 ç, 5.00 1.359 77.7 9.62x10· 1 

1 

A 3.10 1.349 77.6 1.44xlO-1 

Cl 1.3.0 1.326 77.3 4.58x10·3 

X 0.84 1.315 76.8 8.20xlO·4 

- PTevious Work 

bubb1e, Slaughter (1967) 

bubb1es, Hnat & Buckmaster (1976) 

189. 

9 

1 

- - - soUd oblate ellipsoïde AR - O.S· -Masliyah & Epstein (1970), 
numerical solution 
Masliyah (1972), experimental~ 

----~' soUd oblate ellipsoide ·AR - . O. 2 -Masliyah & Epstein (1970), 
• < 

solid spheres 

1) 

Q 

numerical solution . 
Masliyah (1972), experimental ' 
Taneda (1956), experimentai 
Kaira & Uhlerr (1972), experimental 
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\ 

\ 
we 

(4.7) - 0.801 log Re - 0.049 for 4 ~ Re ~ 110 Te 
he _{0.237 lQg Re - 0.003 for 3~ Re ~ 2S (4.8(a)) 

d; 1.037 log Re - 1.116 for 2S ~ Re ~ 110 (4.8(b)) 

Finally, it is of interest to note that the maximum width of 
\ 

the toroidal wake was almost always found to be at the horizontal plane 

that contained the vortex centres. Further.~he distance between the 

vortex èentres'when made dimensionless with respect ·to the width of th~ ~ 

. . 
wake was found to be constant at 0.7 (± 10%). Surpris~gly, this value ~ 

compàres weIl with the .theoret~cal value of 0.707 for both the Hadamard's 

spherical vortex and the Hil~ts spherical vortex. 

A sixth order polynomial fitted to the wa1ce boundary was used J 

to calculate the volume of'the visible wake assuming axial symmetry. The \ 
\ . \ 

total wake volume was obtainèd by adding volume pf the indentation· in 
• , 1 

the base of the bubble.to the v~sible wake volume. The wa~e volume so 

obtained was rendered dimensionless wi~h respect to bubble volume and 

plotted versus Re in Fig. "4.19. Similarly, the volume of the bubble wake 
1 , 

observed by Slaughter (1967) was calculated from his Schieren photographe 

The result is in agreement with the present data. The experimental data 

- are fairly weil co~elated by the relationship: 
cr .. 

0.04 Re l •35 for 3 ~ 'Re ~ 110 (4.9) 

• The volume of indentation was estimated using the method described in 
Chapter 3. ~ 

-- -------------------'--------
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'1 
---- present correlation, Equation (4.9) 
- - Parlange's theory (1969) - zeroth ordér 
--.::::- • - Par lange' s theory (1969) - firs t order 
••••••••• - solid-spherical caps, Kalra (1971) 
- Je-soUd spheres, 1Ca"lra li UhIherr (1971) 
- ••• --drops, Wairegi (1974) 

® bubb1e, Slaught,er (1967.) 
\ 1 

Present Experiments 

~(Poise) '" • \ < • 

<> 20.80 "---./J 
• 13.10 
V 7.~0 
o s~Oo 
6 3.10 

-0 1.30 
X 0.84 

(for othèr properties, see 
'(ig., 4.18) 

f 
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\ / 
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FIGURE 4.19 Effect of Re on Volume of Closed T,oroidal Wake 
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1 used 

Parlangè.s (1969) zeroth order theory, Equation (3.26), can be 

to predict the rise velocity of t~e bubble which in turn can be 

. \ 

, used 
l ,.> ï' 

in Davies and Tayior's equation, Equation\ (3.22), to pre~ict the 

'radius of curvature' of the bubble. By $ubtracting the bubble volume 

from the volume of the sphere of this radius we find a zeroth order ot . , 

prediction of the wake volume. Similarly, another estima~e of the wake 

volume can be obtained from Parlange'~ fir~t order,theory, Equation (3.27), 

which incorporâtes Harper and Moore's '(1968)"boundary layer correction 
,.Jo~ •• 

in predictin~ th~ bubble rise velocity. These predictions of wake volume 
, ' 

are also shown in dimensionless form in Fig. 4.19. The predictions were 

found to be independent of liquid properties and are only fun~tion5 of Re. 
~ \ 

The experimental data lie between the. ~predictions ~f the two models. At 

lower Re the assumptions Inherent in the Parlange' s theory are violat'ed 

and the predictions diverge from the data, but as Re is .1ncreased the 

agreement improves. \ An important pomt worth noting is that at Re,"~ 110 

a bubble cao carry with it as much as 20 times its own volume of 1iquid 

in the toroidal wake. Above Re ~ 110 the wake ois open a d unsteady and 

the \ term "wake volume" i5 meaningless. * 

Recently, Kalta (1971) has measured the volume ! e closed 

toroi~al wake behing 'sol id spher~cal-caps of varying aspect ratios 

(height/base - 0.180 to 1.266)~ , The values of Re at which the gas bubbles 
, " 

1 . . 
* Nonethe1ess, very recently, Kojima et al (1975) clai~ to have 
measured the volume of wake region for turbulent wakes behind air bubb1es 
in water for Re - 2000 to 5000. The wake region was defined. as: na 
region immediately below the bubble in which the trajectory of a tracer 
particle WBS definitely disturbed and the angle between a trajectory and 
the' main flow was almost rectangular." The" value of V IV exhibited a 
rather large- ~catter, 9wing to difficulty in determini~g the'wake region 
boundary. The averaged value of V w/V - 4,; 7 ± 2 was reported. 1 

, ' 
" \: r 

t 

" 
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have aspect ratios identical to Kalra's solid spherical-caps were . 
obtained froID our shape study results reported in Chapt,er 3 (see Section 

3.4.2.3). The dimensionless wake volumes which a solid spherical-cap 

would have at these R~ were then obtained from a graph of Karla'sldata 

plotted as dimensionless wake volume versus Re with the aspect ratios of 
\ 

\the cap as a, parameter. The results of these coÎnputations are also shol,m 
. " 

in Fig. 4.19. The agreement with the present data is excellent. The 

reason for this agreement is athat for\a spherical-cap body with ~spect,: 
• ~ 1 

ratio ~ 0.6 the separation1always occur5 at the sharp rear edge (Kalra 

and Uhlherr 1971) and i5 thus' independent of the b~dary 'èonditions a~ 
the' frontal surface which are usually d1fferent for the solid cap and 

, "1 . 
tbe gas 'çap. _ 

The data of wakes behind oblate-ellipsoidal-cap drops of 

\ 

cbloroform falling in 26.5 Poise sugar solution (Wairegi 1~14) are included / 
/ 

in Fig. 4.19 for co~arison. The agreement with p~esent data is q~ite 

good bearing in mind that for the cas~. of drops the physical propertiés 

of the dispersed phase would eff~ct the size or ~he wake to some extent. 
\ - , 

1 For comparison, the wake volume data for solid spheres (Karla 

and Uhlherr 1971) are also shown in Fig. 4.19. The present data for 

bubbles are weil above tbe~lid sphere data, Ùlldoubtedly, due to th~ 
, \ 

considerable deformatio~ from the spherical shape of bubbles in higb M 
1 

liquids at these values of Re. 

From the experimental streamlines within the closed toroidal 

wake and around its immediat~ surroundings, the velocity distribution 

alang the equator containing the vortex ~entres was obtained. Results 

'\ " 

) , 

" \ 
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y 

of five different experiments' for a spherical-cap bubble at Re -94.0 

are shown in dimensionless form in Fig. 4.20. The reprodueibility of 

the data is weIl demonstrated in this' figure. Half the width of the 

wake was seleeted as the most logieal length ,scale for makfng t,he hori-

1 zontal distance from the axisrof symmet~ dimensionless, since it marks 
1 1 

the boun4ary between the elosed toroidal'wake and\the external flow. 

Theoretid\l predictions of Hill's spherical vortex (see Ta~le 4.6), 

Hadamard' ~ spherical vortex (see Table 4.1)" Harper and -Moore's boundary 
\ 

layer corrrction to Hill' s sphJrieal vo,~.~x (see Equation (4.1)), a~d 

Parlange's boundary layer ~Qrrect1on to Hill's spherical vortex (see 

Bquat ion , (4\.2)) are alsq compared in this figure. 
l, , 

Within the elosed 
• 

~ toroidal vortex the data lie between the Hadamard's and Hi11's 'spherical 

vortex. The agreement with Harper and Moore' s e?rreetion is remarkably 

/ 
1 

\ 

good if one considers that tne shape of the toroidal wake 15 not exactly 
, ' 

sphe~ical and that the top part of'the sphere is occupied by the gas 

bubble. Parlange's boundary layer correction somewhat overpredicts the 

circulation within the wake. Just outside the toroidal wake th~ experi-, 

mental dimensionless -velocity exceeds unit y in absolute value and 

approaches the potential flow prediction from above. For a dimension-, 
less distance, 2x/ww' greater than about 1.S, the potential flow model 

• 1 
represents the data very weIl. 

Pige 4.21 shows the variation àf 'the experimental dillension

léss velocity profile~ with Re for six bubbles with Re ranging fro~ 13.3 
. -..,"t." ' -,' \ 

to 94.0. Withln the elos~ toroidal vortex inereasing deviation from 

thè Hill' s spherical vortex is'~observed, with deereasing Re, as expected. 

Por the' external flow-the deviatian from the potential flow extends to 
, ' . 

a ~arger distance_as ~e is decreased, indicating an increase in the 
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- - ,Hadamard's liquid sphere (viscosity 
ratio, I(cl) "-

______ Hillts spqerical vortex with external 
potential flow . 
Harper & Moorets Boundary Layer Theory 

•• _ •••• Parlange's Boundary Layer Theory 
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PIGURE 4-201 Equatorial ~valocity distribution for clo.ad toridal vake 
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thickness of the 1iquid boundary layer around the closed toroidal wake. 
\ 

Th~ boundary\~ayer thickness ranges from approxima~ely ~.2 semi-wake 

widths at Re - 94.0 to 2.5 semi-wake widths at Re - 13.3. , 

Following Huong a~d Kintner (1969) we define the volumetrie 

circulation' rate, Q, as the volumetrie flow through the stagn~t'ion ring: 

'I (4.10) 

. 
where Rw is the radius of the wake at the stagnation ring and uee is 

the eqUatorial velocity. For a fully' circulating'Hadamard f~ui . 
it Can be shown that the circulation rate 15 given .by: 

~-

Similar1y, for Hill's spherica1 vortex, 

2 
3w Rw U 

8 1 

(4.11) 

(4.12) 

A sixth order po1yngmi-al was fîtted through the experimentally 
, , 

measured equatorial wake velocity profiles, for several buobles with Re . 
ranging from 13.3' to 94. 0, and WBS subsequently used to find the ,experi-

, ,\ \ 

mental values of volumetrie circulation rateo'.b)'; integration assuming axial 
, - > 

symmetIJ'. Two separate estimates of the circulation rate were made; one 
, 

, by integrating the velocity profile from the' axis to the Y'ortex -centre. 
\J l' • ,. 

and the other by'integrating the velocity profile from the vortex centre. 

to thé outer boundary of th, toroidal wake. Excellent agreement WBS 

1 

found between the two estimates. This )prov~d~S/further evidenc~ of the 

:: 

, -
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accuracy of the experimental technique for measurement of velocities. 
• 

The volumetric.circulation rates so obtained were made dimension- , 

les~ with respect to the circulation rate of Hadamard spherical vortex, 1 

, ' 
Equation (4.11), with the viscosity ratio, K -~- 1. The results are 

lJ 

plotted versus Re in Fig. 4.~2. The theoretieal predictions of the \ 

models cited earlier in Section 4.4 are a15'0 shown. 'l1\e data are well 

bracketed by Hill's and Hadamard's spherical vortex •. Harper and Noore's 

correction to Hill' 5 spherical vortex') shows good agreement at Re >,. 4S, 

while Parlange's correction overpredicts the circulation rate. 

4.5.3 LiS~id flow fiel~ far.away from a bubrle 
\ 

4.5.3.1 Q~~!~_~!_!!g~~~_S!~~!~_~l_!_!!~!~g_~~~~!! 
... A-,c;...._ • 
When a bgbble moves through an incompressible 1iquid, it 

~, ,: 
induces a drift* in the 1iquid, such tha~ the final positions of small 

, 
e1ements of the 1iquid are different~from the initial positions. This 

phenomena is well illustrated by the two photographs in Fig. 4.-23, taken 

with a stationary camèra. A row of hydrolen tracer bubbles generated 

before the passage of the bubble (see Fig. 4.23(1» is stretched out 

showing the drift of the liquid caused-by the passage of the bubble (see 
, \ 

Fig. 4.23(2». It is this row of hydrogen tracers that appear as a tail " , 

p 

* The "drift" has a very 'important slgnificance in hydrodynamics in 
.that the drift-volume enclosed between ~he initial and final positions 
·-of the fluid particles, is equal to the volUlle corresponding to j:he well 
known ''hydrodynamic .ss" or the- "added mass" of the body, i.e. the mass 
of fluid,to be added to that of the body in calculating its kinetic 
energy. An excellent expos6 of the con~ept of drift has been presented 
by Darwin (1952) and: Lighthill (1956). The practical aspects of drift 
have been discussed for, a fluidized bed by Rowe and Partridge (1963) and 
for a liquid\col~ by Vickery (1965). 
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(or two tails) in some of the wake photographs (for example,\ see Fig. 4.5(1». 

presented in Section 4.5.2.3. Note that most of the upward drift occurs , 

directly behind the bubble, while-the extent of upward motion decreases 

rapidly in the horizontal direction. In a finite container, continuity 
l ' 

" considerations dictate that there shou~d be a negative (or downward) dldft 

equalin magnitude tO,the central posi~ive (or upward) drift and Darwin 
a 

(1952) pointed out that this downward flow occurred near the walls of the 

container. This is clearly shown in Fig. 4.23(2) where a slight downward 

\, peak i'5 seen at about 3 cm. from the !nside 'tll of the coluDD'l. *, -~ 

Figs. 4.~4(a) and 4.25(a) show a detailed quantitative measure: 

ment of upward drift of liquid for a 9.3 çm3'bubble in two sugar solutions 

at Re - 2.47 and 94.0, respectively. The following points are noteworthy.** 
... \ . 

(i) The influence of a bubble on the liquid in the horizontal 

direction decrekses as Re increases. 
\ 

(ii) Except at very ~ow Re where the bubble is spherical and 

follows the Hadamard-Rybczynski tneory, fore and aft -

symmetri' is never observed. This asymmetry increases as 

~e increases. 

(iii) The liquid mo~ion induced by a rising bubble is consider-

ably stronger behind t~ than ahead of it. 
1 

(iv) When a bubble plus its to~oidal wake passes a horizontal 

plane the maxi~ horizontal 4isplacement of the liquid 

4'# 
* Here the left end of the probe just touches the inner wall so that 
the end of the row of tracer bubbles marks the position of the inner 
wall. The horizontal bars on ~he vertical ~cale are 2 cm. apart •. 

** Manyexperiments of this type were conducted but only two of'them 
are reported here in detail for illustrative purpose. .However, the 
general conclusions mentioned here are based on more than the data 
presented in Fi~s. 4.24(a) and 4.25(a). 

'. 

\ 

. , 



1 

/ 

. ~ 

o 

'olltlaa of ~bbl. no.. 
ae fl'aM no. 

1 

1 

.~ 

bCIuIIclal'1 of .1l1PIOUt ~'r --4 tian nu th. bubbl. • 

" 
-5 

~ofclOl'" 
toroldal _te 

polltlaa of tnCfl' llubbl.1 
It tl'aM no. 

40 , 
S5 

30 

25 

iIIIIlcat .. poaltlaa of tnctr ètbbl. at ln. 110. len 

\ 

, 

o 

\ " 

;0 
-, 

y .. Il.3 aS 
\1 21.21 Poli! 
Il .. 1.3" &!t:IJ 1 

fi -10.0 ~ .. ,., 
If 1.4bl 
U .. 111.10 a/lec .. .. 2.47 
10 .. 116 
S - B.O trun/lte 

- . 

J 

,1 

, 

.J 
1 a ' 

) 1 , 
J. 

\ 



." 
',' ~51""'.A4,."" .... " 

, .. iella 01 ....... 1. 
... at~ ... --.... 20 

o 

Cr ,0 

JO 

2OS • 

.xperbaul .. u 

)n'Mlcti_ - "" ... dal fi. 
al'OlllMl Gb1at •• 1 UpsoUe 

pNcIlctia - enapln. fl_ 
a~ ablat •• 111p"Llt 

'rut 00. li 1111l1c:atld _W. 
tII. point •• 

'01' 'lqIft'l8MUl COIIditi ..... 
• 1.. ..2.(a) . 

1 

., , 

(' 



.. 

f ., 
l"~ 
( 

t 
fi 
" r 

1 

~,rw"&~~' •• --"""""""""""""""""""""""",,'S,,.'1'.'111 • . ",~. ;a_UC_dE Mil na a. 1 Il 1 1 Il i ,;,~-

1. 

,0 

1 

" 

206. 

occurs when the maximum.width of the moving unit, i.~. 

the bubbl~ plus its toroidal wake, passes this plane. , 
(v) The scale of disturbance decreases·with increasing Re , 

in a~eement with the'theoretical predictions of the low 
, 

, '. 1 • 
Re viscous flow equations ,$Uch as Stokes, Hadamard-

Rybczynski and Oseen equations in contrast to the high 

Re potential (or inviscid) flow equation. 
\ , 

(vi) For low:Re the pathlines a1\e not looped (see FIg. 4.24(a)) 
, \ ' 

\ 

as opposed to high Re where they exhibit l'ooping (see 

Fig. 4.25(a». This is in agreement with the creeping 

flow theories such as Stokes and Hadamard-Rybczinski'in , 
. which the velocity compo~ent in vertical direction, Uy' 

is~always positive'(see Table 4.1) and thus no looping is 

predicted. For potential flow, however, Uy' is negative 

, in some portion of the flow field, thus looping is predicted. 

(vii) For bubbles with an unsteady open wake (i.e. Re ~ 110) 

essentially steady pathlines are observed ahead of the . \ 

bubble but b~hind it the pathlines are unsteady. 

In Fig. ,4.24(b) the experimental pathlines are compared with 

the predictions of potential flow and creeping flow~around a io~id oblate 

ellipsoid tliat fits the bubble cap. The data lie between the~e two models 

as expected. 
f 

Fig. 4.2S(b) compares the experiJDental pathlines ~ith th~ pr@":,, 
1 

dictions of potential flow and Hadamard-Rybczinski flow around the sphere 

that fits the cap. In the latter ~odel the presence of the gas cap was 
/ " 

neglected and it was assume4 that the sphere consisted of'the same liquid 
/ , 

as the external liquid. i.e. p'/p - 1. The,4ata are bracketed by these 
.. 

. ' , 
.' 
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two models',but \show~ favourâble agreement with neither. The Hadamard- f 

. 
\ ' Rybczynski theory overpredicts the liquid motion e~en if the sphere was 

gas.· Similar results were obtained for many other spherical-cap bubbles. 

Thus, no simple model satisfaf:1;oriiy describes the flow downstream from 

the bubble. This will be further demonstrated in thè' -next section. 

The following method was used to measure the centre-line wake 

velocity do~stream of the closed toroidal wake. The cin6-film taken 

with a stationary camera recorded the motion of the tracer bubbles induced 

by the passage of a bubble. These images were analysed frame by frame. 
\ 

l , 

From several repeated experimental Nn§ it was possible to find a tracer 

bubble that moved behind the bubble along the axis of rise. Typical'· .. 
f 

results are presented in Fig. 4.26 which shows the position of the bubble - ' " \ .. 
nose, XB, as weIl as the position of a tracer particle, ~, ~easured from 

8 
a common reference point as"a function of time. The bubble position data 

\ " 

ate weIl repr-esented by a straight line confirming the constancy of the 

rise velocity. The tracer bubble falls farther behind with time which 

implies deereasing velocity in the wake with the distance do~stream from 

the bubble. 
, 

Th~ centre-line wake velocity, W, and the downstreàm distance, L, 

measured from the nose of the bubble are given by: 

* To pre~erve clarity the theoretical prediction of this case is not shown. 

\ . . , 

\' 

/ 
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ln order t~ de!ermine the c~treMline wake velocity, the 

e~er'~ntal ~osition-time dat~ifferentiated numerical1y by the 

"moving st'rip -techni~ue" (Hershey!!.!! 1967). The detail s of this 
'.~":: 

techniqu~ •. are prèsented in Appendix D. The results of this computaM 
, . 

tion are presented in Pige 4.27. The centre-line wake velocities inside 

the torbidal vortex and ,just below it were obtained from the moving 
\ . 

camera experiments reported in Section 4.5. Z. The data from these two 

types ~f experiments are in good ,agreemr The vel~city 'at ~t~gnation 

points C and B (see Fig. 4.27) is equal to the rise velocity (34.22 cm/sec) 

of the bubble. The velocity insid~he toroidal vortex is great~~ than 

the bubble rise velocity, with its maximum value (52.2 cm/sec) occurring 

at point F located in the same horizontal plane as the stagnatio~ ring 

of the toroidal vortex. Below the stagnation point B the centre-line 

wake velloci ty gradually decays. 

Fig. 4.28 shows some of the centre-line wake velocity results 
\ 

for bubbles having Re from 14.9 to 70.7 in dimensionless forme The dotted 
"

pDrti~s of the curves going up to,W/U - 1 ~ere obtained from the moving 
1 • \ \ . ) 

camera experiments. Data for other bubbles (not shown) of different sizes 
1 \ 

and in s~gar solutions of different physical properties but ha~ing almost 

the same Re were in' excellent agreement, which imply that the dimension-
\ , 

, / 1 

less wake velocity 1s only ~ fonction of Re just like,the bubble shape 

(see Chapter 3) and the wake parameters (see Section 4.5.2.8). As Re is 

increased the vi'scous effeCfis downsueam' of the / bubble and its. toroidal 

/ 

' .. 
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Bubbles 

de 'U B6 V3 ' Re 
(cm ) (cm) (cm/sec) (-) (-) 

27.8 3.76 37.23 14.9 242 

13.9 2.98 35.27 ' 19.2 ,152 
"-

9.3 2.61 32.62 23.1 116 

'27.8 3.76 42.55 29.2/ 241 

18.5 3.26 38.62 34.4 185 
, 

4.6 2.06 34.22 70.7 72 
\ 

,1 

; 
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wa~e become COnfi~~ smaller regiO~ around the ,~xis 'of the bubblè 
~ :" . 

Consequently, at fixed dimensionless downstream distané~. ~/de' trtse. 

é the axial wake yelocity increases with Re as is eVident&~ Fig. 4.28. 

Not~' thàt even as far downstream as L/d - 40 the' liquid'motion is ) e , 

quite s lin if icant • This, of course, plays an iDIR0rtant role in bubb-le 

• intera~tion leading to ~oàlescence ~f bubbles as shown in, Chapter S. 

"'In Figs. 4.29(a), (b) and (~) the ~sured centre-Une velocitr 
. .A 

is compared for bubbles at Re - 14.8, 29.2 and 70.7, respectiveIy, with s 
, 

\ l , 

four theoretlcal predictions:, the asymptotic wake velocity model, 

Stoke's flow aro~d a solid s~er~. Hadamard-Rybc~ynski flow around a , , 

liquid s~f the ~ame viscosity as the external liquid, and potential 

flow around a sphere. Because the motion of the liquid ~ownstream of the 

closed toroïdal wak~>iill be largely determined br the ~lo~ béhaviour of 

th~ toroidal wake and to à~lesser extent br the gas cap. it seems logical 

to base the size of the sphere on the volume of the toroidal wake.* W~ . 
hypothesi~e that the bubble plus the clo~ed to~oid~l wake can br rep~aced 

br a sphere of volume,equival~nt to ~he volume of thé toroidal wake, and 

positioned such that the rear stagnation point of the toroïdal wàke and 
~ 

that of the> sphere coincide (see sketch below). 

. ~ 
" 

,obla~e! ellipsoidal-cap bubble 
and lts .wake" .> 

spherical~cap bubble and its wake 

l~ See footn~te Qn page 220. 
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-
1.I P (j M V 

No. (Pbise) (g/cm3) (dynes/cm) (- ) (cml ) 
, 

'" 78.8' a 13.00 t 1.378 \ 4. 16xl0 27.8 

b 7.50 1.370 
\ 
78.7 ,4.65 27.8 

0 

5.01xlO-3 c 1.30 1.327 0 77.-3 4.6 

--'--- experimental 
) 

---- ---- asymptotic wake model 

- -.- 7 Stokes flow'around solid sphere 

zLti&!iEbU:: •• 

215 • 
... 

U Re Ea 
(cm/sec) (-) (-j 

1 

" 

37.23 14.8 242 
\ 

42.55 29.2 241 
, 1 

34.22 
~ 

70.7 72 

---.--.-- Hadamard liquid spher~ model with viscosity rati~, K - 1 

".~--- - ----- potential flow model 
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f ' 
Fig. ~.29(a), (b) and (c) show that the data for a~l those 

, 

cases are between' the asymptotic wake model and potent'ial flow model. 
, . 

In the entire range the potentia1 flow model shows extremely'poor agree-
\ 

ment with the data, even at reasonably high value of Re - 70.7. 111e 

asymptotic w.ke velocity prediction shows somewhat better agreement with 

the 'data at lower Re and at larger downstream distances Where the key , 

assumption of the model, namely w/U « l, is justified. The experimental 

data for aIl thr~e cases are higher than both the Stokes model· and the 

Hadamard-Rybczynski. model,· Q 

Pinally, in Pig. 4.30 a typical distribution of the axial 

velocity behind a spherical-cap bubble at Re - 70.7 is presented at 

different dimensionless downstream distances ranging from L/de - 3. 02 ~to,_ 
\ \ ~ 

38.65. It'is seen that the velocity profile hecomes more fIat but 

extends further into thetranverse direction as L/d increases. e 

4.6- Addendum 

While the,final preparation of this thesis was underway two 

papers (Collins 197~; Hnat and ~Ckmas~er,1976)/ rele~ant to this work, 

were published. 

