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Abstract

Compact models are tools used by the semiconductor industry for digital prototyp-
ing of integrated circuits. They are analytical parametrizations of the current-voltage
characteristics of nanoelectronic devices in terms of hundreds or thousands of em-
pirical parameters. In this thesis, we present accurate compact models of ballistic
metal-oxide—semiconductor field-effect transistors using less than ten parameters, all
of which have a clear physical interpretation. In addition to having great predictive
power, the models that we present are important conceptual guides for device research
and development. We focus our attention on transistors composed of monolayer black
phosphorus, a two-dimensional semiconductor with unique electronic and mechanical

properties which make it a promising candidate for novel digital logic applications.

Résumé

Les modeles compacts sont des outils utilisés par I'industrie des semi-conducteurs pour
le prototypage numérique de circuits intégrés. Ces modeles décrivent, en utilisant des
centaines ou des milliers de parametres empiriques, les caractéristiques des composants
nanoélectroniques. Dans cette thése, nous présentons des modeles compacts précis de
transistors a effet de champ a grille métal-oxyde balistiques utilisant moins de dix pa-
rametres, qui ont tous une interprétation physique claire. Ainsi, en plus d’avoir une
grande puissance prédictive, les modeles que nous présentons sont des guides concep-
tuels importants pour la recherche et le développement dans le domaine de la nano-
électronique. Nous concentrons nos efforts sur des transistors composés de phosphore
noire monocouche, un semi-conducteur bidimensionnel aux propriétés électroniques et

mécaniques uniques et prometteuses pour des applications technologiques novatrices.
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Preface and Statement of Originality

The manuscript for this thesis was entirely written by myself, Raphaél Prentki. Addi-

tionally, all figures presented in this thesis were designed by myself.

In this thesis, I explore the idea of compact modeling of nanoelectronic devices from

robust physical arguments and first-principles simulations, with a focus of ballistic monolayer

black phosphorus (ML-BP) metal-oxide-semiconductor field-effect transistors (MOSFETS).

Some of the original ideas that I present in this thesis are:

An approximation formula for the capacitance of a parallel plate capacitor with rect-
angular plates exact within ~ 1% for all values of the ratio of plate separation to plate

width, as exposed in Sec. 3.1.1.7,

A threshold voltage extraction method based on the concept of ballistic mobility for
ballistic MOSFETs biased at drain voltages smaller than the thermal voltage, as ex-
posed in Sec. 3.2.2.1,

The demonstration that the transfer and output characteristics of ballistic ML-BP
MOSFETs can be described accurately within the capacitor model, as exposed in

Sec. 4.2,

The demonstration that the output characteristics of ballistic ML-BP MOSFETs can

be described accurately within the virtual source model, as exposed in Sec. 4.3

An accurate semiphenomenological parametrization of the velocity of charge carriers
in the saturation regime in terms of the gate voltage and the threshold voltage, as

exposed in Sec. 4.3.
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1 Introduction

1 Introduction

Transistors and other semiconductor devices have undergone an uninterrupted minia-
turization over the past fifty years, and are now reaching the nanoscale. This represents
a fundamental barrier in the understanding of electronic devices: at the atomic scale, it is
quantum phenomena that dominate the physical properties of these systems. To understand
the experimental data and the physics of these nanoelectronic devices, it is important to
develop an appropriate theoretical formalism and associated modeling tools which are ca-
pable of making quantitative and material specific predictions of device characteristics from
first-principles (or “ab initio”). One of the most successful formalisms for atomistic mod-
eling of quantum transport is density functional theory (DFT) within the nonequilibrium
Green’s function (NEGF) formalism. Since its conception by Guo et al. [1], the NEGF-DFT
technique has emerged as a very powerful and practical method for predicting nonlinear and

nonequilibrium quantum transport properties of nanoelectronic devices.

A profusion of semiconductor devices is found in contemporary technologies, ranging
from microprocessors to photovoltaic cells. Numerical simulations most often guide the de-
sign and control of such devices. Ab initio physics-based simulations of nanoelectronic devices
take exceedingly large amounts of time to run, and are thus mostly impractical for the semi-
conductor industry. Instead, this industry uses compact models, which typically parametrize
electronic devices by the hundreds or even the thousands of empirical parameters that are
fitted from experimental data. However, these parameters become difficult to measure at
the nanoscale. Moreover, curve-fitting-based compact models offer little conceptual insight
on the physics of these devices, which is critical to guide our thinking in device research and

development.

The virtual source (VS) model, which was recently developed by Antoniadis et al. [2-4],
offers hope in this regard. In this model, nanoelectronic devices are parameterized by around
ten parameters, all of which have a clear physical interpretation, such as the charge car-

rier’s effective mass, mean free path, and effective mobility. By measuring these parameters
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1 Introduction

experimentally, the current-voltage characteristics of metal-oxide-semiconductor nanoscale
field-effect transistors (MOSFETS) can be modeled with surprising accuracy within the VS
model [2,3].

My Masters research project consists in computing the parameters of the VS model
for various MOSFETSs from first principles, as well as investigating first-principles compact
modeling more generally. I chose monolayer black phosphorus (ML-BP) MOSFETs as the
object of my investigation. Ever since few-layer BP was first obtained by scotch tape-based
mechanical exfoliation in 2014 [5], ML-BP has emerged as a promising material for na-
noelectronics applications [6,7]. Indeed, ML-BP possesses critical advantages over other
two-dimensional layered materials that have been studied recently. First, unlike graphene,
ML-BP has a bandgap, making it suitable for transistors applications. Second, while they
do possess an appropriate bandgap, being compounds, monolayer transition metal dichalco-
genides are harder to fabricate with high purity than ML-BP; high purity is a requirement to
achieve an optimal charge carrier mobility [8]. Overall, my Masters thesis project fits within
the research and development of sub-10 nm technology, which as of yet has not been made

commercially available.

This thesis is organized as follows. First, in the remainder of Sec. 1, I further my in-
troduction of compact modeling, first-principles simulations, and two-dimensional semicon-
ductors. Second, in Sec. 2, I develop a brief and general tutorial exposition to the operating
principles of MOSFETs in terms of energy band diagrams, followed by a more thorough
description of charge transport in MOSFETs from the diffusive (long-channel) to the ballis-
tic (short-channel) limits. Additionally, I introduce the concept of ballistic mobility, which
describes ballistic MOSFETs in the language of diffusive transport, and I state the regime
of validity of this description. Third, in Sec. 3, I expose various calculation methods of four
crucial parameters for MOSFET modeling: the gate capacitance, the threshold voltage, the
subthreshold swing, and the drain-induced barrier lowering. These calculation methods are
either based on purely analytical arguments, or on extraction from current-voltage charac-
teristics. Fourth, in Sec. 4, I compare compact models based upon the ideas developed in

the two previous sections to current-voltage characteristics of ballistic ML-BP MOSFETs
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1 Introduction 1.1  Compact modeling

computed from first-principles simulations. Finally, in Sec. 5, I conclude by summarizing

this thesis and outlining a future project.

1.1 Compact modeling

A compact model is an analytical parametrization of the current through an electronic
device as a function of its input voltages. Compact models are used in circuit simulators
for the purpose of predicting the integrity and behaviour of large-scale circuits, in which a
great number of devices are interconnected. Compact models must therefore have the two

following characteristics:

e They must be sufficiently simple and stable for a large-scale circuit simulator to run

quickly and robustly.

e They must be sufficiently accurate to avoid any appreciable compounding of errors on

such a simulator.

The simplest example of a compact model, familiar even to most high school students, is
Ohm’s law, which states that the current I through a resistor is proportional to the voltage

V' applied across its electrodes:

==V (1)

The coefficient of proportionality % is known as the conductance of the resistor. As
expressed in Eq. 1, the compact model parameter % can be thought of as being entirely
phenomenological. It can be obtained from linear fitting on the current-voltage characteristic
of a resistor, without any underlying understanding of the scattering processes ultimately
leading to the accuracy of Eq. 1. Alternatively, % may be defined and characterized more
formally within a physical theory. For example, semiclassically, the Drude model [9, 10]
relates % to material-specific parameters and physical quantities pertaining to the scattering
of electrons. Eq. 1 may also be derived from a microscopic approach based on dressed Green’s

functions and vertex corrections [11,12].
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1 Introduction 1.1  Compact modeling

Thus, we see that compact models may be either constructed from a theory based
on firm physics-based arguments, or from a purely ad hoc approach where the physical
phenomena dictating charge transport in the device are not considered. The former is often
referred as a bottom-up approach, while the latter is referred as a top-down approach. Top-
down approaches to compact modeling focus on intended applications rather than charge
transport properties of modeled device. As such, models based on this approach are most
often difficult to generalize. For example, a top-down model developed for a Si-channel
Si05-oxide MOSFET may not be easily adapted to model a MOSFET of identical geometry
but built with different materials. Bottom-up compact models, in which all parameters have
a precise physical interpretation, do not suffer from this flaw. Furthermore, a particularly
desirable property of a compact model is scalability, namely the ability to properly model
devices of various dimensions. Top-down models may or may not be scalable. However,
bottom-up compact models all have this property, at least to a certain extent. This makes
bottom-up compact models important guides for device research and development in a field

governed by Moore’s law.

Compact modeling has become increasingly important for the semiconductor industry
in the past decades [13]. Indeed, transistors are becoming smaller in size, and more numer-
ous on integrated circuits. As such, manufacturing circuit prototypes using state-of-the-art
techniques such as photolithography has become prohibitively expensive. The semiconductor
industry has thus turned to compact modeling for the purpose of research and development
of complicated integrated circuits. Circuits are simulated and adjusted until the desired
operation is reached. Only then is the circuit prototype first manufactured. We note that
the most commonly used circuit simulation software is SPICE (Simulation Program with

Integrated Circuit Emphasis) [14].

The SPICE Level 1 model [15] was amongst the first compact models for very long
channel MOSFETS, and was developed in the early 1970s. This model was derived from a
careful examination of drift-diffusion transport and electrostatic effects in MOSFETs [16].

In the SPICE Level 1 model, the drain current of a MOSFET in expressed as a function of
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1 Introduction 1.1  Compact modeling

the drain voltage Vps and gate voltage Vg as:

0 for Vgg < Vr
Ins (Vps, Vas) = 4 B (VGS —Vy — 7) Vps  for Vgg > Vi and Vgg — Vip > Vps  (2)
g (VGS - VT) (1 + /\Vgs) for Vgg > Vr and Vgg — Vpr < Vpg

where 3, Vp, and )\ are the parameters of the model. The SPICE Level 1 model is of great

simplicity and based upon robust physics, but suffers from two important flaws:

e The drain current is approximated to be 0 for gate voltages Vigg smaller than the
threshold voltage V. This approximation is incorrect, and corresponds to ignoring an

important fraction of leakage currents and power dissipations.

e For Vg > Vi, the drain current is approximated to be piecewise linear function of Vpg.
In reality, the drain current of a MOSFET is a smooth function of Vpg. Furthermore,
as a result of this approximation, the drain current in the SPICE Level 1 model is

systematically overestimated.

We note, however, that while these shortcomings alone would make the SPICE Level 1 model
unusable for the development of present-day integrated circuits, they were not considered to

be severe in the 1970s.

Over the years, more complicated compact models were developed [17,18]. Currently,
typical MOSFET compact models used by the semiconductor industry include hundreds
or thousands of parameters, a significant fraction of which are purely phenomenological
in nature, and obtained from fits with experimental data. Synopsys Sentaurus ® is an
example of such a modern-day compact model, and requires approximately 750 parameters
to simulate a MOSFET [19]. We wish to give a flavour of the type of parameters used in this
compact modeling software. The University of Bologna bulk mobility model [20,21] is used
in Synopsys Sentaurus ® to describe the temperature (7') dependence of the contribution
of dopant scattering to the carrier mobility. In this model, the dopant-limited mobility is

parametrized as:

paop (T) = pto (T) + pr (1) —po () (ND,NA,T{ 5

T (22) 4+ (2)" 1+ (B da)”
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1 Introduction 1.2 First-principles simulations

where Np and N4 are respectively the donor and acceptor dopant concentrations, and where:

03 (T)Zumax< L >_7+C(3£K>

300 K
toaNp + poaNa
T) = (4)
pio (T) N, E N,
N N
1 (T) = U1dVp + 1adV A
Np+ Ny

The bulk dopant-limited mobility is thus parametrized by 13 (possibly T-dependent)
parameters that were fitted from experimental measurements of Hall mobilities [21]. These
parameters depend not only on the chemical nature of the host material (typically silicon),
but also the nature of the dopant atoms themselves. Hall mobility measurements and fitting
procedures must therefore be repeated for any desired combination of host material and

dopant atoms.

Moore’s law is a prime example of an epiphenomenon, namely a mathematically de-
scribed trend emerging from a swarm of events characterized by irregularity and sporadicity.
Those events are the small and great nanoelectronics breakthroughs driven by the thou-
sands of device engineers and physicists around the world. As transistors are made smaller,
the nature of the physical phenomena which most accurately describes charge transport
changes. Additionally, the industry requirements for compact models have become increas-
ingly strict [13]. This makes compact modeling an exciting and challenging research field for

device physicists and electrical engineers.

1.2 First-principles simulations

As we have seen, compact model parameters are typically obtained through fitting proce-
dures from experimental data taken on the material or electronic device to be modeled. One
of the goals of this thesis is to demonstrate the possibility of compact modeling from theoret-
ical arguments and first-principles simulations. Condensed matter systems are all composed

of positively charged nuclei and negatively charged electrons interacting electromagnetically.

Page 6



1 Introduction 1.2 First-principles simulations

In the nonrelativistic limit, their properties are best described by their quantum states, which
evolve according to the Schrodinger equation. A first-principles calculation of a condensed
matter system consists in describing its properties at the atomic level by its quantum state,
and calculating its dynamics by solving the Schrédinger equation. These calculations are
seldom tractable analytically, and thus most often require extensive numerical calculations.
In this latter case, we refer to this process as a first-principles simulation. These simulations
offer the greatest amount of predictive power available to us within our present theories
of physics about condensed matter systems. FETs are no exception to this rule: their be-
haviour is best predicted in silico. To properly simulate a FET, at least three ingredients

are required.

First, a formalism to describe the interactions between charges is required. FETs con-
tains free charges - such as electrons and holes - as well as bound charges - such as dopant
atoms. The electromagnetic interaction between these charges is most accurately described
by quantum electrodynamics (QED). However, due to its simplicity and validity down to
the atomic scale, classical electrodynamics is typically used to describe electromagnetic in-
teractions in nanoscale devices. Indeed, the lowest-order QED correction to the Coulomb
potential of the electric potential V' (r) of an electron, known as the Uehling potential [22],
is exponentially suppressed over a lengthscale of the order of the Compton wavelength of the

electron \ ~ 10712 m:

4nr

e 1 a e A

Vir)=— -1+ -— 5

(r) Ameg r g (&)% - (5)
)

where r denotes the distance from the electron. Therefore, in the context of FET simulations,
Poisson’s equation for the electric potential ¢ is the descriptor of electromagnetic interactions

between charges:
V(eVe)=—p (6)

where p and € respectively denote the charge density and the permittivity. Note that in the
most general case, the permittivity ¢ = ¢ (¢,w) is a function of electronic wavevector ¢ and

electronic energy £ = hw. Under such circumstances, Poisson’s equation is most readily
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1 Introduction 1.2 First-principles simulations

solved in Fourier space, in which it can be expressed as:

e (q.w) ¢ (¢, w) = p(q,w) (7)

The real-space potential can then be obtained by means of inverse Fourier transform. The ¢
and w dependences of the permittivity are of prime importance in condensed matter systems;

notably, the former describes the screening of electric fields by mobile charges in metals.

Second, a formalism to describe atomistic properties of charge carriers is required. Such
a formalism describes the interaction between mobile charges and the crystalline lattice,
namely the bandstructure of the material of which the simulated MOSFET is composed.
For example, in a semiconductor, the bandgap and carrier effective masses are described by
the chosen atomistic formalism. Quantum Monte Carlo [23] and density functional theory
(DFT) [24-26] are often used for this purpose. Another such formalism is the tight-binding
model, where electronic states are approximated as superpositions of finitely many orbitals
centered around each atomic site, which we label by i. In the tight-binding Hamiltonian
H, mobile charges are allowed to jump between neighbouring atomic sites ¢ and j; the
probability of such events is quantified by the hopping parameters ¢;;. Note that these
hopping parameters typically need to be computed from more elaborate atomistic formalisms,
such as density functional theory. The tight-binding Hamiltonian is given by:

H=Y tijala; — > Viala; (8)
(i.5) i
where > denotes a sum over pairs of neighbouring sites, az and a; respectively the creation
and angfﬁlilation operators on site ¢, and V; the on-site energy on site .

Third, a formalism to describe the transport properties of charge carriers under nonequi-
librium conditions is required. Biasing the leads of a transistor corresponds to introducing
a spatial dependence to the Fermi level of carriers across the device. Different Fermi levels
describe different occupation functions, and as a result, charges flow along Fermi level gra-
dients. In particular, electrons flow from regions of high Fermi level to regions of low Fermi
level. The Boltzmann transport equations [27] describe this flow of charges semiclassically.

