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Abstract

In this thesis, we present the proof of the congruence subgroup property of Aut(F) — the
automorphism group of the free group on two generators — in a group-theoretical setting. We
follow the main ideas of Lubotzky and Ben-Ezra, based on a previous result by Bux, Ershov
and Rapinchuk. This surprising result was first proven by Asada using anabelian geometric

techniques.

Abrégé

Dans cette these, on présente la preuve de la propriété des groupes de congruence pour Aut(Fs)
— le groupe des automorphismes du groupe libre a deux générateurs — du point de vue de la
théorie des groupes. On suit les idées principales de Lubotzky et Ben-FEzra, basées sur un
résultat précédent de Bux, Ershov et Rapinchuk. Ce résultat surprenant a d’abord été prouvé

par Asada en utilisant des techniques géométriques anabeliennes.
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Chapter 1

Introduction

Let n > 2. For every m > 2, set I'[m] to be the kernel of the canonical homomorphism
GL,(Z) = GL,(Z/mZ)

induced by Z — Z/mZ. T[m] is called the principal congruence subgroup of GL,(Z) of level
m. A congruence subgroup of GL,(Z) is then defined as a subgroup that contains I'[m] for
some m € Z. Such subgroups are the most obvious finite index subgroups of GL,(Z). It is
then natural to ask if the converse — every finite index subgroup of GL,(Z) is a congruence

group — holds. This is known as the congruence subgroup problem.

By observing that GL,(Z) is the automorphism group of Z™ — the free abelian group on
n generators — we can generalize the classical congruence subgroup problem to Aut(G) — the
automorphism group of a finitely generated group GG. We say that G has the congruence sub-
group property if the converse holds. If there are no ambiguities, we can also say that Aut(G)

has the congruence subgroup property.

It is a classical result, known already to Klein and Fricke in the 19th century (c.f. [10]), that
Z? does not have the congruence subgroup property. In 2001, Asada showed the surprising

result that this property holds for F» [1]. The original argument in [1] was based on techniques



from anabelian geometry.

Main Theorem. (c.f. [1], Theorem 5) Aut(F3) has the congruence subgroup property.

The main goal of this thesis is to present a group-theoretical proof of this theorem. This
argument was first presented by Bux, Ershov and Rapinchuk in [5], and later shortened by
Ben-Ezra and Lubotzky in [4]. In Chapter 2, we study the general setting of the congruence
subgroup problem for Aut(F3). In Chapter 3, we review the facts about profinite groups that
are needed for a direct proof of the Main Theorem. Finally, in Chapter 4, we give a procedure

for constructing explicit congruence subgroups of Aut(Fy).



Chapter 2
Congruence Subgroup Problem

2.1 Congruence Subgroup Problem for SL,(Z)
Consider the principal congruence subgroups of SL,(Z), the simplest interesting setting for
the congruence subgroup problem,

I'[m] =ker (SL,(Z) — SL,(Z/mZ)).

In 1964, Bass, Lazard and Serre showed the non-trivial result that, for n > 3, SL,(Z) has the
congruence subgroup property [2]. For n = 2, this property is not satisfied as the subgroup of

index 12 in SLy(Z) generated by the matrices

(-2 )

is free of rank 2. A non-congruence subgroup can then be easily constructed from A and B,

as done in Example 2.3.4.



2.2 Congruence Subgroup Problem for Aut(G)

Let G be a finitely generated group and let K be a characteristic subgroup of finite index in
G. Then Aut(G) acts on the quotient group G/K, and the kernel of this action corresponds

to a principal congruence subgroup:
K] = Ker(Aut(G) — Aut(G/K)).

More generally, for a normal subgroup K of finite index in GG, we can define the standard

congruence subgroup associated to K in the following way:
K] ={ 0 € Aut(G) | o(K) = K and o acts trivially on G/K }.

Equivalently, we can consider an epimorphism 7 : G — H where H is a finite group. The

standard congruence subgroup associated to H and 7 is then:
IH,n|={0 € Aut(G) | ro=7}.

Clearly, a congruence subgroup is a finite-index subgroup of Aut(G). Similarly to the
classical congruence subgroup problem, it is natural to ask if every finite-index subgroup of
Aut(G) contains a suitable congruence subgroup. This remains an open problem for G = F,,,
the free group on n generators. However, it was proved by Asada [1] that Aut(F3) does have
the congruence subgroup property. In Chapter 3, Section 3.4, we will give a group-theoretic

proof for the Main Theorem.

2.3 Examples of Congruence Subgroups

We start by giving two examples of congruence subgroups of SLy(Z).

Example 2.3.1. Consider the subgroups I'o(m) of SL2(Z) defined as the preimage of the

upper triangular matrices under m,, : SLy(Z) — SL2(Z/mZ). These are called the Hecke



congruence subgroups of level m in SLy(Z) and can be explicitly defined as follows:

Fo(m):{<i Z) € SLy(Z) : ¢=0 (mod m)}.

