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ABSTRACT 

drhe principal objective of tqe present thesis 

velop a methodoloqy for the simulation and optimization 

power generation by solar ponds. 

j 

lias ~~n 4 
of el~tric 

A mathematical lOOdel for the analysis of the economic perfamance-

of ,a solax pond electric power system using a heat engine i5 developed. 

A salient feature of this model is a sl.lnple methad for the analysis af a 

Rankine cycle. Other features include a mathematical model of the solar 

pond, of the energy exchange properties of the heat exchangers, as we!} 

as of the power required by the circulating pumps. The net electr~ 
power i5 expressed in terms of the therrnodynamic properties 'Of the organic 

working fluid, the temperatures af varl.OUS thermodynamic states, the flow 

rates, the temperature and geometry of the solar pond, and the local dli-

matic conditions. The system sizing and operating conditions whl.ch mini-

mize the co st per kilowatt hour of electnc ener~ is then deternuned 

thraugh an optiml.zation routine. 

The optimal storage depth and heat extractl.on schedull.ng are ob.­

tained by a seml.-analytical method as well as a discrete optimal control 

technique. The possibility of an ice storage ta act as a cooling source 

for a Solar Pond Power Plant has also been investigated, which showed co'n­

siderable improvement in the system 1 s efficiency and reduction, of electric 

energy cost. 
-, 

The possibility of making the Non-Convective Zone af a solar pond 

float over a layer of fresh water has been investigated. The economical 

feasibility study of the concept for electric power generation was· achieved '" 

using the model developed earlier .. 

The thesis f inally examines the means of enhancing the thermal 

storage under a solar pond by circulating the Lower Convect~ve Zone brine 

through a network of buried horizontal pipes in the warmer part .of the year. 

This heat stored can be used for the operation of a heat engine during the 

winter time if the Lower Convective Zone brine is then used as a heat sink 

rather than a heat source. 

1 The present thesis has shown that the commonly he Id belief that 
1 

a Solar, Power Plant can only function at acceptable efficiencies under 

semi-tropical conditions is a fallacy. Proper modifications to the con­

struction and operating conditions of a Solar Pond Power Plant in northern 

climates resulted in ele7tric enOergy costs of .8.5 Ç;KWh which i5 compar­

able with that estimated by the Israelis for a Solar Pond Power Plant in 

semi-tropical conditions. 
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RESUME 

Le but principal de cette thèse a été d'élaborer une méthodo­

logie pour la simulation et pour l'optimisation de la génération de puis­

sance électrique par des bassins solaires. 

Une modèle mathématique est formulé pour l' ana1lyse du systéme 

bassin solaire-générateur électrl.que, utilisant une ~chine thermique. 

un~ méthode simple est proposée pour ,1.' analyse du cyc~e de Rankine. 

D' autres points d'importance sont la modélisation du b~ssin solaire, 

des propriétés d'échanges d'énergie des échangeurs de chaleur, et de la 
\ 

puissance requise par les pompes de circulauon. La: p~isSâÏièe nette 

tirée du bassin solaire-générateur est exprimée en fonction des proprié­

tés thermodynanuques, du réfrigérant organique, des températures des dif­

férents états thermodynamiques, des débl.ts, de la température et de la 
i;\ 

IJéométrie du bassin solaire, et des condit.i:ons climatiques locales. Le 

dimensionement et les conditions d'exploitation correspondant au rende­

ment économique optimal sont èléterminés ~ 1'aide d'un prograrrane d' optimi­

sation. , \ 

La proréndeur optimale d'entreposage et la gestion de l' extrac­

<!I .I~ tion de chaleur sont obtenues à partir d'une méthode semi-analytique ainsi. 

, 
--. 

que par une commande optimale en temps discre t. Le stockage de glace , 
servant de source de refroidissement pour le bassin solaire-générateur 

électrique a été étudié. il en résulterait une amélioration 'appréciable 

dans l'efficacité du système et une reduction importante du coût. 

La possibilité de faire flotter la couche non-convective dt un 

étang solaire sur une, couche dt eau douce a été envisagée. L'étude d~ 

faisabili té économique d'un tel projet pour la génération de puissance 

électrique peut être poursuivie avantageusement avec le modèle décrit 

On examine également des moyens pour améliorer le sto'(;ka.J;e 
, , 

thermique sous le bassin solaire. Il ' . , t d' enfou~r un,l re/ _.t. au s agl.ral. ... _ n ~ ,', 

de ~uyaux horizontaux sous le bassin, et d' Y faire circuler de la saumure 

extraite du fond du bassin pendant la période chaude de l'année. La 

chaleur emmagasinée pourrait servir à l'exploitation de la machine thermi-

I~ 
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que pendant l' hi ver. La squmure servirai t a~ors comme dissipateur 1 <le 
1 i \ 

chaleur plutôt que de source thermique. 

~ Cette thèse démontre le non-.fondé de l'opinion voulant que le 

bassin solaire-générateur électrique ne soit efficace que dans les condi­

tions semi-tropicales. . Les xrodifications appropriées dans la construc­

tion et dans le mode d' exploi tation du bassin solaire-générateur électrique 

pour les climats 

9.54:/KWh. Cela 

Israéliens pour 

tropicale. 
/\. 

nordiques résulteraient en des coûts de l'ordre de 

est comparable au coût estimé par des chercheurs 

un oassin solaire-générateur électrique en region semi-
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CHAPTE!!. l 

INTRODUCTION 

" 
Fossil ~els historically have been the major source of 

energy for the generation of electricity. During this century, 

petroleum and natural gas have been used extensively because of their 

low cost and abundant supply. In recent years, however, their in-

creasing cost and decreasing availability have led major users of 

-energy to seek alternate sources. Coal, al though more plentiful and 

le se expensive than other fossil fuels, costs more to transport and 

creates significant envirorunental problems in its minimg and burning. 

UraniUlll, once considered the natural successor ~o petroleum, has its 

Q own set of problems which will certainly delay its widespread use and 

may preclude it altogether in sorne locations. As a resul t of these 

limitations on expanded use of the conventional energy sources, greater 
/ 

attention is being paid to ~newable energy sources, and specially to 

solar energy. 

!,1 
-

Sôlar energy. systems are by nature capital intensive, but are 

potential y attractive under certain conditions 

(1) 'The expectation that in ~he future the cost of conven-

tional fuels will rise raster than the cost of con-

struction. 

(2) The des ire to guarantee an uninterruptible source of 
, , 

() energy not dependent upçm the whims of foreign suppliers. , 

, . 
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(3) A desire to keep at home foreign-exchange currency 

that would otherwise be spent abroad for imported 

fuels. 

The solar pond is one of, the most ~ttractive solar enerqy 

options because of its ir.herent storage capacity; unlike other means 

of solar heating, it is continuously available regardless of time of 

day. Moreover, of all the solar energy options, the solar pond is 

( 

the only one which is applicable for baseload electric power generation. 

-
~ .. l The" Solar Pond: Generic Definition 

.. -, I~" 

-A fraction of the sun's radiation can penetrate tnrough 

sèveral meters of clear' waterj natural bodies of water colle ct a con-

siderable amount of energy fram the sun, but lose it to the atmosphere 

thro'ugh convection of the heated water to tl;le surface. 

The terra "solar pc:>nd" ls commonly used to de scribe. a number 

of different solar C'ollectors, aIl of which involve the use of water as 

an absorber of solar .radiation, and means of preventing the absorbed 

heat from escaping through th~ surfacé. 
, 
\ 
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1.2 Review of Exi5 ting Solar Pond Conc~pt5 
? 

1.2.1 Salt-Gradient Solar Pond 

The most advanced and promising of these concepts is that of 

the salt-gradient pond. It consists in a body of water in which a 

density gradient, positive downward, is maintained artificially. The 

light penetrating into the water is absorbed. The deeper water i9 

heated by absorption of radiation; sinee it contains more salt and i5 

therefore more dense than the water lying immediate1y above it, it does 

not rise to the surface and 10se its heat to the atmosphere, as would 

happen in a normal body of water. Thus a temperature gradient, also 

, positive downwards, i5 established as heat, los ses can oceur only by 

conduction ta th~ surface. Therefore the temperature of the entire 

pond increases, the warmest layer being at the bot tom. 

The salinity gradient induces a continuous salt migration 

to the surface. Although this transport of salt to the surface may 

ooeur very slowly, it is necessary to inject concentrated brine or salt 

periodically at the bottom of the pond and to desalinate the surface' 

layer or wash it with fresh water 50 as to malntain the gradient. 

~. 1 
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A practical solar salt-gradient popd always has at least 

three distinct layers, as illustrated in "t'igure 1.1 . There will 

be at the surface a convective layer, where the salt concentration is 

uniform wi th depth. Beneath this layer is the salt gradient zone 

(non-convecting zone), in which the buoyancy effect of thermal expan-

sion is offset_: this layer acts as a thermal insulator and aiso 

provides thermal st;orage. At the bottom of the pond is a second 

convective layer with a uniform salt concentration equal to that of 

the bottom of the gradient zone. 

To understand the origin of the two convective layers, let 

US first assume that the pond is non-convective over aU its depth. 

Then after a day of intensive heating from the sun, the temperature 

'--gradient at the bottom of the pond would be so large as to exceed the 

stability Iimit for salt gradient stabilization (Tabor and Weinberger, 

1981) • This situation will induce convection at the bottom, which 

will result in a layer of uniform temperature and salt concentrat.i.on 

"-
at the' pottom. The thickness of the bottam convective layer can be 

controlled, and for seasonai storage it is desirable to make it deep' 

enough to give rise to a large heat storage capacity the bottom 

convecti ve layer is often referred to as the storage layer for th1s 

reason. The storage layer also facilitates heat extraction. 

.. 
The existence of the surface- convective layer can be ex-

plained by a similar argument, as a result of night-time radiation 



c.) 

() 

coo1ing, and heat losses due to evaporation. In addi~ion, wind ac-

tion may mix the surface layer, and can in fact drive the surface 

convective zone to an unacceptable depth. A property of the surface 

convective layer, which is useful in modelling the thermal behavior 

of the pond, is the observed fact that the temperature of this layer 

is always approximately equal to the average ambient air temperature. 

/ 

Convective Zone, UCZ, Constant Salt 

Non-Convective Zone, NCZ, 

Increasing Salt Concentration with Depth 

Figure 1.1 

Storage Layer or Lower 

Convective Zone, LCZ, 

Cross Section of a Salt-gradient Solar Pond. 

5 
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.. 

The salt-gradient solar pond, in spite of its simple des-
(1 

cription, is a camplex physical system which interacts strongly with 

the local meteorology and geology. A large number of factors must 

be considered in i ts analysis: in particular, wind effects which mix r 

the pond from the tOPi ground heat losses and contamination of ground 

water bysalt leakagej stability of the double diffus ive system (heat 

and mass diffusion); absorption of radiation in the presence of a salinity 

gradient; and problems such as evaporation and precipitation, which 

are genera1ly geographical1y dependent and must be solved for local 

1 conditions. 

.. 

One of the major advantages of a salt-gradient solar pond 

over all o~er types of solar collectors for the purposes of generat­

lng electricity, is that the solar pond inc1udes bath hot water storage 

at the. bottom of the pond (or lower convective zone, or LeZ) and cold 

water storage at its surface (or upper convective zone, or ueZ) 

The existence of these storage layers, which is inherent in the pond 

construction, allows production of electricity 24 ho~s a day (Assaf 

et al, 1981) 
f 

1.2.2 Saturated Sal.t-Gradient Solar Ponds' 

These are general1y referred te simply as saturated solar 

ponds in the literature. Their principle consists of using a salt 

'1 , , 
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, with a solubility which si~ficantlY incteases with temperature suçh 

as !<N0
3 

' borax, Ca C9.
2 

• In most cases, this property will re-

suIt' in a net increase in densi ty of the ~ated solution with 

temperatùre (Oehs, 1979) If a pond containing such a salt is kept 

at saturation throughout its depth the salt concentration gradient 

would be se1f-generated and se1f-maintaining (Mehta, 1980) • There 

would still oceur a diffusion of sal t from the bottom to the surface 

of the pond, but this mechanism wou.ld be compensated by the crystal-

lization of salt in the upper, calder layers, and the sinking of the 

crystals back ta the bot tom. The majo;r disadvantages of saturated 

ponds 1s that they require much larger aInounts of salt than the un-

saturated ponds, and that they cannot be realized with sodium chloride. 

1.2.3 Shallow Solar Ponds' 

The shallow solar pond was proposed and developed at ence 

L!vermore Laboratories (Dickinson, et al, 1976) • These ponds 

very thin (about 10 cm) water layer.s encased in long plastic bags 

The underside of the bags are blackened and their tops are transp 

They are supported by a horizontal concrete foundation and averla by 

fiberglass glazing. Since the water must be pumped ta separate storage 

tanks at times of low solar radiation, the econanic attractiveness of 

these ponds is marred by the high cost of plumbing and separate storage 

tanks. 

" 
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A shallow so1ar pond \~1ectric generating system for higher 

latitudes using circular cylindircal refleètors was proposed by Ko01 

(1978) • The analysis was most1y con~,erned wi th i ts optica1 design. 

It was shown that a significant increasei1l-annual power ~production 
1 

can be accompli shed by an effective tilting mechanism for the reflec-

tor. The electric power was ca1culated roughly wi thout modelling of 

.' system components and no economical ana1ysis was made. 

" 

1.2.4 G~l and Viscos'ity Stabilized Ponds -y 

;:It has been preposed te use gels and viscos!ty increasing 

substances, either alone or in combination with salt, to malte the pond 

non-convecti va. In Lyon, France (Anonymous, 1980) 

(Wilkins, 1982) theoretica1 as well as experimental 

Gel ponds are in progress. 

1.2.5 Partitioned Solar' Ponds 

and ~ew Mexico 

invest~tions on 

In order to reduce internaJ. -convection in the pond, it could , -, 
1 
1 

be d1vided into a number of different 1ayer~ by means of horizontal and 

vertical partitions. Honeycomb structures have been, proposed to di-

,vide the pond into smaller cells, thereby suppressing convection (Hull, 

J ., 
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1979} • At th.e Jet Propulsion Laboratory a saltless honeycomb so~ar 

pond has. been proposed and the resul ts of outdoor testing are 

reported in Lin (1983) \ 

, 

• 
1.2.6 Subject of the Present Thesis 

The present thesis i9 devoted to sa~t-gradient solar ponds 

~ adaptations of it such as the floating salt-gradient, and enhanced 

ground s;!10rage salt-gradient solar ponds. The next section reviews 

only the natural solar ponds and those research works which dealt with 

electric power applicat~on of solar ponds. The reader i5 referred 

to the review ~per bi' Tabor (19811 the paper by Nielsen (19801 , 

and the state-of-the-~t review bi' Crevier c1980 l , for further research 

activities concerning other applications of solar ponds. 

1.3 Historical BaCkground~,of Salt-Gradient Solar Pond Research 

There are numerous examples of natural and artificial lakes 

whièh possess density\gradients due to vertica~ salt concentration 

gradients. In the limnological literature these lakes are called 

"meromictic lakes" and the saJ;.t concentration gradient, the "halocline" 

(Tabor and Weinberger, 1981) • If the haloc~ine is sufficiently steep 

\ 

\ , 
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and if the surface of th.e pond is protected fram wind-mixing by sur-

round1ng geographicai features, then the incident solar radiation 

can cause a considerable temperature rise above ambient in the body 

of the Iake. The resulting temperature gradient, the "thermocline", 

paraiieis the ha1acline. The haIoc1ine assures the greater density 

of the Iower depths even when hea ted by solar radiation. 

The first natura1 solar 1ake described in the Iiterature is 

probably the most impressive. Kalecsinsky (1902) , described the 

Medve Lake, which is situated in Transy1vania (at 42
0 

44'N). A 

temperature of 700 e was recorded in it at a depth of 1.32 m at the 

end of .summer. The minimum temperature was 26°C during the early 

spring. The bottom of the lake had a near saturation of 26% of 

Na ct More recent1y Anderson (1958) has described a natura1 

solar lake near Oroville in the state of Washington. The lake, ca11ed 

appropriate1y "Hot Lake", lies in a wind-protected area at Kruger 

mountain (48
0 

S8'N) Temperatures greater than sooe during mid-

summer were recorded at a depth of 2 m • During the win ter the 

surface of the lake is covered wi th ice. Natural solar lakes have 

also been found in Israel" (por, 1970), Venezuelan Antilles (Hunder, 

1974) , and under a permanent ice coYer in Lake Vanda (77
0 

35'S) in 

the Antarctic (Wilson, 1962) • 
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1.3.1 Research in Israel 

In 1948 Dr. R. Bloch, Research Director of the Dead Sea 
"-

11 

works, suggested the study of solar lakes with a view toward practical 

utiliza tion. Under controlled conditions, it was to be expected 

that higher temperatures and useful collection efficiencies could be 

achieved in artificial ponds. It was on1y a decade later, however, 

that interest in solar ponds began to receive the funding necessary to 

implement the research. The primary goal was the generation of electric 

power by using the pond as a heat source for a heat engine driving a 

generator (Tabor, 1963) • Other potential applications include space 

heatingi indus trial process heati space coo11ng; desalination; and 

agricultural crop drying and other farm uses. 

In 1978, a small 6 KW turbine was coupled te a 1500 sq.m •. 

pond and demonstrated the feasibility of the system. In December 1979, 

a much larger system was put into operation; this is the 150 KW Ein-

1 

Bo.qeq' selar pond power plant (Bronicki, 1982) • In December, at a 

brine temperature of 77oC, 145 KW were produced with an overall 

turbogener~tor efficiencyof 5.7\. In the summer, when the pond ' 

temperature reached 930 C a peak gross power of 245 KW was achieved. 

Currently, operation of the 150 KW facility at Ein-Boqeq ls being 

monitored under varying system conditions, and valuahle data are being 

gathered and interpreted. The power plant has been cennected to the 

Israeli power grid since 1981 • 

l 

l 
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---A program of broad significanee is presently being imple-

mented in Israel where multi-megawatt solar power stations combining 

low temperat?re turbogenerators with solar ponds are being built. 

A pond 2 40,000 m in area having a depth of about 4 rneters will be 

running a 2.5 MW unit by the summer of 1983 (Harleman, 19B3) A 

second pond (250,000 m
2

) filled with Dead Sea brine 1s almost eom-

pleted, and will be coupled to a 5 MW turbogenerator. 

Although Israelis are presently the leaders ~ solar pond 

technology, specially for electric power appl~cation, they have 

published very 1itt1e about the design, methodology, optimization, 

and experimental results. 

12 

Beeause of the storage capacity of the solar pond, the solar 

pond power plant can he used as a peaking plant. For example, the 

150 KW plant in Ein Boqeq which used a pond of only 
2 

7,000 m area, 

(adequate for a continuous output of 20 KW) could temporarily deliver 

about se~n times i ts eontinuous rated output (Tabor, 198].,). This 

peaJÙ.ng capacity ean considerab1y raise the economie value of such a 

station'when integrated into a grid system (Bronieki, 1980) • There-

fore solar pond power plants, like hydro-electric plants, can provide, 

on demand, peaks of power, far in excess of their mean eapaci ty • 

A joint study of Ormat Turbine and the Israel Electrie Cor-

pc;ration bas recommended that solar pond power plants be used first in 

/ ~ 1 • 
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1 
the national power grid system as peaking plants, operating 750 to 

1250 hours per year, and rep1acing gas turbines. As solar pond 

technology becomes more established and cheaper, plants supplying 
< 

intermediate loads can he introduced, perhaps by 198~ • Ultimate1y, 

the large solar 1akes could be built by 1995, and their plants could 

supply base loads (B~onicki, 1981) • 

Tabor (1981) reported that the cost of solar pond power 

systems per unit power generating capacity flatten out for units larger 

than 20 - 40 MW • This is of great interest to developing countries, 

since they can install generating capacity in relatively small steps 

as demand grows. Today's fossil-fueled or nuclear power stations, 

(: by contrast, must have a capacity of severai hundred megawatts to he 

competitive. 

Assaf (1976) , proposed a theoretical scheme which turns a 

salt 1ake <into a solar pond. He was mostIy concerned with the wind 

actioh on the pond surface and its mixing effect on the NeZ. In 

the paper the energy recovery rate was taken as that of an equivaient 

Carnot engine and the power output, per unit area of the pond, was 

maximized wi th respect to LCZ temperature and depth of NCZ. The 

analysis did not include the Rankine power cycle characteristics, heat 

exchangers or auxiliary pumps. The optimization even failed when h~ 

~'" 

1 

obtained the optimum LCZ temperature of l600 C which 1s much higher 

than the boiling point of b!'ine. The optimization "las repeated with 
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temperatur~ arbitrarily 

t 
respect to NCZ depth whi1e fixing the LeZ 

at sooe or 1000C , --... 

Ophir and Nadav (J...982) , proposed a solar pond for produc-

tion of electric power as weIl as desalinated water. 1'hey estimated 

energy costs of 5.5 - 9.62' C::/kwh for single purpose solar ponds 

(e~ectric power only) in the Dead Sea and Mediterranean areas respec-

tively. For dual purpose plants 1 depending on the selling priee for 

desalinated water, the energy cost ranged trom 7.3 - l~. 3 for a 

water selling price of 
3 

0.5 $/m i 5.0 - 12.3 for 
3 

0.6 $/m ; and 

2.7 - 6.3 for 
3 

0.7 $!m Their analysis is based on a solac pond 

specifie cost of $13!m
2 

and a pond collection efficiency of 

20 per cent. 

l 
A solar pond power J?lant operated wi th a direct contact 

boiler was thermally analyzed by Sonn and Letan (1982) • The analysis 

by Sonn and Letan did not however consider the interaction of the 

many system elements. The main benefits of the proposed direct con-

tact exchanger ëtppear to be of three kinds": non-fouling of heat 

transfe~ surfaces, high heat transfer rates 1 and a reduction in, cost. 

The disadvantage of the direct contact heat exchanger for a se1ac pond 

l 
In a direct contact 0 boiler, heat ls transferred directly èlcross the 

phase boundary between the pond 'brine and a vaporizing organic fluide 
J 
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power plant is relatéd to material losses due to dissolution of the 

working fluid in the Lez brine. Since an experimental demonstra-

tion of a direct contact heat exchanger for a ~olar pond remains to be 

performed, and because the closed cycle power generation schemes have 

a1ready shown their feasibility, the direct contact heat exchanger was 

not considered in the present work. 

1.3.2 Research in the United States 

In 1975, a brief study was conducted by Bechtel CorpQratioJl 

f to assess the general technical and economic feàsibility of using salt-

gradient solar ,ponds as a means of generating electric power. This 

study used F-ll as the working fI uid, and a pond of 1 K1n 
2 

was con-

sidered. It concluded that the cast of a solar pond power plant was 

five times larger than that of a conventional plant o.f equal capaci ty. 

A -solar pond driven desalination and electric power produc-

don system was proposed by Johnson et al (1981). A thennodynamio 
\ 

analysis of the energy and mass balances of the system has been per-

formed and a perfo'rmance model of the system has been developed. 

1 
For typical operating conditions of a solar pond , a required surface area 

". 

1 W 
For the average solar radiation in Utah (250 "'2 ), a pond tempera-

ture of BOoC and cooling water temperature ru of 20
0
C , ,the 

average pond efficiency of 15 per cent was assumed. 

,1 
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of r 10 Km2 was obtained. The electrical output was assumed to be 

equal to the electrical demand of the multi-effect ,distillation plant. 

Their analysis did not include a detailed modelling of the solar pond 

power system. Cost evaluation and system optimization were not at-

tempted. .' 

Jayadev and He~derson (1980) , developed a simulation pro-

gram to analyze the thermal performance of solar ponds. A smple 

economic optimization which maximized deliv~red energy per capital, cast 

with respect to LeZ and Nez thicknesses was also performed with the 

help of repeated simulations. In aIl of the reported research acti-

vities so far, the relative sizes of the various companents of the 

solar pond power plant, (salar pond, heat exchangers, power cycle, 

pumping system) have not been determined through economic optimization , 

" , 
considering all of the camponent costs and their mathematical models 

and manner 0 f integration. 

1 
The SaI ton Sea Solar Pond Power Plant concept became the focus 

'; 

of a publicly funded project in November, 1979 (French and Lin, 1981) .• 

This project, which is sponsored by Southern'Califarnia Edison and the State 

of california, has been highly publicized. The first phase af the 

project, the I~oncept and feasibili ty study, was completed in 1981 • 

The results indicate that in-lake installation af a commercial power 

plant is technically feasible, environmentally acceptable, and economi-

*.., - 'r 
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cally attractive. . The start-up of a 5 MW prototype unit i5 
e 

planned for 1984, to be followed in 1990 with the Urst" of 600 MW 

(twelve 50 MW modules). 
e 

The 5 MW plant will côst $6,800 
e 

per kilowatt installed, while the commercial plant costs are below 

e 

$2,000 per kilowatt installed. In the commercial plant, the cost of 

the solar pond system 15 about 50\ of thE}J total cost, Whereas in 

the 5 MW
e 

the pond system is about 75\ ct the total cast. 

In June, 1982, a few pages of the SaI ton Sea Solar Pond 

feasibility study were made available to the author (French, 1982) • 

It seems that the design of the solar pond power plant system includes 

and optimization procedure through which optimal operating conditions 

and sizing of different systems' components i5 achieved. A request 

for obtaining the complete report on the feasibility study was turned 

17 

down (French, 1982) and therefore it is not possible to comment on the 

methodology and optimization used in this study. 

