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1. SOMMAIRE 

La théorie classique du modèle de Gross-Neveu est revue en détaa. De 

plus, pour la première fois, croyons nous, on montre la solution â un 

pôle associée a la solution à deux pôles conjugées présentée par Zakharov 

et Mikhailov. De même, la solution comprenant un nombre arbitraire de 

- solitons et de doublets est montrée explicitement (matrice X). Pour le 

cas où un fermion est présent (:v = 1), on calcule analytiauement les 

solutions comprenant un soliton, deux solitons et un doublet. On trpuve 

un soliton singulier. Les résultats sont généralisés pour un N 

arbitraire. Il est démontré que le champ scalaire cr est indépendant de N 

(résultat conjecturé par Neveu et Papanicolaou). Ifn ,.conclusion, on 

discute brièvement de la nécessité de pouvoir prédire les 'propriétés 

topologiques d'une solution à partir de la matrice X. 
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II. ABSTRACT 

A detaUed review of the Gross-Neveu model at the dassioal level is 

presented. Moreover, the one-pole solution associated wit h the 

conJugate- pole solution presented by Zakharov and MikhaUov ls shown 

for what is believed to be the first time. The solution \Vith an arbitrory 

number of solitons and doublets present is aiso displayed e:rplicitly (X 

Matrix). For the one-fermion case (N = 1), we analyticolly calculate 

soliton, two-soliton and doublet solutions. A singular soliton is found. 

Results are extended to the arbitrary N case. The scalar field 0 is 

demonstrated to be N-indeppndent /results conjectured by Neveu and 

Papanicolaou). In the conclusion, the necessity of being able to predict 
<> 

topological properties of a solution {rom the X-matrEr ls' briefly 

di~us8ed. 
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Survey of Sorne Developments in the Gros$-Neveu Model 

" 
1. Introduction 

_,.._.FfI(' 

The Gross-Neve,u modeZ was first introduc(fd in quantum field theory in 

1974 by D.J. Gross and A. Neveu (16)1. It is a modeZ in (1 + 1) dimen

sions of N fermions interacting thrDugh a scalar -interaction. [S~l 

equation (2,1)] This model exhibited some features thQt were unde~ 
, , 

'close scrutiny at that Ume: asymptotic freedom, dynamical spontaneous 

symmetry breaking (degenerate vacuum), dimensionaZ transmutation of 
- ~ 

the coupling constant, etc. Perhaps mor~, important is the fact that this 

paper served to 'introduce the method of t~ liN expansion which would 

play a significant role in subsequent years in helping to provide inform

ation on some as yet unsolvable field theories. It is based on the fact 

that, in the Gross-Neveu model, aside {rom the overall mass scale there \ 

exists no adjustable parameters. Hence ratios of particle masses depend \1" 

only on N. When the number of particles is la,.ge, liN can be used as a 

small parameter ta obtain peturbative results. As N + CIO, results are 

exact. 

Almost at the same Ume, R.F. Dashen, B. Hasslacher and the sorne A. 

Neveu (DH N) were devising a powerful semiclassical lunctional method 

[10]. (For a good introduction to the subject see [13] and [14]>. Their 

first important application was to the sine - Gordon equation. Surpris

ingly, they lound the exact particle' spectrum 01 the theory. The infinite 

set of conservation laws 01 the sine - Gordon equation were responsible , ..... 
for this peculiar behavior. In 1975, the WKB method 01 DH'N lilaS applied 

to the Gross-Neveu modeL[ 22]" Belore starting they had to Ilnd clas,i

cal solutions which are the necessary input to the method. The standard 

/,.-." 

lReference numbers are put in brackets [ ] 
~ 
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inverse scattering method gave them the tilfte - independent solution 

whae the time - dependent solution was found by a dever trick. 'Î' hèy 

started with a solution which mimicked the sine - Gordon time - depen

dent solution (or, doublet) but contained a certain number of parametèrs 

to be fitted. Introducing this solution into the Gross-Neveu equations of 

motion, they were able to find the parameters. However, unable to !ind 

this solution's Floquet indices (see [10] to [14]) , they had to be content 

with finding the partiele spectrum to zeroth order of the liN expansion 

(exact as N = DO). The fact that the Cross-Neveu modeZ possessed time-
1 

dependent solutions in ~r dose analogy to the srne - Gordon equation led 

theoreticians to believe that the model had an infinite set of conservation 

laws and was exactly Integrable at thè'~classical leveZ. t. . 
In- 1978, the research on the Gross-Neveu model expanded on man~ 

fronts. Results we"e published which 'ell in the fields of àassical 

theory, group theory and quantum theory (S-matrix theory). 

At the quantum leveZ, J Alexander ClPB. Zamolodchikov and Alexey B. 

Zamolodchikov (ZZ) 'presented their important work on certain relativistic 

quantum field theory models (which included the Gross-Neveu modeZ) 

[ 19) , [ 20] • They presented the exact factorized S-matrix of th,e 

Gross-Neveu model. , The factorization of the S-matrix means that multi

particle scattering cary always be reduced to a succession of two-,particlè 

scatterings. t hey examined the relation..ship betweèn ,actorf~ation and .") 

the existence of an inf,in~te Sf?t of ,conserva~ion laws at the 'quant~'"- leVel ...... ' , 

Other. work was also done at t~e quantum l~el.( Sè~, ,.,é(i,.en?e~ f 1~), [17]", . 

and [18]>., ' , \' , .:. ' , 

, 
- 10-
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Group theo,.y articles put the emphasis on thè isotopie :tpin $)Immetry 

- group of the model (the internaI symmetry of the ,N fermions) at t~e. 

quantum level. This division is somewhat arbit,.ary sinee the symn!et,.y 

group of the Gross-NeVeu model ls always mo,.e or less ever present in 

the worker's mind. E. Wit ten published interesting properties of the 

model (23J. Fo,. N = 3, the model \Uas' shown ~o be. équivalent to the

supersymet,.ic slne-Gordon equation whRe for N = 4, the model WQ$ show,,! 

equiva1ent to two decoup1ed sine-Gordon equations (Fermi-Bose 
\ \ . 

symmetry). Some higher conservation laws responsible for the exact solu-

biity of the mod~l were a1so constructed. References [21] and [22] 

prôvided more insights on the topie of the long-time- puzzllng Fermi

Bose relationship as applied ta the Gross-Neveu modeZ [a fermion system 

(e.g. the Gross-Neveu modelJ was shawn to be equivalent to a boson 

system (e.g. the sine-Gordon equation)}. The sfmultaneity of the work 

on the three fronts previously described is shawn by the fa<:t that article 

(20] (qùantum leveZ) and article [23J (group theory) ooth re{erred to a 

preprint of an article to be published" by- A. Neveu and N. Papanicolaou 

(NP) [5]. In this article for. the first time, the Infinite set of' 

conservation laws (classical leveZ) were'"displayed. The mode1 was shown 

to be completely i-ntegrable for the case N = land N = 2. An interesting 

fa ct is that the scalar fields a that they round are identical to those 

displayed by DHfo! in [12]. This led them ta conjecture rightluUy (aa we 

s_hàll see in this work) that the field (1 ls N-independent. 

Shortly following ·(1980).is a pape,. by V.t. Zakharov and A.V. Afikh"BoV 

(ZMJ which showed the fntegrabaity of the model for an)' N {1}. 

, ' - 11-
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How that the Gross-Neveu model is almost fully ~nderstood ft is most 

olten used às a research tool. \ T hat is, the author uses it to UZustrate 

sorne poInt or help hint in sorne task which is not the comprehension of the 

model itseZf. Reference [26] to [29J fall within this dass. For e:rample t 

in rèference [27], T.E. Clark and S.T. Love applied West's proo' 01 

confinement by èontradiction to the Gross-Neveu Model (which ls no" 

con'ining) , and to the co'l/ining Schwinger model. In bath cases they 

showed that the contradiction found by West for 10ur-dÎT1"ensional Q C D 

ls averted. 

Originally, this work was intended as a review of know important results 

at the dassical (NP and ZM), semi-~lassical (DHN) and quantum (ZZ) 

leveZ in the field of soliton theory. Working our way in the dassical 

theory we round a wealth of new erpected and unexpected results. The 

C?riginal project was then modified. In this work, we' shall provide a 

thorough introductio~ ta the vésture method of Zakharov', Shabàt and 

Mikha~lov [4J, [6J, [7], [8], '[ 9]. T hroughout the presentation we keep 
\ 

our approach as general as possible and even use met hods much too 

powerful for the present problem (e.g. the reduction problem). -Thoe aim 

of this procedure is ta constantly remind the reader of the possibUity 01 

applying this method ta numerous other equations and to keep the dis

cussion rigourous. After pr~senting the vesture method and the wo,.k of 
NP and' ZM, we derive and calculate soliton solutions. 

We; found the one-pole solution to the model which oorrresponds to the 

"stotie" solution. The conjugute-pole solution gtven by ZM correspond to 

the doublet. Having found the one- pole solution, we are able to give the 

solution containing an arbitrary number of solitons containing on 

arbitrary number of soütons and doublets. As an application, we gtve 

the soliton-doublet solution. We then calculate soliton, t",o-$oliton and 
~' 

~, 
- 12-
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doublet solutions analytically for the ~se N = 1 uaing the path prtr

scribed by ZM. An unknown singular soliton of the Gross-Neveu model 

iB found (and -the corresponding two-soliton and doublet ,solution). The 

calculation ls eztended to the case 0/ arbitrary N. We Ilnd that the 

\ vacuum fermions are degenerate (they have the same amplitude and 

velocity). As a consequence the {ermionic fields {or arbitrary N are 

sinply related to the Fe""ion fields {or N = 1. Moreover, the field a [see 

equaiion (2,8)] is shown to be N-independent. This ·result ls a conse-
, 

quence of the degeneracy of the vacuum fermions. There/ore whatever 

the field a that we (ind within th, framework o{ this theory ls, it ls 

N-independent. 

For the sake of darity, here are the chapters that represent original 

work and those that do not. Chapters 2, 3, 4, 5, sections (6.2) and 

(6.3), sections (7.1), (7.2) and (7~5) are bor;owed ma ter ial {rom the .. /' 
litteroture (re{e,rences included i~"" the text). Our personal contribution 

to this work ls incll.1ded in section (6.3), sections (7.3), (7.4), (7.6) 

and (7.7), chapter 8 and chapter 9. The topie of Appendi:r A ls most 

probably treated in an original way. 

r 
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~. .. , 

2. The Gross-Neveu MOdel 

2.1 The Lagrangian 

The Gross-N eveu model is a model of .N massless Dirac fermions inter

acting through a sealor interaction. It ls defined by the Lagrangian 

N 
L = î 

k::1 

(k) (k) f' '1' 

N (k)(k) 
0..2 ~ ï ïp 'l' ) 2 
2 k=l 

(2~ 

where1:: Y~t + y~.r and yO, yl are two-dimensional Dirac nntrices. 

IVe can suppress the particle-type index k using the notation' 

N , (le) (k) 

i , '1 If = L i ;; iJ '1' 
k= l 

(2,2) 
N (k) (k) 

and 'l' , = L l' r 
k=l 

The Lagrangian: 

L =, i ~, - 9 a , , + 1/2 a 
2 

(2,3) 

la equivalent to the La!1,rangian (1). U sing the equation' of m,0tion for (J 

\' (J = 9 , , 

.. - 14-
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the equivalence 1s easüy established. 'i' ois a two-component 

(2,4) 

The coupling con sta nt can be scaZed out. Letting" + 1./ 9 1(1 in equation 

(1) we can factorize 9 which becomes irrelevant. The Lagrangian (1), 

without g, written in full is 

"lntroducing light-cone coordinates 

n = 1/2(t + x) t = ,112(t - r) 

a t = a t -. a z 

the Lagrangian (2,5) simply becomes 

L'; [! ( "'a a 
~ , a ~ + 

11 
1JI 

"'a 

- 15-
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2.2 The E quattons of Motion 

From the Lagrangian (2,3) we derive the following equation of motion 

,i r 'l'a - g cr 'l'a = 0 

CJ = g 1: \fa 'Va 
a 

(2,8) 

w~ shall work with these equations with the coupling constant scaZed out 

• 
(2,9) 

For the Dirac matrices the representation that we used is 

o 

(2,10) 

• ' 1 

(2,11) 

Wrltten in full, the equations are: 

i a ~ a + i a 41 a =, 1jI a L (~* 8 ~ 8 + • *8 111 8 ) 
t r B 

(2,12) 

i a .a _ 1 a wa 
t r 

- 16-
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which, in light-cone coordinates, take the form 

(1 cl>a = -i'1II
a r (111*13 cjlS + <> *13 1JI13 ) 

n B 

'a ljI a =, - i cjla L ( 111 *13 cjlS + 'cl> *B 1JI13) 
~ B 

1 

.,' 

/ 
1 
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, 3. The Cross-N frVeu Model and a L'inear Differentiai /.fatrix E quatton. 

In this section, we 'show how the Gross-Neveu modeZ is related ta a very 

general matrix problem whose solutions belong to GL(n,C), the 

gene~at linear group defined on the field of complex numbers c. We 

introduce the concepts of equivaZence class, gauge group and reduction 

group. We show how interesting systems, whose solutions belong ta a 

subgroup of GL(n,C), are defined by specifying the equivalence 
~ , 

class, the gauge' group and the reduction group. In particular, we 

indicate the,relation b~tween a gauge group, a reduction group, and the 

most general internaI synmetry group of the Gross-Neveu modeZ: the 

symplectic group, Sp(2N,R). 

3.1 The Proble;n and lt s Compati bülty Condition 
\ 

Consider a linear system of 2N X 2N matrices satisfying: 
.,~ 

'li F; = U'i' 

,f = V'i' 
n 

where n = t + :r, t = t - :rare the light-cone coordinate 
-2-' 2 

We aS8ume that this system ts compatible. Rence the mi:red partial 

derivatives'tn and'l'nt must be equal. This leads ta the relation. 

Un - Ve + rU, v] = 0 
(3,2) 

... 18'" 



y. 

f 

! 

i 
l-
1 

b 

, . ~ , 

, " 

... 

If no restriction 18 impo.e-d upon U and 'V, the JnOst genfl1"Cll solution f. 

t,.tvial [6] 

u = y ,-1 
t 

, v =, ,-1 
" 

where' ls arbitrary matrlz function of t and". 
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" 

" . 
3.2 MatrIces Represented as Rational Funetions of a Parameter >.. 

,. 
Demanding that the matrices U and V be. rational funetions of 0 compiez 

, . 
PQrameter ). tronsforms (3,2) into a non-trivial non-linea,. system if 
equations. We also require that U and V have the same numbers of poles 

and that the V-poles be situated to the opposite of the V-pales. 
/ ~ 

. '-.. .: '\., ~, 

U(). t F; , n) = U o( t, n) 

V(À, t , n) :: V"o( t, Tl) 

k 
+ L 

. n=l 

k 
+ l 

n=1 

Un (t, TI) 

À - a n 

À + 

(3 t 40) 

(3,4b) 

Tu problem am be stated in a more general manner (for ezample one 

might want to include double poles). But with respect to the numbe,. of . 
l'oIes and their relative location in U and V, the conditiCihs imposed are 

neeessary for defining a relativlstically invariant probleil [6;. ln any 

case, equation (3,4) as stated IS suffieient for our pur/-ose. U and ... 

are now, in addItion to being funetions of F; and l'l, matrix funetions of 
the parameter ).. System (3,1) should b~ compatible for any value of this 

parameter. We substitute equation (3,4) ,into eq'uation (3,2) and WB 

requ ire that the coef/ieien ts of 1/(>' + a;) and 11(A - a ~ van ish. 
,,~ 

Reealling t hot 

[(A - an) (A + am)]-l = [(an + am)(l 

+ am) r l 

- 20-



.. 

, 
, , 

" 

, t':::l' 'C" ',,' JJ 
,; 

, . 
. ' 

\\ 

Survey of Some Developments fn ~he Cross-Neveu' lf9t,J.eI 0 

we ealay obtain the compatibUity' condition .• 

UO n Vo~, -1;, {li 0, Vo] :: 0 

-,U + [Un' ~ ] = 0, V nt + [V' 
ml n . n' 

41 

and 

k V 

• Vo + L' 
m 

n' - a + am m=1 n 

'n :: Uo 

, nJ = 

" 

, 
, 

(3,6) 

o , 
(3,7) 

- " 

• 

.(3,B1' 

Ir:i 'the nert sections, we shaU ,,.equently r.efe,. to ~ $.)'stem (3,6) 

"and (3,7). , 

'. { 

. " " '. 

- , 

, ' 

• -'21- " 
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3.3 Gauge Transformation 

, 2K + 2 mc;trix func~ions determine U and V. However only 2K + 1 

equations were obtained from ,the compotibaity condition: K equat,lons 
~ u Q. 1 .) ~ • 

",rom the rrotrix"'coefficients of 11()., + a ), K trom 1/0, - a ) and one n . n . 
, equation at thè point ~ = 00. Hènce there ls one unused degree ,of freedom 

,'0 fn d ft corresponds ta 80me intrinsi~ ,:invariance of the system. 

, " 

Consider" ,the new matrix f',lnction 

(3,9) 

. W'here g is an arbitrary.non-degenerate matrix funct~n of ~ and Tl· 'Such 

,ci transformation is called 0 gauge transformation. 

,Using equation(3P) we relVrite syitem{3,1} in term of ~ ~nd this glves 
1 

, -1 
::: (gUg 

-} 
gg~ ) ~ 

... -1-1 
'" ::: (gV g - gg' ) ~ 

1:1 Tl 
" (}".10) , 
. , . -1 -1 ,." . -1 ';:" -1 

.," it ~r.flices,to dè{ine Ü: gUg' +. gt g , and V::' gVg + U"g to ':ring 

" ," sys,tem (3,10) in the same form {lS' system (3,1) 

... ,.. "" '" - .... 
,~ U Il 'i' = V Il <'" 

Tl 
(3,11) 

compatibiItty condition of system.' ~ has the fo,.". The same as 
. 

equations (3,6) and (3,7). It is obviou t we can de/lne matrices 

',' 

? / 

22 -
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lIo, U , vo, V satisfying.eq. (3,6) and (3,7). These rrntrices are 
n n 

related to the origil'iâl one~ through: 

and 

Vo = gV 0 g - 1 + g g- 1 
Tl 

, .... -1 
V = gU g n n 

(3,12) 

(3,13) 

1 ,/ A Iso we note that ~ and If tran sfonn accord ing to the relations. . 
/ n n 

~ -1 -1 
~ n = g ~ n g + gn g 

(3,14) 

, = g 'l' 
n n 

-1 -1 
g + gÇ. g 

(3,15) 

Syste'ns expressed in different gauges may have dr,asticaZly different 

aspects. The interest of the gauge transformation concept resides in the 

fact that we can group systems into equivalence classes. One then needs 

only to study dlle memb,er of the class (usually the simple,$t one which can 

be spec~ied thro'ugh a~ judicious choice of the gauge). The set of all 

. possible gauge transformations relating a solution of an equivalence class 

to another of the same class forms a group called the gauge group. Ma,ny 

, d,ifferent classes may have the same gauge group. Hence specifying the 
• 

gauge group is not sufficient for determining the class. One might ask: 

how do we specify an equivalence class? The answer is twotpld: • 
a) . The gauge transformation that we consider, being A - independent, 

cannot change'the location of the poles an of U and V. Therefore 

the different V's and V's corresponding to the differentl solutions 

- 23-
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of,a-class must have the sorne set of poles {an}' The location of 

the- pales partly specifies a class. 

b) From equation (3,7), we dfduçe that 

a Tl (U n) m = 0 a n d- a ~ (y n) m == 0 m== 1, 2, ••• 
(3,16) 

• 

.. 

Hence the normal Jordan form Û (V) of rrotrices U (V) depends only n n m rrI 
on ~ (n). Û and V are the tirst integraZ of system (3,6) and (3,7). 

n n 
Equation (3,16) is gouge invariant therefore sa is the normal Jordan form' 

of U and Y. Determi ning the m::Itrices U ,V gives a complete 
n n n n 

specification of the equivalence class. 

Some gauges have special nk,res. The canonical gauge is the gauge in 

which Uo == Vo = O. We go t'o this gauge using 

a transformation matrix gO soZy ing the equations 

As we shall see, system (3,6) and (3,7) waz 
gauge. 

'- 24-
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3.4 The RelativisticalZy Invariant Spinor Problem 

U Je, Tl) and f) (~) are rela ted by a s ~ ilar ity tran storm a t ion 

(3,18) 

We 'WCInt to fi nd out what equation describes 4> n0 First, w take the 

derivative of equation (3,18) with respect to Tl and we get 

= [t , u ] n n 

-1 

41 nl1 • n 
(3, 19) 

Equation (3,19) la deduced 'With the use of equation (3,18) whUe equation 

(3,20) is equation (3,7) rewritten. U being general it follows that n 

4> nTl = ~ n~ n 
(3,21) 

Simil arly, we tilefi ne 1/1 as the similar;t y transforrmtion which relates a 
n 

matri:r Y (t, n) ta its Jordan normal form V n(I1)· 
n -

The equation that describes il n is 

• n~ = "n 1/1 n 

< , 
) 

Il 1; 4 

~ 25 - ' 

(3,22) 

(3,23) 
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• , (in equation (3,23») and ~ (in equation (3,21») are defined by 
n n 

equation (3,8). Equation (3,21) and (3,23) can be rew,.itten in the forme 

\ k 'm 
V -1 

Çn m "'m 
V "cf> n 

;: r a +' a 
m=l n m 

(3,24) 

k +m o -1 'n 
V~"'n r m +m 

;: 
+\ a a m=l n m 

(3,25) 

where we have used equations (3,8), (3,18), (3,22) and defined 

"ln :: an - y 0' VE; :: 3E; - U o' [Vnt V;l = 0 (fran (3,6»). 

