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Abstract

In this thesis we use noncommutative Hodge theory to study deformation quantization
of Poisson manifolds. The class of torus invariant Poisson structures on noncompact
complex tori are analysed in detail. In particular, we define a special class of mixed
Hodge structures, called toric mixed Hodge structures. Toric mixed Hodge structures
are constructed on cohomology rings of Poisson tori with torus invariant Poisson struc-
tures and multiparametric quantum tori. We show that a multiparametric quantum
torus is determined up to isomorphism by its Hodge structure and use this to give a

nonperturbative calculation of the canonical quantization of complex tori.

Résumé

Dans cette these nous utilisons la théorie de Hodge noncommutative pour étudier la
quantification par déformation des variétés de Poisson. La classe des structures de
Poisson sur un tore complexe non-compacte et invariantes par ’action du tore est
analysée en détail. En particulier, nous définissons une classe de structures de Hodge
mixtes particulieres, dites structures de Hodge mixtes toriques. Des structures de
Hodge mixtes toriques sont ensuite construites sur les anneaux de cohomologie du
tore possédant une structure de Poisson invariante par l’action du tore et du tore
quantique multiparamétré. Nous montrons qu'un tore quantique multiparamétré est
déterminé a isomorphisme prés par sa structure de Hodge et 1'utilisons pour exhiber

un calcul non-perturbatif de quantification canonique du tore complexe.

il



Acknowledgements

I owe thanks to a number of selfless individuals whom I have been fortunate enough
to meet during my time at McGill. Foremost, I would like to thank my supervisor
Brent Pym for the countless hours he has dedicated to meeting with me and for all
he has taught me about mathematics. Brent has always been exceptionally patient,
helpful, and generous with his many ideas. I am very grateful for the support he has
given me, both financially and otherwise, while at McGill.

I would like to thank my instructors at McGill and Hugh Thomas at UQAM for
their excellent courses and their infectious enthusiasm about mathematics. I would
also like to thank Gongalo Tabuada, George Elliott, and Andrei Konovalov for helpful
correspondences. [ would like to give special thanks to Steven Rayan for his advice
and support during my time at McGill and before. I would certainly not be where I
am today if it were not for Steve.

Finally, I would like to thank my friends and family for their love and support. I
would especially like to thank Nicole for her love, companionship, and for being my

partner through this journey we have shared together these two short years.

v



Selected Notation

occurrence of something k times

Sk symmetric group on k symbols

f: VS W fis an isomorphism from V to W

k> group of units in a ring k

k(zF) quotient of k(z,z~!) by the relations zz™! =1 and 271z =1
788 linear dual of a vector space V/

f®k a morphism f with scalars extended to k

Fy curvature of a connection V



Introduction

The past 50 years have witnessed a rejuvenation of the interplay between mathematics
and theoretical physics. Not only has there been increased interest in understanding
the mathematical foundations of physical theories (especially quantum field theories),
but ideas from physics have been used to make great strides in mathematical research.
A particularly confounding physical process is that of quantization. This is, generally
speaking, the process of taking the data of a classical system and producing a theory
resembling quantum mechanics or quantum field theory from this data. Mathemati-
cally, a classical system is the data of a smooth manifold with a Poisson bracket on
its algebra of functions. The observables of classical physics such as position, mo-
menta, and energy are then functions on this manifold. In a quantum system, the
observables are no longer functions on a smooth manifold. Instead, the collection
of quantum observables forms a noncommutative algebra which reduces to the usual
algebra of functions on a manifold as some quantum parameters tend to zero.

To express this more precisely, let X be a smooth manifold with sheaf of smooth
functions Ox. A quantization of Ox should be an associative product x, called a star
product, on Ox ® R[[A]] giving it the structure of a sheaf of R[[A]]-algebras such that

for functions f, g € Ox, one has
li *qg=fg.
lim fxg = fg
Moreover, it can be shown that

. frg—gxf

lim i =g %S _

lim ; {f.9},
where {f, g} is the action of a biderivation on (f, g). This biderivation can be shown
to satisfy the Jacobi identity, so it must be induced by a Poisson structure. We say
that the Poisson bracket {-, -} is this star product’s semi-classical limit. From this we

see that a Poisson structure should be viewed as the best linear approximation to the

vi



commutative product on Ox in the space of star products. With these observations,

it is natural to ask the following question:

Question 0.0.1. Given a Poisson manifold (X, ), does there exist a star product on

Ox having the Poisson bracket associated to m as its semi-classical limit?

This answer to this question was given by Maxim Kontsevich in 1997 in his paper
[Kon03]. Kontsevich proved that the space of Poisson structures close to the zero
Poisson structure is canonically isomorphic to the space of star products on Ox (both
taken modulo an appropriate notion of equivalence). A remarkable feature of this
proof is that it is constructive: Kontsevich gave an explicit formula for the star
product quantizing a Poisson structure 7. In fact, this star product formula can be
viewed as a perturbative expansion in a 2D topological quantum field theory [CF00].
While explicit, such expansions are incredibly difficult to calculate directly, even for
relatively simple Poisson structures. It is natural to ask: is there a more direct way
of calculating the quantum algebras which does not use perturbative expansions?

It was proposed by Kontsevich in [Kon08] that one could determine these quan-
tum algebras using noncommutative Hodge theory. Recall that, generally speaking,
classical Hodge theory seeks to associate a linear algebraic invariant, called a Hodge
structure, to a space X. Hodge structures contain a surprising amount of informa-
tion about the original space. In fact, there are many spaces for which the Hodge
structure determines the space up to isomorphism. Theorems proving a space is de-
termined by its Hodge theoretic data are often called Torelli theorems. What makes
such theorems possible is that Hodge structures can often detect continuous parame-
ters associated to families of spaces, such as the parameter 7 associated to an elliptic
curve. Kontsevich proposed that the continuous parameters appearing in families
of Poisson structures and quantum algebras could be detected by noncommutative
analogues of Hodge structures. Instead of working with a formal expansion in A, one
could then study quantization via this linear algebraic data.

In this thesis, this programme is carried out for families of torus-invariant Poisson
structures on noncompact complex tori; i.e. algebraic varieties X isomorphic to (C*)™.
We will write G for the rank n torus viewed as a Lie group. In coordinates (z1, ..., z,)

a G-invariant Poisson structure on X has the form

0 0
™ = Z )\ijz'izj% VAN a—z
4 J

1<i<j<n

for some complex numbers );; € C. Note that these Poisson structures are quadratic
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in the coordinates z;, or equivalently, the associated Poisson brackets are of the form
{Zl', Zj} = )\'ijzizj-

These Poisson structures are extremely difficult to quantize using Kontsevich’s for-
mula. In [BPP20] the leading terms of Kontsevich’s star product expansion were
calculated for these Poisson brackets and (conjecturally) transcendental numbers
such as ((3)?/m% appeared as coefficients. Note, however, that such a Poisson struc-
ture is determined up to isomorphism by the skew-symmetric matrix of paramters
A = (Nij)1<i<j<n. Following Kontsevich’s suggestion it is natural to ask the following

questions:

1. Is there a Hodge structure that one can associate to the Poisson variety (X, )

which can detect the parameters );;, and

2. Is there a class of associative algebras determined up to isomorphism by an

equal number of parameters which are possible quantizations of X7 If so, then

3. Is there a Hodge structure one may associate to these algebras which detects

these parameters?

The answer to question 2) is yes, and such algebras have been studied for many years
(though not in the context of Hodge theory). These algebras are called multiparam-

teric quantum tori, or simply quantum tori, and are of the form

Clzf,...,zh)

n

(zir; = qijz;v;)

A, =
where ¢ = (¢;;) is a matrix with entries in C* such that ¢;; = quil. In particular, if
one has ¢;; = 1 for all ¢ and j then this is just the algebra of function on (C*)™. Mul-
tiparametric quantum tori are reasonable candidates for the quantizations of torus
invariant Poisson structures for the following reason: one can make a logarithmic
change of coordinates which would transform these Poisson structures to constant
Poisson structures, at which point one can apply the standard Moyal-Weyl quanti-
zation. Note that if u and v are operators such that [u,v] = h, then by changing
coordinates to U = e* and V = e?, one has UV = e"VU by the Baker-Campbell-
Hausdorftf formula. As described, this approach is not rigorous, as the logarithmic
coordinates are multi-valued when working over C and Kontsevich’s formula will de-

pend on this coordinate change in a non-trivial way. We do not attempt to calculate
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the quantizations of tori using these coordinate changes, though it would be interest-
ing to know how this relates to our methods.
In [Kon08, Section 1.30], Kontsevich writes:

Statement /Conjecture 0.0.2. The quantization of a G-invariant Poisson structure
7w with respect to Kontsevich’s formula on a non-compact complex torus X is the

multiparametric quantum torus algebra A, where q;; = exp(hA;;).

Statement /Conjecture 0.0.2 is our Theorem 4.1.4 and is proven as follows. First,
we answer questions 1) and 3) above in the affirmative. That is, we associate canonical
Hodge structures to a Poisson structure m on X and to a quantum torus A, such that
these Hodge structures detect the parameters A and ¢, respectively. Next, using an
extension of Kontsevich’s formula known as cyclic formality [Willl], we are able to
conclude that if A, arises as the quantization of 7 then their Hodge structures are
isomorphic. To conclude, we use a Torelli theorem: quantum tori A, are determined
up to isomorphism by their Hodge structures. Let us now describe in more detail the
contents of this thesis.

In chapter one, we recall the definitions of Hodge structures, mixed Hodge struc-
tures, and variations of mixed Hodge structures and define a subclass of these objects
which we call ‘toric’. Toric mixed Hodge structures are, in particular, iterated exten-
sions of the Tate structures Z(j), j > 0, and from the extension classes we extract
a multiplicatively skew-symmetric matrix. We refer to this matrix as the extension
data of the toric mixed Hodge structure and we will later use extension to detect the
parameters described above.

In chapter two, we recall the rudiments of Poisson geometry. An invariant called
the periodic Poisson homology is defined and shown to be canonically isomorphic to
the usual de Rham cohomology. We then recall the definition of the topological K-
theory of a space X and compute the topological K-theory of a complex torus. After
this, the image of the Chern character in the de Rham cohomology of X is described.
While the de Rham cohomology and periodic Poisson homology are isomorphic vector
spaces, the lattices given by K-theory vary in families of Poisson structures. We use
this varying lattice to construct a toric mixed Hodge structure on the periodic Poisson
homology of a Poisson torus. Using this toric mixed Hodge structure, we calculate
the extension class described above and show it is determined up to isomorphism by
the multiplicatively skew-symmetric matrix exp(A) = (exp(A;)).

In chapter three, we turn to noncommutative geometry. We first recall the nec-
essary notions from Hochschild theory: the Hochschild homology, Hochschild coho-

mology, and the periodic cyclic homology of an associative algebra. We then prove
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that the periodic cyclic homology of a quantum torus A, carries a toric mixed Hodge
structure. Letting ¢ vary in (CX)(Q), we obtain a toric variation of mixed Hodge
structures with connection given by the Getzler-Gauss-Manin connection as defined
by [Get93]. We use this connection to obtain a lattice in the periodic cyclic homology
of A, by parallel transporing the lattice at the central fibre, which is known. We then
calculate the extension data of the toric mixed Hodge structure of a quantum torus
A,. This extension data is shown to be the matrix ¢ itself. Thus, A, is determined
up to isomorphism by its Hodge structure. In a formal neighbourhood of any point,
we prove that this lattice agrees with the noncommutative topological K-theory, thus
proving a case of the lattice conjecture of Blanc [Blal6]. While we are able to prove
this in a formal neighbourhood of any quantum torus, we do not know this holds
globally. We believe this to be true, and state this as Conjecture 3.3.8.

In chapter 4, we prove Statement /Conjecture 0.0.2 as follows: we first recall several
extensions of formality morphisms and prove that these morphisms induce an isomor-
phism of the toric mixed Hodge structures we have constructed. That is, the toric
Hodge structure associated to (X, ) is isomorphic to that obtained from the quantiza-
tion of 7 (which we show must be a quantum torus). Combining this statement with

the Torelli theorem of chapter 3, we are able to prove Statement/Conjecture 0.0.2.

Conventions

We list here the conventions that will be used throughout the thesis.
e (Graded, without any other qualifiers, will always mean Z-graded.
e Filtrations are assumed to be indexed by Z.
e If a field is implied not specified, it is assumed to be C.
e Unless stated otherwise, all algebras are associative and unital.

e We will use homological gradings. A lower index is to be interpreted as negative

an upper index and vice versa.

e With the exception of H, which denotes (co)homology, mathsf font (X,Y,...)

is used for spaces.

A diamond ¢ denotes the end of a definition or remark.



Chapter 1
Hodge structures

In this chapter we introduce the primary objects of study in this thesis: complex tori

and Hodge structures.

1.1 Mixed Hodge structures

1.1.1 Complex tori

Definition 1.1.1. Let n be a positive integer. A complex torus of rank n is an

algebraic variety isomorphic to (C*)". O

One can view theses spaces in many different ways: for example, a complex torus
X in its analytic topology is a Lie group under component-wise multiplication. When
we wish to consider a complex torus as a group we will write G. We will write g for

the Lie algebra T{; » 1)G of G and gV for its dual as a C-vector space.

In the global coordinates z1, ..., 2, on X, a basis of global sections for the tangent
bundle is
0 0
22— Zp—
Y92, 02,

We will often write 0; for %. Upon evaluation at the identity, these vector fields give
a basis for g which we denote by 91, ...,d,. Note that, by definition of g, these vector
fields are G-invariant. The dual basis of one-forms is

da o de

ey
21 Zn

Zi

and we will often write dlog z; for dz—, When regarding these forms as a basis for



g”, we will often write ey, ..., e,, where ¢; := dlog z;. Note that these forms are also

G-invariant.

Definition 1.1.2. Let G be a complex torus of rank n. The abelian group Hom(G, C*)
is called the character lattice of G and is denoted L. O

By picking coordinates on G we obtain an isomorphism L = Z". Taking the

logarithmic derivative

dlog: L — QY(Q)

Z; > leg Zi

we obtain an isomorphism

A (L) 2w, 1.1.1
(5,0) 2 (G (1.L1)

i
In coordinates, this states that the forms

1 dz 1 dz,

2w 2z 2mi 2,

are a set of algebra generators for the integral cohomology of G' (under the de Rham

isomorphism).

