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ABSTRACT 

A comprehensive model of particle collection in flotation 

is developed from'a rigorous analysis of the relative motion 

between a particle and a bubble prior to and duri,ng particle-

bubble contact. Collection efficiency EK is de~ived as a pro-

duct of collision efficiency Ee and attachment efficiency EA. 

From trajectory calculations Ee is correlated t~,the bubble 

Reynolds number and the Stokes number, a dimensionless inertia 

term. EA is calculated as the fraction of particles whi'ch re-

side on the bubble for a time greater than the induction time. 

As a result of the velocity gradient at the bubble surface EA , , 
/ 

decreases wi th increasing particle size. / The model explains 

the peak in size-by-si~e recovery data that is often observed 

at intermediate particle sizes. The peak location is shown to 

'shift to smaller sizes as induction time increa~es. 

A scale-up model for flotation columns is ~lso developed. 

The model uses measured values of collection rate constants 

and an experimental correlation of plant column mixing para-

meters to, calculate collection zone recove;y ~. ~ is inter-
.' t 

faced with a variable cleaning zone recovery to yield a grade-

recovery relationship for the plant column. The onset of bub-
, " 

ble loading is accounted for. 
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RESUME 

. 'Un modèl~, âestiné'~ comprendre le phén~rnène de capture 

'deg/;articules dans les procédés de flottation, ~st développé 

à partir d'une analyse rigoureuse du mouvement relatif d'une -
'1 

bulle et d'une particuie, avant et pendant le contact bulle-

particule. ~'effi~acité ge capture ER est évaluéecomme le 

'produit d~ l'efficacité de collision EC et de l'efficacité de 

fixation EA. AJpartir de, calcul de trajectoires, EC est re-
<':l } , , 

~ 1 f-' ) ~, 
liéeau nombre de Reynolds de ~a bulle et au nombre de Stokes, 

une variable d'inertie sans dimension. EA est définieco~e 

la fraction 'des particules qui résident sur là_bulle pendant , 

un temps supérieur au temps d'induction. En raison du gradi

ent de vitesse à la surface de la bulle,-EA décroît lorsque 

la taille de la particule croît. Le modèle explique le pic 

souvent observé dans les données de ~cupération taille par 

-taille, pour dès particules à~ taille moyenne. Il est montré 
i> 

que l'emplacement de ce pic se déplace vers les pl~ petites , '\ 

tailles iorsque le temps d'induction augmen~e.· 

Un modèle de dimensionnement pour les colonnes de flot-

tation est aussi développé. Ce modèle utilise des données 
l'). 

mesurées des taux ae capture ainsi q~'une corrél~tion experi- ~ 
l 

m,entale sur l'es paramètres de transport de colonnes indust-
1 

rielles. Le modèle peut alors ca'lculer la récupération au 

sein de la zone de capture RK· relié à variable 
., 

RR est une 

de récupération au' sein de la zone d'ipuration pour finale- \ 
\ \ 
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l " .. ,.,. ,!l'..ent' conduire A une 
>(1 t -,t 

\ pout la colonne industrielle. 

\ ' 

relation donnant 
, 1 

On tient compt~ Q.u mom~t de 

la rêcupêr~tion totale, 

, 
dEparr de la charg~ d'une bulle. / 
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Extent of reaction as a function of 

'Nd and kT for first-order rate reac
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"real reactor. 
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(a) Measured thickness qf the residual 

hydrated layer versus the contact an

gle of wetting(Sl). 

(b) Measured bubble size versus con~ 

tact angle(Sl). 

Conceptional relationship between 
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by Anfruns and Kitchener(43) and 

~redicted from equation 2.12. 

Liquid ve10ci ty on the sur,~ace 

of a solid ~phere versus distanee 

from bubb1e surfa'ce a~ e ~ 450 (~1). ( 
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ension1ess. 'tar' Tangential ve1o

city, (b) Radial ~e1ocity. 

Particle trajectories calculated 

from FLOW. Reb=l~O, Sk=0.133, 

u*=0.042 

16 Trajectory calculations. 
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EC versus Sk and Reb . u*=O.05 

17 Trajectory ca1culations. 

EC versus Sk • Reb=~OO • u*=O.10~ 

J 18 Correlation between EC/Eco and' ' 
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Reb , 1 Sk ,and u*. Re9ression line' 
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20 Tangential velocity gradient at ' 

surfaçe of a sphere at Re=300 
o • 

a~? 6=45. From equation Al-l 

~s=15.7 at these conditions. 

21 Particle sliding times. Mea

'~urements by ScJ:lulze and 

Go~tscnalk(45,46) and predic-

tions ~ro~ equ~tion 3.33 and 
, / 

'/ -p~tential flow as~umption. 
- 1 

/ , 0 
9M=90 . ,(Potential flow cal-

,culated using potential flow 

eq~a tion s in the m~de} and by - _ ' --/', 

the correct version of 
,-. 

Sutherland~s equation, giving 

the same resul t)·. See text for 
, 

test conditions. 

22 particle rotation.during contact 

23 

, ' 

with a bubble. Reb=lOO, ub~lO cmls"" 

3 
p =4.0 g/cm . 

P 
i 

Distribution of collision angleô 

Sk=O.033, u*=O.013i (b) d =30 p 
l1m, , 

Sk==O.075, u*=0.026i (c) d ==40 p llm,,, 

Sk-=0.133, u*=0.042i (d) d =50 p l1m, 
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CHAPTER 1 ' 

, -, , 
INTRODUCTION. 

,A radical ,departure from convent~onal flo~ation machine 

design was introduced in the 1960's with the flotation col

.umn(1,2,3). While the flotation c9lumn is'notJthe only innova-

tive machine to he developed during the ,past two decades, it 15, 

the first of the nonmechanical machi~es to show'significant in-
, , 

- (4 5) 
d~str1al success ' • As with any equ~pment or proce5s novel 

'l' 
to the mineraI industry, these succes~és did ?ot.occur over-

, . 
night. The o~erating principles of a'column differ markedly 

-trom those of convent1onal machines. 'T~1s factori,combined 
, , 

-with 'mechanical growing pains,-has led,to very ~low industriàl 
, -). 

acceptancè of thè flotation column. A ·major difficulty still· 
'. ~ 

lies in scale~up from laboratorY obtained data to'iridûstrial 

operation~ ~he uncertainty in.translating laboratory dat~ to 

plant-perform~noe,i~ ~ ~lgni~icant problem-that must be ,over-
., - ~ -

come before there ls a more universal acceptance of the flota-

tion cOluinn-.,' As one o.f two~ pri'ncipal thrusts of this thesis, 
< • 

the proh~em.of 'c~lumn scale-up_is addressed,'at the Barne tim~ 

developing a better understanding of the ~r~risport mechanis~' 
.: 

of a flotation column. 

'. 
,; 

--'-,--" 

, 

~.,-- .. 
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2· 
, " 

In cornmon with any flotation ~chine the-heart of,column 

flotation is the capture of minera1 particles by bubbles. The 

coun~er-curren~ flow of particles and bubbles in the column, 

without mechanically induced agitation, provides an id~al situ~ 

ation fôr the application of a fundamental particle collectio~ 
, . 

model. Compared to flotation chemi~try, little flotation re

search'has beendevoted to the physics of' flotation, in p~rtic-
1 

ul~r,- to particle motion prior to and during particle-bubblè 

contact. The second thrust of this ~hésiS is a detailed study 

of the 'pa~ticl~ collection evént and ~ormulation'~f a -fundâmen

tàl Modele 

. In the remainder of this chapter the lIlOSt successful of 
. 

todays' nonmechanical flotation machines are descriQed. Partic-

ular attention 18 paid to two 'column' designs - the Leeds Col-

" umn and the unit designed by the Column Flotation Co. of Canada. 

The operating fundamehtals of column operation are de-

scribed· in chapter 2. Particle collection kinetics, bubble 
, 

~oading and the effect of axial mixing are.examined. An impor-

tant factor considered is the rejection of particles from"the 

cleaning zone'back to the recovery zone with the consequent, 

effect upon recovery and grade. 

In chapter 3 prevJous wor~ related to'the physics of flo

tation is reviewed, followed by a complete description of the 

proposed flotation model. Models·of-the collision and attach

~ent events are developed separately .and then comhined to form 

a comprehens ive collection model. The. role of aIl p~ramet,rs ~s 

consi~ered, particularly that of particle size. 

- --- ....... -

. " 

- , 

\ 
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3 

Tracer> e~periments have been performed on industrial ~lo

.tation columns. in arder to quantify the mixing conditions of 
o 

, 
large columns. In the laboratory, particle collection kinetics 

,have been measured using a flotatiôn column designed to elimi

nate .both'entrainment and the froth cleaning stage. The appara

tus and experimental techniques of the plant and laboratory 

tests are described in chapter 4. The test results are pre-

sented in chapter 5. 

In chapter 6 the pro~sed flotation model 1s closely exam

ined using the present experimental data as weIl as prior pub

lished data. It is demonstrated that the model provides a 

rational explanation for"everal'particle and bubble size re

lated phenomena. 

A scale-up me.thodology for flotation columns is presented 

in chapter 7. The methodology involves laboratory"measurement 

of .. the collection kinetics followed by computer simulation of 

th~ plant s~~e colqmn. The scale-up model accounts for mixing 

conditions and bubble load. 

Finally, the.flotation model and the .$cale-up methodology 

are critically discussed in chapter 8, and in chapter 9 thesis 

conclusions, with suggestions for future work, are presen~d. 

The scale-up of flotat'ion columns and the modelling of 

particle collecti'on by bubbles are developed in 'parallel 

throughout this thesis. The knowledge derived from the collec

tion model provides a clearer unders~anding of the selectivity 

of flotati~n separation, especially with respect to the role of 

particle size, and contributes toward a ra~~al.column scalé-
~ 
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, .... 

l.l Recent Innovations in Flotation Machine Desiqp 
, ... 

4 

,A critical review of flotat;Lon machine design has be'en pro-

vided recently by Young (6) • He classifies flotation machines 
, ' 

into four t~s: mec,hanical, pneumatic, column and froth sepa--

rator. Al10wing for the indus trial dominance of the mechanical 

machine it wou1d be simpler perhaps to èonsider just two classes: 

mecnanical, and a11 Pt~~~s. Young suggests that the dominance 

of the mechanical machine~is more a question of commercial 

realities an4 conservatism in equip~nt selection rather than 

design excellence. However, the mechanical machine has been 

thé mainstay of froth flotation equipment for more than 50 years. 

The bas~c design and operating principles of the mechanica1 

machine are we1l known (see, for, example, Harris ,(7» and re

quire no further discussion here. This section focuses on ,non-

mechanical flotation machines tnat have shown sufficient ~ten

tial to reach the stage of either .pilot plant testing or full 

s~ale operation. Specifically, four devices are described and 

discussed: the Flotaire, the Davcra, the Leeds Column and the 

f10tation co1umn. (Another design, the Russian froth separa

tor(6), is intended primarily for flotation of large partic1es.) 

F1otaire. Deister Concentrator Co. Inc. manufactures the 

F10taire machine, shown schematica1ly in Figure 1Ca) (8). The 
, 

e~nk is 4.5 m high and '2 to 4 m in diameter. There is no me-

chanica1 agitat~on. Bubb1es are generated by aspirating air 

with high pres'sure wat;er (containing dissolved frother) and 

p~ping the water-air mixture through constrlction plates 10-

cated at the ce11 bot~om and in the feed tank. Feed slurry 
,. 
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enters at the t9P··an,d' flows downw~rd c;C?Uht~t:-current to the_,· 
, 1 

j ,.. ,. 

.1 

rising bubbles. A conven1::l:onal: frÇ)th bed. ia èmployed, with no 

wash water. The .F'lota4.re has been used for phosphate flotat:lo~ 

in .Florida. No other, applications have been reported, nor have 

- any performa~ée" figul:es on phosphate been "published. . ,- \ ~ 

Davcra. Devel~ped at the, Zinc CorpOration' Ltd., Australia, 
, • 1 ~ l ( 

thi~ machine consists'of a· slng1e rectangular tank in~o which 
• 1 

is fed, at the botto~,' a, ,mixt;.ure of 'f~ed/ Slur,I'Y and· air. .Séè 
" • _ 1 

Figur: l (1~). Bubbles are g~era:ted,by injeètin<] air into,the' 

central core· of a cyclone-type orifi~e, 'ix:>-ta .Wh:J.è,h slurry is 
- ) 

tangent1ally fe.d .. A conventional,' but ~~ep, froth is' employed., 
'If '-. " • , " 

'Steady operation ts maintained by aut?matlc 'contro~ of the feed 

, rate and tailings rat~. Abrasion of the feed nozzle is high, 
, 

but is minirnized wi th ceramic linings,. Performance figures 
, -

were published in 1971(9) for l~ad and copper roughing an? z~c 
,scavaging; however, there has' been n~ major pu?lication since 

then. Operation has been l'imited ,to Australiah and South 

African plants. " " j -

, 

·Col1,1IlUlS: Léeds Column / Flotation Column. An inherent limita-~ 
, J ~ ~ 

.' ,- l' .,J". 

tion with flotation. of· fine particles in conventio~l cells is 
. " ~-

/" r~covery, of hydrophilic (gangue) particles by mechanical en-, 

i ' 

. 
trainment in' the water reporting to the ,froth. The convention--

", ~ method of minimizing entrainment is to create a 5-30 cm' 

:~iCk froth at the slUfry surfaee. The froth permits the 

,gangue to -drain oack to the pulp while retaining the hydro-
-
p'hobië par~iqles, which are eventually discharged'over the cell 

lip. Trahar (-10) discussed the relationship between the recovery 
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of, .hydi'ophilic particles and water recovery, reporting that 

r 
-

... recoverY,('o-r- minus 5 llm quartz wâs 72% of that of the water, 
. "r, 

- ~ , - compal:jfâ:, to 59% for 9 1Jm quartz and 35% for 20 llm quartz. 

~-

Water recovery to the concentrate :Ln roughing and c~eaning" . , 

_ . circu~ts, typically wi11_be between 20 and 40%. The,se numbers 

illustrate the significa:qt impact of entrainment, and the in-
1 ~0 .. ~ '~'1,...... 

efficiency of ,conventi~~l froth cleaning. 

Alternative approaches to the cleaning of entrained 
. .. 

particl'es have been introduced wi th the 'Leeds Column and the 

Canadian Flotation Column' (referred to hereon simply as the 

flotation column). While these two devices are very different· 

from each other # they share the common design principle of un-

conventional froth cleaning. 
, 

Leeds Column. This unique machine is designed to perform 

multiple cleaning steps in a single stage by p~acing several 
c 

rows of horizontal barriers across the cell, between the cell 

top and the impeller. Each' barrier consists of two parallel 
-
~sets of cylindrical bars arranged such that the upper bars rest 

1 
, in spaces between tfle lowe,,r bars. The bars are 50 designed, as 

to trap a thin layer of froth underneath and then allow bubbles 

and their attached particles to pass up through the barrier, at 

the same',time discharging (entra'ined) gangue particles from the 

zone above. A certain quanti ty of wash water is added at the 

.. top. A diagram of the Leeds Column and detail of the barrier 

'operation is given in Figure 2. The use of four to six barri-
.... 

, c 
ers can produce an almost perfect separation. Figure 3 shows 

p ,-

. 
! that the machine is arranged in series connection sfmilar to 
; 
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conventiona1 mechanica1 'ce11s (un1ike the diagram in Figure 3, 

the full sca1e machine now employs top driven agitators) •. ' 

The cell was invented by C. Dell ,of Leeds Univ~rsity, 

Eng1and. (To date, ,this i5 the only significant flotation 

machine design produced from a university environment.) The 

machine has been described in detail by Dell and Jenkins(11) 

and is presently undergoing plant testing in coal preparation 

plants in England. Commercial development ls through the U.K. 

National Research Development Corporation. A laboratory version 

of the Leeds Colurnn can be used on top of the Leeds open-top 

laboratory f1otation ce11(12,13). 

F1otation Co1umn. A schema tic pf a flotation column is shown 

in Figure 4. Industrial columns are up to 13 m high and 0.3 to 

1.8 m in cross section (either square or circular). Three 

zones can be identified: a collection zone, with feed entering 

2 to 3 m below the top of the column and descending against 

_ rising bubbles generated at agas spargeri a washing zone, 
" 

where a packed bubble bed is generated by a downward flow of 

wash wateri and a conventional froth (2 - 5 cm thick) for 

particle transport ta the launder. The tailings withdrawa1 at, 

the bot tom of the column is control1ed at a rate slightly 

greater than the feed flowrate, ca1led a positive bias. An 

important element is the washwater, added just below the froth 

zone, whi9h makes up the bias and suppresses gangue entrain-' 

ment. The column is particu1ar1y attractive for c1eaning 

applications and can upgrade in a single stage compared to 

several stages of mechanical ce11s, resulting in s~p1er more 

1 t 

1 _____________________________________________________ __ 
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controllable, circuits. The column itself is weIl suited to 

computer control. 

Making a distinction of a sharp boundary between zones 2 

and 3 may be arbitrarYi there could in fact be a graBual transi-

tion from a packed bubb1e bed to a conventional froth. The 

concept of two zones, however, recognizes that there exist two 

significantly different regimes, and the sole purpose of the 
\ 

conventional froth is for concentrate removal. Combined zones 

2 and 3 will be referred to hereafter as the cleaning zone. 

Deve10pment of the flotation column has been described in 

several publications(1,2,3,14). The first successful commercial 

application in the Western World was at Mines Gaspé, Québec, on 

molybdenum upgrading(4). Three co1umns in series rep1aced 13 

conventional cleaners with superior results. A 0.9 m square 

column i5 operating as a zinc scavenger at Geco Mines, Ontario. '?

Gibraltar Mines(S), British Columbia, is employing three cylin-

drica1 columns between 0.5 and 0.9 m in diameter for mOtybdenum 

cleaning and bulk copper-molybdenum flotation, with plans for 

fu~ther column expansion. Extensive plant tests have been con

ducted on iron ore(l) 1 coal(14) (1.8 m square column), copper 

_ sulfide(2,3,14) and graphite (15) . 

In the early 1970's the concept of the flotation column 

was ernbraced by engineers in poland and the U.S.S.R. who em-

barked on seemingly endless modifications to the basic concept. 

A recent translation of a text by Tyurnikôva and Naumov(16) 

reviewed sorne of the Polish and Russian designs of 'pneumatic 

counter-flow flotation' machines. Sorne of the column designs 

- --- --- .~----
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are summar1zed in Figure 5; ,the ~ariety of design is obvious. 

It is important to note that none of these machines uses wash 

water, but rather a secondary froth concentration stage. - - in 

this sense, they are quite different from the Canadian column. 

Flotation Column Operation. Operating principles and instru-

mentation control loops of a flotation column are summarized in 

the diagrams of Figure 6(4). The diagrams are mostly self

explan~tory. Bias is typically 10 - 20% of the feed volumetrie 

flowrate. The interface between the recovery and cleaning zones 

is distinct, and is maintained at a pre-set level by static 

pressure.measurement controlling the wash water rate. It is 

important to remember that when wash water i5 changed, the in-

cremental change in flowrate is accounted for' completely by a , 

change in concentrate flowrate. The gas spargers are obviously' 

an important component. Bubblers that are presently in use 

consist of cylindrical, steel mandrals, approximately 7 cm i~ 

diameter, covered with a sleeve of either filter cloth or 

rubber (the latter is pierced with 150 holes/cm2). Typical gas 

superficial velocity (flowrate/crqss sectional are a of column) 

is between 1.0 and 2.5 cm/st and typical superficial slurry 

ve loc i ty i s between O. 5 and"2. 0 cm/ s (downward). 

Flotation Colurnn Simulation. The laboratory glass colqmn 

. manufactured by Column Jlotation of Canada Ltd. (the only sup-

p11~r of commercial columns) is 5 cm in diameter and 7.5 m in 

height. Presently, there exists no methodology for translating 

laboratory performance to expected plant performance. (As wel~ 

using an 8 m high device is not feasible for many laboratories.) 
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However, the flotation column appears to be considerably 

more amenable to thê application of process models based upon 

fundamental physico-chem~cal prin?iples than is the cônvent~on-
.\, 

al mechanical._flotation "machine 1 for the following reasons • 

. First, the counter-current ,flow of particles and bubbles pro- ' 

vides a weIl defined flow regime, unlike mechanicaf~ ceils whe,re~ 

the degree of suspension of particles (particularly the larger 
, 

and denser particles) is difficuit to estimate and simulat~. 

Second, the éolumn has no mechanical turbulence that must be 

rnatched in a Iaboratory machine. Third, particle recovery to 

the concentrate via entrainment should be minimal compared to 

that of mechanical celis employing'conventionâl froths. And, 
• fourth, the existence of a single thr~e-dimensional froth in 

the column makes froth modelling less complicated than- that for 

a bank l of mechanical ce1ls, where the froth characteristics 

chang~ from celi to celle 

.' 

l 
1 

t 
. 1 

, 
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CHAPTER 2 

, , 

THEORY - COLUMN OPERATING FUNDAMENTALS 
" 1 

18, 

.For the purposes of either si.uIatton or scale-up it is 

Iogical to consider the column as consisting of two regimes, 

-the collection zone and the cleanlng zOhe, and to devèlbp.an 

understanding of the kinetics of each regime separately. Then, 

1;.he simul~tions ~ scale-up modeis of the two regimes can be 

combined to yi~ld an overaIl column model. This is the apprOach 

taken here.-

'2.1 Collection- Zone 
" 

A mineraI partic+e is collec~ed by agas bubble by one of 

~wp methods: 1. particie-bubbie-collision ~orlowed by attach

. ment due to'the hydrophobic nature of the ~inerai surface, or ,. 
2. en~rainment bf the particle within the boundary layer an~-

- wake of the bUbblé. (~n a column, precipitation of air bubbles 

on-hydrophobie surfaces is not a signiftc~nt f~étor). The 

imp9rtanee of entrainmen~ as a mechanism of particle collection 
1 

has been discussed already. In the flotation column, the co~

eept of-the- downward flow of wash water in thé cleaning zone ls 

/ -

1 .; 
1 • 
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~o prevent feed water from reporting to the concentrate, and, 

therefore, to prevent recovery to the concentrate of entrained 

hydrophilic particles. The extent to which this objective i8 

met in -industrial columns requires testing. However, it will 

be assumed for now that, while'particles may be collected via 

entrainment in a flQtation column, they arè completely rejected 

back to the recovery zone by the wash water. Fruitful particle 

recovery will be considered to occur by the collision-attachment 

meçhahism alo~e. 

The collection process can be studied by considering agas 

bubble risinq through a downward flowing slurry. Collection 

'effic~ency, EK, is defined as the fraction of aIl particles 
, ". , 

swept out- by the projected area of the bubble that collide with, 

attac~.to and r~~in attached to the bubble until reaching ~he 

cleaning, zone. For a given system, the collection efficiency 

is a complex function of many parameters, the most obvious 

being particle di~eter, bubble diameter and particle hydro-

phobicity. There presently exists no fundamental mod~l rela-
-

ting collection efficiency to the pertinent process parameters. 

The development of such a model is the subject of chapter 3. 

The importance of being able ~o predict EK, or at least 

understanding the impact upon EK of the ,various parameters, i8 

that ER is directly related to the collection rate constant k. 

The following.rate expressio~s are similar in concept to those 

presented by Jameson et al(17) and are particularly suited te 

collection in a ~lotation column. Consider a cell of height h 

'. 



--
2Q 

. , -; 
and cross sectionàl ,area A.. At any, .instant the total numb~r',o~-

, ' 
particles of ,a,specific siz~ a~d hydrob~city is Nt' anG the, 

, , 

concentration 0t 'these pa~ticle~ at a~~ ,instaft is Cp = Nt/(hA). 
, , -' 1 

The total numbe~ of 'the pa~ticles removed by r,Sing~~ gas 

bubble of diameter 'db during its ascent, Nr ,: JiS 

N' r 

f 

/ 
1 
1 

1 
1 
1 

(2.1) 

Th,e' ,rate. of, bubb~e generation is ~.g~ (l/,~ ird~ 3 ) for a gas volu

metrie flowrabe Q. Then, thé rate 'of r~mo~al Qf the particles 
g - . i 

" 1 1 
is expressed by =~ 

Substituting Nt = C 

9 
ty v = Qg/A gives g 

p 
(hA) 

,.. 

de 
-E 
dt 

and using the superfieial gas 
,~ , '" 

.-

• 'i> 

. ThuS~ thè rate constant for the,particles in question i9 

k = 

(2.2) 

veloci-
-iii' 

'" 
(2.3 ) 

(2.4) 

. Note that the value for $K in équations 2.2 - 2.4 i5 for a 

. bubble wi'thin a bubble swarm, and would likely be different· 

• 

. . , 
.. 
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. 
from the value of EK in equation 2.1, which is that-for a c 

.fi 

bubbl~'. single undisturbed 
, 

The preceding discussion shows that the collection rate 

mechanism is first-order with ~espect to particle concentration 

if E
K 

dOes "not vary with solids content. It is intuitive that 

EK is constant only for a narrow range of particle size and for 

. a Single value of hYdrophobidity. In a real mineraI system 

there will exist a distribution of rate constants, reflecting 

p range.of particle sizes and a complete spectrum of hydro

phobicity due ta the interlocking of the different mineral 

species. A scale-up menhodology must be able to utilize the 

collection rate constant distribution of the given mineraI 

system. For now, it is assumed that, given a narrow range of 

particle si.ze and a single value of hydrophobicity, 1 ~ is con

stant and particle collection' follows first-order kinetics. 

It is of course the fractional recovery R of a mineraI, 

rather than just the rate constant, that the engineer wishes to 

know. Recovery is determined by three factors: the rate con-

stant, the mean residence,time of the particles in the collec

tion zone, and the mixing conditions of the collection zone • 

. One extreme of mixing is plug fIow, where the residence time/~ 
aIl elements of the fluid (and aIl mineraI particles) is the 

sarne. Consequently a concentration gradient of floatable 
G 

- mineraI aiong the axis of the column exists. Th~ other extreme 

\ 

'" 

i5 a compietely m:ixed reactor, where there is a distribution of 

retention time (begi~ing with time zero) and where ~he 
, .' 

\ 

j 



• 
.' 22 

concéntratio~ lé th~ same'thràughout the reactor. For a first-
, r 

order rate reaction system exhibiting .pluq flow and a retention' 
J _ .t 

time T 

. R •. i :-,exp (-kT) ,,(2.5) 

and for a oomplet~~y'sti~red first-or~er react10n syste~' 
,-

having a méan residence,time ,T 
. , 

.. 

R = 1 + kt - (2.6) 

The flow conditions in a .laboratory 'flo1;.ation column wou~d- , 

appDOximate plug flow,~hile thé liquid and: ~olids in plant 

columns are transported under conditions between plug flow and,'· 
-

completely mixed. The difference ,in performance between plug ,-

.... -flow and completely stirred reactors i5 significant.. For, 
, . 

example a recovery of 90% obtained in a plug flow reactor 

(Le. k-r =' 2.30) equates to only 70% in a completely mixed, 
~ -

reactor of the same mean residence time and rate constant as· 

that of the plug flow reactor (from equations 2.5 a~d 2.6) •. It' 

is important to know, therefore, the de~ree 9f mixlng of~ndus-

trial columns and to relate that mixing tc'recovery. 

- -
For bubble columns operating at·relatively low air flow , , \ 

rates and wit~ small bubbles, which correspond~ t~ ·th~ -recovery, 
r 

zone of flotation columns, the plug flow d~spers~on mod~l "nas 

\ 

.. 
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hèen shown to provide a good description of the axial mixing' 
, 

process(l8 t I9). Consider the downward flow of either water or 

mineraI particles in a flotation column. When a tracer (liquid 

or solid) is impulse injected at the top of a recovery zo~e of 

length L, the mass transport equation that describes its con-

centration c at an axial distance x downstream from the injec-

tion point at time t ia 

32
C dC dC (2.7) 

D 3X} - U i ax - at =. 0 

where D ia the axial'~sperSion coefficient, due to turbulent 

~ddies, and diffusion (units of length2 time-l ), and ui is the 

interstial velocity of the'liquid or partiele. This is a one-

dimensional model; radial dispersibn and nonuniform velocity 

profiles are not considered. If concentration of the tracer at 

the tailings discharge is measured with time (time zero corre-

, sponding to the impuls~ injection) th~n a residence time dis

tribution (RTD) of the liquid or solid 15 obtain~d. Such a 

distribution also can be obtained theoretically by using two 

parameters to describe the mixing conditions: the mean resi

dence time T and the dimensionless vessel dispersion number, 

Nd = D/UiL. For a system where end effects are absent the 

Laplace transform of equation 2.7 ;s(20) 

, . 

(2.8) 

, , 
'. 

\ 

1 

1 
i 
1 
f 
" 

f 

1 
1 ~ 

1 

1 
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where sis' the Laplace operator. The 

solution is a unique function of T and 

c (t) = 

corresponding 

N (19). 
d • 

24 

time domain 

(2.9) 

Equation 2.9 satisfies the mass transport equation 2.7 for x = L 

and provides a residence time distri~~tion for an open-ended 

reactor (end effects ignored). The RTD's for reactors having 

values of Nd between zero and œ , and the same mean residence 

time, T = l, are shawn in Figure 7. Nd = 0 corresponds to plug 

flow and Nd = ~ corresponds to completely mixed flow. Nd and ~ 

can be estimated from the experimentally obtained RTD. This is' 

discussed in section 4.1.2. 

The objective of measurin,g the mixipg parameters ls to 

quantify the mixing effect upon recovery. \ Equation 2.7 has 

been solved analytically(2l) for first-order reactions, and, 

for vessels with any kind of entrance and exit conditions, the 

solution is (22) 

Whe;-e 

a = 

l 4a exp(~) 
d 

a 
exp(2'N) 

d 

(1 + 4krN ) 1/2 . 
d 

~O) 
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'Levenspei1(22~ expresses equation 2.10 graphical1y at the same 

time as showing the rat10 V /V~! whére V 1s the volume of 'a rea1 

reaptor and Vp is the volume of a p1ug fl'ow reactor that gives 

the. same recovery as obtained with the real reactor. A diagram 

'simi1ar to Levenspei1's is shown in Figure 8~ The kT 1ines re-

present 1ines of equal volume, or holding time, for constant k. 

As an examp1e of the app1icati~n;~ scale-up practice, of 

Figure 8 and equation 2.10' consider the following hypothctica1 

data., P1ug flow 1aboratory conditions (a reasonaple approxima-

tion for a 1aboratory flotation column) yields a recovery (with 
-. 

first-order rate kinetics) of a certâin mineraI of 86.5%, in a 
~ 

reaction time of 5 minutes (k = 0.4 min-l, k. = 2). If the 

same reaction ista be performed in a plant reactor having a 

known vessel dispersion' number Nd = O. S,' then employing 'a S 

minute mean retention time in that reactor wi~l yie1d a recovery 

of only 75.1%. Ta attain the 86.5% recovery wou1d require a 

mean residence time of 7.2 minutes (V/Vp = 1.44). 

To complete this discussion of colurnn mixing the present 

know1edge o~ mixing in large bubble columns i5 now reviewed. 

LiqUid Dispersion 

The effect of various physical and operating pararneters , 

upon the liquid axial dispersion coet"ficient in bubb1e co1umns 

,.has been reviewed by Shah, Stiegel and Sharma (23). They con-· 

c1ude that for cy1indrica1 co1umns Dt is essentially indepen

dent of 1iquid velocity and. liquid, propertfes such as viscosity, 

surface tension, density, etc. In a subsequent review article, 
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t
, (22) 
l.on . Vp is the volume of a·plug 

flow reactor and V is,the volume of a . 

real reactor. 
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Shah et al (24) generalize tne effect of'éolumn diameter'd
c 

and 

k n superfieial gas velocity vg with Dt = dc Vg 1 where 1 ::;i k s 1.5 

and 0.3 S n ::;i 2. Since the present concern i8 with'flotation 

eolumns having a large radial dimension it ls worthwhlle ta 

examine the searee quantity of published data on large diameter 

columns. 

Magnussen and Schumacher(25) experimented with cylindrical 

colurnris having 0.04 ~ d ~ lm at 0.01 ~ v' ~ 0.1 mIs while c g 

operating in the counter-current mode. For columns wlth no 

internaI baffling the y found k = 1 and n = 0.23. No mention is 

made of the mode of bubble generation. Towell and Ackerman(26) 

operated in the concurrent mode, with bath gas and liquid in-

jected through a sparger having a smaII number of relatively 

large hole s (0.64 cm), on col urons of. 0.4 and 1. 07 m diameter 

and a sv· s 0 .15 ml s • They f ound k = 1. 5 and n = O. 5 • g 

A noncircular shape of the column radial section ls a 

complicating factor. Alexander and Shah(2 7 ) showed th~t a 

rectangular column 0.076 x 0.23 m in cross-section gave a con-

'.siderably larger axial diffusion coefficient than a cyIindrical 

column of equivalent diameter (diarneter of a cirele having the 

sarne area as the rectangle). Akita and Yoshida(28), working 

with a O~15 m square section bubble eolumn, determined that the 

liquid phase mass transfer coefficient was the sarne as that of 1 

a cylindrical column having a diameter equal to a side of the 

square. By extension, this would imply that the liquidaxial 

dispersion eoefficients.were also similar. 

\ ~ 
1 
, \ 
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Particle Dispersion 
i 

In column flotation it is the dispersion parameters of the 

solid particles, not the liquid, that is of prime importance. 

Several investigators(l9,29,30) have suggested that the axial 

dispersion coefficient of fine solids in a bubble column is the 

same as ·that of the liquid, Le., 0 = D'n' where 0 ia the . p ~' P 
solids axial dispersion coeffipient. No upper particle size, 

or mass, for whi,ch this is valid has been suggested. The other 

solids dispersion parameter, the particle mean residence time, 

T , should be a function of the relative settling velocity of 
p 

-the particle, up • For the case of a descending slurry which ~s 

not contacted with gas bubbles, a measure of Lp ls: 

(2.11) 
. ' 

'The effect of a bubble swarm upon this relationship is unknown 

and, to the authors' knowledge, unmeasured. It is suggest~d 

here that this effect ls minimal at the relatively low gas 

velocities employed in a flotation ,coluron, and'that equation 

2.11 ls suitable for ecale~up purposes. The relative settling 

veloclty can be estimated uslng the method developed by Concha 

and Almendra for single spheres(3l), subsequently corrected to 

account,for hindered settling. The terminal veloclty UT of a 

spherlcal particle of diameter dp is given by(31}: 

U' ::: 
T, 

(2.12) 
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where 

- M -= . pl P 1-

and 

[! 
2 g]113 p- = 1..1 

(p - pt)p t p 

where 1..1 18 the liquid viscos1ty, anç'i Pp and Pt are the particle -

~nd liqu1~ densities, respectively. Then, UT can be corrected 

to account for the effect of volum~ fraction solids 4>s using 

the empirical r~lationship developed by Richardson and Zaki (32): 
.... 

(1 (2.13) 

where m = 4.65 for Re
p 

< 0.2, m = 4.35 Rèp- 0 • 03 for 0.2 < Re
p 

< 

1.0, m = 4.45 Re-O• l for 1.0 <- Re < 500 and m = 2.39 for RE! < 
P . P 

50,0. Since the. volume fraction solids will decrease wi th in-

creasing x, due to capture onto,bubb1es of many of the' f10atable 

-' partic1es, u will increase during the partic1.e descente An, 
P 

; 

. average value of up is obtained by .using the ,average of 4> s (feed), 

at'x = 0, and 4> (tailings)# at x = L, in 'equation 2.13. s 

Gas Dispersion -

If the bubble colunm has à sufficiently large length to 

diameter ratio, the gas phase is assumed to move in plug 

flow(23) •. This is a reasonable'assumption for gas in the 

I ________________ .....-____________ ~ 
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recovery zone of a flptation column, since the gas bubbles 

travel at 8-14 cm/s compared to 0.5 - 3.0 cmls for the liqUid 

and particles. 

2.1.2 Bubble Load 

The residénce time' of a bubble in the recovery zone of a 

flotation column is 5 - 10 times longer than that in a c~nven

ti(!)nal machine. Thus" tbe possibili-t:-y of a bubble becoming 

fully loaded (and ceasing to collect particles) is considêrably 

greater in a column, part1cularly in roughing and cleaning 

applications. Bubb1e loading becomes a ve,ry 'important design 

and scale-up consideration. 

The surface on the front of a rising-bubble i~ the area 

where particle-bubble collision will'oceur. Upon'adhesion to 

the ~ubble, partic1es will slide to the rear (bottom). 

'Wëber (3,3) has shown that for flotation siz'ed bubbles (-0.06 to 

0.15 cm) the fluid strea~line around the bubble has a closest 

approach to thè bubble at angle Sc < 90°, measured from the 

front stagnation point ot Phe -bubble. There would be no co1li-

sionp at an anglè greater than SC' As an examp1e, a bubble 

with,d
b 

= 0.10 cm rising at 10 cmls would have Sc & 63°. The 

consequence of this, related to bubble 10ading, i8 that un-

impeded collisions can occur ùntil approximate1y 70% of the 

'bubble surface i8 packed with particles. After that point the 

rate ,of collection will steadily decrease and the reaction rate 

will no longer be first-order. 
ti 
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The-onset of full'bubble load (or hindered flotation) can 

be est~'ted. Consider a single bubble. The rate S of particle 

collection by the bubble 1s given as: 

(2.14) 

where ~ , is 'the average volume fraction floatâble solids in s 

the slurry, and p •. ' is the particle, concentration in terms p s 

of mass of partic~es/unit volume slurry. The units of a are 

mass t~e-l. If coverage of the bubble surface by a monolayer 

is considered to occur until 70% of the bubble surface 18 

covered, then this ,load f' is given by 

r 0.7 2 
'If Ci .p d.. ,y 

p P 1> 
(2.15) , 

where y is the fractional packing density of' the monolayer , 

coverage of _pa~t~cles. The units of rare mass. Then, the 

tirne t L of bubble rise to attain r (the onset of hindered 

·flotation) is 

= r 
S 

= 

and the height hL of bubble rise in conditions of free flota

tion is 

= = 
• ' E s K 

(2.17) 

" 
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. There is sorne evidence that a bubble will carry more,than 

a monol'ayer coverage of partic1es, explained probably by 

partic1e-partic1e adhesion. Tomainson and Fleming(34) ca1cu- . 

~ated a surface coverage of apatite as high as 120% on 0.08 cm 

diameter bubbles. King et al(35) studied the loading of fa1~ly 

large bubb1es: db = 0.33 to 0;62 cm. OVer this range they ob

served that the sma11er bubb1es picked up a greater load per 

unit area than the larger bubbles, and postulated that the in

creased curvature of the smal1er bubbles allowed for a greater 

packing density of the irregu1arly shaped solids. It seems that 

using y = 1 for flotation sized bubb1es is reasonëilile. 

2.2 Cleaning Zone 

Consider the dimensional comparison presented in Table 1 

between q 1.83 fi square co1umn and three sizes of Denver f1ota-

tion machine. The number of Denver ce1ls was se1ected to"give 

the sarne pulp volume as that of the co1umn (9.5 m high x 

2 2 1.83 m ). For simi1ar residence times and approximately 

simi1ar mixing conditions, the mechanica1 cel1s have available 

5 to 8 times more troth area and 1.5 to 2.5 times more lip 

1ength. The gas requirement, in terms of vo1umetric flowrate 

per unit vdlume of pulp, is 10 times greater in the mechanical 

machines. 

These three comparisons serve to il1us~ate significant 
:-

differences between co1umns and mechanical machines. Upon 

arriving at the bottom of the c1eaning zone the bubbles in a 

column will, in Most cases, be close to or completely covered 

0" 

i 

1 

! 
0\ 

J 

f 

\ 

1 
; 
1 

1 
1 
i 



34 
': 

,. 
Table 1 

/ 

C 
Area and Lie Len5Ith Comearisons .. 

, 
Column vs Denver D-R ~ 

Total Typica~ Lip 
Volume of • of Surface Gas Len~th 
PulE cells Are~ Require:" (111) 

(m3) (m2 ) ment 

(m~/min)/ 
(m pul.'p) 

Column 1. 83m2 31.8 1 3.35 0.1 7.3 

Denver D-R (6) 100 30.8 Il 27 .. 1 1.4 16.8 
4 180 30.6 '6 19.9 1:0 10.9 

300 34.0 '4 19.9 0.9 17.8* 
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with pa~ticle~, while this would likely otcur only in the first 

• few ce Ils of a conventional cleaning or roughing bank (if at .,.. 
, 

aIl) • TQ)...-preven,t a major release of the 'collected particles, 

coales.ceJ;lce of the, gas bubbles must be minimized (coalescence 

resul ts in reduced interfacial area and, thus, reduced solids 

carrying capacity). This is attained by the downward flow of 

wash water that g;.enerates a packed bubble bed regime instead of 

. a froth. Çoalescence eventually does occur, as' evidenced by 

the" cpnvent~onal froth that ove'rflows the top of the column. 

What ~~ unknown iB whether this' coalescence occurs gradually, 
G' 0 . 

from bettom to top of the cleaning zone, or rapidly, close to 

the wash wa ter addi tien point. 

The level in the cleaning zone at which coalescence 

oc;:curs, and at which particles are forced off of the gas/liquid 

interface into the wash water, is an important consideration, 

for the following reason. A signi.ficant porti.on pf the wash . . 
_ water reports to the concentrate. This water is added only 

5 cm from the column top, but it i5 likely that it penetrates 

a. certain depth into the cleaning zone due to fairly strong 

mixing ,conditions. Thus , for a particle rejected from the 

gas/liguià interface, the closer to the top of the column that 
-' 

the rejection oceurs, the greater is the probability that the 

particle will reach the concentrate anyway - carried by the- ... -
c~ 

wash water rather than attached to a bubble. Cienski and 
, (36) 

, Coffin reported inc;-eased welght recovery wi th lncreased wash 

- water rate for 0.45 and 0.9 m square columns operating as 

, D 

- -. 
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molybdenum cleaners. 'It ls unclear what mechanism causes this; 
1 

either a reduced rate of bubble coalescence, or greater penetra- . 
. 

tion of the wash water with resulting increased capacity to re-
, " 

co'Ver particles that have been dropped from the gas bubQles. 

