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Abstract 

This thesis consists of three essays. The firsts essay looks at the optimal ex

port policy in the context of an vertically related industry with differentiated prod

ucts, and analyze effects of the degree of product substitutability and market struc

ture on the determination of such policy. It is shown that results obtained in a similar 

model with homogenous goods rivalry no longer hold when the goods are differen

tiated. Indeed, the degree of product substitutability plays an important role in the 

determination of export policies, it also determine whether a country can be bet

ter off under a trade policy war compared to free trade. The use of differentiated 

product setting also allows one to compare export policies and countries' welfare 

between Cournot and Bertrand competitions. It is found that the results of the com

parison are also sensitive to the degree of product substitutability. 

The second essay presents a model of tariff war involving n resource-importing 

countries and a coalition of resource-exporting countries that acts as a resource-

cartel, coordinating the extraction paths of their resource-extracting firms. We deal 

with two different tariff war scenarios. In the first scenario, which we call the bi

lateral monopoly scenario, all resource-importing countries form a coalition that 

imposes a common tariff rate on the exhaustible resource. In the second scenario, 

the resource-importing countries act independently, each imposing its own tariff 

rate. We compare the outcomes under the two tariff war scenarios and with the 

free-trade outcome. In our model, it turns out that, given the rate of discount, there 

ii 



Abstract iii 

is a corresponding threshold level of the marginal cost parameter beyond which the 

resource-importing countries would prefer bilateral monopoly to world-wide free 

trade. The higher is the rate of discount, the greater is the corresponding threshold 

marginal cost level. We study the effects of asymmetry between resource-importing 

countries on the welfare of the exporting country, and of the importing countries. 

In the final section, we examine the welfare consequence of splitting the resource 

stock into two (possibly unequal) parts to serve the two import markets. It turns out 

that such market segregation is harmful to the exporting country. 

The third essay analyzes the dynamic rivalry by two firms in the cultural 

goods market. Consumers are assumed to have homogeneous valuation of one good 

and heterogeneous valuation of the other good. One of the firm can choose the qual

ity of its product from a continuum of quality levels. This firm is the far-sighted firm 

in the dynamic model. Consumer preferences evolve gradually over time. This evo

lution is driven by a network effect and a depreciation effect. The network effect is 

a function of the current market shares of the two firms. We consider the case where 

one firm is the dynamic optimizer and the other firm is myopic. The far-sighted firm 

solves its problem by manipulating its current market share, which in turn affects 

the evolution of consumer preferences. We show there exist two steady states, one 

of which is a stable in the saddle-point sense, while the other is unstable. Our com

parative static analysis of the stable steady state shows that the steady state quality 

level of the far-sighted firm is increasing in the discount factor and decreasing in 
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the cost and the speed of adjustment parameters. Moreover, the steady state quality 

level is lower than the equilibrium quality level of the static model. 



Resume 

Cette these se compose de trois essais. Le premier essai examine la politique 

d'exportation optimale dans le contexte d'une industrie a l'aval qui s'approvisionne 

a l'amont, et qui produit des biens differencies. On analyse des effets du degre de 

substituabilite des biens et la structure du marche sur les proprietes de la politique 

optimale. On montre que les resultats obtenus dans le cas des biens homogenes ne 

tiennent plus quand les biens sont differencies. En effet, le degre de substituabilite 

de produit joue un role important sur la determination des politiques d'exportations. 

II est un facteur important qui determine si un pays peut ameliorer son bien-etre vis

a-vis le libre echange en s'engageant dans une guerre de politique commerciale. 

On compare les niveaux du bien-etre social quand les firmes sont en concurrence 

a la Cournot et a la Bertrand. On constate que le resultat de la comparaison est 

egalement sensible au degre de substituabilite des biens. 

Le deuxieme essai presente un modele de guerre de entre les pays exporta-

teurs de ressources naturelles et les pays importateurs. Nous traitons deux scenarios 

differents de guerre de tarifs. Dans le premier scenario, que nous appelons le sce

nario de monopole bilateral, les pays importateurs forment une coalition qui impose 

un taux commun de tarif sur 1'importation de la ressource epuisable. Dans le deux

ieme scenario, les pays importateurs agissent independamment, chacun imposant 
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Resume VI 

son propre taux de tarif. Nous comparons les resultats sous les deux scenarios de 

guerre de tarifs et aux resultats sous le libre-echange. Dans notre modele, il s'avere 

que, etant donne le taux d'escompte, il y a un niveau de seuil du parametre de 

cout marginal au dela duquel les pays importateurs prefereraient le libre echange au 

monopole bilateral. Le niveau de seuil du cout marginal est une fonction croissant 

du taux d'escompte. Nous etudions les effets de Pasymetrie entre les pays importa

teurs sur le bien-etre du pays exportateur, et des pays importateurs. Dans la section 

finale, nous examinons la consequence sur le bien-etre social de diviser le stock 

de ressource en deux parties inegales pour servir deux marches d'importation. II 

s'avere qu'une telle segregation du marche est nocive au pays exportateur. 

Le troisieme essai analyses la rivalite dynamique entre deux firmes qui pro-

duisent des biens culturels. Les consommateurs sont homogenes dans leur evalua

tion d'un bien et heterogenes dans leur evaluation de l'autre bien. Une firme choisit 

la qualite de son produit. Elle optimise son sentier de profits. La preference des 

consommateurs s'evolue graduellement. Cette evolution est influence par un ef-

fet de reseaux et un effet de depreciation. L'effet de reseaux est une fonction de 

la part de marche de la firme. On considere la case ou l'une des firmes optimise 

dans un contexte temporel tandis que l'autre est myope. La premiere firme solu-

tionne son probleme en manipulant sa part de marche, qui a un effet sur revolution 

de la preference des consommateurs. On montre qu'il y a deux etats stationnaires, 

dont un est stable dans le sens de point de selle, et l'autre est instable. A l'etat 
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stationnaire stable, la qualite du produit de la firme qui optimise est une fonction 

croissante du taux d'escompte et decroissante du cout et de la vitesse d'ajustement. 

La qualite de son produit dans l'etat stationnaire est inferieur a celle qu'elle choisit 

dans le cas statique. 
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Introduction 

After papers such as Brander and Spencer (1985) and Eaton and Grossman (1986) 

have been published, there has been an enormous wave of research on various extensions 

to study the robustness of the predictions on export policies under international oligopolis

tic (especially duopolistic) rivalry. As international outsourcing and fragmentation become 

more and more popular among firms, economists also become interested in trade policies 

involving vertically related industry. The main focus in this context has been on the opti

mal design of the government's trade policies such as import tariff and export subsidy to 

raise a country's welfare. Research along this line has generated many interesting findings 

and policy implications that have been practiced in the real world. In particular, Bernhofen 

(1997) directly extend the model of Brander and Spencer (1985) by incorporating an up

stream monopolist who sells a key intermediate good to two downstream firms for export 

to a third country. The paper aims to study the effect of vertically related markets on the 

government's export policy, and it shows that, beside the horizontal rent-shifting effect of 

an export subsidy, there is also a vertical rent-shifting effect which suggests a tax instead 

of a subsidy as argued by Brander and Spencer (1985). Depending on the pricing schemes 

employed by the upstream monopolist, the vertical rent-shifting effect may dominates the 

horizontal one implying that the optimal policy is a tax. The majority of the papers in this 

area consider homogenous-good models; however, it is interesting to see if the policy pre

scription would be same in the case where goods are differentiated. After all, almost all 

kinds of goods in the real world are differentiated one way or the other. The model on 
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Introduction 2 

differentiated product first developed by Dixit (1979), Singh and Vives, (1984), and Vives 

(1985) has been very popular due to the linear demand specified in the model which usu

ally yields a relatively simple and computable solution. A more detailed introduction of the 

literature in this area will be presented in the Section 1.1. The first two essays in this thesis 

try to analyze the strategic trade policies in the context of differentiated products, vertically 

related industry, and natural resource while the third essay looks at firms' decision in a cul

tural good rivalry where the form of product differentiation is quite different than the one 

used in Vives (1985). 

The first essay conducts an analysis on optimal export subsidy/tax, using a model 

similar to that of Bernhofen (1997) but with differentiated final goods. This generalization 

allows us to study not only the effect of the degree of product differentiation on the orig

inal results obtained in Bernhofen (1997) but also the Bertrand competition case. When 

the upstream firm is charging a uniform price on the intermediate good, Bernhofen (1997) 

concludes that the optimal policy is a still a subsidy which was first noted by Brander and 

Spencer (1985) because the horizontal rent-shifting effect (suggesting a subsidy) dominates 

the vertical rent-shifting effect (suggesting a tax); however, we find that this is only true 

if the two goods are sufficiently close to each other in our model. Indeed, the increase in 

the degree of product differentiation diminishes the horizontal effect which leads to a de

crease in the government's incentive to impose a subsidy. If the goods become sufficiently 

differentiated, the vertical rent-shifting effect dominates, and it becomes optimal for the 

government to impose a tax. As in the price discrimination case, our finding is the same as 

Bernhofen (1997): the optimal export policy is a tax. We have also found that the familiar 
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prisoners' dilemma where both exporting countries are worse off by subsidizing their own 

firms does not necessary hold in the context of differentiated-good duopoly. As long as the 

optimal export policy is a tax (subsidy), the country is better off intervening compared to 

free trade. 

When the downstream firms compete in price, the governments impose taxes in equi

librium regardless of the pricing schemes. Although this finding is very similar to the one 

of Eaton and Grossman (1986), it still enables us to make some interesting findings by 

comparing the county's welfare in two competition modes. The main finding is that the 

country's welfare under Bertrand rivalry can be higher or lower than that under Cournot ri

valry. In sum, given the pricing scheme employed by the upstream monopolist, the closer 

the two goods, the more likely that the country is better off under Cournot rivalry than 

under Bertrand rivalry. 

The second essay also studies the optimal trade policy but in the context of a natural-

resource-using economy. To our knowledge, the majority of the literature on resource 

economics has been focusing on the assumption that only one side of the market (de

mand/supply) exercises the market power while the other side is passive (price-taking be

havior)1 . Thus, this has motivated us to look at the case of a bilateral monopoly where both 

sides of the market exercise their market power at the same time. By constructing a model 

of extraction of exhaustible resource where the cost of extracting the resource is increas

ing with the accumulated extraction, we wish to find out the extraction path under bilateral 

monopoly setting and compare it to the one under free trade. We also generalize the model 

1 A more detailed discussion can be found in Section 2.2. 
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to allow for more than one resource-importing countries that can be potentially asymmet

ric in their market sizes and provide some numerical solutions in the case of two resource 

importing countries. 

Comparing welfare under bilateral monopoly to the one under free trade, we found 

that, given the discount rate, there exists a corresponding threshold level of the marginal 

cost parameter beyond which the resource-importing country is better off under bilateral 

monopoly. Moreover, this threshold level becomes higher if the discount rate is higher. 

Another interesting question is what would be the division of gains from trade between 

two groups of countries (importing and exporting). Under free trade, we show that the 

gains from trade that accrue to the resource-exporting country depend on both the discount 

rate and the marginal cost parameter. For the bilateral monopoly case, a surprising result is 

that the resource-exporting country always shares two-third of the world-wide trade gains 

regardless the parameter values while the resource-importing country (countries) shares the 

remaining one-third. The numerical solutions for the two-importing-country case suggests 

that the countries' welfare can be sensitive to the total market size as well as the relative 

market sizes of the two importing countries. 

We also consider a special case where the resource-exporting country is obligated to 

divide the deposit of its resource stock to serve two importing countries separately. Interest

ingly, it is optimal for the exporting country to split the deposit in such a way that matches 

two resource importing countries' relative market sizes in the first stage, and the tariff im

posed by two importing countries and the tax/subsidy imposed by the exporting country 

in the following stage coincide with the ones under case where two resource importing 
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countries form a custom union (cooperatively determining a common tariff rate). Thus, an 

importing country can potentially achieve the same goal of forming a custom union with 

the other importing country by signing a contract with resource exporting country on a 

portion of deposit that is to be sold solely to it. 

The third essay studies the possibility of a cultural-good producer who may gain 

by driving out some cultural minorities. A classic example would be Hollywood movie 

producers versus some local (Japanese, French, or Canadian) movie producers who are 

relatively much smaller. Although (cultural) goods in this chapter are differentiated as 

well, the nature of demand for these goods is quite different than the one used in Chapter 1. 

Indeed, consumers in this model have homogenous valuation of one good and heterogenous 

valuation of the other good, and each consumer is assumed, due to some constraint such as 

time, to only consume either one of the two cultural goods each period of time. Therefore, 

if the price of one good is too high, the corner solution may arise leaving only the producer 

of the other good in the market. This is in sharp contrast to the model of differentiated-

product duopoly based on Vives(1985), where both producers always coexist in the market 

at least in the case of Cournot rivalry. We analyze both static and dynamic competitions 

between two firms. 

The static model is described as a two-stage game. In the first stage, the firm (a 

Hollywood movie maker) whose products are valued homogeneously by consumers can 

decide to improve the quality of its product from some pre-determined level through some 

costly investment. Both firms then choose prices of their products in the second stage. 

The static analysis is similar to the one of Francois and van Ypersele (2002) but instead of 
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considering only two levels (high and low) of quality improvements, we generalize it into 

a continuum. We provide explicitly the conditions for the existences of both corner and 

interior solutions. 

Introducing a network effect based on market shares of two goods on the evolution 

of consumers's preference into the static framework transforms it into a dynamic model 

where the current preference over French movie changes in a way that depends on a the 

market shares of two goods in the last period. By focusing on interior solution, we are 

to find one stable and one unstable steady state, and the property of the stable steady is 

reported through a local linearization at the neighborhood of that steady state. Analysis of 

comparative statics suggests that the steady-state level of consumers' valuation of French 

movie is increasing in the discount rate but decreasing in the speed of adjustment and the 

cost parameter. 



Chapter 1 
Differentiated Products, Vertically Related 

Markets, and Optimal Export Policies 

1.1 Introduction 

During the past two decades, many economists explore the possible strategic use of policy 

instruments in oligopolistic industries to increase the welfare of a country. However, the 

literature in this topic produce mixed results. Brander and Spencer (1985) consider a hori

zontal export-rivalry model where a "home" firm and a "foreign" firm engage in a Cournot 

competition to export the good to a third country. They show that both governments subsi

dize exports at the equilibrium. Eaton and Grossman (1986), on the other hand, show that 

the result is reversed in the sense that both governments impose taxes on exports if firms 

act as Bertrand competitors. Instead of considering an international duopoly, Dixit (1984) 

generalizes the Cournot export rivalry model to allow more than one firms in each country. 

In this oligopolistic setting, he shows that the optimal policy for the home country is still a 

subsidy given that the number of domestic firms is not too large. On the other hand, if the 

number of domestic firms is too large, then a tax is called for. 

Emerging from the literature on optimal trade policy with horizontal competition, 

more and more papers start to analyze the optimal trade policy when the market structures 

are vertically related. Spencer and Jones (1992) consider a Cournot rivalry of the final good 

7 



in the home country between a home firm and a foreign firm where the foreign firm is a ver

tically integrated producer of both intermediate and final good, and the home firm partially 

depends on the import of the intermediate good from the foreign firm. The main focus of 

their paper is not to solve for the optimal policy but to consider the reaction of the foreign 

vertically integrated firm on the exogenously change in trade policies. They show that a 

tariff on the import of the final good reduces the price of the intermediate input charged 

by the foreign vertically integrated firm. Spencer and Jones (1991), in a companion pa

per, analyze the effect of a foreign government's policies on both intermediate and final 

goods on the vertical supply decision by a foreign vertically integrated firm. They show 

that the optimal export policies by the foreign government may be a tax on both goods 

or a subsidy on both goods. Bernhofen (1997) consider a Cournot duopoly consisting of 

a foreign and a home firm that import intermediate input from a monopolist located in a 

country other than home and foreign and sell the good to a third country. The paper ana

lyzes how an export subsidy provided by the home or foreign country can extract rents from 

the other countries both horizontally and vertically, and shows that the optimal government 

intervention is sensitive to the pricing scheme employed by the intermediate good monopo

list. Ishikawa and Spencer (1999) examine a more general model where both upstream and 

downstream markets consist of many firms. They show that a subsidy on the final good by 

the domestic government intended to shift rents from foreign final good producers may in

stead shift the rent to the foreign intermediate good producers. Moreover, they show that 

the incentive for an export subsidy on the final good tends to be larger if the intermediate 

good market is purely domestic or purely foreign. Gaudet and Long (1996) also consider 

8 
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the case where there are many firms in both upstream and downstream industries; how

ever, their focus is on the profitability of a vertical integration among these firms. Recently, 

Chang and Sugeta (2004) introduce conjectural variations and bargaining into a vertically 

related trade model where a foreign upstream firm supplies a commonly used input to two 

downstream firms that produce differentiated products for export. They show that the op

timal export policies by the government depend crucially on the conjectural variations of 

the final good rivals, upstream firms' pricing scheme, firms' bargaining power, and the de

gree of product differentiation. Most of the papers mentioned above assume that goods are 

homogeneous. However, it is well noted that most goods are differentiated instead of ho

mogenous. Therefore, it will be interesting to investigate the strategic trade policy in the 

context of differentiated good market. 

The differentiated oligopoly model introduced by Dixit (1979), Singh and Vives, 

(1984), and Vives (1985) has been widely adopted by many people to study issues such as 

merger, R&D, dumping, and strategic trade policy. They assume a linear demand system. 