1.1.2 Mixed Hodge structures and variations

In this section we introduce the various Hodge theoretic structures we will use in later
sections. In this thesis we do not use noncommutative Hodge structures as defined in
[KKPO08] (in particular, we do not work with Z/2-gradings). However, the invariants
we study and use to construct mixed Hodge structures and their variations are those
used in noncommutative Hodge theory; for example, the periodic cyclic homology of

an algebra. For more details on Hodge structures, consult [PS08].

Definition 1.1.3. An integral pure Hodge structure of weight k is a tuple (A, V| F, ¢)

where

e A is an abelian group of finite rank,
e V' is a C-vector space,

e F'is a finite decreasing filtration on V' by C-vector subspaces called the Hodge
filtration,



e c: A®C 5 V is an isomorphism of C-vector spaces, called the comparison

map,

such that for all i, j € Z with i+j = k+1, one has F*'V @ FiV =V, where conjugation

in V is induced by conjugation in C via the map c. O

This is equivalent to the more common definition in which there is no filtration

F*V | but rather one defines a bigraded decomposition

V= (p vre

ptq=k

where VP17 are complex subspaces of V' such that VP? = VP, To see the equivalence
of these definitions, note that we can obtain a bigraded decomposition from the Hodge

filtration by setting
VPl = FPV N F1V

for each p, g such that p+¢ = k. Conversely, given a decomposition V' = € VP,

p+a=Fk
we obtain a Hodge filtration by defining

PPV =vin.
jzp

We will often drop the adjectives ‘pure’ and ‘integral’ and simply refer to these
objects as Hodge structures. The abelian group A in this definition is called the lattice
of the Hodge structure.
Remark 1.1.4. One can define a Q-Hodge structure in an analogous way by choosing
A to be a finite dimensional Q-vector space. O
Example 1.1.5. The fundamental example of a Hodge structure of weight k is the
kth cohomology group H*(X; C) of a compact Kihler manifold X. Indeed, the Hodge

decomposition theorem states there is a direct sum decomposition

HE(X;C) = @5 H(X)

pt+q=k

where H”9(X) is the sheaf cohomology group H?(X, Q%) for % the sheaf of holomorphic
p-forms on X. In this case, the lattice is given by integral cohomology H¥(X;Z). ¢

Note that if H and H' are Hodge structures of weights k and k' respectively then
their tensor product H ® H' is naturally a Hodge structure of weight k + £’.
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Definition 1.1.6. The mth Tate Hodge structure, denoted Z(m), is the Hodge struc-

ture of weight —2m having lattice
Z(m) = (2m)™-Z C C

and bidegree decomposition (Z(m) @ C)~™ ™ = Z(m) ® C; i.e. this Hodge structure
is concentrated in bidegree (—m, —m). O
Note that Z(m) = Z(1) ® - @ Z(1).

Definition 1.1.7. Let H = (A, V, F,¢) be a pure Hodge structure of weight k. Its
Tate twist, denoted H (1), is the Hodge structure H ® Z(1) = (A(1),V (1), F(1),¢(1))
of weight k& — 2. Explicitly, the lattice is A(1) := (27i) - Z ® A, and

c(1): (2m) - Z@AN)@C=2CRA SV,
The Hodge filtration is given by
FPV (1) = FPHV.

O

The Hodge structure V(m) := V ® Z(m) is called the m-fold Tate twist, or mth
Tate twist of V.

Notation 1.1.8. For A an abelian group and k& a commutative ring, we will write Ay
for A®gz k. If ¢» : A — A’ is a morphism of abelian groups, we will write ¢, or ¢ ® k

for the induced morphism of k-modules. O

In Example 1.1.5, we saw that one can associate a pure Hodge structure of weight
k to the cohomology group H¥(X; C) when X is a compact Kihler manifold, such as a
complex projective variety. To associate a similar structure to an arbitrary complex
algebraic variety, one needs a much more flexible notion of Hodge structure, in which
the weights are allowed to vary. The appropriate notion is that of a mized Hodge
structure, and is defined below. We recall how one can associate a mixed Hodge

structure to any complex algebraic variety in Example 1.1.12.
Definition 1.1.9. A Z-mized Hodge structure (MHS) is a tuple (A, W, V, F, ¢), where

e A is a finite rank abelian group,

e IV is a finite increasing filtration on A via Z-submodules called the weight
filtration,



e V is a C-vector space,
e [ is a finite decreasing filtration on V' called the Hodge filtration,
e cis an isomorphism ¢ : Ac = V, called the comparison map,

such that the kth associated graded object of the weight filtration
gry/ A = (WiA)/(Wy_1A)

is a pure Z-Hodge structure of weight k with Hodge filtration induced by F' and

comparison isomorphism induced by c. O

Remark 1.1.10. One usually defines a mixed Hodge structure so that the weight
filtration is defined on Ag, not A. The associated graded objects are then required to
be pure Q-Hodge structures. We choose to work with Z-mixed Hodge structures, as
the weight filtrations we will be constructing in this thesis are most naturally defined
over Z. Unless stated otherwise, all mixed Hodge structures appearing in this thesis
are defined with a Z-weight filtration. We drop the adjective Z from Z-mixed Hodge

structure from now on. O

There is a natural notion of tensor products of mixed Hodge structures, which we

can use to define Tate twists, as in the pure setting.

Ezample 1.1.11. The Tate Hodge structures Z(m) are mixed Hodge structures con-

centrated in weight —2m; i.e.

Z(m) k> —2m
0 k < —2m.

WkZ(m) =

If H = (A,W,V,F,c) is any mixed Hodge structure, then its Tate twist H(1) =
(A(1),W(1),V(1),F(1),¢(1)) is the mixed Hodge structure having weight filtration

W(1)A(1) = Wyyo(A) @ 270 - Z
and Hodge filtration

F(OV (1) = FHV.



The following example, due to Deligne [Del71], is of fundamental importance and

plays the role of Example 1.1.5 in the mixed setting.

Example 1.1.12. Recall that a divisor D in a complex algebraic variety X is said to
be a normal crossings divisor if it is locally isomorphic to the union of coordinate
hyperplanes. It is said to be a simple normal crossings divisor if each connected
component of D is smooth. Given a smooth complex algebraic variety U, we say a
variety X is a good compaticfication of U if X is compact and U is a Zariski open
subset of X such that D = X —U is a simple normal crossings divisor. Let X be a good
compactification of U and j : U — X the inclusion map. We say a holomorphic form
w on U has logarithmic poles along D if w and dw have at most a pole of order one
along D. These forms give a subcomplex Qg (log D) C 4.8y, called the logarithmic de
Rham complez. It can be shown that (see [PS08, Section 4.1] for example)

HE(U; €©) = HF(X; O (log D)

where H* denotes the kth hypercohomology of a complex of sheaves. Moreover, the
filtration

0 m < 0
W, % (10gD) = { 2% (1og D) m>p
Q" AQR(logD) 0<m<p

induces a filtration in cohomology
W,,H*(U; C) = image(H" (X; W,,_Qx(log D)) — H*(U;C))

which can be defined over Q. Endowing €5 (log D) with the standard decreasing

filtration by degree of forms, we obtain an induced filtration on cohomology
FPH*(U; C) = image(H*(X; FPQy(log D)) — H¥(U; C)).

Collectively this data defines a Q-mixed Hodge structure on H*(U; C). O

Ezxample 1.1.13. Let X be a complex torus. In this Hodge theoretic language, (1.1.1)

is an isomorphism

A(L(=1)) = H(X,Z),

(=]



where L is the character lattice of G. O

Notation 1.1.14. Let k be a commutative ring and M an k-module. We will write

A" M to denote the even subalgebra of the exterior algebra on M; i.e.

ASVen \f — @ /\2kM

k>0

O

We now define an important subclass of Hodge structures we will use extensively

in later sections.

Definition 1.1.15. A toric mized Hodge structure (TMHS) is a tuple (A, W, V| F, ¢, )
such that (A, W, V, F, ¢) is a mixed Hodge structure and ¢ is an isomorphism of graded

abelian groups

o g A S EPAFL)(—k),

k>0

called the framing map, where L is the character lattice of a torus G. We say a toric

mixed Hodge structure (A, W,V F,c, o) is of rank n if G is a torus of rank n. O

Let k£ be a commutative ring and let M and N be k-modules with filtrations F'* M
and G*N. A morphism ¢ : M — N respects (or preserves) the filtrations if

©(FPM) C GPN
for any p € Z. We say that o strictly respects the filtrations if for any p € Z,
©(M)NGPN = @(FPM).

Definition 1.1.16. A morphism of mixed Hodge structures ¢ : H — H’ is a mor-
phism of the underlying abelian groups such that v respects the weight filtration and
¢ respects the Hodge filtration. If H and H’ are toric mixed Hodge structures of
the same rank with framing maps ¢ and ', respectively, then 1) is a morphism of

toric mixed Hodge structures if ¢ is a morphism of mixed Hodge structures and
p=y o

A morphism of (toric) mixed Hodge structures is an isomorphism if it admits a two-

sided inverse. O



Remark 1.1.17. It can be shown that a morphism of mixed Hodge structures must
strictly respect the weight and Hodge filtrations (see [Del71]). O

Let H = (A,W,V, F,c,¢) be a TMHS. Using the framing map ¢, we see there is

an exact sequence

0 > Z y WoA —— (A’L)(—1) —— 0

so we obtain a class
[WaA] € Extyys((A*L)(—1), Z)

in the Yoneda extension group in the abelian category of mixed Hodge structures
(see [PS08, Corollary 3.9] for a proof that mixed Hodge structures form an abelian
category). This class determines WyA up to isomorphism and will sometimes be
referred to as the extension data of the Hodge structure. We now state a well known
lemma (see [PS08, example 3.34.1]). This lemma will play an important role in the

quantization of complex tori, so we provide a partial proof here.

Lemma 1.1.18. There are canonical group isomorphisms
Extlys(Z(~1), Z) = Hom(Z, C*) = C* (112)

with respect to the Yoneda product on Extyys(Z(—1),7Z).

Proof. Let H € Extyus(Z(—1),7Z); i.e. H= (A, W,V, F,c) sits in an exact sequence
g

0 > 7 » H —=— Z(-1) —— 0.

Now, let us split the underlying abelian groups using a section s : Z(—1) — A so that
A =Z @ s(Z(~1)).

Observe that this section preserves the weight filtration, but does not necessarily
preserve the Hodge filtration. Note that F'(Z ® C) = 0 and thus S(Z® C) N F'V =
0, as morphisms of Hodge structures strictly respect the filtrations. Since « is a
surjection, it must be that F'V = Z(—1) ® C. It follows that F'V can be written
as the graph of a unique C-linear map ¢ : Z(—1) ® C - Z ® C; i.e.

FYV = {,(z) + s(z) |z € Z(—1) ® C}.



Note that 1, is uniquely determined by the complex number p, := 14(1) € Z(—1) ®
C = C. If we were to use a different splitting ¢ : Z(—1) — A, then by exactness,
t = s+ r for some r : Z(—1) — Z. Proceeding as above, we find there is a unique
map 1; : Z(—1) ® C — Z ® C such that F'V is the graph of ¢; and obtain a complex
number p; := ;(1). Therefore

F'V = {¢y(z) + t(z) |z € Z(~1) ® C}
= {tn(z) + (s(z) +1(2)) |z € Z(~1) ® C}
={(e+7)(@) + s(z) [z € Z(-1) ® C},

By uniqueness, we must have that ¢, = 1, + r and therefore
ps = pr +r(1).
Noting that (1) € 27i - Z we find that
ps = pr mod 27 - Z.

Thus p, is independent of s modulo 27i - Z and we obtain a well defined map p =
exp(ps) € Hom(Z,C*) =2 C* where we identify Z with its image in Z(—1) ® C. One
can check that this construction gives a group isomorphism Extyy(Z(—1),Z) —
C*. O

One can proceed in an identical manner to show
Exthss (A*L)(~1), Z) = Hom(A°L, (€)(8)) 2 (€)&).

Indeed, given any extension H = (A, W,V, F,c) € Extyus((A2L)(—1),Z), choose a
splitting s : (A2L)(—1) — A. Using exactness and that these maps respect filtrations,
we find a unique map 9, : (A?L)(—1) ® C — Z ® C such that F''V is the graph of .
Identifying A2L with its image in (A%2L)(—1) ® C, we note that 1, is determined by
its restriction to A?2L and that the resulting complex number is independent of the

choice of s modulo 27 - Z. This construction gives an isomorphism

Extls((A2L)(—1), Z) = Hom(A2L, C*) = (C*)(2). (1.1.3)

n
2

Notation 1.1.19. Given a TMHS H we will write [W2H| for the elements in ((CX)( )



representing its extension class under the isomorphism (1.1.3). O
We will frequently encounter families of Hodge structures that vary in a coherent

way over some base space Y. This motivates the following definition.

Definition 1.1.20. Let Y be a smooth C-scheme. A wariation of Hodge structures
(VHS) of weight k over Y is a tuple (A, V, F, ¢, V) where

e A is a locally constant sheaf of finite rank abelian groups (in the analytic topol-

ogy),

V' is a finite rank locally free sheaf of Oy-modules,

F'is a finite decreasing filtration on V' via locally constant free Oy-submodules
called the Hodge filtration,

c: A ®z; Oy = V is an isomorphism, called the comparison map,

V is a flat connection on V,
such that the following conditions are satisfied:

1. At any point y € Y, the data (A,,V,, F, ¢) is a pure Hodge structure of weight
k, where V,, is the fibre of V' at y, A, is the fibre of A at y, and F}, is the induced
filtration on the fibre V.

2. VAc = 0. We say A is a lattice of flat sections or covariant constant with

respect to V, and
3. V(F*V) c QY@ F*=1V for all k. This condition is called Griffiths transversality.

O

Remark 1.1.21. Note that a flat connection V on a holomorphic vector bundle V' is
determined uniquely by its local system of flat sections V'V (see [PS08, Section 10.1]
for a proof). O

We will again be interested in a ‘toric’ subclass of VHS.

