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Abstract

The central topic of this thesis is the topological mirror symmetry conjec-
ture proposed by Hausel-Thaddeus, which has been a theorem since 2017,
due to the first proof using the method of p-adic integration provided by
Groechenig-Wyss-Ziegler.

The conjecture states that the stringy E-polynomials of moduli spaces
of stable SLn-Higgs bundles and PGLn-Higgs bundles should be the same.
By a theorem from p-adic Hodge theory, one can reduce the matching
of stringy E-polynomials to an equality of point countings of the moduli
spaces of Higgs bundles. The point countings can then be expressed as
orbital integrals, when restricted to fibres over the anisotropic locus of the
Hitchin system. We then can show that the statement of topological mirror
symmetry when we restrict ourselves in the anisotropic locus of Hitchin
base, is equivalent to the statement of stabilization of regular elliptic terms
of the trace formula. Fortunately, this stabilization has been done in the
celebrated work of Ngô.

Then, by using support theorem of SLn-Hitchin systems, one can extend
the equality obtained in the anisotropic locus of the Hitchin base to the
entire Hitchin base, thereby providing a different proof of the topological
mirror symmetry when the degree of the chosen effective divisor is large
enough and even.

Finally by the techniques developed of Maulik and Shen, one can reduce
the general case to the case mentioned above.
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Abrégé

Le sujet central de cette thèse est la conjecture de symétrie miroir topologique
proposée par Hausel-Thaddeus, qui est devenue un théorème depuis 2017,
grâce à la première preuve utilisant la méthode de l’intégration p-adique
donnée par Groechenig-Wyss-Ziegler.

La conjecture stipule que les E-polynômes "stringy" des espaces de
modules des fibrés de Higgs stables de SLn et de PGLn devraient être iden-
itques. Par un théorème de la théorie de Hodge p-adique, on peut réduire
la correspondance des E-polynômes "stringy" à une égalité du comptage
des points des espaces de modules des fibrés de Higgs. Le comptage des
points peut être exprimé en termes d’intégrales orbitales, lorsqu’il est re-
streint aux fibres sur le lieu anisotrope du système de Hitchin. On peut
alors montrer que l’énoncé de la symétrie miroir topologique, lorsqu’on se
restreint au lieu anisotrope de la base de Hitchin, est équivalent à l’énoncé
de la stabilisation des termes elliptiques réguliers de la formule des traces.
Heureusement, cette stabilisation a été réalisée dans le travail célèbre de
Ngô.

Ensuite, en utilisant le théorème de support des systèmes de Hitchin de
SLn , on peut étendre l’égalité obtenue dans le lieu anisotrope de la base
de Hitchin à l’ensemble de la base de Hitchin, fournissant ainsi une preuve
différente de la symétrie miroir topologique lorsque le degré du diviseur
effectif choisi est suffisamment grand.

Enfin, par les techniques développées par Maulik et Shen, on peut ré-
duire le cas général au cas mentionné ci-dessus.
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Introduction

Hitchin introduced the notions of Hitchin fibrations and Higgs bundles
in [32] and [33], respectively. The moduli space of Higgs bundles, along
with the associated Hitchin fibration – as already observed by Hitchin –
possesses intricate geometric structures. Over the past three decades, these
have emerged as compelling geometric subjects for study, intertwining
with various areas of mathematics due to their rich structural complexity.

Now let us fix some notations to continue the story of the conjecture of
topological mirror symmetry.

Let d, e be two integers which are coprime to n. Let X be a projective,
smooth and geometrically connected curve. We fix an effective divisor D
with deg(D) � 2g � 2, and L 2 Pic(X) a line bundle on X of degree d,
and set ML

SLn
to be the moduli space of stable SLn-Higgs bundles (E, q),

where E is a vector bundle of rank n with an isomorphism of determinant
line bundles det(E) ' L with deg(L) = d, and q is a trace-free Higgs
field. Let Me

PGLn
denote the moduli space of PGLn-Higgs bundles, which

come from stable GLn-Higgs bundles of degree e (mod n) over geometric
points. It is well-known that SLn and PGLn are Langlands dual groups,
and the Hitchin base A of them are the same. It was Hausel-Thaddeus
[31] inspired by the formalism of [51], who observed that over a nice open
dense subset of the Hitchin base A, the SLn-fibres and PGLn-fibres of the
following commutative diagram are dual abelian varieties,

M
L
SLn

M
e
PGLn

A

fSLn fPGLn

where fSLn and fPGLn are Hitchin morphisms. This was generalized to other
groups by Donagi and Pantev in [20], and for the parabolic case, by Biswas
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and Dey [9]. Hausel-Thaddeus then conjectured that ML
SLn

and M
e
PGLn

should be mirror partners in the sense of [51], and should have the same E-
stringy polynomial that was introduced in [6]. These stringy parts, in some
sense, were introduced to reflect the presence of the orbifold singularities.
Hausel-Thaddeus managed to verify their conjecture in the case of rank 2
and 3. As pointed out in [31] and [20], one also needs the input of gerbes, an
extra structure, to formulate the duality properly and extend to the entire
moduli space of stable vector bundles. For the SLn and PGLn cases, there
is a natural lifting gerbe aL on the moduli space M

e
PGLn

, measuring the
failure of lifting the universal projective bundle, as pointed out in section
3 of [31].

So finally, we can state the topological mirror symmetry theorem:

Theorem 0.0.1. [Topological Mirror Symmetry] These two moduli spaces
M

L
SLn

and M
e
PGLn

share the same stringy Hodge numbers

hp,q(ML
SLn

) = hp,q
str (M

e
PGLn

, aL).

Let us mention the existing proofs. The Theorem 0.0.1 was proved by
Groechenig, Wyss and Ziegler in [27] by p-adic integration, Loeser and
Wyss gave a proof by motivic integration in [40], and Maulik and Shen [41]
gave another sheaf theoretic proof.

For the parabolic analogue of topological mirror symmetry, as we men-
tioned before, Biswas and Dey proved that the fibres are dual abelian vari-
eties generically. Then Gothen and Oliveira gave the proof of the case of 2
and 3 in [25]. More recently, Shen gave a proof using p-adic integration in
[49].

This thesis is devoted to providing a different proof by expressing the
number of points on a Hitchin fibre as orbital integrals, and seeking to com-
pare these orbital integrals over SLn and PGLn. The method we use here
needs to stabilize these orbital integrals. Each chapter can be summarized
as follows, thereby also providing an outline of this thesis.

1. In chapter 1, we introduce the notion of Higgs bundles and Hitchin
systems. We define the anisotropic locus, which is pivotal to us in
the sequel, and we introduce the celebrated product formula relat-
ing the number of Higgs bundles with those of local affine Springer
fibres. Lastly, we introduce the adelic description of Higgs bundles:
this is the foundation of the whole story. It turns out there is a nice
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dictionary between adelic terms and notions in the theory of princi-
pal bundles, which allows one to relate the theory of orbital integral
and adelic integrals to the geometry of vector bundles and Higgs
bundles, see [28] for a classical example. After the adelic description,
the counting formula in terms of adelic integral is introduced, which
allows us to relate the point counting formula to the geometric side
of Arthur’s trace formula.

2. In chapter 2, we first follow section 2 of [27] to introduce the concepts
of stringy E-polynomials, stringy counting formula and inertia stacks.
Next, we define gerbes, and the line bundle induced by a µn-banded
gerbe, where µn is the group of n-th roots of unity. A slight variant of
stringy E-polynomials twisted by gerbes and counting formulas are
introduced. Those variants are the main objects of this thesis. In the
last section of chapter we explain why we only need to consider the
case where the line bundle induced by the lifting gerbe is trivial, and
the G-equivariant structure of the line bundle can be arbitrary taken
from a µn-representation Hom(G, µn), where G = Pic0(X)[n].
Also we mention the following theorem 2.19 in [27], which we present
here for the reader’s convenience. The theorem is of central impor-
tance to us, as that is the starting point of the whole story. It is by
this theorem, one can reduce Theorem 0.0.1 to the equality of point
counting.

Theorem 0.0.2 (also see Theorem 2.2.5). Let R ⇢ C be a subalgebra of
finite type over Z. We fix an abstract isomorphism of C and Q`. Let Xi
be smooth Gi-varieties for two abstract finite abelian groups G1 and G2. Let
Xi = [Xi/Gi] be the resulting quotient R-stacks and ai be a µr-gerbe on Xi
for i = 1, 2. We suppose that for every ring homomorphism R ! Fq to a
finite field Fq we have

#a1
str(X1 ⇥R Fq) = #a2

str(X2 ⇥R Fq).

Then
Est(X1 ⇥R C, a1; x, y) = Est(X2 ⇥R C, a1; x, y).

We will not present the proof of the above theorem, we refer readers
to the paper [27] and the appendix written by Katz of the paper [30]
for the details of proof of the above theorem.
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So the rest of this thesis will be mainly devoted to proving the equality
of point counting on the moduli spaces M

L
SLn

and M
e
PGLn

, i.e., the
following theorem, see Theorem 5.2.7 for more details.

Theorem 0.0.3. Let the notations be as before, then

#ML
SLn

= #aL
strM

e
PGLn

.

3. To prove the Theorem 0.0.3, we first noticed that in [26], there are
equivalence theorems of coendoscopic decompositions and inertia
stacks, more precisely, Theorem 5.14 and Theorem 5.23 in [26], or
3.2.14 in this thesis.

The result of Groechenig-Wyss-Ziegler states that over the anisotropic
locus Aani of G-Higgs bundles, where G can be a general semisimple
group, the coendoscopic decomposition is equivalent to the inertia
stack of the moduli stack of Higgs bundles over the anisotropic locus.
This enables us to write the contributions from the stringy parts as
contributions from coendoscopic data. This builds a bridge between
our problem and the fundamental lemma. These contributions from
coendoscopic data are stable orbital integrals over the anisotropic lo-
cus, by the (non-standard) fundamental lemma [[46], theorem 1.12.7],
those stable orbital integrals are the same for groups with dual root
datum. In short, the idea is the slogan: to compare orbital integrals,
one first has to write it as a sum of stable orbital integrals. The case of
SLn and PGLn is more pleasant, since orbital integrals on PGLn are
naturally stable. Here by stable orbital integral we mean these orbital
integrals which are invariant under the stable conjugation, which is
conjugation by elements from the algebraic closure of the base field.

This process is carried out in chapter 3.

4. We review the theory of weak abelian fibrations and support the-
orems in the first 2 sections of chapter 4. Next, we do a review of
Cataldo’s proof of the support theorem in SLn-case. One of the key
part of proving the support theorem is to do dimension estimating.
Cataldo used the same stratification as Chaudouard-Laumon in [15].
Roughly, the idea is to argue that the dimension constraints for a
point to be a generic point of certain supports force the irreducibility
of the characteristic polynomials of Higgs fields.
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Also we will review the basics of Grothendieck’s function-sheaf dic-
tionary and perverse continuation method in section 4.3, after an in-
troduction to the support theorem.

In the last part of this chapter, we will review of Maulik-Shen’s method
and apply their constructions to our case to show that it is enough to
consider the case where deg(D) is a large enough even integer.

5. In the last chapter, we will end the proof by showing that the main
theorem is true in the case where deg(D) is a large enough even in-
teger. We first argue that the group G is in a bijection with the set of
equivalent classes of elliptic endoscopic data. Hence we can relate
the decomposition of the complex R fSLn,⇤Q` according to the action
of G with the endoscopic decomposition given in the celebrated ge-
ometric stabilization theorem of Ngô. Then by restricting ourselves
in the anisotropic locus, we can then get the desired comparison of
point counts in the anisotropic locus, moreover, by using the non-
standard fundamental lemma and taking the coendoscopic groups
into account, we can reduce the point counting of the Hitchin fibres
from the endoscopic groups to a counting on the SLm-Hitchin fibres
where m is a divisor of n. Then we can apply the support theorem
of groups SLn and SLm to extend the endoscopic decomposition to
the entire Hitchin base from the anisotropic locus. On the other side,
the reduction of point counting on endoscopic groups of SLn to SLm
allows us to assert that the matching of point counting on endoscopic
groups and coendoscopic groups can also be extended to the entire
Hitchin base. Overall, one then can get the desired equality of point
countings, see Theorem 5.2.6.
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Chapter 1

Higgs bundles and Hitchin

systems

In this chapter, we review necessary backgrounds on Higgs bundles and
Hitchin fibrations. The reader is referred to [33], [32] and [50] for original
sources. The paper of Ngô [45] and the chapter 4 of [46] are also standard
sources for the relation between Hitchin systems and orbital integrals.

Throughout this thesis, we will fix the following notations:

• k = Fq will be a finite field with characteristic p > 0 where p is large
enough. More precisely, we will assume that p is larger than the order
of the Weyl groups of the reductive groups we will consider in this
thesis. We then will choose a fixed algebraic closure of k, and denote
it by k.

• X will be a smooth projective and geometrically connected curve over
k of genus g � 2, and |X| will denote the set of closed points of X.

• F will denote the function field of X. We let F be a fixed algebraic
closure of F, and h := Spec(F) will denote the generic point of X.

• For all v 2 |X|, we let Fv be the completion of F with respect to the
v-adic topology, thus Fv will be a non-archimedean local field.

• An effective divisor D = Âv2|X| dv[v] will be fixed and the degree
deg(D) will be set to be an even integer which is strictly larger than
2g.
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• We will use G, T, B to denote a split reductive group, a maximal torus
and a Borel subgroup over the field k and , and to denote the
corresponding Lie algebras, respectively.

• Normally written letters such as G, T and B will be reserved for group
schemes over a test scheme S and the curve X and g, t and b will be
used to denote the Lie algebras of G, T and B, respectively.

1.1 Quasi-split reductive group schemes

We first give a rapid review on the notions of quasi-split reductive group
schemes.

Let S be a k-scheme and G be a reductive group scheme over S, we first
recall the following definitions.

Definition 1.1.1. A connected reductive group G over S, is called split if it
contains a maximal torus that is split over S.

Definition 1.1.2. A pinning of G over S is a triple

(B, T, s)

where T is a maximal torus over S and B � T is a Borel subgroup over S, s
is a section of Lie(B) over S such that there is an étale covering S0 of S with
the following holds: over S0, the groups T, B and G become constant group
schemes and s admits a decompositions into simple roots, s = Âa2F+ sa

for nowhere vanishing sections sa over S0, where a’s are simple roots of
G with respect to Borel subgroup B, and 0 6= sa are sections of Lie(U)a,
where Lie(U)a are the corresponding eigenspace of the root a. Here U is
the unipotent radical of B

A pinning (T, B, s) is called split if the torus T is split.

Definition 1.1.3. A reductive group scheme G over a scheme S is called
quasi-split if it admits a pinning over S.

Now let G be a split reductive group scheme over k with a fixed pinning,
and G be a group scheme over the curve X which is étale locally isomorphic
to X⇥G.

According to section 7.3 of [24], we have the following fact
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Fact 1.1.4. The exact sequence

1! G
ad
! Aut(G)! Out(G)! 1

is split, where G
ad is the group of inner automorphisms of G, and Out(G) is the

group of automorphisms which fix the chosen pinning of G. The choice of a pinning
gives a splitting of the short exact sequence above.

Let x 2 X be a geometrical point. The group scheme G over X is given
by an Aut(G)-torsor tG, over X, whose isomorphism class is an element

[tG] 2 H1(p1(X, x), Aut(G)(k))

which gives us an element [tout
G ] 2 H1(p1(X, x), Out(G)) by the morphism

rG : p1(X, x)! Aut(G)! Out(G).

Hence we naturally have a covering XQ of X, given by the surjective
homomorphism

rG : p1(X, x)! Q ⇢ Out(G),

where we use Q to denote the image of rG.
Let us recall a lemma which is recorded in [26].

Lemma 1.1.5 (Lemma 4.8, [26]). Let X be a smooth projective curve over k, and
rG be an Out(G)-torsor on X. There exists a finite étale covering X0 of X over
which the torsor rG becomes trivial.

Then by the lemma, we can have an finite étale covering (XQ, xQ) over
(X, x) such that the torsor rG splits.