Collins (1974) concludes that the free-streamline modeJs 
" 

(Temberley and Chambers 1945; Moore 1959; Rippin and Davidson 1967), 

which assuu\ th'at ~a spherical-cap bubble is followed by an infini te 
" ~ 

axi-sr-et,ric wake, do not proVide an acceptable description of the 

* Even if we assume the gas bubb1~ plus ,the tolDidal wake to be sphere o 

of the same radius 'as the bubble cap we' ·artiv'e at essentially the same 
conc ~u~ions. . , , , 
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real flow. He further contends that at ,high values of Re (~ 104) the 

" turbulent wake is c10sed and consis~s of a symmetric primary wake'vortex, 

fo110wed by a secondary wake. In the wake immediate1y behind a 

spherical-cap bubble, Collins observed a structured flow on a 'sca1e 

'larger than ~he scale of tHe turbulence; however, it does not neces-

sarily follow that the wake is closed aS I Col1ins claims. The present 

data show that f9r Re > 110 the sph~rica1-cap bubb1e has an 9p,en, . 

unsteady, asymmetric wake. Eddies or vortices of sca1e similar to thè 
-

bubble do fo110w the bubble for a short period during which the vortices 

grow. However, ,the flow in tJ:le 'wake is essentially unsteady sinc~ the 
" 

vortices do not stay attached to the bubble for long. ·'1be present 
, --l' • 

exp~riments on spherical-capS"ewith àn open unsteady wake (Re ~ 110 to 

296) are believed to be in the ~ransition region between laminar and 

fu11y turbulent flow in the wake. 

\ Hnat and Buckmaster (1976) published excellent shadowgraphs 

of wakes behind s~erical-cap and skirted bubbles.* Their wa~e shapes 

are comparabl,e to those presented in this chapter. The wake parameters 

calculated from their ph?tographs are included in Fig. 4.18 and compare 
, 

.favourably with the pre5ent data for Re ~ 1~0. The transition region 

where vortex ·shedding occurs was not'" clearly def~ned in t?'ir ~ork .. . ' , 
, 

Bubbles' with "perfe.ctly formed wakes" were observed with Re as high as 

220 'llhile vortéx shedding was o~served for Re· as low as 140. ,In contrast, 

in the present study the transition point was more closely.defined at 
li ;'. 

* The findings of these authors on skirted bubbles are discussed in 
Chapte~ 6, Section 6.6." l .. 
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Re ~ 110. 'This di5crepancy i5 probably due to the different m~thods 

of observation (the bubble wa~ followed with a moving camera here 

while Hnat and Buckmaste~ used a stationary camera) -and of bubble ' 

re1ease. 'Their measurements of the extent of' inde.,ntation are in gooo 
\ \ ' \ 

agreement with the P1resent work althOUgh\ the variation o~ ~ndentation,\; 

with Re differs somewhat~rom the present data. Their measurements, of the 

semi-included angle, e , are a150 in good agreement ~th those reported 
m '. 

,in Chapter 3. 

~ '" ' \' 
4.7 Conclu5i~lis _ _ \ ... /' 

" , 1 \ ~~ J.. 

1. The flow field around a\spherical bubble at Re « 1 is in 
" _ 4 ' 

. \ • r y-
I agreement with the Hadamard-Rybc~yn5~ (1911) analysis for creeping floW-. " -

For a slightly deformed $pherical bubble the theory of Taylor and Acrivas 

(1964) 'describes the external flow field. 

2. At higher ~e ~Re > 1)* a closed axi~symmetric laminar 

toroidal wake develops be~ind th~ bubble, the base of the bubble\becomes 

indented and the fore and aft s~try, i~ th~ liquid flow field is 

destroyed. With incre~sing Re, the siz~ of the toroidal wake grows in 
J • _ 

-; . 
both the transverse and streamwise directions uhtil for Re _ 110 the wake , . 
becomes open, unsteady and asymmetric with periodic vortex shedding. The 

babble~ase oscillates as the vortiées are shed, 'but the bubble rises 

rectiline"rly. 
. \ 

\ 

* This description is restricted to bubbles in high-M liquids. Bubbles 
in low-M liquids exbibit rather dOifferent behaviour (Rosenberg 1950; 'fi 
Habermn and Morton '1953,1956; Lindt 1'11 • Lindt and De Groot 1974).' 
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3. Por spherical-cap bubbles (Re ~ 45) the flow field up to 

the bubble base Is in good agreement with the potential flow around a 
1 

sphere. Slight deviations from the potential flow near the bubble 

surface are due to the development of a boundary layer as proposed by' 
1 . 

Moore (1963). Below the bubble base the agreement with potential flow 

is poor for streamlines close to the toroida~ wake because the wake 
1 

shape does not coincide with.the sphere that fits the cap. Howeve~, 

'at horizontal distances 'from the axis of rise gTeater than about 2de t 1 

the,influence of the wake shape on the flow field diminishes and the 

potential flow pred1çtion is in accord 'with the expe:rimental data. Por' 
, 1 . t 

sphe/rical-cap bubb!es with' an open un5teady wake (i.e. Re ~ 110) the 

liquid flow field i5 unsteady belol the base of the bubble, while above 
\ 

the bubble base the flow field is essentially steady and in agreement 

with potential flow. '. 

4. Por oblate ellipsoidal-cap (Re ~ 45) and skirted bubbles 
~ \ 

tRe > 12) the liquid /low field. up to th~ bllbble base -is between th~e 

predictions of potential flow and creeping fiowi around ~ oblate'ellipsoid 

-1 with potential flow showing better agreement. The deviation from potential 
, 1 

flow diminishes with increasing Re. The dimensionless equatorial'velo--
\ . 

, ' 1 

city at the surface of an él}ip50idal-cap bubble i5 considerably below 
, " 

unit y at l~w Re and increases with Re. The velocity profile far away from 
- \ 

the bubble approaches potential ~low rath,r than creeping flow~ 

S. The 'volume of the liquid carried by a bubb1.1" in its 

/ • tQ~idal wake can \ be as large as 20" times the volume of the bubble at 
\ " 

Re ~ 110, b~YOnd which the wake bec~mes îand unsteady. The wake 

vol~ data ~re well correl.~ed vith ~' ( q.' (4,9» and 'compare favourably' 

with wake volume ,data of saUd spherical-ca: "and drops. 'lbe data are 

, 1 
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also consistent with the predictions of Parlange's (1969) theory. The 
\' , 

parameters describing the geométry of,the c-los~d wake are only fun ct ions 
) 

of Re and can be predicted U5ing 'Eqs. (4.S) 'to (4.8). '. 

6. The velocity distribution within the closed toroidal 
, 

wake i5 between the theo~etical predictions of Hadamard's (i~ll) and 

Hill's (1894) spherical vortex. At\ high Re (Re ~4S) the circulation 

within the toroidal vortex agrees favourably ~ith the predictions of 

Harper and Moore's (1968) correction to Hill's spherical vortex, whereas 

Parlange's (1970) correction overpredicts the circulation rate. The . . 
extemal streamlines in the neighbourhood of the toroidal wake show , 

\ 

-the existence of a liquid'boundary layer with a thickness decreasing as 

Re increases~. - , 

7. For skirted bubbles the liquid in the wake enclosed by 

-,the skirt moves as a toroidal wake' which extends beyond the end of the 

skirt. The circulation rate is 50mewhat slower than that' of _a wake in 
.n 

the absence of the s{irt. 

8. when a bubble moves throùgh a liquid, it induces consider-

'" v-able upward drift in the liquid in a regîon near the axis of rise. The 

extent of upwaTd m~tion decreases rapidly ~ th~ horizontal direction. 

Except at Re « l, the induced motion of liquid behind the bubble i5 

significantly greater than aheâd-of it. Even as far downstream as 

L/de _ 4
1
0 the upward li'l.uid motion. is significant. As 'Re i5 increased 

" 

the centre-lin! _wake-'velocity ~creases and the influence of the bubble 
<Ci .. 1 

on the liquid in the horizontal direction diminishes. 'Por Re > 1 the 

.... ~ .. 
experimental velocities behind the bubble are bracketed'by the asymptotic 

wake theory and the 'pot\8ntial flow theory, but no simp,le model satisfac--toriIy describes the flow. '. , 

. , 
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CHAPTER 5 

INTERACI'ION AND COALESCENCE OF/BUBBLES 

5.1 Introduction / 

When agas is bubbled into a vi cous Jiquid, coalescencë of the 
-. 

bubbles inevitably oCCUrs, except at v small gas hold-up. This, in 

turn, influences the bubble size.d~ ~ibution, interfacial area, gas \ 

fesidence time and bubbie indUC~~~qUid flow. Thus, coalescence plays 

a vital role in dètermining th, "efficiency of gas-liquid contacting 

devices as well as gas-liqU,i sleparating devices .(Jackson 1964; Calderbank. 
, , 

!!!! 1964i-Valentin 1967). In a contact or coalescence is undesirable 

because it reduces the interfacial area, whereas in a separator coales- \ 

cence is desirable because by increasing the bubble sizes and hence their , . 

rise velocity it speeds up the separati~n. 

In order to elucidate the mechanisms that govern coalescence , , 

this chapter focusses on the interaction of two vertically ali~ed bubble~. 

\ 
5.2 Literature Review 

. The complex problem of bubble interaction and coalescence in 

viscous liquids has received relatively little attention until recently. 
• 1 

Barly investigations were confined to the interaction of solid spberes 
\ 

and \are summarised by Happel and Brenner (1965), Steinberger et al (1968)' 
- --

and Lin et'al ~(1970). The theoretical treatment of the interaction of --
/ solid sphéres involves great ,mathe~tical difficulties, even for two 

1 

spheres in unbounded fluid media, hence, the problem has been solved 

analltically only when certain simplifying assumptions are .. de. ,Recently 
... "_ .....' , ~ ~ ~ 1 l ' 

similar theoretlcal approadnes~have been reported for the interâction of 
- , j' ' 

~ ~ 

1 



\ , 

.. 

" 

() 

spherical bubbles at 10w Re (Gai1hbaud and Zortea 1969; Morrison 1973; 

Rushton and Davies 1973; Haber!l!! 1973) and a1so for spherical 

bubb1es at high Re (Harper 1970). 

,Narayanan et al (1974) compared their experimenta1 data on the --
in-line interaction of two spherical bubb'les of equal size with the 

exist~g theories and concluded that the analysis of Stimson and 

Jeffery (1926) for solid spheres and that of Morrison (1973) for fluid 

spheres adequately described bubble interaction in the creeping f10w 

for bubb1es with rigid interfaces· and ,for free1y circu1ating bubbles, 

respective1y. 

The interaction problem becomes eyen more complex at high~r 
Re·, where th~ bubb1es are deformed and trail extensive wakes- behind them. 

For this situation many authors have resorted to the" '~rinciple of super~ 
1 

positiQn" to predict the motion of interacting bubbles or drops (Harrison 

and Leung 1962; Slaughter 1967; C1ift and Grace 1969, 1970, 1971; Lin 
---...... 

1970~~Crabtre~ and Bridgewat/.r 1971; Wah-on 1971; ·Wairegi 1974; 'Narayanan 

!l.!l1974). The "'princip le of superposi~,ion" assumes that a bubble or 

drop moves with a velocity eqUal to the sum of its terminal velocity ~n 

isolation ~d the velocity which the con~inuous phase wou~ave at the 
, r # 

position of the no se if the bubble ($ ~op were absent. \. 1 
- ,> ~ ' .. 

~, 

In, 'their analysis of coalescing bubbles in a flui~iZ'ed bed, 

Clift and Grace (1969, 1970, 1971) assumed the gas bubble and its 

associated 'wake to be ,a spherica1 body and the surrounding f1ow' field 
fi Q 

~o be potentia1 fl~w. Good agreement with the experimental data was 

.. 
* Bubble interfaces exhibit rigid behaviour when surface active impuri
ties are present in~quantities sufficient to prohibit internaI circulation 
(Levich 1962) • 

. \ 

• 



r 
~ 
" :. 
t, 
;j 
1,' 
~ 
~\ 

:~ 
\ 
t 
~t 
f' 
c 
:~ ~ 

~ , 

1 

:.1" .~, 1 ~Ji2 i'~'''lMi4J_~.a'IiJ''M •• '_ :.JlJ@II.~~i(\4 •• tl4~m'~~"M~' • .Q.i ]IU IL ILtI*"*U,.,,lM. 
/ , 

/ 

'1\ 
1 

11.1') 

--o 

227. 

\ 

demonstrated. Because fluidized beds have many properties analogous to 

liquid beds (Davidson and Harrison 1963) and be~use large gas bubbles in 

liquids are known to be ·assoçiated with toroidal wakes which approximately 

complete the sph~re of which the bubble forms the cap, these authors 

suggested that'the same method of predicting the motion of interacting 

bubbles might apply to bubbles in liquîds. , Slaughter (1967) found that there was a ~rked irtcrease in 

the terminal velocity of a large spherieal-cap bubble when it is part 

of a stream of bubbles, even when separated by large distances from its 

nearest neighbors.* The relationship between the increase in terminal 

velocity and the dis~ance of separation of the bubble~was independent 

of the bubble size. A semi-empirical model was formulated for a chain 

of bubbles by assuming potential flow around the bubble and its wake, 

but agreement with the data was poor. 

,Crabtree and Brîdgewater (1971) applied the principle of super-

position to coalescence of two vertically aligned spherical-cap bubQies 

in a Vl.SCOUS liquid (M - 0.02887;, Re - 40 to 86). They found th~t- the . -
-

assumption of an asymptotic wake velocity profile (see Chapter 4, _Seè-

tion 4.4},hehind the leading bubble could explain the coalescence phe~ 

~omenon better than the aSSumptiOn of potential flow for the flow field. 

Ho~ever. considerable deviation from the theory was observed at small· 
/ . 

pownstream distances. This led-them to conclude that •••• '~eviation 

from the -theoretical prediction suggests the importance of obtaining 

\ 

* Such enhancement of terminal velocity for bubbles rlslng in a chain 
has also been observed for bubbles of other shapes (Hoefer 1931; Owens 
1921; O'Brien and Goslin~ 1935; -Datta et al 1950; Crabtree and Bridgewater 
1969). ,--

" . 
" j 

" 

. ~ 

! 



. , 

, 
" 

" 

\" 
ç 
f 
Î. 

~ 
~. 
" 

~ 

~ 
$' 

, 
. 

\ 
i 
1 

1 
1 
! 

. 
() 

~ 

'<.,fi:"1 '\~'t .' ... .,~ '~~I"'\1:\;"."" ;""/~K~~~'!A"!PMliill4Jl!J\ J8j;I:tI'fi!IPIl/iIiI.~ jIP, MI_I~,, __ 4~""iiMJI.4:m.W"'411'.'1.211mllll •• ·.I' · •• ·111.11111111.1.'1 

1 ) 

'\ 

<$ 1 

c 

~' 

0 

) 
. ' .. , ", 

-; 1 r .. r. • 

dir·~~t measurements ,of bubble wake velocities and of' thè deformation 
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and flow of bubbles in a liq~id velocity gradient." 

Wah-on (l9ï1) applied the potentia~ flow' equati'on~ t~e Batchelor 
, (' 

a~ymptotic wake velocity equation. the Hadamard-Rybczynski equation'and 

('-the Oseen equation. in turn. to describe the velocitYofield aroun~ 
d 

" 

v ,-'yS (Re ~ 3) in v,~scous 'liquids and.,pred~cte~ ,coalescence of' ~wo 

in-line bubbles. He,concluded that none of these models was completely 

satisfacto~ in describing the c~alescerice proéess. 
'\ . , 

, Wairegi (-Ï974) extended the Clift and Grace model to oblate 

-ellïpsoidal-cap bubbies and drops. and concluded that the potential' • . , 

f~ model did not agree with the experimental data. , 
~ • ~ ~ 1 

. De Nevers and Wu (~l) proposed a coalescence moqel in'which 

'the wake behind the'leading b~bble was assumed to havé a linearly or an 
-1 

exponentia,llY decreasing w/i~th a~d the same velocity as th-e leading 
/ • 0 1 ~\ . 

tlubble. It was further a1sumed thjit the onlytsignificant ~or~es acting 

on the trailing bubble we~e iits buoyapcy force and the drag. ~e latter 

force 'decreasas as the fbble enters the upward moving wak~ ~ the 

preceeding bubble. Co sequently. the trailing(bubble accelerafes and 
~.' 

1 

coalesces ~ith the le ding one. Since this model does not represent the 

actual wake observed ih 'pract'ice"(see Chapter 4), it has limited utility. 
\ ' 

Narayanan et al (1974) made an extensive study of two bubb~es 
, ..-.. -- ... f 

- t _ .. 
'of equaL size ris' g in-line at low Re (0.8 ta 80) in glyceFine-(~ - 0.9. 

~, . ., 
2.4 and 9.0 ~ois~. Th~y classified the bubbles having different wake 0 

, 

Istructu~e at diff'erent Re. The mode of coalescence was found to depend 

upo~ the wake structure. The bubbles with Re < 7 followed the analysis 
1 • . " 

~ ~eightless solid sph~res whereas for bubbles having torolda1 'wakes 

'(Re ~ 7). the 't\:ra~ling bubble was assumed to move with two addi~on~l' 

1 ~lj 
l, 

""--
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.. 
velocities imparted due to the wake structure of thé leading'bubble; 

, t " 1 • 

namely that due ~o the toroidal vortex and that due to th\ wake behind . ' 
the toroidal vortex. ~ Equations corrJlating thése vélocity contributions 

with Re and dimensiônless downstream distance, were·presen~ed. 

o 5.3 Objectives 

The ab ove review reveals that many attempts to predict coales-• 

cence of bubble5 in viscous liquids using the principle of superposition 

and various velocity' field assumptions were unsuccessful. It was not 
1 0 • 

• .' ciear before the pr~sent'work whether the principle of superp~sition or 

. the assumed flow fie'ld or bath were incorrect. In Chapter 4 t't was shown 
~ . 1 ~ c / • 

that pOfent!al~low i5 a poor model for the veloctty field b~hind a rlslng 

spheriC~I-cap or an oblate ell~ps~idal-eap bubble '8lthough quite accept-
1 " 
l , 

able tri front of it._ Other velocity fields. e.g., Stokes and Hadamard-

Rybcztnski, are alsocpoor representations'~f the velocit~ fiel~'behind 1 \) . -
the bubble. Therefore" the main objective of this chapter is to test the 

I ld . f Ith .. 1 . f', . t .~ "'d: t 1 s . th"'" measured va 1 lty 0 e prlpclp e 0 superposl 10n Iree y u lpg ~ • 

! ~~itY fieLd bebind an ~~olated bubble. 
~ .. 

5.4 Experimental Results and Discussion 

The ~nteraction and, coalescence or two ve~icallY a~igned 

bubbles rising in vi~cous liquids were studied using the experimental 
l , • _ 

technique described in Chapter 2. 'The ~hysical properties>of the liquids 

and dàta for theobubbles employed in the experimental runs are summarized 
1 

," ,\ 

, in Table 5.1. c Various combinat ions of the bubble sizes were used 50 'that 
1 

, VA > VB• VA - VB and ,VA < VB, wh~re VA and VB are the volumes of the 

leading bubble 'and' trai'ling ~ubble. respectivty. 
, 0 • 1;. " 

. \ 
!> 0 , 
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TABLB ,5.-1 

« 

Liqujd Properties 
1.1 P a 

(Poise) (g/cm3) (dynes/cm) 

13.00 1.378 78.8 . 
" 

7,.50 1.370 78.7
4 

f. 

-~- ------ -~----~- -~-~-~~-~~--~~~-~~------_._-"-

D ' 5.00 

\ 
p 1.30 • c 

G 0.85 

1.357 

1.327 

1.314 

77.7 , 

77.3 

76.8 

... 

_______ ~L'''.~ ••• - ... '. __ ~_., ,. _ .. 

~ 

M 
(-) 

.. 

4. 16xlO' 

4.65 

9.63xl0-1 

5.01xl0-3 

7.4SXl0-4 

'i. 

, 

V 
(cm3) 

.. 
27.8 
18 .. 5 
13.9 

27.8 
18.5 
13.9 
9.3 

/ 

18.5 
13.9 
'9.3 

9.3 
4.6 

9.3 
4.6 

" 
"/ 

Bubble Data 
U' Re . 

(cm/sec) (- ) 

37.23 14.8 
33.66 11.7 

/ 

31.27 9.9 

42.55 29.2 
37.84 22.7 
35.27 19.2 
30.75 14.6 

38.62 34.4 
37.12 30.1 
32.62 23.1 

39.09 102 ." 
- 34.22 70.7 

\ 
- 37.55 151 

33.95 110 

--.' ----

• 

ElS 
(- ) 

242 
185 
153 

241 
184 
152 
116 

18S. 
152 
116 

115 
72 

5' 

114 
72 
/' 
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5.,4.1 Qualitative observations of bubble coa1esceJ\ce r \ 

• 
The level in the ~olumn at which coalescence took place, 

, 
depended on the sizè of the two bubbles'and the initial separation \ 

distance between them. 
~ . 

If the separation was too large or if the 

trailing bubblé was too small compared to the leading bubble, the 

height of the column was insufficient for the coalescence to occur. 
" 

"Nonethiness. the trailing bubble' was found to accelerate due to, the 
1 

wake velocity of the leading bubble in ail the cases~ The bubbles 

studi~d were of oblate ellipsoidal-cap and spherical-cap shape-with '~ 
, -

Re ranging from 10 to 151., Two different modes of iDteraction were 

observed depending on the nature of the~ake of the leading bubble. 
" 

When the leading bubble had a closed, laminar axisymmetric toroidal ~ 

wake (ReA' 110), the bubbles remained in-line and the coalescence 
1 \ ~ 1 

, sequence was reproducible,! but wheh the leading bubble trailed an un-

steady, asymmetr~c open wake accompanied by vortex shedding (ReA'~ 110), 

the trailing bubble wandered and the ~oalescenc~' sequence was n~t ~ , 

reproducible. 
, 

The two modes of intera~tion are illustrated in Figs. 5.1 

and '5.2, respectively. 
~ 

Fig. 5.1 shows the in-line interaction of two bubbles of'equal 
3 ~ 

size CV - 9.3 cm ). In photograph 1 they are about 20.2 cm apart and are 

practically identical in shape. Photographs 2 to ,10 show the final 

stages of coalescence of these bubbles at i~tervals of 0.056 sec. Note 

~at th~ shear field created by the pa~sage of the leading bubble' deforms 
, / j , 

1 1 ... 

the trailing'bubble axisymmetrically with its aspect ratio (height/width) , 
1 

i~creasing as 1t catches up to the leading bubble. The trailing bub~le 

assume~ a bullet-like shape with its frontal surface approximately para-
I l ' .. 

bolie. ..t:he shape of the leading bubble remains unchanged until the point 

\ 

\ 

., , 
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FIGURE 5.1 Coalescence Seauence where the Leading Bubb1e 
Tra;1s a Steady, Axisymmetric, Toroida1 Wake 

• 
(The ~wo bubb1es are of equal volume.) . " 

1 

..J. 
A"'~ 

V (cm3) 
• 

9.3 l 

, 

U (cm/sec) 32.62 

Re \ 23.10 

Ea 116 

5.00 Poise 

1.357 g/cm3 
1 

\ 
1 
J 

\ .... 
77.7 dynes/ cm 

0.963 1 

(1) Timo interval between each stage w/. 0.056 
between the first two stages for w ich the 
was 1.346.sec. 

sec., ex·cept 
time interval 

\ 

~ 

(2) The vertical scale shows hor~zont l.markings at distances', 
of 2 cm. v 
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.' a 

1 Leading Traïling 1 
1 

1 Bubble Bubble 
! 

1 

1 

V (cm3) 9.3 ~.6 

U(cm/sec) 37.55 33.95 

Re 151 110 

Ba 114 72 
\ .. 

II - 0'.85 Poise 

p - 1.314 g/cm3 
1>. 

.J .... "\ 

a - 76.8 dynes/cm 
, 

7.45xlO-4 M -
Note: (1) Time interval between stages was 0.057 sec. except b~tween 

1 
the first two stages for which the time interval was 1.143 sec. 

/ -
(2) The vertical scale shows horizontal markings at distances of 

\ 2 cm. 
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of coalescence, which'sUllests that the effect of the trailing bubble on 

the i~ding one can safely be' i~ored when formulating a predictive 
, \ / 

coalescence model (see Section 5.4.3). 

The series of photographs in Fig. S.2 shows the sequenc~ of 

events'for the second mode of coalescence. Here the asymmetric unsteady 

wake of the leading bubble (ReA - l~l) deforas the trailing bubble 
\ 
asymmetricalIy, forces it to move sideways erratically and makes it 

, . 
impossible to reproduce the motion of the trailing bubble. 'u 

The behavior of the bubbles formed by coalescence in both modes 

',. of coalescence depended on the viscosity of the liquid as weIl as on the 

si-ze of the bubbles. Bubbles of smaIl volumes·'coalesced to form a single 

large bubble. When larger bubbles coalesced the bubble 50 formed 

immediately disintegratèd violently into several bubbles, especially in 

the lower viscosity liquide , . 

1 

5.4·.2 AnalYsis of coalescence data 

The motion of the interacting bubbles as recorded on cin' films 

wa~ analysed by projecting the film anto the lower surface of a ground~ 

! ' 

glass screen. ) The position ~f the nose. of eacli ~bble was measured re.la

tive to a reference grid fixed to the back surface of the \column. Fig. S.3 / 

shows the positions of\tw~ bubbl~s with time during a typical coalesèence 

sequence. The effect of the leading bubble on the trailing bubble is 
l' 

quite'evident. A~ the trailing bubble moves toward the leading one it 
, -

accelerates and fin~lly coalesces.(see point C in Fig. S.3). The traUing 

bubble has litt le or no influence on the leading bubble until just before , 1 
coale~cence. when the leading bubble accelerates sligbtly. Similar 

• 0 \ 

benaviour bas been reported by others ,(Clift and Grace 1970; De Nevers 

\. 

1 
! , 1 

1 
~ 
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and Wu 1971; Crabtree and Bridgewater 1971;. Wah-on J971; Wairegi 1974) • 
, \ 

The variation of the aspect ratio of the trailing bubble is also shown 

in Fig. 5.3. Considerable deformation and the largest acceleration of , 
, 

. the trailing bubble occur just before coalescence\~when it is moving . 
\ 

\ 

.through the torpidal wake of the le~ding ~bble (point B ~n Fig. 5.3 indi-

cates the condition when the trailing bubble enters the t roidal wake of 
,Pl .. 

• 1 0 

the leading bubble). The line PQ in Fig. 5.3 shows the trajectory the 

trailing bubble would have if it were ris~ng in isolati,on. ,Comparison . 
of the line PQ with the observed trajectory demonstrates the long range 

effect of the wake of the leading bubble. 