Calculqt10ns based on measured transmittance of Salton Sea 

brines show that the potential-for electric power generation by a solar 

pond is strongly influenced by the fraction of radiation transmitted to the 

LeZ. Simple carbon treatment roughly quadrupled the expected elec-

tric power output of the SaI ton Sea pond. However, a brine sample 

from another site did net respond te carbon treatment. A preliminary 

cost estimate indicates that the capital costs for water treatment, of i 
1 
! 
!-
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which carbon treatlllent wou1d be only a part, will be less than 10\ 

of ,the capital cost of the Sal ton Sea 5 
~ 

MW pond (Marsh et al, 
e 

1981) • " 

A comprehensive assessment was made of the reg10nal appli-

cabili ty and potential of sal t-gradieh~ solar ponds in the United 
\ • 

States (Lin, 1982) • The report concluded that, except~ng Alaska, 

ponds are applicable in aIl regions for at least two of the considered 

market'sectors (residential, commercial and institutlonal buildings 
, 

industrial process heat sector; agricultural proce$s heat 

18 

~sector; 

sector; electric power sector; and desalination sector). Estilnated 

on the basis of conservative exploitation of the available resources, 

the American national electric power pond potential i5 
:: 

1 
3.46 quads / year 

-./ 

The study also concluded that a 5 MW solar pond power plant ls compe-

titive with a new oil-fired facility of the saroe capacity in the South 

west, Hawaii, and Puerto Rico regions (if pond cost can be held below 

2 
50 $/m , then ponds are also competitive in the Salt Lake, Red River, 

Gulf Coast, and Tennessee Valley regions); similarly, a 600 MW 
~ 

plant 

wou Id he competitive with a coal-fired plant in the Southwest, Red River, 

and Hawaii. 

l 

l quads 

-
180 * 10

6 
bbl (29 * 10

6 
m3

) of petroleum 

10
11 Kwh, electr1cal 
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Argonne National Laboratory has recently comp1eted two 
"'\. 

studies for a 5 MW power plant combining two developmental 
e 

technologies, Salar Ponds (SP) and Ocean Thermal Energy Conversion 

(OTEe), into a hybri;i.d system that offers potential advantages over 

ei ther pure SP or pure OTEe 7ystem for production of electric 

power. The proposed SPOTEC concept uses a solar pond as a heat 

source instead of warm surface sea water, and deep ocean water f9r the 

heat/rej ection instead of pond sur:Èace water in the operation of a 

Rankine-Cycle system. The report does not include the system model-

Ling nor a cost estimate of the concept (Hillis et al, 1983) • 

For energy conversion applications involving a closed fluid 

cycle o'f the Rankine type, the maximum and tJte minimum cycle tempera-
.. "',"4-.,f 

" ' 

tures are dictated by the source and 1 sink temperatures of that parti­

cular aJplication. However, the selection of a working fluid or of 

a mixture of fluids, and the selection of the IqaXi.mum and minimum 

cycle pressures, which in turn establishes the thermodynamic region of 

19 

operati6n, invol ve a stupendous effo:rt if they must be done in a manner 

optimizing performance. Tliermodynamic properties charts and tables, 

based on accurate experimentaJ: data, are not available for some fluids, 
1 

which require exclusion of these fluids from consideration. Even for 

the fluids where good data is available, to investigate aIl ther.mo-

dynamic regions wi th each of the fluids is a very cumbersane task. 
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Pradhan and Larson (1980) , developed a procedure for the 

ana~ysis of power cycles based on the Generalized Properties of 

fluids. The method is suited to high speed digital computers. 

It is shown that, for initial search purposes for new flui,ds, this 

method give5 reasonable accuracy. The advantages of the method 

are its minimal data requirement for cycle ana~ysis and ease of imple-

mentation on digital computers. The inaccuracy of the method 
, 

(e;-rors in efficiency assessment can be as high as 10%) is its main 

shortcoming. The method can only be recommended for initial evalua-

tion of several a~ternative fluids: 

The present thesis offers a simple method for the analysis 

of a Rankine cycle which i5 sui table for use wi th an optimization 

procedure. The method i5 based on approximating the thermodynamic 

properties such as enthalpy, entropy, etc. of the working fluid on the 

saturated vapor and 17~id lines as a function of boiler and condenser 

20 

temperatures. These properties are expressed as polynomial fWlctions 
.. 

of the temperatures. The properties of the points not lying on the 

saturation linep are calculated using the first law of thermodynamics. 
, . 

The method i5 applicable to any fluid for which sufficient data ls 

avai~able in the forlU of charts or tables. The method ls given pre-

ference to the Generalized Propertles method for cycle analysis 

primarily for its excellent accuracy/ although it requires more data 

input. .. .... 

, 
\ 

" 

, , 
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Bohn et al (1980) , proposed the use of thermoelectric con-

version in a ;tew ocean thermal energy conversion concept. They 

described the concept and its advantages and provided a preliminary 

analysis of the performance and cost of a 400 MW thermoelectri.c 

OTEe plant. 

In another work, Benson and Jayadev (1981) , proposed the 

electric power generation by thermoelectric energy conversion for low 

grade heat systems such as OTEC 1 solar ponds, and geothermal. The 

efficiency of thermoelectric conversion (thermal to electrical) i5 at 

best 20 per cent of the theoret~ca1 Carnot efficiency. In spite of 

its greater reliabili ty and freedom trom maintenance requirements, .this 

technology does not appear to be an economical alternative ta the heat 

engine, the efficiency of which can reach more than 60 per cent of 

the Carnot cycle (Tabor, (1981) f (see a1so Chapter III of the present 

thesis) • 

1.4 Motivation for the Research 

The present thesis is primarily concerned wi th the simulation 

and optimization of electric power generation by solar ponds. 

" 

The motivation for choosing the non-convecting solax pond 

for the purpose of electric power generation are as follows : 

j 

, , 
" 
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(a) The solar pond appears as~an effective method of harnessing 

solar energy in the multi-kilowatt - multi-megawatt range, 

thereby filling the gap between classical solar collectors and very 

sophisticated satellite concepts now being studied for the ~igawatt 

range. Electric power 'generation in the 500 Ktl to 5 MW or 

larger ranges by solar ponds is possible at estimated costs that are 

presently competitive with those of alternative technologies in are as 

not having an e1ectricity grid and where the basic materials for pond 

construction (salt and water) are inexpensive. 

(b) . Energy storage in the form of sensible heat is a built-in 

property of a solar pond power system due to this unique feature, 
'.' 

an annual load factor as high as 0.9 is possible, which is at least 

" 
two times higher than that of any other solar system. The other im-

portant factor in favor of the solar pond technology is that the 

commercial status of this system is certain1y better than that of any 

other collector system. While the other solar energy conversion sys-

tems are waiting for technical and economical break-through, the solar 

pond power system can bt; built in a cost effective way using the present 

technology and materials. In experiments with small solélr ponds, 

temperatures greater than l06
0

C were obtained (Weeks et al, (1981) and 

thermal collection efficiencies greater than 15 per cent for heat ex­

traction at 70
0

C to 90
0 e are achieved (Tabor, (1981) l . 

The decision to concentrate on simulation and optimization 

was motivated by the fact that this constitutes a speciÙ but important 
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aspect of solar pond research. AlI other reported research is so far 

concerned either with fundamental aspects of solar pond physics such 

as stabi1i ty and radiatioâ absorption, or solar pond applications other 

than electric power generation; when electric power generation is con-

sidered, it is not treated in a systematic basis. 
-r 

For example, solar 

pond sizing and optimization has in the past been achieved by repeated 

simulations, which does not permit the handling of a large number of 

variables which happens when optinll.zing a solar pond power plant system. 

Although the basic problems associated with solar ponds were 

delineated by Tabor in 1963, the problem of solar pond power system 

optimization has not been properly investigated in the intervening two 

decades (Lin, (1982)) • 

1.5 Claim of Originality 

.." 

To the best of the author 1 s knowledge the following are the 

original contributions of this thesis to the solar pond technology 

1. Analytical solution of the governing equations of the 

solar pond thermal behavior for the three layer pond 

namely, NCZ , LCZ, and a lower insulation layer of 

finite depth underneath the pond. 

q 

'( 

1 
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2. Static Optimization of a solàr pond power plant 

development of a method for very accurate power 

cycle analyses, 

1 

formulation of net electric po~er produced by the 
,.~ 

solar pond power plant taking into account actual 

pond, heat exchangers and thermal cycle charac-, teristics, 

determination of the optimal system compone nt sizes 

and operating conditions for the above formualtion. 

3. Dynamic Optimization of solar pond power plant : 

development of a semi-analytical method ta arrive at 

optimal heat extraction and storage depth for sinu-, 
1 soidal excitation, 

formulation of energy cast in the form of optimal 

control problem and its solution through discreti-

\ 
zation of control and using matheI\\atical program-

, 
ming ta obtain optimal control', 

comparison of the optimal heat extraction for 

two different climates, 

comparison of the two different working fluids (.F-113 

and F-l1)~ for solar pond power plants. 

() 
i 
1 

i 
~ 
.J 
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, 
4. Introduction of a new solar pond concept the float-

ing pond: 

derivation of stability criterion of the floating 

structure for uniform salt concentration, 

derivation of stability criterion of the floating 

structure for linear salt gradient, 

Static Optimization of a floating solar pond 

power plant. 

s. Introduction of ice storage concept for solar pond 

() power plants : 

thermal analysis of the ice storage and determina-

tion of i ts required size to meet the cooling 

requirement of a solar pond power plant, 

determination of optimal heat extraction from solar .; 
4 

pond power plant having an ice storage and achieve-
, 
, 

ment of major energy co st reduction by introducing 

the ice storage concept. 

6. The solar pond power plant wi th underground 

storage concept: 

development of the ~thP.1llatical model and J,.ts solu-

() tion using finite difference, 

1 

1 
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---( 

optimization of the solar pond power plant wi th re- .! 

versed operation, 

':' determination of optimal heat extraction from solar 

pond and optimal heàt injection or extraction from 

underground. 

1.6 Outline of the Thesis 

The remainder of this thesis is organized.as follows 

Chapter II, prediction of solar pond thermal behavior, begins 

with the development of the governing equations of tbe pondIs tempera-

ture from the fundamental laws of heat transfer. Then the analytical 

solution of the governing equations for sinusoidal excitations is de-

rived. Parametric study of the analytical solution as well as static 

efficiency are presented. A numerical solution technique using 

fini te differences is then attempted and the effect of ice coverage and 

variation of the sun' s declination angle are discussed. 

In Chapter III, the optimization of a solar pond power 

plant is achieved through mathematical modelling of the system' s com-

ponents and the use of an optimization routine to find optimal design 

aid operating conditions. In this chapter a simple computerized 

lltethod for power cycle analysis is developed. Then models of the 1 
! 

i , 
- -~'- --- ~I ______ -----.- ----------------. ~ 
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heat exchangers and auxiliary pumps are presented and discussed. ,. 

, The chapter ends with examples of the 'optimization techniques de-

veloped and discusses the effects of different working fluids as weIl 

as climatic conditions on the yield and the energy cost of -a solar 

pond power system.' 

Chapter IV deals with the problem of optimal heat extrac-

tion and storage depth. It starts with a discussion of the assump-

tions used in the chapter, which are based on the resul ts of Chapter 

III. A semi-analytical technique for the determination of an opti-

mal time table of heat extraction and storage depth i5 then developed. 

Formulation of the problem as an optimal control problem is presented 

as an alternative to the semi-analytical method, and its solution 

through discretization of the control variable theat extraction} is 

discussed. A numerical solution provides a compaxison of the two 

methods. 

Chapter V, bearing on cost reduction techniques f first 

introduces a new solar pond concept, the floating pond. The 

stability criterion of the floatlng structure is derived. 
. 

The opti-

mization of a floating solar pond power plant is then carried out and 

conclusions on the economic advantage5 of this type of pond over 

or~inary solar ponds are drawn. Next the ice storage concept is 

proposed as a cooling medium for the power plant. The sizing of an 
) 

1 
ice storage facility Ylhich meets the heat rejection requirements of 

-, 

.1· o 
-------- --- ----------- -"- .---'::?7'--'--:"--~------____ .. 

Î_ 

-: 
? 
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{ 
a solar pond power plant with a given capacity is achieved by simple .. 
thermal analysis. The complete systen1 optimization is performed 

and. its superior ecanomics and performances over an ordinary solar 

gpnd power syst~ are shown. 

Chapter VI, entitled reverse operatia~derground 

storage, starts with an introduction which is followed by the develop-

ment of the governing equations. The model solution by a finite 

difference technique and the,validation of the model's assumptions are 

then present~d. The optimal heat extraction from the storage layer 

af the pond as weIl as optimal heat injection or extraction fram under-

,.g~aund are atternpted in a manner similar ta that presented in Chapter 
.... ' ... "" 
~ o 

An example of such a solar pond I?9wer plant is pres~nted and· ..!V • ... 
,...3' 

:' èoncluding remarks are given. 

-, , 

1 

Finally, in Chapter VII, ~ the conclusions of the present 

thesis along wi th reconunendations for further research are presented. 

" 

• 
• ! 

" , 

() 
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CHAPTER II • .l''' 

pREOICTION OF SOLAR POND THERMAL BERA VIOR 

2.1 Governing Equations of Pond Temperature Behavior 

As described earlier a solar pond will have three distinct 

layera, namely upper convective zone (uez), non-convecting zone (NéZ) 

or gradient layer or insulation layer, and lower convective zone (LCZ) 

or storage layer. In this section mathematical models of the above 

zones as well as the layer of ground underneath a s01ar pond will be 

developed and different solution techniques along with results and com-

parison of the different oode1s will be discu5sed. 

First, consider the Nez which i5 bounded by the UCZ and. 

LeZ (Figure 2.1) It is assumed that a stable salt gradient is pre-

sent in the Nez (due to dissolved salt) so that heat transfer can take 

place in' this zone only by conduction. 
'l 

According to Fourier' s law 

~ 

of conduction the heat flux vector q i5 g1 ven by 

. 
whe~e KIls the thermal conductivity and V Tl i9 the temperature 

gradient. Therefore the amount of heat flowing out of a closed sur-

face can be given as follows : 

-+ 
ds = f 

s 

1 
1 

1 

1 
~ 

~ 
~, 



- ~ ..... il' ,.".. .~. ,-~ ~ ~ .. ,..... .-. F~ ~ -}ri''''''' 4. ___ ......... ""_ -_ ... -

" 

• 1 

o 

-: 
, 

"'j 
i 

1> • " 

() 
1 . 
~.,. .......... 
, 

"1 

r 

t:" ..... : ~~ _ .. --~ .......... --~- -

"'-40 .. -, _ / ... "f". 

........ ~ - -........ -- ...... 

Applying ~e Divergence theorem to the above equation yields 

i ...... -+ 
Q ... q'ds 
~nd 

s 
= JI l 'il • (- Kl 'V Tl) dV 

,V 

where ' fi . i5 the volume enclosed by ;the -surface S. Therefore the 
. -

heat flui'flowing into the volume V due te conduction i5 : 

.. 

- , 

fJ l V" (IS. V Tl) dV 

V 

30 

'l'he heat incident on the surface S' due to solar radiation 

"flux i5 given by . ' , 
0 

f 
-+- -+ HI ...... 

Qrad = - ~ad • ds ... ,;j 
V • ~ad • dV 

: S V 

The amount of heat in the volÛIQe. V can be expressed as , 
.... 

-
and Ci are density and specifie heat' of the brine. The 

time of ch.ange of heat in the volume V 1s 'qîven by ,: 

'. 

, '. 
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Equating the heat flowing into the volume due to conduction and radia-

tion to the rate of change of heat will result in the followinej 

= 

or, 

ffI 
V 

Assum:i.ng that the integrand i5 continuous, the above y:i,elds 
l ' 

(2.1) 

where Hl i5 the source function (solar radiation) defined by 

for constant properties the above equation becomes 

(2.2) 
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1 

Equation (2.1) is the general fom of the heat diffusion 

equationi for the tirne ~dependent case it reduces to the Poisson equation 
, 
1 

and if the source term is ignored the Lapl~cian equation is ohtained. 

The governing equation for the ground below the Lez will 

be the same as equatiJn (2.1) with the difference thàt the source term 

will not he present 

\ , 
2 

a T
2 (2.3) K

2 
'il . T

2 
• P2 C2 -at 

where subscript 2 refers to the ground layer physical properties. 

The storage layer as mentioned earlier is a convective regian 

and here it will he assumed that radiation reaching the top of this 

zone is absorbed completely in the LeZ, Le., the radiat,ion reflected 

l 
by the pond bottom is not accounted for in -our analysis Taking the 

LeZ as a control volum~ the heat balance equ~tion can he written as 

follows 

1 
Viskanta (1978) considered the radiation reflection of the solar pond 

bottom. If the bottom o~the pond has poor abs~~ptian 

theh one has to take inta a~t the bottom reflectlan 
1 

coefficient 

lasses. 

1 

i 
l 

f. 
,~ 
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A'P C Il. q Te 
Ss STt"""H-U f (KI • 'il Tl + K

2 
• 'il T 2) • a;-

s i! (2.4) 

where A .is the surface area of the pond. The first term (H) 

on the right hand side is heat absorbed due to radiation in LCZ and 

the second tetm is the useful heat (U) extracted fram the LeZ and 

the last term represent.s the heat los t b~ conducti~n to the Nez and 

ground. 

In the following sections, analytical as well as 

sol.utions to equations (2.2) - (2.4), in a single dimension, will be pre-

sented. 

, 
2.2 Analytical Steady State Solution with. Sinusoidal Excitation '" 

The model described in ",ha t follows i5 an extension of the 

one developed hy Weinberger (1964) for a single layer pond (NeZ only), 

and later modified hy RabI and Nielsen (1975) for two layer ponds 

(NeZ and LCZ l 

The analysis ia strictly valid'onlY for a pond of,infinite 

area ponds of finite area can however he modeled hy incorporating 

edge (side) losses as a heat extraction tenu in the LeZ heat balance 

" 

1 

1 

1 

1 
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equation (Crevier, 1981). It is assumed that solar radiation as weIl 

as the amb~ent air temperature are ,periodie with only one harmonie 

term. They eonsist in the superposition of an average eomponent and 

a sinusoidally varying component; aIl have a period of one year, and are 

usuallyout of phase with each'other (Nie1sen, 1978). Sinee the solar pond 

provides long term storage, having large thermal inertia, it is insensi-

tive to the hourly and daily variatl.ons af the radiation and ..ambient 

tempe rature {Crevier, 1980 ( Sadha et al, 1981). Solar· radiation will 

arb'i trarily be assigned a phase angle of zero. Solar radiatl.on and 

ambient tempe rature will therefore be given by the following functions: 

H (t) 
s 

T Ct) 
a 

= H 
s 

IV 
+ H 

s 
cos Olt 

- IV 
= T + T cos (wt - 15 ) 

a a a 

(2.5) 

(2.6) 

where the average value terms H 
s 

T 
a 

and the ampli tude terms 
'V 
H 

s 

'f a 
The phase angle are assumed known. Ô 

a 
is the known phase dif-

ference of ambient tempe rature with respect ta radiation. The summer 

solstice (June 21) corresponds ta t = 0 ( and the angular frequency 

211' 
Ol = l corresponds ta a period of one year. 

year 
The heat extraction 

rate from the LeZ of the pond will also ~ assumed ta have the fol1ow-

ing sinusoidal form: 

U(t) 
IV = U + U cos (Olt - ô ) u 

(2.7) 

• 

1 

\ 
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Depending upon the end application of the extracted heat the above 

forrnulati'on may or may not be a good approximation. The Lez tem-

perature will be a linear function of the excitations and should aiso 

take the fOrIn of a sinusoid \oTitll the same frequency (Garslaw and 

Jaeger, 1959) : 

- '" T (t) = T + T 
s s s 

whe.z::e T , 1< and 
s s ô Sare unknown yet te be determined. 

3S 

(hl 

We will use, as described in Appendix A, the following 

combination of four exponentJ.als as an approximation for the radiation 
\ 

reaching a depth x (measured positive downwards) : 

H (x, t) = T H (t) 
s 

4 
1: Tl 

n n=l 
e 

* -].1 11: 
n 

(2.9) 

,* 
where t' 1s a coefficient of transmission, H(t) iilnd }ln are given by 

equations (2.5) and (A.2) respectively. 

The geverning equa tians, ( 2. 2) - (2-4) 1 of the three 

layers namel y Nez 1 Lez 1 and the ground undernea th the pond, can he 

written in one dimension as follows (see Figure 2.1 for clarity of 

nomenclature) For the Nez 

2 t) aT
1 

(x, t) a Tl (x, al aH (x, t) 
= Cl

l élt ai Kl (lx 
(2.10) 

• < • 
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Cross Section of a Solar Pond wi th corresponding Labels. 
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where CL
l 

i5 the thermal diffusivity of the brine given by 

wi th the boundary condition of 

= T (t} 
a 

where .tu 15 the thickness of ucz a.nd ,g,.l i5 the distance of the 

bottom of Nez from the surface, which 15 usually referred ta as the 

extraction depth in the literature (Cravier, (980») • For LCZ : 

Ps C R-
5 S 

d T (t) 
5 

dt 

, dT
l 

(x, t) 

= H (tl , t) - U (t) - Kl 3x 1 

X" t + R. 
l 5 

and finally the heat diffusion in the ground -: 

3T
2 

(x, t) 

at 

x=-R. 
1 

37 

(2.11) 

(2.12) 

(2.13) 

where CL
2 

lS the thermal diffusivity of the sail. The boundary candi-

tians can be expressed as 

i 
1 
1 

i 
ï 

1 
,1 

î 
1 
'. 
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T (t) 
s 

where T
W 

is the temperature of a heat sink as'sumed to be located at 

a finite distance from the ground level. 

The solution of the governing equations will be carried out 

in parts, namely for time independent and Ume varying components. 

2.2.1 Time Independent Solution 

A tinte independent solution of the governing equations can 

easily,be found by setting all time varying terms in equations (2.5) -

(2.14) to zero. The equations then reduce ,to the fOllowing 

* 4 
~ ("t H ~ nn 
dx S n=l 

-u x n ) e 

ft 

4 - d T
2 
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(2.14) 

(2.15 ) 

,. 
T H ~ 

s n:01 
n 

n 

-\.1 R, 
e n 1 - U - K l +K ~I . 

2 x=R, +R. 
1 s 

d
2 

T 
_-:::-2_ = 0 

ax
2 

(2.l7) 

" 

o 

i 
1 
i 

~ 

1 
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~----------­
The 1ast equation upon simple integration y~e1ds (using boundary .condi-

tion equation (2.14») : 

'~ 

d T T T
W 

K
2 dx 21 K

2 
s = 

1,1 + R- 1,2 x = s 

(2.18) 

Integration of equation (2.15) using the boundary condition (2.11) gives 

the following expression for the temperature gradient 

= 
4 

T H l: 
s n"l 

n e 
n 

- -T - T 
+ K- s a 

l 1,1 - R-u 

(2.19) 

Substitution of equations (2.18) and (2.19) into (2.16) gi~es the 

following resul t for T 
s 

R- - 1-l u 
T -a KI -T -s 

l' H 4 -+~ 1: U 
K 

I n=l 

l + 
K

2 
KI 

* * Tl n 
-jJ 1- -~ 1, K

2 
R. -1, 

(e n u n 1) 1 U T - e +-
1-1* KI R-

2 
W 

n 
1, - 1, 

1 u 
R,2 

C2.201 

This solution reduces to the· one given, by RabI and Nielsen (1975) ~ wh en 

the depth of the heat sink tends to infinity and for no surface convective 

layer. , ' 

f .. , 



G 

1 
,1 
j 

2.2.2 Time Dependent Solution 

'ù 
The calcu1ation of,.the time dependent components T and 

s 

Ô is rather tedious. 
S 

The steady state temperature in the ground 

be10w the pond 1s given by Carslaw and Jaeger, (1959) 

+ C.C. (comp1ex conjugate) 

40 

(2.2l) 

where 0'2 oz' /2 a
2 

/ w is the depth at which temperature oscillations 

of frequency w are damped ta 1 1 e of their surface value; by ana10gy 

with electrodynamics, 0'2 is called the sk1n depth. To find the tempera-

ture qradient at the ~op of LCZ we first calculate the steady state 

temperature in the Nez due to its boundary conditions, equation (2.11), 

~d due to absorption of radiation, by solving (2.10) for tinte varyLllg terms 

wh1ch y1e1ds the fo11owing solution (C~slaw and Jaeger, 1959} 

+ ~ 
s 

'ù 

i(wt - ô ) 
a 

T H 4 
'+ ~ 1; 

2 KI n=l 
e 

sinh [(1+i) (1.
1 

- 9..
u 

- x) 10'11 

2 siM [(l+i) U
1 

- 9..u } '/ 0'2' 

sinh [(Hi-) (x / crI) 1 

2 sinh [(1+i) (9.
1 

* -lI 1. 
n u iwt e 

, , 

> 
1 

l 
'," 

p 

1 

1 

\ 
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'* -}J 9-
[(1+i) (1

1 
- 9-

u 
- x) 1 O'll + e n 1 sim [(l+i) (x 1 (\'] 

{ ----------~--~------~--------------------~-
sinh 

sinh {(1+1) (2
1 

- Rou) 1 0'1] 

f. 
* 

-j,lnil * 
sinh [j,ln U1 - 1 - x) 1 + e sinh (Jl x) 

un} * + C.C 
sinh [j,l (9.

1 
- 9- )] 

n u 

() . 
The substitution of equations (2.21) and (2.22) into (2.12) will 

'" yield a solution for .T
s 

and ôs ; the results are as follow' : 

-rv El 
T • s K K 

(..l. 
E2+ + ...l E3+ ) (cos Ôs + E4 sin Ôs } 

\ 0'1 °2 

and" ~ 

ô • arc tan S 

ES + E4 El 

( El ..;. E4 ES 

" where • 

siM [2 (il - 1u) 1 0'1] + sin [2 (11 -;:7" tu 1 0'1] 

~ 
-

E2+ ... 
cosh [2 (il - 1u) 10'] - cos ,[2 (R..

1 - tu 1/0'11 1 

sinh (2R..
2 

1 0'2) + sin (2R.
2 1 cr 2) 

E3+ = 
cash (21

2 
1 0'2) -cO? (2R.

2 1 0'2) 

, ' 

'1 / 

(2.22) 

.. . 

~ , , 

. 
1 
j 
1 
1 

i 
~ 
.1 

i 
1 
~~ 
l 
~ 
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j 
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11 

, \~ n -}l (R. ... R. f 
'" l:. 1\ e n 1 u ~ 

~'t' li ... U cos Ô + (2 X): / 01) . T 
\ S nai n u a 

• (E
6
+ 'cos °a .. E sin 6 ) + E7 " 6- a 

~ 
i~~ 

" 
~ 

ô (2 KI 1 (JI) 
~ 

(E
6 

s:Ln 0 + a ) + - U sin + • T . E
6

_ c~s Ea u a + a a 
1, 

.. * \ 
4 n (Iln0'1) 4 -).l (9, -R, ) 

* '" ~. n n l u 
1: 11 { - e + (ll . 0'1) 

9 n=1 'li" * 4 4 n ' o • 25 (}.ln (j l) 

11 2 *' *, 2 
-j.1 (.e. -R. ) (}lnGl) (}JnO'l) 
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.1 

2.3 EJcamples 

_, The analytical solution developed In the previous section 

will be used ta predict the thermal' behavioi:- of solar ponds located in 

Montreal, Canada and Shiraz, Iran. The climatic data for Montreal was 

obtained rrom the Department of Meteorology of McGill UniversJ.ty émd the 

data for Shiraz fram Akbarzadeh and Ahmadi (1980) • Table 2.1 shows 

the data for the two locations. 