On the other hand, notice that the splitting obtained by choosing a
pinning, Out(G)! Aut(G) gives a Aut(G)-torsor over X,

text
G : p1(X, x)

rG
�! Out(G)! Aut(G). (1.1)

This gives us a quasi-split form G⇤ over X, with G being its inner form;
clearly G is quasi-split over X iff tG and text

G are isomorphic as Aut(G)-
torsors over X.

Finally, we can now can introduce the following definition of Langlands
dual groups taken from Definition 4.9 of [26]:
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Definition 1.1.6. Let bG/k be the reductive group given by the root da-
tum dual to the root datum of G/k. There is then a natural isomorphism
Out(bG) = Out(G).

For the curve X over k, and an outer form G of G over X given by a
torsor rG : p1(X, x) ! Out(G) over X, we call the quasi-split outer form
bG of bG over X given by rG : p1(X, x)! Out(G)! Out(bG) the Langlands

dual of G over X.

1.2 Higgs bundles and Hitchin Systems

Now let G be a quasi-split group scheme over the curve X.
By a Higgs bundle on X, we mean a pair (E, j) over X, where E is a

G-torsor over X and j 2 H0(X, ad(E)⌦OX(D)), where D is a divisor of
even degree such that deg(D) > 2g and D� K is an effective divisor.

We use MG to denote the moduli stack classifying Higgs bundles over
X, more precisely, MG is the functor sending each test scheme S over k, to
the groupoid M(S) consisting of Higgs bundles (E, j) over X⇥ S, and we
will reserve the notation MG for corresponding coarse moduli spaces, or
just simply M if there is no possible confusion.

Now consider (E, j) 2MG(S) where E is a G-torsor over X⇥ S and j
is global section in H0(X ⇥ S, ad(E)⌦ p⇤XOX(D)), where pX : X ⇥ S ! X
is the projection morphism. Following section 4.2.2 of [46], one has that the
datum (E, j) 2M(S) is equivalent to the morphism

hE,j : X⇥ S! [gD/G],

where gD := g⇥Gm
X OX(D), and G acts on gD by adjoint action.

Remark 1.2.1. By the definition of quotient stack, such a morphism is given
by a G-torsor E over X ⇥ S and a G-equivariant map j0 : E ! gD, which
descends to j : X⇥ S! E⇥G gD.

We now give a construction of Hitchin base.
If we use k[ ] to denote the algebra of polynomial functions on and

k[ ]G for the subalgebra of G-invariant functions, then we have the follow-
ing Chevalley isomorphism

k[ ]G
'
�! k[ ]W,

9



where k[ ]W is the algebra of W-invariant functions on . Here W is the
Weyl group of (G, T), see section 3.1 of [17] for more details.

Therefore, one has the following Chevalley morphism or characteristic
morphism

c : ! := Spec(k[ ]W) = Spec(k[ ]G)

which is induced from the natural morphism

k[ ]G ! k[ ].

Note that the action of Gm on commutes with the action of the adjoint
action of G; here Gm means the multiplicative group. Hence we have the
following morphism on the level of algebraic stacks,

[c] : [ /G]! ,
[c/Gm] : [ /G⇥Gm]! [ /Gm].

Remark 1.2.2. For G = GL(n) over k, the characteristic morphism is nothing
but the association of a matrix in gl(n) to its characteristic polynomial,
which is clearly monic.

Moreover, there is a section called Kostant section of the characteristic
morphism

Proposition 1.2.3. There is a section of c : ! , which we denote by e : ! ,
with image im(e) ⇢ reg, where reg

✓ is the dense subset consisting of regular
elements.

Remark 1.2.4. In the case of G = GL(n) over k, the section e is nothing but
the morphism which sends every characteristic polynomial to its companion
matrix.

Now let us move everything we mentioned above over X, and recall
that G is a quasi-split group scheme over X.

By taking the Aut(G)-torsor tG given by the group scheme G, it is nat-
ural to have

g := Lie(G) = ⇥
Aut(G) tG.

We set
gD := g⇥Gm

X OX(D), tD := t⇥Gm
X OX(D).

10



We can also twist by the torsor tG, and set

c := ⇥
Aut(G) tG

and
cD := c⇥Gm

X OX(D).

Definition 1.2.5. Let AG be the functor sending a test k-scheme S to the
groupoid of morphisms a : X⇥ S! cD.

Remark 1.2.6. Because of the existence of Kostant section, see proposition
1.2.8, it is equivalent to regard AG as the affine space of global sections of
cD over X.

Definition 1.2.7. Let S be a test scheme over k, then the so called Hitchin

morphism f : MG ! AG sends an Higgs bundle (E, j) over X⇥ S to AG
defined by the following commutative diagram:

X⇥ S cD

[gD/G].
[c]

We now end this section with the following proposition from [45],
Proposition 2.5.

Proposition 1.2.8. We suppose that G is quasi-split over X, which is saying
that tG given by the data of G is isomorphic to the torsor text

G given in 1.1 as
Aut(G)-torsors over X. Suppose that there is a square root LD of OX(D),i.e.,
L2

D = OX(D). Then, there is a section of f : MG ! AG.

Remark 1.2.9. This proposition gives the existence of Kostant section, which
is pivotal in the following analysis of symmetries of Hitchin fibres and
of importance in the process of stabilization of the counting formula of a
Hitchin fibre. It also explains why Ngô need keep the degree of the fixed
divisor D to be even in his proof [46].
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1.3 Symmetries and product formula

1.3.1 Symmetries on Hitchin fibres

Let Ma,G := f�1(a), sending a scheme S to the groupoid of pairs (E, j) 2
M(S) with a 2 A(S), be the Hitchin fibre over the point a.

Consider the group scheme of centralizers I over defined by

IG := {(x, g) 2 g⇥G | ad(g)x = x}.

By twisting by the torsor tG and the line bundle OX(D) we obtain a
group scheme [I] over [gD/G].

Take (E, j) 2Ma,G, one has a group scheme IE,j representing the func-
tor sending S to the automorphism group sheaf Aut(E, j) over X⇥ S.

It is easy to see that
IE,j = h⇤E,j[I],

where hE,j : X⇥ S! [gD/G] is given by the datum of (E, j).
Recall that for (E, j) 2 Ma,G(S) we have the following commutative

diagram:

X⇥ S cD

[gD/G].

ha

hE,j
[c]

There is a Kostant section e : cD ! gD, and therefore we can define
J := e⇤ I and Ja := h⇤a J.

Take an a 2 A(S), we shall consider the Picard groupoid Pa(S) of Ja-
torsors over X ⇥ S. This is a smooth group scheme over X ⇥ S since J is
a group scheme over cD. Now by lemma 2.1.1 in [46], we have a natural
G-equivariant morphism

Ja ! AutX⇥S(E, j) = h⇤E,j I.

This defines a action of Pa(S) on Ma(S).
By the homotopy lemma 3.2.3 in [38], the induced action of Pa on the

perverse cohomologies of Ma factors through the group of connected com-
ponents of Pa. For reader’s convenience, we record the lemma in the fol-
lowing,
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Lemma 1.3.1 (Lemme 3.2.3, [38]). Let f : X ! S be a morphism of k-schemes.
Let p : G ! S be a smooth S-group scheme with geometric connected fibres
acting on X. Then the group of global sections G(S) acts trivially on each perverse
cohomology sheaf p

H
n( f⇤Q`).

Hence for the purpose of studying the action of Pa on the cohomology
sheaves of the fibre Ma, one needs to consider p0(Pa). One of the most
important and agreeable cases is where p0(Pa) is finite. As we will see in
the following, the condition of p0(Pa) being finite defines an important
locus of the Hitchin base A(k).

Example 1.3.2. In the linear group GLn case, just as Hitchin showed in the
paper [32], the Hitchin base A is given by

A =
rM

i=1
H0(X, OX(D)i).

The points a = (a1, ..., ar) defines a polynomial equation

tr
� a1tr�1 + . . . + ar = 0

in the total space of the line bundle OX(D), hence cut out a so called spec-
tral curve Ya over X. There is a open dense subset A⇧ such that the spectral
curves Ya are smooth, and over this locus, Hitchin showed the fibres over
this locus is given by Pic(Ya), i.e., the Picard group of the smooth curve Ya.
In the BNR paper [7], this result is generalised to locus of integral spectral
curves.

Following Donagi [19] section 2, we now can define the cameral covers

Definition 1.3.3. Take (x, a) 2 AG ⇥ cD, then one can consider the follow-
ing cartesian diagram:

eX tD

X⇥A cD.

p

Here the right vertical arrow tD ! cD is given by the quotient by the
Weyl group W.

In particular, one can take the fibre over a 2 AG(S), where S is a k-
scheme, and obtain the so called cameral cover pa : eXa ! X⇥k S.

13



Now we can introduce various open loci in A(k). We will keep the
notations as same as in [46].

• A
~(k) will be the subset of A(k) such that the cameral cover pa :

eXa ! X is generically étale.

If we view a 2 A(k) as a morphism ha : X ! cD(k), then

A
~(k) = {a 2 A(k) | ha(X) 6⇢ DG,D}

where DG,D is the divisor obtained by twisting the divisor given by
the discriminant function ’a2F da of the cover p : ! with the
torsor rG and D.

• A
⇧(k) is the subset of A~(k) such that the cameral curve eXa is smooth

and in fact, A⇧(k) is the subset of A(k) where the action of Pa on the
fibre Ma,G(k) is simply transitive and by corollary 4.10.4 in [46], for
all a 2 A

⇧(k), one has p0(Pa) = ZbGQ.

Proposition 1.3.4 (proposition 4.7.1, [46]). If deg(D) > 2g, then the
open subset A⇧ is nonempty.

• A
ani(k) will be defined to be the subset of A~(k) such that the group

of connected components p0(Pa) is finite.

Remark 1.3.5. By [46] 4.10.5 and 5.4.7, one knows that Aani(k) is the set of
k-points of Aani inside A

~.
By proposition 4.10.3 in [46] or corollary 6.7 in [45], the condition of

p0(Pa) being finite is equivalent to |bTWa | < •, where Wa ⇢WoOut(G) =
WoOut(G) is the image of p1(Ua, x)!WoOut(G). Here Ua is the open
locus where pa : eXa ! X is étale, and bT is the Q̄`-dual of the torus T.
Remark 1.3.6. The morphism p1(Ua, x)!W oOut(G) is coming from the
map

p1(Ua, x)!W o p1(Ua, x)

and
rG : p1(X, x)! Out(G)

where the morphism

p1(Ua, x)!W o p1(Ua, x)

14



is coming from the cameral curve eUa ⇢ eXa, the inverse image of Ua. We
know that eUa is a W-torsor over Ua.

Overall, one can have the following commutative diagram:

p1(Ua, x) W o Out(G)

rG : p1(X, x) Out(G).

Remark 1.3.7. In fact, the finiteness of bTWa is equivalent to the finiteness
of T

Wa , hence equivalent to the finiteness of p0(Pa). Therefore by the def-
inition of AG and A bG, and the above remark, we immediately conclude
that

A
ani
G = A

ani
bG .

1.3.2 Automorphisms

Let a 2 A
~(k). As we mentioned at the beginning of this section, take

(E, j) 2Ma,G, the sheaf of automorphisms Aut(E, j) is represented by a
group scheme IE,j := h⇤E,j I, here hE,j : X ! [gD/G](k).

The restriction of IE,j to Ua is a torus, recall that Ua ⇢ X is the locus
such that the cameral curve eXa ! X is étale. But the group scheme IE,j over
X is not flat nor smooth in general, but [10] shows that there is a unique
group scheme Ilis

E,j smooth over X, such that for any X-scheme S smooth
over X,

HomX(S, IE,j) = HomX(S, Ilis
E,j).

Moreover, Ilis
E,j is isomorphic to IE,j if restricted to the open locus Ua.

Now notice that by the universal property of Ilis
E,j, we obtain a homo-

morphism
Ja ! Ilis

E,j

which restricts to an isomorphism over Ua. Then by the universal property
of the Néron model J[a of Ja, one has

Ilis
E,j ! J[a

15



which again restricts to an isomorphism above Ua.
Fix a point • 2 A(k), we consider the open subset A• of A⌦k k which

consisting of the points a 2 A
k such that a(•) 2 crs

D(k), where crs
D is image

of the covering trs
! crs, where trs is the subset of regular semisimple

elements of t. For ea = (a, •) 2 A(k), we denote Wea to be the image of
p1(Ua, •)!W o Out(G).

Then one can have the following characterization of the automorphism
groups:

Proposition 1.3.8 (section 4.11, [46] ). For all (E, j) 2 Ma,G(k) with a 2
A
~(k), then

H0(X, Ja) ⇢ Aut(E, j) ⇢ H0(X, J[a) = T
Wa ,

where Aut(E, j) is the set of global sections of the sheaf of automorphisms Aut(E, j).

Corollary 1.3.9. For all (E, j) 2 Ma,G(k) with a 2 A
~(k), then Aut(E, j)

can be identified with a subgroup of T
Wea .

Corollary 1.3.10. For (E, j) 2Ma,G(k) with a 2 A
ani(k), the automorphism

group Aut(E, j) is finite.

1.3.3 Product formula

We will talk about the product formula of Hitchin fibres due to Ngô, the
reference for this formula is theorem 4.6 of [45].

In this subsection, we will restrict ourselves in the locus A
~(k). As

before, Ua ⇢ X will be the open locus where the cameral cover pa : eXa ! X
is étale.

Moreover, for places v 2 X �Ua, we will use Xv the formal disk at v,
and X•

v the corresponding pointed formal disk.
As in the global case, we can consider the category Ma,G,v of pairs

(Ev, jv) where Ev is a G-torsor above Xv and jv 2 H0(Xv, ad(Ev)⌦OX(D))
which is mapped into a under the Hitchin morphism.

It is easy to see all the above constructions can be moved into the local
case, one still has the notion of Ja,v and Pa,v acting on Ma,G,v.

Moreover, one can consider a slight variant of the above restriction. Let
(E⇤, j⇤) 2Ma,G(k) given by the Kostant section, where the G-torsor E⇤ is
trivial.
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Then we can consider the triples (Ev, jv, iv) with (Ev, jv) defined above
Xv as before. The map iv : (Ev, jv)! (E⇤v , j⇤v) is an isomorphism over the
pointed disk X•

v. We use M
•

a,G,v to denote the category of the triples.
Consider the group P

•
a,v of Ja,v torsors over Xv with a trivialization over

X•

v, then we still have the action of Pa,v on M
•

a,G,v.
We now are finally ready to state the product formula

Theorem 1.3.11 (theorem 4.6, [45]). Suppose that the category Ma(k) is not
empty, then we have the following equivalence of categories

[Ma,G(k)/Pa(k)] = ’
v2X�Ua

[Ma,G,v/Pa,v] = ’
v2X�Ua

[M•

a,G,v/P•
a,v].

Sketch of the proof. One consider the following diagram first

’v2X�Ua
[M•

a,G,v/P•
a,v] [Ma,G(k)/Pa(k)]

’v2X�Ua
[Ma,G,v/Pa,v]

a

b g
.

The arrow b is clearly the forgetful morphism which forgets the trivializa-
tion at generic points of each Xv.

The map g is obtained by restriction.
The map a is obtained by glueing torsors on each Xv with the torsor

(E, j) given by the trivial G-torsor on X�Ua and the Kostant section j on
X�Ua. It is clear that b = g � a.

We will mainly consider fully faithfulness the arrow a in the below, for
other parts we refer readers to the original proof.

Let m = (mv) and n = (nv) be two points on M
•
a,v with v 2 X �Ua,

and suppose that
a(m) = a(n) 2 [Ma/Pa].

This isomorphism defines an object pa 2 Pa which sends a(m) to a(n)
as objects on Ma. Note that the restriction of a(m) and a(n) to X � Ua
are already isomorphic to the chosen fixed (E⇤, j⇤). Therefore the object
pa admits a trivialisation on X �Ua and defines an object in ’v Pa,v. This
proves that a is fully faithful.
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1.4 Adelic description of Higgs bundles

The references for this section are [45], [46], [12], [28] and appendix E of
[37]. In [12], there is even a dictionary between adelic terms and bundle
terms.

We will mainly deal with the case of groups SLn and PGLn in this the-
sis, for which we can use the definition of degrees and stability of vector
bundles. As for the definition of the stability on general principal G-Higgs
bundles, we refer readers to [21], [12], [14], [12], [53] and [39].

