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Abstract

Sample size determination is one of the most important statistical issues in
the early stages of any investigation that anticipates statistical analyses.

In this thesis, we examine Bayesian sample size determination methodol-
ogy for interval estimation. Four major epidemiological study designs, cohort,
case-control, cross-sectional and matched pair are the focus. We study three
Bayesian sample size criteria: the average length criterion (ALC), the
average coverage criterion (ACC) and the worst outcome criterion
(WOC) as well as various extensions of these criteria. In addition, a simple
cost function is included as part of our sample size calculations for cohort
and case-controls studies. We also examine the important design issue of
the choice of the optimal ratio of controls per case in case-control settings or
non-exposed to exposed in cohort settings.

The main difficulties with Bayesian sample size calculation problems are
often at the computational level. Thus, this thesis is concerned, to a consid-
erable extent, with presenting sample size methods that are computationally

efficient.
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Résumé

La détermination de la taille de 'échantillon est 1'une des questions les plus
importantes dans les phases premiéres de toute étude qui prévoit des analyses
statistiques.

Dans Cétte thése, nous examinons des méthodologies bayésiennes de cal-
cul de taille d’échantillon pour estimation d’intervalles. Quatre études épi-
démiologiques majeures; & savoir les études de cohortes, les études de cas-
témoins, les études de données transversales, et les études de données pairées
forment le point d’intérét principal. Nous étudions trois criteres bayésiens
de taille d’échantillon: le critére de longueur moyenne (ALC), le critere de
recouvrement moyen (ACC), et le critére du plus mauvais scenario (WOC)
aussi bien que divers prolongements de ces derniers. En outre, une fonction
de cott simple est incluse en tant qu’élément intégrant dans nos calculs de
taille d’échantillon pour les études de cohortes et les études de cas-témoins.
Notre protocole d’étude addresse également I'importante question du choix
du rapport optirhal du nombre de sujets témoins pour chaque sujet cas dans
les études de cas-témoins ou du nombre de sujets non-exposés pour chaque
sujet exposé dans les études de cohortes.

Les difficultés principales avec les méthodes bayésiennes de détermination

il



v
de taille d’échantillon réside essentiellement au niveau calculatoire. Ainsi,

une bonne partie de cette thése porte sur la présentation de méthodes de

calcul de taille d’échantillon numériquement efficace.




Acknowledgme

I would first like to offer my deepest gratitude to my co-supervisors Professor
David Wolfson and Professor Lawrence Joseph, for their many suggestions,
guidance, and advice. Their constant support, both moral and financial has
helped me considerably to elevate my knowledge of statistical theory and
computations. From the innermost recesses of my soul, I know I owe them a

lot for what I have become today and they will always be my models.

I would like to thank Professor Keith Worsley and Professor Masoud As-
gharian, for valuable discussions and encouragements that I benefited from.
Many thanks also to Christina Wolfson for giving me a chance to work on an
important project about reevaluating the effect of length-bias on the survival

of patients after the onset of dementia.

I am also thankful to all my close-friends, including Dembélé Lassina
and Traoré Issouf for their true friendship. Thanks to my office-mate and
sport-partner Jonathan Taylor, for giving me a a unique opportunity to cele-
brate a Thanksgiving day with his family and also for showing me the many
faces of Montreal. For making my stay at McGill University so delightful,

I would like to thanks the personnel, the professors, and all the students in

v



vi
the department.
At last, T wish my parents were here. I missed them all the time, even

in joyful days. Time goes by but I always think of them as if I left them

yesterday. Jess, your daddy loves you.




Contents

Abstract | i
Résumé iii
Acknowledgments v
1 INTRODUCTION 1

2 Literature review of the design and analysis of case-control

and cohort studies 7
2.1 Measures of disease occurrence . . . . . . . .. ... ... .. 9
2.1.1 Incidence and prevalence . . . . ... . ... ... ... 10
2.1.2 Relative measures of disease occurrence . . . . . . '. .. 10
2.2 Cohort and Case-Control Studies . . . . . . . ... ... ... 14
221 Cohort Studies . . . .. .. ... .. ... ... ... 14
2.2.2 Case-Control Design . . . . . ... ... ... ..... 15
2.3 Frequentist analysisof 2 x 2¢tables . . . .. ... .. ... .. 18
2.3.1 Cohort sampling . . . . . ... .. ... ... ... .. 19
2.3.2 Case-control sampling . . . ... ... ... ... ... 20

vii



viii CONTENTS

2.3.3 Cross-sectional sampling . . . . . . ... ... ... .. 21
2.3.4 Pair-matched sampling . . .. ... . ... ... .. 22
2.4 DBayesian inferences for 2 x 2tables . . . . . . ... ... ... 24
241 Cohortanalysis . .. ... ... L L. 25
2.4.2 Case-control and cross-sectional analysis . . . . . . .. 29
2.4.3 Matched case-control and cohort analyses . . . .. .. 35
2.5 Review of sample size methodology . . . . . .. ... ... .. 36

2.5.1 Frequentist fixed width coverage-based sample size cal-
culation . . .. ... L 38
2.5.2 Decision theoretic Bayesian sample size methods . . . . 43

2.5.3 Bayesian sample size calculation for estimation problems 44

26 Conclusion . . . .. ... ... 48
2.7 Usetul definitions, results, and algorithms . . . . . . . .. ... 49
2.7.1 General definitions and results . . . . ... .. ... .. 49

2.7.2 Omnibus algorithms for the computation of HPD and
central posterior intervals . . . . ... ... 0L 53
2.7.3 Approximation of HPD and equal-tailed left and right

tails when the coverageis given . . . . . .. . ... .. 57

3 Bayesian interval-based sample size methods for case-only

design 61
3.1 Bayesian criteria for samplesize . . . . . . . ... ... 63
3.2 Sample size when py is unrestricted . . . . . . ... ... L. 70

3.2.1 Bridge between exposure and case-only designs and the

one sample problem . . . . . ... ..o 70



CONTENTS ix
3.2.2 Pre-posterior predictive distribution . . . . . . .. . .. 71

3.2.3 Exact computation of HPD intervals . . . . . . . . ... 73

3.2.4 Approximatemethods . .. ... ... ... ...... 77

3.2.5 Monte Carlo procedures . . . . . . .. .. ... .. .. 95

3.2.6 Regression approach . . .. ... ... ... ... ... 98

3.2.7 Applicationsand Results . . . . .. .. ... ... ... 104

3.2.8 General guidelines . . .. ... .. ... L. 119

3.3 Sample size when p; is restricted . . . . . ... ... .. 122

3.3.1  Choice of prior distributions, and the predictive and

posterior distributions . . . ... .. .. I 123
3.3.2 Results and applications . . . . .. ... ... ... 134
34 Conclusion . . . . ... ... ... ... 135

4 Bayesian interval-based sample size methods for two sample

problems 137
41 ALCg, ACC,, WOC, MLOC, and MCOC . . . . ... .. 141
411 Cohortstudies. . . . . . ... .. ... ... 141
4.1.2 Casecontrolstudies. . . . . . .. ... ... 165
4.1.3 Cross-sectional studies . . . . . ... .. ... ... ... 186
4.14 Matched analysis . . . ... .. ... ... L. 199

4.2 Bayesian sample size methods that average over nuisance pa-

TAIMELETS . . . . . . e e e e e e 212
421 Cohortstudies. . . . . . . . ..o 213
4.2.2 Application of equation (4.2.2) . . . . .. ... .. ... 215

423 Case-controlstudies. . . . . . . . . . . ... ... ... 216



X CONTENTS
4.3 Summary . ... ..o 217
5 Conclusion 219
5.1 Contributions . . . . . . . . ... 219
5.2 Future research projects . . . . . . . ... ... 222
A Third Order Approximations | 225
B Corollary to Theorems 3.2.6 229
C Higher Order Terms 231
C.1 Proportions . . . . .. . . . .. ... 231
C2 Odds . ... .. . e 233
C3 Log-odds. . . . .. .. . .. 234
D The MLOC 235
D1 TheOdds,v. . .. .. . .. .. .. . . . 235
D.2 The Proportion, py . . . . . . . . . . 236
D.3 Thelog-odds¢ . .. . . ... . . . ... ... ... ..., 236
E Variance of log(R) 237
F Restricted Models for R 239
F.1 Restricted model in a cross-sectional analysis . . . . . . . . .. 239
F.2 Restricted model in matched analysis . . . . . ... ... ... 240
G A Conjecture on a Limiting Result ' 243

H The S - ACC and § - ALC 245



CONTENTS xi

I IMSL Subroutines 247

J Sample Size Tables for Selected Cases 249




xii CONTENTS




List of

2.5.1 Graph of the function f(z) = aresiob(@)
T

3.2.1 Graph of the approximate sample size for the ALC (in black)
and ALC, (in blue) as a function of 1.0 < a < 30.0, b =

a, i =1, 1—a= .95 when p; isof interest. . . . ... .. ..

3.2.2 Graph of the approximate sample sizes for the ALC; as a
function of a for 4.0 < a <300, b=a,l=5and 1 —a = .95

when wisofinterest. . . . . . . . . . . .. ...

3.2.3 Graph of the approximate sample sizes for ALC as a function
ofafor3.0<a<300,b=aqa,l=.5and 1—-a=.95 when w

isofinterest. . . . . ... ...