The flow patterns in a water-drained froth are very com-
'f' 

plex and' are dependent upon à large number of variables; gas 

rate, wash water rate, solids concentration, particle size 
) ~ . 

1 

(distribution), particle hydrophobicity, liguid vis~osity" sur-
\ 

face tension, mixing conditions, 'and more. There ~~e pre·sently 

;no models to simulate water drai~ed froths, and there will be 

('0 ":ttempt to develop one here. !What 18 recognized, though', is. 
, 

l' 

that a certain fraction of the collected particles reaching the 

cleaning zone is almost always rejected back to the recovery 

zonei that is, recovery in the c;leaning zone 15 less than 100,% • 
.!' ~~ , 

Plant test~g ls réquired to detJrmine a typical range of 

.cleaning zone recovery. 

2.3 Interfacing the Collection and Cleaning Zones, ~ 

Three mineraI categories can be ident'ified in a froth 

flotation separation, classified according to their hydropho-

bicity~ The first category ls the strongly floating mineraI, 

intentionally promoted with a cbllector. The second category 

is the completely hydrophilic mineraI that shows ,a contact 
\ angle of zero, or close to zero; i.e. the gangue. The third 

category is the weakly to moderately floating minera!', inten

tionally depressed in some,manner but without complete success. 

(A fourth category could be ~he mixture of interlocked mineraIs 

\. 
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frQm categories l, 2 and 3.)' The manner ln which a flotation 

colunm prevents recovery of the gangue, category'2 mineral, ls 

vla wash water,replacernent of feed pulp. Maxlmlzatlon of the 

separation between s7~ongly and weakly floating particles, 

categories land. _3, is attained, not through wash water replace

ment, but by multiple recleanlng. 

Consider the multiple recleaning process in a column. 

Accepting that a fraction of the particles ls returned from the 

cleaning zone ta the recovery zone, then these returned parti-

cles undergo a repeat of the process of collection (as when 

first fed into the coluinn) • underlyi~g the simplicity of this . 
is an important concepti.each time that a particle undergoes 

the collection prÇ>cess lt has available to it 100% of the orig-

lnal retention time. Contrast this to a bank of mechanical 

cleaning cells,'where- each collection event subsequent to drop

back from the froth has a reduced retention time. This is 

particularly important for selective separation (between cate-

gory 1 and category 3 mineraIs). 
'/ 

Defining the cleaning zone recovery ~ as the recovery to 
1~>'J. 

the concentrate of particles entering the cleaning zone from 

the collection zone then, for a collection recovery of Rx, the 

total column recovery ~ is 

(2.18) 
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where recoveries are fractional quantities. Since 

1 ~ (1 - ~)l <. l, then as n ~ 00 equation 2.18 converges to 

= 
1 - ~ (1 - ~) 

(2.19) 

The ratio TR of ~cycle mass to feed mass is given by 

= 

(2.20) 

which also converges, to give 

= 1 1 (2.21) 

(It is assumed thpt complete bubble load does not occur.) 

Equation 2.19 can be used to illustrate the cleaning 

action in a column. Consider an idea1ized column feed con-

sisting of 50% mineraI A and 50% mineraI B, cornpletely liber-

ated. 
~ 

It 15 assumed that the recovery of both mineraIs follows 

""first-order kinetics, and that'RK of mlneral A is 0.95 and ~ 

of mineraI B is 0.20; i.e. A is a category 1 mineraI and B is a 

category 3 mineraI. It is also assumed that ~ iS,the same for 

both mineraIs. The effect of varying ~ upon recovery and 

grade is summarized in Table 2. A decrease in RF decreases the 

recovery of both mineraIs while increasing the grade of mineraI 

" 1 
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~. This result 1s not un~xpectedi it demonstrates -the principle 

of seguential clean~ng of two minerals'with differ;ent, b1,lt 

fini te, collection rates. 'l'he importance here is tha~ it i,s 
~.. > 1 ~ ~.J 

- , performedin' a single 'Îm:ichinè':-
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ÇHAPTER 3 

THE ORY THE' COLLECTION OF MINERAL PARTICLES BY BUBBLES 
, ' 

3.1 Previous Work 

The most comprehensive flotation model to date was pub
~ 

lished in 1948 by R.L. Sutherland (37) . This model calculated, 

from fundamental principles, the probability Qf a parti~le 
, 

colliding with a bubble as well as the probability of attach-

ment subsequent to collision. The attachment'probability com-

pared the time of particle-bubble contact with the induction 

time, where induction time is the time which elapses between 

apparent contact and true contact, i.e. formation Ç>f a three

phase contact line(38). A distribution of contact time was 
( , 

determined by considering th~ distribution of contact àngles 

and 'the tangential velocity of the particle over the bubb~e 

surface. The possibility of detachment subsequent to adhesion 

was not considered. Sutherland extended his analysis of a 

single particle:bubb~system to a swarm of bubbles in a slurr~ 
" 

and developed a relationship between the rate of flotation and 

the pertinent operating parameters including particle siz~and 

induction time. Jowett(39) has applied Sutherl,and's model to 

1 
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lab.orato:.t"Y, da,ta in order to est±mate the re1ationship between 

partic1e size and induction time. His ana1ysis is discussed 

further in section 3~1.3. 

In the years since Sutherland proposed his mode1 there 

have been significant dev~lopments in the know1edge of the f1uid 

;flow patterns around spheres having Reynolds numbers s1mi1ar to 

that of f1otation sized bUbb1es. These deve10pments show that 
, 

there are serious errors in the basic assumptions used by 

Sutherland" to ca1cu1ate collision and attachment probabi1ities. 

The more important errors are noted in the fo110wing sections 

and during the discussioq describing the proposed mode1. How-

ever, the basic forro of. Sutherland' s mode1 15 sound; his" work 

15 a 1andmark for f1otat10n mode11ing. Whi1e there has been no 

attempt to improve upon the complete form of Suther1and's mode1 

there lJ.ave beenidevelopments in the understanding of specifie 

aspects 'of the collection proeess, notab1y the collision event, 
, 

'contact time, induction time, and detachment. 

3.1.'1 Collision 

The partic1e-bubb1e "collision process -has been' stud'ied 

- theoretica11y by severa1.investigators since the late 1960's; 

the most relevant are by Flint and Howa;th (40) '(1971), Reay and 
, ' 

Ratc1iff (41,42) (1973, 1975), Anfruns and Kitchener(43) (1977), 

Weber (33) (1981) and Weber and Paddock (44) (19.83). ExperiIriental 

results have been reported by Flint and Howarth, Reay and 
" 

Rateliff, Anfruns and Kitchener and by Schu1ze and 

Gottschalk (45,46) • Each of these authors based their ~naly~1s 

, ' 
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ori the equation of motion of a spherical partie le relative to a 

spherieal bubble (that is large compared to the partiele) rising 

in an Infinite pool of liguid. Hydrodynamic drag will tend to 

sweep the partie le around the bUbble, following the fluid 

streamlines. Particle inertia, and gravit y act in a comb'ined 

manner to move the partiele out of the fluid streamline and to

ward the top of the bubble. The equatibn of motion is 

l' . 3 av. l 3 1 2 2 
,~1T ~p ai- - '6 1T d p (pp - Pt) gj + l1T Co Pt dp (uj-Vj ) 

(3.1) 

-
where' v. is the particle velocity in the j direction, u. is the 

~ J J _.i~ 
\i'f 

velocity in the j direction that the liquid would have if the 

particle were not there, g. i8 the eomponent of gravitationa'I 
, , J 

aeceleration in the j direction, and 'CD is the particle drag 

coefficient. The second tefm on the right side of equation 3~1 

is the steady state drag term; the first term on the right side 

is the partie le body force due to relative gravitational accel

eràti~n, and the term on the left side is the body force ac· J,,,,, 

eounting for partie le inertia. 

A diagr~ iliustrating the approach of the particle toward 

the bubble is shown in Figure 9. The bubble is assumed to be 

held stationary by a flow of liquid in the nègative y direction 

equal to the bubble rise velocity~. Allowing the particle 

d~ag coefficient to be that of a sphere in Stokes flow 

(Le. GD = C
OSk 

=, 24/Rep ) then Equation 3.1 can be deseribed in 
~ 

t 

* 
'1'~ 

lU 
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Illustration'of a particle approac~ing 
, ~ 

agas bubble. X, y and r coordinates 

are ëlmenslonless; at the. bubble sur-

face 
2 2 =x-..j...y =1. 
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,terms' of x and y coordinates and several d1mensionless para-

meters by 

* Çj avx * * Sk --. .. u - v 
at x x (3.2) 

* av ,* * * Sk~ = (u + U ) - v 
at y y (3.3) 

>{ 

,where , 
* Ux = ux/~ 

* v = vx/~ x 

* Uy/~ uy == 

* vy = Vy/~ 
'- \ 

* t == ui:,t/c;, 

* u • !lp/~ 

-\ -
Sk == Stokes number 

P d, ' 
l (.:.R )' (a!! 2 REï, == 9' Pl 

fil 

Whe~), 

~- bubhle Reynolds nwnber 
/' \llId 

è == Ug~ Pli lJ 

:.. 

) " 
, . 
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ana, for Stokes flow 
- \ 

, . 
In ,this analysis the bubble radius r b = 1; 50 the coordinate, 

r = ~ 2 _'1 2 ' x +"y = " 1 lies on the bubble surface. 

The Stokes nurnber is directly related to the ratio o'} , 

inertial to ~rag forces. Reay and Ratcliff(4l) describe Sk as 

the ratio of particle relaxation time p d 2/l8~ to the characp p 

teristic time db/ub for changes in the fluid flow. Most of ëhe 

theoretical and experimental work te date has focused on rela-

-tively small particles, and bub~les with db = lOC to 1200 ~m, 

50 Sk « l (i.e., the particle adjusts almost instantaneously 

to changes in the fluid flow around it). This allows the 

inertial term of equations 3.2 and 3.3 to be ignored and, thus, 

assumes th~t gravit y is the only factor that may cause the 

particl~,trajectory to_deviate significantly from the fluid 

streamline. 

Collisions are quantified by using a collision efficiency 

- EC that Weber (33) has defined as the rate at which particles 

collide with the bubble diyided by the rate at which particles 

flow across the projected area of the bÙbble, that rate being 

1 2 ,4 TI db (u
b 

+ u ) C , where C is the particle concentration. 
p ,P ~ 

Collision efficiency can also be thought of in terms of a 

. capture radius Re. AlI particles with center located closer to 

. . 

, --

, 
, 1 
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., 
the bubble axis th an Re' at ft distance far ahead of the bubble,_ 

collide with the'bubble; i.e. 

For calculation purposes EC is divided into an inter

ceptional collision efficiency ECi and a gravitational collision 

efficiency Ecg " 50 

(3.4) 

Interceptional collision alone (ECg = 0) occurs for neutrally 

buoyant partic~e~ which follow the fluid streamlines exactly. 

',' Gravftational collision alone (ECi = 0) is hypothetieali it 
• 

would oceur'for particles having a finite settling velocity but 

zero dimension. -Tc calculate ECi and Bcg the liquid veloeity 

field around the bubble ,is required. For solid spheres, these 

veloeities can be determined it either, Stokes flow'or potential 
, 

flow is assumed (the Stokes and potential ,flow solutions to the 

j' Nattier-Stokes and continuity equations' for axisymmetric flow . 

around a sphere are well known). It is assumed that the bubble 

generated in a surfactant contaminated solution behaves as a 

solid sphere with density zero and with little deformation from 
- -

~he. spherical shape for ~ s O.l~ cm(33,47). Flint and 

Howarth(40) calcuiated gravitational collision efficiencies for 

both Stokes and potential,flow. For Sk < O~l they arrived at 

'the sarne value of Ecg for either assumption, 

, * * = u /(1 + u ) 

, 

\ 
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.,Reay and Ratcliff(4l) ~rrived at ~ s~~lar value for the Stokes 
" flow solution, but they alloweèl for a non-2!ero partiçle diam- . 

eter, 
. (33)l,) 

g~ving 

= 
, u * '\, \;+ dp 2 2 

1 + u* ( ''\, ) sin eG (3.6) 

where 6G ls the angle on the bubble over which gravitational 
. 

deposition oceurs. Stokes and potential flow have fore-and-aft 

symmetry, consequently 8G = 900
• 

Weber (33) considered the real situation of flotatiop sized 
o -

bubbles, having Reb from 20 to 300, and noted that the l-iqu;id 

flow around sueh bubbles is not axisynunetric. For Reb > 1 the 

streamlines are pushed toward the front of the bubble and-the 

close st approach of a streamline occurs at an angle Sc less 

than 90°. Th~ angle of elosest approach,can be evalu~ted as a 
. , 

funetion of Reb from the results of numerical solu~ions to the 
J 

Navier-Stokes equations ~eported indepen\entlY by two investi-

gators(48,49). A plot of,SC vs R~ 18 S ow: in Figure lO(49,33! 

~t an~les greater,than Sc (and less than 90 ) the radial compo

nent ot the liquid veloei ty is directed away from the bubble ' 

,surface, 'while the radial component of the partiele'settl~ng 

velocity is directed toward the bubble surface. At sorne angl~ 

aM between Sc .and 900 the velocities will be equal.' Gravita-. 

tional deposition oeeurs'~up to angle' aG, where Sc ::ii eG ::ii e • 
r ~~~ 

Weber made th~ approximation that 6G = Sc. '. This has an obvious 

impact .upon.~Cg' equation 3.6. 
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W~ber also applied th~Ciorward shift of the grazing 
, '\,.\ I .. ·...,.J 

streamline to develop an easily appl-ied model of interceptionaf 

collision. A m6d~I accounting for Reb was needed, because, un

likagravitat~iona~ collision, there i5 a large difference be- ~ 
,~ween the ~nt ept' opal collision effl,Cient; ~~ St~kes flow 

o 1 

and at potential flow. As an ex~mple, neutrally buoyant parti-

0.05 will yield ECi = 0.00375 assuming 

Stokes flow and Eei 
" (33) = 0.15 assuming potential flow . In 

collision by interception the particles follow the fluid stream-

linès exactly, so there will be collisions only for e < e
C

; the 

grazing collision bY,interception occurs ~t SC' ECi is related 

to Reb, and the Stokes flow interceptional co11is"i'on efficiency 

E
iS 

by, (33) 

o ~Ci 
(3/16) Rèb ] 

1 + 0.249 Re
b

o.S6 (3.7) 

where 

= (3.8) 
l + u* 

, 
~quation 3.7 is valid for 0 < Reb ~ 300. To complete the above 

example, a particle/bubble system wi th! (dp/db) = 0.05 and 
q ~.---

Reb = 100 gives ECi = 0.020 by equation 3.7. 

, Anfruns and Kitchener (43) perforrned experiments with a 

singFe bubble system (O. 06 ~ db :;; 0.10 cm) and very dilute 
" 

suspensions of quartz particles (12 $ dp:il 41' llm)\ The quartz, 

was surface-methylated wi~h trimethylchlorosi1ane and gave a 

: 
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contact angle of 90° (on polished plates). They measured 

collection efficiency EK and aS5umed that attachment efficiency 

was 100%, 50 EK = Ec. Their theoretical calculation of BC 

accounted for both gravitational and interceptional collision. 

H~wever, they were unaware of the forward shift of the grazing 

st~eamline, and their graphically presented solutiO~ for ECi 

was valid only at Reb = 40. Weber compared their results with 

his model (equations 3.4, 3.6, 3.7 and 3.8). The experimental 

values were close to but less than predicted. This is not un~' 

e pected,because it is unlikely that a~taèhment efficiency 
o 

However, the reasonable match is a good confir-

mat on of the form of the collision model. 

!unfortunately, the collision model ls limited to particles 

with a maximum dlameter of 30 - 40 pm for typical flotation 

sized bubbles. For particles greater than this size the 

particle inerfia'becomes significant and must be a~counted for; 

Flint and 'aowarth(40) it can;not be assumed that Sk = O. 

calculfted, from particle trajectory s1mulations, gravltational 

collision efficiency as a function of Sk and u* for both Stokes 
, (50) 

Reay calculated ECg as a function of - and potential flow • 
..--

~ Sk for dp /~ = 0.1 but his calculations also included unsteady 

state drag terms ,as weIl as the steady state drag. (Onsteady 

state drag, arises ~rom. the relative velocity between a partiale 
_ \ ___ J 

and the fluid that it is flowing in, developed when the particle 

trajectory dey~ates from the fluid streanùine.) Reay's 

criteria for there to he neqligible effect of unsteady state 

"drag is 

.t.. 
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Sk (-.!:.) « 0.33 

'P' 
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(3.9) 

1 
/1 

Neither Flint and Howarth nor Reay accounted for the forward 

shift of the grazing streamline. There has been no reportèd ... 
palculation of ECi ~s Sk an~. , 

Sutherland's ca1culation of collision efficiency is not 

rea1istic for smaii or intermédiate sized particles. For 

example, if ~ = 0.1 cm, ~ = Il.6 cm/s, v = ~.Ol poise, 

Pp = 4.0 g/cm3 and d p = ,5 ~m, then EC = 0.00050, by Weber and 

0.015 by Sutherland. At dp = 20 ~m, EC = 0.0080 by Weber and 

0.060 by Sutherland. 

o Schulze and Gottschalk(45,46) used the same ~thod as 

S~rland to estimate collision efficiencies for thei! experi

ment;,' ,1 system, in which they photographed trajectories of 

particle approaching a single stationary bubbl~. They worked 
, 

with large particles and aA large bubble (dp = 160 um'f#~ 

~ = 0.30 cm, u* = 0.18 and Sk = 0.24) and did not a6count for 

particle inertia •. 1\ 

\\ 
3.1.2 Contact Time 

Schulze and Gottschalk also photographed, for the particle

bubble system just described, thé sliding of a mineraI particl~ 

, over the surface of a bubble. They measured the sliding time 

of a particle, taken to be the t~e to slide from the point of 

contact to e = 90°. They compared their data with the values 

predicted by Sutherland's equation(37), which assumes pot~ntial 
t' '\ 
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flow. The fit is reasonable; however, the Sutherland equat10n 

is in error. In the~original pape~, the equation for sliding 

time overestimates the time by a factor of two. In fact, the 

assumption of potential flow 1s not a good approximation (see 

also section 3.4.2). 

Bogdanov, as reported by Klassen and Mokrousov(51), also 

studied the ~roqess of p~rt1cle slippage by high speed photo

graphy. 'He employed a range of particle slzes, and concluded 

'that particle contact time decreases signifieantly wlth in

creasing parti~le size, 'unlike Sutherland's model, whieh glves 

contact time as essentially 1ndependent of particle diameter. 

A necessary assumptlon in calçulatinq the sllding time ls 
1 

khat the particle does not bounce when it,. hits the~ bubble sur- 1 
face. ,The photographie studies of Whelen and Brown(52) sho~ed ~ 
that large particles do bounce. They used coal wlth de = ,225 lIDl 

"" (de 15 the volume equivalent spheric\il diameter). They observed 

'not only particl,e bounc~, ',but also si911iflcant deformat1on of 
'--. 
.,- , ~ 

the bubble surface at_the po1nt of contact. Schulze and 

Gottschalk(45~~6) a~so reported"particle bounce with the1r 
~ . 3 

system (dp = 16~ ]..lm, Pp = 2.5. g/cm ) ,when collis1on occurred at 
o angles of less than approximately 30. The induction time for 

a particle-bubble system where contact. occurs only during the 

time of impact and elastic repulsion has been esttmated by 

PhiliPPOff(53) and Evans (54) .- They considered that the liquid-

gas interface, acts similar to\a spring, where the elasticlty 1. 

caused by surface tension, ~d calculated the contact t~ fram 

equations describ1.nq s1mtl.~ harmonic motion. 
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In summary the particle-bubble contact mechanism is 

slippage for small particles and impact (bounee) for large 

parti~les. The photographs of Schulze and Gottschulk show both 

bounee and slippage for 160 vm particles. The minimum particle 

size at which signifieant particle bounee oceurs is unknown and 
'b 

appear~ to have received little attention. 
( 

\ 

') .1. 3 Induction Time 

During particl~-bubble contact, the attachment process is 
. a 

determined by thinning and disruption of the liquid film sepa~ 

rating the particle trom the gas b~ble. The film consists of 
'" 

the hydrated layera of the bubble and the particle, and d~velops 

what is termed a diS~~ pressure (55). The disjoining pres

sure is a result of van de~ Waals forces, the deformation of 

the electrical doub~e layers and hydration effects(S6). After 

summarizing thé results of several investigations, Finch and 

Smith (56) conclude that double-layer interaction dominates from 
~ ~ 

-1000 nm down to' -30 nm, and that van der Waals forces and 
, 

hydration effects dominate below -30 nm. Below 30 nm the film 

is unstable, rupturing readil~ upon shock. The time required 

for the complete film to 

ean take place is termed 

of the induction time is 
, 

flotation and 

A direct 
" , 

the physics 

measurement 

thin to such a thickness that rupture 

the induction time (57-) • The concept 

the link between the chemis try of 

of flotation. 

of the induction time in a dynamic 

particle-bubble system is obviously a difficult, if not impos-

sible, task. It is neeessary, then, either to resort to a 
/ 
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static system, or to infer an induction tLme based upon'knowl

edge of partiele contact time. Eigles and Volova(58) measured 
1 

induction times in a static system. For dodecylamine treated . 
quartz particles between 150 and 300 ~m, inddçtion t~e in-

-, ;~ 

creased with increasing particle size'. The siz'e effect was 

dramatic; at a certain set of condit~ons induction time was 

10 ms for 190 ~m particles, compared'to -300 ms for 230 ~m 

particles, and 3 x 105 ms for 275 micron particles. It is un-

likely that these measurements are relevant to a true flotation 

system. 

Jowett(39) has applied Sutherland's model to laboratory 

data in an attempt to estimate induction time as a function of 
. di 

particle size. From his analysis he concluded that induction 

time increased with increasing paX'ticle size, although it vas 

virtually constant for dp < 20 ~m. Ho~ever, the serious flaws 

in S~therlandfs calculations of collision efficiency and, 
J9 

especially, sliding time (de,scribed in 1 section 3.4.2 j are 
, . 

sufficient to invàlidate Jowettls assessment. 

An interesting outcome of thé'experiments,by Anfruns and 

Kitchener (43) is that pa~lcle shape appears to play a signif-

icant role in the attachment process,. They measured collection 

efficiencies for methylated quartz particles ~s weIl as for 

methy~ated glass beads. The collection efficiency for the 
~', 

glass beads "~as clonsistently lower than that .. of th~ quartz 
'~ ~. 

particles, by a flactor of 2 to 10. Addition of 1 molar Kel, 
< 

enough to virtually eltminate electrical double-layer repul-

s1on(43), significantly"improved tbe rate of glass bead 
1 r ,. 
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flotation'but stLll not clQse to the rate of quartz particle 

capture. The difference 1s ascrioed to the effect of angular- , 

ity on the rupturè of wetting fil~s. The ,~xistence of a sub-
, 

stantial electrostatic energy barrier on smboth surfaces f 

established in'static mea$urements of equilibr1um film thick-

~ess(59), is compatible with these results. X 
l' 

Bubble size may play a role in determining in4JlG.tiOn time. , 
Klassen and Mokrousov(51) have reported the results of seve~al 

, 

studies showing that contact angle increases ~i(h decreasing 
.. 

bubble diameter. The'results of experimental measurements of 
~ 

contact angle vs thickness cif the res1dual hydra'ted layer at a 

mercury-air interface, and contact angle vs bubble diameter are 

shoWn !n,Figures ~la and llb as reported by Klassen and, 

Mokrousov. Figure lla 'shows that with an increase in the 
u---~ 

thickness of the residual hydrate~ film underneath'the~attached 
, 

l' bubble, the contact angle decreases. Figure llb shows an in-
\.... 

crease in conta9t angle with decreasing bubble diameter. The 
" 

/ 

post~lated"mechanisms ~xpla1n1ng th1s latter phenomenon are as 

follows. Smaller ~ir bubbles exhibit her internal ,pres-

sure. The greater this pressure the r 1s the hyqrated 

layer and the greater ls the contact an Another cons1dera-

tion 1s that slnee the amount of water ,~e~r in a bubble de

creases wlth decreasing bubble dlameter ( ncreasing pressure) 

the amount of water vapour adsorbed on the mineraI surface from 

the air bubale ls reduced.. Leja and Poling (60) also reported

significantly increased contact angle with decreased bubble 

size for surfaces of lucite and galena. The relevant-factor 
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here is that" if con~~~ angle i8 reduced with decreasing-bubble, 

diameter then it is not unreasbnable to assume that induction 

time is also reduced with decreasing bubble diameter. 
/' 

3.1.4 Detachment 

It has long been eonsidered that an important cause of 

poOr coarse-particle flotation is pàrticle-bubble d1sruption by 
Je' 

, '(51) (61) . 
turbulence • Schulze has comprehensively examined the 

, ' , . 
detachment process wlth a view towards determining an upper' , , 

l~it to particle floatabllity. Jowett(39)cdeveloped an esti-

mat~ of critical particle size for aggreqate d~s~ption based • 

upon the translational velocities of the turbulent zones in 
. 

mechanical flotation machines. He arrived at critical particle 

sizes between 100 ~m CS.G. rni~eral ~ 7.5) and 200 '~m (S.G. 

mineraI = 4.2) foi ~ co~tact angle of 60°. Below the critical 

size, detachment should be minimal. Woodburn ~nd King(6,2 t 63) 

based their 4~tachment analysis upon the tension developed in 
the skin of the bubble when the bubble is subjected to a sudden 

-r acceleration. i~ the tltrbulent fluid. They calculated that the 

maximum strain induced in the bubble sk~~ is'pro?ortional to 

dp
l • S, and concluded that t~e probabllity of detachment was 

(d Id max)l.S Their experiments showed d max. to be between pp' , P 

400 and 1000 ~rn for many minerals(63)~ If dp max. is 400 ~m, 

then the probability of detachment is 0.13 for a 100 ~m parti

ele and 0.04 for ~ 50 um particle. 

It is likely that detach.ment probability is considerably 

) less than the above values in a f1otatiorr column, where there 
/ 

ï • 
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i5 no mechanical agitation (or, alternatively, the cri tical 

size for disru;ption is higher). 

3.1. 5 Very Small Particles 

In the discussion 50 far, two zones of liquid can be iden

tified. One zonè, is the- bulk-liquid that ls sufficiently far 

from-the bubble surface for the particle to be unaffected by 

surface related forces; hydrodynamic forces on the partlcle 

domi~pte. ~he second zone is the surface, or dlsjoining layer 

(64') di5cussed in section 3.1.3. Derjaguin and Dukhln have pos-
. ~ 

tulated the existence of a third zone positioned lnbetween the 

bulk-liquid zone and the disjoining layer. They considered 

-that upon the adsorption of an ionie surfactant at a bubb~e 

surface the flow of solutton past the rising bubble and the 

double-layer at the ftas-liquid interface would create an elec-
( 

trical field near the bubble surface (in addition to the field 

associat~d with the d~uble lay~). They calculated that this 

electric field would extend from a few to sorne tens of micro-

maters and, therefore, that it would alter the ~rajectory of a 

charged particle passing through it(65). The force exerted on 

a particle in this zone was termed a diffusiophoretlc forc~. 

The Derjaguin-Dukhin theory divides particles into two 

& classe~: very small particles, that are capWured on a bubble 

because of the diffusiophoretic mechanism, and larger particles, 

for which the diffusiophoretic mechanism can be neglected. The 

~petus for their theory of fine partie le flotation aypears to 

.. 
i 
f 
i 
i 

1 
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from an assertion that there is a,minimum part~cle ,size 

below which particles are incapable of colliding with the bubble 

surface. Reay(SO) has shown that for an inertialess particle 

(Sk • 0) there is no such limit. The incorrect conclusion 

of Derjag~in and Dukhin was caused by neglecting the effeqt of 

gravit y on the particle(40,SO). L~n(6S), however, concures 

that the diffusiophoretic force exi'sts; the question tha't is 
J 

unanswered is to what distance away from the ,bubbl~ surface it 

-extends and, thus, to what maximum particle size it affects. 

In another approaçh to fine particle flotation Reay(4l,SO) 

considered the collision of particles that are so sma1l that 

Brownian diffusion is the dominant capture mechanism. For 

very small bubbl,es -(~ < 100 llm) he determined that diffusion 

dominates for dp < 0.2 llm and that collision dominates for 

~ > 3 llm with a transition range from 0.2, tô 3 llm. (It ~s 

assumed that the fine part1cles are discretei flocculation of 

fine particles will increase their rate of collision.) 

A lower limit of particle size for which collision fol-

lowed by film thinning is the dominant collection mechanism 

is unknown. However, based upon th~ work of Derjaguin-Dukhin, 

Lyman, and Reay it seems that a size between 1 "and 3 llm is a 

practical limit, above which diffusioph~resis and Brownian 

diffusion need not be considered. 

3.1.6 Partie le Size in Flotation 

1.. Partie le size plays an important role in each of the 

collection subprocesses. Collision efficiency is strongly 
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dependent upori paFticle size. From Weber's model ànd Anfruns 
2 ' , 

and Kitchener~~ experiments, EC «dp for d p < 40 um, Ec will 

continue to, increase with increasing dp• Detachment probability 
\ ' 

is most significant for large particles; for mineraIs rendered 

strongly hydrophobie, detachment should be negligible for 

d "<: .. 100 um(36,9l), especially in the quiescent conditions of 
p 

a flotation column. However, the role of particle size on the 

'- , attachment suJ:>process, including contact t'i.1ne and induction 
1 

time, ls unclear. 

In his 1981 revie~, Trahar(lO) presents a qualitative view 
, .' 

1 o'f the relationship betw~en particle s1ze~ hydrophobicity and 

floatability, reproduced in Figure ,12. Floatability can be 

thought of as a rate'constant or recovery. Trahar bases his ' 

dia gram on the experimental evi4ence that increaséd reagen~ 
~ ... _ 4:~"-! 

....... "..,.. ~F / ~ .. ~ _, 

levels are required to float' large'particles ~ sam~'extent, 

as'smaller particles. He concludes that~~~sp~oporti~natè 
. /" 
~ 

consumptio~ of collector by fine particles, whïch would lead to 

, a less complete collector coverage of the coarser particles, 

does not occur, and that the behavior of coa~se particles is 

related to the degree of ~ydrophobicity required to promote a 
~ 

high level of floatabili,ty. 

There are numerous examples of size-by-size recovery that 

show a peak in recovery occurring at intermediate particle 

slzes(~O,66). The peak is often observed to be between 20 and 

80 um and appears to shlft toward the larger slzes as particle 

hydrophobicity is increased, for ex~lé by increased collector 

dOsage(67,68). The lower recovery at small particle size. can ' 
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r 
be exp1ained by the reduced collision efficiency. The lower " 

recovery at large" and sometimes intermediate, p~rtic'le stzes 

i5 not easily explained. Whi1e there is no doJt' that detachr 

ment is of importance for coarse particles, tt,{e peak and sut.. 

sequent drop in recovery often occurs at sizes where---detach-

ment forces would not be significant. One way to explain this 

result would ''be to introduce a size dependent attachment pro-
~ 

cess. The necessary trend wou1d be ei ther decrea-sing contact, 

time (as per Bogdanov (51) or increasing induction tue" wi th 

increasing partic1e size. - ./ 

3.2 Proposed Flotation Model:, Overview 

The proposed ~lotatioÎ1 model is 'simila;- .i.ri coqcept to that 

of Su th~r lan~: 
, .,;> • l" 

Partie le collection is con5idered ta occur by 

collision fol1owed by slidihg over the bubb1e surface. It i5 

not intended to mpde1 the complete range of particle size.{ 
J' 0 

rather the focus is on fine _ and intérmediate sized paftiçles. 
) 

Consequently, partic1e detachment is not considered. The 
, ' 

inftiàl application of the model ~s t,oward un<7erst~nding thé, 

éollection process occurr:t.ig in a flotation column, but i.t~ i'j. 
.~".. . 

",expected that the model will descri.be the collectic;>n process 
c 

occurring in mechanical flotation machines as weIl. 

The mode1 construction begins" with a simple system; a . , 

single spherical partiele aP!l[l$:'oacb:ing a single spherical ~as _ 
. 

bubble, as il1ustrated in Figure 9. The gas bubble is hel.d. 
~ ~ 

/ '," 
stationary at the cènter of the coordinate system by a down-

ward f10w 'of liquid having a ve10city equal to the rise .. 



-j-, 

, vel'ocity of the bubble ~. 

concerninq the gas bubble: 

. .. 
The fçllowing assunlptions 'are madè 

n 

a. <Th~ bubble, beinq generated in a surfactant contamillated 

liquid, behaves as a r'iqid sphere. Sphericity is main-
, , 

ta~~d ~or bubb1es as large as-, ~ = 0.12 cm ( 47') • _ B~ble~ j 
," -

< :larger ,than 0,.12 cm are e,Ilipsoida1, in which. case <\' 
refers to equivalent spherical diametet' d • . 

b. - Th~ t~~inal- rise vel'ocity of the bubb1e '~s c;lculaJed 

us1nq the method of concha, and A1mendra, equation 2.12 • 
• , " 

" When applied t~ 'b:ubble~"let ~,= ~T and (pp - p 1) = 1/) 

Comparison between the measured bubbl~ rise velocityof , , ' 
(43) , 

'Anfrun~. and.:.~i tcqenef" S . exper~ent with that predicted 

by equa(ion 2.12 is shown in Figure 13. While the fit 

wi-th_ e~_~io~ 2.12, is not, quite as .~~od as for ~e expres··, 

sion emPl~d by An(runs ~nd Kitchener, ~ it is clear that . " 

equation 2;12 provides' a good meas'4-re of ~. 

Wèber' s _ mode,i for part1cle-bUbble coll ision 15 employed. 

Unfortunately-, the _model ie ,applicable only·.~o relatively-
- ,. 

small, particles, d < 30-40 ').lm, whl:ch is approximately equi-
~ - ~ 

valent to Sk < CT.I. To extend the collision model 'into the 

r~qe of intermediate si~ed part~cles ,(30':"100 lI!Jl) collision 

efficiencies ate determined fram tra~ectory calculations for 

Sk > '0.1 and 20 :ii Reb :ii 300. 

Attachment efficiency EA is defined'as 'the fr~ction of. all ,.. 
'colliding pa~t19les that, - successfully attach 'to the bubble • ... 
_ E:A is a Ïunction of inductiQn timé and contl1ct tilDe' distribVltian. 

--. 

, 
- 1 
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. 13 aRise ve10city of agas ,bubb1è mellsured 

by Anfruns. and Ki t.chener ( 4 3). and 1 

- , 

predicted from equation 2 .l2. . . 
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An important aspect of the model i8 the use of numerical' ,solu-
l' 

tiens to the flow of liquid around spheres for Re ~,300.: 'l'hese,' . 
1. ,p , 

solut~ons provide a ~el~tionShip between tangential'slid1nQ 
, 

velocity as a function of Reb , e and, d p• The distribution of 
. 

collision angle (between the front stagnati9n point and the 
, 

collision angle of the grazing trajectory) is determined fram 

trajectory ca1culations. The particle sliding veloc~ties, the 

'bubble size, and the distribution' of collision angle are, c,om-
~ , 

'bined to yield a distribution of slia1nQ tÏJDe. Applying a 

given induction t~e t i to the sliding'time ~istribu~ion yie~ds 

the fraction of col1iding particles in contact wl th the bubble ' 

for a time gre~ter than t i • 

prebability of attachment EA-

is' gi ven by. 

This fraction is equivalent to the' 

'+'1ièn; collection efficiency .E
K / 

" 
(3.10) 

. 
To estimate the upper size 11mit of'particle slide wlth no 

" . , ~ 

bounce, partie le traject~o~ies are clilculated, ttsipg the assùmp;" 

tion of a partially e~astic:, bubble surface. - The surface e1as-
" , 

ticity is estimated by~fitt1ng a t~ajectory.to the poa1 data of 
, (52) 

Whelen and Br~ • , ~ 

, - F1na1~y, the single bubble modél ls .ex:tended to account for 
. ~'-

the effects of neighbouring bubbles, in a bubble swan. 
'. 

f 
1 
1 

, 
l 

f 

1 :1 
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3.3 Collision 

3.3.1 Low Particle lnertià 

Weber's m~el ~s valid when,particle inertia can be ig-. 

nored. This/ is equivalent tp Sk < 0.1. His model hasrbeel) -. -, 

described in sectioh 3.1.' To sumD4ri~e the ca1cu~ation of 
1 - , 

colliSion 'efficiency,' total 'èollislon efficiency is the SUIn of 
gravitational and interceptional collision 

.. 
(3.4) 

Assuming that the maximum angle of q~avitatlonal collision eG . , 

is ~qual to ~he angle where the-f1uid streamll~es come çlosest 

il, t6
J 

-the bubble 9
C

' ~ive~ (33) 

= 
u* d ~ 2 

1 +_ u* (1 + tÇ) sin e a . (3 .11) 

The re1ationship between eC and R~ is shown' in Figure. 10-. T.o" 

provide a more readily usab1e form o~ 9C vs Reb , the resu1ts of 
. . 

Woo's calcu1ations have been corre1ated over three 1in~ar 
, 

regions to give 

Oc = 78.1 - 7.37 log R~ 20 ~ Reb !l 400 (3.l2a) 

Be = - 98 ~ 0 '- 12.49 log (10 Reb ) 1 ~ R~ < .20 (3.12b') 

Be _'C .,. 90.0 - 2.5 log (100 Reb.) 0.1 ::il Reb < l (3.12c) 

i 
1 

'1 
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Correlation coefficifts are aIl greater than .0.99. 'Inter-
, (3~n 

cept1.onal collision, i obtained from equa;1.~~ 3. 7 and 3,.8, 1.s 

= 
1.S(dp/~)2 

1 + u* 
[ 

(3/16) R~ ] 

~ + 1 + 0.249 R~O.56 (3.13 ) 

, 

Total collisio~ effib1.ency for Sk < 0.1 ls calculated using 
\ 

\ 

equat1.ons 3.4 and 3.11 to~3.13. 
\ 

3.3.2 Interme4iate Particle rn~r[ia 

Collision éfflciencies for S > 0.1 are calc~lated in this 

wor~ by,determining partiele trajectories using a npmerical 

solution to equa~iQn 3.1 and findlng ,tne grazing trajectQry by 

The assumption is made that the particle'drag tria1 and e'rror,. 
\ q 

coefficient is' exp~essed ~y Stokes ,law, "that' 1.s CD = CDSk ' 1he 

error ,in using ,this simp.11'fying' a,s$~pti~n cab be ~st~mate4 by 
, ' (69) 

usin~ Osee~'s 'cbrreetio~ for CD'" giye~ by '. 
" 

, ' 

c ' 
~I= 
CDSk 

1 +'3 Re' 
1"6 P '.' 

. , 

For'example at p = 4~O glom3 and ~p = p. , 
'CD'/COSk = 1. 04',,' a~d for dp ,,;,. ~o Ilm _' ' , 

(3.14) 

/ 

CD/CDS~ = 1~.13. As W'e~11, it is assumed that unsteady-state, ' 
t _ • • 

. ,- (5'0) 
drag forces are unimpo~tant. R~ay's criteria for this to 

be the case is given by equation 3.9'.-. 
To calcu1ate a partiè1e trajec~ory we,begin at coord~nates , 

.:., , ' 

(x/Y) - _ (Figure 9) sufficient1y far ahead 'of the bubl:>le ,that -the 

" 

1 
.~ 
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JI 
, "-

"!J)w>hle has minimai. effect. upon the fluid ste8ml.ines.. 'At - th!. 
, , 

,: -. ~: *" * 
.lpcation, the dimenslonless part~cle veloclti~s vy and Vx are 

1 _ ' 

.J l'!alc~lated, fr~pt wh~ch ~!iI.' ~coor~~te~, of ~e ~~t point ~re , 

determ~,d. This lncremental ~rocedure co~t~ues untll el ther 

the partie le collides wlth the bubbl~ or 'it i8 swèp,t aro\:u'ld the 
. 

bubb+e. Collision i~ 'considéred ,t? .oc~ur when the cent~r df . .' 
" • • ~ - f 

the 'partia,le arrl ves wJ, th~n . OI\~ partiele radius of the bubble' . " 
..,' . '" ~ .. 

surfa~. The proces~' i!l repeated until- a qrazinq 'collJ,sion ls 
, . 

fo~d, from whidh 'ÉC ~'x~?-, ',wheré X s is the st~r~ing. -li; eoordi-

nateflor' the gra~:lnq. C~lriSJqn~ .F , . 
The equations 'fbr- par~Cle'velocity, eqUatlons 3,.2 ~nd 3.~, 

, '. ., ~ .. ' 

inelude/a 'fi:r:s~,"'orqer ~i.fféren~ial term- when ~~;rtlcle _ iner~ia, 
.,..,. 't t' # 

i~ not neg1ected. 'To.solve ,these equations a'Runqe~Kutta' 
, , 

method is emplC?yea., Lett~9 v ~ ,.= .:i:, 
. 3~2 and "3.3 t~. fO~ V~'.= f(v*r, qlves:, 

and rearranging equations 

, l ' " 
, . 

, 
.' ' 

Vi, = 
X 

. ";'1 ":* '. - -1 * 
-Sk, V'x l' S.k : ux '- f. 

/<r 1 

1 

.- .(~ .15) 

-(3.16) 
, . 