Equation (3,24) and (3,25) have the form of a classical spinor field and 

are relativisticalfy invariant. We coll this system of equations the 

relativisitically invariant spinor problem or, in short, the spinor 

~
prOb~~ ~ / 
~~ .... ,-

Under the transformation ~ = h; , ':$ = 1l'~ the system (3,24), (3,25) n n n' 
is rom invariant: 

i nn ~n 
,... ... 
'l' 111 n n 

(3,26) 

and, t anii [!n and! ] ~re related to each other byequation (3,14) 
n n n 

[(3,15)] with h, replacing g. 

, ,~ 
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3.5 T he Reduction Problem 

In this subsection we adapt a section of the article (9), The Reduction 
. ~ 

Problem and the Inverse Scattering Method by A. V. Mikhattov, to suit 

our needs. 

A reduction ls the operation through which one imposes on U and V 

algebraic or differential constraints compatible with system (3,6) and 

(3,7) " T he consequence of a reduction is that the solutions to equation 

(3,1) belong to"a subgroup of GL(N,C). The smaller the subgroup 

i s, the dee per the reduction. We defi ne the operators LI and L2 su.ch 

that 

L 1"4J = "'t - u "4J = 0 

(3,27) 

L 21/1 = "'n - V ", = 0 

.1 

and 1..1' 
,.., 
1.

2 
sati sfying 

*L ~ ( 
;;: l/I~ + 41 U = 0 

l 
(3,28) 

_N ,., 
'4I L2 = 1/In + 

'" 
V = 0 

If t(t, TI, >.) ls a solution of equation (3,27) then ~ = 1II-1o beys equatfol'l 

(3,28). Also we denote by {l/I(>')} a set of solutions to equation (3,27) • 

. ~s an example, consider the following constrain~ imposed on U and v.\ 

(3,29) 

- 2'f'-

1 
1 

i 
! 
i 
! 
1 
j 

1 

1 

1 
1 
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ConsequentlyV =,tr satisfies equation (3,28) ~nd we have 

(3,30) 

Constraint (3,29) has led t'o the existence of automorphism (3,30). it 
can easQy be shown that automorphism (3,30) leads to constraint (3,29). 

We denote this autorrrorphism by 

(3,311. 

Assuming that the poles of U and V are located on the real axis of the ).

plane, we can define the following automorphisms 

(3,32) 

r: \jIO,) + r [~(r(IJ)] e: {111(:\)}' 
(3,33) 

(3, 34) 

g: 'l'O,) + g [1jI(g(À»)] ., . '" 
(3,35) 

where h, P, f, gare non-degenerate complex rrotri~es of ~, n, À an'd ... 
hO'), r(À), t(À), gO) are conformaI self-mapping of the plane L 

We remark that automorphism (3,34) represents a generalization of 

automorphism (3,31). Equations (3,32), (3,33) and (3,35) also 

represent generalizations of fundamental automorphisms. Mappings 

(3,32) - (3,35) are reversible and associative and hence any subset of 

then gives rise ta a group calZed the reduction group (G Ii-

- 28-
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~ 

Automorphism (3,32) means t hat 

L 1 , 2( h (À») 1JI ( h (I») = LI, 20.) il [ 11'+ ( h (i" ) )) - 1 ::: 0 
(3,36) 

'rom which we deduce that 

(3,37) 

An analogous equation holds for V 

Mapplngs (3,33) - (3,35) imply 

.... -1" + 
... -1 U(À) 

.... U (r(X J) -r rt r r == 
(3,38 ) 

-.- 1 .... ,,- 1 
Un,) 

A u tr (tO.» - t t + t t == 
~ 

(3. 39) 

..... -1- --1 Uo.) 
~ cr (go. J) -g g~ + g f.1 -

(3,40) 

. ' 

. 
The representation of the automorphism ls, in general, gauge dependent. 

We examine the relation between the mappings in a gauge and the same 

mappings in another gauge. We assume a gauge transformation 

f() .. , t, 11)1 wh ich relates two-solutions '" and X· 

'41 = fx 
(3,41) 

1 This gauge transformation is slightly more general than those pre~io~~ 
consldered (it ls >. - dependent). Assume that such a gauge transformation 

does not change {a nl · 

- 29-
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Substitution of equation (3,41) into equatlon (3,32) leads ta 

Defining {x O.)},:: {f-1IjlO.)} , we require that h, must satisfyequation 

_ (3,32) in the gauge f. We find 

(3,42) 

Analogously, 

... f-1(>..) r(A)[7(r(I»)J r
f == 

(3,43) 

î == ,-lO) t(A)f,tr(tO»)r 1 
f 

(3,44) 
~ ,-10 ) gO .. ) f(gO))] gf .:= 

(3,45) 

Equations (3,42) - (3,45) means that the mappings of a reduction group 

commute with the gauge transformations 0' a gauge group. 

The gauge group which preserves the representation of the reductfon 

group is called the intrinsic gauge group, G~ 

-
il ,=h, r ,=r, 1 ,=t, g ,=g 

Eq~ations (3,37) 

belongingto Cl. 
g 

(3,37)-(3,40). 

- (3,40) are form-invariant under a transfom1otfon 

That is, i" E: G 1 then U and U both satl.,y equation 
9 
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,. 

3.6 Symplectic Symmetry and the Gross-Neveu Equations of Motion. 
o \ 

In this s~ction, we finally r~ach the Gross-Neveu modeZ by ÜTrposlng 

additional ~onstraints upon system (3,24), (3,25). 

\ 
First, assume that we work in the canonicaZ gauge and that V haB only . 

one pole situated at >"=1. System (3,1) then becomes 

3 E; If = 
V

j 
If 

À - 1 

a v 
V

j 

" = 
1"1 À + 1 

and the spinor system is transformed into 

3E;W 1 = 2 

- 1 
~1 

~ 1 

!Ji l 

(3,46) 

(3,47) 

(3,48) 

(3,49) 

Next, \Ile Choose tle reduction group and its representation. We wUl not 

use automorphims (3,32) and (3,35). We define the automorphism r' 

obtained {rom r l:ry Zetting 

r = l, r(f) = ); 

• (3,50) 

The resulting mapping Es 

Ut 51) 

- 31-
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• 
Ne%t, "Ne define t' w ith the follow (ng t and t(A) 

1=J= r 0 
1.:1 ~, t(>') = >. 

(3,52) 

l ' , . 

where 1 ls the N X N unit TTlltrf:r. We no'" l&t>rk in the 2N X 2N 17YJtri.:r 

space.? = 1 means that;: is equal to the :N X :IN ,un it matriz. 

The" automorphism sa defined ls , 

,(3,53) 

We require that the reduction group be composed of the fdentity 

automorphlsm i. 

(3,54) 

andthermppingt', r'. q2 GRimplies q€{i,t', r'~. Fromtherrapping 

r', we deduce that U and V are real Ilt real values of the parameter L 

From the mapping t', we, deduce that U, and V belong to the Lie algebra 

rot the symplectic group: 

(3,55) 

lVe' ask that the gauge group be the intrinsic gouge group and equatton 

(3,55) ls then vaUd in an)' gauge. The gouge group ls the set of all ,.eal 

matrices sotisf)'ing 

(3,$6) 

- 32-
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We recognizè the tact that the gouge group ~hat we have delined i. the J' 

symplectic group. It {oUows that the solutions to system (3,46), (3,47), 

[or (3,48), (3,49»)1 will now belong ta the s)'mplectlc group •. 

The matrices U and V have the lorm [8] 

, (3,-57) 
. . tr t"r 

whereA, B, C are·realN X N matrices and B =B, C =C. 

We want ta sigl1i{icantly smplify system (3,24, (3.25) and we 'spec"y the 

equ ivalence class by d9'rland ing that the rank 0' Û l' and V l be in un ity 

~..... Ao 

Let U 1 = V 1 and choose 

10 • • • 0 
00 • • • • 

A = C = 0 C1IÙ B = ". • • • • 
o ••• 0 

(3,58) 
i ' We now ezplicity display equation (3,48) and (3,49) that we relate to the 

GroBs-Nev,u equations of motion. We rewrite equatiôn (3,48) aa 

= 

Flrst notice that 

.! 
2 

(3,59) 

lNote that equatton (3,48) is'equation (3,47) af ),=1 and equation'. (3,49) Î& 

. equatton (3,46) at ).=1 

, - 33-
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: Ferst notIce that 

'" ' '(Vl"J)ao= 0 (6,a)~ (1,1) 

Bence 

, AlBo 

,1 

(1=1 13='1, "', Z'I 

0, 

, a = l,'·· 'IN 
" == l,' ••• ,ZN' 

_ $ = N+ l, .,. • , 2N 
&=1: ••• ,2N 

(3,'60) 

, ,(3,62) 

The nezt step--'Is multiplying' (v 11 +f'1 and (J+ 1). We get 
, 

.... tr i:N ,'" tr -
[(Vl/'l )(J+d1 16 = r lVl /1jrl) li3(J+d'3~ 

13=1 

N, 

= Y!1 [(,dy +N,l (+dY6 

, - (lh'))'1 (h))'+N,a] 
, , , 

o 1 

&=1, "',2N 

o ' 

- 34-
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AU ,other elements,being zero 

The non-linear equation arises only on the elements of the (irst column 

of equation ,(~, 39) (and the assoclated e:uati?n for a~", 1) 

Cl = 1, ••• , 2JV 
(3,64) .. , 

Simflarly J 

a 0= 1,···, 2N 
(3,65) 

The fields (~dal and (h~l are" two sets of real fiel ds and tlle,y 
prepresent Majorana spinors. They can be èombined sa as to for-m Dirac 
" , 

. fPTnors. We form comple:rJields. 

, ' ' 

.a = 1., {(1jId al + i (.da+N Il , ~a = ::J. {(~l)al+ i (h)a+N l} 
2 " 2 ' . , " . (3,66) 

lt Is eay to ver if y that".a and ,a arè described by t he relations 

a .a:; _i .. a, r C.·8 .~ + +*8 ",8) 
. 11 a 

(3,81) 

a ",a:: ~i. a ! (. ·8 l~ + .*8 1jIB) 
~ " $ 

which' are the Gross-Neveu. modèZ equations 01 motion. 

- 35-
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• J ( 

3.7 Symplectic not'ation 

, . 
1 In this section, we briefly describe a notation by' Neveu ,and Papanicolaou 

that gives simple equations of motion. This notation ls analogous to the 
1 

tensorial notatiorl. 

• 
We define two contravariant vectors. 

1 (1111)11 
Re{ 1/1 1 } 

u • 

'. • if 1/IN
1 

1 
• - • =: I? li 1/11 
• 12 • 

ZIl 
(1I11)2JV,J . 1~{ IIIN} u 

oc:' , 

(3;69J' 
\ 

vI -cjll,l 
VI Rè{cjll} 

• -.-
Il 1 -~N 1 =12 Re{,N} =- • 

\ -.::... cjlN:l,l • 
-1 2 • lm{. 11" 

2N v v;N • 

4> m, l • 
Im{cjlN} 

(3,69) 

.... 
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Raising and lowering of indices follow the usual tensorial rules. Obs'erve 
2 2 a a t hat u = v = 0 u v = - uv. We de{ i ne , a a 

an invariant field a 
a 

=uv_uv 
a 

The equations of motion then become 

u,... = - av and v, = au 
t; n 

/ 
- 37-
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4. Backlund Transformation 

4.1 Backlund Transformation for N==l 

This section wUl be descriptive rather thon deductive. IVe present a 

Backlund transformation for N=l and we wUl be con-tent with showing . 
that indeed it is the correct Backl<1tlnd transformation. 

First, lollowing Neveu and Papanicolaou [3], we derive a map'ping of the , .--. 
Gross-Neveu Model (N=l only) into the sinh-Gordon équation. 

We calculate an equation for a'nE: 
, 1 

Using the equations of motion,' we obtain l ' 

(4,2) 

Hence, 

a t = 
, Ylt 

(4,3) 

l", dffine III;: u'Yl V't. This ls an invariant. For N=l, tt and v can be 

used as a basis in which- other quantittes can be expanded. IVe erpand v 

u'll and V't in t hfs basis. 

Wr i t i ng 

u'Yl = Au +t;/Jv and u,~ ::: Cu + Dv, 

- ;IB-

(4,4) 

i 
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We easil.y find, sueeessively t~king "scalàr""-products of equation (~,4) 

with u and v, that 

u, va, 
A ;:;; -"- =-..!l 

a a 

12 

, 
uu, -hl 

B= --.!l=_ 
a a 

a'J: 
c=

a 
D = --i. 

a 

(4,5) 

hl:: -uu'" and h
2

:: -vv,~ are the eonserved energy-rnomentum densities: 

h1'F; = h2,,, = o. 

lt follows from equation (4,4) and (4,5) that 

which if substituted into equation (4,1) Zeads to 

4 
aa '.,~ - a, TI a, t ;:;; h lh 2 - a 

(4,6)' 

(4,7) 

If we introduee a new quantity e, Cf :: exp e, then we have sueeeeded in 

mapping the Gross-Neveu model (N=l) into ~he sinh-Gordon equation , 
sinee e satisfies 

(4,8) 

provided that we ehoose the cor(ormal frame h1h2=1 

- ·39-
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T he Backlund transformation for: the sinh-Gprdon equation is well known 

[5]. "T he integrability condition of the system. 

, " 

1 (9~ + er~) = - a sinh (a -'a') 
2 

1 (9 - e' ) = a -1 8 inh (e + ~,) 
n Tl 

2 

implies thQt both e and 0' satisfy equation (4,8). 

Su,?stit uting e == tna into equatiori (4,9), 

transformation (B.T.) for the field o. 

2 -2 (a,' - a J 

(0'0) = 1'(0'2 (1,+2) 
'1\ -, a .. 

Now consider the transformation 

ru, l ["'/ CI Y al/al [vU1 
Lv~ ::0 { l + Y â2 ""CI a' J d 

where we have set hl ::: y, h2 ::: 1/y 

-40-
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1- 0 -, , 

We will show thàt if Cl and a' sa ti sf y ethe B. T • displayed a~ove then 

'equation (4, Il) represents the B. T. in terms of the fundamental, fields. 

We take the ~-derivative 'of u' and make ,use o{ equation (4, Il) 

(4,12) 

We introduce the B.T. {or 0 into (4,12) and, rearranging tenns, we:get 

U' ::: (JI 
t , {

(a a'u - v) 

{l+Yâf. 

+ __ ::..1 __ 

Il+yâl 

" 
~, 

(l (-u +. yav~ - y v(WF,;J)} , 

a2 

T he factor in the large parentH,esis belonging ta the s'ecand term ls equal 
1 

to zero. Calling it A, it is very easy to show that Au=Av:::O. T here!ore 

A maps the basis {u, v} into the nuIZ space and can only be equal to 

zero. 
,/ 

We are left with 

u, = 0' v' 
~ (4,14) 

Simila,.Zy, it ls possible to show v,,, = -o'u, whe,.e 0' =; u''''. 
~ 

solution is de{ined in the same frame as the previous one. 
\ 

h' = h = y h' = h = llY 
1 l ' 2 2 

- 41-
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4.2 Algebraic Backlund Transformation 

We derive a purely algebraic Backlund transformation for the case N=l. 
1 a a 

We rewrite the B. T. in terms of the fundamenta l 1ields 41 " 

(4,15) 

Next_ \Ile define a new field X through the change of variable X :: CiJ 

(4,16) 

Hence if we denote this ,-field B. T. by .' = a" ~ the B. T. for the field X 

wQI be 

x' = [ç' B C -1] X = B X 

where C' relates X' and .' : X'.: ct " 

1 [ -1/~ y1/4 -IJ -
a Z : -1/4 

a' 
Br: • 

21 y1/4 -1 
1 + Y 0' 

e 1. 
.. t ia.o' 

i Y:/. J [ 1/4 

:-1/4. 
1/4 ] 

y -1/4 
-( 0 

- 42-
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1 [a. /20 + 0/20' + i 1/2 , /21:1 - alas', r a,O 

= 
J ~+y a2 0'/20 - 0/20' , 0'/21:1 + 012rJ' -f 

(4,17) 

We defi'rie il == Il + ra 2 Band we observe the system 

... Ex. =11 +ra 2\ X' 

(4,18) 

] 

-tt'( 112 
«'(1/2 

• At ra ;;; i/x , ~ :;:: 0 defi nes CI non-trivial system sinee the determinarrt 
... 

of B is zero 

, It follows that 

Cosh(e'-e) 1 + >.2 = ~ + --L = 
.1 >.2 a a ' 

(4,11) 

Si~h(0'-0) 
- 2>' :;:: a' _0_ 

= 
1 - ).2 a a 1 

which is the algebraie Backlund transformation. 

This algebraic B. T. can be written in a simple form in terms of (J and a': 

a' = (1 - ).) a 
(1+).) 

.. 43-
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The Infinite Set of Conservation Laws '. 

-5.1 A Fundamental Conservation Law 

J 

We also opt for a descriptive ~pproach in this section. We waz show that 

the conservation law. 

(u'u'",)'t = 
2 Y a 

/ l+ya 2 

(0"0') 'n 

(5,1) 

ls compatible with the non-algebric Backlund transformation displayed ire 

the preceding section. Using equation (3,11), we form the product 

(u'u, ): 
Tl 

_
_ 1_ [-CO'Y _ YOOa ''1] (u'u'n) = 

1 Ma2 

(5,2) 

We take the Ç. -derivative of equation (5,2) and we usej equation (4, IDa) 

for elininating (a '/0) 'ç 

(5,3) 

T hen \&le 17Ilke use of equati on (4,7) to get ri.d of cs 0' 'nt - O"fI O"t. 1t 

ahould be kept in mind that equation (3,7) is vaUd only for N:: 1. We also 

set hl h2 :: 1. 

- 44-
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... 

It 'follows that 

r (ulu,l'I)'~ :: al 
[ 0

2 _, a' 2) 

1 l+ya 
2' 

'l'S 4) . " 2 
= al (o' 0). 

1'\, 
J 

,\ / l+ya 2 

• where the last step was obtained using equation (3, lOb) 

J 

- 45-
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Survey of Sorne Developmenta in the G,.oss-Neveu Nodel 

S.2 The Infinite Set of,Conservation Laws 

ln this subsection, we derive an infinUe set of conservations lawa maktng 

use of equation (5,4) and the Backlund transformation (4,10 and (4,11), 

T he Backlund transformation introduces a free parameter a into the new 

solution u',v', a'. Since these relations are vaUd for all values of the 

parameter a, we can expand these funcHons in powers of a •. Substituting 

the expressions th us obtained into equation (S, 4), we obtain the inffnrte 

set of conservation laws by equating terms wifh the same powers of Cl as 

CI + O. 

We assume 

-
<1' :: L 

m=O 
\ 

and substitute this expressi~in~o (4, lOb) 

-

\ 

(S,5) 

-l (a' a) 
m 'n 

m 
a 

m 
(L a:n- n a~) a'"} 

n=O 
{ l 
m=O m=l 

The zeroth order term Immediately yfelds 

a' 0 :: a 

whle we get from the ffrB~ order ternr 

CI' :: 
l 

1 

2a' o 
- Cf 'n 

- 46-

(S,6) 
", 

(S,7) 

(S,8) 

o " ~ 

, , 



; 

)~ 

/ ' 

. '. 

'., . 

1 

" 

Surv,y of Some Dnelopmen" ln 'the Grosa-Neveu Nodel 

/ 
T he 'second and t~ird order. terms aré 

0; = ....L { -( 0 ~ 0),1'1 ( a il 2 } = ~1'1 
20 ' 2 - 0 

(5,9) 

0' ~ 
l {- Ca ' \ ~ ) , 20' 0' } -3 2 '1'1 2 l 

, ; 

= _ 1 
4 

2.0 ' 0 

C1 
'1'\1'\1'\ 

+ 

The recursion' rela tion ls: 

C1' -
m 

l 

2a' o 
{ 

(5,10) 
o . 0 

'1'1 '1'11'1 

40 

m , ' 

l 
n=1 

(a' 0') J m-;n n , 

(5,11) 

The next step on our "ay, is the dertvatiôn of the ,Ta~lor series (or u~: 

IVe de'ine 

-(" u
m
' t;jm and u 1 U L '1'1 

m=O -

From equ?tfon (4,11) that we uae once agatA we haVe. 

, . 
" 

.' 

,(S, 12)' 

(S, 13) 

~ 
\ , 

î 
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We erpand _____ 1~, - in 1?ow e,.s of ya 
2 

(5,14) 

, whe,.e (2n-1) H= '( 2n-1)( 2n-3) - _. 5- 3·1 

and A 0= 1, A 1= - l, A 2 = l 
2 8 

, 
/" , 

, Inse,.ting equation (5,14) Înto equatlon (5,13) leads to " c , 1 

- [p~2J m' U) P 
L "Y A a" a 

ITFO ' > m ,p-m ëi , 
, l u' an;:: l ,( 

n n p:="o 
(5,15)' -

where [p/2] means the large st integer smaUer or equal to P/2: p-2m>O 

T ha zeroth order teml yields • 1 

a (,. 1 

u
O
' ':: U = U ,Q :: u' U = hl 

fi O"---,.,..~ tJ " " 
(5,16) 

" 

o 
- 48-
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------
The first order term gives 

a ' a, a, y ya, 

u' = 1 u + U = -2! u + lX nI = -..:..n..:... _ ---1l. = 0 -l 
, 

a a a a . a a 
(5,17) 

T he second arder term is 

CI 

u' = AO (J.2 .Y + y Al a' .Y = ~ .!! _.l!U:!. 
2 0 2 2a a a a 

(5,18 ) 

ya'l111 2 
n2 = + -L 

2a 2 

The third 

ut = Acf' .!!+y Ali u + 2A v IV - Y -
3 3 a CI l a 

a, 0', u Y a,~ u _ y 2v 
u 

_1 a J! + 1 fin Tl + :::: 

4 
'Tllln a "4 2 a, a,. 

a 

2'" 2 
ya 'nnn ya , n'!J. a , Il _ Y a'1 + y a, 

n - Tl 
3 -

.fa 402 2a a, 

y 
=-{ a 'TIM a 'rma 

'll } 
4 a 2 a 

(5,19) 

\ 

/ 

C) - 49-

g QU - , 



(), 
-' 

, 1 
1 

·1 1 ~ 

Surveyof Sorne Developrnents in the Gross-Neveu Model 

We next substitute equation (5,5) and (5,12) into equation (5,4) and we 
i ' 

, ob;t'ain. 

