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Abstract 

As part of this thesis we are concerned wi th thé numeri~a1 proper-

) 

ties of sOlDe ~ethods for computing co~trollability of â linear dynamic 

system with constant coefficients. We show, using counterexamples, why 

Rome well known methods for determinlng the controllability of such a 
, 

syste!D are often numerically uns table or computationally inefficient. 
, ......... , . 

We also show that recently developed algorithms by C. Paige [2] and 

others [17], [18], (19]. work's-ptisfactorlly fox: ae same examples. 

'We aIso give a differ-ent algorithm which determines whether a system 

is controilable or not. The same a1gorithm with some changes can be used 

to compute the distance of, the given system from the n-earest uncontrollable 

one, but it Is pointed out ~y this algorlthm i8 computationa/Iy Ineffi-

dent. 

'We a1so present an algorithm for solving the problem of eigenva1ue 

allocation for a single-input controllable, Hnear dynamic sfstem wlth con­
~ 

stant coefficients. This algorithm ia based on numerically stable trans-

formations. 
~ , 

These latter two -algorithms have been developed jointly with C. Paige. 
r 
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Resumé 

\, 

Dans cette thèse, nous examinons les propriétés numériques de 

certaines méthodes pour le calcul de la commandabilité d'un syst~e 

linéaire dynamique avec coefficients constants. Nous montrons, .... 
"\ , 

.. 

utilisant des contre-exemples, pourquoi certaines méthodes très connues 

pour déterminer" la commandabilit~ sont souvent instables numériquement 
lit 

ou inefficaces à calculer. Nous montrons aussi'que des algorithmes 

récemment ",developpés par C. Paige [2] et autres' [17]. [18], [19], 

sont satisfaisant pour les mêmes exemples. 

Nous indiquons aussi un algorithme différent qui détermine si 
. 

un système est commandable ou non. Ce ~me algorithme avec quelques 
" 

changements peut être utilisé pour calculer la distance du système 

'donné au système non commandable le plus rapproché, mais on note pour­
! 

quoi cet algorithme est inefficace. 

De même, nous indiquons un algorithme pour résoudre le problème 

d'allocation des valeurs propres pour un système linéaire dynamique 

commandable_monovariable avec coefficients constants. Cet algorithme 

est basé sur des transformations numériquement stables~ 

Ces deux derniers algorithmes ont été developés conjointement avec 

C. Paige . 
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(l'.r:I Overview 

.. 

Chapter 1 

(1) 'Introduction .-

C. Paige [2] points out that a measure of the distance of a given 
'1 

dynamic system from the nearest uncontrollable one would be quite useful 

because it would not,on1y determine whether a system is controllable or 

not, but it wou1d a1so indicate, in the case of a controllable system, 

\,' if the given system is qdite controllab1e or 1t is nearly uncontrollable. 

In the same paper it ia mentioned that the above prob1em appears to be 

an open problem. 

This prpblèm and the fact that apparent1y there are no numerically , 

reliable and efficient algorithme for the problem of eigenvalue alloca-
• 1 

tion, gave us the impetus to write this thesis. The outline of the thesis 

is as follows. 

In the second section of this chapter we establish our notationsl con-

ventions. In Chapter 2 we first prove three widely used mathematica11y 
~ 

equivalent theorems. We also prove another theorem; suggested by C. Paige 

in [2], using a reduction of a matrix to a block upper Hessemberg matrix. 

a~so suggested by C. Paige in [2] as a very useful tool. Then we show, 

" using counterexamples. why three weIl known methods often fail to deter-

mine whether a system i8 çODtrollable or not. while the new algorithm in 

[2] succeeds in determining the con~rollability of the systems in the 

same examples. Finally in the same chapter we give an algorithm which 

uses the ,notion of the distance of a system from the nearest uncontrol-. 

lable one to determine the controllability of the system. As we men-
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tioned in the ab8tract~ the same algorithm with some changes can be 

used for the computation of the distance of a system from the nearest . 
uncontrollable one when the system Is Icontrol'1abh!l"'but It :1;8 pointed' 

out why this algorithm ls not computationally efficient. 

In Ch~pter 3 we present some new algortthms: for the elgenvaJ.'je 

allocation problem. First we describe how we can asslgn a certain 
il 

desired set of real engenvalues' to a real upper Hessenberg matrix by 
( , 

determining Ha first rowt using an eXPl1c(t method reÎated to the QR 
~ : 

algorithm. Then we do the same tliing but uslng an implicit version of 

the method. A' good description of the QR algorithm is giv~n in [12].' 
t 

Flnally we describe how to 88s1gn a certain desired set of eigénvalues 

which occur in complex conjugate pairs to a real upper Hessenberg matrix 

by determlning i ta fir~ t row. using an implic itly shif ted method. 

In Chapter 4 we comment on the methods which are developed in this 

thesis. 

In the Appendix we present the subroutine EVA which performs the 
(:. 

eigenvalue allocation described in Chapter 3: We a1so present four 

examples, whlch indicate' that the methods described in Chapter 3 are very 

efficient and reliable. 

(2) Notation 

a) 
... 

Matrices will be represented, by upper case Roman letters. Vectors 
.' / 

will be repreaent:ed by lower case Roman. Scalars ~ill be repre-

sented by 10wer ease Greek l-E~tters, and indices by lower case RQun. 

) 
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b) AT 
,. 

AH will represent the transpose of 'the matrix A whl1e 

will represent the complex 'conjugate transpose of A • 
(' 

c) :R represents the 'set of real 'numbers, G: the set of complex 

nu~bers and ~ the set of· natural numbers·. 

d) ,V a € A means, for every a element of the set A • 

e) 'it with k ~E Il represents a column vector, the elements of 

which are aIl zero except the kth one which is unit y • whué e 

f) 

g) 

h) 

i) 

j) 

will represent a column vector witlt' a11 !ts e~ements equal to one. 

A '" (aij ) means that the ,matrix A has elements Qij . 

i(j)h will represent the arithme~ical progression wfth firet ele-

ment i, step j and final element h . jean be ei·ther posi-

.. 
tive or negative, so i can be less than or grèater than h • 

( 

A u 8 means the union of the ,sets A aqd B,. 
.il 

Â • where n €:N will represent the set of integers in the inter-n 

val • [l, n] , that is, i E 1:1 if and only if i E:N 'and 1 S i :Ç n . 
n 

Let x· E;l 

t;2 

, 1 
be.an,n-vector. The numbers ~l't2, .. :,tn ar, 

/ 
called the components or the elements of x. 

k) ~ :Rn represents the set of al! n-vectol'S with real components. Simi­

larly ~n represents the set of kll n-vectors with complex com-

1) 

ponents. 

mXn 
~ (respectively a:m)(n ) h f i f represéhts t e set 0 aIl matr ces 0 

dimensions a, n and real (re~pectively complex) e1ements. 

. • 
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. • T , 
m) o Let x .. (Cl·~2··"'~) then the 2-no~ of x i8 represented by 

( 
" , ' n , 2 

11~112 and def1ned by IIxl12 • ' ·r Icil . 
Il 1-1 

,., n) Let A bè an mXn matr1x w1th elemeQts 0 (aij ) t then the 2-norm 
/ 

( '1. ,~ 

liAI J2' (re~pect1v81y the F-norm) of A is represented by (respec-

'\... .. / '\.~ - ,. 
11~j'12 

t-Ively IIA!lF) a,~' i8 defined by IIAII,'~ .. max 
;/: ' Ilx "iO Il>>11 2 

r(~IIF 
m n 2 / (respective1y .. l t 1 aij 1 ). 

i-1 j-l 

p) A Jlubspace R ilf call1ed trivial i; and on1y if R .. {a} 
\ ~ 

q) A~permutation matr~ i8 the unit y matrix with rearranged columns 

or equ1valently, r~wa. 

e.g. P - 1 ,":: l> 0 

0 \' 0 1 
( 

~ 

0 1 0 

r) Let A_€ mXn 
then R(i\) will represent the subspace spanned by • E. 

, the co1umns of A 

\w. .... 
1<- / 

, il 

"'-, t 
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/ 
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CHAPTER 2 
, ,; 

~I) Introduction 

(1) Dynamic- systems 
" ,. 

A sy~tem i8 called dyn~ic when it changes states with respect to 

:1me ~~ the characteristics Of~ state st one ttme are rèlated with' 

'those at~ther times. The dynamical systems cODsidered here c~n he re-

presented mathematically hy either difference or differential equations • 

• , The choice of difference or d1fferential equation corresponds to whether 
1 

the system is observed in discrete or con,~u0d8 tilDe respective1y., 

1 

..... (2) ControlIabi1itx of dynamic systems 

The concept'of controllability of a dynamical system is introduced 

by q~estlon: 

< n,a dynamical system be transferred from any g1ven initial 
1 

state to any desired state in finite time by some control 

action?» • 

If we answer «yes» then the system is controllable. 

~------1_" 

(II) The algehraic ptQblem of controllabilitx 

Consider the continuous-time system 

/ i(t) - Ax(t) + Bu(t) 

[ , 
1 . 

J 

(i) 

, 
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( 

wflere t E: ']R (t ~ 0) ls the Ume; x E: ]Rn is the state of the system; 

,~ A € ]Rnxn, B € mnxm and u € mm is tne control vector. 

~: Throughout thls thesis n will represent the order of matrix A 

and m the number of columns of B , unless it ia mentlo~ed.that they 

r'epresent something else. 

The set of aIl x i8 a real,n-dimensional vector space, called the 

state space of the system (1) ~nd it will be denoted by R 
,; 

Definition (1): The system (1) is said t/.~e conlollable if for any g1ven 

pair of states (xI' Xp) € :Rn x]Rn there exis ts a time t > 0 and a 

control u defined on [O,t] su ch that the solutlon of (1) which corres-

ponds ta the initial value x(O) = XI gives us x(t) = xF 

The state space R can be decomposed into ~wo parts: the controllable 

subspace RI and the uncontrollab~e subspace R2 whi~~ Is the orthogonal 

'complement of RI [16J. SO, R 'is generated by RI U R2 and we write 

From the pefinition (1) we cao observe the following: If the system (1) 

18 controllable tHen R .. {a} 
2 

then ~; {a} but '\ need not be trivial. 

If (1) 18 uncontrollable 

We abal! now define the Diacrete-time system 

k E: 1{ (2) 

wbere the symbols ~~e meaning similar to the previously defined contlnuous-

Ume system. 

6 

... 
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Definition (II,): The 8yst~ (2) ~s ca lIed controllable if for ~ny given 
f 

pair of states there exists a positive Integer 

q and a sequence of controls ul ,u2, ••• ,uq such that us1ng (2). we can 

transfer state xl'~ 'XI to state Xq+l ~ ~ in eXactly q steps. 

Deflnit10q (III): Define 

_ li 
-min II (ôA,6B) Il ( {2,F} 6A E: 

nxn' 
, ôB E: 

Jtnxm J.I .. , r; , .IR 
OA,ôB - r; 

(3) 

.. such thatfthe systems ( 

~ 
! ' ... ' 

,-

(A + ôA)x + '(li + x Iio ôB)u (4) 

" ~l· (A ~ ôA)~ + (B + ôB)utt, (4a) 

are UDcontro11able. (2), (another approach ia used by Moore 1n (15),(16]). 

Remark (1): J.I 1s a uaeful measure of the distance of the system (1) 

(respectively (2» from the n~rest uncontrollablé system (4) 

(respectively (4a». 

" 

Remark (II).: Slnce the controllabllity of a problem depends only on the 

matrices A and B (as we will see in the follow1ng), we conc1ude 

that the distance between the systems (1) and (4) and the distance 

between the systems (2) and (4a) are identica1. 

Remark (III): If J.I - 0 then (1) and (2) are uncontrollable, otherw1se 

~ > O' and systems (1) and (2) are Jontrollable. 

7 
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Note: As remark (II) indlcates and as we will see ,in the following the 

conditions on A and B fo~ contfollability' are the same for the 

discrete and continuous system. So in the following if~we want to 

say tbat system (1) or (2) Is controllable or not we will Just say. 

that the pair (A,B) Is controllable or not. In general, if we 
~ 

want ta derive a result which can be applied to both (1) and (2) 

we can work with the pair (A,B) 

Proposition (1): Applying orthogonal transformations to (1) leaves IJ 

unchanged. 

Proof: After applying the or~oogonal ttansformations to the system (1) 
, 

we get: 

. 

(46) 

where Q c lRn)(n, P -c m.m)(m 
~ ~ are orthogonal matrices. Then from 

definitlon (III) of IJ let 

l; (; {2.F} (5) 

such tbat the system 

i8 uncontroll.ble. Now we can see that 

(5) -> lJ '"' min 1 QTUA.&B) [ : 

: 1 
, .-

/L 
1;; . 

t, - min Il (6A,6B) Ill; 
; 

t' 

- II 

i 
" 

~ - .. , 

( 

8 
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( 

where ~ is given in (3). 

\) 

Corollary (1),,: The system (1) is controllable if and on1y if the system 

., 
x • Ai + Bu (Sa) 

ia controllable. where 
N T ~ T A • QTAQ • B - QTEP x - Q x J U - P u 

with Q E E.
nxn 

and P 
mXm 

€ ]{ orthogonal matrices. In other words 

orthogonal transformations do not alter the controllabil1ty of (1), 

Prou!: Obviously (Sa) is the same as (4B). So from proposition (1) sinee 
, 

the d,istance of (Sa) from the nearest uncontrollable system is the 

same as the distance of (1) ,from the near~9t uncontr6llab1e system, 

this implies that corollary (1) is true. 

Note: The arguments of propositioR (1) and coro11ary (1) can a1so be applied 

for discrete-time systems. 

Eefore~e mention theorems about controllability, we will transform 

the pair (A,E) by orthogonal transformations to another simpler pair" 

(A,E). This transformation will be very.'useful in the fo11owing when we 

will use 'it to prove theorems about controllability. 

It caft be shown [2] that (~tB) can be transformed, using orthogonal 
\ 

transformations, to (A,H) where for some positive integer k ~ n and . , 

no • m 

A .. B .. (6) 

" 

~,k-l \.k o 

9 



!\Xn'j 
where Aij € lR • rank(Ai,i_l) • ni for i - 1(1)k-l and ~.k-l 
18 either zero or bas tank ~. By corollary (1) (A,B) 18 controll'-

able if and only if (A,B) 18 controllable. Thu8 in8tead~f looking 

for the controllability of (A,B) we will look for the co~trolIabl11ty 
J 

~ "" 
of (A.B) • 

Matrlx transformations like (6) form some of the tools of the 

numerical Analyst's trade, and related algorlthms are used by Wilkinson 

[20], [21J and Van Dooren [22] in analyzlng the generalized e~genvAlue 

problem't and by Van Dooren pJ] in analyzing general linesr systeme./, 
11 ~ v: 

There are four mathematical1y equivalent theorems on control~bil~ty 

for the pair (A,B) 
• 

Theorem (1) [2] If ~,k-l - 0 (in (6» then (A,B) ls uncontrollable, 
~ ~ 

if rank(~tk~l) - ~ then (A,B) is controllable. 

Theorem (11)[41,[5] The pair (A,H) is controllable If and only if 

" ~ -- ':"11-1-
rank(B,AB, ••. ,A B). 0 

Definition (IV): Let nXn' 
A € :R and Ài ' 1 - 1(1)0 be its eigeovalues, 

theo we define À(A) to he the set which contains the eigenvalues of 

Tbeorem (III) {Il, [6] The p~1r (A.!) 18 cootrollable if and ooly if 

for i - l(Ho 

where À1 • i • l(l)n are the eigenvalues of A or A (sinee 

À(A) • À(A) , [12]). 

" , 

10 
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" ~'Theorèm (IV) [8]. (9) The palr (A,S) Is controllable if and onlYrif 

mXn 
there exists at least one matrix F E Jt stfeh that 

-- "sr _ , 

Proof: We show, the equivalence of, and t,~en prove, these four theor,FiV~;~ 
....-::-"~ __ t 

by firat shbwifig 

(1) 

(II) 

If k - 0 then -lt, k-l 
.... ......, ~-l"" 

(1) rank[B,AB, •••• A BI < n 

(2) rsnk[B,A-À
1

1] < n for, st least one integer i with 

1 ~ 1 ~ n 

,(3) For e'(ery F € E.
mxn 

, À (A) n À (A + SF) r 0 

If rank(~.k_l) - ~ then 

(1) 

~2) 

(.3) 

-,.".,. ~-l"" 
rank[B •. AB, .•• ,A -sl - n 

rankJB.A-ÀiI1 - n for i - l(l)n 

Th i l F L' ..,mxn ere ex sts at ~st one ~ ~ such that 

and then proving 
... J' ,'1: 

(III) (1) The system (1) ls'controllable if and only if 

(2) 

--. .1 

n-1 ~ rank[B,AB •••• ,A Bl - n 

The system (2) Is contro11able if and oo1y if 

n-1 rank[B,AB •• , ••• A Dl - n 

11 
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(1) 

\ 

1 

(1) 

~,k-~ ··0 then 

We want to - -- ':"'0-1-prove that' rank[B,AB ••.• ,A B) < n • Since 

~,k-l • 0 
1 1 _{ 
the last ~ rows of the matrix A., 

{ 
{ - 0(1)n-1 are golng to he (O.O •..•• O.Ak.k) • So the 

, -1-
last ~ rows of the matrix AB. i • 0(1)n-1 are zeto. 

Thus for every'non-zero vector z, with there 

TT· n exists a non-zero vector y • (0,0 ••.• ,0,% ) • y € lR 

such that 

T - -- ':"'0-1- - -- ':"'D-l-Y (B,AB •..•• A B) - ° -> rank[B.AB, •••• A Bl < n 

(2) We want to prove that for some integer i with 1 SiS n 

and Ài € À(A) • rank [B,A-À!I) < n. So we have to f1nd a 

n 
vector y € 1R which sat1sfies the followlng conditions: 

(3) 

If we choose 1.
1 

zT~ _ ÀzT and 

corresponding ta 

satisfies aIl the 

y ; 0 

T­
yB· 0 } 
to he ~ solution of 

Z E: E.~ be a left 

1.
1 then the vector 

conditions (7). 

(7) 

the eigenproblem 

eigenvector of ~k 
T T y - (O,O, ••• ,O.z J 

mXn _ _ 
We want to prove tha t for every F €:R: • À (A) n À (A + BF) ;. " • 

t mXn 
Let F € 1R he a matr1x,such that F - (F

1
.F

2
, .... F

k
) 

mXn 
where Fi € 1R 1 for i - l(l)k. Then 

12 
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( (1) 

( 

" 

- ft 

'1 

A+BF - AIl+AlOFl A12+AIOF2 Al,k_l+AlOFk_l Alk+AlOFk 

A2I A22 A2,k-1 A2k 

o 

, ,.., ... 
If D 18 the matrix which Is derived from' A + HF by om1t-

ting its lsst k rows snd its i lsst k columns. then 

.... .... 
det[(A + HF) - ÀI ] - det(~ - À! ) det(D - À! ) 

• n -""kk ~ n-~ 

mXn for every F f: Il 

'" ......... ":'11-1 ..... 
We want to prove that rank[B,AB •••• ,A Hl - n. We know that 
... ....... 
B - AIO ,AB-

0 

o 

AllAIO 
..... k-l ... 