This yields a relatively easy and computable solution, and for this reason, our paper use a 

linear demand system as well. Clarke and Collie (2003) consider a model where in each of 

two countries there is a monopolist that produces a differentiated product. They show that 

a country always gains when it opens up the trade with the other country. A more recent 

paper, Clarke and Collie (2006), use a similar setting to compare the maximum-revenue 

tariff and optimum-welfare tariff. They show that both tariffs are lower under Bertrand 

duopoly than under Cournot duopoly. Also, the optimum-welfare tariff may exceed the 
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maximum-revenue tariff under both Bertrand duopoly and Cournot duopoly depending on 

the degree of product differentiation. 

This paper adopts the setting of Bernhofen (1997) where intermediate and final goods 

markets are vertically related. The model postulates an oligopoly consisting of two firms 

located in two different countries that buy and use intermediate good from a monopolist 

to produce differentiated final goods sold to a third country. We consider two competition 

modes, namely Cournot and Bertrand, for downstream market, and two pricing schemes 

employed by the upstream monopolist, price discrimination and uniform price. The gov

ernments of both countries use an export subsidy or tax to maximize welfare defined as 

profit net of subsidy or tax. The model is described as a three stage game where govern

ments simultaneously decide their policies in the first stage. In the second stage, the up

stream monopolist announces the price of the intermediate good sold to downstream firms. 

Both price discrimination and uniform pricing will be considered. In the final stage, the two 

downstream firms compete in a third market. The equilibrium concept is subgame perfec

tion. We find that whether governments subsidize or tax its export depends not only on the 

market structure but also on the degree of product substitutability. Moreover, depending on 

how close the two final goods are, a country's welfare under Cournot competition can be 

lower or higher than that under Bertrand competition. 

This paper is organized as follows. Section 2 provides an overview of the basic 

model. Section 3 analyzes the optimal trade policies and welfare under Cournot competi

tion. Section 4 takes up Bertrand duopoly. Section 5 compares trade policies and welfare 

between the Cournot and the Bertrand modes of rivalry. Section 6 concludes the paper. 



1.2 The Model 11 

1.2 The Model 

A monopolist produces and supplies the intermediate good to a downstream industry. The 

downstream market structure is a duopoly where each firm produces a differentiated final 

product. We adopt the setting of Bernhofen (1997) where the final good producers are 

located in two different countries namely, country H (Home) and F (Foreign), and the 

intermediated good monopolist is located in a country other than country H and F. The 

final good is sold to a third country. The production technology is linear: one unit of final 

good is produced using one unit of intermediate good. 

Consider a three-stage game in which the governments of H and F choose their ex

port policies in the first stage. In the second stage, the upstream monopolist commits to 

a price of the intermediated good sold to the downstream firms. We consider two pric

ing schemes of the monopolist: the price-discrimination scheme, and the uniform pricing 

scheme. In the third stage, the downstream firms, firm h, and firm / , take the price of 

the intermediate good and the governments' export policies as given and compete in the 

differentiated good market. The equilibrium concept adopted here is sub-game perfection. 

Following Singh and Vives (1984) and Vives (1985), we assume the utility function 

of a representative consumer in the final good market takes the form 

U(Q, z) = ahqh + afqf - -{bhq
2
h + bfqj) - jqhqf + z (1.1) 

where a{, k, 7 > 0, i = h, / ; bt > 7. 
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The term ^ - e [0,1] measures the degree of product substitutability ranging from 

zero when the products are independent to one when the products are perfect substitutes. 

The variables q^ and qj denote, respectively, the output level of firm h and firm / , and z is 

the consumption of a numeraire good where its price is normalized to unity. To simplify the 

model, assume that ah — a/ = a and b^ = bf = 1. The degree of product substitutability 

is thus measured by 7 ranging from zero to unity: in the limit as 7 —> 0, the goods become 

independent, while in the limit as 7 —> 1 they become perfect substitutes. 

The representative consumer's inverse demand function for variety i can be obtained 

by solving the consumer's optimization problem and is thus given by 

Pi = a-qi-'yqj, i,j = 1,2, i^j, (1.2) 

The demand function is 

Qi = ( 1 - 2) f(1 ~ ^ ) a ~ P i + IPJ] ^ i = 1.2> «^i> (1-3) 

It can be easily seen that the demand for good i is decreasing in its own price, pi7 

but increasing in the price of good j , pj. In the next two sections, we consider first the 

quantity-setting (Cournot) case and then the price-setting (Bertrand) case. 

1.3 Cournot Equilibrium 

When firms set quantities in the final stage sub-game, firm i chooses qi to maximize its 

profit 
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TTi = (Pi -Wi + Si)qi = (a-qi- jqj - w{ + s{)qh i = h,f, j ^ i, (1.4) 

where Wi and s« are the input price for firm i and the export subsidy applied on 

its export, respectively. Note that the input price is indexed by i which implies that the 

monopolist can potentially sell the intermediate good to two different firms at different 

prices. This possibility is further discussed in succeeding sections. In the Cournot-Nash 

equilibrium we obtain 

C _ {2-i)a-2(wi-si)+1(wj-si) c _ (2-l)a+{2-t2)(wi-si)+'i(wi-Sj) 
Qi - (2-7)(2+7) ' ^ ~ (2-7)(2+7) 

* = 1.2 . 3 ¥= i, 

The equilibrium profit for firm i is thus 

_ [(2 - 7) a - 2 {Wi - Si) + 7 (WJ - Sj)}2 . , „ . / • 

(4 - 72) 

It can be easily seen that an export subsidy by the home government increases the 

home firm's profit at the expense of the foreign firm. This rent shifting effect is character

ized as "horizontal effect" of an export policy and is illustrated by Brander and Spencer 

(1985). 

At the second stage, the upstream monopolist, denoted by M, and located in a coun

try other than Home and Foreign announces the prices of the intermediate good sold to 

downstream firms. As in Bernhofen (1997), we consider two pricing schemes employed 

by the monopolist: (i) price discrimination, and (ii) uniform pricing. In the case (i), the 
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monopolist is assumed to be able to segment the market for intermediate goods and charge 

different prices to firm h and / . In contrast, the monopolist in case (ii) is unable to segment 

the markets so is forced to charge a common price for the intermediate goods demanded 

by two downstream firms. We will first consider the decision of the upstream monopolist 

in the case of price discrimination. 

The problem faced the monopolist M in this case is to choose input prices (wh, Wf), 

taking both governments' trade policies as given, that maximize 

nM = (wh-c)qZ + (wf-c)<fi, (1.5) 

where c denotes the per-unit production cost of the intermediate good, and qf, i = 

h, f, is viewed as the derived demand for the intermediate good facing the monopolist. 

Differentiating this with respect to Wh and Wf yields two first order conditions, 

((-y-2)(a + c) + 2(2wh-sh)->y(2wf-sf)) = 0 
7 2 - 4 

-J-^ttj -2)(a + c) + 2(2wf - sf) - y(2wh- sh)) = 0 

The prices charged by the monopolist, wh and Wf, must satisfy these two conditions 

simultaneously. Solving this system, we get 

Wi = 2a + 2C + 2Si i = h>f- (L 6) 
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Note that the input price that the monopolist charges to firm i, W{ does not depend on 

the export subsidy (or tax) of country j but only depends on s». Also, it does not depend on 

the degree of product differentiability, 7. 

Under the uniform price scheme where Wj = Wj — w, the monopolist chooses a 

single price w that maximizes 

•KM = (w — c)q = (w — c) (2a + Sf + Sh — 2w) 
7 + 2 

where q = qh + gj denotes the total quantity of final good produced by the down

stream firms. The equilibrium input price under the uniform price scheme is 

«; = | ( a + c) + | ( ^ + ^ ) (1.7) 

Unlike the price-discrimination scheme, the optimal input price is a function of an 

average of the two rates of subsidy. First, note that it is easy to check that the second or

der condition is satisfied for both pricing schemes. Also, an export subsidy (tax) increases 

(decreases) the input price charged to the downstream firms via the changes in downstream 

firms' demand elasticities for the intermediate good. This suggests that the government 

should use an export tax to extract rent from the upstream monopolist. However, the effec

tiveness of the rent extraction is different under the two pricing schemes. A dollar increase 

in the export tax lowers the input price for its firm by | dollars in the price discrimination 

case compared to \ dollars in the case of uniform pricing. Moreover, in the case of uni-
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form pricing, an export tax by the home government extracts rent not only from the home 

firm but also from the foreign firm. 

At the first stage, each government chooses the export subsidy (or tax) rate to maxi

mize the national welfare which is defined as the firm's profit net of subsidy payment. 

Wi = Trf-Stf? 

= [(7 ~ 2)a + 2(vjj -Si)-j (WJ - Sj)] 

(72 - 4)2 

[(7 - 2)a + (2wi + (2 - *f)Si) - 7 K- - sj)] 

i = h, f,*^ 3, 

Substituting input prices (both price discrimination and uniform price cases) from 

stage 2 into country i's welfare function, we get Wf and W?, i — h, f, where they are 

the country i's welfare function for the case of discriminating and uniform input prices, 

respectively, 

rd _ [(7 - 2) (o - c) + -ysj - 2Si] [(7 - 2) (o - c) + j S j + (6 - 27
2) Si] 

4 (7
2 - 4)2 yvd — iv' "> v"1 w ^ i°3 "Jn LV / ") v» w ^ iJ3 ^ vw •" r / J»J /1 m 

^ u = [(27 - 4) (a - c) + (3 7 + 2) S j + ( - 7 - 6) Si] 
16 (7

2 - 4)2 

[(27 - 4) (a - c) + (37 + 2) 3j + (10 - 7 - 47
2) 5<] 

i = h, f, i + j , 

Government i maximizes welfare by choosing the subsidy rate Sj taking as given the 

other government's policy Sj, and this yields its reaction function 
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( 2 - 7 ) ( 2 - 7
2 ) ( a _ c ) _ 7 ( 2 - 7 2 ) s , . = h f . , 

1 4 ( 7 2 - 3 ) { ' 4 ( 7 2 - 3 ) 3 T h 

2 ( 2 - 7 ) ( - 2 + 7 + 27
2) ( 3 7 + 2 ) ( - 2 + 7 + 27

2) 

* ~ (7 + 6) ( I O - 7 - 4 7 2 ) [a C) (7 + 6)(10-7-V) J ; ' 

where sf and s" denote the government i's export subsidy in the case of discriminat

ing and uniform pricing schemes, respectively. It is easy to see that the two governments' 

export policies are strategic substitutes of each other in the discriminatory price scheme; 

however, in the uniform pricing scheme, whether policies are strategic substitutes or com

plements depends on the degree of product substitutability. Export subsidy/tax policies are 

strategic substitute (complement) if and only if (—2 + 7 + 272) > (<) 0. Note that the ex

pression (—2 + 7 + 272) is monotonic increasing in 7, and there exists some critical value 

of 7 beyond which this expression is positive. Therefore, if 7 is sufficiently large (the two 

goods are very close substitutes), governments' policies are strategic substitutes to each 

other. 

Consider the case of unilateral intervention by government i where the other govern

ment sets its export policy, Sj to be zero. It can be easily checked that sf ($j = 0) < 0 

suggesting that the government should use export tax if the monopolist practices price 

discrimination. As for the uniform price scheme, it, again, depends on the expression 

(—2 + 7 + 272), the larger is 7, the more likely that the government has an unilateral in

centive to use export subsidy. 
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Proposition 1 (i) The government have an unilateral incentive to impose an export tax 

under the price-discrimination case. 

(ii) In the case of uniform pricing, there exist a 7 € [0,1] such that if 7 is larger 

(smaller) than 7 then the government has an unilateral incentive to impose an export sub

sidy (tax). In fact 7 is the positive root of—2 + 7 + 2j2 — 0, i.e., 7 ~ 0.78078 

One thing worth noting is that sf (SJ = 0) < sf (SJ = 0) V 7 G [0,1] suggesting 

that the government should impose a higher tax in the case of price discrimination than in 

the case of uniform pricing. This is because a government's export tax intended to extract 

rent from the upstream monopolist, operating via a reduction in input price, benefits solely 

its own firm in the price discrimination case, while in the case of uniform pricing it also 

benefits the firm in the other country. Note that result (ii) is somewhat different from the 

result obtained by Bernhofen (1997) where he shows that the government has an unilateral 

incentive to impose a subsidy in the uniform price case. In our model, whether a tax or a 

subsidy is optimal depends on the product substitutability. The more (less) close the two 

goods, the larger the horizontal rent-shifting effect thus the more likely that the government 

imposes an export subsidy (tax) unilaterally. Indeed, in the limit where 7 = 1 the two 

goods become homogeneous, the result is consistent with the one of Bernhofen (1997). 

In the other words, when the goods become less and less substitutable to each other, the 

horizontal rent-shifting effect becomes smaller and smaller. 

Solving two governments reaction curves simultaneously, we obtain the symmetric 

Nash equilibrium policies for each of the two pricing schemes 
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(2-7 2 ) 
°i = - ( 2 7 _ 7 2 - 6 ) ( « - C ) (1-9) 

gU _ ( 2 - T - 2 7 2 ) , , 
sc - 77_72 + 1 4 ( a c ) 

where the subscript C stands for Cournot competition in the downstream market. It 

can be seen that government imposes an export tax when the upstream monopolist practices 

price discrimination, and a subsidy (respectively, a tax) in the uniform pricing case if and 

only if 7 — 7 > 0 (respectively, < 0). 

The equilibrium welfare can be obtained by substituting (1.9) into (1.8) 

* = LJZ Aa-cf 
C (-72 + 2 7 + 6)2^ ; 

= (7 + 6)(10-7-472) 2 
C 4 ( - 7 7 + 72 - 14)2 V ; 

It can be easily checked that WQ > WQ which implies that the country's welfare is 

always higher when the upstream monopolist practices price discrimination. 

Under free trade equilibrium, i.e., when the governments set s^ = 0, i = h, f, the 

welfare in the case of price discrimination and uniform price are identical and equal to 

4 (72 _ 4)2 W£ = ^^h(a-cf 

Comparing this with the bilateral intervention, one can show that both countries are 

better off intervening with price discrimination upstream, i.e., WQ > W£- However, for the 

uniform price case, it again depends on the sign of (7 + 2^2 — 2), if (7 + 272 — 2) > (<) 0, 
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(WQ - WQ) < (>) 0. In the other words, if 7 is sufficiently large, so that (7 + 2j2 - 2) > 

0, then both countries are worse off in a trade policy war as opposed to free trade when 

the upstream monopolist charges a uniform price for the intermediate good. We obtain the 

following proposition 

Proposition 2 In the Cournot competition case, if the upstream monopolist can price dis

criminates the downstream firms, both countries are better off intervening. However, if the 

upstream monopolist cannot price discriminate the downstream firms, both countries can 

be better off by intervening if and only if the degree of product substitutability is sufficiently 

low, i.e., 7 < 7 ~ 0.78078. Otherwise, both countries are better off in a trade war than 

under free trade. 

1.4 Bertrand Equilibrium 

When the downstream firms set prices in the final stage sub-game, firm i chooses pt to 

maximize its profit 

7i"i = (Pi -Wi + Si)qi = _ 2 (pi + Si- Wi) (a-pi-0,7 + 7 ^ ) , i = h, f, j ^ i, 

In the Bertrand-Nash equilibrium we obtain 

B _ (2+1){l-1)a+2(wi-Si)+1{wj-sj) B _ (2+'t){l-1)a-(2-1
2)(wi-si)+'y(wj-sj) 

Pi ~ 4 - 7 2 j Hi — (4_72)(i_72) ) 
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The equilibrium profit for firm i is thus 

n _ ((7
2 + 7 - 2) a + (2 - 7

2 ) (w{ - Si) - 7 K ' - ^ ) ) 2 • , 9 , , • 
(1 _ 72) (72 _ 4 ) 2 • - M . J ? * * , 

One can see that, ceteris paribus, a decrease in s^ i.e. an increase in export tax or 

a decrease in export subsidy, increases firm i's profit. This suggests that the government 

should instead use an export tax as the instrument to extract the "horizontal rent". This is 

consistent with Eaton and Grossman (1986) when firms compete as Bertrand rivals rather 

than as Cournot rivals. 

At the second stage, the upstream monopolist, M, announces the prices of intermedi

ate good sold to downstream firms. In the case of price discrimination, using the Bertrand 

equilibrium quantities and (1.5), the problem facing the intermediate-good monopolist is 

max ((Wi - c)qf + (wj - c)qf) 

The profit-maximizing pricing rule is 

1 1 1 u * 
Wi = -a + -c + -Si i = h,f. 

Interestingly, the rule is the same as in the case where the downstream firms engage 

in the Cournot competition. The same is true for uniform pricing scheme where 

w = ^ + c) + i(f + f) 
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One should note that although the upstream monopolist's pricing rule is identical no 

matter what competition modes the downstream firms engage in, it is not necessary true 

for equilibrium input prices to be the same in two competition modes. It is because the 

governments' export policies are, in general, different under different competition modes. 

At the first stage, the government chooses the export subsidy (tax) rate to maximize 

its national welfare, which is the firm's profit net of subsidy payment. 

