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ABSTRACT 1 

ABSTRACT 

The prediction of fatigue life and evaluation of onset and growth of matrix cracks 

and delamination for general composite laminates are studied analytically using theories 

of damage tolerance, residual modulus degradation and residual strength degradation. 

Damage on3et including matrix cracks anù edge delamination are predicted by using a 

total strain energy release rate criterion which accounts for interactive effects of matrix 

crdcks and delamination. Based on the assumption of a linear relation between damage 

and stiffness loss, the analytical models for modulus degradation, matrix crack density 

and delamination size growth as function of fatigue stress and fatigue cycles are 

proposed. The proposed approach provides four choices for predicting tension-tension 

fatigue life and for assessing fail-safety for structures made of composite laminates: 

residual modulus criterion, matrix cracking criterion, delamination size criterian and 

fatigue strength criterion. The direct relation of physical damage to fatigue life and 

analytical equations for calculating residual elastic moduli E), ~, V)2 and G)2 in terms of 

fatigue load and fatigue cycles are proposed. Ali proposecl models in this thesis are 

analytical and general. The proposed approach enables prediction of fatigue behaviour 

of general laminates using experimental data of a basic lay-up such as unidirectional 

laminate. The analytical results have good agreement with four sets of experimental 

data. Based on the moduli reduction model developed by this research and O'Brien's 

delamination law, the finite element technique was utiIized to model the fatigue failure 

process of notched laminates. A simple example of a laminate with a central hole under 

tension-tension fatigue loading was performed, and the results of damage growth and 

fatigue failure life approximately agree with experimental data. 
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RESUME 

Cette recherche fait l'object de l'étude de la fatigue des plaques de matériaux 

composites soumises à des chargements. La prédiction de l'amorce de la propagation dc~ 

fissures matricielles et les délaminations sont étudiées c., tennes de tolérance aux 

endommagements, de dégradation du module d'élasticite, ainsi que dc la dégradation de 

la résistance résiduelle. L'initiation de l'endommagement est prédit par un critère 

d'energie des contraintes qui prend en compte les effets intcmctifs cntre les tissures 

matricielles et les délaminations. En prenant comme hypothèse une relation linéam! entre 

le dommage et la perte du module d'él.lsticité, le dévelopement de modèles pennet de 

prédire la dégradation de la ligidité, les fissures matricielles et les délamillations cn 

fonction de l'intensité du chargement et le nombre de cycles de l'éprcuve de fatigue. Il 

y a quatre choix pour prédire la durée de vie utile en fatigue: un critère de module 

d'élasticité résiduel, un critère de fissures matricielles, un critère basée sur la dimension 

charactéristique de la délamination et un crill:re de résistance résiduelle. Une n-Iation 

directe entre le dommage réel et la durée de vie utile en fatigue est propO'iée ainsi que 

des équations pour le calcul de proprietés charactéristiques résiduclles de matériaux (El' 

~, V12 et G!2) ton ~onction du chargement et du nombre de cycles cn fatigue. Ces 

modèles, étant analytiques et généraux, permettent de prédire le rendement de plaques 

composites, en utilisant des données expérimentales d'une configuration cie base (par 

exemple, une plaque unidirectionelle). C'est ainsi que les résultats ont montré un bon 

accord avec quatre expériences typiques sur des matériaux composites. A partir du 

modèle un code à éléments finis à été utilisé avec succès pour modeliser le comportement 

en fatique d'une plaque percée d'un trou centmle. 
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Chapter 1. Introduction 

CHAPTER 1 

INTRODUCTION 

In this chapter, the history and background of fatigue failure I11cchanisl11s for 

composite materials are briefly described. The analysis methods and recent developmcnts 

related to structures made of composite laminates under fatigue loading arc rcviewcd. 

The objectives of this research work are presented. 

1.1 BACKGROUND 

The rapidly expanding applications of composites in the recent past have providcd 

much optimism for the future of technology. Although man-made composites have 

existed for thousands of years, high technoJogy of composites has evolved in the 

aerospace industry only in the last twenty years. Filament-wound pressure vesscls lIsing 

glass fibers were the first strength critieal application for modern composites. This was 

followed by boron filaments in the 1960's whieh started many US Air Force programs 

to promote aircraft structures made of composites. The F-Ill horizontal stabi1izcr in the 

early 1970's was the first important flight-worthy composite component. 

In the early 1980's the Boeing 767 used nearly two tons of composite materials 

in its floor beam and aIl of its control surfaces. The USSR's giant transport, Antonov 

124, has a total of 5500 kg of composite materials, of which 2500 kg are graphite 

composites. The aU-composite fin box of the Airbu., industries A310-3oo is an 

impressive stmcture in its simplicity. Nearly al1 emerging aircrafts lise composites 

extensively; examples inc1ude the Dassault-Breguet's Rafale, Saab-Scania JAS-39 

Gripen, the European Fighter Aircraft of Britain, West Gennany, Canada, Italy and 
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Spain, and a new g~neration of commercial aircraft: Airbus 320, McDonnell-Douglas 

MD-II, and Boeing 7J7. Beech Aircraft's Straship-l is an alI-composite airplane. 

In 1986, another ali-composite airplane that set a world record for llonstop flight 

around the world was the VOYAGER designed and buitt by Burt Rutan and his 

coworkers. As expected the plane was ultra light but it also showed amazing toughness 

and resilience against many stonny encounters. Graphite composites were used in the 

dual rudders of the revolutionary 12-meter yacht, the USA, St. Francis Yacht Club's 

entry to the 1987 America's Cup challenge. From the 1980's to 1990's more and more 

applications have converted composite materials from a high technology domain into 

household words. High visibility is an important ingredient for the growth and 

acceptance of composite materials as viable engineering materials. 

Materials and processing advances have been instruffi~ntal to the growth of our 

technology. Graphite and Kevlar tibers became commercially available in the early 

1970·s. More recently, higher temperature materials and thermoplastics have emerged 

for the demanding applications of the future. 

The high technology of composites has spurred applications outside the aerospace 

industry. The sporting goods industry is a major outtet for composite materials. 

Hundreds of tons of graphite composites were used for tennis and squash rackets, and 

golf shafts each year since 1983. Other applications include bicycles, oars for rowing, 

and just about any equipment where weight, stiffness, and strength are important. It is 

believed that the acceptance of composites will inevitably increase because of their 

inherent high specifie strength and specific stiffness and superior Jong tenn properties. 
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1.2 FATIGUE FAILURE MECHANISMS 

Composite materials exhibit very complex failure mechanisl11s under slatie and 

fatigue loading because of anisotropie characteristics in their strength and stiffncss 

properties. Fatigue failure is usually accompanied with extensive damagc which is 

multiplied throughout specimen volume instead of a predominant single crack which is 

often observed in most isotropie brittle materials. The four basic failurc Illcchanisms for 

composites under fatigue loading are matrix cracking, interfacial dchonding (tïhcr/matrix 

debonding), delamination and fiber breakage. Figure 1.1 and Figure 1.2 rcprcscnt hasic 

damage modes and development of damage in composite laminates under fatiguc loading. 

Any combination of these can be responsible for fatigue damage which may rcsult in 

reduced fatigue strength and stiffness. The type and degree of dall'aagc vary widcly 

depending on material propelties, lay-up of the composite plies, type of fatigue loading. 

etc. Il has also been observed that damage development under fatigue and static loading 

is similar except that fatigue at given stress level causes addilional damage to OCClU as 

a function of number of cycles. 

Although four basic failure mechanisms have been observed in composites, many 

researchers have indicated that delamination and matrix cracking are the main ohserved 

modes of fatigue failure before a composite laminate fails catastrophically, and both have 

significant effect on Jaminate stiffness and strength. Figure 1.1 (a) shows idcalized 

schematics of fatigue damage mechanisms for matrix cracking and delamination. 
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(a) (b) (c) 

Fig. 1.1 Depic:tioD of damage modes: (a) matm cracking witb delamination, 

(b) matm Cl'Ilcking, (c) liber bk_ka,e witb some fiber matm 

debondinl [1,21. 
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Fig. 1.2 Development of damage in composite laminates under fatigue loading [3] 
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1.2.1 Matrix cl·acking 

For multidirectional laminales under in-plane fatigue loading, failurc lIsllally 

occurs successively from the weakest ply to the strongest ply. As an exal11ple. consider 

the matrix cracking process of a [0/901 ±451s laminate subjected to uniaxial tension. It 

would be expected that the first cracks occur in 90 degrce plies followed by ±45 dcgrec 

plies. Figure 1.3 presents a series of micrographs of transverse cracks observed al free 

edg\~s during fatigue loading. First cracks occurred in th~ 90 degree plies and prlJpagaled 

to the interfaces. With increasing fatigue cycles, new cracks occurrcd in the 45 degrce 

plies adjacent to the 90 degree plies, and then to the -45 degree plies. Most of these 

cracks appear at the tip of the 90 degrec cracks and are extended to the interf~lœ of the 

±45 degree plies. In fatigue loading, the number of cracks in each angle ply is highcr 

compared to that ~f statie loading and incr~ses with fatigue cycles. Howcver, prior 10 

laminate failure the number of cracks in most cases reaches a limit level where no further 

new cracks occur in spite of additional fatigu~ cycles. The stress level of onset of matrix 

cracking du ring fatigue loading in the [0/90/ ± 45]s laminate was also found to be rnllch 

smaller than that of onset of matrb: cracking under statie load. Thus, the tirsl ply failure 

criterion at sta!ic load is not valid for fatigue load. 

The laminate stacking sequence plays a significant role in the development of 

matrix cracks [4]. Although the same stress state wa~ predîcted for diffcrent plies of 

same or similar laminates by laminate plate theory. different matrix crack densities are 

often observed in these plies or laminates under fatigue loading. Figure 1.4 shows 

fatigue cycles versus number of cracks for [0/90/ ±45]s and [0/ ±45190]~ laminatcs. 

There is a considerable difference in the development of 90 degrce and ±45 dcgrce 

cracks between two stacking sequences of a quasi-isotropie laminate, as weil as in the 

development of +45 degree and -45 degree cracks within the [0/90/ ±45]g laminate. The 

main reason for this discrepancy is the redistribution of ply stresses due to matrix crack 

growth and ply delaminatÎon. 
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(a) 2 x 10· CYCLES (h) 4 x 10" CYCLES 

(c) 20 x 10· CYCLES (d) 6S x 10" CYCLES 

Fig. 1.3 Micrographs sbowing crack patterns under fatigue loading 

in a [0/90/ ±4S]s laminate [4J 
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Fig. 1.4 Fatigue cycles versus number of cracks for [O/90/±451 and 

[01 ±4SI90]s Iaminates [4] 

1.2.2 Delamination 

7 

Delamination along the straight free-edges of composite laminates under in-plane 

uniaxialload bas been observed since the early 1970's. Since then a considerable amount 

of work has been reported on the free-edge problem in composite materials [2,4,5,6], 

which indicatt~ that free-edge delamination is attributed to the existence of interlaminar 

stresses which are highly localized in the neighborhood of a free-edge. In addition to 

interlamina.l· tensile stress, other mechanisms such as transverse cracking and 

interlaminar shea.ring are also significant in the onset and growth of delamination. 

