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Abstract 

This thesis presents a multi-scale characterization of the mechanical properties, equation 

of state, pressure stability limits, fracture mechanisms and structural organization of methane gas 

hydrates using integrated atomistic simulations, geometric modelling, and continuum elasticity. 

All atomistic simulation work has been done using ab initio simulations under 0 Kelvin. This thesis 

focuses on sI methane hydrates which is a hydrogen-bonded polyhedral guest-host material and 

includes methane as the guest molecule. The results presented in this thesis provide valuable 

insights into piezo effects on the gas hydrate’s stability. The pressure stability limits were 

determined to be 7.5 GPa and -1.1 GPa for the compressive and tensile loads, respectively. Once 

approaching the stability limits, two failure modes may be triggered. Within the stability limits, 

the values of the second-order elastic constants (SOEC) under pressure were determined, as well 

as the mechanical properties. Furthermore, a novel methodology to calculate third-order elastic 

constants (TOEC) was applied and validated, which can provide a non-linear tendency predictions 

on the piezo effects. Besides the unique and useful property data generated, this work elucidates 

how the gas hydrate system collapses in terms of the changes in electronic density, bond length, 

bond angles, cage shape and lattice volume size. Also, the important geometry-imposed cage 

connectivity of hydrates has been revealed. The occupancy effects on the stability limits were 

investigated, as well as the failure mechanisms that different occupancies would trigger. The work 

presented in this thesis fills a gap in the knowledge of science on the piezo effects on the 

mechanical properties of gas hydrates and their pressure stability limits through various 

perspectives. These results are crucial in developing gas hydrates technologies that involve the 

medium- and long-term storage of gases in the hydrate phase.  
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Résumé 

Cette thèse présente une caractérisation multi-échelle des propriétés mécaniques, de 

l'équation d'état, des limites de stabilité sous pression, des mécanismes de fracture et de 

l'organisation structurelle des hydrates de gaz de méthane en utilisant des simulations atomistiques 

intégrées, une modélisation géométrique et l'élasticité de continuum. Tous les travaux de 

simulation atomistique ont été réalisés à l'aide de simulations ab initio à 0 Kelvin. Cette thèse se 

concentre sur les hydrates de méthane sI qui sont des matériaux hôte-invité polyédriques liés par 

des liaisons hydrogène et comprennent le méthane comme molécule invitée. Les résultats présentés 

dans cette thèse fournissent des informations précieuses sur les effets piézoélectriques sur la 

stabilité de l'hydrate de gaz. Les limites de stabilité sous pression ont été déterminées à 7,5 GPa et 

-1,1 GPa pour les charges de compression et de traction, respectivement. Lorsque les limites de 

stabilité sont approchées, deux modes de défaillance peuvent être déclenchés. Dans les limites de 

stabilité, les valeurs des constantes élastiques de second ordre (SOEC) sous pression ont été 

déterminées, ainsi que les propriétés mécaniques. De plus, une méthodologie novatrice pour 

calculer les constantes élastiques de troisième ordre (TOEC) a été appliquée et validée, ce qui peut 

fournir des prévisions de tendance non linéaire sur les effets piézoélectriques. Outre les données 

de propriété uniques et utiles générées, ce travail élucide comment le système d'hydrate de gaz 

s'effondre en termes de changements de densité électronique, de longueur de liaison, d'angles de 

liaison, de forme de cage et de taille de volume de maille. De plus, la connectivité de cage imposée 

par la géométrie des hydrates a été révélée. Les effets d'occupation sur les limites de stabilité ont 

été étudiés, ainsi que les mécanismes de défaillance que différentes occupations pourraient 

déclencher. Le travail présenté dans cette thèse comble une lacune dans la connaissance 

scientifique sur les effets piézoélectriques sur les propriétés mécaniques des hydrates de gaz et 
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leurs limites de stabilité sous pression sous différents points de vue. Ces résultats sont cruciaux 

pour développer des technologies d'hydrates de gaz qui impliquent le stockage à moyen et long 

terme de gaz dans la phase d'hydrate. 
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2 found in SELE, and SOLE hydrates is shown in blue. It has only one step and is the same as the 

last step of Failure Mechanism 1, where the system lost its lattice integrity. ............................. 211 

Figure 6-5 sI methane hydrates have small (A) and large (B) cages. (A) A small cage consists of 

12 pentagonal faces and a methane molecule at its center. Large cages (B) have 12 pentagonal 

faces and two hexagonal faces, with a guest methane molecule at the center. Water oxygen atoms 

are represented by blue circles. Hydrogen atoms are represented by pink-white circles. Carbon 

atoms are denoted by orange circles. All solid lines represent covalent bonds; their colors indicate 

which two atoms formed the covalent bond. OH hydrogen bonds are displayed by the brown 
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Chapter 1  

 

1 Introduction 

 

1.1 Thesis Motivation 

Gas hydrates (GH), also known as clathrate hydrates, have garnered the interest of the 

scientific community as well as the general public due to their numerous engineering applications. 

Water molecules construct the main skeleton of the hydrate lattice. To maintain the solid state 

(similar to ice), the gas hydrates usually get formed in the deep ocean and permafrost areas that 

have high pressures and low temperatures1,2. It is reported that 80% of natural hydrates contain 

methane gas, which is recognized as an energy-intensive material3. So far, around 6.4 trillion tons 

of methane have been detected trapped in the deposits of methane hydrate on the deep ocean floor4. 

It is estimated that the amount of energy contained in these natural hydrates is more than twice the 

amount found in all other available hydrocarbons combined, which indicates that natural hydrates 

will be among the most competitive clean energy sources. Besides the high energy content, gas 

hydrates have a unique guest-host structure, where the water molecules form the host cages, and 

the gas molecules are encapsulated by the host cages as guests. This unique structure can be used 

for many applications; for example, carbon dioxide and hydrogen gas storage. 
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It is well-recognized that gas hydrates have multiple applications, such as natural gas 

production, carbon capture and gas separation; however, gas hydrate exploration is still limited to 

the research stage. Although some countries, like Japan and China, attempted at large-scale 

extraction of methane hydrate, they announced the commercial-scale production remains years 

away5,6. During exploration/ extraction, the accidental release of methane into the atmosphere or 

the deep sea would endanger the lives of animals. The oil and gas industry spends millions of 

dollars to remove or prevent the formation of gas hydrates because such formation can cause 

pipeline blockages or even explosions. In addition, global warming and frequent crustal 

movements, as well as changes in temperature and pressure, have created an environment 

unsuitable for natural gas hydrates. 

Considering the various applications of gas hydrates and the security issues in the oil and 

gas industry, the most important task for future research is to examine the stability of gas hydrates. 

However, as discussed later in Chapter 2.2, the reliable literature data remains limited, and the 

factors that affect the gas hydrate’s stability in terms of atoms, bonds, cages, and lattices are poorly 

understood.  

This thesis contributes to knowledge by filling the gap in understanding the behavior of 

gas hydrates under pressure. It explores pressure stability limits and transition mechanisms, 

proposes non-linear models involving higher-order elastic constants for mechanical properties 

calculations, and examines geometry-imposed cage features to predict mechanical stability limits. 

Additionally, the analysis characterizes cage deformation mechanisms and investigates failure 

mechanisms under pressure based on hydrate occupancy. The findings provide novel insights into 

the behavior of gas hydrates and improve the understanding of their mechanical properties. 

Specifically, the software of Vienna Ab initio Simulation Package (VASP)7-10 was selected to run 
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all density functional theory (DFT) simulations. VESTA11, a three-dimensional visualization 

system for electronic and structural analysis, was used to visualize the structure of the deformed 

hydrate lattice under pressure. Also, MATLAB was used for all the post-simulation calculations 

and analysis. After discussing the motivation behind this thesis, the rest of the chapter will 

demonstrate the objectives and the structure of this work. 

1.2 Thesis Objectives 

The following are the specific objectives of this thesis related to piezo effects, pressure 

stability limits, and gas hydrate fracture mechanisms: 

Chapter 3: determine the pressure stability limits and the mechanical properties of sI 

methane hydrate by using Ab initio first principle 

1. To determine the bulk modulus and its first derivatives by applying the isothermal 

Equation of State fittings to the Energy-Volume curve (Chapter 3). 

2. To generate the sensitivity factor of mechanical properties of sI methane hydrates 

along with pressure (Chapter 3). 

3. To establish a table for mechanical properties of sI methane hydrates under pressure 

before reaching stability limits (Chapter 3). 

4. To apply the Born stability criteria to determine the mechanical stability limits 

(Chapter 3). 

Chapter 4: perform multi-scale geometric structural analysis on sI methane hydrate 

under pressure: from atoms to cages to lattice  

5. To demonstrate the electron density distribution under pressure (Chapter 4). 
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6. To illustrate the bond parameter distribution under pressure in terms of bond angles 

and bond lengths (Chapter 4). 

7. To investigate the role of each type of cage in terms of the rules of mixture (Chapter 

4). 

Chapter 5: Conducting third-order elastic constants (TOECs) calculations to evaluate 

the piezo-effects on second-order elastic constants (SOECs) 

8. To determine all second-order and third-order elastic constants of sI methane 

hydrates at zero pressure and zero Kelvin (Chapter 5). 

9. To calculate the values of second-order elastic constants under pressure using the 

third-order elastic constants values (Chapter 5). 

10. To evaluate the mechanical properties of sI methane hydrate by using linear and 

non-linear fittings (Chapter 5). 

11. To determine the ductile-to-brittle transition using Pugh ratio and Pettifor criteria 

(Chapter 5). 

Chapter 6: Determine the two-phased structure of sI gas hydrates and investigate the 

impacts of occupied cages on the pressure stability  

12. To conduct two-phase structural analysis on sI gas hydrates (Chapter 6). 

13.  To investigate the effects of cages on the structural integrity of gas hydrates in 

terms of volumetric size under pressure (Chapter 6). 

14. To develop an equation to estimate the mechanical stability limits of sI methane 

hydrates in terms of occupancy and occupied cage types (Chapter 6). 
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15. To examine the steepest ascending and descending curves to strengthen or weaken 

the sI methane gas hydrates based on their occupancy and cage type (Chapter 6). 

16. To assess the fracture mechanisms that take place when hydrate systems with 

varying occupancies reach their stability limits (Chapter 6). 

 

1.3 Thesis Organization 

This thesis begins with a general introduction to clathrate hydrates associated with the 

scope of this work (Chapter 2). It includes the structural features and mechanical properties of 

gas hydrates. Also, a comprehensive literature review is provided to present the current status 

and understanding of gas hydrate and it is followed by a background discussion on the 

computational methods and software employed in this work. The organization of the rest of 

the thesis (Chapters 3-8) is shown in Figure 1-1. 
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Figure 1-1Thesis organization chart connecting the different thesis chapters 
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 In Chapter 3, the simulations are performed on the monocrystalline defect free sI methane 

hydrate with 100% cage occupancy. The ground-state volume and energy in terms of pressures are 

presented with the equations of state (EOS) fitting and the pressure sensitivity factor of the bulk 

modulus. Meanwhile, the relationship between second-order elastic constants (SOEC) and 

hydrostatic pressures is characterized. The Born stability criteria and Voigt-Reuss-Hill (VRH) 

approximation, based on the SOEC values, are applied to obtain the theoretical pressure limits and 

their associated polycrystalline mechanical properties.  

 In Chapter 4, we analyze the pressure effects on the sI methane hydrates from the structural 

aspect of the electron cloud, atoms interactions and cage deformation. To be specific, the electron 

density distributions under different pressures are characterized. The atoms’ interactions, bond 

lengths and angles, are determined as a distribution with respect to pressures. The details of cage 

deformation are characterized. Also, the law of mixtures was applied to the gas hydrates for their 

elastic property predictions. 

 Chapter 5 focuses on the calculations of third-order elastic constants (TOEC) of 

monocrystalline sI methane hydrates and their applications. It demonstrates the use of TOEC to 

make a prediction on the piezo effects on the second-order elastic constants (SOEC). Also, the 

SOECs values obtained from TOECs prediction and the SOECs under pressure obtained from the 

simulation are compared, which shows a high consistency. In addition, the SOECs under pressure 

derived from TOEC predictions are done consistently well in calculations of mechanical 

properties, determination of stability limits, and ductile-to-brittle transition. 

 In Chapter 6,  a geometric analysis of the sI methane hydrate and the behavior of the cage 

under pressures especially with occupied guest molecules, were performed. Firstly, the two-phase 

matrix-inclusion structure is determined due to the polygonal connectivity through face sharing. 



 32 

The stability thresholds in terms of phase modes were then determined, identifying two failure 

patterns. The correlation between the phase occupancy and compressive stability limits is 

established as well. An equation for the mechanical stability surface under variable methane 

occupancy is proposed by using a ternary non-ideal law of mixtures. Also, computing the steepest 

descent and ascent curves leads to the identification of optimal strengthening by specific gas 

occupancy and maximal failure routes mainly by a decrease of matrix phase occupancy.  
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Chapter 2  

 

2 Background 

 

 

2.1 Clathrate hydrates 

 Clathrate hydrates, also known as gas hydrates or simply hydrates, are crystalline solids 

that resemble ice and consist of water molecules encapsulating various gas molecules1. The lattice 

structure of clathrate hydrates is formed by the hydrogen bonds of water, and the entire structure 

is stabilized by the presence of trapped gas molecules2. In other words, clathrate hydrates are 

clathrate compounds in which the host molecule is the water, and the guest molecule is typically a 

gas or liquid. The most common guest molecules are methane and carbon dioxide. Most gas 

hydrates are formed at high pressures and low temperatures except for some low molecular weight 

gases. As the encapsulated guest molecules are never bonded to the lattice, the formation and 

decomposition of clathrate hydrates are first-order phase transitions, not chemical reactions3-5. In 

2020, 250,000-700,000 cubic feet of methane have been detected that being trapped in the deposits 

of methane hydrate on the deep ocean floor6. It is estimated that the amount of energy contained 

in these natural hydrates is more than twice the amount found in all other available hydrocarbons 

combined, which indicates that natural hydrates will be the most competitive clean energy source. 
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 The three most common types of gas hydrates are structure I (sI), structure II (sII), and 

structure H (sH) gas hydrates. The main differences among the three types of hydrates are the types 

of cages that contribute to their lattice structures and the number of each cage type involved. The 

details of sI gas hydrate structure are shown in Figure 2-1 and details of each type of gas hydrate 

structures will be discussed below.  

 Each structure has at least two kinds of cages involved. The general notation, Xn, describes 

the water cages where X is the number of sides of a cage face, and n is the number of cage faces 

having these X sides7. The pentagonal dodecahedral water cage (12-hedra), denoted 512, which 

comprises of 12 pentagons, is present in all three structures, shown as Figure 2-1 (A). Apart from 

this, sI structure is composed of tetradecahedral cavities (14-hedra), denoted 51262 (comprising of 

12 pentagons and 2 hexagons), shown as Figure 2-1 (B). For sII structure, instead of the 

tetradecahedral cavities, larger hexacaidecahedral cavities (16-hedra), denoted 51264 (comprising 

of 12 pentagons and 4 hexagons) are present7. Compared with sI and sII structures, sH has a 

hexagonal framework. Besides the 512 cavities, it has another two types of large cavities (435663 

and 51268), which can contain a large molecular fluorinated gas (octafluorocyclobutane, c-C4F8)8. 

 

Figure 2-1 sI methane hydrates have small (A) and large (B) cages. (A) A small cage consists of 12 pentagonal faces and a 
methane molecule at its center. Large cages (B) have 12 pentagonal faces and two hexagonal faces, with a guest methane 

molecule at the center. Water oxygen atoms are represented by blue circles. Hydrogen atoms are represented by pink-white 
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circles. Carbon atoms are denoted by orange circles. All solid lines represent covalent bonds; their colors indicate which two 
atoms formed the covalent bond. OH hydrogen bonds are displayed by the brown dashed lines9 

 The detailed geometric properties of these three hydrate structures, along with their 

respective cavities, are presented in Table 2-1. For full occupancy, the ideal molar guest-to-water 

ratio for an sI is 1: 5.752. Usually, the stabilization of the entire hydrate system is supported by the 

van der Waals Forces between the gas molecules (guest) and the water molecules (host). So the 

hydrate’s occupancy is around 80% in nature. However, under extreme conditions (temperatures 

between 100 and 220 K and pressures between 1 and 5000 bar), the hydrate's structure can even 

be nucleated without guest molecules10-13. Typically, each cavity accommodates only one guest 

molecule ranging in diameter from 0.40 to 0.90 nm2. sI hydrates are the most commonly 

encountered naturally occurring hydrate structure which encases small diameter molecules (0.40-

0.55 nm) such as methane gas. sII and sH hydrates can accommodate larger guest molecules, 

typically propane for sII or combinations of methane gas and nexohexane or cycloheptane for sH, 

but they are less prevalent in nature2. 

Table 2-1 Geometrical parameters of the main hydrate crystal structures2 

 Structure I Structure II Structure H 

cavity small large Small Large Small Medium Large 

Description 512 51262 512 51264 512 435663 51268 

Cavities/ 
unit cell 2 6 16 8 3 2 1 

Average 
cavity 

radius, nm 
0.395 0.433 0.391 0.473 0.391 0.406 0.571 

Coordination 
number 20 24 20 28 20 20 36 
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Water 
molecules 

per unit cell 
46 136 34 

Lattice type Cubic Face-centered cubic Hexagonal 

Unit cell 
parameters, 

nm 
a=1.2 a=1.7 a=1.21, c=1.01 

Density, 
𝑘𝑔 𝑚!⁄  912 940 1952 

 

2.2 Gas Hydrates’ Properties 

2.2.1 Current Status  

 So far, many research groups are looking into the thermodynamic and mechanical 

properties of gas hydrates because of their high energy content and potential applications. However, 

the difficulties associated with recreating the actual environment of gas hydrates in the laboratory 

restrict the study and the investigation of their properties. This phenomenon further demonstrates 

the significance of gas hydrate modelling and simulations. In this section, we will examine the 

current understanding of gas hydrate, which provides a solid foundation for this thesis. 

 Since gas hydrates contain at least 85 mol% water molecules, this indicates that an analogy 

could be applied between gas hydrates and ice. The high water content in hydrates suggests that 

the mechanical properties of all three hydrate structures should be similar to those of ice. A 

comparison of properties among a unit cell size of sI, sII gas hydrates and Ih ice is shown in Table 

2-2. 
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Table 2-2 Comparison of properties of ice(Ih), sI, and sII hydrate crystal structures14 

Property Hexagonal Ice (Ih) Structure I gas 
hydrate 

Structure II gas 
hydrate 

Water molecules 
number 4 46 136 

Lattice parameters at 
273K, nm 

a=0.452 

c=0.736 
1.20 1.73 

Dielectric constant at 
273K 94 ~58 58 

Water diffusion 
correlation time, 𝜇𝑠 220 240 25 

Water diffusion 
activation energy, 

kJ/m 
58.1 50 50 

Isothermal Young’s 
Modulus at 268K, 109 

Pa 
9.5 8.4 (est.) 8.2 (est.) 

Poisson’s ratio 0.33 ~0.33 ~0.33 

Bulk modulus (GPa) 8.8 (272K) 5.6 (272K) 11.14 (0 K) 

Shear modulus (GPa) 3.9 (272K) 2.4 (272K) 4.36 (0 K) 

Compressional 
velocity (Vp), m/s 3870.1 3778.0 3821.8 
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Shear velocity (Vs), 
m/s 1949 1963.6 2001.1 

Velocity ratio 
(comp./shear) 1.99 1.92 1.91 

Linear thermal 
expansion, at 200K, 

K-1 
56 × 10"# 77 × 10"# 52 × 10"# 

Adiabatic bulk 
compression (273K), 

10-11 Pa 
12 14 (est.) 14 (est.) 

Heat Capacity, 𝐽 ∙
𝑘𝑔"$ ∙ 𝐾"$ 3800 3300 3600 

Thermal conductivity 
(263K), 𝑊 ∙ 𝑚"$ ∙

𝐾"$ 
2.23 0.49 ± 0.02 0.51 ± 0.02 

Refractive index, 638 
nm, -3℃ 1.3082 1.3460 1.350 

Density, 𝑘𝑔 ∙ 𝑚"! 916 912 940 

 

Table 2-2 demonstrates the physical properties of ice and sI and sII gas hydrates. It shows 

that the physical properties of bulk gas hydrates are remarkably close to those of pure ice, with 

only a big difference shown in the thermal conductivity. The thermal conductivity of ice is 2.23 

𝑊∙𝑚−1∙𝐾−1 but for sI and sII hydrates, the values are around 0.50 𝑊∙𝑚−1∙𝐾−1, which is four times 

smaller than that of ice. A lower thermal conductivity indicates that a temperature change on the 
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gas hydrate’s surface would not lead to a temperature change in the internal system. As the heat 

cannot be dissipated within a short period of time, a temperature difference may be introduced as 

a function of axis symmetry. This uneven distribution of temperature would lead to crack 

nucleation on bounding surfaces. 

It is important to note that the data present in Table 2-2 are limited to a very small range of 

temperatures, pressures and the type of guest molecules. However, these factors would 

significantly affect gas hydrates’ properties. Thus, to build a comprehensive picture of the 

mechanical properties of gas hydrates, understanding their behavior under pressure in terms of the 

factors mentioned above becomes very essential.  

2.2.2 Knowledge Gap 

 As discussed above, the similarities between gas hydrates and the ice Ih have been partially 

explored. However, the current understanding of gas hydrates cannot support any long-term 

commercial scale exploration. Therefore, a comprehensive investigation is required, focusing on 

the impact of the environment on the hydrate's properties. Given the limitations of laboratory 

experiments in recreating environmental conditions, modelling simulations were chosen to 

conduct all required research investigations in this thesis to detail the effects of each factor. 

 In gas hydrates research, it is known that temperature and pressure have a significant 

impact on the gas hydrate’s properties and stability15. The effects of global warming on 

temperature appear to be considerably smaller than the pressure changes caused by earthquakes or 

plate movements. Thus, in this thesis, the focus is on the pressure effects (piezo-effects) on the gas 

hydrates mechanical properties and their stability limits.  
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  Pressure stability limits for gas hydrates and associated fracture mechanisms have not been 

reported to date. However, because the pressure can fluctuate, this is crucial for methane extraction 

and CO2 sequestration. Methane leaks may occur if the process exceeds the pressure stability limit, 

posing a threat to marine life. The pressure stability limit is a crucial value that must be investigated. 

In addition, the mechanism of fracture triggered when the pressure stability limit is exceeded is 

dependent on the intrinsic brittleness or ductility of the material. Understanding the fracture 

mechanisms and lattice collapse processes will aid in stopping the process of decomposition.

 Additionally, the second-order elastic constants (SOECs) are the fundamental values to 

calculate the mechanical properties or stability evolution. As expected, the values of SOECs will 

change as the pressure changes. Thus, characterizing the piezo effects on the SOECs, and 

quantifying this relationship are most important in this thesis.  

 To summarize, this thesis would fill a gap in the knowledge of science on the pressure 

effects on gas hydrates’ properties and stability. These findings would be useful for further studies 

or exploration of gas hydrates.  

2.3 Modeling and simulation 

 To discover the gas hydrates’ properties and their stability, first principles simulations with 

density functional theory (DFT) were utilized in the work presented in this thesis. To be specific, 

the Vienna Ab initio Simulation Package (VASP)16 was utilized to conduct all simulations from 

the atomistic level. In this section, the principles of DFT and the details of VASP will be discussed.  
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2.3.1 Density Functional Theory (DFT) 

The quantum mechanical wavefunction contains, in principle, all the information about a 

given system. In order to estimate the mechanical and thermodynamic properties of the material, 

it is necessary to obtain the wavefunction of its atomic system17. Schrödinger’s equation describes 

the wave function or state function of a quantum-mechanical system, and the main goal of any 

DFT computation is to calculate the total energy of a specific set of atoms, which is done by solving 

the time-independent Schrödinger equation18. 

The time-independent Schrödinger equation describes the stationary states of the wave 

function, shown as Equation 2.1 

𝐻𝜓 = 𝐸𝜓  2.1 

In Eqn 2.1, H is the Hamiltonian operator and 𝜓 is a set of solutions, or eigenstates, of the 

Hamiltonian. Each of these solutions, 𝜓%, has an associated eigenvalue, 𝐸%, a real number that 

satisfies the eigenvalue equation. 

To determine the energy changes as atoms move around, it is necessary to define the 

position of an atom. As the atomic nuclei are much heavier than individual electrons, the electrons 

respond much rapidly to changes in their surroundings than nuclei can. For a given set of electrons 

moving in the field of a set of nuclei, the lowest energy configuration of the electrons are found. 

The lowest energy state is known as the ground state of the electrons, and the separation of the 

nuclei and electrons into separate mathematical problems is the Born-Oppenheimer 

approximation18. 
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The detailed definition of the Hamiltonian depends on the physical system being described 

by the Schrödinger equation. To consider multiple electrons interacting with multiple nuclei, a 

more complete description of the Schrödinger is shown by Equation 2.2: 
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Here, m is the electron mass. The three terms in brackets define, in order, the kinetic energy of 

each electron, the interaction energy between each electron and the collection of atomic nuclei, 

and the interaction energy between different electrons18. 

To find the wave function, 3N dimensions are required, where N is the number of electrons 

involved in unit cell. It indicates thousands of dimensions have to be determined simultaneously, 

which seems impossible. To solve this problem, Kohn and Sham proposed to find the right electron 

density can be expressed in a way that involves solving a set of equations in which each equation only 

involves a single electron18. 

The Kohn-Sham equations have the form presented by Equation 2.3 

W−
ℎ&

2𝑚∇& + 𝑉(𝑟) + 𝑉,(𝑟) + 𝑉-.(𝑟)X 𝜓'(𝑟) = 𝜀'𝜓'(𝑟) 2.3 

The main difference between the Eqn. 2.2 and Eqn. 2.3 is that the Kohn-Sham equations 

are missing the summations that appear inside the full Schrödinger equation. This is because the 

solution of the Kohn-Sham equations are single-electron wave functions that depends only on three 

spatial variables, 𝜓'(𝑟). Since the wave function for any particular set of coordinates cannot be 

directly observed, the quantity that can be measured is the probability that the N electrons are at a 
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particular set of coordinates. Thus, the density of electrons at a particular position in space can be 

written in terms of the individual electron wave functions as shown by Equation 2.4 

𝑛(𝑟) = 2K𝜓'∗

'

(𝑟)𝜓'(𝑟) 2.4 

The transition from wave functions to electron density rests on two fundamental 

mathematical theorems. The first theorem, proved by Hohenberg and Kohn, is : the ground-state 

energy from Schrodinger’s equation is a unique functional of the electron density18. The second 

Hohenberg-Kohn theorem defines an important property of the functional: the electron density 

that minimizes the energy of the overall functional is the true electron density corresponding to 

the full solution of the Schrodinger equation18.  

For Eqn. 2.4, the term inside the summation is the probability that an electron in individual 

wave function 𝜓'(𝑟) is located at position r. The factor of 2 appears because electrons have spin 

and the Pauli exclusion principle state that each individual electron wave function can be occupied 

by two separate electrons provided they have different spins18.  

2.3.2 Vienna Ab initio Simulation Package (VASP) 

 The Vienna Ab initio Simulation Package (VASP)19-22 has been widely used for atomic 

scale materials modelling from first principles. VASP uses periodic boundary conditions and 

pseudopotential method with a plane wave basis set16. VASP obtains the converged physical 

properties such as the lattice volume and energy, and the electronic ground state of material 

through as self-converged calculation, as shown in Figure 2-2. 
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Figure 2-2 Self-consistency cycle method within VASP16 

 Four input files are required for VASP simulations, which are INCAR, PSOCAR, 

POTCAR, and KPOINTS files. INCAR file contains the user specified parameters that define the 

calculations, such as energy cut-off, ionic and geometric relaxation parameters. POSCAR specifies 

the periodic simulation cell and includes the geometry of the system. POTCAR is a 

pseudopotential file and has the atoms’ information23. KPOINTS defines the k-point mesh, which 

affects the accuracy of the results16. Some of the key parameters of the four input files are shown 

in  

Table 2-3. 

Table 2-3 Summary of key parameters of VASP input files 

Exchange-correlation functional revPBE+DFT-D2 dispersion correction 

Cut-off energy 520 eV 

Global break conditions the electronic self-
consistent loop 1 × 10"0	𝑒𝑉 

Break conditions for the ionic relaxation 5 × 10"!	𝑒𝑉/Å 
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Calculation algorithm Newton and conjugate gradient algorithms 

Number of k-points 4 

Grid generation mode Gamma centred 

 

2.4 Post-simulation calculations  

 In this thesis, MATLAB was selected as the main software for the post-simulation 

calculations. The simulations results can provide structural information on the lattice under given 

conditions, such as lattice energy, lattice volume and atomic positions. This information are useful 

to understand lattice’s response under specified condition. For example, the calculations of bond 

parameters, e.g., bond angles and bond lengths, the MATLAB code was written to identify the 

neighboring atoms for each oxygen atoms and calculate the associated bond length and angles. 

The distribution and fitting process were conducted by MATLAB as well. The details for 

methodologies applied in each project using MATLAB are demonstrated in each Chapter 3-6.  

 In addition, VESTA: a Three-Dimensional Visualization System for Electronic and 

Structural Analysis24, is a software that was selected to visualize the relaxed structural lattice. The 

details of the model information and the selected planes for the visualization are shown in the 

Chapter 4 and 6.  
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Chapter 3 

 

3 Piezo-elasticity and stability limits of monocrystal 

methane gas hydrates: Atomistic-continuum 

characterization 
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Preface  

 As discussed in Chapters 1 and 2, gas hydrates have a variety of applications for solving 

the problem of energy scarcity. However, the main barrier of further exploration and development 

is the lack of knowledge regarding the stability and pressure effects for gas hydrates. Chapter 3 

starts with established atomistic modelling of gas hydrates to determine some fundamental 

properties, including lattice volume, lattice energy, bulk modulus, and its first derivative value, 

using the most fundamental equation of state fitting. After confirming the accuracy of the results,  

the simulations were conducted under various pressures. During this step, the pressure effects 

(piezo effects) on the mechanical properties of gas hydrates were investigated, and the 

mechanical/pressure stability limit of the hydrate system was determined. In order to calculate the 

mechanical properties under pressure, it is necessary to obtain the values of the second-order 

elastic constants (SOECs), which provide the most fundamental information about a system under 

strain, as well as the input values for the Voigt-Reuss-Hill (VRH) approximation. The values of 

the SOECs are provided in both numeric and sensitivity factor formats. The sensitivity factors can 

reveal the tendency of mechanical properties to change as a result of pressure. When the system 

approaches its limits of stability, the sensitivity factors of SOECs deviate from their ordinary 

direction and magnitude. Furthermore, the intrinsic brittle and ductile features and the transition 

point are essential to know because they will trigger different fracture mechanisms once the system 

reaches its pressure limits. In summary, Chapter 3 provides an wide characterization of the 

response of gas hydrates to pressure, including the pressure stability limits and how the mechanical 

properties change under pressure. All these findings provide a solid foundation for future research 

on the mechanical properties of gas hydrates under pressure, as described in Chapter 4. 
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3.1 Abstract 

Gas hydrates are guest-host crystalline materials formed by water cages and guest gases 

such as methane and carbon dioxide under simultaneously relative high-pressure and low-

temperature conditions. With this unique guest-host structural feature, gas hydrates can be used 

for gas storage and carbon dioxide (CO2) sequestration creating challenges such as flow assurance 

and geology stability. Some of these challenges are related to material instabilities caused by 

changing external conditions. Thus, this paper aims to determine the theoretical pressure stability 

limits of monocrystal defect-free sI methane gas hydrates at 0 K using accurate density functional 

theory (DFT) to simulate the hydrate’s thermodynamic and elastic responses under varying 

pressures. The pressure stability limits are determined by Born stability criteria and piezo 

sensitivity factors. The important brittle-to-ductile transitions of gas hydrates are established. Also, 

polycrystalline mechanical properties, including the Poisson ratio and Young modulus, are 

calculated from the second-order elastic constants obtained from the monocrystal sI methane 

hydrates, which provide the upper bounds. Taken together the piezo-sensitivity of a complete set 

of elastic properties of sI methane gas hydrates and material stability limits determined by 

atomistic calculations provide new data and fundamental understanding for technological 

applications.  
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3.2 Introduction 

Gas hydrates (GH), also known as clathrate hydrates, or simply hydrates are crystalline 

solids that resemble ice, and consist of water molecules encapsulating various gas molecules.1 The 

lattice structure of clathrate hydrates is formed by the hydrogen bonds of water and the entire 

structure is stabilized by the presence of trapped gas molecules.2 In other words, gas hydrates are 

clathrate compounds in which the host molecule is water, and the guest molecule is typically a gas; 

more than one class of gas can be present with various occupancy rates.3 Gas hydrates are usually 

found in deep ocean and permafrost areas, where low temperatures and high pressures prevail.4 

80% of natural gas hydrates contains methane as their guest molecule, providing a significant 

potential energy source.5 Additionally, due to the special guest-host structural features, gas 

hydrates can be used for gas storage, CO2 sequestration, water desalination.6-10 However, some 

negative impacts may take place during these applications. In energy-related industries, flow 

assurance and safety problems are inevitable.11 Potential environmental impacts of methane gas 

hydrates due to structural and thermodynamic instabilities need to be taken into account in climate 

change challenges. Driven by these issues, much effort has been made to study the gas hydrates’ 

stability and performance under relevant pressure and temperature ranges. Unfortunately, due to 

the high cost and technical challenges of performing actual experiments, the mechanical properties 

and stability of gas hydrates under high pressures and low temperatures are incomplete, poorly 

characterized, and a fundamental material physics understanding is still lacking.  