Using the Chinese Remainder Theorem, we can compute their index :

[mam:mmmznwf[@+;)

plm

where p runs through the primes dividing m. Observe that for all m,

I = (Ol _01) € I'o(m)

therefore none of the Hecke congruence subgroups are torsion-free.

Example 2.3.2. Let I';(m) < SL2(Z) be the preimage of the unipotent matrices under
Tm 2 SLo(Z) — SLo(Z/mZ) defined as

rl(m)z{(j Z) € SLy(Z) : a,d=1 (mod m) and ¢ = 0 (mod m)}.

As opposed to I'g(m), they are torsion-free when m > 3 and their index is given by

[852(2): Ty(m)] = T (1= ).

plm p

where p runs through the primes dividing m.

Remark 2.3.3. These examples can easily be extended to the SL,(Z) case by letting T'fj (m)
and I'? (m) be the preimage of the upper triangular matrices and the preimage of the unipotent

matrices under 7, : SL,(Z) — SL,(Z/mZ), respectively.

Next, we give an example of a non-congruence subgroup of SLo(Z).



Example 2.3.4 (c.f. [10], Example 3-4.2). Recall that the matrices
1 2 1 0
=03
generate a free subgroup F' in SLy(Z) of finite index. Define an homomorphism
Ep:F—=7Z

by sending any word w in F' to the sum of all the exponents of A appearing in w. Let [ = 2k,

where k > 1 is an odd number. We claim that
I'={weF|Es(w)=0 (mod )}

is a non-congruence subgroup of SLy(Z).

Observe that
n_ (1 2n
A" = <0 1) e I'(n)

so if n is not a multiple of k, T'(n) ¢ I';. It remains to show that I'(kn) is not contained in I

for any n.

Assume that I'(2™kn) C Iy for some m > 0 and odd n. Since 2™5kn and 5kn — 4 are

relatively prime, there exists s € Z such that

s(bkn —4) =1 (mod 25 kn) (2.1)

s =1 (mod 5).



Rewrite s as s = 5r + 1 and consider the following matrices in F":

P= BTABAIWL71 _ 5 2(5kn - 4)
2s T

_ ABkn—4 ps __ Yy 2(5k’l’b - 4)
@=4 B = (28 1 ’

for some x and some y. The conditions det(P) = 1 and det(Q) = 1 together with (2.1) give

that x = 1 (mod 2™kn) and y = 5 (mod 2™kn). This implies that P = @ (mod 2™kn), i.e.

PQ~! € T'(2™kn). However, E4(PQ™1) = 4 (mod [), so PQ~! ¢ TI';. This contradicts our

initial assumption.

Example 2.3.5. Consider the well-known homomorphism
1 — Inn(F) — Aut(Fy) % GLy(Z) — 1

and denote by Aut’(Fy) the preimage of the free group generated by

=)o)

under the map 6, which we denote by SL5(Z) (more details in Section 3.4). Aut'(Fy) is a

subgroup of finite index in Aut(F3) which contains the principal congruence subgroup
ker ( Aut(Fy) — GL2(Z) — GLo(Z/AZ) = Aut (Fo/ (RR'FY)) ).

It is therefore a congruence subgroup of Aut(F»). It will play an important role both in the
profinite proof of the congruence subgroup property of Aut(Fy), detailed in Section 3.4, and

in the explicit construction of congruence subgroups given in Chapter 4.

Remark 2.3.6. The proof of the congruence subgroup property of Aut(F3) relies on the fact
that SLo(Z) has a free subgroup of finite index. It is interesting to note that this is exactly

what prevents SLs(Z) from having the congruence subgroup property.



Chapter 3

Profinite Groups

We start by reviewing some basic facts about profinite groups (c.f. [9]) that are needed for
the proof of the Main Theorem. Before restating the Main Theorem, we recall the standard

formulation of the congruence subgroup problem in Section 3.2.

3.1 Basic Notions on Profinite Groups

Definition 3.1.1. We say that a profinite group & is finitely generated if there exists g1, ..., g €
& such that the subgroup generated by those elements is dense in &. In other words, if N is an

open subgroup of finite index in &, then the images of g; in /N generate the finite quotient.

Then, if G is a finitely generated group, its profinite completion G is finitely generated as

a profinite group.

Definition 3.1.2. If & is a profinite group, then Aut(®) denotes the group of continuous

automorphisms of &.

It is known however that if & is a finitely generated profinite group, then every abstract

automorphism of & is also continuous. This result is stated in [8] as follows:



Lemma 3.1.3. Every finitely generated profinite group & is strongly complete, i.e. it satisfies

the equivalent following conditions:
(a) Every subgroup of finite index in & is open,
(b) & is equal to its own profinite completion,

(¢) Every group homomorphism from & to any profinite group is continuous.

