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ABSTRACT 
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J' 

i 

l , 

This~ thesis investigates the' stability of a flexible 
, ( 

centre-body, eonsid'ered as a' clamped-cla4mped beam, in. narrow 

annu~ar flow. The equattons of motion are derived, 

in v is cid and ; i s cou s f lui d - d Y n ami c . C,o u P 1 ~g 
~ , 

eonsidering 

for small 

a~plitude oscillations of the beam, 
# 

For ,th,e fluid-dynamic problem, ,two theo'retienl models 

have been developed, In the first theoretical model, the 

unsteady inviscid fluid-dynamic forces acting on the flexible 
• 

centre-body ar,e derived by means_ of potential flow theory, In 

t\e second model, the viscous cO,mp'onents of the fluid-dynamic_. 
« 

forces acting on the body have been determined for evaluaCing .. " 

the uns te a d yan d ste a,d y vis cou s e f f e c t s b\l a s e don sim pli fie d . - . 
forms of the 'Navier-Stokes' and continuity equations. 

'1( 
A five-"mode Galerk,in discretization of t,he co.ntinuous 

system i-s employed in the solution of equa'l:ion!'l of motion to .. 
,yield ~ set of ordin~rl differe~tial equatîons,' from'w~ich the 

eigenfrequencies are obtained.· C"' t" 
It is noted ~hat the viscous ,effects on th~ system itie 

~ 

important fo-r annular flow" as opposed for~ unconfinEi'd flow; 
, 0 

moreover, the différence between the instabi~ities' given by 
1 • 

potentia.l and viscous flow tl)eories becomes laJ;ger as the 

vis cos i t Y 0 f f 1 u rd i sin cre as e d 0 r the an n u,l usd e cre a s e d . 
• 

,It was t"ound that the system subjected to inviscid f1..ow 

becomes unstable by first-mode buckling and 1.s monotonlcall'y 

destabilized as the annular gap becomès smaller;. however, the 

stabilizing influence of' the viscous effects 

diminishing' annular ga-p •. ' o;.rerc.oming the 

influence of the gap decrease in inviscid 
. 

case. 
-Il, 

-, 
" -

increases with 

destabilizing 

, 
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1.1. 

. SOMMAIRE 

\1' Cet te th è sep r é.s en t e une é tu des url a s ta b r li. té d ' un 

,cyl in~ ocentral flexible, consideré comme une poutre , 
encastrée, dans un écou'lement annulaire étroit. Les équatiof\s 

de mouvempnt 
\ -' 

interactions 

sont dérivées, en prenant en èonsraération les 

dynamiques de fluide vi/s-queux et non~vi'squeux 
! " 

pour des'oscillàtions ~e ta poutre de ~etite'amplitude. 

Pour 

the6riques 

théorique, 

le problème de la dynamique .du fluide, ~ deux modèles 

on tété dévelopés: Dans le pr-emier mod~le 

les. forces_ dynamiques 
• 

due à un écoulement non-

station,naire 'et non-visqueux agissa;J,t sur le, cylindre céntral 

flexible sont dérivées à l'aide de la théorie de l~écoulement 

plltentiel. Dans le second 'modèle" les composantes- visgueus,es 

des forces dynamiques du fluide a'gissant sur le corps ont été 

dée ta.rminé e s p·our éva l,::t les .e f fe ts s ta tionn~i~ ~~ et non-

- stationnaires de la v scosité en util~an!= des formes 

Simplifi~es des équàtions e Navier-Stokes et d~. continuité. 

J 

. , 
Une discrétisation de type Galerkin de cinq modes du 

!ystème-continu est employée dans la solution des équations de 

mouvement dans Le' but d'obtenir un 

différentielles ordi'naires, desquelles sont obtenues les 

fréquences ~ropres, -
.. 1 

Il est li noter que les ,effets visqueux sur }.e système 

sont importants dans le cas d!..un écoulement annulaire 1 par 

oppos~i t ion "à l' écouleme nt nc1n- conii né; ,de plus, la di fference - ~ 
e nj; rel e sin S t ab i lit é s 0 b te nue s p à r les t.h é 0 rie s d' é cou lem e n t , 
potentiel et vi'squeux deviennent plus importantes 'lorsque la 

viscosité du fluide est augmentée ou que 1.'espa,ce an,nulaire 

est diminué. 

Les résultats d'émont'rent que le systèm~ suj et à un 
/ 

ecoulement non-visqueu~ devient"instable au ni~eau du flambage 
/ 1 4u prèmler mode, et est déstabilisé de Pfaçon ,monotone lorsque 

l " 

1 ' e!il p ace an n u 1- air e est. réd u i t ; cep end alti t , i 1 in f 1 u e n c e 

stabilisatrice des effets visqueux augm,ntejavec la reduction 
• l... ... ~ 

de l'es~ace annulaire, surmontant l'influence déstabilisatrice 

d~ la réduction de l'espace annUla\r~ ~ans le cas non-visqueux. 

-.. 
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NOMENCLATURE+ 

Space symbols 

Cylindrical coordinates 

U~it vectors associated with the coordinate 
system 

Ordi na ry symb 0 l s 

Radius of the centre-body 

Cross-secti'onal area of the centre.bod~. 
Hydraulic diameter 

vi 

Young's modulus'of elasticity o~ the flexible 
centre-body . 1 

Comparison functions 
'"' Lateral displacement of the centre-baby axis 

FI uid - dynamic force s 

Annular clearance 

Moment of inertia ~f the centre-body 

IntegraIs of the corresponding com~arison 
function products defined by equatlon (4-7d) 

Lengtb. of the oscillating flexible centre-b<O,~ 

Mass of fluid contained in the annular passa~ 
per unit length 

Mass of the centre-body per unit length 

Reynolds number 

Amplitude of the nondimensional counterpart of 
fluid-dynamic forces . , 

Statie pressure of fluid flow 

Duct-wall radiu~ 

Te n s i o,n a c tin g 0 n the ce n t r e . b 0 d Y 

Time 

Mean flow'velocity 

Reference velooities defined by equation (2-3b) 

. Nondimensional ralial coordinate 

+ These are the principal notations only; the n~ndimension~l 
counterpart of sorne of these parameters are snown. in 
section, 2.3 eq~atians (2-~a). 

• 
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CHAPTER l 

INTRODUCTION 

1.1 REVIEW OF PREVIOUS STUDIES ~r 

The f 1 0 w 0 f fI u i d a r OJl n d s t ru c tu r es, aIt hou g h som et i mes 

generated 

transfer) , 

for useful purposes (e, g. , in promoting heat 

can cause deitructive vibrations. Flow- induced 
\ 

v i b rat .. 0 n. pro b 1 e ms are 0 f gr e a t tee h n i ë a 1 and fin an c i a l 
~ 

importance and, safety concern, in many practic?-l structures;. 

e .g., he'at excha-ngers, nuclear reac'tors anet skyscràpers. Thesé 

flow- induced vibration ,problemS!'t have become increasingly 

-important in recent years' because designers are using -., 
mate,.rials to their limit,; causing structures to bëcome 

pJ:..Ogressively lighter and more flexib1e.-

-1 
i ' 

The structures 

forces generate,d by 

immersed 
• 

the fluid 

ln fl)-1id flow are subjected to 

flow;' as a result, the fluid- 1. 

dynamic forc e s cause the .s truc ture s to deform. When the 

structures deform, {hey change their 

f!.uid, and the f\lui~ dy,namic forces may 

is generally fluid-structure co41ing 

orientéjtions to, the 

cha nge', s 0 tha t the re 

and interaction. ALI. 

these structure's are subjected to flow-i'nduced v~b"ration and 
- - rt' 

to fluidelastic ~nstabilities of differen~ types~ depending on 

the charaçteristics of the struoture and the fluid field -

where the term "fluidelastic tnstability" generally implies a .. 
self-excl·ted diverg~nce or oscillation, an instability in the 

llnear sense. 

For the motions of the structures and for the fluid flow, 

, mathematical models r may be generated. ln sorne cas,es,,,,, . 
structural motion~ are near-linear and the' structure,may thQ,-s 

be modeled as one or more linear oscillators; howe~r, a 

gene raI mode 1 for the fI uid- dynam"i e fore e s ae ting on an 

arbltt:ary bluff structure does not exist. In many cases. the 

fI uid mode ls re 1y .on extrapola t Ion of tes t measuremen ts of 

lift, drag.. or sur~ace pressure,' which 

.... , 

. j 
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non~inearly_ with motion of the stru_cture. Therefo,re, the 
-

'dynam}c 

described 

solutions 

interaction of structures and fluid "ls. generally 

by non1inear , equations. As a 
./ 

re sul t·, few general 

are available. 

"-Broadly grouped accor?ing 

vibrati ... on problems are classifiee!. 

cross-flow, (ii) interAal axial 

to flow configuraeion. tho 

as be~ng associated with ( i ) 
• 

f l 0 w, . (i i i). e x ter n a l axial 
C 

flow and (iv)' nnnular (ta be discussed here)_.an~ leakage .Flow, 

The distinct}on between confined axial 'flow and annular flow 

i s rat he r art i tri c i al, l n g e ne raI, " a n nul a r " i sus e 'd i n ils 

h y d r au 1 i c a 11 y g e ne r i c sen se, toi n c l u den 0 't 9 n l y c y li n d r i Cil l 

geometries, but also fIat p,lates in narrow ,rec~angular 

conduits. This paper i8 concerned w'ith a special case: that of 

a fle-xible centre-body (n an aXisymmetricOally narrow qnnular 

flow. 

N.brief review of the state of -tlle art' ln axlal-flow-

i nduced vibra t ions, e i the r ;1 n t. e r n a 1 or èxternal. and in 

annular-f1ow-induced vibration's may be 
'è. 

S, umm a r i-lr~-d----6 s f a 110 w S : 

(i) toe mechanism of instéJbilities induced by' àxia1 flow 154 
, . 

weIl understood; (ii) this 18 a1so true for the mechanlsm of 

the sma Il, t u r b ù 1 e n ce. 1 n duc e d. v. fb rat ion ~ " but llJ<eans -of 

p r e-d i c t ion 0 f the ex c i ta t i 00 n fie 1 d are no t ye t ,a d e q u, a te; ~ ~.1 ) 

the fundamental mechanism of • annu1ar- f.1oW-ln~ 

in s t ab i lit i e 8 i s fa 1 r 1 y weIl u·n der s t 0 0 d , but, g e ne raI 1 Y , 

complexities of geometry and fluld field make prediction of 
, 

the i n s t a 41 li t i è s d i r"f i cuI t . 

A considerable amount of work has ,been do ne on the 

dynamics of a cylinder immersed in stationary conflned fluid, 

1'he sys~em was tnodeled as a cylindrical beam j'lithln a riglfi 

cy}.indrical container [1], as a cylindrical beam withLn a 

cy1irldrlcal shell [2] and- as two coaxial 'shellos (3J, The 
..... 

cornmon ·factor in all these studies is that 

fluid were described by means of potenti1al 

these studle;s, in which, lt is re,lterat,ed, there 

state annular flJw: the 

dynarnics of the"" sys tems 

.".' 

main distinguishtng 

la associated .wlt:ih the 

of the 

mo 8 t 0 f 

B te ady 

of the 

large' added 

, . 

\ 
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mass effect, 

st'.tffered by 

wh iC,h 

the fluid 

results 

in the 

3 

from the large accelerations 

narrow annular passage when the 

&tructure vibrate,s .As a result, the natural frequencies of 

the coupled system in stationary confined fluid are much lower 

than those of the system without fluid, 

The concept of the added or 

described by Stokes [4] ~ Lamb [ 5 J , 

h Y d r 0 d Y np m 1 c mas s ha s b e en 

Fritz bl] and others These . 
, J 

investigators have generally considered the motion of a single 

hody in fluid The fluid-dynamic motion and associated steady 

pressures and forces acting on the annulus inner and/or outer' 

wall was described by means of Ideal flow the ory (normally 

potential flow theory) Nowadays. the added mass and dam.p lng 

of a structural component with a simple geometry in a viscous 

confined flow, in which mean flow effect Is n~t considered, 

can be calculated rather easily [6] Recent investigation of 

the influence of viscosi~y [7] indicates that its effect on 

the natural frequencies of the system is small: however, the 

modal darnping ratio is noticeably încreased, especially, for 

low frequency oscillations 

To the. author's knowledge, the dynamics of 'flexible 
,1 

cyl r n der sim mer s e d' i n ste a d y a x i a 1 f l ow wa s f i r s t s t u die d b Y 

P a i d a u 5 sis [ 8 - l 0 ); b a th '"t h e 0 r e tic aIl yan d exp e r i men t a Il y , 

based on elementary beam theory for the flexural motions of 

the cylinder, 

fluid-dynamic 

slender bod-y theory for 

.forces, and fairly 

the coupled inviscid 

simple linearized 

relati-onships for the corresponding viscous forces, 

proposed by Taylor [11] 

earlier 

This ~ystem was studied further, and' more completely, by 

Paidoussis [12J Tlae theory was èxtended ta the case where the 

flow is conflned by adja<tent structures, sa that the virtual 

mass of fluid'becomes larger, and the lnstabilities occur at 

lower flow velocities, 

stability behaviour is 

but, the fundamental nature of the 
q4 

not altered. In this respect, the 

similarity in dynâmical behaviour between this syst~m and that 

of a pipe conveying fluid [13] should be rerparked . 

\ 

'" . 

>, 
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,An interesting aspect of the ctynam i cs und 
, 

stability of 

cylinders 

stability 

in 

by 

cantilevered 

of the free 

coupled-mode 

axial flow 

d'ivergence 

c y li n der i~ ~ 

end). The 

flu t te r fô r 

is that cylinders 

(in fact, thE' 

g('nerillly 

st El b i 1 i~y 

lose 

of 
- , 
Il 

fundamentally dependent on the shllp(, 

post-divergence b'ehaviour involvos 
( 

-
cylinders supported a~ both ends, or 

single-mode f1lutter for cantilevered ones. The experilnents 

with a flexible cylinder in confined flow [~4 J hnye shown thllt. 

the theoretical model is in q~alitative agreement wi th rhe 

e s sen t i a 1 f e a tu r e s 0 f the 0 b s e r v e d d Y n ami cal p e h a v 1 0 ur, ,,11 n d 

the cylinders are greatly destabili~~d by confinement 1 l ! s 

of interest that frict~on ces, whether the flow· Is eonf!ned 
~ . 

or unconfined, do not greatly lter the fundamentnl. behllVloul" 

of the system as determined by the inviseid forces 

On the effeet of slenderness of the eylinder ln confllll'd 
"0-

a x i a 1 ~l 0 w and c 0 m pre s s i b i lit Y 0 f the f lu id, El mat h 0 III n t"q e /1 1 

formulation and numerical solution for the problelll werp 

presented by Paidoussis and OstoJa-Starzewski {15J, utillzlng 

the generalized-force Fourier Transform techniques developcd 

~ earlier by Dowell and Widnall [16). Interestingly, the effeet 

of eompressibility on . the stability of the system 

svpris ing.1y 

fundamentals 

small in the subsonic region and once, ag~in the 

of the stability of the system are almo~t the 

same as those described in the foregoing. 

The dynamies and stability of elustered eylinders withln 

a confined flow was studied by,Chen [17] and by Paidoussis and 

Suss [18] It was found chat the dyn.amics of a system of N 

cylinders is subject to 2N coupled modes for each fl'exu'rlll ./ 

def1ection mode. and is considerab\y more 
. 

complex than that of 

a solitary one, 

The analytical modeis developed in most of the above 

studies for a confined flow are not particularly suitable for 

-4 very narrow annuli. Although the invisc~d part of the model la 

clearly applicable, irrespective of the degree of confinement, 
" 

the viscous effects in very narrow passages cannat reliably be 

adapted from the formulations for less sevet;ely confined 
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geometries. Thus, th~ applicablity of ihese. models to very 

narrow passages, espedially' wi,th regard to the viscous effect, 
'. 

may be considered to be questionable. 

1 n r e c en t y e a'r s, the d y n ami c s 0 f th i S' s y ste m, b Y me' ans 0 f 

formulations specially applicable to narrow annuli, which is 
f 

the oase frequentl)'. associated with real problems, has 

received considerable attentio~ [20-23). 

The initial motivation in the study of dynamics and . 
instability,of a c~lindrical centre-body in a narrow annular 

flow springs from a desire to underst~ode the mechanism 

underiying flow7induced~vibrations in a number ôf 
" 

engineering 

applications; e g control rods in guide tubes of PWR-type 

nu c,l e arr e a c t 0 r s, f u el - c 1 u ste r s tri n g ers in cool an t cha n n el s 

in AGR-type reactors, and feedwater sparger& in BWR-type 

reactors Fie x i b l e b 0 die s, suc h a s th ê se, i n na r r o_w 1 y con fin e d 

annuJ~r flow have been shown to be particularly prone to a 

host of vibration-,induced problems [.19) . 

An attempt to generate a comprehensiv~ analytical model 

for these problems was perhaps first made by Hobson [20] .~n 

that study, neglecting the radial variation of fluid velocity 

and based on the assumption of a ve ry na r.ro\l{ annular 

clearance, the dynamics of a rigid cylind~ical body, coaxially 

positioned in an annular passage of generally nonuniform 

cross-sectional area and hinged at one point, was considered. 

Hobson in effect ~tternpts to solve a prob1em similar to that 
/' . 

in this Thesis, and his work is therefore ot direct inter€st; 
'" however, the approach ,and method o-f solut~on adopted -by Hobson 

are completely di'ferent -

A more rigorous inviscid analytical mo~el, but more 

limited in its applicability to reat en§ineering problems at 

the same 

account, 

time (because it ~ 

nor discontinuities in 

not take viscous effects into 

the shape of the annulus), was 

" developed by Mateescu atld Paidoussis [21]. In this study, 

radial variatIons in the unsteady annular flow were takenJnto 

account,---a-espite the assumption of small annular clearance 

with respèct to the centre-body radius. The system, consisted 
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of an axisymmetric rigid body pinned at one point And 

coaxia11y mounted in a cylindrical duct; free motion was 
" - constrained by a rotationa1 spr~ng and a rotational d}lShpot nt 

the' hinge p~int. yn order to de termine the generallzed 

unsteady fluid-dl{namic forces, potential flow theory, which ls 

applicable for an 

in the an~lytical 

in.compressible irrotational flow, was 

model. .In a . subsequent paper [22], 

lise d 

t1H' 

effect of ~luid vi~cosity on the flow-induced vibration of thù 

rigid centre-body wa:> taken' into ac'count, using a' slmplified 
-1 

form of the, Navier-Stokes equation for the three dimensiol'llli 

incompfessible fluid motion. 

In the present analys is, the analytlcal mod~l developed 

in 
y 

the two papers [21,221' for the dynamics of a 'rigid centre-

b 0 d yin na r r 0 w an n u 1 a r 'il a s sa g e ~ wh i c h m a y bec 0 n s i d'a r e d as n 
, 

one~degree of freedo.m system,. is extended to oeai with the 

case of a continuoubly flexible system; 

the dynam:i:cs of a flexible centre-body 

i e. 

ln a 

for the study of 
./ 

narrow annular 

passage. • 

, 
\ 1.2 OUTLINE OF THE THESIS • 

, 
In order to investiga-te the flow- induced instabilities of 

the system, a theoretical analysis will be developed fo r both 
. 

potentia1 and viscous flows pas.t the fl e x i b 1 ~J centr~-body 

oscillating in a narrow annulirr passage. The main feature 'of 

the dynamical Qehaviour of sueh a system is that the flexible 

centre-body may be sùbject to diverge'nee (buckling) orJ to 

oscillatory instabil-!t,y (flutter) ·in the first and/or higher 

fIexural modes ~t ~ufficient1y high fl~w,veloCJties Nor~alll' 
the determination of the Iowest critical flow velocity Is the 

main aim, in the dynamical ana1ysis of such a system. 

The problem is 'tformulated as .being made up .of a 

cyl in d r i cal b e am w i th c 1 am p e den d s , . s u b j e c t e d t o. f 1 u id f\o r ces 

generated in the annular flow passage, i:nitially cons,idered to 

De inviscid. In this Thes4s, ~ rigorous method for Invlscld 
~ 

• 
" 

, 

1> 
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floM and an approximate method for viscous" flow have been 

developed for obtaining the corresponding fluid-dynamic forces 

ac~ing on the flexibl~ centre-body. 

In chapter II, the e,quation of the small l~teral moti-On 

of t'he flexible centre-body, mo"deled as an Euler-B~rnoulli

beam, iB derived, Bubj"ected to external forces, such as tbe 
. \ 

fluid-dynamic distribuved forces. These n_uid~ynamic forces, 
e , - . 

coupled with the motion of the flexible cent.re-body, are 

separated into two- p,arts; i.e., inviscid and viscous fluid-

dynamic forces, which are obtained in- chapters III-and 

respt;ctively. The problem i5 redefined in te rm5' of 

dimensionless parameters. An approximate solution subject to 

the boundary conditions \S ob~ained, using Galerkin's method. 

'In chapter III, neglecting the vi~cous effects, the 

iI)viscid fluid-dynamic, forces acting on the -flexible centre

body are developed by me ans of potential flow theory. The 

Laplace equ~tion and the Bernoulli-Lagrange equation are .. 
expressed in terms of a potential ~I, adapted ~ the problem 

at band from the eariier work on a,rigid body ~inned at one 

point, as mentioned before. 

In chapter IV, the fluid-dynamic coupling terms (tl:te 

fluid-dynamic damping and stiffness and virtual mass "matrices) 

are 

III, 

determined 

based on 

from the resul ts obtained 

Galerkin's method. Then, 

in chapters II and 

typical results, 

il\ustrating the gene~al dynamical behaviour of system du~ to 

the inviscid fluid-dynamic force_, are obtained and discussed. 

In chapter V, using the linearized Navier-Stokes 
~ 

equations governing the vis~ous fluid motion ana ccinsidering 

othe re sul t s ob ta ined in chap ter III ( invis cid flow), the 

normal and axial fri,ctional forces 'are obtaine,d. 

In chapter VI, the steady and unsteady effects" arising .. 
from the viscou~ f~rces, ~re considered by means of Galerkin's 

method. Here/ 

normal shear 

.-
the normal frictioval force, which is due to the 

stress and viscoùs perturbation pressure, ~nd 

com~ri~es the unsteady vis90US effects and the steady viscous 

effects, are derived from the axiat viscou~ force according ta 

•• 

\. 
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the axial c)onstraints on the flexible centre-body, which i9 
r 

clamped at both eads. The general dynamlcal behaviour of the 

system, 

'e ffec ts , 

as influenced by the 

15 liiustrated and i-9 

unsteady 

compared 

and ste a "y vis cou ~ 

with that ln whlch 

only.inviscid effec~~ have-been taken into account. 

Fir:ally, chapter VII ls devoted to, discussions on 
, ---

obtained results and conclu.sions, as well as suggestions 

" . 
the 

fOr 
future work. 

, . 
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CHAPTER II 

~ PROBLEM FORMULATION 

1 

2.1 GENERAL CONSIDERATIONS 
• 

The system considered Jin the present analysis consists 
, 

of a flexible cylindrical centre-body coaxially mounted in a~ 

narrow cylindrical duct conveying fluid. The flexible part of 

the ceatre-bo~, has a length 1* and is continued, upstrea~ and\

downstream, by two semi- infini te rigid .cylinders of the same 
\ 

radius " 8 • , both ends of the flexible part ~f the centre-body 

are' supposed to bJ,:! c lamped, ts ShOlllI'l in Fi g. ~ 

The flexible centre-body is free ta oscillate in flexure' 

• .,) inside the duct. Although th-e duct-cros,.s-section iS considered 

constant in the present analysis:' lt ts convenient to assume 
\-

.. that th'e duct has a specified axial vax:iation in its cross-

sectional area fat frlirther work. This system is coupl,ed, by' 

the -fIuid-dynamic distribu~ed force act,ing on the flexibl~ 

cen~r~-body, due ta the annular flow, which ls obviously 

unsteady. 

In the present analysis, it ls assumed that the length of 

the oscillating flexible centre-body is reasonably large and 
~', 1 

the overall annular cl'e,arance ls reasonably small, both with . 
respect ta the centree·body radius a. 'It is, a1so supposed ,that 

~re r(gid cy1inders'and the duct have no'oscillatory motion. 
\ 

.; Far ups tream, the annular flow i s as sumed to be s teady 

an'd ls characteri~ed by the me~n flow ~eloclty. cU~, the statlc . ~ 
Q ~ 

pressu~e Po and the density P f , which ls considered constant. . , 
Several combinations of fluid and cent::e~body materiai 

will be considered in the examples to be presented, such as 

air, water or ail for the "f1uid and rubber or steel for the 

centre-body materlal. 

The time~d~pendent lateral dlsplacement ~:(x*,t*) of the 
~ 

centre.body axis ls assumed ta be smail with respect ta its 

r,adtus. whicb .per~its to use lin.ar tbeory for ~b. fl,el<Ural~ 

- -, 
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oscillations of" the 

occurs in the annular 

centre-body; hence, i) no" separalion 

flow, and Il) the fluld-dynamic forces . . 
acting on each 

1 ~ 

element of the flexi b le centre - body may' be 

dete~mined using~a convenient linearization of th& aerodynamic . , -
boy.-rip~ry conditions on the oscillatin"g centre-body. This also 

me"a'Qs' that,the assumption of small am{Jlitude oscillations. can 
. , \ • ï 
be ,utili~~ in simplifying the inviscid and the vis~ous 

analysis of the unsteady flùid-dynamic problem, in chnpter III 

and chapter V. < 
t 

The following notation will be used tn formulating the 

analytical model (see also Fig. l~: 

~* lêngth of oscill~ting fl&xible centre-body 

Jo: a 

* * * .x ,r ,.9 

H* o 
H*(x*) 

• 
* * * eo(x ,t ) 

r~(x*)-a+H* 

u* o 

U*(x~) 

radius of the centte-body 

çylindrical co-ordinate system 

annular ~learance at upstream end 

annular clearance at, location x* 

lateral displacement of centre-body axis 

duct-wall radius at'location x* 

~ean flow velocity at upstream end 

mean_flow yelociti at location x*. 

: f 

. , 

The dimensionless quantities corresp~nding to ~h'a abova, which 

are more widely_ used, will be èlefined in s&ction 2.3 wlthout 

superscript; e.g. x-x*/a or X-x*/l*. 

1 2.2 EQUATION OF MOTION OF THE FLEXIBLE CENTRE-BODY 

The oscillating flexible centre-body is considered'as an ., 

Euler-Bernoulli beam chàracterlzed by flexural rlgidity 

lel!gth 1*, cross-sectional- area As, and density PS' 

-
El, 

The derivation of the equation of small lateral motions, 

ia obtained by considering the equilibrium of forces acting on 

a 'differend.al segment of tne f~exible centre - body, taken as , . 
an Euler-Bernoulli beam, 

forces; it 15 shown in .. 

subjected 

App'endix 

to distributed external 

A" based on • Haml1ton ' s 

princ~ple. The distributed force 18 due to the Dluld motiqn of 

.. 
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this system which, as discussed before, is coupled to_ the 

flexible centre-body motion. Therefore, the equation of motion 

of the flexible centre-body is expre~sed, as follow5: 

(2-1) 

where F(x*, t*) i5 
. ~ 

the fluid-dynamic distributed force acting 

on the centre-body per unit length. The first term and the 
\ . \ 

second term of the left-hand side of equation (2-1) may. be 
. . 

interpreted ~hysical1y as the flexural'restoring for~e and the 

beam iner~ia force, r~~pectively. 

This unsteady fluid-dynamic force, * * F(x ,t ), represents 

"the re.ultant of the pressure forces and of the viscous shear 

stres~es a~ting on the centre-body surface. The analysi~ 

developed in chapt~ ItI-a\i chapter V has as its,main aim the 

determination of this unsteady fluid-?dynamic force, firstly 

assuming the case of an unsteady pote~tial(inviscid) -floJV i'n' 
, 

chapter III and then, in 'Chapter V, considering 'also the main 
, 

effects of fluid.viscosity . .. 
In this analysis, 

considered to be a 

the flexible eylindrical centre-body is 

clamped-clamped. b~a~, for which the 

boundary condi tiotils are 

* * eo(O,t ) - 0, 
1 

e~(.e*,t*) - 0, 

(2-2) 

* * a e.: (.e * , t * ) 8e
Q
(O,t) - 0, - 0,. 

ax * ax * 

o These boundary conditions determine uniquely the for~of the 
" solution, leaving the amplitude arbitrary, and yield a charae-

-
teristic eqaat~on from which the ei'genfrequencies of the 

( 

system may be determined. 

lt is noted that the differential equation of motion of 

the flexib le centre-bo_dy together' wi 1;:h these 

ponditions constitutes a boundary-value 

these ~oundary conditions are used to. 
, , . 

éigenvalue p~ob~em. as showq in Appendix A. 
• 

problem. , 
derive 

\ 

boundary 

Moreov~r'l 

a typi;cal 
i 
1 

! 
1 
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The trans i tion be tween the boundary va lue prob l am and 

the eigenva1ue problem is effected by means of the saparitlon 
" 

of variables method. The expansion theorem plays a major role 

in the' field of vibrations and will be used here also to 

ob tain a,solution of the system by normal mQde analysis. This 
, . 

undersc~rJs the jmportance,of solving the eigenvalue problem 

and obtaining a se~ of eigenfrequencies and the corresponding 

eigenmodes. 
\ 

The solution ·of the eigenvalue problem is not as 

strEfightforward, as for discrete systems. By using Galerkin's 
~; 

method, hawever, the system is discretized, leading eventually 

to the 

màtrices 

. w 
determination of the mass, damping and stiffness 

of 'the system. The disc1:etized problem lB then eaBy' 

to .sol ve. 

• 
2.3 GENERAL METHOD OF APPRQACH 

In order to generalize the equat.ion of motion of the 

system, it is convenient to define the following dimensionless 

parameters: 

* i,* * i,* x, x 
X - 1* i. - - 1 X - X - lX, 

a a a 

* * H*(x*) H* rd 
r - L- rd h ho - :.::.2. , 

a a a a 
(2-38) 

e* e* "U
rwf t*, ~ e o - ......Q. e r - -I.. t - ü1 -'a a 1 Uref 

U* u* u*(x*) U*(x~) 
Uo - __ 0_ 

11 0 1 
,0 U(X) - U'(X) "" U* , 

Uref Uretl Uref 0 

where 

\ 
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and where the fluld veloc.ty U*(x*)- is the mean fluid velocity 

at locat~n x* (or X) and the circul,ilr frequency of the 

flexible ~entre-body la expressed hy O. For hollow cylinders, 

psAs appears to be more general. Here it" should be explalned 

that the dual nondimensional X and x, lnter-related by x-..eX, 

are introduced for convenience; X is most useful in the 

overall analysis, 

fluid f1ow. Sorne 

refs. 113,21]. 

whereas x is most usefu1 in analysis of the . 
of these variables have been introduced in 

Substituting equations (2-3a) lnto equation (2-1), the 

equati.qn Of'\. motio~ is expressed in dimensionless form, as 

folt'ows: \ V 
d" 

a4e 2 ;.*4 a e o .... __ 0_ + ,..--- - F(X,t), (2-4) 
ax4 a t 2 aE,I 

where 
* e o ae o ' 

In order to solve 'this equation with the boundary , 
condi tions, equations (2 - 2), various m.ethods of' - approach have 

bean used. In s~me casl~,'" it might' be possible to obtaJ,n a 

solution by means of an Integral transform method, such fts the 
r-

Laplace or Fourier transform method. HowEfver, in the method 

adopted in ,the present ana1ysis, it is assumed that the 

solution has the form of an infini te series. This approach ls 

pos s lb le if the" separa ti on of variar le s - . \ \' . 
obtain an eigenva1ue problem an..d, 

method can be used to 

furthermore, if the 

eigenvalue problem ,is ,easily soluble. Il 

Tne seriés referred to above fs, more specifically, a 

normal mode expansion, which reduces thé complex parti~l 

differential equation describing the motion of the contlnuous 

structure t~ a set .of much simpler, ordinary differential 

equations. Thus, solutions to equatiol) (2-4) are sO.!Jght in° 
\ 

~erms of the eigenfunctions o~ the assoclated equatlon, 

a4 * - en 
El ---= + P A 

ax*4 oS S 

a2 * ~ 
at*2 

- 0, (2-5) 
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i.e.; the eq~ation of free vibration of the beam. 