At a given coordinate ,n.the,R~ge-Kutt~ ~pPo/0x~a~l?rr foj ~*, , 
is(70) 

j 
• J 

," 

1 

/ 

where 
-

(~ .. 1.8a) 
• > 

1 

.J 

. " 

,-
1 • 
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< . . . 
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" ' , " , 

. and ~t:. 1s~ th, st~p '~1Ze ~: th .. X or y ;direction, •. : , 
" ,- " " " ~ , . \ / " l ' . ...; " '\ '", -" 

, .. ',,.,,,..,.;.~,!"'M"'H" -.. 
\ , 

1 ' 

" \ 

,70 . 
1 ~I , . , 

(3.i8b)'· , 
• \ <1 ' ' 

, , 

, 't3.18cr. 
" , ' 

, ( 

(3l184) , 
, -

" ' 

>. Liquld, yeloc1't1,s' '" ' ' ", ' 1 .. ' • , , •• " 

fi ..' 1 >'t, l,... \ . .. Il 

, , ;~. " -The -otiilY f~tber: ~f~r~n; n~eded : t.o 'COmplétia the p , 

..t. \. ...J.. ...~ • ,1 \' ~ '''~'. * : ~ . f 

.( 

, ' 

... ~r~ca+ 8~1~t,ion: are values fot ,Ux an,a uy'1. the l~qu~d ~!el'?Ci-:.", 

'. ",' ty . ~rof ~~~I, fbr ~ ,t~p half of. the b~l,é.; .' ro~, Stoke~' .'~loW ~d:" , .. ',1 
~ It ~ II ~ { l. c., t ~ .~ 

pote~t1al flow these 'veloclties can be determ!ned fram, 'an " . 
r , .... .. , 

, , 
• -t, .. 1 1 ,.- ~ ~. " 

analyticj~ ,oluti-dn of' ;ligu1d flow &rouhd a soiieS sphère. For 
• 1 j • " <1.. ~ lit· \ .". 

~tokes fl~' 

... 
. . 2 '2 

== . 3'(x ,+ y - l)=XY/4A Ô.-l9a) 

" , 

. , ) .- "'tJ:;" =, Ji (X2_:(~) 1 ~x~+y2) J +. " 

J' ,', -Aiy2+x2)]/4A . (3.19b,. 

" ' , -' , ' '~. 
'ànd for ~otentiâl flow 

, , 

li!: 3~y/2A 
, , ,. 

',' 
" 

= t ... ' .. 

(x
2 2 5/2 

where A = + X ) 

/, 

\ , 
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. ' ., ~ .. ~' ... \t7".~,,",~~tJr _.) • ~ \.... ..~ 
, - , ',The eqqj.v:alept\.veloci~.ies. in radial cô'?r::aina~e.·, are, ,for Stokes 

"" F. ~I l' • t ,,' « .. ~. • ~'" • ' ...' • 

" , 
, '. 

, '·flow,." ':, ", 
1 • I\_l 

. , , 
" 

r . 
1 { , 

. ' 
" 

.. 

'1 ' 
1 • .. 4 

r ';', .. , ' . 
, '. 

,,' Il 

, , , 

" ' . , , 

, , , 
y 1 J .. .f 1. ~ 

" 

0: 7~r":'l,'- 0.25~-3)' 
J • 

9 (,-:1 + 1;. 5~,,:,,1 
, \ 

t. 1 • 

~ '~ • l ~,' «:' . ', ....... ~ . ,J 1 ... 

~ " ',,' 
, . ,ànd 'J'or .~tentia~ flow' 
, ' . 

• I~ .... 

l ' 
, . 

~ , , , " 

~;, ~ :"~Sin' ~ C'l ~'. 0 .Sr ~3) 
• 1 . 

1< ,U; .. ~' :~os "s (~;L +. r -3;' , 
• .. ~: ,1 J' ~ 

o ' , , ' , 
, . 

1" f * 
where ~ê 

, ' 

\ 

Ue/~ and u* 
.D / r 

= u'Iu.:.':, r ' J).' . 
. , 

(1 ,"1 

(3. 21.a) 

:(3.21b) 

(3.22a) 

(3.22b) 

1 

·What ~~ needed",: ~owever,' i~ the for 

.'. sphere's hàving . ~éynèlds nuinbers in the .r~9~· 0-300. This is 
~ 1 " 

estimâted 'in two ways. Close to the bubble sùrface velocit~es 
1 ~ 1 l "'" • 

1 ) , '" 1 

~re determined'us1ng publishéd values of ,surface velocity 
~ ,~ '-

1 

, gradiénts, obt~ined fl:om numerica~ analysi~.. FU1='ther from the . , 

s\t~face.., velocities' are es~i'matè~ a~' a, value intermediate to 

'thé Stokes and pot.ential flow v'alues. -
.. ,. •• ~ ,.., 1 . ' 

'Consider._ f1rst t1\é- reqion ?lose ta the bubble su.rf,afe. A 
l, 

, . 
gpod illustration of velocity 'd,istributions' close to :the sur- ' 

, J 

face of. a so1id spller~ aré the experimenta'l ::e~ults of Seeley et' 
" 

al (71) for spher~s ,wi:th Re = 290, 760 and 2940 l 'shQWn; in F.iqure , 

* l~., 'Figure ~4a .shows l~quid tangentis;l, velocity Uè v~. distance 
, . .. 

from the surfacé of the sphere, i-l, at '-g-'.= 4'5° f' The radial 
, ' 

, '. 

, , 
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/ 

.. 

from bubble surface at è _ 45°(71). 

Ve10city and distance are dim

ensionless. (a) Tangenti~l velo

city, {b} ~dia1 ve1ocity. 
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* -
45-°.1s ve~oclty ur at a • shoWn in Figure 14b. '!'he theo;-etical ' , . 

, values for Po~ential and Stokes flaw are aJ~o mdlc~téd. OUr 
. . 

intere8t lles wi th the data for· Re. =- 290 as thi8 18 a val-ue 
. -

close to that,of flotation-slzed bUbbles. Note the steep 

*' _ tangential velocity gradlent close to the surf~ce with -ua goipCJ._ 

to zero àt the s~face. The tangentlal veloclty _gradient' at 
, 

* the surfac~j.1s the aurfaçe VO~~iCltYts~ The slope of 'ua' vs 
, 

(r- - 1) is approximately line,ar fram (r - lL - 0 to aO~05, and 

an approximate measui:.e of, that slQ~ 18 ~s~ )rherefore, close 

te) the sphere, let· 
, " 

* u ' =: ~ • (r -·1) es, (3.23) 

\ -

* An. estimate of ur close to the spbere 18 obtained as 

follows. For ax~symmetric f1ow'aro~d a ~phe~e(47) 

(3.24) 

where ~ i8 the dimenslonle8s stream function. Near the surface 

of the sphere the stream function can·be approximpted by(33) 

=: 1 2 e- sine ï r "s (3.25) 

, a lb 
Since ~ is -known, ~I can be calculated and ft c~ be. estimated _ 1 

S ,0> 

(by -H' -at Any value of -r and e. 'An estimàtè o'f-- U:' close to 
1 

the bubble surface i8 

J .' 
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(3.26). , 

Figure l4~ rovldes an est~te,of ~8.for on~,~ of 

inter'èst (290) 
) 

Navier-Stokes e 

have' 'béen pub+is 
.. 

values of ~s. 

here wi th e and 

where a, . 
sions as 

bubble surface .. 

~ A less fund 

d one ~gl. (45°). NÛJDerlcal solutions ,to. the 

ations for Re - 0.2 ta 400,and e -." 00 ta 1'8-0~ 
~ l , J -, " 

ed by' woo (49) and Masllyah (oiS) " .:Lncluding" 
, ",' , ,( 

e ~s_ data fram Woo's thesls 1~ ~orrelated " , 

in the form 

, . 

of Re. The regresslon fits are' divlded in
., "! 

Re ~ 400 and 0.2 ~ Re ~ 20. The regress10n . , 

en in Appendix 1. By app1ying thre 'numer~ ... 

~s tO,equations 3.23 and 3.25-26, esti-
'* *. * * for uq and ur ,(and Ux and uy ) c1o~e to the 

ntal approach ls used to estimate liqu~d 

* velOcities further, fram the bubble. If ~ denotes potential 

flow ""'locity (ei~er tangential or radlal.) * . 
~d Us denotes 

* Stokes .flow veloci y, then let the true velocity uRe away from 

<the bubble : surface \be; 

" 

Xu~· * * ,uRe = + (1 - x)uS < (3.,27) '. " 

\ 
. \ ,.. " 

" 
\ 

, 
J~ , 

\ 

\ 

1 -
i 

J 
i 
" i 
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, ~ 1 • 

J' , -. avérÂge Val,ue ove~ the range. (r - 1) • 0.2 te "(r - 1) .• 0.4 1 

,from Fl9Ures 14a and b. <Th1.Lval~e~ of le ls adJust.ed (after 

parti~le, traje~to~fes are' calc~iat!d ~s.ing:, it) 1r'6 give, ~C~1CU- ' 

'lated collision ef~icie~ à:t low sk- «, 0;.1) equal to .that pre

dicted by Weber'$. mode1~ ~~ boundary:between the- two zones, 
, , 

• close' ta the ~bubble surface' and • ,fUrther' fram .the bubb.le - " , ' 
~ ~ - - 1 

~ surface, i8 tàken -ta be' that point (r - '~) 'at which th~ velOc:-'~'~ 

• J -ities caloul-ated ,by the two methods are equal. 

Trajèctori~s and Collision Efficienciés 

In thil-, manner; particle trajèctories are ~alculat~d as a 
.. _,.. .. ~.~ '" \ f .> , ~ 

-function of' Sk, lU· and Reb -. The final value of x, in equation 

: 3-.27 ,(~2!lt' prov1~es ,the grazing trajec,tory at Sk ~ 0.1, wf\ich~' ;J 
, 

.gives the same Ec as· that rredicted. by Weber's mC?<iel) does not <. 

differ .greatly from the initial value (+15%). ;For th~ results 
l .. \ ... ~. \._ 

that are' repOrted here, El Runge-Kutta step size 6 = -0.02 is ,l 
o 

used; values lower than this do not ~prove the a,ccuracy. The "'l 

starting y coordinate y for all tr-àj'ectories is 10; values 

g~later than th~s do no: improve )t~e accuracy. A list'in9' of 
) 

the BASIC program, FLOW, deve10ped to calculate the trajec-tories 

is given in Appendix 2. 
< -

An example of calculated trajectories is 'shawn, .in Figure 15.. 
" 3 

The example ia for a 40 \lm particle wi th Il P = 7. 5 gl cm 

(e.g. galena) approaching a bubble wi,:th R~ = 100. The four 
, ' 

x~ values are 0.1, 0.15, 0.20 and 0'.22; the grazing ,trajectory 

corresponding to lts := 0~229 (Ee''- = 0 .. 052) with a collision angle 

o of 59.6 • 

.' 
, ' .' ~ 

------_., - ,-- -. --" 
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15 Partie le traj~ctor~es ca~cu1ated " 

from FLOW. ,R~b=lOO, Sk=O.133, 
o 

u*=O.042 c:. -
~ 

(eg. d =40 
. P . 

um, 

\ 
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,76 

." 
~.--



'. 
/ 

Q 

( 

, .. 

17 

" 
~alculated col+~sion eff1cienclés as a funct1.on,of Sto~es 

-~ 

number are shQ~ in CCtlqures ,16, 'ëtnd .17 f,pr Sk i 1. O~ ,In 
• • ~ ,'" ~.. - _.. , J. 

Figure ,16 the resylts'at ?~, ~ .0.05 ~d dp = 5~V~ are,f~ven for 

Rab = .~O, 100 ~d 300, Sto~es-9, and potent'ial fl.ow. The 
, : 

'bùbble diamèters are assumed to be as fOllows: <\ = O.l cm, 
" . 

(dp/~ = O.05)at' Reb "'" 100~ Stokes<,f,low ~d ,pote~1al_flow; -. : 

~ = 0.05 èl;U (dp/~'~ 0.10) at, Reb 7 ~O-; a~~ db ~_: 0.~4' cm ". 

(dpl.~ ~ O.0358Jr(at Reb =·300. ::(~t o:~i~-= o,-.1.:,ë'. 'ECi =:" f!,' :'-
... ~ .' . -

-.the ca1culated 'collision efficiencies.agree with.thos~ reportéd 

by'F1int and' BOWa;'~(40).) ~1~e 17 'i~ ,for .u*,:~,O.~~ àrid'-sbows 
• _ ~ \, ..... ~ \ • 7', i.e ~,,__ .. ~ - \ _ 

the effect of vary mg the-:ifa~i~le. s~ze. -from 50 to. 1 ~ \lm ~ a.t, : 
, \ l , l ,_ ~ ~- 1-

Reb =' 100. Às expecte_d.c:~:.collisïon efficiencië,s -'fô~:- '."' _ 
':i.. ~-~' f-- 1 '~. \-l .. ,., ~ ..... 

20 s. Reb :a 300 fad'l apprOOcbna·t~ly _'midway between th~' StQke'~ 'fl~w -' 
" ,.. ... t • 

_ 'o. -and potent1.al floW collision efficienc1es. 

" '. ~ objectl ve Of' '9 l!Da~Y.!!lS· 19"t.. pr~~d~ "fe~"ati vely , ' 

simp1, ,expression re1àt~g, ~c tO,Sk. This 1~atta1ned by : ' 
, • ~ c \.. • 

, • " A ' - '-:t' 
. , correlatinq the -results i~ te~ 'of ~c/ECo' where Eco ,iS the~ 

~~I 

- ' 1 

.' 1 

col!1sion' efficiency obtained aS! Sk ~ ~ 0 (the value at .': ' -:, - '_1 

-' Sk = 0.05 ls used). The ~ultipl~ re~rèss.ion' re~u1t, illU~:-.':. ,~ . 
• .. f' J., • 

trated ln' Figure 18, is obta1néd fràm 40 sets· of conditions re~j .. 
• y -

, ' t ' ' 
presenting .realistic' combinatioris of Sk, Re anq ù*', and :i:s ~1>ve!1_ 

1 -, 

1. 

, ' 

... ,. 

" 
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Potential' Flow .~ 
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Stokes Number, Sk 

17 .Trajector~ c~lculations. 

EC·versus Sk u*=O .10'. 
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.2 -.4 .6, .. 8- 1.0'" 1.2 ,1.4 1 :6' 1.8., 

. (Re~·èU) ~k O.5~ U-O.16 } 

18 'Correlat:fo-n'between EC!Eco and 

- 1 
, . 

Reb , ~k and u*-. Regression' line _'_ 
, , 

is 'Ec/EC6~1.>&27 ~eO._06SkO.S~~*-~ .. 16. 
'-
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l, 
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,'for 20 ~ Re ::ii 300, Sk ~ 0.8 and, u* ~ 0.25. The corr,e1ation 

coefficient is 0.92. The da,ta is reported in Appendix 1. 
, 

Equation 3.28 with equ~tions,3.~, and 3.11-3.13~ provides', 

an estimate of collision efficj,ency for valùes of Sk as high' as 
, 

0~8. To give some'perspective~ ,the' syst~m consisting of a~ 
3 ' .' y ..... , 

80 )lm particle with P '"" 5.0 g/cm , 'and'a 0.10 cm diameter . , 
l ' ,~p , 

, 'P , 
bubble with Reb = 10,0 giv.es Sk == 0.3,6, gk(-~) .07, and' 

P. p : 
EC . . ," ,. 

---E = 1.74. 'Consequent1y, this system sat Reav's 'criteria Co . ,-, ' ... 
(equation 3,./9) for I)eg1ecting unsteady state. drag terms. 

3.4 Attachment 

" , - ~ ..... ~ 

3.4.1 p rtic1e Bounèe 

THe underlying assumption of the attachment model is that 

particle-bubble attachment oceurs tPrough a ,film thinning pro- ~ 

,ces, while the particle'slides over the bubble,surface •.. During 

'the induction period, contact is as~umed to'be,cont~nuous. Yet , 

it has been shQwn(52,4$) that large particles bounce when they 

hit the l>ubble surface. 'l'he objective' of, this section is ta .. J , . 
, 

- estimate the maximum pa:r:.t:Lcle size for wh;ich film thinning 
, 1 ~ - . 

ocèurs 'during sliding' alone; that 1s, where significan~bouncé." 

~ will not occur. 
, 

, Consider again the traJectory model of the pre~ious 
1 

section. When collision oceurs the calculatfons cease. Now, 

let' the particle rebound f~m the surface.at'a radial velocity 

equal to a fraction z ~f the ~pact radial velocity. 'A portion 



., 

, ." 
. ,,~ 

." ,~.::'",:;I~''''' _"l" __ ~ .... ~~...-_~,-,..-d"f~-, .. "tPi~ .. .J.Y' ... ., .... '.' "f M""l"~rr"I"'\rtt.o(l!o. ... ~, 

. ) . " ., 

of the,part101e k1net1c·èner9Y.~ill be'~SO;bed.by th.~ bubble;: , .. ...... ~ 

, , ~ ... '.. \ 

so the return radial veloci 1:Y wili he ·les&' than .the~ .radial " 

v~loc~ty "( imp~ct. Ta 'e8t;Linat~ z the ~aj.~ctory data of . 

Whe1an and -Brown (52). ~s' use~. Figure .1~ ~h~ws' the~ _ tr~?eotci-, :, 

ries for co~l, pyritè 'éU?-d ga1ena' par~lclés. ,Consider 'th'e, 008:1 
, \ , 

dàta. It c,an. ~ seén that the particl~ eo1liQ~9 closest 'to' -
• • • • • • • 1 

, ' ~. "'. 1 y.'''' ,..~ ~ 

, the bubble axis' bbunces When 'it hits the bubble and reaches-~ 
, >,~ t r ,_ ... _.-'.. J "'< • 

- , . \ ( 

heig~t' ~O.05 r b befare fallinq bac~ ta,th~ surface; ·.Tb~s actlon 
, , ' 

. c~n be sim311ated usinq a· modif ication t.o the progri!ÙJ FLOW, .. 

lettinq the particle rebo~d'at ~act ~ather than stopp~g. . . . 

. " 

The conditions, of the" coal, co11:ision tests were: 

d . - 225 \.lm 
.' ,p 

III 0.14 pm 

=< 27.cm/s 
, \ 

1 • 

From egnation 2.12 u -= O~'67 cml.s 
p' ,.,' 

u* p: O.,O~5 

, 
'Sk == 1.07 ' -

. 
1 t 

'Re' ':= 
" 1 

380 b' , ' 

0.2 . 
' , 

Xs == 

.' , 

. , 

. , 

? 

, \ 

Using z :: 0.50 in th~ tra'Jectory p~oq~am qives èIl rebound height 

of 0:088. rb' and vith z = o.~() the ,rebound, heiqht.':iS 0.06 rp. 

1 • 

" 

1 ; '-
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Partie le trajeetories measured by 

Whelan and Brown (5?) . For the ~oal 

data R~:: 380, Sk=1 .. 07! and 

u*=O.025. 
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Smaller b?pb1es ~robably absorb, less energy at tmpact, soi 

, to calculate particle bounce for Reb = 
, '. 

'ér~, r~sults·~~,trajectories calculated 

of ,dé,ns1ty 7. 5 g/cm~ (=' galena) ',and 'sa 

100,' z = 0.50 1s used. 
.... 

for spherical parti~les 

S d p S 100 pm are 

sUmmarized in Table 3. Thé heights of the first and second 

reJ:>~unds ax;e shown.' Tra}ector1es for dp -= 100 pm, ca.lculated 

-at dif~erent X s coo~dlnates, show that the rebound" helght 1,s 

not a function of the collision angle~ this is a1so èvident 

.from the experimental coal'col1isions; Figure 19. Data for 

d = 100 pm and p = 4.~ g1cm3 is also $hown. ,p p, 

The general conclusion from these calculatlons 1s that for 

most minera1s particle bounce will not be s1gni~icant for 

~p < :100 ~m (and for less 4ense particle~ (pp < -3g/cm3) thia • 
- , 

plélXimum size is c10ser to ~50 pm).. Even when bounce/..Jdoes occur, 

it is' often damped out quickly w'ith no subsequent bounce, as 
. 

il1uatrated by the 60 to 90 .pm particles ,(Table- 3). 

3.4.2 particle Sliding Ve10clty 

It is ev1dent from F1gure' 14a that there 18 a s1gn1Îlcant 
, 

tangential ve10city gradient on the upper surface of a sphere, 

and, ther~fore, ,on a flotation bubbl'é. An important outcome of, 

thi~ ve10city gradient i8 hast i11ustrated with an example. 

Considér a bubble v1 th ~ =- 0.12 cm and R~ r 290, and two, 

spher1cal par~icles, 12 an(i 36 pm in diameter. Assume that the 

tangent-ial v.elocity gradient. 18 éonstant across thë dimensions 
, 

of both particles and that a particle travels at the velocity 

that the liqu1d wou1d have' at the p~rticle center. Then, at . 

\ 
1 
1 
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Tablé 3 

{', . 
• • ~- J 

. 18~ 
1 

1 

fi .. l \ --

Condi tions: ./ 

Partic1e B'ouneé on I~Ract 

,db = ?~10 'cm .. Pp ~ 7.5 g/em3 (exeept at t) 

, ub = 10 cm/s x~ = 10 'ô 

.. ' 

50 
60 
70, 
'80 
90 

.100 . 

100 
- 100 

100 

100 

.; 
Sk 

R~b = 100 

'u* 

z '= 0.5 

Bounee 'Height (~m) 
, f~ 

1st Bounçe 2nd Sounee 

0.21 0.081 0.,1 
0.30 0.112 0.1 
0.41 0.147 0.1 
0.53 0.184 0.1 
0.68 . 0.224 0.1 

, O .• 83 0 ~ 26'5 0 .,1 

0.83 
0.83 
0 .• 83 

• 1 

0.265 0.2 
0.265 '0.3 
0.265 0-.4 

0.134 0 .. 1 

-' ) 

, " 

,,' 

'C 

. ' 

2. 0 
-4 
8 0 

14 1 
20 1.5 
28 2.5 

.27 2.5 
28 2.5 
28' 2.5 

\ 

7 ,0' 

Tangentia1 Trave1 
of' 1st' Bcnince 

(degrees) , 

4 -+' 8 
4 .. 8 
4 .. 8 
4 T+- 8 
4 -+ 8 
4 r+- 8 

8 .. ,,17 
13 -+ 26 

'18 -+ 36 
. -5 ..... 7 
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r 
Je'c: 45°, ,the 12 \lm particl.e «r - 1) '. 0.01,) uld slide,at a 

i 

velocity of -0.1 ~~ while the 36 \lm partic~e -«r-l) • 0.03) 

.would i slide . at :"0.25 u. .' Consequently, ,if ,the two particles 
, \ J::) 

collidéd at the same angle .on rthe hubh1~~·~the '12 llm particle 
y 

- ~-

would'remain in contact with the hubble.for a period appr,oxl-, 
. 

matély 2.'5 time's longer than, that of the 36 ~m. p~rtiele. 
i 

i Sutherl~nd did not have availahle,this detailed informa-' 
) 

,tion on the veloQity p~tterns around a s~here when he con-

structed his modela He used the hest availAble app~oximation, 
" 

which was potential fldW. As shown in' Figure 14a# the 12 ,and 

·36 \lm particles ~o~ld have tanqential vel~ities equal to ~ 

underpotential flow. Not only does the, invalid assumptLon o~ 
. 

po~ential flow yield velocities that are much tao high, more 

importantly, it does not predict the ~ize depen~enee. 

Partie le tangential veloei ty on the bubble surface can b,e 

computed from the surface vortiei ty. Figure 20 shows again the . 
. experimental data of Seeley et al ~or Re,· 2'0 along with the

surface vorticity as ca1culated trom WOo's data (Appendix~l) for 

Re = 290 and ~ '. 45~. A caleulatlon df the tangent1al velocity 

of a particle by usinq the s?rfaoa vortiçity would overest~te 

the velocity, except perhaps for the very fine. parti7les. A 

more reasonable liquid velocity qradient1s. 

u* 
r - 1 = 0~7 t ' s- (3,,~ 29a) 

which i8 also shown in Fi9U:re. 20.,' Equatio~ 3~29a ~s_.rea80n~~e· 

1 
~ 

l 
fi , 



; - , 

1.0 

.0.8 

0.6 
, , 

. - 0.4 

0.2 

29 

~s = 15.7 

'/. 

1 
1 
l ' 
1 
1 
1 
1 
1 
l " 
f 
1 
1 
1 
1 
f \ 
l' , 
1 \ 

• 1 

. 0,.06 1 .. . 

" , 

Seeley. data' 

.2 ' . .3 

, ' 

';. .. ", 

.4, 

Distance from Sphere Surface, r-1 

,Tangentia~ velocity ,gradient at 

surface of a sphère' a~,R~=300 
. 0 

and e=45. From equati~n'A~-l, 

~s.15.7 at these conditions. 
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for (~ - 1·) :la o .. o~. F~~ ,(r, - 1) .> '0.06 l.et, u* have the constant 

value giv.en by "'\ ' 
- \ 

\ ' 

\ 

u*- \~ (0.06) 8.7 ~s, (3.29b) 

The, factor 0.1 fits th~ ~elocity gradient at Re ··2~ and 1 

e = 45°. Tha assumption ls 'made tbat ,1t iï~ 1so a reasonab1e 

~alue at other Reynolds _n~e~s and ~9'les . Then, the particle 

for (r - 1) = 
A particle ,With', Pp > O. 03' ~ will extend, irito the boundary 
'. , 

layer further th~'the distançe overlwhi~h there is a velocity 
, - ' 

... . - ~ 

gr,adient,",' In ~~s case the particle velocity i.s calculated by 

'dividing th~ p~r~i~le into two ~ones, one that sees a veloeity, 
- \ 

gradient (described by ~quation 3.29a) and o~ that sees a con~ 

stant veloc:f.:ty (described' by equation 3'. 29b),. Then tbe partic;e 

'.tangentia1' veloclty ls 

[
' do -, 0"03~ , 0;03~ ] 

upe = ~ E;s (.JO;. d, ) 0.06.+ ( as ) 0.03 +up sine (3,.31) 
- p .p 

\ , 

6 .. t' • 

f 
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Rearranging gives 

" .. 

<.~32) 

.' 

~for (dp/~) > 0.03. 
, I .... l-.. --- , 
f~"' - The pa:r;ticle slidin9 ~ime t s can now be calcula ted. For a . 

particle colliding at angle e . and sliding to angle aM (at which .. 
, ni' . 

it begins ~o tr~ve1 away from the'bubole surface) th~ silding 

t1me ls gi ~en . by 

(3.33) 

, '. 

~~e~e e is -in ~egrees ~d Upe ' t~e,) ,a:verag-e part1c.le tangential.' 

velocity, is determined fram equatton 3.30 or, 3.32 using aver-
1 ~ , ~ \ 

, age' values t :ahd sIne.' , . s : - ~ 

- . 
~atlons'3.30.and 3.3~ assume,th~~ ther~, is no-~ffee:t of 

~ "\ .. 

'pa~ticle iliertla upon, the "ins~tan~'8Jleous 'particl~ tangenti,l _', 

veloclty. Thls assumption'is verlfied when ~e traje~tory pro-, • 
gram FLOW is adapted to the r sltuatlon of a sliding par~lele. 

Consider the situation of d =f# 60 ~m, Pp '= 1 :'5 g/e~3 ançl 
p, f' 

" , 
Reb = 100, for tw~ case~ - one'wlth and one without partie le 

, 
- inertla. '11le Iilaximunr difference ln veloclty '.at ,any po:1,pt ls 

8~ a~d the average u~e for trav~l between a =,200 ~d 800 ls 

,v~rtual1y' iê;ientical 'fÇ>r the two cases; 3'.46 cm/ s' when lnertla 

ls accounted -for and :3.!v cml s ~he~ inertla :i.~ l~o;re~. 

, " 

" , 

1 

1 

_ i 
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An experiméntal test .of ,tbe",si!c8.1nq 'time.,eqUation (3.33) 1a 

,-

provided by ·th~'·data: o.f Sc~~lZ:~ and ~Ç;ot~8chal~ 14S,46~,~ 
. . 

ditions for the1r pho~09raphi~"tests.weré:, 

" -.... 

0 

" 
'J., 

From equation -2.12 

. 

, 

r 

up , 

. . . 

+ 

<\, = ' 0.306 cm 

JJ = 0.01 ~1se 

dp 
-

::Il 160 l.tJo. ' 
, 

'fs Pp .. g/cm3 . 
'" .. ~ 

u~ = iO' cm/s 

u = 
, ~ 

1.58" c;m/s 

~ = 8~42 ClJl/a -

The cèm
Jo 

The resulting distribution of sliding tim8 A$ calculated by 
1 

equati~n .J.33 is shown in Fi9ür~ '21 in comparison v1th th~ 
. 

.exper1men~~~ data. Po~ th1s 0compàr1son ft la a8sumed.that a 
t.. \ • .... JO, ~ ~ ~ 

. " e 

distribution :lf potentia1 flow ls ~ssWned_;. 'Equa~ion 3.33 pro-
o ~.... • 

v~des a good ~escr1ptïo~ of the r~sultsr 1t·±~ a180 evident 
ç .. ..,. Jo __ ~ - ~ .''''!.', • 

'that the assumpt1Qn of potenttal f10w 18 not ~J;'easonabl.. (In 
, F • ~. ~ ~ .. < ~ " "" 

th'e oz:iginà:l' Sutherland paper,. 'the slid1ng timè equatlon 
• , 1:) r ' • ,,-

1 • • ......, 

(equat1on ,13) shows a. Iiumber 4- in the· numa.,:ator' instead of .2'" 
•• ' " Q • • :. 

the correct v,a1ue. USing that' équatlon, as ·Sèhul.ze and-
<. # • • .::if ~ 

Gottschalk c:1id,' ovërestimates the 511 '9' t~ 1A 'Potential 

flow by a fa'Ctor of two.) 

1 
j 
! 
! 
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-
10, :, ·20 30'· 4Q :50·: 6<) ~ :70' " 'BQ. 

A.ngle.o~ co~tact. (~:èg~~~es') 
, ; 

21 Partiçle -.sl~din9 timeA. 'Mea-
, ' 

, 

· . ' . surem~rlts' by ·Schulze' and 
" , 

, G~t~~~h~~k (~~.S 1,46) a~d ~~~~,ip-
~ 

" tiOÏ1~ fram: equa~ion 3.33 and ' 
• ~ - l ,. ~ 1 

~ ~ .', . -

pote~ti~l ,.flow a~swnption. '1' 
~ .. _ ..' • f ~ 

o " .' .' .' \' , 
9M

s 90 • .(Po.ttmtial ·flow 'p·a~';.,; " , " 
J .... ~ ~, ... J, 

~ .~ -, ,"I" ... J· _ ... :j;,~ 

culated using 'poténtial flow . 
, .~ ~. 

, . . 

the correct ve~sion ';;f' : ! ' .... )' 

... , . 
. , 

" . 
Sutherland ~ s equ.~ti~:,~' çiY~9 _ : > 

• " " 1 ~ ~ _... ... _w 

~e same':r~,sul~).:~· .. Se~: t.~t:,f6~.:' '" _~., > ~, ". 

. " 

." . ,-. .': t-est condi.tions •. ' 
~ .. - - <... - . ~ 

" 

• 1 . , -. " .. ' .. 
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P.àrticle Spin' 

" , - '0 \ ,. , 
',1 

'in a, fluid' v,el.,;cj,tY gradiént. a sphe~e wU).,' ~vè;tàp" an, 
~ ... ' " _ ... 'r - • ~ .. ~ • 

- • - l' 1 ('72) , ~ 
, angula'r v,eloc,ity,' {}. J;t has °been ,~~wn' that in' a v~!fbi~y 0' 

, ' 

, " 

J j ';0,. li 

, .. 

- , ' 

" 

-; , ~ 

, 0 

gra'o.ient G ' 
f 

, '( 

, , -

G 
= -2-

and that the period 'of rotation L i8 , - , -, . r 
~ . ' 

:["
r 

" . 

-' .. 4n -' \ 
= 'G 

1 .. 1 .\, 

.. 
\ . 

. ... \-

, ' 

" " 

, 1 

, 
l, 

' .. 

. \ . . 
For a ~Pheri<=ai,'pa~ticl'è' sli~i~g a Îong, ~e· t~~ of ,a 9a~ bubbie 

" r .," l •• -, _ .. .., ~ _. --, -

and sInail ~~O~9h: to b~ èornp?-è,tély l{ithi,n tq,e .surfa,c~ 't~nge~~ial' 
~ ,. 1 1 ... \ • . '\ - ~ 

vei.oé~ty gr~ J,,!, ' , cr.'O'3l<the, ar~:t'ag~ .ve~loC1:-t:-y gra~ient '. 

i9 approxl.ûla ted by 1 / / l ' 
- _ ~ J' '1 J.. 

, " 

. 
'-

/ 

and the average, Eeripd of rotat~~.n 1:s.,.: 
, . 

\ '1 ' 

.; ... ,. 1 

; -, 
- 2'11'd / l , -" 

, b ,>' .' 

- . ~à.'t:~~ ,>' , 
Tl:' 

> r 

l ,," ~ 

" 

" 1 

" 
1 , • 

.... _ ... ,', '/ _ G, ... , ...... ~, .. ~ 

'. C9mbining. e'quations 3/e-37 ·-and.3,33 }?rovj,.des'at;'1.estimate -of ,the' 
• ". -.... , ~ -... '.- J ~ ','" ~ 'r ~ 1 .. _". ...." _ r._ ........ ( .... 

,numbêr 'of domplete revoluti~ns' that ,a- pa'rt~cle' wlfJJ milke durlnq- .-
.. '... .... ..... 1 __ ,....-: - 1.....'...... -... ~ • -... J 

J.ts, ~î~p~n:ta~~' on, a ,b~bî~.; Fi,~x:e .22 ~l?-O~s,'the' ~$?~n: 
" -,' , distribution- for '10 F ancf .30' ~'ni ~phet-i-ca'l- .particJ.es- and -ae

b
,' ~ 100. J ' 
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20: 40 ·60 80 . 
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Collisio~ Angle (degrées) " 

p!rticle rota~ion' during:contact 

-wi th' a bùbole. 
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MinerU particles fi~e: not _ 8Phe;icai :an!l ~uld_ nf." ~ecesB~riiy 
exhibit; the el'act per1cx: of rotation d,esCribedfoy equ.ation 3~3~. 

- 1 

Howeve-r, the aboye, èxaç!e serves to' !llti..strat~ 'éhat a 11~-' . 

l ' 

stantia,l amount of spin 'i~ '.1Înpartèd €o',a mi~eral partiçle •. AIl 
, _. #.J ~ r:· 

~ortant consequence is that sharp edges' of the_partiale ha~è 
, . ,') . 

; '. 
a hiqh probahility of.being,presented to the bubble surface· 

"'1' J ~ • .; ...-1 

• ,il , 

, and piercing the w~tting film~ 
, ! , 

3.4 .. 3 GraZlng. T~aj~~torY Collision Ang'i~ and Ço11:1,sion :Anglè l ' 

Distribu~1on ' \ , . 

" -
, ' , .' 

The distr·ibutibn -of co~lisi'on angles. as ,çaléuiated by the, 
~ • A - ~, ~ " \ • 1.,. , ~~ 

>\,tr,ajeçto~ simUlation ~i~ , shown ( in Figure, 23 'for', ~ ve, p~x:t~cle ! 

- ~, ... ~ .... \, , " , 

sizes arld Rèb ~ 100. ,The ~U'stribût.ioïl i~ d~'sc~~ed by. ne' th,e 
.., '~I ...., _ , .. ~ • /' 1 ~ 1, .... ~ 1 

" ;': ,'fraction of aIl' c~llidi~g: . pàrticles' that ëollf~e ~étwèén the'" , 
, - ' 

.... " front' stàgnation 'poirit! and angle, e ~' 'Consider tl)e' angl,e ,of ' 
• Il \ n 

'\ "c ~.~' g~aZi~~ ,~è;;ili,siO~' _6G'. . Th,iS ,,~~~1,~ '1S a: ~oJnpfe:l<~funé~i011- Qf, 
•• "~I .... ~ \ , "',: 

... ': Sk",'u* .and( R~t' _~9~ever, i;t.ts 'éJ:pparent, fro~ 'the ~aiA of' 
, . 

t ~ ~ ,.. -

F-i<]ure' 23 , as well as frqm' the, collision distribution' ealcula-, 
-t ( #' ~. \ . '" ~ ~..~...' .... 

, ' fio~S' on 'C;;th~J;;' sy~i:em~1 ~a,t ~ %'easpnable 8p)?rQX,1mat,1on' :of ,eG r " .. • ~--

, '-i-s 13 C;' It ,i/~ ,assumedi t,heref6r~, that eG..:= ei; ~in à,9'i:?!Jl,lén~ 
, ,\ , 

- , wi th Weber' s' assumpt:l.on) ~. ' " 
i .. ' / i ' " - ; - ~ , , ',' . '.2 . 

,. '" J?or S'tokes. flow 'and potent.i;-al flow'_~e,.= s~ ~n~ 
\ -

l"or- non.- , -
'. 

, . 
'\ide~l, flows; ,l~t , 

, ~ 

, 

, 
" 

sin?a '. 
=' n . 2 

'sil), e ·c 

" -

) J 

t _ \ , , 

(3 .. ,3-8L 

. ! 

wl1ich i~ also shown in Figure 23~ for ~st cases, the fi~ i, 
, 

, " , ,.. l , 

/ 

. " \ ' 

, J 

, -

, , , . 
1 -

r 
f. 
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\0" 

/ -From 
/ trajectory 

./ calc:ulations 
/ c / ___ sjn~n 

/ 
/' sin29c: 

..,,,,/ 

/ 
/ 

/" 
/ - d 

/ 
/ 

,/ .... 

l , 

Distripution, of collision an'gte: , 

p '=7. 5 q/cm~, Reb-lOO. (a)' d "-20 ,pm', 
,p , ,P , 

, 
Sk=O. 033" u*=O. 013; (b) ,/d~-3"0' 1J~, 

. 
Sk~O.075, u*=0.026~ (c) d -40 \lm, p 

Sk-0.133, u*=0.042r (d) d -50 \lm, p -

Sk-.O.208, u*=O.064; (e) ,d -60 lJm, ,p , 

Sk-O .,3-00, u*=O. 084. 

, 
1 
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reasenable. When pa'rtiole' bounce' is ~c'coutlted for, the 
, " 

trajectory-~alculated collision distributions of,th7 larger, 
- , 

particles are ~o~e closely represented by the distribution of 

eguatian 3.38 than is ~vident from Figure 23. 'This ts becàuse 
" ' 

particle bouncè will delay the onset' of 'slidiI').g by up te 10%. 

3.4.4 'Maximum Angle of Contact-

A review or the relevant'angles and the manner of esti-
, > , 

mating their values Ls appropr±àte!at this, point. 
l ' 

These, angles 

are: 6 C - the angle of èios~st a:pproach o,f the liguid ,str~am

lines, given 'by equatio,n' 3.l2~ . 
, , -

e - the angle of çollision for any t4ajectory~ 
n. ' . ' . 

" 

~G - the angle of col·1ision for a graz~ng tr.ajectory~ .. , 

, 1 

, e -' the maximum.' anglé of contact for a sliding part1c~e" 
M 

It remains now to calculate SM" This is done by de ter

mining the angle at which t~e radial component of, the partic,le 

settling velocity ~pr (direéted t<;>ward the };)U~ble surfâce) "is, 

equal to the radial component of the liquid velocity u ' calcu-, r . 
, ' , 

lateg at (r ~ Î) = rp (directed ~way from, the -bUbbl.e for . 

e > - 8 C). . The ca1:culations for 4~te~;m1ning u r * (and thus' ~l::) 
1 

. close ta the bnbble surface have al;ready been described 
, 

. , 

(equat1ons 3.2·5 af,ld 3.26). , 

aM" as calculated in tli;i.s / manner, i~ 

for Reb = 100, d = 20 ~m and p = 1.3 ,to p - . l? 

reported in Table ~ 
, . 3 ' 

7.0 q!l?m .', ,aM in-' 

ereases as tl)e partie le dens~ty inère~ses.· It c~n also be 
, 

seen from Table 4 that a'il is insensitive to d , for d < 40 J.lm. 
l'~ p " P 

" r 

" 
Il 

.1 
" 
1 

.' 

J 
i 
J 
j 
i 
t , 
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Table 4 

Maximum Ah9'le of Contact e
M 

, , 

. Co'ndj, tions : db = O'. l! cm 

~~'_= 10.0 'crois 
J.I ,=' 0,.01 poise 

,Reb ~,.1~. 0 , " Ge = 63.4 

A. d' = 20 loin( 
" P 

, p' 
\ P 

G M 
(1 
'M 

from.equation 

(g!~m3) (degrees) 

1.3 67.4 
2.0 70.9 
3.2 75.1 
4.0 76.9 
5.5 79~4 
7.0 81.4 

\ - 3 
B': Pp = 4.0.g/cm 

dp 
- -9 

.M 

(1l1l1) (degrees) 
/, 

5 76,.9, 
20 7Q.9 , 
40 

,. 
76.9 ' 

- ". 

, . 

, 
(degrees) 

, 
69.,2 
70.a' 
·73.7-
75.6 
79.:2 
'82.8 

, ',C degtr~e's) 

, 75;6 
75.6 

, 75.6' 

\ 

.' 

, , 

1 • .r. 
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and Pp and e is'attatned by 
C , 

vs p for 'the data ih Table 4. 
p' .' ' 

A éorrelation between ,eM 
, 1 

Pl~'~t~nq (~~ -' eM) / (9'0 ..::. ~c) 
~e, r~gression equation is: 

" 90 ~M 
90 - ee = 0.90 (3. 39) , 

, " 

1 

with a correlation coefficient ,of o. 9~ •. l1earranqiriq' C,1itres: 
l ' • ,u 

1 • 
1 j( • 

(3.40)· 

, - ' .. ,.. . . 
.. eM'calc~lated fro~ equati~n 3.40 is compared to the o~lqiri~l ,-

. , 

eM' in Tab~~, 4i Altho~9h ~quat~on 3.40 is derl~~d ~~ ~ • 100, 
\ .. "--

it ~ncludes e~ a~ a parameter.' It'i~ a'good' es~1mate of eM for 
, 1 

oth~r va1ues of R~ as well.' 