We begin with the following lemma,

Lemma 1.4.1 (Lemme 1.1, [45]). Let G be a quasi-split reductive group scheme
over the curve X, and let h be the generic point of X. Let E be a G-torsor over
X. The element clh(E) 2 H1(F, G) defined by the isomorphism class of G-torsor
Eh will have trivial image in H1(Fv, G) for all v 2 |X|. Conversely, let c be an
element of the set

Ker1(F, G) = Ker
✓

H1(F, G)! ’
v2|X|

H1(Fv, G)

◆
.

Then there is a G-torsor E over X, whose isomorphism class of the generic fibre
clh(E) is given by the element c.

Remark 1.4.2. According to a theorem by Kneser, Harder, and Chernousov,
Ker1(F, G) = 0 for G simply connected or semisimple adjoint. See [48],
Theorem 6.4 and 6.22. If Ker1(F, G) = 0, G is said to satisfy the Hasse

principle.
In particular, one has Ker1(F, SLn) = 0.

Take c 2 Ker1(F, G), one can choose a G-torsor model Ec over X with
trivializations at all Spec(Ov) for all v 2 |X|. Let Gc be the automorphism
group of Ec and gc be the associated Lie algebra of Gc. Then we consider the
category Mc,G(k) of Higgs bundles (E, j)with an extra fixed trivialization
at h 2 X, i : Eh

⇠
�! Ech.

Proposition 1.4.3 ([45]). One has an equivalence of categories between the cate-
gory Mc,G(k) and the category of the tuples (g, (gv)v2|X|), such that

1. g 2 gc(F), where F is the function field of curve X;
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2. gv 2 Gc(Fv)/Gc(Ov) such that for almost all v 2 |X|, gv is trivial.

3. moreover, ad(g�1
v )(g) 2 v�dv

v g(Ov), where D = Âv dv[v] and v is the
uniformiser at the place v.

Remark 1.4.4. The idea is that gv will serves as the gluing function to glue
the generic trivialisation at the generic point with the torsor defined on the
formal disk at place v.

We need to require the pole condition which Higgs fields should satisfy,
therefore we need the condition

g 2 v�dv
v ad(gv)g(Ov).

Let us mention that there is also an adelic description of the degree

deg : A
⇥

F ! Z,
a = (av)v2|X| 7! �Â

v
deg(v)val(av),

where we use AF to denote the adele of the function field F of the curve X.
Then our desired degree notion for our bundles can be described as

deg(g, (gv)v2|X|) := deg(det(gv)v2|X|)

Note that from the spirit of the above proposition 1.4.3, we know that
a principal G-bundle E with a fixed trivialisation at h 2 X is equivalent to
the datum g 2 G(A)/G(O), and we have

deg(E) = deg(det(g)).

Moreover, we have that

Aut(E) = {d 2 G(F) | g�1dg 2 G(O)}.

So one knows that the stack Bun(G) of G-principal bundles with fixed
trivialisation is equivalent to the set of double cosets G(F)\G(A)/G(O).

Remark 1.4.5. As we will see in the following chapters, for SLn-Higgs bun-
dles we would like to consider the twisted version, i.e., we would like to
consider SLn-Higgs bundles of degree d, and we shall require that g.c.d(d, n) =
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1. The adelic description above can only give us the moduli stack of SLn-
Higgs bundles of degree 0. But one can remedy this situation, following
[28], by replacing the maximal compact subgroup G(O) with K, which we
will define in the following.

Let E0 be a vector bundle of rank n over our fixed curve X. We assume
that L = det(E0) is of degree d. Then by considering the space V of all
meromorphic sections of E0 over X, we see that dim V = n.

If E0,x denotes the completion of limU3x G(U, E0), we see that E0,x is
an Ox lattice in V ⌦F Fx, we define locally Kx := SL(E0,x) ⇢ SL(V ⌦ Kx).
hence we have a maximal compact subgroup K of SLV(A). We will see
that the proposition 1.4.3 will not be affected if we replace the group G(O)
by K, hence so is the dictionary between adelic terms and vector bundles
we mentioned above. As we will see that the groups G(O) and K will be
implicit in the counting formula as well as orbital integrals, we will not
stress the difference again, if there is no possible of confusion. However, it
does not mean that the counting of Higgs bundles of degree d will be the
same as the counting of Higgs bundles of degree 0. Indeed, in the process of
writing out the counting integral, we will normalize the measure on G(A)
to make vol(K) = 1 or vol(G(O)) = 1, and the constants of normalization
will be different.

To study the moduli of stable (semistable) G-principal Higgs bundles,
we still need to have a description of stability and subbundles in terms
adelic language, and that is what we will do in the remainder of this section,
by following [12], [14] and [39]. And we refer readers to section IV.1 of [54]
for an explicit computation in the case of GLn of all the following notations
and morphisms.

For simplicity, we will restrict ourselves to the case where G is SLn, PGLn
or GLn splitting over the curve X, from now on in this section. The princi-
pal G-Higgs bundles we will consider in the following can be viewed as
Higgs bundles with possible extra structures on the underlying vector bun-
dles and Higgs fields. For instance, SLn-Higgs bundles are Higgs bundles
whose determinant line bundle is fixed and whose Higgs fields have trace
0.

Most of these constructions will remain valid in the case of more gen-
eral groups by considering the corresponding moduli of principal Higgs
bundles.

We now fix a minimal parabolic subgroup B = P0 of G which should
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be a Borel subgroup of G if G is quasi-split, and a Levi subgroup M0. We
denote by P the set of standard parabolic subgroups of G, which by defi-
nition contain P0. For P 2 P , we use NP and MP to denote the unipotent
radical of P and the unique levi component of P containing M0.

We denote by AP the maximal split torus in the centre ZP of MP, i.e.,

AP := Homk(Gm,k, ZP)⌦Gm,k,

Here we use Gm,k to denote the multiplicative group with values in k.
For each P 2 P , Let X⇤(AP) := Homk(Gm,k, ZP), and we set

aP = R⌦ X⇤(AP).

One has a surjective morphism

HP : P(A)! aP

such that for all c 2 X⇤(P) and p 2 P(A),

hc, HP(p)i = deg(c(p)).

If P ⇢ Q are two standard parabolic subgroups of G, then we have a
canonical retraction from AQ ,! AP

aP ⇣ aQ.

as well as the canonical splitting, since they are both vector spaces,

aP = aQ � aQ
P ,

where aQ
P is the kernel of the canonical retraction. Taking the dual, we get

a splitting
a⇤P = aQ⇤

P � a⇤Q.

Let FP be the set of nontrivial characters of AP which occur in the Lie
algebra g of G, and let F+

P ⇢ FP be the set of the nontrivial characters of
AP which occur in the Lie algebra nP of the unipotent radical NP ⇢ P. It
is well-known that F0 = FP0 is a root system, and we set DP ⇢ F+

P to be
the set of nontrivial restriction to AP of the simple roots in D0, where D0 is
defined to the set of simple roots in F0. Then DP is a basis of the real vector
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space aG⇤
P . For each a 2 DP, there is a corresponding coroot a_ 2 aG

P such
that (a_)a2DP is a basis of the real vector space aG

P .
If P ⇢ Q are two standard parabolic subgroups of G , let FQ

P := FP\MQ
be the set of a in FP which occur in the Lie algebra mQ of MQ.

On the one hand, DQ
P , which is defined to be DP\MQ , is contained in

aQ⇤
P ⇢ aG⇤

P and is a basis of the real vector space aQ⇤
P . On the other hand,

the projection of (a_)
a2DQ

P
onto aQ

P is a basis of the real vector space aQ
P , by

taking the dual, we obtain the basis (vQ
a )a2DQ

P
of aQ⇤

P .
We now follow Arthur [4] to define the following characteristic func-

tions tQ
P of the following so called acute Weyl chamber,

aQ+
P := {H 2 aQ

P | ha, Hi > 0, 8a 2 DQ
P }

and the characteristic function btQ
P of the following so called obtuse Weyl

chamber
+aQ

P := {H 2 aQ
P | hvQ

a , Hi > 0, 8a 2 DQ
P }.

Remark 1.4.6. We will simply write tQ
P , btQ

P as tP and btP, respectively, if Q =
G.

We now recall the Langlands lemma, following lemme 2.4.2 in [12]

Lemma 1.4.7. For all vector bundle E 6= 0 over the curve X, one has

Â
F•

(�1)length(F•)�1 =

(
1 if E is semistable
0 otherwise,

where F• runs through the set of the so called destabilizing flag of subbundles of E

0 = F0 ( F1 ( . . . ( Fr = E

where by destabilizing, we mean µ(Fi) > µ(E) for 1  i  r� 1, and we define
length(F•) = r.

Now, we know that a principal G-bundle E with a fixed trivialization at
the generic point h 2 X, can be represented by g 2 G(A)/G(O), where A

is the adele ring of the function field F of X. Then a flag F• of subbundles
of E is equivalent to a pair (P, d), where P is a standard parabolic subgroup
of G, and d 2 P(F)\G(F). By the spirit of the section 2.6 of [14], we have
the following geometric interpretation of btP,

22



Lemma 1.4.8. btP(HP(dg)) = 1 if and only if the flag of subbundles F• given by
the pair (P, d) of the vector bundle E is destabilizing, where we assume that E can
be represented by g 2 G(A)/G(O).

Hence E is semistable if and only if

FG(g) := Â
P
(�1)dim(aG

P ) Â
d2P(F)\G(F)

btP(HP(dg)) = 1.

Hence one has the above characteristic function supported on the locus of
semistable bundles inside the stack of G-bundles.

Remark 1.4.9. Moreover, if we denote Bune,ss
n to be the stack of semistable

vector bundles of degree e, n, (so that here we are taking our G to be GLn),
we fix a Haar measure on G(A) such that G(O) has measure 1( vol(K) = 1
for other degrees in the case of G = SLn), and we consider the mass of the
stack is given by

|Bune,ss
n | := Â 1

|Aut(E)|
where E runs through isomorphisms of semistable bundles. We see that, E
can be represented by the double coset G(F)\G(A)e/G(O), here by G(A)e.
Here by g 2 G(Ae), we mean the elements g 2 G(A) with deg(det(g)) = e

Aut(E) = {d 2 G(F) | g�1dg 2 G(O)}.

Hence
|Aut(E)| = |G(F) \ g�1G(O)g|.

Hence

|Bune,ss
n | := Â

E semistable

1
|Aut(E)|

= Â
g2G(F)\G(A)e/G(O)

g represents a semistable vector bundle

|g�1G(F)g \ G(O)\G(O)|

=
Z

G(F)\G(A)e Â
P
(�1)dim(aG

P ) Â
d2P(F)\G(F)

btP(HP(dg))dg

by our choice of the Haar measure dg on G(A).
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Now we need to do some minor modifications of the above construc-
tions to count the moduli of Higgs bundles.

Following section 3.5 of [12], one can have that

|M
d
G(k)| := Â

(E,j)

1
|Aut(E, j)|

= Â
E

|Hom(E, E(D))|
|Aut(E)|

.

Note that Aut(E, j) is the stabilizer of j inside Aut(E), this makes senses
of the second equality above.

Recall here we use M
d
G to denote the moduli stack of G-Higgs bundles

of fixed degree d. Recall that the divisor D is what we used to define the
Hitchin system, and E(D) is an abbreviation for E⌦OX(D).

We now recall Lemme 3.10.1 of [12],

Lemma 1.4.10. For all vector bundle E, one has

|Homss(E, E(D))| = Â
F•

(�1)length(F•)�1
|Hom(F•, F•(D))|,

where the sum is taking over the set of destabilizing flags F• of E.

Hence overall, we can have a practical counting formula of stable (we
are assuming that g.c.d(d, n) = 1) Higgs bundles

|M
d,s
G (k)| = Â

E
Â
F•

(�1)length(F•)�1 |Hom(F•, F•(D))|
|Aut(E)|

,

where |Hom(F•, F•(D))| will be given by

KP,D(dg) = Â
g2p(F)

1D((dg)�1g(dg)).

Here the flat F• is given by (P, d) and 1D is the characteristic function
supported on the set v�dv

v ad(gv)g(Ov).
Overall, combining what we have obtained in the case of vector bundles,

we have the following counting formula for Higgs bundles

|M
d,s
G (k)| =

Z

G(F)\G(A)d Â
P
(�1)dim(aG

P ) Â
d2P(F)\G(F)

btP(HP(dg))KP,D(dg)dg.

(1.2)
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Remark 1.4.11. In fact, one cannot obtain the above counting formula naively
as what we did above. Unlike the vector bundle case in which the moduli
stack of (semi)stable vector bundles is of finite type, the stack of Higgs bun-
dles is not of finite type, so one must take care of the convergence problem.
To remedy this, Chaudouard used the so called T-stability to do a trunca-
tion on the moduli stack of Higgs bundles, like what Arthur did in [4]. It
turns out that the counting of Md,s,T

G (k) behaves like a polynomial in T, as
the parameter T varies, where M

d,s,T
G is the moduli space of T-stable Higgs

bundles, see section 4 of [12] and also [4]. Hence one can safely take T = 0,
and get the above counting formula for |Md,s

G (k)|.
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Chapter 2

Stringy invariants and gerbes

2.1 Stringy E-polynomials and stringy counting

This section is following section 2 of [27].
Let X be a Deligne-Mumford stack.

Definition 2.1.1. 1. We say that X is a finite quotient stack if there is an
algebraic space Y with a generically free action of a finite group G
such that X ' [Y/G].

2. If moreover G is abelian, we say that X is a finite abelian quotient
stack.

We now introduce the inertia stacks,

Definition 2.1.2. Recall that for a stack X , the inertia stack is defined to be

X ⇥X⇥X X .

More explicitly, IX sends a test scheme S to the groupoids IX (S) whose
objects are the pairs (x, a) with x 2 X (S) and a 2 AutX (x).

In particular if X = [Y/G] is a finite quotient stack, one has the follow-
ing equivalence

IX ' ‰
[g]2G/conj

[Yg/C(g)],

where C(g) is the centralizer of g in G and Yg
⇢ Y is the locus consisting

of fixed points of g.
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Definition 2.1.3. Let x 2 Yg, then the tangent space TxY admits a repre-
sentation of the group generated I := hgi, over k, we can choose a basis of
eigenvectors, hence get a sequence of eigenvalues (l1, . . . , lk) with respect
to the chosen basis of eigenvectors. Note that g is of finite order, hence we
can choose a basis of eigenvectors here.

We choose a primitive root of unity z of order |I| in k, for each li, there
is a 0  ci < r such that zci = li. Then we define

F(g, x) =
k

Â
i=1

ci
r

.

This number is locally constant on Yg, and therefore defines a function on
p0(Yg). Moreover, F(g) is constant on the C(g)-orbit in p0(Yg). Hence one
actually have a function

F(g, ·) : p0[Yg/C(g)]! Q.

Now we are ready to introduce the following stringy invariants.

Definition 2.1.4. Let X = [Y/G] be a smooth finite quotient stack over a
field k, we can choose a representative of Y to be smooth.

1. If k = C, then the so called stringy E-polynomial is defined as

Estr(X ; u, v) = Â
g2G/conj

✓
Â

Z2p0(Yg/C(g))
E(Z ; u, v)(uv)F(g,Z)

◆
,

where for Z = [W/C(g)], we define

E(Z ; u, v) = Â
p,q,k

(�1)k dim
✓

Hp,q,k
c (W)C(g)

◆
upvq.

Note that Hp,q,k
c are the space GrW

p+q(Hk
c (W))p,q given by the mixed

Hodge structure on the compactly supported cohomology of W.

2. If k = Fq is a finite field, one can define the stringy counting

#str(X ) = Â
g2G/conj

✓
Â

Z2p0(Yg/C(g))
qF(g,Z)#Z(k)

◆
,
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where
#Z(k) := Â

x2Z(k)iso

1
|Aut(x)|

is the groupoid mass of Z(k).

Recall that for X = [Y/G], one has

IX = ‰
[g]2G/conj

[Yg/C(g)].

So in fact, one can write the stringy counting of X more compactly as

#str(X ) = Â
x2IX (k)iso

qF(x)

|AutIX (k)(x)|
.
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2.2 Gerbes and twisted stringy invariants

As one can see in [31], [20], to fully formulate the topological mirror sym-
metry, one has to take the notion of gerbes into account.