/ 
5.4.3 Test of the principle of supe!positipn 

The princiPl~f ~perpo~ition (se~Séètion 5.2) can now be 

tested directly, since the Lake veloci~ies have already been reported 
, 

in the previous chapter. The princip le of superposition will be tested 

only for coalescence between bubbles with steady, closed toroidal axi-
o 

symmetric wakes. With open unsteady wakes no test is possible since,the 

yelocity at a fixed position behind the ieading bubble ~s not steady. 

Consider the following model for coalescence of two vertically 

aligned bubble~ in an unbounded fluide Label the leading bubble A and , 

~ne trailing bubble B, and at t~~ t let ~j be the vertical position of 

bubble j nÏeasured from a fixed r~ferencè point. If we assUme th(principi~ 
, 

of superposition, then with respect to a stationary observe~ hubble j will 
. . 

rise-at a velocity Uj given by the sum of (i) its terminal velocity in ," 
• r 

isolation. Uji; and (ii) any enhancement in velocity due ~o the presence 
r . 

, of the other bubble. 

. ' 
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Since the trailing bubble has relatively little influe~ce on 

the ,leading bubble (see preyious two sections) we can write for the 
• 

leading bubble 
l ' 

(5.1) 

or 

(5.2) 

, 
-' 

Thè trailing bubble is strongly affected by the leading bubble and thus 
, c 

UB - UBi + W (5.3) 

" or 
v dXB • dt - UBi + W (5.4) 

where W is "the V'elocity in the wake of bubble A at the location of the 

nose of bubble B. Sinc~ only in-line interàctions are considered. W is 

t~e centre li~~wake velocity. It varies with th~ nose-to-nose separa

tion distance between the bubbles, L: 
,-

; 
(s.sj" 

-The ~alidity of the propos~d model wbich invokes the principle 
. -

of superposition is tested as follows. The experimentally measuredo 
4> 

centre-line wake vel~city for the leading bubble of the coalescence sequence . ' 
" 

shown in Fig. 5.3 was presented in Chapter 4. (see Pige 4.~7); A sixth o~~r 
, 0 .,. 

polYB~mial was fitted to these data to represent the variation of W with ~ 

~ 

1 
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between point F* and G shown 'in Fig. 4.27. Using th~s information, 

Equations (S.2j and (5.4) ,were integrated numerically using the fou~h, 
-~ 

order Kutta-Merson techniq~e (Lance 1960). The predicted trajectory of 

the trailing bubble, shown in Fig. 5.3:*is found to be in excellen~, 

agreement with the experimental data-thus,supporting thé prinèiple Qf 

superposition. 

A further test of the principle of superposition is shown in 

Fig. 5.4 where the measured centre-line wake velocity behind the leading 

bubble (see Chapter 4, Section 4.5.3.2) il plotted against downst~eam 

distance in dimensionless co-ordinates and"compared with the apparent 

wake velocity as experienced by,the trailing 'bubble. The apparent wake 

velocities were determined from ciné films of 23 coalescence sequences' 
o 

with various combinat ions of leading and tr~iling Pubbles br the fol-
'._ 1 

lowing method., The positi~ versus time data or the trailingsbubble 

were differentiated numerically by the "moving strij) technique" (Hershey 
dXD !!.!l- 1967; see Appendix 0 for de,tails) to obtain, dt - UB, the effect,ive 

rise ve~ocity of the trailing bubble. SUbtract~ng from this ,the rise 

velocity of t~ t~iling bubble in isolation; UDi' the ap~rent wake 
..... ~~-

velocity,'Wapp~ was obtained' (see E~ation (5.4)). The apparent wake 

velocity' was rendered.dimensionless vith respect to the rise velocity 

of the lèading bubble in i$OI~tiOn, UAi, and then plotted versu~ the 

dimensionle,ss down~tream distance, L/de, where de ts the eqUivalent sphere 
ù -. ..: 

di~me~er of the leading bubple. the results for ReA :anging from 14.6 

to 70.7·and ReB ranging fro~ 9.9 t~iis~ar~ shown in series of Figs. 5.4(a) 

~ 

* ~int F in -Fig. 4.27 shows the position of the horizontal plane th~t " 
cont.hins ,the stagnation< ring of the toroidal wake of the leading bubble. The 
time when the npse of the fpllowing bubble reaches thi! point is aiso 
indicated, on Fig. 5.3 by point F. ' 

• 1 

** Similarly, predictions:for coalescence vere a1so obtained for a11 the 
other coalescence experiments a~d fairly ,cod agre.-ent vith the experi-
Bntal data WBS observed. 

" 

.1 
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FIGURE 5.4 CO!pa~ison of the Apparent Wake Velocity 
as Experienced by the FOllowin~ Bubble with 
the Measured Centre-line Wakeelocity 
Behind the Leading Bubble 

No. ReA 

a 70.7 

b 34.4 .. 

c 29.2 

d 23.1 

:e 22.7 
, , 

f 19.2 

g 14.8 
""; . '. 

h 14.6 

'. 

.,t'lJ'-.f 
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Section --
measured centre-lin~ wake velocity oùiside toroidal Wake} tsee 

measured~entre-line wake velocity in~ide toroidal wake 4.5.3.2) 
, 

Narayan~ !!.!!. (1974) .. 
. 

Crabtree and Bridgewater correlation (1971) 

. . 
~ 1 

Note: Experimental position of the stagnation points Band C a~ weIl as 
r 

point F i~dicating the position of the stagnation ring, ate also 
--

shown in each figure. 
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~ig. 5.4(a) includes the resul~s Qf lour repeated coalescence 

experiments and demonstrates,the reproducibility of,the data. The 
, 

scatter is due to errQrs which are inherent' in any analys~s which 
/..... .. ~ IJ 

involves differentiation,of experimental data. Prom Fig. 5.4(b) to (h) . - , \ 

lt.is observed that within the scatter of the data there,is no effect 

of the ~ize of the trailing bubb1e on the apparenf wake /velocity. 'lbe 
\ . / 

finding of Crabtree and Bridgewater (1971) that the .pparent wake velo-
1 • 

\ city is greater for larger trailing bubb1~s is not substantiated. Dy , 
1 

. comparing the results of Fig •. 5.4(d) to ~e) and Fig~ 5'~4(g) to (h) Where 
, ! 

the ~eynolds n\Ullber of the ~eadi~g bubbl~ is alm~5t i,d~ntical we conclude 
. " ,. ! 

that the apparent wake ve10city exp~rience~ bY the trailing bubble i5 

only a function oi the Reyno~ds number of the leading bubb1e. 

'Narayanan .!l!! (1974) pre~ented their cO~lesç,ence resu1ts , 

for equal sOize bubb~es in graphical form (see. tpeif Fig. 7). -These data 
, ,1 , 

~ere, mterpola~ed at the appropr~ate Reyn~ldS n~'er, and the results are 
, 0 

inèluded in Fig. 5.4. \ 'lbeir ~esults compare quit,~ well with the present 
, , 

experimental'data. 
~ 

Crabt~ee and BriJgeWa~er (1971), cQrre,lated their data on 
1 \ 

èoa1e5cence of spherical-cap bUbb1es with Re -,40 to 90 by 

!!E? 
,~-
'. 1, , 

.de 
3.1 L 

" 
Mhieh·they élatm i5 valid for L/d - 2.5. !bis correlation is also 

. ", - e 
, - f~ • 

Inçluded in Pig; 5.4. It show~ good agreement with ,the present data at 

. _ R~ .;. 76.7~,· (iee Fig. 5.~(a)) but ~erpredicts th.e apparent wake velocity 
1 ~ - ,. "'" 

1 ; • tk .. 

at lower Rè,-the ov~ediction,inereasing\with deereasing Re. 
~ ,....6 A ,~ \" • 

~ -, 
l '" 

.< 

, 

, J 

~ 

1 
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> The 'above results. provide ample evidence for the val'1dity of' .. , , 
~ , 

the simple principle o~suPerpQs~tion for the.int~raction of two in-line 
, '" 

bubbles. Predic~ive coalescence,models using this prlneiple ~ill be in 
, ' 1 

,ood agreement with the data if'a,realistic veloéit~ fi~ld ~s used.' 4 more 
. ~ 

complet, coalescence model.should acèount for the effeat Qf the defdtma-

tion of tne trailing bubble on its rise V~lOC~~y and the changes in the 

flow field when' t1e trailing bubble approaches th~ ~ke of the lead,ing", 
\ " 

bubble. but in view of the present findings the additional complexity 

may not be justified. 

.. 1 
5.5 Conclusions 

.~ ~ .. 
1. Two different modes of bubble interaction are~observed 

, .' . ~. 
depending on the nature of th~ wake. of the leading bubble •. When the 

• \ > ' -

leading bubble has a closed~ steady, axisymmetric, toroidaJ wake (Re ~ 110) 

the bubbles remain in-line,~nd the cdalesc~nce is reproducibl~, ~t when 
, " 10: • 

'the leading bubble trails an' open, unsteady. asymmetric wake accompanied 
...' . \ . '\ 

by vorteJC shed4~ng (~e ~ 110) the tfailfng, bubble wanders and the coales-. 

cence sequence b' ... rlot reproducible. ~ 
o " 0 

~. The trailing bubble has relatively litt le influence on 

the velocity and the shape o~ the leading bubble~ but the wake of ~he , , 
\ J ~ • 

leading bubble has a signifiçant effect on ,the velocity and deformation 
• - 0 

- . -
\ ,~f the'trailing bubble~ The simple prïnciple of superpos~tion (~eglecting 

. 
deformation of.tbe t~iling'bubble) give~ B-Rood description of the inter-

) 
,J..-, \ ' 1 • 

'\ . 
'action of two in-line bubbies with ReA'~ 110., P,~edictive coales~ence 

models using this pi'inciple wi'll be in good agreemept with the data if a 
b 

,', 

realistic velocity field i~ used. 
~ ,1 ~ 

-i 

" 1. 
" '. ., , 

; . ~ (
' 

\' 
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.. 
. ( 

\;J. The apparent ~ake velocity experienced by the trailing 
\, 

Qubble is only a function of the ReroldS, number .. of the leading ~bble. 

4. 
1 

The behaviour ôf the bubble formed by coalescence depends 
' .. 

on the viscosity of the iiquid as weIl as the size of the' interacting 
1 

bubbles. 
/ 

\ . 

• 
" 

, 0 

" 
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CHAPTER 6 \ . 

SKIRTED BUBBLES AND DROPS 

6.1 Introduction 

Bubbles rising in high1y viscous liqùids have been rep.orted to 

trai1 very thin sheets of gas, often referred ~o as "skirtsJ" from -the 
\ J cl. 

p,eriphery of theïr rear surfaces (Jones 1965; Angélino 1966; Davenport 

!!.!.!. 1967,; Guthrie and Bradshaw 19~9; Calderbank .!!!!. 1970; ,Wegener 0 

"!!.!.!.197l; Wairegi 1974). Similar observations have also been made for 

~iquid drops rising or falling in vis cous liquids (Thomson and Newal1 

1885; Shoemaker and Chazal 1969; Wairegi 1972, 1~74). The existence of 

, skirts has a strong effec~ on heat and mass transfer processes because . . 
th~ con~act area between the dispersèd'phase and the continuOUs phase is 

marke41y'increased and because the f~ow conditi~s behind the bubbie (or 

drop) are changed. .Three aspects of ski~s are considefed in this chapter: 

Ci) incipience of skirts~ (ii) skirt thickness, and (iif) skirt lengt~. 

6 2 Literature Review .. 

~ The work of Guthrie and Bradshaw (1969) wa~ the first theo~etical 

treatment of skirts. The thickness of the skirt was pr~iC~ed by assumil!$ 
• " ... -r .. _q;: ~ .. 

~iscous flow insid~the skirt and- then by equating' the hydrostatic pressure 
1) t.. '" 1 

, incrèase in the liqu~d ~tside the' skir;t to the press~~e inére~se in~ide - " 
.-, 

the skirt due to the gas moti~. The gas in the skirt was treated as a 
" 

two-dimensional pOise~l~e flow, ~~,th~,skirt w~ ~idealized ~s a \Slabo 

The sUrt :hicJcndS. A. was shown ~o be: '," , j 
. \ ' 

.. 

î> 

.. , 

.. 

Il 
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~~ 'l'fi! 

â '-ftfi (6.1) pg 

or ,1 

_j6lJ. 1U --1) I~.~.~~ 

â (6.2) 
(' 

pB , ... 
'\ 

Equation (6.1) is )Pp1icable where the wak~ enclosed by.the s~irt is 

stagnan~ while Equation (6.2) assu~es a recirculating wake' with ~hè 
. ~ 

'1iquid ve1oci~y down the 'inside surface of the skirt being equal ~o that 

of th~ liquid flowing'down the outer surface of the skirt. By ingeniously 

c trapping the gas skirts'they found the skirts to be extremely thin, of 
> • 

. order 40 \lm'J' j,n rea'sou,ab1e agreement with the theoretica1 values pre- , 

:"dicted. bY"Èquations ,(6.1) and (6.2). Wairegi and Grace (1914) modified 
" 

the,Guthrie anœ Bradshaw treatment by'taking the skirt to be an annuiar 

cylindrical shell. For physically realistic cases their prediction is 

~ 

_ r , - _ 

not significantly di'ffèrent. (less than 1%) from that of Guthrie and Bradshaw. 

A criteria for' the ~ncipience of ~ki~s behind spherical-~ap 

bubb1es was.proposed by.Wegene~~!l (1971). the pressure due to the 
~~l~~ .1 > 

flow at the rim of thé bubble was estimated:by assuming a two-dimensiona1 
... ,;.. 0' 

o • \ 

creeping.flow at the corner'formed by the bottom surface of the bubb1e 
, l ' _ 

and the boundary of ~he circulating ~ake at the rim of the 'bubble. This 

flow was match~d ~~ tpe bub~le edge to the outer flo~ v~locity given by 
. ~ ~ '-

potential flow (see ~·;6.1)., It was postulated that a skirt is formed 
: ';~ 
" -

when the normal viscous'force at the rim of the bub~le cannot be ~a1anced 

by 'the . ~ace tt_ion' forée •. ~p~iCation of thiS criteria gave, '~he 
critical bubble ~e veloci~y for the onset of a skirt, Uc ' as 

" 
" . 



t' 

, ~, 

" , 

r ... \ 
where ~m is~the semi-included angle. This equation was tested ~r bubbles' 

in mineraI oil over a sma11 r~nge of viscosity (~- 2.05 P to 2~9 P) and 1 

favourable agreement was shown. Wairegi and Gr~ce (1974) applied the 

b ' " th~ory of Wegen~;t~!l in terms of the corner angle, ~, and ~he yelocity 

at'the bubbie ~urface, qo' unf~rt~atelY, they ~de a~ e~or ;n~equ~g 
" ~ • J 

• 1 

the forces*at the -corner an~ w.ere led to' proppsê an empiricàl"expressioll 
Cl 

for qo·to bring their predictions into agr~ement with the experimental data; 
, . r 

1 'Wairegi (1972',1974) made, ex~erimental observatiQJl~' of' 5kirt.~d 

dr~s in a large number of systems of varying physical prôperties. Th~ , 

" onset of ~he skirt was founq to depend upon a dimensionless numb~r oalled-

the "skirt number", Sk - Wla - We/Re*., and the Reynolds Number, Re. The . . 
existence of flow in the liquid skirt was confirmed by observation of·th~ 

., l '" lI(â. 
• • 1 ..t. 

motion of solid trace~ particles dispersed in the drop phase; however, .' . ,~ 

_comple~e flow patterns inside the skirt and atcurate vèlocity measurements 

." q 

.. 

. . ~ 
were not [possible. A' theoretical treatment of the trpnsition 'from a stable 

to a wavy skirt was also initiated and reasonable qualitative 
.. r'~ 

with the. 'theory was demonstrated.· 

6.3 Objectives 0 • 

It is obvious ftom the I)above review (that· our 'under~ta~ding of" 

the" skirt phenomena lis far ,from complete. The :.thfor: of )fegenèr !l ~ 

, a 

~ * The ski±t number is a measure of the relative magnitude of vis cous 
and interfacial tension forçes.,_ It has been referred to as the" capillarY 
number,~Ca.', in the litl!'rature dealing w'îth free coating.. of fiat tnafes 
(White and Tallmadge 1965) and petroleum recovery problems ,(Scrive~i11974). 

-1 

.. -, 4 ~' 

. ,~ ' .. . . 
1 

, . 
, . ... 

'. 

.' 

, . 
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(1971) can explain the occurence of skirts behind spherisal-cap bubqles 

at high Re (Re ~ 45) but fails to explain the incipience of skirts behind 

th~ oblate-elliPsOidat-cap bubbles observed in relattvelY high M liquids 

at low Re (Re ~ 45)' (see Section 6.5.1). the first objective of the work 
t . 

reported in this chapter was to extend th,is skirt incipience model to an 

oblate-ellipsoidal-cap bubble (or drop) with. an indented base. and to use 

this model to explain the experimental data. ~ 

« 
The second objective was to explain why the skirts behina 

bubbles appear to ~e quite thick and of almost constant thickness in 

contrast to the skirts behind drops which appea~ to be comparatively thin 

and which exhibit decreasing thickness with length (compare, for example, 

the photograph in Fig.6.l0(2) with that in Fig.~17(2)). 

Thi~ly, the factors that control the length of the skirt were 

to he explored .. 

The final aim was to collect more experimental data and to test 

the theories and hypotheses propo5eà in the present'work. 

6.4 Theory Q . , , ' , . 
6.4.1 Skirt inc;pience theory 

1 , 
The ca-ordinate system is taken to be flxed to the moving bubble 

-
or,drop, thus the continuous liquid appears to be moving downward with 

a ve-1ocity U equal to the terminal rise/ velocity. (see Fig.6.l (a)). Consider 

the flow in'the corner formedoby the lower surface, OA, of a bubb1e or 

a drop and the wake boundary, OS (see Fig.6.I(b)). Inside this corner . , 

in the neighbourhood o~-O, the flow i5 assumed.to be two-dimensional and 

inertial forces are neglected compared to viscous forces. The f10w in 

~ 
~ 

~ 
" ~ 
; 
~ 

J , 
. ,) 

" l 
1 , 

" 

i 
~ 
J. :j 

~ 
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1 
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such a corner can be described by a stream function of the form (Moffatt 

1964; Batchelor 1967): 

1JI - rf(a) 

which must satisfy 

where 

hence, we require 

"'t ff 
f (a) + 2f (a) + f (a) - 0 

The solution of Equation (6.7) is of the form 

(6.4) 

/ 
1 
1 

(6.6) 

(6.7) 

(6.8) 

where cl' c2' c3 and c4 'are the constârits to be determined from the fol

lowing boundary conditiOns. 

(i) Since a - 0 is a streamline 

f(O) - 0 \ (6.9) 

• 

l ' 

1 : 
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(H) Since a - ~ is a streamline separating the outside 

flow and the wake 
~ 

, " 

f(+) - 0 (6.10) 

j 
. 

(Iii) Por the cases where the dispersed phase viscosity, 

, \Jf « the ,continuous phase viscosity, lJ, the ~angential 
, " 

stress'along the base OA"i.e. along a - 0, is negligible. 

Hence~ 

f"(O) -' 0 (6.11) 

(iv) Along the streamline, OS, the external flow imposes a 
1 1 

velocity, qo' on the liquid in the wake, hencé 
'\ 

(6.12) 

With these four boundary conditions the con~tants in Equation (6.8) are 
-

determined giving: -, 

f(a) - -
qo(acosasin, - .c~s~sinâ) 

, - sin~cos(j) (6.13) 

Prom the streamfunction, the normal stress on the bottom sur-

face, a - 0, can now be obtained as 

'(6.14) 



, . 

t 
' fi 
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ThiS normal stress must be balanced'oby the surface or-interfacial tension 

stress, afro' hence 

cr -r' 
21Jqosin, 

- r(4l - sin4lcos~~ (6.1S) 
o 

.. 
where cr is the surface or interfacial tension lmd r is the radius of o 

curvature of the interface • .. 
From Equation (6.l5)-we see that as the edge is approached 

(i.e., r + 0) the radius 9f curxature, r o' decreases. A skirt will 

appear if the radius of curvature becomes so small that it is not pos-

sible to join the base and the frontal part of the bubble (or drop). 
\ 

Thus, the limiting condition for t~e appearance of a skirt is achieved 

when the base and the front çan just be joined by a circular ~rc BA (see 

Fig.6.1(b)) so that 

ro _ r tan QÔA - r tan(iBÔA) _ r tanQ!;c!J) 

••• ro - r cot (~/2) 

Combining Equation (6.15) and (6.16) we get 

\lqo 
a -,. 

~ ..: sin~cos~ 
2sin,cot(~/2) 

(6.16) 

, (6.17) 

,1 

At the VOlUDeS for which skirts first appear bubb1es and drops 
\ 

have been observed to be spherica1-cap or oblate~11ipsoida1-cap in shape , . 
(see'Fig.6.10). For these shapes the s~rface veloc~ty at the edge of the 

bubble or drop may be given by: 1 

" 

, 
" t . ., 

". i 
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,r 

. -,'~ ,\ 
-!r-~;}' \1 

- (6.18) qo -; Ko Cl1':!·;, '5.t;.· 
t; 
~, 

Ko - sha e-~nt surface velocity coefficient for potential ' 

(see Tab e,6.l) and Cf - correction factor for departure from poten-

tial low,. 
1 

Co irtation of Equations (6.18) and (6.17) yields 

(6.19) 

r-

I 
of/refra~tion of light at the outer surface it is not tossib1e 

1 • 

rvfo·the exact shape of the indentation, especially near the bubble 
/ ' 

rim (5 ~Fig.6.10). Hence~·it is pra~ticallY impossible to determine the 
'~>, 

corner angle, ~',with acceptable accuracy. To ~ir~umvent this problem 

impIe sha~es ror ~he bubble base are prQPosed which permit calcu-

f values of,the corner-angle, ., and hence, sk. These idealized 
, 

shapes a d the correspanding equatiobs for ~ are summarised in Tables 6.3 , 

and 6.4. " 

From Tables 6.1 to 6.4 it is clear that ~ - f(a ,b/a,shape of m _ 

, the indentat~on) and ,Ka - f(am,b/a). _~t wa~ demonstrated ~n ~apter 3 
"-

Ii? that the shape parameters Sm' and b/a as weIl as t~e size of the indenta-
, 

tian are a f~nction of Reynolds Numb~r, Re. It is also"reasonable to 

assume that the correction'fac~or, Cf' is a function of Re with Cf < 1 

-for low Re and Cf approaching unit y at high Re. (This is shown to be 

true in Section 6.5.1.) , Thus we expect the right-hand side of Equa~ion (6.19) 

to be function of Re, whereas the left;'h~nd side i5 simply the skirt 
l,-

number" 51<.. f. 
)'"6 

>. 

./ ~~- - , " ?' ....... , 
- 1 

'" ,./\ / 
1 

',:: .- ... "'1" 1· - , 
" l 

, 1 
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/ 
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TABLE 6.1 Surface Velocity. qo. fo~Potentia1 Flow Past Bodies of Various Shapes 

---
qo - CY.oU 

where U free.stream velocity -
K~ _ 5hape:ae~endent surfacè velocity coefficient for PQtential f10w 
Cf' - correct~pn factor for departure from potential flow (Cf _ 1 for potential flow) ,f' 

-
Shape K Reference 0 < , 

spherical Ko - .! sina - Davies & Taylor (1950) - 2 D 

- - 3 . 
, 

~ 

oblate K e S1n!) , 

---- Wairegi & Grace (1976) - (Sin-1e-e/1-eZ){(1-e2)sin2n cos2n11/2 eliipsoid 0 
, -

1 
, --; 

3 . , 

prolate K - e S1nn Grace & Harrison (1967) 
ellipsoid 0 (e-(1-e2)tanh-1e){sin2n (1_e2)Cos2n1f72 

/ 
, 

. 
ft _ (b)2 . - ~~ .. ." where - e -. a • 

. , 
semi-major axis a -

b - semi-minor axis 
-

'" 
,- Por definitions of a-and n see Table 6.2. 

"', , 
_>-L -/ 

~ !t , 1 
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TAlLe 6.2 R.latlCD.hlp betw .. n Eccentrlc An,l.,n, and th- An,l. 
ililïâsui'id 'rOll th. Front Stapadon Point, a ' 

" l, 

Shape 

(a) .ph.riul ,,-a lm all a 

li 

(b) oblate 

.ll1pto1da1 - -;,-t-.. 
IL r----r \ .' 

b 
-1---~---1 

, !" , 
1 ~,-.:.- ......... '" 

261. 

/' ;- \ 

~ '\ "-
a aux1111uy -Fo---------~---------_l circl. 

(c) 
.Ulp.o1da1 ,.' .. 

a : . . 
.... / 

, 
t 

prolate r--
-1-. -+-~ ...... -t..,.. 

Il 

1 

"- - 'tan-1 (l'ana) 

n - .-tan-l[~(.-a~ 

" 
" 

\ 

, 1 , 
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TAlLE 6.3 Corn.r Anal •••• for Oblat. !lllp.oldal Cap at Oni.t of Sklrt 

Shape of th, .... • 
\ (a) Plat Sine. OS i. a tanlent to th •• 111ptieal surtae. at 

th. bubbl. or drop ed, •• O. 1t follow. from ,t08t
trlcal proptrty of .llipl': 

1 
1 ••• 'n~ lndeniaUon 

(b) Sphe'(ical 
indtntaUœ 

(e) s..1-.111psoldal·· 
indentation v~th 

a f _ se!!d-.' or axil 
c - .ani-~or axil 

il' 

• - AÔS - .f wh.rt 

.f - tan-ICJ!un")· . a 

.f - · - tan~l(~an") 

• - lÔs -

• - !ÔS - "ÔS + Et.\. - .f + '1/2 

/" 

for Il > 90 . 

for Il C 90 

• .ecentric ADII. Il 11 rtlated to th •• t~-lncl an,lt. e •• br .quatlonl li.t" in table 6.2(b) 
•• indentation of thil shape i. iapol.iblt for a < 900 \ 

ff 
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(a) Flat base 

tt-

TABLE 6.4 

Shape of the Base 

Corner Angle.,.for Spherical Cap 

, 
1 
1 

J 1 

-
• -- AOS 1f - e m 

, 
\ 

, 1 
.... -,-

" / ..... ,./ 

-'-- -

-' -

+ - BÔS - AÔS + B6A 

• 
... 