3..4.5 Attachment Efficiency _-

A particle attache~ to à bubble when it re8ides on the , 

bUbb'le sur'fac~' for, a time ts' -equal, to o~ ~ gx-eater '~an the. in-
.,. L ' , • 1 ." 

ducti0.n t~e t 1'.· ~qu,at1ng t s to' t i prov1des a me~~~e of 

attachmen~,ef~iciency. Let e' be the~an~le ,en' in 'équation 3.33' 
.. n ' . . . . 

whe~ t s = ti. 'This gives 
• 1 

" - (3.41) 

. \ 

.' . 
-
• 

1 - • 

1 

./ , 

- ~ ........ "'. ~ ............. ,--~ ....... -" _ ... _---------~-------



, , 

, ' 

a-, 

" , 

\'- " 

99 

(3'.42 ) 

where ~pe is ,'det~rmin~d from equation ~. ~O '~r 3. 32".ysing ~verage" 

, ,'values \1" 'and 'SIne. " ' s 
, \' , 

Attachment 'efficleney, ~s '.given' b1 'ne ~ , 

equa.:tion, j. 3~" when 
1 

e, = e , that is ' 
n ,n' ' 

sin~~ , 
n 

"", 

.. ,_TIlis c8niplet~s :1:hè attachment model. 

(3.43') 

l , 

1 The èomputer 'program', 
, , 

- . 
, SLIDE - (written in BASlcr, uses the model te caleulate 1 a distribu-

t' ~,. , ,~ . 

tion ,of . slléIing~ times'. The pro gram ,flowshee't ~nd, listing is 
, , 

g.iven in" 'Append'ix .~. . ~ e~ i~ ealcul'ated by eompat;J..n<! 'liq~id 
... • r , ~ .. 

and partiele radial veloeities, not by equation 3/4'Q). 

, ' 

Slid.ing Time" Examp1es 

Sorne resul~s from the attachment modèl are summarizëd in' 
, 

,:r':i,gure: ~4 and 25" whiefi -are plots ,or. "EJ.\. vs t i • Figure 24 

, .. :.~ill~s:trates, the effect of partiele size {or db = 0.1 cm, 

Reb -= 100, and Figure '25 illustrates- tl1e e~feet of bubble siz'é 

fO~ dp ~ 2a and 50 ~m. ,At a constant induction time,' attach

ment.' éff'icienqy-. increases with aeereasing 'parti<ele size .. From 

'. ' 
,Figur.e 24, if t i :: ~O.ms, then EA (8Q'].lm):::,l.S%, EA. (50 ].lm! = 

10%) EA ~20 j..Im) = 65%, and EA (.:ao j..Im) ;; 10{)%'-, Thi~ strong . 

- par,ticlè siZ~ -effect.).s not unexpected'I given < the relationship 

_,between, parti.cl~ size and' sl~din9' v~loci ty. 

, < 

" 
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. , , 

10 20 30 40 50 

IndUction Time (ms) 

, -. 
24 Attachment efficiency versus in-

duetièn time and partie le size, 

'from SLIDE.: 
, 

db =O.l cm, u
b 

=10 cm/s, ~.O _,Dl 

. . . 3 
poise; pp=4.0 g/cm , $q-a. 

" 

100 

60 
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( 

,d p=,50,um 
~ , 

, db ub 
(cm) '(cm/s) 

(20J.lm 0.13 12.7 
IJ 

, 0,10 10.0 

--- 0·07 7.0 
..... : . O· 05, 4.8 

80 .. 0.03 2.5 ' 1 
, 1 

1 
,. , 

40 .~. 
, ~ , " 

, \ '. 
, ,'. 

" . 
,\\ '\ .. 
~ , , ' 

'. , ' 

~- ~, ...... 
...... . 

~'. ' "'. 
10 30 40 ,50 60 

Inductio,n ,'lime (ms) 

-
", 

. ./ 

25 Attachrnent efficienc~ versus ~n-

duction time and bubble s'iz€, 

from SLIDE. U, 0 'and ~ - a s in p. g 

Figure "24-: 

, 1 
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, The magnitude of the b~ble' si.ze effect, ri~rè 25, dépends 

upon the particle size bein-g ,cons.,1de.red.. Fo]; 'example, ~t ' .. 
, ' 

- - ... , 

t = i 20 ms and, d p ,- 2{) pm EA ,v:aries. 6~~y\ -f~om. 66' to 7~' for , 

:s <le S ().~~-3 ~m;' while ~or ~p ,.: 50 llm EA va~ieS'f~oin"6'\to 
,36%. The ~eason for' the relàtivelY, smal1 'e~fect ()f" bubble size 

-(J'o 05 

r ~ '-
> 

for smaller pa~.tlcles is that the decrease in particle slidin<]: 
, . 

':velocity .wj. ~h-' ~écrèasing' db, (due '~b ~'~dE7ë~ea;$~"ln ~1.1rf!"e.~ ~ .: ~ 
, ... f, _' • / J 

vort1clty), 1s approximately balanced by- the decreàse fn, sl:lding 
l ' 

, " 

distance. : 
, \. \ ' 

, \ , ' . , . 
• 1 - ~ r 

~t i~' eyident from .Figure 24 that _~ery _ .8Jllélil particle_ , .-
_ • _ _, _ • ~..,. ~. - ~. ... .... J ,-

reside on .theAbubbl~ surface' for, cpnsiderable lengths. of t1lne., 

An imp,ort.~nt 'c~n$equen,c, '1a' tha·t succéss:Èul falotatiorl' sepAration', 
, ...t _ 1 __ 

'. \./ . - - \ -
of two'types of very small partiele, each h~ving the same 

-. colliSion,tirèb~b11ity, r~qÙir~S a' 1~rge' diffe~~n~~ in the1.r_1n,~ 
.. -.. ' \...... \ ,. ... -.. ~ . . , 

j -

3. 5 ,Collecti'on'· 
" ' 

. - )..'.. ' 

'Thé-complete 'èo'11ection 1Il09-el for, a', single' part.1cie~b~ble.· 
\. ' . . . 

system'1B,the p~o~ct, of'the collis~on a~d·attae~nt,~~., 
, ' , 

. , 

TWq 'compu~er' proqrams" (and the1~ fl·OW~heet),. for ,~al.CUlatiJlg " ~C,'~ 

EA ana EX ar~' li'8t,ed :l:.n -~p~ndix. 2.. !l'hey' aJ;e- l~lled CO~CT, . 

'appli~able, f9r '20 '~ ~ ~ ,400, and .COLLtCT2," fo;" 0·.1-:i ~~'~ 20. 

Consider':now the' reeults of seme sampi~ 'calcu~t-ion8 us;ng 

, thé collëct'ion' mOdel, . 

. ' -
" 

.. 
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Partic1e Size and Induction T11ne , 

r~9'~r~ _ 2,5 i~~u~~~ates 't-he ~e~at~on,ShiP, between E~, d p , an~_ 
-r~ ..... "'-

_The figure 15 const,ruoted uslng the ass~ption, that :l..h- .~~ 

'du~tion tme 18 con$tant with partie,le, size. Sinee there 1s 
, , J , 

'no eV,idence to. date reqardi.~,g the relatianship betweenparticle 
, ~ 1 ~, .' 

s:i.ze,'and .induction: time relevant ta. the c:'lynamic f1otation situ-
-,' 

, at~on, usinq a c6n$tant' indqct~~m time seems a reasonab1e -

, in! t'lal ~sSumPt1~. 

Th~re' are three interestlng observatiGns from Figure 26. -
, , 

,The ,first' ls tl},at th~ -peak in sf2e-by-s'iz~ recovery data~,tllat 

ls oD~J'Véd .tn many' minerai.. systems 'can - ,he ~xplalned wi th t~e 
., • ':'- ~..,. ! ... ~ 

, ,. 

propci~ed 'colle'c,tion model. The reas,?n for the, peak is· the 1 
'opposfnq e.f-fect ,o~ partiele size upon co11islon and att~ch- , j 

men;t effic~~~~lèS; as dp inc~,eases . EC increas~s ~'nd, .E~ de~~eal3e~: !l 
, -.", - - "J r 

Note ,that ~he'peak' is,observ~d wlthout' 1nc1ud1nq partlele-buQble' 
.. •• ~" ... ! '/ '-~~ -.. " ~ 

j f .-'...." • ' 

det'~ch,ment:. The seco~d ,dbserv:atio~ is 'that th!! peak shifts to 
''1 1 -. • 

, , smal'l~; partic'~e siz'es. ~s the _indUction' 1:im~' dec:tease~. And' 
~ y ... ~~. : .. ~ .... r _ _ .'; ; .(,< 

third, t~e collection ~ffiolency for very-small partieles, ~~ 
. ~: r ~A .... 1 \ / l" ~ t 

qùit~. :Lnsens~tlve to ind':lction "t'~e-, as, ~!l\,e?Cpeeted ~iom ~'he 
S~.i..ding· t:tzne- dist:r"ihution of Figure.' 24. ~_ ~ ici 

, The latter observat~on has ,importaht implications -for 
, " 

. , , selec'tivit;t' 6~ s~paratî6n., 'C(:m~ider th,e sëparatibr;t, of two ", 
( J _ ~ • ., ~.. ... " , 

, .par~1crl~ 'sy~tÇlns,., one ~ith ,ti == 15 ms ana the ~ther wit~ 

t i =' 40 ms • .' S,ince' r~te constant i~ proport,ional to collection 
~, t _ '. ."'. .. ,. 

- efficieney.", J:he ratio of _ Cçil.~ctl~n e~ficiencies ot" i-~è two ' ; 
, ' 

, , 
, .syst~& providés a good indication of their separab11t"ty'. 

,1 ~ 

For · 
", 

-_......! -- ---- -
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" 

"·Particle Size (um) 
Q 

, . 
€o~le~c;:tiori ,efficiency v:ersus 

Q pa~icle siz~ and indùction time, 
( -, , 

from" flotation ,model. \ 
~ -~ -

. -. 
, ' '!l',, if' 

d:l,-O.:r cm.' ~ .l~ .cml., lt.~O. Dl. 
. , '. ',', ". . ... '3 -: --.-

pois~'- ~p.4. O-:q/~ , .:9-0 . 
. , 
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J "7"" ) H~!' _~I ... "'. , .. ~ ... .,"'~~y~~ .. ~4>'l ...... 'W:>t'<'T~~ .. "-rrr....,..u,.l-"''''''''I:..-:''~'""",-,,~:>':.,,::;,? r;f'''''U~~:**qii14=)$_: .. '" _2 ~~ l'I~~~_b ,.~.,,~~ ~~-~ (!~ ...-':. .. -.... ~~...-,. ... ...,.~ 
,". '" ' .. ':::': ~·f'··c·'?· ..•. ; ... ~~~.;: .. ,~.> 

" 

" ' . " ." _.,.,,',', .. "- .. ':, r~ ,~--'~-' .. ~~~" 
:r ' _ - , .. 0: ~ J'" " .. l''',~ ....... ~ ... 1 • , •• ~ ., 

th;s sinq~e: ~~e ,~st~. ~:( tF ~ ~;-ta )i~ :(ti '" li ~s)· i~i :.:': .. :. 
0.009 at d ='30 '}.lm, 0.·1·9 .àt' d'·· 20-'}Jm, 0 •. 69 'at'd 4 'lO'l1mt ':, i:' p . ,'" " ., , , - p " .' : -. P,/' .'.., 

, " ". . ,... ï . 
and 0 .. ~7 I·a: ~~p,,:: 5 pm.,' The sep~rat1on ~é[in,9~S ~ror eX~~l,le~.t a~~' 

the' coarse ~~'~ intermediate :sd:;zes to vil;'tually np'be~ist:ant: for '. ,- c 

, ." ' < .5 pm.. : . - " : c:-\j' '. :, ' :. ~ "" ":\" , 
p -" ". : , "'" ' ,,' / ..... _~, '. ; . ~ 

Bub~iee DiaJt)~ter , " ~ "";!., " ,> '" 

~ , :'The' effeèt ,of bubble' diameter is . shèwn!'irl Fi~r~s .'2.7' ~~d ':~ 
" ~ _ 1 ~. ~ ~ ....' ~... '" \ /; t • ::..... '.... ~ :_ ' .... _ ...... 

" --28.,' Fi'grire. 28 r.Ports the, resu1 ts for eadh' s~!1:: 'of, :condi tions·'· :' . 
• 1\ ~ • < ~ 1 ~ ~ • 'r.~. ~ { ~ - 0 11- .'" .. ~ '~I' .~ 

o1~,Figur~ ,2~ ~n, the relative scale, EK~~IÇ 'm~. 'It· ,is assumed 

,- , ", tha:t"t~·· 18 ~ndepe~de:n~' of 'bubh.~e ~~~èteJ;. The most' obvious 

,effect' 1s th~t '~' smal'le'r bubble increases ,~'ollect1on efficiency 
~ ." j _) 4 j" _ ~',- .f ~ ~ .. _ ~ ~ 

fo~ all' part}.ole s1z~s le s's. ttan ,100 ~in. _ ,lt '1~ ~~~able' 1:~a1;; , 

. thls ef'fect i~ al~io 1nlP<?:ttAAt foi ip~~rmedi~te: 'an~ ,>la·:9:~'."ti.~ztid: . 
( \~ .. 

paz:t1cles '~: ' , , . 
, - .. ; '" • ~ 0 - ~ ~. 1 ~~ ~.. • .. ( ~ 

._ A, smal:ler bupb?-~ '~ncfe~ses ~Olle/~~iO~ ef~ici~ ~y't i~: 

does not impro~e" ~ep~ra~on selectiv~ty. Fo'r~' ~ :o.OS[cm", 
BK ~t1 ,= 40 ms),!~ -(t'i' 'c' 15 .-ms; iS':, ".0 .13 à~' d ~ 30 'l1m, ,0'. ~8 

, ,'. , . . ~ p 
at d • 20 ~m, O,~ 74' at·d =. 'lO ~~; a~d ,O~ 9? at dp' .JIll' 5 'lJm. . These 

p . '. p " , 

are,qu1te stm~lar. to ratio~_~~t~i~ed'~o~ d; =-0.10 ém~ 

Particle Den"S.1ty" , 

... ~~1gurès 2'9 ~nd. ~O, . .s~~ize the effect of particle dens1t.Y, 
'.1,.., y .. '-

< ... - ' ,. 

upon 'EX v's d'". Thè geI?éral observation 1s that the shape of" 
~ 1 • P 

, . 

• .!.. ~ 

the EX" vs a curve'beèomes progressively 
. p - . 

Iqore ' peaked ,a$ th~' . ' 
.' .. l , 

particle dens1ty increas~;. 
, , '-1\.' 

\ 

o , 

l " " , 

1 _____ •• _ •• _" _v ~~ _ .... __ 

, . 
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Partiéle Size (,&m) 
-, 

Bubble diarn~ter èffèc't 

'flot~tion .modél. 

t.=20 
'l-

ms, 1.1-0.01 poi,se, 

, 

-' 

on'E, 1 , K 

. 

\. 

'lO6~ 

~ 

J 
} 

. . 
\ 

1 

" , 

, . 

frQm,. 

Pp::;4.0,g/cm3 
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Li9uid Viscosit~ 

Viscos1ty ,affécts both pubble rise veloc1ty'and particle 

s~t:tling veloe1 ty,' but 1 ~ore' import~n~lY lt: ~ikely affects 

induction t·ime. Jowett (3 9 ) has' considered -sèvera'l mathemat1-

cal relat1onship~ describLng thinning time, br induction time, 

and they all show thinning time as proportional te fluid 
-

viscos1ty. (This would pe the viseosity of ,the thin film, 

which mig~t be different from the bulk fluid viscosity; how

ever, a change in ~he b~lk fluid v!scosity should~be reflected 
L 

i~ the-thin, film T1SCOSitY.) ~ Figure ~l shows the eff~ct of 

li~uid vis?os1ty. It is constructed ~ssuming t i - 20 ms at 

II = 0.01 poise, and t' «~. As we~l it ia assumed that, 
1 

db = 0.10 cm at 1.1 = 0.01 poise, at;ld db <X:. II .0.. 25 . ~77) (This 

latter assumpt'ion does not affect the results nearly to the 

same extent ~s does the assumption of, t i " 1.1.) It 18 evid~t 
. , 

that a decreàsed viscosity increasès collection efficienoy. 
-:,. . 

T.he extent of ~~p~ct of viseosity is dependent upon 

particle size and induction time. The la~ger the partie le 

and the h~gher "the induction timE!, :t:-he greater will be the 

affect of a. change in liquid viscosity.. 

3.6 Collect~on in,a Bubble Swarm 
1, 

The· flotation model has been developed to this point with ' 
-

the assumption of no interaction between neighbouring bubbles. - , 
r ~ , ..... ~ 

~ J ~ '1 ~ 

This is .not the situation 1n flotation. In a-bubble swarm of ' 

5% gas,. by ~~o_lwner the centre-to-centre dis'tance bet1(èen 
-

neighbouring bubbles in a cub1c array is approximately 

, 

4 
1 
1 

1 
~ 



1 

1 .e'-

~, .. 

. , 

'-. 

.. 
,31 

111. 

0.5 

, 

, 1-

0:1 

0.05 

l' 

20 

Particle Size (,am) 

yis?o~ity ~ffect on EK, from flotation 

3 -
'model. p -4.0 q/cm " , -0,: 

# p,",.., 9 

. - "'-

cm, up-~~ .,~ cm/s ~ ~t ~-o. 010 'p?ise 

-t
i
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. , '2.2 bubble 'diameters'. It 1a intuitive 1!hat there 'would be 

interaction in some manner between neighbouring.bubbles. 

LeÇlà~r _and Ha~ie~e~ (73,74) ·have ~alculat.ed surface vorticity 
. '... ~ ., ~ ( 

, as a *unction of Re and the volume fraction of spheres (gas 

,holdup in the flota~ion application). The calculated·sur~ace 

vorticity values from LeCla1rJ s thesis have, been fitted by 

polynomial regression te the form 
TIl 

, .. " 

= ~s + n 4I g 

w~ere ~s~ is the surface vorticity-of a g~s ,bubb1e' at fr~è~~n~ 

vol'wnetric. gas holdu~ 41 9' and n' ts' a function of ~e~ ~t:'-d ~q, '.:. • 

The!~es~lts of the regre~sio~ fit are g~ven'in'Appendix 1; with . 
.. 

a ra~ge Q.l ~ R~ ~. 500 and 0 ~ ~g ~, Q.259. This correlation 

has been included in the coll~ction prbgrams COLLECT and 

COLLEC,:'2 • 

In this manner thé effect of bubble concentration upop 

surface vorticity an~, therefore, upon attachment efficiency 

i~ accounted for. The assump~ion 1s made tha~ collision 
. 

efficiency'of a bubble is not affected by a b~blg sw.arm, 

except by the lowering of the bubble rise v.eloc1ty in a'manner 

similar ta hindered settling of so~id particles in ~ slurrY.', 

Thus, the effect of gas holdup upon collection ~ffio1ency can 

be e~timated, With the f~lloW'ing provi'slons: ,1. EC is -

.-' "affected only ta the extent that ~ 18 reduced .by a swarm, and 

2. bubble diameter ts constant. In this manner, Figure 32 

has been ~btained. Induction time ls 20 m~,'db = 0.1' cm and 

• 
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'cp := 0, Q.OS an~ O~lO., .. Bubble ri se veloci1;y~ in a swarm 18 
9 
determined.fr~m'RiChardson and Za~i, equat~~n 2.13 aP91ied to . " 

9~s bubbles.' ~t can be seen that' colleqtio~ efficiency in

,creases wi th i~creaSi~g +9,', Signifi~ant~y SO for dp > 30 \.lm in 

'this example: 'The·increase 16 due largely to the' reduced 
, -

bubble ~ise ~elocity. (It ls important to note that when''-9' 
, , 

, i6 increased by in~rea~.1:n9 the .qas. ra·te lt is probable that' 

« 'd will also inc;rease.) b . 

3.7. 'Collection in a Slurxj 
1 

. The eff~ét of . in~reasi~~ .. 601i~S· cônc~~t~ation, upon \ 

--coliep-t;ion elficièncy can _b~ s1m\llated using the model COLLEe'T'. 
- ~ - 1 ~ 

',_ wnen t~e, 'soli5is ,<?énc:;éntrat10~ ,1nc~easesl 'bath ·t.he p'ensl~y., of ' 
. . ,'. . ," .' } ." , , 

tiie' slurry -and ,the ··slurry viscosity·· inerease. The eoriela-. 
~ , 1 ) " , . 
," . ~ 

. tion betweEm- .viscosi ty and volume fraction solids !fi ' - -, . s 
'f • ~75') . " 

recommen~ed' by Yen for moderate'conèentrations,of.àolid~ 
,.. , . . .. . ~" 

i·s . that or Roseoe' (76) 

1 .' 
" 

, (3.AS ) 

, . 
~here Il r \~s ,th~ r~tio ~f-, slurry visc6si;~y to 11quid vi~cosity. 

,.- , '" ' • '-:. 1 ri' 1 ." • 

" Viscosl ty~ and d~ns,ity changes affect both :b~b~e 1;ise' veloc1ty 
f If • \ 'L \ 

, ., 
.. ~ 1.), • 1, 1 \ 

. ~nd pa~t:l,.cle_ settll.nq velqci ty •. ' Table 5, ~~rtzes the effêct 
~ ~ .. 4' • 

- of' solid~' 'concen~rati9n' W\d~~ the, 'ass~Ption th~t 'SOI~'"7~Olid,. 
..... ~... ,1". ~ .. 

-interaction does not alter the' trajectorY 'th&t a· ·pa~t1cle .would 
- ~ J ... - _ • 1 - ~ l' ;,..., <- ,. _ .. • ~ J 

:t~ke fhavi~g accounted 'for'~lqq1ty effects). 'I~,the ex~ple, . 
. , ~ , ... 

...... .".~ ~ 

.' ;tpè e.fficiençy-~f colleceio~ of 25 pm partiales by il, o..~L"Cm 

, . 

-' 

, ~. _. ~ 

" 
-{ ,,' 

-,-.;_ .......... ~ .. -......,~_. {. ._~- ---



Table 5 

Solids 'Concentration Effects 

Cond~t~ons: db 

Pp 

~g 
1:.', 
~ 

, ' 

,-

( ~m) 

,25' 

'45 

---~~-- .~--._~_ ... _--

Wt % 
Solids 

'0 
14 

'31 

0 
,14 

31 

= 

= 
-
::: 

0.1 cm 
4.0 g/cm 

0 

20 

\ 

ms 

s 

,0 
0.0'4 
0.10 

0 
,0.04 
0.,10 

- /, 

-, , 

3 • 

EC 
, ,E

A
-

(% ) (% ) 

' , 1. 26 28.7 
'i~ 14 26.8 
O. ~'8 -26.8 

4~58 2.68 
4.3? 2.32 
4.00 2.62 
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E
K

, 

(%) 

0.36 
0.31 

1 

0.26 

0.12 
0~10 
0.11 
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. 
diameter bubble decreases from 0 _ 362% at «P-s ---"., 0, to 0.'264% 

- , 
at ~ = 0.10 (31 weight % solids), while the~e'is very little , s . 

effect of soliGS concentration upon the 'collection of 45 ~rn 

particles •. 

. , 

3.8 Summary Remarks, 

A fundamental flotation model lB proposed. Particle

inertia effects in'partlcle-bubble collision'are accounted'for, , 

thus extending the range of the existing collision model. 

Recently de,rived soluti'ons to the flow 'equations 'around 
- , 

. ; 

spheres are employed to develop a detailed mode~ of particle-

bubble contact. When the collection model ls tested under 

different -c.~mditlons two broad conclusions are reached: 

1. A peak in size-by-si~e recovery data ls observed. The 
~ 

'shape of the size-by-size curv~ and the locat~on of its 'peak 
, -

is a strong function of induction tirne, bubbl~ diameter, 

particle density, and liquid ViscoSity: 

r 2. Selectivity of separation decreases as particle size de- . 
" . , 

creases which is attributable to the long coritact time of 

-smaller particles. ,Smaller bubbles do not improve the 

separability • 

• 

,/ 

j 
1 
J 

t 
! 
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CHAPTER 4 

APPARATUS AND EXPERIMENTAL 'l'ECHNIQUE: 
; 

4.-1 Plant Columns: < Mixing in éol1ection Zone' 

- .' The opjective pf the plant testing·was. the determination 
• 

, 

of typical mixing-conditions in the reco~ery zone of .kn4u~t+~1 

sized columns. Specific~lly, a relationship betweeh column 
< -

size ~nd'dispersion coefficient D was sought. The raw dët,ttà 

necessary to determine D is the RTD of -t:!te -mixing _-zon0A fit

tin~ of the experimental RTD ta th~ theoretical RTD (equation 

2.9) yields an estimate of the vessel dispersion number Nd' 

from which-D i5 obtaineq. 
/ 

Liquid ând solid particle RTD measurem~nts have been-p~r-; 

formed on-two industri~l columns.' The test procedure and the 
'" ' 

, 

parameter estimation method ar~ described. 

4.1~1. Experimental Technique 

Tracer- Select'ion Liquid RTD was determined using the- dye 

fluo~scein. A problem that is often encbuntered when'using . 
• < 

a dye in a mineraIs system is excessive dye adsorption by the 

solids. Prior te the RTD experiments,' laboratory adsorption 

tes~s were pérfo~ed with fluorescein in slurries of moly-
. -

bde~um and zinc sulfide.concenfrates. A reasenably small 
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. " " 
fra.ction «20%) o'f the flu6:re~Eün was ads.orbed. 

tests ,with two other dyes, Rhodamine WT and methylené bluet 
~ 1 . .' 

"show,ed '>90% dye adsorption. As weIl, ;fluore.cein was not ad-y.. 
, 1 _., • 

sotbed by a\Lr' bubble.s in ~parate tests in whiJh ;'ater and 

~luores~ein ~eté spargéd with air in a" 1 abora tory flotation 

machine.' F1uorescein is light,sen~itive (78), so col1ected 
. . 

sample,.~re stored in ~he 'dark. 

Mangan~se dioxide 'was se·lected as the sol,ids tracer 1:)e-
", . 

, , 
c,,:use it best!'satisfied the following.requirements of a solid 

'. . .' 
,tracer~. 1) a low baokground concentration, 2) a low flota~ 

..". .. , ..f .... 

, " 

ti~~ rat.e, (i.e., j it is hydrophilic), 3) a suitable specifie 

. gr,a~ity~ the ~62 was meas'ured by pycnometer to be 5.19 
,.../ 3, .; 
~cm., 4) ease of analysis, and 5) reasonable cost. Labora-

(1 

tory gpade Mn0
2 

was dry ground and screen classified to an 
. . 
,upper partic1e size of 150 ~m prio~·to'the RTD expèriments. ~ 

, -" , 

\ ' . .' 
Column Operation. The tracer ·exper~ents were performed on 

" -
two'flo~ation columns operptin~ .at Mines ~oranda ~it'e, 

Divisio~ Ga~p~, Ou~bec in à MOS2 c?n~entrate upgrading cir

cui't. Opeiation and performance of the columns hl!-~ been 
, /. 

prevîo~~ly~escribed(4(~~) .. Th~ two columns were 0.45 and 

0.90 m square. Operating conditions for;the two columns at 
., 

the time of ,the RTD tests are listed in Table 6. ',Air holdup 
00_ 

was estimated fromOdirect measurement of voi~age on the 0.45 m 
.' .... 

column when .tl}ere was only water and 'frother in the "column ,and 
'~ 

no feed flow. 

Test ,Procedure. For each of the two tests, fluor-escein and ", 

manganese dioxidê were mixed with water and added at the top D 

• 

, -
id '" _--.::.. 

.' 

• 

" ). 

! 
i , 
1 
l 
1 

1 
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'( 

" ,', Table 6 

", " 

Column'OPeratipg Cond~tions. 

For ,Tracer Tests , 
o 

0~4S meter ,0.9 meter 

Feed 'flowrate (L/min) 
, " 

... ) ~ . 
Tailings f19wrate '(L/min) 

.. f, ... " • ~ 

c6ncentt:ate ,fl,owrate ,(L/min). 

, , 
'. ·1.20 

35 

150 

5 

." . IIlteratitfai :~iquid \reio~'ity~ ~~ (cm/s) 1'-.3., 
; '. \ 

". F~ed' wt% s;iidS .' '. ,: .' ·3.' 

~ol~e.},~ac·ti~l1: S~lidS', .. - ~~~:,'(a,v,e~age) :9~O~~. 
( '1". ~ ~ , , ' 

, ' supeliicial, gas' Ye.1oci ty i 'v ' (cmts') 
',,' "g';-

E.sti~a'ted ai·r, holdup', <p"g 
~ ~ , ( 

L, feed poi,nt. to air sparge~, (~) 
.' , 

" . 
, . 

, 1 

() 

, " \' 

. ' 
" , 

:. • 1 , -
\ , l . " 

,\{ .: ... 
" ,-'1: .... .... <? .. 

. , ' 

, , 
, - . 

,.' 
~ , , . ~ 

, 
, . 

. 380~ -

190 ' 

530 

. 40 
. 

, ' 
.. 

" . . .' l ~,l 

.. 
. <Z 

" , 

. , 

, ' 

0.004, ' .' " 

. 
, 0..-07'0 

l'o. O' . 

- -~ 

" 

. " 

, > 

. 1 

, " 1 

1 
, ~i 
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of the recovery z'o~e (just below the interface. of- zones 1 and 

'2 (Figure 4)' bl" pou~iJig them from th~ top of the column down 

Çl funnel .and tube ârrang~e?t. '. ,T?ta1 injection ltiÎne was .ap"'-
" \ tIo _ ~ • .. ,. 

, pr.oxima,te1y 3p secon~s for t~è o'.4~ metér oolunpl and- 60 sec-
~ ... ~, ,.. 

'\ orlds fo~ the- 0.9 meter'cèiUimi. ,Grab samples of tailihgs, 
1 ,.' l ';. 

-_. . 
'concentrate and feeq' were tak~n Dver thè nex":- 60 -minuteà. 

Tracer An'alysis. ~iquid from the samples was extracted- using 

a syz;-inge, with a filter paper assembly on the tip. A' Leeds 
" .... ' ....... , \ 

. ~nd Northrup portable' spectrophotometer was:used to,measure . 

'fluo.~e.jinconé~ntrati~n -at li wàY~length of '471;~. .' ~.--/ 
1 ~ 1 ,. ) #. ~ ~ K • ~ 

Manganeae' rneasuremehts were perfo~e4 on1y on tHe ta].l-·, 
, , 

ings' samp1ès from.~he .O.4S m column'test. In 'preparat~on for 
,.. -.: ~ 

\ ma'nganese anaiysis eaèli..' sample was filter~d, dded and -scteened 
. • , .,.;tf ',_ ' • 

intQ five size cJ,asses: . -400 me.sh, +400-270' mesh, +270-200 
--' J _. '~ •• .. ~ 

mesh, '+2'00'-150 rrie~h,- an.~ +.~50-;"~O,0 -mesh: Thè ~ang~ese èôntent-. 
df éach size fraction wa'S èletermined by" atomic absorption. 

, . . ~ , , 

~amp+e prepa~ation ~o~ atomic absotption was by'dig~sti9n in 
.' 

3/1 Hè1/HN03. 

4. l • 2. MixiI)g Parameter Determination 
. .' 

The.parameter estimation ~e~od is a weighted-moments 

me:thbd sïmi1ar tQ thàt de~éribéd ~y seve~a.l vorke1;s (20, -?,9, 80) 

and' e~P1oyeà' by Rice.- and ,coi1eagues (18.,19) for bubbie C·~lUJlU'l.·: 
studies. A: l?rièf descripti~n of the method ..fo11ows. 

th . , 
. The k ordinary moment of a distributio~ in timel c (t) , 

is defined as 

, ' 

, \ 

} 

i 
! 

" 
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, , 

, k ' 
When t is large the weight t also bec6rnes 19-'rge f' and increas-

' . .., 
ed emphasis is placed ,on the tai1 of the di's:tJ;'ibution, where 

t;.he ~eiative ,experimental- e;rror is, gre~test. ,A better weight 
-

is one that wou1d app,roach zéfo' for l:.arg~ values' of t. 
, . , 

a ,weignt is (8,0) 
" . 

k -st 
wk (t)', = t e 

• 1 

Such:. 

,(4.2) 

where s is the weighting factor (also, the Laplace operator, 

equation .2.8) • --Then ,- the~ k th weighted moment M
k 

of' a distri:-
" d 

but ion c'Lt) is 

. M ;"11>0 ~k e .. st'cf't')' ,dt: 
c k ~ 0 \ 

/' , 

" 

"_ (4. 3) . 

... ' 

The, large'r the ,~e{ghting' facto,r s; the 1ess >will be the em,-' 
, 

hasis given ta 'values ,of, the '.RTD at làrge .tirnes' . . . 

The zeroth weighted moment of c: (t)' 

, , 

:"'st \, 
Mo - 'la:; e" .' c (t) dt .' ( 4'. -4 ) 

'J \ _,'. 

is also thè ,;Laplace' ,tran'~forrn 'of c (t) t egua~ ,2'.8. F0r a 
. , 

'reactor where, end eff~cts 'a.rè ign9red, 

" 

(4 .. 5) , , 

, , 

'. 

, ' . :,.' . . ·(80) 
The recurt'ence relation of .we~ghte3 moments. '" . allow~ 

computation of. subsequent moments ,by, 

/' 

, ~ 

"--
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" 

(4 .. 6) 

'. 

. .. Tf~ model 'parameter~, ~ and Nd~ are linked to the weighted, . ' - '" 

mp~ent$ by thl! ~'~ ~~igh~ed cUItlulants o.f t!;te m()~~l. The 

wed.ghted cuInulant's 1<. are defined by' 
~ .. 

= ln M o 

and the recurrence .re1âtion, 

(4'! 7:) 

" (4.8)' 

The 4 re1~tionships between the weighted c~u1ants' and .-t~e .RTD , 
/-

,,, (18' 19) -
_ :model parameter's have bjaen g.iven by 'Rice-· et: al. ,1. as" 

, T (4.9) 

(4.10) 

.\ 

whére 

(4 :11) 

KI and K2 are obtained from the experiméntal RTD mea

~urements, '(normalized to < yield an area = l' Utl~e,;r the RTD , 

. curve). Then, T and Nd' are determined using. equatioJ)s 4.9 
.... ,-

, , 

.' 

00 

" 

1 

·1 
r 

'1 , '/ 
l 

: 1 
l 

1 

l 
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- . 

and 4 ~ 10. An optimum value of s is se1ected by mini~izing· the 

RMS error betweèn the exper~enta1 and theQre~ical, curves, 
, , ' .. 

where. 

(4.12) 

and cm Ct) -and cf' Ct)· are the -m~asur~d ~nci fi'tted noima~,i~ed 

conc~ntratio:ns at tiIÎle. t •. ,For an impulse input, Anderssëm an,d 
. 

{BD} -' Wbite suggest that an optimum va1uè for the weighting fac-

tor is So t = 2/~, where t~'is~he ~ode of the distribution. 
p - ' .. 

Hopkins et a1(79) suggest that a suitab1e range for the value 

TB is rough1y /2 - 5.5. 
\ " 

'Thé derived'value for T can be compared with the measured 

.' quantity L/~" where u .. =:;- uft for. li qui c;i and u', = u. + up for' 
• - ~ ~ s. ~ s.. -

solid partic1es. 
2 

D = Nd. L / 6D~ 

1, ~ , 

The diffusion coefficient D is given by 
2 '. 

meter /seco~d, wnen L is stated in units of 

meters and T in minutes •. 
'-

4.2. Laboratory Co1urnn: Particle Collection , 
, 

~xperiments were'per;ormed using a 1aboratory co1umn 
, 

mEaas~r:Lng:1.84 m hi~h and 3.8 cm inside diameter. The column . 
was designed wi,th two bbjectiv~s in mi.nd~ The _fir~t was the 

. -' - -",-

experimen~_testing of the ~lotation model-described in.chap~ 
-, .... 

ter 3. " T~e second was the demonstration t;hat a rela-t;:iye1y 

short lab6ratory co1umn can be u~il;i'~ed' to measure co1'lectio,11' 

kinetics as part of a column scale-up methodoîogy~' These ob-
4 - ... ~ 

jectives required a unique column design. This section de

scrib~s the laborat<;>ry column, its m;i.xing and 9perating',char- • 

acteristics, the exper~menta1 technique for f1oûation 'tests, 

-, r, , 

, . , 

1 

• ,1 



and data an~~ysis. 

4.2.1~ ,CQlumn Desig~ 

124. 

': 

-A~diagram of the 1aboratory column is shown in Figure 33. 
. , 

Feed entered the' c01umn· 1 .. 14 m above the top of, thè gas >sPilr~ , 

ger (0.70 m be10w the top o~ the column). Unlike a conven-
. " 

tional co~"umn, washwater was added halfway betve<en the feed 

point and the. column toP". 

Feed System. 
\ . 

A 50 L tank~with a Lightin mixer was used to 
, -

prepare and retain the. feed s1urry., < To ensure a .'\!niform fe.ed 

cQnsist düring ~e 1ength of a test run, a'mu1tihb1ed tuba was 
, " 

used te withdraw slurry' frP!R'" th~ tank. 
#, ' 

The tube ensured "tha t, , 

particles were simu1taneously drawn from all levels of the 
, -" . ~ ... " 

tank. .Feed sluX'rY was pum~e(( into the, èolumn at a ra'te· con'7'" 
, 

tro1~ed either by a reci~cu1ation 1ine back to the feed tank 

or by 'variable speed.pumping. 
~\ . . ' 

wash Water. St~ad~ wash water rate was maintained with a head , 
. ' ''' 

-tank, 'fed from.a ?,~, L ~~ ~i~ ~,rot~~ ~ump., Before enter-
, , 

ing the c91umn the washwater rate wBS meas~ed,with a ,f1ow-

meter.' The.f~owmèter,caiibrat~o~ 1a iiven in Appendix '3. 

'Gas. Sys.tern. "Air vas . ~U:ppl.ied" fr~ a compressed air' t'ank and 
" ~. - "' - ~" 

':,passed' th~~"Qgh li f1oWJile~er pri-or 't:0 :be.ing, sparged into the' " 
" , 

co1umn. The gas flowmetèr.cal~biati6n,'perfor.med' with a 

'pre~ision' ,Wet" Tf?,st Mete~, ~s à~s~ shown in APpendix 3 • 
... ' ... ~ • ~- ~,,~ l' ~.~ ~ 

Gas bub~1~s weX'e g~n"erated ~ w~th a p~rous stai!l1ess "ste,el 

sparger, '1.5 cm long ,_x' 4.5 cm "wide "x 1. ,5' cm thick. In the . 
, ' 

, , -
collection zone (from feed entrancè to' sparger) ~tatic ~ead 

- ~ ..' 1 , 
varied ft'om '0.7 m to ~ .. ~ m of wat(!r, ~n. average of, 1.25 m. 

, , 
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Labcrat~ry f1otation co1umn and equip

ment. Xl) C01umn-plexiglass; (2) 'Feed 

'inlet; (3) Washwater inlet,i (4) Tai1ings 

flow rate control plug; (5) Feed tank 

and agitatori (6), Feed pùmp~ {7.} Wash 

water stor"age tank and pumr,i (B) Wash 

water head tank; (9) ;was~'water flow 
, . 

meteri (lD) Gas pylinde and pressure 

/ reg-ulator; (11) Gas flc eter1 

"(12) Gas sparger-stainl steel. ~ 

\' 
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This redùced the average gas flow rate in' the collection zone 

to 90% of the f1awmeter reading. 
. 

Column Operation. The large volume of water consumed during 

a test made the use of disti'lled water, impr_ctièal~ tap water 

was·used •• The tailings flowraté was maintained ~t the desired 

leyeI by gravit y flow through a restricting orifice locâteq at 
, -

the di.scharge: ·During a test, tail.ings '. and concentrate flow-

~ates were manually measured and wasb water flowrate 'was ob-
. '. 

t,ained from th~ flowmet$r.' Feed flowr~te was' obta}.ned »y .. 
dfffe~ence' between the sum of the· two product f,lowrates 'and 

l , 1. 1,.... .. 

the wash water flowra~~. ;ai1ings .flowrate was maintained -at-
. , 

a level 2-3 times greater than'the fe~d flowrate. The balance, 

of flow came from'the washw~ter, which ~as at a' rate high 

enough t~ "both makeup the feed-tail,ings ~~lance and provide, 

'a 'signifi~ant l:lquid rise velocity ~n th~ sectio~ above the 
,.:: 

washwater entrance. T~ical flowrates aré summarized in the 

column schematic of'~igure 34. 
. " 

With thi$ design and operation, the f9110wing condit1ops 

,wëre attain,ed: 

1. 'Reèovery of partic1es' to the concentrate by an' entrain

ment mechanism was vir~ually eliminated (see section 4.2.2.). , 
This 'w~s a .x:~SUlt ,of the v.ery high c:içwnward l~quid, flovrate 
. , ' 

in',the sectio~ between the washwater and feed entrances, eÎ-
l " • • ~. ~, 

< r ' • , l 

f~tively preventing the'-sho~t-c:Î!rcuiting of soli'd partticles 
1- .;""" , ~ 4 • • .... \ • 

tO,the overflow as weIl as str~ppi~q away,particles entrain~d 

-in the bubble wake., 
. , 

:.2~ " ~artic~~ ,drJ-~aCk._ a: the 

.,', -C' , , . , -
- .' 

,top of the ,coI\l'1Ùn was el.:iminat.-

\ , 

\ 

. , 

.-, 

1 
.' 
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'column showing volumetrie flowrates 
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ed; T~e yery thin froth that f9rmed at th~ top was rapidly 

removed, (there was a high lip l,ength/ar,ea ratio),' ànd the l~-' 

uiQ- rl~e v~lôcity in the top section was -hiqh e~~uqh to ca~ry .. 
, ~ . -

over the top_particles that detached-from their bub~le (by 

bursting of'the bUbble). 