• 

1 TABLE 2.1 

CLIMATIC DATA FOR MONTREAL AND SHIRAZ 

Location Latitude Ambient Temperature (OC) Solar Radiation (2!....) 
2 " m 

- '" 
1 - '" \ (Degrees) Average T Amplitude T Average H Amplitude H 

a a s 

Montreal 45.45 5.5 15.0 150.0 110.0 

Shiraz 32.0 17.3 11.3 210.16 81.84 

In the following examp1es the rate of heat extraction is arbi-

trari1y assumed ta be as fo1lows unless otherwise stated : 

- -cr = 0.2 H 
s 

, fi" -
U = 0.5 cr and 0 =: 90

0 
... 13 weeks 

u 

s 

'\ 

\ 
1 
1 
l 
1 
1 

1 
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'f 
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,1 
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(} 
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Th.e area of e pond 15 taken as 1 Km 
2 

and the dE7pth of the uez 1s 

set at 0.2 which seems to be the minimum value achievable in 

practice (Cr vier, 1980). The temperature of the heat sink is as-

1 
sumed to be the same as the average ambient temperat~e. Table 2.3 

summarizes 

locations • 

facts 

le resiIlts of the ana~ical solution for two considered 

t result. presented in Table 2.2 reveal the following 

. 1 

(1) The <fpth of the uez plays a very important raIe in the per- \ 

formance of ~ solar pond. 
1 

eomparison of cases 8 

that higher Femperatures can be obtained when th.ere 

for the same operating temperatures a pond wi thout 

, <, 

and 10 shows 

is no uez , i.e., 

uez yields higher 
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efficiency. Therefore, control of UCZ thickness 1s certainly a must 

for good performance of a solar pond .. UCZ has an effect on the 

average, amplitude, and phase lag of the Lez temperature. 

(2) Thiçkness'-of- the NCZ, which is- the thermal insu1ator. of a pond,will 

have an optimal value which yields maximum LCZ temperature (cases. 

l - 19) • 

(3) The depth of the storage layer MS a stronger effect on the 

amplitude than on the average of the LeZ temperature.' In fact the 

Lez thickness should not have any effect on average temperature. The 
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Montreal 
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TABLE 2.2 
.~ 

_____ ...-......... ~ ... Jt.......,.. .~ ...... _':=kE k_._~~ __ _ 

" 

; 1" 

- - ~ ~- ~-- ... ..,..--.,...,...~-~ 

,-­, 
~ 

... 
SUMMARY OF THE RESqLTS FOR ANALYTICAL SOWTION 

2 .> '" 1 Km , R- 0.2 m , U 30 MWt U = 15 MWt , Ô 13 weeks 
u u 

Case R.
l 

(m) R. (m) 'T (oC) 'i (oC) ô (weeks) Remarks 
s s , s s 

28.46 5.59 TM 62.53 
m 

5.61 l 0.8 1 34.07 = T = 

2 0.8 2 33.66 ;21.57 7.41 TM 55.23 Tm 12.09 

3 0.8 3 33.13 16.96 8.5 TM = 50.09 Tm = 16.17 , 

31.48 11.70 9.71 
M 

43.18 Tm 19.78 4 0.8 5 T 

5 1:0 1 37.71 26.96 6.24 TM = 64.67 Tm = H).75 

6 1.0 2 37.09 19\76 7.89 ~ 56.85 .J!l = 17.33 

7 1.0 3 . 36.J9 15.31 8.84 ~ = 51.6 Tm = 20.98 

8 1.2 1 39.33 24,88 6.72 TM = 64.21 Tm = 14.45 

9 1.2 1 46.25 24.88 6.72 'TM 71.13 Tm 21.37 

for R- :::: 00 

i 2 
M Tm 10 1.2 1 52.0 25.69 7.35 T 77.69 26.31 

~ for R- a 
u 

~ 
U1 .. 

". --~~ ""~. "*«~~h-M~t~~~~~,_..,_~ .. ~ .... , -.~ "'': .......... '- ........ "",...,::;~~".,Jt .......... "' <n~ .... "'" -

," 
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TABLE 2.2 '(cont Id) , 
1 
1 
~ 

1"1 (m) 1. (m) T (oC) '\, ° cS (weeks) Remarks Location Case T ( C) 
s s s 5 -; 

;, 

Montreal Il 1.2 1 39.33 32.76 9.04 TM 71.09 Tm 6.57 
ï 

/-, Ô = 180° = 26 weeks 
u 

../' TM m ~ 

12 1.2 2 38.51 17.94 8.22 56.45 T 20.57 ~ 
~~~ 

37.46 9:07 TM Tm " 

13 1.2 3 13.82 = 51.28 = 23.64 ~ 
-~ 

TM Tm ~ 
14 1.4 1. 39.37 22.56 7.09 61.93 = 16.81 :j 

-:: 

TM Tm 'i 
15 1.4 2 38.37 16.18 8.48 = 54.55 = 22.19 

16 1.4 3 37.1 12.45 9.25 TM 49.55 Tm = 24.65 
1 

TM 
J 

Tm ~ 

17 - 1.6 1 38.16 20.26 7.38 = 58.42 17.9 

18 1.6 2 37.01 14.49 8.68 TM 51.5 Tm = 22.52 
_1 

= , 

19 1.6 3 35.57 'II!: Il.15 9.40 TM 46.72 Tm 24.42 

"\ 

TM Tm 
~ 

Shiraz 20 0.8 2 57.78 17.12 5.69 74.9 40.66 " = 

2l. 1.0 2 63 .• 07 15.97 1;1.01 TM '19.04 Tm 47.1 

22 1.2 2 65.54 14.73 6.17 TM 80.27 Tm 50.81 

23 1.1. 2 65.78 13.49 6.25 TM 79.27 Tm = 52.29 

24 1.& 2 64.27 12.27 6.24 TM 76.54 Tm 52.0 ~ 
0\ 

~~*'~W'-' t~ ... ~,:.,\'r~'i..f.."' .. ·~/r·{:>'; • ;"'<'-' ',~ 1 
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decrease in LCZ average temperature wi th i ts thickness that can he 

observed in Tabl.e 2.2 is due to the fact th:at in our model, the 

bottom heat sink i5 assurned to be at a fixed depth. Making the pond 

deeper thus brings its bottom closer to the heat sink which increases 

conducti ve losses. Increasing LeZ thickness reduces the amplitude 

of the LCZ temperature but this requires more salt and for the loca-

tians where salt is expensive the economic advantage of a. solar pond may 

very weIl disappear. 

(4) The thermal conducti vi ty of the ground underneath a solar pond 

as weIl as the depth of the heat sink can affect the performance of a 

pond to a great extent. Comparison of cases 8 and 9 shows that 

if the depth of' the heat sink tends to infinity 1 the pond will not 

suffer from bot tom losses in the steady 5tate operation and performs 

better than when the heat sink is at a finite depth. 

(5) 

( \ 

The scheduling of the heat extraction also plays an imPortant! 

role in determining the thermal behavior of a pond. This question 

will be investigated in detail in Chapter IV i it is however c1ear fram 

Table 2.2 that a different maximum pond temperature '1'11,11 ne obtained if 

heat is extracted at different times (cases 8 and 1l} • 

(6) Comparison of the thermal behavior of the ponds located in 

Montreal and Shiraz (cases 1 - 19 and 20 - 24) reveals that because 

of higher insolation in Shiraz, ponds perform better there than in Mon-

J 
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1 

\ 
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treal. For the same operating Lez temperature ponds will have 

smaller efficiency in Montreal than in Shiraz. 

2.4 Static Efficiency 

Definition: We shaH define the static efficiency of a solar pond 

as the ratio of the average heat extracted to the average value of the 

solar radiation incident upon the pond surface 

-
U -H 

s 

Equation (2.20) can be rewritten as follows 

u = 

where 

F = 

'! H F K 
s + ~ (T _ T) + 

RoI - ·R.u R. 2 s W 

4 
1,; 

* n=l' jJn 

* -j.l R. 
(e n u 

* -jl R-
n 1 e ) 

Therefore the static efficiency becomes 

'! F = R. - R. 
1 u 

1< -
H 

s 
R.

I 
- R.

u 

-T T 
s a 

H 
s 
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(2.23) 
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The maximization of the static efficiency with respect to 

depth ~f NCZ for a given cl.imatic condition can be performed by set-

ting the derivative of the static efficiency wi th respect to the depth 

of the Nez to be zero. The resulting, non-linear equation can not 

be sol ved in closed form and a numerical solution technique must be 

used. 

Figure 2.2 shows the variation of conduction lasses, radia-

\ 

function of heat extraction depth. Figure 2.2 

efficie\cy as a 

assumes ~ value of 

tien penetrating to the bot tom of the NCZ, and 

0.25 for the parameter where /). T te,mpera-

-ture difference between the Lez and UCZ This value of tJ. T / H
S 

implies an average storage temperature of 430C for Montreal conditions. 

The optimal NCZ thickness corresponds to an optimal compromise between 

its insulating properties, which would lead one to 'make it as thick as 

possible, and the amount of radiation that it absorbs and prevents from 

reaching the Lez which 'would be minirnized by making the NCZ as 

thin as possible. Therefore there is an optimmn value for 9.
1 

~h~Fh 

maximizes efficiency. For the case at hand a value of 1.575 meters 

gives a maximum efficiency of 18.2%. 

" 

Maximiza tion of efficiency wi th respect to depth of the heat 

" sink is achieved when this thickness tends to infinity, as was observed 

in Table 2.2 • 

, 
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~ 
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Equation (2.23) shows that static efficiency is a linear 
( 

-function of T
S 

and in Figure 2.3 this variation for different values 

of Nez thickness is shawn. Figure 2.3 suggests tha:t the yield 

of a solar pond could be increased if it were possible ta vary the 

thickness of the non-convecting zone as a function of the pond ternpera-

ture and climatic conditions. The optimal value of the NCZ 

thickness is determined by the parame ter D. T 1 Hs . Assuming 

constant values for ambient temperature and solar radiation, Figure 2.3 

indicates how the pond effieiency can be maintained at the optimum 

value as i t hea ts up by making the NCZ depth equal ta the value 

characterized by the straight line tangent to the optimal effic~ency 

CUrve at the given pond temperature. 

(: 

2.5 Numerical Solution Using Fin~te Difference Technique 

')1 

The analytical solution presented in the previous sections 

involves 'a large ntmlber of approximations. 'For example, when the 

thermal load can not be weIl approximated by a sinusoid or th!'! pond sur-

face is covered with iee, the analytical solution becomes far more complexe 

Simulatio~ 15 required to determine the pond' 5 thermal performance under 

realistic conditions. A reasonably accurate picture of its thermal 

regime can be obtai~ed by using the finÙe difference technique, which 

is a standard method for tn,ennal analysi5. Here the pond 1 s tempera-
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ture is cOlIIJ?uted wi th respect to both tilne and depth. This 

dure has the advantage of specifically including the start-up 

proceï 

trans~ent 
\ 

per10d and tiroe required to reach steady state behavior. Variable 

thermal properties as a function of temperature and salinity can also 

be included in the model fairly easily. 

This~'section begins by defining some of the fini-te - difference 

operators, âs well as relations between them and the differential opera-

tor. 

Fini te difference equations arise as approximations to ordinary 

and partial differential equations,' the solution of which cannot easily 

be found analytically, especially in the case of coupled equations. 

Let y = y (x) be a function of the real variable x. The 

first forward and backward difference opera tors are defined (Karn and 

Kom, 1968) by: 

A Y 
A 
'" - 'i (x) y(x + h) 

o 

v y y(x} y (x - h) 

where h = 6. x is a fixed increment of x. The central difference 

é 1s given by 

-1 • , 

j 

i 
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t 
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( 

ô y := y (x + 1/2 h) y(x - 1/2 h) 

Furthermore, the displacement operator (shift) and i ts inverse are 

defined by : 

E Y 
IJ. 

Y (x + h) = 

-1 6. 
Y (x - h) E Y = • 

Let us define the differential operator D , by the following relation 

D Y = LI: 
d x 

The connection between the difference and differential operators is 

. 
provided by Taylor' 5 theorem. : 

E Y 

Therefore, 

E ... 

:Q y(x + h) 

'hO e 

= 

= 

y (x) + h D Y (x) + 

{l + hO + 
(hD)2 

21 
+ •••••••• ) hO 

y(x) = e y(x} 

The variotts operators can be shown (Korn and Korn , 1968) to 

have many relations among themselves, for example : 

-1 
l 

l 

~' ( 

, , 
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1/2 -1/2 
ô .. E - E = 2 siM (1/2 hD) 

and, 

o :II 

l ' 
-Ln E 
h 

.. ~ Ln '1 + 6) 

. on.. L [A _ 1/2 A 2 + 1/3 A 3 

h
n 

.. - ~ Ln (1 - V) 

-1 
2 ..!...i1.. = - SJ • .uu 
h 

••••••• •• ]n 

Il 

Higher order difference operators are obtained by expressing them in 

t~s of the shift operator and / or its inverse and then making use 

c!>f the BiJlomial th.eorèm. 

1/2 ô 

Many difference approximations ar~ possible for a given dif-

ferential equation. The selection of a particu1ar difference 

relation is usually detennined by the nature of th,,: truncation error 

associated with the approximation. The fo1lowing difference relations 

were used in our analysis. 

Fust order difference for first differential operator 

Q y(x) 1 l 
::0 iï [y(x + hl - y(x)] + o (hl, FFD (t:i.rst forward di:fferencel 

(~.24) 

l 
• iï[y(x)-Y(X-h)]+O(h) 

. 
FBO (f:i.rst backward difference) 

(2.25) 

- L [y(x + h) - y(x - hl] + O(h
2

) CO (central difference) 
2h > 

" 

) 
1 , , 
i , 
i • 

\ 

\ 

, , 

1 
1 
t 
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Second order diff,erence for first differential operator 

D y(x) = l (_ 3 y(x) + 4 y(x + h) - y(x + 2h)] + O<h2) 
2h 
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SFD 

(2.26) 

l 2 = 2h [3 Y (x) - 4 Y (x - h) + Y (x - 2h) J + a (h ) SBD 

(2 .. 27) 

and for the second differential operator 
'" 

2 l ' 2 
D Y (x), ~ "2 [y (x + h) - 2 Y (x) + y (:lf - h)] + 0 (h ) 

h 

2 
The diffusion equatiolf of the fOrIn CL a y(x, t) 

ax2 

approxima ted as follows 

= 
a y(x, t) 

at 

CD 

can be , . 
'. 

y(x, t+k) - y(x, t) = ok { - e:: 
h

2 [y(x+h, t+k) - 2 y(x, t+k) + y(x-h, t+k)] 

+ (l-e:) [y (x+h, t( - 2 y(x, t) + y(x-h, t)]} 

(2. ZB) 

The above approxilllation is the weighted SUIn of the central differencing 

at times t + k and t"1 where k = A t is the time increment step and 

CL is the coefficient of diffusivity. The parameter e:: i:s called 

the degree of implicitness. When e:: = 0, the difference is said to 

, 
, 
1 
1 

, 1 
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be fully explicit, and € = 1 fully implioit. 
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-."'\ 

l t can be shown 

(Hildebrand, 1968) that the fully explicit differencing for the above 

diffusio:p equation 1s numerically stable if the fo11owing relation 

holds : 

l' 
Clk" 1/2 

h
2 

In case of a solar pond if we take h = 0.1 m the above stabili ty 
[', l 

criterion wou1d restrict the time step, k , to 9.5 hours 

(for Cl 
-6 2 = 0.144 x 10 m J sec) which would make the computation 

numerically inefficient. We have used'· the Crank and Nicholson ap-

proximation (E = 1/2) for which the solution ,of diffusion equation is 

unconditionally stable (Hildebrand, 1968) • 

The governing equations (2.10), (2.12), and (2.13) have been 

discretized u.sing equations (2.24), (2.25) and (2.28) The resulting 

finite difference equations can be written as follows 

UCZ for j = l, m 

j+1 
T

O
' = Ta (t + j • k) 

NCZ 1 for i= l, nI 

j+l l, j+l j+1 

Ti .,. fI Ti +l 
-, fI Ti _l ~ . 

," 
= f

2 

(2.29) 

x dB (:x, t) 1 
d:x 'x. R, + i-h 

u 
t • t + j.~ 

d 
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15 the simulation period and 

RoI -: tu 
"" h 

is the number of space interva.1s in the NCZ • 

. LCZ 

j+l j+l j+l j j j 

fJ Ti - f4 T
Hl 

~ - fS T
i

_
l "" f G Ti + f4 T

i
_

l 
+ fS T i+.1 

e=" 

- U (t + j ·k) - H (.9. 
1 f t + j ok) 

(2.3.1) 

where f = n
l 

+ 1 represents the storage layer (only one subÛlyer is 

considered for LCZ sinee it is a convecting zone) • The other 

coefficients are as follows : 

:2 
2h 

, 

and 

Finally, in the grou."'ld Wlderneath the pond 

, < 

~ 
1 , 
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j j j 

fa Ti + f7 Ti _1 + f7 T i +1 
(2.32) 

= ~ 
h 

\ 

is the number of space intervals in the ground where and 
;<Clo 
1 

f7 
Q2 k 

= 
2(h

2 + k} Q2 

! 
~ 

and the boundary condition of : 1 

,) 
j+l 

, 
) 

T i +1 
= T

W 
(2.33) 

t 
The set of equations (2.30) - (2.,32) constitutes a system. 

" 
of simultaneous equations with a coefficient matrix of tridiagonal 

d 

structure. These equations in compact fOrIn can be wri tten as follows 

j+l 
A T = b for j = l, m 

where T is the vector: of temperatures at nodal points 

A and b are coefficient. matrix and right hand side vector 

respectively, given by the following : 

( 
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The solution to the aforementioned simultaneous equations 

can be obtained ei ther directly or iteratively. A direct 

solution technique was chosen because the coefficient matrix has a .. tri~ 

diagonal structure and does not change with time. Therefore using 

LU decomposition (Ste,wart, 1973), the matrix A is decdIllposed into 

a lower and upper diagonal matrix whe~e solution at each time can 

easily he obtained by a forward and backward substitution. The al-

gorithm can be written as follows : 

Step l A ::: LU compute L and U 

Step 2 for j ::: l, m 

'., 
Step 3 evaluate b; IJ 

j+l j+l j+l j+l 
Step 4 solve L X. ::: b for X. where 'L "'UT 

j+l j+l j+l 
Step 5 solve u T = 'L for T 

j+l 
Step 6 print T 

The accuracy of the finite difference scheme.discussed in 

this sect'ion was verified by using it to solve several boundary value 

problems for which analytical solutions were available, including the 

analytical solution of solar pond model presented in the previous 

sections. 
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1 

2.5.1 Comparison of Numerical and Analytical Sol~tions 

The numerical solution by fini te difference was tested for 

the same conditions _as in case 12 of Table 2.2 • Tne resul ts of the 

simulation are compared wi th those of the analytical solution in Table 

2.3. A time step of one week and spatial increment of 10 cm were 

" considered. It can be seen from Table 2.3 that results of the dif-

~erence scheme are in good agreement wi th tpe analytical solution. 

Ôs 
(weeks) 

TABLE 2.3 

COMPARISON OF ANALYTICM AND NUMERICAL SOLUTION 

Analyt?-cal Nutnex:-ica1 

(Finite D.ifferen~e) 

38.51 38.01 

17 .94 18.35. 

8.22 s.O 

o • 
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Sinrulatio~s shmved that the steady state behavior is reached 

after four years of operation (assuming that steady state is reached , . 
when the difference between t;emperatures for two consecutive years ls 

o 
les s than O. 5 C) • 

2.5.2 Effects~ of Ice Coverage and Sun's Declination Angle 

The following simulations were carried out te determ.ine the 

effects of ice coverage of the pond surface and also variation of the 

sunls declinat.ion angle. The four curves shown in Figùre 2.4 corres-

pond te the fellowing conditions : 

Curve No. l represents the thermal behavior of a pond which is covered 

',with ice whenever the ambient temperature falls below - 2 Oc (the . , 
freezing point of 3% brine) i t i5 assumed that ice is blocking 

.80% of the solar radiation. 

Curve No. 2 corresponds to a pond model taking into ~account the varia-

tian of the sun 15 declination angle tgroughout the year, but assumes 

no ice coverage. 

Curve No. 3 assumes a varying declination angle and ice coverage. 

~ curve No. 4 finally corresponds to a pond with no ice coverage and a 

fixed declination angle taken to be that occurring at the spring equinox 

(RabI and Nielsen, 1975) • 
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The average, amp li tude ,'and phas e lag of the abave mentioned 

cases are sUll1I!Iarized in Table 2.4 Comparison of cases 1'2 and 4 

shows that assumption of cons~t sun' s declination angle does not 

" 
affect the LCZ temperature considerably and it i5 only a conserva-

ti ve as sumption. 
"'1. 

Ice coverage of the pond surface as it was expected 
v 

. yi~lds lower LeZ temperatures because o~ower ~adiation" during ice 

coverage. (It should be noted that . ice coverage of the pond' 5 surface 

will reduce t;he upward conduc-t:.ion lasses since the UCZ reIl\ains at the 

equil~ium temperature between iee and UCZ brineI • 

TABLE 2.4 

, 
COMPARISON OF LeZ TEMPERATURES FOR CURVES IN FIGURE 2.4 

bJ Item 1 2 3 4 

- (oc> T 28.23 39.68 30.23 38.01 
s 

"- (oc> 22.34 18.35 T 21.2 19.68 
s 

ô 9 8 9 8 
s 

1) (weeks) 

.. 

~: 
". \ 
l 
'. 

..Iii 
.1 

Ô 
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CHAPTER III 

OPTIMIZATION Of A SOUR POND POWER PLANT 

PART T STATIe OPTIMIZATION 

3. l Introducti.on 

As pointed out by E. I.H. Lin (1982), Solar pond Power 

Plant (SPPP) system simulation and optimization has barely been ad-

dressed in the literature. Adequate attention was not paid to the 

subjeci:. In terInS of the economic$ of a" SPPP, the effect of the 

pond' s performance hone (as .defined in a previous chapter) may be 

misleading. Tt is actually the performance of the entire pond 

c system, including the power generation equipment, that should be trans-

lated into pond energy econqmics. This chapter presents a basis 

for the systematic simulation and optimization of a Solar Pond Power 

Plant (SPPP) • 

3.2 A Solar Pond Power Plant (sPPP) 

A source of heat, ~ven at moderate temperatures, can be 

converted to mechanical or electrical power. The process will be 

economically viable, if .the calorie cost i5 sufficiently low. , Solar 

ponds, being usually a cheap solar collector and having built-in 

storage, are attractive devices for electric power generation. Unlike 

l­
I 
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the temperatures obtained in fossil-fuel combustion, those obtained 

from solar ponds are relatively Low. For this reason a low tem-

perature turbine with motive (workfng) fluid other than steam should 

be used in a SPPP (Bronicki, 1972) • Organic fluids, such as 
't 

Freon, with boiling points lower than that of water can be used as 

working fluids in the Rankine Cycle heat engine (Bronicki, 1982) • 

A schematic diagram of an SPPP is shawn in Figure 3.1 • 

Befora going into modeling of ~e SPPP elements we first describe how 

it works in principle. A pump e.xtracts hot brine from the LCZ on 

one si de of the pond and propels it through an evaporator and pre-

heater before returning it to the other side of the pond. In the 
" 

evaporator, the hot brine turns an arganic liquid into ~apor. The 
.1 

.' 
vapor expands in a turbine, which drives a generator producing electric 

power. In the condenser the vapor turns into liquid. A f eed pump 

returns the condensed liquid inta the pre-heater and then back to the , 
\ 
~ 

boiler to complete the cycle. Cooling water, which may be pumped fram ~ 1 , , 
Î 

the UCZ of the pond or any other convenient cold sink, cools the con- 1 
! 
\ 

denser. 

In arder to .predict the performance af an SPPP, one has 

tç model the solar pond, heat exchangers, auxiliary pumps, and the power 

cycle which converts the thermal energy into useful shaf~ work. The 

resulting model equations can then'be used to optimize the power genera-



-

r 

Til 
S 

WP1 ~I 

Brine Pump 

m
2 

1 

" ......... ~ .. -~~ .... ..,.,..~~~"'~~.~.;'I"''''< _ .... ~~'-

TI 
5 

A/\J\:j 
TH 

Pre-heater 

W}?2 

B 
Feed Pump 

" 

?-.. 
• 

~WV 
. ~oiler 

fi 
1 

ucz 

Nez 

LeZ 

1 TH 

T 
c 

... 
Tf 

a 

F~gure 3.1 Schematic D~agram of an SPPP. 

~~~~#"'~4 ~b. <.± ... ~,. .. ~ .... ~_ ~ 

~ , 
v 

Condenser 

'" 

,.--.. 

Generator 

m
3 

WP
3 

0'\ 
ID 

11 



1 

1 , 
~ 

t 
i 

( 

( 

, 

r' 
1 ' 

--
70 

\, 

tion costs. The cost optimizatien procedure has been decomposed into 

two steps: 

(a) The, examination of the system cemponents and the formula-

tien of their mathematical models and~ governing equations 

in terms of thennodynamic, geometric and economic 
b j, 1 

parameters. 

" 
The solution of the mathematieal model using an optimiza-

tien program with the help of a digital cotnput~r. 

Steps (a) and (b) abeve will be performed for static 

condi tions of solar radiation and c3ll1bient5 'teroperature. 
-

If these 

'l> 
condi tiens aret)chesen in such.a way as to re,l?resent the average for the 

period when the pond is in operation, basic system ,I?arame,tèrs BUeh. as 

turbine inlet and outlet pressures, heat exchangers and pond surface 

1 

areas and depth of NeZ, can be determinedl by this procedure. 

3.3 
1 

The thermodynamic processes which occur, even in the most 

simple thermal engines, are usually 50 complicated that i t is necessary 

1 ' ~ 
to as~ume a theoretical model in which the various events are idealizeÇi. 

" This assumption facili'tates the analysis and prediction,S of non-ide al 

.. 
deviations. 

