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Abstract

Thermodynmllics of irreversible processes in a radiation field is formulnted,

based on kinetic theory, by treating nonequilibrium mdiation as a nonequilibrillll1

photon gas intcrncting with matter. The genernlized hydrodynnmic equations for

macroscopic variables necessary for describing temporal and spatial evolution of ir

reversible processes in the system of matter and radiation are derived from kinetic

equations by using the modified moment method. The method rigorously yields

the conclusion that entropy differential is not an exact differential when the system

is away from equilibrium. Therefore, an extcnded Gibbs relation for the entropy

density does not hold valid. However, dl extended Gibbs relation-like equation

holds for the compensation differential which has been shown to be an exact dif

ferentia1. The entropy balance equation is cast into an equivalent form in terms

of a new function called the Boltzmann function. In the context of the present

formalism the light-induc,. ~ viscous flow is theoretically explained for the entire

range of pressure. The modified moment method has been extended to the covari

ant Boltzmann equation in order to formulate a theory of relativistic irreversible

thermodynamics. Furthermore, the kinetic theory foundations for relativistic ir

reversible thermodynamics for the system of radiation and matter 8.l'e provided.

The statistical mechanical formulas are obtained for various materia! and radiative

transport coefficients. The radiative transport coefficients stand in simple ratios

independent of materia! parameters. The ratios calculated are in agreement with

those used in the phenomenological theory using the Rosseland mean.
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Résumé

La thcrmodynamiquc dcs proccssus irréversibles dans un champ de radiations

a été cxpriméc, SUI' la base de la théorie cinétique, en considerant les radiations

hors de l'équilibrc comme étant un gaz de photons interagissant avec la matière.

Les équations hydrodynamiques généralisées pour les variables nécéssaires à la de

s~ription temporelle et spatiale de l'évolution des processus irréversibles dans le

système de matière et de radiation, ont été dérivées de la théorique cinétique en

utilisant la théorie des moments modifiés. Cette méthode a permis de conclure

qu'en toute riguenr, la différentielle d'entropie n'était pas exacte pour un système

loin de l'équilibre. Par conséquent, l'extension des relations de Gibbs ne peut être

valide. De toutes façons, une relation de Gibbs étendue remplace la différentielle

de compensation qui, elle, est exacte. L'équation de continuité pour l'entropie a

été exprimée en termes d'une nouvelle fonction appelée fonction de Boltzmann.

Dans ce formalisl:1e, l'écoulement visqueux induit par la lumière a été expliqué

théoriquement pour toute l'échelle de pressions. La méthode des moments modifiés

a été étendue à l'équation covariante de Boltzmann pour formuler une théorie rel

ativiste de la thermodynamique irréversible. De plus, les bases de la théorie pour

la thermodynamique irréversible relativiste des systèmes de radiation et de matière

ont été étabHes. Les formules statistiques ont été obtenues pour des nombreux

matériaux et de coefficients de transport radiatives. Les coefficients de transport

sont liés dans un rapport simple indépendant des paramètres des matériaux. Les

rapports calculés sont en accord avec ceux utilisés dans la théorie phénomènologique

qui considère la moyenne de Rosseland.
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Chapter 1

Introduction

It is weil known that radiation, cspeciaily, cqllilibri'.Im (black-body) mdilüion,

has played a germinal l'ole in the devclopment of modern physics [l, 21. Planck's

pioneering work on blackbody radiation lay down the foundation of quantum me

chanics. Einstein's celebrnted paper in 19lï [3] first introduced the concept of the

stimulated emission of radiation by atoms which has led to the invention of modcrn

laser technology. Sincc then many progresses have been made both fol' undcrstnnd

ing radiation and its applications which are major tools to investigate microscopie

structures of matter.

Radiation we encounter in the laboratory and nature is generally in a nonequi

librium statej in other words, a strictly thermal radiation field, namel:;, an isotropic

Planck distribution of photons, is hardly ever found in open systems from which

photons escape. Nonequilibrium radiation occurs in various contexts such as laser

physics [4], astrophysics [5], plasma physics [6], atomic physics [7a], photochemistry

[7bJ and solar energy conversion [7c] etc. Thermodynamics of equilibrium radiation

is described by an equilibrium Gibbs relation for entropy change in a way completely

parallel to equilibrium thermodynamics of matter. Since there is nonequilibrium

thermodynamics of matter, we would ask a natural question: is there also a parallel

formalism for nonequilibrium radiation? One of the aim of this thesis is to answer

this question.

Since radiation cannot reach equilibrium by itself but requires interactions with

matter to do so, understanding irreversible phenomena of radiation would require

study of the macroscopic behavior of radiation and matter as a single system and,

in particular, the irreversible thermodynamics of matter interacting with radiation.

Despite the important l'OIes which radiation has played in physical sciences, abun

dant studies commensurate to the roles played, and recent works reported in the

1
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literatme ([Si and also sec, for example, ref. [9]), there is stiJl a considerable need

for study in the area of nonequilibrium radiation.

lu the hope to put the theory of irreversible processes in a radiation field on

a par with that for matter alone, \Vilt [10] carried out studies on the question of

irreversible thcrmodynamics for radiation from mid fifties until the early seventies.

He presented an cntropy balance equati;)n for radiation, but did not develop the

thcory further ta construct a theory of irreversible processes in the presence of

radiation although sueh a theory would be necessary to answer the questions of local

thermodynamic equilibrium, etc., raised in his papers. Essex [11] also addressed his

study ta an aspect of thermodynamics; he extended the principle of the minimum

entropy production to include radiation. The subject is briefly treated from a

kinetic theory vicwpoint in the monograph by de Groot et al. [8] in terms of

Compton scattering of electrons in the relativistic formalism, but not enough to form

a basis to carry on with further studies of irreversible thermodynamics. Radiation

thermodynamics is also discussed by Kremer and Müller [12].

Quite recently, the eombination of laser physics and gas kinetic theory has

produced sorne interesting phenomena such as laser-cooling [13) and light-induced

kinetic e!fects [14] etc. G. Nienhuis and his coworkers developed a kinetic theory of

gas in the presence of light [9], which extended the weil known Chapman-Enskog

method to include the interactions between atomic (molecular) gas and light.

From an astrophysical viewpoint nonequilibrium radiation has been discussed

by using radiative energy transfer equations. An extensive study on the solution of

radiative energ)' transfer equation for various boundary conditions and the astro

physical implications of the solution is covered in Chandrasekhar's monograph [2).

As Weinberg pointed out that since the discovery of the 2.7 K radiation background

an increased attention has been paid to the possible cosmological l'ole of dissipative

processes [15J. A more substantial study of radiative transport problems can he

found in the monographs of Oxenius [6] and Mihalas and Mihalas [5]. This l'he-

2
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nomenologieal thenry of mdiative transport docs not provide dynmuical foundations

fol' nonequilibrium radiation.

The them'Y of irrevcrsible proeesscs of radiation has not as yet reaehed even

the formative lcvd aehieved [16] fol' that of matter. Il has some way ta go before a

satisfaetory matUl'ity is aehieved as a theory, espeeially when the system is removed

far from equilibl'ium. In the works mentioncd earlier, radiation is not put on the

same footing as matter at the kinetie level, sinee it is treated by means of a phe

nomenologieal equation of radiative energy transfer and the evolution of radiation

entropy is inadequately treated as to allow a praetieable theory of il'l'eversible ther

modynamies of radiation. Sinee the radiative energy transfer equations taken in

these works are not eaupied ta the kinetie equation for matter whieh may be away

from equilibrium, one is not able ta follow the irreversible evolution of radiation

and matter together. In this thesis we approaeh the problem by starting from the

kinetie theory viewpoint that takes radiation and matter as a mixture of partiel1

late photons and material particles whieh evolves from a nonequilibrium state ta

an equilibrium state.

We assume a semiclassieaI Boltzmann equation for photons whieh is coupled to

the Boltzmann equations for materiaI particles [17]. The quantum effeet of photons

is contained in the collision integral of the Boltzmann-Uehling-Uhlenbeck equation

for bosons. This way, the system of radiation and matter is viewed as a mixture of

photons and material particles which interaet with each other according to the laws

of mechanies. The IClajor motivation for this approach is in the desire to formulate

irreversible thermodynamics of radiation and matter on equal footing and in a

unified manner. Instead of the Chapman-Enskog method [18J and the Grad moment

method [19], we employ the modified moment method [20J to solve the Boltzmann

equations of photons and materiaI particles. The distinctive features of this method

are follows. Firstly, it is capable of treating nonequilibrium processes occurring far

from equilibrium. The conventionaI methods are only vaIid in the linear regime

3
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or ncar-cquilibrilllll statcs. Sccondly, it allolVs to establish an exact irreversible

thcrllloùynalllic structure. The H theorcm fol' the system of radiation and matter

is li natural olltcomc of the kinetic equations. The second law of thermodynamics

is rigorously slltislied in the context of the modified moment method.

In additioIl, the present formalism shows that the extended Gibbs relation for

cntropy change used in the extended irreversible thermodynamics [21] does not hold

valid. HOlVever, there is the compensation differential which is an exact differential

in the irreversible thermodynamics that satisfies the extended Gibbs relation-like

equF,tion, but this means a revision of the logical structure of the extended irre

vC:'sible thermodynamics is necessary. A new form of local H theorem i~ derived in

tcrms of the Boltzmann function introcluced as a Legendre transformation of the

entropy density.

The kinetic theory permits deeper insight into irreversibility and thermody

namics of radiation: for example, the classical theory of blackbody radiation is

recovered from the formalism presented herej it also enables us, from the kinetic

theory and thermodynamic viewpoints, to look at the celebrated theory [3] of Ein

stein, by which the Planck distribution function was shown to be consistent with

the Boltzmann distribution function for matter. The present theory in fact a1lows

to make a nonequilibrium correction to the Planck distribution function, which is

not possible to obtain if the steady state argument is used as in Einstein's theory. It

will be shown that the consistency between the Planck distribution function for ra

diation and Boltzmann distribution function for matter is a result of the H theorem

and therefore of the second law of thermodynamics. The equilibrium distribution

functions so obtained are unique because of the H theorem.

One of the most important aspects of kinetic theory i3 that it can provide a

way to derive the expression for the nonequilibrium distribution function. Since

the interaction of photons with particles via emission, absorption and scattering

leads to an exchange of energy and momentum between radiation field and material

4
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gns, photons and l'articles are, in general, in Ilonequilibriulll state. What is the

nonequilibriulll distribution funetioi1 for a radiation field? We should answer this

question l'rom both theoretieal and experimentnlllspeets. The theoreticnl fonuula

of nonequilibrium distribution funl'tion is obtained in the l'ontext of the lIlodified

moment method which ean be redueed to the Chnpman-Enskog l'l'suit in the linear

regime.

With the help of distribution funetions we can define a set of moments whil'h

bnsically belong ta two different classes. One subset contains ail the conscrvcd vari

ables such as mass, kinetic energy and hydrodynamic velocity which are collisionni

invariants. Another ~ubset consists of ail the nonconserved variables (fluxes). Of

course, determining the distribution function is equivalent to determining these in

fini te number of moments. However, it is hopeless to find solutions for this infinite

set of moments in genernl. On the other hand experimental measurable quantitics

are flnite. A practicable theory should be constructed in tenns of a flnite number

of physical quantitics. This means that wc have to truncate the set of moments

according to physicnl demands of an l'vent. The truncation procedure leads from

a microscopie description in terms of the distribution function to a hydrodynamic

description in terms of a flnite number of moments. The evolution of the system will

be cietermined by the governing equations for the physicnlly meaningful moments.

Since these moments nlso appear in the expression of entropy density, the evolution

equations of the moments are coupied to the entropy balance equation. The second

law of thermodynamics plays l'ole as the constraint ta select physically acceptable

solutions of the moment evolution equations.

The present kinetic theory formalism establishes a bridge which links the ex

perimental measurabie quantities (macrosco:Jic level) of a system and the dynamic

mechanism of constituent l'articles (atomic or molecular level). This makes it

possible to evaluate macroscopic variables in terms of l'article interactions under

nonequilibrium conditions. In this sense, the generalized hydrodynamic equations

5
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of radiation and matter have bccn derived from the coupled Boltzmann equations

for photons and nmterial l'articles by the moclified moment method. Solving these

generalized hydrodynamic equations tmder certain ini tial and boundary conditions

will give us the values of the nmcroscopic quanti tics which arc necessary to describe

the system of radiation and mat ter.

The evolution of a system consisting of matter and a radiation field viewed as

lt gas-kinetic mixture of lllateriai particles and photons has a great advantage. This

opens the way to employ the apparatus of gas kinetics for describing the system,

where the microscopic evolution equation has the form of a Boltzmann equation.

Since interacting systems of matter and radiation cover a broad class of problems

under active study, such as laser-coùling [13], optical piston [14] and light-induced

viscous flow [22], etc., the kinetic theOl'y of such systems would be necessary to

understand the experimental results.

Light l'an exert forces on atom because photons carry momentum. The ex

change of photon momentum with an atom l'an occur incoherently, as in the case of

absorption and reemission of photons, or coherently, as in the case of redistribution

(or lensing) of the incident field by the atom. By utilizing photon momentum, it is

possible to manipulate atoms by light. Many of the successes in atom manipulation

have occurred because not only laser l'an exert powerful forces on atoms but also

techniques have been found to cool these l'articles to low temperature which are

still in the vapor phase. Once the atoms are cooled to temperatures on the order

of 1 millikelvin, the electric and magnetic dipole forces l'an easily overcome thermal

motion, and these feeble forces become sufficient to control the atoms. Therefore

the atoms, which originally had an equilibrium velocity distribution with a high

average kinetic energy, end up in a nonequilibrium state with a narrow velocity dis

tribution and a low average kinetic energy. It is apparent that light is able to lower

the entropy of matter. In order to l'l'ovide a molecular theory of irreversible thel'

modynamical properties, for example, efficiency rate of a cooling l'roecss, a kinetic

6
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theory would be neccssar)·. Laser cooling and trapping arc finding applications in a

number of areas [23]. An appli<'ation that is recciving considerable attention is the

construction of better time standards in the microwavc or optieal clomnin. A varicty

of precision measttrenl<'nts will belll'fit from thc long measurement times possible

with laser-cooled atoms. Perhaps the most exciting applications in the field of lascr

eooling and trapping will come out of the ability to study problems in the polymer

physics and biology on a single molecular basis.

A completely different mechanism for affecting the motion of atoms by applying

a resonant light is light-induced kinetic effects. These are due to the combination

of a state-dependent collision cross section and a velocity-selective excitation of

atoms by laser. The most studied manifestation of light-induced kinetic effects

is the light-induced drift. Because of the Doppler effect, a traveling laser beam

produces velocity-selective excitation of atoms. In other words, the excitation rate

differs from zero only when the component of partiele velocities along the laser

propagation direction is near the Doppler-selected velocity Vo= (WI - wo)/k" with

WI the central frequency of radiation, Wo the transition frequency of the particles,

8nd k, the wave number. Since particles can only be excited within this narrow

group, it is natural to expect that the distribution functions of excited and ground

state contain a narrow structure around Vo' This velocity selection yields opposing

fluxes of excited and ground state atoms. Because of the momentum conservation

law these two fluxes will cancel each other if there is no buffer ghll in a system.

However, both fluxes feel different diffusion resistances in the optically inactive

buffer gas which is not affected b)' the light field since the collision cross section of

an excited atom is generally larger than that of the ground state atom. In particular,

an optical piston effect has been observed in the experiment for an optically dense

system [24]. When the laser frequency is tuned in the red Doppler wing the drift

velocity is in the laser propagation direction, therefore the light can penetrate the

optically dense system farther and farther, sweeping the active atoms to the dark

7
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('nd of tlte tube. This is the so-cnlled opticnl piston action or front formation. There

are some other light-induced kinetic phenomena which have been observed in one

cOlllponl.'nt gas system (without a buffer gas), for instance, surface light-induced

drift [251 and light-induced viscous f10w [22], etc.

At this point it is worthwhile to mention some applications of the light-induced

kinetic effects. The optical piston effect has been used for isotope separation; surface

light-induccd drift may l'l'ovide a tool to analyze the mcchanism of l'article-wall in

teraction; light-induced viscous f10w makes it possible to determine internal l'article

interactions by measuring the macroscopic drift and there would still be sorne more

potentinl applications. The underlying mechanism of surface-light drift is quite

dilferent from that of optical piston; it is due to state-dependent molecule-surface

interactions whereas the light-induced viscous f10w is the result of the combina

tion of a state-dependent collision cross section and nonuniform illuminatioI) which

produces stresses in the gases and gives rise to a l'article f1ow.

However, the experimentrJ results on light-induced viscous fiow can not be

well understood by using a linearized kinetic theory. More specifically, in 1989

Hoogeveen et al. [22] reported on an experimental result which demonstrated a gas

flow induced in a capil\ary by a Doppler-broadened laser beam whose intensity is

radially distributed. The f10w generates a pressure dilference and a stress in the

capillary, By measuring the pressure difference by a differential manometer and

plotting it against the gas pressure, they were able to show tbat the normal pres

sure regime behavior follows the c1assical Navier-Stokes theory prediction, namely,

the Hagen-Poiseuille volume flow rate which accounts for the flow rate of a gas

through a tube under a pressure gradient when the pressure is in the normal range.

However, as the pressure was decreased down to the rarefied gas regime, the curve

for the pressure dilference vs. pressure started to decrease in contrast to the Hagen

Poiseuille theory prediction. In other words, there appears a maximum in the curve

at sorne low pressure.

8
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In fact, this abnormal beh,wior is very closL'1y related to the so-called Knudsen

paradox. M. I\nudsen [26] in 1909 observed that the "olume flow mte of gas through

a capillary under a preSSlll'e differenCt' increases as the preSSlll'e diminishes below

a value in the rarefied gas regime, in contrast to the classical Navier-Stokes theOl'Y

prediction that the flow rate should vanish. Sincc this was reproducible [271 but not

possible to explain by the classical Navier-Stokes theory, the phenomenon was called

the Knudsen paradox. It is not a parndox, but an indication of the inadcquacy of

the Navier-Stokes theOl'y which cannot properly handle flows of gases in the mnge

of large Knudsen numbers ( 0.1 typically or hu·ger). It has recently been explained

adequately by using the generalized hydrodynamic theory [28J. The basic physical

reason for the phenomenon is that as the gas densi ty diminishes, the mean free

path in the gas becomes very long, thus the range of momentum trMsfer becomes

accordingly long, and, as a consequence, the gas behaves as if it is a non-Newtonian

fluid in the sense that the viscosity of a rarefied gas depends on the shear rate.

Such a fluid has a vanishing viscosity at the wall of the tube which results in a plug

flow. The ultimate consequence of this is that a non-energy-dissipating collimated

beam is formed in the capillary at low pressure and thus the molecule moves axially

and ballistieally along the tube under a pressure difference. This phenomenon will

be explained by applying the results of the kinetic theory of radiation and matter

[29] described later. The basic idea of this theory has also been applied by Enk

and Nienhuis [30] to analyze sorne irreversible processes in connection with the

light-induced kinetic effects.

In the proeeeding discussions nonrc1ativistic kinetic theory of radiation and

matter and its applications have been presented. However, there are sorne prob

lems, particularly in astrophysics and nuclear physics (heavy ion collision), where a

relativistic description is necessary [8]. Therefore, we need to develop a relativistic

kinetic theory which is parallel to the nonrelativistic counterpart as we mentioned

earlier in order to understand nonequilibrium behavior of many-body systems con-

9
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si"ting of high speecl particles. The rciativistic irreversible thermodynamics and its

nl'l'licntions were l'resentccl by Müller [31] and other people [32]. The relativistic

Doltzlllnnn cquation wns nlso uscd ta study irreversible processes in relativistic gases

by employing cither the Chapman-Enskog method or the Maxwell-Grad moment

mcthod ta approximately solve the kinetic equntion [8]. Especially, these methods

were used as means ta obtain or justify a macroscopic theory of irreversible processes

in the relativistic framework. When wc aim ta formulate a theory of irreversible

proeesses, the question of the nature of entropy unavoidably arises, but relativistic

kinetic theory has not as yet yielded a satisfactory answer ta the question. The

l'ange of validity of the existing approximate relativistic thermodynamic theories

depends on the answer to this question.

The modified moment method hns bcen extended to solve the relativistic Boltz

mann cquation [33J. This extension is able ta ~'ield a rigorous answer to the question

of whether the entropy differential for irreversible processes is exact or not. The

answer turns out ta be that it is not an exact differential if the system is away from

equilibrium. This means that the extended Gibbs relation forming the bnsis of ex

tended relativistic irreversible thermodynamics (EIT) docs not hold valid at lenst

from the viewpoint of the covariant Boltzmann equation. However, there is a differ

ential form called the compensation differential that looks like the extended Gibbs

relation used in EIT, but this meaus a revision of the existing EIT formalism and its

logical structure. There are a number of theoretical results that the present quest

for the answer has produced: the generalized hydrodynamic equations of relativistic

ftuidsj the question of temperature in relativistic kinetic theory. The present for

malism in essence puts the statistical mechanics of nonequilibrium thermodynamics

on a par with the Gibbs ensemble theory of equilibrium statistical mechanics. AU

the macroscopic evolution equations are presented in such a form that they consist

of terms which are easily identifiable with the corresponding terms in their nonrel

ativistic versions and purely relativistic terms which vanish in the nonrelativistic

10
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Iimit. Thus, the rc1ntivistic corrections to the c1assical gellernlized h~'drodrnamic

equntions are clearly identified nnd made ensr to obtain.

It is worthwhile to point out that tht' l'dativistic fonn lIf the gel1t'rnlized hycll'D

dynamic equations is, Illathelllatically spellking, hrperbolic differelltinl t'quatiolls

which give the speed of the wave solution less than the speed of Iight. However,

conventional hydrodynamic equatiuns sueh as the Navier-Stokes equations or the

relativistic Navier-Stokes equations are parnbolic differentinl equations which give

an infinite speed of propagation. This is agllinst the principle of relativity. This

problem is discussed in the frnmework of rt'1ntivistic irreversible thermodynam

ics which is derivecl from relativistic Boltzmann equation by using the Chapmnn

Enskog method or the Grad moment rnethod.

By using the relativistic kinetic theOl'y it is possible to fOl'lnulate a nonequilib

rium statisticnl mechanical theory for the systems consisting of photons and rela·

tivistic l'articles which interact with each other in a nonequilibrium condition [34].

The covariant Boltzmann equations for photons and material l'articles have been

solved by means of the modified moment method which seeks the solution of kinetic

equations in a way consistent with the thermodynamic laws. The physicnl motiva·

tions to have a covariant kinetic theory of radiation and matter arc following. The

genernlized hydrodynamic equations derived from nonrelativistic Boltzmann equa

tion are not explicitly Lorentz covariant. Therefore, the whole theory is rendered

awkward by treating l'articles as nonrelativistic l'articles and making Doppler shift

corrections for photon fre<)uencies in the treatment of photons. It is nlso difficult to

make sure that the definitions of statistical formulas for macroscopic variables are

correctly made with regard to the relativistic correction and the evolution equations

have correct relativistic extensions. These awkward features can be easily removcd

if a covariant theory is formulated. There are some physicnl l'roblems where a rel·

ativistic formalism is unavoidable, for examl'le, if l'articles move at high spee<! and

internet with radiation.

11
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Thc thcory of transport processes is developed for a system of photons and

matcrial particles [351. The statistical mechanical forlUulas are obtained fol' mate

rial and radiative transport cocfficients. In contrast to the phenomenological theory

which is based on the radiative energy transfer equation there are no free parameters

in the expressions of transport coefficients of nonequilibrium radiation field. Vari

ous radiative transport coefficients stand in simple ratios that are independent of

material parameters. The ratios calculat~d are in agreement with those used in the

phenomenological theory by using the Rosseland mean for the radiative absorption

coefficient. For explicit calculations of the transport coefficients a photon-electron

systelU is considercd with the Compton scattcring as the elementary dynamical pro

ccsses underlying the transport proccss. The agreement with the phenomenological

thcory is found to be excel1ent, supporting the soundness of the underlying kinetic

theory of radiation and matter.

Finally, the organization of this thesis is summarized as fol1ows. In chapter 2

thc nonrelativistic kinetic theory and irreversible thermodynamics of radiation and

matter are presented. Special attention is focused on the theoretical foundation.

An application of this theory to the light-induced viscous flow is given in chapter

3. The relativistic kinetic theory and the modified moment method are presented

in chapter 4. The covariant kinetic theory of radiation and matter is discussed in

chapter 5. The calculation of transport coefficients of photon gas is carried out in

chapter 6. Conduding remarks and discussion are given in chapter 7.

12
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Chapter 2

Kinetic theory approach to il'l'eversible

thermodynamics of radiation and matter

'vVe present the nonrclativistic kinctic thcOl'Y for nn interacting systcm of matter

and radiation. Thc kinetic equations are construeted in thc spirit of the Boltzmann

equation on the hasis of a model for interaction betwcen matter and radiation [17].

The H theorcm is proved therewith and various aspects of nonequilibrium radia

tion and its equilibrium limit are discussed. Since the coupled kinetic equations of

matter and radiation are nonlinear, an npproximate method of solving these kinetic

equations is unavoidable. The modified moment method has been used to solve the

Boltzmann equations of matter and radiation. The most important differences of

the modified momcnt method with the conventional Chapman-Enskog method and

the Maxwell-Grad moment method are as follows. It seeks the solution of Boltz

mann equation in such a way that the second law of thermodynamics is satisfied at

the order of approximation made. Secondly, it can be applied to analyze nonlinear

behavior of gas flow in a thermodynamically consistent manner whereas the nonlin

ear order solutions by the Chapman-Enskog or the Maxwell-Grad moment method

are not generally consistent with the second law of thermodynamics. With these

kinetic equations the various macroscopic variables necessary for nonequilibrium

matter and radiation are defined and their evolution equations can be derived in

the local l'est frame moving at fluid velocity u.

2.1 Kinetic equations

Let us assume a system of photons and a dilute gas consisting of particles with

internai degrees of freedom so that they can make transition from one internai state

to another on absorption or emission of a photon [17]. The material particle3 in di/·

/erent internaI quantum 3tate3 will be regarded a3 different 3pecie3. These material

13
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particlcs scattcr, absorb or cmit photons. Since the gas is dilute, the particle cor

relations Illay be ncglccted. Therefore, the particle distribution in the phase space

is llde'lUlltcly deseribed by a singlct distribution function alone. Since the point of

intercst herc is in irrevcrsiblc phcnomena but not in some questions in dense fluid

kinetic thcQl'y, singlet distribution functions obeying sorne irreversible kinetic equa

tions (e.g., Boltzmann cquations) are sufficient. As to photons, since they do not

intcl'!\ct with cach other owing to the linear nature of the electrodynamic equations

(Maxwell's equations), the equilibrium state of photons is attained only by their

internction with matter. If we view radiation as consisting of particulate photons,

the absence of photon-photon interactions suggests that a singlet distribution func

tion should be adequate for the photon distribution. But this photon distribution

function is not independent of the distribution functions of matter since photons

interact with the material particlesj in fact, the distribution functions obey a set of

coupIed kinetic equations. The material particles henceforth will be called simply

the particles whenever confusion will not arise thereby.

The material gas consists of species a, b, c, ... j these species labels are assigned

a dual l'ole to indicate both the species and the internai state in which the par

ticular particle is found. The subscript or superscript r on a distribution function

or macroscopic variables will refer to radiation (photons).The singlet distribution

function for species a will be denoted by f.(v.,rjt) where v. is the velocity of a

particle of species a and r its position at time t. Similarly, the photon distribution

function will he denoted by fr(k" rj t) where kr is the wave vector of radiation.

The distribution functions are normalized such that they give the number density

at position r and time t. We will find it convenient for uniformity of notation to

use the wave vector k. instead of v. for particle species a: m.v. = lik. where m.

is mass of species a and 1'1 is the Planck constant/27l'.

Then the change in the distribution function of species a in a small e1ementary

phase volume around point (r, ka) is assumed to be described by the Boltzmann

14



• equation [181

[ô, +(hk./lll.) . V' +(Il1.F./h)· V'k]I.(k., r, t) =(8I.)eoll (2.1)

where Ô, = ô/ôt, V'k = ô/ôk., and F. is the extel'llal force on unit mass ofspecies

a, which may be taken te be the Lorentz force

(2.2)

with z. denoting the charge number pel' unit IllI\SS of species a: z. = r./m. if the

species is chargecl. The right-hand sicle of (2.1) represents the BoltzmMn collision

term accounting for the change in the distribution function due to collisions of

particles of species a with other particles inclucling photons. To be specific about

the processes, we will consider the fol1owing models for photon-matter interactions:

a +1iw "" a + 1iw

a + 1iw "" a" + hw"

a + 1iw "" b+ 1iw"

(M.l)

(M.2)

(M.3)

•

where the asterisk denotes the post-collision value. Mechanism (M.l) describes an

elastic collision between a particle of species a and a photon frequency Wj mechanism

(M.2) describes an inelastic collision by which the photon frequency Md the kinetic

energy of particle a change through, for example, Compton scatteringj and the

mechanism (M.3) describes a "reactive collision" by which both the material parti

cle and the photon change to another materia! particle (i.e., a particle of another

quantum state) and a photon of Il different frequency, respectively. This "reactive

collision" is an inelastic collision in which matcrial particles a Md b change their

internai quantum statc on absorbing or emitting a photon. If a photon of frcque,'cy

w is absorbed by the material particle a which is transformed to another species

b, then w" = O. The reverse of this process will be a spontane )US emission of 1iw

15



• by a matcrial l'article b which subsequently becomes another materinl particle a.

The Illcchl1nislIlS prcsented leave out the process in which a photon is created or

destroycd during II two-body collision between particles, say, a and b. This process

rcquires a three-body collision in the prcsent approach and is possible to take into

account if the kitwtic equations are generalized to include the three-particle collision

operntor. Its inclusion, however, would not yield a new insight that warrants the

mathematical complication incurred thereby.

To study il'l'eversible thermodynamics of radiation and matter from the kinetic

theory viewpoint, precise details of dynamical processes of how radiation interacts

with matter is not essential except for the fact that the kinetic equations involved

are il'l'eversible and there are well-defined processes for which relevant collision cross

sections can be cnlculated from the mechanicnl principles, either classicnl or quan

tum mechanicnl, based on the mechanism postulated as, for exarnple, in (M.1)

(M.3). Therefore, it is sufficient to assume that the transition probabilities, which

will be denoted by W~~) and W~~)bi' are known for elastic as weil as inelastic and

"reactive" collision processes, satisfy certain symmetry relations elaborated later,

and have collisional invariants such as mass, momentum and energy. For brevity

of notation the distribution function f.(k., r, t) will be abbreviated simply by f •.

Then the Boltzmann collision term corresponding to the aforementioned elastic,

inelastic and "renctive" collision may be written in the form [17J

r

(ad.)eoll = L. Ce(f• .!i) +L. L.'Cr(f.frlfi J:.)
i=a k~ i=a

(2.3)

where the term for i =,. is understood to be over photon wave numbers, the prime

on the summation sign means the exclusion of the photon species, and

•
Ce(f.Ji) = (27l'j3Gi JdkiJdnW~~)(k.,k;lk:.knx

u:ml +E.f.][l +E;f;j - f.f;[l +E.f:][l +E;fiJ).

Cr(f.f,·lfif;·) =(271')3 GrJdkrJdnW~~~;r.(k•• krlki.k~)x

16
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• (2.4b)

where dn = sin8d8d<:> is the scattering solid angle, Gj denotes the statistical weight

for species i and Gr denotes the statistical weight fol' photon. The asterisk dl"notes

the post-collision value. The symbol fi is defined as follows:

{
0, if i is a partiele;

fi = l, if i is a photon.

In defining fi as above, the implicit nssumption is made that the plU·tieles obey the

Boltzmann statistics while the photons obey the Bose-Einstein statistics. The right

hlUld side of (2.4a) accounts for the elnstic and inelastic collision cffects for species a

and i (i = a, b, ... , r). The additional factor in the collision term [1 +fal aH1 +fdd

or [1 + fala• Hl + fdtl l'l'presents the quantum effect (the indistinguishability of

identical partieles) that affects the number of final or initial states allowed. The

right-hand side of (2.4b) accounts for the contribution to the population change in

species a due to a "l'l'active" collision of a photon and partiele a. The quantum

effect is taken into account also in this case. This kind of quantum form for the

Boltzmann collision operator was first used by Nordheim [36) in 1928 and later by

Uehling and Uhlenbeck[37] in their study on quantum guses. It was also applied to

study carrier mobilities in semiconductors by Eu [38].

If the wave vector is written as k r = krkr> where kr = Ikr1= w / c (c is the speed

of light, w the angular frequency and kr the unit vector in the direction of prop

agation), the Boltzmann equation for the photon distribution function Ir(kr> r, t)

coupled to (2.1) is

Here the co\1ision term on the right-hand side consists of contributions arising from

elustic, inelustic and "l'l'active" scattering of photons by partieles. It consista of

•
forms similar to the terms in (2.4a, b):

(adr).a/l = :E'{Ce(fr> Ji) +:E':ECr(frfilf;.J;)}
i=a j=a k:

17
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• where

C,(fri;} = (27l")3Gi Jdki Jdmv;:l(k n k;lk;, ki)x

U;(k;)J;[l + frir(k r)][l + fdil - fr(k rlJi[l + fri;(k;)][l + fdm, (2.6b)

and

CrUr(kr )fdf,~. (k;.)m = (27l"?Gi Jdki JdnWri;jr' (kn k;lk;, kj) x

U;.(k;)f;[l + fdi][l + frfri - /dr(kr)[l + fi!J][l + fr•f;. (k;)]). (2.6c)

The sum over i in (2.6a) must be excluded in the case of i = r since photons do

not interact with ench other. This menns that photons cannot reach equilibrium

by themselves if they do not interact with matter. Therefore, the theory of irre·

versible thermodynamics of radiation cannot be formuiated indepei1dently of the

corresponding theory for matter with which the former is in interaction.