(b) Spherical 
indentation 

,. - 1f _ am + sin -1 [2 (c'l a ' ) ] 
- Ll+(c'la,)2J 

, J 
, 1 , / 

..... / ,-
-,-...- .". ,. 

,.4 
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,1 

[' 

If the bubble (or drop) is a spherical-d p w~ih a flat base and 

the extenlal flow is potential flow. then \"1 

~ - 'IT - e m (6.20(a» , 

\ 

1 1 

(6.20(b» 

and 

(6.20(c» 

1 

On sUbstituting thes, three equations inte Equation (6.~9) we recover 

Equation (6.3) which was derived by Wegener!!.!!. (1971)1. 

6.4.2 Skirt thickoess theory 

Consider a ski~ted bubble or drop, the outer urface of which 

can be represented by a spheroid. We introduce a curvi inear system of 

co-ordinates on the outer surface as shown' in Fig.6.2. The velocity 

components parallel and normal to the surfac~ are denot d by u and v, 

respectively. Let the terminal yelocity. U, and the ma imum width of the 

bubble or drop, w, be the charact'eristic velocity and the characteristic 

length.,respectively. ~ince ~he non-dimensional skirt lhickness is expected 
1 

to be very small, i.e. ! « 1 (Guthrie and Bradshaw 1969) and hence th~ 
w 

velocity gradient normal to the surface, ~, is very large, the flo~ of 

the dispersed phase 'inside ~he skirt is described ~y the following,boundary 
, 

layer equations, which &rre identica1 to those for a boundary layer on a 
• 

body of revolutdon CSchlichting 1968). 

\ \ 

1 

\ ; 
Il 

" 
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h - 0 o 

(2) The Most probable direction of the flow is shown on the 1eft ha1f. 

,~, 

FIGURE 6.2 "Co-ordinate System' for Skirt nlickJ1ess Theory 
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C' 

(6.21) 

L(ur(x)) + -}-(vr(x)) 
ôx oy 

o (6.22) 

1 

Here the contour oftthe body of revolution is specified by the radius 

r(x) of the section taken normal to the axis of symmetry, and p' an(ii 11 

are the density and the viscosity of the dispersed phase, respectively. 

An order of magnitude estimate of terms in the equation of 

motion in the y-direction 0 shows that the pressure gradient in the y-

direct~on i5 negligible compared.to that in the x-direction and thus the 

external fluid pressure is impo5ed on the di~persed phase fluiô' in 'the 

skirt • . (. 

If the flow i5 steady and fully developed within the skir~ (the 

" latter is an approximation at either end, of the skirt) and inertia terms 

are neglected, Equation (6.21) simplifies to: 

dP 
dx - -lJ 

2 
,d u 

dy2 
~6.23) 

The velocity ~ofile for the Vi5COUS flow within the skirt. and 
') 

the corresponding skirt thiC~isS may now be obtained by solving 

Equation (6.23) usin$ approprïate boundary conditions. 

Fig.6.3(a) shows an ~nlarged cross-section of the skirt. The 

skirt is assumed to enclose a recirculating wake with the liquid velocity 

down the inside surface of t)le skirt being, qi' and the ve.locity of the 

liquid flowing down the Quter surface of the skirt being, q. Since there"' 
1 \' ,0 

~~ ;;J l' • 

is no net flow down ~he 'ski~t if the 5kirt is not growing, the velocity 

near the center of the skirt i5 directed upward. The boundary condîtions 

are: (1) aty-O, u-qo (il) at y - -A,' u -qi 

( ~t ; ... :; ,'i$AN44it.,.o;JU;S:4S i Ei. e ------
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(a) Most likely velocity profile (0 < qi < qo) 

" ! 

0tt1 

wake 

(b) Recirculating wake (q~ - qo) 
• 

, 
(c) Stagnant wake (q. - 0) 

1 

y --A 
waxe . 

external liquid 

external liquid 

L-.___---r y 

x 

external liquid. 

x 
FIGURE 6.3 velocitt Profiles for Dispersed Phase Flowl 

Within Jëirt 
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the above 
Inte~ing ~qu.tion (6.23) t~::;:·With~S;;;.ét to·y and ~:~8~ 

boundary conditions gives the veloci~y profile in the skirt: 
è 

1 dP 2 l. 'f 
U - w di(Y, + yA) + A (qo - qi) + qo 1(6.24) 

Under steady state conditions, the net flow rate across ~ny 
l' /o~' - . .." 

cross.:section of the skin-I i5 zero, i. e. 

10 udy - 0 
-A 

" 

(6.25) 

Subst'ituting for u from Equation (6.24) and integrating we 

obtain the skirt thickness, A. • • 

A - (6.26) 

--
Since it would be .extremely difficult to ~easureJ q.,-we con-

, 1 

sider two limiting conditions which should bracket the actual case. ' 

For the recirculating wake with qi - qo (see Fig.6.3(b)), the 

skirt thickness is given by: 
- , 

(6.27) 

1 
For the stagnant wake, qi - 0, (see Fig.6.3(c), hence the skirt 

'" thickness reduces to: 

" 
, . 

(6.28) 1 

~'-

We will now consider the various ~hàpes for the skirted bubble's 
• 

and:drops that are encountered in practice (see Fig.6.4) and show how the 
, l , 

shape affects the predic~ed thickness through the terms qo and ~. 
, 

'1 
.1 

, , 

'-

" 
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(b) Prolate 
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. (c) Spherical 
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(d) Straisht Skirt 

FIGURE 6.4 Various Shapes for Skirted Bubbles and Drops 
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Consider first the oblate ellipsoidal skirted bubble or drop 

shown in Fig.6.2. If the flow external to the skirt,is taken' to be 

potential flow, Bernoullits equation'may be applied between the front 

stagnation point, S, and any othet point, A, on the outer surface to Five: 
1 

P - (6.29') 

\ 

where p and q represent the total pressure and the surface velocity, 
o 

1 respectively, at a vertical distance, hOJbel~ the front stagnati~n poin~ 
where ho - 0, p - PS and q - O. ,0 

Note that the pressure, P, in Equation (6.23) is the modified 

pressure such that 

··'Î 
(~.30) 

_ :' where p' an~ pt are the total pressure and the density of the dispersed 

phase.~ respectively. . 

.' : 1 Since .. the l'S-dius 0; eurvature ~e outer surface of .the bubble 

or drop is quite large, the pressure difference due t~ int~rfacial !ten~ion 

can be ignored giving P- pt. Combination of Equation (6.29) and (6.30) 

yields 

P - (6.31) 

From the geometry of the ellipse (see Fig.6.2), 
) 

\' 

i 
1 

" 

~ 
'1 
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ho - b(l cosn) (6,.32) 

\ 

The surface ve1ocity. q • for,a potential flow around the oblate , 0 

'ellipsoid is related to the terminal velocity by the equation listed in 
. ~ 

Table 6~l. The terminal.velocity, U, of the bubble\or drop is in turn 
, ' 

related to its shape as shown in Table' 6.S. 

dU US -

Substituting the appropriate relations for q , U and Equati'on (6.32) 
1 0 1 

in Equation (6.31) yields the pressure distribution inside the skirt,(i~e. 

for ec < e < es) : 

that , 

(P-P ') sin2nbg 
~ - p + (p - p')(l - cosn)bg - --~--~---=--=--

s. 2{(I-e2)sin2n + COS2n} 
••••• (6.33) 

For the ellipsoïdal co-ordinate system it can readily be shown 

.2ll_ 
ax.. 

! 
1 

a [Cl_e2)Sin2 n + cos2n] 1/2 

, 1 

". 

.... 

o 
(6.34) 

Noting tnat the pressure gradient tangential to the outer sur-

face is given by: 

1 
1 

dP ~.!!l. , ,Tx - an ~ 3x. , (6.35) 

we finally obtain 

. J' , cosn 
2 . 2 2 2 

[(l-e )s1n n + cos ~ 
....... (6.36) 

,,' \ , 

"" 
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'\ 'TABLE 6.5 Relationship between Terminal Velocity of Bubble or Drop and its Shape 

-
Shape" 

(a) Spherical cap U -
--

0 

---
.. -

~) Oblate 
, 

U - -ellipsoidal 
cap 

". -

-"c) Prolate U -ellipsoidal 
cap 

- -

-\ / 
/ 

. 
/ 

-

'. 
. 

Here e - h_~)2 

-- Terminal Velocity, U 

1 ftP-P'lgR 
3 p . 

-

------ . 
-

. 
• 

-1 ~ sin e-e l-e /(0-0 'Lob 
3 e g 

e 

, 

-

-
h-:2 2 -1 1-0 e-(I-e )tanh e J'(p-P')g~ 

e3 P 

--

-." 

-.~ 

" . -

'-1 "'" zJ> .... )_ L 

Reference 

Davies and Taylor, (1950) for 
bubbles where (p-p') ~ p 

Harrison ~ al. (1961) for drops 

--- , 
• 

Wairegi and Grace (1976) 

-
r- -

".0 y - , 

J 
1 

Simple extension of treatment br; 
Grace and Harrison (1967) for, 
bubbles . .. 

-
co. 
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" Substitlit'ing for q from Table 6.1 and ~dP from Equation o 1 x 

into Equations (6.27) ~nd (6.28) we get the skirt thickness 

\ 

and 

12lJ'U 
Tp-p ')g 

6H'U 
(p-p ')g 

for the recirculating wake and the stagnant wake. respectively. 

Here the "shape dependent thickness coefficient", F,- is 

• 

273. 

(6.36) 

(6.37) 

(6.38) 

a 

The poterttial flow assumption for the external flow is expected 

to give the upper limit for the actual flow. Hence, if we introduc~ the 

~orrection factor, Cf' which corrects for the deviation f:om po~~ntial 

flow, the skirt thickn~ss for the recircu1ating wake and the stagnant 

wake are given by: \ . 

A 
l2Cf lJ'U 

(6.40) 
(p-p ')g 

and 
j6Cf P'U . 

â - F (p_p ')g 
(6.41) 

respective1y. 

By app1ying a simi1ar theoreti ca 1· treatment to prolate and 

spherical shape skirted bubbles or drops, we can obtain equations an~logous 

/' 

""> ~~, to those obtained above. The reSulting equations are summarized in 'Tàb~e 6.6. 
• 

i . , 

i 

J 
, 1 

J 
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TABLE 6.6 Summary of Relations used to find Skirt Thickness for Various Shape 5 \ ' LJ } 

-
cd 

\ ::- - .... ~ ,-
. oblate ellipsoidal prolate ellipSoidal spherical ~, 

ho b(l-~osn) a (l-COS") R(l-coS'n) 

an 1 1- 1 

ax [ 2 2 - 2 ]1/2 [2 2 = 2 11/ 2 R a l(1-e )sin n+COS n a sin o+(1-e )cos 'lJ _ . 

- 1 

'P Ps+(p-p ') (l':'cos,,)bg Ps+(p-p') (l-cosn)ag Ps+(p-p') (l-cosn)Rg 

o _ bg(o-p')sin2n' _ ag(p-p')sin2n " ~Rg(p-e')Sin2" ._ ! 

• 2 2' 2 2{ 1 sin2n+cos2n} ,. 2 
2{(1-e )sin n+cos n} , (1_e2) ~ . 

, 
.. 2 - i 

dP A(Q-o'lglt: siftn B(p-p')gsinn> i 

di' r. 2 2 211/2 i [ • 2 2' 2 ]1/2 (p-p')g(l-cosn)sin" 
~l-e )sin n+cos n - ,1 S1n n+<l-e )cos n 

o 

p [ e
3 ' ]1/2 [ e

3 j1/2 [3 11/2 . 1 , -
. 2 -1 2 - .2(I-cosn) 

l1-e,,~sin e - elî-:è)A [e-(1-e
2
)tann-1eJB , 

• - 1 

Mhere wh;re . 1 

, 

A - 1 _ COs" B _ 1 _ ! cosn . 1 

[(1-e2)Sin2nfocos2nJ 2 [l_:2sin2~c,os2n r _ _ 1 

____ ~_ _ _____ ------.J 
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The relationships for the oblate and for the prolate shape, reduce to 

t 

those for 'a sphere when a - b - Rand e - O. / 

The theory of Guthrie and Bradshaw (1969) is a sp cial case 

of the present theory. They assumed the bubble skirt to be vertical 
\ 

slab (see Fig.6.4 (d». For this cas,e, qo - U and ~ - pg;: hen' e, tpe 

skirt thickness equations (6.27) and (6.28) simplify to Guthr1e ·a~d .~ 
,"- r f 

Brad$haw's results, Equations (6.1) and (6.2), respectively. 
\ ' 

For a drop with straight skirt, qo - U but ~_ (p-p')g. 
, ..( . 

Subs~itution of these values in Equation (6.28) gives 

Il / 6u 'U 
- (p-p ')g 

(6.42) 

, Il 
\ which has ~ecentlY been used by Wair§gi (1974) for skirted drops • 

. \ The skirt thickness coefficient, F, is a measure of the vari-

ation of skirt thickness with angular position or length. It is clear 

from Table 6.6 that F is a function of the ~hape that fits the outer sur-

face.of the skirted bubble or drop. The skirt thickness coefficient for 

different shapes is plotted in Fig.6.S for SOO < a < 140°. This ra~ge 

\ 

of a, ;he angle measured from the vertical axis, cavers the values ~ 
for W~ich 'skirts have beèn,observed for bubbles and drops (see Fig.6.20~ 
and Fig.6.21). It is important to note that in aIl three cases where the 

1 \ 

. outer surface is curved (i.e. for sphere, oblate and prolate 'shape) tpe 
,- , , 

skirt thickness coefficient decreases. This implies that 'skirts become 
, , 

t~inner, with increasing skirt length, which-i~in agreement 
" ~-_..l-

mental obs~ations (see Fig.6.l7(2». 
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, . \ 
The rate of decrease in F and hence the rate at which the skirt 

thins is greater at smaller e and levels off~at larger 9. The skirt 
\ -

"thinning rate ts quite high for oblate spheroid of low aspect ratio, AR*. 

It becomes progressively smaller with i~creasingAR ~d in' the limit as 
\ , 

1 

AR +~, i_e.for astraight skirt,the value of F is constant at unit y indi-
1 

cating that tlte'skirt thickness remains constant. This latter coniluSion 

is in accord with the simple tb.ory of Gutbri. and Bradsbaw (l9Mli 

6.4.3 Skirt length theory 

It has been observed exp~rimentally'that stable skirts always 

,extend below the equator; thus the angle measured to the end of, the skirt, 

es is great~r than 90°. 
, 

We postulate that the length of the skirt is 
, 

determdned by the forces acting at the end of the skirt. For increasing 

es whenes > 900 , the surface velocity decreases and hence the viscous 

force decreases. On the other hand th~ surface tension forc~ incréases with 

increasing es because of the decrease in the skirt thickness. The length 

attained by a stable skirt is that where these forces are balanced. 
\ 

Consider a skirted bubble or droJf, the outer surface of which 

is a,spheroid. .< s'iiiiPle geometrieal model for the end of the skirt is 
""'& 

shown in Fig.6.6(b). Locàlly the ftow in the corner AES (corner angle _ +) 

. \ ist~SUmed to ~ tW~dimensional cr.éping'floW. 'Along tbe surface DS, tbe 

e mal flow impo$es its velocity, q , on the liquid in the wake. Thus, , ' 0 

*. The aspect ratio, AR,l is defined as the ratio of vertical/'jemi-aXis 
to,horizontal semi-axis, i.e. AR - b/a. 

\ f 

\, 

, 
" l 
,; 

1 

1 
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FIGURE 6.6 Co-ordinate System fo~ the Flow Aro~~d the End 
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the situation is very similar to that for the onset of the skirt d~icted 

in Fig.6.l and discussed in Section 6.4.1. By app1ying a similar theo- t 
retieal treatment the skirt 1ength criterion can be shown to be: 

l1U _ -cr 
(6.43) 

2CfKosin~cot(~/2) 
,/ '" 1 

\ 
which is'i~eniical to that for skirt formation, Equation (6.19). The 

I~ , 

value of K for'"arious shapes is given by the equations listed in Table 6.1. 
o 

We assume a rathe,r s!mple geome~ry ~\or the end of the skirt which 

enables us to relate the corner angle, ~, to t'e skirt :ermination angle, 

es' The tangent ES to the outer skirt su~ëe at the end of the ~kirt, E, 
l ' 

and the vertical line EA that is para11el to the vertical ax~s are taken to 
", , \ 

be the two sides of the corner 50 that ~ -AÊs (see Fig.6.6 and the sketches 

in Table 6.7). Th& relations between ~ and es for the different shape 
, ~ 

skirted bubbles or drops are listed in Table 6.7, and are self-explanatory. 

From Tables 6.'1, 6.2"and 6.7 it is clear that both Ko and 4> are 

re1ated to b/a and es. By substituting these relations into the genera1 

skirt length relationship, Equation (6.43), and putting Cf - l, i.e. 

\\ assuming the external flow to be pot~ntial flow, we can find tre skirt 

o 'l~~~ination angle, es' at a given skirt number, Sk, for different aspect 

r~,\o, AR. The results pf such computations are p10tted in Fig.6.7 for 

the range of aspect ratio 0.6 to 1.4 that covers the shapes for skirted 

bubbles and drops:encountered in.practice. 

For any giv~n bubble or d~op the presence of a skir,t does not 
" change the termin~l velocity (see Section 6.5.1.1). Consider a bubble 

\ 1 

released from thé bottom of the column. If it is large enough a skirt 

will start to grow~ Since the rise velocit~ 15 not affected br the 
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TAlLE 6.7 Corn.r Angl.!. , for Predietinl Skirt Length 

(Not.: SE! is tang.nt ta the skirt outer .urface at B wh.re the skirt end.; BA is perpendicular ta the 
borizontal axi •• ) 

o Shape 

(a) oblate 

lb) protate 

(c) apheri.ed 

JI 

ZA j 

• 
Froa leOMtrical propertl' of ellipse: 

Tl - 11 - tan- l ~,I-e ) a , 

S - tan-1c+aM) 
v 

Proll AAEB: 

• - 11/2 + S 

Pro- ,ea.etrical propertl' of ell!pse: 

11 'II - tan- l ~'II-e ) 
b • 

8 tan-Ic- !. cotn) a _ 

From AAE!: 

• - 11/2 + s 

.. 
5100 Sine. OEa 

S - 11 - 6, 

Pt'OIII WB: 

• - 11/2 + S !!.- es 2 

( 
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Theoretical prediction of skirt termination angle. es, 

for skirted bubble or drop of different shapes • 
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presence of the skirt, the skirt number, Sk, remains constant as the skirt 

groW5. The skir~ will grow until the surface tension force at the end 
\ ' 

" 
. . , 

of the skirt becomes large enough to balance the Vi5COUS force which i5 

trying to lengthen it. This critical condition is given in Fig.6.7 by 
- , 

that port:i,'bn of the curves to the l~ft of the minimum. * For example, the 

.theory p~edicts a skirt termination angle of 1240
. for an oblate shaped 

bubble or drop of AR~ 0.8 and Sk - 4 (see Fig.6.7). 

An important implicat~on of the theory is that skirts should 

exist only for bubbles or drops with Sk ~ 2.~. It is encouraging ta find 

that a11 the skirted bubbles and drops reported ta date have Sk ~ 2. (s,ee 

Fig.6.9). 

6.S Experiment!l Results and Discussion 

6.S.1 Skirt incipience results 

The critical bubble volume at which' stable skirts first appear 

was determined for aqueous sugar solutions with viscosities from ~.6 P 
! 

to 28.3 P. The results are presented in Fig.6.8, which shows that the 
. ~ 

critical volume 'above which skirts exist is' 'stl'Ongly dependent on the 

liquid viscosity. Tbese same results are plotted as skirt number, Sk. 

versus the Reynolds Humber, Re, in Fig.6.9. Data from earlier studies 

are a1so included for comparison. The physical properties of the.liquids, 

the column size ~d other pertinent "data are listed in Table 6;8. The 

experimental data are' aU well ordered with data for"higher M liquids 
~ ,\ 

* From the above reasoning ,it ils concluded that th'e' region to the right, 
of the minimum is physically impossible., 
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being progressive1y'further to-the left and higher up on the curve. 

From this figure we conelude ~hat 'skirts do not ,exist for bubbles having 

Re 1ess than about 9 or Sk less than about 2. 

Data on the ineipienee of skirts for drops are a1so shown in 
" 

Fig.6.9 for comparison., 'I11ese resu1ts differ sQmewhat from those for 

bubbles, possibly beeause the,variation or t~e shape of drops with Re May 
p , 

be different from that of bubbles and also because the internal flow of 

the highet density'and viscosity dlspersed phase liqu~d May be l~ortant. 
\ 

These data were a150 used to map the skirted bubble region on 
-

,the Reynolds Number. v.,rsus Botvos' Number plot of Fig.3.13. Using this 
, ~ 
l , 

latter figure it is possib~e to,predict either the critical ~ubble volume 
, , 

~ or the rise.velocity for the appearance of, a skirt in any l~quid. 

\ " 

l ' 
1 ~. 

The theoretical equation of Wegener et al (1971), Bquation (6~3), 

s~o the semi ... ineluded anglé, am' ror-:-p:ricar-cap bubbles. --relates 

In Chapter 3, the exp~rimental relationship between am and Re was presented 
l 

graphieally in Pig.3.12. These values were combined with Equation (6.3) 
, . \ 

to give a theore~ical prediction of st shown by the dashed line in Pig.6.9~ 

,.hi range of 'the·:theoretical prediction of Sk, ,indieated by the ~ertical 
• 

bars refleets the scàtter in the measured values of ail at ! given Re. 

The agreement vith the experimental data a~ lar&~ Re is exc~llent 'since the 
• 1 It , 

- -
potential flow assumption for the ext~~a1 flow (seeÎChapter 4) .and the 

assumption of spherical-cap' shape with a f1at base (see 'Chapter 3) arè, both 
l' \,'" \ '. " " ' . " 

justified at hilh v~lues of Re. At lower Re where the shape ch~nges,to 

.ob1ate cap w~th a;~onsiderab1e rindè~ttf.tion -Of the base, ,and whére the, 
, ' 

externa1 fiow divergès 'from potentia1 f10w,- the theory of Wegener et al 
1 ~ , , __ 

. . 
fal1s bei~w thè data. 

, '- , . 
" 

- ~. 

• ' \ 1 ~ , ' 

" 1 ~ 
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The effect of the liquid properties on the bubble shape at the 

skirt incipience condition i5 illu5trated~ in Fig.6.10. For each pair of 

photographs, the one an the left shows a bubble just before the skirt 

.thegins to fona, wertas tllat on the riaht shows the same bubble after a 
~ " 
". ' 

rise of ab~t 40 to 50 cm. when the skirt had appeared. 'lbe bubble shape 
\ 

Ijust before the ~kirt appears is oblate-cap with semi-included angle, ... 
J am > 90~,and a significa~tly indented base in very high M liquids; with 

~ " 

decrease in M, both am and the indentation decrease and the\bubb~e "tends , 
'towards a spherica1-cap shape. At the incipience coridition the outer . , 

boundary of the'skirted bùb~le i5 oblate in high M liquids; is"spherical 

in in~ermediate M liquids and tends to be~~me prolate in ~ow M 'liquids. 
\' . \ , 

. The skirts appear, to be of constant"" thickness t of about 1 to 1.5 tt:.. 'l1Ïis 
, 1 

i5 an optical illusion due to the dlfferen~e in the refractive index of 
\ 

air and sugar solution. Simiiar observations are a1so reported by other r , 
. • ,. L 

1 " 
1 workers (Jones 1965; Angelino 1965; Guthrie 19~7; Wairegi 1974).\ The 

volume of g~s,in the/skirt is extremely small as can readily ~e,verified 
by comparing the volume of any pair of bubbles both ofîwhich are shown 

" 

at t~e same magnificat ion. 

The four:photographs on the, left clearly demonstrate how the 
'1 • 

refraction at the outer surface of the bubble distorts the s~ape of the 

base and prevents us from,seeing the int~rsection'of'the base and the , ,. 

ouler surfacer Sin ce this info~tio~ 1s lackin" ide~lized aodets of~ 
the bubble base (see Tables 6.3 and 6.4) "are used"to permit the computa-, 

'tian of the lilliting values of the corner ~Jle, .' and h~ce SIt. The 
~ , 

\ . , 

experimentally measured values" of b/a Il 'Sm' Cl and a' .with Cf - 1 w.ere 

\ 

\\ 

.J 

~ "............. \ \ 

used in the appropriate equations presented in Sect!on 6.3.1. (Equation (6~19), . . 

and the e~tions listed' in Tables 6.1 to 6.4) t~ predict the va~iation 
f .... 

----------------~'~,~'--~' . 
. j 
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, 
Pl(lJU 6.10 rU •• 01\ Sha o! .. bbl •• at 

• 
, 

U 
No.· M Ra E6 SIc , 
1 • 2 5 •• 1 37.1 31.70 28.8 213 l.IS 

i 
3 • 4 lS.lS 1.371 4.l52ol0 41.6 S8.00 17.1 317 6.34, 

2.Uxt02 55.5 36.60, 11.7 383 1.41 20.~0 
, 

5 • 6· 1.314 ' " 

'<~ 7.'OX102 72.4 J'I;-IO .,.. :-,.71 456 12.17 
, 

• 7 • • 27.60 1.310 1 

l , 

• Por .. cIl pab, the photolftph OQ the ft Ihow. a bubble JUIt befon the .klrt ,in. to fol'll. _enu tut 
'CIIl dl. ript .hows th. ... bubbl., alter ri •• 01 about 40 to 50 ca. br ""Cl th. • irt hacS &n*ft; .. ch pair 
of bubbl.. 11 .bOllll ae dle ... _pifl lClll. ',- 1 
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/, 

of, Sk versus Re. These predict~ojs are represented br c~'rv~J (D, ® 
and ® in Fig.6.ll. 

i 1 

/ 
The dimensionless velocity at the bubble edge. q* ,defined by 

oe 

~~ 
, \ 

KaS calculated from the exper~mentally measured surface,velocity data .,-
'""tW< 

(see Chàpter 4) and is preiènted in Fig.6.12. As this dimensio~less ~~ 

velocity, q*oe is equivalent~10 the,corrèction factor, Cf' we can in~orp~rate 

this additional 'ïnfor_tian ;0 get a better prediction of Sk v-;;;J\ Re, 

thè de~iation from potential ,flow being accounted for by~Cf •. These pre

dictions are displayed by the Olrves .. ®, @ and ® in Flg.6.'ll. 
"If 

~ompari~~ of the experimental data with these theoretical 
..... ~..,.~~. 