/ {) 
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A repeated sequence of thermodynamic processes represents 

a cycle, in which the operation of the heat engine may he described 

and simulated. In each process of the cycleJ
, changes-,in thermodynamic 

'--properties, such as pressure, temperature, density, internal energy, 

enthalpy, and entropy are occurring as the working fluid moves from one 

~e to another. Thermodynamic cycles can he repre5ented graphically 

on P-V (pressure-volume), T-S (temperature-entropy) 1 or P-H (pressure-

enthalpy) diagrams. The temperature-entropy diagram of a Rankine Cycle 15 

illustrated in Figure 3.2 • The workJ..ng fluid ls pressurized from a 

pressure of Pl to P 2 via a feed pump (isentropic compression, l - 2) 

i t then absorbs sensible heat in the pre-heater (isobaric heating, 2 - 3) 

and passes through a boiler, wnere most of the external h.eat is added to 

( the cycle, (isothe~and isobaric heat absorption, 3 - 41 • At this 

point, if necessary, the vapor may be furth.er heated at constant pressure 

.. (superheating) • "Th.e vapor then expands across the turbine blades where 

its internaI energy is transformed into mechanicai energy (isentropic ex-

pansion, 4 - 5) • Now if the expansion does not end up in the two 

phase region, where bath liquid and vapor exist, (see Figure 3.2) , some 

~ . 
sensible heat has ta be removed bafore the vapor turns into liquid while 

passing throSgh the condenser (heat rejectio~, 5 - 1) " The working 
•• '"0 

fluid finally enten the hotwell ta repeat the C3Y"cle. 
j 

1 
The dashed lines 

, 
appearing in Figure 3.2 show the deviatian fram ideal isentropic expan- i 

sion and compression. 

G 

... , . 



72 

.' T 

.~ 

~----------------------------------.s 
F.t.gure 3.3 Temperature-entropy di.agram wlth positive 

slope of saturated vapor line. 
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Realiz:i.ng that the motive fluid plays a major role in the 

heat engine performance, care w~ taken to develop a mathematical model 

of the Rankine Cycle engine which could take its characteristics into 

account. The IIIOdel should also be suitable for use wi th an optimiza-

tion procedure • 

.. 

\ 
l?ower cycle analysis req:uires that the numerical values of 

the, thermodynamic properties of the working fluid be available at dif-

ferent stages in the cycle. Extracting these properties fram tables 

and 1 or charts is not practical for computerized analysis. The 

(;eneralized Thermodynamic Properties meth.od (l>radhan and Larson, 1980) 

requîres very little data input for power cycle analysis, but. has the 

disadvantage of being less accurate than the chart method (prediction 

of the thermodynamic properties by this .method can be in error by as 

much as 18\; and the resulting average thermal efficiency deviation 

by 10% (Levi, (1979) ) • 

The method used here i8 based on approximating the thermo-

dynamic properties of the working flu±d on the saturated liquid and , 

vapor lines as a function of hoUer and condenser temperatures. AU 

required properties for cycle analysis such as enthalpy, entropy 1 _ 

pressure, volume are expressed as polynomial functions of the temperatures. 

These polynomials were developed so as to be valid in the expected range 

of operatinq temperature (0 - IOOoe) • The polynanial curve fitting 
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procedure was carried out as follows for each of the requi.red proper- • 

ties: The property data was extracted fram tables (not necessarily at 

equal interva1s) for a given liquid, then, a polynomial of~the ~llow­

ing form vas fi. tted to the data : 

f (T) 
n 

.. 1: 
i .. O 

where f represents the property, 

• 

T ls the temFerature, n is the 

degree of polynomial, and a is the vector of unkn« coefficients. 

Using least squares technique, the solutio~ of the following minimization 

problem yields the coefficients: 

min 
a 

... 

T 
r r -' -• 

'" (f. _ f ) 2 
J j 

-'\ 2 
.. IIF - Fil (3.1) 

where f. is the predicted or calculated value of the dependent variable 
J 

(property) for the jth data point. m is the total number of con-

sidered points and r i5 the residuals vector. A minimum is obtained 

when the gradient of (3.1) vanishes. This leads to a system of 

linear equations which can be solved by direct or an iterative 'method. 

" 

Thi.s method is applicabl.e ~o any fluic! fOf which sufficient 

data is availabl.e in the form of charts or tables. Par the required 

properties we found that a fourth. arder polynomial was adequate to re-

present that property ;Ln the range' of considered temperatures {average 

error of 2%> • 
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Thermodynamic properties of points not lyinq on the 

saturated Unes ean be ealcul.ated for the fOl.l.owinq eases: 

(1) If the sl.ope of the saturated vapor curve on the T-S diaqram 

is negative (see Figure 3.2) , then isenJoPic expansion will make 

the state of the fluid penetrate into the two-phase ragion. The 

quality factor, X
S5

' (the quality factor is a measure of the amount of 

vapor present in the li.quid-vapor mixture) ean be calculated as follows: . 

-
where Ss • for ideal isentropie expansion. The indices f and 

q refer to the l.iquid and vapor states respecttvel.y and S represents 

entropy. Havinq determined the qual.i ty factor the enthal.py of point 

5 can be determined from the following expression: 

(2) In case of a positive sl.ope of the saturated vapor l.ine (Figure 3.3) 

the foll.owinq, 5teps should be executed: 

~ 

(a) '!'he temperature of point 5 can be determined as follows: 

the low-pressure specifie heat, obtained experimentally either 

fram calorimetrie data or fram spectroscopie data, ls usually approxi-

". 



() 

() 

" 
76 

mated '.in the literature (JIerry and Çhi1ton, (1913» by a quadratic 

function of temperature: 

(3.2) 

For the range of operat:ing pressure of the power cycl.e considered here, 

the effect of pressure on the specifie heat can be ignored (Perry and Chil-

ton, (1973». The entropy difference between points 5 and 6 (Figure 3.3) 

cao be expressed analytically as a function of temperature (obtained fram 

the tirst 1aw of thermodynamics for isobaric process) : 

Inte9%'ation of the above equation when c~ ls substi tuted from equation 

(3.2) yields: .. 

+ a
2 

(T - T)2 -
5 6 

The above nonlinear equation cao be solved numericall.y for the tempera~ 

ture ~ point 5 ('1' 5) • 

.. 

(b) The enthalpy of po..int 5 cu then be cal.culated as fo1lows: 

, -
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; , 
,. 

-
therefore, 

- H. + a (T - T ) "+ a (T ~- T ) 2 
6056 156 , 

Tha s~rheatinq cou~d have also been sonsidered in a similar way as 

step (h) aboya. 

We ~e now ready to wri te down the main equatioria for the 
.l 

power cycle analys.is. The 'amount of heat added r the heat rejected, 

the work done by the turbine and the feed pump 1 and fina~ly th\e cyc~e 

efficiency are qiven by the followinq relations: 
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\\ 
where Is the mass flow rate of the working fluid, l'lfp and 

1: 

are turbine and feed pump effici~nci.es respectively. The work re-
, 

quired by the feed pump can also he appr"blfimated (from the first law 

of thermodynamics for isentropic process) as follows: 

(3.7) 

C 
where v If is the specifie volume of the saturated liquid at the turbine 

outlet temper ature , l? 2 and Pl are the iillet and outlet turbine pres-
". 

sures. 

" The pond performance should match the cycle. specifications: 

. 
for example, brine entering the vaporizer a1f average temperature T 

s 

.-' and flow rate ml should be able to vaporize the working' fluid at a 

temperature of TH. The heat added to the cycle will he supplied by 

hot brine extracted from the LeZ of the pond. This thermal heat 

can be written ln the follow:i.ng form: 

-T F H A 
s • 

_K
2 

r:;; 
+ + 2 U (!.) • 6' - T )A 

R,2 e A s a 

O.8} * 

() 
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The above equation represents the stationary behavior of the pond for 

the average excitation developed in Chapter II . Edge losses hav,," 

also been incorporated here (Crevier , (1980» • 

3.4 Heat Exchangers 

The electric power generated by an sppp is greatly de-

pendent on the heat exchangers' performance. A fini te tempe rature 

difference across a heat exchanger is required for heat to flow through 

it. However, since we start with a rather small temperature diJ;ference 

between pond and ambient, we. do not wish to reduce the temperature dif-

ference available to the thermal cycle itself through exce~sive heat ex-

changer temperature drops. A small temperature drop across the heat 

exchangers calls for a large surface area exchanger, representing an 

important cost item in the system costs. Therefore a trad~-off is man-

datory between the objectives of optimal physical efficiency, which would 

theoretically require heat exchangers of infinite area, and the objective 

of total system cost ltÙ.nimization. For jhiS reason the function to. be 

minimized was chosen as the unit cost of electric energy generated by an 

sppp (ç / KWh) • The size chosen for the exchangers, and consequent 

tempe rature drop, is therefore determined from an optimization procedure. 

A proper design of the heat exchangers should also yield the optimum 

p~ing power. 

analys.is are : 

1 

The heat exchanger parameters which can vary in our 
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surface area, terminal temperatures, and mass flow rates. Constant 

l 
overall heat transfer coefficients are assumed and parasitic losses 
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in the exchanqers are iqnored because they are small compared to total 

parasitic system losses. • 

~ The heat exchanqers considered in our analysis are as-

sumed to be of the counterflaw type. The enerqy balance equation 

for the boiler can be qi ven by (Rohsenow and Hartnett, 1973) : 

• U.9} 

and the surface area required by the boiler can be detezmined by the 

following expression: 

• 

• where OB i~O'O'erall heat transfe:.t' coefficient of the boiler and 

(LM'l'D)a' is the 10garithmic mean temperature difference (Rohsenow, 1973) 

of the boiler evaluated fram the following relation: 

l ~ 
Power required to overpome pressure 10ss due to friction tncluding 

, 
'- sudden expansion and contraction. 

* 
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T - T" 
(LM'l'D) B • s S 

T - T 
.Ln ( 

s H 
) 

T" - TH s 

Simil.ar expressions can be written for the pre-heater and condenser: 

the enerqy balance of the pre-heater can be given by: 

The required surface area of the preheater: 

-
where 

(LMTD) "" p 

CT " - T ) s H <T' -Tl 
$ C 

In 
- T H 

T' - T s C 
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(3.11) 

(3.12) 

and f:lnally the heat rejected by the condenser and its required surface 

area are qiven by the fol1owing expressions: 

and, 

T } 
a - (J.13) 

• 

* 

* 

-.. 
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AC - . Qc QC 
(3.14) ... 

Uc 
. (LMTD) c T' - T a a 

T' -
- T 

Ln 
--f1 a 

) -T - T a c 

For a working flu.id with positive slope <Df saturation vapor curve 

(Figure 3.3) a feed-back heat exchanger (an additional. area of conden-

ser :Ls required for remov;ing some ,sensibl.e heat) shoul.d be considered. 

The total heat to be e.xtracted frOID the pond 1s the sum 

of equations (3.9) and (3.11) : 

-U - Q + Q III 
B P 

(3.1S) 

, 
3.5 Aux:i1iary Pomps 

Electric power is needed for auxiliaries, and in partiaul.ax 

for pumping the fluids through the heat exchangers. Oo1y the power re-

quired for pumping brine. fram the !.C,Z of the pond, as well as cooling 

water from the UCZ or any other convl!ni.ent source, and the power re­

qul,reèl fo+ pumptng the mot:i:ve flui.d are constder~ here. 

.. , 

/ 

* 
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The electrie power required by a pump ean be ca1cu~ated' 

as follows CASHRAE, 1975 1" 

w ,. 
p 

y 

where m is the mass f10w rate, p is the specifie densi ty of the 

83 

( 3.16) 

fluid r I1mp is the effieiency of the pump and i ts motor, and tlP is 

the pressure drop gi ven by: .,-

(3.17) 

where g is the acceleration due to ,gravi ty" and h" ;i.a the head 10ss, 

i.l which can' be written as fol1ows: 

.. 

h .. 
~ 

, 

(3.18) 

where h
f 

is the head 1085 created by viscous e:ffects~ hO ls the ~ad 

< 

10ss due to obstacle to the f10w pattern (such as valves, orifices, ilipe 

corners or bends, etc.) , and h 
s is the s'batic head. 

~ 

Head 1.oss du.e 

to v1scous effects (friction) can he obta.ined from' the Darc::y-Weisbach 

equation (Streeter, 1961 

-

-, .... 

. . 

, .. 

(3.19) 

p? 

( 
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Where L and d are t4e length and diameter of the pipe respecti vely , 

f is the friction factor, and V i5 the fluid velocity given by the 

following expression: 

V = 4 m 
2 

rrd p 
(3.20 ) 

Determination of hO requires the knowledge of the exact piping plan and 

specifie obstacles to the flow,but s:i.nce its value ~ proportionaJ. to the 

second power of veloci ty and the exact piping plan ia not known we have 

arbitrarily -.increased friction losses by 20% to accOunt for these 

losses. Therefore, using equations (3.17) - (3.20) , equation (3.16) 

can be rewritten as follows: 

SfL ~3 m gh 
Wp 1.2 

s ,.. + 
d

S 2 2 '\op • rr .: p . nmp g 
(3.21) 

The above equation is used for the brine and cooling water pumps. The 

friction factor, f, is here considered dependent on the flOW rate m 1 

i t is recomputed at each step of the optimization process so as to sattisfy 

the Von .Karman equation (Str-eeter, 1.961) z 

~ • 4.06 log (Re .If) - 0.6 (3.22) 

. where the Reynolds number Re is given by: 

• 



( 

l 
.? 

o 

with 

Re 
4 m 

::0: 

TT d llf 

"-

, . 

)Jf being the fluid viscosity. 

3.6 Optimization 

The models presented previously for solar pond, power 
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! 

cycle, heat exchangers, and auxiliary pumps will be put together in this 

section to formulate an optimization problem fram w~ch the optimal com-

ponents size and operating conditions can be obtained. The function 

to be minimized was chosen as the unit cost of electric energy te / KWh) • 

The net electric power genera ted by a Sp~p can be ex-

pressed as follows: 

3 
W :II W

tur l1
G 

1: WP:i. nt 
·i-l 

(3.241 

1 
1 

where Wp1 and WpJ are the electric power required by the bJ;ine and 

cooling water p~s as given by equat:i.on~ {3.21) , where the· correspond .. , 

inq quantities of each pump i8 substituteà. 

quired by the feed P1lDlP given by eqlJation (3.6) and i8 the 

generator efficiency. 

.. 
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Total instillation costs consist of the following items: 

solar pond, heat exchangers, turbine, generator, pipes, and pumps. 

Other'costs such as land, control equipment, instrumentation, and working 

fluid are not taken into account for this analysis. Therefore, the 

system installation costs can be given by: 

etot = ~ond + Chex + Ctur + CGen + Cpipes + Cpump 
t 

The annual expenses can be determined by first calculating the capital 

recovery factor as fo11ows (Senson, 1980): 

where 

CRF 

N 
P 

• 

N 
(l + 1) P 

N 
(1 + I) p - l' 

i5 the plant lifetime (in years), and l is the interest 

rate. Then adding to CRF the annual operation and repair costs (as 

a fraction of the total capital cost) , the total expenses on a yearly 

basis are: <1 

Etot a Ctot • (CRF + 0 + r) 

Assuming & 10' interest rate and 20 years lifetime (Tabor, 1981) 

-yields a CRF of Il.7\. Ad4ing to this figure a 7' 0 and r 

cost results in a total annua1 cost of 18.7\ of the total capital 
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costs. Therefore the cost per kilowatt-hour of electric energy can be 
, 

expressed as follows: 

E 
(3~5) C tot 

= 'kwh tf 

'\ f w 
nt 

• dt 

ta 

where the integration ia carried out over one year = l year) • 

The optimization problem in a compact for.m can be stated 

as fol1.ows: 

Minimize 
x 

subject to 

and· 

Ckwh - f(x} 

(3.26 ) 

where the vector x consista of the following paramete S: 

• 

_~ ____ •• _o,.r"_~ __________ _ 



.' 

(, 

i 

i ( 
1 

1 , 

\ 

88 

T 
rA il AB A (m. i l, 3) x = , , Ap , = , 

C l. 

- T' Til T' T 1 , TH , TC , 
s s s a 

The equali ty constraints, ~ (~) = 9., are the energy balance equations 

marked with asterisks on the previous pages of this chapter. 

In additl.on th~i~~onstraints should 

be imposed to respect physical constraint~or example the heat ex-

changer effectiveness should be less than unit y and greater than zero). 

The vectors a U and aL are the uppér and lower bounds on the 10-

equality constraints. Upper and lower ·bounds are also imposed on the 

variables to respect physical and practical constraints and at the same 
~ 

time help the optimization routine for better cenvergence. Therefore 

we are dealing with a minimizap:ion problem, (3.261, having a nonlinear 

objective function, equality and inequal1ty constra1nts, and bounds on 

the variables. It is worth ment~aning again that this optimization 

will not yield a minimum cost nor a maximum electric power, it is rather 

-a trade-off between these two objectives which yields the min:iJlrum unit i< 

cost of electric energy. 

, 
The analytical solut1on of the problem, (3.26) , 1s not 

possible because of the number of variables involved (14) , nonlinear 

objective and constraints, and also the fact that the objective function. 
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( } 

~ not be given in a closed forme Therefore a numerical technique 

had to be used w1th the help of a digital computer. 

The Generalized Reduced Gradient (GRG) package (Lasdon et 

al., 1975) was used to find the optimal solution of (3.26). Scaling, 

which is almost always necessary'for optimization prob1ems, was re-

quired because not all the functionals, i.e., objective 

and constraints, have the same sensitivity to the variables. For the 

case at hand, balancing the derivatives by diagonal scalinq (Gill et al., 

1981) of the variables prov1ded satisfactory results: the vector of un-

knowns actually used in the computations ls the veetor Z qiven by: 

G z D - a diagonal matrix 

, and, 

t 

l 

[1 + 1 f (x) 1 ] 1 ., 
\ 

l 
where qj 1s 'the der1vative of w1 th respect to the jth vari-

1 
able. • 

3.6.1 FloW Di!9ram of the Optimi:tation 

Cl 
The flow chart presented in Figure 3.4 sUlllllarizes the pro--

cesses involved in the optimization. 



( 1 

c 

, 

1 l oz I+l 1 

1 SEARCH FOR 

BET'l'ER Xl 

YES l 
x -

NO 

OPTIMAL? 

PRINT THE 

RESULTS 

, . , 

C START 

1 REAn DATA 1 

E'lALUATE COEFFICIENTS OF THE 

POLYNOMIALS REPRESENTING THERMO-

OYNAMIC PROPERTIES 

INITIALlZATION 

I=-O, 
l 

X 

DETERMINATION OF 

THERMODYNAMIC PRDPERTIES 

ON SATORATED LINES 

\ 

F:qm PROPERTIES OF POINTS 

NOT- LYING ON THE 

SATtmATION LlNES 

EVALUATE 

OBTAIN 

FRICTrON FACTORS 

IDENTIFICATION OF, Wp~ AND Wp2 

-STOP Oc ----- ~nm um ~ __ r ___ i~~: ____ _ 
VIOLATED CONSTRAINTS i -'--1 COST EVALUATION 
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3.4 The f~ow dia9ram for the simulation. 
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The input data are climatic information (insolation and 

ambient temperature), latitude of the pond site, conductivity and 

diffusivity of brine and soil, data of the working fluid for cycle 

analysis. Th~ next step in the simulation would he the computation of 

the coefficients o,f polynanials representing thermodynamic properties 

of the working fluid.- At this tilne an initial guess is provided for 

the optimization. Then the power cycle analysis is carried out for 

the initial guess and quantities such as h~at supplied to and rejected 

by cycle, work of turbine and feed pump are determined. The Reynol.d 

numbers for the flows in brin~ and cooling water pipes are calculated, 

from which the friction factor in the se pipes can he found by solving non-

linear equation (3.22) numerically. The pump:ing power of brine and 

cooling water pumps are then calculated • The next step is the 

deter.m:inat:ion of the required surface area for eacn heat exchanger. 

The cost function i5 evaluated and violated constraints are then 

id'i:mt:ified • rf the optima l:i t Y conditionsl are met the progr~ 

prints' the optimal solution, otherwise a better solution will be searched 

by, the GRG ,Package until th~ optimal solution 1s obtained or the number 

itération exceeds its specified limite 

, 
.J, 

l 

() See Appendix B • 

~1 _ 



1 
1 

() 

92 

3.6.2 '" Numer:i.cal Results and Discussions 

\ 
In this section est~tes of the possible cost of a sPPP 

wi~ll be made in an attempt to judge its economic performance. 

The optimization of a SPP~ system will be carried out 

fo~two different climatic conditions ~ely, Montreal and Shiraz. 

Some system component costs are those published by other investigators, 

(Tabor, 1981, Ophir and Nadav, 1982) , whereas other costs were ob-

tained fram Montreal area suppliers. A list of the camponent costs 

appears in Table 3. l • The climatic conditions for the two considered 

locations are those listed in Table 1.2 • 

The first axample will be the optimization of unit energy 

cost for an SPPP with a net electric power of 5 MW • This formula-

tion adds one more equality constraints to the already existinq ones. 

Optimization results for the Montreal pond with two working fluids appear 

in Table 3.2 Power generation is as sumed to be carried out c:iurinq 

the entire year usinq the ucz 1 as the heat sink. The thickness of 

1 It 19 worth mentioninq here that heat rejection to UCZ ,will not dis-

turb the NCZ. Crevier 1 1982 showed exper imentally that circula-

ting hot brine fram LCZ tbrough pipes placed in UCZ resulted in 
o 0 

surf~ce temperature increase of only 1 C • Increased surface 

evaporation rate resulting from depositing heated water on the pond 

surface was reported by Nie1sen, 1992 • 
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Pond: 

TABLE 3.1 

COMPONENT COSTS OF A SPPP 

COMPONENT 

* NaC1 salt 

Liner 

Wave damper 

Excavation 

Heat exch.anger 

Generator 

Turbine 

Pumps. 

. * 
Assuming praxtmity to a salt supp1y. 

93 

COST 

10 $ / ton 

5 $ / m 
2 

2.$ / m 2 

3 
3 

S / m· 

200 S/1f1 
2 

500 $ / kw 

500 $ / kw 

400 $ / kw 
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the ucz was assumed to be 0.2 meter, which seems to be the minimum 

\ 

attainable thickness in practice (Crevier, 1980) • The thickness of 

LCZ was arbitrarl1y set to three meters, whieh will be validated by 

simulation. For the Montreal pond it was assumed that the pond i5 

eovered with iee whenever the ambient temperature was less than 
o 

- 2 C , 

which ls the freezing point of the 3% brine (by weight) assumed in 

the UCZ • The surface of the pond was assumed to be at ambient 

temperature whenever this temperature was greater than - 2
0

C and re-

main at 
o 

- 2 C (the equil1brium temperature between 

whenever the" ambient temperature fell below - 2
0

C • 

3\ brine and iee) 

Ice on the pond 

surface was assumed to block 80% of the solar radiation. 

It can be seen fram Table 3.2 that a SPPP with refrigrant 

113 yields a cheaper unit enerqy cost than F-ll • Therefore the 

motive fluid chosen for a sppp affects not only the power conversion 

subsystem: the performance and operatinq condition~ of the entire sys-. \ 
tem can be 'Changed by altering the fluid. The disadvantages of '~-:.:::J 

as motive fluid are its lower pressure at condensing temperature 

(3.67 psia) , wh i eh' may introduce ai~ leakage problems, and the pos,itive 

siope of i ts 'saturated vapor curve, which ca Ils for "a feed-back heat 

exchanger. The latter drawback is not> as serious as the first one be-

cause this slope for F-ll3 is very close to zero. 

A simulation of the pond temperature evolution fçr three 

}o'ears revealed tha t the ~sumed thickness of the lOW'er convectin'g zone 
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TABLE 3.2 

SUMMARY OF THE .RESULTS FOR A 5 MW SPPP ru MONTREAL 

Pond 

Turbine 

ITEM 

2 Surface area (Km ) 

Heat extraction depth (m) 

Temperature of tcz (oC) 

Efficiency (\) 

Vaporizer (boi1er) 

Condenser 

Pre-heater 

Inlet pressure (psia) 
.', 

Outlet pressure (psia) 

Inlet temperature (oC) 

OUtlet temperature (oC) 

Mass Flow Rates (kg/sec) : 

Brine 

Working fl.uid 

Cool.ing water 

Gros s Power (MW) : 

System Effic:iency (') 

Energy Cost (ç/kWh) 

F - 113 

3.54 

1.68 

62.11 

12.16 

2.585 

2.63 

0.185 

19.54 

3.67 

56.3 

ll.52 

3,516 

349 

3230 

5.58 

0.94 

33.77 

95 

F - Il 

3.82 

1.63 

59.63 

12.96 

2.83 

3.22 

.113 

37.16 

9.3 

53. 

Il.48 

3810 

362 

3658 

5.61 

.8718 

36.61 

.. 



f l '.1 ... ~ 

c 

o 

, 

results in a temperature variation of o 
+ 14 C around the averag~ 

o 
62.11 C) , which is of the same' drder of magnitude as that reported 

by French, 1982 • 

. The cost of generated power is nowever of 33.77 ç 1 kwh 

96 

which is much more than those reported by Tabor (1981) and Ophir and 

Nadav (1982), where the estimates vary between 5.3 to 13.5 ç 1 kwh • 

This unacceptable co st led us to investigate the possibili ty of using a 

co1d source at a temperature lower than that of the UCZ of the pond, 

which will be discussed in Chapter V • 

/~ 

The results of optimization for a SPPP located in Shiraz 

appear in Table. 3.3 • The first column corresponds to an opt~zation 

with salt cost of 10$ 1 ton whereas the second colcmn aSSUllles free 

salt. The latter case is not far from reality because of the existence 

of salt lakes near Shiraz. The energy cost of a SPPP in Shiraz is 

less than half of the Montreal pond, while the insolation i5 only 50% 

larger than that of Montreal ... The explanat~9n may lie in the difference 

between the latitudes' of the two locations. The pond area "is also : 

smaller by a factor of two. 
.., 

Here for the case of free salt, the cost 

per kilowatt! hour i5 in the same order as those reported by Tabor, (1981) 

The installation cost of 5000 $(kw is aIse in good agreement with that 

of French, (l982) • 

) 
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TABLE 3.3 

SUMMARY OF THE RESULTS FOR A 5 MW SPPP IN SHIRAZ 

Pond 

ITEM 

Surface area ~I<in2) 
Heat extraction depth (m) 

T~erature of LCZ (oc> 

Efficiency ( % 

4 2 Heat Exchanger Area (10 m) 

Turbine 

Vapor:i.zer (boi1er) 

Condenser 

Pre-heater 

Inlet pressure (psia) 

Outlet pX'essure (ps;la) 

° Inlet temperature ( C) 

OUtlet temperature lOC) 

Mass Flow Rat'e (kg/sec) 

Brine­

Working fl u±d­
Cool!ng water 

Gross Power (MW) e 

. System Efficiency (') & 

'J 

Energy Cost ( ~ /kwh) : 

SAL"!' AT S10/TON 

1.62 

1.52 

84.75 

16.08 

1. 7222 

1.94 

.1527 

37.57 

6.04 

78.8 

-.- 23.4 

3188 

291 

3139 

5.56 

1.465 

. 
16.88 

• 

. 
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FREE SALT 

• 

1.63 

1.583 

86.28 

15.7S 

1.63 

1.77 

.148 

39.1s;3 

6;036 

80.0 

23.33 

3281 

286.5 

354,7 

5.61 

-
1.45 

],,1.4 

-. . . 
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CHl\PTER IV 

OPTIMIZATION OF A SOLAR POND POWER ..PL,ANT 

'PART II : OPTIMAL HEAT EXTRACTION AND ST ORAGE OEPTH 

4.1 Introduction 

In the previous chapter l the optimal sizes of the system 1 s 

components as well as optimal operating conditions were obtained under 

stationary (average) excitations. The objectives of this ch~pter 

are to determine the optimal heat extraction time table and th±ckness 

of LeZ • Two different approaches will be presented, namely, an 

approximate semi-analytical evaluation, followed by a mathema.tical'- pro-

gramming method. Before describi.ng these methods it is necessary to 

mention some results from the previous chapter which have been used to 

assist the present simulations. 