Remark 3.1.4. It is natural to ask if the converse of Lemma 3.1.3 (a) holds true. In general,
this remains an open problem. Yet, for some particular cases, it has been shown to be true.

For instance, the converse holds for finitely generated pro-p groups.

Lemma 3.1.5. If & is a finitely generated profinite group, then its automorphism group Aut &

is profinite as well.

Proof. Let & be a finitely generated profinite group and let U, be the intersection of all its
(open normal) subgroups of index less or equal to n. Since & is profinite, U, is itself a normal
open subgroup. Moreover, U, is invariant under automorphisms, so we get a homomorphism
Aut(®) — Aut(&/U,). The subgroups U, form a neighbourhood basis for the identity in &,
so the inverse system of finite groups &/U,, converges to . The automorphism group Aut(®)

can then be naturally identified with
lgn Aut(&/U,,),

making it a profinite group.



3.2 Profinite Formulation of the Congruence Subgroup
Problem

Let G be a finitely generated group. It is standard to reformulate the congruence subgroup
problem to turn it into a comparison of topologies of Aut(G). Consider the congruence sub-

groups associated to characteristic subgroups K of finite index in G :
I'[K] = ker (Aut(G) — Aut(G/K)).

This family of subgroups forms a fundamental system of neighbourhoods of the identity for a

topology on Aut(G). We denote this topology by 7. and its completion by Aut(G).

Similarly, the family of subgroups of finite index in Aut(G) forms a fundamental system of
neighbourhoods of the identity for another topology on Aut(G), called the profinite topology.

We denote it by 7, and its completion by Aut(G).

Since a priori 7Ty is finer than 7, the identity map on Aut(G) induces a surjective homo-
morphism
Aut(G@) — Aut(G).
Then, an equivalent formulation of the congruence subgroup problem is whether or not this

map is also injective, namely if the congruence kernel of Aut(G)

—

C(G) = Ker(Aut(G) — Aut(G))

is trivial or not. We can slightly weaken the congruence subgroup property by asking whether
or not this kernel is finite.

Clearly, Am) is the profinite completion of Aut(G). On the other hand, the pullback of
the topology on Aut(G) under the natural map Aut(G) < Aut(G) can be identified with 7.

It follows that Aut(G) can be identified to the closure of Im: in Aut(CAv'). Then, the question

10



becomes if the natural homomorphism Aut(G) — Aut(G) is injective.

Recall that for a profinite group &, Aut(®) denotes the group of continuous automorphisms
of &. However, as seen in Lemma 3.1.3, if & is finitely generated, then every abstract auto-

morphism of & is also continuous. In this case, by Lemma 3.1.5, Aut(®) is itself profinite.

~

Therefore, the above homomorphism AE(\G) — Aut(G) is a result of the universal property

~

of profinite groups, applied to Aut(G) — Aut(G).

We reformulate the congruence subgroup property of Aut(Fy) in the following way:

Main Theorem (Asada). Aut(F») satisfies the congruence subgroup property, namely
Aut(F) — Aut(F)

is injective.

3.3 More Facts about Profinite Groups

In this section, we recall some important properties of profinite groups (c.f. [5]), as they are

needed to study this new version of the congruence subgroup problem.

Proposition 3.3.1. Let
a B
1-G — G, —G3—>1

be a short exact sequence of groups. Assume that G is finitely generated and that its profinite

completion él has trivial center. Then the sequence of profinite completions



is also exact.

Proof. We view (G1 as a normal subgroup of G5. Note that the conjugation action of G2 on G
extends to an action of Gy on él, giving rise to a homomorphism ¢ : Go — Aut(@l). Now,
since (1 is finitely generated, it follows by Lemma 3.1.5 that Aut(@l) is a profinite group.
Then, ¢ : Gy — Aut(G}) extends to a continuous homomorphism @ : Gy — Aut(Gy) so that

the following diagram commutes:

Aut(Gy)

where v is the extension of the conjugation action of G; on Gi. Observe that ker(v)) is precisely
the center of @1 which, by assumption, is trivial. It follows that @ is injective.

Now, consider the following commutative diagram:

GQLG:}

G~ Gy
We have that B(ég) = (1B)(G>), where (18)(G2) denotes de closure of (13)(Gs) in G3. By
assumption 5(Gs) = G3, yielding the surjectivity of B.
Finally, 8 defines an isomorphism G5/ Im « =5 G, and its inverse gives rise to a natural map
G3 — ég /Ima. The latter satisfies the universal property for the completion of G3 so it
follows that Im & = ker B\ , as required.

O

Proposition 3.3.2. Let F be the free group on a finite set X = {z1,...,2z,}, n > 2, and let
G = F/N be a finite quotient of F'. Pick a prime p not dividing |G| and let M = NP[N, N].

Denote by 7 : F//M — F/N the canonical homomorphism. Then,
(i) Y(Cp/am(xM)) coincides with the cyclic group (zN) for all x € X;

(ii) for any abelian normal subgroup H of F/M, v(H) = {e}.