00 
"J L 

p=O 

[pI2] 
{ r -rqA q (Op' _q 0) 'nI 

q::: 0 
. (5,20) j 

p+2 
a 

, Equating equal powers of a' on each side of equation (5,20) gives us an 
, 

Infinite set of conservation laws. 

For m=O, we have 

( n 0) '~ = hl;; = 0 
1 (5,21J: 

which expresses conservation of energy - rroment urn (along mt h , 

h 2'n=O) 
1 

For rn = 1, (0 i,; = 0 is triv ially' satisfied s(ncen t 0 

For rn>2 

[mI2-1] + 1 
= { q~O yq Aq 0' ° rn-q-2 } 'n 

(5,22) -

wnich are the 'TIon-trivial conservation' laws 
o 

( . 
- For m=2 ) 

, 
YO, -if = (_ nn) 

20 ' t 
2 ,o'nn 2 = y (cs ), n- ( 0 < )'l = - (20 ), Tl 

(5,23) 

- 50-
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For TTF2 

ri'< _ 
and for m=3 

( 
a "nnn 

40 

'(O'Tln 

20 

o a 
, Tl 1'1 ' 1'1 

a , l'ln 2 
(_)p~ = - (20 ), Tl 

a 

( -0 a -
'1) 

(5,23) 

2 
~ ) 

2 
'1) 

(5,24) 

We note the faet that similar relations hold with u -., v, E; -. n· 

Even though we reZied heavity throughout this section on' results 

valld on1)' for N=l, the conservation laws "that we have found hold for 

any N. For more information on this tapie we refer the reader to 

Seveu and PapanicoZaou's article [5J • 

- 51-
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6. Integrability of the Matrir Problern 

6.1 The Local Vesture Method 

In this section we describe a general method for solving system (3,6), 
~ , 

(3,7). It wasfirst introduced b-y Zakharovand Shl1fiat [7]. Contrary ta 

the inverse scattering method which is non-local (the Ge/'fand-Levitan 

equation, an integral equation, is solved) thitPmet~od is local. Zakharov 
1 • 

and Mikhaüov have shown the equivalence to the inverse scatterlng 

method for sorne cases [61. 

Knowing one particular solution (usually chosen to be the vacuum 

solution) we obtain non-trivial solutions (rom it. The vQCUUr'ê solution is 

sa id to be vested hence the name vesture method. 

T,he solution is obtained by soZv ing the Riemann problem that ".Iie describe 

in the nert sections. 

6.1.1 The Revular Riemann Problem . . 

IVe quote Zakharov and Mikhailov who give a concise description of the 

problem [6] : 

"Assume ~hat in the compler plane of the variable À there is given a 

contour r and on it an NxN ma!r.ix-function G(À) without singularities, 

but which in general, does not admit an analytic continuation off the 

contour. We are required ta fi nd t wo rrutrir functipns X j'h), anal)t i c 

inside the contour"and xj).), analytic outside the contour such that on 

the contour. 

- 52-
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(6" 1) 
, 

H ere X 2" X 1 and ~ also depend on t ,no 

Under the transformation xl + g-lX, X2 -+ X2g,equation (6,1) renniry.s 

valide The Ri ermnn IToN em is sai d to be regular if det X 1,2 * 0 wlt h~n 
their damain of analyticity. To obtain a unique solution, we must aet the 

normaZization, that is, the value of Xl or X2 at one -point fntheÀ 

plane. n'hen X J.m) =1, t~e normalization ls said ta be canonical. 

1 n section (6.2) we shall show how to solve the Riemann problem for the 

case that concerns us. 

6.1.2 Proliferation of solutions; 

We show how to obta~n solutions for the system under study with the help 

of the solution to the Fiemann proble:i'. Ci ven a fu,!~ion CJA) defined 

on a contour 1:", we form the new ru nction 

(6,2a) 

a pd '" satisfies 

"'~ = UO",o ,.~ = va.~ 

and q, ( i) i s f n de pe n de nt of "(, n • 

-53-
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Assume that the Riernqnn problem (or G is salved. We differentiQte 

relation [2] ~ith respect to ~ a nd n,and we obtain 

fl 
(6,3) 

C
n

(>.) == X
2rl 

Xl + X2 X 1'fl = yO X 2 XI - X 2 Xl V 
(6,4) 

It is possible to define two functions U and iV analytically continued tram 

the contour r onto the entire compler >'-plane. 

Let 

( O){ }-l r O){ l-1 
U:: X If. + Xl U Xi. ~ - X 1 .a~ - U X l 

(6,6) 

T he second line of equQtions' (6,5) Qnd (6,6) were obtained 'using 

,equations (6,3) and (6,4). No potles othe,. thon those of Uo[ vol are 

". 

1 

1 

" 



(~ 

( 

\ 
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. , 

present in (6,5) [(6,6) J since we deal with a regular Riemann problem1 • 

Fran (6,5) and (6,6), J; 8'~serve that Xl is sublect ta 
.--J' 

(6,70) 

'(6,7b) 

IfwesetX 1 - ~~-r--....:::e deline a function + obeying the 8)18t671. 

(6,8) 

H en ce solving the RI mann 

system' (3,1). We assume 

paramete'" À (ref: eq (3,4)) 

problem allows us to find a new solution to 

(lt U, V, Uo, VO are rational functions of the 

Substituting the explicit formula for U , U 0 into equation '(6,7), \lie get 

(6,9) 

Defining g= Xl(~ =-), Xn= ~l(l = a,),Xn= Kl(l =-0,) _8O.a)l 
derive 

IFor the Riemann problem with zeros (section 6.1.3) thfa la atRI true but ft ,a 

an imposed conditio~. 
- SS-, 

'''f'>' 

. 
i 

~ 
i 
l 
l' 
~ , 
1 
j 
~ 
t 
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the relation between, U g, U ~ and U 0' U n: 

(1) Lettf ng À +. in (6,9) (and a similar equation for an x), lW1 get 

-1 _11 -1 -1 0-1 
U 0 = 9t 9 + 9 Uo g ,V 0 = gn 9 + gV 0 9 

(2) Lèt). + a in(6,9). This gives 

U :::: X V o xn-l Cl X ::::~ ~ - X t 0 
n n fi n ' Tl n n,n n n 

where ~ ,t 0 ~re defined in (2,8) 
n n 

S in Harly>. + - a ' in (6,7b) leads to . n 

v :::: X VO :X-1 a X ::;' 'i' X - X 'l' 0 
n nn n F;n Mn nn 

(6.10) 

(6, lIa) 

~ . (6, llb) 

U Bually the vacu'um SOlutiO/tS defin~ in the canonical gauge. 

normalization defines a ne~olution also in the canonical gouge. 

, 
6.1.3 The Riemann Problem with Zeroes in the Case G=l. 

Canonical 

/' 

Not all solutions of system (3,1) can be round b~ means of the regular 

'Rierrann p-oblem. X2 fs said to have a simple zero af the point À::A If n 
X

J 
has a simple' pole at that point: Worktng in the canonfcal 

n~alf%ation Xl takes the IOTm 

X1=I+I 
An 

). -À 
n 

, , 
,- 56·,-

\ 

\ (6,12)' 

1 • 

t 

f 
1 
1 , 
! ... , 

J 
J 
1 

/i 

'\ 
1 

1 
1 

l 
, 
, 
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Eqûations (3,64) and (3,6S) described real fields and WB tnmedlatttly 

mpose upon X 1 that It be real at rea1 ). 

Xl ls then restricted to have the form 

X =1+ - 1 

n 
l ( 
n=1 

A 
_!!....+ 
l-A 

n 

A 
_!!....) 

A-X n 

. where'K denotell canp lex conjugation. 

() 

We wa1 solve the Riemann problem with the assumptlon that G;: 1. r 

-1 Obvfously, in such a case X
2

= Xl The solutionsthat wefind _U be 

o soliton solution. l\'e ",ll a1so immediately demand that Xl 

should belong to the symplectlc group. It ls required to leavé invariant 

the fo""". 

, 
. (6,14) 

The poles of Xl should not coincide .... th the poles of Uo' Vo· Mweover 

the onl y pol es of li{ v) show d still he the poles of Uo ( v ~ • The 
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.ubstltution of (6,13) into equations (6,5) [(6,6»), defining Ury), lead. 

u.tothe conclusion that Ury), in addition tothe poles of Uof Vo]' mg',!t 

have smpleand double poles À=), ,3:. n n 

Requiring the absence of poles in X-lX == 1 all~ws to det.ermlne a system 

of equation for finding x. By . demanding zero residue at the first as 

weIl as t he second order poles 0( U( V) at l.=l. , w can solve t his system n 
uniquely. 

• 

/, 

l 
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6.2 Solution to the Riemann Problem for the Symplectic G,.oup (G: 1). 

6 :2.1 A System of E quatton fo,. x. 

We no", impose the absence-of-pole, condition to X)("l::;l and we obtaln CI 

set of matri.r equations fo,. An. 

We fir,t w,.ite r l X=1 in full. 

Atr 
n 

A+ } m -1 

(À - y 

m m tr -1 
~;';""""j +L J~ J + ... A' A J 
(>. - >;J m (>. - frJ 

- S9-
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l -[1 + r ~!!1_ + I ~m JJA trJ-l 

_ An) m {A -).,J wn (l - lm) , n 

~ l ,) zA n J A!r Ji • 1.:. -2 A nJ A; ,r1 ] 
(). - "m) 

T hen, 'We define . 

T =1+ l 
n m~n 

,Am 
----+ 
O.-A) 

n f' 

r Am_ 
m (À - r ) 

n m 

-. 

(6,15) 

(6,16) 

Requiri ng t he absence ~ simpl e and second order poles dt ). =). , ,.. 
o n 

obtain (at À = X \Ile simply get the compler conJugate equation). 

A J A tr = 0 -
n n 

.A J T fr + T J A t r ::: 0 
n n n n 

l6,17b) 

We want to find a solution to equatfon (6,17) consistent wtth the 

reqttfrement t hot U and V .houl d not have poles at ).=). , r . .... .. 'te n n 
A in a !actorized fo,," 

n 

(I,J8) 
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~he,.e Mn"Fn are reetangular I7tJtri,*es rmde up o( 2N lines and Kn 

c'df:Umns wit h K .; 2N. For the sak!f!,.,ç/ ciarft y assume t hat rratrices F .. 
'- n ~ If ,., 

are known (we ~ll show, howto .~~,ty get a consistent solution) an'd Mn 

are unkno",\. 

Substituting )(6, 18) into (6, 17a) 

M F + J F )1 tr = 0 
n n ni n 

" . 

(6,19) 

lUe observe fha.t If 

+ -F IF =0; n n ...,..' 
(6,20) 

Tiien equation (6,17a) ls satisfied. i ndependentl y of n • It iB poui bl e ,n 
to deterrrineF without knowingM. MIe nowtackleequation(6,17b) 

n n 
with the help of equation (6,20). Substitution of the latter lnt~ the 

(ormer leads to 

(6,21) 
+ tr tr ..fr 

Nate thot It sa.tffcea that F n J F n = Mn (sinee r = -J) to .oti~'Y the 

.quottOIt. However thl. mal' not be cons'stent with the abaence-of-pole 

requ'rement or U and V. The moBt general solution ls obtained l1;y 

leUlng. 

(6,22) 
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whe,.e Cl t8 sane K X K matri.x to be detenn ined con.sfatently. For 
n n n . 

equation (6.21) ta be aatisfled, we must also have 

tr a = Cl n n 
(6,23) 

Wrtting equation (6,22) in fun, we find that we have obtaTn-.d a system 

o(U near equati ons (or Mn 

M/ 
J F + ~ m 

n m ~ n (). n - >',J 
(F+ J F ) + 

m n 

M (FtrJ F ) 
! nt- m n = 
m ("n- - ).~ 

- M Cl n n 

(6,24) 
, 

6.2.2 Absence of double pole in U and V. 
\ 

It is possib le find a solu t ion F to equation (6,20) consistent w,th 
, n 

the absel1ce of d ble pole in U and V at À = >. n 
We recall that U sat fies 

( ' ~-1 
U = - X dt ... U ) X 

(6,25a) 

and V, v = -X (a - v") x l 

" (6,2Sb) 
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We ln sert e:rp,.e$$ion (6,13) for X in (6,25a) 

A n U=-'[I+~( 
(A - ). ) n 

(A - À ) n 

A ] + n ) 

(A - "f) 

CI 

( il - u~* t 

-1 J 

(6,26) 

P icking up tenns in 1/( A-À i 2 and requ iring that the residue be zero at 

A =l. , we ob ta in 
n 

k. __ 

An being a lactorized matrix, we ,.equire that 

(6,28) 

- 63-
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Th,is represents an additional constraint on F ft and must be canpatible 

with equation (6,20). Equation (6,20) and (6",28) are solved- consistently 

if we assume 

tl 

D(>' ) J F = J F 13 n n n n 
(6,29) 

where a ls sane ~,n - dependent matrix. Substituting (6,29) into 
n 

(6,28), the latter ls identical'ly satisfied due to (6,20). 
\ . 

Similarly one obtains 

C 

F~ D (À ~ J F ni':: 0 
'7 

<? 

(6,30) 

'Which is solved by assuming 

(6,31) , 
Of course, equation (6,29) and (6,3l) must sa ti sf y the compattbaity 

condition 

al' J F =3 r J F 
.. Tl n Tl", n 

(6,32) 

64-
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Which when written in full Cs 

, 
d (J F' = UO 'J F + UO J d F + J (a F' 8 + J F (a 8) 
f;n r) ? n n 1\ n ni n n" n 

= ~ J Fn + VO J 3E; Fn + J (dt Fn) 8n + J Fn (dt 8n ) 

~ (6,33) 

We use equations (6,29), (6,31) to eli mi nat~ a F and 3r F 'rom equation n n .. n 
(6,33)~: Two terms drop on eoch side due to the compatibiity condition 0' the ,0 - system. Then UO J F a + Vo J F B cancels on each aide n n n n 
and we are left with 

dt" '6 - d B + r 8 ,i ] = 0 
.... m n m m m 

(6,34) 

S ince no other constraint 

trivial f 61 
is Vnposed on this equation fts solution is 

- - l 
, B m = grm f!m 

(6,35) 
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where gm is any;',non-degenerate Kn X Kn Solving equation 

(6,29) and (6,31) is greatly simplified f we note that under the 

transformation 

+ 
F + F f n n n 

M +M ,-1 
ft n n 

(6,36) 

where f is an arbitrary non-degenerate rrntrix, A Is'not changed. 
n n 

This freedorr in thE> cholce cf r reflects the ambiguity of the. 
n 

'actorization of A • Hence chooslng a particular e andS , which n n n 
indirectly determines a grven factorization, wùl not affect the final result 

, (>' 

as long as F satisfle's eq. (6.29) and (6,31) "ith this choice1
• ~\'e 

.. n 
choos€' sim,.e S , ë to simpli{y our task 

n n 

We are left w ith the follO'.JJ inp equations for F" '/ n 

ft SUlltCfSto 1Iote tnat. 

D. (A ~ ,,0 ((, Tl, À,) = 0 

D ( >.,) ,0 ((, Tl, ).,) = 0 

(6,3i) 

1 
(6,38) '" 

(6,39) 

Tofind a solution to equation (6,38): ,0((, n, >.,) will give the t, Tl 
dependence cf J F and a mul ti plieati ve constant rrntrix ·~ll permit 

n -
sima taneoul solution with equation (6,20). 

lSee Appendir A ,~,~more detaUs on this tapie. 
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We let 

, (6,40) 

v.:here "F 0 is sorne constant 2N X K nntri;;r. The presence cf J on the 
n n 

right-h'and side ts a matter of convention and here we folloll1 Zakharov 

and \fikhailov. To obtain a constraint on FO lUe must insert liquation n' 
(6,4()J into equation (6,20) 

(6,41) 

o • Otr { °1- 1 
Sinee ~ belongs ta the sympect.ic group it satisfies41 J=J. 

and we are left with 

(6,42) 

Î he ser 'Jf rrntrices satisfying equation (6,42) forms a subspace cf the 

2N X K n 
fpanning 

(6,42). 

6.2.3. 

matri;;r space. And in general, one must describe the IxIsis 

thrs- - iubspace ta obtain a complete description of equation 

A bsence of Simple Poles in liI and V 

In (6.2.2), lUe showed that requirinJ ab;ence 0{ double pole in XX- r

1 

and, abs_~nce of double pales in U and V WQS consistent wfth a.umfng thll 

factorization of A • Here WB show t hat t he absence cf simple pole. {n 
m 
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xx-1 is consistent with the absence of simple pole in U and V. However 
, 

these r-esults are not independent of section (6.2.2) since we wll use 

equation (6,38). ln this section we establish an equation for 0,., which ta 

pr-esent in equation (6,221, that will elirrinatetheresidueat>'=>'n,n U 

and V if ft is satisfied • ... 

Goi ng bac k to equati on (6,.15), \lat i solate the 11 (}. -;~"n) term and demand /' 

that its r-esidue be zerQ. The ,.esult is 

A Dt À ) J T tr- J- 1+ T D( À ) J A tr J- 1 - A a uOI J A tr J-
1 = 0 

,n n n n n n nA A=>' n n 
(6,43) 

The last te,.m of this equation i:, the contr-ibution of un to the resldue. 

T here is a term 

in the p.rpressio'] for- U. E:rpandinp UO(>.) in a taur-ent ser-ies, we see .. 

that the lIt>-À ) contribution is e.mctly the last term of equatfon 
n 

(6,43). Ther-e is a si~lar equation where D(>.,,) replaces the operator 

D (À n) in (6,43). Ma ki ng use of equation (6,18), formula (6,43) fs 

transformed into r 

T D(>' )JF /lftr = At F+ ël, UO), '\ J" Jlr n n n n n n J\ J\ = J\ n n 
6,44) 
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S in ce D(l. ) J F = 0 and T J F = - M a we are left w ith n' n n n ,nn 

AI [1 D(l. )JT tr -M a 3~ (Mtr) =M F+ 31.UO 1).). JF ,\ft,. 
nn n n nn" n nn =n n n 

(6,45) 

-, '. 

Nert we differentiate the transpose of equation (6,22) with respect \ to t. 
Fran th is, we obtain an equation for ,('fJr.M ~r) in temlS of (ëlf;a n) 

(6,46) 

We then elininate(3
t 
F~ fran (15,46). Taking the transpose of equation 

(6,38) ylelds 

(6,47) 

Since cf belongs to the Lie alf1ebra of the sympectic {1rOUp it 

satisfies [2] 

(6.,48) 

(6,49) 
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and us(ng this result in (6,46) we deduce 

Cl (3Jf ) tr = _ (3 Cl ) At t r + F + D (À ) J 't t r 
n ~'n tn n n n n 

(6,50) 

SUbstt:uting equation (6,50) into formula (6,45) gives th~ 'di"e~enti~ 
equation (or Cl that \Ile sought n . 

(6,51) 

Similarly, we {let 

( ) _ + 0 \ -a Cl - F 3, V " ~ F 
"n n " "=,, n n 

(6, 52} 

Equations (6,51) and (6.52) allow us to determine on Q such that there _ . _ n . 
will be nofirst arder pole in Uand Vat>. , À • Recapitulating, WB .-

recall t hat equations (6,40) and (6, 42) det~r~e F while equationa n 
(B,SV and (6,~2) determine Cl • Substituting these results Into 

n 
equation (6,24), we obtain a system cf 1 i near equations for AI that can n 
be solved algebraically. Hence,o using equation (6,18), the An' s are 

dete""'ned and 80 ls X. Since the vacuum solution .0 ls glven lN have 

(ound a non-trivial solution to our prob1em 

" (6,53) 
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6.3 Solution to the Riemann Problem for the Symplectlc Group (Part. IIJ 

6.3.1 A More General System of Equations for X 

1 n theïr paper "0 n the 1 nteura bUity of Clos.lcal Spinor Model. in Two-
J ( 

Dimensfonal Spoce-Time", [7] Zakharov and MikhaaoY not only atudfed 

Bymplectic s)mmetry but also unitary and orthogonal symmetry. For the 

unitary group, they, presented 'a solution, wlth X hating pole. at 

conJugate points an,alogou8- to equathm (6,13). However they al.o 

sltowed a solution with only one pole. We quote them: 

, 
"ln the case of a unitary group there ls a solution with ont y one pore: 

(6',54) , 

where f{ ( ,0) = 9 0 (( ,:0,).) FO,FO Is an arbitrary constatJt N X K 1RJtrlz 

(det ~FO+ FO)" 0)." 
'" 

ln the case of symplectic and or~hogonal groups the)' didn't mention these, 

one -pole solutions sa that one WOB led to beUeve that they didn't ezfit. 

We ask ourselves: do these one-pole solutions e~ist or not! 

Jumping 'to a se,lm1ingly unrelated' problem, we look at equatlon . (6, 24) and 

observe that~' ln ts a real parameter, the third term of thi. equcrtfon 

goes to infinit)'. -In that case, equation (6,24) C8Qses to be vaUd. Es 

there,a solution when ln la reat? 

- 11-
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lt Just 'happens that the answ.r. to the.e two questions are Id.ntlcar. 

