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SUMMARY

The problem of determining the growth of a
turbulent boundary layer under conditions occurring on
ramjet air-intakes is discussed. A modified Stewartson
transformation is employed to transform the compressible
integral momentum equation to an equivalent incompressible
plane, adopting approximate temperature-velocity relations
of the Crocco and van Driest form., A semi-empirical
auxiliary equation, developed by M.R, Head for
incompressible flow and using the concept of mass
entrainment into the boundary layer, is rearranged for
use in the transformed plane. The theoretical results
obtained by this method are then compared to MclLafferty's
lag-length theory, and to experimental data obtained by
C.E. Kepler and R.L. O'Brien. It is seen that the mass
entrainment theory is in good qualitative agreement with
the reported data, and in reasonable quantitative agree-
ment. The latter may be improved by postulating a
relationship between temperature and velocity in the
boundary layer which is in closer agreement with
experiment, It appears that the mass entrainment theory
indicates the point of separation of the compressible,
turbulent boundary layer, in accordance with

conventional incompressible separation criteria.



INTRODUCTION

The study of turbulent boundary layers is
generally recognized to be a task of more than slight
complexity, for the random eddying motion of the
turbulent fluid is not amenable to simple mathematical
description. In addition, such phenomena as shearing
stresses and heat transfer across a turbulent layer are
no longer proportional to parameters which are properties
of the fluid alone, as in the case of laminar flows.

The shear stress distribution is not known
analytically for turbulent motion. Therefore, the
averaged or integral method is widely used in analyzing
turbulent boundary layers, since a knowledge of the
shear stress variation is not required in this method.
For most engineering applications, the solutions of the
integral equations provide sufficient information. The
momentum thickness yields a measure of the drag on the
surface due to the viscosity of the fluid and the
displacement thickness accounts for the modification of
the inviscid flow field about the surface again due to
the fluid viscosity. The behavior of these parameters
in many cases also yields information concerning the

separation of the flow from the surface.,




Such prediction of separation is primarily based
on the magnitude and behavior of the ratio of displacement
thickness to momentum thickness (Ref. 1). This ratio,
known as the shape factor, is a parameter of the
integral momentum equation and must be determined in
the course of calculation. This entails the use of an
auxiliary equation describing the variation of the shape
factor. ©Such an equation is usually empirical or semi-
empirical, since the concepts of conservation of mass,
momentum and energy in the boundary layer do not yield
a relation involving the shape factor variation.

Several auxiliary equations, used in
conjunction with the von Karman (integral) momentum
equation, have yielded satisfactory results for
incompressible flows (Ref. 1). For compressible flow,
however, largely due to the lack of experimental data
in the supersonic Mach Number range, few original
auxiliary equations have been developed. A notable
exception is the lag-length theory of G.H. McLafferty
and R.E. Barber (Ref. 2). For the most part, auxiliary
equations for compressible turbulent boundary layers
have been obtained through the use of a mathematical
transformation. Using such a transformation, the
compressible integral momentum equation is reduced to

the incompressible form and is then used in conjunction




with an auxiliary equation obtained from experiments
with incompressible fluids. The transformation thus
allows the application of the large amount of
incompressible data to compressible flows. It has been
demonstrated (Ref. 3 and Ref. 4) that a modified form
of the Stewartson-Illingworth transformation may be
applied to the compressible turbulent momentum equation,
thus reducing it to the incompressible form. Perhaps
the best known application of such a method is that of
Reshotko and Tucker (Ref. 5).

Methods involving the use of transformations
have not met with a great deal of success in the past,
largely because of difficulties with the auxiliary
equations, In addition, the variation of density across
the boundary layer, which must be considered in
compressible flows, is difficult to describe
analytically., Such a description requires the solution
of the energy equation,; usually in a form yielding a
relation between temperature and velocity in the
boundary layer. Under certain conditions, such a
solution may be achieved, (Ref. 1) but the simultaneous
occurrence of heat transfer to the surface and pressure
gradients in the flow direction violate the required
conditions. A temperature-velocity relationship

including the effects of heat transfer and pressure




gradient is unavailable at this time.