Figure 1.5 shows a x-ray picture of delamination growth as a function of number 

of cycles for a [0/901 ±451s CFRP T300/5208 laminate. The stress level of delamination 

during fatigue loading is smaller than that of delamination under static loading. Onset 

of d:lamination occurred very carly in the fatigue life and rapidly propagated toward the 

Middle of the specimen width as number of cycles was increased. 
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5 x JO" 

15 x let 

30 x let 

5 x l()l 

15 x l()l 

18 x 1()3 

, ' ~ ~!t ~"'''~.J··~!.::'l~ . 
~ • • • ~ -.l. • 

(a) (J'mu = 345 MPa 

N = 312,000 CYCLES 

(h) (J'mu = 414 MPa 

N = 19,000 CYCLES 

Fig. 1.5 X-ray pictuns of delamination growth as a function of fatigue 

cycles for a [0/90/ ±4S1s CFRP T300/S208 laminate [4] 
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1.2.3 Change of modulus and strength 

Fatigue damage, such as matrix cracking and delamination. often reslIlts in a 

significant reduction in modulus and strength of composite lami.ultcs. A Illullidircctional 

laminate generally shows a graduai strength and modulus rcduction until tinal failure. 

The degree of modulus and strength reduction varies widely, depcnding upon the lay-uJl 

of laminate, type of loading, material properties, etc. 

Figure 1.6 and Figure 1.7 show the S-N curves for CFRP AS4/3502 and 

T300/5208 laminates, respectively. The graphs represent fatigue cycles versus the fatigue 

strength ratio (ratio of fatigue stress to statÎC strength). Laminates with matrix dominant 

failure modes exhibit a lower fatigue resistance than laminates with fibcr dominallt failure 

modes. The slope of the S-N curve tends to increase as the content of 0 degree plies 

decreases. The fatigue strength of a [±45]s laminate is frcqucntly uscd to dctcnninc 

longitudinal shear fatigue strength [4]. 

Although initial statie tensile and compressive strengths arc almost equal to each 

other, strength reduction is much greater in tension than in compression. In most cases 

of compression-compression fatigue loading, no appreciablc matrix damage is oh~crved 

until final fatigue failure. Most compression failures are chamctcriled hy delamination 

and compression buckling. Figure 1.8 shows the change of nlodlllu~ with fatigue cycles 

for various fatigue loadings. A significant modllills change is obvions in ..,pecimcns 

subjected to tension-tension and tension-compression fatigue loading, whcrcas \ittle or no 

modulus change is observed in compression-compression fatigue loading. 
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Fig. 1.6 S-N curves for various AS4/Epoxy laminates [4] 
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Fig. 1.7 S-N curves for tbree CFRP nOO/Epoxy laminates [4] 
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1.2.4 Notched composite lamiDates 

11 

An important aspect of fatigue analysis of composite materials is the behavior of 

laminates with geometric discootinuities such as holes, joints, ply tenninations, and 

inherent defects. The perfonnance of these notched Iaminates undel' fatigue loading is 

controlled by the stress fields and material perfonnance in the neighborhood of stress 

concentrators, the most common heing a joint or access hole. Fatigue data for most 

composite laminates indicate that reduction of fatigue strength resulting from the presence 

of :small notches, compared to unnotched !l'}>CCimens, is found to he insignificant. The 

excellent fatigue resistance of notched specimens is mainly due to types of damage which 

relax the stress ccncp.ntration around the notch tips. 

For the case of the presence of large notches, the effeet of notches on fatigue 
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strength is more signjficant and must be rigorously investigated. In metals, the problem 

of stress concentration resulting from various notches is weil defined by the many stress 

concentration factors which influence the behavior under cyclic stress and the crack 

propagation is easily related to specimen data through the use of fracture mechanics. In 

notched composite laminates, however, the damage modes and growth around notches are 

seen to be quite different. Multiple cracks coupled with delamination are often observed 

in the region around notches where combined stresses are produced that vary widely 

around the notch during the fatigue life of the laminate. When damage occurs, changes 

of moduli around the notch result in changes of magnitude and redistribution of stresses. 

The subsequent stress analysis becomes very difficult because the relation of residual 

moduli to cyclic load and number of cycles is very complex. The stress redistribution 

after fatigue damage has made it dîfficult to predict the fatigue strength of notched 

laminate using the fatigue strength of the unnotched specimens. 

1.3 A REVIEW OF FATIGUE ANALYSIS METHODS OF 

COMPOSITE LAMINATES 

The prediction of fatigue damage and fatigu~ life for composite materials has been 

the focus of many investigations du ring the past two decades. Because composite 

laminates exhibit very complex matrix cracking and delamination accumulation processes, 

up to now, the models proposed by many investigators for composite laminates under 

fatigue loading have been Iimited to particular (aminates and strongly dependent on 

experimental data. The residual strength degradation, modulus degradation, and damage 

tolerance approaches are the main methods which have been used to study fatigue damage 

and to predict fatigue life of composites. 

In the residual strength degradation approach, the residual strength is gradual1y 

reduced and fatigue failure occurs when residual strength equals the maximum applied 
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stress. Broutman and Sahu [7] proposed a cumulative damage theory using a lincar 

strength degradation equation. Hahn and Kim [8] introduced a nonlinear residual strenglh 

degradation equation which assumes that the slope of the residual strength is inverscly 

proportional to sorne power of the residual strength itself. This nonlinear degradation 

mode) was investigated further by Yang and Liu [9} for the purpose of reliability study 

in fatigue life of composite materials. Charewize and Daniel [IOJ proposed a damage 

mode) based on the assumption tltat the residual strength degradation rate is a function 

of life fraction, but not a function of residual strength. An advanced residual strength 

degradation model which can predict single- and multi- stress level fatigue lire of 

composite laminate was proposed by Reifsnider and Stinchcomb [Il], based on thc 

assumption that the residual strength degradation rate is a power function of fatiguc 

cycles N. After setting up basic equations, they modified tltem by defining a critical 

element and introducing a local failuTe function deduced from microstmetural analysis 

in composite laminates. 

In the modulus degradation approach, the modulus is gradually reduccd and 

fatigue failure occurs when the modulus degrades to a certain level. The critical lcvel 

of modulus degradation has been defined by many investigators. "FailuTe occurs when 

the fatigue secant modulus degrades to the statie secant modulus" was proposed by Hahn 

and Kim [12] and by O'Brien and ReifsnideT [13]; "Failure occurs when the fatigue 

resultant strain reaches the static ultimate strain" was suggested by Hwang and Han fSJ. 

This is an indirect definition of the modulus degradation criterion. O'Brien [2,6,141 

proposed a simple analytical model to predict modulus degradation due to delamination 

by using a mie of mixtures in conjunction with laminate plate theory. Based on shcar-Iag 

analysis, the modulus degradation as function of matrix crack density in cross-ply 

laminates was predicted by [15] and [16]. Beaumont [17], analogous ta fracture 

mechanics, proposed an equation for evaluating residual stiffness as function of applicd 

stress and fatigue cycles for cross-ply laminates. TaJreja [3], based on cracked Jaminate 

elastic theory and assuming that elastic strain energy is a function of the strain tensor and 
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damage vector, derived a set of equations to calculate residual elastic moduli as function 

of matrix cracks. 

The theory and analysis method of damage tolerance for composite materials were 

developed by O'Brien [2]. Fatigue failure was defined such that it will occur if the 

maximum global strain, resulting from the stiffness loss associated with damage growth 

at a certain number of fatigue cycles, reaches the effective failure strain when the local 

delamination forms. This approach combined both residual strength degradation and 

modulus degradation by using the concept of strain energy release rate and a delamination 

growth law. The faiJ-safety was assessed by accounting for the accumulation of 

delamination through the thickness. 

AIl above theories and approaches were verified by fatigue tests and have good 

agreement with test results. However, the validity of analytical equations more or less 

depends upon the particular laminates tested, implying that the equations are no longer 

valid if material properties, laminate lay-up or direction of fatigue loading is changed, 

i.e., the solutions are not general. The direct relation of physical damage such as matrix 

cracking and delamination to fatigue life and analytical equations for predicting physical 

damage in terms of fatigue load and fatigue cycles for general laminates have not been 

found. 

1.4 OBJECTIVE 

The prediction of fatigue life and evaluation of onset and growth of matrix 

cracking and delamination for general notched and unnotched composite laminates will 

be studied analytically. Based on the analysis of damage tolerance, residual modulus and 

residual strength, a new and more generalized analytical approach will he proposed for 
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the fatigue response of composite laminates to cyclic loading. The objectives of the 

proposed approach are to obtain the following infonnation: 

1. The onset and growth as weil as type of damage in generallaminatcs as a function 

of fatigue stress and number of loading cycles. 

2. The effeet of physical damage on stiffness, strength, and Iife of the laminatc. 

3. The fatigue behavior relationship between general laminates and unidircctional 

laminates. 

4. The prediction of fatigue behavior of a laminate with a central hole subjectcd lo 

tension-tension cyclic load using the finite etement technique. 
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The models of stiffness loss as function of matrix crack density and delamination 

size are reviewed and developed in this chapter. Based on models by Talreja [3] and 

O'Brien [6], a fundamental assumption that stiffness loss under static and fatigue load 

can he characterized approximately by a linear relation with matrix crack density and 

delamination area is proposed. 

2.1 STIFFNESS LOSS IN TERMS OF MATRIX CRACK DENSITY 

2.1.1 Stiffness loss in cross-ply laminates 

In composite laminates, fatigue fallure such as matrix cracking is usually 

accompanied with extensive damage which is multiplied throughout specimen volume 

instead of a predominant single crack which is often observed in most isotropie brittle 

materials. Composite laminates exhibit very complex matrix crack accumulation 

processes due to redistribution of ply stress at ply interfaces. Although the same stress 

state is predicted for different plies by laminate plate theory, different matrix crack 

densities at these plies are often observed for composite laminates under fatigue load. 

For the specific case where matrix cracking is the dominant mode of failure such as in 

a cross-ply laminate, O'Brien [6, 16] and Beaumont [17], based on a shear-Iag analysis, 

suggested a stiffness degradation mode] as a fonction of matrix crack spacing, s, which 

was expressed as 
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1 
= --------------------- (1) 

where b and d are the thickness of the longitudinal and transverse plies, respectivcly. El 

and Ez are the Young's modulus of the longitudinal and transverse plies. E and ~ arc 

stiffness of the damaged and undamaged laminate, and w is constant expresscd as 

w2 = 3 G (b+d) Eo 

dl bEl E2 

(2) 

where G is the shear modulus in the longitudinal direction of the transverse ply. 

Equation (1) can, almost always, be approximated to give 

E 
- == 1- C K E m m 

o 
(3) 

where Km = 1/2s is the crack density and Cm is constant. 

2.1.2 Stiffness Joss in generallaminates 

If both matrix cracking and delamination occur in the composite Jaminate under 

cyclic loading and both have significant effect on fatigue damage, the development of a 

workable procedure for prediction of fatigue behavior, such as damage onset and growth, 

stiffness loss, fatigue failure Iife, etc., is very complex. Talreja [3], bascd on 

micromechanics and continuum damage theory and the assumption that clastic strain 

energy is a function of the strain tensor and crack damage vector, proposcd a model to 

represent the relationship between residual stiffness and matrix crack density (sec 

appendix A). After extension of Talreja's work, the proposed equations can be written 

as 
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;=1 sm8i t 
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(4) 

(5) 

where l, is the thickness of the ply containing the cracks and t is the total thickness of 

laminate. Km' and 8, are the crack density and orientation angle of the tiber al a cracked 

ply, respectively. The moduli with superscript 0 refer to the uncracked laminate which 

is calculated by laminate plate theory. k3, k7, k ll and kl3 are materials constants and are 

given by appendix A. 

The first line of equation (4) can be expressed by 

0 
2[k3 +k,( V ~2? -k13 v ~iI El -El 

(6) = -D 
E O m 0 

1 Et 

or 

E -E E D 0 1 - (7) = = - = C D 
Eo E m rra 

0 
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where 

(8) 

D in equation (7) may be caUed "global damage variable" and Dm may be called "cmck 

damage variable." Cm is a dimensionless constant which depends on material propcrties 

and laminate lay-up. Equation (7) charactcrizes the effect of total matrix cracks in the 

laminate on stiffness degradation and reduces to the form of equation (3) for the specifie 

case of a cross-ply laminate. 