Hençe, it ls assumed that an approximatl1 solution of 

equation (2-1), which also satisfies the boundaryl conditions 

of equation (2-2), has the form of an infini te series, 

* . (l't*' aE(x )e~ 
1 

aE(X)e iwt - ae 1wt L' aItEI\:(X), 
It 

( 2 - 6 ) 

where the comparison fûnctions E/Ç(X) are taken to be t~ 

eigenfunctions of a clamped1clamped be-am and i't is recalled 

that eo-E(x)e iwt as a solution of the equation (2- 11). From 
• 

Appendix A, the normal-mode expression for EeX) ls glven by 
t 

• 
E(X) - L 

/C 
aItEIt(X) - L-

It 
ait [E'T1t (X) + EHIt{X)]. 

where 

ET/C(X) - - cos (P/ÇX) + olt S 1 n ( lI\: X) , 

0 

EH/C(~) - _co~h (PI\:X) - °ltsinh(PI\:X) , 
. -,.-- ... 

a~e the trigonometric and hyperbolic compo~ents of EI\:(X) , 

1 olt 
Fosh(P It ) - cos (Pit) 
sinh(fi lt ) - sin(SIt) 

\ 

(2 - 7) 

\ 

i s • the - cha r a ete ris tic e qua t ion for a c 1 am p e d '- c l am p e d b e am". 

Solving equat,on (2-8) numerically, e.g.,~by the secant 

method, lt is pos.sible to obtain _ the, infini te set of 

eigenvalues Pit' the fi. r st five being given below: 

Pl 4.7300407, 
. -, 

• P2 7.8532046, 

P3 - 10.9956078" ( 2 - 9 ) 

P4 - 14.1371655, 

• P5 17.2787597. 

l 
Considering equation (2-7), the fluid-dynamic force per 

unit length F(X,t) c,n be conveniently e~pressed as 

F(X,t) - - Pf U~ef a~ P(X) e iwt , 

where the amplttude of \ts nondlm~nslonal counterp~rt may be 

( 
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expressed as \ 

P(X) .. L alC ( - w2P21C(X) + fwPIK:(X) + POIC(X) ] ~ 
IC 

(2-10h) 

. 
the dfstrlbutad force F(X,t) and,hence P(X) and !ts components, 

(for inviscid f1uid f1ow) and VI ohtained ln '> III are chapter 

(for vIs cous f1uId flow). 

Because eo(X,t) ls on1y an approximate solution, it will 

no.t sa t i s fy equation (2 - 4) exactly. Nevertheless, it is 

'ass.umed that the difference ~etween the approximate and the 

exact solution i8 small, and that, difference is denoted by l, 

suc h t h ~ t 5 U b s e~ u en t su b s t.i tut ion 0 f e qua t ion ( 2 - 6 ) and 

equation (2-10) into equatioIP (2,-4) yie-lds 

d 4 E (X) -t"'"" 
---f, l .. 

dX4 - w2 E(X) + aP (X) , (2-11) 

where 

a - Pf 11" i *2 
Ps ---p:;-

According to Galerkin's method, it 

weighted 

weighted 

that 

~rror integrated 

func t i ons are the 

ove r the 

comparison 
\ - ~ 

(2-12) 
, . ' 

iB requi re d.-"t1i~ t the 

domain he zer~. T'he 
... ;- ",,""~ 

functions EICC,x) , such 

j - 1, ,2. 3...... n. , (2-13) 

where j 15 a dumrny index. 

E~X) 
, 

Since are the eigenfunctions of a clamped-c 

beam, they satlsfy the equation, 

Thus, equation (2-11) through equation (2-13) leads to 

L alC 
l'ô 

c 

\ 
amped , 

(2-1S) 

, , 

\ 



• 
( , 

C, , 

- ,. 

,> ~ 

, ) 0 
',-

'0-' 

.. 
1 \ 

16 

Accordingly, it 

motion in the form 

is possible to express tne eqllation of 

V' 

_. (2-16) 

where the elements of [H], [C] and [K] are given by 

Il 'J 

m· - [E/C(X) + oP2/C(X») E j (X) dX, J/C 0 
(2·17a) 

c j IC - Il 
0 

oPllC(X) E j (X) dX, (2-17b) 
p 

k· - Il (.B~EIC(X) + OPOIC(X) 1 E j (X) dX, JIC 0 
(2-17c) 

v 

and {A} is the vector of the ait of eqllation (2-6). Once 

equation (2-16) has been obtained by Galerk'in's method, aIl , 
the matrix techiques of a dis~rete system become available to 

the solution of the continuous system. 

r 

1\ 

, 
r 

i 

" 

i 
.~ 
!~ 
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CHAPTER III 

THE ~STEADY POTENTIAL FLOW IN THE\ANNULAR PASSAGE 

AROUND AN OSCILLATIN~YLINDRICAL C~NTRE-BODY 

17 

3.1 BASIC EQUATIONS OF UNSTEADY FLOW 

ln general, < thé prince: of conservation of 
cr 

mass and 

momentum ls applied to the analysis of the fluid flow. In this 

chapter, the flow ,is presumed ta be irrotational and incom

pressible, in addition ta being inviscid, so that Laplace 

equation ls' derived from the conti'hulty equation Without the 

complication of'viscosity, the momentum equation Is reduced ta 

Bernoulli-Langrange equation. Considering the flexible centre-
" a 

body to be executing small motions, the se two equations are 
,/ .' 

subject "to boundary conditions, which lmply that the normal 
f • 

velocities of the bodies are equ$l ta those of the fluid at 

the boundary surface between the fluid and the body. 

Ideally, the 
, 

through the use 

hydrodynamic force should 

of 
/> 

the thDee-dimensional 
'tE 

equation and the continuity equation. However, 

be calculated 
,f 

Navier-Stoke's 

the effects of 
'" 

fluid viscosity and compressibllity on the hydrodynamic force 
) ~ 

may be of secondayy importance in sorne cases and may be 

6 neglected in a ,first attempt ta study the behaviour of the 

system. 

As discussed in the ;rntroduct"ion (cp.apter 1), the fluid-
'. 

dynamic force aitlng on an oBcillating rigid ~ody in a narrow 

a~ular passage has been developed by means of potential flow 

tlîeory [21], thus, the stability of flow-induced vi~ration of 

the flexibLy mC!unteci.-.centre-body has bee.n studied "with the ... aid 

of this in,viscid fluid-dynarnic forc~. Recently, the- viscous 

effects for the flow in 'the narrow passage were taken into 

account ln}, as will be 'discussed in chapter V. 

The equations of the unsteady \ potential flow will be 

discussed here,' and then ad-apted to the problem at hand, 
y 

namely to the ca'Se ~f a flexible cy1i?drical centre-bo.dy. '" 

, / 

--------------------- --

( 

" 

1 
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At the upstream end of the system shown in Fig. l, the 
, 

fluid flow is aS!5umed to be uniform and steady, with velÇ}city 

U~, as mentioned in chapter II. The unsteady potentinl flow i9 

of course irrotational, and may be 

Assuming 

expresse'd in tenns of thC' 

potential * * * 41(x ,r ,O,t ) an incompressible. nnd 

irrotational flow, the .equation of continuity in this case 

reduces ta the Laplace equation in terrns of the potenttal 

* * * 41(x ,r ,O,t )-, as follows' 

-" 
subject ta Doundary cond\tions 

84> 

Ir*-a 8;* 

84> 

Ix*.-~ 8x* 

1 
a4> 1 .. 

-a;;* * * r -rd 
--* ' dx 

* 
1 

841 

L*-a 
Ber 

8t* + -
* 8x 

* Uo ' 

(3 - 1) 

(3-2n) 

* 
1 

1 84> 

L*.~ 
1 * 8e r ~ 

87 + ~ -:;r 
r 80 r 80 

(3-2b) 

(3-2c) 

wkere * * * er(x ,B,t) represents the radial displacement of the 

oscillating center-body surface, I.e. 

* * * er(x ,O,t ) ( 3 - 3 ) 

The function E(x*) ca~ be expanded in terms of the besm 

e i g e n fun c t ion s, de pen d). n g 0 n the t y P e 0 f e Tl d con dit ion S 0 f the 

beam, as discu9sed in chapter II. Based on the assumption of 

small amplitude oscillations, the Iast terrn of the right-hand. 

side of equation (3-2b) can be neglected. 

The unste.dy perturbation yotential ia de termined by 
'!'I. 

integrating the ,partial differential equation of the potenrlal 

subject to the boundary conditions on the oscillating centre

body and on the fixed duct walls, in éylindrlcal coordinates; 

- ,;, 

. -
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in this respect. the metho·cj deve10ped in ref. [21] is here 

extended to the case of osci1lating flexible centre-body. 

In order to obtain the inviscid fluid-dynamic fo~ce 

acting on the flex·ible centre-body, I.-the momentum equation may 

be used. i.e .• 

. n*v 
D*t* 

(3-4) 

where the 1ast term of the right-hand side is often ca1ied the 

body force and would here' be cau!5ed by gravlty. In the present 
fi. , 

analysis, it may be neglected. 
1 

The vector equation (3-4) can be ?Mt into severai diffe-, 

rent forms by. maklng use of some we1l-know~ properties of 

vectors. First it ls converÎient to m~ke use of the conven

tiona1r"del" operator to write equation (3-4) as 
~ ~ 

"" D*V 
~ - ~ + (Vo'il*)V - - pl 17*p. (3-5) 
D ~ Bt f 

An alternative e~pression of equation (3-5). which ls of great 

tlsefu1ness, follows from the vector identity 

t 'il * ( V • V) - 'V * ( tv 2 ) - (V. 'il * ) V + V 1\ ( 'V * 1\ V ) ., (3-6) • 
, 

where /\ represents the cross-product of vectors. Substituting ... 
th i s .... e q \1 a t ion i n t 0 e qua t ion (3 - 5) le ad s t 0 

(3-7) 

For i r rot a t i on al mot ion s ( 'V" V - 0), the f 1 u 1 d ve 1 0 ci t Y Vis 

d~rived from the potential ~1x*,r*,8,t*), 

Therefore, 

potential 

* V - 'il ~, 

equation (3-7) 

( * * *) ~ x ,r ,D.t , as 

.may be exp res&e d 

follows: 

v*( ~ t 1'V*~12 + L f - 0, + } 
Pf ., 

This equation can a1'so be written in' the 
fI 

'-- . 
usually known as Bernoulli-Lagrange equa tion. 

\ 
(3-8) 

ion terms of the 

(~-9) 

following form, 

/ 

~ 
i 

1 

IP 
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, 

~ + t rV*4I'1 2 + L p .- constant. 
8t, Pf 

(3-10) 

To get the pressure force acting on the centre-body, It 

i5 convenient to 

fo llowing form: 

" reformulate equation (3-10) 

t 

1 *2 1'- * 2' B':> 
Pf U o -">r ef Iv ~I - Pf ~, P-Po - 'T L. Bt 

lnto the 

"where Po is the statie pressure at the upstream end, and v*~ -: 
t • 

U~. Thus, the inviscid or potentia1 fluid-d1namic force 

(denoted with the subseript "pli) acting on the centre-body 'par 

unit length is given by integrdtlng equation (3-11) i 

f
21f 

a ( 
o p - Po 1 * cosO dO. 

r -a 

3.2 METHOD OF SOLUTION FOR THE UNSTEADY ANNULAR FLOW 

'-r-
3.2.1 The Reduced-Motion Potentials 

F 

i . e .', 

( 3 -·12 ) 
, 1 

Introducing the dimensionless quantities defined in 

chapter II and separating the fluid flow lnto a Bteady 

axisymmetrie component (denoted with the subscr'lpt "S") and an , 
* * * uns t e a d yon e ( w i th 0 ut su Q.s e r i pt), the 1> 0 te n t i a 1 ~ ( x ,r ,8, t ) 

becomes '" 
* * * • <fl(x ,r .. 8,t ) * Uoa[ tfJs(x,r) + tfJ(x,r,O,t) J . (3-13) 

Substituting this equation into equation ( 3 - 1) and then 

separating into two parts, eorr.~sponding to the axlsymmetric 

component and unsteady one, resp'ectively, the potential flow 

equation, in nondimensiona1 form, becomes 

... 

... 
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l ô 2tJi a2tJi l 8tJi l a 2tJi 
?" a;{T + a;T+ - + 

~aor - 0, 
r a r 

1 

subj ect to the b?undax:y conditions 

9tP s Ir - 1-
0, .. 

8r (3-1sa) 

( 

atP s 

1 r-r: l 8tP s • a tP l r-rd 

ah . + .. 8r 8x 8x 8x 
(3-1sb) 

~ 
ax (3-Ise) 

and 

a~ Ir-l -l 1 8e r 8'4> s 8tP aer 
] ~i~tcos -- + [-+ -] fJ , (3-16a) ar ,.eU 0 8't 8x; 8x 8x r-1 

a~ 

1 - ° 
8~ L.;;: 0, (3-16b) ar r-rd ' . ax 

where the last term of right -hand side of equation (3-2b) has 
~ 

bien neglected and it is recalled that 1-1*/a: 
Taking into consideration these bo,,!ndary it . 

1s convenient to define the -,., ,., 
tPTK.(X,r), and ~HIC·(X,r), ais'· follows: 

~ A A 

tP(x,\,8,t) - L- -IL- {tPT/C(X,r) + tPH/C(X~r)J. eiwteos6, (3-~7) 
le .e.U o 

/. 
wh e r E' the su b s e r i pts fi T " and " R fi r e pre sen t the t rJ go nom et r i c 

1 • 

and hyperbolic components of tP(X,r,O,t), respectivelY. In this 

mal}ne r.I e,quat ions (3-14b) may be reformulate~ into the 

following reduced.potent~al equation~: 

2" - 2" A 

1 a tPI IC a tPT le l 8tPT/C lU + 
8t 2. \ + - ~ ~T. - ,0, (3-18a) ., ï7 8X r Br 

\ 

" 2" 2" A 

1 a tP~1C a ~HIe 1 B tJi RIC _ l A 

+ ar 2 + - :-r.,pHIe'" 0, (3-18b) if ax r Br r 

... , 

• 

• 

• 



, 

• 

o 

( 
22 

subject to tOê boundary conodi t ions .. 
'" 

.. 
A 

Ô4>TK. , 
iwETK.(X) + U<X)ET~(X). 

ôr r-l 
(3-19a~ 

" 
- (3 -.1 ~b) ô4>HK. - iwE ILe (X) + U~X)EH~(X), 

ôr r-l 

A .. A 

Ô4>TK. - 0, 
84>Hk - (), (3-Ige) 

ôr r-rd 8r r-rd .. 
.,.. 

are the hyperbolic and trigonometric 

part~ of the beam eigenfunctions introduced in chaper Il. 

; 
3.2.~ Linea~ization prfcedure 

Q 
Based on the small dlsturbance assumption, equations (3-

18 a , b ) are lin e a riz e d in.<o r cl e r t 0 0 b t a' in a n -a n,a l y tic n 1 

• solution of the problem, 

For the 

var ia ti,ons ih 

procedure of 

velocity *' 
UA' 

axial flow 

case where the duc t has specifi~d axial 

lts cross-~&ctiQn, It la noted .that the uauCil 

Il ne a r i :z a t ion" w i t'h r es Tl e c t t 0 the und t s tu r.b e d 

ls not sufflciently acctirate, since the menn' 

velocity U*(?C*) at location x* could be 

~ubstantially ftifferent from U:. 
.. l 

Therefore, _ a procedure of local linearization will he 

used in~order to ob~ain the local mean flo~ vel~city, U*(x*), 

The local dimè~sionless mean flow velocit:y, U-(X)-U*(x*)/U~, "'- '\ 
may "be obtained by applying the e qua t ion 0 f con tin u i t yin. 

local dimensionlesB mean flow 
4. 

, " Integral fo rm~, thus, the 

velocity • can 
\ " .... 

be . expressed 

clearance 

l' 
~) 

• 

in terms of the rate of annular 

, (3-20) 

... 

, 
\ 

i 
". 

\, 
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~~ 

where -ho-h(O)-h*(O)/a is the dimensionless width of the 

annular pa~sage' at the upstream end .. . . 
Taklng ,advantage of the assumption of a Tlarrow annular 

flow, one can define the following nondimensional variable': 

.. * z - r - a '_ 
a r ~ 1, (3-20) 

where the approximation, r "" l, cou1d be used. Consequently. 0 

the potent~al 

the following 

flow equations (3-18 a,b) may be expresse~ as 

linearized equations ~in terms of the reduce'd- , 

motion potenti~ls: 

(3-21a) 

.. 
1 

17 
2" " 

8 4>HIt a tPHIC 1\ 

--42:-:'=- + - tP H /( - 0 '. 
8z 8 z 

(3-21b) 

subject 

a,b,c). 

to the boundary conditions given by equations 
~ 

(3-19 

3.3 SOLUTION FOR THE REDUCED~MOTION POTENTIALS 

[. 
According to'- s l~nder body theo~y" [24] • the first term of 

1 

equations (3-21 a,b) ~ay be neglected. H'owever, the slender 

b 0 d Y a pp r 0 x i ID a t ion 'i s no t su f fic i en t 1 y' a c cu ra t.e for h i gh e r 
.~ 

ffequency oscil,.lations; this 1s because the virtua1 mass 

coefficient and the coefficient of o.ùid dynamic damping, 
" A 

which depend on the reduced-motion potentials tPTK,' tPHK,' cann~t 

be accurately reproduced if the slender body, approximation .. 

were adopted. Hence J the s lender body 

be'used in this analysis. 

Considering ·the complete form of 

approximation wtll not 

, 

partial d.ifferential 
l 

equation.s (3-21 a,b), expansions of the reduced-poténtials 
1 

could be assü~ed in the form 
» 

.. 
\ 

(3-22a) 

" 

\ 

/ 
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" ~H~ - fH~(X) FH~(z). (3 .. 22b) 

Thus, the linearized equations (3-~1 a,b) become 

1 fT~OO 1 1 2 - rr [FT~(z)+FT~(z)-FT~(z)] -~ P~, J. fT~ (X) , FTIt(z) <J 'i R , (3-23a) 
1 f ... (X) HIt 1 ' 1 2-1 [ F H ~ ( z ) + F H ~ ( ~.) - F H It ( z) /' - :er - ~ fJ(C., 

fH;c(X) FHIt(z) 

'" 
(3-23b)r 

" - which reduce to /two sets of separate ordinary di ffere-ntial 

.equations 

."" 

f 1\ (X) 2 - 0, T~ - + .8~f.:rIt(X) 

1 2 F "( z) + FT~(z) - ( 1 + ::er .8 ~ ) FT~(z) T~ 

.. 
f "(X) 2 

- 0, - PltfHIt(X) H~ 

~ "(z) + FH~(z) ( 1 
l 2 

) FHIt(z) - - :er fJ ~ HIt 

These admit the follo~ing general solutions: 

(i) for equations (3-248), 

fTIt -' Al cos({JI'C X) + A2 sin({JIt X), 

Fl'lt - co~h(q/Gz) + Rl sinh(q~z) 

where -" 
·'{i+< P~ 2 ] 1/2 

q~ r ) 

J--~ 
J " C (i i) for equations (3-24b') , 

- 0, 

- o. 

. - ~z e , 

for ( ~ 
~ 

( 
\ 

(3-24a) 

, -

(3-254) 

(3-25b) 

(3-26a) 

) ~ > t , 
. 

; 2 t" ) <" " 
(3-26b) 

, 
• 

• 
. ( 

'!-I 

,. 
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CIC - l t _ (ft ~ ) 2 ] 1/2 

Using the, boundary conditions (3-19 a-c) 

of z rather than r (see equatlon (3-20». 

expressed in 

terms 

above 

• 1\ 

... 
a.~TIC -a z . z-h· 

" 
~ -az z-h 

In order 

<,( Al. . {\2, BI. 

f'l'IC(X) FT~ (z) 

fHk(X) FH~ (z) 

.to determine 

B2. Rl. R2) • 

iwEHIC(~) + U(X)EH~(X), 
\ 

\ 

- O. 

o. 
" 'ft 

the unknqwn solution 

'lt la' neoes-sary to 

(3-27a) 

(3-27b) 

(3-27c) 

(3-27d) 

parameters 

have sIx 

equations •. whereas 'à,pparently only four are avaiIable. 

equatlons .(3-.1?:a.-d). However, e~amining equations (3-27 a,b) 

more carefullY it is r'ealh:e'd that Elach of the. Ieft(middlr 

and right:hand sid~,s may be separated into two parts. each 

including sin(.8 IC }t) or COS~'fJICX) and sinh(.8 IC X) or eosh(.8ICX). 

t~us giving rise to sl'x independent equations. Hence. solving 

this closed problem. the unknown variabl~s are found to be . 
(1) f~r the "trigonGmetric i • 'equation, 1. e .• "the part of' . 

"the s~lutton with subscript T. 

Al - GTIC ( - iw + U{X)uICP" ) . . ' ' .- , . 
A2 GTIC ( iwolÇ + U(X)fJ lC ), - (3-28a) 

. 

RI 
q~ sinh(q"h) - ,t cosh(qlCh ) 

- q" ~OSh(qlCh).+ t sinh(q"h) 

'where 

-' 
~. 

l ' 

.. 

, , 

) 
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( q" 
(3-2ab) 

" (i~) for the "hyperbolic" equation, i.e., the part of the 

so l ution wi th subscri,p tH, 

-BI - GH" ( iw - U(X)o"P" ), 

(3-28c) 

* sin(c"h) + t * ~') 2 c" co s (c "h-) i R 2 - * 1 * 
for ( > 

clÇ cos(clÇh) - :r sin(clÇh) i. 4 

, 
- c" sinh(clCh) + t cosh(c~h) ~ < i R 2 - 1 for ( 

c" cosh(clÇh) - 1" sinh(c"h) i. 4 

wh~re 

* t * ~ 2 C" - tan(c"h) ~ 
• *2 

+ f ;: for ) > 
( clÇ ) tan(c"h) i. 4 

, (3-28d) 

- cft + t tanh(c"h) ~ ~ 2 
< .2. 2 f ~ for ) 

( c" - ) tanh(c"h,) i. 4 

~ 1\ -A 

'H~nce , the reduce d- motion po tent ia 1 s, f>T" and f>H", on the. 

flexible centre-body surface at location X may be obtalned as , 

1\ 

f>TIC(X,z-O) - GT" iwET" (X) + U(X)ET~(X" 
1\ 4, \ (3-29) 

f>H,,(X,z-O) - GH" iwE HIC eX) + U(X)EH~(X) 

, 
3.4 DETERMINATION OF ~HE UNpTEADY PRESSURE DISTRIBUTION AND 

THE RESULTANT FORCE ON THE CENTRE-BpDY 

The unsteady perturbation pressure, associated with body 

motion, 15 obtained from the pertu-rbation velocits.y potential . 
via the Bernoulli-Lagrang.e equation, given as equation (3-11) 

in section 3.1. This perturbation pressure may be divided into 

Q 

• 



.. 
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ps(X,r) and pp(X,r,8,t), corresponding to the axisymmetric 

steady component and u~steady component, "respectively. Thus, 

, (3-30) 

t 
The fluid-dynamic pressure force exerted on the flexible 

centre-body w:i:11 be obtained by means 

_ theory [21], developed in section 3.2 
1 

of the potential f1o-w 

and 3.3. Substituting 
, 

equation (3-13) into equation, (3-11), the unsteady pressure is . 
e,xpressed as t~é fo11owing no~d~siona1 equation in terms of 

the steady axis~mmetric component ~nd the unsteady one of the 

veloéity po~ntial ~: \ 

(3-31) 

where V* operator from equation (3-11) has been rep1aced by 

V* - 1 *~ + 1 *~ xl8x r B'r 
~ (., lx h + lr h- ) .1 V 

a 

In the above equation, the ci~cumferentia1 component is 

neglected. ~ 

Introducing ;the 'lineari;ation
A 

procedure into the second 

term of the right-hand side of equation (3-31) and then 
• 

considering the assumption of s~a1l amplitude motion of the 

centre-body yields 

(3-32) 

where tr(X) is defined in- equation (2-3). Ther-efore, it is 

possible to rewrite the second term of the,right hand-side of 

equation (3-31) as 

~ Iv~s + V~2(~) + 

~ 

(3-33) 

~ 

s ince, the radial and circumferential component of the flow 

velocity_is negligible as compar~d with the axial one. Thus, 

" 
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eq~ation (3-31) may be written in terms of the non~mensional 

fluid ve1ocity, U(X), at location X~ 

1 1 a~ 

P U*2 (ps + pp) - --
f 0 

Uo .2 at 

1 1 ô~ 1 
+ - [tr2 (X) + 2tr(X) 1 - (3 - 34) 

2 i. BX 2 , 
Taking into acc-ount the forms of the Inviscid fluid

dynamic- force and re-duced-motlon potentials, It is convenient 

to rewrite these equatlons, with respect to the set of 

reduced-motion potentials defined in equation (3-17), 1.e., 

c 
l - rr2 (X) + 
2 . ' + 

-
A A 

l 

2 

rr(x)~ 1 [ a~T~ + ~ leiwtcosO l. 
i. U o ax~ ax 

(3-35) 

T h'e uns t e a d y f 1 u i d - d Y n a m 1 c for c e a c tin g 0 n the un 1 t 
\ 
'- __ length of the flexible 'centre-body is then determlned by 

in~grating circumferential1y the pressure distribution, by 

\means of equation (3-12). Thus, substituting equation (3-35) 

~nto equation (3-12), the inviscid f1uid-dynamlc force, actlng 

ont he 0 sc i 11 a tin g~ ce n ~<~ e - b 0 d y, 1 n the di men s ion les s for m , 
• 

la 

fp(x,t).- .p tJ 2 e iwt iw A A 

l a IC f ref a1\' ( ?" [<PTIt + <PHIt J 
te 

U(X) \~ 1 

z-O 
" " 

+ 
a~T". a~H/C 

) (3-36) -- + 
1. BX ax z-O .. ; --;> 

-
Hence, the above e.quation, in terms of Pjtep (j-O,1,2) which are 

the invi~cid components of Pjte (j:' ~, l, 2) d~fined in section 

2 . 3, e qua t ion s (2 - 10 a, b)', m a y b e w r 1 t t e n a' s " 

Fp(X,t) - - Pf Ur~fa1\' e
iwt k BIC ( - w

2
P2tep + iwP1ICp + POICP ), 

"-', ('3-37) 
where' _ 
~ 

(3-38a) 

1 
; ... 
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2 U (X) (3-38b) 

(3-38c) 

lt 18 obvlous thàt these terms, which in fact are related to 

the inertial, damping anq stiffn'ess components, respectively, 

of the generallzed nondimensional fluid-p.ynamic force due to 

inviscid flow, do not depend on the steady-motion pot&ntial ~s 

because of the axisymmetric shape of the flow passage. 

... 

" 

o 
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CHAPTER IV 

DYNAMICS AND STABILITY OF THE FLEXI~LE 

CENTRE-BODY BASED ON POTENTIAL FLOW THEORY 

30 

4'.1 FORMULATION OF THE EIGENVALUE PROBLEM USING GALERKIN 1 S 

METHOD 

This part of the· Thesis is devoted tc the determination 

of the fluid-dynamic coupling terms, fluid-dynamic stiffness, 

damping and virtual mass, of the system generated by 

flow, by means of Galerkin' 9' method. 

inviscid 

Introducing the terms associated with the inviscid 

~ fluid-dynamic force, as determined in the previ'ouB section, 

into the equation of motion of the flexible centre-body, the 

following equation may be obtainJ:d 

(4 - 1 ) 

According to equation (3-3.5), the inviscid fluid-dynamic force 

may be expressed nondim~onally as .... 

(4-2) 

where 

Reca.11ing the approach to be used to obtain an approximate 
t;'7 

solution, which was introduced in chapter II, and combiniflg 

equations (2-11) and (4-1) yiélds 

- w2E(X) + a Pp(X), 
~ 

(4-3) 

~here the form of the complex eigenfrequencies w, which depend 

on flow velocity,. indic.&tes the stability or" instabl11ty of 

the system. In order to investigate the dynamlcs and stabil1ty 

. .. 

ô" 
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Galerkin' s metbod 'is appli~d t~ this system, )In

(p mu.1_tiplied by the ~eighting functions and 

integrated over the domain must satisfy- \ 

f l ( 2 ~ a lC 0 -w (E IC (X). + oP2ICp (X>.l 

+ -[.B~E/C(X). + crPOt<;p(X)] 

... 

+ iw oPllC~(X) 

) E j (X) dX 0, (4-4) 

where each of the functions E,,(X} is, a suitable comparison 
\ 

function satisfying aIl the boundary conditions of a clamped-

c 1amped beam, in fact, 

Appendix A. 

a beam eigenfunction, as shown in 
f 

Introducing equations (3-38) in the ~e equation yi<i!1.ds 

~ . 
- _ w 2 [M'] ( A) e i w t + i w (C p 1 

"-'" p 
(A). eiwt\ + (K

p
] (A) e iwt ~ 0, (4-5) 

where 

mpjIC - JI o ( ETt<;ETj + ETIC EHj + ,EHIC ET j + EHIC EHj dX 

I fI 
", 

cr :er~ [ CT IC)-" ( ETICETj + ETkfHj 

~ 
0 • 

+ GHt<; ( EHt<; ETj -t EHICEHj ) dX - 0, -, 
J 

dX ), a 

l 
k - • {34 'J (E E E E E E E E ) pjIC K 0 T~ Tj +, T" Hj + HIC Tj -t, HI\: Hj 

" 
f

l ho 2 
(-) 

Oh' 

'-, 

<:. 
'('4 - 6 a) 

(4-6b) 

dX 

.. 
- G H IC ( EH" ET j + EH" SH j ) cl d X ~ ( 4 - 6 c ) 

~'re tbe subs~ript p is used' tt> indicate that these terms •. re 

as~ociated with the potential solutionlJof 'the problem, 'and the 
1 

quaq,tities '~TK' EHK a're defined Ln equation (2-7) with CTIC' 

CHI\: having been determined in equations (?-27) and (3-28), 

AIt e r n a t ive exp r e s s ~ 0 n s 0 f e q u à t :i. 0 n 5 ( 4 - 6 . a ::. c ) in the, 

case of a constant a~nular flow passage (h-ho-constant) May be 

obtained, based on the smaii disturbance assumption, ln th-ts 

• 
( 

r-

.' 0 
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case, the fluid dynamic stiffness and damping coefficients mny 

be lin,arized to give 

m. -PJ K 
(4-7a) 

cPj/t - - 2 Uol (~)~ (*f)~[ G TIC I T ' + GHIt I H ' l. (~-7b) 

~j'\.- P~Ip + P~ lJ~l 
~ 

where 

dX, 

) dX, 

1 "-
Ip-1T + I H- JO(ETICETj + E TIC : Hj + 

~ 

IT 
, - fl 

ET ~ ET j + ET~EHj ) dX. 
0 

f ' _ fI ( EH~ETj + EH~EHj dX. H 0 

Af - 11" ( a + H* ) 2 } , 

m - Ps As 

The integrals in the àbove equations 

EHICETj + 

A -
M -' 

could be 

using an an~lytical method or â numerical 

(4-7c) 

EHIt EUj) dX. 

(4-7<1) 

11" 
\ 2 
fi .. 

<) 

pi Af 

evaluated hy 

me thod. The 

numerical sol,utlon~ are shown in Appendix C, where they are 

• co m p~ r e d w i th the a n a 1 y tic a Ion es. Fr 0 m the a b a v e e qua t 1 0 n B , . ~ , 

it ls obvious that the virUlal .-!Eass coefficient does not 

depe~ on the flow v~locity, as expected; the ~fluid-dynamlc 
'-

stiffness and damping coefficients, however, are affected hy 

the' fluid velocity. " 

The p rob lem has now be en rende re d dis cre te 'a"nd, upon 

"truncating the summation at Ir, 

written in matrix form, as follows; 

n, eq~ation (4-4) may be 

{Mp ] {q} + {Cp] (ci) + [Kp ] 1 (q) - 0, 

< 

,,) -

(4-8) 



. , 

( 
where 

7 
(q) _ (A}~iwt. 

r ./1 

-

") 
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~ , c)\ 

Here ,\ it ls assumed that JEhe order of this !Jlatrix equation is • 

suffici..ent~~ higp, to- allow the determination f,f the response 

within the desired accuracy .. In the present ~nalys~5 this is 
1 

a<;hieved wi th n-5. 