T he on .... pole
l 
solution lor the symplectfc group fa 

( l -1 tr 
J( ~,Tl ,1) =- 1 - If f10 F 

. (A - " 0) 
(6~SS) 

j 

where 10 E Rand, F and f10 a,.e real analogs of th" natrices descr'bad 

,In the previous BubsecUons. In the following subsecUon tbese matrices 

wa~ be described thoroughly. 

The oné- pole solution ls usually oalled a soUton solut,ton whae the 

conjugate-poles solution ls called Q doublet solution. The gene,.(c te,.". 

for- these two solutions la "soliton", which ls a lIttl. confusing .. 

ln this subsectlon and the two subsequent ones we plan to stud) ,the 

solution ta the Riemann problem with X having P single poles and Q 
double pales.' This X will yield. the R- soliton solution with 

.. 
R = Q + P. 

Conslder the foUowfng·X matrf;r, 

,p. A R A A 
X = 1 + l m + r ( _.!l..-- + __ q_\----I) 

'm=l (l,~ Am) q=P+l. O. - 1) (A - r) 
q .q 

(6,56) 

' " 
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, 

where R = P + Q and, 
.. , 

for m= 1, •••• , P 

for m :: P + 1, •••• , P + Q 

-1 
We aak, os ln section (6.2.1), thot poles be absent ln XX ,= 1 

R A R 
XX -1 = 1 + I _lL_ i T tr O.) J- 1 + l J T ,,(>.J J A tr rI 

m= J (>' - l. ,J m m= 1 (>. - >. ,J m 

+ 

+ 

R 
l 

A 
_JL . J T ().) J - 1 + 

- q 

R 
I l 

q= P-#-l 0.- À ) 
q 

R A J At r -1 
J 

r m m 
--(;':;'m)2 

~= J 
+ 

R 
I 

q= 1 

q= P+ 1 (l. - r ) 
q 

A _9 
J ,,/ J -1 

(l.-Iq)2 

- 13.-
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whf1re 

T ().);I+ 
·m 

T ().)=!+ m 

P Il 
+ l _!L-

R An R X 
+ '" __ + '" _!L- m=P+l ••• R 

L L -' " 
n=P+l (A-A) n=P+l (A ~An) n= 1 (A - A ) 

n n#P n 

The_ absence-of-smple-pole condition, leads ta 

A 'J~tr +f J Atr == 0 n=1,··· ,R 
n n n n 

- + - + A JT +'t JA =0 
n n n n 

n=P+ 1.·.· ,R 

(6,58) 

(6,59) 

where't = 't (). ) and T l'A) is defined ln equatfOl1 (6,58). 
n n n n 

And the absence-of-double-pole condition gfves 

A J At r J- 1 = 0 
m m 

m=I,··· ,R 1, 

m=P+l,.·· ,R 

- 74...; 

(6,60) 
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Equation (6,60) fs soZved assumlng. 

n=:: 1,- -! ,R , 
(6, tH) 

where M and Fare 2N X K matrices which are real for ,,< P and 
n n n 

campiez for r:J> P. 

T he matrices F satisfy 
n 

Fn J ~r = 0 n= 1,- - - ,R 

T he solution to equatlon (6,59). is 

(6,62) 

(6,63) 

where a is a K X K l'rrltrix function which ls real for n < P and 
n n n 

cOlnp-lex for n> P. 

For n > P, the accompanying comple:r equation ls 

(6,64) 
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Wrfting e'l.u.atlons (s,63) and(6.64) in fu~IJ we obtain 

JF + 

" m=l 
m--n 

) 
} :: - M a 

n n "=1,··· ,P 

.. 
p 

l JF + 
" rn=1 

R 
+ l 

. q=P+l 

JF + n 

R 
+, l 

q=P+l 
q'# " 

il 

M (F+ J F ) 
>1-.9 q n 

(>. - r ) 
n q 

\ 

:: - M a 

" " 

= -M œ 
" n 

R 
+ 1 

q=P+'j 
cpm 

(6,650) 

n=P+ 1,··· ,R 

(6,65bJ 

M, (F tr J F ) _q q n 

(fn - AqJ -

"=P+l,- •• ,R 

(6, 65c) 
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6.3.2 Absence of Double Pole in U and V. ,/ \ 

In a way identical to that of section (6.2.2), we find a solutiOl'l F nto ( 

equation (6,62) consistent with the absence of double poles in U and V 

at À = À n 

R 
U :=: Un + r 

rTFl 

+ 
R ; l 
1. • 

q=~l CA-f ~ 

R 
+ L 

l'TF1 

w h ere D 0,.) := a ~ - u 0 0 .. ) 

\ 

-1 
J 

1\~ pick up terma in 1/ (À-A )2 and we set the residlle equal ta ze~o at " 
n 

= À ;r . n n 

A D~ ) J A tr = 0 
n n n 

n=l,-·· ,R 

(6,61) 

A D ~ ) J Â+ '= 0 
n n n 

-
n=P+ 1.-·· ,R 

An being a factorfzed motrEz, we aak that 

U .r; D ~n) J Fn ;:: 0 
• (1 

rt-=1,··· ,~ 
" 

11-
'(6,68) 

, 
.. 

J 
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T he solution ta equation (6,68) ls , 
J F = 1jI tt ~ 1 Tl;' ) J F

O 
n n n n=l, •• • ,R _) 

(6,69) 

\ 
1 1, 

S in ce ",0 is real ot real. values of .paraneter À it foZlows that FO is a - n n 
real :N X K constant matrix for N ( P. -It satisfies 

, n , 

D 

,(6,70) 

1 n solving equation (6, (8), we assumeçl 

• 
( 0 

DO. )JF =0' n n ~ 

(6,11) 

Similar equations hold for the V-case. 

6.3.3 Absence of Simple Pole in U and V 

,1 
T he ab8en~e-of-simple-f'0le requir~ment leads to the equatio~s • 

. "" 

or " + - + 0 0l + 
.l'l D'~ ) J T + T D if ) J A - A Cl, U À" J A = 0 q=P+ 1,· •• ,R 

q q q q, q . q q /\ =/\ q q 
(6,72) 

. t 

( 
\ 
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~ 

'One easily, deduces that the dlffe,.ential equations satisfied by Q are m 

= rra UOvl - J F m = 1,.·· IR 
m À À=À m' 

m 
(.6,73) 

c '., 

1,··· ,R 

(6, 74) ~ 

We have desc,.ibed the tools fo,. obtaining the R-soliton solution. The 

non-trivial solutibn to our problem wal again be 

,(6,75) 

We postpone the discussion of the Gross-Neveu fe,.mion fields in terms of 

X and 1jJo until section (6.2) since in o,.de,. to do so we need ta know a 

little bit more ab~ the vacuum solution. 

- 79-
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7. Integration of the Gross-1Veveu \Iodel 

7.1 Vacuum SolutIon 

Recal! that 'We want ta solve 

v DT) + V O( + ( U 0' V 0] = 0 
, ' 

(7,1) 
" 

u + [u , t ]= 0 
nn u n 

v + [V ,'1' :::0 
nn n n 

T ne simplest solution that cames to mrnd is the one for which aU partial 

derivatives and commutators present in syst~m (7,.1) are zero. Hence the 

matrices ~(~),V8(n),UO(E;),VO(rd lItll becalledavacuumsolution if _, n n 
they satisfy-

[ u g , V g] = 0, t u ~ , ~~ ] ~ 0, 

0-
o 0 r Un 

'f = U - L----' 
n 0 (a +a ) 

n m 

~o = V ° + n 0 

\,0 

I- m
-

m(a +a) n m 

~ 

(7,2) 

,(7.3) .. 

When the gauge rJf system (7,2) coincides wit~:lthat of system (7.,1) (the-

non-trivial system) we deal with a first arder vacuum. 'If Q 'gauge 1 , , , ,. 

transformation is necessary ta bring system (7,2) ta the gauge of system 
< ",0 ( ) "'0 ( ),.... q. ... 0 

(7,1) we sh~ll obta~ n the' rn:ztrices Vo t, n J V 0 ~,Tl , U n- ~ ,Tl),- V n (t, Tl) 

called a second order vaccuum solution. 

"'"""'" 
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The Gross-,"'Jeveu model was deduced from the one- pole problem at 

aI':: 1 in the canon ical gauge. The canpatib il ity c;ond itions 'were 

(7,4) 

The first arder vacuum is then direetly defined in the canJ)n~caz' gouge'. 

(7,5) 

For the second arder vacuum, we must go ta, a' gQuge which is not 

cananical, and solve 

[U~(,).v~(")J = O.[&'~ (,~~[") +t~(")J o O( 1 0 = 0, [V l( Tl),lI 0 ~) - l' l( t )] = 0 

(7,6) 1 

, 
T he seCond arder vacuum is obtQined by gouge transforming this salutiç>n 

back to the canonical gauge. 

For the Gross-Neveu model it happens that a nilpotent matrix describes 

the first arder vacuum and non-physical results arise, from ft. We leave 

this issue aside and immediately consider the second order vacuum. It is 

easier' ta {ind the sepond arder vacuum solytion direçtly\ tram the Gross

Neveu equations of motion. We then use equations (2,18) and (2,22) ta ' 
-0 ..... 0) , , -1 

deterrTlÏ ne the rmtrices U
1 
(~,Tl) and V 1 (~,Tl • Using a rmtrix (g ) we 

perfarm a gouge transformation ta the u~ and V~ system. It Just 

- 81 -
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00' hClppens t hot U 1 and V J are matrices wit h constant coefficients. 

Denoting~O, the solution to this system,.O= goO ~ll bethesecond 

order vacuum solution in the canonical gouge. 

progam now. 

We carry out this 

The. vacuum solution o{ the Gross-:veveu model corresponds to Il constant 

a field indicating Clbsence o{ solitions. The equations o{ motion are then 

a •0 . ~.a. 
TI = -1.°0 ,. 

(7,7) 

-
This can be written as~ 

a ,a ., a ljIa 
Tl = c- ~ =. i = constant 
.a ljIa 

0 0 
(7,8) . 

,-

From equation (7·,8), we deduce t hot ljIQ, ,a can he written as a product 
- a 

of t wo-fu nct ions depending only on ~ and n respectively. Also * and 

~a differ: at roost by a constant. The final result can be put in the 

(orm 

where 

l3 e a 

a =...l.
o 2 

" 
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A ,a are arb itrary real con stan ts l 
o 0 

. ' 
--::.1J - 0 0 a Ui and VI are determi ned from, and ljI • , ' 

From equation ,.( 3,22) we ha,!e 

V 1 is defined by (3,58).' H en ce 

(7,10) 

\ 
= "i(l, 1 1jIf3+N, l when e ( N 

(7, Il) . 

=Wa lWa-N 1 when e N , , 
( 

Summation signs were omitted in the first Une of equation (7,11) 

lIt is important ta notice that the fields have been rédefined so as to cancel a 

factor of four appearing in V~ and V~. The new defi nitions are 
o a. 1 >1-

1JI = ljI a 1 + i 1jJ +N ., cp = cp +N 1- lep l' cr = -2- L Re 1jI cp 
0, a ,1 a, a, a 

- 83-
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~e v~, belongs to the symp ect 1 c group it has the form 

.... 
VO = 

1 

It follows that 

_ i j _ () - 1/2 . 
(A 2) .. - - R ejI in 1jI - A. A, 8.8. 5 ln e. C os e . 

lJ 1 JI] 1 J l 
, l' 

_ i j _ (-lY2 
(B _).. - Ret R e 1jI - A i A j 6.8.) , Cos 0 . Cos e . 

2' IJ . 1 J 1 1 1 

1 ) _ i j _ _ () - 1/2 . 

('7,12) 

1 C 2 .. - bnjI m 1jI - A. A, a.8, 5 ln e. S in 0 l' 
l] 1 J ,1 J 1 

, (7,,13) 
.... 1 

A similar calculation must also be perlormed f-or U 0 

,.,. ", [Al 0',. 1. 
U

1 
- , 
. ' C 

" 1 
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The result is 

, 1/2 
(A 1)" = - A , A. (~, B .) S in ai Cos e/ 

l} '1] l} , 

(B 1 J
I
./ = - A, A. e. 6 .) 1 2 S in e. S in 0} 

1 ] I} 1 

. (Cl)" = A.A
J 

(6.6.JI,2cose.COS9
J IJ '. 1 1 J.. 1 

• -0 (7,15) 

T h " sr 1 1" 0 {D} - l 0 ··Jt h th pl i i Il e gauge. tran • ormatlon t = g • , _ e sym ea C 17Dtr :r..., 
\ ' 

the form1 ,,=-

.' 

( Y II ) ,. = ( g22)" = 6 .. Sin e. 
lJ IJ IJ J 

( y 12 ) .. = ( y 21 ) .. = ô ,. Cos e. 
IJ IJ IJ r 

(7, 16) ,) 

transforms 

-0 V . 
~o, Cl ",0 = __ L ",0 

Tl (À+l) , 
(7,17) 

-
1 T he derivation of this result ls not shown since it sheds no light on our 

main concerne !ts validity can easUy be verified. 
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'. 

(nto 

(7,18) 

\A1here W
1 

and W
2 

are rmtrices l4ith constant coefficients 

. ,W = [0 
1,2 

.... 
, 1.1)1,2 

(7,19) 

with 
,

5 
J. -

( ) 112 
- A, AJ . ai 8 1 ' 

(CA) "J = -(J 8 i & f' - __ L----=---'----
.pl 0 J ( ). :-1 ) . 

(7,20) 

( ';;;1) .' = a 6. 6., 
IL IJ 0 1 1 

and J 
C
-) . -1- A A ~ (a a,r 1

/
2 

(.1)2- i'=o 8i~" i f i i J 0 IJ - ---= -
( ). + 1 ) " 

\ (7,21) 

, 
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We observe that W 1 and W 2 canm ute at aU values of the paran ete,. ).. 
o T herefore. can be sought in the fOTm 

Wheret~ andt~ satisfy 

a ~o ~ W~O 
t l r 1 

The formal solution to equation (7,23) is 

• 

(7,22) 

(7,23) 

(7,24) 

\ 

-
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7.2 Solution of the Gross-Neveu Model 

7.2.1 Solution of the spinor problem 

We remarked that the equation saUsfied byV ls equation (3, la) at n 
). = _ a while ~ satisfies equation (3,lb) at À = - a • Sfnce we have 

n n n 
shown how to find a non-trivial solution to system (7,21) for any À this 

suggests. an easy \my of solving the invarient {ToNem+ and, are n n 
obtai ned from t he non-trivial sol utton by setti ng À equal ta a and - a n n 

in it. 

Actually a ~ubtlety' arises. There e:cists an ambiguity in the definltion 

"of "'n [~n]· The rratr.ix obtained byright-multiplying+ n r~nJ byan 

arbitrary matrix function of 1"1 ft] 
is also a solution of the spinor problem. The Clf!Ibigufty ls even, more 

general and il ls discussed in detafi by the" original authors [Z~]. 
Making use of this fact simplifies the determir:;ati.?n of 'n° We assume a 

faetorized voeu um sol ution and we set 

~ = X (E; ,n) gPr; ,n) ~02 (n,a ) 
n n n 

(7,25a) 
,,,,, a 0 

1jI ;::: X (ç,n) g{ç,nJ ~l,(ç"a J 0 n n ,n 
,('f...25b) 

Taking the derivative of (7, 25a) with respect to 1"1 we easUy obtain. 

JI. -= X gO ~ 20 (Q ) + X (gO ~20 (a)' = ., X gO., 2° 
'f nn nn n n n )1"1 n n ) 

1 

,. 000 00 + X [-~ g ., 2 (a ) + (g ., 2 (a ») J = ~ .4> n -n n n 1"1 n n 
(7,26) 

The last step is obtained with the help of equation (5, 2b) that we use at 
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À = a and which causes canceZlation 'of the term inside the brackets. 
, n 

DerivatlC?n of (1,25b) with respect to~ gives equation (3,23). 

6 

Hence . we can find a solr.rtion ta the spinor problem using equatfon 

(7,25). ." 

7.2.2 The Gross-Neveu Model Solution 

- The Gross-N eveu Model - is obtained from the one-pole problem with . , 

a = 1. Taking into account the redefi,niHon of the I~elds (section 7.1), 
n . 

:'the solution 01 the Gross-.Veveu model ls: 

( 

(1,21a~ 

. . ) 
~ 

• 
/ 

1 t • ~ 

l' 

: 
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7.3 Single-Solito'! Solutlon 

Using equation ~6,65) we lind the matrix X with one solitpn (p'=j) and ho 

doublet (Q=O) pfesent Equation (6,65) has the form - ' 

JF=-Ma --
(7,28) . 

where we have omitted the unnec;essary index. 

Su"bstitution of equation (7,28) into equation (6,61) and (6,56) yiel'ds ,. . 

which ls the solution displayed in section ('6.3.1) 

:' 

, ' 
" , 

\ ! 

1 

(7,29) 

\ 

1 
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t' 
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7 * 4 Two-Soliton Solution' 

• 
Using 'e.quatioh (~,6,,5) 'we find the matrix X with two -solitions (P=2) and 

• 1 , 

• J '. no dpublet· (Q=O) 
.. ' 

'. 
Equation t6,'65) ,reads 

, ' 
"*' __ M_L-

{X l - X 2) 
(7,30) 

Ml' +----
(X

2
-x l ) 

1 Ftr J F) M 
f 1-' 2 = - t" 2 

We deline 

(7,3!) 

T he.matri:r M 1 is 

M = _ ( J F ) a-1 + (J f'2) a2 E'21 al 1+ 

[ 

, -1 -1 J [ 
. l 11 (X->.) 

. ·1 2 

F12,,~l F21 "?J 
( ).1-).2) 1 

(7,32)' 

An analogous equation holds far M2* For the sake of simpl icft y WB set" 

Kn = 1 (n = 1,2) and a l' 0.
2

, F 12 , F 21 ,became functions (no longer 

matrices). Ml is transformed inte 
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, .. , ,(7,33) 
~ , . 

';' .; J • 
, " 

The matri~ X takès the farm 

,. 
+ 

", 

,( 

~J ) ~ •• 

" " 

....... ' 

~ (~2-ll al J F2r; ~ (l2 - ~iF12'J Fl F;J. 
• ~( À - À ~ _", • 

.. 

. , ' 

" , 

" -: 92-, 

.-
" 

'J. 

'... ~ . 
,i$ 'fi! : $ J"P; 4 .. $ - ~! , . 

• P" 

, " 

. , 

.. 

" 

. .. 

." '"' > 

. ,~ 
Q , , . 

. ' 
1 
(" • 1t 

, ,'. ~ , 
• t 

0. 

'\ 

' . 

.' , 
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/' 

7.5 Doublet Solution 

We find the matriz X with one doublet (0 ::; 1) and no soliton (Q ::: 0). 

While solutions (7,29) and (7,34) were not given by Zakharov and 

MikhaUoVt, the sollltfon that 'Ille display here was lound by them. It fa CI 

direct consequence 01 their lundameptal work that \&le have exposed in 

chapter 3 and sections 6.1 and 6.2. Equation (6,65) becomes 

J F + M (Ft J F) = - Ma 

(>"0- }:o) 

. 
The co.mplex conjugate of equatÎon (7,35) provides the second equation 

necessary to find M. 

Substitution atM into (35) glves 

J F - --~------- + -----~------ ::; - M a. r 
( >'0 - 1" 0 ) 

(7,36) 

From equation (t, 36), we easily get M. 

M = ( >. 0 - i" 0) [ J F - ( :\ 0 - r 0 ) J F ( F + J F ) -l, ; J .. 
(7,37) 

.. [ Ftr J F + 1 ).0 - >"0 12 ( a+ ( Ftr J F )-1 Cl )t,.]-1 
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whe-re we' used Qtr = CI ta write t 

_. ( F+ J F )-J. = ( a + ( F tr J F )-1. )tr 'f~ eq"'tfOll-~1)'-
The matri:r X of equation (7,25) fs then 

( 
X(t,Tl,À) = 1 + 

( 

1,0 - r 0 ) 

). - À O ) 

(1.38) 

-

It [ Fr J F + 1>'0 - rO 12 (Q+ (y" JF Fla )tr rI Ftr , 1 

. . 
* [ p+ J F + l >. 0 - );0 12 ( (1+' ( Ft,. J -j rI Cl ) ] -1 F+ 

(7,39) -

When (1 = 0, the solution becomes 

À 0 '- ra 
x It ,n;') "f 1 +-.1 ,'--;'---'=-

1 

( >. >. 0) 

J/ 
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1.6 R-SoUton solution (P saUtons and c: doublets) 

ln thE. section, we determine the form. of J,( when soUtons and doublet. 

are present in arbttrary num ber. T hroughout this section we aa,ume 

that K = 1 and n = 1,",R. It foUows that Q' ant;f;Ftr J F ,.... 1 X l 
n n l' m n 

matrices,that ls ordinary fURetions. 

~e define a (P + 2Q) X (P+X» matri.r fun.ction Dst: 

- The d làgonal ell!1llfffl 18 of D st are 

D :: a for s = 1,··· ,R S. s J 

/ 
(7, 41a·) 

, ' 

D-:: œ'o s = R + 1,-" ,P + 'YI 'sa SI' r ~ 

- For s = l,··' ,P + '0 'f t = 1,""P +.C' , S ~ t 

(7, 41b~ 

For s = l,' ••• ,p +.. Q , t = R + 1~··· ,R + 0, . 

+' . 
F (t_Q)JF B 

(>'s f(t-Q») 
(7,41cJ 

.. 

- 1 
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~ 

- FoT' S == R + 1,··· ,P + 2Q , t :::: t = 1,··· ,P 

(7,41dJ 

- FoT' S == R + 1,···,P + -2Q , t =P + J, ••• ,p + Q 

tr -
Ft IF (s-QL 

( A -). ) 
n s-Q 

(i ,41eJ 

- F OT' S == R + 1,···, P + 2Q, t = R + 1,···, P + 2Q t s '# t'/ 

+ -
F (t_Q/F (s-Q)~ 

A(S_Q) - 'f(t_Q) 

... ~ (7,4i!J ) 
We T'ecall that {F,J is a set of 2f X l, matrices defined on ly flrr 

,m = 1,··· ,R. 