2.2 STIFFNESS LOSS IN TERMS OF DELAMINATION AREA 

Stiffness loss due to delamination depends on the laminate lay-up and the matcrial 

properties of the fiber and matrix, as weil as the location and extent of the dclaminatlon. 

The laminate stiffness decreases as delaminatioll fomls and groWS al a particular 

interface. O'Brien [6] proposed an analytical equation for the stiffness loss associated 

with edge delamination as 

E = (E * - EO> a + Eo 
b 

(9) 

Where a/b is the ratio of the delamination size to the laminate half-widlh, Eo is 

undelaminated laminate stiffness, and E* is the stiffness of a laminatc completely 

delaminated along one or more interfaces, which is calculated by the rule of mixtures, 

Le., 

E* 
r. Ei ti 

-L--
i=1 t 

(10) 

-------------, 
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where (see Figure 2.1) 

m:::: Dumber of sublaminates formed by the delamination. 

I; = the laininate stiffness of the ith subJaminates fonned by the delamination. 

~ = the thickness of the ith sublaminate 

L 
/ 

LAMINATED 
la' TOTAllY 

DELAMI NA TED 
lb' PARTI ALLY 

DELAMI NA YED 
Ic) 

Fia. 2.1 Rule of mistures analysis of stif'l'ness loss [6] 
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A more general form of equaÛOD (9) May be developed by assumiDg that the 

relationsbip between Jaminate stiffness 10ss and delamiDation area cao he represented by 

(11) 

Equation (11) CID he rewritten as 
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where 

and 

A 0 = delaminated area 

A· = total interfacial area 

E D = 1-- -= C D E d a 
o 

AO 
D =­
dA· 
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(12) 

(13) 

The Dd in equation (12) may be called the "delamination damage variable" and CIl is a 

dimensionless constant. 

dclamination. 

Equation (12) characterizes the stiffness loss duc to 

Based on equation (7) and equation (12), it is reasonable to make an assumption 

that stiffness loss can be characterized approximately by a linear relation with matrix 

crack density or delamination area for general composite laminates. However, the 

prediction of stiffness loss as a function of fatigue load and number of fatigue cyc1es for 

generallaminates is very complex. In this research a workable approach is proposed 

and will be discussed. 
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Following Chapter 2, another fundamental assumption is proposed, which states 

that global damage growth rate dD/dN is proportional to sorne power of applied fatigue 

stress and inversely proportional to sorne power of current level of the damage variable 

D itself. The analytical models of modulus degradation, matrÎX crack density and 

delamination area growth in terms of fatigue stress and number of cycles is derived, 

which allows prediction of fatigue damage of composite laminates with arbitrary lay-up, 

lIsing a minimum of experimental measurement. 

3.1 DAMAGE VARIABLE AND STRAIN FAILURE CRITERION 

The selection of damage variable should take account of the following considerations: 

1. The damage variable should have a direct physical meaning or he directly related 

to physical quantities which are easy to measure; 

2. The damage variable should phenomenologicaUy describe the physical process of 

damage accumulation and correlate weil with damage state in composite materials. 

From the above analysis of delamination and matrix cracking, comparing equation (7) and 

equation (l2), it is reasonable for us to select global damage variable D to prerlict matrix 

crack density and delamination size and to perform fatigue life analysis. Global damage 

variable D provides an indirect measurement of physical damage in composite laminates, 
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instead of direct measurement of delamination size and number of matrix cracks. Il is 

clearly seen that D=O indicates a material state with no damage and catastrophic faillire 

occurs when D is gradually increased to a certain eritieal level DI' The value of DI may 

be determined by using the well-known strain failure criterion. 

The strain failUTe criterion is one of most widely used criterion for predicting 

fatigue life. The strain failure criterion states that final faillire of material oœurs whcn 

the fatigue resuItant strain reaches the statie ultimate strain [5]. Bascd on the elastic 

stress·l)train relation under static loading, the following relation is obtained: 

(14) 

where eu is statie ultimate strain and o"u is slatic uItimate strength. The stress-stmin 

relation under fatigue loading gives 

(15) 

where Er and Er are fatigue strain and fatigue modulus at failure under fatigue stress Icvcl 

(J'max, respectively. Using strain failuTe criterion (eu = er) and combining equation (14) 

and equation (15) gives the following relation: 

(16) 

and critical global damage variable Dr can he expressed by 

(17) 

where q may he called the "failure factor." 
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3.2 FATIGUE STIFFNESS DEGRADATION MODEL 

In order to make following analysis clear, differentiate equation (7) and equation 

(12) to give 

dD dD". _:c -
dN m dN 

dD dDd _:c-
dN d dN 

(18) 

(19) 

Many experimental observations report that the crack density growth rate dDm /dN and 

delamination area growth rate dDd /dN are directly proportional to sorne power of the 

fatigue stress and inverse proportional to the sorne power of current level of damage itself 

[6,17,18]. Based on the linear relation of global damage variable growth rate dD/dN 

with matrix crack density growth rate and delamination area growth rata (equation (18) 

and equation (19», in this research it is assumed that the global damage variable growth 

rate, dD/dN, can be expressed by: 

dD 
dN 

A (J C 
max =---

B DB- 1 
(20) 

where A, Band C are unknown constants, N is number of cycles, and <Tmax is maximum 

fatigue stress. Integrating equation (20) and noting that D =0 when N =0 yields 

(21) 

Assuming that the S-N relation for a composite laminate under fatigue loading is given 

and cao be represeoted by 
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(22) 

where K and b are unknown constants, and N, is fatigue failure life al maximum fatigue 

stress level Umax ' Rewriting eqllation (21) gives 

(23) 

Comparing equation (22) with eqllation (23) and noting that D=D( when N =N, obtains 

A -K DB - f C=b (24) 

Substituting equation (17) into equation (24), then into equation (21) and noting that D 

= 1- E/Eo yield 

1 
E - :::: 1 - D :::: ] - ( K N (J max b ) B (l-q) 
Eo 

(25) 

Equation (25) can be used to evaluate stiffness loss for laminates under fatigue loading 

if constants, B, band K, are given. Based on equation (25), the relatlOllship of matrix 

crack density and delamination area growth with fatigue load and fatigue cycles can be 

obtained by substitution of equation (25) into equation (12) and cquation (7), that is, for 

delamination: 

1 

D = ( K N (J b) B (l-q) 
d mu C 

d 

(26) 

and for matrix cracking: 

(27) 

-
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Equation (4) is repeated here 

(28) 

Dm is now related to number of fatigue cycles and fatigue load and is expressed by 

cquation (27). 

It should be stated that equations (25),(26) and (27) are only valid for predicting 

growth of fatigue damage. For the case of very low level fatigue stress or number of 

cycles, damage initiation should be detennined before using the damage growth 

cquations. The prediction of fatigue damage onset will he discussed in Chapter 4. 

3.3 BI-DIRECTIONAL FATIGUE LOADING 

The prediction of fatigue damage and fatigue life under multi-directional fatigue 

loads for general laminates is very complicated because of data scatter in fatigue 

experiments. The approach of using unidirectional fatigue test data to evaluate the fatigue 

failure for multi-directional fatigue loads needs to he developed further. For the specific 

cases of a laminate only subjected to bi-directional fatigue loads 0'1 and 0'2' linear 

superposition of the effect of these two load components may he performed. For 
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example, a [O/9021s cross-ply laminate subjected to 10ads in two directions (fI and (12 may 

be resolved into two cases, one is [O/9Ûzls laminate subjected to (fI 103d in the direction 

of 0 degree tiber, and another is [90/û:!]s laminate subjected to (f2 also in the direction of 

o degree fibre. The two cases are tirst caIculated separately and thcn thcsc rcsults are 

added together by linear superposition. The application of this mcthod to notched 

laminates will be discussed in Chapter 7. 

3.4 DETERMINATION OF CONSTANTS, B, b, AND K. 

The validation of equations (25),(26) and (27) is dependent on constants B, band 

K, which are govemed by material properties, laminate lay-up, types of loading, etc. 

These required constants can be obtained experimentally by using a regression analysis 

method and the fonn of equation (25). This is a direct and simple method, but the 

equatiolls will lose generality because measured residual stiffness data is taken l'rom 

particular laminates. An analytieal method is proposed to caJculate the above constants. 

Two 'àssumptions must first be made, which are: 

1. The ratio of laminate fatigue strength to unidirectional fatigue strength is 

approximateJy equal to that of laminate statie strength to unidirectional slatie 

strength. This assumption is reasonable because both statie strength and fatigue 

strength of the laminate are mainly dependent upon the percentage and strength 

of 0 degree plies. The damage development under fatigue and slatie loading are 

similar except that fatigue causes additional damage to oecur as a function of 

number of fatigue cycles. Figure 3.1 shows this relationship for various 

laminates of CFRP T300/5208. 

2. The form of equation (12) is also valid for local delamination. The validation of 

this assumption will become evident by the coming equation (37). 
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According to assumption l, the ratio of laminate fatigue and statie strength to unidirec­

tional strength ean be represented by 

where 

O"lf - laminate fatigue strength, 

O"Of - unidirectional fatigue strength, i.e. 0 degree laminate fatigue strength, 

O"b - laminate statie strength, 

0"0. - unidirectional slatie strength, Le., 0 degree laminate statie strength. 

Assuming the S-N relation for unidirectional laminate eao he expressed by 

(29) 
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(30) 

where bo and Ko are constants. Also assume that the S-N relation for a general laminatc 

can be expressed by 

K N (al=; l (31) 

Combination of equation (30) and equation (31) gives 

1 
b 1 1 a (K\O (---) 

J = _0'_ N bo b (32) 
a 1 

Of (J()b 

Substituting equation (32) into equation (29) yields 

(33) 

From equation (33) it is evident that bo must equal to b becallse CTlg and Uo. arc 

independent of number of cycles N, i.e., 

K=; 
(34) 

From the above equations the constants band K can be calculated analytically if fatiguc 

strength curve of unidirectionallaminate is given, i.e., the S-N curve of gener'dllaminates 

can be detennined by a S-N curve of unidirectional laminate. 

Constant B, which characterizes the coupled effects of matrix cracking and 

delamination on laminate stiffness degradation, is more difficult to obtain than constants 

band K. O'Brien [2], using elastic Hooke's law, proposed an analytical cqllation to 

calculate laminate compliance degradation due to delamination from a matrix crack (sec 
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Appendix B), i.e., 

s = l. = _a_ ct Ef4m _ 1) + _l_ 
E 1 EJmn tlJ EIJ EIo.m 

(35) 

where S and aIL are laminate compliance and the ratio of local delamination length to 

laminate length, respectively, Etd and tld represent the modulus and thickness of 

delaminated region in the vicinity of the matrix crack, and ~am and t represent modulus 

and thickness of the undelaminated region. Differentiating equation (35) gives 

dS 1 t E lom -:::; - (-- -1) 
da 1 Elom 'Id EIJ 

(36) 

In another fonnulation, according to assumption 2 and equation (12), the laminate 

compliance degradation can he expressed by 

s = 1. = ___ 1 __ 
E A 

Ellun (l-C d -) 
A* 

1 =-----
(37) 

Making a power series expansion for equation (37) and taking only linear tenns, it is 

easy to see that equation (37) will reduce to the same form as equation (35), which means 

that the assumption 2 is reasonable. Differentiating equation (37) in terms of 

delamination lengtb a, and then comparing with equation (36), yields 

Substituting equation (26) into equation (38) and noting that Dd = aIL yields 

B :::; 

where 

10g(K N a~) 
1-C 10g(-) 
1-q 

(38) 

(39) 
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(40) 

Constant B now can be calculated by Equation (39) if number of fatigue cycles N at onset 

of local delamination is given; this may be obtained by O'Brien' s equation (sec Appendix 

B), 

2 
0max t t Elam m logN = (-- - 1) - G 

2 n Elam tu Eu C 

(41) 

where Ge and m are material parameters and n is number of delaminated surface. Rer. 