In this case, the asymmetry in the matrices, [Cp] and 

[K p O) • is entirely due to 
" 

the presence of inviscid fluid-

dynamic forces; e.g. in the case of [Cp) , the asymmetry is due 

to the Coriolis force, which corresponds t,o equatton (4-7b). 
" 

Accordingly, equation (4-8) can .not be decoupled easily. A 

quite general method of decoupling this equation is shown in 

Appendix B. 

In order ta obtain the eigenvalues of this system, r 
equation (4-8) may be ~ani~ulated further, yielding finally 

(4-9) 

• 
This method is much easie~ to apply and more efficient th an 

the- gene r a 1 me thod shown in App endix B. '1:he mé thod us e d to 

find the roots of equation (4-9) is based on a quadratic fit 

called "ZANLYT". The generai computer program for dy~amic 

stability of the system is giv~n in Appendix D. 

Because 0 f ,the nume rous paraméee rs charac te riz ing the 
~ 

sys~em, no attempt has been made to i;vestigate the effeçt of 

each one; e.g. length/radius ratio'l$,~P wldth/radius ratio, 

ph Y s 1 ca i 'p r 0 p e r t 1 e s 0 f the f 1 u 1 dan d 0 f the mat e ria 1 s , etc. 

[ see the princ ipa 1 nondimens iona 1 pa rame te r s affe c ting the 

system, iniroduced in chapter II, equat10ns (2-3) l'. Here, the 

e ffe c ts 0 f vary i ng the fluid ve loc i ty and the' fluid proper t ies 

are inves,tigated, by- conductin~ calculations w1th air, water 
, 

and oil flow; the annular-gap/radius ratio i5 taken to be 

* 1.5/10, 1/10 and 1/20, and i /a-20 throughout; the materia1 of 

cylinder 15 taken ta be rubber, 50 that Ure f-l.198 mis' and 
1 

Uref1-36.77 mis (for-ai,r),.1.287 m/s (for water) or 1.332 mis 

(for ail) . 
... 

.. 
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4.2 ANALYSIS OF.DYNAMICS 

(zENTRE-BODY. 

AND S~TY OF THÉ FLEXIBLE 

34 

" Typical results, illustrating the general dynam ie li.l 

behaviour of the system under consideration, subject ·to 

~ inviscid flow, are presented in this section. As discussed in 

the previous section! the dynamical behaviour of this system 

is ~odified (as compared to the basic beam à-n vacuum) by the 

fluid-dynamic force acting on it, which Is 1 function, of the 

flow velocity. For convenience the results will be presentéd 

in terms of the nondimensionai flow velocity Uol' rather than 

Uo - see eqtlations (2-3). 

At zero _flow velocity, it ls obvious ~that 

frequencies deBend on (A/As)·(M/m), considerlng 

mass; fluid-dynamic stiffness and damping coef 

\( 
the naturai .. 

the added 

of 

course, equal ta zero at zero flow but th(> ,. 
corresponding virtual mass is not. With Increa ing [low 

l ' 

velocity, the frequencies ofO-mast of the mod(>~ are diminished. 

Because the system under the consideration here iB 

conservative (clamped ends), the eigenfrequencies remain real 

with increasing Uol, at least up to the point of 10$s of the 

stability, when the equivalent generallzed centrifugal<bforce 

overçomes the flexural restoring force. 

- At this point, one may note that the lewest cri~ica1 flow 

ve l 0 c i t y, i n-d i c a tin g the 0 n set 0 f by c k 11 n g m a y b e fou n d e a sil Y , 

takin& into consideration Euler's method of equ.ilibrium (se,e 

Np pen dix E). At the bu c k 1 i ng 0 n set, the t i me der i vat ive f.I in 
• 

the e q u al: ion 0 f mot ion 0 f the - c en t r e - b'o d Y cou 1 d b e e 1 i min a t e d ;. 

i.e., t'he determinant of [Kp1 should be zero. Thus, fr.om 

equation (4-7c), it is obvious that 'lit divergence tnstabllity 

the nondimensional critical flow velocity, with respect to, 

Urefl. does n'ot depend on the propers:ief of the fluid but ,only 
A 

on the geometry of the system (gap Lf6t~o and length, ratio)~, 

\, The dimensionless complex ejgenfrequencles, "'n' of the 

system are calcula·ted us~ng the computer program glven in 

Appendix D. 

.. 
/ .. 

'/ 
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Typical variations of the real ànd i~aginîry parts of the 

complex ei~nfrequencies, wn' with the nondimensional fluid' 

vel'ocity Vol are .presented , for the lowest four modes (out of ,,_, 

five modesi in Figtlres 2, 3 and 4, for the 1/10 gap systems 

rubber-air, Tubber-water and rubber-oil, respec,t 1 ve ly. The 

fifth mode, also obtained, 'is not shown because the results 

are considered unreliable with a five,-mdde Galerkin 

approximation (n-5). • 
In Figure 2, it is noted that the frequencies of ail 

modes vanish in turn, 

correspondLng modes 

indicating the onset of buckling ln the , 
of the system with increasing flow 

~ocity. The 

Vr3 (point A 

frequency of the 

in the diagram), 

firs t mode, vartishes a t Uo l -

which is the first critical· 

velocity for buckli~g, being associated wi~ the point where w 

chan.ges from purely real to purely imaginary, and one branch 

of the bifurcated locus on the Im(w)-axis is negative; 

Similarly, the 

3.21 (point B), 

frequencies of the other 
~ .. modes vanish at Uoi = 

.4.85, and 7.13. 

However, at, sligCf\tly higher flow velocities than 

necessary for buckling i~ the f~rst ~nd second modes} the loci 

of these two modes, and similarly those of the third and 

fourth modes, coalesce on the lm(w)-axis and leave the axis at 

symmetrical 
,'" 

flutter ,(for 

\ 

points, indicating the onset 'of 

example, point" C in Figure 2a), in 

coupledrmode 

the 'patr of 

modes concerned. This behaviour does' not appear in the çase of 

higher mass ratio, Mlm as shown Figure~ 3 and 4. 

At Fhis pO,int, it is of 'inte~est to 'note that. the. main 

interest in the practica1 ,ngipee:r:ing application~, for de'sign 

(Consider\tions, is the determination of the critical flow 

.velocity for wh'ich the system loses stability. The dynamical 

behaviour of tbe system a't high velocities than the this 

critical threshold Is more of an academic interest; on the 

other hand, the amplitude of the oscillations after the los5 

of the .stability 'may increase beyond the assumed limits of the 

this theory, a~though it was shown that, in sorne c'ases, a 
-

linear theory is also capable of predicting the post-çritic_l 

'" .. 

. , 
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b eh a v i 0 u r 0 f the s' ys te m ( s e e. • for e x am pie r e f s. 8 and 1 2 ). A 

similar capability will be presumed to exist heré also. 

In Figures 3 -and 4, it is noted that even though ·th(' 
" f i ,r s t m ~ de f r e que n c y ais 0 van i s h es. a t A ( U 0 1 - 2 . 1 3 ), the lod 

of the 6ther modes 'do flot reach the -Im(w)-axls diroctly. 
;f 

But 

the system regains stability in its first motif' at 

( U 0 1 - 3 . 2 1), the ~ 0 r r e s p 0 n d'l n g . bue kil n g pol n t 0 f the sec 0 n d 
\ 

modé in the prevlous case. At s,Jightly hlgher flow velocily. 

the loci of th~Jirst and second modes ~oalesce on th(' R('(w)

axis ae becomé comple}{, indicating the onset of the couplt'd-

mode fltitter at C. 
to be related- .to 

... . 
gyroscop1.C forces 1 

Interestingly, this behaviour WBS suggest('d 

the well-known destabli.izing' eff('ct of 

e.g. in conneotion with the wl)irllng 0'[ 

shafts [26). According to this relAtion, the Corio} is\, [orcps 

being p~oportional to (M/m)~ stabilize the system pri~r to the' 

onset of coupled-mode flutter; therefore, oscillatory 

instabilities connected to the presence of Coriolis forces 

could exist whene\rer (M;m)~~O which 15 â1ways truc for the 

present system. These symmetric coupled-modes, with respect ta 
• If ' 

Re(w)-axis, bifurcate on the Re(w)-axis at D, where the systpm 

regains stability. At slightly higher flow velocity, one of 

these bifucating 

the re-occurrence 

\ 

modes has pure imaginary value, 

of buckling, at E (Uo~ - 4.85). 

lndicating 

Then. by fi 

similar process, coupled-flutter re-occurs "at F, involving th"e 

loci of the other bifurcated modes and the third mode: ThÈ>' 

regions associated with higher flow velocity aré qui te 

compiex. .. 
The effect of varying the relative gap h-H*;a for given 

length to ra~ius ratio R-i*;a is illustrated ln Figures 5 and 

6 for the c),se of ,rubber-air ~nd rubber-oil - , systems, 

second modes appear to . respec ti v~ ly~Here, the fi rs t and 

buckle at A a.nd B in Fi~ure 5,~but in Figure 6 these pointd 

are" seen to correspond,. respectively, toJthe on-SE!'t 'of buckli,ng 

and re-stabilization therefrom _ (fore the fir;.st' rilode). as 
1 

discussed before. 
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Table l Values of Uol fo~ i~stabilities obtained with 
" 

patentlal flow theory (~-to, a-0.4246 and 

Urefl-36: 7~js) . \ . .... 
a'nnu1ar gap 1st mode 2nd mode coupled mode (lst & 
ratio, buckling, buckling, 2nd modes) flutter, 

h A* B C 
, 

) 

0.05 1.49 2.24 2.34 
0.10 2.13 3.21 3.40 
0.15 2.64 3.97 4.25 ... 

Il 

Table 2 Values of Uo 1 for instabilities obtained with 
... 

potential flow the ory (~-20, a-34~.62 and . 
, 

annular gap 1st mQde 1st mode re- . èoup1ed mode (l~t & 
ratio, buck1ing,. s tab i 1 iza t ion,. 2nd modes) flutter, 

h 
/ 

A B C 

0.05 1.49 
. 

2.24 2.47 
0.10 2.13 3.21 3.51 . • 0.15 2.64 3.97 4.31 

, . , 

lt .1s of interest to see in Table i and. 2 that the 

nondi~nsiona1 critical flow velocities)for divergence and for 

coupled-mode flutter of the 1/20-gap .syst~m are lower than 

those corresponding to- systems with lager relative gap. lt ~is 

a1so shown that the lowest nondimensional f10w ve1oclty_ for 
, 1 

... divergenpe does npt depend on a, for any considered relative 

gap. while the coupled-mode' flutter critical velocity depend' 

slight~y on a. This is because Uo1-Uo/a~, and hence the lowest 

nondimensional critical flow velQctty for divergence, Uoldiv. 

ls dependent on h and ~. but not ort a, as lt can be seen from 

equations (3-2-8) and (4-7); one Jr.ay note in the same sense 

that f1utter ls \.. affected lfy the damping matrlx, while th~ 

buck1ing is not .affected 'llby it. The destabilizing effect on 

osc:f.llatory lnstabllities of narrowlng the annu1ar gap was 

welL documented for a similar system [21]. 
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interest to com~a~, tnese "crltical. 

vel-ocities with those obtained by approximate method proposea 

by' P;B-idoussis [14) for confineft flow; this comparlso"n i8 shown 

in dètail' in Appendix E, Satisfaction, in quantitative 

agreement of critical 'flow velocity, is found to b.c adequnto 

for the narrow invis~id floJ,oT analyzed; howevo r, the 

approximate method for the critical flow velocity based on the 

virtual mass is suitabl~ 

noted tliat the aynamical 

inviscid flow theory for 

to. that of system with 

for ~ slender body. Moreover, ft la 

behaviour of the system, 

the~ na .. rrow flow an.alyzed is 

confined flow [25] or with . 

based on 

similar 

internaI 

flow [13]: the system roses stability by the divergence ln its 

first mode, is restabilized according to the Coriolis force 

and then becomes subject to coupled-mode flutter through\ 

coalescence of the first- and ~econa~mode loci. 

ab ove results', it is noted that the Finally, . from the 

system with the lowest density flllid nequires a much higher 

dimensional instability whlch la fl'ow velocity to cause , 
reasonable; nowever, the lowest nondimensional critical flow . 
ve 10 c i t Y t s k e pt Il the sam e, as dis eus s e d ab 0 vJ~ . 

It is 'worth nbting the di'fference in behaviour between 

systems of low and high mass ratio .. l'Il summary, the following' 

w~y be' said. (i) The low~st nondimensional crltical flow 
/ 

velocity wi:th respect to Urefl, which is of course for 

dive-rgence, is not dependent on the properties of fluld but on 

f 

the geometry of the system. (ii) For smaii values of' maas p 
1 

ratio, the system buckles in the second mode before the onset 

off lu t ter ; for l a r g e val u e s 0 f ID a oS s rat Vi>, the s y ste m li 0 e s 

not buckle in the second mode prior to the onset of flutter, 

but 'the 1055 of st~bi'lity in the second mode ls preceded by 
, 

regainlng of stability in the fi~st mode; moreover, at ~igher 

flow, the regaini"g ~f stability of this coupled-mode occurs 

st a slightly lower Uol than necessary for the onset of thlrd-, 

mode 'flutter. It 15 weIl known (13] that these effects cou Id , ' 
.? 

be even' m'ore pronounced at 
, 

annular gap i5 diminished, 

higher 

Uoi ls 

roass ratio. (1H) As the 
1 

reduced. -( i v) The lowes!: 

.- .. 
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CHAPTER V 

STUDY OF VISCOUS FLOW IN THE ANNULAR PASSAGE , 
AROUND AN OSCILLATING FLEXIBLE CENTRE-BODY 

5.1 GENERAL CONSIDERATIONS 

". 

,The analytical model developed by Mateescu and Paidoussts 

[22] for consi.~ring the viscous effects in the case of 
, , 

oscillat~ng rigid cylinder will be extended here to evaluate 
J 

the vis cou se; f e c t 5 0 -f r e a 1 fi u i d fI'\.. Jin the cas e 0 f fIe x i b 1 e 

cyl in der s. The fi u i d - d Y n a.m i c for ces a c tin g 0 n the c'e n t r e - b 0 d Y 

were obtained previously, by means of potential flow theory, 

neglecting vIs cous effect; how~ver, it ts weIl known that 

viscous effects in real,flows are enhanced in narrow passages,

and therefore it is even more import~.!1t to take them into 

account for the problem at hand. 

In a viscous flow, the fluid-dynamic forces are 
(, 

con~iderably more complicated than for inviscid flow and in 

general the Navier-Stokes equations are used to obtain them . .. 
The princ.iyal purpose of' this work is to evaluate the 

viscous effects on the dynamics of the flexible centre-body in 

the " annular flow. Actually, only the case of the. system' 

consisting of constant cross-sections of both the flexible . 
centre-body and the cylindrical coaxial duct, will be 

c6ns t'dered. 

Based on the assumption of small amplitude oscillations 

of the flexible centre-body" fn a narrow annular flow, the 

following ~o flow fields are considered, in order to s~mplify 

the approach of this problem:. \ 

a) a potential flow, which represents the perturbation 

flow field .according to inviscid flow theory, 

b) a viscous flow field, which includes the steady and 

unsteady viscous effeçts. 

In the present analysis~ the annula~ flow ia considered 

as a laminar flow. However, tlte approach taken here could be 
( 

/, 
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adopted in the case of turbulent flow a1so, if desired; As 

assumed in chapter II, an~mpressible f1uid of density Pf 

and, vlscoslty JJ flows in \he :nnulus with mean flow vejocity 

U~. Assuming the fluid to be Newtonian, the shear stress 

between fluid 1ay~rs is proportiona1 to the ve10city gradient 

across the l~yer. 

~he viscous forc~s acting on the flexibl: centre-bOdf:may> 

be separable into two parts according to their resp ctive 

orders of magnitude. The ~zer~-order" viscous forces are 

.\ derived from ttte longitudial(axial) frictional force and from 

D 

pressurization of the flow necessary to ove~come the 

frictional pressure drop. They are known as the time-

Independent viscous steady forces, and they may be~ quite 

important in dealing with flexible bodies in annular flow; 

however, they nearly have no effect on the dynamics of rigid 

bodies [)21. The "first-order" 

'normal friction forces containing 

~ 

viscous forces 

the effect of 

arise from 

the vi s cous 

pressure distribution along the circumference. These forces 

comprise the unsteady viscous effects. 

Thus, free oscillations of the flexible cent~e-body under 

consideration are i,nfluenced by both steady and unsteady 

vi s c,ous fa rc es. 

lt is necessary to get the normal and tangential friction 

forces acting on the flexible centre-body, and for this 

purpo se the vi scous tangent ial s tre s s ac t ing on the centre-

body surface and vis cous pressure distribution must be 

obtained first. From these res~lts, the analysis is adapted to 

determine the viscous steady and unsteady forces, as showrt in 

~ection 5.3. Here, the basic equations of the viscous flo,,!, 

~oPted from the problem of a rigid cylindrical body in a 

narrow annular duct [22), will be extended ta deal with,thi~ 

case (i.e., a flexible centre-~ody). ' 

\ 

,/ 
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FORMUtATION OF 

In order to ge't a comp le te and 

of ~id dynamic proble_ms of viscous 9. ' - ~ 
fundamental derstanding 

incompressi e flow, it 

is believed that the most genera~ governing squations of con-
, 

tinuity apd momentum should pe first deriv ... E'd and explainod. 

The complete solution for the· governing equations of visèous 
1 

incompressible flow is still not possible because of insur-

moun tab 1 e 

mechanics 

mathematical 

problems can 

difficulties. 

be treated 

Howev~ r.l' 
via these 

many fluid 

governing 
1 ~ • 

"equations, which may be greatly simplified in special cases. 

In the 

necessary to 

pressure P, 
'-

unknowns can 

equations: i) 

equa tions . 

For out" 

dimensional.,. 

coordinates 

study of viscous incompressible flow, It ls 

obtain the three 0 components of velocity and 

as a function of space and time. These four 

be determined in principle from governing 

the continuity equation and ii) Navier-Stokes 

p ux p 0 ses' , i t i s c 0 n-v e nie n t t <> use the non -

components of flow 

and nondimensional 

velocity 

pressure 

cyllndrical 

pe'rturba t ion 

associated with the motion of the flexible ~entre-body, i.e., 
----.. .. 

* ~ * V(x ,r ,~,t ) U~[u(x,r,o,t~lx+ v(x,r,O,t)l r + w(X,r,O,t)!OJ, 
\ 

* * * P ( 51: ,r ,0, t- ) 
p - Po ) 
p u*2 

f 0 

pv + Pp ) 
p U*2 

f 0 

( 5 -1) 

where the subscripts v and p stand for the viscous and 

potential components, respectively, 

Now, in terms q/ the dimensionless cylindrical co-

ordinates defined in equations 

Stokes eq~ations may be written, 

(2-3), continuity and Navier

as followa: 
'j-

au laI aw 
+ i, - -( rv) + i, 

ax rôr- rao 
o. (5-2) 

• 
) 
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1 au au au 1 au ap 
'fi 

- + U-,- + v ;. + W i 
ua 8t ax 'ar r 89 ax 

2h 1 a2 u 
;.2 

1 a au 
i 2 1 a~u 

+ - { 
8X 2 + -(r-). + ~aer 

} , 
Re 1. r ar ar 

1 av av av 1 av w2 ap 
- + u- + v R. + w 1. - R. - - l, 

ua 8t 8X ar r ae r 8r 
(5-3) 

2h 1 a 2v ;.2 1 8 av 
1 2 1 a 2v 

1,2 
1 aw 

+ - (:-::-1" + -(r-) + ;-r 8ë2 - 3(v + 2-)} , 
Re j,. BX r ar ar r ao 

1 aw aw aw 1 8w vw 1 ap 
- + u- + v ;. + W ;. + ;. - - ,e 

Uo at ax ar r a e r r 86 

2h 1. a 2w ,e2 1 a aw 
1 2 1 a2w ,e2 1 av 

+ - (:-::-2'" + -(r-) + ;-ra;'l - 3(w - 2-)} . 
Re 1. 8X r ar ar r 86 

In the above equations, Re denotes the Reynolds number 

Re - Pf u* 
0 DH / JJ , (5-4) 

based on the hydraulic diameter of the arinulus, 

DH - 2 H* - 2 ha. (5 - 5) 

The velocity vector associated with potential flow was 

denoted, by Vp -' U~«1+up)1x + vpÎ r + wpl;O, and the related 

perturbation pres~ure by Pp' 
~ 

In this connection, the nondimensional components of the 

flow velocity in cylindrical coordinates may be written ilS 

u(X,r,e,t) - uv(X,r;O,t) + up(X,r,e,t) , 

v(X,r,O,t) - vv(X,r;fJ,t) + v p (X,r.',6 ,t). 
(5 - 6) 

w(X,r,O,t) - wv {X,r;9,t) + wp {X,r,8,t), 

p(X,r,O,t) - pv(X,r;fJ,t) + Pp (X, r , lJ , t) . 

whei-e uv' vv, w/ v and Pv are associated with çhe ,visctlus 

• 

--



) 

", 

::> 

o 

,-

effects of the real flow and depend 

h~ce, the above ;otatlon 15 used, 

In the case of potential flow 
'" 

slightly 
\ 

or 

on llnd t; 

(5-3) may be reduced to Euler's equdtions of motion Now, sub· 

t r a c tin g the par t i a 1 d i f fer e n t i ale q 'u a t ion s 0 f t h El pot f' Il t 1 Il l 

flow from the full equations (5-2) and (5-3), tht' governtng 

equat.ions of ·the r~maining viscous flow may be expres5('d in 

forrn of the following nonllnear equations 

i 

8u v + ~ ~ ~(r~ ) + ~ 1 8w v _ 0 
ax r ar v 1". .a,O 

('J-I) 

. + 

1 avv -- + 
ua at 

+ vv i 

+ 1 2 

1 awv + 
Ua a4 

+ vv i 

+ 1 2 

1 aUn 
1 - ---.c:-
'r a 0 

~+ v 
ax 

~+ wy 1. 
ar 

1 a av 
-(r-) 

r 8r ar 

8wv u-- + v 
ax 

aw p + wvJl. 
ar 

1 a aw 

r 
-(r-) 
ar Br 

On the basis of a 

equations (5 - 7) 

i 

+ 

1. 

+ 

au 
(u -l)~ + v y 

y ax i~ 
ar 

apv 

ax 
2h 1 

+~--
. e 8. 

a v v 1 ayy 
+ w i -(- 0 w,,) 

ar r ' a 0 

l~ apv 
-( - wp ) 0 1 -- + 
r ao ar 

~\' 

j,2 
1 a 2v ,e2 1 

;-raor 0 -:=7(v + 
r 

awv 1 awv + w 1 -(- + vv) 
ar r ao 

1~ 1 ~ ~apv 
-( + v p ) 1. 
r ao r 80 

i 2 l a 2w 
o - i 2 

1 

;-rai"'L ~(w -
r 

(u' )~ + 1 v RX 

2h 1 a 2v 

Re 1. 8"X7 
8w 

2-) ) , 
ao 

" )~ + (uy - 1 
ax. 

2h 1 a 2w 
i- l '8X2" Re JI. 

av 
2-) } . 

ao 

set of as sump t ions to be i n t r 0 du"c (! d 

( 5 - 8 ) 

tf 

Iater, 

and (5-8) w i 1l:-,,~6"" linearized and B"Olved 

<\ 
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analytically by an approxima te shawn in the next 

sec tian 

5.3 S6LUTION OF VISCOUS FLOW. IN NARROW ANNULAR PASSAGE 

The uns te a d y pot e<n t i a l f l 0 w ) wh i ch L s of cou r sei r r 0 -

tat-ional, is ~xpressed in te~s of the potential ~(X)r,9,t» 

Ils shown in chapter Thi sana lyt i c'a Iso lu ti o.n of the ,J 

" , po t e n t i a l flow is used ~to get the approximate solution of the 
• >Si 

visco~s flow with Navier-Stokes equation, based on assumptions 

simi lar to those made in boundary layer theory.' 

'The major assumptÎ.ons made in invilcid may flow be 

available for the viscous flo~; i.e., i) the amplitude -of 

oscillation of the flexible centre-body is small, ii) the 

an',lUS "is narraw (h«l). and hence z - r-l « 1 

Taki ng into -cons ide ra t i on the orde r of magnitude of the 
• 

variou.s terms in the nondillfensional momentum and continuity 

equa~ions by assuming t~at the frequency of oscillation i5 not 

v'ery high and tha.:t th"e Reynolds number LS relatively low, the 

time-derivative térms may be- considered to be small in 

comparison to th~ radial~component of visco?s termi in Navier-... 
Stokes equation. Fuq:he·r, ,equations (5-7) and (5-8) may be' 

lineariz~d and simpli~ied drastically by introducifig following . 
assumptions similarly to the boq~dary-layer theory becau~e of 

~ 

the narrowness of the annular passage: 

a) the radial component of viscous motion, Yv. is 

tonstdered to be n~gl~gible; 

b~ the circumferential and axia~ variations in u and w 

are considered to be negligible. when compared with 

radia.l variations of th~ sB.me veloci~\ components. 

Accordingly, equations (5-8) become ~ 

" 

• i 

Re 1 8pv 

2h.r a 0 
,( 5 - 9 ) , 

, 
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(which are considered as a first attempt-towards evaluating the 

effect of the unsteady viscous terms To specify this problem 

completely, the necessary boundary conditions are required. 

COl\sidering a solid surface, it ois clear t that the velocity 

components normal and tangential to the, surface must be squal 

to those of the surface itself based on the no slIp condition. 
, 

W i th the a i d 0' f Fig ure 7, the total menn vel'octty may be 
.J _ 

ap·proximated for the pÙ,rpose of chis viscous flow a~alysis as 

u~ \T(X,O,t) '* ~o ( U cos fJ + w sin (J ), (')-10) 

where u and w are the average values of -the dimensionless 

axial and circumferential flow velocities across the annular 

gap, r e s pee t ive l y, and. the an g l e f3 i s exp r e s s e d as 

's i nc e the 

oequal to 

rema i ns 

~~-sin. fJ - * 
Uo 

"" w'(X,O,t), 

nondime ns iona 1 tata 1 mean velocity ls 

l, which means tha t t,he total e mean ., , 
~ 

approximately consta .. nt ci n magn i tude : 

(')-11) 

lIpproximately 

flow veloclty 

however, the 

direction of the total mean flow velocity oscillates through, 

an angle f3, 

body. 

associated with the motion of the flexible centre-, 

According to potential fLow theory. the dimensionless 

circumferential f~w 

pote.ntiai <p(X,r,O. tt 

velocity is 

as fol1ows: 

expressed terms of the 

(5-12) 

Substituting equation (3-.17) into the ab 0 v e e~ u,a t 10 n and the n 

inte&rating over the annular gap, the average value of the 

dimensionless circumferential flow velocity acrOBB the annular 

ga~ may be expressed as 

~ _ ~ a lC ( f W + f W ) sin"· e iwt , 
L TIt TIC Hit HIt fJ 
It iUoh 

(5-13) 

.. 
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iw ET" (X)" + U (X) ET~ (X) ], 
. -

(5-14) 

h 
WH~ - J -~ ( cos(c z).+ R~ sin(c z) 

'" 0 ITZ. le' L K, 

where GT/C' GHI\:' q". c/C' RI and R2 are given ln section 3.3. 

~ Using the chain .. rule of diffel\entiation, the first two o'f 

'equati.ons -(5-9) may be combined, in terms of t'he new set of 

coordinates (C Ç) defined in Figure 7. alter multipli~ation by 

côs~ and sin~, respectiyely, as 

where V - V(z). 
~ -

(5-15) 

J 

A pp lyi ng the above equation to the usual no-slip boundary 

condition (V(O)-O, V(h)-O) yields 

Re 'tlPv 
V(z) - -

'2h de 
t z (h - z) } ~ (5-16) 

The relatiGn between the pressure gradient and the total mean 

flow velocity 15 important 

"integration of the above 

in engineering applications. By 
~ 

eqpation. over the éntlre annular 

passage, the total mean 'hondimensional flow velocity, which is 

of course equal to 1 (approximately). is expressed in terms of 

the visco~s perturbation préssure gra'dient. Renee. 

~1r J J (l+z) V(z) cos~ dzdB - 7f 
00' 

(1+h)2 - 1 ),' (l>-17) 

" . ~, 

and then under consideration of the narrowness of the annular 

clearance (h«I), substituting equation (5-16) into the above 

equation, evaluating the integral and simplifying yield 

1 
• ~< 

) 
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dpv 24 1", .. (5-18) . de h Re 

From the relationship between the ~ shear 

velocity profile for the case of laminar flbw as l)n Nt>wtonilln 

fluid, the tangential viscous stress on/the flexible centro

body surface is expressed as 

u* av 1 
T - J1 .-..2.. -

a 8z 'z-O 

12 

Re 
p U*2 

f 0 . ()-19) 

This shear stress is not cJ..,f:!p.endent on timE' 

magnitude, a 1itt1e larger than that for a steady and fully 

developed annular flow having thè same geometry and the snmn 

total mean flow velbcity [27) Th i s me ans th a l the ve 1·0 l' l t Y 

variation in the radial direct~.Qn is larger than that of the 

steadl annular flow. This difference may be due to the motion 

o f the f 1 ~e xi b 1 e ce n t r 13 - b 0 d y. The s h e ars t r e s S Be tin g 0 n t h (> 

flexible centre - body surface may be separnted into two parls, 

the circurnferential 

fol1ows:
~ 

T
X - r 

and axial components 

CbS{J~f, 

r 0 - r s inp • 

(TO and T X )' ns 

(5-20). 
.. .. 

where p is a function of axial __ llos-i-c:lon a10ng the flexible 
- ~ -

centre-bodJ, as given by~-q-uation (5-17). 
V -~ 

The vis cous fI u i'd - dynamic f 0 roe s ae t i ng on -the fl ex i b le 

centre-body depend on the circumferential and axial components-, 
of the sb.~ar stress and the/viscosity-related pressure 

component. The longitudinal Ind normal fri~t.ional forces 

acting on the flexible centre-body per unit length 
. 

are given 

by 'int~grating equation (5- 20), as follows: 

J.21f 
F vL - 0 f X a .dO, 

FVN - - a dO. 

• 
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49 
, • ThuB, the longitudinal fricti"on force i5 easily obtained by 

substituting equation (5-20) as 

(5-22) 

However. sorne manipulation is required to bring Pv. which is 

an. implicit function of 0, into a convenient form. In this 

respect')py~_OSO is modified as 

d 
PvcosO - ---(p sinO) -

4 dO v 

dpv 
-- ,pinO 
dO 

(5-23) 

• 
The Integral of the fir'st term of the right-hand side in the 

above equatien over the domain is equ~l t, zero; pence, the 

equation of normal frictional force is modified as folLows: 

(5-24) .. 

Then, 

t 0 (J, 

wiJ,th aid of Figure 7, 

mJ y be written as 

the derivative -of e, with resp-ect 

~ - - lX sinp ~ + r sinp + rD cosp ft (5-25) 

in the 'vicinity of a point on the surface. -Applying equation 

(5-11) and (S-!.3) t()l the above equation, 

con~~de-rat"ton of smaii f3 )nd r"'l, yields 

de 
dO 

e iwt . 

under the 

Fi/nally, subst'it~ting the above equation into equation (5-24) 

and then integrating over the domain, the I\.0rtnal frictional 

force actipg on ~he flexible centre-body is expressed as 

FVN - -
<2 

P fU ref a1\' PvN{X) e i.wt / . , (5-27) 

• 1 

wherïe 

Uo(t) 
H-,2+h L 

P vN - e h2" ~alC( fTICW TIe +(":WHO ), . 
le (1 • 
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Taking account of equations (3-25). (3-26) and (3-28). it 'is 

possioe to define PvN ~ 

(5-28) 

/ 

where Pl~:N and PO~vN are determined in the next chapter. 