Olrves suggests th. following,shapes for the bubble base when skirts 

fJrst form: 

.. 
low (9 ~ Re ~ 43) 

intermediate (43 ~ Re ~ 62) 

high (62 ~ Re ~ 168) 

:: .. :-

Pr~dicted Shape for the Bubble Base· ., 

- between semi-~llipsoidal 1nd spheri~l 

-
-

betwe'en spherica.l and fIat 

fIat base 

These pre~ic~ed,shapes for the base of the bubble are plausible and lend 
i . \ 

support to the resent theory. A more stringent test should he carried 
~~ ~ 

out as data for r~ps\ on systems having similar rerractivé indices be~ome 

available. 

\ '.' 

. 
he case of drops an accurate measurement of the cprner 

, \ . 

., 
, '1 
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FIGURE 6-11: Comparison of theoretical predictLons 

for skirt formation "for bubbles with 

exPerimental data 
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. -

Oblate cap Spherical éap 
\ 

--@ Flat base model 

--0 Spherical'indentation model ~ 
~--_ ... " . 

Sem!-ellipsoidal 
mode 1 

/" 

/' 

/\ 

/~ 
1,'1 " , , 

\ 1 , ' 
, ~# 

....... - ' 

\- -1. 

/' ' . 
\ ' - - @, @, ,@ repre,sent above models incorPoir~~~ng " 

,measured values of correction~,factQr Cf' taken' from 
Fig_ 6-14. 

---® 8xPerimental results (see Fig. 6.9) 
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angle, ~"would be possible as can be seen from<Mg.6.l7(1) showing a typical 
u 

photograph of a 50 cs silicone oil drop rising t~rough 8.86 Poise sugar 

solution.· 

\;1 

The growth of the skirt behind bubbles in thret different sugar 

solut1ions of vi'scosity 27.60, 13.15 and 7.81 Poise i5 il1ustrat,ed in 

Flgs.6.13(a), (b) and (c), respecti~ely. 
, 

A rise of more than about 50 CM. 

is required for the bubbles to attain a steady ~kirt 1ength,once the skirt 

starts to forme The distance trave11e~ for the.comp1etion of the ~owth 

process seems ta increase slight1y with decreasing liquid Morton Number, M. 

Fig.6.14 shows the variation of the vertical distance travelled 

with time for these same skirted bubbles. The time is taken to be zero 

at the instant the complete_bubble fi~t comes into the field of view which 

covered the upper 140 cm. of the column. The data for aIl three cases 

are weIl described by a sttaight line showing that the rise velocity~ 

not affected by the formation and the subsequent growth of the skirt. 