To overcome these challenges, some research groups use computational materials 

engineering modelling methods, such as molecular dynamics (MD) to simulate, characterize and 

shed light on the performance of gas hydrates. Khurana, M., et al.12 demonstrates a couple of 

clathrate nucleation pathways based on the molecular simulations. Kondori, J., et al.13 illustrates 
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the methane hydrate dissociation. They validates the increasing stability of hydrate with increasing 

pressures and occupancy. Also, they found that during the dissociation process, new hydrogen 

bonds were formed, 13 which is a robust indication of structural transition. Li, Y., et al.14 

investigated the nucleation and dissociation mechanisms of CO2 hydrates in the dioctahedral 

smectite using molecular dynamics. They found that hydrate nucleation occurred in the inter-

particle pores of dioctahedral smectite, whereas clathrate-like structures were formed in the intra-

particle pores. Besides the pure mechanism studies, some research group put much effort on the 

methane properties and production process. Zhang, Y., et al.15 found the three conditions that 

would trigger hydrate phase transition in deep-sea methane hydrate-bearing soil. The three 

conditions are low methane hydrate saturation, significant dissipated energy and methane hydrate 

decomposition. 15  Kondori, J., et al.16 summarized the methane production from the gas hydrate 

reservoir. They used the molecular dynamics to simulate different hydrate dissociation 

mechanisms and provide the crystal structures of methane hydrate in salt solutions. 16 

  The unit lattice of the gas hydrate is considered as the smallest unit, and thus the detailed 

guest host interactions, guest effects, and cage effects are not resolved in this paper. All the results 

, scalings, and observations are based on the whole  lattice view. The Density Functional Theory 

(DFT) would be used for all the simulations. To overcome the DFT limitations, the careful 

selection of approximation, calculation algorithm and correlated systems are discussed in Section 

3.4.2. Also, considering the DFT temperature limitations, all work from this paper is under 0 

Kelvin. The effect of temperature is left for future work and is outside the scope of the work. 

Recent studies have mainly focused on the material properties of gas hydrates in terms of 

pressures, temperatures, and chemical composition (types of guest molecules). Using Density 

Functional Theory (DFT), Jendi et al. 17 reported that the tensile and compressive ideal strengths 
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of sI pure methane gas hydrates are -1.10 GPa and 90 GPa, respectively. Based on molecular 

dynamic (MD) simulations, Jia, J. et al.18 reported the elastic behaviour and provided molecular 

insights into stability changes of sI pure methane and carbon dioxide gas hydrates from -5 MPa to 

-150 MPa and 20 MPa to 110 MPa. sI gas hydrate has a cubic structure,19 and only has three 

independent elastic constants, C11, C12, and C44.20 For methane hydrates, C11 and C12 decrease with 

increase in temperature while they increase as pressure increases. 18 However, C44 is insensitive to 

pressure and decreases with increasing temperature. 18 Meanwhile, the relationships between 

mechanical properties and pressure and temperature were recognized. 18 For methane hydrates, the 

bulk modulus and Poisson's ratio increase as pressure increases and decrease as temperature 

increases. However, the shear modulus and Young modulus have entirely different behaviours. 

These two moduli do not correlate strongly with pressures for the methane hydrates, but their 

values decrease as temperature increases.   

The previous studies 17,18,21 determined the performance of sI gas hydrates under uniaxial 

stress, and the dynamic trends of various mechanical properties under different pressures and 

temperatures were estimated. However, hydrostatic pressure is a ubiquitous stress load that needs 

to also be studied in addition to uniaxial stress. In this work the pressure-dependence of all elastic 

constants and resulting elastic moduli is referred to as piezo-elasticity, in analogy and 

correspondence to piezo-viscosity in liquids.22-24 Noteworthy, for water, the viscosity first 

decreases with increasing pressure but eventually increases with pressure as in other liquids and 

polymeric fluids25 and hence the anomalous piezo-viscosity of water reveals unique molecular 

bonding effects. Hence, we expect that a systematic characterization of the piezo-elasticity of GH 

is important and necessary to close gaps in understanding and applications. We note that in this 

work we consider both positive (compression) and negative pressures (expansion). Accurate 



 56 

predictions of mechanical properties under varying pressure loads are required for engineering 

design and control in addition to characterizing correlations and parametric trends. 

In order to meet the engineering and environmental challenges mentioned above, this work 

aims to provide a complete characterization of sI pure methane gas hydrates' performance under 

different hydrostatic pressures at 0 K using computational materials engineering methods. In order 

to provide a fundamental materials physics understanding of elasticity and stability, considerations 

of bonding, symmetry, and chemical composition need to be explicitly and accurately integrated, 

hence we  employ DFT-based atomistic modelling. Related studies that support the current work 

in terms of selection of accurate methods, efficient computational platforms, and useful calculation 

techniques are available.17,21,26-29  

More specifically, in this paper we predict pressure stability limits and mechanical 

properties of monocrystal defect-free methane gas hydrates, using accurate density functional 

theory (DFT) to simulate the hydrate's performance under varying pressures relevant to the science 

and technology of gas hydrates. In addition, this paper uses periodic boundary conditions and full 

gas occupancy, which is not observed experimentally but is required for computational tractability. 

Furthermore, we use the quadratic elastic energy formulation, and the imposed loads and strains 

corresponds to linear elasticity. The averaging procedures to convert monocrystal properties into 

polycrystal ones are expected to provide upper and lower bounds of elastic properties.30 All 

calculations are at 0K, and hence predictions are generally upper bounds when compared to values 

at higher temperatures. 

The organization of this paper is as follows. In section 3.5.1, the ground-state volume and 

energy in terms of pressures were present with the equations of state (EOS) fitting and the pressure 

sensitivity factor of bulk modulus. In section 3.5.2, the relationship between second-order elastic 
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constants and hydrostatic pressures are characterized. In section 3.5.3, the Born stability criteria 

were applied to evaluate the theoretic pressure limits based on the second-order elastic constants 

values. In section 3.5.4, the polycrystalline mechanical properties calculated through the Voigt-

Reuss-Hill (VRH) approximation30 and failure modes were given, based on the second-order 

elastic constants of a monocrystal. The supplementary information (SI) contains all the necessary 

data, equations, derivations and secondary calculations that support the paper. Without ambiguity 

and to avoid unnecessary repetitions we do not mention pressure when plotting and discussing 

results as a function of pressure, since it is the only independent variable/parameter in this work. 
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3.3 MODELS AND METHODOLOGY 

3.3.1 Lattice structure 

As mentioned above, in this work the focus is the sI pure methane gas hydrate with 100 % 

occupancy. In one sI hydrate unit lattice, 46 water molecules form two types of cages. The small 

cages (512) contain twelve pentagonal faces, and the large cages (51262) contain twelve pentagonal 

faces and two hexagonal faces.31 Each cage can take only one guest molecule. For the water cages, 

the position of water oxygen atoms can be determined by X-ray diffraction, with the positions of 

water hydrogen atoms proposed by Takeuchi, F. et al.32 Following the Bernal-Fowler ice rules,33 

the adopted structure has the lowest net dipole moments. In this work, the guest molecules in our 

gas hydrate are placed at the cage’s centre to minimize the net dipole moment. The entire 

configuration is maintained during the simulations. Figure 3-1 shows the structures of the small 

and large water cages in sI methane hydrate. The methane molecule is located at the centre of the 

cage. 

 

Figure 3-1 sI methane hydrate (A) small cage, which is the pentagonal dodecahedral water cage, denoted 512 (B) large cage, which 

compromises 12 pentagons and 2 hexagons, denoted 51262. Red circles represent oxygen atoms. White circles represent hydrogen 

atoms. Brown circles represent carbon atoms. Solid lines represent the covalent bonds between two atoms. The solid is presented 

(A) (B)
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with two colors (red and white), which indicate the atoms contributing to the covalent bond. The dashed lines represent the O-H 

hydrogen bonds. 

3.3.2 Atomistic DFT Simulations 

First principles simulations with Density Functional Theory (DFT) were utilized to 

investigate the performance of sI methane hydrate under different pressures. Simulations involved 

one unit lattice structure as discussed in the section 3.4.1. DFT simulations based on Kohn-Sham 

equations were performed at 0 K using a unit cell of sI methane hydrate with periodic boundary 

conditions. The first step was to converge the lattice to optimized geometries at different pressures 

allowing relaxations for the lattice volume, structural shape, and internal atomic positions. Then 

the energy-strain method was used to calculate the second-order elastic constants with the 

relaxation for internal atomic positions only. 

All simulations were performed using the Vienna Ab initio Simulation Package (VASP), 

which conducted calculations using pseudopotentials and a plane-wave basis set. The basic 

methodology is the Density Functional Theory (DFT), and the hybrid functionals are applied 

simultaneously to compensate for any intrinsic deficits of DFT. The revPBE exchange-correlation 

functional and the DFT-D2 dispersion correction method were selected for this study based on the 

outstanding performance shown in previous studies on gas hydrates.21,27,29 The cut-off energy was 

selected as 520 eV, which is 30% greater with respect to the standard values to guarantee the 

absolute energies are converged. 1×10-4 eV and 5×10-3 eV/Å were chosen as the global break 

conditions for the electronic self-consistent loop and the ionic relaxation respectively. 

To not compromise the results’ accuracy and minimize the calculation cost, the quasi-

Newton and conjugate gradient algorithms were used. The quasi-Newton algorithm is time-

efficient but only has a stable performance within the stable pressure range. The conjugate gradient 
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algorithm has a stable performance under pressure; however, it requires more memory and more 

calculation time. The quasi-Newton algorithm was applied in the low-pressure range to maximize 

the time efficiency and minimize the memory cost. When pressures are approaching stability 

limits, the conjugate gradient algorithm was used. The lattice energy discrepancy for the same 

system between the two algorithms is approximately 10-4 eV, which is essentially negligible during 

the property calculations. This is because only the energy discrepancy between two different 

strained systems greater than 10-3 eV is considered for calculations. This 10-3 eV criterion can 

significantly reduce the calculation error from selecting the algorithm. All the key parameters used 

in the  simulations are summarized in Table 3-1. 

During structural relaxation, the degree of freedom was controlled, and the details are 

shown in Supplementary Information 1 (SI1). To specify the Bloch vectors that will be used to 

sample the Brillouin zone in the calculation,34 several parameters have been set. Firstly, the number 

of k-points are switched to the automatic generation scheme. A Gamma centered grid was applied. 

Four subdivisions along the reciprocal lattice vectors were selected for all directions. PAW 

potentials were used for generation of all the calculations in this paper.  

Table 3-1 Summary of key parameters in DFT 

Exchange-correlation functional revPBE+ DFT-D2 dispersion correction 

Cut-off energy 520 eV 

Global break conditions the electronic self-
consistent loop 1×10-4 eV 

Break conditions for the ionic relaxation 5×10-3 eV/Å 

Calculation algorithm Newton and conjugate gradient algorithms 

Number of k-points 4 

Grid generation mode Gamma centered 
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3.3.3 Second order elastic constants (SOEC) 

The second-order elastic constants (SOEC) were calculated from the energy analysis of the 

strained systems. While a stress-strain analysis could be applied, the energy-strain analysis is 

preferable and was chosen in previous studies.21,35 Equation (1) presents the relationship between 

the lattice energy and the strains under constant pressures and temperatures. E0 is the constant 

lattice energy of the unstrained system. The energy change of system due to the small strains can 

be determined by reducing Equation (3.1) to Equation (3.2), as shown below.  

E = E1 +
V
2KKc23δ&

#

3)$

#

2)$

+ O(δ0) (3.1) 

∆E =
V
2KKc23δ&

#

3)$

#

2)$

+ O(δ0) (3.2) 

where E1 and V are the equilibrium energy and volume of the unstrained system, respectively. 

In the cubic lattice used here it is possible to choose the strains while preserving the unit cell 

volume. Given the cubic symmetry the number of second-order elastic constants tensor, Cij, in the 

cubic structure can be reduced to three, C11, C12 and C44.20 Three linear independent combinations 

of strain vectors were selected to calculate these elastic constants, as shown in Supplementary 

Information 2 (SI2). 

The second-order elastic constants can then be calculated for any pressure by using this 

methodology. The only difference is that the ground state energy is the energy of the unstrained 

system at different pressures. With the assumption of linear elasticity, the strain values were 

selected to vary from 0.005 to 0.03, with an increment of 0.005 to ensure the hydrate material 

response is in the elastic region. During the calculation of the system's total energy, the unstrained 
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and strained systems were maintained in its initial volume and shape. Only the atomic positions 

were relaxed. 

 

3.3.4 Engineering Sensitivity Analysis 

The sensitivity analysis is designed to explore the response of the target properties as the 

input conditions, or the environmental conditions change. The sensitivity factor, also called 

parametric sensitivity, quantifies the effect of the variations of hydrostatic pressures on the 

property/quantity of interest, denoted as SQ, where S stands for sensitivity factor and the subscript 

Q represents the lattice energy E, lattice volume V, elastic constants Cij (i,j=11,12,44), Young 

modulus E, shear modulus G, and Poisson ratio K. All the calculated sensitivity factor are 

normalized sensitivity (also called relative sensitivity), which is the product of two factors: 

S4 =
54
56

|6|
4

   (3.3) 

the first factor is the local sensitivity. The symbol Q is the property value at pressure P. The second 

factor in Equation (3.3) is the ratio P / Q. Thus, the sensitivity factor is dimensionless, and the sign 

of the sensitivity factor indicates whether the correlation between the quantity Q and the pressure 

is positive or negative. The magnitude of the sensitivity factor value indicates whether the property 

Q reacts significantly as the pressure changes. The closer the SQ values are to zero, the weaker the 

dependence to pressure. The four critical points of SQ of interest are: 

Zero sensitivity:  (3.4) 

Diverging sensitivity:  (3.5) 
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Constant sensitivity: 
 

(3.6) 

Extremal sensitivity: 
∂S4
∂P =

∂
∂P f

∂Q
∂P

P
Qhi6!

= 0 (3.7) 

 

where C is a constant and the meaning of the four pressures are given in Equation 

(3.4-3.7) above. Zero sensitivity arises at P=0 or when is not a function of pressure. Diverging 

sensitivity at PD signals loss of stability. Constant sensitivity at PC signals power law behavior such 

as , where α is a constant and n is the power order which equals C (See Equation (3.6)). 

Determining the critical pressure values Pc corresponding to the critical sensitivities allows to 

identify the nature and number of regimes in any piezo-elastic and piezo-thermodynamic quantity. 

The presence of local maxima or minima signals transitions between softening and stiffening 

among other changes. Further technical details on evaluating SQ are given in Supplementary 

Information 3 (SI3). 

3.4 RESULTS AND DISCUSSION 

3.4.1 Ground-state energy and volume 

In section 3.5.1, the ground-state energy E and lattice volume V are discussed. In section 

3.5.1.1, the sensitivity factor of volume SV and sensitivity factor of energy SE are characterized. In 

section 3.5.1.2, the isothermal crystal equations of state (EOS) fitting were applied to determine 

bulk modulus and its first derivatives. Based on previous work,21 Birch-Murnaghan and Vinet were 

selected for the energy-volume fitting and the sensitivity factor of bulk modulus was provided. 
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3.4.1.1 Piezo sensitivity factors of volume SV and energy SE 

 

Figure 3-2 shows the equilibrium volume V (left axis) of SI methane hydrates and the 

sensitivity SV (right axis). At 0 GPa, the equilibrium volume is 1662 Å3. In previous work, the 

volume value obtained using the SIESTA platform under 0 GPa and 0K was 1684 Å3 and the small 

1.3% difference establishes the accuracy of the present method. 21 

The equilibrium volumes were determined by the Energy-Volume (E-V) curves with the 

precision of 1 meV for energy and 1 Å3 for volume under constant pressures. The overall response 

is a monotonically decreasing volume with a divergence under expansion. Under expansion, the 

lattice volume increased significantly. The slope of the curve at -1.1 GPa nearly diverges, which 

represents the lattice loss of integrity if additional stress was applied. A dramatic increase in the 

lattice volume implies that the average atomic length becomes too long to maintain intermolecular 

bonds. On the compressive side, the volume decreases at a decreasing rate, indicating increase 

resistance under volume reduction. From a volumetric criterion the structural lattice remained 

stable under 6 GPa.  
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Figure 3-2 Equilibrium volume and SV vs. Hydrostatic pressures. Black solid curve represents the volume-pressure curves. Yellow 

solid curve represents the sensitivity factor of volume SV. S stands for sensitivity factor and subscript V stands for Volume. The 

same nomenclature is applied for all the sensitivity factors in this paper. A grey vertical dashed line shows at zero shows the 

boundary between the tensile and compressive pressures. 

The values of sensitivity vector SV in the entire range are negative as expected due to the 

negative relationship between volume and pressure. The magnitude of SV ranges from 0 to 0.8. 

The three critical pressures (GPa) values of SV are {P1 = 0, P8 = −1.1, P9 = 4.5} and hence we 

have three regions: (i) near instability region, high ∂S:/ ∂P under expansion, (ii) intermediate 

region with small ∂S:/ ∂P	 < 0, and (iii) plateau region, ∂S:/ ∂P	=0. The response of SV shows 

that expansion eventually leads to instability while compression up to 6 GPa leads to a stable state 

with SV around -0.15. The piezo-choric sensitivity factor SV captures expected trends but provides 

specific values for the three mode transitions. 
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Figure 3-3 Equilibrium energy and sensitivity of equilibrium energy in terms of hydrostatic pressures. The black solid line 

represents the equilibrium energy values at different pressures. The orange line is the piezo sensitivity factor of equilibrium energy. 

The vertical grey dashed line shows the boundary between compressive and tensile stress.  

Figure 3-3 shows the equilibrium energy E and its sensitivity factor SE. The equilibrium 

energy E monotonically increases with pressure since strain increases. The only critical pressures 

(GPa) value of SE is and hence we have two regions: (i) expansion with a linear ∂S;/ ∂P	 >

0, (ii) compression with a linear ∂S;/ ∂P	 < 0. From -1.1 GPa to 6 GPa, the value of SE is always 

negative with a magnitude of SE of the order of 10-2. Using the DFT data and engineering 

sensitivity factor SE gives the following scaling, shown in Equation (3.8a-3.8b), 

S;± = 0.01P (3.8a) 

E(eV) = −870.76e1.1$6 = −870.76 ± (870.76 × 0.01P±) (3.8b) 

where  refers to compression and expansion and P (GPa) is the signed pressure values. The 

sensitivity factor is linear and weakly dependent on pressure and the energy is essentially linear in 

pressure. The magnitude of SE ranges between 0 and 0.6. 
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3.4.1.2 Birch-Murnaghan and Vinet Equations of state fitting 

Equations of state (EOS) are commonly used to find the bulk elasticity modulus B.21 There 

are three widely used equations of state to evaluate the material’s bulk modulus and its derivatives: 

Murnaghan, Birch-Murnaghan and Vinet equations,36 which are defined in Supplementary 

Information 4 (SI4). The main difference among them is the assumption made on the pressure-

derivatives of the bulk modulus. Murnaghan equation of state assumes the bulk modulus is linearly 

correlated with pressure, and its first derivative is a constant. This assumption limits the 

Murnaghan equation accuracy to low-pressure regions.37 The Birch-Murnaghan equation is based 

on an expansion of the free energy in terms of the Eulerian strain.36 It assumes that both bulk 

modulus and its first derivative are functions of the pressures. Vinet equation makes the same 

assumption as the Birch-Murnaghan, but it is based on an empirical potential.36 Considering the 

extreme pressures applied in this project the Birch-Murnaghan and Vinet EOS were both used. 

 

 

Figure 3-4 Equations of state fitting at 0 GPa under 0 K (A) Birch-Murnaghan (B) Vinet The blue dots are the raw data points, and 

the red curve is the fitting line based on the selected EOS. In the red box, the equations of selected EOS are shown. The following 

four fitting parameters B0, E0, V0 and b0 are bulk modulus, equilibrium energy, equilibrium volume and the first derivative of bulk 

modulus. R2 is a coefficient of determination, which is 0.99969 and 0.99968 respectively. The unit of bulk modulus shown in the 

box is eV/Å3. 
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Figure 3-4 shows the Birch-Murnaghan and Vinet EOS fittings. Both equations fit the DFT 

data very well and attain R2 values of 0.999. The equilibrium volume and equilibrium energy are 

the same from the two equations. The bulk modulus B is 10.69 GPa from both EOS. Compared 

with the results from other simulation papers at 0 K and 0 GPa, 9.82 GPa,21 8.3 GPa,38 and 9.98 

GPa,39 the results generated for this paper is very close to those reported. From the E-V fitting 

aspect, there is no preference of the Birch-Murnaghan equation or Vinet equation. Both show that 

sI methane hydrate follows the general material rules very well and its properties can be calculated 

from the established EOS. In this work the Birch-Murnaghan EOS was selected for calculation the 

bulk modulus B and sensitivity factor SB as a function of pressure: 

 

 

Figure 3-5 Bulk modulus and its sensitivity factor in terms of hydrostatic pressures. The blue and orange curves represent the bulk 

modulus values and its sensitivity factor calculated from Birch-Murnaghan, respectively. 

Figure 3-5 shows the bulk modulus B and its piezo sensitivity factor SB. The bulk modulus 

B shows an increasing trend throughout from 0 GPa to 6 GPa. The piezo sensitivity factor of bulk 

modulus SB is shown as the orange parabolic curve and shows a local maximum around PE= 3.23 
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GPa. In this pressure range we do not see different modes as in SE (see Figure 3-3) and in SV (see 

Figure 3-2) but we found an extremal sensitivity point. The trends of the bulk modulus curve 

(∂B/ ∂P) and of the ratio of pressure and bulk modulus (P/B) are opposite, as shown in the inset 

of Figure 5. When the pressure is less than 3 GPa, the ratio between the pressure and bulk modulus 

dominates SB. As the pressure increases, the pressure tendency of the bulk modulus B determines 

the performance of bulk modulus sensitivity factor SB. Using standard definitions, we find the 

relations between bulk modulus B and volume sensitivity , as shown in the Equation (3.9a-

3.9b): 

B = −
P
S:

 (3.9a) 

S> = 1 − S?" = 1 −
|P|
S:

∙
∂S:
∂P  (3.9b) 

 

 

Figure 3-6 Bulk modulus calculated from EOS predictions (blue curve) and from thermodynamic derivations (orange curve) 

Figure 3-6 shows the bulk modulus obtained from the EOS and from thermodynamics, 

establishing an important internal consistency between the two methods. Since the sensitivity of 
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B (SB) is a function of the second order sensitivity of the volume ( ), we can expect a local 

maximum in SB from the additional product factors  at PE. Calculating 

∂S>/ ∂P = 0 gives the following differential equation, Equation (3.10): 

 (3.10) 

 

The simplest possible linear fit around the critical value PE, such as satisfies the 

above equation and hence predicts a local maximum in SB. 

Taken together, the results indicate that the increase of B with pressure reaches a maximum 

at intermediate pressures (PE) beyond which the resistance to compression becomes weaker 

(∂B/ ∂P	 < 0).  

 

3.4.2 Piezo sensitivity factors of second-order elastic constants, 𝐒𝐂𝐢𝐣 

Second-order elastic constants are fundamental properties that are used to calculate the 

polycrystalline mechanical moduli (see Supplementary Information 5 (SI5)). In this section, the 

values of second-order elastic constants and their sensitivity factors are characterized. As 

mentioned above for sI methane hydrate, there are three independent second-order elastic 

constants: C11, C12 and C44.  
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Figure 3-7 C11 and 𝑆!!! in terms of hydrostatic pressures. The black curve represents C11 values along with pressures. The orange 

curve is for the sensitivity factor of C11 along with the pressures. The vertical grey dashed line at x=0 shows the boundary between 

tensile and compressive pressures. The horizontal orange line at y=0 presents if it is a positive or negative correlation between 𝑆!!! 

and pressures.  

Figure 3-7 shows C11 and sensitivity factor SC11. C11 presents an increasing trend with 

pressure until the compressive pressure reaches pressures of the order of 5 GPa. At approximately 

5.2 GPa, C11 reaches its maximum value and then decrease as the compressive pressures increase; 

this anomalous behaviour can be recognized as an indication of structural instability. The 

behaviour of S9## shows three regimes defined by Po=0 and PE=5GPa and two critical divergences 

around PD= -1 GPa and PD = 6 GPa. S9## gives different responses for the compressive and tensile 

pressures. Similar to SV, S9##curve diverges when the tensile pressure approaches approximately 

-1 GPa. The only discrepancy is that S9## is always positive on the tensile side, however, SV is 

always negative. The positive S9##  indicate that the values of S9##  increase as the pressures 

increase. The magnitude of the values shows how reactive C11 is to the applied pressures. On the 

compressive side, S9## shows a mildly increasing trend, where the values are always below 1. At 

5 GPa, S9##values start to decrease upon larger pressure loads. When the pressure reaches about 
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5.5 GPa, S9## crosses the horizontal zero line, which means that the initial positive correlation 

between S9## and hydrostatic pressures is replaced by a negative correlation. This inverse response 

or reaction can be recognized as an indication of instability.  

 

 

Figure 3-8 C12 and 𝑆!!" in terms of hydrostatic pressures. The black curve represents C12 values along with pressures. The orange 

curve is for the sensitivity factor of C12 along with the pressures. The vertical grey dashed line at x=0 shows the boundary between 

tensile and compressive pressures. The horizontal orange line at y=0 presents if it is a positive or negative correlation between 𝑆!!" 

and pressures. A zoom-in figure is shown around -1 GPa to capture the sign change of 𝑆!!". 

Figure 3-8 shows C12 and S9#$. C12 shows a monotonic increasing trend up to a pressure of 

-1.1 GPa where C12 becomes negative, which implies that the lattice structure became unstable. 

This is because C12 shares the same numerical sign with Poisson ratio. Physically, Poisson ratio 

should be positive except for auxetics.40 As gas hydrate is a high-dense material, it does not have 

the feature of auxetics and thus the C12 value should be positive in the stable region. The behaviour 

of S9#$ is relatively stable throughout the entire pressure range. Only near the region of -1 GPa, a 

sudden sign change of C12 value takes place thus the S9#$ value shows a significant value change. 
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The inset figure shows that near -1.028 GPa, S9#$ sign changes and becomes negative, and it is the 

pressure value at which C12 becomes negative as well. Thus, the S9#$ is a robust indicator of the 

variation of C12. Integrating C11 and C12 results using the standard relations, the bulk modulus and 

its sensitivity factor can be expressed as Equation (3.11a-3.11b): 

B = −
P
S:
=
1
3
(C$$ + 2C$&) (3.11a) 

S> = f
1

1 + 2Rh SS9## + 2RS9#$T; R =
C$&
C$$

 (3.11b) 

 

We conclude that under a P > 0, the monotonic increase in B (see Figure 3-5) is a reflection 

of similar trends in C11 (see Figure 3-7) and C12 (see Figure 3-8) and that bulk sensitivity SB is a 

weighted nonlinear combination of the elementary sensitivities and the elasticity ratio 

whose variability results in a local maximum for B, shown as Equation (3.11a-3.11b).  

 

Figure 3-9 C44 and 𝑆!## in terms of hydrostatic pressures. The blue and red solid lines represent C44 values along with tensile and 

compressive pressures respectively. The blue and red dashed lines are the extension from the corresponding solid fitting lines. The 

green solid curve is the 𝑆!##. The vertical grey dashed line at x=0 shows the boundary between tensile and compressive pressures. 
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Figure 3-9 shows the values of C44 and its sensitivity factor in terms of pressures from -1.1 

GPa to 4.5 GPa. Different from C11 and C12, the DFT predictions of C44 do not show a robust 

monotonic response in the low-pressure region on both tensile and compressive sides (indicated 

by dashed lines) and only values from 1 GPa to 4.5 GPa and from -0.25 GPa to -1 GPa are 

considered. Based on previous work,18,41 C44 is insensitive to compressive pressures but negatively 

correlates with temperature. Shimizu, H., et al. 41 reported the C44 for SI methane is a constant 

value of 3.6 GPa under 270K. Taken in consideration also the results from Jia, J., et al.,18, the C44 

value under 0 K predicted here should be greater than 3.6 GPa41. After careful consideration of 

DFT raw data, the previous predictions and measurements, 18,41 the C44 response is found to be 

linear under dilation and a constant of 7.2 GPa under compression. 

3.4.3 Born stability criteria 

The Born stability criteria42 was used to characterize material stability through the second-

order elastic constants. If one of these criteria is violated, it indicates material failure. The pressure 

range for C11 and C12 ranges from -1 GPa to 6 GPa. The criteria involving C44 is restricted to -1 

GPa to 4.5 GPa to ensure accuracy. Under material cubic symmetry, there are three stability 

criteria43, shown as Equation (3.12-3.14): 

 

C00 − P > 0 (3.12)  

C$$ − P > |C$& + P| (3.13)  

C$$ + 2C$& + P > 0 (3.14)  
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Figure 3-10 Born stability criteria according to Equation (3.12-3.14). The horizontal dotted line is the zero critical line. The figure 

shows that under dilation all criteria tend to fail and that under compression the dominant failure is from Equation (3.13). 

Figure 3-10 presents the values of Born stability criteria. Criteria (3.12-3.13) follow similar 

weakly decreasing trend just above zero in contrast to the increasing trend of criterion 14 away 

from zero. The latter is a consequence that even under extension the sum is always positive due to 

the magnitudes of C11 and 2C12. Since C44 is relatively small the -P effect forces C44-P to always 

be close to zero. Similarly, the comparable magnitudes of C11 (see Figure 3-7) and C12 (see Figure 

3-8) results in (C$$ − P) − |C$& + P| ≈ ε > 0, where ε is a small number. Figure 3-10 shows that 

under extension Criterion 14 breaks down first and under compression Criterion 13 breaks down 

first. The green dashed line crossed the threshold at approximately -1.2 GPa which agrees with the 

volumetric behaviour under -1.2 GPa, where the volume diverges (see Figure 3-2). The dominant 

breakdown (criterion 3.13) under compression around 4.5 GPa is in good agreement with SC11 (see 

Figure 3-7). 
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3.4.4 Mechanical properties and Failure Modes 

The mechanical properties are calculated from the second order elastic constants using the 

Voigt-Reuss-Hill (VRH) approximation44 shown in Supplementary Information 6 (SI6). All the 

properties were assessed and validated at zero pressure with available theoretical, modelling, and 

experimental data. The present predictions are consistent with previous reports, as shown in 

Supplementary Information 5 (SI5).  

In this section, we investigate the ductile-to-brittle transition of sI methane hydrate under 

increasing pressure. The ductile and brittle material features will lead to different failure 

mechanism. We use these data in conjunction with elastic constants C12 and C44 to predict the 

failure modes of sI methane using the Pugh and Pettifor criteria.45 The Pettifor criterion states that 

the ratio (C12-C44)/E must be greater than 0 if the material is ductile, which means C12 has to be 

greater than C44. The Pugh criterion states that if the G/B ratio is greater than 0.57, then the material 

is recognized as brittle.  Figure 3-11 shows the results evaluated from the Pugh and Pettifor criteria. 

From the Pettifor criterion aspect, the ductile-to-brittle transition takes place at zero pressure. 

When the tensile pressure is applied, the hydrate becomes brittle. From the Pugh criterion, the 

transition is at 0.083 GPa. This means that the very low-compressive region (from 0 GPa to 0.083 

GPa) is recognized as brittle as well.  

To consider the effect of shape deformation on the ductile-to-brittle transition, another 

parameter, the Zener anisotropy ratio (A) is used to characterize shape changes under pressure. 

For the Pugh criterion, instead of a specific threshold at 0.57, it becomes a range from 0.42 to 0.6 

to incorporate the shape deformation effect. In Figure 3-12,  the Pugh criterion is shown as the 

grey and red dashed line located at G/B =0.42 and 0.6. These two numbers correspond to the A=9 
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and 1, respectively. A=1 and 9 represents the isotropic and highly anisotropic materials. Also, the 

difference (C12-C44) is normalized by B instead of E. This is because that based on the Equation 

(S13-S15), there is a linear relationship between  (C12-C44)/B and G/B, which is shown in Figure 

3-12. For sI gas hydrate system, when (C12-C44)/B=0, its G/B values is approximately 0.6 (red 

dashed line). This performance further indicates the isotropic nature of sI gas hydrate material.  

In summary we can conclude that the piezo effects could affect the sI methane hydrate 

system’s ductile/brittle feature. Under compressive conditions, the system shows a brittle 

behaviour and under tensile conditions, it has a ductile feature. If there is no pressure applied, 

based on the results shown in Figure 3-11, we concluded that it is brittle.  

 

Figure 3-11 A renormalized correlation between (C12-C44) normalized by Young modulus E and G/B. The vertical grey dashed line 

corresponds to G/B=0.57 and the horizontal red dashed line corresponds to (C12-C44)/E =0. The blue curve represents the results 

obtained under tensile pressures and the orange curve represents the results obtained under compressive pressures.  