1
3.2.4 Graphs of the Monte Carlo pairs (n, —;:2-——> e
alc (n,3,3

3.2.5 Graphs of alc (n,1,1) (top) and (bottom) for the
a

1
Ic*(n,1,1)
proportion p; against n=1,--- ,200. . . . . . ... ... ...

1
3:2.6 Graphs of ale(n,3,3) (top) and ey

oddsw against n=1,--- ,500. . . . . ... ... .. ... ..

(bottom) for the

x1ii

93

101

105



Xiv

LIST OF FIGURES

3.2.7 Graphs of alc(n,2,2) (top) and (bottom) for the

1
alc*(n, 2,2)
log-odds ¢ against n=1,---,25. . . .. ... ... ... ... 107

3.2.8 Graph of for the proportion p; (top) and the odds

alc*(n, a, b)

w (bottom) as function of n for (a,b) as specified in the legend. 110

3.2.9 Graph of for the log-odds as function of n for (a, b)

alc’(n, a,b)

as specified in the legend. . . . . .. . . ... ... ... ... 111
3.2.1Graph of ale(n, a, b) for the odds w as a function of n for (a, b)

as specified in the legend. 1 —a = .95 here. . . .. . . .. .. 112
3.2.11Graph of mloc(n, a, b) for the odds w as function of n for (a, b)

as specified in the legend. . . . . . .. . ... . 113
3.2.1%Graphs of ale(n, 1,1), mloc(n, 1,1), and mloc(n,1,1) for the

proportion py as a functionsofn. . . . . .. ..o L. 114

3.2.13Graph of acc(n, 1,1) for the proportion p; as a function of n. . 116

4.1.1 Graph of Ng(g) against g = .10,.15,--- ,10.00 for the risk ra-
tio with (a/,¥,c,d',1 — a,1) = (3.0,3.0,3.0,3.0, .95, .50). The

optimal ratio is g, = 1.60 with a corresponding sample size

of Np(gope) =590. . . . . o ..o 150
1
4.1.2 Graphs of the Monte Carlo pairs (N N )
alc (N, 11,3, 14, 31,.95)
wheng=4. . . . .. ... 164

4.1.3 Graph of N,,_(g) against g = .05, .10, -- ,5.00 for the odds ra-
tio with (a',¥',c,d',1 — a,1) = (3.0,3.0,3.0,3.0,.95,2.0). The
optimal ratios are g = 0.975,0.99,1.0,1.015,1.025 with a

corresponding sample size of Ny, (gopt) =472.. . . . . . . . .. 171



LIST OF FIGURES XV

1
4.1.4 Graphs of the Monte Carlo pairs (N, — ).185
ale (N,5,5,10,40,.95)
1 1

and
alc?(n, 3,3,3,3) alc’(n,2,2,2,2)
and the log-odds as a function of n, respectively. . . . . . . .. 210

4.1.5 Graph of for the odds




xvi LIST OF FIGURES




List of Tables

2.1

2.2

3.1

3.2

3.3

3.4

3.5

Generic 2 x 2 table for exposure-disease outcomes . . .
Case-control matched-pair table where (+) represents

exposure and (—) represents non-exposure. . . .. ...

Monte Carlo-based sample size calculation for various
m and M for the ALC when the odds is under consid-
eration. Weset a=b=3,1—a=.951=.5. The exact
sample size is 816. . . . . . . . .. ... ...
Approximate regression based sample sizes for esti-
mating the parameter p, using HPD and equal-tailed
intervals for various h and [ when (q,b) = (1,1). . .. ..

Comparison of the approximate sample sizes for vari-

Some prior parameters that imply convergence to zero
and linearity of the criterion function alci(n,a,b) with
respect tOn. . ... L. oL Lo

Comparison of the exact and third order approxima-

tion sample sizes when estimating w and ¢ under ALC.

XVii

97

120



XVili

3.6

3.7

4.1

4.2

4.3

4.4

4.5

J.1

J.2

J.3

J.4

J.5

J.6

J.7

J.8

LIST OF TABLES

Monte Carlo-based sample size calculations for the
ALC and ACC using an incomplete beta prior dis-
tribution. po=0.1. . . . . .. ..o 132
Monte Carlo-based sample size calculations for the
ALC and ACC using the generalized beta prior distri-

bution. po=0.1. . . . . ... ... 133

Table of prior information. . . . . . . . ... .. ... ... 162
Sample size calculations for the ALC and ACC when
the unrestricted model is used. 1 —-a = 0.95, | = 5.0,
and m=M=2000. ... ... . ... ... ... ... 163
Table of sample sizes for estimating ¢ with an interval
of length 2.0 for various parameters values (a’,V,d,d’, g).173

Generic 2 x 4 table for gene-environment interaction

analysis in case-control settings. . . . . .. .. ... ... 197
Prior information . .. .. ... ... ... .. ... ... 211
Table of sample sizes for p; with (a,b) = (1,1). . . . . .. 250
Table of sample sizes for p; with (¢,b) = (1,1). . . .. .. 251
Table of sample sizes for p; with (a,0) = (5,5). . . . . .. 252
Table of sample sizes for p; with (a,b) = (5,5). . . . . .. 253
Table of sample sizes for p; with (a,b) = (10,10). . . . . . 254
Table of sample sizes for p; with (a,b) = (10,10). . . . . . 255
Table of sample sizes for w with (a,b) =(3,3). . ... .. 256

Table of sample sizes for w with (a,b) = (3,3). ... ... 257



LIST OF TABLES Xix

J.9

J.10
J.11
J.12
J.13
J.14
J.15
J.16
J.17

J.18

Table of sample sizes for w with (a,0) = (5,5). . ... .. 258
Table of sample sizes for w with (a,0) = (5,5). . .. ... 259
Table of sample sizes for w with (a,b) = (10,10). . . . .. 260
Table of sample sizes for w with (a,b) = (10,10). . . . . . 261
Table of sample sizes for ¢ with (a,6) = (2,2). . ... .. 262
Table of sample sizes for ¢ with (a,b) =(2,2). . ... .. 263
Table of sample sizes for ¢ with (a,0) = (5,5). . .. ... 264
Table of sample sizes for ¢ with (a,b) = (5,5). . ... .. 265
Table of sample sizes for ¢ with (a,b) = (10,10). . . . . . 266

Table of sample sizes for ¢ with (a,b) = (10,10). . . . . . 267



XX LIST OF TABLES




Introduction

Epidemiology has become an indispensable tool for both clinical research and
the study of public health. Epidemiology contributes to the understanding
of how disease transmission and pathogenesis relates to environmental or
other agents. Epidemiological designs are also used to identify gene-drug
interactions, unrecognized drug hazards in the fields of pharmacogenetics
and pharmacovigilance (Weiss et al., 2001; Ashby et al., 1998), and many
other areas. Case-control, cohort, cross-sectional and matched pairs studies
are well-established epidemiological designs for investigating these and other
diverse issues, hundreds of such epidemiological studies are carried out each
year around the world. Rothman and Greenland, 1998, provide a modern
overview of epidemiology.

In order for epidemiological studies to best serve their purposes, they need
to be carefully designed. One of the key components for a successful design
is the determination of the appropriate sample size, that is, the number of

subjects that need to be observed in order to ensure sufficient precision in

1



the estimation of important parameters. Sample size estimation is almost
always a difficult problem, not only for technical or computational reasons,
but also because the choice often depends on the context of the proposed
study, and could take into account both practical and ethical consideration,
in addition to those of statistical precision. Lenth, 2001, discusses practical
guidelines for effective sample size determination. Further, the solution can
take several forms, depending on the specific criterion used. For example, one
can consider Bayesian or frequentist criteria, and within each paradigm one
must also choose the main outcome parameters, and whether the criterion
is based on interval width, power, or some other criterion. In all cases,
sample size determination requires a careful gathering of prior information

from experts.

In this thesis, we develop sample size methods for four of the most com-
monly used epidemiological designs, including case-control, cohort, matched
pairs, and cross-sectional designs, in the context of 2 x 2 contingency tables.
Traditionally, sample size problems have been presented in anticipation of a
statistical analysis centred on hypothesis testing. In recent years, however,
there has been a dramatic shift in philosophy towards interval estimation
in the epidemiology literature (O’Neill, 1984, Gardner and Altman, 1986,
Goodman and Berlin, 1994, Hoenig and Heisey, 2001, Cesana et al., 2001).
Almost all statistical analyses now include interval estimates of the param-
eters of interest. Now, clearly, sample size calculations should be based on
a criterion that, in spirit, matches the eventual analysis. Thus, for example,

it is well known that sample sizes provided by power calculations are often
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too small to guarantee that the parameter of interest is precisely estimated.
In this thesis, we therefore develop sample size methodology for interval es-
timation. The main idea underlying this methodology is that sample sizes
are determined on the basis of expected confidence-interval width in the fre-
quentist paradigm, and expected credible-interval width or coverage, in the

Bayesian framework.