The restriction on the summation sign mentioned earlier can be removed if we

formally introduce the transition probabilities:

identically. Furthermore, if we also define Fr = 0, then the Boltzmann equation for

photons becomes formally similar to the Boltzmann equations for materiai particles

(2.1). Thus, we summarize the Boltzmann equations for the system consisting of

photons and material particles by the unified equation

where the subscript i l'uns over all species, matter and photon, hkrfmr must be

understood to be ck., and m r is a fictitious photon mass defined later.•

r r r

= 2)CeUi,Jj) +L,L,CrUdilfUm
j=. k 1

r

== !Rilfil == L, lRji[filil
j=a

(2.7)
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• In conlll'dion wilh thl' Boltzmann l'liuatioll \l'l' notl' th,' following pl'Opl'rtil's of

thl' transition pl'Obabililil's:

(2.8)

Thl'se l'dations stem fl'Olll tlll' prineipk of lllicl'OHl'OPil' l"l'vl'rsibilitr and will hl' uSl,,1

fol' proving the H thl'orl'lll fol' tll<' kinl'l,il' l"iun!.ions postnlate,!.

In the existing worb [2, 5, G, 10, 11} ml l'lI,liatiollllll'lll.iom'd ear1il'r, a rlldial.ion

cnergy transfl'l' equation is used, whil'h is n lilll'lIr l'\'olutionl"II111I,ioll fol' the inl,ensity

III of radiatiol\ of frequel\c~. JI. For l'xlIlnpk, if Wl' 'iuot.e Wilclt,[lOj, the mdial.ion

cnergy tmnsfer equation is

-101 " 0 )c -0 v + L..-Il. -0,' Iv = -( 1.'" +17" 1" + 17" l''lI + f"lIt .l. •.,
(2.9)

where IL" is a direction COSllle, h'v the absorption coefficient, 17" t.he (isotropic)

scattering coefficient, fl,O the spontaneous elllission coefficient and l''lI the integral

of Iv over angles (i.e., the energy density). This is a prototype of radiation energy

tnmsfer equations nsed in the existing theories of radiation. The radiation intensity

Iv is linear1y proportional to the photon distribut.ion fnnction J,.(kr, rj t),

(2.10)

•

Therefore, the left-hand side of (2.9) is hasically the sarne as that of (2.5). However,

the right-hand side of (2.9) differs from that of (2.5) as given by (2.Ga) and (2.Gb) in

that the formel' is linear in Iv whereas the latter is nonlinear in photon distribution

functions. It must be noted, thongh, that theil' physical significances share the

same ol'igin since both account fol' a photon population change duc to interactions

between matter and radiation one way 01' another. Nevertheless, there is one very

important difference: that is, the kinetic equation (2.5) together with (2.1) naturally

yields the (equilibl'ium) Planck distl'ibution aS a consequence of the H theorem as



• will be shown in section 2.2. In contrast to this, the radiation energy transfer

e<[ulltion (2.9) rccl'lires the fre<[uency-d<,pendent source function defined by 1; ==

f"U/"" as lUI input obtained by some other physical considerations, and this 1; is

tllken to be the Planck distribution function. It is easy to see that although the

equilibriull1 solution for (2.9) should be the intensity of black radiation (the Planck

distribution), such a solution is merely implicit, being hidden in the coefficients fvO

and "" that must be chosen in an ad hoc manner by an auxiliary theory outside

the fmll1ework of the theory in question. For the purpose of formulating a theory

of irreversible thennodynllmics for radiation this aspect of equations like (2.9) is a

major wellkness that is not present in the kinetic theory.

2.2 The H theorem, entropy and Planek's law

The kinetic equations for the system of matter and radiation admit an H func

tional with which an entropy can be defined. The entropy 50 defined can be shown

to increase with time, reaching a maximum at equilibrium. We define the entropy

of the system by the formula

with

Set) =Sm(t) + Sr(t)

Sm(t) = -kB L' (211")-3Gi JclrJclkdi(lnfj -1)

•

(2.11)

(2.12a)

(2.12b)

•
where Sm and Sr are rcspcctively the entropy of matter and of radiation. Note that

the sum over i in (2.12a) is only for the material species. We shall abbreviate the

averaging operation with angular brackets,

(211")-3GjJclkj'" == (.. ')j
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• or

from which thc subscrip i or r will bc dl'Oppcd whcncycr thcrc is no possibility of

notational confusion. Diffcrcntiation of S( t) with timc yic1ds

dS dSm dSr
dt =di+di

= - ka 2:'Jdr(lnfiadi)
•

- kaJdr({lnfr -ln[1 + frnadr). (2.13)

By introducing the symbol €i defined beforc, wc can cast thc entropy derivative in

a simpler, unified form

dB r Jdt = -ka 2: dr( {Infi - In[1 + f;fi]}atJi)
1

(2.14)

where the sum over i is now material species as well as radiation. On substitution

of the kinetic equation (2.7) and integrations by parts we can put (2.14) in the form

~o (2.15)

•
where the third equality is duc to the symmetrization with respect to partic1e indices

and the fourth equality is the result of symmetrizing collision integrals by using the

microscopie reversibility expressed by (2.8). Cast in such a form, the right-hand
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• side of thc fomth c<lunlity is seen to be nlwnys positive and we conclude that the

elltropy time derivative is always positive: it is the H theorem. The equality holds

nt e<tuilibrilllIl where hold the relntions

(a,i #- r), (2.16a)

(a #- r), (2.16b)

where !a.q, etc., mean the eqllilibrium distribution functions. Eqs. (2.16a, b) imply

that the logarithmic functions of the equilibrium functions are summational invari-·

auts. Since there are only five summational invariants such as mass, momentum

and cnergy, ln!••q, etc., must be functions of the summational invariants. By us

ing the usual procedure [18] taken for constructing the equilibrium solution for the

Boltzmann equation, we easily deduce

! ••q = exp[-,B(H. - fl~)l (2.17a)

(2.17b)

•

where H. is the kinetic energy,,B = l/kB T, T being the absolute temperature, and

fl~ the normalization factor which is simply the equilibrium chemical potential. We

will elaborate on these quantities later when local equilibrium distribution functions

are introduced. Since different internai states of material species are counted as dif-

ferent species and the kinetic equations postulated do not contain an internai state

cvolution operator, they do not permit determination of population distributions

of various species over internaI states. This defect may be cured if the Hamiltonian

of the system is given by Hi = miCr /2 +Er., Er. corresponding ta the internai en

ergy, CI peculiar velocity defined Ci = Vi - u where u is the so-called hydrodynamic

velocity:

1 'fu = -l.: dVjlniv;fi(vi, rj t)
P i
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• and p the total mass d~nsity of material particles. With the hc1p of the hydrod~"

namie velocity u, we deline the substantinl time dl'l'ivative as following:

d
dt = a, + U· \7.

The normalization factor (3llf is also ndded a factor, say, -/l1qi where

qi = l: exp( - pef.),
•

the sum is being over the internaI states of species s.

Eq. (2.1Gb) may be l'l'cast as follows:

and with the delinition

it takes the form

exp(W;) = 1 + f;:;~ (2.18)

(2.19)

Since this relation then is in exactly the same form as (2.16a), it is possible to

deduce that W; consists of summation invariants only: in fact, it is sufficient to

take in the laboratory frame

W; = (3(hw - Jl~) (2.20)

where Jl~ is the exponent of the norma1ization factor which will tum out to be l'quaI

to zero if the photon number is variable. From (2.18) and (2.20) we find

It is easy to show Jl~ = 0 if the photon number is variable. The equilibrium numher

density of photon is given by

•

freq(w) = {exp[(hw -11~)(31-1}-1.

n r = NrlV = (freq(W»

= 1f-2C-31co
dww2 {exp[(hw - Jl~)(31-1}-1.

23
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• This nllmber changes as Il~ and {3 change. If the radiation pressure is denoted by

p,., the thermodynamic potential in the grand canonical ensemble nr = -PrV may

be written as

(2.23)

In that case, the number density nr is given by

(2.24)

whcre Il is the chemical potential and, moreover, the difi'erentiation of n, with

respect to Il~ exactly yields (2.22). Wc thus identify Il~ with the chemical potential

Furthennore

o
Il r = Il·

Il = (8A~/8nr)T,V = -T(8S~/8nr)T,V

(2.25)

(2.26)

where A~ is the work function, and if A~ is required to be a minimum as it is varied

with respect to nn we must have

(8A~/8nr)T,V = 0

which impliC'"

Il~ =O.

(2.270)

(2.27b)

That is, equilibrium radiation has a vanishing chemical potential. Therefore, the

equilibrium distribution function takes the form

freq(W) = [exp(1iw,8) - W1
• (2.28)

•
In order to determine the parameter ,8 we proceed as follows: According to the

Stefan-Boltzmann law [39] the radiation energy density is given by

(2.29)
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• where (lsa is the Stefan-Boltzmann constant. \Vc now calculate E~ by using !r'9

given in (2.28) and equllte the result with the one in (2.29),

(2.30)

Thus, we find

(2.31)

•

which must be a universal constant since (lsa is universal as verified experimentnlly,

namely, by the Kirchhoff law [1, 39]. This universnl constant turns out to be the

Boltzmann constant raised to the four th power and hence there follows the relation

f3 = l/kaT .

This identification of f3 nlso agrees with the meaning of f3 obtained from the defini

tion of temperature in terms of the equilibrium distribution function !.'9 for species

a :F r. The existence of a single parameter f3 for both radiation and matter must

be emphasized. This way, we have identified f3 from the viewpoint of radiation in

a completely consistent manner with that of matter, and the distribution function

so determined is the well known form for black body radiation, namely, the Planck

formula. In the present framework it is a unique equilibrium solution for the ki

netic equation (2.7) since there is only one Hnear combination of the summationnl

invariants satisfying (2.16), and this uniqueness is ultimately due to the H theorem.

Moreover, this solution (2.28) and Maxwell distribution function (2.17) are mutunlly

consistent with each other. This mutual consistency between the Planck distribu

tion function for radiation and the Boltzmann distribution function for matter was

first shown by Einstein in his wel1 known paper [3] of 1917 where stimulated emis

sion was nlso introduced. A term corresponding to the stimulated emission appears

as the quantum elfect term in the collision integral in the present theory. Einstein

exploited the detailed balance to show that the Planck distribution function could
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• be derived alternativel~' to the original deri,·ation. Here, the kinetic theory deriva

tion shows thllt the Ilforemcntioned consistency is deeply rooted in the H theorem

and thcrefore the second law of thcrlllodynalllics.

Since the equilibriulll distribution functions are known, it is possible ta calcu

IntI' eqllilibrium therlllodynnlllics qllantities [3D] with them. Here wc only make a

few relevant l'l'marks helpful for the calculation required. Firstly, note that

and, secondly, Gr = 2 for photons. Then, it is straightforward ta show that

s~ = 4VË~f3T.

The radiation energy density is given by

which, on subsititution inta (2.32), yields

A similar calculation may be made for Or \Vith p.~ = 0 and wc find

Pr = Ë~f3

(2.32)

(2.33)

(2.32')

(2.34)

for the radiation pressure. Note that S~ is independent of n r • Let us cast (2.32),

by using (2.43), into the form

s~ = (E~ +PrV)fT

•
which implies that the l'adiation enthalpy is simply given by

H~ =TS~.
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• This ml'ans that thl' radiation Gibbs frl'l' l'nergy is l'quai to zero, mld it agrl'CS with

the fact that the radiation chemicnl potential is l'quai to zero.

In the CllSO of gasl's obl'ying the Boltzmann statistics the thèrmodynamic tem

perature is defined by

liT = (8S/8Eh· (2.35)

where Sand E are the l'ntropy and the internaI energy of the system, respectivcly.

lu the CllSe of equilibrium radiation wc have dcfincd the tempcrature thl'Ough the

Stefan-Boltzmann law. This procedure l'an be shown to be consistent with the

thermodynamic definition of temperature given above. It is straightforward to see

that there holds the eqllilibrillm Gibbs relation fol' l'lldiation [l, 39]

TdS~ = dE~ +PrdV. (2.36)

This relation is deeply rooted in the Stefan-Boltzmann law of radiation and it is a

motivation for defining the radiation temperature by means of the aforementioned

law.

2.3 Nonequilibrium distribution functions and macroscopic evo\ution

equations

The H theorem makes it possible to determine uniquely the mutually consistent

equilibrium distribution functions (2.17) and (2.28). There l'l'mains the problem

of determining the nonequilibrium distribution functions obeying (2.7). Since the

kinetic equations (2.7) are nonlinear integro-differential equations which may not

be solvable exactly, approximate solutions must be sought after. It is emphasized

that any approximate methods should satisfy the second law of thermodynamics.

The modified moment method has been shawn ta satisfy the strict requirement [20,

40] in the case of material gases. In this method the nonequilibrium distribution

functions are sought after in an exponential form,• fi = exp[-{3(Hi +Hill - fli)]
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• wh"re l'. is the normalization factor defined by

(2.38a)

and HIl), the nonequilibl'ium part of the distribution function, is written in the

fOrln

HI!) = Lxi") 8 h~").
Q~l

(2.38b)

Here, xl") are as yet undetermined functions of macroscopic variables only and

h~") are expressible in terms of tensor Hermite polynomials of peculiar velocity

Ci = hk; Imi - u with u denoting the menu fluid velocity, which will be statistically

defined later. The symbol8 means a scalar product of vectors or tensors. Here we

list some physically relevant terms of h~") as follows

(2.39)

•

where [ J(2) denotes the traceless symmetric part of the second rank tensor, Pi

is the static pressure of material species i and ni its density, and hi the enthalpy

defined by hi = Ei +PiVj. It is apparent that h~") are the microscopic expressions

of hydrodynamic variables, since when averaged over the velocity distribution, h~")

will give the shear stress, the excess trace part of the stress, the heat flux and mass

flux, etc. The details al'e given, for example, in ref. [40]. Since radiation part is oUI'

main subject. we will pay much attention to them.

The nonequilibrium distribution function of radiation may be constructed in a

form similar to the Planck distribution function as follows

(2.40)

where Wr is a function of w, kT> r and t. As weil known, the equilibrium Planck

distribution satisfies Wien's law [1, 39], that is, !req is a function of dimensionless

28



• variable x ;: !lw/kBT only, in the labratory frame. Since Wien's law is a sraling

law, it is likely to relllain valid eVl'n fol' none'luilibriulll radiation. Therefore, wc

use \vien's law to define the nonequilibriulll tl'mperature of radiation which will

give rise to a sensible structure for irreversible therlllodynalllics. Let us introduce

dimensionless vector x ;: hkr / kBT = xx, then Wr is looked for in such a way that

(2.41)

that is, Wr(x) is not an explicit function of T but the l'Cduccd variable x. By using

this form of the distribution function the energy density of nonequilibrium mdiation

is

Ë r = V- 1Er = 2(271')-3 Jdkrt,w{exp[Wr(x)] - 1}-\

= (kBT)4FE

where

FE = Jdxx{exp[Wr(x)]-I}-\

which is a function independent of temperture T.

(2.42)

Since a system of radiation and matter is considered as a gascous mixture of

photons and material particles, the kinetic temperature of this system should be

defined such that

3 ",' 1 2 ",' 1 2 )
2nkBT = (L." ;;mivi f;) + (hwfr) = (L." '2mivi 1ioq) + (hw1roq

i - i

(2.43a)

where n is the total number density of material particles and photons: n = E'i ni+
nr' The radiation distribution function then must be consistent with the matter

distribution functions determined such .hat (2.43a) holds in addition to two other

• conditions,
, ~' ,L Pi = (L." m;fi) = (L m;fioq)

i
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,
Thes" eonclitions are the so-called matching conditions which give the operational• '~' ,

pu == 2: Pi U • = (L.- m,v.!.) = (2: miv.!i,q)' (2.43c)

(2.45)

IlIc"nin!\s of telllpemture, mlLss density and hJ'drodynamic velocity. vVe remark

that tll<'se kinetic definitions of macroscopic variables are consistent with the thel'

modynamic ddinitions. In some works on kinetic theory of gaseous mixtures, a

multi-tempt'rature is introduced, that is, different temperatures are assigned to dif

ferent species. But such temperatures do not have thermodynamically operational

meaning. For instance, if a cavity contains nonequilibrium gas and radiation, it

is impossible to determine, and meaningless to talk about, the gas and radiation

temperatnre separately since the gas and the radiation interaet with each other

and hence therc is no way to measure the temperature of each species directly end

independently. Therefore, it is necessary to formulate a kinetic theory in terms of

a common temperature for an interacting system of radiation and matter. Such a

temperature is generally space and time dependent for a nonequilibrium system.

In order to derive evolution equations for the macroscopic variables for the

photon gas we first introduce the energy-momentum tensor T which is define sta

tistically by the formula

Tij = 2ch-3Jd;~ pipi fr(p) (2.44)

where po = (1' . l')1/2 for photons. Under the Lorentz transformation p -+ p' [the

four-momentum p == p~ = (p,pO)], it can be shown,

d3 d3 1
Pf () l' f'( ') . .-0- r l' = ---al r l' = invariant.

p p

Since the distribution funetion is a Lorentz scalar

fr(p) = f~(p'),

•
the energy-momentum tensor Tij transforms as a second rank tensor,

'Ï'ij = 2ch-3 J~~' pi'pi'f~(p')

= 2ch-3 Ju;~pifpi'fr(p).
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• Vnder the Lorentz transformation the frl''1uel\l'Y transfonns as

v' = 1ul'(1 - k,.· u/c)

where

Eq. (2.47) can be rcduced to the Ilonrclativistic Doppler formula

v' '" v(l - kr • u/c)

(2.47)

(2.47')

if the high order tcrms of O(c 2 ) are ncglcctcd. The abcl'l'ation formula fol' kr is

given by

k~ = ['Yu(l- k· u/c)]-l{k - (u/c)[...,u +k· u/c(l + 'Yu)]). (2.48)

In consistency with the nonrclativistic approximation neglccting the terms O(c-2 )

or higher, (2.48) may bc written as

•• • 1
k~ '" (k r - u/c)(l - k r . u/c)- . (2.48')

Then it is easy to show that in the localrcst frame radiation energy density cau be

given by the statistical formula

- 3 J 3 •Er = 2h- d pflw(l - 2kr · u/c)fr(P, r, t). (2.49a)

Vnder the aforementioned nonrelativistic approximation we may put Ër in a fol-

lowing form

Other macroscopic quantities which are necessary to describe the system, such as

heat flux, pressure tensor, etc. are defined accordingly•

where

Ë r = (h.-J(kr - u/c) . (ck r - u)fr)

Qr = (flw(l - kr · u/c)(ckr - u)fr)
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• Thc hyclrodYllalllÏe l'rcsslll'C of photon gas is dcfincd by

1- 3J3' •Pr = SE" = (2/3h) d pflw(kr - u/c). (k r - u/c)freq.

(2,49c)

(2,49d)

(2.50a)

Thcsc stathtieallllcehanicai quanti tics of radiation are in close eorrespondenee with

thcir mattcr eountcrparts dcfincd in terms of the pceuliar vcloeity with respect to

thc hydrodynalllic vcloci ty u.

Aeeording to thc modified moment method. Wr is taken to be the fol1owing

form in the locnlrcst frame moving with the velocity u

W r = ,8{tlw(1 +kr · u/c) +LX~6) 0 h~6) - flr}
6

where flr is the cxponent of normalization factor fol' the radiation distribution func-

tion,

(2.50b)

X~6) are functions of maeroseopie variables sueh as stress tensors, heat flux, etc.,

whieh will be dctermined from the kinetie equations postulatedj and finally h~6) are

defined in sueh a way that they give relavent maeroscopic variables when averaged

with the distribution function

h~l) =hw[(k r - u/c)(k r - U/C)](2),

h~2) = (flw/3)Tr[(kr - u/c)(kr - u/c)]- Pr/n.,

h~3) = [flw(1 - k r . u/c) - tr](ckr - u/c),

etc.

(2.51a)

(2.51b)

(2.51c)

(2.51d)

(2.51e)

•
where t r = Ër/nr = 1l'4kBT/30((3) is the mean energy pel' photon and P3(Z) is

the Legendre polynomial of order 3 and ((3) = 1.202 is a Riemann zeta funetion.

Higher order moments may eonsist of higher order Legendre polynomials. At this
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• point it is useflll to makI.' the following commellts in connection with the moments

defined in (2.51). Firstly, the Doppler e!l'cet has bcen taken into accouut althollgh

the nonrelativistic approximation is uSl'd. Secondl~', in the phenOinenologiclù the·

ory the radiative encrgy transfer equation (2.9) is solvcd by taking the Eddington

diffusion approximation [2, 51. It is nothing but the lowest order approximation in

a moment method for the equation, which is gcncralized by inc1uding in principle

a complete set of spherical harmonics of kr. In other words, this generalization is

a moment method for the radiative energy transfer equation. The present moment

method has some important distingllishing aspects: (1) Our stal'ting point is the

Boltzmann·type kinetic equation for photon gas instead of a radiative energy trans·

fer equation. This fOl'lualism establishes a bridge between the dynamical theory and

the macroscopic phenomenological theorYi in other words, once we know the differ

ential cross section of partic1e interactions the physically measurable quantities l'an

be computed in principle. There is no phenomenological parameter at allj (2) We

impose the second law of thermodynamics as a constraint to ensure that the theory

and its approximate solutions satisfy the requirements of the thermodynamic laws,

and the acquisition thereby of a theory of irreversible thermodynamics for radiation

and matter.

The macroscopic quantities such as shear stress tensor, exce88 trace part of

pressure tensor, heat flux, etc., associated with radiation now l'an be calculated

with the corresponding moments introduced:

where €r = ër/mr and a fictitious photon mass mr is introduced by the relation•

",{I) = II - (h{ll! )
~r - r - r r,

",(2) = A - (h(2l ! )
':i'r - Ur - r r,

",(3) - Q' - Q • J - (h(3lf )'J!r = r- r-êr r- r r,

cI>~4) == Jr/m r = (h~4) Ir) = ((ckr - u)lr),

cI>~5) == r r = (h~5) Ir),

(2.52a)

(2.52b)

(2.52c)

(2.52d)

(2.52e)
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• In r = 4VaSOT'I/c3, which has the nUlllerical value 7.5646 x 1O-16Jm-3K- 4 • The

filial outcome of the thcOl'Y will be incansequelltial ta the choiee of this fictitious

mllSS as long as it is a constant, and the definition made above seems reasonable.

Olle of the plll'pOSCS of the present kinetic theory is to derive the evolution

equations for the macroscopic variables of matter and radiation. Although this

procedure is standard as one used in the case of matter alone [20], we should notice

that there exist the source terms in the balance equations because of the energy

and momentum exchange between photons and particles. Here we will not repeat

the derivation process, but present the final results bclow [17]:

Mutter purt :

a,p = -\1. pu

pd,Ci = -\1. Ji +AIn)

1

pd,u = -\1. Pm +E pF i +A~)

pd,ôm = -\1. Qm - Pm: \1u +E' Fi' Ji +A~)

Pd,<Î>\Q) = Z~Q) +ACQ)
, 1 1

(2.53a)

(2.53b)

(2.53c)

(2.53d)

(2.53e)

where the mass dcnsity, stress tensor, heat flux, internai energy density of matter

are, respectively, denoted by

p= E' Pi,
i

Qm =E' Qi,
i

the summation being over all material speciesj other symbols are defined as follows:

AIn) = (milRi), (2.54a)

ACe) - E'((~ .2 + O)1R') (2.54b)m - . 2m,ci Ei l,
1

• A~) =E' (miV i1Ri), (2.54c)

AIQ) = (h\Q)lRi), (2.54d)
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• and

We arrange the vlIrious fluxes in the fol1owing order:

Cl< : 1, 2, 3, 4,

Ji,

.. , ,

••• 1

where Q: = Qi - ÎliJi, Îl i being the enthalpy pel' unit 1I1nss of material species i.

The dissipation terms i\~"), etc., are re1ated to the cntropy production which we

will cliscuss Jater on. The streaming tenns zia) can be written in a more explicit

form for the leacling moments ns fol1ows:

•

zi 1
) =-"V . !pP) - 2[Pi' "Vuj(2) - 2[Ji(d,u - Fl)](2),

(2) (2) 2 2 2
Zi = -"V . !Pi - SIli : "Vu - St>;"V· u - SJi' (d,u - Fi)

- Pid,ln(Piv~/3/Ci) -Ji' "V(P;/pi),

Z}3) = -"V '!p13
) - Q:. "Vu - (d,u - Fi)' (Pi - PiU)

(3) -- 'Pi : "Vu - Jid,h i - Pi' "Vu,

Z}4) = -"V. Pi - Pi(dtu - Fi) - Ji' "Vu,

where
.1.(") - (c-h(")J-)'Yi - 1 il'

ep(3) _ (c -c -c -J-)i - 1111'

and U is the unit second rank tensor.

Radiation part:
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(2.56d)
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• fuI cÎ>(a) - z(a) + A(a)
1 r - r r'

(2.57c)

(2.57d)

wh"re Cr = Trlrllr/P, ~r = <l>r/P = Qr/c2p, e" = Er/p, cÎ>~a) = if!~a) /p, and

the stremuing term as weil as the dissipative tenus are defined, respectively,

z~a) = -'\l. «ck r - u)h~a)Ir) + (fr[dt + (ck r - u). '\llh~a»), (2.58a)

A~") = (mrlRr), (2.58b)

A~U) = (hw/c)(k r - u/c)lRr ), (2.58c)

A~e) = (hw(kr - u/c). (k r - u/c)lRr ), (2.58d)

A~a) = (h~a)lRr)' (2.58e)

We will point out the meaning of the dissipation terms in a later section. Here we

write the streaming tenus in a more explicit form:

where

Z (I) - - '\l . _1.(1) - 2[P . '\luj(2)r - If'r r ,

Z~3) = -'\l. t/J~3) - Q~' '\lu - dtu· P r - P r ' '\l€r - Jrdt€.,

Z~4) = -c-2 '\l. P r - Prdtu - J r • '\lu,

z(~) - - '\l . _I.(~) - 3if!(~) . '\lu
r - '+'r r ,

etc.

t/J~a) = «ck r - u)h~a) fr},

'P~3) = c-2 «ck r - u)(ck r - u)(ckr - u)fr}.

(2.56'a)

(2.56'b)

(2.56'c)

(2.56'd)

(2.56'e)

•
The nonrelativistic approximation has been used to derive the evolution equations

for the radiation part (2.57) and (2.58). lt is emphasized that the evolution equa

tions for radiation and matter are coupled through the source terms and they are
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• also coupled to the entropy balance equation which will be prcst.'nted later. This set

of cvolution equations are callp.d the gcncralizcd hydrodynamic equations for radi-

ation and matter. B~' solving these cquations we can detcrmine the noncquilibrium

distribution functions for radiation and matter.

Wc now calculate the norn1alization factor Il," which is closcly relatcd to the

chemical potential of photon gas. As mcntioned carlier, the cquilibrium chemical

potential of photon gas is cqual to zero, therefore a nonvanishing chemical potential

is one of the characteristics of nonequilibrium radiation. With the help of (2.50b)

we have

where Wr is given by (2.50a). Since Ir must be positive, Wr is positive for ail p

and w. With the help of Taylor expansion we may write n r in the form

•

n r = L>xp(-qWr»)
q<:1

where

Wr = P('H. - J.Lr),

'H. = hw(l +kr · u/c) +L: X~Q) <:) h~Q).
Q

It is convenient to introduce the following symbols:

z =exp(PJ.Lr) - 1,

Yq = (exp( -qp'H.») (q ~ 1),

then, (2.59) may he cast ioto the form

n r = L:yq(z + l)q.
q<:1

It l'an he l'l'cast ioto
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(2.60a)

(2.60b)

(2.6la)

(2.6lb)

(2.62)

(2.62')



• Let us further defille

T = l1 r - LYq,
q;::1

<p-l(z,l3) = LqYq +L2-1q(q -l)lIqZ+... +LYqZq-l.
q;::1 q;::1 q;::1

(2.63)

(2.64)

Wc should point out that <p is a well-defined function of Z lilld (3 since Yq are

explicit1y calculable with 'H. given in (2.00b). With these notations, (2.62') cau be

simply rccast in the form

Z = T<p(Z,{3). (2.65)

By solvillg this equation for Z we will get the chemical potential of nonequilibrium

radiation. With the help of the Lagrange theorem [41] we find the solution to be

00 •

'" Tl . l' . 1Z = ~ """T(dl - <pl/dzl - ).=0.
i=1 J.

Therefore the chemical potential is given by

(2.66)

(2.67)
00 .

{3 1 {l ",Tl(di-l i/d i - 1) }p. = n +~ """T <p Z .=0·
i=1 J.

Here it is worthwhile to discuss more about the chemical potential of nonequilib-

rium radiation. Since <p(z, (3) is a very complicated function, it is difficult to find

solutions of (2.67). Therefore it would be more practicable to seek the lowest order

approximation which is given by the formula

(3P. = ln[l +T<p(O, (3)] = ln[l +(n. - LYq)/L qYq]. (2.68)
q;::1 q;::1

This equation gives the dependence of the chemical potential on the nonequilibrium

correction for the distribution function. Note that n. is a function of {3 only,

The high order approximations can be evaluated iteratively from the lowest order

approximation if it is necessary for the real problems. At this point we will examine•
2(3)(kBT)3

n. = 1I"2(hc)3 . (2.69)
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• the behnvior of Il,, when the S~'stl'm apprendll's <'quilibrium. At equilibrium state

ail the fluxes are equal to zero, that is, 1t ..... fi ....·, and consequently T ..... O. In this

limit the chemical potentinl vanishes:

Il r ..... 0

whieh is in accord with the fact tlmt the equilibrillln chemical potential Il~ equals

zero as shown before. This consistency with the physiclù requiremcnt confirms that

our formula for the chemical potentinl of nonequilibrium rndiation Ilr is correct.

Until now the dissipation terms AIQ), etc. which appear in the entropy pro

duction and the flux evolution equations have not been calculated explicitly. In_

order to put the flux evolution equations in a more transparent form with regards

to the xfQ) dependence, we may apply the cumulant expansion method ta evaluate

the dissipation terms. The most important and physically relevant results can be

covered by the first order cumulant approximation for the entropy production. In

that approximation we find

where RI;"!) are the collision bracket integrals appearing in the Chapman-Enskog

theory [18]; their explicit forms will be given later on. In addition, d is the mean size

parameter and m is a mass and the factor 9 scales the Boltzmann collision integral

to a dimensionless form. Here we give the details of the derivation of (2.70). The

entropy production for the system of radiation and matter is defined by

•

r

AIQ) = (f3g)-1 L L RI;"!) 0 X}"!)q.(X),
i "!

9 = (mf2kBT)'/2 f(nd?,

q.(X) =sinh[K(X)lfK(X),
r r r r

K(X) =(L L L L xfQ) 0 RI;"!) 0 X}"!»)1/2,
i Q "!

r

U = kB9- 1 L(ln(f; + 1;-1 )g~;).
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• Dy substituting the distribution funetions (2.37) and (2.40) into the definition of

the cntl'opy production llnd taking into llccollnt various collisional invariants, we

CIUl cast a in the form:

a = T-1('E' 'E Xi(o) 0 A\O) +'E X~o) 0 A~o»
o 0

- T-1(l:' PiA\n) +PrA~n»
i

r ,

= T- 1'E 'E xlo) 0 A\o) - T-1('E PiAln) +jlrA~n».
o

(2.74')

Writing ~i more cxplicitly and defining the dimensionless collisional average by

(.. ')e = (211")-3Gj Jdkj Jdn(Wi~e)SikSjl + Wi~~')"" (2.75)

we recnst (2.74) in the following form:

r r r r

fi = - 'ELLL(fUtf;!i[(Ek + f;-I)(EI + ft- I
)

i j k 1

- (Ei + /;)(Ej + fj)]ln(Ei + fi-I)k

(2.76a)

(2.76b)

Here fi is n dimensionless (or reduced) entropy production. By substituting the

distribution functions

fi = [exp(Wj) - Ei]-I

into (2.76b), fi can be expressed in the form

•

r r

fi = ~ 'E'E((Wij - Wk',)[exp(-Wk',) - eXP(-Wij)]Cq)e,
i j

where

Cq = {[l- Eiexp(-Wi)J[l- Ejexp(-Wj)[l- Ekexp(-W;)]

x [1 - Elexp( - W"))} -l,

Wij =Wi +Wj, etc.
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• Note that Cq is the quantum elrect contribution to the entropy production which will

bc put cqual to unity in the c1assicallimitj In that casc, (2.ïïa) reduccs to the Slune

form as thc classical formula for a gas mixturc. At the lowest order approximation

Cq will be approximated by replacing IVi, ctc., with Wp, namely, the exponent of

the local equilibrium distribution function:

(2.78)

Then we apply a cumulant expansion method [20J to cvaluate Ô'. Let us dcfinc

(2.79a)

where

(2.79b)

This collisional average has two distinctive components: elastic (together with in

elastic contribution) and reactive. The former will be expressed as [.. ·Jij and the

latter [.. ·]ij:kl. By using the same cumulant expansion method as in ref. [20], we

obtain Ô' to the first order cumulant approximation:

(2.80)

•

Here the dissipation function ,,2 may be written as

1 r r 1 r r r r

,,2 = 4LL[(WjJ - Wij)2Jij +4LLLL[(Wkl - Wjjj2];j:kl
ij ijkl

== ,,~ + ,,~. (2.81)

The elastic part ,,~ of the collision integral involves the transition probability WU>
while the reactive part ,,~ involves the transition probability Wj~~" Since

Wj =WjO+Lxi") 8 hl") - /li,

"
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• nnd IV? is a col1isional invariant, we find

o

(2.82)

On the substitution of this result into the elastic part in (2.81), we obtain l'; in the

fol1owing form:

(2.83a)

Thc rcnctivc collision opcrator is symmetric with respect to the interchange of

rcnctant particlcs or product particles and to the reversaI of the collision processes.

WhCll the symmetry properties are exploited, the reactive part l'; of the dissipation

fuuction cau be written as

r r

1'2 = '" '" "'( X~o) 0 S'\o"'() 0 X~o) +'" X(o) 0 S'\':'"'() 0 X\Q»)
r L.J L...J L..-J .. • Il .. 1 L..J. 'J J

i 0 "'( i_i
r

+'" Ah)\O)L.. •• (2.83b)

•

where the coefficients 1Rlj"'() , etc., can be cast in terms of the collision bracket

integrals:

1R(o"'() = ~f32[(h\O)' + h\~)' - h\o) - h\~)')(h("'()' +h\7)' - h\"'() - h\7»)].·.·,
1l 4 1 1 • • • • • •

+ ~f32 L[(hI
Q
)· - hlo»)(hl"'()' - h~"'(»)]ii' (2.84a)

- #i

1Rlj"'() = ~f32[(hIO)' - hIQ»)(hl"'()' - hl"'(»)]ii (i #: j). (2.84b)

We have affixed a prime on one of the subscripts i' s in (2.84a) to indicate another

particle of species i, while the coefficients S'l?) etc., are defined by the collision

bracket integraIs as follows:

(2.85a)
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•
r r

~(Q~) = ~ a2~ ~{[h(Q)h(~)l'" _ ')[11(0) !lhl] '" }
1) 'J' ~~ 1 J IJ,kt ... 1 1 I),kt

- k 1

,,(0) 1 ,~2[ 1
"i = 41-' 1 ij;kl,

(i i: j), (2.85b)

(2,85c)

(2.85d)

Here, ;}? is the reaction rate constant which is simply the equilibrium IlVernge of

the transition probability of reaction i +j "" k +1 (note t1mt one of the species is

a photon.), and Ai the corresponding affinity. Since the number of internai states

are the same as the number of species in the present model, the sum of the reactive

contribution to ,,~ runs over ail species.