In addition to such phenomena as compressibility
of the fluid, adverse pressure gradients in the flow
direction and heat transfer between the fluid and its
bounding surface, other complexities such as centrifugal
forces acting on the fluid (which have been neglected
in the order of magnitude analysis of the boundary layer
equations) and surface roughness are often engineering
realities which cannot be ignored. An example of
knowing accurately the behavior of boundary layers
under these conditions is found in the study of super-
sonic combustion ramjets. The inlet diffuser of such a
ramjet is a non-adiabatic surface over which flows
high Mach Number air under an adverse pressure gradient.
Due to the high recovery temperatures of high speed
flight, the inlet surface must necessarily be cooled,
resulting in heat transfer from the fluid to the
surface, These are the basic conditions experienced by
a turbulent boundary layer on a ramjet diffuser, and

consequently comprise the parameters of this analysis.,

ANALYSIS
In the following analysis, an ideal gas has

been assumed, with a specific heat ratio of 1l.4. The




experiment with which the theoretical results were
compared was performed at a total temperature of about
LOO®F and a maximum Mach Number of 6, (Ref. 6) and it

was felt that the ideal gas assumptions were sufficiently
accurate in this thermodynamic regime. Real gas effects
may be included without too much alteration or

difficulty.

(A) Momentum Equation

The integral momentum equation for compressible
turbulent flow is obtained by integrating the Prandtl
momentum equation across the boundary layer thickness
(Ref. 1). If the turbulent flow properties are
represented as the sum of time-mean values and
fluctuating components, then certain terms involving
the fluctuating components appear in the integral
momentum equation (Ref. 7). These terms usually may be
neglected except in the region of separation or in the
presence of large centrifugal forces acting on the fluid
(Ref. 6 and 7). In Ref. 6 it is observed that these
fluctuation terms, which include the variation of
static pressure in the direction normal to a curved
compression surface, may be neglected for moderately
curved surfaces. Thus, the compressible integral

momentum equation becomes
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Normal pressure gradients due to centrifugal
forces may be neglected on compression surfaces where
the radii of curvature are large in comparison with the
boundary layer thickness.

The skin friction coefficient Cf must also be
defined for turbulent flow. In the present analysis,
the Ludwig-Tillman equation for incompressible flow is
used,; with fluid properties evaluated at Eckert's
reference temperature, following the procedure of Ref., 5.
The resulting expression employing Sutherland's law of
viscosity is
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The momentum equation is now transformed to a
form similar to the integral momentum equation for
incompressible flow. A modified Stewartson transformation

(Ref. 3 and 4) is used. Defining the transformation

for the normal coordinate by




ax = P% ay (4)
Po?o
and equating the compressible stream function to the

transformed stream function, there results

U = o u (5)

Under the transformation, the velocity ratio
u/ue is equal to the ratio of transformed velocities
U/U,.

Employing the Stewartson transformation to
the integral boundary layer quantities, then, and re-
calling that the static pressure remains constant
through the boundary layer, the transformed integral

parameters are defined (Ref. 4) as
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Substituting equations (6) into the




compressible momentum equation (2), the transformed

momentum equation is obtained

&

doé

&l
e Lo
oY
d

ei e 2 + H = cf‘(Te)3
+ gt (2 +Hp) = £ e (7)
This transformed equation is still not of the
form of the incompressible momentum equation, however,
since the transformation of the longitudinal coordinate
"x" is undefined, and since the friction coefficient
term is not equivalent to the incompressible skin friction.

In addition, the transformed shape factor must be related

to an equivalent incompressible shape factor.

(B) Temperature Distribution
A relationship between température and
velocity at any point in the boundary layer is now
required in order to relate the transformed shape factor
to an equivalent incompressible shape factor (Appendix B).
Such a temperature-velocity relationship was
obtained by Crocco as an exact solution of the momentum
and energy equations under zero pressure gradient,
assuming a Prandtl Number of unity. Van Driest also
obtained a similar relationship for a non unit Prandtl

Number, although he assumed that the thermal boundary



layer was the same thickness as the velocity layer.
The first of these analyses resulted in a linear
relationship between temperature and velocity, of the

form

T
8 = a 4+ bu_
T, Ug (8)

with "a" and "b" constant.,
Van Driest's equation was a quadratic in

velocity ratio,
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The second derivative of this relation is
positive, after evaluation of the constants from the
boundary conditions.