, ••• ,A B-

A2lAIO 

0 

o 

~l 
C2 

Ck_l 

~,k-I~-1,k-2···AIO 
\ 

where Ci' i - l(l)k-l are pproprlate nixnO matrices. Be­

sides w~ know that rank(Ai,i_)· ni for i - l(l)k. That 

ta, the matr,iees A1 ,i-l ' i - l(l)k are aIl of full row rank. 

Sa the matrices Ai,i-l Ai-l,i~l • • . AIO ' i - l(l)k are of 

full row rank. 1 

Thus there 18 no non-zero left null vector for 
l, ' 

the 1II8trix ..., """" ':"11-1-
[B,AB,. ••• ,A Bl. 

• 

--~--, 

13 
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--(2)' We want to prove that ~ank[B.A-ÀiI] - n for every i with 
\ . 

(3) 

First Proof: 

i - 1(1)n ~nd Ài E À(A) for i - l(l)n It i8 clear 

that. sinee Ai •i - l ia of full row rank for 1 - l(l)k ~en 
.... "-

[B,A-ÀiI} has full row rank for every Ài • 
, 

F
I,; L ..,mxn We want to prove tbat there Is at least one ~ ~ such 

that À(A) n À(A + HF) - ~. We know that 

-
Al : k- 1 

'" ..... 
A • AlI A12 Alk B - AlO where 

A2l A22 A2,k- l A2k 0 Ai •j EE. 

A
32 A3,k-l A3k 

0 

'\.k-l ~k 

~nd the matrices Aj.j~l are of full row rank. that is. 

rank(Aj,j _l ? - ~j • j - 1(1)1 • 

We are going to glve two proofs, the first will be for the 

ni >5n
j 

-simple case. m - nO - 1 , that is, when B ls a vector and 

the second will be for the general case. 

m - nO - 1 • so let 
,., T 
B - b - (alO'O, ••• ,O) and 

,., 
A'· a11 a12 ex 

1.n-l ClIo where Cl
j

•
j

_1 ;' 0 , 

> a2l Cl22 Cl a 2n j - 1(1)n • 2.n-1 

Cl32 a 
3"n-1 

a3n 

a Cl n,n-1 no 

\ 

, 
14 
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Let Ài • i • l(1)R. with R. ~ n, be the R. distinct eig~n-

"" values of A, and, xi ' i - 1(1)R. 
. ..... 

the eigenvectors o~ A 

T n' 
cor~esponding ta >'i: Let a180 F - f , f ,E:R .' Then. 

if for some >'1 • (A + bfT) - >'~I 18 singuler there exista 

'T T ; 
Yf E .n - {a} , where Yf - (!JIlf ' Y2f> and ~f E lR , 

"-
such that 

(8) 

' . .. 
But ~1f + 0 , h~cause if 1JI1f - 0 then from (8) and hecause 

T of the fact Gj • j _l ; 0 , j - 2(1)n , Y2f w~uld he zero tao, 

T ' T 
sa Yf - 0 , thus !JIlf; 0 and from ~lfGlOf xi - 0 ->,' 

) 
fTx! - 0 sinee a lO ; o. But if we choose, 

) (8G) 

... 
where the co1umns of 'x are the eigenvectors of A , then 

T 
f xi + 0 • i - 1(1)1 , which i8 a contradiction. 
tjM 

, T 
Sa for, f 

given in (8a) >'(A) n À(A + brT) - ~ 

(, 

Second Proof: For m ~ 1. Here we shal1 prove that for a1most aIl mXn 

matrices F we have . 

and we shaii construct an F for Which (9) will be true. 

, ' 
~l 

(9) 

15 
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Fact: For any integer p ~ 1 , almost aIl pXp matrices ar~ nonslngu1ar. 

By tbis is meant that if the elements of a matrix are indepeQdently 

chosen fram a continuous uniform distribution, then with probabillty 
~ ~" 

-1 -"the matrix will be nonsingu1ar • 

.... 
,Suppose A has eigenva1ues ~1 ' i • l(l)n • thén we perform 
/" <1 

the fol1owing construct1on: (Note that has 

linearly Independent colu1ll11s) for given i. with i - l(l)n and 

for j - 2(1)k choose n
j 

co1umns of A-À i ! co~re8pondin&, 

to nj 11nearly Independent columns of Aj,j_l and 

move them to the front of the matrix, that ls to 
1 

pOBitl~p.s 

j-l j 1 

, " 

1+ r n1 to r ni ' (where r 18 ignored) • 
1-2 i-2 1-2 

_lor example the. matrix 
...---.... 

x x Je X X X X X X will (x je x x x x x x x 

become " x x x x x x Je Je X X X X X X X X X X 

nI nI 
Je Je X X X X X Je X 

i 

X X X Je X X X X Je 

X X 'Je x .Je X X X X x x x x x x x 'x x 

1\ X * Ir X X X X li: Ir Ir * X X X X X X 

Ir X * * x x x le Je Ir 'If 11 X x X x x lÇ 

Ir X Ir Ir X X X Je 'x * * 1\ X X X X X x n-n1 , 
Ir X Ir X X Ir 11 X X X 

~ 

Ir -x Ir X X Ir Ir xf> x x 
... v .- , .. 

n-n 
1 nI 

'" 

• 

'. 1: 
,~ -1 

~ 

J 
,~ 

l 
'::..JJi 
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where stars r~present the n2 and n3 linearly independent 

columns of. A2! and A32 respectively. We may th~n write 

the result as. ~ith permutation matrix P, 

17 

(9a) . > • 

where ls blo~~ upper triangular and nonslngular ~lpce 

It ohas nonslngular "nj~nj bloc~s on.its diagonal, j" 2(1)k • 

(These blocks 'being the same for 'a~l cholc~8 of ~i' 

i .. l(l)n ). Now write so 

'" 

• P~1. to be .ingular tbere, ex18t. x ri 0 

, 
such À1I]PX .. 0 so first 

, . 
(1) -1 (:1.) 

~I .. -[A2I 1 ~22 x2 (9B) 

,"/} , 

/ 

\ 

f 

" 
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From (9B) we can see that X2 -0 Impl1es x .. 0 and 
1 

therefore x - 0 , thus x2 " 0 . Next 

, (1) (1) r 
+ F

12
)x

2 
.; 0 -> (AlI + F11)x1 + (A12 '" 

(1) , 
[Al2 + F12 

(A (~1 '+ F ) [A (1) ]-lA (1)]x .. 0 
11' Il 21 22 2 , 

(9y) 

;"here x2 " 0 

Let 

, From. (9y) :"we conclude t~a~ C-(i) must he singular. But if 

,the el~ments of :r are ch6sen randomly from the uniform d1s-, 
r ..... ....."... r'J., .. 

tribut4.on [0,1] .. "then>;~l and F12 will be independent, 
.- . 

so glven FIl,' for alm6st aIl F12 c(i) will be nonsingular. 

For a given F there are at ~st n different CCi) • so for 
, • of 

'\ 
F , (A + HF) - "11 Is nons1ngu1ar for aIl eigen-almost all . ~ -

~alues "1 of A • ", .. t'hen with pro?ability 1 A and A + BF 

'bi~ no e!genva1ue in commo~. Now we shall construct an F 

" su ch 'that À (A> n À (A t BF) • t). Choose F so that 

n~n1 

T T.:.l·, T 
that is let F '"' A10(AlOAIO) '('0. -yI)P 

T -1 . J ! 
, Not~ tbat (Al~lO) exists s1nc,~ AlO ha 1 full row rank~ 

AlBa note that F ls indepen4ent of t~ Cho~ce of 'Ài Then 

.. 

" A (i) 
21 

, . 

~ 
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So for tJ:tis choice of F the corresponding' relation to (9y) 

will be: 

. , 

[(A(i) _ ~(i)[A'(1)]-lA(i» _ 1] 
12 Il 21 22 y x2 - (9tS) 

1 

So 'y must be aà eigenvalue of the nlxn
l 

matrix 
l ,-

A(i) = A(i) _ A(i)[A5i »)-lA(i) 
12 Il -~l 22 

A (i) has at oost nI distince eigenvalues, ~nd as there are 

~ 

at most n distinct eigenvalues of A • there are at most n 

(i)' " 
distinct A so there are at most on

l 
distinct values 

; of "( for which A + .BF has ~.:y eigenvalue equ~l to aoy 

eigenvalue o.f A Thus >for almost aIl F of even this most 
.... ......., 

restricted form, A and A + BF have completely distince 

eigenvalues. 

(III) For this part the simplest proof was found in (3) (p. 

/-- 283) and it is a: fOllOWS.J 

i 

277-281. 2,82-

Lemma (1): Let n-l M = [B,AB •... ,A Bl then for any q ~ n .we have 

q-l ! rank[B.AB ••••• A Bl = rank(M) 

Proof: As 
f , 

k increases by one unit the rank of the mattix 

'k-l Mk • [B,ASt •• o,A H] either increases (by at least 1) or 

remains' constant. Suppose that k i8 an integer 8uch that 

thé rank of ~l 18 equal ta the rank of ~. Th.at méan8 

m columns comprising A~ are each linear1y tbat the 

\ 

19 
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dependent on the- (previous) columns in K • That is, there 
f -lt 

18 a relation of the form 

... + 

- . 
where _~fch Di 18 an mXm matrix. Now multiplication of 

this re~ation by A leads to the new relation 
-

v 

Ak+ lB _ ABD + A2BD + + A~D o l'" -~ k-l 

whic:h shows that the columns comprlsing Ak+lB are lin~rly 

dependent on th~ columns in ~+l Therefore, the rank of 

~+2 18 th..!: same as the rank of ~+1. By contin~ing thls 

a1'gument, we see that for a11 j > k the rank of Mj is 

equal to tha t of ~ . Thus we have shown that, in the pro-

gression of Mk's. onCe the rank talls to increase, it will 

remain constant even as additional columns are adjoined. 

In view of the above, the rank of ~ increases by' at least 

• 

l at each incre~ent of k untll lt attains lts'maximum rank. 

Sinc:e the maximuD{ rank is at most n, 

attain~ wlthin n steps (that ls, by 

the maximum rank 18 

M ) • 
n 

(1) Suppose tirst that the rank condition does not hold. For any 

t
l 

> 0 and any Integrable control u(t) defined on [0, t
l

] 

w& ha"Ve 

A(tl-t) 
e B u(t) dt -> (10) 

o 

u(t) (tl-t) u(t} dt + -••. 

20 
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when evaluated, the int~grals in the above expression are 

simply constant m-dimensi~l vectors. Therefore, the expres­

sion shows that x(t
l

) i8 î linear combination of the column8 

of B,AB,... • By the earlier leDllDll, 'if the rank of M is 

Iess than n then even the infinite set of vectors 

2 B.AB,A B.... does not contain a full basis for the entire 

n-dimensional space. Thus, there ia a vector xl that i8 

linearJf independent of_~all th,se vectors, andtherefore can­

not be('-atta1ned. 

Now suppose that the rank condition does hold. We wi1:1 sho" 

that the system i.s completely controllable and that in fact 

the state can be transferred from zero to an àrbitrary point 
__ -1 .......... 

""---
Xl with;f..n. an arbitrarr short period of time. 

We first show that for. sny t
i 

> O. the matrix 

t 1 T 
K" f e -AtBB T e -A t dt 

o 

1s nons1ngular. To prove this, suppose there 1a 

sueh that Ka - o . Then 
J 

T a Ka - 0 

or more 
/ 

expli.ci tIy 

a vector a 

(11) 

2'1 

• 
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T The integrand above has the 'form c (t) c(t) , where 
T -ATt 

c(t) - Bea • lt fOllows, that the int~grand 18 al~~ 
~"", 

nonnegat1ve. For the Integral (11) ta vanifth, it follows 

that the Integrant must vanish identi/a11Y for -0 ~ t s t
l 

• 

Therefore \ 

T -At
B 

_ 0 
a e 

i 
for a11 1 t , 0 Os; t liO't 

.. 1 

Evaluation of this expression. and Its successive derivatives. 

with respect to t, at t - 0 1eade ta the following 

sequence of equations: 

... 

This means that the vector a must be orthogonal ta 'aIl co1umns 

of the matrix M. Since it 18 aS8umed that this matrix has 

rank n • it must follow that a = O. Therefore K is non-

·s1ngular. Now. given xl' select any t
l 

> 0 and set 

, Theu from (10) 

o 

. \ 

-At 
l e 

(12) 

, 
Therefbre the control (12) transfers the 8tat~ from zero to Xl • 

and the system 1s completely controllable. 

21.,. 
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Remark {IV~ 

\ 

\ . . 

Suppose a sequence of èontrois u
l

,u2 , ••• ,uq ,is applied to 

the system (2) with xl -:~ tt follows~ that 

x
q
+

l 
• A qB u

l 
+ A q-1B ~ + ... + B uq 

From this formula we see that points in state spac~ can be 

reached if and only if they can be expressed as linear combina-
• 'C .. f . __ 

tions of powers.of A timèS B'. Thus the issue of complete 

controllability rests on whether the infinite sequ~nce 

2 B,AB,A B, ••• has a finitè number of columns that span the 

entire n-dimen~ional space. By the earlier lemma. however, 

these span the full n-dimensional space if and only if 

From step 

if (2) is 

de termine 

tinuoue or 

, 
(III) The 

n-l rank[B,AB, ••• ,A Bl - n • 

(III) we can see that (1) is controllable 

controllabie. SO ft ls the matrices A 

if and only 

and B vhich 

controllabil1ty and not the type of the system (con-

discrete). 
1 

comEutational Eroblem of cOl'ltrollabilitI 

In theprevious section we, presented four mathematically equivalent 

theorems on controllabUit~ These theorems can lead ta several different 

computations! approachee, four of Which are the fo!!o~ng. 

23 
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Cl: Involves transforming A and B ta the farm in (6) and la 
, 

described in [2]. 

C2: Form the ma trix 
n-1 

[B,AB, ••• ,A B] and then c~pute 1ts rank. 

C3: Compute the eigenva1ues ~i' i - l(l)n of A and then compute 

the ranka of the matrices [BtA-ÀiI} for i· l(1)n • 

C4: ' For a random matrix F € Em><n form the matr1x A + BF and 

then -compute the eigenvalues of A + BF and A • 

In th~s section we will prove that the algorithms which can be made 

by using C2, C3" and C4 are poor. This will be done by using counter-

examples. We will also show that the algorithm which is based on Cl works 

perfect1y\ for the same examples. 

" We will show the weakness of C2 tint. Before this we give two defini-

tions. 

Definition CV) [12], [14}: Let D' € ~nxm vith n ~ m , then the singular 

value decomposition (SVD) of D i8 D - usvE where U € (;nxn " 

V < (m'm. s. [S:] vith Sl - diag (ol •...• am) • 

al ~2 <: ••• ~ crm <: 0, U and V are unitary matrices. Let. 

VI • V and where 

The real scalars cri' i - l(l)m are called 'the singular values of 

D and the columna of VI and U1 are called thèl right and 1eft 

singular vectors, respectively. 

Definition (VI): Let 
nXn 

D e lR • • then the number 

( t. 

24 • 
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18 called the condition number of D for solution of equations. 

where, crI (D) and (1 (D) are the largest and the smallest singular 
n ), 

values of D If X(D) t~ large then the problem of the solution 

of the equation 
n n 

Dy • d ,where d € 1R • Y E: :JR • i8 ill-condi-

t!oned. for more details. about condition numbers see [12. page 192]. 

Consider n~w the clearly contr011able system 

x-Ax+Bu 
n n 

where -1 l-n A - diag (1,2 ••..• 2 ) 
n 

T B - (1.1, .... ,1) • 
n ~ 

n 

(13) 

In this case the (i.j) n-1 C - [B,AB, ••• ,A B] 
n 

element of the matrix 

18 2 (1-1) (l-j) which can be formed and stored with full accuracy on most 

computers. Even 80 with n E {S,9,IO} we have the fo110w1ng results: 

TABLE "1 

RESULTS OF COMPUTATIONAL TESTS ON (13) USING C2 

n °l(Cn ) °8(Cn ) °9(Cn ) °lO(Cn) X(A ) X(C ) 
n n 

8 3.3033 2.0688)(10-8 - - 128 0.1596)(109 

9 3'.4704 4.7752)(10-8 1.5846><10-10 - 25~ 0.219 x 1011 

.. 
10 3.6298 7.1246><10 -8 3.6402)(10-10 6.1288)(10-13 512 0.5922)(1013 

r 
where Cf i (Cn) 1s the 1th 8ingular value of C·. 

n 
So the numerica1 rank 

of Cn when n E: {S,9,10} will be 1ess than n us1ng the SVD on a 

computer with relative precision no amaller than 10-7;. Obvious1y, in 

25 
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these cases C2 wouid fall, indicating that the controllable 8ystem (13) 

is uncontrol1able when n f {8,9,10J • 

This happens because if we transform a problem by matrix multiplicà-

tian and the transforming matrix iB 111-conditioned with respect to 801u-

tion of equations, that is, it has large condition number, then the trans-

fOrllled problem will u8ually be more sensitive to changes ln data, than the 

original one. As we can see from table l X(A)>> 1 when n (" {8,9;lO} 
n 

and as a consequence of thiB the resulting matrix Chas much larger 
, n 

cond i tion number 

in data than A 
n 

x(C ) 
n 

than A ... 
n 

Sa ç is more sensitive to changes 
n 

In order to compare Cl with C2 we applied Cl to (13) for 

n f {S,9,10} Since in (13) B is a co1umn vector then 'in (6) k is 

equal to 8. 9 or 10 when n le equal to 8. 9 or 10 , respective1y, 

and A1,i-l :t.s 8calar for 1" l(l)k,. Theoretically Cl should give 

1 - l(l)k • 

11\ 
The results which were ta ken from the actual performance of Cl are pre-

sented in table II. 

TABLE II 
,...J 

RESULTS OF COMPUTATIONAL TESTS ON (13) USING Cl 

n A
lO 1 - 2(1) k-l ~,k-l 

8 -2.828426 0.024< IAi.i_11 <0.323 -0.010119 . 

9 -3 0.012< IAi,i-1 1 <0.314 0.005113 
- -. " 

la -3.162277 O.OO6<!Ai ,i_1 1<O.305 -0.00257-0 , 

26 
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Sa by observing tbe results presented ln table II we can conclude tbat 

(13) is contro11able when n € {8,9,lO} , and this conclusion wou Id be 

reachèd using a relative pr~eision as 'low as 10-4 Thus Cl succeeded 

where CZ failed. 