" Hence. the normal frict~nal force. derived from the normal 

shear stress and the viscous perturbation pressure, comprises 

the unsteady vis cous effect, as discus~sed before .. 

The unsteady and steady effectB, 

longitudinal and axial frictional 
" 

force.s, 

arising ~om the 

respectively, will 

be considered in the analysis of the sts?ility of the system 

at hand in the next chapter. 

r 

r 
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CHAPTER VI 

VISCOUS EFFECTS ON THE DYNAMICS AND STABILITY 

. OF THE FLEXIBLE CENTRE-BODY 

. 6.1 FORMULA~ION OF.EIGENVALUE PROBLEM OF THE SYSTEM 

CONSIDERING UNSTEADY VISCOUS EFFECTS 

• The normal frictional force, derived from the 

51 

• normal 

shear stress and viscous perturbation pressure, will ge?erat~ 

unstsady viscous effects on the system, ac~ording tQ equations 
1 

(5-27) and (5-28). From these equations, which were derived 

for the system under consideration and with the aid of a 

reasonabJe set of assumat'1.ons (i.e., small .amplitude motion of 

the flexible, centre-boay in a narrow annular passage). we . 
shall now proceed with the determination of the flûid-dynamic 

damping and stiffness matrices of the system by means of 

Gal~rkin's pethod. 

In the present alhalysis, consideri~g the eq~tion of 

motion, of the flexible centre-body', expressed b'y - equation (2-

1), and then subtracting the terms ~ssociated with ~he 

flexura 1 . re s to ring and the ine r t ia force. from the re sul t, the 

fluid-dyrlamic~ damping 'and stiffness terms arisini from the 

unsteady viscous force are obtained, 

For that purpose, the equation of motion of the flexible 

pentre-body, s.ubjected to the unsteady ... poten-:tialj and viscous 
.. 

forces, may be expressed as follows; 

* * * * F P ~ x ,t ) + F vN (x • t ). (6-1) 

Substituting fi! equation (2.-3) into the ab ove 'eq.ation, the 

equation of motion could be re-writteo in dimensionless form 

(6-2) 
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, 

No W • ta k in g ace 0 un t 0 f e qua t ion s ( 4 - 2 ) and (5 - ,2 7) and the n 

using the Stame method as in chapter II,' based on Galerkin' s 

method (see equation (2-15», the fo1lowing eqüation may be 

C1btained: 

where P1~vN and PO~vN are the amplitudes of the nondimensional 

f1uid-dynamic damping and stiffness terms, respectively, whlch 

are defined in equation (5-28); it is also' recalled that 

u - ( P fi P s ) • (7I'.e j" 2 1 As). He n ce, th ete r m sas soc lat e d w 1 t.h the 

unsteady force may be expressed as 

dX, (6-4) 

, 1 

. p () (X) U 1 12 2+~' ~ (f W f W ) 
l.W bvN X + P O/l:vN - 0 1: Re h 1ç ait TIt TIt + 1I1t HIt ' , (6-5) 

which, can be derlved from equ~tions (5-27) and (5-28). 

The next step i5' to determine P1II:vN and POlI:vN from t.he 

above equations. Before doing that,' consider~ng equa~lons (3-

25 to 3-28), it ls necessary to divide fT_II: and fH~ lnto two 

terms for future use ~s fol1o~s: 

. 
iw ET/Ç (X) + Ü(X)UoET~ (X) ], 

(6·6) 

fHIt - GHII: [ iw EHII:(X) + rr(X)UoEH~(X) ]. 
, . 

\ "wher~e U'(X)=-l in the present analysis. Thus, 

equation' (6-5) yi.eIds 

substituting into 
~ 

,. 

'" 

ll~vN -

P OltvN -

Uo 

U2 
0 

1 il 2+~ L 1: Re h /Ç 

1 H- 2+9 L 
~ e h II: 

.\ 

ail: [GT/ÇWT~ET/Ç (X) + GH~ WH II: EH"'( X) } , 

~ 
(6 - 7) 

a-Jt [GTkWT~ ET~ (X) + GH~WHII:EH~(X) 1. 

\ 

Il 

" . 
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where WT~ and WHK' given in equation (5-14), are not functions 

'of X. l ' 

Fi~al1y, sUDstituting equation (6--7) iuto equation (6-4) 

.and 'then consrdering the re·iationship hetween equation' (2-15) 

and equati,on (2-16), the elements ~f fluid-dynamic damping and 
• 1 

stiffness matrices due to the unsteady viscous f6rce are given 

by 

kj~uv - u2 t ~ ~ q 
no 0 ~e hi: , 

GTKWT~IT + GHt<:WHICr'H l, 

GT.WT.<;' + GH.WH.I H· 

(6-8) 

where IT, rH, IT' and IH', defined in equations (4-7d), are 

\ numerica1ly determined and the resu1ts are given in Appendix 

C; the suffix "uv" stands for the "unsteàdy viscous" 

components of the corresponding matrix. Here, t'he first and 

second terms of the numerator,_ 2+h, may he associated wi th the 

v~scous perturbation pressure and the shear stress, 

respective 1y. Furtherntore, the two terms wi thin the h!tckfets, . . 
* which are function5 of {J, may he related to lJe r /8t for the 

damping terms, and to V*(x*) (ae~/ax*)· for the stiffness terms, 
-

according ta the ,houndary' conditions shown in equation (3-16a) 

As expected, the unsteady viscous coupling -terms are 

expressed in terms of Re and h. In ·t~e àbove equation, it i5 

t- expected' that th~ s,ystem.ls influenced hy unsteady viscau-; 

terms more and more as the an~ulus becpmes narrower; however, 

the coefficients wlthin the brackets change with h and l (this 

çhange, however, may he ;smal1 as compared with, that of 1/h2). 

t', 
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6.2 FORMULATION OF THE EIGENVALUE PROBLEM OF THE SYSTEM 
CONSIDERING STEAOY VISCOUS EFFECTS 

" 
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6.2.1 of Motion of the Flexible Centre-Body, 
ced by viscous Forces 

As 

is 

before, small lateral motion of the centre-

body assumed, such tha t the dis~lacement and its 

derivatives with respect to x* are smal!. Thus, ,the steady 

effect 

)005.80<1 

is represented by the 

and rx-(12/Re)PfU~2. 

axial viscous stress, 

circumference, the longitudinal 

Integra-ting 

force, called 

ov~ 

the 

taking 

the 

s tt, ady 

viscous force, FvL' was obtained in the p~vious chapter; i.e. 

F v;,L - ( 2 4/ Re) 1f a U ~ 2. The e f f e c t son the f lui d - d Y n ami c cou pli n g 

term~ generated by ihviscid and viscous forces (i. e., F p apd 

FvN), will He also considered in the present sectio~. 

" * The forces acting. on a small elEl.ment, ox, of the 

flexible centre-body, whic~ has undergone a small lateral 
o 

motion, are shown in Figure BCf),' considering aIl inviscid, 

steady and unsteady viscous terms. Force palances, 
l ' 

*' in x - and 

y*-directions, yield 

(6-9) 

0, 

where the terms Fpx and Fpy were introduced by Paldo1lssis 

[12J, u$ing the artifice of a "frozen" deformed element 

immersed totally (i.e., on the a11 sides). in llu fluid of statte 

pressure p and static-pre~sure gradient 8p/8x*. and Q la the 

transverse shear force. The forces Fpxox* and Fpyox* whieh 

are like buoyancy forces, are the resultants of the 

hydrostatiè pressure ,p (apd of the pressure drop due to 

viscos~ty) acting on the outer surface of the element. 

Accordingly, assuming p:::::p(x*) 18 a l'inear function of x* 
~ . 
(Which is reasonable. as the hydrostatic pressure distribution , . 
is modified by the frictional pressure drop - see equation (5-
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18». the bal an c e 0 f for ces, w i th. a i d 0 f Fig ure 8 (b), i s g ive n 

by 

ô * ô(pA/2) * 1 + 
8e o * r ( -

8x* 
+ F px ox ( Fp~ - a;* ( (HAs) a7 ox 

-) f { pn - ffi Vp d(vol) - dA .::. 
vol 

ôp 

8x* As ox* 1 , (6-10) 

where n 15 the normal unlt vector acting on the surface and 

"A" and "vol" represent the are a and the volume, as domains of 

Integration. Hence, 

8p 
As 

8(pAs ) 
- Fpx -~ - * 8x 8x 

.Q) l 
B * J • Be o Fpy -~ ( t>As ax* 

) 
Bx 

In the above equation, it is noted that the , 

equlvalent, by analo"gy, to the tens ion terms 

cross-section of the' flexible centre-body, 

'ÔAs/ôx*-O, then Fpx-O; in this case i t i1)so. 

(6-11) 

term, Fpx is 

acting on the 

and that if 

motion of the Under consideration 'of smr11 ampli~de 
. ~ * flexible. centre-body, if eozO(E), then F p and FvN are of the 

same order, so that (Fp+FvN)J3e~/8'x*::::::O(E2). Now, substituing

equation (6-11) into equation (6-9), and retaining terms of 

O(E),onlyyields 

(6-12a) 

. a a2 e* 
where,.,. thA .fact that Q - - -- (El ~ 

7 8x*' ôx* 
and El, in this case, ls constant wi th 

(6-12b) 

) h~s been utilized, 

... x*', For convenience. 

equation (6-12a) may be re-written .as 

(6-13) 

- 1 
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For future purposes" ihtegrating the above equation from 0 to 

x* and from x* to ,2*, the, following equations àre obtained, 

respec~ive1y, 

x* . 
* 

8p * (T + pAs) - (T + pAs) 0 + f FvL dx - a;* Asx - 0, (6-14a) 

r 0 

1* 
* 

8p 
A (.~* x*) (T + pA s) * - (T + pAs) + f* FvL dx - --* - - 0, 

S 1 x 8x (6-14b) 

since, 8p/ôx* ls constant with x* in these equatlons, the 

subscripts "0" and "1*" represent the quantitif§s in brackets 

"at x*-O" and "at * n*" X -..t . respective1y, Here, tak.ing into 

account equations (5-1) and (5-18), the statie pressure drop 

may be taken as 

8p 

8x* 

"'" 8pv Pfu~2 
ae a 

24 1 p U*2 
ah Re f 0 ' 

(6-15) 

which Is obv'iously constant for 

and system parameters (i.e., a, h, 

a system with given geometry 

/J, U~2). Thus, substituting 

into equation (6-12b), the equations (6-l4a,b), respectively, 

equation of motion of the flexible centre-body Is expressed by , . 

either of t~e following two equatiüns: 

ap * a2 * 
(T pAs)O * IX F vL dx * 

J 
e o + + -- Asx - ~ 8x* 0 

* a 2 * 

\ 

8p 8e o e o - ~As a;* + m 
~ - F p + F vN ' (6-168) , 

a4 * e o 
El ~

ax 

8x 

(6-16b) 

The next step is to consider three cases of axial 

(physical and fluid-static) boundary conditions, shown ln 

Figure 9; i.e., 
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a) case l totally clamped upstream, but axially 

sliding at Qownstream end; 

b) case II axially sliding at upstream end, and totally 

clamped downstream; 

c) case III: both ends absolutely clamped. 

Of course, the flexible centre-body' Is subject to boundary 

conditions appropriate to an Euler-Bernoulli beam, as shown in -equation (2-2). 

Considering a slice of the beam at the downstream end of 

the beam (fo'r case,I) or at the upstream end (for case II), it 

i s ev ide n t th a t the c 0 m b i ne d pre s sur e - te n s ion for c.e a t th a t 

end is zero; i. e , (T+pAs)-O at x*-.e* for case l or (T+pAs)-O 

at x*-O for case II,' e ting any "forro" (or base) drag (if 

"guarded" by a rigid that end). 

On the 

III, which is case 

centre-body remains 

also a compressive 

the Poisson-ratio 

situation. is different for case 

1ength of the flexible 

fixed supports. There is 

o radial contraction, arising via 

for a thin tubular beam, this is 

equal to -2v(pAs). f found to be negligible later 

for pAs,e*2«EI, but this will corne out naturally. Since ,the 

total extension of the beaJrn in case III due to the tension is 

j zero at x*-l~, T,e* is obt~ned easily, as fo1lows: 

1* i* J 

l T dx * - J ( TL + F vL (i * - x *) dx * a 0 

(6-17) 

where FvL i~ introduced in eqiation (5-22), which is obvious1y 

constant with x*. Hence, 

for case III (6-18) 

Thus, taking account of the relationships mentioned 
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above, it i8 convenient to modify equati~ns (6-16a,b) ior each 

case, as fo110ws: 

(a) for case l 

a4 * e o 
El a;*4 - [ 8p * 

~As(i ax 

* 8p ae o 
- ~A -::--7( + m ax s 8x 

(c) for case III 

a4 * 1 e o * 
El a;*4 - [ 2 FvLi 

a2 * e o a;*7 - F p + FvN ; 

( 

8p * x 
l F dx* - vL o 

j 

II' • 

(6-1911) 

(6-19b) 

Clear1y a11 ~hree equations (6-19a,b,c) may be written as one; 

thus, substituting equations (6-15) and (5-22) into the above 

equations yields 

a4 * 24 1 1 
El 4 + 11" (1 + - ) P fa U * 2 [x * - (1 V - -6) 1. * 

8X"'4 Re h a 2 

• a2 * 24 ~ ~ e o 
-(1'-.2/.1)6(2 - 6)pA s a;:*T + Re 11" 

1 a * 
p U*2 e o 

h f a a;* + m 

- F p + FVN ' (6-20) 

where 
, 

u12!i\t~eam end downst:t:~!!m fD2 

6 - 0 for case 1 (totally c1amped, c1amped-sliding) 

6 2 for case II (clamped-sliding, totally clamped) 

6 1 for caSe III (totally clamped, totally clamped) 

~ 
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It is i m p 0 r t éTTr L t.Q notice tha't the second term in the 

above o equa t ion i 5 pO'S i t 1 ve ; 

beam ls under compression, 

thi5 i5 as it should be, as the 
j 

increasing linearly with x* for 

case 

beam 

II; however, for case 1(6-0.) it ~ecomes, negative, the 

being under tension, decreasing linearly with x*, It ls 

also 'O.oted .that the existence of the third t'erm "depends on 

wh eth ~e r the 1 e n g th, 1 *, ,1 s f i x e d, a sin cas e l l l,or no t 

6.2.2 Nondirnensionaliz~tion and Formulation of the Eigenvalue 

Problern, using Galerkin's Method 

Befo'ls"e proceeding with the _analysis, the &quation of, 

motion will be rendered dimensionless by introducing the 

nondimensional parameters, defined in 

Recalling 

equation 

those nondiroensiona1 
.... 

(2 - Il ) ~ e.q ua t ion 

nondimensional form as ~. 

a4 e 24 1 
aU~ 

1 
o + ( l + -) [ X a;{4 Re h 1 

B 20e 24 

parameters 

'( 6 - 20) i s 

l 
- ( 1 - -5 ) 

2 

1 1 

equations (2-3) 

and (J 'defined in 

in 

a2 e 
0 axz 

a 2e 
u2 ae o - ( 1 -21.1)6(2 6 ) II o + 0 - a -- + 8t2 axr 0 Re h 1 ax 

1*4 v 

-- (F p + F vN) , 
aEI 

where 
-A J.*2 

9 

II - P s 

(6-21) 

El 

i t is recalled that 0+ l/h) is the cS aIDe as (l+D/DH)' 
p 

DH being 

the hydraulic diameter, • 0 
.. ".(fIP~ 

Now, considering the terms associated with stea~! viscous 

forces by means of Galerkin's method, introduced in chapter II 

and IV. the -elements of the fluid-dynamic stiffness generated 

by steady viscous 

" 
force:S- are given by 

" 
, 

l' 
.... 

24 2 D D 1 
kj/Csv - -aU - [ (IT'+I H') + (1 + -) f3 2 ,{ (1 - -6) -( l T - I H ) 

Re 0 1 DH' D K. - 2 H 

\ 
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and IT, IH, Ir', IH' and _Ip' represented by. eqllation (4-7d), 

are 1ess, than unit y.' In the above equation, the subscript "sv" 

r e pré s -e n t s the .. ste a d y vis co \l S" co fi po ne n t s 0 f the 'm a tri x . 

In order to evaluate the fluid-dynamic effects acting on 
'" 

the flexible .centre-body in real flow, it i5 
,J' 

. -ne c.aas aI y - ta _------B.d~ _ the. _ aJ:.e.a d Y .------a nd unatea.dy" ~I,.scous 

obviously 

coupling 

to the terms, r,presente~ by (6 - 8 ) and (6-22), equations , 
e-q u 1 val e nt i ri vis c 1 d te rms , r e pre sen t e d bye qua t i 0' n s (4 - 6 b , c) , 

respectively. 

given by 

m· JI{, 

c. 
JK 

kj K 

He ne e , 

- mpj 1{, , 

- c pj 1{, 

- kpj 1{, 

the elements of [M), [e) and IK) are 

+ c j K uv' (6 - n) 

+ kj 1{, uv + k j KSV' .. 

where the inviscid terms, expressed by subscript "p", are 

::: ~: ~: n (::: :aht ~:S:hO :::7 :u::' c;::: r:~:: ;"0 t~::;; ::::: : ::n s :::f:2 
eoeffient ls not influenced by steady viscous .fQrce. . ' 

Cbnsidering equations (4-6), (6-8) and (6-22), it is 

noted that the potential and the viscous coupling terms are, 

explicitly, functions of 1/2 2 and l/l; respec'tively (except 

f(!lr -case III); thus. it is obvious that, ,when the length ratio 

increases, the steady and unsteady viscous effects on the 

system become 
~ 

larger, as compared ta the potentinl terms; a1so 

the menn statie pressure effects, for case III, beeome larger. 
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6.3 DYNAMICS AND STABILITY OF THE FLEXIBLE CENTRE-BODY 

IN VISCOUS FLOW 

The purposedf this section is to illustrate the general 

dynamical behavio r of 'the system, as influenced by the 

viscous forces termined in chapter V. For that purpose, 

fluids having high viscosity are chos-en in sorne of the 
y 

caculations, to accentuate the effect. 

In aIl -of the calculations to be present~d, the invf.scid 

fluid-dynamic coefficients are obtained by rigorous solution 

(chapter III), but thé viscoùs ones are only given 

approximately, shown in chapter V for convenience and 

simplicity; however, it ihould be emphasized by the author at 

this point that, as will be seen later, the approx ima te 

solution is good enough for evaluating the viscous effects 

acting on the system. 

In the present analysis, rather than 
.J . 

attempt~ng an 

exhaustive parametric, study, the calculation$ have been 

conducted according to the ann~lar gap width; so called 3/40, 

1/10 and 3/20 gap oil-rubber systems (h-O.07S, 0.1 and 0.15). 

As the w o,r d i n g i m pli es, fh e fIe x i b 1 e c en t r e - b 0 d Y i seo n s ide r_~ d . 
to be made of rubber (U re f-1.198 mis) and the fluid is taken. 

, 
to he oil (/J-0.007 Paes) .. In order to investigate the unsteady. 

viscous effect', calculations are done 'with" unsteady viscous 
1 

term included and excluded (potential flow) and the results 

compared. Then, calcu1ations~-are ·done with aIl viscous fo~es 

and the resul ts are comp ared wi th tho se in the previous 
J -

calculations. In order ta evaluate, specfically, the effect of 

yiscosity of fluid, another 1/10 gap oil-rubher system 

considering the inviscid and unsteady viscous effecLs ls 

inve~tigated with a viscosity, 1-'-0.014 Paos, higher than the 

one (/J-O.007 Paos) 

compared with the 

annular gap). 

mentioned above, and then the result:$Y 

corresponding one (/J-O. 007 Pa·s, 1/10 

In general, it is impossible to assess the stability o~ a 

continuous system directly by considering the dimensionless 

/ 
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damping and stiffness coefficients. Neverthless, c~nsid('!ring 

the orders of magnitude of the e'quations (6-8) and (6-22). it 
• 

is possible to expect that the system should he influenced hy 

the uns t e a d y vis cou s for ces m 0 r e and ma r e wh e n the Il n nul \\ s 
tJ 

becomes narrow~r, as discussed in sectioh 6.1. 

Effect~of incre~sing flow velocity 

The dynamical behaviour of the system with increasing 

flow velocity will he discUS5ed by means of an illustl"llttng 

example, 'as mentioned before. The dimensionless C QIllP 1 ex 

, 

, 

eigenfrequencies, w, which are expresse.d in terms of lm(w) und " 

Re(w), J'f the lowest three modes {n-S) of the OIl'l"tlbber 

system are plotted versus nondimensional flow vploclty Uol. 

Here, if the imaginary part of w, Im(w). 15 positive, motions 

will be- damped, while if Im(w)<O, motions will be llm~lifjed; 

i.e .• the system will'be unstable. 

The effects oÉ unsteady viscous forces on the 0,075 gap 

system, which Is compared with the 

inviscid theory. ,are shown in Figure 

results taking unsteady effects into 

~ inviscid effects. 

results obtaincd hy 

10. Of 

account 

cou~se , 

include 

the 

tho 

At 1 a w e r fI 0 w ve 1 0 c i t,y, the s y 5 t e-m i sin f 1 u e ne e d h y the , , 
unsteady viscous dampi'ng co.efficient, which ls constant with 

flow velocity. Of course, this behaviour did' not appeare in 

the results by potential flow theory - the "damping·II 

coefficient of the inviscid force is really a CoriolifJ affect 

and it has no effect on system behaviour before divergenc~. As 

shown in the Figure, the effects Qf unsteady viscous forces 

are primarily to diminish Re(w) and to produce Im(w»O, TheBe 

effeces are represented by P-V in Figures 10(a) and (h). 

As flow velocity increases, the firpt mode eigenfrcquency 

vanishes at point a. and the locus of Im(w) hifurcat~s. But 

the two brancbes of the, locfts coalesce at point b, wlthout 

ever reachin~ a negative value. From this result, it lB 

recognized that first mode buckling. which was shawn ta occur 
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in case of inviscid flow, does not appear in the case pf this 

viscous flow. However, the. cylinder becomes unstab1e in its . 
second mode at much higher veloci'ty, fluttering at point C' 

(in the case of ~nviscid flow, tl40e onset of coupled-'mode 

flutter occurs at point C). And then, the system regains 

stability in Its second mode at point D'. However, the system 

'may 10se- stabllity 'again by bu'Ckling in its second mode, when 

flow v-elocity increases further; i.e., at point E', 

Furthe r ris e of the ffow ';e loc,i ty cause s the sys tem to 

flutter ln the third mode at a flow velocity higher than that 

req~ired for the corresponding flutter in inviscld flow. Here, 

the third-mode flutter is of no particu1ar interest for the 

followlng reasons: (i) the value of Im(w) of the second mode 

still rema i ns negative, siI1ce the system already lost 

stahillty at lower flo,w,velocity; (li) the validity of the 

result Is questionahle at such high flow velocities, since the ... 
flow is turbulent there. .. 

Interèstingly, coupled-mode flutter (i.e., between the 

first and second modes or the third and t'ourth modes in the 

case of inviscid flow) does not appear in the case of this • vis cous flow, as cari he seen in Figure 10. 

The ove raIl 

rubber systems, 

weIL, i5 shown 

~rresponding to 

dynamical behaviour of the 0.075 gap oil

cpnsiderLng the steady viscous, effects as 

in Figure Il, according to end conditions 

cases ,l, II ~nd, III (see Figure 9), Here, tn 

order to evaluate the mean static pressure effect, two 

different systems (with IT-S and rr-sO) are consiaered, As 
1 

expeeted, the steady viscous effect on the system- is small~er 

th an the inviscid and unsteady viscous effects; but, it should 

be considered in rea~ problems. Except for cese II, the steady 

vis cous effect stabilizes the system; moreov~the system in 

case l becomes unstable by second mode buekling, so that th€t 

criticaI flow velocity Is much higher th an those for the other 

cases. These results also suggest that the 

stabilized by 
sy~ ;,,: 15 
ca~ated mean statie pressure 

-c 
, . 
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from il; but, this effect, eve~ for il-50, is very small for the 

system presented here (1-20) . . 

Table 3 Co~parison of the nondimensional critical flow 

velocities obtained by the pocentlal flow and 

vlscou8 flow theories of Sections III and ~ 

[l*ja-20, H*ja-O.07s. a~323.74 and Urefl-l'33l6m/sJ 

/' 

Uns teady Po ten t lal "Flow T'he ory . 

lst mode. 
buckllng 

onset restabiliza-
A B (tion 

1.837 2.762 

coupled-mode flutter 
(lst and 2nd mode) 

::~:~--~:~i~~~~ii~-
3.030 4.101 

Unsteady Viscour Flow Theory ~-O 007 Pa.s) / 
Ist mode 2nd mode 
buckling flutter 

------------------ -------~----------
onset/restabilizà- onset restabiliza-

A' B' (tion C' D' (tion 

2nd m'te 
~~:~::- ~ 

onse 
E " 

unsteady 
vi scous e ffec ts 
included: 

no buckling 3.342 3.735 

-- .... ------------ ------------------- ----- -----.------- -------
steady and 
unsteady 
vi scous e ffec ts 
included: 
case l ' 
case II 
cas e III (il- 5 ) 
case III, (il-50) 

, , .' no bu?kling 
no buckl ing 
nq buckllng 
no buckling 

0 

no flutter 4.537 
2.967 3 '.532 3.960 
3,346 3.739 4.244 
3.409 3.766 4.279 

L 
'1.~\ 

In order to evaluate the visco~s effect more aasily .• the 

. nondimensional flow velocit] of the crltlcal points,' s~own in . 
'Figure 10. are tabu1ated ln Table 3. Conslderlng this Table v 

an'd the corresponding Figure, lt 15 expected that: the sy,8tem 

for case' III" with a low mean static pressure ls not near~y 

Influenc èd by the s teady VisCOU8 effec t and the sys .tem, t:or 

case l, i5 more stable. 

" . 
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~able 4 Compariaon of the nondimensional critical fLow 
• veLoclties obta1..ll.ed by the potential fLow and 

viscous flow theories of Sections I~I and V 

[1*/a-20, H*/a-O.l, 0-323.74 and Bréfl-l.3316m/s] , 

Uns te~dy Po t entia 1 Flow Theory . 
1 

1'5 t mode coupled-mode f1utter 
buckling (lst and 2nd mode) 

------------------ --------------------
\ 

onset restabi1iza- onset restabi1iza-
A B ( tion C D (tion 

2.133 3.208 3.505 4.757 

,Uns teady Vi s cous Flow Theory (1-'-0.007 P\);i-s) 

unsteady 
viscous effects 
included: 
---------------
steady and ... 
uns te ady 
viscous effects 
inc 1 uded: 
case. l 
case II 

, case III (II-lO) 
c~se III (II-50) 

lst mode 
buckling 

onset restabi1iza-
A' B' (tion 

2.291 2.997 

-';'f--- ------------

2.492 3.170 
2.096 2.844 
2.302 3.014 
2.371 3.057 

2nd mode 
f1utter 

onset restabi1iza
C'D' (tion 

3.558 4.690 

----- -------------. , 

3.798 4.915 
3.328 4.476 
3.570 4.700 
3.623 4.737 

. 
The same analysis has been performed for the cases of the 

O. 1 gap and 0.15 gap oil-rubber systems (see Figures, 12-15~. 

The general dynamic behaviour of these two systems is 

qualitatively the same; 

cas'e (h-O,075). As 

however. it i9 different in the former 

expected through inspection 

damping effect, which can be 

1/ 

of equa t ions 

(6 - 8), the uns teady represented 

by P-V in the ~igures, i8 decreased with increasing h and each ~ 
, 

of these two systems.. bu<;kles at point A', in its first mode; 

accordingly, the critical f10w ve10cities are decreased 

dramatica1ly as compared with former case (h-O,07S) 

The nondimensional flow ve10cities of the points shown in 

Figures 12-15, where the points A and A' represent the non
( 
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dimensional critical flow velocities for both inviscid and 

viscous flow theory, are given in Table 4, for the 0.·1 gap 
1 

system, and in Table 5, for the 0.15 gap system. By inspection 
, ',/ 

of the Tables and corresponding Figures, the range of the 

firs t mo~e buckl ing region repre sen te d by A' - B' and of -the 

second fluttering region represented by C'·D', with respect to . 
the corresponding region of inviscid flow, are decreased with 

increasing annular gap. lt is a1so predicted that the 
f 

stabi1ity behaviour is governed by the inviscid f1uid-dynamic 

forces more and more, when the annulus becomes larger; 

however, viscous effects are taken into account. 

-J 
Tab~e 5 Comparison of the nondimensional critica1 flow 

velocities obtained by the potential flov and 

vlscous flov theorles of Sections III and V 

[l*/a-20, H*ja-O.lS. u-323.74 and Uref1-1.3316mjsl 

Unsteady Potential Flow Theory 
- lst mode coupled-mode flutter 
" buck1ing (lst and 2nd mode) 

------------------ --------------------
onset res tabil iza-, onset restlb.iliza-

A B {tion C D (tion 
, 

2. 639 3.968 
. 

4.307 5.875 
.f 

• A 

Unsteady Viscous Flow Theory (~-0.Q07 Pa-s) 

lst mode 
buck1ing 

2nd mode 
flutter 

onset restabiliza- onset restabl1lza-
A' B', (tion C' D' (tion 

unsteady 
viscous effects 2.661 
included: , 
--------------- -----
S teady and" 
unsteady' 
viscous effects 
included: 
case l 2. 785 
case II 2.538 
case ItI {n-s) 2.668 
case III en-50 ) 2.757 

3.939 4.302 5.866 
, 

------------ ----- -------------
'1 

'4.075 4.471 6.028 
3.810 4.149 5.709 
3.947 A.315 

1 

5.872 ' 
4.013 4.388 5.924 

\ 

\ ' 

" . 
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Effact of the relative annular gap. 

Cons ider,ing ,the diffe rence 

recalling the results of the 

in behaviour noted above apd .. .. 
former case (h-0.07S), it is 

noted that .the stabilizing influence of the viscous effects 

increases with diminishing h at a hi&her rate, to overcome the 

destabllizing influence of t~e inviscid effects, at lèast for 

this range of h; furthermore, 1 t 15 suggested that for a '0 . 
system of a m~ch lowe+ annular gap than those analyzed here, 

the eigenfrequenèy, Re(w), of the first mode jAay become zero 
~ 

and the locus 0 f the firs t mod-e lDay be b i fut;'ca ted a t lower 
( 

flow velocity. éordingly, it is expected chat the system 

does not lose stablity by second mode flutter; but the 

cylinder buckles in the second mode at higher flow velocity, 

which ls equivalent to point E' of Figure lO(b). 