=
 ( 1 _ ^ 2 _ 4)2 ih2 + 7 - 2) a + 2Si + (2 - 7

2 ) w< - 7 (Wj - Sj)] 

[(7
2 + 7 - 2) a + (2 - 7

2 ) (Wi - Si) - 7 (wj - Sj)] 

i = h, / , J V j , 

Substituting input prices from stage 2 into country z's welfare function, we get Wf 

and W", i — h, f, where they are country i's welfare function for the case of discriminating 

and uniform input prices, respectively, 

Wf = 4 ( 1 _ 7 2 ) ( 7 2 _ 4 ) 2 [ ( 7 2 + 7 - 2 ) ( a - C ) - ( 2 - 7 2 ) ^ + 7^] (1 

[((7
2 + 7 - 2) (a - c) + (6 - 7

2 ) Si + jSj)] 

W? - 1 6 ( 1 _ 7 2
1

) ( 7 2 _ 4 ) 2 [ ( 2 7 2 + 2 7 - 4 ) ( a - c ) + ( 3 7
2 - 7 - 6 ) ^ + ( 3 7 - 7 2 + 2) 

[(27
2 + 2 7 - 4) (a - c) + (10 - 7 - 7

2) Si + (3 7 - 72 + 2) Sj] 

i = h, f, ij£ j , 
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Government i maximizes welfare by choosing the subsidy rate Si taking as given the 

other government's policy Sj, and this yields its reaction function 

s{ - ( 7 2 _ 6 ) ( 7 2 _ 2 ) (a c)+ (l2_6)b2_2)Sj 

u _ 2( 7- l ) ( 7+2)(- 7+7 2+2) _ ( 3 7 - 7 2 + 2 ) ( - 7 + 7
2 + 2 ) ' "> •> > ^ J' 

S* ~ ( 7 + 7 2_io)( - 7 +3 7
2 -6) \a C> + ( 7 + 7

2 -10)( - 7 +3 7
2 -6) S J 

where sf and s" denote the government i's export subsidy in the case of discrimi

nating and uniform pricing schemes, respectively. It is easy to see that , unlike the case 

of Cournot competition, governments view each other's policy as strategic complements 

under both pricing schemes. Moreover, governments have unilateral incentives to impose 

taxes under both pricing schemes. The reason for this result is as follows: while the vertical 

rent extraction still suggests an export tax, the horizontal rent extract points also to an ex

port tax instead of an export subsidy as in the case of Cournot competition. Therefore, both 

governments have incentive to impose tax in the equilibrium. The symmetric equilibrium 

policy is 

4 = , 2 I1 o 7 ) , „ (a ~ c) < 0 (1.11) 

su _ ( l - 7 ) ( ~ 7 + 72 + 2) 

where the subscript B stands for Bertrand competition in the downstream market. 

Comparing taxes in two pricing schemes, we find that 

:* cu (2-73-272 + 7)(2-7)3 

B B ( -47 - 2 7
2 + 7

3 + 6) ( - 7 7 - 5 7
2 + 2 7

3 + 14) K ' 
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It is easy to verified that s^ — s# < 0 indicating that governments impose higher taxes 

in the price discrimination case. This result is similar to the one under Cournot competition 

case because of the rent spill-over effect in the uniform pricing scheme. 

The equilibrium welfare can be obtained by substituting (1.11) into (1.10) 

wa = ( l - 7 ) ( 6 - 7 2 ) ( 2 - 7 2 ) , ,2 
C 4 (7 + 1) ( - 4 7 - 2 7

2 + 7 3 + 6)2 

Wu = ( l - 7 ) ( 7 + 7 2 - 1 0 ) ( - 7 + 3 7 2 - 6 ) „ ) 2 
C 4(7 + l ) ( - 7 7 - 5 7 2 + 273 + 14)2 ; 

It can be checked that W% > W% because of the spill-over effect of vertical rent-

shifting in the case of uniform price upstream. 

Under the free trade equilibrium, where both governments set Sj = 0, i — h, f, the 

welfare in the case of price discrimination and uniform price are identical and equal to 

F 1 (72
 + 7-2f 2 

B 4 ( l - 7 2) (72 _ 4)2 v ; 

Comparing this with the bilateral intervention, one can show that both countries are 

better off intervening under both pricing schemes. 

Proposition 3 When the downstream firms compete as Bertrand rivals, both countries are 

better off in a trade policy war compared to free trade under both pricing schemes. 
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1.5 Comparison 

In this section, we compare the equilibrium values of quantities, final-good prices, firms' 

profits, input-prices, export subsidies (taxes), and welfare where these values are provided 

in the appendix. For all variables, the superscript describes the pricing schemes, d and u for 

price discrimination and uniform price, respectively. The subscript denotes the competition 

modes where C and B represents Cournot and Bertrand competitions respectively. 

We first focus on the case where the upstream monopolist can segment the markets 

and charge different prices of inputs sold to downstream firms. All the equilibrium values 

of relevant variables are provided in the appendix. Comparing trade policies, we get 

.* c<i (4 -4 7 -2 7
2 + 7

3) 7
2 

c s _ ( 6 + 2 7 - 7 2 ) ( - 4 7 - 2 7 2 + 7 3 + 6 ) 1 ' 

It is easy to see that the denominator is positive. Thus, the sign of (s^ — s^) de

pends on the expression (4 — 4 7 — 2 7
2 + 7

3 ) where it can take positive or negative values 

for 7 € [0,1]. Moreover, (4 — 272 — 47 + 7s) is monotonically decreasing in 7, therefore, 

for 7 sufficiently large, i.e. 7 > 7 ~ 0.80606, (4 - 272 — 47 + 7s) < 0 which implies 

SC~S<B < 0- First, note that if the upstream monopolist price discriminates the down

stream duopoly, the governments impose taxes in both Cournot and Bertrand equilibria. 

Thus we can conclude that if the two goods are sufficiently close to each other, then the ex

port tax imposed by the government in the Cournot equilibrium is higher than that in the 

Bertrand equilibrium which gives SQ — s% < 0. The comparison of the equilibrium input 

prices under the two competition modes is similar to that of the export policy. In fact, by 
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inspecting the equation (1.6) we find there is a monotonic and one-to-one mapping from 

export tax (subsidy) to input price. It is easy to show that q% < qd
B and p% > p% which 

is consistent with the result of Vives (1985) that Bertrand competition yields a more com

petitive outcome than Cournot in a duopoly setting where goods are substitutes to each 

other. We also find out that firm's profit is higher under Cournot competition than Bertrand 

competition. As for welfare, we can show that 

W*-Wj = - ^ ~ ^ + ^ + ^f ^ ~ ^ ~ * + *\ (a - cf 
4 ( 7 + l ) ( - 2 7 + 7 2 - 6 ) 2 ( - 4 7 - 2 7

2 + 7 3 + 6)2 V ' 

Whether welfare is higher under Cournot or Bertrand competition again depends on 

the expression (4 — 272 — 47 + 7 s) . The welfare level is higher under Cournot competi

tion, i.e., W$ > W%, if and only if (4 - 272 - 47 + 73) > 0. Thus, if 7 is sufficiently 

large, then (4 — 272 — 47 + 73) < 0 and WQ > W%. We summarize these results in the 

following lemma 

Lemma 4 In the case where the upstream monopolist price discriminates the downstream 

firms, the export tax and welfare are lower under Bertrand competition than under Cournot 

competition if and only ifj > 9 ~ 0.80606. 

We now turn to the comparison between Cournot and Bertrand equilibria when the 

upstream firm has to charge a uniform price for intermediate goods. Unlike the price dis

crimination case, it is easy to show that s£ > s^ for all values of 7 € [0,1]. Recall that 

under Bertrand equilibrium, we have shown that the optimal policy is a tax no matter the 
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monopolist can price discriminate or not; however, under Cournot competition, the opti

mal policy can be a tax or a subsidy depending on the substitutability of two goods. If it is 

such that SQ > 0, (i.e., an export subsidy in Cournot equilibrium), then it is obvious that 

SQ > s | where s^ < 0. If 7 is sufficiently small and the governments impose a tax in the 

Cournot equilibrium, i.e. s£ < 0, they will impose an even higher tax rate in the Bertrand 

equilibrium. By looking at (1.7), it is easy to see that w% > w%. Again, the result of Vives 

(1985) holds in this case where g£ < q^ andp£ > p%. Similar to the case of price discrim

ination, firm's profit in the Cournot equilibrium is higher than in the Bertrand equilibrium. 

For welfare, we can show that 

W£ - W% = ^ * (a - cf 
4 (7 + 1) (27

5 - 197
4 + 1337

2 - 196)2 

where X = (-I678 - 3377 + 46576 + 29775 - 311374 - I56O73 + 687272 + 25767 - 4368) 

It is clear that the sign of (Wg — W^) is the same as that of X. We represent X on 

figure 1.1 
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Figure 1.1 

One can see that X is monotonically increasing in 7 for 7 6 [0,1] and intersects the 

horizontal axis at 7 ~ 0.76101 where X > (<) 0 if and only if 7 > 7. From this, we 

obtain the following lemma 

Lemma 5 When the upstream monopolist charges an uniform price, a country's welfare 

is higher (lower) in the Cournot than in the Bertrand equilibrium if and only ifj > (<) 7 

whereof ~ 0.76101. 

Combining the two lemmas, we get the following proposition. 

Proposition 6 Given that 7 ~ 0.76101 andj ~ 0.80606, if 7 is sufficiently small where 

7 < 7, the welfare is lower in the Cournot equilibrium than in the Bertrand equilibrium 

despite the pricing scheme. Ifj has a intermediate value such that 7 < 7 < 7, then 
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under the price discrimination case (uniform price case), Cournot competition yields a 

higher (lower) welfare level compared to Bertrand competition. Given that the two goods 

are sufficiently close to each other such that 7 > 7, Bertrand competition yields a higher 

welfare than Cournot competition under both pricing schemes. 

Finally, we can find out the consumers' surplus under various competition modes 

and pricing schemes. The consumers' surplus, denoted by CS, will be the utility less the 

expenditures on these two goods 

CS = U(Q,z)- £ > $ - * 
i=h,f 

Using (1.1) and due to symmetry, we get 

CS = (2a - (1 + 7) q - 2p) q (1.12) 

Substituting q* andp*, where k = d,u and j = C, B, into (1.12), we get the con

sumers' surplus under the two competition modes and the two pricing schemes which is 

denoted by CSj, where k = d,u and j = C, B. 

nod _ (7+1) 
° ^ C ~ (-72+27+6)2 

(a - cf csi = w 
4(7+l)(-47-272+73+6V 

(a - cf 

rqu _ (7+1X7+6)2 / \2 
4(-77+72-14) 

r c u _ (-7+372-6)- _ 2 

Comparing consumers' surplus in two competition modes under the price discrimi

nation case, we get 
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CS«-CS«B = -(2-7) 7 2 (7 + 2 ) ( 8 7 - 2 0 7 2 - 4 7 3 + 3 7 * + 24) 
C B V y 4 ( 7 + l ) ( - 2 7 + 7

2 - 6 ) 2 ( - 4 7 - 2 7
2 + 7

3 + 6 ) 2 V ; 

One can see that CS^ < CSB for all 7 < 1, thus under Cournot rivalry, the consumer 

is worse off when the downstream than under Bertrand rivalry. 

We now turn to the uniform pricing case, 

CS^-CSl = - (2 - 7 ) 7 2 (7 + 3 ) ( 7 + 2 ) ( 5 6 7 - 5 3 7
2 - 2 6 7 3 + 67^7^84) _ 2 

It is easy to see that CS^, — CSB < 0 which implies that the consumer is worse off 

in the Cournot equilibrium than in the Bertrand equilibrium. Therefore, the standard result 

that consumers are better off when firms compete in the Bertrand fashion holds regardless 

of upstream monopolist's pricing schemes. This is consistent with the intuition that, when 

firms compete in prices, they compete more intensively which results in a higher quantity 

and a lower price. 

It is also interesting to see how consumers' surplus is affected by different pricing 

schemes imposed by the upstream monopolist. In the case of Cournot competition, taking 

the difference of CSQ and CSQ, we get 

CSd - CSU = 1 (75 + 5 7
4 - 40 7

3 - 44 7
2 + 1287 + 128) ( 7 + 2)2 _ 2 

C C 4 (74 _ 973 _ g72 + 7 0 7 + 84)2 > 

It is obvious that the above expression is negative for all 7 e [0,1]. Therefore, the 

consumer is better off if the upstream firm cannot price discriminates downstream firms 
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given that downstream firms compete in the Cournot fashion. As for the Bertrand competi

tion case, we get 

csd _CSu = (1 - 7) (7 + 2) (7 ~ 2)2 (327 + 587
2 - 277

3 - 127
4 + 57

5 - 64) 2 
B B 4 ( -2 7

6 + 97
5 + 5 7

4 - 607
3 + 307

2 + 987 - 84)2 

The sign of (CSd
B - CSB) seems to depend on the sign of (327 + 587

2 - 277
3 - 127

4 + 5 7 

which may seems difficult to determine at first place. However, we can show that it is neg

ative which implies that CSB - CSB < 0 or CSB < CSB. To see this, differentiating the 

expression with respect to 7 , we get 

— (327 + 587
2 - 277

3 - 127
4 + 57

5 - 64) = 257
4 - 487

3 - 817
2 + 1167 + 32 

a 7
 v 

One can see that the right-hand side is positive indicating that the expression is 

monotonic increasing in 7 for all value of 7 . One can also show that the expression yields 

a value of —8 when 7 approaches 1. Therefore, for all 7 € [0,1], the expression yields a 

negative value. 

We thus conclude that the consumers are always better off in a Bertrand duopoly as 

compared to a Cournot duopoly. They are also better off when the upstream firm cannot 

practice price discrimination. 

5 



1.6 Concluding Remarks 32 

1.6 Concluding Remarks 

We have taken a model of vertically related markets which consists of a upstream monop

olist and a differentiated downstream duopoly to analyze the governments' export policy. 

We consider both Cournot and Bertrand rivalry between two downstream firms and also 

two pricing schemes, namely uniform pricing and price discrimination, practiced by the 

upstream monopolist. We have shown that whether the governments use a tax or a sub

sidy, and countries' welfare levels in equilibrium depend crucially on competition modes, 

pricing schemes, as well as the level of substitutability between the two goods. 

We have shown that under downstream Cournot competition, the governments im

pose an export tax in the price discrimination case, and this yields a higher welfare com

pared to free trade. On the other hand, when the upstream monopolists uses the uniform 

price scheme, the governments only impose a tax provided the two goods are sufficiently 

independent to each other, otherwise, a subsidy is called for. Moreover, both countries are 

better off engaging in a trade policy war compared to free trade in the case of price dis

crimination, but under uniform pricing scheme, trade war is better for a country if and only 

if its government imposes a tax in equilibrium. In the case of Bertrand competition, gov

ernments impose taxes and are better off in a trade war regardless of the pricing schemes. 

We also carry out the comparison between Cournot equilibrium and Bertrand equi

librium given the pricing scheme. In the price discrimination case, the export tax is higher 

when the downstream firms compete in the Bertrand fashion rather than in the Cournot one 

if and only if the two goods are sufficiently close to each other. Otherwise, Cournot com-
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petition yields a higher tax than Bertrand competition. If the upstream monopolist has to 

charge a uniform price, then the government always imposes a higher tax in Bertrand com

petition than in Cournot one. As for the analysis on welfare, the results of the comparison 

depends on the degree of product substitutability. If the degree of product substitutability 

is sufficiently small such that the demands for the two goods are relatively independent of 

each other, countries' welfare are lower in Cournot equilibrium as compared to the one in 

Bertrand equilibrium, regardless of the pricing schemes. On the other hand, if the degree 

of product substitutability has a intermediate value, the Cournot equilibrium welfare level 

is higher than the Bertrand one, given price discrimination by the upstream monopoly, but 

lower than Bertrand one given uniform pricing. Finally, if the degree of product substi

tutability is sufficiently large such that the two goods are close substitutes, Cournot com

petition yields a higher welfare level under both pricing schemes. 

Lastly, we have confirmed the result of Vives (1985) that Bertrand competition yields 

a higher quantity consumed and a lower price of final good given that the two goods are 

substitutes to each other. In our model, the consumer is always better off when the down

stream firms compete as Bertrand rivals, whether the upstream monopolist practice price 

discrimination or not. 
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Table 1.1: Equilibrium values in price discrimination case 
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Table 1.2: Equilibrium values in uniform price case 
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Chapter 2 
Dynamic Tariff War on Exhaustible Resource 

2.1 Introduction 

This paper presents a model of bilateral monopoly between a coalition resource-importing 

countries, denoted by M and a coalition of resource-exporting countries, denoted by X. 

Our main objective is to compare the time path of extraction under bilateral monopoly 

with that under free-trade with perfectly competitive (price-taking) extractive firms and 

price-taking consumers. For each group of countries, we also compare its welfare level 

under (world-wide) free trade and that under bilateral monopoly. We also provide some 

numerical solutions for the case with two importing countries and a resource exporting 

country where they play a dynamic game of export/import tariff setting. 

Concerning welfare, it is well known that world welfare is maximized under free 

trade. An interesting question to ask is whether there exist parameter values such that one 

of the two groups of countries is better off under bilateral monopoly than under free trade. 

In our model, it turns out that, given the rate of discount, there is a corresponding threshold 

level of the marginal cost parameter beyond which the resource-importing countries would 

prefer bilateral monopoly to world-wide free trade. The higher is the rate of discount, the 

greater is the corresponding threshold marginal cost level. 

36 
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Another related question is the division of gains from trade (whether free-trade, or 

tariff-ridden trade under bilateral monopoly) between the two groups of countries. Under 

free-trade, the resource-exporting countries' share of world-wide gains from trade is a func

tion of the cost parameter and the (common) discount rate. This share can be very large, or 

very small. Under bilateral monopoly, however, two-third of the gains from trade accrues 

to the resource-exporting countries, regardless of the values of the marginal cost parame

ter and the discount rate. In the case of two importing countries, we show that asymmetries 

of market size between two countries also play a role in determining the countries' welfare 

under free trade or tariff war. We show that as the two importing countries become more 

asymmetric in terms of their sizes, the gains from trade are more likely to be higher under 

tariff war than under free trade. 