However, under adverse pressure gradients,
temperature-velocity curves obtained from experiments
(Ref. 6) exhibit a negative second derivative (Fig. 6).
It appears that the temperature distribution is at |
least of second order in velocity ratio, and has co-
efficients which yield negative second derivatives when
the pressure gradient is considered.

The difficulty in obtaining an equation for

w]lQe




the temperature distribution suggests the use of a
simpler, although less accurate approximation. Conse-
quently, both the Crocco and Van Driest temperature
distributions were used. Since the temperature
distribution appears in integral or averaged relations

only, the resulting error is not too severe.

(C) Auxiliary Equation

In either the compressible or transformed
momentum equations, it is still necessary to evaluate
the shape parameter H, Since this shape factor varies
with the growth of the boundary layer, an equation
defining its variation must be obtained.

A concept of the rate of entrainment of
external flow into the incompressible turbulent
boundary layer, suggested by M.R. Head (Ref. 8), has
led to the formulation of an auxiliary equation
describing the shape parameter variation. Head's
auxiliary equation is a more promising approach to the
problem since it involves the investigation of a
physical phenomenon which is the basis of boundary layer
growth,

In his derivation, (Ref. 8), Head assumes
that the rate of entrainment into a turbulent boundary

layer depends upon a boundary layer thickness
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parameter, the free stream velocity and the velocity
distribution in the outer portion of the layer, Using
non-dimensional terms, Head arrived at a form of the
auxiliary equation

g (a-a%) =F - (a-s0)M, Te (10

Using the experimental results of several
papers, Head obtained an empirical correlation between
the function F(HA“Af) and the shape factor HAaAf =
(A -a%)/8;, and a correlation between H,_,* and Hy,
Figs. (1) and (2). It should be emphasized that these

results were obtained for incompressible flow,

(D) Solution of the Equations
The transformation of the momentum equation is

completed by defining the x=coordinate transformation as

dX . Te (Te)3 (/“r)°268
dx T \T. Mo

r \lo (Ref.(3) and Appendix C)

and by relating the transformed and equivalent
incompressible shape factors (Appendix B).
Head's auxiliary equation, Eqn.(10), is put

into workable form by fitting equations to the curves

-12-




in Figs. (1) and (2). The equations so obtained are

275 L 5.3 (11)

HA—A* = 10535 (Hi - -7)
corresponding to Fig. (2), and

F = .0306 (Hy_,* - 3.0)"+653 (12)

corresponding to Fig. (1).

The resulting form of the auxiliary equation is

3,715 (13)
- H
i R A I SR NUR . N
dx L.17 6y dx Mg dx By dx

where H, * and F are given by Eqn. (11) and (12).
The derivation of this form is presented in Appendix C.
The momentum and auxiliary equations were
solved using a simultaneous numerical solution of the
Runge-Kutta type. The integral parameters so computed
were then transformed to the compressible plane by

means of Eqn. (6).
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COMPARISON WITH EXPERIMENT -

A comparison of the calculation results with
experiment will be limited to four sets of data obtained
by Kepler and O'Brien (Ref. 6). fhis data consists of
boundary layer measurements on flat plates at Mach
Numbers of 3 and 6, a circular arc compression surface
at an initial Mach Number of 3 and an isentropic
compression ramp at Mach 6. Two different rates of
wall cooling have been applied to each surface,
Although these measurements appear to be quite precise,
any conclusions which are drawn on the basis of such a
limited comparison must be regarded as preliminary

observations.

A, Mach 3 Flat Plate

The cross plot of the velocity and temperature
profiles reported by Kepler and O'Brien is shown in
Fig.(5). The Crocco temperature-velocity relation
appears to be a good approximation to both the cooled
and uncooled wall conditions. The quadratic temperature-
velocity relationship (Eqﬁ°(9) and Appendix B(b)) would
afford a better fit for the uncooled wall case; but at
a Mach Number of 3 and at the high wall temperature the
difference between the linear and quadratic relations

is small, For convenience, therefore, the Crocco relation

~1l-



was used.