The typical var~ation with the relative gap of the lowest 

cri tical flow VerC1 ty a t which the - sys tem loses stabil~ ty 15 

shown ln Table 6. 
, \ 

\ 
Table 6 Influence of the relative gap H*/a on the lowest 

critical flow velocity at instabil~~y threshold 

(unateady viscous fJow theory) 

[l*/a-20. 0-323.74, ~-0.007 Pa-s and 

Urefl-l.3316m/s] " 
(a) unsteady viscous effects included 

H*/a T~e of instability Gritical flow yelocity 
Uol cr 

0.075 2nd mode flutter 3.343 
0.1 lst mode buckling 2.291 .. 
0.15 lst mode buckling 2.661 

(b) unsteady and s tead~ viscous effects ineluded 

H*/a Case Type of instability Grltieal flow veloeity 
11 0 1er 

l 2nd mode buckling 4.537 
0.075 II 2nd mode flutter 2.967 

III~n-56 and mode flutter 3.346 
III II-5 ) 2nd mode flutter 3.409 

l 2.492 
0.1 1 Il 2nd mode flutter 2.096 

III~n-56 2.302 
III n-5 ) 2.371 

1 
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Effect of the fluld viscosity 
J 

'. 
The dynamical behavi6ur of the O.l,gap oil-rubber system 

\ 

conSidèrin~he inviscid and unsteady viscous effects with 

p-0.014 P ·s is presented in Figure 16. The genera1 dynamicnl 

behavïour f this system is then cornpared to that for 1-'-0'.007 

Pa· s and th sarne relative gap, shown in Figure, 12. The 

influence of the fluid viscos(ty.1-' on the lowest crltlca1 f10w 

velocity at instability threshold is shown in Table 7. , , 

Table 7 

1-' pa-s 

OX 
0,007 
0.014 

Influence of the fluid viscosity J..' on the lowest 

critical flow vel~city nt instability threshold 

(uns~ady viscous~effects included) 

[1*/a-20, H*/a-0.1, a-323.J4, Drefl-l.33l6m/s] 

Type of instability Critical flow ve10city 
Doler 

lst mode buckling 1 2 . 291 
lst mode buckling 2.661 
2nd mode flutter 3.819 

* potential flow theory 

Final1y, consideri~g aIl the above, It ls also of 

interest to r!rnark that viscous effects on the dynamics of the' 

system increase with decreasing the 'annular gap; the results 

pbtained with decreasing the annular gap are, qualitatively, 

similar to those obtained with increasing the vlscosity of the 

fluid. Moreover, 

of the equation 

it is not, surprising that the viscous terms 

of motion for a narrow annuléir flow have a , 

profound effect on the dynamical behaviour of the clamped

clamped beam, while h~ving a_minor effect for unconfined flow. 

The overall dynamic behaviour of the system, illustrated 

above, is influenced much more by the unsteady viscous terms 

than by the steady viscous' terms, particularly by the unsteady 

viscous damping term . 

• 

) 
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CHAPTER VII 
, 

CONCLUSIONS \. 
1 

7.1 GENERAL CONCLUSIONS AND DISCUSSION 
/ 

t' ' 

This thesis has dea'lt with the dynamics of the flexible 

centre~body in very narrow annular flow. Its main aim was to 

evaluate the inviscid and viscous effects on the dynamical 

behaviour of the system and, especially, on its stability. In 

this paper, a rigorous method based on potential flow theory 

and an approximate method for viscous flow have been 

develôped. 

The i nvi s c id fI uid- dynamic force was de r i ved unde r the 

assumptions of small" amplitude mÇ>tion of the t"lexible centre

body and a very narrow annulus, based' on potential flow 

theory. The ànalytical model for viscous flow has been 

deve loped us ip& a ~imp 1 f ie d form 0 f the N&vie'r - Stokes and 

continuity equations and necessary boundary conditions. 

System eigenfrequencies have been calculated while 

varying (i) the density of fluid and (ii) the annular gap 
't 

ra t io fo r invi s cid flow; for vi scous flow calctrl a t ions we re 

conducted while varying (i) the annular gap ratio, (ii) the 

viscosity of f1uid and (iil) the axial (physical and fluid-

static) boundary conditions 

flexible centre-body was 

ext,remities, so that, apart 

the system. is in the 

dynamical systems. 
" 

Figure 9). In aIl cases, the 

to be c1amped at both 

the unsteady viscous forces, 

.of gyroscopic conservative 

In g e n e raI, the'" s ta b i lit characteristics of the system, 

acting on the 

to the hydro-

being determined by the . -
flexibl~ centre-body, are 

dynamic 

intimately 

forces 

related 

dynamic or "virtual" mass of the fluid, which in turn controls 

the naturai frequencies of the system at zero flow velocity: 

the higher the virtual mas~, the Iower are the natural 

frequencies at zero flow velocity. Moreoyer, it has been known 

that the virtual roass becomes lârge with decreasing the 
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annular gap for confined flow. Thus, the instabilities of the 

system for confined flow occur at lower flow velocities, but 

the fundamental natur~ of stability behaviour ls not altered 

vis-~-vls that of unconflned flow. 
1 

In general, lt Is known that for sufficiently hlgh flow 
""'f 

velocity, divergence and flutter are possible in various 

models. e.g, although th~ system for confined flow loses 

stabllity by divergence, in principle, lt could also subject 

to coupled-mode flutter by coalescence of two modes in 

complex frequency.' Now, the question arises as to the 

pertinence of aIl this complex dynamical behaviour of the real 

system (see, for example, Figures 2, 3, 10) beyond the 

critical flow velocity. Strictly speaking, linear theory is 

only capable of ylelding the crltlcal flow veloclty where the 

sy~tem first loses stability, and Is generally unable ta 

predict postcritical behaviour. Neverthless, it has been shawn 

that, in sorne cases, it is also capable of predicting the 

po st - cri t Ica 1 dynamica 1 behavio'ur of the s ys tem (s e e, .. for 

example, refs. 8 and 12). A similar capability will be 

presumed ta exist here also . 

Bath qualitative and quantitative aspects of the reaults 

obtained in Figures 2 to 6 and in Tables 1 and 2 having been 

discussed in fair detail already (chapter IV), only sorne 

gen~ral conclusions, for inviscid flow 0 firat, will be 

presenred here, as fo1lows: 

(a) the flexible centre-body becomes unstable br flrst-mode 

buckling; 

(b) the system 15 generally subJect to both divergence and 

coupl~d-mode flutter; 

(c) the restabilizatlon of the sY$tem in Its flrst mode, prlor 

to t,he onset oP coupled-mode flutter, depends on the 

(M/m)~ whlch 15 assoclated with the CorIolIs forée; 

(d) the destabilizlng fluld dynamlc force becomes Larger as 

the annular passage becomes narrower; 

(e) the criticàl fLow velocity 15 lower if the fluld has 

larger t;lensity. 
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AlI of these conclusions -aLt:e applicalbe to systems with 

parameters in the range or' those covered by the numerical 

ca1cu1ations undertaken in this Thesis. 

Based on inviscid f10w theory analyzed here, it is noted 

that the dynamical behaviour of the system is similar to that 

of systems with unconfined flow or with internaI flow, as 

discussed in chapter IV. Moreover, i t turns out that the 

approximate method for the critical flow velocity based on the 

virtual mass (see Appendix E) is suitab1e for very slender 

bodies immersed in aOnarrow annular flow. 

As stated in chapter VI, the dynamical behaviour of 0 the 

system is mQdified by the viscous terms. In general, these 

viscous term~ affect only slightly the dynamics o~ the system 

for confined f10w. The stability characteristics of the system 

can be approximate1y determined by potential flow theory; this 

is 50, because, , as it is known, the frictional forces, 

)
although rendering the system nonconservative~ do not greatly 

alter lts fundamental behaviour as determined by the inviscid 

forces. However, the viscous effects become important as the" 

annulus becomes narrower [22]. 

The results. based on the approWate viscous theory 

deve10ped in chapter V are compared Wit~those obtained by the 

pot e n t i a 1 f 1 0 w the 0 r yin cha pte r VIi n de ta il. Ge n e r a Il y, ,1 t 

turns out that viscous effects, as considered in this ana1ysis 

at least, have a stabilizing influence on the system. Sorne 

interesting conclusions for the 

system ~ubject to viscous flow are 

dynamic behaviour 
, -li 

as follows: 

of the 

(a) the system Is subject to both divergence and single-mode 

flutter, as opp05ed to co~pled-mode flutter; 

, (b) although the viscous effect i5 taken into account, the 

stability behaviour of a system having relativély 

large ~nnular gap or lower viscosity of fluid is strongly 

affected bY,the invlscid fluid-dynamic force; thus, the 

system loses stability in the Eirst mode bi divergence 

at'a Little higher Elow velocity as compared with the 

results obtained by potential Elow theory; 

/ 
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(c) if the viscosity of the fluid ls Incre8sed or the 8nnular 

g8p ratio decreased. the system loses "the st8bll1ty bv 

second-mode flutter or buckllng'at a much hlgher flaw 

veloclty chan predicted obtained by potentia1 fLow theory; 

(d) the steady V1SCOUS effect on the dynamics of the system. 

i,e 1 due to the tenslon terms generated1by the 

longitudinal viscous force, has been shown to be rather 

weak and stabillze.s the system except for ell,d conditions 

correspondlng to cas~ II, moreover, pressurizatloll 

stabilizes the system, but Its effect lS relatively smaII. 

Th us, i t i s i pte r e $~t in g Lon 0 te th a t the d i f fer e n c e i n the 

instabllity threshold as given by the two theories (i.e. the 

potential flow theory and the viscous flow theory) is quitc 

large for very narrow annular flow 

Although, the treatment of the viscous effects 18 based 

on a considerable numbe~ of slmplifylng approximations, thds~ 

conclusions may be considered to be reasonable as an attempt , 
to assess the influence of viscous effects on the dynamlcs of 

the system 

1 t s hou l d ber e ma r k e d t ~ t, i n the .p r e sen tan a lys i s, the 

flow in the narrow ann'flar p~sage ls assumed to be Il [ully 

developed laminar flow. -~t hlgher flow velocity\ approxirnately 

beyond the second mod~':;buckling point, the vJlidity of the 

r e sul t sis que s t i O'Q ab le, since, ,the flow is turbulent. In 

general, the static pressure drop along the axis ia different 

in turbulent flo~; further, the shear stresses acting on the 

wal\ are ~uch larger 

is questionable that 

th an those in laminar flow. 

the viscous effects on the 

lIowever, 

dynamics 

the system in the turbulent fl~w region are more profound. 

i t 

of 

ln summary, inviscid flow theory predicts that the system 

would be monotonically dest~ilized as the annular gap ratio 

becomes smaller, which means that the critical flow velocity 

would tend tJ become smal'ler; howeve'r, the stabilizing 

influence of {the viscous .effects increases with diminishing 

annular gap rAtio at a higher rate eventually overcoming the 

destabilizing influlnce of the relative gap decrease in 
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inviscid case (in fact, the steady visc'ous effects for end 

conditions corresporlding to case II of Figuree; Il, 13 and 15 

destabilize the system). This is one of the principal findings 

of this work. 

In view ,of the lack of reliable e*perimental. d~\"in the 

area of very narrow visC-01:iS flow ab6ut ~ a fle~e lender 
• J 

céntre-body. it is impossible to compare these results with 

experiment. 

7.2 SUGGESTIONS FOR FUTURE WORK 

A tpeoretical analysis has boeen developed in this tbesis 

for bhth potential and (viscous flow pa'st the flexible centre

body oscillating in a cylindrical duct having a constant 

annular passage, in order to determine flow - induced 

instabilities of the system. As mentioned hefore, tne viscous 

m"odel developed here is obtained under sever&l assumptions. 

Therefore, there are severai posbible directions in which this 

work can be extened; e.g., i,t is suggescted that for the 

"turbulent flow regime. viscous coupling terms should be 

modified. as mentioned befora .. 

An attempt should be made to extend the theory to more 

comnlex geometries .. Better analytical models for studying the 

uns te ady 

forward, 

flow in narrow opassages would consit~te a major step . ... . 
in order to obtain results with wider, applicability 

to real engineerin~ problems. In this respec t the non-. 

cylindrical geornetries involving axïally variable annular flow 
". 

passages will be c onsfde rei.:l. This ~epresents an important step 
0 

in solving the problem of the :d~namics and stability. of 

noncyLindrica~ configurations. 

In the present analysis, bath ends of the flexible 

c_entre - body qre sup"posed to he c lamped'. Thus, it 15 needed to . 
investigate the -dynamics -and stability of· ocher systeJl1s, 

hay~ng di ffe Fent b oundary condi t ions; e . g., cl amped- free . or , 
pinned-pinned beams. 

. \. \ 
Finally, to be ab~e to test the th~.ory·, it ls obviously 

ne.ces!1ary to' get sorne experim,ental result"s of high, quality . 

6' 
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APPENOÎX A 

" THE 
\ ' . 

PRO'BLEM FOR THE EULER-BERNOULLI BEAM 

A.l Simple Oerivation of Equation of Motion 
Based on the Hamilton principle 

, 

1 

'A -1 ' 

.... 
Un@er the assumption of slender body theory, which 

o 

.r'epr~sents that. the motion!;> of the flexible centre~body are 

,small enough for rotatory inertia and ·transver'se shear ta bEl 

ne g l'i g i b 1 e , the fie x. i b 1 e c en t r e - b 0 d Y i sas s \} me d t"o b e an 

Euler-Bernoulli beam. tf thE\Y are not, one has to make use.of·· 

the so-called Timoshenko-beam theory; but this more complex 

theory will not be discussed here. 

To formulate the· boundary-value proble'!l, the extended 

Hamilton princil}'le shou,ld be u~ed .. The \,ower of this app~oach...,. 
il 

becomes evident in that the correct nu~ber of boundary 

condi tions and their correct expression are furn i shed 

automatically. 
" 

The 1;>ending m~"ment on a element~ll be 

ôy,(x*,t*) 
El * ôx 

where ,~(x*,t*) ls the angle 

* * * ~(x*,t*) ~ ÔèoÇX ,t ) 
l 8x* 

(A-l) • 

.(A-2) 

an1 where the beam cross 

No,,!,. the pote~i~l energy, 

beam (strain energy), and 

lat ion aré given by 

section i8 assumed to be uniform. 

as~ociated with deformation ob the 

the' kinetic energy due to trans· 
( 

* 8~(x * * 1 1.* a2 *( * t*) 2 l 1. * * 1 t ) * 
e Q x 1 * 

V - -f M(x • t ) * 
dx - f El ax*2 J dx 1 

2 0 ax 2 .0 
. / 

(A - 3) 

1 1.* * ~ 2 
( 

ae o * T - JO JIl s a;* ] dx . 
2 .,.. 

1 

. . 

\ 
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". 1" 

Henc,e. recall1ng the H'amilton pri~ciple for _a\\conServative 

sys tem y1e lds 

* . * 
f t 2f l{ ms 8e o a * 

-::--1ia t :-;-( 6 e ) 
t l 0 a t \ 

, 

Bi~ce the order of Integrations with respect to x* 'and t is 

interchangeable and 

operators are commutative. 

variat ional . and aifferentiation 
1 

"Int'egrating l'Y pal;ts the fi1\s t part of the integl:'al, one 

gets 

* 2 * . 
f t2fl m ,~ * * * ,,~*2 6e o dx dt A 

t 1 0 s 8t VI , 
and sinee the vari~tion oe* must 

J 0 
vanish at ~l and t2' thus, 

'& l l 

Similarly, for 

~ 

_ f t2 
' 6 1.2 El 

tl 

J t2 " + 
t 1 

the second 

8 2 * * e o 8e o 
~ S -::-:J( 

8x 

. 1* 8 2 

fo i}x*2 

part of the 

• 
1,* 

f t2 
1 dt* 
0 t 1 

8 2 * e o * (EI~) Seo 
8x 

the virtual displacetnents 

(A- 5) 

Integral. one ob tains 

a 8 2e* J.* 

8x* (EI~) 
Se~~ dt* 

8x o 0 

dx* dt*. (A- 6) 

* o~o and 6(ae~/8x*) are 

ar~itrary and independent, s~ they can be taken to be equai to 

zer~ at x*-O and x~-l*. The, line integrais and surface 

integrals may vanish indenpendently. -Thus, combining (A-S) and 

(A-6), the surface integra;t yields 

8 4 * 
El jx:g· + ms 82 * e o 8t*7 - o. (A-7) 

The bo~ndary conditions are obtairied from the vanishing of the 

11ne {nteg'ra-ls .. "yield.ing 

1 

, 
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" \ 

o 

2 * *' * 8 eo ~ ,1 
El ~ ô( *} - 0, ax a~ 0 

r' 

Thus, for a· uniform beam the following 

co~ditions are possib1. at each extremity: 

(i) either EI(a2e~/ax*2)-O or ae~/ax*-o, a9d 

( il ) ej the rEl ( a 3 e ~ / a x * 3 ) - o~ 0 r e ~ - 0 . 

(A-8) 

boundary 

1 

For ac pla m p e d - c 1 am p e d b e am, c 1 e a r 1 y e ~ - a and cl e ~ / a x * -0 mus t b e -

satisfied. ~f course, the d:l,.fferentia1 equation of motion (A-

7) must be s~sfied for O:sx*sl*. 

A.2 The Eigenvalue Problem 

Assuming that 'the so·lution of (A-7) is separable in time 

and space and of (the form 

• 
* * *, * * eo(x ,t ) - Y(x )·T(t ). (A-9) 

----_.- -- -- ------~ --- " 
Subs t i tuti"ng" i nto (A-7) g i v~s 

(A-lD) 

wheré 

side 

the 1eft side of the above depends on t, and the middle 

depends on x* only. Both x* and tare independent 
" 

variables, so (A-7) has a solution on1y if both sides are , . 
cons tan,t. Hence, the so lut ion ta.ke s the form 

where 

~ 
and 

* e -o Y(x*) iOt* e 

Y(x*) - AcosÀx* + BsinÀx* + CcoshÀx* + DsinhÀx~. 

(A-11) 

(A·l2) 

(A,-l3) 

The Y(x*), cal1ed characteristic functions or eigenfunctions, 

will be determined by application of four boundari ~onditions, 

two at each end.- The four boundary conditions determine 

unique~y 

arbitrary, 

the shape of 

ana also 

the 

yie1d 

,., -
solution, leaving the amplitude 

a characteristic equation or 

frequency equation, which, when givas the charact~r-

" 

, 
\ 
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lstie values of the problem. 

the problem and are 'Infinite 

A-4 

Here, >'1* are the eigenvalues of· -

in number; for each one of them; 

there.is a corre$pondtng eigenfrequency 0, given by (A-12). 

Supposing that th.e beam has elamped ends,_the deflection 

and the slope of the deflection eu'tve must be zero at the 

clamped ends; thus, 

Y(O) - Y(.l*) - 0, 
'dY 
(~) 1 * *- O. dx x -O,.l 

Substituting equation (A-13) in the above gives 

A + C - 0, 

AeoslJ* + BsinlJ~ + Ccoshl1· + Dsinhl.l* - 0, 

,>'(B + D) - 0, 

* or * * * ~(-Asinl.l + Beos>.J + Csinh>.l + Dcosh),l ) o. 

. 
(A-14) 

(A-ISa) 

(A-ISb) 

(A-ISe) 

(A-ISd) 

Equation (A-15a) yie1ds A--C and (A-ISe) B--D. Substituting 

in~o -15b and -15d gives 

A(çosll* - coshlJ*) ,- - B(sinl1~ - ~inh)'J*), 

lA(-sinli* - sinh>'J*) - - lB(cosli* - coshli*). 
o • 

Eliml~ation A and Band then simpIifying yie1ds 

coshp~ cosp~ - 1, 

where P~ - >'i* . 

(A-16) 

(A-17) 

Equation (A-11) i'l3' the charaeteristic equation for a 

c 1amped- c lamped beam. ~ t is a tratlseendental eqnation, the 

soluti<?n of which will give the Infinite set of admissible , 
s-o lut ions, i. e ., the infiniJ:e set 0 f e igenva lué s p~. So I ving -

equation (A-17) numericaliy, e.g., by the secant method, the 

first five 'of the infinite set of eigenvàlues P~ are given 

below 

Pl - 4.7300407, . P'2 - - 7.8532046, . 
P3 - 10.9956078, P4 - 14 ,-13 716 5 5 , .cA-lB) 

fJ5 - 17.2787597 .. 

~ 

..-

1 ( 
\ 

'1.> 



A-S 
Introducing the above in equation (A-12), it Is possible 

• q 

to obtain the infini te set of eigenfrequencies, OK' as 

follows: 

o - {J 2 K, K, (A-19) 

Now, introducing the nondimensi~nal pArameter X-x*/l* and 

~ "comparison functions EK,(X), shown in Chtfter II, and then 

\ 

subst~tuting back to eq~atlon 

are expressed as 

where 

(A-13) for the Kth mode, 
1 

ETK(X) - - cos({JK,X) _~sln({JKX), 
,r-. \' 

EHK(X) - cosh({JK,X) - 0K,sinh({JKX) 1 

(A-20) 

are the trigonometric and hyperbalic compoments of EK,(X) , and 

o 

OK 

'-

cosh({Jœ) - cos({JK,) 

sinh(PK) - sin({JK) 
(A-21) 

\ 

1 



(, 

) 
o 

( 

, " 

B-l 

L A~PENDIX B' 

, THE GENERAL SOLUTION OF A DAMPED SYSTEM 

J 

B.l Ge~eral Discussion 
"', " 

In many ways the assumption that systems possess no 
• -#> 

damping is a mathematical convenience rather than a reflection 
, 

of physical evidence, However, there arl cases in which the 

in a 11mited number of damping effect cannot be ignored,~lso, 

the<Be cases, the analysis ~f the 

systems -can ~sed to obt~in the 

sys tems . j 

corresponding undam~ed 

re spons e of the dftmped 

-
There are many math~matical models repr'esenting damping: 

-i.e., li6ear viscous, Coulomb and structural damping. The 'mo~t 

important type of damping in vibration study is linear viscous 

damping. Acéording to this model t~e damping takes the form of 

a force proportional in magnitude to the velocit-y and acting 

in the direction'opposite to the direction of the velocity. In \ 

contrast wt-th viscous damping, Coulomb damping, which is also 

refeJred to as dry friction, has a constant magnitude. 

Structural darnping is associated with internaI energ~ 

dis a i pat ion due t 0 the h y s-t e r e s r s e f f e c tin c y c I i c s t r e s s, for 
-

which reason lt is also called'hysteretic damping. 

In some special cases, the classical modal matrix, 

obtained from the eigenvalue problem associated with the 

undampe d s ys tem, '"' can be us ed suç c es 5 f~1.1y ~ une oupi e the 

equa t ions 0 f mo t ion 0 f a viscous ly damped 1 inea r sys tero. 

Unfortun'ately, this ls not always possible. The general case . 
of visc,ous damp i ng can be treated by transfo rming a se t 0 f n 

ordinary differeiltiai equations of second order into a set of 

2n ordinary d~fferential equations of first 'order,' The 

eigenvalues and eigenvectors associated with the la~ter set of 

equations are complex quantities. 

Daroped continuoùs systems can s~etimes be treated by 

( 
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J 

\ 

-

o 

.. 
1 

assuming a/ solution, 
J 

c las s i"car normal' modes, 

differentiai equatjons. 

• 0 

/ 
.. . \ 

ir the form of 
~ 

which leads ,to 

The,. problem pf 

a 

~-2 

superpos i 4ion\.:. of 

a set of ordinary 
• 

sorving the partial 

di&ferenti~1 equations associated with the contipudus systems 

is reduced to tpe problem of solving a 'set of ordinary' 

d i f fer e n t i ale qua t i O.-S r e sem b lin g • i il 
, ~ 

describing a discrl'!te system; this 

structure, thtl èquat'ions 

is done' by' l~nny of the 

approximat'e methods of solution for continuous systems (e.g. 
, 

Galerkin's -method). 

In the next section, a ~echniqpe for obt~ining a set of 
( 

uncoupled co-ordinates of t!te ~ampe~ system, equ'iv~le'nt to 

~hat of ,the~undamped system, will be shown . 

. " 
~. 

B.2 The General Solution of a D~mped System 

, ., 
Using Gaierkin's method baseè:l on 

}~ . 
the ·proh).em of solving the P"'ilrtial 

~l'l~?,?anOs l'on . .:theot;em, 

di:Jerential equation 

associated with a coutinuous system ha s • no w bec n r e 'n der e d'-'-:-

discrete ,and, upon truncating the foummation at r-n, , .. the 

equation of motion may be wrltten ih m~trix form as followa: 

~ 
Mq + Cq + Kq - Q, (B - 1) 

Here, in arder to 'ailow the determination of' the response 

within the desired accuracy, lt is assumed that the order of • 
this matrix equation is sufficiently high. 

Ac cor d i n g t 0 the vis cou s f 1 0 w the <\ r y for the pro ~.l e mat ... . 
hand, it is noted that M is dLagonal, hut C and K are not, 

and, 

flow 

moreover, they are not. symmetric; 

theory,' based on the slender bopy 

::-
howeve,r, the lnviscid 

theory, predicts that , 
K should he symmetric. In the present thesis, the asymmetry in 

C and K. is entirely due "to the presence of f~ui~ forces; a.g, 

for the inviscid flow, the asymmetry of C ls due to the 

Coriolis forces. Thus, equation (S-l) rep'resent~ a coupled set 

of equations and cannot he d~coupled easily. Here, a guite 

. \ 

• 

"', 
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general method will he presented. 

Let the following square and column partitioned matrices 

of arder 2n be defined as 

~ - l ~ ~] l -}of 
E - 0 ~ ] . z - {~}. F - {~} . (B-2) 

Hence, the equation of motion may be written in form 

/' 

Bi + Ez ( F , (B-3) 

where B is generally not symmetric. This equation is the so-

ca11ed reduced equation For the homogeneou~ form of this .. 
equation and with solution of the farm 

* z - el-' tu, (B - 4) 

• 
the eigenvalue problem 

.. (1-'1 + Y)u - 0 (B - 5) 

is ohtained, where Y represents B-1.E •• and u are the corres

ponding eigenvectors. 

For nontrivia1 solution, the determinant of the 1eft-hand 

s ide 0 f- the ab ove e qua t.i on is zero, wh ich re la tionsh ip g ives 

2 n e' i g en - val u e s 0 f the mat r i X Y. Pi' (F 0 ras ta b 1 e 5 ys te m , the 

1-'1 are either real and negative or complex conjugate with a 

negat1ve rea1 part. 

... Let consider now that 20 values of 1-' have been found and 

that they are dictinct. Procee~ling in the same way as for 

cooservative systems, .it may he shown that weighted 

orthogonality ho1ds for this system a1so, namely 

o and ~\.r - 0, 

Defining the modal matrix !1 , 

for r-s. 

A - ( ul, u2. •••••• u2n J '" 

(B - 6) 



\ 

"-one must have ATBA - P - diag. and ATEA - 8 - diag .• an easily 

proven result by virtue of the orthogonality of the set of Pi~ 

Reverting now to the non-homogeneous e~uation (B-3) and 

introducing 

z - Ay , ( 8 - 8) 

one obtains 

Py + 8y - N , ( 8 - 9) 

or 

(S-lO) 

where N ATF, and [Id-p-ls' in view of the orthogonallty 
le> 

property discussed above. Hence, the system has bean decoupled 

and equation (B-IO) rnay be rewrltten in the form 

\ 

\ i - li, 2, ••• 2n. (B-11) . 

The solution is of the form 

* * 1 ft J.'i(t -t) 
e ~i(t) dt. 

P - 0 
Vi 

(B-12) 

The solution in terrns of the original co-o"rdinates can 

now be obtained by the transformation z - Ay, 50 that 

) 
Zi - t:l aijYi' 

which yields both qi- and ch. 

(B-13) 

, "'. 

'-
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APPENDIX C 

THE INTEGRALS OF THE EIGENFUNCTION PRODUCT 

NEEDEO FOR 'THE GALERKIN'S METHOD 

c-l 

-As shown in chapters IV and VI, the continuous system 

must' Se rendered discrete, which may be accomplished by 

application of Galerkin's method. Here, it is assumed that an . 

approximate solution of the equation of motion of the fle~ible 

centre-body has· the form of an Infinite $eries, 

(C - l) 

where the E/C(X) is a set of suitable comparison functions. 

satisf~ll the boundary conditions of a clamped-clamped 

Euler-Bernoulli~beam-:- .. ~\ 

In this respect, the added mass, stiffness and damping 

matrices due to the fluid flow were expressed in terms of the 

IntegraIs of the eigenfunction products, 

(C - 2) 

In,,' - l ' + 1 ' 
r TH' 

I
l 
o Elen (X) E j (X) dX, 



0 

where the subseripts "T" and "H" 

and hyperbolie eomponents of EIt, 

possible to separaj=e éach of the 

C-2 

represent the trigonometric 

e.g., 1T-1TT+ITH one associated 

respectiv~ly. Thus, lt ls 

i nt e g raI s 1 n t a tw 0 par t s ; 

with purely trigonometric 

terms and the other wlth trigonometrle(lt) llnd hye.erbolic(j) 

ones. 
\ 

In this Thesis, five-mode Galerkin descriptions of the 

continuous system are employed in the sàlution of the equatlon 

of I!I0tion, so that each of the integrals could be represented 

by a SxS matrix. It is possible ta compute the elements of the 

integrals in the ~bove equation, using an analytical method or 

a numerical method. 

Because of economical benefit in computer programming, 

the analytical method is adopted for evaluat;ing the elements 

of the integrals (i.e., 1TT. IT'H ••••• etc.) in this Thesis; 

but, the results are compared with those obtalned numerically. 

The numerlcal results are obtained by uslng Simpson'a rule, 

whieh was found ta be most suitable for'·.this case. The 

analytical results and the numerieal one-s ~.re shown 'ln Tables 

C-l'and -2, respectively. 'The numerical results agree wlth the 

analytical ones. 

Ont h e 0 the r han d , the e ons fi a n t s 1 p' 1 p' a,!l d 1 P ",ln v i (t w 

of the orthonorma l pro pe rty of the comp ar ls on func t ion~ 
, 

utilized,.were given in reference [13], as follows: 

1 - JI EIt(X)Ej(X) p 0 dX - 0, ' for j ,." 

- l, for j -fIi, 

JI 
"- 4 fJ2fJ2 

Ip 
, - E~(X~Ej(X) dX - ~ j (_l)It+L 1 ) , for j ,." 

0 ,6: - pl 
oP - 0, for j -fIi, 

JI dX _ p2 (C-3) 
l " - E~(X)Ej (X)X ( I XH - I XT ) p 

0 fIi, 
~ 

2 2 fJjO j ) 3fJ4 + fJ4 4fJ"fJ j (fJ"0tç - (-l),,+j - ~ j Ip' • for j ,.." 
fJ! - fJl fJ: - fJ! 

1 fJ,,(1IÇ) , 
~ 

'2" fJ fIi, (1 IÇ ( 2 - for j-IÇ 
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C-3 

where U K and PK (or Uj and Pj) are &efined in Appe~dix A. T~ey 

are useful to check the results obtained by the analytical and 

numerical methods. 

1 n fac t, i t i s tedious wo rking to ob ta in the in\tegral s 

IXT and IXH analytical ~y. Here, in order to compute the 

elements or Integral Ip", the above equation is used directl~ 

in tr{ew 0 f the economi,ca 1 bene fi t in compute r pro grammi ng. 

t 
\ 

\ 

.. 

1 

.~ 
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Table C-l ~nalytic~l Results of the IntegraIs 

ITT(J,K)-INTEGRALS OF ETK*ETJ 

, 774939920011436 
000000000000000 

- 128853274792687 
000000000000000 

-.091472084645410 

,000000000000000 
.873342061666445 
.000000000000000 

-.090860847978029 
OOOOOOOOOO()OOOO 

!TH(J ,K)-INTEGRALS OF .ETK*EHJ 

.000000000000000 .000000000000000 

.000000000000~05 000000000000000 
-.088611259767 03 000000000000010 
-.000000000003437 -.048008430860180 
-.078718284270662 \. 000000000013045 

.s. 