Definition 1.1.22. Let Y be a smooth C-scheme. A variation of mized Hodge struc-
tures (VMHS) over Y is a tuple (A, W)V, F, ¢, V) where

e A is a locally constant sheaf of finite rank abelian groups (in the analytic topol-

ogy),
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W is a finite increasing filtration on A by locally constant sheaves of abelian

groups, called the weight filtration,

V' is a locally free sheaf of finite rank Oy-modules with flat connection V,

F'is a finite decreasing filtration on V' by locally constant free Oy-submodules,
called the Hodge filtration,

e c: A®z; Oy = V is an isomorphism,

such that VAc = 0, V(F*V) € Q) @ F*1V for all k and such that for each y € Y
the tuple (A,, W, V,, F,, c) is a mixed Hodge structure. A toric variation of mized
Hodge stuctures (TVMHS) is a tuple (A, W,V F,¢,V,¢) where (A, W)V, F,¢,V) is
a variation of mixed Hodge structures and ¢ is an isomorphism of locally constant

Z-graded sheaves

g A S EPAFL)(—k),

£>0
where L is the constant sheaf on Y valued in the character lattice of G. O

Note that if H is a TVMHS, then the fibre over any point y € Y carries the
structure of a TMHS.

Definition 1.1.23. A morphism of VMHS is a morphism v of the underlying locally
constant sheaves of Z-modules such that ¢ respects the weight filtrations and ¢
respects the Hodge filtration. If ¢ : H — H' is a morphism of VMHS such that H, H’
are TVMHS with isomorphisms ¢, ¢’, then we say 1 is a morphism of TVMHS if

o=y o

Formal variations

Since deformation quantization is a problem about formal neighbourhoods of commu-
tative objects, we will construct TVMHS over formal schemes. Let H be a TVMHS
over a base Y. Then, the map sending a point ¥ € Y to the extension data of the
TMHS in the fibre over y gives a section of Hom(A?L,C*). In particular, if H is a
TVMHS over the formal scheme Spf(C[[#]]), then this extension data is an element
of [WyA] € Hom(A2L, (C[[R]])*).
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1.2 Mixed complexes

In this section we recall some concepts from homological algebra which will play a
central role in our constructions of Hodge structures. Additional details can be found
in [Wei94, Section 9.8].

Definition 1.2.1. Let k£ be a commutative ring. A mized complez is a non-positively
graded k-module (with respect to homological gradings) with a degree —1 endomor-

phism B and degree +1 endomorphism b such that
B*=0*=0bB+ Bb=0.

O

Remark 1.2.2. As mixed complexes are non-positively graded, we will often write the
underlying graded k-module with a superscript bullet to avoid introducing too many
minus signs. M * is always to be interpreted as M_.. The operator b in a mixed
complex is thus a map b : M* — M*~!, or equivalently, b : M_, — M_.,,, thus of
degree +1. O

Mixed complexes are simultaneously cochain complexes with respect to b and
chain complexes with respect to B. The utility of mixed complexes lies partly in the

number of different homology theories one can extract from them.

Definition 1.2.3. Let (M*,b, B) be a mixed complex. The Hochschild homology of
M* is the cohomology of the complex (M~ b) and is denoted HH_.(M). O

Definition 1.2.4. Let (M*,b,B) and (N*,d, D) be mixed complexes over a com-
mutative ring k. A morphism of mixed complexes is a graded k-module morphism
¢ : M* — N* which is a (co)chain map with respect to both differentials. A mor-

phism of mixed complexes is a quasi-isomorphism if it induces an isomorphism on
Hochschild homology. O

Definition 1.2.5. Let k£ be a commutative ring and V* a Z-graded k-module. Its
associated 2-periodic space is the Z-graded k-module V((u)) with graded components

V((u)?=V((w), =[] v,

JEZ

where u is a variable of homological degree +2 (recall our grading conventions: an

upper index is negative a lower index). O
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There is a natural decreasing filtration F' on V((u)) called the Hodge filtration
defined for p € Z by

FPV((u)) = {Z viud

This induces a filtration on V' ((u)) for all k € Z.

v; €V, %ZPVZ}-

Definition 1.2.6. Let (M*,b, B) be a mixed complex. We define the associated
periodic complex to be (M ((u)),b+ uB). Explicitly,

M((u); = [ M.
keZ
The periodic homology of (M*,b, B) is the cohomology of (M ((u)),b+ uB) and is
denoted HP.(M). O

For example, a class [y] € HPo(M) is represented by a family Zkzo 2Ry with
72k € M? for all k, such that

By = —by* 2 v k> 0.

The Hodge filtration on M ((u)) induces a filtration on HP.(M) which we continue
to call the Hodge filtration. With these definitions, there are vector space isomor-
phisms HP,(M) =% HP; (M) for all k. These are, however, not graded vector space

isomorphisms with respect to Hodge filtrations. Indeed, we have
wFPHP (M) = FPTHP, o (M).

Because of these isomorphisms, it is often sufficient to consider only the zeroeth and
first periodic homology groups. We will do this often, as it considerably reduces

notational clutter.

Example 1.2.7. Let k be a commutative ring and M be an k-module concentrated
in cohomological degree +1. Consider the trivial mixed complex (A*M,0,0). Its

periodic complex A*M((u)) in low degrees is

AN M((u)) = Zijuj w* e NI M
Jj=0
AN M((u)) = Zij_luj w? e AFTIML

Jj=1
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The Hodge filtration on HPy(A*M) = HPo(A®Y" M) is then
FPHP (A" M) = {w™Pu? 4+ w™PuPt + Jw¥ e AT M}

Note that this filtration can be identified with the canonical decreasing filtration on

A" M by degree of exterior powers. O

Periodic homologies will be the vector spaces and bundles in the mixed Hodge
structures we construct later. In these mixed Hodge structures, our two seemingly

different uses of the term ‘Hodge filtration’ coincide.
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Chapter 2
Hodge theory of Poisson tori

In the first section of this chapter, we define several structures associated to any
smooth Poisson variety. We use these structures in the second section of the chapter
to construct a toric mixed Hodge structure on the cohomology of any complex torus

equipped with a torus-invariant Poisson structure.

2.1 Constructions in Poisson geometry

2.1.1 Poisson structures

In this section we recall standard definitions from Poisson geometry. A more extensive
treatment of these topics can be found in the book [LGPV13]. While the language
of sheaves is used in many of these definitions, we will quickly specialize to affine

varieties, and proceed to work solely with global sections.

Definition 2.1.1. Let X be a smooth algebraic variety over C. The sheaf of polyvector
fields on X, denoted Z, is the exterior algebra of the tangent sheaf 7x as a Ox-
module; i.e. 2y = A"Tx. O

We will often drop the subscript X from 2y and simply write 2°* when no

confusion could arise.

Definition 2.1.2. Let X be a smooth algebraic variety and 2 * its sheaf of polyvec-
tors. The Schouten bracket is the graded Lie bracket [-,-]¢ : 2% @ 27 — 2+
defined by

¢
[v,n] = Z Z(—I)Hﬁkhi,njhl AAYAR AT AR

i=1 j=1
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for v = ' A--- AyF and n = n' A--- Ant, where 4%, 1) are vector fields for all 4, j.

Here, ¥ indicates the omission of the kth term in the product. O

Proposition 2.1.3. Let X be a smooth algebraic variety, £ € 2%, and 1¢ : Qg — Q)'(k
denote the operation of contraction with &. Then for all w € Qy and v,n € Z*, one

has

[ty d], tn] = Ly -
For a proof, see [LGPV13, page 80].

Definition 2.1.4. A Poisson structure on a smooth algebraic variety X is a section
7 € HO(X, A%Tx) such that

[r, 7] = 0.

A pair (X, 7), with X a smooth algebraic variety and 7 a Poisson structure on X is

called a Poisson variety. O

From a Poisson structure 7 on X we obtain a skew-symmetric bilinear map {-,-} :
Ox x Ox — Ox called the Poisson bracket, which is defined via

(f,9) = {f, 9} = tz(df Ndg).

The condition [r,7] = 0 implies the Poisson bracket is a Lie bracket; that is, it
satisfies the Jacobi identity. Conversely, given the data of a Poisson bracket, one can

recover a unique bivector 7 € HY(X, A%Tx).

Remark 2.1.5. One can take X to be a space in a different category, for example,

smooth manifolds, and the same definitions apply. O

Ezxample 2.1.6. Any symplectic manifold (X, w) is canonically Poisson. Indeed, since
w is a non-degenerate section of A2TY it may be inverted to give a bivector w™! €
HO(X, A%Tx). Writing 7 for the image of a one-form 7 under the inverse of the isomor-

phism 7x — 7y induced by w, we have

{f,9} = w(df,dg).

The condition dw = 0 implies the Jacobi identity for {-,-}. O

For deformation quantization, we will need the following notion.
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Definition 2.1.7. Let X be a Poisson variety. A formal Poisson structure on X is a

bivector
m(h) € H'(X, A*Tx @ C[[R]])

such that [m(k), 7(h)] = 0, where the Schouten bracket is taken to be linear in h. ¢

We will often view a formal Poisson structure as a Poisson structure on X parametrized

by the formal scheme Spf(C[[A]]).

2.1.2 Periodic Poisson homology

Let (X,7) be a Poisson variety. In this section we will construct a mixed complex
M* (X, ) dependent on both the geometry of X and its Poisson structure.

Let (2°(X),d) be the complex of Kéhler differentials on X. Contraction with the
bivector 7 gives us a map ¢, : Q°(X) — Q°7%(X) which we use to define

5 = [d, 1] £ Q7 (X) = QLX)

The operator d, was first studied in this context by Brylinski. See [Bry88, Proposition
1.2.3] for a proof of the following proposition.

Proposition 2.1.8. The operator 6, is a differential and anti-commutes with the de
Rham differential; i.e.

02=0 and do; + drd = 0.

Definition 2.1.9. The mixed complex M* (X, 7) = (2°(X), 0., d) is called the mized

Poisson complex of (X, ). O

The Hochschild homology of this complex, as defined in section Section 1.2, is the
cohomology of the complex (Q2°(X), d,), and is called the Poisson homology of (X, ).
Following the general procedure described in Section 1.2, we make the following def-

inition.

Definition 2.1.10. The periodic Poisson complex of an affine Poisson variety (X, 7) is
the 2-periodic complex (M (X, 7)((u)), dr+ud) associated to M (X, 7). Its cohomology
is called the periodic Poisson homology and is denoted HP.(X, 7). O
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Note that HP.(X,7) is endowed with the Hodge filtration described in 1.2. We

will view the de Rham complex as a mixed complex
(€2°(X),0,d)
with periodic complex (Q(X)((u)),ud). For example, we have

QX)((u)o = [ [ 2*(X)u*

k>0

QX)((w) = [T (X)u*

k>1

The associated periodic homology is called the periodic de Rham cohomology and is
denoted HP®(X). The following proposition can be found in [Kon08, Section 1.34]
and [CFW11, Section 1.2].

Proposition 2.1.11. Let (X, 7) be a Poisson variety. The map
e/t M(X,m)((u) = Q(X)((u))
s an isomorphism of complexes.
Proof. We first check that e'~/* is a chain map; i.e.
Ad,rsu(ud) = e /" o ud o /" = §,. 4 ud.
If so, then this is clearly an isomorphism of complexes. Recalling the identity
Adeirsu(ud) = exp([—, tr/u])ud,
we have that
" oud o ¢ = ud o+ [d, 0] + - lims [oms ] + gl o o l]
which simplifies to ud + 0, by Proposition 2.1.3 since 7 is Poisson. O

Note that the constructions in this section generalize to a formal Poisson structure

on X without complications. In particular, there is an isomorphism of complexes

e M (X, () () — QO[A])((w).
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2.1.3 Topological K-theory

Now that we have constructed the periodic Poisson homology, which will serve as the
vector space in a toric mixed Hodge structure, we must find an appropriate lattice in
HP.(X, 7). While the integral cohomology is a reasonable candidate, the topological
K-theory of X, suitably ‘twisted” by 7, is a much better choice, as we shall see. A
good reference for the material in this section is [AH61]. We begin by recalling the
definition and first properties of topological K-theory.

Definitions

Assume that X is a topological space homotopic to a finite CW-complex. The isomor-
phism classes of vector bundles on X form an abelian monoid under &. The associated
Grothendieck group is a homotopy invariant of X called the topological K-theory of
X and is denoted K°(X). The tensor product of vector bundles is well defined on
the equivalence classes in K°(X) and gives K°(X) the structure of a commutative
ring. One defines K™ (X) := K" (X X) and K" (X) = K"(Q2X), where ¥ and Q are
the reduced suspension and loop space functors, respectively. A fundamental result,
known as Bott periodicity, states that the topological K-theory groups are 2-periodic;

that is, we have isomorphisms
Kl(X) — K1+2k<x)

for all £ € Z. In order to realize K-theory as a lattice, we must have a map including
it into some vector space canonically associated to X. This map is called the Chern

character:

Definition 2.1.12. Let £ — X be a C°-vector bundle with connection V over a
smooth manifold X. The Chern character of E, denoted ch(FE) is the cohomology

class of
[tr (exp (Fv))] € HGR"(X),

where Fy is the curvature of V. O

If E — X is a vector bundle such that c¢x(E) = 0 for all £ > 0 then we have
ch(F) = exp(ci1(F)), where ¢, (FE) denotes the kth Chern class of E.

Remark 2.1.13. Often one defines the Chern character and Chern classes not as func-

tions of Fy but of %MFV. With this convention, one obtains integral classes. With
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the definition above, the class ¢;(F) is not integral; rather, we obtain an element of
H* (X Z(1)) = H*(X; Z) @z Z(1).
By the splitting principle, for any vector bundle £ — X we have

ch(E) € @ H* (X; Q(k)) =: H* (X; Q(+)).

k>0

K-theory as a lattice

Given F € K°X), we can extend the Chern character to a map ch : K%(X) —
HP{®(X) by sending a class

ch(E) =) w™  w®eH*XQk),

k>0

to the periodic de Rham class ), w**u*. Now, let (X, 7) be a Poisson variety. We

define the Poisson Chern character to be the map
ch™ = e /" o ch : K%(X) — HPy(X, )

using the extension of ch to HPgR(X) described above. This map is well defined by
Proposition 2.1.11, and we define

A, = image(ch™).