Definition 2.2.1. Let S be a Deligne-Mumford stack and A be a commuta-
tive group scheme over S. Then a gerbe is a morphism of algebraic stacks
a : W ! S such that

1. For any scheme S0 over S, 8x, y 2 Ob(W(S0)) there is an étale cover-
ing S

00 of S0 such that x, y become isomorphic in W(S 00).

2. There is an étale covering S
0 of S such that W(S 0) is not empty.

A banding of a gerbe W over S by A consists of isomorphisms AS 0 '

AutS 0(x) of étale group sheaves for every S-stack S
0, and every object x 2

W(S 0). A gerbe banded by a group A is called an A-gerbe.

Remark 2.2.2. Descent data for A-gerbes are given by 2-cocyles with val-
ues in A, one knows that the set of isomorphism classes of A-gerbes is
H2

et(S , A).
We now recall the construction of the induced A-torsor on IX following

[31] and [27].
Note

IX = ‰
g2G/conj

[Yg/C(g)].

Let a 2 H2
et(X , A), which corresponds to a G-equivariant A-gerbe a on

Y.
The G-equivariant structure of a is given by isomorphisms

hg : g⇤a
'
�! a

for every g 2 G. Now consider those isomorphisms to corresponding g-
fixed locus Yg, one obtains an automorphism

hg|Yg : a|Yg = (g|Yg)⇤a|Yg
'
�! a.

This automorphism of a gives rise to an A-torsor Lg on Yg, and we
know that those torsors Lg should be C(g)-equivariant since a is G-equivariant.
Finally, we obtain an A-torsor Lg on [Yg/C(g)].

Now we are ready to introduce the following gerbe twisted stringy
invariants.
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Definition 2.2.3. Let X = [Y/G] be a quotient stack of a smooth complex
variety Y by a finite group G, then for a positive integer n and a µn-gerbe
a 2 H2

et(X , µr) we define the a-twisted stringy E-polynomial of X as

Estr(X , a; u, v) = Â
g2G/conj

✓
Â

Z2p0([Yg/C⇤g])
E(Z , Lg; u, v)(uv)F(g,Z)

◆

where Lg denotes the µn-torsor induced from the trivialisation of a on the
fixed locus Yg and

E(Z , Lg : u, v) = Ec(Lg; u, v)

where c : µr(C) ! C
⇥ is the standard character, and Ec denotes the part

of E-polynomial corresponding to the c-isotopic component of the total
space H⇤c (Lg).

Definition 2.2.4. For a positive integer n which is prime to the characteristic
of the field k, and a 2 H2

et(X , µn), we define

#a
str(X ) = Â

g2G/conj

✓
Â

Z2p0([Yg/C(g)])
qF(g,Z)#LgZ(k)

◆
,

where Lg is the induced `-adic local system on Yg obtained from the
µn-torsor Pa|[Yg/C(g)]. To make sense of this construction and to calculate
the trace of the Frobenius, we always fix a isomorphism µn(k) ⇢ C ' Q`.

#LgZ(k) = Â
z2Z(k)

Tr(Frz, Lg,z)

|Aut(z)|
,

where Frz denotes the Frobenius at z.

Finally, we record Theorem 2.19 in [27], which allows us reduce the
topological mirror symmetry into an equality of point counts.

Theorem 2.2.5. Let R ⇢ C be a subalgebra of finite type over Z. Let Y1 and Y2 be
two smooth R-varieties acted on by two finite abelian groups G1, G2 respectively.
For i = 1, 2, let Xi = [Yi/Gi] be the corresponding quotient stack, and let ai be a
µn-gerbe on Xi. If for any ring homomorphism R! Fq, the following is true

#a1
str(X1 ⇥R Fq) = #a2

str(X2 ⇥R Fq).

We also have the following equality of twisted stringy E-polynomials:

Estr(X1 ⇥R C, a1; u, v) = Estr(X2 ⇥R C, a2; u, v).
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2.3 Lifting gerbe on moduli space of SLn-Higgs

bundles

In this section, we will follow [40] and section 4 of [31] to reduce the gerbe
twisted stringy counting to the counting given by fundamental lemma on
the Hitchin fibres.

Let us now specialize to the setting of SLn and PGLn-Higgs moduli
stacks. It is well know that

M
d
PGLn

= [ML
SLn

/Pic0(X)[n]],

where M
d
PGLn

is moduli stack of PGLn-Higgs bundle which admit a pre-
sentation as a stable Higgs bundle over each geometric point, note that
the degree is well defined in Z/nZ. Let ML

SLn
denote the stack of stable

SLn-Higgs bundle with fixed determinant line bundle L whose moduli
space will be denoted by ML

SLn
, and let us say that degree of L is d. We

shall assume that d is coprime to n. In this case ML
SLn

is a smooth projective
variety.

As we mentioned in the introduction, there is a lifting gerbe we now
describe in the following. Let (PE, F) ! ML

SLn
⇥ X be the universal pro-

jective bundle and a universal endomorphism bundle. Then the restriction
PE|ML

SLn⇥{x} to the base-point in X is a projective bundle Y on ML
SLn

. Then
the gerbe aL can be described as the gerbe of liftings of Y, in fact, it is easy to
write a 2-cocycle on ML

SLn
representing it. It takes an étale neighbourhood

to the category of liftings on the neighbourhood of Y to an SLn-bundle. It is
clear that aL is a µn-torsor, where µn is the group of n-th root of unity. And
by the construction we mentioned in section 2.2, we know that aL induces
a µn-torsor on the fixed locus ML,g

SLn
. By the same idea, one can define the

lifting gerbe aL on the moduli stack M
L
SLn

.
Now let G = Pic0(X)[n], and r := h�,�i : G ⇥ G ! µn be the Weil

pairing and rg := hg,�i : G! µn the character defined by g with the aid
of the pairing. Then r defines a isomorphism class [r] 2 H2(G, µn).

As for the lifting gerbe aL one has the following proposition,

Proposition 2.3.1 (Proposition A.1 [40]). The µn-torsor Lg induced by the
natural lifting gerbe aL on M

L
SLn

is trivial, and the G-equivariant structure is
given by the character r

�q
g where q is the multiplicative inverse of d modulo n.
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Proof. To see that the line bundle is trivial. Consider a stable Higgs bundle
(E, q); then the automorphism given by

E⌦ Lg = lE.

For some scalar l, this implies that g acts trivially on the universal pro-
jective Higgs bundle restricted on ML,g

n , hence preserves any lifting of PE

over ML,g
n .

As for the equivariant structure part, we refer readers to the original
proof due to Loeser-Wyss [40] for arbitrary rank case and Hausel [31] sec-
tion 8 for prime rank case.

• First let us consider a G-equivariant µn-gerbe a which is a pullback
of a G-equivariant gerbe over a point, i.e. given by a element [r0] 2
H2(G, µn) , then by the argument in the proof of the Proposition 2.3.1,
one can write the twisted stringy E-polynomial of moduli of PGLn-
Higgs bundles in this case as the following

Er0

str = Â
g2G

(uv)F(g)Er0g(ML,g
n /G; u, v).

Here Er0g(ML,g
n ; u, v) is the r0g-isotropic part of the E-polynomial .

• Now let us write the twisted string E-polynomial with respect to the
lifting gerbe aL, following Proposition 2.3.1. We have

EaL
str = Â

g2G
(uv)F(g)Er

�q
g (ML,g

n /G; u, v).

where q is the multiplicative inverse of d modulo n.

As we will show by the support theorems that will be mentioned
in chapter 4, the counting result of SLn-Higgs bundles will be in-
dependent of the degree d of the fixed determinant L, as long as
g.c.d(d, n) = 1, see Remark 4.2.13.

Therefore by varying the degree d, one can set q = �1. The E-polynomial
of moduli space of SLn-Higgs bundles will not change, since the
counting does not rely on the degree d.
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Therefore

EaL
str = Â

g2G
(uv)F(g)Er

�q
g (ML,g

n /G; u, v) = Â
g2G

(uv)F(g)Erg(ML,g
n /G; u, v).

Remark 2.3.2. The above argument shows that it would be equivalent to
consider only gerbes which are pullbacks of an element [r0] 2 H2(G, µn).
We know that for any two pairing of the above form

r1 : G⇥ G! µn,
r2 : G⇥ G! µn,

there is an integer s such that rs
1 = r2.

Therefore by the same argument of varying degrees, we can always find
a suitable degree d of the fixed determinant line bundle L such that

r
�q
1 = r2.

Finally, just as the statement in section 1.2 of [40], we can restrict our-
selves to prove the following identity of stringy E-polynomials twisted by
the Weil pairing r on G⇥ G,

E(ML
SLn

; u, v) = Er
str(M

d
PGLn

; u, v)

where
Er

str(M
d
PGLn

; u, v) = Â
g2G

(uv)F(g)Erg(ML,g
SLn

/G; u, v)

provided that the stringy E-polynomials do not depend on the degree
of Higgs bundles under the assumption that the coprime condition, i.e.,
g.c.d(d, n) = 1 is satisfied.

Eventually, we can show that

Corollary 2.3.3. Er
str(M

d
PGLn

; u, v) = Er
str(M

e
PGLn

; u, v) as long as g.c.d(d, n) =
1 = g.c.d(e, n).

This is provided that the counting of ML
SLn

is independent of the degree
d of the fixed determinant L.
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Chapter 3

Endoscopy and Coendoscopy

Decomposition of Inertia Stacks

In this chapter, we study the relation between the (co)endoscopy decom-
position of the moduli stack of stable G-Higgs bundles (the meaning of
the decomposition will be clarified in Proposition 3.2.10) and the inertia
stack of the moduli stack. For simplicity, groups considered in this chapter
will mainly be SLn and PGLn, even though most of the results should be
applicable to other groups after minor modifications.

The story begins with an observation in the paper of Narasimhan and
Ramanan [44].

Theorem 3.0.1 (Proposition 3.3,[44]). Let Y ! X be a cyclic covering over
a complete nonsingular algebraic curve of Galois group G ' Z/mZ, i.e. the
cyclic group of order m. Let MY(r, d) be the moduli space of stable vector bundles
over Y, of rank r and degree d, and U ⇢ MY(r, d) be the open subset of points in
MY(r, d) not fixed by any nontrivial element of G. Then the quotient variety U/G
is canonically isomorphic to the nonsingular subvariety of MX(mr, d) consisting
precisely of the fixed points of the action of bG on MX(mr, d).

Remark 3.0.2. There are already some generalizations of this classical theo-
rem above to other groups; we refer readers to [23] and [5].

Hausel-Thaddeus then noticed in [31] that their argument can be ap-
plied to the moduli spaces of stable Higgs bundles without change, which
means that the set of fixed points of the action of G = Pic0(X)[n] consists
of the direct image of stable Higgs bundles over a cyclic unramified cov-
ering of the curve X. For details we refer readers to section 7 of [31], and
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this leads to the generalization of endoscopic decomposition of the Hitchin
complex given by Maulik and Shen, and then a proof of topological mirror
symmetry, see [41].

More recently, Groechenig-Wyss-Ziegler proved that there is an equiva-
lence of groupoids between inertia stacks and the (co)endoscopic decom-
position of the stacks of Higgs bundles in [26], Theorem 5.14, see 3.2.14.

At first glance, the theorem of Groechenig-Wyss-Ziegler appears quite
different from the theorem of Narasimhan-Ramanan and Hausel-Thaddeus.
In this chapter, we will recast the classic theorem of Narasimhan-Ramanan.
More precisely, we are going to extend this equivalence of groupoids of
Groechenig-Wyss-Ziegler over the entire moduli of stable Higgs bundles.
The key observation is that for stable Higgs bundles, at least in the case of
PGLn and SLn, the automorphism group is of finite order, see section 7 of
[47] and [21], hence by the spirit of Frenkel-Witten [22], these stable Higgs
bundles should come from elliptic endoscopic data.

3.1 Stable conjugacy classes and endoscopy

datum

We now give a quick review of the notion of endoscopy datum and, of
the notion of stable conjugacy class with emphasis on the case of SLn and
PGLn in this section. We will give an explicit computation of endoscopic
groups of SLn at the end of this section, which shall be used to understand
the phenomenon we are describing in this chapter.

For a introduction to endoscopy datum and stable conjugacy the read-
ers are referred to [34] and [36].

To motivate the introduction of endoscopy datum for our purposes
in this thesis, let us recall in section 1.4, one can have an adelic descrip-
tion of Higgs bundles, i.e., (E, j) 2 Ma,G can be represented by a pair
((gv)v2|X|, g) where g 2 g(F) such that c(g) = a and gv 2 G(Fv)/G(Ov),
where F is the function field of X, such that for almost all v, gv is in fact in
G(Ov). Moreover, we shall require that the pair (g, (gv)v2|X|) satisfies

g�1
v (g)gv 2 v�dv

v g(Ov).

If one further assume that a 2 A
ani
G , then the essential part of the count-

ing formula over a single fibre of the Hitchin morphism as we will see in
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chapter 5 is given by the orbital integral of the following form

Og(1D) =
Z

Gg(F)\G(AF)
1D(g�1gg)dg

where
1D =

O

x2|X|

1v�dvg(Ov)

with 1v�dvg(Ov) being the characteristic function of the set v�dvg(Ov).
One can see from above that the counting problem on a Hitchin fibre

is roughly an integral over the conjugacy class of the Higgs field g 2 g(F).
Thus if one seek to compare the counting on fibres of moduli space of
SLn-Higgs bundles and PGLn-Higgs bundles, a natural thing to do is to
compare the conjugacy classes in these two different groups.

More specifically, what may happen is that g1 2 g(F) is conjugate to
g2 2 g(F) in the algebraic closure of F (here F is the function field of the
curve X), but not conjugate to each other in F. In the special case of SLn
and PGLn, this means that g1 is conjugate to g2 in PGLn(F), but not in SLn.
Roughly, this may leads to the phenomenon that two Higgs bundles (over
a same fibre a 2 A

ani) which may be counted as a single isomorphism class
in the moduli of PGLn-Higgs bundles, but as two different isomorphism
classes in the moduli of SLn-Higgs bundles.

The above discussion, hence leads us naturally to the consideration of
the notion of stable conjugacy classes.

Now let G be a group over a field F.

Definition 3.1.1. Two elements g1, g2 2 G(F) are called stably conjugate

if there is g 2 G(F) such that

1. gg1g�1 = g2

2. for every s 2 Gal(F|F), the element g�1s(g) 2 G0
g1s

where G0
g1s

is the
identity component of the centralizer of the semisimple part of g1,
i.e., g1s.

Remark 3.1.2. In the sequel, we will call conjugacy classes over F "rational
conjugacy classes" in opposition to “stable conjugacy classes” which means
the conjugacy is taken over F.
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Remark 3.1.3. In the case of SLn, centralizer Gg1s is connected. For general
groups, we use the notion of being strongly regular to ensure the connect-
edness of the centralizer.

Here is a well-known toy example showing the differences of rational
conjugacy and stable conjugacy.

Example 3.1.4 (Example 2.14, [34]). The elements


0 1
�1 0

�
and


0 �1
1 0

�

of SL2(R) are conjugate in SL2(C) but not in SL2(R).

Now assume that g1, g2 are (strongly) regular elements, which means
that the centralizers of g1 and g2 are tori. Then from the definition of being
stably conjugate, we have a 1-cocyle

inv(g1, g2) : Gal(F|F)! T := Gg1s

s 7! g�1s(g).

and one can check that the cohomology class of inv(g1, g2) 2 H1(Gal(F|F), T)
is well-defined.

Moreover, we have

Proposition 3.1.5. The map g2 7! inv(g1, g2) gives a bijection between the set of
F-conjugacy classes (referred to as rational conjugacy class from now on) inside the
stable conjugacy class of g2 and the set ker(H1(Gal(F|F), T)! H1(Gal(F|F), G)).

Remark 3.1.6. Recall in chapter 1 we say that a connected reductive group
G defined over F satisfies the Hasse principle if the set

ker1(F, G) := ker(H1(Gal(F|F), T)! H1(Gal(F|F), G)) = 0.

It is known that all simply connected groups satisfy the Hasse principle,
hence our group SLn satisfies Hasse principle. For more details, we refer
readers to the paragraph under the Definition 5.2.3 in [34], and references
therein.