InT(J ,K)-INTEGRALS OF EHK*ETJ 

.000000000000000 ., .000000000000005 
\ 000000000000000 .000000000000000 

.088611259761178 -.000000000000002 

.000000000000000 .048008430862115 
078718284251028 -.OOOOOOOO'OOOOOoq 

IBH(J'I,K)-INTEGRALS OF EHK*EHJ 

.225060079968564 -,00000'0000000011 
-.0'0'0000'000'000011 .126657918333572 

.128853274792923 -.0000'0000'000'0037 
0'0'00'0000'00'0'4304 ~ 0'90'660'84791-4379 

.091472084668227 -.0000O'OOOO'0198qz 

/' 

IT'T~J,K)-INTEGRALS OF ET'K*ETJ 

.O~OOOOOOOOOOOO' -4.997371653432706 
2.99 371653432706 .00'0000'000'0'00001 

. 00' OOOOOO'OOq~,qo 5.000384301615965 
,9924456340694'-tp (J' ~OOOOOOOOO'O'OOOOO 

- ooooooooooooOifl 1.667254852426517 

IT'H(J,K)-INTEGRALS OF ET'K*EHJ 

.000000000'000002 2 336745843'01025 
1.401555905627957 -.00000'0'0'0'000'0134 
-.0'0'00'000'0'00'00287 1.622202581644236 -

.792616661001032 . 000~.00O'OO053176 
- 000000'000'159597 1 096 70796194116 

IR'T(J,K)-INTEGRALS OF ER'K*ETJ 

.000000000'0'0'0'0'00 
-.336745843801027 
-.000000000000001 
-.389916571120491 

0000'00000000000 

.598444094372176 
-.00000000'0000'001 
-.271033745208398 

.0000000'0'000'00'25 
-.411551608648602 

iS'H(J.K)-INTEGRALS OF EH'K*EHJ 

-.00000000'0000002 
-.720'165669144948 

.00O'OtlOO'OO'000154 
-.488219611911797 

.00000'000'010310'8 

-1.27983433085'183 
.0000'00'00'0'000134 

- -. 83545230U18667 
-.000000000028741 
-.625847951'03468 

~ 

- .12865327479~87 
000000000000000 

.909024097627064 
000000000000000 

-.070739587051529 

088611259767118 
- 000000000000002 

.000000000000000 
-.000000000000788 
.- 029960118785307 • 

-.068611259767203 
.01)0000000000010 
.000000000600000 

-.006000000000005 
029960'118777843 

128853274792923 
- 0000000000'00037 

'0'90'97590'2372987 
.000'0'0'0'0000'03181 
.070739587075193 

00'000'0'000'0'00000 
-7.00'038430'1615965 

.000000000000'000 
6.999972951174811 

.00'00'00'0000'0'0'000 

.;, 

.000000000000'00'2 
2.271033745208532 
-.00'00'00000'000'560 

'1.723049525813948 
-.000000000369737 

-.0000'0'0000000273 
377797418156325 

.0000000000000 ob b 

-.215351292733498 
, .0000'00000000094 

.000'000000000395 
-1.1645476958820'26 

,000000000000'560' 
-.8748751'6766943 

.000000000194212 

, 

.000000000000000 
-.090880847978029 

.000000000000000 

.929265809821172 

.000000000000001 

.000000000000000 

.048008430882115 
-.000000000000005 

.00000000000bOOO 

.00000000000314( 

-.000000000003437 
-.048008430860180 
-.000000000000788 

.0000000000'0000'0 

.O'OOOOO'OOOOOO'~07 

.0000O'OOOO'0043Q4 

.0'90860'847974379 

.0000'0'0'0'0'0003181 

.070734190'172534 
-.000000'000013317 

-2.992445631069410' 
-.0'0000'0000000001 

-8.999972951114813 
.0000'0000000'00'00 _ 

9.00000161Q610717 

2.389916571120'469 
-.000'00000000'0159 
2. 215351292)?~4058 

.0'00'000000080'490 
1 7821794554060'07 

1.2073833389~8478 
.0'000000'00'027314 
.276950474105562 
.0000'000000'00'00'0 

-.178219282957999 

-1.511780388007983 
-.000000000051613 

-1.1251248431531:10 
-.000000000080490 
-.90000'6814470415 

-.091412084845410 
.000000000000000 

".010139587057520 
.000000000000001 
,942125416419123 

.018718284251028 
-.000000000000004 

.029980116117843 

.000000000000507 

.000000000000000 

-.078716284270662 
.00000000001:1045 

-.029960118785307 
,,00000000'0003144 

.000'00000000'00'0'0 

.0914120'84668227 
-.00'0000'0000'19842 

.070'739587075103 
-.0'0'000'0000'0'13317 

.0.57874583609149 

- 000O'O'OOO'OQOOO'03 
-3.667254852428516 

-.000'000000'0'00'0'0'1 
-11.000001610'670720 

-.00'00'000'0'0'0'00'002 

.1)0'00'0'00'0'00'0'0'0'03 
2.~11551608848733 
-.O'6O'OO'O'O'O'OP00852 
2.178219262877507 
-.000000000498861 • 

-.0000000003392&4 
.803&29204304686 

-.00000000'0129124 
.217820545092854 
. QOOOOO'000000002 

.000P00000403105 
~1.374152O'48995303 

.0000000003051119 
-1.01191193165941898 

.000000000498841 
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C Table C-2 Numerical Results of the Integrals 

ITt(J. K}"INTEGRALS OF ET\{*ETJ ? 
). 

.774939919650386 .000000000000000 * .128653276467218 .000000000000000 -.091472089241162 

.000000000000000 .873342079983130 .000000000000000 -.090860852596908 .000000000000000 
-.128853276467218 .000000000000000 .909024093009563 .000000000000000 -.070739596873819 

.000000000000000 -.090860852596908 .000000000000000 
, 

.929265800005343 .000000000000000 • 
- .0914720&9241162 .000000000000000 -.070739596873819 .000000000000000 .942125398491749 

\ 
ITHeJ,I<)-INTEGRALS OF ETK*EHJ 

-.000000doOqOOO06 .000000000000000 .088611260710356 .000000000000000 .078718287748852 
.000000000000005 -.000000000000077 -.000000000000003 .048008432787970 -.000000000000004 

- 088611260710329 .000000000000022 -.000000000000424 .Jl00000000000004 .029960121993302 
-.000000000003305 - 048008432786313 -.000000000000771 -.000000000001350 .000000000000253 
- 076718287772238 .OPOOOOOOO019182 -. 0299~0122009308 .000000000010884 -.000000000012255 

IHT(J,K)-INTEGRALS OF EHK*ETJ 

-.000000000000008 .000000000000005 -.088611260710329. -.000000000003305 -.078718287772238 
.000000000000000 -.000000000000077 .000000000000022 -.048008432786313 .000000000019182 
.088611260710356 - 000000000000003 -.000000000000424 -.000000000000771 -.029960122009306 
.000000000000000 .048008432787970 .000000000000004 -.000000000001350 .000000000010884 
.078718287748852 -.000000000000004 .029960121993302 .000000000000253 -.0000bOOOOO122S5 

'" " , 
IHH(J.K)-INTEGRALS OF EHK*EHJ 

VI 

.225060060349563 -.000000000000010 .128853276466659 .000000000004200 .091472089265303 
-.000000000000010 .126657~20016269 -.000000000000055 .090860852590008 -.000000900024772 

.128853276466859 -.000000000000055 .090975906987201 .00000000000312.1 .070739596884920 

.000000000004200 .090660852590008 .0000000000031:U .070734199977326 -.000000000018466 

.0914 72089265303 -.000000000024772 .070739596884920 ) *.000000000018486 .057874601515698 

IT'T(J.1C)"INTEGRALS OF tT'X"ETJ 

· 000000000000002 2.3367458410768% .000000000000002 2.389916566172267 .000000000000002 
1.401555903962348 -.0000000000001 9 2.271033730551539 . -.000000000000147 2. 41155157418S962 
- 000000000000415 1 622202571382817 -.000000000000805 2.215351246306660 -.000000000000891 

· 7928I.86~918n19 000000000051009 1.723049489717693 .000000000074784 2.178219150086121 
-.000000000174688 1.096370780596723 -.000000000410590 1.782179363212716 -.000000000589875 

" IT'H(J,X)-INTEGRÀLS OF ET'X"EHJ 

• 000000000000000 ~-4.997371653592502 .000000000000001 -2.992445639493663 .000000000000000 
2.997371653460497 .000000000000001 -7.000384301752223 .000000000000001 -3.667254858664959 

.000000000000001 5.000384301730262 .000000000000001 -8.999972951366624 -.000000000000002 

.992445635642961 .0000OQOOOOOOO01 6 999972951321562 .000000.000000000- -11.000001610903090 

.000000000000000 1 6672548553Q5057 .000000000000000 9.000001610861107 -.000000000000001 

IH'T(J,K)-INTEGRALS OF EH'K*ETJ 

.000000000000000 . 59844409680~8o'6 -.000000000000079 1. 207383366887110 -.000000000249922 
-.336745845294017 -.000000000000005 .377797426084113 .000000000028713 903629268062638 

.000000000000000 -.271033750860648 .000000000000100 .276950492282876 - • 000000000007866 
-.389916580511707 .000000000000020 -.215351306857863 -.000000000001545 .217820579760917 

.000000000000000 -.411551637666602 .000000000000250 -.178219291365601 .000000000143044 

IH'H(J ,K)-INTEGRALS OF EH'X*EHJ 

C 
-.000000000000Q02 -1 279834337589577 .000000000000172 -1.511780428889665 .000000000314117 

r -.720165873200070 .0000000000001;14 -1.164547727843871 -.000000000052645 -1.374152167942588 
.000000000000256 -.835452326946606 000000000000560 -1.125124940514880 000000000217448 

- .468219625561150 -.000000000028173 - 874875232493575 -.000000000080491 -1.099993418218183 
.000000000126343 -.625848005644773 .000000000250022 -.900007004656320 000000000498810 
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APPEND1X D 

THE COMPUTER PROGRAM 

The 'program is used for calculating the eigenfrequencies 

of the- system; moreover, from the results, it is po~sible ta 

det~rmine the regian of the stability of the flexible centre

bod~ subj ee ted ta an annular) flow. The dynamica 1 behaviol.lr 0 f 

the system can be studied at different annular mean flow4 

velocities. The same program is applied to the system for 

eya~uating fhe inviscid effects and/or the unsteady and stcady 

effects by ehanging the coeffiei/nt, "Delta". 

The whole program is 'written in FORTRAN IV Language. lt 

ean be rurl on a personal digital computer. All caiculations, 

except subroutine SORT, are carried out in rElal an~d .. complex 

arithmetic 
.-" 

with -dOuble 

• following structure: 

preeision~ The program . has 

(1) MAIN PROGRA~fter ealculating aIl the necessary 

• eigenvalues, the elements of mass, damping an9 
1 

stiffness matrix are eomputed); 

'" 

the 

(2) SUBROUTINE ANA (lt is used for obtaining the elements 

of the integra1s shawn in Appendix B); 

(3) SUBROUTINE ZANLYT (as an IMSL subroutine, i~is 
useful ~o~alculatlng the roots of functions; 

therefore, it could be used for obtaining the 

e. i g en f r e'q u e n cie s 0 f the s y ste m w i th the a 1 d 0 f th c 

subroutine DET and the necessary subroutincs i.e., 

SUBROUTINE UERTST, USPKD and UGETIO); 

(4) SUBROUTI.NE DET '(it lB called by subroutine ZANLYT to 
compu~e the determinent - see equa~ion 4.9); 

(5) SUBROUTINE SORT (lt is ca11ed by MAIN PROGRAM to sort. 

the eigenfrequencies according to ascending order of 

magn i tu de ) . 

E~entually, the annular mean flow veloelty ~s Incremented 

Ln th~ MAIN PROGRAM and the Iteration procedure Is ~epeated, 

as mentioned before. 
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A samp le l lst i-ng 0 f the program and i ta 'ou,tput resul t s 

(with' l-20, h-O.l, 0'-323.74 and p-0.007) are shown in the 
, \ 

pages tnat follow. 
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.. 
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C 

C 

C 

. PROGRAM RZVFS Il 
IMPLICIT REAL*8 (A-H,O-Z) . 
DIMENSION EM(S, 5), EC(S\, 5) .EK(5. 5), Dl(S. 5) ,D2(5. 5) ,D3(5, 5) ,D4(5, 5) 
DIMENSION D5(S,S),~T(S),SGM(5),AI(5),INFER(10),WT(5),WH(5) 
DIMENSION GT(5),GH(S),DEL(3),A(S,S) 
REAL DATA1(5,3),DATA2(S,3) 
COMPLEX*16 EI(10),DET,CA(S,5} 
COMMON EM,EC,EK 
EXTERNAL DET ~, 

CHARACTER*aO 'FNAME2 

448 FORMAT(A) 
WRltE(*,452) 

452 FORMAT(' OUTPUT FILE NAME-'\) 
READ(*,448) FNAME2 
OPEN(\,FIL~-FNAME2,STATUS-'NEW') 

DATA EPS,NSIG,KN,NGUESS,IN,ITMAXj.lD-3,11,O,O,lO,lOOj 
DATA AI,NITER,Nj4.6DO,7.7DO,lO.8DO,14:0DO,17.2DO,50,5j 
DATA PIE,DATAlj.3141592Dl,15*0.Oj -
DETA DELjO.DO,2.DO,I.DOj 

C SECANT METHOD 
C 

DO 2 1-1, N 
XX-AI (1) . 
X-AI(1)+O.2DO 
F-DCOS(X)*DCOSH(X)-.lDl 
FF-DCOS(XX)*DCOSH(XX)-.lDl 

DO 4 J-l, NITER . 
• XN-l.D6*(X*FF-XX*F)j«FF-F)*I.D6) 

FN-DCOS(XN)*DCOSH(XN)-.lDl 

C 

F-FF 
FF-FN 
X-XX 
XX-XN 
C-DABS(FF-F) 
CN-.1D-14 
IF(C.LT.CN) GO TO 6 

4 CONTINUE 
6 SGM(I)-(DCOSH(XN)'-DC€>S (XN) )j(DSINH(XN) -DSIN(XN» 

BT(I)-XN 
2 WRITE(6,SO)I,BT(I),I,SGM(I) 

8 FRITE(*.80) 
READ(*,*) FM,BL,HO,RA,UFI,SS,IK,VOF 
WRtTE(*,S2) FM,BL,HO,RA,UFI,SS,IK,VOF 
WRITE(*,82) 1 

READ(*,*) IANS 
IF(IANS.EQ.2) GO TO 8 
H-HO/RA 

la WRITE(*, 84) 'i 

\ 

READ(*,*) BM,E,POI,VFOF,IDELTA 
WRITE(*,S4) BM,E,POI.VFOF,IDELTA 
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------------------------------------------ ----

14 

20 

C 
18 

\JRITE{*, 82) 
READ{*,*) IANS 
IF(IANS~EQ.2) GO TO 10 
\JRITE(6,55) BM,~,BL,RA,HO,VOF,E,POI,VFOF,IOELTA 
CV-.125D1 
DO 12 J-1, N 

BJ-BT(J) 
SGMJ-SGM(J) 

DO 12 K-1, N 
BK-BT(K) 

IF(J.NE.1) GO TO 18 
RK-BK/(BL/RA) 
RKS-RK**2 
QK-DSQRT(RKS+CV) 
Q-QK*H \ 
GT(K)-(-QK+.5DO*DTANH(Q»/(QK**2-.25DO)/OTANH(Q) 
RT-(QK*DSINH(Q)-.5DO*OCOSH(Q»/(-QK*DCOSH(Q)+.5DO*OSINH(Q» 
IF(RKS.LT.CV) GO TO.14 
CK-DSQRT(RKS-CV) 
C-CK*H . . 
GH(K)-(CK-.5DO*DTAN(C»/(CK**2+.2500)/DTAN(C) \ 
RH-(CK*DSIN(C)+.500*DCOS(C»/(CK*DCOS(C)-.5BO*~SIN(C~) 

GO TO 16 J ' \ 
CK-OSQRT(CV-RK~) 

C-CK*H 
GH(K)-(-CK+.5DO*DTANH{C»/(CK**2-.25DO)/DTANH(C) 
RH-(-CK*DSINH(C)+.5DO*DCOSH(C»/(CK*DCOSH(C)-.5DO*OSINH(C» 

IF(IDELTA.EQ.1) GO TO 18 
DA-O.OOO 
SIMPT-FT(DA,RT;Q) 

o SIMPH-FH(DA,RH,C) 
KR-DA 
DO 20 1-1, NITER 

XH-XH+DH 
TERMT-.2D1*FT(XH,RT,Q) 

. ' 

TERMH-. 2D1*FH(XH,RH, C) 
SIMPT-SIMPT+TERMT 
SIMPH-SIMPH+TERMH 
IF(I.NE.I/2*2)~SIMPT-SIMPT+TERMT 

IF(I.NE.I/2*2) SIMPH-SIMPH+TERMH 
WT(K)-OH*(SIMPT-TERMT/.2D1)/.3D1 
~(K~-OH*(SIMPH-TERMH/.2D1)/.301 

SGf'1K-SGM(K) _ 
CALL ANA(BK,BJ,SGMK,SGMJ,A1,A2,A3,A4) 
Dl(J.K)-At 
D2(J,K)-A2 
D3(J.K)-A3 
D4(J.K)-A4 
IF(I·DELTA.EQ.l) GO"TO 12 ~ 
B4-BK**4-BJ**4' • , ' 
X-4. DO* (BK*BJ )~2*( BK*SGMJ<- BJ*SGMJ) /B4~( -L DO)**(K+J) 
D5(J,K)-(X-(3.DO*BK**4+BJ**4)/B4*(A3+A4»/BK**2 
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o 

f 

12 cbNTINUE 
CI-.25DO*PI~*(RA**~-(VFOF*RA)**4) 
AREA-Pl E*RA**2 
SAREA-PIE*(RA**2-(VFOF*RA)**2) 
UREF-DSQRT(E*CI/(BM*SAREA*BL**2» 
UREFI-DSQRT(E*CI/(FM*AREA*BL**2» 
RO-PIE*BL**2/SAREA*(FM/BM) 
RM-FM*AREA/(FM*AREA+BM*AREA) 
WRITE(6,56) RO,RM,~EF,UREF1,H 
WRITE(*,56) RO,RM,~EF,UREF1,H 
IF(IOELffA.NE.l) GO TO 22 

CcCCcCèCCCCcCCCCCCCCCCCCCCCCCC 
C INVISCIO C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

WRITE(6,86) 
WRITE(6,88) (1,1-1,5) 
WRITE(6,90) 
UF-UF! 

22 DO 24 L-l,IK 
UO-UFjUREF 
UOI-UF/UREFl. 
WRIT~(*,*)UF,UO,UOI 
DO 26 J-l,N 

DO 26 K-l, N 
BK-BT(K) 

r, 

l "-' .. ; 

, 

EMl-(1.00-RO*GT(K)*(RA/BL)**2)*Dl(J ,K) 
EM(J,K)-EMl+(1.DO-RO*GH(K)*(RA/BL)**2)*D2(J,K) 
ECNI-GT(K)*03(J,K)+GH(K)*D4(J,~)_ 
EC(J,K)--RO*UO*(RA/BL)**2*.2Dl*ECNl 
EKNI-BK**4*(Dl(J,K)+02(J,K» 

26 

28 

EKN2-GT(K)*Dl(J,K)-GH(K)*D2(J,K) 
EK(J,k)-EKNl+RO*(UO*BK*RA/BL)**2*EKN2 

CALL ZANLYT(OET" EPS ,NSIG,KN ,NGUESS, IN, El, 1TMAX, INFER, 1ER) 
DO 28 K-l-,lO -
WRITE(*,58)K,EI(K) 

CALL SORT(EI,L,DATA1,DATA2) 
WRITE(6,60) U01,«DATA2(I,J),J-l,3),I-l,S) 
DO 30 1-1,5 

DO 30 K-l,3 
30 DATA1(I,K)-OATA2(I,K) 
24 UF-cfF+SS 

IP(IDELTA.EQ.l) GO TO 47 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C INVISCID + UNSTEADY' C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

WRITE(6,92) •. 
• ~ITE(6,88) (1,1-1,5) 

WRITE(6,90) 
UF-UFI 
DO 34 1..-1,IK 

UO-UFjUREF 
UOl-UFjUREFi 
RE-.2Dl*FM*UF*HOfVOF 
WRITE(*.*)UF,UO,UOl,RE 
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36 

38 

DO 36 ..y-l,N 
DO 36 K-l, N 
BK-BT(K) 
ECNI-GT(K)*D3(J,K)+GH(K)*D4(J,K) 
ECVl~WT(K)*GT(K)*Dl(J,K)+WH(K)*GH(K)*D2(J,K) 
ECN--RO*UO*(RA/BL)**2*.2Dl*EGNl 
ECV--RO*UO*(RA/BL)*1.201*(2.DO+H)*EGV1/(RE*H**2) 
EC(J ,K)-ECN+ECV 
EKNI-BK**4*(Dl(J,K)+D2(J,K» 
EKN2-GT(K)*DI(J,K)-GH(K)*D2(J,K) 
EKN-EKN1+RO*(UO*BK*RA/BL)**2*EKN2 
EKVI-WT(K)*GT(K)*b3(J,K)+WH(K)*GH(K)*04(J,K) 
EKV--RO*UO**2t(RA/BL)*1.2Dl*(2.00+H)*EKVl/(RE*H**2) 
EK(JJK)-EKN+EKV 

CALL ZANLYT(DET,EPS,NSIG,KN,NGUESS,IN,EI,I1MAX,INFER,IER) 
DO 38 K-l, 10 • " 
WRITE(*,58)K,EI(K) 

GALL SORT(EI,L,DATA1,DATA2) 
WR1TE(6,60) UOl.«DATA2(I,J),J-l,3),I_I,S) 
DO 40 1-1,5 

DO 40 K-I,3 
40 DATAl(I.K)-DATA2(I,K) 
34 UF-UF+SS 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC . 
C 1NVISCID + UNSTEADY + STEADY C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

WRltE(6,94) 
DO 51 Il-I,3 
DELl-l.DO-.5DO*DEL(11) 
IF(11.NE.3) GO TO 42 

41 WR1TE(*, 96) 
READ(*,*) T 

42 UF-UFI 

43 

WRITE(6,98)Il,T 
WRITE(6,88) (1.1-1.5) 
WRITE(6,90) 
DO 44 L-1.IK 
UO-UFjUREF 
U01-UFjUREFl 
RE-.2Dl*FM*UF*HO/VOF 
WRITE(*.*)UF,UO,U01.RE 
DO 46 J-1.N 

DO 46 K-l. N 
BK-BT(K) 
1F(Il.NE.l) CQ TO 43 
X-D3 G.L K)+D4 (J 1 K) 
XX-D2(J,K)-Dl(J,K) 
A(J,K)-1.DO/H*X-BK**2*(1.DO+l.DO/H)*(XX*DELl_DS(J,K» 
TM-DEL(Il)*(2~DO-DEL(I1»*(1.DO.2.DO*POI)*T*BK**2 
ECNI-GT(K)*D3(J,K)+GH(K)*D4(J,K) 
ECVI-WT(K)*GT(K)*Dl(J,K)+WH(K)*GH(K)*D2(J,K) 
ECN--RO*UO*(RA/BL)**2*.2Dl*ECN1 
ECV--RQ*UO~RA/BL)*1.2~1*(2.DO+H)*ECVl/(RE*H**2) 
EC(J • K)-ECN+ECV 
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o 

46 

EKNI-BK**4*(Dl(J,~)+D2(J,K» 

EKN2-GT(~)*Dl(~,K)-GH(K)*D2(J,K) 

EKN-EKN1+RO*(UO*BK*RA/BL)**2*EKN2 
EKVI-WT(K)*GT(K)*D3(J,K)+WH(~)*GH(K)*D4(J,K) 
EKV2-2 .4D1*RO*UO**2 (RAjBL) /RE*A5 (J ,.K) -TM* (02 (J ,K) -Dl (J, K» 
EKV--RO*UO**2*(RAjBL)*1 2Dl*(1.DO+H)*EKVlj(RE*H**2) 
EK(J,K)-EKN+EKV+EKV2 

CALL ZANLYT(DET,EPS,NSIG,KN,NGUESS,IN,EL,ITMAX,INFER,IER) 
DO 48 K-l,10 

'48 WRITE(*,S8)K,EI(K) , 

51 
47 

40 
44 

CALL SORT(E~,L,DATAl,DATA2) 
WRfTE(6,60) U01,«DATA2(1,J),J-1,3),1-1,5) 
DO 50 1-11.5 

DO 50 K-l,3 
DATA1(I,K)-DATA2(I,K) 

UF-UF+SS 
IF(I1.NE.3) GO TO 51 
WRITE(*,100) 
READ(*,*J IANS 
1F(IANS.EQ.1) GO TO 4~ 

CONTINUE 
CONTINUE 

, 

C • 
-50_ • FORMAT (5X, , BT ( , , Il , , ) -' , Fl7 .14, 5X, / SGM ( / , Il , , ) - / , F17 . 14) 

C 

52 FORMATUj,5X, 'FM-/ ,D9.4,5X, 'BL-' ,D9.4,5X, 'HO-' ,D9.4,SX, 'RA-' ,D9.4, 
1 j,SX'UFI-' ,D9.4,SX, 'SS-' ,D9.4,SX, 'IK-' ,IS,SX, 'VOF-' ,D9.4) 

54 FORMATU/,5X;, 'BM-' ,D9.4,S)}, 'E-' ,D9.lp,5X, 'POI-' ,D9.4,5X,j.5X. 
1 'VFOF-' ,D9.4,5X,'IDELTA'-JIl) 

55 FORMAT(/j,5X,'BD-' ,D9.4,5X,'FD-' ,D9.4,SX,'BL-' ,D9.4,5X, 
1 ' RA-' , D9 . 4 , 5X, , HO-' , 09 .4 , j , 5X, , VOF-' ,DB. 3 , 5X, ' E-' , Dl 0 . 5 ,. 
1 . 5X, / POI-' ,08.3, SX, 'VFOF-' ,07.2, SX, , IDELTA-' , Il) 

56 FORMATUj,SX, 'RO-' ,F9.4,5X, 'RM-' ,F9.4,SX, 'URF-' ,F9~4,5X, 
1 ' URFl-' , F9 . 4 , 5X, , H-' ,F9 .4) 

58 FORMAT(5X,'EIGENVALUE(' ,12,')-' ,2D16.8) 
60 FORMAT(2X,F7.4,5(2X,3F7.2» ~ 

80 FORMATt' ENTER: (1) FM-MASS OF THE FLUlD' ./,7X,'(2) BL-LENGTH OF 
• 1BODY',j, 7X, "(3) HO-CLEARANCE',/, 7X,' (4) RA-RADIUS OF BODY' :/. 7X, 

1/(5) UFI-I~. FLUID V~L' ,j,7X, '(6) SS~ STEP SIZE OF F.VEL' ,j, 
17X,'(7) IK- ITERATION NO.' ,j,7X,'(8) VOF-VISCOSITY OF FLU1D/) 

82 FORMAT(' *** 1S THIS TRUE 1 *** 1- YES 2-NO') 
84 FORMAT(' ENTER: (1) BM-MASS OF THE BODY' ,j,7X,'(2) E-YOUNG'S 

1MODULUS' ,/,7X,'(3) POI-POISSON'RATIO' ,j,7X,'(4) VFOF-VOID FACTOR 
lOF FLEX. BODY' ,/,7X,'(5) IDELTA - l, ONLY INVISCID EFFECT' ,j, 
1 18X,'- 2, ONLY VISCOUS EFFECT' .j,18X,'- 3, BOTH"EFFECTSJ) 

• 86 FORMATU j /, SX, , INVISCID FLOW') 

C 

88 FORMAT_U ,4X, 'U02' • 5X, S(7X, 1"( 'MODE ' , Il), 7X» 
90 FORMAT(/.lOX,5(' REAL1 R~L2 lMAG .'),j,3X,12S('.'» 
92 FORMAT(///,5X, 'INVISCID + UNSTEADY') 
94 FORMAT(///,5X,'INVISCID + UNSTEADY + STEADY') ( 
96 FORMAT(/,'T-?') 
98 FORMAT(/j,5X,'CASE ' ,Il,5X,'T-' ,F9.4) 
100 FORMAT(/,'*** DO Y~U YANT ANOTHÉR T ? *** l-YES, 2-NO') 
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(~ FUNCTION FH(Z,RH,C) 

DOUBLE PRECISION Z,C,FH,RH 
FH-(DCOS(C)+RH*PSIN(C»*DRXP(-.5DO*Z)!(1.DO+Z) 
RETURN 
END 

v C 

FUNCTION FT (Z ,RT ,Q) 
DOUBLE PRECISION Z,Q,FT,RT 
FT-(DCOSH(Q)+RT*DSINH(Q»*DEXP(-.5DO*Z)/(1.DO+Z) 
RETURN 
END 

c 
C 

.. STOP 
END 

C " , C , 
C ~ 

C 
\ C '. 

C 
C 
C 
C ft .f 
C 
C 
C 
C 
C J 

C 
C 
C \ 

C 
C 
C 
C 
C 
C 
C ~ 

C <-. '" 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 

,V' 

(: c , c 
c 

-~ 

'("" ( 
~ 
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cccccccccccccccccccccccccccccccccccccccccc 
c *** SUBROUTINE ANA *** C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE ANA (BK, BJ , SGMK, SGMJ , Al. A2 , A3 , A4 ) 
IMPLICrT REAL*8 (A-H,O-Z) 
IF(BK.EQ.BJ) GO TG 10 
BP-BK+BJ 
BM-BK-BJ 
SUMA-OSIN(BM)/.2D1/BM+DSIN(BP)/.201/BP 
sUMÈ-SGMK*(DSIN(BM)/.2Dl/BM-DSIN(BP)/.2Dl/BP) 
SUMC--DCOS(BM)/.2Dl/BM+DCOS(BP)/.2Dl/BP+BJj(BP*BM) 
SUMD-SGMK*(DCdS(BM)/.2Dl/BM+DCOS(BP)/.2Dl/BP-BK/(BP*BM» 
TT-SUMA+SGMJ* ~.sUMB+SUMC) +SUMD 

10 SUM1-DSIN ( . 2D *,~:i')/. 4D1/BJ+SGMJ**2*( . 500 -DSIN ( . 2Dl*BJ) /. 4D1/BJ) 
GO TO 20 ~ 

TT-SUMl+.SDO- GAi'{OSIN(BJ»**2/BJ 
.C 

20 BS-BJ**2+BK**2 , 

C 

C 

40 

C 

SUMA-(BJ*DCOS(BK)+BK*OSIN(BK»/BS 
SUMB-SGMK*(BJ*DSIN(BK)-BK*DCOS(BK»/BS 
SU~C-(BJ+SGMK*BK)/BS 

SUMD_SGMK*(BJiliSIN(BK)+BK*DCOSCBK»/BS 
SUME-(-BJ*DCO (BK)+BK*DSIN(BK»/BS 
SUMF- (SGMK*BK BJ) lBS 
SUM1-.5DO*(S -.lD1)*DEXP(BJ)*(SUMA-SUMB) 
SUM2--. SOO*(SGMJ - .IDl)*SUMC . 
SUM3--. SOO*(SGMJ+ .ID1)*DEXP( -BJ )*(SUMD+SUME) 
SUM4-. 500* (SGMJ +. 1Dl) *SUMF 
TH-SUMl+SUM2+~3+SUM4 

SKPl-SGMK+. lOI 
SKMl-SGMK- .1Dl 
SUMA-SKMl*DEXPCBK)*(BK*DCOS(BJ)+BJ*DSIN(BJ»/BS 
SUMB-SKMl*DEXP(BK)*SGMJ*(BK*DSIN(BJ)-BJ*OCOS(BJ»/BS 
SUMC-SKMl*(BK+SGMJ*BJ)/BS 
SUMD-SKPl*DEXP(-BK)*SGMJ*(BK*OSIN(BJ)+BJ*OCOS(BJ»/BS 
SUME-SKPl*DEXP(-BK)*(-BK*DCOS(BJ)+BJ*DSIN(BJ»/BS 
SUMF-SKPl*(SGMJ*BJ-BK)/BS 
SUMl-.5DO*(SUMA-SUMB-SUMC) 
SUM2--.5DO*(SUMD+$UME-SUMF) 
HT-SUMI +SUM2 

IF (BK. EQ. BJ) GO TO 40 1ft. 