For reasons that we discuss fully in chapter 2, this thesis takes a Bayesian
approach to sample size determination. From this viewpoint, a prior distri-
bution is formed about the unknown parameters, which summarizes the in-
formation available from past studies or expert opinion. Bayesian approaches
are natural in epidemiology because information collected from past data is
often available. Explicit Bayesian sample size calculations for cohort, case-
control, cross-sectional, and matched pairs studies have not been previously
addressed in the literature, although various Bayesian analyses for the 2 x 2
tables are presented in Aitchison and Bacon-Shone, 1981, Latorre, 1982, Nur-
minen and Mutanen, 1987, Zelen and Parker, 1986, Marshall, 1988, Franck
et al., 1988, Carlin, 1992, Ashby et al., 1993, Walters, 1997, and Hashemi
et al., 1997. In this thesis, we find sample sizes for all of the above designs
under five different criteria. Although, some of these criteria have been pre-
viously defined, others are new, and all are applied, for the first time in this

thesis, to the estimation of risk ratios and odds ratios in above settings.

As in much recent work on Bayesian analysis, the statement of the prob-
lem, i.e., the statement of how each criterion should be applied to each study

design, is relatively straightforward. On the other hand, the practical appli-



cation, meaning the actual calculation of the sample sizes required for each
combination of design and sample size criterion, is usually where the main
challenges lie. While exact results are occasionally available and are derived
in this thesis, we often resort to combinations of analytic and numerical
approximations.

QOur principal contributions to sample size calculation methodology are
found in Chapters 3 and 4. The focus of this thesis, presented in Chapter 4,
is sample size determination for 2 x 2 tables arising in the context of the two
sample problem (i.e., finding sample sizes for both exposed and unexposed
subjects in cohort studies, or for both case and control groups in case-control
studies). Nevertheless, in Chapter 3, we first consider sample size methods
for a simpler one sample problem, where we assume some parameters are
a priori exactly known. We begin with the one sample problem because
the methods developed for the two sample problem are, for the most part,

adaptations of those we develop for the one sample problem.

In Chapter 2, we first review the definitions of cohort, case-control, cross-
sectional, and matched pairs studies. We then review frequentist and Bayesian
analyses for the parameters of interest for these four designs. We next present
a literature review of both frequentist and Bayesian sample size methodolo-
gies, accompanied by a critical discussion of the various choices of statistical
criterion functions. Chapter 2 ends with a collection of other results useful

for Chapters 3 and 4.

In Chapter 3, we develop exact methods for Bayesian sample size determi-
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nation for exposure- and case-only studies for five different Bayesian interval
based sample size criteria. Exposure- and case-only studies are special cases
of cohort and case-control studies, respectively, where one only needs to col-
lect information on exposed and diseased subjects, respectively. Since exact
methods are not always feasible, and can often be accurately and efficiently
replaced by third order approximations, we derive third order approxima-
tions to the criterion functions for each setting. We also provide explicit
plug-in sample size formulae for these designs. Aside from exact and third
order approximations, we also use Monte Carlo simulations to estimate the
criterion functions. We compare these three methods, and show that they

yield slightly different sample sizes.

Chapter 4 is devoted to the two sample problem for cohort, case-control,
cross-sectional and matched pairs designs. We derive sample size formulae
for these four epidemiological designs. Here, since exact methods are not
possible, we mainly rely on Monte Carlo simulation approaches to sample size
calculation. For this reason, the steps within each Monte Carlo simulation

algorithm are described carefully.

In summary, in this thesis we present, for the first time, methods for
Bayesian sample size determination for the most common epidemiologic de-
signs. We consider a wide variety of criterion functions, and place emphasis
on ease of implementation. At the same time we do not hide practical diffi-

culties, where they arise.






Chapter 2

Literature review of the design
and analysis of case-control and

cohort studies

Most studies in epidemiology can be classified into one of two types, experi-

mental or observational.

e Almost all experimental studies include randomization or other manip-
ulation of treatments or exposures by researchers. Clinical trials are
examples where one randomly assigns treatments to subjects. Such
trials are mainly carried out to quantify the effectiveness of new ap-

proaches to treatment and prevention.

e In observational studies exposure to putative risk factors or treatments
occurs “naturally”, without direct manipulation by researchers. Cohort

and case-control studies are usually examples of observational studies,

7



although some clinical trials can also be cohort studies.

Cohort and case-control studies can be further subdivided by their relation

to time:

e A prospective study is one in which exposure and all or most covariates
are measured before disease manifests, with ascertainment of disease

status occurring during a future follow-up period.

e A retrospective investigation is one in which exposure is determined

after the identification of disease status.

Increasingly, studies are relying on a combination of both prospective and ret-
rospective elements to gather information. A third type of non-randomized
design is the cross-sectional study, in which we view a snapshot of a well
identified population at a certain point in time. Both diseases and exposure
information (for example, drug use or chemical exposure) are collected simul-
taneously for each study subject, so that different exposure subpopulations
may be compared with respect to their disease prevalence. It is, however
difficult to ascertain a temporal relationship between the exposure and the
onset of disease in cross-sectional studies. Randomized trials, while relatively
free of bias compared to observational studies, are accompanied by problems
of medical ethics, feasibility, cost, and logistical considerations. These lim-
itations have turned epidemiologists toward observational cohort and case-
control studies for the establishment of etiological relationships, despite their
potential for producing biased results. Cohort and case-control studies are

the two most well-established and documented observational epidemiologic
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designs for studying exposure-disease relationships (Breslow and Day, 1980;
Breslow and Day, 1988; Schlesselman, 1982; Rothman, 1986; Gordis, 1996;
Rothman and Greenland, 1998; Rosenberg et al., 2000). We define these
designs more formally in section 2.2, as they represent the main focus of the

sample size methods developed for this thesis.

In section 2.1, we set forth some quantitative measures of disease and
exposure frequency, and association between disease and exposure. In section
2.2, we briefly review cohort and case-control studies. Section 2.3 is devoted
to an overview of frequentist analysis of risk ratios and odds ratios while
section 2.4 describes a Bayesian counterpart. We finally come to the problem
of sample size methodology in section 2.5. Section 2.6 contains a summary
while section 2.7 presents a variety of preliminary results needed previously

appearing in the literature which are essential to the rest of the thesis.

2.1 Measures of disease occurrence and the

association between disease and exposures

Measures of disease frequency are the building blocks of any epidemiological
investigation. They tell us how a disease is related to exposure in a given
population. These measures, especially the comparative measures of the
relative risk and the odds ratio, are the main parameters of interest in this
thesis. Sample size derivation for case-control and cohort studies, the main

topic of this thesis, will be based on these measures of association.
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2.1.1 Incidence and prevalence

Disease risk is principally expressed through the incidence proportion or
simply the risk p(q .y (0 < p(to,m < 1), i.e., the fraction of new cases that
occur during a specified period of time (#,¢;) in a population at risk for
developing a disease. More precisely, let 7" be the random variable describing
the time at which an individual develops a disease or a change in health

status. Then

Diton) = Pr(T € (to, t1)] individual does not die from any other cause in (to,%1)).
(2.1.1)

Assuming exchangeability of the subjects in the population (see Gelman

et al., 1995), disease outcomes for individuals in the interval (fo,¢;) could

be thought of as i.i.d. random events conditional on p, ). When the time

period is clear, we will denote the parameter p, ) by p-

The second measure of disease occurrence is the prevalence. The preva-
lence of a disease, which we denote by p/, is the proportion of disease cases
in a population at a given point in time or during a well defined time period,
irrespective of the disease onset time. Prevalence is an important and useful
measure of the burden of disease in a population, and is the most frequent

measure obtained in cross-sectional studies.

2.1.2 Relative measures of disease occurrence

The question of whether or not a particular health condition is more likely

under one set of exposures than another is very common in epidemiology. For
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example, Wilkins and Sinks, 1990 used a case-control study of parental oc-
cupation and intracranial neoplasms in childhood to investigate whether the
case parents were more likely than the control parents to have a job before,
during, or after pregnancy, that involved exposure to N-nitroso compounds.
Such questions invariably involve two proportions, p; and pg, the probabili-
ties of the disease occurrence under exposure and non-exposure, respectively,
and are best approached using a relative measure of disease occurrence.

We now define two measures that are central to this thesis.

2.1.2.1 Relative Risk

For simplicity, suppose we have two exposures, By and Fjy, that are thought
to be associated with the occurrence of disease D. Let £ and D be bivariate
random variables describing the marginal exposure and the marginal disease

status, i.e.,

1, if individual is exposed to Fi,
E = { (2.1.2)

0, if individual is exposed to Ly,

1, if individual has the disease D,
D = (2.1.3)
(, otherwise.

\
Let py = Pr(D = 1]E = 1) denote the disease risk among individuals exposed
to Eq, and let po = Pr(D = 1|E = 0) denote the disease risk among the
individuals exposed to Ep. We define the relative risk or risk ratio, R, of

B relative to Ey as

_p_Pr(D=1E=1)
= po Pr(D=1|E=0) (2.1.4)
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This ratio indicates how manyfold the risk of disease in the group F; is
increased. If R > 1 we refer to a positive association while £ < 1 indicates
 a negative association. When R = 1 we say there is no association.

Note also that there is no particular reason in equation (2.1.4) to choose
p1/po over po/p1, (1—po)/(L—p1), or (1—p1)/(1—po). Those four parameters
all carry the same information, although their interpretations are slightly
different. The symmetry in these definitions imply a similar symmetry in

the statistical properties of estimators of these quantities.