To our knowledge, there has been no formal analysis of trade gains under bilateral 

monopoly in the market for natural resources in a truly dynamic setting. There are, on the 

other hand, quite a few models where one side of the market exercises market power while 

the other side of the market is passive. See the literature review section. 

We begin by characterizing a world competitive equilibrium in which an exhaustible 

resource (say oil) is extracted and traded. We then compare this competitive scenario with 

the bilateral monopoly (or trade-war) scenario, in which the resource-exporting nation takes 

over the private deposit and acts as the sole supplier of the extracted resource, exploiting its 

monopoly power, while the collection of resource-importing countries imposes a tariff on 

imported oil in order to take advantage of its monopsony power. We compare the extraction 

paths, the price paths, and the welfare level of each group of countries in the two scenarios. 
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We also investigate the scenario where the exporting country can choose to commit 

on a division of resource to serve to two importing countries separately. We find that the 

optimal division corresponds to the one that divides up the resource deposit according to 

the two countries' market sizes. An interesting result arises where the exporting country is 

worse off in this case compared to the case where it has no option to divide up the resource 

and is required to supply the two importing countries from a common pool. Moreover, the 

tariff in this three-country case coincides with the tariff in the case where two importing 

countries form a custom union and charge the same tariff rate. This suggests that if forming 

a custom union that would give both importing countries higher gains from trade is not 

possible, an importing country may seek to ask for the commitment from the exporting 

country to serve it with a fixed portion of the resource deposit, and optimally, the exporting 

country will have to divide the resource up in a way that the tariff in the three-country case 

equals to the tariff in the case of cooperation between the two importing countries. 

2.2 A Brief Review of the Literature on Market Power in 
Resources Market 

The interest in the exercise of market power by the suppliers (facing price-taking deman-

ders) of natural resource goods has given rise to the theory of resource cartels. Most papers 

in this area use the concepts of open-loop Nash equilibrium, or open-loop Stackelberg equi

librium. These equilibria are now known to suffer from lack of the (desirable) property of 
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subgame perfection. See Salant (1976), Gilbert (1978), Pindyck (1987), Ulph and Folie 

(1980), Kemp and Long (1980), among others. 

Concerning market power on the demand side (under the assumption that suppliers 

are price-takers), there is a literature on optimal tariff on exhaustible resources. Bersgstrom 

(1981) assumes that importing countries are committed to a constant tariff rate from the 

initial time until the resource-exhaustion time. Brander and Djajic (1983) use the same 

assumption. Newbery (1976) and Kemp and Long (1980) allow the tariff rate to vary 

over time, and show that, in the case of zero extraction cost, the optimal open-loop ad 

valorem tariff rate is a constant. They also point out that such an open-loop Stackelberg 

equilibrium is time-inconsistent: if the planner is released from his committed time path of 

tariff rate at some time in the future, he would want to choose a different tariff rate. Maskin 

and Newbery (1978, 1990) compute the time-consistent tariff rates. Karp and Newbery 

(1991,1992) compute time-consistent tariff rates under the assumptions that importers and 

extractive firms do not move simultaneously. 

There are a few papers that treat the case of bilateral monopoly. In a two-period 

model, Robson (1983) studies the extraction policy of the importing countries who also 

have their own resource stocks. Lewis, Lindsey and Ware (1986) consider a three-period 

model in which a coalition of consumers seeks a substitute for an exhaustible resource. 

In Harris and Vickers (1995), the resource-importing countries try to innovate to reduce 

reliance on the exhaustible resource. Liski and Tahvonen (2004) study optimal carbon 

taxes, which are similar in spirit to optimal tariffs. Rubio (2005) studies bilateral monopoly 
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in exhaustible resources, under alternative assumptions about price setting and quantity 

setting. 

2.3 Model 

2.3.1 Consumers and firms 

There are n resources-importing countries. The representative individual in importing 

country i has a utility function 

Ui(qi,yi) = {Aq{ - -^n-q2i) + Vi 

where g, : consumption of oil, and y, : consumption of the numeraire good. Also, 

assume that he is endowed with a flow of income yi. The consumer maximizes his utility 

subject to the budget constraint. This gives the demand for oil 

qi(t) = Pi(A-P(t)) P(t)E[0,A] 
qi{t) = 0 P(t) > A 

The inverse demand function is: 

A is the "choke price" of oil for each importing country. If the price of oil is higher 

than the choke price, the demand drops to zero. Pt can be interpreted as the size of the 
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market in country i: the larger the 0if the greater is the demand for a given price of oil. The 

total demand for a given P and inverse demand facing the resource exporting countries are 

P(t) = A-±Q 

where B = £? = 1 A 

The (n + l)th country is the oil exporting country. It consists of a continuum of 

identical resource-owners where owner j is endowed with a stock SJO of oil, and a flow 

yj of numeriare good. For simplicity, we assume that consumers in the resource exporting 

country do not consume oil so the utility is solely from consumption of the numeraire good: 

Un+l{yn+l) — 3/n+l 

Denote by Ej{t) owner j's extraction rate, we can define the accumulated extraction 

for j to be Zj(t): 

ZM= f Ej(r)dr < Sj0 
Jo 

We assume that the extraction cost is increasing in the accumulated extraction and is 

given by 

C(£7i(*),Zi(t)) = cZ j(t)^(t) 
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where c > 0. The marginal cost of extraction in terms of the numeraire good at time 

t is then cZj (t). This assumption reflects the fact it is more costly to pump up the remaining 

oil when the remaining stock is small. When cZj(t) reaches A, the marginal cost equals to 

the choke price, and the stock will be abandoned. 

Assumption 1: The initial stock is sufficiently large, in the sense that 

CSJO > A 

Oil firm faces price path PF(t) which is not necessarily identical to Pi(t), the oil 

price that consumers face, if there are import tariff or export tax. 

Firms solve the following problem: 

max / e-pt{pF(t)E(t) - cZ(t)E(t)}dt 
E(t) Jo 

subject to 

E(t) > 0 

Z = E(t) 

with Z(0) = 0 and 

limZ(t) <SQ 
t—>oo 
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Assume that PF(t) is such that extraction is positive for all t, then the firm's time 

path of Z(t) must satisfy 

. F 

P = -p^ = p(p
F - cZ) 

To see this, formulate the Hamiltonian function 

H = PFE - cZE + i>E 

The necessary conditions are 

f)ff 
— = PF-cZ + iP = Q (2.13) 

, 9H , 

Z = E(t) 

Differentiating (2.13) with respect to time and using the necessary conditions, we get 

. F 

P = -p^jj = p(p
F - cz) 

This is the familiar Hotelling's rule: the rate of increase in price divided by "net 

price", equals the interest rate. 
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2.3.2 Competitive Equilibrium 

The competitive equilibrium consists of a system of (n + 3) equations (with 2 boundary 

conditions) 

P = p(P- cZ) 

Z = E(t) 

n 

qi = (A-P)Pi i = l ,2 , . . . ,n 

with Z(0) - 0, and lim^*, Z(t) < S0. 

Combine the last three equations, we get 

Z = B(A - P) 

Differentiate it with respect to time, 

Z = -BP = -Bp(P - cZ) = -Bp{A - cZ) + pZ 

Rearranging terms, we get, 

Z-pZ- cBpZ = -BpA 
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The solution of this second order differential equation is 

Z(t) = Kie
Xlt + K2e

X2t + -
c 

where Ai < 0 and A2 > 0 are roots of 

A2 - pX - cBp = 0 

To determine the constant of integration, we use the two boundary conditions Z(0) = 

0 and lim^oo Z(t) < S0. Since A2 > 0 and lim^oo Z(t) < So, we must have K2 — 0. 

Using Z(0) = 0, we get K\ = —. Therefore, the solution is 

Z(t) = - ( 1 - e-Kt) fort e [0,oo) (2.14) 
c 

where K = —Ai > 0 and is given by 

K =-{(p2 + 4Bcp)^ - p] 

Differentiating (2.14) with respect to time, we get 

Z(t) = n-e'Kt
 = K(--Z)>0 

c c 

The extraction path is 

E(t) = Z(i) = K-e~Kt 
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E 
— = -K < 0 

E 

This implies that the extraction is decreasing over time at a constant percentage rate 

(equals to K). Note that K is increasing in B and in the discount rate p. Greater impatience 

implies higher extraction at the beginning. The price path will be P(t) = A — j^Q where 

Q = E{t), so 

IW-A ( ! - £ . - ) 

It is easy to show that 0 < ^ g < 1, so P(t) < A for t e [0, oo) and lim^oo P(t) = 

A. We can also express the price path in feedback form as follows: 

P{Z) = A ^O' 
Welfare under Free Trade 

The consumers' surplus for country i is denoted by Si 

Si = Ui(qi) - Pqi = (Aq* ~ ^o-q2i) -{A- — f t ) f t = ^o-Qi(t)2 

Thus the gain from trade by resource-importing country i when it starts to import the 

oil at time zero is 

K-M =r^(^*w,)* 
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where <&(£) = j$Q(t) = ^E(t). Evaluation of the integral yields 

vt
M = &M±)2 K2 

It can be shown that holding /3{ constant, if B increases (other countries' shares in

crease relative to i's share), the gain from trade for country i's decreases. Conversely, if/^ 

increases and B is fixed (some /5 • decreases) then the gain from trade for country i will be 

larger. The profit for the resource-exporting firms at time t is 

-K{t) = (P(t) - cZ(t))Q(t) 

Since we assume the consumers in oil-exporting country do not consume oil, the gain 

from trade for the oil-exporting country is just the discounted profits 

vx = r e-Ptn{t)dt=g(4)2(, K\ ,) 
Jo ycBiyp(p + 2K)> 

It can be shown that ^ - > 0, so the exporting-country's profit is increasing in total 

market size. 

Define R as the ratio of gain from trade for the exporting country over the aggregate 

gains for oil-importing countries: 

Vx 2K ,_ 4Bcs i 

It can be easily seen that R is increasing in B. The resource-exporting country's 

share of gains is increasing in cost parameter. The intuition is that given the marginal 
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cost is going to rise faster in the future, the firm will want to sell less in the beginning. 

The lower volume of sales and the resulting higher price reduce the consumers' welfare in 

the importing countries. Thus, the share of welfare of of the resource-importing countries 

decreases in the cost parameter. 

2.3.3 Trade Policies Differential Game 

Tariff and Export Taxes 

Assumes that the government of each oil-importing country i (i = 1,2,. . . , n ) im

poses a tariff rate, Ti(t), on each unit of oil imported, and the tariff revenue is distributed 

back to consumer in a lump sum fashion. Furthermore, we assume that the government 

of resource-exporting country takes over the resource deposits and behaves as the monop

olist. This is equivalent to taxing the export of oil at some rate Tx(t). We consider the 

following Markovian strategies employed by resource importing and exporting countries. 

The monopolist announces an export price strategy which is a function of the state variable, 

Z(t). 

px(t) = Px{Z{t)) 

Furthermore, the monopolist is committed to satisfy the demand at the stated price. 

Because of the possibility of tariff imposed by importing countries, the price facing con

sumers in importing country i is 
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Pl
M(t) = Px(t) + Ti(t) 

The quantity demanded at P^it) is 

qi{t)^fit(A-Pi'(t)) 

The monopolist's extraction in equilibrium is thus 

m = E", MA - ^M(*)) = B(A - pXw - E" 1 (*& 
The welfare of importing country i at t is the sum of consumers surplus Si(t) and 

tariff revenue Ri(t): 

WM{t) = PiKA ^ V), + M A _ pM{t))Ti{t) 

Thus, 

Wt
M{t) = ±/3i[(A-Px(t))2-Ti(t)*\ 

Equilibrium Concept and Equilibrium Conditions 

The equilibrium concept is Markov-perfect Nash equilibrium where each agent's 

strategy depends on the current level of the state variable, the total amount of extraction, 

Z{t). 
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Importing country i announces a Markovian tariff strategy 

Ti(t)=Ti(Z(t)) i = l,2,...,n 

It specifies tariff at t as a function of state variable Z(t) at t. The exporting country 

also announces a Markovian price strategy 

Px(t) = Px(Z{t)) 

An n + 1 tuple of Markovian strategies {T1(Z),T2(Z),..., Tn(Z), PX(Z)} is called 

a Markov-perfect Nash equilibrium if: 

(i) Given strategies^ = T1{Z),T2 = T2{Z),...Ti_1 =Ti_1(Z),Ti+1 =Ti+1(Z),..., 

Tn = Tn(Z) and Px = PX(Z), the tariff strategy for country i, Ti(Z), is a feedback repre

sentation of the time path Tj(i) that maximizes the objective function of resource-importing 

country i: 

f°° 1 
J* = max / e -^ - ' ° )^J (y l - Px{Z)f - Ti{t)2]dt 

subject to 

z = B(A-PX{Z)) -pm)-v ./^(z) 
J7^ 

lim Z(t) < S(t0) 
t—KX> 



2.3 Model 51 

(ii) Given tariff strategies Tx = TX{Z), T2 - T2(Z),...,Tn = Tn(Z), the strat

egy PX(Z) is a feedback representation of time path Px(t) that maximizes the objective 

function of resource-exporting country 

Jx = max / e-p{t-to)[Px{t) - cZ(t)][B(A - Px(t)) - ^ f t T ^ Z ) ] ^ 

subject to the same conditions. 

To find the Markov-perfect Nash equilibrium, we solve the Hamilton-Jacobi-Bellman 

(HJB) equations. For importing country i: 

pJl(Z) = max 

where 

U[(A - Px{Z)f - Ti(tf\ + JUZ)[B(A - PX(Z)) - m - V /?/Z}(Z)] 

Jz{Z) = ~Hz~ 

The first order condition for maximizing the right-hand side with respect to % yields 

Ti = -4(Z) 

Using the first order condition, the HJB equation becomes 

'i^» 

The boundary condition is 
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^ ) = o 

where cZ = A, i.e., when the marginal extraction cost is equals to choke price, the 

extraction falls to zero. So the value of the remaining stock is zero. 

There will be n HJB equations like this one for n importing countries. The HJB 

equation for the resource-exporting country is 

pJx(Z) — max v ' px 
[Px - cZ}[B(A - Px) - YsWiiZ)] + Ji[B(A - Px) - J2m(Z)} 

i=l i = l 

The first order condition for maximizing the right-hand side with respect to Px yields 

Px = 
2B 

BA + BcZ - BJX - V " WW] = PX{Z) 

Substituting PX(Z) and %{Z) into the monopolist's HJB equation, we get 

pjX{z) = h [BA ~ BcZ+BJ*+ £L ^z\ 
with boundary condition 

Jx(A/c) = 0 

We use the technique of "undetermined coefficients" to solve for the close-loop solu

tion. Assume the value functions, J*(Z) and JX(Z), are quadratic in Z, 
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J\Z) = Ui + KZ + ^Z2 i = l ,2 , . . . ,n 

4(z) = K- + Ŵ Z 

JX(Z) = UX + VXZ + ^Z2 

J* = VX + WXZ 

We can then, in principle, determine the coefficients Ui} Vt, Wh Ux, Vx, and Wx, 

where i — 1,2,..., n, by using the (n + 1) HJB equations. It is impossible to obtain ana

lytical solution for the coefficients if there are more than one resource-importing countries 

even if they are symmetric in market size, so in general we will need to specify numerical 

values for the parameters. However, we can obtain the analytical solution for some special 

cases, such as bilateral monopolies and custom union. 

2.3.4 Bilateral Monopolies 

Suppose there is only one resource-importing country so that the differential game is char

acterized as a bilateral monopoly trade policies game. Also assume, for simplicity, that the 

slope of the inverse demand for the oil is unity. We get a pair of differential equations 

pJM{Z) = ^[A-cZ+J^(Z) + J^(Z)]2 

PJX(Z) = \[A-cZ + jX{Z) + jM{Z)]2 
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where JM(Z) is the value function for the resource-importing country. Note that 

JX(Z) = 2JM(Z) VZ, therefore J$(Z) = 2Jg(Z). Substitute this into the pair of 

differential equations we get 

PJM(Z) = ±[A-cZ + SJ»{Z)]2 

Assume that JM(Z) takes the form 

JM(Z) = U + VZ + ^-Z2 

where U, V, and W are to be determined. The solution is 

J (Z)--Z -—Z+-{-){Y)-

where p1 = |((p2 + 3cp)1/2 - p). 