[10] also provides various test curves for detennining the values of Ge and m. 

It must be emphasized that equation (38) is not valid for the case where matrix 

cracking is the dominate faHure mode such as in cross-ply laminates because constant Cd 

will reach zero. For this case we have to obtain new equation to calculate constant B. 

Based on the assumption proposed by Beaumont [17], the crack density growth rate 

dDm/dN for cross-ply laminates can be expressed as 

2 
dDm °m·· c = A (_GA_) 
dN Dm 

(42) 

where A and C are unknown constants. Integrating equation (42) and noting that Dm = 

o when N=O gives 

1 

Dm = [(C+ 1) A N] C+L 

Assuming that expression of S-N curve is given by 

2C 
o C+l 

max 
(43) 
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(44) 

where Nf is fatigue life under maximum fatigue stress (Jmax' band K are unknown 

constants. Rewriting equation (43) gives 

(C + 1) A N 0 2C = 1 
max D C+l 

m 

(45) 

Comparing equation (44) with equation (45) and noting that CmDm = Dt when N=Nr 

gives 

b C=-
2 

K DI (1+~) A = __ (_) 2 

(1+ b) Cm 
2 

Substitllting equation (17) into equation (46), then into equation (43) yields 

b -1 
(1+-) 

Dm = [ K N OflW( b 1 2 

Substituting equation (7) into equation (47) gives 

(l-q) 

b -t E (1+-) 
= 1- [KNoma/1 2 (l-q) 

Eo 

(46) 

(47) 

(48) 

Now the constant B for cross-ply laminate can be obtained by comparing equation (25) 

with equation (48), i.e., 
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B ;;: 1 b 
+ - (49) 

2 

Equation (49) will he used to calculate constant B for the case of C .. == O. Up to now, 

alliaminate parameters B, band K cao be determined aoalytically by the abovc equations 

for general composite laminates. The prescribed parameters are, exccpt for statie 

materials properties, bo and Ko which are from the S-N relation of a unidircctional 

laminate, Ge and m which are from the delamination resistance curvc (sec Appcndix B 

or L2,14]). 

Finally, it must he stated that analytical determination of constant B depends on 

many material parameters and equations, which means that the value of constant B is 

sensitive to these material p~rameters and equations. Thus if il is possible and acclirate 

results are required, it is bt.tter to determine constant B by using experimental methods, 

which can he performed by use of measured stiffness data and the fonn of eqllation (25). 
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The theOl) of total strain energy release rate is used to predict the onset of both 

matrix cracking and delamination. A simple analytical equation for prediction of onset 

of matrix cracking and delamination for the general laminates is developed in this 

chapter. The onset of critical stmin fc should he prescribed by experiments but 

approximately, one can use first ply faHure theory at statie load for onset of matrix 

cmcking and fracture mechanics analysis for onset of edge delamination. 

4.1 STRAIN ENERGY RELEASE RATE DUE TO MATRIX 

CRACKS 

To predict the onset of edge delamination and matrix cracking, a theory of strain 

energy release rate was used. Considering an elastic body containing a crack of area A 

that grows under a constant applied nominal strain f, the strain energy release rate G is 

given by [16] 

t
2 dE 

G = -V--
2 dA 

(50) 

where V is the volume of the body and dE/dA is the rate ('f stiffness change as the crack 

extends. The fundamental assumption of this work is that ail of the matrix cracks in the 
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volume V is treated as a single equivalent crack. The crack area A cao be expressed by 

III III W ", K t 
Â = L Âi = E Kml L - ti ::: Y E ~ J. (51) 

l.1 i-l COS« i-I 8mB t 

Where (see Fig.4.1) 

m = total numbers of cracked plies 

K.m = number of cracks per unit length at ith-cracked ply 

~ = thickness of ith-cracked plies 

t = laminate thiclmess 

V = laminate volume, V = W L t 

(J = fibre angle of cracked plies orientaled to the direction of loading (ot+(J = 90 ) 

Fig. 4.1 Matris cracking in a laminate [25] 



l 

{, 

:{ , , 

Chapter 4. Onset of edge delamination and matrix cracking 

Comparing equation (51) with equation (5) obtains 

Where le is thickness of farst failure ply. Differentiating equation (52) yields 

dA = y dD 
t m 
c 

36 

(52) 

(53) 

The strain energy re)ease rate due to matrix cracking, Gm, is obtained by substituting 

equation(53) into equation(50). 

= _y,t
2 dE = 

2 dA. 
(54) 

Differentiating equation (7) and then substituting into equation (54) yields a simple 

expression of the strain energy release rate due to matrix cracking for the general 

laminates. 

(5S) 

4.2 STRAINENERGYRELEASERATEDUETODELAMINATION 

The expression of strain energy release rate due to edge delamination Gd can be 

obtained by differentiating equation (12) and then substituting the result iuto equation (50) 
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(56) 

Equation (56) was first proposed by O'Brien [6] and was suggested for predicting onset 

of edge delamination. O'Brien states that equation (56) is not valid for the situation 

where the matrix cracking is the dominate failure mode because Eu -E' will rcach zero. 

In this research a new equdtion is proposed, based on the theory of total !itrain cncrgy 

release rate. 

4.3 TOTAL STRAIN ENERGY RELEASE RATE 

The total strain energy release rate, G, should include the effect ofboth matrix cmcks 

and delamination, defined as 

(57) 

Substituting equation (55) and equation (56) into equation (57) gives 

(58) 

The critical value of strain energy release rate Gr. for the onset of edge delal11ination 

or matrix cracking is obtained from the actual onset strain Ge which should be detennincd 

by fatigue test, but, approximately, can be ca1culated by use of first ply failure thcory for 

matrix cracking and fracture mechanics method for edge delamination. The cquation (58) 

is more general (han equation (56) for predicting the onset of delamination. Clearly, if 

the effect of matrix cracking on onset of edge delamination can be neglected, the equation 

(58) will reduce to equation (56). Instead of using equation (58), Equation (55) would 

be used to predict the onset of matrix cracking due to fatigue loading becausc matrix 

cracking always occurs eartier than delamination. 
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CHAPTER5 

FATIGUE LIFE PREDICTION 

Fatigue life prediction of composite materials has been the subject of many 

investigations during the past two decades. Since composite materials exhibit very 

complex failure processes, an analytical model for predicting fatigue life dircctly in terms 

of physical damage such as matrix cracking and delamination for general composite 

laminates has not been found. The proposed approach in this chapter provides four 

choices for predicting fatigue life and for assessing fail-safety in structures made of 

composite laminates. These are: residual modulus criterion, matrix cracking criterion, 

delamination size criterion, and fatigue strength criterion. 

5.1 FATIGUE LIFE PREDICTION IN TERMS OF MATRIX 

CRACK DENSITY 

Substituting equation (5) into equation (27) gives 

N= 
(59) 

Equation (59) can be used to predict fatigue life for general laminate if the allowable 

crack density Km at each ply in the laminate is prescribed. AU constants can be calculate 

by the equations derived in Chapter 3. 
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5.2 FATIGUE LIFE PREDICTION IN TERMS OF 

DELAMINATION 

39 

Fatigue failure life in tenns of delamination area may be predicted by substituting 

allowable nonnalized delamination area Dd = AO lA· into equatiol1 (26), thal is, 

(C AO)B 
dA· 

N= -----
K a!ax (l_q)B 

(60) 

It must be emphasized that Cd is a test constant and should be detennined by fatigue tests. 

However, approximately, Cd can be obtained analytically by equation (13) if delaminatioll 

is the dominant failuTe mode. 

5.3 }"ATIGUE LIFE PREDICTION IN TERMS OF RESIDUAL 

STIFFNESS 

Fatigue life in tenns of residual stiffness can be calculated by use of equalion 

(25). Rewriting equatton (25) gives 

N= 
(61) 

Equation (61) is used to predicl fatigue Hfe for generallaminates if the allowable residual 

stiffness in the laminate is pres(~ribed. Clearly, if allowable residual stiffness E is cqual 

to laminate failure stiffness Er, then equation (61) will reduce to equation (22), i.e., 

reduced to the form of S-N curve. 
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5.4 FATIGUE LIFE PREDICTION IN TERMS OF FATIGUE 

STRENGm CURVE 

40 

Fatigue Iife prediction in tenns of applied stress is perfonned by using the S-N 

curve of a laminate, Le., by using equation (22). The constants of S-N curve for a 

general laminate can be calculated by use of the relevant S-N curve of a unidirectional 

laminate (equation (34». This is a traditional fatigue life analysis method but the direct 

relation of physical damage to fatigue failure life is not clear. 

The meaning of a11 constants and variables in the equations of tbis chapter are 

same as those in Chapter 3. It is easy to see that aIl equations for prediction of fatigue 

lire are other forms of equations in Chapter 3. The validity of these equations depends 

upon the credibility of equations in Chapter 3. Next chapter will provide four examples 

to iIIustrate and verify the proposed equations in Chapter 3. 
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CHAPTER6 

EXAMPLES 

In this chapter, [O/90]s, [±45/0/90]sI [01 ±45]s glass/epoxy and [0/901 ±451s 

nOO/5208 graphite/epoxy laminates under tension-tension fatigue loading (R=O.I) were 

used to illustrate and verify the proposed approach. Figure 6.1 shows description of the 

problem, and static material properties are listed in Table 1. Experimental data was 

taken from [4, 16, 19, 20, 21]. Due to fact tbat an S-N relation for unidirectional 

laminates was not available, tbe best fit method and forms of equation (25) and equation 

(34) was applied to the measured stiffness 10ss data of a [0/901 glass/epoxy laminale and 

S-N curve of a [0/90/ ±45]s T300/5208 graphite/epoxy Iaminate to obtain constants of 

the unidirectional S-N curve <ho and Ka), and then calculations were performed for other 

laminates using these constants as prescribed parameters. 

~ I.y-up of lamlnltes : 

• 
Q 
CC 

9 [O/90]s ...... 0 
( +45/-45/0/90]. 

-1 

U 
" 

u 
::J [ +45/-45/0]. :J 

~ [0/90/ +45/-45]. 
/ ," 

~ u 

Fig. 6.1 description of the problem 
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Table 1. Material properties of three E-glass/epoxy and one T300/S208 laminates 

lammates El[ Ey E, VI[ bo ka O"Os O'ls 

[±45/0/90]s 43.7 16.0 6.3 0.28 7.0 1.0E-25 1060 330 

[0/90]s 41.7 13.0 3.4 0.3 7.0 1.0E-25 1060 520 

[0/±45]s 41.7 13.0 3.4 0.3 7.0 I.OE-25 1060 400 

[U/901 ±45]s 181 10.3 7.17 0.28 17.3 2.38E-50 1500 540 

The units of moduli and stress in Table 1 are GPa and MPa, respectively. The 

laminate statie strength 0"18 is calculated by last-ply failure theory. Applied tension-tension 

maximum fatigue stress O'max = 160, O'max = 207, 0max = 175 and O'max = 335 have becn 

used for the [±45/0/90]s, [0/90]s, [0/ ±45]s and [0/90/ ±451s specimens, respectively. 