The ri se velocfty for' skirted bubbles can be predicted using 

Fig.3.13. However, bebause~e ?ave used equations (see Table 6.5) relating 

~~~~~of the bubbl~ or drop to its riselvelocity~in the formùlation of 

the skirt thickness ~t is worth ~sting these equations to. see if , ' 

they are indeed applica~.le. 
...,. 

In Fig.6.lS the experimenta1 ve10cities are ~ 

compared with those predicted fram the shape ror spherica1, ob1a~e and 
, \ 

prolate shape skirted bubbles as well as~rops. The agreement is excellent, 
\, 

hence, we' may conclude that,the velocity of skirted bubbles and drops can be 

* The author is grateful to Ors. T. Waireai and J. Grace 'for their ktnd 
permission ta reproduce the two drop photographs of Fig.6.17. 
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.' Liquid Properties 

.1J P 3 C1 M V3 U Re 
(Poise) _ (i/cm ) (dynes/cm) .(-) (cm ) cm/sec (-) 

27.60 1..390 BO.O 'S.00x102 72.4 37.30 9.71 

13.15 1.1.378 78.8 4.35x10 41,6 38.00 17.12 

7.81 1.370 78.7 5.47 37.1 39.70 -28,;82 
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predicted from·the shape of the cap. 
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6.5.1.2 affact.of.bubble.volume.ou.the.$bape.of.skirte4.bubbles 
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The e(fect of bubble volume on the Shape of skirted bubbles 

i5 illustrated in Fig.6.l6 for a 13.44 Poise sug~r solution. AlI the 
, f 

bubbles shown were photographed near the middle of the cdlumn and are 

presentea here at the same 'magnification. The shape of the skirt is 

strongly affected by the bubble volume; for a given liqu~ skirted bub-
" , 

,tJ 

bles ca~.be,spÀêr~ca~.: oblate or.prolate in' shape depending on tbeir 
1 

,volumes. 

The length of the skirt increases with bubble volume and above 

a certain ,volume the skirt becomes wavy and its\bottom edge beeomes un· 

stablé, with fragments of the sk~rt breaking off into small bubbles. 
1 ' 

T~ble 6.9 shows the/conditions at whieh t~e transition from a stable· 

laminar skirt ta ~ ~vy sk~rt 'occurs. 'TO 'enable-the prediction of the 

incipienèe of, waves, these .data, were used to dtÙineate a reglon of wavy 

skiTt on the Re versus EH plot of Fig~~.l3. Some of these data may be 

affected by the pres~nce of the column wall, hence the boundary should 
, , ' 1 

be reg~rded as ~ tentative one and' it may be modified as'fur~her informa-

tion on skirted bubbles becomes available. 

6.5.2, Skirt thickness results 

6.5.2.1 Measuring local skirt thicknJss -------------------------------
In order to test the present theoretical model of skirt tbick. 

" , 
, , ~ , 

ness the local variation in skirt thickness must be measured. Guthrie 

and Bradshaw's (1969) teChnique was unsuitab~e becaUse it gives only an , , 
\ 

" 

" ' .1' ~ .. w 1 .... " 1 Y" 

"l,.,' ';,~''-: •. ,~.::': '~", >~: , , , 
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FIGURB 6.16 Bffèct lof Bubble Volume on Sha e of Skirted Bubbles 
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·~8LE 6.9 -Onset of Waves on Bubb1e Skirts 
-' 

tiquid'Properties 

" 
- -

Colul8l li (p~c.3) 
a M 

S1ze (P)' (dynes/cil) (-) 
, 

-

29.2 ca I.D. 13.7 .1.375 78.8 55.5 . 
-

" 7.3 1.370 78.7 
.-

'4.17 / 

Il 5.09 ..... /_1.3S~3 
/ , 

35.5 ca I.D. 13.4 1.39 79.1 45.98 

Il /, 14.7 1.35_ 79.1 66.59 
/ / 

Il 3.4 1.366 - 50.2 0.759 
L 

...,.. 

/ 

V 
(ca~) 

- -

/ 

83.4 

65.3 

92.7 , 
50.0 

51.0 

90.0 

• 

Critical Condition 

U Re Eo 
ca/sec 

/ 

/ (-) (-) 

44.2~ . 24.2 7.39 50S . 
• AI: 1'7 ... .. zn 4..1';0 

51.00 76.4 3.34 540 
1 

34.6 16.5 5.86 365 

33.6 14.6 6.24 365 

53.3 119.9 3.61 837 
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estlmate of the average skirt thickness~ , The method used here was based 

upon photographie measurements using a refractive index correction. The 

.fact that the refractive index of the dispersed phase is different from 

that of the continuou5 phase enables one ta see the ihner surface of the 

skirt on a photograph taken with backlighting. However, there is consider

able distortion which must be corrected to obta~n ~e actual value of the 

thickness from the apparent thickness measured on a photograph: In 

Appendix E a corrective procedure for a spherical shape s~irted bubble 
~ ,. ~ .. \ 

(or drop) is presented and approximate methods of correction for oblate 

and prolate shape skirts are given. 

6.5.2.2 §Èirt_!bi~!D§§§_l~§y!t§_fQr_gyg~!§§ 

Table 6.10Ça) lists the angular variation of the theoretical 

prediction of the actual skirt thickness for a sph~rical skirted air bub-

ble in sugar solution. These p~edictions.were obtained using Equations 

(6.37) and (6.38). The angular variation in ap~arent thickness (the thick-

observed on a photograph taken with ~acklighting) was 
, 

, ,. ~s that would be 

_~ ::::::::_:~ing the 

It should 

correction procedure for refraction described in 

~e noted that the theory predicts appreciable thinning 

- \ 

, 

r \ 
, (as much as about 38') of the skirt over its lenjth which extend$ from 

. 0 
ec - 62 to es - 116 • 

\ In contrast. over the same skirt length the ~pparent \ 

skirt thickness is predicted to d~crease only ~bout 0.24\. Similar reSults 

are obtained for a nitrogen skirted bubble in glycerol observed br Guthrie 

and Bradshaw (1969) (see Table 6.10(b». The reason for the large apparent 

thicknesa for gas bubbles can be sèen by rearranging Equation (5-4) to give: 

\ . 

/ . 
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A' (a) - R(l - ~) + ~(e) n n 

n' l For a typical skirted bubble: !-(l - iï) :t 4(1 - 1.47) ~ 1.28 cm. and 
n' ~ 1 -4 ~ . 
~(e) ~ ï:47 x 70 x la , ~ D.00475 cm.; i.e. the first term on the rlght-

~ 

hand side of Equation (6.44). which 15 independent of the actual skirt 

thickness, A(e), is the dominant one, hence the predicted ,variation in 

the actual skirt thickness is not reflected in the apparent skirt thick. 

ness, A'(a). Consequently, the skirt vould appear to be of nearly constant 

thickness. This is indeed the case for aIl of the bubbles observed in 

the present vork (se~ Fig.6.10 and Fig.6.16) as weIl as those reported 
1 \ 

by other workers. 

From the above discussion it is clear that a reliable test of 
, 

the present skirt thickness theory cannot be made using skirt thickness 

data of bubbles. Fortunately, for liquid-liquid systems n'In can be close 

to unit y so that the second term on the right-hand side of Equat~on (6.44) 

is the dominant one or at least is comparable to the first terme Conse-

quently the thinning of the skirt for a drop can be sean quite clearly as 
-1<" ~, 

" 
shown in the photograph of a skirted drop of silicone oil rising thrà~gh 

sugar solution, Fig.6.17(2). 

54 . 2li ;; 

6.5.2.3 §!!!1_~h!~~!!!_!!~!~~_!~~_~~22~ 

The original photographs of skirted drops taken by WaireJi 

(1972,1974) vere projected at high magnif~cation and 'traced. From these 

traciI!gs the apparent skirt thickness, Il' (a), was measured at different 

angles, a, from b the front stagnation point. The actual skirt thiè1cness" 

A (e) 1 âJld the corresponding angle 1 e, vere ~en obtained by applying thtt 
i 

appropriate refraction correction described in Appendix E. The results 

" :" 
1 

1 

'1 
l' 
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"are presented in Figs. 6.18(a) to (f). The expected error in the 
'. "'" <' 

measured thickne'ss is lndicated in iea~ fiiure by a yertical bar.' The 
"<, 

positions of the beginning ànd the end of the skirt are shown by ec and 
~ 

e ,respectively. The thicknes~ predicted from Equations (6.40) and .~ 
S \ 1 . , 

(6:41)a assumtng potential f10w for the external ~iquid, i.e. put~ing 
~ 

Cf - 1, are shown by 'the dotted curv:es CD ànd t CV for circulating and-J 

s~agnant wake, respective1y. . ... 
The deviation from potential flow around these 'skirted drops 

is not known. ,. The b,est we can do at pr~sent is estima.te it from the 
\ 

present experimenta1 data on the velocity field around skirted bubbles at \ 

similar va1ues'of Re. Fig. 6.19 shows the variation 'of the dimensionless~ 

"" '.velocity, q* ,-at the outer surface of the skirted bubble with the angle _ os , • 
1 ... ,. • _ ' 0' 

e measured from the nose fotvthr~e skirted bubbles at Re - 1l.4Sa 17'.21 

and 30.21. Here q * is defined as": os , 

l~s( 
~- \...-~. 

~e that the'dimenSionl~S~ surr,ac~ velocity, q~s' i~ equival~t to the ' 

\ correction fac\or~' ~f' included in the skirt thickness Equations (6.40) 
~/ 1 • " 

( 

. , 

and (6.41); it decreases with decrea$e in Re and increase in ~and is 

signifieant1y 10wer than 1. 
o • 

,Assuming that ~t 
'11 

, 

given Re the deviàtion from potential flow 

fôr a drop is the same as for a~bubb1e at the same Rea ~he value of the " .' , . ' " "'" 
corr~ction'f.actor, Ct- ~s estima1:ed from ~ig. 6.19 for aIl the,.ski~ed, 

\ 

drops ~~~ in 11g. 6. 18'(lÜ. '~o (fl. Th~se values of Cf ~ere then used to 

give improved predictions whtch' are shown in,Pig. 6.18 by the solid cu~es 
~ and ®" for the circulati1g and the stagnant wake, respect~vely • 
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PlGU~ 6.18 Comparison of Skirt Thickness Results of Drops· with Theoretical Predictions 

- !Ue~~lls or ~klr~ed urops and ~nrSlcal pro~ertles ot~Llgulds \ . \ - -. 
-

• 1 1 
1 .' li' / p' Refractive Indéx V U Re 'li p a ---~ . 

(g/cm3) (g/cII3) (c.3) Dispersed Liquid** (Poise) (Poise) n n' (dynes/CIl) ll'/ll (ca/sec) (-) AR*:*" 
1 

~ 

/ 1 -
silicone oil -8.86 0.465 1.392 0.?58 1.470 1.400 53.90 5. 25x10-2 48.67 .22.~ 16.27 0.83 

r... - . 

ià:n f • 
7. 95Jtl0":3 o-diethyl pbthalate 11.20 .089 1.385 1.115 1.465 1.502 29.40 35.57 16.30 8. fO .. 88. 

" 
, --

3 .• 18xlO-2 Jilicone oil-B / 14.60 o 465 1.385 0.958 1.456 1.404 53.90 4S.74 ~9. 79 p 8.33 1 . . , 
"'" 

pamffin- oil-A 1.471 
- 2.96xl0-2 13.00 O. 85 1.385 0.859 . 1.465 " 53.41 30.49 19.4~ 8.04 1 . 

silicone oil-ABl 11.20 0.2 2 1.385 0.944 1.465 1.403 53.50 2.07xl0-2 42.35 18.48 9.88 1.13 
( , 

silicone oil-B 14.60 0.46 1.385 0.95-S 1.456 - 1.404 ' 53.90 3. 18xl0-2 60.98 21.10 9.78 1.29 
. 

~ 
, " 

Continuous liquid in a11 "cases was-âqueous sugar solution. Physical properties of continuous phase are indlcated by 
ll. P a!ld' n. PhYSièal~ properties of dispersed ph~6e aré' indicated by ~.'.' t'and n'. _~ 

Por aspect ratios. AR-< 1 + oblate shapé; --
- AR - 1 + spherica1 shape; 

AR ~ 1 + plloIate,. shape. ---' toi 
o 
CIO 
• 
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Par aIl three shapes (spherical, oblate and prolate) the agreement bet~een 

the experimental thickness and the theoretical pred~ction is favourable. 

The discrepancy between the thepry and the experiments near the beginning 

and the end of '~e lSkirt is to he expected because, end effects ar~ not , 

':, included in the theory. \ 

6.5.3 Skir~leb~h results for bubbles and drops 

The expetimental skirt 1engths are compared with the theoretical 
\ 

predictiO;Ds in Figs. 6.20 and 6.21 for bubbles and drops, respectively. 
\ 

,Available data of'other experimenters are included. The theoretical.pre-

dictions were 9}tained assuming potential flow for the external liquid, 

and using. the theoretical equations presented in',Section 6.4.3. The 

agreemeht ~s surprisingly gcod'. It may bé not~ that the theory predicts 

that the skirt,wil1 al~ys end for es < 180~ i.e. the skirt ~never\coDplet!IY . , 

encloses th$ wake. 'nlis is confirmed by 'aU the skirt experiments reported 

to date. 

The potential f10w assumptiqn should re$Ult in an underprediction 

of skirt len,lth. On the other band, the idealized geometry. for the end 

of the ~ki~ adopted ~ the theory give~ the 10wer'limit of the corner, 

angle, ." (the actuale value \ of • ls expected to be somewhat larger as 
, .. 

\ \' 

shawn in Pil' 6.22) which should result in an ove:prediation of the skirt 

\ length. These factors have partially 'compensated eaCh other yielding 

re.sonably goad a';eement between the theory and \the eXperiments. , , 

\. , 

6.6 Adden~~, 
, . . , , 

~ile this chapter.was being proofread Hnat and Buckmaster's 

(1916) work' on spherical-cap bubbles and ski~ formation was published. 
{9 , . 

\ . 
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FIGURE 6-21: Comparison between measured and predicted.skirt 

termination angle" for' drops. 

Waire2i's (1972) Data 
<II. 

0 Silicone oil-B drops in sugar solution 
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Il Il 
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Il 
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,. 

Shoemaker & Chazal's (1969)Oata 
~ 2-~utanone drops.in glycerol solution 

Shape Indicated by 

spherical -. No bar on the symbol 
Oblate ---9 Horizontal bar on the symbol 
Prolate ~ Vertical bar on the symbol 
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In bo~h figure5,SfB i5' a 'tangent to the o:uter surface of th~ skirt at B 
wh.e.re the skirt end,s. 

:. 
(a) idealized geometry, \ 

for' skirt end 

'1 . 

. . : 

,'~ . 

flow 

',. " 
Rere BA is taken to be al _v'ertical;' li~e touching the inne,r surface of 
the skirt 50 that the corner angle, " can be related to the 5kirt 

1 

termination angle, es' b~ geometty (see Table 6.7). 

(b) actual geometry 
litSkirt end 

, ,1 

.t:",.' 1 

, , 

a '0 

'Here êA ~s a tangent to the inne~ sutfac~ of the skirt 
skirtl enq.s. ) 

. Fla/RE ~22 Geolleyr of .kirt .:~~ 

/ 

\ ' 

external \'flOW 

'\ . 

" 

at A wher~ the 

'/ 

- ... 

'1 

-, 
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6, 

!heir sha~vgraphs of skirted bubbles confirm the conclu$ion 0 th~ 
'---.. 

\ present study that the vake enclosed by the s~irt is not stagna~~ •. Their 

data on' the incipience of skirts are included in Fii. 6.9 and are n good 

"agreeme~t vith present -and "Pre~ious data. It iS' noteworthy that t ese' 
, . 

• 
authors observed skirts in mineraI oil vith M as lovas 0.05 and R, as 

" .. hi~.as 500. Thus' skirt.appearance did ?ccur for bubbles whose vakes 
/ ~ 1 " \ • • 

p • 

vere quite un,stable. This ~ed them ta conclude that ••••• ltsk~~s have a 

stabilizing effect ·on the wa'ke in that, the 'yoortex shedding appears- to be 

restrained." Like the present,study, these authors ~lso',support the 
\ «J ~ • 

theoretical vievs of Wegener "et al (1.971) ;hat a~"skirt-'is'\fo-rmed when' the 
.. .--.. 

• • 
viscous forces at the lower"edge of the bubble cap'overcome the surface 

.. 
tenslon forces. Their ~heoretical analysis of skirt 'thicknes$ for a 

i ( .'" o ' 

spherical shape is in agreement v~~h the present, more gèneral, approach; . , ' 
t.. , " 

hQwever, no experimental evidence was provided ta test tbe conclusion 

that the'skirt' thins with increasing lengt~. Their finding - that the , 

appea~nce of the sk~~ does not affect the bu~ble rise velocity - is, 
o ,/' 

in a~cord/with the Ptrs~~t finding. FinaIly, ~hese authors applied 

Helmholtz stability analysis to explain the appearance of waves on the 

skirts • 

. ( 
'J.7 . Conclusions 

1:. 

1. Skirt,s ,vill appear for bubbles having Re greater than 
" 

about 9 and Sk gr,ater than about 2. The limiting value~ for drops-are" , 
~ 

stight~r di~~re?t (see Fig. ~.9). 
o \ , • iii' '" 

2. Ju~~ prior ta formatiofi of a skitt in a high-M liquid, 

the bubble shape' ~s oblate~cap with a significant indentation of the base. 
- . 

With decreasing M. the indentation decrease~ and the bubble tends to-

wards spheri~l-cap she.p~., - 0 

., 

." 

Il 

,', 
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'\ 

3. 
\ 

The shape'of the outer surface of a ski,ted bubble iS
I 

strongly dependept on the bubble sbe and the', physical properties of the 
\ • 

liquide At the skirt incipience condition. t~e outer boundary of ~ 
~ ~ 

skirt'~ bubble is, oblate in high:-M liquids, spherical in intermediate-M' 

liquids and tends to become prolate in low-M liquids. 

4. The rise velocity ,Of the bubble is not affected'b~ the \ 

appearance of the skirt and the velocity ca~ be predicted from the shape 

of the cap. 

S. The Wegener.!!!! (1971) skirt irtcipience theQ,ry for a 

'spherical-cap bubble with a flat/base hàs been extended to an oblate-, ~ 

ellipsoidal-cap bubble with an indented base. This extended~theory 
1 

explains why the critical value of Sk goes up with decreasing Re. and 

lends support to the hypotheses of Wegener et al that a skirt is formed 
~~ 

\ when viscous shear forces at the lower edge of the bubble cap overcome 
" 1/ 

surface tension forces. / 

6. J A method ~s developed to, correct for t~e optical distor
'( 

tion (due to difference in refractive i~dices of the two phases) of the 

skirt thickness for s~herical, oblate and prolate skirted bubble~ or 
. 

drops. The actual thickness of skirts behind gas bubbles varies from 

about 0.01 ta 0.005 ClIl. In contrast~ for liquid skirts,. trailed 1gehind 

,drops the~thickness var~es ,from Jb~t 0.6 to 0.1 cm • 

. 7. A theoretical model for the skirt thickness is' developed 
/ , 

o 

whi~ predj\ ts decreasing skirt thickness with incre~si~g skirt length. 
~ / -, ' 

Exp~riment.l .daf, from th~ literature,on skirted drops support the theory • 
. 

The 'results of aIl the previ~s analyses (Guthrie and Bradshaw 1967; 
1 '. .,. 

Wairegi 1974; Hnat and Buckmaster 1976) are recovered as special cases 
, 

of the present more general theory. 
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8. Stable skirts always extend below'the equatorbut 
\ 

never completely enclose thé wake. 

~9. As the skirt grows it becomes progressively thinner and 

terminates When the surface tension force at the end of the skiri becomes 

large enough to balance the viscous shear force. A simple theoretical 
, - 1 

. mode 1 based upon the -above'hypothesis is'found ~o 'be in good agreeme~t 

with the experiment~l data on skirt lengths of bubbles ,and drops. 

10. The length of the sk:irt increases with bu~blé volume 
1 ~, 

(or Re); above aJcertain volUme the skirt becomes wavy, its bottom edge 

becomes unstable with fragments breaking off to form small bubbles. 
1 

1 
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, . 
, -'. . CHAPTER 7 

EFPECTS OF CONTAINER WALLS ÔN BUBBLE MOTION . . ( 

\ / 

7.1, Introduction 1 
\ " , Since the continuous medi in which a bubble r1ses, 15 never < . ~ 

infinite in extent, it is import to know the effebt of container 
• 1 

walls on the behaviaur of bubble. In this chapter we consider how the, 

pres~nce of the container wallsieffects the bubble rise :eloèity, its " 

shape, its wake and the ,surro~~ing flow field. The wall effect on skirted 

bubbles is also explored. 

7.2 Literature Review 

The literature contains e~ensive w9rk on l~~ Reynolds number 
~ 

motion of solid spheres in a bounded fluide ,Most of this work is reviewed 

by Happel and ~renner (1965),0 salami.!!!! (1965), Sutterby (1973) and 

very recently by CUft.!!!.! (1976). 
& 

Haberman and sayre\ (~958) have given a theoretical treatment 

for rigid spheres as weIl as ~IY circulating sp~ereso. moving in 

creeping flow along the axis of cylindrical containers. The termdnal 

velocity was found to decrease a~the-~atio of sphere diameter to tube 

~....1Denfas8cl. The velocity rétardation wâs less for cir 
____ c_~ • - ~ 

lating spheres 'than for a rigid partiele with the same diameter ratio 
" , . . 

The theory accurately pred~cted the wal~ co~çtion factor f~r ~e lise 
, 1 

, Q 

velocity of bubbles and drops with-de/D üp to about 0.5 ~esp~te thè ~act 
, 1 

that significant deformation from spherical shape was'observed at larger'de/D.* 
~ . ! 

, Il '. 
1 

-' 1 , 1 
l , 1 • 

~ As the ptio de/D hereased, the presence of the wall lial fourid: to deform 
~ the spherieal d oplets into prolate ellipsoidal shapes. The ratiJ of the 
~or to aiDor i5 of up to 1.5 was observed without noticeablr ,af~ect1ng 

~he wa14 -corree ion factor.' l ' 

- !,i 1 ~ l ',' j 

,.}' ~.; j 

-1 
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\ 
Pidleris and WhitmQre (1961) provided ~xt nsive experiment~l 

data on the'wal1 effect for solid spheres f6r a wide rang~ of Re (0.05 

to' 20000)., They co~red the~r data with ail the th n-existing wall 

correc~on formulae and also presented a useful co 

versus Re. with d /D as a parameter. where U. is \rminal veloc~ty 
~ \, ... - • pU.d 

in a liqu~d of infinite extent and Re. _ e. 
1 p 

Uno and Klntner (1956) reviewed the l1teJ'!1tur \ on wall effects 
. . ' , \ ~ 

for solid spheres and concluded that ~he presence of the container wall 

cou'ld be accounted for by the gener~l equation 

U 
U. 

. d n 
_ f(l _...!) 1 

D 

Dy assumdng that ~quation (7.1)' would apply equally weIl to bybb 

were aQle to correlate their data on bubbles in low-M liquids 
,. 

< M < 2.9xlO-5) with the following expression: 

U - -U ... 

, d 0.765 
~l - ...!.) B D 

(7.1) 

(7.2) 

Where B was a factor which depen~ed 'on co1umn diameter and surface tension. , ,1 1 

: ~ " 

111is dependence was presented ~p~ically. Unfortunately, this widely 

used ~mpirical correlation suffers from a serious deficiency in that it 
',' 1 

predicts a zero value f0"f the terminal velocity for de - D., i.e. for , , 

bubbles or slugs whieh' a~e large énough to fil1 the tube. It is weil 

Jcnown. however. that except for tubes of very smal~ diame~ers, slugs 

have a finit~ rise velccity .JUIL .... · ...... thy 1960; White and Beardmore 1962:. 

Wallis 1969). 'Uno and tner .150 presented a graphical co~lation 
. " 

) . . 
r'!lating UIU. to df/D.. ere ~~ i~ the frontal dia_ter (basal diuaeter 

, 1 -. , ' , _ZZ __ ~ ___ ZE~I.=_.24 ____________________________ ~ ________________ ~ \ -

.. 
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~ 

or maximum width) of the bubble. Unfortunately, they' did not once 

measure df' but calculated values ~sing their own measurements of 
l' 

volwue and a "compromse cu~e" ;relating df/2 to de/2 whi~h \was drawn 

to link up Rosenberg's (1950) data for spherical-cap bubbles ~ith his 

data fqr ~llipsoidal bubbl~s. This .curve vas employed b1 Uno 4nd Kintner 
. 

for aIl six columns (diameters ranging from 2 ta 15 cm.) used in their 

exp,eri~nts, s~ that t1i~re was no allowance _d~ for t)le effect ?f the ' 

cQlumn size on the shape adopted by agas bubble of given volume.* 
1 • 

o 

.Strom and Kintner (1958) have ~hown that the wall correction 
1 """'. 

equation of Uno and Kintner (1956) is not entirely satisfactory for 

liquid-liquid ~y.te ... ,and', developed another eapirical equatiJ,., 
• ,1 

u ( de 2J1.43 ! 
tr - 1 - (r) (7.3) . ~ 

\\ 
~ -.1: 

Harmathy (1960) correlated the effect of d ID on the terminal 
e. 

velocities of\rigid and fluid partic1es'for Re > 500. He impraved Uno 
• 

and Kintner's correlation br expressing t~e surface tension effect in 
• ' 2 . 0 

t~rms of Botv~ number based on co1umn size (BIS' -~), and proposed 
" 

the following correlation: 

U . (7.4) 

" 

1 , 
1 te- -1 

. , 
* CoUms (1967) criticized Uno ·and Kintner on this point but when ." 
campa ring hi..s wall effect \ th~ory: for spherical cap bubbles with Uno and 
Cintner's data '(see COllint!:~ig.IO) he .tsinterpreted the frontal dius, 
rf. (i.e. ~alf of the ~x ~idth of bUbble) employed by Uno and in~ner ~ 
,as ~e ~ius of the sphencal cap. R. ~ote,' th~t rf il on~y e~l to R 
whtpl the spherical cap bubble il a perfect'\he.1sphel'e. , '_ 4 

• J ~' , . ' 
" ,'" 

',', 

>, 

.. ~ ... , . ~;.~~ "1. "~. nJ' .... ' .. , 
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A more' general graphica~ corr~lation of u{U~ versus Eo' with de/D as a' 
J 

parameter was presented br Salami ~t al (1965) for liquid drops. -- . - . 
Ang,lino (1966) conducted wall effect experiments for bubbles 

-·2 
in three liquids ~ - 2.39xlO , 103 and 133) in four,columns (10.2, 18.5, 

29.0 and 40.p ca. I.D.)., He plotted U/U. versus (1 - df/D) and compared 

his data with results of Uno and Kintner (1956) and Fidleris and Whit~re 

(1961). Reierring to Ang~lino's thesi. (1964) fJO- which the ab~. 

paper Iriginated, it has been found that Angelino measured the diameter 
, \ .. 1 

, ' 

of the bubble, df , 'on1y in the 29.0 cm. I.D. column and\that he assumed 
\ ~\ 

t~e same\ value for-the other colUlllls. This i~ wrong because the shape 
, 

of the bubble is strongly dependent on the size of the column. a~ will 
" , 

he demonstra~ed later '~n this chapter. 

Maneri and Mendelson (1968) extended Mendelson's (1967)tanalolY 
## • , " 

between the propagation of waves an~ the rise velocity of bubbles~ Prom 

the effect of finite depth on the velocity of waves th~y proposed the 

following equation for bubbles in low-M liquids: 

yield the 1· 

\ 

~ 

o 

(7.5) 

(7.6) 

(7~5), the constant C. was determined such as to 

ing slug velocity at d - D, and the Eotvos number 
, - e 

vas added ta acc~t,for the damping effect o~ the column 

on the oscil ating and spirallin, bubbles. Good aareement between 

Equation (7. ) and published:data for,bubbles in low-M liquids vas 
.' 

dellOllstrat • 
,:" 

,< 
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Tasuge and Hibin9 (1975) extended,the correlations of Pujit~ 
. 

et al (1950) and Tadaki and Meeda (1961) on dimensional grOunds to take 
~- " 

into account ,the retardation of rise velocity of bubbles due to the 

~be wall.. They experi.mented on ,bubbles in low-M liquids and also 
, 

compared their correlations with the existing literature data (O'Brie~ 

and Gos1ine 1935; Peebles and Garber 1953; Uno and Kintner 1956) 'of ... 
bubbles in low-M liquids'and found sati:r;ctory agreement. 

For spherical-cap bubbles in confined vessels, an excellent ~ 

theoretical and experimental study was carried out br Collins (1967a, 

1967b). He considered tbe flow around a spberical cap bubble and its' '. 

associated spherical wake to be given by a doublet·, at. the centre of· the . ( "'. 

sphere. From the stream function for t~é potentlal flow of·a'uniform 

stream past a doublet at the ~xis of,a cylindrical column (Lamb 1926) 

he was able to predict values of U/U*m and U/(gRç)I/2 as funptions of 

R/Rc. Here U is the bbserved rise vèlocity of a sp~erical cap bubble 

in t~ colwan, U* m 1S t~e ~rise ,velocity the bubble of the .!!!! shape 

would have- in an infinite liqu:id, R is the average radius of the bubble . 
. cap meas?red over ± 37.5° from the front stagnati~ po~nt, and Re is 

\ 
\ ) 

" the, -radius of the ,olwm. ' The 'theory was found to be in excellent agree-

• 

.ent with his own data and those of other workers for bubbles l in low-M 

liquids. Collins vas unable to predict from the theory the veloçity of . ' \ 

the bubble in ,terms of its volume; however, he found that.the expe~imental 

results were correlated by the equation: 
1 • \ 
1 

'1' 

- 0.71 't~1/2{4.2~CVl/~(Rc)2j (7.7) 
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l ' 
whièh had no theoretical basis except for the fact that it possessed 

the corr~c~ asymptotes. 

Prom th!s oq~tion and Daviès and Taylo~'s equation for the 

volocity in teras of the volume of the bubble (see Equation (3.25), 
\ 

it . vas possible ta : cast ~e theol)' into, a '~lj-.IlpIriCal fO~: i 
U if 1/2 Re l/2.~ l/2(0.}1 - ~/Re]21' 

U
œ
* - (1Ç) (V1/ 3) lO. 734 + 0.092 tanh '0.45" 1 

••••• (7.8) 

The asy.mptote at the slug limit was obtain~d by co~ining the th~~retical 

slug veloeity with Davies and Taylor's semi-empirical equation relating 
.~. n 

the velocity ~o the volume of the bubble: 

1/3 .1/ 2 
- 0.62(Rc/V ) (7.9) 

~OllinS found the last two equation~ to be in good agr~~t 
vith the experimental data in ~ow-M liquids. 

, . 
The wall effeet for bubbles at large Re has also been treated 

" . 
theoretically by Lin (1967) using a slightly different model than Collins. 

. In Lin's model, ~he bubble shape, was a~sumed to he spherica~ ~d the fl~w 

field was described by the stream function for potential flow of a unifora 

stream past a sphere in a eircular cyÜnder (Smythe 1961',1964). 'With 

this known yelocity field Lin applied Bernoulli', equation around tbe 

, bubble boundary and forced,the pressure around the front stagnation p,oint 

ta b~ constant to get the bubble velocity in the confined vessel. Lin .. ' , 
.' , 

Iclat.ed that his theo~ ga~~ bette~ re~lts than Cbll1ns' theory"for small 
'( , , " ~ , . ' \ 

~o 

! 
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bubble-to-column diameter ratios, but this claim is not justified con-

sidering ~he-extent of scatter in his experimental data. 

Por values of d ID in excess of about O.S a bubble becomes e . 

greatIy elongatedi its rise velocity becomes independent of the size* 
') 

and the limiting rise velocity is determined 'by-the colUllJl diameter,. 
o " 

The behaviour of these. bubb1es which are often ref,erred to as "slugs" 

has been reviewed by Brown (1965), Zukoski (1966), Walli~ (1969) and 

Govier and Aziz (19?2). 
• 

For the case where vis cous forces and interfacial tension can , 

he neglected (i.e. M -E 10-S, Eo' ~ 100), theoretical derivations of "' 

the rise velocity of a slug yield 

(7.10) 

where k values df 9.35 (Oumitrescu 1943), 0.33 (Davies and Taylor 1950) 
o • • 

and 0.36 (Laysér 19S5, Nicklin-1961) have been proposed. The slight - , 

diffe~ces in k are due to the different shapes and fluw models used in 

thé theoretical analysis. Experimental resu1ts favour k -,0.35 (White 

~d Beardmore 1962; Stewart 1965). 
.. 

Brown (19~S) extended the inviscid flow model by considering 

the effects of the'visco5ity only in the annular film. The slui velocity 

was s~own ta depend-' 'on1y on the frontal radius of curvature Which 1s 
" ,. 

influenced in· a mino~ way br tht f1uid properties through their control 

of the thickness of the annular film. 

* Slug velocity is essentiallr ind~pe~dent of slui lèngth as :long as' 
it exceeds 1.S 0 (Laird and Chisho1m 1956; Griffith and Wa111s 1961; , 
Nicklin .!l.!ll~~; Zu;oski. 1966) ~ 

. . ~ 
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For the case where the surface tension is ~ominant ~B~' ~ 3.4) , 