The variation of momentum thickness and dis-
placement thickness with distance along the flat plate
is presented in Fig.(6). The theoretical variation is
in good qualitative and quantitative agreement with
experiment, any discrepancies being within the magnitude
of the repeatability of the experiment. The McLlafferty
lag-length prediction of the uncooled momentum thickness
is not shown as it is coincident with the corresponding

curve of the mass entrainment theory.

B. Mach 6 Flat Plate

The calculation results for the flat plate at
Mach 6, Fig.(8), do not show as good agreement with
experiment as in the Mach 3 case. It is difficult to
compare the theory with the experiment qualitatively
since only three measurements of the boundary layer
parameters were made. However, it is seen from
experiment that the momentum thickness of the boundary
layer over the cooled wall is greater than the momentum
thickness of the flow over the uncooled wall. It appears
that the magnitudes of these thicknesses become nearly
equal in the downstream direction but such a trend
éannot be established due both to the lack of further

experimental points and to the experimental error involved,

-15-



represented by the repeatability of the measurement.

The mass entrainment theory indicates that the cooled
momentum thickness increases at a slower rate than the
uncooled thickness, and that the magnitude of the cooled
boundary layer momentum thickness eventually becomes
less than the magnitude of the uncooled momentum thick-
ness. On the other hand, McLafferty's lag-length theory
predicts the same trends exhibited by the experiment.
For the uncooled wall case, the mass entrainment theory
and the lag-length theory are in close agreement,

Neither the mass entrainment theory nor the
lag-length theory yield good quantitative agreement with
the experimental variation of displacement thickness,
although both exhibit the same qualitative behavior as
the experimental data. The magnitude of the cooled
displacement thickness as given by the mass entrainment
theory could be increased and thus improved by using a
temperature-velocity relationship in closer agreement
with experiment. The experimental temperature relation
is illustrated in Fig.(7).

The temperature-velocity curve obtained from
experiment is well approximated, in the uncooled wall
case, by the Crocco relation. In the absence of a
pressure gradient, the quadratic relation should yield

the best description of the actual temperature-velocity
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curve, as in Fig.(5a) and (1l2a). However, a small adverse
pressure gradient was reported to exist on the flat
plate at Mach 6 and this factor caused the deviation of
the temperature-velocity curve from that predicted by
the quadratic relation to a form more closely described
by the Crocco linear equation. The temperature
distribution in the boundary layer over the cooled wall
is at variance with even the Crocco relation, suggesting
that another factor in addition to the adverse pressure
gradient must be considered. This is discussed more
fully in a later section.,

The existence of the adverse pressure gradient
was taken into account in both the momentum and auxiliary
equations. Following the argument set forth in the
ANALYSIS, the Crocco temperature-velocity relation was
not corrected for adverse pressure gradient effects in

the cooled wall case.,

C. Mach 3 Circular Arc Surface

The Mach Number distribution on the circular
arc surface, reported in Ref. 6, was described
analytically by a series of linear and semi=-logarithmic
equations. Each of these equations was chosen to represent
best the experimental Mach Number data within a
particular interval on the compression surface.

The temperature-velocity relations obtained

-17-



from the data of Ref. 6 are illustrated in Fig.(5) and
(9). Figure (5) shows the relationship at the beginning
of compression, under a negligible pressure gradient.
It is identical to the case of the flat plate at Mach 3.
Figure (9) depicts the temperature-velocity relation-
ship at the end of compression, where the adverse
pressure gradient is present, for both the cooled and
uncooled wall conditions. It is seen in Fig. (9) that
the experimental points are reasonably well approximated
by the Crocco linear relation in the uncooled boundary
layer. The temperature relation in the cooled boundary
layer, however, is in poor agreement with Crocco's linear
relation, and vividly exhibits the negative second
derivative characteristic of the temperature-velocity
profiles from Ref. 6 under adverse pressure gradients
with considerable heat transfer,

The curves of the variation of momentum thick-
ness, Fig. (10), and displacement thickness, Fig. (1l),
with distance along the circular arc are in poor
quantitative agreement with experiment. Qualitatively,
however, the mass entrainment theory does bear some
resemblance to the experimental variations. In this
respect it is more accurate than Mclafferty's lag-length
theory, also shown in these figures. Mclafferty's
theory does predict values of the momentum and displace-

ment thicknesses which are nearer in magnitude to the

=18~




experimental results than is the mass entrainment theory.
This is more or less expected since the lag-length
theory was formulated on the basis of experimental
results obtained in the Mach 3 range on various
compression surfaces, some of which were similar to the
circular arc under consideration.