/ N e:rt, we define a set of :N matrices En of dtnensiOl1 .(p +-2'.1) X 1 

o 
- 96 -: 
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{E,.lm = (F,,)n m = l, ••• , R, ft = l, ••• , :II 
(7,420)· 

li 

(E,)m = (F(m-Q)rn m = R + 1,··· ,R + Q, n == l, ••• " 2V 
, (7, 42b) 

~I 

. th ,th'-\ 
where (E) means the m component of tHe n fth:::tor E and (P ) , 

th n m th 1 m'n 
the n component of the m 'Vedor F. 

We also create a aet of (P + 2Q) X (P + 20) ma'tricea C 
. th pr 

('p = 1, ••• , 2N, r == l,···, P + 2Q) where t"e r column of nut,.lz D 

has ,~een replaoed by E • • 1''' and",." in C ... sh.GUld not be corfu •• d 
1 - P _ 

wfHt P"OW and column indIces. They are labels used to diatingufah 

dlflerent matrices. Indeed, we have 
~ 

(7.43) 

(C pt" ) Cr = ( E p ) t 

-
where "i" ls the row index of rrr:ztrix Cpr and "j", the column lndez 

- ... .... , ':' 

lVe linaUy d,fine the last object necessary to oI;tafnning the R - .lfton 
solution. We formP + ;Q vectors Cr of dmenslon ;ri :r 1. 

1 

(C ) :: det C r = 1, ••• , P + 2Q 
r p pl"" 

(7,44) 
th ' 

whe" (e ) means the p el971ent of vector C .• ,.. p r 

f, 
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Loo""', at equatlon (8,55), we obaerv. thot 

if =_ J C 1n+9) 

niD 1 

J ë 
;;::----~ 

, D , 

ft = J, ••• , R 

ft z: P + 1 •••• ,R 

r he R-aollton ,olution now teke. the torr/. 

+ 

R J Cn 
Ft,. ;:.. 

[ n --

.. . 

J 

i. 

ë n 
F+ 

n 
+. r 
m=P+l ( l ln) l D ( A - r n) 1 

, 

(',45) 

" , 

.,. 

(1,46) 

15 1 1 

p~e should be oareful in inte,.preting X. " One might be Zed to beUeve· 

thjlt there is no soliton-doublet interaction since we have ,eparate ',. 

summations for soUtons an'd doublets. T he~e interactions are contafned 

in the rmtrices C
n 

which expresses interaction of a given soliton (or 

doublet) -w.ith other solitons and doublets. From equation (7,46), ft ls 

easy to obtatn the two fundamental interactions that we lelt aslde: the , 
,. soliton-dou blet interaction and the dou blet-dou blet interaction • 
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, .7 SoUton-dou blet Solution , ' 

In th f8 section' \lie apply the machiner)' of Ncefon (,. S) to ffnd the 

.oUton-doublet .olution. 

The mat,.(x D ia 

Ft,. 1 F 
2 . J 

<' p+ J P 
2 1 

0. 1 
(A [ 1 2 ) (1 1- >;2) 

~': 1.. 

Ft,. J F F+ J F
2 

D :: 
1 2 2 

0.2 • 
(). - >. 1) (A - >:2) 

2 2 

F tr J F Ft,. 1 if 
1 2 2 2 

----~- Cl 2: 

0. -1 À 2) (r -2 '" 2) 
(7,47) 

We B)If11bolically designate-tlte.~et ofm,atr'I.t;ea En by, 
- ' 

'-
FI 

E= F
2 

F
2 

(7,48) 
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\ 
\[1 
, . ~ 

~ 

~- " 

;t lollowl tlÎat maJtce. C '1 and C 2 are 
,p p 

Ftr J F 
(F1)p 

2 1 

(A 1 ~ ~2) 

Cp1 (F~p °2 
'. 

-
t,. -

(F2)P 
F 2 . J F2 

(A 2 ->"2) 

and 

. . 

Ftr J F 1 2 
Cp2 = 

, ' . - 100-

iq ~,( J 

• 
+ 

F2 J Fl 

(Al - r 2) 
+ F
2

J F 2 

(~2. - î 2) 

(1,49) 

+ F2 J F1 

./ 
().1- A 2) 

1 

+ F
2 

J F 2 

(l2- l z' 
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. " 

We do ,not need Înatri:r C p~" 1> 

. ., 
~ • l 

The detenjr Inant 01 matrices D , e land C 2 are 
, l ,p p. 

, . 

J ~ 2 Re { [ 

Obvlourly 'DI Îs a real'/unction. 

, 2 -
F+ J F 2 2 

te 1pl ( FI ) { 1 
2 } = a Z p 

(i" - " 2) 2 

Ftr + 
J Fl F 2 J ,F 2 

- 2 Re { 
2 [ 

" . 

(1,51) 

Ftr J F 
---=1~--=-2 _. ]} 

] } (F 2) P iï 2 (~Z)p 
(A - " ) ("2- I 2) 

l 2 

J01 
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'"' t >, 

. Ftr J F -le -1 = -' (F) { 1 2. 
2p Ip fA. _>.)' 

2' 1 

-a -2 

+ 
F,2 J F2 

(>,'2. - 'f
2

) . 

. , 

i t ", J F 
1 2} 

(A 1 - ). 2) 

ptr- J F 
1 2 

.(A l - l. 2) 

} 

'. t The m"tri~ X orthe soliton-doùblet solution ls, ' 

'x = 1---1.
[ D ] 

J Cl Ft
I
r . J Cz F t

2
",·\ J C

2 
F~ 

{-: -- ,-- ~} 
\ ( A - Al) (>. - l. 2 ). (). - r 2) 

-1+ 1 { _ 1 

1 D ' 1 rA:" l. j { J Fl·~rH 02 1 - . 
. , , 2 1 ~ 

: . 7>.2 
- ! 1 

1 

-., :\ ~- , 

, . 
, ' -. mz-

, , 

} 

.. 

, . 
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r:~ J F 2 F~r J 

(>. - r ) (l'l 
2 2. 

+ J F Ft,. 
2 2 

F; J F 1 F ~ r J F 2 
( al 02 - -~-~-~-~-J 

( ). l - 'f 2) ( )."1 - ). 2) 

C Ftr 
wh ere W ().) = - J -,,-..;;;;.2_..;;;;2_ 

(l. .. ). 2) 

(). 1 - )..2) (A ~ - ). 1) 

(7;54) 1 

" 

one..~oce~d in t~e s~me ~y and tfn'cI the d<?ubfet-cfo'u~et solution 
. ' ' 

, which ,we do not display sinee it is tOI> 'eumbersome: 

\ 

, 1', 

• 0 

-----~ --~ 

\ 
\ 
\ 

r.f ,JO 
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8 Erplfcit Calculations for the Case N = 1 

, 1 • We wG 1 explicitly pei'"form aIl the steps nec ••• ary to obtatn .olito..:.n 
" 

solutions within the framewo1'k of the theDry developped' in .eCtion 

(6.3). 

First we Ust aU the steps necessary to get the soluti~n &0 that the 
1 

reader can follow the calculation dosely and msil)'. The 'ollowing 
o 

objects must be calculated. . '" 

(1) The Vacuum sol ut iolt:"'O (Ç,Tl,).) (2 X ~) 

. (2) The Functions F n 
(2 X 1) 

(3) The Functions an (1 X 1) 

, .( 4) T he ~tttrices M (2 X 1) 
n . - ' 

( S) The Matrix X (2 X 2) 

(6) l he Sp4nor fiel d ( +(F;,TlJ) . 
+(t,llJ ,<:; ..... .1 ./lM .... " \ ~ 

- . 
(1) The Scalar field a(~,,,) 

, Steps ( ~) to. (T) must 
~ 

be performed aeparateZy for each type of, ~ 

,oUton solution. 

c 
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, 

B. 1 T he V dcuum Solution \. 

We first solve two first arder different(al matrix equations with oonstant 

c~efflc ien ts to . obt~ in + ~t' >..) 1 
~ , ."TI, 

, 
. " , 

0, 

. (), + IL 
" where !Ill :="- (10S . -~ , . q. '0- 0 1) 

(8, li' 

The m6st general solution to t his system ls 

L = 1;2 , ,. ", 

. ' 

, . ' 
,.' 

.. u. 

" 

"'" 

, . 

" 

C~~inh' 11 • + Ci.cosh II . . :r 1 4- 1 

, ~, 

-'10$ -: 
, . " ., 

, . ",," 

" 

(8,2) 

" 

.. , 

, , 

'. 

, ' 

1 
1 

'/ 

...... . \ . ' 

" ;'0 " 
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and 

(8,3) 

n'hen ft will be rTtlre convenient, we \4.'Ïll display the ~ or Tl dependence . 
of the solution by Zetting 111"" \JI ~ and\J2+ \121"1 with obvious 

redefin itions of Il l' J.l 2 

Also, whel! rl!?cessary we will Jbbreviate Sinh by Sh and Cosh by Ch. 

In dealing specifically withO~ andC)~, we will let cf+ Hj and c; .... G
i
, 

j= 1,··Ot 4• 

Two crttica.l and important values of v are v = 0 and v =. (l. :: -1 and 

À ;:: 1). We directly' solve equation (9,1) for these two values. We 

demand ta be able to obtain the Gross-N eveu-fi,eld V'àcuum solution !rom 

the gauge-trans!or'!'eiJ matrÏx vacuum solution according to equGtion 

(6,27) with X ::= 1. We display the o.ross-Neveu field vacuum solution for 

iV ;;;: 1. 
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j 

-1 0 e = -a 0 B~ - a 0 B Tl + e , a 0 = 

and the gauge transformat.ion rratrir 

[

Sin El 

g= -CosS 
Ços eJ 
Sin e 

The relevant matri:r solutions al :.. = ±l are then 

.~ Tl,1 ) 

(8.4) 

(8,5) 

(8.6) 

Note that we display symplectf~ matrices which in the C9se of a 2 X 2 

matrix space is equivalent to showing unimodular matrices. 
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Th,.ee constrafnts must now be imposed upon solution (8,2). 

(i) • ~(( ,A) andt ~(n,).) must be symplectic. 

(li) • ~(t,).) andt ~(n,~) must be commutative 

, . ' 

liit) 
o l' 0 • l(t,l.) must reduce totoof equation (8,6) at À = -1 and. ,must 

decay to t~ of eQua!ion (8,6) at ). :; 1. 

The most general mat~i~e~o~ (';,1), t~ (n,).), solutions of equatlon 

(8,1), that CIre symplectic and commutat~e are. 

-~ 
---_.~-

(H St \J 1'" / 1 .,. 11 C h iJJ-::;(H C h \JI .,. Il .,." S h li i 

~-l(HCh4Al'" 11+11 S""1)" (HSh'i11+ 11 + u2 Chuj 

(8.7) 

(G Sh JJ 2 - / l +- cl, C 1rz JJ ~, ,,(H C h \J 2 -Il + cl S h li i 
.~ (Tl ,À! == 

-1(GCh1l
2
-ll+(} Sh"l)' (GSh11 1 -ll+G2 Chl1i 

(8,8) 
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Il we let H = 51ft 1 and G = Sht 2' then we con w,.ite thes6 solutions ~ 

the form • 

• ~ t,A ) = 

(8,9) 

(8,10) , 

Equations (8., 7), and (8,8) were obtained in the lollowing way: We st art 

~h Il (Hl' H2 , H3', 114) ant2 (G1, GZ' G3, G4), wherethe H/s,and 

G,'~ are the coefficients in front of the hyperbolic functions present ln 

equation (8,2). Sympletic matrices are obtained by requiring that. 

H 2 11 4 -H 1 H 3 = 1 , G 2 G 4 -G 1 G 3 : 1 

(r,TlJ 

Then, w-iting [ .~ , -~:~J.; 0, \/Je obtain four systems of four equations. 

Koch system corresponds' ta an element 9! the 2 X 2 commutator. Each 

equation within each system' ls obtained by demanding that the 

coefficients of the lour possible conrbinations of hype,.bolic lunction. ".11 
zero. For e:J:Gmple, the system r.sulting !rom tJ\e element on the pr.t 

row and first column of the commutator la 
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H3 0 '-H 
1 

0 G
1 

0 H3 0 -H ,G
2 = 0 1 

H., 0 -H 2 0 G3 
0 H4 0 -H 2 G4 

(8.12) 

Demanding that the dete,.min(lnt of the nutriz be ~ero lead. ,to H, = Hl" 

H
4 

= H
2

- Then :fo1ving the system gives Gi= G3, G2 = G,,_ U.'ng, 

equation (8, 11), we get 

(B.l~) 

which if .substitutet{ into equation (8,2) gfves equation (8,1) and (8,8). 
\ ' b 

~ T he othe,. th,.ee .systems yield no new constraints and ttre compatible with 

, . • quation (8,12) _ In equation (3,8) the presence 0( the minus sign in 

Iront 0( 1 1 + c;2 fs necessa,.yand _U be unde,.stoojR9~ lie impose 

constraint (iU)- Th ls constraint w ill canpletely de~""ine.~ and .~. 

- 0 
Dealfng w i~ '2' constraint OH) means that at ). = ~ we must hav e 
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~ 1 

lim GSh _/1.+G2 
~+ - 112 

llm ,,+ -
(8,14) 

Stnee 11
2 

=: w 2 Tl / v, as v + GD, Sh "2+ 0 and Ch 112+ 1. We then MsRy 

deduee 

(8,IS) 

This lim~ng procedw-e ls rathe,. tricky. 1/ WI! look at (.~) 22' WfI 

have 

(8,16) 

The le(t-hand te,,"," fs obtafned 'rom ~quation (8,6) whae the right-hand 

term Is dedueed Irom equation (8~~, uS!y" equation (8,15). lt !oUows 

that the Umit of equation at ~ = 1 ddnnot be equal to eql..ation (8,6). 

Equation (8, 15) i~ right indeed and the paradox i~ solved as follow8 

(0 Sinee the fields arise on the first column of t~, it fa 

imp9rtant that they can be obtained from equation (8,8) at À = l 
Equation (8,15) allows such a task to be pet'formed. 

• 

- 111-
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( . 

(li) 
\ 

T~klng fh.e limit of equation (8,8) is not straightfOl'"ward conBlder- th. -, 
identity 

(8,17) 

As v· + .. , ch + 1, s~ + o. If we proceeded in a naive manne,., . we would 
2 2 C1 0 'ri - , 

useL'Hôspital'sruletoobtain therinitof-u Sh ( -). Thf. ____ a 'v 

would lead to 

f 

(8,18) 

'. 

,'Which is obviousI)I wrong. T herefo,.e 

Un ) + 0 

'a the correct answer. 

.. 
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The '''"ft 0( equatton (S,8) at À = l ls then 

/1 +CJ -
.~ (n.l) ~ 

0 -/l+(f 

(8,20) , 

CI1dw t7ply tTm o· - = G. "G = cl 
v 

,. 
) 

J' 

Demandlng that we obtain the Gross-Neveu fermion fields {rom equation 

(8-;20) leads to equation (8,15). Equation (8,6) is simply disearded sinee 

ft ls now irrelevant to our problem. 

For ~ l' the sit uati on i s even Trore tricky. 

have 

As À + -1, " + 0 an d we must 
1 

1 

1 

( 

(8,21) ! 

-1 / T -1/2 
v (H Ch \l l + 1 + H Sh lJ l ) + A B ( 

1 
111 = ; 1 v ~ sq, t hat as À .. -1, S h \l 1 + 0 and C h 11 1" 1. 

It ls obvious that lor linfte H, eauation (8,12) eannot be solved. We 

/
---2""': 

make the change or variab le H::; • (vK) -1 and equation '(8,12) 

becomes 

113 -
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1 ~ 

• 

• 
.. -, 

• 
t /(VK~ 

1 • ,. 

~ Sh JI 1 + v K Ch JI 1 + 0 

1 
'(8,22) 

-. 

."' -1~---r ., 1: -l/2 

E 
v ( v K) ! - l Ch JI 1 +K- ShP l+A8 

~ 

t c 

1 
. .. 

t 
f For finite Kt this ls easQy soZved and we .obtatn 

. . 
1 

! 
1 

K = \1 -1 /1 ,,2.A2 
1 

+ 

( 
- B 

"-
) (8,23) 

<III 
, 

r . 
/ 

But sinee" + tr~ K ls "ot linite! Since ~e know that the limit exists. we 
/ 

define u new J;t. to obtain the corr'ect limit 

_1 

) f 
1 /1 ,,2 A2 

K= --- + ---
(v + ~) B 

r (8,24) 

/ 
/ 

W he,.. € les a 
1 

s~all parameter important only when " .+ o. 

1 

In ~hat proce~ds we assume that \1 * 0 and we d,.op e • 

J 
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1 
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v A 
III f , 

.. 

, 

, .-, 

• (8,15) 

'1' he vacuum dutlon la "ow complet.'" 4ft.,.",',,". lt hGa tlte ft/lf'fft. 

5 v p 

-1 v p 

(8,26) 

6 = Ch ( Il l + li 2 + ('t 1 - 't 2),) ::; C h Il 

A=Pl+ P2+(T[T2 ) 

. 01 
We then have to multlply. and the matrf.r u:.r get the vacutftl .,rutlon 
ln the canonlcal gauge. . 

The ,.esult la 

/ 

. \ 

- IJS-

v Sin e p + a. e 6 ] 

- v CbI e p + Sin e 6 

(&,21) 

, " 



( j 
',' 

1 
1 

8.2 The Mtt,.fce. F n 

T he matrice. F .atl.(y n 

The trutrices FO satlsfy equation (6,70) identtcally • 
n 

o , lAt F conveniently be of the (orm 
n , 

-1/2 v a n 
where a and b n . n 

, 

(8,28) : 

Gre arbitrary con.tants which are real for n < P and compler for n ~ P 

! 

Th. matrice. F n are then 

F = 
" 

= 

1 -----1-_____ ._~ __ 
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, 1 
,. wh ..... 

y =v 112 ( a p - b 6 ) 
n .ft n n" ft 

Z =_v-1I2 (a a -b p) n ,n n n n 

p =p(v ) , cS =cS(~ ) 
n . n n n , 

~ = 
n 

.. 

, , 

> 
1 

\ 

. ' 

o 
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To lend Il we'must Bolve equation (6,73) and equation (6,74). W, , n 
have 

, 

0' a-Il we Zet F = F l~ l" then we have 
n "" 

J 

whVet (~) = - ( .0 (X,)]-l 

, . 

• 

(8,30) 

'" ,(S,31a) 

, 
(S,31b) 

MW "ZZ 8how that g Qnd t can he related tothe vacuum solution .o(~) 
and that they do .not depend upon the vacuum solution, paramet.r 9., . 

U.fng equatfon ,(3,32) and (3,33), 

, ' 

'.' 

- .118-
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Survey of Some Developments in the GroBs-Neveu ModeZ , . 

we rewrite 11 ,and,r 

g=-
(~O) -el 1/1 ~ 

(oÀ - 1) .' 

,( V 0) -1 V ° 
r = - -.,.; ___ ..:.I.Tl_ 

( À + 1 ) 
-

S (nce V ° = g 41 ° , 1/I,t ;: gt cjI 0 +"g cjI ~ (sin Harly for, Tl) 

" 
and 

f)'> () 

'g,= - [ ( cjlo~-l 'tJ,-1 gf. cjI 0'0+ ( .,0)-1.~] ( À-1 )-1, 

~ E = -l ( + ~ ~ 1 g -1 g ~ + 0 ft ~ 0 
): 

1 
• ~ l ( A-d' . , 

, -
, -1 '. -1 
1'. he matrices g gt and g , un, do not depend upone 

...., 
=-1Il J 

1 

(8,32) 

(8,33) 

(8,34) 

(8,36) 

11 ,; - [ ;1 i,",1 (.~tr .0 +('.Dj-1.~ ] ( 'À .:,' 1 )-1 
, , , 

t::'-,[ w2J( •. ~tr(.~ +(+~-1+~] (À +"_~)":1 
~ . 

1 

, 1 

« • 

r·· " 

o 

, 

'J 

. , , " 

J 
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Q 

Recalling the form of<fl° (equation 8,17>, we obtain 

[- 6 p ( " + 
-1) 

v J 

J( ~ 0) tr~ = 
-2 62 ( 1 + \1 

--2 ) - v + 

(",0)-1$0 
_v (4) ~-1 ~ 0 ~ r 0 ~ = 

~ 

III TI -1 IIl
l 

v 
2 v 

T hE: matrices n and tare then 

- ( -1) 6p \1+\1 
,..., 
IIl

l ----
(}.-1) 

~, 

11)2 
E::::----

v 

0 

- ( 1 + .2) 6,2 + .2-1 
ap(,,-l+ v ) _ 

(8,36) 

J 
(8,37) 

(1 + .2) ô2l 

-6P(V-1 +V)J 
(8,38) 

(J+v 2)p2 

• 

.. 

(À+l) 
1 (-1 ) 

6 p v +!v l 
(8,39) 1 

T hese two matrices are compatible in the sense that if' they are insertf:a. .......... ""ll 
&, 

into équation (8,31), they yield a unique a. - • 

.' 

1 - 120-
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-vV2 b 

a a=-
~ 

( -1/2 v a 

-1/2 
" a 

(8,40a) 

2, 
" ( -1)2.... 2 =-- \1+\1 CI) Z 
2 1 

(8,40b) 

(8,41a) 

(JJ2 ~2 = (v +" - J 
2v 2 

(8,41b) 

w here we used 

Pari. (a) of equations (8,40) and (8,4~) is more useful for a uaUy dolng 

the integratlon. 