APB-«. 101+SGMJ )*( .1Ôl+SGMK» / ( . 4Dl*BP) 
AMB-«.101-SGMJ)*(.lDl-SGMK»/(.4Dl*BP) 
SMA-AMB*OEXP(BP) -APB*DEXP'( -BP) 
5MB-(.iDl-SGMK*SGMJ)*DSINH(BM)+(SGMK-SGMJ)*(.IUl-DCOSH(BM» 

HH-SMB/ (. 2D1*BM)+(SG~+SGMJ) /(. 2Dl*BP)+SMA 
GO TO 50 
AMB-«.lDl-SGMJ)**2)/(.8Dl*BJ) 
APB-«.101+SGMJ)**2)/(.8Dl*BJ) 1 
SMI-AM.B*DEXP(. 2Dl*BJ) -APB*J)EXP(·. 2Dl*BJ) r 
HH-1(SGMJ/BJ+( .lDl-SGMJ**2»/. 2Dl+SHl 

\ 

\ 
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/ 

( 

50 

c 

\ 

60 
C --

70 

C 

SKB-SGMK*BK*BJ 
SUMA-(BK*BJ+SGMK*BK**2) *DEXP (BJ )*DSIN(BK) lBS 
SUM.B-(SKB- BK**2 )*DEXP(BJ) *OCOS (BK) lBS 
SUMC-(BK**2-SKB)/BS 
SUMD-(SGMK*BK**2 - BK*BJ) *D EXP ( -BJ ) *DS IN (BK) lBS 
SUME- - (SKB+BK**2) *OEXP ( - BJ) *DCOS (BK) lBS 
SUMF-+(BK**2+SKB) lBS 
SUM1-. 500*(1. OO-SGMJ)*(SUMA+SUMB+SUMC) 
SUM2-. 500* (1. OO+SGMJ )*( SUMD+SUME+SUMF) 
TDH-SUM1 +SUM2 

IF(BK.EQ.BJ) GO TO 60 
SB-SGMK*SGMJ*BK .• 
SUMA-(BK+SB)*DCOS (BM)/. 2DI/BM 
SOMB-(BK-SB)*DCOS (BP)/. 2Dl/BP 
SUMC-(SGMJ*BK-SGMK*Bl<)*DSIN(BM)/.201/BM 
SUMD-- (SGMJ*BK+SGMK*BK)*DSIN(BP) 1. 2D1/BP 

SUME-- (BK+SB)/. 2D1/BM- (BK- SB)/. ~DI/BP 
TDT-SUMA+SUMB+SUMC+SUMD+SUME 
GO TO 70 
TDT-- . 5DO*( (DSIN(BJ) )**2+SGMJ*DSIN(. 2D1*BJ) - (SGMJ*DS1N(BJ) )**2) 

SKM-BK* . 5DO* (1. DO - SGMK) 
SKP-BK* .500* (1. DO+SGMK) 
SUMA- - SKM* (DEXP (BK) * (BK*DCOS (BJ) + BJ*DS IN ( BJ) ) - BK) lBS 
SUMB-SKPW(DEXP;C -BK) *( -BK*DCOS(BJ) +BJ*DSIN (BJ) )+BK) 18S 
SUMC-SKM*(DEXP(BK) *(BK*DSIN(BJ) -BJ*DCOS (BJ) )+BJ )/BS 
SUMD-SKP*(DEXP( -BK)*(BK*DSIN(BJ)+BJ*DCOS (BJ» -BJ)/BS 

HOT-SUMA+SUMB+SGMJ* (SUMC+SUMD) 

IF(BK.EQ.BJ) GO TD 80 
SBK-SGMK*SGMJ*BK 
APB-(BK*( .1Dl+SGMJ)*( .lD1+SGMK) )/( .401*BP) 
AMB-(BK*( .1Dl-SGMJ)*( .lD1-SGMK»,I( . 4D1*BP) 
SMA-AMB*DEXP(BP)+APB*DEXP(-BP)-(BK+SBK)/(.201*BP) 
5MB-(BK-SBK)*DCOSH(BM) - (BK-SBK) - (SGMK-SGMJ )*OSINH(BM)*BK 

HDH-SMB/(.2D1*BM)+SMA 
GO -TO 85 

80 APS-«.101+SGMJ)**2)j.8D1 

c 
'" 85 

AMB-( (.101- SGMJ)**2)/. 8D1 
SMA-AMB*OEXP(. 2Dt*BJ)+APB*DEXP( - . 2D1*BJ) 
HDH-SMA-(.lDl+SGMJ**2)j.4Dl 

AI-TT+TH 
A2-HT+HH 
A3-TDT+TDH 
A4-HDT+HDH 
RETURN 
END / 
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C COMPLEX FUNCTION DET C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

COMPLEX*16 FUNCTION DET (El) 
IMPLICIT REAL*8(A-H,O-Z) 
DIMENSION OA(S, 5), L(5) ,M(S) ,DA2(S, 5) ,DAl(S, 5), DAO(5, 5) 
COMPLEX*16 CA, PIVOT, HOLD, El 
COMMON DA2, DAl , DAO 
N-S 
DO 1 I-1,N 

DO 1 J-l,N 1 

1 CA(I,J)-EI** *DA2(I,J)+EI*DA1(I,J)+DAO(I,J) 

\ Nl-N·l 
DET-(l.DO,O.DO) 

)i DO 10 I-l,N 
L(1)-I 

10 M(I)-I 
DO 100 LMNT-l,Nl 
PIVOT-(O .00,0. DO) 
DO 20 I-LMNT, N 
NROW-L(I) 
DO 20 -I-LMNT, N 
NCOL-M(J) 
IF(CDABS(~IVOT) .GE. CDABS(CA(NROW ,NCOL») GO TO 20 
NPR-I 
NPC-J 

io\ 
PIVOT-CA (NROW ,N{;OL) 
CONTINUE 

) IF(.NPR. EQ.LMNT) GO TO 22 
l' DET--DET \ 

\ KEEP-L(NPR) ~ 
L(NPR)-L(LMNT) 
L(LMNT)-KEEP 

22 IF(NPC. EQ. !.MNT) GO TO 26 
DET-·DET 
KEEP-M(NPC) 
M(NPC)-M(LMNT) " 

M(LMNT)-KEEP 
26 DET~DET*Pl.VQL="':'J_ ,/ 

IF(CDABS(PIVOT) .LT.O.ID·S) GO TO 333 
JAUG-LMNT+1 
NPR-L(LMNT) 
NPC-M(LMNT) 
DO 100 I-J'AUG,N .. NROW-L(I) 
HOLD-CA(NROW, NPC) /PIVOT 
DO 100 J-JAUG,N 

1 
NCOL-M(J) 

1\0 CA (NROW • NCOL)-CA(NROW ,NCOL) -HOLD*CA(NPR,NeOL) 
~ 

DET-DET*CA(NROW. NeOL) 
333 RETURN 

0 
END 

C 
C 
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ccccccccccccccccccccccccccccccccccccccccccccccc 
C SUSROUTI~E ZANLYT c 
cccccccccccccccccccccccèccccccccccccccccccccccc 

SUSROUTINE ZANLYT{F,EPS,NSIG,KN,NGUESS,N,X,ITMAX,INFER,IER) 
DOUBLE PRECISION RZERO,RTEN,RHUN,RP01,AX,JPS1,QZ,EPS,TPQ 

_ I?)MENSION X(l) , INFER(1) 0 

• ~OMPLEX*16 X,D,DD,DEN,FPRT,FRT,H,RT,Tl,T2,T3,TEM,ZO,Zl,Z2,BI,F, 
1 XX,XL,YO,Yl,Y2,XO,ZERO,Pl,ONE,FOUR,PS 

DATA ZERO,Pl,ONE/(.ODO,.ODO);(~lDO, .ODO),{l.DO,.ODO)/ 
DATA FOUR,P5j(4.DO,'.ODO), (.5DO, .ODO)/ 
DATA RZERO,RTEN,RHUN,AX,ICKMAX,RPOlj.ODO,l.Dl,l.D2,.1DO,3,.01DO/ 
IER-O 

5 

10 

. .:;' 15 

IF(N.LT.l) GO TO 9005 
EPSI-RTEN**(-NSIG) 
EPSI-DMIN1(EPS1,RP01) 
KNPI-KN+1 
KNPN-KN+N 
KNPNG-KN+NGUES S 
DO 5 1-1, KNPN 
1NFER(I)-0 
IF(I~T.KNPNG) X(I)-ZERO 
CONTINUE 
L-KNP1 
JK-O 
ICK-O 
XL-X(L) 
1C-0 
H-AX 
H-Pl*H 
IF(CDABS(XL).GT.AX) H-Pl*XL 
RT-XL+H 
NN-20 
GO Ta 50 

20 ZO-FPRT 
YO-FRT 
XO-RT 
RT-XL-H· 
NN-25 
GO TO 50 

25 Zl-FPRT 
Yl-FRT -
H-XL-RT 
D-H/(RT-XO) 
RT-XL 
NN-30 
GO TO 50 

30 Z2-FPRT 
Y2-FRT 

35 DD-ONE+D 
T1-Z0*D*D 
T2-Z1*DD*DD 
x.x.-Z2*DD 
T3:-Z2*D 
BI-TI-T2+XX+T3 

. 

. \ 

1 

, .. 

, " 
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DEN-BI*BI-FOUR*(XX*Tl-T3*(T2-XX» 
T1-CDSQRT(DEN} 

• QZ-RHUN*DMAX1(CDABS(BI),CDABS(Tl» 
T2-BI+T1 
TPQ-CDABS(T2)+QZ 
IF(TPQ.EQ~QZ) T2-ZERO 
T3-BI-Tl . 
TPQ-CDABS(T3)+QZ 
IF(TPQ.EQ.QZ) T3-ZERO 

- DEN-T2 
QZ-CDABS(T3)-CDABS(T2) 
IF(QZ.GT.RZERO) DEN-t3 
NN-30 ' 
IF(CDABS(DEN).LE.RZERO) GO TO 65 
D--XX/DEN 
D-D+D/ 
H-D*H 
RT-RT+H ~ , 
IF(CDABS(H).LE.EPS1*DMAX1(CDABS(RT),AX» GO TO 70 
IF(IC.NE.O) GO TO 15 U 
Nr:1-40 
GO TO 50 

40 QZ-CDABS(FPRT)-CDABS(Z2)*RTEN 
IF(QZ.GE.R~ERO) GO TO 45 
ZO-Z1 0 

Z1-Z2 
Z2-FPRT 
YO-Y1 
Y1-Y2 
Y2-FRT 
GO TO 35 

45 CONTINUE 
D-D*P5 
H-H*P5 
RT-RT-H 

50 JK-JK+l 
IF(JK.GT.ITMAX) GO lO 75 
FRT-F(RT) 
FPRT-FRT 
IF(L.EQ.l) GO TO 60 
!.Ml-L-l 
DO 55 1-1,Un 
TEM-RT-X(I) 
IF(CDABS(TEM).EQ.RZERO) GO TO 65 

55 FPRT-FPRT/TEM 
60 CONTINUE _ 

IF(CDABS(FPRT). LE. EPS .AND. CDABS(FRT). LE. EPS) ab TO 80 
IF(NN.EQ.20) GO TO 20 
IF(NN.EQ.25) GO TO 25 
IF(NN.EQ.}O) GO TO 3~· 
IF(NN.EQ:40) GO TO 40\ 

65 CONTINUE 
IF(IC.NE.O) GO TO 15 

0-13 
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,C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
·c 

-C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C, 
C 
C 
C 

- C 

( 
C , 
C 
C 

TEM-RTEN*EPSl 
IF(CDABS(RT).GT.AX) TEM~TEM*RT 
RT-RT+TEM 
D-(H+TEM)*D/H 
H-H+TEM 

• 1 

1 GO TO 50 
70 CONTINUE 

IF(IC.NE.O) GO TO 80 
IC-1 
ZO-Yl 
Zl-Y2 
Z2-F(RT) 
XL-RT 
ICK-ICK+1 
IF(ICK.LE:ICKMAX) GO TO 35 
JK-ITMAX+JK 

75 lER-33 
80 X(L)-RT 

INFER(L)-JK 
L-L+1 
IF(L.LE.KNPN) GO TO 10 
IF(IER.NE~O) CALL UERTST(IER,'ZANLYT') 

9005 RETURN 
END 

-,. 

_. 

r 

." 
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CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCÇCCGCCCCCCCCCCC 
C SUBROUTÎNE UERTST C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE UERTST(IER,NAME) 
INTEGER IER,I,IEQ,IEQDF,IOUNIT,LEVEL,LEVOLD,NIN.NMTB 
INTEGER NAME(1),NAMEQ(6),NAMSET(6),NAMUPK(6) 
DATA NAMSET/'U', 'E' ,'R', 'S' ,'E,', 'T' 1 
DATA NAMEQ/6*' '/ 
DATA LEVEL,IEQDF/IEQ/4,O,'-'/ 
CALL USPKD(NAME,6,NAMUPK,NMTB) 
CALL UGETIO(l,NIN,IOUNIT) 
IF(IER.GT.999) GO TO 25 
IF(IER.LT.-32) GO TO 55 
IF(IER.LE.128) GO TO 5 
IF(LEVEL.LT.l} GO TO 30 
IF(IEQDF.EQ.l) WRITE(IOUNIT,35) IER,NAMEQ,IEQ,NAMUPK 
IF(IEQDF.EQ.O) WRITE(IOUNIT,35) IER,NAMUPK 
GO TO 30 

5 IF(IER.LE.64) GO TO 10 
IF(LEVEL.LT.2) GO TO 30 
IF(IEQDF.EQ.1) WRITE(IOUNIT,40) IER,NAMEQ,IEQ,NAMUPK 
IF(IEQDF.EQ.O) WRITE(IOUNIT,40) IER,NAMUPK 
GO TO :30 

10 IF(IER. LE. 32) GO Ta 15 
IF(LEVEL. LT. 3) GO TO 30 
IF(IEQDF.EQ.l) WRITE(IOUNIT,4S) IER,NAMEQ,IEQ,NAMUPK 
IF(IEQDF.EQ.O) WRITE(IOUNIT,45) IER,NAMUPK 
GO TO 30 

15 CONTINUE 
DO 20 1-1,6 

~ IF(NAMUPK(I).NE.NAMSET(I1) GO TO 25 
20 CONTINUE 

LEVOLD-LEVEL 
LEVEL-IER 
IER-LEVOLD 

,IF(LEVEL.LT.O) LEVEL-4 
IF(LEVEL.GT.4) LEVEL-4 
GO TO 30 

25 CONTINUE 
IF(LEVEL.LT.4) GO TO 30 
IF(IEQDF.EQ.I) WRITE(IOUNIT,50) IER,NAMEQ,IEQ,NAMUPK 
IF(IEQDF.EQ.O) WRITE(IOUNIT,50) IER,NAMUPK 

30 IEQDF-O 
RETURN 

35 FORMAT(19H *** TERMINAL ERROR, 10X, 7H(1ER - ,13, 
1 20H) FROM IMSL ROUTINE ,6Al,A1,6Al) 

40 FORMAT(27H *** WARNING WITH FIX ERROR,2X,7H(IER - ,13, 
1 20H) FROM IMSL ROUTINE ,6Al,Al,6Al) 

'45 FORMAT(18H *** WARNING ERROR, llX, 7H(IER .. ,13, 
1 20H) FROM IMSL ROUTINE ,6AI,Al,6Al) 

50 FORMAT(20H *** UNDEFINED ERROR,9X,7H(IER - ,15, 
l 20H) FROM IMSL ROUTINE ,6Al,Al,6Al) 

55 IEQDF-l 
DO 60 1-1,6 

. . 
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60 NAMEQ(I)-NAMUPK(I) 
65 RETURN 

END 
C 

g J~ , 
CCCCCCCCCCCCCCCCCCC CCCCCGCCCCCCCCCCCCC 
C SUBROUTINE ~ GETIO C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

c 

SUBRdUTINE UGETIO(IOPT,NIN,NOUT) 
INTEGER IOPT,NIN,NOUT,NIND,NOUTD 
DATA NIND,NOUTD/5,6/ 
IF(IOPT. EQ. 3) GO TO 10 
IF(IOPT.EQ.2) GO TO 5 
IF(IOPT.NE.l) GO TO 9005 
NIN-NIND 
NOUT-NOUTD 
GO TO 9005 

5 NIND-NIN 
GO TO 9005 

10 ,NOUTD-NOUT 
9005 RETURN 

END 

C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C', SUBROUTINE USPKD C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE USPKD(PACKED.NCHARS,UNPAKD.NCHMTB) 
INTEGER NC,NCHARS,NCHMTB 
LOGICAL*2 UNPAKD(l),PACKED(l),LBYTE,LBLANK 
INTEGER~2 IBYTE,IBLANK 
EQUIVALÈNCE(LBYTE,IBYTE) 

,DATA LBlANK, l BYTE , IBLANKj3*' , j 
NCHMTB-O 
IF (NCHARS . LE.' 0) RETURN 
NC-M1NO (129 ,NCHARS) 
NWORDS-NC*4 
J-l . 
DO 110 1-1,NWORDS,4 
UNPAKD (1) -PACKED (J) 
UNPAKP (1 + 1) -LBLÂNK 
UNPAKD(I+2)-LBLANK 
UNPAKD(I+3)-LBLANK 

110 J-J+l 
DO 200 N-l,NWORDS,4 
NN-NWORDS: N -2 ' 
LBYTE ... UNPAKD(NN ) 
IF-(IBYTE.NE.IBLANI<) GO Ta 210 

200 CONTINUE 
NN-O 

210 , NCliMTB-(NN+3)/4 
RETURN 
END 

\ 
\ 
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CCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C SORT PROGRAM C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE SORT(EI,L,DATA1,D~A2) 
IMPLIC1T REAL (A-H,O-Z) 
DOUBLE PRECISION AIJR 
DIMENSION DATA1(S,3),DATA2(5,3),DATA3(10,2) 
COMPLEX*16 EI(10) 
S-O.O 
DO 1 1-1,10 

AI-AlMAG(EI (1» 
R-REAL(EI (1» 
IF(DABS(AI).LT.l.D-5) AI-1.D-S 
IF(DABS(R).LT1.D-S) R-l.O-5 
DI-SNGL(AI) 
DR-SNGL(R) 
ID-IFIX(DI) 
IR-I'FIX(DR) \ 
DATA3(I,1~-FLOAT( R) 
S-S+DATA3(1,1)/1.Ef, 

1 DATA3(I, 2)-FLOAT(ID) , 
DO 2 1-1',10,2 
N-I+l 
M-(I+l)/2 
Ml-O 
DO 3 J-N,lO 

DAI-DATA3 (1,2) 
DAJ--DATA3 (J, 2) , 
IF(DAI.NE.DAJ) GO TO 3 
IF(DATA3(I,l).EQ.DATA3(J,1» GO TO 50 
IF(DAI.NE.O.) GO TO 3 
SA-(DATA3(I,1)+DATA3(J,1»/2. 
S C-ABS (SA -S ) 
IF(SC.EQ.O.) GO TO 50 
MI-M1+1.f 
IF(M1.EQ.l) GO TO 60 
SB-(DATA3(I,1)+DATA3(I+!,1»/2. 
SD-ABS(SB-S) 
IF(SD. LT. SC) GO TO 70 
GO TO 60 

50 Ml-4 
60 DO 4 K-l, 2 

DR-DATA3(J ,K) ;' 
DATA3(J,K)-DATA3(I+1,K) 

4 DATA3(I+l,K)-DR 
70 IF(M1.EQ.4) '"GO TO 80 
3 CONTINUE 
80 DATA2(M,3)-ABS(DAI) 

IF(DATA3(I,1).GT.DATA3(I+l,1» GO TO 90 
DR-DATA3(I,!) 
PATA3(I,l)-DATA3(1+1,1) 
DATAa(I+l, l)-DR 

90 / DATA2 (M, 1) ... DATA3 (1,1) 
DATA2(M,2)-DATA3(I+l,1) 

D-17 
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C· 2 .cONTINUE 
C 

IF(L.EQ.1) GO TO 170 
DO 10 1-1,5 

DO 11 J-I,5 
DI-ABS(DATA2(J,3)-DATA1(I,3» 
IF(I.EQ.J) GO TO 160 

('IF(DI-D) 140,150,11 
140 DO 12 K-1, 3 

DR-DATA2(J,K) 
DATA2(J,K)-DATA2(I,K) 

12 DATA2(I,K)-DR 
GO TO 160 

150 DR-ABS(DATA1(I,1)-DATA2(I,1» ri' 

DI-ABS(DATA1(I,l)-DATA2(J,1» 
IF(DI.GT.DR) GO TO 10 
DO 13 K-1,3 

DR-DATA2(J,K) 
DATA2(J,K)-DATA2(I,K) 

13 DATA2(I,K)-DR 
GO TO 10 -~ 

160 D-DI 
11 CONTINUE 
10 CONTINUÉ 

-\à 
170 RETURN 

END 

.... 0"\_ ....................... ~ .... _ _ .,....................... .. .......... --- ------.-~ .... - ...... 
~ .. - .. - ~ .. .. , 

., 
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BT(1)- 4.73004074486270 

BT(2)- 7.85320462409584 

BT(3J-10 995e0783800167 

BT(4)-14.13716549125746 

BT(5J-17 27875965739948 

SGM(l)- .9625022l45752~ 

SOM(2)- 1.00077731190727 

SOM(3)- 99996645012541 

SOM(4)- 1.00000144989766 

~(5)- .99999993734438 

, 1 

ID-.1ts;0t0\ 

\CF- 7000-02 

ID- 323 7435 

Fi>" 93400t03 

El-.265000t07 

BL-.50000+00 

roI- 47QOtOO 

RA- 25000-01 

\'FŒ'- 000+00 

ml 

.0000 

1502 

.3004 , 
?45d'6 

6008 

7509 

9011 

1.0513 

1.2015 

1.3517 

1.5019 

1.6521 

18023 

1 9525 

2.1027 

2.2528 

2.4030 

2.5532 

2.7034 

2.8536 

3.0038 

3.1540 

3.3042 

34544 

3.6046 

3.7547 

3.9049 

4.0551 

4.2053 

4 3555 

4.5057 

46559 

48061 

4.9563 

5.1065 

52566 

5.4068 

5.5570 

5.7072 

5 8574 

4473 URF- 1 1980 

MllE 1 

IMN31 llWi2 REAL 

.00 

.00 

.00 

00 

00 

00 

00 7.67 .00 .00 21 80 

00 21 78 

00 21 73 

00 21 65 

00 21.53 

00 21 38 

.00 7 64 00 

00 7.56 -f 00 

.00 7 43 00 

00 7.24 00 

.00 6 99 00 

.00 00 

.00 .00 

00 00 

.00 00 

.00 00 

00 .00 

6.69 

6 33 

5.91 

5.42 

486 

00 .00 21 19 

00 .00 20 97 

00 .00 20171 

00 00.2042 

.00 .00 20 09 

.00 .00 19 72 

lŒlF1- 1.3316 

.00 00 

4 21 

3451' 

250 

1.00 

00 00 19 31 ' 

00 

00 

00 

00 

00 

00 

00 

00 

00 

.00 

00 

00 

.00 

.00 

00 

00 

.00 44 41 

00 44 40 

00 44 37 

00 44 31 

00 44 23 

00 44.13 

00 44 01 

00 43 86 

00 43 68 

.00 43 48 

.00 43 24 

00 42 98 

.00 42 69 

00 42 37 

00 42 03 

00 41.65 

.00 .00 

.00 .00 

1 92 -1.92 

2 75 -2 75 

3 22 -322 

:}#44 -3.44 

3.39 -3 39 

2.98 -298 

1.76 -176 

00 00 

00 00 

-2 80 -2 80 

-4.21 -4 21 

-5.04 -5 04 

-5.54 -5.54 

.00 

00 

00 

00 

.00 

'00 

.00 

2 76-

5.50 

7 81 

7 97 

8 09 

8.17 

-5 74 -5 74 8 21 

-5 64 -5 6It--B..20 

-5 12 -5.12 8.12 

-3.77 -377 7.86 

.00 00 10.33 

.00 .00 13.56 

00 00 16.23 

00 .00 19 16 

-2.10 -2.10 23.93 

-4.91 -4.91 24 49 

"6.45 -6.45 25.04 

-7.56 -7.56 25.58 

.00 - \ \JO .18 85 

.00 00 18 35 

00 .00 17.80 

00 00 17 20 
\ 

00 00 1654' 

.00 00 15.80 

.00 .00 14.99 

00 bD 14 t 06 

00 .00 13;\00 

.00 .00 11 68 

.00 .00 9 69 

280 2.80 7 81 

4214217.97 

5 04 5 04 8.09 

5.54 5 54 8 17 

5.74 5 74 8 21 

5.64 5 64 8.20 

512 512 812 

3.77 3.77 7.86 

00 .00 3.67 

5 17 -5.17 00 

7.25 -7.25 bO 

8 52 -8.52 00 

9.42 -9 42 .00 

10.07 -10.07 00 

la 52 -10.52 .00 

10.80 -10.80 .00 

00 .00 41 24 

.00 00 40 61 

.00 00 40 36 

00 00 3988 

00 tlt' 00 39. 38 

.00 .00 38.85 

.00 .00 38 31 

.00 00 37 75 

00 00 37.16 

00 00 36 56 

00 00 35.94 

.00 .00 -35 2.9 

.00 00 34 62 

00 .00 33 91 

00 00 33.17 , 

00 .00 32.36 

00 00 31 48 

00 00 30 47' 

00 ,00 29 25 

00 00 27 5~ 

2.10 2 10 23.93 

4.91 4 91 24.49 

6.45 6 45 25 04 

7.56 7.56 %556 

r 

.00 

00 

00 

00 

00 

00 

00 

00 

00 

00 

.00 

00 

00 

.00 

00 

00 

00 

00 

00 

00 

00 

00 

00 

.00 

00 

00 

00 

00 

00 

.00 

.00 

00 

00 

00 

.00 

.00 

00 

.00 

.00 

00 

00 76.29 

00 7627 

00 78.23 

00 76 15 

00 76 05 

00 75 93 

00 75,79 1 

.00 75 6-4 

00 75.48 

00 75.31 

.00 75.15 

00 75 00 

ào 74 B6 

00 74 73 

00 74.52 

00 74 53 

.00 74.47 

00 74.43 

.00 74 42 

00 74 44 

00 74 48 

00 74.55 

00 74 64 

00 74 76 

00 74 90 

.00 75.06 

00 7524 

00 75.44 

00 75 fl6 

00 75.90 

00 78 14 

00 7640 

00 7667 

00 76 9~ 

.00 n 24 

.00 n 53 

.00 77.83 

.00 16 13 

00 7843 

00 7873 

00 

00 

00 

00 

00 

00 

.00 

00 

00 

,00 

.00 

.00 

, .00 

00 

00 

.00 

.00 

.00 

OQ 
.00 

00 

00 

00 

00 

.00 

00 

00 

.00 

00 

00 

00 

'xl 
00 

00 

.00 

00 

.00 

00 

1 

0-19 

00 114.13 

00 114.11 

00 114 31 

00 114.~ 

00 114 83 

.00 115 21 

00 1l~ 61 

.00 1111 21 

.00 116,81 

00 117 46 

00 118.20 

.00 118.98 

.00 119.81 

00 120 69 

.00 121 61 

.00 122 56 

00 123.5~ 

00 124 57 

00 125 III 

00 126 69 

00 127.78 

00 126.89 

.00 130.02 

.00 131.17 

00 132.33 

:00 133.~1 

00 134.69 

00 135 89 

00 137.00 

00 138 30 

.00 139 52 

00 140 74 

00 141.96 

00 143.1lI 

00 144 42 

00 145,615 

00 148.8Q 

.00 148 12 

.00 149.36 

00 1~ ~ , 
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lM'G1 lWG2 REAL lMAGl lWG2 REAL 
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lWG1 lMtG2 REAL 
~ 

--------------- ------------------------------1-----------------------------------------~----------------------------------

0000 270 2.70 7.18 268 268 2f.63 265 2.654433 261 2.617624 261 2.61114.~ 

1502 2 70 2 70 7 15 2 68 2.68 21 62 265 2.65 44 32 2 61 2 61 76 23 2 61 2.61 114.14 

3004 2 70 2 70 . 7 07 2 68 2. 66 21 57 2 65 2. 65 44 Z9 2 61 2 61 ..j6 18 2. 60 2 60 114.28 

4506 2 ~ 2. ,p 6 93 2 68 2. 68 21 48 2 65 2. 65 44 23 2 61 2. 61 76 11 2 60 2 60 114.49 

6008 2.7i 2 71 6 74 2 67 2. 67 21 36 2 64 2.64 44 15 2 61 2 61 76 01 2. 60 2 60 114 80 

. 7~9 2 72 2 72 6 48 2 67 2. 67 21 21 2 64 2. 64 44 05 2 61 2 61 75 89 2. 59 2 59 115 18 

.9011 273273617 267 2672102 264 264 4393 261261 75I5 259 259115'64 

1 0513 2 74 2 74 5 80 2 67 2 67 20 80 2 64 2.64 43 78 2 61 2 61 75 59 2 58 2 58 116,;6 

1.2015 2. 75 2 75 -S 36 2 67 2 67 20 53 264 2.64 43 60 2 61 2 61 15 43 2 58 2 58 116 ,~ 

1.3517 276 276 484 266 266 20 24 2.63 263 43.39 2.61 261 1527 257 2.57 117'45 

1 5019 2 78 2 78 4 24 2 66 2 66 19 90 2 63 2 63 43.16 2 61 2 61 75 11 2 56 2 56 118.17 

1 6521 280 280 3 53 2.66 2 66 1953 263 2 63 4290 261 2.61 74,95 2 55 2 55 11895 • 

1 8023 2 81 2 81 2 63 2 65 2 65 19 11 2 62 2 62 42 60 2 60 2.60 74 81 2.55 2 55 119'.78 

1.952!1 

2. 1027 

22528 

2.4030 

2.5532 

2.7034 

28538 

30038 

3.1540 

3.3042 

34544 

3.6046 

3.7547 

3.9049 

" 0551 

4.2053 

.. 43555 

4.5057 

4.6559 

48061 

UI563 

5.1065 

5.2S66 

54068 

5.5570 

5.7072 

5.6574 

-II 

2.83 2.83 1 30 

4.63 108 .00 

560 .16 00 

6 18 -.37 00 

6 54 - 67 00 

6 68 - 74 .00 

858 -55 00 

609 04 00 

"57 1 70 00 

3.28 3.28 3 30 

"04 4.04 6.25 

6.29 6.29 7 38 

7 49 7.49 1.67 

625 6.25 7 86 

8708707.98 

8 88 6 88 8 07 

8.76 8 76 8 10 

8 21 8 21 8 07 

878 6.78 7.91 

3.44 3.44 1063 

350 350 1380 

.3 69 3.69 16 50 

4.19 4.19 1945 

6 15 6.15 22 36 

8.23 8 23 23 54 

9.64 9.64 '24.31 

10.69 10.69 24.97 

265 2651865 

264 2. 64 1814 

2 64 2.64 17.58 

2 63 2 63 1696 

2.62 2.62 16.28 

261 2.61 1553 

260 2.60 14.69 

2 57 2. 57 13 74 

2.62 2 62 42 28 

2.62 2 62 41 93 

2 61 2 61 41.56 

261 2.61 41.15 

2 60 2 6O~ 40 72 

260 2.60 4026 

2.59 2 59 ,3978 

2 58 2.58 39.27 

257 257 38.74 

2.56 2 56 3819 

2 55 2 55 37.63 

2 54 2 54 37 04 

2 53 2. 53 12.61 

2 42 2.42 11.19 

168 168 895 

-.53 ~.53 826 

-169 -1 69 

-2 41 ~-2 41 

-2 82 -2.62 

-2.95 -2.95 

-2.17 -2 77 

-2 1~ -2 16 

- 65 - 65 

2.J8 2.18 

6 39 -2 67 

10.36 -4 61 

11.60 -5 83 

12 46 -6 ~ 

13.12 -730 

1357 -7.72 

13.65 -7.98 

6.27 2 52 ,2 52 36.43 

8.32 2 51 2';>1 3580 

8 35 2 48 2.48 35 1$ 

8.35 2 46 2.46 34 46 

829 243 2.f+3 33.75 

8 13 2.39 2.39 32.99 

7.72 • 234 2.34 3217 

2 87 2.27 2.27 31 26 

:00 2 17 2 17 30 23 

.00 1.99 1.99 28.97 

00 1.51 1.51 27 26 

00 -.43 -,43 2549 

.00 -2 50 -2.50 25.43 

00 -3.69 -3.89 25 76 

.00 -4.92 -4.92 26.19 

2. 60 2.60 74.68 

2 60 260 74 ~7 

2 59 2.59 74 48 

2.59 2 59 74 42 

2 58 2.58 74.38 

2.57 ,2.57 74.37 

2 56 2 56 74.38 

2.56 2.56 74.42 

2 55 2.55 74 49 

2.54 254 74 58 

2.53 2.53 74.70 

2 52 2.52 74.84 

2 50 2 50 7~ 00 

2.49 2 49 75 18 

2 48 2 46 75.38 

2.47 2.47 75.60 

2 45 2 45 75.83 

2.44 2.44 76.07 

2.42 2 42 76.33 

2 41 2.41 76 60 

2 39 2.39 76.88 

2.38 2 38 77.16 

2.36 2.36 77 45 

2.34 2.34 77.75 , 
2 32 2.32 78 05 

2 30 230 78 35 

2.28 2.28 78.65 

2.54 2 54 120.66 

2 53 2 53 121.57 

2 52 2.52 122 53 

2.51 2.51 123.51 

2.50 2.50 124 53 

2 49 2.49 125.58 

2 48 2.48 126 65 

2.47 2.47 127 75 

2 46 2.46 128.86 

2.45 2 45 129.99 

2.44 244 131 14 

2.43 2.43 132.30 

2.42 2 42 133.47 

2.40 2.40 134 66 

2.39 239 135.65 

2.38 2.38137.05 
~ 

2.37 2 37 138.26 

2.36 2 36 139 48 

2.35 235140.10 

2 34 2.34 141.93 

2.32 2 32 143 15 

2 31 2 31 144.36 

2 30 2.30 145.62 

2.29 2 29·146.85 

2.28 2.28 148.09 

2.26 2 26 149.32 

~2.25 2" 25 150.55 
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CASE 1 0000 

1.01 !'mE 1 MDE 2. KDE 3 Ml:1i" btŒ ~ 

lWGl IWG2 REAL lMAG1 lWG2. REAL' IWGl lWG2 REAL ll-W31 1M'D2 KF.AL ll-W31 lM'G2 R!AL 

------------------------------------------------------------------- ----i.*J --- ------ -- -- ------ --- ---- --- - - - ------. - - - - -- ----

0000 2 70 2 70 7 18 2 68 2 68 21 63 2 65 2 65 44 33 2 61 2 61 76 24 2 61 2. 61 114,10 

1502 

3004 

4506 

6008 

7506 

9011 

10513 

12015 

13517 

15019 

16521 

18023 

19525 

2 1027 

22528 . 
2.4030 

25532 

27034 

2.6536 

3.0038 

3.1540 

33042 

3.4544 

36046 

3.7547 

39049 

4.0551 

4.2053 

4.3555 

" 5057 

46559 

4.0061 

4.9563 

5.1065 

5.2566 

54068 

55570 

5.7072 

5.8574 

270 270 720 

2 70 2 70 7 16 

270 2.70 707 

2.71 2 71 692 

272 2 72 672 

2 72 2 72 6 46 

273 

274 

276 

277 

2.78 

280 

281 

2 73 6 15 

2 74 5 78 

2 76 535 

277 484 

2 78 4 26 

280 358 

2 81 2 74 

283 283 

4 ~4 1 37 

5.36 .37 

599 -20 

6 37 - 52 

6541) -64 

6.49 - 52 

6 12 - 06 

5 1l 1 05 

3 16 3 16 

3 37 3.37 

~ 18 5 18 

6 80 6.80 

1.74 1.14 

8 33 8.33 

864 864 

1 57 

00 

00 

00 

.00 

00 

00 

.00 

00 

235 

4.85 

727 

7 67 

7 85 

7 97 

8 03 

8 68 8.68 8 04 

8.39 8.a9 8.00 

7.56 756 7.84 

4.97 4 91 7 58 

\ 3.37 3.37 11 76 
\ 

t'" 3. 44 3 44 14.28 

3 58 3.58 16.6Z 

385 381 1911 

4 77 4 71: 22 09 

1.05 7.05 24 03 .. 