In the rest of this section we will show' the wealtness of C:3 and 

C4. We will do tbis by tbe same way we showed the weakness of C2, 

tbat is, by consldering a counterexample, because we ltnow that a good 

example 18 sufficient to condemn a poor algodthm. The :&pproaches ln C3 

and C4 depend on findlng elgenvalues. Unlike slngular values the eigen-

values of some matri~e8 can be very lll-condltloned, that Is, very sen81-

tive to BmSl1 changes ln the matrix. So we choose a matrix which has 

already been presented, by Wilklnson [13, p. 90). a8 an eXfremely i11-

conditloned case reg:rding the eigenva1ues. The matri~ Wilkinson con-

sidered was the following: 

A 

A • 20 

'" 

20 

19~ 20 

, 
-> 

18 20 

2 20 

.. ' 1 

) 
/ 

Th~ eigenvalues of A are Ài. 1 t 1 - 1(1)20 Consider now tbe uncon-

trollable system 

:i: - Ax + Bu (14) 

f 
v e, 

27 
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c 
where Q 18 a-random orthogonal matrix fOund by f1nding the SVD of a 

1 

square .~tr1x ~ho8e elements are uniformv random nÙmbers on (-1,1) 

"* abtained by the VNI(O) random 'number generator. To tes,t C4 we cal­

- eulated the e1genvabres of A and A + BF. The .ets t (A) of the 

• computed eigenvÂlues of A .. and r CA + BF) of A + BF were obtained 
(\ 

t 

using single pfecision (6 signifieant hexidecimal digits) on the AKDAHL 

470/v7 computer at'MeCill University. The elements of F were random 

numbers on (-1,1) from the VNr(O) random number generatar. Ta test 
-

.c~ calculated tbe values 

, '" /J 
'., P (B ,A-À! 1) - 't-atio 
\ 

of smallest ta largest singular 

'w'here r. E 
i 

, 
value of 

for 

(B,A-À
i
!) . 

i - 1(1)29 • 

The ratio p(B!A~rir) was the same ,for bath e1genvàlues Df a eomplex 

eOnjugate pair. the results are given in table III. 

! 

) 

(15) 

( 
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TABLE III 

__ ---.,r-- -~~-.-

~ 

29 ) 

j 
RESULTS OF CQMPUTATIONAL TESTS ON (14) 

A(A) '.i:(A + BF) 

2.024 )( 10-3 -O. 32.985±j1. 06242 0.99999 

1 1 
. 

3.979 x 10-3 0.92191±j3.13716 -8. 95872±j 3.73260 
.-.... ., 

7.3203 xI0-3 3.00339ij4.80414 -5.11682±j 9.54329 1 

.. 
1.187 x 10-2 ,\ 

5.40114tj6.17864 -0.75203±j14.148167 
• 

. 
1.846 x 10-2 8.43769±j7.24713 5.77659±j15.58436 

2.5905)(10-2. 
, 

1+.82747±j7.47463 11.42828±j14.26694 

3.221 x 10-2 15 .10917±j 6.90721 13.30227±j12.90197 , 
4 

~ 

4.036 x 10-2 18.06886±j5.66313 18.599611j14.34739 
0 

5.179 x 10-? 20.49720ij3.81950 
-

23.94877±j11.80677 , 

6.436 x 10-2 .. 
22.06287ij1.38948 28.45618±j 8.45907 

32.68478 

" 

d, 

, . 
.. . 

( 
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Theoretically one of the eigenvalues of A should be the same as f 

.n eigenvalue of A + BF , tMs one bei~8 unt ty. Bu t as we can see from 

• table III the computed eigenvalues of A are almost unrelated with the , 
true eigenvalues of A and the computed eigenvalues of A + BF. So 

'in this case C4 would' tell us a clearly uncontrollable system is con­

trollable. As ve can conclude from the resu-lts or table III the failure 
,. 
A, of C4 is due to he ill-conditloned elgenva1ues of The approach 

c3 faHed too, because in theory oQe value of p should be zero 1 but 

no value of 

accuracy. 

can be consider~d as .zero within the previously mentrned 

So C3 would have indicated that the ùncontr011ab1e system . ~ 

p 

(14) was controllable~ G;3 was als'o carried out with the true elgenvalue, 

unit y, of A, and this gave 

P(B,A_}i')r. 5.293 x 10-8 

r 
) 

indicating that it Is the eigenvalue computation that caused the fail~re 

of C3, Just as for C4 • 

In'order to compare the ability of approach Cl we applied it to 

sys tem (14). 
, 

Since, as in the previous counterexample, B ia a column 

vector then in (6) k - 20 and Ai i-1 18 scalar for i - 1(1)20 • , 
Theoretically, Cl shou1d give 

Ai ,i-1 ;. 0 , i = 1(1)19 and A20,19· 0 

\ 
In practice Cl gave ~,O· 4.35887 A2,1 - 8,30008 ; 19< r~i,i_ll"~_Z2·, 

, 
i - 3(1)19 . and A20 ,l9 - 0.0000069'14 , showing that ,the system ls uncon-

trollable to this precision of cOIIlputation. Ta see. if thls was just a, 
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coinc1dence the a~gorithm wu' applied to (Ill') "!ith 50 different random 

orthogonal Îllatric.es Q. In aIl cases simil~r good results were obtained. 

S_ of the id ... and resu1t. 001d .. ection have âlr";'d/been pre-

sented in [2]. . , 

(IV) DISTANCE FROM AN UNCONTROLLABLE SYSTEM 

As we saw in equation. (3) of sectioll, (II) ~ II i1t 'defined to b< the 

distance betweèn the system defined by the matrix (A,B) and the n~arest 

uncontrollable system defined by the matrix (A + ôlt , B + cSB) • A know-

ledge of )J would generally b~ more "u-se~l than aust knowing if the system , 

- ______ 18 cop,trollable or not. In th18 secU_oJl---&B--a-lgorJtbm 18 glven whlch will ------ ----- , 
make use of remark (III) to' determine whether a ~y8tem 18 ~ntl'ollabl,e or 

not. The appraach could be extended to compute )J , but thls isnot: do ne 

'" 
here as it appears 

1 
to be inefficient. 

1 

lie will relate no\\' lJ wl th another quantity whlch .san be calculated , 

that Is, we are going to praye that . 

Il - min a (B, A-À!) .' À E œ 
À n 

. () 
where an (B, A-Àl)" 18 the smallest singular value of (~, A:::.Àl) • 

• 

(16) 

Note: In the following we will reprétênt the singular values of (H ,A-AI) 

. 
by either ai (il, A-~I)" or 01 (À) meaning exactly the same thing, 

\ ) 
" that 18, Ci (À) :: ai (B, A-',,-/.) , i - l(l)n and V À E t 

Before we go abead ta prove (16) we shall firet prove a 1emma which 

will, help us in tbe proof of (16). 

/ \. 
V 
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Lemma '(II): Let 'A E: :R
mxn 

, B E:\E
mxn ,r where m ~ n and let 

A,· UAtA v! . B • UBtB v: be the slngu1ar value del:ompos~tlons of A 

and' B' • ,Let a1so al: ~ Cl2 ~ ••• ~ an and . 61 '~ 62 ;1! .... ~ I3'n be 
J " 

the s1ngu1at values of A and B respective!y. Then for given A 
'\ 

we shal! prove that: 
\ 
\;. 

•• 
liA - BII:["" ak+1 minimum 

rank(B)~k 

k 
.\ 

~ n' and a.n+l - 0 (17) 

,.,-.c.t 

IProo'f : We know «(12],. p. 231, tu. 6.6) that 
, :... 

liA - Bllz;1! lai .- ~il , i - l(l)n 

, 
-, 

i ~ /). , n Now if 
,. 
rank(B) ~ k wjth k ~ n we have that e

i 
~ 0 , i ... l(l)k and 

, , 
.} ... -;-

tii - 0 ; i ~ k+1(1)n • 

L,et ~ be the maximum of 

a - max 1 ai - Bi l , i E: /).k 
i 

, . 

lai - eil with i E: ~,that i8', 

Then we have that 

Sé) when 1 rank(B) ~. k 

Nov when rank(B) ~ k 
, 

we have' liA - BI1 2 ;1! ak+1 for ~very 

.there is .... a B such ~hat B - UA EB v! 
i 

Bi • oai ' i • l(l)k. .For this B" we obviouslr have 

liA -' Pll2 • tlk+l • 

50 indeed lÛnimum liA - B 11 2 • ~+1 
rank(B)~ . 

Nov we are ready to prove (16) • 

.J 

\ -'--

n .' 
and 
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l ' 
;define ~' syst~ and {(A + 6A), (~ + ~B)] deUne 

.. r{ ... 

an uncontrollab1e system. '''"'.ll-so let· D(À) - [(B + 6B), (A + tSA) - Hl , 
"- / .. 

~, 

À e: G: , and 

1 

(B,A-Àl) ., U(À)~ 0i(À) (18) 

o 
, / , 

1 ) 

) / 

Bingul.l value decomPOB:tiO. of with 
" 
{B, A-À!) be the 

1 
02 po) ~ ••• ~ {1 (À) • n 1 

From lemmtl (1) for k ~ n we get ({1n+.1;(À) ,will àe considered zero) 

t ~ 

minimum 1 I~B,A-ÀI) 
rank[D(À)]~ \ 

[(B + 6B), (A + ôA) 

1 

i 

=> 

1 (19) 

The 8fualler the 2-norm of (6A, ôB) !s, the nearer the uncontrollable 

system [(A + t'iA), (B + ~B)] is toI' the syst:em (A,B). Sint:e 

[(A ~ ~A). (B + t'iB)} is uncontrol1able obvious1y ~~ n-l. We can 
; 

8ee that in (19) there are two parameters À f and k. Regarding k ,( 

33 

• Il (~A, oB) U 2 "ales it8 minimum value and at the same time lr:.eeps , 
-. 

[(A + ~A), (8 + 6B)] uncontro1lable, if and only if k - n-1. So 

we have that: 

}J - 1IH.it [ 1 minimum Il (Mt 6B) 11 2 ] - tin {1 (À) 
À rap}t[D(À)] Sn-l À .n 

• 
Thus lJ - :lIIin an (B, A-ÀI) t À e: 6: l, 

À 

-'" 
- ./, 

(20) 
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Remark (V): An important p~operty of the singular values Is that they 

are not very sensitive tO,changes in the matrix. In fact if 

~ u are tbe sin~lar values of the matrix D and n ... 
~ u the ~Jngular values of the perturbed matrix D + <5D • n 

• i .. l(1)n • (21) 

For more information see [12, page 321] or [14, page 24). Thus, 

from (21), we conc1ude that the singular values are well-conditioned 

with respect to perturbations in th~ matrix. So, from (20) we can 

also conclude that ~ ls wel1-conditioned with respect to perturba-

tions in the matrix ,[2, page 137]. 

Jlemark. (VI): 

lIdO_in V 

We can easily observe that cr (B, A-ÀI) 
n 

and range P c lR , that is, 

'1 

o (B, A-ÀI):V --> P 
n 

is a function with 

(21a) 

We are going to present two a1gorithms, one for À ~,lR and one for 

À € C. But before we present the algorithms we will make seme useful 
1 • • 

-r observations about the f~ction 0 (B, A-ÀI) 
n , \ 

, 

Remark 

------- ..... 

.. 

Let 0' ~ u' ~ ••• ~ 0' be the singu1ar values of l 2 n (B,A) ~ 

tJs1ng, (21) we can see that (0, H) sbifts the singular values 

(B,A) . by at most IÀI, because 

1 

for i· 1(1)0' .' 

34 
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Since we ère interested only in the smallest singular value of 

(B', A-À!) , we have 

(22) 

, Simi1arly, (B,A) can shift the singular values of (0, U) by at \ 

most - Il (B,A) 11 2 ' because 

1(
1 0) - IÀ/I s II(B, A-H) - (o,-H)·11

2 
-1I(B,A)lb 

i • 1(1)n 
\ 

For i. n we have that 

S a' -1 . 
01 ~~_ 

IÀI - ai ~~o.) 
t-'L 

- a' 1 ' 

(23) 

From (22) (respective1y_ from '(23» we cab easily observe that-if __ > __ • 

IÀI < 0' (respectively 
n 

, 
CI p.) > o. Since wè are , n 

interested in finding if a (À) ls ever zero we should search in the n 

ring o~ s IÀI s ai (see fig. 1>. 

.. /1 
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Re~À) 
------~----~~------~------~~~~----~ -0' 1 
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Fig. 1 

where Re(À) and Im(À) 1a the real and 

respectively. 

Remark (VIII): For A having real eigenvalues we ran 

which we plotted the values of 0 (B. A-ÀI) for À 
n " 

interval Il where every e1genvalue Ài' 1 - 1(l)n of; A 

Il too, that 1e. Ài E Il , 1 • l(l)n The plots ve obtained 

general form of fig. 2 when ~ > 0 (system controllable) 

vben p - 0 (.yst .. UDControllable). 

oF 
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Note: As we can see from fig. 3 ~f the sY8te~is uncontrollable then 

the function cr (B, A-À!) is almost linear in the neighbourhood 
n 

of À' ,wher~ À' i8 8uch that cr (B, A-À'I) - 0 . 
n 

Remark (IX): Now (21) will help us bound the rate of change in 

r 

an(B,A~ÀI) with respect to À. Let Àl ,À2 be two distinct com­

plex numbers, then 

(24) 

This means that 1; (B,A-ÀI)1 ~ 1 wherever the derivative 18 defined, n 

in other words, (24) means that at every point of the curve cr (B.A-ÀI) 
n 

the tangent (if it can be deflned) makes an angle w with the hori-

zontal axis such that 

(25) 

Remark (X): In remark (VII) we mentioned that if cr (B,A-Àl) 
n 

has a zero, 

, 

then this zero w~ll be in the ring of fig. 1. Sa, we should search 

aIl the ring in order to find the possible root. Now we will show 

that we do not have to searcH aIl the.. ring because the plot of 

cr (l,A-AI) above the axls Re(À) ls completely identlcal with the 
n 

39 
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• corresponding plot below the axis Re(À) • So we should prové that . 

cr (B,A-À!) ... cr (B,A-XI) fo·r every À ft:, where X is the complex n n 

conjugate of À • We know that for a matrix D 
/ nxn" such that "D € c: 

"e have À(DT). À(D) (12, page 267]. Also we know that the slngu-

lar values of the matrices (B,A-ÀI) and . 
values of the matrices (B,A-ÀI)H(B,A-ÀI) 

(B,A-XI) are the eigen­

and (BtA-rI)H(B,A-~I), 

respeetively. But 

~ - (B,A-ÀI)T(B,A-XI) 

• 

sinee A and B are rea!. Thus 
{ ,. 

iemark (XIl: 

Jo 

i • l(1)n • 

t 

In this remark we w$ll calculate the ô (B,A-ÀI) , which n· 
~ 

{ 

will he useful for tbe eaitmation of the derivative of the function 
~ 

cr (B,A-ÀI) 
n 

- Cmxn wberever It can be def1ned. ln general let D f 

and D - U t yB he the singular value decomposition of D , then 

we have the foUonng. + 

(when these der1vatlves exi.t) 

DV + ~ • Üt + ut -> 

rhv + Jlov ... ~I + tht 
Thv + E~ - uBoI + i (27) 

40 
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But we know that if a vector x(t) haa constant magnitude then it 

la orthogonal to itS· de~ivativ~, that ;1s .H 0 x x - So 

the diagonal elements.of the ma~rices 

So, from (27), we have 

H • 
6i .- u~ D vi 

L~ and tAiE 

Thus, in our case s1nce D - (B,A-ÀI) we have from (28) 

i • l(l)n 

where are the co1umns of u,v respectively. 

in (27) 

are zero. 

(28) 

(29) 

We will firet present an algorithm for real À and then we will 

extend it for comp1ex ~. Acutally our problem is the' solution of the 
, ' 

equation' 0 (B,A-ÀI) • 0 with one unknown, where in the real case the 
n 

root, if there exists any, will be in the interval 

!J. _ 
{-a' , -0' J u [0' , a' ] (30) 

l n n 1 

-0' -a' -0' 0 0' a' 0' 
1 n-1 n n n-l l 
• , 

1 
_œ +00 .. 

Fig. 4 

Of course we do not have- any formula for this equation but we can find as . 

many value. of the funct10D a (B,A-U) 
n 

uny casH that is what real1y counts., 

as we want, and DU$erica11y in 

A first thought 1. to use Newt~n's 

aethod. but us1ng Newton '8 methocl'we may face the following problem. 
/ 

41 
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Âs we can see from fig. 5, st~rting from Al' we will get the rcot, 

but starting from Ai we will .1as ie. 50 we cannot use Newton's 

metbod. We'will try an Iterative method of the following ·form 

tbe atep, in order to go from Àk to Àk+l' 1a tbe value of the func­

tion, the root of wbich we are 100k1ng for, at Àk' Using this step 

aize aud because of remark (IX) we will never miss the root. This can' 

al.o be sean from fig. 6. 
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~1~--~~~ ____ ~ ____ -4 ____ ~ __ ~~~~~~~ __ ~~ ____ ~~ ________ + À 

,ÀI ~ À2 

Fig. 6 

.. Since we aie lOQking for a possible root in the 1nterval ~ t this 

algQritbm can be quite fast 1f,thè system 18 quite controllable, that is, f 

if ~ ia quite greater than zero, this can be obserVed from f1~. 7. 

, , 

J 

. . 
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C1 (B ,A-t.t) 
n 

l' 
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J 

But the sa.e algoritgm can be inèffic1ent if the system ia uncontrollable 
of' 

and we have reached the point wher~ the function a (B,A-ÀI) 
n 

linear, this can ôe seen from fig. 8. , 

a (B,A-lI) 
n 

Fig. 8 

In order to iaprove th1a .i~tion we abould take the fact 

ia almoat 

a(À) ~ a(B,A-ÀI) = dC1(BJ1-lI) into account. We can use the quantity 

a(Àk+l) - a(Àk ) 

\+1 - ).k 
as an eatillate for a(~) .\ Thia quantity will be quite 

{ 

. , 
\ 
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accu~ate for the calculation of the derivative when we have reaehed the 
~., 

, point where the fun~t1on CI (H,A-À!) is almost linear. At: this point n • 

, two eon~ecut1ve points will have almost the same derivative as we can 

see from fig. 9. So thi~wil1 be the criterion for 4etecting if ve bave 

reachéd the poÙ'lt where the funetion cr (B,A-AI) -1s aImost: linear. 
n 

l 

" 
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Gn(A l ) 

°n(À2) 

°n(À3} 

o 

cr (B,A-À!) 
n ) 

"', 

- -tr- - - - - ",' ~"'-r.t"lr-----
1 -------ï _______ -+_~ ..... _ i" 

, 1 1 

°À 
" 1 

1 

,. , 

where 

an appropriate, -.all enough, positive rea-l number. , So from. DOW ou, und1 

va reach the rOf,l1: we will use Newton'. aetho1' for example in fiS. 9 we cau 

have the followin.s: 

So tbe alaoritlll fo't À € 1l 18 as follov8: 

. 
A 

----
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Part 1 (Initia1izaflon) 

,., 

,Part 

) 

r 

( 

Al: 
• 

Calculate the s1ngular vaiues of (B,A) and let them be 

a' ~ a' :!: 
l '2 

~ a' • n .. 