It can be verified that JM{A/c) — 0 so the boundary condition is satisfied. Starting 

at time zero where Z — 0, the equilibrium welfare levels of the importing and exporting 

countries are respectively 

JX(Q) = {-)\^f-
c I p 
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The equilibrium strategy pair is TM(Z) = (£ - Z ) ^ and P X ( Z ) = A^+^ + 

^ ± ^ Z . Note that at Z = £, T M ( ^ ) = 0 and P * ( £ ) = A The equilibrium path of 

accumulated extraction is 

Z(t) = - ( 1 - e-^2) 
c 

The equilibrium price path and the price function in feedback form are 

Px(t) = A[l - ( ^ ± ^ ) e - ^ / 2 ] 

P̂ (Z) = ^ l - ( ^ ± ^ ) ( l - f ) ] 

It is easy to show that Px(t) > 0 for all t. The equilibrium tariff is 

T M ( i ) = M(^)e-Mi*/2 
4p c 

The extraction path is 

A*l / ' -^\„- /u 1 t /2 
*M - f (̂ )e 

and 

£(*) 2 

One can show that ^ < K thus initial extraction under bilateral monopoly is smaller 

than under the free trade scenario. This is consistent with the notion that the monopolist 
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conserves the resources. We can now compare the welfare under policy game with that 

under free trade. For the resource importing country, 

VM(O) = (b(-)2 K2 
KTy c' p + 2n 

Z C I p 

Thus, its welfare is higher under free trade if and only if 

K > (itk\2^ 
P + 2K V 2 ' p 

This condition can be reduced to 

LHS = Nf + ±cp-p\2
 > ±{^T^) = RHS 

\^p> + 3cp-p) 9 / v r 

As c —>• 0, the LHS —> 1 and the RHS —» | . So free trade is better for the resource-

importing country if the extraction cost parameter, c, is small. As c —»• oo, the RHS —> | 

and LHS —> oo. Thus bilateral monopoly is better for resource importing country if c 

is large. Indeed, I , CP~P. J j s a decreasing function in c and 4-{\J p2 + 4cp) is an 

increasing function in c. Therefore for a given value of p 6 (0,1), there exists a cut-off 

value, c", such that if c < ?, free trade is better, and if c > c", bilateral monopoly is better 

for the resource-importing country. 

For the resource-exporting country, free trade is better if and only if 
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.A,2. K . . A . 2 ^ 21 
V V(p+2«)' V 4 % 

or 

Note that both LiJ5 and .RiiT^ are both decreasing functions of c. As c —> 0, 

-LiJS1 —> 0 and RHS —» oo. Therefore, for a small c, bilateral monopoly benefits the 

exporting country. As c increases, RHS decreases at a faster rate than LHS so LiJS1 will 

be larger than RHS for c greater than some critical value, given the discount factor, p. 

In this case, the bilateral monopoly is harmful for the exporting country compared to free 

trade. As c ^ oo, LHS -»• 4/3 and RHS -+ 8/9. 

2.3.5 Custom Union 

Assumes that the governments of all importing-importing countries (i = 1,2,... ,n) form 

a joint government which is allowed to impose a single tariff rate, T(t) for all importing 

countries, on each unit of oil imported, and the tariff revenue is distributed back to con

sumer in a lump sum fashion. The monopolist announces an export price strategy which is 

a function of the state variable, Z(t). 
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Px(t) = Px(Z(t)) 

The price facing consumers in importing country i is 

PM(t) = Px(t) + T(t) 

Quantity demanded in each country i at PM(t) is 

qi{i) = ft(^ - PM(*)) 

The monopolist's extraction in equilibrium is thus 

E(t) = Z(t) = Y?i=1 MA - PMit)) = B(A - Px(t) - T(t)) 

Welfare of importing country i at t is the sum of consumers surplus Si(i) and tariff 

revenue Ri(t): 

wM{t) = t?M ^{t)f + ft(A _ p M ( f ) ) r ( t ) 

Thus, 

wf(*) = |AK^-i>x(*))2-r(t)2] 

The trade block of importing countries announces a Markovian tariff strategy 
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T(t) = T(Z(t)) 

It specifies tariff at t as a function of state variable Z(t) at t. The exporting countries 

also announces a Markovian price strategy 

Px(t) = Px(Z(i)) 

The importing coalition's problem: 

Given strategies Px = PX(Z), the tariff strategy for trade block, T(Z), is a feed 

back representation of the time path T(t) that maximizes the objective function which is 

the sum of the joint welfare of importing countries: 

j e-^°> £ i = i ift[(^ - Px{Z)f - T{tf]dt 

subject to 

Z = B(A - Px(Z) - T(t)) 

limZ(i) <S(t0) 
t—>oo 

The exporting country's problem: 

Given the tariff strategy T — T(Z), the exporting country's strategy PX(Z) is a 

feedback representation of time path Px(t) that maximizes objective function of resource-

exporting country 
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/»oo 

Jx = max / e-^-t0\Px(t) - cZ(t)][B{A - Px(t) - T(Z))]dt 
Px(-)Jt0 

subject to the same conditions. 

To find the Markov-perfect Nash equilibrium, we solve the Hamilton-Jacobi-Bellman 

(HJB) equations. For the trade block: 

pJB(Z) = max 

where 

l-B[{A - Px(Z)f - T{tf] + J§(Z)[B((A - PX(Z)) - T(t))] 

Jz{Z) = ~dZ~ 

The first order condition on the RHS yields 

T = - J*(Z) 

Using the first order condition, the HJB equation becomes 

PJB(Z) = \B(A - PX(Z))2 + \B{JB{Z)Y + B(A - PX(Z))JB(Z) 

PJB(Z) = IB[A-PX(Z) + JB(Z)}2 

The boundary condition is 
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Thus when cZ — A, the marginal extraction cost is equal to the choke price, the 

extraction falls to zero. 

The HJB equation of resource-exporting country 

pJx(Z) = max [\PX - cZ)[B(A - Px - T{Z))\ + JX[B{A - Px - T(Z))]] 

The first order condition on the RHS yields 

Px = l[A + cZ-Jx - T{Z)] = PX{Z) 

Substitute PX(Z) into the monopolist's HJB equation 

pJx(Z) = ±[A-cZ + J$-T(Z)]s 

with boundary condition 

Jx(A/c) = 0 

Substituting (T(Z), PX(Z)) into the two HJB equations, we get a pair of differential 

equations 

PJB{Z) = \B{A + J» + Jx-ZCy 
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PJx(Z) = ±B(A + J$ + jX-Zcy 

with the boundary conditions 

j*(d) = 0 = J M ( - ) 
c c 

It follows that JX(Z) = 2 JM(Z) and thus j£(Z) = 2 J f (Z). 

Substitution gives 

pJB(Z) = \B (A + 3 J | - Zc)' 

We guess that JM(Z) takes the form 

JM(Z) = -U-VZ- ]-WZ2 

where U, V, and W are some constant to be determined. The solution are 

w-ah* 

V=9BVP^ 

u=-h&-h* 
where 
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^i = ((p2 + 3 £ c p ) ! - p ) 

The solution is 

We can verify that J M ( f ) = 0. 

Note that although every country in the trade bloc charges the same tariff rate, their 

welfare can be different due to different market size pt.. Indeed, the welfare for the bloc 

and each importing country i at each level of Z are, respectively, 

; » - *f < ^ 

;'(0) = §^(0) = § ^ ) ^ 

For the resource-exporting country, 

J*<°> = f < 7 > 2 i 
It can be shown that both ^ JM(0) > 0 and ^ Jx(0) > 0. 
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2.4 Numerical Solutions 

As mentioned above, if there are more than two resource-importing countries setting tariff 

rate noncooperatively, we would not be able to obtain any analytical solution. To simplify 

the analysis, we consider the case where there are one resource exporting and two resource 

importing countries. The relationship between three countries' HJB equations are not triv

ial even for the symmetric importing countries case. We will obtain 9 equations with 9 

unknowns (coefficients), Ui, Vi, and Wi i — 1,2,X, and these coefficients are not 

solvable analytically. Since the equilibrium strategy and thus welfare are functions of these 

coefficients so we cannot obtain an analytical solution. In order to obtain more insight we 

have calculated numerical solutions for these coefficients by setting A = 100, c = 0.25, 

and p = 0.05. We would like to see how asymmetries in the two importing countries' mar

ket size, and the difference in /^ holding total market size B constant, affect their welfare 

levels as well as exporting country's welfare in various competition modes namely, free 

trade, noncooperative tariff war, and cooperative tariff setting. We will also investigate the 

effect of larger total market size, B, on each country's welfare. The welfare for two im

porting countries under free trade, tariff war, and cooperation are given in Tables 1, 2, and 

3. 
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Table 2.1 Welfare levels of importing countries under free trade 

5 = 1 
5 = 2 
5 = 3 
5 = 4 

& = & 
1400,1400 
1140,1140 
990,990 
889,889 

0i = 1.5/?2 
1681,1120 
1368,912 
1188,792 
1067,711 

01 = 202 
1867,934 
1520,760 
1320,660 
1185, 593 

01 = 302 
2101,700 
1710,570 
1485,495 
1333,444 

01 = 402 
2241,560 
1824,456 
1584,396 
1422,356 

Table 2.2 Welfare levels of importing countries under tariff war 

B = l 
5 = 2 
5 = 3 
5 = 4 

01=02 
1173,1173 
1097,1097 
1017,1017 
951,951 

01 = 1-502 
1409,971 
1315,917 
1218,854 
1139,801 

01 = 202 
1597,846 
1496,807 
1388,757 
1299,712 

01 = 302 
1888,690 
1788,674 
1669,639 
1567,606 

01 = 402 
2109,592 
2020, 590 
1896, 566 
1787,541 

Table 2.3 Welfare levels of importing countries under cooperation 

B = l 
5 = 2 
5 = 3 
5 = 4 

01=02 
2000,2000 
2318,2318 
2477,2477 
2577,2577 

0i = 1.502 
2400,1600 
2782,1855 
2972,1981 
3092,2061 

01 = 202 
2667,1333 
3091,1546 
3302,1651 
3436,1718 

01 = 302 
3000,1000 
3477,1159 
3715,1238 
3866,1288 

01 = 402 
3200,800 
3709,927 
3963,991 
4123,1031 

Note that the ratio of importing country i's welfare to the combined welfare is the 

same as the ratio of its market size, /3U to the total market size, B. It is easy to see that the 

welfare is highest when the two countries cooperate in tariff setting for all values of 01? 02 , 

and B. It can be seen that as the total market size is larger (total demand curve become 

flatter) the importing countries' welfare are smaller both under tariff war and under free 
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trade. However, surprisingly, the two countries' welfare under cooperation increase as the 

total market size increase. It is interesting to compare the welfare under free trade and 

that under tariff war given different (3^ First notice that although each resource-importing 

country's welfare decreases in both scenarios when the total market size become larger, it 

decreases at a faster rate under free trade than that under tariff war. So given the constant 

rate of ^, the welfare is higher under free trade given a small value of B, i.e. B = 1. As 

we increase B, the importing country i's welfare under tariff is larger than that under free 

trade, for example B = 2 and (31 = 3/32. Indeed, if B — 4, the welfare under tariff war 

will be higher than that under free trade for each value of ^ = 1, | , 2,3,4. So, as the total 

market size increases, the importing country is more likely to be better off under tariff war 

than under free trade. 

As for the effect of asymmetry in importing countries' market size, one can see that 

as the two importing countries become more asymmetric, the welfare for the smaller coun

try become smaller and smaller as its market size decreases. However, the large (small) 

country's welfare increases (decreases) at a faster (slower) rate under tariff war than that 

under free trade. So for small B ( B = 1,2), the welfare under free trade is higher starting 

from symmetric market size, and the welfare under tariff war eventually becomes higher 

for both importing countries Therefore, we conclude that the welfare for importing coun

tries are likely to be higher under tariff war than that under free trade if they are more 

asymmetric in their market size. 
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Table 2.4 Welfare of the exporting country 

5 = 1 
5 = 2 
5 = 3 
5 = 4 

free trade 

10034 
12317 
13480 
14222 

Coop. 

8000 
9273 
9907 
10307 

Tariff War 

& = & 
9919 
11981 
13078 
13796 

0i = l-502 

9877 
11935 
13032 
13752 

0! = 202 
9800 
11849 
12947 
13668 

0i = 302 
9633 
11661 
12756 
13481 

01 = 402 

9484 
11487 
12578 
13304 

Since the welfare of the exporting country under free trade and cooperation are the 

same for all values of I1, we report its welfare under free trade, cooperation, and tariff war 

in Table 4. In contrast with the importing countries, the welfare of the exporting country 

increases (decreases) as the total market size, 5 increases under free trade and tariff war 

(cooperation). Also, different than importing countries, its welfare is the lowest if the im

porting countries form a custom union compared to free trade and noncooperative tariff 

war. Moreover, free trade is always better for the exporting country than tariff war. When 

the importing countries are more asymmetric in their market sizes, the exporting coun

try's welfare decreases under tariff war, therefore, it would prefer the symmetric importing 

countries case. 

Table 2.5 The ratio of welfare levels of two importing countries under 
tariff war 

5 = 1 
5 = 2 
5 = 3 
5 = 4 

01 = 02 
1 
1 
1 
1 

01 = 1-502 
1.45 
1.43 
1.43 
1.42 

0 i = 2 / 3 2 

1.89 
1.85 
1.83 
1.82 

01 = 302 

2.74 
2.65 
2.61 
2.59 

0i = 402 
3.56 
3.42 
3.35 
3.30 
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Table 5 gives the ratio of welfare levels of two importing countries under tariff war. 

Country 1 is the larger country. The ratio J\j J2 exceeds unity. As mentioned before, under 

free trade or custom union, the ratio of welfare levels is identical to the ratio of market 

sizes. This is not the case under non-cooperative tariff war. The figures in Table 5 supports 

the notion of free riding for the smaller country in the noncooperative tariff setting game. 

2.5 Optimal Deposit Division 

In this section, we consider a scenario where the resource exporting country is forced to di

vide its oil deposit to serve two importing countries separately. Think of a resource deposit 

that has a rectangular shape with the depth which is great enough to ensure abandonment 

before exhaustion. Normalize the length of the deposit to unity. The exporting country has 

to specify the length of a € (0,1), and cut the deposit into two parts to serve two importing 

countries separately. Without loss of generality, assume it uses the field with length equals 

to a to serve importing country 1 and the remaining field (with length (1 — a) to importing 

country 2. We have a two-stage game structure. This problem can be solved by backward 

induction. In the second stage, given a, the resource exporting country plays with each im

porting country separately in choosing the price of oil. As we showed earlier, the analytical 

solution can be obtained in the case of bilateral monopoly. We can thus find the equilibrium 

welfare for exporting country as a function of a. In the first stage, the exporting country 

maximizes its welfare by choosing the optimal division, a 



2.5 Optimal Deposit Division 69 

max 
a 

2A2a PI 
6c/3x +4c* y/^{api+3cP1p)+4ap 

+2A2{1 - a) P*-6c/32+4(l-a)v / I r i j J((l-a)p2+3c^2p)+4(l-a)p J 

We can show that the first order conditions are satisfied if the exporting country sets 

a = ^ and the second order conditions are also satisfied. This implies that the exporting 

country should divide the resource to serve two countries according to their relative market 

size. More surprisingly, if a = ^ , the two importing countries will charge the same tariff 

rate and this rate is equal to the cooperative rate as mentioned in the previous section. 

We know that the cooperation make the importing countries better off and the exporting 

country worse off in the original differential game. It follows that if the exporting country 

is forced to commit right from the beginning to a fixed (though optimally chosen) division, 

its welfare will be lower than the non-commitment case. Another implication is that if 

forming a coalition of two importing countries is not possible, an importing country can 

gain by forcing the oil exporting country to commit on a fixed division of its deposit to 

serve it. 
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2.6 Concluding Remarks 

By setting up a model of dynamic trade policy war between a country which extracts an 

exhaustible resource and one or more resource importing countries, we have been able to 

obtain a number of interesting results. In the case of one importing country, we are able 

to obtain the Markov perfect equilibrium tariff rate and export price. We then compare the 

tariff war equilibrium with the free trade equilibrium. We find that the initial extraction 

rate under bilateral monopoly is lower than that under free trade. This is consistent with 

the notion that the monopolist conserves the resources. Furthermore, we determine the 

effects of a higher extraction cost or higher discount rate on the welfare level of a resource 

importing country, and of a resource exporting country. The lower the extraction cost 

parameter, the more likely the resource exporting (importing) country is going to better 

(worse) off under tariff war compared to free trade. Indeed, there exists a threshold level 

of marginal cost parameter beyond which the oil importing country benefits from bilateral 

monopoly, and the higher the rate of discount, the greater is the corresponding threshold 

marginal cost level. We also obtain some result for the division of gains from trade between 

the two countries. The resource-exporting country's share of gains is increasing in the cost 

parameter and decreasing in the discount rate under free trade equilibrium. Under tariff 

war, two-third of gains from trade accrues to the resource-exporting countries regardless of 

parameter values. 

We also generalize the model to the case of multiple resource-importing countries to 

analyze the effect of asymmetry between importing countries' market sizes on their wel-
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fare under various competition modes, namely, free trade, tariff war, and custom union. 

Due to the complexity of the HJB equations, the analytical solution is not obtainable, so 

we can only get the numerical solutions by specifying numerical values to model parame

ters. In the case of two importing countries and one exporting country, we find that the 

exporting (importing) country's welfare is increasing (decreasing) in the total market size 

under either free trade or tariff war but decreasing (increasing) under custom union formed 

by two importing countries. Another interesting result is that as the asymmetry between 

two importing countries' market sizes increases, each importing (exporting) country's wel

fare increases (decreases) in both free trade and tariff war cases. The exporting country's 

welfare is always higher in the free trade scenario compared to tariff war regardless of the 

degree of asymmetry. In contrast, whether free trade is better for an importing country as 

compared to tariff war depends on how asymmetric the market sizes are. Although the wel

fare levels of importing countries are increasing in the degree of asymmetry of market sizes 

in both cases, they increase at a faster rate under tariff war than free trade when the asym

metry becomes larger given that the total market size is big enough. Therefore, it is more 

likely for the importing countries' gain from trade to be larger under tariff war than free 

trade if the asymmetries in market sizes are large. 

We discuss a special case where the exporting country has to commit on a division 

of its deposit of resource to serve to two countries separately. We argue that the optimal 

division is the one which splits the deposit according to importing countries' relative market 

size. The corresponding tariffs are the same as in the case where they form a custom union. 
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This implies that the exporting country is worse off compared to the case where it serves 

two importing countries with a common deposit. 