Lemma 2.1.14. Let (X, 7) be a Poisson variety. Then A, is a lattice in HP.(X, 7);

i.e.
A ® C = HPy(X, )

Proof. This follows from the fact that e*"/* is an isomorphism of complexes and that
image(ch) is a lattice in HPS¥(X) (which follows from [AH61, 2.5]). O

Notation 2.1.15. We define Agr := image(ch); the lattice in HP§Y(X). O

Let X be a smooth algebraic variety and 7(h) a formal Poisson structure on X.

We view 7(h) as a family of Poisson structures over Spf(C[[#]]). Promoting Agr to
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the constant sheaf over Spf(C[[h]]), we see that Ay is a locally constant sheaf on
Spf(CJ[A]]). This will be the locally constant sheaf we use to construct a variation
of Hodge structures over Spf(C[[h]]). It follows from these observations and Re-
mark 1.1.21 that there is a unique flat connection on HPy(X, 7(h)) having Ay ® C

as its lattice of flat sections.

Definition 2.1.16. The Poisson Gauss—Manin connection, denoted Vi p, is the
unique flat connection on HPy(X, 7(%)) such that HPo(X, 7(B))V=® = Ay @ C. O

The connection V ;) appears in the paper [CFW11]. Their construction produces

the same connection as ours, as both connections have the same lattice of flat sections.

2.2 Mixed Hodge structures of Poisson tori

We now study the above constructions in the case of a complex torus X with torus

invariant Poisson structure m. We will construct a canonical toric mixed Hodge struc-
ture on HP (X, 7).

2.2.1 Poisson structures on complex tori

Recall that a complex torus is any complex algebraic variety X such that X = (C*)".
We require the bivectors 7 € H(X, A*Tx) under consideration to be invariant under

the action of the torus, G. Such bivectors must be of the form
. 0 0
= AN zizi— N —
lzj: v 8zi aZj

for some {\;;}1<i<j<n C C. Note that the vector fields appearing in 7 are of the form
2;0; and thus are invariant under G. Let g = Lie(G) and let {J; A §;}1<icj<n be a
basis of A%2g. By definition of g, we see that 7 is the image of a unique element in

A?g under the canonical map
A%g — HO (X, A*Tx)

Z )\Z]5Z A\ 5j — Z )\ijZiZj% A 8%
i j

1<i<j<n 1<i<j<n

Clearly this map is injective. Thus, the choice of such a G-invariant bivector field 7
is equivalent to the choice of an element in A%g. Since the Lie algebra g is abelian, it

follows that [m, 7] = 0 for any choice of A € A%*g. We have shown the following:
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Proposition 2.2.1. The space of torus invariant Poisson structures on a complex

torus X is isomorphic to N*g.

We call a pair (X, 7) a Poisson torus if X is a rank n complex torus and 7 a torus

invariant Poisson structure on X.

2.2.2 Periodic Poisson homology of a Poisson torus

Let X = (C*)™ be a rank n complex torus with G-invariant Poisson structure = €
HO(X, A%Tx). We prove that the basis of A*g¥ given by the forms

. <d,21 dzn>
weEN{—...—
21 Zn
represent periodic Poisson homology classes. To do this, note that the action of G
on X by rescaling of coordinates induces an action of g on 7 (X) and therefore on

2°(X). This action decomposes Q(X) into a direct sum of weight spaces indexed by
Z". Under the identification dlog z; = ¢; € gV, we see the subalgebra

Ag’ C Q' (X)
is precisely the subspace of weight (0,.7.,0), which we will denote by €.

Lemma 2.2.2. The projection Q°(X) — g induces a map of mized complexes
(Q(X),0r,d) = (A°gY,0,0) and induces a filtration preserving isomorphism on pe-

riodic homology.

Proof. The G-action described above yields a direct sum decomposition
Q' (X)=Qo D g-Q2°(X).

Note that €y is a 2"”-dimensional C-vector space. We claim that d and J, are iden-
tically zero when restricted to 2y. Clearly the forms in €y are d closed, as )y is a
set of representatives for the de Rham cohomology of X. To see these are d, closed,
it is sufficient to check ¢, : Qy < Qy. This follows immediately from the definition
of €}y and the fact that 7w is G-invariant. By counting dimensions in the string of

isomorphisms

HPE(X) = HP. (X, m) = H"(Qo((w))) @ H* (g - 2X)((w))) = A"g" @ H (g QX)((w))
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we conclude that g-Q(X)((u)) is acyclic. Since this is a projection map, it is clear that

the Hodge filtration is preserved at chain level, and thus on homology as well. O]

This yields explicit representatives for HPy(X, 7). Indeed, classes in HP((X, ) are
represented by elements of the subalgebra of €Q(X)((u))o generated by the forms

dZi A de
U—
ZiZj

1<i<j<n.

Using Example 1.2.7, we see the Hodge filtration on HPy(X, ) is

2 " Zn

. /d dz,
FPHPo(X, ) = {&puuw?p“up“ +o ¥ e nY <ﬁ i>} (2.2.1)

2.2.3 Topological K-theory of a complex torus

We now calculate explicit representatives for the lattice A, = image(ch™) C HPy(X, 7)
for (X,m) a Poisson torus. First we will calculate image(ch) C H?*(X;Q(.)). This

calculation relies on the following fact.

Lemma 2.2.3. Suppose X is a finite CW complex and that H*V*"(X; Z) has no torsion.
If A is a subgroup of K°(X) such that for every x € H*®(X;Z(p)), p > 0, there exists
& € A such that

ch(&) = x + higher degree terms,

then A = K°(X).
The proof of this lemma is identical to that of [AH61, Section 2.5, Corollary iii].

Proposition 2.2.4. Let X be a complex torus. Then K°(X) is generated by pullbacks

of line bundles from rank two tori which are quotients of X.

Proof. Choose global coordinates (z1,. .., 2,) on X and define X;; to be the rank-two
complex subtorus with coordinates (2, 2;). Let L}; be a line bundle on X;; such that
c1(L};) generates H*(X;, Z(1)) and define L£;; = pj;L};, where p;; : X — X;; denotes
the projection. Note that for such a line bundle £;;, we have

. 1 dZ,L' /\de
N 211 ZiZj

Cl(ﬁij) € H2<X7Z(1))7
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thus

c1(Lij)”

ch(Li) =1+ a(Lyy) + —,

4+ .= eXp(Cl(ﬁij)) =1+ Cl(‘aij)

Therefore, the collection {L;;}i<; gives (3) line bundles such that {c(Lij)}i<icj<n
are linearly independent in H?(X;Z(1)), thus a C-basis for H?(X; Z(1)).

Let A°(X) denote the subring of K°(X) generated by the L;;. Since the classes
c1(L;;) generate H?(X; Z(1)), and since the Chern character is a ring homomorphism,
we see that the Chern character maps A%(X) surjectively onto H?*(X;Z(.)). Using
Lemma 2.2.3, we conclude that K°(X) is generated by the classes of the line bundles

{Lij}tic. O
From this calculation, we see that
dz dz
Aa — %z< _>> —k:
a @ ( Zl Zn ( )
which is identified with

P ( %Z<dz11 dz—?>> (—k)

k>0

in the periodic space Q(X)((u)). Since A, = e "/“Agg by definition, we conclude
that

J—— (@ < 2kz<‘zl dz—?>) (—k)) CHPo(X, 7). (2.2.2)

This will be the lattice in the toric mixed Hodge structure associated to (X, 7). With
this in mind, we now discuss an increasing filtration on A, that will serve as the weight
filtration in the TMHS constructed later. Define a filtration W9t on Aqr = ch(K°(X))
by

dz dzy,
Wikt Aar = Wit Aar = P o’ (A2fz< Lo —>> (—0).

<k 2’ “n

for all k € Z. Since the operator e~“7/* cannot increase the degree of forms, and since

Lr : Qg — €y, we obtain an increasing filtration W on A, by setting
Wi, = e " WIRAgg. (2.2.3)
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Finally, note that the associated graded objects of these filtrations are canonically

isomorphic:
grYV(e_‘”/“) : grYVdR Agr = gtV A, (2.2.4)
In particular, gry, ., A, = 0 for all k.

Poisson—Gauss—Manin connection

To conclude this section, we consider a family of G-invariant Poisson structures 7(h)
on X parametrized by Spf(C[[#]]) and find an explicit form for the connection Vgu.

A torus invariant formal Poisson structure on X must be of the form

™ = Z )\w(h)zzzjaz A 8j

1<i<j<n

for some formal power series \;;(h) € C[[A]]. Viewing Agr as a constant sheaf over
the formal disk Spf(C[[A]]), we find A, as defined above is a locally constant sheaf
of Z-modules over Spf(C][Ah]]). Recall that the Poisson-Gauss—Manin connection was
defined to be the unique connection V ;) on HPo(X, 7(h)) such that V) (Arny®C) =

0. Using the explicit form of A above, we can read off what this must be:

Proposition 2.2.5. Let X be a complex torus with G-invariant formal Poisson struc-

ture

™ = Z )\U(h)zzzj@ VAN 3j.
1<i<j<n
Then, in the trivialization HP,(X,7(h)) = A*g" @ C|[h]], the Poisson-Gauss—Manin

connection is the operator

1
Vﬁ(h) =d+ E Z d)\zj (h)b(;i/\(;j,

1<i<j<n
where

dXi;(Rh)

dh.

Proof. First, note that one can indeed show HP.(X,7 (%)) = A°g¥ ® C[[R]] using a
proof identical to that of Lemma 2.2.2. Now, let w € A®*"gY = Agr ® C. Then we
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have e~=0/%w € Ay @ C C HPo(X, 7(h)) = A®*"gY @ C[[A]] and

1
vw(h)(e_%(h)/uw) = ——d(ﬂ'(h)) (S_L’“(ﬁ)/uw) + e_L“h)/“VTr(h)w,
u

where we have set

d(r(h) = Y dhij(R)esins,-

1<i<j<n

Thus,

V(i (€770 "w)

1 1
T u ( > dAij(h)bmzsj) D DI A

1<i<j<n 1<i<j<n

=0

where we have used that the operators in this expression are of even degree, and

therefore commute. O

2.2.4 Mixed Hodge structure of a Poisson torus

We now have all the ingredients we need to construct the toric mixed Hodge structure

associated to a Poisson torus.

Theorem 2.2.6. Let X be a complex torus of rank n and 7 a torus invariant Poisson

structure on X. Then, the tuple
Hy = (An, W HPo(X, ), F e grl¥ (/"))

where W is the filtration of (2.2.3) and F is the Hodge filtration on HPy(X,7), is a

toric mized Hodge structure.

Proof. First, we define W on A, as in (2.2.3). By (2.2.2), we know that chf : K°(X)®
C = HPy(X,m) and this induces the isomorphism ¢ : A; ® C — HPy(X,7) in the
data above. We endow HPy(X, 7) with its Hodge filtration (in the sense of periodic
complexes) and we take this to be the Hodge filtration F. We saw in (2.2.1) that this

agrees with the standard decreasing filtration on HPy(X,7) by degree of forms. For
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all k, (2.2.4) yields an isomorphism

gt (/") s g An S g™ A = (2.2.5)

by definition of Aqr and (1.1.1). Thus gr}” A, is a pure Z-Hodge structure of weight
k for all k, as required. Furthermore, (2.2.5) shows this mixed Hodge structure is
toric. [l

Given a G-invariant Poisson structure m = ) \;;2;2,0; A 0; on a complex torus X,

we will now study the extension data of H; i.e. the exact sequence

0 W/ > WoH, —— (A’L)(—1) —— 0.

We determine the extension class [W, H,] under the isomorphism Exty;uq((A2L)(—1), Z) =2
((Cx)(g). Working in coordinates, we have that

1 . :
Wok, =Z- (V)& P —,Z-<UM—)\Z~j>.

ZiZj
To split this sequence, we use the section

s 1 (A2L)(=1) — WaA,

2T 2% 211 2%

Now,

F'WaHP (X, m) = € C <

1<i<j<n

u dz; A dzj>

2w 2%

We can write this subspace as the graph of a unique map 1, : (A*L)(—1)®@C — Z&C,

and it is clear this map is

u dz; N\ dz;
21 RiZj

— >\ij

on basis elements. Recalling from the discussion preceding (1.1.3), we find that WoA

is determined up to isomorphism by the multiplicatively skew-symmetric matrix
exp(m) = (exp(Aij))1<icj<n- (2.2.6)
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Note that this means a Poisson torus is not determined up to isomorphism by [Wy H,].
Indeed, by translating A;; = A;; + 27 we obtain a non-isomorphic Poisson structure,
which has the same extension data as H.

Formal variation of Hodge structures

To conclude this chapter, we consider the toric variation of mixed Hodge structures
associated to a G-invariant formal Poisson structure 7(h) on a complex torus, viewed

as a family of Poisson structures over Spf(C[[A]]).

Proposition 2.2.7. Let X be a complex torus with G-invariant formal Poisson struc-
ture w(h). Then, the tuple

Heny = (Magy, W, HPo (X, (1)), Fy ¢, Voagny, gt (e'=m/))

1s a TVMHS, where
o W is the filtration described in (2.2.3),
e F'is the Hodge filtration on HPy(X, m(h)),

e ¢ is induced by the map

ch™ ®C[[A]] : K°(X) ® C[[A] = HPo(X, (h)).