1 

- 121 -
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We have 

2 1 
/ 15 d II . = - Sh 

1 4 

f 2 1 
p d}Ji =,-- Sh 

. 4 

p. 
2A,+ __ I_+ d 

2 
Pi 

2A---+r 
2 

çl 

i::l,Z 

i = 1,2 

/6" dll.=_l_ Ch 2A+s 
14' 

i -= 1,2 

CI) 2Tl 
wh ere li 1 = -;; 1 v ~, u 2 = --v-

It follows that 

le v + v -1) 2 
=----- { 

4 

, 
", 

.- . 

." - b a ( Ch 2 A + F ln ) ) .. 

1 

+ -L ( Sh 2 A + 2 U J + F 3 (Tl») } 
2 

- 122 --' 
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O 2 = 1 (a" a ) d" .' 
(v + ,,":1)2 2 

{_,_b ___ ( J) 
Sh 2 A t 2 Il 2 ~ G 1t't 

4 2 
, (8,43) 

2 
- b a (C h 2 A + G l f.) ,) + ~ (S h 2 A - 2 Il 2 ". G it!l } 

2 

R equ ir ing th at a 1 = O 2 :; a 9 Iv es 

a = L 0" 

(" + .v - 1) 2 
where L= - -

. 4 

and 

( b 2+a 2) 2 a a' = ____ ---.;...:::-..,J, __ Sh 2A - b a Ch 2A + (1I
1 

- p~(a - b J + a O 
2 

(8,45) 

To get 0 ,we evaluate a ato>. = A '. Of course the result Es very atnUar 
n n 

to equaiions (8,44) and (8,45) 

.. 
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~ 

1 
Cl n =L 0' n .n 

\ -~" 
'an"" 

. -

2 b2 an + 
a' = (_-=-=-_-..:..:n_) Sh 2 Il - abC h 2 A + 

n n n n n 
2 

Cl On = con stant 

• 

\ . 

JI 2n = 

J • 

- 124-
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8.4 Single - soUton solution 

. 
8.4.1 The Matrfx X 

We have already found an expression for X and need not be concerned 

with the calculation of M. 

We lound 
tr 

X=I- JFF 
(A - >'0) U o 

Rence. 

1 + 
Fl F2 

(A - AO) 
X (A) = 

~ 
a O (A - Aol a O 

r 

_ F 2 
Fl F 2 1 1-

(>. - >'0) 0. 0 (À - >. 0) 0. 0 

""e,.., the 2 X 1 rratl"i,t F ts F = [ ::J 
glven in equatton (8,29); 

F 1 = Co1l3 y 0 + Sine z 0 

\ 
- 125-
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• 
Usfng equation (8,48), we defi ne four col umn vecto,.s )(1 "]'2' Xl' ~2 

Fl F 2 
F2 

1 -
1 

(1 + ;\ 0) a O (1 + ). & a O - ... 
Xl ::: X = 

F 2 
2 

FI F2 2 1 + 
(1 + À 0) a O (1+>"0) a O 

(-) (8,49 ) 

Fl F 2 
_ F 2 

1 + 
1 

(I - À 0) a O 
'" 

(I-À O)<10 

~ 
.... 
Xl ::: X = 

F 2 
2 

FI F2 2 1 -
(1 - Ào) a O (1->.& a O 

(8,50) 

/' 

/' 
" 

T hese vect~"8 wHl be useful to find , and •• 

\, 
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8 .. 4.2 The Spinor Field [:] 

o ~O -0 
~ defi ne two new column sectors 1/1 , , 

and 

~o :: 

L g2y ~lyl (~,-1) 
Y 

L g2y ~2yl ( n,-l ) 
l 

.A 8-1/ 2 Cose 

A 8-1/ 2 Sire 

(8,51) 

/ 
J 

1 

A e ",1/2 CosG 

(8,S2) 

From equations (8,49) - (8,52), we easily find the fields lJI and~. 

. get 

, / \ 

ç , 
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, 

, '. 
1/2 '" . 2 Y o( Zo + i Y o ) 

=,A8- et.::1{l+" -1 -}. 
\ "0 ( "9 + "0 la;' 

(8,53) 
J 
1 

where 

( 

( _ ,,-1)2 L = --10....;.,,, _____ ..... __ 

o 
4 

- 128 - . 
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s.".."., of Sorne DfNelopment. in th. a,.o .... N"".u Jloctel 

, SimaarZy '. 

, . 

1 

-iG e 

, / 

. ~l Sine 
+< 

(1-). ~ a O 

1/2 '8' 2'110 Zo ( Yo - iZ~) 
.:::: A 8' e 1 { l + } 

( -1) , 
\J. + Vo a 0 

(8,54) 

( -1) 
L ( 1 Va + Va where we used 0 1 -),0' = --4._-'-"-_.;:.K..~_ 

2vo 

/ 

, ' 

The functions present in equation' (8,54) are given under 

equation (8,53). 

, It should be noted that the enly effect of the gauge transformation g on 

the field ~ and 111 is to introduce the space-time dependent phase factor 
fe e • 

8.4.3 T he Field C1 

. 1 ... 
. We lirst calculate the canpler scalar. field C1' :: "2' + 

- 129-
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, . ' 

'. 

Il· 

The reault f. ~ 

, 

-1 ., ( yZ _+ vo . 

a':: aO {. '1 + + ( 01.. 

CIO 
, y 0 Zo - i 

41 Y 0 Zo ( Y~ + z~ ) 
( Vo + vo-

1) 2 ( CI'O ) 2 

( 
1 

v ,+ o ' 

} 

T he field a th~t we are looking for ls then , . 

la = R e (0 ,) = a 0 { '1 + 
2 Y 0 Za ' } 

al ' 
, 0 

8.4.4 VerjficatÛm 

'j 

Usfng 

Vo Z~ ) 

-1 ) Vo 

.... 

y œ = (- a 0 8 }}v ~ i 0' Z Ot = ( ,- 0 ri ). r 0 

"~ a O Z~ aO YO 
y - t -1 Zan = ( 2 ) 01- , 

, 8 8, Vo 

CI' '2,'" 2 
Dt = 2 v" /lJ Zo 

. ' 

- 130 - , 
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fi) 2 _~ 
U On := 2 \ 2 -Yo v o 

-,' 

d 

wè can easi1y check that Îndeed w,e ,~und a aolufion'. 

, 

= a 0 A. B 1/2 eie [ 

~ , 
'~ , . 

a' o 

2 Zo (ZO+fY O) v o 
(v 0 + v ~ 1) a o 

(8.60) /
---'" 

~" ' 

, . 

, We' B'!aU watt untft chopter Sand 10 for an erlensivedis<i,ussion of titis 
, . 

solution. 

.1' 
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. 
8.5 Two-Sopton Soll!tion 

8.5.1 The Matrir X , 

, . 
We rfifwrite oequatio/1 (7,34) il'! t~e 'orm " 

X=I 

. (8,61) 

T he solution wal be j. delfll_ed 'in the center-o/-mass system and oon"'" be 

obtained in any,rame bya Lç,reontt boost. Set),l = - ),2= >'0· A. 

slightly different notation than that of section (8,4)' wUl be used 'or 
.' . the matrices Fi. 

i == 1,2 

--,"-
(8,62) 

o \ 

It lollows that 

I,i:;:::- 1,2 

(8.63) 

F Ftr ~ F pl Fi - FI Fi, 
U=·i:' /=a b b a 

(8,64) 
1 

. ' 

-1 

,,' 
, , 



o • 

f
~" 

"\ 

. ," 

l' i, 
1 
1 
t ~ 

i 

0' 

Q' 

\, 

, .. 

., 
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., 

The mat'7ii X's elements are then 

, Fi b. i j 

X 11 = 1 +, r Q. b 

(>'''À i) i, j 
(8,65a) ,: 

f 
Fi Il i j 

X 12 = 
b b 

,P,-À,) 
i, j 1 

(8,65b) 
c' 

Fi b.
ij " ' 

" 
. , a a 

X 21 = -I (À-À i) i,j 
(8, 65c) 

, i 
b. ~ j 

X 2= 
' , l' Fb 0-

J . 1 - , (). .. ~lJ f,j, 
(8, 65à) . ' 

. 
where 

Il 
0 

>.2 Fi H' Fi 
Il ii = 

4 CI. 
0 1 a a -.a D12 " ,-

(8,65e) 

4 ).2 aï Fi H Fi 
Il il,;: . 0 b 6-

b :- i , 

D 12 
-

r-
(8,6S!) 

,/ 

, " 

., . , 
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-H :: (>. i - >. j) Fil = 2 À 0 (Z l y 2 - Y l Z ~ 

Fi;: C os e Y. + S in e Z. 
al' 

Fi:; - c osa z. + S in e Y. 

(8, 65g) 

(8,65h) 

o " 1 
(8,650 

and the prime in E' means that elements with i = / are forbidden. 

Next, the convenient column vector X' is defined 
v 

For example, at À = -1, X' takes the forme 

l - L' F! (à~i - i à ii) 
a 

X' ( -1) :: 
(-1+). .) 

1 

i - r' Fi (à ij - i A ii) 
a b a 

( It>' i J 

8.5.2 The S pinor Field 

(8,66) 

(8,67) 

o 

Using Equations (8,51) and (8,52), the spinor field ls caZèulated 
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'. 

." 
l"e (lJ. b

i 
j 

= AB -1/
2 {e - l' ( l 

"A i j) 
1 Ua." " 

-1- ).") (F ~ C os e + F ~ S in e ) } , 
1 

(8,68a) ... 

( lJ. i j 
"' b r 1. (1-

i j)' fil .,.-""'. 

À /f ( -F ~ t in e + F ~ Cos e ) 
J (B,6Bb) ·r 

~ÙSing ea~at!ons (65h,U, we have 

(8,690) 

-F i S in (3 -1- Fic os e = -z \ 
a b i 

(B,69b) 

Also 

(8,100) 

and 

~ - i r! =J- e
f6

_(Zi + i Yi) 
(8,10b) 

S,ubstituting equations' (8,69) and (B, TO) int~ equation (8,68), ,tI •• • p"";" 
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field i$ obtained at a mathematical leveZ equivalent to that of equations , 

(8,53) and (8,54) (which defined the single-soliton solution). 
1 

il = }/J -li 2 e ie { 1 + _1_ J ~ 
D 12 1, J 

[

2 • . j 4 À O a. (Z. + 'Yi) - H (Z. + "/) 
1 1 . 1 y} 

( 1 + À ),,1 i 

• = AS li 2 e ie { 1 - _i_ r' 
D 12 f,j 

i l 

1/2 
ID 1 [4À~a.(Y.+iZ.)-H(Y.-

= AB e &U { 1 + _ I ' 1 1 J 1 
D12 . . ( 1 + À l' ) 

,I,J 

(8,71b) 

8.5.3 T he Field f1 

If equation~ (8,71a) and (8,71b) are substituted into f1 = V2 Re {f •• }, ft 

'$ found that, at firBt sight, <1 will \have terms p-oportional to (VD1~ 
and (1/Dl i 2• ft easy to trace back the origin cf thes~r'two terma by 

100 king of equation(8, 71). The li*;'d <1 .ill have the lorin 

(B,12) 

• 

- J36-
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" 

We beZieve that the de(in tHon o( a 1 and a 2 ls obv lous -

1 
,) 

4 A
2 (t" al y Z) 2H Y Z 

r { o m m:....--__ li} 
CJ 1 = i ~ ( 1 + 'ATi . ,l 

(7,73) 

where 1 = i,j, m = i,j, 1 #- m. The seçond prime in tIr fs to remfnd us that 

m and lare meta-indices. That ,is, indices whose values they fake are , . 
themselves indices.' 

And· 

fY"i 4 a. - H 2), (--z .Y . 
d 

+2' 
Z. ( 16 A 0 a t - Yi,Zl) l 1 1 1 

(1 + À .) 2 
1 

(8,14) 

where we used 

, 

(Zi - iYt) (Yj - iZi) =(Z'Yj + YiZj ) -i(Y,Yf + ZiZi) 

l , 

Notice that the first tenn of equatlon (8,14) ls zero (of cour •• !)\'. 
We left it there ao that the reader can retNee ~ or~ of the 

œlculation more easay. Using l . 
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, (8,75) 

together with equations (8,73) and (8,74) in equation, (8,72), the field (J 

ia deduced. /'" 

(J + 0
0 

{ 1 +_L 
D12 

, 
1 

, \ 2 
- 4 A 

l [ 0 
i,j 

8. S. 4 Yerrication 

2 Y i' ZI H 
--{'" )2]} 

1 + Al 

(8,76) 

, -
-) 

Since equatiôns (8,71) anb (8,76) are displayed 'or the 'irat .time, we 

believe that il ls impo~tant to -show explicttyly tha( they satfs'y the 

Gross-Neveu equations _~r motion. 
(j 

(D 12)F; and (H)t are, (ound using equation (8,58) and 

S Z2 2 (J 0 
(a,)t = 

1 

( l-A 1) 2 

1 (8,77) 

\ 
\ 

~ '-1 -- 1.- \ 

.-
, . 

(: 
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We "nd 

(8,t8o) 

2 \,' Zf Z; 
(H) t = 4 À 0 a 0 B L ---( 1~+-À-'.:"")- (8, 79b) 

1 
" 

Let's calculate a+. It takes the form 

11 (a+) l (a+) 2 
a+ :: a 0 AB 2 i 8 

{ l + --- + -- } 
D 12 D 2 , 

12 

(8,79) 

Agai n, (a +) 1 and (a +) 2 are de!i ned by isolat! ng the terms rroportlonal 

toi Dl~-:l and (D1i- 2 immediately after the mUltiplication of + an a. 

·,0 ne ftnds that (a ,) 2 contains a tenn proportional to D 12· Define 
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• & 

(8,80) 

J 
..t 

, , 

.. . 

\ 



1 , 

-

1 

i 
1 . "" 
, 

.\ 

) 

c· 

r 

Survey of Some Developmenti in the Cross-Neveu Model 

T he final result ls: 

(a +) l ::: l r{ 4 X ~ 
, i,j 

2 Y i Z i H 

fI + >..)2 
1 

(8,81a) 
HZ. (Y. - iZ.) 1 1 • 1 

(8,81b) 

Y.Z.Z·CY. 
1 1 1 } 

(1 + >..)2' (1 

i Z .) a '. a. 
} Il} . 

>. .) 

( 

1 r 

32 >.~ Y. Z~ CY. - iZ.) a~ + _L_L.':.-L--_-L __ l 

(1 + )..)2 (1 - À.) 
1 1 

2 16 À
O 

Y. z. z. (Y. - iZ.) al' H 
_---'_1 1 11} 

(1 + À.) (1 - )..)2 
1 l 

+ ••• 

• il il _ ~ 

iZ.) al' H 
1 

- 140-
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'\ 

... -

,lt : z~ (Y. - i Z.) 
1 1 1 

(1 + >..)3 
1 

} 

( 8,81c) 

The next step is the calculation of i", t ~ 

Its fOfTTl is 

1 

(8,82) 

AgainV1
2 

contains a term propOl"tional to D12 and we de/ine 

'" 2 = 1jJ 3 D 12' + '" 4 
(8,83) 
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The caZcuZation yields 

'. =( { 1 f,! 

2 Y. Z. H 
1 1 

(1 + ). i) 2 

HZ. (Y. - iZ.) 
111 

(1 + À.) 
1 

(8,840) 

. 2 2( ) 2 ( ) 8 ). 0 Y. Z. Y.- iZ. 8 À 0 YI' Z.Z. Y.- iZ. 
_.,..-;=-- 1 1 1 1 + . _~~,..:.-......."...:-I -J1i..-L 1 1 

i (1 + ).i)3 (1 + À;)2 (1 - À
i
) 

, 
il =L 

3 i' ,1 

16 ).20 Y.Z.Z.(Y. - iZi) 
____ ~ __ ~1~1~1~-1----~ 

Cl + )..)3 
1 

4 2 ( 2 32À
O

Y' Z. Y. - iZ.) a. 
+ 1 1 1 1 1 

(1 + >'j) (1 - >'i)2 

+ ••• 
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(1 + Ài)2 (1 - Àt) 
(8,84b) 
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2 
Zt - tZ , ) al H 

••• 
16 A 0 Yi Zt C Yi 

A i) 2 
. 

(1 - Ai) ( 1 + 
, 1 

8 ). 2 Yi 
Z2 ( YI - IZi) ai H 

, 0 l 
( 1 + À i) 3 

.... 2 Z2 (YI - tZ
I

) ai 8A O Y l l 
H 

(1 + À i) (1 -. À i) 2 

.' 
2 Y. z~( y .- iZ i) H2 

+ 1 1 1 . 
( 1 + À .) 3 

1 

(B,84cJ 

The insertion of equations (8,81) and (8~84) into equationa (8~79) and, 

_ (8,82) respectively yields. 

(8,85) 

which is the desired res~lt. 

One can similarly deduce that. = -( a._ As (nthe one-.oUton 
1'\ 

- solution case, we watt unta chaptera 9 and 10 for further comment •• 
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8.6 Doublet Solution 

, ' / 
8.6.1 From the Two - Solitofl Solution to the Doublet SoluUon. 

, 
Doublets are generolly deseribed as two bound oseiLlating solitO'ls. The 

, ' 

Irequeney 01 oscflation fs -const~nt. Apart Irom theCr nbss, two 

'parameters are needed to describe dou blets: theCr translation veloofty 

~nd thefr Irequency of ,osealation. ' 

Th~ ma,trir x. from' which, the doublet is obtained ls de/ined in equatton 

(1,39). This equation can be cast into the forme 

(8,860) 

where , ' 

" ..-

D12 = i AO - r~ 1,21(112 
- i1-1~ 

F: il J F 

(8,8Bc) 

i ".ans that, to the term in cW"'ly lracket.,. Mt muSt add a term whfch fa 
" . 

th. 'complez-:-conjugate of the eurly- bracket term evalu~ted at A, :: A., 
, \ 

1 . , . 
, 10 f., ln general, a ccmple.r number. Set 

- 144-
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. .... 
lO ::: AO' + i A 0 ' 

\ • _ (8',87) 
). 0 i s the vel oc ft y 01 t he ce nter of m:zs~ and), 0 i s relate4 to the 

oscillation (reque.ncy of the doublet (In a similar wY).l in sed,'on 

(8 .. 5) \Vas related to the veloctty at which the two soUtons were gettfng 
• 0 • 

closer (away) to ({rom) each oUter. We shan descrlbe doublets at rest so 

that ~e set ).~ = i Ao. 1t (ollo\Vs that À'O = - À o.'" Comparing equation ' 

(8,86) 'and (8,61) 'in the center-of-mass system shows that they are 
< 

almost identical.. E,valuating an eZement corresponding to the second 
'\, • ,:Jf 

soliton in equation (8,61) la equivalent to taking the campIez conjugate 

if an element in equation (8,86). This is due to the tact that rql~ - >'0 

corresponds to,). 2 ::: - ).1" Consequently, the doublet solUtion la 

obtained by anaZytioolly continuing the two-soUton'" solution to comlple~ 

val'Je-s o{ the pardmeter ÀO. The doublet solution shall be giv.n 

~:rplicity only in chapter 9 • 

"1 
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8.7 General Remark 

ln this chapter \Ile have developped the tools necessary to obtain explicit 

solutions. We have found the single-solit.on soluti?n) the two-soUton 

solution and from ft the doublet solution. - AlZ these calculation were 

described in great detail. Due:to lack of space \Ile do not give the 

soUton-doublet solution. After what \lias done, ft is obvious that ft 

represents a straightforward application of equation (~, 54). HO\llever 

t-hé algebra should be quite complicated. Fi'!ding this solution would not 

bring forth any new theoretiéal point. lnstead, our energies sha'U be 

",spent on oalculating solutions when an arbitrary number of fermions are 
" p,.esent. This ls the aùn of chapter 9. 

, tr 

-.. 

l ' 

! 
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9. Soliton ~olution for Arbitrary N. 

9.1 The Vacum Solution 

ln this section, We shall solve equatton. (7,18) fdr an arbitrary number pf 

fermions .N • We shall find two matrices S (~ , À) an d T (n~).) sattsfying 
, " 

(9,1) 
.B 

(9,2) 
, 

where Sand Tare 2N X 2N matrices which are symplet:tic and 

commutative. W
1 

and W2 are defined in equation (7,19), (7,20) and 

(7-.,.21) • 

T he vacuum solution in the non-canonical gauge will be. 
" () , 

, 
(9,3) 

T hroughout this section we shall implicitly rely upon section 8 to make 

symlllifying assumptions. 

/ 

o 
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9.1.1 The Matrix S (t, >..) 

ln this section we shall find the matrix S. 

We write S in the form 

s = 

(9,4) 

The rmtrices Si are N X N rratrices. 

T hree vectors r, s, tare defined through the relations 

1/2 

( 2 s = cs_O A L!_l_' _ t. =_ A. S 3./2 ri: c.S.) , .- , 
II 1 (>'_1).1 Il 

(9,5) 

Equation (9,1) can be expressed as four systems of eql.lations: 

(S~j)t = - 1':/2 
3 si t 

S3 
SC-Cfr 

---1:-
J 0 r 8r 1'/ 

(9,6) 

( 2) V2 4 _i t 
S4 

S ii t = - ri f Sil r r 

~o r 8r 
rj 

(9,7) 
• 
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! 

( 53 ) :::1/2 1 1 lj t,ri 
S __ 

1] 
(9,8) 

( ") 1/2 2 
S lj t::: ri 5 __ 

1] 
(9,9) 

T hese systems can he d~coupled. F:5 e.rample, if 
derivative of equation (9,8) and use equation (9,6), 

we take the t

\Ile, get a second 

oreler d ifferential equation for 5:j 

The deco,upled system is 

(5:/) tt = -
' SI 

ri il -

( S~j Vt = - ri 
3 

, 
S .. - s. 