0 0.5 1 1.5 2 2.5 3 3.5
G/B

-1

-0.5

0

0.5

1

1.5

(C
12

-C
44

)/E

Ductile

Brittle
Pettifor criterion 1992

Pu
gh

 C
rit

er
io

n 
19

54 Tensile
Compressive



 78 

 

Figure 3-12 A renormalized correlation between (C12 -C44) normalized by bulk modulus B and G/B. The horizontal dashed line 

corresponds to (C12 -C44) /B =0. The vertical band corresponds to G/B in the range of 0.42 to 0.6 to account for the effect of elastic 

anisotropy on the value of G at C12 -C44= 0. The blue curve represents the results obtained under tensile pressures and the orange 

curve represents the results obtained under compressive pressures. 

 

 

3.5 Conclusions 

In conclusion, this paper characterizes the tensile and compressive pressure limits of sI 

methane hydrates at 0 K through a systematic atomistic computational methodology and a 

theoretical methodology. Pressure load extrema are found at -1 GPa and 5.5 GPa respectively. The 

generic Born stability criteria was implemented to evaluate the system’s stability and the 

mechanical properties were determined within the stable pressure range. The Birch-Murnaghan 

and Vinet Equation of state are applied to determine the material bulk modulus. Additionally, piezo 

sensitivity factors were applied to capture the intrinsic responses and used to connect atomistic 

calculations with engineering sensitivity. 

0 0.5 1 1.5 2 2.5 3 3.5
G/B

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

(C
12

-C
44

)/B

Ductile

Brittle

Pettifor criterion 1992

Pu
gh

 C
rit

er
io

n

Tensile
Compressive



 79 

The results from this paper fill the knowledge gap of mechanical properties of sI methane 

hydrates under pressure. The theoretical pressure limits provide ideal bounds for crack nucleation 

under monocrystal conditions. In addition, the inability to maintain a cubic lattice structure on the 

tensile side at -1.1 GPa and the anomalous behaviour of second-order elastic constants at 6 GPa 

indicate the failure mechanisms are completely different under tensile and compressive stresses. 

In addition, the results obtained from piezo sensitivity factors, summarized in various critical 

points and scaling behaviours, can be used in future engineering applications  
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3.7 Supplementary Information (SI) 

3.7.1 Degrees of Relaxation (SI1) 

This supplementary information SI1 summarizes the control on the degrees of relaxation 

during simulation used in Section 3.4.2 of the paper. To calculate the second-order elastic constants 

of a material there should be a control of the degrees of freedom during the relaxation. The 

description of different degrees of freedom and the steps of relaxation to obtain the second-order 

elastic constants are shown below. 

First, the degrees of relaxation are controlled by the ISIF tag. The following table 

demonstrates the meaning of ISIF.  

ISIF Relaxations Change cell shape Change cell volume 

2 Yes No No 

3 Yes Yes Yes 

4 Yes Yes No 

 

Steps for relaxation: 

1. Relax the unit lattice with ISIF=3 for a complete relaxation  

2. Copy the CONTCAR to POSCAR, then rerun the job with ISIF=3 to minimize the Pulay 

errors 

3. Copy the CONTCAR to POSCAR, then set ISIF=4 to generate the E-V curve  

4. Determine the equilibrium volume from the E-V curve.  
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5. Use CONTCAR file at the equilibrium volume as a POSCAR template. Apply the strained 

system on the unit lattice with the POSCAR template and set ISIF=2. 

6. With the energy of the strained system and the known strains, the three independent 

second-order elastic constants can be calculated.   
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3.7.2 Strained system (SI2) 

The supplementary information SI2 summarizes the strained sets used to prepare the 

strained system in Section 3.4.3 of the paper.  

The [100] and [010] strains were applied, which gives 

∆E = V(C!! + C!")δ" + 	O(δ#) (3.S1) 

ε = -
δ 0 0
0 δ 0
0 0 0

/ 

The tetragonal strains were applied, and the changes of the total energy from its unstrained 

system can give (C!! − C!") 

∆E = V(C!! − C!")δ" + 	O(δ#)        (3.S2) 

ε = 1

δ 0 0
0 −δ 0

0 0
δ"

1 − δ"

3 

The value of C## was computed using the following strains.  

∆E =
V
2
C##δ" + 	O(δ#) (3.S3) 

ε =

⎣
⎢
⎢
⎢
⎢
⎡0

δ
2

0

δ
2

0 0

0 0
δ"

4 − δ"⎦
⎥
⎥
⎥
⎥
⎤
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3.7.3 Polynomial fitting and Sensitivity factors (SQ) Evaluation (SI3) 

This supplementary information SI3 gives the key calculations needed to execute the sensitivity 

analysis used in Section 3.4.4 of the paper. 

In this paper, it is assumed that the all the properties are only dependent on the pressures. This is 

because that the mechanical properties are usually only related to temperatures and pressures. In 

this paper, all the simulation performed under 0 K. Thus, the property Q is a function of pressures: 

Q = Q(P) (3.S4) 

To describe the relationship between the elastic properties and pressures a polynomial fitting was 

applied. Due to intrinsic numerical accuracy limits and after extensive parametric studies it is 

found that the maximum order for polynomial fitting to be use is six orders. For this paper, six 

order polynomial fitting is enough since the R2 is greater than 0.99. Then Equation (3.S4) can be 

expressed as Equation (3.S5):  

Q(P) = aP$ + bP% + cP# + dP& + eP" + fP + g (3.S5) 

where a-g are coefficients. 

 

To capture the piezo-choric effect, a piecewise polynomial fitting. It was applied to V to capture 

both the tensile and compressive responses. Thus, to determine the relationship between the 

equilibrium volume and hydrostatic pressures, two polynomial equations from -1.1 GPa to 0 GPa 

(expansion) and another one is from 0 GPa to 6 Gpa (compression) were established. The values 

0.25 GPa and 0.5 GPa were selected as the increments on the tensile and compressive sides 

respectively. On the compressive region, 0.1 GPa was used for the pressures from 0 GPa to 0.5 
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GPa to capture the changes in the low-pressure region. The adopted pressure increments followed 

extensive parametric studies and capture accurately the piezo-choric effect.  

To capture the local sensitivity ∂Q' ∂P'⁄ ,  the central difference is used for interior data points and 

a forward or backward difference is applied on the edges, shown as Equation (3.S6-3.S8): 

∂Q'
∂P'

= 0.5	 ×
(∂Q'(! − ∂Q')!)

∆P
 (3.S6) 

∂Q!
∂P!

=
∂Q! − ∂Q!

∆P
 (3.S7) 

∂Q*
∂P*

=
∂Q* − ∂Q*

∆P
 (3.S8) 

 

The subscript j varies between 2 and N-1. ∆P is the spacing between two pressure points. The 

target property Qj value can be calculated from Equation (3.S5) at pressure Pj. Since the second 

component of sensitivity factor is generated, the sensitivity factor value can be calculated for each 

point to generate a curve in terms of pressures.  
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3.7.4 EOS fitting (SI4) 

This supplementary information SI4 presents all the equations of state discussed in the Section 

3.5.1.2 of the paper. 

Murnaghan: 

∆E(V) = B+V+ -
1

B+
, (B+

, − 1)
K
V
V+
L
!)-!"

+
V

B+
,V+

−
1

B+
, − 1

/ (3.S9) 

Birch-Murnaghan: 

∆E(V) =
9B+V+
16

OPK
V+
V
L

"
&
− 1Q

&

B+
, + PK

V+
V
L

"
&
− 1Q

"

P6 − 4 K
V+
V
L

"
&
QR (3.S10) 

 

Vinet: 

∆E(V) = 4B#V#
(B#$ − 1)%

− 2B#V#
(B#$ − 1)%

,5 + 3B#$ 01
V
V#
2
&
' − 13 − 3 1VV#

2
&
'4exp,−32 (B#

$ − 1) 01 VV#
2
&
' − 134 (3.S11) 

 

∆E(V) = E(V) − E(V+) (3.S12) 
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3.7.5 Mechanical properties calculations (VRH approximation) (SI5) 

This supplementary information 5 presents all the definitions of elastic properties used in Section 

3.5.2 and Section 3.5.4 of the paper. 

Shear moduli: 

G./011 =
%(3(()3())3**

#3**(&(3(()3())
  (3.S13) 

G56789 =
(3(()3()(&3**)

%   (3.S14) 

G =
:+,-..(:/0123

"   (3.S15) 

 

Bulk moduli:  

B = B56789 = B./011 =
(C!! + 2C!")

3
 (3.S16) 

Poisson’s ratio: 

v =
4
)-):
:(&-  (3.S17) 

Young’s modulus: 

E = 2G(1 + v)  (3.S18) 

Longitudinal wave speed: 

V; = V
-(*4:
< W

(
)
  (3.S19) 

Transverse wave speed: 

V1 = K
G
ρ
L

!
"
 (3.S20) 
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Zener anisotropy ratio: 

A= =
"3**

3(()3()
  (3.S21) 

Since all the mechanical properties shown are calculated from the monocrystals, the values 

in Table 3-2 can provide a bound for each parameter.  

Table 3-2 Mechanical properties of sI methane hydrate 

 This worka Ref. 21 theo.a Ref. 38 theo.a Ref. 39 theo.a Ref.46 exp.b 

ρ (kg∙m-3) 956.172 943 890 910 924.35. 

B (GPa) 10.754 9.82 8.3 9.98 8.39±0.01 

G (GPa) 5.753 6.23 4.3 4.62 3.541±0.0008 

ν 0.273 0.238 0.2776 0.299 0.3151±0.0002 

E	(GPa) 14.647 15.4 11.07 12.01 - 

V; (km∙s-1) 4.390 4.386 3.981 4.205 3.766±0.002 

V1(km∙s-1) 2.453 2.571 1.964 2.25 1.957±0.0002 
 

Note: a Results generated under 0 K and 0 GPa; b results for 0 ℃ and extrapolated to 0 GPa from 

30.5-97.7 MPa with 3%, ± 6%, ± 4%, ± 3%, ± 1.5%, and ± 1.5% uncertainty in 

ρ, B, G, v, V;, and	V1, respectively.  

Table 3-2, presents the mechanical properties of sI methane hydrate at 0 K and under 0 GPa. Three 

groups of previous theoretical results and one group of experimental results were selected for 

comparison and validation. Firstly, for all the parameters, the values obtained from this work are 

in the same magnitude as the other theoretical and experimental results. Except for the Poisson 

ratio, the other theoretical values are always larger than the experimental values. It is reasonable 
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since all the theoretical values are upper limits. The minor differences verify the accuracy of the 

methodology used to obtain the results. Thus, this VRH approximation is applied to the pressurized 

conditions from -1 GPa to 4.5 GPa. All the results are shown in SI6.
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3.7.6 Polycrystalline Mechanical Properties (SI6) 

This supplementary information SI6 presents the polycrystalline mechanical properties mentioned in Section 3.5.4 of the paper 

Pressure(GPa) ρ (kg∙m-3) B (GPa) G (GPa) ν E	(GPa) V! (km∙s-1) V"(km∙s-1) 
-1 811.9092 2.7537 4.2216 - 8.3816 3.2132 2.2803 

-0.75 865.0019 5.3043 4.9552 0.1438 11.3357 3.7108 2.3934 

-0.5 904.6824 7.4208 5.5456 0.2009 13.3190 4.0467 2.4759 

-0.25 935.0127 9.2322 6.0458 0.2312 14.8876 4.3006 2.5428 

0 959.0800 10.8349 6.4899 0.2504 16.2293 4.5077 2.6013 

0.1 967.4857 11.4340 6.4933 0.2612 16.3794 4.5571 2.5907 

0.2 975.3731 12.0144 6.5117 0.2705 16.5458 4.6064 2.5838 

0.3 982.8394 12.5792 6.5283 0.2788 16.6964 4.6535 2.5773 

0.4 989.9676 13.1308 6.5437 0.2863 16.8346 4.6986 2.5710 

0.5 996.8270 13.6711 6.5585 0.2932 16.9629 4.7421 2.5650 

1 1028.7546 16.2537 6.6279 0.3205 17.5044 4.9386 2.5382 

1.5 1058.8032 18.6990 6.6782 0.3404 17.9033 5.1059 2.5114 

2 1087.2312 21.0251 6.6802 0.3564 18.1214 5.2470 2.4788 

2.5 1113.0278 23.2296 6.6194 0.3699 18.1357 5.3666 2.4387 

3 1135.5304 25.3343 6.5149 0.3816 18.0016 5.4736 2.3953 
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3.5 1155.2471 27.3975 6.4193 0.3913 17.8629 5.5789 2.3573 

4 1173.8832 29.4933 6.3952 0.3989 17.8924 5.6911 2.3341 

4.5 1193.5728 31.6588 6.4567 0.4045 18.1370 5.8084 2.3258 
 



 94 

Chapter 4 

 

4 Multiscale Piezoelasticity of Methane Gas Hydrates: 

From Bonds to Cages to Lattices 

 

 

 

 

 

 

 

 

Reprinted with permission from Zhu, X., Rey, A. D. & Servio, P. Multiscale Piezoelasticity of 
Methane Gas Hydrates: From Bonds to Cages to Lattices. Energy & Fuels, 
doi:10.1021/acs.energyfuels.2c01024 (2022).Copyright [2022] American Chemical Society 
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4.1 Preface  

 As discussed in Chapter 3, the tensile and compressive stability pressure limits of methane 

gas hydrates are -1.1 GPa and 7.5 GPa, respectively. These results have been successfully validated 

from several aspects, such as the DFT simulation results, sensitivity factors and Born stability 

criteria. These values are the result of averaging all local lattice elements. In other words, they do 

not represent any local pressure response within the lattice. Specifically, there are areas that are 

less resistant to pressure, but these characteristics will be averaged out when the mechanical 

properties are calculated. Thus, Chapter 4 approaches the stability study of gas hydrates from a 

structural perspective and establishes the connection between the structural response and the 

values determined in Chapter 3. In Chapter 4, a novel multi-scale analysis in terms of atoms, 

molecules, cages, and lattices was implemented. Combining the results of Chapter 3 with those of 

Chapter 4,  the electron density distribution under -1.1 GPa, 0 GPa and 7.5 GPa was generated, 

which shows the difference between the electronic cloud movement under compressive and tensile 

pressures. For the purpose of studying intermolecular and intramolecular interactions, distributions 

of bond lengths and bond angles with respect to pressure were generated. At -1.1 GPa and 7.5 GPa, 

the bond length and angle distribution functions showed clearly abnormal behaviours. In addition, 

it was revealed that cages respond differently to tensile and compressive pressures. This further 

verifies the findings of Chapter 3 about the ductile-to-brittle transition. Finally, the findings of this 

chapter indicates that small and large cages have widely different levels of resistance to 

compressive pressures, which could influence lattice elasticity. At this stage, the law of mixtures 

was applied. The results indicate that the bulk modulus derived from Chapter 3 is consistent with 

that obtained from the general law of mixture. This consistency explains how each element in the 

lattice contributes to the change of mechanical properties under pressure. In summary, Chapter 4 
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performs a multiscale structural analysis of the gas hydrate under pressure and determines that the 

law of mixture is the link between structural changes and mechanical properties. This chapter 

offers a novel approach to analyzing piezo effects from structural aspect, which shows that the 

system does have local characteristics under pressure. Considering the calculation of second-order 

elastic constants in Chapter 3, the higher-order elastic constant may capture and quantify these 

local characteristics and piezo effects, which is discussed in Chapter 5. In addition, the application 

of law of mixtures at the end of this chapter implies the segregated heterogeneous  structure of gas 

hydrates. This  relevant geometric analysis and stability are illustrated in Chapter 6. 
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4.2 Abstract 

For the past several decades, natural gas, also called methane gas, has been recognized as a 

green energy resource. It can generate energy by burning and produces fewer pollutants and carbon 

dioxide than coal and petroleum. For these reasons, it is also being viewed as a bridge fuel to 

renewable energy. Conservative estimates suggest that 80% of the naturally occurring hydrates on 

the planet contains natural gas. This vast amount translates to approximately twice the amount of 

energy stored in fossil fuels and oils. In addition, the special guest-host structure of gas hydrates 

provides a significant storage capacity, which makes the hydrate become a competitive candidate 

for carbon dioxide sequestration. However, the hydrates’ instability during exploration becomes 

the biggest barrier for the methane gas extraction and carbon dioxide sequestration. Thus, to 

overcome this barrier, this paper aims to investigate the stability limits and study the piezo-effect 

of sI methane gas hydrates at 0 Kelvin. 

 This work investigates the structure, thermodynamics and elasticity sI methane hydrates 

subjected to pressure loads, at three scales, atoms, cages, and lattice by using density functional 

theory (DFT) in conjunction with homogenization methods and the theory of mixtures.The 

distribution functions of bond parameters are characterized in the hydrate system, which provides 

a novel understanding on the spread of values at the smallest scale. The roles of different types of 

cages at the mesoscale have been identified, such as continuous phase and disperse inclusion. At 

the continuum scale, the different deformation mechanisms are observed (affine and non-affine), 

which corresponds to different fracture mechanisms (brittle and ductile) under tensile and 

compressive pressures, respectively.  
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 Taken together, the systematic atomic-cage-lattice multiscale characterization proves 

fruitful in linking processes that connect mechanical properties, cage geometry, and hydrogen 

bonding. The multi-scale methodology can be generalized to other gas hydrates to improve the 

fundamental understanding and obtain engineering correlations. 

4.3 Introduction 

 Gas hydrates, known as clathrate hydrates, are crystalline solids that resemble ice.1 They 

usually appear in the deep ocean and permafrost area, under relatively high pressures and low 

temperatures.2 Gas hydrates consist of water molecules and gas molecules.1 Compared with pure 

ice, these additional gas molecules contribute to a new structure. The water molecules will form 

the host cages, and the gas molecules will play the role of guest.3,4 This special guest-host structure 

can create a significant gas storage capacity. Generally, 1 m3 of gas hydrate can store 160 m3 

gases.5 The most common gas molecules encapsulated in the gas hydrates are methane and carbon 

dioxide. Conservative estimates suggest that 80% of gas hydrates contains methane as the guest 

molecules, which are called natural gas hydrates.6 Methane is a high-energy gas, which can 

generate a great amount of energy with relative lower greenhouse gas (GHG) emissions. However, 

the unburned methane gas has 84 times greater global warming potential than the carbon dioxide.7 

It is reported that the energy contained in the natural hydrates is twice the amount of energy 

contained in the fossil fuel throughout the world.8 Considering the problems of energy scarcity and 

global warming, gas hydrates become competitive and environmental friendly candidates to meet 

ever increasing energy demand. However, so far there is no significant large-scale exploration for 

gas hydrates, where challenges include mechanical stability and structural integrity. Another 

aspect of these gas hydrates that continues to receive attention is the ability to store carbon dioxide 



 99 

thus providing a capture mechanism that can be coupled to the source of methane, creating a 

potential null process. However, the main challenge of this technology is the inadequate 

information on the stability of hydrate system under varying mechanical loads. In summary, 

technology-scale uses of gas hydrates for storage and recovery of methane and carbon dioxide, as 

well as containers for transportation requires mechanical property profiles across complex stress 

loads, in addition to better characterized thermodynamic phase diagrams. In this work, we focus 

on the impact of pressure loads across scales, from bonds to lattices and on the ideal stability limits 

under both dilation and compression. 

 Next, we identify some areas lacking a complete fundamental understanding and 

opportunities that arise by using a multiscale modeling approach. Focusing on the geometric 

features of methane gas hydrates, we find that the cubic unit lattice of methane gas hydrate (MGH) 

is composed of six large tetrakaidecahedra (51262; 12 pentagonal and two hexagonal faces) and 

two small pentagonal dodecahedra (512, twelve pentagonal faces) or a cage number ratio of three. 

As a result, the large cages form continuous columnar structures in the three lattice directions while 

the smaller cages are isolated, but attached to the larger one through their common pentagonal 

faces. Thus, at the cage length scale, we can consider this material as a binary composite, with a 

continuous (large cage) phase and a disperse (small cage) phase, whose elasticity can then be 

captured by the laws of mixtures. At equilibrium, the pentagonal and hexagonal faces formed by 

hydrogen bonds have different distortion levels in terms of bond lengths and angles to 

accommodate guest-host constraints, with the latter known to be higher than the former.9 The 

presence of pentagonal dodecahedron reflects the fact that the ideal bond valence angle of 108° is 

very close to the value of 109.45°  expected in ideal tetrahedrally bonded network and also 

indicates the need of other cage polyhedra.10 In addition, the presence of guest methane in both 
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small and large cages introduce molecular interaction gradients, since the cages are structurally 

different. Taken together the cage geometry, distribution of hydrogen bond angles and lengths, 

and host-guest interaction create an asymmetric environment, whose response to increasing 

externally imposed stress loads needs to be determined and established using atomistic simulations 

coupled with engineering coarse graining methods such as rule of mixtures for material properties. 

To shed light on material stability limits due to both compression and dilation one needs to consider 

changes in distributions of hydrogen bond lengths and angles, non-affine distortions of the small 

and large cages, together with macroscopic ideal strength criteria based on second order elasticity 

inequalities and brittle-ductile modes. 

 Previous simulation work on gas hydrate (GH) thermodynamic, mechanical, and interfacial 

properties have been performed at different scales, including atomic, cage and lattice. Mathews, S. 

L., et al.11 studied several thermal properties of gas hydrates via an integrated approach of Density 

Functional Theory (DFT) with photon calculations. This study proposed a method to obtain the 

macroscopic results under different temperatures based on the atomistic simulations under 0 K. 

This paper shows that DFT predictions have a better accuracy under low temperatures, compared 

with Molecular Dynamics (MD). Also, they proposed that the results from DFT can be used as an 

input for MD,11 since experimental data is mainly used as the only input for MD calculations. Jendi, 

Z. M., et al.12 calculated the ideal strengths under pressures from first-principles calculations. This 

study found that the bond angles and lengths of water molecules are similar to the hexagonal ice 

(Ih). Additionally, this paper demonstrates that the perfect ice is 1.5 times stronger than perfect 

hydrate crystals. However, the polycrystalline hydrates is 20 times stronger than the 

polycrystalline ice. In addition, our previous DFT work13 showed that the stability limits of sI 

monocrystal methane hydrates at 0 Kelvin are -1.1 GPa and 5.5 GPa under tensile and compressive 



 101 

pressures. The results13 from piezo sensitivity factors indicated that the volume, second-order 

elastic constants, and bulk modulus would change their sensitivities significantly on approaching 

the stability limits. Vlasic, T. M., et al.14 shows the elastic and acoustic properties of sII gas hydrate 

with different guest molecules using DFT. They found the single-guest hydrates were less resistant 

to shear stresses than double-guest hydrates. Also, they found the large cage are more compressible 

than the small cage. Additionally, the existence of compensation mechanism in the water system 

has been confirmed in hydrate system as well as by Vlasic, T. M., et al.14. Daghash, S. M., et al.15-

17 demonstrated the elastic properties and anisotropic characteristics of sH gas hydrates with 

different guest molecules under pressures through atomistic calculations. Also, the compensation 

mechanism has been verified in sH hydrates. Mirzaeifard, S., et al. established the models of water 

and methane hydrate crystal interface from multiscale computations,18 and investigated the 

temperature and pressure effects on the interface by using molecular dynamics.19 Xu, K., et al.20 

evaluated the structural and mechanical stability of hydrates by examining classical molecular 

dynamic simulations. They showed that the elastic moduli, such as Young’s modulus and tensile 

strength, evolve non-linearly under pressures. Also, Xu, K., et al.20 found that two failure 

mechanisms exist in the hydrate system depending on the size and nature of the guest molecules.  

 Most previous computational studies on hydrates’ properties focus mainly on a single scale 

but the crucial connections between bonds, cages, and lattices remains poorly characterized. To 

fill this gap, this paper seeks to establish these connections by using well-established DFT methods 

previously used for GH, information transfer from lower to higher scales, and materials 

engineering coarsening methods. The key issues for this paper are (i) to capture and characterize 

how the bond and cage geometry impact the cages and lattice mechanical properties under 

increasing pressures, from dilation to compression states, and (ii) to generate a quantitative 
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understanding of controlling mechanisms of stability thresholds of methane gas hydrates under 

expansion and compression. 

 This study only considers sI methane hydrate with 100% occupancy under pressure at 0 K. 

In real life, the hydrate occupancy is approximately 85%,21 and the hydrate’s stability will decrease 

as the occupancy decreases. To further investigate the piezo-mechanical response, the pressure 

range studied is from -1.1 GPa to 7.5 GPa, which can be achieved by using the DFT methods. All 

the simulation parameters setting and calculation algorithms have been verified by our previous 

work. 13,16,22,23 The positive pressure value indicates the compressive pressures, and vice versa. 

Temperature effects and guest chemistry other than methane are out of the scope of this paper. 

Results are presented and discussed in Section 4.5. The organization of this paper is summarized 

in Figure 4-1. In section 4.5.1, the electron density distributions under different pressures are 

characterized. In section 4.5.2, the bond parameters distributions (e.g. bond lengths and bond 

angles) are determined as a function of pressure. In section 4.5.3, the deformation of cages is 

established. In section 4.5.4, the role of each cage in the unit lattice and the rules of mixtures for 

elastic property predictions is demonstrated. The Supplementary Information (SI) includes the 

following: SI1 provides the detailed simulation parameters (associated with section 4.4.1). SI2 

presents the bond and electron density calculations (associated with section 4.4.2). SI3 gives a 

detailed explanation on the electron cloud density (associated with section 4.5.1). SI4 demonstrate 

the bond parameters evolution under pressures (associated with section 4.5.2). 
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Figure 4-1 Organization of this paper on piezo-sensitivity and ultimate mechanical stability pf methane GHs under compression 
and expansion pressure loads. Section 4.5.1 and 4.5.2 provide an atomistic characterization of electronic and bond geometry 

characterization as a function of pressure. This information feeds into the cage level in Section 4.5.3, where the small and large 
polyhedra are seen as a composite material system with its own rules of mixtures. Section 4.5.4 characterized the response and 

stability at the lattice level. 
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4.4 Methodology  

In this section we summarize the main aspects of the methodology, emphasizing the link 

of methods to applications. In particular, the mechanisms and principles used to illustrate the 

results will be presented. Section 4.4.1 compromises of two parts, which are used to generate the 

raw data from the density function theory (DFT). Section 4.4.1.1 introduces the structure of sI 

methane hydrate. Section 4.4.1.2 discusses the applications of density functional theory (DFT) 

with the software VASP. Section 4.4.2 is composed of three sections, which demonstrates the 

methodologies used to process the raw data and obtain the parameter values for analysis. Section 

4.4.2.1 shows the calculations of bond angles and bond lengths. Section 4.4.2.2 presents the 

procedure to generate the electron cloud distribution. Section 4.4.2.3 demonstrate the methods and 

software used to calculate the cage volume.  

 

4.4.1 Structures and simulations 

4.4.1.1 Lattice Structure 

 As mentioned above, the unit lattice of sI methane hydrate has 46 water molecules form 

two small water cages and six large water cages in a cubic structure. The small water cage contains 

twelve pentagonal polygons (512) and the large water cage contains twelve pentagonal polygons 

and two hexagonal polygons (51262).24 In sI hydrate, each cage can take up to one gas molecule. 

To determine the positions of water cages, Takeuchi, F. et al. 25 used the X-ray diffraction to 

determine the water oxygen atoms positions and propose the positions of water hydrogen atoms 

following the Bernal-Fowler ice rules,26 where the adopted structures have the lowest net dipole 
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moments. In this work, the guest molecules are place at the centre of the water cages to minimize 

the net dipole moments.  

4.4.1.2 DFT simulations 

The density functional theory method, which is based on Kohn-Sham equations, is used to 

simulate the sI methane hydrate system’s behaviours under different pressures. All the simulations 

were performed at 0 K with periodic boundary conditions. The unit lattice of sI methane hydrate 

is prepared as described in Section 4.4.1.1. The Vienna Ab initio Simulation Package (VASP) was 

selected for the DFT simulations. Tensile and compressive pressures were applied to explore the 

piezo effects on the hydrate system. The revPBE exchange-correlation function with DFT-D2 

dispersion correction methane was selected for this study based on our previous work13,16,22,23. Two 

types of exchange-correlation functions were utilized following our past paper13. The quasi-

Newton algorithm was used within the stable pressure range, and the conjugate gradient algorithm 

was applied in the extreme pressure conditions. To keep the results consistent and comparable, the 

selection of the simulation parameters are the same as the previous work13 and shown in 

Supplementary Information 1 (SI1). 

4.4.2 Bonds and Electron Density Calculation 

 The details of (i) bond angles’ and bond lengths’ calculations, (ii) electron density, and (iii) 

cage volumes are given in Supplementary Information 2 (SI2). The extrema and mode of the 

computed hydrogen bond angles	and hydrogen bond lengths distribution functions establish the 

basic geometric properties of the pentagons and hexagons in the small and large cages. The 

electron density function ρ(x, y, z)  gives measures of bonding and repulsive interactions that 

become important at determining stability thresholds close to critical dilation and compressive 
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loads. The cage volume calculations yield direct measures used to determine the distinct 

polyhedral distortions under pressures and is also used to determine individual elastic cage moduli. 

 The electron density is usually shown in a selected plane as a 2D level set projection. In 

this paper, the selected planes for both small and large cages meet the following criteria: (i) the 

plane can cross the center or the midpoint of the methane molecule (guest molecule); (ii) the 

selected plane includes as many surrounding water molecules as possible (iii) the selected plane 

can clearly quantify the cage distortion or cage deformation. The selected planes are shown in 

Figure 4-2, and their corresponding defining parameters are shown in Table 4-1. 

 

Figure 4-2. Selected planes for small (left) and large (right) cages electron density visualization. The planes are indicated in 
green. (a,b,c) are the lattice unit vectors.  

Table 4-1 Parameters of selected planes 

 Small cage Large cage 

Miller indices (hkl) (0 0 1) (−1.6073 1 0) 

Distance form origin 0.5 × 6 −0.917321 × 6 

Note: 6 is the lattice constant. 

Table 4-1 provide the information of the selected planes for the 2D display of electron density 

distribution. Figure 4-2 (left) shows the selected plane for the small cage. The plane in green, 
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crosses the hydrogen bond (top and bottom) and center of methane molecule at the middle. Figure 

4-2 (right) shows the selected plane for the large cages, which crosses the center of four oxygen 

atoms belonging to the hexagonal rings, and the center methane molecules.  

4.5 Results and Discussion 

4.5.1 Electron density distribution 

 In this section, the cross-sectional electron density r distributions of 51262 (large) and 512 

(small) cages in the -1.1 GPa, 0 GPa and 7.5 GPa pressure interval are shown in the central panel 

of Figure 4-3, and the supporting information given by OH hydrogen bond length (left) and OOO 

bond angles (right) plots. The size and shape of each electron density r frame are normalized with 

a common reference to establish relative displacements and non-affine deformations under 

pressure loads, as follows. A density of 1 electron/Å3 is selected as the threshold of electron 

density. This threshold is selected based on previous work. All quantitative details are shown in 

SI3. 
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Figure 4-3. Electron density distribution (middle 2x3 panel) of small (top) and large (bottom) cages at selected planes. The red 
color indicates the electron density is 1 electron/Å and more, and the blue color means 0 electron/Å3.OH hydrogen bond versus 
hydrostatic pressures (left figure). OOO angle versus. hydrostatic pressures (right). The red and blue curves correspond to the 

maximum and minimum value respectively.  

 The small cage under zero pressure is selected as the reference. Normalization is based on 

: 
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reference	side	length
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cage	volume
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 Figure 4-3 shows electron density r plots for the two cages for increasing pressures from 

left to right. In all figures, the center region is methane. Applying pressure produces non-affine 

deformation that include compaction, rotation (specially in large cage), and out-of-plane 

displacements.  

 For the small cages, under 0 GPa, except the two electron clouds on the sides, all show 

typical pear-like noncircular shapes. This shape is attributed to the OH or CH covalent bonds. 

The top and bottom electron clouds have the tail towards the center of neighboring oxygen atoms. 

The electron clouds on the side have less electron density because the selected plane crosses the 

hydrogen bonds instead of an oxygen center. Under -1.1 GPa, the shape of the electron clouds 

does not change, only the distances between the electron clouds increase. However, under 7.5 
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GPa, the electron clouds lose their initial shapes. Firstly, the shape change of the methane 

molecules is a robust indication of molecular and atomic displacement. Secondly, the top and 

bottom electron clouds lose their initial pear shape and begins to merge with their neighbors. This 

means the tails formed by the OH covalent bonds are no longer visible. It is not possible to exactly 

determine if OH covalent bond is aligned with OH hydrogen bonds, which leads to a difference 

between HOH angle and OOO angle. However, it is worth mentioning that the degree of tilting 

of top and bottom electron clouds are similar and the integrity and symmetry of small cages are 

still maintained.  

 Similar phenomena are found for the large cages. Under 0 GPa, each electron cloud shows 

its own distinctive features. Under -1.1 GPa, all the features are maintained. Only the distance 

between the electron clouds become greater. However, under 7.5 GPa, the displacement of atoms 

and molecules occurs. The top two electron clouds are tilted, which implies the hexagonal face 

may distort due to the compression. The shape change of the central electron cloud further 

confirm the displacement of methane under compression. However, at this instance, the bottom 

electron clouds do not tilt, only the top electron clouds do. The symmetry properties of the large 

cages are broken. 

 Next, the focus is shifted to the stability limits. The greater distance between electron 

clouds corresponds to the longer OH hydrogen bond length shown in Figure 4-3 (left). The 

dramatic increase of OH hydrogen bond length under -1.1 GPa indicates that the tensile stability 

limit is approached. Also, the displacement of molecules under 7.5 GPa is consistent with the wide 

spread of OOO angle shown in Figure 4-3 (right). The sudden open spread OOO angle distribution 

implies the compressive pressure limit is approached. These calculations agree with the lattice-

based results13 that failure modes are ductile under expansion and brittle under compression. The 
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ductile modes are associated with OH hydrogen bond length extensions and the brittle modes are 

associated with the divergence of the OOO angles. 