The summation of the elastic and ine1astic components of the dissipation func-

tion leads to

(2.86)

which is related to transport coefficients and, therefore, ;}ij~) represent the correc

tions to the transport coefficients which arise fl'Om the "reactive" col1isions between

material particles and photons. The entropy production may be written in the form

Comparing this expression of CT with (2.74'), we can easily identify A~a), etc. with

the help of the dissipation function obtained above:

and

r

A\a) = ({3g)-1 L L Rlj~) 0 X~..,)sinh{K)/K,
j ~

A(n) - ('1< ')-IA 0(0)i - - t'y i:;.}i·

(2.87)

(2.88)

•
These results are very useful when we deal with hydrodynamic problems, and they

are also essential for evaluating transport coefficients. We will discuss these issues

in the later sections.
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• 2.4 Irreversible thermodynamics of radiation and matter

The key '111l1nl itil's in the study of irreversible thennod~'nnmics are the entro1'y,

entl'Opy HIIX, lInd ('l1t1'OP), prodnction. Following the modified moment method [40J

used for the case of l1lattl'r atone, wc fonnlllate a local theor)' of irreversible ther

l1lod)'namics of radiation and matter. For this purpose it is necessary to introduce

local entropy a11d related variables. In the local frame the local entro1'y density S

is defi11ed as lUI additive sum of contribution from matter and radiation:

pS(r,l) = pS",(r, l) +pSr(r,I),

"S",(r, 1) = -kB L' (Ji (lnJj - 1)),

pS,.(r, l) = -kB([JrlnJr - (1 +Jr)ln(l +Jr)]),

(2.89a)

(2.89b)

(2.891')

•

where p is the local mass density of matter. It is emphasized that the rationale

for the definition of entl'01'Y in (2.89a) is as follows. Treating the total entropy

as the sum of rndhtion and matter entropies is motivated by the general aim of

the present thesis to unify the thermodynamics of radiation and matter. As we

mentioned earlier, a system consisting of radiation and matter is considered as a

gas-mixture of photons regarded as different sp"cies and material l'articles. Since

entro1'y is an extensive quantity, the total entro1'y of system must be the sum of the

entropies of the total constituent l'articles. The different expressions for radiation

and matter entrop)' are due to the fact that photons are quantum l'articles satisfying

Bose-Einstein statistics whereas material l'articles are classical. The manner of

defining the radiation entropy density S as well as other macroscopic variables in

terms of unit mass of matter with which radiation is in interaction may be justified.

It is most appro1'riate from the kinetic theory view1'oint to define macroscopic

variable densities on the basis of the total mass density. However, photons have zero

l'est mass. For this reason we define the radiation entropy density pel' unit mass

of matter. It also gives o1'erationally meaningful quantities, especially when the
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• evolution equations for \'arious rndiation-rl'lated macroscopic variables are defined

in the local l'est frame moving at the hydrodynamic \'l'lority u and, consequently,

the matter-related quantities such as the \'l'locity gradient appcar in the cvolution

equatioas for radiation nlriablcs. At this point Wl' nl'ed to Illention that with the

help of the fictitious photon Illass the totallllass dcnsity Illay bc defincd as the SUIll

of the l'article mass density and the fictitious Illass density of the photon in order to

evaluate the densities of macroscopic variables, but their evolution equations become

rather messy because of ,he temperuture ck:'endence of the fictitious photonmass.

It is straightforward to derive the cntropy balance cquation from kinetic equa-

tions (2.7). Ou diffcrentiation of pS in (2.89) with respect to time nnd substitution

of the kinetic equations into it there results the entropy balance equation in the

form

pdtS(r, t) = -\7. J, + o"(r, t). (2.90a)

According to the H them'em shown earlier, the entropy production of the system

satisfies

o"(r, t) ~ 0 (2.90b)

with the equality holding at equilibrium. This is n statistical mechanical represen

tation of the second law of thermodynamics. The various definitions for the entropy

flux J, and the entropy production 0" a.re as follows:

•

0" = O"r +O"m,

J~m) = -kB L' (l;l'i(ln!; - ] )),

J~r) = -kB«ek, - u)[fr1nÏr - (1 : fr)ln(l +fr)]),

O"m = -kB L' (Inf;1Ri) ,

O"r = -kB([lnfr -In(l + fr)l~r)'
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• 1: ere the subscripts or the superscripts ln and ,. stand for the matter part and

LIC radiation part, respectively. The matter parts of the entropy flux and entropy

production are the same as those in the case of matter alone whereas radiation

parts contain the quantum contributions of photons. Since we have chosen the

local l'est frame moving at hydrodynamic velocity u, the Doppler effect should be

taken into account for photons, that is, th-::i'" :5 a term (ckr - u) appearing in the

radiation entropy flux. The consideration of the Doppler effect makes the present

formalism better balanced between the matter and radiation parts. It is useful to

interpret (2.91d) that the radiation entropy flux is basically the average value of

kB(ckr - u)[(l +1;1 )/n(l + Ir) - /nlrl with respect to the distribution function

Ir in the local l'est frame, and this interpretatioll is a1so applying in computing the

entropy flux in terms of radiation heat flux, etc.

The evolution equntions (2.53a)-(2.53e) and (2.57a)-(2.57d) for macroscopic

variables must be subordinated to the elltropy balance equation (2.90a), or more

specially, the H theorem (2.90b). Since the kinetic equations cannot be solved

exactly, seeking an approximate solutions for the distribution function is inevitable.

The H theorem requires that the approximate forms for various dissipation terms

Al<» and A~<», etc. in the evolution equatiolls should be taken in such a way

that the entropy production remains always positive semidefinite. By this way,

the evolution equations or gelleralized hydrodynamic equations for radiation and

matter are made rigorously consistent with the H theorem, that is, the second law

of thermodynamics. This is the basic strategy of the modified moment method. As

shown earlier, the entropy production can be written as
r

CT = T- 1 L L xf<» 8 Al<» - T- 1(L' PiAln) +PrA~n».
<>

(2.92)

•
With the same distribution functions as for the entropy production the entropy flux

can be directly derived from its definition. The matter part is given by

J~m) = T- 1 L'(Qi - PiJ i +L xf<» 8 "'1<» +piJ;fPi) (2.93)

'"
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• where

and

The entropy flux for the radiation part can he reclIst in the following form

J~r) = T-1(Qr - {lrJr +LX~Q) CV ~,~Q) +PrePr/Pr + J~;),
Q

where

J~;) = -ka((ckr - u)ln[l - exp( -Wr )]).

(2.94)

(2.95)

(2.9Ga)

(2.9Gb)

Note that the local l'est frame forms for h~Q) arc used in this calculation, and the

radiation entropy flux has an additional term J~;) due to the quantum character

of photon gas. We observe that the radiation entropy flux is rather similar to its

matter counterpart. Therefore, the total entropy flux may be written as

(2.97)

In comparison with the Chapman-Enskog result for the entropy flux, there is an

additional term J.n which contains the nonlinear contributions of matter and radi

ation and the quantum contribution of photons to the entropy flux:

J on =T- 1L'L Xi(O) CV ,pia) +T- 1L x~o) CV ,p~O)
i Q Q

(2.98)

•

Once the entropy flux and entropy production are known the entropy density for

the system of radiation and matter can be calculated.

In order to analyze the relation betweell the time derivative of the entropy

density and other independent macroscopic variables we will cast the entropy bal

ance equation into a more explicit form that indicates the macroscopic variable
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• depcnc!cncc of S. Such a similar relation cxists in equilibrium statistical mechan

ics, nalllcly, the Gibbs relation. For nonequilibritllll systems the so-called extended

Gibbs l'dation was shown to be valid in the linear regime. The question is: does

this relation hold for systems that arc far away from equilibrium? The answer is

not. To show that this is the case, wc substitute the entropy production (2.92) and

the cntropy flux (2.97) into the entropy balance equation (2.90a)j we then eliminate

the gradients of the heat fluxes Qm and Qr and fluxes J m and J r with the help

of the energy balance equations (2.53d) and (2.57c) and the mass fraction balance

equations (2.53b) and (2.57a). The dissipation tenns A~) and A~"l appearing in

the entropy production are also eliminated by using the flux evolution equations

(2.53e) and (2.57d). The final result of this long calculation is

dIS = T- 1(dtô m + d,ôr + (Pm + Pr )dtV - 2:' ÎJ.jdtCj - ÎJ.rdlCr
j

+ 2:' 2: xi") (;) dt<Î>I") + 2: x~") (;) dl<Î>~"») + II
i Q a

r r

= T- 1(d,ô + pd,V - 2: ÎJ.jd,Cj + 2:2: xi") (;) dt<Î>l"l) + ll, (2.99)

"
where

ô =ôm +ôn P=Pm+Pn (2.100)

II = - p-I (V . J.n +ri 2:' 2: xi"l (;) zi") +T-1 2: x~") (;) z~"»)
i a Q

+(pT)-1 (IIm + IIr ) : Vu + T-I(~m + ~r)V, U

+ T-I(Qm + Qr)' VInT + 2:' Jj' [V(p.;fT) - Fi/Tl
j

+ J r · V(ÎJ.r/T )). (2.101)

•
Here the matter and radiation parts are combined into a single term in the spirit

that treats radiation as if it is another species of matter. It is clear that II does not

equal zero for the nonequilibrium system where the values of various macroscopic

quantities and their spatial gradient terms will be dependent on the path taken by
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• the system e"olving from one state to another in the Gibbs spaee. Thercfore, dtS

is not llll exact dif-l'erl'ntialns is the case for an eqnilibrium system for which the

equilibrinm Gibbs relation holds for diS. Il is well known that the Gibbs relation

is one of the most important result in the eqnilibrium thermodynamics sinee it

provides a way to ealculate the thermodynamic functions. One hopes that a similar

relation may hold for nonequilibrium systems, if then il'reversible thermodynamics

can be formulated in parallel to equilibrium thermodynamics. To achieve this nim

we deflne the following differential:
r r

Tdt l1J = dtô +pd, V - L {tid,Cj +L L Xrn) 8 dl 4>\n), (2.102)

which is called the compensation differential. Il must be noted that the matter

and radiation parts are eombined in this compensation differential. The physical

meaning of the compensation diffel'Cntial is that it describes the transfer of energy

and matter between an elementary volume enclosing matter and radiation and its

surroundings. After imposing the integrability conditions the compensation differ-

ential becomes exact. Il means that the various thermodynamic functions can be

evaluated by using the compensation differential and its integrability conditions.

With d, 11J so deflned as in (2.102), the entropy balance equation takes the form

(2.103)

•

The implication of this equation is that the entropy differential d,S becomes the

compensation differential dt l1J and thus an exact differential if and only if N == O.

The cil'cumstance happens only for equi!ibrium systems or for linear irreversible

processes in which !inear thermodynamic force-flnx relations replace the constitu

tive equations for fluxes 4>\n) (2.53e) and (2.57d). In the former case the equilibrium

Gibbs relation holds for the system of radiation and matter and in the latter case

there exists the local equilibrium Gibbs relation. Except for these two cases the

entropy differential is not an exact differential for systems that are away from equi

librium.
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• The l'hysical signifkance of Scan be better understood by the following anal-

ysis. First wc rewrite the kinetic equntions of matter and radiation in the forrns:

where i = a, b,· .. , exduding r and the equilibriurn distribution functions satisfy

[dt + (ckr - u). Y'J!req = O.

(2.105a)

(2.105b)

For the rnacroscopic variables of equilibrium or local equilibriurn states, there exits

the Gibbs-Duhern relation

(2.106)

Then, together with the forrnulae (2.56) and (2.58a) for zf"') and z~"'), respectively,

and also the nondassical part J.n of the entropy flux, we finally obtain

r

l-l = LŒ: ~~"') <:) dIXf"') - dl(P.;fT)) +ê mdt(l/T) +Vdt(Pm/T ) - Ô'L
i Q

- p-I ka L' Y' . (V;fi) +p-I kaY' . ((ckr - u)ln[l - exp(- Wr )])

i

(2.107)

•

where

x~"') = X~"')/T
1 l ,

Ô'L = _(pT)-1 {(TIm+TIr) : Y'u +T-1(Â m+Âr)Y'· u

+ T-1(Qm +Qr)' Y'lnT+ L' Ji' [Y'(P.VT) +Fi/Tl}. (2.108)
i
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• Here â L is the !inear entrepy production pel' unit density which includes the contri

butions from both radiation and matter. The last tel'lll in (2.108) does not have a

radiation component since the chl'mical potentia! of equilibrium radiation is l'qual

to zero and also Fr = O. With the help of the equation (2.104n), the second last

term in (2.10ï) cnn be l'l'cast into

(2.109)

The last terIII in (2.lOï) may be written in a simi!nr form by using (2.104b)

p-1ka(fr[dt + (ek,. - u)· \7]ln[(1 +f;:"~)/(1 + f;l)])

= p-I ka (1 + fr)-l~r) = p-I ka([1 - exp( - Wr)l~r)'

Since

and also

- L' \7 . (c;fi) - \7 . «ekr - u)fr)
i

r

= PL dt(e;fmj) - L' AIn) Imi - A~n) Imr

i i
r

= p z= dt(e;fmi) = O.
i

We obtain

r

l-l = Z=lZ= 'W) 0 dtxi
O

) - eidt({t;fT)] +€m dt{1IT)
j 0

(2.110)

(2.111)

•
where

l-lq == p- 1kB{\7· «(ekr - u){exp(-Wr)[1- exp(-Wr)]-I

+ln[l- exp(-Wr)]}) +z=' (~j) +([1- exp(-Wr)l~r)}' (2.112)
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• It rcprcs('nts a qnantum contribution of photons to the entropy flux. Note that when

l{q = O. the clnssica! form of the entropy flux l{ is recovered. Since the equilibrium

fll<lintion has no chemical putential, the corresponding Gibbs-Duhem equation is

(2.113)

we are finally able ta wl'Ïte l{ in the form
r

l{ =edl(lIT) +Vdl(pIT) +l)L <Ï>\") 0 dIX!") - Cidl(P.dT))
i "

(2.114)

When the system is at equilibrium, the time and space derivative of intensive macro

scopie variables snch as T, piT, etc., are equal to zero and various fluxes as weil

as l{ also vanish. Therefore l{ vanishes at equilibrium. However, as demonstrated

earlier, l{ is not equa! ta zero generally for the system away from equilibrium. In

arder ta reveal the physica! meaning of l{, let us introduced a new function, the

so-called Boltzmann function

This is an equivalent form of the entropy balance equation. Since ûL is positive

semidefinite, the differential equation (2.116) can be regarded as a local form of the

H theorem, if the sign of ~q is the same as that of -ÛL or it is absent. However, it

seems at first glanee that a definite sign of ~ ean no longer be attached ta (2.116)

unlike the case of classical monatomic gases. The term ~q originates from the

quantum nature of the photon gas.

The wm ta have a local form of H theorem for a quantum gas can be aehieved

by introdueing a suitable function as follows [42J:

•

r r

8 = S - T-l(e +pV - L CjP.i +L L 4>\") 0 X~"»),

"
then the entropy balance equation is transformed into the form

r

r = pi' =kB L([l- fj- l ln(l +fil)]fi}.
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• Di!fercntiating r respect ta lime and using thl' kim'tic equation (2.7), wc find the

equation for r,

r r r

+I)R i ) + ka L LUj(1 + fJ)-lfRJUdj)).
j

(2.118)

By virtue of the collisional invariance of the BoltznllUlll collision integl'lù, it follows

from (2.118) that

(2.119)

Thererfore, by defining a new Boltzmann function BI' for the quantum system by

the formula

Br = B +t, (2.120a)

we can recast the differential equation for Br in a form similar to the one for classical

gases,

dB'dt l' = -(1L· (2.120b)

Since Ô' :2: 0, the derivative on the left-hand side of this equation has a definite

sign and the Boltzmann function Br is a decreasing function of time. Eq. (2.119)

means that the entropy density acquires a quantum correction term in addition to

the contributions known in the case of classical gases.

Up to now our discussions are limited to the boson gas. but it is necessary to

extend these results to fermions such as electron gas in semiconductor. etc.. The

kinetic equation for the fermions is the Boltzmann-Nordheim equationj in this case

~q is given by

•
r r

~q =pka L "V. (cj[1 + fT 1ln(l- fj)lfJ) +L(~i)
i=l i=1

r r

+p-I ka L: L(!i(l +!i)-l~i(fdi))'
;=1 j=1
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• Theil, 011 defillitioll of r by the formula

r

r = pÎ' = ku 2::([1 +!T1In(1- !j)]fJ),
j=1

the evollltion equntion for Î' can be shawn ta he

r ,.

- ku 2:: 2::(fj(1 + fJ )-l'iRj(f;fJ),
i=1 j=1

which implies that the Boltzmann function Br defined by

r r

Br = S - T-l (.: +V - 2:: CiP.i +2:: L xfo) 0 <Î1~o») +Î'
i=1 i=1 Q

(2.122)

(2.123)

(2.124)

•

obeys the same equation as (2.120b). The only difference between the boson and

fermion gases is in the defini tion of r.

2.5 Nonequilibrium corrections for distribution functions

Since the thermodynamic structure is universal as we have presented earlier,

it has the same form for all systems. However, calculation of physical measurable

quantities requires the knowledge of dynamic interactions, namely, the differential

cross sections from the kinetic theory viewpoint. In the context of the present

formalism the dynamic information is contained in the unknowns xfo) and x~o).

Therefore, a complete kinetic theory should provide a method to determine xfo) and

x~o) in a way consistent with thermodynamic laws. Since the Boltzmann equations

cannot be solved exactly in closed analytical form, these unknown functions can

only be determined approximately. The most obvious way is to substitute (2.37)

and (2.40) for the distribution functions into the kinetic equations (2.1) as well

as (2.5) and generate the evolution equations for xfo) and X~o), wmch may be

solved together with other evolution equations for macroscopic variables already
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• presented. Sinet' this method is very compliclited, we look for linother more direct

method. albeit approximate. As we know the distribution fundion ClUl bc explUlded

in tenus of li complete sct of moments as in the conventional momcnt mcthod for

material gases, the same expansion is also vulid for photon gas,

fr = freq(l +L .4~."') 8 h~"'»),
,.,

(2.12Iia)

(2.125b)

where the coeffients .'1.\,.,) and A~"') arc functions of macroscopic variables such as

temperature, fluxes, etc. If one trics to construct a theory of irreversible proccsses

with the forms (2.125a) lUld (2.125b), the attempt will be frustrated because these

forms are not appropriate for calculating the entropy, entropy flux and entropy

production which is always positive semidefinite. Nevertheless, it is a mathemat

ically acceptable way of expressing the nonequilibrium distribution function. The

nonequilibrium canonical form used in the modified moment method allows us to

avoid the aforementioned difficulty associated with the entropy and rclated quanti

ties. The nonequilibrium clUlonical forms lUld the moment explUlsions (2.125) share

the same sets of material and photon moments. This melUlS that the unknows xfa l

lUld X~a) in the nonequilibrium canonical forms can be determineà from (2.125) by

equating them and solving the equation for the unknowns. We thereby obtain the

equations:

•

lUld

where

kii 1(t"ji.j - L xfa) 8 h\al ) = In(1 +L A\"Il 8 h\"Il)
a<:1 ,,/<:1

{exp[t3(W~ +L x~a) 8 W' - ilr)] - 1}-I
a

= freq(1 +L A~al 8 h~al)
a

(2.126a)

(2.126b)

- 0 -1freq = {e:r.p(t3Wr ) - 1} •
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• Firstly, we consider mlltter pllrt. Since the moments h~n) are chosen such that they

lire orthogonal in the following sense

(1 (n)1 (1)j ) ( (h(n)1 (n)j )
li li ieq = 0 0 , i li icq

Al n) clin he given in terms of fluxes as follows:

<I>ln) = (f;,qhl n)(1 +2: Al) <:) h\1»)) = A.ln) <:) (fi,qh\n)h\n»).
1~1

(2.127)

(2.128)

Note that the fluxes on the left-hand side are determined from the flux evolution

equations. The quantity in the angular brackets in (2.128) is a function of temper

ature only. This means that the coefficient A\n) is directly proportiona.! to <1>\n).

The calculations of the angular brackets are straightforward. We simply present

the results for a few leading moments:

A.P) = ,8<1>P) /pi, A\2) =0,

A\3) = ,8(8/5Pi)(m;j2kBT)I/2<1>\3),

.4\4) = ,8[2/ni(2mikBT)I/2]<1>\4). (2.129a)

Then, the unknowns X~n) l'an be obtained from (2.125a) in terms ofthe coefficients

A\n). To the lowest order approximation the results are

The radiation part requires fresh consideration because the distribution func

tion is different from those for the matter part owing to the quantum nature of

photons. By multiplying h~n) to (2.125b) and integrating over k.. we obtain

•

x?) =-<1>P) /2Pi, X~2) = -2<1>\2) /3Pi = 0,

XP) = -<1>\3) /Pihi, X~4) = -<1>\4) / Pi.

<1>~"') = (Jr,q(1 +2: A~n) <:) h~a»)h~"'»).
a
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• To evaluate the integrals in (2.130), it is conwnient to change the varinble of inte-

gration by transfonuntions

q = kr - u/e, q = (",'/e)q +wu/e2
•

Then, by using the properties of integmls of Cllrtesinn tensors, wc find thnt the

same rules of calculation apply as fol' those fol' the mntter part. It is possible to

show that

(2.131)

since the fluxes vanish at equilibrium. With the help of the orthogonality relation

of a completed set of photon moments,

we find

(f / (Q)hb») - < (f / (1)/ b»)req lr r - Go.., req lr lr ,

A b) 0 (f h(1)hb ») - ...b)r req r r - 'i! r .

(2.132)

(2.133)

Since the integrals are functions of temperature only, the coefficients A~Q) are pro

portional to the fluxes cI>~Q). The calculation of these integrals is rather technical,

so we simply present the results:

A~I) = .BcI>~1) /0.48811"p.,

A~3) = .BcI>~3) /1.2001l"p.,

A~5) = .BcI>~5) /0.52311"Pr.

A~2) = .BcI>~2) /5.19611"p.,

A(4) = 3cI>(4)/nr r r,

(2.134)

•

The unknows X~Q) of the radiation part can he expressed in terms of A~Q). The

procedure is different from that of the matter part because of the quantum na

ture of photons. We will give the details. We rewrite the distribution function of

nonequilibrium photon gas in the form

(2.135)
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• Ou substitution of the canonical form for Ir iuto (2.135) and taking the logarithm

yields the e'luntion

Multiplying h~~) nnd Ircq nnd integrating over k., we obtain

(2.136)

Approximate results for X~Q) cnn be obtained by expanding the logarithmic func-

tion. To the lowest order approximation, we find

(2.137)

The second order and high order approximations may be evaluated by '3.Il iterative

method. To the lowest order approximation, the unknowns x~"') for radiation are

given by

v(l) _ -",(1)/0488
..1. r - ~r • 7rpr,

v(3) - -",(3)/1 200"'\.r - ':l"r • 7rpn

X~2) = _cI>~2) /5.1967rp.,

X~4) = -3,8cI>~4) /n.,

(2.138)

•

These approximate results (2.129b) and (2.138) for xi"') and x~"') are essential

for calculating the dissipative terms AI"') and A~"'), etc., whose first order cumu

lant approximants have already been presented earlier. The dissipation terms thus

calculated, the macroscopic evolution equations (2.53a)-(2.53e) and (2.57a)-(2.57d)

are closed and solutions can be obtained from them; subject to initial and boundary

conditions appropriate for the hydrodynamic problem in hand. We will cali these

coupied partial differential equations the generalized hydrodynamic equations of

58



•

•

radiat",,, "r, 1 mattcr. Th" l1\lIcroS('opic \'arillblC's which arc nl'('l'ssm'y for dcscrib

ing the irrc\'ersible pl'l1('esses in question, of course, appl'ar in thc entropy bl\lancc

equation. Thercfore, the solutions of thc gen('ralized hy<lrad~'nl\mic equations l1\ust

be subject to the entropy balance equlltion. In thc scnsc that the entr"iJi pro

duction a is positive scmidefinite, that is, A\o) and A~o) arc such that a ~ 0, the

generalized hydrodynnmic cquations fully confarlll with the second law of thcrl1\o

dynalllics. Under the present formalislll of kinetic thcory, onc of thc rClllaining tnsks

in Illacl'Oscopic physics is hydrodynalllic and thcrlllodynamic. Il rcquircs solution of

the generalized hydrodynamic equations and study of irreversiblc thcrmodynmnic

relations between various macroscopic pl'Opertics. Of course, ca\culation of the

transport coefficients is another task. Wc will discuss these issucs in later sections.

2.6 Discussion and concluding l'l'marks

A nonrelativistic kinetic thecry for a system consisting of photons and material

particles which interact with each other is forlllulated. Instead of the conventional

equation of radiation energy transfer we have proposed a semiclassical Boltzmann

equation for photons which is coupIed to the Boltzmann equations for material par

ticles. In this theory, the system of matter and radiation is viewed as a gaseous

mixture of rnaterial particles and photons, The advantage of this consideration is in

formulating irreversible thermodynamics of matter and radiation on l'quai footing

and in a unified manner, The kinetic theory enables us to show that the Planck

distribution function for equilibrium radiation is consistent with the Boltzmann dis

tribution function for rnaterial particles and that they are unique. Furthermore, the

mathematical structure of irreversible thermndynamics and the radiation hydrody

namic equations in a rather general form, namely, the generalized hydrodynamic

equations for matter and radiation, have been derived. In addition, the present

theory shows that inrtead of the extended Gibbs relation used for d,S in the local

equilibrium assumpHon approach there exists the compensation dift'erential d,lJt,
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which plays the saille role as the entl'OjlJ' density in the local equilibrium approach

and l'cduces to d,S at c'luilibriulll. With the compensation diffel'ential we may in

troducc the DoltznuUln function such that a local forlll of H theorem is obtained.

Dy sfJlving the cvolution cquations for fluxes such as radiation stress tensor, radia

tion hent flux, etc., the radiative transport coefficients can be computed even if the

system is rcmoved far away from equilibriulll since the modified Illoment method ex

ceeds the limit of validity of the first-order Chapman-Enskog theory [18] for solving

the Boltzmann equation.

The local H theorem (2.120b) for B and the calculation of the compensation

differential is exact within the nonrelativistic kinetic framework sinee no approxi

mation is made fol' the involved equations and the related quantities. This means

t.hat the extended Gibbs relation for the entropy density does not hold valid, at least

/rom the kinetie theory viewpoint, for the systems away /rom equilibrium unless

there accour some special circumstances in which ~ = 0 identical/y. These particular

cases include the equilibrium state itself and linear irreversible processes wkich can

be described by linear force-flux relations.

In equilibrium statistieal meehanics of Gibbs, an exact but formai theory is

developed for equilibrium thermodynamies in terms of partition functions or an

equilibrium distribution funetion, and various thermodynamie funetions and rela

tions thereof are ealeulated. In the present formalism, a comparable formai theory

is attained for nonequilibrium proeesses described by a set of Boltzmann equations,

and the unknows X~"') oeeupy the place of the partition funetion in eq 'ilibrium

statistieal meehanics whieh must be eomputed explicitly in terms of teml-' .<1re,

density, and other system parameters. Thus, we have in essence aequired a formai

thcory of irreversible proeesses comparable to equilibrium statistieal thermodynam

ies of Gibbs.

The moment method used here for radiation has a feature in eommon with the

spherical harmonics approximation [43J for the radiation energy transfer equation,
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but the use of the H tlworem and an exponential fonn (2.40) for the distribution

fllnction of photons is a distinctive fealure that has important consequences in the

qllest for I~ mathematical theory of irreversible processes in a system of radiation

and matter. It makes the present formnlism fil! up the lacllnae left at the leve1 of

irreversible thermodynamics by the existing theories of radiative energy transfer.

The most important aspect of the modified moment method is capl~ble of treating

noneqllilibrium processes occurring far from eqllilibrium. Therefore, it is rensonable

to expect that the theory presented here for radiation and matter holds vlÙid far

from equilibrium. Applications of the theory to realistic problems and comparing

with experiments are the only way to justify the theory. We will present the result

of applying the generalized hydrodynamic eqllations of radiation and matter to the

experiment of light-induced viscous Row in the next chapter.

Finally, we remark that a nonre1ativistic approximation is made for photons

in the calculations of X~Q) and J~r) and in the energy balance equation since we

have neglected sorne smlÙl terms of the order (tt/c)2 and higher. Such an awkward

feature will disappear if the theory is formulated in a Lorentz covariant form by

using relativistic Boltzmann equation. We will present such a study in chapter 5.

Our original intention was to have a practicable theOl'y which suitably describes irre

versible thermodynamics of systems consisting of atoms (or molecules) and photons.

Since atoms (or molecules) move very slowly compared with photons, a nonrelativis

tic theory is physically acceptable. We believe that the theory presented provides an

internally consistent mathematical sh'ucture with which to study kinetic theory and

irreversible thermodynamics of radiation and mat ter from a molecular viewpoint.
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Chapter 3

Application of the kinetic theOl'Y of radiation

and matter to the light.induced viscous ftow

The ilTcversible thcrmodynamics of radiation and matter which is derived from

the kinetic thcOl'Y Cl\ll cover a broad range of natural phenomena. In this chapter we

will present an application of the kinetic theory of radiation and matter presented

in the previous cbupter ta the light-induced kinetic e!feets [29]. In recent years,

laser hus bcen succcssfully used to manipulate atoms and molecules, or trap them

in a volume, 01' cool agas [13J. Under the theme oflight-induced kinetic e!feets [14]

a Il\uuber of intriguing experiments have been reported on the action of laser on

atoms and molecules. By tuning a narrow-band laser within a Doppler-broadened

absorption line of an atomic or molecular gas and inducing velocity-selective exci

tations of atoms 01' molecules by means of the Doppler e!fect, it has been possible

to produce macroscopic drifts of partieles. These drifts give rise to a number of

interesting e!fects such as an optica! piston [24], light-induced viscous f10w arising

from collisions in the bulk [22] and \Vith the surface [25J, etc.

The light-induced kinetic e!fects are distinguished from those originating from

the photon pressure. They are in faet much larger than the latter in magnitude

since collisions between the matter partieles are intimately related to them and

momentum transfer by matter partieles are much larger than that by photons.

Since the basic physical cause for the velocity drift has been discussed by various

authors [9, 44J since the \Vork by Gel'mukhanov and Shalagin [14] , we will not dwell

on it here. Il is interesting to see that light-induced kinetic e!fects are in essence an

outcome of the combination of gas kinetic e!feets and laser spectroscopy which seem,

until recently, to be ulll'elated fields. In this chapter we present a. theory of light

induced viscous f10\V in a gas and compare theoretical results with the experiment
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by Hoogeveell ct al. [22]. The purpose of doillg these is twofolds. First of ail, it

serves as an experilllentai justification of the kinetic theory of radiation and matter

presented in the prcvious chapter. Secondly, the low pressure behavior of the light

induced \'iscous lIow has Ilot been explained theoretically. It is Ilecessary to have a

theory to better account for the experilllentai results.

3.1 Light.indllced viscous ftow

More specifically, in 1989 Hoogevcen et al. [221 reported on an cxperimental

l'l'suit which delllonstrated a gus f10w induccd in a cl'pillary by a Doppler-broadened

laser beam. The profile of the laser bemu is ussumed to be cylindrically symmetric

but radially distributed such that the highest intensity is at the center of the tube.

The flow generates a pressure difference and a stress in the capillary. By measuring

the pressure difference which the flow produces in the capillary by a differential

manometer and plotting it against the gus pressure, they were able ta show that

the normal pressure regime behavior follows the clussical Navier-Stokes theory pre,

diction, namely, the Hagen-Poiseuille volume flow rate which accounts for the flow

rate of a gas through a tube under a pressure gradient when the pressure is in the

normal range. In fact, the linear constitutive relation between the pressure tensor

and the velocity gradient has been used in order to obtain the Hagen-Poiseuille

volume flow rate. Therefore, it l'an not be true for nonlinear f10w problems. The

expl'riment by Hoogeveen et al. shows that as the pressure is decreased down to

the rarefied gas regime, the curve for the pressure differe':ce vs. pressure starts ta

decrease in a sharp deviation from the Hagen-Poiseuille theory prediction. In other

words, there appears a maximum in the curve at sorne low pressure. This behavior

has remained unexplained unti! now. Let us briefly present the theory of Hoogeveen

et al. in an attempt to understand light-induced viscous flow in a one-component

molecular gas.
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Thc light-induced kinetic effects are the consequences of the combination of

ve1ocit~'-se1ectivc excitations and state-dependent collisions. A traveling laser beam,

the frc'lucncy of which is slightly tuncd off resonance, excites those atoms which

are Doppler shifted into resonance; the excitation is thus velocity selective. A hole

appears in the ground-state velocity distribution of the absorbing atoms, whereas a

peak appcars in the excited-state distribution. This results in antiparallel fluxes of

cxcitcd and ground-state atoms. In the absence of buffer gas these two fluxes cancel

becausc of the 1Il0mentum conservation law. However, this will not be the case

whcn thc atoms are embedded in a buffer gas. In that situation velocity-changing

collisions will tend to thermalize the velocity distributions. Since an excited atom

usually has a larger collision cross section than a ground-state atom, the average

vdocity of the excited-state atoms will suffer a stronger collisional damping than

that of the ground-state atoms. As a result, the optically active atoms acquire a

net drift velocity opposite to that of the Doppler-selected velocity.

The light-induced drift can also happen in a one-component molecular gas

where intermolecular collisions dominate. This is the so-called light-induced viscous

flow [22J. It seems somewhat unexpected that in a pure gas such the effect happens.