On the other hand, the nonequilibrium Green’s functions formalism (NEGF) [1,28] describes
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1 Introduction 1.2 First-principles simulations

the same phenomenon on purely quantum mechanical grounds, and thus incorporates phe-
nomena such as quantum interference and quantum tunnelling. The central mathematical
object in NEGF is the Green’s function, defined for a device with two leads (which we will

refer to as the source and the drain) as a function of carrier energy F as:

G(E)=1lim[(E+in)I—H—Xg(E)—Zp (E)]" (9)

=1i
n—0
n>0

where I denotes the identity matrix, H the Hamiltonian of the device channel (which could
be, for example, a tight-binding Hamiltonian as defined in Eq. 8), and ¥g (Xp) the self-
energy operator quantifying the interactions between the channel and the source (drain)

lead [28]. One then defines the transmission function as:
T(E)="Tr [I's(E)G (E)Tp (E) G (B)] (10)

where I's p (E) =i [Ysp (E) — Xs.p (F)]. The transmission function can be thought as the
transmission probability through the channel of a carrier of energy E multiplied by the
number [29] of conduction modes at energy E. The current through the device (from the

source to the drain) is then obtained from the Landauer-Biittiker formula [12]:

1= [TE)fs(8) ~ o (B))as (1)

where fg (E) and fp (F) are respectively the source and drain Fermi distributions, and where
we have assumed spin degeneracy as well as coherent transport. Note that as expressed in
Eq. 10, the transmission function T (F) can describe transport under ballistic conditions,
as well as transport limited by some forms of impurity scattering and surface scattering
(if a self-energy term associated with scattering is included in the definition of the Green’s
function in Eq. 9). However, Eq. 10 and Eq. 11 cannot describe scattering in general;
notably, they are unsuitable to describe systems with phonon scattering and electron-electron
scattering. Fortunately, they can be generalized to describe more general charge transport

mechanisms [30].
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1 Introduction 1.3 Two-dimensional semiconductors

1.3 Two-dimensional semiconductors

Two-dimensional materials exhibit a number of surprising properties. Perhaps most sur-
prising to the theoretical physicist is their very existence. Indeed, according to the Mermin-
Wagner theorem [31], there is no stable long-range ordered continuous symmetry state with
finite-range interactions in 2D and at non-zero temperatures. The Mermin-Wagner theorem
thus forbids the existence of arbitrarily large 2D crystals. Nevertheless, finitely-sized 2D
crystals are possible, as long as their dimensions are sufficiently small. It is unlikely that
the limitation set by the Mermin-Wagner theorem will ever hinder real-world applications
of two-dimensional materials. Indeed, the magnitude of the fluctuations associated with the
instability of two-dimensional materials diverges logarithmically with their sizes; the slow
nature of this divergence makes it seldom prohibitive. Perhaps even more importantly, 2D
crystals are typically supported by substrates that, by their three-dimensional nature, quench
the out-of-plane phonons corresponding to the aforementioned fluctuations. As a proof of

concept, a 100 m long sheet of graphene was fabricated in 2012 by Kobayashi et al. [32].

Two-dimensional materials have been an active research topic since the isolation and
characterization of graphene in 2004 [33]. Since then, several two-dimensional materials have

been considered for digital logic applications. We consider three categories of such materials:
e Monolayer semimetals: graphene, silicene, and germanene,

e Monolayer transition metal dichalcogenides, such as molybdenum disulfide (MoS;) and

tungsten diselenide (WSey),

e Monolayer black phosphorus.

In the case of MOSFET applications, the dimensionality of those materials offers two
principal advantages. First, due to the subnanoscopic thickness of two-dimensional semi-
conductors, the position of the inversion layer in a MOSFET channel composed of a two-
dimensional semiconductor will inevitably be extremely close to the gate oxide layer. The
capacitive coupling between the gate and the channel will thus be enhanced, leading to a

smaller subthreshold swing, and therefore smaller leakage currents and power dissipations.
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1 Introduction 1.3 Two-dimensional semiconductors

Second, due to their out-of-plane structural flexibility, two-dimensional semiconductors offer

new prospects for bendable electronics.

Composed of carbon atom on a monolayer honeycomb lattice, graphene is a semicon-
ductor with no bandgap [34], namely a semimetal. The corresponding “low effective mass”
of electrons and holes in graphene leads to extremely high charge carrier mobilities [35] of
the order of 15 000 cm? - V™! - s [36]. For this reason, graphene has been considered as a
promising surrogate to silicon in transistors [37]. However, the lack of bandgap of graphene
leads to transistors with rather poor ON-OFF ratios [38]. This significantly decreases the
power efficiency of graphene-based transistors, thus hindering the adoption of graphene to-
wards digital logic applications. A solution to this problem would be create a bandgap
in graphene [39], but such procedures typically decrease the charge carrier mobility. Other
group-IV semiconductor monolayers, silicene [40] and germanene [41], have similar electronic
properties. Importantly, we note that the bandgap of silicene is tunable through appropriate

doping [42].

Transition metal dichalcogenide (TMDC) monolayers are atomically thin materials with
chemical formula MXs, where M is a transition metal, and X is a chalcogen. TMDC mono-
layer are direct bandgap semiconductors [43], making them appropriate candidates for tran-
sistor applications [44]. Notably, a MoSs-based MOSFET with a 1 nm channel length was
fabricated in 2016 [45]. Despite these exciting prospects, TMDCs suffer from low charge
carrier mobilities, typically ranging from ~ 10 cm? - V™'s™ to ~ 200 cm? - V™ 's~! [46-48].

Monolayer black phosphorus (ML-BP), or phosphorene, is a two-dimensional allotrope
of phosphorus. Few-layers BP, which is composed of a small number of phosphorene layers
bound by Van der Waals forces, was first isolated in 2014 by means of mechanical exfoliation
from bulk black phosphorus [5,49]. Due to its large bandgap of ~ 1.8 €V [50,51], ML-BP is a
strong competitor to graphene for FET applications. Charge carrier mobility in few-layers BP
FETs were measured to be of the order of 102 cm?-V™'s™! to 10° cm?-V~'s™! [52-55]. Further
theoretical investigations produced similar results, together with similarly high charge carrier

mobility in ML-BP [8,56]. ML-BP is thus seen to be a two-dimensional material solving
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the shortcomings of graphene and TMDC monolayers for FET applications: it possesses a
bandgap, and has large charge carrier mobility [57]. Furthermore, ML-BP is anisotropic; the
two principal axes of the ML-BP crystal structure are known as the armchair direction (AD)
and the zigzag direction (ZD). As such, the charge carriers effective masses (relative to the
free electron mass) are direction-dependent, varying from ~ 0.17 (AD) to ~ 0.87 (ZD) in
the case of electrons, and from ~ 0.19 (AD) to ~ 1.17 (ZD) in the case of holes [58]. This
effective mass anisotropy has been shown to provide means towards low OFF-state currents
and low switching times for ML-BP MOSFETSs [59]. Few-layers BP and ML-BP were also
shown to have good mechanical flexibility [60,61], making it a good candidate for bendable
electronics. We thus believe ML-BP to be a very promising two-dimensional material for

transistor and digital logic applications [6,7,62].

Parenthetically, we note that the saga of few-layers BP is one where the relevance of
first-principles simulations is particularly outstanding. Indeed, in practice, few-layers BP is
difficult to isolate and manufacture into nanoelectronic devices, as it is particularly prone to
photooxidation [63]. Few properties of this novel material could be probed experimentally
after it was first isolated, especially in the monolayer case. The quick response of computa-
tional physicists [56] bridged this gap in our knowledge; to this day, three years later, much

of what we know about few-layer BP still comes from first-principles simulations.

1.4 Goals

In this thesis, we aim to build a bottom-up compact model for nanoscale ML-BP MOS-
FETs. The “empirical” data to which we will compare our model was obtained from first-
principles simulations based on the TB-NEGF formalism [6]. The TB Hamiltonian used in
these simulations considers up to third-nearest neighbour hopping; the hopping parameters

and on-site energies were computed using DFT and the GW approximation [58,64].

We focus our attention on four particular ML-BP MOSFETs: one with a 10 nm channel

oriented along AD, one with a 10 nm channel oriented along ZD, one with a 5 nm channel
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Oxide

Oxide

Figure 1 — Device structure of the MOSFET under consideration throughout this thesis.

oriented along AD, and finally, one with a 5 nm channel oriented along ZD. The source
and drain of these devices is taken to be ML-BP oriented along the same direction as the
channel. The channel is undoped, while the source and drain are n-doped at a concentration
of 7.0 x 10" cm™2. Furthermore, the devices are taken to be double-gated, with gate lengths
identical to the channel length. The oxide layers are 2 nm thick and composed of HfOs,
a dielectric material with relative permittivity e, &~ 25. Finally, the device is taken to be
periodic along the axis perpendicular to the transport direction in the channel plane. The

geometry of these devices is illustrated in Fig. 1.
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2 From the Diffusive to the Ballistic Limit

This section starts with a brief overview of the operating principles of MOSFETS, tied
with an exposition of some of the standard terminology used in the study of MOSFETs
and transistors in general. We then introduce the fundamentals of diffusive transport in
MOSFETS, a description valid in the long-channel limit. Two formalisms for ballistic trans-
port are then exposed: one based on the Landauer-Biittiker formalism, and one based on
self-consistent MOS electrostatics. We conclude this section by introducing the concept of

ballistic mobility, which relates the ballistic transport and diffusive transport formalisms.

2.1 Operating principles of MOSFETSs

A transistor is an electronic device composed of a semiconducting channel and three
electrodes for connection to an external circuit. Charge transport in the channel occurs
between two of these electrodes, usually known as source and drain, or emitter and col-
lector. The current through a transistor increases with the voltage applied between these
two electrodes, which is known as the drain voltage (and denoted by Vpg) in the context
of MOSFETs. The conduction through the channel is modulated by the voltage applied on
the third electrode, known as the gate, which is capacitively coupled to the channel. The
voltage applied between the gate and the source is known as the gate voltage, and denoted
by Vgs. In what is known as an enhancement mode n-channel transistor, the conductivity
increase as Vg increases. Therefore, in such a transistor, the drain-to-source current Ipg is
only “high” if both the drain and gate voltages are high. Informally, in terms of digital logic,
an enhancement mode transistor can therefore be thought of as an AND gate in which Vpg

and Vg are the gate input and Ipg is the gate output.

As a side note, n-channel transistors have for principal charge carriers electrons, while p-
channel transistors have holes as principal charge carriers; conduction through the transistor

channel increases with Vg in the n-channel case, and decreases with Vg in the p-channel
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case. Furthermore, an enhancement mode transistor is one where the conduction through
the channel is minute at Vg = 0, while a depletion mode transistor is one where this
conduction is significant at Vg = 0. For the remainder of this thesis, we will solely consider

enhancement mode n-channel transistors.

2.1.1 Field effect

The field effect is the physical mechanism by which the conduction through the channel
of a transistor is modulated by the applied gate voltage. Applying a gate voltage to a
transistor induces an electric field orthogonal to the channel plane. Given the small free
charge carriers densities in semiconductors, the screening of this field within the channel is
relatively small, resulting in the penetration of this field into the channel. Electric fields
alter the energy states available for charge carriers and therefore their occupancies. This

shows how an applied gate voltage affects the conductivity of a transistor channel.

2.1.2 Band diagrams

Band diagrams are useful tools to study charge transport in semiconductor devices. By
definition, they are plots of the Fermi level and energy band edges (such as the conduction
band minimum and valence band maximum) as a function of some spatial dimension through
the structure of interest. It is important to note that the concept of a band diagram is only
appropriate in the regime of validity of band structure theory. Thus, for devices with features
of very small sizes, in which Bloch’s theorem is not applicable, band diagrams are not suitable

tools.

Herbert Kroemer’s 2000 Nobel Lecture [65] best epitomizes the importance of band

diagrams in semiconductor physics.

Kroemer’s Lemma: If, in discussing a semiconductor problem, you cannot draw an energy

band diagram, this shows that you don’t know what you are talking about.
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Kroemer’s Corollary: If you can draw one, but don’t, then your audience won’t know

what you are talking about.

Energy
Energy

= Conduction band minimum E¢
e Source Fermi level Ep
Drain Fermi level Er,

= Conduction band minimum E¢
e Source Fermi level Ep
Drain Fermi level Er,

| | | | | |
Position along the transport direction Position along the transport direction

(a) Vps =Vgs =0 (b) Vbs >0 and Vgs =0

Increasing Vs

Energy

e Conduction band minimum E¢
s Source Fermi level Epy
Drain Fermi level Ep,

Position along the transport direction
(C) Vps > 0 and Vgg > 0

Figure 2 — Pictorial band diagrams of a MOSFET with degeneratively doped source and

drain and intrinsic channel, under equilibrium conditions in (a) and out of equilibrium in

(b) and (c).

Following Kroemer’s sagacious advices, we show typical band diagrams of a MOSFET
in Fig. 2. We assume that the channel of the MOSFET is intrinsic, while the source and
drain are degeneratively doped. At equilibrium (namely for Vps = Vg = 0), the Fermi
level is constant throughout the entire device. The doping profile of this MOSFET imposes

the conduction band minimum FEq to be below the Fermi level in the source and drain, and
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above the Fermi level in the channel; charge rearrangement effects make the transition of
E¢ from its source/drain value to its channel value smooth. Thus, the equilibrium band
diagram resembles that shown in Fig. 2a. By applying a drain voltage Vpg > 0, the drain
Fermi level is brought down relative to the source Fermi level, resulting in a band diagram
akin to that of 2b. Finally, by further applying a gate voltage Vzs > 0, the value of E¢ in

the channel is decreased, by virtue of the field effect, as shown in Fig. 2c.

The principal charge transport mechanism in MOSFETs is thermionic emission: elec-
trons in the high-energy thermal tail of the source and drain Fermi distributions may be
injected over the potential barrier formed by E¢ in the channel, resulting in charge trans-
port through the device. If Vpg = 0 the injection probabilities of electrons in the drain and
source over the barrier are identical: the net drain current is Ipg = 0. These probabilities
are no longer identical for Vpg # 0, resulting in a drain current Ipg # 0. Furthermore, given
the exponential nature of the thermal tail of Fermi distributions, the injection probability
of electrons over the barrier is significantly increased by lowering the barrier height. As a
result, given Vpg > 0, Ipg is significantly increased by increasing Vi;g. This picture of charge

transport in MOSFETs is why they are sometimes referred to as barrier controlled devices.

Finally, we mention two of the many caveats to the discussion above. First, thermionic
emission is not the sole charge transport mechanism in MOSFET. Indeed, low-energy elec-
trons can undergo quantum mechanical tunnelling from the source to the drain and wvice
versa. This effect becomes more important as the channel length is decreased. However,
even for sub-10 nm MOSFETS, the contribution of the tunnelling current to the total current
is very modest, especially for large values of Vg and Vpg. It is nevertheless not completely
negligible, as the induced leakage currents can increase power consumption. As a side note,
tunnelling is not readily described by the Boltzmann transport equations, making NEGF a
more appropriate formalism for studying charge transport in nanoscale MOSFETs. Second,
we have so far assumed that Vg was the sole voltage controlling the barrier height. How-
ever, this is not the case, especially in short-channel MOSFETs. Indeed, when the capacitive
coupling between the drain and channel is not negligible, as Vpg is increased, the barrier

height is lowered. This effect is known as drain-induced barrier lowering (DIBL), and will
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be explored in greater depth in Sec. 3.4.

2.1.3 Current-voltage characteristics

As its name suggests, a current-voltage characteristic of a device is a graph of the cur-
rent through the device as a function of one or several of its input voltages. Beyond the
physical mechanism that dictate what this current might be, it is the current-voltage charac-
teristics that ultimately define the nature of a device, and how it can be used for real-world
applications. For transistors, we distinguish two types of current-voltage characteristics: the
transfer characteristics, and the output characteristics. Transfer characteristics are graphs of
Ips as a function of Vgg and fixed Vpg. On the other hand, output characteristics are graphs
of Ips as a function of Vpg and fixed Vizg. We illustrate these two types of current-voltage

characteristics in Fig. 3.

El- Threshold voltage Vr| | i A

Drain current Ipg

Increasing Vg

Decalogarithmic drain current log,, (Ips)

Gate voltage Vi Drain voltage Vpg

(a) Transfer characteristic at a fixed Vpg > 0 (b) Output characteristics at fixed Vg > 0

Figure 3 — Pictorial representations of the current-voltage characteristics of MOSFETs akin

to those assumed in the making of the band diagrams of Fig. 2.

2.1.3.1 Transfer characteristics

Typical transfer characteristics are illustrated in Fig. 3a. As Vg is increased, due to the

facilitation of thermionic emission over the barrier, Ipg increases. For small values of Vgg,
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the dependence of the barrier height on Vg is linear [66], and hence Ipg is an exponential
function of Vg. For large values of Vg, as the amount of free charges in the channel is
made larger, the electric field induced by the gate is screened. Therefore, the dependence of

the barrier height on Vg is logarithmic, and thus, Ipg is an algebraic function of V.

The value of Vg at the crossover between the exponential and algebraic regimes is
known as the threshold voltage, and is denoted by Vy. We thus refer to the regime of
exponential dependence of Ipg upon Vg < Vp as the subthreshold regime, while we refer
to the regime of algebraic dependence of Ips upon Vg > Vi as the superthreshold regime,
or the inversion regime. Typically, in the inversion regime, Ips o< (Vgs — V)™, where

1<m<2.

When DIBL is present, transfer characteristics are shifted horizontally to the left as
Vps is increased. DIBL can thus be thought of as a modification of the threshold voltage:
Vi — Vi, — 6Vpg, where Vg is the threshold voltage at Vps ~ 0, and ¢ is the DIBL

parameter.

2.1.3.2 Output characteristics

Typical output characteristics are illustrated in Fig. 3b. For small values of Vpg > 0, as
Vps increases, the injection probability of electrons in the drain over the barrier decreases.
The overall dependence of Ipg on Vpg is linear, and for this reason, this regime is called
the linear regime, or triode regime. Now, as Vpg is made larger and larger, eventually, the
injection probability of electrons from the drain is completely suppressed. The drain current
then saturates to a constant value. This regime is thus referred to as the saturation regime,
or pentode regime. A MOSFET can therefore be thought of as a resistor in the triode regime,

and as a constant current source in the pentode regime.

When DIBL is present, Ipg is no longer constant in the pentode regime. Instead, the

pentode regime current exhibits a positive and roughly constant slope.
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2.1.4 Modeling the current-voltage characteristics of MOSFETs

The starting point for any analytical calculation of the current-voltage characteristics of

a MOSFET is to parametrize the drain current as the product of charge and carrier velocity:

Ips =WQ (z)v(x) (12)

It is important to properly define the terms in the formula above. First, W represents the
width of the channel. The number of conduction modes in a MOSFET channel is proportional
to its width [28], which in turns implies that Ips oc W. This relationship only fails for channel
with very small widths, in which quantum confinement effects become important. This limit
is, however, very rarely reached, even in the smallest modern-day MOSFETs. Second, Q (z)
represents the areal charge density at position x along the transport direction in the channel.