Chapter 3 
International Trade in Cultural Goods under 
Dynamic Adjustment of Consumer Preference 

3.1 Introduction 

Due to the globalization, more and more countries are concerned that their cultural goods 

are being threatened by international cultural hegemony. In particular they are afraid of be

ing swamped by the US cultural goods. These goods include movies, television programs, 

newspapers and magazines. The focus of the literature on this topic has been to study the 

effect of the effort by local governments to protect their cultural heritage. To our knowl

edge, little has been said about the incentive of individual firms to drive out their rivals in 

order to achieve cultural hegemony. Thus we are motivated to analyze this particular issue. 

We construct a model of competition between two producers from two different coun

tries, each producing a cultural good. To fix ideas, assume that the two firms are a Holly

wood movie producer and a French auteur movie producer, and the competition takes place 

in the French market only. The consumers are assumed to have a homogenous valuation of 

the Hollywood movie but a heterogenous one of the French movie. We analyze both static 

and dynamic versions of the model. 

In the static model, we consider a two-stage game where in the first stage, the Hol

lywood firm can choose the quality of its movie, and in the second stage, the two firms 
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engage in price competition to sell the DVD made from their movies. We begin by as

suming that given the initial quality levels, when both firms compete as Bertrand rivals by 

setting their prices, the corresponding market shares are strictly inside the unit interval. In 

the other words, the equilibrium is interior, and both firms serve the market. We then pro

ceed by assuming that the Hollywood firm can increase the quality of its movie through 

some costly operation (e.g. more special effects). This will increase consumers' valuation 

of the Hollywood DVD and thus change the equilibrium at the second stage. We therefore 

consider both interior and corner solutions. The corner solution represents the case where 

the level of additional quality of the Hollywood movie is such that the French firm is driven 

out of the DVD market in the second stage. Depending on consumers' relative valuations 

between the two goods, the Hollywood firm chooses one of the two strategies on the level 

of additional quality to put in its movie. One strategy results in an interior solution in the 

second stage, and the equilibrium market share of the Hollywood firm is increasing in the 

valuation of the Hollywood movie and decreasing in its cost parameter and in the valuation 

of French movie. The other strategy results in a corner solution, and the equilibrium price 

and quality level depend only on the cost parameter. Indeed, we show that there exists a 

cut-off level of the consumers' valuation of the French DVD such that if the actual valua

tion is larger (respectively, smaller) than this cut-off level, then the Hollywood firm would 

choose quality of its movie such that both firms coexist (respectively, the Hollywood firm 

becomes a monopolist) in the DVD market. The static version of our model is similar to 

that of Francois and van Ypersele (2002) but with some differences. They assume that the 

Hollywood producer can only choose between two levels of quality, high or low, and thus 
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two associated fixed cost levels, high or low, in the first stage, and the corresponding equi

librium in the second stage is duopoly with low quality and monopoly with high quality. 

We, on the other hand, allow the Hollywood firm to endogenously choose the optimal level 

from a continuum. 

We then extend the model using a dynamic setting where we assume that the con

sumers' valuation of the French auteur movie changes over time, and this is governed by 

some dynamic process. We postulate that the consumers' valuation of the French movie in

creases through a network effect and decreases through natural depreciation. The network 

effect is assumed to be the greatest when the market share of the French movie maker is 

a half. This is because each consumer who watches the movie can find a person who has 

not watched the movie and share the story of the movie with him. The depreciation ef

fect implies a decrease in valuation of French movie over time, and it is assumed to be the 

same among all consumers. If the market shares of the two firms are relatively close to a 

half then each consumer's valuation of the French movie will increase in the next period 

because the network effect dominates the depreciation effect. However, if either firm cap

tures the majority of the market, the depreciation effect will dominate. We also introduce a 

parameter which reflects the speed of the adjustment. We consider the case where only the 

Hollywood movie maker is a dynamic optimizer, and the French movie maker only cares 

about the current profit. We formulate an infinite horizon optimal control model, where the 

state variable is the consumers' valuation of the French movie. We solve for an interior so

lution where both firms exist in the market with the quality chosen by the Hollywood firm 

at each time period. There are two steady states. The steady state with a higher valuation of 
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the French DVD is stable in the saddle-point sense and the lower steady state is not stable. 

Doing comparative statics analysis on the stable steady state, we find that the steady state 

is increasing in discount factor and decreasing in the cost and the speed of adjustment pa

rameters. Moreover, the comparative statics results are in the same direction for the steady 

state values of the state variable (preference for French movies) and the control variable 

(the additional quality of the Hollywood movie). The comparative statics results imply that 

the more impatient the Hollywood firm is, the higher the quality of its movie. This in turn 

implies a higher level of consumers valuation of French movies at the steady state. We also 

find that at the steady state, the quality of Hollywood movie is lower than in the static equi

librium. This can be explained as follows. If the Hollywood firm chooses a slightly higher 

quality level than the steady-state quality level, its market share will increase in the cur

rent period, and its current profit will be higher. However, the consumer preference for the 

French movie will increase through the network effect which leads to a decrease in the Hol

lywood firm's future profit. We also discuss the possibility of the corner solution where the 

Hollywood firm might wish to drive out the French firm for a sufficient amount of time so 

that the consumer preference for the French movie depreciates to a value low enough such 

that it can enjoy the monopoly profit afterward. Thus, the Hollywood firm faces a conflict 

of short-term loss versus long-term gain. 
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3.2 Literature Review 

Most of the formal models in this literature try to determine the conditions under which the 

national governments should protect their own cultural goods by using means such as cul

tural tariffs or quotas. These models include Francois and van Ypersele (2002), Rauch and 

Trindade (2005) and Richardson (2006). Francois and van Ypersele (2002) present a model 

in which cultural goods are produced by two different countries using increasing return to 

scale technologies and in which consumers have a homogenous valuation for one good but 

a heterogenous valuation for the other good. Francois and van Ypersele (2002) is closest 

to the static part of this paper. However they focus on the government's protection of the 

local cultural good whereas we focus on the dynamic optimization of the foreign cultural 

good producer. They show that a cultural tariff by the home government aimed at protect

ing the home cultural good can indeed raise welfare in both countries. On the other hand, 

Rauch and Trindade (2005) consider a dynamic model where cultural goods are character

ized by some consumption externalities. Production of a new cultural good in one country 

is affected by the stock of ideas generated by previous cultural production in all countries. 

They show that the subsidy on cultural good production can be more beneficial than import 

restrictions on cultural goods from other countries. Richardson (2006) considers a model 

where two radio stations choosing the combinations of local and international contents to 

broadcast as well as the price for advertising time with their revenue being derived from 

sales of advertising time. The consumers are assumed to have some preference over the 

content of those combinations and get disutility from advertising time. The demand for ad-
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vertising depends negatively on its price and positively on the station's market share. He 

shows that a local content requirement (cultural quota) by the government is welfare reduc

ing in the absence of externality. He also finds that the policy of putting a cap on advertising 

can also be welfare reducing. 

Instead of looking at protection of cultural goods by local governments, there are 

a few articles that focus on the consumption side. Brito and Barros (2005) models the 

consumption of a cultural good that exhibits habit formation. They solve for the optimal 

consumption path under a fixed price model and a flexible price model. In the fixed price 

model, they find that the long run demand for cultural goods is an increasing function of in

come and decreasing function of relative price. Bala and Long (2005) use the evolutionary 

approach to show that a preference type can become extinct if a small country is opened to 

trade in cultural goods with a large country. 

3.3 Model 

3.3.1 Static Analysis 

We use a parable of two movies makers. We call them firm H (the Hollywood firm) and 

firm F (the French firm). We assume that in each period, each firm makes one movie, and 

markets the DVD of its movie. Firms compete in one market only (it could be the global 

market, or the French market). Consumers are uniformly distributed on the interval [0, 

1]. Consumers are indexed by a parameter 7 e [0, 1]. High-7 consumers have stronger 
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preferences for firm F's DVD than low-7 consumers. The enjoyment of a F DVD by 

consumer 7 is a + 7, where a > 0. When time is explicitly introduced, we will use a(t) as 

a state variable that changes over time according to some process to be specified. 

The enjoyment of a H DVD is V, which is the same for all consumers, regardless 

of their 7 values. A 7 consumer's net surplus from buying a F DVD is a + 7 — q, where 

q represents the price of a F DVD. Similarly, any consumer would enjoy a net surplus 

of V — p from buying a H DVD at the price p. We assume that a consumer will not 

buy a firm's DVD if her net surplus is negative. Furthermore, we assume that due to time 

constraint, each consumer buys either zero or one DVD. We consider a two-stage game. 

In the first stage, firm H is allowed to increase the quality of its movie which leads to an 

increase in V. In the second stage, the two firms compete in the market given the decision 

made by firm H in the first stage. 

In the second stage, firms use prices as decision variables, and we assume that no firm 

can practice price discrimination. Furthermore, assume that parameter values are such that 

any firm, if it is a monopolist, will find that profit maximization occurs at a price that would 

induce all consumers to participate (i.e., all consumers will buy the DVD). It follows that 

under duopoly, the whole market will be covered. The variable production cost of DVD is 

assumed to be zero for both firms. We consider the scenario where a > 1. This implies that 

if F is a "pure" monopolist (i.e., it has no potential rival), it will charge the price q — a and 

the whole market will be served. We solve the game by backward induction. Let 7* denote 

the "pivotal consumer" , i.e., the consumer who is indifferent between buying a Hollywood 
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DVD and a French DVD given the prices, p and q. The value is given by y — p = o + 7* — q 

or 7* — V + q — p — a. For an interior solution, 7* € (0,1), where 

0<(V-p + q-a)<l 

The first inequality is satisfied if and only if p—q<V — a. Else if p — q > V — a, then 

no consumer will buy a Hollywood DVD, i.e. 7* = 0. The second inequality is satisfied iff 

q — p < a + 1 — V. Ifq — p > a + 1 — V, and then 7* = 1, i.e., no one will buy a French 

DVD. Denote the total revenue function of the Hollywood firm to be 7r\ It is given by 

f ' (p .?) =P7*(P,Q) 

Maximizing n1 with respect to p gives the first order condition for an interior maxi

mum: (V + q — p — a) — p = 0. This yields the Hollywood firm's reaction function 

P = AQ) = \(V-a) + ±q (3.15) 

Denote the total revenue (profit) function of the French firm by n: 

n(p,q) = ?(1-7*(P»?)) 

Firm F maximizes IT with respect to q. This gives the first order condition for an 

interior maximum: a — V — 2q + p + l = 0. Solving for q yields the French firm's reaction 

function 
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g = *(p) = ^ ( a + l - V ) + i p (3-16) 

One can see that these reaction curves slope upward indicating that they are strategic 

complements. We now consider the case of corner solution. For 7 < 0, we get p > 

(V—a)+q. This implies that if the Hollywood firm chooses any price level, p, such that this 

inequality is satisfied, its market share will be zero. For 7 > 1, we get p < (V — a — l) + q. 

If the price of firm F is so high such that this inequality is satisfied, then the market share 

of the French firm will become zero (7 = 1). Combining these two inequalities, we get a 

band with upper and lower boundaries as shown in Figure 3.1. Since we require that the 

market share of one firm has to be strictly between the interval [0,1], the reaction functions 

of the two firms characterized by (3.15) and (3.16) have to lie inside the band or on its 

boundaries. Suppose firm F's reaction curve from (3.16) is represented by the curve FR in 

the figure 3.1. Then its effective reaction curve will be FR up to the point A and the band's 

upper boundary 7 = 0 beyond point A. There is a kink at point A. 
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Figure 3.1 

Depending on values of valuations of two movies, V and a, many cases can arise. 

The results are summarized in the following proposition. 

Proposition 7 The equilibrium prices of the Hollywood and the French firms are given 

by: 

if V-a<-\ 
tf = I I ( V - a + l) if -l<V-a<2 

V-a-1 if 2 < V -a 

a-V if V-a<-l 
= { \{2-(V-a)) if - l < V - a < 2 

0 if 2 < V - a 
and resulting market share of firm H is 
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7*(P»tf) 
0 if V-a<-\ 

\{V-a + l) if -\<V~a<2 (3.17) 
1 if 2 < V - a 

Proof. See the appendix. 

The corresponding equilibrium total revenue for firm H will be 

R"(p*,q*) = < 
0 if V - a < - 1 

\{V-a + lf if -l<V-a<2 (3.18) 
V - o - 1 if 2 < V - a 

One can see that the revenue function for firm H is the square of its market share. 

In the first stage, firm H can choose v to improve the quality of its movie where 

V — Vo + v. We consider restrictions on V0 such that 

Condition 3.1 
- 1 < Vo - a < 2 

This condition implies that if the Hollywood firm wishes to leave unchanged the quality of 

its movie, i.e. v — 0, then V — V0, and the interior solution will prevail in the second stage. 

We assume that the investment aimed at increasing the quality of firm H's movie entails a 

quadratic cost where C(v) — \cv2. This implies that the marginal cost of additional quality, 

e.g., extra special effects, is increasing. Furthermore assume that c satisfies the following 

condition. 

Condition 3.2 
1 

C > 3 
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The profit of the Hollywood firm is its total revenue from DVD sales,namely expression 

(3.18) in the second stage, minus the cost of additional quality C(v). Denote the profit 

function by -KH IX is given by 

nH(v) = RH(p*,q*)-C(v) 

The Hollywood firm will choose v to maximize its profit. One can see that from 

(3.18), the objective function will change if v is greater than some critical level. Denote 

this critical level by x. It is given by 

x = 2-{V0-a) 

If the Hollywood firm chooses any v greater than x, then its revenue function will be 

Vo + v — a — 1. Otherwise, the revenue function will be ^(Vo + v — a + l ) 2 . One can check 

that at v = x, the values of the two revenue functions equal to each other: both equal unity. 

The firm H solves the following problem 

/ irc(v) if 
UvX { 7TM(V) if 

. 7rc(?;) if 0 < v < x 
max < M, \ . -

where 

K°(V) = M + v-a + l)2- -cv2 (3.19) 

and 
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nM(v) = V0 + v - a - l - \cv2 (3.20) 

It is easy to verify that both nc and nM are quadratic in v given Condition 3.2. 

Suppose we just maximize (3.19) with respect to v, then we can solve for the v which 

satisfies the first order condition. Call this the optimal interior additional quality and denote 

it vc. It is given by 

1 ( -2a + 2VQ + 2) 
9 c - 2 

We can see that the optimal interior additional quality, vc, is decreasing in a and c 

but increasing in Vo. Suppose we maximize (3.20) with respect to v and solve for the v 

which satisfies the first order condition, we get v = vM where 

M 1 
V — — 

vM is the optimal corner solution for the Hollywood firm's additional quality, and it 

depends only on the cost parameter. Moreover, vM is decreasing in c as well. It is easy to 

verify that the second order conditions for both problems are satisfied with Condition 3.2. 

Given the cost parameter, c, and a, the optimal level of v for firm H is given by 

vc if irc(vc) E argmax(7rc(uc),7rM(vM),7r(x)) 

x if TT(X) E argmax (jcc(vc), TTM(VM), 7T(X)) 

where 
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«C(vC) = g^(Vo-a + l)2 

and 

vM(vM) = — ( -2c + 2cV0 - 2ac + 1) 
2c 

The results are summarized in the following proposition: 

Proposition 8 The equilibrium value of additional quality chosen by firm H is 

/ vM if V0-2<a<a' 
\ vc if a'<a<V0 + l { } 

where 

vM = - (3.22) 

v = 9 ^ (~2a + 2V° + 2) <3-23) 

and 

a' = ^ _ (2c + 2c2 V0 + Vc 3 (9c - 2) - 7c2) (3.24) 

Proof. See the appendix. 

Note that a' is the cut-off level of a, where firm H chooses between vM and vc. If 

a is greater than a', then firm H will choose wc such that both firms coexist in the DVD 
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market. This is because the cost to drive out the French firm, c(2 — (Vb — a))2 , is too high 

given that the consumers' valuation of French movie, a, is high enough. In this case, if the 

Hollywood firm intends to drive out the French firm, the loss of doing so out-weights the 

gain from being a monopoly in the market. However, if a is less than a', then firm H will 

choose vM such that it becomes a monopolist in the DVD market. If we take the limit of a' 

for c to hit its upper and lower bound, we obtain the following results: 

lim a' = V0 - 2 
c—>oo 

lima' ~ V0 + 0.36603 < V0 + 1 

If c is infinitely large, then it follows that any v greater than zero is not sensible. In 

this case, firm H will not add any amount of quality to its movie, and both firms coexist in 

the market. We can show that a' is increasing in c 

4-a' = , 1 (Vc3(9c-2) _ A < 0 
dc 2 c V c 3 ( 9 c - 2 ) V v v ; / 

The cut-off point of a is decreasing in c, and this implies that as the cost parameter 

becomes larger, firm H is more likely to choose vc over VM given a and Vo- So far, 

we have found the equilibrium prices charged by the two firms in the second stage. This 

includes both interior and corner solutions. We also solve for the equilibrium quality of the 

movie chosen by the Hollywood firm in the first stage with different values of parameters. 

We find that firm H will choose between vc and VM given by (3.23) and (3.22) depending 
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on the relative valuations of two goods as well as the cost parameter. The quality level 

of vc results in a coexistence of both firms in the market, but that of VM results in the 

market being monopolized by firm H. Indeed, there exists a cut-off level of valuation of 

French movie, a, such that if a is greater (smaller) than this level, firm H chooses vc (vM). 