In partial summary, calculating the electron density provides the following important 

information to characterize GH at the cage level and at the lattice level. 

1. Tensile pressure has no impact on the atoms position, only has effect on the cage size (brittle 

mechanism)  

2. Under compressive pressures (ductile mechanism) 

(i) The shape change of the central electron clouds indicates the methane molecule 

displacement  

(ii) The shape change of the top and bottom electron cloud (no pear shape, no tail) indicate 

the OH is not on the same line as the OO. Thus, the OOO angle is different from the 

HOH angle. 

 

4.5.2 Bond Parameters 

 The bond length [L] and bond angles[N] are the two types of bond parameters that define 

the respective distribution functions. The bond lengths include the OH hydrogen bond length, OH 

covalent bond length, OO distance, while the bond angles include the OOO angle and HOH angle. 

The five distribution functions are shown in Supplementary Information (SI4).  

The water framework of GHs is characterized by bond angle [N] and bond length [L] 

distribution functions whose mean, standard deviation and skewness provide the necessary metrics 

for bond-scale description of piezo effects and stability limits; the definition and nomenclature of 

these distribution functions are given in Table 4-2. 
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Table 4-2 Distribution functions for bond geometry and bond types 

 

Bond length [L] Bond angle [N] 

OH covalent 

[L$] 

OH hydrogen 

[L%] 

OO distance 

[L&] 
HOH [N%] OOO [N&] 

Mean [O] O'
$  O'

% O'
& O(

% O(
& 

Standard 

deviation [P] 
P'
$  P'

% P'
& P(

% P(
& 

Skewness[Q] Q'
$  Q'

% Q'
& Q(

% Q(
& 

 

 Figure 4-4 shows the mean	m)
*, standard deviation	σ)

* and skewness γ)
* for the five selected 

parameters, listed in Table 4-2. Here i refers to bond types (covalent, hydrogen bond) and j to 

geometry (length, angle), as follows. 

(a) Bond lengths. The top row in Figure 4-4 on bond length O'
+ statistics show the following: 

(i) the OH covalent bond is weakly perturbed by increasing pressure; (ii) the OH hydrogen bond 

and OO bond have similar responses, with the mean m decreasing with P and the standard 

deviation P  decreasing with pressure until essentially plateauing, (iii) the skewness Q  of OH 

hydrogen bond and OO distance have characteristic oscillations with two local minima; the 

fluctuations of Q'
% and Q'

&, compared with the consistent evolving of O'
% and O'

&, indicates the 

non-uniform distribution among the bond lengths; (iv) when comparing OH covalent and OH 

hydrogen bond we not only see the well-known compensation mechanism27 in the mean but also 

in the oscillatory skewness; (v) the stability limits are clearly reflected in P and Q. A significant 

increase of the P'
% and P'

& under -1.1 GPa, and an unexpected increase of the P'
% and P'

& under 7.5 

GPa, indicate that the spreads of the bond length distribution become wider. The Q'
%  and Q'

& 
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provides further evidence on the stability limits. The significant increase (almost vertical lines) on 

the two ends, implying the distribution deviates from the Gaussian very abruptly.  

 

Figure 4-4 Mean, standard deviation and skewness of five bond parameters, defined in the insets and in Table 4-1. The top three 
are bond lengths and the bottom three are bond angles. 

(b) Bond Angles. The bottom row in Figure 4-4 on bond angles O(
+  statistics show the 

following: (i) O(
% and O(

& show an increasing trend with pressure. A significant increase of O(
& 

occurs at 7.5 GPa; however, the O(
%  still follows it’s initial tendency. This implies that the 

intermolecular interactions are modified instead of the intramolecular interactions. The water 

molecules are displaced from their original positions, which is a robust indication on the 

deformation; (ii) P(% and P(
& has a large increase at 7.5 GPa, meaning that the spread of angles 

becomes wider; (iii) Q(
% and Q(

& profiles are concave-down with sharp reversal at the two terminal 

sides, which is a signal of reaching the stability limits.  

In partial summary, the P',(
&,%

 and Q',(
&,%

 provide accurate quantitative metrics on the 

compressive stability limit. For the tensile stability limit, only the P'
&,%

 and Q'
&,%

gives significant 
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information, but angle statistics do not. The phenomenon corresponds to the findings in Section 

3.1, where it is found that under tensile pressures the system adjusts by size change and under 

compressive pressures, the system adjusts by shape deformation.  

4.5.3 Cage deformation 

 Cage deformation takes places when the hydrate system must adapt to pressurized 

conditions. This deformation can be described as a non-affine deformation, such that the structure 

does not shrink or expand proportionally.28 In the ideal case, if all the atoms and molecules can 

translate in their initial bonding directions due to the shrinking or expanding of the bond length 

proportionally, then a homogenous deformation takes place. However, in reality, non-affine or 

inhomogeneous deformations usually take place under pressure. In section 4.5.1 and 4.5.2, the 

results from the atomistic level indicate that the cages undergo non-affine deformations.  

 

Figure 4-5 Small and large cage structures under three pressures. The red circles are oxygen atoms. The white circles are 
hydrogen atoms, and the brown circles are carbon atoms. The grey dashed lines represent the OH hydrogen bonds with a 

maximum threshold 2.1 Å.  

 Figure 4-5, shows the cage structures under three different pressures (-1.1 GPa, 0 GPa and 

7.5 GPa). It demonstrates that the cages’ structure do not change significantly under tensile 
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pressures (-1.1 GPa), but under 7.5 GPa, both small and large cages display large non-affine 

deformations that need to be resolved. 

 The cage deformations can be characterized from three interconnected aspects: (i) volume, 

(ii) shape and (iii) polygonal face orientation as follows:  

The large cage is approximately 42.4% larger than the small cages under zero pressure. 

Under 7.5 GPa, the large cages expand 23%; however, the small cages only expand 20%. Similarly, 

under -1.1 GPa, the large cages shrink 27%, but the small cages only shrink 24%. This 

phenomenon shows that either under tensile or compressive pressures, the large cage volume is 

more sensitive and changes more significantly.  

Figure 4-5 shows that the entire small cage has deformed under a 7.5 GPa load, but in the 

large cage, only the top hexagonal ring tilted, while pentagons retain their initial shape. On average, 

at 7.5 GPa, the pentagonal rings in small cages tilt approximately 19.29∘. However, hexagonal 

rings that react most significantly in large cages, only tilt 13.81∘. This difference can be explained 

by the larger area of hexagonal rings which can lead to better load distribution under pressurized 

conditions. 

In partial summary, the cage level analysis reveals the following points when compared to 

electron cloud-bond analysis: 

1. Under both compressive and tensile pressures, the large cages are more sensitive on the 

size change, compared with the small cages. 

2. When approaching the compressive stability limit, both small and large cages have non-

affine deformation. The small cages still maintain their integrity and symmetry; however, the large 

cages do not. 
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The information transfer to the next higher level is that small and large cages have different 

levels of resistance under compressive pressures and may have an impact on the lattice elasticity.  

4.5.4 Bulk modulus 

 Bulk modulus K is used to evaluate a material’s resistance to compressive forces. Either 

polycrystal or monocrystal, the value of the bulk modulus K is usually used to characterize the 

entire lattice. Since we have demonstrated above (Section 3.3) the distinct nature of large and small 

cages, and as the large cages form a continuous phase while the small cages form a disperse cage, 

an opportunity arises to model the system as a binary composite system. The novel approach is to 

compute the bulk modulus K of the system and compare it with the bulk modulus using material 

property mixing rules. This approach sheds light on the different contributions to material 

properties by the large and small cages. Since as shown in Section 3.3 above large and small cages 

respond differently to pressure, we can assign main drivers for sensitivity to either cage.  

 There are several ways to calculate the bulk modulus. The most common ways are the 

thermodynamic approach, EOS fitting and the Voigt-Reuss-Hill (VRH) approximation. In this 

section, the thermodynamic approach is used, and it is defined as Equation (4.1). 

T+ = −U.
+ 6V

6U'
; X = L, Y (4.1) 

where the Ki is the “i” cage bulk modulus, P is the pressure, U.
+ is the initial volume of the “i” cage, 

and the superscripts L and Y stand for large and small cages. Equation (4.1) is valid under a constant 

temperature. In this work, the temperature is 0 K. The volume of the cages and lattices can be 

evaluated from the methods discussed in Section 2 and the applied pressures can be controlled by 

the simulation settings. A third-order polynomial fitting is applied to obtain the relationship 
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between the pressures and the volume P(V). The selection of the polynomial order keeps 

consistency with the EOS fitting in our previous work13 used for comparison. The averaged values 

of K/ and K0 are showed in Figure 4-6. 

 

Figure 4-6 Averaged bulk modulus for small and large cages from 0 GPa to 7.5 GPa. The blue curve represents the averaged !! 
and red curve is the averaged !" 

 Figure 4-6 shows the averaged values of K/ and K0	from 0 GPa to 7.5 GPa. Although both 

K/ and K0 increase with pressure, their sensitivity is different. In the low pressure region (from 0 

GPa to 1 GPa), K/ increases dramatically but K0 remains essentially constant. Between 1 GPa and 

3 GPa, the large and small cages share similar bulk modulus values. Beyond 3 GPa, K0 exceeds 

and increases faster than the K/. Figure 4-6, clearly shows that small and large cages have different 

sensitivities, and thus they have different impacts on the lattice piezo-elastic performance. This 

observation coupled with the geometric fact that small cages are isolated while large cages form 

the continuous phase points to a possible new approach to characterize GH at the meso-scale. 
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 Thus, assuming the small and large cages form a composite continuum, the rule of mixture 

can be applied for estimation or prediction of the lattice performance on various properties based 

on the behaviours of the individual cages. Using standard homogenization methods, the upper and 

lower bound of the bulk modulus in the terms of the cage moduli are: 

T12234 = [5T5 + (1 − [5) × T' (4.2) 

T'6734 = F
[5

T5 +
1 − [5

T'
J

8"

 (4.3) 

T = −U.
6V

6U
 (4.4) 

 

Here T	is the bulk modulus of the unit lattice, [5 is the volume fraction of the small cages and 

(1 − [5) is the volume fraction of the large cages.  

 

Figure 4-7 Bulk modulus of unit lattice. The blue curve is the upper bound calculated by using Equation (4.2). The orange curve 
is the lower bound of bulk modulus calculated by using Equation (4.3). The yellow curve the bulk modulus of the unit lattice 

calculated using Equation (4.4). 
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 Figure 4-7 shows the upper Kupper (blue), lower Klower (orange) bounds, and the bulk 

(yellow) modulus K, calculated using equations (4.2-4.4). The figure illustrates that that the three 

curves essentially overlap. The value of the bulk modulus (shown in yellow) is very close to the 

bulk modulus obtained by EOS fitting13 and shows a similar evolving tendency under pressures. 

In comparison to experimental results, Hirai, H., et al.29 reported the bulk modulus is 7.4 GPa for 

sI methane hydrate, and Loveday, J. S., et al.30 showed the bulk modulus is 15.4 GPa for MH-II 

(methane hydrate II) by using diffraction methodologies. The bulk modulus generated by our work 

under 0 GPa and 0 K is 9.5785 GPa, which is very close to the experimental results. The small 

discrepancy can be explained by the temperature difference. This validates the reproducibility of 

bulk modulus of the monocrystal hydrates from different approaches. 

 Overall, from the results shown in Figure 4-7, it can be verified that from 0 GPa to 7.5 

GPa, the sI methane hydrate follows the rule of mixtures with high accuracy, and the view of GH 

as a binary inclusion-continuous phase composites is a novel applicable concept. The upper and 

lower bounds can give an accurate and reliable prediction on elastic properties. 
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4.6 Conclusion 

 This paper characterized the pressure response and stability limits of sI methane hydrates 

from atomistic, cage and lattice scales. The pressure stability limits are found to be -1.1 GPa and 

7.5 GPa under 0 Kelvin. Insights, mechanisms, and information transfer from atomistic scales to 

macroscopic scales are established by using bond energy/geometry, cage mechanics and geometry, 

and macroscopic lattice elasticity. This theory and computational multiscale approach reveals 

important information and understanding not obtainable by just computing macroscopic 

mechanical properties. A condensed summary of the results and interconnections are given in 

Figure 8. 

 Starting at the smallest scales (section 4.5.1), from the electron cloud displacement, 

merging or connections, we can predict the displacement of the atoms and the molecules, which 

imply the changes of bond length and bond angles used in the next scale (section 4.5.2). The 

established distribution functions of bond angles and lengths show significant phenomenon when 

the pressure stability limits being approached (section 4.5.2). Also, the distribution function of 

bond length and bond angles establishes that the bond parameters are not a constant but change 

within ranges whose upper and lower limits follow different pressure scaling. The information is 

used to characterize the cage level (section 4.5.3). Since the small dodecahedron 512 cage is a 

platonic solid with high degree of symmetry and is vertex-uniform, edge-uniform, and face-

uniform, it will behave very different under pressure than the large non-regular tetrakaidecahedra 

51262 cages. From a geometric view we expect and find the small cage will mostly retain their 

symmetry properties while the large cages are prone to large distortions even under an isotropic 

pressure stress load. Accordingly, we found (section 4.5.3) that affine and non-affine deformation 

under tensile and compressive pressures can be observed at the cage level. The cage level bulk 
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elasticity confirms that only under weak-to-intermediate pressure loads, the two cages have similar 

stiffness, but the response deviates sharply as the stability limits are approached. Since the large 

cages form the matrix phase and the small cages are isolated inclusions, this fact opens up the 

possibility to consider (section 4.5.4) the GH as a composite material system at the mesoscopic 

cage level that can be subjected to homogenization material composite scaling (laws of mixtures). 

We find excellent agreement between the calculated independently lattice bulk modulus and the 

laws of mixtures predictions based on a composite material model. Under compression we find 

that the bulk modulus varies approximately between 10 GPa and 45 GPa as the pressure increases 

from 0 GPa to 6 GPa and that the sensitivity or rate of increase weakens at higher pressure. This 

can be explained by the fact that there are three large cages per small cage and that large cage 

sensitivity decreases at higher loads, a fact not captured by macroscale computations. 

 

Figure 4-8 Key findings and multi-scale connections. The key findings are listed on the side in the corresponding color. The 
arrow indicates the connections between different scales. The text in blue associated with electron density distribution. The two 
blue arrows show how the electro density distribution have an impact on the bond parameters ( Section 4.5.1).The text in yellow 
and green are relevant to bond length and bong angle respectively (Section 4.5.2). The blue and orange text represents the small 

and large cages respectively (Section 4.5.3) The black text shows the information from the lattice view (Section 4.5.4). 
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We conclude with specific implications of the results. The pressure stability limits 

determination of sI methane hydrate under 0 Kelvin provide the upper bound values on the pressure 

limits, which can be of critical importance during exploration. Also, the mechanical parameter 

values obtained at 0 K are upper bound values and as such they provide critical information even 

at lower temperatures. The established connections between different levels are essential to 

understand the origin of macroscopic properties originating from atomistic and cage level. Firstly, 

the electron cloud displacement under pressure explain explicitly the bond length and angle 

changes. This provides a measure of the molecular displacement under pressures instead of simply 

observations of size or shape changes. Secondly, computing the distribution functions for bond 

length and angles establishes the variability of these quantities, in contrast to adopting a single 

value view. Meanwhile, this distribution function emphasizes the importance of maximum and 

minimum values within the spread, instead of the mean and median, since the maximum and 

minimum values can be the threshold of instability, where cracks can be triggered. Thirdly, the 

captured difference between small and large cages indicates that different types of cages can have 

different features, and the difference can be contributed to the cage shape, occupancy, guest type, 

etc. Fourthly, the determined roles of small and large cages shows that each type of cages can have 

its own impact on the lattice. This indicates that the occupancy or the guest type can be determined 

if we have the information of lattice and the occupied or unoccupied cages with different types of 

molecules. This can simplify the process for identifying the guest type and increase the success 

rate of exploration as well as material characterization. 

Taken together the multiscale methodology established and used here for methane SI 

hydrates , based on the integration of atomistic hydrogen bonding, cage geometry and composite-



 122 

like inclusion/matrix structure, and macroscopic elasticity can be an additional tool to further 

develop the material physics and technology of other gas hydrates.  
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4.8 Supplementary Information (SI) 

4.8.1 Simulations (SI1) 

This supplementary information SI1 provides a detailed description of the DFT simulation 

settings related to Section 4.4.1 of the paper.  

 

Table 4-3 Simulation parameters in DFT 

Cut-off energy 520 eV 

Global break conditions the electronic self-

consistent loop 
1×10-4 eV 

Break conditions for the ionic relaxation 5×10-3 eV/Å 

Number of k-points 4 

Grid generation mode Gamma centered 
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4.8.2 Bonds and Electron density calculations (SI2) 

The supplementary information SI2 provides the detailed background information on the 

bond and electron density calculations discussed in Section 4.4.2 of the paper. 

4.8.2.1 Bond angle and bond length distributions 

 In this paper, the distributions of five bond parameters are evaluated to characterize the 

water molecules’ geometry, and intermolecular and intramolecular interactions under pressure: (i) 

three bond lengths (OH covalent bond length, OH hydrogen bond length, and OO distance) and 

(ii) two bond angles (OOO angle and HOH water bond angle).  

 The software MATLAB was used for the calculations of bond lengths and bond angles. 

The calculations are based on the atoms’ positions, which can be obtained from the CONTCAR 

file of the VASP software. The relevant distances and angles are resolved using standard vector 

operations. Each vector has three components (position difference between two atoms) in the 

selected frame, as shown in Figure 4-9. 

 

 

Figure 4-9 Vectors between atoms. The red circle are water oxygen atoms, and the white circles are the water hydrogen atoms. 
The vector u is from the central oxygen atom to the left oxygen atom. The vector v is from the central oxygen atom to the right 

oxygen atom 
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The bond lengths can be calculated using Equation (4.S1). The bond angles were calculated by 

using Equation (4.S2). Note: u	and	v are bond vectors from the central water oxygen atom to its 

neighboring oxygen or hydrogen atoms and θ  is the corresponding bond angle between two 

vectors. The three generic components of vector are indicated as a, b and c respectively.  

 

Bond length: 

^ = _

`
a

b
c 

 

|^| = √`9 + a9 + b9     (4.S1) 

 

Bond angle: 

N = `bfY g
1∙;
|1||;|

h     (4.S2) 

4.8.2.2 Electron cloud distribution 

Electron density distribution is the most fundamental and basic parameter to illustrate 

the system’s behaviours. This is because the atoms are formed by electrons and neutrons, and the 

electrons are much lighter than the neutrons. Once the conditions change, the electrons are more 

likely to react or react more dramatically than the neutrons, which can provide information on the 

reaction tendency of the material system. 

In this section, the software and methodologies used to generate the electron density 

will be discussed since electron cloud distribution or distortion would provide atomic level 

understanding under pressures. The electron cloud, which is also called the electron density 
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distribution, shows the probability of the existence of electrons around the atoms. This information 

can be used to predict the interactions between atoms,31 and critical bond length.32  

To evaluate the electron density, we used the Visualization for Electronic and Structural 

Analysis (VESTA) software. The CONTCAR file generated from the DFT simulation provides 

the atomic positions. The electron densities are then calculated from the Fourier transform of 

structure factors, i(j), that in turn are calculated from structural  parameters and the atomic 

scattering factors of free atoms33 with Equation (4.S3). 

In X-ray diffraction, i(j)  represents that structure factor i  of reflection j  with 

diffraction indices hkl. In Equation (S3), where k is the atom number, n is the total atom number 

in the unit lattice, l= is the occupancy, [=(j) is the atomic for factor, m=(j) is the Debye-Waller 

factor, and n= , o= , `p6	q= are the fractional coordinates.34  

i(j) = ∑ l=[=(j)m=(j)sntu2vXwℎn= + yo= + Lq=z{
>
=?"     (4.S3) 

The spatial resolution of electron densities is specified in the unit of Å. Although 

smaller resolution could give more accurate results, the computational and time costs are 

significant. Comparing the results obtained from scale resolutions of 0.05 Å and 0.1 Å, the 

discrepancy is found to be negligible.  The spatial resolution of electron densities is then selected 

as 0.1 Å. The electron density, |(n, o, q) at the coordinates of (n, o, q) is calculated by Equation 

(4.S4). }+ is the number of grids along each crystallographic “i” axis, which is automatically set. 

}@ gives a resolution close to the specified value and it satisfies symmetrical constraints.34 

|(n, o, q) =
"
A
∑ ∑ ∑ i(j)snt[2vX(ℎn + yo + Lq)]

!"
#
'?$!"#

!%
#
B?

$!%
#

!&
#
C?$!&#

  (4.S4) 

After computing the electron density for the entire lattice, 2D data display was used to 

visualize the electron density distribution on a specified plane. The selected plane in this paper 
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aims to capture the guest-host interactions and water molecules displacements. To further discover 

the cage features, two planes were chosen for the small and large cages respectively. Each plane 

crosses the centre of the guest molecule and passes the closest water oxygen atoms.  

 

4.8.2.3 Cage Volume Calculations 

Considering that two types of cages are involved in sI methane hydrates, the intrinsic 

features of each type of cages are possible to have its own impacts on the performance of the entire 

lattice. The cage volume is a representative and fundamental parameter to provide the indications 

of cage performance under pressures. To estimate the cage volume, the MATLAB software and 

the convex hull algorithm are applied. Once the atomic coordinates are available, the convex hull 

algorithm can be used to generate the smallest surface that contains all the atoms provided. Then, 

the volume can be approximated through the enclosed surface. Since convex hull is an 

approximation way, a subtle discrepancy (around 5%) exists within the pressure range from -1.1 

GPa to 7.5 GPa, which is acceptable.  

4.8.3 Electron cloud density (SI3) 

This supplementary information SI3 discussed the details of electron density distribution discussed 

in Section 4.5.1 of the paper. 

Interpretation of electron density distribution  

 To explain the general electron distribution of the water molecules, it is necessary to 

characterize the bond types between the oxygen and hydrogen atoms. Within a water molecule, an 

oxygen atom is covalently bonded to two hydrogen atoms.35 Their electrons are shared unequally 

due to oxygen’s high affinity of electrons. Thus, the hydrogen atoms have a slight positive charge 
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and the electrons are closer to the oxygen atom.35 Beyond the covalent bonds, hydrogen bonds can 

be created by the oxygen and hydrogen atoms from different water molecules. Oxygen atom still 

has two pairs of unshared electrons after forming two covalent bonds with hydrogen atoms,, which 

gives it a slight negative charge. Through the electrostatic attraction, the oxygen atoms (electron 

donors) are inclined to share the electrons with the hydrogen atoms (electron acceptors), forming 

a hydrogen bond.35 According to these, the electrons gather at the central oxygen atom, and 

electron distribution has two tails in the direction of hydrogen atoms.  

(i) Small cage: The selected plane for small cage include four water molecules at the top and 

bottom. On the two sides, this plane can capture the electron density of the middle of two OH 

hydrogen bonds. Since the electrons are closer to the oxygen atoms, the electron density is lower 

at the middle of OH hydrogen bonds than the center of oxygen atoms. Thus under tensile and zero 

pressure, the top and bottom electron clouds have higher densities than the side clouds. 

 The four top and bottom water molecules, the density has pear-shape electron clouds under 

-1.1 GPa. Under zero pressure, the high electron density region, (where is greater than 1 

electron/Å3) of the top electron clouds, shown in red, keep the pear-shape; however, in the low 

electron density regions (less than 1 electron/Å3), shown in green, start to connect with each other. 

When a 7.5 GPa compressive pressure is applied, the electron clouds become closer to each other, 

but the pear-shape is still kept for the high electron density region. Additionally, from zero to -1.1 

GPa, the midpoints of the electron clouds are on the same horizontal line, which indicates the water 

molecules are found on the same original plane. However, when pressure increases to 7.5 GPa, a 

significant tilt can be detected. Their midpoints are not on the same horizontal line. This 

phenomenon indicates the displacement of water molecules. 
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 Under tensile or zero pressures, the two electron clouds on the sides reflect the electron 

density distribution of the middle of OH hydrogen bonds. Since the hydrogen atom is an electron 

acceptor, the oxygen atom is an electron donor. The electron density at the middle of OH hydrogen 

bond is much lower than the center of oxygen atom. However, when 7.5 GPa is applied, the 

electron clouds on the sides become stronger, indicated as the yellow circles at the centre. This 

phenomenon shows that the oxygen atoms move towards the initial place of midpoint of OH 

hydrogen bonds. This can be illustrated as the displacement of molecules and perhaps cage begins 

to deform, and thus the plane could become closer to the oxygen atoms instead of the midpoint of 

hydrogen bonds. These two side clouds near the methane molecule instead of the initial OH 

hydrogen bonds, exert some effects on the shape and intensity of the methane electron cloud. The 

electron cloud of methane molecule could not maintain the pear shape. It changes to a big circle 

with two small tails. This shows the methane molecule starts to rotate to minimize the dipole 

interactions with its surrounding water molecules.  

 Additionally, the size of the selected plane and the shape forming by the six surrounding 

electron clouds can reflect the size change of the cage and the deformation. For the small cages, 

the size of the selected plane changes a lot. Compared with behaviours under zero pressure, it 

would expand approximately 6.3% on the side under -1.1 GPa and shrink around 8.7% on the side 

under 7.5 GPa. From these numerical values, it infers that the volume size of small cages are more 

sensitive to the tensile conditions than the compressive conditions. However, the small cage under 

compressive conditions is more likely to displace the molecules. The shape formed by the six 

surrounding electron clouds changes from a regular hexagon to an irregular hexagon. But the shape 

is maintained under tensile pressures. 

 



 132 

Large cage 

 The selected plane for large cage can compromise the water molecules in both hexagonal 

rings (top and bottom) and two water molecules in the pentagonal rings (on the two sides). This 

plane can provide plenty of information on the atoms’ and cages’ behaviours. 

 Under zero pressure, each electron cloud has its own shape. The central methane molecule 

still has the pear shape, as in the small cages. Once the tensile pressure is applied, each electron 

cloud becomes independent and they do not have a direct interaction with each other. The water 

molecules on the same horizontal line have similar electron densities.  

 However, when the pressure reaches 7.5GPa, there are significant changes on the large 

cages. Firstly, the tail direction of the electron cloud of methane molecule changes. Instead of the 

towarding left bottom, the central methane molecules towards to the left. Meanwhile, two top 

electron clouds show a tilting tendency. Two bottom water molecules have a similar electron 

clouds, but their electron clouds become relatively diverse under 7.5 GPa, which is shown as the 

larger green circle part. The changes on the electron cloud density are good indicators of the 

distance between the molecules and the selected plane. For the two water molecules on the sides, 

belonging to the pentagonal rings, they shows a stronger electron density under high compressive 

pressures, which implies the displacement of the oxygen atoms. 

 To compare the shape of electron cloud of large cages under -1.1 GPa, 0 GPa and 7.5 GPa, 

the performance under 0 GPa is selected as a reference. Under -1.1 GPa, the shape of electron 

clouds did not change, only the distance between electron clouds becomes greater. Even the shape 

formed by the surrounding six electron electrons did not change. However, under 7.5 GPa, the 
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molecular displacement took place. The top two electron clouds showed a tilting tendency. The 

central methane molecule also showed a displacement tendency.  

 To conclude the behaviours of electron clouds in small and large cages, the volume of both 

cages are more sensitive to the tensile pressures, and the molecular displacement is more likely to 

occur under compressive pressures. This phenomenon indicates that under tensile and compressive 

pressures, the hydrate cages have two different mechanisms to react. Also, compared the changing 

magnitude of both types of cages, the large cages are more stable under pressures.  
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4.8.4 Bond Parameters (SI4) 

This supplementary information SI4 discusses the performance on the bond parameters (OH 

hydrogen bond lengths, OH covalent bond lengths, OO distances, OOO angle and HOH bond 

angles) presented in Section 4.5.2 of the paper. Among these five parameters, the most important 

bond length and angle are: OH hydrogen bond length and OOO angle respectively. Since these 

two parameters can reflect the cage behaviour directly. All five parameters will be discussed 

below.  

 

OH hydrogen bond length 

 

 

Figure 4-10 OH hydrogen bond length distribution under pressures from -1.1 GPa to 7.5 GPa. 92 hydrogen bonds are in one 
unit lattice, and each bond has its own length under a specified pressure. Under each pressure, the hydrogen bond lengths is 

shown in the box and whiskers. The top and bottom of each  box are the 25 and 75 percentiles of the bond lengths under a 
specified pressure, respectively. The line in the middle of each box is the median. The whiskers are the lines extending above and 

below the box to the maximum value and minimum values of the bond lengths under the pressure. The two red lines show the 
evolutions of maximum and minimum values under pressures. The blue dash line is for H-bond in ice at 1.75Å. 
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 Figure 4-10  shows the response of OH hydrogen bond lengths under pressures from -1.1 

GPa to 7.5 GPa. The two red lines are created by the maximum and minimums values. Their 

symbols within the upper and lower values denote the following: the height of middle box is the 

25-75% percentile of the distribution, the middle segment is the median, and the length of upper 

and lower vertical connectors illustrate the variance. As the hydrate lattice is mainly supported by 

the hydrogen bonds, the hydrogen bond lengths correspond to the selected lattice size. In Figure 

4-10, the OH hydrogen bond lengths decrease as the hydrostatic pressures increase. The sensitivity 

of hydrogen bond lengths is much greater under tensile pressure than under compressive pressures. 

 The size of the box and the position of median can summarize key information on the 

hydrogen bond length distribution. When the tensile pressures are applied, the position of the entire 

box and connectors move upwards and their lengths increase. However, the position of the median 

value is still closer to the bottom of the box. This indicates that the 25 and 50 percentile are very 

close and the distribution inside the box is not uniform, implying a negative skewness distribution. 

The upper connector become longer once the tensile pressures become greater. This implies the 

initial long hydrogen bonds are more sensitive to the tensile pressures compared with the short 

hydrogen bonds, which indicates a greater standard deviation. Once the compressive pressures are 

applied, the range of the box-connectors becomes smaller, the upper and lower connectors keep a  

similar length and the median locates at the centre of the box, which is a good indication of a 

normal distribution, zero skewness. The smooth and consistent tendency is maintained until 7.5 

GPa. Once 7.5 GPa is applied, the range of the box-connectors becomes greater and the position 

move upwards, indicating a positive skewness, which is opposite to the previous tendency and is 

a robust indication of approaching a stability limit.  
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OOO Angle 

 

 

Figure 4-11 OOO angle distribution under pressures from -1.1 GPa to 7.5 GPa. 46 OOO angle are in one unit lattice. Under 
each pressure, the OOO angels are shown in the box and whiskers. The top and bottom of each  box are the 25 and 75 

percentiles of the angles under a specified pressure, respectively. The line in the middle of each box is the median. The whiskers 
are the lines extending above and below the box to the maximum value and minimum values of the OOO angles under the 

pressure. The two red lines show the evaluations of maximum and minimum values under pressures. The horizontal dash line is 
the ideal tetragonal angle 109.5∘. 

Figure 4-11 shows the OOO angle distribution from -1.1 GPa to 7.5 GPa. This angle is a 

representative parameter to evaluate the water network system and structure. The ideal tetrahedral 

angle for tetragonal coordination is 109.5∘. In principle, the HOH water bond angle is 104.45∘. In 

the ideal case, the structure of one single water molecule and the structure forming by the water 

molecule and the adjacent four water molecules are tetrahedral, and thus the OH covalent bond 

and the OH hydrogen bond should be on the same horizontal line, which is the most uniform and 

stable structure for one central atom with four substituents, and the OOO angle should be the same 

as the HOH angle. However, in reality the OH covalent bond and OH hydrogen bond are not on 

the same line due to the intermolecular interactions and the applied pressures. Meanwhile, the lone 

pair of electrons belonging to the water oxygen atoms distort the water molecule angle (HOH 
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angle) from 109.5∘ to 104.45∘. Thus, there is a discrepancy between the standard values of OOO 

angle and the HOH angle. 

 OOO angle can capture the interactions between water molecules. From Figure 4-11, it 

shows the distribution of OOO angle becomes wider as the pressure increases. The two red lines 

are the maximum and minimum values along with pressures, which shows a funnel effect. This 

diverging tendency means the interactions among the water molecules cannot be maintained in the 

tetrahedral structure. Once 7.5 GPa is applied, the spread of the OOO angle values diverges so that 

most angles are not close to	109.5∘. 

 Additionally, as the pressures increase, the box and whiskers change their sizes and 

positions. The box size increases as the pressures increases. This can be explained as under high 

pressures, the atoms or molecules could not move or get closer in the initial bonding directions 

with the limited volume. Thus, the atoms or molecules would prefer to deviate from their initial 

direction and the OOO angles get wider. Inside the box, from 0 GPa to -1.1 GPa, the median is 

closer to the bottom of the box. This implies that although there is a wide distribution, most OOO 

angles are still around 105∘ , which is the standard angle value for water molecule. Also, the 

difference between the maximum and minimum values are small between -1.1 GPa to 0.5 GPa, 

approximately 5∘. As the pressure increases, the median moves to the centre of the box, which is 

an indication of the normal distribution. But the sudden open-funnel effect at 6.5 GPa is an 

indication of instability as well.  