As a -result', tpe recovery -that was measUred was 'that due • 

to a si~gle'coliéètion event only; there was virtually no en-

trainment,and no fro~h-d~aihage. , ( 
1 -

4 ~,2. 2. .i Short -circui ting 

Overfiow. The èon~itions re~~red tQ- ensure minimal 
. -

, ,shoFt-c>ircui ting of p~rtieles, to the. ,ove:r:flo~ 'we~é determ,ined 

~y-'m~a~uring 'rècoveJ;Y 'of' feèd riqùid 't~'1;he' p~erf~ow- (on the 
. ~, -. 

" asswnption, that short·cirçuiting 'of solid"s.',~ould 'be.less than 
• ~." .... 1 - 1 

or equa1.to that of the water)~ 
J > ~ .\ ..... ~ • 

The column ,was operat;ed with, 
. ~ \ , 

no sOl.id·s,f air at a super.ficial ye1Ç>city vg ,. O.26. cm(s; apd 

a frothe'r dosage. o~' 5 mg/L Dowfr,oth '250C. ' 'The fe~d' water con-
, , ' 

tained fluoresce~n, the ~ash water did nQt •. Samples of over-
.. tt '1 .. ....~';., ;l .. Jo. - .. 

flow and un?erflow.were analysed'by spectrophotometry for' ' 

f1uorescein:.conbant', from which a mabriai. bal~nce was -obtain-
~ • c::. ,. 

.éd., ,Ttl.:i,Ç, was repeated .for several rates of' feed and ~derf1oW. 
, ..~ ~ , ,,~ \. 

. 
The .resul ts a};e ~llustrated 'in Figure' 35 as r.ecovery to'oy,er-

fl?w vs 'O~/Q~2 '. . , 

QT ls th,e under-flow rate. Feed shor-t-circui ting to overflow' 
,/;;, 

. " 2 4' 3 
was less th~n·. i, -when QF/OT < 3.5 x -10- min/cm. ' 

. " \ 

Underf1ow. 'Shortcirouiting ~o the underf10w is quantified by 
• • ... J 

th~ m'ixinq!, ~_a~ameters T a~d ~N~~' :which has be,en c:i!SfUSSed in 
~ 

other seètions. The ~aboratory column dispersion coefficie~~ 

.r . 

, ; 

, , 
, , 

t , 

j 

i 
i 
l 

. 
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D was determined from the data- of three RTO tests,' conducted 

with fluorescefn tracer and'ana1yzed as dèscribed in section 

4.1. The estimated parameters a~e sUmma~ized in Table 7~ - " \ 

The column was operàted norma11y in têsts i and 3, ,with tracer 

in~ected at the feed point,'for whïph L(feed point to sample 

point) ,= 1.40 m. In test. 2 the colurnn was operated wi"th· no 

w,ash water and feed addition at the top of the column, giving 

L = 2.00 m. By comparing Nt from Table 7 with Figures 7 and 

8 it is clear that the co1umn operated at'near plug flow eon-' 

di tions. It il" interesting to note, however" that the value " 

of D was affected br velocity ut,.decreasing as u~ inc:eased. 

The sarne trend has been r~por~ed by otbers',(24) at hi<1h liquid 
, . , 

veloci~ies (> 3 cmis). The Phenom~non i5 attributed(81) to 

differin'g flow p,rofiles at different veloci tiea, a factor . 

which wou1d not be significant for large ,flotation columns, 

operating' ~t relatively low liquid velocities.' 

4.2.3. Gas Roldup, Buob1e Rise' Veloci el. 'and Bubble Oiameter' 
'" '\.... f . 

Although several'instrumental methods have been proposed, 

the most' .common: apJ;>roach to ,measuring bubb~e size i5 by.photo

graphY. For dilute bubble conc~~trations it ~s simp~e.and 

,accurate., At high Dubb1e concentrations, 'good photographie -

measurements;arè consideraply more difficu1t. ~ore irnportant-

ly, the photographie technique,is not app!icable to a slurry • 
.. 

A bul?bl"e co'lumn provides an alternative method for ~stimating 

bubble size', applicable in water' and slûrries, an!l -sui~abl-e 

for plant measù~ements as weIl as 1aboratory tests." The-meth

ad consists of ,applying dri~t-f1ux analysi~<to det~~~ne the 
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1 3.0 

2.3 

3 2.3 

v = 0.28. crois 
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Table 7 

RTD Measurements on 
Laboratory CO 1 won 

Tt Nt p 

(5) .,~2/s) 

47 0.030 12.8 

83 0.039 17.0 

62 0.053 17.5 

'. 

. -

1 
1 

i' 

• q 

• 

! 
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? 
, t> 

, ," ,1", ' . ", • , .... fi: 
a.veiage tenninal riae -velocity of' ~les' in{",~swanu, 

t"' ~ - . ' .. • ~ --.-::.- ~;~ _~;. , 

~le ~ cm }Je ~Cu:Lated.· '", \... 
-

,-!.. ...', # • ~ .. 

. . ''l'he ~éncePt. of· :4:J:':r~t:-:flux ~alysi5, vas intxoduced by 

w~li:is (-82) ·.'ta ~~i.~te~Phâ.s~-- f~O~ r~t'e~,' and ~as' hOldu.~ to phya-
~' " 0 : ~ " • '. ' .".' • ' • • ' 1. '0 {' 

ical prop~rties of, a t'Wc-phase system.,' 'For countér-durr~nt 
. -

fl.ow of g~~ bubbles ~d ~ w~,ter ,in ,i bÙpl?l~, e(ùumn .~~e 'slip 

1 • 

" v ·,v', 
::!: ":..JI. + l_ 

Us ~ --.-
l') '" -

, ' 
~, 

: (4.13) 

'~'"," 'l-~ 
; 9 g, 

~ ~ _~H , ~ 

Wher~- Vg' and, v.t are ~~ :~ù~~rf.i'~i~~ gAS ,and. __ ~.~~ities, 
1 ........ 

respective1y (bath posj.t~ve. 'quânt1ties) .' . ostulated 
~.. .." -. :: 

... -";'" -

tn~t u~ is a .functian of terminal rise velocity Ufl1 of a sin-

. gle: bubb{e ~d' ~~'. ga~', h~l~U~ ,': in 'the' fOlioWing form~ 

, n < 

u =' U' '1 A. ) 
1 S 'l" ~ :-Org _ '.' (4.14 ) 

.' . 

As noted, by Bhaga (81)' '~his ~ODtl of the re~ationship satisfies . . 

" two boundary éfondi t.ions : 

, 1. 

2. 

al1 

as tg'" 0, us ..... u~~, 'anà 

as t ... 1,' Us 4. 0'. 
g. - ,: ' . 

"other f.~~S <?f ü~ 'hâve be~D: '~9.~8t:éd (18,24) ; p:ut they 
.. -,. _ ~ _ ._, .' ~ .. ~ n 

a.pplY th~. a~s?JIlPtion. ~a~ Us • ~T •. f~ (~9). ~n a 198~ 

review of, d'esign p_arameters Îor Qubble column reactors r" 

Shah: ~~ al (24) récomtnerid' ~chard~Oh' ~d '~~i's (32), relattosi 
1 

.' 

1 ... .: 

,> 



::!f;L;':~~\~c:'~1~:?'~~":~~!~"~~"f·':~"'~"r.",~,:' . - '.<: ~,,,,~,>,:,,,,~~,Ô' ,; ... ~_:-_ ~::...-:: .... _~.:,'., ' •. ::: .. ~ , -
... ..r ... , .. :\,~.,,~ ............. >~ ...... 

. ~ " . . 
• , 1 

" . ' 
. , . , . 

. , . ' . , .. 
\ 

'r'~is. r-ela.t::.ion .' 

,0 'Wél's, de~e1oped for ~SOlid:',sph~re~': whi'~B in~ke~' it :~a~,tic~i1t.r.1Y 
.... .J:) ,'~. _ ""'--.. _ ~. .'. ' • 1 ~ • , 1 J" 1 

'.suitabi.~· 'for 'fletation:' $i~~ ,bubb1'f~s ::--. Ac'cèp,ting. Rich~r.dso~ 
~ '... : ~ ,', ( -"'1 ~ -;.. -.. 1 < ,. ' .. ' ~ .. - 1 .:: .. ' .": • .... _ ... ". ....."' 

and Z~i's.terml, arid cotnbinîng' eguàt,ions 4·.~13 'aild'4·.14. giv-es' . 
'.... 1 ~ 1 .,~ • .... .... '... - ... .,.. .. . -" . 
" 

'. 
'. 

T, 

c ... a .. 1 
( . 

• " . '1" , '.:' 1 • 

. "wherè m is :;~miJ.ar: te', théit 'of, e~u~~i.~n~ f. t~~: ~ut aGc~u~t's :~l~O _ ~' 
• J' , - '" (?~ 'L., • 

" for èelumn wall. effeqt$ . (whi'ch are sigl'll~ic{Ult tor' ~.ùbbles· ~tit 
\ ' . . " . , . 

nol:' fer se1id part'icles in ,tlié ~pre,sent·· applica:tion) . ' .. For f1q-.. ~ ......... 

t:àt~on sized - '1 . . ., 
bqb~les .1 .. 

, 

" 1 . , - , • 
. '- d flo 

"' (4:'5 b· r Re~O.l" . , 
m-= + 18 -- '. (4.16) 

~ " d, , .. 
c , .. , .. ~ . ' 

< , 

i 

Equ~tiori '4.15. is' derived under 'the assumption of a uni-
< , " 

'" ~ ~ ~ 

forro f10w profil~ and uniforn bubble conce~t~ation qcross the 

For lapge co1umns this fs a reasonable a~-' 
$ 

Œor small éo1umns correctio~ faètors' arê required, 

(4.17) 

."" ... ' 

.' 

J 'When, $ ··is·uniferm over'th~ crosS' section, Ko:= Ce = L', 
, " g , 

-Terminal rise vel:oc'ity UT can be estirnated from ,ho1dup 

.".. . ,. , . 

, , 
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" measurements and the use' of equat,ion 4.17.. Gas hOldup mea,-

~surements are made at v.arying levels of V o for constant v 
~, ,9 

(sinee bubble diameter increa~es with increasing ,9as rat:e" 

, UT .!ric:çeases with v , so ,v must be held constant). A (dri~t-
, ,g 9 , 

'.<flux) plot 'of v lep: (l_epg)m-l' vs (Vft-V }/(l-, )m-l results in 
. - -- 9 9. ~ 9 9 0 

'an intercept = Ko UT and slope ~ ~o. In 9auntercurren~ flow, 

it is' difficult to estimate Ko: whîch s'haga (81) has d.iscussffd 
1.\ '. 
ïn .. detail.·' ~01;lsidering the rela-tively low gas holdup 

, .' 
,- (~g < IV O;~5)j and 'sInall bubble- siz~ common ta the flotation 

, '0 

colùMn1 'the théoretical pr~d~ctions of Bhaga ~~ggest that 
. . 

( ' 

·{).95 '< K <: '1-
. , 0, 

For" this work it i8 asswned that Ko = 0.97. 

Gas, h6l~up measurements were made with the column operat-

ing with watér addition at the top ~nd no wash water addition. 

\'li th the bubble colUIlÎn 0I:?erating at steady state the feed and 

" underf~ow were raPi~1Y. a~ silqul ~eously shut off. j ~e mea

surements were répea~ed for ,d!fferent gas rates, so that UT 

,,~s t funçtion of v 9 c~~ld be de te rmined • 

Bubb1e diameter was calculated using 'UT in the equation , 

- of-~oncha and -!ù~endra, , equation' 2.12 • Knowing thé relatiQn-' 
1 -. 

ship' between UT an~ v~' gàs hGldup ~or ~ny conditions of vg 

and v~ could be estimated usîng equation 4.17 iteratively.~ 

Then, pubbié rise velpcity in the swarm was given by the slip 

veloeity, i,.e. '\lb = ~s' equation 4.13. 

Sopble Size Distribut~on. The p~eceding analy,sis a8.~s 

tha.t bubole diameter is uniform, which y seldem the case. 

An~ex~ple of the size dis~ibution generated ~y the porous 

steel spjlrger is' shown in the, photograph of Figuré 36. The 
, . 

Co', .'. j 

Q 

. ' 
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Photoqraph of bnbbles in flotation" 

column. Scale:l mm-O.36 mm. See '-

text for conditions. 
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photograph ~as taken thro~9h the_wall Of, the. column,under the 

·'fo~lé~ing conditions: "', -t 
.~ =,0'.01 poise "" .' 

0: = 0 .' 
1, . , 

o == 9 

, 3 
24 -cm /min (v . 9 

~ = 
9 

0.0035 .. 0.00~5 
or , 

= 0.035 CI,tI/s) 

frother: 10 m~/L Dowfr6~h 25~C~ 
" 

... _ At· suc:h a low gas 'vel'ocity i t can be àssumed. that Co = K~ :II;' 1. 

Then, ealeùlations of bubblé rise velooity give 'UT between . 

7.9 and 10.1 cm/s# which in tu~n yie1ds db ~ 0.067' ta 0.085 cm. 
, , 

:J;'he distribu"t:ion of bubble size ·was obtained by measur~ng \, 

the dimensions of 200 bubble~ using a Zeiss Digitizer. The 

'~Q~nting resu1ts· are summarize? in Figure 37 as a number ~is-. 

tribution, an area distribution, and 8 vol~è distribution. 

Each distrib~tion is approx~tely line~ on ~probability. 
, . 

graph paper) indieating that it can be.descr~d adeqûate~y . 
by a mean and a standard deviation, which are noted-on the dia-

grant. 

The drift-.tlux method for estimating bubble diameter pr?- .,.. 

. vides a volumetrie mean diamet~r ~b.' The average diameter re-
• 

quired to ~a19ulate Ek from_equati~n 2.4 is the ares mean 

diamete~ db~.' From Figure 37 let d - (0.78) ~ • 0.93 db. ~ n bA - (0.8i) D 

. 4.2. 4. ..Sample Prepara tien • 

Ga1ena. 650 grams of pure l~p galena ,from Wards 
, 

Mine~als was dry graurid in a'puck-and~rin9,pulverizer to.-200 

. mesh. To remove the very fine .I-P8,rticles .~e s~le was' s~b- -

580 q o~ ~eslimed jected ~o.repeat .. ' 

4 . , 
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·ar.~: me~ db~.o;'~~ ~-.;cS •. ~cS~c! 
, dev1at;.ion-O '-~,2 1111111 by' volume '# 
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-200 rne~h ~a~ena. Pycnometer m~asurernent g~ve a.sp~cific 

gravit y of 7.5 ~/cm3. 

Silica. ~pi:oximate'ly,' 20 kg o~ siiica flour was subjècted to 

repeat 'elutriation steps. The deSlimed silica ',was th en dry \ 

screened at 150 mesh t.o yie'ld 6.1 kg ,of deslimed ':'150 mesh 

silica .. 

Sphalerite. The source 6f the sphalerite was'a zin~ concen-

trate from Brunswic~ Mining and Sme~ ting Ltd., New BrunswiC'k . 1 

, , \ 

(the conè~ntrate na'd nGt be~n subjected to reverse flotation 

for' pyr'i te ~emoval). The fotlowing steps were performed to· 
~ , 

obtain a relatively eleao, deslime~ sphalerite: . . , 

, . 
. L e~utr:i:,ation '~o re,move '-very' fine pa+,ticles r 

2. washin~ in ô. q2 M NaCN for 
, 

30 minutes, to clean the sur-
", , 

face (83) ~ 
, . . " , . 

3. ba'tch ;fls>tation in a ,5 L Agi.tair eell, "'rejecting 10% Dy , 
, , 

weig.ht ~s" tail,ings. Flotation conditions were: condition-

'ing ~ith'~.55 rng/g ~odium amy1 xantnate for 5 minutes, and 

flbtation for ,1 minute: " 
, ' 

4. pyrite removal with the Frantz Isodynamie magnetic'sepa

rat9r"at ~.eurren~ ef 1200 ,mA' ~nd a side Slope éf:20o. 
. . , ca' .. n ... • 

. 2Q% of ~tï~ m~teria4. was r~jeqted in this manner. The mag":,, 

< ne'ëic suscept~bility profile of the final sphalerite. pro-, 

duct 'is shown in Figure 313. A minor amount'o~ pyrite 
, .. 

" . , 
locking is ïndicated by the.levelling off of the,curye at . 
• • r ~ ... 

_ r t _ .. 

the top. ' However, the matêriàl appe~rs -té be reasonably -
, 

clean.· The final product we.ighed 300. g and gàve a specifie 
, - -

<ir~V'i~Y' ~f '4 .. 1 g/ cm ~ 1 b~ pyenometer! measurèmen t: 
. 

T:Q.e sarne" 
• .... "., 

, . 
. -, , 

.. 
\ -

. -
~ •• ---"---"-~_.~--_ ... _.-, •• -... ~ ._. __ ... ~., •• , ....... -" ..... ~_~, Y.J" •• 
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Current (mAmp) r 

~, -

i 
38 MaqÎletié suscepfibility profile of .- ' , -

, - . ~ 

cleaned sphaleri te aample. Meas.ured " ...., , - . 
1 • 

on Frantz isodynamio $epa+ator'at 
, .. 

side slope-ZOo. 
1 • 
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sphalerite sample ,was 'used for tw~, col~ -r.\Ul"S, .w~shed be'fore 
.- 4 .. A 

,~ach run in. 0.02 M NaCN for 60 mi,nutès •.• 

~ize-a.nalysis of the\ thre~'samples is shown in Fiqur~ 39 . , \ 

(see section 4. 2 • 6 for tecttmique)" \. . 
4.2. 5.', Experimental Teclmique 

\ 

Three,expèrimental runs, with.four to seven tests per 
, , , 

run, are reported. Runs 7 and 8 were condu~ted wi~h ~phal

'erite. Tests 9A and 9B were conducted with galena; and 
1 • .. .. .. 1 

'9C to· 9G with galena and silica. , 

;' On tqe day of each r~ .'drift-flux'analysis,was 'per

fofmed to 'de~e~ne db 'and ~ as a f~ction of ,-V .. For ·ea 
, 0',' q 

r 6 mq/L of Dowfroth' 250C was added to bçth feed'water nd 
, .' .... 

ash water.· Sodium ethyl xanthate w~s· used 

runs (sphalerite being activa~ed ,first wit~ copper ·sul ate)~ -
, , . . : 

The reagent additio~s and the aperating fiowrates for 
. ' 

thrf!e run5 are 'summarized ~n Tables SA and ;B .. 

The experimental procedure ~s strùght 'forva d.. opon' 
... - "-_. - - . , , \ ~ 

oompletion of reagent eonditioping, fee~ 'an~ ~s w~er' flaws 

to,the column were started and underflow and a'r rates were' 

s.et. After reachinq . st~adY st'ate (l to 5 mi . te~) concén':" 
... , . 

trate ,and tailings samples w~re ~ol~ected r 3, minU:te~,; 
. , 

"This procedure was repeated for the remai ing tests. 
o 

The ob.jectivès of runs 7 and S and tests 9A-and'B were: 
, ' 

1. ~o measure thé effect f)f partic~é i~ up?,n cOllecti~n, . 1 

} 1 [ .. 1 

and 2. to measur,e the effect ~f 'gas rate ,u~n particle 001-
~ \ . t 

lection. 'l'hese tests wei:e' run a9 deserib.ed,. 
, ' 

Tb~ objectiv~ of run 9:was to measur~'~he effect of 

, , 

, . 

,1 
1 

,. 
" 