2 68 2 68 21 68 

2 68 2 68 21 68 

268 2. 68 2166 

2. 68 2. 68 2160 

2. 67 2 61 21 50 

2. 67 2. 67 21 37 

2. 67 2 67 21 20 

2 67 2 67 21 00 

2. 67 2. 61 20 76 

2. 67 2. 67 20 49 

2 66 2 66 20 17 

2 66 2 66 1982 

2. 66 2 66 1942 

2 66 2.66 1896 

2 66 2. 66 16,:49 

2 65 2 65 17.96 

2.65 2.65 17.37' 

2 65 2.65 1672 

264'2.64 1600 

2.63 2 63 15 21 

2 62 2 62 14 32 

2 60 2 60 13 30 

2 54 2 54 12 07 

2.37 2 37 la 39-

.59 .59 8 40 

-1.00 -1.00 8 28 

-1 90 -1 90 B 30 

-2.44 -2 44 831 

-2 71 -2 71 8 30 

-2 70 -2 70 

-2 36 -236 

-1 47 -1 47 

1 19 1 19 

659 -82 

9.49 -367 

11.01 -5 16 

12.05 -6 17 

12.81 -6.00 

13.36 -7 42 

824 

8 10 

1 61 

697 

.00 

.00 

00 

00 

.00 

.00 

2652654439 

2 65 2 65 44 42 

2652654443 

2 65 2 65 44 42 

2 65 2 65 44.39 

2 64 2 64 44 ~3 
2 64 2 64 44 24 

2 64 2 64 44 13 

264 264 4399 

2 64 2 64 43 83 

2 64 2 64 43.63 

2 64 2 64 43 41 

2 64 2 64 43 16 

264 

264 

-?: 
264 

263 

2 64 42 87 

264 4256 

264 4223 

2.64 41.86 

2.64 41.47 

2 63 41 06 

2.63 • 263 40.62 

2 63 263 40.16 

262 262 3969 

262 2.62 39.19 

2 61 2.61 38.66 

260 260 3815 

2 60 260 3160 

2 58 2.58 37 04 

2 51 2 57 36 46 

2 55 2 55 35 86 

2 53 2 53 35.24 

2 51 2.51 34 59 

2482483300 

2 44 2 44 33 16 

2 39 239 3236 

2 31 2 31 31 45 

2 19 2 19 30 40 

1 93 l 93 29.05 

1 04 1 04 27.16. 

-1 22 -1 22 26.28 

2 61 2 61 76 30 

2 61 2 61 76 33 

2 62 2. 62 1633 

2. 62 2. 62 7630 

2 62 262 7625 

2. 62 2 62 76 18 

2 61 2 61 114 22 

263 

263 

263 

264 

264 

264 

264 

264 

264 

264 

2.64 

263 

263 

262 

2.62 

2. 61 

2.60 

260 

2 59 

258 

2. 57 

256 

2 ~5 

254 

252 

2 51 

250 

2.49 

2 47 

2 46 

2 45 

2. 43 

242 

2 GO 2. 60 114 43 

2 60 2. 60 114 73 

2 59 2. 59 115 11 

2 ~ 2. 58 11557 

2 57 2. 57 116 11 

2 63 76 10 2 56 

263 76 O~ 255 

2. 63 7'5 U2. 2 '5It 

2. 64 75 82 2 !S3 

2.64 75 74 2. 51 

264 7566 2 50 

2 64 7'5 60 2 48 

2. 64 75 56 2. 47 

2. 64 75 53 2. 4'5 

2. 64 75 54 2 43 

2 64 75 56 '" 2 42 

2.63 75 61 2 40 

263 7'5.69 2 38 

2. 62 75 79 2 37 

2. 62 1592 2 35 

2 61 76 08 2 33 

260 7626 232 

2. 60 76 47 2 30 

2 59 76 69 2. 28 

2.58 76 Q4 2 Z6 

257 77 21 2. ~ 

2 56 77 49 2 23 

2 55 77 79 2. ~1 

2 54 78 Il 2. 19 

2 52 78 44 2. Il 

2.51 78 78 2. 16 

2 ~ 79 13 2 14 

2. 49 .,']9 50 2. 12 

2 47 79 87 2 10 

2 48 80 24 ,,2.08 

2. 45 80 52 206 

243 6101' 2..0~ 

2 42 81. 40 • 2 03 

2 56 116 72 

2. 55 117 40 

2..54 118 15 

2 ~ 11895 

2 51 119 81 ;--

2 50 120 72 

2.48 121 B8 

'1..47 122 67 

2.45 123 71 

2.43 124 78 

2. 42 W B8 

2 40 127.00 

2 36 12.8 111 

2 37 129 33 

2.35 130.53 

2.33 131 74 

2.32 132.97· 

2.30 134 22 

2 28 135.48 

2.25 136 75 

2 25 138.10-

2.23 1.39 31 

2 21 140~61 

2 19 141.91 

2 17 143 22 

2.16 144 53 

2.H 145.85 

2 12 147 17 

2 10 148 49 

2 08 149.62 

2.06 l!Il.15 

2.05 ~ 47 

2. 03 1!S3 eo 1 

, 
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0000 

~502 

3004 

4506 

6008 

7509 

0011 

1 0513 

! 2015 

1 3517 

,1 5019 

1 6521 

1 8023 

1 9525 

2 

0000 

2 70 2 70 7 18 

270270711 

2 70 2 70 6 98 

271 271 

271 Z71 

272'272 

273 273 

2 74 2 74 

2 75 2 75 

2 76 2 76 

6 79 

6 55 

624 

586 

5 42 

4 00 

428 

2 78 2 78 3 51. 

2 79 2 79 2 60 

2 81 2 81 1 12 

4 ad 87 00 

2 1027 5 74 - 03 00 

2 252.6 fi 32 - 56 00 

2 4030 6 67 - 85 00 

25532 679 -90 00 

27034 664 -66 00 

2 8566 6 01 08 00 

3 0038 3 13 3 13 45 

3 1~0 3 36 3 36 4 27 

3 3042 . '5 37 '5 37 6 99 

3 4544 -< 7 07 7.07 7 47 

3 6046 8 07 8 07 7 73 

3.754 7 8 70 8 70 7 92 

3 0049 

4.0551 

4 2053 

4.3555 

9.04 904 807 

910910816 

880~~80 824 

793 793 822 

"" 4 5051' 
4.6559 

4 8061 

5 25 525 8 17 

3 49 3.49 Ji 91 

3.71 371 1616 

'0 

4.9563 ...., 4 57 

5 106:; 7.30 

5"2566 9 19 

4 57 19 75 

7.30 22 12 

9.19 23 04 

5 4068 '10 50 10 50 23 76 

5 5570 ~ 11 49 11 49 24 42 

5 7072 12 i5 12 25 25.05 
t 

5 8574 12 811 12 811 25.68 

C· 

/ 

2 68 2.68 21 63 

2.68 2 68 21 56 

2 68 2.68 21 45 

268 

2 67 

2 67 

J. 67 

2 67 

267 

266 

2 68 2130 

2672112 

2 67 20 91 

267 20 86 

2 67 20 38 

2 67 20.05 

2 66 19.69 

2 66 2 66 1930 

2 66 Z 66 1885 

2.65 2 65 18 37 

2 65 2 65 1783 

2 64 2 64 17 25 

2 64 264 1660 

263 263 1589 

2 62 2 62 15 10 

2 60 2 60 14 20 

2 57 2 57 13 17 

2 51 2 51 11 92 

2 32 2 32 la 17 

35 35 6 14 

-1 32 -1 32 8 12 

-2 27 -2 27 8 22 

-2 86 -2 86~ 8 31 

-3 15 -3 15 8 38 

-3 15 -3 15 8.41 

-2 79 -2 79 6 38 

-1 83 -1 83 

.95 95 

fi 20 -.48 
• ,9 44 -3.65 

8.22 

754 

00 

00 

2 65 2 65 44_ 33 

2 65 265 44 25 

2 65 265 44 15 

2 65 

2 65 

2 65 

264 

2,64 

264 

264 

2 65 44 03 

265 43 89 

265 43 72 , 

264 43 52 

2 64 43 30 

~ 64 43.06 

2 64 42 78 

2 64 264 42 48 

2 64 264 42 14 

2 64 2 64 41 76 

2 64 2 64 41 39 

2 64 264 40 97 

2 63 263 40 52 

Z 63 263 40 04 

2 63 263 39 53 

2 63 263 39 00 , 
2 62 262 38 44 

2 61 2 61 37 86' 

2 61 2 61 37 2.s 

260 260 3662 

2 59 259 35 91 

257 257 3529 

256 256 34 58 

2.54 254 33 83 

2.51 251 33 05 

2 47 2 47 32.22 

2 43 

2.36 

2.25 

2 02 

243 31 31 

2.36 30.29 

2.25 29 11 

2.02 27 61 

11 03 -521 

12.10 -625 

12.87 -6.99 

13 41 -7 '51 

.13 77 -7 811 

13.96 -7 99 

13 98 -7 97 

.00 1.18 1.18 25.40 

• 
o 

.00 -1.53 -1.53 24.28 

00' -3.39 -339 24.54 

00 -4.68 -~.s!fit 24.98 

.00 -5.64 -5 64 25.48 

.00 -6 38 -6:38 25.99 

.00 -6 94 -6.94 26 52 

o 

• 

MllE 4 

lMAGl 1M\G2 REAL 

2 61 2 61 76.24 
""-

2.61 261 7615 

2 61 2.G!! 76 03 

2.62 

2.62 

262 

'262 

~ 2.63 

263 

263 

262 75 69 

262 75 71 

262 75 52 

262 7530 

2.63 75 08 

2 63 74 85 

2 63 74 61 

2 64 2-64 74 38 

2 64 264 74 15 

2 64 264 73 94 

2 64 264 73 15 

2 64 264 73 57 

2 64 2.~ 73 41 

264 264 73.28 

2 63 0 2 63 73 17 

2 63 263 73 09 

2 63 2 63 73.04 

,262 262 7301 

2 61 2.61 7~ 01 

2 60 260 73 03 

2.60 2.60 73.08 

259259 7315 

2 58 2 58 13.23 

2 57 257 73 34 

2.55 255 73 47 

2 54 2.54 73 61 

2 53 2.53 73.76 

2.52 252 73.92 

2 50 2.50 74.10 

2",49 249 ,74.28 

2.47 2 47 74 47 

245 245 74.Ga 

244 2.4474.86 

i 42 2.42 75.05 

2 40 2.40 75.24 

2.38 2.38 \15.43 

2.36 _ 2.36 75.62 

D-22 

MIE 5 

1WG1 1MAG2 REAL 

2 61 2.61 114.10 

2 61 2 61 114.07 

260 260 114.12_ 

260 

259 

258 

257 

256 

2 55 

254 

260 114 26 

2.59 114 49 

2.58 114 79 

2 57 115.17 

2 56 115 63 

2 55 116 15 

i 54 116 74 
o 

2 53 2 53 117 39 

2 51 2 51 118 09 

2 50 250 118.84 

2 48 ~ 2 48 119- 63 

2 46 

2 45 

243 

2 41 

2 39 , 
2 38 

2 36 

2.34 

2.32 

2 30 

228 

227 

2.25 

2'23 

'221 

2.19 

2.17 

2,15 

2 13 

.2 11 

~.09 

2.07 

2.04 

2.02 

2.00 

1.98 

\ 

2 46 120 47 

2 45 121 34 

243 122 24 

2 41]123 18 

2 39,124 14 

2 38 125.13 

2 "36 128.14 

234127.17 

2 32 128.21 

2 30 129 28 

2.28 130.35 

2.21,131.44 

2.25 132.53 

2.23 133.64 

2.21 134.75 

2.19135.87 

2.17137.00 

2 15 138.13 

2.13 139.26 

2 11 140.39 

2.09 141 53 

2.07 142.67 

2.04 143 80 

2.02 144.94 

2.00 146.07 , 

1.98 147.21 

, 
-' 

\ 
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1'- 10 0000 

tn1 

!MAG1 IWG2 REAL !MAG1 lM\G2 REAL lMAGl lM\G2 REAL lMfG1 IMrG2 REAL lMfG1 IWGl Rr.AL 

-----------------------------------------~-------------------------------------------------------------------------------
0000 270270724 

1502 ,2.70 270 721 

3004 270270713 

4506 2 70 2 70 6 99 

.6008 2 71 2 71 6 80 

7509 272 2.72 655 

90ll 2 72 2 72 6 24 

10513 273273587 

1 2015 2 75 2 75 5.43 

1 3517 2 76 2 76 4 92 

1 5019 

1 6521 

18023 

1 9525 

2 1027 

22526 

24030 

2 5532 

2 7034 

2 6536 

3 0036 

3 1540 

3 3042 

3.4544 

3 6046 

3.7547 

3 9049 

4.0551 

4 Z053 

4 3555 

4.5057 

4 6559 

4 6061 

4.9563 

5.1065 

52566 

5.4066 ' 

5.5570 

!i 707'!f 

2.77 277 

2 79 2 79 

280 280 

2 ~ 2 B2 

4 48 1 20 

551 22 

6.12 - 35 

6 50 ~ - .67 

6 66 - 76 

6 si - 60 

612 -06 

4 76 1 43 

4 32 

362 

275 

1 49 

00 

00 

00 

00 

00 

00 

00 

.00 

3 21 0 3 21 3 10 

3 78 3.78 6 06 

6.16 6 16 7 41 

7.42 7 42 7 70 

820 820 788 

8.68 868 8 00 

8.88 8 88 8 09 

8.78 878 8.12 

8.27 6 27 8.06 

6.94 6.94 7 92 

3.42 342 10.34 

3 46 3 46 . 13 62 
363 363 1633 

4.06 4 06 19.25 

5 93 5 93 22.35 . / 
8.13 6.13 23.56 

9.59 9.59 24.34 

2.68 268 21 71 

2.68 268 21 70 

2 68 266 21 64 

2 68 266 21 56 

268 266 2144 

2 67 2,67 21 29 

2 67 :"67 21 la 

2 67 2 67 20 87 

2 67 2 67 20 61 

2 67 2 67 20 32 

266 

2.66 

266 

266 

266 1998 

2 66 19.60 

2 66 19 19 

2 66 18 73 

2 65 265 1822 

2652651766 

2 65 2 65 17 05 

2.64 264 16 37 

2 63 2.63 15 62 

2 62 2.62 14 79 

2 60 260 13 84 

2 56 256 12 73 

2 48 2 48 11 33 

1.94 194 9.12 

- 40 - 40 8 21 

-1.62 -1 62 8 24 

-2 36 -2.36 8.30 

-2.79 -2.79 8 33 

-2.94 -2.94 8 34 

-2 79 -2.79 8.29 

-2.22 -2 22, 8 '15 

- 81 - 81 7 78 

2 80 2.80 3.52 

8.22 -2.44 .00 

10.29 -4.47 00 

11 56 -5.71 00 

12 46 -6 59 00 

13.12 -721 00\ 
13.58 -7.64 .00 

2 65 265 44 42 

2 65 2 65 44 41 

265 265 4438 

2 65 2 65 44 32 

265 2 ~ 44 24 

2 65 2 65 44 14 

2 64 2.64 44 02 

2 64 264 43 87 

2 64 2 64 43 69 

2 64 264 43 48 

264 

264 

264 

264 

264 43 25 

264 42 99 

264 42 69 

2 64 42 37 

2 64 2 64 42 02 

2. 64 2 64 41 65 

2 64 2 64 41 24 

2 63 2 63 40 81 

2 63 2 Q3 40 35 

2 63 263 39 87 

262 262 39 36 

262 262 38 83 

261 261 38 28 

2. 61 2.61 37 72 

260 260 37 13 

259 259 3652 

257 257 35 89 

256 256 25 24 

2 53 2.53 34 56 

2.51 2.51 33 84 

2.48 2.46 33 09 

2.43 243 32 27 

2.37 2 37 31 37 r 
2.28 2 26 30 35 

2 12 -2.12 29 11 

172 1.72 27.43 

-.13 -.13 25.48 

-2.31 -2.31 25.37 

-3 75 -3.7!5 25.71 

5:8574 10.66 10.66 24.99 13.88 -791 .00 '-4.80 -4 80 28.15 

2.81 2 61 76 34 

2.61 2 61 76 33 

2. 81 2. 61 76 28 

262 262 76 21 

262 262 7611 

262 262 75 98 

2 62 2 62 75 84 

263 263 75 69 

2 63 2 63 75 53 

2 63 2 63 75 36 

264 

264 

264 

264 

2 64 75 20 

2 64 75 05 

2647400 

2 64 74 77 

2 64 2 64 i 74 66 

2 64 2 64 74 58 

2. 64 2 64 74 51 

2 64 2 64 74 47 

2 63 2 63 74 46 

2 63 2 63 74 47 

2 62 2 62 ?4 51 

2 62 2 62 74 5/}. 

2 61 2.61 74 67 

2 60 2 60 74 78 

2.59 2 59 74 92 

2 56 2 56 75 OB 

2 57 2 57 75 26 

2 56 2 56 75 46 

2 55 2 55 75 68 

2 54 2 54 75 91 

253 

251 

250 

249 

247 . 
246 

244 

243 

2.41 

2.53 76 16 

2.51 76.41 

2 50 76 68 

2 49 76 96 

2 47 77 24 

246 77 53 

2 44 77 83 

2.~3 78.13 

2 41 78 42 

2.39 2 39 78.72 

261 2.61 114.20 

261 261 114.25 

2 tIO 2 60 114 38 

2 bO 2 60 114 tlO 

2 59 2 50 114 00 

258 258m20 

2 ~7 2 57 11~. 75 

2 58 2 5(\ 116 28 

2 ~5 2 5~ 116.00 

254 25411755 

2 53 
• 2 51 

2,50 

'} 40 

2 53 118.28 

2 51 n9 06 

'J. 50 110 60 

2 48 110 76 

2 47 2 47 121 68 

2 45 2 45 122 64 

2 43 2 43 123.62 

2 42 2 42 124 64 

2. 40 'J 40 125 60 

23823812616 

2.36 236127.66 

2 35 2 35 126 07 

2 33 2.33 130.10 

2 31 2 31 131 2!5 

2 29 2 29 132.41 

2.~7 2.27 133 50 

2:>11 22813477 

224 2.24 135.97 

2 22 2.22 137,17 

2 ZO 2,ZO 138 38 

2.18 

2.16 

2,14 

2.12 

2.10 

209 

2.07 

2.05 

2.03 

~:~:~~::.: 
2.14 142.04 

2.12 143.27 

2 10 H4.51 

2 09 145 74 

2 07 146.97 

2 05 148.21 

2 03 149 44 

2.01 2.01 1SO.58 
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_________________ .0 ___ ... ________________________ .. ________ -----------------------------------------------------------

0000 

.l.502 

3004 

4!506 

.6008 

.7509 

9011 

1 0513 

1 2015 

1 3517 

1. 5019 

1.6521 

1 8023 

1.9525 

2 1027 

2.2.526 

2.4030 

2 5532 

2 7034 

2..8536 

3.00J8 

3.l540 

3.J042 

3.4544 

36046 

3.7!Y.7 

39049 

4.0551 

4.2053 

4.3555 

4.!i057 

~.~ 

4.8061 

,4.9!563 

5.106!i 

5.2.566 

5.4068 

55570 

5.1072 

5.8574) 

r 
2 70 2.70 7.47 

2 70 2,70 7.45 

270 2.70 7.J7 

270 270723 

271 271 704 

2.72 2.72 680 

272 2.72 6.50 

2.73 2 73 6 14 

274 2.74 5 71 

2.76 2.76 522 

277 2.77 "65 

2 78 2 76 3 99 

2.60 2.60 3 19 

2.82 2 62 2.15 

358 209 00 

5.13 56 00 

5.89 - 12 00 

6 35 - 53 00 

659 - 72 .00 

6.60 -.65 00 

6.29 -.26 .00 

537 .77 .00 

3.16 3.16 2 19 

341 3.41 4.95 

5.!50 5!50 7 26 

7.05 7.05 764 

7.96 7.96 7.84 

853 8.53 7.97 

8 81 8 81 6 06 

881 8.81 8 la 

2 68 2.68 22 03 

2.68 2 68 22.01 

2 68 2.68 21 00 

2.68 2 68 21 87 

268 2.68 21.75 

2 67 2 67 21.60 

2 67 2 67 21.41 

2 67 2 67 21 19 

2 67 2.67 20 93 

2.67 2 67 20 63 

2.67 2 67 20.30 

2.66 2 66 19.92 

2 66 266 19.51 

:1,.66 2.66 19 05 

266 266 1855 

2.65 265 17.99 

2 65 2 65 17 39 

264 264 1672 

2.64 2 64 15 99 

2 63 1 2.63 15 17 

2.61 2.61 14.25 

2.SB 2.58 13.20 

253 2.53 11 91 

2.31 2.31 10.10 

.25 .25 828 

-1.26 -1.26 8.24 

-2.13 -2.13 8.29 

-2 65 -2 65 8.32 

-2.89 -2 89 8.33 

-2.63 -2 83 6.30 

8.43 8 43 8.08 -239 -2.;39 8 17 

7.39 7.39 794 

3.60 3.60 8.83 

3.42 3.42 12.83 

3.!i5 3.55 15.53 

3.84 3 ~ 18.28 

4.95 4.95 21.54> 

7.42 7 42 23 37 

9.09 9 09 .24.22 

10.28 10.28 24.89 

-1.26 -1.28 7.88 

2.59 2.59 5.72 

7.44 -1.67 .00 

9.00 -4.08 .00 

11.31 -5.46 .00 

12.28 -6 41 .00 

12.99 -7.09 00 

13.49 -7.56 .00 

13.63 -7..86 .00 

265 2.65 ' 4478 

265 265 44.77 

2.65 2.65 44.73 

2.65 2.65 44.68 

2 65 2(65 44· 60 

2.65 2.65 44 50 

264 264 44 36 

264 2 64 44 22 

264 2 64 44 05 

264 2 64 43 84 

2.64 2.64 43 61 

2.64 2 64 43.35 

2 64 2 64 43.06 

2.64 2 64 42.74 

2 64 2 64 42 39 

264 264 42 01 

2.64 2.64 A1.60 

2 64 2.64 41.17 

2.63 2.63 40.71 , 
2-63 2.63 40.23 

2.63 2.63 39.73 

2 62 2.62 39 20 

2.62 2 62 38.65 

2 61 2.61 38.09 

2.60 2.60 37.50 

2.59 2.59 36.00 

2.56 2 58 35.26 

2 56 2.56 35.63 

2.54 2.54 34.96 

2 52 2 52 34.25 

2.49 2.49 33 51 

2.45 2.45 32.72 

\ 2.40 2.40 31.85 

2.32 2.32 30.88 

2.19 2.19 29.74 

1.93 1.93 26 27 

.84 H17 

-1.61 -0>1 ~.46 

-3.25 -3.25 25 71 

-4.42 -4.42 26.12 

2 61 2.61 76 74 

2.61 2.61 76.72 

2.61 2.61 76.68 

2.62 2.62 76.60 

2 62 2 62 76.50 

262 2.62 7638 

262 2.62 76.24 

2.63 2.63 7608 

2 63 2.63 7592 

2.63 

2.64 

264 

264 

264 

2.64 

264 .. 
2.64 

2.64 

263 

2.63 

2.6:1, 

2.63 75 75 

2 64 7559 

2.64 7543 

2 64 75.29 

2.64 75 16 

2.64 75 05 

2 64 74 96 

2.64 74 89 

2.64 7485 

2.63 7~ 63 

2.63 14.85 

2.62 74.88 

2.62 2 62 74.95 

2.61 '2.61 75.04 

2.60 2.60 75.15 

2.59 2.59 75.29 

2.56 2 58 75.45 

2.57 2 57 75 63 

2.56 2 56 75.63 

2 55 2.55 76.05 

2 54 2.54 76.26 

2.53 2.53 76.sa 

2.52 252 76.79 

2.!50 2.50 77 06 

2.49 2.49 77.34 

2.47 2 47 77 62 

2.46 2.46 77.92 

2.45 2.45 78 21 

2.43 • 2.43 78.51 

2.61 2.61 114.62 

2.61 2.61 114.66 

2.60 2.60 114.80 

2.60 2.60 115 01 

2 59 2.59 115.32 

2.58 2.58 115.70 

2 57' 2.57 116 16 

2.56 2 56 116.70 

255 2.55 117.30 

254 2.54 117.97 

253 2.53 118.70 

2.51 2 51 119.48 

2.50 2.50 120 31 

2 48 2 48 121.19 

2 47 2.4/ 122.10 

2.45 2.45 123.06 

2.43 2.43 124.05 

2.42 2.42 125.07 

2.40 2.40 126 12 

2.38 2.38 127.19 

2.36 2.36 128.26 

2.35 2.35 129.40 

2.33 2.33.130.53 

2.31 2.31 131.68 

2/29 2.29 132.84 

2 26 2.28 134.02 

2;28 2 26 135.21 

2 24 2.24 136.40 

2.22 2.22 137.61 

2.20 2 20 138.82 

2.18 2.18 140.04 

2.16 2.16 141.28 

2 15 2.15 142.49 

2 13 2 13 143.72, ~ 

2.11 ).11 144.95 

2.09 2.09 146.16 

2.07 2.07 147.42 

2.05 2.05 148.66 

2.41 2.41 7881 C 2.03 2.03 149.89 

2.40 2.40 79.12 '-".01 2.01 151.13 
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APPENDIX E 

THE APPROXlMATE METHOD FOR CRITICAL FLOW VELOCITY 

BASED ON SLENDER BODY THEORY AND COMPARISON WITH 
THE RESULTS OF THIS TH~ORY l 

( 
Considering small lateral motion of the flexible centre-

body about lts position of rest and assuming that the angle of 
o , * incidence i and âi/ax are sufficlently small, 

slender body theory the equation of motion of the 

centre-body immersed in inviscid flow is given by 

basad on , 
flexiblé 

(E-l) 

as proposed by Lighthill [24]. Here, the vlrtual mElBS, M, ia 

equal to XPfA, where A is the cross-sectional area of the 

flexible centre-body. Fôr confined flow, based on 'slender body 

theory, X 15 expressed as follows: 

x -
(a+H*) 2 + a 

(a+fl*)2 - a 
(E-2) 

where a 15 the radius of the flexible é~ntre-body and H* la 

the annular gap. Thus, it iB clear tha~ X increases as the 

annular gap ratio decreases. 

At this point, the critical flow velocity cO'rresponding 

to onset of buckling may be found particularly ea8,11y, taking , 
into consideration Euler' s method of equilibrium [13] 1 the 

mechanism of instab11i ty is the.' same as c,ompared with the " 

clamped-clampe.cl pipe conveying fluid-. lt Is noted that nt 

instability other equilibrium points e~(x*) exist near the 

trivial position e~(x*)~O. Lateral displacement of the cen~ 

body axis e~(x*) must satisfy equation---'(E-I) with the time- 1 

-
derivatives eliminated. Thus, 

a4 * a2 * 
El eo MU*2 e o 

--:rr + ---:z:->r - 0, 
ax""+ 0 ax"L 

,(E-3) 

J • 



c 

1 A 

E-2 

where, e~ - L al'; e iax* -(the 'destabilizing force in this case 

is proportional t~ MU~2). 
As a resul~, a system with clamped ends loses stability 

b'y divergence, ·approximately, B;t (XPfA/EI)~U~..e*-211' for 

inviscid fl,ow; therefore; the nondimensiona1 critica1 flow 
, 

ve10city may be expressed by 

U* 
b 

y r 

where Ure fI is defined in equation (2-3). 

(E- 4J 

These approximate values for Ub are compared with the 

results Ubl' which are .obtained by inviscid flow the ory in 

Chapter IV, in Table E for .l!-20 and 100 for 6three values of 

the annular gap. As expected, it 15 shown that the di~crepancy 

becomes sma11er as·..e increases, , i. e., as the slender-body 

theory becomes more valid. 

It iB a1so interesting ta note that the two resu1ts agree 

best for the sma11est annular gap (h-O.Ol), where the 
\ 

assumption made by this theory,l: effectively that l/(a+h)o<lja 
.' -

}j e-c 0 mes m 0 r e val id. • / 

Tab le E Values of the nondimensiona1 critical ~low 
velocities, with respect te Urefl, for 
potentia1 f10w 

lengthjannUlar gap approx ima te present discrepancy 
ratio ratio resu1t resu1t (Ubl-Ub)/UbxlOO 
1-..e*/a h-H*/a Ub Ubl % . 

0.05 1.39 1. 49 7.2 
20 0.10 ,1.94 2.13 9.8 

0.15 2.34 2.64 12.8 

0.01 0.627 0.631 0.7 
100 

0.05 1.387 1. 42~ 2.7 

, 