12



Proof. Consider the Z[G]-module N' = N/[N, N]. We recall the construction done in [6] of the

following short exact sequence of Z[G]-modules:
0N ZZIG" 5 G—=0 (3.1)

where G is the augmentation ideal of Z[G]. It is well-known that the augmentation ideal F of

Z[F] is a left Z[F]-module with basis z; — 1, ...,2,, — 1. Then, for every w € F, we have
w=c(w)(ry — 1)+ ... + cp(w)(x, — 1)

for some unique ¢ (w), ..., ¢ (w) € Z[F]. Denote by 3 the image of y € Z[F] in Z[G], and define

o by sending w € N to (c1(w), ..., cp(w)) € Z[G]™. Define 7 by sending (c1, ..., ¢,) € Z[G]™ to

ZCZ'(ZITZ'— ].)

Observe that all the terms in (3.1) are free Z-modules. Then, by tensoring them with

F, = Z/pZ, we get the following exact-sequence of F,[G]-modules:
0= N, B F[G" 2 G, — 0 (3.2)

where NV, = N @z F, and G, = G @3 F,,. Observe that N}, = N/M and G, is the augmentation
ideal of F,,. Then, since p does not divide the order of G, the exact sequence in (3.2) splits,

yielding the following isomorphism of F, [G]-modules:
N/M ~TF,[G]" ' &F,. (3.3)

Moreover, since the order of G is coprime to the order of N/M, we can fix a semi-direct product

decomposition F/M ~ N/M x G. This allows us to see G as a subgroup of F'/M.

To prove (i), fix z € X and consider its image Z in G. Denote by d the order of the latter.
Then, h := <M belongs to N/M. Now, consider yM € Cr/u(xM). Observe that under the

canonical homomorphism v : F/M — F/N, the image of (yM) is equal to the image of (yP' M)

13



for any [ > 1. Therefore, it suffices to prove the claim when the order of yM is coprime to p.
In this case, there exists zM € N/M such that g := (27 'y2)M is in G. Since yM commutes
with h = Z?M and N /M is abelian, it follows that g commutes with h. In other words, when

N/M is seen as a F,-module, h € N/M, so o,(h) is fixed by g. Explicitly, we have:

d—1
op(h)=| D> 77,0,..,0 | €Fp[G]".
j=0

So,

i

<
I
o

d—1 d—1
g E T) = z’/
Jj=0

which implies that y(yM) = g € (xN), as desired.

To prove (ii), consider an abelian subgroup H of F//M. Observe that for any [ > 1, the
subgroup HP' is also normal in F/M and ~v(HP') = y(H). We can therefore assume that the
order of H is relatively prime to p. Then, there exists y € N/M such that yHy~* C G. Since
H is normal, it follows that H C G. Assume that H # {e}. Then, it follows by (3.3) that

there exists h € H and k € N/M such that hkh=! # h. However, this implies that
1# hkh™ 'k~ e HNN/M,
a contradiction.

O

Corollary 3.3.3. Let F be the free group on the finite set X, with | X| > 2. We denote by F

its profinite completion. Then,

i) for any x € X, the centralizer C'z(z) coincides wi e pro-cyclic group (). Tn partic-
i) fi X, th tralizer C'p incid ith th lic g I t
ular, F has trivial center;

(i) if H is an abelian normal subgroup of F then H = {e}.

Proof. We view F as a (dense) subgroup of F. Assume (i) does not hold. Then, there exists

an open normal subgroup U of F such that the image of C'z(x) in ﬁ/U strictly contains (x U).

14



Let N = FNU and denote by 7y : F— F/N the homomorphism induced by the natural
isomorphism F/U ~ F/N. It follows that (zN) is strictly contained in N (Cp(x)). Now,
pick a prime p not dividing |F/N|. Let M = NP?[N, N] and denote by 7y : F' — F/M the
canonical homomorphism. Observe that m/(Cz(z)) € Cr/a(xM). By Proposition 3.3.2 (i),
the image of Cp/p(xM) in F/N coincides with (zN). This implies that 7x(Cgz(z)) C (xzN),
which contradicts our assumption. It follows that F has trivial center since for z,y € X, x #y,

o~

we have </m\> N (y) = {e}.

To prove (ii), assume that H is a non-trivial abelian normal subgroup of F. Choose an
open normal subgroup U of F that does not contain H. Set N = FNU and M = NP[N, N]
where p is a prime not dividing F/N. Let V be the closure of M in F. Then HV/V is an
abelian normal subgroup of f/V ~ F'/M. So, by Proposition 3.3.2 (ii), its image is trivial in
F/N. Using the isomorphism F/U ~ F/N we conclude that H C U, which contradicts our

assumption.