 To conclude the behaviours of OH hydrogen bond lengths and OOO angles, we found that 

under high pressures the OH hydrogen bond lengths would shrink at the expense of the larger OOO 

angles. Thus, the lattice volume would become smaller and some shape deformation or plane 

tilting are expected under high pressures. 
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HOH bond angles  

 

Figure 4-12 HOH bond angle distribution under pressures from -1.1 GPa to 7.5 GPa. 

 HOH bond angle, also called water molecule angle, which reflects the intrinsic reaction of 

the water molecules under pressures. In Figure 4-12, before 6.5 GPa, a steady increasing and 

expanding spread is showing. The box size becomes large when the pressure increases, and the 

difference between the maximum and minimum values becomes greater as well. The median 

values present a similar behaviours as those in the other bond parameters. It locates close to the 

box bottom when the pressures are low, and move to the centre of the box as pressures increase.  

 The most interesting feature of the HOH angle distribution is the upper and lower bound 

tendency when approaching the compressive pressures. A sudden wide spread takes place once 

6.5 GPa is applied. The maximum values show an exponential increase. However, the minimum 

values show a sudden decrease and keep the angle value between 104∘ and 105∘.  

 The lower bound of HOH angle is always greater than the standard tetrahedral angle 

104.45∘ can be explained as the distribution of energy intensity.36 104.45∘ has been recognized 
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as the most stable energy distribution for the tetrahedral structure. If the bond angle becomes 

greater, the energy can be spread on a greater area. However, if the bond angle becomes smaller, 

the energy accumulates at one spot, which will lead to uneven energy distribution for the entire 

lattice. Thus, the lower bound of HOH bond angle is always greater than 104.45∘. 

 

OH covalent bond length 

 

Figure 4-13 OH covalent bond length distribution under pressures from -1.1 GPa to 7.5 GPa. The two red lines show the 
evolutions of the maximum and minimum values under pressures.  

 Figure 4-13, shows the distribution of OH covalent bond lengths under pressures from -1.1 

GPa to 7.5 GPa. An increasing tendency is observed from -1 GPa to 6.5 GPa, which is completely 

different from the evolution tendency of OH hydrogen bond lengths. These opposite behaviours 

imply the compensation mechanism present in the hydrate system, which have been verified by 

several groups.27 The main principle is that there are one OH hydrogen bond and one OH covalent 

bond between two water oxygen atoms. Once one of these two bonds stretches or shrinks, the other 

bond would shrink or expand to compensate.  
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 Between -1 GPa and 6.5 GPa, the evolution of the OH covalent bond length is very stable. 

The difference between the maximum and minimum values at each pressures is almost constant. 

Inside the box, the median is closer to the top of the box when the pressures are from -1 GPa to 

0.5 GPa. After 0.5 GPa, the median moves to the centre box. This phenomenon is very similar the 

behaviours in OH hydrogen bond length discussed in Section 4.5.2.  

 Once -1.1 GPa is applied, the changing magnitude becomes more significant but still keeps 

the same tendency. However, when 7.5 GPa is applied, both evolving tendency and magnitude 

change significant. The discrepancy between the maximum and minimum values changes from 

0.015 Å to 0.028 Å, which is nearly twice the magnitude as before. These abnormal behaviours 

indicates the stable pressure limits are reached.  

  



 141 

OO distances  

 

Figure 4-14 OO distance distribution under pressures from -1.1 GPa to 7.5 GPa. The two red lines are the maximum and 
minimum values under each pressure. 

 Figure 4-14, shows the OO distance distribution under pressures from -1.1 GPa to 7.5 GPa. 

It shows a similar tendency as the OH hydrogen bonds. In the ideal case, the OO distance is the 

sum of the OH hydrogen bonds length and the OH covalent bond length, the two water oxygen 

atoms and the hydrogen are on the same line. Considering all three bond lengths, it can be 

concluded that OH hydrogen bond length dominates the OO distance performance. The 

compensation mechanism would not have an impact on the cage or lattice, since all the effects 

have been offset by the OH hydrogen bond lengths.  

 

Bond length versus bond angle 

To investigate the interaction of bond angle and length under pressures, two pairs of bond angle 

and bond lengths were selected. They are OH covalent bond length vs HOH bond angle (water 
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molecule) and OH hydrogen bond length vs. OOO angle (water molecule interactions), as shown 

in Figure 4-15. 

 

Figure 4-15 OH covalent bond length vs. HOH angle (left) and OH hydrogen bond length vs. OOO angle (right) 

 Figure 4-15 shows the OH covalent bond length vs HOH bond angle and OH hydrogen 

bond length vs. OOO angle from 0 GPa to 7.5 GPa. The mean values are selected for each bond 

parameter for plots. For Figure 4-15 (left), it shows that both OH covalent bond length and HOH 

angle increase as pressure increases until 7 GPa. Once 7.5 GPa is applied, the HOH angle still 

keeps the increasing tendency; however, the OH covalent bond length shrinks. This abnormal 

behaviour can be explained by approaching the stability limits and indicates that the bond angle is 

more pressure resistant than the bond length. The sudden decrease of OH covalent bond length 

implies that the water molecules start to sacrifice under 7.5 GPa.  

 The increasing magnitude of both OH covalent bond length and HOH angle seems to be a 

constant between 0 GPa to 6 GPa. The small fluctuations between 0 GPa and 0.5 GPa can be 

explained the small increment (0.1 GPa) selected, which might be too small to reflect the piezo 

effect on the bond length and angles. Beyond 6 GPa, the HOH angle seems to increase at the faster 

rate; however, the OH covalent bond length seems to reach a steady state and increase with a slow 
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rate. The different responses of OH covalent bond length and HOH bond angle at high pressure 

region ( > 6GPa) indicates that the water molecules prefers angle changes rather than bond length 

under extreme high pressure conditions.  

 For Figure 4-15 (right), it shows the relationship between OH hydrogen bond length and 

OOO angle from 0 GPa to 7.5 GPa. The OH hydrogen bond length shows an opposite behaviours 

compared with the OH covalent bond length. It first decreases as the pressures increases. The 

decreasing tendency of OH hydrogen bond length is significant between 0 GPa and 6 GPa. Beyond 

6 GPa, the OH hydrogen bond length becomes a constant, approximately 1.47 Å until 7 GPa. Once 

7.5 GPa is applied, the OH hydrogen bond length seems to increase, which corresponds to the 

sudden decrease of OH covalent bond length. For the OOO angle, it increases faster under great 

pressures. A sudden increase from 112.2∘to 115.2∘	when the pressure changes from 7 GPa and 

7.5 GPa, implying the initial arrangement between water molecules is not able to withstand 7.5 

GPa. Thus, a sudden increase of OOO angle to rearrange the structure is observed which can also 

probably indicate the trigger of a  fracture mechanism.  

 To conclude, within the stability limits, bond length and bond angle should show a linear 

relationship. When approaching the stability limits, the bond length will not change significantly, 

but the bond angle keeps increasing. Once the stability limit is approached, the bond length will 

show a opposite behaviour and the bond angle will increase significantly. 
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Chapter 5 

 

5 DFT-continuum Characterization of Third-order 

Elasticity of sI Methane Hydrates under Pressure  

 

 

 

 

 

 

 

 

 

Reproduced with permission from Zhu, X., Guerra, A., Servio, P. & Rey, A. D. DFT-continuum 
characterization of third-order elasticity of sI methane hydrates under pressure. Materials 
Research Express, doi:10.1088/2053-1591/acbf0a (2023).Copyright [2023] IOP Publishing 
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5.1 Preface  

 As highlighted in Chapter 3, the second-order elastic constants (SOECs) are indispensable 

for calculating mechanical properties in all materials, including gas hydrates. In other words, the 

values of SOECs under varying pressures are a  fundamental component of  material physics. 

Nevertheless, due to the high computational cost and the time required to obtain the values at each 

pressure, the simulation method mention in Chapter 3 is essentially not viable in the long run. To 

overcome this limitation, it was proposed to use higher-order elastic constants, such as third-order 

elastic constants (TOECs), to estimate the effects of pressure on the SOECs. After establishing the 

non-trivial relationship among the TOECs, SOECs and pressure, the values of  SOECs and TOECs 

at zero pressure only are needed for the calculation of SOECs under pressure. Then the mechanical 

properties, and pressure stability limits under any pressure can be estimated. 

 To achieve the aforementioned objective, the TOEC values at zero pressure were first 

determined. Elastic3rd, an open-source Python package was utilized for calculating third-order 

elastic constants from first-principles computations. After obtaining the TOEC values, two fittings 

were used to predict the SOEC values under pressure. The first nonlinear equation involves both 

the SOEC and TOEC values at zero pressure. The second fitting only includes the SOEC values 

at zero pressure. Both fittings were compared with the results of DFT-based direct numerical 

simulation (DNS), which are presented in Chapter 3, to determine the accuracy of the fittings. 

When the strains exceeded 3%, the results indicated that non-linear fitting, which involves TOECs, 

is required to predict the SOECs values under pressure. In addition, the SOECs values derived 

from this non-linear fitting provide more accurate predictions in terms of Born stability criteria 

and transition from ductile to brittle. In conclusion, the TOEC values can save considerable 
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computational time and resources when calculating SOEC values under pressure. Additional 

calculations and evaluations on the mechanical properties and the stability have been successfully 

implemented and validated. Consequently, these findings and established relationships  can also 

be utilized for other hydrate-based systems. 

5.2 Abstract 

Methane gas hydrates (GHs) are polyhedral crystalline guest-host materials found under 

high pressure and low-temperature conditions, which can serve as an energy source. Previous work 

on methane GH material physics was limited to simple linear models, which only involves second-

order elasticity. However, this is not fully suited to high-stress load conditions in technological 

applications and fundamental material physics. For other material systems, it has been 

demonstrated that third-order elasticity and pressure derivatives of second-order elasticity have a 

strong and hence significant correlation. To narrow a critical theory-simulation gap in gas hydrates 

materials research, in this work we expand prior work from second-order elastic constants 

(SOECs) to third-order elastic constants (TOECs). By using the open-source Python tool 

Elastic3rd and the DFT calculation software Vienna Ab initio Simulation Package (VASP), we 

found that the non-linear fitting involving TOECs gave a better overall prediction and a smaller 

root-mean-square deviation on pressure-strain evaluation when compared with linear fitting. In 

addition, the non-linear fitting provides robust results on the piezo-effect on the shear constant C44 

and the ductile-to-brittle transition (P=-0.5 GPa). These results are not achievable from previous 

work based on a linear model and these findings prove that non-linear models, including TOECs, 

are needed under high pressures. In addition, this research includes a detailed analysis of the 

calculation of TOECs and mechanical properties to study pressure stability limits and ductile-
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brittle transitions. Together the results, findings, and analyses from this work are a novel and 

significant contribution to the material physics knowledge of gas hydrates and hydrogen-bonded 

crystalline materials. 

5.3 Introduction 

Extreme environments are always an important area of material science and technology 

investigation. These severe conditions (e.g., high pressures and low temperatures) preclude routine 

laboratory research. As a result, theoretical and computational modelling are indispensable to 

characterize material properties under high pressure-low temperature conditions. For routine 

material characterization, linear elastic theory has been widely applied to evaluate elastic 

constants/ mechanical properties. However, a wide range of research shows that the second-order 

elastic constants (SOECs) have intrinsic limitations due to linearity. On the other hand, higher-

order elastic constants can overcome the SOECs’ limitations and describe non-linear responses, 

which can provide more accurate high-fidelity results. Third-order elasticity has been proven that 

they have a strong relationship with the pressure derivative of second-order elastic constants 

(SOECs)1. It is noteworthy that TOEC calculations have already been performed on metallic 

materials2,3. Several research groups have also found that third-order elastic constants can provide 

reliable predictions on piezo-elastic effects on the elastic constants1,4. De Jong, M., et al.5 showed 

that the SOECs and TOECs can provide reliable indications on the ductile-to-brittle transitions and 

the failure mode under uniaxial loading. The type of mechanical instability can also be revealed. 

Kaga, H.2 presented that for calcite, the SOECs and TOECs can be used to calculate the pressure 

derivative of the bulk modulus. The results remarkably agreed with Bridgman’s data for the change 

in compressibility with pressure2. Wang, X., et al.3 found that the third-order elastic constants from 
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first principle calculations by an energy-strain methodology are extremely useful in characterizing 

and understanding the anharmonicity of ZnO due to finite strain. Importantly, the TOEC can be 

used to calculate the strain-dependent mechanical properties, such as Young’s moduli.  

TOEC computations have so far been limited to metallic and ceramic materials and 

experimental data on the topic is scant. Calculations and experimental measurements targeting 

TOEC on a complex crystalline material such as gas hydrates and their associated applications 

have not been fully explored. Thus, in this work, we will use a particular gas hydrate as a target 

material system, which has a unique guest-host hydrogen-bonded structure. To better evaluate the 

results from computational techniques with supporting experimental data, our research team has 

created an integrated experimental-computational platform for studying the materials science of 

gas hydrate systems6. This has resulted in contributions to the study of interfacial phenomena7,8 as 

well as the physical and transport aspects of gas hydrate systems9-15. Details of gas hydrates and 

previous work are discussed below.  

Gas hydrates (GHs), a novel water-based guest-host crystalline material, usually appears 

in the deep ocean and permafrost area16. It encompasses a special guest-host structural feature, 

which provides significant gas storage capacity. The lattice structure of clathrate hydrates is 

formed by the hydrogen bonds of water and the entire structure is thermodynamically stabilized 

by the presence of trapped gas molecules and distributed van der Waals forces17. When brought to 

the surface, 1 m3 of hydrate can release 160 m3 of gases18. In nature, 80% of hydrates contain 

natural gas, which is mostly composed of methane19. With a conservative estimation, the energy 

contained in natural hydrates is at least twice the amount of the currently explored fossil fuels20. 

However, the harsh circumstances prevent commercial exploration and laboratory study; therefore 

the performance of hydrates under high pressure is rarely studied. Thus, computational simulation 
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becomes a more feasible approach to examine hydrates’ mechanical properties and stability under 

extreme conditions.  

Previous work has been directed to study gas hydrates' mechanical and thermodynamic 

properties under pressure. Vlasic, T. M., et al.10 evaluated the sII hydrates' robustness through the 

equation of state formulation (EOS) and the effects of different guest molecules on the hydrates' 

mechanical properties. They found a positive linear relationship between the bulk modulus and the 

hydrogen bond density. Also, they determined that the larger gas molecules would push outward 

on the cages through van der Waals repulsions, increasing the size of cages and then increasing 

the lattice volume. Daghash, S., et al.21 characterized the sH gas hydrate’s properties under 

pressure by first-principles DFT. The pressure-effects on five second-order elastic constants were 

evaluated. Positive tendencies have been present in all SOECs (Second Order Elastic Constants). 

Same piezo effects take place on bulk modulus, Young’s modulus, and shear modulus as well. 

Also, Daghash, S. M., et al.22 illustrated the pressure dependency of the hydrate’s bulk, shear and 

Young’s moduli, Poisson’s ratio, and the speed of sound in the hydrate structure. Mathews, S. L., 

et al.23 investigated the sI hydrate’s thermodynamic properties under different temperatures and 

had a robust conclusion that DFT (Density Functional Theory) can give more reliable results than 

molecular dynamics (MD) under lower temperatures. Jendi, Z. M., et al.24 reported that the tensile 

and compressive ideal strengths of sI pure methane gas hydrates are -1.10 GPa and 90 GPa, 

respectively, by using density functional theory. Jia, J., et al.25 figured out that there were 

significant relationships between the elastic modulus and pressure. Mirzaeifard, S., et al.7 

calculated the water-methane surface tension using pressure and temperature relationships that 

agreed with conventional scaling principles. Guerra, A., et al.26 studied the temperature and 

pressure effects on the viscosities of methane and carbon dioxide hydrates. They found 
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temperature usually resulted in one order of magnitude larger viscosity effects than pressures. 

Also, the influence of pressure on the viscosity of carbon dioxide hydrate systems was one order 

of magnitude greater than that of methane hydrate systems. These findings imply that there are 

strong relationships between the hydrates’ mechanical properties and temperature and pressures 

As mentioned above, previous work on SOECs under pressure has revealed that SOECs 

values can be used to predict the mechanical properties under limited pressure ranges. To improve 

the modelling process and fill the knowledge gap on hydrate TOECs, in this work, we will first 

calculate TOECs values at zero pressure and identify the advantages of using TOECs for SOECs 

prediction under pressure. We used the open-source Python package Elastic3rd, a tool for 

calculating third-order elastic constants from first-principles calculations4. Vienna Ab initio 

Simulation Package (VASP) was selected to perform all the first-principles calculations. 

Specifically, the sI methane hydrate structure was selected to be the studied material in this project. 

All simulations were performed at zero Kelvin. No gas hydrates’ structural transition was 

considered during simulation. It is known that occupancy impacts stability, as lower occupancy is 

less stable under the same condition. However, in this project, we only consider the 100% 

occupancy case. In other words, each cage is occupied by a methane molecule. Any considerations 

related to occupancy, temperature and structural transition are out of this project's scope.  

The organization of this paper is as follows. In section 2, all the methodologies and 

computational software used in this work will be discussed. Section 2.1 discusses the algorithm of 

the energy-strain method. Section 2.2 presents the detailed information on the DFT simulations, 

and sI methane hydrates’ structure Section 2.3 introduces three material characterization methods 

that were applied in this study. Section 2.4 and 2.5 shows the equations for Born Stability criteria 

and Pugh’s ratio and Pettifor criterion respectively. In Section 3, all the results obtained for SOECs 
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and TOECs under zero pressure will be presented. Section 5.5.1 demonstrates the values of SOECs 

and TOECs under zero pressure for the sI methane hydrates. Section 5.5.2 shows the relationship 

between hydrostatic pressures and strains and the relationship between SOECs under pressures 

and strains. Section 5.5.3 demonstrates the values of SOECs under pressure by three different 

characterization approaches. Section 5.5.4 presents the values of mechanical properties under 

pressures estimated by non-linear fitting involving TOECs. Section 5.5.5 shows the hydrate’s 

stability evaluated by Born Stability Criteria. Section 5.5.6 shows the prediction on the ductile-to-

brittle transition by using classical Pugh ratio and Pettifor criteria. Section 5.5 presents the 

conclusions, novelty, and significance of this work. All the technical details are given in the 

Supporting Information (SI), including specific examples. 

We wish to emphasize that we use DFT at zero Kelvin and that the material symmetries of 

the gas hydrates remain cubic at all pressures, and that the studied thermodynamic phase known 

sI methane gas hydrate does not transform into other gas hydrates such sII or other structures 

through complex nucleation and growth and/or spinodal decomposition and/or complex polyhedral 

transformations. The methane sI hydrate has full gas occupancy and periodic boundary conditions 

are always applied in the simulations, representing an infinitely large material volume. Conditions, 

symmetries, chemical composition and processes beyond those described above are outside the 

scope of the present work.  
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5.4 Methodology 

5.4.1 Energy-strain Methodology 

This section briefly introduces the basics of the energy-strain method used for the 

calculations of elastic constants in this paper27-29. While stress-strain analysis can be applied, the 

energy-strain method is preferable based on the results from previous work14,30,31. Within the 

stability region, the lattice energy E is given by an expansion of the applied strains ~+=
32, as shown 

in Eqn (5.1). The Eqn (5.1) presented below, is expanded to the third-order, which is the maximum 

order of applied strain ~: 

� = �. + U.(
1

2!
Å+=B'~+=~B' +

1

3!
Å+=B'D>~+=~B'~D> +⋯) (5.1) 

where	�. is the ground-state energy of the unstrained system, U. is the unstrained lattice volume, 

the strain subscripts {Xk, yL,Op}	represent spatial directions, Å+=B' 	are the second order elastic 

constants and Å+=B'D>	the third order ones. The symmetry properties of these latter tensors are 

dictated by the Voigt symmetries and lattice symmetry33,34, which in our case is always cubic. sI 

methane hydrate has a cubic structure, and thus it only has three SOECs and six TOECs. The 

detailed definition of elastic constants and the simplification process for the cubic material are 

shown in the Supporting Information 1 (SI1).  

To obtain the values of elastic constants (Å+=B' , Å+=B'D>), imposing cubic symmetry, using 

Voigt notation33,34 and known Lagrangian strains, Equation (5.1) can be expressed in scalar form 

as Equation (5.2)4: 
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� − �. and U. are found from our DFT simulations, the applied strains ~ are known independent 

variables and the material property functions (A2, A3) are the unknowns, resulting in a classical 

inverse problem2,4. In this work, the Lagrangian strain ~ is the applied strain for energy-strain 

calculation. Ü9 and Ü# are linear functions of second-order elastic constants and the third-order 

elastic constants, respectively; see Table 5-1 for the correspondence between A2 and SOECs, and 

the correspondence between A3 and TOECs.  

Table 5-1 is valid if Eqn (5.2) terminates at cubic terms. If Eqn (5.2) ends at quadratic terms, A9, 

then different strain sets must be applied. Details are shown in the Supporting Information (SI2). 

Table 5-1, shows the definitions A2 and A3 for the six selected strain modes (M1-M6) for gas 

hydrates, again using the Voigt notation. Six strain modes were applied because there are six third-

order elastic constants for cubic structures.  In this work, the applied strains η vary from -6% to 

6% with increments of 2%. This range and step increase captures the non-linear response of the 

system and ensure the results’ accuracy.  

Table 5-1. Lagrangian strain modes (())	and the corresponding coefficients for cubic symmetry4 

(see Eqn. (5.2)) 

No. A2 A3 Strain mode (M) 

M1 C11 C111 [~, 0,0,0,0,0] 

M2 2C11+2C12 2C111+3C112+3C113  [~, ~, 0,0,0,0] 

M3 C11+4C44 C111+12C144 [~, 0,0,2~, 0,0] 

M4 C11+4C44 C111+12C155 [~, 0,0,0,2~, 0] 

M5 3C11+6C12 3C111+9C112+9C113+6C123  [~, ~, ~, 0,0,0] 



 154 

M6 12C44 48C456 [0,0,0,2~, 2~, 2~] 

Note: In M2 and M5, the elastic constant C112 equals to C113.  

In partial summary, the energy-strain method results in an inverse problem where the unknowns 

are the second- and third-order elastic constants and the known values are the applied strain (~) 

inputs and DFT-computed energy outputs. A representative example on calculating the SOECs 

and TOECs is shown in Supporting Information (SI2). 

5.4.2 DFT Simulations and sI Methane Hydrate Structure 

DFT computations are performed using the VASP software35 which can relax the lattice to 

its lowest-energy state. To start a DFT simulation, a unit lattice of sI methane hydrate must be 

constructed. Periodic boundary conditions are applied. The water molecules build the hydrate 

lattice, where two small cages (512) and six large cages (51262) are involved in one unit lattice. The 

abbreviation 512 stands for polyhedrons that contain 12 pentagonal faces. The abbreviation 51262 

stands for polyhedrons that contain 12 pentagonal faces and two hexagonal faces. The initial 

atomic positions of oxygens and hydrogens were proposed by Takeuchi, F., et al.36. The oxygen 

atoms’ positions were obtained from the X-ray diffraction and hydrogen atom’s positions were 

followed the Bernal-Fowler ice rules37. Methane molecules were selected to be the only guest 

molecules in the simulation box. As above-mentioned we assume 100% occupancy, such that each 

cage has a methane molecule at the centre in the initial structure. The details of structural 

information are summarized in Supporting Information 3 (SI3) and our previous work14. 

Besides the structural configuration, constraint parameters are fixed to specify the 

relaxation mode. A conjugate gradient algorithm was used, and the cut-off energy, 520 eV was 

selected, which was at 30% above the maximum element energy. The electronic energy tolerance 
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used was 10-4 eV, and the ionic optimization force tolerance used was 0.5 meV/Å, in accordance 

with our previous work12,23,38,39. Projector augmented wave potential40,41 were employed for all 

calculations. The revised Perdew-Burke-Ernzerhof (revPBE) exchange correlation functional with 

DFT-D2 dispersion correction were applied based on their great performance in our previous 

work14,15,31. We used a gamma-centered 4 × 4 × 4	mesh to ensure proper convergence with 

respect to the total energy for all systems14,15. A summary of these parameters is shown in 

Supporting Information 3 (SI3). 

5.4.3 Three Material Characterization Methods 

In this paper we use, integrate and compare three calculation methods to evaluate gas hydrates’ 

performance under arbitrary pressure: 

1. Direct Numerical Simulation (DNS): (i) use the energy-strain method to calculate SOEC 

at zero pressure and (ii) under arbitrary pressures; 

2. Linear Model (L): (i) use the energy-strain method to calculate SOEC at zero pressure and 

then (ii) using continuum formulation to calculate SOEC under pressure using (i); 

3. Nonlinear Model (NL): (i) use energy-strain method to calculate SOEC and TOEC at zero 

pressure, and (ii) use continuum formulation to calculate SOEC under pressure using (i). 

The direct numerical simulation (DNS) method uses the energy-strain method to obtain SOECs 

at zero pressure and under load. In other words, under zero pressure or load, the lattice system will 

first completely relax to its ground state. Then the strains would be applied to calculate the strained 

system energy. The predictions of this methods serve as a reference frame. The details of executing 

the energy-strain equation, shown as Eqn (5.3), and the highest order is quadratic. Ü9  is the 

coefficient, which involves the SOECs values.  
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The linear model (L) uses the same energy-strain Equation as DNS, Eqn (5.3), to obtain 

SOECs at zero pressures. Then Eqns. (5.4-5.7)42 were applied for the predictions of SOECs under 

pressure. The deformed strain â, is defined as the uniformed deformation in x, y, z directions due 

to hydrostatic pressure P: 

P =
−1

√1 + 2â
[(Å""

6 + 2Å"9
6 )â] 

(5.4) 

Å"" = √1 + 2εÅ""
6  (5.5) 

Å"9 = √1 + 2εÅ"9
6  (5.6) 

ÅEE = √1 + 2εÅEE
6  (5.7) 

However, for the non-linear method (NL), a different energy-strain equation was applied, Eqn 

(5.8), for the calculation of SOECs and TOECs under zero pressure. Compared with Eqn (5.3), an 

extra term is involved,	Ü# , which includes the TOECs: 

� − �.

U.
=
1

2!
Ü9~

9 +
1

3!
Ü#~

# (5.8) 

Once the SOECs and TOECs under zero pressures are obtained, the predictions of values under 

pressure are found using Eqn (5.9-5.12)42. The definition of deformed strain â is the same as in the 

equations shown above.  

P =
−1

√1 + 2â
å(C""

F + 2C"9
F )â + F

1

2
C"""
F + 3C""9

F + C"9#
F J â9é 

(5.9) 

C"" = √1 + 2â[C""
F + (C"""

F + 2C""9
F )â] (5.10) 

C"9 = √1 + 2â[C"9
F + (2C""9

F + C"9#
F )â] (5.11) 

CEE = √1 + 2â[CEE
F + (C"EE

F + 2C"GG
F )â] (5.12) 
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Summarizing, we find: 

SOECHIJ(P = 0) = SOECK(P = 0) ≠ SOECIK(P = 0) 

SOECHIJ(P) ≠ SOECK(P) ≠ SOECIK(P) 

The main goal to use three different characterization methods to evaluate the SOECs values 

under pressures is to assess how well the linear and non-linear models perform when compared 

with DNS. DNS approach is considered  the most reliable one because there are no fitting process 

applied. However, the time and computational cost for DNS are significant. Thus, if the linear and 

non-linear models generate accurate results of SOECs under pressure, then more cost-effective 

high-fidelity methods can be deployed with confidence. 

 

5.4.4 Born Stability Criteria  

Born stability criteria43,44 are widely used for estimating a material's stability under different 

pressures using SOECs. Since SOECs are known to change with pressure14, the pressure term 

should be included while evaluating stability. If one of these criteria is violated, it indicates 

material failure The simplified Born stability conditions for cubic material under load are given 

by45,46:  

ìL = (Å"" + 2Å"9 + V) 3⁄ > 0 (5.13) 

ñM = (Å"" − Å"9 − 2V) 2⁄ > 0 (5.14) 

ñ = 4(ÅEE − V) > 0 (5.15) 

where ìL  is the bulk stiffness modulus, ñM the tetragonal shear stiffness modulus, and	ñ is the 

rhombohedral shear stiffness modulus. The entire resistance of the material to tensile and 
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compressive pressures is determined by Equation (5.13). Equation (5.14-5.15) incorporates the 

shear stress applied on the system.  

5.4.5 Pugh’s Ratio and Pettifor Criterion 

Two common metrics for determining a material's ductility and brittleness are the Pugh's 

ratio and the Pettifor criterion. The two criteria have undergone numerous revisions, but the core 

principle of evaluating the brittle-ductile transition has remained unchanged. The bulk-shear 

modulus ratio is determined by Pugh's ratio: B/G. If the ratio is more than 1.75, the material is said 

to be ductile, and otherwise it is considered brittle47. In the Pettifor criterion C12 is compared to 

C44: C"9 − CEE, where this difference is the Cauchy stress coefficients. A non-metallic system is 

referred to as ductile when the C12-C44 >0, and otherwise it is considered brittle48.The goal of this 

paper is to integrate the two techniques in order to determine the pressure threshold for the ductile-

to-brittle transition in sI methane hydrate. 

  



 159 

5.5 Results & Discussion 

 This section will present all the data acquired using the methods described above, as well 

as discuss their physical significance and contribution. The predictions of various methods are 

identified by superscripts as defined above. Figure 5-1 shows the organization of the presentation, 

the flow of information and the connections between results given in the six subsections. 

 

Figure 5-1. Organization of computational results and flow of information in Section 5.5. The values of SOECs and TOECs for sI 
methane hydrates, as well as the impacts on SOECs brought on by considering the third order, will be presented in Section 5.5.1. 
The established relationships between pressure and strains and between SOECs and strains will be shown in Section 5.5.2. Then 
using strains as the link, we establish the relationship between pressure and SOECs with three different approaches in Section 
5.5.3. Once the pressure-constants relationship is established, we use the SOECs under pressures for the further mechanical 

property’s calculations and stability determination in Section 5.5.4 and Section 5.5.5 respectively. Also, by using the calculated 
mechanical properties, the ductile-to-brittle transition can be determined as shown in Section 5.5.6. 
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5.5.1 SOECs and TOECs at Zero Pressure 

 The energy-strain approach is used to determine the SOECs and TOECs of sI methane 

hydrates with maximum strain changes of ±6%. The coefficients for the quadratic and cubic 

components are presented in Table 5-2. These coefficients were obtained using six different strain 

modes (M1-M6). The details on the calculation methods and examples are shown in the SI2. In 

Table 5-2, all quadratic components were found to be positive (A2>0), while all cubic components 

were found to be negative (A3<0). Furthermore, A3 appears to be one order of magnitude larger 

than A2. The difference in sign between A2 and A3 is explained as follows. The physical meaning 

of ground-state and energy-strain lead to A2 >0. All three degrees of freedom must be relaxed to 

reach the ground state. Since the lattice volume, shape and atomic positions would be relaxed to 

their lowest-energy state first. Then the strains are applied to the relaxed system. To evaluate the 

energy of the strained system, the lattice volume and shape will remain unchanged. Otherwise, the 

strained system will return to its initial state. As a result, the energy-strain relationship is always 

concave-up, with minima at zero strain and as a result, A2 >0. On the other hand, A# <0. The 

negative cubic components would change the sign of the product of the third-order coefficients 

and the cubic term . As a result, for positive strains, the estimated energy involving the cubic term 

will be lower than the model with only quadratic terms, and vice versa. Taking this feature into 

account, the lattice will attain a local maximum at a particular positive strain and subsequently 

decline to the lowest-energy state or even lower value, indicating system failure. When considering 

the negative strain side, when more stresses are applied with a negative third-order coefficient, the 

energy increases. 

 This negative sign can also be rationalized by the ductile-to-brittle transition of hydrates. 

Previous DNS results14 suggest that the sI methane hydrate displays a brittle behaviour when the 
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tensile forces are applied and becomes ductile when compressive forces are applied. Thus, when 

the compressive pressures are applied, there would be a plastic region beyond the elastic region. 

Hence, the energy would accumulate. On the other side, when the tensile pressures are applied, the 

system would fail after reaching the threshold, which is analogous to the curve with negative 

coefficients for the cubic terms.  

 The fact that TOECs have a higher order of magnitude than SOECs can be explained by 

the additional strain term of the cubic terms. In the selected strain interval (-0.06 to + 0.06) the 

large magnitude values of A! can compensate the decreasing effect of strain. As shown in Table 

5-2, the A! values for M2 and M5 are significantly greater than for other A!. M2 and M5 are two 

strain sets that applied shear strains, which are in diagonal directions. The large values of A! imply 

that the nonlinear terms are significant in order to simulate shear deformation and emphasize the 

necessity of TOEC.  