4.2 Ass~tions 

A number of' stmula~ions which were carried out preliminary 

. 
to obta.ining the results described in Chapter III revealed that ,optimum 

heat exohanger effectiveness1 remainfd almost constant as long as cost 

1- . 
Heat exchanger effectiveness e: is defined as the ratio of the maxi-

lllUIIl possible rate of heat transfer to the actual rate of heat transfe~ 

(,:r?omas, (1981»: 
t:. qc', 

- e: =- • ........ 
• If 

~ . . 
-;- ,. 

'loi) 

1 , 
.1 

J 



. , 
.1 

0 

coefficients were kept constant. It ~was also observed that the 

optimum temperature drop acro'ss the hoUer and condenser 

(T - T ) - (T - T) was in the range of 11 
s a H c 

12
0

C (for the two 

locations considered), which is in. good agreement wi th the value of 

looe reported by Tabor (1982) . (For examp1e in the case of the 

Montreal pond, Table 3.2 

'" 44.78 , 

-= T s 

therefore 

- T a 

I::.T 

56.61 and 

The small difference, in the value of. AT, between our result and 

, 99 

that of Tabor (1981) , cou1d have been caused by our use of different 

parameters for heat.exchangers (i.e., cost coefficient, overall heat 

transfer coefficient, etc.) • In particular, Tabor did not mention 

l (cont Id) 

For example consider a counter-flow heat exchanger as shawn in Figure 

4.1a and its'temperature profile in Figure 4.lb • 

can be given by 

q­
c :0; m Cc (T a - T .) c ç Cl. 

The energy balance 

The maxiinum rate of heat transfer, <;J , would occur if the outlet 
c 1Ilax 

temperature of the fluid wi1:h a smaller value of capacity rate (i~) 
• • 1 

were to be equal to the inlet temperature of the other fluid, therefore 

<;Je = (minimum (m C c ' mH CH') ] (T
Hi 

- T
ci

) max c 

rt', 
TH 

1 

T 
c HO 

~ ...-
ci 

THO 

1 

~ TH~ 
Length 

'. T 
(a) , ' cO (b) 

Figure 4.1 Schematic diagram of a counter-flow heat exchanger. 

'. :- .1 

l 

i 
" , 
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the overal.1 heat transfer coefficient of his heat exchanger. It 

was also found in the previous chapter that the electric power re-

quired by the pumps, circulating brine and cooling water, can be 

approximated as follows : 

(4.1) 

where K is the pump power factor (IO 1 Kg) • 
P 

Its value was found 

to. be 0.081 KJ 1 Kg for an assumed atatic head of six metera. A 

pump power factor of O. 13 KJ 1 Kg was obtained for a static head of , 

10 meters: this is in good agreement with the value of 0.12 esti-

mated by coffay (1980), in a Westinghouse study for an OTEe plant 

optimized to produce fresh water. For simp1icity# we sha11 assume 

equal flow rates for brine and cooling water. 
() 

This approximation can 

be justified by the results of Chapter III (see Tables 3..2 and 3.3) 

wbere a sma11 difference is seen to exist between these two quantit:i.es. 

È'rench (1982) also reports equal flow rates. 

4.3 Semi!,.Analyt1cal SOlution 

In this section an approJdlDate so'lut1on of the goVerning 

equations of the solar pond thermal behavior in steady state for siriu-
...... 

soida1 ellei t.ations will be presented in terms of Wlknown sinusoidal heat 

l ., 

\ 

f 
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extraction rate and thickness of LCZ. The equation of the elec-, 

tric -power generated by the SPPP will then be derived and the unit 

electric energy cost will be minimized with respect to the unknowns. 

An analytica1 solution of this optimization prob1em ià not possible 

because the objective function as weIl as the constraints are non-

linear. The numerical solution can be obtained by ei ther exhaustive 

enumeration or an optimization routine. 

4.3.1 Approximate Analytical Solution of the Pond 

Governing E~ations 

An approximate solution of the governing squations (2.10) , 

(2.12) , and (2.13) can be obtained if the heat stored 'ln the NCZ 

and ground can be ignored. This is a good assumption in many practical 

cases, since the 

storage capaci ty • 

equations (2. 10) 

LCZ often provides a rather large part of the total , . 
A lumped parameter solution can he obtained by sol ving 

and ~.13) whi1e neglecting heat storage capacities 

,and using the boundary conditions of (2.11) and (2.14) . then Sub-I 

stituting the 

differential 

results into 

equation 

d T (t) 
s 

dt = 

(2.12) "yields the fo11owing first order 
" 

-' 

, ICl. 
+ -n-,:.---n- l' (t) 

""1 ""u' a 

ca 

(4.2) 

U (t) - 2 U .1 Tr/A (T -T ) e 8 a 

• 
l 
• 
i 



• 

, 

Substitution of equations (2.5) - (2.8) for H (t) , T Ct), U t-t) , 
sa, 

and T (t) in equation (4.2) and then separatinq for average and 
s 

amplitud~-components, the followinq expressions can he obtained for 
. 

the average, amplitude and phase lag of the LeZ tempe rature : 

t F H K
2 

R, -9- 9- -R, /-;;;. s 1 u T l u-

~ 
+ U + (1 + 2U 
~ 1/,2 W KI e 

T - R- - R- I- i. -R, s K 

l +~ 1 u + 2 U 
71' l u 

K
1 

12 e A Kl 

R- -R-
l u) 

K
1 

"" 
'" 

9. -9. 
lu"" 

T F H 

and 

where 

'" . T ... 
s 

ô -s 

b -

Ô T (cos 
a a 

- arc sin 

sin ô (b sin ô - b ) + K ,U - cos a 
l 

u 

1 -R, 

+ h
2

) ~ (1 cos ôs + (1 - b) 
1 u 

~ R,2 

K
2 

JI, -9-
1 u y-

Kl 1
2 

/ (X ... b1 2 + (1 

c 
s 9. • <Al S 

+ arC tan 

+ b y) 
2 

" , 

ô ) + 
u Kl 

(4.4) 

( 
l + b X 
X - b 

(4.5) 

\ 

1 

-T 
a 

s 
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'" g,l-t '\, 't F H 
'V S ., U U cos t5 + T cos Ô 

Kl Kl u a a 
y ,.. 

1
1
-t '\, 

'\, Uu sin t5 + T sin ô 
KI u a a 

If the depth of tpe--iieat sink from the pond bottom tends to infinity 

and edqe los ses are iqnored then, the results obtained here will be 

the same as those reported by Zangrande (1979) • 

From the approximate formulation contained in equation 
, 

(4.2) F on~ clin: esti.Jnate the tiIne required by a pond to approach the 
. 

steady state as follows. From the complementary solution of equation 

(4.2) the time constant-. can be' 9i ven by the fol~owing ~res&ion : 

't 
P - C R­s s 

\ 
The pond will ~.ach its steady state operation after approximately three 

times the value of t:h1s time 7 8tant• 

4.3.2 Formulation of the Net Electric Power 

Thermodynamics teaches that the maximum efficiency vith 

which beat can be converted into mechanical or electrical energy ,;i.a 

91 ven by Carnot' s Law : 

, 

r 

1 

1 

1 

.. _~. ___ .....,........,...........-.~, __ ~..,...,...;,...,~ ______ ....... _ .. ",.."., .. {".., ....... ,.., ...... _; __ ;_·IC''''' .. __ '''''~>f-l ....... _.~yl,~.'.;_ ..... ---,,_.~--_...-.I.J 
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" 

.,~, "".V"<"."r~-;_,,~,~ " 
, 1 

n c 

W 
mec -= 
U 

- • 1 ...... ....~ • ., 

where W 1s the mechanica~ power of the turbine and other symbols 
mec 

have .Jir previous meanings. ri: should be noted that the ~~ra-
tures, Tc and TH' are in al:>solute deqrees . Therefore the 

maximum electric power can be expressed as fol.lows 

T 
W - n (~_...s.) u 

e max G Ta 

where is ~e generator efficiency. No real heat engine can 
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gi ve the ideal efficiency of the theoretical Carnot engine. In addi-

tion the heat exchanqer.s l walls induce a lOBS çf temperature, which cause1 

an even lower efficiency. The simulations of Chapter III showed that 

.for ~e considered working fluid (Refr,igrant 113) onl.y 64% of the 

above power can be realized (Tabor, 1981 gives a value of '65' but he 

is .ll;0t mentioning· any particular working fluid) 

As was mentioned ear 11er .in. this chapter, we have found ,that 

there' 1s an optimum temperature change experienced- by brine and coolinq 

water. Moreover electric power is needed for the -a~iliaries, in 

particular, for pumpinq the fluids through the heat exchangers. 'l'here-

fore the net electr1c power can be gi ven by : 

.' 
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. 
j Ta Ct) + dl 

T (t) _ d ) cr (t) - (W l + Wp3 ) (4.6) • 0.64"G (1-
s 2 p 

.! \ .. l' ( 

where dl and d
2 

are the o~timum temperature changes of coolinC] water' 

and brine. The last term on the right hand s i.de of the above equation 
\ 

represents ,electrid ~ower required by ci.rculating pumps. The pumping 

power CM be ca1culated aS follows the heat extracted fram the LeZ 

can be 9ifen by : 
c 

U(t) .. ml C (T - TI) 
S S S 

(4.7) 

where AT is the temperature change experienced by br:i.ne and its value 

1s taken as the optimum value obtained fram the optimization of Chapter 

III • Assuming equal flow rates for brine and cooling water and using 

equations (4.1) and (4.7) the pumping·power can be expressed in the 

following fOrIn ; 

2 K 

- C KT U(t) 
s 

? 

(4.8) 

Asa la$t approxlJnat.ion'l, for the practical operating temperature of LeZ 

l 
the term in equati.on (4.6) ean be 

Ts(t) - d2 '. ' 

well approximated bYr~ear function of 

1 

T. (t) 
s 

as follows 

(~.9) 
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wnere can be obtained by a 1inear lepst squares teclmi-

< que. 

-, 

4.3. 3 FormUlation of the. Optimtzation l?robletn 

_1: 

The uni. t energy cost, equation (3. 2S), can be rewri tten in 

the followinç form : 

C
KWh 

,. 

'* and C
t2 

are ~tallation costa inde pendent and dependent 
/~ 

on the thickness of the LCZ respectively. 9ubsti tuting equation 

(4.6) for W
nt 

(t) and using equations (4~8) and (4.9) 1 the above 

equation can be transformed . into the followinç 

J -
- 1 

Whete, 

J -

(4.10) , 
2 K 

• (eo + el T s (t) J U Ct) .. c Kt u (t)} dt 
s 1) 



û 

'" 

We define the optimization problem in the fo.l,lowing form 

minimize J 
tJ(t), 9-

a 

= 
tf 
J f [(U (t) , 9- , T (t)] dt 

s s 

to 
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(4.11) 

Uainq equations (2.5) - (2. B) for H (t) , T (t) , U(t) , and T (t) , 
sas 

the above optimization, after carrying out integration and some alge­
') 

braie manipu~ations, reduces to the followi.ng expression 

. minimize J .. 
'. - '" U,U, ô ,9-u s 

- '" '" • (e + el T ) - 0.5 el U T T cos (~ - ô ) Osa a s a 

(4.12) 

2 K 
,'" '" p .. 0.5 (T . + dl) e T U cos (ô - ~ )] • U } aIs u s - C AT 

s 

- '" where T ,'P ,'and Ôs are given by equations (4.3) - (4.5) • The 
a s 

aboVe minimization is subjected to ~ fo~~owing eonstraints and bounds
1 

on the variab~es : 

1 ~ 
some of the upper and lower lim1ts are artifieially .i:J:n.posed on the 

variab~es to help the optimi2:&tion routine to converge (none of the 

bounds should be active constraints at, the solution) • 

,. .. 
" 

o 

.., 
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( 
max 

;;. - ~ '" ;;. T T T 0 
s --9 s 

max 
;;. ;> '" :> (4.13) cr U U 0 

max min 
i > R. ;;- R-

s s s 

4.4 Examples 

The solution of the optimization problem presented in the 

previous section can be obtained by ei ther exhaustive enumeration 

method or an optimization routine. Montreal and Shiraz are again 

c the two considered locations for which we seek optimal heat extraction 

rates and LCZ thicknesses (other parameters such as pond area, depth 

of ,NCZ, costs of the components etc., are tal!;en to be the same as 

those appeared in Tables ' 3.2 and 3.3) • 
" 

The UCZ is considered to be the source of coo~ing water, 

but the following approximation has been made for the Montreal pond 

because of surface icing; the truncated sinusoida~ function shawn wi th 

dashed lines in Figure 4.2 (which represents the temperature of the UCZ 
r 

is approximated by a sinusoidai function which has the same average and 

minimum values as the truncated' one • This function wil~ he considered 

as the coo~g water tempe rature for the Montreal ~nd. 

o 
.. 
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Althcugn the opt±mal average heat extraction term was 

determined in Chapter III, for the sake .of comparison optimiza-~ 

" 
tion wi~l be carried out on this term again. Tab~e 4.1 summarizes 

the results obtained for the two considered locations. The re-

SU~~W that optimal average heat extractions for Montreal and 

Shiraz are 20.8 and 34.88 w/m2 respectively while values of 18.24 

and 2 
33.00 W/m were obtained in Chapter III. 

· -C'I 

· ... -
CI 
CI 

o 
ci 

o o 

--" '\. , 
\. 

\ 

water 

Since the optimal 

/ 
1 

/ 
/ 

/ __ UCZ 

· 
:+----------------------------------------------~----------------, ~O l~ 

June 21st TjJDe (Yeu] 

-
Figure' 4.2 .AJllbient, coqlinq water, and . UCZ temperatures 

, 'fOr Montr~al. l»ond'. 
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storage depth is small (O. 5 meter for the case's at hand) , the afore-

menti.oned di.screpancy can be expected, because smaller storage depth 

causes a higher amplitude of\oscil.lat{on of the LCZ temperature. 

It is therefore more econanical to extract heat at a higher average 

temperature than the one obtai.ned under constant excitations (optimi-

zation of Chapter III) . In addition, the amplitude of the heat 

extraction has an optimal value equal to the average for case 1 

(Table 4.1 ) , because it would be cheaper not to produce power during 

the entire year than having a larger LCZ depth to keep the system 

generatinq power dU,J:ing winter in spite of the very low insolation. 

The Shiraz pond does not present this problem because of the relatively 

small.er variation of its solax radiation. 

The electric enerqy cost for the Montreal pond, 21.68 é/KWh 

is about 3S per cent lower than that obtai.ned in Chapter III (see Tables 

3 • 2 and 4. l ) • This reduction in cost is evidentl.y caused by the 

small.er LCZ depth, which maltes use of the system durinq the warmer 

part of the year onl.y. On the other hand the Shiraz pond is. capab~e --of producing cheaper en~r9Y (9.07 ç/KWb.) during ~e entirè year even 

with a smal.1 storage depth. 

-, . 
A number of optimization runs' were carried out to find the 

affect of fixing the lower l.imi t of the LCZ thickness (in a11. runs 

this became an Act! ve constraintl at . a valUè larger than 0.5 mater. 

, ' " 
" 
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TABLE 4 • .1 1 

! 

, _ SDMMARY OF THE RESULTS FOR OPTIMAL HEAT EXTRACTION AND S'l'ORAGE DEPTH 
a. " 

."* 
"'----------------------------------------------------------------------------------------------------------------.. '" .. 

1 u u ô T' 
.8 

, u S 

CIa> :" eH/m
2

) (H/m
2

) (Radian) \ ( Oc 

Location 
" 

Montreal 0.5 20 .. 8 20.8 1.618 57.08 
,-!, 

.. ,0.5 34.88, 14.61 1.08 81.9 

1.5 34.24 15.47 1.625 83. 

. * Shiraz 3.~ 33.0 0.0 NIA 87.0 

. !I. 5 33;0 0.0 NIA 87.0 

~ • k 

( Free salt ia assumed for these minimizations 1 

r· 
. KJ 

K =- 0.081-
k p ~ 9 

_ max 
1"S .. ;t6 m , 

min 

dl = d
2 

6 Oc 

min 
t 0.5 m for 

s 

'" T 
s 

( Oc 

25.06 

15. 

13.8 

7,8 

6.44 

cases 

1 - 1.5, 3wS, "4.5 'for cases 3, 4, and 5. 
s 

4' 

6
5 

Electric Energy Cases 
(Radtan) COlil t. ( ç /KWh)' 

0.633 21.68 1 

0.~a8 9.07 2 

. 
0.86 9.39 3 

1.546 10.38 4 

1.55 10.8 5 

,. 
" 

fiG 
;; 0.95 

1 and 2 

q 

.. 

.... .... .... 

l 

l 
1 
l 

1 
1 
l , 
1 
i , 
~ 
~ 

t 
ij 
• 
j 
j 

i 

1 

i 

i 
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The result;s of some of these runs are also summarized in Table 4.1 

(cases 3 - 5 ) • It can be seen that for deep storage depth 

(;;. 3.5 meters) the heat extraction wi~~ be constant,., and 
\ 

value is exactly the same as that obtained in Chapter III . 

its 

Figures 4. 3 and 4.4 show the time var iations . of. the 

LCZ and cooling. water tempe ratures , heat extraction rates, and net 

·' 

electric p~wers generated by SPPP for cases l, 2, and 5 of Table 

1~2 

4.1 • It can be seen that operating strategies for optimal electric 
-' ,/ 

power generations are different for these two locations. Maximum 

power generation for the Montreal pond happens in late September while 

for Shi raz it is in December. The minimum"power extraction oceurs 

in March and early J'une respectively for MOntreal and Shiraz. The 

results for Shiraz are quite similar to the ones reported by French, 

1981, for a hypothetical Salton Sea pond. Finally, Figure 4.5 shows 

the v~iation of the unit energy cost for the Montreal pond as a 

function of amplitude and phase laq of heat extraction, while keeping . 
average heat extraction and LCZ thicklÎess at their optimal values., 

The cost contours are also shown in this figure. Similar cost eon-

tours ua sho~ for Shiraz' pond in Figure 4.6 • It can be seen that 

minimuPl cost oceurs for heat. extraction with,an amplitude of about 

, • 2 
14.5 w/m , which peaks in early October. The results mentionad ~ 

this ''-section were obtainad by using the GRG cOJbputer optimization 

_packag~. 'The exhaustive enumeration method also gave similar results. 

.~ 

! 
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.~ 
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4.5 Mathematical Programming Method 

In the previous sections the optimal heat extraction 

schedule as well as the thickness of the LCZ wère obtained under 

sinusoidal excitations. If thè radiation, ambient, ~nd uez 

temperatures carl not be well approximateà by sinusoidal functions 

the sexni-anal.ytical method presented earlier can no longer he used. 

In this section th~ optimization will he cast into an optimal control 

problem and the solution will he obtained by mathematical program-

ming techniques through discrete optimal control. 

4.5.1 Opttœal Control lormulation 

Consider the governing eIquai ris of' ~e pond' s thermal be­

havior, equations (2.10), (2.14), (2.13). These equations 

can be,discretized in space only b~laCing ;irst and second space 

derivatives (terms of the form a a ~ and a a ~;) by difference 

op~rators. In a compact form the following set of ordinàry' coupled. 
l 

differential e~tions would result : 

• :t • A! + .!n+1 U(t) + ~(t) 

. , 
where T i8 the Cm le 1) vec1i:or of n~ temperatures, A ls the 

coefficient Jll&trix (tridiag.on~ structure), ~(t) 

1 _~ z: ~ 

-' ' 
( r ~ ,~ 

,'" .. r' 1,;._ 

.~ . ," ::-- ~ .. '" 
... ~ . ~;; ;' 

• '" ~',~ i -/'- .. r.! 
l ,~po 

l, 

_ ._~ _____ ~~t,.t;._'__" ,---' ~_ 

'18 the vector of _ ... 
' .. 

~ ,f 
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excitations, a.nc1 .!n+l iS'"an m x l vector whose elements are zero 

except the 
st 

n+l , which ls unit Y (position n+l refera to Lez tem-

perature) • Therefore the optimal control problem can he stated in 

the fo1lowing ~orm 

tf 

minimize ji/'" .. 
U(t),.1 

a 

dt ,. J L [Tn+-l (t) ,U(t) ,ts/t] ~dt 
to 

subject to 

• 
!. • A!. + .!n+l U (t) + Y.,(t) 

and 
min 

1. > R-a ;;.. 8 

o < OCt) < UmAX 

~. 0 
\ 

(4.14) 

where ~nt (t) i8 the net electric power given by equation -(4.6) and 

bounds on the variables take into account the physical rea.1izability. 

It should be noted that Tn+1 (t), the Lez temperature, is a function 

. , 

of the LeZ th.1ckness and other parameters. , -

, " 
. -"/ 

-,\'-
~ .~p~~- ~ 

,. ~ j If'" 
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'. 
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An analytica1 solution of the above prob1em based on the 

Maximum / Minimum Principle (Athans' and Falb, 1966) is probably 

possible, but the nonlinearities involved would make it exceeding1y 

complexe The canplex1 ty woul.d not,pe reduced even if we wanted to 

use the lumped parameter model, equation, (4.21 , in th.e problem at 

hand. If we accept the fact that most optilnal control prob1ems 

must be solved numerica1ly (Bryson, 1972 l using a digital computer, 

one can a1ways regard the dete.rJllinat1on of U (t) (ta <; t <; tf) as 

equ1')alent ta the detezmination of U (0) , 0(1) , •••• U (N-1l, the 

'diserete equiva1ent of U(t} • 

It 1s conve,nient to rewr1 te the problem stated in equations 

(4.14) and (4.15)' as follows : 

minimize Tm+l (tf ) 

U(t),1-
,; s 

subject to : 

. 
T - AT + !n+l U(t) + \I(t) - -

'whex:e m 1a the total unknown nod~ temperatw::es and 

.. , 
.'- , 

" 

1 
t ,1 J' 

", 

-. , ' 

"~fr:· ~:-f . 

, . 

, 1 ~ , 

< ,,1 

" \. .,~. 

,~.:·~~lj:,;~/~\~~'., -:~ ":' '.' . 
~~J&;-i~~);~~;:'T: J.~~~/': . 