The experimental momentum thickness, Fig.(10),
shows a larger value initially for the cooled wall
than for the uncooled surface. The cooled momentum
thickness remains greater than the uncooled thickness
to a distance of approximately 7.6 inches along the
surface (1.6 inches downstream of the start of
compression). At this point the uncooled momentum
thickness, increasing rapidly, exceeds the cooled values,
This same trend is predicted by the mass entrainment
theory, although the slopes of the theoretical curves
for both wall cooling rates are negative at the start
of compression, while the slopes of the experimental
curves are nearly zero, or slightly positive in the
uncooled case.

The same qualitative agreement is apparent
concerning the displacement thickness variation, Fig.(1l1).
According to the data of Ref. 6, the magnitude of the
uncooled displacement thickness is greater than that of

the cooled displacement thickness at all points on the

-19-



compression surface. This same behavior is predicted
by the mass entrainment theory, which also indicates a
more rapidly increasing magnitude of the uncooled
displacement thickness in comparison to the cooled
displacement thickness. This comparison is also
evident in the experimental data. Again, however, the
mass entrainment theory predicts decreasing values of
both uncooled and cooled displacement thickness after
the start of compression, whereas the experimental
values in this region show only a small decrease in the
cooled boundary layer, and nearly constant values for
the uncooled flow,

Improvement in the values of cooled displace-
ment thickness could be achieved if an analytic relation
between temperature and velocity, more closely
approximating the experimental relation at all points
on the compression surface, were used., Mathematically,
from Eqn.(A5), it is seen that values of the total
temperature ratio Ts/To greater than those predicted by
the Crocco relation would yield larger values of the
transformed displacement thickness, and thus, in equation
(A4),larger values of the compressible displacement
thickness. The increase of displacement thickness values
would be reflected to a lesser degree in the values of

the momentum thickness, which would also tend to

=2Q=



increase. Since the values of both the momentum thick-
ness and displacement thickness at the start of
compression (x = 6.0 in.) are fixed as initial or starting
conditions in the calculation, the increase of the
integral parameters at succeeding points on the surface
would reduce the negative slopes of the theoretical

curves for the cooled boundary layer, and bring the curves
into closer agreement with experiment, This improvement
is discussed more fully in a later section,

Little improvement in the curves of the
uncooled thicknesses could be expected by means of this
correction, however, since the Crocco temperature-
velocity equation provides good agreement with the
experimental relations throughout the compression.,
Indeed, it is not expected that an adjustment to the
cooled temperature relation would induce sufficient
improvement in the curves of the cooled thicknesses to
provide satisfactory agreement with experiment. Some
additional factor must be considered in the flow over
this particular compression surface, and this factor
should be common to both the uncooled and cooled
conditions. It is suggested that the consideration of
centrifugal forces in the boundary layer may provide the
necessary correction to the curves. An analysis of the

magnitude of terms in the integral momentum equation

2]l




at the start of compression for the uncooled flow case
indicated that a relatively small positive addition to
the right side of Eqn.(7) would change the slope of the
compressible momentum thickness curve from a negative
value to a small positive value. An order of magnitude
analysis indicated that the inclusion of centrifugal
force effects in the momentum equation would provide at
least a partial correction in the desired direction.
However, the difficulty of describing these effects
analytically in the integral momentum equation precluded
their immediate application in the circular arc case,

Of the four experimental surfaces considered in this
study, it is expected that centrifugal force effects
would be of importance only on the circular arc, due to
the relatively smaller ratio of the boundary layer thick-

ness to radius of curvature of that surface.