Moreover, the higher is the cost parameter, the lower is the value of this cut-off level of 

a. This implies that it is more likely that firm H chooses vc, and both firms coexist in the 

market. 

3.3.2 Dynamic Analysis 

In this section, we assume that the consumers' preference toward the French DVD, a, 

evolves over time according to a dynamic process. We assume that there will be two factors 

affecting how a evolves through time. One of them is the network effect and the other is 

the depreciation effect. The network effect can be explained as follows. Consumers who 

watch the DVD would like to share it with the people who have not watched it. Thus people 

like the French movie more in the next period and the valuation of French DVD increases. 

The network effect is assumed to be at its maximum when the market share for the French 

movie is a half, so each consumer who watches the movie can find a partner to share the 

story of the movie. The depreciation effect takes a usual interpretation and it is assumed to 

be the same for all consumers. Moreover, we assume that the French firm is myopic in the 

sense that it only maximizes its current profit and does not take into account the change in 

consumers' preference over time. To fix the idea, we assume the dynamics of the valuation 

of French movie take the following form 
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a(*) = P ( 7 ' ( * ) - ^ ) ( | - 7 , ( t ) ) (3-25) 

where p is a positive constant and represents the speed of adjustment, and 7* is the 

equilibrium market share of the Hollywood DVD at time t. 

In this setting, a(t) increases as long as the market share of the Hollywood movie at 

time t is between | and §. The rate of increase is the greatest when half of the consumers 

watch the Hollywood movie and the other half watch the French movie. If 7* < ( > ) | , too 

many (few) people are watching DVD from firm F, and the depreciation effect dominates. 

Correspondingly, a decreases, i.e., a(t) < 0. Note that the lowest value that a(t) can take is 

— |/o and this happens at *y*(t) € {0,1}. Consider the case where v < 2 — (Vo — a). Then 

from (3.17), the equilibrium market share is 7* = |(Vo + v — a + 1). Substituting this into 

(3.25), we get 

a(t) = -~p(a -V0-v){a + l-V0-v) (3.26) 

However, for any v > 2 — (Vo — a), the corresponding equilibrium market share will 

be unity. Thus a(t) is a constant and equals to —\p. Since we require the values of V0 and 

a to satisfy Condition 1, we set a lower bound on a. 

Assumption 3.1: 

a = 0 if a < V0 - 2 
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This assumption guarantees that a will not be smaller than its lower bound, V0 — 2. 

Combining the above analysis, we show a(t) as a function of a in Figure 3.2. 

Figure 3.2: 

The dynamic of the popularity of the French movie, a, is given by 

a(t) = {-^ (a -V0-v)){a+l-V0-v) if 0 < v < a - {V0 - 2) 
-§ if a-(V0-2)<v 

Given the current stock a(t), the instaneous profit function for the Hollywood firm is 

v ' \ IT
 m = Vo + v — a — 1 

If-lev2 if 0<v<a-(V0-2) 
1™,2 cv2 if a-(V0-2)<v 
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One can see that depending on the control variable, v, there will be two different 

objective functions. We focus on the interior case where firm H has no incentive to choose 

any v greater than a — (V0 — 2). It is sufficient to assume that vM < x , which is implied 

by Assumption 3.2 below. 

Assumption 3.2: 

a>- + V0-2 
c 

Given Assumption 3.2., firm H has no incentive to further increase v beyond a — 

(Vo — 2) because that would necessarily decrease the current profit without bringing down 

a at any faster rate. The proof of the decrease in the current profit forv>a — (Vo — 2) can 

be found in the proof of proposition 2. So we can ignore the part where v > a — (Vo — 2). 

Thus, the optimization problem is to find v(t) that maximizes the following: 

U(a0) = £ e~5t Q((V0 + v) - a + l)2 - \cv*\ dt 

subject to 

v < a - (Vo - 2) 

a = ~-p (a - Vo - v)) (a + 1 - Vo - v) 

a(0) = a0 

The current-value Hamiltonian is 
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H = (l((V0 + v)-a + l)2-±cv^ (3.27) 

+^ (-Qp(a -V0-v)(a + l-V0-v) 

where tp is the current valued shadow price. 

The corresponding Lagrangian is 

C = H + \(a-{V0-2)- v) 

where A > 0 is the Lagrangian multiplier. 

The necessary conditions are 

i (1 + 2a - 2v - 2V0) (4 + | {-a + VQ - (§c - l)v + l) - A = 0 
(a - (V0 - 2) - v) > 0, A > 0, and X(a -(V0-2)-v) = 0 

(3.28) 

^ = SrP-^ = U(9--2v + l\+2(a-V0))p^ + ^(v-a + Vo + l) (3.29) 

f)M 1 
a = -g^ = (~gP (a-VQ- v)) (a + 1 - V0 - v) (3.30) 

Assumption 3.3: 

5 > p 

This assumption means that the speed of adjustment of the consumer's preference is 

not too fast relative to the discounted factor. 
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We shall divide the orthant in (a, ip) into regions according to whether or not the 

constraints on the control is binding. 

(a) Suppose that A > 0, then v = a-(V0- 2). Using (3.28), we get 

1 2 
cV0 - 2c - -ipp -ac + - = A > 0 

3 3 

We can rewrite the above inequality as ip < — - (3c(2 — V0 4- a) — 2) and character

ize this as region A in Figure 3.3. In this region, firm H chooses v = a — (Vo — 2) such that 

the corner solution prevails. 

(b) Suppose that A = 0, so (a - (V0 - 2) - v) > 0. Using (3.28), we get 

i> > - - (3c(2 - V0 + a) - 2) 

We characterize this as region B in Figure 3.3. 

Denote the curve K(a) to be the following 

^ = K(a) = --(3c(2-V0 + a)-2) (3.31) 
P 

K{a) represents the boundary between an interior solution and a corner one. The 

curve K(a) intersects the horizontal axis at a = V0 — 2 + ^ as shown in Figure 3.3. Note 

that as c increases, the curve K(a) rotates clockwise at (Vo — 2, ^). 
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Figure 3.3: 

psi 

VO-2 V0-2+2>Sc 

A 

B 

I W \ 

VO+1 a 

From Assumption 3.2, we only analyze the case where a > \ + V0 — 2, so we only 

have to consider the area of region A where a > - + Vo — 2. Furthermore, at a = \ + Vo — 2, 

B(a) = —-, and this implies that ip < —-in the relevant part of region A. Consider the 

tp = 0 locus and a = 0 locus in region A. Substituting v — a — (V0 — 2) into ip and setting 

it equal to zero, we get 

^(v = a- (V0 - 2)) = l-^p U5- - z\ + | = 0 

The locus is 

v> = 
-36+ p 
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For ip > (<) r j ^ , 4> < (>)0. If ^—^ > --p, then the locus V = 0 will lie 

outside the relevant area of region A, and ip > 0 for every point in region A. However, if 

_3l+ < — -, then the ij; = 0 locus will be in relevant area of region A. Due to Assumption 

3.3, we can show that this will be the case. Consider the locus for a = 0 in region A. By 

substituting v = a — (V0 — 2) into(3.30) we get 

h(v = a- (Vo-2)) = ~p <0 

Firm H will be a monopoly if it sets v — a — (V0 — 2), and a will depreciate at its 

maximum rate, —\p. 

Consider region B, where A = 0. Using (3.28) we get 

v = 9 c + 2 ^ 2 (2 ^P - 1) a + 2(1 - # ) H + 2 + # ) (3.32) 

Substituting (3.32) into (3.29) and (3.25) we get a pair of non-linear differential 

equations 

^ = 9C+2^-2 (2SP^2 + (9cS - 2<J + c/o + 2acp - 2cpVr
0) V + (2c + 2CVJ, - 2oc)) 

(3.33) 

and 

° = i (9c+2^-2)2 (9CF° + ^P - 9a° + 2) (9C ~ 9cI/0 + ^ + 9QC ~ 4) ( 3 3 4 ) 
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To find the locus of ip = 0, set (3.33) equal to zero. This holds if and only if g(a, ip) = 

0 given that 9c + 2ipp — 2 ^ 0 . The function g(a, ip) is given by 

g(a, ip) = (25pip2 + (9c<5 -26 + cp + 2acp - 2cpV0) ip + (2c + 2cV0 - 2oc)) = 0 

(3.35) 

Setting (3.35) equal to zero and solving for ip, we obtain two locus. They are given 

by 

^ = - - L ( ( 9 c _ 2)5 + cp(2a - 2V0 + 1) + VR) (3.36) 

and 

if, = - - L ((9c - 2)6 + cp(2a - 2V0 + 1) - \/tf) (3.37) 

where 

R = 81c282 + c2p2 + 452 - 36c52 + 4ac2p2 - 20c5p - 4c2p2V0 + 4a2c2p2 + 18c25p 

+4c2p2Vf - S6c26pV0 + 8ac5p - 8ac2p2VQ - 8c5pV0 + 36ac25p 

Note that £R > 0 given that R > 0. One can see that if R = 0 the two locus 

intersect, giving the same value of ip. This value is given by 

ip = - - | - ((9c - 2)5 + cp(2a - 2V0 + 1)) (3.38) 
4op 
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Combining the equations R — 0 and (3.38), we obtain a system two equations with 

two unknowns. Solving them, we obtain two sets of solutions 

01 = 2cp 

and 

— \28 - 9cS - cp + 26 (2 - y/aJ- (35 + />))+ 2cpV0 J 

° 2 = 2cp 
— (25 - 9c<5 - cp - 2<J ( 2 - A/6 J ^ (35 + p) j + 2cpV0) 

Since *0i > 0, we reject the pair (e^, ^ j ) . It can be verified that ip2 < 0 given our 

assumptions on parameter values. The derivative of R with respect to a evaluated at a2 and 

ip2 is 

—.R = 4cp (25 + 9c5 + cp + 2acp - 2cpV0) 

It can be shown that this will be greater than zero given the conditions and assump

tions of the model. Therefore, the necessary condition for a real valued solution of tp = 0 

is a > a2. Also, as a increases, R increases so one of the locus is positively sloped and the 

other one is negatively sloped. The two locus are shown in figure 3.4. 

Consider the locus of a = 0 in region B. From(3.34), a = 0 if and only if the follow

ing equation is satisfied 
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(9cVo + ij)p- 9ac + 2) (9c - 9cV0 + i>p + 9ac - 4) = 0 

This gives us two locus, and they are given by 

, -1(9cV0-9ac + 2) 

"{-{- (9c - 9cV0 + 9ac - 4) 

Note that for (3.39), one locus is positively sloped straight line and the other is a neg

atively sloped straight line. They intersect each other at the point where a = ^ (—3c + 6cVo + 2) 

and ip — — - (|c — l). Also note that the boundary line that separates the corner and the in

terior solutions, ip — K(a), also intersects two a — 0 locus at the same point. Moreover, the 

slope of the curve K(a) is flatter than the negatively sloped a = 0 locus. Therefore, there 

will always be two steady states. The intersection point is at (a — ^ (—3c + 6cV0 + 2),ip = — ̂  ( |c — l) 
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Figure 3.4: 

psi 

va-dot=0 

VQ-2 

a-dot=0 

psi- dot=0 

psi-dot=0 

Solving a = 0 and tjj = 0 simultaneously, we obtain three steady states 

of = £ ( - 3 0 + 6 ^ + 2) 

(45 + c(V0-l)(96-p)) ^ r = -< 
9<S+p (3.40) 

"•3 c(9<5-p) V ^ " ' ^ V ' U • • " A " " P7y V 3 9<5-p 

If we substitute (af, *0f) back to (3.34), we can see that both denominator and 

numerator are zero for a. Therefore, we can conclude that (af, ipls) is indeed not a steady 
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state. It can be shown that ips
3
s < ip^ < 0 given the assumption that 6 > p. Also, we can 

show that af > a™. 

Proof. We want to show that a|* - as
3

s = ,^_ 2. (81c82 - 18<52 - 65p - cp2) > 0. 

Since the numerator is positive, the sign of (a|s — a™) depends on the denominator. It can 

be rewritten as (c(52 - p2) + (18c5 - 6p)5 + (62c - 18)52). Given c > | and 5 > p, it 

can be easily checked that the term is positive. • 

We want to make sure that the smaller steady state, namely, af still satisfies Assump

tion 3.2 so that both steady states are in the region of interior solutions. Using (3.40) and 

Assumption 3.2, and rearranging terms, we get 

(p - 55 + 9cS -cp)>0 
c (95 - p) 

i.e. 

55 - p 
c> 

(95 -p) 

It can be shown that ^SZ
P\ > f • This implies we have to make a more restrictive 

assumption on c. 

Assumption 3.4: 

56-p 
c> 

(96 -p) 

To determine the stability properties of the two steady states, we first define 

a = N(a,ip) 
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ip = M(a,il>) 

Although it is usually very difficult to solve the system of two nonlinear differen

tial equations, we can linearize the differential equations within the neighborhood of each 

steady state. We obtain 

a 

.i>. 
\ Na 

[Ma 

N* 1 
Afy _ 

a — ass 

t[)-ipss 

where 

(9c+2Vv>-2) 
Na = - 3 c 

Ni — 
V (9c+2ipP-2) 

jyj __ 2c-2cipp 

£—f (3c - 6cV0 + 6ac - 2) 

* (3c - 6cV0 + 6ac - 2)2 

a 9c+2ipp-2 

M,h = ,n ,„* n)i (45 - 36cS - 6cp + 8lc25 + 9c2p + 45ip2p2 - 86^ p + 18ac2p - 18c2pV0 + 36c^p) 
(3.41) 

ity (9c+2ipp-2)2 

Substituting (af, i>s
2
s) into (3.41), we get 

N = -co ^±£ 
• < v a °^3(-65-2p+27c5+3cp) 
N^ = -cpjrz 9S+p 

3(-65-2p+27c5+3cp) 
~z8 ~ jtf 6cS+2cp 

lv±a 68+2p-27c6-3cp 
MV> = 3(-6*-2p+27c*+3cP) i35 (~6S ~2P + 27C6 + M + CP2) 

The trace of (a|s, V4") is Na + M$ = 6, and the determinant is NaM^ — N^Ma which 

is given by 

D2 = --cp 
96 + p 

9 (6<5 + 2p - 27cS - Sep)' 
(I8c5 + 6cp - 1862 - 66p + 81c52 + cp2 + 18c6p) 
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It is easy to show that D2 < 0 given Assumptions 3.3 and 3.4. This implies that 

the steady state (af, ^S
2
S) is a saddle point. To analyze the stability of the steady state 

(a|s, ip™), we substitute (af, ijjs
3
s) into (3.41) to get 

N = co z^ 
/V _ n2 p-9S 

J T ^ -27(-6S-2p+27c5-3cp) 
/If __ 6cfl+2cp 

J W « 6<5+2p-27c<5+3cp 

MV> = -3(-66-2p+27^-3cP) ( - 3 5 (-6* - 2p + 27c6 - Qcp) - cp2) 

The trace is 5, and the determinate is D3 where 

1 (p - 95)2 

- ^3 = —^,Cp-
27 6̂<5 + 2p-27c<5 + 3c/9 

It is easy to show that D3 > 0 given Assumptions 3.3 and 3.4. Therefore, we con

clude that the steady state (03*, ipf) is unstable. Starting from ao close enough to (a™, ifr™), 

the optimal policy for firm H is to choose an appropriate ip(0) so that (a0, ip(0)) is located 

on the stable branch of the saddle point. The comparative statics for the steady state with 

saddle point property are 

* « = I-? >0 
85 2 c(9S + p)2 

dp 2 c(95 + pf 

—as
2
s = - — — — < 0 

oc c29o + p 
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So the stable steady state is increasing in the discount factor and decreasing in the 

speed of adjustment of dynamic and cost parameter. The more impatient the firm H is, the 

higher the consumers' preference toward French movies at the steady state will be. As the 

speed of adjustment of the dynamic, p, is faster or the cost of adding the quality to firm H's 

movie is higher, the steady state a will be lower. To see the intuition behind these results, 

consider the value off at this steady state: 

2 S 

c{98 + p) 

First note that the steady-state level oft; is less than a™ — (Vo — 2) where it is equal to 

e,9J+ . (8 + 9c5 + cp), so it is an interior solution. The comparative statics results for vss 

are 

as c(9s+pf 

^-=-V-^<° 
dp c (95 + pf 

d ss 2 5 

—v = < 0 
dc c2 96 + p 

These are identical to the comparative statics results of the steady state consumer 

preference, a. The more impatient firm H is, the higher the level of additional quality it 

will put into its movie. The faster the speed of adjustment for the consumer preference 

or the more expensive it is to increase the quality of the movie, the lower the value of v 
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chosen by firm H at the steady state. The market share at this stable steady state a|5 is ~. 

How does vss compare to the static model, if a is equal to a|s? To answer this question, we 

compute 

One can verify that vss < vc. This implies that firm H will choose a lower v in the 

dynamic setting as compared to the static setting. The intuition is that if firm H chooses v 

higher than vc, then its market share will be higher than | which implies that the consumer 

preference toward the French movies is going to increase in the next period. This will hurt 

firm H, so it is optimal for firm H to choose v = vss. 

In this section, we analyzed how firm H maximizes its discounted sum of profit 

stream taking into account the evolution of consumers' preference which is affected by the 

market shares of the two firms. We solved the optimal control problem in which firm H 

has no incentive to choose the quality of its movie such that it becomes monopolist in the 

DVD market. We found two steady states. One steady state has the saddle-point property 

and the other one is unstable. At the stable steady state, firm H chooses a greater (smaller) 

quality the larger (smaller) the discount factor (cost parameter and speed of adjustment). 