In particular, one knows that for a regular element g 2 sln, the rational
conjugacy classes in the stable conjugacy class of g is parametrized by
H1(Gal(F|F), T), with T being the centralizer of g in SLn.
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In the following, let us pick a 2 A
ani, and consider (E, g) as points on

the fibre Ma := f�1(a), where f : M ! A is the Hitchin morphism of
G-Higgs bundles; here we are taking G = SLn. We believe the special case
of G = SLn and a 2 A

ani should be enough to convince the readers that it
is natural to introduce endoscopic groups in the sequel.

By the definition of the set Aani, one knows that the centralizer of g 2
g(F) will be an elliptic maximal torus, see Remark 1.3.7. From the global
Tate-Nakayama duality,

H1(G, T(AF)/T(F)) ' p0([bT/Z( bG)]G)⇤ = p0([bT]G)⇤

where G = Gal(F|F). Note that by the choice of a 2 A
ani, we know that

[bT]G is already finite, hence p0([bT]G) = [bT]G.
Hence one knows that the rational conjugacy classes in a single stable

conjugacy class can be parametrized by a finite order element in bT(F), and
this can be generalized to general reductive groups with finer techniques.

This leads one to introduce the notion of endoscopic datum following
[46] section 1.8.

Definition 3.1.7. Let bG be with pinning (bT, bB,bs+).
Let k 2 bT be an element of finite order. The identity component of the

centralizer of k, in bG is a reductive subgroup bHk. The pinning of bG can give
bHk a natural choice of pinning with maximal torus bT.

By taking the dual root datum of that of bHk, we obtain a split group
scheme Hk over k.

Then one has the following short exact sequence

1! bHk ! (bG o Out(G))k ! p0(k)! 1,

where p0(k) is the group of connected components of (bG o Out(G))k,
with (bGoOut(G))k the centralizer of k in bGoOut(G). Note that the group
p0(k) has natural homomorphisms

oG : p0(k)! Out(G)

and
oH : p0(k)! Out(Hk).

Now we consider a quasi-split form G over X given by a torsor rG :
p1(X, x) ! Out(G). Then we say that an endoscopic datum of G over
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X is a couple (k, rk) with k 2 bT and rk : p1(X, x) ! p0(k) which has a
oG-equivariant homomorphism rk ! rG. Let rH : p1(X, x) ! Out(Hk)
induced by rk.

We can have the following commutative diagram of all these torsors
introduced above.

p1(X, x)

p0(k)

Out(H) Out(G).

rH

rk

rG

oH oG

Now we finally define the endoscopic group associated to the endo-
scopic datum (k, rk) to be H over X obtained by twisting H with the torsor
rH.

We now end this section, with example of a calculation of endoscopic
groups of the form of SLn over the curve X, given by the trivial torsor
r : p1(X, x) ! Out(SLn). The following calculation can be found in [36],
chapter 2.

Example 3.1.8. Let G = SLn(k), where k = Fq is the finite field with q
elements. Let G be the form of G on the curve X given by the trivial torsor
rG : p1(X, x)! Out(G). Here we use F to denote the function field of X.

Hence bG = PGLn(k), so if we pick up a finite order element k 2 bT,
and consider its centralizer, then bHk is the image of g 2 GLn(k) such that
gkg�1 = k, with the centralizer itself being the image of g 2 GLn(k) such
that gkg�1 = lk for some l 2 k⇤, where l is of finite order. Let us denote
the order of l by m, it is easy to see that m | n.

By the definition of p0(k)

1! bHk ! (bG⇥Out(G))k ! p0(k)! 1,

we get that p0(k) = (Z/mZ)⇥Out(G).
Now rk is equivalent to a morphism p1(X, x) ! (Z/mZ), and this

map should factor through a finite covering X0 of X such that rk splits over
X0, and the degree l of covering of X0 over X should be a factor of m, i.e.,
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l | m. We denote the function field of the covering X0 by E. Hence the
degree of the field extension [E : F] is l by our convention.

We consider the following situations under the assumption that

k = diag(1, ..., 1| {z }
d copies

, s, ..., s| {z }
d copies

, . . . , sm�1, ..., sm�1
| {z }

d copies

).

Remark 3.1.9. Recall we imposed a condition on k, i.e., there is a l 2 k⇤ of
finite order, such that gkg�1 = lk. Note that the adjoint action on k will
permute the eigenvalues of k, therefore the condition will force k to have
the form above in some sense, when l 6= 1.

• We first consider the case where l = m and we denote d = n
m . Then

one knows that in this case bHk is the image of matrices g 2 GLn
such that g�1kg = k in PGLn, hence bHk is the image of the set of the
matrices of the following form in PGLn,

GLd ⇥ GLd ⇥ . . .⇥ GLd| {z }
m copies

.

So one can take the endoscopic group H on X to be the form on X
defined by the kernel of the norm map ResE/F(GLd) ! GL1, where
Res is the Weil restriction of scalars functor, along with the trivial
torsor r : p1(X, x)! {1}.

• The case where l < m, here we assume that l · m
l · d = n, we will see

that in this case, bHk will be the image of the set of the matrices of the
following form in PGLn,

l copiesz }| {
GLd ⇥ . . .⇥ GLd⇥ . . .⇥

l copiesz }| {
GLd ⇥ . . .⇥ GLd| {z }

m
l copies

.

Hence one can take the endoscopic group H on X to be the form on
X defined by the kernel of the norm map on the following group

GLd ⇥ . . .⇥ GLd| {z }
m
l copies

,

along with the trivial torsor r : p1(X, x)! {1}.
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The first case in the above example in fact reveals an important type of
endoscopic groups, which we now define.

Definition 3.1.10. An endoscopic group H will be called elliptic, if Z( bH)G,0 =
Z( bG)G,0. Here by Z( bH)G,o we mean the identity component of Galois in-
variants of the centre of bH, and similarly for Z( bG)G,0, here G is the absolute
Galois group Gal(F|F).

Remark 3.1.11. It is easy to see that the endoscopic groups that come from
the second case of Example 3.1.8 will not be elliptic. The endoscopic groups
that come from the first case of Example 3.1.8 will be elliptic.
Remark 3.1.12. One can always take a suitable finite extension of k to make
the extensions E over F, where F is the function field of the curve X, ap-
peared in Example 3.1.8 to be unramified. In particular, if we were working
over algebraic closure of k in Example 3.1.8, the covering X0 will be an finite
étale covering of the origin curve X.

3.2 Coendoscopic decomposition of inertia

stacks

In this section, we will review the theorem of Groechenig-Wyss-Ziegler,
and prove a slight generalization of it. Basically, their proof of the theorem
5.14 of [26] can be carried over. To do this, we will follow Groechenig-Wyss-
Ziegler to introduce the notion of coendoscopic datum. As Groechenig-
Wyss-Ziegler pointed out, it seems more natural to decompose inertia stacks
according to coendoscopic datum, instead of endoscopic datum.

We begin with some notations,

Notations 3.2.1. Here we follow section 2.4 of [26], and make the following
conventions,

• By bµ we mean that profinite étale group lim
 �r µr, with r 2 N, which

should be a affine group scheme of infinity type over Spec(k), here
µr denotes the group of r-th roots of unity.

• If X is a stack, by IbµX (k) we mean the following groupoid

{(x, a) | x 2 X (k), a 2 Homcts(bµ(k), Aut
X (k)(x)), a � j = j � a},
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where j : Aut
X (k)(x) ! Aut

X (k)(x) induced by the Frobenius ele-
ment j 2 Gal(k|k).

We introduce the notion of coendoscopic datum by following [26] sec-
tion 5.3.

Definition 3.2.2. A coendoscopic datum for G over k is a triple E :=
(k, rk, rk ! r) consisting of

1. a homomorphism k : bµ! T, and

2. a p0(k)-torsor rk over X

3. with a oG-equivariant morphism rk ! r.

Following the same procedure as in Definition 3.1.7, we can define an
coendoscopic group HE over X which is obtained by twisting the central-
izer Hk with the torsor rH in definition 3.1.7. Clearly, the Langlands dual (
see Definition 1.1.6) bHE is the endoscopic group of bG.

Similarly, one can then define the notion of elliptic coendoscopic groups
by imposing the condition defined in Definition 3.1.10.

Example 3.2.3. Let the notations be as in Example 3.1.8, we immediately
know that the elliptic coendoscopic groups of PGLn will be the Langlands
dual groups of elliptic endoscopic groups of SLn we gave in Example 3.1.8,
in other words, it should be given by the restriction of scalars of GLd over
X0 to X, and then take images in PGLn, and we recall that X0 is a m-th
covering of X, and n = md.

Then for coendoscopic datum (essentially the same for endoscopic da-
tum), one has the following natural constructions

[hE ,D/HE ] = [ E ⇥ rk ⇥ D/Hk o (p0(k)⇥Gm)],

and
[gD/G] = [( ⇥ rk ⇥ D)/G o (p0(k)⇥Gm)],

where we use h and for the Lie algebras of H and H.
We refer readers to construction 5.1 in [26], for a more detailed explana-

tion of the equivalences of the above various stack quotients.
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Now we can have the following natural morphism

nE : cE = hE ,D/HE ! c = gD/G,

which induces a natural morphism

nE : AHE
! AG.

Then one has the natural morphisms

MHE
MG

AHE
AG.

Construction 3.2.4 ([26]). Consider a Higgs bundle (E, j) which is a image
of a HE -Higgs bundle, say (F, f) through the morphism MHE

! MG,
then the homomorphism k : bµ ! T induces a homomorphism gE : bµ !
Z(HE ) ⇢ Aut(F, f), by functoriality, we obtain

g : bµ! Aut(E, j)

This gives rise an element ((E, j), g) 2 IbµMG.
Overall, we obtain a morphism

µE : MHE
! IbµMG.

Remark 3.2.5. In the special case of SLn and PGLn, IbµMPGLn will be the
usual inertia stack IMPGLn .

Remark 3.2.6. If we further assume that the HE -Higgs bundle (F, f) is stable,
then we will see that Z(HE ) ⇢ Aut(F, f) has to be finite modulo the centre
of Z(G). As Faltings proved in the paper [21], stable G-Higgs bundles have
only finite automorphisms modulo centre of G.

Hence HE has to be an elliptic coendoscopic group provided that (F, f)
is a stable HE -Higgs bundle.

Notation 3.2.7. Before we continue, we need make the following choice.
We fix a point • 2 X(k), let •rk be a point in rk(k) above •. Then the point
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•rk induces identifications G• ' G and HE ,• ' Hk, compatible with the
pinnings on the group , as well as the following identification on t,

tE ,D,• tD,•

cE ,• c•.

'

nE

From now on we consider the stack of stable Higgs bundles only, which
should contain the subset of Higgs bundles over the anisotropic locus,
since Higgs bundles over the anisotropic locus have no parabolic reduc-
tion which implies that those Higgs bundles are stable. For simplicity, we
would like to take G = PGLn(k) in the remaining of this section, unless
otherwise mentioned.

Construction 3.2.8 ([26]). We let Ms,e
G be the stack of stable G-Higgs bun-

dles with fixed degree e and similarly M
s,e
HE

for stable HE -Higgs bundles
with fixed degree e, and we assume that g.c.d(e, n) = 1. Note that in the
case of G = PGLn(k), the degree e is a well-defined element in Z/nZ.

Now let ((E, j), g) 2 IbµMs,e. We know that g should be of finite order
since stable Higgs bundles admits only finitely many automorphism (mod-
ulo centre, but we will not need to consider the problem of centres since
we are restricting ourselves to the case of PGLn here).

Suppose that the homomorphism g : bµ ! Aut(E, j) is the same as
k 2 T after passing to T through Aut(E, j) ! T, where the morphism
Aut(E, j) ! T can be obtained by evaluating at a k-rational point • 2
X(k). In other words, the following diagram commutes,

bµ Aut(E, j)

T.

g

k •

Note that (E, j) corresponds to a morphism from X to [gD/G] = [ ⇥
rk⇥OX(D)/Go (p0(k)⇥Gm))], (E, j) can then be viewed as a Go (p0(k)⇥
Gm)-torsor eE over X ⇥ S together with an equivariant morphism eq : eE !
⇥ rk ⇥OX(D).

In this way, the automorphism g can be viewed as an automorphism of
the torsor eE which stabilizes eq.
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Fix an étale covering X0 of X ⇥ S over which eE has a section. By also
fixing such a section we can identify g with a homomorphism

bµX0 ! (G o (p0(k)⇥Gm))X0

up to a conjugation.
Note that the image of g fixes eq, while the group p0(k)⇥Gm acts with-

out fixed points on ⇥ rk ⇥OX(D), hence the homomorphism

bµX0 ! (G o (p0(k)⇥Gm))X0

will factor through G ⇢ G o (p0(k)⇥Gm).

Lemma 3.2.9 (Lemma 5.11. [26]). The homomorphism g, k : bµX0 ! GX0 are
conjugate étale locally over X0.

Proof. The following proof is taken from [26].
By replacing with an étale cover of X0 if necessary, the homomorphism

g factors through maximal torus of G. Indeed, let us consider the centralizer
Z := CG(g)o of g in GX0 . Then Z is a reductive subgroup scheme of GX0 ,
through which g factors, and this holds in every geometric fibre. Then any
maximal torus of Z which exists after replacing X0 by a suitable covering
is a maximal torus of GX0 through which g factors.

Hence by the étale local conjugacy of maximal tori of G, we may assume
that g factors through TX0 .

Let r � 1, and assume both g and k factors through a homomorphism
µr ! TX0 [r]. After replacing X0 with suitable étale covering, we may as-
sume that TX0 [r] is a constant group scheme.

By construction, the homomorphisms g and k are conjugate above the
chosen point • 2 X(k). Let X01 be connected, with image in X⇥ S contain-
ing •. Note that T[r] is a constant group scheme, then that g is conjugate
to k at some point in X01 means that they are conjugate over all of X01.

If X02 is any other connected component, still, by going up to another
étale covering X012 = X01 ⇥X⇥S X2, which has open dense image in both
X01 and X02, by the construction of g, g|X01 is conjugate to g|X02 in T[r](X012),
hence the conjugacy of g and k on X1 implies conjugacy over X02 by the
same argument given in the above paragraph.
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Now let eF ⇢ eE be the subsheaf consisting of those sections of eE on
which the action of g and k coincide. By the lemma just proved, this is a
(G o Out(G))k ⇥Gm-subtorsor of eE. Let rk be the p0(k)-torsor p0(F) over
X⇥ S. The composition

eF ! eE! ⇥ r⇥OX(D)! r

induces an oG-equivariant morphism rk ! r over X⇥ S.
Next we consider the fibre product

bE eE

⇥ rk ⇥OX(D) ⇥ r⇥OX(D)

This diagram is naturally equivariant under the fibre product

G o (p0(k)⇥Gm) G o (Out(G)⇥Gm)

G o (p0(k)⇥Gm) G o (Out(G)⇥Gm)

which makes bE into a G o (p0(k) ⇥ Gm) torsor. The quotient morphism
eF ! rk induces a closed embedding eF ,! bE. Hence one can see that eF is an
Hk o (p0(k)⇥Gm)-subtorsor of bE.

By the definition of eF, the action of g and k on sections coincide. Since
the image of g will fix eq, it follows that the composition

eF ! eE! ⇥ r⇥OX(D)!

factors through k. Finally we obtain an Hk o (p0(k)⇥Gm)-equivariant
morphism

eF ! k ⇥ rk ⇥OX(D).

So eventually, we claim the following equivalence of groupoids

Proposition 3.2.10. Let us still restrict ourselves in the case of G = PGLn,

‰
E

µE : ‰
E

M
s,e
HE

(k)! IbµMs,e(k),

where E runs through the set of elliptic coendoscopic datum which occurs in the
inertia stack.
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Proof. From the above discussion, the following morphism has been con-
structed

µE : Ms
HEk
! IbµMs(k),

as well as the inverse map construction 3.2.8, i.e., starting from an element
((E, q), g) we get a HEk -Higgs bundle.

Clearly by the construction, one has rank(E) = rank(F), as HEk admits
the same maximal torus with G. Note that the reduction of structure group
is achieved by identifying eF as eigen-sections under the action of k over
some étale covering of X, and k is conjugate to g over same étale covering
over X, which means that g and k are stably conjugate. Overall, one gets
that F is obtained from by conjugating (E, q) over a suitable étale covering
of X, this leads to the conclusion that deg(F) = deg(E).