Third, v (x) represents the mean velocity of charge carriers at position x.

The current, as expressed in Eq. 12, does not depend on the parameter x. This fact
is a consequence of current continuity [12], an assumption which is exact even when charge
carrier recombination or generation effects take place. Depending on the problem at hand,

calculations of the drain current might be easier to carry out at a specific position x.

2.2 Difftusive transport

The first complete, physical, analytical models for the current-voltage characteristics of
MOSFETs were proposed by Hofstein and Heiman in 1963 [67], and by Sah in 1964 [16].
Both models rely on the drift-diffusion theory for charge transport. Within this fully classical
theory, at or near equilibrium, electrons are frequently scattered and thus move erratically:
they undergo diffusion. Out of equilibrium, on the other hand, electrons acquire a net motion
in the direction opposite to that applied electric field, on top of their Brownian motion. This

net motion along the field line is known as the drift motion. The average speed of electrons
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can then be modeled as:

v(r) = pk(r) (13)

where g is the electron mobility, and E (z) the norm of the electric field at position x along

the channel.
Using Eq. 12, the drain current can thus be expressed above threshold as:

]DS = WCG (VGS - VT) [LES (14)

where we have chosen x to be the position of the source-channel interface, so that
E (z) = Eg, and have parametrized the channel charge to be Cq (Vas — V). Cg denotes

the total gate capacitance.

In the triode regime, the gradual channel approximation holds, so that given an applied
drain voltage Vpg, the electric field is uniform throughout the channel: Fg = % Hence,

the triode regime current is:

%4
IDS 00 = INCGVDS (Vas — Vr) (15)

In the pentode regime, a careful analysis of MOS electrostatics [16,67] indicates that
the electric field at the source is Eg = i (Vas — Vr). The pentode regime current is thus
given by:

w 2
IDSypentoae = 57 HCG (Vas — Vr) (16)

The mean speed of charge carriers at the source in the pentode regime is thus seen to
be:

vSpentode = % (VGS - VT) (17)

Eq. 17, however, fails to consider the increased levels of interaction with the lattice that
arise once the charge carrier kinetic energy is large enough. Most prominent is the scattering
of electrons by optical phonons once the field Fg = ﬁ (Vgs — V) is large enough [68].

Therefore, in the limit of small channel length L or particularly large gate voltage Vg,
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the pentode regime carrier speed must be replaced by a material-specific constant known
as the saturation velocity vg [69]. Typically, the electron velocity saturates at fields of
E ~5x10°V-m™!, which given a typical applied drain to source of Vpg ~ 1 V, occurs for
a channel length of L ~ % ~ 200 nm. Velocity saturation is thus an important effect to
consider for current-day MOSFETs modeling. Heuristically, the saturation velocity can be
estimated as the speed of an electron with kinetic energy equal to the typical optical phonon

energy Fop:
2E,,

mi

~10° m-s* (18)

Usat ™~

where m; denotes the carrier effective mass along the transport direction.

The pentode regime drain current is then given by:

IDS,eniose = WCa (Vas — Vr) Vsas (19)

From Eq. 16 and Eq. 19, we note that Ipg x (Vgs — Vr)™ with 1 < m < 2, and

pentode

that the exact value of the exponent m depends upon the importance of velocity saturation,

and thus on the channel length L.

Finally, we note that the triode and pentode regime currents, as expressed in Eq. 15,
Eq. 16, and Eq. 19, are divergent for L — 0. This calls for revised models for short-channel

devices, which we explore in Sec. 2.3.

2.3 Ballistic transport

As MOSFETs approach the nanoscale, the mean free path of charge carriers between
scattering events approaches channel lengths. Electrons traverse entire devices without un-
dergoing any scattering: they are undergoing ballistic transport. In this regime, the diffusive
transport model of Sec. 2.2 is not an appropriate modeling framework anymore. Most no-
tably, the concept of mobility breaks down in the ballistic limit. Indeed, as explained in
Sec. 2.4, mobility is intimately linked to the timescales associated with scattering events.

When no scattering events take place, such as for ballistic transport, this concept loses its
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meaning. Eq. 15 and Eq. 16 for the drift-diffusion triode and pentode regimes drain current
are thus not valid. Furthermore, velocity saturation effects do not occur in ballistic transis-
tors [70]. Indeed, without optical phonon scattering, there is no velocity saturation. Eq. 19

for the drift-diffusion pentode regime current is thus also not valid.

One of the first complete and consistent ballistic transport model was introduced by
Natori in 1994 [71]. The two ballistic transport frameworks that we expose in this section

are based to a great extent on Natori’s theory.

The development of these models relies heavily on complete Fermi-Dirac integrals, which

we introduce in Appendix A.

2.3.1 Landauer-Biittiker approach to ballistic transport

First, we present a ballistic transport model based on the Landauer-Biittiker formalism,

within which the current is expressed as [28]:

Ins =5 [ T(E)M(E)|fs(E) - fp (E)|dE (20)

Several terms in Eq. 20 need to be defined. First, fsp (E) = {1 + exp (E_:fo’ﬂ B
represent the source and drain Fermi distributions, with Ep, ,, the source and drain Fermi
levels, and T the temperature of the device. Second, T (E) represents the probability
(0 <T(F)<1) that an electron of energy F will transmit from the source to the drain, or
vice versa. We note that the assumption that the source-to-drain and drain-to-source trans-
mission probabilities are equal is in the most general case not valid, but will be appropriate
for the purpose of our analysis. Third, M (E) represents the number of transverse modes of

energy less than E. We include spin degeneracy in M (E), which explains the discrepancy
between Eq. 11 and Eq. 20.

For ballistic transport, tautologically, T'(E) = 1. Furthermore, for a semiconductor

channel with parabolic conduction band, M (E) is obtained by integrating [72] the 1D density
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of states [73] along the width of the device channel:

(21)

where m*, m;, E¢, and gy are respectively the density of states effective mass, effective
mass along the transport direction, conduction band minimum, and valley degeneracy of the

channel electron gas.

By Eq. 20, Eq. 21, and Eq. 128, the drain current can then be expressed in terms of

complete Fermi-Dirac integrals as:

Ny
Ips = WG?UT [9\% (nrs) — ﬁ% (WFD)} (22)
., Ep.—FE,
Where N2 — %’ = 2:7732?’ nFS — F];.SBT C7 and T]FD —_ nFs _ €k‘;Dj§.

Now, we wish to express Eq. 22 in terms of the charge density at the top of the barrier ().
In the ballistic limit, the top of the barrier is populated by two categories of electrons: right-
moving electrons in equilibrium with the source, and left-moving electrons in equilibrium
with the drain. In both cases, the density of states of these electrons is given by [73]
p2 (E) = 220 (E — E¢). Using Eq. 128, the charge density at the top of the barrier is then

given by:

Qo = —eE/ o s (B) + fp (E)] dE

(23)
N.
= —672 [Fo (NEs) + Fo ()]
Combining Eq. 22 and Eq. 23, we then obtain:

1 71 (nrp)

T () |7 7y (o)
Ips =W vp—2 2 24
DS ‘QO‘ [ Tyo (T]FS>‘| 1+ M ( )

520("7FS
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The first term between square brackets in 24 represents the saturation-regime injection
velocity of electrons at the top of the barrier. In the nondegenerate limit, it equals the unidi-
rectional thermal velocity vy, while it equals the Fermi velocity in the degenerate limit. The
second term between square brackets quantifies the saturation of the current as a function of

the drain voltage Vpg: for Vpgs = 0, this factor equals 0, while it approaches 1 as Vpg — o0.

Note that the drain current, as expressed in Eq. 24, depends on 7, a parameter which
a priori is unknown, and can only be calculated after a full bandstructure analysis. Thus,
for each value of the drain voltage Vpg and the gate voltage Vg, to obtain 7g,, one must
first compute the charge at the top of the barrier @)y (for example, above threshold, this
charge can be parametrized as |Qo| = Ce (Vas — Vir)), and use Eq. 23 to extract ng,. Eq. 24
can then be used directly to compute the drain current. In the nondegenerate limit, the
procedure described in this paragraph is not necessary. Indeed, using the asymptotic form
of Fermi-Dirac integrals exposed in Eq. 134, it can be shown that the right-hand side Eq. 24

is independent of Ep,.

To obtain the scaling of Ipg on (Vgs — Vr) in the inversion regime, we first note that
Qo x (Vgs — Vr). In the degenerate limit np, > 0, by Eq. 23 and Eq. 135, Qo x np,, SO
that (Vs — Vr) o« npy. Furthermore, by Eq. 24 and Eq. 135, given that ng, > ng,, at the
most, Ipg 77%5 x (Vgs — VT)Q. On the other hand, in the nondegenerate limit np, < 0,
the drain current Ipg is independent of gy, and hence Ipg o< (Vs — V). We deduce that
in ballistic MOSFETs, Ips < (Vgs — V)™, with 1 < m < 2, and that the exact value of the

exponent m depends upon the degree of degeneracy of the inversion channel 2DEG.

The model developed in this section can be extended to account for scattering [74],
resulting in a description of transport continuous from the drift-diffusion limit to the bal-
listic limit. In this model, the expression for the drain current is similar to that of our
Landauer-Biittiker approach-based model, with an additional parameter r (with 0 <r < 1)

representing the backscattering coefficient of electrons from the drain back to the drain. It
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is given by:
‘gzl(nFD)
1 - —2
1—r F1 (nFs> yl(nFS)
I — W 2 2 25
DS Qo [1+7, lUTfo (nFS)] 1+<1;r) Fo(nrp) (2)
1+r 37;0("7}:‘5)

Finally, while our analysis assumed that the main charge carriers were electrons, we

note that it can be adapted to model hole transport [75].

2.3.2 Capacitor model

The model of Sec. 2.3.1 has the advantage of being completely analytical, in the sense
that the current can be evaluated directly from Eq. 24, without the need of any iterative
numerical procedure. However, it fails to consider certain effects crucial in the modeling
of short-channel ballistic MOSFETs, such as DIBL, the quantum capacitance effect (see
Sec. 3.1.3), and the floating source effect (see Sec. 2.3.2.1). The first two effects can be
included ad hoc within Eq. 24 by defining the charge at the top of the barrier |Qg| to be
Cq (Vas — Vr), with Cg including a quantum capacitance correction term, and Vy a DIBL
correction term. However, this procedure can only be carrier out above threshold. Moreover,
there is no easy way to adapt Eq. 24 to account for the floating source effect. For these
reasons, we will introduce a model for ballistic MOSFETs, called the capacitor model, which
includes a simple iterative calculation accounting self-consistently for MOS electrostatics,

with great predictive power [76].

The first step in developing the capacitor model is to appreciate the fact that the top
of the barrier is a distinguished position along the channel to carry out calculations of the
drain current. Indeed, at the top of the barrier, left-moving states are in equilibrium with the
source, while right-moving states are in equilibrium with the drain (as illustrated in Fig. 4).
The top of the barrier is the sole point in along the channel with this property. The charge
at the top of the barrier ()9 depends upon the source and drain Fermi levels Er, and Ep,,

as well as the top of the barrier energy, which we will call the self-consistent potential Ugcp.
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The heart of the capacitor model is to consider the capacitive coupling between the top of

the barrier and the source, drain, and gate electrodes respectively, as illustrated in Fig. 5.

Py
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v
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\

Energy

e Conduction band minimum F¢
- | s Source Fermi level Ep,

Drain Fermi level Ep,

| |w=wun Top of the barrier dispersion

Position along the transport direction

Figure 4 — Illustrative band diagram for MOSFETs studied in the capacitor model. At the
top of the barrier, the right-moving states are in equilibrium with the source (represented
by a red overline on the dotted dispersion), while the left-moving states are in equilibrium

with the drain (represented by a green overline on the dotted dispersion).

The equilibrium charge density at the top of the barrier is given, according to Eq. 128,
by:

T (26)

where Uscr,, is the equilibrium self-consistent potential. Out of equilibrium, Ep; # Ep,),

Ep—U
o, — —eNo Ty (FSCF)

so that the top of the barrier is populated by left-moving electrons in equilibrium with the

source and right-moving electrons in equilibrium with the drain. The top of the barrier
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Figure 5 — Circuit diagram for the ballistic transport capacitor model. The top of the barrier,
on which the areal charge density is given by @)y, is capacitively coupled to the source, drain,
and gate with capacitances Cg, Cp, and Cg respectively. The drain and gate biases are
respectively Vpg and Vizg. Note that Cg is a purely electrostatic capacitance, and thus does

not include quantum capacitance corrections (see Sec. 3.1.3).

charge density is then given by ()9 = Qo, + Qo, where )y, and @y, are the charge densities

associated with the two aforementioned populations of electrons:

N. Er, — U
Qo, = — 520 (21—
2 kgT (27)
Qo =~ 22, (e~ User)
n 2 kgT
Finally, we define the induced charge density at the top of the barrier to be:
AQo = Qo,, + Qo — Qo
eNy Epy — Uscr eNy Ep, —Uscr
s~ (B ) - L)
= AQo 5 0 ( kT 5 70 kT (28)
Er —Uscr,
N. —
+e Qyo < k’BT )

It is thus seen that the induced top of the barrier charge AQ)y can be found if the self-

consistent potential Ugcp is known. On the other hand, Ugscr is found by solving Poisson’s
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equation. Being linear, Poisson’s equation can be solved by superposition. First, we ignore
the contributions to Ugcr due to the charge induced at the top of the barrier AQy. Defining

the drain and gate control parameters to be respectively:

ap = Cp
P™Cs+Cp+Cq
(29)
ag = Co
Y Cs+Cph+Cq
we find the contribution to Uscp due to the applied voltages to be:
Uscr, = —e(apVps + acVas) (30)

Note that we have assumed the source electrode to be grounded. The second contri-
bution to Ugcr due to the induced charge AQ)q is simply the capacitive charging energy

associated with AQy:
1

U = —
SCF: Cs+Cp+Cq

AQo (31)

By superposition, the net self-consistent potential is then given by:

Uscr = Uscr, + Uscr,
1 (32)

A
Cs+Cp + Cq o

= Ugscr = —e(apVps + acVas) —

It is thus seen that the self-consistent potential Ugcr can be found if AQ)q is known.

The current can then be found using Eq. 22:

Ery — Uscr Ep, - U, SCF)
7 ( lnT ) yé( knT

Ny

[DS = W€7UT (33)

2

Overall, we obtain an iterative algorithm, whose steps are as follows:
1. Guess the value of the self-consistent potential Ugcp.
2. Compute the induced charge density AQy using Uscr and Eq. 32.
3. Compute the self-consistent potential Uscr using AQ)y and Eq. 28.
4. Repeat Step 2 and Step 3 until convergence is attained.

5. Compute the current using Eq. 33.
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2.3.2.1 Floating source effect

Fig. 6 shows that as the gate voltage Vg is increased, the conduction band minimum
in the source E¢, decreases. This phenomenon is characteristic of ballistic MOSFETs and
can be explained as follows. When both the drain voltage Vpg and the gate voltage Vg are

non-zero, the source electrode is populated by three groups of charge carriers:

e Right-moving carriers with energy higher than the barrier height Ugeop that emanated
from the source and are heading towards the drain. This group is in equilibrium with

the source.

o Left-moving carriers with energy lower than the barrier height Ugcpr that emanated
from the source and were reflected by the barrier. This group is in equilibrium with

the source.

e Left-moving carriers with energy higher than the barrier height Uscp that emanated
from the drain and are heading towards the source. This group is in equilibrium with

the drain.

Thus, given a doping density in the source of Np, charge neutrality guarantees that:

Uscr

Np. = / p2 (E — Ec,) f (E — Eg,)dE

S

—0o0

+5 [ p(E=Ee)lf (B~ Er)+ f(E - En, — cVps) dB

Uscr (34)
Erp,—FEc
1+ exp (%) Ny Ers —Uscr
ND :NQIOg f —|—710g [1+exp <S)
s 1+ exp (EFSkB[;SCF> 2 kgT
No Ep, +¢eVps — Uscr
22 0g |1 s )]
g oo (SR

It is thus seen that as Vg increases, which correspond to decreasing Ugcr, the source
conduction band minimum FE¢, must decrease to ensure that the right-hand side of Eq. 34

remains constant. Equivalently, -, can be kept fixed, while Er, increases.

To account for the floating source effect, the algorithm presented in Sec. 2.3.2 must be
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2.3 Ballistic transport
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Figure 6 — Band diagrams of a 10 nm channel ML-BP MOSFET oriented along AD, calcu-

lated using self-consistent TB-NEGF simulations. The drain voltage is fixed at Vpg = 0.4 V,

and the gate voltage is swept from Vgg = 0.725 V to Vg = 0.975 V in steps of AVgs =

0.05 V. We note that the conduction band minimum in the source decreases ~ 10 mV as

Vs increases from 0.725 V to 0.975 V. This phenomenon is known as the floating source

effect. Note that the undulations displayed by these band diagrams are a sign of the decline

of the validity of Bloch’s theorem: peaks and troughs correspond to individual atomic sites.

repeated for various values of Er, until one that ensures charge neutrality in the source is

found.

2.3.2 Capacitor model
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2.4 Mobility

By the Lorentz force law, in a vacuum, an electric field E has the effect of accelerating a
charge ¢ of mass m with acceleration @ = q—j. However, in a typical bulk solid, moving charges
(electrons or holes) are constantly being scattered (by crystal defects, phonons, impurities,
etc.), and are thus not indefinitely accelerated by an external electric field. Instead, the
motion of such charges can be described by their average velocity, called the drift velocity,
which points in the same (opposite) direction of E if ¢ > 0 (if ¢ < 0), and whose magnitude
is given by Ohm’s law:

vp = pE (35)

The constant of proportionality u between the drift velocity vp and the magnitude of
the external field E is known as the mobility, and is a material property depending on a
number of factors such as the electronic and phononic bandstructures, the impurity and

crystal defect densities, and temperature.

2.4.1 Relationship between mobility and scattering time

Let us consider electrons/holes in a crystal with effective masses m* and charge q. We

make the two following assumptions about the scattering of these charges:

e Charges move freely between two scattering events. We define the mean time between
two scattering events as 7, and will henceforth refer to it as the relaxation time or the

scattering time.

e Scattering events are memoryless, in the sense that the distribution of directions of the

motion of a charge after a scattering event is isotropic.