Proof. The only compatibility of this data which is not immediately satisfied by our
previous constructions is that V. satisfies Griffiths transversality. This is true for the
following reason: let 7(A) = 3, i<, Aij(A)zi2;0; A 9;. We have seen that

V. —dt 2 D dhi(h)sng,
Y i<ici<n
in the trivialization HPy(X,w(h)) = A®"g" ® C[[h]]. Since the filtration F' on
HPo(X,m(h)) is given by (2.2.1), or equivalently, by degree of forms, we see that
V. can only decrease the degree of forms by 2, and thus V,.(FFHPy(X,7(h))) C
Qe @ FFH(HPo(X, m(R))), as required. Thus, this data has the structure of a
TVMHS. [

Recalling the discussion of Section 1.1.2, we see that the extension data of Hy is
given by a map in p € Hom(A?L, C[[h]]*) = (C[[ﬁ]]x)(g) Repeating the calculations
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preceding (2.2.6), we find that this extension data p is determined up to isomorphism

by the multiplicatively skew-symmetric matrix

exp(m(h)) = (exp(Aij(h)))1<i<j<n- (2.2.7)
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Chapter 3
Hodge theory of quantum tori

We now turn to the study of the noncommutative algebras which are candidates
for the quantizations of Poisson tori. In the first section of this chapter, we recall
the definitions of a number of standard tools from noncommutative geometry. A
good reference for this material is [Wei94, Chapter 9] or [Lod98]. These objects are
generalizations of common geometric invariants, such as de Rham cohomology, to the
realm of noncommutative spaces (i.e. dg-categories). In the second section, we study
these invariants in detail and use them to construct a toric mixed Hodge structure
on the periodic cyclic homology of a quantum torus. To end this chapter, we discuss

the noncommutative topological K-theory of quantum tori.

3.1 Hochschild invariants

In this section, given an associative algebra A over a commutative ring k£, we denote

by A the algebra A/k, where k is identified with the subalgebra & - 1.

3.1.1 Homological invariants

Our goal is to construct from an associative algebra A a mixed complex whose various
homology theories will reproduce the classical invariants of geometric spaces if A

happens to be commutative.

Definition 3.1.1. Let A be an associative algebra. The (reduced, or normalized) bar

complex of A is the complex

o

b AR A A s A A s A
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where

n—1

blag @+ ®ay) = » (~1)'ag @+ ® i1 @+ @ ap + (—1)"apap @ -+ @ an_1.
=0

We will write C_.(A) for this complex so that

ChA)=Ade " 4

It is an easy exercise to check that b? = 0.
Notation 3.1.2. We will write (aq, . . ., a,) for the tensor product ag®@a; ®- - ®a,. ¢

Definition 3.1.3. Let A be an associative algebra. The Hochschild homology of A,
denoted HH_.(A), is the cohomology of the complex (C_.(A),b). O

The following result, known as the HKR theorem, is due to Hochschild, Kostant
and Rosenberg.

Theorem 3.1.4. Let X be a smooth affine scheme of finite type over C. Then there

is an isomorphism of O(X)-algebras
(URRONGTS = HH_. (O(X)).

For a proof, see [Wei94, section 9.4]. It is not obvious that HH_.(R) has a natural
algebra structure; this is only possible when R is commutative. This fundamental
result implies that we should think of Hochschild homology classes as the noncom-

mutative analogue of differential forms. Let us study HH_.(A) in low degrees:

e In degree zero we have

the abelianization of A. In particular, if A is commutative, then HHy(A) = A,
which agrees with the HKR theorem above.

e The degree -1 classes do not have such a simple interpretation. However, if A

is commutative, then the map b: A ® A — A is identically zero. Thus,

AR A
({ab®@c—a®bc+ ca®@Db)apeea

HH_, (A) =
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It is easy to see the HKR isomorphism here: a ® b — adb € Qgpec(ay,c. The
above quotient corresponds to the Leibniz property of d : d(ab) — adb—bda = 0.

This leads to the following question: if the Hochschild homology is the noncom-
mutative analogue of differential forms, then what is the noncommutative de Rham
differential? The following operation was first defined by Rinehart in [Rin63] and
was used extensively by Alain Connes in his foundational work on noncommutative

differential geometry.

Definition 3.1.5. Let A be an associative algebra and C'_.(A) its bar complex. The
Connes differential is the operator B : C_g(A) — C_g_1(A) defined by

k

B(a0®®ak):Z(_1)lk1®al®®ak®a/0®®a171
=0

¢

It is another easy exercise to check that B? = 0. One can also check that bB +
Bb =10, s0 M*(A) := (C_.(A),b, B) is a mixed complex. Using the terminology of
Section 1.2, we see the Hochschild homology of M*(A) is precisely the Hochschild
homology as defined above. Following Section 1.2, we obtain the periodic cyclic

complez (C(A)((u)),b+ uB), defined in degrees zero and one as

(A (o = [[ A A%
CA) (), = [[ A A7t

k>1

(recall we can obtain the periodic complex in different degrees by multiplying by an
appropriate power of u). The periodic cyclic homology of A, denoted HP.(A), is the
cohomology of the complex (C(A)((u)),b+ uB). By restricting to the commutative

case, we find this is the appropriate generalization of de Rham cohomology:

Theorem 3.1.6. Let X be a smooth affine scheme of finite type over C. Then there

s an isomorphism of C-vector spaces
HP.(O(X)) = HP®(X).

Cohomological invariants

In our study of the periodic cyclic homology of a quantum torus, we will need to

make use of the Hochschild cochains C*(A) of an associative algebra A.

32



Definition 3.1.7. Let A be an associative, unital algebra over a commutative ring
k. The Hochschild cochain complex (C*(A),dy) is the complex with

CP(A) = Homy,(A®P, A)

in degree p, together with differential dy called the Hochschild differential defined as
follows: given ¢ € CP(A), let

p—1
dgp(ao, c. 7a’p> =4ap - gp(al, ce ,Clp) + Z(—l)l(p(ao, P ¢ 7 7 I ,G,p)
=0

—1D)Pp(ag, - .. ap—1) - ayp

N .

+

where a; € A for all 7. O
One may check that d% = 0.

Definition 3.1.8. The Hochschild cohomology of an associative algebra A is the
cohomology of the complex (C*(A), dg). O

3.2 Hodge theory of quantum tori

In this section, we construct a canonical toric mixed Hodge structure on the periodic
cyclic homology of a quantum torus, which we define below. After defining these
algebras and describing their basic properties, we trivialize the periodic cyclic ho-
mology of a quantum torus, proving that it is isomorphic to A*g¥. Next, we recall
the Getzler-Gauss-Manin connection on periodic cyclic homology and study it in this
trivialization. This allows us to parallel transport the lattice from the commutative
torus to obtain an integral structure in our mixed Hodge structures. The material
of Section 3.2.1 and Section 3.2.2 follows [Yasl17, Sections 6 and 7] closely. Many of
the results of this section are similar to those obtained by G. Elliott in [Ell84], where

noncommutative tori are studied in the context of C*-algebras.

3.2.1 Periodic cyclic homology

Let k = C or k = C[[A]]. The following definition is taken from [Wam97, Section 1].

Definition 3.2.1. The multiparametric quantum torus is the algebra A, generated
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over k by the 2n variables z1,...,z, and z7',..., 2" subject to the relations

n

xile =1= :U;l:ci and ;75 = g5
for every 1 <i4,j < n, where {g;; }1<i j<n 1S a set of non-zero scalars in k* satisfying

the relations
¢i = 1 = ¢4
for all 1 <+¢,57 <n. We call n the rank of A,. O

We will call these algebras quantum tor: and will only consider quantum tori over C
for now (though the results of this section hold for quantum tori over any commutative
ring of characteristic zero). Note that if we take ¢;; = 1 for all 1 < 4,j < n, then
A, = O((C*)™). There is an action of g on A, by derivations: the classical rank n
torus group G acts on the generators z; by rescaling, inducing a map g — Der(A4,).
Given the basis dy,...,0, of g as a C-vector space, the action on an element z € A,

of the form o = 2% ... 2 is

Remark 3.2.2. This agrees with our earlier use of g as the Lie algebra of the torus G
with basis 2104, . .., 2,0,, as x;0;(x) = k;x for x as above. O
This furnishes A, with a Z"-grading, with an element x as above lying in the

(ki,...,k,)-graded direct summand.

Definition 3.2.3. Let A be an associative algebra and D € C¥(A). The Lie derivative
with respect to D is the operation Lp : C_,(A) = C_(p—k41)(A) defined by

p—k+1
LD(a07 s 7ap) = Z <_1)i(k+1)(10 SRR D((li7 R 7ai+k—1) KRR ap
=0
k—1
+ Z(—l)”’D(ap_Hl, <oy Gp,yAg,y .. ,ak_i_l) Rap_; Q&K Qp—i-
i=1

O

In particular, if D = §; € g, the above g action (and grading) extends to C_.(4,)
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via Ls,. Explicitly, given an element s € C_,(A4,) of the form

ki kL kY kP,
Slel...xnn®...®g;11...xn’ﬂ

j=1"M 1 2uj=1"n

we have Lg,(s) = < v kﬂj> s, and s will have multidegree (3_7_, kLo SE kD).
Note that Ls, extends to a w-linear derivation on the periodic complex C(A)((u)).

There is another important operator on chains, given in the following definition.

Definition 3.2.4. Let A be an associative algebra and D € C*(A). The contraction
with respect to D is the map

Ip = tp+5p : C(A)(w)—p = C(A) (1))~ (p-r+2),

where

-1 k—1
LD(a0®...®ap):( Z apD(ay, ... a5) @ ap11 @ -+ @ ay

and

p—k+1 p—i—k-+1

Splag® -+~ ®ay) = Z Z (— 1)k DHip—k+1)
i=1  j=0
1®a, j11® R Rag @+ ®a; 1 @ D(a,. ., Girh1) @ Ayp @ Qap_j
where we set
Sp(l®a; ®---®a,) = 0.

O

Note that if D € C?(A) then Ip : C(A)((u)), — C(A)((u)),. We use this operator

to recall the noncommutative Cartan homotopy formula (see [Get93] for a proof):

Lemma 3.2.5 (Cartan homotopy formula). For any D € C*(4,), one has
[b+UB,[D] = LD — IdHD

as maps C(A)((w))—p = C(A)((w) - s1).

We define the g-invariant bar complex C?.(A,) to be the space of coinvariants
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under the g-action described above

0 (4~ _C=-(Ad)
T ety

The operators b and B descend to this complex [Yasl7, Section 6.2], thus we define
the g-invariant periodic cyclic homology HP%(A,) as the periodic homology of the
associated g-invariant mixed complex (C®,(A,),b, B). As in the Poisson case, the

periodic homology of (C_.(A,), b, B) only detects the weight-zero part of the grading:

Proposition 3.2.6. The canonical map

C(Ag)((uw)) = C%(Ag)((w))

is a quasi-isomorphism; i.e HP.(A,) = HP%(A,). Furthermore, this isomorphism

strictly respects the Hodge filtrations:
F"HPY(A,) = FFHP.(4,)

for all k.

Proof. First, note that by definition,

= H ukCi,Qk (Aq)

kEZ

and for any 0 € g, we have

Ls-C Hu Ls - Ci—ar(Ag).

kEZ

This action yields a direct sum decomposition of each C;(A,) into Z"-indexed weight
spaces such that C7(A4,) lies in weight (0,.7.,0). Thus,

=[]« (CP (A B 8- Ciai(Ay))

keZ

(Hukczg 2k ) (HU g Cia( ))

= C¥(Ag)((u))i ® g - C(Ag)((w))s-
Note that since each § € g acts by derivations, we have dgd = 0. Thus, by the
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Cartan homotopy formula, g - C'(A4,)((u)); is acyclic with respect to b + uB. Since
the map C(A,)((u)) — C%(A4,)((u)) is a projection onto a direct summand, it strictly
preserves the Hodge filtrations. O

We will now further decompose C'(4,)((u)) into an exterior algebra and an acyclic

complement. To do this, we define a map of mixed complexes
0:(C_.(A),b,B) — (A"g¥,0,0)

and show this map admits a left inverse. To define ¢, we need a trace function 7 :
A, — C. Such a function should be C-linear and invariant under cyclic permutations;

7(ab) = 7(ba)

for all a,b € A,.

Proposition 3.2.7. The function 7 : A, — C defined by

7(7) = (1’)(0,.@.,0)7
(i.e. this function returns the constant term of x) is a trace function on A,.

Proof. This function is clearly C-linear so we need only show its invariance under
cyclic permutations. It is enough to show this on a generating set of elements; to
show the constant term of a monomial in A,

T =gt gtM i;e{l,....n}, ¢; €ZVj=1,....M

11 M

is invariant under cyclic permutations of the w;,’s. Note that the degree (in the
usual Z-grading) of such a monomial is invariant under any permutation of the z;,’s,
so unless = has total degree zero, 7(x) = 0 and in this case 7 is invariant under
cyclic permutations. Therefore, assume the total degree of x is zero, so that for all
E=1,....n

> ap=0. (3.2.1)
ij=k

Then, by using the defining relations of A, it is immediate that = can be represented

by a single non-zero complex number and the claim is obvious. O]
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We can now construct our map C_.(A,) — A'g”. In [Yasl7], Yashinski defines a
map v : A'g — C*(A,) by

1
V(01 A A Gy) = (ao ®@ap = o > (=17 (agdo(1) (@) "5a(k)<ak>>> :
’ oESk
We define the dual map ¢: C_.(A4,) — A"g" via
1
E(ao RN Clk) = <51 A N — E (—1)"7((10(50(1)(@1) s 5g(k)(ak))> .
’ oc€Sk

We now recall from [Wam93] a map 1 such that ¢ o ¢ = Id. To define this map,

we need some notation to keep track of the g;;’s that will appear in computations.

Notation 3.2.8. For k € Zsp, let ¢ € S, be a permutation. If o is the simple
transposition ¢ = (4,7 + 1), then we set ¢, = ¢;;41 € C*. For general o € S,
write 0 = s1 -+ - 5,, where s; is a simple transposition for all ¢ (i.e. each s; = (4,7 + 1)
for some j) and p is minimal amongst all possible representations of o as a product

of simple transpositions. We then define

Qo = (Qs; " " Qs,,-

For a proof that this is well defined, see [Wam93, Section 5]. O
Notation 3.2.9. Given any § = (i, ...,i,) € {0,1}" := {0,1} x -*- x {0, 1}, we write

2 =2l e A,
and
A LR < A,
Similarly, given 8 € {0, 1}" we write

§F =N A e N

¢
Note that the collection {6”}geqo13» is a basis for A*g¥. Given 3 € {0,1}", let §°
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act on x = x§' - xkn € A, by
07 (x) = oy (a1") -+ 6y (7).