6.1 CROSS-PLY E-GLASS/EPOXY LAMINATE 

Substitution of given material properties into equation(34) gives the following 

values for constants band K. 

b=7 ; K= 1.28E-23 

Using laminate plate theory and equation (13) gives Cd == 0, which means that the effect 

of delamination on stiffness degradation is very small and the dominant mode of failure 

is matrix cracking. Equation (39) is no longer valid for this case, thus equation (49) is 

used to calculate constant B, Le., 

B = 1 + bl2 = 4.5 

Using equation (16) and noting that safety factor Fs is taken as 1.25 (see [4]) gives 

q;::: O'max 1 O'u = O"max Fs 10'11 = 207 x 1.25/520 = 0.5 
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Using equation (8) gives the value of constant Cm 

Cm = 0.45 

Substituting the values of B, b, K, q, and Cm into equation (25) and equation (27) givcs 

(62) 

and 

(63) 

Figure 6.2 represents the comparisons of equations (62) and (63) with test data [19]. 

6.2 [±45/0/90]s E-GLASS/EPOXY LAMINATE 

Substitution of given material properties into eqllation (34) gives the fol1owing 

values for constants band K. 

b=7 K= 3.53E-22 

Based on the first ply failure theory and Appendix B, lIsing equation (13) in conjunction 

with laminate plate theof'j yields 

t/tld = 1.33 ; ~d = 27.11 GPa Cd = 0.135 

The number of cycles N at onset of local delamination due to matrix cracking is obtaincd 

by using equation (BII) in Appendix B, that is, 

N = 6850 cycles 

Using equation (8) and equation (16) gives 

Cm = 0.44 ; q= O'mu 1 O'u = O'mu F s 10'11 = 0.61 
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Substituting above constants into equation (41) yields 

B = 9.82 

Substituting ail results into equation (25) and equation (27) gives 

~ = 1 - 0.39 ( 3.S3xl0-22 N a:UU )01 
Eo 

DM = 0.89 ( 3.S3xl0-22 N a~ )0.1 

44 

(64) 

(65) 

Figure 6.3 represents the comparisons of equations (64) and (65) with experimental data 

[16). 

6.3 [0/±4S]s E-GLASS/EPOXY LAMINATE 

Analogous to calculations in section 6.2, it is easy to obtain following constants 

b=7 K= 9.18E-23 B = 3.4 q =0.55 

substituting the values of B, b, and K into equation (25) yields 

(66) 

Figure 6.4 represents the comparison of equation (66) with experimental data [19]. 

Matrix cracking damage Dm is not caIculated because the test data is not available. 

6.4 [0/90/ ±4S]s T300/S208 LAMINATE 

Similar to caIculations in sections 6.2 and 6.3, the following constants are 
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obtained 

b=17.33 K=1.16E-50 8=6 q=O.776 Cm =0.47 

Substituting the above results into equation (25) and equation (27) gives 

..! ;; 1 - 0.224 ( 1.16xll)-sO N o::.! )017 

Eo 

Dm ;; 0.477 ( 1.16xlO-50 N a!:'a! )0.17 

45 

(67) 

(68) 

Figure 6.5 represents the comparisons of equations (67) and (68) with experimcntal data 

[4, 21]. 

6.5 FATIGUE STRENGTH CURVES 

The fatigue strength (S-N curve) for the above laminates can be represcnted by 

K N a!.u = 1 (69) 

Constants band K in equation (69) can be calculated by use of the relevant S-N curve 

of a unidirectional laminate, i.e., equation (34). The figure 6.6 shows the fatigue 

strength versus fatigue cycles for the above laminates. 

6.6 SUMMARY 

From figures 6.2 to 6.5 it is secn that analytical resuIts are in good agreement 

with experimental data for the above examples. However, due to experirnental data 

unavailable for the unidircctional laminates and very complex fatigue behavior of the 

laminates, more experiments should be perfonned to verify or mo<hfy the modcls 

developed by this research. 
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Fig. 6.6 S-N curve. for [0/90]., [+45/-45/0/90]., [0/+451-45]. gla •• /epoxy 
and [0/90/+45/-45]. T3OO/5208 graphlt./epoxy lamlnate. 
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CHAPTER 7 

NOTCHED LAMINA TES UNDER 

CYCLIC LOADING 

49 

The fatigue response of unnotched composite laminates to cyclic loading has bccn 

studied in detait in previous chapters. Another particularly important aspect of the 

fatigue of composite materials is behavior of laminates with geoll1ctric di.,continuitics 

such as holes, joints, ply tenninations, and/or inherent defects. The perfonnancc of 

notched laminates under fatigue loading is controlled by the stress fields and matcrial 

perfonnance in the neighbourhood of stress concentrators such as Clltouts of variolls 

types, the most common being a joint or access hole. While the initiation of damage in 

these regions has been studicd in some detail [22,23], growth of damage t'rom slieh 

geometric discontinuities under cyclic loading has received rclativcJy little systcmatic 

attention, and modelling of such growth has been limited to particular laminates. At the 

present time, the complex damage growth process has not been rigorously investigatcd 

or described, fatigue strength and fatigue failure life can not be reliably predictcd, and, 

consequently, new and existing mate rial systems can not bc exploitcd safcJy, cfficicntly, 

and completely. 

In metals, the problem of stress concentration resulting from variolls notches is 

weil defined by the mally stress concentration factors which influence the behavior under 

cyclic stress, and crack propagation is easily related to specimen data through the usc of 

fracture mechanics. In notched composite laminates, however, the damage modes and 

growth around notehes are seen to be quite different. Multiple crach coupled with 

, 
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delamination are often observed in the region around notches, and combined stresses are 

produced and vary widely around the notch during the fatigue life of a laminate. When 

damage occurs, changes of moduli around the notch result in changes of magnitude and 

re.distribution of stresses. The subsequent stress analysis becomes very diffieult. The 

stress redistribution after fatigue damage has made it diffieult to predict the fatigue 

strength of notched laminate using the fatigue strength of the unnotched specimens. 

This chapter addresses the specifie subject of fatigue response of a laminate with 

a central hole subjected to tension-tension cyclic load. Due to changing of materials 

properties at failed regions, the closed fonn solution of stresses around the ho le is not 

valid. The finite element technique is used for stress analysis in this research and the 

stress anlllysis was carried out by using well-known NASTRAN Software. Equation (28) 

is L1sed to model changes of residual moduli as function of fatigue load and nurnber of 

cycles. This new analysis approach will he compared with experimental results. 

7.1 OVERVIEW OF FINITE ELEMENT METHOD FOR 

COMPOSITE LAMINATES 

The following overview of the theory in NASTRAN's capability for the analysis 

of laminated composites is based on classical lamination theory which incorporates the 

following assumptions: 

1. The laminate consists of perfectly bonded plies. 

2. displacements are continuous across laminate boundaries. 

3. Each of the lamina is in a state of plane stress. 

The material properties of structures modeled with plate and shell elements including 

the isoparametric quadrilateral element and the triangular element are reflected in the 

following matrix relation between force and strains . 
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1 

{:} = 

TGI T2G 0 t 
4 Em-Em 

r2G IG2 0 X - X t 
(70) 

4 

0 0 T.vG3 y 

where 

lx 
f y 

(71) 
{f} = , membrane forces per unit length 

fr; 

mx 

{ m } = my bending moments per unit length (72) , 

mxy 

.... 
'0" 

= {:: } 

(73) 
{ q } , transverse shear force per unit length 

Ex 

{ Em } = Ey , membrane strains (74) 

Er; 

X.t 

{ X } = xy , curvatures (75) 

Xxy 

{ y } = {:: } , transverse shear stmin (76) 

The quantity [G)l is a 2 x 2 matrix of elastic coefficients for transverse shear and 
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T. is the effective thickness for transverse shear. The vectors {Gm
l
} and {)Cl} are thennal 

strains and curvatures respectively (note that thennal effccts are not considered in this 

research). The tenns T and 1 are the membrane thickness and bending inertia per unit 

width, respectively. The tenns GI> G2 • and G4 are defined by the following integrals: 

G =1. J [G] dz 
1 l' e 

G2 -= ~ JZ2 [Ge] dl. 

G4 = J.- J-Z [Ge] dz 
T2 

(77) 

The timits on the integration are from the bottom surface to the top surface of the 

laminated composite. The matrix of material moduli, [GnJ, has the foJlowing form for 

orthotropic materials: 

El vlE2 0 
I-v 1 v2 I-v IV2 

[Gm] = v2EI E2 
(78) 

0 
I-V 1V2 I-v tv2 

0 0 G12 

For linearly elastic materials, Jl I ~ = "2 El in order to satisfy the requirement that the 

matrix of elastic moduli is symmetric. In general, the analysis may supply properties 

with respect to a particular orientation which does not nccessarily correspond to the 

principal mate rials axes. In this case, the analysis must al80 8upply the value of the 

angle. (), that orients the element axis relative to side of the element. The materials 

stiffness matrix is then transfonned into the element stiffness matrix through the relation 

(79) 

where 
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cos2a sin26 cos6sin6 

[v] = sin26 cos26 -cos6sin6 (80) 

-2cos6sin6 2cos6sin6 cos26sin2t) 

Finite element models for structures made of composite materials requin~ the 

evaluation of the matrix of 1~lastic moduli for each plate element of the model. The 

charaeteristies of composite materials are totally contained in thcse matrices. Once thcsc 

matrices of elastic moduli are ealculated, the analysis will proceed in a standard manncr 

of finite element technique.. The calculation of stresses and strains in individual ply can 

be perfomled by using the lamination theory of transfonnation. 

7.2 CALCULATION OF RESIDUAL MODULI UNDER 

BI-DIRECTIONAL CYCLIC LOADING 

The main differenee in the finite element model between statie load and eyclic 

load is the degradation of elastic moduli. The degradation of elastic moduli under cyclic 

loading in a damaged region is a function of both stress level and number of cycles. An 

analytic model relating residual moduli to fatigue stress and number of cycles has alrcady 

been developed in Chapter 3. Equation (28) and equation (29) will be utilized lo 

represent this relation. The following assumptions have to be made : 

1. When an element is subjected to bi-directional fatigue load, linear superposition 

of the effeet of these two load components on change of elastic modlili is 

perfonned. 

2. The effeet of shear load on change of elastie modliJi is neglectcd. This is 

reasonable because the shear stresses around the hole are much smaller than 

tension stresses. 

Based on the above assumptions, the reduction of elastie moduli under bi-directional 
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plane cyclic loading can be modeled as follows 

(81) 

where the reduction of elastic moduli under cyclic loading 0'1 can he obtained by using 

equation (28) and equation (29), i.e., 

(82) 

and the reduction of elastic moduli under cyclic loading 0'2 gives 

(83) 

The detennination of constants of the above equations can he perfonned by using relevant 
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equations in Chapter 3. 

7.3 FATIGUE ANALYSIS DY USING THE FINITE ELEMENT 

TECHNIQUE 

55 

It is very difficult to model fatigue damage growlh and to prcdict t~ltiglle lire hy 

using finite element techniques due to lack of analytical models for predictillg dastic 

moduli degradation. Fortunately, a new approach for calculating rcsidual moduli as il 

fUDction of stress level and number of cycles for general composite laminates has hcen 

developed by the present research and is extended to the analysis of notclied laminates 

in conjunction with finite element techniques. The moduills dcgradation criterion is 

chosen to define failure of the elements around the hole becallse ll10dulus rcduclion may 

include damage in both delamination and matrix cracking modes. The value of critical 

residual modulus can be obtained from an unnotched specimen by many Illcthods 

described in previous chapters including fatigue test data, strain faillife criterion, 

delamination law, and so on. In ~eneral, if it is possible and accurdte results arc 

required, fatigue test data should he used for detennining the value of critical residual 

modulus, but approximately, delamination law or strain faillire criterion can be L1sed to 

calculate critical residual modulus analytically. Figure 7.1 represents the flow chart of 

this analytical process. 
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INPUT INITIAL DATA 
(materlal propertles, applled load, 
la -u of lamlnate etc. 