Now, let n (t) denote the number of charges that undergo a scattering event at time t.
Then, at time t 4 dt, the size of this population of charges has decreased by an amount dn =

—%n (t)dt. It follows that the amount of charges that have not undergone any scattering
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event since an arbitrary time ¢, follows an exponential distribution:

n (1) = n o) exp (~—2) (36)

T

Under the semiclassical approximation [77], under the application of an external electric

field E , charges’ velocities U satisfy:

d .,
m*—iv = qk
dt ] (37)
= U(t) :6(t0)+%(t—t0)E
and by isotropy of scattering events, ¥ (to) = 0.
Averaging out, the drift velocity of charges in response to the external field is:
0
1 q -
= — (t —ty) Ed
UD = ) / m*( 0) Edn
n(to)
q =7 t—to (38)
=—F [ =(t—ty)exp|— dt
m* T
to
— Up = LZE
m

Thereupon, using Eq. 35 and Eq. 38, we find that the mobility x4 and scattering time 7
are related through:

qr
= — 39
= (39)

2.4.2 Matthiessen’s rule
Consider n € N scattering mechanisms with associated scattering times 7, 7, -+, 7.

Assuming that all of these mechanisms are independent from each other, using Eq. 36, the

probability that a charge carrier will be scattered at some time ¢ > ¢ is:

. t—to t—1, t—to
xXxexp| — - exp | — - ceeeXp | — -
1 2 n

1 1 1
ocexp[—(t—to)(++---+>}
T2 Tn

(40)
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Thus, as a whole, the scattering mechanisms can be described by a single scattering
time, given by:
1 1 1\!
r= (et ) (41)
T2 Tn

Using Eq. 39 and Eq. 41, we then obtain the following important result:

Matthiessen’s rule: If charge carriers in a material are under the influence of n € N
independent scattering mechanisms with mobilities pq, p2, <+, n, then their drift velocities
can be described by the single mobility:

-1

1 1 1

,u=<++---+> (42)
M1 M2 Hn

2.4.3 Ballistic mobility

As we have seen, ballistic transport consists in the transport of charge carriers with
little or no scattering. This idealized regime of conduction is attained in nanoelectronic
devices with dimensions smaller than the mean free path of charge carriers (namely the
distance travelled by charge carriers during a scattering time). The concept of mobility thus
breaks down in the ballistic regime: charge carriers are accelerated by an external electric
field without being scattered, and their motions cannot be described by a drift velocity.
Nevertheless, in nanoelectronic devices with small dimensions, transport of charge carriers
can still effectively be described by a mobility known as the ballistic mobility, which was

first introduced by Shur [78,79].

2.4.3.1 Derivation of the ballistic mobility in the nondegenerate limit

Consider a MOSFET with channel length L and width W having for main charge
carriers spin-degenerate electrons of density-of-states effective mass m*, effective mass along
the transport direction my, and valley degeneracy gy . Furthermore, let T" be the temperature

of the system. Let E¢ denote the conduction band minimum in the channel. Let Ep, and
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Er

D

respectively denote the Fermi levels in the source and drain of the MOSFET. Assume
that the charge carriers obey nondegenerate statistics, so that their areal densities in the

source and drain are:

m*kgT E —F
gvim ©p exp< Fs.p C) (43)

L —"rs> kT

In the nondegenerate limit, assuming that there are no applied biases on the termi-
nals of the MOSFET, the velocity distribution for charge carriers is a Maxwell-Boltzmann

distribution:

*
P (@) &7 = S Tari-mariqy (44)
m

where mj, and mj are respectively the effective masses along the Cartesian principal axes x
and y of the effective mass tensor of the channel two-dimensional electron gas (2DEG). By

the equipartition theorem, a = The unidirectional thermal speed of charge carriers

_m*
2kpT "

along the transport direction ¢ is thus given by:

vp = (|u]) = //\Utle 2’“BT vi- gt ydvxdvy
(45)
2kpT
— U = "
m}

where m, is the effective mass along ¢. The unidirectional thermal speed corresponds to the

speed of charge carriers in moving from the source to the drain, and vice versa.

The fundamental assumption underlying ballistic transport is that charge carriers re-
main in thermal equilibrium with the electrode from which they emanate as they travel

through the channel of the MOSFET. The current through the MOSFET is thus given by:

I =—eW (nSUT — npor)
— (np/ns) (46)
I =WQu T—
1 + (TLD/ns)
where we have used the fact that the charge in the inversion channel is Q) = —e (ng + np).

Now, let # = 72 = exp (FDiEFS) by Eq. 43. We note that the apphed drain to

source voltage is by definition Vpg = X (Ep, — Ep,). Assuming that Vpg < kL by Taylor
expansion:
6VDS
~1-— A7
x T (47)
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l—a eVps
l+ax  2kgT

(48)

Combining Eq. 46, Eq. 47, and Eq. 48, we find that the ballistic current for small Vpg

is:
GVDSUT
2kpT

Ivan = WQ (49)

On the other hand, the corresponding drift-diffusion current for small Vpg can be de-

scribed by a mobility p:
Vs

Ly = WQ 7

(50)

Thus, an effective mobility, namely the ballistic mobility, can be found by setting I}, =
lqig. From Eq. 49 and Eq. 50:

. ’UTL . el
Hball = 2kgT /e T™mivp

(51)

Physically, upan describes scattering at the source/channel and channel /drain interfaces.
Now, suppose that the channel of the MOSFET under consideration is made of a material

with bulk mobility ppux. Then, according to Matthiessen’s rule (Eq. 42), the net mobility

Mtot:< ! + ! >_ (52)

of the channel is given by:

Hbulk Hball

We can conclude that for Vpgs < k”BjT, the mobility of the channel has a supremum, the
ballistic mobility ppan, set by the channel length L, the carrier effective mass m}, and the

temperature 7T'. This is illustrated in Fig. 7.

2.4.3.2 Derivation of the ballistic mobility for any level of degeneracy

In the drift-diffusion regime, the drain current under low drain bias is expressed as

(Eq. 15):

”
Ips = WQM%S (53)
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1.0
0.8+
06? — Mot
I — Mball
04t
02t
f f i | n f | i f i | f i i ] i i f | i f i | i n ] m
0 2 4 6 8 10 12 14 ma

Figure 7 — 0 as a function of gy, where we have set pp.n = 1. The total mobility e is

seen to be bounded above by .. Note that this conclusion is only valid for Vpg < %

On the other hand, in the ballistic limit, the drain current is (Eq. 24):

F1(nr) — F1 (np — Up)
Ips = WQu 2 2 54
bs ©Qur ZFo (nr) + Fo (nr — Up) (54)
where np = EF:B_TEC and Up = —2‘;D7§. For low drain biases Vpg < %, one has Up =~ 0, so
that the ballistic drain current becomes:
1 0F 1 (77F)
Ips = WQur . Up
1 BVDS
=W — %
QUT 25220 (7]}7‘) -3 (77F> kBT

As before, we simply equate the drift-diffusion current to the ballistic current (Eq. 54
and Eq. 55) to extract the ballistic mobility:

el ﬁ—% (77F>

mmivr Fo (nr)

Mball = (56)

Note that Eq. 56 reduces to Eq. 51 in the nondegenerate limit, by Eq. 134.

We conclude that under ballistic conditions, the current through a device can still be
described in terms of the drift-diffusion formalism, but this procedure only works for drain
biases smaller than the thermal voltage. At room temperature, this voltage equal kBTT ~

25.8 mV. Since typical applied drain biases in MOSFETs are in the range ~ 0V — 2 V| the
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concept of ballistic mobility has a highly limited applicability in the modeling of MOSFETs.

However, it can be used to extract low bias quantities, such as the channel conductivity

g‘l/—DDi [80]. In Sec. 3.2.2, we use the concept of ballistic mobility to extract the threshold
v

Ds=0

voltage from the transfer characteristics of MOSFETs biased at Vpg < kBTT
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3 Important Parameters for MOSFET Modeling

In this section, we develop methods to compute four important parameters in the mod-
eling of MOSFETs: the gate capacitance, the threshold voltage, the subthreshold swing, and
the DIBL. The gate capacitance C¢ is calculated analytically by considering fringing field
effects, wavefunction penetration effects, and quantum capacitance effects. The threshold
voltage Vr is extracted from transfer characteristics; 7 different methods are compared, two
of which are promoted as being more appropriate for modeling purposes. The subthreshold
swing S and DIBL 0 are also extracted from transfer characteristics. Finally, we examine
how the gate and drain control parameters ag and ap, that were introduced in Sec. 2.3.2,

vary as a function of Vpg.

3.1 Gate capacitance

The (areal) gate capacitance C is a crucial physical parameter in the modeling of the
current-voltage characteristics of MOSFETs. Indeed, for gate voltages Vg larger than the
threshold voltage Vr, the absolute value of the (areal) charge density @) at the top of the
potential barrier of a MOSFET is given by:

Q=Cc(Vas — Vr) (57)

While Eq. 57 is not exact, it is accurate enough for the purpose of our compact modeling.
A naive expression for Cg is simply the (areal) capacitance of a parallel plate capacitor with

infinite plane plates:

Ce = % (58)

where € and ¢ respectively denote the permittivity and thickness of the oxide layer between
the metal gate and the semiconductor channel. Nevertheless, this expression fails to consider
a number of physical effects which affect the capacitive coupling between the gate and the
channel. In the following pages, we introduce some of these effects, and attempt to quantify

their contributions to Cg.
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3.1.1 Fringing fields

Deriving Eq. 58 is an exercise typically done in undergraduate classes on electrostatics.
From Gauss’ law, the electric field produced by an infinite plane with uniform areal charge
density o immersed in a medium of permittivity € is equal to 7~ in norm, and points away
from (towards) the plane when ¢ > 0 (when o < 0). Consequently, when two such planes
with opposite areal charge densities 0 are placed parallel to each other and separated by
a distance ¢, the field between them has norm 2 (and points from the plate of positive areal
charge density towards the plate of negative areal charge density), and is 0 everywhere else.
Integrating this field between the two planes, we find that the potential difference between

ot

them is . Therefore, by definition, the capacitance of the capacitor formed by the two

planes is %, as stated in Eq. 58.

The derivation above assumes that the field lines are entirely located between the two
planes, and are strictly orthogonal to them. However, when the dimensions of the planes
are finite, fringing fields appear. Fringing fields are fields that curl around the edges of the
plates of a finitely sized capacitor. Their existence is guaranteed by Gauss’ law. Indeed,
consider the closed loop ~ illustrated in Fig. 8. If the electric field E remained orthogonal
to the planes and terminated abruptly near their edges, then the line integral ¢, E - dl could
not be equal to 0, thus violating Gauss’ law. The effect of fringing fields is to increase the

value of the capacitance compared to that calculated from Eq. 58.

3.1.1.1 Statement of the problem and outline of its solution

Consider two metallic plates, P; and P,, of infinitesimal thickness immersed in an envi-
ronment of permittivity e. These plates are both of infinite extent along the z dimension, and
finitely sized along the x dimension. We define the width w of the plates to be their extent

along the x dimension. Finally, the two plates are placed parallel to each other, separated
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Figure 8 — Fringing fields near the edges of a finitely sized parallel plate capacitor. The
capacitor represented has plates of width w = 8 separated by a distance of t = 2, and with

electrostatic potentials j:%.

by a distance ¢ along the y dimension, so that we can formally define P, and P, to be:

Plz{(fl',y72) ER?)

P2 - { (Jf,y,Z) €R3

We set the electrostatic potentials on P, and P, to be respectively % and —%. The
problem that we now aim to solve is the following: what is the capacitance of the capacitor
formed by the plates P, and P»? This problem could, of course, be solved numerically
by discretizing space on a lattice I and casting Poisson’s equation into a matrix equation

on L. However, following our philosophy that complicated numerical procedures are not
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appropriate for the purpose of compact modeling, we will instead attempt to solve this

problem analytically.

Calculating analytically the capacitance of a finite parallel plate capacitor, taking fring-
ing fields into consideration, is a problem that has been approached by Maxwell [81], who
used a number of simplifying approximations. Thomson [82] later suggested an exact ap-
proach to the problem making use of conformal mappings, which was worked out by Love and
Bromwich [83], and promoted by Palmer [84]. It is this approach that we will expose. We

will ultimately obtain an exact analytical expression for the capacitance under investigation,

w

7 and the permittivity €.

expressible entirely in terms of the ratio R =

As a reminder, a harmonic function is a function satisfying Laplace’s equation, and that
can therefore be expressed in terms of a scalar potential. Conformal mappings are angle-
preserving transformations between subsets of the complex plane C. Given a harmonic
function f defined on a connected, open subset of C, the composition of any conformal
mapping with f is also harmonic. This fact makes conformal mappings particularly useful
tools for solving problems in electrostatics with convoluted geometries. Indeed, with an
appropriate choice of conformal mapping, such problems can be cast into geometrically
simpler forms. The solution can then be mapped back to the original space using the inverse

of the chosen conformal mapping. It is this line of thought that we will follow.

Conformal mappings and Schwarz-Christoffel are introduced in greater depth in Ap-
pendix B. Furthermore, our calculation will involve elliptic integrals, the basic properties of

which are exposed in Appendix C.

3.1.1.2 Definition of the complex domains to be used for our calculation

The first step for the purpose of our calculation in nondimensionalization. We set
the width of the two plates of the capacitor under investigation (defined in Eq. 59) to be
w = 2R, their separation to be ¢ = 2, and the potential on the plates to be i%. Under these

assumptions, the capacitor can be represented by the Z = x + iy plane, as show in Fig. 9a.
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Figure 9 — Definition of the three complex domains that shall be mapped to each other
through Schwarz-Christoffel transformations for the purpose of our calculation. Polygon
edges are represented by red lines, and polygon vertices are labelled by the letters a-f. The
black dots in (c) depict vertices a and b. The domain Z represents real space, and the domain

W represents potential-flux space.

By virtue of the reflection symmetry of the system along the y axis, we can further simplify
the problem by only considering the right half of the Z plane (namely the x > 0 half). Thus,
the capacitor plates can be viewed as a polygon with vertices a-f that has collapsed such
that the sides ac and ec on the one hand, and the sides bd and fd on the other hand, overlap.
In the Z plane, fringing field lines are present, making the calculation of the capacitance of

the capacitor a geometrically complex problem.

The ¢ = £ + i plane is illustrated in Fig. 9b, and will be the domain of definition of
our Schwarz-Christoffel mappings (see Eq. 136). The real axis of ¢ will be mapped to the
polygonal edges of the capacitor in Z. The precise meaning of the constants k and k; will

be made explicit later.

Finally, the W =V +¢U plane is illustrated in Fig. 9c. V and U respectively represent
electric potential and electric flux. U, represents half of the total amount of electric flux
between the two plates of the capacitor. In the Z plane, field lines and equipotential lines
cross each other at right angle, as is well known from elementary electrostatics [85]. Likewise,
these lines also cross each other at right angle in the W plane, but they possess the additional

property of being straight lines. Our goal will thus be to obtain a conformal mapping from
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Z to W, compute the investigated capacitance in W, and map the problem back to Z using

the inverse mapping.

3.1.1.3 Schwarz-Christoffel mapping from ¢ to Z

The Schwarz-Christoffel transformation fi: ( — Z can be found using Fig. 9a and
Fig. 9b. In the notation of Eq. 136, the interior polygonal angles «, 3, 7, 9, €, and ¢

corresponding to vertices a, b, ¢, d, e, and f respectively are:

a=1

=1

v =2
(60)

0 =27

€e=73

6=3

Thus, from Eq. 136, we obtain:
¢ w® —
A =4[ —

(o = &) w2 =) o)

= Ay [RIE (¢,k) — (K} — k*) F (¢, k)] + By

where sin ¢ = (. We now impose appropriate boundary conditions to find the values of the
constants A, and Bi:

IEN =4 = A= ap - @ - K ®) %)
fi <i;€) =4i — k? [];/ EZ)) k? (64)
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The final boundary condition is f; (:l:ﬁ) = R + 1, from which it follows that:

K' (k) E' (B, k) — E' (k) F' (B, F)

"SR - KR E®) K0 E®) (65)
_ i K" (k) E' (B,k) — E' (k) F' (5, k)]
where we have used Legendre’s relation (Eq. 145), and where:
oy K(R) = EN(K)
Sin (5) - (1 _ ]{32) K’ (k)) (66)

Thus, given a value of the plate width to plate separation ratio R, the elliptic modulus

k can be computed using Eq. 65 and Eq. 66.

3.1.1.4  Schwarz-Christoffel mapping from ¢ to W

The Schwarz-Christoffel transformation fy: ¢ — W can similarly be calculated to be:

fQ(C)Azfc\/(

- AQF ((b, k) + Bg

dw
1

1
w2 — ﬁ) (w2 — 1) (67)

where sin ¢ = (. We now impose appropriate boundary conditions to find the values of the
constants Ay and Bs:

?

7
The inverse mapping fy *: W — ¢ of f, then is:
;' (W) = —sin[am (2K (k) W, k)] (70)

where am denotes the Jacobi amplitude function, defined as the solution am (u, k) = ¢ of

the equation F' (¢, k) = u.
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3.1.1.5 Field lines

Using the results of Sec. 3.1.1.3 and Sec. 3.1.1.4, the fringing field lines in real space can
easily be calculated. Indeed, it suffices to map straight vertical lines in W to Z through the
mapping fi o f5 *. This procedure was carried out for four different values of the capacitors
plates width to plates separations ratios R, and the results are plotted in Fig. 10. We note
that the fringing of the field near the edges of the capacitor becomes more pronounced as R

is made smaller, as expected.

3.1.1.6 Exact capacitance calculation

From Fig. 9c, it is apparent that the point e in the W domain has for real part half of
the total flux between the plates of the capacitor, and for imaginary part half of the potential
difference between the two plates. Fig. 9b indicates that the value of ( that is mapped to e
by fois ( = % We deduce from Eq. 67 that in the W plane, the coordinates of the point e

are:

(71)

From Gauss’ law and by definition of the capacitance, it follows that the capacitor under
investigation has capacitance (per unit length along z):

K’ (F)

K0 (72)

C’Examt =&

This formula takes into account all fringing field effects, and is thus exact. To summarize

the procedure of finding the capacitance of a finitely size parallel plate capacitor, one must:
1. Compute the plate width to plate separation ratio R.
2. Compute the value of the elliptic modulus k using Eq. 65 and Eq. 66.