The light-induced viscous f10w is due to the fact that the combination of a state

dependent collision cross section and nonuniform illumination produces stresses in

the gas which give rLcl to a particle f1ow.

An elementary picture of the light-induced viscous f10w is following. Excited

particles in the boundary layer near the wall have suffered their last collision, when

they are in the range of 1. from the wall whereas the ground state particles collide

with the wall at a distance of 19 where 1. and 19 are the mean free path of the

exci tcd state particle and the ground state particle, respectively. Since /g > ï.,

the excited state particles are located in a relatively dark region of the tube in
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• ground state particll's which are in n light rcgime. Thl'refore, the peak in the el't:ited

state distribution is smaller than the dip in the ground-stnte distribution becnuse

of the nonunifol'lllity of the laser intensit~·. Consequcntly, t.lw total distribution

function of ground state partic1es and the el'cited state partic1es have a dip al'Ound

the Doppler-selected velocity Vo = (w, - wo)/k, mentioned carlier. This melU1S that

there is a net paralle! momentum transfer to the wall. As a result, a net partiele

flow appears in the moving direction of the el'citecl part.ic!es whose cross section is

larger than that of the ground state pm·ticles. Moreover, this process is not confined

to the boundary hl~·er. In the same elementary mean-free-path picture, each layer of

gas transfers momentu111 to the adjacent layer closer to the wall. This will produce

a stress in the gas, therefore a particle flow in the bulk of the gas.

In the theoretical description of this phenomenon, two-Ievel model for molecule

is assumed. For simplicit~', the homogeneous linewidth of the transition will be

considered to be very s111all so that only molecules having a velocity very close to

the Doppler-selected velocity Vo are excited by a narrow-band laser. To analyze the

gas flow, Hoogeveen et al. used a modification of the Chapman-Enskog method in

which the distribution function is expanded around a Maxwellian distribution of

the gas in equilibrium with the wall of the tube:

where

feq(v) = n(m/2rrkBT)3/2 exp(_mv2/2kBT)

= ngeq(v. )geq(Vr)geq(v%),

geq(Vi) = (m/2rrkBT)1/2 exp(-mv~ /2kBT).

(3.1a)

(3.1b)

•
Since the velocity-selective excitation can make a hole in the ground state of a

molecule and create a peak in the excited state, the approximation for the distribu

tion fnnction must take carl' of both the Chapman-Enskog correction terms and the
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• Bellnett dipanu ],,'ak [221. In the scheme of !inear approximation, one may write

the distribution f\lllctions for the gro\lndand excited states as follows:

Mv) = J,q(v) [1 + <I> - A(r, 1Ir )6(v. - vo)],

J,(v) = J,q(V)B(l',Vr)6(v. - vol·

(3.2)

(3.3)

(3.4)

Here, jaser propagation direction is taken as z-axis, <I> is the Chapman-Enskog

correction tel'll1 whilc A(r, vr) and B(r, vr) denote the ground-state Bennett dip

and the excited-statc peak, respectively. After solving the Boltzmann equation, it

is possible to get

A(r, vr) = P(r) _ v; dP(r) ,
v9 v

9
dl'

to the !inear order of v" and similarly for B. With the distribution function calcu-

lated, the stress is given by

du(r) 1 1 dP(r)
IIzr' = -110-- +nkBTv09,q(VO)[- - -]--.dl' V2 V2 dl'9 ,

(3.5)

Here '70 is shear viscosity, 119 and Il, are the collision frequency of ground-state and

excited-state in Bal\: model [18], u(r) is the velocity profile and P(r) accounts for

the probability rate of the radiative·excitation process. Since under hydrodynamic

conditions the flow velocity vanishes at the wall [u(R) = 0], one finds

•

u(r) = ~1fVO 6J.v [n,(r) _ n,(R)]
2 v n n

where the number uensity n, of excited molecules is given by

Since v, differs little from 119 ,
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• On the other hand, th" flow of partiel" in a dosed tube gives rise 1.0 a pressure

difference 6p along the tube. This pressure diffl','ence will genemte a pipe flow

which lllay be described by the Hagen-Pllisl'Ilille volullle flow mte:

71'R4 .
QHP = -8L OP.

110
(3.S)

Here, L is the length of the capillary, R is the mdius of the capillary and 6p is the

pressure difference al. ends of t.he capilhu·y.

According 1.0 the experimental arrangement, the light-induced f10w has 1.0 be

balanced by the Poiseuille back f1ow:

fa
R 11' R4

dr271'ru(r) - -SL 6p = O.
o 110

(3.9)

From this equation il. may seem that explicit knowledge about the laser-beam profile

(or more precisely, the excitation profile) is required. However, if il. is assumed thal.

the excited-state fraction near wall approaches zero, 6p can be expressed in terms

of the excited-state fraction neln averaged over the tube cross section, sillce both

contain an integration over the same radial dependence. With the assumption

n.(R) = 0 one arrives al.

•

where

n. = _1_ [R dr211'r n.(r),
n 11'R2 Jo n

(3.l0a)

(3. lOb)

•

and li = III = (SkBT/11'm)'/2 is the mean thermal speed. The theoretical result

and experimental data have been shown in the Fig. 1. It is clear 1.0 sel' thal.

in the near-hydrodynamic pressure regime, p ;:: 40 Pa or Knudsen number Nt =
~ ~ k, the values of (6pm/p)/(n./n) are found ta be inversely proportional ta

the pressure, which is expected from (3.l0a) because of ï oc p-l. Unlike in the

hydrodynamic pressure regime, the Hagen-Poiseuille prediction completely fails for
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• the low-pn'",lIl'e data (p ::; 20 Pa or Nk ~ 0.25). The physical reason will be found

in the following sections.

3.2 'l'he Knlldsen problem

M. Knudsen [20] in 1909 observed that the volume f10w rate of a gas through

u cupillury uuder Il pressme difference increuses as the pressure diminishes below a

vulue in ta the l'lIrefied glls regime, in contrast ta the c1assica1 Navier-Stokes theory

prediction that the f10w l'lite should vanish. Therefore, there is a minimum va!ue of

Qk at a nonzero value of pressure pas shown in Fig. 2. Knudsen was able ta fit his

experimenta! duta fol' the volume flow rate pel' unit pressure difference Qk ta the

l'mpirical formula [26]:

(3.11a)

where

(3.11b)

•

and Cl and C2 are nllmerica1 constants; Pl is the specific density of the gas at temper-

ature T when the pressure is equa! ta 1 dyn/cm2 • Since this was reproducible [27]

but not possible to explain by the classica1 Navier-Stokes theory, the phenomenon

was called the Knudsen paradox. It is not a paradox, but an indication of the in

adequacy of the Nuvier-Stokes theory which cannot properly handle f10ws of gases

in the range of large Knudsen numbers (::::: 0.1 typica1ly or larger).

The Knudsen problem was studied theoretically in the case of plane Poiseuille

f10w [45, 46]. Since experiments were performed in a circular-tube f10w geometry, it

was not possible to compare the aforementioned theoretica1 results with experimen

ta! results, but their results predicted the existence of a minimum in the volume

f10w l·ate. The BGK kinetic equation was used to the plane Poiseuille f10w geometry
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• and subjected to the slip boundnry conditions in ref. [45, 46J. There is, however,

no theoretical stuc\y availnble for the problem in Il circular·tube flow gcomctry.

Rcccntly the I\nudsen problem has bCl'n cxplailll'cllldcquatcly by using the gen·

emlized hydrodynamic theory [281. The basic physical renson for the phenomenon

is that as the gns density diminishes, the menn frce path in the gas becomes very

long, thus the mnge of lllomentum transfer becomcs accordingly long, and as a

consequence, the gns behnves as if it is n non-Newtonian fluic\ in the sense thnt the

viscosity of a rarefied gns depends on the shenr rate. Such a fluid hlls a vanishing

viscosity at the wall of the tube which results in Il plug flow. The ultimate con·

sequence of this is that a non-energy-dissipating collimated beam is formed in the

capillaryat low pressure nnd thus the lllolecules move axially and ballisticlll1y along

the tube under a pressure difference.

It is assumed that a fluic1 is laminarly flowing in a circular tube of length L

and radius R, subject to a longitudinal pressure gradient. The pressure difference

between the entrance and exit of the tube is denoted by op = Pi - PI where Pi and

PI are the pressure at the entrance and exit of the tube, respectively. The fluid is

maintained at a constant uniform temperature and therefore there is no heat flux.

The generalized hydroc1ynamic equations are given by (2.53a)-(2.53e),

Since the flow is assumec1 to be in a steady state, time c1erivatives are set equal to

zero. Considering the symmetry properties of circular·tube flow, the generalized

hydrodynamic equations in the cylindrical coorc1inates are reduced to•

ô
ôt P =-'il, pu,

d
P-u = -'ilp - 'il. n

dt '

P;/1 = -2p['iluJ(2) - (p/7)O)nq.(K).

ô
a;:(prur ) =0
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ap 1 a
(3.15b)• -+--rIl=Oa= ,. a,.

Il<j,(Il) = -21)01 (3.16)

wh"rc

<j,(Il) = sinh(,,)/", (3.17)

" = rIl/l)ol (3.18)

l' = [2710(mrkaT/2)1/2j1/2/V2nkBTO', (3.19)

1 (3.20)1 = 2(au,/81'),

with '10 denoting the Chap11l!ln-Enskog (Newtoni!ln) shear viscosity, m r and 0' the

rcduced 11l!lSS and the size par!l11leter of 11lolecule. It is easy to find the velocity

profile by solving (3.12)-(3.14) as follows:

U,(7') = (R/rO)[coshO - cosh(Or/R)]

where

o= l'Rop/2LI)0,

(3.21)

(3.22)

(3.23)

The velocity profile (3.21) reduces to the well-known Hagen-Poiseuille velocity pro-

file

op 2
u,(r)=4LI)/R _1'2)

as the parameter 0 gets small.

The volume How of particles in the tube in unit time is given by the formula

(3.24)

By substituting the velocity profile (3.21) and performing the integration, we obtain

•
1

Qo(O)J) = (211'/rO)['2coshii +0-2(coshli -1) - 0- 1sinhO]

= lI'
R

4
0P (1 +oQ)

8LI)0

== QHP(l +oQ)
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• where

and

8Q = SB-2[~coshB +B-2(coshB -1) - B- 1sinhBj-l (3.26)

(3.2ï)

•

rrR"8p
QuP = 8L .

'10

Since T is inversc1y proportional ta p, sa is B. Thcrefore, 8Q vllnishes 1\S B .... 0 IInd

thus Q becomes a linear funetion of p in this limit, that is, Qo(8p) is rcduced ta

Q If P which predicts Q If P = 0 lit P = O. This is contmdictory with the experimcnts

by Knudsen [26J lInd Gaede [2ï]. It is easy ta sec that the formula (3.25) has lUI

asymptotic behavior as

Qo(8p) .... pexp(Bo/p) as l' .... 0

where

Bo = pB = ToR8p/2Ll}O,

TO = [2l}0(m r kBT/2)1/2jl/2/V2u.

The minimum value of Qo(81') can be determined by the equation:

it is the transcenclental equation for Bm at the minimum

B",(10 +B;.)sinhBm - 5(2 +B~n)coshB", + 10 =0

the approximate solution of this cquation is

B", ::::: 2.30

therefore the pressul'c at the minimum is given by

Pm = Bo/Bm •
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The bnsic renson for the nppeantllce of the minimum is that the effective viscosity

dimillishes as the parameter 8 increases, and thereb)' the gas density or the mean

pressure decreases. The Navier-Stokes equation docs not have a mechanism for

n dimillishing viscosity, anà the absence of such a me~hanism is the renson for

the Hngen-Poiseuille rcsult being in variancc with experiment at low pressure. By

introducing Q(p) - Qo(6p)p/6p , we obtain a formula for Q(p) from (3.25), (3.26)

and (3.27):

1rR4 1
Q(p) =SLT/O S(80/p)-2{2cosh(80fp) + (80/p)-2[cosh(80/p) -1]

- (80/p)-1 sinh(80/p) }p. (3.25')

The thcoretical result based on the (3.25') for 80 = 0.1 and the experimental result

arc shawn in Fig. 2.

Thcre is, however, a diffcrence between the theoretical result and the experi-

mental data at very low pressure regime as shown in in Fig. 2 although the theoret

ical result is qualitatively correct. The physical reason is that in the calculation of

the f10w rate Q we have tlsed the lowest arder approximation for the nonequilibrium

distribution function which may Ilot suitably describe the systems far away from

equilibrium. The higher order approximations for the nonequilibrium distributioll

can be evaluated in the scheme of the modified moment method [47J but that makes

the analytic calculation of the f10w rate impossible. Rere we present a semiempirical

approach which can improve the behavior of the f10w rate in the very low pressure

regime. This can be done by changing the p in (3.25') to p' =p +0.02. The result

for the f10w rate Q'(p') is has been shown in the Fig. 3 which gives better fitting to

the experimental data.

3.3 Theory of light-induced viscous f10w in agas

The kinetic theory of photons and material particles given in the previous
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• chapter yields a set of the generalized hydrodynamic equatiu.ls and lays the kinetic

theory foundation for a theory of irreversible tlll'rmodynlUnics of radiation lUld

matter. The basic idea of the theQl'y develapec! hl're has been applied by van Enk

and Nienhuis [30J to analyze some irreversible processes in connection with the light

induced kinetic effects. Here wc apply the genemlized hydrodynamic equations to

stlldy the experimental result by Hoogevecn et al. [22].

Since the experiment was done in a single-component gas under the condition

of a uniform temperature, it is sufficient to consider only the stress evolution equa-

tions together with the momentum and mass balance equations. In the case of the

fiow geometry and condition for the experiment, the mass balance equation is triv-

ially integrated and thus does not play a significant l'ole in solving the generalized

hydrodynanlic equations. Wc assume that the molecule has only two internal states,

and treat the molecules of different internaI states as different species. This treat-

ment is reasonable since the excited molecules interaet with slightly different ~ross

sections from the ground state molecules and thus are distinguishable. Therefore,

there are three species in the system, because the photons are treated as another

species in the aforementioned kinetic theQl'y of radiation and matter [17J. Since the

radiated system is in a stagnant state and thus any deviation from equilibrium is

initially small, it is appropriate to take linearized stress evolution equations (2.53e)

and (2.57d) for a = 1

(3.28)

•
where the subscript a denotes the species 1: 2, and r, r being reserved for the

photon, II. = pIT. is the shear stress tensor, 1 = ['Vu + ('Vu)IJl2 - U'V . u/3,

u being the hydrodynamic velocity and U the unit tensor, and the summation in

(3.28) l'uns over 1, 2, and r. The coefficients 'R.b are related to the collision bracket
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• integrals Rab l~S follows:

(3.29a)

with IJ = 1/klJT and 9 denoting the parame!er defined in the previous chapter.

Considcl'ing the symnwtl'Y of the f10w geometl'Y. (3.20a) can be reduced to the

scnlnr form (onc component):

(3.29b)

where na = pfIa is a nonvanishing component of rra, "'t = ![8uz(r)/8r]. and uzer)

is z·component of the hydrodynamic velocity.

Since the experiment was performed under a steady state condition, it is suffi·

cient to consider the steady·state form of (3.29b):

(3.30)

Solving this equation for nI and n2and adding them up, we obtain

(3.31)

where 770 is the shear viscosity of the gas which can be expressed in terms of the

collision bracket integrals in the scheme of the present kinetic theory,

(3.32)

•
and

(3.33)

The nL is the stress gcnerated by the laser and is proportiona! to the light intensity

which is distributed radially across the cross section of the capillary.
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• According to the cxperilllcntai armngcllll'nt, the flow gcncmtcd by the light is

exactly balnnced by the opposing flow duc to thl' pressure differcncc in the clifferen-

tiallllanometcr, the matter part of the stress is equnl to 2<'1'0. Therefore, wc obtnin

form (3.31)

(3.34 )

"dopting this equation to the geometry of the flow and integrating the resulting

equation where "Y = ~[alt.(,·)/arl, we obtnin the radilù velocity profile in the capi!

lary

Therefor.e, the flow rate of the gas in the capillary is given by

Q(I) = 211' lR drru,(r) = 211'1)0 1 lR drr J: dr'I1L(r')

= 11'11iï1 lO drr2 IIL(r).

We may rewrite this integral in the form

(3.35)

(3.36)

(3.37)

•

where Il is a parameter of dimension of inverse time related to the collision frequellcy

defined in terms of the collision bracket integrals (this Il can be easi!y identified

from (3.37).), n. the density of the excited species, and n is the total density.

The parameter Il can be evaluated explicitly, but since we are interested only in the

pressure dependence of the f10w rate, it will be sufficient to treat it as a semiempirical

parameter as was done for equivalent parameter in the work of Hoogeveen et al.

[22]. Balancing the laser-generated f10w with a pressure difference in a differential

manometer is l'quivalent to opposing the f10w with another f10w generated by the

same pressure difference in the absence of light. Therefore, Q(l) may be equated to

the f10w rate arising from a pressure difference in the SaIne f10w geometry. Such a
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• How rate is givcn in the prcvious chapte!" in connection with the Knudsen problem.

The flow rate Qo of agas through a capillary unde!" a pressure difference was shawn

to be

Qo(6p) = (211"/T8)[~coshIJ +8-2 (cosh8 -1) - 8-1sinh8]

= Qlfp(1 +6Q). (3.38)

Here Q /1 P is the Hagen-Poiseuille flow rate. It is clear that Qo(6p) approaches QIf P

as 8 tends to zero, namely, in the Navier-Stokes theory limit. The expression for

Qo(6p) Ims been used ta explain the Knudsen ~.oblem. Now, by equating Qo(6p)

with Q( l), we obtain

This equation can be solved for 6p. It may solved by an iterative method. By taking

the lowest order approximation by putting 6Q = 0, we obtain

where

(6p/p)0 = (8LT/ov/R)(n./n)/p == G/p

G = (8LT/ov/R)(n.jn).

(3.40)

•

The relation (3.40) is the classical hydrodynamic result given by Roogeveen et al.

It is a linear relationship between (6p/p)0/(n.jn) and p-l as observed in their

experiment [22] in the normal pressure regime. By using this result as the zeroth

iterate and substituting it into (3.39), we obtain the first iterate:

where

b = [T/O(mkBT/2)1/2jl/2(RG/2LT/ou).
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(3.43)

•

•

This process of iteration can be continued and the sequence mpidly converges.

Therefore, the first itemte is found sufficient in practice. The formula (3.41) is our

main theoretical result. The subscript 1 will be dropped from (Sp/ph. Wc now

test this formula against the experimental data by Hoogcvecn ct al. [221. Using

the parnmeters spedfied for the experimcnt [22] and fixing the constant C with

a data point in the high pressure regime, the pressurc differcnce is calculated as

a funetion of p by using (3.41). The rcsult is shown in Fig. 4. In the normal

pressure (high pressure) range this formula reduces to the formula derivable from

the Hagen-Poiscuille flow l'ate and gives an invcrsc prcssure dependence. As the

pressure is reduced to the rarefied gas regime, the nonlinear contribution in (3.41)

becomes dominant and Sp/p begins to diminish after a certain value of p, producing

a maximum. However, the Sp/p decreases too fast in the very low pressure regime,

compared with the experimental data. This may be attributed to the faet Qo(Sp)

has been calculated to an approximation by using a lower-order approximate dis

tribution function. It is possible to improve the distribution function by including

the higher order approximation, but such a distribution funetion would not allow

an analytic form for Qo(Sp). In view of this situation, wc may take a semiempir

ical approach by introducing a parameter in (3.41). Wc find that if pin (3.41) is

replaced with p' = p +3.7, the formula performs much better. Namely, we take

instead of (3.41) the following formula:

Sp/p =~Cb4{b2(p+3.7?sinh2[b/2(p +3.7)1 + (p +3.7? x

[bcosh(b/2(p +3.7» - 2(p +3.7)sinh(b/2(p +3.7»]2}-1.

The Sp/p value computed with this formula is plotted against p in Fig. 5 which

shows an excellent fitting of the experimental data over the entire range of pressure

studied. Notice that the maximum position, which is around p = 20 Pa, remains

almost unchanged by this shift in p to p'.
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The present theorctical result is a product of a combinat ion of the kinetic the

ory of radiation and lUatter [171 and the kinetic thcory of rarefied gases [28], each

of which gives rise to a set of generalized hydrodynamic equations that may be

solved uppropriately, given the boundary ar.d initial conditions. Especially, in the

case of the latter kinetic theory and generalized hydrodynamics one does not need

the convcntionally used slip boundary conditions since the nonlinear transport 1'1'0

cesses take care of the slip phenomena, as is evident from the Knudsen problem

which is adequately resolved [28] without resorting to the slip boundary conditions.

Therefore, the present theory, as an application of the kinetic theory of radiation

and matter, not only l'l'ovides the theoretical explanation of the light-induced ki

netic effect observed by Hoogeveen et al. [22] but also l'l'ovides another credible

evidence that the generalized hydrodynamic theory [40] used for gas dynamics is

a useful theoretical tool that can adequately treat gas dynamic problems even if

slip boundary conditions are not taken as are in the conventional gas dynamics. In

any event, the experiment studied here may be viewed as an interesting example of

experiments related to the Knudsen problem.
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Figure Captions: Chapll'r 3

Fig. 3.1 TIll' maximum of the OhSl'l'\'ed pressure difference, nortlllùized by the

excited-state fraction as a function of pressure for the tl'!tnsition Q(12,2) (squnres)

and Q(12,3) (circles) for two quartz surfaces; Q(12,2) transition for surface of

stainless steel denoted b~· crosses. The solid strnight line gives the Navier-Stokes

r('Sult.

Fig. 3.2 Reduced flow rate (Qk and Q) vs pressure (in units of cm Hg) for

60 =0.1. The clash curve is the l'l'suit af Knudsen's empirical formula far Qk whi!e

the solid curve is the l'l'suit of the generalized hydradynamic equations far Q.

Fig. 3.3 Reduced flow rate vs pressure (in units af cm Hg). The solid curve

is the ariginal l'l'suit af the generalized hydrodynamic equatians. The dash curve is

platted accorcling to Knudsen's empirical farmula. The dash-dat curve is the l'l'suit

by using impraved formula far Q(p') where p' =p +0.02.

Fig. 3.4 Scaled pressure difference vs pressure far light-induced f10w in a

capillary. The dash line is the Navier-Stokes-theary predictian and solid curve is

the prediction made by using the present theary. The squares, circies, and crasses

are experimental data far the Q(12,2), Q(12,3), and Q(12,2), respectively. The

Q(12,2) data were abtained with a stainless-steel capillary, whereas a quartz capi!

lary was used far the Q(12, 2) and Q(12,3) data.

Fig. 3.5 Scaled pressure differencc vs pressure far light-induccd f10w in a

capillary. The dash line is the Navier-Stakcs-thcory prediction and solid curve is

the predictian made using the improved formula (3.43). The squares, circles, and

crosses are experimental data far the Q(12, 2), Q(12,3), and Q(12,2), respectively.
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The q( 12, 2) data \\'"r" obtained with a stainlcss-stec1 capil1ary, whereas a quartz

tapillar)' was 115"<\ for the Q(12,2) and Q(12,3) data.
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Chapter 4

Rebtivistic Boltzlllallll equatioll alld

relativistic irrevel'sible therlllodYllalllics

The nOlll'e\ati"istic form of irreversible thermod)'namics and gcneralized h)'

drod)'namic equations for the system of radiation and matter is presented in the

chapter 2. In that theor)' the ll111terial partides arc trel\l.ed nonrclativistielùly IUlcl

the Doppler elfect for photons arc considered in the Ilonrclativistic upp"oximatioll

while photons are rclativistic partieles. Thereforc, the nonrclutivistic formulation

leaves an unsatisfactory aftertaste. A nonrclativistic approximation destroys ex

plicit Lorentz covariance of the kinetic equations whereas the covariance of kinetic

theory for photons is important. In that scheme wc have to Clll'Cfully consider l'ela

tivistic corrections for photons. This awkwarcl feature can be removed if a covariant

kinetic theory is formulated [34]. Moreover, there are some important problems,

particularly in astrophysics and nuelear physics, where a relativistic kinetic theory

is required since partieles move at high speed. For instance, the theory will be useful

in understanding electron and neutrino transport properties in the early universe

[8].

Instead of the Chapman-Enskog method and the Grad moment method which

are only valid in the linear regime, the modified moment method has been extended

to solve the relativistic Boltzmann equation [33J. In this way, the rclativistic gener

alized hydrodynamic equations can be derived from the covariant Boltzmann equa

tion for a relativistic gas mixture. Unlike the Navier-Stokes equations which are

parabolic differential equations, the relativistic generalized equations are hyperboli

cal differential equations which give a fini te speed of wave propagation. This i8 con

sistent with the principle of relativity. The relativistic irreversible thermodynamics

is also constructed based on the kinetic theory. The modified -.noment method for
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the co\'ariant Boltzmann equation rigorously shows that the entropy differential is

not an <,:<acl eliffcrentinl if the system is awny from equilibrium, Therefore, an ex

tcn,kel Gibbs relation docs not hold valid for the entropy density in contrast to the

usual sllrmisc taken in the extended irreversible thermodynamics [21]. However,

an extcnded Gibbs relntion-like equntion holds for the compensation differential as

in the case of its nonrehttivistic counterpart. The entropy balance equation is cast

into an cquivalcnt fonn in tenns of a new function called the Boltzmann function.

The equation is seen to be a local expression of the H theorem [33]. Together with

the genel'lùized hydrodynamic equations fol' various macroscopic variables, these

mncroscopic evolution ~quntions form a mathematical structure for a theory of ir

reversible processes in re1ativistic monatomic gases. In this chapter, in order to

prepare for eventual formulation of a covariant theory of radiation and matter, we

will formulate irreversible thermodynamics for material gases first by starting from

the re:1ativistic Boltzmann equation. The relativistic kinetic theory for the system

of photons and material partieles will be presented in the next chapter.

4.1 Relativistic kinetic equation

From the kinetic theory viewpoint, when m-component mixtures of a rela

tivistic monatomic gases are in a nonequilibrium state, the time evolution of the

systems may be described by a re1ativistic Boltzmann equation. By solving this

equation the hydrodynamic and thermodynamic variables are determined. There

exist three different ways of solving the relativistic Boltzman equation, namely, the

Chapman-Enskog method, the Grad moment method and the modified moment

method. The former two methods are weil established [8] but they are only valid in

the linenr regime. Here we present the third method which allows us to obtain an

exact irreversible thermodynamics for relativistic gas systems and analyze nonlinear

processes in nonequilibrium systems [33]. Before the kinetic equation is introduced
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• is uSl'ful to fil' thl' n:>tation and the con\"l'ntion fOl' \"ec!ors IUld tensors appcaring

in the theOl'Y,

A point ,l'in space-tinll' is ,1enokd by a four-\'l't'tor

,l';: ,1. 11 = (et,r) (4.1a)

where c is the speed nf light, 1 is time, l' is the three-vector for spatial position and

index Il ral'gcs 0, l, 2, 3; herc 0 is the time componcnt and the l'l'st of the indices

are the space components. The cOl'l'esponding four-momentul1l of species i is

(4.1b)

The covariam gradient operntor is denoted by

where Ôt = ô/ôl and "ïl = ô/ôr. In this work the fol1owing convention is adopted

for the metric

g'W = diag(l, -l, -l, -1). (4.2)

If the hydrodynal1lic velocit~' is denoted by UI'(x), which will be defined later, then

associated with the I1lctric tensor in (4.2) is the projector Dol'":

Here Ul' (x) is normalized to c

UI'U - 2l' - C •

This projector tensor has the fol1owing properties:

(4.3)

(4.4)

Dol'" = Do"1' , (4.5a)

Do""U" =0, (4.56)

Dol'" Do - Dol' (4.5c)• lIt7 - - '"

Do~ = -3. (4.5d)
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• TllI'se l'rol'erties will he freqnelltly nscd when relativistic macroscopic evolution

eqlliltiollS, llilllll'ly, hydl'Odynillllic equations, are derived from the kinetic equation.

The covariililt 1301tZlllllll equation fol' the single distribution function !i(X,Pi)

1I111Y be written in tll<' forlll

na

prÔj.Jj(X,Pi) = 'LCUj,fj)
j=1

whcre the collision illtegral is givcn by the formula

C(f;,]j) =Gij Jd3pjd3ptd3pjWij(PiPjlpipi)

x [J;'(x,pi)fJ(x,pi) - fi(X,Pi)!J(X,Pj)],

(4.6a)

(4.6b)

with d3 pj = ([3pj/p~,([3pi = d3pi/p~·, etc. and Wij(PiPjlpipi) denoting the

transition rate for transition from the initial state (Pi,Pj) to the final state (pi .pi)

as a result of a collision between pat·tieles i and j. The factor Gij = 1 - Oij /2

insures that the final state is not counted twice. The asterisk denotes the post-

collision value. Note that the subscripts i and j play a dual l'ole of labeling a

species and a partiele of that species. The transition rate is a scalar under Lorentz

transformation and obeys the microscopie reversibility (detailed balance)

(4.7)

•

This property is important for proving the H theorem.

4.2 Mean values and hydrodynamic variables

The distribution function makes it possible to calculate statistical mechanical

mean values fol' observables. First of ail, the distribution function is normalized to

the number density lli(X)

(4.8a)
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• Wc remark th,1t this should uot 1)(' rOllfllsed \Vith the hydrodYllltlllir number density

defined later. In tlll' same maIllW:, the l'article flux of speries i is given by the

statistiralllwrhallical forlllula

(4,Sb)

where Vi = epi/pO, the vclocity of particle i. With thcse two qUllntitics a covllrÎnnt

vedor, namely, particle four-flow can be construücd:

(4.9)

Here the angular braekets are the llbbreviation of the intcgrnl

Jd3Pi
(...) = e -0 ....

Pi

The covariant energy-momcntum tensor of specics i is defined by the statisticnl

mechanicnl formula

Tr"(x) = (pfpifj(x,Pi)).

Then, the total number four-flow and total energy-momentum are given by

m

NI' = LN;'
i=l

and
m

T"" = L Tt" .
i=l

(4.10)

(4.11a)

(4.11b)

•

The definition of hydrodynamic velocity in relativity is not unique. There are two

different definitions: one is due to Eckart [48] and the other is due ta Landau and

Lifshitz [49]. Here the Eckart definition will be adopted since it is simpler and more

c10sely in line with the nonrelativistic counterpart. It is defined by

(4.12)
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• This definitioll dear1y satisfies the nonnalization condition (4.4). With the hydro-

dynalllic ve!o<'Ïty wc n()\\' clcfine the hycll'Oclynamic number clensity Pi of species i

by

-2U IIU'Pi = C Il i

and the total hyclroclynamic number clensity by

III

" -2U N"P= LJPi = C ~ ,

i=l

which implies

N~ = pU~,

(4.13a)

(4.13b)

(4.14)

We remark that Pi is not the same as ni and a clear distinction should be made

between them ta avoid possible confusion that might arise in connection with rel-

ativistic hydrodynamic equations and its nonrelativistic counterparts derived from

the nonrelativistic Boltzmann equation, It is easy to show the relation between P

and n as follows:

(4.15)

The various relevant macroscopic variables such as energy density, heat flux,

etc. can be defined in covariant form with the hel)] of the hydrodynamic velocity

just defined. The scalar energy density f:j of species i is given by

E · - p'~' - c-2U T~vU1 - 11;01 - Il i 1/' (4.16)

The heat flux QI' and diffusion flux Jj are also expressed in terms of the energy-

•
momentum tensor as follows:

Q~ - U Tva A~i - - Il i Ua'

JI' = NI' - c,·N~1 l ,
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• where C, is th<, numbl'r fraction:

Ci = p;/ p.

It is more convenient ta use a new hl'llt flux ddlned by

Qt = Q~' - h;J!"

where hi is the enthalpy pel' particie of speci<'s i:

/ 1
-1

li =. . PiPi •

(4.1Sb)

(4.19a)

(4.19b)

Here ]Ji is the hydrodynllmic pressure of species i. Wc will give its statistical def-

inition 1-ter. Clearly, from tÎle definitions of heat flux and diffusion flux it can be

shawn the useful iclentities U"Qr = 0 and U"J!, = 0; consequently, U"Qt = o.
The total heat flux Q" is a summation of Qr

m

Q" = LQr·
i=!

However, owing ta the definition of JI' the diffusion fluxs are not ail independent

of each other since there holds the relation

m

LJ; =0.
i=l

The stress tensor Pt" is defined as

Pi'" - 1:::. l'Tf' T 1:::."
1 - rr 1 T' (4.20a)

•
In arder ta reveal its physlcal meaning we decompose Pt" into the traccless sym

metric part rr~'", the excess trace part 1:::.; and the hydrodynamic pressure Pi of

species i as follows:

(4.20b)
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• Tb, tracdess part is re1hted ta the viscous phenomena while the excess trace part is

i~'Sl)('iated \Vith the dilatatiou (or compression) of the gas. The hydrostatic pressure

is dditw,l iu t,'l'lUS of e,[uilibrium (or local e'luilibrium) energy-momentum tensor

T I'".e, .