2.1.2.2 Odds Ratio

Do
— Do
are called the odds of disease in Fy and FE, respectively.

Another measure of importance is the odds ratio. The ratio oy = and

- b
1-m

The odds ratio of disease, 14, is defined as the ratio of 0; to o9

01

py= &2 —nl-m)
Op P0(1 “pl) ,
_ Pr(D=1E=1)[1—Pr(D =1|E =0)]
C Pi(D=1E=0)[1-Pu(D=1E=1)]

(2.1.5)

The interpretation of 14 is only qualitatively similar to R. Unfortunately, the
odds ratio cannot be taken as a direct substitute for the risk ratio in general,
although if py and p; are both small, say, less than 0.2 then ¢4 = R; this is
known as the rare disease assumption. In general, as shown by Davies et al.,
1998, ¥y < R <= R < 1, and ¢4 > R <= R > 1. The discrepancy between
g and R increases as the departure of p; and R from unity is increased.
For instance, p; = 0.95 and py = 0.8 gives R = 1.1875 with wg = 4.75. For

p1 = .9 and po = .1, however, we get R = 9 and ¢4 = 81.
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As with the relative risk, there is no particular reason to choose pi(1 —
Po)/po(1 — p1) over its reciprocal po(1 — p1)/pi(1 — po)-

Corresponding to an odds ratio for disease, an odds ratio for exposure .
can also be defined: Let p} = Pr(E = 1|D = 1) and pj = Pr(E = 1|D = 0).
Define

. = pi(1-pp)  Pr(E=1D=1)[1-Pr(EF=1]D=0)]
T p(1—-p) Pr(E=1D=0)[1-Pr(E=1D=1)]

(2.1.6)

Now a simple application of Bayes’ theorem shows that ¢4 = 1. (Cornfield,
1951). Since 1. is estimated directly from a case-control study, while g4 is
the parameter of real interest, the equality of ¢4 and %, means that a case-
control study may be used as a reasonable substitute for a cohort study. A
time-dependent version of 14 = 1., relating the instantaneous odds ratios of
disease and exposure is given by Prentice and Breslow, 1978.

An algebraic relationship binding the proportions p; and py is easily seen

to be described by the pair of equations,

1 1 1 1
=R- and —_— =1 —t ——, 2.1.7
h Fo 1 Ya Y po ( )

Other measures of association between exposure and diseases include the

risk difference or attributable risk § = p; — pg, the preventive fraction
Po— M

Po 1 ,
= 1- 7 where p; and pg are defined as in the definition of the risk

PF, =

Pr—Po
1
ratio. These will not be extensively discussed in this thesis. See Miettinen,

= 1 — R, and the attributable proportion or fraction AF, =

1976; Walker, 1976; Rothman, 1986; and Blackwelder, 1993; for descriptions
and other properties of these parameters as well as estimation procedures for

them.
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The parameters PF, and AP, are both linear combinations of E, so sam-
ple size computations based on them will be similar to those based on R. We

will discuss this further in chapter 4.

2.2 Cohort and Case-Control Studies

In this section, we will formally define both a cohort study and a case-control

study.

2.2.1 Cohort Studies

There are essentially two types of cohort studies, namely prospective and
retrospective cohort studies. The former, which is perhaps more common,
proceeds as follows. One identifies a disease-free representative sample of the
population of interest, with various levels or combinations of exposures. The
cohort is then followed dynamically forward for a period of time and disease
status is recorded, usually along with other suspected cofactors of interest,
for each individual in the study. This experimental design can be very costly,
time consuming and logistically complex.

A retrospective cohort study is often less expensive to conduct. For ex-
ample one may have already gathered a large amount of data on individuals
living in certain community, for example, through government registries or
through insurance company data. Suppose one is interested in learning if
drivers using a cell phone while driving are more likely to be involved in

traffic accidents than those who do not. From the database of the SAAQ



2.2. COHORT AND CASE-CONTROL STUDIES 15

(Société d’Assurance Automobile du Quebec) combined with cell phone Idata,
one could independently sample two groups of drivers, those who have a cel-
lular and those who do not, recording whether each driver was involved in
an accident or not. Other possible confounders such as driver’s age and gen-
der, age of the car, number of accidents during the last 24 months could be
included in an analysis.

The cohort study facilitates the direct estimation of the effects of expo-
sures on disease incidence or death rates. Table 2.1 serves as a summary of
a simple cohort study with two exposure groups. Sampling theory for R and
@ will be discussed in section 2.3 and 2.4.

Now, since disease incidence is often low, very long follow-up times and
large samples sizes are typically necessary in a prospective cohort study in
order to observe a reasonable number of cases. Hence, time and funding con-
straints often dictate that another sampling approach is needed. Therefore

in the next section we consider case-control studies.

2.2.2 Case-Control Design

Case-control designs are perhaps the most common designs used in epidemiol-
ogy. In their simplest forms, retrospective or traditional case-control studies
use a sample of cases of disease or of deaths that occur during an accrual
time period, and a sample of control subjects alive and free of disease from
the population. The investigator then “looks back” to record exposure sta-
tus. In the simplest form of case-control studies, the data collected may be

summarized in a 2 x 2 table as in Table 2.1. If the conditional probability of
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Table 2.1: Generic 2 x 2 table for exposure-disease outcomes

EF=1 E=0 Total
D=1 G b n1=a+b
D=9 c d ng=c+d

Total mij=a+c¢c mg=b+d N=a+b+c+d.

exposure in the cases is larger than among the controls, this indicates that
exposure increases the probability of getting the disease. For example, the
study described in the previous subsection can be adapted to fit the retro-
spective case-control scheme. Suppose that the SAAQ wishes to ascertain
if drivers having a mobile phone are more likely to be involved in an acci-
dent than their counterparts who do not own a mobile phone. Using SAAQ
records one could identify all the drivers involved in a collision and draw a
sample from drivers who have never been involved in a collision. Retrospec-
tively, the researcher would record whether each driver was exposed (had a

mobile phone) or was unexposed (did not have a mobile phone).

In practice, case-control studies may be divided into three types depend-
ing on how cases are accumulated: cumulative incidence, prevalence, or inci-
dence density. Retrospective case-control studies are of the first type when
incident cases are accumulated during a well defined study period, from the
population of interest. After deciding to keep all or a random sample of the
cases, one draws the controls from the non-cases in the population. This is
often the case for a localized outbreak of an infectious disease and or food

poisoning in a restaurant or a social gathering.
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The second type of a retrospective case-control design, the prevalence
study, is rarely used, but has the benefit of yielding cases more quickly. A
prevalence study is a study in which we ascertain all members of a population
in a given time period and record their disease and exposure status. A typical

example is the case-control study of infants with malformations.

Unlike the first two types, incidence-density case-control studies do not
require any rare disease assumptions. These studies are based on the idea
of matching each case on time, with one or more randomly selected controls
(with or without replacement) alive at the onset time of cases. Such stud-
ies are ordinarily termed nested case-control studies (Mantel, 1973; Thomas,
1977; Liddell et al., 1977, Robins et al., 1989; Langholz and Clayton, 1994).
Sufficient conditions under which the odds ratio is a good estimate of the
relative risk (often called the incidence-densities ratio) are given by Green-
land and Thomas, 1982. For instance, in addition to the constaﬁcy of the
risk ratio in (fo, 1), it may be necessary that the exposure proportion also
remain constant over that study period. A more general design (Prentice
and Breslow, 1978; Lubin and Gail, 1984, Eq. 3.4) assumes a proportional

hazard model for the exposed and unexposed groups.

Another matching strategy used in both case-control and cohort studies
ig the technique of matching on covariates other than time (Rothman and
Greenland, 1998; Kupper et al., 1981). Matching refers to the pairing of
one or more controls to the cases in a case-control design or that of one or
more unexposed to the exposed group in a cohort with regard to possible con-

founding factors. Matched studies do not require the stability of the exposure
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proportion over time in order to consistently estimate the relative risk.

Other design strategies are described in Sato, 1992a, Sato, 1992b, Wein-
berg and Wacholder, 1990, Langholz and Thomas, 1990 and Langholz and
Thomas, 1991, Rothman and Greenland7 1998. One of particular relevance
to this thesis is the case-only design (Umbach and Weinberg, 1997, Green-
land, 1999) used quite often in genetic epidemiology. It is based on the idea
of sampling only cases and using prior information on exposure to replace
the information provided by the controls en route to estimating parameters
of interest. A benefit of case-only designs is that more effort can be devoted
to the gathering of accurate information on the cases, but of course, the
prior information on the controls needs to be sound. We shall address these
designs in chapter 3.

Having given a brief overview of cohort and case-control studies we move
on to their statistical analysis. We restrict ourselves to 2 x 2 tables, and,
as usual, the analysis can be approached by frequentist or Bayesian meth-
ods. Frequentist methodology can be unconditional or conditional. We will
present, briefly, the frequentist unconditional and Bayesian approaches. The
conditional approaches are based on the idea of ancillary statistics and make
the assumption that all the marginal totals ng, ny, me, my (see Table 2.1) are

fixed. They are described in Breslow and Day, 1980.

2.3 Frequentist analysis of 2 x 2 tables

In the sequel, we suppress the dependence of the analysis on the time interval

over which cases are accrued, for notational convenience. We further restrict
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our attention to the simple but important case of dichotomous exposure (E)
and disease (D) variables, which can be represented by the 2 x 2 contingency
table shown in Table 2.1.