3. Compute the capacitance using Eq. 72.

3.1.1 Fringing fields Page 46



3 Important Parameters for MOSFET Modeling 3.1 Gate capacitance

((((lllll')l))l)))))

Coordinate y
o

Coordinate y
o

151 Electric field lines 15F Electric field lines
m—— Capacitor plates m— Capacitor plates
2 | . N~ T | 1 2 | | I | \ 1
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5
Coordinate x Coordinate x

LA ?N\\HWS

Electric field lines
m—— Capacitor plates

Coordinate y

Coordinate y
<) IS}

BN o o o -
T T T

EREERN

Electric field lines 15 ,\j
m—— Capacitor plates
J P TVNY . . . . . . . .

2 2 R W Y S~
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5
Coordinate x Coordinate x
(c) R=2 (d) R=14

Figure 10 — Field lines of finitely sized capacitors calculated using Schwarz-Christoffel trans-
formations. The calculations were repeated for four different values of the capacitor plate

width to plate separation ratio R.
3.1.1.7 Approximative formulas for the capacitance

While Eq. 72 is exact and analytical, it involves elliptic integrals, which can be difficult
to evaluate. As such, a number of physicists and engineers have suggested approximations
of 72 in terms of elementary functions. Maxwell [81] suggested the following approximation,

valid in the large R limit:

1
CMaxwell =cR |1 + ﬁ{l + log (1 + WR)} (73)
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Bromwich and Love [83] suggested the following similar but improved approximation,

valid again in the large R limit:

C(Bromwich =eR |:1 + 1R{1 + lOg (QWR) }:| (74)
s

Finally, Palmer [84] suggested the following approximation, valid in the small R limit:

e

CPalmer = @ (75)

An approximation Capprox Of Chxact (Eq. 72) valid for all values of R must satisfy the

two following properties:

1, o =0 -
lim (CAPPTOX — Chufinite plates) =0 (77)

R—00
where Cryfinite plates 15 the capacitance obtained without considering fringing field effects (as
in Eq. 58):
Chnfinite plates — eR (78>

Note that none of the three approximations presented in Eq. 73, Eq. 74, and Eq. 75
simultaneously satisfy both of the boundary conditions of Eq. 76 and Eq. 77. To remedy to

this issue, we propose the following model for Capprox:
a
Critted = €R <1 + Rb> (79)

where a € R and 0 < b < 1. We have computed the best-fit values of the parameters a and
b using a linear fitting algorithm. The resulting approximation is surprisingly accurate, as

can be seen in Fig. 11 and Tab. 1. In particular, the absolute percentage difference between

CExact _CFittcd

C1Fitted and CExact (namely Chxnct

) is no larger than ~ 1% for any value of R, and of

the order of 0.1% for most values of R.

3.1.1 Fringing fields Page 48



3 Important Parameters for MOSFET Modeling

3.1 Gate capacitance

Tr 3
61 25
Olw
£ 5f
2 g 2
S g
= 4T g
= £ 15
- s
g 3 o
: g 4l
g e
5 2r Exact 1= |
= . 5} \
S Bromwich T o5 7\\
go1r Maxwell R
© Palmer \
0 — Fitted U -
Infinite plates S W
1 . . | . 1 05
0 1 2 3 4 5 0 1 2 3 4 5
Plate width to plate separation ratio R Plate-width to plate separation ratio R
45 0.2
P T T ——— —_—
40+ 0 / B s e e R |
//’
g\‘u« 351 -0.2 /
E: g 04p |
f ? g 0.6 [- ““
2 25 RS |
= .
a " % -0.8 [
g E ad
2 sl Exact 3 |
g Bromwich & 12 1
,% 10l Maxwell
© Palmer -1.4
——Fitted
5r - ) 16
Infinite plates
0 L L L L L L L | 1.8 L L L L L L L
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

Plate width to plate separation ratio R

Plate-width to plate separation ratio R

Figure 11 — The exact capacitance Crxacty (Eq. 72) was fitted over the range 0 < R < 5in (a)
and (b), and over the range 0 < R < 40 in (c¢) and (d), resulting in an approximation Cjgted
(Eq. 79). The various approximations Cyjaxwell; CBromwich, and Cpamer (Eq. 73, Eq. 74, and
Eq. 75) of the exact fringing field capacitance Cgy,et are plotted in (a) and (c), and compared

to Crittea- The percentage differences w are plotted in (b) and (d).

Exact

Fit Range a b Adjusted 72
0<R<5 || 1.1205 4 0.0002 | 0.8243 & 0.0001 | 1 — 3.5297 x 1076
0< R<40| 1.1305 £ 0.0008 | 0.8306 =0.003 | 1 —6.6322 x 107

Table 1 — Values of the fitting parameters a and b of Eq. 79, and corresponding fits coefficients
of determination r? adjusted for the number of degrees of freedom. The resulting fits are

plotted in Fig. 11.
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3.1.1.8 Extensions of the fringing field capacitance formula

In deriving Eq. 72, we have assumed that the plates of the capacitor were finite along
one dimension, but infinite along the other. What if the plates were, instead, finite along
both dimensions? Consider such a capacitor with rectangular plates. Let w and t denote
respectively, as before, the width of the plates of the capacitor and their separation, and [
their length. Define Ry = ¥ and Ry = % Then, to a first-order approximation and according

to Eq. 79, the capacitance of the rectangular plates capacitor is given by:

cwl a a
=—[(1+— |1+ —=
C== <+R?><+R3> (80)

where a and b are defined in Tab. 1. The capacitance in Eq. 80 only takes into account
field lines in planes orthogonal to the edges of the capacitor plates, and thus ignores field
lines curling around the vertices of the plates. To take into account all fringing fields in
the capacitance calculation, the conformal mappings that we have introduced in Sec. B can
be extended to have for domains subsets of C? rather than C. A procedure similar to that
exposed in Sec. 3.1.1.6 can then be carried out to compute the capacitance. Even more

complicated geometries can also be handled by means of conformal mappings [86].

In the TB-NEGF simulations upon which we base our compact modeling, periodicity
was assumed in the z dimension. Thus, Eq. 59 effectively describes the channel 2DEG of a

MOSFET. The results obtained in Sec. 3.1.1.6 and Sec. 3.1.1.7 are therefore appropriate.

We mention two additional potential corrections to Eq. 72 for the modeling of the gate
capacitance of MOSFETs. First, we have assumed the capacitor’s plates to have infinites-
imal thickness. While this assumption is reasonable for the channel 2DEG, it is decidedly
inaccurate for the gate electrode. Second, we have assumed the permittivity € to be constant
throughout space. This assumption is inaccurate, as the oxide layer of a MOSFET is typi-
cally restricted to the region between the gate electrode and the semiconductor channel. We
believe both effects to be relatively unimportant. Indeed, the corrections induced by these
effects manifest themselves in the field lines above the top plate and below the bottom plate.

As can be seen in Fig. 10, the density of those field lines is comparatively small, regardless

3.1.1 Fringing fields Page 50



3 Important Parameters for MOSFET Modeling 3.1 Gate capacitance

of the value of R.

Finally, we note that we have assumed a two-plate capacitor thus far. Nevertheless,
our final goal is to model the gate capacitance of double-gated MOSFETs. Thanks to the
linearity of Poisson’s equation, this can be achieved by superposition. Assuming the two

gates and two oxide layers to be identical, it suffices to multiply Eq. 79 by 2.

3.1.2 Wavefunction penetration

Quantum mechanically, the wavefunctions of charge carriers can penetrate into the oxide
layer, thus effectively reducing the thickness t, of the oxide layer [87]. This effect can be
modeled by an “effective penetration length” ¢,, a parameter commensurate to the spread

of carriers” wavefunctions within the oxide layer, such that:

to—to—1t, (81)

Within the effective mass approximation [73], the Schrodinger-Poisson algorithm [88] can
be used to compute these wavefunctions along axes orthogonal to the channel 2DEG [89]. In
cases, where the effective mass approximation in not valid, such as for very thin oxide layers
and semiconducting channels, one must rely on more elaborate formalisms (see Sec. 1.2).
Regardless of the procedure being used, these wavefunctions are prohibitive to compute
within the context of compact modeling. Furthermore, even after such a calculation, it
would not be obvious how to extract from wavefunctions a penetration length that accurately

models the gate capacitance through Eq. 81.

Note that the ¢, depends, in principle, on Vig. Indeed, Vg controls the shape of the
inversion layer and the inversion charge density, both of which are directly related to the
wavefunctions of carriers in the channel. Moreover, through DIBL, ¢, also depends upon

Vbs.

Wavefunction penetration effects are not of concern for our purposes. Indeed, the TB-

NEGF calculations upon which we base our compact modeling restricted the wavefunctions
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of charge carriers to lie entirely within the semiconductor channel.

3.1.3 Quantum capacitance

In Sec. 3.1.1 and Sec. 3.1.2, we have exposed how fringing fields and wavefunction
penetration effects might influence our classical notion of capacitance. We will hereby refer

to the capacitance calculated from the considerations above as the electrostatic capacitance

Cg.

However, in the limit where (at least) one of the plates of the capacitor under consid-
eration has a low density of states, the electrostatic capacitance C'g alone is not a suitable
descriptor for the gate capacitance C. Indeed, as the charge on the plates of the capacitor in-
creases, the negatively charged plate gains high-energy electrons, while the positively charged
plate loses low-energy electrons. Thus, in the low density of states limit, the bandstructure
as well as the band-filling of the plates must be carefully examined in order to properly
describe the charging energy of the capacitor. This inherently quantum phenomenon, which
is ultimately due to the Pauli exclusion principle, has the net effect of decreasing the capac-
itance, as if there were another capacitor in series with C'z. We will refer to the capacitance
of this additional virtual capacitor as the quantum capacitance C. The concept of quantum

capacitance was first introduced by Luryi [90].

01
& ty

99
& ty

o))

Figure 12 — Diagram of the three-plate capacitor described in Sec. 3.1.3. The top and bottom
plates (drawn in blue) are metallic, and the middle plate (drawn in green) has low density

of states at the Fermi level.

Consider a capacitor formed by three parallel infinite plane plates. Two of these plates,

the bottom and top ones, are metallic, while the middle plate has a low density of states.
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The top and middle plates are separated by a dielectric of permittivity ¢; and thickness
t1, while the middle and bottom plates are separated by a dielectric of permittivity e, and
thickness t,. We further assume that the middle and bottom plates are grounded. This
capacitor is illustrated in Fig. 12. According to Eq. 58, the electrostatic capacitances (per
unit area) of the capacitors formed by the top and middle plates on the one hand, and the

middle and bottom plates on the other hand, are respectively:

Cp =2t
_a

n (82)
CQ - g

Now, let o1, 09, and o¢ respectively be the areal charge densities on the top, bottom

and middle plates. By charge neutrality, one has:

0'1+0'2+0'Q:0 (83)

This condition may be parametrized by an angle 0 < ¢ < 7 as:

09 = —01 Sil’l2 (Qb)

(84)
og = —0 cos® ()

The electric field energies (per unit area) [85] above and below the middle plate are

respectively U; and Us, where for ¢ = 1, 2:

t;

&; o\ 2 o2t;
U=/<> dt = - 85
2 0 E; 261' ( )

The Fermi degeneracy energy [91], ignoring electronic correlation effects, is given by:
2
o
Uy—— @ 86
Q 2p ( EF) o2 ( )
where p (Er) denotes the density of states (per unit area) of the electron gas in the middle
plate at the Fermi level. Note that Eq. 86 is only valid at zero temperature. Assuming
that the middle plates is composed of a nondegenerate semiconductor 2DEG, under the free

electron approximation, the density of states is given by:

_ gsgvm*
2mh?
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where gs, gy, and m* respectively denote the spin degeneracy, valley degeneracy, and density

of states effective mass of the 2DEG.

Thus, the total energy (per unit area) of the system is:

U=U+Uy+Up=o0} |5+ = sin' (¢) + ——— cos 88
1+ U +Ug =03 o + 203 sin® (¢) + P cos® (o) (88)
By energy minimization, we obtain:
dU 27Th282 CQ
— =0 = tan?(¢) = ————— = = 89
d¢ (@) gsgve’mty  Cq (89)
where:
205k
gsgverm
Cop="—— 90
@ 2mwh? (90)
Using trigonometric identities, it follows that:
Co
og=———"">-0
T GGyt o)
C

09 = —————0
2T G+ ot

Eq. 91 implies that the circuit under consideration can be viewed as the equivalent three

capacitor circuit illustrated in Fig. 13.

Cy —

I

Figure 13 — Circuit diagram equivalent to the three-plate capacitor illustrated in Fig. 12.
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Eq. 90 assumes a constant density of states, as well as an electronic dispersion relation
well-described by an effective mass tensor. Several materials of interest in nanotechnologies,
such as graphene, do not satisfy these properties, and thus have quantum capacitances [92]
that cannot be described by Eq. 90. The assumptions underlying Eq. 90 can easily be
relaxed, following a derivation almost identical to ours, leading to a more general expression

for the quantum capacitance:

Co = e*p (Er) (92)

Eq. 86 can further be generalized to non-zero temperatures, leading to the following
expression for the quantum capacitance:
0 0f(E - Ep)
Co = ¢ / <—8EF> p(E)dE (93)

—00

where f denotes the Fermi-Dirac distribution f (E) = 3 [1 — tanh (%)}

We note that in a MOSFET, the 2DEG in the semiconductor channel has low density of
states, being nondegenerate. The nondegenerate approximation only fails for extremely high
doping densities in the channel. Thus, the concept on quantum capacitance is important for
the modeling of MOSFETs. From Fig. 13, setting C to be the electrostatic gate capacitance
Cg, and taking the limit C5 — 0, we find that the net gate capacitance of a MOSFET is
given by:

Cg'=Cg' +Cg' (94)

It is thus apparent from Eq. 82 and Eq. 92 that quantum capacitance effects only become
important in MOSFETs when either:

e The capacitor oxide layer has very high permittivity or very small thickness, so that

the electrostatic capacitance C'g is large.

e The density of states in the semiconductor channel at the Fermi level Er is very low,

so that the quantum capacitance Cy is low.
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3.2 Threshold voltage

There does not exist a precise and universal definition for the threshold voltage Vi of
a transistor. However, there is a universal, albeit somewhat ambiguous, notion of what Vp
should be. In the subthreshold regime, the dependence of the drain current upon the gate
voltage is exponential, whereas it is algebraic above threshold. The threshold voltage is the
value of the gate voltage at the crossover between these two regimes. Ultimately, Vr is used
to model the (absolute value of the) charge @) in the channel of a MOSFET above threshold
through the relation:
Q= Cq(Vas — Vr) (95)

where C¢ is the gate capacitance, and Vg > Vi the gate voltage.

In this section, we introduce 7 threshold voltage extraction methods [93] utilizing MOS-
FET transfer characteristics. We consider the first five of these methods to be arbitrary and
prone to numerical instabilities, and will hereby refer to them as numerical methods. It is
nevertheless important to introduce these methods as they are very commonly used in the
semiconductor industry. On the other hand, the last two methods are based on physical
arguments, and are more stable under deviations from exact transfer characteristics. We

will hereby refer to these two methods as physics-driven methods.

3.2.1 Numerical methods

3.2.1.1 Constant current method

The constant current method [94] is the simplest threshold voltage extraction method,
and arguably the most commonly used method by the semiconductor industry. It consists in
defining the threshold voltage V as the value of the gate voltage corresponding to specified,

arbitrary value of the drain current Io¢:

Ve =155 (Iec) (96)
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Each researcher may use a different value of Io. However, to make the constant current
method less arbitrary, the following value of /¢, depending on the device geometry, has been

suggested [95]:
1077 A
L

Icc = (97)

where L represent the channel length. It is this value of the constant current that we will

use in our analysis.

The constant current method is illustrated in Fig. 14, where it has been applied to
the transfer characteristic of a 5 nm ML-BP with transport direction ZD, and biased at

Vps = 1 mV. The extracted value of the threshold voltage is:

Ve =1.25+0.03V (98)

3.2.1.2 Maximal slope method

The maximal slope method [96], also known as the extrapolation in the linear regime
method, consists in finding the tangent to the transfer characteristic with maximal slope,
and then finding the intersection of this tangent with the gate voltage axis. The threshold

voltage is then defined as the gate voltage at this intersection point.

The maximal slope method is illustrated in Fig. 15, where it has been applied to the
transfer characteristic of a 5 nm ML-BP with transport direction ZD, and biased at Vpg =

1 mV. The extracted value of the threshold voltage is:
Vi ~0.74V (99)

Note that the value of the threshold voltage in Eq. 99 is quoted without uncertainties.
Indeed, V7 is extracted using numerical differentiation, a procedure which leads to very high

uncertainties.
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Figure 14 — Constant current method for threshold voltage extraction. The blue curve
represents the transfer characteristic of a 5 nm channel ZD ML-BP MOSFET biased at
Vps = 1 mV. The horizontal dotted line represents the constant current Ioc = 10 A - m™1,
and the vertical dotted line represents the associated gate voltage, corresponding to the

extracted threshold voltage.
3.2.1.3 Transconductance method

The transconductance method [95], also known as the transconductance extrapolation
method in the linear regime, is similar to the maximal slope method. It consists in finding
the tangent to the transconductance (defined as g, = g{/%) with maximal slope, and then
finding the intersection of this tangent with the gate voltage axis. The threshold voltage is

then defined as the gate voltage at this intersection point.