D. Mach 6 Isentropic Surface

An examination of the velocity profiles
reported by Kepler and O'Brien, Figs. (3) and (4)
indicates a full profile for both the uncooled and
cooled surfaces at the initiation of compression, and
inflected profiles for both wall temperatures in the
final stages of compression,

Using such profiles in conjunction with total

22




temperature profiles obtained by Kepler and O'Brien at
five stations on the compression surface, temperature-
velocity curves were plotted. Examples of these are
given in Figs. (12) and (13). It was observed that the
van Driest tenperature-velocity relation provided good
agreement with the experimental'points over more than
half of the compression surface for the uncooled wall
condition. In the case of the cooled wall, neither the
van Driest nor the Crocco relation lay among the
experimental points, but the Crocco distribution was the
nearer of the two. Consequently in accordance with the
argument set forth in ANALYSIS, the van Driest relation
was used for the calculation of the uncooled boundary
layer, and the Crocco equation for the cooled layer,

The calculation results are shown in Figs., (14)
and (15). These curves indicate a better qualitative
than quantitative agreement with experiment, although
the uncooled wall results are in reasonable proximity
to the experimental points. This is believed to be due
to the closer agreement between the van Driest temperature
distribution and experiment in the uncooled wall case,
than between the Crocco relation and experiment in the
cooled boundary layer. As a check on this assumption,
the van Driest relation, giving even poorer agreement

with experiment than the Crocco equation (Fig.(13)) was
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used in the cooled wall calculation. The values of both
the momentum thickness and displacement thickness were
found to be lower at all points on the compression
surface than those obtained using the Crocco relation,
Although the difference was not great (of the order of
5%) it was significant enough to indicate that a closer
approximation to the true temperature-velocity relation-
ship would yield better values of the integral
parame ters.,

The calculation of the integral parameters
using McLafferty's lag-length procedure was performed
by Kepler and O'Brien, and is shown in Figs., (14) and
(15). It is noted that the results of the lag-length
theory indicate no increase in either the momentum
thickness or displacement thickness in the final stages
of compression, as is shown by the experimental data.
The mass-entrainment method, however, does indicate
such an increase, or at least a levelling-off, of the
integral values in this region. The value of the
equivalent incompressible shape factor, Hy, was between
2,4 and 5.0 at this point, and was increasing rapidly.
Such behavior of the shape factor in incompressible flow
is generally accepted as a criterion of incipient
separation, Although Kepler and O'Brien reported no

occurrence of separation in their experiment (Ref. (6)),
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the existence of inflected profiles and the increase of
integral values suggest that separation was apocoaching.
As was pointed out in Ref, (6), the expansion of the
flow at the end of the compression surface, occurring
when the flow was returned to its original direction,
could well have influenced the behavior of the boundary
layer in this region. The influence would be exhibited
mainly in the subsonic portion of the boundary layer near
the wall, and would have the effect of relaxing the
inflected velocity profile, thus discouraging separation.
The calculation of the boundary layer presented
here is a first order consideration. The addition of
the displacement thickness to the surface profile would
modify the Mach Number distribution, especially near the
end of compression where the displacement thickness
increases rapidly. In this region, the modification
would result in a locally increased adverse pressure
gradient. One would expect that this result, when included
in the calculation, would tend to increase the theoretical

values of .the integral parameters in this area.

E. Modification of Temperature-Velocity Relation
In the preceding discussion, it has been
noted that the existence of an adverse pressure gradient

causes the experimental temperature-velocity relationship
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in the boundary layer to deviate from the flat plate

van Driest quadratic relation., It is also noted that
this deviation is always in a direction such that the
total temperature ratio is greater than the van Driest
value at a given value of the velocity ratio. This
deviation 1s expected, since the quadratic temperature-
velocity equation (Egqn.(9) and App.B(b)) was derived on
the basis of zero pressure gradient. The effect of an
adverse pressure gradient is to retard the fluid near
the surface and so reduce the fluid velocity across most
of the boundary layer (Fig.4), causing only minor changes
in the temperature profile (Ref. 6). The modification
of the velocity profile under the adverse pressure
gradient results in a larger total temperature ratio at
a given velocity ratio than for the zero pressure
gradient, or flat plate case,

For the near-adiabatic (uncooled) surfaces
described in Ref. 6, the linear Crocco equation
(Eqn.(8)) provides reasonably satisfactory agreement
with the experimental temperature-velocity curves in
the presence of adverse pressure gradients (Fig.(%9a) and
(13a)). It is emphasized that such agreement is not due
to the inclusion of pressure gradient effects in the
Crocco equation, for this equation was derived also on

the basis of zero pressure gradient. The agreement is
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due to the approximate linearity of the experimental
data points, and thus is largely fortuitous.