, 

, 
• 

~~~----~;~ -",,:,~~"'---:-r"""'":''''-'''''~ ~: '"~:""'--otWt+~';~_ ... ",,: .. ~_~ 
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. Materiai: 
Frother: 

'\ 

Tabl.e SA 

Reagent Additions'and Flowrates for 
Laboratory'column Run$ 7 and a 

; 

-
r,'" .... Run 7 Run, 

, '. 

a 

300g ZnS 240g ZnS -
' 6 ~g/L Dowfroth 25OC 

142· 

Surface C1eaning= 
Activation: 

15 min i~ IL ~.02N NaCN; filter' 
~5 min in IL 0.010%CUS04; .fi1ter 

Co11eétor: 0.0133 mg/g ~gtx ' . _ O. 042'0 ~/g NaEtx 

pH . 
(10 min conditioning in 45L) 

, " , natural (7) 
Temperature. . , 17°c 23°C 

Test i 0: 
°w °T OC o * ' 2 

cp s *~ QF/OT F !l 

(cm3/min) 
Ave; 

(X10 4) (x100,)' • 
" 

7B 562,- '1215 1481 296 353 - 2.6 0.028 
7C 612 11B6 .+246 552 225 3.~ 0.034 
70 581 1186 1387· 3ào 61 3.0 0.031 
7E 598 1205 1387 416 560 3.1 0.028 

8A 654 1100 1331 423. 3'53 3.7 0.039 
Be 556 1Q81 i150 487 225 4.2 0.040 
8D 588 1091 116Q 519 '61 4.4 0.047 
8E 604 1081 1272 " 413 353 ·3.7 0.036 
8F 647 Il,00 .1217 530 560 4.4 0,.038 

* Average between s~arger and feed point 

, . 

! 
L· ..-

-.. -.~.~ "' , _. "-" , .~, ... .. -

1 -, 



,~ 
'~. 

t 
~. 

~. -
r 

{, " 

j 
~, 
l 

~ 

r· , ' 

( 

, J'eed weight: 
~-Prother: 

Co11ector: 

pH: 

_" Temperature: 

Test" t 

9A 738· 
9B '750 
9C 773 
90 755 
9E 759 
9F 772 
9G 757 

" 

r ' 

,- -,--- ---~'-'-.,...--

.' 

'l'ablè·-BB 

·Reagent Additions and Flowrates for 
, Laboratory cbiqmn Run 9 

1167 
1167 
1157 
1157 
1157 
11.8 
1148. 

Ga1ena Conditionin9 
1 

550g' . 
6 mgl.L Dowftoth 250C 
0.0293 mg/g, NaEtX' . 
(IO'min conditioning in 
natural 

23°C 

1509 ,396 
1508 409 
1517 .413 
1504 408 

q 1506 . 410 
1513 ·407 
1512 393 

o 

o * 9 

225 
225 
225 
22\5 
224 -
224 . 
223 

, 2 
Op/Or 

,(XI0") 

3.3 
3.3 
3. )" 
3.3 
3.3 
a.3 
3.3 

./ 

45 L) 

~ * s 
. Ave. '-(x100_") 

0.047 
9~047 
0.43 
0.92 
1. 76 
3'.03 

"3.35 
~~ ~) 

* Average between sparger and feed point 

\ . 
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solids concentration. In tests 9A and B, galena alone was 
/' 

floated. For sUbsequent,tests, silica wa~ added to the fee~, 
, , . , " -' ~. 

tank Befole-each test, gradually inc~easing'the slurry denT' . .......-,," -

, si ty. The advantage of this method for controlling solids 
\ ' . \ 

content. of t~e. slurxy is that the concentration of floatable 

species remains low, an~ thus prevents the condition of,full 
. . 

bubble load ànd, hence l hindered flotatiqn. 

4.·2".6. j'ett, Product Arialysis 
. \ 

Eacl) test product-was weïghed, ,filtered, dried and , 

weighed again, to provide mass' flow rates of liquid and Isolids. ~ 
" ' 

Size a,na1ysis of the sp~al~r.ite products was obtainèd by hand 

,sieving in methanol,"using 44,' 37 and 25 um' sieves. s.ize 

analysis of the gëüena products from tests, 9A and 9B was by-: 
, . 

'a) microsieving in methanol at'74, 53,44,37 and 25 }lm,' 

'~nd b) sedigrap? anal~sis in met4anol of,t~e -25 vm fraction~' 
, b • , 

The unsized p~oducts fr6m te~ts 9C to 9G"co~taining 
, , 

galena an9, silica,.were as~ayed for i~ad content 5yatomîc 

absorpti,?n. ,:!-,he sarnples w~re d~gested in two s€eps:, i;n 
, ' . 

36 mIs HCl (poiled almost' dry) ,- then in 10; mIs HN0
3 

(boiléd" 

dry) ; 

: 4. i. 7'. , Data Analysis 

A fraçtional çollect;ion -recovery. RK. of, a size f:aO"1::iO~.' 
, . 

was '(l-etermined from' ·the ra", data'~, Of· more interest is the .. . \'" 

, 0 ,~ 

rate 'const~nt k l and l qol1e7,t~on, e,fficiency EK., "rhe' rate con-
<::< ' .',. 

st,~nt is usual,ly measured by coll~c.tin~ conç:el'l.trate over a 

period'Qf'time .i~ a hatch te~t. ' ~his ~s not posslble iri a 

,; single con;tinuous, te,st.· Héwever, it is' feasible to'estimate , 
P, 

. ' 
.' 

, .. 

") 
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rate constants from ~ .ç:olumn :te'$t if. a relatively pur.::~in-.

eral sample and a na~row 'size range'is employe~. The proee

duré "employed ~re was as fo11o~s: 

~he recovery and mean residenée time of a particular size 
• ." J • 

. class was ~~asurëd., If 'plug flo~ was as~~ecf thèn the' ràte 
, 0 ...' ,., ~ 

, , , 

constant could be èstimated from th~ application of equation 
'~ !. , . - .. ~ , 

2.5. ~However, sinc~ ~he 'dispersion coefficten~ of the l~r-
, , , 

atory column was known, it was possible to aC?coimt fo~ mixing •. 
. . , 

For a given s{ze·fraction,.N' (= 0 u ./L) was'estimated and,' 
, P. P p1 ' 

.. t ~ ~ 

toié~he~'with Rx' was used to iteratively calculate ~T~ by 

equ~t"on'2.1Q. ,Knowing k'rp. and.'Tp ' gave~. (Fx:om-Table 7, 
,'2 ' 

~t = 18 cm,/s at Ut - 2 çmfs (which ls typical Ut in the col-
0. 

~ tèsts) and:~g' l1li 0f28. cm/s. Xt ia shown'latar that 

D· l1li Dt. For other 'gO rates it was assumed that 
P. 

D 
.P 

. , 

(see Sfotion 2'.1,,1) .. ) 
~ 

Knowing k, v 9 ~d d~ ""- Ex is then' gi ven by equation 2. :4,. 

. , 

• 6 

. . . . ' , 

"'J": " w ~ ... 4 ~ ~ 't • ~ 

• ~~ ,~ j ~ -- • { , ~ 

''. 
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;-

• DATA 
" 
~ MODEt. : ~,=1~ min , ' 

Nf=O·476 

c 

.' 

:& ~ DATA " 

008 .. - MODEl. : ' -r-12-$)nin 
, C~ NI&O.~~8 

t', 

f 0.06 ,O.45m-
c, 
~ ('1':1 

. '. 004 

,'Q02 
(. 

" 

.. 
.If. 

\. ê 10 20. 30 

~ TIME (min) 
" 

.- '--.,. 

, 
r ~ 

, .. 
'; . 
," 

41 ' L~quiêl RTD"s (norma;'ized) for the col-

,leç:tion zone o~ the plant 'colUInJis. 
; 
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, , . 
colU1lU'1s in.,. F.J.gure 42. Th8 radial dimension of thè .~r • 

, . " 

, sect10ned eo1umn 1s eharacter1zed by eqÜ1 "Àlent di_ter 
, , 

. (~.52. and 1':03 ',JIl). ,The 1nteÎ:val .. ~ra 'for the Maqnuasèn. (25' 
• ' 5 

'd4ta'· r~fi.ct that 'hi ..... ~ 4i.petaion ~.coeff1ç1ent.a' .. ra 
4 • lit • ." ~ ~, ~ ...", _ ._ 

--( 

. average values obtalneél' aver a via. ruile' of .uper~1cial gaa.' , . 
.. ' '.. -, '. • Ir , "t • 

ve'locity, (1 ta' 10' ca/a). Ga.' velOcltié.·.u1 the' flo~ati()n 
• , • ..'. ' ." l • • '. ." ... ~ . '~ 

\ ' cQIUlUl* .. re 1.4 'anet' 1.8 cm/., .~o it vould ~ ~ç:ted' tbat .the 
• • t 'A • ,,'~ • , 1 ~ .. • t J J" 

: diàpet:a10n cœffic!enta of 'the f1ota~ion ~oiumn. ','WOUld fall ât 
• '- t" ~ :..' • ~ t" j ~ (~ '" ~ 1 ",.. ' ~'. oF " ~', .) " 

. the l~r end of the Kap,*.èQ.. d.at. ,range. ,iJ.'h1.. la the c •••• , 

. l:,~'l~ed ~ ~~~e ,~2.'~. ~ ~~ dAta- 'of 'Ride' ~t ~~ (i~:1,~9. fdi. ' 
.. , . . ' , ' ~ 

eolÙIiD ' di_tera . frOID 0 ... 1 ta 0.3 'ID .. 
.. / ,~ 1 

- , 
The.1..r· 4ata hAve :&.en' . " 

, , 

.. .. , ,/ 

" av~raged ovèr, 9a8 Yei~?t";le., froa l ~ 0- 'to 3:',3 cal •• 
, ' " , xt "thé da~~ '.~rf~cial' ~a's _ V411~1t:L~',ai"~ co~_: '. 

à1~~ed.,' 1~': ~~ •• t»a; ,If, ;. 'J, 'Ici" lUge ~ i;oi~; ~1~9 " " ",' ~ 
the ~f~~~t of v

9
• pfO:t"."flotatJ.o~' c~lwm •. vith de' >, ~;2 • ~,\', ',,' 

operat:i~9":at 9aS, veloc,1.ti~8 befween 1: and 3 -œta (a. :1a typfcal) , 

t;he d1.~rs1~~ Coélh.c1~t'1.aPJ'rox~te4 ),y,' ",',' -
, , 

- . (5.,1) 

. , 
, ,where de i8 the equivatent col~ d1ameter, in metera. 

, , .. , 

5. 1.'2 So11da' Dispersion 

• 'T~e manqanese-a8says for, the tailinga stream of'the'O •• S m, 

'column . are 91 ven .~ Table lQ. 

backg~unc1 man9an.~ contènt. 

".JIn 1;0 total tracer Mn' -.Ûred 
r 

, , ' 

The aasays are correc~ed for, 
~ - 1 • " '4'..\ ,'!he ratio of total b ck una 

over the d~a~ion' ~f the '. e~t, 
. ' . 
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• Table 1'0' 

. l '~ 
- Manga'nese Assays for 

r ' , 
" . Tailings Samples of 0.45 meter column 

~... 1 1 '" f ; 
,0 

Mn Assays (ppm) are corrected zor background 

Time Size Fraction -
(MinF -40,0 mesl! ' +4'00 +27 +200 , +150 

':'270mesh -20 àh _lSOme\-l~OmëSh . 

B~ékgr,?u~d 486 380 313 . 5,00 490 
'. 

';; 

..... ( • . ' 
1 III 45' 270 3'94 "176 
3 1617 1 -5344 1091d 18500 \ 

, 
13020 ' 

5 1871 5569 11400 . 16300 10543 . 
7 ,1778 .. 5372 10080 14180 , .6890/ 

10 1098" 1 
"2745 5880 5610 2092 

:16 ;434 1~8B -2370 1890' 620 . 
20 . 255 559 798, 400, 161 

• . 
c. 

, - . .V . . 
(Total 
Baëkgrou?d . ' .- . , 

Mn) . 
O.5E! 0.15 0.0.6 ' 0.08 "0.1." , . 

(Total 
T •• " 

c ~. .. Tracer· ~) 
" . . 

.;. 

... 
... • ; , . 

"\ 
l -, 

\ " ' 1 

~ ... , 1 

" . " , . ) 

(l .! 

, '. ., " 

, ' 

l 

l ' 

1------- ---
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" .~ 1 
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l, ~ 1 

àlso shown in Table' 10, ~s betWeelf 0.06' ,an" 0.J.5 for the- four 

s1ze fratt1.ona iar:ger ~han ,400 me~h. ,aàwe\rër;' 't~e ratio ia' 0~S6 
for'thé -400 meah fraction, this'fraction 1s not considered , 

, '. : ,'" ... f!W~' '\~ -::" ' , ' ~ 
" . 

,.' -'. • • ~I,', , ' ' • . ' \ 
. . ".rhe meastttea 'and fl ttéa'. ~~paaliled .:!' for" b02 irf thé , 

further~ 

" ' 
'0.45 iD col~ are .giv';n 1ll PJ.gure ;C3' and ~ flttec1 .1x~ 

'(, . ' -w., t.. 

par_tera are.awaarj.Îe4 ~ ~abi.,,11.' ·fte:'~r bah'of 

Fl~è 43 r"pre~t. 't' ho .~IU1~~ '~~"tl~~, "~~b~:.~,.~~ 
" 

for, analyt1cal errer ('of ~2' l::elat.1va atanct&:ra' &,v1àt1cmJ" 'SUb-
, ,--r' ~ 1 1" , • " 1 '. J ~' , • 

tràctiori,.of back9~und ~,' ~ 's-.plug :~#Or;: .. ~1ute4' by, the -

.. th~ ~f Gy(84"-. 'It 18 '~idènt ~t: the" di .. pe~.'lon- ~f·f1.C1.nt 
, of '~he ~rt.J.c~.~ ~8" ~o~~' ~~ ~·1~if1CaDt·lYI:.~:l~ 'PartlC~: .1~_ -. ' 
p~, 1 t ~ ~ ~.-

and 1~ a~lar ta tbat. 'O~'I'~ 11~d~, Dp a~ •• ge ;.; 0-t 035 .,.2 (~, , . 

coça.i:ed ,wlth Dt. .' ,0.033 ~?·l.. T~,' for large coluaml at loW' 

air J;ates " 

D - D P 'J 

1 

=: ~~063 d~m2f .. " 

" , 

" 

'~e~~éU~~d me ... ,!'e.14~!~'"t~. o.f ~ f~ ~~CIa~; '. : f ' , 

using _eq~t1,?ntl, 2.,1'1. and 2.'~~,r ~,r~ ca,lPut~ted, iD'"Tabl~: 12, ahcl , < ~ , 

tru, ~~e~iftèdc ,and me~~ured ~ ~ V8 CV are l>lot~, ~ ,r:i.~ :44. '. ': , 

Agreement bet;ween ~8ure.d.and· pred~ctea val~~. 1.'.9004'. f, _ 1 

.. ", , t • , • .., , ! • ~ 

, : 

" -
" , , . 
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F}.t.te4-Dispetsi-Q~ 1IIarame,~.:.for, 
-~P2' > ~articl~s~;in Q.45, ~e~eY:-OOl~ 
___ -.:........:..--::._~-____ ...:......:..··· ____ .,.i .... , -' •• -

, 
1 

, 

", .... 

Si ze :r'n:te'~l' d'· 
l' P> 
(~m') . 

, :rp N', ' 
, p', 

E) . RMS E;rrO'1' 
P \ 

, " .:' , (mesb) - , 
" f ' .. 

• ~ j 

.. ' +400-27Q 

..s. 
ri 

, :,"2?·P-~OO,. 
+2.0Ô-.l~'O ' 

.... , 

+150-100" 

Soli-ds Average 
r ;. \. !'" 

water 
, ,} 

'. 

44" 

; 63,/ 
\ . 

,1., 88· 
, . . 
las. " 

• 

(min) 

9·.7 

9.0 
'.' 

- 7.3 

6.0 

. ' . . 
" 

. (Jl!2/a)'-" 
, 

, ··0.~39 '0.03-7 
~ 

, , 

, '0.17.4' 0~~2~ , 
, . , 
0'.186 0'.038 

0.143 0)036 . 
loi 

,'0.03-5 ' 
\ ~~ \. 

-','0,278 . O~ 03~' ~ : 
, " 

, , 
~ , J" .. tt' 
~G~fmetric_~ean, of ~èsh'înté~~l . , 

d .J p , s, fitteÇ! 
• ,r - " .. 

. 
. <XlO2) 

.. 
0.31 - 1 -" 

0.32 , 

, 
.. 0 ~43_· 

0' . 
, 

0.'38 
, -

~ 0 • .36 - . 
. " 

" , 
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, 
> • . -

, 

,
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.' 

. " 

'. < , ,-

1 \ 
_ ',.. ~ f ," J ~ 

, 
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l' 

-,44 
\ 

63' 
"" , 'J 

88 .. ~~ 

125', 

tSee Section 4.1.2 
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~ 0.19 
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,Prédi,étion of Tp f~r 0.45 Meter Oolumri 
.' , 

COnditions: 

- ' 

d . 
P 

up't 
( lJm) (~mJs) 

44 ' 0.32 

63. ' 0.62 

88 1.13 

125· 2.05 

." 

Pp , . 

~ ",= 0.913 poise, (9° C ± 2°) 
,., ~ 

- , 

.... 

, ,); = 0'.006 (ru 2.5 wtt 'solids) \ 

UR. = 1. 3 _ cml s 

~ , ~'1 2: ~ '6 min 
R., ~, - , 

,.80 

-
~ .67, . l' 

',53 

.38 

; , 

T p 

Pred. 

lO~-l 

-8.4 

6.7 

4.8 

" 

(min) 

Meas.' 

9.7 

9.0· 

7.3-, 

6~O 

.J 

# \!IIi wul,em ..... : 
, ' 
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. ,( 
• .. and R~ curves (Figure 40).,'In the O.~5.m.column, 99.8' of 

'the 'measured'f1~ore~~e1n re~rted ~o· t~e taili~~s Btteam ànd in 

"'·t~e ~ •• 9 ~"C01~, ,99. ~~ :.repo;te~ ,te ~h~ ta11i:nqs •. ~n both,' 
. ' . 

cases, 8:ppro~1matèly 18' of' the, dye was unacc?UD.ted ~or .a~ 1s .a' 
, ... 1 ~ , '. " .. 

assumed ta' ha.ve. ~el). 'adaorbed by 'solide;) From a flo~ b.elance 
, r CJ' .. 

, ~-

- - 1 • , 

it wa~' àete~ned t~t tne concént~ate.water fram the,O.4S'm 
_ ft ~ ." t i 1 ~ t 

, " ,c~~umn was b0mp6è.d of: 5'~ 'Original- feed w&:te:r and 95' 'w~alÎ , ., ~ _ ~ ). ~ ~ - , ~:' 

water, -wtli.le c6ncentrate trlater from the 0.9 ID c01umn~was' '8', 
1 ~ • 1 

,;.,. 1 " • ,'~ " 1 ..... ,'" ," .., '~... f v 

- ,or191na1 ffted r water ~d 92" 'wa~h w"ter. 'T~' washWàt.er '1a: 

" ' , 

. ~ ~ ' ... \ ~\ 1 \ .. '"' , • ' , 1 1". r • ,; 
110 • " -, 

ev1dently vety. effective' in preventin9' feed wate~, 2ibd' thu~ en- .. 
r;. 41' ".' ~,;* l • ~ .,r' r _ ~ 

" traine~ gangue. parttcfes, ftom reaching ,the concentrate., > 
• , J ,+"' 

" .. .> 

, ',5.2 Labcir&tory ColUmn: 'Partic1é Co,lleetion' 
.. • ,'\.I 
1 • 

. ' 
t ' 

, 

:5.2.1 Dr:ift-Flux Ana~ysis 

The g.as ,holdup _açur_~nt8 ~f6,r %'lins ~ ?, 8 and '9 are pre

__ ,'_a'en~fi'~ i~, ~~é' 4~: ln terma oi tbe drJ.ft-~1UX .grouP1n9~" 
~tiO~' 4.17. A va1u~' m .; 3.1' (eq~t.~on 4.16)' 1~e for 

" 1 .. '" ~ - ~ ~ :., . .. 
t~e range of' Rab co~ered in "t:h~ 'fest8., Tabl,e ,:1.3- ,.UJIIIIlât1zea the 

, ~ ... "" / .... 

results of the d~ift flux ,analya!s.' A correl~tlon bétween thé 

: volumétrie m'lflJl bubble d~axne~~r' ~ a~d .Ôr;, i8 obtained .~~' the, 

8 setl,~: data in Table,l~ when,loq 0g i8 ~~p~r~d'to log 3b. 

'~_ .. 0 0257 Q 0.,25 cm 
" .• g' 

($.3' 
, , . 'l 
- '\ 

" 

> , 
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Table 13' 

Drift Flux Ana1ysis of Runs 7, 8 and 9 

m = 3.1 

t 
Run # Qg , K UT C , UT db Correlation 

-0 0 Coefficient 3 ' --
-(cm /mln) '(cm/s) (crois) (cm) 

7 113 9.19 0.82 9.48 0.0845 0.95 
230 10.91 0.82 Il.24 0.1000 0.97 
362 12.42 0.93 12.80 0.1150 0.95 

"', 572 13.71 0.93 14.13 0.1280 0.98 

8 230 Il.46 1. 23 Il.82 0.0995 0.97 
36~ 12.74 1. 45 13.13' 0.1120 ,0.99 
572" 14 .17 1. 53 14.60 0.1260- 0.94 

", 

9 225 11.86 1. 24 '12.23 0.1030 0.99 
, 1 

Run 7 Co = 0.44 + 0.178 )Rg Qg 0.85 

R,un 8 C = -;0.583+ 0.775 log ,Qg 0.98 -0 

f~ 

a 

t from equ~tion 2.12 

, , 

'" 

, . 
l.J"" • ' 
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Dowfroth 250 C at 6 mg/L~) Then, the area mean bubble dia~eter 

is given by 

_ 0.0239 Q 0.25 
9 

(5.4) 

/ 

The drift-flux results can be used to determine the bubble 

conditions prevai1ing during each test, inc1uding ~ , dbA , and 
9 1 

us. These are shown in Table 14. For db' bubb1e rise velocity 

ub is given ~y us' Since the relatlonsh~p between db and ub is 
l 

approxirnately linear Qve~ the'region'of concern here, it is 

reasonable ta let ub = 0.93 Us for dbA . 

AlI the operating conditions for the.taboratory column 

runs are summarized in Tables 8 aqd 14. 

5.2.2 Flotation Tests 

Tests 9A and 9B: Galena 

Size analysis of conceritJates and tailings ftom tests 9A 

and B are given in Table 15, a10ng with· recovery·values for 

each size fraction and the back-calculated feed size dis tribu-

tion. Table 16 presents the calculated rate constants and 

collection eff~cienc~es, and EK vs d
p 

is surnmarized in 

Figure 46. The peak in EK (and the peak in recovery) occurs 

at approximately 30 ~m. 

Run 9: ,Galena and,Silica 

The resu1ts of the galena-sillca tests are given ln 

Table 17 and Figure 47. The rnost notableA result is the 
~ (. 

1 

/ 

l 
l 



" 
Table 14 

Bubble Conditions of Runs 7, 8, and 9 

(1) (2) 
Test 41 db d bA 

(cm) (cm) 

7B 0.1126 0.1047 
7C 0.1002 0.0932 
7D 0.0713 0.0663 
7E' 0.1270 0.1181 

8A 0.1126 0.1047 
SC 0.1002 0.0932 
8D 0.0713 '0.0663 
SE 0.1126 0~1047 ' 
8F 0.1270 0.1181 

9A -+ 9G 0.1030 0.0958 

. (1) from equation 5.2 
(2) from equation'5.3 

, . (3) from equation 4.15 
(4) from equa,tion 4.13 

(3) (4) 

~9. Us 

(x100% ) (cm/s) 
-~ 

5.95 10.92 
3.90 lCL28 
1.51 7.92 
9.00 Il:27 

5.92 10.73 
3.81 10.33 
1. 33 8.38 
5.82 10.79 
8.80 11.20 

4.03 10.41 
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Table 15 

Size Ana1ysis and Recoveries 
Tests 9A and B 

Partic1e Size d Size Dist (wt%) j Wt% P 
Fraction . averaSte Cone Tails Feed Rec':i 

'c> 

( llm) ().lm) 

9,A 

+53-74 63 4.88 8.54 6.40 44.7 
+44-53 48 Il. 86 Il.45 Il.69- 59.5 
+37-44 40 14.51 7.11 Il. 45 74.3 
+25-37 30 18.92 6.66 13.85 80.1 
+15-25 19' 27.90 12.59 21. 56 75.8 
+11-15 13 12.71 15.90 14.03 53.1 
+ 7-11 9 5.98 17.88 10.84 32.3 
- 7 5 3.24 19.86 10.12 18.8 

" 
Total Rec'y = 58.6 

9B 
\1 

+53-,4 63 4.65 7.98 5.94 47.9 
+44-5;3 48 15.41 9.54 13.13 71. 8 
+37-44 40 14.29 6.75 11. 36 77.0 

,+25-37 30 22.37 7.00 16.41 83.5 
+15-25 19 24.89 19.59 22.83 66.7 
+11-15 13 11. 26 22.69 15.69 43.9 
+ 7-'11 9 4.97 15.12 '8.91 34.1 

-7 -5 2.16 Il.34 5.72 23.1 

Total Rec'y = 61.Z 

( 
1 

1 

1 

1 
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1 Table 16 

Rate Constants and Collection Efficiencies 
Tests 9A and B ~ 

d 'u +u 
(1 ) 

N 
(2 ) 

kT (3 ) k EK 
(4) 

p p ~ p P 
Tp 

( -1) '" 
'-<, 

( j.Jm) (cm/s) (s) ,s (% ) 

9A 

63 3.59 0.043 0.61 33 0.0182 0.36 
48 3:09 0.050 0.95 39 0.0244 0.48 
40 2.86 0.054 1. 45 42 0.Oj45 0.67 
30 2.62 0.059 1. 76 46 0.0384 0.75 
19 2.43 0.064 1. 54 49' 0.0312 0.61 
13 2.36 0.066 0.80 51 0.0157 0.31 

9 2.32 0.067 0.40 52 0.0077 0.15 
5 2.30 0.068 0.21 52 0.0041 0.08 

. 9B 
" 

'-~------63 3.59 o . 043 ~---- 0.67 33 .0200 0.39 
48 3.09 0'.05-0 1:34 39 .0345 0.67 
40 2.86 0.054 1.58 42 .0376 0.73 
30 2.62 0.059 1. 98 46 ~O432 0.84 
19 2.43 0.064 1.18 ',A9 :,0239 0.47 
13 2.36 0.066 0.60 51 .0118 0.23 

9 2.32 0.067 0.43 52 .0083 0.16 
5 2.30 0.068 0.27 52 .0052 0.10 

I} 

(1 ) Ut = 2.29 cm/s anè:::-ü from equation 2.14 
p 

(2) N 0p/Up 
'2 

'l" Dp = 18.5 = ; 
p p 

(3 ) from equ~tion 2.10 

(4 ) from equation 2.4 uS1ng d bA 

o 

-==-
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• 9A 
• 98 • . ~. 

5 10 20 40 60 80 

Particle Size (liJm) , 
1 

46 Column tests 9A and 9B;" E
K 

versus d
p

. 

( 
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1 Ga1ena Si ica co1umn Tests 

~ \ Samp1e 'iPbS -' %Si02 % Reeovery Ave. 

,~/ To~a1 PbS sil5ï! Vol % 
\ 

Wt!. Solids 
i 

C Cone 98.3 1.68 2t 72.3 O.-53 0.43 
C Tai1s 10.6 89.4 

D Cene 94.2 5.78 13 5 76.7 0.93 0.92 
D Tai1s 4.46 95.5 

\ 
E Cone 88.8 11.2 7.~9 79.3 0.97 1.76 
E Tails 1. 99 98.0 l' 
F Cene 81. 7 18.3 ,s. 2\4 79.1 1.0 3.03 
F Tai1s 1. 20 98.8 '1 ' 

G Cone 75.3 24.7 4.4
1

9 81.4 1.2 . 3. 3S 
1 

G Tai1s 0.81 99.2 

A Cone 
i 

58.'6 58.6 0.047 

B Cone 61 2 61~2 0.047 

, , 

/ 
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47 Column run 91 Galena recove y versus 

volume percent,solids. 
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increase in galena recovery as ,% .,sblids is increased; from 60% 

recovery at 0.047 volume % soi~d~ ('Ô~3S weight %) to 81% 

recovery at 3.35 volume % 'solids (21.4 weight %). As wel~, the 
1 

silica recoveries are aIl approximately 1%, which agrees with 

the rneasured short-circuiting of water (Figure 35). (The wide 

s1ze distribution o~ the galena prevents measurement of rate 

/ constant~ from these data.) 

Runs 7 and 8: Sphalerite 

The results of Funs 7 and 8 
( 

and Band 19A and B. The weight 
" . 

\ 

are summarized in ~,ble~ 
% recoveries are g1v~n 1n 

18A 

~~ Table 18, and the rate constants ~nd collection efficiencies 

pre given in Table 19. EK vs v g is surnrnarized in !Figure 48 and 

k vs v ïs summarized in Figure 49. As gas rate is increased, 
9 

collection efficiency decreases, while the rate constant in-

creases, reaching a peak for sorne size fractions. 
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!' 

e Table 18A 

Results: Column Run 7 

Partlele Sl.ze d p Size Dlst. (wt%) Wt% 

Fraetl.on ave. Cone Tails Feed Rec'y 

( ).lm) ()lm) 
\ 
\Test 7D: v = 0.089 cm/s 

\ 9 

+44 50 15.0 4.7 7.5 . 55.5 
+37-44 40 '. 23.0 7.6 , 11. 9 53:9 
+25-37 30 , 42.8 44.3 43.9 27.2 
-25 20 \ '.' 19.2 43.5 36.7 ~ 14.6 
Total \ 27.9 

Test 7C: 'Vg = 0.327 

+44 50 12.9 3.~ 7.9 78.2 
+37-44 40 2~. 2 5.1 19.3 78.6 
+25-37 30 49.4 35.0 41. 8 56.5 
-25 20 17.6 56.7 38.0 22.2 
Total 47.9 

Test 7B: v = 0.513 
9 

+44 50 12.8 4.5 8.6 74.0 
+37-44 40 17.4 5.3 Il.3 76.6 
+25-37 30 "43.5 39.8 41. 7 52.2 
-25- 20 26.3 50.5 38.4 34.2 
Total 49.9 

Test 7E: v = 0.B14 
9 

+44 50 11.9 3.5 B.l 80.6 
+37-44 40 16.3 6.0 Il. 7 76.8 
+25-37 30 " 49.9 35.4 43.3 63.1 
-25 20 21.8 55.2 36.9 32.4 
Total 54.8 

j 
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(,:> Table l8B 

" Results: Co1umn Run 8 

Partie le Siz.,e d Size Oist. (Wt%) Wt% 
P 

Fraction Ave. Cone Tails Feed Ree'l 
i ( }lm) ( \lm) 

Test 80: V ::: 0.089 cmls 
+44 50 12.7 g 3.8 7.7 72.5 
+37-,44 40 14.6 7.5 10.6 60.3 
+25-37 30 46.1 40.,6 43.0 46.9 
-25 20 26.6 48.2 38.7 30.1 
Total, 43.8 

Test 8C: v = 0.327 
+44 50 9.1 g 2.8 6.9 86.1 
+37-44 40 13.1 4.7 ;' 10.3 84.0 
+25-37 '30 40.1 32.2 3.7.3 70.2 
-25 20 37.7 60.3 45.5 54.1 
Total 65.4 

Test 8E: \>' = 0.513 
+44 50 6.7 g 3.2 5.7 81.8 

." +37-44 40 12.2 5.1 9.9 83.7 
+25-37 30 52.1 41.0 48.5 73.2 

? -25 20 29.0 50.7 36.0 55.1 
Total 68.2 

) 
Test 8A: v = 0.513 

- +44 50 9.7 g 3.2 7.7 87.2 
+37-44 40 12.7 5.5 10.4 83.8 
+25-37 30 41.'9 34.8 39.8 73.0 
-25 20 35.7 56.5 42.1 58.7 
Total 69~2 

Test 8F: v :; 0.814 
+44 50 8.2 g 4.3 7.2 84.1 , 
+37-44 40 13.3 4.8 Il.0 88.5 
+25-37 30 40.9 36.1 39.6 76.0 
-25 "20 37.6 54.8 42.1 65.7 
Total 73.6 

",0 
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Table 19A a l 

Rate Constants and Collection Efficiencies 

1 Co1umn Run 7 

, ---1 
d kT 

~ 
k EK ...E ' p 

( llm) (s) (8 -1) (%) " , 
! 

7D I1 / 
l 

Test v = 0.089 crois 1 g, 
1 

50 0.84 50 0.0169 0.84 ~ 
40 0.80 53 0.0151 0.75 1 
30 0.32 55 0.0058 0.29 i 20 0.16 57 0.0028 0.14 f 

i 
Test' 7C v = 0.327 i g 

50 1.68 53 0.0314 0.60 
40 1. 70 57 0.0300 0.57 

1 
30 0.88 59 0.0149 0.28 
20 0.26 61 0.0042 0.079 

·Test 7B v = 0.513 i 
g T 

50 1.46 45 0.0322 0.44 ~I 
1 

40 1.59 48 0.0334 0.45 
30 0.78 49 0.0157 0.21 
20 0.43 51 0.0085 0.12 

Test 7E v = 0.814 
g 

50 1. 83, 47 0.0393 0.38 
40 1. 62 49 0.0330 0.32 
30 1.07 51 0.0210 0.20 
20 0.40 52 0.0077 0.074 , 

Il \-, 

( 
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Table 19B , 
" , 

ri) 

... ' Rate Constants and Collection Efficiepcies 
Co1umn Ruri a 

" t~. f 

dl kT}2 ~ '" k EK ~ \'> 

( }.lm) (s) (5-1 ) (%) 

Test 8D: v = 0.089 cmls 
9 

50 1.37 56 0.0244 1 .. 22 
40 0.97 60 0.0161 

\1-
0.80 

30 0.66 64 0.0102 0.51 
20 0.37 67 0.0054 0.27 

1'0 

() Test 8C: v = 0.327 
9 (l 

50 2.23 55 0.0403 0.77 
40 2.05 59 0.0345 ' <> 0.65 
30 1.31 63 0.0207. 0.39 
20 0.82 66 0.0124 0.24 

C> 

Test 8E: v = 0.513 
9 

--... 50· 1.89 50 0.0377 ,. o. SI 
40 2.05 ,., 53 

1 
0.0383 .. . 0.52 

30 1.4'4 57 a.0255 0".35 
20 0.85 59 o. 0145,~ 0.20 

Test 8A: v = 0.:513 
9 

50 2.33 48 0.0483 0.66 
40 2.04 51 0.0397 0 .. 54 
30 1.43 54 0.Q264 0.36 
20 0.94 56 0.0167 0.23 

Test 8F: v = 
9 

0.814 

50 2.11 51 0.0417 0.40 
40 2.54 54 0.0470 0.45 
30 1. 60 57 0.0280 0.27 

:' 
0.19 20 1.19 59 0.0200 
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- -- run 7 ' 
-run8 

(' 

> 1.0 dp (}lm) 

A 20 
Cl 30 

0.8 0 40 

0.6 

0.4 

0.2 
_Â._ -- --. -----

I::J. -zr 
o 

0.1 Q2 0·8 

48 Column runs 7 and 8; EK ver'sus super- \ 
ficial gas velocity. 

( 
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... 

--- run 7 
- run 8, 

0.05 dp (urn) 0 

., . A 20 
c 30 

0.04 0 40 

0.02 

0.01 A __ -tr -- ---__ -- A --
6,-- -

Ql Q8 

, 

! 
( "1 

49 Colurnn runs 7 ~nd ai Rate constant 

versus gas velocity. 
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CHAPTER 6 

TESTING THE FLOTATION MODEL 

6.1 Partic1e Size and Induction Tirne 

1 
Galena: Tests 9A and B It is shown in Chapter 3 that a peak 

in particle size vs collection efficiency data will be ob-

served by the collection ~odel when it is assumed that induc-

tion tirne is constant with particle size. The results of the 

gaiena flotation tests, 9A and 9B, aiso show ,a distinct peak in 

the dp vs k (or EK) data. Since aIl the pararneters for the 

model have been measured, except induction time, the assumption 

of a constant induction time can be tested by comparing the 

experimental results with model predictions for different 

induction times. This cornparison 1s illustrated in Figure 50 

for Tests 9A and B. Three values of t. are shown: 17, 20 and 
~ 

25 ms. A good fit cannat be obtained. These model calcula

tions were perforrned using the average bubble diameter, dbAo 

The model result using a distributed bubble diameter and-

t. = 17 ms is also shown in Figure 50. The distribution of 
~ 

dbA is obtained aSSÜIDing dbA = 0.0958 cm with a relative 

standard deviation of 28%, and describing the distribution by 
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1.6 dbA dist#d 

J 
EK 

12 

(°1. ) 
0.8 -

0.4 

5 10 20 40 80 

d-p (}Jm) 

50 F1otation model fit to results of 

tests 9A and B, assurning t i =+ fn 

(d
p

) • For analysis with di~trib-
" , 

uted bubb1e diameter, anct~ti :17 ms, 

--- - --- -- the---àrSEnbution is equa11y sp~it 

between four bubble diarneters: 

0.065 CID(ub =6.6 crois); 0.087 cm 

(ub=8.8 crois); 0.104 cm (u
b

=lO.5 omis): 

. 
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four values each of which represents 25% of ,the bubb1es. The 

difference between using dbA and using the distribution of dbA 

1s not dramatic. The remaining ca1culations employ dbAo 

The induction time can be computed by comparing the 

measured collection efficiency to the theoretical collision 

efficiency. The ratio EC (theory)/EK (measured) is the attach

ment efficiency, EAo Induction time required to attain EA is 

then calculated'using the program SLIDE. These computations 

are summarized in Table 20 for tests 9A and B, u~ing average 

EK values from Figure 46. Induction time decreases from 59 ms 

at 5 ~m to 1805 ms at 55 ~m. 

Sphalerite: Runs 7 and 8 

The sarne method of calculating induction time can be 

applied to the sphalerite data of runs 7 and 8. These calcula-

tians are surnruarized in Tables2lA and B. Note that t i does not 

vary~signi!icantly with vgO However, the trend of decreasing 

t. with increasing d is again observed. For run 7, average 
~ p 

t. is 40 ms at 20 ~m and 19 ms at 50 llm, while for run 8, t. 
~ ~ 

decreases from }O ta 17 ms over the same size range. 

Silica: Anfruns and Kitchener (43) Data 

The results of the single bubble experiments of Anfruns 
1 

and Kitchener, shown in Figure 51, provide another opportunity 

to fit the collection model. Using the sarne approach as for 

tests 7, 8 and 9, t. vs d is computed at five bubble diameters, 
~ p 

Table 22. It is clearly evident, -sgain, that t i decreases with 

increasing d. (Note that attachment efficiency is between 60 
p 

and 90%; Anfruns and Kitchener assumed EA = 100%.) 
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'it Table 20 
~ ... ~ 

Induction Times for Tests 9A & B 

Conditions: dbA = 0.0958 cm Pp = 7.5 g/cm 3 

u
b = 9.68 cm/s CPg = 0.04 

11 = 0.0093 poise 

d EC (% ) EK 
(%) E (%1 1 ) t. (2) 

P A ~ 

(J-1m) (mode1 ) (Experiment) (ms) 

5 0.104 0.09 86 59 10 0.416 ; 0.18 43 51 15 0.93.1 '. 0.34 37 36 25 2.53 0.75 30 22.6 35 5.14 0.78 15' 19.8 45 9.56 0.62 6.5 19.2 55 16.7 0.47 2.B IB.5 

(1) EA (%) = (EK/~C) x 100% 

(2) from SLIDE 



, 
1 

1 
1 
1 

f 
t 

1 , 
1 
1 

Table 21A 

Induction Times for Run 7 

Condi tians: ~ = 0.0113 poise 
3 

p = 4.1 g/cm p 

Test # d EC (%) E
K 

(%) 
~ 
( llm) (mode1 ) (experiment) 

7D . d
bA 

=.0663 cm u
b 

=7. 4cm/s <p ==1.51%, 
9 

20 1.22 0.14 
30 2.74 0.29 
40 4.82 0.75 
50 7.57 0.84 

7C d
bA 

=0. 0932em u
b 

=9 .6em/s rpg =3.90%, 

20 0.86 0.079 
30 1.93 0.28 
40 3.40 0.57 
50 5.52 0.60 

7B d
bA 

= .104 7em u
b 

=10. 2cro/s cp =5.95%, 
9 

20 0.78 0.12 
30 1.74 0.21 
40 3.06 0.45 
50 4.92 0.44 

7E d
bA 

=0 .1181cm u
b

=10.5cm/s cp =9.00%, 
9 

20 0.72 0.074 
30 1.60 0.20 
40 2.80 0.32 

-- 5Q 4.33 0.38 

(1) see Table 20 
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E (%f1) t. (1 ) 
A 1 

- (ms) 

v ==0.089 cm/s 
9 

11. 5 38.2 
10.6 28.5 
15.6 22.2 
11. 0 21.7 

v =0.327 crois 
9 

, 
9.1 41.6 

14.5 24.7 
16.8 19.1 
10.9 18.7 

v =0.513 cm/s 
9 

15.4 37.3 
12.1 26.1 
14.7 19.2 
8.9 18.7 

v :::0.814 crois 
9 

10.4 42.2 
12.5 26.8 
11.4 20.5 

8.8 18.4 
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Table 21B 

Induction Times for Run 8 

,1, , Condi tions : ~ 
:::; 0.0093 poise ,/ 

4.1 g/cm 3 " 
r~' ~ 

p :::; 
rI. ~' p 

Test # d p EC (%) EK (%) E" (%"fl) t. (l) 
A ~ 

---
( llm) (model) (experiment) (ms) 

8D dbA:=0.0663cm ub =7.8 cm ~ =1.33%, v =0.089 cm/s - 9 9 s 
20 1.37 0.27 19.7 27.7 
30 3.07 0.51 16.6 21. 3 
40 5.39 0.80 14.9 18.8 
50 9.57 1.22 12.7 17.7 

8C d bA=O.0932cm u b=9.6 cm cp =3.81%, v =0.327 cm/s - 9 9 
" s 

20 1.00 0.24 24.0 29.0 
30 2.23 0.39 17.5 21.1 
40 3.90 0.65 16.7 17.2 
50 6.87 0.77 11.2 16.6 

8E \ d bA = 0 • 1047 cm ub =10. O~ ct> =5.82%, v =0.513 cm/s 
s 9 9 

20 0.91 0.20 21.9 31. 0 
30 2.03 0.35 17.2 21. 9 
40 3.55 0.52 14.6 17.6 
50 6.10 0.51 8.4 17.3 

8A dbA=O .1047 ub == 10. DE:!!!. <t> =5.92%, v =0.513 cm/s 
s 9 9 

20 0.91 0.23 25.2 29.4 
30 2.03 0.36 17.7 21. 6 
40 3.55 0.54 15.2 17.4 
50 6.10 0.66 10.8 16.3 

8F d bA=0.1187 ub =10. 4cm cp =8.80%, v =0.814 cm/s 
s 9 9 

20 0.83 0.19 22.8 31. 0 
30 1. 85 0.27 14.6 23.1 
40 3.23 0.45 13.9 17.5 r 

50 5.38 0.40 7.4 17.0 

(1) see Table 20 
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0.5 

--Theoretical curve 
froc1ion 1 meon sÎze (",m) 

Re-40 e A 40.5 
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• 0 1 B.O 
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o 
E 

0.8 0.9 1.0 1.1 1.2 

BUBBLE DIAMETER (mm) 

51 Experimental collection efficiencies 

of Anfruns and Kitchener(43) Gfor 

surface-methylated silica. 
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Table '22 

/1"" 

Induction Times for Da te!? 0 f Anfruns and Kitchen 

" )J;'0.01 poise 3 Conditions: Il =2.65g/cm u b 
from P , 

db d E
C

(%) E
K

(%) E (~f1) t. 
(1) 

p A 1 J. 

(cm) (fJm) (model) (experJ.ment) (ms) 

0.10 12.0 0.23 0.14 62.2 32.1 
18.0 0.51 0.30 59.1 22.3 
27.6 1.19 0.63' 52.9 15.8 
31. 4 1. 54 1.11 72.1 10.1 
40.5 2.55 1. 79 70.3 8.6 

0.09 12.0 0.25 0.18 71.1 28.0 
18.0 0.57 0.36 63.2 21. 3 
27.6 1. 34 0.81 60.5 

0 
14.4 

-v 31.,4 1. 73 1. 35 78.0 9.3 
40.5 2.87 2.02 70.5 9.1 

0.08 12.0 0.29 0.22 76.4 25.4 
18.0 0.65 0.42 64.6 21. 0 
27.6 1. 53 0.95 62.2 9.2 
31.4 1. 97 1. 63 82~6 8.8 
40.5 3.27 2.54 77.7 -'8.5 

0.07 12.0 0:33 0.26 77.2 25.5 
18.0 0.75 0.56 73.6 18.1 
27.6 1. 77 1.17 66.0 14.2 
31.4 2.29 1. 98 86.4 8.4 
40.5 3.80 3.17 83.4 8.0 

0-;(}6 12.0 0.40 0.36 90.7 17.4 
18.0 0.90 0.81 90.4 11.6 
27.6 2.11 1. 50 71.1 13.9 
31. 4 2.73 " 2.50 91. 6 7.6 
40.5 4.53 3.92 86.6 8.0 

(1) see Table 20 
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Tables 20 to 22 are surnmarized in Figure 52A where 

induction time is plotted against particle size. Average t i 

is shawn for the data fram Anfruns and Kitchener and runs 7 and 

8, ignoring any bubble size effect. It is evident that t. 

~ecreases significantly with increasing d 
p 

1. 

for d less than 
p 

appraximately 30 ~m,' and appears to be less dependent upon d 
p 

for larger sizes. The same data is plotted on logarithmic 

scales in Figure 52B. Over the ~ize range studied, it ~an be 

n assumed that t. oc d , where n is the' slope in Figure 52B . 
• " 1. P 

Regression analysis of log t. vs log d is summarized in 
1. p 

Table 23. For the four sets of data n = -0.75 + 0.25, for 

d ~ 55 \lm. 
p 

f 6.2 Bubblè Size and Induction Time 

The induction times computed from Anfruns and Kitchener's 

data are plotted vs bubble diameter in Figure 53. There is a 

distl.nct decrease in induction time with decreasing bubble 

diameter for d = 12 and 18 \lm, while there is only a slight 
p 

de~ease, or none at aIl, for the larger particle sizes. 

6.3 Gas Flow Rate 

In Table 21 it is clear that the ,calculated induction 

time does not vary with superficial gas velocity (i.e.-_~gas flow 

rate) for v ~ 0.81 cm/s. With reference to section 6.2 this g . 

is ta be expeétedi bubb1e dl.ameter varies· from 0.066 to 0.119 cm 

but d ~ 20 ~m. The l.mportant impll.cation is that the collec
p 

tion model correctly accounts for the effect of gas holdup. 
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t. 
1 

~) 40 

30 

20 

10 

5 10 

10 20 

• 9A&8 
~ 7 
,·8 
o Anfruns 

30 _, 40 50 

• 

Partlc!e Size (um) 
'" 

20 

Sphalerlte 
-. 

~7) 

~. (8) -~~ 

40 60 20 30 40 60 

Partiel. SIU (um) 

" 

Partie le size effect upon induction 

tirne, eornputed from results of runs 

7, 8 and 9 and the data of Anfruns 

and Kitchener (43) . 

(a) arithrnetic sealesi (b) logarithmic 

scales. 
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Data 

Tests 9A & B 

Run 7 

Run 8 

Anfruns & 

Kl tchener 

Table 23 

Correlatlon Between t and d 
l P 

log t, = A + n log d 
l P 

t = A~ d n 
l p 

t, ms 
l 

d - \lm p 

Number of Correlatlon 
Observations Coefflcient n 

7 0.97 -0.552 

16 0.96 -0.821 

20 0.97 ' -0.630 

25 ~~ 0.90 -0.950 

185 

A 

155 

448 

191 

277 
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___ D 12.0 
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40.5 

0,.10 

Bubble Diameter (cm) 
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53 'Bubble diameter èffect upon induction 

time, cornputed from Qata Qf Anfruns and 

Kitchener (43) . 
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Furtheroverification of this staternent is provided by 

cornparlson of the model predlction with the experimental data 

of Laplante et al(85). Their experiments were performed in a 

mechanieal cell designed to remove froth rapidly. Collection 

rate constant as a function of gas rate was measured. Also 

measured as a funetion of Q was bubble diameter. From v and 
9 g~ 

db' appropriate values for ~g and u b can be ealeulated using 

equatlons 2.12, 4.15 (VI = 0) and 4.13. To use the collection 

mode1 the only further parame ter required i5 induction time. 

From the calculations of sectlOn. 6.1 (Figure 52), a 25 0m---

particle oft~q~lena would be expected to have an induction time 

between 14 ms (very hydrophobie) and 30 ms (moderately hydro-
. t 

phobie). Table 24 summarizes the model calculations for 25 ~m 

galena using t. = 20 ms, as weIl as 19 ~m galena with t. = 25ms 
1 \ 1 

and 10.5 wm ga1ena with t. = 38 ms (n = -0.75), for the condi
l 

tio~s of the reported experiments. Model results and experi-

mental resu1ts are compared in Figure 54. While the~fit for 

the fine galena is only fair (requires a sma1ler value of t., 
l 

or refleets significant recovery by entrainment in the experi-

ments) the fit' for the 19 and 25 !lm galena lS very good. At the 

very 1east, it can be said that the model predicts the shape of 

the k vs'v curv€, as weIl as the location of its peak. 
9 

\ 
1 
! 

1 

l 
l 
j 

1 
! 
1 
1 
\ 
! 
1 
1 

! 

1 
1 

1 

1 
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Table 24 

Model Calculations for Data of Laplante et al (84) 

Conditions: -----<, 

.3I 
(L/min) 

1 
2 
3 
5 
6 
7 
8 
9 

10 

v 
9 

(crois) 

0.071 
0.143 
0.214 
0.357 
0.428 
0.500 
0.571 
0.642 
0.710 

(1) ln (r
b

) ::;;: 0.0789 Q 
9 

(2) From equation 2.12 
(3) From equation 4.15 

(4 ) From equat;ion 4.13, 

, 

11 = 0.01 poise 

d (1) 
b 

(cm) 

0.066 
0.071 
0.077 
0.090 
0.098 
0.106 
0.114 
0.121 
0.131 

(ref. 84) 

U (2) 
T 

(cm/s) 

7.74 
8.37 
9.11 

10.,6 
11.6 
12.4 
13.3 
14.0 
15.0 

(v t = o) 
_.~/:! 
/ .-

/ 

4> (3) 
9 

(xl00%) 

0.95 
1.8 
2.6 
3.8 
4.2 
4.6 
4.9 
5.3 
5.5 

(4) 
ub 

(cm/s) 

7.5 
7.9 
8.2 
9.4 

10.2 
10.9 
Il.7 
12.1 
12.9 

Qg; d ::;;:2511m ~d =1911ffi d =10.5jlm 
p 

-~ t~=25ms 
p 

t.::20ms t.=38ms 
(L/min) J. J. J. 

EK k EK k EK k 

(%) -1 (% ) 
. 1 -1 

(% ) 
Ô-1 

(min ) '(min ) (min ) 

1 1. 32 1. 28 0.83 0.81 0.36 0.35 
2 1. 22 2.20 0.80 1.44 0.34 0.62 
3 1. 22 3.06 0.82 2.04 0.34 0.86 
5 1. al 3.61 0.68 2.43 0.29 1.02 
6 0.89 3.51 0.60 2.36 0.26 1.00 
7 0.81 3.44 0.55 2.32 0.23 0.99 
8 0.70 3.16 0.48 2.16 0.21 0.94 
9 0.70 3.32 0.47 2.23 0.20 0.96 

10 0.63 3.08 0.43 2.07 0.18 0.89 
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.2 .4 .6 .8 

Vg (cm/s) 

54 Gas rate effect upon rate constant, 

measured by Laplante et al(BS) 

and fitted by the flotation 

model. See Table 24 for con-

ditions and model calculations. 

Laplante data 15 given by: 

25 ~m, k=2.10 Qg exp(-O.225 Qg}; 

19 ~m, k=1.64 Qg exp(-O.2l5 Qg)i 

10.5 llm, k=1.23 Qg exp(-O.216 Qg) 

where Qg is in L/min. 

f 
j 
1 
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FLOTATION COLUMN SCALE-UP 
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A conC1se yet effectlve sca1e-up model for column f10-

tation 15 proposed. The methodology 1ncludes: 

1. laboratory measurement of collecti@n rate constants of 

the component mineraIs, 

2. calcu1~tion of collecLlon zone recoveries for the plant 
r 

co1umn, 

3. lnterfaclng of a variable cleanlng zone recovery wlth 

that of the collection zone to yle1d a grade-recovery 

relatlonship, and 

4. ensurlng that maximum bubble Ioad 18 not exceeded. 

Mea8urement of Rate Constants. It is essentlal that the 

laboratory tests for measurlng the dlstributlon of rate con-

-
stants be conducted under the followlng condltions: 

(a) minlmal short-clrcultlng of feed to the overflo~, (b) no 

partlcle return from the cleanlng zone, (c) operatlon at 

close to plug flow conditions, (d) samp]e collectlon with 

tlme, (e) a flotation time long enough to determlne the rate 

constant of the slow~st floatlng component; and (f) maXlmurn 