We recall now a classical result of Schreier:

Theorem 3.3.4. (cf. [7], Section 2.3) Let F be a free group on the set X, with |X| = n. Let
H be a subgroup in F of index m, and let T be a right transversal to H in F’ with the Schreier
property. In other words, T is a system of representatives of rights cosets of H containing the

identity such that the initial segment of any element in T is again in 7. Then:
(i) H is a free group on m - (n — 1) + 1 elements.

(ii) The set {tx (tz) ' #e |t €T,z € X } is a free generating set for H, where W denotes the

unique element in T that satisfies Hw = Hw, for any w € F.

Lemma 3.3.5. Let F be the free group on X = {z1,...,z,}, with n > 2. Let G = F/N be a
finite quotient of F" and pick a prime not dividing 6 |G|. Set L = N N F°[F, F], M = LP[L, L]
and denote by v : F/N — F/M the canonical homomorphism. Then, for z;; = [z;,z;], i # j,

we have 7(Cr/ar(zi;M)) = (i L).

15



Proof. Let H = F?[F, F] and K = F3[F, F]. The set

€n

Ty = {af...xy

¢ €{0,1}}

is a right Schreier transversal to H in F. Applying Schreier’s method (Theorem 3.3.4), we
get that H is a free group on a set containing z;;. By Proposition 3.3.2 (i), we get that

Y(Crym(xi;M)) = (xi;L). Observe that F? C H, therefore it follows that

for any t € Cp/ns(zi; M) we have (t)* € (x;;L). (3.4)
Similarly,

Tk ={zf..ai" | ¢, €{0,1,2} }

is a right Schreier transversal to K in F'. Applying again Theorem 3.3.4, we get that K is a
free group on a set containing x5, so Y(Cr/ar(xijM)) = (xi;L). As F3 C K, we obtain that

for any t € Cp/as(zi; M) we have y(t)* € (x;;L). (3.5)
The result follows from (3.4) and (3.5).

O

Corollary 3.3.6. Let F be the free group on a finite set X with |X| > 2. Then, for any
x,y € X, x # y, the centralizer of [z,y] in Fis Cp(lz,y]) = (m), the closure of the cyclic

group generated by [z, y].

This is derived from Lemma 3.3.5 just as Corollary 3.3.3 (i) was derived from Proposition
3.3.2 (i).

We summarize the results of Corollary 3.3.3 and Corollary 3.3.6 in the following proposition:
Proposition 3.3.7. Let F be the free group on a finite set X, | X| > 2. Then:

(i) The center of F is trivial.

16



o —

(i) If z,y € X, x # y, then Cx([z,y]) = ([z,y])-

3.4 Congruence Subgroup Property of Aut(F;)

We now present a recent short proof of the congruence subgroup property for Aut Fy by Ben-

Ezra and Lubotzky [4].

Observe that if G is a finitely generated group and I' < Aut(G) is a congruence subgroup.
Then,

— ~

ker (Aut(G) — Aut(G)) = ker (f — Aut(é)) .

In particular, the map Aut(G) — Aut(@) is injective if and only if the map T' — Aut(é) is
injective. Therefore, to show the Main Theorem, it suffices to show that the latter homomor-

phism is injective.

Denote by F5 the free group with generators = and y. It is well-known that the kernel of

the canonical surjective homomorphism
Aut(Fy) — Aut(F3P)

corresponds to Inn(F»), the inner automorphism group of F,. Then, the identification F§b ~ 72

yields the following exact sequence:
1 Inn(F) — Aut(Fy) % GLy(Z) — 1.

Let SL5(Z) denote the subgroup of finite index in SLy(Z) (freely) generated by

(3 -2

17



and consider the subgroup of finite index
Aut'(Fy) == 071 (SL4(Z))

in Aut(F»). Now, as seen in Example 2.3.5, it follows that Aut’(F3) is a congruence subgroup

of Aut F3y since it contains the following principal congruence subgroup :

ker (Aut(Fg) i) GLQ(Z) — GLQ(Z/4Z) = Aut(Fg/(Fgab F24))) .

o —

Then, by the previous discussion, it is enough to show that Aut'(Fy) — Aut(ﬁg) is injective

to prove the Main Theorem.

Lemma 3.4.1. Aut'(F,) = Ir@) X m.
Proof. From the discussion above, we can derive the following exact sequence

1 — Inn(Fy) — Aut’(Fy) & SLY(Z) — 1.

Then, since SL5(Z) is free, the following map corresponds to a section of 6, which we denote

by vg:
1 2 n B r =
0 1) 7" ,
Yy =yT
1 0 Hﬁ_ X ny2
2 1 o
Yy =y

giving Aut’(Fy) = Inn(Fy) x {a, ). Then, by Proposition 3.3.1 and Proposition 3.3.7 (i), the

exact sequence

1 — Inn(Fy) = Aut/(Fy) — {a,8) — 1 (3.6)

18



yields the following exact sequence

P T

1 — Inn(F,) — Aut'(Fy) — (a, B) — 1.

—_— -

We get Aut’(Fy) = Inn(Fy) x (a, 3), as desired.