(4.16) 

(4.1S) 

.. \ ~ 



1 

~~~~~"/~~tt;ri",;V"-\Cii.b.'t li •••• _. ~,._.J.t"'" Q44$ !tI)C l'- .. ....-.....,.~..,,""~oe-,~.4'~~,~~~~~lMWW!M ..... ~"'~n~~\..-- ........ - .... 'fJIIQI!IIl" ... ~"I-~"'" '-' ... ~-. .... _-'" ", ... 

• 

() 

o -

o 

120 

The numerical solution consists of successively finding a. 

U(i} sequence which satisfies the optimality conditions. The 

class of functions chosen for approximating OCt) is the class of 

1s' constant per interval. The overall 

for the case at hand is divided into 52 10-
, 

tervals (correspon to 52 weeks of the year) , in each of which 

U (t) 15 constant. .Each interval is divided into subintervals 
6 

(usually each. interval la div!ded in half) for better accuraoy of the 

numerical inteqration of the system differential equations. It should 

be mentioned that the system of d1fferential equations (4.17) , re-

,f' 
presenting pond thermal bèhavior, are fir-st solved for steady state 

operation u~ing finite difference; and then equation (4.18) is 

solved using an IMSL
l 

subroutine (a subroutine called DVElU< which 

is based on the fifth atld sixth orders Runge-l<utta method) • 

4.6 ~!xamples 

1 . 
The optimal heat extraction and storage depth will be cal-

c~ated us:Lng mathematical proqrammi ng. We have fint triea an 

·1 
" Intèrnational ~thematical and Statistical Library. 
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optimal control problem with a known analytical solution {Speyer and 

Bryson, (1968»1 to test the GRG package in handling discrete opti-

mal control prOblems. The resul. ts obtained were in excellent 

aqre..ement wi th the analytical solution for the 30 intervals of step­.-
functions. It i8 assumed that ice on the surface of the Montreal 

pond will block 80' of radiation. The cooling ~ater temperature 

is also assumed to fo11ow ambient temperature whenever the latter i5 

above _2°C (freezing point of 3' brine in the UCZ) and remains 

at _2°C whenever the ambient temperature falls below -2°C • 

The optimal heat extraction and electric power generation 

for the Montreal pond USip9 Mfthematical prograDDing i8 shawn in 

Figure 4.7 • For the purpose ?f comparison the result. of the semi-

analytical solution is superimposed on this figure. 
1 

An energy cost 

of 20.97 ~ / KWh wu obtained here, which is slightly less than that 

1 

4 

Pind the optimal program, 0 (t) , over the inte~al . t [0, 1] which 

minimizea : 

Miniîidze J .. -
O(t) 

x
2

(t) + '4t
2 

where : 

and-

3 

1/2 J 0
2 (t) 

0 

12t + 8 ;> 0 , 

[

0 

A· ~ 
1 
o 
o 

... 

.. 
dt x • A x + b u ft) - . and subjeot to : 

-----, 
------

~ Ct • 3) • [0 

__ ~ __ , -'------.L-__ , __ 

. ',~: 
_~:~-------L' ,~;i_~ 
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of semi-analytical so~ution ,(21.68 ç 1 KWh) • It should be noted 

J 
that the actual. difference in energy cost for these methods should 

be even larger because the effective insolation considered in the 

mathematical programming solution was lowered by iee absorption. 

It c~ be seen from Figure 4.7 that the SPPP wi~~ not produce e~ec-

tric power for three months. The optima~ storage depth has the same 

value (0.5 meter) as in the semi-analytical solution. 

The optimal heat extraction and net eleetric power generated 

by SPPP for Shiru are depicted in Figure 4.8 • The optimal heat 

extraction obtained by mathematical programming ls in good agreement 

with that of the semi-analytical method. The ~ergy cost of 8.5 ç 1 KWh 

ls comparable with 9.07 ç 1 KWh of the semi-analytical solution. 

Therefore it can he concluded that the optimal heat extraction ls really 

a sinusoid for locations where no ice eoveraqe of the pond surface oceurs 

and all excitations can be well approximated by sinusoida~ fwlctions. 

It ls lnteresting to mention that th~ CPU t1me required for matbemati-

cal proqramminq (using Fortran H compiler on Amdah~ V7) was on the 

average f:i.ve minutes while the cor.respondinq Ume for semi-anal.ytical 

solution was around two seconds. 
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CHAPTER V 
o 

\ \ 

COST REDUCTION TECSNIQYES 

5; 1" . Introduction 

The unacceptable energy cost for the Montreal pond_l~~ us to 

consider possïbl~ cost reduêtion techniqUes. The present clylp,ter 

deals with conc~pts that may result in electric energy cost reduction 

of an SPPP in northern climates. we have seen how LeZ thickness 

affects the LeZ temperature profile. ~he ~litude of the varta-, . 
tion. of the LCZ "l:emperature can bé redueed by increasiIig the LCZ 

"'depth, but, the salt requirement will -then also increase, which 1s an 

, , .... 

important item in îfP~ capital costs. For this reason, a f10ating 
~ ~c 

pond equipped with a deep s~tless storage zone i~ ,first pro~sed~ 
f' 

" 

Thè coolin~ wa,!=-er temperature plays ~ ~po~ role in 
, 

cycle" effic1ency ~d, of course in energy cast (ç / Kwh) of an 'SPPP • 
~~ ~ .,," 

The possibility of using' an iee storage pit to provide. a lower cool,ipqo 
, ' ". 

tempe~ature ~ that of' the . UCZ 

chapt~. 

will also be 'invèstigated in this • 
D ' 

•• 

\" 
\ 

The poss±bilit~ of making t~e 

) ," 

of Il solar pond· fl.oa.t 

.' . 
1 

The F10atinq SOlar POnEl 
-. . 

Nez 
J 

v ' .". 

QVer a laye~ of fresb ~ater ~s investigated. Such Il' con.tiuct1on,. . 
",1 ........" 

• > 

"-, 
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wpuld greatly' reduce salt costs in pondl' equipped wi th deep Lez and 

May eventually permit the éonstructio~ of solar ponds as floating 

structures in natural bodies of water. It would also permit the 

'. l'Oca~n of large s'o1~ ponds close t? densely built urban centers, 

wper~ th~y could not otherwise b~stal1ed because of spaqe limita-
" , 

tions. 

5 • 2.1 F10atinq Structure 

It Is proposed (Crevier and Mosbref, 1981) to separate the 
t f> 

Nez from the fresh or sea ;w"ater underneath-by ,an impe%ll1eable membrane . .. . ~ 
s~il.1zed ]:)y weights and bu'oys attached to it • Â possible design 

. for a floatinq solar ponel appears in Figure 5 .• ,1. ,It ls inspired from 
, 

the "Iake storage" concept de1Teloped at the Studsvick Energy Research 
. 

and Developmen~ Center in Sweden (Morgan,' l~78) • A flexible' 1 10-
, 

sUlatinq envelope, 'open at th'e tàp;,encloses a part of a lake or a bay , ,~{ 

\ . . 
. of the su. This "dj,1,(ing bell." i9 ~chored ~o the bottom o~·.the lake 

.to res1st the upward pressure cr.eated br the difference in density bé-
,. 

twéen thé" w~ water inside and. 'i~e ëold surro~ding water. 'l'he 

Nez 'floats - At the surface 1 this layer i9 contained by a structure 

consiBting of a flexible bottom membrane stabilized by weights and b~oys 
, ' 

t. ~ , 

âSsdDlblies 1 and maintained on the ..s ides ~." rigid fl<?ating hull. 

Thi~ layer will ~turally S~abilize,its.lf at a dep~h where the bottom 

. . 

, ,. 
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o Stabilizing buoy '1. 
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Figuré 5.1a . Water' Ba§ed Floating Pond. 
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Fiqure 5.J.l::) Land Basèd Floating POtlQ.. 
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~igure 5.1 Schematic Diagrâ1a of Floating Solar Pond. 
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membrane will be under equilibrimn pressure. The membrane can be 

ei ther transparent or opaque. In the case -of a transparent mem-

brane; a convective, or storage layer ean be induced by placing at 

some distance under the floating- NCZ an opaque, not necessarily 

impemeable, membrane absorbing the radiation reaching this depth. 

The layer of water between this membrane and the floating NCZ will 

thus be heated frOID underneath and constitute the conve~ting layer of 

the floating solar pond. 'l'Wo possible difficultiles may arise fram 

the use of a transparent membrane 

(a) loss of transparency of the membrane due to aeeumula-
, 

tion of debris, 

(b) degradation of the transparent membrane by ultraviolet 

, radiation. 

A.variation on this design would consist in having~only one, opaque 

membrane at the bot tom of the up~er insul~tion layer and to induee a 

forced circulation of water in the LCZ , which would then he heated ,. , 

from above instead of fram below.· This woul.d elimina te the abave 

problems, and in addition reduce the ~rane costs and of course in-l 

crease electric power requirements for auxiliary pumps. 

lt is interesting to note that the mathematical model of a 

floatin9' solar pond is exaetly the same as that of the or~ary salt 

gra~t pond if the buoys are made of transparent material. lt 

,. 
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should however be noted that the transparency of the membrane does 

not enter into aecount, sinee any radiation reaching the bottom of 
, 
\ 

the NCZ i9 considered trapped in the pond. 

5.2.2 Stab~lizat~on o~ the N~Z oyer Fresh Water 

(Oni.form concentrat.ion) 

" 
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The heaaier salt water of the NeZ can be prevented to sink 

into the fresh water of the LCZ by the following mean~ 

(1) The two layers are separated by a transparent plastic 

membrane. 

(2) The pressures are equalized on both s;l,.des of the 

membrane by eqÙillbrium ducts. 

(3) . ~e membr~e y----stliJ:)llized by a c:ombination of 
, 

buoys and weights. 

In the à,bsenc:e of buoys and weights, the flat bottClll configu", 

ration shawn in F iqure S.; would not be stable for the fOllowing 

reason. Let us, as 4 first approximation, neglect the fact that 

there aists a dènsity gradient in the non-convect!ng layer, and assume 

tbat thisJ:ayer conûilis sal.t water of uniform density Pl (average 

, , .c 

f,l!<,~i;:,'~ 
( ," ... ~~ ,.r ., 
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densi ty between OCZ and the bottam of NeZ) 

densi ty p 2 in the LCZ. Let, as before, the depth of the NCZ 

layer be 1.
1

' and the h'èight of the fresh water in the equilibrium 

ducts above the membr2Qle he h. If a,pressure equilibrium exists, .,-
then : 

(5.1) 

If now a disturbance causes a local downwards bucklinq of depth dy of 

the flexible bottom, the downwards pressure at the lowest point of the J. 

deformation will be • ' 

where g is the acceleration due to gravity. The'upwards pressure 

can he' expressed as follows : 

.. 

If we· let 
.' ,1 

P be the net pressure (positive upWards)~ n -c ' 

P • 1?ai." P n u, d • 

'!'his pressure. i8 thus directed downwards, 

- ,-
, ,~. 

, . 

1 , 

• " J • 

wb!ob,;w1ll int;~ify til. 
~ - • '\ ' J 

.' " y l' 1 

'-'-"., : ' ., 
" " . 

{ .. 

,. 

(5.2) 

f,j 
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" 

buckling • For the same reasons, an upwards buckling would also 

tend te be ampllfied, and the flat bQttolll configuration -ls unstable. 

Assume now that n,,' stabilizinq. buoys are attached to the 

bottom of the metllbrane as in Figure 5.1, in sueh a way that when 

the weights attached to the hùoys are at a depth R,l' 'the buoyancy 

of the ilIImersed part of the .buoys exactly c9IllPensates the downward 

~ 'pull of the weights. If, however, n contiguous weights and huoys 

sink to a depth Ro
l 

+- dy, the total upward pull. exerted on the 

, attachment points to the membrane will be : 

F - (5.4) 

where ~ 1.s the Cross.,seetional area of one buoy. If there is one 

huoy per A square meters of the pond, thi, force 1a' equi valent to' an m 

upwards pressure Pb of magnitude : 

F - -n Am 

1 

Dy vi:ttue of equation (5.3) 1 the total. upwards pressure 

exerted on the membrane at the bottom of the disturbance constituted 
'-

by the n' d~presseq buoys ia then, : 

(5.5) 

:.. /. 

" / 
, ~ - " ,.' , - , 

... :. . 

" 
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A 

P - Ci;-> Pl 9 dy 
m 

(p' - p ') 9 dy 
l 2 

(5.6) 

This net upwards pressure P 'will be positive for : 

> (5 .. 7) 

In other words, 20r a NeZ of uniform densi ty, the fraction of the pond 

area occupied by the stabilizing buoys must be luger than the .q:-actional. 

difference in density between the NCZ and LeZ, which woul~ be 

approximately 10 per cent for the solar pond. The size of the in-

dividuAl buoys and their', spacing m'lFst De such t~t the membrane' s 

capacity to withstand l.ocal defonnation is not exceeded ~ile de-

formations covering a l.uger areà will be stabilized hy the huoys. 

5.2.3 Stabilization of,~e Nez 'over Fresh ~ater 

(Linear salt Gradient) 

" 
Let us assume that a. linear salt gradient ~ists in the Nez 

as follows 

p Cyl • Pl + (P2 - ,91 ) t-
l 

where ,Pl and P2 
are dens1t1es .ln ' utz and the bottQDl of HCZ re-, . 

, ' . 

'; , 

'. ' 
u ~ ~ .' ~ -1,. ,', 

P 1 ~;:f:~~.±~i~~:.:: .~b .. 

. ! 

, lb 
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spectivel.y. For a di.sturbance of dy the downwards pressur~ can be 

expressed by Csee Figure 5.21 , 

Z -dy 
l 

Pd • l P (y) g dy ... Pl g (~l - dy) + 

0 

The upwards pressttte can be written as 

\ , 

.' . 

p • P 9 (h - dy) u 3 

. ,. 

-

,. .~ , 

,,. 

Figoure ' 5.2 

" ' 

t 
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Pl 

1. dy 

T 
-

, 

P2 

, 

P2 - P 
dy)2 l g (R. -2 R.

1 
. l 

(S'.8) 

(5.9) 
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where is the density of water in equilibrium duct. The net 

~ 
upw~ds pressure. using equations (5.8) and (5.9) , is given by 

\ 

but, 

p - p - p .. 
u d 

ph· 
3 

• 
P hg-

3 + 

equillprium condi.tion (Pu 1 

Therefore, equation (5.10) simpUfies into the fOllowing 

For 

[(P2 - ,P3) dy 
P2 - Pl 2 

P - dy ) 9 
2 9.

1 

small dy , the disturbance will be intens1~ied 

u_1 
idYldY • 0 

,. g (p
2 

- P ) > 0 
3 " 

: 

• 
dy - 0 

form 
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(5.10 ) 

Pdl 
dy" 0 

(S.1~) 

'!'he force whiCh ~s app1~ea to on',e buoy, frOID. its attachment weight, can " 

be expresse<! u 

. 
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1), 
F = <] lb . f p (y) dy 

~ - d7( 

The above equation upona simple integration and simp~.ification yiel.ds: 

-:' 

F - <] ~ dy [Pl. 
P2 - Pl 

(~ - .&.)] - + 1 2 
1 

The :equi val.ent pre~sure for n buoys ril.l he 

p 
eq 

Therefore the net preesure can be <]i ven by the fOl.lowinq; usinq equa-

tionS (5 .1l.) and (5.12) : 

p •. p + p -
net" eq 

. ~ ~2 - P 
q;:- dy [p l + 1. l (~ - ~)] 

m' , 

Tc st:abilize, the meÎDbrane, the net pressure shoul.d be negat:! ve. 

stabll.ity ,ea.n ,he obtained if the following is sat:i.sfied :' 

.' .",,,,,, 
~ A-.,' 

- ;.... " 9 

"'''/ ~I:~~'~-' . '. ~ 1 • ./" ~ , 
" '.-

" ' 

(5.12) 
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net apI 

~ > 
A· m 

P(~) -
As an examp1e, for 

to the fol1owing . . 

~. :> 
fJ 2 -r- ,Pl 1Il, 
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< a 

(5.13) 

1), ... 0.51..
1 

, the inequality of (5.13,) 'reduces 

4 

P3 

+ P2 
2 

which for typical values of P~-, P2' qives the s~ conqi-

tion as in equation (5.7) , i.e., the fraction of .. pond area occupied 

by the, stabilizinq _buoys must be greater, or equa! ta . la par, cjint • 
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5.3 0Rtimization of a Floating SPPP 

The model developed in Chapter II can be used to s~late 

the floating pond with the.difference that the'physical properties 

of the ground and LeZ wouJ.d be replaced 1ly that ?f fresh or sea 

water. Most of the cost of a floating pond would reside in the 

hull and the IIl-embrane isolating the salt gradient layer. Hull 

costs will be minimum when a section of a natural body of water is 

isolated to make up the Pon~, and maximum when the hull must enclose 

the e~tire pond. pere it will.he assumed that the length of hull 

required is equal to one half of the perimeter of a circular pond of 

the considered area, at a cost of $100 1 m
2 

of hull area. Th1s 

co st cons1sts in material costs (inneJ;" impermeable liner, $10 1 m
2 

- 2 
$15 1 m 1 outer grid" $25 1 m2

) and labour costs of 
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insulation, 

$50 1 m
2 

• '!'he cost of membrane, weights, and buoys are assomed to 

be $10. for a square-meter arèa of the pond. 

An optimization, similar to the one pres~nted in Chap~er 

III, will be carr~ed out ~or a floating SPPP for Montreal condi-

_ ,tions. The life time of the plant is here ass\DIled ta 'be ten years 

because'of uncertainty in tQe long ter.m performance of the m~rane. 

The' results are summarized in Table 5.1 • A compar1son between the 

present simulatiop and that of Table 3.2 shows that the 

energy cost of a floating sppp (FSPPP) 1e. àbout 12' 

10wer than that of. an ordinary SPPP. Since the in-

t ' 
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'l'ABLE 5.~ 

SUMMARY OF THE RESULTS FOR A 5 MW FLOA'l'ING SPPP IN MONTREAL ' 

Pond: 

ITEM 

Surface area (Km
2

) 

He~t extraction depth (m) 

Temperature of LeZ (oC) 

~fficiency (\} 

1 

V~Por'izer (boiler) 

tondeneer 

~re-heater 

.. 

Turbine : 

In~et pressure (peia) 

Outlet pres s,ure (psia) 

Inl.et tempe rature (oC) 

Outlet temperature (oC) 

Mass Flow Rate (Kg/sec) : 

BriDe 

Working F~uid 

C0011ng Wate:r; 

Gross power '~MW ) e 

System Efficiency (t) 

-Energy cost (Ç: 1 KWh) . . 

l' . . 
", 

. .. 

, ' 
" " 

F10atinç sppp 
(F .. 113 Workinç F1uid) 

"" 

3.56 

1.72 

63.32 

~l.aQ 

2.19 

2.33 

' .• 1644 

20.26 . 
3~68 

57.45' 
; 

11 .. 63 

3136 

339 
, ' 

33~ 

d 
5.5622 

0.935l. 

. . 
t' 

.', 

- 2g.6 

1 :~." j _ 
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" 

'stallation cost. of FSPPP is . smaller than" tha1j: of an SPPP i t Hi 
" ~ 

'economical to operate the pond' at a hiqher average LeZ temperature • 

. Other parameters ap? operating conditi~n$ ,are only marginal~~ di~-
~ 

, ferent from those 'of' T~le 3.2 

The concept· of a floating SPPP seems to have it-s merits 
~ 

despi.te of the,sti~l hiqh ~nerqy cost. Mald.~g· ,the NeZ,' f~oat on a 

layer of fresh water would el1ni.~ate a major fraction of the pond cost 
r.t:/ 

in 'areas wl'lere sal. t is expensi ve • Making use' o~ th,is princip le in: 

natural bodies of wat.r '-would perDÙ.t' th~ construction of ~arge solar 

ponds close to densely populated urban areas, wh,eX'e Land costs wôu~d 
D J ~. _ 

" . 

be prchibitive. The water-:based floating pond has no excavation cast 

in ,addition to reduced s"~t cos;? (c'::'e,r and Moshref, 1981) • __ A 

sal tless LeZ would also facil.i tate the, extraction of heat from th .. -

pond by preventing corrosi'on in the heat exchanqe't's, wheX'e water from 

the LeZ 1.s circulated. The existence ,of buoys wo,ul.d probably re-

" duce the costs of the required wave dampers. Ell'vironmental and 

~ -
structural problems should nowever be ~iwn c:areful cons,i~e,ra1;ion be-' 

fore, the concept is declared v:iahlc;l. ' 

, . 

" , , 
j' , 

5.4 Ice Storaqe as a Beat Sink ,for SPPP 

. ,5.4.1 Introduètory ~k$ 
.. 

-, 

One possi;ble way of ;lmprqving the efficienc::y of the power plant 

.. ' " 

'.,,1 '. , 
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.. 
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" ' 

a 

':':Wt:>1Ùd he -to lower ~e heat1 4ink temperat~e., i.e., increase the ,t~pera-. 

ture differeiiâl between ~ource and s~.. For a given cl.ilnate, the LCZ 

Cv 
tempe rature and associated source' temperature can he control1ed by 

the 'pond' s geometry and heat extraction rate. On the other hand 

the sink tempe rature is usua1ly determined bl'. that of the available 

c(;)oling medium (~r or water) .- In this se tion, the possil5ility of 

using an iee s'torage for eooling the turbine working f1uid wi1.1 he in-, 

" 'U'estigated. 

Storage of sawed blo~s of river and lake ice in pits, caves, 

and insulated build~gs was 'commonly done both ccamnercially and privately 
.. ,,' ~ ... 

hl' generations of our ancestors. With the advent of meehàni.cal re-

figeratipn, engines driven by heat or elect:ricity could produce iee in 

camnercial volume almost any were, at any time, and the laber-intensive 

" 
cutting and 'Storage of natural. iee largely disappeared. Present-day 

1 

8nergy eostS-and sup.Ply problems, eoupled with the development of re-
. 

latively low energy techniques for reereational snow-making, have 

'provided the stimulus and the means for resurrect1ng the production and 

,:,torage of natural ice and spow. ' 

cana4a and the ndrthern part of the united States can benef:Lt 

fro. siqnifieant per:Lode of sub-freez~ng w:Lnter weather, 1IIhere luge . . 

amounts of natur~ly forming ice' ean be found. _:r~ 18 therefore pro-

po~ed here 1 to harvest the iee. and snow during the winter.. v - 'l'h.:ts . ~ 

" 

, , 
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as a heat sink for SPPP durinq the warmer 

5.4.2 Structure and Mech.anism of :tce Storage 

:tt is assumed that a pit, havinq a vo~ume V. yet to be 
.J. 
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determined, is excavated in the ground close ,to the solar pond. This 

reservoj,r will have a water-tight membrane liner (if .i.mpeX'IDeable. soil can 

be found this liner can be el iminated l . Snow ~d naturally forminq ice, 

collected durinq winter, are stored in it and wU.l be used as a coolinq 

medium whenever the upper convective zone of the pond is at a tempe~-

" ture larger than ze~o degree Celei us. The ice storaqe will be 

covered, with an insulating blanket to lIlinimize melting. During any 

subfreezing night the blanket can he opened on two sides to provide air 

passage 1 and the cooling ,!ater returning from the 
1 
i 

be sprayed. over the ice and re-frozen. 

5.4.3 Sizinq of the Ice Storaqe 
1 

" 

{ 

Sppp 0 condenser can 

',. 

Suppose the ice storage at the end of the ~esting p.r:Lod 

contains M
WO

. and MiO' Kq of water and ice 'respectively, and let .us 

, . 
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assume that the well mixed water underneat~ 1s at equilibr1um" tempera-

ture This water will be pumped with a flow rate of to 

the condenser the warmer water is returned to the top of the 

reservoir to he re-cooled to zero Oc by the remaining iee. r"f , ' 

melted iee 1s added ,at a rate of m per unit t:ime, the followinq 
w 

heat balance ean 'he written for the system : 

• • 

1s the latent heat of fusion of ice, and .. 
heat gains from top and bottom (side hJat gain 1s ignored) , 

1s the temperature of the water returning fram the condenser. -servat10n of mass will g1ve the fo~low;f.n9 

+ M (t) 
fi 

- Constant 

'" 

are the 

Con-

(5.14) 

or "(5.15) 

• m 
w • 

dM (t) 
w 

dt 
.. 

and 101 "Ct) 
w 

dM
i 

(t) 

dt 

are the amount of ice, and water at Any 91ven 

.' 

time. Therefore, uainq equation (5.14), eqUation (S.15) after in- • 

tegration ean he wri tten as : 

• . 
l, 

'. 
, , 

, " 

~ , 
• 4, __ 
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+ c (5.16) 

where the constant of inteqration, c, can be obtained frnm the 

initial and final conditions 

(5.17) 

~ and ~ will be estimated. for steady state operations, the bottom 

108ses, as in the solar pond, can be gi ven by : 

l~ 
T.) Ai' l. _ \ 

) 

\mere Ai ls the ice storage àrea yet to he determined. 

losses can be'foxmul.ated as fol1ows : 

.. 
'. 

The top 

\ . ~ , 

where Ua' the ovc:a11. heat transfer coéff1cient for _.~ .±naulating 

b1ADket, can be given"by C.Rouenow, 1973 ): 

t!1 
-+ -K' i 

(5.18) 

--

(5.19) 

wher, hfr is the free convection heat transfer coefficient, t
i 

and 

.j 

, 
, \ 
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• are the th1ckness and thezmal. conductivity of the insulatinq 

blanket respect1vely. 

r 

which 1s an average free convection heat transfer coefficient for f~at 
. 

surfaces (ROhsenow, 1973) • Using e~ations {S.16} - (S.19), the 

aJIlOWlt of ~ce that sl;1ould be stored in order to 1ast throuqh the 

summer can he gi ven by the . followin~ : 

. ,. 

- m C (T! - T.) + [ 
3 w 1 l 

The tÏli.nimum volUJDe required for ice storage (ne<;lectin<; the initi~l 

water, Mû)Q in. the ice storage) • 

(5.20') 

. where Pi 1s the densi ty ,of ice; if thé ice storaqE\ 1s assumed to he 

an .inverted pyramid of top a,r,~ of Ai and slope of 1 .. : 2, 1t CAn' he 

shawn that : 

. , ' ~, 

·V . i 

, 

l ' (5.21') 

Ther~6re the .requtred area, At' can be calculated from the followinq 

expression : 

, 
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- Ti) + Uo(Ta .. Ti})Ai - ~3 Cw(Ti - Ti) = 0 

, The cost of ice storage /Can be determined if the amount of heat re-

jected by SPPP is known. This can be achieved by adding equation 
~ 

(5,.22) as an equality ~onstr:aint ta the functional equùities of the 

op'timization problem described in Chapter III • The cost of ice . 

storage cons:lsts of that of the insulation blanket and of the excava­

tion (the insulation is èonsidered ta De $8 1 m2 
of ice storage sur-

face area) 

,5.4.4 Static Optimizâtion of SPPP \ltith Ice Storage 

The first case considered will be that of an SPPP having 

ice storage as' heat siM for the Montreal cl~te. The statié opti-.' 
mization, 'assuming the average exci.tations presented in Chapter III, will 

---=---
--------be used to size the ice starage as well as the pond and other equip-

menta, under <average aperating conditions. Equation (5.22) should 

be added to the other equality constraints of Chapter III The re-

·sults of this aptimization is summarized in Table 5.2 
\ 

(The Lez 

thickness of 3 meters has again been assumed) • 
~ 

Al though the re-

, .... 
•• __ • ___ •• ~, .. _. __ , __ ~ •• --0 _ ... _ ........ ____ ,, __ 



() , 

o 

\ ' 

o 

1 

1 
1 

, 
! f , la au. 

--
'l'ABLE 5.2 

RESULTS OF STATIC OPTIMIZAT!ON 

" FOR' A 5 MW SPPP WITH ICE STORAGE 

Pond 

Beat 

ITEM 

Surface area 

Heat extraction depth (m) 

Temperature of LeZ {o Cl 

Efficiency , (%) 

. 
(10

4 m2
) Exc::hanger Area 

Vaporizer (boi1e1:) 

Condenser 

Pre-heater 

Turbine : 

Inlet pressure (psia) 

Outlet pressure (psia) 

In1et temperature (oC) 

Outlet temperature (oC) 

Mass Flow Rate .(Kg 1 sec) : 

Brine 

Working fluid (F-113) 

<'-

/ 

/ 

~ ........ 

Cooling water (ice storage) 

Ice Storage Volume (m
3

) 

Gross Power (MW ) 
e 

" System Efficiency (%) : \ 

Energy _ cost (c::tKwhl - t 

--

-

..... "' 1'0 . -

, 

. ' 

., 

Sppp WITH ICE STOBAGE 

~ 

. 3.26 

~.7 

64.56 

11:345 

21.23 

2.~7 

58.96 

6 • .15 

3474 

(,290 

\~708 

@ 

2 • .2 x 10
6 

1.022 

31.9 

Q 

" 



) 

1 

) 

qui.red areas of pond and h.eat exchangers are smaller than those of 

Table 3~2 , the energy costs have not been reduced substantially 

(31.,99 1 KWh compared with 33.779 1 Kwh) Because of ice 