Following the notation of Marshall, 1988, the data from Table 2.1 will
be notated as T = (a,b, c,d). N = a+ b+ ¢+ d is called the total sample
size of the 2 x 2 table. The premiere goal of the thesis is to present a
Bayesian approach to the selection of N, under different scenarios and a
variety of sample size criteria. In case-control studies, we focus on NV = ng+ny
(respectively, the sample sizes for controls and cases), whereas in a cohort

study, we consider N = myg + m; (sample sizes for unexposed and exposed).

2.3.1 Cohort sampling

Since subjects recruited in an unmatched cohort design are sampled according
to their exposure status, Table 2.1 must be looked at columnwise. In their
simplest form, the data from the exposed and unexposed samples will be

assumed to be independently binomially distributed. That is,

> Di ~ Bin(my,p;)  given £ =1, and (2.3.1)
i=1
Mo
ZDJ- ~ Bin{mg, po) given F = 0, (2.3.2)
j=1

where po = Pr(D = 1|E = 0) and p; = Pr(D = 1|E = 1) are the success

probabilities, while D; and D; are the individual disease outcomes for ex-

posed and unexposed, i = 1,--- ,my, j = 1,--- ,mp. The usual summary
parameter is the risk ratio R = PL " The unconditional maximum likeli-
Do

0, and the asymp-

hood estimator (umle) of R is easily seen to be R = %TIL
(L
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totic variance (Gart and Nam, 1988) Var(ln R) =~ L , where
mih MoPo
. - Po — D
g = 1 —p;, 1 = 0,1. Similarly, the umle of By = —, Ry = , and
21 I—po

_ L —po
I—p
As expected, Var(ln R) ~ Var(ln R;) while Var(In Rs) ~ Var(ln R3). How-

R

can be derived along with corresponding asymptotic variances.

ever Var(ln El) # Var(ln Eg), which suggests that sample size based on
these parameters might be dissimilar. The Bayesian sample size calculations

corresponding to K;, Ry and Rs will be described in chapter 4.

2.3.2 Case-control sampling

In the traditional case-control design, Table 2.1 must be looked at by row
because subjects are sampled according to their disease status. The data
from the cases and the controls are usually assumed to be independently

binomially distributed. Formally:

ZE} ~ Bin(ny, p}) for the cases, and (2.3.3)
i=1
Z E; ~ Bin(ng,pp)  for the controls, (2.3.4)
=1

where py = Pr(E = 1|D = 0) and p}{ = Pr(E = 1|D = 1) are success
probabilities, and E; and FE; the cases’ and the controls’ respective exposure

outcomes¢ = 1,--- ;ny, j =1, --- ,ng. The most often used summary param-

! 1 o
eter is the exposure odds ratio 9, = p—.—.—_-._-,l( P ?)
po(1 —ph)

—~ ad — 1 1
be ¢, = ——, and an approximate variance is Var(In(y.)) =~ A,
be NoPoldy 114y

where g; = 1 — pl,% = 0,1. Fortunately here, the umle for 7y = q—p—— =

pol-p) -~ ke o . .
————%, 1 = —;, has the same limiting variance, so that the frequentist
(1 =pp) ad

. The umle is well known to
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sample sizes for both parameters are expected to be the same. The corre-

sponding Bayesian sample size calculation will be described in chapter 4.

2.3.3 Cross-sectional sampling

In a cross-sectional study, disease and exposure outcomes are measured si-
multaneously. The usual framework of a cross-sectional study is to regard the
outcomes contained in Table 2.1 as governed by a multinomial distribution.

Let pyy = Pr(D = LE = 1), pio = Pr(D = 1,E = 0), po1 = Pr(D =
0,E=1), and poo = Pr(D =0,E = 0) = 1 — p11 — p1o — po1. The probability

function of the table T = (a, b,c, d) is ‘given by

N1 N .
fr(a,b,c,d) = g P 2o Pé1 Plo- (2.3.5)

Under this sampling scheme, the umle of the odds ratio or cross ratio § =

~ a ~
PuiPoo given by 6 = —, and its variance satisfies lim N x Var(log(§)) =
P1oPo1 L1 ) be N-—oco

— 4 — 4+ — 4 —. Again, this asymptotic variance is invariant under the
Pun P Por Poo

inverse relation.

Note that the identities

D1o P11

P1o + Poo ! P11+ Po1 ( )

/ Dot ’ P11
p I et T et . 2.3.7
0 Po1 + Poo b1 P11 + Pio ( )

gives the relationships between the parameters of a cross-section study and

the parameter of a cohort study and a case-control study.
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2.3.4 Pair-matched sampling

The outcomes for pair-matched sampling can be represented as in Table 2.2,
where @ denotes the number of matched case and control pairs with the
designation (-, +), that is such that both members of the pair are exposed
with similar definitions for b,¢ and d. Here N is the number of pairs and
2N is the total sample size for this design. Let piy, plo, Dby, and ph, be
the probabilities of the pairs (+,+), (+,—), (—,+) and (—, —), respectively.
In pair-matched terminology, a and d are the numbers of concordant pairs
whereas b and ¢ the numbers of discordant pairs and the sum n = b+ cis
the effective sample size which is most often of interest. It has been shown
by Ejigou and McHugh, 1977 that the odds ratio of exposure for a matched
pair design is given by

oo 239

Por

under the assumption of homogeneity of the odds ratio across pairs i.e, there
is no multiplicative interaction between exposure and the matching variable.
A prospective study gives a similar table except for example that the outcome
a is the number of (disease, disease) pairs, with similar definitions for cells

b,c, and d. A similar relation ¢, = P10 for prospective studies is described
Pox

in Ejigou and McHugh, 1977.

The table of data represented by T = (a,b, c, d) can again be modelled

. e ..o b .
by a multinomial distribution. The umle of the odds ratio is ¢, = — and its
C

P+ 1 1 o
w?—,' = —,—'+-‘7—' leew1se,
; " I:’loﬂbe . P 1Plo
n -~ +

"=~ and lim N x Var(log(¢))) = ¢ = — + —. Again, this
va c N—00 (log(v2)) Po1y Po1 Do 8

limiting variance is Nlim N x Var(log())
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Table 2.2: Case-control matched-pair table where (+) represents ex-

posure and (—) represents non-exposure.

Controls
+ -
+ a b
Cases
- c d

limiting variance is symmetrical with respect to ¢, and ;};
Note that these coefficients might not always be defined, since some cells
might contain zero subjects. It has, therefore, been suggested to slightly mod-
ify the counts by adding some nonnegative constant to all cells entries, to get
a table T = (a +ea, b4ep, cte., d+ sd). The three most popular adjust-
ments  for  unmatched  designs are T=(a, b+1,c+1,d),
T=(a+i b+l c+i d+i)andT=(a+% b+1,c+1,d+3), which
correspond to using a total effective sample size of N+2 or N +3. In general,
the estimators from these adjusted table don’t grossly distort the information
contained in the data when the cell entries are balanced, say log(v.) < 4.0.
Comparative evaluations of the small bias properties of these estimators were

given by Jewell, 1984, Jewell, 1986 and Walker and Cook, 1991.
Coverage probabilities and lengths of the confidence intervals of the log-
odds parameter are investigated by Agresti, 1999, who also described two
a

thi esti £ for th ’s. Fore le, he ts Dq = N —
SOOI 1IMators 1Ior € p;i’S. fOr exam y Suggests
g D 7 P gg P11 N ! N

)+
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4e 1 . N a 4e 1My
) and oy = —— [ 2 mm 0 for a tabl
N+45(4> and pu N+45<N)+N+45( R > € > Utor & table

T=ta+g b+e, c+e, d+e . Adding the same constant € to each cell is

perhaps the best compromise for the risk ratio because this conservatively
biases all ratios, R, Ry, Ry, and Rj, towards the null value of unity. This
problem has led researchers to Bayesian methodology to analyze data of the
type presented in Tables 2.1 and 2.2. Bayesian approaches require speci-
fication of a prior distribution across all unknown parameters. In return,
Bayesian analyses allow the computation of credible intervals as opposed
to confidence intervals, or the calculation of the probability that, say, R is
above some clinical or etiological meaningful threshold, giving therefore a
better way to summarize the effectiveness of any intervention (Franck et al.,

1988). We now briefly review Bayesian inference for 2 x 2 tables.

2.4 Bayesian inferences for 2 x 2 tables

For a Bayesian methodologist, the aim is to obtain the posterior density

(probability function)

p(0)p(ylo)
p(y)

by updating the prior density (probability function) p(#) with evidence from

p(Bly) = o< p(@)p(ylo), (by Bayes’ rule) (2.4.1)

the data as reflected through the likelihood p(y|6). Continuing in this spirit,
Bayesian methods can be built in a complex hierarchical fashion which may
require Markov chain Monte Carlo techniques (Brooks, 1998) to approximate
joint and marginal posterior distributions. The book by Gelman et al., 1995

gives a readable account of practical Bayesian methods.
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At the present time, many papers concerned with inferences about the
odds ratio and the risk ratio have taken a fully Bayesian approach. Lind-
ley, 1964, appears to be the pioneer of such methodology, with subsequent
work by Leonard, 1972, Leonard, 1975, Leonard, 1977, Aitchison and Bacon-
Shone, 1981, Latorre, 1982, Nurminen and Mutanen, 1987, Zelen and Parker,
1986, Marshall, 1988, Franck et al., 1988, Maritz, 1989, Carlin, 1992, Ashby
et al., 1993, Walters, 1997, and Hashemi et al., 1597,

In general, the parameters arising from cohort and case-coutrol are sum-
marized using independent Beta prior distributions, while the cross-sectional
and the matching designs usually use Dirichlet prior distributions, giving rise
to the well known Beta-Binomial and Dirichlet-Multinomial models. We now

briefly describe these models.