It remains to show that the following map is injective:

—_—

Inn(F) x (o, B) — Aut(Fy).

Clearly, II@) — Aut(ﬁg) is injective as I@) ~ Fy ~ Inn(ﬁg). We will show next

that the map p : m — Aut(ﬁg) is injective as well and that Inn(ﬁg) NImp = {e}.

Lemma 3.4.2. The map p: m — Aut(F}) is injective.

Proof. Define the subgroup H = ker(Fy — (Z/27)?) of F». Then H is a characteristic subgroup
of index 4 in Fy. Observe that H = ker(Fy — (Z/2Z)?), so we have a canonical homomorphism

p: Aut(ﬁz) — Aut(ﬁ).

We next construct a homomorphism Aut(H) — Aut({a, 8)). To show that p is injective,
it will suffice to show that the composition of the latter map with pop: (a, ) — Aut(ﬁ) is

injective.

Consider the right Schreier transversal of H in Fy, T = {e,z,y,zy}. Then, by Schreier’s

method (Theorem 3.3.4), it follows that H is isomorphic to F5 and is freely generated by

2 —-1,.—1 2 —1 2,.—1
T =%, T2=yrYy T, X3=YS, Ta=TYTY , Ty =TY T .
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Define a surjective map 7 : H — (a, 8) ~ F, in the following way:

Tl = «

To — 1

x5 — Bt

Observe that a and 8 act on H as follows:

T, = £C2 — 1’2 =
T9 = yxy_lx_l — yxy_lx_l =
=9 3= y2 — nyyx2 = ToX4x3T1
_ -1 -1 _
T4 =TYTY "~ — TYTY =4
— 2.1 2 —
Ts = TY°T” " = TYTYT = T4T2T5T1
T, = 22— $y2.23y2 = T5T1T3
Tg = yxy’lscfl — yzyilx’l =T
B=1 a3 =9 > =13
— -1 3 —
T4 = TYTY "~ — TY TY = T5T4T3
x5 = xyle " — zylz! =25

This implies that N = ker(7) is generated as a normal subgroup of H by xs, z124 and x3xs,

and that N is invariant under the action of the automorphisms « and 5. Indeed, o and 5 act
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on N as follows:

o — x9 €N
o= T1Ty > T1x4 €N )

3Ty > ToXgT3T1T4T2T5T1 € N

X9 — x9 €N
B = T1xg4 > TT1T3T5T4x3 € N -

r3xrs +> x3T5 €N

~

Then, 7 induces a natural map Aut(H) — Aut(@?ﬂ7 which induces the homomorphism
m — Aut(m). It remains to show that the latter is injective. Observe that o and S act

on {(a, ) in the following way:

_Ja=aN = a@N)=a@)N =N =a
o B=x3N + a(zsN) = a(zs)N = zazsz301N = o~ Ba ’
R 21N = B(xN) = B(z1)N = zsz123N = f~Laf

: B=x3N + B(x3N)=B(xs)N = a3N = j

Thus, (a, 8) is mapped by isomorphically to Inn({(«, 8)). It follows that («, 8) — Aut({c, 8))

is injective, so p : (o, B) — Aut(F}) is injective as well.

Lemma 3.4.3. Inn(ﬁg) NImp = {e}.

Proof. Let 9 = yxy 'z~!, where x and y are the generators of F,. From the previous lemma,

we know that both a and 8 fix x3. Then, Proposition 3.3.7 (i) implies that C (z2) = (z2).

Therefore, we get that

—

Inn(ﬁg) NImp C Cp (22) = (z2).
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Let 7 : H — (a, ) be defined as in the previous lemma. Then, since x5 € ker m, the image
of <$/2\> in Inn(m) is trivial. It follows that the image of Inn(F) N Imp in @ is trivial,
and isomorphic to Inn(ﬁg) NImp as Im p is mapped isomorphically to Inn(m). We get the

desired result.
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Chapter 4

Explicit construction of a

congruence subgroup of Aut(Fh)

Bux, Ershov and Rapinchuk revise in [5] the proof of the Main Theorem in a way that involves
only finite free quotients of free groups, instead of free profinite groups. This leads to a direct
procedure for constructing, for a fixed normal subgroup N of finite index in Aut(F»), a normal

subgroup K of finite index in F5 such that T'[K] C N. We present their proof in this chapter.

As before, F, denotes the free group on generators z and y, and Aut’(F,) denotes the

preimage of the free subgroup in GLy(Z) generated by

(o= )

under the canonical homomorphism Aut(Fy) — GLo(Z) (refer to Section 3.4).