[severa1 workers cÙàtto;ri 1935; Bretherton 1961;' White and 1 Beard~ore 1962) 

have shown that the slug remains motionless with its shape determined . 
by a balance between hydTOst~tic and capillary forces. 

For the slugs where 'the viscous forces are dominant (i.e. . . 
M ~ 105, eH' ~100 and k ~\ 0.05) Goldsmith arid'Ma$on (1962) applied , 
creeping flow equations to the annu1ar liquid film and:found slug ve1o-

, 'city as a function of liquid ~ v 

1 

When n~e of the a~ove conditiqns apply the rise velocity of 

slugs may be estimated quit~ accu~tely using a very-generai graphical 
\ ... . 

ù 

correlation presented by White and Beardmore (1962). These authors made 
, . 

e.xh~ustive study o~ _.~l1e" îiteratur~ on slug velocity and correlated data 

; of previous investigators as weIl as their own as k versus Eo' W1th 
~ . 

Morton number, M, a~ a p!,~ameter. 

* AltemativeÎy. on~ could use general reiations for k, presented 

by Wallis (1969) ~Ogethe~with'equatiÔh (7.10)' t~ pr~ the risé ve1o

city of a slug ~n any liquide Wallis has shown that his relations for 

k represent the graphical correlation of White an4 Beardmore (1962) 

fai1"ly weIl. 

'7.3 Objectives 
[J -

Fro. the p~eceeding revfi~w it is clear that most of the eàrly 
\ 

experimental wor~ was on bubbles rising in low-M liquids; th~ emppasis -• . ~ • 
being placed' on the reduction in rÏf!C velocity Jue to the presence of 

o ' 

the container walls'. In recent years it has been recognized that the 

containing walls tend tO alter bubble shape and to suppress secondary .. 
, . 

motion as well. None of the~~tudies 'reported ~o ~a~e has dealt with the 
_ • 9 • 

on,the wakes of bubbles and'on the behaviour of skirted 
,p 

effec~ of wa11s 
.-

,r· 
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bubb1es. 

In view of this, in the present experimenta1 program, the 
~' , 

behaviour of large bubbles (> 1 cm3) in high-M liquids was studied in 

co1umns of 7.06 cm, 14.4 cm and ~.2 cm I.D. to determine: 
, 

(i) the wall effect on the rise velocity, the shape and 
\ 

the wake of bubble; ,_ 

(ii) the influençe of walls on the skirted bubbles; and 

(iii) haw'the wall effects for bubbles in high-M liquids 

differ from those reported for bubb1es in low-M 1iquios, 
Cc> 

a~ from those for solid spheres. 
• 

Collins (1967b) discussed the application of his effect 

t~eory for spherical cap bubbles incliquids to gas bubbles n fluidized 

beds whiCh are known to possess,high apparent viscosity (Dav dson ~nd 

Harrison 1963; Stewart 1968; Grace 1970) giving Re < 100, an which exhibit . 

bubb1e shapes similar to those in
r 

viscous liquids (Rowe and tr)dge 1965; 

Jones 1965). c Collins "concluded that: "befo~e aI?plying the wa1 correction 

derived here to the f1uidîzed bubb1e, its validity at a Reyno ds number .-
of order 30 wou1d need to' be demonstrated". One of the objectives of the 

present experiments was to provide, this demonstration, thus pe °tting 
- ~... Il 

the effect of the container walls to be eva1uated for large bu hIes àt 
~ 

low Re in vis cous (or high-M) liquids a~ weil as in fluidizoâ 

7.4 Experimental Results and Discussion 
) 

The physical properties of the liquid~sed in the' wall eff~ct 

experiments are listed in Table 7.1. In some cases the experimental data 
, 

points were too numerous ta place on the graphs hence only representation 

data are displayed to preserve clarity. 
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, ': 

1 7.4,1 <Evaluation'~pf measuring technique 

The v'olume-?~ ·shapes ,and veloci~~ès of thè'-ebubbles rising ;in 

Othe two 'small cOl~e me~su~e~ using the same m~thods as those' , 
. J ' Q' 

dsed for the làrger column. The accuracy of ~hese methods has already 

been discussed in Chapter 3, Sectio~ 3.4:1. • The wake volumes were 

determined using the procedure outlined in èha~ter'4. Sectio~ 4.5.2.8. 

Beca~s~ thè plexiglass has a refràctive 'index fairly close :. - '1.,. ~ ,. 
to that 'of sugar solutions used, no noticeable radial optical distortion' 

, " 
wa~ observed, even when th~ smaller column inserts were ~esent~ This 

_ "" \ li J 

" 

, . 

was.verified br Phot~gra~S/Of an acc~~te scale placed inside the small 

-ëolumns in the central plane containing the axis of bubble rise. ~ 

. -

\ 
\ . 

\ 

o. 

( , 

. 

. ~ . 

7.4.2 W!ll·èffect' on rise velocity 

Pigure 7.1 illustrates a typical effect of wall proximity- on 
, ~ l· . 

rise velocity. The approach to the slug flow condition for large bubbles 
... ',1 
is cle~rly seen for the smallest column. '.The upper cu~e with its 

, , . 3 
straight line ex~rapolation beyond a bubble vol~e of about 4S cm is 

considered ta repr~sent t~e8~elatiors~~P in an infinite medium.* 

7.4.3' Wall effect on bubble shape 

The effeet'of the column wallon typical bub~~e shapes encountered 
t;Jtt. J' ~ 

iD 'the pr&sent work is itl~st~ted in the photographs of PigUres 1.2 and 7.3 
. " . ' 3 
for~a ~bb}e volume of 27.8 cm3 (Re - 9.~1 ~o 217) and 92.6 cm (Re - 15.3 

to 369) ,1 ,r~specti~~lY. . '!he left,. th~ middlct a~d the rilht' columns Pl both <» 

figurés 1show bubbl~~ ~n three columns of different
l 

interna! diameters, 

.~.* See Chapter 3, Section 3.4.3.4~ for more,discuslion,~ this ma~ter • 
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o 29.2 cm, 14.4 cm and J 7.06 cm, respectively~ The top, the midd~e and 

the bottom rows show the bubbles in sugar solutions of viscosity 1.00, 
l ' 

'7~30oand 13.98 Poise, respectively. AlI the bubb1es are shown at thè 
f 

, . 
same ~gnification to enab1e easy, visual comparisQn. A strong influence 

" -of the wal~ proximity on bubb1e shape is observed' a 111e d,crease in 
~ ,. '. 

1 colUDDl diame~oer tends to caus., elongation of _bu~bles in ~he vertical 

direction: ~ote that the extent of t~e change in bubbie shape brought

~ about by the ~resence of the container wails i~ greatly influenced by 

the original shap~ bf the bubble in an unbounded fluid as weIl as by 

the size of the bubble and br the physica1 properties of the liquide 

The change in the shape of the. bubb1e base (see for examp1e Pigure 7.2(1) 
\ 1 (1 • 1 ~ b. c .. 

to (3), Pigure 7.3(1) to (3) and Pigur.e 1.3(4) to (6t) indi~tes tha! the . ' . \ . 
wake structure' of the bubb1ejo is a1so altered by the walls. Furth~r, it 

~s noted that the size of the column a.ffect's the onset of wave's: or 

skirted bubbles (see Pigure 7.3(4) to (6), for example). 

"0 The right colump in Pigure 7.3'shows slug-like bubbles,with 

de/D - 0.795. 0 ~t is evid~t from these photpgra~hs that the shape of 
~ , 1 D ~ 

the slug is strongly ~nf1uenced by the physical properties ~f the liquide 
1 Jo, / ~ 1 ~ 

il ~e thicknes~ .Of ~lie ~ut1r liquid f~lm seem' tQ increase with the [ _. 

increase in viscosity of the liquid.* ~ 
• 0 " . , 

Th~ wall effect.on the maximum width of the bubble.i~s~te4 
< -

'- ... '-il 

in Figure 7.4 for a 13.98 Poise sugar solution. S!milar trends ~ere 
". .. _ 1 D - ..... ~':!' 

observed for the other li~ids. These data confira the findings of 
others (Côllins 1967; QJthrie 1967) that the -shape is -stjg~y aff.cted J ' 

"' • 1 \ 

*0 The two closely spaced parai leI vertica~ 1ines on either side of ~he 
slug~ in Pigure 7.3(4}, (6) and (9) indicate the walls of the 7 .. 06,Çm 1.0. 
colU1lDl insert." ;: .. 

\/ ' 
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fi ' .., 
_ FIQlR! 7.2 W.ll Efl.ct on th. Sh.pe of • Bubbl. in 1'b1'H Diff'l'ent Supl' Solutions 

'1 
v- 27 •• c.S; d. - 3.76 c.; E~- ~42 

"" 

~" Ll~id Prooerti •• Colu. , 
\1 " (J dia.,D U 

No. (Jo! ... ) CIIC:.1) (dynes/ca) N (ca) d.ID • (CIl/sec) Re 

.> 1 1.00 1.320 76.8 1.64Xl.o-3 D.2 0.12' .~r. 77 . 217 
\ 

\. 
1. 64xl0-S .p 

2 1.00 1.320 , 76.a 14 •• ' 0.261 Sa.67 112 

S 1.00 1,320 76.' '1. 64dO-S 7.06 O.53S 28.1' 140 
fi'" 1 

4.'20 l' 4 7.30 1.370 78.5 D.2 0.129 S7~SI 26.4 .. ' \ 
1 

5 7.S0 1.370 7I.S 4.20 14.4 0.261 34.53 \ 24.4 

6 1.30 1.310 71.5 4.20 '\ 7.06 0.533 2-7:21 19.2 

7 13. SIal L379 ,7a.a . S,SSJel0 29.2. , 0.129 33.a5 1}.6 
·0 1 

32.15 a 13.9a I.S79 71.8 5.5Sxl0 14.4 O.2~1 12.2 

" , , 
9 1.S7' 78.a S.SSxtO 0 7.06 0.533 2S.41 9.61 

JI 

AlI bubb es sho~ at same ~gnification. The grid in the, 'ba cJcground' i.s , 

approxil&tely 2 'cm x'2 
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PIQJ1tE 7.3 Wall 2ffect on th! $ha!! of a Bubb1e iD Three Different Su.ar Solutions 

1 
t 

V - 12.6 ta3• cl - 5.61 ta; 26 - 540 . e 

,1 

4f1lc! P!op!rtie. ColUlll 1 . clia. ,D fi •. " , P" Il 
" 

No. ,Pobel 'Ilca l 'cl;œeslc-l N . 'cal clel!! 'callecl Re 

1 1.00. 1.320 76.1 1.64x~-3 \ 21.2 0.112 ,U.7t- 36' 
',-,~ 

2 1.00 1.320 76.1 1.64X,0-3 . 14." b.l" 41.18 310 / 

, 3 1.00 1.320 76.' 1. 64do-3 7.06 0.715 21.44 211 . 

• . il 

4 17.30 1.370' 11.5 ~.20 21.2 0.112 41.36 5D.t 

~2~ 
. 

S ,... '\ 1:370 " 71.5 14.4 0.310 41.$1 43.1 
/ 4.2J· 6 7.30 1.370 78.5 7.06 O.7tS 21.01 D.S . 

1 S.~5dO 7 13.91 1.379 71.8 2t.2 0.1512, 45.051 25.1 

a 13.98 1.37t 78.1 S.S5dO 14.4 0.3510 40.52 
;.. . ! r 0 

0:795 9 U.JI 1.379 71.S" S.SSdO 7.06 27.~4 • . ' 
AU bubbles shown at same magnificâtion. 1be' grid'6in the background 15 
approximat~ly 2 cm x 2 cm. 
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FIGURE 7-4 : Effect of column diameter on bubble shape 
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.. Jo<; .. -- . \ ... 
by the wall proxtmity and further,supports the contention that Fi~re 10 

. . 
of Uno and Kintner (1956) 'and Pigure~ Il and 12 of Àngelino (1966) which . , 

neglec~ the ~ll effect on shape are invalide 
• 

c 
" 

• • i 

7.4.4 Comparison with wall effect theories and corr~lations 

7.4.4.1 §»b~IiP.tl=~»_RYPplJ~ 

In Figures 7.5 to 1.1'the effect of the wallon the velocity 
~ , , 

of spherical-cap bubbles in viscous liquids is éompared with Collins' 
, , 

\ 

theory (1961). The range of d and Re for the data are indicated on , . e 
the figures. The Re,ynolds nomber range for the present data span 10 ~o 

421 'coMpared to Collins t Re ~ge of 1600 to S8,000~ The &.000 agl'eeJpent, .. . , 

with the theory obs.~rved at these l~wer ~e is due to the. \~ct that tire 
!' \ - \ \ 

potential flow assomption near the nose of the bubbl~ is still reasonable, 

as ~hown in ~apter,4., In ~ddition~ the experfmen:al rise ve10éities 

/ are also in good agree~ent with the inviscid models.for sphérical cap' 

bubb1es and for slugs whiCh_constitute the asymptotes of Collins' theory. 

The experimenta1 data of'Davenport (1964), GuthrieO (1967) and Guthrie and 

Bradsijaw (1969) are plottèd in the same:form in Figure 7.8. 
,-, 

The physical 

properties of the °liquid, used by these authors are ~isted in Table 1.1. 
- . . 

The data of thes~ workers a1so agree weil with the theory. 

Lin's ,theory (1961) is a1so shown-for'comparison in Figures .. As, . 
"', 

to '~8. Up to ~Rc ~ 0.3 ~in's theory e5senti~1ly coineides wit~ C~llins' 
... ... ;::,. ' .. 

theory and wlth the experimental data. ,However, at l~rler va~ues of , -. , 
RIR Lin' 5 theory falls below the experimental clata and the th .... oretical c . , 

~edictions of Co~lins •. Further~ unlike Collins' ~th~orYJ Lin's theory 

"does not ap;proaCh t~e asymptotic ;lug limit"~ ,> Lip"s, clàims' that his -th~ory , 

sh~ld be ~Sed up to ~R ~ 0.6 4nd'that his~eOry·'giveS better predic-c . - , 
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Collins' Theory (1967) . 
Lin's Theory (19_67) 
o (cm) de '(cm) 

29.2 1.39-6.13 
14.4 1.39-6.43 

7.06 1.21-$.62 

Re , 
54-421 
53-361 
38-211 

0~--~·~~O~.2~,o--~O~.·3~-0~·.4~~~~~~~~~~~-.~0.9 

1(" .' 

ç ; . 
Comparison ~tween wall effect theories and.exEer~~nta1 

1 

data for sEherical-cap bubb1es' in 1.00 poise sugar ,solution: 
; 
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1 
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i#.J" ." , ~ '" .,; ~ , , , ,. 

P/./ ,." ." , èOl~in~' Theory -(1967) 
./ '" ~ _.~ Lin 1 s Theory (1967) 

A " , . 
o ~, D (cm) de (cm) Re 
~ , . 

p~ . 0 29.2 1.52""!6.43 
n' 6 14.' 1.75-6.43 

~r. 0 7.06 ,2.07~4.99 

" 

16-162 
22-126 
25-65 , 

o~----~--~----~----~----~----~----~----~--~ 0.'1 0.2 ,0.3' .0.4 0 .'~ 0.6 "0.7 0.8 0.9 

( 

. \' 

• ! Flc:\URE '7-6: . Comerison between waI]'" effect 
( 

~eor~e~ and experimenta1 
in 2.89 Ppise suqar . ' data for spherical-cap bubbles . -

solution. ), 
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Collins' Theory (1967) 
tin' s Theory (196:]) . 
0-29.2 cm 

J.L (~o i se), 
5.92 
1.,36-

j 

de (cm) 

1.75-6,,'43 ' 
1.39-6.43 

Re 

10-90 
31-342 

Shaded symbo1 indicabes akirted 
bubbl~s • 

-
.~ 

o,~ ----0·~1----~0-.-2--0-.~3---0-~L4--~0·~.5----,-O~.6----0~~-7---0~.-8---0~~9 

If 

FIGURE 7-7: 

il. '. 
iÇ 

ta1 

, . 



" 

. . 
n-

1 

.\ 

, 1 

.' 

Gut.hrie' 5 (1967)' Da~a in. 18" 1.0. Column" 

lJ(Poise) de (cm) Re . 
1 

0 7.35 3.28-5.91 16-42 .. 
<> 1.30 2.83-5.20 77-203 .1. 

.' , 

'ô, 
, , 0 

0.4 2.26-5.18 164-572 -
• 
, <)., o • ..{)! 2.58-2.92 9291-11296 ~ 

. 
Guthrie and Bradshaw (19692 Data ln 4" ,x 4" Colunm * ,.... .. • 

lJ(Poise) de (œ) Re ... 

® 12.3 4.66 23' "!I (skirted bubble) 

0 

* Fo~ the square col~mn, the radius of a circle qavin~the sàme 
cross-sectional area was selected aSQthe equivàlent colpmn radius, 
as suggest~ by'Collins (1967). 
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.-
tians 'than Collins' for 0.3 < R/R < ~.6 are not valide c . 

1 

Data for skirted b~bbles are also presented in Figures 7.7 

and 7..8. " It is clear that the' wall ,effect is the $ame for both skirted 
.' l_ 

and unskirted bubbles at the same valu~ of R/R~ The data for skirted 
, ' , 

bubbles also show excellent agreement'with ~ollins' theory. 

From ~e above discussion it is concluded that Collins' wall 
"1 effect theory for spherical-cap bubbles in non-viscous (or low-M) lIquids 

~ . . 
can safely be applied in viscous (or high-M) liquids and in fluidized 

1 

beds to predict the shape from the observed velocity or vice-versa for 
~ 

• 
Re greater than about ~10. 

1 
1 

Co~lins' semi-empirical correlation-relating the bubble shape 
< ... 

to its volume, Equation (7.7), is eompared with tqe present Idata in 

Pigures 7.9 and 7_10. ~or 'i~oo Poise sugar solution (see Pigure 7.9) 

the agreement is fairly good whereas for a higher viscosity (2.89 Poise) . . . ~ 

solution,(see Figure 7.10)'the experiment~l data lie'below the eurve, . \ 

the discrepancy increasing at lower Re. Similar trends (not shown) were 

also obserVe~for 1.36 Poise'and 5.09 Poise solutions and also for the 

data of Oavenpert and Guthrie. This is not surprising sinc~ it is.well 

knoWn that for a given volume of gas the radius of curvature of the 

bubble decreases as the viseosity is increased for Re < 100. (see Chapter 3; 

al 50 Davenport 1964; Guthrie 1967). 

The variation of U/Uœ with vl/3/Re for spherical cap bubbles is 

shown in Figure 7.11 Por convenience the bubble size is also shown as 
\ 

d ID on the upper abséissa. Collins used the valu~ of Uœ obtained from 
e 

\ 

the Oavies and Taylor semi-empirical Equation (3.25) which is applicable 

only for dynamical1y simi1ar spherical cap bubb~es that,are encountered 

at Re > 100 with am ~ 50°. Por spherical cap Qubbles iri visc?Us liquids 
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FIGURE 7.11 Comparison of various wall correc,tion models 
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with R~ ~ 100 !t ~as shown in Chapter 3,: Sectio~ 3.4.2.3 that wiih ) 

decreasing Re, e decreascs and the Oavies and Taylor semi-empi~ 
, ,m \ , , 

equatio~does not hold. Therefore the value of Uœ was obtained from 
-i 

Uœ - KVrn where the values of K and ~ were determined as mentioned in 

Section 3.4.3.4. This further ill strates the usefulness of the cor

~elation for K and n that was deJ~oped in the present work. 
\ ' '1 

The wall \orrection models reViewed in Section 7.2 are compared , _ 

with the data in Figure 7.11. On the whole the experimental data show 
. 

excellent agreement (within ± 5%) with Collins' semi-empirical equation 

over the entire range of de/O. 

Maneri and Mendelson's wave analogy. Equation (7.5), also 

conform to th~ experimental data at high and_low values of d /0 o~ , , e 

vI/liRe but at the intermediate values their model slightly underpredicts 

the value of U/Uœ. The value of C in the Equatio~ (7.S~ WBS determined 

by using W~llis' equation for the slug velocity and was found to be 

insensitive to the physical properties and the va~ues of E6' ~ 849 to 
., 

14519 that were encountered for the data plotted on Figure 7.11. 
1 

" . 

Por Uno and Xintner's correlation (Equation (7.2)) the value 

of B was obtained from their ~igure 9 by extrapolation. A range of pre

dicted values of U/UGD for the present experimental conditions show 

~easonably good agreement with the data ûp to deID ~ 0.05 beyond which 

their correlation begin~ to underpredict U/U
GD

• as was found for bub9les 

in low-M liquids by) these authors as weIl as Maneri and Mendelson (~968). 
, ~ 

This divergence (obviously stems from the solid sphere analogy that was 
" ~ \' 

used by Uno and Xintner in obtaining the form of the correlation Which~ 

requires the terminal velocity at de -0 to be zero as the'sphere' fills 

the tube. 

* Relating bUbb~e velocity to its volume (Equ~tion (3.25)) • 

~, . 
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• Similar trends to Uno and Kintner's'correlation are observed 

for Strom and Kintnerts correlation~ Equation (1.3), with the latter 
\ ' , 

being slightly above' the former, for d /0 between 0.2 and 0.5. 
1 e 

,The general experimental correlations of Harmathy (1960) 

f for RE&. > 500, Equation (7.4) with Bo' - Q) and Fidleris and Whitmore 

(1961) for'various Re are also shown in Figure 1.11. These curves 
, , 

demonstrate that the wall retardation effect for solid spheres is not ... 

the same as that for bubbles since the f*ow induced deformation of a 

flui~ particle is not accounted for in the rigid particle correlations~ 

&oi is the mobility of the ,surface. Haberman and Sayre (1958) demonstrated , 

the importance of the latter factor in,creeping flow where they showed 

that wall corrêction is significantly 'different for circulating spheres 
" 

than for solid spheres. Their theoretica~ predictions for solid spheres 

and for freely circulating spherical gas bubbles a~e also shown in 

Figure 7.11. 
1 

In high-M (or high viscority) liquids bubbles adopt obl~te 
1 

ellipsoidal-c~p shapes for Re ~ 4S (see Chapter 3, SectiDn-3.4.2.3). 
1 l " ' 

The deformation of such bubbles br the column walrs is illustrated in 

Figure 7.2 (see for example FigS!' 7.-2(7) to (9)). Because of its ) 
1 

success for spherical-caps at Idw Re, the theory of Collins' relating 
" 

bubble shape to rise velocity was applied for ellipsoidal-cap bubbles 
'1 

with the following modificatiarls: 
1 

,/ 

'" ! 1 

. .t; lU;;, 

, 1 

, 
, 1 

\ 
i 

/ i 1 

J 
11., 

J' 
1 
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(i) The major semi-axis, a, was substituted for R as the 

representative shape parameter; and 

(ii) The v~lue of U*~ was obtained by means of Equation (3.30) 
1 

due to Wairegi a Grace (1976) for oblate ellipsoidal~cap 

bubbles and a similar equation (see Table 6.S(c)) due to 

Grace and Harrison (1967) for prolate ellipsoidal-cap 
1 

bubbles. 

Collins' theory in this modified form is compared with the 

experimental data on ellipsoidal-cap bubbles in Pigs. 7.12 and 7.13. 

The prevalent Re are also indicated on the graphe We-observe that for 
, lé.. ~ 

about Re ? 5 the modified theory agrees reasonably weIl with'the experi-

ments while at lower Re it underpredicts both U/U* and U/'iRcI espeéial1y 
• ~ CIO_ \ 

the former. 

The~velocity retardation, U/UQO' for these bubbles is disPla~d 

in Fig. 7.14. The value of U was obtained as before using U~ _ KY m. 

The data lie weil above the semi-empirical equation of Collins. The data, 
\ 

for the higher viscosity liquid seem to lie ~bove those for the lower 
o 

viscosity 4 1iquid. In order to arrive at an explanation of this o~serva-

~ tion the following factors are considered: , 

(i) Por a bubble' of given volume in a given column ,\ (i.e. for 

fixed de/Dtas th~ viscosity is incr~ased the bubble 

" shape changes and the maximum width of the·bubble 

decreases. (see Pigs. 7.2 and 7.4) Thus, one would 

expect the veloc~ty retardation,to decrease with increasing 
, 

viscosity at constant d ID. 
, e '\ 

(ii) On the other hand, Re for a given bubble decreases with 

increase in viscQsity and the velocity retardation would .! 

1"" :Xil ,1. .. J.w . .& fUBSS ER 
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be expected to increa~e as was observed for solid spheres 
, 

by Fidleris and Whitmore (1961). 

Although it is impossible to estimate the magnitude of change in rise 

ve}ocity bfought about by these two opposing factors, factor (i) seems 

to play an increasingly important rol~ a~ the viscosity of the liquid 

i5 increased. 

• 

7.4.4.3 §!yg~ 
./ 

) 

In Table 7.2 the experimental rise velocities of ,slugs are 

compared with those pr~dicted by various theoretical and empirical models 
, 

tha~ were reviewed in Section 7.2. The value of the dimensionles5 number 
u , 

k (which is often referred to as Froude number based on column diameter) 

andohence the rise velocity i5 fbund to inc~ase with ~ecreasing liquid 
C / 

viscosity.* As expected, with decreasing, liquid Vi5cosity, the value of 
4 

k approaches"the theoretical predictions of the potential flow models. 

Brown's model which accounts for the viscous effects in the liquid 

annulus underpredicts the rise velocity by about 2.9 to 6.2%. The va~ues 

predicted by the e~irical equationDof Wallis and the graphica~orrela-

tion of White ~nd Beardmore are in fairly gooQ agreement with the experi-

mental data. 

) 

/< 
* As ,can be seen in Table 7.2, a lA-fold increase in viscosity of the 0 

liqui~ was accompanied by only 4~46' increase in density and 2.6\ increase 
in the surface tension, hence the variation of density and surface tension 
can be neglected compared to the variation in the viscosity. 
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TABLE 7.2 Comparison of Rise!VelQ.city of Slugs 

Bubble'volume - 139 cm3 

Column diameter t D - 7.06 cm. t de/D - 0.91 

, 1 ,- " 
J J > ,,'"' J 
~ 'J". 

{ ~ ~ 

U 
Jc--

.{iD ea' Re' 

. . 
U _ pgD2 _ pUD p . , .CI 

(g/c.3) (dynes/cm) M (cm/sec) CI 1J 

1.3~0- . -76.8 1.6.10-3 28.47 840.4 17.8 

1.~47 77.6 1.09xlO- l 28.12 848.8 36.4 

1.370 78.7 4.17 . 27.50 851.2 92.6 

1.379 78.8 555 25.50 855.7 265.4 

P~ict~on~ ~ potential flow models of i>u.itrescu 
Davies and Taylor 
Layser 
Nicklin} 

~ 
/ 

Experimental Wallis 

0.342 

'0.338 

' 0.330 

0.306 

Je - 0.35 
k - 0.33 

k - 0~.36 

'-

0.345 

0.345 

0.331 

j).281 

White and 
Beardmore 

0.343 
-~ 
~ 0.335 

0.318 

0.275 

tt'llt.@ •• nlirJl*_rtxwmt Si" · --:::::::'. ------~1 ... i .. ré ritè&9iY"iIM'à'«';1Z-';* '" 5:, tts'-'= ........ ' •• 'P 

Brown 

0.326 

0.317 

0.306 

0.297 

• '\ 

\~ 
U1 

... 



) 

1 
t 
l 

1 
, l 

356. 
" 

7.4.5 Wall effect on flow fields and wakes 

Typical long-exposure photographs of bubble wakes, taken.using 

the exp~rimental technique des~ribed in Ch~pter 2, ar~ reproduce~ at ~~e 
same magnification ~n Fig. 7.15 to d~monstrate the profou~d effect of the' 

container walls'on bubble shape' and its associated-toroidal wake in a 

liquid of viscosity 2.89 Poise. The top, the Middle and the bottom row 

show the bubbles in columns of 'internaI diameters 29.2, 14.4 and '.06- cm, . 
• i 

"-

the size of the left 'and the right bubble in each row being-18.6 cm3 and ". 
9.27 cm3, respectively. The wake volumes for these bubbles were deter

mined using the techniqué'described in Chapter 4, Section 4.5.2.8. The 

results are tabulated in the far right-nand ~olumn of the legend for 

Fig. 7.15. The reduction of the wake volume due to the walls is quite 

remarkable. 

Figs. 1.l6(a), (b) and (c) illustrate the change in the velocity 

field around a ~bble of 27.8 cm3 in 13.98 Poise sugar solution in columns 

of 29.2, 14.4 and 7.06 cm 1.0., respectively. The spacing between the 

dots on a streamline indicate the distance travelled in a fixed time •. 

The following points should be noted: 

i' (i) 'Ibe reduction in colunm size tends to straighten the 

streamlines and the bubble elongates. 'Ibis is readily 
. \ ' 

apparent in Fig. 7.16(c) where'the location of the wall 
, ' 

with respect to the bubble 1s also shown. 

(H) Compari~gFig. 7.16(a) and (b) we find that the'effect. 

of the wall on the bubb~e wake seems to be stronger than 

on the bubble shape. The streamlines tend'to curve ~ore 

behind the bubble with th~ smaller wake. 

~ .A---.~è~;'~-~:~;~~i~'_~'~~'~'~~~';~"~"'~'~);~'~.J't.@~;~i3.lS"3.,"""""""--------------------
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() FIGURE 7.15 Wall Effect on the ShaEe l Ve1ocit~ and 

Wake ol Bubbles 

i Liquid Properties: II - 2.89' Poise 
p - 1.347 g/cm3 

1 

\ , 
77 .~ dynes/cm a -, • 1 M - 0.109 

\ , 
-j 

1 
1 

- f ,j 
ColWlDl Dia. 1 

! , 
1 V ' D d /D U Re Ea Walçe VgJ.ume , 

(cm3) (~) No. (cm) (cm/sec) (-) '-J (cm ) 

l 18.6 29.2 0.112 38.20 '" ' 58.5 184-- 1~1.1 

r 
2 18.6 14.4 0.228 35.5~ 54.4 \84 129.2 

"" 3 18.6 7.06 0.468 27.08 41.5 184. 28.2. 

4 9.27 29.2 0.089 33.10 40.2 116 55.6 

5 9.27 14.4 0.181 32.04 38.9 116 46.8 

1 
6 9.27 7.06 0.369 26.45 32.1 116 20.2' .-

\ 

l AlI bubb1es shown at same magnification. /1 <i'< 
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FIGURE 7.16 _ Bffect of Walls on Bubble Shaae and the 
Associated External Flow Fiel 

Liquid Properties: 

Co1umn Dia. 
V D 

de/D (cm3) (cm) 

27.8 29.2 0;129 

27.8 14.4 0.261 

27.8 7.06 0.532 

legend see Table 4.8. 

~ - 13.98 Poise 
p - 1.379 g/cm3 
a - 78.8 dynes/cm 
M - SS.S u 

U 
(cm/sec) Re 56 

~ 1 

33.85 12.6 ~ 242 

32.15 12.2 242 

25.41 9.61 242 , 
1 
1 

1 

j '" 

. " 

AlI three bubbles shown ~t same magnificat ion. 
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(Hi) 
'/ ! " // 

The presence of/the wall decreases the circulation 
, 

velocity iri the wake (compare for example Figs. 7.16 

(a) and (c)). ' ~ 
(iv) .. Although the terminal velocity of bubble has decreased 

1 

in the presence of the container walls, the liquid 
, 1 

velocity in the annulus formed by the bubble and the 

container wall increases (compareIFigs. 7.l6(a) and 

(c)) owing to the superimposed downward flow of liquid 

in the annulus. 1 

7.4.6 ~II effect on skirted bubbles 

In the preceeding sections we have seen that the proximity of 

the container walls effects the bubble ri se velocity, its shape and the 

surrounding flow field. Since the incipience of a skirt is dependent 

upon aIl these factors (see Chapter 6, Section 6.4.1) the presence of 

wall should have an effect on the criticai condition ,for this phenomenon. 
\ 

The volumes for which skirts first appear and the corresponding Re, and 

Sk for ,two sugar solutions in three columns of different diameters, are 

tabulated in Table 7.3. /It is clear that as the column diameter is 

decreased the critica~'olume increases while the crit~cal velocity, Re 
\, '1 

and Sk a11 decrease. This-"Jind~lso explains why, in Fig. 6.9, the 

dàià of Calderbank~!! (1970) for a 10 cm aiameter column and Davenport 
-

(1964) for a IS cm x IS cm column lie to the left of and below the curve, 

reptesenting the other skirt incipience data which were taken in larger 

colullDls. 

The effect of the container walls on the onset of waves on the 
1 

skirted bubble is illustrated in Table 7.4, where transition conditions 
\ 

f 
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TABLE 7.3 Wall Effe~t on Skirt Incipience Condition 

----

c-

Li~id Pr0E!rties CriticaleCondition for Skirt Incipience ... p a M ColulIIl 1.0. V U (Poise) (g/c.3) (dynes/cm) (-) D(ca) (cm3) de/D (ca/sec) - Re Sk Ea 
,. . 

1.379 78.8 ! 54.74 29.2 41.1 0.147 37.94 16â'" 6.71 318 
Il JI " 14.4 41.7 00-301 ) 35.64 15.2 6.21 323 

" " " " 7.06 92.6 0.795 . 26;14 14.8 4.72- 541 

7.30 1.370 78.7 4.17 29.2 35.2 0.139, 39.43 30.1 3.66 282 

" , " Il " 14.4 37.1 0.287 35.88 27-.9 3.33 292 
" .. .. " " 7.06 38.0 0.591 - 28.40 22.2 2.63 297 -, 

i 

tI'I 
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tI'I 
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TABLE 7.4 Wall Effect on the Incipience of Waves on Bubble S~irts 

_~ ___ . __ MquJd _~r_op~rties Critical Condition for Onset of Waves 
II P . a M 

(- ) 
Co1wm T.U-, - -V U 

D(c.) (cm3) de/D (cm/sec) Re Sk J Hô· (Poise) (dynes/ca) (dynes1ea) 

13.70 

" 
" 

7.30 

" 
" 

1.375 78.8 55.5 29.2 83.4 0.186 44.26 24.2 7.69 SOS 

" ft " 14.4 64.9 /0.346 37.31 18.7 6.49 427 

" " " 7.06 12Q,'IS 0.868 27~20 16.8 4.73 645 
ï ' • ____ . ___ . __ ~ ____ ~ _____ . ___ .__ _f. -.. ~ ... -

1.310 78.7 4.17 

" " " 

" " " 

;:J 

~~ 

29.2 

14.4 

7. of, 

65.3 0.171 

83.9 0.-377 

56.0 0.672 

/ 

45-.2:' 

41.35 

21~52 

42.4 4.20 426 

42.2 3.84 504 
~ 

24.5 2.~5 385 
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fpr two sugar solutions in three columns of different diameters are 

" tabulated. The data show that the critical value of the velocity, Re 
l ' 

, ..... t. ..... " 

and Sk are decreased with the decréase in the column diameter. Note 
1 

, that the critical Re for skirt incipience approa~he critical Re 

for onset of waves for high de/D, thus smooth st~ady ~irts without 

waves are observed in smaller columns only ovar a small/Re range. 

In the previous section we have seen that in the presence of 
, , 

the container walls the Hquid velocity near the 1)ubble interface is 
\ 

larger than that in an unbounded fluide Becau~oth the i~ci~ience 

'of skirts (see Chapter 6" Section 6,.4.1) and the onset of waves (Wairegi 

1974) are enhanced by higher liquid velocity at the bubble interface, the 
, , ' 

presence of the wall lowers the critical value of Re and Sk for both 
, 
these phenomena. 

, 1 

.1: 

71,5 Conclusions 