CREATING ENGINEERING MODUU OF 
ELEMENTS usl" GENLAM software 

t 
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STRESS ANALYSIS (NASTRAN software) ~------. 

+ 
INPUT NUMBER OF LOADING CYCLES 

+ 

DAMAGE ANALYSIS ( check 
fallur. criteria for each element 

no, ftnal fillure 

es 

i 
1 
1 

Fla. 7.1 Flow dlart oC Catigue analysis procea in notched laminated 

plate usina the rmite element method. 
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7.4 EXAMPLE 

To illustrate and verify the fatigue failure process by lIsing finit~ c1cm~nts. 

eonsider a quasi-isotropie plate containing a cireular hole located at the œnter of the plate 

as shown in Figure 7.2. The specimen is a [0/90/ ±45Js T300/5208 graphitdcpoxy 

laminate. Width W and length L of the specimen are 38 mm and 90 mm. and diametcr 

d and thickness tare 9 mm and 2 mm, respectively. A tension-tension fatigue load with 

maximum stress 218.5 MPa is applied at two ends of the specimen, and the ratio of 

maximum stress to minimum stress R is eqllal to 0.1. Figure 7.3 rcpresents the I1nite 

element model of this problem. Dimensions of the specimen lIsed in the cakulation élre 

taken from Ref.[24]. The material properties are listed in Table 2. 

Table 2 Maleria1 properties for a [0/90/ ±45Js T300/5208 specimen 

EO, E02 
G0

12 VOl Uo, O"h m G, ho Ko 

(GPa) (GPa) (GPa) (--) (MPa) (MPa) (--) (J/m2
) (--) (--) 

69.68 69.68 26.88 0.3 1500 540 -23 200 17 33 2.4E-5X 

In Table 2 the laminate engineering modlili EOI • E02 , GO l2 and ,,°12 arc calculated 

by using laminate plate theory (GENLAM software), 0"0., 0"1< , bo and Ku arc taken from 

Table 6.1 in Chapter 6, and constants m and Ge are from Appendix B. 

Analogous to the calculation process in Chaptcr 6, it is casy to obtain the 

following constants in eqllations (82) and (83) 

For [0/90/ ±45]s lay-up, i.e., in the direction of 01 : 

B, = 6, b, =17.3, K, =1.16E-50, Cm' = 0.47 
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For [90/0/ ±45]s lay-up , i.e., in the direction of (12 : 

8 2 = 8, b2 = 17.3, K2 = 1.16B-50, Cm2 = 0.47 

Substituting ail constants into equéltion (82) and equation (83), and then into equation (81) 

gives the expression for residual moduli of a [ti/90/ ±45]s nOO/5208 specimen under bi­

directional fatigue load as 

El ;;; E~-(3.15xlO-16N0167a~88 + 3.32xl0-14NOl25a;16) 

E
2 

;;; E~-(l.61xlO-18N01670~88 + 6.52xl0-12N012S(1;1~ 

VI = v~ -(6.95xl0-19NO 167 o~·88 + 1.65xl0-14NO 12'ai.l~ 

G12 ;;; G~2-(6.21 xlO-19NO 167a~·88 + 1.28xl0-14N0.12Sa; l~ 

(84) 

Critical residual stiffness has to be prescribed. Based on O'Brein's delamination theory, 

in this example the delamination law is utilized to calculate critical value of residual 

stiffness because of its simplicity. The accuracy of this choice is verified by test data. 

The residual stiffness when completely delaminated along 0 degree and 90 degree 

interface is defined as critical residual stiffness and is obtained by using equation (10) 

E/ = EO = 0.86 Elo = 60 MPa 

where El f is defined as the critical value of residua! stiffness Et. This result is evident 

from test data in figure 6.5 where El / E,o approaches to 0.85 after a large number of 

cycles. During the calculation using the finite element method, the failure level for an 

clement of the structure is defined as "when residual stiffness of an element is equal to 

ils critical stiffness, the element is failed. " 

Figure 7.4 shows graphical representation of damage growth of a [O/90/±451s 

T300/5208 graphite/epoxy laminated plate under fatigue loading. Figure 7.5 presents 
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radiographs of damage growth for the saille specimen ul1dcr fatigue loading. From 

Figure 7.4 the predicted life is about 1 x lOb cycles which agrccs with experimcnlal data 

[24]. 

7.5 SUMMARY 

From the above theoretical analysis and example it can he seen thal analylical 

results using finite element techniques approximately agrec with experimental data for a 

[0/90/ ±45Js T300/5208 graphite/epoxy laminate under fatigue loading. As wc know, 

the fatigue behavior of notched laminates is very complex and analytical mcthods in 

conjunction with finite element techniques to solve this kind of problem is just bcginning. 

In general, il must take following factors into account: 

Credible Tesidual moduli reduction model after damage. 

Applopriate failure eriterion to check failuTe of elements. 

Powerful computer software which incllldes finite element techniques. 

In this research a simple example of a quasi-isotropie lamînatc was pcrfomlcd to 

iIIustrate and verify above analysis proeesses. The computer software dcvclopcd in this 

research included GENLAM, NASTRAN software. Due to time limitations, itcration 

loops for computing damage extension are not performed automatically. In ordcr 10 

obtain detailed analysis of damage extension and fatigue failuTe life under fatigue loading, 

further work is needed to develop more powerflll software, which should bc able 10 

integrate the whole computing process automatically (sec flow chan in figure 7.1). In 

addition, more experiments should he perfonned to verify or modify the proposed 

models in this research. 
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(a) N = 1 CYCLES 

(b) N = 10 CYCLES 

(c) N = 1000 CYCLES 

Fig. 7.4 Graphitai representation of damage ll'owth of a (0/901 ±4S1s 1'300/5208 

IJ'8phiteJepoxy Iaminated plate under fatigue loading (0'_ = 

0.8 0'. = 118.S MPa, R = 0.1). 
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(d) N = 10,000 CYCLES 

( 

(e) N = 100,000 CYCLES 

(f) N = 600,000 CYCLES 

( 
Fla. 7.4 coDtiDuecl 

. 
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Fig. 7.5 

(a) N = 10 cycles 

• 

(b) N=I000 cycles 

Radi~graphs of damage growth in a [0/90/ ±4S}s T300/5208 

graphite/epoxy lamjnated plate under fatigue loading (,,_ = 

0.8 "aIt = 218.5 MPa, R = 0.1) [24] 

63 
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(c) N = 1 X 10· cycles 

(d) N=lxl05 cycles 

Fig. 7.S continued 
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(e) N=6xl0s cycles 

Fig. 7.S continued 

--
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CHAPTER8 

CONCLUSIONS AND RECOMMENDATIONS 

The proposed analytical approach in this research is generic and allows for 

evaluation of the onset and growth of fatigue damage and prediction of fatigue faiIure )ife 

of laminated composites with arbitrary lay-up using a minimum of experimental 

measurements. The conclusions and recommendations are described as follows: 

l. Based on the models by Talreja [3] and O'Brien [6], Residual Stiffness under 

fatigue load can be characterized approximately by a linear relation with matrix 

crack density and delamination area. Residual stiffness can be used as a global 

variable to predict matrix cracks, delamination area and fatigue failure life for the 

laminates under fatigue loading. Such an approach seems to have advantages over 

residual strength methods in that the residual stiffness can be measured 

nondestmctively in service, whereas the measurement of the residual strength is 

destructive. 

2. Global Damage variable growth rate dD/dN is proportional tf' ;,ome power of 

applied fatigue stress and inversely proportional to sorne power of current level 

of damage variable D itself(see equation(20». Based on this assumption, the 

analytical model of modulus degradation in terms of fatigue stress and number of 

cycles was derived. 

3. Strain energy release rates may be used to predict the onset of both matrix 

cracking and delamination. The onset of critical strain €c should be prescribed 

by experiments but approximately, one can use first ply faHure theory at static 
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load for onset of matrix cracking and fracture mechanics analysis for onsct of 

edge delamination. 

4. The proposed approach provided four choices for predicting tension-tension 

fatigue life and for assessing fail-safety for stmcturcs made of composite 

laminates, that is, residual modulus criterion, matrix ciacking crilcrion, 

delamination area criterion and fatigue strength criterion. 

5. The proposed approach enables prediction of fatigue behavior of gcnerallaminates 

using experimental data of a basic lay-up such as the unidirectional laminate. 

Tllree [O/90ls, [±4S/O/90]s, [01 ±4S]s E-glass/epoxy laminates and one 

[0/901 ±4S]s graphite/epoxy laminate under tension-tension fatigue loading werc 

used to illustrate and verify the proposed approach and have good agreement with 

analytical results. For other layup configuration and diffaent materials. morc 

experiments should be perfonned to further verify the proposed model. 

6. The fatigue behavior of notched laminates is very complex. The perfonnancc of 

notc:hed laminates under fatigue loading is controlled by slrèSS fields and materials 

performance in the neighbourhood of stress concentralors. The stress 

redistribution after fatigue damage has made il very difficult to pcrfonn strcs~ 

analysis of notched laminate by using analytical or closed form mcthods. The 

moduli reduction model developed by this research and O'Brien's delamination 

law in ccnjunction with finite element techniques may be a useful method lo 

model the fatigue process of notched laminates. In general, using this approach 

must take the following factors into account: 

• Credible residual moduli reduction model after damage. 

• Appropriate failure criterion to check failed elements. 

• Powerful computer software which includes finite clement techniques. 

1 
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In this research a simple example of a [0/901 ±451s T300/5208 graphite/epoxy 

laminate with a central hole lInder fatigue loading was perfonned to iI1l1strate and 

verify the above analytical processes. The results, approximately, agree with 

experimental data. Due to time limitations, the iteration loop for computing 

damage extension is not performed automatically. In (lrder to obtain detailed 

analysis of damage extension and fatigue failure life under fatigue loading, 

furthcr work is needed to develop more powerful software. which should be able 

to integrate the entire computing process automatically (~,ee flow chart in figure 

7.1). In addition, more experiments should be perfonned to verify or modify 

the proposed models in this research. 
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APPENDIXA 

RESIDUAL MODULI AND CRACK DENSITY 

(from Talreja, R. (3]) 

Consider a two-dimensional saUd containing m sets of parallel planar cracks. To 

each pamllel planar crack, we assign a vector V oriented normal to the crack plane as 

illustrated in Figure Al for two sets of parallel cracks. The vector V cao he expressed 

by 

i=1,2, .. m (Al) 

where DCi) is the magnitude of the vector V(i) and nCi) is a unit vector oriented normal to 

the planes of the ith set of planar cracks. 

Fig. Al. A solid containing two sets of paraDer cracks 

For a set of same orientation cracks in a laminate, The vector magnitude is given 
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by, 

v v (A2) 

t 

where Be is the number of cracks per unit surface area and" and H', are the average 

length and width, respectively, of the cracks. te is the thickness of the plies containing 

the cracks and l is the total thickness of laminates. Km and 0 is crack density and 

orientation angle of fiber, respectively. 