Lemma 4.0.1. Assume that for every finite-index normal subgroup N C Aut(Fz) with
Inn(F3) C N, there exists a finite-index normal subgroup K C F» such that T'[K] C N. Then,
there exists an explicit procedure to find principal congruence subgroups for all finite-index

normal subgroups of Aut(Fs).
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Proof. Let N be an arbitrary finite-index normal subgroup of Aut(Fy), and consider the char-
acteristic subgroup Q C Fy ~ Inn(Fy) corresponding to Inn(F») N N. Pick a prime p not
dividing |F/Q| and define R = Q?[Q,Q]. Then, since p does not divide |F/Q)|, there is a
semi-direct product

FQ/REQ/R X FQ/Q

By an analog of (3.3) in Proposition 3.3.2, we have

Q/R~TF)[F2/Q] & F,

as (F»/Q)-modules, where F), denotes Z/pZ. This implies that C'p,,z(Q/R) = Q/R. Now, ob-
serve that if Inn(h) € I'[R] then Inn(h) acts on F5 /@ trivially, implying that hR € Cp, ,r(Q/R).
Therefore, h € Q.

By assumption, we can find a finite-index normal subgroup K C F5 such that
T[K] C (NNT[R]) - Inn(F3).

We claim that T[R N K] C N. Indeed, any o € T[RN K] can be written as o = 7 - Inn(h)
for some 7 € N NT[R] and some h € F5. Then, Inn(h) € T'[R], so h € Q, which implies that
Inn(h) € Inn(F>) N N. It follows that o € N, as required.

O

Remark 4.0.2. Consider a normal subgroup N of finite index in Aut(F3). Then, by replacing
N with the normal subgroup N N Aut’(F), whose index divides 12 [Aut(Fy) : N], we can

assume that N C Aut'(Fy).

Theorem 4.0.3. Let N be a normal subgroup of finite index in Aut(F53) such that
Inn(Fy) C N C Aut'(F»). Let p and ¢ be odd primes that do not divide n := [Aut/(Fy) : NJ,
and let m = np"T!. Then, we can construct a normal subgroup K C F} of finite index dividing

144 m* g3m*+1 such that T[K] C N.
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Proof. Recall from Section 3.4 the following split exact sequence:
1 — Inn(Fy) — Aut'(F) % (4,B) — 1 (4.1)

It induces an isomorphism between Aut’(Fy)/Inn(Fy) and (A, B). Let N denote the image of
N in (A, B), and let M := NP|N, N]. Now, since p does not divide | (A, B) /N, it follows by

Proposition 3.3.2 that
any normal subgroup of (A, B) /M has trivial image in (A, B) /N. (4.2)

Then, by (3.3), we also have N'/M ~ F,[(A, B)/N|&TF,, which implies that |(A, B) /M| = m.
Then, it suffices to construct a subgroup K C F; of finite index dividing 144 n* (]36m4Jrl that

satisfies the conditions of the following lemma.

Lemma 4.0.4. If K is an (Aut’(Fy))-invariant subgroup of F; such that I'|K] C Aut’(F) and

the image of §(T'[K]) in (A, B) /M is cyclic, then T'[K] C N.

Proof. Since K is an (Aut’(Fy))-invariant subgroup of F» and I'[K] C Aut’(Fy), the image of
O(T[K]) in (A, B) /M is a normal subgroup. Then, it follows by (4.2) that §(T'[K]) has trivial
image in (A, B) /N. Hence, the image of I'[K] in Aut’(Fy)/Inn(Fy) is contained in the image
of N in Aut’(Fy)/Inn(Fy). As Inn N C N, we get that ['[K] C N.

O

Now, let £ = MM, M]. By a similar argument as the one in Lemma 4.0.3, we get that

CiaBy/c(M/L) = M/L,
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and since ¢ is odd, for any subgroup G C (A, B)/L of index < 2,

the centralizer C4 p),-(G) has trivial image in (A, B)/M. (4.3)

Consider the group W = ( 21, 20, 23 | 2§ = 23 = 22 = e). Let O be the kernel of the following

composite homomorphism:

v S wet % 7/07

where ¢ sends each z; to 1 (mod 2). Consider the right transversal {1,2;} to © in ¥. Then
by Schreier’s method (Theorem 3.3.4), it follows that © is generated by 2021, 2321, 2122 and

z123. Since O is non-abelian, it follows that it is a free group on 2120 and z3z3.

Now, identify Fy with © by letting x = 2129 and y = 2223, and let F3 be the free group on
U = 212223, U = 222321, W = 232122. Define the homomorphism ¢ : (A, B) — Aut F3 in the
following way:
21— (2122) 7 L21(2122)
A Q2 — (z122) 122(2122) restricted to Fj

23 — (2122) 223(2122)2

21 — 21
B = ¢ 2 — (2223) '22(2223) restricted to Fj
z3 —r (2223)_123(2223)

Now, consider the surjective homomorphism p : F5 — (A, B) defined by u — B, v — 1,
and w — B71A. Since ker p is invariant under 3¢ ((A, B)), the induced action of »q(w) for

w € (A, B) coincides with Innw.
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Similarly to s, we can define a homomorphism v : (A, B) — Aut/(F») as follows:

r — X
A— o=

y — ya?

z = xy?
B— =

y—y

Observe that vy corresponds to s restricted to F5. It also corresponds to the cross-section of

(4.1) (refer to the proof of Lemma 3.4.1).