2.4.1 Cohort analysis

Bayesian methods for the analysis of binomial data rely on the specification
of suitable priors for success probabilities. As previously mentioned, inde-
pendent Beta (Be) priors are most commonly used for p; and po. That is,

we assume that p; and pg are independent with
p1 ~ Be(d, ) and  py~ Be(t',d'), a b, d,d >0 (24.2)

This conjugate model for the joint prior distribution of (pg,p1) can be re-
garded as equivalent to having observed an additional dataset T = (a/,v/, ¢/, d').

If the data are as in Table 2.1, then we have an augmented data set over-

all of " =T+ T = (a”,b”,c”,d”), where o’ = a + o'; and so on. There-
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fore, when independent Beta priors are used, elicitation of the priors for
the binomial probabilities is equivalent to specifying o', b, ¢, d" for a ficti-
tious sample size of N’ = o’ + b + ¢ + d’ often called the prior sample
size. The parameters of these Beta prior distributions can be elicited, for
example, by a quick pilot study or by matching Beta quantiles with elicited
means, modes, percentiles, or interquartile ranges, as described in Chaloner
and Duncan, 1983, Chaloner and Duncan, 1987, Maritz, 1989, McCulloch,
1988, Franck et al., 1988, Spiegelhalter et al., 1994, and Bedrick et al., 1997.
Non-informative (also called diffuse, vague, or reference) priors can take on
various forms depending on how they are derived. The most common choices
are: Be(0,0), Be(0,1), Be(1,0), Be(1,1) and Be(1/2,1/2). See Jeflreys,
1961; Bernardo, 1979; Kass and Wasserman, 1996; Bernardo and Ramoén,
1998.

— pl
R+1 P11+ Po
studied. Aitchison and Bacon-Shone, 1981 derived the exact posterior density

Historically, the parameter 0 < v = < 1 was the first

of :
1 ,Yau_l 1 pabr i v v -1
— e Z° i-Z2Y |l -—-Z dz,
K(1~7)“+1/§ ( ) { 1—v ] .
0<v<3
p’}’(ﬂ/ I T”) = < 7" 1 4" -1
1 (1 - ’)’)b -1 / "o ’”__ 1 - ¥
— 2 el oyt - 1.7 dz
5, (1-2) -
S 1
X Ty
(2.4.3)

where K = B(a", ") x B(b”,d") and where B(.,.) is the Beta function. Note
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the symmetry property,
pfy(ry !a", b//, C”7 d”) — p7(1 _ 7 Icll’ d”’ a/l’ b”). (244)

These authors suggest the use of v = y(R) which is a monotonic function
of R, in order to overcome the unbounded nature of R. The non-symmetric
nature of R often makes credible intervals very wide and hard to interpret.

From equation (2.4.3), it can be shown that the posterior distribution for

the risk ratio R = nh__X is,
Do 1—v
( Ra”_l ! " 11 17 17
e / 21 - 1 - R- 2] hdz,
0
O0<R<1
Pr(R|T") = ¢
R%(b//+1) 1 " ' J? 1 d”-‘l
e 7/ el § A Ly Q4 az
K 0 ( ) R ’
R>1
\
(2.4.5)

When discussing sample size calculations for the risk ratio, equation (2.4.5)
will be central.

Sixteen years later, another form of the posterior density of R, equal to
(2.4.5) up to a transformation, was independently derived by Hashemi et al.,
1997, along with a normal approximation to the posterior distribution. They
also derived approximate highest posterior density (HPD) regions for R and
described the steps for the exact computation of HPD regions. These will be
discussed fully in section 4.1.1.1.

In the context of randomized trials, Franck et al., 1988 use the prior

distributions py ~ Be(ay, fo) and R ~ Be(ay, 31), respectively on pg and R,
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to fit the constraint 0 < p; < pg < 1 or equivalently 0 < R < 1. With data
summarized by a table T = (a4, by, ¢1,ds ), this model leads a joint posterior

density

PRy (R, po] T) o pgotetbi=l(1 — py)forari=ti geatar—i(y _ gyt

(1 - Rpo)cl, 0 < Do, R <1 ‘ (246)

Note that there are two errors in equation (7) by Franck et al., 1988. The
factor (1 — R)#~! is missing and the power of (1 — Rpo) should be n —y in

their notation. By integrating over pg, one gets

pr(R|T) o« Rovtar—1(1 — R)A1~1x

1
/ pao+al+bl—l(1 _ p)ﬁo-i-dl—l(l — Rp)cl dp, O< R<1. (247)
0

It is obvious that the family of posterior distributions underlying equation
(2.4.7) contain those from equation (2.4.5) when R < 1 as a proper subset
when ¢’ is an integer. More precisely, for equation (2.4.7) to be equal to the

first row of equation (2.4.5), the following conditions must hold:

B =1, o1 +a,=a+ad a=c+c —1,

a0+a1+bl-:a+a'+b+b', ﬁo+d1=d+d, (248)
One such match is obtained by choosing

a; = a, by = b, cg=c+d -1, d=d

Qi = CL, + bl, 6{) = d,, Q= a ,81 = 1. (249)

We discuss this distribution more formally in subsection 4.1.1.2 of chapter 4.
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Now that we have given the distribution of R, let’s examine the conditions
under which the frequentist and Bayesian posterior point estimates are equal.
Of course, even here interpretations of the inferences differ between the two
paradigms. Following this, we will describe how to derive the distribution of
the other relative risk parameters, R;, Ky and Rs, from section 2.3.1.

We have

(a+a)(mo+ ¥V +d —1)

BT = e+ 0+ 5 - 1)

(2.4.10)

which yields the frequentist estimate R= Z—Z% of R by choosing T' = (O, 1,0, O).
Similar estimates can be given for the other corrected estimates, which then
also match the corresponding frequentist estimates.

Finally, we note that to get the posterior distribution of K, Ky and Rs,
one has only to replace the posterior augmented data T” = (a”,b”,c”, d")
by T/ = (b”,a",d”,c"), Ty = (c”,d",a”,b”), and Ty = (d”, " b" a") respec-
tively, in equation (2.4.5). Obviously 7”7 = 7Y if and only if a” = b’and
¢’ = d"”, thus R and its reciprocal R; have the same posterior distribution.

Similar relations can be derived between the parameters Ry and Rs.

2.4.2 Case-control and cross-sectional analysis

In case-contro! studies the odds ratio, 1., is the parameter that is directly
estimable from the data. The posterior distribution function for the odds
ratio 1. was obtained by Hora and Kelley, 1983, while the posterior density

for the odds ratio was derived by Zelen and Parker, 1986, Marshall, 1988,

and Hashemi et al., 1997. In what follows it is assumed that pj and p} are
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independent Beta (Be):
py ~ Be(d',b) and  py ~ Be(d,d), a b, d,d >0 (24.11)

These authors show that the posterior density function is
/ Q/)a”—~1 1 yau_H:ll_l(l _ y)b//+d1/_1
K Jo (I-y+yy)

dy, O<v <,

/ _
p"/)e (/I"b | T ) - < /I/J—(b”+1) 1 yb//+dlr__1(1 . y)all+dll_1 (2'4'12)
dy, ¥ =1,

K 0 y al!+b/l
1-y+=
\ ( Y w)

where K = B(a”,b"”) B(¢",d") and where again B(.,.) is the Beta function.

Expression (2.4.12) can be rewritten using a hypergeometric function, as

¢ o’ —1
1//0 2F1 ((Z” + b", all + C”; N”; 1 . w)’ ’@/) S 17
Py (V] T") = ¢ (2.4.13)
w—b”_l i m 7 7 1
Py +d b‘N’;l—--—— , > 1,
| o 2 1( +a’, a + 07 w) )

B(a:”, bl/) B(C”, dl/)
B(a" + C”, bll + d//)
sample size or the extended sample size (Adcock, 1992) and

where C = . Here N”" = N + N’ is called the effective

1 1
b e —_— tb~—1 1 — c—b~—1 1 — 28\t 0414
Aileba2) = By /o (1=1)"7 (1 = =t)"dt, (2.4.14)
00 Te+i)T{b+1) T(c) i
Iy 1 >b>0 a>0.
;Z:; (@) T() T(c+id)il’ [l <1, ¢ , @
= oFi(b,a;c;2)

From (2.4.12), it can be shown that the posterior expected value of v, is

n_ _ (at+d)(d+d)
Bl T) = cro—nerr =1

(2.4.15)

matching again the umle ¢, = %é when T' = (0,1,1,0) (Marshall, 1988).
c

Corresponding results for other estimates similarly hold.
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A useful property of the posterior density of ¢, is that it is invariant:
Py (W[ T7) = pu, (| "), where T{ = (d”,¢",b",2"). This follows from the

invariance of k-th moment of the posterior density derived by Marshall, 1988,

T(a” + k)T(" — k)D(¢" — k)T(d" + k)
L(a”) (")) (d") ’

E( 1) = 0 < k < min(d”,c").