3.2.1 Numerical methods Page 58



3 Important Parameters for MOSFET Modeling 3.2 Threshold voltage

N
N

T &

N
o
T

BN
o
T

—_—
(o))
T

—_
I
T

—_—
N
T

L
&
Kd
Rd
0
)
&
-
)
L
L
L
J
~
&
L
L
&
4
R
Rd
&
L
&
J
2
.
J
J
J
L
&
Ld
&
&
L/
N/
@,

BN
o
T

Drain current Ipg (A : m_l)

~
&
&
&

N | | |

0 | 1 L
0 0.2 0.4 0.6 0.8 1 1.2

Gate voltage Vg (V)

Figure 15 — Maximal slope method for threshold voltage extraction. The blue curve
represents the transfer characteristic of a 5 nm channel ZD ML-BP MOSFET biased at
Vps = 1 mV. The dotted line represents the tangent to the transfer characteristic where
its derivative is maximal. The intersection of the dotted line with the axis of abscissas

corresponds to the extracted threshold voltage.

The transconductance method is illustrated in Fig. 16, where it has been applied to
the transfer characteristic of a 5 nm ML-BP with transport direction ZD, and biased at

Vps =1 mV. The extracted value of the threshold voltage is:
Vi ~0.68 V (100)

Note that the value of the threshold voltage in Eq. 100 is quoted without uncertainties, for

identical reasons as those mentioned after Eq. 99.
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Figure 16 — Transconductance method for threshold voltage extraction. The blue curve
represents the transconductance of a 5 nm channel ZD ML-BP MOSFET biased at Vpg =
1 mV. The dotted line represents the tangent to the transconductance where its derivative
is maximal. The intersection of the dotted line with the axis of abscissas corresponds to the

extracted threshold voltage.

3.2.1.4 Second derivative method

The second derivative method [97] consists in defining the threshold voltage as the
gate voltage at which the second derivative of the transfer characteristic is maximal. It
is interesting to note that the second derivative method is guaranteed to produce results
distinct from the transconductance method (they would produce identical result only if the

second derivative of the transfer characteristic were to diverge to o).
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The second derivative method is illustrated in Fig. 17, where it has been applied to
the transfer characteristic of a 5 nm ML-BP with transport direction ZD, and biased at

Vps = 1 mV. The extracted value of the threshold voltage is:

Vi =0.75+0.03 V (101)
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Figure 17 — Second derivative method for threshold voltage extraction. The blue curve
represents the second derivative of the transfer characteristic of a 5 nm channel ZD ML-BP
MOSFET biased at Vpg = 1 mV. The dotted line represents the gate voltage at which the
second derivative of the transfer characteristic is maximal, corresponding to the extracted

threshold voltage.
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3.2.1.5 Second derivative of the logarithm method

The second derivative of the logarithm method [98] is similar to the second derivative
method. It consists in defining the threshold voltage as the gate voltage at which the second

derivative of the logarithm of the transfer characteristic is minimal.

The second derivative of the logarithm method is illustrated in Fig. 18, where it has
been applied to the transfer characteristic of a 5 nm ML-BP with transport direction ZD,
and biased at Vps = 1 mV. The extracted value of the threshold voltage is:

Ve =0.78+£0.03 V (102)

3.2.2 Physics-driven methods
3.2.2.1 Ballistic mobility method

The ballistic mobility method is a linear optimization-based procedure that we propose
for the extraction of threshold voltage from transfer characteristics of nondegenerate MOS-
FETs for drain voltages Vpg much smaller than the thermal voltage % It can be thought
of as a combination of Karlsson’s nonlinear optimization method for threshold voltage ex-
traction [99] and of the ballistic mobility formalism [78]. The idea is the following: from
Sec. 2.4.3, the current in a ballistic MOSFETS for gate voltages Vg larger than the threshold

voltage Vpr and drain voltages Vpg smaller than the thermal voltage kBTT can be expressed
as:
B Vbs
Ips =WCq (Vas — Vi) Pball = (103)
where pipan = ;Zﬁ, is the ballistic mobility (Eq. 51) and vy = fof is the unidirectional
t

thermal velocity (Eq. 45).

The drain current is seen to be a linear function of Vg under the assumptions of
validity of Eq. 103. We note that the assumption of nondegeneracy is valid under relatively

low values of Vpgs and Vgg, as in such cases, the barrier height is high compared to the
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Figure 18 — Second derivative of the logarithm method for threshold voltage extraction.
The blue curve represents the second derivative of the base 10 logarithm of the transfer
characteristic of a 5 nm channel ZD ML-BP MOSFET biased at Vpg = 1 mV. The dotted
line represents the gate voltage at which the second derivative of the base 10 logarithm of

the transfer characteristic is maximal, corresponding to the extracted threshold voltage.

source Fermi level. The drain current Ipg should then indeed be a linear function of Vg for
Vies £ V. Deviations from this linear behaviour should only arise when Vg > Vi, where
the assumption of nondegeneracy fails. This is precisely what we observe in Fig. 19. Thus,
by performing a linear fit to transfer characteristics, one can not only extract the threshold
voltage Vi, but also the gate capacitance Cg. The extracted values of the latter parameter

are presented in Tab. 2.

The ballistic mobility method is illustrated in Fig. 19, where it has been applied to the
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Transport direction Armchair Zigzag

Channel length 10 nm 5 nm 10 nm 5 nm
Ce (mF - m™2) 43.24+0.1 | 41.4£0.2 | 44.16 £ 0.08 | 43.60 £ 0.06

Table 2 — Values of the gate capacitance for the four studied ML-BP MOSFETs extracted

from their Vps = 1 mV transfer characteristics using the ballistic mobility method.

transfer characteristic of a 5 nm ML-BP with transport direction ZD, and biased at Vpg =

1 mV. The extracted values of the threshold voltage and gate capacitance are respectively:

Vi = 0.742 4 0.002 V
(104)

Co = 43.60 4+ 0.06 pF - m ™2

To obtain the desired linear fit, we start by isolating the subset of the transfer character-
istic corresponding to values of Vg between 0.7 V and 1 V into a vector D with N entries.
We define D to be the set of all subsets of at least 3 adjacent entries of D. For example, if
D ={1,2,3,4}, then D = {{1,2,3},{2,3,4},{1,2,3,4}}. Note that the cardinality of D is
£ (N? —3N +2). Linear fits are then performed on all elements of D. The coefficients of
determination (adjusted for the number of degrees of freedom) of all of those fits are com-
puted. We define the minimal acceptable coefficient of determination to be R%; = 0.9999.
The desired linear fit is then defined as the element of D with the greatest number of entries

2

whose linear fit has a coefficient of determination greater than R ; . If several such elements

of D exist, the one whose linear fit has the greatest coefficient of determination is chosen.

We note that the concept of ballistic mobility is not crucial in the present context.
Indeed, Eq. 49 could be used directly, without invoking the ballistic mobility. Nevertheless,
the analogy of our method with Karlsson’s method is more apparent by using the ballistic
mobility. We also note that while our method can be used to extract the value of the gate
capacitance Cg, Karlsson’s method (being applicable to non-ballistic MOSFET) can only
be used to extract the product uCq of the channel mobility p and Cg. This is because the
exact value of up,y can be readily calculated from Eq. 51, assuming the MOSFET channel
2DEG to be nondegenerate.
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Figure 19 — Ballistic mobility method for threshold voltage extraction. The blue curve
represents the transfer characteristic of a 5 nm channel ZD ML-BP MOSFET biased at
Vps = 1 mV. The dotted line represents the linear fit to the transfer characteristic. Its slope

is ’“’3“0#, and its intersection with the axis of abscissas is the extracted threshold voltage.
3.2.2.2  Amorphous channel method

The amorphous channel method [93,100, 101] was originally devised for the extraction
of threshold voltage in non-crystalline MOSFETS, for which the saturation drain current in

strong inversion can be modeled as:
Ips,, = K (Vas — V)™ (105)

where K is a constant empirical parameter with units of A - V™™, and m is dimensionless

exponent. As shown in Sec. 2.2, in the drift-diffusion limit, Eq. 105 best models long-channel
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MOSFETs for m = 2, and shorter channel MOSFETs where velocity saturation effects are
important for m = 1. In the case of ballistic transport (Sec. 2.3), Eq. 105 also correctly
models the saturation current, with an exponent typically in the range 1 < m < 2. As such,

the amorphous channel method is also applicable to ballistic MOSFETS.

The idea behind the amorphous channel method is the following: first, consider the fol-

lowing function computed from the transfer characteristic in the saturation regime Ipg (Vgs):

Vas

) / Ips (Vas) dVas (106)

H - -
(Vas) Ins (Vs

Since Ips (Vas) =~ 0 for Vg < Vi, we can write, using Eq. 105, VVgs > Vi

Vas
H(Veg) = — / Ins (Ves) dV
( GS) ]DS (VGS) J DS( GS) GS (107)
Vs — Vi
H(Ves) = =y

The function H (Vi) is seen to be a linear function of Vg for Vg > Vip. Thus, by
performing a linear fit of H (Vig), the threshold voltage Vi and the exponent m can be
computed. The extracted values of the latter parameter are presented in Tab. 3. We note
that the extracted exponents m are all consistent with the ballistic transport formalisms
presented in Sec. 2.3, in the sense that 1 < m < 2. Furthermore, we note that the value of
m seems to only depend upon the transport direction, with m ~ 1.7 along AD, and m ~ 2
along ZD. This is expected, since the MOSFETs under consideration in this thesis operate
at the ballistic limit.

With regards to the linear fitting procedure, we use the same method as that exposed
in Sec. 3.2.2.1, with two caveats. First, we only perform fits that end at the maximal value
of Vgs, namely 1.3 V. This is because the approximation of Eq. 105 is more accurate for

larger values of Vgg. Second, we use R2. = 0.99.

min

The amorphous channel method is illustrated in Fig. 20, where it has been applied to

the transfer characteristic of a 5 nm ML-BP with transport direction ZD, and biased at
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Vps = 0.6 V. The extracted values of the threshold voltage and exponent are respectively:

Vr=067+0.01V
(108)
m = 2.00 & 0.02

02+
0.18 F
g 0.16 |
50 014 F
=
Slgo12r
5 201t
3
\H 0.08 |
T 0.06 -
0.04
0.02 +
0 | | |
0 0.2 0.4 0.6 0.8 1 1.2

Gate voltage Vg (V)

Figure 20 — Amorphous channel method for threshold voltage extraction. The blue curve
represents the function H (Vigg) defined in Eq. 106 obtained from the transfer characteristic
of a 5 nm channel ZD ML-BP MOSFET biased at Vpg = 0.6 V. The dotted line represents
the linear fit to the function H (Vgg) for Vg > Vp. Its slope is #ﬂ’ and its intersection

with the axis of abscissas is the extracted threshold voltage.
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Transport direction Armchair Zigrag

Channel length 10 nm 5 nm 10 nm 5 nm

Extracted exponent m | 1.68 +0.03 | 1.73 + 0.04 | 1.97 £0.04 | 2.00 4 0.02

Table 3 — Values of the exponent m for the four studied ML-BP MOSFETs extracted from

their Vpg = 0.6 V transfer characteristics using the amorphous channel method.

3.2.3 Comparison of the methods and discussion

Except from the constant current method, all of the threshold voltage extraction meth-
ods presented in Sec. 3.2.1 rely on the calculation of numerical derivatives. Whether they
are obtained from experimental measurements or from in silico simulations, transfer char-
acteristics inevitably exhibit some amount of noise. Numerical derivatives are particularly
sensitive to such noise. As such, threshold voltages extracted from the methods of Sec. 3.2.1
are inherently prone to inaccuracies. A potential solution to this problem would be to de-
vise a numerical threshold voltage extraction method based on a procedure that is more
numerically stable. The integral method [102] is an example of such a method, but was
unfortunately found to be wildly unsuccessful in determining the threshold voltages of our

devices.

On the other hand, the two physics-driven threshold voltage extraction methods pre-
sented in Sec. 3.2.2 rely on much more numerically stable calculations, namely numerical

integration and linear fitting. Hence, we believe these methods to be most reliable.

In Tab. 4, we compare the values of the threshold voltage extracted using the 7 different
methods that we have presented in Sec. 3.2.1 and Sec. 3.2.2, for the four different ML-BP
MOSFETs that we study in this thesis. We note that for all devices, the maximal slope,
second derivative, second derivative of the logarithm, and ballistic mobility methods pro-
duce results consistent with each other. By law of majority, it is thus likely that these four
methods are most accurate in estimating V. The fact that the constant current method pro-

duces erroneous results is unsurprising, due to the blatant arbitrariness of this method. The
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transconductance method is also seen to produce results inconsistent with those obtained
from the other methods: as explained in Sec. 3.2.1.4, this method must produce results
distinct from the second derivative method; we believe the second derivative method to be
more reliable than the transconductance method. Finally, we note that the results of the
amorphous channel method differ from those obtained from the other methods. This is ex-
pected. Indeed, the amorphous channel method is only applicable for transfer characteristics
in the saturation regime (which was taken as Vpg = 0.6 V for the purpose of this analysis),
whereas the other methods are only applicable in the linear regime [93] (which was taken
to be Vps = 1 mV). Since for higher drain voltages, DIBL reduces the effective threshold
voltage, it should come as no surprise that the results obtained from the amorphous channel

method are lower than those obtained from the other methods.

To summarize, we advocate for the ballistic mobility method and the amorphous channel
method. Indeed, these methods are based on both robust physical derivations and numerical
implementations. The ballistic mobility method is further seen to produce results similar to
methods that stood the test of time within the semiconductor industry, notably the maximal
slope method. Finally, it is important to recall that the ballistic mobility method is only

applicable for Vpg <

%, while the amorphous channel method is only applicable in the

saturation regime.

3.3 Subthreshold swing

3.3.1 Definition and theoretical value

The subthreshold swing of a transistor is defined as:

alogmlDS '
— N e 109
S ( IV, g ) ( 0 )

where we assume the Vpg to be fixed. Thus, % is simply the slope of the graph of the

decalogarithmic drain current as a function of the gate voltage. Note that in the subthreshold

regime, namely for Vg < Vi, this slope is approximately constant, and it is the reciprocal
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3.3 Subthreshold swing

Armchair Zigzag
Vr extraction method

10 nm 5 nm 10 nm 5 nm
Constant current 0.88 +0.03 0.93 +0.03 0.98 +0.03 1.25£0.03

Maximal slope ~ 0.78 ~ 0.76 ~ 0.76 ~ 0.74

Transconductance ~ 0.71 ~ 0.67 ~ 0.71 ~ 0.68
Second derivative 0.78 = 0.03 0.78 = 0.03 0.78 = 0.03 0.75 % 0.03
Sec. der. of the log. 0.8 £0.03 0.75+0.03 0.80 +0.03 0.78 = 0.03

Ballistic mobility 0.775 £ 0.004 | 0.755 £ 0.005 | 0.754 £ 0.002 | 0.742 £ 0.002

Amorphous channel 0.75+0.02 0.70 £0.02 0.71 £0.02 0.67 £0.01

Table 4 — Threshold voltage extracted from the 7 methods presented in Sec. 3.2.1 and
Sec. 3.2.2, for the four different ML-BP MOSFETs that we study. All voltage values are
quoted in units of V. The threshold voltages were all extracted from transfer characteristics

at Vps = 1 mV, except from those for the amorphous channel method, for which Vpg =

0.6 V.

of this value of the slope which is usually referred to as the subthreshold swing.

The subthreshold swing is a critical parameter which quantifies how to easily it is to turn
ON and OFF a transistor, and is therefore commensurate with leakage currents and power
dissipations. In MOSFETSs, in which the main charge transport mechanism is thermionic
emission, the subthreshold swing possesses a physical limit, which can be derived from

electrostatics and thermodynamics [103]:

kpT
S = log (10) 2=
Qg

(110)

where a¢ denotes the gate control parameter ag = g—g, as introduced in Sec. 2.3.2. Hence, at

room temperature, the subthreshold swing of a MOSFET must be greater than 60 mV /dec.

To derive this fundamental switching limit of MOSFETs, we first introduce the barrier
height @, illustrated in Fig. 21, which equals to difference between the top of the barrier
energy and the source Fermi level. In the subthreshold regime, &5 > kgT. The Fermi-

Dirac distribution of electrons in the source can thus be approximated by an exponential
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Energy

m Conduction band minimum F¢
= Source Fermi level Ep,
- Drain Fermi level Ep,

Position along the transport direction

Figure 21 — Illustrative band diagram of a MOSFET in the subthreshold regime and pictorial
definition of the barrier height ®p.

for energies of the order of ®z. Thus, given a slowly varying non-zero density of states for

electrons in the source near ® g, the drain current, due to thermionic emission, satisfies [104]:

dp
1 e —— 111
DS X €xp ( kBT> (111)
We deduce that alogg;” = _ln(lol)kBT' Furthermore, the barrier height ® 5 is controlled

by the gate voltage V. In the ideal case where the channel is solely capacitively coupled

9 .. . 9
, 6‘?;3 = —e. When this is not the case, instead, 6‘2“35 = —eag. Thus, by the

to the gate

chain rule, we obtain Eq. 110.
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3.3.2 Computation from transfer characteristics

| "

Decalogarithmic drain current log;, (Ips)
A

6 F
8+
10+ @ .
PY ® Numerical data
12 Linear fit

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Gate voltage Vs (V)

Figure 22 — Transfer characteristic of a 10 nm channel ML-BP MOSFET oriented along ZD
at Vps = 0.6 V. The red dots represent data computed from TB-NEGF simulations, and
the blue line represents the line fitted to the data in the deep subthreshold regime. The
slope of the fitted line was used to compute the subthreshold swing S and the gate control

parameter ag.

We extract the subthreshold swing S and the gate control parameter aq directly from
the transfer characteristics, using respectively Eq. 109 and Eq. 110. The linear fitting method
used for this purpose is identical to that exposed in Sec. 3.2.2.1, and is illustrated in Fig. 22
for a 10 nm ZD ML-BP MOSFET biased at Vpg = 0.6 V, for which it yielded:

S~ 61.8 mV - dec™!
(112)

ag ~ 0.963
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Figure 23 — Subthreshold swing S (a) and gate control parameter o (b) of a 10 nm ML-
BP MOSFET oriented along ZD. The red dots represent the values of S and ag extracted
from transfer characteristics for various values of the drain voltage Vpg, and the blue lines

represents the means of those extracted values.