Assuming that elastic strain energy function is a function of the strain tensor and 

damage vector sets V(I) , and asslIl11ing further lhat the strain componcnts and the dall\a~c 

veclor magnitude are small, Talreja derive the elaslÎC constitutive eqllalion~ for a 

orthotropic laminate expressed as 

m 

op == (Co pq + L C ' pq) Eq = Cpq Eq p, q = 1,2,6 (A3) , 
1=1 

where 

2kl k2 0 

CO
pq = k2 2k6 0 (A4) 

0 0 2klO 

and 

Cu Cl2 CI6 
, 

C21 C22 C26 
(A5) Cpq = 

C61 C62 C66 
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wherc 

(A6) 

where 

k, in equation (A6) are material constants. COpq is the stiffness matrix of the undamaged 

laminate which can be detennined by laminate plate theory, C'rq, i = 1,2, ... m, are Lile 

stiffness reduction matrix components due to matrix cracking whose coefficients are 

funclions of the component of the damage vector V'), and Cpq is the total stiffness matrix 

For the case of one set of cracks, i.e., m = l, Figure A2 shows a cross-ply 

laminate with cracks in the transverse plies and no cracks exist in the OO_ply. The 

damage vector for this case is given by V=D{l ,O}, Le., (j = 90. Substituting m= 1 and 

(1 = <.)0 into equation (A6), and then into equatiun (AS), we obtain 

2k D2 
3 k13D2 0 

1 
k13D2 2k,D2 0 (A7) Cpq --

0 0 2kllD
2 
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The residual stiffness matrix due to matrix cracking becomes 

(2k1 +2k:JD2) (~+k13D2) 0 

Cpq = (~+k13D2) (?'k6+2k,D2) 0 (A8) 

o 0 (2k
lO

+2k
ll

D2) 

The orthotropic symmetry in the c()p~cients of stüfness matrix is thus retained for this 

crack mode. ., 

1 

- --
Fig. Al. A cross-ply laminate with cracks in the 900 ply 

The residual elastic moduli can now he calculated by use of equation (A8) 

El = E~ + 2D2[~ + k,(V~J2 -k13V~~ 
E2 = ~ + 2D2[k, +k3(v~I)2 - kl3 V~I] 

1- vO VO 

V 12 = V~2 + D2[ 12 21](k13 -2k,v ~J 
E: 

(A9) 
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For the case of a larnmate with two sets of cracks (m =2), figure A3 shows two off-axis 

plies placed symmetrically about the axis Xl' The damage vectors in tbis case are 

VI = Dl { sine, -cose } 

V2 = D2 {sine, case} 
(AIO) 

Considering the case of B = 45° and noting that k3 = tc., k7 = ka, and ku = kt4 due to sinB= 

cosB, the residual stiffness matrix is obtained by use of equation (A3) 

that is, 

c = pt 

SYMMETRY 

[!ks(D: -Di)] 
4 

[!19(D:-Di>l 
4 

[2k1O +2ku (D: +D;)] 

Fig. AJ. Cracks in two plies symmetrically placed about the Xl axis 

(AH) 

(AI2) 
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It is seen that, for D. = D 2, the orthotropic symmetry is rctaincd. Howcvcr, 

it is assumed that, ev en for D. ~ D2, the orthotropic symmctry for the stiffncss matrix 

will be retained approximately. It is reasonable assumption because the constants k~ and 

~, which represent the interactions betwecn nonnal and shear strain, arc onen small. 

The residual elastic modu1i for this case are given by 

From the above analysis the laminates which contain 0°, qOo, and ± 0 plies if we 

neglect the coupling effects between nonnal and shear strain, the orthotropic symmctry 

will be maintained. The residual moduli for these cases can be givcn hy 

(AI4) 

where 

(AIS) 

The crack damage variable Dm' for example, cao be expressed for the [0/90/ ±Ols 
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laminate by 

(AI6) 

The material constants k3' k7 and kl3 were given for the glass/epoxy laminate to be 

kJ =-6.713 GPa ,k7 = -0.762 GPa, kil = -4.467 GPa 

and for the graphite/epoxy laminate 

kl =-17.875 GPa ,k7 = -0.141 GPa, kil = -5.557 GPa 

Due to the uncertainty in measurement of the shear modulus Ramesh Talreja does 

not give the constant kil' However, this does not affect determination of the remaining 

constants. We assume in this research that shear modulus may has same reduction ratio 

as that of longitude modulus approximately due to lack of experimental data, i.e., 

= (Al?) 

It is easy to obtain 

(AIS) 

From above equations developed by Talreja [3] and slightly extended by this 

research, we can see that the relations between residual elastic moduli and matrix 

cracking damage have been established. The proposed equations have good agreement 

with experimental data [3]. 
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APPENDIX B 

ONSET OF LOCAL DELAMINATION 

(from O'Brien, T.K. [2,14]) 

B.l STRAIN ENERGY RELEASE RATE 

For an elastic body containing a crack that grows under a constant applied Joad, 

P, the strain energy release rate, G ,is given by 

P2 dC 
G =--

2dA 
(lU) 

where C is the compliance and A is the crack surface area crealcd. A similar expres!lion 

may be written for G in tenns of the remote stress, a , and the compliancc of ela~tic 

body, S , by substituting 

into equation (B 1). This yields 

c = SI 
wt 

(lU) 

(83) 

where dS/dA is the rate of changes in S as the tlow extcnds, and V is the volume of the 

body. For the case where the elastic body is a composite laminate containing a matrix ply 

crack through the thickness of n off-axis plies, with delamination fonning at the matrix 

crack tip and growth in the ply interfaces (Fig.BI), the strain energy release rate 

associated with the growth of delamination from a single matrix crack will be considercd. 
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considered. In order to evaluate dS/dA in cqllation (B3), an eqllation for laminate 

compliance as a fllnction of delamination size was deveJoped. 

90° n 
EDGE VIEW 

LOCAL 
DElAM 1 NA 11 ON 

MATRIX 
PLY CRACKJ 

FRONT VIEW 

Fig. BI Depiction of local delamination growing from matrix cracks 

~11 
a 

Fig. B2 Model of local delamination 

Figure B2 iIIustrates a composite Jaminate containing delaminations growing from 

a matrix ply crack. The composite gage length,l, is divided into a locally delaminationed 

reg ion , a , and a laminated region l-a. Assuming the composite dispJacements are the 

sum of the displacements in these two regions, and the totalload, P, is equal to the loads 

carried by the two regions individually, then using Hooke's law, Âl = Pl/AB, yields 
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(84) 

where Atrun and El.lffi are the cross-sectional arca and modlilus of the laminatcd rcgion, and 

Ald and Eu arc the cross-sectional area and modllllls of the locally dclaminatcd rcgioll. 

Bach of the areas in equation (B4) represents only the cross-scclional al'ea lhat carries the 

applied load; hence 

(US) 

(86) 

where w and t are the laminate width and thickness, respectively, and tld is the thickncss 

of the locally delaminated region that carries load (i.e., the thickncss of the uncracked 

plies). SlIbstituting equations (B5) and (B6) into equation (B4) yiclds 

at( III 1 s = -1- ttfild - tE/am + E
lam 

(B7) 

Retuming to figure (B2) the strain energy release rate associated with the growth of 

delamination From a matrix ply crack can be calculated by assurning 

v = twl 
A = nwa 

dA ::: nwda 
(B8) 

where n is the number of delamination growing From the matrix ply cf"dck. For the case 

illustrated in figure (B2). n=2, but for a delarnination growing l'rom a crackcd surface 

ply, n = 1. Substituting equation (88) into equation (3) and differentiating eqllation (87) 

yields 

(B9) 
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Renee, as indicated in equation (B9), the strain energy release rate is independent of 

delamination size. The magnitude of G depends only 011 the laminate layup and 

thickness, the location of the cracked ply and subsequent delamination (which dctcnnines 

Eld' tld> and n), the applied load, P, and the laminate width, w. 

B.2 PREDICTION OF LOCAL DELAMINATION ONSET 

In order to predict the onset of local delamination with fatigue cycles, the G 

versus log N characterization of the composite lIlateriaJ must be generated. Data l'rom 

several materials with brittle and tough matrices indicate that betwet-n 1 (11 
:::; N :::; 10h 

cycles, the maximum cyclic G may be represented as a linear function of log N (figures 

B3 and B4), where N iS the number of cycles to delamination onset at a prescribed GlllllX • 

Renee, 

G = m log N + Ge (810) 

where Ge and mare material parameters that characterize the onset of deJamination lInder 

static a'ld cyclic loading in the material. This characterization may be acc:omplishcd 

lIsing a variety of interlaminar fracture test methods. Next, G must he caJculated for the 

tirst local delamination that will form. This typicaJly occllrs at a matrix crack in the 

surface ply but it may be confirmed by calculating G for matrix cracking in ail of the off­

axis plies in the laminate. The one with the highest G for the same applied load will he 

the first to form. This G may he calculated using equation (B9). In order to caJculate 

the number of cycles for the first local delamination to form, NI' equation (B9) is set 

equal to equation (BIO) and then solved for NI. Renee, 

(B11) 

Equation (BII) can be used for predicting the onset of local delamination under cyclic 

loading. 

.. 
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Fig. 84 Strain energy release rate at delamination onset as function 

of fatigue cycles for X7S1lS0 E-glass/epoxy 

83 



Appendix C. Computer cl/des 

APPENDIX C 

COMPUTER CODES 

COMPUTER CODE 1. 

nus PROGRAM IS TO GENERATE A NASTRAN PROGRAM 

CODE FOR STRESS ANAL YSIS AND PLOTTING 

(GENNAS ) 

C 
C GENERATING A GRID PLOT FOR FEM 
C 

CLEAR , , 2000 
DIM x(2S0), y(250), A(lOO) 
CLS 
B = 26 
w = 19 
R = 9.5/2 
m = 33 
A = 3.14159/ (2 * (m - 1» 
NUM =0 
FOR i = 1 TO m 
K = i - 1 
x(i) = R * COS(A * K) 
y(i) = R * SIN(A * K) 
A(i) = A * K * 180/3.14159 
x(m + i) = 1.2 * R * COS(A * K) 

_ y(m + i) = 1.2 * R * SIN(A * Ki 
NEXT 
FOR i = 1 TO «m + 1) / 2) 
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K = i - 1 
x(2 '" m + i) = 1.5 '" R '" COS(2 '" A '" K) 
y(2 >te m + i) = 1.5 '" R '" SIN(2 >1< A >1< K) 
x«5 '" m + J) 1 2 + i) = 2 * R * COS(2 * A * K) 
y«5 * III + 1) 1 2 + i) = 2 * R * SIN(2 * A '" K) 
NUM = (5 '" m of 1) 1 2 + i 
NEXT 
l'OR i = 1 TO «m + 1) 1 4 + 1) 
K = i - 1 
x(NUM + i) = 2.5 * R '" COS(4 '" A '" K) 
y(NUM + i) = 2.5 * R * SIN(4 '" A '" K) 
NUMI = NUM + i 
NEXT 
FOR i = 1 1'0 «m + 1) 1 4 + 1) 
K = i - 1 
x(NUM 1 + i) = 3 * R '" COS( 4 '" A '" K) 
y(NUMI + i) = 3 >1< R * SIN(4 * A '" K) 
NUM2 = NUMI + i 
NEXT 
FOR i = 1 TO «m + 1) 1 4 + 1) 
K = i - 1 
x(NUM2 + i) = 3.5 * R * COS(4 * A * K) 
y(NUM2 + i) = 3.5 * R * SIN(4 * A '" K) 
NUM3 = NUM2 + i 
NEXT 
FORj = 1 TO 6 
n = j - 1 
x(NUM3 + j) = 4 '" R 
y(NUM3 + j) = w * n 1 5 
NUM4 = NUM3 + j 
NEXT 
mmm = «m + 1) 1 2 + 1) 1 2 
FOR 1 = 1 TO mmm - 6 
x(NUM4 + 1) = 4 '" R - (4 '" R 1 (mmm - 6» * 1 
y(NUM4 + 1) = w 
NUM5 = NUM4 + 1 
NEXT 
FORj = 1 TO 6 
n = j - 1 
x(NUM5 + j) = 4 * R + B 1 2 
y(NUM5 + j) = w '" n / 5 
NUM6 = NUM5 + j 
NEXT 
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FORj = 1 TO 6 
n = j - 1 
x(NUM6 + j) = 4 * R + B 
y(NUM6 + j) = w * n 1 5 
NUM7 = NUM6 + j 
NEXT 
FOR i = 1 TO 100 
PRINT "J, X, Y, A(i)= "; i, xCi), y(i), A(i) 
NEXT 