(2.4.16)
Indeed, such a result is expected since the point estimate of the parameter
1, for such a table is equal to the estimate corresponding to the table 77, so
a natural symmetry exists.

Again, equation (2.4.22) for the moments shows that inverting the param-
eter 1), is equivalent to using a table Tj = (c¢”,d”,a”,b") or Tj = (b”,2",d",c"),
i.e., using py, (¥ | T7) as the density function for the odds ratio.

A log normal-based approximation for the posterior distribution of 9, is
described by Zelen and Parker, 1986, Marshall, 1988, and Hashemi et al.,
1997.

The following relations are always true, whether or not the rare disease
assumption holds:

poPi__P 1-p
o 1-=pi pe
Pe = Po = (P1 — P0)Pa; (2.4.18)

, (2.4.17)

where p; = Pr(D = 1|E = 0), po = Pr(D = E = 0), p; = Pr(F =
11D =1), pp = Pr(E=1]D =0), p. = Pr(F = 1), and py = Pr(D = 1).
Therefore, in particular, under the rare disease assumption p, = py, so that
the probability of exposure in the control series in case-control sampling can

be approximated by p.. This idea formed the basis of the analysis by Marshall
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who used equation (2.4.12) to carry out a posterior analysis for the risk ratio
R, including the computation of posterior credible intervals.

It is possible to carry out a case-only design if sufficient prior information
on the non-case subjects is available. It is difficult to imagine how a fre-
quentist analysis would incorporate such prior information, except perhaps,

in the trivial case where a perfect point estimate is assumed.

In a cross-sectional study, by using a Multinomial-Dirichlet model we
again obtain equation (2.4.12) as the posterior distribution for the odds ratio
(Latorre, 1982). Such a result is not surprising in light of the following

proposition.
Proposition 2.4.1. Let

<p117p10;p01;p00) ~ Dirichlet (all, a9, 401, CLO()). (2419)

P11
P11+ Pio
. Then w, p| and p} are independent random variables with

a) Define the random variables w = poo + por, Py =

Do
Po1 + Poo

and py =

w ~ Be(an + a1, a0 + ac)
p; ~ Bela,a)

po ~ Belao,am)- (2.4.20)

Conversely, given equation (2.4.20) and p;; = wp}, pio = w(l —

p’1), Po1 = (1 - w)P’o: poo = (1 — ’LU)(1 —Pf)): equation (2-4-19) Jol-

lows.
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Pu

'b)  Similarly, define the random variables v = py+po1, p1 = ———— and
P11+ Por
Py = ___?119____ Then v, py and pg are independent random variables
P10 + Poo :
with
v ~ Be(ay + ao1, 10 + ago)
p1 ~ DBe(a,an)
po ~ Be(a,amp). (2.4.21)

Conversely, given equation (2.4.21) and p11 = vp1, pio = (1—v)po, po1 =

v(1 —m), poo = (1 —v)(1 — po), equation (2.4.19) follows.

Proof. We will only prove a), the proof for b is similar. The density of

(P11, P10, Po1, Poo) is
F (1, 1o, pon) o< pIF T PR PG PGS (2.4.22)

with p11, pio, Po1,Poo > 0 and pi3 +pro+po1+poo = 1. Using the definitions of
the variables w, p} and pf, one easily derives the relations: pi1 = wpl, piwo =
w(l —p}), por = (1 —w)p}, and pe = (1 —w)(1 — pp), yielding a Jacobian

of J = w(1l - w). Thus,

(B4, ) ox e Fes (L)oot e (Lpf oot s (1o,

(2.4.23)
where w, p; and py are independent random variables and equation (2.4.20)
follows. The proof of the converse goes through the same steps in reverse

order. I

Although its proof is straightforward, Proposition 2.4.1 does not seem to
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have been previously stated. In a cross-sectional study, we have

(p117p103p01;p00) I T" ~ Dirichlet ((1”7 b”, C”a d”)-

Hence p = P and Ph = P are independently distributed as

P11+ Pio 0 Po1 + Poo

p} ~ Be(a",b"), py ~ Be(d",d"), (2.4.24)

as given by equation (2.4.12). Similarly, pj = P
P P11+ pot
10

independent of pj, = ——— ~ Be(b",d”) as given by equation (2.4.4).
P1o + Poo

The result by Latorre, 1982 is therefore completed with the relation ¢ =
pupoo _ Ph(1—pp) _ pa(l—po)
popor  po(1=pi)  po(l—p1)
powertful property linking case-control, cohort and the cross-sectional studies,

~ Be(d",d") is

Proposition 2.4.1 provides an elegant and

in that the invariance of the posterior distribution is shown across all study
types. Proposition 2.4.1 provides an elegant and effortless way to simulate
data from the Dirichlet distribution with four parameters. In the general case
of Dirichlet distributions with & > 3 parameters, the algorithm by Devroye,
1986, based on the Gamma distribution is suitable. Another unexpected

consequence of Proposition 2.4.1 is that the risk ratio from a cross-sectional

pi1(pro + poo)

pro(p11 + po1)’

by equation (2.4.5), as does R = %, computed from a cohort design. These
0

study, defined by R = will also follow the distribution given
results do not seem to have been previously discussed. In fact, no one has
attempted to derive the posterior distribution of R in a cross-sectional setting,
perhaps because a straightforward proof using transformations and Jacobians
is very messy.

Despite the equivalence shown in Proposition 2.4.1 it should be remem-

bered that the two situations arise from different sampling schemes.
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2.4.3 Matched case-control and cohort analyses

In a matched pair analysis, under again the Dirichlet-Multinomial model, the

posterior density of the odds ratio ¢, and ¥ are the same, that is

1 wb”——l
e (14 y)"

Ju (@) = B( (2.4.25)

This density is that of a type-II scalar beta random variable. With some
it

algebra, it is easy to show that %1,/; ~ Fypr 9er. Actually, this is also the

of a proportion p (Lindley, 1964) obeying the Beta-

density of the odds 7 b
Binomial setup with posterior distribution Be(e”,d”). This distribution was
also derived by Bernardo and Ramén, 1998 in a more general set up as the

ratio ¢ = 0;/8; of two parameters of a multinomial distribution with & > 3

parameters.

Now that we have described our four main designs in terms of their mod-
elling and analyses, it is time to move to the subject of primary interest,
which is sample size determination for estimating the risk ratio and the odds
ratio. In a cohort design, sample size investigation is equivalent to finding m;
and mg while in case-control studies we are interested in ascertaining n; and
ng, although N = mg + my = ng + n; (refer to Table 2.1). In cross-sectional
and matched studies, the quantity of importance is N = a + b+ ¢+ d (re-
fer to Table 2.2). Occasionally, we might be concerned with n = b + ¢, the
number of discordant pairs in a pair-matched design necessary to detect a

predetermined association.
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2.5 view of sample size methodology

One of the most important statistical questions in the early stages of virtually
any study is the choice of sample size. Indeed, large sample sizes can be
wasteful of resources whereas small sample sizes are often not large enough

for accurate estimation of the parameters of interest.

Both frequentist and Bayesian sample size determination methods can be
partitioned into at least 3 broad types: prediction, hypothesis testing, and
estimation, each approach usually resulting in different sample sizes. For
example, it is well acknowledged (O’Neill, 1984) that sample sizes arising
from power considerations are often not sufficient for estimation purposes.
In general, the formulation of a sample size criterion depends heavily on
many quantities, including the specifics of the study design, the methodology
used, the modelling of covariates, the main parameter under study, estimates
of that parameter and its variance, the statistic employed, and the desired
precision of estimation. It is worth noting that the majority of frequentist

sample size results in the literature to date are based on asymptotics.

In some cases, it may be more important to ensure accurate prediction
for future subjects, rather than ensuring accurate parameter estimates. Fre-
quentist and Bayesian designs for prediction are usually combined with opti-
mal designs for estimation and prediction (Silvey, 1980; Atkinson and Donev,
1992) and covered extensively in the review by Chaloner and Verdinelli, 1995.
Optimal experimental designs for binary data are described in Chaloner and

Larntz, 1989 and Abdelbasit and Plackett, 1983, while optimal designs for
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multinomial logistic regression are given by Zocchi and Atkinson, 1999. These
papers discuss the A-, C-, and D- optimality criteria as applied to problems
of the selection of covariates in either a linear or a non-linear problem. These
approaches are not discussed further in this thesis. Optimal allocation for

Bayesian inference about an odds ratio based on the normal distribution was

treated by Brooks, 1987.