Set À :- -a' ~old' :- À · 1 • A2: 

A3: Eva1uate, an(B.A-.l.I) ; and set ... ...." 
:- a (B,A-H) ; 

n 

;'4: If a
old

• < €ai, where € 18 a small pos1tiv~ real number, 

then~y$tem uncontro1lable, stop; 
a 

ç1se 

AS: 

,A6: If À > _a' then go to ~ 
n 

else ,-1' 

A7: Evalua te a (B A-À!)' CI :- a (B,A-À!) 
n' • new n 

A8: If a < 
new ecr' 1 

then system uncontrollable, 

else 
CI - CI . new old 

AOld A9: a
old 

:- A - A 
C1 old :- cr new 

" new old , 
...,.~ 

';;1';:\ 

2 (We search the interval [-ai • -G"n n 

~O: ~ :- À + a~ld .' ~ , new :- À ; -~ 
AU: lf À > - o' th ... jto Ail n 

elae ~ ~ 

Al2: baluate a (l,A-AI) • a - an (B,A-.l.I) . 
• new • n 

) 

stop; 

:- A 
new 

Al3: If °n(I,A-1I) < &(1i then _,at .. uncoatrollab1e, stop; 
" a - a . • MW old Al4: (1 ,,- . 

"ev >'DMf - ÀOld 
, 

1 

AlS: If IÔ'., - 00U I < ô tbeD ., to AIS 

ab. ,. 
. . 

.Al6: AoU GoId :- G . ". A · Gold :- a . ID to AlO. .ew , 
.. - , 

Dell • 
'i 

\ 
) 

.. 
, . ~._- ----- ~- ~ .-

~ 
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Part 

Al7: If À < CI' then À:· 0' À014 :- À ; and go to A3 but 
n n 

1 

instead of stéps A6 and AU we shall have 

the following step in both cases: 
,-' 

If À > a' 1 
then system controllable, stop; 

else go to AlO but instesd of step AU we sMll 

hav~·the above mentioned step. 

4 ~Newton' B method~ 

AIS: 

Al9: 

A21: 

A22: 

° 
À :- À +~ 

°new 

1"'If lÀ - À 1 
' (*) then go ta Al6; > M new 

Evaluate an(B,A-H) ; C1
0ld 

:- -(J • cr :- cr (B,A-}.,I} new' new n . 

If an (D,A-À!) :' &a1- then system uncoIl'trollable, stop • 

eise 
. 
cr new go ta AIB; 

Now we will extend the algorithm A for À E CC. As we saw in 

" ,. , 

remark CX) t we do not have ta search aIl the ring but only the part of 

the anuluB wh1ch 1& above the real axis. In order to be able to app~y 

an algoritbm s1m:l.lar to aigorithm A we wl11 Urst do the follow:l.ng: 

<*) ~ere-'1I1ght be soae case where· 1 a new - ci old 1 < 6 ln AIS but we 

are not in a neighborhood of the pOssible roqt. so we DlUst have a 

bOUDd and • check built in for .. fety (see fig. 5) • 

..----
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Let us imagine a plane' P 
~' 0 

whlch contains th~ axis Rei: À~ and ie 

vertical to the complex plane. Now we take the proj ection of the sur-

face whlch i8 above the upper half and 18 deflned by the function 
/' 

a (B,A-ÀI) onto the plane P 
n 

The curve we get 9" plane P i8 similar 

with the curve we had for À E: lR (see fig. 10 and fig. 11). The m08t/ 

important thing ls that remark (IX) cau be ppplied in thls case too. ta 
/ - :/ 

dgOrir A can aIso be applied in this case w1th the fo11owing changes. 
C ,\ 

, 2 
~et us assume that À - ai + j6i • where j - -1 • then we start _ 1 i 

witt! al - --ai and al - 0 .' so Àl - -ai. The correeponding value of 
1 

thJ funetion is 0'(1) - a (B.A-ÀlI). At the next step we have the 
n n 

!,llOvinS' a 2 - Q1 + a ~ 1) • but we do not know . 82 • So we will fin.! 

la(2) as the min~ of the curve. which lies on the plane perpendicular 
: n ' 

_ / to the comp1ex plane and con tains the 1ine segment a 2k (see fig. 10), 

/ considerlng a
2 

and k as boundaries of the curve" the minimum of which 

we are looking for. Thus for calculating o!V we hav.e the folloW'ing: 

( 2) mi [A ( Q D )1] h D (0 I( ,)2(_= 2 ] an - n an B. - a2- + jP2 • W ere "'2 E: t Ilal ~'2 
62 

In general we have. the fol1owing: 

0(1) -min a [B. A-(a
i 

+ je
i
)l)o. 

n an. -
i " • 

(31) 

.., {O. lcai>2-a~ if aï E: [-ai· -a'] u [a' cr' ] n nt 1 
where Bi E: (32) 

[lca~) 2 -a~ • lcai>2-a~ ] if ai E: (-a' 0" ) 
P- • n .. 

(8ee fig. 10). 

.. 
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So the algorithm for À E: c: is as follows: 

Algorithm B 

Part 1 (Initializat1on) 

BI: 

B2: 

B3: 

B4: 

B5: 

B6: 

B7: 

B8: 

B9: 

Calcula te the singular values of (B,A) 
\ 

and let theJQ be 

6' ~ a' ~ 1 2 
~ a' . 

n ' 

Set Cl :- -0' 
1 

a •• -a' old' , 1 
-' 

Evaluate an(B,~-aI) ; aold :- 0n(B,A-aI) ; 

If °Old < Eoi ~ then system uncontrollable, stop 

else 

a :. a + 0' Id " a :- a . o new ' 
.. 

If a > al then system eontrollab1e. stop 
, . 

else 

) 

Evalua te min a [B, A-(a+je)Il 
/3 n 

vith 
, 

bl VS :$ b2 ' where, 

b l , h2 are appropria te bounds, (see (32»; 

Set a :- min 0' [B, A- (a+j B) 1] 
new a n 

If ° < Eal' then system uncontrol1able, stop new 

else 

. 
°old :-

a new - aold 

a new - CC"old 
a new :"" Cil nev 

Part 2 (We search ln the interval [-oi~ill 

BIO: a :- a + a • a :- a. • old' new ., 

B11: If Cl > cri then system controllable, stop 

else 

B12: Evaluate m~n crnrB, A-(a+j6)I] vith bl ~ a :$ b2 ' where 

bl ,b2 are appropriate bounds (see (32» 

Set anew :- min cro(B, A-(a+ja)I] ; 
B 

, , , 
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B13: If a < ta' then syBt~ uncontrollable, stop 
new 1 

else 

° - °old 
B14: 

. new a :-
new CI - Cl new old 

,.. 

BIS: If "" ., a - cr new old 
< 6 then go to BI7 

else 

B16: 
. 

~o to BlO; aold :- ° a o1d :- Cl °old :- ° new new new 

Part 3 (Newton's method) 

B17: 

B18: 

B19: 

°new 
CI :- a + -,-- ; 

°new 
If 'CI - CI 1 > M then go to 116: new 

B20: Evalua te min[B, A-(CI+jB)I} vith bl ~ 6 ~ b2 
6 

00ld :- 0new ; 0new :- m~n[B, A-(a+j6)I] ; 

B2l: If o < ta' then system uncontrollable. stop 
new 1 

else ° new 
anew - °old 

:-
Clnew - (lold 

~: Obvlously the algorithms A and B are quite expenslve because 

we need to evaluate the functlon a (B,A-ÀI) many times. We feel 
n 

there may, be a much more simple ap~roach to this problem, but have 

not yet found one. 

\ 

n page 32 it 1& pointed out that in order to decide whether a 

syst ls co~trollable or not lt 18 a~equateJto see whether the 
\ 

\ 
equati n ° (~,A-Àl) - 0 n " 

bas any rootlor not, vith respect to 

A € C .' But instead of finding the roots of 

Any, we ca solve the optimizatlon problem 

, 

° (B,A-AI) - 0 , if n 
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min a (B,A-À!) 
À n 

(na) 

wh1ch will not only tell us if the system la controllable or not, 
ç'1 

\. but in the case of a control1ablè'-'~stem it will also tell us how 

~fat the system ia from the nearest uncontrollable one, that is, it 

~l \~iV. U8 th. dist.nce of ~he system from tb •• ear.st uncontrol­

lable Qne. But we have already pointed out that even the solution 
\ \ 

of t~, ~quation 

CJ (B,A-À!) • 0 (3 un n . 

s quit. ~~~~ve. so the lliniaization prohlem (32.) will be mot. 

exJ\ensive, at\le~"t, with the methods we have so far. 
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'CHAPTER 3 

(I) Introduction 

(1) Opeq-loop (Nonfeedback) and closed-Ioop (Feedback) control systems. 

A control action ls requlred to take a controllable dynamic system from 

a given initial state to any other desired atate. The two basic ways for 

carrying Out such a control are the followlng: 

(a) Open-Ioop control or nonfeedback: 
Mo 

When the determination of the control action ia independent of output 

measurements on the system. 

(b) Closed-Ioop control or feedback: • 

When the determlnation of the control action ls based on the output 

behavior of the system. 

Closed-loop control 1s often preferable to open-Ioop control. The 

following example will illustrate ~he difference between closed-loop and 

open-Ioop controls and will also illustrate some of the advantages of closed-

loop control. 

Example: Consider a home heating system. Alea cons1~two different con­

trol systems. The firet (open-loop) turns the heating on every 30 minutes 

and keeps ft on for 20 minutes. The second (closed-loop) has a thermo't~t 

which turns -on the heating when the temperature of the home drops under 20·e 
1 

and tums it off when the temperature exceede 25°C. 
\ 

The adv~tage8 of the closed-Ioop system here over the open-Iaop system 

are obvioU8. While the closed-Ioop system will keep the temperature between 
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t 20"C - 25"C the open-loop system may make the home too hot or too cold. 

• For more details and examples see [3], [1]. 

(2) Stabllity problem in dynamical systems 

Stability in dynamical syst~s ~~ defined wlth respect to equil1brium 

points, 80 we first need to give the definition of the equilibrium point. 

Definition (VII): A vector -X i8 an equilibrium point of a dynamical 

system when it has the following property; when the state of the system 

reaches x it remaina èqual to x forever (as time approaches infinity), 

when there Is no control input. 

An equillbrlum point ia stable if when the etate vector is moved s11ghtly 

( away from that point. it tends to return to it, or at least does not keep 

moving further away (marginal 8tability). The following example will 

illustrate this point. . ~ / 

Example: Let a stick be perfectly al1gned wlth the vertical. Then the 
, 

dynamical system whlcb describes the movements of the stick la in an eqtt1l1-

brium point. If the stick ls balanced on tts bottom end. then the sl1ghest 

impulse input wi1~ destroy the balance and the stick not only i8 not going 

to return to the ume equilibrium point but it will keep movipg further away. 

So if the stick ia balanced on its bottOlD end, lt Is in an uns table equili-

brlum point. If on the other band it Is hanging from a support at the top . 
end and aD.·~1apul8e input moves it from this equil1brium point then the stick 

tends to return to it. So in this case the stick 18 in a stable equilibr1um 

point. 
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Now we will deflne when an equiltbrium-point Is stable, marglnally stable, 

or unstable. 

Definition (VIII): An equllibrlum point' 'x of a dynamical system is 

called stable when in ~esponse to an impulse input. if the system i8 at the 

equilibrium point x, the output of the system tends to return ta i as 

time increases. Otherwise i ie called either an unstable or marginally 

stable equillbrlum point according to whether the output of the system goes 

'to infinity or settles at another equilibrium poInt, see [7]. 

In fig. 12 we glve one 

x(t) 

"" x 

o t 

example for each case. 

x(t) 

, 

+------==- - - - -.... 
x 

o t 

x(t) 

o t 

J-
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a. Stable equllibrlum b. Un.table equllibrium e: Marginally stable 

poInt point 

FIg. 12 
, ' 

Remarlt (XII): Consider the systems 

x-Ax+b 

~1 - ~+ b 

equilibrium point 

(33) 

(34) 

1 
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.. 

..., 
and let x be an equilibrium point for these two systems. then from (33) 

we have 

i - Ax + b} . 
• -> (x - x) • A(x - x') 
i-Ai+b 

(35) 

\ J 
from (34). we have 

l):+l ~~ ~ + b} 
-> 

i-Ai+b 
(~+l - i) • A(~ - i) (36) 

Setting z· x - x and Yk - ~ - x • the equations (35) anp (36) give. 

respectively 

z - Az 

and 

SOt it is clear that the conditions 

lim x(t) 
t++ .. 

"" • x 

are equivalent to the cOnditions 

Hm z(t) • 0 
t-+-+-

and 

and lia Yk • 0 
k++-

(37) 

(38) 

reyectbe1y, tbat is, the condition for x(t) a~d ~ to tend to i in 

(33) aad (34), r.eapeeUvely, i8 equivaleQ.t ta the condition for z(t) and 

'It to teud to zero 1i1 the hoIaoaeneou8 sytellla (37), (38). respectively. 
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~ . 
So, instead of looking for the stability of (33) and (34), we will look~or 

,. 
the stability of (37) and ,(38) respectively. 

(a) Stabil1ty for discrete-time systems" 

Cobsider the system 

. k 
then ~+l - A xl 

n for the given initial state xl € E • Therefore 

(39) 

. 1111 xk+l - a 
k++'"' 

lim AkXl .. a <-> 1 >'i 1 < 1 for i - l(l)n where 
k-++ co 

n 
"i € À(A) , i • l(l)n and for every initial state xl €:IR [3, page 155]. 

Tpus system (34)-ls_stable if and only if the magnitude of each of the 

eigenvalues of A la less thaq one (see figure 13). 

(b) Stabi1ity for continuous-time systems 

Consiaer the system 

At then x(t) - e xea) 

x(t) .. Ax(t) 

for th~ given initial stage x(O) € )ln 

.... 

So, 

(40) 

11. x(t)· a 
t .. +-

1111 ,eAtx(O) - 0 <-> R (À ) < 0 f i 1(1) e i or - n 'there 

À1 € À(A) t i • l(l)n and for every initial state x(9) € mn [3, page 157]. 
, or 

Therefore system (33) il stable if and only if the rea1 parts of each of the , 

e1geavalues of A are les8 than zero (8ee figure 14). 
, . 

\ 

\ . 

, 
; 

i 
l 
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Re(À) Re(À) Re(À) 
------~---+~--+----+ 

a. Stable system b. C •. Marginally stable 
l' 

- J 
system 

1 Fig" -13 D1acrete-tiae case 

il , 

C, 
~. 

, 
Im(À) //\ Im(À) Im(À) 

( 
-" 

,\ -.. • .. '" • Re(À) .. Re(À) ReV) 

• '4 

i • .. 
l-

f .. t 
, 
, 
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a. S tab~e 8yS tem b. uns table sylta c. Hara1aall.y stable 

systa 
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r 

/ 
• 



1 

\ 

( 

, 
1 

••• 

(II) On pole assigmnent in single-input control1able linear systems 

The prob1em of pole assipent or eigenvalue allocation for control-

lable linear systems arises as follows: consi4er the controllable system 

:i:-Ax+Bu (41) 

, whlch is made into a clo8ed-10op system by defining Il 

/ (42) 
------ __ J.- __ 

" 
where F 'lllllC

n • Theil (41), in view of (42). gives 

x • (A + Bl):x • (43) 

We want t choo,e F such that the system (41) is stable at every equili-
"':J 

briua poin 
~ 

i. So we should cooos.,e F su ch that the real parts of each , 
of tbe dg values of the matrix 'A + BF are lees than zero. 

!2!!,: Iutead of a tiae-contlnuous system, we c,an aIso have a discrete-time 

syst.. The otlly difference from continuous-time systems 18 that in the 

discrete case we will choose F such that the' magnitude of aIl the eigen-

values of the .. trh A + Bl ia less than one. 

, 
So the ~le aasignment or eigenvalue allocation probelm Is Jil8 fo~lows: 

• 
a_..I B L llnxm iaxn 
C&lN.. Und , FEI: 8uch that the 

_erh A + IF has a de.ired set of. e::l.senvaluea. 

Luènberaer ln [3] li".s a tbepra (p. 299) baeecl o~ a controllability canoni-
? 

cal fana &180 4ia:cussed in tbe sue tut vhich can be used to derive an 
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\ 
a1aodt. to solve the above probl_ vben ' • - 1 • that 18. when ve bave 

Sinsle-inC. controllab~e linear systa. But this algoritba is MSed on 
- ft, 

the calculation of the coefficients of the characteri.tic ~l~al of 

, { 
A • which can be acbieved b~ calculating ~e eiaeVI o~ A '. But the 

calculation "of the elgeDValue. of a .. trix A. vben ,A i t s)'aIetric, 

'''can be an ill"'conditioned probl_ [13], [12]. [2). Tbe s e ptoblem (81n-

gle-lnput) is a180 constdered in {32]. The gceralization of tl)e canonical 
\ ' - , 

fOrlas, dlscus8ed ,ln [3]. ta .alti-input linear dytWlrlcal .ystem. are die-
l ' 

CUS8ed by .LuenbeJger in (l0]. One of these fonu aight be ueeful in the .. 
ei,envalue allocation problem (e.a.p.) fpr the multl-input case, but it 

sMuId be pointed out that it ia qùite difficult ta Za~ an ala:rlthm which 

solves 'the) e:a. p,' using thia canonical form, snd one of the reasons 1& that 
\~ 

in general. there-- 1& not a uniquè vay to bring the syst_ ta SUCh a canonlcal 
.~ 

forme One partlcular derivation of a canonical fora of a multl-lnput dyna-

f~l system i~8 givt;;,n i~ [11) wherot a differen~ ~pproach from [la] 18 used. " 

For a IIOre explicit vay of bringing a system ta its canonical fOnD see WonhaJll 

[9]. where the f~ndaaental result of pOle-.s,81gnabllity vas pr"ented. The 
_ r 0 

60 

fact that 'the e~a.p. 18 quite difficult for the aulti-input case, ie eapbadted -

iD- (24) llbere a aeoaetric vl"';olnt of the probl_ i. aive~. ~lgOritha 
, , '+ 

which partially .olved ébe e.a.p ..... 31veoLby »-vi80n.[27~ vhere 

the followiJl&: lSl 

e proved 

\) 

vbe:re .. x • u • A aocl • are ae ... bave alr"'" deacribed. aDd C (.rlCn , 
~ 

r 
y E. . Cr S n) 
b ':) 

1 \ -

• 
Theo Ur (430) i. COIltroUable .r. ... (C) - r , tbere .. 