storage, the cycle efficiency as well as system efficiency have in-

creased about 9%. 

5.4.5 Optimal Beat Extraction and LCZ Thick­

ness of SPPP wi. th Ica Storaqe 

147 

In the next case 1 we tried to find the optimal heat extrac-

tion and depth of LeZ by the discrete optimal control technique 

(mathemati.cal proqramminq) presented in Chapter IV .. The results 

are very encouraging and interesting. The optimal storaqe depth of 

0.5 meter and energy costs àf 16. 23ç 1 Kwh were, obtain~ oPtimal 

heat extraction and net electric power are presented in Figure 5.3 • 
Il 

The enerqy cost, despi te the added expense of the ice storage cos:t.~, 
\ 

(excavation and insulation costs) is 22 iii 10wer than that obtained in 

Chapter XV for the Montreal pond. The present optimization showed that 
,) 

the residual heat in the pond for the time whi.ch 1s not producing e1ectric 

power is considerable. It has been shown (Moshref and Crevier, 1982) 

that if this residual heat can be' sold, for example, to heat a park of 

'greenhouses (for the months of December and Januaryl then; the enerqy cost 

-. 
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-, 
can .be as lbw AS 8.5 (l/Kwh which shoul~ ~ ~conanically attractive 

in the near future. 

In conclusion, the solar pond can be used for the ~fficient 

qeneration of electric power in the northern climates (latitude ~ '45°) 

if the pond. construction and 9peration are as follows 

Cl) 

(2) 

Permit operation during the wa.xmer part of the year only, 

and malte use of the residual heat available in the winter 

for purposes other than electric power qen~ration. 

Use accumulated'ice to reduce the temperature of the coo~- ' ~ 
. inq medium c"f the SPPP during the' warmer part of the V 
yeu. 

(3f/. Reduce the pondes thexplé\l inertia 50 as to permit a rapid 

inçrease in temperature in the spring. This last modi-

fication obviously brings about a substantial reduction in 

pond oonstruct'i'(!)n costs • 

')1 

. \ 

',\ 
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CHAPTER VI 

REVERSE. OPERATION: UNDERGROUND STORAGE 

6.1 Introduction 

.As discussed in the previous chapters and as demonstrated 

in practice (Chinery et al (1983» ~he ground provides some storage 

of heat under the pond. This heat can be recuperated from the 

qround during the winter time. The present chapter will examine 
'\ 

means of enha.ncinq the thermal storaqe properties of easi~y excavated 

so11s by driving the heat deeper underground through a network of 

horizontal pipes. It 1s also proposed here to use the heat stored under 

the pond for the operation of a heat engine during~the winter t1me 

and use the Lez brine as a heat sink, in a manner which will he 

described later on •• 

6.2 . 1-Pipe Storaqe System , / 

The qround may be used as a medium for interseason~ ~~oraqe 

of sensible heat. The qround can he charged wi th heat durinq the 
. 

warmer .part of the year via circulation of hot brine from the LCZ 

tbrough a network of buried horizont~ pipes. 

1 This section and the followinq ~wo sections (e~cludinq 6.3.4) are 

ad~pted from Crevier (1981), and are mentioned here for comp1eteness 

and reference purposes. 
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( 

As an alternative pipes could carry a heat transfer fluid 

(for example, air) warmed by heat extracted fram the panq through a 
( 

heat exchanger. Direct circulation of brine in pipes has over air 
circul.ation the advantage of not requiring an addi. ti~naJ. heat exchan-

ger and, would thus result in a higher efficiency. It would ha.oreyer 

represent a +arger pollution huard sinee a brine leak in one of the 

underground pipes would be almost impossible to locate and repair. 

lt' will be assumed in the following mathematical mode~ that 

the heat extracted from the LeZ, as a first priority, is used to 

qenerate electriè pc:wer. Any surplus ls sent into 'the underground 

storage. 

6.3 Mathematical Model 

Since heat will flow' vertically near the pond' s bottolll, and 

radially near the pipes, the problem is chara~terized by a two-d.imen-

sional qeometry even if edge effects are neglected. The problem has 

been reduced here te the numer±cal modelling of two coupled sing~e n', 

" dimensi.onal heat flews, as i~lustrated in Figure 6.1 The two heat 

flow regions are coupled thraugh a buffer zone where infinite conduc-

tivity is ~sumed. This region çpears shaded in Figure 6.1 • 

\ 
\. '. 

, , 

\ 

• • < , 
• _____ ~ _ ........ _ 10, ',-r __ .... _ -.... -~-' _ ..... ~ " .. -

" 

" 1 
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UCZ 

NCZ 
, 

LeZ 

Ground 

o 

pipe Ground buffer zone 

, " " 

" 

aeat ~ink. 
, . 

.1 

'Figure 6.1 cross section of Ground Storage Solar Pond. 
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~ ~~~ ~7' 

d:,,";I1J 

6.3.1 The Pond Model 

. , 
The mathematicaf model for the pond NeZ, Lez, and the 

qround section bounded bY the bottom of the Lez and buffer zone' i9 
.' 

ex~ctly the same as ~at given in Section 2.3 with the differenée 

that the,boundary condition of the ~egion 2 should be qiven,by : 

/ 

<0 In the abo!~ equation the temperature of~ the buffer zoné, T
3

, ~s 

éonSidered., ilÎ a ·'f~st ,"pproximation, as a f1xed boun~ary condition , , 

when computing the vertical temperaturÈ! d1stribu:tion, 

zo~e provides the eoupling between.vertical and radial , , ~ , . 
<y " 

-~ 
" 

.. " 

The buf~~ 

heat flowa," 

, 

. , , 

~.' , ) 1 i / 

• 6,3:2 The Buffàr Zone MOde l 

The vertical and' radial heat flpws are coupled by the 

" ~- - .....,. 

following' artifice, : ±~ is assumed tha t the thermal eonducti vi ty of 

.. the. ~haded area "buffer zone" is infinite, 
... ~ '- ' 

This region is assumed 

to have the- thermal inerUa of soil, and its temperature 'change duri.n9 \ 

- one integration ~ime step is determined Dy the amount of heat that it 
• l '~ .... 

, 
exehanges with the vertical pipes and horizontal regions. These 

heat exchanges are in' turn determined by the derivatives of tempera-

ture with respect to depth and radius at the boundaries of the two 

regions wi th the bUÏfer zone', Therefore a heat balance can be wri ttan 

- . 
'for this zone as follows : 

.' , 

-, 
o 

;:. .... 

, ' 

, , 
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o 

" 'aT' ' :'" ' , ~ ôT 

~ '?tl: - '~C{2R6·9. )K2 a' . <)- (n-n ) (21TRO 1 l )K4 a 
. '. ,p. x -1 -+1.. +L c r r R 

- 4- 1 s l 0 

~ (6.2) 

where nr mf nc ar; the n\1Dlber of pipes in the rows and eo1umns of 

the pipe,networ~'respective1y 

6. ~. 3 The Pipe Storaqe Model 

r, , 

L 1s the lenqth of pipe. 
p 

o 

The pipe storage .mode~ consist~ in the cylindric~ earth . ~ , 
volumes surrounding the regulerly spaced heat transfer pipes: the se 

volumes have a radius of RO equal t9 half the interp.:i.pe distance, as 

shawn in Figure 6.1. They are assumed te behave in identical 

fashion. only one such region is tnerefore needed to analyze the 

. 
model. Isotherms in this region would appear as circles concentric 

to the pipe. The only heat transfer p~acess considèred ls conduction. 

The effect of cenvecting air or, ground water in the nei.ghbourhood of 

the pipes 18 neglected. \ The conduction eqiiation for this region can 

he q1ven -by : 

~/. 

. , 
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(6.3) 

'lIbé boundary conditions &r$ provided by the buffer ZOfle te1ltperatW!"e, and 

the temperatUr'e tif the inside pipe as follows 

~ 1 

(6.4) 

-. 
The pipe temperature, T 5 ' . in turn cu be calculated as fpllows : 

, ' C6.5) 
.. , 

where T
5 

1s .the inside pipe t~rature which 1s assumed to be the 

average value of its _in1et and outlet t~rature. - ri' ts the pipe .. 
is the rate of heat extraction / injection to the 

pipe network_ Finally the heat conduction for the ground layer, 

wh!ch is bounded by the buffer zone and heat sink, can be given by 

= (6.6) 

and the b~undary conditions of 

.' 

• T
3 

(t) 

, 
" 1 

1 



Ici 
, ~ • l" ..-::-_ ................. _IL _@, ••• 1I1M11Itlft'lUilll" .D~ __ ;Ij.~"$4*t_"'4 ........... "4 ... _ ... ': __ .......;;._ ...... _ ..... __ .... "'_. ;"..:>'l""_,,_ .. _!~ _____ ........... ,_._ .... /~ __ .,..,~ _.-.... n_..... ..-J' 

-
156' 

.' 

The governing equations and their boundary conditions, equations 
\ 

(3.12)·- (3.15') and (6.1) - (6.7) can be s01ved numerica11y using 

the finite difference technique described in ~aptar II • 

6.3.4 Numerical. Solution usinq Finit. Differences 

The qoverning equations deve~oped in the previous section 

and in Chapur II can be s~1ved by the finJ.~ differences technique. . ~ 

0810q tirst order differenc10q for the tirst differential operator ra-

au1ted in a nUlD8rical~y uns1:able solution when a t:ime step of one week 

used • ... 
l • 

Since this solution, will ultimately be 'USed in an opti-

o mization program we did not reduce the time step (since this would 
Î' 

have made the solution computationa~ly inefficiênt) • we Wiled in-

steAd a second order ,differencing, quadratic approximation, for the 
.' 

first differential operator. Therefore the governing\ equations when 

dlseretized constituted a set of simultaneous linear ~ations. How-

ever the coefficient matrix was no longer in the tri-diagonal structure. 

At each tinte step the system of equations was solved using the sparse 

matrix package, SPARSPK, deve10ped by George and Liu, (1981), at 

the University of Waterloo •. ... 

o , 't 
.' 
1 

~ , . 
. ' 
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( ) 6.4 Model Val.idation 

The model developed in the previous section must be modi-

fied $0 as to qive res\Ùts ccmpatible with those of a conventional. 

pond aodel in the absence of heat injection or extraction throuqh ~ 

underground pipes .. The modification i5 necessary. for the foi'lowinq 

reQon, : The aCCUX:l1cy 9f the model is probably acc.eptable il) regard 
, , 

to radial. heat flows to and fram the pipes, since the lenqth of the 

paths followed by the 'heat through the butter zone (with infinite con-, . 

ductiv1ty) would then he small compared to the distances LI and L2 , 

ail weIl as to the outer radius RO. When haat la injected into the 

pipes from the LCZ, the model will however tend to exaqqerate the 

flow of"heat sinee the buffer zone "short-circuits" the heat res:l.st-

o. Ance of the pipe storaqe zone in the vertica~ direct:ion. This 

effect has been corrected by decreasing the thermal conductivities in 

the ground layers above and bel.ow the buffer zone in a manner that 

will make, in the absence of heat flows" in the pipes, the average LCZ 

and 100er pipe temperatures be identical to those obtained in the pond 

without the pipe network. This was achieved by making the thermal. 

resistance per unit area of eart~ layer 'LI equal to the resistance' 

, ' 

of a layer of thickness L
1 

+ RO of earth actually present under the 

~nd, and similarl.y by setting the resistance of layer L
2 

equal to a 

layer of thickness L
2 

+ RO of real earth. Therefore the the~~ 

condudtivities K
2 

and K6 are qiven by : 

() 

. . 
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'" , K • 
6 

L 
2 

K6 L + RO 
o 2 

C6.8) 

Solution of the mathematical model showed that the above modifications, , 

equation (6.8) , induces an exact correspondence in the average tempera-

tures' of the two models (ponds with underground storage pipes and 

ordinary ponda) in the absence of any he .. t injection or extraction fram 

the pipes. 'l'h.e _pli tudes of the temp8rature variations in the lower 

convective zo~ere al.so in excellent agreement t<!. 0.5 &ag. Cl • 

/ 

( , , 

6.5 Reverae geeration 

It vas se en in Chapters rv and V that the pond could not 

produce any electrie power for many montha during lov insolation periods. 

If the LCZ ls eliminated during lov insolation by, say, storing this 

volume of concentrated brine in ah auxiliary pond (or evaporation pond) , 
J 

it may be possible to produce electric power by using the pipe storage 
, 

netWork as a heat source and brine in the auxiliary pond as a heat 

sink, in the f~llowing manner. The high concentration brine (LeZ) 

stored in the evaporation pond could be used to radiate heat during the , 

night, while being protected from solar radiation by an opaque, white 

layer of fluid (for examplé foam used by fire ,fighters floatedpover it ( 

during the day time). This procedure would take advantage of the 

lige thermal eJlÙsslvity of water, which la approximately 

l' 
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(Kreith (1916» and ôf the very-cold effective rU.qht sky tempe rature 

durinq the winter (- 4Ô oC) to efficiently radiate heat away. In 

addition the free' and forced convection at the surface of the evapora-

tion pond wotùd enhance th~ coolinq of the brine (brine of 21" con-

centration freezes at - 18 oc, Ashrae (1974» • Therefore the 

heat deposi ted lnto the' evaporation pond from the power plant conden - , 

ser wou Id be easily d1ssipated 1 as demonstrated in Appendix 

c, the temperature of brine in the evaporation pond can he maintained 

below - 10 Oc • Thus it is proposed to operate the SPPP with 

underground storage as follows during the warmer part of the yeu 

• the heat eXtracted fram the pond,. as a fi.rst priority./. will be used to ' 

run the SPPP and any excess heat will be sent to underground pipe 

9toraqe. Dur1ng very low insolation periods, the Lez will he ex­
\! 

tracted entirely and stored in an auxiliary pond. The heat will then 

be extracted fram the pipè storage network and brine fram the aUkiliary 

pond will serve as a heat sink for the SPPP. It should he mentioned 

here that for the period of reverse operation (LeZ acting as a sink) , 

we will consider different heat exchangers, turbine, and working fluid. 

hecause the operating temperature df the SPPP will be then quite dif-

farent from those encountered during ordinary operation. 

6.6 Opttmal Beat Extraction and Injection 

in SPPP wi th underg.ound storage 

Important factors in the operation of.an Sppp' with enhanced 

>" 
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earth storage will be t:h.e .rate. and schedule accord.i.ng to which heat 

1a -extracted fran the pond' LCZ and inje.èted 1n~o the pipe network, '" 

and also the schedule of the heat recovery fran thJ..s region. In 

the next section, we use the mathematical model.of enhanced ground 

storage and the procedure described in Chapter ri (discret. optWl 

control) to find the optimal heat extraction and injection. 
<. 

6.6.1 Formulation of Discrete Optimal Control 

for SPPP with Ground Storage 

160 

The SPPP wi th underground pipe network gene.rates electric 

" ~r according to two distinct l.modes, depending Gii the season • 

F1rst, during the warmer part of the year, the LCZ acts as a heat 

source and i5 responsible for vaporizing the working fluid, at the 

same time heat is extracted from the pond to charge the underground 

-·~pipes. Second, in w1.nter time, the heat extracted from the pipe storage 

acts as a heat source and the LCZ (which i5 stored in an auxiliary 

pond) acts as a heat sink. Therefore the net e1ectric power can be 

given by the f~11owing equations, using assumptions of Section 4.2. 

W1(T
S ' U, t) to .;; t -t; t

1 

W
nt 

(t) - (6.9) 
1 

W
O

(T6 " Ul , t) t l ~t <; tf 

~. function W]. above h the same as that given in equation (4.6) and 

\ 

, . 
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/ 
W bas the SaDIe form as W but wi th the difference that LCZ and o l 

-'/ -ucz temperatures shou1d be replaced by the i.nside pipe ahd auxiU.ary 

1 

J 

1 

l " .. 1 

pond tempetatures res~ctively. 

and termi.nation of reversed operation .. - Therefore 

-

-

T (t) +- d 0 

0.64 n (1 - A ( ) dl) U (t) -' (w ~ w ) 
G T t -'. pl, P3 

s' 2 

... 

. .' 
(W

1
+W) 

p pa 

1 

where 'l' 5 (t) 1s the ins1de pipe tempe rature and u~ (t) the rate o~ 

(6.10) 

.(6.11) 

1 

heat extraction from the pipe netw~ It should 'be noted that ~~, . 

have not included explicitly the ~ate at which the heat i9 in-

jected into the pipe storage. Instead we will impose a canstrain't 

-; 
that requires the inside pipe temperature to be smaller or equal, ta the 

.-' 

Lez temperature during the time in which heat 19 injected. 

.. U81 the unit ene%gy cost: equation [4.14). the. optwza1 

ti.on problem for the SPPP }fi 'i!:h underground
o 

storage takes the fo11owinq 

form \.0. 
t

1 tf 

mi.n J - 1 , [ f W1 {t) dt ". l Wo (t) dt] - (6.12) C
t1 

+ C
t2 

R, 
U'U1 

s 
to t

1 

s.t. / 
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• 
T 

" , 

oCt) > 0 , 

.-

o~ (t) ;a. 0 

.. 

. fœ t < t < t
1 ' 0 

!n+l and !q+l are mx1 vectors with zero Ùl all positions, except 

for '''ones'' in the n+l and q+l positions rèspectively (indices 

n+l and q+l refer to storage layer and j.nside pipe temperat:ures 

, . 
(6 .. 1.3) 

(6.141 

(6.l:5> 

respectively) • T is the mxl vector of unknown' nodal temperatures. 

-- -Equation (6.15)' imposes the constraint that the LCZ temperature be 

greater than or equal to the iÎlsiçle pipe temperature during the injection 
. 

periode 

~ 
,Once &q&in, as in Chapter IV , the above probl:em has bèen 

solved ÏlUlllerically by discretizing ·u (t) , the h~at extraction from 

the LCZ, and the heat injected or extracted frOlll pipe storage U
1 

(t) • 

The class of functions chos,en for approximation of U (t) and 01 (t) 

~e st.,ep-functions, which take on a constant value in a given ~ in-

. -
~rval. New, the overal.l interval, contains for this 

\ ' . 

/' 
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c~e 91 unknowns ' (u (t) is a&SUJJlJ!d to b~ zero 6ur:i.ng the reverse 

o~ration ; oth.erwise, the 'total. number of unknowns woul.d he 104) • 

b 

The objective function, defined in equation (6.12); has 

been transformed ioto a form similar to that appearing in equations 

(4.16) - (4.18) of Chapter IV • The system of differential equations 

(6.13), representing the thermal behaviour of the 'pond and the ground, 

are first solved fqr steady state ?peration using finite differences 

for each interval; then equatton (6.121 '1s' integrated
1 

from to to 

tf to obta.in the value of the objective function for the considered 

heat extraction schedu1e.. The. optimization of the parameters definlng 

the heat extraction schedul.e (i.e., the ré\te of heat extraction during 

each tinte intervall J:s performed by repeated1y computing the value of 

the objective function for different extraction schedul.es, using the 

gene.ral1zed reduced gradient technique. 

The added costs which were considered for SPPP wi th under-

groilnd storage consisted of those of the pipe network and trenches. To 

obtain the cost of the trenches we assumed that placing the pipe network 

rrquired an additional two meters of excavation per unit area of pond for 
l. 

3 
il cost of $ 3 / m • A cost of $3. 75 / m of pipe was considered for 

the pipe network (Crevier, (1981» • 

1 Using an IMLS subroutine based on Runge-Kutta method. 
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6.7 ,ExaJ!lple 

A solar pond pO!'fer plant with underground storage is 

. 2 " 
asswDed which has an area of 3.54 Km and NCZ depth gf 1.68 m 

't 
(the sa:me as those obtained in Section 3'.6'.2). The optimization 

de~cri.bed in previous sections of this chapter was carried ou~ with 

the help of the GRG package and using the mathema~ical model which 

'" was developed earlier in the chapter. 

,... 
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The optilDal heat extraction fram the LeZ, U ltl , and' 

the opt1mal heat injected or extracted from pipe networks, U
1 

(t) 

are dep;lcted in Figure 6.2 • It is assumed that the LCZ thickness 

is set at iu minimum value achievable in practice (0.5 mete:rs) • 

l:t can be seen fram Figure 6.2 that the amount of heat injection and 

extraction from the pipe storage is SlIIall compared to the .heat extrac-

tion fram LeZ • This can be explained by the fact that it is not 

poss~le to inject any heat once the Lez temperature becomes equal or 

less than the internal pipe temperature. Also, sinee the Lez is emp-

tied into an e~poration pond during the winter t.ime, its temperature 
,/ 

~ 

variation is considerable because of its very small thermal inQrtia •. 

Furthermore, sorne of the heat stored in the pipe storage network will 

he conducted away into the pond. The existence of the single step 

function (FigUX'e 6.2) in ea:rly March can be explained by the fact that 

the pipe had been gi ven some tilDe to ~arm up after being cooled by a re-

latively large rate of heat extraction. 
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, , 

Pond, temperature profiloes for two instants 'of tilDe ar,e 
• 

,) 
illoustrated in Figure 6.3 • It can be seen that the tempe rature 

difference between the pipe and the buffer zone 1s always of the 

order of ~ Oc • The pipes are warmer than the buffer zone when 

théy act as heat sources (June profile), and cooler when th9y act 

" \ 
as heat s~s (January profile) 

1 

. 
The data used for the SPPP with underground storage 

appears in Table 6.1 • The energy cost of 20.86 * / Kwh ls 

sliqhtly lower than that of an ordinary pond (20.97 ç / Kwh} Con-

J , 
'.j 

clous ions on the advisab±lity of operating solar ponds in the reverse • • 
mode wil.l be àrawn in the next chapter. 
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TABLE 6.1 

POND PARAMETERS FOR REVtRSE OPERATION 

Pond, area (.K:m 
2 

) 

Gez depth Jm) 

LeZ depth (m) 

Nez depth (m) 

Distance between pond 

Bottom and Buffer zone (m) 

.. 
Distance between Buffer zone 

and heat sink (ml ,., 
Pipe spacing (m) 

Pipe radius (m) 

n number of pipe layers 
r 

Total length of pipe (m) 

Coat of piping and trenche$ t$l 

Energy cost (ç / Kwh.} 

.. . 

3.5 

0.2 

0.5 

1.68 

1.5 

4.3 

1.5 

0.1 

2 

4.7 x 106 

20.8~ 

.. 
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CHAPTER VII 

~ 
CONCLUS IONS AND RECOMMENDATIONS 

FOR FUTURE RESEARCH 

7.1 The Significance of this Research 

The principa.l objective of th'Îs research has been to develop 

a me>thodology for the s:imulatio;" and optimization, of electric power 

generat,ion by solar ponds. The neéd for this kind of s~dy was felt 

some two decades ago, and 50 far no published methodologies for achiev­

" " 
inq these objectives were available. The present study has, in 

addition to providing such a methodology, shown that the eotmDOnly held 

belief that solar pond power systems can only function at acceptable 
4 / 

efficiencies under semi-tropical conditions is a fal.lacy. There are 

two reasons for this: first, the deterrnining factor involved in 

power cycle efficiency is net only the highest tempe rature achievable 

by the pond, but the range of temperatures available to the heat engine 

(that ls the temperatur~ difference between source
c 
and sink) • Second, 

, 

the optimum operating conqitions and design of a solar pond power system 

in a .ami-tropical climat. are not necessarily the rL as tho •• of '. 

northern climate pond. In fact this study shows that northern ponds 

can produce electric power with costs close to those estimated by the 

I~raelis for semi-tropical conditions if prope,r 1lIOdifications to the 

pond construction !.id operating conditions are, made. 

.. 

1 , 

! 
i • 
l 

"l 

f 
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1 

1 
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The floating pond power system proposed in this study ex-

plored the possibility of making the pond float on a layer of fresh 

water in natural bodies of water. It was shown that such a con-

struction would great1~ reduce salt costs in ponds equipped wi th deep , 
storage layers. Such a procedure woul.d permit the location of 

large solar ponds power systems close to densely built urban centers, 

where they cou Id not otherwise be installed because of space limita-

tions. 

7.2 Conclusions' 

The following concluding remarks apply to Chapter II : 

The ana1ytieal solution of the governing equations for three layer .. 
so1ar pond revealed the following 

(1) The time table of heat extl'!action from LCZ plays an impor-

tant role in the applicability of the pond to different end uses. 



C) 

strated in Section ~.4 , lowering the operating j~e~ature of a 

northern pond can however result in acc~ostS). 

(3) The yield of, a solar p?nd c0'fd be increased if it were 

possible te vary the thickness of the Nez as a .function of the 

pond temperature and climate conditions. The pond efficiency can 

be maintained at the optimum value as it heats up by mald.ng the Nez 

depth equal to the value characterized by the straight line tangent 

to the optimal efficiency curve at the{9'iven pond temperature. 

(4) 'l'h.e numer1cal solution of the goveX'Iling equat1ons' by Unite 
, \ 

difference 1a in very good aqreament with the analytical solution, 

and can be found in al.most the same amount of computer time. 

, 

171 

(5) The assumption of constant sun declination angle, which has been 

used by many other researchers, does nof affect the LeZ temperature 

considerably and is a slightly conservative assumption. 

(6) The ice coveraqe of the pond surface baS' a considerable effect . , 

on the LeZ teJll.Perature because of the lower solar radiation penetra-

tion tnrough the ice. 

Th.e fOllowing concluding remarka apply to Chapter III : 

{ll '!'he method developed for power cycle analysis yields excellent 

...". 
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results (2' error on the average fram the thenoodynamic chuts and 1 or 

tables for prediction of cycle efficiency) 

- . The method 1s applicable to anf fluid for which sufficient 

data is avai1able. It can be used for selection of the most eff!-

cient fluid for a particular system. e 
(2) The static optimization of t solar pond power plant revealed 

that using F-113 as the working fluid yields lower unit enerqy cost 

than us ing F-11 • 

The optimum operating conditions of the SPPp are depen-

o dent upon the choice of workinc.;, fluide 

Considering the gene~ation of power for the whole year, 
, 

the enerqy cost of a fi SPPP located in a semi .. tropical climate (e.g., 

Shiraz) is much Iower than that for a SPPP in northern climate (e.g., 

Montreal) • (As demonstrated :in Ssction 5.4.5 operat.ing a northern 

Pond for part of the yeu only 'will result in acceptable costa) • 

(3) The SPPP with '-113 as the worldng fluid can be expected ta 