In the discussion of the construction 3.2.8 a choice of • 2 X(k) hence a
series of identifications has been made, our moduli stacks appeared in the
decomposition should respect these identifications in notation 3.2.7.

One needs to show that the construction of F will respect the choice of
the identification in notation 3.2.7. This has been done in lemma 5.16 in
[26].

To finish the proof of the proposition, we need to prove that (E, j) is
stable as a PGLn-Higgs bundle if and only if (F, f) is stable and the as-
sociated endoscopic datum is elliptic. This will be done in the following
proposition.

Proposition 3.2.11. Let the notations be as above, then (E, j) is stable if and only
if (F, f) is stable and the corresponding coendoscopic datum of (F, f) is elliptic.

Proof. In fact, one knows that (F, f) is obtained from (E, j) by reduction of
structure groups. Therefore we know that (E, j) is stable iff (F, f) is stable.

It remains to show that (E, j) being stable implies that H is elliptic.
In fact, if H is not elliptic, then H ⇢ P for some parabolic subgroup

P ⇢ G over X. Note that P will give rise to a subbundle say (F1, f1) of
(F, f).

If we then pull back (F1, f1) and (F, f) along the finite étale covering
pk : X0 ! X given by the torsor rk in the coendoscopic datum. We will
see that the fact that H ⇢ P will give rise to a decomposition (F, f) =
(F1, f1) � (F2, f2) over X0. Hence we will get that this decomposition of
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(F, f) is still valid over X, since P is defined on X, which contradicts with
the fact that (F, f) is stable.

Hence H has to be elliptic.

Remark 3.2.12. The proof of the proposition 3.2.11 in essence follows the
proof of the Proposition 3.1 of [44]. Indeed, (F, f) can be viewed as a Higgs
bundle (F1, f1) of rank n/m on the finite étale covering pk : X0 ! X given
by the torsor rk in the coendoscopic datum. But (F, j) is isomorphic to
pk⇤(F1, f1), and what Narasimhan-Ramanan proved is that (E, j) is stable
iff (F1, f1) is stable and H is elliptic.

Remark 3.2.13. In fact, the above proposition is the classical theorem of
Narasimhan-Ramanan, see Theorem 3.0.1. It seems more natural to view
their theorem in the setting of PGLn instead of GLn or SLn, since the action
of g 2 Pic0(X)[n] on PGLn-Higgs bundles can be viewed as finite order
automorphisms, more precisely, take a PGLn-Higgs bundle coming from a
projectivization of a GLn-Higgs bundle (E, j), g 2 Pic0(X)[n] acts on E by
tensorisation, i.e., E 7! g⌦ E, in turn g⌦ E gives us the same PGLn-Higgs
bundle that E gives.

The above extensions of constructions in [26] to the moduli stack of
stable Higgs bundles, as one can see, can be generalized to other semisim-
ple groups without much modifications. Therefore, one can view Theorem
5.14 of [26] as a natural generalization of the classical theorem 3.0.1 of
Narasimhan-Ramanan.

If we restrict ourselves in the anisotropic locus, then we have the fol-
lowing the groupoid equivalence of Groechenig-Wyss-Ziegler.

Corollary 3.2.14 (Theorem 5.14 [26]). One has the following equivalence of
groupoids

‰
E

µE : ‰
E

M
ani
HE

(k)! IbµMani
G (k).

Remark 3.2.15. Again, here we are abusing notations, all the moduli stack
above should respect the choice of the rational point • 2 X(k) and hence
all the identifications we made in 3.2.7.

Remark 3.2.16. The proof actually relies on the following observation made
by Ngô in section 4.17.2, [46]. A necessary change has been made in lemma
5.7 [26] to adapt to the case of coendoscopic datum.

48



Lemma 3.2.17. Let E be an coendoscopic datum for G over k, the morphism nE :
AE ! A satisfies

n�1
E

(Aani) = A
ani
E

.

Proof. Note that the anisotropic locus Aani
E

is the same for both HE and bHE ,
the latter is the endoscopic group of bG.

For the latter one, it suffices to show that p0(P bHE ,aE
) is finite iff p0(Pa)

is finite, where aE 2 A
ani
E

(k) with image a 2 A(k).
Ngô showed that there is a canonical surjective homomorphism

Pa ! P bHE ,aE

whose kernel is an affine group scheme of finite type over Spec(k). This
induces a surjective homomorphism p0(Pa)! p0(P bHE ,aE

) with finite ker-
nel.

Remark 3.2.18. As mentioned in the last paragraph of section 5.3 in [26], for
a non-algebraically closed field k, sometimes the splitting (rk)• may not
well defined over k, however, it will be always defined over some finite
extension of k. So it would be convenient to have the following notation

(IbµMani
G (k))k := IbµMani

G (k) \ ‰
E defined by k

M
ani
HE

(k).

It was shown by Ngô, see proposition 6.3.3, [46], that for a given k, and
a point a 2 A

ani
G (k), there is at most one coendoscopic datum Ea of type k

occurs in the Hitchin fibre (IbµMG)a.

Theorem 3.2.19 (Corollary 5.17, [26]). Assume that the torsor •rEa
(k) is nonempty.

Then there is a equivalence of groupoids

µEa : Mani
HEa ,a(k)! (IbµMani

G (k))a,k.
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Chapter 4

Support theorems and reduction

of the Main theorem

In this chapter, we will review several support theorems of SLn and its
endoscopic groups, as well as the perverse continuation method. Cataldo
proved a satisfying support type theorem in the case of SLn when the
base field is of characteristic 0 in [18]. Additionally, by incorporating the
Severi-type inequality demonstrated in Theorem 3.3 of [43], Cataldo’s ap-
proach can be seamlessly extended to cases involving positive character-
istics. The same method of stratifying the Hitchin base according to the
decomposition types of the characteristic polynomials of Higgs fields can
be also applied to prove that the supports of endoscopic groups of SLn are
also contained in the anisotropic locus. We will review the method devel-
oped by Maulik-Shen which allows us to reduce the desired theorem in
which the degree of the divisor D is allowed to satisfy deg(D) > 2g� 2
or D = KX, where KX is the canonical divisor of the curve X to the case
where deg(D) > 2g� 2 and deg(D) is even with D being effective. Recall
the divisor D is part of the definition of the Hitchin systems we considered
in this thesis.

The support theorems we will review in this chapter allow us to reduce
the problem of comparing point counts over the entire Hitchin base to the
problem of comparing point counting over the anisotropic locus, inside
which the spectral curve is integral and the stabilization of orbital integrals
that arises from the point counting has been well-developed. The reason
why we can do this is explained in section 4.3. The rough idea is that once
we know that supports of two Hitchin systems say f1 : M1 ! A and
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f2 : M2 ! A are contained in the anisotropic locus, and we know that

R f1,⇤Q`|Aani ' R f2,⇤Q`|Aani ,

then the isomorphism can be extended to the entire Hitchin base A, i.e.,

R f1,⇤Q` ' R f2,⇤Q`.

4.1 Weak abelian fibration

Let f : M ! S be a proper map of varieties over a finite field k. Let g :
P ! S be a smooth commutative group scheme over S. Further more we
assume that P acts on M relative to S and that the stabilizers of this action
are affine.

Let P0
⇢ P be the open group scheme such that for any geometric point

s 2 S, P0
s is the identity component of Ps, then by the structure theorem of

Chevalley

Theorem 4.1.1 (Chevalley). Let G be a connected algebra group. Then G has a
largest connected affine normal subgroup Gaff. Further, the quotient group G/Gaff
is an abelian variety.

One has the following exact sequence

1! Rs ! P0
s ! As ! 1

where Rs is the largest connected affine normal subgroup of P0
s , and As is

an abelian variety.
It induces a decomposition of Tate modules

0! T
Q`
(Rs)! T

Q`
(P0

s )! T
Q`
(As)! 0

where
T

Q`
(P0) = H2d�1(g0

! Q`)(d).

Definition 4.1.2. We say that T
Q`
(P0) is polarizable if étale locally on S,

there is an alternating bilinear form

y : T
Q`
(P0)⇥ T

Q`
(P0)! Q`

whose fibre at every geometric point s 2 S has kernel T
Q`
(Rs), and y in-

duces a perfect pairing on T
Q`
(As).
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We also need consider the N-valued function d(s) := dim Rs defined
for the topological points of S, which is upper-semicontinuous by section
5.6.2 in [46].

Suppose that d is constructible, then it induces a locally closed stratifi-
cation

S = ‰
d2N

Sd,

where Sd = {s 2 S | d(s) = d}.

Definition 4.1.3. One says that ( f , g) is a weak abelian fibration if the
following are true:

1. f and g have the same relative dimension d;

2. for any geometric point s 2 S and any m 2 M, the stabilizer in Ps is
affine;

3. The Tate module T
Q`
(Po) is polarizable.

Definition 4.1.4. A weak abelian fibration ( f , g) is called d-regular if for ev-
ery d 2 N, codim(Sd) � d. This is equivalent to say that for any irreducible
closed subset Z ⇢ S, then codimS(Z) � dZ, where dZ is the minimum of d
over Z.

4.2 Support theorem

Definition 4.2.1. Let f : M ! S be as before, i.e., a proper map over
a scheme of finite type. Then the constant sheaf Q` on M is clearly self
dual and pure, the complex f⇤Q` is also pure. The BBD theorem [8] gives
us a decomposition of the complex f⇤Q` into a direct sum of semisimple
perverse cohomology sheaves over S⌦k k, i.e.,

f⇤Q` '
M

n

pHn( f⇤Q`)[�n].

Each semisimple pHn appeared in the above decomposition is isomor-
phism to a direct sum of simple perverse sheaves

M

a

Ka
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For every geometric simple Ka, there exists a irreducible reduced closed
subset i : Za ,! S ⌦k k and an open dense subset Ua ⇢ Za with a irre-
ducible local system Ka over Ua such that

Ka = ia⇤ ja!⇤Ka[dim(Z)].

The closed subscheme Za is completely determined by Ka and the set {Za}

is called the support of f .

Definition 4.2.2. Let the notations be as above, then the set

Socle( f⇤Q`) := {hS | hS is the generic point of S}.

Ngô proved a support theorem for Hitchin systems in order to prove
the fundamental lemma, it implies the following:

Theorem 4.2.3. For a reductive group G, if we consider the Hitchin morphism
f : MG ! AG with degree of the fixed divisor deg(D) > 2g, and if we denote
the restriction of f to Aani by f ani,then the Socle( f ani

⇤ Q`) is the generic point hAG
of the Hitchin base AG.

Then Chaudouard and Laumon extended Ngô‘s results to generic semisim-
ple locus, see [13]:

Theorem 4.2.4. Let f~ be the restriction of f : MG ! AG to A~G , then one has

Socle( f~⇤ Q`) ⇢ A
ani
G .

Finally, they extend this result to the entire Hitchin base A for char-
acteristic 0 fields or fields with large enough characteristics but only for
G = GLn, see [15] and [16]

Theorem 4.2.5. For G = GLn, if we use Mst
GLn

to denote the space of stable Higgs
vector bundles of degree d, and if we let f : Ms

GLn
! An be the Hitchin morphism,

then we have
Socle( f⇤Q`) = {hAn}.

Remark 4.2.6. This theorem is for the moduli space of stable Higgs moduli.

As a side product, they obtained in the following counting result.
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Theorem 4.2.7 (Corollaire 2.1. [16]). If X is a geometrically connected, smooth
projective curve over a finite field with characteristic strictly larger than n, then
the number of isomorphism classes of stable Higgs bundles over X, does not depend
on e, if g.c.d(n, e) = 1.
Remark 4.2.8. The idea is that we first count the number of stable Higgs
bundles over the anisotropic locus. One can easily see that those number
do not depend on e, provided that g.c.d(e, n) = 1, since they corresponds to
compactified Jacobians. Then, from the support theorem above, we deduce
that the point counting of stable GLn-Higgs bundles is determined by the
number of stable GLn-Higgs bundles live in the anisotropic locus, which is
independent of the chosen degree, hence the total number of isomorphism
classes of stable Higgs bundles is independent with the degree e.

Remark 4.2.9. The obstruction to extend the result of [15] over positive char-
acteristic fields is the Severi-type inequality. This has been proved in the
positive characteristic case, see Theorem 3.3 in [43].

In the sequel we will use the following theorem, see section 7.2.2 in
[46] as well as Theorem 2.6.4 in [18], which provides “remarkably useful”
restrictions on the dimension of the supports.

If s 2 S then we define ds := dim{s} the dimension of the closed
subvariety of S with generic point s.

Theorem 4.2.10. Let (M, S, P) be a weak abelian fibration, where M and S are
nonsingular with f : M ! S projective of pure relative dimension d f . We also
assume that g : P ! S has geometrically connected fibres. If s 2 Socle( f⇤Q`),
then

d f � dP + ds � dab
s (P).

Recall that for P, we have the Chevalley exact sequence

0! Rs ! Ps ! As ! 0.

We set dab
s (P) := d(Ps)� d(s).

Remark 4.2.11. Note that the above inequality can be rewritten as

d(s) � codim({s}).

We now conclude this section by the support theorem for the moduli
space of stable SLn-Higgs bundles, proven by Cataldo in [18].
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Theorem 4.2.12 (Theorem 1.0.2, [18]). For f st : Mst
SLn
! ASLn, the set Socle( f st

⇤ Q`)

is contained in A
ani
SLn

.

Now one of the immediate corollary of the support theorem is that the
#ML

SLn
will not depend on the degree L, indeed if ML1

SLn
and M

L2
SLn

are two
moduli spaces of Higgs bundles of degree d1 = deg(L1) and d2 = deg(L2),
respectively. We assume that g.c.d(d1, n) = 1 = g.c.d(d2, n).

Then by considering their restrictions to the anisotropic locus, we have
the following identity

#ML1
SLn

|
Aani

SLn
= #ML2

SLn
|
Aani

SLn
. (4.1)

since Higgs bundles living in A
ani
SLn

correspond to compactified Jacobians
of spectral curves by the well-known result of [7]. By the support theorem
the above identity 4.1 can be extend to the entire Hitchin base ASLn , i.e.,

#ML1
SLn

= #ML2
SLn

.

In conclusion, we have the following corollary of the support theorem
of SLn,

Corollary 4.2.13. Let d1, d2 2 N be coprime with n, and let L1, L2 be two line
bundles on X with degree d1 and d2, respectively.

#ML1
SLn

= #ML2
SLn

.

4.3 Function-sheaf dictionary and perverse

continuation method

Before we continue on support theorems, we would like to first recall the
theory of function-sheaf dictionary and perverse continuation method.

Let k = Fq, and k be its algebraic closure, and G = Gal(k/k) be its Galois
group which is generated by the Frobenius element s. We now consider
a scheme X over k, and the derived category of bounded complexes of
constructible sheaves Db

c (X, Q`) on X. For a point x 2 X(k), we use x to
denote the geometric point of X(k) which lies above x, we set

TrF (x) := Â
i
(�1)iTr(s,Hi(F )x), (4.2)
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Here H
i are the cohomology sheaves of F .

We then have the following theorem translating Grothendieck’s six
functors on sheaves into operations on the functions Tr.

Theorem 4.3.1 (Theorem 12.1, chapter 3 [35]). Let X be an algebraic scheme
over the finite field k, then the functions TrF for F 2 Db

c (X, Q`) have the follow-
ing properties

1. TrF = TrF1 + TrF2 for F1,F2 and F if there exists a distinguished triangle
(F1,F ,F2).

2. TrF⌦G = TrF · TrG for F ,G 2 Db
c (X, Q`).

3. Let F ,G be semisimple perverse sheaves on X0, then the equality

Trm
F
(x) = Trm

G
(x), 8x 2 X(km)

for all finite field extension km of k holds iff F ' G.

4. Let g : X ! Y be a morphism defined over k, let F 2 Db
c (X, Q`), then

TrRg!(F )(y) = Â
x2X(k)
g(x)=y

TrF (x).

We now follow Ngô‘s note [11], to give a review on perverse continua-
tion method.

Now let f1 : X1 ! Y and f2 : X2 ! Y be proper morphisms of k-
schemes of finite type. Assume that both X1 and X2 are smooth and Y is
irreducible.