. a r 
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A 
( 

18 a matrix' F E: ... fAXr such that r eigeDvalue8 can be assigned to the 

_trix A + BFC. An algorithm i8 glven. This result was further extended 

by Davlson and Chatterjee [28] and by Srldhar and Lindorff [29] as follows: 

Under the s8Jlle condit~s of [27] max (r,m) elgenva1ues can be aS81gned 

to A + BFC . Numerical difficu1ties of tbè a1gor!thm given in [27], when 

n » 10 led Davison and Chow to extend the result of [27] to systems where 
r 
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n »10 [31). An a1gorithm 18 given. The resu1ts of (27), [28]. [29] are 

further extended by Davlson and Wang [30] ,where they show that under the 

8aIle conditions of (27) min(n, m+r-l) eigenva1ues can be assigned ta 

A + BFC. An algorithm is a1so given. A aimi1ar extension ta [27]. [28J, [29J 

is given by Kimura [25] wber~ he proves that under the same condl,tions of [27] 

" 

._ n ::s fA + r - 1,' an arbitrary set ot" distinct eigenva1ues can be 

a88ign~ ta A + BFC. In thia paper, different from the co~entional (up 

to that ttae) approach usipg the characteristic,equatlon, an approach based 

on the propertles of the eigenvect~rs ls used. This result is further 
, 

extended by KiDI.lra in (26], vhere an a1goritbm is a1so given. 

" . . 
Although the abave mention~ works are important theoretical1y, the 

u 

result1ng a!gorltbas bave usually no t, been designed vith as wi~e an under-

8tapdinS of nuaeriéal difficultiea as we have today. The lIUlin a~ 0,4. thia 

-theei. ia ta present algoritbas which are reliable ~umericaîly, as well as 

tbeoretically, and to do this ft atart vith the IIOst simple form of the 

problea. 

~: 'ln thia sectlon ft will desl vith single-input controllable ayat __ , 

that la, • - 1 0, B :: b • b ( .n • So that P E f~. f E: .n • The 
, , 

°aJ.aol'ltba ve vill present will c:alculate an n-dblens1.onal real, vector f 

.. ch tbst siven an 

the _tru A + bfT 

' . 
• 

nICa _tru A and an n-diaensi.onal ru! vector 
1 

ha. a ctes1red set of elgenvalues A1'À2.··· '~n • 

;:, 

b 

Il 

1 
" , 

~-
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Reaark (XIII): For a eontrollable system we can always find an 
\ , 

such that the matrix A + BF bas any des1red set of e1genvalues. A proo! 

for this can be found in (9], [10] or [11] (see also earl1er here, page 14). 

a .. nk (XIV): The probl ... of ArMuD' a matrix F aueh that the .. tru 

A + BF has Any deslred 8et~ e1genvalues 1s equiva1ent to(the problem of 
....... 

f1nding a matrix F 8uch that the matrlx A + BF has the same desired set 
1 

of e1geovalues as A + BF ,where A - QTAQ , B - QTBP J F - pTFQ with P 

and Q orthOgonal 1Il4trices. The above mentioned property holds because 
i 

So, 
~ 

A(~ + iF) • A(A + BF) 

,..., ~ .. .. 
If P, Q are chosen·such that A and B are of the form (6), then the 

problea is much s1mpler, for e;xamp1e ln our case where m - 1 .ve have the 

following: r 
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• 

where ai 1-1 + 0 for 1 .. l(l)n , because the system defined by (A,b) , 
is considered to be controllable. So, 

A'+ bf1' .. all+alO~l Cl12 + alO~2 

a 2l (122 

a 32 
..... 

a +a ~ l,n-l 10 n-l 

Cl 2,n-l 

Cl 2,n-l 

Cl n,n-l 

a1n+alO'n 1 

Cl2n 

Cl3n 

a nn 

Thus the original Rroblem can be stated as follows: 
( 

G1ven an upper Hessenberg matrix A ]R
nxn 

e with e1ements Cli • j , where 
........ J 

i .. l(l)n , j - 1(1)n , and ~l ; 0 , 1":. 2(1),n , we are concerned in 

choosing rea1 alj , j .. l(l)n (that is, we are concerned in choosing the 

first row of A) in order to give A a certain desired set of eigenvalues 
'-

which may occur in complex conjugate paIrs. Thus from now on we will ta1k 
,... 

about determlnlng the first row of A, rather than determining f in 

A + bfI 
We shall now describe a method whlch salves this p'roblem. The desèrip-

tion will be divided into" two parts: as an easy introduction the first part 

will describe how to ~ea1 with real eigenvalues, while t~ second will deal 

with the more difficUlt case of eigenvalues whlch occur in complex conjugate 

pairs. The firet part a1so will be divided into two other parts, the first 

part will describe an explici tly shifted method, while in the second part we 

S\IAi. show how the SUle thing can be done implici tly • As in metbods for 

------- --__C,.-
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solving the eigenproblem, the impllcitly shifted ap~roach will not ooly 

be more accurate in some ~ases, but will a1so allow the complex case to be 

handled in real arithmetic. 

From now until the end of this ~Pter we will use a notation which we 

describe immediately. 

1) Sometimes the elemeots 'of the matricŒs will be represented by either 

* , x , 0 or blank, meaning ~hat the corresponding e1ement is a 

variable, a known sca1ar, or in the 1ast two cases is zero re~ec-

tively. By "variable" we mean an eletneot that has not yet been 

described. For exAmple usually the first row,of our upper Hessenberg 

matrix A i8 "variable". 

R • 
'\. 

1 

i 

1-+----+ c 

j -s 

l' 

1 

1 

be an 

j 

l 
s 

c 
1 

1 

... 

-~--

, 

64 



1 

1. 

( 
f 
,\ 
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" 
b. •• ortbog~~ matrix such that the vector 

has 1ts jth e1ement zero. 

Ra-

1 

j 

Cl 
n 

Thus c,s should be chosen such that if 

p .. lai + a~ then c -
ai 
- , s .. ~ 

p 
Then matrlx R 18 a rotation matrlx 

p 

in the 1,j plane. 

2) The followlng notation for a 3x3 matrix 

-+l* *1 x x x 
2 

l' x 

* 
x 

.. 

* * ]2' 
x x 

x x 

-+ * 

means that. flrst we mulJip1y our matrix from the right by a rotation 

('r 

matrix which combines the second and third columns without eliminatlng any 

e1eœent, then we apply the tranapose of the same rotation from the 1eft .. 
combining the second and third row, so a non-zero element 18 lntroduced at 

the place (3,1) • Aiter this the e1ement (J,I) ls él1m1nated lnto the 

èlement (3,2) by applying an~ther rotation matrix trom the right, and 
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finally the transpose of the aame rotation matrix 1s applied from the 1eft 

and it introduces variable e1ements at the second row of the matrix. 

~: AlI the methods we will describe in the following have two main 

parts"the forward sweep and the backward 8weep. 

(1) The case of real eigenvalues .. 

(a) Explicltly shifted method: 

Let A be the nXn upper Hessenberg real matrix wlth given real eigen-

values À1 • 1 - 1(I)n , but unknown first row, also note that if ai,j , 

1 - l(l)n , j s 1(1)n are the e1ements of A, then ai,i_l pO, 1 - 2(1)n 

Then in the forward 8weep we do the fo11owlng: Let Al - A then we start 

with the first eigenvalue Àl' We want the matrlx Al - ÀII to be singular, 

so we chooae an orthogonal nXn matrix QI' such that the matrix 

T 
Q1(A1-\iI)Ql la c1early slngu1ar. Let us conalder the fo11owlng example 

with n - 3 * * * 
x x x 

x x 

from th, right, where QI 18 a product of appropriate rotation matr'lces 

is, 

ned such that (À1-ÀI I)Q1 - ~ where RI ls upper tr1angular, that 

[

Ir * * 

~x 2X 

~x 

* 
x 

* (Ml) 

x 

x 
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will be Slnce al ,l-1; 0 , 1 • 2(1)n , the (1,1) elemente of (Ml) 

nonzero, 1 - 2(1)n • Thus the element (1,1) of the matrlx 
\ 

(Ml) must 

be zero for (Ml) to be slngular; but slnee this element 18 variable we ... ,., 
set it equal to zero, thereby uslng some of our freedom in choosl~g the 

~ 
flrat row of A. 

ThU8 (Ml) becomes o * 
x x 

o x 

Then we multlply (A1-À1I)Ql - fr~ the left by QT 
1 

and we( get 

T 0 * * J 
+ [ 

0 * * Ql(A1-À1I)Ql -
2' 

0 x x 0 * * 
x ] 

l' 
tO 0 x . x 

(M2) 

We set the row vector whleh 18 formed by the elements (1,2), (t,3) of 

(M2) equal ta T bl ~nd the matrlx which ls formed by the elements (2,2) 

(2,3) , (3,2) , (3,3) equal to A2-Àl l. SA we have the followlng: 

" 

:~ 1 ~ 
(44) 

From relatIon (44) we 

that the rotations in 

can ObV~lY see that 

(Ml) were'~ontrivial 

À(A1,> - U l } U À(A2) • Note 

sinee ai,i-l; 0 , 1 • 2(1)n-1 

snd the (2,2) element of (Ml) is nonzero, ss a resu1t the (3.2) e1e~ 

ment in (M2) i8 nonzero and' A2 bas the same form a8 t 
case will be proved in' remark (XV». 

(the general 
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In the next step we will wo~k with A2 , the firet row of which can 

be chosen arbitrarily and we will choose an orthogonal (n-l)x{n-l) 

T matrix Q2 such tbat the matrix Q2(A2-À2I)Q2 ls slngular. kth 

step, we choose an orthogonal (n-k+l)x (n-k+l) matrlx, Qk ' such that 

the matrlx ls slngulaT, tbat ls, 

k-I(I)n-1 

(45) 

At the final step, when k - n-l , we choose an orthogonal 2x2 matrlx 
"~ 

Q sueh that 
~ 0-1 

T Q (A -À I)Q -n-1 n-1 n-l n-l 

[ : 

But the matrlx A 
n 

OT A Q - [ À '0-1 n-1 n-1 :-1 

"Ai 
is weIl known beeause it ls a sca1ar, that 18, A 

n 

and slnee It 18 a varIable we set it equal to À • n 

(46) 

Now we will go baekwards and we will be ealéulatLng one by one the , 

firet row of the aatrlees ~ for k - n-1{-1)1 
...-r 
eulat~ the flrst row of A, ainee A = ~ . 

; 

Fl~11y we wIll cal-

( 
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( 

Now we will describe the kth step of the backward sweep. At the 
.... ~ 

kth step of the backward sweep we have trom (45). 

(47) 

From the previous.. k-l steps in ,the backward sweep we will know the tiret 

T 
row of ~+l anq so the firet row ~+l of ~+l-ÀkI and we want to 

T evaluate the firet row ~. of ~-ÀkI and from that the first row of ~ • 

Let 

Qk - Pl P 2 •.. P n-k (48) 

where Pi' i - l(l)n-k are the known rotation matrices (see Definition 

'(IX» • We kncfw that first we applied the transformation Qk from the right, 

and since this transformation combines the columns of ~-ÀkI • we see that 

every one of the rotation matrices Pi' i - l(l)n-k affects the first row 

. T 
of ~-ÀkI. But the same th1ng does not happen with Q~, which combines 

, <>, T 
the rows of ~-ÀkI. As we can see, the only rotation matrix of Qk which 

T affects the first row of ~-ÀkI 1s the last one, that 18 Pn- k , because 

P~-k combines toe f1rst with the second row of (the altered) ~-ÀkI. Let 

pT 
n-k-l 

.. 

[ 

0 ai j 
O IT 

a k 

(490) 
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Note)~~t a' ~ \ will be available because at the corresponding stage of the 

forward sweep we will not combine lt wlth the firat row which contains 

variable elements. 

Let then we 1)ave (49B) 

1 

(50) 

J 

.(51) 

whlch determines the-Varlable row -T 
~. But from (49a},and the form of the 

,; 

So 

T (0 'LT)QkT 
~. t It (52) 

'# 

, 
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From (52) the first {OW of ~ is 

{52a} 

Thua from knowing the first row of ~+l we can flad the, firat row of ~. 

But we know the first (only) row of A in (46) • and sa we can go back-
n 

warda ta finally produce the first row of A = Al • our desired result. 

Comment: From (51) we can see that if sk ls relatively small then we may 

get into numerical trouble. SA from now untll the end of this section we 

will comment ot this possible trouble. 

Definition (X): 
nXn 

Let 'A € ~ be an upper Hessenberg matrix with elements 

Uij , i = l(l)n , j • l(l)n. Then we say A i8 unreduced if ui+l,i + 0 

for i = l(l)n-l . 
... 

Remark (XV): If we write the reault of the kth step o~ the forward sweep 
~ 

of the explicitly shUted method as '" 

T 

~ [ Àk bT 

J 

.. Qk ~ Qk k 

0 t\+1 

., 1 

then if t\ Ak--:' i8 unreduced 1 ~l will a1so be unre4uclti. This result, fol1ows 

,~ecaute ,a zero (i.'i-l), element of '\+1 implies that either the_ corres­

pouding (1,i-l) e1ement of t\ 1s zero or the correspoud1ng (i+l,1) 

eleaent of l' ~ is z.ero. This can be seen from the foHowing example of a 

3)(3 _tru. In the forward sveep 0t~11C1t1!r shifted method, one 

etep 1s deecr1bed by 

.. 
.. 
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k 
Let Qij represent the (i,j)-element of the kth I18trix ln this exaaple. 

Suppo .. the tiret matrix is unreduced, 80 neither rotation is trivial. and 

5 ' y 

suppose a32 • o. filen we have either 

5 4 
0 3 

0 
2 1 o • an - 0 -> 

a32 - -> a 22 • -> a
2l 

.. 0 -> a 21 -il 
/ 

or 

5 1 
0 since ,rotation al2 - 0 -> a32 - 1 will not exist. 

But in bath cases we have a ~,contradiction, sa a~2;' o. More formally, 
... 

after some trivial calculations we get: First. from rotation 1 

, sa if 

/ 
Similarly frOll rotation 2 

" 22222 1222 
P2 • ("21) ,,+ (Cl22) - (a2I) + (a22 ), 

. 
[' 

1 a
32 

s ---• 1 .P 1 

" • 

f' 

l 

il 



,. 

) \ 
! 

vere Pl,P2 are vell Itnown nuabers AasoCiated vith rota~ioD. 

'respectively (se~ defiD~ion (IX», and 

1 and 2 

1 
a

32 
• '" ----------, 

\l:I Q 

1 1 S 1-
l'rOll (52.0 'we eaa aeè that if, Q32 .... - 0 thea ~ither a32 - 0 or bath 

'1 2 
a21 • 0 , a2t - 0 • 

------------------

50 if "t 1. unreduced then 
. " 

,':J 
"t -AltI 18 unreclucecl wh1ch iapl1es ,bât 

(53) 

~l-ÀltI aDd so \:+1 are unreduced. taO. But va koow that A ia wireclucect 

becaua. of the contro1labl,'~y of the .,..t_ :i. Ax +.. and tlMwr_, (1) 
, . 

tharefore Al ,A2, •••• An_l are aU UD1'lIduced. • 

'" lIow .ine. eacb _trb:: ~ ... ~I la unreducec1 iu (2.1)-el __ t 18 DOn aero, 
, " 'l' 

., tbe rot.t~on Pn~ vbich ia ...se ta .U-inate tbia el-.tt 't,. D01l trivial, 

l " 
~ f j 

, .. ~ 1 

,/1 

~ 

( 
, .-
t 

• ~ 'r 
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1 

1 e' 
1 

i 
1 

C .. 
l. 

'J 
<" 

, . 

1 
el_~t. of '~-~lel are 811811 (this can be seen fra. (52e)" if a

32 
18 

1 \.1; 
.. 11 in cOIIIParison vith 'a)) the (132 1I&y be nall and so will be the 

5 ( 5 
uaed ta, eliJl1nate Q32 if a

32 
is not 8111811, sinee 

• Nov fra. (51) we bave 

_T + T _ c a,T 
8kAk ak+l k le 

(0 i!)QT + (0 T )QT (0 tT)QT " 
.8k 'K le '~+1 )t-ck ,a k le (57t$' 

Let ";; be the first row of ~ , k - 1(1)0. Theo fr01ll (52a) we know that 

-T) t -T T ~~-
(0, ~ Qk - ~ - ~leel (54a) 

We also 1tnov thl.t frOll4!t~ second row,of (47)' 

rr 
(548) 

'loti (54) in view of (54a) and (54e) glves us . 

-),. 

(541) 

'II 

(5415) 

, " \ 

74 

\ . 



1 

" l, /' • 

t ... 

r 
1 
t ( . , 
t , 

t 
f 
l , , 
~ 

, 

, 
! _\ f 

, 

f 
, } 

! 
( 
,. 

.' 

, 

vhicb ,!,e aee 18 who111 available from tbe forvard 8weep then (54y) in 
'" 

viey of (546) 8ives ua 

/ k - n-1(-1)1 

Nov let 
AT ... T "T T Qk -f\l U ~- (~'lk) , c1k- (~,dk) 

k-l k-l 

for k - l(l)n , so 
"T AT 

n-dimens1onal row vectors and ... ' dk are Qk 
, 

n><n orthogonal ma trix, then instead of (54E) we bave the following: 

,_ k - n .. 1( -1)1 

Now from (541;) we can observe the foHowing:. 

For, k - .n~Y we have 
~ 

(6
n

_1 ' 1) 

For k - n-2 we bave '\1( s 2' n-

Sa .f1nally we get tbe system: 

1" 

1 

~. 

1 

1 

8 n 

--1----

T 
Xl 

T x2 

T 
%n-2 

T 
lt

n
_
l 

T 
lt 

11 

dT Q Q 
n-2 n-2 0-1 

• 

r~ 
• 

g2 
. 
T 

8n- 2 
T ' 

8D- 1 

" T 
-10 :-

1& an 

" 

(540) 9 
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( 

(, 

T ~T • A A 

where Xi .. ai Qi Q1+1 Qn-l 
, i .. l(l)n with Q '"' l (546) 

n 
A 

Qn} 
T AT A 

0n-1 Qn ,~ and gi .. di Qi Q1+l 

and·sinee 
~T 

À (see (46», the tirst (and only) row of A ,é we have a 
n n n 

T ('0, ..• ,0.1. ) 
T T AT 1 

taken s '" 1 
• gn '"" , giving x "" g • Note thatit '\ al 18 

n n n n 

the desired first row, and knowing 
T AT T AT AT .... ~ Xl we know a = xl Qn Qn-l 1 

In the system of equations (54n) the unknowns are effectively the rows 

-T a
k 

• k .. l(l}n-l • 

, \ , 
So system (54n) ean be solved from 

...... T 
a to 

n 

It should he point~d out"that tl).is effective solution of equations appear8 

to be as late in the computation as possible, and probably reffects the 

(/) ill-condition r the problem. Thus there is some reason to beUeve that 

this algorithm will be numerically stable, S'ince there is DO other solu~ion 

• 
pf equations'~lnd aIl other computations are nice stable rotations. ';l'he 

ratio of the largest to smallest singular values of the matrix in (54n) may 

weIl give a measure of the sensitivity of the eigenvalue allocation probiem. 