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bubble load is not approached. Condi tions (a), (b), and (c) 

are satisfied by using a laboratory, co1umn design similar to 

that desCribed in chapter 4. Condition (f) will usually.be 

satisfied as weIl, since the length of bubble ri se during 

collection is only about 1.2 m. 

To attain condi tiotns (d) and (e) the column is operated 

ln a sequential manner. A typical test iG conducted as fol-

lows: Flrst, the test feed ls conditioned with reagent(s) 

at the desired level. Solids are allowed to settle and water 

lS decanted, ta be used as wash water (with sorne make-up 

water if necessary). 'l'he first column test is performed at 

a downward slurry ve10city of approximately 2 cm/si i.e. a 

flotation time of about l minute. (The column is pre-filled 

with water to start the test.) 

Concentrate is collected and retained for weighing and 

analysis. After flotation of aIl the feed sarnple a second 

colurnn test is run, using the tailings from the first run as 

the new feed. This process is repeated several times, ln-

creasing the flotation time (by decreasing downward slurry 

velocity) with each stage. 

In this manner recovery vs tlme data for each component 

lS obtained. The distributlon of rate constants is estimated 

from the time-recovery data using the two rate constant tech

nlque (k-fast and k-slow) described by Kelsall(86) and used 

by Lynch et al (87). If necessary, this procedure can be re-

peated at a few gas rates. 
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• 
Calculating Collection Recoveries. Recovery in the collec-

tion zone is calculated using equation 2.10, which accounts 

for rnixing in the plant colurnn. Particle velocity and mean 

residence tirne are estimated from equations 2.12 and 2.11, 

and the vessel dispersion nurnber D is estimated from equap 

tion 5.2. The use of equation 2.10 assumes first-order rate 

kinetics; pulp density effects are ignored. The total col-

lection zone recovery RK of a mineraI component is the weight-

ed sum of the two recoveries that are calculated using k-fast 

and k-slow. 

Interfacing the Collection and Cleaning Zones. Final re-

covery of each component is calculated by assuming a value 

for the cleaning zone recovery ~ and applying equation 2.19, 

(2.19) 

A typical cleaning zone recovery is not known. However, by 

repeating the calculations for a range of ~ a grade-recovery 

relationship ~s obtained, as described in the example of 
/!'Io 

Table 2. (It is expected that RF can be estimated in one of 

two ways: (a) by comparison of the scale-up model with ex-
. 

isting columns, or (b) by comparison of the true solids hold-

up (as obtained by measurement of pulp density throughout the 
T-

collection zone) with holdup predicted by a colurnn material 

balance. ) 
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Testlng for Bubble Load. As prevlously dlscussed, overload-

ing of gas bubbles can be a slgnlflcant Ilmltation ln f10-

tatlon co1umns. The final step in the scale-up calcu1aticns 

is the estlmation of bubble load at the top of the recovery 

zone. If the calculated load exceeds the maXlmum load, then 

recovery calculations are repeated uSlng a shorter collectloll 

zone length. MaXlmum bubble load J..S estlInated by assuming a 

monolayer coverage of particles at fractlonal packing denslty 

y. This load, expressed as rM, the mass of SOllds per unJ..t 

volume of gas, 13 calculated by conslderLng the coverage on a 

slng le bupble: 

2 ct TT db Pp Y 
r M 

::= p (7.1) 
li 

db 
3 

6 

WhlCh reduces ta 

r 
'M 

(7.2) 

The actual bubble loàd fC lS estlmated by 

[' 
C 

where OF lS 

OF Ps ~p (1 + TR) RK 

0g 
(7.3) 

the volumetrlc feed flc# rate, Q is volumetrIe 
9 

gas flow ra~e, lS the feed volume fractIon SOllds, , 
s P 
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15 the density of the feed sollds, ~ is the fractional re- c 

covery of the collection zone and T
R 

is the ratio of solids 

mass rejected from the cleaning zone to feed ma55. rC cannot 

exceed f M. 

The calculation for recove~y assumes that the top of the 

bubble is not Ioaded with particles, and that the reaction 

rate i5 first order. In fact, as the bubble becomes loaded 
u 

with particles, the reaction rate changes gradually from 

tlrst-order ta zero-order. In the scale-up model, this grad-

ual transfer lS approxirnated by assuming that bubble Ioading 

continues as a first~order rate process until 80% of the bub-

ble surface i5 covered, and then collection stops. For these 

calculations it is assumed that y=l for the 80% of the sur-

face that is covered. 

A f10wchart of the scale-up computer program, COLUMN, is 

shown in Figure 55, and the program listing (in BASIC) is 

provided in Appendix 2. 'Table 25A illustrates an input for 

the program and Table 25B shows the results. The example is 

for a molybdenum cleaning stage with three mineraI components: 

molybdenum, chalcopyrite and gangue. The rate constants and 

operating conditions are hypothetical. Note that at a froth 

recovery of 60% and lower, the bubbles become fully loaded 

and the effective collection length is reduced 5lgnificantly. 

Important bubble loading parameters are gas rate, bubble size 

and particle size; the probability of ~omplete loading in-

creases as Qg and d p decrease, and as db increases. (The 



1 

( 

L: 0.9 L 

calcula te Rks 
.2. 10 ) 

using ~s & Rf 
calculate R~ s 

exceeded 

p ri n t 
results 

L=LoriginoJ 

55 Flowsheet for collli~ scale-up 

computer program, COLU~~. Pro-

gram lis.ting in Appendix 2. 
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Table 25A 

Example of Input for Co1umn 

Scale-up prograrn, COLUMN 

[DL 'JI~\' 1 Co l ,~t1ETEF" M) 

[Tl'-LE.:[l]OI~ :'CJ'JE LEI,j,::;TH'M' == 9 
FEEI' l,r,TE <L/11IrJ' =- 7~') 

T{dL_HJG~~ F'::"TE (L /MIt~) '" 
G?IS F:{1TE (L 'MIW -

c:.(,~, H8\_L>lJF' (::) .
[~LJE:'BLE D] ;,r1ETEF' (CI1' ::= 

',31-"::' E I:,:=.r C. l HL G;é,:: \'ELOC l TY --
~,UJF'F''r' \,'ELClCJTY (r'ol-Hl) ::;:: 

s' )() 
B')') 
1 c) 
" 15 

FEED DESCF IPTIoN 

F EEL' l,JE l GHT ". o:::::,OL ~ J '::: 
'::-'.'E F'hF'TICLE S!=[\Ut1 1 

tl OF M Ji JEF'AL::: Ir J FEEI' 
ITOTAL WJ'i::,T = 

EtHEr 
EIJTEF-

M HJEF AL t J'::H1E 
SF'[CF:-}C GF:.é, ','ITY 

FEEI' GF'AI'E (:~-' 

F,' n' F'F'OF'OF T l or ~ 
rillI' F'F or'OF- T l or J 

"" 
:::::: 

.' 

1 -

.' 
:::::: 

-:; '~) 
:;:':1) 

,),)'/, ) 

MOL , 
4, 7 

4:, 

1 r- 8 ~, . . 
j ~, . , -

, 

NrnEF,;è:~ f"J~l'1E=YALC[it:: 1'.'1 TE 
SF'E[IF}~~ ':::,F,é.,>n-',' '" Ll,: 

EI'I"~h 

E' ~-;-E;:: 

Et ~TEF 
n;Tp:; 

":,1 n:' r ç:'[)f::' Cr FT:; ["Ir 1 .- "" 
o ... ' •• _ 

~_I;::-, "''''[11;:'0'' -;-l'JIl 

M J: J[r;'AL ~ j{"ME S"t JGUE 
::,TECI;::-I:::: Gh'::".'1Ty = ::'.6 

FEE[' Gr"i4['[ ".',::;' 
Pt 1[' F'F [J!:'Ot:' T 1 Dt ~ • 1 , " "7 
;"J[' Fr:C]I::üF-:-JDIJ 

r::-EEL' '.'Cl~ UME '. '= :T .. l [1; .:: . D'::: 
FEE:!::' r-:TF Lj '::::'DL l [,'= == 1 -" .:; ~ 
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'J'able 25P 

Lxample of Output for Col umn 
Scale~ up Program, COLUJl1lJ 

:::- ~ :1 T~: L t=": ~ ~~ 1 1 ~ J:::- 1- ' 

:01 ::-d_ 
r-lr::-I'-- , 
LLI~LC CI:="l'f~ Il E 

L .- °1'1 
F EC 'T'[ '--E ~'>-j Tl (1 =(,\ 

rUF F-;"lJTH F-ECCI'.iEF'( '
T [.T (,I .. 

11C1L Y 

C HHLC OF' 'r'r- l TE 
5(,1 JGUE 

L .- 9M 

'~Er:.','C'_E h:·TICI =,1-:: 

F [IF ;:::- "-[lp., F [C [,' ,'EF"l t/':: 
Tr'T' 1 .. r'~ 

t10L T 

C >-l H '-- C C, C :T l TE 
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C ,-I:,~ [,:::-,= :F -; TE 
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.....) - . -' 

1 - . 41 
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model uses a single value of db' although this actually in-

creases by ~ 20% during rise from bottom to top). 

7.1. Separation Selectivity 

Separation selectivity as a function of partie le s{ze 

can be illustrated by combining the results of the flotation 

model and the column scale-up model. A hypothetical separa-

tion is considered to be made between a feed consisting of 
'\. 

50% mineraI A and 50% mineraI B, completely liberated. The 

i_nduction time for a 20 ).lm particle of A is 25 ms, for a 20 pm 

partie le of B it is 35 ms, and for both mineraIs it is as- .~ 

sumcd (based on the limited data availab1e) that t. 
~ 

Table 26 lists the assumed operating conditions and the re

sul t.ing col,lection efficiencies and rate constants~ for dp 

between 5 and 30 ).lm, calculated from COLLECT. 

These rate constants, when used in the scale-up model, 

produce recovery curves for mineraI A as shown in Figure 56, 

given the colurnn conditions listed in the diagram. (Bubble 

overloading does not occur for any of the conditions). Each 

curve is obtained by varying ~ from 20% to 100%, and the 

grade'at-any point is ?btained by multiplying the slope (of 

the line connecting the point to the origin) by the feed 

grade, 50% A. poorer separation at fine particle sizes is 

clearly indicated. For example, at a mineraI A recovery of 

70%, the grade of 20 ).lm material is 96% A, compared to 71% A 

for 10 ).lm material and 58% A for 5 ~m material. 

. a-ç - = 



Condi tions: v 
9 

,u~ 

" 

'-, 

d (l1m) -7 

P 

Mineral A t, (ms) 
l 

'-----------

Table 26 

Separation Selectivity 

k and E
K 

Val ues 

= l crois db = 0.12 cm , 

= 1.5 crois ub = 12 crois 

Pp = 5.0 g/cm3 

11 ::: 0.01 poise 

~g = 10% 

5 10 15 20 

66 43 34 28.6 

~ EK {%) .030 .0742 el032 .1175 

~k(min-l) .225 .557 .774 .881 
"~ 

"-" " 
~"- Mineral B t=-~~~ 92 

61 48 40.0 

~" l . 

~ EK (%) • 'O-:l.f)~, .0235 .0176 .00879 
"-

-1 '-
~, k (min ) .120 "~ .132 • 0659 

~ 

~~ "~ 

"-
~ 

" 

,~ 

( 

- - - - ~--~----------- - --
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25 30 

25 22.4 

.1175 .103 

.881 .773 

" 35 31.'4 

.00089 .00025 

. 00665 .00188 

, 
v 
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56 Example of particle size effect 

upon separation selectivity. 

Collection parameters are gi ven 

in Table 26. Column 'conditions: 

d c =O.9m, -L=8m, QF-600 L/rnin, 

QT-640 L/min, Q =380 L/min, weight 
g . 

% solids = 5.0, v 9 -1. 0 cm/s, 

Vi -1. 86 cm/s. 
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CHAPTER 8 
.' 

DISCUSSION 

8.1. The Flotation Model 

The flotation model developed here i5 seen as a signif-

icant advancement in the understanding of particle-bubble 

interaction during flotation. ,Its development has been made 

possible by solutions to the equations for fluid flow around 

spheres having Reynolds numbers in the range of flotation 

sized bubbles. The model follows the concept of sutherland 

but with the benefit of knowing the velocity field around 

the bubble. 

Collision. Trajecto~y calculations have been'used to extend 

the existing collision model to a particle size range typ-

ical of most flotation systems. As an outcome of these cal-

culations, the collision efficiencY,for low particle inertia 

(Sk ~ or, as calculated by Weber (33) , 1s corrected for in-

ertial effects by a factor that includes Stokes number. 

It is recognized that certain approximations were nec-

, essary for these calculations. The trajectories were obtain-

ed by assuming that the velocity distribution away from the 

l' 
( 

, 
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bubble surface could be approximated by a value interrnediate 

to that of the Stokes flow and potential flow values. As 

weil, the particle drag coefficient was derived from Stokes 

law, and it was assurned that non-steady state drag terrns 

were insignificant. However, the error introduced by these 

approximations is not likely to be significant to the comput-

ed collection effieieney. This is because at larger partiele 

sizes the collection efficiency is most strongly dependent 

upon the a~tachrnent efficiency, not the collision efficiency. 
, \ 

When the collision model was applied to the data of 

A f d · t h ( 4 3 ) .0 f (th ) E ( n runs an K1 c ener , rat10s 0 Ee eory to K ex-

perimental) between 0.6 and 0.9 were attained, indicating l~ss 

than 100% attachment effieiency. The mineraI system ernployed 

by Anfruns and Kitchéner was very hydrophobic, and it was as-

surned that EA = 100% in order that Ee could be measured and 

cornpared ta theory. The present work suggests BA < 100% and 

the question is raised as to whether collision efficiency ean 

bé rneasured, sinçe it is difficult to envisage a mineraI sys-

tem that exhibits an attachment efficiency of 100%. 

The model assumes that collision efficiency of a bubble 

in a bubble swarm is caleulated in a manner similar to that 

for a single bubble in an infinite medium1 the effect of the 

swarrn is only to slow the rise velocity of the bubble. Flint 

and Howarth(40) calculated that, aside from the lowering of 

the rise velocity, a bubble swarrn would have the effect of 

straightening the fluid streamlines ahead of a bubble and, 

consequently, would inerease the collision efficiency. 
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This type of calculation assumes that the concentration of 

particles in the fluid remains uniforme ~is is unlikely, as .. 
particles are concentrated in the boundary l'ryer of bubbles; 

that is, bubbles would tend to disturb the uniform concentra-

tion of particles. A theoretical treatment of the effect of 

neighbouring bubbles is obviously complexe Experimentally, 

the results of runs 7 and 8, in which computed induction time 

remained constant over a range of gas velocity (and gas hold-

up), leads ta the conclusion that the model assumption, of no 

significant effect of bubble concentration upon the collision 

process, is valid (at least for v < 0.81 cm/si ~ < 0.09). 
g g 

Contact. The model considers attachment to occur while the 

particle is sliding over the surface of the bubble, with~no 

attachment during inertial impaction. Evidence for the valid-

ity of this assumption was provided, for fine and intermediate 

sized particles, by particle trajectory calculations that im-

posed an elastic impact at the bubble surface. These calcula-

tions indicate that significant particle bounce does not occur 

for partic1es 1ess than about 100 fJm in diarneter. For .inter-

mediate sized particles, say 30-100 ~m, particle bounce may 

occur at initial impact; however, the radial oscillation is 

rapidly damped and within 5 to 100 of angular travel the part-

icle assumes a sliding-only trajectory along the bubble sur-

face. 

The key to the flotation model is recognition of the 

boundary layer on a bubble surface and, consequently, the ex-

istence of a significant tangential velocity gradient. As a 

1 
j 
1 

\ 
1 
J 

r 
1 

1 
l 
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result, small particles slide at a velocity that is lower than 

that of larger sized particies. The smailer a particle the 

longer will be its contact time. The tangential velocity of 

a particle on the bubble surface is conveniently represented 

by the surface vorticity distribution as provided by woo(49) 

and others(48,73,74). Confirmation of this approach was pro-

vided by comparison of model-caYculated sliding times wi th the 

sliding time measurements of Schulze and Gottschalk (45,46) 1 

Figure 21. Figure 2l,also showed that the assumption of po

tential flow was not a good approximation. For the data of 

Figure 21, (r-l) is 0.053; it is c1ear from Fig~re 14A and 20 
1 

that at smalleF (r-l), i. e. smaller particles, the difference 
1 .. 

~~ j 

between the potential flow ve10city and the true ve10city be-

cornes even more significant. 

8.2. Film Thinning and Induction Time 

An important consequence of the velocity gradient at the 

surface of the bubble is that it imparts a tumbling motion to 

the particle, as described by equation ) .,37 and summarized in ---/~ 

Figure 22. At the sarne time tPe<fisjoining film between part-

.--' icie and bubble is unèergoing a thinning process. It is of 
-----------~~--

inter~_st,--thên-~ to consider the mode of contact between a min-

eral parti cIe and the bubble surface. Mineral particles are 

seldom rounded; usually they are very angular. Anfruns and 

Kitchener (43) demonstrated the importance of particle angular-

ity, measuring the collection rate of glass spheres to be 2 to 

10 times lower than' that of similarly treated (angular) quartz 

particles. This analysis will consider a cubic shape ta be a 

,1 
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reasonable representation of the true situation. Figure 57 

depicts a particle as it travels along the bubble surface. 

The radial component of the liquid Velocity lS directed to-

ward the bubble surface, which keeps the particle in constant 

rontact with the bubble film. The notable observation from 

Figure 57 is that particle-bubble contact is more closely rep-

resented by a line contact rather than a plane contact. The 

area of particle-bubble contact and, therefore, of film thin-

ning, is very small. This calls into question the modelling 

of film thinning as applied to flotation in which it is as-

sumed that particle-bubble contact can be simulated by: 

(a) the drainage of Iiquid from between two solid discs 

(Reynolds (88» , (b) liquid drainage between a sphere and a 

solid surfàce (Derjaguin and Duhkin~64», or (cl the excess 

pressure inside the bubble acting on the surface of a ,disk or 

a cube (Scheludko(89), Jowett(39». In aIl these cases part-

icle size is involved ln fixing the area over which forces 

are effective; consequently, liquid drainage time (and thus 

film thinning time) is considered to increase with increasing 

partie le size. However, the situation depicted in Figure 57 

suggests that the particle dimension does not play a signifi-

cant role in film thinning. 

In Scheludko's analysis of the thinning process he con-
1 

siders the time necessary for the film ta thin from an initial 

film thickness h, ta the rupture thickness h . This time is 
~ 0 

bel~eved to be a function of van der Waal's forces, electrical 

double-layer interaction and hydration effects(56,89). 

1 
J 
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1 

B 

Gas bubble 

57 Motion of a cubic particle on a 

bubble surface. 



207 

The lnltlal fllm thlckness lS a largely unknown parameter, as 

is the role of parlicle sizc ln definlnq h . 
- 1 

However, lt 18 

reasonable to conslder that the greater the mass of a partlcle 

thc more effective wlll be its lnitlal lmpact ln plerclng the 

water film, l.e. ln reduclng h., and thus lowerlng the lnduc-
1 

tion tlme. 

'1'0 summarlze the~e thoughts on the relatlonshlp between 

lnductlon tlme and partlclc 5ize, lt 15 suggested that part-

lc]e dHlension (loes not, slgnJficdIltly affect the fllm thlnn-

lng process, but that It plays a role (ln terms of partlcle 

mass) ln determlnl~g the lnltlal thlckness of the thln fllm. 

The expected relatlonship 15 a decrease in lnductlon time 

with lncreaslng partlcle Slze. ThIS trend lS in agreement 
r 

wlth the results obtalned from fltting the collectlon model 

to the experlmental data reported here and by Anfruns and 

KItchener. ThlS analysls was developed for an angular part-

lcle. Whlle It was assumed that the partlcle lS cubic, the 

concluSlon of the anal~sls rcmalns the same for any angular 

shape. 

8.3. Flotatlon Parameters: 

Partlcle Slze. The role of partlcle Slze ln flotation 

15 COmPI(i/.~~owever, wlth the development of this flotation 

model ~ effects of partlcl~ Slze can start to be interpret-

ed. The effects can be summarlzed as follows: when partlcle 

Slze lncreases 

(a) colll51on efflcle~cy lncreases, 

(b) partIcle-bubble contact tlme decreases and, 

f 



(c) lnductlon tlmû decreases 

208 

(at least for d ~ 50 ~m). 
p 

The typlcal result i~, a peak ln the rate constant vs 

Slze curve. Similarly a peak wlii occur ln a size-by-size 

recovery plot (or a plateau lf recovery is allowed to approach 

> 90%). 

Coillsion rate 15 increased wlth particle size for two 

reasons: (a) the lncreased particle mass lncreases the tend-

oncy of the parti cIe to deviate from the fluid streamlines to-

ward the bubble surface, and (b) the increased partlcle dlm-

en510n 1ncreases the probability of coillsion by interception. 
',' 

The decrease in partlcle-bubble contact tlme with increasing 

Î~rtlcle Slze is attributable to the veloclty gradient at the 

bubble surface. An explanatlon for the reduced induction 

tlme with lncreased partlcle size has already been suggested. 

From the small amount of data available the relationship be-

tween partlcle size and lnduction tlme is proposed as 

t 
l 

a: cl -0.75 
P 

:': 0.25 f , or moderate to strong collector add1-

tlons. ThlS has been obtalned using data wlth a maX1mum 

partlcle dlameter of about 50 ~m; lts val1dity at larger 

~artJcle 51ze5 i5 not clalmed. 

The location of the peak in size-by-size recovery data 

1S dependent upon Many factors, foremost of which are bubble 

size, part1cle denslty and induction time. Conslder the lat-

ter. Flgure 26 lS guite dramatlC in show1ng that the peak 

shifts to smaller particle Slzes as lnductlon time lncreases. 

Whlle lt lS assumed ln Flgure 26 that n = 0 (in t
i 

~ d
p

n ) , 
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using the experimentally derived n = -0.75 ± 0.25 will yield 

the sarne trend. There are many ex?mples of systems that show 

a maximum rate constant or recovery in the range 30 ta 100 ~m. 
\. 

AlI these systems exhibit good or acceptable flaatability. 

'!'wo examples of systems that exhibit moderate to poor float

ability are shown in Figure 58. In Figure 58A(90) the flota~ 

tion of chalcopyrite in a nltrogen environment (grinding and 

flotation) is illustrated. Figure 58B(91) shows the recovery 

of iron sulfide in an industrial lead cleaning circuit. In 

both cases, ~lotation response is poor but'finite, indicative 

of long induction times. In both cases,' the peak inc~ecovery 

occurs between 5 and 10 ~m. (The data reported in Figure 58 

includes recovery by physical entrainment. Elimination of 

this collection mechanism wou~d yield curves that are more 

sharply peaked). 

Further evidence of the link between induction time and 

location'of the recovery peak is given by size-by-size re-

covery of sphalerite for increasing additions of copper sul

(67 10) fate, reported by Anthony et al f • As copper sulfate 

dosage i5 increased (implying that induction time i5 decreased) 

the location of the peak recovery increases from about 15 ~m 

ta 80 ~m. A similar effect for increasing collector dosage in 

quartz flotation i5 reported by Imaizumi and Inoue(68). 

As a final note on particle size effects it is emphasized 

that the analysis presented here does not consider particle 

detachment, due to turbulence, ta be an imFortant factor in the 

fine and int~rrnediate size range of flotation/ whether in a ---
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Size-by-size recovery data. 

(a) Chalcopyrite flotation in a 

nitrogen environment(90) 1 

(b) Iron sulfide flotation in an 

industrial lead cleaning circuit (91) • 
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f1otation eolumn or a meehanically stirred machine. 

Part~cle Density. Partie le density strongly affects the shape 

of the size-by-size recovery curve as weIl as the maximum 

particle size that ~s floatable, as shown by the model pre-

dictions in Figure 29 (for t. + fn (d). Experimental con-
~ p 

fiL~ation of the effect described in Figure 29 is given by 

data for ffilnerals at elther end of the density scale. Size-

3 by-size recovery curves for cassiterite (p = 7.0 gjcm ) are 
p 

usually very steep and peak at about 20-40 ~m, as reported by 

Trahar(lO). As weIl, the flotation of galena (p = 7.5 gjcm3 ) . P 

reported here ln Test 9 exhlbited a sharp peak in recovery, 

F~gure 46. At the other extreme, very fIat curves and flo-

tation at large particle sizes have been reported for phos

phate (p = 3.2; flotatl0n at d = 20 mesh (840 ~m» (92), 
p P 

fluorlte (p = 3.1i flotatlon at d = 28 mesh) (93), and coal 
p p 

(pp = 1.3; flotation at d
p 

> 20 mesh) (94). 

Chemical effects cannot be ignored as contributing to . 

these results; however, particle density i5 an important fac-

tore The density-size lnteractl0n can be expla~ned by con-

sldering the sllding velocity of a partlcle on the bubble sur-

face, given by equations 3.30 and 3.32. An increase in part-

lcle density inereases the relative settling velocity of the 

partlcle. As a result the second term on the right side of 

equatlons 3.30 and 3.32 assumes greater lmportance, and part-

lcle-bubble contact tlme decreases. Thus, as density 
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increases, EA tends to decrease, which has'the greatest im-

pact on larger particles. 

Bubble Size. A smailer di~eter gas bubble increases collec-

tion efficiency in two waysi by increased collision efficien-

cy and by increased attachment .efficiency. The increase in 

attachment efficiency is because the fractionai decrease in 

particle sliding velocity on a smaller bubble exceeds the 

fractional decrease in sliding distance~ As weIl, there is 

evid~nce that a smailer bubble reduces the induction time of 

reiatively small particles « 20 ~m in this work), which in-

creases attachment efficieney beyond that predicted by the 

model. However, since fine partie le collection i8 eontrolled 

primarily by collision, an inereased attachment effieiency is 

not of great consequence. 

There are three physical problerns in producing very fine 

bubbles. The,fir5t i5 the difficuley in generating fine bub

bles while maintaining a high gas rate. The collection rate 

constant is proportional to v
g 

EK 

db 

Considering just Vg and db' a decreased db is only beneficiai 

if vg is maintained. However, if vg canno~ be maintained and 

decreases from its initial level then a point is reached at 

which there is no benefit gained by making a smaller bubble. 

Secondly, the high frother dosage that is necessary to make 

smaii bubbles (by conventional mechanisms, i.e. agitator, 

sparger) generates excessive frothing. The third problem i8 
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specifie to f1otation columns. When bubble diarneter is de-

creased, gas holdup increases'. There is a maximum gas ho1dup 

that a eo1umn can maintain without flooding, the phenomenon 

whereby slurry is blown Out the top of the column by the gas. 

Viscosi~. When it is assumed that induction ti_'ne -'- _~ propor

tional to viscosity, the flotation model predic~s ar _nerease 

in recovery wi th deereasing viscosi ty. One ramii 11 . L..lon of 

this is that recovery should increase for increasing water 

temperature. This has been reported by Klimpel(95) where the 

rate constant of cationic si1iea flotation increased from 

-1 0 -1 0 
2.5 min at 2 C ta 7.5 min at 21 C. This increase is more 

than expected by viseosity effeets alone and may also be due 

to adsorption phenomena. Nevertheless, viseosity appears to 

be a relevant consideration for operation in northern climates 
.. ; -' 

where winter temperature ean range from 3 0 C in winter. to 2~~Ç\ 
\ . \ 

in summer. 

Gas Rate. In agreement with the experimenta1 results of this 

wor~ and the measurements of Laplante et al(B5}, the flota-

tion model predicts a peak in collection rate constant as 

superficial gas velocity is increased .. When gas rate is 'in-

creasea, bubble diarneter increases and collection efficiency 

is decreased. These two factors act to deerease k while an 

inereasing v acts to increase k; an optimum level of v ex-
g 9 

ists. 

It is of interest to note that the data of Lap1ante was 

obtained in a mechanical flotation machine. This is further 

evidence, along with the recovery - size data, that the mode1 
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is valid for flotation in conventional stirred-tank machines. 

Solids Concentration. In Run 9 galena recovery increased 
Q 

with increasing solids concentration, from 60~ recovery at 

0.05 volume % solids to 80% recovery at 3.0 volume % _"solids, 

with the appearance of a leveling off at about~80% recovery. 

These tests, to the author's knowledge, have not been perform-

ed before with such close control over solids concentration, 

entrainment and froth removal. The implication is that col-

lection efficiency is a function of solids concentration at 

low solids content (it is unclear how percent solids affects 

collection at intermediate and higher levels of solids con-

centration). When solids concentration was examined by the 

flotation model a trend in the reverse direction to that of 
1 

the test results was predicted~ Table 5 .. The test results 

are attributed, therefore, to particle-particle interaction 

that causes the particles to'diverge more from the li9uid' 

streamlines and, consequently, to in crea se the collection ef-

ficiency. 

These results can'he ~interpreted in one of two ways. The 

first is that the rate constant varies with solids concentra-

tion. The second is that the reaction is not first-orde~ rate 

dependent but rather exhibits a variable-order rate dependency. 

Ït is an il'lustration that the description of the flotation 
i' 

process in terms of a chemical reaction.rate proc~ss is some-

what simplified. However, the use of the first-order rate 

analogy is justified because it provides a clearer mechanism 

for analyzing, and accounting for, the effects of the many 

-- -- ------~. - - -y------ _ - ---
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flotation parameters. 

Separation Selectivity. It has been illustrated by model 

calculations reported in section 3.5 and in the column simu-

lation summarized by Figure 56, that separation selectivity 

decreases with decreasing particle size. This is generally 

considered to be the case and has been experimentally veri

fied for example, by Tràhar fn separationS of cassiterite 

from siderite(96) and gal~~~ from sphalerite(97). The flo-

tation model provides the explanationi smaller particles re-

side on the bubble surface for tirnes that are long in com-

parison to the induction time of either strongly floating or 

weakly floating partic1es. For examp1e, separation of two 

5 ~m particles, one with t. = 40 ms, the other with t. = 80 ms, 
~ ~ 

is obviously difficult when 70% of the colliding particles 

have a sliding time in excess of 80 ms (Figure 24). 

Smaller bubbles do not increase selectivity. There ap-
. 

pears to be only one method for improving' the sele~tivity of 
, . 

fines separation. That is flotation~~t very low collector 

dosage, so that the consequently increased induction tirne of 

the weakly floating component results in a very ibw attach, 
ment effic~ency.for that component. The attachment eff~ciency 

of the more floatable species will also decrease, but the ra-

tio of their attachment efficiencies will increase (and, 
• c 

therefore, so will the separation selectivi ty). of course, 

the rate constant will be ~owered, reguiring a longer flota

tion time. Separate circuits and different machine types 

for fine, interrnediate and coarse particles would be most 

\ 
~ 

~ 
f 

1 

1 

1 
î 

f 
1 

j 

1 
1 , 
; 
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desirable, as advocated by others{67,lO,39). 

8.4. Flotation Column Scale-up 
~ 

The strengths of the colurnn scale-up methodology are: 

1. a unique and simple method for measuring collection rate 

constants in the laborat.ory, 2. knowledge of the mixing con-

ditions in industrial sized columns, 3. the ability to ac-

count for overloading of gas bubbles, and 4. the ability 

to interface'the cleaning zone recovery with that of the 

collection zone. 

Col'Ümn Mixin9",. Mi,:i.ng parameters of large flotation columns 

were determined ~er industrial operating conditions. Re

sults on these large columns showed that the liquid axial dis-

persion coefficient followed the dependance upon column dia

meter as suggested by M~gnussen and schurnac~er(25), D «d. 
R, C 

The square cross-sectioned flotation colurnns (using equiva-

lent diameter) gave the same dispersion coefficients as those 

determined by Magnussen and Schumacher for similar diameter 

cylindrical columns. This similarity between square and 

cylindrical columns also agrees with the observation of Akita 

and YOshida(28). (Recently constructed flotation columns 

have been cYlindrical(5». 

These experirnents also verified the observation by other 

researchers that the axial dispersion coefficient of solids 

is equal to that of the liquide Then, for large columns at 

low air rates, 

D = D = 0.063 d m2/s p R, c (5.2) 

.. 
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For the purposes of scale-up and design of f1otation columns 

equation 5.2 is adequate, even though it does not take into 

account the effect of gas ve10city. Gas velocity in colurnn 

flotation is relatively low so its influence on equation 5.2 

should be small. 

The solids RTD tests have shown that the bubble swarm 

has little effect on the mean residenr.e time of a mineraI 

partie le as determined by combining the p,'rticle settling 

veloeity with the liquid velocity. The weigtlt fraction sol-

ids at the time of the test (3%) was Iower than in normal 

operation (5-10%). Nevertheless, the outcome of the solids 

tests show that the mixing parameters for solids in a large 

flotation column can be predicted by equations 2.11 and 5.2; 

they provide good scale-up criteria. 

Partiele Entrainment in Columns. It is clear from the liquid 

tracer experiments on the plant columns that short-circuiting 

of feed water to the concentrate is minimal. In the labo-

ratory experiments, Run 9, recovery of silica to the concen
\ 

trate was similar to the water recovery, approximately 1%. 

Thus, the flotation column effectively prevents the recovery 

of hydrophilic particles. ,~ 

Using the Scale-up Model. Column applications with fine 

partieles and/or a high concentration of floatable solids may 

exhibit a condition of fully loaded bubbles. If bubble load-

ing is a problem then gas flow rate must be increased. Plant 

columns are known to operate at superficial gas veloeities in 
v 

the range of 0.10 to 0.30 crois (Table 6 and reference 5) 

-' 
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which is probably near or beyond the optimum gas rate for 

collection efficiency (Figures 49 and 54). Thus, increasing 

the gas rate to alleviate bubble overloading will likely re-
, 

duce the collection rate constant. 

The only further information required to complete 'the 

scale-up analysis is a value for froth recovery,~. With-

out an estimate of Ry a grade-recovery relationship is pro-

vided by the model. Comparison of the model result with 

• 
plant data àt existing column installations, and/or direct 

measurernent of solids holdup wili provide a measurement of 

Rpr preferably as a function of column diameter. 

The relationship between ~ and colurnn operating para-

meters is completely unknown and requires significant study. 

A full process model of the flotation column, is not possible 

until the cleaning zone operation is better understood, in 

particular the relationship between ~ and gas rate, wash 

water rate and column diameter. 



Q' 

( 

219 

CHAPTER 9 

CONCLUSIONS & FUTURE WORK 

9.1 Conclusions 

1. A comprehensive flotation model has been developed. 

2. 

The model considers that particle collection by agas 

bubble occurs via particle-bubble collision followed 

by attachment during the period that the particle is 

sliding over the bubble surface. Collection efficiency 

EK is ~erived as a product of collision efficiency EC 

and attachment efficiency EA• The development of ex-

pressions for both EC and EA has been possible by ap-

plication of recent solutions to equations for fluid 

flow around flotation sized bubbles. A particle size~ 

range between approximately 3 and 100 ~m is covered. 

Significantly, particle-bubble detachment is not in-

cluded in the modela However, the model was validated 

on data from conventionally stirred flotation machines. 

The collision ~fficiency of a flotation gas bubble at 

intermediate values of particle inertia has been 

l , 

1 

1 
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determined from particle trajectory calculations. EC 

is estimated by 

E = E (1 627 SkO. 54 R 0.06 u*-0.16) 
C Co • eb 

for SkO. 54 ReO.0 6 u*-O.16 > 0.615, where Sk is the 

Stokes number for the particle-bubble system, Reb is the 

bubble Reynolds nurnber, u* is the ratio of particle ter-

minaI velocity to bubble rise velocity and ECo is the 

collision efficiency assuming zero particle inertia as 

calculated by the method of Weber (33) • 

3. The mechanism of particle contact followed by particle 

sliding, without significant bounce at impact, has been 

shown ta be valid for particles as large as about 

100 ~m. For particles less than this size the bounce 

that does occur at the initial impact is rapidly damped, 

and continuous particle-bubble contact is attained with

in 10° of tangential travelo This conclusion is devel-

-
oped from trajectory-calculations applied to the experi-

(52 ) 
mental.data of W~eD-and Brown • 

4. The contact time of a particle on the surface of agas 

bubble decreases as particle size increases. This is a 