In Fig. 23, we plot the extracted values of S and a¢ as a function of Vpg, for a 10 nm
ZD ML-BP MOSFET. Both S and a¢ are found to be roughly constant functions of Vpg.
We also compute the mean of S and ag across all values of Vpg. These means are reported

in Tab. 5.

Transport direction Armchair Zigzag
Channel length 10 nm 5 nm 10 nm 5 nm
S (mV - dec™) 622403 | 801402 | 627405 | 67.840.9
ag 0.956 £ 0.004 | 0.743 +0.002 | 0.948 £ 0.008 | 0.88 4+ 0.01

Table 5 — Mean extracted subthreshold swings S and gate control parameters ag for the

four MOSFETs studied.

3.4 Drain-induced barrier lowering

Drain-induced barrier lowering (DIBL) is the phenomenon by which the barrier height
of a MOSFET is reduced by increasing the drain voltage Vpg. Being due to the existence of
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Figure 24 — Transfer characteristics of a 5 nm ML-BP oriented along AD, obtained from
TB-NEGF simulations. Note that as Vpg is increased, transfer characteristics are shifted
to the left. This phenomenon leads to an effective reduction of threshold voltage as Vpg is

increased, and is known as DIBL.

a sizeable capacitive coupling between the drain electrode and the channel 2DEG, DIBL is
typically more significant for MOSFET of small channel lengths. As illustrated in Fig. 24,
one of the effects of DIBL is to shift transfer characteristics to the left as Vpg is increased.

Equivalently, DIBL reduces the threshold voltage, through the relation:
Vi = Vi, — 0Vps (113)
where V7, is the limit of the threshold voltage as Vpg — 0, and ¢ is the DIBL parameter.

The charge at the top of the barrier then becomes @ = C¢ (Vg — Vi, + 6Vp). Hence, it
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is easy to see that:
CD ap

) (114)

N Cig N (6 7€)
where ap and ag are respectively the drain and gate control parameters, as defined in

Sec. 2.3.2.

To compute the value of the DIBL parameter § at a particular value of Vpg, we use
the following procedure. First, we obtain, from TB-NEGF simulations, three sets of transfer
characteristics in the range 0.7 V < Vs < 1.2 V, one with fixed drain voltage Vpg, and the
two others with fixed drain voltages Vpg+1 mV. Second, we consider members of any pair of
this set of three characteristics, and shift them horizontally as to obtain the maximal amount
of overlap between them. This was achieved using a golden-section search algorithm. The
optimal value of the horizontal shift AVy is then recorded, together with the drain voltage
difference AVpg between the two characteristics under consideration. Third, we plot AV as
a function of AVpg, as illustrated in Fig. 25a. We model AV as a linear function of AVpg
with 0 intercept, namely: AVy = dAVpg. Finally, the extracted o is what we define as the
value of the DIBL parameter at the considered value of Vpg, which we plot in Fig. 25b. We
computed the mean dg,; of the DIBL parameter in the saturation regime, namely between

Vps = 0.3 Vand Vpg = 0.6 V. The values of iy, are reported in Tab. 6.

We note, perhaps surprisingly, that the DIBL parameter 0 is far from being a constant
function of Vpg, as can be seen in Fig. 25b. Indeed, ¢ appears to decrease with Vpg, and tends
to a constant in the saturation regime. Note that the three other MOSFET studied in this
thesis display precisely the same behaviour. We conclude that Eq. 113 cannot accurately
describe the inversion charge of a MOSFET. To remedy to this problem, we suggest the
following model for the threshold voltage:

Vbs

Vi = Vi, — / 5dVps
J (115)
0= 51111]1[07%55%] (Vbs) + 5IiHH]VDSsat»°O[ (Vbs)
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Figure 25 — DIBL of a 5 nm ML-BP MOSFET oriented along AD. In (a), we illustrate
the extraction procedure for § at Vpg = 0.6 V. In (b), we plot the extracted values of §

as a function of Vpg, and display the mean value of § in the pentode regime, namely for

03V <Vps<0.6V.

where for an interval I, I; is defined as:

1 for Vpgel
I; (Vps) = (116)
0 forVps ¢l

To motivate Eq. 115, we note that the effect of DIBL on current-voltage characteristics of
MOSFETS is most manifest in the positive slope that it induces in the output characteristics
in the saturation regime. To properly model this slope, the saturation regime value of the
DIBL parameter dg,; must be used. However, o, is smaller than the value of the DIBL
parameter in the linear regime. This is why we choose to model DIBL with the additional
parameter dj, in the linear regime. Indeed, without dy,, the inversion charge would be

systematically underestimated.

To compute d;,, we do not simply take the average of the extracted values of 9 in the
linear regime. Indeed, in the linear regime, Ipg depends on Vpg not merely through the
DIBL effect, but also and more importantly through current saturation. As such, the values

of § extracted in the linear regime using the procedure described in this section are unreliable.
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Transport direction Armchair Zigzag
Channel length 10 nm 5 nm 10 nm 5 nm
Ssar (mMV - V1) 42+ 2 68 + 10 517 67 + 21
QD 0.040 £ 0.002 | 0.051 £ 0.007 | 0.049 £ 0.007 | 0.059 £ 0.018
Stin (mV - V™) 49 £+ 54 132 £ 71 95 £ 58 181 £ 39
ap,., 0.046 £ 0.052 | 0.098 £ 0.052 | 0.090 £ 0.055 | 0.159 £ 0.034

Table 6 — Extracted values of 04 and dy, for the four MOSFETSs studied in this thesis. The
extraction procedures of these two parameters are described in Sec. 3.4. We also list the
corresponding values of the saturation and linear regimes drain control parameters ap_,, and
ap,, . Note that we have defined ap,,, = dsat, where ag is listed in Tab. 5. The parameter

ap,,, was defined analogously.

Instead, to compute dy,, we set Vpg, , = 1 mV, Vpg

sat

= 0.3V, and Vpg,,, = 0.6 V. We
then compute V7, using the ballistic mobility method, as described in Sec. 3.2.2.1. We also
compute the value of the threshold voltage at Vpg,, ., which we denote as Vr,, ,, using the

amorphous channel method (Sec. 3.2.2.2). Eq. 115 can then be used to compute the value

of 511'n:

5 o VThigh - VTO + 5sat (VDShigh - VDSsat) (117)
lin — VDS

sat

This procedure was carried out; the resulting values of dy;, are listed in Tab. 6.

3.5 Lead control parameters

Using the methodologies of Sec. 3.3 and Sec. 3.4, we are now able to plot the gate and
drain control parameters ag and ap as a function of the drain voltage Vpg. This is shown

in Fig. 26.

We note, as previously stated, that ag is high and roughly independent of Vpg. On
the other hand, ap strongly depends upon Vpg. Why might that be the case? We believe
that the floating source effect to be the culprit for this peculiar behaviour (Sec. 2.3.2.1).
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Figure 26 — Gate and drain control parameters plotted as a function of Vpg for the four
MOSFETs studied in this thesis. The extraction methods for o and ap are respectively

described in Sec. 3.3 and Sec. 3.4. We note that ag is roughly constant and ap decreasing.

Indeed, as shown in Fig. 27, in ballistic MOSFETS, as the drain voltage increases, the top
of the potential barrier is pushed closer and closer to the source electrode. Therefore, the
capacitive coupling between the source and the channel 2DEG, and hence ap decreases as

Vpbs is increased.

We conclude that the floating source effect is an important phenomenon to consider in

the modeling of ballistic or nearly ballistic MOSFETs. Indeed, it leads to:
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Figure 27 — Band diagrams of a 5 nm channel ML-BP MOSFET oriented along AD, calcu-
lated using TB-NEGF simulations. The gate voltage is fixed at Vgs = 0.8 V, and the drain
voltage is swept from Vps = 0.1 V to Vpg = 0.6 V in steps of AVpg = 0.1 V. These band
diagrams are magnified near the top of the barrier in the inset. We note that the position
of the top of the barrier shifts towards the source as Vpg is increased. For clarity, the band

diagrams presented in this figure were smoothed using a moving average filter.

e A reduction of the conduction band minimum in the source electrode as Vg is in-

creased, as shown in Sec. 2.3.2.1,

e The emergence of a dependence of the DIBL parameter upon Vpg.
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4 Compact Modeling

In this section, we combine the analytical models that we presented in Sec. 2 with the
parameters extraction methods that we developed in Sec. 3 to produce compact models for
the four ML-BP MOSFETs under investigation in this thesis. We find that the Landauer-
Bittiker model is rather unsuccessful, due to its failure to consider the floating source effect.
On the other hand, the capacitor model is surprisingly accurate in predicting both transfer
and output characteristics. We also present the virtual source model, and show that it has

good predictive power at an extremely low computational cost.

4.1 Landauer-Bittiker model

To compute Ipg in the Landauer-Biittiker model for given values of Vpg and Vg, we

use the algorithm presented in Sec. 2.3.1, namely:

1. Parametrize the inversion layer charge as:

QO = —CG (VGS — VTO -+ fovDS 5dVDS>
Note that DIBL is treated as in Sec. 3.4.

2. Compute np, from Eq. 23:

Qo = _6% [F0 (Mrs) + Fo (NFy,)]. Note that np, = gy — ekVBDY§

3. Compute Ipg from Eq. 24:

1 ‘7% (”FD)

. 3;% ("Fs) - ‘g% ("Fs>
Ips =W |Qo| [’UT %(WFS)] 1+90(7,FD)
‘%("Fs>

Since g, can only be computed if )y is known, the Landauer-Biittiker can only be used

to compute the Ipg in the inversion regime.

The Landauer-Biittiker, as presented in this thesis, is a 7 parameters compact model.

Two of those parameters, the density-of-states effective mass m* and the effective mass

along the transport direction m}, pertain to the atomistic properties of the semiconductor
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channel material, and were computed from DFT [58]. Four of those parameters pertain to
the electrostatic properties of the device. The gate capacitance Cg and the threshold voltage
Vi1, were computed using the ballistic mobility method introduced in Sec. 3.2.2.1. DIBL was
taken into account using the formalism of Sec. 3.4, and is parametrized by two parameters,
0sat and dg,¢. The last parameter of the Landauer-Biittiker model is the device temperature,

which was set to be T' = 300 K.
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Figure 28 — Output characteristics of the four ML-BP MOSFETs studied in this thesis.
The gate voltage is swept from Vg = 0.8 V to Vgg = 1.1 V in steps of AVgs = 0.05 V.
We compare the results obtained from TB-NEGF simulations to those obtained from the

Landauer-Biittiker (LB) model introduced in Sec. 2.3.1.
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In Fig. 28, we compare the output characteristics of the four ML-BP MOSFETs under
investigation in this thesis calculated from TB-NEGF simulations and from the Landauer-
Biittiker model. The drain current /pg tends to be vastly underestimated in the Landauer-
Bittiker model, especially for high values of Vpg and V. This is not surprising, as the
Landauer-Biittiker model does not consider the floating source effect, which increases Ipg and
becomes increasingly important under higher biases (see Sec. 2.3.2.1 and Sec. 3.5). Perhaps

more surprising is how drastic are the corrections due to the floating source effect.

While the Landauer-Biittiker model is too unreliable for compact modeling purposes,
it nevertheless seems to predict the linear regime drain current to a reasonable degree of
accuracy. Furthermore, the scaling of Ipg upon (Vs — Vr) as predicted from the Landauer-
Biuttiker model seems to roughly match the predictions of the more elaborate TB-NEGF

simulations.

4.2 Capacitor model

To compute Ipg in the capacitor model for given values of Vpg and Vg, we use the

algorithm presented in Sec. 2.3.2, namely:

1. Guess the value of the self-consistent potential Uscr. To this end, we use a value of

Uscr = —10712 J in our algorithm.

2. Compute the induced charge density AQy using Uscr and Eq. 32:
Uscr = —e(apVbs + acVas) — eorenres AQo

3. Compute the self-consistent potential Uscr using AQ)y and Eq. 28:

_ eNy g (Erg—Uscr eNs o (Erp—Uscr o (Er—Uscr,
AQo = =270 (Fr ) — 2% (T ) + el (S

4. Repeat Steps 2 and 3 until convergence is attained. The chosen criterion for con-

vergence is that Ugcp changes by less than 10726 J from one iteration to the next.

5. Repeat Steps 2 to 4 with various values of Er, until one such value that guarantees
charge neutrality in the source electrode is found. The charge neutrality condition is

described by Eq. 34:
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E —-E
Npg = Nalog 1:1};1)(%)) + %2 log {1 + exp (%”
B

+ 22 log [1 + exp (EFSJFE‘,:;);_USCF)}

To do so, we increase Er, in steps of 1072* J until the right-hand side of the above

equation is greater than or equal to Np,.

6. Compute the current using Eq. 33:

_ Ny a. (Frs—Uscr\ Erp—Uscr
IDS = We 3 Ur {ef% (7]{371 y% T kgT

As a preliminary step, we compute Er — Uscr,, by finding its value such that the
capacitor model presented above best fits the Vpg = 1 mV transfer characteristic between
Vas = 0.4V and Vg = 0.6 V. The conduction band minimum in the source can they be

calculated as:

N
Eoy — Uscr., = Er — Usor,, — kgT'log {exp ( A’f) - 1} (118)
2

Furthermore, the sum of the source, drain, and gate capacitances can be calculated as:

C
Os—i—OD—i—OG:fG (119)

&7

where C¢ is the electrostatic capacitance of the gate electrodes.

The capacitor model, as presented in this thesis, is an 8 parameters compact model.
One of these parameters specifies the design of the device: the source doping density Np,.
Three of those parameters are atomistic: the density-of-states effective mass m*, the effective
mass along the transport direction m;, and the equilibrium barrier height with respect to the
Fermi level Ep — Uscr,,. Three of those parameters pertain to the electrostatic properties of
the device: the gate capacitance Cg, the gate control parameter ¢, and the drain control
parameter ap. The gate capacitance Cg was computed from Eq. 79 by considering all
fringing field effects. The gate control parameter o was computed using the method exposed
in Sec. 3.3. Finally, the drain control parameter was set to ap = ap,.. (as defined in Sec. 3.4).
Indeed, we found that in the capacitor model, having a Vpg-dependent DIBL parameter made

little difference. Thus, by virtue of Occam’s razor, we favour a one-variable parametrization
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of DIBL. The last parameter of the capacitor model is the device temperature, which was

set to be T'= 300 K.
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Figure 29 — Transfer characteristics of the four ML-BP MOSFETSs studied in this thesis. The
drain voltage is set at Vpg =1 mV and Vpg = 0.1 V. We compare the results obtained from

TB-NEGF simulations to those obtained from the capacitor model introduced in Sec. 2.3.2.

In Fig. 29 and Fig. 30, we respectively compare the transfer and output characteristics
of the four ML-BP MOSFETSs under investigation in this thesis calculated from TB-NEGF
simulations and from the capacitor model. The drain current Ipg is modeled surprisingly well
within the capacitor model, both in the subthreshold and inversion regimes, and both in the

linear and saturation regimes. By describing electrostatics and Fermi-Dirac statistics self-
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Figure 30 — Output characteristics of the four ML-BP MOSFETs studied in this thesis.

The gate voltage is swept from Vg = 0.8 V to Vgg = 1.1 V in steps of AVgg = 0.05 V.

We compare the results obtained from TB-NEGF simulations to those obtained from the

capacitor model introduced in Sec. 2.3.2.

consistently, while taking into account the floating source effect, we have accurately modeled

ballistic MOSFETs. Furthermore, the slope of the transfer characteristics in the subthrehsold

regime is well-described by the capacitor model. This shows that the ag extraction method

that we presented in Sec. 3.3 is reliable. Likewise, the fact that the slopes of the output

characteristics in the saturation regime are well described by the capacitor model shows that

the ap extraction method that we presented in Sec. 3.4 is reliable.
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A concern that one might have is whether the drain current Ipg can be calculated
quickly within the capacitor model. Indeed, the algorithm described at the beginning of this
section contains a self-consistent calculation nested into an iterative procedure. However,
calculations within the capacitor model are fast enough for the purpose of compact modeling.
To give a sense of scale, to calculate all of the TB-NEGF-based data presented in Fig. 29
and Fig. 30, approximately 3 core-years of computing time were needed. On the other hand,
approximately 15 core-seconds were needed to obtain the corresponding capacitor-model-

based data.

Finally, we mention a caveat to the discussion above. The electrostatic gate capacitance

)

model to the TB-NEGF data. Instead, we used one third of the above value, namely Cq =

computed from Eq. 79, namely Cg = 275 (1 + >, lead to poor fits of the capacitor

% (1 + ( ﬁa)b> We believe this mismatch between our theoretical prediction for the gate
capacitance and its best-fit value to be at least partly due the way that Poisson’s equation is
handled in the TB-NEGF simulations. Indeed, the space grid onto which Poisson’s equation
is solved in these simulations terminates at the exterior boundaries of the oxide layers. As

a result, much fewer field lines are considered within the simulations than those that were

considered in deriving Eq. 79.

4.3 Virtual source model

We now come back to the virtual source (VS) model, the compact model that we
commended in the introduction of this thesis, and cherished for its distinctively bottom-up
character. This model [2—4] is continuous from the drift-diffusion to the ballistic limit, and is

hence an important conceptual guide in designing MOSFETs approaching the ballistic limit.

In essence, the VS model for the output characteristics of a MOSFET is constructed
as follows. First, an expression for the linear regime drain current I/pg, is obtained. In the
case of nondegenerate ballistic MOSFETs, Eq. 49 and Eq. 56 can be used to this end:

HbanVps

Ips,, = Ca Vas — Vi, +6Vps) 7

(120)
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Second, an expression for the saturation regime current Ipg,,, is obtained. For ballistic

MOSFETs, Eq. 24 can be used to this end:

Ips.,, = Co (Vas — Vi, + 6Vps) vy

Z1 (ry) (121)
‘32.0 (nFs)
The parameter v; is known as the injection velocity of charge carriers. In Fig. 31a, we plot
. Er,—Ec
o as a function of np, = =27

Third, the drain voltage Vi,; at which the linear regime current of Eq. 120 equals the
saturation regime current of Eq. 121 is calculated. In the present situation, this voltage,

known as the saturation voltage, can easily be computed to be:

L
Vi = —L (122)
Mball

Fourth, given 8 > 0, we define the saturation function as:

Vps

Foi: (Vps) = Veat pes: (123)
1+ (2]

The velocity of charge carriers is then expressed as vyFg (Vps). The saturation function

F, describes the transition of the velocity of charges carriers from their linear regime value
of % to their saturation regime value of v;, as can be seen by examining the behaviour
of F,, in the limits Vpgs — 0 and Vpg — oo. The parameter 5 is phenomenological, and
quantifies the sharpness of the transition from the linear regime to the saturation regime. In

Fig. 31b, we plot F},; for various values of 3.