(h) Imp11eitly sh1fted method: 

Here we will deseribe a method in which every step of the forward sweep 

is achieved without having to subtract the eigenvalue from the diagonal and 

then restore 1t. We first describe and prove a theorem ""ich Wllï~~ us 

develop the implic1';ly ~hifted method.' , 

Theorem (V): Let, A , ,Q and H be real Dxn matriJes with QTQ • l 

and H upper Hessenberg with elements ni+1,i > 0 fir i .. m+l(l)n-1 

where .lt S m S n-2 • 

, 
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QfQ 
Write Q .. (QI ' Q2 ) , H - Hl H

12 1) m ~ ~ 

n)(m nxn-m 
T 

HZ } Tl e e n-m 
m+l,m l m 

'-----v---""" ~ 
-'~- m n-m 
where el and e have n-m and m elements respectively. , m 

If AQ -= QH th en Q2 • H2 and R(QI) are uniquely determined by A and 

the last column of QZ' If Tlm+l,m'" 0 then R(Ql) ls an elgensubspace 

of A. ~f m'" l then apart from the aigu of the first column of Q, 

Q and H are uniquely determined. 

Proof: Let Q .. (ql,qZ' ••• ,qn) be partitioned Into columns. Suppose that 
-. 

we already know q • Then we have "' n ~ 

HQT _ QTA (55) 

Suppo8e we have already calcula~ed the last n-k columns of Q , that 18, 
" ...... -................ 

......... 
we have ealculated the qi fot' 1 ... k+l(1)n • Also suppose that we have 

already calculated the last n-k-l rows of H Now we will calcula te 

the (k+l)th rowof H and the 
/'--.! 

kth column of Q . From (55) and the 

fact that H 18 upper Hessneberg, we obtain, with H .. (Tl
ij

) 

T T a_. + T T 
, k ... n-l(-l)1 • (56) 1 

~+l,kqk + nk+l. k+ 1 qk+l + nk+l~'tlqn .. qk+1A 
\ 

Since Q 18 orthogonal, we multiply (56) by qi from the right to obtain 

i • n( -l)k+1 • 
iF 

(57) 

Now we wl1f calcula te qk and '\+l,k' From (56). we obtain 

.. 
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.. 

nT' 
L nk+l,i ql) k - n-l(-l)m+l 

i-k+1 
(58) 

Here (58) and the requirementa and nk+l,k > 0 uniquely 

determine This way we obtain aIl but the first m 

columns of Q and the firat m+l rows of H. The rest of H2 is given 

by H2 = Q~AQ2 ' and R(Ql) - is that space orthogonal to Q2' Now 

AQ - QH (59) 

so if n" .. 0 'm+l,m we have Is an eigen-

subspace of ~. If m = I then QI - ql ls uniquely determined but for 

its sign, 80 H = QTAQ is unlquely det~rmined to this extent. If m=l and 

then _ 

(59a) 

so ql is an eigenvector of A corresponding to the eigenvalue À - ~ll • 

Remark (XVI): The requirement that ~+l.k he positive in the statement of 

the theorem W8S ne~essary only to tie down unfqueness. 
j ActU4lly nk+l,k' 

\ 
k - m+l(l)n-l and qk' k - m+l(l)n are determined up to a constant factor 

of absolute value unlty simply by the requlrement that nk+l,k ~ 0 , 

k - m+l(l)n-l 
"\ 

1t 18 tb1s essential uniqueness of H and Q that wé shall 

use. 

. Ta see bow tbeorem (V) can ~ applied to improve the expllcitly sh1fted 

method, suppose that one 8tep of the forward sweep vith shift À bas been 

applied to the unreduced upper Hessenberg matrix A to yield an upper 

78 
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( Hessenberg matrix an unreduced "" with A H 8uch that H -

upper Hessenberg matrix. Then, 

and Q is lower Hessënberg. 

The fo11owing a1gorithm 1s an alternate way'of comput1ng H • 

! 
1) Find an orthogonal matrix P 8uch that 

(60) 

, 
that 1s, P and Q have the same last column. To do this choose the ( 

) 

rotation pT such that pTQe • 0 - e • more will be said on this later. 
n n 

/ 

( o 

2) Form pTAP , where, for examp1e, if A was a 4x4 matr1x then pTAP 

wou1d have tbe form x x x x 

x x x x 

x 

x' 

3) Find orthogonal matrices U
i 

i - 1(1)n-2 to reduce pTAP to upper 

. Hessenberg form B • that ia 

UTpTAPU U Hl 1 1 • • . n-2· (61) 

( 

1 

1 



( 

( 

where continuing the same example H' would'have the form 

x x x x J:, 
2 " 

x x x x 
2. 1 

~x 
1 

X X 

~x x 

If we set Q'" PU
I 

••• Un-:
2 

• then trom (61) we obtain 

\ 
-J. 

and we 8ee from the fotm of the U
i 

that U e - e , 80 Q'e • i n n n , 

and Q' .. Q • H' -li'. Âs a .. 
Pe .. Qe 

n n 

result we 

set 

from Theorem (V) we have effect1vely 

the {unknown} (2,1) e11nt of H' to zero, and (l,I;!,} element to 

À • \ 

\, 

Ta determine P we s uld find the 'bat row of QT • We know that 

(A-lI)Q • R \,ere R 1a u er triangular matrix ~h elements Pij " 

i • l(l)n, .. I(l)n . Now ), 

(~ À1)Q • R -> 

A - AI 
_ RQT 

-> 

---- T T \, 
(62) - e CA - Àl) .. P \r. q 

n nn n 

f . 
wbere Q. (qi '~2! h";;' ,'CJ~)., .• 1 • SO" 18 • multiple of the last row aT 

of A - U • ,Sinc:e A 18 enberg we know tbat 

T 
a - (0, ••• O,a l,a -A) 

n.n- -Dn 

. 1 

80 
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li 
Then we choose P such that 

(62a) 

(a P like this can a1ways be found, see [12], page 232, theorem 3.4). 

So from (62a) we get 

(63) _ 

So us1ng the P of (63) J çhe last row of which 1a a mult;J.p1e of the last 

row of A - Àl • we ac'compllsh our aim, to Und a matrix P such that 

Pe ,. Qe • 
n n 

t 

Now we ~11 give an example with a lx3 matrix to d~onstrate how the for-
e 

ward sweep of the implicitly shifted method works. 

, 

Let A- *' ." *' then we find a rotation matrix P such that if 

x x x 

x x 

we apply it to the matrix A - n from the right it will eliminate ,&:he 

(3,2)-element of A - À! ioto the (3,3)-element of the same matrix. Of 
, 

course, P will not do the same to the matrix A unleS8 À ., o. So we 
... 

will have the foHorlng: 

81 
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'; , 
Now we set thé' Ü,l)-element of the 5th ~atrix equal to À , 80 the 

~, 

'r. 

(2,1)-element of the same matrix becomes zero in view of the theorem (V). 

Fina11y, we have 
.. ' 

That 18 wbat exactly we woul.d have, using th~ explic.ltly shifted method, 

but wlthout subtractlng the shift from the,diagonal of 'A and then restore 

it: back. 

Now we will describe the kth step of the baCkwar_weep of the im­

plic1tly shifted method, which as we will see 18 almost e same as. the 
" 

backward sweep of the expl1citly shifted method. At the kth step, we 

have 

(63a) 

-\+1 

As in tbe expl1citly sbifted mt!tbod we lcnow the tirst row T 
~+1 

and we want to find the tirst row ~ of ~. Let (Àk , a~) be the 

firat row of ,\Qk before the effect of applylng the orthogonal mètrix 

T 
Qk on the 1eft, or, as in the 

-
explicitly shifted method, before the '. 

effect of the rotatIon matrix P;-k 8S this is: the oo1y rotation matrix 

of the matz:l,.x Q~ tbat will affect the' tiret row of 'kQk' ,tben we have 

,T 
a k 

(6313) 
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, , 

from,\63B) and sinee ,T) 
a k is weIl known, we obtain 

.-

(. 

and 

.. 

So now we know the ~irst row O:k » ~) of -\Qk ' that 15 
~ 

T 
(~k ~) a k

Qk - < .. > 

T 
(X'k _T)QT 

~- ak k" 

(64) 

(65) 

\ 
(66) 

Thus fram knowing the firs,t row of ~+l we can f1nd the f1rst row of ~ 

i But we know the first (oQly) row of A - À in (63a) with n n k - n - 1 and 

so we can go backwards to finally produce the fivst row of A = Al • our 

desired result. / 

We now. make one remark and prove a theorem based on the remark. This 

th~r __ 'w111 belp us deve10p an impllcit1y sh1fted method for .t:he case of 

_complex elgenvalues. 
1 
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Remark (XVII): It may h~y~'been noticed that the expllcitly and the 

implicit}y shifted methods which have been described here are quite similar ) 

with the QR explicitly and Implicltly shifted algorithms, respectively. , 

The basic difference 18 that in qur methods instead of trying to get an 

upper triangular matrix R by multiplying a D\8!trlx A llJ! , 11 € 1R from 

the left by an orthogonal matrix QT .JWe multiply A - 111 from the right, 

where lJ ia a weIl known shift. 50 the kth step of an algorithm based 

00 our, ttxplicit1y shifted method. ta calculate the eigenvalues of A J, 

would be as follows: 

(2) Factor the above matrix in the form 

(67) 

(67a) 

(9) Einally compute ~+l as 

(68) 

From (67) and (68) we obtaln: 

(68a) 

Theorea (VI): Let; Q. - <h:gi .. , .. ~ and Rm· ~ R2 ••• Rm ' where Qi' Ri 
( 

with i· l(l)m are the orthogonal and ~pper triangular matrices of the 

ith step of the ab ove mentiooed algorithm applied for m steps, then 

(A - p 1) • m (69) 

\ 

• 
1 r 
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Proof: Let Then obviously t we obta1n 

we will prove (69) by induction. For 'm - 1 (69) gives 
of 

• 

which is true if in (67a) we set k· 1'. Suppose (69) is true for m - k-l J 

that i~1 suppose that the follow1ng relation is true. 

(71) 

Now we will prove that (69) i8 true for m.,· k • that 1s. we will prove that 

the relat10n 

1a true. (68) because of (70) gives'us 

<=> 

<=> 

(72a) 



'f 

( 

( 

(72a) becuase of (71) giv~ us 

whicb:t:s (72). 

t, 
(2) The case of ~lex eigenvalues: 

il' 
Here we w~ descrlbe how to accomplish two steps of the ~orward sweep 

of tbe implici)lY shifted method in one pass, and we will show how we can 
~ 

us~~h!a.dcUble step to asslgn a pair of complex conjugate eigenvalues to 
{ 

a matrix A. Let Àl' À2 be the two eigenvalues and let Al:: A , then 

from (68a) for k· 1 and k" 2 we have respectively: 

, 
T A ... QI Al QI and 2 
T 

A3 - Q2 A2 Q2 -> 

T T 
Q2 (73) AJ .. Q2 QI Al QI 

\ 
--->-\., 

" 

where Al ' A2 and AJ are upper Hessenherg. In order to accomplish these 

two steps implicitly_ we first find an orthogonal matrix Pl such that 

T T- , 
.. Plen - QIQ2en • ' To do this we should Und the last row of Q2QI .' From 

theore!lJ. (VI) we have 

where the upper triangular matrlèes ~, R2 

respec tive1y. 

QTQT then 
2 1 

From (74) we can see the t if 

(74) 

have elements p (1) p (2) 
ij ij 

T 
~ ls the last row of 

(75) 

86 



-- -------..---- - - -

/ 

ù 

( 

, 

( 

i ' 

87 

Sa q! is a multiplè of the 1ast row a
T 

of the, matrix (A -. .\L)(A - À
2
I) • 

But 
, T 

A la upper Hessenberg so a has on1y three non-zero elem~ts. 

", 
(0, ••• ,O,aO,n_2 ,a'O,n_l,aan) say. Then after some trivial t;a1culations, 

T 
a • 

we find that 

/ t 

-a a 
0-l,n-2 n,n-1 

aO 1· a l[a 1 1 + a - 0.1 + À2)] ,n- n,n- n- ,n- nn (, 

How cboose Pl such that 

Thus 

aT 
- fllaj 12 e! pi <-> 

T 
eT pT _ ± a 
n 1 I/a1l 2 

• ± 

(2) (1) 0 

Pnn Pnn 
qo • ± QIQ2en lIa l/ 2 

and va have accompl1shed our aim. 

(76) 

(77) 

From (76) ve can see tbat if À1 • À and >>'2. r. where À € c: and 

r 18 th, complu conjugate of À • Pl ls rea1, and can be found by usin) 

rea1 arithmetic, ,inee A + r and? ~J are "l:eals even vœn À E C:. 11011, 

after lIanng found Pl' the nezt \tep 18 to~rtboaonal I18.trice. " U
i 

" 

1 • l(1)n each 'With Uien - en ' sw::h t}1at the JDatrix A' ls upper Hessen­

berg in 

(!? 

/ 

/' 
( 

1 



• • 

where Q .. Pl U1 • • • U 
, n 

t 

'Then wewill have Qen " Plen - ± QIQ2en' and sinee A3 has nonzero, 

(1+1', i) elements, i .. 3(1)n-l , the lÇlst n-2 columns or Q and QIQ2 
1 

are essentially the same, as are the last (n-2)x(n-2) diagonal! blocks 

of A' and, AJ • This follows from Theorem (V). We will give an ex~mple , ' 

with a 6x6 matrix to demonstrate how the forward sweep of the double 

step method works. Let 

A .. * * * * * * 
x x x' x x x 

.' 
x x x x x 

x x x x 

x x x 

x x 

then we find an orthogonal matrix P such that if we apply it to the matrix 

, 

(A - ÀrI)(A - À2I) from the right it will first eliminate the (6,4)-element 

of (A - ÀlI)(A - À2I) into the (6,5)-element of the same matrix, and then 

the resulting (6,5)-element of (A - ÀlI) (A - À2I) into the (6,6)-element 

T P AP , and then we of the same matrix.-~o when we first form the matrix 
~ 

reduce it to upper Hessenberg form, we will have the following: 

.. 

, 

, . 

\ , 

BB 



.. J 

1 
Il 

il.> 
][ 

'" * '" * * ~t * * * * Il +t * * .. .. 
\ , 

5 
x ][ JI: JI: ][ X x, x X X 

1: : 
.. .. * .. 

x x :Il X 
, 

X ][ X X X * .. .. /0 * x 3 
5 b 

X x x X Ç)'V'X " X X " ][ X 

n' • 3 4 ",--.-..... . 
2 

~ ,,' 1 ~,-r-Z ' x " x X X V ';J) x x, x 
1 nt 1 2 .' 2 ~&ÀX 1T~X\....../X x x 
2 

1f
l "2 

~ 

Note: 'l'he element 3 ' cannot be eliminated becaua. after the multiplication 

. of the ro.tation .. trix b', this element ,bec01les unknown, as ve can see 

trom matrlx 3 Sinee from Theorém (V) the first two columns of Q apan the 

-eigenspace of 'A corresponding tO ).1 and ).2' ve see that' the elementa 

(3,1) and (3,2) of matrix 3 muat be equai to zero, and the e1ementa 

(1,1) , (1,2) • (2,1) , (2,2) of the same matrix will be forced to be equal 

to y , 6. , CIE , C , respectively. lihere y + - 211 ' and det(: ~l- 11
2 

+ 8
2 

~l • Cl + j8 and À2 - Il - j/l with j2 - -1 ln other worda, y , 6 ~ ( . 
are such that ).1 and À

2 are the !.wo eigenvaluea of the matrix [! ~J 
Finally, ve have after this first double step of the forward sweep 

ç 

o o A 

where b
l 

• b
2 

and the first row of A are 8S yet unknown. 

Let U8 nov examine the backward aweep when we mow the first rDw of 

~2 and - vant to find the first row. of "k' 

( 

/. 
1 

, 

ç 
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1 

*1 
1 

lei 

xl 
1 

X) 
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(l <t 

? 

.. 
Let 

) 
t 

T 
cS bT 

Qk -\ Qk y 
k 

T 
"1 c ç bk+l , 

0 0 ~+2 

Let and he the firet rows of ~+2 and ~ , respectively. 

From .he above example, we can see that the tiret row of A waB affected 

\ T only by rotation 5' , coming from the matrix Q But in order to cal-

cu1ate the first row of A we should take into consideration rotation 6' 

a1so. So the first three rows of the.last two rotation matrices trom the, 

left were: 

1 c
k
_
1 Bk_l' • c

k
_
1 sk_1 0 

C
k Sk -Sk_1 c

k
_
1 -c

k
s
k

_
1 CkCk_1 Bk 

~ 

-sk ck 1 \\-1 -skck~l c
k 

(Ci 
~ 1fT) be t~e tirst row of \.et , f3 , ,~Qk Th en 

- - bf bT c
k

_
1 sk_l 0 a ~. y cS 

k 
(18) 

.. fT T 
-~s ~J<-l B \1 v c r,; bk+1 '. k-l k 

~ 
T 

0 0 T 
, ~~-l -~~-l c

k Tf g ak+2 , 
,. 

1 
Then, .trom (78) and sinee the rOW8 (IJ ,v • fT) and (r,; • 11 • gT) are 

computed in the forward sweep. weohtain: 



1 

.'> 

, •• -J 

.. , 
\ 

\ 
J 

/, 

.. 

- - -- ---------------------~-------

{. - \, hl 
/ 

T -(sk8 k_l \ '-i ) Cl e -(O. 0, 4k+2' <;-> 
t -Sk Ck~ ~I Ck 

, . I,t\ 

\~ .. ).J v fT 
'-., 

~ 
T 

71 g 

\ 

- skck .... l lJ - c k' 
Cl - , 

sksk_l 

e 
skck_lv - ~ckll 

(79) 
sksk_l i 

. ' 
T T T , 

':-'1' skck_l f - cnS + ak+2 
b 

sks k_l 

50 the first row of the matrix ,\Q{ 1 
is (Ci' , /3 • bf) that is 

.. 
T - 11) el \: Qk • (a t e , -> 

,~\ 

T - bf)QT el ~- (a /3 
~ 

Thus 

\ 

/ 

50 knowlng the first row of \:+2 we can find the first row Qf \:. when 

~e are using Buch a double step. 