result of the significant tangential velocity gradient 

that exists at the bubble surface. Values of sùrface 

vorticity as a function of Reb , angle from the, front 

stagnation point and gas holdup, derived by other 
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researchers(48,49,73), have been used to describe the 

ve10city gradient, which, in turn, has been used to de-

ve10p an expression for sliding time. The sliding time 

relationship agrees c1ose1y with the experimenta1Iy de

rived sliding times of Schulze and Gottschalk(45,46). 

It has also been shown that potentia1 f10w (the assump-

tion in the past) is a poor approximation for partic1e 

motion on a bubb1e. 

5. Dyn~ic induction time t i decreases with increasing 

particle diameter. From the relatively sma1l quantity 

of data available, the relationship between t. and d 
~ P 

is shown to b~ 

~ d -0.75 ± 0.25 t. 
~ P 

for d p < 50 Jlm and for moderate to strong collector ad

dition. This has been determined by app1ying the flota

tian model to experimental data reported here for galena 
- (43) and sphalerite, and by Anfruns and Kitchener for 

silica. 

6. The ve10city gradient at the bubble surface induces a 

significant spin to the mineraI particle. It is shown 

that this tumbling motion causes mineraI particles 

(which are angular) to contact the bubble along only 

the edges of the particle. The area of particle-bubble 

contact is roughly independent of particle size. 
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7. The peak in size-by-size recovery data that is often 

observed at intermediate particle sizes is explained 

by the model and by the relationship of conclusion 5. 

The location of the peak is a function of many para-

meters, most important of which i8 induction timei in-

creasing the induction time (eg. -decreasing collector 

dosage) shifts the peak to smaller particle sizes. 

8. Poor separation selectivity at small particle sizes 

is explained by the model. It i5 caused by the fact 

that smail particies reside on the bubble surface for 

times that are long in comparison to the induction 

time of either strongly floating or weakly floating 

particles. 

9. A decrease in bubble diameter db increases both EC 

and ~A' However, separation selectivity at small 

parti\?le sizes is not improved by a smaller db' 

10. Gas fl'ow rate and gas holdup effects are weIl described 

"b~ the flotation model (for gas superficial velocity 
'~ 

v < ~O%). The gas velocity that optimizes the collec-
9 ~ 

"-.... 
tion rate è~stant can be predicted. ( 

........ 
Il. particle recove~~ increases with increasing solids con-

'" centration for vol~e percent solids between 0.05 and , 

3.0%. This can be inierpreted as an effect of solids 

concentration upon EK, 

12. A scale-up model for ~lotation columns has been develop-

~ 
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ed. The model uses measured values of collection rate 

constants and an experimental correlation of plant col-

uron mixing parameters to calculate collection zone re-

covery~. RK is interfaced with a variable cleaning 

zone recovery RF to yield a grade-recovery relationship 

for the plant column. The onset of bubble loading is 

accounted for in the scale-up model. 

The dispersion coefficient of solid particles Dp in 

the collection zone of an industrial sized flotation 

column is the sarne as that of the liquid, D~, and is 

approximated by 

where d is in meters. As weIl, the mean residence c 

time of particles 'p is related ta the mean residence 

time of the liquid Tt by \ 

where u p is the terminal parti cIe velocity and Ut is 

the interstitial liquid velocity. These two relation-

ships provide good scale-up criteria for flotation 

columns. 

\ 
1 
J 

1 
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14. Recovery of hydrophi1ic (gangue) particles in a flo-

tation column is very low, < 1% for the two 

columns tested. This is attributed to the net down-

ward flow of wash wate~ through the packed bubble bed 

in the cleaning zone. 

15. The success of flotation columns in multiple cleaning 

applications is due partially ta the fact that parti-

cles rejected from the cleaning zone back ta the recov-

ery zone are subjected to a collection event with 100% 

of the original retention tirne. This is unlike conven-

tional machines, where the retention time decreases 

with each subsequent collection event. 

9:2 Claims for Original Research 

1. The relative motion between a particle and a bubble 

prior to and during contact has been rigorously ex

amined, and developed into a comprehensive model of 

particle collection in flotation. 

'2. An expression for collision efficiency that accounts 

3. 

4. 

5. 

for both particle inertia and bubble Reynolds number 

has been developed. 

A calculation of dynarnic induction times for mineraI 

pa\ticles on gas bubbles has been made. The calcu

latton is der~ved from a combination of experimental 

and \theoretical work. 

The ~ffect of gas rate in partie le collection has 

been ~eoreticallY described. 
\ 

A scale"""up model for colu.rnn flotation has been de-

\ 
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veloped. 

6. The mixing parameters of the collection zone of in-

dustrial sized flotation cQlurnns have been measured 

and correlated to column diameter and downward liquid 

velocity. 

9.3 Suggestions for Future Work 

1. The relationships between induction time and particle 

size, and induction time and reagent conditions should 

be thoroughly investigated. Experimentation with a 

single bubble system would be preferable. 

2. The problem of separation selectivity in the fine 

particle size range should he addressed. A starting 

point would be the study of starvation collector ad-

dition. 

3. Measurements of collection rate constant over a wide 

range of solids concentration is required. A control-

led method of solids addition as used here is suggest-

ed. 

4. Measurements of froth recovery Ry, either directly or 

indirectly, sh~uld be made on plant columns. Ideally, 

a relationship between Ry and such parameters as col-

urnn diameter, wash water rate, gas rate and particle 

characteristics (such as dp ) should be derived. 

5. A fundamental study of water drained froths should be 

undertaken. 

1 
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Appendix, 1. Data Correlations . 
A. Surface vorticity ~s 

The surface vorticity data of woo(49) has been correlated 

to bubble Reynolds number Reb and angl~ measured from the 

/,P~ 

front stagnation pointe Woo reported Çs for the fol1owing 

Reynolds numbers:0.2, 0.5, 0.75, l, 2, 3, 5, 10, 20, 30, 40, 

o 100, 200, 300, and 400: and at every 12 for Re < 40, and 

o 
every 3 for Çs > 100. The following correlations are for 

o o < e < 84 • 
( 2 3 

~ = a + be + ce + de s 

where, for 20 < Re
b 

< 400 

a = -0.01082 - 7.273.10-4 Re + 1.735.10-6 Re2 

-2.046 .. 1Ô-9 Re 3 

b = .0.0745 + 3.013.10-3 Re - 7.402.10-6 Re 2 

~:l 

c = -4.276 0 10-4 -1.977.10-5 Re + 5.194.10-8 Re 2 

(Al-I) 

(Al-2 ) 
'i 

(Al-3) 

-6~S20.10-11 Re 3 (A1-4) 
( 

d = -1.103.10-6 -1.032.10-7 Re + 1.397.10-10 Re 2 

-1.334.10-13 Re 3 (Al-5) 

and, for 0.2 < Re
b 

< 20 

a = -1.217.10-3 -1.745.10-3 Re + 5.143.10-5 Re2 

.. 

-- -----

. 

l 
EV 
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b = 0.02859 + 9.229.10- 3 Re - 3.85.10-4 Re 1 

+ 9.190.10-6 Re 3 

c = -4.060.10-5 - 5.857.10- 5 Re ~ 1.620.10-6 Re 2 

-8 3 - 2.992,10 Re 

d = -9.610.10-7 - 2.54.10- 7 Re + 1.74.10- 8 Re 2 

(' 
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(Al-7) 

(Al-8 ) 

(Al-9) 
,r_---

In each of the regressions, equations Al-2 to Al-9, the 

co11elation coefficient> 0.99. 

Sorne comparisons between WOOIS values and those calcu-

lated from equatlon A1-1 are as fo11ows: 

Re Angle ~s by Woo ~ by eg. Difference 
Al-1 (% ) 

0.2 12 0.344 o . 354 2.8 
24 0.670 0.684 2.1 
48 1. 207 1.226 -- 1.6 , 
72 1. 517 1.540 1.5 
84 1. 571 i.586 0.9 

1.0 12 0.430 0.430 0 
24 0.830 0.823 0.8 
48 1. 452 1.437 1.0 
72 1. 742 1.740 0.1 
84 1. 754 1.743 0.6 

20 12 1. 401 1.436 2.5 
24 2.639 2.635 0.2 
48 4.176 4.111 1.5 
72 4.129 4.147 0.4 
84 3.596 3.544 1.5 

, 100 12~ 3.207 3.362 4.7 
27 6.630 6. 700 1.0 
48 9.241 '9.229 0.1 
72 8.163 8.400 2.8 
84 6.240 6.248 0.1 

j 

\ 
\ 

\ 
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The effect of gas holdup upon surface vorticity has been 

obtained from the data of LeClair(74). LeClair repor~ed s at 
s 

Re = 0.1, l, 10, 100, and 500. The.following correlation was 

obtained using LeClair's data at Re = 0.1, l, 10, 100 and 500i 

e = 12, 24, 36 1 48, 60, 72 and 84 0 
i and <p = 0, O. 091, O. 165 

g 

and 0.259. 

Let 

s ;;;: s + n <p 
s</J s g 

where , 2' 3 n ;;;: a~ .+ b' e + c e + d 8 
1 

ss</! is surface vorticity at gas hOldup <Pg' 

and where 

a 

(AI-IO) 

(Al-11) 

(Al-12) 

b" ;;;: 0.6579 - 7.91.10-3 Re + 1.269.10-4 Re 2 

-2.107·10 -7 Re 3 (Al-13) 

'" c -4 -5 7.024.10- 7 Re 2 = -6.165·10 + 3.499·10 Re 

+ 1.160.10-9 Re 3 (Al-14) 

, -5 
5 . 305 . 1 0 - 8 , Re 1.177'10-9 Re2 = -2.339·10 + d 

(Al-15) 
~\ 

For each of equations Al-12 to Al-15 the correlation coeffi
lIJt 

cient > 0.99. 

--'5 SZ---

, , 



1 

( 

\ 

235 

A comparison be,tween LeClair's values and those obtained 

from equations AI-IO and Al-l is as follows: 

Re e c/'9. ~s by 

(degrees) LeClair 

100 36 0.091 'f 10.59 
0.165 12.64 
0.259 15.39 

100 72 0.091 Il.94 
0.165 14.82 
0.259 18.75 

B. Collision Efficiency at Intermediate 
V" 

Values of Stokes Number 

~s by 

Al-la and 
Al-l 

10.67 
12.75 
15.38 

12.11 
15.12 
18.95 

Diff. 

(%) 

0.1 
0.1 

0 

1.4 
2.0 
1.0 

The 40 sets of data used to calculate the correlation 

of equation 3.28, between collision efficiency EC' Reynolds 

number of the bubble Re
b , Stokes number Sk, and the ratio of 

. 
particle to bubble velocities u*, are given in Table AI-l. 

Also shown in the table is the regression analysis. The re-

gression -performed was log EC vs log Re b , log Sk and log u*. 

( 

1 
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Table Al - 1 

COlli~on Efficiency Data 
EC From Trajectory Calculations 

~E SI< G lC 
100. OOQ .100 .O~ 1.020 
100. OOQ .200 .O:2"!5 1. 413 
100.000 .100 • OS(> 1.013 
100.000 .200 .~o 1.:::70 
100.000 .400 .~ 2.U4 
100.000 • 100 ,100 . 1.0:::7 
100.000 .::00 .100 1. 1". 100.000 ::g .100 1. cro7 
100.000 .100 3.::71 
100.000 .200 .1~ 1.170 100.000 .400 .1:50 1 •• 1!5 
100.000 .800 .t~ 2.la37 
100.000 .800 .250 2.101 
20.000 .100 .02:1 1.032 
20.000 .200 .0:2"!5 1.242 
20.000 -100 • 0lZ() 1.034 
20.000 .200 • 0:50 1.1 •• 
20.000 .400 .~ 1 •• '" 20.000 .100 .100 1.027 
20.000 .200 .100 1. 1:57 
20.000 .400 .100 1.4>3'P 
20.000 , .1100 .100 2 .... 

li 20.000' .200 .1~ 1.130 
20.000 .400 .I~ l.sœ 
20.000 .800 .1:50 2.2?'l5 e 
20.000 .400 .2:50 1.387 
20.000 .100 .2S0 1 •• t2 

300.000 .100 .o:zs 1.031 
300.000 .200 .02:1 1 • .s:s 
300.000 .t00 .050 1.012 
300.000 .200 .~ \.442 
300.000 .400 .OSO 2.8~ 
300,000 .100 .100 1.012 
300.000 .200 .100 1.:zn 
300.000 .400 .100 2.0" 300.000 • 800 .100 3.:50 • 
300.000 ,â~OO .t~ 1.21~ 
300.000 .400 .IS0 1.811 
'300.000 .800 olSO 2.800 300.000 .800 .~o 2.200 

~.~SSION ANALVi!. 

I)EP'ENDENT VAAl L.EC 
l'tANGE, 1 TO 40 -0",40 
VAI'IIAIIIUt COIEI"F 111> lM T-STAT 

CONSTANT .417 • o<r.2 lS.:::S6 
'-RE • OlS" • o Ils 3.'7"N L.al< .S42 .02" 18.::2 L.G -.1:57 .031 -:1.027 

"'-IC, • 'H. COM A-sa 1 •• 12 9ERI .110 S~I .442 
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Appendix 2. Computer programs 

The flowsheets, listings and sample outputs for the following 

computer programs are given in this appendix. 

A. SLIDE - calculates sliding time distribution. 

B. COLLECT and COLLECT 2 - calculate collection efficiency. 

COLLECT is for 20 < Reb < 400 and COLLECT 2 is for 

o . 2 < Reb < 20. 

C. FLOW - calculates particle trajectories (Reb = 20) 

D. COLUMN - calculates flotation column performance for 

scale-up./' 

programs A, Band D are in Applesoft BASIC, and program 

C is in IBM BASIC. 

,1 

1 



data input 

calculate vorticity 
parameters 

calculat e aM 

for ne = 0·05 
calculate en 

,t.e--------..... calculate - -
calculate Is and e 
between en and aM 

calculate ts 
fr.om . 3.33 

A2-1 Flowsheet for computer program SLIDE 
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10 
15 
~O' 

SLIDE 

SLIDING TIME CALCULATION REM 
({EM 
~~RINT "DO VOU WANT TO F'RINT ..... y OR Nil , 
GET A$ 
IF A$ = "N" THEN 7'0 
PRINT : PRINT : PRINT 
F'R l NT CHR$ (4); Il PR# 1" 
PRINT CHR$ (9);"l-::L'' 
HOME 
REM 
REM 
REM 

\ 
DATA ENTRY 
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50 
60 
70 
75 
76 
77 
80 
90 
10(> 
110 
l~O 

1::0 
140 
145 
150 
155 
160 
165 
170 
180 
190 

PRINT SF'C( 
INPUT Il 

1:;) = "SLIDING TIME DISTRIBUTION": PRINT 

""-... __ • .....J 

INPUT " 
INPUT " 
INPUT Il 

INPUT Il 

INPUT Il 

DIA. BUBBLE<CM) = ";DB 
VELOCITY BUBBLE(CM/S) = ";UB 

DIA.\ PARTICLE<MICRONS) = ";DM 
PARTICLE DENSITY = ";RHO 
VISCOSITY(POISE) = "=VI 

GAS HOLDUP(Ïo) = ".PHI 
INPUT" INCREMENT(O.05 OR 0.0(5) = ";G6 

OP = DM * . 0001 
REM 
REM CALC. UF' 
REM 

Pl = 
Bl = 
UP = 

REM 
REM 
REM 

( . 000765::: * VI * VI / < RHO - 1» , (1 / :::) 
( (DP 1 Pl) " 1. 5 * o. 092 + 1) <) • 5 
(20. 5~ * VI / DP) * (B 1 - 1) * (B 1 - 1) 

CALCULATE RE<BUBBLE) ~. THET~C 

250 RZ = UB * DB / VI 
~55 IF RZ' = 400 AND RZ = :0 THEN :60 
.~56 PRINT" **BUBBLE REYNOLDS NUMBER OUT OF RAN6E**" 
:::57 PRINT Il RANGE: ~o = RE = 4("l(l" l . . , 
:::58 PRINT "" 
:::59 GOTO 1010 
~60 TC = 78.1 - 7.:::7 * LOG <RZ) / :::.:0::: 

PF:INT 
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265 REM 
270 REM 
275 REM 

CA,LCULATE VORTlCITY P.ARAMETERS 
fi 

280 REM VORT(FOR HOLDUP=0)=A9+B9(ANGLE)+C9(ANGLE':)+D9(ANGLE'3~ 

290 A9 = - 0.0108: - 7.~73E - 4 * RZ + 1.7~5E - 6 * RZ * RZ - 2.04 
6E - 9 * RZ * RZ * Rl 

300 B9 = 0.0745 + 3.01~E - 3 * RZ - 7.40::E - 6 * RZ * RZ + 8.9~lE -
9 * RZ * RZ * RZ 

310 C9 = - 4.::76E - 4 - 1.977E - 5 * RZ + 5.194E 8 * RZ * RZ - 6 
.S:E - 11 * RZ * RZ * RZ 

3:0 D9 = - 1.103E - 6 - 1.032E - 7 * RZ + 1.397E 10 * RZ * RZ -
1.3::4E - 1:: * RZ * RZ * RZ 

330 REM VORTICITY(HQ)=VORTICITYCHO=O) + SLOPE*HO/I00. WHERE 
340 REM SLOPE=A8+B8 (ANGLE) +C8 <ANGLE -.::> +D8 <ANGLE ... :::;) 
350 A8 = - 0.0199 + 0.00::3 * RZ - 4.780E - 5 * RZ * RZ + 7.9~9E -

8 * RZ * RZ * RZ 
360 B8 = 0.6579 - 0.00791 * RZ + 1.::69E - 4 * RZ * RZ - ~.107E - 7 

* RZ * RZ * RZ 
370 ca = - 6.165E - 4 + 3. 499E - 5 * RZ - 7.0:4E 7 * RZ * RZ + 1 

.16E - 9 * RZ~' RZ'. RZ 
390 D8 = - 2.339E - 5 + 5.305E - 8 * RZ - 1.177E 9 * RZ * RZ + :: 

. 156E - 1: * RZ * RZ * RZ 
385 REM 
~90 REM CALCULATE THETAM 
395 REM 
400 QI = TC 
410 OA = Ql - 0.=5 
420 OB = al + 0.=5 
4::0 
440 
450 
460 
470 
480 
490 
500 
510 
520 
5::0 
540 
550 
560 
570 

,590 
590 
6:0 
6:5 
6::0 
640 

VIA = A9 + B9 * DA + C9 * QA * DA + D9 * DA * OA * DA 
PIA = A8 + BS * OA + C8 * DA * DA + D8 * OA * DA * DA 
VA = VIA + PIA * PHI 1 100 
VIB = A9 + B9 * OB + C9 * OB * OB + D9 * OB * QB * OB 
PiA = AS + B8 * OB + CS * QB * OB + 08 * OB * OB * OB 
VB = ViB + PIB * PHI 1 100 
PA = 0.1:5 * DP 'iC- DP * ua * VA * SIN <DA 1 57.::'> 
PB = 0.1:5 * OP * DP * UB • VB * SIN cas / 57.~} 
DT = ABS «PA - PB) * 57.:: 1 0.5) 
VR = DT 1 ( SIN (01 1 57.~) * (0.5 * "DF' + DB» 
VF' = UF.f * COS ( Q 1 / 57.:;) '\ ~ 

IF VR . VP THEN 570 ~ r'-
01 = Ql + O.~5 

GOTO 410 
TM = 01 

DEF FN RD<XX) = INT (XX * 100 + 0.5) / 100 
DEF FN RMCXX) = INT (XX * .10000 + 0.5) 1 10000 
F'RINT .. PARTICLE TERM. VEL. (CHIS) "" "; FN RM(UF') 
PF: 1 NT Il BUBBLE F:EYNOLDS NUMBER "" "; FN F:D (F: Z) 
F'RINT SPC< :20)~"THETAC = "~ FN RD(Të, 
PRINT SF'C< 20):"THETAM = "; FN RDCTM) 

---ç; 
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650 PRINT P~INT: PRINT 
670 PRINT " SLIDIN'G TIME WEIGHT ï. ANGLE NUMBER OF" 
680 

685 
690 
695 
7ÇlO 
7HI 
71:2 
715 
7::0 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
840 
850 
860 
870 
880 
900 
910 

PR 1 NT" (MS) . GREATER THAN <DEGREES) F:OTAT IONS ": P 
RINT 
REM 
REM **CALCULATION OF 5LIOING TIME** 
REM 
FOR JJ = 1 TO 19 \. 

S5 = GG * JJ \ 
REM COLLISION ANGLE 15 'TS 

Xl = SOR (SS) * SIN <TC / 57.3) 
TS = 57.3 * ATN (XlI SOR ( - Xl * Xl + 1» 
D~T = (TM - T8) / 20 

REM CALC. A\,{E. VORTICITY ~i AVE. ANGLE BETCoJEEN TS ~, TM 
VO = 1) \ 

A1ANGL = (1 

FOR LL = 1 TO 20 
T J = T8 + (LL - O. 5) * O=T ~ 
V1A = A9 + B9 * TJ + C9 * TJ * TJ + D9 * TJ * TJ * TJ 
P 1 A = A8 + B8 * T J + C8 * T J* T J + 08 * T J * T J * T J 
VA = V 1 A + PlA * PH 1 / 100 
A2ANGL = SIN (TJ 1 57.3) 
AIANGL = AIANGL + A2ANGL 
va = va + VA 

NEXT LL 
va = VO / 20. 
AIANGL = AIANGL ,/ 20 

REM· CALCULATE SLIOING TIME 
IF, (OP / DB) • 0.0: TH EN 9:0 

T1S"" 0.7 * 0.'0'3 * va * UB * (DB 1 OP) * c: * <OP / OB)'- 0.0'3) 
+ UP * SIN <AIANGL) 

920 GOTO 940 
9'30·T1S = 0.7'* us * DP * va / OB + UP * SIN (AIANGL) 
940 T2S = 8.73 * <TM'- TS) * DB 
95~ T~S = T~S 1 tlS 
960 REM CALCULA TE # OF ROTATIONS 
970 P8PERIOD = 6~8'3 * DB 1 (0.7 * VO * US) 
980 RI· ~ T~S 1 P8pERIOD 
990 PF:INT TABe 5); FN RD<T::S): TAB( :21): FN RO(SS * l(IC»: TAB( ::4 l 

); FN ROeTS): TABe 45); FN RDCR1) 
1000 NEXT JJ 0 

1010 PRINT CHR$ (4): "PF:#O" 
1015 PRINT "TO C"ONTINUE: 1.SET PF:INTER TO NEW PAGE. :2.PF:ESS C. TO 

ESCAPE: ANY OTHER ~,EY" 

10:20 
10:0 
11 (10 

" 

GET A$ 
IF A$ = "C" THEN ~O 

END 
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" - , 
ca (cula te" vor t je j'ty 
parameters , 

1-
calculate SM 

~ 

+ , 

caleu la te Ec -, 

~ 
for ne initial 

" 
ca leu lote 9n , 

- -
ca lculate ~s ~nd e , 

between 'Sn and aM 
L caleulate en . .-

calc'ulate ts 
j 

-' 

trom eg. 3.33 , 

~ 

<i.s > tj? ne: neQne yes 
~ ~no v 

ca 1 culate EA ( knowing e~ ) 
t , 

t) , 

\~ calculate EK 
~ print . 

E' -

\. A2-2 :' Flowsheet for computer programs 

COLLECT and COLLECT 2 

\ " 

\ , , ) 
; 

" 
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COLl..ECT 
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10 REM 
REM 

****COLLECTION EFFICIENCV**** 
15 
2(1 

25 
30 

PRINT "pO \VOU WANT TO 
GET AS 
IF AS - liN Il THEN 70 

35 PRINT: PRINT : PRINT 
~O PRINT CHRS (4): "PR*l" 
60 ~PRINT CHRS. (9);"13L" 
70 HOME 
7~ P2 = 0 
77 
78 
79 
80 

REM 
~EM 
REM 

DATA ENTRY 

PRINT':" Y OR Nil 
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PR1NT SPC< ~13); "***COLLECTION EFFICIENCV***" 
85 PRINT SPC< .13);" BUBBLE RE: 20 - 400": PRINT : f'RINT 
90 INPUT Il DIA. BUBBLE<CM) .. ":DB 
100 INPUT Il • VELOCITV BUBBLE(CM/S) :: u;ue' 
120 1 NPUT Il - PART 1 CLE OENS 1 TV :1: "; RHO 
130 INPUT .. VISCOSITV (POISE) :&: "; VI 
140 INPUT " GAS HOLDUF: (%) ::: "; PHI 
'f45 INPUT Il "INDUCTION TIME 01SEC) 2: "; TTI 
·14_7 a INPUT "STARTING PARTICLE DIA. (MICRONS) .. "; DM 
148 o INPUT Il MAX. PARTICLE DIA. (MICRONS) = "; OX 
149 1 NPUT" 1 NCREMENT PART 1 CLE DI AME TER = "; OQ 
159 
160 

REM 
REM 
REM 

CAle.' UP ~ STOKES #(KY.) 
161 
162 DEF FN RO{XX) = . , 

16:; DEF FoN RT(XX) = 
164 v DEF FN RM(XX) = 
~ 67 ,DP = DM * O. O(l() 1 
168 55 e= 0.05 

un ( x x * 1 00 + (1. 5) / 100 
1 NT ( X X * 1 OÔOOOO + o. 5) / 1000090 
INT (XX * 10000 + 0.5) 1 10000 

170 Pl = (.0007653 * VI * VI 1 (RHO - 1» A (1 / 3) 
180 B 1 = « OP / Pl) /- 1. 5 * <) • 0921 + 1) A <). 5 
190 UP ,p (~O. 52 * VII OF') * (B 1 - 1 ) *, (B 1 - 1) 
:32 Kk = RHO * OP. * OP * UB 1 (9 * VI * DB) 
235 1 F' P= ':,~ 0 THEN 40(1 \. 
240 , REM CALCUlATE RE (BUBBlE> ~-( THETAC 

\ ':~O R Z :: UB * DB / ~ V 1 
255 IF RZ -< ::: 400, AND RZ " 
256 i PRINT "**BUBBlE REYNOLDS 
2~7 PR INT" RANGE: 20 ,.. = 
258 PRINT "" 
2~9 GOTO 11 00 

= 20 THEN ~60 
NUMBER DUT OF RANGE * * " 
RE.! = 40Q": PRI NT : PRINT 

'260 TC = 76.1 - 7.:'7 * LOG (RZ) / 2.::'0:' 

l ' 

, . 



1 

r 

265 REM 
270 REM 
275 REM 
280 REM 

CAlCUlATE VORTICITY PARAMETERS 

VORT <FOR HOlOUP-O) -A9+B9 <ANGLE) +C9 (ANGLE"'2) +09 (ANGLE"'3: 

290 A9'. - 0.010S2 - 7.273E - 4 * RZ + 1.735E - Ô * RZ * RZ - ~.04 
6E - 9 * az ~ RZ * RZ 

300 B9. 0.0745 + 3.013E -'3 * RZ - 7.402E - Ô * RZ * RZ + 8.931E ~ 
9 * RZ * RZ * RI 

310 C9. - 4.27ôE - 4 - 1.977E - 5 * ~Z + 5.194E,- 8 • RZ * RZ - 6 
.52E - 11 * RZ * RZ * RZ 

320 09. - 1.103E - Ô - 1.032E 7 * RI + 1.397E - 10 * RI * RZ 
1.334E - 13 * 'RI * RZ * RZ 

330 REM VORTICITY(HO)-VORTICITY<HO-O) + SLOPE.HO/100. WHERE 
340 ~M SlOPE-A~+B8~ANGLE)+C8(ANGLEÂ2)+oe(ANGLEA3) 
:50 A • - 0.0199 + 0.0033 • RZ - 4.7eOE - 5 * RZ * RZ + 7.939E 

9 ~Z t RZ * RZ " ' " 
360 B8 0.6579 - 0.00791 * RZ + 1.269E - 4 * RZ * RZ - 2.107E.~ 7 

* RZ * RZ * RZ 
370 CS • ~- 6.1Ô5E - 4 + 3. 499E - 5 * RI - 7.024E - 7 * RZ * RZ + 1 

Il • 16E ...:. 9 • RZ * RZ * RZ 
380 08. - 2.339E - 5 + ~.305E - B * RZ - 1.177E - 9 • RZ * RZ + 2 , 

.156E 12 * RZ * RZ * RZ 
3e5 REM 
390 REM CALCULATE THETAM 
395 REM 
400 Ql - TC 
410 OA • 01 - 0.25 
420 QB - 01 + 0.25 

,430 V1A • A9 + B9 * QA + C9 * QA * OA + D9~* QA * OA * QA 
440 PIA • AB + Ba * QA + ce * OA * QA + 08 • QA * OA t QA 
450 VA .. VIA + PiA·' PHIl 100 
460 VIS • A9 + B9 * O~ + C9 * oe * OB + 09 • PB * OB * OB 
470 PIA'. AB + SB * QB + ca * OB * QB + Da • QB * QB * QB 
480 va .. VIB + PIB * PHI '1 100 
490 PA = O~125 * OP * OP * US * VA * SIN (OA 1 57.3> 
500 PB ='Q.12S * OP * OP * UB * VB * SIN (OB 1 57.3) 
510 DT = AS'S "«PA - PB) * 57.3 1 o.~) 
520 VR .. DT / C SIN (QI / 57.3) * CO.5 * (DP;, DB» A 2) 
!i::30 VP .. up * COS «(;n 1 57.::;) 
540 IF VR". VP THEN 558 

01 "" Ql + O. 2~ 
GOTO 410) 

TM = CU, 
REM 571 
REM CALCULATE 
REM 
~~M ****CALCULATE 

uu ~ UF' / ua 

COLLISION EFFICIENCY 

COLLISION EFFICIENCIES*** 

550 
555 
558 
565 
568 
570 
571 
572 
57: 
574 
57~ 
57f:j 

DO ,J OF' / DB ~ 
EG - (UU * (1 + 
ES - 1.5 * DO * 
El :z ES * (1 + 

DO) A :> * SIN (TC 1 57.3) A 2 1 (1 + UU> 
DO 1 (1 + UU) 

" . , 
" 

<0.1875 • RZ) / (1 + O. ~49 * RZ Â 0.56» , 1 
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578 
~79 

1""580 
~90 

610 
620 
625 
630 

~ 640 
64: 
6aS 
690 
695 

-700 
710 
715 
719 
720 
721 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
840 

lSO 
60 

870 
880 
9()(I 
910 

9:!O 
9::0 
94(1 
950 
955 

'960 

<--' 
970 
975 
980 

EC = El + EG Q 

xe .. (RZ ... 0.06) * WY- ..... 0.54) / (UU A 0.16) . 
IF xe < 0.614 THEN 610 

EC == EC * 1 '-627 * xa 
IF P2 > 0 THEN 7ÔO 
PRINT 
PRINT SPC( 17): "RE BUBBLE .. "; FN RO(RZ) 
PRINT 5PC C 20): IITH~ - "; FN RD <TC>: PRINT 
PRINT "DIA. PARTlC~E COLLISION ATTACHMENT 
PR 1 NT Il , (M l CRONS ) EC ('7. ) EA (%) 

REM 
REM 
REM 

CALCULATE ATTACHMENT EFFICIENCY 

FOR JJ - 1 TO 1? 
55 .. GG * JJ 

REM COLL 1? tpN 
Xl. SQR (55) * 

ANGLE lS TS 
SIN <TC / ~7.3) 

TS • ~7.3 * ATN 
Te • TS 

(Xl / SQR ( - Xl * Xl + 1)~ ~ 
IÏ'~ ,/ ô' -: , 

D2T· (TM TS) 1 20 

245 

PRINT 
COLLECTION" 

EI<'(%) " 

REM CALC. AVE. VORTICITY ~ AVE. ANGLE BETWEEN TS & TM 
va ,. 0 
AIANGL a:> 0 , 

FOR LL =- 1 TO 20 
TJ =- TS + (LL - O.S) * D2T 
VIA • A9 + B9 * TJ + C9 * TJ * TJ + 09 * TJ * TJ * TJ 

1 A .. A8 + B8 * T J + CS * T J * T J + 08 A"" T J * T J * T J 
VA = VIA + PIA * PHI / 100 / 
A2ANGL" SIN (TJ / 57.3) , 
Al ANtQL = AI ANGL ~ A2ANGL 
va = va + VA 

NEXT LL 
VO = va / 20 
AIANGL = AIAN~ 1 20 

REM CALC. SLIDING TIME 
IF (OP / DB) < 0.030 THEN 9::0 • 

Tl S = O. 7 * 0.0::: * -VO * us, * (DB / DP) * (: * (DF' 1 DB)' - (>. ( 1 

+ UP * SIN ( A 1 ANGL ) . 1 

GOTO 940 
T1S = 0.7 * UB * DP * va / DB + UP * SIN (AIANGLI 
T2S == 8.7~ * (TM - TS) * DB 
T:::S = T:S 1 TIS 

REM lS SMALLE~ INCREMENT (GG) REQ>D~ (FOR WHEN ATT. EFF. 
LOW) 
IF T3S ~ ... TTI' GOTO 984 

S.'> == 55 
T 46 -= T:::S 

Nl!XT JJ 

., 

1 
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,-_ ........ 

-. 

994 IF 56 - O. 002!5 THEN 994 
995 IF SS • 0.05 THEN 992 
996 IF TTI < T39 THEN 996 
990 AlE - 5S - GG * (TTI - T3S> / (T45 - T35> 
991 GOTO 999 
992 GG - 0.0025 
99~ GOTO 700 
994 GG - .000125 
995 GOTO 700 
996 AlE - 99 + GG * (1 - TTI / T49) 
997 REM 

246 

998 REM CALCULATE COLLECTION EFFICIENCV ~ PRINT RESULTS 
999 EK - EC * AlE 
1000 PRINT TABC 5): FN RD(DM> = TAB( 18) 1 FN RM<EC * 100); TAB( _'-

1002 
1004 
1006 
1008 
1100 
1110 

1120 
1130 
1140 

); FN RO<AIE * 100); TAB< 44); FN RT(EK * 100) 
IF DM > • DX THEN 1100 

DM - 0'1 + DQ ) 
P2 - P2 + 1 ( , 

GOTO 167 
PRINT CHR$ (4);~PR.0" 

PRINT "TO CONTINUE: 1.5ET PRINTER 
ESCAPE: ANY OTHER KEY" 
GET Af 
IF AS - "C" THEN 20 
END 

.. 

1 



( 

:1 

10 REM 
15 REM 

COLLECT2 

****COLLECTION EFF. - LOW RE**** 

20 PRINT "00 YOU WANT TO P~INT":' y OR N" 
(/25 GET A' 

30 IF AS II: "Nu THEN 70 
35 PRINT : PRINT : PRINT 
~o PRINT CHRS (4") l "PRttl" 
60 PRINT CHR' (9);"13L" 
70 HOME 
75 P2 • 0 
77 REM 
78 REM 
79 REM 

DATA ENTRY 

430 PR~NT SPC< 1:'>; "***COLLECTION EFFICIENCY***" 
85 PRINT SPC( 1~);" BUBaLE RE:O.1 - 20 ": PRINT 
90 INPUT" DIA. BUBBLE (CM) :: ": DB 
100 INPUT" VELOCITY BUBBLE<CM/S) = ";UB 
120 INPUT" PARTICLE DENSITY :: ";RHO 
130 1 NPUT Il VISCOS l TY (PO 1 SE) = "; VI 
140 INPUT ~ GAS HOLDUpeX) == "~PHI 

145 INPUT" INDUCTION t,TIME (MSEC) == "; TTI 
147 INPUT "STARTING PARTICLE DIA. (MICRONS) :II: ":01'1 
148 INPUT" MAX. PARTICLE DIA. (MICRONS) = ": DX 
149 INPUT" INCREMENT PARTICLE OIAMETER == ";OQ 
159 REM ' 
160 .... REM CALC. UP '& ST OVES # O~,\) 
161 REM 

INT (XX * 100 + O.~) / 100 

247 

F'RINT 

162 DEF 
16::' ~ DEF 
164 OEF 
167 OP = 
168 GG == 

FN RD (XX) = 
FN RT (XX) = 
FN RM,XX) = 

INT JXX * 1000000 + 0.5) / 1000000 
IN~ (XX * 10000 + 0.5) / 10000 

170 
180 
190 

':...,.,..., -.... -
235 
~40 

:50 
~55 

256 
of_ ~57 

258 
259 
~60 

4-6: 
264 
266 

Pl = 
BI = 
UF' = 
1<1<' :: 

DM * 0.0001 
0.05 
(.000765:' * VI * VI 1 (RHO - 1) 
( (DP / Pl) -" 1. 5 * 1). 1)9~ + 1) 
(:0.52 * VI/OP) * <B1 - 1) * 

RHO * OP * OP * UB / (9 * VI * 
IF P:: .. ' <) THEN 400 

(1 / :::) 
0.5 

<B1 - 1) 

DB) 

REM CALCULATE RECBUBBLE) ~ THETAC 
RZ = UB * OS / VI 

IF RZ ==:0 AND RZ' == 0.1 THEN :60 
PRINT u**BUBBLE REYNOLDS NUMBER OUT OF RANGE**" 
F'RINT" RANGE: 0.1 = F:E = ~O": PRINT : PRINT 
PRINT "" 
GOTO 1100 
IF RZ ~ 1.0 THEN :66 

TC = 98.0 1:.49 * LOG (10 * RZ> / :.~O~ 
GOTO :90 

TC = 90.0 - :.5 * LOG (100 * RZ) 1 :.~O~ 



J -

269 REM 
270 REM 
27~ REM 
280 -REM 

285, REM 

"-'''' 248 

, 
CALCULATE VORTICITY PARAMETERS 

VORT (FOR HOLDUP=O) =A9+B9 ( ANGLE) +C9 < ANGLE-"2) +09 (ANGLE'" 

290 A9 - - 0.001217 - 0.001745 * RI + S.143E - 5 * RZ * RZ - 1.16 
E - 6 • RZ * RZ • RZ 

300 B9 - 0.028b + 9.229E - 3 * RZ - 3.S5E - 4.' RZ * RZ + 9. 190E -
6 • RZ • RZ * RZ , 

310 C9 - - 4.060E - S - 0.S8bE - 4 * RZ + 1.620E - 6 * RZ * RZ -
.992E - ~ * RI * RZ * RI 

320 09 - - 9.610E - 7 - 2.'40E --7 * RI + 1.740E - 8 * RZ * RZ -
.100E - 10 * RZ • RZ • RZ 

330 REM VORTICITY(HO>-VORTICITY(HO-O) + SLOPE.HO/I00, WHERE 
340 REM SLOPE-AS+B8(ANGLE)+CS(ANGLEA 2)+D8<ANGLEA 3) 
350 AS - - 0.0199 + 0.003~ * RI - 4.7S0E - 5 ~ RI * RI + 7.9=9E -

8 * RZ * RZ * RZ 
360 BB - 0.6579 - 0.00791 * RZ + 1.26~E - 4 * RZ * RZ,- '~.107E - 7 

• RZ * RZ * RZ 
370 CS - - 6. 165E - 4 + 3.499E - 5 * RZ - 7.024E.- 7 • RZ * RZ + 

• -1bE - 9 * RZ * RZ * RZ 
380 D8. - 2.339~ - S + 5.30~E - S * RZ - 1.177E - 9 * RZ * RZ + 

.156E - 12 • RZ • RZ * RZ 
385 REM 
390 REM 
395 REM 

CALCULATE THETAM' 

4 0 QA • Ql - 0.25 
4UCU · TC 

4 . OB • 01 + 0.25 
43 lA. A9 + B9 • QA + C9 * QA • QA + D9 

.- GlA ,+ 08 

* Ga + 09 
* "GIS + D8 

* QA * QA 

* GlA • &lA 

* oe * GEl 

• QS * QB 

440 PlA • AS + B6 * CA + C8 * CA 
450 VA • VIA + PiA * PHI / 100 
460 V1S • A9 + B9 * aB + C9 * OB 
470 PIA • AB + B6 * CB + ce * OB 
480 VB • Vle ,+ PIS * PHI / 100 
490 PA - 0.125 * 'OP * OP * UB * 
500 PB • 0.125 * OP t OP * US * 
510 DT. ABS «PA - PB) • ~7.~ 

VA * . SIN - (OA 1 57. 3) 
VB * SIN (GB / 37.3) 
/ 0.5> 

* GIA 
* GA 

.",. GS 

* OB 

520 VR • DT / ( SIN (Ql 1 57.:> 
530 VP • UP * COS (Ql / 57.3) 
540 IF VR / VP THEN 558 

* (O.~ * (OP + DB» A => 

550 Ql • Ql + 0.25 
555 GOTO 410 
559 TM • Ql 
565 REM 
568 REM-"-' ',_ CêbCULATE COLLISION EFFICIENCY 
~70 REM ~ 

~72 UU • UF' /' UB 
~73 00 • OP / 08 t . ' 

~74 EG:. WU * (1, + 00) .' ::)t * SIN <TC 1 ~7.-:;) A :: / (1 + UU) 
57~ ES III 1. 5 • oo·'t 00 1 (1 '+ Uu) 
576 El • ES * (1 + O.187~ * RZ> 1 (1 + 0.249 * Rz A!0.~6) 

~ 

1 
1 



.\ 
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~77 EC - EG + El 
~79 X8 • (RZ A 0.06) * (KK A 0.~4) / (UU A 0.16) 
~80 IF X8 < 0.614 THEN 610 
~90 'EC • EC • 1. 627 * XS . 
610 IF P2 > 0 THEN 700 
620 PRINT 
6~ PRINT 5PC ( 17); "RE BUBBLE • a.; FN RD <RZ) 
630 PRINT SPC< 20). "THETAC • 1'; FN RD CTC) 1 PRINT 1 PRINT 
640 PRINT tlDIA. PARTICLE COLLISION ATTACHMENT COLLECTION" 
642~ PRINT·a (MICRONS) EC (Y.) EA (Y.) 

6~ REM 
690 REM 
69~ Rel 

CALCULATE ATTACHMENT EFFICIENCY 

700 FOR JJ - 1 TO ï 9 
710 55 • GG * JJ 
7l~ REM COLLISION ANGLE 15 TS 
71~ Xl· SQR (S5) * SIN (TC 1 ~7.3)t ' 
720 T5 • S7.3 * ATN (Xl / SQR ( - Xl • Xl t .. 1» 
721 T8 • T9 

20 

EK ('X) .. 

730 D2T • (TM - T5) 1 
740 REM CALC. AVE. 
7~0 VO • 0 

VORTI C 1 T: J" AVE. ANGLE BETWEEN T9 Sc TM 

760 A1AN6L - 0 
770 FOR LL - 1 TO 20 
780 TJ • TS + (LL - O.~) * D2T 
790 VIA • A9 + B9 * TJ + C9 * TJ * TJ + D9 * TJ * TJ * TJ 
800 PlA • AS + B8 * TJ + C8 * TJ • TJ + D6 * TJ * TJ * TJ 
810 VA • VIA + PIA * PHI / 100 V 
820 A2ANGL - SIN <TJ 1 ~7.3) . \ 

830 AIANGL • AIANGL + A2ANGL 
840 VO • va + VA 
8~0 NEXT LL 
860 VO • VO 1 20 
870 AIANGL - AIANGL 1 20 
886 REM CALC. SLIOING TIME 
900 IF (OP 1 DB) < 0.03 TH EN 930 
910 T1S • 0.7 * 0.03 • va * UB * <OB P) * (2 * (OP l,DB) - 0.03 

+ UP * SIN (AIANGL) 
920 GOTO 940 
930 TIS - 0.7 * UB * DP * va / DB + U 
940 T25 - 8.73 * <TM - TS) * DB 
950 T39 - T25 1 T1S 

SIN (AIANGL) 
. " 

95~ REM 15 SMALLER INCREMENT <GG) REQPO? <FOR WHEN ArT. EFF. 15 L 
W) 

960 IF T3S < • TTI GOTO 984 
970' SK • 55 
97~ T49 • T35 
990 NEXT JJ 



" 

o 

984 IF SS - O.OO2~ THEN 994 
9~ IF S9 • ·O.OS THEN 992 
986 IF TTI < T35 THEN 996 
990 AlE • S9 - GG • <TTI - T39) 1 (T46 - T3S) 
991 GOTO 999 
992 GG • ,O. 0<)2S 
993 6OTO 700 
994 GG - O.OOOl2S 
99:$ GOTO 700 
996 ~1E • SS + Ga * (1 - TTI 1 T4S) 
997 REM , 

250 

998 REM. CALCULATE COLLECTION EFFICIENCY AND PRI'NT RESULTS 
999 EK • EC * AIE 
1000 PRINT TAse ~). FN RDCDM)J TAS < lB>. FN RM<EC * 100); TAS( 3 

), FM RDCA1E * 100)1 TAS( 44). FN RM<EK * 100) 
1002 IF DM > • DX THEN 1100 
1004 DM • DM + DQ 
1006 P2 • P2 + 1 
1008 GOTO 167 
1100 PRINT CHRS (4) J "PR4K)u 
1110 PRINT -TO CONTINUE: 1.BET PRINTER TO NEW PAGE, 2.PRESS C. 

1120 
1130 
1140 

ESCAPE. ANY OTHER KEY-
GET AS 
IF AS.- "Ch THEN 20 
END 

0; 

TI 
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data in ut 

" 

calculate ~px and upy 
with \ 
Runge-Kutta routine 

calcula te nlew 
x and y ccoordinates' 

QG = atn(y/x) 
! 

'~ ! . 
l' 

, 

1} " 

r 

" 

A2-3 Flowsheet for computer pro gram FLOW 

'- ) 



• • __ ~~ ___ .... ~ __ ~ ___ . ____ ~~~u. 

-0 

't! 

252 

FLOW (FLOW20) 

0010 PRINT " , FLOW PROFILE - RE=20 " 
0012~REM ***** X AND Y ARE STARTING COORDINATE5 
0014 REM *** G 15 THE RATIO OF UCPARTICLE) TO U(BUBBLE) 
0016 REM *** ~ lS THE 5TO~ES NUMBER 
OOl8 REM * D 15 THE RUNGE-~UTTA'INCREMENT(H) 
0020 PRINT "INPUT X, y, G~K • 
0030 INPUT X5.Y5wG~K 
0045 Il =0.0: 
0050 ~=(X5**2+(5**2)**O.5 
0060 T =ATN(Y5/X5) 
~0()70 Nl=O 
','0'10 H=1 
o 1 2~j GOTO 102,0 
0130 V ~ • 7.556*T -2.636*T *T -0.5854*T**3 
o 1 4 0 ~' l :::: ( 1 + 1 / ( 2 * F~ * * 3) ) * SIN ( T ) 
0J ~ïO 
0100 
0170 
0210 
0220 
0230 
0:;40 
0.~5') 
t),'('JtJ 

ü.~ 7~) 

(1,'90 
O.HO 
(. ,'-:.'0 
0330 
O~AO 

03~O 

0300 
0~70 

0380 
'21382 
0384 
0.591 
039:> 
~)3°3 

o _;()4 
0)395 
, """'nr\ 
I,.,J",",70 

F':2 =(1-1/(R **3»*COS<T ) 
51 =(1-O.75/R -0.:5/( R**3»*SIN(T) 
52 =(1-1.5/~ +0.5/( R**3»*COS<T ) 
Ul =« R~O.99)**~-( R-l.01)**2)*V /(0.04*R ) , 
U2 =O.68*Pl +0.32*51 
IF U:2 Ui THEN 260 
lJO=U2 
GOTO ~9() 
1)()::::lJ 1 
1 i::.. 2 r 

, r 

Ul~~.56*P2 +0.44*S:2 \ 
T =T tO.oon726 . 
V =-O,0247t 7.556*T -2.636*T *T -.5854~T **3 
Ci=O.5*< R-l)**~*V *SIN(T) 
T =T -0.017452 
V =-0.0247+ 7.556*T -~.636*T *T -.5854*T **3 
C2=0.5*( R-l)~*2*V *SIN(T) 
T =T +0.008726 
U9=(1/( B.t ~*SHHT ») i*<Cl-C2)/0.Ol7.452 
IF U3 U9 TH EN 391 
U9 = U3 
IF N1 : 0 THEN 400 ~" 

Vi = U9*COS(T) + UO*SIN(T) + G 
Wl =,UO*COS(T) - U9*SIN(T) 
X5 :::. X5 - VUD 
'1'5- '(5 + Wl'«D 
l,OTO 930 

.' 

J ~I 

< • 

" 
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e 
~'J \...1.2 1J9*C05~1 J + UO,fSIN(T) +G --

04 0 W.2 - UO*COS<T ) - lj9*SIN(T) 
t)~:~'O 1'-1 == ( --Vi + V::?)/I\ 
0)430 1\2- :: (-V1 o .5.+:[1*1\ 1 + V2)/1\ 
0440 1\:-; :: ( -1,.11 - 0.5*1I*h~ + V~) It, 
... ,,\1:" ~ 1\4 .:= ~-Vl - D*1\3 + V~)/I\ V'l,./V 

'04/,0 V3 -- V1 + (D/6) * 0\1 + ~*1\2 + 2U~~ + 1\4) 
04;'0 LI :: ( --W 1 +W;?)/I\ 
0-11,0 L~ :: (-WI - 0.5*D*Ll + W::? ) It, 
0490 L3 :: (-Wi -'O.5*D*L2 + W::? ) /1\ 
O~}()() L4 ::: (-Wi -D*L3 + W2) It, 
0510 W3 ::: :.J1 + <D/6)*(Ll + 2*L2 + 2*L3 + L4f' 
O~:O X5 ::: X5 - V3*D 
0530 Y5 :: Y5 + W~5*n 
0' .• 46 V1 :: V3 
<:'5~O W1 -- W,:) , 
C.~(,. ~O R = ~X5**2 -+ 1'5**2') **0.5 """--.. , 
0740 T =A TN ( Y 5/X!,) 
d980 N1=-tH+1 
LvOv rr <T *57.3) 0 THEN 1180 
1010 REnlRN 
1,j20 GOSUB 130 
1030 IF R 1.1001 

,., 
THEN 1100 

l(,40 GOTO" 1020 
11'80 F'RINT "THETf\="; (T *57.3) 
1.:200 F'RINT • R= 1 ; R 
1 :? 1 0 F'RINT 1 LOOF'S=" ; N J 
1::20 F'R l ~n "MORE? YES-l NO-2" 
12100 l NF'UT l 
1 ;~40 JF 1:=1 GC/T01 10 
12':)0 [i4D 

( 
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COLUMN 

10 REM FLOTATION COLUMN ·SCALE-UP· 
~O REM 
30 REM *DATA ENTRV* 
35 REM 
40 PRINT" PRINT? Y OR N" 
50 GET BS 
60. IF BS • liN" THEN 100 
70 PRINT PRINT 
BO PRINT CHR$ (4);"PR*1" 
90 PRINT CHR$ (9);"17L" 
100 HOMt 
105 DEF FN RDeXX)· INT (XX * 100 + 0.5) / 100 
110 PRINT SPC ( 13); "FLOTATION COLU.MW SCALE-UP": PRINT 

120 PRINT SPC( 20); "***OATA INPUT***": PRINT : PRINT 
130 INPUT" COLUMN OIAMETER CM) - "; OC 
140 INPUT "COLLECTION ZONE LENGTH(M) - ";Ll 
145 LB ,. Ll 
150 INPUT" FEED RATE(L/NIN) • "~QF 
160 INPUT" TAILINGS RATE(L/MIN) == niQT 
170 INPUT" GAS RATE(L/MIN> • ";QG 
1 BO INPUT" GAS HOLOUP (%) .. "; ClH 
185 1 NPUT Il BUBSLE DI AMETER (CM) - " ; DB 
190 REM .SUPERFICIAL VELOCITY - veCN/S) 
200 REM ACTUAL VELOCITIES - U(CM/è) 
210 Al ,. 0.25 * 3.1416 * DC * OC 
220 VG = QG 1 (60000 * Ai> 
230 VF .. QT 1 (60000 * Al) 
240 UF ,. VF 1 (1 - QH / 100) 

" 

254 

PRINT 

242 PRINT" SUPERFICIAL GAS VELOCITY - "; FN RO(VG * 100); "CM/S" 
244 PRINT" SLURRY VELOCITYCOOWN) = "; FN ROCUF * 100>;"CM/S" 
25() PRINT PRINT SPC ( lB> ~ "FEEO DESCRIPTION": PRINT 
=60 1 NPUT Il --... FEED WE I GHT % SOL IDS .. "; FT 
27.0 1 NP&;T " AVE PARTICLE SIZE(UM) :: "~DM 

280 ;OP • DM 1 10000 
290 1 NPUT" .. OF MI NERALS 1 N FEED .. Il = NM% 
"300 ,PR 1 NT SF'C ( 1:;');" (TOT AL MUST = 1 OO~) ;, 
310 Nl ,. 1 
3 15 0 1 M 1< f1=O, 10) , P3 ( 1 (>, 1(1) ~ R ( 10. 1 (1 ) 

317 SIG" 0 
~=o FOR l = N1 TO NM% 
-::25 PRINT 
330 INPUT" 
::40 INPUT" 
350 INPUT Il 

360 Pl ( 1) - P4 ( 1) / 

MINERAL NAME 
SPECIFIC GRAVIlY 

FEED'GRADE (~) 
100 V 

"; A$ ( 1 ) 
.. "; SG ( 1) 
,. ": P4 ( 1) 

i 



370 FOR J - NI Ta 2 
380 INPUT "ENTER ,K 
400 NEXT J 
410 SIG • SfG + S6 ( 1 > 

AND PROPORT 1 ON : ", ~ K ( 1 • J ) • P3 ( 1 • J) 
" 

* Pl (1) 
, . 420 N~XT l", 

421 FS .. 100' / « 100 * SIG 1 FT> -' S1G + 1) 

4~2' TSP • 6E -
423 PRINT ,. 

4 * GIF * FS * 9'1 G 
FEED VOLUME 7. SOL IDS =ra :, = FN RD (FS) 

255 

4:24 PRI,NT" 
425 PRINT 1 

FEED MTPH SOL 1 OS" "; FN RD.C TSP) j} 

PRINT : PRINT SPC( 20);"***RE6ULTS***": F'RINT;' 
1 

<l" 

427 PRINT SPC( 26); "7.RECOVERY 
430 REM' 
440 ,REM 
4~O'~EM 
4~5 R~F'. 1 

*RECOVERY CALCULATION* . . 

460 Dl .. 0.063, * OC . 

GRADE <7.) Il 

, 490 REM CALc. PART ICLE • VELOe'! TY 
:500 BI" (7. 6!53E - S 1 ( siG - U) A (1 1 3) 
~10 B2 .' «OP / BI) A 1.:5 * 0.0921 + 1) ~ o.~ 
:520 up, - (0.201 1 OP) * (a;z - 1) *. (S2 - 1) 
:52~ UP - UP * «1 - ~6 / 1(0) A 4.65) 
:530 ' U 1 P • UP / 100 '+ UF . . . 1 '. • 

:53~ REM CALCULATE,MIXING PARAMETER6 
:540 NO - 01 1 <UIP * LI) 
~:50 Tl ~ LI / (UIP. * 60) 
5:55 R2 .. 0 . 
560 FOR 1 - NI Ta 2 
~65 RI(l) - 0 
:570 FOR J a NI TO NK(I) 
580 A4 ,. t 1 + 4 * K ( l , J ) * Tl * ND) .... 1). 5 
~qO AS :II 4 * A4 * EXP 'c 1 / (2 * ND» , 
600 A6 a «1 + A4) ~ 2) * EXP (A4 / (2 * ND» 
610 A7 ~ «1 - A4) A.2~ * EXP ( - A4 / <:: * ND» 
620 R ( 1 , J) - 1 - A5 j.. (~ - A 7 ) 
630 RI (1) = RI (1) + R(IiJ) * P:::(I.J) 
640 NEXT J J 1 

650 R::2 ... R2 + Rl (I) * Pl (1) h 

660 NEXT 1 . 
67(1 REM TOTAL WT. RECOVERY 16 R2*lOOï. 
680 REM INDIVIDUAL' MINERAL REC'Y ! S I\U ( r ) * 1 <)Oï. 
690 R::: ""' <) ~ 
700 FOR l = N1 TO NMï. 
710 RT (1) :II R 1 (1) * R5F / (1 - Rl(I) * ( 1 - R5F) ) 
720 R3 :II R::: + RT<I) * Pl < 1) 
730 NEXT 1 ~l 

F'RINT 



1 1 
740 REM f 

750 REM *GALCULATE BUBalE LOAO* 
7:5:5 REM / 
760 REM RECYCLE LOAD 1 Er R7C , 
76:5 R7C - (1 1 <1 - R2 • 'q. - R:5R») \: 1 
770 G8 • QF * FS * S1G • R2 • 10 * (1'+ R7C) 
780 L4 - G9 ) (QG,' 1000), ' 
790 l:5 - 0.8 • 6 * OP * S1G 1 OB 
800 IF L~ >~L4 TH EN 830 
810 II - II • o.~ 
820 GOTO ~40 

" REM 
REM 
REM 

*PRINT RESULTS* 

·Î 

824 
_8~ 
826 
830, PRINT : PRINT : PRINT" FOR FROTH RECOVERY • 

00) ; >ty." 

1 

840 PRINT SPC< 10); "TOTAl"; 
850 FOR 1 • ~1 TO NMY. 

TAB{ --29> J FN ROCR3 * 100> 

256 

860 Cl ( 1 > • RT ( 1) * Pl ( 1 ) 1 
870 PRINT SPC( 10)JA.<I); 

R3 
TA9~ 29); FN RP(RT(I) * 100}; TAB( 

FN RO<Cl(I) * 100) 
900 NEXT l ' 
,90:5 . PRINT •• 
907 PRINT Il 

910 R5F - R5F 
920 Il= R:5F < 
930 l1 - le 
940 GOTO :540 

.. , '1.."; FN RD (l 1 ) ; uM" 
RECYCLE RATIO .u; FN RD (R7C) 

I!!J' 0.2 
0.2 THEN 950 

'"' 
950 PRINT CHR. (4) J "~R.O" 
'1000 'END ' 

: f' 

) 

" 

;. 

. \ 

... 

, ! 

1 

l 
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Appendix 3. Flow.meter Calibrations 
i 

1 . _/ 

Figure A3-l. Wash water flowrneter calibration 

Figu~e A3-2. 
; 

Gas flowmeter calibration using 

a Precision Wet Test Meter. 
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