Suppose now that

1. there is an open subset of Y such that for every y 2 U(k0) for some
finite extension k0 of k, there are the same number of k0-points on the
fibres f�1

1 (y) and f�1
2 (y);

2. Both supports of f1 and f2 are {Y⌦k k}

Claim 4.3.2.

# f�1
1 (y)(k0) = # f�1

2 (y)(k0)

for all y 2 Y(k0) of Y with some values in a finite extension k0 of k
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Proof of claim 4.3.2. Let Fi = fi⇤Q`, where i = 1, 2.
One may assume that there are local systems Li

1, Li
2 on U such that

pHi(Fn) = j!⇤Li
n, where n = 1, 2

by restricting to a smaller open subset U if necessary, where j : U ! X is
the open embedding, since both of the supports of f1 and f2 are assumed
to be {Y⌦k k}.

The first assumption implies that for every y 2 U(k0),

Â
i
(�1)iTr(s, Ln

1) = Â
i
(�1)iTr(s, Ln

2).

Since Li
1 and Li

2 are pure local systems of weight i, one can separate the
above identity of alternating trace for each i,

Tr(s, Li
1) = Tr(s, Li

2).

By the Chebotarev density theorem, Li
1 are isomorphic to Li

2 up to semi-
simplification.

For a short exact sequence of local systems on U, we have

0! j!⇤A
a
�! j!⇤B

b
�! j!⇤C ! 0

where a is injective and b is surjective, but the image of a may be strictly
smaller than to the kernel of b. But if we assume that B is geometrically
semisimple and the support of B is {X⌦k k}, the subquotient

ker(b)/im(a)

is supported on X�U, which should vanish, and hence the sequence

0! j!⇤A
a
�! j!⇤B

b
�! j!⇤C ! 0

is exact, even enough the j!⇤ functor may not be exact in general.
By the above argument on the j!⇤ functor we now have

pHi(F1) '
pHi(F2).

This gives us the identity

# f�1
1 (y)(k0) = # f�1

2 (y)(k0)

for all y 2 Y(k0) of Y with some values in finite extension k0 of k, by the
Grothendieck-Lefschetz trace formula.
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4.4 The support theorem for the endoscopic

groups

In order to give an endoscopic decomposition of #Mst,L
SLn

, where we set
deg(L) = d, we need to investigate the supports for Hrk -Hitchin systems,
where we use Hrk for the endoscopic group of SLn over X associated to
(k, rk). Let us assume that k 2 bT is of order m and n = mr. It turns out
that the methods used in [41] and [18] are enough to tell us that the sup-
ports of Hrk -Hitchin systems are also contained in the anisotropic locus of
AHrk

, where AHrk
denotes the Hitchin base of Hrk -Hitchin system. More

precisely, the main goal of this section is to show that the supports of the
Hitchin system f st

rk
: M

st,L
Hrk
! AHrk

are contained in the anisotropic lo-

cus of AHrk
, where we use M

st,L
Hrk

to denote the moduli space of stable
Hrk -Higgs bundles with fixed determinant L.

In the sequel, all moduli spaces considered will be moduli spaces of sta-
ble Higgs bundles, hence we will omit the superscript “st” in the notations.

Recall that in example 3.1.8, we get that the torsor rk in the endoscopic
datum (k, rk) is given by a cyclic m-finite étale covering prk : Xrk ! X.
Then Hk can be obtained by first pushing-forward the constant group
scheme GLd on Xrk and then taking the kernel of the norm of det : ResE/F(GLd)!
GL1(F), where E and F are function fields of the curves Xrk and X, respec-
tively.

First, we notice that the moduli space of Hrk -Higgs bundles is smooth
for arbitrary pk, and when m = 1, we recover the moduli space of stable
SLn-Higgs bundles, of which we already know the smoothness.

Following [41] and [31], one can embed M
L
Hrk

over X into the moduli

space M
d0
GLr

over Xrk , i.e., the moduli space of stable GLr-Higgs bundles
with degree d0 such that the pushforward of those Higgs bundles are of
degree d, and one recover ML

Hrk
by taking the fibre of the following map

over the point (L, 0)and then pushforward along the covering map prk :
Xrk ! X

Md0
GLr

(Xrk)!M
d0
GL1

(Xrk)!M
d
GL1

(X) = Picd(X)⇥ H0(X, OX(D)),

where the first arrow defined by

(E, j) 7! (det(E), tr(j))
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and the second arrow is defined by

(L, q) 7! (det(prk ,⇤L), tr(prk ,⇤q)).

Each of these morphism is smooth, hence the moduli space M
L
Hrk

is
smooth, since it is the fibre of the above smooth morphism over (L, 0) 2
Picd(C)⇥ H0(X, OX(D)).

Note that for the moduli space M
L
Hrk

, one has a smooth commutative
group scheme PHrk

over AHrk
acting on M

L
Hrk

. In fact, one can define

gHrk
: PHrk

! AHrk

as the sub-Picard scheme of degree 0 of the smooth Picard group scheme
PGLr associated to the moduli space M

d0
GLr

on the curve Xrk by taking the
kernel of the norm map

Pic0(Xrk)! Pic0(X).

One has the following Proposition 2.6 in [41]

Proposition 4.4.1. The triple
✓
MHrk

,AHrk
, PHrk

◆

is a weak abelian fibration which is d-regular when restricted to Aani
Hrk

, see defini-
tion 4.1.3, with notations as above.

We then have the following theorem concerning about the supports of
the Hitchin systems frk : MHrk

! AHrk
, we refer readers to the Theorem

2.3 of [41].

Theorem 4.4.2. Let D be an effective divisor on X of degree deg(D) > 2g� 2,
and let us consider the m-th cyclic étale covering prk : Xrk ! X, where k is of
order m, with n = mr. For each prk , one has the corresponding Hitchin system
frk : MHrk

! AHrk
. Then

Socle(R frk ,⇤Q`) ⇢ A
ani
Hrk

.

For the definition of Socle(R frk ,⇤Q`), we refer readers to Definition 4.2.2.
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Remark 4.4.3. The main ingredient in the proof of the support theorems
of SLn and Hrk , and originally for GLn, is the stratification on the Hitchin
bases according to the decomposition type of characteristic polynomials
of Higgs fields. More precisely one define A(m,n) where m = (m1, . . . , ms)
and n = (n1, . . . , ns) to be the set of characteristic polynomials of Higgs
fields which admit the following form

P =
s

’
i=1

Pi, deg(Pi) = mi.

One can then obtain a contradiction by considering the enhanced d-regular
inequality, see Theorem 4.2.10, if we assume that the point a 2 Socle is not
elliptic.

For details, we refer readers to [15], [16], [18] and section 2 of [41]
Moreover, we would like to consider the action of G = Pic0(X)[n], i.e.,

the torsion points of Jacobians of X, on the corresponding moduli space of
Hrk -Higgs bundles. More precisely, let us choose s 2 G, which is of order
m. Let L 2 G be a torsion line bundle, we have

det(prk,⇤(p
⇤
rk

L⌦ E)) = det(L⌦ p⇤E) = Lmr
⌦ det(prk E) = det(p⇤E)

for E being a vector bundle over Xrk of rank r. Therefore we have an action
of G on moduli space of Hrk -Higgs bundles by the tensorisation of the
pullback of L 2 G along prk .

Therefore one can have the following decomposition

R fHrk ,⇤Q` =
M

k2bG

✓
R fHrk ,⇤Q`

◆

k

, (4.3)

where bG is isomorphic to G through the Weil pairing. When k = 1, we
will write ✓

R fHrk ,⇤Q`

◆

stab
=

✓
R fHrk ,⇤Q`

◆

k=1
.

Then we have the following property of supports of the complexes✓
R fHrk ,⇤Q`

◆

stab
, see Theorem 2.3 (b), in [41].

Proposition 4.4.4.

✓
R fHrk ,⇤Q`

◆

stab
has full support AHrk

.
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Now let us summarize what we can obtain from the support theorems
for SLn and Hrk and the function sheaf dictionary in section 4.3. When we
restrict to the anisotropic locus of ASLn , we will have

#ML
SLn

|
Aani

SLn
= Â

(k,rk)

✓
#stab

MHrk
|
Aani

Hrk

◆
q2dg ,

where #stab
MHrk

is the stable part of the point counting #MHrk
in the

sense of stabilization given by the geometric stabilisation theorem of Ngô
in section 6.4 of [46] and here 2dg = codim

ML
SLn

(MHrk
) which coincides

with the fermion shift of the locus fixed by g 2 G = Pic0(X)[n], with g
corresponds to k through Weil pairing.

In fact, over the anisotropic locus, the decomposition of #MHrk
into

bG-isotropic loci according to the action described above coincides with
the endoscopic decomposition of #MHrk

given by geometric stabilisation
theorem of Ngô.

In the spirit of the stabilization of the trace formula, one would like
to extend the above decomposition of point counting restricted to the
anisotropic locus to the entire Hitchin base.

Now Proposition 4.4.4 shows that the #stab
MHrk

has full support on
AHrk

, then one has

Corollary 4.4.5.

#ML
SLn

= Â
(k,rk)

✓
#stab

MHrk

◆
q2dg .

which is the counting version of the result of Maulik-Shen in [41], by
taking the alternating sum of traces of Frobenius of their correspondences
on the level of complexes.

4.5 Maulik-Shen’s reduction

This section is taken from section 4 of [41]. We will review the method de-
veloped by Maulik and Shen in [41], which allows us to reduce the general
case where the effective divisor satisfying deg(D) > 2g � 2 or D = KX,
where KX is the canonical divisor of the curve X to the case when the de-
gree of the effective divisor D satisfies deg(D) > 2g � 2 and deg(D) is
even. The group schemes over X in this section are all assumed to be split.
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Let p be a k-rational point on the curve X, with a closed embedding

ip : {p}! X.

Then one can consider the space given by the quotient

Mn,p = [sln/SLn]

which can be viewed as the moduli space of SLn-Higgs bundle at a point
p, as well as the Hitchin morphism

hp : Mn,p ! Ap

where Ap = sln � SLn is the affine GIT quotient parametrizing all the
characteristic polynomials which come from a trace 0 matrix.

Let us denote by M
D,L
n the moduli space of SLn-Higgs bundles then

one has the following commutative diagram:

M
D,L
SLn

MSLn,p

A
D

Ap.

evp

hD hp

Also, we have the same diagram for the moduli space M
D,L
Hk

of Hrk -
Higgs bundles, where Hk is coming from the endoscopic datum (k, rk),
with k 2 bT of order m, and rk defines a m-th cyclic finite étale covering
prk : Xrk ! X with n = rm,

M
D,L
Hrk

Mrk ,p

A
D

Ap

evp

hD hp

where Mrk ,p = [hk/Hpk ], here we let hrk be the Lie algebra of Hrk .
Maulik-Shen first prove the following proposition concerning about the

smoothness of the evaluation map evp,

Proposition 4.5.1. Assume that D is a divisor on X satisfying
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1. D� p = KX or

2. D� p is effective and deg(D� p) < 2g� 2.

The evaluation map evp : MD,L
Hrk
!Mrk ,p is smooth.

Now if deg(D) satisfies these two conditions in proposition 4.5.1, then
let us consider a stable (D� p)-Higgs bundle (E, q) on X. Then one may
view q as

q0 : E q
�! E⌦OC(D� p)! E⌦OC(D).

Clearly the stableness is preserved, hence we obtain a closed embedding

M
D�p,L
Hrk

!M
D,L
Hrk

, (E, q) 7! (E, q0).

Hence, a Higgs bundle (E, q) 2M
D,L
Hrk

from M
D�p,L
Hrk

can be character-
ized as the vanishing of the Higgs field over the point p.

Recall that for (a2, . . . , an) 2 sln � SLn determines a characteristic poly-
nomial. The term ai defines polynomial function of degree i, on the Lie
algebra sln, which by definition is SLn-invariant. We take the quadratic
function,

µ = a2 : sln ! A
1.

We have
µrk := hrk ,! sln

µ
�! A

1

Now we consider the critical locus of the function µ2.

Lemma 4.5.2 (Lemma 4.3, [41]). The critical locus of the function µ2 is the
isolated reduced point 0 2 sln, i.e.,

{dµrk = 0} =: Crit(µrk) = {0} ⇢ sln.

Consequently, the perverse sheaf of vanishing cycles jµ2(Q`[dim(sln)]) is the
skyscraper sheaf supported on the closed point 0 2 sln.

The sln-invariant function µ2 induces the function

µrk : [hrk /Hrk ]! A
1
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which form the commutative diagram

Mrk ,p

Ap A
1.

hp
µ1

µ2

Once we pullback along the previous evaluation diagram,

M
D,L
Hrk

Mrk ,p

A
D

Ap,

evp

hD hp

we get the functions

µrk ,M : MD,L
Hrk
! A

1, µrk ,A : AD
Hrk
! A

1

which satisfies the following commutative diagram

M
D,L
Hrk

A
D
Hrk

A
1.

hD
µrk ,M

µrk ,A

Now finally, we may introduce some useful properties that we shall use
in the sequel.

Lemma 4.5.3. Let f : V ! A
1 be a regular function, where A

1 is the affine line.

1. Assume that V admits an action of a finite group G which is fibrewise with
respect to f , then the nearby and vanishing cycle functors F f , j f are G-
equivariant.

2. Assume that F 2 Db
c (V) and assume that g = l · id 2 End(F ) with

l 2 Q
⇥

` , then the following hold:

F f (g) = l · id : F fF
⇠
�! F fF
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and
j f (g) = l · id : j fF

⇠
�! j fF .

3. Assume that g : W ! V is smooth with f 0 = f � g : W ! A
1, then

g⇤ � j f = j f 0 � g⇤ : Db
c (V)! Db

c ( f
0
�1(0

A1)).

Theorem 4.5.4 (theorem 4.5, [41]). Assume that the divisor D satisfies these
two conditions in 4.5.1,

1. The closed embedding can be realized as the critical locus of the function
µrk ,M : MD,L

Hrk
! A

1.

2. Let r0 be the codimension of the embedding M
D�p,L
Hrk

,!M
D,L
Hrk

. There is a
natural isomorphism

jµrk ,MQ` = Q`[�r0].

Here Q` denotes the constant sheaves on M
D
r,L and M

D�p
r,L , respectively.

3. For any character k of the group G, one has the following natural isomor-
phism

jµrk ,A(R f D
rk ,⇤Q`)k = (R f D�p

rk ,⇤ Q`)k[�r0].

Let us now consider the following cases,

1. The effective divisor D satisfies that deg(D) is even and deg(D) >
2g� 2, then that is what we will prove in chapter 5. We need to reduce
the general case of D being effective and deg(D) > 2g� 2 or D = KX,
where KX is the canonical divisor of X.

2. Let us assume that the degree of the effective divisor D is odd and
large than 2g� 2, then we set

Dp = D + p

where p 2 X is a closed point.

Then one can compute the codimension r1 := codim
M

Dp ,L
SLn

(MD,L
SLn

)

and r2 := codim
M

Dp
Hrk

(MD
Hrk

), according to section 4.4 of [41], we

have
r1 � r2 = 2(dD

g � dD
g )
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here 2dD
g = codim

M
D,L
SLn

(MD
Hrk

) which coincides with the fermion

shift of the locus fixed by g 2 G = Pic0(X)[n], with g corresponds to
k through Weil pairing.

Thus in this case if we already have

(#MDp,L
SLn

)k = q2d
Dp
g (#MDp

Hrk
)st

After applying that natural morphism in the third part of the above
theorem we have

(#MDp,L
SLn

)k = qr1(#MD,L
SLn

)k

and
(#MDp

Hrk
)st = qr2(#MD

Hrk
)st.

Now suppose that for Dp, we have

(#MDp,L
SLn

)k = q2d
Dp
g (#MDp

Hrk
)st.

One can have
(#MD,L

SLn
)k = q2dD

g (#MD
Hrk

)st.

3. Then one can consider the case of D = KX, where KX is the canonical
divisor of the curve X.

Then one can consider the divisor

Kp,q = KX + p + q,

where p, q are two closed points of X.