New if we want to assign a set of eigenvalues Al ,A 2 , •••• Àn ' where the com­

plex conjugate pairs appear together, to an unreduced upper Hessenberg 

aatrix A t we will use a cambination of double steps or tmplicitly shifted 

91 
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slngle ateps, accordlng to what'type of eigenvalue ve have to asslgn at 

each step; a complex conjugate pair or 8 single real eigenvalue. So 

_knowing the first row of A 
n 

or "A l ' according to whether the last n-

elgenvalue,to be 8ss1gned ls aoreai one or a complex conjugate pair re-

spectlvely, ve can go backwards to finally produce the first rov of 

Al = A , the deslred result. 

In the following and until the end of this section va shall comp~re 

the twu pteviously described methods of 8ssigning eigenvalues, that Is, 

the double and the single step. 
1, 

Note that four multipllcations Bre involved when Any rotation R, 

1s applied to Any vector x . 

Single step 

<a) Forward sweep: 
• ~ 

Suppo~we want to 8ss1gn one eigenvalue to a unred~ced upper 

Hessenberg matrix with' k - 4 , then we have the following 

#1 III 

2 ' 
x x x x 

92 

tram whlch we aee that rotations n and n' involve 4~4 and ,4~3 multl- '.' 

plieationa reapectively. Similarl~ rotations 1. l' • 2 and 2' tpvolve 

4~4 multiplications. Thus the number of multiplica-
1 

-
tions which ai"e invol{red in one f,orward step of a 4x4 matrix cal} be, foun'd 

8a followa: 



{. 

\. 

4'1<4 + 4'1<3 

4'1<3 + 4><4 + 
4 

(4'1<4 + 4 L 1) + (4'1<4 + 4 
1-3 

(~ 
li; 

1 So in general we have the f01lowing: 

4k + 4x 3 

4(k-l) +4'1<5 

4'/(4 + 4k 

4)(3 + 4k ± 
k 

(4k + 4 r i) + (4k +14 

[) 

4 
Ii) -,88 

i-3 

k 

r i ) - Bk + 8 
i-3 1-1 

( 
4k 2 + 

;; 4k2, 

k 

l i - 24 
i-1 

l2k - 24 

Henee in the single step method one forward step involves multiplications 

of the order: 
2 

4k when it ls applied to a kxk matrix. Sa the arder of 

the number of multiplicAtions Involved in the forward ~ep ia the follow-

ing: 

n 
4 L 

\:-1 

2 4 1 
k • - n(n + -)(n + 1) 3 2 

;; 4 3 
3 n 

w.here n 18 the order of the matrix we dea! vith. 

\ 

~I( 

l 
r'"' 

(81) 

--_.,-------,,----'--, ~ 
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(b) Backward sweep: 

Suppose we are at the kth step of the backward sweep, that is, we 

" are ta Und the firet row of the k><k submatrix knowing the firat row 

of the (k-l))( (k-l) submatrix, then from (64). (65) and Bince at this step 

,T 
a k and are (k-l)-vectors. we need k multiplications to calcu-

late the- first row of the k><k submatrix. So the order of the number of 
n 

multiplications imtolved in the baèkward aweep ia L k ::; t n 2 

k-l 

Double 8 t'ep 
o 

1 

(a) Forward sweep: 

Suppose we want to assign two eigenvàlues to a kxk unreduced upper 

Hessenberg matrlx w!th" k - 6 • then we have the following: 

.. ~ * * .. 
* '" 5 ' 

x x x x x x 
3 ' 6 ' 

3 ' x x x x x 
, 5 6 l ~ 4 ' 

~~x X x x 
3 4 TT' 2 ' 

~~x 
1 

x x 
l 2 n' 

~~V 
2 

from which we see that rotations TIl' 11 2 • TTi ' TI 2 invoJ.ve 4><6 , 4><6 , 

4><4 and 4><4 multiplications respectively. Similarly we can Und the 

number of multiplications involved in rotations l • l'. 2. 2' , 3 , 3' J 

4 , 4' , 5 , 5' • 6 , 6'. Thus the number of multiplications involved 

in one forward step of the double step metbod of a 6><6 matr~x, can be 

found as followa:' 

94 
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, 

.. 

f 

) 

t 

\ J 

, . 

4)(6 + 4)(6 + 4)(4 + 4)(4 

4)(6 + 4><6 + 4)(5 + 4)(5 
~ 

4><5 + 4)(5 + 4)(6 + 4)( 
y' 

,4)(4 + 4)(4 + A)(6 + 4)( 

< 
... 6 

) -/336 .4(4)<6 + 4 L i 
i-4 1 

1 
So in genera1 w~ have the fol1owing: 

4k + 4k + 4)(4 + 4)(4 

4k + 4k + 4><5 4)(5 • 
4 (k-l) + 4 (tt-1) + 4><6 + 4)(6 

\ 
4)(5 + 4><5 + 4k + 4k 

4x4 + 4><4 + 4k + 4k ± 
k k 

4(4k + 4 L 'i ) 16k + 16 J 1i 96 a 

i-4 /' i-1 l, 

a 8k
2 + 24k - 96 

::: 8k2 (82) 

j 
Rence in the double step method one forward step/invo1ves multiplications 

of the ord~r 
, 2 

Bk when:i.t is appl1ed to a kxk matrix. So the order of 

. , 
the number of multiplications lnvolved in the forward sweep, when 'n i8 

even, is the ~ollowlng: 

8 !'f2 (2k)2 _ 32 nf k2 

k-l k-l 

= 11 (!!.) 3 
3 2 

4 3 
- "'3 n' (83) 
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If n is odd then obvf6usly we will have to use at least one single'stèp. 
'., 

Note that thf forward sweep of the double st,ep method can be carried out 

uaing elementany reflectors [12] instead of rotations. 

! 

(b) Baclcward sweep: 
\ 

,Suppose we· are at the kth step of the baekward sweep, then from (79) 

sinee f , g and are (k-2)-veetors we need multiplications of 

order 2k to calculate the firet row of the kxk matrix. So the order of 
1 2 

n 
the number of multiplieatiorts involved in the backward sweep ls ':2 

(' 
Renee from the above results we can observe that"one doubl~ step in-

volves almost as many multiplications as are involved in two single steps, 
" 

thus the double step, with rotations, and the single step are equivalent in 

• 1 
solving the eigenvalue dlocaUon problem, in the sense that they involve 

the same order of 'number of multiplications. 

\ 
\ 

~\ 

, 
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CHAPTER 4 

(1), Conclusion 

In the l'Jeco'nd Chapter of this thesis we considered the most widely, 

80 far" used algorithms in cqmputing controllabili ty and we, compared them 
\ 

with a recentir dev~ped algorithm by C. Paige in [2]. The comparison 

was done by using appropriate counterexamples &nd 'it showed UB that there 

are cases where the algorithms which were used so far fail, while the ,new 

algori~hm gives the correct reBuits. Finally in the same Chapter we pre-

sented an algorithm which using the notion of the distance af a system 
'\ 

fra; the nearest uncontrollàble one determines whether the system i8 ·con-

trollable or not, the same al&oritbm with sorne changes (see note at the 

end af ChaPte~2) can be used to calculate the distance of the given system 

from the nearest 'uncontrollable one, but,it is pointed out why this 

algot'ithm ls not eff1:cient. Thus f,or determin:ing the controllability of a i 

system we have a reasonable aigorithm, but for a controllable system we do 

not yet have an efficient algorithm to measure its.distance from the 

nearest uncontrollable system, bùi)we have the thearetical approach dev~loped 
in section (III) of Chapter 2 of this thesis which may prove useful in' 

1 
d 

developing an efficient algorithm. So the efficient computation of the 

distance of a system from the nearest uncontrollable one remains an open 

problem. 

In Chapter 3 we'have presented a very efficient, fast and we ho~ 
1 

numerically stable algorithJ.1 ta solve the eigenvalue allocation problem 

which can be ~8ed to determine the feedback such that a single input closed 
f' 

, 
1 

" , 
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( 

ï. 

J • t 

i 
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" .. 
\.-

~ , 
loop system Is stable. An a~gorithm fo~ the $ame problem which Was 

.,.~r~, 
8Uggested by Luenberger ln [3] ~ppears ta be unstable because it makes ->\ 

use of the coefficients of the" characteristic polynomIal ~f 
11 

can be found by computlng the eigenvalues of 

A whlch 
( 

A • but we"know that the 
J 
l problem of calC,ulatin!$ the e~ge~values is in general i'11-COndlt10n~ 

(H' A 18, not ~ymmetrlc) ~ however Luenberger' 8' algorlthm can be extended 

'to multi-input dynamic systems [10J. The method given here has a1so been 

designed with extension 'to mu1ti-input systems in mlnd. but this has not 

yet been done. 

. , 

( 

1 

J 
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M'PEND IX' 

Computational results based on the.i~plicitly shifled , 

and double step algorithms. Subroutine EVA. 

p , 

Based on the implicitly ,shifted and ~e double step algorithms, which 

were deseribed in Chapter 3 we made ~ Bubroutine named EVA- (Eigenvalue 

Allocation) ~in FORTRAN IV. ThiB subroutine takes a matrix h without 

" !ts first row and a set L q,f eigenvalues and evaluates the first row 

of A sueh that À(A) = L. With thiB Bubroutine we cheeked some cases. 

where the reliability of the results WBB checked 8S follows: First the 

99 

full matrix A waB passed to the tMSL routine EQRH3F. in order ta calculate' 
, 

its eigenvalues. Then the eigenvàlues computed by the EQRH3F routine 

together with A (without ita first row) wer,e given ta subroutine EVA and 

the first row of A was comput~, and finally the full ~tr1x A, ,lWith 

its computed first row) was given again ta the IMSL routine EQRH3F, in 

order to compute its eigenvalues. The results were abtained asing single 

precision arithmetic on the AMDAHL 470/V7 at MeCill University. We also 

give.an exemple in whieh we point out why uslng the above way to che~k EVA 

wemay obtain results which differ significantly from those expected. This 

is not neeessarily a fault pf the algorithm (that ls, it does not mean 

that the B:lgorithm is necessarily Dumerically uDstable). It may Just be , 

a result of the poor conditioning of the specifie eigenproblem. 

f 

• 
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Example (1) 

n • 5 

The matrix A' (with the original first row) 
a 

5.279000 9.125000 4.433000 6:297000 5.687000 

38.345000 39.4920,00 )".605000 5.987000 
,'" # 

7.770QOO 
" 

-5.564000 ' 6.396000 6.492000 5.889000 

3.564000 9.539000 6.364000 

-5.977000 4.796000, . 
. 

The eigenvalues 0/ "A using EQRH3F 

p 

46.726480 

-3.995152 ( 

3.844520 . 

. 9.463070 + j 3 ... 235559 
, 

9.463070 ~ j 3.235559 1 

The f [rat row of A using EVA 

5.278953 9.124928 4.433008 6.296913 5.687075 

The eigenva1ues,. of A. with the computed f1rst row, using EQRH3F 

-3.995148 

3.844508 

9.463083 + j 3.235580 

9.463083 - j 3.235580 
\..-

100 
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! 
EUlIIple (II) 

n • 6· 

The matrix A with given first row 
" \ 

1 , 

P.452000 -4.279000 5.126000 6:433000 3.297000 4.687000 (1 
6.474000 -!3 .345000 79'.490000 '~ 7.605000 0.9870'00 8.770000 ,1 

'4.657000 5.564000 7.396000 7.492000 7.890000 

-0.998000 4.564000 9.540000 9.364000 .. 
'. 

-7.4&3000 -7.977000 1.796000 ~ 

-9.897000 8.697000 ... 

"'- , The -eigenva1ues of A using EQ~3F 

\ , 

~ 

-21.014220 

17.953000 !~ 

( -2.88159,8 + j 9.934898 '"' 
9.934898 • -2.881598 - j 

-9.028457 

( 11. 750950 

'"' 
, 

: - ) using The first row of EVA 

9.~52018 -4.278798 5.125249 6.429869 3.297468)" 4.688825 

t 
The,eigenvalues of A , with the computed first row, using EQRH3F 

rI - , 
1 -21.014265 { 

t 
f 

V·953045 ~ 
f ~ 

f: -2.881592 + j 9.934899 ., 

(~ 
-2.881592' - j 9.934899 .. 
9.02à496 

11.75,0926 \ 
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Eump1e (III) 

n· 9 

The ~trix A 

8.657000 5.254000 6.254000 -5.565000 6.874000 0.657000 7.36400n 4.655000 -0.763000 

3.546000 -6.356000 5.546000 4.356000 0.7680ÔO 0.658000 

6.865000 

5.567000 -6.534~0 5.578000 

7.456000 6.457 0;; '6'.845000 -0.176000 9.763000 5.765000 -7.765000 

7.645000 -6.656000 -6.645000 

7.565000 5.343000 

-8.876000, 

The eigenvalues of A using EQRH3F 

12.579090 

9.194291 + j 2.895247 

9.194291 - j 2.895247 

-0.5256~4~+ j 6.229814 

-0.525684 - j 6.229814 

) 
The firae row of A ua1ug EVA 

• 
8.656885 5.254084 6.254014 

0.657171 7.363661 4.657894 

5.657000 7.456000 5.765000 -5.655000 

0.678000 0.567000 6.-678000 8.568000 

5.684000 8.563000 7.456000 4.357000 

7.536000 -7.657000 7.456000 -6.672000 

-4.453000 -6.366000 -6.366000 

5.464000 -4.366000 

-8.440416 + j 6.017367 

-8.440416 - j 6.01~367 

-12.636600 ' 

-4.659868 

-5.565294 6.874562 

-0.763001 

The eigenva1u~s of Il,, vith the COIIPuceQ fint rov, uaiD8 EtRH3F ' 
12.579074 

9.194260 + j 2.895261 

9.194260 - j 2.895261 

-0.525680 + j 6.229808 

-0.525680 - j 6.229808 

-8.440431 + j 6.017374 

~8.440431 - j 6.017374 

-12.636604 

-4.659882 

t' ' 
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lx!IIJIle (IV) 

n • 10. 

The matrix A with given firet row 

9.451000 8.'321000 9.789000 5.789000 -9.535000 4.654000 0.534000 8.654000 6.345000 -0.453000 

7.355000 6.474000'-8.345000 8.931000 -3.034000 9.495000 7.605000 8.456000 0.987000 8.778000 . 
8.657000 4.567000 4.436000 8.543000 6.345000 -0.134000 9.453000 0.654000 -9.342000, 

5.3230005.778000 -4.786000 -0.345000 5.675000 6.345000 6.354000 -6.745000 

4.453000 5.675000 9.563000 8.5340QO 5.756000 9.324000 4.3~4000 

-5.977000' 4.796000 5.534000 5.543000 8.31200098.324000 

3.134000 5.687000 -0.234000 6.235000 -9.522000 

il 
The eigenval~ee of "A using EQRH3F 

17.525430 

0.776537 + j 10.545620 

0.776537 - j 10.545620 

8.885132 + j 5.104329 

8.885132 - j 5.104329 

The firet row of A uaine EVA 

9.450891 8.320937 9.788930 

4.651105 0.547856 8.618833 

5.314000 -5.366000 5.456000 -6.34600~ 

4.363000 -4.346000 9.346000 

0.235000 4.546000 

-8.598625 

2.859068 + j 2.695472 

2.859068 - j 2.69547} 

-1.585043 

4.878755 

5.789191 -9.535405 

6.374817 -0.460253 

~. \ 
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t 
The eigenva1ues of A. with the computed first row. using EQRH3F 

(17.525366 . -8.598647 

0.776526 + j 10.545624 2.859084 + j 2.695479 

0.776526 - j 10.545624 2.859084 - j 2.695479 

) 8.885115 + j' 5:104358 -1. 585052 

8.885115 - j 5.104358 4.878776 

Remark (XVIII): Using the previous way of checking subroutine EVA we may 
. " 

get some poor resu1ts due to some i11-conditioned eigenvalue·~. 

Example (V): 

Let the 10x10 matrix A without its first row be 

( . 2 5 3 6 4 7 4 7 8 9 

2 5 3 6 8 8 3 5 7 

8 3 ~ 5 7 8 4 6 

9 6 4 7 8 3 2 

9 4 7 6 4 - 7 

7 6 7 8 6 

5 5 4 3 

8 6 7 

8 9 

Now.using EVA we want to calculate the firet row of A such that A will 

be assigned 10 eigenvalues each equa1 to 7. The tirst row of A com-

puted by EVA ls as fo11owa: 

( 

.-



f 

l ' 

1· 

1.. 

21.000100 -196.998600 646.753400 -1994.128000 
" 

-873.761200 -3130.766000 -4675.128000 -8100.312000 

-11546.110000 -11095.480000 

The magnitude of thls first row suggests this was a poor1y conditioned 

.. 

prob1em. Now giving the full matrix A ... 
eigenva1ues: 

4.653267 + j 1.855709 

4.653267 - j 1.855709 

6.345307 + j 2.94?413 

6.345307 - j 2.945413 

'7.531523 

to EQRH3F we get the fo110wing 

'8.417780 + j 2.677467 

8.417780 - j 2.677467 

,9.807051 + j 1.054002 

9.807051 - j 1.054002 

4.021682 

As we·C8n see no one of the above eigenvalue8 ia 7. The above examp1e , 
does nQt necessarily mean th~.t the a1gorithm gave an inaccurate first row 

'" . . for A. The difficu1ty probably arises because.unreduced upper Hessenberg 
.1 

matrices are always defective when they h~e multiple eigenvalues and this 

bBppens because if À ia an eigenva1ue of A then rank(A-ÀI) = n-1 ; sa 

there fa one and only one 1inearly independentJeigenvector x such that 

(A-ÀI)~ = 0 ,if À is a multiple eigenva1ue then it has on1y one linear1y 
;. 

( 

independent eigenvector and 80 A ia defective. In this examp1e the Jordan 

canonica1 form of A i8 a 10x 10 Jordan black, the eigenvalues of which 

are very i11-conditioned [12, p. 301], [13], and sa cannot be computed 

accurate1y. 
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c 
c 
c 
c 
c 
c 
C 
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c 
C 
C 
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-) -, 

, , 

": Lr ' 

[VA YS A SUItROUrHIE UIlIf,H [IY rALLIWi Twa OTIIEr;.' SII/IROIJrHlfr; f or,w 
',ND [lAC"'W CAlrtfl.HC!,; l'IN fi RETur,NS mr rIW:T rwu nr A '":Wr.1 r 
fRECltlrON NX/I Hr,rr,tx A IN OEDrf' TO GIVf frr,Tt.1'j nr"lrrn 
rIG[NVAlll[~ 1 t ,[:',: •• 1 tI WHICII 'MAY nrrlJr\ IN ('OMri r'f ('ON fllr.t,Tr 
f'AIHS. 

011 

N 

IH 

Tes Tl 

nSTACK 

SSTACK 

N2 

aSTACK 

RETURN 

A 

',fllrfl r rTfCr'";rnU tlnl p,l,r,(), WlilCII f'nrl1,~TN" Tllr 
M,~rrnv w:lor:r frfic;r 'nw ur '1T11 1':,1 l'Iii !\fr. 111r 
f rr,~;T ['flW!:r ,~ T', rr.Nnr.'rn Mlfl "vn!IJI! 1 T rru III 
r: lE C'OMf'IJT Ar WN. 