Then, it is easy ta sec that

f:.i = ~f:.I"·Pt'" - Pi = ~f:.I,"Tr" - Pi,

II!'" = Pi'" - ~f:.aTT~T f:."".
1 1 3 1

The component stress tensors add up ta the total stress tcnsor:

(4.21a)

(4.21b)

(4.21c)

fil

III'" - "" ni'"- ~ loi'
i=l

fil

P = 2:Pi.
i=l

Decause of this decomposition for Pt", the energ~'-momentum tensor l'an be cast

into the form:

(4.22)

In the proceeding discussions the statistical meaning of hydrodynamic vari

ables has been presented. However, the hydrodynamic description must satisfy the

thermodynamic laws, particularly, the second law of thermodynamics. In order to

fonnulate irreversible thermodynamics for a relativistic system it is necessary to

intl'Oduce the entropy four-f1ow in a covariant form

fil m

S~(x) = L Sr = -kB L(pfl1nfi(x,Pi) -l)fi(x,p;)}.
i=l i=l

(4.23)

•
With the four-vector S~ and hydrodynamic velocity U~ we can introduce the scalar

entropy S(x) or the scalar entropy pel' particle S as follows:

(4.24)
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• This is the qllantity wC' arc gomg tu deal with in the theor~' of irreversiblc l'l'DeeSSes

that will be l'onstrlletl'd on tll<' basis of tIlt' eu\'ariant Boltzmalln equation,

4,3 Relativistic gcneralizcd h"<h'odynalllic cqnations

The particie number and ellcrg~'·mollll'ntnl\l cunservation laws arc easily de-

l'ivcd from the cuvtll'iant Boltzmann eqllatioll sinee these qnantities nrc the colli-

sionlll invariants of the Boltzmann collision integral. The covariant b!~lance cqua-

tions fol' the l'article number and cnergy-moml'nt'lm arc, rcspcctiveiy,

Ô "'1 - 0'1"" -

and

ôvT,lV = 0,

(4,25)

(4,26)

Various fluid dynamic equations l'an be obtained from these balance equations,

With the definitiuns of the operators

(4,27a)

(4,27b)

the covariant del'ivative l'an be decomposed into two components as below:

(4,27c)

•

The operator D will be called convective time derivative, which is analogous to the

nonrelativistic substantial time derivative, and '\lI' to the gradient operator,

By using the decomposition of ô" and various definitions such as hydrodynamic

density etc, given earlier, it is possible ta derive from the conservation laws (4,25)

and (4.26) the following balance equations of density, density fractions, momentum

and energy, Since the details are weil documented in [81 we list the rl'sults only:
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• E'/lwtiun uf cuntinnity:

Dp = -p'il"U".

Dt:n.ity fraction balance cq'llation: For :;ystems without a chemical reaction

Momcntum balance t:qllation:

(4.28)

(4.29)

whcrc
ln

pav = :L>~~it:.av +ni V
) = t:.t:.av +nav

i=!

and h is the cnthalpy per particle of the mixture:

m

h = 2:(<:; +PiPi l
) = <: +pp-I.

l=l

Energy balance equation:

(4.31a)

(4.31b)

(4.32)

•

These balance cquations contain macroscopic variables such as the stress tensor,

heat flux and diffusion fluxes, etc. which require their own evolution equations. We

can derive them from the covariant Boltzmann equation. First we introduce a tensor

"'lo)/,v... l defined as the average of its molecular expression pihlolilV...l with res?ect

to the distribution fundion [33]

(4.33)

where h\O)Pv ... l is the ath element of a set of molecular expressions of moments in

tenus of which the distribution function may be expanded. The leading moments
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• rdcvant to physical applications of th,' lill'ory <\t>vl'1opl'c1 h,'rl' are:

hll!l'v 0= c!(U\J)·\)-I(è.I'è. V _!è. è>/W)pUpT
1 • 1 (J T 3 (JT 1 l'

J (2) _ ! 2([1 À)-I.\ l' v ./
li - 3 C .\1', ""'l'vI'; l', - l', p"

h~3lJ' = -c2(UÀl'r)-1{è>~pil'iUv - ,,;11;[1':' - c-2(U.\prJU 1']},

etc.

where

(4.3·1" )

(4.34b)

(4.34c)

(4.34d)

(4.34e)

These moments tend to the nonrelativistic moments appearing in the nonrelativistic

kinetic theOl'~' [20] in the limit of u/c --> O. They are constructed by means of the

Schmidt orthogonalization method such that they give rise to physically relevant

variables when averaged.

The physical measurable quantities ep\")IW".lu, which are tensors of various

ranks, are the constraction of lf>\Q)pv".lu with Uu:

ep(Q)pv".1 _ -2U .1.(Q)I'V".lu
i - C t1'lf"i •

It is then easy to show that

(4.35)

ep(l)"v = il"v.
l , ,

.... (4)1' = J/'., etc
'" 1 1 •

•
Thus, we are treating lf>1

Q
)"v".lu as components of a "four-tensor" and macroscopic

moments ep\Q)"v".1 are their contractions with the hydrodynamic four-velocity in

the sense similar to the scalars such as the number density, entropy density, etc.

This way, they are put on equal conceptual footing with the conserved variables and
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• l'lItwpy <ll.'lIsity to whkh they are rclated, as will he shown later. The evolution

. f 1(ol/'v,,,/, . '1 1 . 1fi' B It t'cq\latloll or l'i Il' cast y (envcc rolll t le co\'anant 0 zn1ann equa Ion:

D ./ (nl/'v",/, _ ( 'D h(nl/lv"'/j.( .)} + \(n)~v ... /
alf'i - Pi q 1 1 X,]J. 1 i

where the dissipation tenu

m

A\<>l/IV"'/ = "L(h\<>l/IV .. .IC(fi,ji)}
j=1

(4.36)

(4.37)

is closcly rclated to the entropy production which we will discuss later. With the

definitiol\ of (~\<»IIV ... / as cI>j<>lIIV ...1 per partiele,

and by making use of (4.35), we obtain

D.i.(<»~V.. .1 _ Z(<»,lV .. .1 + \(<»~" .../
p ~i - i 1 i

where the kinetic term zi<»~v".1 is given by

Z~<»II"... / = ( ~a h\<»~""'/j'( .)} +a (t::.T.'.\<»~""'/")
1 P, ri 1 1 X, PI r ao/. .

(4.38)

(4.39)

(4.40)

•

This statistical mechanical formula can be worked out more explicitly for the leading

moments as follows:

+ (fipfpipl(pi U. )-1) "il"UT(t::.W" +u~ t::.ï))

+2t::.i["ilU](2)~" +n:'""il"U" - 2C-2[QiDU](2)I'"

- ~ (fipfpip\(Pl U. )-1 )t::./T(U~\'"U" +U""il"UI')

1(1, "T / >. 2(.U )-2),",'- (A~A" lA Al'")-:i iPi Pi PiPi C Pi' V,," >. '-"/ '-"T - :i'-"/T'-"

- c-2[(ptTU" +prTU~)DUT
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•

where

+(p, + ~,)(U" DU' + F' DF" )),

Z(2) = _ \' 0(2)" + ~rr''''[\'ul(2) -)' D/II(p 1,5/3)
1 Jl 1 3 1 I!V 1 1

,) ,)

+ ~~,Y',U" - Y',,(J!'Pi!p;) + ~c-2Q:'DU"

1(f U T 1 ,\ .2( TC' )-2)\, [' ~-:3 i}Ji Pi PiPi C Pi l, (1.\' rh

Z(3)" = - Y' .. I1(3)'" + IT'" DU - ())' .,. tl')DU" - J"Dh·
1 ... 1 1 II 1"" 1 1 1

Z {.jl" - n n{·1)", J,n U" ·DU" -2UPJ'DUi - - \' Il H i - i V 11 - PI - C i CI

[Y'UJ(2Jp , = ~(\1"U' + \1'U") - ~ë>"'\1TUTI

[4.. BJ{2lp, - ~(4,pu B' + 4.,uB") _ ~ AP'AuT B. - 2 • a· tr 3U. tTT 1

n~"l'",up _ .I.("l'",up _ 1i.~"l''''UNP
H, - 0/1 'i.'1 .

(4.410)

(4.41b)

(HIc)

(4.4Id)

•

We emphasize that the evolution equations (4.39) are coupied ta the momentum,

energy and concentration balance equations introduced earlier. As in the nonrela-

tivistic kinetic theOl'Y this set of equations is open and therefore must be suitably

closed by means of a closure relation. When the set is thus closed, it provides rela-

tivistic generalized hydrodynamic equations consisting of (4.28)-(4.30), (4.32) and

(4.39) with the number of moments limited ta a fini te value by the closure. The

flux evolution equation (4.39) can be ensily shawn ta tend ta the nonrelativistic

counterpart in the lilnit of c ..... 00. The manner in which the moments {~~")} are
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• defilll'd is sip;llificalltly ,Hm'rent from the one in the conventional moment method

[8, [,Oj and as a ('ons"qu"Il(," th('ir ('\'"lut ion equations arc significantly different.

4.4 The Ii theorelll, equilib.-iulll solution, telllperature and pressure

With the d"finitions of the entropy four-flow and the scalar entropy densily we

l'Iln derive the ('nlwllY balance equation from the relativistic Boltzmann equation.

The covariant fonu of the l'ntwpy balance e<[uation is given by

wh('re
m ni

a,",(x) = -ka 'L'IJln!i(x,pdC(fi,!i)).
i=1 j=1

(4.42)

(4.43)

By following the well known procedure [8] based on the symmetry properties of

the transition probability, it is easy to show that the entropy production u.n.(x) is

positive:

a.n,(x) ~ 0, (4.44)

with the equality applying only at equilibrium. This is the content of the H theorem.

It is a statistical mechanical representation of the second law of thermodynamics.

In terms of the scalar entropy density we will write the entropy balance equation in

a more useful form:

(4.45a)

•

where the entropy flux is given by

(4.45b)

Various balance equations and flux evolution equations previous1y introduced are

subject to the entropy balance equation in the sense that the entropy production
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• a Cil' (.r) must remain positi\'t, sa that th,· second la", of thennodynamics is satis-

Ikd. As it stands, the entrop)' balancl' equation proyides no clue as ta how this

requirement of the second la", is fulfilk·d. This point is usually ch,rifil'd b)' llsing an

approximate distribution funetion (e.g.• thl' Chapman-Enskog solutions), but sine<'

the thermodynamie laws must be satisfied rigorously. any conclusion drawn in that

respect on the basis of an approximate solution to the kinctic equation cannot be

relied on if the system is removed from equilibrium by lUl arbitrary degree. We

therefore must employ a rigorous approach. The modified moment mcthod [20J

meets this stringent constrnint. As a further preparation for this method, we now

consider the equilibrium solution to the covariant Boltzmann equation.

Owing to the H theorem, the equilibrium solution Jei to the covariant Boltz-

mann equation is uniquely determined. The result is the well known Jüttner func-

tion [8J

Jei = exp[- ,8(pf U~ - JLnl (4.46)

where JLT is the normalization factor which tums out to be the chemical potential,

and ,8 turns out to be proportional to the inverse temperature: /3 == II kBT. This

parameter ,8 is determined by comparing the thermodynamic entropy, pressure,

and internai energy with the statistical mechanical entropy, pressure, and internai

energy calculated with the equilibrium solution of the kinetic equation by fol\owing

the basic strategy of the Gibbs ensemble theory. Since the equilibriurn entropy

four-flow with Jei given as in (4.46) is

•

m

S: = kB,82)T~"U" +N':;I/3 - JL~N:i)'
i=l

we find the equilibrium scalar entrepy in the forOl

m

Se =kB,8[E + pl,8 - ~:::>TPi].
i=l
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• The th"n"ody"alllic ll'Illpl'I'llture TI is rldilled by

TI-
1 = (OSe/DE). (4.48)

Dy ll111killg Se ill (4.4ï) COl'l'C'spond to the thermodJ'Ulunic entropy, and other terms

in it tu the energ)', l'reSSlll'e and density, respectively, we arc able to find the pa

l'llllleter T: Tf = T. This identifies the physical significance of T. It is the absolute

telllpCl'Ilture and

(3 = 1/k'aTI = 1/kaT. (4.49)

Hcnceforth, TI and Tare interchangeably used. In faet, TI means T unless stated

otherwisc. Since the chc1l1ical potential is defined by

(4.50)

in ther1l10dynamics, the normalization factor /li is indeed the chemical potential.

The ideal gas equation of state is identified by

(4.51)

It must be remembered that this T is the temperature of the equilibrium system,

which will be occasionally denoted by Te, if necessary, to make distinction from the

nonequilibrium temperature.

The hydrodJ'namic pressure has been given by (4.21a) in terms of the equilib-

rium energy-momentum tensor which we will work out more explicitly:

•

rn m m

_" . _ 1 "A TI'" _ ~ "A (pl'")P - L., P, - 3 L., UI'" ei - 3 L., UI'" i Pi .
i=l i=l i=l

Substituting the equilibrium distribution function (4.46) into it, we find

m

P = L 47rm~c{3-2J(2(mi c2(3)exp({3/lD
i=l
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• where 1\2(=) is a modified D,'ssel funclion [.JS] of the second kind. The dcnsit~· p

may be similarly calculatl'd:

III

P = c-2U/,N~ = L 4;rIll;c./1-1 I\2 (III ic,J)cJ'P(,/111i).
;=1

(4.53)

This, together with (4.ti2b), implies t.he equation of statc (4.51). Thcreforc, the

thermoclynamicaUy defined pressme thl'Ough the e<[uation of state (4.51) is consis-

tent with the statisticalmechanical definition of p in (4.52a). The situation thus is

seen ta be the same as in the nonrelativistic kindic theory in that the kincticlùly

and the thermoclynamicaUy clefinecl pressl1l'e are iclcntical. However, this is not the

case for the internai energy.

In the nonrelativistic kinetic theOl'y the temperatme is clcfined such that the

following relation holds true between the internai energy and the temperature [18J

3
ê = -kaT.

2
(4.54)

The temperature clefined in this manner is caUed the kinetic temperature and co

incides with the thennodynamic temperature defined through the thermodynamic

relation

T- 1 = (aSe/aE). (4.55)

•

However, in the relativistic theory the situation is altered significant1y since if the

kinetic temperature is defined by (4.54), then il. does not agree with the thermo

dynamic temperature clefined by menns of (4.55). Neverthe1ess, (4.55) is consistent

with (4.51). One recovers the coincidence between (4.54) and (4.55) in the limit

of ule ..... 0, in which the term me2 is neglected; sel' ref. [8] for expression for ê.

However, il. would be preferable 1.0 have the thermodynamic temperature coincide

with the kinetic temperature in the relativistie kinetic theory as weU, since the ki

netie theory should he a molecular representation of thermodynamics underlying
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• I1l1lcrOSC0I'IC l'I'OC('SS('S, Hl're we ddlne the kinl'tic temperature for a system of par-

tid,,, with fiuite lIIasses snch that it pr('cisl'ly coincides with the thermodynamic

t('lIIj"'1'lllUrC Ils follows:

III

~pkuT, = L)2e2)-1 ((p:'piU".U,. - m~e4)f'i(x,Pi)).
- i=l

(4.56)

This defillition yiclds a coneet nonrcllltivistic limit, It is rooted basically in the

idca that thc tcmpcmture is a mensure of kinctic energy. Since the integrand in

(4.56) is scalar, that is, its valuc is indcpcndent of frame, it is convenient to choose

the localrest frame whcre U,. = (e, 0, 0, 0) to eva!uate the integra!. Then,

Jei = exp[-{3(ep? - /lDI (4.57)

where {3 = 1/kuT, with the subscript t l'Cstored to mean the thermodynamic tem-

perature. Thus, we find

(4.58a)

where

(4.58b)

With the transformations

•

(4.58a) may be put in the form

3 1 T. ~ ({.I e)? -3{.1-4 4! 2K ( )2Ph'U e = ~ exp l'/li _1re l' 222!Zj 2 Zj •

In view of the fact that the ehemiea! potentia! is given by
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•

•

it follo\\'s from (4.59) that

T, = T,

since the right-hand sicle of (4.59) is eqnal to 3pkIJT,j2. This Pl'OVl'S the coincidence

of the kinetic tClllpl'rature with the thel'luod~'nalllic tempcrntnre, if the kinetic

tempernture is dcfh1l'd as stated in (4.56). It must be noted that Eq. (4.56) is

another way of expressing Tohnan's equipartition theorelll [521. Thercfore, the

definition of temperuture by (4.56) is scen to be based on the equipartition law.

In other words, the rclntivistic kinetic tcmpernture may be defined by melms of

the equipartition theOl'em of Tolman, 'which eq'lLal/y hold~ for bath nOllre1ativi~tic

and l'e1ativistic theorics. This interpretation of the definitioll of kinetic tempernture

provides us \Vith a tmi'uersa/ way of dcfining temperat'lLre for bath nonre1ativi~tic and

re1ativistic thcories: the eq'lLipartition Law of Ta/man.

The local l'est frame version of the defillition (4.56) of kinetic temperature in

relativity \Vas suggested by tel' Haar and Wergeland [53], and it was later taken by

Menon and Agrawnl [54], but as pointed out by Landsberg [551, their definition is

preceded by Tolman [52]. On the otller hand, in the Chapman-Enskog theory [8] the

kinetic temperature is defined such that the equation of state in thermodynamics

and in kinetic theory coincide with each other. Therefore, there appear to be two

different modes of defining the temperature, but, in fact, they are identical at least

in the case of dilute gases. Since,

" "U U 2 4 2,," APi Pi ell. eIJ - 1ni C = C Pi Pi UIJ~

substitution of this relation into (4.56) yields

3 k T. 1 A T"a'2 P 'B • = '2""'al' •
3

= '2P
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•

•

which illlplies the "qllation of state. This result elaborates on what has been said

carii"r in cOllncction with the llIl1tching conditions used in the Chapman-Enskog

tl!l'ory.

4.5 Modifled moment method

With the cquilibrium distribution function uniquely determined by the H the

orelll lInd the purmneter therein identified with the thermodynamic temperature

lInd chcmical potcntilll, it is now possible to c1cvclop a methoc1 to determine the

nonc<luilibrium c1istribution function such that it is consistent with the H theorem.

In the nonrclativistic kinetic theOl'y the determination of a nonequilibrium distri

bution function is Illade possible b~' the moc1ifiec1 moment method [20]. Here we

extenc1 the saille Illcthod to solve the relativistic Boltzmann equation. This exten

sion allows us to cstablish rigorously the irrevcrsible thermodynamics for relativistic

systems [331. To begin with, the following consideration is helpful for aclopting a

general stratcgy.

Since the noncquilibrium distribution function must be reduced to the equilib

riulll distribution function as the system tends toward equilibrium, it is natura1 to

constl'llet the formel' basec1 on the latter. Therefore, we look for the nonequilibrium

distribution funetion in the form

whcre If = n({3"p"Uf) is the equilibrium distribution funetion already deter

mined and ~/i is the nonequilibrium correction. This correction term may be ex

pressed in a variety of ways corresponc1ing to different ways to solve the Boltzmann

equation. In order to have a operationa1 meaning for the parameters appearing

in the distribution function, the nonequilibrium distribution function will be de-
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• termined to slItisfy the mlltching conditions. Thc're exist thrcc different IIlf,(ching

conditions whit'h lire nsed in the literntllre:

Eckart 's malt'hing conditions [481:

p, = p, U!' = [l", E, = E;

Landau and Lifshitz's matching conditions [51J:

p, = p,

Stewart 's matching conditions [50]:

E,[I;' = EU" - Q";

p, = p, U"-U".- , E, - 3p, =E - 3p.

•

In nonre1ativistic kinctic theory the energy matching condition automaticnl1y

matches the nonequilibrium temperature to the equilibrium temperature appearing

in the distribution function. This matching condition in faet serves simultaneously

as the statistical mechanical definition of the nonequilibrium temperature. In the

matching conditions of the relativistic kinetic theory mentioned earlier we notice

that none of them can serve as the statistical mechanical defini tion of nonequilib

rium temperature since the internai energy is not equal to 3kBT/2 for a monatomic

gas if the particle is relativistic. Therefore, the kinetic theories using the aforemen-

tioned matching conditions do not unequivocal1y and mathematical1y identify the

nonequilibrium temperature appearing in the nonequilibrium distribution funetion.

We believe that it is not suflicient to simply cali the temperature in the equilibrium

solution of the kinetic equation local and dependent on space-time and then use

it in the nonequilibrium distribution function as is usual1y done in the literature

since then it is not statistical1y defined within the framework of the nonequilibrium

theory in hand.
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• Since we nccd to fix the statistical mcchanica! meaning of nonequilibrium tem-

pcmture for the nOllcqni!ibrinm distribution funclion of a relativistic gas, wc propose

for the nmtching conditions meeting the rcquirement we set for them in connection

with tempemture as follows:

:n lU

L(p:'Ji) = L(pfJci),
i=1 i=1

(4.60a)

(4.60b)

(4.60c)

•

ru m

L c-2 (p:'pi Ji)Uj.Uv = L c-2 (p:'pi J.i)U1' Uv ,
i=1 i=1
m m

L ~ (pl'pifi)b.j,v = L ~ (pfpi J'i)b.l'v. (4.60d)
i=1 i=1

Thc first two conditions arc the same as those in the matching conditions of Eckart

and Stewart and the third matches the internai energies. The last condition simul

taneously serves as the temperature matching condition. Notice that (4.60c) and

(4.60d) are the matching conditions for the projections of the energy-momentum

tensor onto two different directions. These conditions imply that fi is determined in

terms of p,Uj',and Tor p among other macroscopic variables, and that the nonequi-

librium part of li is such that

m

L(pl!?t!)i) = 0,
i=1
m

L(prUl'piUvfN)i) = 0,
i=1
m

L(prpi f? <pi)b.l'v = 0,
i=1

if fi is written as

fi = f?(l +<Pi).

It must be pointed out that in the Chapman-Enskog method of solution for the co

variant Boltzmann equation, condition (4.60d) is not explicitly imposed for the
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• nonequilibrium distribution function. In the present relativistic kinetic theor~'

(4.60d) defines the kinetic tempemtul'f.'. The relntivistic version of the general.

ized hydrodynllmic equntions remnins bnsiclllly unchnnged by the various matching

conditions presented in this work, nlthough sOllle det.ails of the genernlized hydrody·

namic equntions get modified to some extent because some macroscopic qUlUltitics

become modified depending on what wc mean by noncquilibrium tempernture.

Now, the nonequilibrium distribution function is matched with fei as describcd

and written in nn exponentinl form

fi = cxp[-{3(pfU,. + H~l) - Ili)]

where

H~l) = '" X!Ct) h~Ct)I..."~
1 ~ Il.1.11 ...1.

Q~l

== L x~Ct) 0 hl Ct)

Ct~1

and Ili is the normalization factor given by the formula

( (3) -1 ( -2.\U [{3( ~U +'" X(Ct) h(Ct)I'''"~)J}exp - jJ.i = Pi C Pi .\cxp - Pi ~ ~ i~"...1 i .
a~l

(4.61a)

(4.61b)

(4.61c)

•

The parameter (3 = l/kBT has the meaning as fixed by (4.60d) and elaborated

earlier. The tensors xi:~ ...1 are as yet u1ll1~termined functions of macroscopic vari

ables, but will be determined such that (4.61a) satisfies the kinetic equation and any

approximation to them does not violate the H theorem. Consequently, the resulting

formalism for irreversible l'rocesses l'l'mains consistent with the second law of ther·

modynamics. To construct such a formalism, we assume that xiCt
) are somehow

known and then proceed to construct the formalism. (In this sense the attitude

taken here is similar to that by the Gibbs ensemble theory where the partition

functioll is assumed to be known and with it thermodynamic functions and their

101



• rdntiollS arc sOllght aftc!".) I3y makillg sme that the entropy production l'l'mains

positive to the lIpproxilllatioll ta he macle in the futme to the unknown xi o
), the

l'ullsislelll')' uf li", [ol'Jnlliism with the second law of thermodynnmics is preserved.

For 0 = l the ullkllOWll is the second mnk tensor; for 0 = 2 it is a scalar; while for

0=3 and 4 the lI11kllo.vns lire vel'tors. The sum over 0 in (4.61b) in principle runs

over any number of tenus, but it must be such that Ji is normalizable. Only this

restriction is neeessary in formulating the theory since the distribution function is

explicitly used only to define macroscopic observable in the moment method, and

once that is donc, its role in the kinetic theOl'y is basically over except for the entropy

production for which the restriction just mentioned is sufficient. The exponential

fOrlu for fi will bl' calleel the nonequilihriulll canonical form.

Substitution of the nonequilibrium canonical form for fi into (4.43) for the

entropy production yiciels the formula

m

- T- 1 '" '" x(o) A(0)1.,,"1'
D'ent - L...J L...J iJ1.J, ...1 i

i=l Q;::1
m

= T-1L L Xia) <:> A\o)
i=l Q~l

(4.62)

•

for which the collisional invariants of the Boltzmann collision integral are exploited.

As in the case of its nonrelativistic version [20J, the entropy production in this

form suggests that energy dissipation arises owing ta the dissipative evolution of

nonconserved macroscopic variables q;\o)I'"".l. As it stands in (4.62), Uent is easily

seen ta relllain positive no matter what approximation is made to the unknown xio
),

thanks to the H theOl'em and the nonequilibrium canonical form for fi. Since it is not

possible ta determine xi") exacUy, the positivity of Uent is a very useful property to

have in formulating a thermodynamically consistent theory of irreversible processes.

This is made possible by the nonequilibrium canonical form for the distribution

function. The entropy balance equation (4.45a), as it stands, does not reveal how the
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• second law WOl'ks to COnfol'lll il'l'c\"l'rsiblc pmeCSSt'S to il. \Vith the nOllt''Juilibriulll

canonical forlll, thc situation is grt'at Il' illlprm't'd lI1ltl wc arc no\\' 11ble ta calculate

the entropy difkrt'ntialaccolllpanying i'Tt'\'ersible Pl'tlt't'SSt'S in a way consistent with

the second law.

On substitution of the noneC[uilibrimll canonical fOl'lll into the statistical lIle-

chanical formula (4.23) and the entropy flux (4.45b) and use of the dceomposition

(4.22) for Tr, wc obtain the entropy flux of four-veetor in the form

where

ru m

JP = T- 1 "'(QI! - Idl') +T- 1 '" '" X\"l n\"lv".<7p
, ~ 1 1. L-, L-, 111 .•• 11 1

i=l i=l Q~l

n\"lv".<7p = ,/.("lv...<7p _ 4>\"lv".<7 NP
1 If' 1 1

= _,I,\"lv".<7r A P
If 1 Ur'

(4.63a)

(4.63b)

Now, by subtituting (4.63a) and (4.63b) into the entropy balance equation (4.8)

and eliminating the dissipation term A~") and the divergences of Qf and Jr with

the help of the evolution equation for 4>\") and the balance equations, we obtain

DS in the form

•

m m

DS =T-1(De +pDv - L J.Ii Dc; +L L X~"l <:) DeWl
i=l i=l Q~l

- e-2QP DUp ) +N

where

N= Nd - Ne,
m

~d = (pT)-1 L(-IIfvV'vUp - 6.j6./'"V'vUp
i=l

m

Ne = p-l L L[8p ( ..:Wl <:) n\"lP) +X~"l <:) z~lj,
i=l Q~l

X~"l = X~"l fT; {li = J.I;fT; V = p-l; QI' =QP/p.
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• Herc IVe ddÎlw the COllll'<'llsation differcntial

ru nt

Dili = T- 1(D~ -\- l'D,. - L 1,;De; +L L xia) (0 D<Î>~a) - e-2Q!' DU!') (4.67)
j;::;1 i=l C\'~l

whieh ,liffcrs frolll the 11Olll'elativistic formula only by the appearanee of the velocity

derivative tenu that is 0(e-2 ) and thus vanishes in the nonrelativistic limit. It is

intcresting to sec that in relativistic theory the f1uid velocity appears explicitly as

n Gibbs variable in contrnst to the nonrc1ativistic theory.

Since the tel'ln l{ does not vanish when the system is away from equilibrium,

owing to the faet that the fluxes do not vanish in a nonequilibrium condition, the

entropy differential DS is not equal to the compensation differential D'iI! and hence

does not become a Pfaffian forll1 [57]. Eq. (4.64) presages the invalidity of the

extended Gibbs relation for DS unless ~ = 0 identically. To answer this question,

we examine l{ in detai1.

The nonequilibrium contribution ~ may be cast into a more transparent and

useful form. To this end, the following relations are useful. The nonequilibrium

canonicat fonu for li may be recast into the form

where

L .tf"') 8 h~") =D.Jti - kB/n(fi!m,
"~l

(4.68)

A --0
U}Joi = }Joi - }Joi , -0 OIT}Joi =}Joi •

•

By using the kinetic equation and formula (4.40), it is possible to show that

na m

L L .tia
) (0 zf") = L L[(fiPr8!'(X!") 8 h~")))

i=1 Cl'~l i=l Q~l

+8!,(D.~Xf"l 81/>f")V)]
m

- L L[(fiPf(8!'X!")) 8 h~"'))
i=1 "~1

+(8!,X!"l) 8 D.~1/>l"'lvl.
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• From the kinetic l'quation

III

"E. (f,P:'Ô,,lIl(f;/m) = 0
i;;;: 1

and, in view of (4,28) IInd the decom!,osition D" = c-2U" D + '\7", we gl't

(fipf(ô".x-Ic.») <:) h\a») +(ô~xlo» <:) ~~1/J~a)v

= (Ô,••\'Y» <:) ~,~a),. +~~(ô,.:<o» <:) v,io)v

= (c- 2U,.D + '\7" )Xio) <:)1/J~a)" - ('\7~xlo» <:)1/J!0)~

- -2U ,I.\a),. '" D ,,.\a)
- C It'+"l I..:J .'\.1

= <1>(0) '" DX\a)
1 I:.J l'

then there follow5 the relation

III

" -1 "'[ ,,~ô A - ... (a> "" D ",(a)]"c = fi L j, i ~t.J.P.i - "'i ~ "'\i
i=l
III III

= p-I 'L Jf'\7 ~b.ili - "E.['L <Ï1l a) <:) Dxia
) - ciDb.ili].

i=l i=l Q~l

(4.70)

(4.71)

(4.72)

The Gibbs-Duhem relation following from the statistica! mechanica! definition of

p.1 may be written in the form

•

III

'L ciD;li = eD(1jT) +vD(pjT).
i=l

With (4.72) for l'le and (4.73), l'l l'an he recast into a more transparent form

III

l'l = "E.('L 'W) <:) Dxia
) - CjDb.ili) +eD(1jT) +vD(pjT) - âL

i=l o~l

where

III

ÛL = _(pT)-1 'L(-IIfv'\7vU~+ b.j'\7~UI' +Qf'\7~lnT+ JjT'\7l'ili).
i=l
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• Note that this quantity is a ll1en.~Ul'e of energy dissipation due to irreversible pro-

Cl'SSl'S in the system. I3y defining the I30ltzmann fnnction .6

nt ru

l3 = S - T-I (e +pu - L CI/l; - L L <Î>~o) <:) xlo»)
i=l i=l n?:l

(4.76)

and combining (4.64) with (4.74), we finally obtain a differential equation for l3

which is equivalent to the entropy balance equation (4.45a):

Dl3 • -2T-IQ·'·DU~=-aL-C . (4.77)

This equation cliffcrs from the nonrelativistie analog [20] by the last term which

vilnishcs in the nonrc1ativistic limit. By using the the momentum balance equation,

we muy write (4.77) in the form

(4.78)

•

whcl'C

rn

=:d = - (pT)-1 L[-IIf"\?"U~ + !:>i\?~U~
i=1

+Qf(\?~lnT +h-1\?~p) +JiT \?~Pil

- T-1Q~[!:>~<7ô"pa" +c-2(!:>p"DQ" - Q~ \?vUV - QV\?vU~)l. (4.79)

The dissipation term =:d contains terms quadratic in fluxes such as Q~ and pav

which are one order higher than the terms in â L; they are relativistic effects.

The dissipation term =:d does not vanish if there is an irreversible process

present in the system, and consequently DB '# 0 except at equilibrium. This means

that DS is not an exact differential and not equal ta the compensation differential

D'V away from equilibrium. That is, the extended Gibbs relation for DS does not

e:z:i•• t if the system is away /rom equilibrium, in contradiction with the premise made

in the relativistic version of e:z:tended irreversible thermodynamics. This is a rigorouB
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• result hnsed on thl' covuriant Boltzmann e'luation and do,'s not requin' nn l'l'pli"it

solution for the unkno",ns .':iO) for its "alidity as long as the lutter l'xist. Tlll're

el'ists n differential form for the compensation function Wthat looks like nn el'tl'ndt'd

Gibbs relntion, ho"'l'ver. It mny he USl'd to construct n thermodynnmic theOl'y of

irreversible processes in n wn~' pnrullel to e'luilihrium thermodynnmics. The theory

will l'l'ovide various relntions between nonequilibrium tlwnuodYlllUnic quanti tics

that l'an be related to experimental obs<.'rvable5. In allY case, the prcsent l'l'suIt 011

DS l'ails for l'l'vision of the el'iting notions of none'luilibrium entropy and entl'Opy

fluxes and of the applications thereof ill <.'xtended irrcversible thcnnodynamics [21J,

including its relativistic version.

4.6 Cumulant expansion for the dissipation terms AIn)

The dissipation ternIS AIn) defined in (4.37) must be ca1culated in tenns of

macroscopic variables before the evolution equations for <I>\n) are solved for specific

flow problems. Since A\n) are intimately related to the entropy production and the

latter must l'l'main positive regardless of the approximation made to AIn) 1 it is best

to calculate the dissipation terms through the entropy production that is manifestly

positive. As in the nonrelativistic kinetic theory, the aim is nicely achieved if a

cumulant expansion is employed.

To this end, we first write the distribution function in the form

•

Ii = If exp( -Wj)

where J? is the local Jüttner (equilibrium distribution) function

If = exp[-,8(pfUI' - JLi)],

exp( -,8JLD = pi! (c- 2prU"exp( -,8pf UI')) ,

Wi = ,8(H~!) - D.JLi).
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• Wc also define the abbrcviation

and the following reduced variables

71'~ = cp'.'{31 .,

•+ •Yij = Wi Wj' (4.82)

(4.83)

The distribution function may he scaled with the factor pf(mkBT)3/2 where m is

the mean l'est mass of the mixture; that is,

(4.84)

Therefore, if is dimensionless. The transition rate Wij is scaled by >.2 fmkBT where

>. is a parameter with the dimension of length. We may take >. to be the mean free

path or the intel'action range or the size parameter. Thus, we write

(4.85)

50 that Wij is dimensionless. It is then convenient to define the parameter

(4.86)

which has a dimension of volume x time. If tbis parameter is muitiplied ta the

collision integral for the entropy production, it is rendered dimensionless as follows:

(4.87)

where the dimensionless reduced entropy production Ûcnt(x) is given by the integral

• where

1 m m

â.",(x) = 4L L ~ (Xij - Yij )[exp( -Yij) - exp(-Xij)] ~
i=1 j=1

// "'- G Jd3- d3- d3-*d3-*fi'Ofi'OT:iT~ ••• A'= ij 'Tri 'Trj 1t'j 'Trj i j rYij'" 1
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• ru ni

e(+>c::) = L L « (.Tij - Yij ) [C.l'p( -eYij) - 1] »,
i=l ;=1
Hl na

eH(e) = LL« (Xij - Yij)[e.I')l(-e;l'ij) -1] »,
i=1 j=1

the reduced entropy production may be written as

(4.9Da)

(4.9Db)

(4.91)

Now, the factors e(±)(e) are in exactly the same form as the factors appearing in the

nonrelativistic version of the moc1ified moment method for the entropy production.