Table 5-2 Coefficients of the quadratic and cubic terms from Eqn (5.8) 

 M1 M2 M3 M4 M5 M6 

A" 20.1758 59.0210 46.9522 46.9522 114.2478 80.3293 

A! -715.0942 -1855.9695 -755.1979 -806.5927 -3315.7932 -242.5375 

 

The exact expressions of A" and A! are given in the Section 5.4.1. By using these expressions, the 

values of three SOECs and six TOECs can be obtained, as presented in Table 5-3. The values of 

TOECs are negative except for C#"!. This can be contributed to the negativity of A!. Since TOECs 

have positive correlations with A!, they share the same sign. C#"! is the only TOEC that has a 

positive value. This exception has been noticed for other materials as well2,4,49.  
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For metals and some carbonates, such as silicon, cadmium carbonate and calcite, C#$$>02,4, and 

for germanium and carbon, C#"!>04,49. The alkali halides, such as LiF and NaI, have three positive 

TOECs (C#"!, C$%&, C#$$)	 and three negative TOECs (C###, C##", C#&&)  under 25 ℃ 50. The 

semiconductor GaAs has a positive value of C#$$ under 25 ℃51. For other semiconductor, like Ge, 

under 25 ℃, the results obtained from two research groups are different. Bateman, T., et al.49 

showed that C123 is a positive value; however, McSkimin, H. J. and P. Andreatch52 found all 

TOECs for Ge under 25 ℃ were negative. The sign difference has been discovered for more than 

half a decade but does not have a physical explanation. Thus, further investigations on the sign 

different would be our future work.  

Table 5-3. SOEC and TOEC of sI methane hydrate at zero pressure by NL approach 

SOEC 
(GPa) 

C##
'  C#"

'  C$$
'  

20.1758 8.5721 6.6941 

TOEC 
(GPa) 

C###
'  C##"

'  C#"!
'  C#$$

'  C#%%
'  C$%&

'  

-715.0942 -70.9635 17.8055 -3.3420 -7.6249 -5.0529 

To estimate the effects of TOEC on the prediction of SOECNL under pressure, we compared 

the results with our previous data14 of SOECsDNS. Under 0 K, the sI methane hydrate has the 

following values for (##()*+ , (#"()*+ , and ($$()*+ : 17.802 GPa, 7.231 GPa and 6.086 GPa, 

respectively14. The superscript ‘oDNS’ indicates results obtained at zero pressure by DNS 

approach. The SOECsNL are higher than SOECsDNS, and the differences range from 10% to 

18.55%. This difference can be explained by the presence of TOECs. The negative TOECs will 

have an opposite effect on the value. Thus, greater SOECs values are required to compensate this 

effect.  
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5.5.2 Hydrostatic Pressures as a Function of Strains 

 If the TOECs at zero pressure are known, it is possible to calculate the hydrostatic pressures 

P surrounding the sI methane hydrates, by imposing a deformed strain ). Since the elastic constants 

may characterize the material reaction under a given stress/pressure, the surrounding pressures can 

be deduced from the TOECs and strains. In this section, three (DNS, L, NL) approaches described 

in section 5.4.3 are applied to evaluate the hydrostatic pressure with a given deformed strain.  

Firstly, the direct numerical simulation (DNS) relaxes the entire system under certain 

pressure. The strains can be calculated based on the deformed lattice volume and the initial lattice 

volume. The L and NL methods were shown in Equation (5.4-5.9). The linear fitting used Equation 

(5.4) but stopped at the first-order of ) where only SOECs were involved. The nonlinear fitting 

used the whole Equation (5.9), which contains first- and second-order calculations (), )") and 

involves both SOECs and TOECs.  

 

Figure 5-2 Hydrostatic pressure as a function of strain by three different approaches (DNS, NL, L) with strain ranging from -
0.092 to 0.038. Yellow curve represents the DNS result. The blue NL curve shows the non-linear results calculated by using Eqn 

(5.9). The orange L curve shows the linear fitting approach by using Eqn (5.3a).  
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Figure 5-2 presents the (DNS, L, NL) hydrostatic pressures at a given strain. DNS provides 

the raw simulation data, which can serve as reference. This is because, through DNS approach the 

lattice was fully relaxed to its lowest-energy state under a given hydrostatic pressure and the 

relaxed volume was calculated by VASP directly. The deformed strain was calculated as 

* ,
,!
− 1-

#/!

for the DNS approach. Specifically, the hydrostatic pressure is the input and the 

deformed strain is the output. However, for the linear model and non-linear model, the deformed 

strain ε is an input parameter, and the hydrostatic pressure P becomes output, which is opposite 

from the DNS approach.  

Figure 5-2 shows that the linear fitting underestimates the pressures at a specific strain and 

the nonlinear fitting always overestimates the pressures at a given strain compared with DNS. 

When the absolute strain values increase, the difference between linear and nonlinear approaches 

becomes more significant. From the curvature aspect, the nonlinear fitting has a closer nonlinear 

curvature with the DNS, compared with linear model. The maximum relative difference between 

the nonlinear and DNS under compressive pressures is 24.55%; however, the maximum relative 

discrepancy increases to 46.85% between linear and DNS. For the tensile pressures, the maximum 

relative discrepancy for both linear and nonlinear are approximately 40%. As partial conclusion, 

if the uniform strains ) are less than 4%, there is no advantage to use nonlinear fitting for tensile 

pressure prediction. In other words, linear fitting is preferable under tensile pressure because it 

requires less computational effort. In the case where the strain is less than 3% under compressive 

pressure, linear fitting can produce a similar or even better forecast than nonlinear fitting for 

compressive loading. If the strain exceeds 3%, the nonlinear fitting should be explored for a more 

accurate pressure forecast. The difference between the linear and nonlinear approaches from the 

DNS is quantified using root-mean-square deviation estimates. The linear fitting's root-mean-
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square deviation is 1.25 over the whole strain range, while the nonlinear fitting's is 0.676. These 

findings strongly suggest that nonlinear fitting can produce a considerably more accurate estimate 

of hydrostatic pressures, given strain changes, than the linear fitting, especially when the strains 

are greater than 3%. 

 

5.5.3 SOECs under Pressure by Three Characterization Methods 

 Elastic properties are frequently used to describe how a material behaves under different 

load conditions. SOECs are widely acknowledged as critical data for estimating other mechanical 

properties. The results of Section 5.5.2 reveal that TOECs have a substantial advantage when 

estimating pressures with specified strains. Thus, this section will illustrate how well TOECs 

evaluate piezo-elastic effects on SOECs. 

 For the SOECs under pressure, C##, C#"	and	C$$ can be computed using Equation (5.5-5.7) 

from linear model or Equation (5.10-5.12) from non-linear model. Engineering sensitivity analysis 

would be required for the examination of piezo-elastic effects, according to our earlier work14. The 

standard normalized sensitivity factor of response Q to changes in parameter P, using method m 

is shown below as Equation (5.16) 

2.
/ =

4
5
65
64

;8 = 9:2, ;, :; (5.16) 

Here we compute and discuss 20""
*1 1 )*+⁄⁄ , 20"#

*1 1 )*+⁄⁄ 	<=>	20$$
*1 1 )*+⁄⁄  
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Figure 5-3 Normalized sensitivity factors of C!!, C!"	and	C##	under pressures evaluated by the three different approaches: non-
linear model, linear model and direct numerical simulations indicated as blue, orange and yellow curves. The values of 

C!!, C!"	and	C## calculated through linear fitting approach by using Eqn (5.5-5.7) and through non-linear fitting approach by 
using Eqn (5.10-5.12). Then the obtained results were applied into Eqn (5.10) to calculate their corresponding sensitivity factors; 

equations are shown in Section 1. The predictions from the linear model deviated sharply from DNS and NL. 

Figure 5-3, shows the three normalized sensitivity factors, 20""
*1 1 )*+⁄⁄ (left), 

20"#
*1 1 )*+⁄⁄ (middle) and 20$$

*1 1 )*+⁄⁄ (right) at hydrostatic pressures ranging from -0.5 to 5 GPa. The 

blue, orange and yellow curves represent the non-linear fitting, linear fitting and direct numerical 

simulation approaches, respectively.  

The DNS curve is used as the reference to evaluate linear and non-linear models’ reliability 

on predicting the SOECs’ piezo-sensitivity. Focusing on the curvatures of these factors, the non-

linear fitting share similar curvature on all three normalized sensitivity factors under both tensile 

and compressive pressures. Besides 20$$, both non-linear fitting and direct numerical simulation 

demonstrate that 20"" "#⁄
*1 )*+⁄  have an increasing trend once either tensile or compressive pressure was 

applied. The values of 20"" "#⁄
*1 )*+⁄  are always positive. From the magnitude aspect, there are some 

discrepancies between the 20"" "#⁄
*1 and 20"" "#⁄

)*+ . For 20"", it seems that the 20""
*1  always have a greater 

value than the 20""
)*+  from -0.5 GPa to 3.5 GPa. Between 3.5 GPa and 5 GPa, there are some 

fluctuations in 20""
)*+, but the values of 20""

)*+ and 20""
*1  at 5 GPa are sufficiently close. From the 

continuous value evolving aspect, the 20""
*1  trend and curvature is more reasonable and acceptable. 

For 20"#, 20"#
*1  shows a smaller value than 20"#

)*+ under pressures. The values under tensile pressures 
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are close; however, a greater discrepancy is observed on the compressive side as the compressive 

pressure increases.  

For 20$$, the DNS approach are based on the raw data ($$ with fluctuations around 7.2957 

GPa under compressive pressures; the particular computational issues and existing data for gas 

hydrates for ($$  was previously discussed14. Thus, it was assumed that ($$  is not subject to 

compressive pressures and thus the 20$$
)*+ is zero. However, it might not be the fact. 20$$

*1  increase 

from 0 to 0.058 under pressures ranging from 0 GPa to 5 GPa. This would be more reasonable and 

acceptable than 20$$
)*+ from the physical aspect. This is because, firstly from the curvature aspect, 

the positive 20$$
*1  under compressive pressures have a similar behavior with 20"" "#⁄

*1 )*+⁄ . Secondly, 

the 20$$
*1  has a constant value of 0.058 from 1 GPa to 5 GPa, which is very close to the value of 

20$$
)*+ = 0. Thus, from both curvature and magnitude aspects, the predictions of 20$$

*1 are more 

reasonable than 20$$
)*+. 

To consider the behavior of 20"" "# $$⁄⁄
1 , due to the linear feature of linear fitting, the 

20"" "# $$⁄⁄
1  showed straight lines along with pressures. From either curvature or magnitude aspects, 

linear fitting could not provide a good prediction of the normalized pressure sensitivity factor. 

Firstly, the non-linear part could not be captured by the linear fitting. Secondly, the values of 

20"" "# $$⁄⁄
*1 )*+⁄  are always positive; however, 20"" "# $$⁄⁄

1  has negative values along with pressures. This 

indicates that linear fitting is a poor tool on estimating the piezo-effects on SOECs. On the other 

hand, the non-linear fitting gives a very good estimation in terms of magnitude and curvature 

aspect.  
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5.5.4 Mechanical Properties under Pressure 

SOECs are always served as the fundamental parameters for mechanical properties’ 

calculations. Thus, the SOECs values under pressure become rather important on the evaluations 

on the mechanical properties under load. In this section, four parameters are selected to 

characterize for the comparisons among three approaches. All mechanical properties in terms of 

pressures are summarized in terms of normalized sensitivity factors. The Voigt-Reuss 

approximation equations used to calculate the mechanical properties are shown in the SI4. 

 

 

Figure 5-4 Normalized sensitivity factors of mechanical properties under pressures, from 0 GPa to 5 GPa. (Top left) Bulk 
modulus [Eqn (5.S8) in SI4]. (Top right) Poisson ratio [Eqn (5.S9) in SI4]. (Bottom left) Transverse wave speed [Eqn (5.S12) in 

SI4]. (Bottom right) Longitudinal wave speed [Eqn (5.S11) in SI4]. The results obtained through non-linear, linear and DNS 
approaches are shown in blue, orange and yellow curves respectively. The non-linear fitting used Eqn (5.10-5.12) to obtain the 
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values of '!!, '!"	()*	'##, and then applied in the corresponding equations shown in SI4. Then the parameter values under 
pressure will are applied through Eqn (5.10) in Section 5.4 to get their sensitivity factors. The linear fitting approach used the 

same methodology but used Eqn (5.5-5.7) to obtain the values of '!!, '!"	()*	'##. The results show that the NL model 
predictions are consistent with DNS except for the transverse wave speed. 

Figure 5-4 shows the normalized sensitivity factors values of bulk modulus (B), Poisson 

ratio (v), transverse wave speed (Vs), and longitudinal wave speed (Vp). The blue/orange/yellow 

curves stand for non-linear, linear and DNS respectively.  

 For 23, both 23*1 and 23)*+show positive values under compressive pressures and values 

are very close to each other when the pressure is lower than 1 GPa. The average absolute difference 

between 23*1 and 23)*+ is only 0.0078 when pressure is lower than 1 GPa. Although, at 5 GPa, the 

value of 23)*+ is twice of the 23*1, 23*1 is still able to capture the general tendency. On the other 

hand, 231 shows a negative value under compressive pressures. From both curvature and magnitude 

aspects, the non-linear fitting shows higher accuracy than the linear fitting.  

For 24, both 24*1and 24)*+ show positive values under pressure, but 241 is equal to 0, which 

indicates the Poisson ratio by linear fitting approach is a constant value under pressure. Although 

the magnitude of both 24*1and 24)*+ are very small, the maximum discrepancy from 0 GPa to 5 

GPa in 24)*+ is 2.5 times greater than 24*1 at 3 GPa. Since 24)*+ shows an increasing trend with 

some fluctuations, 24*1	showed a similar tendency smooth curvature, we can conclude that 24*1	has 

a better performance on the prediction of the Poisson ratio change under pressures, than 241.  

Transverse wave speed and longitudinal wave speed are the two most essential parameter 

to show the importance of TOECs. In Figure 5-4, the bottom left panel is the sensitivity factor of 

transverse wave speed, and the bottom right panel is the sensitivity factor of the longitudinal wave 

speed. They showed that the non-linear fitting could give a close result with DNS for the 

longitudinal wave speed in terms of the sensitivity factor. However, for the transverse wave speed, 
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the results between linear fitting and DNS are closer. Both wave speeds, 25& 5'⁄
1  show a decreasing 

trend under compressive pressures. 25& 5'⁄
*1 , however; showed an increasing trend initially and 

converged to a constant value after 1 GPa. From these results it can be concluded that TOECs has 

an advantage in predicting the longitudinal wave speed. For the transverse wave speed, more 

studies need to be performed to rationalize the presented differences. 

5.5.5 Born Stability Criteria 

The most common material criterion for evaluating a system's stability under pressure are 

Born stability criteria. To access different features of pressures, such as shear stress and tensile 

stress, three criteria are used. The criteria have evolved into many versions over time, but the 

essential notion remains the same. The details are shown in Equation (5.13-5.15). 

 

Figure 5-5 Born stability criteria. The blue, orange and yellow curves represent the results obtained for Eqn (5.13-5.15) 
respectively. The grey dashed line is the threshold line at zero. Stability is lost if any of the criteria is negative. 

 Based on Equation (5.13-5.15), Figure 5-5 depicts the values of assessed terms as well as 

pressures. Equation (5.13) relates to the blue curve, which shows the bulk stiffness resistance 

ability. It evaluates the material's total resistance to external loads in all directions. Equation (5.14), 

shown as a red curve, is mostly used to analyze the term C11-C12, which is a different shear stress 
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than C44. The shear stress term C44 is calculated using Equation (5.15), shown as a yellow curve. 

Because Equation (5.15) is the only one that cannot hold a value greater than zero under 

compressive forces, the C44 plays a substantial role under compressive pressures, as seen in Figure 

5-5. It crosses the dashed grey line (y=0) at 7.8 GPa. This indicates that the compressive stability 

limits of the system have been reached. On the tensile side, there was a competition between the 

C11 and the C11-C12. Furthermore, the pressures at the places where they cross the barrier are around 

-0.5 GPa. These phenomena, on the other hand, differs from previous observations. We previously 

established that the terms C11-C12 had a considerable impact on both compressive and tensile 

stresses14. In the previous study, a decreasing trend of C11 was predicted under high compressive 

pressures and the values of C12 were larger than C11 leading the term C11-C12 to cross the grey 

dashed line on the compressive side. 

To conclude, the Born stability criteria with SOECs evaluated from the non-linear method show 

that the compressive and tensile limits are 7.5 GPa and -0.5 GPa, respectively. Compared with the 

data from DNS, the non-linear fitting results show the same prediction on the compressive limits, 

both being 7.5 GPa. For the tensile limit, there is a small discrepancy between DNS and non-linear 

model. The tensile pressure limit from the DNS approach is -1 GPa14, while the value from the 

non-linear model is -0.5 GPa. Nevertheless, the two tensile limits are of the same magnitude.  

 

5.5.6 Ductile-to-Brittle Transition  

 To examine the fracture mechanisms of a material, it is necessary to understand the ductile 

or brittle properties. Two commonly used criteria are presented in this section: the Pugh ratio and 

Pettifor criterion. The SOECs obtained from the non-linear approach was used to determine the 
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necessary quantities including the bulk modulus, shear modulus. To investigate the significance of 

non-linear fitting, we compared the results with the results from DNS approach from previous 

work.  

 

Figure 5-6 (Left) Pugh ratio evaluated by the ratio of B/G (Right) Pettifor criterion evaluated by the difference of C12-C44 under 
pressures. The transition threshold of Pugh ratio and Pettifor criterion are 1.75 and 0, respectively (shown as grey dashed lines). 

If the value is above the threshold, then it is recognized as ductile and vice versa. 

 The Pugh ratio and Pettifor criterion are used to assess the ductile-to-brittle transition in 

Figure 5-6. The ductile-to-brittle transition threshold of Pugh ratio and Pettifor criterion are 1.75 

and 0, respectively, which are shown as grey dashed lines in Figure 5-6. If the assessed terms are 

greater than the threshold value, the material is considered as ductile, and vice versa. Specifically, 

if the B/G value is greater than 1.75 or the C12-C44 value is greater than 0, the material can be 

recognized as ductile material. The insert of Figure 5-6 (left) shows that the B/G value has an 

increasing tendency under compressive pressures and is always above the grey dashed lines. Even 

though the tendency and assessed term values differ between the two criteria, sI methane hydrate 

exhibits ductile-to-brittle transition at similar pressures. Pugh's and Pettifor's ductile-to-brittle 

transition threshold pressures are -0.4941GPa and -0.4806GPa, respectively. Although there is a 

minor difference between the two criteria, it is small enough to be considered acceptable. In 

-2 0 2 4 6 8 10
Hydrostatic pressures (GPa)

-250

-200

-150

-100

-50

0

50

100

150

B/
G

-0.5 0 0.5 1

0

2

4

-2 0 2 4 6 8 10
Hydrostatic pressures (GPa)

-2

0

2

4

6

8

10

12

C
12

-C
44



 173 

comparison to prior findings14, which showed a ductile feature under compressive pressures and a 

brittle feature under tensile stresses, The SOECs values under pressure from the non-linear model 

reflect not only general pattern and but also provide more quantitative results. 

 We can conclude that sI methane hydrate would be ductile under compressive forces based 

on this solid quantitative data. The ductile-to-brittle transition occurs under tensile pressures in the 

low-pressure zone, and brittle behaviour occurs when the pressure reaches -0.5 GPa. 
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5.6 Conclusions 

This paper’s objective is to characterize the elasticity of monocrystal ideal methane sI gas hydrate 

under pressure using linear and nonlinear models; the scope, assumptions and restrictions are 

specified in the introduction and emphasized throughout the paper. First, we calculated the SOECs 

and TOECs values at zero pressure, at zero Kelvin for sI methane hydrate through three 

approaches. The results show that the differences of SOECs are between 10% and 18.55%.  

Secondly, we investigate the relationship between the TOECs and the SOECs under pressure. The 

results show that the non-linear model involving the TOECs gives a closer prediction of the DNS 

results between the pressures and strains than the linear model. In addition, SOECs under pressure 

from non-linear models in terms of normalized sensitivity factors have revealed smoother shifting 

patterns. The mechanical properties, e.g., bulk modulus, shear modulus, Young's modulus, and 

Poisson ratio, in terms of pressure, were calculated based on the SOECs from the non-linear model. 

The prediction of the sensitivity factor from the non-linear model can be only 0.0078 from the 

DNS approach.  Born Stability criteria are utilised to assess the hydrate's structure stability by 

using SOECs under pressures from the non-linear model. It shows that the compressive and tensile 

limits are 7.5 GPa and -0.5 GPa from the non-linear model, which is consistent with previous work.  

The results are satisfactory and can provide reliable information about the pressure stability 

limitations. The ductile-to-brittle transition was determined using Pugh's ratio and the Pettiford 

criterion. The resultant transitions, at approximately -0.5 GPa, are remarkably similar across the 

two techniques. 

The significance and contribution of TOECs can be highlighted with these excellent outcomes. 

Instead of simulating each pressure to determine how it affects the attributes, TOECs at zero 
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pressure could provide all the information needed for the prediction of SOECs under pressure. 

Since the mechanical properties, stability determinations and ductile-to-brittle transitions are all 

based on the SOECs values under corresponding conditions, the ability of TOECs on the 

evaluation of piezo-effect on SOECs would significantly save simulation and time costs in piezo-

effects research. It is noteworthy that all the findings presented here are transferable and can be 

applied to other hydrogen-bonded lattice structure systems.  
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5.9 Supplementary Information (SI) 

5.9.1 SOECs and TOECs definition (SI1) 

This Supporting Information (SI1) provides the fundamental definitions of SOECs and TOECs.  

 Second order elastic constant (SOECs) are determined with the linear elastic theory while 

the third order constants required the use of the acoustoelastic theory53. The SOECs can be 

expressed as the fourth-rank constitutive tensor Cijkl, because the stress and strain can be expressed 

as second-rank tensors, such as @67 , or	)89, and thus the second order elastic constants would be 

fourth-rank. To simplify the expression, using the Voigt notation, for cubic crystals is contracted 

to the symmetric 6 × 6 matrix, (:; , E, F = 1,⋯ ,6 in a reference system whose axes coincide with 

the axes of the cubic crystal54, as shown below.  
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0
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⎞

 

For cubic crystals, there are only six elastic constants: C111, C112, C123, C144, C155 and C456. Here 

we show how to obtain these constants using a reduction procedure starting from the most general 

case. The third-order elastic constants can be shown in the form of Cijklmn, which is a sixth-order 

tensor containing 729 (3&) components. When using the Voigt notation, it is simplified to a 6-

dimensional vector. There are only 216 (6!) components. The matrices look very close to the 

second-order matrix as shown above. Thus, there are six 6 × 6 matrices, shown as step 1; see 

below. Based on the elastic matrix symmetry, the upper and lower triangles in the matrix are the 

same, and we thus keep the upper triangle for the following calculations. So, in the first row, from 
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step 1 to step 2, the matrix remains as 6 × 6, but only the upper triangle is kept. For the second 

row, from step 1 to step 2, the matrix size changes from 6 × 6 to 5 × 5. This is because the first 

row and first column have been included in the last row matrix (first row, step 2 matrix). The same 

methodology will be used for the following rows. Thus, the matrix in step 2 reduces its 

dimensionality but retains their square feature. From step 2 to step 3, the simplification or reduction 

is based on the cubic crystal features. Some values do not exist, so they are indicated as ‘0’. Some 

others will be replaced by other symbols due to equivalence. At the end only six components are 

left: C111, C112, C123, C144, C155 and C456. The equivalences among TOECs are shown in Table 5-4. 

The first column shows the symbols for the third-order elastic constants and the second column is 

their equivalence.  

Table 5-4 Third order elastic constants equivalence due to cubic symmetry 

111 222/333 

112 113/122/133/223/233 

123 N/A 

144 255/366 

155 166/244/266/344/355 

456 N/A 
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Step 1 Step 2 Step 3 

⎣
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⎡111 112 113 114 115 116
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131 132 133 134 135 136
141 142 143 144 145 146
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5.9.2 Energy-strain methodology (SI2) 

 This supplementary information SI2 provides the detailed information on the energy-strain 

methodology used in Section 5.4.1 of the paper. 

 The main principle of energy-strain is shown in Eqn (5.S1). This equation can stop at either 

quadratic term or cubic term, depending on if TOECs are involved. 

P = P< + R<(
1
2!
(6789U67U89 +

1
3!
(6789/=U67U89U/= +⋯) (5.S1) 

 If Eqn (5.S1) stops at the quadratic term, it shows in a simplified version as Eqn (5.S1a). 

As mentioned in SI1, there are only three SOECs for cubic material, and thus only three strain sets 

are required.  

P = P< + R<(
1
2!
(6789U67U89) (5.S1a) 

For the direct numerical simulation (DNS) and linear fitting modules, the strain sets shown 

below were applied.  

∆E = V(C## + C#")U" + 	O(U$)  (5.S2) 

η = [
η 0 0
0 η 0
0 0 0

\ 

where ∆E = P − P<. 

The tetragonal strains were applied, and the changes of the total energy from its unstrained 

system can give (C## − C#") 

∆E = V(C## − C#")η" + 	O(η$)  (5.S3) 

η =

⎣
⎢
⎢
⎡
η 0 0
0 −η 0

0 0
η"

1 − η"⎦
⎥
⎥
⎤
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The value of C$$ was computed using the following strains.  

∆E = ,

"
C$$η" + 	O(η$)    (5.S4) 

η =

⎣
⎢
⎢
⎢
⎢
⎡0

η
2

0
η
2

0 0

0 0
η"

4 − η⎦
⎥
⎥
⎥
⎥
⎤

 

 For the non-linear approach, the Eqn (5.S1) will be shown in the form of Eqn (5.S1b), 

where (6789/=  are the six third-order elastic constants. Thus, the six strain sets were applied, which 

are shown in the Section 5.4.1 in the manuscript. 

P = P< + R<(
1
2!
(6789U67U89 +

1
3!
(6789/=U67U89U/=) (5.S1b) 

 An example of elastic constants’ calculations is shown below. We chose the third-order 

energy-strain equation, Eqn (5.S1b), with Mode 6 applied strain as the example.  

This method is used to obtain the results shown in Section 3.1 in the paper.  

1. Relax the unit lattice with all three degrees of freedom under 0 GPa: atomic position, 

lattice shape and lattice volume 

2. Use the relaxed system as the reference system and apply strains.  

In this example, we use Mode 6.  

M6 [0,0,0,2U, 2U, 2U] 

The strain matrix for M6 is  

[
1 U U
U 1 U
U U 1

\ 

The value of U ranges from -0.06 to 0.06.  

3. Then relax the strained system only with the freedom of atomic position. This is 

because the system has already reached the lowest-energy state from step 1.  
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4. Obtain the corresponding the lattice energy and the strain. Use the unstrained system 

as the reference and calculate the energy difference.  

5. Plot the energy-strain curve, as shown in Figure 5-7 

 

Figure 5-7 Raw and fitting data for the energy-strain curve under Mode 6 applied strain 

6. Using the MATLAB software to perform the fitting process and fitting equation is Eqn 

(5.2) in the paper. For Mode 6, we obtained the A2=80.3294 and A3= -242.5375.  

7. Table 1 in the paper shows the relationship between the A2, A3 and the SOECs and 

TOECs. For Mode 6, A2=12C44 and A3=46C456.  

8. The values of C44 and C456 can be calculated by the values and rules shown in rules 6 

and 7. Thus C44= 6.6941 and C456=-5.0529.  

The same process can be applied for the Eqn (S1a), which stops at the quadratic term.  
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5.9.3 sI methane hydrate structure and simulation parameters (SI3) 

 This supplementary information SI3 provides the detailed information on the hydrate 

structures and simulation parameters used in Section 5.4.2 of the paper. 

 The structure of small and large cages in sI methane hydrate is shown in Figure 5-8. White 

circles represent hydrogen atoms. Brown circles represent carbon atoms. Solid lines represent the 

covalent bonds between two atoms. The solid is presented with two colors (red and white), which 

indicate the atoms contributing to the covalent bond. The dashed lines represent the O-H hydrogen 

bonds. 

 

Figure 5-8 sI methane hydrate (A) small cage, which is the pentagonal dodecahedral water cage, denoted 512 (B) large cage, 
which compromises 12 pentagons and 2 hexagons, denoted 51262. Red circles represent oxygen atoms. White circles are 

hydrogen atoms, and brown circles are carbon atoms. 

 

Density Functional theory (DFT) was manipulated in this paper to run the simulation on the 

hydrates’ relaxation. The key simulation parameters used are listed in Table 5-5. 

  

(A) (B)
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Table 5-5 Simulation parameters 

Exchange-correlation functional revPBE+DFT-D2 dispersion correction 

Cut-off energy 520 eV 

Global break conditions for the electronic 
self-consistent loop 

1 × 10>$	eV 

Break conditions for the ionic relaxation 5 × 10>! eV/Å 

Calculation algorithm Conjugate gradient algorithms 

Number of k-points 4 

Grid generation mode Gamma centered 

 

  



 188 

5.9.4 Mechanical properties calculations (VRH approximation) (SI4) 

 This supplementary information 4 (SI4) presents all the definitions of elastic properties 

used in Section 5.5.4 of the paper. 

Shear moduli: 

G?@ABB =
%(D"">D"#)D$$

$D$$F!(D"">D"#)
    (5.S5) 

G,'GHI =
(D"">D"#F!D$$)

%
    (5.S6) 

G =
J()*++FJ,-./0

"
    (5.S7) 

Bulk moduli: 

B = B,'GHI = B?@ABB =
(D""F"D"#)

!
   (5.S8) 

Poisson’s ratio: 

v =
1
#K>J

JF!K
     (5.S9) 

Young’s modulus: 

E = 2G(1 + v)    (5.S10) 

Longitudinal wave speed: 

VL = i
KF

$
1J

M
j

"
#
     (5.S11) 

Transverse wave speed: 

	VB = *J
M
-
"
#     (5.S12) 

 



Chapter 6 

 

6 Atomistic-geometric simulations to investigate the 
mechanical stability of monocrystalline sI methane 
hydrates under pressure 

 

 

 

 

 

 

 

 

 

 

 

Reproduced with permission from Springer Nature, ‘Zhu, X., Guerra, A., Servio, P. & Rey, A. D. 
Atomistic-geometric simulations to investigate the mechanical stability of monocrystalline sI 
methane hydrates under pressure. Scientific Reports 13, 1907, doi:10.1038/s41598-023-29194-8 
(2023).’ 
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6.1 Preface  

 As discussed in Chapter 4, small and large cages respond differently to pressure, and the 

law of mixtures can be applied to estimate the effects of small and large cages on the lattice. 

Therefore, in Chapter 6, a comprehensive geometric analysis of the hydrate lattice was conducted 

to determine the function of the small and large cages as well as the guest molecules. 

 It was first determined that sI gas hydrate possesses a two-phase structure. On the basis of 

the connectivity of the faces, it was concluded that the large cages constitute the matrix phase; in 

other words, they support the entire lattice structure. The small cages have a role of dispersed 

inclusions. Then,  four scenarios were proposed for occupied cages , and methane was chosen as 

the sole guest in this work. It was determined that  if the large cages are filled, then the entire 

hydrate lattice can withstand a greater amount of pressure, and can exhibit a multistage fracture 

mechanism. On the other hand, if only the small cages are occupied, the entire lattice would 

collapse at once, as a one-step fracture mechanism. This further verifies the previously discovered 

dispersed inclusion and matrix phase roles of small and large cages in Chapter 4. In addition, to 

better quantify the relationship between the effects of occupied cages and the pressure stability 

limits,  an equation that takes into account not only the effects of each individual occupied cage, 

but also their interaction, was proposed. In this study, we also identified the steepest ascending 

and descending pathways that strengthen and weaken the pressure stability of the hydrate lattice 

by manipulating chemical composition. In conclusion, Chapter 6 is a continuation and novel 

extension of Chapter 4. Additional research was conducted on the hydrate lattice structure, and a 

correlation was established  between the occupancy and the pressure stability limits. The equations 
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presented in Chapters 4 and 6 can be used to calculate the stability limits and the mechanical 

properties of a gas hydrate with any cage occupancy and under pressure. 

 

6.2 Abstract 

Gas hydrate mechanical stability under pressure is critically important in energy supply, global 

warming, and carbon-neutral technologies. The stability of these polyhedral guest-host crystals 

under increasing pressure is affected by host cage type and face connectivity as well as guest gas 

occupancy. The geometry-imposed cage connectivity generates crystal lattices that include 

inclusion-matrix material composite structures. In this paper, we integrate Density Functional 

Theory simulations with a polyhedral-inspired composite material model that quantifies stability 

limits, failure modes, and the impact of the type of cage occupancy. DFT reveals the existence of 

two failure mechanisms under increasing pressure: (i) a multistep lattice breakdown under total 

occupancy and under only large cage occupancy and (ii) a single-step breakdown under zero 

occupancy as well as with only small cage occupancy. The DFT-composite model predicts optimal 

occupancy pathways to generate strength and critical occupancy pathways to promote 

decomposition. 
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6.3 Introduction 

 Energy production and sustainability have been critical in the past century. An increasing 

population, diminishing natural resources, and climate change continue to generate challenges and 

opportunities for high-energy storage materials. Gas hydrates (GH) are hydrogen-bonded 

polyhedral guest-host materials that have the versatility to store gases critical to energy supply and 

climate change and yet be formed by water1. Energy supply GH includes sI methane and sII 

hydrogen, where the distinction (sI, sII) refers to the polyhedral cage types and volume fraction in 

a crystal lattice.  

The stability of gas hydrates is crucial and serves as the foundation for all exploration and 

research. Natural gas hydrates occur in subsea and artic reservoirs on Earth and contain a 

substantial amount of methane, which has more than 25 times the effect of carbon dioxide on 

climate change1. Consequently, the first application of the results from this work is to inform 

whether the hydrate structure is mechanically stable and that no methane is escaping during 

exploration. Specifically, in recent years, global warming and geological movements have led to 

the instability of natural gas hydrates and the occurrence of methane seepage in some natural gas 

hydrate reservoirs. Consequently, the study of hydrate stability can help predict hydrates' 

resistance to climate change and to crustal movements. 