1] 1 

where 

C1 A. ~ 3/2 
, _ 0 ..!;..l _.,..--_ 

oS; - 0;-- 1) 

s _ 
1 

I 
r 

t r 

l 
r 

t 
r 

t ' = A. B~/2 
, 1 1 1 

1 

(9,10) 

(9,11) 

1 dentical equations are obtained , we let l' +- \2 in equation (9,10) and 

3'" " in equation (9, Il). 

f '. 
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Now, we shall solve equation (9,10) for j = 1. Define 

i = l,··· , N 

Nert, we assume that 

s)~ 
1 P 

(9,12) .-r-

where, as of n~, C. , Â and c a,.e arb itrary paraneters. 
Ip p P 

Substituting equation (9,12) into equation (9,10) leads to 

r ( c. Cl + r. t .' + si L te, ] Ch (a 1 / -t + c ) =' 0 
p - Ip P 1 lp , r r rp, P P 

(9,13) 

) 

The Ch ( a!/2 ~ + vJ's being independent fundions, e\lery coefficient 

in the summation must van (sh. We can fo,.m a- system of linear equatfons 

for the C. , 
lp S 

, \ 
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, 

-"'" 
To ob~ain a non~t,.tvial solution to equation (9,14), the 6tetermfnant of 
the matrix must vanish. This yields a l'Ih arder polynomial equation 

(or the a's which allows their determination. A(ter afew simple 
p 

operations. we rewrite equ.ation (9,14) as • .. 

fl 
( a + 'N ) 

,( 

s1 t 1 
1 0 .... o - p 

0 l ( Âp + rI ) ~W 

· \ • • 
• • • • = 0 .r-' 

• 
• • 

l 
(a +r,,) N siti 

0 •••• 
p [ y. + 1 ] 

(~tN ) i=l ap + ri 

11'1,·.· ,N 

" (9,15) 

The (irst N - l d'iagon,aZ' terms ~-:::e\. The last diagonal term 
a + r

N 
ti----:r:- t . 

D ~ l' i~(' -~ï + 1). Thelast column's rth 
~ 1=1 a + ri , p 

ap + r sn t 
element i. - ( N ) ( 1!.-),n = 1, ••• , N - 1. 

a + " $N t
N P n 

Allatlt.,. 

elementa are zero. 
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o bVlouslY, the determinant ls equal ta zero if and onl)1 " 

n 
r + 1 = a 

1=1 
(9:lfS) , \ 

T hia la equ~ivalent to the polynomial of arder N previousl)' anticfPlted_ 

CN pis now consi dered a 'ree parameter and we have 

(9,11) 

r 

It follows that 

1 n a + r • i 1/2-
Si == Sil::: L C N (-E ____ ~) (-) Ch (a ~ + C ) 

p=l P a + r. P P 
pin 

o 

(9~18) 

1 

We omit, the index N in C
N 

which has become 'FTelevant and replace it 
p l 

by an indez f which corresponds to th. column lndez cf Sil- Me al.a 

add an indu J ta cp. The-matrf%.l ,. then 

(9,JIIJ 

'. 
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where M and Pare N X ~matrices 

. ' 
a + r s 

Id 1 = ( ---!!' N) (-E_) 
nm a + r sN 

m n 

pl = C Ch ( 1/2 ~ + ) nm nm an c nm 
( 

and C and c are arb itrary con stan ts. 
nm nm 

U :sing equption (9,8), we obtain ,53 

( S~J ) . = 0 Ô fi ifS:J d t 

= ( Ml a 08 if pl d ~ ) iJ 

=M3 pl 

,,3 =0 8 ",1 
nm 0 n nm ) 

p3 :: ~nm Sh ( a
n
lli,( + Cnm) 

nm 1/2 
an 

" 

r 
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-' 

For 52, 'we start ~t h a Sh series and fi nd 
" 

(9,23)' 
~ 

where P~~'= É nm Sh ( a~/2 ~ + enm ) anôd Ml is definud in 

equatton (9,20). E exnd e are .orb itrory con stan ts. 
nm nm 

~ir,:ularly, 

, ' 

(9,24) 

4 Enm ~1/2 :1 
wh re Pnm::: ~72 Ch (an ~ + e'H,J and A.t' is deri~ed in 

Il 
\ n 
\\quatron (9,22) •. 

Thus\. 'we round the most gene-al ~ol'jtiorl to t!quaticf/(f.1J. Tt' is CI tirs!. \ . ~ 
ordP~\ 2't X 21\' riUtrÎX differedt:1J Z (>qu~tion Url,-,' shoul d contai n 4S

2
1'rf ,oc 

po ,"a met ers. These are C nm· 
c:onvenip.nt [orme 

<: Eon /1 e • Sis ca st i n a 
fi 1/1' nm nm 

... ''1, 0 

. 9.1.2 The Matri:r T(n,À) 

\ 

To find the matrir T(" ,ÀJ, we proc:eed in the sorne 'ashlon. We state the 

result. ''f is w,.itten in 'the fô,.m 
<7 

() 
l 

r 

- IM-
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(9,26) 

Th. d ifferentfal equatlon sattslied by !he T' ra are 

( T~j )n 
__ 112 T3 
- u i ij 

( ~~1 )n 
__ 1/2 r4 
- u i ij 

( T~i. )n :: u~/2 r~. -~ L 
3 wk 8 k T ij 1 IJ 

CIO 

(r4 ) :: u~1 2 T~. 
ij 11 1 Il 

a 0 2 • 
wh ere u :: ( ---, V = i B J , 1 

i 

T he solution ls 

., . 

k 

a 0 Ai 
-=----

(Hl) 8~/2 

- 155-

(9,2ti) 

Ai 
, w i= ----

8 ~/2 , 
1 

(9,21) 
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\ , 3 b + uN 
whe,.. N = ( n 

nm b
n 

+ u m 

and R3 
nm - D Sh(bll2 , nm n Jl 

l (JO· 3 
whereN :: - - N , nm Bn __ nm 

v. 
) ( --E-:) 

v N 

+ d J 
'n 

, 
... ' 

D 
_!.!!!1_ 

b 1 / 2 
C h ( b 112'fl- + d~ ) 

n nnt 
, n 

(9,28) 

(9,29) 

.' 

-

- 4 V2 3 -
where R = F Ch (b Tl + f ). N ls dpfined in equ:1tion (9,27) 

nm nm n nrrr 

whe,.. RI _ 
nm 

equatfon (9',28)-, 

F__ --1!~ 

B I12 
n 

Sh.( b~/2 Jl + 1 nm) N' ls de!f'Jlld in 

, . 

- .156 ::: . 
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The paraneter, b n are deteTm lned by the fonnula-

r vi "'1--_ 1 _-0 N Ln:;: 1,··· , 
t= l bn + U i 

D nm' F nm' d nm' , nm are the ,,.ee parameter •• 
1 

9.1.3 Symplectic 'Solutions 

(9,30) 

T he conditions that the rmtrice. Sand T muat aatls/y to be .~plfICUc 

a,.e given. 

Symplectic matrices sati'fy. 

(9,310) 

",here J fB the symplectic form that WB have often e~counte,.ed. 

We fir,t consider S. Equation (9,31) ln terma o( the matrice. Sfbecan •• 

- 157-



~ 
t 

,; 

r 
~ 
r' 
" c' C: 
t, ,. 

.\ 

(: 

\ \ 
\ 

SUl"'Vey qf's~. Developmenta fn the G,.os.-NftVeu Model 

"(S,31b) 

(9,~lb) 

(9, 'le) / 
Lets défine 

(9,32) 

Substituting equCltion (9,20) and equation' {9,22}, {mo equatfon ('.32) 

, gives 

.. 
- 118-
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Substraeting eqùatfon(9,16). trom itselt yields 

That ls 

\ .. 

It-tollowa that 

K ,= K 6 nm n nm 

"? 
j 
whereK = n 

- J5t-

, . :41_;;UI' h; ;5 41 

, ' 

(9,34) 

(9,35) 

(9,36) 

r 
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We use this result into equation (31b) which w~itten in full is 

eq.uality· wal be satisfted o~ly if· 

(9,37) 

SimHarly, equation (~, 31c) yields 

" 
(9,38) 

. 
Now we get the constraint deriving from (9,31d): 

f , 
( 

(9,39) 
! 

c~ 
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Inserting the va lues of the pi , s into (9,39), we obta in 

. ' 
,.. 

19,40J . 
We want ta decouple the value of the m:ttrices C1m, Elmfrom,e" c, sa 

t hat we 1 et e, :::: c,. Consequent 1 y 

_ /{_1 L C E-=ô 
1 1/2 lm ln mn 

a 1 o 
For N = 

imposed. 

1, this reduces to the condition of unimodularity that we 

The same constraints applied to T leads to 

d - f :::: d 
nm nm n 

and 

r LZ 
DZmFZn =ô 

Z b1/2 
mn 

1 (/ ,«> 
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(9,42) 

(9,43) 
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, 
where 

2 
°0 

Ln = -( )'--':""1-) [ 

9.1.4 Commutative Solutions 

In this section, It is required that the matrices Sl~,À) and T(n.À) be 

commutative. Four systems of equations must' be solved: 

SI T l + 52 T 3 ::: T l 5 l + T 253 
(9,44<1) 

''5 3 T 2 + 54 T 4 :: T 3 52 + T 454 

" (9,44b) 

S
l

T 2 
+ 52 T 4 ::: T 1 52 + T·2 5 4 

(9, 44c) 
) 

53 Tl + 54 T_J 
::: T 3 51 + T 453 

(9,44d) 

T hese equations wal constraint the ,matricès C, Dt E, F but not the 

matricps c, d, e, f. Hence 4N 2 paraneters at our disposal., 

.--

/ 
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1 

\ 

Written in full, equations (9,44a) to (9,44d) are at our disposaI. 

+ ) 

m,n 

l 
C . N. 

m lin 

b 11 2 
n 

N~ 
fn 

b 11 2 
n 

M~ D 
lm nm \ ( 1 ) - -;;ï72-- t C ml N'n J c ho,J C nu n m 

n 

c . 3 l 3 
!!'.1-. L F ·,1 - ,I\f. D \ E N l Sh',J Shv =0 

o 11 2 1 nrr 1 m lm nm f rrù 1 n·· Il 'm 
m 

(9,450.) 

w ft ere v :: a l / 2 ~ + C 
m n n 

m ,n 

3 Ai. D . 
~1J!I n1 

1/2 
a 

m 

3 

3 
3 

N. E , 
l (E N )_ - 1 n, mL 
1 ni ln 0 112 

n 

+ L 
M im Dn' 1 3 1 • r =-11_2--

1
tL-/2 y (C rV 1 ). - N. D . l (D 1 M,) 1 Shll Shv =0 

b a ',TT! n 1 m 1TJ 1 n mJ n m--
m,n n m 

(9,45b) 
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L [ 
m,n 

r (D l M ,
l ) - M~ F . 

l n m lm n} 
( 

L (E ml N
3
, ) J Ch., 'ChII 

1 n n m 

1 ' l 

+ l 
m,n 

r -.!!.in EmL- r 3 _~im~r ( 1)] -
L 1''':/'':':2:'''''--

a
;';';112 t F nf lm b 1/2 t C ml N ln S"II nShv m - 0 

b n . m n 
(9,4ScJ 

m,n 

3 
l

M. D. 
L (D M )- _.!!!!._, !!.L-
l ni 1 m a l, 2 

m 

+ L ( 
m,n' 

(9,4Sd) 

Next, ~e!ine 

w =rE'~l nm 1 n m" 
(9,460) 

(9, .f6b) 

Back to equation (9 t 45) f ~ fi nd that the coefficients ()( the • compoa.', 
hyperbolic funetions (e.g. Shll

n 
Chv m) must vanish sinee th.!,)lnctfona 

are independent 'rom one antoher for any value of m an~ n. A..t. of 

... 164'" 
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eight systems of equations is then obtained1 • 'These eight syltem:s 0( , 

equation-$, ,give us 4N4 equations to solve but, as we said, only 4~ 
parcuneters ~e avoUable. U nless strong symmetries exist or can be 

imposed upon the system, in general ft wUI not be solvable (ezeept for 
N· = 1). Using equation (9,46) and performing simple algebrafc 

manipulations. upon the coefficients of equation (9,45); we obtain. 

M~ D . V 
lm IlJ mn 

<1 
+ (-.JL) N: C . y = 0 

8. ln "'1 nm 
1 

(9,47a) 

) N: n E mj Y nm = 0 

(9,47b) 

---- J"-
l' a 0 3 

Af D W +G·---.....=---)N C.Z =0 
f m nJ mn 1/2 l / 2 ", in", nm 

B i obn am 
(9,4Tc) 

1 
.ft. 18ut as ,.,. ,haU •• e, ~ only four are independent.' 
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M l F - W - (_....,.;1:.-._) N 3 E Z 0 
i m ni mn in ml 'lm = 

# O· '8 o i 

Ml D .W 
lm '1) mn 

1/2 
am 3 

- (---) Ney = 0 
B in '" 'lm 

0 0 i 

1 0 0 3 
AI, F . W + (---=----) N, Emj Y = 0 

lm ") mn 1/2 ln nm 
B i bn 

b 1/2 
1Jlz'm D n

,i 
V mn - ( __ ---..:.n.:...-_) N 3 C y = 0 

'1 b. in mj 'lm 
0 0 Z 

, 

1 dO 3 
... ·1 im F nj \' rnn + ( B. a 1/ ~ ) N in E mj Z 'lm = .0 

1 m 

From the operation (.47d) minus (47,J, we get 

'bl! 2 
Y + _~n"--_ Z = 0 

- nm 02 rm 
o 

,. 

- J66-
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(9, 47d) 

(9, 47e) 

(9,47f) 

(9,47g) 

(S,47h) 

(9,48a) 
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An fdentieal equatton f, the ,.es!.dt 0( the operaÙon (47a) - (41g). From 

(47c) - (47e) 01" (4Tb) - (4Th), w'e have 

2 
°0 y + -......=;--

nm 
b ll2 a n m 

Z ,= 0 
Tm -

(9, 48bJ / 

Solving equation (47) in te""_ of V and W inatead 0( Y and Z yields. 

0,2 W 
V + --1L_mn = 0 

mn 112 
am 

.. , 

(9,490) 

and 

w = 0 mn 

(S,4Sb) 

. Equations (9,48) and (9,49) can be aolvecf If and on')' " 

(9,$0) 

- ltrl-
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• r 

From whlch it follows that 
.,t 

b b b - 4 n = , am = a, a - CI·O -
(9,51) 

The roots of equations (9,16) and (9,30) are ~ N tErnes degenerate. 

Solving equation (9,16) and (9,30) in such a case ylelds. 

2 
B. =13 J A. =A,oO =NA 

1 r ' 

and 

. 
o 

(9,52) 

(9,53) , 
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, ' 

For convenience, choose 

a1/ 2 = a 8 v o , 

(9,55) 

Now, we examlfe the consequence 01 the degenaracy of theam'8 and 

b 's. Jl and v look like n m n 

Il = a1/ 2 ~ + c Vi = b 1/ 2." + d 
"m m' n < n 

(9,56) 
\ 

The role of t he cm' sand dn' s ls to de(i ne t he vacuum sol utton in such a 

way that at ). = 1 and), = -1, the-Gross-Neveu vacuum fe""ion field. ore 

obtained. Since the vacuum fermions are ail identical (see equatfon 

(9,S2»,soarethec 'sandthed's. tveletc =candd =d. 1t m n rrr n 
foUows that 

1/2 -1/2 1 
" = a t + C:: u, v = [) Il 1'1 + d:: v - m ft u 

(9,57) 

Products of hyperbollc lunctloms are no longer independent. Inde.a, 1H 

have C'-' CtN = Chu Chv1, Chu StN = Clip StJ and so 011. n m n . m 
Th.re(ore, equatfon (9-, 470J to equotlon (l,4Th) muat he .... ",.d av",. 

th. fndfc.. m and n. 

\ -
IDo not cott/u .. titi. v wftll the one d."ned fn equaUon (9,53) 

'( 
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For example- equation (9,47a) and equation (9,41d) become-

r { . r D nJ r C"d - r ç mj ~ D nI } = 0 
" n m m n (9, SBa) 

, r { r F nJ r E ml - r· E mj r F ni } = 0 
1 n m n n 

(9,S8b) 

If we derine 

(',SIo) 

r E ml ;: E , r FIN:: F, r En;;: El' r Fmi:: FI 
m,l m,l m m 

then equation (9,58) con he rewrftten a. 

D C-C D=O 
j J J= 1.··· t N 

F E-E F=O 
1 1 

J=1, ••• , N 

The .wn av.,. 1 f. c:Jmitted .lnce ft f. camp •• , ...., .... 

j • 
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.< . 

r 
The remaininl1. six equations are 

FjC -EjD = 0 
(9,600) 

DIE-CjF=O 
(9'f60dJ 

DJE-vCjD=O 
(9,60e) 

FjE-VEJD=O 
(9,6Of) 

DIC - v.- 1 C / F ;;;; 0 
-

(9,60g) 

~C-v-lEF=O 
1 j , 

(9,BDh) 
, 

t his system fa contradfction-f,.ee If 

vD:::F ,vC=E 

/~ (9,Bl) 

.' 

Substitut ~ of equatfon (g,Bl) into equatlon (9,'Oc-h) yielda 

equa '(',BOtd and eqUCItion (SI,'Ob). Hence the 8Yn8m fnvolve. (at 
< 

:.;:, . st) ZN + 2 'ndependent constra'nts (equaUon (9, BO) and 

. ~··\q .... tf .... C"II1): · 

,Çl ~I j, 

- 111 - . 
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\ 
9.1.5 S)'Tlplectic and Commutative Solutions \ 

In this section, we combine the constraints of section. (9.1.3) and 

(9.1.4) in a contradiction-free 'a8hion. The con8traints that We comb'ne 

are equations (9,41), (9,43), (9,60) and (~, 61) along wfth minor 

conditions defined throughout the two preceding sections. 

Substituting equation (9,52). into equafion (9,41) 'and equation (9, 43J.., 

we get 

il 
rD' F = _v_ 6 .-
1 lm ln N mn 

l C E' = ~6 
1 l7t ln N mn 

(9,62) 

(9,63) 

An important point to notice Cs that, due to the strong s)4...mmet'rles 

imposed b)'equaUon (9,52), the indfvidual rrrrtri:relenwnts Cr ' n , . m -'m, 
E'm' F'm no longer appear in the vacuum solution but on':y the SUnlS of 

these elements o'Ver their line-indez do. These Object~ (CI' Di' Er FI) 
are delined in equatlon (9,59). Hence the in'clividual matrfz eI.-JI.nt_ 

have become Errelevant onl)' their SUIn f8 rele'Vant. 

To solve equations (9,62), (9,63), we assume that 
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and ""e get 
D F 6 = ~6 

ru n mn N mn 

C E 6 = _v_ 6 
m n mn N mn 

From equations (9,65) and (9,66), ""e deduce • 

oC:: F
m 

F E F n 

E :: Ë 
n 

ë :: _v_ ( Ë)l 
N 

1 

(9,6~) 

(9,66) 

(9,67a) 

(9,67b) 

( 9,67cJ 

Equation (9,60) is autO'1latically satisfied while eauation (9,61) yie~ds 

Ë= v C 

o 

Simuitaneously sOlving equatfon (9,068) and equation 
... 1 - v - 1 ~-v 
D == ~ 2' F == -::rT2' C::: -:::m' Il == -::m 

N N N N 

9.1.6 T he Vacuum Solution , 

• .--Jo 

(9,68) 

(9,67) gives 

(9,69) 

F,.om' section 8, we infer that the parameters c and e are 

(9,70) 

, ' , 
- 173-
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1 

The matrices S(~,).) and T(n,>') take the form 

stt,>.) = 

where 

( SI ) .. 
1] 

= -~I Z Ch ( 00 8vF; + c) 
N ., 

2 

(s ) 
ij 

= 

( 3) _ 
S if-

~ S4 ) .. = 
1] 

1/2 
N 

- 1 v 

N
ll2 

l 
~112 

Sh ( 0
0 

8\1~ + C ) 

Ch ( 00 S~~ + ,c) 

i= 1,· • 0 ,N 

i=1,···,N 

i= 1,·. 0 , N 

;=1,· •• ,N 

'hl.And 

~ 

r: 
r 

T-fn,>.) = 
~4 

-f 
L, 

.. '174 -,. « (4 

(9,71) 

j=1,:0. ,N 

~ 

Fl, .• · ,N 

j=l,o_o. ,N 

j=1,- •• ,N 

(9,72)0. 
.' 

\ ., , 

\.1 

" 
, 
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" 
w'here 

-- , 
( 1)' 1 

" "a On 
+ e) 

T iJ = - ~1/ 2 
Ch(--

av 

(T
2

) .. =--//2 
a Tl 

Sh (-~) + e) 
, 

Il 'N ' ~./ 
av 

( T 3 j .. 
-1 a On v' e) = - ~1/2 Sh (--- + 

" Il Sv 

. 4 l' 1 ' . a On 
(T ) .. =--- Ch(-~ +e) 

. Il N 1 / 2 . a v" 

• 
--- i=~ ••• ",N j-==-l, ••• ,N 

ThevaculDTI solution~O(~,'n;À) is' 
. . 

Chll vShll 

Chf. 

(9,,73) 

o OTl 
where Il == 0

0 
8 v 1; - ------ + C. + e and Ch Il represents,ft N X N nntrix 

} ~ j 8 
whose elements are aU identical 'to Ch Il. SünUarly, Sh 6. is a N X N 

matrix whose elements are all ièlen~ical to Sh A. 

lt 10 llow s (~hat ~he vacuum solution in' ~he canonienl gaug{' will be very 

sim8ar to eq~ation (8,27). the. only difference is that the elernents of 

equation (8,27) (N = 1) must now be interpreted as l'V X N matrices whose ~ 

~Zements are al! identicaZ1 •. \ .. 
ITo s)mpHfy, we assume that0

0 
=0

0 
so that0 =0 

lt a a 
- 175 -
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9.2 The Abtrices F n 

Equation (8,28) must now be gtven for arbitrary N. ln this section, 

res,ults are almost identical to those of section (~. 2) e.rcept that we state 

them using a different parametrization for the free par:t:meters a and b.' 