We can, therefore, apply the same cumul!ult expansion methocl as for the nonrela-

tivistic version to obtain the cumulant expansion for Ô"nl(X). Since the method is

weil documentecl [56], we will simply list the result. Let

1 m m

" =« 4L L(Xij - Yid »1/2,
Î=l ;=1

1 m m

"2 =« 4L L(Xij - Yij ?(Xij +Yij) »,
i=1 j=1

1 m m

"3 =« 4L L(Xij - Yij ?(x~j +XijYij + Y~j) », etc.
Î=l ;=1

(4.92a)

(4.92b)

(4.92c)

Then, we find to the first orcier cumulant approximation the recluced entropy pro

duction has the form

<7'nl(X) = Ksinh" 2: D. (4.93)

It is easy to see that <7,nt(x) is always positive and therefore the second law of

thermodynamics is satisfied completely. The higher order cumulant approximations

can also he ohtained in a similar procedure. First, let us observe that K may he

•
expressed in the quadratic form

K=
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• w"ere R~;1) are the collision bracket illtegrals appearing in the Chapman-Enskog

Il,,,tlwd. To writ.e t"em explicitly, wc define the brackets as follows:

Then, the cullision bmcket integrals are:

R(?1) =~(32[(h(CI) + h(~) - h(CI)' - h(~)')(hh) + h(;r) - hh)' - h~;r)')l,""
Il 4 1 1 1 1 1 1 • •

+ ~(32 L[(/I\CI) - h~~)')(h~"') - h~"')')lij, (4.95a)
- jT!i

R~j1) =(32 L[(h~") - h~CI)')(hI1) - h~"')')lij, (i i: j). (4.95b)
jT!i

These integrals satisfy the Onsager reciprocal relations. We remark that ,,2 is

intimately related to the Rayleigh-Onsager dissipation function which is quadratic

in fluxes.

By using (4.94) in (4.93) and comparing the latter with (4.62), we find the

dissipation terms to the first order cumulant approximation:

m

AICI) = ((3g)-1 L L R\j"') 8 X~"')(sinh,,/,,).
j=l ..,~l

(4.96)

•

This fOl'm of dissipation terms is completely consistent with the second law of ther-

modynamics inasmuch as the entropy production in (4.93) is positive. Higher order

forms A~CI) can be similarly found from the higher cumulant approximations for

4.7 Determination of the unknowns xfCl)

With variOllS thermodynamically consistent macroscopic evolution equations

and the entropy balance equation in place in the theory, there now remains the

task of determining the unknowns X}CI) appearing in the nonequilibrium canonical

form of the distribution function. They can be determined in a manner completely
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• parallel to thc casc of thc nonrclntivistic thcory. NC\'crthc1css, since thc cquations

involved arc differcnt. it is nccessnQ' to f'lnbomte on the mcthod.

Binee thc distribution function cnn bc l'xpalldcd into momf'llts as in the con-

ventional moment mcthod, we may write

li = If(l +L A\O) 8 hlo »)
o~l

(4.97)

where the coefficients A\o) are functions of macroscopic variables such as tempera-

ture, fluxes, etc. as will be shown presently. It must be noted that the construction

of an irreversible thennodynamie theory with the fonu (4.97), particularly when

the system is away from equilibrium, is not appropriate sinee the entropy produc-

tion ean not be positive beyond th,,;inear order. However, the moment expansion

for the nonequilibrium distribution funetion is mathematieally acceptable. On the

other hand, the nonequilibrium canonieal form and the moment expansion share

the same set of moments. This means that we ean ealculate the unknowns xio
) in

the nonequilibrium ennonieal form with the help of the moment expansion (4.97).

By equating (4.6la) and (4.97) and taking logarithm, we obtain the equation

k'B1(t.rti - Lxi"') 8 h\"'l) = In(l +L A\'Y) 8 h\'Y»).
a~1 'Y~1

(4.98)

Bince the moments hlo) are ehosen sueh that they are orthogonal in the following

sense

(4.99)

•

where h\"') are deflned by

(4.100)

A\a) are given in terms of fluxes as follow5:

~\al/, ....l = (Jf Wll'· ...l(l +L A\'Y) 8 h\'YJ))
'1>1
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• = A~") 0 LU?WJ,·v...lh\'))
,>1

= .4~") 0 U? W),·v .. 1h\"»). (4.101)

Note that the fluxes on the left-hand side arc determined from the flux evolution

equations. The qunntity in the angular braekets in (4.101) is a function of temper

atul'C only. Therefore, the coefficients .4\") are directly proportiona! to cI>\a)l'v...l.

In fact, it is possible to write

A(J)l'v = ~cI>\I)"v/(f?h\l) . h\ll)
1 5 • • 1 • • )

4\2) = cI>(2)/(!Oh\2l h(2»)
~ • 1 1. l ,

4\3)1' = ~cI>\3)"/(f?h\3) • h\3l)
~ 1 3 1 •• .,

A(4)" = ~ ...(4)1'/(fOh-\4l . h\4») t
1 3 "'j!1 1 1 .' e c.

(4.102a)

(4.102b)

(4.102c)

(4.102d)

By applying the same procedure as for (4.101), we obtain from (4.98) the xfa) in

terms of A\'):

which implies that

(4.103)

where A\a) are given by (4.102a)-(4.102d). It is eonvenient to write the results in

the form

(4.104)

where yia
) can be easily identified from (4.102); their nonrelativistie limits are

Here êpj is the specifie heat pel' mass of species i at constant pressure. The results

given in (4.105) are already known in the nonrelativistie version of the modified•
Y(4) _ m'n'

i - 1" (4.105)
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(4.106)

• moment method [20]. This means that the prl'sellt modified moment mcthod for

covariant Boltzmann equation contains the nOlll'e!ativistic countcrpnrt Ils a limiting

case. On other hane!, the coincidence \Vith the well-knowll results at the noure!-

ativistic limit se1'\'es as a justification fol' the extension of the modified moment

method for the relativistic Boltzmann equation.

4.8 Transport coefficicnts

In ordcr to evaluate the transport cocfficients of relativistic gllSes in tenus of

dynamical quantities such as c1iffercntial cross sections, \vc first linenrize the flux

evolution equations (4.39) as follo\Vs:

m

D....(O)JlV ... / _ (0)/," ... / (~)-I (0)"" R-(o~)~"...10 ...h)
P "'i -Xi - l'y Yi L..JL..J ij • "'j

j=1 ~~I

where X\o)~" ... l are the linear parts of the kinematic terms zfo)~".. .rj they are related

to the thermodynamic driving forces by the relations:

XP)~" = 2p;['VUJ(2)~"j X\2) = -PiDlnv5/3j

X\3)~ = Pic2('V~lnT _ k~T 'V~lnp)j

and

(4.107)

(4.108)

(4.109)

•

is the collision bracket integrals.

For system in a steady state, the linearized flux evolution equations (4.106) can

he reduced to the constitutive equations

m
(o)~" ... l (~)-I (0)"" R-(0~)~""'/0 ...h) - 0Xi - l'Y Yi L..J L..J ij • "'j - .

j=I~~1

This is a set of coupied linear equations. Since the system is isotropie we can expand

the various rank tensors R\j)~""'/ in terms of isotropie tensors, for instance,

(4.110)
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• thcll,

Similarly,

'R(ll) = ~R(n)ll"kl[~(èl."kèl."1 + èl.'''èl."k) _ ~èl.~"èl.kIJ
1) 5 1) 2 3

_ 1 (.)2 ( (1) (1»)-1 "'[(h(1) h(I)'). (1 (1) h(I).)]"- 101-' Y; Yj ~ i - j . li - j 1)"

j#i

(4.111)

nl!l) =~(32(yP»)-2{~X

[( h(l) +h\,1) - h\I)' - h(,I)') : (h\l) +he:) - h~l)' - h\:)')]ii'
1 1 1 1 1 1 • •

+ ~ L[(h\l) - h\l),): (h\1) - hP)')]ij}. (4.111')
- j"i

Here the l'rime on the subscript i means another partic1es of species i. Since q,~I)

is a tmccless symmetric tensor, we find

(4.112)

When 0: = 2, R\J2) is a scalar, therefore

•

where

nW) = (32(yI2)g~2»)-I~ L[(hI2) - h~2)'). (h\2) - h~2)')]ij.
- #i

In case of 0: = 3, the tensor RU3
)!'" is decomposable as follows:

where

n\j3) = ~,82(g~3)g~3»)-1 ~ L[(h\3) - h~3)'). (h\3) - h~3)')]ij.
j'l'i
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• Thel'efol'e, we finlllly obtain

\Vith the help of thesc Pl'opcl'ties, we cnn wl'ite (4.109) in the forlll:

m

X\I)/'V - (l9g)-lg~l) Ln\J1)<I»l)PV = O.
j=1

III

X\3)" - ({3g)-1 g)3) L nW)<I»3)P = O.
j=1

(4.11ï)

(4.118a)

(4.118b)

(4.118c)

On solving these equations fol' the fluxes, we obtnin the linenr constitutive equations

from which the transport coefficients may be determined:

m

<1>P)pv = (3g L(n(lI)-l)ijX)I)"V /g}ll,
j=1

m

<1>\2) = (3g L(n(22)-l )ijX)2) / g)2).
j=1

m

<1>\3)P = (3g L(n(33)-1 )ijX)3)P /g}3).
j=1

(4.119a)

(4.119b)

(4.119c)

Comparing (4.119) with the linear phenomenological constitutive equations. such

as, the Newtonian law of viscosity and the Fourier law of heat conduction, we obtain

the shear viscousity, bulk viscousity, and heat conductivity in terms of the collision

bracket integrals as follows:

shear viscosity:

• b1Llk viscosity:

m m

TI = LL{3g(Pi/9)ll)(n(lI)-l)ij,
i=1 j=1

m m
( = L L {3g(5pj/3g}2»(n(22l-1 )ij,

i=1 j=!
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• thC1'1Itai condtletivity:

lU 111

,\ = LL!3g(PjC2 /g}3))(R.(33)-I)ij.
i=1 j=1

(4.120c)

•

Once the diffcrcntiul cross sections fol' purticulur systems of relativistic gases are

givcn, we ure uble to compute ull these transport coefficients by using the formulas

(4.120).

4.9 Discussion and conclusion

Wc have applied the modified moment method for the covariant Boltzmann

equation for 11. relativistic monatomic gns mixture. The method affords us a rig

orous conclusion concerning the entropy differential when the system is away from

equilibrium; it is not an exact differential since ~, or equivalently 3d, is not equal

to zero if there exist•• a nonequilibrium process in the system. This means that

the extended Gibbs relation fOl'ming the basis of the extended irreversible thermo-

dynamics (EIT) does not hold valid at least from the viewpoint of the covariant

Boltzmann equation. However, there is the compensation differential that looks

like the extended Gibbs relation used in EIT, but this means a revision of the ex-

isting EIT formalism and its logical structure. The entropy balance equation is

put into another equivalent form in terms of the Boltzmann function B introduced

as a Legendre transformation of the entropy density. However, the differentiation

of B is not an exact differential, since 3d is not even a differential form in the

noneqllilibrium Gibbs space. As a matter of fact, this Boltzmann fllnction B is

dependent on the initial condition and the history of the process involved, namely,

B is path-dependent. This means that dS is not integrable, therefore, not an exact

differential, and the extended Gibbs relation simply does not exist. As mentioned

earlier, the non-vanishing B for irreversible processes has some significant conse-

qllences for irreversible thermodynamics and, in particular, for the EIT formalism.
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•

•

The most imnll'diate and oO"io\1s ronseqlll'nCe is thl' faet that the <'xtcnded Gibbs

rc1ation for dS cannot bl' taken for grantl'd and tlll' notion and roll' of l'ntmpy

density for none<[\1ilihri\1m s~'stem sho\1ld he basically re"ised [33, 5iJ. In fllct,

for nonequilibrium s~'skms the entropy dl'nsity itsL'1f is 1\ 'lul\ntity depending on

the path taken in the nonequilihrium thermodynllmÎc phnse spllce (nonequilibrium

Gibbs space) by the system when it mllkes transition from astate to anothcr in the

space. Therefore, the notion of equiliorium entropy, which is astate function (I\n

exact differential), does not apply to the nonequilibrium entropy if it is defined by

the statistical formula (4.23) or its scalar version.

In the case of the el'tended Gibbs relation for dS, if the processes I\fe in 1\

steady state sa that De, Dv, DCi, D<Ï>\") , I\nd DU/. are l'quai to ~ero then the

entropy does not change despite the fact that the system is in nonequilibrium.

Contrary to this situation, since as long as there aœ spatial gradients of vc1ocity,

temperature, concentrations, etc. sa that :::d # 0, the Boltzmann function changes

l'ven if the processes are steady, that is, DS does not vanish at the steady state.

Therefore, the entropy density evolves on a constant hypersurface:

(
.(,,)

'II é,V,l'i,OPj ,U~) = constant.

Figuratively speaking, it winds the surface which may be imagined to be a hy

percylinder in the nonequilibrium Gibbs space, owing to the steady production of

entropy since the entropy is produced l'ven at a steady state. This difference in the

behavior of entropy from the EIT, where the extended Gibbs relation is assumed,

makes the present theory suitable to deal with not only systems near equilibrium

but also those far away from equilibrium.

The present study also indicates that the compensation differential may be used

to investigate the thermodynamics of nonequilibrium systems in a way rather par-

aUel to equilibrium thermodynamics. Nevertheless, such a formalism still requires
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•

•

int,,!!;ration of tlie rdativistic gent'raliz<'ri hydl'Odynamic equations as an integral

plUt of tli" tll"ory. Sinre the latter arc not trivial to solve, there remains a great

deal of work to be donc on the subjed matter in the future. This formalism in

essence l'uts the stlltisticlll mecll11nics of nonequilibrium thermodynamics on the

pal' with the Gibbs ensemble theOl'y of equilibriulll statistical thermodynamics in

the sense that ail thermodynamic functions and evolution equations are expressed

in tenns of xi"), which must be ultimately obtained by solving the generalized

hydrodynnmics, just as ail equilibrium thermodynmnic functions and relations are

expressed in the Gibbs ensemble theOl'y in terms of a partition function which must

be computed fol' cach and ever~' system in the end.

Ali the mncroscopic evolution equntions are presented in such farms that they

consist of tenns which are easily identifiable with the correspallding terms in their

Ilonrelativistic versions and purely relativistic terms which vanish in the nonrela

tivistic limit. Thus, the relativistic corrections to the classical generalized hydro

dynnmic equations are clearly exposed and made easy ta obtain. Since the full rel

ativistic gencralized hydradynamic cquations are lUuch more camplicated ta solve

than their alrcady difficult nonrclativistic countcrpart, the first order relativistic

corrcctions to thc lattcr are ail ane can hope for in practice at present, and the

rclativistic gcneralized hydradYllamic cquations presented here shauld be useful for

such a study.
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Chapter 5

Coval'Îant kinetic theOl'y and ineversible

thermodynamics of l'adiat.ion and matter

The nonrelativistie kinetie thcnry of ilTcvl'rsihlc proeCSSl'S in a system of mdi

ation and matter prcsented in the l'Imptl'r 2 is gcncrnli~ed tn the re\ativistic case.

This generalization enables us ta remove the aw!nv!U'dne5s inherent ta the nomel

ativistic theory and provide kinetic thenry foundations for rclativistic il'l'cversible

thermodynamics fol' a system of rndiation and matter. The Boltzmann equations,

more precisely, a modified form of the Wang Chang- Uhlenbeck equations [58] have

been solved by nlCans of the modified moment method which seeks the solution of

the kinetic equations in a way consistent with the thermodynamic laws [34]. The

motivations ta have this covariant kinetic theory arc fol\owing. Relativity principle

requires that governing equations in theory must be Lorentz covariant. As men

tioned earlier, treating material particles as nonrelativistic particles and making

Doppler shift corrections for photon frequencies makes calculatic,Jl inconvenient. It

is also difficult ta make sure that the definitions of statistical formulas for macro

scopie variables and the evolution equations are correct limits of relativistic theory.

These features can be easily removed if a covariant theory is formulated. Secondly,

there are sorne problems, especially in the studJ' of the carly epoch of the universe,

where a relativistic formalism is required since particles move al. high speeds and

interact with radiation. It will be shawn that the present covariant kineLic the

ory recovers al\ the nonrelativistic evolution equations in correct forms with l'l'Opcr

relativistic connections and thus verifies the previous nonrelativistic formulation

[17J .

First, covariant Boltzmann equations are briefly presented for a system consist

ing of photons and material particles with internai degrees of freedom. The material
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•

gll:-i 1I101c.'cules ('IIU 1I1Hkt· tnlllsitiollS bt_'l\\'ct'11 varions internaI states in interaction

witb pbotons hy aliSorbing, ('lllitting, or scatt"ring tbe latter. These dynamical

proe('s,,'s at tll<' parlinI!atl' level are deseribed hy the Boltzmann collision terms in

tbe co\'ariant Boltzmann "lI\lations. Consequently, the generalized hydrodynamic

eq\ll\tions arc dcri\'cd from the covariant kinetic equations for radiation and matter

which are fully consistent with the thermodynamic laws at any degree of removal

from equilibrimn.

The consistt'llcy between the relativislic Boltzmann distribution and the Planck

distribution function has been n point of l'ontrovers)' in the past [59,60], and present

covariant kinetic tlwory lllakes it possible to examine il. We show that both distri

bution functions arc consistent with each other within the framework of relativity

and their mutual l'onsistency is intimately related to the H theorem and therefore

c1eeply rooted in the secondlaw of thermodynnmics, In this connection it is inter

esting to recall that the original del"Ï\'ation by Planck of the radiation distribution

function itself was based on thermodynnmics [1].

5.1 Covariant Boltzmann equation5 for radiation and matter

We assume that the system consists of a gas with internai degrees of free

dom (e,g" atoms 01' diatomic molecules, etc.) which interact with a radiation field

(photons) that is not necessarily in equilibrium. The internai quantum states of

the matel"Ïal partic1es will be denoted by i and the partic1es in different internai

quantum states will be regarded as different species. Therefore, the materia! gas

is considered as a mixture of partieles with different "colors" distinguished by the

value of i. For example, if the partiele species is the hydrogen atom, then the index i

represents the Is, 2p,· . . , states suitably arranged. The mass of the partiele species

i will be denoted by mi and its momentum by Pi, the kinetic energy by cp~ with c

denoting the speed of light.
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• It is th~n c01l\'eni~nt to introduce the four-lllOllll'ntulll of Spl'cÏl's i

_ " (0 )P, = Pi = P" Pi

wlwrc

(5.1 )

(5.2)

This formula looks like the one holding for a structureless l'articles, but diffcrent

masses mi arc assigned to the l'articles in difrerl'nt internai states. The point l'an

be illustrated in a fol\owing way. According to rl'lativistic quantum lllechanics, the

Dirac equation for the hydrogen atom gives the ('llCrgy cigenvalues [61J depending

on the two quantum numbers Il and J

(5.3a)

where

(5.3b)

0< is the fine structure constant: 0< = e2 /hc ~ 1/137, Z. is the electron number

in atom and m. is the l'est mass of the electron. If we set EnJ = mic2 where i

stands for the set (n, J), (5.3a) suggests that the mass of the excited l'articles is

not same as the l'est mass of the ground-state l'articles. Therefore, mi contains the

information on the internai state of the l'article. It is easy to show by expansion

that approximately

(5.4)

•

where Ei is the energy eigenvalue: Ei = -Z;0<2 /2i2 • The time component p? in

the four-momentum in (5.1) is understood in the sense of (5.4) or its precursor

(5.3a) and will be used accordingly in the calculations made in connection with the

two-body dynamics in this work. The singlet distribution function of species i will

be denoted by fi(:X,Pi), the italic subscript r being reserved for radiation.
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• Wt· l'OHsid,,!' the folloll'ing microscopic collision l'rocesses:

i +j r= i' +j' (Ml)

i+jr=k+/ (M2)

i + 'IW r= i' + 'IW' (M3)

i + hw r= j + hw' (M4)

where i,j, k and 1stand for the species and the asterisk denotes the post-collision

qllllntity. Therefore, for example. w' means the frequency of radiation after col-

lision. Let sllbsc!'il't a stllnd for species of particles including photons which will

be dcsignated the ri h species. We assume that the singlet distribution function

!a(;I',l'a) for species Cl obeys the covariant Boltzmann eqùation

r

p~a"!a(x.Pa) = L !RbaUa fb] == !RaUal
b=i

where

(5.5)

•

r

!RaUal = L[C(fafb) +L L Cr(fa fblf; In]· (5.6)
b_i k 1

Here the subscript bruns over al! species including material particles and photons.

The Boltzmllnn collision integrals C(fafb) and Cr(fa fb JfU,") are given by

C(fafb) =GaJd3p:d3Pbd3pbW(')(PaPblp:pnx

[f:f;(1 + fafa)(l + fbfb) - fafb(l + faf:)(l + fbfbl]

+ 2:2: Ga Jd3pkd3pid3pbw(n) (PaPbIPkpi)
k 1

- UUt(l + fafa)(l + fbfb) - fafb(l + fk/k)(l + fI/nI. (5.7)

and

Cr(fafblfW) = Gr Jd3Pkd3pid3pbw(r)(PaPbIPkpi) X

UUt(l + fafa)(l + fbfb) - fa!b(l + fkfk)(l + flInI. (5.8)
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• Here (Pp: = (pp,,/!,?, etc. and G" and G,. stand fol' the statistica! wcights fol' the

material partic1('s and photons. TIl(' lV<c), w(n) and IF(r) stand fol' the transition

probabiliti('s fol' clastic, indastic and "l'('arti"e" collisions. The trnnsition proba

bilities fol' photon-photon interactions lV(')(]JrPrlp;p;) =0, w(n)(PrPrlp;p;) =0,

and w(r)(PrPr[P;P;.) =a sinee the photons do not interaet with eaeh other. These

transition probabilities can be ealculated from the quantum meehanies for a given

dynamie meehanism. Therefore, wc assume that they arc known. Writillg the ki

netie equations for material particles and photons as in (5.5), wc have put both the

material gas and photon gas on the equal footing and thereby eonsider the system

of photons and matcrial gas as a (\ilute gas mixture. We close this section by adding

that the transition probabilities have the following sYlllllletry properties

These relations originate from the microscopie reversibility and are crucial for prov

ing the H theorem.

5.2 Entropy, the H theorem and equilibrium distribution funetion

In order to forlllulate irreversible thermodynamics, we must introduce the en

tropy four-flow for the system of radiation and matter by the formula

S/'(x) =Sf:,(x) +Sf(x),

SI~(x) = - kB L'(fj(x,pi)[lnf;(x, Pi) - l]pnj,

S~'(x) = - kB(Ur(X,Pr)lnfr(x,Pr)-

(5.l0a)

(5.lOb)

(5.lOc)

•
where Sf:,(x) and S~(x) are the entropy four-flow of matter and radiation, reapec

tively, and the angular braekets abbreviate the integration over momentum apace:

(A,,(x,p.»). = G.c rd3p.A.(x,p.), (a = i,r).
J
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• The subscript Il or r to the lIngular brnckets indicates the partic1e involved, but

they will be omi ttcd whcnever no confusion arises because of the omission.

ily applying the well·kllown procedure in the Boltzmann kinetic equation, we

obtllin the Imbl1lce ("lulltion for the entrapy four-flow

where

r

<7,"t(:r) = -ka L({lnfa(x,Pa) -ln[l +Eafa(x,Pa)]}!Ra[J.]).
<I=i

(5.11)

(5.12)

Il is easy ta show that the entrapy production is positive semidefinite and equai ta

zel'O, only if the system is at equilibrium:

1 r r

D'ellt(x) = '4kB L L(lnU:fW +Eafa)(l +Ebfb)/
a=i b=i

fafb(l +Eaf:)(l +Ebf;)}!Rab)

~ O. (5.13)

This is the H theorem. The equality holds at equilibrium reached in long time.

Owing ta the H theorem, the equilibrium distribution functions of materiai

partic1es and photons can be uniquely determined by the fol1owing relations:

(a,i # r),

(a # r),

(5.14a)

(5.14b)

where f;eq, etc. are the equilibrium distribution functions. By using the procedure

taken for constl'Ucting the equilibrium solution of the Boltzmann equation, it is

•
found that

fieq = exp[-,8.(prUv _ pD)I,

exp( _,8.pD) = p-I L'(exp( -,8.pruv )),
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• whcre thc totalnumbcr of mlltcriai partidcs p, is givcn by

(5.16)

The pllrllmeter ,13, can bc shown to bc rdatcd to thc invcrsc of thc absolntc tcmpcr-

aturc T" if thc procedure of the Gibbs cnscmblc thCOl'Y dcscribcd in the chapter 2

is taken, that is,

(5.17)

In the nonrelativistic limit, fieq bccomes

whcre Z is the internai partition function givcn by

Z = L' exp( -f3eEj).

(5.1Ba)

(5.1Bb)

The equilibrium distribution function of radiation is casily shown to have thc form

(5.19)

if the photon number is variable [17J. Since !ieq and freq both are Lorentz scalars,

it is permissible to use the local l'est frame

By using the Stefan-Boltzmann law it is possible to show [B] that the parameter

f3e in (5.22) is given by (5.17). Therefore, the two distribution functions fieq and•

u. = (c, 0, 0, 0),

then the covariant forms of the distribution functions are reduced to

f;eq = eXP[-f3e(cp~ - /lD)),

freq = [exp(f3ehw) - It1
•

(5.20)

(5.21)

(5.22)
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• frrq share the sanw parameter {J" namely, the same temperature. Furthermore,

they arc lIlutually ('onsistent becausc their mutual consistency is demanded by the

H thcorem. It is int('rcsting to note that Einstein derived (5.22) from the equilib-

rillm condition belwecn radiation and material partieles in his famous paper of 1917

[31. The present appl'oach c1l1cidates the kinetic theory and dynamic bases which

arc absent in his theory. In the l'ecent past, Boyer [59] e1aimed that the Boltzmann

distribution fllnction for l'c1ativistic material pal'tieles and Planck distribution func-

tion are not consistl'l1t within the framework of quantum theory, and this has been

a point of controv('rsy [GO]. The derivation of (5.21) and (5.22) presented earlier

shows that they are completely consistent with each other. Moreover, it shows that

the Planck distribution law is deeply l'ooted in the H theorem and thus the second

law of thermodynamics. It also points out that it is not possible to think of a radi-

ation distribution funetion without taking into account the corresponding materia1

partiele distribution function and the interaction between radiation and matter.

We define the energy-momentum tensor of matter or radiation in equilibrium

by the statistica1 mechanical formula

T::q = (P~P~fa.q(x'Pa»)' (a = i, r). (5.23)

With the help of the projeetor defined by f1/l" = _g/l" +c-ZU/lU" the equilibrium

energy-momentum tensor can be decomposed into components as follows:

(5.24)

where the ellergy dellsity E~ is defined by

and the hydrostatic pressure P~ is given by•
(5.25a)

(5.25b)
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• Therefore, the total material internall'Iwrgy and total materiol pressure are given,

respectively, by thc formulas

o ",,' 0E", = L.,; Ei and o ",,' 0
P'" = L.,; Pi = p,kaT. (5.26)

Here the prime on the summation sign nlCRns the exclusion of photons. The hUit

equolity is easy ta show in the locol l'est frame [33]. The second cquation in (5.26)

is weil known l'l'suIt for gnses consisting of structurclcss pUIticles. It olso holds

for dilute gases consisting of particles with an intel'llal structure. By using the

definition of the projcctor 6.~" and the idcntity P~Pr'l = 0 for photons, we l'an show

from (5.25a) and (5.25b)

(5.27)

In fact, this relation is indeed verifiable by using the local l'est frame. We olso l'an

derive the Stefan-Boltzmann law,

(5.28)

where aSB is the Stefan-Boltzmann constant:

(5.29)

•

In connection with this, we l'l'cali that the parameter /3. in the radiation distribu-

tion function is determined such that the equilibrium radiation encrgy is given by

(5.28). The /3. so determined exactly coincides with the one given in (5.17). This

coincidence is a l'l'suit of the demand made by the H theorem that the material gas

and radiation be in equilibrium. Other thermodynamic quantities for radiation and

matter l'an be colculated with the equilibrium distribution functions determined.

5.3 Modifled moment method for the covariant Boltzmann equation
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• Sill('(' th" kill('tie "'lllatiolls in (5.5) arc not solvable in c1osed, analytieal form,

approximat" solutiolls lllUSt be sOllght after. In the modified moment method [20]

th" approximat" solutiolls arc cOllstructed sueh that they are consistent with the

secolld law of thermoclynamics. The relativistic extension of this method is pre-

s"llted in chapter 4. In this methocl the nonequilibrium distribution functions for

ll1aterial sJlecies arc expressed in lm exponential form

(5.30a)

whcre {3 is Il parameter that will be discussecl presently, Il is the normalization factor

dcfincd by

(5.30b)

(5.31)

•

ancl Hl 1
> is the nonequilibrium contribution to the distribution function which may

be written in n bilinear form

HP> =" X~,,) 0h\").
1 L.., 1 1

Q~l

Here, xl") arc as yet undetermined functions of macroscopic variables only, which

must be determined such that the second law of thermodynamics is satisfied, and

h\") arc the molecular expressions for macroscopic moments. They may be chosen

to be a set of orthogonal polynomials which are also orthogonal to the conserved

moments, namely, the density and the reversible part of the energy-momentum

tcnsor. The symbol 0 means taking an appropriate scalar product. The leading

tensor polynomials h\") suitably ordered are as follows:

hP)pV = c2(U>.p~)-I(~~~~ - ~~C7T~PV)prpr, (5.32a)

h\2) = ~c2(U>.p~)-1 ~/.vprpr - pdPi +(19- 1
- 1)(Ë - Ej), (5.32b)

h\3)/1 = _C2(U>.p~)-1 {~~prpruT +aihi[Pr - C2(U>.p~)-IUp]}, (5.32c)

(5.32d)

etc.
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• where Pi Rnd hi are the density and the enthnlpy of "l'olor" spel'ies i, respcl'tivcly,

and

(5.33a)

(5.33b)

with Ctr and Cinl denoting the translationn! and the internn! specific heat pel'

molecule at constant volume, respeetivc1y, and ai the same as the definition in the

previous chapter. In the case of gases without an internaI structure the last term

in h12
) vanishes and the monatomic gas usec\ pre\'iously is recoverec\ [33).

Various balance equations l'an be c\el'Ïvec\ from the kinetic equations and they

contain macroscopic variables such as the stress tensor, heat flux, etc. which re-

quire their own evolution equations. They l'an also be derived from the covariant

Boltzmann equation. To this end, we fil'st define a tensor 1/>la)/.....I" lU; the average

of its molecular expression pf hla)p....I:

.I.(a)p....'" = ( '! h(ajp...·'f.( .))
0/, PI' 1 x,p, (5.34)

where hla)p...., is the ath element of the orthogonal tensor polynomial set intro

duced earlier. We then introduce macroscopic moments cIJla
)p...., by taking con

traction of tPla)p....l" with U"

(5.35)

•
where p is the total density of material partic1es. By using the substantial time

derivative D defined by D = U·ô., we easily obtain from the kinetic equation the

evolution equation for the material flux ci>\g)/.....l:

(5.36)
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• wl",!'"

anù

Z (o)"v ..1 _ \.~I( 0a 1(<>l"v ... lj.( )) +",' a (A r.I.(o)"v ...lo)
ru - ~ PI a '1 l·r,PI L T L.J.ao/, '

A~,~),·v ...1= L' (l1~O),.v...llR,[fi(X,Pi)])'
i

(5.37)

(5.38)

The kinellllltic tel'lns Z!,~),,"· ..I al'C the same as those for nonradiative systems given

in the dUlpter 3 allll the dissipation tenus A\,~),,".. ·I will be given in a later section

where their appl'Ol'imations are discussed.

Let us denote by II~:r, ~m and Q~:, the traceless symmetric part of the stress

tensor, the el'cess trace part of the stl'CSS tensor, and the heat flux, respectively.

They can be intrc,duced in tenus of the encrgy-momcntum tensor. Since

1 /

T:,~" = L T{'" = L (pfpi!i(X,Pi))
i

(5.39a)

the afol'ementioned variables are projections of the energy-momentum tensor:

•

which means that

and

/
ppv _ '" pl'" _ ~PTor~v

m - LJ 1 - a m T'

Ùm = ~~"VP:'" - Pm,

II''" PP" 1 A T'TT Am = m - '3l-lar m l-lfllJ'

Qp - U Tva Apna - - Il na u C7 ,
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• namely, the tot a1 in temal elll'rgy of ma t l'rial gas. Here t he di tfnsion flux is ddined

by

J" - ,," .""i -':'j -C,J't'II1'

where

iVf.. = L' Nt' = L' (pUi(r,pil).
i i

Then, the leacling memhers of the mOlllellt set just defined are

(SAla)

(5.4lb)

<1>(3)" - Q'" etc.
fil - Hl' (5.42)

Here

(5.43)

It is important to note here that the second member of llloment set cI>~) in (5.42) is

different from the one corresponding to monatomic gases [33J since the latter does

not have the term arising from the intemal energy fluctuation, namely, [2(19- 1 

1)/3].6.E. Since the them'y for the matter part is already presented in the previous

l'hapter, here attention will be paid to the radiation part.