We also show that at this steady state, firm H chooses a lower level of quality compared to 

that found in the case where the firm maximizes its the static profit. 
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3.4 Discussion 

The preceding results are based on the assumption that either c or a is large enough and 

Assumption 3.2 is satisfied. In this case firm H has no incentive to set v greater than x. 

However, it is interesting to look at the case where the above condition does not hold. In 

this case, If both firms are myopic and given some values of the parameters, firm H may 

choose some v where the steady state in which both firms coexist prevails (similar to our 

result). However, if firm if is a dynamic optimizer, it may wish to set a level of v high 

enough to drive out firm F at some time t. By doing this, it would make a loss in its current 

profit but the consumers' valuation of firm F 's movie would decrease in the next period 

The popularity of French movies, a, would keep decreasing until it hits some critical value 

where firm H finds itself better off by choosing vM, and it becomes the monopolist in the 

DVD market. Given vM, the popularity of French movie will further decrease until it hits 

the lower bound (Vo — 2), and firm H can enjoy the monopoly profit afterward. Thus, firm 

H faces a trade-off between short-term loss and long-term gain. The difficult part comes 

from the switching of two regimes given the level of control variables, and this serves as 

the next step of our research agenda. Another interesting line of extension is to include 

the possibility that the French government imposes some tariff on firm H's DVD. Thus, 

a differential game between the firm H and the government of the country where firm F 

locates would be analyzed. Potentially, we can see how the government protect its cultural 

good, and the impact of such policies on the welfare of the consumers. 
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3.5 Concluding Remarks 

We constructed a dynamic model where two cultural good producers from two different 

countries compete in one of the markets. The consumers are assumed to have a homo

geneous valuation of one good (Hollywood) but a heterogeneous one of the other good 

(French). The preference for one of the two goods is assumed to change over time by some 

process that is related to the market shares of the two goods. In the static analysis, the Hol

lywood firm (firm H) can choose to increase the quality of its product by incurring some 

cost. Given the quality of movie chosen by firm H, both firms engage in price competition 

in the DVD market. The conditions for the existence of both corner and interior solutions 

are established. More specifically, if either the cost of increasing the quality is low (re

spectively, high) or the preference for the French movies is low (respectively, high), the 

Hollywood firm will choose the additional quality of its movie such that monopoly prevails 

(respectively, both firms coexist) in the price competition stage. Furthermore, there exists a 

cut-off level of the preference for the French movies, at which the Hollywood firm is indif

ferent between driving out the French firm (by choosing a high quality level) or allowing it 

to remain in the market. 

As for the dynamic analysis, we obtained the interior solution of the optimal control 

problem as well as the comparative statics results of the steady states. We found that there 

will be two steady states. One of these is stable in the saddle-point sense and the other is 

unstable. Due to the nonlinearity of the differential equations, the closed-form solution for 

the quality trajectory cannot be obtained. However, we provided the linearized properties 
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at the neighborhood of the steady states. We found that the steady state with saddle-point 

property is increasing in the discount rate but decreasing in the speed of adjustment and the 

cost parameter. We also found that the quality chosen by the Hollywood firm at the steady 

state is lower than its static counterpart. 

An interesting feature of the model is that it allows us to consider the case where 

the Hollywood firm might wish to corner the market by sacrificing the short term profit 

for the sake of long run monopoly profits. The analysis of such a situation is complicated 

because the firm's profit function changes its form when there is a regime change. Standard 

techniques cannot be used to find a solution. A more novel solution method is required. 
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3.A Appendix 

3.A.1 Proof of Proposition 7 (Static Equilibrium Prices) 

(a) If V — a < —1, and given p = 0, firm F's q must maximize 

9 [ i - 7* (p ,g ) ] 

subject to 0 < 7*(p, g) < 1. Now 7*(p, g) = V + g — p — a = V + q — a. The 

Lagrangian is 

L = q[l - V - q + a] + X[V + q - a] + fi[l - V - q + a] 

The first order condition yields 

-2q + l-V -a + X- fj, = 0 

Try A — /J, = 0, then q = (1 — V + a)/2, and the corresponding 7 = V — a + 

[(1 — V + a) /2] = (V — a — l ) /2 < 0. So the constraint is violated. The solution must 

therefore be A > 0 and thus V + q — a = 0. This proves that q = a — V is the best reply 

to p = 0. 

Given q — a — V, then firm H chooses p > 0 to maximize P7*(p, q) subject to 

0 < 7*(p, q) < 1. Now 7*(p, (?) = F + g — p — a = —p. So the Lagrangian is 

p{~p) + \{-p) + H[l + p] 
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The first order conditions are 

-2p - A + fj, < 0, = 0 if p > 0 

A > 0, - p > 0, A(-p) = 0 

H>0, ( 1 + p ) > 0 , / i [ l + p ] = 0 

These condition can be satisfied only if p — 0. Therefore we show that given V — a < 

—1, the equilibrium price pair (p, q) — (0, a — V) 

(b) If V — a > 2, the proof of the equilibrium price pair (p, q) — (V — a — 1, 0)is 

similar to the one when V — a < — 1. 

(c) If — 1 < V — a < 2, we show that the Bertrand equilibrium is the pair, (p, q) = 

/ V - q + l 2 - ( V -
^ 3 ' 3 

maximize 

— j . Suppose that the firm H's price is p = v °+ 1 , then the firm F must 

g [ i - 7 * ( p , g ) ] 

subject to 0 < 7*(p, q) < 1. Now 7*(p, q) = V + q — p — a = | V — | a + g — | . The 

Lagrangian is 

L = g 
2 2 1 

+ A [ g ^ - g a + 9 - - ] + /X 
2 2 1 

The first order condition yields 
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-a--V-2q + \-v + - = 0 

Try A = (j, — 0, then q — | (2 — (V — a)). Note that under the condition on the 

value of V — a, 0 < q < 1. The corresponding 7 = | (V — a + 1) G [0, 1]. Therefore, 

g = I (2 — (V — a)) is the best response to firm H setting p — v ~ ° + 1 . Now consider if 

firm F sets q = \{2 — (V — a)), firm H must maximize 

subjectto0<7*(p,g) < 1. Now7*(p,g) = V+p-p-a = | (2V - 2a - 3p+ 2). 

The Lagrangian is 

l - ( i ( 2 V - 2 a - 3 p + 2)) 

The first order condition yields 

2 2 2 
_ y _ _ a _ 2 p - A + /x + - = 0 

Try A = // = 0, then p — | (V — a + 1 ) 6 [0,1]. The corresponding 7 = 

I (V — a + 1) which can be easily verified that belongs to [0,1] under the initial condi

tion on the value of V — a. The price pair, (p, q) = I y ~ ° + 1 , 2~(^~a) J ? Js the best response 

to each other so it constitutes the Bertrand Equilibrium. 

3.A.2 Proof of Proposition 8 (Static Equilibrium Additional Quality of 

L = p ( - (2V - 2a 3p + 2) ) +A[- (2V - 2a - 3p + 2)]+// 
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Firm H's Movie, v) 

We can discuss this by dividing the problem into 3 cases. 

First note that for vM < x 

2-(V0-a)-->0=>a>V0-2+-
c c 

Note that under this condition, if the firm H wishes to drive out the firm F, it will 

choose v = x because setting any higher v will necessarily decrease its monopoly profit, 

lso, from Condition 3.1, the following inequality must be satisfied. 

V0 - 2 + - < V0 + 1 
c 

For vc < x 

1 (-2a + 2V&.+ 2) - (2 - (V0 - a)) = -zr^-r (6c - 3cV0 + 3ac - 2) < 0 
9 c - 2 v ' v v " 9 c - 2 

i.e. 

(6c - 3cV0 + 3ac - 2) > 0 

i.e. 

a > V0 - 2 + — 
3c 

Therefore, vM < x => vc < x because V0 - 2 + \ > V0 - 2 + £ . 

It can be easily seems that it is impossible for vM — vc = x. 
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Case 1. ± + V0-2<a<V0 + l 

In this case, vM < x and vc < x. First note that £irc \v=x< 0 and jjj7rM \v=x< 0 

because both irM and TTC are quadratic in v ,and vM < x and vc < x. Moreover, we have 

shown that irM — irc when v = x. Thus by choosing any v > x in this case, firm i7 will 

definitely be worse off. Thus, firm H will choose v £ [0, x] to maximize its profit. By 

definition of vc, it will be the choice for firm H. 

Case2. V0-2 + ±<a<V0-2 + ± 

In this case, u c < x, and wM > x. There is a possibility that vM gives a higher profit 

than vc. Therefore, we have to compare irc(vc) and irM(vM). Define 

D™ = nc(vc) - nM(vM) = ^ ~ ^ {Ac' + Bc + 2) 

where 

A = 2 (a - V0 + 2) (a - V0 + 5) > 0 

B = 4(V0 - a) - 13 < 0 

Since the numerator is always positive, the sign of DCM will depends on the denom

inator. Also, because of A > 0 and B < 0, for small c, the sign of DCM will be negative. 

This indicates that firm H's profit is higher if it chooses vM instead of vc. However, if c is 

large enough, then DCM starts to become positive where choosing vc is better off for firm 

H than choosing vM. The intuition is that the higher the c, the more costly to drive out firm 
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F by setting vM where vM > x. Differentiate DCM with respect to a, we get 

^-DCM = — L - (7c - 2cV0 + 2ac - 2) 
aa 9c — 2 

This implies that ££> C M > 0 iff (7c - 2cV0 + 2ac - 2) > 0. Rearrange terms, 

condition for £DCM > 0 is 

- 7 Tr 1 
a > —- + V0 + -

2 c 

It can easily be showed that 

- 7 ¥ , 1 T, „ 2 
— + Vo + - < V o - 2 + — 
2 c 3c 

Therefore, j^DCM > 0 in this case where 

- 7 1 2 1 
— + V0 + - < V o - 2 + — < a < y 0 - 2 + -
2 c 3c c 

Setting D C M = 0 and solve for a, we get two solutions 

a = < 

where a2 > a,\. 

°i = 2? ( 2 c + 2 c 2 y« - 7 c ' - Vc 3 ( 9 c - 2) 

a2 = 5? (2 c + 2c2^o - 7c2 + V c 3 (9c - 2) 

It can be showed that a,\ < VQ — 2 + ^ , i.e. 

2 i / \ 
Vo - 2 + — - ai = — ( 3A/C (9C - 2) - 2 + 9C) > 0 

3c oc \ / 

ai is not belong to the condition Vb — 2 + ^ < a < Vo — 2 + ^, therefore, we do not 

have to consider it. We want to show that a2 G (Vo — 2 + ^ , Vo — 2 + ^). 

Suppose, a2 < V0 — 2 + ^ , then it implies 
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2 , 1 
«2 {V0 - 2 + - ) = - (2 + 3 V c ( 9 c - 2 ) - 9 c ) < 0 

i.e. 

3 V c ( 9 c - 2 ) < 9 c - 2 

i.e. 

9c (9c - 2) < (9c - 2)2 

i.e. 

9c < (9c - 2) 

Which is impossible for any real valued c. 

Suppose o2 > V0 — 2 4- - , then 

O2-(V0-2 + l) = -^ (V9c4 - 2c3 - 3c2) > 0 

i.e. 

Vc39(c - 2) > 3c2 

i.e. 

i.e. 

c39(c - 2) > 9c4 
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9(c - 2) > 9c 

which again is impossible. Denote a2 = a', and we can conclude that 

2 , 1 
V0-2 + — <a2 = a! <V0-2 + -

6c c 

Since we show that £DCM > 0 and DCM(a = a') = 0, thus 

DCM j < 0 =* u = vM if M) - 2 + J < a < a' < V0 - 2 + \ 
u | > Q ^ v = vc if V r

0 -2 + | < a' < a < V0-2+\ 

Case 3. y 0 - 2 < o < V r
0 - 2 + ^ 

Under this case, vM > x and vc > x, therefore, the firm H will definitely set v > x 

to maximize the profit. Since vM > x and by definition, vM maximize the profit, so it will 

be the v chosen by the firm H. 

Combine all three cases, we prove proposition 8. 



Conclusion 

The first essay studies the optimal export policy when markets are vertically related and 

goods are differentiated. We consider both Cournot and Bertrand rivalry between two 

downstream firms. We also consider two pricing schemes employed by the upstream mo

nopolist, price discrimination and uniform pricing. Export policy and thus welfare depend 

not only on the competition mode but also on the pricing scheme. Moreover, the result is 

sensitive to the degree of product substitutability. 

When the downstream market is a Cournot duopoly, an export tax is called for in 

the price discrimination case; however, when the upstream monopolist practices uniform 

pricing, there is a cut-off level of product substitutability beyond which the government im

poses a subsidy. In the price discrimination case, a country is always better off under trade 

war as compared to free trade. For the uniform pricing case, a country is better off in trade 

war if and only if the optimal export policy is a tax. When downstream firms compete in the 

Bertrand fashion, the optimal policy is a tax regardless of the pricing schemes, and welfare 

is always higher under optimal policies equilibrium compared to free trade equilibrium. 

Given that the upstream monopolist price discriminates downstream firms, the opti

mal export tax is higher under Bertrand duopoly than under Cournot duopoly if two goods 

are sufficiently close to each other. Otherwise, the reverse is true. If the upstream monop

olist charges a uniform price, the export tax is always higher under Bertrand duopoly. The 

analysis also suggests that the degree of product substitutability plays an important role. If 

two goods are sufficiently independent to each other, then the Cournot equilibrium welfare 
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level is higher than the Bertrand one under both pricing schemes. If the degree has an inter

mediate value, welfare level is higher (lower) in Cournot equilibrium than that in Bertrand 

equilibrium in the price discrimination case (uniform pricing case). If two goods are suf

ficiently close to each other, Bertrand competition between two downstream firms always 

yields a higher welfare regardless the pricing schemes. 

The study on consumers' welfare reinforces the conventional result that a consumer 

is always better off in Bertrand competition than in Cournot one due to a higher quan

tity consumed and lower price. Moreover, this result is not sensitive to different pricing 

schemes employed by the upstream monopolist. 

The second essay considers a model consisting of an exhaustible resource extract

ing country and one or more resource importing countries and analyzes the uses of ex

port/import policies by these countries. In a bilateral monopoly case where there is only 

one importing country, we derive analytically the Markov perfect equilibrium tariff rate and 

export price. Comparing the bilateral monopoly equilibrium with free trade equilibrium, 

we show that bilateral monopoly yields a lower initial extraction rate compared to free 

trade which is consistent with the intuition that the monopolist conserves the resources. 

An importing finding is that if the extraction cost is lower than some threshold level, then 

the resource exporting (importing) country is better (worse) off in bilateral monopoly com

pared to free trade. Moreover, this threshold level is increasing in the rate of discount. 

Doing the analysis on division of gains from trade, we find that the resource exporting 

country's share of gains increases in the cost parameter and decreases in the discount rate 



Conclusion 118 

under free trade. In bilateral monopoly, resource-exporting country share two-third of gains 

from trade regardless of parameter values. 

In a more general setting where there are multiple resource importing countries that 

can be different in market sizes, a numerical simulation has been conducted. In the two-

importing-countries case, exporting (importing) country's welfare is increasing (decreas

ing) in the total market size under either free trade or tariff war scenario but decreasing 

(increasing) under custom union (bilateral monopoly) scenario. Also, each resource im

porting (exporting) country's welfare increases (decreases) in both free trade and tariff war 

cases when the market size asymmetry of two importing countries increases. Given the val

ues of parameters specified in the model, the resource exporting country's welfare is always 

higher in the free trade case compared to the tariff war regardless the degree of asymme

try. On the other hand, the more asymmetric the market sizes, the more likely it is for an 

importing country to be better off under tariff war compared to free trade. 

Considering an interesting case where the resource exporting country is forced to 

commit on a (optimal) division of its stock of resource to serve two importing countries 

separately, we find that the optimal division is the one that split the stock according to 

importing countries' relative market sizes. Moreover, the corresponding tariffs are the 

same as in the case when two importing countries cooperatively choose their tariffs rate. 

A policy implication from this exercise is that a resource importing country may seek to 

sign a contract of exclusive right on some portion for oil stock with the exporting country 

to achieve the same outcome as under custom union by two importing countries. 
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The third essays studies the rivalry by two firms (Hollywood vs. French) in a cultural 

good (movie) market. Cultural goods are differentiated in the sense that the consumers 

have homogenous valuation of one good (Hollywood) and heterogeneous valuation of the 

other good. The model is characterized as a two-stage game. The firm which supplies 

the homogeneous-valuation good chooses the quality of its product in the first stage, and 

in the second stage, the two firms compete as Bertrand rivals. We first look at the static 

competition and then study the dynamic version where consumers' preference are affected 

by the market shares of two firms. 

In the static analysis, we provide the conditions on parameter values for the existence 

of both corner and interior solutions. If either the cost of increasing the quality or the 

preference for the French is low, the Hollywood firm has an incentive to choose the quality 

of its movie such that monopoly prevails in the second stage of the game. 

The dynamic analysis consists of an optimal control problem solved by the Holly

wood firm as the French firm is assumed to be myopic in that it only cares about its current 

profit. We focus on the interior solution by considering those parameter values such that 

the Hollywood firm has no incentive to drive out the French firm by over-investing in the 

quality of its movie. There exists two steady states, one of which is a saddle point and 

the other one is unstable. The linearization at the neighborhood of the stable steady state 

suggests that the steady state value of preference of the French movie is increasing in the 

discount rate but decreasing in the speed of adjustment and the cost parameter. Moreover, 

steady state quality of Hollywood movie is lower than its static counter part. 
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