. 
D,ue to the simple form of the vac~um solution, F~, which in (Firf'Ciple 

;contoins 2N free porameters, can be described using only two free 

parameters. We have 

-1/2 v a 
~ __ ....:n~ 

N 1 / 2 

v 1/2 b 
n 

i=l,··· ,IV 

j=N + 1;~" , 2N 

., 
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The rratrices F have the elements 
n 

(F ).:: C os e y + S in (3 Z 
n 1 n n 

i= 1,. •• ,'V 

(F ) = - cose z + Sin 0 Y 
n } n n 

i=N + 1 t··· , ZV 

where 

\ 

y 
v 1 / 2 

(a P - b 6 ) 
n 

Nl12 
n n n n j 

li 2 
Z 

v ( 6 - b P ) =-- a 
n 

Nll2 
n n n n 

(~, 75a) 

(9,75b) 

• 

Insteadof using the"cartesian coordinatesll a and b , ~ introduce n n 
"hyperbQlic coordinates" R and X through _ n n 

2 2 R.2, ",. 
b - a :: n n m 

.. 

(9, 76a). 

~ " ~ ...... "':""'(9,76b) 
b ': R Ch X a:: R Sh X n n n' n n n 

" 
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Hpn ce Y and Z beccme 
T n n 

\ 
\1 1/2 

Y = - \ R Ch ( An ) 
n 1/2 n 

Z :: 
o n 

, ,v 

-1/2 
v R Sh (t; ) 

1/2 n n 
N 

, ,, =~+). where ~ n = t. ( \1 n ) 
n 1-). 

r' 

, 

(9, 77a) 

(9,77b) 

Renee the matrix elenents(F). take the smpl,er f()rm • rY 1 

v 112 R 
(F) = - . ____ n (Cose Gftâ - Sine Sh6 ) i=l,···,N 

n i N 1/ 2 n 
(9, 78a) 

i=1,- • - ,N 

(9,78b) 
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9.3 The Functions 0 n 

The functions a are independent of the nwnber of ferm ions N. We 
n 

have 

(1 = L (1 
n n n 

(9.19) 

, 

( Ch 2 X n S h 2 An - S ~ 2 X n t h 2 Il n + 2 ( Il 2 n ,- Il ln) + (10 n 

(9,80) 

2 
[ Sh 2b. + 2 (JI -" ) 1 + a n .. 2n .. ln J On 
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" 
, , 

9.4 Single - SoUton Solution 

9.4.1 The matriz X 

We 'easUy generaltze ,equation (8, 48~.~ get 

F F tr F Ftr 

1 + 
2 1 2 2 

(>'->'o)aO 
(À-À ~aO 

~, 

X(À) = 'i "'"" ~ 

F Ftr F Ftr . 
1 '1 " 1- 1.2 

(>'->'o)ao (À"À~ao 
\ 

Each "element" ot this matrir rf?presents a ~ X N matrir. 1 is the N X N 
, ' 

identity matrix. ' 

N X 1 matrice and 

y 0 and Zo are delined in equation (9,77). 

j 

Generaliz"lng equation (8,49) to equation(B,52) Is easy. Equation (8,49) 

, and (B,50) become 2N X N matrices whRe equation (8',51) and (8,52) 

become 2N X l matrices. We shall not show the generalization 01 these 

equations erplicitly. 
- 180 - ' 
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, ' 

9.4.2, The Spinor Field 

The ,generalizatio'n 0( equation (8.53) ls a N X ,1 matri:r. Each element"ol 

t his N X l nntrix represents one of t he li ."-riel ds t hat we are looking 

for. We have 

r 
j 

fO:: YO (N:= 1) =N1/2 Yo (~ 

;0 == Zo (N::: 1) = N1/2 Zo (N) 

? 
, , 

o 

(9,83) .. 
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Sünaarly, we find 

, 

. \.a == ~ 1/2 e i9 { 1 + 2v .... Z (.... t "X. ) } 
.np 1 0 Yo - f-O 

(v+v - ) 

(9,64) 

o 0 When e = e doesTF't hold, the solution becanes , 
. . a 

'-0 0 ' 1 .... (,.. - , ) 
e ' Y 0 Zo + y 0 } 

(9,85) 

( 
where 

"<1 O'rl ---

• l 
'A simila,. equation holds fo,. ~a i 

.1 

- - v 

, \ 

/. 

1 
- 182-
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9.4.3 The Field a 

T he Field (1 ls 

a =....!-
2 

N 
I 

a= l 

. , 

/.. 
1 0 

Using _equation (9,8S) and the equivalent 

n= 1,··· 

(9,86) 

equatlo;' for .G., WB ft nd 

(9,87 ) 

t" • 

Thus, we have shown thé field (J ls independent of the number nV) of 
fermions present in the system. The resuZt wU 1 generally be true for 

any type of solution of the Gross-Neveu model (two-soliton solution, 

doublet solution, etc) • 

Using:the representation of a in terms of RO and XO' we fi nd. 

\ 
\ a = (JO { 1-

1/ 2 R~ [Sh 2 à Q +2( lJ 20 - 1.I 10) ] + a ... 
(9, 88a) 

--------------------------} 
[ Sh 2 ~ 0 + 2 ( 1.I 20 - li 10) ] 

fT 
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-Equation (9,88a) ls not a pure soliton since it implicitly contains the two 

vacU40f the Gross-Neveu rmdel. Indeedat RO=Oand RO~'" we have 

a = (JO and 0 = -0
0 

respectively. The tact that the other vacuum can be, 

obtained as a particular case of equation (9,88a) is a little suprtsing 

sinee, up until now, no referenee whatsoever has been made to thls , 
vacuum. Equation (9,88a) has the interesting feature of possessing a 

parameter which can be used to expand the solution. We assume that ~ 
ls infin itesmal and, up to first order in R~, 0 ls 

} 

.1 
(9,89) 

'On the. oth.er hand, equation (9,88b) is a. perfectly well-formed soliton 

aF no reference ls rmde to the parameter RO· , »e a180 notice t1'f'êit since 

r ~\an arbitrary parameter, c and e in AO are use(ess. ne redefi ne AO 
'", l ' 

;, and Xo in such a way that ' , 

'-

Ao =. AO :: lJ lOf. + lJ 20Tl - "XO 
,.....-- \~ (9,9-0) 

.; 

T he tact that the field (J is N-independent. was con je ct ured before by 

N .P. [5] . However, we believe that this ls show exprfcitly for the first 

Ume. As we have seen, this is a conse~que ce of the degeneracy 

of t he a ' sand b ' s which '\ms, required by th commutati vit y candit ion. 
m n , 
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But what is the physical basEs of the commutativlty condition1 Nothing 

else than the relativistic inv riance or the equation! lndeed, ft i, only in 

commutative vacuum solution that t and Tl play a symmetric role. 

Let's e?X'mine our ~oliton in t coordfrtàtes :r and t. But {i,.at, 
, 1 

we i ntroduce a v oclt y para 

a = \; 
) 

(9,91) 
t i T he "v" in - v stands for "vacuwn" sinee À v is the veZoc tyof the 

vacuum ferm ions. The physically measurable veloci't)l orthe. field CI ls). 

and ls related to À and À
O 

through .v 

(9,,92)" 

wh (ch ls the rule of veZocÛY aèldition in classlcaZ relativisUe mechanics., 
~ 

T herefore À 0 Cs interpreted as the velocity of thé field a measured w ith 

respect to t~e vacuum fermions. The .followin{{ relationships hold 

1 2À a 1 2 "$ 
Sv- = , ev +Tv = ev 

~ 1- À; " .~ 1-:- À: ' 
(9,93) ,-

,r, i85 -

CI 

•• 
ï 
l 
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Consequently, the field a in physical coordinates is 

-SIt 

a=o o 

SIt 

--1 

-'--

where a = constant. 
( 

a, 0 (;r - '~a t + x~ 

~1_).21 
a 

o ur soliton at T'est is: 

- 2 0 0 ( "0 ;r + t ) + Ci 

- 2 0 0 ( "0 r + t ) + Ci 

, , 

(9,94) 

" 

(9,95) 

",' . 
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But what a strange soliton, indeed! 

The usual type of soliton ls described as q soUtary 'wave ,propagating 

unchanged in shape with constant velocity. Equation (9,95) ls qufÙ~ 

di/ferent. T he important, and traglc, point to notice îs' that ft ~s 

singular 'at 

t = Sh ( 20 0 x) + a 

- 2 CS 0 

Sa this soliton is not weIl- behoved and cannat serve as an elementary-, 
particle-model solution. However it might have other applications. The 

second point to notice (whzch is obvious) is that contrary to the u8ual 

static solitons this soliton's shape is time-dependent. 

This soliton is not a bog soliton because of its topological properties. A 

bag behaves asfollows: as t~ ± a> or X-+-±a>, a~aO' This solution 

behav es accord ing to cr .... a 0 ~s t + and cr -+- -a 0 and X"" ± co. 

We close thls section with an example of possible applicatior,t of thls type 

of soliton. It is very elementary and we, borrow it to the field of 

meteoro.,logy. This soliton might describe a pressure front density. ,The 

singularity sÜ'nply means that the pressure is discontinuous at the border 

of the ,cold front and warm front. Measuring t,he pressure density with 

respect ta a = cs 0' we find th-at the pressure is' 
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t 

• ."') ..,.J 

, _ 2tcro-1 - a tarit (31qrj+ 1 Sh( 2Jct1- ~ 
P ( X, t ), - JZ • t .1 2'-' } , t < L l 
. fi/l, ya-+l , 21 0 

= 

'(9,96) 

Whe~~ a = - a,00 t + ~ 
\,~ 

The analogy is not perfeet but we only 'WCInted to show that a singulqr 

soliton wgs not totally senseless {rom a physical point of view. Note thè , 
. pressure discontinuity in equation (9,96) 

1 

! 

\ 

o • 

J 
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9.5 Two-Soliton Solution 

, 

o ur main tas<k in this section 

of equq,tion 1(8,76) using the 

........ -»'_.-::a~ the explicit analytic form 

developped e~rlier i~ this chapter. . ' 
Equation (8,71) c'"tzn be very asay generalized so that, we" wùl not'di$play 

_ l, 1 • .t 

tP and cp for arbit"rary N. Written in full the' field (J takes the form 
\ " ~. .. 

<;;' '. J • ' 

1 4 " 02 ' ( Y Z y Z 
1\ Cl 1 2 2 + Il 2 1 1 

1 + --- [--~-.-:;:--
q12 2 ) < ( l - À 0 

-tH 
y. 2 ZI < 

+ 2 J1J '» 

. "( 1 - À 0) , 
(9,$7) 

'l ' 

, c 

" 

, . , 

1 ,. 

.. 

-1 
J 
1 
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Define 

L; Y 1 Z 2 + Y 2 Z 1 

(1 + ). 0) 2 (1 - ). 0) 2 
(9,98) 

K= 

(9,99) 

M ; K - 2 HL 
(9,100) 

M 
T he field C1 is C1 ::: 1 + ---

D 12 

We have: 

(9,lO.laJ 

2"0% 
X =- --;;:;::==Ii:;r:~-fi -).~' 

1 

lX
01 

and X
0

2 wre set equal to zero for convenfence. 

1 
f 

c· 
- 190-
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Ri R2 
L = - --- / (Sh X -À 0 Sh T) 

(1 _ À~) 3 2 

" \ 

(9,lOlb) 

K=-
À 2 R2 R2 

o l 2 { Ch2X - Ch21' - 4a -1. 0 :r C" X Sh T - 4a O tSh X C hT 
(1 - À 2) 2 u-

.. 0 

(9, lOle) 

( wh ereà + = X + T and à _ = X - T 

M= {Àor Ch 2X -Ch 21'] + 4( i-À~ ShX Sh T 

(9,lOld) 

• 

, 
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'(9.101e) 

The two-soliton solution defined by equations (9, lOld) and (9,lOleJ is 

not a pure sol ution. By Ii aying \dt h particular val ues of RI ?nd R2, 

nanely (R 1 == 0 or R 1 == -) and/or (R 2::: 0' or R 2 = -J. one can (lnd: 

li) The two vacua a == a 0' 0 = -0 0 

ai) Solitons or antisolitons travelling in etther directions. 

We "0 li' als·ume that R 1 ~ 0, - or R 2 t- 0, - and let 
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~ 

,.,. ,... 
CIl __ a 2 ... 
-- + CI , -- + a and we give the "pure" two-soliton solution. 

R2 l R2 2 ' 
l' 2 

a = 1 + 

(9,1020) 

where 

if = AD { ÀO [ Ch 2X - Ch 2T ] + 4 (1 - A~ ~ Sh X'ShT 

(9,102b) .. 

-<, • 
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1 

'9.6 Doublet Solution. 

. , 

The dotl, blet is obtained by a very simple transformation' of 

'equation (102). Let a2 + ~1 (the comple~conJugate of7,.~ and AO. l'i, 

al ""ll, in general. be a complez number. ') 

D efi ne 

. . 2 a
O 

1: t , ' 2J
0

:r 
It ,oll~ that T = i 1 2ft X =. G 2 

1 +'AO + "0 

,LetfT + -i T , X + x. 

T he doublet ls descrfbed by the, equotton 

, AI 
a=l+--

D 12 
, 1 

, 
j 

- JH-

(9,103) 

(9,1040J 

J" 
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Where , 
Al = r { r [ Cash 2X - Cos 2T 1 + 4 (1 + >:4 Sinh X SinT 1 

- 4°
0 

):2 x Cosh X Sin T· + 4 ao A t Sinh X Cos T 

+ 2 a Sinh 'X CosT- 2 B Cosh X Sin T} 

(9,104b) " 

-
1 2 -2 2 

Dl;:; ( 2 +1' ) Cosh ?J( - ( l + -+--) r Cos 2 T 

- 40.00 t Sinh X Cos T + 4 00 1 X Cosh X Sinh T 

+ 20 Sinh X Cos T - 26 Cos" X Sin T 

t 
. , 

.,. 4 o~ ( t 2 + I 2 x2 ) .,. ( 1 .,. );'4 ) 

+4001xi -4crot~} 

\ / 
wher. G IInd i or" arbitrary re,al paramt/fte,.. Gnd 

x= 

, "x 
! r , 

/ 

• TI= 
1 

1 
/ 

1 

1 

1 
1 
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10 Conclusion 

- " 
The known non-singula1' (boundèd) single soliton Bolutfon of the .Groaa-" 

Neveu model 18 [s1 
j 

, = ( + )V2 A [ 1 - -I;....:.~..::~-Cl- (1- tanh p) ] e~f8 

• ' = t A [ tanhp .;. _ .... f 0 __ 

( 21; ) 1/2 t + iCI 

a =± a tanh p o 

( , 1"~-f8 1 - tanh PJ .. 

. 
e:: tn + 1,;-1 ~ -1 

p -; (1 t - CI ,. 

' ... 
The topological p,.operties of this solution ar-e very d"erent ,rom thON of 
equation (9,9S). This solution links the two vacua. As p +-, 0 + t 0

0 
and as a .. - Ol, a + + a 0 • 

We have tried to deduce the known soliton within the framewor-k of the 

theory developped in the preceding chapte,.,. !Jut things behave a. " 
the matri:r st,.ucture of the solution (the X matrir) constroins the aoUton 

to Borne weil- de'i ne_d topologiœl propertles (wh ieh '(lI"e not those of th, 

bounded solitons). The topologlcal structure implied by a gtven X matrlz 

cannot be predicted without further resort topoZogy. No doubt another X 

matrix e:rists whlch would aUow the derivation of this known BoUton ualng 

- the vesture method. It remains to be 'ound (to our knowZedge). 
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\; surve~ of Sorne Develop'",e~ts 'ln, the G~o~s-!'If{Veu Model 

\ 

• ~j 
In the present work, \\te htJve. 

.' 

(t) Found the one- pole solution corresponding to the conJugate-pole 

,olution glven by Zakharov and MikhaUov. 

(If) Dertved the a880cfated solution containing, an arbitrary numbe,. of 

solitons and doublet". (As an ezample t the soliton-doùbl.t 8Olutlon 

was displayed). 
1 

(Ill) Cdlculated the vacuum solution when an arbltrary num ber 01 'ermfons 

are present. It was round that vacuum fermions were degenerate in 

amplitudp and velocity. As a' consequence any a-field of the Gross

Neveu model is N-independent. T he fermion fields in the case 0( , 

'. - arbftrary Nore trivially related fo the case N = 1. A practlœl 

consequence Is that the worker ls relieved '1rom the burden of 
worklng with 2N X 2N matrices. 

/ 

(Iv' Found the analytic expression for the single-soJiton, two-,oUton and 

doublet solution. Ali these solutions have 0 :sing~lartty and a tunft-. 

dependent amplitude. 

, 
Aa a closing remark, 

th. topologioa' property of a 

would he an Important advanc. " 

rution could be predict.ed regard'ea. of Ua 

analytle lorm (for example, fi topological properties could be obtained 

,ram the X-matri:r). Als~ one might contest the l;lsefulness of searchlng 
/J 

for the tanhp soliton sinee ft has already been derived within the 

fromework 0( the standard inverse scattering theory. It appears clear to 

ua that the solution of this problem could be transposed to other 

equottons (see articles [7] and [4]) an,d provide clues to the solution of 
the topologtcal property problem, hence, it ls a relevant que!t_. 
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Appendf;r A:Facto,.fzatlon ôf the Motrf:r .A 

; 
1 

J 

l,n this appe,ndl;r, we solve equations (6,29) and (6,31) for crbftra"y 8 

, and i. We p,.ove t hat t he fi el dB found a,.e i ndependent 0( a .glV«J1 
~ 

f~cto,.izat~on. We use a' new procedure: ail quantitles are fIrat worked 

out ln thé' non-canonical gauge. T he field. in thls gauge are eal'Y 

ct;Jnverted toi the canonical gauge. T hi, method, which fa .trrpl"". filet 

the one we. -used came up ta ou,. mind only afte,. chapt ..... 2 to SI lNJ'"e' 

w,.itt~'!. 

50 as not to confuse B wU h the veloclt y pa,.ameter of the vacuum 

fe,.mons (alto B), we redff(tne tt:tefunctfonal\ ande : 8+ 1', - ' 8 + y • Equation (6,68) and its ,Tl-couRte,.part bleo". 

D (A) J F zr Y J F , -
(A,la' 

D(l)JF=yJF 
(A,lb~ 

, 
while (6,51) and (6,52) are tran.,~d fnto 

• h 

, #' (A,"" 

(A,2J)J 
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. We de"n. a rinl 2 X 1 matrf~l E 
-1 E=g F 

",he... ,. is 9u,en ift e '1 uJlt.io, (8 7:> J • (A,3) 

Equations (A,l) and (A,2~ ln the.non-canonfcal-gauge then beccme 

( 3t - W l ) J E :r T J E 

('at - Wz.) J E= 'iJ E 

Etr VO J F 
3 a - 10 = ____ ~1_..,.-_ 
" (1 + A)' 

wh.,.. 

0 
'2 
v 

W1:r"O· 

J 0' 

, 

(â,Sa) 

(A,Sb) 

·0 . 1 

(l' 0 W ... -2- , 8 
2 J v 

(A,&JJ 

, ' , 

• 1"., no long .. WGrIt ln the ar'bltral")i N ëa •• (.H •• ctfon g. JJ 

-Ift-
, . 

. ' 

l' 

, , 

1 

1 , 
i 

1 
l 
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SW""Vey of Some Devefo",.,,,"t. Jn the 'Grw.-Nev.u "odel , 

o '- 2 

o· o 

. , 
\..f\.e 'in~ that they o~ey 

, , 

'-------d-C Ë 1 = - (JO ~v ,Ë2,+ l El ' 

a t Ë 2 = - cs 0 av Ë l' + l E 2' ' 

a 
. an E l = " s ~ E 2 t Y Ë 1 

1. 

l' 

, 
\ 

\ 
\ 

..... 

o 

-2 

(A,6a) 

(A,?) 
1· 

(A,Ba) 

(A,Bc) 

(A,8tf) 

o 

o 

1 



o 

, 

Survey 0( sOm. Developments c fn the Gro,ss-NflYeu Model 

h- h 
II .. a •• ume y = if- and y = -;f , t hen t he ~ol utions to equation (A,8) -

are 

i 2 = h { A e.rp (A) - B ezp (-6) } = h H2 pA 

l7b 

where A and B are arbttrary constants while 

A = G ( But - -!L) 
, 0 S" 

(A,9o) 

o 
(A,9b) 

, 

ro 'solve (A, 2), assume that h = fa whe,.e f iB an "CIrbitrary function. We 

lind 

, a 
il CI - ya = -~ t , 

f Cl 

'"Cl - -10 = - -r-

-~-

---------------------------

(A, 100) 

'(A, lOb) 

t , 

0, 

J 

o , 
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# : ---~~--~- ~ 

T herefore . 

f= 

Substituting these results into the one-solito,l'l solution, we find 

, 0 

• ::: A a - 1/ ~ ece 
'f 

, ( 1 ~ À il) a H 2 ' (' H 1+ Iv H 2) 
{ l + , . 4 G-;-- 0 ~ 

(A, 120) 
-1 -

1/2 ie { ,( 1 + ). 0 l a H 1 (H 2~: iv ',H, l)} 
1fI :: A a e 1 + ",4 G ~------.;;;;.... 

1 (A, 12b) 

(A, 12c) 

If equation (A ~ 12) lS inserted into the equations of motion, ft 18 ft1und 

t hat the solution lS one inde~çl only if a~ ::: o. Thus, we fall ,back on 
th~ previously known solution. 

U selul relationships are 
, . 

'- (A"l3a) 

(A, 13b) 

, . . " 

" 
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