This is well defined if we demand z and §° be ordered lexicographically. Extend this
toany a®b € A, ® A, by 6(a ®b) = d(a) ® §(b). Now, for each 3,5 € {0,1}", we

have

L pg=p

0 else,

/

P @) =

thus, the map 277 ® 2% — ()" is an embedding and we can canonically identify

A*g” with the vector space spanned by the Hochschild chains {z7° ® 2} Be{0,1}n-
We now define (following [Wam97, Section 5]) a map 1y, : AFg¥ — C_—1)(Ag).

For 8 = (i1,...,in) € {0,1}" such that > 7 i; = k, let ji,...,jx C {1,...,n} be

such that ZI;ZI i;, = k; i.e. the j, index the non-zero i;. Then set

@/Jk(l'_ﬁ 02y lﬁ) = Z (_l)aqaxjgu) Q& Loy -

oESE

Ezample 3.2.10. If n =2 and 8 = (1, 1) then we have

e . |
77ZJ2($2 Y ZL‘1$2) =21 Q@ Ty — 1202 Q 7.

O
Given 8 € {0,1}", we then define ¢ : A"g¥ — C® (A,) by
PP e’ =17 @ @)
Note that this indeed lands in the g-coinvariant chains.
Ezample 3.2.11. If n =2 and 8 = (1, 1) then we have
Yoy oy @ aie) =23 07 @@ @y — quowy 17 @ T @ 71,
O

Theorem 3.2.12. Let A, be a quantum torus algebra. Then
g ©) w - Id/\'g\/
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Proof. Let 7% @ 2? € Akg¥ for some 3 € {0,1}" as above, so that 2 = z,, -z,

k

for some r,...,7, € {1,...,n}. Then

V(P @ 2P) = Z (-1)7¢x " ® Trogy @ " ® Ty, € CP(Ay)-

oc€Sk

Applying ¢, we obtain the function

1 ) )
<5j1 A Nbj, 7 Z (=1)7(=1)"qy7(x Béjn(l)(xra(l)) . 5]'77(1@)(33%@))))

o,nESk
1 k
= (6j1 ARERRA 6jk = H Z <_1)U(_1>nqa (H 5jn(4),rg(2)> T<xﬂx0(ﬁ)>>
o,NESk (=1
where 279 .= Ty, Tr,g- 16 is not hard to see that 278 = g2 so this

expression reduces to

<5j1 ARERRA 5jk = % Z (_1)0(_1)77 (H 5j7,(e>ﬂ“a<z)> T(D) )

o,nESk /=1

It is clear at this point that if, {ry,...,7c} # {J1, ..., Jx} as sets, then this expression
vanishes identically. We therefore assume that they are equal, and without loss of
generality assume that r, = ¢ for £ = 1,..., k. To simplify matters further, let £ € S},
be the unique permutation such that £(1,...,k) = (j1,...,Jx); that is, j; = £(7).
Then ¢ o) is the map

k
* * 1 7
N (55(1) Ao A Sy ] (—1)7(=1)" (l | (5&7(@),0(@))) ,
: =1

o,nESk

where §7 is the dual of 6;; i.e. 07 = z; ' ® x;. The effect of the Kronecker delta in this

sum is now clear: unless {1 = o, we obtain zero. Using that n = !0, this expression
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further simplifies to

1
SE A NG ((—1)‘551 Ao Ao (—1)"(—1)5">

€Sk
=0 A AGE <(—1)‘”’%51 A AN > (—1)5% Z((_UU)Q)

=8 A AGE = (D) A A S = (—1)F)

which is the identity map. O

Theorem 3.2.13. The map (: C? (A,) — A"g¥ is a map of mized complezes
g : (080(‘/4(1)7 b7 B) — (/\'g\/, 07 0)

which induces a filtration preserving isomorphism on periodic cyclic homology.

Proof. We will first show that this is a map of mixed complexes; i.e. that bo ¢ =
B ol =0. We first prove this for B. Let (ay,...,a;r) € C*,(A,). Then

k
B(ag,...,a;) = Z(—l)ik(l, Ay ey Ay Ay ey A1)
i=0
= Z (—1)|S|k(1, as(o), Ce ,as(k))
SECkJrl

where Cy41 is the cyclic group on k+1 elements. Then for any (5o A---Ad) € AFTlg,

€<B(CLO, ce ,ak))<(50 VANKIEIVAN (5k)

T (k+ 1) D (DT o)) - Saw (as0)

) UGSk+1,S€Ck+1

= %5 > (=) 0y (a0) - G 1y (k)

) UGSk+1,S€Ck+1

k
- ﬁz(_l)i > (ST (o) -+ Gy ()

NESkt1

If £+ 1 is even, then the alternating signs cancel here and this is zero. If not, then
all but one of these terms cancel and we are left with a single copy of the inner

. . . . o z
sum with some sign. Write each a; in terms of generators: a; = ;" -+ - zn", so that
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6;(a;) = ;. The sum
0

3 (1) (G (a2l Ly (2

NESk+1

B
3Q
S

reduces to
J
det(éi(x? ))ij=0,..kT(ao - - ag).

However since we are working in the g-invariant complex, unless we have Z?:o a,=0
for all © = 0,...,k, this determinant is zero. If this holds, then one of the rows in
the matrix 5,(z?]) can be expressed as a linear combination of the others and the
determinant is zero. This proves £ o B = 0.

Now we show that fob = 0. For (ag, ..., a;) € C%,(A,) and §; A---Adp_1 € A* g,

we have

E(b(ao, Ce ,ak))(él VANRRIVAY 6k—1)

1
= (-1)07'(0,0@150 1 (CLQ) cee (50 1 (ak))
(k_lﬂae%;l (1) (k=1)
T (k; _1 1)| Z Z (_1)0(_1)i7(a050(1)(a1) S 5a(z‘)(az'ai+1)5a(i+1)(az'+2) . 50(1@71)(&1@))
" i=1 0€S)_
+ (= )k(k _1 1)! Z (—1)07(%@050(1)(611) T 6a(k71)(ak—1))~
UESk_l

Using that the ¢; are derivations, we have

T(a050(1) (al) .. -50'(2') (CLZ‘CLZ‘_,_l) e 50-(]6,1) (ak))
= T(&Q(Sg(l)(al) c. 50(1') (ai)(aiﬂ) c. 50(]6,1)(0%))
+ T(a000(1)(a1) - - - Oo(i—1)(@i-1)@i00 () (@it1) - - - Oo(r—1)(aK)).

Using this, it is not hard to check that the above expression for £ob gives a telescoping
sum which sums to zero.

To see that this map induces an isomorphism on periodic cyclic homology, note
that by Theorem 3.2.12, A*g" is a direct summand of C? (A,). We denote its com-
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plement by C. Thus,

+ uB) Proposition 3.2.6)
0) ® H*(C((u)), b+ uB)
9" ((w)) @ H(C((u), b+ uB).

However, from [Wam97, Section 3], we know that dim HP;(A,) = 2", thus C((u))

is acyclic. The induced map
0:HP.(A,) = N g ((w))

is thus a surjective map of vector spaces of the same dimension, and therefore an
isomorphism. Since / is a map of mixed complexes and both of these vector spaces are

endowed with the Hodge filtration, it follows that this map is filtration preserving. []

Remark 3.2.14. Note that the g-invariance of this complex was only used to show
that £ o B = 0. O

The relative case

Notation 3.2.15. When working with the objects of Section 3.1 such as periodic cyclic
homology, Hochschild cochains, etc. over a commutative ring k& # C, we will use
mathcal letters to denote these objects. For example, given a k-algebra E, we will
write HP.(E) for the periodic cyclic homology of E as a k-algebra. If k is itself a
C-algebra, we will write, for example, HP.(E) to denote the periodic cyclic homology
of E as a C-algebra. O

Note that none of the constructions of this section relied on the fact that the
parameters g;; were complex numbers. Indeed, we now let the parameters g;; be the
coordinates of a torus Y = ((CX)(;L), and note that the previous constructions carry
through without modification. We will write A, for the O(Y)-algebra subject to the

same relations defining A,. Explicitly,

OY){(zf,. .. aF)

’'n

A, =

(xz'l‘j = Qijxjxi>1§i<j§n

where we now define ¢j; = qigl and ¢; = 1 for 1 < i < j < n. Note that the

collection of monomials {z% - - zin }i;ez defines a trivialization of A,. We will refer
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to this trivialization of A, as the lezicographic trivialization, as the basis elements of
the global sections of the underlying vector bundle are lexicographically ordered. By

repeating the calculations of the previous sections, we have an isomorphism
HP.(A) = (Ag” @ O(Y))((w))

of O(Y)-modules. We choose the basis elements of the global sections of A"g¥ @ O(Y)
to be ordered lexicographically. Since this is a finite rank vector bundle over Y, it

follows that at each point ¢ € Y, the fibre of HP.(A,) at ¢ is HP.(A,).

3.2.2 The Getzler-Gauss-Manin connection

In this section, we recall the construction of the Getzler-Gauss—Manin connection on
HP.(A,), denoted Viy. There are several ways of defining this connection, and in
this section we will use the original definition given by Getzler in [Get93]. Later, when
discussing intrinsic definitions of the lattice in HP.(4,), we will use an alternative
(but equivalent) characterization of this connection which can be found in [GS12,
Section 4.4]. When using Getzler’s model, Vg simplifies considerably with each

isomorphism

HP.(Ag) = HPAy) — (A'g” @ OY))((u)).

The resulting action of Vgy on A"gY((w)) is simple enough that one can read off the
flat sections.

To define the connection, let Y be a smooth affine C-scheme and E an O(Y)-
algebra with connection V on the underlying vector bundle. While V is not O(Y)-
linear, dyV is, where dy is the Hochschild differential on O(Y)-Hochschild cochains
extended linearly over Q°(Y).

Definition 3.2.16. Let Y be a smooth affine C-scheme and E an O(Y)-algebra with

connection V. The Getzler-Gauss-Manin connection is defined to be
VGM = Lv — Ide c EndC(C(E)((u))) X QI(Y>,

where Lp and Ip are defined for any Hochschild cochain D in Section 3.2.1. O

In [Get93] it is shown that Vgy commutes with b + uB and therefore descends
to HP.(E). Moreover, the induced connection on HP.(E) is independent of the
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choice of V, as proven in [Yas17, Proposition 4.1]. In [Get93] Getzler proves that the
induced connection on HP.(F) is flat if V is flat.

Specialize now to the setting in which £ = A, is the algebra of quantum tori over

Y = ((CX)(2> as described above. We will study how this connection simplifies as we

pass to the g-invariant periodic cyclic complex. We prove the following:

Theorem 3.2.17. In the trivialization HP.(A;) = (A"g’ @ Oy)((u)), one has

1
VGM =d + a Z leg q,'jb(si/\(;j. (322)

1<i<j<n

To prove this theorem, we need the map

X A'g— End(HPY(A,))
51/\"'/\5k’_>[51"'16k

where Ip is defined in Definition 3.2.4. This map was shown to be well defined in
[Yas17, Theorem 6.3]. We will also need the following operator: for any associa-
tive algebra A over a commutative ring k, and for all X,Y € C'(A), define a map
L{X,Y}:C_.(A) = C_.(A) by

L{X,Y}(a()@...@an)zz Z a0®"'®X(ai)®"'®Y(aj)®"'®an

Finally, given derivations X,Y of an algebra A, we define their cup-product by
XU Y((Il, CLQ) == —X(Cll)Y(ag).

We will now use the following proposition, which is proven in [Yasl7, Section 6.3].

Proposition 3.2.18. Suppose g is an abelian Lie algebra of derivations acting on

Ay. Let V be a g-invariant connection on Ay for which

k
dHV = Z(_%Xl U Y;

i=1

for some X;,Y; € g and w; € Ql(Y). Then, Vam descends to the g-invariant complex
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C*(A,)((w)) and has the form
K
i=1
where
~ k
V=Ly+ Y L{X;Yi}.
1=1

We must therefore take a g-invariant connection, V, on A, (such as d) and calcu-
late dg V.

Proposition 3.2.19. Let V = d be the trivial connection on the O(Y)-algebra A, in

its lexicographic trivialization. Then,

1<i<j<n

Proof. Let a,b € A, be of the form a = 2! - - - zi» and b = ' - - - i~ (these generate
A, as an O(Y)-algebra). Then

V(ab) = V(a)b+aV(b) + dyV(a,b)
=0+0+dyV(a,b).

Thus, we need to caclualte d(ab) for a,b as above:

d(ab) = d(zit ... zinadt . zn)

=d (( Qk_eim) xiﬁij xinﬂ")
1<k<t<n

Define 9 = [],.;_c,, 4" and observe that

dQ = — Z dqre G0k Q

1<k<t<n

—— > dloggu igiQ.

1<k<t<n
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Thus,

d(ab) :d( > Qa{l“l---x;ﬂﬂn)

1<k<t<n

- ( Z dlog gy ieijxlle .. xf{z‘i‘jn)

1<k<t<n

—— ) dlog gy igjrab

1<k<t<n

=— Y dlogqu 5i(a)d(b)

1<k<t<n

— Z dlog qie(0x U &) (ab),

1<k<t<n
which proves the identity. O

We now know the explicit form of Vg on the g-invariant complex:

Proposition 3.2.20. Let V be the trivial connection on A, in the lexicographic triv-
talization. On the g-invariant periodic cyclic homology, the induced Getzler-Gauss-

Manin connection
Vau : HPI(A,) = HPI(A,) @ Q(Y)
has the form
Van =V + x(Q)
where

1<i<j<n

In fact, V is again a flat connection and descends to HPI(A,), though it is
not well defined on HP.(A,) [Yasl7, Section 6]. Our trivialization ¢ : HP%(A,) =
(A"gY ® Oy)((u)) simplifies Vg even further:

Lemma 3.2.21. The map ¢ is flat with respect to %; i.e. for any w € (AN'g¥ ®
Oy)((w)), one has V(1p(w)) = 0, where ¢ is the inverse of ¢ in Theorem 3.2.12.

Proof. This follows immediately from [Yas17, proposition 7.7] and Theorem 3.2.12.
0
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It follows that for any w € (A*g¥ ® Oy)((u)), the connection induced by ¢ has the

form
Van(w) = dw + x(Q)(w).

We will abuse notation by writing Vg for both the connection on HP?(A,) and the
induced connection on (A°g¥ ® Oy)((u)). One can use [Yasl7, theorem 7.8] to prove

the following proposition.