The nonequilibriulll radiation distribution function is sought after in a form

similar to the Planck distribution function. Thus, we take it in the form

(5.44)

•

Here the function Wr(p,.), as yet undetermined, will be sought artel' in such a way

that it is thermodynamically consistent as for the distribution function for matter

f;(X,pi). This function also must be dimensionless. Therefore, if we define the wave

vel'tor k r of radiation by Pr = ttk r = t1k rkr = (1Jw/c)k .. then the unit vector kr ia

dimensionless. It is possible to form Il dimensionleas variable if P~ ia multiplied by

l'fi:

q~ == p~cfi.
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• Thel'lofol'e, the 'pa('e cOlllponent of the dimension!ess four-vector q~ is given by

qr = (ili.,)k,.. Wc lloW look fol' IVr in tel'lns of q~. It is convenient to define

(5.46)

In view of the cqlli!ibrillml'lldiation (Planck) distribution function already obtained

and the exponential fOl'ln for fj(x,pi) in (5.30a), it is useful to write Wr(qr) in the

form

(5.47)

(5.48)

where /lr is the normalization factor and H~1) (qr) is the nonequilibrium part that

can be detel'lllined in a way analogous to the one taken for fi in (5.30a). That is,

H(l) = " X(6) 0 h(6)
r ~ r r

6~1

where h~6) arc orthogonal tensor polynomials of p~ which are also orthogonal to

the conserved moments fol' radiation, and X~6) are the functions of macroscopic

variables such as the radiation shear stress tensor, the excess trace part of the ra

diation stress tensor, radiation heat flux, etc. As mentioned before, (3H~l) can be

expressed as a dimcnsionless function of the reduced four-vector q~ and dimension-

less variables. The orthogonal tensor polynomials can be constructed by means of

the Schmidt orthogonalization method and can be expressible in terms of spherical

tensors of q~, the unit dimensionless Iour-vector. We show a few leading elements

of the set:

•

hO)/," - c2(U p>')-I(b,Pb," _ ~b, b,P")p"p'
r - .\. r a r 3 UT r r'

1(2) _ 1 .2(U >')-1 A P" /
tr - SC >'Pr up"PrPr - Pr p"

h~3)p = -c2(U>.p~)-I{b,~p~p~U" +arhr[P~ - c-2(U>.p~)UP]},

h~4)/' = c2(U>.p~)-1 [P~ - c-2(U>.p~)UPJ,

etc.

132

(5.49a)

(5.49b)
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• where P3(Z) is the Ll'gl'ndre polynomial of order 3 and Ur is ddined similarly to

(4.34e) that wc ha\"l' defined for the matter speL'ies. TIlt' higllt'r order tenus invol\'e

higher order Legendre polynomials. As is thl' l'ase for the Illattl'r parts of tIlt'

macrosropic Huxes. tIlt' l'Hlliation parts of thl' mal'l'osropic HUXl'S arc dl'flned by

t k· t t' f .1 (.)" .... /" 1 t' t' 1 .,. ba mg con rac Ion 0 ~'r \\' lose sta IS Ica expressIOn IS glvell y

(5.50)

then the fluxes arc given by

(5.51 )

Let us denote the radiation shear stress tensor, the excess trace part of the radiation

shear stress tensor, the heat flux, number flux, and fourth mOlllent correspollding

to (5.4ge), etc. by IT~·, 6" Q~, Jf, r~·/, etc., respectively, then their statisticai

definitions l'an be introdl1ced through the energy-momentum tensor of radiation

which may be decomposed as follows:

•

with the help of the projection operator, we obtain

ppv _ 6 PT"r 6v
r - CT r T

which means that

1 A ppv
6 r = 3'-1/'. r - Pr

IT pv - ppv _ ~6 T aT 6 PV
r - r 3 ur ~

and

Qp - U Tva A Pr - - Il r U(10
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• TIWJ'l~f~)l'e, we eau c';lsily identify,

(T.(I)"v = rI"v. ,,,(2) _ A. ",(3)" _ Q'" ",(4)" - J"'
il,. J' l '*'r - u", '*'r - r' '1' r - rI

,T.(5)"vl = l'"vl. te
"i' r r ' C • (5.53)

The c\'olution eqnations for <I>~6) l'an be deri"cd from the covariant Boltzmann

cqnation (5.5) by nsing the same method as for thc matter parts. They may be

written in the fonn

whcrc

Z(6)"v ...1 - (pU a h(6)"v ...lj (x P ))r -ra,. r,r,

(5.54)

(5.55)

(5.56)

•

The explicit forms for the kinematic terms Z~6)"v...1 are presented in Table 1. The

dissipation tenns A~6)"v...1 will be calcuhüed later when radiative transport pro-

cesses are examined.

In the case of radiation and matter, since the photons are put on the l'qua.!

footing as far as the kinetic processes are concerned and the whole system is con-

sidered as a mixtme of photons and material particles, it is reasonable t ·l··fine a

single temperature for the mixture. Note in this connection that the photons cannot

come to equilibrium on their own without a help from the materia.! gas. Therefore,

wc dcfine the temperature by the statistica.! mechanica.! formula

(5.57)

where 171 r = 0 in the case of photon species and

(5.58)
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• This definition of tl'll1jlCl'ature is baskally rooted in the equipartition law of l'nergy

by Tolman [52] and latl'r dis(,llssed by Landsberg [55] and by tl'r Hanr nnd Wergeland

[53]. The second term on the right-hnnd side in (5.5i) arises from the recognit.ion

that the photon IlInnber cknsity dejlends on tcmpel'llturc and t.hus is not. ('onsl'rved,

and writing the nonl'quilibrium photon number densit.y in sueh n form menns that

the temperntUl'e is dc~ermined such that '5.58) holds fol' nonequilibriulll. Eq. (5.5i)

cnn be recast into the form
r r

3p,kBT = I>~Jlv(p~l'~f.(x,p,,)) = L 6,lv T;". (5.59)
a=i a=i

•

The nonequilibrium cnnonieal forms (5.30n) and (5.44) involve pllIluneters

(3, p, Pn and p which have been defined statistically, but their operationnl meanings

as thermodynamic variables are not as yet fixed. In kinetic theory the nonequi-

librium distribution functions are sought arter in a form constructed on the busis

of the equilibrium distribution function. Since the system of interest is away from

equilibrium, it is preferable to endow the parameters such as (3" p"p., etc. in the

equilibrium di~tribution function the status of nonequilibrium parameters. This aim

can be achie':ed if the nonequilibrium paramelers «(3,p,p,é) defined statistically

with the nonequilibrium distribution fnnctions are matched with the equilibrium

parameters «(3., p., P., é.):

13. => (3, p. => l', p. => p, é => é.

where we have added thf: internai energy (é = &/1') matching condition although

the distribution functions do not depend on é. The reason is that the internai

energy and pressure are independent compon:mts of the energy-momentum tensor,

In this manner, the local equilibrium distribution functions are constructed with

the equilibrium distribution functions and at the same time the statistically defined

nonequilibrium quantities are :.>ndowed with the thermodynamic, operational mean

ings. Then, the equilibrium distribution functions are determined around the local
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• cquilihrium distribution functions 50 constructed. \Vhcn thcse matching conditions

lire expressed in tlwir statisticlll form, thcy arc as follows:

r r

Ni = LÜl.fa) = LÜJÜ2), (j = 1,2,3)

(5.60a)

(5.60b)
a a

r

t: == pô = L((l'~P~U"U" + Ealiar)fa)
a
r

= L((p~p~U"U" +Ealiar)f:),
a

r r

]J = ~ L 6.1'"(]J~p~f.) = ~ L Ll.1'"(p~p~f2)·
a a

(5.60c)

(5.60d)

•

Here ff is the local equilibrium distribution function defined by fieq where {3e, pe,

etc. are replaced by {3, p, etc. according to the matching conditions given eartier.

Othcr symbols are as follows: N" = N::, + N~, ê = êm + ên and P = pm +Pn

namely, the total number flux, total internai energy and total pressure, respectively.

The condition (5.60a) is for the material density only, since the photon density is

not conserved and thus should not be illcluded in the condition. In the nonrela-

tivistic theory the fourth condition (5.60d) is not required, but in the relativistic

kinetic theory it is necessary as discussed eartier. In view of the definition of the

temperature of the system in hand given in (5.57) and its equivalent (5.59), we see

that (5.60d) is also a matching condition for temperature. These matching condi

tions mean that the nonequilibrium part (fa - f2) of the distribution function is

orthogonal with the equilibrium part f2 with respect to the microscopie variables

appearing in the matching conditions. As is shown in the previous chapter in the

absence of radiation, these requirements are rigorously so.tisfied if the molecular

moments h~Q) are chosen such that they are not only orthogonal with each other

but also orthogonal with the conserved moments such as the mass, velocity and

rever'sible parts of the energy-momentum tensor.
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• By explicitly e\'aluating the sl'l'Ond e'lulllity in the mlltching condition (5.60d),

it is casy ta fine! the parameter p appC'aring in the nonequilibrium distribution

functions Ji and Jr given in (5.30a) and (5.4-1):

p = l/kIlT. (5.61)

The leading tensor polynomials in the sets {hl"l} and {h~6l}, chosen elll'lier for

the nonequilibrium parts of the distribution functions, can be shawn ta satisfy the

matching conditions in (5.60a-d), The assumption is that it is possible to choose

the sets in such a way as to satisfy (5.GOa-d).

In addition to the evolution e'luations for macroscopic moments <I>~") presented

eadier, the balance equations for the conserved variables can be derived from the

covariant Boltzmann equations (5.5). For the matter part,

Ô T"" - A" (5.G2a)&1 nt - ni'

ôN"=A(n) (5.62b)
&1 l .'

where

A::' = 2:' (pf!Rilfi]), (5.62c)

AIn) = (iRilfi]). (5.62d)

Since the total number of material partiele species is conserved,

L' A~n) = 2:' (iRdfd) = 0
i i

and thus

• where

N:;' = 2:' Ni-
i
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• In ordel' to express the hydrodynamic equatiuns in forms familial' in fluid dynamics

we take the Eckart definition [48] of four-vc1ucity of the fluid as was in the previous

chaptcr. Thus the four-vclocity of the fluid is dcfined by

N::' = pU".

The balance equations for the matter part are then given by the equations

Dp = -p"il"U",

D a J" A(n)P Ci = - &1 i + i ,

(5.64)

(5.65a)

(5.65b)

(5.66)

(5.67)

Here, Ci = pdp and hm = ôm +Pmp-I is the enthalpy of the material gas pel'

l'articles. The diffusion flux does not vanish provided that the molecules or atoms

in different internai states interaet according to different force laws. There occurs

a source term in the balance equations because of the "reactive" collision terms

between photons and materiai l'articles.

For the radiation part, with definition

Cr = pdp, (5.68)

the radiation balance equations can be obtained from the covariant Boltzmann

equation:

aN" - AIn) (5.69)Il r - r 1

a TI'" - AI' (5.70)Il r - r'

where

• A~n) = (~r[frJ), (5.7la)

A~ = (P~~r[frJ). (5.71b)
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• With the help of the relations

alld

WC obtain from the radiation balance (,'l'llItions prl'sc'nted abovc

D - â J" + \(11)P Cr - - Il r "r"

where

- -" /pCr - '"'r .

(5.72)

(5.73)

(5.74)

It is the radiation energy pel' muterial partiele. Wc huve not listed the radiation

momentum equation here, since it is related to the radiation heat flux evolution

equation which have been already inelnded in the flux evolution equations. In the

nonrelativistic Iimit of u/e -+ 0, this radiation energy balance equation reduces to

d
P-

1
ê r = -\1. Qr - P r : \lu - u· \1. P r + A~')

ct
(5.75)

•

where the last term is the radiation energy termi sel' Eq. (2.57) in the chapter 2.

It is easy to show that other balance eqnations presented here also l'l'duce to their

nonrelativistic connterparts [17].

5.4 Entl'opy diffel'ential and the Boltzmann function

The balance eqnations for conserved variables and the evolution equations for

fluxes (moments) for radiation and matter derived in the previous section constitute

the set of evolution eqnations for macroscopic variables of the system. However,

these equations mnst be subjected to the demands of the second law of thermody

namics so that the theOl'y based thereon becomes consistent with the second law. In

the modified moment method [20, 40] the theory is developed in a thermodynami-

cally consistent mannel' in the aforementioned sense. To implement this tenet, the
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• st<tlisticall'l'pl'esentatioll of the second law of thermodynamics, namely, the entropy

proc1uetioll, must }", used, To faeilitnte the diseussion, we define the scalar entropy

nlld the entropy flux by

J:(x) = S"(x) - S(x)U".

Then, with the definition of thc entropy density S by

S(x) = pS(x),

(5.76)

(5.77)

we obtnin, from thc balnncc cquation (5.11) for thc entropy four-flow, the entropy

balancc cquation

(5.78)

•

where the entropy production O'ent is defined by (5.12). We reiterate that it is pos

itivc scmidefinite. Thc modified momcnt method seeks inevitable approximations

for thc distribution functions such that the entropy production remains positive

semidefinite for the approximations taken. Since approximations to the distribu

tion functions entcr the thcory through the as-yet-undetermined quantities xicr)

appcaring in the noncCjuilibrium contributions HP) and H~I) in (5.31) and (5.48)

respectively, thcse unknowns must bc determined such that the second la.w is sat

isficd by thc approximatel)' determined unknowns. But, in practice, this second

law rCCjuircmcnt is cnsily met if the cntropy production is cast into a form that

remains positive selllidefinite regal'dless of a.pproximations for xicr). We will elabo

rate on this at n 1ll0l'e npproprinte point. For now it is sufficient to pursue a forma!

devcloplllent fol' the sake of generality.

The entropy production can be formally computed if the nonequilibrium canon

ical distribution function (5.30n) and the form (5.44) are substituted into the statis

ticnl expression for 0'ent (5.12) and the definitions of dissipation terms are used alang

140



• with the collisionnl invnrinnce of con8('r\"<'<1 (junntities. The cntmpy produdion is

thereby found to be in the form

r r

a, .. , = T- 1 L L X,\o) '-" A~,O) - T- 1 L IlaA~")

a=io~l a=i

(5.ï9a)

where we have used the energy-momentum conservation law for the whole system

of matter and rndintion

(5.ï9b)

The entropy flux l'an be cnlculated with the sm11e forms of matter nnd rndiation

distribution functions as for the entropy production. The entropy flux consists of

the matter and rndiatioll parts:

•

The matter part is easily calculatecl:

= T- 1 L'(Qi - J.LiJrl +T- 1 L' L X~"') 0 n\"')v
"'~l

where

The radiation part of the entropy flux is clefined by

J:r(X) = S~(x) - Sr(x)Uv

which l'an be cast into the statistical mechanical form

J:r(a') =kB([P~ - c-2(UÀp~)-1 UV]Wr)-

kB([P~ - c-2(UÀp~)-lUvJln[1- exp(-Wr)]).
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(5.81)

(5.82)

(5.83)
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• On usc of (5.4ï) !lnd (5.48), this cxpression yields the form

J:',. = T-I[Q~ - Jl,.J~ + L:=-X'~6) 0 n~6)"] +J:q
6~1

wherc

and

(5.85)

(5.86)

(5.87)

In the cuse of photons the quantulll contribution J:q appears in the expression for

the cntl'Opy flux (5.85) while the mattcr part docs not have such a term since the

matcrial gus obeys the Boltzmann statistics.

The entropy balance equation (5.78) can be put into another form which is

more explicit with regard to the macroscopic variable dependence. This aim can

be achieved by foliowing the same procedure as used in the previous chapter on the

relativistic extension of the modified moment method. The basic idea for this is to

use the conservation laws to eliminate the divergence terms in the entropy balance

equation and also to use the flux evolution equations to eliminate the dissipation

terms in the entropy production. Thus, we obtain the equation for DS

r r

DS = T- 1 [Dé +pDv - L p..Dc. +L L xiQ
) 0 DCÎ?~Q)l + ~

a=i a=iQ~l

where v = p-l is the specifie volume and

(5.88)

r

~ = - (pT)-l {L: L:[XiQ
) 0 Z~Q) +Tâ.(XiQ

) 0 n~Q)·)J +Tâ.J:q}

a=iQ~l

r

+(pT)-1 [_II"T~ rU" +Q·â.lnT +L J:â.(p../T)].
a=i

• Here

Q. = Q:;' +Q~ and
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• It is renmrkable that (5.88) and (5.89) lin' in the Slll1le fonns as those for a l1laterial

gas mixture in the lIbsence of radiation [33]. This is because the photons and

11l1ltel'Ïal particles are put on the l'quai footing in the kinetic equlltions in the present

theory. Since N does not vanish fol' s~'stems I\\vay from equilibl'ium, DS is not

a Pfaffian differential in contrast to the equilibrium Gibbs l'dation for DS. We

will discuss fmther on this point later. The conclusion dmwn here is the slune

as for both nonrelativistie and rc1ativistic gases in the absence of radiation. As

in the previous cases, the Pfaffilln differcntial part of DS is given a new llIune,

compensation differential, which is defined by

r r

DIJ! = T- 1 [De +pDv - L J.l.Dc. +L L X~Q) 0 D<Î?~Q) - c-2 Q"DU,,]. (5.90)
a=Î a=iQ~l

This looks like the extended Gibbs relation for DS commonly used in extcnded

irreversible thermodynamics [21] and its relativistic extension [62]. Then DS in

(5.88) takes the form

DS = DIJ! Hl. (5.91)

These results, in faet, show that the extended Gibbs relation for DS does not

generally hold if the system is away from equilibrium. If the integrability conditions

are satisfied by DIJ!, then it is an exaet differential. Eq. (5.91) may be cast into

an l'quivalent form more insightful in giving the significance of the entropy balance

equation for irreversible processes.

To achieve this goal, we first put the covariant kinetic equations in more uscful

forms:

• where

Jipr8.1n(f;fIn = ~;[JiJ,

frp~8.1n[(l+ f;1 )/(1 +1/f~)l = -(1 +fr)-I ~r[fr],

(5.92a)

(5.92b)

(a = i,r). (5.93)
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• The relativistic Gihhs-Duhem relation can he derived from the local equilibrium

distribution functions under the matching conditions presented earlier:

r

L c.D(I,~/T) = ôD(1/T) +vD(p/T)
a=i

(5.94)

wherc Il~ = O. Dy using this relation and the statistical mechanical formulas for

zin
). dcfined earlier, wc may rewrite l'l in the form

r

l'l = LlL <Î>~n) 8 Dxin
) - c.D(f!.iT)] +ôD(1/T)

a=i 02::1

+vD(p/T) - ÛL + l'lq

where

l'lq = p-1kB{a.([p~ - c-2(p~U,,)U·lfr[1- r 1/n(1 +fr)])

- (fr(1 + fr)-l~r[Jr])},

xin ) = xin
) /T,

r

&L = _(pT)-I[-nuT'VTuu +Q·a./nT +L J:a.(I'./T)
a=i

We now define the Boltzmann function B by

r r

B = S - T- 1 [e +pv - L l'.c. +L L X~O') 8 <Î>~0'lj.
a=i a=iQ~l

(5.95)

(5.96)

(5.97)

(5.98)

With this function the entropy balance equation (5.78) is transformed into the

equivalent form

This form can be further transformed if a new function r q is defined as follows [42]

•
DB = -ÛL + l'lq. (5.99)

(5.100)
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and its evolution equation derived frolll the covariant kinetic equation is used:• pDÎ'q = - Ôv~'B(fr[P~ - c-2(p~Uu)UV][1- 1;1/11 (1 + Ir)])

+ ~'B(fr(l + Ir)-l~r[fr])'

Therefore, we find

(5.101)

(5.102)

and with the definition of a new Boltzmann function for the qUllntum system

(5.103)

we finally obtain an equivalent fonn for the entropy balance equation for the system

of radiation and matter

DBq = -êlL. (5.104)

•

This is in the same form as for the relativistic gas mixture in the absence of radiation

[33], but the quantum contribution due to photons is already contained in the

expression of Bq. Since êlL does not vanish in general, if the system is away from

equilibrium, the Boltzmann function Bq is not equal to zero. 'Ihis means that the

entropy differential DS cannot be a Pfaffian differential in general, if the system

is not in equilibrium and the extended Gibbs relation for DS is not valid in that

case. We have shown that this is the case in the nonrelativistic formalism [17J, and

it robustly holds up even if the system is re1ativistic. The equivalent form (5.104)

may be looked upon as a local form of the H theorem since there is no approximation

made to the distribution function or the unknowns xia). Further progress in the

theory of transport processes in the system can be made if a sui table approximation

is made to the unknowns in a thermodynamically consistent manner. This goal will

be achieved in two stages: first, the entropy production will be cast in a form that

guarantees its positivity and, second, an approximation for the unknowns will be

obtained.
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• 5.5 Cumulant expansion for the dissipation terms

Th" descriptilJlllJf the Illodified moment lUethod is not as yet complete since the

dissipation tCl'lllS .\:,,,) ill the flux evoll1tion cquations are not explicitly calculated.

The formal devcl0plllCllt pl'esentcd 111' ta this point has not required explicit forms

for them, but they are necessary if transport processes are to be studied. Since

the dissipation tenns are directly related to the entropy production in the system,

they must be ca1clllated such that the second law of thermodynamics is rigorously

satisfied by the appl'oximate forms taken for them. Such a procedure is established

in the modified moment method in which a cumulant expansion method is used

[33, 40]. Since the present covariant kinetic equations of radiation and matter are

similnr in their structure to the covariant kinetic equations for the case of matter

alone which is discussed in the previous chapter, the cumulant expansion method

is also similnr. For this reason we will be brief and present only the final results

with necessary definitions not found in the references cited. With the symbol 9 =

(mc2/kBT)4/cÀ2 p2 which has a dimension of volume x time, the reduced entropy

production l'an be written as

(5.105)

To the first order cumulant approximation, the reduced entropy production is given

by

Ûent = l'sinh l' ~ 0 (5.106)

which is positive semidefinite for ail approximations for the unknowns xia). In this

•
expression l' is given by

r r

" = [L L L L xia) (;) R~~"() (;) x~"()p/2.
a=Î b=i Q~l 'Y~l
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• Hl'rl' R~~o) arc givl'n by the collision brnrket illtl'grnls appearing in the first or·

der ChapnH\Il-Enslwg method. Tht'ir statistÎl'al forlllllias arc as follmvs. With tht'

notations 1I'a = c/3p" and

[ , r.. B] G G '"Jd3 - /3, /3 -, /3 .. 'j'j'(') frufro-(o) '"'' B
,."1-...:.J ab = Ta Tb L.." tiaC 7f'b( 7r~;C iïl 'llb;kl a b =abkl·"'l1..:.J ,

,

where

The collision bracket integl'lùs are then given by

(5.lOSa)

(5.10Sb)

R(Q1) =~j32[(h(Q) + h(Q) - h(Q» - h(Q»)(h(1) + h(1) - h(o» - h(1)']
aa 4 Il a' a a' a a' Il a' oa'

+ ~{32 2:[(h~Q) - h~Q)')(h~1) - h~,1»)lab' (5.109a)
- b;ta

R~~1) ={32 2:[(h~Q) - h~Q»)(h~1) - h~Ol'))ab' (a -# b) (5.109b)
b;t"

R(Q1) _~j32 ""[(h(Q) - h(Q»)(hbl - hb»)] .
rr -2 L r r r r ri, (5.110a)

(5.110b)

When these collision bracket integrals are explicitly evaluated with the diflcrential

cross sections 01' transition probabilities for the collision processes postulatcd for

the covariant Boltzmann equations, the dissipation terms will be known in tel'lns of

molecular parameters. This part of calculation is deferred to the next section.

Comparing (5.79) with (5.107) for K, we now find the dissipation terms consis·

tent with the second law of thermodynamics

Higher order cumulant approximations for the dissipation terms may be obtained if

the corresponding cumulant approximation is used for the reduced entropy produc.

tion. It is straightforward to obtain them by following the procedure described in•

r

A~Q) = (j3g )-1 2: 2: R~~·tl 8 X~1l(3inhft/ft).
b=i 1~1

(5.111)
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• the literature [47]. There now remains the task of determining the unknowns xi"')
in ord,'r to complete th... description of the modified moment method.

5.6 The unknowns x~"')

Th" llonequilibrium canonical form (5.30a) and (5.44) can be determined by

fol1owillg the procedure described in pre\'ious two chapters. Therefore, we will

brielly present the formulas ta use and the lowest order approximation for the

unknowns. The unknowns xi"') arc dctermined by the algebraic equation

(f~c-2Upp~h~"')ln(1+L A~~) 8 h~~»))

~>l

where tcnsor A~~) is determined as follows:

(a = i,r) (5.112)

(5.113)

and f~ is the local equilibrium distribution function. The right-hand side of (5.112)

can be expanded and evaluated term by term as described in the chapter 4. To the

lowest order, the series yields the unknowns in the following form:

(5.114)

where

(5.115)

•
with C", defined by Cl = 1/5, C2 = 1, C3 = 1/3, C4 = 1/3, etc. This set of

solution leaves the lirst order cumulant approximation for the entropy production

positive semidefinite. Therefore, they are thermodynamically consistent. It also

satisfies the matching conditions. In this manner, the modified moment method for

relativistic Dùltzmann equation is complete. When the approximate solutions are
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•

used in the dissip'üion tenns, the evolution e(luations are ready for solution IUld

transport properties l'an be calculated from th,' solutions of the evolution equations.

The evolution equations for the fluxes and the (,olls"l'\'ation equations, collectivcly

called the generalized h~'drodynamk l'quittions, constitute a mltthemlttical structure

for irreversible processes in a system of rndiation Itnd matter which is consistent with

the thermodynamic law~.

5.7 Conlusion

We have formulated a covariant kinetic theory for a system consisting of matter

and radiation by putting the matel'Ïal pltrticles and photons on an l'quai footing.

This kinelic thcory has an attendant theory of irrevcrsible processes in a system

of radiation and material gases consistent with the thermodynamic laws. These

formulations are achieved by treating the system as a gas mixture of photons and

material particles which interact with each other according to the dynamicallaws

of mechanics. The covariant kinetic equations used are the Boltzmann equations

suitablely generalized to accommodate the quantum nature of radiation. By apply

ing the modified moment method, thermodynamically consistent solutions for the

kinetic equations are obtained and a theory of irreversible thermodynamics is for

mulated therewith for the system. As it was the case for nonradiative systems, the

entropy differential is found to be nonexact if the system is away from equilibrium,

and a differential equation for the Boltzmann function serves as a local H thcorem

for the system. A theory of radiative transport processes can be devebped by the

means of the flux evolution equations presented. The present covariant formulation

removes the weaknesi inherent to the nonrelativistic kinetic theory as shown in

the chapter 2, anù the covariant generalized hydrodynamic equations derived from

the relativistic Boltzmann equation have better balanced structures, although more

difficult to solve in practice. The generalized hydrodynamic equations, namely, the
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•

conservation equations and the flux evolulion equalions, fol' the system of radiation

llnd malter clin he used to descrihe irreversible therlllodynamic and hydrodynamic

l'l'Ocess('s occlll'ring far frolll equilibriulll. The lheory of transport processes is de

ve1ol'cd for the syslelll of radiation and matter in the next chapter.
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Table 1. Kinetic Tenus Z~") for Radiation

Defini tions:

['VU](2 li'" = ~('VI'U" + 'V"U") - ~2>I."'VrUr.

[001. B](2),." = ~(A.pa B~ +A."a B~) - ~2>P"Aar Bar.

I\inetic tel'ms:

Z~l)p" = - 'V an~.I),."a - 2[rrr . 'VUj(2)p" + 2pr['VUj(2)p"

+ 22>,.['VU](2)p" + rr~"'V"U" - 2c-2[QrDUj(2)p"

+ (Jrp~p~p~(p~U.)-I)'VaUr(2>rU" +U"2>ï)

- ~(J,.p~p~p~(p~U<)-I)2>lr(UI''VaU" +U"'V"UP)

1(f ar/ >. 2( 'U )-2)>:"7 U (A/'A" 1 A AP")- 3" rPrPrPrP,·C Pi' va>' '-'/ '-'r - 3"'-'/r'-'

- c-2 [(p,!"U" +p:ru,· )DUr +(Pr +2>r)(UP DU" +U· DUP)j,

Z(2) = _ >:"7 n(2)/' + ~rrp·['Vul(2) _ P Dln(p V5/3)
" v Jl r 3 r l'V r r

? ?
+ ~2>r'V .U· - 'V p(JfPr/Pr) +~c-2Q~DUp

1 (Jo aT/ >. 2( 'U )-2)'V U 2>- 3" "PrPrPrPr C Pr • a >. TI,

z~3)p =- 'V.n~3).p + rr~·DU. - (Pr +2>r)DUP - JfDhr
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•

Z (5),. __ n n(5),," +C- 2 ,J,(5),," DU
,. - V /lH,. 'f'r 1/

(f 2( "r )-2 a rp (AI' "))8 U- ,.C p,.l.'! PrPr 3 LJ. lI Pr cr T
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Chapter 6

Radiative transport coefficients and their mutual relations

In the pheuomenological theOl'y of l'lIdiati\'(' l'nergy transfer [0] the radiative

transport coefficients are expressed in tel'lUS of the Rosseland mean which phe

nomenologically accollnts for radiative absorption by matter interactiug with ra

diation. The radiative transport coefficients so expressed stand in constlUlt ratios

independent of material parameters. For example, the ratio of the radiative shear

viscosity lï~ to the radiative bulk viscosity ~~ is lï~/~~ = 3/5, wherellS the ratio of the

radiative shear \'iscosity to the radiative thermal conduetivity .x~ is lï~/.x~ = 1/5e2

whel'C e is the speed of light. If the thermal eonductivity is defined with respect to

the temperature gradient 'ilT instead of 'il/nT, the latter ratio must be mllltiplied

by T. In the case of material gas, there exist similar relations and they arc Eucken

ratios [63]. Such ratios of the radiative transport coefficients not only enable us to

compute one radiative transport coefficient. from another, but also serve as an inter

nai consistency check for the kinetic theor~' formulated to study radiativ,: transport

proeesses of interest.

As we have shown in the preceding chapter, a covariant kinetic theory for a

nonequilibrium system of radiation and matter is developed [34]. The formalism

l'l'ovides a molecular foundation for the irreversible processes owing to the inter

action of radiation and matter. It also fllrnishes a method of calculating various

radiative and material transport coefficients in terms of the transition probabilities

of elementary dynamical processes involving the material l'articles and photons.

The formulas obtained allow explicit calculations of the transport coefficients once

dynamical quantity, such as differential cross section, is known.

In this chapter, we first present various radiative transport coefficients in tenns

of the collision bracket integrals reminiscent of the collision bracket integra1s appear-
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• ing in thc ChllpIlllln-Enskog method of solution for thc Boltzmann equation [18] for

a Illatl'rial gas. Using the ,tntistical formulas fol' the radiative transport coefficients

lInd applyiug theIll to a photon-elcctrou systcm, wc ca\culate the radiative transport

coefficicnts and their rcspective ratios. Thc ratios thus calculated are found to be in

agreement with the phcnom"nological values mcntioned earlier. By assuming that

thc c\emcntary collision clynamical process is the Compton scattering, we explicitly

cn\culate val'Îous radiative transport coefficients [35].

6.1 Transport coefficients

To begin the discussion on transport coefficients, we summarize the evolution

equntions for fluxes (I>~~) and <I>~6) in one place:

P
D<ÎJ(O)"V ...1 = Z(o)~v ...1+A(o)~v .. .l

m mm' (6.1a)

(6.lb)

These equations are coupied to (5.65a).(5.67) and (5.72)·(5.73) of the previous chap.

ter which are the conservation laws of density, number fractions, internal energy,

momentum, etc. fol' matter and radiation. These sets of conservation equations

and flux evolution equations constitute generalized hydrodynamic equations for the

system of matter and radiation. The solutions of these equations subject to suitable

initial and bounclary conditions wil\ describe the relativistic fiuid (gas) in interac-

tion with radiation. Our main aim in this section is to obtain the kinetic theory

expressions fol' vltrious transport coefficients.

For this pm'pose we first linearize the fiux evolution equations, namely, the

constitutive equations (6.la) and (6.lb) to obtain the set

• r

pD~~o)~v".l = X~o)~v ...1 - (,Bg)-lgio ) 'L 'L R.~b"t)~v ... l 0 <I>~"t)

b=i "t~l
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• where a = " l' IInd .\~O)/'V".1 are rt'laled to the tlll'rmodynllmic driving forces 1\8

follows:

and

ül)/,v = 2Pa[\7UI(2)/,v; \~2) = -PaDln(Pat'~/3);

kuT
X~3)~ = Pac2(\7I'lnT - -h-'V/'lnp); (6.3)

(6.4)

the collision bracket integrals R~~~) are defined in (5.109a).(5.110b). In order to an-

alyze the linear transport processes lIllCler Il s!t'ady state condition, we nlllY neglect

the substantial time derivative tenn in (6.2). Therefore, the constitutive equations

become those of !inear t.ransport processes

r

X~Q)~v".1 - ({3g )-1 g~Q) L L R~~~lJ," .. .1 0 4>~~) = 0
b=i ~~I

(a = i,r) (6.5)

which is a coupled linear set. Solving these equations for 4>~Q)~v",' and compar-

ing the result with the linear phenomenological constitutive equations (i.e., the

Newtonian law of viscosity, the Fourier law of heat conduction, etc.), we obtain

the desired linear transport coefficients in terms of the collision bracket integrals

R~~"1)~v .. .I. The procedure for this is weil described in refs. [34, 351. First, we

observe that since the system is isotropie the tensor R~~"1)"v ...1 may be expanded in

terms of isotropie tensors. For the case of our interest here, we have

that is,

•
n(lI) = ~R(lI)/IVk'[~(fl,~k fl,vl + fl,~Ifl,vk) _ ~fl,~v fl,klJ

ab 5 ab 2 3

= 110,82(gi!)g~I)-1 L[(hi1l - h~l)·) : (h~l) - h~I)·)lab'
b;o!a
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(6.7')

• Silllilarly,

+ ~ L:[(h~l) - h~I)') : (h~l) - h~I)')lab}.
- b:;tu

Here the prime on the su!Jscript (1 lllcallS another particles of species a. Since <I?~I)

is already tracc1ess sYllIllwtric, we find

(6.8)

In case of Q = 3, the tensor R~~J)I'" is decomposable as follows:

•

where

n(Ja) = ~{32(g(3)g(3»)-1 ~ "'[(h(3) _ h(3),). (h(3) _ h(3),)]
ab 3 ab? L... a b a b ab·

- b;éa

Therefore, we finally obtain

In case of ct = 2, we write

where

n~~2) = {32(g~2)gl2»)-1 ~ L[(h~2) _ h~2)') . (h~2) _ h~2)')]ab'
- b;o!a

Therefore, the lincar set (6.5) may be written as

r

X~I)I," - ({3g)-lg~1) Ln~~I)<I?p)l'" =0,
b=i

r

X~2) - ({3g )-1 g~2) L n~~2)<I?~2) =0,
b=i

r

X~3)1' - ({3g)-1 g~3) L n~~3)<I?~3)1' = O.
b=i
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(6.13)

(6.14a)

(6.14b)
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• On solving these eqHations fnr the fl\l)(l's, we nblain tlll' linl'ar constitutive l'qlll\tions

from which the transport codfkil'nts ma)' he ddl~rmined:

,.
<I>~I)I'V = Pu 2:(·R(IIHl..b\bll/.V/gill,

b=i
r

<I>~2l = (3g 2:(R(22)-1 )ab\i2)/ gi2),
b=.i

r

<I>~3)11 = !~g 2:(1~.(33l-1 )nb\i3)/. / gi3
).

b=i

(6.15n)

(6.15b)

(6.15c)

Here the subscript " is for either the matter or radiation. The tmnsport coefficients

may then be defined as fo11ows:

shear 'viseo.,ity:

(6.16a)

bull.: viseosity:

(6.16b)

thermal eonduetivity:

(6.16c)

In practice, sinee the component transport coefficient,; are genera11y not measured,

perhaps, except for the photon species, the transport coefficients defined in (6.16)

must be summed over species to obtain the corresponding coefficients measured for

matter in the laboratory. Therefore, the transport coefficients for matter are given

by the formulas

•
(6.17a)

(6.17b)

(6.17c)
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• Herc tl", l'rill'" oll tl", SlIlIllllatiull sigllllleans that the summation is over the matter

sl'l'cics clllly. III tl", l'.cse of radiatioll, if the cOllplîng tenns ('R.(ll)-l )rb, etc. are

Ill'glected, thell the radiative trallsport coefficients are given by the formulas

(6.18a)

bulk ·uisco.,ity:

(6.18b)

thC7'1ltul contincti'uity:

Especially, in connection with (6.18) we note that

(1) 4;3 -2«(U ")3fO) .) 96gr = 15 c "Pr r = _. Pn

(2) _ 1;3 -2«(U P)3fO) 1 ':13gr - fi C l'Pr r = .- Pr,

g~3) = ~;3c-2[«UI.pn3m- 2arhr«UpP~?m+ (arhr?(U~P~f~)]

= 18.81c2pr,

where

- 6."6."( cr 'fO) [;36.~6."( cr '( )'U)')-ljO) ]-1a r - cr ,PrP, r gP" cr, PrP' Pr ,g~",

hr = 471'4 kBT/90((3),

«U"pn" f~) = (2c/h3)Jti3~r (U~p~)"f~.
Pr

The l'est of notations is the same as that in the previous chapter.