Applications to climate change and global warming include CO2 sI GHs that in principle, 

could be coupled to methane GHs to produce a dual energy-source-and-carbon-sink material 

system. Currently, hydrogen GHs are being intensely researched and developed due to the 

opportunity of creating an energy platform of green storage for green hydrogen. Further progress 

in these energy sources, impact and storage requires a quantitative understanding of mechanical 
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stability limits and failure mechanisms under increasing stress loads and different guest gas 

compositions and degree of occupancy. In this work, we focus on the mechanical stability of 

monocrystal methane sI gas hydrates under pressure loads to establish the impact of gas cage 

occupancy and cage connectivity on failure thresholds and failure modes by integrating atomistic 

DFT simulations with geometric modelling inspired by composite materials. 

Previous research on the stability of gas hydrates based on Density Functional Theory 

(DFT) and Molecular Dynamics (MD) simulations shed light on various aspects of single cage or 

lattice scale phenomena. Vlasic, T. M., et al.2 examined the stability of sII hydrates using the 

Equation of State (EOS) (Murnaghan, Birch-Murnaghan, Vinet, Liu) and the impacts of various 

guest molecules on the material properties of the hydrates. They discovered that the hydrogen bond 

density, which serves as the lattice's sustaining force, and the bulk modulus were shown to have a 

positive linear connection. However, the bulk modulus drops as the atomic volume rises. 

Additionally, it was discovered that the larger gas molecules would exert an outward force on the 

cages due to van der Waals repulsions, growing the cages' dimensions and thereby growing the 

lattice volume. Daghash, S. M., et al.3-5 have made a detailed study on the sH gas hydrates in terms 

of stability. They reported physical properties at the atomistic level using DFT and quantified the 

dispersion forces3. Also, Daghash, S. M., et al.4 and Vlasic, T. M., et al.6 used a DFT-based IR 

spectrum to identify the hydrogen bond’s vibration frequency, which can be used to determine the 

hydrate’s Young modulus and provide a better understanding on the host molecular vibrations. 

Since the vibrational frequency depends on the pressures and bond length, they have presented a 

new route for mechanical properties determination. In addition, Daghash, S. M., et al.5 reported 

the positive linear relationships between the elastic constants and pressures, which implies that the 

hydrates’ physical properties would change and can be quantified under pressures. Mathews, S. 
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L., et al.7 examined the thermodynamic parameters of the sI hydrate at various temperatures and 

came to the apparent consensus that, at lower temperatures, DFT can provide more accurate results 

than MD. By utilizing the DFT, Jendi, Z. M., et al.8 discovered that the tensile and compressive 

ideal strengths of sI pure methane gas hydrates are -1.10 GPa and 90 GPa, respectively. Jia, J., et 

al.9 found significant correlations between the second-order elastic constants and pressures, and 

the piezo effects may differ depending on the type of guest molecules. Mirzaeifard, S., et al.10 

computed the water-methane surface tension by employing pressure and temperature calculations 

consistent with standard scaling concepts. Guerra, A., et al.11 investigated the effects of 

temperature and pressure on the viscosities of methane and carbon dioxide hydrates. They 

discovered that temperature impacts are often one order of magnitude greater than piezo-viscous 

effects. Furthermore, pressure had a one-order-of-magnitude more significant influence on the 

viscosity of carbon dioxide hydrate systems than on methane hydrate systems. Also, Guerra, A., 

et al.12 showed that by using the Tip4p/ice water model and the OPLS-AA methane model, 

molecular dynamics (MD) simulations overestimated the experimental data of sI methane hydrate 

viscosity under pre-nucleation conditions by 84% on average across all conditions examined. 

Guerra et al.13 similarly demonstrated through MD simulations an overestimation of the viscosity 

of carbon dioxide hydrate systems of 65% on average across all conditions examined for the three 

CO2 force field considered: EPM2, TraPPE, and Zhang. Wu, J., et al.14 showed that the natural gas 

hydrates would be further destabilized and beyond the conventional thermodynamic instability if 

there is some force-induced ground deformation based on the deformation-induced hydrate 

dissociation they discovered. Zhu, X., et al.15,16 work at the stability of the sI methane hydrate 

under pressures. They stated that the piezo effect might be seen from the perspectives of electron 

clouds, atoms, cages, and lattices16, along with the values of second-order elastic constants with 
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pressure restrictions15. Also, they confirmed that the sI methane hydrates obey the law of mixture16 

in the calculation of the structure’s bulk modulus. 

 The standard for analyzing the piezo effect on the mechanics of gas hydrates involves an 

examination of the second-order elastic constants, the bulk modulus, the Young modulus and other 

properties. All these studies, however, are premised on the assumption that forces or energy are 

distributed uniformly throughout the lattice and that the system is within the stability limits. Within 

the stability limits, a coarse-grained law of the binary mixture method was successfully 

implemented under full occupancy for methane GH. To resolve the effect of magnitude (volume 

fraction effect) and type (small cage and/or large cage) of gas occupancy, a ternary component 

model is necessary since a crystal lattice has three interacting components: the hydrogen bond 

network, the small polyhedral cages and the large polyhedral cages. After recognizing these three 

components, the next step is to introduce polyhedral connectivity which together with cage number 

density defines a cage type as an inclusion or as a continuous matrix and leads to laws of mixtures 

for material stability under variable composition and cage type occupancy. The three key 

phenomena addressed in this paper are: (1) what are the stability limits of methane GH under 

increasing pressure under variable composition and cage occupancy? (2) what are the possible 

failure mechanisms under various composition and cage occupancy limiting modes? (3) find the 

stability surface as a function of cage occupancy and the critical steepest occupancy curves that 

characterize optimal reinforcement and maximal failure conditions. 

 This work is on monocrystal methane sI stability and failure modes under pressure, and no 

phase transitions to other hydrates are considered. DFT simulations are at 0 Kelvin. For each DFT 

simulation, the cage occupancy is fixed until ultimate failure conditions. To clarify, the only 

situations in this paper that involve thermodynamic stability are the DFT simulations. This is 
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because, under the given conditions, DFT simulations would relax the system to its lowest-energy 

state, which is the thermodynamic equilibrium. However, stability limits refer to mechanical 

stability limitations. It represents the maximum pressure the system can withstand before being 

destabilized by mechanical forces. Since this work focuses on investigating the piezo effect on 

structural stability, the research of thermodynamic stability is beyond the scope of this work. The 

stability surface (Monge patch17) is derived from a ternary law of mixtures taking into account the 

first-order cage-cage interaction nonlinearity. Additionally, computational work involving gas 

hydrates is benefitted by the integrated use of experimental data18. However, to the best of our 

knowledge, experimental data relevant to the analysis performed here is not available in the 

literature. Conditions, processes, and mechanisms outside those mentioned above are outside the 

scope of this paper and can be included in future work as experimental data at the relevant scales 

becomes available. In this paper, we use, without ambiguity, the following nomenclature for the 

four existing phases (modes): (i) inclusion phase: small cages are occupied, and large cages are 

empty, denoted by SOLE; (ii) matrix phase: small cages are empty and large cages are occupied; 

denoted by SELO; (iii) hydrogen network phase: all cages are empty, denoted by SELE; (iv) 

composite phase: all cages are occupied, denoted by SOLO. 

 This paper is organized as follows. In the results section, the inclusion and matrix phases 

of the sI methane hydrate were identified via polygonal connectivity through face sharing. The 

stability thresholds in terms of phase modes were then determined, identifying two failure patterns. 

The correlation between the phase occupancy and compressive stability limits is then established. 

The use of a ternary non-ideal laws of mixtures in conjunctions with computed DFT stability limits 

leads to the equation for the mechanical stability surface under variable methane occupancy. 

Computing the steepest descent and ascent curves leads to the identification of optimal 
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strengthening by specific gas occupancy and maximal failure routes by a decrease of mainly large 

cage occupancy. All these findings can be applied to other types of gas hydrates. Finally, all 

methodologies and software applied in this work are presented in the SI and main text. Details of 

equations and mechanisms are discussed. This work contributes to and accelerates the 

identification of the gas hydrates’ stability under pressure. The results from this work may be 

crucial in developing hydrate technologies that involve the medium- and long-term storage of 

gases in the hydrate phase. 

6.4 Results and Discussion 

6.4.1 Two-phase structure determination 

 The sI gas hydrate structure consists of two small cages and six large cages. The small 

cages (512) contain 12 pentagonal faces, and the large cages (51262) contain 12 pentagonal faces 

and two hexagonal faces. Also, taking advantage of a Three-Dimensional Visualization System 

for Electronic and Structural Analysis (VESTA 3)19, we could visualize the multi-phase structure 

directly, as shown in Figure 6-1. 



 198 

 

Figure 6-1 sI gas hydrate’s structure colored according to their cage types. The occupied large cages are shown in orange, the 
occupied small cages are shown in dark blue, and the empty cages are shown in white. Four different occupancies are shown. 
They are SELE (small cages empty and large cages empty), SOLE (small cages occupied and large cages empty), SELO (small 

cages empty and large cages occupied) and SOLO (small cages occupied and large cages occupied).  

 Figure 6-1 presents the four different occupancy modes of sI methane hydrate within one 

unit lattice. The occupied small cages, shown in dark blue, are distributed dispersedly. In other 

words, all small cages are surrounded by large cages, and they cannot connect with each other. On 

the other side, large cages are connected and shown in orange.  

 In nature, the occupancy of gas hydrates is often greater than zero, which means some gas 

molecules would be trapped in the lattice. However, the empty gas hydrates were confirmed to be 

present under certain conditions20-23 – temperatures between 100 K and 220 K and pressures 

between 1 and 5000 bar. Thus, four different occupancies proposed and shown at the bottom of 

Figure 6-1 are SELE (small-empty-large-empty), SOLE (small-occupied-large-empty), SELO 

(small-empty-large-occupied), and SOLO (small-occupied-large-occupied). If the cages are not 

occupied or empty, they are shown in white. Otherwise, they are shown in their corresponding 

colors (dark blue for occupied small cages and orange for occupied large cages). 
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  The continuous and dispersed roles of large and small cages in the lattice are evident in 

Figure 6-1, which is attributed to the face connection. There are two types of faces to establish the 

cages and lattice: pentagonal and hexagonal faces. Pentagonal faces are involved in both small and 

large cages, and hexagonal faces are only formed in large cages. Each face is shared by two cages 

regardless of the type of cage and faces. There are six hexagonal faces in one unit lattice, and each 

hexagonal face would be shared by two different large cages. Also, there are 48 pentagonal faces. 

Half of the pentagonal faces are among large cages. However, another half is shared between one 

large and one small cage. According to these face-sharing principles, all faces contribute to the 

large cages, regardless of partial or complete involvement. In other words, if large cages exist, the 

small cages would be necessarily present. On the other hand, if only the small cages exist, it means 

that only two dispersed inclusions form since there is no shared face between the two small cages. 

In other words, there is no evidence to make any conclusion on large cages or lattices.  
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6.4.2 Effects of phase occupancy on the pressure stability of hydrates 

From previous study, the small cages are recognized as the dispersed inclusion and large 

cages are identified as the continuous phase in the lattice16. The simulations were performed on sI 

methane hydrates with four different occupancies, pressures ranging from 0 GPa to 7.6 GPa, and 

at zero Kelvin; the unit lattice was the supercell. Six large tetradecahedral (51262) and two small 

dodecahedral (512) polyhedral cages were involved in one unit lattice. As discussed in the previous 

section, four occupancies were considered: SELE, SOLE, SELO and SOLO. The effects of 

different occupancies (four modes mentioned above) on lattice volume under compressive 

pressures are shown in Figure 6-2. 

  

Figure 6-2. Lattice volume as a function of hydrostatic pressures from 0 GPa to 7.6 GPa with four different occupancies. The 
blue line is for the SOLO hydrate. The orange line is for the SELO hydrate. The yellow and purple are for the SOLE and SELE 

hydrates. See text for nomenclature. 

Figure 6-2 shows the variations in lattice volume under pressures ranging from 0 to 7.6 

GPa. In the region of low pressure, between 0 GPa and 4.5 GPa, the performances of all four modes 

are comparable. In this pressure region, all four modes exhibit a modest declining trend and a slight 

variation in magnitude. Compared with results from previous work24, the values of unit lattice 
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volume presented here are in the same order of magnitude. For example, Jendi, Z. M., et al.24 

shows the unit lattice volume of SOLO hydrate is approximately 1685 Å3, which is very close to 

our result 1620 Å3. At 0 GPa, the volumetric difference between SOLO occupied and SELE lattices 

was approximately 1%. Although SOLE has a greater lattice volume under certain low pressures 

than SELO, the difference is too small to determine whether occupied small cages have a stronger 

effect than occupied large cages. From a qualitative standpoint, we can conclude that the 

occupancy has no significant effect on the stability of the hydrate lattice under pressures ranging 

from 0 to 4.5 GPa. Based on these findings, between 0 GPa and 4.5 GPa, the hydrogen bonding 

lattice supporting forces are dominant over the guest-host interaction supporting forces. This is 

because, under 4.5 GPa, all four cases are stable, and the volumetric difference is less than 5%. 

Since SELE hydrate failed at 4.7 GPa, 4.6 GPa was considered its compressive stability limit. The 

cage volumes for empty sI hydrate under 4.6 GPa are also considered the minimum hydrogen-

bonded tetradecahedral (51262) and dodecahedral (512) cages volumes, respectively, as shown in 

Table 6-1. 

Table 6-1 Cage sizes for empty sI hydrate under 4.6 GPa, where the empty hydrate can support the maximum compressive 
pressure. Cages 1 and 2 are the small cages, and cages 3-8 are the large cages. 

Small 
cages 

Cage 1 Cage 2 

Cage size 

（Å3） 
123.94 128.87 

Large 
cages 

Cage 3 Cage 4 Cage 5 Cage 6 Cage 7 Cage 8 

Cage size 

（Å3） 
181.55 181.55 171.68 171.68 171.29 171.29 
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Table 6-1 shows detailed information on cage sizes for empty sI hydrate under 4.6 GPa. 

Small cages have volumes around 120 Å3, the large cages would have volumes ranging from 171 

Å3 to 182 Å3. Since these values represent the cage sizes under maximum pressure without losing 

lattice integrity, these numbers can serve as minimum stable volumes for tetradecahedral (large) 

and dodecahedral (small) cages. In other words, any smaller size without additional supporting 

force (e.g., the presence of guest molecules) can be identified as cage failure. 

Figure 6-2 shows that once the pressure exceeds 4.5 GPa, hydrates having different 

occupancies respond differently. This is because the guest-host interaction starts to become a 

dominant effect. The figure allows for the classification of the four modes into two groups. The 

SOLO and SELO cases had comparable trends, while the SOLE and SELE cases exhibited similar 

behavior. The volume sizes of SOLO and SELO hydrates overlap when the pressure is below 6.4 

GPa. However, once the pressure increased from 6.3 GPa to 6.4 GPa, the lattice volume of the 

SELO case unexpectedly decreased from 1227.72 Å3 to 1121.34 Å3, where the volume changes 

are ten times greater than the amount of volume change under a lower pressure with the same 

magnitude of pressure change. A similar volume drop takes place on the SOLO hydrates but under 

greater pressure (7.3 GPa). After the first drop, both SELO and SOLO hydrates seem to reach a 

plateau. After the plateau, the SELO and SOLO hydrates had their second volume drop at 7.1 GPa 

and 7.6 GPa, respectively, followed by a short plateau again. In Figure 6-2, SELO shows more 

discrete changes in lattice volume than SOLO because SELO has a 1.3 GPa pressure range to show 

its failure response while SOLO only has 0.3 GPa. This pressure range is determined between the 

maximum simulation pressure limits 7.6 GPa and their first volume drop pressure. In other words, 

the SOLO structure exhibited a higher resistance to volume change (higher mechanical stability) 

than the SELO structure, due to the occupation of its small cages.  
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However, the SOLE and SELE hydrates have completely different responses. The SOLE 

and SELE hydrates have their first drop under 4.9 GPa and 4.6 GPa respectively. Unlike the SOLO 

and SELO hydrates, no plateau emerges after the volume drop, and it seems they shrink to their 

minimum volume, where no lattice structure exists. In other words, the volume size represents the 

sum of the atoms and molecules in the lattice. Comparing to previous work15,16, the compressive 

pressure limit for SOLO sI methane hydrate is 7.5 GPa, which is in agreement with the first volume 

drop of SOLO hydrate at 7.3 GPa shown in Figure 6-2. The results’ reliability and accuracy are 

further discussed below. 
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6.4.3 Relationship between phase occupancy and compressive 

stability limits 

 In the previous section we obtained the maximum pressures, which were recognized as the 

stability limits, that the hydrate structure can withstand without sacrificing the lattice volume. 

Considering the law of mixtures, the property of the composite material is the weighted average 

of the property values of constituent materials. This idea can be extended to the prediction of 

stability limits, where the volumetric ratio is replaced by the lattice occupancy with respect to 

small and large cages.  

The differences among first volume drop critical pressure points imply a relationship 

between the phase occupancy and compressive stability limits. The effects from occupied small 

and large cages are significantly different, and the interactions among occupied cages are 

important. Thus, in this section, we will quantify the impacts of these effects under pressure.  

Table 6-2 Compressive pressure points (see Figure 6-2) for first significant volume drop for sI methane hydrates with four 
different occupancies (SELE, SOLE, SELO and SOLO) 

SELE SOLE SELO SOLO 

4.6 GPa 4.9 GPa 6.3 GPa 7.3 GPa 

 Table 6-2, shows the critical pressure points for the first significant volume drop for sI 

methane hydrates with four different occupancies (see Figure 6-2). In general, the pressure at 

which the first volume drop occurs increases as the occupancy increases, which is reasonable. 

Since more cages are occupied, more guest-host interactions can be used to stabilize the lattice. 

For quantification, two assumptions were made to establish an equation between the critical 

pressure points (pressures for the first significant volume drop) and phase occupancy. Firstly, it is 

linearly correlated between the phase occupancy and critical pressure points. Secondly, only the 
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interactions among different cages are considered. The interactions within the same type of cages 

are ignored.  

 Four modes and a canonical equation are proposed to quantify the occupancy effects on 

the compressive stability limits, as shown in Eqn (6.1). Although Eqn (6.1) is inspired from the 

ideal law of binary mixtures, they have four main differences. Firstly, there are three components 

in Eqn (6.1) (hydrogen-bonded skeleton, small and large cage’s occupancies) instead of two in law 

of mixtures. Secondly, the variables X and Y in Eqn (6.1) have values between 0 and 1; however, 

in law of binary mixtures the sum of the volumetric ratio is constrained to 1. Thirdly, in Eqn (6.1), 

the (X,Y) variables are occupancy instead of the volumetric ratio. Lastly, cage occupancy 

interaction between large and small leads naturally to the last term in Eq.1. The analysis and DFT 

data is synthesized in terms of a stability surface S(X,Y): 

S	(l, m) = a + bX + cY + dXY (6.1) 

where S stands for the compressive stability limit (GPa), X is the small cages’ occupancy and Y 

is the large cages’ occupancy, and a, b, c, and d are constants. There are four terms in Eqn (6.1). 

One constant term shows as ‘a’. Two linear correlated terms, ‘bX’ and ‘cY’, are used to describe 

the occupied small and large cages, respectively. The fourth term ‘dXY’ describes the interaction 

between occupied small and large cages. According to the four different occupancies mentioned 

above and, in the introduction, four modes are proposed, as shown Table 6-3. The network mode, 

which represents the hydrogen-bonded skeleton, describes the SELE hydrate. The inclusion and 

matrix modes demonstrate the SOLE and SELO hydrates. The composite mode describes the 

SOLO hydrates.  
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Table 6-3 The four occupancy modes that contribute to the overall compressive stability model in Eqn (1). 

Network mode (SELE) S = a 

Inclusion mode (SOLE) S = a + bX 

Matrix mode (SELO) S = a + cY 

Composite mode (SOLO) S = a + bX + cY + dXY 

With the four critical points shown in Table 6-2, the assumption listed above and the 

proposed generic surface stability equation, we obtained a specific equation, as shown in Eqn (6.2). 

The constant term, 4.6, is from the SELE (empty) hydrates. The coefficients 0.3 and 1.7 are 

obtained from the differences between SOLE and SELE and between SELO and SELE, where the 

extended stability limits are only from the occupied small or large cages. To estimate the 

interactions between different types of cages, we calculated the differences between SOLO and 

SOLE and between SOLO and SELO. Both are 0.7 GPa, indicating that large and small cages 

would boost another type of occupied cages by 0.7 GPa. In Eqn (6.2), S stands for the compressive 

critical pressure points or stability limits. X and Y are replaced by Qs and Ql, which are the small 

and large cage occupancy respectively (between 0 and 1).  

S	(GPa) = 4.6 + 0.3 × QB + 1.7 × QN + 0.7 × QB QN  (6.2) 

The detailed comparisons between ideal constrained binary and nonlinear unconstrained ternary 

mixture models are shown in the Supporting Information (SI1). 
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Figure 6-3 Relationship between compressive stability limit and phase occupancy. Qs and Ql are the occupancies of small and 
large cages, respectively. (a) A 3D surface shows the compressive stability limits change with phase occupancy. (b) indicates the 
contour level with step size 0.1 GPa. The red arrow curve is the steepest ascent curve, and the blue arrow curve is the steepest 

descent curve, which is the fastest way to increase and decrease stability limits. E(A) and E(D) indicate the ending points for the 
ascent and descent curves, respectively. The color bar represents the stability limit values from 4.6 GPa to 7.3 GPa, with a unit 

of GPa. 

 A 3D surface and contour levels were generated for Eqn (6.3), as shown in Figure 6-3. 

Figure 6-3(a) shows the relationship between the compressive stability limits and phase occupancy 

(Qs and Ql). The stability limits range from 4.6 GPa to 7.3 GPa. Figure 6-3(b) shows the contour 

levels with a step size of 0.1 GPa.  

The two curves in Figure 6-3b are generated by using the standard steepest ascent/descent 

method. The red curve shows the steepest changing pathway to increase the stability limits from 

empty hydrates, and the blue curve shows the steepest changing pathway to decrease the stability 

limits from fully occupied hydrates. The steepest ascent curve ends at P(v) = (0.3524,1),where 

the stability limit equals to 6.65 GPa. The steepest descent curve ends at P(9) = (0.7136,0), 

where the stability limit equals to 4.81 GPa. From the values of ending points, we find that the 

values of Ql are either 1 or 0, which means the occupancy of large cages has the dominant role for 

the entire lattice’s stability. On the other hand, the difference between the Qs values of E(A) and 

of (D) is relatively small, indicating the secondary role of small cage occupancy. 
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Using the steepest descent/ascent curves of the stability surface, predictions to capture the 

relationship between cage occupancy to achieve the fastest way to increase or decrease the stability 

limits can be established as follows: 

0.35w59
" − 5O

"x + 0.3(59 − 5.675O) = y6(z4<), { = v, 9  (6.3) 

{ = v, yP = 0: steepest ascent from SELE (network) state 

{ = 9, y) = −1.4: steepest descent from SOLO (composite) state 

Equation 6.3 (see SI for derivation) shows that the relationship between unconstrained occupancy 

59 and 5O is hyperbolic, reflecting the impact difference between large and small cage effects. The 

stability limits’ values for the terminal stage for optimal strengthening E(A) and for largest stability 

drop E(D) are:  

2wP(v)x = 2/QR − (} + >) ~1 +
� − √�" + 2}> + >"

>
Å 

 (6.4) 

2wP(9)x = 2/6= +
−� + √�" − 2}> + 2>�

>
 

(6.5) 

Where {<, }, �, >} = {4.6, 0.3, 1.7, 0.7} (coefficients in Eqn (6.2)); 2/QR = 2(5O = 1, 59 = 1) and 

2/QR = < + } + � + >;	2/6= = 2(5O = 0, 59 = 0) = <.  Eqns (6.4-6.5) explain why the end 

points (E(A), E(D) in Figure 6-3) do not achieve the minimum and maximums stability limits 

values when following the dominant curves of steepest ascent/descent curves of the stability 

surface S. The presence of second terms in Eqns (6.4-6.5), accounting for cages (coefficients b and 
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c) and cage interaction (coefficient d) effects, indicate the difference. This mechanical response to 

composition clearly indicates the limitations of the optimal path to achieve maximal strength and 

the destabilizing nature of losing large cage occupancy.  

To evaluate the consistency between the DFT stability limits and the values calculated by using 

the mixture model (Eqn (6.2)), three arbitrary occupancy modes were selected. Detailed 

information on occupancy is shown in Table 6-4. 

Table 6-4 Comparison between DFT simulations and mixture model (Eqn (6.2)) with 50% occupancy in three representative 
modes.  

 
Inclusion mode 
5O = 0.5;	59 = 0 

Matrix mode 
5O = 0;	59 = 0.5 

Composite mode 
5O = 0.5;	59 = 0.5 

DFT Stability limits 
(GPa) 4.7 5.2 5.6 

Calculated stability 
limits by using Eqn 

(6.2) (GPa) 
4.75 5.45 5.95 

Table 6-4 shows the compressive stability limits for three representative cases; the inclusion mode 

has only 50 % of small cages being occupied, the matrix mode has only 50% of large cages 

occupied, and the composite mode has 50% of small cages and 50% of large cages occupied. These 

three modes with 50% occupancy provide a clear understanding of both individual cages’ effects 

and their interactions. DFT simulations for the three modes have precisions of 0.1 GPa, and the 

precision cannot be smaller due to computational cost. The DFT results are obtained by relaxing 

the three selected modes of hydrates under pressure and finding the maximum pressure that the 

hydrate lattice can support before first significant volume drop. Table 6-4 shows that the DFT 

simulation and the mixture model (Eqn (6.2)) results are in very or excellent agreement. Although 

values from Eqn (6.2) can be greater than the simulation results, the discrepancies are always less 
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than 10%, which implies the validity of the previously mentioned two assumptions and further 

confirms the accuracy of Eqn (6.2). 
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6.4.4 Failure Mechanisms 

Figure 6-2 shows two different behaviors when the system approaches instability 

thresholds. The SELE and SOLE hydrates show a sudden step-like volumetric drop. On the other 

hand, the SOLO and SELO hydrates showed sequential staircase-like volume drops. To further 

understand the reasons for the sequential volume drops, we use Visualization for Electronic 

Structural Analysis (VESTA), to ascertain if there is any failure or intermolecular distortion in the 

lattice.  

 

Figure 6-4 Two failure mechanisms when approaching the compressive stability limit. The Failure Mechanism 1 (orange 
arrowed lines) found in SOLO and SELO hydrates has three steps: bond breakage, isochoric deformation, and lattice collapse. 
The arrow-dot-arrows represent sequential steps that take places several times before the lattice fails. The bond breakage step 

shows a significant volume drop, where bonds sacrifice at high pressures. The isochoric step indicates the hydrate system 
reaches a plateau with no volume change even when additional pressures are applied. Lattice collapse is the last step and 

represents a systematic failure. The Failure Mechanism 2 found in SELE, and SOLE hydrates is shown in blue. It has only one 
step and is the same as the last step of Failure Mechanism 1, where the system lost its lattice integrity.  
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Figure 6-4 shows the two failure mechanisms that take place when the compressive 

stability limits are approached. The Failure Mechanism 1 (orange arrows) has three steps and 

Failure Mechanism 2 has only one step (blue arrows). Both mechanisms involve significant 

volume drops. The Failure Mechanism 1 was shown in the SOLO (composite) and SELO (matrix) 

hydrates. Meanwhile, the Failure Mechanism 2 was shown in the SELE (network) and SOLE 

(inclusion) hydrates.  

The existence of two failure mechanisms is determined by how widely distributed the 

supporting forces are. Above 4.5 GPa, the hydrogen bond system cannot support the cage and 

lattice by itself. Thus, the guest-host interaction becomes very important for the hydrate’s stability. 

Both SELE (network) and SOLE (inclusion) hydrates display the Failure Mechanism 2 because 

they do not have any occupied large cages. As discussed above, the small cages are dispersed and 

do not connect with each other. Thus, guest-host interactions can only be limited to local areas. As 

expected, the SOLE hydrates do have a greater stability limit than SELE, as shown in Figure 6-2, 

but the same failure pathway.  

However, the SELO (matrix) and SOLO (composite) hydrates exhibit Failure Mechanism 

1 instead of Failure Mechanism 2. Failure Mechanism 1 is a sequential or multi-step mechanism. 

At sufficient low pressure, although the cages are deformed, the faces’ and cages’ integrity were 

present. However, once the pressure reaches the first volume drop threshold, one hexagonal ring 

opens by bond breakage. It is possible that a couple of pentagonal faces sacrifice instead of 

hexagonal faces, but the main idea is that the cage integrity remains. At the same time, some bonds 

break, causing a significant volume drop. The two layers of pentagonal rings are the main body of 

the large cages. If they are complete and intact, the lattice’s guest-hosting capability is still present. 

In the isochoric zone, the change in volume is negligible compared to the magnitude of the total 
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volume. This zone does experience a small volume decrease, as seen in Figure 6-2. From Figure 

6-2, both SELO (matrix) and SOLO (composite) hydrates show that the lattice volume becomes 

constant for a while after a significant volume drop, even when additional pressure is applied. This 

can be explained as the structure has changed to a new stable structure under pressure. Bond 

breakage and isochoric steps may take place several times before the final step (lattice collapse) is 

triggered. In summary, the volume drops and stabilizes several times before the final collapse. Due 

to computational costs and capabilities, the results beyond 7.6 GPa are out of convergence reach, 

and the final collapses of SOLO and SELO hydrates are not captured. But with all the information 

we have so far, the failure mechanism can be deduced without any ambiguities.  
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6.5 Methods and Tools 

6.5.1 DFT simulations and computational analyses  

First principle DFT calculations were performed by using VASP software. To obtain the 

lowest energy system under different pressures, we must relax the hydrate lattice in all three 

degrees of freedom (e.g., atomic positions, lattice volume and structural shape). The sI methane 

hydrates consist of the water molecules forming the host cages and methane molecules are the 

guest molecules. For the water cages, the water oxygen atoms’ positions can be determined by X-

ray diffraction, with the positions of water hydrogen atoms proposed by Takeuchi et al.25 , which 

followed the Bernal-Fowler ice rules26. Methane molecules were selected to be the only guest 

molecules in the simulation box. They were placed at the center of each cage in the initial structure.  

 In the unit lattice of sI hydrate there are 46 water molecules, which form two small cages 

and six large cages. The small cages (512) contain 12 pentagonal faces and the large cages (51262) 

contains 12 pentagonal faces and two hexagonal faces. Considering the size of host cages and guest 

molecules, each cage can only have one methane molecule, regardless the cage type. The details 

of small and large cages are shown in Figure 6-5. 
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Figure 6-5 sI methane hydrates have small (A) and large (B) cages. (A) A small cage consists of 12 pentagonal faces and a 
methane molecule at its center. Large cages (B) have 12 pentagonal faces and two hexagonal faces, with a guest methane 

molecule at the center. Water oxygen atoms are represented by blue circles. Hydrogen atoms are represented by pink-white 
circles. Carbon atoms are denoted by orange circles. All solid lines represent covalent bonds; their colors indicate which two 

atoms formed the covalent bond. OH hydrogen bonds are displayed by the brown dashed lines. 

 As mentioned above, VASP was selected as the DFT implementation for all simulations in 

this work. The simulation involves one unit lattice of sI methane hydrate shown above at zero 

Kelvin with periodic boundary conditions. The conjugate-gradient algorithm was used since it has 

a reliable performance within or beyond the pressure stability limits15. Based on previous studies 

on gas hydrate2,5,8,15,16, the revised Perdew-Burke-Ernzerhof (revPBE) exchange-correlation 

functional and the DFT-D2 dispersion correction method was selected15,16,27. Projector augmented 

wave potential28,29 was employed for all calculations. Furthermore, 520 eV was chosen as the cut-

off energy for the entire simulation process. As recommended by the VASP manual30, the cut-off 

energy needs to be set at a level that is 30% higher than the maximum energy of all the atoms that 

were included in the simulation. For the electronic minimization, a 4×4×4 Gamma centered mesh 

was used15,16. Four subdivisions were selected in each reciprocal lattice vector considering the 

results’ accuracy and computational cost. All simulation details can be found in our previous 

work15,16, including the unit lattice preparation, parameter setting and structure relaxation.  
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6.5.2 Contour levels and Steepest decent method 

 The contour levels and steepest decent method are applied for the surface generated by Eqn 

(6.4). The contour levels are set with the step size of 0.1 GPa to show how values of stability limits 

evolve with occupancy. The steepest descent method was used to generate two critical curves to 

show the fastest pathways to increase or decrease the stability limits. The algorithm is shown below. 

Ñ(l, m) is a multi-variable function with variables X and Y. The initial points are selected as Ö< 

and Ü<. á is the step size. In this paper, a fixed step size of 0.02 was selected. The values are small 

enough to capture all the changing tendencies. The optimization method of step size was not 

applied, because we have some restrictions in this project. For example, the stability limits cannot 

be negative. Thus, a fixed step size with a small enough value would be the best choice. 

Calculations would keep iterated until F(xSF#, ySF#) < Lower	Limit	 or F(xSF#, ySF#) >

Upper	Limit.  