Proposition 3.2.22. Let Q = >, .. dlogg;0; A §; € Ng @ QY(O(Y)), and let
we (N'g" @0y)(u)). Then

X(9)(@) = ia()

1
:E Z dlogqij(btméj(w))-

1<i<j<n
This completes the proof of Theorem 3.2.17; i.e. we have shown that

1
Voeu=d+ E Z leg Qijls;ne, - (323)

1<i<j<n

Now that we have a flat connection on HPI(A,), we have parallel transport iso-
morphisms between the fibres over any ¢ in Y. In particular, obtain a lattice in the
fibre HP.(A,) by parallel transporting the lattice at the commutative fibre (i.e. over
g = 1). At this commutative fibre, we know that in even degrees the lattice is given
by Adr =2 @»o(A**L)(—k) (see Theorem 3.1.6). We discuss these parallel transport

isomorphisms now.

Notation 3.2.23. We set

Q = Z 1Og ql]l”él/\éj

1<i<j<n

Due to the logarithms, this is not in general a single-valued function. O

We can characterize the flat sections of Vg as follows.

Theorem 3.2.24. The flat sections of Vau are precisely those of the form
effl/u(ao
for w € Agr.
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Proof. This proof is identical to that of Proposition 2.2.5. We calculate

Vemy = VGM(Gfﬁ/uW)

1 ~ ~ ~
= _Ed<Q) (e‘ﬂ/“w> + (™) Vapw

where
d(Q) = Z dlog qijis.ns,
1<i<j<n
Thus,
—Q/u 1
Vaout = e v + Vanw
but Vomw = %LQ((U) so this is zero. O

We would like to obtain a lattice in HP.(A,) by parallel transporting the lattice
over ¢ = 1, but since these sections are multi-valued, it is not clear that this is well
defined. To remedy this, we now show that the lattice is invariant under parallel
transport. It is enough to show this at the central fibre; i.e. when ¢ = 1. Recall that,
with the identification dlog z; = e; € gV, the lattice (in even homology) at the central
fibre has the form

Agr = g’; i) AZE ey, ... en) (3.2.4)
=@ (A*L)(~k) (3.2.5)

where L is the character lattice of the torus G.

Invariance of the lattice

To keep the notation light, we will work in the case of a 2-torus, thus over the
base C*, denoting the coordinate in C* by ¢. The arguments presented pass to the
general case with trivial modifications. Given a flat section ¥ of Vg in the vector
bundle HPy(A,) we want to know what happens as 1) is parallel transported around
a positively oriented loop circling the missing point of C*. The lattice at ¢ = 1 is
given by Agr = ch(K°(X)), and under the identification dlogz; = ¢; € gV, this is
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precisely

Z- (1) @Z<iel /\€2>

211

as a submodule of A®*"g¥. Take the loop ¢(t) = exp(2mit) for t € [0,1] to be the
generator of m(C*). We saw above that the flat sections of Vgy are of the form
¥ = e~y for w € Aggr, where Q = log q t5,ns,- Restricting to the loop ¢(t) this flat

section becomes

Y (g(t)) = exp(—(log(e”™")ts,75,) /u)w

= exp(—2mit L, ps, /U)W.

Thus, ¥ (¢(1)) at differs from 1(q(0)) by a factor of exp(—2mi 15,15, /1). It follows that

the monodromy representation sends 1 € 7 (C*) = Z to the automorphism

1—1

u u
—e1 N\ ey — (—.61/\62) -1
21 211

which preserves the lattice. Moreover, we see that the monodromy has contributed
a term of lower weight with respect to the weight filtration on A. This is a general

phenomenon:

Proposition 3.2.25. Let
p:m(C)B) = Z0) - Ant(r=engY)((w)

denote the monodromy homomorphism at q = 1 obtained from the Gauss-Manin
connection Vgn on the finite rank vector bundle HPo(A,) over Y = (CX)(S) Then
for all n € Z(g), p(n) - Agqr C Aqr and moreover the induced action on grYVdR Aar is
the identity.

It follows that, while the flat sections of Vg are multi-valued in general, the
parallel transport of the lattice between fibres is well defined. Thus we may speak of

the lattice in HPy(A,).

Corollary 3.2.26. Let A, be a quantum torus. The Z-submodule of HPy(A,) given
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k
—Q/u _ _—Q/u u 2k
e Agr =€ <@ Gri) A (eq, ... ,en>)

k>0
is a lattice in HPy(A,) and will be denoted A,,.

As in the Poisson case, we define the weight filtration on A, by
Wi, = eV TWIRA 4. (3.2.6)

Notation 3.2.27. We set ch? := ¢ " o ch : KO(X) — A,, where X = Spec(A4;) =
(). O

3.2.3 Mixed Hodge structure of a quantum torus

Using the results of the previous sections, we construct a toric mixed Hodge structure
on the periodic cyclic homology of a quantum torus A,. It is clear that these construc-
tions globalize to a TVMHS, and we prove this for completeness, although this will
not be used for deformation quantization. From the calculation of the extension data
of the TMHS associated to A,, we will find that this TMHS detects the parameter ¢

itself, proving a Torelli theorem for quantum tori.

Theorem 3.2.28. Let A, be a quantum torus of rank n. Then the tuple
(A W HP(Ay), F e, gr (%))

is a toric mized Hodge structure, where ' denotes the Hodge filtration on HP(A,).

Proof. First, we define W on A, as in (3.2.6). By Corollary 3.2.26, we have chi :
K°(C*)") ® C = HPy(A,) and this induces the isomorphism c¢. We endow HPy(A4,)
with its Hodge filtration (in the sense of periodic complexes) and take this to be the
Hodge filtration F. By Proposition 3.2.6 and Theorem 3.2.13 we have a filtration-
preserving isomorphism HP((A,) = (A°¥*"g")((u)), and therefore F' may be identified
with the standard decreasing filtration by exterior powers in (A®*"g")((u)). For all

k, we have an isomorphism

utA(APL)(—%) K even
0 k odd.

g (V) sl Ay S g™ Agr = (3.2.7)

51



Thus gry’ A, is a pure Z-Hodge structure of weight k for all k. By (3.2.7), we see that

this mixed Hodge structure is toric. O]

We will denote the TMHS associated to A, by H,. It is clear from construction

that this TMHS is the fibre over ¢ € (CX)(2> of the following TVMHS.

n

Theorem 3.2.29. Let Y = (CX)(Z) and A, the family of quantum tori over Y con-
sidered above. The tuple

(Aq7 M/u HPO(Aq)7 F7 ¢, vGl\/[7 gr‘.ﬂ/(eﬁ/u>)

1s a toric variation of mixed Hodge structures on Y.

Proof. This is almost immediate from the above constructions. Indeed, we con-
structed the lattice A, by parallel transport, so it is flat with respect to Vaum by
definition. The only condition which needs checking is that Vg satisfies Griffiths
transversality, but this follows from the identification of the Hodge filtration F' with
the standard decreasing filtration on exterior powers in (A*g¥ ® O(Y))((u)) and the
explicit form of Vgu given in (3.2.2). O

Let us now analyse the extension data of the TMHS H,. Recall that

1
Aq = exp <_a <1<;<n log qijLCiAej)> AdR-

Thus, we obtain an extension

0 > Z » WoH, —— (A*L)(—1) —— 0.

We have that

1
WgAq =7- <1> D @ <2—(U€Z N €; — long)>

y (N
1<i<j<n

where we have chosen some branch cut to make sense of logg;; (we will see that

nothing depends on this choice). We split this sequence with the section

s (APL)(—1) — WyH,
Ldzi A de 1

— — (ue; A e; — log g,
omi 2z o s~ log ai)
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for all 1 <i < j < n. Noting that

F'(W,H,®C) = @ (C< el/\ej>
1<i<j<n

we find that the unique map v : (A*L)(—1) ® C — Z ® C having F'(W,H, ® C) as
its graph is the function

— — log q;;.
2T zzj & dij

This map depends on the choice of section, but a different section will only change
the resulting map by a summand which is a multiple of 27¢. It follows that under the

isomorphism (1.1.3),

[(WoH,| = exp(log ¢) = (exp(log gij))1 <i<j<n = (gij)1<i<j<n-
In other words, we have proven the following.

Theorem 3.2.30 (Torelli theorem for quantum tori). A multiparametric quantum
torus A, is determined up to isomorphism by the extension class [WaoH,| of its toric

mized Hodge structure H,.

Formal quantum tori

The constructions of the previous sections work for formal families of quantum tori
without modification. These are quantum tori Ay, parametrized by Spf(C[[A]]);
i.e. ¢;j(h) € C[[A]] such that ¢ # 0 mod h for all 1 < i < j < n. From this,
we obtain an isomorphism (A®"g ® C[[A]])((u)) = HPo(Aqn)) and a lattice Agyp) =

ch?™ (KO((C*)™). Then Aym ® C is the lattice of flat sections for the Getzler-Gauss-

Manin connection, which, in the above trivialization, has the form

1
Vou =d+ > dloggij(h)sns,,

1<i<j<n

where

dlogq;;(h)

T dh.

dloggij(h) :=

Theorem 3.2.31. Let Y = Spf(C[[h]]) and Ayn) a family of quantum tori over Y.
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The tuple
(Aw(h)a W7 HPO (Aq(ﬁ)>7 Fa C, VGM7 grYV(eﬁ/u))

1s a toric variation of mixed Hodge structures on Y.

We will denote this TVMHS by Hygy. From H, we obtain a section [WoHy | €
Hom (AL, C[[R]]*) which, repeating the above calculations, one can prove is given by

the matrix

exp(log(q(h)) = (4;;(h))1<i<s<n € (C[[A]*) ). (3.2.8)

3.3 Intrinsic definition of the lattice

We have now constructed the toric mixed Hodge structure associated to a quantum
torus algebra A, and could, at this time, calculate Kontsevich’s canonical quantization
for Poisson tori (X, 7). A weakness in the above construction is that, while the lattice
A, is canonical, it has no intrinsic definition: we constructed it by parallel transport
of the lattice at the central fibre. In this section, we show that this lattice has an
intrinsic definition in a formal neighbourhood of any point, which is all we need for

deformation quantization.

3.3.1 Complex topological K-theory of noncommutative spaces

In [Blal6] Anthony Blanc defines an invariant of C-linear differential graded (dg)
categories called the noncommutative topological K-theory. This is an extension of
the usual topological K-theory of spaces to C-dg-categories, thus, in particular, to
associative algebras over C. The noncommutative topological K-theory groups of
an associative algebra A will be denoted K'P(A). As in the commutative case, we
have canonical isomorphisms K'P(A) = K%, (A). Furthermore, this invariant is
defined so that if A is a finitely generated commutative algebra, then KP(A) =
K~ (Spec(A)(C)), where Spec(A)(C) denotes the complex analytic space associated
to the affine scheme Spec(A). In [Blal6, Section 4.4], Blanc defines a Chern character
ch™ : K!*P(A) — HP.(A) which, if A is commutative, agrees with the ordinary
topological Chern character (see Theorem 3.1.6). The pair (K'*P,ch™) is important
in noncommutative Hodge theory, as it provides a candidate for an integral structure

on HP.(A). This is formalized in the following conjecture of Blanc’s:
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Conjecture 3.3.1 (Lattice conjecture). Let T be a smooth proper C-linear dg-category.
Then the map

ch* AsHC : K'P(T)) A HC — HP(T)

s an equivalence of spectra.

See [KKP08, Definition 2.23] for the definitions of smooth and proper in the non-
commutative setting. The objects K™P(T') and HP are symmetric spectra whose
homotopy groups produce the invariants K °P(7T') and HP.(T"). When we take homo-
topy groups, the smash product Ag becomes the tensor product over C. Our algebras
A, are smooth, but not proper when viewed as dg-categories. This conjecture has
been verified in a number of cases, most notably in [Kon21] for nilpotent thickenings
of commutative algebras, but remains open in general. We will prove an instance of
this conjecture in the following section for a class of associative algebras which include

quantum tori.

3.3.2 The lattice conjecture for quantum tori

To prove the lattice conjecture for quantum tori we recall that both HP and K*°P
are A'-homotopy invariants. This was proven in [Tab12] for periodic cyclic homology
and [AH18] for noncommutative topological K-theory. An Al-homotopy invariant is
a functor dgCat: — T, where dgCat is the category of small C-linear dg-categories
and 7 is any triangulated category, subject to a number of conditions that can be
found in [TdB21], for example. Now, let 7" be a dg-category and o : T" — T a dg-
functor inducing an isomorphism of homotopy categories H(T) = H°(T'). For our
purposes, one may safely assume that 7" is an associative algebra and o is an algebra

automorphism. The following theorem is due to G. Tabuada [Tab15].

Theorem 3.3.2. For every A'-homotopy invariant E : dgCatc — T, there is a

distinguished triangle

E(F)-1d E(n)

E(T) E(T) —= E(T/o%?) —— YE(T)
inT.

In this theorem, if T is an associative algebra A, and ¢ an algebra automorphism,

then T'/o? = A x, Z is the crossed product algebra. If k is a commutative ring and A
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a finitely generated k-algebra with generators x4, ..., x,,, then A x,Z is the k-algebra

generated by x1,...,T,,,y subject to the relations of A and
vy = o(x;)yx;.
Theorem 3.3.3. The lattice conjecture holds for quantum torus algebras A,; i.e.

image(ch™) @ C = HP.(4,).

Proof. Let Ay be a rank n quantum torus algebra with generators xf,...,xF and

define 2y = C. Let o¢ : ™y — Ay be the automorphism
0'0(].) =1

and define A; = 20y x4, Z. Then,

Note that this is a subalgebra of A,. We continue inductively. Let 1 < k < n and let

Op—1: Ap_1 — Ap_1 be the automorphism
op-1(%;) = Qi 1<i<k-1
and define A, = A1 X,,_, Z. Explicitly,

Clzy, ..., o)

(Sﬂil'j - qz’jxjxi)1gi<jgk

A, =

and is a subalgebra of A,. For k = n we recover A, entirely. Note that by Theo-
rem 3.1.6,

ch™ (K™ (2Ay)) ® C = ch(K"(Spec(C))) ® C = HP.(2y).