reach an .effiÇjency of. 64-' of that of the ideai Carnot Cycle. 

The following concludinq remarks can be made for Chapter rv : 

(1) The op!1mal auw1itùde of heat extraction 18 equal to the optimal average 

~ 1 

! 
1 

1 

l 
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va1ue of heat extraction for a northern climate pond (when sinusoida.l 
c 

axci tations are considered) • This implies that i t is not econcmi-

ca1 to have ~ deep storaqe layer to keep the system producing electr ic 

, \ 
power for the entire yeft. 

An SPPP in semi-tropical conditions is capable of producin9 

e1ectric power for the entire year aven for a solu pond wi th ,shallow 

LeZ because of the relatively 10wer seasonal variation of' solar radia­

tion. 

The optimal heat extraction rate wi11 have, a constant va1ue 

for LC~ thicknesses qrea~er than 3.5 meters for ponds located in 

semi. -tropical cl.imates. This does not necessarily mean that electric 

power can be generated at constant rate (because there are still varia-

tions in the source and_ sink temperatures) • 

- ' A1thouqh the exci1;.ations {so1ar radiatj,on and ~ient tempera":' 

'ture) have been assumed with the same,phase 1ags for the s~-trop1.cal 

and northern cl,imates, tme phase 1ags of the optimal heat extraction and 

electrio pQWer generation will have different values for the two loca-

tions. 

(2) The optimization of an 'SPPP by discret1zing the control var;iable 

and usinq mathematical proqramadng confi.rmed that the 'optima1 contro1 

(heat extraction) ap~ears to be a sinusoid for the locatiops wh~re a1.1 
~ 

excitations can be wall appx:ox!màtéd by sinusoidal functions. 

" 

1 
.\ 

1 

\. 
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1 

(3} , The best ope.rating strateqy and construction fo.,: an Sppp 

in a northern climate wouJ.d be to equip the pond with a sha110W 
~~ ~ 

LeZ and prœuce power onl.y during certain parts of the year. 

J. 

The fo11owing conclusions ·can be drawn fram Chapter V 

(1) The floating pond power system can prod:uce cheaper electrie 

enerqy than an ordinary SPPP. J Even if it still gives rise to 

higl;ler energy costs than conventi.onal means of eléctri.c power genera-

tien, the floating pond presents the fo.l.lowing advantages : 

" 

making the NCZ float on & la.yer of fresh water would 

() 
. 

eliminate a major fraction of the pond cost in the area where salt 

i8 expensive. 

(2) If t.è:hnological improvements could he made in the manufac,ture 

of transparent membran~s CLe., increase tl1eir life tme to more than 

ten years) an important reduction in el.ectric energy costs fr01ll 

floating pond_ power plant would result • 

. , 

(3) Introduction of an ice" storage pit as a cooling meanfJ for an 

SPPP , despi. te th.e aclded expenses càused by extra excavation and in-, ...... 

sulation costs, results in an energy cost 22' lower than that of 

a pond where the UCZ i8 used for cooling water in northern climatic 

candi. tions • 

\ 
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(4) The 

, 
j 

~lar pond '~an be used for the efficient generation of 
'.JI 0" 

electrie power in n0rtrtrn climates (latitude = 45) 'if the pond's 

construction and operation are ~erformed according to the fol.lowinq 

rules : 

·,175 

Reduce the pond's thenual inertia so as to permit a rapid 

increase in temperature in the sprinq. This obvious1y dso brings 

about il substantia.l reduction in the pond' s construction costs. 

;. Use aCCllIDUlated iee te reduce 0 the temperature of the cool--

inq medium of the SPPP during the wumer part of the yeu. 

Operate durinq the wa%lDSr part of the yeu only, and malte 

. use of the residual heat available in th'ii winter for purposes other 
. 

thân electric power qeneration (Moshref, erevier, (1982)) • 

The fallowinq conclusions apply to Chapter VI 

'!'he solar pond power systelll- wi th underground storage can 

produce 'J!IOre power than a conventional SPPP:' However, due to the 

additional costs of installinq the pipe network, the electrie ener," 

coat wo'uld be only slightly lower than that of il conventiona1 SPPP. 

Because of the colder pond temperatures during t1\e reverse 

operation, more of the heat stored underground would be lost to the 

i 
1 , 
j 
! , 
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surface. Durinq the charginC] period the bottom zone would be at a 

hiqher temperature than a conventional pond. 

It therefore appears that revérse operation, although feasihle 1 

. 
is not particularly advantageous. These conclusions should however be 

verified usinq a inore exact model than ours. T.he further investigation 
... 

of ponds with unaerground storagé should include a complete two dimen-

sional numerical study, as well as a consideration of the effect Of eon-

veet10n ,in the ground, and of gro'l,llld properties' oth~r than those assumed 

in this study. 

7.3 Recamaendation for Future Research 
/ 

The following topies can be suqqested for future research in 

connection ~i th the present work : 

(1) The optimization methodology described in this research can 'be 

modified to be used for different applications such as cOlllbined water 
, ./ 

desalination 'and electric power generati0l?-, space heating, and indus­.. 
trial process heating. In particular, the dual purpose plant (de-

salination and electric power generation) can be of great importance 

\ 
to eountries where a shorta1'f of potable water exists. The works of 

other researchers such as Johnson et al, (1.981) ; Tleimat and HOWè, 

(1982) can be 'helpful for ~eir thermodynamic analysis of the energy 

and Diass balances of the system. 

• 
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(2) Electric power can be g\nerated by solar pon~s using the%1DO-

electric conversion. The simulation and optimization of such al 
f> 

system would be -requi.red for the estimation of conversion efficiencies 

and costa. The study would require the éXact IOOdellinq of the 
• 

thermal and electrical behavior of the thermoelectric conversion unit 
( 

and its proper integration into the pond model. Its compatibili ty 

with low tempe rature pond operation and heat rejection (pond OCZ or 

ice storage) should be verified. 

(3) The solar pond power plant ",1 th direct contact heat exchanqer 

should also be studied. A direct contact hest exchanger coupled 

to a solar pond for the purpose of electric power qeneration ",as ther-

mally analyzed by Sonn and Letan, (1981) & In their analyses the 

pond ",as not model~: the pond' s geometry, operating temperature and 

effiëiency were assumed to be known. Therefore a study is required 

to first simulate the complete system components and optimize its 

qeom.etries and operating conditions. 

(4) - The optimization presented in Chapter IV , which was carried out 

in the time domain, can he studied in the frequency domaine Since .. / 
the excitations signals such as ambient temperature and solar radiation 

cao be considered periodic then the optimal control input (heat extrac-. 
tion) may he canputed faster in terms of Fourier series coefficients. 

1 
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1 

1 
1 

(S) The possibility of using a microprocessor based on-line con-

1 
trol for optimal heat extractio~ purposes 15 worth exploring. This 

r 

requires, as a f:i.rst step, the: representation of the solar pond 
1 

system as a sampled"data system. In a typical saçled-data system 

1 

control inputs are held constant over sane sampling interva1. The 
, 1 

representation of the system as a sampled-data system perudts a simple 

on-line one-step optimization which does appear reasonable to imp1e-

ment with a microprocessor. This procedure may be integrated into . 

an ~utomateël microprocessor-~ased system for operation and maintenance 

of salt gradient. 

(6) A two-d.iJllensional thermal analysis of the solar pond with ground 

storage. pipe network can be helpful in double checking' the one-dimensional 

model developed here. 

(7) The poSsibility of using aquifer storage, in conjunction with . 
an SPPP should also be considered • 

. 
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6 

APPENDIX A 

ABSORPTION OF SOLAR RADIATION IN A SOUR POND 

This append:i.x reviews some of the basic the ory of radiation 

absorption in a salt":,,gradient solar pond. - Even though radiation absorp .... 

theory is wall established and many good treatises are available on the 

subject, the absorption of radiation in a s01ar pond i5 still an active 

research topie in the solar pond area (Viskanta and Toor, 1978, Marsh 

et al, 1981, Giulianelli and"Naghmush, 1983). For the sake of COlll-

pleteness, the basic concepts required to define the source function, 

which is part of the solar pond mode1, will be presented here. 

J 

The absorption of radiation in a h0m6geneous and transparent 

mecfium can be described by LalÎIbert's law, which states that, lia thick-

ness dx of tha homogeneous absorber"reduces the intensity of the in-

cident radiation of wavelength À, by an amount ,dH
À 

proportional to 

• both the inte~i ty H
À 

and dx ", thus : 

.. -

where ].lÀ i9 the proportionali ty factor called the spectral. absorption 

ooefficiént. The above equation upon simple inteqration yields: 

H
t 

ÀdH x 

t B~ f st Bi 
- }l ···X 

• '. J.I dx or • e r' ), 

À . À À 
H "' 0 

À 

.." ' ... , 

., 
, 

1 
i 
; 
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wilere superscripts i and t stand for incident and transmi ttent 

res;!?ectively. The spectral transmittance ls defined by the ratio 

of transmi tted \ radiation to that of inc ident : 

.. e 
- ~ x 

Â 
or 1 

Ln \ )J .. 
À x 
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Usmanov, (1971) has presented spectral ab\Orption coeffi­

cients for various Wliform concentrations of Magnesil.UD Chloride (ç.t
2 

Mg) 

solutions. But he has not given sufficient details for one to readily 

make use of these.t results for the case of a concentration varyi.ng with 

depth r as occurs in a solar pond. Weinberger, (1964) measured the 

fraction of radiation remai.ning as a func::tion of the underwater pa th-

length for six samples of sea water coming from different parts of the 

world. Rabl and Nielsen, (1975) presented a simple way of expressing 

the intensity of the radiation at any depth in a solar pond. They 

found that the fraction of radiation rema.tning alter a pathlength x can 

he we~pproxilllated (within 3\) as the summation of four bands (range 

of wavelength) ~ each ch.aracterized by i ta own intensi ty and absorption 

coefficient as fO~S: _ 

~) 
r • 

H (X, t) • 't H (t) 
s 

- ~ • le e n (11..1) 

where H(x, t) i8 the J:adiation remaining after a pathl.ength Je 

and H (t) 
8 

is the radiation intensity 'At pond surface, x - 0 

:: .. 
, .. 

• 



( 

Q 

() 

199 

"[ ls the coefficient of transmission, accounting for reflec-

tive losses; 

and n is a weighting coefficient. 

Hull, (1980) has used a similar expression with fort y 

1 

spectral coefficients and results obta1ned by him arè in close agreement 

with the above equation. The values of )..ln and l1n suggested by 

Rabl and Nielsen, (1975) appear in Table A.l • Absorption coeffi-

cients derived by Crevier, (1980) from a set of measurements, made by 

Nielsen, (1980) in an experimental solar pond, are also presented in 

this table. The latter coefficients resul t in a more pronounced ab-

sorption of sunlight with depth, which induces smaller solar pond 
.. . 

efficiencies. This more pessimistic set of coefficients will be used 

for the simulations described in the present work. 

The officia.cy of •• 0J.ar pon!1 is lL by .OOIIé intrinsic 
• 0 

, physical properties. First1y, there are reflection lasses at the 9ur-

face of the pond. Then, havinç p!netrated the surface, the radiation 

1s rapidly attenuated by approximate1y fifty per cent since hal:f the . 
1 • ) 

sohr radiating energy is in the infra-red, ,te which water is almost 

opaque (see Télble A.1) This ha1f i9 thus absorbed in" the first few 

-
gentimeters o~ the surface. Thus a very shallow pond on1y a few 

centimeter~ deep, yieldinq negliqib1e temperature ris., could not collec1; 

at the bottom IDpre than tifty per cent of the" solar radiation. 

, 
~ 
, , 
i , .. 

l , , , 
A 
1 
j 

J 
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o 
'l'ABLE A.l 

.ABSORPTION AND WEIGHTING COEFFICIENTS 

FOR RADIATION PmwTRATION EQUATION 
c 

N ~n ·)Jn '''0 Wavelength Range 

RabI and Nielsen, (1975) Crevier, (1980) 

1 0.032 0.545 0.237 0.2 - 0.6 

2 0.45 0.547 0.193 0.6 - 0.75 

Q 

0.637 0.167 0.75 - 0.9 
--~ 

....... .,. ....... 

35.0 ...... _--... ~ 0.179 0.9 .. 1.2 
~"'."""'-

3 3.0 ........ 

1 
4 35.0 

~ , 
............ -... ~ .... ...... > '-~ .................... 

355.0 -0.224 1.2 ... 'oVer- ~~'-t _ Remain1ng 

Sodha et al, (1981) 

• t 

'The computation of. the amount of radiation reaching a gl'ven 
t 

depth 1s affeoted by the latitude of the' site, as wall as the time of 

• the day and year. '1'0 reach a unit depth, thé radiation must travel 
t't" 

along an oblique path a distance of sec r, where r ia the. angle ot 

. refraction, assuming a constant value for the index of refraction \ N • / 

For di;:ect ,(beam) radiation the angle of 1 inc-idence 1s gben clo8ely by 

(Weinberger 1 1964) z 

r~ I~~~ ~~, ~ 
, ,-"f.. " 

... , ~ ..... -1~ '" 

, " . , 
-. .. ~. t . 
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cos i • cos L • t:os'D , cos (21T t 124) + sin L sin 0 

where i 15 the incidence anqle 

Lis, the latitude; 

t is the time in hours from solar nooni 

and D is the déclinatione of sun 'which is approximately 

Ô .00 >.Sin 
2'1f n • 

365.25 

':~ 

23.45
0 " where DO .- is the sun declination a. t equinox, 

.l 
n i8 the number of d4YS measured tram the sprinq equinox. 

the angle of refra~1rion, r, 1s qiven by, 'Snell's law 

.(Will,iams and Beck1und, 1972) : 

• N • sin r 

. -.~ , .. 
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RÀbl.and.N'ielsen, (l9~~ 
'-~.........,' 

used a conStant effe~ive incidence angle aorres-

ponding to the POSi~on'lof the sun at 2.00 P.M. at equinox. 
'~ 

, ,fi * 
, 'an effectJ.ve absorption coefficient J.l as ·follôw. ': 

( 
" 

They used 

(A.2) 

This modification of the' absorption coefficient should be applied to 

8quation CA.l) • 
'. 
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APPENOIX B 

OPTIMALITY CONDITIONS 

1 
l' 

J For completeness and re!erence purposes, this appendix 

,revieWs optima1ity: conditions for the minimum of ncmlonear functions 

subj ect to nonl.inear constraints. 0 Based on these conditions there 

are many nUlllerical approaches for non.linear optimization, but no 

qeneral consensus as to the best. The opt.imality conditions which 

fo.llow are often rèferred to as ue Kuhn-Tucker conditions (see Kuhn-

TUcker (1951), and I<uhn, (1976») • 

1. 

B.~ Conditions for a Minimum with Moru Constraints 

When ail the constraints are equalities, the problem form 

becomes : 

mini.mize 

sûbject,to 
, -

,,-

- " 

" ' 

" .. " '/ 

, '/ 

, ' 

~ 

C(X)' • 0 

" -, '5 l ,'1 ,. 

- ' 
1 ~ 'n 1 

- ~ J; ,--

• l ~ ,.. ..... ~ • ," 

-" 
... f, .. ' _ ... , .... J ' ~ ,~ 1 

(~~r4.. 
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(B.1 

'. , 
\ '" . :,' 

.. 
',- l 

" '1 
1 

1 

1 
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'1 
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Where X'" 1s the n x l vector of vuiables and C is the t x 1 

vecto~ of equality canstralnts. 

lof problem (B .1) if: 

. ~. . 
(a) Ci ( ) .. 0 V- i , 

\ ,. 

(X~) (b) F < F (x) for aU 

\* 
of X 

* 

'Ir 
A point x ia a local minimum 

." 
15\ i - l, .•• t {x feasiblel . 

feasible x in some neiqhbourhood 

To verify whether a point x satisfies (b), it is necessary to 

* characterize feasible perturb,ations from Je, so that the behavior 

203 

of F (x) alonq such directions may b~ analyzed. In order to deter-
, 1 

mine whether feasible perturbations exist, it is necessary to impose 

CO~di tions on .. constraint functions (Gill et al (1978» 

condi tiens are commonly texmed constraint qualifications. 

The se 

The con-

straint quaLi.fication with respect te the constraints of the nonlinear 

équality problem (NEP) holds olt x if: 

" (i) The func:tions Ci (x) are ..twice-continuously' differential)le. 

"" , (U) C(x) - 0 

UU)' Any non-zéro ,vèctor p satisfyipg :' 

(B.2) 

,1 

• 18 tangent to a tnce-.diffe:ential)le uc emaIlat1ng t'rom x alonq which 

-, ''. ';,i'~t 
É, cl -' 

;~.71 -= -.'o;:."'f1'_-
" .. 

" " ,1.J~: ~ .. " " ,'t'" • " !~ ~ "'il. 
0 

\ 

, 1 
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all constraints are satisfied in some neighl::xJurhood of -x • In the 

. • T 
above, the matrix A (x) is called the Jacobian matrix of the set of 

eonstraint functions, i. e. 

Satisfaction of the consttaint qualification allows a specification of 

necessary concli tions for a point to be a so.lution of the nonlinear 
""X 

equali ty problem. If F (x) and C (x)' are continuously differenti-

" ~le, and the constraint qualification holds at x·, the following 

candi tians are neèessary for 
11 

X to be a so.lution OL (NEP) : 

) • 11 
(i) C (x) - o. 

(11) If Z (x) denotes a matrix wh,Qse columns fO%ll1 a basis t'or the 
. • 

set of vectors orthogonal to the columns of A(x) , then : 

(B.3) 

.~ 

where ,9' (x) -

or equi'Valently 

3 F(x) 
3x 

11 "* 11 
9 (x) - A(X) À (B~4) 

* wh.ra the vector >. ,:ta' ealled the' 'Vector of Lagr~9'e multipliera; and 

CI. ' 
, <~, 1 _~ 

-:';-, 

1 
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.. 
represents the coefficients in the expansion of 9 (.x) as a linear 

.. .. 
combination of the coltmlIls of A (x ) • The condition (B.4) ls 

.. 
equivalent te the statement that x is a stationary point Wi th re-

spect te x of the Lagrange function defined by 

L(x, X) '" E:(x) ).? ~ (x) 

. , .. 
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This characterization of x ls quite significant in the design of al-

gorithms to solve (NEP). 

Second-order necessary condi.tions for a minimum of (NEP) in 
r. 

/àddition to the above conditions, (i) and (U), are that F (x) and 

-c (x) be twice - continuously differentiable and that the followinq con-

dition hold 

Z(X*)T .... * (iii) W (x , À) z ex) must he positive semi-definite where 

W(x, À) is the Hessian of the Lagrange function. Sufficient con-
s .. 

ditions for x to be a solution of (NEP) aré: 

'" (i) F (x) and C (x) are twice - C\,~nti~uously differentiable. 

(ii) 
.. * 
C(x) • 0 

j 

- o , 0% tbere exists a vector ). * . 8uch 'that 

* *". g(x) - A(x) À .. , 
., 

, :.:r 

i 

1 
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, 
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(iv) * Z(x ) is positive definite. 

B.2 Optimali ty <!ondi tions for a Minimum wi th Nonlinear 

IneCIBality Constraints 

The problem to be considered i5 that of IlÙ.nimizing F (x) 

subject to a set of m nonlinear inequality constraints : 

., 

minimize F(x) 

subject to i al 1, ••• , 111-
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To determine the conditions at a minimum, it is necessary to define the 

l 
set of constraints that are active at a point. To characterize 

feaslb1e perturbations with respect te active inequality constraints, 

it is necessary to impose as in (NEP) a cons'Q:'aint qualification. 

The constraint qualJfica~ion with respect to the constra1nts of the non-

linear inequali ty problem, (NIP), holds at x if : 

(i) . The functions C (x) are twice - cont1nuously d1fferentiable~ 

(ii) C (i) ;> 0 • 
'A 

If t constraints are active at x, C (i) • 0 

denotes the active constraint functions, and the Jacobian of the active . ", 

constraint funetions ls denoted by A (x ) • ' 

1 A constraint is active at point x if: 

. Ci (x) • 0 

"', 

1 

1 
'~ 
,i 

1 

l' 

" 
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(iU) Any q.on-zero vector p which satisfies 

• - T A (X) p;;;' 0 

is tangent to a twice - differentiable feasible arc emanating from x 

and any non-zero vector p that satisfies : 

is tangent ta a twice - differentiable arc emanatinq from x alonq 

which aU constraints active at i remain identical1y zero. 

.. '" the (NEP) if A(x) 

As in 

t1I 
has a full column rank then, the constraJ,nt 

qualification holds. 

.. 
The necessary conditions for x to be a minimum of (NIP1 

, 

can be summarized as foll'ows (Gill. et Ü (1979)) :' 

(i} * c ex L;;:' 0 

. (i!) * T * Z(x) 9 (x ) - 0 

(Ui) ).* > '0 

(!v) Z(X·)T * * W(x , À ) 

be non-negative cSefinite .. 

the active constraints. 

,. .. 
Cc.x ) • 0 

.. ... * .. 
or, q (x) •. A (x ) À 

* Z(x ) , 
" . 

whère 

* .. w (x , À) 1ncludes only the Hessian. of 

>1> 

" 

,'" ) ~ 1 - .. ~, ~ 

, ,Of "" ~ 
-. _~ ;' r' .. ' 

, , 
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In the above, the satisfaction of t:he eonstraint qualifi<:ation i8 

a,8sumed and F anéf C are considered twice differentiabte. The 
'-

sufficient conditions in additioil'- to the first three conditions above ~ 

z.:equire the fOllowing 

Z(X*)T * W(x , 

then, for any vector 

.. * T 
ai (x) p > 0 

and 

T C 

P W P > 0 

"";', 
~ ~ :~ 

'. 
" 

* * À ) Z (x ) 

p : 

"0', '. . . 

... ~ , 
" 

~ ..... ',J." 

be positive de:.Êïnite and if 
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CJ 
APPENDIX C 

MRMAL ANALYSIS 'bF THE AUXILIARY POND 

\ 
~ " 

It is aSEnllIled that the LCZ has been extracted from the 
- ~ 

main pond and stored in an auxiliary pond a few weeks prior to re-

verse operation. The operation procedure of the auxiliary pond 

1s as follows : at nights the concÉmtrated brine would be exposed 

ta the atmosphere, to take advantage of the very cold winter sky 

temperature, . while during the day tinte it would be protected from 
, . 

solar radiation bi fl.oating a white foam {such as that used by fire 

fightars} on top of it. A mathematie'al ltlOdel has then to be derived .' . 
for both the nigh t time and day time periods. 

C.l Nig;ht Time Operation 

The energy balance equation for the cancentrated brine in the 

a~l1ary pond can he given by : 

heat d.posi~ed into 

'auxillary pond fran 

condenser of po!f4lr 
.0 

• 

haat lOBS to tlie 

atmosphera due 

to radiation 

heat lou to 
, 

the atmoaphere 

due to con­

vection , 

heat ~ained' due change of 
(C.l) +. " 

ta bottom conduction 

" 

.~ ~ t'~i:~~-~': ~~ 

~ternal enugy' 

, ;,~ 
.. '!.; ~ , 

,.. l~ ~ , 

. , ., 

,~ ~~~~~ J 

n ," 

" . r "-{ ; 

" ' _ ~,f 
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The heat Ipsses to the atmosphere .due tp evaporation are' neqlected since 

they are small camparecl té other terms in equation (C.l) 

The heat loss to the- atmosphere due ,to radiation, ~, 

(from Ste.fan-Boltzmann 1aw) cu be expressed as follows : 

(C.2) 

'where, a sb ' 18 the stefan ... BoltzD\imn constant, A ls the' surface 
. aux 

usa of the awdliary pond, and T 
aux 

and sky temperatures respectively. 

and T sky are auxiliary pond 

The forced convection losses due ta wind action for wind 

velocity Iesa than 5 mlsec. (Scqock (19ElS) can be given by 

qf"c ,. h A (T fc aux aux 

where hfc ' the heat transfer coefficient, i8 obtained from tliâ 

follow1ng expression 

, . 
,----, 

wtw:~, " Vif' 1a the' wind ~eloc_itY 'J.n m/sec,_. 

!) 1 ... . ' 
; , , 1 _, 

-",!{~:j;~;~~~i.J~_;~~l~}·:,- '-):~. -,:: 

(C.3) 

(Ç.4) 
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The· heat gained' by the aUxil1ary pond due to ground conduc-

, tion at the bottom, as in the steady state operation of the pond 
\ 

described in Chapter II , 1s assumed to be as follows : 

were, 

K 
q. .,. A -9. (T - T ) 
1:)e· aux 1

2 
aux W 

K , 
g is the ground conductivity, 

previous mean1ngs. 

, 
i 2 and Tw have their 

(c.S) 

Using equations (C.21 - (C.S1, the relation in (C.ll can be expressed 

mathematically as follows : 

" 

~ep - (] A . (T
4 

- T
4 ) - (5.7 + l .. S Vw) A (T - T ) sb ,aux aUX sky aux aux a 

" 

. 
-. '~A (T" ~~ T • ..) 

Rt2 aux aux ~ 

d T 
la (p C 1, 'A) aux; 

aux dt 
(C.G) 

f 
The analytical solution of equation (C.6) can easily );)e 6b-

tained if the rll1!ation losses are approximated as fol~OW8 

4 (aux 4 
(492) (]sbAa~ [(1 + 273.15) -

4 (492) 4 
273.15 a sb \ux (Taux - T sJcy) 

( 

~m 4 (1 +' - )] 
273,~15 

(C.7) 

" 

.. 

. , , 

o . 

";In the above eqt,lAtion, the tempera~es' are expressed in degrees Celc~u.~'- , 

~ .. ~ , 
' .. 

',\ ; 

1 

, .,. ~.' 
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.' 
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. 
Substitution of equation (C.7) into (C.6) and ,re-arranging the 

" 
terme y1eld 

K . T dT 
aux • - '(5.7 + 3.8 Vw + -S. + 

.~ 
8. sa x 10 0' sb) 

aux 

C.2 

dt 

+ 

+ 

5.7 + 3.8 Vw 
(pct) 

K 
g 

aux 

R,2 (pet) aux 

Day TilDe Operation 

T 
a 

1
2 

8.58 x 108 

+ 
(pC!) 

l 
(pelA) 

aux 

aux 

(pCl) 
aux 

O'sb 
Tsky 

(C.B) 

. . 
The white foam is assumed to reflect all the salu radiation. 

The enetgy balance can be given by the' following : 

%ep 

• 

where Uoh. 

K' , 

- ..3. A (T - T ) 
l2 aux aux W 

CpC.tA} aU% 

dT 
aux 

dt 

is the overall heat transfer coefficient whioh tUes into 
1 _ ~) 

.,' 

(C.9) 

\ ( 

account the conduction, through foam layera 'and free c:onvection, there~oxe l , 

" 

o 
ec.10).; , 

' ... ' .. 

" 

};~t:J&~: . 

\ 

, 
) 
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where lf ,and Kf are the thickness and thermal conductivity of the 

foam, and hf~ is the frae convection heat tral'lsfer coefficient. 

Equations (C.6) and (C.9) can be integrated alternative1y 

for the night and day ti11le operation for the period of reversed opera-, 

tion. 

, 
C,.3 l ' Temperature Response of the Auxilia,ry Pond }, 

'te 
Prediction of the aW5iliary pond' s temperature WaS achieveci 

by a numerica1 method us ing an, IMS~ sub~~e based on the Runge­

l<utta method. The temperature responSè as ~ll as the data use-d-for /, 
(tlie zero of the tinte axis 

1 
its calculation appear in Figqre C.l 

corresponds to the middle of October) • The increase of the a~iliary 

pond tmnperature during day. time operation was in the o~der of a fract.1on 
-' " 

of a degree and it is not represented in Figure C.l It' can be seen 

that the- t~erature of the auxili~ pond drops to .. 10 Oc .in about 

three weeks. The ambient temperature has a minimum of o ' 
.. 9.S,· C and 

that of the aux1liary pond has a minimum of - 13 ~c which occurs about 

a week later(' , , 

J. 
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