Ö=F# = Ö= ± á∇Ñ(Ö=) (6.6) 

Ü=F# = Ü= ± á∇Ñ(Ü=)  (6.7) 

 

 Alternatively, to this standard numerical approach, the equations in SI 2 can be used to 

calculate the steepest ascent/descent curves. 
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6.6 Data availability 

Data related to this work will be made available by request to the authors. These requests should 
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6.7 Acknowledgements 

This work was supported by Compute Canada and Calcul Québec. A.D.R. and P.S. are thankful 

for the Natural Sciences and Engineering Council of Canada (NSERC) for funding through the 

Discovery Grant Program. A.D.R. is thankful for the James McGill Professorship appointment 

funding, McGill University. X.Z. is thankful for the support through the McGill Engineering 

Doctoral Awards (MEDA), the Graduate Excellence Award, and the McConnell Memorial 

Fellowship Award of the Chemical Engineering department, McGill University. A.G. is thankful 

for the NSERC Canada Graduate Scholarship-Doctoral (CGS-D) award. 

6.8 Author contributions 

X.Z. conducted data collection and analysis. X.Z., A.G., P.S., and A.D.R. discussed the results and 

contributed to the writing of the manuscript. P.S. and A.D.R. originated and supervised the 

research. 

6.9 Competing Interests 

The authors declare no competing interests. 

 

 



 218 

6.10 References 

1 Sloan Jr, E. D., Koh, C. A. & Koh, C. A. Clathrate Hydrates of Natural Gases. 
doi:10.1201/9781420008494 (2007). 

2 Vlasic, T. M., Servio, P. & Rey, A. D. Atomistic modeling of structure II gas hydrate mechanics: 
Compressibility and equations of state. AIP Advances 6, 085317, doi:10.1063/1.4961728 (2016). 

3 Daghash, S. M., Servio, P. & Rey, A. D. Structural properties of sH hydrate: a DFT study of 
anisotropy and equation of state. Molecular Simulation 45, 1524-1537, 
doi:10.1080/08927022.2019.1660326 (2019). 

4 Daghash, S. M., Servio, P. & Rey, A. D. From Infrared Spectra to Macroscopic Mechanical 
Properties of sH Gas Hydrates through Atomistic Calculations. Molecules 25, 5568, 
doi:10.3390/molecules25235568 (2020). 

5 Daghash, S. M., Servio, P. & Rey, A. D. First-Principles Elastic and Anisotropic Characteristics of 
Structure-H Gas Hydrate under Pressure. Crystals 11, doi:10.3390/cryst11050477 (2021). 

6 Vlasic, T. M., Servio, P. D. & Rey, A. D. Infrared Spectra of Gas Hydrates from First-Principles. 
The Journal of Physical Chemistry B 123, 936-947, doi:10.1021/acs.jpcb.8b10223 (2019). 

7 Mathews, S. L., Servio, P. D. & Rey, A. D. Heat Capacity, Thermal Expansion Coefficient, and 
Grüneisen Parameter of CH4, CO2, and C2H6 Hydrates and Ice Ih via Density Functional Theory 
and Phonon Calculations. Crystal Growth & Design 20, 5947-5955, doi:10.1021/acs.cgd.0c00630 
(2020). 

8 Jendi, Z. M., Servio, P. & Rey, A. D. Ideal Strength of Methane Hydrate and Ice Ih from First-
Principles. Crystal Growth & Design 15, 5301-5309, doi:10.1021/acs.cgd.5b00829 (2015). 

9 Jia, J., Liang, Y., Tsuji, T., Murata, S. & Matsuoka, T. Elasticity and Stability of Clathrate Hydrate: 
Role of Guest Molecule Motions. Scientific Reports 7, doi:10.1038/s41598-017-01369-0 (2017). 

10 Mirzaeifard, S., Servio, P. & Rey, A. D. Molecular Dynamics Characterization of Temperature and 
Pressure Effects on the Water-Methane Interface. Colloid and Interface Science Communications 
24, 75-81, doi:https://doi.org/10.1016/j.colcom.2018.04.004 (2018). 

11 Guerra, A. et al. Dynamic viscosity of methane and carbon dioxide hydrate systems from pure 
water at high-pressure driving forces. Chemical Engineering Science 252, 117282, 
doi:https://doi.org/10.1016/j.ces.2021.117282 (2022). 

12 Guerra, A., Mathews, S., Marić, M., Servio, P. & Rey, A. D. All-Atom Molecular Dynamics of 
Pure Water&ndash;Methane Gas Hydrate Systems under Pre-Nucleation Conditions: A Direct 
Comparison between Experiments and Simulations of Transport Properties for the Tip4p/Ice Water 
Model. Molecules 27, 5019 (2022). 

13 Guerra, A. et al. Molecular dynamics predictions of transport properties for carbon dioxide hydrates 
under pre-nucleation conditions using TIP4P/Ice water and EPM2, TraPPE, and Zhang carbon 
dioxide potentials. arXiv preprint arXiv:2301.01757 (2023). 

14 Wu, J. et al. Mechanical instability of monocrystalline and polycrystalline methane hydrates. 
Nature Communications 6, 8743, doi:10.1038/ncomms9743 (2015). 

15 Zhu, X., Rey, A. D. & Servio, P. Piezo-Elasticity and Stability Limits of Monocrystal Methane Gas 
Hydrates: Atomistic-Continuum Characterization. The Canadian Journal of Chemical Engineering 
n/a, doi:https://doi.org/10.1002/cjce.24433 (2022). 

16 Zhu, X., Rey, A. D. & Servio, P. Multiscale Piezoelasticity of Methane Gas Hydrates: From Bonds 
to Cages to Lattices. Energy & Fuels, doi:10.1021/acs.energyfuels.2c01024 (2022). 

17 Deserno, M. Notes on differential geometry with special emphasis on surfaces in R3. Los Angeles, 
USA (2004). 

18 Guerra, A., Mathews, S., Marić, M., Rey, A. D. & Servio, P. An Integrated Experimental and 
Computational Platform to Explore Gas Hydrate Promotion, Inhibition, Rheology, and Mechanical 
Properties at McGill University: A Review. Energies 15, 5532 (2022). 



 219 

19 \it VESTA3 for three-dimensional visualization of crystal, volumetric and morphology data. 
Journal of Applied Crystallography 44, 1272--1276, doi:10.1107/S0021889811038970 (2011). 

20 Cruz, F. J. A. L., Alavi, S. & Mota, J. P. B. Low-Temperature Thermodynamic Study of the 
Metastable Empty Clathrate Hydrates Using Molecular Simulations. ACS Earth and Space 
Chemistry 3, 789-799, doi:10.1021/acsearthspacechem.9b00009 (2019). 

21 Falenty, A., Hansen, T. C. & Kuhs, W. F. Formation and properties of ice XVI obtained by 
emptying a type sII clathrate hydrate. Nature 516, 231-233, doi:10.1038/nature14014 (2014). 

22 Kosyakov, V. I. Structure formation under negative pressures. Journal of Structural Chemistry 50, 
60-65, doi:10.1007/s10947-009-0190-0 (2009). 

23 Conde, M. M., Vega, C., Tribello, G. A. & Slater, B. The phase diagram of water at negative 
pressures: Virtual ices. The Journal of Chemical Physics 131, 034510, doi:10.1063/1.3182727 
(2009). 

24 Jendi, Z. M., Rey, A. D. & Servio, P. Ab initio DFT study of structural and mechanical properties 
of methane and carbon dioxide hydrates. Molecular Simulation 41, 572-579, 
doi:10.1080/08927022.2014.899698 (2015). 

25 Takeuchi, F. et al. Water proton configurations in structures I, II, and H clathrate hydrate unit cells. 
The Journal of Chemical Physics 138, 124504, doi:10.1063/1.4795499 (2013). 

26 Bernal, J. D. & Fowler, R. H. A Theory of Water and Ionic Solution, with Particular Reference to 
Hydrogen and Hydroxyl Ions. The Journal of Chemical Physics 1, 515-548, doi:10.1063/1.1749327 
(1933). 

27 Jendi, Z. M., Rey, A. D. & Servio, P. Ab initioDFT study of structural and mechanical properties 
of methane and carbon dioxide hydrates. Molecular Simulation 41, 572-579, 
doi:10.1080/08927022.2014.899698 (2015). 

28 Blöchl, P. E. Projector augmented-wave method. Physical review B 50, 17953 (1994). 
29 Kresse, G. & Joubert, D. From ultrasoft pseudopotentials to the projector augmented-wave method. 

Physical review b 59, 1758 (1999). 
30 Georg Kresse, M. M., ,J¨urgen Furthm¨uller.     (2018). 

 

  



 220 

6.11 Supplementary Information (SI) 

6.11.1 Binary and Ternary Models (SI1) 

Binary (two-component mixture) and Ternary (three-component mixture) were proposed in our 

previous and current work. This section aims to compare binary mixture model at full occupancy 

with a corresponding ternary mixture mode with no composition constraint.  

Nomenclature: 

Binary Model: Two-component mixture model at full occupancy. This model is only valid at full 

occupancy because partial occupancy implies free volume and in a real material the hydrogen 

network spans the system 

Physical Property: P2 

2: ó8<òò	�<ôö 

;: ò<õôö	�<ôö 

:+/1:	=ú8}öõ	ùû	ó8<òò	ùõ	ò<õôö	ù��úü{ö>	�<ôöó	{=	ù=ö	ú={†	ò<††{�ö 

R: †ù†<ò	°ùòú8ö	ùû	ù=ö	ú={†	ò<††{�ö	 

°+/1:	°ùòú8ö	ùû	<	ó{=ôòö	ó8<òò	ùõ	ò<õôö	�<ôö 

R+/1:	°ùòú8ö	ùû		ó8<òò	ùõ	ò<õôö	ù��úü{ö>	�<ôöó	{=	ù=ö	ú={†	ò<††{�ö 

û: <	õö¢ú{õö>	�ù=>{†{ù=	ùû	<†	ûúòò	ù��úü<=�Ü 

£+/1:	°ùòú8ö	ûõ<�†{ù=	ùû	ù��úü{ö>	ó8<òò	ùõ	ò<õôö	�<ôö	{=	ù=ö	ú={†	ò<††{�ö 
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4"+/"1: †ℎö	üõùüöõ†Ü	ùû	<	ó{=ôòö	ù��úü{ö>	ó8<òò	ùõ	ò<õôö	�<ôö 

 

£+T =
†ù†<ò	°ùòú8ö	ùû	<òò	ó8<òò	�<ôöó

†ù†<ò	ò<††{�ö	°ùòú8ö	
=
:OT°O
R

=
ROT
R
= E 

£1T =
†ù†<ò	°ùòú8ö	ùû	<òò	ò<õôö	�<ôöó

†ù†<ò	ò<††{�ö	°ùòú8ö	
=
:1T°1
R

=
R1T
R
= F 

Constraint: £+T + £1T = E + F = 1 

Property: 

4" = £+T4"+ + £1T4"1 = E4"+ + F4"1  (6.S1) 

 

 

Ternary Model: Three-component mixture model with bounded occupancy constraint 

Physical Property : P3 

•:: ℎÜ>õùôö= − }ù=>ö>	=ö†¶ùõß 

2: ó8<òò	�<ôö 

;: ò<õôö	�<ôö 

ù+: ù��úü<=Ü	ùû	ó8<òò	�<ôöó 

ù1: ù��úü<=�Ü	ùû	ò<õôö	�<ôöó 

®ùú=>ó: 0 ≤ ù+ ≤ 1; 	0 ≤ ù1 ≤ 1	 

®ùú=>ö>	�ù=ó†õ<{=†:	0 ≤ ù+ + ù1 ≤ 2 
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4!+ !1⁄ : üõùüöõ†Ü	ùû	ù��úü{ö>	ó8<òò	ùõ	ò<õôö	�<ôöó	 

4!U*: üõùüöõ†Ü	ùû	ℎÜ>õùôö= − }ù=>ö>	=ö†¶ùõß 

4!V: üõùüöõ†Ü	ùû	{=†öõ<�†{ù=	}ö†¶öö=	ù��úü{ö>	ó8<òò	<=>	ò<õôö	�<ôöó 

 

ù+ =
=ú8}öõ	ùû	ù��úü{ö>	ó8<òò	�<ôöó	{=	ù=ö	ú={†	ò<††{�ö	
†ù†<ò	=ú8}öõ	ùû	ó8<òò	�<ôöó	{=	ù=ö	ú={†	ò<††{�ö

=
:O
:OT

 

ù1 =
=ú8}öõ	ùû	ù��úü{ö>	ò<õôö	�<ôöó	{=	ù=ö	ú={†	ò<††{�ö	
†ù†<ò	=ú8}öõ	ùû	ò<õôö	�<ôöó	{=	ù=ö	ú={†	ò<††{�ö

=
:1
:1T

 

 

£+ =
:O°O
R

  (6.S2) 

 

£1 =
:1°1
R

  (6.S3) 

 

ùO
R
=

:O
:OTR

×
°O
°O
=

£+
:OT°O

 (6.S4) 

 

ù1
R
=

:1
:1TR

×
°1
°1
=

£1
:1T°1

  (6.S5) 

 

ùO =
R

:OT°O
× £+ =

£+
£+T

  (6.S6) 
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ù1 =
R

:1T°1
× £1 =

£1
£1T

 (6.S7) 

 

Model P3 at arbitrary occupancy in terms of volume fractions: 

NOTE: ™W +™X ≠ ¨ 

Property:  

4! = 4!U* + ù+4!+ + ù14!1 + ù+ù14!V (6.S8) 

 

Based on  (6.S6) and (6.S7), (6.S8) can be shown as (6.S9) 

4! = 4!U* +
£+
£+T

4!+ +
£1
£1T

4!1 +
£+
£+T

£1
£1T

4!V (6.S9) 

 

Mapping ternary to binary at full occupancy  

At full occupancy  

≠
£1 = £1T
£+ = £+T  

£1 + £+ = £1T + £+T = 1 

ùO =
£+
£+T

= 1 

ù1 =
£1
£1T

= 1 

ùO + ù1 =
£+
£+T

+
£1
£1T

= 2 
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4! = 4!U* +
£+T
£+T

4!+ +
£1T
£1T

4!1 +
£+T
£+T

£1T
£1T

4!V (6.S10) 

 

4! = w£+T + £1Tx4!U* +
£+T
£+T

4!+ +
£1T
£1T

4!1 +
£+T
£+T

£1T
£1T

4!V (6.S11) 

 

4! =	£+T i4!U* +
1
£+T

4!+j + £1T i4!U* +
1
£1T

4!1j + 4!V  (6.S12) 

Property: 

4" = £+T4"+ + £1T4"1  (6.S1) 

At full occupancy: 4" = 4! 

4"+ = 4!U* +
1
£+T

4!+  (6.S13) 

4"1 = 4!U* +
1
£1T

4!1 (6.S14) 

4!V ≈ 0 (6.S15) 

 

Binary mixture model origins from the rule of mixture, which can be applied to all composite 

material. Once the property values are evaluated from the constituent material aspect, the property 

values of composite material can be calculated. In other words, the coefficients (P2S and P2L) in 

the binary mixture model are evaluated from the cage aspect.  

However, the ternary mixture model is designed for the gas hydrates system. It considers the 

structural feature of gas hydrate. The hydrogen-bonded network permanently exists regardless of 

the presence of guest molecules. The small and large cages are embedded in the hydrogen-bonded 

network. This is different from the constituent material in the binary mixture model, which does 
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not have a basic structural skeleton. P3S and P3L are the effects estimated from the lattice aspect, 

originating from the occupied small or large cages.  

At full occupancy, which is a special condition, the binary and ternary mixture models should 

generate the same results. Then the Eqns (6.S13-6.S15) shows the relationship between the 

properties from the binary model and the ternary model properties.  

To summarize, there is no conflict between the binary and ternary mixture models. The ternary 

mixture model is the updated version of the binary model, which considers the structural feature 

of gas hydrate. At full occupancy, ensuring two models will give the same results, Eqns (6.S13-

6.S15) need to be satisfied. Under other conditions, only ternary mixture models can be applied.  
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6.11.2 Steepest ascent and steepest descent curve derivation (SI2) 

This section will provide detailed information for the derivations of Eqn (6.3-6.5) in the Results 

and Discussion section of the manuscript 

The relationship between the compressive stability limits and the small and larges’ occupancy can 

be expressed in analytical and numerical ways, as shown in Eqn (6.S16-6.S17) which are the same 

as Eqn (6.1-6.2) in the manuscript. The four coefficients a, b, c and d are equal to 4.6, 0.3, 1.7 and 

0.7, respectively.  

S	(X, Y) = a + bX + cY + dXY  (6.S16) 

S	(GPa) = 4.6 + 0.3 × QB + 1.7 × QN + 0.7 × QB QN  (6.S17) 

Steepest Descent/Ascent Curves 

Step 1: take partial derivatives of Ø(∞, ±): 

∂S
∂X

= b + dY  (6.S18) 

∂S
∂Y

= c + dX  (6.S19) 

Step 2: Apply standard calculus: 

>m
>l

=

62
6m
62
6l

  (6.S20) 

 

62
6l

	>m =
62
6m

	>l  (6.S21) 

 
(} + >m)>m = (� + >l)>l  (6.S22) 

Step 3: Integrate both sides: 
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}m +
>
2
m" = �l +

>
2
l" + y  (6.S23) 

Where K is a constant, has a unit of GPa, the same as 2: 

}m +
>
2
m" − ≥�l +

>
2
l"¥ = y (6.S24) 

Plug in the coefficient values  

0.7m +
1.7
2
m" − ≥0.3l +

1.7
2
l"¥ = y (6.S25) 

The Eqn (6.S25) shown above is the Eqn (6.3) in the manuscript, where l is 5O and m is 59. 

}m +
>
2
m" − ≥�l +

>
2
l"¥

µ∂∂∂∑∂∂∂∏
Y

= y 
 (6.S26) 

Use π to replace *�l + Z

"
l"- 

}m +
>
2
m" − (π + y) = 0 (6.S27) 

 

m =
−} ± ∫}" + 4 ×

>
2 × (π + y)	

>
 (6.S28) 

Considering the value of Y would be positive  

m(l, y) =
−} + ∫}" + 2> *�l + >2 l

" + y-	

>
 (6.S29) 

Steepest ascent curve (starting from ª = º = Ω) 

 

Step 1: to calculate the æ value for the steepest curve through ø = ¿ = Ω, plug ø = ¿ = Ω 

into the equation 
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0 =
−} + ∫}" + 2> *�0 + >2 0

" + y-	

>
  (6.S30) 

Ω =
−} + √}" + 2>y	

>
 

−} + ¡}" + 2>y = 0 

By solving Eqn (6.S30), we can obtain the value of K. 

æ = Ω 

Thus æ = Ω for the steepest ascent curve.  

}m +
>
2
m" − ≥�l +

>
2
l"¥ = 0  (6.S31) 

 

Step 2: find the ending point of the steepest ascent curve where º = ¨. 

} × 1 +
>
2
× 1" − ≥�l +

>
2
l"¥ = 0  (6.S32) 

 

>
2
l" + �l − ≥} +

>
2
¥ = 0  (6.S33) 

 

l =
−� ± ∫�" + 4>2 *} +

>
2-

>
 

 (6.S34) 

 

Considering l would be a positive value, 
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l =
−� + ∫�" + 4>2 *} +

>
2-

>
 

 (6.S35) 

 

ª =
−� + √�" + >" + 2>}

>
  (6.S36) 

 

Step 3: Evaluate the Stability limit value of the ending point of the steepest ascent curve.  

2/QR(l = 1, m = 1) = < + } + � + >  (6.S37) 

2/6=(l = 0, m = 0) = < (6.S38) 
 

! "# = −& + √&! + )! + 2)+
) , - = 1/ = 0 + +−& + √&

! + )! + 2)+
) + & + )−& + √&

! + )! + 2)+
)  

  (6.S39) 

 

2 il =
−� + √�" + >" + 2>}

>
, m = 1j = < + � +

−� + √�" + >" + 2>}
>

(} + >) 

  (6.S40) 

 

2 il =
−� + √�" + >" + 2>}

>
, m = 1j = 2/QR − i1 −

−� + √�" + >" + 2>}
>

j (} + >) 

  (6.S41) 

 

Which is the same as Eqn (6.4) in the manuscript 
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Steepest decent curve (starting from ª = º = ¨) 

Step 1: to calculate the æ value for the steepest curve through ø = ¿ = ¨, plug ø = ¿ = ¨ 

into the equation 

1 =
−} +∫}" + 2> *� + >2 + y-

>
 

(6.S42) 

¬ + √ = ¡}" + 2>� + >" + 2>y	 

æ = ¬ − ƒ 

Thus æ = ¬ − ƒ for the steepest decent curve.  

}m +
>
2
m" − ≥�l +

>
2
l"¥ = } − � (6.S43) 

 

Step 2: find the ending point of the steepest decent curve where º = Ω. 

} × 0 +
>
2
× 0" − ≥�l +

>
2
l"¥ = } − �  (6.S44) 

 

>
2
l" + �l + (} − �) = 0 (6.S45) 

 

l =
−� ± ∫�" − 4

>
2 (} − �)

>
 

 (6.S46) 

 

Considering ª is a positive value 
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l =
−� + ¡�" − 2>(} − �)

>
  (6.S47) 

 

Step 3: Evaluate the Stability limit value of the ending point of the steepest decent curve.  

2

⎝

⎛l =
−� + ∫�" − 4

>
2 (} − �)

>
, m = 0

⎠

⎞ = < + }
−� + ¡�" − 2>(} − �)

>
  (6.S48) 

 

2

⎝

⎛l =
−� + ∫�" − 4

>
2 (} − �)

>
, m = 0

⎠

⎞ = 2/6= + }
−� + ¡�" − 2>(} − �)

>
 (6.S49) 

 

Which is the same as Eqn (6.5) in the manuscript 
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Chapter 7  

 

7 Discussion and Recommendations for Future work  

 

7.1 Comprehensive Discussion  

In section 7.1, we synthesize all of the results we have obtained thus far and demonstrate 

how each chapter fits my thesis plan, scope, and objectives and contributes to knowledge.  

The primary objective of this thesis is to investigate the effects of pressure on the stability 

performance of gas hydrates and to determine their stability limits. To accomplish this objective, 

we approach this problem from two angles: numerical simulation and geometric-structural analysis. 

The contribution of each chapter and the relationship between them will be discussed as follows. 

Using atomistic-continuum simulations, Chapter 3 investigates the mechanical properties 

and stability of methane gas hydrates. The results show that the tensile and compressive pressure 

stability limits are -1.1 GPa and 7.5 GPa, respectively, and that the values of second-order elastic 

constants would exhibit abnormal changes as these limits are approached. In particular, the 

changing tendency of the fundamental mechanical parameters, second-order elastic constants 

(SOEC), under pressure was studied, as well as their effects on the mechanical properties of 

monocrystalline and polycrystalline gas hydrates. The determination of its intrinsic brittle and 

ductile properties under pressure is critical in determining which type of fracture mechanism would 
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be triggered. The computational time and cost would be a major concern,  even though Chapter 3 

presents solid results that demonstrate the properties of gas hydrates. In this project, simulations 

were conducted at over 20 pressure points. For the calculation of SOECs, at each pressure point, 

more than twenty simulations, each requiring approximately 30 GB of memory and 24 hours of 

simulation time, must be performed. This significant computational time and memory cost 

suggests the possibility of higher-order elastic constants for evaluating the piezo effect, which is 

the impetus for Chapter 5. Chapter 3 sheds light on the fundamental mechanical properties and 

stability limits of methane gas hydrates and provides a numerical simulations-based foundation for 

understanding their behaviour under external loads and in different environmental conditions. To 

complete the picture, we proposed studying the structural changes resulting from pressure effects, 

as described in Chapter 4. 

Motivated by the numerical results from Chapter 3, Chapter 4 investigates the structure, 

thermodynamics, and elasticity of sI methane hydrates subjected to pressure loads, at three scales: 

atoms, cages, and lattice, using the density functional theory in conjunction with homogenization 

methods and the theory of mixtures. The distribution functions of bond parameters (e.g. bond 

angles and bond lengths) verify that the parameters values should not be constants under a 

specified condition. The role of different types of cages at the mesoscale have been identified, such 

as continuous phase and disperse inclusion, which helps to discover the cage’s effect on the entire 

lattice in terms of mechanical properties and stability, as shown in Chapter 6. Meanwhile, at the 

continuum scale, the different deformation mechanisms are observed (affine and non-affine), 

which correspond to different fracture mechanisms (brittle and ductile) under tensile and 

compressive pressures, respectively. These findings are consistent with the ductile-to-brittle 

transition results found in Chapter 3. Taken together, the systematic atomic–cage–lattice 
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multiscale characterization proves to be fruitful in linking processes that connect mechanical 

properties, cage geometry, and hydrogen bonding. 

As a continuation of Chapter 3, Chapter 5 investigates piezo effects via numerical 

simulation with higher-order elastic constants. In Chapter 5, third-order elastic constants (TOECs) 

become the primary focus of research, particularly to determine whether the non-linear 

pressure/strain effect can be predicted using TOECs. The results demonstrate that the use of 

TOECs can not only provide a reliable prediction of the SOECs value under pressure, but also save 

a substantial amount of computation time and cost. Non-linear fitting with TOECs provides a more 

accurate overall prediction and a smaller root-mean-square deviation on pressure-strain evaluation 

than linear fitting. In addition, the non-linear fit offers a more precise and accurate prediction of 

the transition from ductile to brittle. Using the equations stated in Chapter 5, the results of Chapter 

5 demonstrate that TOECs are able to evaluate the piezo effects on SOECs as well as some 

mechanical properties. In terms of numerical simulations, these results would significantly 

contribute to the study of piezo-effects on hydrogen-bonded crystalline materials. Future research 

can save a great deal of computational time and memory through its use. 

Chapter 6, which is an extension of Chapter 4, investigates piezo effects from a geometric-

structural standpoint. In this chapter,  the focus was on hydrate occupancy and the function of 

cages in maintaining stability under pressure. Through face connectivity,  the inclusion-matrix 

material structure of sI gas hydrates was first determined. The effects of the type of occupied cages 

were then determined and quantified. A proposed equation illustrates the impact of occupied cages 

and their interaction with the lattice stability. In the meantime, two types of fracture mechanisms 

associated with occupied cage types have been identified. If the large cages, which represent the 

matrix phase, are occupied, the multi-step fracture mechanism would be activated. If, on the other 
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hand, only the small cages, which play the role of disperse inclusion, are occupied, the one-step 

fracture mechanism would occur. Meanwhile, to change the stability of the hydrate, the steepest 

ascending/descending pathways are identified. In conclusion, this chapter examined the stability 

of gas hydrates under pressure from a geometric-structural perspective. It recognizes the inherent 

matrix-inclusion structure of sI gas hydrate, implying that other types of gas hydrates may have 

phased structures as well. 

To summarize, the goal of this thesis is to investigate the pressure effect on sI methane 

hydrates and determine their pressure stability limits. To accomplish this objective,  two methods 

were utilized; direct simulation and atomistic-geometric analysis. Chapters 3 and 4 both developed 

a general understanding of the hydrate's stability under pressure based on the aforementioned 

aspects. The consistency between Chapter 3 and Chapter 4 results further validates the accuracy 

and reliability of the results. Chapters 5 and 6 are the continuations of Chapters 3 and 4, 

respectively. They investigated the stability of gas hydrates using higher-order elastic constants 

and matrix-inclusion structure. They provide new methods and insight to make the results more 

accessible to the research community at a lower computational cost.  
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7.2 Recommendations for Future Work  

In this section, the future research strategy and potential applications based on the 

discussion presented in section 7.1, will be covered. 

Section 7.1 discussed the pressure effects on the hydrates at zero Kelvin. In other words, 

the temperature effects have a great potential to be explored as well as the interaction between 

temperature and pressure. Also, the role of cages has been determined through the face 

connectivity. The following are some specific recommendations for  future work .  

1. Further studies of pressure limits and their effects on sI methane gas hydrate from 

molecular dynamic aspect are needed, as only atomistic simulations  were performed 

in this work. 

2. Characterization of temperature effects and temperature limits of sI methane gas 

hydrates, as well as the interaction between pressure and temperature. 

3. Further characterize the distribution functions of bond parameters shown in Chapter 4 

and explain changes of distribution under pressure through the oxygen atoms’ 

classification (e.g. forbidden zones) 

4. Investigating the location of crack nucleation and the path of crack propagation of sI 

methane gas hydrates once the system reaches the pressure stability limits based on the 

one-step and multi-step fracture mechanisms proposed in  Chapter 6  

5. Studying the effects of other guest molecules (e.g. carbon dioxide) on the sI gas 

hydrate’s stability in terms of the pressure and temperature. 

6. Investigating the pathway for the structural transition from sI to sII once the cracks are 

initiated in terms of the environmental conditions, type of guest molecules and etc. 
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7. Using the results of Recommendation 3 and Chapters 4 and 6, develop a systematic 

method for identifying the structure and integrity of polygons and cages. 
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Chapter 8  

 

8 Conclusions 

 This thesis examined the effects of pressure on sI methane hydrates at zero Kelvin on a 

wide range of mechanical properties and on the mechanical and geometric stability limits under 

pressure. The research included  both direct numerical simulations and atomistic-geometric 

analysis. To achieve this goal, the thesis was divided into two interconnected branches. Chapters 

3 and 5 incorporated numerical simulations. In Chapters 4 and 6, the geometric structural analysis 

was formulated, implemented and validated. 

 As a first step, the Ab initio first principle was implemented in Chapter 3 by employing the 

density functional theory and the VASP software to simulate sI methane hydrates and establish a 

comprehensive understanding of the pressure effects and stability limits. The results showed that 

the tensile and compressive stability limits are -1.1 GPa and 7.5 GPa respectively, which has been 

verified by Born’s stability criteria. The second-order elastic constants (SOECs) change subject to 

pressure changes, and these changes would contribute to the mechanical properties as well. The 

ductile-to-brittle transition was found at the zero pressure. To be specific, the hydrates show ductile 

behaviors under compressive pressure and vice versa.  

 To further develop the understanding of hydrate’s stability under pressure and validate the 

results , Chapter 4 utilized the multi-scale geometric structural analysis ranging from atoms to 

lattice to visualize the structural deformation under pressure. Firstly, the electronic cloud 
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movements have been recorded at the pressure stability limits determined in Chapter 3. Also, the 

distribution functions of bond parameters (e.g. bond angles and bond lengths) subjected to pressure 

are investigated. The discrepancies between the deformation of large and small cages under 

pressure suggest that the roles of occupied cages would have a significant impact on how the piezo 

effect reflects on the lattice. Thus, the rule of mixtures was used to determine if the sI gas hydrate 

adheres to the rules of composite materials. The results demonstrate that the bulk modulus values 

derived from direct simulation and the rule of mixture are highly consistent, providing substantial 

confidence for the subsequent cage role study presented in Chapter 6. 

 The third step was based on the consideration of  simulation cost in Chapter 3 and 4. The 

results from either numerical simulation or multi-scale geometric-structural analysis require much 

computational cost. Thus, in Chapter 5, the third-order elastic constants (TOECs) were studied to 

investigate if the non-linear fitting involving TOECs could provide a reliable prediction on the 

SOECs under pressure as well as the mechanical properties. The comparisons, has been conducted 

among direct numerical simulations, linear fitting and non-linear fitting, and the analysis showed 

that the non-linear fitting involving the TOECs is able to predict the values of SOECs under 

pressures and could provide similar results as shown in Chapter 3. These findings could save 

significant amount of computation time and cost for the research community and promote the 

higher-order elastic constants studies.  

 In Chapter 6, a continuation of Chapter 4, it is determined how cage and occupancy affect 

the stability of sI methane hydrates. The application of the rule of mixture in Chapter 4 

demonstrates that sI gas hydrates behave as composites, leading us to determine the two-phase 

structure in Chapter 6. In order to further investigate the cage effects on the hydrates' stability, an 

equation demonstrating the relationship between the occupancy and the compressive stability limit 
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has been proposed. Additionally, the steepest ascent/descent path for hydrate stability has been 

determined, which will help stabilise the hydrate during pressure changes. In addition, two types 

of fracture mechanisms will be triggered based on the type of cage that is occupied. These results 

further validate the composite material property discovered in Chapter 4 and provide a novel 

understanding of the structure of hydrates. 

 In conclusion, this thesis demonstrated the pressure stability limits of sI methane hydrates 

and the associated piezo-effects on the hydrate's stability. The limits of compressive and tensile 

stability are 7.5 GPa and –1.1 GPa, respectively. Pressures affect both the second-order elastic 

constants (SOECs) and the mechanical properties. When approaching the limits of stability, both 

exhibit abnormal behaviours or changes. The non-linear fitting involving third-order elastic 

constants (TOECs) provides an accurate prediction of the SOECs values under pressure, which 

can save a substantial amount of computational time and resources. In addition, the geometric-

structural analysis confirms the accuracy of the Chapter 3 and Chapter 5 results. The pressure-

induced deformation has been studied in terms of atoms, cages, and lattices. The bond parameter 

distribution functions reveal the local characteristics of the lattice. Moreover, the application of 

the rule of mixture indicates that hydrates may share similarities with composite materials. Thus, 

in Chapter 6, the geometry of sI hydrates was investigated further. The structure of two phases has 

been determined. Meanwhile, the relationship between hydrate stability and cage occupancy is 

quantified. Additionally, the two relevant fracture mechanisms have been identified. All of these 

findings establish a thorough comprehension of sI gas hydrates under pressure. This thesis 

provides not only a quantitative deep understanding of how the gas hydrate would react under 

pressure, but also an advanced and reliable method for examining in the future the stability of other 

hydrogen-bonded materials. 