Using Theorem 3.3.2, for 1 < k < n we obtain a morphism of distinguished triangles

KPP (A) @ C —— KP(Ay) @ C —— KIP(Apyr) © C —— TKIP(A) © C

[ oc [ [ oc [aveoc

HP.(Qlk) _— HP.(Q[k) _— HP.(Qlk_H) _— ZHP.(QL}C)

where the vertical maps of the form KP(2l;) ® C — HP.(2l;) are isomorphisms by
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induction. This diagram commutes by the naturality of the Chern character!'. By the
five lemma, the map ch™ @C : KTP(41) ® C — HP. (A1) is also an isomorphism.
Taking k = n — 1 completes the proof. m

Note that this proves the lattice conjecture for any finitely generated algebra which
is constructed via iterated crossed products of a commutative C-algebra. Our goal
now is to show that this lattice agrees with the lattice obtained earlier by parallel

transport, at least in a formal neighbourhood of a point.

3.3.3 K-theory as flat sections

In this section, we will show that in a formal neighbourhood of the central fibre, the
lattice we constructed using the Chern character ch?; i.e. the lattice constructed via
parallel transport with respect to Vawum, agrees with the image of Blanc’s K*°P under
his Chern character ch™. Let (B, m) be a local Artin C-algebra with an isomorphism
¢ : B/m = C and let A, be a deformation of A; over B; that is, a B-algebra such that
the map A, — A; induced by ¢ is an isomorphism. Explicitly, this is a quantum torus
over B defined by a multiplicatively skew-symmetric matrix b = (b;;)1<i<;j<n Where
b;; € B* for all i, j and b;; =1 mod m. We will write HP.(A;) for the periodic cyclic
homology of A, as a C-algebra, and HP.(A;) for the periodic cyclic homology of A,
as a B-algebra.

It is known that HP and K'%P are nil-invariant; i.e. invariant under nilpotent
extensions of associative algebras. This was proven for HP and K*P in [Goo85] and

[Kon21], respectively. Therefore, we have the following lemma.

Lemma 3.3.4. Let E = K'*P or HP. Then, for A, as above, the canonical map

Ap = Ay/m = Ay induces an isomorphism
E(A)) 2 E(4).
Thus, we have an isomorphism
HP.(Ay) = HP.(A)

which factors through HP.(A4,):

"We thank Andrei Konovalov for helpful correspondence concerning the commutativity of this
diagram.
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HP.(Ay) ~ » HP.(A,).

At this point, we use the characterization of the Getzler-Gauss-Manin connection
given in [GS12, Section 4.4]:

Theorem 3.3.5. Let Y = Spec(k) be an affine C-scheme and let E be an associative
O(Y)-algebra such that the quotient E/O(Y) is locally free. Then there is a canonical
flat connection Vgu on HP.(E).

This connection is characterized as follows: write HP.(E) for the periodic cyclic
homology of E as a C-algebra, and note there is a natural map ¢ : HP.(E) — HP.(E)
induced by ¢ : B/m = C. The image of v is the lattice of flat sections for Vgy and
will be denoted HP.(E)V. That is, the lattice of flat sections for Vgy are those
sections in ‘HP.(F) which lift to the periodic cyclic homology HP.(E) of the ‘total
space’. This definition of Vg is much closer to the original (algebraic) definition
given in [KOG8], and agrees with Getzler’s construction (see [GS12, Remark 4.4.6]).

Returning to our study of tori, we now know that image()) = HP.(A4,)V is the

lattice of flat sections for V. It follows that we have a commutative diagram

HP.(Ap)

/I\

Using the naturality of the noncommutative topological Chern character and the

nil-invariance of K*°P, we can extend this to the commutative diagram

KtoP(A,) ~ s KOP(A))

lchnc lchnc

HP.(Ay) —— HP.(Ay)Y — HP.(4))

HP.(Ap)

If we tensor this diagram with C then the vertical map ch™ ®C : K*P(A;) ® C =
HP.(A;) is an isomorphism. Thus, by the commutativity of the diagram, the leftmost
vertical map is also an isomorphism after extending scalars to C. This proves the

lattice conjecture for such nilpotent extensions. It follows that the image of K™P(A,)
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in HP.(Ap)Y is a lattice that reduces modulo m to the standard lattice in HP.(A;).
Since these sections are flat, we conclude that the lattice obtained by parallel transport

coincides with the image of ch".

Remark 3.3.6. Note that it was not important that we were deforming the central
fibre, as Theorem 3.3.3 proves the lattice conjecture for every quantum torus. We
could have then chosen a deformation Ay, of A, for any ¢; i.e. chosen b such that b = ¢

mod m and then applied the same argument. O

We summarize these results in the following theorem.

Theorem 3.3.7. Let A, be a quantum torus and Ay a deformation of A, over an Artin
ring (B,m). Then the noncommutative topological K-theory is covariant constant with

respect to the Getzler-Gauss-Manin connection Vam on HP . (Ap).

Since deformation quantization is a statement about these formal neighbourhoods,
we may identify K'P with the lattice Ay when quantizing. Consider the family of
quantum tori A, over ((CX)(S) Theorem 3.3.7 implies that we are able to identify the
lattice in the fibre HP.(A,) at every point ¢ € (CX)(Q) with K'°P(A4,), but we do not
have any control over how this lattice varies from point to point. We would like to
know that K*P is a holomorphic section of the vector bundle HP.(A,). We state this
as a conjecture. We will say that a family of algebras E over a smooth base scheme
Y deforms a commutative algebra if there is a distinguished point yo € Y such that

E|,, is commutative.

Conjecture 3.3.8. Let E be a family of associative algebras over a smooth affine
base C-scheme Y deforming a commutative algebra E|,,. Furthermore, assume that
E/O(Y) is free. Then in the analytic topology, the image of ch™ : K*?(E) — HP.(E)

1s a holomorphic section.

The holomorphicity of such a section would imply K*°P consists of covariant con-
stant sections of HP.(F), as we would be able to check this at the level of Taylor

expansions.
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Chapter 4

Quantization of complex tori

4.1 Deformation quantization

In this chapter, we use the toric variations of Hodge structures constructed above
to directly quantize complex tori and compare this with the quantizations obtained
from formality morphisms. For background on deformation theory and formality

morphisms, the reader is referred to [Man99] and [Dol06] respectively.

4.1.1 Formality morphisms

Let X be a smooth complex algebraic variety. Recall that a formality morphism is an

L.-quasi-isomorphism
ng : (%X‘+17 07 ['7 ]) — (C.+1(OX>7 dHJ ['7 ]G)

of the DGLAS of polyvector fields on X and Hochschild cochains on Oy, respectively,
such that the first component %, of .# is the HKR quasi-isomorphism. The bracket
-, -] is the Gerstenhaber bracket. We assume now and in the following that % is
Kontsevich’s formality morphism as defined in [Kon03] and that X is an open subset
of A™. We will now recall various extensions of .% to the other structures associated
with these DGLAs. First, note that the Hochschild chains (C_.(Ox),b) are an L.~
module over the DGLA (C*(Ox),dy) (see [Sho03] for a proof). Kontsevich’s map
F ‘extends scalars’ to give (C_.(Ox),b) the structure of an L.,-module over 2 **1.
There is another space carrying a natural module structure over .2 *™!: the forms
Qy, endowed with the trivial differential. The following theorem was conjectured by
Tsygan in [Tsy99] and proven by Shoikhet in [Sho03]:
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Theorem 4.1.1 (Formality of chains). There exists an Ly -quasi-isomorphism of

Lo-modules over Z 1
U: (C_.(0x),b) — (2x,0).

One would naturally like to extend this to incorporate the de Rham differential.

This extension was proven by Willwacher in [Willl]:

Theorem 4.1.2 (Cyclic formality). There is an Loo-quasi-isomorphism of Ly,-modules

over Z 11
Vi (C_.(0x)((u),b+uB) = (Qx((u)), ud).

In fact, what Willwacher proved is that Shoikhet’s morphism U intertwines the
Connes differential with the de Rham differential, so ¢ is a morphism of mixed com-
plexes.

Recall that %, as well as the extensions of .# described above, are compatible
with twists of the DGLAs: given a Maurer—Cartan element in 2 !, i.e. a Poisson
structure 7 € HY(X, A%Tx), we obtain a Maurer-Cartan element .Z7 € C*(Ox)[[A]],
which is an associative deformation of the algebra of functions Ox. There is then an

L.-quasi-isomorphism between the twisted DGLAs
FT (2] B, = [ D) = (CFH O[], diey [ ) (4.1.1)

where Oy.[[h]] is the deformed algebra with product given by Z7 and dp, := dy +
[ Z], —|c. By the results of [Will6, Section 8], these twists are compatible with cyclic

formality, so we obtain an isomorphism
HP. (X, hr)[[A]] = HP.(Opz)[[A]-

Since this isomorphism is induced by a quasi-isomorphism of mixed complexes, it
preserves the Hodge filtrations. Furthermore, by the results of [CFW11] (see also

[Will6, Remark 9.4]), this isomorphism intertwines the connections Vj, and Vau.

4.1.2 TIsomorphism of Hodge structures

We now assume that the variety X being quantized is a complex torus with torus
invariant formal Poisson structure m(h) = >, _;, Aij(R)2iz;0; A ;. Recall from

[Kon03] that Kontsevich’s formality morphism is G L,-equivariant. In particular, if
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we restrict to the space of G-invariant Poisson structures on X for a torus G, then
the resulting algebra must again be torus invariant. In particular, the weight spaces
of the G-action are preserved. Thus, for any quantization Oy of (X, 7(h)) with

product %), we must have
Ti % (n) T = Qi (R)T5 *r(ny 1<i<j<n

where ¢;;(h) is a formal power series in h for all 7, j. In other words, we obtain some

formal quantum torus, but we do not have an explicit formula for the series g;;(h).

Remark 4.1.3. For a torus invariant formal Poisson structure on (C*)?, these star
products were calculated explicitly up to order six in /& in [BPP20]. Using a computer,

they proved that

Ty *x(p) T2 = g(h)z172,

2 24 48 1440 = 480

R (BN (BAP (B (RN (251C(3)2 17
g(h) =145+ N * - ( 204876 184320

)(m)%---

where A = \j5. Note that the conjecturally transcendental number ((3)/7% appears
at order six in h. Even for these relatively simple Poisson brackets, we see that

Kontsevich’s formula is likely impossible to calculate by hand. O

We now view a formal G-invariant bivector 7(%) as a family of G-invariant Poisson
structures on X parametrized by Spf(C[[A]]). In Section 2.2.4 we associated to 7(h)
the TVMHS H, ), whose extension data [WaH, ] € Hom(A2L, C[[R]]*) was deter-
mined by the multiplicatively skew-symmetric matrix exp(A) = (exp(Ai;))1<i<j<n (S€€
(2.2.7)). We define 1 to be the map assigning this extension data to w(h) :

Y w(h) = (exp(Aij(h)))1<i<j<n-

Similarly, we now view a formal quantum torus A, over C[[A]] as a family of quan-
tum tori parametrized by Spf(C[[%]]). We saw in (3.2.8) the extension data of the
associated TVMHS H,y is given by the multiplicatively skew-symmetric matrix q(h)
itself. We define £ to be the map assigning to a family of quantum tori Ay the
extension data q(h) € Hom(A*L, C[[A]]*). Consider the triangle
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n

A%g @ C[H]] 7 » (C)(2) x Spf(C[[n]])

x/

Hom (AL, C[[R]]*) ,

where we have identified the space of formal torus invariant Poisson structures with

n

A?g @ C[[A]]. In this diagram, (CX)(2> x Spf(C[[A]]) is the moduli space of formal
quantum tori, and the morphisms ¢ and £ are as above. We now use cyclic formality

to see that this diagram commutes. Indeed, letting A,y = Z (7(h)), we have
HP.(X,7(h)) = HP.(Ayn)-

Now, [CFW11, Proposition 1.4] states that the connections V, and Vgy are inter-
twined by cyclic formality, so we have an isomorphism of lattices A = A,. The
isomorphism of lattices induces an isomorphism on the gr'¥ objects which respects
the toric isomorphisms, as these are induced by parallel transport to the commutative
fibre. Finally, since the Hodge filtrations were defined to be the natural filtrations
obtained from the periodic complex, we conclude these are isomorphic TVMHS; i.e.

Hyny & Hypy. It follows that we have an isomorphism of extension data
[Wolgmy] = [Walrm),
or equivalently,
exp(Ai;(h)) = ¢i;(h) Vi<i<j<n.

Therefore, the above triangle commutes. Since £ is an isomorphism, we obtain our

main result:

Theorem 4.1.4. Let .% denote Kontsevich’s formality morphism. The quantization
of a G-invariant formal Poisson structure w(h) on a complex torus X with respect to

Z is the multiparametric quantum torus algebra Ayp), where

qij(h) = exp(Aij(Rh)).

In particular, given a G-invariant Poisson structure 7 on X, we can view this as
a formal Poisson structure linear in A via 7+ hAm. Then Theorem 4.1.4 implies that

the canonical quantization of 7 is the quantum torus algebra Aexp -
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Note that, for much of this analysis, it was not essential that we were using Kont-
sevich’s formality morphism. Indeed, we could have let .# be an arbitrary stable
formality morphism [Dol21], and the results of [Will7| would then imply that .# lifts
to a cyclic formality morphism. Moreover, by the results of [Dol13], each homotopy
class of stable formality morphisms has a representative which globalizes. In particu-
lar, each homotopy class of stable formality morphisms has a representative which is
GL,, invariant. It follows that any torus invariant formal Poisson structure on (C*)"
will quantize to a formal quantum torus algebra A,;y. We believe that these quan-
tized algebras are independent of the (homotopy class of) stable formality morphism
chosen. To prove this, it would be enough to show that any stable formality mor-
phism lifts to a calculus formality morphism. The operations of the calculus operad
axiomatize the operations of contraction of vector fields into differential forms and
the Lie derivative. See [DTT09, Section 3] for more information on calculi. Since the
Poisson-Gauss-Manin connection and Getzler-Gauss-Manin connection can be con-
structed with this calculus structure, such a lifting to a calculus formality theorem
would imply these connections are intertwined and we would be able to deduce an

isomorphism of extension data as we did above for Kontsevich’s morphism.
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