Overall, in the VS model, the drain current in the inversion regime is expressed as:

Ips = Ce (Vas — Vi, + 0Vps) viFw: (Vbs) (124)

As presented in Ref. [4], the VS model injection velocity vy is left as a free parameter.

Z1(nr

In this thesis, it is expressed within the Landauer-Biittiker model as v; = UT;((US))- The
Zolnrg

exact value of the parameter np, = Er, :B_TEC is, however, unknown. It thus remains to express
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Figure 31 — Injection velocity (a) and saturation function (b) for the virtual source model.

The injection velocity normalized by the thermal velocity vy, is plotted as a function of

_ Erg—Ec

NFs = — g The saturation function is plotted for three different values of 3 as a function

of the drain voltage Vpg normalized by the saturation voltage V..

nrs as a function of Vizg. First, it is known from electrostatics that the barrier height E¢ is

eVas

2% where k ~ 1. We can thus write:

a linear function of the gate voltage [66,105]: E¢ o

e
s = BTk

VGS — VTO) + Nty (125)

where 77, is a constant. Somewhat arbitrarily, we demand that np, = —2 for Vgg = Vg,
from which we can deduce that 77, = —2. We motivate this choice as follows. The threshold
voltage Vr, is defined as the value of Vg at the onset of high conductivity within the MOS-
FET channel. The drain current through a ballistic MOSFET is proportional to 3"% (Nr)
(see Eq. 33). Since this complete Fermi-Dirac integral of order % only starts to strongly de-
viate from 0 at np, = —2, as can be seen in Fig. 33, we require that np, = —2 for Vog = Vp,.
Setting 1y, = —2 thus corresponds to the statement that the MOSFET channel becomes

conductive when the barrier height E¢ is within 2kgT of the source Fermi level Ep,.

Hence, to compute Ipg in the virtual source model for given values of Vpg and Vg, we

use the following algorithm:

1. Compute ng, from Eq. 125:
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NFs = k;T% (VGS - VTo) + 11,

Note that np, only depends upon Vg within our parametrization.

2. Compute the injection velocity from Eq. 121:
71 (nrs)
Fo (”FS)

3. Compute the drain current from Eq. 124:
Ips = Ca (Vas — Vi, + 0Vps) vrFea (Vps)
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Figure 32 — Output characteristics of the four ML-BP MOSFETSs studied in this thesis. The
gate voltage is swept from Vgs = 0.8 V to Vgg = 1.1 V in steps of AVgs = 0.05 V. We
compare the results obtained from TB-NEGF simulations to those obtained from the virtual

source (VS) model.
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The virtual source model, as presented in this thesis, is an 8 parameters compact model.
One of those parameters is atomistic: the effective mass along the transport direction m;.
Three of those parameters pertain to the electrostatic properties of the device: the gate
capacitance Cg, the threshold voltage Vr,, and the DIBL parameter 6. The gate capaci-
tance Cg and threshold voltage Vp, were computed using the ballistic mobility method of
Sec. 3.2.2.1. The DIBL parameter was set to § = J;, (as defined in Sec. 3.4). Three of
these parameters are phenomenological: 3, k, and 7ng,. The parameter 8 was set to = 3,
the parameter k to k = %, and 7, to np, = —2, as those values lead to good fits. The
last parameter of the virtual source model is the device temperature, which was set to be
T = 300 K. Note that the channel length L is not a parameter of the virtual source model,
as whenever it appears in the equations that define the VS model, it is cancelled out by

another factor of L hidden in ppay.

In Fig. 32, we compare the output characteristics of the four ML-BP MOSFETs under
investigation in this thesis calculated from TB-NEGF simulations and from the virtual source
model. The drain current Ipg is modeled fairly well with the VS model, both in the linear
and saturation regimes. While the VS model is not as successful as the capacitor model
presented in Sec. 4.2, it has the power of calculating Ipg essentially instantaneously. Indeed,
the most computationally heavy component of the virtual source model is the calculation
of the complete Fermi-Dirac integrals defining the injection velocity (see Eq. 121), which
merely needs to be done once for each sampled value of the gate voltage Viz5. The virtual
source model would thus likely be more appropriate than the capacitor model for simulations

of circuits of great scale.
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5 Conclusion

We conclude this thesis by a brief summary, followed by the description of a potential

future research project in the same vein as the work presented in this thesis.

5.1 Summary

In this thesis, we have developed two accurate bottom-up compact models for bal-
listic MOSFETs. These models, the capacitor model and the virtual source model, both
parametrize current-voltage characteristics using 8 parameters, which stand in striking con-
trast with the hundreds or thousands of parameters that are found in compact models typi-

cally used by the semiconductor industry.

Our models find their foundation in the Landauer-Biittiker formalism of ballistic trans-
port. This formalism has strong physical footing, thus making our models inherently bottom-
up. As such, while we have focused our attention on ML-BP MOSFETS, we strongly believe
that our models can be used without any major alteration for ballistic MOSFETs composed

of various other semiconductors.

In developing our models, we have shown the floating source effect to be of great im-
portance in ballistic MOSFETs. Additionally, we have shown how to obtain the parameters
of our models, be it from theoretical arguments, from ab initio simulations, or by extraction

from current-voltage characteristics.

State-of-the-art MOSFETs have been operating near or at the ballistic limit for more
than a decade. Nevertheless, the field of compact modeling, and more generally the field
of nanoeletronics, are still to a great extent dominated by ideas stemming from the drift-
diffusion transport theory. Concepts such as that of ballistic mobility serve to bridge the gap
between these ideas, in term of which scientists and engineers tend to think about MOSFETs,

and the actual operating principles of MOSFETs. However, such concepts are fallacious; a
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fresh, simple ballistic transport formalism needs to be canonized within the device research
community. We believe the Landauer-Biittiker formalism to be the best candidate to take
this role. Not only does it provide a clear and coherent description of MOSFETs and many
other electronic devices, but it can also, with a few adjustments, be used to build accurate

compact models.

5.2 Future research direction

Ever since the invention of the integrated circuit, MOSFETs have been the most preva-
lent building blocks for digital logic and complex computations. They, along with other
semiconductors devices, have undergone an uninterrupted miniaturization over the past fifty
years, following a trend known as Moore’s law [106]. Now that the channel lengths of MOS-
FETs are reaching the nanoscale, it is quantum phenomena that dominate their physical
properties. Notably, short-channel effects such as DIBL depreciate the power efficiency of
MOSFETs. Consequently, researchers have to juggle between these physical constraints,
which lead to increased power dissipation, and economic constraints on acceptable power
dissipation. This dilemma has hindered the progression of Moore’s law over the past five
years [107]. An urgent task is thus to devise a device which breaks this power dissipation

bottleneck.

The subthreshold swing (SS) is a device parameter which quantifies how difficult it is
to turn off a transistor, and is therefore commensurate with leakage currents and power
consumption. Electrostatics and thermodynamics dictate that at room temperature, the SS
of a MOSFET must be greater than 60 mV - dec™!. A number of potential successors to
the MOSFET with sub-60 mV - dec™! SS have been studied, the most promising of which is
the tunneling field-effect transistor (TFET) [108]. While thermionic injection is the physical
mechanism for electronic transport in MOSFETs, TFETS rely on quantum tunneling. Since
quantum tunneling is a temperature-independent process, sub-60 mV-dec™! SS can easily be
achieved in TFETs [109]. However, the ON-state currents of TFETS are typically ~ 2 orders
of magnitude smaller than those of MOSFETS, thus making their adoption on large-scale logic
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circuits impractical. Very recently, a potential surrogate to the TFET was introduced. This
device, called the Dirac field-effect transistor (DFET), is composed of a monolayer graphene
source, an intrinsic monolayer molybdenum disulfide (MoS,) channel, and a n-doped MoS,
drain. By virtue of the linear density of states of graphene near its Dirac points, the DFET
effectively behaves as a TFET in the OFF-state and a MOSFET in the ON-state. This
transistor was shown to break the 60 mV - dec™" SS limit while maintaining a high ON-state

current, both experimentally [110] and theoretically [111].

The goals of this research project are twofold. First, the unusual behavior of the
DFET is believed to be due to the formation of a gate-modulated Schottky barrier at the
graphene/MoS, interface, due to the semimetallic character of graphene [111]. T will in-
vestigate the universality of this phenomenon by simulating a similar device with another
Dirac material in place of graphene in the source (for example, silicene [112]), and another
two-dimensional semiconductor in place of MoS, in the channel (for example, ML-BP [5]).
To do so, I will use first-principles calculations based on density functional theory (DFT)
within the nonequilibrium Green’s function formalism (NEGF), which has emerged as one
of the most powerful and practical methods for predicting nonlinear and nonequilibrium
quantum transport properties of nanoelectronic devices [1]. Additionally, the effects of dis-
order and impurity scattering can be taken into account within the nonequilibrium coherent
potential approximation (NECPA) [113]. The NEGF-DFT-NECPA formalisms have been
implemented in Nanodsim, a software package developed by Guo et al. that I will use for

this part of the project.

Second, I will construct a compact model for the DFET. Compact models are analytical
parametrizations of the current-voltage characteristics of electronic devices, which are used
by the semiconductor industry in large-scale circuit simulations. Such a compact model could
then be used to study DFET-based circuits of interest (for example, a static random-access
memory cell) to investigate if the use of DFETs does lead to decreased power dissipation at
the circuit level. Overall, this research project is one of the first theoretical investigations
of a promising successor to the MOSFET, and fits within the research and development of

low-power nanoelectronics.
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A Complete Fermi-Dirac Integrals

The complete Fermi-Dirac integral of order i € Q is defined for n € R as [114,115]:

1 7 #i
i (n) = / e dt (126)

Fi+1) p(t—mn)

Complete Fermi-Dirac integrals of order —%, 0, and % are plotted in the range —4 <

7 < 10 in Fig. 33 for illustrative purposes.
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Figure 33 — Plots of the complete Fermi-Dirac integrals .%; (1) of order i = —3, 7 = 0, and

1= % as a function of 1. The integrals were computed numerically using FEq. 132.
These integrals often arise in semiconductor-related calculations. For example, consider

a n-dimensional semiconductor (n € N) with a parabolic conduction band. The density of

Page 1



A Complete Fermi-Dirac Integrals

states p, (F) of conduction band electrons (where E denotes energy) satisfies, for £ > E¢
[73]:

pu (E) = gu (E = E)"® 6 (E — Ec) (127)
where E¢ is the conduction band minimum, g, is a material-specific constant independent

of E/, and 0 the Heaviside step function. Hence, the density n of conduction band electrons

is:

+o0 00 n—2
n (B E—FEq) 2
n = / 2 E)7E dE = g, / ( C;E dE (128)
—00 1+ exp ( kBTF) Ec 1+ exp ( kBTF)
where Er and T are respectively the Fermi level and temperature of the semiconductor. By
making the substitution t = Ek;TC and defining np = Ei;fc, Eq. 128 can be re-expressed in
terms of a Fermi-Dirac integral as:
n=gn (b T)E T (5) Fua (o) (129)

While the I' function included in the definitions of complete Fermi-Dirac integrals
(Eq. 126) might first seem unnecessary, it guarantees the desirable property that Vi € Q
and Vn € R:

=Fi1(n) (130)

The complete Fermi-Dirac integral of order 0 can be computed analytically to be:

Fo () = log[1 + exp ()] (131)

There exist analytical approximations to the Fermi-Dirac integrals of order ¢ for —= <

2
i < 2 [116-118], as well as quickly-converging series expansions for —1 < i < 7 [119,120].
However, for greater accuracy, one must resort to numerical methods. A standard approach
[121], valid for ¢ > —1 and n < 15 is to make the substitution ¢ = exp (z — e~*), so that

Eq. 126 can be written as:
1 i
Z: (n) = ,i/t 14+e® d 132
(n) r@+1)) ( e )1+exp(t—n)x (132)

where a and b are chosen in such a way that the integrand in Eq. 132 is almost 0 for z = a

and x = b. Typical values for the parameters a and b are respectively —5 and 5. The
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complete Fermi-Dirac integral as expressed in Eq. 132 has the advantage of being readily

computable using the easily implemented trapezoidal rule, despite the fact that the domain

of integration of a complete Fermi-Dirac integral is infinite (Eq. 126).

Finally, we examine the asymptotic behaviour of complete Fermi-Dirac integrals in the

limit n < 0 (which for obvious reason can be referred to as the nondegenerate limit). In this

limit, one has:
(0.)

N t
Ji(n)_F(i+1)0/eXp(t—n)dt

and hence, by definition of the I' function, Vi € QQ, one obtains:

Fi(n) — el as n— —0

It can also be shown [122] that in the degenerate limit 1 > 0:

niJrl
Fi () = =——— — 400
() = ¢ (it2) ® 177

(133)

(134)

(135)
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B Conformal Mappings and Schwarz-Christoffel Trans-

formations

We expose some important mathematical background on conformal mappings and

Schwarz-Christoffel transformations [123].

Definition: Let U and V be open subsets of C. A mapping f: U — V is said to be conformal

if Vu € U, f preserves the oriented angles between all pairs of curves going through w.

The Riemann mapping theorem guarantees the existence of a conformal mapping be-
tween the Poincaré upper half-plane H = {¢ € C | Im(¢) > 0} and the interior of any

polygon in the complex plane. Such mappings are called Schwarz-Christoffel mappings.

Definition: Let S C C. Then, the closure of S, which we denote as cl (), is defined to be

the unique smallest closed subset of C containing .S.
As an example, if S={z¢€ C||z] <1}, thencl(S)={z€C||z| <1}

Definition: Let P C C be an open simple polygon with interior angles (a, 8,7, - ). Let
a,b,c,--- € R be such that a < b < ¢ < --- and A € C a constant. Then, a Schwarz-

Christoffel mapping is a mapping f: cl (H) — cl (P) defined by:

f<<>:/<( e —du (130)

w—a) " (w—b)""7(w—c)

The mapping f defined above has the property that it maps the real axis R to the edges
of the polygon cl (P). Furthermore, given appropriate choices of A and of the constant of
integration in Eq. 136, f maps (a,b,c,---) to the vertices of ¢l (P). Finally, the restriction
flg of f to H is a conformal mapping from H to P.
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C Incomplete and Complete Elliptic Integrals of the
First and Second Kinds

Elliptic integrals often arise in the calculation of conformal mappings and Schwarz-
Christoffel transformations. Notations surrounding these integrals are numerous in the lit-

erature. For this reason, we wish to set the notation that we will use in this thesis.

The incomplete elliptic integral of the first kind is defined for -1 < ( <land 0 < k < 1

as:

dw

¢ 1
k) =
) /0\/(1—w2)(1—k2w2)

¢ 1
= F (b
/0 1 — k2sin? 0 (6,%)

where sin ¢ = ¢ with —7 < ¢ < 7. The parameter k is sometimes referred to as the elliptic

(137)

modulus, or eccentricity.

The complete elliptic integral of the first kind is defined to be the value of the above

integral in the limit ¢ — 1, or equivalently ¢ — Z:

(138)

1 1 ™
:/ dw:/2 L
0 \/(1 —w?) (1 — k2w?) 0 V1—k?sin®6

The incomplete elliptic integral of the second kind is defined for —1 < ¢ < 1 and

0<k<1as:
/ k:2w2
T (139)
/ V1 — k2sin® 0d0 =
where sin¢ = ¢ with —5 < ¢ < 7. The complete elliptic integral of the second kind is

defined to be the value of the above integral in the limit { — 1, or equivalently ¢ — 7:

1— k2w? +
%dw - / V1 — k2sin? 0do (140)
—w 0
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C Incomplete and Complete Elliptic Integrals of the First and Second Kinds

We note that the complete elliptic integral of the second kind has the following math-
ematical interpretation: given an ellipse with semi-major axis s, and semi-minor axis s,
(which yield a value of e = /1 — % for the elliptic eccentricity), then the circumference of
the ellipse is given by 4aF (e). This fact is the namesake of elliptic integrals.

The complementary incomplete elliptic integrals of the first and second kind are respec-

tively defined for —1 < ( <1 and 0 < k < 1 to be:

F'(Gk) = F (¢ VI =82 (141)

E'(Gk) = E(¢GVI—R) (142)

while the complementary complete elliptic integrals of the fist and second kinds are respec-

tively defined for —1 < ( <1 and 0 < k < 1 to be:

K' (k) = K (VI—k?) (143)

E'(k)=E(VI=F) (144)

The parameter /1 — k? is sometimes called the complementary modulus.

We note that by means of analytic continuation, the domains of definition of the all of
the elliptic integrals can be extended to larger regions of C (in the case of complete elliptic
integrals) or C? (in the case of incomplete elliptic integrals). For example, the elliptic
integrals of the second kind defined in Eq. 139, Eq. 140, Eq. 142, and Eq. 144 are analytic
in C or C2.

Elliptic integrals cannot be expressed in terms of elementary functions. However, they
can readily be calculated using tables [124] or softwares such as MATLAB [125] and Mathe-
matica [126]. In Fig. 34, we plot, for illustrative purposes, the four complete elliptic integrals

that were introduced in this appendix.

We finish this section by quoting an important result [127]:
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C Incomplete and Complete Elliptic Integrals of the First and Second Kinds
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Figure 34 — Plots of the complete elliptic integrals defined in Eq. 138, Eq. 140, Eq. 143, and
Eq. 144, as a function of the elliptic modulus k.

Legendre’s relation: For any value of k € |0, 1], one has:

[E" (k) = K" (R)] K (k) + K" (k) E (k) = (145)

s
2

After analytic continuation, Legendre’s relation still holds for values of k € C where the

elliptic integrals appearing in Eq. 145 are defined.
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