(6.18c)

(6.19a)

(6.19b)

(6.19c)

(6.20a)

(6.20b)

(6.20c)

•
Since the collision bl'acket integrais are appeared in the transport coefficients,

we will write them out explicitly:

n~~ =(cg/h6)[g~Q)g~"r)tl 2::' L Gr fd3Prd3Pid3p;d3Pif~ff3~~~'j'
Il)'' '
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• Jr l .') ( '1,,)l a,(/(n) h(<»'):)(/(1) /(1)')
X "nj"- j. pr]>1 P"PJ 2' 'r -" (: lI' - lI' ,

n~? =(cg/hli)[g~.n)g~1)1-1 L'L Gr Jcl3Pld3jJ,d3jJ;d3jJjf~f?=:~~~'j'
) .0

X Jr;;~~"j'(PI'Pilp;pj).a2(h~n) - h~.n)') 0 (h~1) - h~1)').

Here

(6.21a)

(6.21b)

(6.21c)

where the chemicnl potl'ntial /lo is givcn by

(6.21d)

The prime on the summation sign mClIns the exclusion of the photon species. The

collision bracket integrnl n~~1) given in (6.21a) requircs n comment. In (6.21a), the

first collision brncket integrai involving ,. and ,.' in (6.7') is absent because photons

do not directly interact with each other and therefore there is no collision l'vent

corresponding to the collision bracket integrai [...Irrl. The collision bracket integrais

l'an be reduced if a more specific form is assumed for the transition probability

W~i;~, j" In this chapter we will take into account only the Compton scattering.

Therefore, the sum over the collision processes denoted by the index s will be

reduced to a tenn and the corresponding transition probability will be denoted by

the l'lastic scattering component W~:;~, j' related to the Compton scattering cross

section of the electron. Evaluation of the collision bracket integrals for such a

scattering process is described in the next section.

In the phenomenological theory the radiative transport coefficients are given

in terms of the phenomenological Rosse1and coefficient K as follows [6J:

fj~ =4aT4/15eK, (6.22a)

(0 - 4aT4/9cK (6.22b)• r - ,

>.~ =4aeT4/3K, (6.22c)
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• whert' a = 8rr"k')J!I;;It:lc:1 is the so-called radiation constant, Thercfore, these radia

tive transport coeffil'ients arc rclated to each other by a proportionality constant.

For 1.'xHlllple, we have

iJ~/(~ =3/5, (6.23)

(6.24)

•

COlllparison of I/~ and 11~ yiclcls the nosscland coefficient in terms of the collision

bracket integl'lll 'R~~l):

4 ', T (1)
~ = "8 gr n(l1)

5cg rr'

Similar identifications clin be made by means of (~ and X~, but they give the equiv-

aIent forlllS since t1ifferent collision bracket integrals appearing in the transport

coefficients arc rclated to each other.

6.2 Evaluation of the collision bracket integrals

ln order to be specific, we shaH consider a photon-electron system where the

electron is trcated as a relativistic classical particle and only the electron-photon

elastic scattering is taken into consideration. Therefore, the question of divergence

associated with the long-range Coulomb scattering does not arise and thus the

Coulomb logarithm is not present in the collision integrals. Although the present

treatment is specifie to the photon-electron system, the method used is basicall~'

the same as for other plasmas and relativistic particles. Therefore, the system

considered is a physically realistic example covered by the present kinetic theory.

The procedure used for computing the collision bracket integrals is similar to the

work of de Groot et al. [8].

There are only two sets of four-momenta for the present system, namely, those

of the photon and electron. They will be distinguished by the subscripts r and e,

respectively. For the collision process

hw(r) + e -> 1iw*(r*) +e*
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• wc first introdl\<'t' tht' trall,fol'lnalioll of fOllr-llHlIlll'llta

l'" = J)" + J>" = J)'" + J)'"" ( ,. t' 1
(G.2511)

where

Q" - ''"( )=.:...1 P"lJ - Pl'V • Q." - ,- ""(p' - },' )- Ü f'V t'V 1 (G.25b)

Li"" = y"" - l'" l'" / p 2 (G.2G)

with p2 = PI'PI" Wc will also denote by Q2 the length of the four-rehltive mo-

mentum: Q2 = Q"Q", From (6.25a), (6.25b) uud (6.2G) wc cau show the following

relations:

PI'Q" = 0, ti""Q" = Q". (6.27)

Therefore, the total four-momentum pI' is perpendicular to the the relative four

momentum Q~. The four-moment a p~~, etc. can be decomposed into the orthogunal

components P~ and Q" as follows:

1 1
p~ = 2'(1 +dr.)P~ + 2'Q~,

1 1
P~ = -(1 - d )P~ - -Q~

e 2 re 2'

p? = ~(1 +dr.)PI' + ~Q'~,

p? = ~(1- dr.)P~ - ~Q'~,

where

(6.28a)

(6.28b)

(G.28c)

(6.28d)

(6.29)

•
in view of the fuet that the photon mass is equal to zero. Since the collision proceSB

under consideration is elastic, the e!ectl'On masses are the same before and after the

collision and hencf'

(6.30)
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• In order to Inake the integration in the collision bracket integrals easily, we will

l'hange the variables from p~, 1'~' etc. to pI', QI' etc. The Jacobian of this transfor-

111at ion is

O(P, Q) = O(P', Q') = 16.
O(1'r,1") 0(1';,1';)

The tl'llnsition probability IV(') can be wl"Îtlen in terms of the cross section u(P, El)

as follows:

(6.31)

when~ u(P, El) is Il di!ferential cross section. For the Compton scattering it is given

by the formulas [8]:

1 2 e(1 - X)2 1 + (1 - (/2)(1 - x)
u(P,x) = :{o(l- (){l+ 4[1- (1- x)/2] + 1- Ç(1_ x)/2 }

where

(6.32)

2/ 2ra = e meC, x = cosEl,

El being the scattering angle def1ned by cosEl = Q . Q' /Q2. The cross section

is expanded in ( and only up to the quadratic term in ( will be retained in the

subsequeril , calculations:

•

where

C1(x) = x(l- x2
) - (1 + x2

),

1
C2(x) = '4(1 - x){(l - x)[l + (1 + x)(l +3x)] - 4x(1 + x)}, etc.

The volume element of the the space may be written as

'62
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• whcrc

(6.340 )

(6.3·tb)

here B(y) denoting the Hcavisidc step function of y. The volume clements dM(P')

and dM(Q') have similar forms.

With the hclp of the previous preparation, wc arc capable of writing the collision

bracket integrals in more uscful forms. Wc begin \Vith n~~I). It may be \Vritten in

the form

n~~1) = (2gc,B2Gr/15h6g~1)2)exp(fl0)JdM(P)dM(P')dM(Q)dM(Q')

x e.rp(-,BP/tU/t)r(P,Q)W(')[Up(p~ - p?W

= (gc,B2Gr/30hGg~1)2)ex)J(po)JdM(P)dM(po)dM(Q)dM(Q')

x c~·p(-.BPPU/t)r(P,Q)W(')[Up(QP - Q'pW (6.35)

where

-0 R( 0 0) R 0P =1" Pr +P, = I"/l"

r(P, Q) = [1 - exp( -,Bp~Up)J-2.

(6.36a)

(6.36b)

Substitution of the expression for WC,) into (6.35), the collision bracket integral

nW) can be written in the form

•
where

nV) = JdM(P)dM(P')dM(Q)dM(Q')exp(-,BPPUp)

x r(p,Q)p2er(P,0)(UpQP)26(4)(PP - POP),
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• 7W' = Jd:\/(P)dM(P')dJI(Q)dM(Q')exp(-{3P~U~)

x f(P, Q)p2a(P, e)(['" Q'" f(j(4)(P~ - r~),

R~.3) = - JdM(p)dM(p')dM(Q)dM(Q')exp(-{3P"U~)

x f(P,Q)p2a(p.e)U~UvQI'Q'V(j(4)(P~ - r~).

(6.38b)

(6.38c)

In the subs')(IU<'Ill. calclIlation we will put f(p, Q) equal to unity to an approxi·

mntion. This approximation is tantumount to the condition that {3 is such that

(3l'" UI• » 1. Th<' cOlTection tcrms can he calculatd in the same manner as for the

case of f = 1.

It is con\'ellient to define the integral I(a, b, clP) by

I(a,b,cIP) = ({3Pc)2 JdM(Q)dM(Q')a(p,e)({3U~Q~)'

x ({3U~Q'~/( _{32C2Q~Q~)c. (6.39)

In the center·of·momentum frame the four-momentum P~ is time·like whereas the

relative momentum Q~ is space.like:

P~ = (pO,O),

and

Q~ = (O,Q), Q'~ = (0, Q').

•

We assume that the center·of·momentum frame is oriented in such a way that the

space component of U,· = (UO, U) is parallel to the z axis. Then, since c2 =

(UO)2 - (U')2 and UO and U' may he written as

ua = u. PIP,

and
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• Furthermorc, if the "l'll<'ricn! coorelinntc nngks lire elenoted b~' (0, cP) for Q = Q/IQI

nnel (0',</>') for Q' = Q'/IQ'I, resl'cl'ti\'e!y, then

lt:>d

Q. U = U'coslJ, Q' .U = U' cosO' (6.40<1)

x = Q. Q' = cose = l'osOcosO' + sinOsinO' l'os( cP - cP'). (6.40b)

In such frame, the collision cross section lllllY be eXl'anded in Legendre po!ynolllilùs

p'(l'ose):

00

(Q. ênCC1(p,Q. Q') = ~)21 + 1)C1(l',11.8Pl')p,(l'ose) (6.41)
'=0

where

111C1(c,II,8Pc) =:2 -1 c/xxCP,(X)C1(P,X).

With the defini tian of

(6.42)

dn = sinOdOdcP,

and the abbreviation

dn' = sinO'dO'dcP',

K(a, b, 1) = (471')-2 Jdndn'( -cosO)"( -co~O')bP,(x) (6.43)

the integral I(a, b, clP) may be written as

00

x ~)21 + l)C1(c, II,8Pc)K(a, b, 1). (6.44)
1=0

It is now straightfol'ward ta obtain nV) in terms of I(a, b, clP) :

•
nV) =,8-4 c-2 JdM(P)I(2,0, OIP)exp( -,8p~UI')

=~7I'2c2r~ JdM(P)Q2Q'2(1 - ç)[(P . U? /c2p 2 - 1]
9

x exp( -,8p~UI')'
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• Tu c"nl\late this integral, wc dcfinc the rcduced variables

T = {3P~U,,, v = {3Pc. (6.46)

Thcn, when the hydrodynamic fom-ve1ocity [TI' is taken purely time·like, the di-

mensionless fuur-vertur lUay be written as

(6.47)

and the volume clement dl\J(P) may be written in the spherical coordinates as

(6.48)

Furthermore,

here z being defined by z = m.c2 / kaT. In terms of these variables the integra1 may

be written in the form

By using the integral representation of the modified Bessel function Kn(z) [8], we

may write (6.49) in the form

(6.50)

•
With the help of the asymptotic expansion of K2(V) in the Iimit of large z, we

obtain

(6.51)
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• where "1' is the Thomson cross section of the' l'lel'trOll:

S .,
"1' = 37l'I'Ü'

Owing ta the synlluetry of the inte'grnl, it is cas)' ta show

(6.52)

Taking the same procedure as for 'R~I), wc obtain

(6.53)

From (6.51) and (6.53), we have the fol1owing relation

(6.54)

With these equations we finally obtain the collision bracket integral in the form

The shear viscosity of the photon gas then given by

l)~ = O.0305(kBTjc"T)

(6.55)

(6.56)

•

for which the term of orcier z-I is neglected as will be for other transport coefficients.

The collision bracket integral n~~2) can be evaluated in a manner similar te the

procedure used for n~~I). Here we omit the details. The final expression for n~~2)

is given by

n~~2) =~~ (2gc(32 j30h6g~2)2)exp(jlO) JdM(P)dM(P" )dM(Q)dM(Q")

X exp(-(3pI'UI')r(p,Q)w{C) [U,,(QI' - Q"I'W

=~~(g~l)M2»)2n~~I). (6.57)
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• Therefore, if the approximate value for n~~I) given by (6.55) is used, the bulk

viscosity of nonc<!uilibriull\ photon gas can be cOll\puted by the formula

(6.58)

The collision bracket integral n~;3) can be also calculated similarly. In fact, it

- (Il)is rc1atcc1 to 'Rrr as follows:

n~;3) =~c2(29c.B2 /30h6g~3)2)exp(jlo) JdM(p)dM(r)dM(Q)dM(Q*)

x cxp(-.BP"u~)r(p, Q)w(e) [U,.(Q'· - Q*"W

_~C2(g(I)/g(3))2n( 11)
- 4 r r rr' (6.59)

Thus the thermal condllctivity of the photon gas to the same approximation as for

the viscosity is given by the formula

.x~ = 0.154(ckBT/O'T). (6.60)

Il is llseful to remark that the radiative transport coefficients given in (6.56), (6.58)

and (6.60) are independent of the photon and electron densities as are the gas

transport coefficients in the Chapman-Enskog approximation, namely, the linear

transport coefficients of dilute gases.

We obtain the ratios of the transport coefficients as folbws:

nO/(O = ~(g(2)n(22)/g(l)n(II»)
"Ir r 5 r rr r rr ,

nO/.x0 - 2.(g(3)n(33)/g(l)n(II»)
'Ir r - c2 r rr r rr .

(6.61)

(6.62)

In view of the relations (6.57) and (6.59), we easily find the following universal

•
relations:

0/ ° 3Tir (r = 5'

TI~/.x~ = 5~2(1- 0,0165).
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•

•

Eq. (6.63) is the same as the ph<'nom<'nolngical thenry value wlwreas the l'IItio (6.64)

is less than 2% of!' the ph<'nomenologiral theOl'y \'alue, This diffl'l'l'nrc is nttribnted

to the approximate vaines obtained for the various intl'grals in the expression for

g~3) preseated earlier. For ail praetical purposes the mtio mny be said to be in

agreement with the phenomenologieal vnlue.

In conclusion, wc have computed the radiative transport coefficients [35J for

the photon-eleetron system by treating the c1ectron as a rc1ativistic clnssical plU·ti.

cle in the limit of large =. We have also computed t,he ratios of radiative tl'lUlSport

coefficients which are in agreement with the phenomenological theory vnlues. The

kinetic theory values of the ratios support the kinetic theory mode! presented for

the system of photons and material gases which arc displaced from equilibrium

and interaet with each other. The present theory l'l'ovides a weil defined molec

ular theory method of computing the parameters in the phenomenologieal theory

and, especially, macroscopic observables for nonequilibrium radiation and the phe.

nomenological coefficients such as the Rosseland coefficient.
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Chapter 7

Conclusion

The objel'tive of this thesis is to develop a kinetic theOl'y for irreversible pro

cesses in a system of radiation and matter, Instead of using the usual equation of

radiation energy tmnsfer we have postulated a semielassical Boltzmann equation

for photons which is coupIed to the Boltzmann equations for material partieles,

This way, the system of radiation and matter is viewed as a mixture of photons and

material partieles which interact with each other according to the laws of mechanics

for the system, The major motivation for this approach is in the desire to formu

late ineversible thermodynllmics of radiation and matter on equal footing and in a

unified manner, This allows us to pl'Ove the H theorem for the system of radiation

and matter, which is the cornerstone of irreversible thermodynamies. In addition,

we show that the Planck distribution for equilibrium radiation and the Maxwell

distribution for equilibrium material partieles are the natural consequences of the

H theorem (the second law of thermodynamics). Since the kinetic theory estab

lishes a bridge which links the macroscopic measurable quantities of a system and

the dynamic mechanism of constituent partieles (atoms or molecules), we are able

to evaluate the transport coefficients of nonequilibrium photon and material gases

in terms of differential cross sections. Furthermore, the hydrodynamic description

for a s~'stem of radiation and matter has been derived from the kinetic theory. This

is the so-called generalized hydrodynamic equations for radiation and matter. The

present thesis ineluc\es the nonrelativistic kinetic theory and the covariant kinetic

theor~' of radiation and matter and some applications.

We first develop a nonrelativistic kinetic theory for a system of radiation and

matter. The H theOl'em for such a system is proved. This allows us to establish

irreversible thermodynamics for the system consisting of photons and material par-
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•

tides. The analysis !eads to the t'OI11'l11Sion that tlll' l'nt l'Op)' diffcrential is not l\ll

exact differcntial form. Thercforc thc l'x!<'nded Gibbs rehltion does not hold fol' thl'

entropy diffcrential when the systcm is u\\'u)' from cqllilibrillm. The reformulation of

il'l'eversible thermodJ'namics has been donc bJ' llsing the compensation differential

which is un exact differentiul form. The new local H theorem is pl'Oposed in tenns

of the Boltzmann function. A coup!ed set of the genernlized hJ'drodYlllunie l'qua·

tions is derived from the proposcd semidassical Boltzmunn equations for phot.ons

and material partic1es. Hs application to the light·indllced viseous f10w has shown

that the radiative generalized hydrodynamic equations l'an uccount for nonlinear

f10w problems for which the conventional hydrodynamic equations fail. Il. has also

been applied to the light.induced kinetic effects and lasc:-.cooling [30J. Thl'rdorl',

the validity of the generalized hydrodynamic l'quations for radiation dJ1d maller

is confirm"d by these experiments. This way, we provide a statistical mcchanical

foundat.'·Jil for nonequilibrium phenomena occurring in the system of radiation and

matter.

We have applied the modified moment method to solve the covariant Boltz·

mann equation for a relativistic gas mixture. The advantages of our mefhod are as

follows. It is capable of dealing with nonlinear processes in nonequilibrium systems

of relativistic gases. The Chapman.Enskog method and the Grad moment method

give rise to thermodynamically consistent solutions only in the linear regimc. This

extension of the modified moment method also affords us a rigarous conclusion con

cerning the entropy differential of a nonequilibrium system: The relativistic form

of the extended Gibbs relation which forms the basis of extended irreversiblc ther·

rnodynamics (EIT) does not hold valid at least from the viewpoint of the covariant

Boltzman equation. However, there is the compensation differential that looks like

the extended Gibbs relation used in EIT, but this requires a revision of the cxisting
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EiT fOl'lllalism aml its logical structure. The compensation diflerential can be used

to illvl'stigate the t!ll'rlll(J(lYllamics of Ilone'luilibriulll systems in a way parallel to

'''lllilibl'iulll t}l('l'lIlOdYllilIllics. Ail the l'vollltion e'luations for the macroscopic vari·

ables which arc Ill'cessary to describe physical systems are presented in such fonns

that they consist of tenus which are l'asily identifiecl as the corresponding terms in

their n01ll'e1ativistic versions and those of purely relativistic tenus.

With the help of the re1ativistic Boltzmann equation, a covariant kinetic the·

ory for a system consisting of matter and radiation has been formulated by putting

the nmterial partieles llnd photons on an l'quai footing. This kinetic theory has an

attendant them'y of irreversible processes in a system of radiation and relativistic

ga.ses consistent with the thermodynamic laws. These formulations are achieved

by treating the system 1\5 Il mixture of photons and relativistic diluted gases which

interact with each other according to the microscopie dynamicallaws of mechanics.

The covariant kinetic equations used are the Boltzmann equations suitably gener

alized to acconunodate the quantum nature of photons. By applying the modified

moment method, thermodynamically consistent solutions for the covariant kinetic

equations are obtained and a theory of irreversible thermodynamics is formuiated

therewith for the system. The covariant formulation removes the awkwardness in

herent in the nonrelativistic theory, and the covariant generalized hydrodynamic

equations have better balanced structures.

A theory of radiative transport processes can be developed by means of the

flux evolution equations. In chapter 6 we have computed the radiative transport

coefficients ;01' the photon-electron system by treating the electron as a relativistic

elassical partiele. We have also computed the ratios of radiative transport coeffi

cients which are in agreement with the phenomenologicai theory values. The correct

values of the ratios support the kinetic theory model for tne system of radiation
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and matter which arc displaced from t'quilibrium and intcract with cach utlwr, Thc

theOl')' provides a weil defim'd lllokelllar tlwur)' nll'thod of ,'\'aillating the pal'llm

eters in the phenonH'nologic-al theoQ' ami, "'l'edally, nHIl'l'OSl'opie observables for

nonequilibrium radiation and thl' ph,'nonll'nological codficients sllch as the RossI'

land coefficien t.

On the whole, this thesis demonstrates the importance of the kinetie thl'Ol'y

of radiation lmd matter as a basis for explaining il'l'evt'rsible proceSSt'S for systt'ms

consisting of photons and material particles, In essence, the present formalism

puts the statistical mechanics of nonequilibrium t}wrmodynmnics on the plU' with

the Gibbs ensemble theOl'y of equilibrilllu st atistical thcrmodynamics in the sense

that ail thermodynamic functions and evolution equations arc cxpressed in tenns

of xl o
) and X~o), which must be ultimately obtained by solving the generalized

hydrodynamic equations of radiation and matter, just as ail equilibrium thcrmody

namic functions and relations are cxpresscd in the Gibbs ensemble theory in tenus

of a partition function which must be computed for each and every system in the

end. The generalized hydrodynamic equations, namely, the conservation equation~

and the flux evolution equations, presented for the system of radiation and matter

l'an be used to describe irreversible and hydrodynamic processes occurring far from

equilibrium,

Finally, we l'l'ovide sorne discussions on the validity of kinetic theory for de·

scribing irreversible processes of radiation and matter, In l'articulaI', we may ask

what approximations, in the underlying physics, are contained in the kinetic equa

tion for photons?

The most importallt approximation as far as the photon kinetic equation is

concerned is that we consider photons basically as point l'articles which eatisfy

Bose·Einstein statistics. However, according to quantum mechanics photon has
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dlla! chal'llel('r (particle-like and waye-like), therefore, photons also exhibit wave

!Jl'havior. In other wards, a photon in reality is a waye packet. For the point par

tiel" pil'llll'c of a photon to be valid, it is neccssary that the spread of the wave

pacl"'t in phase spac(' (Illolllentulll and coordinate) be small [43]. This means that

the spread Illust be slllall cOlllpared ta the l'l'solution of interest in the coordinate

space (x) and Illonwntum space (Pc) or (IJ, n). Since the photon distribution func

tian is wl'Ïttcn as a function of variables x, IJ and n, it is sufficient to specify the

phase space coordinates of the center of waye packet and any information con

cel'lling the distribution about this center is irreleyant. Owing to the Heisenberg

llncertllinty principle the waye packet spreads in spatial and momentum space can

nol bath be made arbitrarily small at the same time. These considerations impose

a maximnm possible resolution on the spatial and momentum coordinates. In fact,

a kinetic equation for photons cannot describe the strong waYe behayior manifested

in diffraction and refiectioll since it does not take into account the waye behayior of

photons. These phenomena depend on interference among the wayes arising from

different scattering centers which scatter the same photon.

The kinetic equation of photons also neglects the efi'ects of refraction and dis

persion. It is known that a photon will moye at less than the vacuum speed of

light in matter with a refraction index other than unity. In particular, if the re

fractiye index is a function of position, the photon will not stream in straight lines

between collisions but will undergo (continuous) refraction. In addition, if the re

fractiye index is time dependent, a photon will continuously change its frequency as

it streams between collisions. The origin of these effects arc due to an interference

phenomenon of the scattering of photons which is discussed by Feynman et al. [64].

A discussion on the validity of Boltzmann equation for material l'articles can be

found in the book of Smith and Jensen [65].
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Nevertht'll'ss, the presellt killl,tic Illl'ory of nHliatioll alld m:\l.ll'r is .'ssent.ilù 10

tlllderstalld somC' m:ll'roscopic phl'llolUl'lln of llOlll'll'li!ibrilllll sysll'ms cOllsistillg of

photons alld lUateria! partiell's. Notl' that th,' MnxlI'l'lll''1l1ntiolls IU'e dYllnmicnl

theOl'Y for rndiatioll like Newtoll 's Inw for elnssical pnrtiell's wh.'rells killelic the

ory for photons pwvides a statistical descriptioll for photolls in which irrevl'rsible

processes arc involved. The l'ole of killetic thl'ur)' fol' photons is similllr ta thlit of

Boltzmnnn e<[tlntions for classicnl partides. !vlaxwell's theol'Y and kinetic theory

l'epresent diffcl'C'nt Icvels of descl'iptioll of physicnl systems.
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• Appendix

Nonl'elativistic limits of the l'elativistic

genel'nlized hydl'odynnmÎc eqnntions

In this appt'Illlix wc l'l'amine the nonrdati\'istil' limit of the kinl'matic tl'rms

ziO)!' •... , and the dissipation tenus AjO)I"' ...'. It l'an be shawn that in the limit of

u/e -> 0, zi")I"",' and A\O)I'.".1 arc rcclnccd ta thcir nonrdativistic connterp".!"t".

Therefore the l'l'lativistic genernlized hydrod)'namic cquations have the correct non-

relativistic limit whil'h has been confirmed by the experimcnts in various fields.

As mentiol\('d cadiel', the time-Cll1l1JlOnent of fonr-momentum is given by

:::::: rlli C, C --+ 00. (A.l)

Since the hydroclynamic "elocity U~ may be written as

U!' = "lu (l', u)

where

(A.2)

(A.3)

Il is clenr that the space-components of U~ is reduced ta the nonrelativistic hydro-

dynamic velocit)' in the limit of u/e -> O. Therefore,

p;'U
"

= -fu(ep~ - Pi' U)

•
= (1 +u2 /2c2 )(mjc2 +pU2mi - Pi' U) +O(I/c2

)

1 1
= 2mjv~ - mjVj . U +2miu2 +mjc

2 +O(I/c2
)

1
= 2 mj(Vi - u? +mjc

2 +O(I/c2
)

1
== 2mic~ +mjc

2 +O(I/c2
)
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• wl",l'<' C, = V, - u is the nonrclativistic pl'culiar velocity of species i and mic2 term

will 1", I",gkckll in the nlllll'e1alivistic theory. This IIlCans that the Jüttner function

has tl", fllllowing limit

fi = exp[-,8(p:'Ujl - /-,;)]

1
--> cxp[-,8( 2mic~ - /-,;)], C -+ 00. (A.5)

Thl'refore the Maxwell·Boltzmann distribution function is the nonreiativistic limit

of the .Jiittner distribution function.

Wc will show that the macroscopic variables and the operators in the reiativistic

gcncralized hydrodynnmÎc equntions approach to their nonreiativistic counterparts

in the iimit of c --> 00.

The number density

-2TT N~ -1 Jd
3
pi U ~fPi = e C " i = e p? ~Pi i

= Jd3p;Ji + O(l/e)

= nl") +O(l/e)

here nl") denotes the number density in the nonrelativistic kinetic theory.

(A.6)

The covariant operators D and \l~ have the nonreiativistic limit as follows:

= al +U· \l +O(l/e)

d
== dt + O(l/e). (A.7)

The nonreiativistic counterpart of operator D is the substantia! time derivative d/dt

which is wideiy used in f1uid mechanics. The spaee.component of operator \l~ is

given by

• = a/aXj +O(l/e),
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Ob\·ionsly. 'ï'" is rCtht~t'd to the spatial deri\'ati\'" in tll!' limit of ~ -+ <:xl.

L"t ns analyzt' th" nonrdati\'isti~ lilllit of the t'ntmpy four-flo\\'. According to

the ddinitions in the l't'lati\'istic kinetit' tht'ory [33]:

and

S == pS = c- 2U"S"(x)

Jd3p'
= -kac- 1 L: -T-U"pf Mlnf; - 1)

i Pi

= -ka L:Jd3p;Ji(lnfi - 1) +O(I/c)
1

= sIn) +O(I/c)

(.4.9)

(A.lO)

where SIn) is the entropy of a nOlll'elativistic gas.mixture. The space-component of

entropy flux Jf = S'· - SU" is given by

J: = Sk _ SUk

=-ka L:Jd3PiC~ fi (lllfi - 1) +O(I/c)
1

= J~")k +O(I/c).

The entropy production has the limit

"'J d
3

p'0' = -kacL: L.J p? 1 IllfiC(f;,fi)
1 J

= -ka L L Jd3vilnfiC(fi,fi) +O(I/c)
1 J

= O'(n) +O(I/c)

(A.ll)

(A.12)

where O'(n) is the entropy production of nonrelativistic gas. The dissipative terms

•
are given by

A(O)'IV...1 - '"Jd
3
pi h(o)pv· ..,C'(!· f')i - C L.J -0- i Il J

i Pi

= ~Jd3Vih\O)Pv .. .IC(f;,Ii) +O(I/c).
J
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• III order tu show the nonrelativistic limit of the re1ativistic generalized hydro-

dYllalllic e'luatioll', it is neeessary to analyze the energy-momentum tensor and

otlll'r 11l11l:roSCOpÏ<: variables. Sincc

T "V """ Jd
3

pi ~ vf ( )= c~ -o-Pi Pi i X,Pi 1

i Pi

then

T OO """Jd
3
pi 0 Of ( )= cL... -o-PiPi i X,Pi

i Pi

= nmc2 + f:k +O(l/c).

(A.14)

(A.15)

On ignoring the l'est energy part, it becomes the kinetic energy density. Let us

considcr the components TOk 1 k = 1,2,3

T Ok _ T kO - LJ d
3
pi 0 kf·_ -c p.p.•p9 ••

i •

= cLJd3
PiP: fi

•
(A.16)

that is, TOk / e becomes the momentum density of nonrelativistic gas when e -+ 00.

Moreover,

Tkj - """Jd
3
Pi k ..if'- cL... -p9 PiPi'

i •
= T(n)kj +Ollie), k,j =1,2,3

where T(n)kj denotes the nonrelativistie energy-momentum tensor.

(A.17)

With the help of these properties it is easy to show that the kinematie terms

Zi"lI,v".1 have the following nonrclativistic limit:

•
z(a)"v".l _ ( '!8 h~,,)/," ..·lf·( .)) +8 (b.r.'.~")~v".I.,)

1 - P, (1 1 1 X,P. T rrlf'.

-Jd
3
pi '!f'( ·)8 h~,,)~v...l

- 0 PI • X,p. CT 1

Pi

+" (J d
3
pi b.r '! h(")~v ...,)

Vr 0 crPI i .
Pi
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• Since

and

A k J' _ ( -2UkU k) ~
UJ,Pi - c JI - 9J• Pi

= -miC~ +D(l/c),

then

Therefare,

Z)O) = Jd3p;Ji(dt + Ci' '\7)h\o) - '\7. Jd3piCih\0) fi + D(l/c)

= (fi(dt + Ci' '\7)h\o») - '\7. (cih~o)Ji) + D(l/c)

= (fi(dt + Ci . '\7)h\"l) - '\7 . ",1°) + D(l/c).

(.'1.19)

(A.20)

(.4.21 )

(A.22)

Thi~ means that in the li mite ..... 00 (the last tel'm vanishing) the kinematic tel'ms

are l'educed ta their nanrelativistic cauntel'parts which are given in the l'ef. 40:

•

+ 26oi1. + 2Pi1.'

Z~2) = -'\7 .•/.(2) _ ~dtu. J, + ~Il" ..., - ~6oI·'\7· u
1 0/, 3 3' .L 3

- Pidtln(Piv5/3) - '\7. (JiPi/Pi),

zi3
) = -'\7. "'13

) - dtu· (Pi - PiU) + Q:. (1. +!!! - ~U'\7' u)

(3l 1 • •
+ 'Pi : (1.+ W - SU'\7. u) - Jidthi - Pi' '\7hi,

Z14) = -'\7. Pi - Pidtu+ Ji .(1. - ~U'\7' U) +Ji '!!!,

etc.
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(A.25)

(A.26)



• wh"r"
1

~ = 2['Vu - ('VU)'], (A.27)

(A.28)

(A.29)

In this sense, the relntivistic genernlized hydrodynamic equations are reduced

ta their nonrelntivistic counterparts under the condition c --+ 00

8
8t P = -'V. pu,

d
P-u = -'V. P

dt '
d

Pdt e = - 'V . Q - P : u,

~(W) = Z~o) +/1.(0)P
dt

, , ,.

(A.30)

(A.31)

(A.32)

(A.33)

•

These are weil known results in the scheme of the modified moment method for

nonrelativistic gnses [20]. The discussion on the l'.onrelativistic limit of the gener

alized hydrodynamic equations for radiation can also be carried out by using the

aforementioned method. Since the procedure is similar, we do not repeat here.

In conclusion, the present relativistic kinetic theory has the correct nonrelativistic

limit which has been confirmed by variOlS experiments.
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