IIHrGEr, • 
N IS Tllf or,nrR nr ,~ 

'tHCCrr, • 
III rs TllE NtlMf'rr, or r:L rMrNT!~ nr Tltf (WEAY rr-";n 
WltEHr Nl= .... 'tN. 

STNGLE rr;'n:,rr,roN mlf nIllrtj~)Ir1AI r.rml',Y nr or,nnl ut 
WHICtl rmlTAIW; Tllr r'Yr.rN')AI III '; WlIl!':1 ')r'r: I,rltl/G 
TO [lE THE;. EIGrNVAt IIrr; n r 1'\ 
n'ERY rIGrNVAIUr OU:UFTr~. lWO rnW,rfIJTl'.'T ftt,n'r; 
nr TIlE ARRAY TESTl, THf' rm'iT ror, 11', fCAI r'lÎ" 1 
r.~ID TIlt r;rCOND fOh' nc; JHAGTNARY rI\ln. 
CClHPL[)( !':m -'IJGA T [ f'~ rr'c, HIIST M'pr l'lE rctrJC TllrT" 

STNGLr rr:Errr;rnN U){N APF'AY. 
n~TACK lG A WOf'~ ARRAY. 

INTEGFR ONE DIHENSTONAI Ah'RAY or ORnn, N 
SSIAC~ 15 A WOR~ ARRAY. 

INT[O[T • 

N:' IG THE IluMerr, or hOWS or TIIF t\hh:t.Y WlTArt\ 
WllfRr N:2~ (Nt ( N - 1 ) 1';' 1 1 

SI~GL[ PRECISION N~X3 ARRAY. 
nSITACt, 13 ~ WON APPAY. 

SEE THE PRfV l OU.:; nI sruss t ON Af'OUT A 
ON RETur,N WE HAVE nlr Tirs mEn r Ir:'. T ROW or A, 
THE REST or loi 13 AS ON rNH;Y. 

JNTCGER N,SSTACK(N),INDEX,I<;Tfr,RSTEP 
REAL A(N,N),TESTlIN1),QSTAC~ (N~,3',RSTArK(N,N) 

iolE f\'f:ARRANGr THE EIGENVALUr:S r;urH THAl THf: 1 AST TWO r rGrNIJAlIJ[<1 
CONS~ST [ITHO, A rOHPLr:x CONJIIGAIE FAtr, rlri A r'AIT, or TWO f:fAI 

\ 

{ . 
'-,. 
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, ' 
l' rrOfllVAl tJE3. 
C 
r 

. 
() 

c 

c 
C 

C 
r: 

Tr (flnSCTr'îTLCN1».GT.O.~[-r;.rm.(,(l':;CTrr;Tl(til)\,lr,f).".r- " .. (.tlf 
.. \BSCTE5H(Nl-::~)'.Lf.O.C;f-5) GCl Tn <; 

r'I[GTUN1-!) 
TFSTI (Nt--1 )",Tr~TI (Nt -";) 
Tr<;TI (Nl-<;)=r 
11-<;TI OU '''Tr!iT/ 'lIt 4) 
IrSTUNl-4'=O. 

")' rAL L rnf\'l.j (N,rJt,Ttllrr(, Ir;lfP .... hf;lrF',A,TrfiTl ,u':;r,'\II\,r\'r;'t"C't\,r:(.~Tr,r ~,t 

CALL flACl\1J 

F,rTliRN 
[ /HI 

o 

Ir') 
(Ndll ,.kt/flr". T'~rrf·.R'lH f •• ~.Hr;lI ,n'llr,n ,r r;I(',('I .. II'. 

"C;T iii ~ ) 

"tJfir,OInJtK rORW OJ,N1,UlflrX,T'îTrr',Rr;Trr',A,1I'C'TI '(l'.lt,l1 ,r',rr,(' 
1 ,!lSTt,rt"N.') _'\ 

~ 

rnr.w r,UEtf,OlJTINC r ria orMr<; Tllr: ror~t.r.'n '11r n, 

rnMMON IRII ~,n,R,H 
! NTfi{;ER RSTFP, rv, TSTn', SW, M, nf'OF'. l'Ill! X, N, 1 T NE, nF.;Qr' 1 ,SnTACI\ (N) 
r,[IiL 1, r. S. A (N, Il' • TESTL (Nt) • nr'iTI'l( " (N:',J) ." ":TACt\ CN, N) ,"', AN, .. ri 1 1 

At/2 

c INI1IALIZATION 
C 
C 

c 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C 
C 
C 

30 

INDEX=1 
IGTEF ~1 
RSTrr'~l 

EV=1 

iolE DETERMINE THE FORWAF\D <;WEFh STAI'.TING FfiOM N lit/TIL :0, 

M"'N-RSTEPtl 
nRopcN-M 

TIIE LAST HID EIGENVALUES FOR SIMF'I ICIlY ARE TREATEfi fOflETHn;, 

IF (M.EQ.2) GO TO 10 
Cc.... 

iolE CHECk IF THE rOHING rIGENVALUE ID COMPlEX OR REAL. 



.-

( 

- . 

c 

C' 
( 

1. 
C 
r: 

C 
C 
C 
C 
C ,. 

C 
r 
c 
r: 
r 

«:; 
c 

::'0 

15 

.' 

, IN nlIs PROORA/1 m-nHENT ur [WAl UTTIt Rf Al rTf1RNVAI urs. 

SSTACK( ISTH)-1 
15.Trp=ISTrPll 

wr nrrrF<I1INf THr rriANf,r-nRM,HTnil HATrOX WHTrt~ WII l 11[1 P ur, MfI\'f mlf 
fOr.'lJ~,HI STfr- • [lY rAl ri Il flTT/HI TT": 1 ."I~;T' COI IJHN. 

'3S~A(N,t1-I) r 
CC~A\N,N) Tf sn (EV) \j 

fl)o-[I) 1::' 
:3U=1 

'CAlI IROT (A.N-l,N,SU,N) 
LINr=rmnr'f 4 

. .,.I=LINE-l 
IF(H.EO.1) GO TO 1~ 
DO ::'0 II''lINC,N 

.I=tHL 1Nf 1::­
r:;~=A(I,I :') 
CC~A( I.I-t; 
CALL rmOT (QSTACI\, r 2rI -1 ,<;r"CC,A, TNflr:'Y,N,N2) 
CALL LROT (A,r-~rl-l,<;Wdj) 

CONTI ~lur 
1=1-1 
55=1'1(1,1 -:') 
CC"I\(I,I-l) 
CALL Rf.:OT rOGTI'lCKfT 2,J -1 ,SS.r:C,ArINrWY,Nrtl:') 
DROP1",DfiOFll 
DO Z~ JJ"flROf'l,N 

.J=Ni DROP 1 -.) J 
RSTAr:~(f.:ST~F,J)zA(I-l,J) 

25 CONTtNI/E 
RSTEP"'RSTEf'tl 
GO TO 30 

C IN THIS PROGRAM SEGMENT loir: [trAL wn/i TWO EIGENVALU~S WHICH ARE 
C • COMPL{;X CONJUGATES. 
C 30 iolE DETERMINE THE rRAN~F"ORHATION MATRIX IotHICH wILL HEl r· IJS HOVE 
C TIotO F"ORWARD DTEPS BY CALCULATI~G ITS LAST COLUMN. 
r. 
c 

~ AN2-A(N-l,N-21.A(N,N-l) 
ANl=ACN,N-l)*(A(N-t,N-1)+A(N,NJ-~.*T[STL(rV» 

AN:ACN,NIU2tA( N,N-l ).A( N-l ,Nl-ACN,N)*:!. *TESTl (EV) HESTL (EVI**2 

p ,.' 

'\ 

1 



1 

... 

-

c 
c 
c 
c 
C 
C ' 
C ' 
C 1 

40 

1 TrSTl (CV t l ) U:' 
['.'=rv t 4 
SSTACK ( Irnrr) ~"' 
r STEr'" ! STn'! 1 

WF ArPI y T Ilr 1 r~MI'-' ilf'MI'\ r 1 ml 

rALl f~ROT /f1[;TM~.N ',7dl 1 d,N",Arlld"rNB[Y,N,N:') 
~W:l 

rt,Ll 1 r~nT 't-"N :'.tI 1,f,W.N) 
T~r 

l'I'II L_ rWOT f[l"TI'IO"N -1 ,N. r.I'IN,(\.liJflrX,N.N:') 

Ct,Ll UUll fl'ld! t.N,'J'Wd!1 
1 nJr~nl(oF!"j 
I=l TNf t 
Ir,(M.ra.4) lirl TO ';'"": 
flO 40 IT·-1INr-,N 

I;IIILHI[-Tr 
flS=A(I,I 1) 
CC~A(I,1;'~\ 

CALL r'RflT (aSl 1'10" l ï.r .', <;r;. r,', 1'\, Tt1nr'x dl ,~I") 
flW~l 

CALl LnOT (A, l ,rI :,,',W.I/l 
SS~A (J.r ~) 

CC=A ( r, t 1) 
CALL f,POT «(LTt-,ri' • .T :'d-!,',C;,ff,("Tllllr'/,N,'I:', 
nw;:::~ 

LALl. LRO r 
CONTINUE 
1=1-1 
85=A(1,1-3) 
CC=A( l ,J-2) 
CALL hROT (aSTACK,I-3.I-~,ss,cr,A,INDEX,N,N~) 

SS"A(I.I-2) 
CC=A<I,I -1) 
CALL RROT (OSTAC~,I-2,I-1,SS,CC,A,INDFX,N,N~) 

DROP1=BROP+1 
DO 45 jj-DROP1,N 

j:N+DROf'l-jj 
RSTACtd r,STEP. ,1) "'fI( t -~,j) 
[,STACK(RSTEP+ 1. J)=-A( 1-1. ,.1) 

45 OONT J NUE 
nSTEP=RSTr:F'12 
GO TO 30 

SPECIAL TREATMENT rOR THF ~X~ HATRIX. 
INSTEAO OF HOVING ONE rORWAFln STn MI[! TlIEN ONE" !<An WARD !OTlT, IN 
ClfWER TO CALCULATE THE F rr~<;T ROW OF TH[ 2)'2 MArRI X, wc: no Till S 
DIRECTLY USING TWO FORHULAS. 

'10 - A(N-l,N)=-(A(N,N)lI'lI':'-(TESTL<EV)+TfSTL(E"V+2) )*A(N,N)tTESTI (l'J).-
1 TESTUrV!::'HTrSTI ([Vtt )U2)/A(N,N-l) 

A(N-l.N-l)=TESTl(EVltTfSTL(EVt2)-A(N,N) 

lO~ 
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- • 

-c 
r 

c 
C 
C 
C 
C 
C 

r 

RrTl/RN 
END 

SUBROl/TINE R~OT (OSTACK~Jl,J2,Gl,Cl,A,I~n[X,N,N2) 

., 

: 'AGe- r 

f<ROT 15 A GUIrROUHNC ,WInCH Mill TIrU[S mr MTIUX A r ROM mf 
RtGllT [IY ft ROTATION MATF~T)(. rOHTlININn Tllf J1 •. I" CI1IIJMW; nr r, 

COMMON"/nl! r.~.R,M 
TtHfr,CF\ H, N rI 1, ,/1 ,.1''' 
REAL C,5,h,Cl,St.A(N,NI.nfiTArK(N~.1).Al,A~ 
C"'CI 
J E SI 
R=Ga.T(s*t~fC**~) 
rt=N·-H~:' ,. 
no 'j r;11,N , " 

At=(r,( r. JI )'I<[-A (T. J:'l*'J' Ifi 
(;::'=(A( I •. J) )*'l'A( r.J?)tC)/ri 
A( l .J'1 l "'Al 
A(I,J::!)~A2 

5 CONTI NUE,. 
OSTACK(rNnp~,ll=C 

QSTA~K(rNnfX,2)~~ 

nSTACk(rNDEX,J)=R 
INDEX" INDEX+1 

RETURN 
END 

~UBRourINE LROT (A,rl,I2.SW,N) 
/ . 

... 

LROT 15 A SllBROUTWE WHTCII MUI_TIrL:~ES THE MATrUX A fROH TIIF LEFT 
Br A ROTATION HATRIX COMnlNING THE Il,12 ROUS OF A 

COMHON IB1! C,5,"," 
INTEGER Il,I2,N.Jl.~W 
REAL ACN,N),[,S,R,Al,A? 
Jl"'Il-SW 
DO 5 J=Jl,N • 

,Al-IA(Il,JI.C-A(I2,JI*S)/R 
A2=(ACI1,J,*SfACI2,JI*C)/R 
AC Il rJ)EAl 
AII2,J):cA2 

:5 CONTINUE 
RETURN 
END 

• 
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- . 

c 
c 
c 
c 
r. 

c 
C 
" 
r. 
c 
c 

c 
c 
c 
r 
c 
c 

C 
c 
c 
c 
r: 
1; 

C 

c 
C 

QUBROlJTINE I)ACI<.W (N,NI, ItWEX, Y'"TfP,R5TFP,A, rfSTI ,n<lTAU.,fi!1T/H~I'''I.', 
1 SSTACK) , 

flACKW 19 A SUI/ROUTINE WHTrfl f'rF'rnRMrS TIlF DAf'I\t.JAk'ft ri!JFrp. 

REAL A(N,N),TESTl(Nl),nnTAr~(N~,~),RSTAr~(N,N)~r,<;,Al ,n~,A5, 
r.l.S1 ~ 

INTEDER SSTACKCN),NO,LINE,RSTFP 
INDEX=INOEX-l" 
Rrnr.TAC~(INDEx,3) 

C=aSTAr.~(INDEX,l)/R 

"=OGTACI<.(lNUEy.2)/R 
20 - ISTEf'=I!HfP-l 

R<;T(p=R5TEr-SHTAC~(I~Trr) 

10 

_. M=N-RSTEP H 
lINE=fiSTEf' 

> • 

WE [JETrRHIHE IF THf CURRENT Ell'lrl\WARft STFT l'i A<;r;nCIATfD WITH A 
REAL EIOftlVALUE OR WIlH A r.flMf'lEX CONJLlOArr r'A'TI, or LlI,rrJ/\IIJr'3. 

Ir (SSTACI\(I5TEP).En.2) ~o Tn ~ 

HERE WE HOVE ONE BAC~,WAf<D !'iTEP BECAIJSE THf' Illm~FrlT 8TH' [" 
ASSOCIATED WITH A REAL EIGENVAlUE. 

NO=M,-l 

" 
FfRST WE FIND HOW THE FfRST RD'" OF A SUB/'1ATRIX OF A ,AsSOr.rATFD 
W!Tli THE CURRENT' STEP, WAS, llEFORE THE [FFECT OF THE 
TRANSFORMATION MATRIX F~OM THE lfFTf 

A(LINE,LINE'=-C*RSTAr~(RSTEP,RSTEP)/5 
LINE1=LINEtl 
[10 10 J#LINE1,N 

ACLINE,J)=C-r.*R5TACK(RSTEP,J)fA(LINEtl,J»/S 
CONTINUE (, 

C &HERE WE FIND THE CORRECT FI~ST ROW OF THE SAM( SUDMATRIX OF A 
C 
C 

DD 1:5 J'" 1 , NO 
Al-A(llNE,LlNEtJ-l)*CfACLINE,LINEiJ)*S 
A2s~A(LINE,lINE+J-l)*S+A(LINE,LINE+J)*C 
AtlINE,LINEtJ-l)=Al 
ACLINE,lfNE+J'zA2 

, IND~X=INDEX-l 
~J C!NDEX.EG.O) GO TO 3~ 

R=OSTACKeINDEX,J) 
C#QSTACK<I~DEX,l)/R 

III 

/ 

, 



/) 

( 

b 

C 
C 
c 
r. 
c 
c 

C 
C 
C· 
l 
C 
C 
C 

c 
c 
c 
c 
c 

1~ 

5 

~~QSTACK(JNDEX,2)/R 
CONT.INllE 
00 TO 20 

IIERr: !JE MOVr TWO TfACKWf,Rn STn'c; nrenllSE TI4r r:llrmrNT '1Trr TC; 
ASSOCIÂTEtI WITH A COMPI EX CONJ\IGAfF F'-AIF, or CIr.rNVA1.Urs. 

Rl-0STACKIINDrX-I,3) 
Cl a QSTACKIINDEX-t,l)/rl 
8t·nqTArk(rNDEX~t,7)/rl 

NO<'II:M -4 

FIf;:ST!J1: FINO HOW THE FTPST ROLl OF (\ BllffHATfiTX OF A d\S50r:IATrn 
WIlH THE CURRENT sn:p, WAS, !!EFIlRE nu- r:rrrCT nr TH, 
TRANSFORMATION HATRIX rROM THE LErT. 

A(LINr,LINF)·(-9*Cl'RSTACK(~STrp.RSTrp) r*RST(\r:~(~C;TEF'+I,RSTrr) 
)/IS'I'81) 

Ar 1 Hlf, I_INE:H ) = (-'1:1'Cl H,,)TAr;~ (W:1 rr, riSH F' t 1) - rtfd-:l A(,~, (Fi~Trr' /1, 
m>TFr' 11 ni (";t'lI) 

LIllf::'''''LINff:? 
no :-'5 J~LrNE:',N 

, A(LrNr,.J);(-~)trl*F'ST""CK(R'lTEF·, /l-r*Rr,TAClqVlTrr·t! 1 1) ~ 
A Cl J NE ~ 7, J) ) / (5'11:81 ) 

cOtin NUE 
NO=-NO/2 J 

HERE WE FHm THE CORRECT fIRST ROLl Dr, THE SAME SUf1MATRIX OF A 

no 30 J~l ,NO 
At'~A (UNE, LlNEtJ-l ):te 1 tA (UNE ri INr~ J l *CtSl 

tA(LINE,LINE+J~l)~StSl 

A2~-A (LlNE,LINffJ-! ) 11:81 tAC LIllE ,UNE U) II:C~C1+ 
A(LINE,LINr+J+l)~S*Cl 

A3=-A(LINE,LINE+J)*Si~(LINE,LINE+Jtl)*C 
A(LINE,lrNE+J-l)=~l 

A(LINE,LINE+J)~A2 
AC UNE, LINE+J+ 1) "'A3 ' 
INDEX=INDEX-2, 
IF <INDEX.ED.O) GO TD 3~ 
R=QSTACK(INDEX,3) 
C~QSTACK(INDEX,l)/R 

5=QSTA'Cl« INDEX, 2) IR 
Rl=QSTACK(INDEX-l,3) 
Cl=QSTACK(1NDEX-l,I)/Rl 
51 ",ilSl'ACK <INItEX-l ,2)/Rl 

30 CONTINUE 
GO TO 20 

35 RETURN 
END 

, 

\~ 

} 
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