Then by applying the natural morphism in third part of Theorem
4.5.4 twice, one gets the desired reduction to the first case.
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Chapter 5

Counting points on Hitchin

systems

In this chapter, we will work under the assumption that the effective divisor
we use to definition Hitchin systems satisfies deg(D) is even and deg(D) >
2g � 2. We will use the fundamental lemma, i.e., the stabilization of the
trace formula over the anisotropic locus and the supports theorems we
mentioned in chapter 4 to show that

#ML
SLn

= #strM
e
PGLn

.

In this chapter, we will take G = SLn split over the curve X, and Hrk

to be the endoscopic groups of SLn on X associated to the endoscopic
datum (k, rk), since the split case would be enough for the original Hausel-
Thaddeus conjecture. And we will use bG, bHrk to denote the corresponding
Langlands dual groups over X. Recall that there is a finite étale cyclic cover-
ing prk : Xrk ! X, associated to rk. We will always assume that the cyclic
covering prk is always of degree m if not otherwise mentioned, and we will
always assume that mr = n.

Let us mention the quasi-split case briefly. We consider the base change
to XQ, where XQ is the covering of X given by the torsor rG : p1(X, x) !
Out(G), see section 1 in chapter 1. Then rG is trivial over XQ and by Lemma
1.1.5 one knows that XQ is finite over X. Then as discussed in the section 3.1
of Yun [55], by pulling everything back to XQ and taking Q-invariants of
the cohomological sheaves, it is reasonable for one to expect similar result
like Theorem 3.2.8 in Yun [55] holds over the entire Hitchin base for the
curve XQ.
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5.1 Counting on fibres in the anisotropic locus

We start by recalling the action of G = Pic0(X)[n] on the complex R fSLn,⇤Q`
induced by the action of G on the moduli space M

L
SLn

by tensorisation,
hence G acts on the cohomology groups of ML

SLn
through s : G! Q

⇥

` . One
then has the following decomposition,

R fSLn,⇤Q` =
M

s2bG

✓
R fSLn,⇤Q`

◆

s
, (5.1)

see Lemme 3.2.5 in [38]. We denote
✓

R fSLn,⇤Q`

◆

stab
:=

✓
R fSLn,⇤Q`

◆

s=1
.

Hence by taking the alternating sum of the Frobenius trace (see equation
4.2), we get the corresponding point count #stab

M
L
SLn

. From the support
theorem 4.2.12 of SLn, we know that the support of fSLn : ML

SLn
! ASLn is

contained in A
ani
SLn

.

Also we have the similar decomposition of
✓

R fHrk ,⇤Q`

◆
, see (4.3), as

well as the notion of stable point counting #stab
MHrk

.
Let us mention that there is an one-to-one correspondence between the

equivalence classes of elliptic coendoscopic datum (k, rk) of SLn over X
and the group G = Pic0(X)[n].

• On the one hand, if one is given a g 2 G of order m, there is an asso-
ciated degree m étale covering Xg ! X such that g is trivial over Xg.
By taking the trivialization of g over Xg and the torsor rg : Xg ! X
given by the m-th étale covering, we get an elliptic coendoscopic da-
tum (k, rk), by the spirit of Example 3.1.8, k should be of the following
form

k = diag(1, ..., 1| {z }
r copies

, s, ..., s| {z }
r copies

, . . . , sm�1, ..., sm�1
| {z }

r copies

).

• On the other hand, an elliptic coendoscopic datum (k, rk) gives us
an m-th étale cyclic covering prk : Xrk ! X, and we can view k as
an element s 2 µm, an m-th root of unity, which is constant over Xrk ,
hence by pushforward we get a line bundle of order m.
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It is easy to see that the two operations above are inverse to each other,
hence we have the following diagram:

G bG

(
equivalent classes of

elliptic coendoscopic datum

) (
equivalent classes of

elliptic endoscopic datum

)
.

r

(5.2)
Then by the celebrated geometric stabilisation theorem of Ngô, see The-

orem 6.4.2 in [46], we have the following decomposition of R f ani
SLn,⇤Q`,

M

n

pHn(R f ani
SLn,⇤Q`)[2dg](dg) '

M

n

M

(k,rk)

n⇤ pHn(R f ani
Hrk ,⇤Q`)stab,

where n : AHrk
! ASLn is the canonical map on Hitchin bases.

Therefore we have the corresponding decomposition of point counting

#ML
SLn

|
Aani = Â

(k,rk)

q2dg#stab
MHrk

|
Aani

Hrk
,

where the sum is taken over all equivalent classes of elliptic endoscopic da-
tum of SLn, note that 2dg is the fermionic shift, which is also the difference
of dimensions, i.e., dimM

L
SLn
� dimMHrk

, where g corresponds to (k, rk)
via the commutative diagram 5.2.

5.2 Comparison of point counts

From the first section, we have the following decomposition of the point
counting on M

L
SLn

,

#ML
SLn

|
Aani

SLn
= Â

(k,rk)

✓
#stab

M
L
Hrk

|
Aani

Hrk

◆
q2dg , (5.3)

where the sum is taking over the set of equivalence classes of endoscopic
datum (k, rk) of SLn over the curve X, or equivalently, the group G ' bG, as
we discussed at the beginning of the first section.
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For simplicity, we will omit the superscript L in M
L
Hrk

in this section.
Now let us pick an arbitrary term in the right hand side of the above

identity 5.3, i.e., #stab
MHrk

|
Aani

Hrk
. We first note that by the non-standard

fundamental lemma that Ngô proved in [46], Theorem 1.12.7

Theorem 5.2.1. Suppose that G1 and G2 are two groups with isogeny root datum,
then for a 2 A

ani
G1
' A

ani
G2

, one has

#stab
MG1,a = #stab

MG2,a.

Thus one has the following identity

#stab
MHrk

|
Aani

rk
= #stab

M bHg
|
Aani

rk
,

where bHg ⇢ PGLn is the coendoscopic group that given by the coendo-
scopic datum (h, rk) which is obtained from applying the Weil pairing
r : G⇥ G! µn. Here we use g 2 Pic0(X)[n] to denote the line bundle that
one can obtain from the coendoscopic datum (h, rk), and s 2 bG to denote
the corresponding character obtained from (k, rk), and we remark that s
corresponds to g through r.

Recall again in Example 3.1.8, we have an explicit description of endo-
scopic groups of SLn and therefore a description of coendoscopic groups
of PGLn, in this case we know that

bHg =

✓
ResErk /FGLr

◆
/GL1,

where F is the function field of X, and Erk is the function field of the finite
étale covering Xrk of X. One immediately sees that any orbital integral over
the group bHg should be stable, since the notion of stable conjugacy and
rational conjugacy coincide on the group bHg.

Hence we have the following equality of point counts,

#stab
MHrk

|
Aani

rk
= #M bHg

|
Aani

rk
.

Now the observation that should come in is the following short exact
sequence of groups

1!
✓

ResErk /FGL1

◆
/GL1 ! bHg ! PGLr(Erk)! 1.

Then one has the following identity of the point counts.

70



Proposition 5.2.2. Let f1 : Me
PGLr

! APGLr and f2 : Me
bHg
! Ark be two

Hitchin systems of PGLr-Higgs bundles and bHg-Higgs bundles of degree e, re-
spectively. Then one has the following

#Me
bHg

= qDrk #Me
PGLr

,

where Drk is a constant which only depends on the covering rk : Xrk ! X.

Proof. For simplicity, we write G1 = bHg, G2 = PGLr and E = Erk . Also, we
will write T = (ResE/FGL1)/GL1, we remark that T is in the centre of G1.

Then we have the following short exact sequence

1! T ! G1 ! G2 ! 1.

We recall from the full counting formula 1.2 in section 1.4.

#Me
G1

=
Z

G1(E)\G1(AE)e Â
P1

(�1)dim(a
G1
P1

) Â
d2P1(E)\G1(E)

btP1(HP1(dg))

Â
g2p1(E)

1D((dg)�1g(dg))dg.

By the spirit of [12], one knows that the above integral converges abso-
lutely, we have

#Me
G1

= Â
P1

(�1)dim(a
G1
P1

)
Z

P1(E)\G1(AE)e
btP1(HP1(g)) Â

g2p1(E)
1D(g�1gg)dg

= Â
P2

(�1)dim(a
G2
P2

)qd(T)vol(T(F)\T(AE)
e)

✓ Z

P2(E)\G2(AE)e
btP2(HP2(g)) Â

g2p2(E)
1D(g�1gg)dg

◆

= qd(T)vol(T(F)\T(AE)
e)#Me

G2
.

Since for each P1 ⇢ G1, we have

P2 = (T\P1) ⇢ G2

and for each g1 2 p1, we can write it as

g1 = g2 + U, where g1 2 p1, g2 2 p1, and U 2 Lie(T),
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note that U should be central.
Hence

1D(g�1g1g) = 1D(g�1(g2 + U)g) = 1D(g�1g2g)1D(U).

Hence we can define qd(T) := ÂU2Lie(T) 1D(U), which is a finite number
by Riemann-Roch theorem.

For simplicity, we will define Drk such that

qDrk := qd(T)vol(T(F)\T(AE)
e).

Remark 5.2.3. One has the following inclusion,

A
ani
PGLr

,! A
ani
bHg

.

We know that Aani
bHg

is a trivial affine bundle over Aani
PGLr

. Let a 2 A
ani
PGLr

,

we should note that every b above a should be also living in A
ani
bHg

. Indeed,
one has

p0(Pb) < • () p0(Pa) < •,

since T = (ResE/FGL1)/GL1 is finite. Then by the paragraph under remark
1.3.5, we have that b 2 A

ani
bHg

if and only if a 2 A
ani
PGLr

.
If we exam the proof above more closely, we know that for each b above

a, the point counting of each Hitchin fibre

#Me
G1,b = vol(T(F)\T(AE)

e)#Me
G2,a.

Therefore we have the following sequences of identities

Corollary 5.2.4.

#stab
M|

Aani
Hrk

= qDrk #MPGLr |Aani
PGLr

= qDrk #stab
MSLr |Aani

SLr
, (5.4)

where the 2nd equality comes from the definition of #stab
MSLr .
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Hence we have the following consequence

#ML
SLn

|
Aani

SLn
= Â

bG

✓
qDrk #stab

MSLr(Erk )
|
Aani

SLr(Erk )

◆
q2dg . (5.5)

Now the observation is that the both sides of the decomposition 5.5
above are supported on the anisotropic loci of their Hitchin bases, and the
image of Aani

SLr(Erk )
is in A

ani
SLn

. Hence, we can extend the above decompo-
sition to full Hitchin bases by the spirit of perverse continuation method,
and get the following sequence of identities,

#ML
SLn

= Â
bG

✓
qD(rk)#stab

MSLr(Erk )

◆
q2dg (5.6)

= Â
G

✓
qD(rk)#MPGLr(Erk )

◆
q2dg (5.7)

= Â
G

✓
#M bHg

◆
q2dg (5.8)

= #strM
d
PGLn

. (5.9)

Here we use #str to denote the stringy point counting formula we de-
fined for inertial stacks in chapter 2, see Definition 2.1.4. Here for the last
equality above we used the equivalence between the inertia stacks and the
coendoscopic decomposition of Md

PGLn
.

Corollary 5.2.5. From the above argument, if we take k 2 bG and the correspond-
ing g 2 G, which is obtained from k through the Weil pairing, we see the following

(#ML
SLn

)k = (#strM
d
PGLn

)g.

To conclude, we have the following theorems first conjectured by Hausel-
Thaddeus in [31],

Theorem 5.2.6. Let d, e be two integers, both of them are supposed to be coprime
with n 2 N. Let the effective divisor D on X satisfy deg(D) > 2g and deg(D)
being even.

Let ML
SLn

and M
e
PGLn

be the moduli stack of stable SLn-Higgs bundles and
PGLn-Higgs bundles, respectively. Let aL be the lifting gerbe defined in section
2.3, then one has the following

#ML
SLn

= #aL
strM

e
PGLn

.
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In section 4.5, we showed how the method of utilizing vanishing cycle
functors developed by Maulik and Shen in section 4 of [41] can reduce the
following general case from Theorem 5.2.6.

Theorem 5.2.7. Let d, e be two integers coprime with n 2 N. Let the effective
divisor D on X satisfy deg(D) � 2g� 2 or K = D.

Let ML
SLn

and M
e
PGLn

be the moduli stack of stable SLn-Higgs bundles and
PGLn-Higgs bundles, respectively. Let aL be the lifting gerbe defined in section
2.3, then one has the following

#ML
SLn

= #aL
strM

e
PGLn

.

We now conclude this section with the following corollary, which is
Conjecture 3.27 in [29], also see Theorem 3.2 in [41].

Corollary 5.2.8. For g = r(k), we have

Ek(M
d
SLn

; u, v) = (uv)F(g)E(Mg
PGLe

n
/G, Lad

L
; u, v),

where Lad
L

is the induced Local system.
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Chapter 6

Conclusion

This thesis reproves the topological mirror symmetry conjecture posed by
Hausel-Thaddeus in [31]. Starting with the idea that point counts reveal
topological information which was used in previous proof by Groechenig,
Wyss and Ziegler, we use a different way of proving the desired agree-
ment of point counts. More precisely, we use the fundamental lemma to
decompose point counts on SLn-Hitchin systems according to the set of
endoscopic data and then used the same set of (co)endoscopic data to de-
compose the stringy point counts on PGLn-Hitchin systems. Then we get
the desired equality by proving that each part of these two decompositions
match, on the anisotropic locus of the Hitchin base. We then reduce the
point counts on endoscopic groups of SLn to SLr-Hitchin systems, where
r | n. Finally, we use the support theorem of Hitchin systems of structure
group SLn to get the desired equality over the entire Hitchin base.

This thesis, inevitably, leaves some ends untied. From the viewpoint
of the proof we present here, it would be interesting to compare the full
stabilization of the trace formula already established by Arthur in his series
of papers [2], [1] and [3] with this proof, to see whether the support theorem
of SLn can be avoid by using the techniques invented by Arthur, perhaps
by some delicate induction methods on Levi subgroups.

It would be intriguing to investigate whether the methodologies used
in this thesis, along with the weighted fundamental lemma as proved by
Chaudouard and Laumon [13] could be applied to establish topological
mirror symmetry in the parabolic case. There are already some related
counting results established by Yu in [52], but he only dealt with the coarse
expansion of the geometric side of the trace formulas only.
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It would also be interesting to see whether the support theorem proved
by Maulik and Shen in [42] without the coprimality condition can be used
to extends the equality of point counting we concern in this thesis to the
case where the degree and rank of the Higgs bundle are not necessarily
coprime.

Also, since it has been observed that there should be rich geometric
structures under the phenomenon of endoscopy in [22], it would be interest-
ing to further investigate the geometry that hiding underlying endoscopy.
Additionally, it has been pointed out to the author that the classical fixed
point theorem of Narasimhan and Ramanan, see theorem 3.0.1, has been
generalized to other groups in [23] and [5]. It would be interesting to see
whether the endoscopy phenomenon we discussed in the context of the
classical theorem of Narasimhan and Ramanan reoccurs in their setting.

Furthermore, it would be interesting to look at the behaviours of nilpo-
tent terms in the context of mirror symmetry. As one can already see from
the explicit computation in chapter 6 of [34], the (regular) nilpotent parts
of SL2 can be decomposed according to the set of equivalent classes en-
doscopic datum, hence transferred into the nilpotent part of those Hitchin
systems given by the elliptic torus of SL2. More generally in prime rank
case, one would expect that only regular nilpotent Higgs bundles of SLn
contributes to the stringy part of the cohomology of the moduli space of
PGLn-Higgs bundles. This is a conjecture of Hausel-Thaddeus made in the
last paragraph of their paper [31], and they verified that this conjecture is
true in the case of rank being 2 and 3, but now it is a direct consequence
of the topological mirror symmetry. In the most general case, it would be
reasonable to expect that one can do a direct computation on integrals of
point countings over the nilpotent fibres to prove that only nilpotent orbits
that have equal size blocks contributes to the stringy part of the cohomol-
ogy of moduli space PGLn-Higgs bundles. In fact, the explicit computation
for those orbits in the case of GLn has been done by Chaudouard in [14].

Lastly, one would like to ask the possibility of utilizing the automorphic
method on the point counting integral on nilpotent fibres to reduce the case
of general divisor D to the special case we mentioned, i.e., D is effective
and deg(D) is a large enough even integer.
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