C GENERATING GRAPHIeS FOR PLOTTER (SEE Fig.7.3) 
C 

SCREEN 12 
COLORI0 
CLS 
VIEW (104, 5)-(536, 430), , 1 
WINDOW (0,0)-(4 * R + B, 4 * R + B) 
CLS 0 
UNE (0,0)-(4 * R, w), , B 
UNE (0,0)-(4 * R + B, w), , B 
FOR i = 2 TO m 
UNE (x(i), y(i»-(x(i - 1), y(i - 1» 
NEXT 
FOR j = m + 2 TO 2 ... m 
UNE (xO), y(j»-(xO - 1), y(j . 1) 
UNE (x(j), y(j»-(xO - m), YU - m) 
NEXT 
mm = (m + 1) /2 
FOR kk = 1 TO mm - 1 
jj=2*kk-l 
UNE (x(jj + m), y(jj + m»-(x(kk + 2 * m), y(kk + 2 * m» 
UNE (x(2 * kk + m), y(2 * kk + m»-(x(kk + 2 * m), y(kk + 2 * m» 
UNE (x(2 * kk + m), y(2 * kk + m»-(x(kk + 1 + 2 >1< m), y(kk + 1 + 2 >1< m» 
NEXT 
FOR K = 2 * m + 2 TO 2 * m + mm 
UNE (x(K), y(K»-(x(K - 1), y(K - 1» 
NEXT 
FOR j = 2 * m + mm + 2 TO NUM 
UNE (x(j), y(j»-(x(j - 1), y(j - 1» 
UNE (x(j), y(,»-(x(j - mm), y(j - mm» 
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NEXT 
nm = 2 * m + mm 
mmm = (mm + 1) / 2 
FOR kk = 1 TD mmm - 1 
jj = 2 * kk - 1 
UNE (x(jj + nm), y(jj + nm»-(x(kk + NUM), y(kk + NUM» 
UNE (x(2 * kk + nm), y(2 * kk + nm»-(x(kk + NUM), y(kk + NUMJ') 
UNE (x(2 * kk + nm), y(2 * kk + nm»-(x(kk + 1 + Nillvl), y(kk + 1 + NUM» 
NEXT 
FOR i = NUM + 2 TO NUMI 
UNE (x(i), y(i»-(x(i - 1), y(i - 1» 
NEXT 
FOR j = NUMI + 2 TO NUM2 
UNE (x(j), y(j»-(x(j - 1), y(j - 1» 
UNE (x(j), y(j»-(x(j - mmm), y(j - mmm» 
NEXT 
FOR K = NUM2 + 2 TO NUM3 
UNE (x(K), y(K»-(x(K - 1), y(K - 1» 
UNE (x(K), y(K»-(x(K - mmm), y(K - mmm)) 
NEXT 
FOR i = NUM3 + 2 TO NUM5 
UNE (x(i), y(i»-(x(i - 1), y(i - 1» 
NEXT 
FORj = 1 TO 6 
UNE (x(NUM3 + j), y(NUM3 + j»-(x(NUM2 + j), y(NUM2 + j» 
NEXT 
FORj = 7 TO (NUM5 - NUM3) 
UNE (x(NUM3 -+- j), y(NUM3 + j»-(x(NUM2 + j), y(NUM2 + j» 
NEXT 
FOR i = 1 TO 6 
UNE (x(NUM3 + i), y(NUM3 + i»-(x(NUM5 + i), y(NUM5 + i» 
UNE (x(NUM5 + i), y(NUM5 + i})-(x(NUM6 + i), y(NUM6 + i» 
NEXT 
FOR i = 2 TO 6 
UNE (x(NUM5 + i). y(NUM5 + i»-(x(NUM5 + i - 1), y(NUM5 + i - 1» 
NEXT 

C GENERATlNG PROGRAM CODE FOR NASTRAN SOFTWARE 
C 

OPEN "FEMC.DAT" FOR OUTPUT AS #1 
FOR i = 1 TO NUM7 
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PRINT #1 "GRAD II. i'" II, x(i)' " II, v(i)' " II, "0" 
, , , , '" " .. J " " 

NEXT 
FOR i = 1 1'0 m - 1 
PRINT #1, "CQUAD4,"; i; ","; "10,"; i; ","; m + i; ","; III + 1 + i; ","; i + l ","; -A(i) 
NEXT 
K = 0 
j=m 
FOR i = m + 2 1'0 2 '" m - 1 STEP 2 
K=K+l 
j = j + 3 
ANG = -(180/ 3,141159) '" ATN«y(2 * m + K) - y(i - 1» / (x(2 '" III + K) - x(i- 1») 
PRINT #1, "CTRIA3,"; j - 3; ","; "10,"; i - 1; ","; 2 '" III + K: ","; i; ","; ANG 
ANG = -(180/ 3,14J 159) '" ATN«y(2 * m + K) - y(i)) / (x(2 * 111 + K) - x(i») 
PRINT#I, "CTRIA3,";j - 2; ","; "10,"; i; ","; 2 '" m + K; ","; 2 '" 111 + 1 + K;","; ANG 
ANG = -(180/ 3,141159)"'ATN«y(2 * m + K + 1) - y(i» 1 (x(2 '" 111 + K + 1)- x(i))) 
PRINT #1, "CTRIA3,"; j - 1; ","; "10,"; i; ","; 2 * m + K + 1; ","; i + 1;","; ANG 
jj=j-I 
NEXT 
mmm = 2 '" m + mm 
FOR i = 2 * m + 1 TO mmm - 1 
jj=jj+1 
PRINT #1 'CQUAD4 II. J'J" " II. "10 II. j' " II. mm + )" " Il. mm + 1 + i', ","', i + 1 , " , " "'" , , , 
NEXT 
K = 0 
j=jj+l 
FOR i = 2 * m + mm + 2 TO NUM STEP 2 
K=K+I 
j = j + 3 
PRINT # 1, "CTRIA3,"; j - 3; ", "; "10,"; i - 1; ","; NUM + K; ","; i 
PRINf #1, "CTRIA3,"; j - 2; ","; "10,"; i; ","; NUM + K; ","; NUM + K + 
PRINT # 1, "CTRIA3,"; j - 1; ","; "10,"; i; ","; NUM + K + 1; ","; i + ) 
jj=j-I 
NEXT 
mmm = (mm + 1) / 2 
FOR i = NUM + 1 TO NUMI - ) 
jj=jj+l 
PRINT#l, "CQUAD4,";jj; ","; "10,"; i; ","; i + mmm; ","; mmm + 1 + i; ","; i +) 
NEXT 
FOR i = NUMl + 1 TO NUM2 - 1 
jj=jj+1 
PRINT #1 "CQUAD4 II. J'J" " II. "10 II. i' " II, i + mmrn- " II. mmm + ) + i,' ","',i + 1 , " , " "'" , , " 
r-"EXT 
FOR i = NUM2 + 1 1'0 NUM3 - 1 
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jj=jj+1 
PRINT III, "CQUAD4,"; jj; ","; "10,"; i; ","; i + mmm; ","; mmm + 1 + i; ",";1 + i 
NEXT 
FOR i = NUM3 + 1 TO NUM4 - 1 
jj=jj+1 
PRINT III "CQUAD4 II. ]J'" " ", "ID II. i' " II, i + mmm' .. ", mmm + 1 + j', ","',1 + i , " , " "", , " 
NEXT 
FOR i :=- NUM5 + 1 TO NUM6 - 1 
Ü=Ü+ 1 
PRINTIII "CQUAD4 "'J'J"" II. "10 II. i'''''' i + 6'" Il. 7 + j'" II. 1 + j , " , " "", " , " , 
NEXT 
PRINTIII, "MUN,-NUM7";NUM; NUMl; NUM2; NUM3; NUM4; NUM5; NUM6; NUM7 
CLOSE III 
END 
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COMPUTER CODE 2. 

TInS PROGRAM IS DEVELOPED IN NASTRAN LANGUAGE FOR STRESS 

ANALYSIS AND PREDICTION OF FAILURE MECHANISMS OF NOTCHED 

COMPOSITE LAMINATES UNDER CYCLIC LOADING 

( NASCOM) 

$ 
$ NASTRAN EXECUTIVE CONTROL DECK 
$ 

IINF MVS CL(90) ROUTE (MUSICA) TI(40) 
Il EXEC MASTRAN 
SOL 24 
DIAG 49,44 
TIME 40 
.. BM 2 RF24D79 
CEND 

$ 
$ CASE CONTROL DECK 
$ 

TITLE= ANALYSIS OF FEM FOR COMPOSITE 
SUBTITLE= MATERIAL PROPERTIES OF PLATE ELEMENT 
SUBCASE=l 
ECHO = BOTH 
LOAD = 1 
OUTPUT 
DISP = ALL 
FORCE = ALL 
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STRESS = ALL 
STRAlN = ALL 
GPFORCE = ALL 
OLOAD ==ALL 
GPSTRESS = ALL 
BEGIN BULK 

$ 
$ INPUT BULK DATA DECK 
$ 

$ INPUT DATA FILE "FEMC.DAT" 

PARAM, AUTOS PC , YES 
PCOMP, 10, -0.5, ,1000.0 ,HOFF 
, 100, 1.0, 0.0, YES 
MATS, 100, 69.68+9, 69.68+9, 0.3 , 26.88+9 
ENDDATA 
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COMPUTER CODF 3. 

THIS PROGRAM IS DEVELOPED FOR COMPUTING 

RESIDUAL ELASTIC MODULI OF A NOTCHED COMPOSITE LAMINATE 

UNDER CYCUC LOADING (BQ. (81) TG EQ.(S3») 

(RMODULI) 

INPUT "N=?, SIGMAl=?,SIGMA2=?", N,SIGMAI,SIGMA2 
EIO = 69.68 
E20 = EIO 
EsO = 26.88 
vI20 = .3 
K3 = -17.875 
K7 = -.141 
KI3 = -5.557 
KK = 1.16 * (10) ..... (-50 1 17.3) 
b = 17.3 
BB = 6 
q = .8 
Cm = -2 * (K3 + K7 * (vI20) A 2 - KI3 * v120) 1 BIO 
Dm = «KK * N ..... (1 / b) * sigmal) A (b 1 BB» * (1 - q) 1 Cm 
El = EIO + 2 1\< Dm * (K3 + K7 * (v 120) A 2 - K 13 * v 120) 
E2 = E20 + 2 * Dm * (K7 + K3 '" (v 120) A 2 - K 13 * v 120) 
v 12 = v 120 + D.n * (l - v 120 * v 120) * (K 13 - 2 * K7 * v 120) 1 E20 
Es = EsO * E2 1 E20 
PRINT Dm; Cm; El; E2; Es; vl2 
BB = 8 
DDm = «KK * N A (l 1 h) * sigma2) A (b 1 BB» >oC (1 - q) 1 Cm 
EEI = EIO + 2 * DDm * (K3 + K7 * (vI20) A 2 - K13 1\< vI20) 
BE2 = E20 + 2 * DDm * (K7 + K3 * (vI20) A 2 - KI3 * vI20) 
vvI2 = vI20 + DDm * (1 - vI20 * vI20) * (K13 - 2 * K7 * v120) / E20 
BEs = EsO * EE2 1 E20 
BEE! = El - (E20 - EE2) 
BEE2 = E2 - (BIO - EEI) 
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nul2 = vl2 - (v120 - vvl2) 
EEE~ = E'i - (E~() - EEs) 
PRINT "El ,E2,E'i, v12="; EEEl; EEE2; EEEs; nu12 
END 

-----~---
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