The experimental temperature-velocity relations
in the boundary layers over the cooled compression
surfaces of Ref, 6 are another matter, however. The
linear Crocco relation yields either poor agreement or
no agreement at all. Since the cooled flow over either
of the compression surfaces is under the same external
pressure gradient as the uncooled flow (neglecting the
modification of the inviscid flow field due to the
boundary layer), the temperature-velocity relation for
both rates of heat transfer would be expected to show
the same deviatioh from the quadratic equation, Indeed,
the process of cooling the boundary layer increases the
velocity of the fluid in the layer as compared to the
uncooled flow. On the basis of the argument presented
above, the increase of velocity should reduce the
deviation of the experimental temperature-velocity
relation. Such is not the case, however, and the
explanation for the reported temperature-velocity
relationships is most likely to be found in the method
by which the wall was cooled. As described in Ref., 6,
the boundary layer developed initially over an uncooled
surface upstream of the test surface. At some distance

upstream of the model cooling was applied to the
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area on which the boundary layer was growing, and

was continued to the end of the test surface., Kepler

and O'Brien pointed out that under this system only

the portion of the boundary layer near the wall would

be cooled. The upper regions would have insufficient
time to adjust to the heat transfer at the wall surface,
Consequently, the major portion of the boundary layer
away from the wall would exhibit higher total temperatures
than would be found at corresponding levels in a fully
cooled boundary layer., In fact, the temperature profiles
reported in Ref. 6 indicate total temperatures in the
upper two thirds of the cooled boundary layers equal or
nearly equal to those in the corresponding uncooled
boundary layers. This factor is believed to be
principally responsible for the extreme deviations from
theory of the cooled temperature-velocity relations.

It is suggested that the reported temperature-
velocity curves be approximated by a quadratic relation
of the form of Eqn.(9). Such an approximation should
not be of a higher degree than a quadratic since the
derivation of Appendix B would not then apply.

The coefficient of the second order term (the
coeffic ient "c¢™ in Eqn.(9)) must be negative, in order
that the second derivative of the expression be negative

and thus describe the correct curvature of the
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relationship. The constant term {(term "a" in Eqn.(9))
must necessarily equal the ratio of wall temperature to
free stream total temperature in order to satisfy the
boundary condition at the wall. The remaining coefficient
(coefficient "b"™ in Eqn.(9)) is then defined by the
boundary condition at the outer edge of the boundary
layer, namely, that the temperature ratio be unity when
the velocity ratio is unity. The determination of the

value of the coefficient "c¢" should include consideration

of the effects of pressure gradient and heat transfer.




CONCLUSIONS

The conclusions reached in the preceding

discussion may be summarized as follows:

(L) The concept of mass entrainment by a
turbulent boundary layer appears to provide the basis
of a suitable auxiliary equation for calculation of the
shape parameter H of the boundary layer. Empirical
relations describing such an entrainment in incompressible
flow are applicable to compressible flows as well,
through a suitably defined mathematical transformation,
The good qualitative agreement between experiment and
theory obtained through this concept suggests that the
entrainment relationship should be investigated further,
and established on a better theoretical and mathematical

basis.

(2) Better quantitative theoretical results
may be expected if a temperature-velocity relationship,
providing closer agreement with experiment than the
Crocco or van Driest form, is used. This implies the
inclusion of pressure gradient and heat transfer effects

in such a relationship,




(3) The mass entrainment method indicates
separation of the boundary layer in a region where
inflected velocity profiles and increasing values of
integral parameters were observed in experiment.
Separation was indicated by the behavior of the
incompressible shape factor Hj, in accordance with the
usual criteria for incompressible flow. Further
comparison with experiments must be undertaken before
the capability of this method to predict incipient

separation is established.
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APPENDIX A