Let M = p=*(M)N Fy, and L' = p~ (L), L = L' N F». By construction, M and L are
normal and s¢((A, B))-invariant, or equivalently vy({A4, B))-invariant, subgroups of Fy N F3.

Now, set

S= () (gMg™),

geF:

T=SNFEF,F],

U=T"T,T)].

Lemma 4.0.5. We have:
(i) U is (Aut’(Fy))-invariant and is contained in L;
(i) if h € (A, B) is such that vg(h) acts on F»/U as Inn(s) for some s € (A, B), then h € M;

(iii) [F : U] divides 36m* ¢36m"+1,

Proof. (i) By construction, S is 1v9((A, B))-invariant. Then, since Aut'(Fy) ~ Inn(Fy) x
vo({A, B)) by (4.1), S is also Aut’ (Fy)-invariant. It follows that T and U are Aut’ (Fy)-invariant.

Now, S C M implies that p(S) C M. We get p(U) C L, s0 U C L.
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(ii) Let h € (A, B) be such that vy(h) acts on Fy/U as Inn(s) for some s € (A, B). Since
S C M, there exists m € M such that p(m) = s. Let g = hm~!. Since U C L, by (i), it follows

by assumption that v(h) acts on (F> N F3)/L' as Inn(s). Now, consider the isomorphism
(A,B)/L ~ F3/L,

where, for r € (A, B), the action of Inn(r) agrees with the action of vo(r) on F3/L’. That
implies that the action of vy(m) on F5/L’ coincides with that of Inn(s), and therefore v4(g)
acts on (Fy N F3)L' /L' trivially. Observe that (Fy N F3)L'/L’ is a subgroup of index less or
equal to 2 in F5/L’, so Inn(g) acts trivially on a subgroup G of (A4, B)/L having index less or

equal to 2. Therefore, by (4.3), we can conclude that g € M, as desired.

(iii) Observe that Fy/(Fy N F3) is isomorphic to the Klein group (Z/27)?. Then, since the
normalizer Ng,(M) contains F» N F5, (F; N F3)/S is contained into a product of at most 4
copies of (Fy N F3)/M. We get that [F : S] divides 4m*. Now, observe that

FS[F, F] = F?[F,F|n F3[F, F].

Since S C FoN Fy = F2[F, F], we get that [F : T] must divide 36m*. Now, analog to the proof

of Proposition 3.3.2, we have that

T/U ~Fq[F/T] @ Fq,

so [F : U] divides 36m?* ¢36m"+1  as desired.

We claim that

K=Un K,

satisfies all the conditions of Lemma 4.0.4, where Ky = F24[F2,F2]. Since U C Fy N F3, it

follows that [Fy : K] divides 4 - 36m* g3om'+1,
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Clearly, K is a (Aut’(Fy))-invariant subgroup of Fy. It is well known that (A, B) C SLy(Z)
contains SLy(Z/47), which coincides with 6(T'[Kp]) (c.f. Example 2.3.5). We have I'[Ky] C
Aut’(Fy), which implies T'[K] C Aut/(Fy). It remains to show that the image of 6(T'[K]) in
(A, B) /M is cyclic.

Take o € I'[K]. Since Aut(F») = Inn(F3) x vo((A, B)), we have o = Inn(g) - vo(h) for some
g € Fy, and h € (A, B). o acts trivially on F»/K, hence vo(h) coincides with Inn g~!. It also

fixes [z, y], so we can deduce by Proposition 3.3.2 that g € (c) (4, B).

Let W be a subgroup of Aut(Fy/K) induced by Inn s, for some s € (A, B). Define ) as the
preimage of W under (A, B) “% Aut’(Fy) — Aut(Fy/K).

T[K] N (Inn(Fy) X v,(€2)) is then cyclic, so by Lemma 4.0.5, (T[K] N (Inn(Fz) X v,(2))) is
cyclic in (A, B) /M. This implies that the image of §(I'[K]) is cyclic. Then, by Lemma 4.0.4,
T[K] C N, as desired.

O

Remark 4.0.6. In [4], Ben-Ezra and Lubotzky give a simpler explicit construction of a con-
gruence subgroup with a better bound for the index of K. Indeed, for a finite-index normal
subgroup N C Aut(F») under the same conditions as in Theorem 4.0.3, they are able to con-

struct a normal subgroup K C Fj of finite index dividing 144n* p3""+1 such that T[K] C N.

Remark 4.0.7. In [3], Ben-Ezra showed that, although a large part of Bux, Ershov and
Rapinchuk’s proof worked for the free metabelian group on two generators ®5, this group does
not have the congruence subgroup property. This case is of interest in this context since we can
interpret ®, as an intermediate group between the free abelian group Z? and the free group

.
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