1 1. A decrease in col~ diameter reduces the bubble ri~e velocity, 
1 

elpngates,the bubble in the yertical direction, alters the liquid flow 

fi~ld, reduces the circulation rate and the volume of the closed wake ~d 
~~i~~ers the critical value of R. and Sk for the incipience of skirts and 

th1 onset of waves on the skirts. 

~ 
2. The ve10city retardation of bubbles CV ~ 1 cm3) is inde-

pen ent of the physical propertie~ of the 1iquid for M ~ 1.3 and is in 
1 • 

go agreement with Collins' semi-empirical equation (Equation 7.8). For 

high r-M liquids the retardation decreases with increasing M (or viscositY)'1 . 
The etardation effect of walls on bubbles is significantly different from 

\ D 
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3. nie extent of the change in bu?ble shape induce~ ~~y the ' 

container walls is greatly inflù~nced by the original sha~e of the 

bubble in an unbounded fluid as weIl as by the ratio of the ~phere 

equivalent diameter ta the column diameter, de/D, and by the physiéal 
1 \ 

1 

properties of th~"liquid. Some of the results, of previOus workers (Uno . 
. and Kintner 1956; Angelino ,1966) in whicft the effect of the wall on 

, 
bubble shape was neglected are of li~itea value. 

4. For spherical~cap bubbles Collins' theory (1967) can be 
i· 

apPl'ied~edict the shape from the observed velocity or vice .. versa 

for Re greater than abput 10.* For R/R < 0.3 Lin's theory,(1967) j , 
coincides with Collins' theory. Lin claims that his theory should be~ , 

used up ta RIRe ~ 0.6 and' that his theory gives better predictions than 
• 

Collins' for 0.3 < R/R < 0.6 ar~ not valide e -- Collins' correlation 

relating ~he radius of curvature of the spherical-cap to its volume breaks 

down for Re ~ 110 when the bubbles are no l,onger dynamically s~milar. 

S. For ellipsoidal-cap bubbles (Re ~ 45) ~he modified 
\ 

version of Collins' the~ry as outli~ in Section 7.4.4.2 conforms to 

the data,provided Re ~ 5. 

* See footnote on page 98 • 
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,~CONCL SIONS 

î~ 
This work originated wit~ a broad desirè to expAnd the 

knowledge of bubble behaviour in relatively viscous Newtonian liquids. 

The following aspects of bubble motion were investigated! the bubble 

shape; the bubble rise velocity; the liquid motion induced br a rising 

bubble; the strücture of the bubble wake; the interaction of two 

vertical~ aligned bubbles; the format ibn , the thickness and the 
... 

términation of skjrts trailed behlnd bubbles and drops; and the effect 
, .' 6< 
of the ~ontàiner wallon bubble and liquid motion: The detailed conclu-, 

sions of this investigation have been pres~nted at the end, of each of 
, 

the previous five chapters. This c~apter su~rizes the important 

contributions and offers suggestions ~or future work. 

8.1 Contributions to Original Knowledge 

lhe following elements of this thesis are original contribu-

'tions to knowlédge: 

J 
(1) D~velopment of a technique for measurement of the liquid . , 

velocity field around a rising bubble and collection of comprehensive 

experimental data on the velPcity field around bubbles of the different 

shapes encountered in viscous,liquids. 

(2) Detailed classification of bubble shape regimes and 

formulation of a method for predicting bubble shape, its wake and liquid 

circulation wlthin .the wake. ' 
,? 
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,(3) Resolution of uncertainty regarding the nature of the 

bubble wake and determination 6f the criti~l point for the transition 

from a c10sed axisymmetric toroidal wake to,an open unsteady wake.' 

(4) Verification of the principle of velocity sup~rposition 

directly using the measured velocity field. 
, 

(5) Extension of existing skirt incipience theory (Wegener 

et al 1971) to shapes other than spherical cap and accounting for the 

reduction in the surface velocity occurrinp at lowér Re. 

\ (6) Development and verification of theoretical models for 

the thickness and' length of skirts trailed behind bubbles and drops. 

(7) Demorlstra~ion that the presence of thj container, walls 

not only teduces the rise veloéity and changes the shape of a bubble. 

but ~lso alters the liquid fiow field. reduces the volume of 

th~ toroidal wake and the rate of circulation within it. and delays the 

skirt fo~~tion' and promotes the fo~tiO~ of 'Îes 

(8) Verification of Collins' (1967) wall 
1 

\ 
on the s1drt •.. 

effect theory for 
,f 

bubbles with'Re as low as 10 in viscous liquids. 

8.2 Recommendations for Future Work 

'In view of the present findings. the followi~g recommendations 

are made for future work: 

(1) The influence of the containèr ~alls on the Reynolds 
" 

number for transition from ~sed to open wakes should be de,termined. 
\ 1 

(2) Further experimental and theoretical ~ork should be 1 

" undertaken to determine why disc-like bubb~es, which are found in liquids - , . ~ 

h~ving M close to the c~itical M separati~g high-M and low-M liquids - , 
{J !, ~"Jr ~.t#"' .... ~ , 

, (see Section 4:S.2.3(A)), wobble despite tne fâct that no wake shedding 
• !#' \ ... } 

takés pla.ce. 
1 
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(3) Astringent "fest of the present skirt theory using 
r v 

-;"-

liquid-'Hquid systems, where the lower edge of the bhbble is easier 

to view experim~ntallYI would be valuable. 

(4) Furt~er study of the mechanics of bubble coalescence 

" is of great interest~ especially for bubbles which are not in vertical 

alignment. For the lat,ter case\ the princip le of vel~city superposition 

should be tested and used as a building block for bubble interaction 

and coalescence for swarms of bubble. 

(5) For a bubble of known shape,.numerical techniques should 

be applied to predict the liquid velocity field and the results tested 

·with the data of this work. If successful the calculations should be 
~ > 

extended to include the calculation of the bubble shape. 

.' (6) The experimental data of this work on the bubble shape 
-: -~ 

-
and the associated liquid flow field.should be used to prediét liquid 

phas~,cont~lled mass transfer behaviour. 
\ 

(7) The present technique for measuring the l~quid velocity 

field could be used for bubbles in non-Newtonian liquids and possibly 

even for drops. 
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NOMENCLA 'ru RE 

Note: Sorne symbols defined in the Appendices a~d used only once are not listed. 

a ". 
a' 

AR 

b 

B 

'c 

c' 

cl'c2, 
c3,c4 

C 

Ca 

,Cf 

CD 

d' e 

D' 

e 

semi-major axis 

basal radius (see Fig. 3.1) 

aspect ratio - b/a 

semi-minor axis 

factor used in Equation (7.2) 

focal length _ ~2 _ b2 

indentation (see\ Fig. 3.1) 

constants in Equation (6'.8) 

corlstant in Equation (7.6), . 

capillary numbér - ~Ula 
1 

from potential flow 

~quivalent sphere diameter (i.e. 'a~eter of a sphere 
having a volume equal to the bubble me) - (6V/~)lf3 

frontal (or basal) diameter of ~erical-cap bu 

column inside diameter 

drag force 

• eccentricity _ II -, (b2/a2). 

erfc complementary'error function, i.e~ erfc - l-error function 

exp 

E~' 

f(a) 

f' ,f". 
f''',f'''' 

exponential 
l ' 

E~tv05 Number - gd 2p/ a 
e 

• , 2 
EOtvos Number based on column diameter - gD pla 

function of a 

( 

. 1 
first, second, thi~and fourth deriyatives of function 
f(a) with respect to a 

~) .. 

\ , 
~ 

1 
i 
1 
1 
~ 

J 
1 , 



t 1 

) r 

" ! 

J 

l 

i ' 
1 

1 
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1 Ir 

F shape dependent thickness 

FrO~de Number - U2/gde 

acceleration of gra~ity 

coefficient defined in Equation (6.39)' 
1 

Fr 

g 

h bubble height 

h e height of vbrtex centre (see Fig. 4.18) 

h 
0 

vertical distance below the front stagnation point 

h w height of wake (see Fig. 4.18) 

h (6) function of 6 defined in Table 4.7 
o 

h' (a) d,erivative of h(a) with respect to 6 
... 
i 

1 

angle of incidence 

k square root of Froude Number b~sed on column diameter -
U/fgD , • 

k' consta~t in Equation (3.37) 

K constant in the velocity correlation, li - KVm . 
l, 

Ko shap~ dependent surface velocity coefficient for poten~ial 
flow (see Table 6.1) l' 

, : 

L vertical downftream distance from bubble nose (in Chapter 4) 
nose to nose separation distance between two bubbles (in 
Chapter 5) 1 

m constant in the velocity correlat~on, U - ~ 

Morton Number _ g~4/pa3 

n refractive index of continuous phase 

,n 1 refractive index of dispersed phase l 

nI constant in Equation (7.1) 

p function defined in Table 4.7 

p' to~al pressUre in the dispersed phase 

P total pressure in the continuous phase 

P2(cose), 
P3(COSS) , Lègendre polynomia1s of 2nd and 3rd order, respectively 

l, 

\. 



l, 
~ 
1 
f' 
( 
~, 
t 

l 
1 
f 
Î 
~ 
~' 

F' • 

r 

• 1 

o 

.. '. 

P 
aala-o 

P s 

q 

q. 
l 

Q 

normal stress, Paa ~t a - 0 

pressure at the stagnation point 

function defined in Table 4.7 

liquid velocjty at inner surface of the skirt 

liq4id velocity at outer surface of the skirt 

dimensionless velocity at bubble edge as defined in 
Section 6.5.1 ' 

d~mensionless velocity at outer surface of skirted bubble 
as defined in ~èction 6.5.2.3 

volumetrie circulatiOn rate defined in Equation (4.10) 

volumetric circulation- rate for Hadamard fluid sphere 
\ 

QHi volumetric circulation rate for.Hills spherical vortex 

r radial coordinate 

re equivalent sphere'radius - de/2' 
. 

frontal radius of bubble (or half maximum width of bubble) 
1 

ra radius of curvature of in rface at bubble edge (see Fig. 6.1) ~ 

r 

r(x) 

R 

if 

R* 

angle of refraction 

radius of the section taken normal\t the axis of srmmetry 

radius of sphere 
.0"'-

average radius of'curvature aver ± 37.5 around front 
stagnation point of spherical bubble as defined by Collins 
(1967) 

dimensionless radial distance - r!re 

distances defined in'Table 4.5 

inside radiu~ of bubb)le co'lumn 

Ra radius of Q1rvature at bubble nase _ 

Rw radius of wake at stagnatlon ring - w/2 (see Fig. 4.20) (J 

Re Reynolds Number - d pU!p , e , 

Reyn~S Number based on colu~ diameter - ~pU!~ 
1 

\, 

1 

_.W'"}" 



(. 

1 
l 
,ô 

!, 

1 
~ 

, 
~ 

~ 
l 

0 

ReD 

Re 
o 

Reoo 

s 

s 

u 

u x 

Reynolds Nurnber based on diameter of sphere'- 2RpU/~ 

Reynolds Number based on 2Ro and Uo - 2RoPUo/~ 

Reynolds Number 1 d pU /~ e 00 

variable defined in Table 4.7 

film speed 

Skirt Number - ~U/a - We/R~ ~ Ca 

time 
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v'e1ocity component parallel,:}to 
or dr~~e Fig. ~: .. 2) ,':" 

the outer surface of a bubble 

velocity in ~. ~recti~n -;' 

velocity in e di,red'lon 
" "-. 

velocity in x' direction' 
1 • 

velocity in y direction 

Ivelocity in Tl direct~on 
1 

\ 

velocity in t direction 

perturbation velocity co~nents defined in Table 4.7 

velocity cornponents for boupdary layer theory in Table 4.7 
f 

Use ~ equatorial velocity 

U 

UA,UB 

UAi,UBi 
Uc 

U 
o 

U 
00 

U* 
00 

bubble rise velocity 
~ 

rise velocity of bubbles'A and B, respectively 

rise vel~city of isolated bubbles'A and B, respectively 

critical bubble rise velocity for onset of skirt 
0"· \ 

'bubble rise·velocity given by zeroth order theory of Parlange 
Bq~tion (3.~6) 1 

1 

bubble tise velocity in infinite medium "-

rise velocity which the bubble of the -same shape would have 
in an ~nfinite liquid 

v velocity component normal to outer surface of a bubble or drop 
(see Fig. 6.2) . 

v ~bble volume 

~ VO~"Of l~ading bubble A and trailing bubbl~ ~, r~spectively 

"', 
- , 

r 
l 
1 

1 
1 
1 

1 

'" . 



1 
l 

1 
ri 

1 ( , , \t/" 
, .. 

l " 

~ 
• • 1-

o 

Vc 

Vi 

V 
W 

VEC 

volume of the cap 
\ 

volume of the indentation defined br Equation (3.41) , 
\ 

volume of the toroidal wake 

volume of the ellipsoidal~cap given by Equation (3.38) 
,~ 
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VSC volume of a spherical-cap given by Equations (3.39) and (3.40) 
1 

W 

'W e 
\ 

w w 

bubble width 

) 
width of stagnation ring of. distance between 
vortex (see Fig. 4.18) 

\"' 

wake· width (see Fig. 4.18) 

W centreline wake velocity 

eyes of the 

W assymptotic wake velocity d~fined by aAuation (4.3) 
a 

/------.... .. "----
,~app-=~ app~rent wa~locity 

'! We ~eber Number, - pb~ia 
\ \" 

"' ~\ x " horizontal coo~inat~~ , 

C XA~XB)" displacement.of bubble ] and B respectively fro~ a fixed 
l ,. reference pOInt -./ 

o '''' C' Xp' displacement of tràcer-bubble P from a fixed reference point 

X(e) function of e defined in Table 4.7 

y vertical coordlnate 

z variable used in.Table 4.7 

GREEK SYMBOLS 

ï 
a ~o~ar angle (see Fig.,E.l) 

a "l 

y 

, , 

aximuthal angle (see Pig'._ E.l) 

ratio of density of dispersed 
• phase - p , /p " 

/' " 
f ! L,_, 

of continuQus 



() Ô 

\J 
Il 

A(a) 

A (6) 

A' (a) 

Il (6) 
n 

Ah (6) 

A 'h (6) 

n 

6 

~c 

am 

as 

le 

À 

À 
0 

1.1 

)J' 

~ 

~o 

'IF 

P 

P " 

a 

• 
li ·0 

1 \ 
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variabl~ defined in Table 4.7 - 2/1JRë 

skirt thickness 

actual skirt thickness at polar angle, ~ 

actual skirt thickness at polar angle, e 

apparent thickness measured on photograph at polar angle, a 

actual'normal skirt thickness at angle e 

actual horizontal skirt thickness at an~le a 
, 

apparent horizontal skirt thickness measured at angle a ' , 

elliptical coordina,te 

polar angle measured from bubple nose 
\ 

polar angle lat which skirt begins (see Fig. 6.2) 

semi-included angle (see Fig. 3.1) 

polar angle ~t which skirt ends (see Fig'.! 6.2) 
"",' \ \ 

ratio gf dispersed phase viscosity to that of continuous 
phase - )J'/)J 

sinh ç 

sinh ~o 
\ 

viscosity of con~inuous phase 

viscositY'of dispel'sed phase 

elliptical coordinate 

variable describing~pherSid su 

pi - 3.14159 ..... 

density of continuous phase 

density of dispersed.phase 

surfade (or interfacial) tension 

-1 ace - tanh (b/a) 

corner angle • (se~Figs. 6.1 and 6.6) 
\ 

Stokes stream function 

1 ~ 

" :{,;>, 
" ~:rl:- -

'1 
l' , 

, 
" 
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APPENDIX A 
1 

1 

DAVIDSON'S DERIVATION OF,THE RISE VELOCITY EQUATION 
FOR SPHERICAL-CAP BUBBLES (USED IN CHAPTER 3) 

A.l 

Davidson (1974)' attempted to incorporate vis cous correction 

to Davies and Tay1or's (1950) theoretical treatment of ri se velocity 

~or spherical~cap bubbl s. Sinee this work hasUnot been published 
, Iff 

, elsewnere and is referre to in the published literature (Guthrie 1967), 

_a brief outline of his de ivation is presented and discussed below. 

A sphefical-pola co-ordinate system fixed to'the sphere 
l , 

which fits the cap (see Tab e 4.6) and the potential flow velocity 

distribution is us~d to cale late the veloeity dients. The normal 

stress, Prr , and the tangenti Pra' at he bubble surface are 

then obtained as: 

P -rr 

- -

" 

J' (A.I) 

(A.2) 

" \ The condition of constant pressure inside the bubble requires 

that the normal stress at the bubble surface be constant 

. . . _ p _ 611U 
S Ro 

6}JUcose 
- - p - ------Ra 

(A.3) 

where Ps and1p are the pressures at the-front stagnation pOiht and at a 
1 ~ ~ 

point e (measured from the front, stagnation point) on the bubble surface. 
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Assuming the flow to be irrotational application of 

Bernoulli's equation along the bubble surface gives 

p' s 

pu2 
e 

... p + T - pgRJl - cos e) 

1 

A.2 

(A.4) , 

where the tangential veloFity at the bubble'surface, ua' for potential 
/ 

flow, is given by 

u -e (A.S) 

Equations "(A.3), (A.4) and (A.S) are combined and rearranged 

to yield 

Around the stagnation point wher~ a is small, (1,.- cose~ -+ 1/2 and 
sin2S 

Equation (A.6) simplifies t~ 
\ 

(A.6) 

U - ~ 1. R _ 6llU 
,1 3 J g 

0 PR 
. CA.7) 

o 

This is the equation quoted by GUthrie (1961), e~cept he has left out P 

in the second term under the square root. Notice that ~en II - 0 the 

" above expression simplifies to Davies and Taylor's relationship,' 
J • 

Equation (3.22). Rearrangernent of Equation (A.7) also gives Equation (3.28) . .;;~ 
which was quoted by Guthrie (1967) • 
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Discussion 

The boundary condition at the bubble surface requires the 

tangential stress, P ,to be zero since viscosity of the gas is ra 

A.3 

negligible. Note that for i~viscid li~uid Prr -p and Pra - O. Thus 
, 

Davies and Taylor's derivation satisfies the stress boundary condition 
\ . 

st the surface. For a liquid of finite v~scosity, Equation (A.2) does 

not give vanishing tangential stress. 
, 

1 
Davidson has thus included the 

viscous correction in the ~o~l stress by an amount which is of the 

same order of magnitude as that wqich he has neglected in the tangential 

stress. Despite this error, ,the experimental-data seem to conform to 

his the9ry (see Chapter 3, Section 3.4.3.5). The correct way to account 
~ 

for the vanishing tangential stress, howevèr, is to use the boundary 

layer method of ~~oore . (1968). 
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APPENDIX B 

DERIVATION OF RELATIONSHIPS BETWEEN VELOCITY COMPONENTS 
~~ AND Ut (USED l~ CHAPTER 4) 

The velocities ux' uy' u~ and un (see Table 4.5) are aIl 

related to the velocity potentia1, ~J by (Batche1or 1967): 

u.. - 1 !t 
y 1Ç 3y 

u -~ 

,~ 

• ~ ~ '1: 

(8.1) 

(B.2) 

.. 
.T 

(8.3) 

A.4 

'. 

and (B.4) \ , 

where h " h 1 hr , 'and h are the inverse of the metric coef-
x Y... Tl 

ficients and are given by (Happel and Brenner 1965): 

h - h l '-', 
x y 

'" 
h h ~ h2 2 . h2 2'~ 1/2 - - C cos ~ cos n + Sln t silll't 
/~ n 

Now , - f(~IY) \ 

with x - c cosh~ sinn 

y c sinhi COSn 

" ; . 

1 • 
(see Table 4.5) 

(B,.5) 

(B.6) 

(B.7) 

(B.8) 

1 
1 
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(B.9) 

Substitution of Equations ÇB.l~to (B.8) in Equation (B.9) yields 

Multiplying Equations (B.IO) and (B.12) by cosh~ cosn, 

adding and rearranging. yields 

and 

u~ sinM sinn + un cosh~ co sn 

(cosh2~ cos2n ~ sinh 2t; sinZn) 1/2 

u~ cosh~ cosn - un sinh~ sinn 

uy - (cosh2~ cos2n + sinh2~ sin2n) 1/2 

1 

(B.13) 

'-

(8.14) 

A.5 
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APPENDIX C 

, METHOD FOR OBTAINING THEORETICAL STREAMLINES AND'PATHLINES 

t ;SED IN CHAPTER 4) 

. ., ~ . .., 

A.6 

Thel instantaneous components of velocity' with "jespect to the 

sphere or ellipsoid that fits the hubble surface we~e obtained from the 

stream functions corresponding t the theoretical models describing the 

, flow field., The results rised in Tables 4.1 to 4.4, 4.6 and 4.7. 
" 

~e relationships of the components in the spherical pol~r co-

• ordinate system and in the obI te ellipsoidal co-ordinate system to those 

in the Cartesiau co-ordinate 

respêctively. The starting 

stem are given in Tables 4.1 and 4.5, 

oSition~ ) of the hydrogen tracer bubble 
o 0 ' ' 

~, 1 / 

provided ih~ initial condf't 'ons 
.* 

for the pair of differential equations , 

giving the position in te ms of the velocity components • 

. au 
, i. e.' i2. .... u (C.I) 

a~ x 

.'~ au:. .......r. - u (C.2) at • y Q!I 

B.C. At t ... 0 x - x and y - y , 0 0 

The ~o differential equations were inte~ated 
• 

the fourth 
, ' 

order Runge-Kutta-Mer.son techniqu,e (Lance 1960),to give the theoretical 
J 

s~reaml~nes. , 

> \ 

,. , 

., 
Î 

\ / 

\ 1 \ 

\ The ~at~line predictions, i.e. moti~n ofOthe tracèr particle 'r 
\ ,. . , ., .S seen br a stationary observer, _ère obtained by subtracting the VOrtica,l!. 

displaceinent in a given time due to the bubble rise',velocity, U, from the. 

above computation. 
;.1 
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APPENDIX D 

NUMERICAL DIFFERENTIATION OF EQUALLY SPACED EXPERIMENTAL DATA 
çySED IN CHAPTERS 4 AND 5) 

/ 

00 

The derivatives, of the measured disp1acement versus time '. ~ 
J \ ' 

data required ih Sections 4.5~3.2 and 5.4.2 were computed ~sing a 

numerica1 differentiation mèthod called the "movable strip (or arc) 

technique" (Hershey ~ al 1967). 

A.7 

,The use of the "optical" method proposed by Simmons (1941) 
1 

to f~~d the derivative was ruled out because it is often unintentiona1ly 
J " 

biased as weIl as tedious. The simple difference technique (Ralston 

1965) is also unsatisfactory since the experimental data are always 

subject to some error. In contrast, the numerical ditferentiation used 

here gives unbiased and fairly accurate valUes of the derivates. ,This 

method is based on fitting an orthQgonal least-square 'polynomial through 

( a small, odd number of data points, ~valuating the slope at the mid-point 
\ ~ 

\and proceeding stepw:i,.se thr'ough the data. For the few points at each 

\ . 
enq of the range th~ slopes arelobta~ned py a similar procedure ùsing 

'" off-cent:te formulae: The JIl~thod i~ most convenient for evenly spa'ced 
, ~ " 

-.. ~r :t .......... 

data, and it-is'o~en desirable t~ smooth. the aata (Ralstqn 1965) 'suf-
, ' 

ficiently to eliminat~ I~ndom errors and yet mai~tain'the basic shape 

a~d character of the data unaltered. 
~ ... 

. -, 
In the present wo~k a third-degree, five-p~int orthogonal 

~ 

polynomial wa~ chosen for ~he smoothing operatïon. No significant 
• 
improvement ~s found' after the smbothing had' been applied mo~e than 

, 1 

twice. Then,second-order, seven~point sloping formulae were used to, 
o /, 

obtain the deriva~ives. The orthogonal'least square coefficients fat 

the smoothing and sl10ping forllUlae were obtained from HerShey' et al (1967). 
, --:r-"l 
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.. 
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APPENDIX E f" 

") 

REFRACTION CORRECTION FOR SKIRT THICKNESS 

(USED IN CHAPTER 6) 

E.I. Spherical Skirted Bubble or Drop 

Let n and n' be, the refractive index of the continuous phase 

and the dispersed phase, respectively. The r.efraction corr'ection for 

the skirt thickness depends on tne relative, magnitude of n and n'as 

shown below: /"" , 

(1) For n ,> n' \ 
\ 

Consider an axisymm~tric spherical skirted bubble (or drop) 

rising in vertical direction OS (see Fig.E.ICa)). Let AOQ be a plane 
, '" 

inclined at ang~e a from th~ vertical (see Fig.p.l(b)). This figure 

shows a section of this plane viewed from a direction perpendicular to 
'1 

it for a < 90°. This section is an annulus of variable thickness because 

the skirt thickness decreases·with angle me~sured from the front stagna-
I • 

tion point S, as shawn in Section ~.3';2.~. 

Consider what happe~s to the rays of light travelling in the 

above plane Csee Fig.E.~(b)). Let the camera be focussed on the median 

plane containing line AOQ, this plane bei~g pe~endiCUlar te the normal 

to the camera lens. The light r~Y5 emerg!ng from the median plane will 

be refracted at the interf ces and upon c ossing the outer surface of the 
\ 

bubble (or drop~can be ass ed to follow paths paraI leI to the normal 

to the camera lens, if the amera is suff ciently far away. No additienal 
> , 

dtstortion is intreduced by the cbnta~ner walls if the bubble> or ~rop is 

viewed through fIat walls. The ray T~ th t just grazes the inner' surface 

,is the 'limitipg ray coming ;o~ th~ light'source. It'would therefore . \, ~ ( 
,/ 

t , , 

i 

1 , 

! 

" 

f 
1 
j 

, , 
1::' '. 
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(a) 

...... 
~-- -

from light source. 

(b) 

, 
1 , , , 
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1 
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to camera 

(c) 
S 
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o 

b(CI.) - DQ 

b(O) - TC 

, 
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, \ 

, \ 

appear as a point on the inner S~rf8:Ce of the skirt at an ang,le a measured 

from the front stagnation point on a photo~aph.taken with backlighting. 

, 

Now, let 
,. 
i - OPT - angle of incidence 

.... 
r - FPH - OPP" - angle 9f refraction 

R radius"of outer surface of bubble or drop 

a - polar angle for line OQ 

e - azimuthal angle for line OC 

6 - polar angle for line OC' 

A(a) 

/1(6) 

true thickness at polar angle, a - DQ 

true thickness a~ polar angle, e "--., TC 
t). '\ • 

li' (a) - apparent thickness measured on photograph at polar 

angle a 
, 

From geometry of Fig.E.I(b) 

sin r OP" - -OP 
_ R-A' (a) 

R 

By Snel1's law of refraction 

'", . ~ sIn 1 _ n 
sin r" .. 'n:'" 

1 
.~ 

Since TP is a ray just grazing the inner surface, OTP - 900 

~ sin 1 
_ OT R-Me) 

'OP' - R 

. , 

(E.I) 

~E.2) 

(E.3) 

Upon substituting Equations (E.2) and (E.3) in,Equation (E.I) and re-

arranging, we obtain 

'" 

i 
1 
1 

1 
t 

i 
1 , , 

1 
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A Ce) - R [1 - !!..-(l - ~)] 
,n' R 

(A.4) 

The relationship between angles a and 9 is now obtained from geometry , 

as follows. 

In Fig.E.l(c), let 051 - 1; then 

... 

from AOClQl 

. .. . 
, . 

From AOTP' 

But 

and 

OC,l - OQlc~sS 

cosa ~ cosacosS 

in Fig.E.l(b) 
1 

\ or R-ll (e) cosS - OP' = OP" p"p' 

'. 
OP" - R sinr 

.. " P"P' - P"P tan(i-r) 

~ " - R cosr tan(l.,-r) 

\ 

• 

(E.S) 

(E.6) 

(E.7) 

(A.8) 

, Substitudng Equations CE.7) and (E.S) into (E.6) we obt!iin 

cosS, 
, R-ACa) 

where angles ~ and t can be obt~ined from Equation (E.l) and (E.2), 

respectivelY. 

,! 
\ 

(E.9) 
\ 

i' 

1" , , 
\ 

t t 

1 
1 . 
1 

, , 
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The above se\ of equations suggests the following procedure 

to obtain actual skirt thickness à(9) at an angle 9: 
\ 

, 
(i) From a photograph of the skirted bubble or drop we 

mèasure R and the apparent ski~ thickness A'(a) at an angle 

measured from the front stagnatio~ point • 

(ii) The actual skirt thickness A,a) is obtai~ed from 

Equation (E.4). And, finally 

(iii) The angle a is calculatep using Equations (E.I), (E.2), 

(E.S) and (E.9). 

o Note that when a - 90 , a reduces to zero and a - e as it should. For . 
this case the Fig.E.l(b) reduces to an annulus of equal thickness anœ 

(E.IO) 

(II) For n - n' 

When n - n' we find a ~ a and A(e) - à'(a) which imply that 

1 there is no distort'ion. For this case, howev-er, it would be difficult 

to observe the boun~ary of the dispersed phase unlèss' the dispersed phase 
1 

were dyed. 

(III) For n < n' 

~en n < n' we find that a - 0 and a - e for aIl values ,of a. 

For this case the limiting ray passes thro~gh D, and the skirt appears 

thinner th an it really is as shown in Fig.E.2. 

As before 

• A sln r OP" 
- OP" .. 

\ 

Il 

R-A 1 (a) 
R 

,. , 
, '. \ 

(E.ll) 

, 

• 
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From Snell' s law, 

" sin 1 n - (E.12) Si'iï'f nr 

From l1DPP", 

DP" l1(o)-l1' (gJ tan(r~î) - ---" - Rêos t (E.13) 
Pp" 

'" 
.: .11(a) - ( A CI 6' al + R.cos r tan(r-l) (E.14) 

E.2. Oblate Skirted BUbbles'or Drops 

For oblate shape skirts ~he geometry for the optical correction 

is 50 complex that it was not possibl~ to devise a precise corrective 

procedure. However, ,s,ince the skirts usually appear for 50
0 

< 6 < 1400 

(see Section 6.5.3) we ~an-find the sphere that fits as .much of ~he skirt 

as possible and then apply the spheri~l correction to e5timate the thick-
, 

ness. Provided that the aspect ratio of the spheroid is not too small 
, 

and the differeryce between the refractive indices i5 not too large, this 

procedure should be adequate. .... 

1 

E.3. Prolate Skirted Bubbles or Drops 

. For prolate shapes an approximate method of correction is as 

follows. The distortion occurring due to curv.ature in vertical direction 
1 

is neglected and a correcti.9Jl is applied for the curvature in horizontal 
/ 

dir,ection using Equation (S:lO) which is applicable for a cylindrical 

annulus of equal thicmess. Thus, from the apparent horizontal thickness" 

'- ' 

1 
1 
1 

1 
i 
1 

,> 1 
1 
t 

\ 
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Il \ (e), measured at angle 6 from the front stagnation point on a photo

graph we can ~btain the actual experimental horizontal thickness, ÂheS). 

The skirt thickness theory presented in Section 6.4.2 allows the predic-
1 • 

tion lof t~e thickness normal to the outer surface, Ân(6). However, we 
l ' 

require the~rediction of ~he horizontal skirt thickness, IlhCS), to 
~J 

ef'fect the comparison with, th~ experimentally obtained horizontal 

thickness. The relationship between Ilhes) and Ân(S) is derived as \ 

follows. 

The geometry of an oblate skirted bubble (or drop) to be\ 

considered is sketched in Fig. E.3. Let P(xl'Yl) be a point on the 
t 

ellipse; then the equation of thé tangent to the ellipse at point P 

ei.e. line TP) is given by: 

hence 

and 

Now 

OT 
2 

Y !.... 
x - 0 ': - YI 

. 2 
MT - 1 OT .1 ON _ aSln n 

. l, COST) 

i' 
\ 

MP - "bsinn 

MP 
- Mf -tan~ 

b - cotn 
a 

a 
co ST) 

SP _ MM' 

\ 
- a(cosn· cose) 

1 

CE.1S) 

(E.l6) 

(E.17) 

(E.18) 
\ 

(E.19) 

(~.20) 

1 

, 1 

, . 



, -

1 

1 , 
, , 
\ 
\ 

1 
1 

1 

/ 
1 

1 

.. --
"'/ '" ' 

acosn 

-, 

y 

a bsinn r , 
1 

A.16 
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1 Further, fTom the congruency of triangles QPS and PPS 

,.. 
SP - QPsin~ - 6 (9)sin$ 

! n (E.2l) 

where'Ôn(6) is the skirt thickness at P measured normally tothe'ellipsoidal 

surface. 

'Combining Equations (E.20) and (E.21) and rear!anging yields 

(E.22) 

The horizontal thickn~ss at point P' on 'the el~ipse, ~ (e), 

is then found ta be 

since 

b 6 Ca)tc0tn -
àh (a) -'" b(sine - sinn),+ ~ b 2 2 

1 + (-) cot n 

6 (a) - QP' - Mpl - l-Q' h 

a -

(E.23) 

(E.24) 

The following procedure is recommended to obtain 6h (e) and 

the corresponding angle a (çonsult Fig. E.3). 

Select e ; 
p 

(i) 

(H) Find corresponding eccentric angle n since b/a is kno~; , p 

(Hi) Find 6)(S ) from the skirt thickness theory for prQlate 
. n p 

shape; 

(iv) , Find e from Equation (E.22); \ 

(v) 

(vi) 

Find ~(apl) from Equation (E.23); and 

Find a 1 using .. value of B., 
, p 

TIŒ END '.J' 
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