Derivation of Transformed Integral Parameters

using Stewartson's Transformation

(a) Momentum Thickness
5

Ly
By definition e 'J/féue (L -u_ ) dy

u
5 e

Substituting equation (4), and recalling that

u/ug = U/U,, we have
A
8 = % U (1 -U ) ay
Pele Ue Ue

0

where A 1is the transformed boundary layer thickness,

With ¥ = l.4, this becomes

T 3
9 - 0
(T;)ei A1l
where A
0, = U U
i =— (1 - dy K52
fve 0’
(o]
] e) Bi-G(Te)3 AB




(b) Displacement Thickness

By definition 5* - (1 - up ) dy

o

or *
6 -fﬁ.(/;_e-&_)dy
0

Again using equation (4), we obtain

A
*
= R Pe - U_
b Pele I(f’ Ue) a
(0]

By assuming constant static pressure normal

to the wall,

Pe=T
F T
and
A
%* T 3
S-(O) (T_"I_J_) dY
T;' Te Ue
(o}
now _ _
2 2
T = 1o Ts - Y (_g)
Te Te | To ZepT, \ug 1
= 1o I Tg - (1- Te U 27
so T




or

where

)] ay

L

oC'.I =]

-

L5

A6




APPENDIX B

Derivation of Relations between Shape Factors

(a) Crocco Temperature Distribution

From Eqn. (8) we have

u U
Ts —a+b T, = a+b U,
T e
o

where, from boundary conditions,

T
a = W b = 1 - Tw = 1 ~-a
T, To
Then, in Egqn. (A 5),
A
* U - U dY
Str = f (a.+ (1-a) Ue Ue )
0
4 U
= ga (1 'Q) dY
or o
* % T %
g1::‘ = af; = TE g.i.
o
where A

* [
51 = (1 -T5 ) df as usual.
]

]
%
ct
e
n
-3
o
*
-

tr _ % = w y
5 T 5% T, 1

B1



Then, from Eqn. (A 6)

(b) van Driest Temperature Distribution

From Eqn. (9) we have

T 2 a5 u_
sma+bug +tc (ug) =a+b Ty +c

0

where the coefficients are defined as

a = Tw ; b= Taw - Tw ; ¢=1 - Egg
To o To To
and thus b = Taw -a 2z 1l -c¢c~-2a
o
Then, in Egqn. (A 5),
4
/ 2
U U U
* = a+ (l-c-a) + ¢ (3= ) =
Str ' A [ ﬁ; U; U:
& U U U
= afl1 -=)-¢ (1 - &) } dY
[ G VR S »
°
% %
S0 tr = 2 gi - c 6y

Then, from Egn. (6)

U
Tg)*




T
Htr-aHi-CITEHi.’. aw - 1

And from Eqn. (A 6)

H = TW
Te

Hy +

T

(o)

Taw-l
—

e

T

o

B3

B 4




APPENDIX C

Development of Momentum and Auxiliary Equations

(a)

or

Momentum Equation

From Eqn. (7)

a8 8, dM c 3
= 7 Mg (2 + Htr? dx- 7 (TE)
(¢)

de e.

i i e C T \3 c
- + (2 + Heo) =dx _f ( -
a " W I gl g T—j) !

by transforming the longitudinal coordinate "x".

Thus
& (.T_E)3
X 2 To,
ax = cf
7 i
where
Ce . ~1.561 Hy (M) =268
=1 = «123 e /%

Then, using Eqn. (3),

T JA02 /T T \3
Bom ()™ ()™ (2
or dX _

) (%)™ &




(b)

Head's Auxiliary Equation

From Eqn. (10)

d (A-p%) = F - (A-ax) WMo
T (A-4%) F (__M;_) =
But H ¥ m A=p¥
A-O
5
So (H 0;) = F - Haax 65 M
ax A=p¥ Pi/ = L e
, M, dx
or
d_ (H 0:) =F & _os, 5 dM
ax ‘Ca-ak Vi) =Ygy - L A-A =
: Me dx
Then
dH X
6 a-o% - p9& OH o -
1 dx dx iMﬁ A dxe HA-A*
or
dH
Aat = F_ aX _ Pacax Mg B 98
“dx 8 dx M, & 05 dx
But
dH, s _ OH, ,, dH;
dx - T oH; dx
and, from Eqn. (11)
H | -
b A-e* = - 14'017 (Hi - 07) 3.715

1




So aH

where dX
dx

is given by Eqn.

(c 1)

C 2
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