Frequentist power calculations (Schlesselman, 1982; and Breslow and Day,
1988; Wickramaratne, 1995), currently the most commonly used procedures
in practice, are based on the specification of an alternative hypothesis, and
type 1 and II error probability levels a and 4. For example, sample size
required in a cohort design assuming m; = mg for the hypothesis fip: R =1

against, H,4 : R > 1 satisfies the equation

2/ + 27/l ¥ B o1 ]|
[Pl — D |

my =

(2.5.1)

where p = %pg(l +R), §=1—p, and z, and z3 are the usual quantiles of the
normal distribution. Schork and Williams, 1980, Parker and Bregman, 1986,
Connett et al., 1987, Connor, 1987, Fleiss, 1988, Dupont, 1988, Royston,
1993, Ejigou, 1996, Julious and Campbell, 1998 have also investigated power
issues for matched studies. Power-based sample size requirements for case-
only designs to detect gene-environment interactions are the raison d’etre of
the paper by Yang et al., 1997. Bayesian sample sizes derived from hypothesis
testing for binomial experiments based on Bayes factors (Kass and Raftery,
1995) is developed by Katsis and Toman, 1999. A different philosophy was

taken by Walker, 1977. Rather than searching for the smallest sample size,
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Walker choose to specify the magnitude of the smallest detectable relative

risk for given o, ( and n.

Although power-based sample size methods are very popular, they have
often been criticized because they carry with them all of the drawbacks asso-
ciated with p-values. In addition, type I and II errors do not often reflect the
true purpose of a study. For instance, most statistical analysts agree that
confidence intervals are more informative than p-values, and the design of a
study should match the eventual analysis. We are therefore left with sample

size calculation for interval estimation.

2.5.1 Frequentist fixed width coverage-based sample

size calculation

In this section, we present the main frequentist results for sample size cal-
culation when estimating a parameter of interest to within a fixed distance
[ of the true parameter value, with fixed confidence coefficient 1 — a. In the

sequel we shall present alternative Bayesian methods.

The following is a presentation of the work by O’Neill, 1984 on case-

control designs. Let ¢ = Zﬂ be the predetermined ratio of controls to cases,
1

py = Pr(E = 1|D = 1) and p;, = Pr(£ = 1|D = 0) be the exposure

probabilities among cases and controls, respectively, ¢, = 1 —p, i = 0,1,

4 1 o
and 1, = Pll( p?)
Po(l "pi)

two-sided confidence interval (CI) for log(v.) is

log(te) % 21021/ Var(log(e)). (2.5.2)

be the exposure odds ratio. An approximate 100(1—a)%
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An alternative approach is to derive a CI for 1, directly by

o 21_ay2/ Var(de). (2.5.3)

~ 1 1
Var(log(i)) = mpig; ™oePodo

obtained by means of the delta method. One reasonable way to determine

and Var(9,) ~ y?Var(log(¢.)) may be

the sample sizes ng and n; is to equate the length of the Cls derived from
equations (2.5.2) and (2.5.3), respectively, with 2l. Using (2.5.2) given 9,

and pf, gives the following solution for n;:

2 / ol 2
ny = Z;ggg?‘ll? {(q" +£°7’b€) + —;} . (2.5.4)
Using equation (2.5.3) gives the following solution for n;:
oy = A a2 (¢_)2 { (g +pb%e)” | _1_}‘ (255)
g \ ! Ye g

Another approximate CI for 9., termed the logit CI, has better asymp-
totic coverage properties for moderate sample sizes. This interval is given by
e XD {izl_a/g Var(log({p\e))}, with a width W = 24, sinh(d) conditional
on 9., where d = 21_a/9 Var(log(z/p\e)). The corresponding sample size for

a fixed length 21, conditional on ¥, and pg, is

{(qé + phtbe)’ 1}
2 Rty =
_ “l1-a/2 we g

1 = .
1 Podo arcsinh —é— i
e

The ratio of the sample sizes given by equation (2.5.5) and (2.5.6) respec-

(2.5.6)

e

inh(p) ) l
tively, is {iﬁ%l—;—l—ip—)} , where p = Z-b— A simple analysis of the first deriva-

arcsinh(p)

tive of the function p — reveals that the curve associated with

this function is roughly cusp shaped and bounded by 0 and 1 as described by
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y(x) = arcsinh{x) / x
0.6 0.8 1.0

0.4

0.2

inh
Figure 2.5.1: Graph of the function f(z) = %n(x)-

Figure 2.5.1. This shows that although the logit CI for %, results in larger
sample sizes, the CI used in equation (2.5.3) is known to have poor coverage
properties for moderate sample sizes. Both equations (2.5.5) and (2.5.6) de-

pend on [ only through p, which suggests that we can specify p rather than [.

The derivation of these equations for cohort, cross-sectional and matched

1 i 7 /e 2 1 .
{(% + jcﬂ#) + _} be replaced by the asymptotic
e g
Pe

2
variances of either R, ¢, 9} or ¢/, as given in section 2.3, and %, in (T)

designs requires ——;
0o

by either R, 4, ¢, or ¢}, respectively.

Despite the usefulness of these and other similar sample size formulae,

they do not fully take into account the stochastic nature of CI’s. This can
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lead to severe underestimation of sample size required for a specified length
or coverage (Satten and Kupper, 1990). Having exposed the problem, these
authors proposed computing sample sizes based on tolerance probabilities.
For example, if the confidence interval that one is intending to use after the
collection of data is the logit CI in a case-control design, then such a criteria

is equivalent to finding the smallest n; such that

1 1 1 1
o) —— = <| 21—k, 5.
Pr{zl /2\/A+n1~A+C+kn1——C“l]“ £ (2.5.7)

where A and C represent the random variables whose outcomes are 0 < a <
ny and 0 < ¢ < kny, respectively (see Table 2.1). The left hand-size of equa-
tion (2.5.7) can be solved explicitly or estimated by means of Monte Carlo
simulation. This will not be discussed further here, as we prefer Bayesian
approaches that will solve the same problem, while also fully incorporating

prior information.

In sample size calculation problems for 2 x 2 tables, one can also consider
the choice of the optimal ratio of controls per case, g = ~2 in case-control
ny

studies or the ratio of non-exposed to exposed g = 2—?, in cohort studies.
Traditionally, g is set to a convenient constant gy chosen by the investigator
before the collection of the data. The sample size of interest is then N{(go) =
n1 + ng = (go + 1)ne. In practice, g = 1 is often the choice, corresponding
to a design with equal sample sizes between cases and controls or exposed
and non-exposed. This choice for g is often not optimal, especially when

cost is incorporated into the calculation of sampie sizes. Indeed, it is well

known that when the costs of the exposed, and the non-exposed groups in
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cohort studies or of the case and the control groups in case-control studies,
respectively ¢; and ¢, are very different, substantial savings can be made by
using unequal sample sizes {Gail et al., 1976; Meydrech and Kupper, 1978).
Moreover, even when ¢; = ¢, choosing the optimal ratio g leads to better
designs in terms asymptotic variance (Walker, 1977). Since the choice of g is
an element of the design it is natural to incorporate the search for g into the
sample size calculation problem. This idea has been considered by numerous
authors who use a crude direct search method to approximately solve the
optimality problem. First, choose a grid of values for g and then for each
g in that grid find the minimal N(g). At the end, choose the ratio g that
leads to the overall minimal N(g). It is clear that the proposed solution is
equivalent to finding, for example, the overall minimal sample size (ny,ng)
that minimize the objective function N = ¢ym; + cgnp in case-control studies.

In the context of hypothesis testing, Gail et al., 1976 have demonstrated

that the optimal ratio g follows what he called the square root rule, that is

2! p,IQLIL 1/}6
g =/, wherer = —and n = = for a case-control study
. podo (0 + Pove)?
and 7 = o Yq = D for a cohort study. These results apply also
Doq1 1 - Rpo

to equations (2.5.4), (2.5.5), and (2.5.6) (proof available from the author).
Unequal sample sizes are also investigated by Blackwelder, 1993, Nam and |

Fears, 1992a,Nam and Fears, 1992b, Fleiss, 1973, and Fleiss et al., 1980.

Most of the frequentist sample size formulae rely on the adequacy (Leemis
and Trivedi, 1996) of the normal approximation to the binomial distribution.

Often, when the rare disease assumption is valid, some refinements need to
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be made (Casagrande et al., 1978; Lemeshow et al., 1981). These problems
can be minimized by computing the exact powers, Cls, and coverages as re-
ported by Wickramaratne, 1995, or by Monte Carlo estimates of the power.
Frequentist sample size estimation requires accurate point estimates of the
parameters of interest, which are often unknown at the planning stage of the
experiment. As discussed below, Bayesian sample size determination meth-
ods do not share many of these problems. They assume a prior distribution
rather than a single point estimate. CI’s are easily replaced by credible inter-
valé from the marginal posterior distribution of interest. Importantly, they

fully take into account the stochastic nature of the dataset.

2.5.2 Decision theoretic Bayesian sample size methods

Bayesian decision-oriented sample size calculation methods, the only ”fully”
Bayesian approach according to some authors (Lindley, 1956; Berger, 1985;
Lindley, 1997; Bernardo, 1997), rely on maximizing an expected utility func-
tion over the set of all possible designs of size n > 0 and over all decisions
d € D. The following notation is valid for this subsection. Let X be a ran-
dom variable with density p(z]f) and assume that a priori 6 ~ p(#),6 € ©.
Let x = (31, - ,Zn) € X represent n realizations of X. After observing x,
we wish to make a decision d € D about #. Maximizing the expected utility

approaches are based on finding the minimal n» which maximizes

L {max /é u(n,x,d, §)p(d]x, n)} p(x|n)dbdx, (2.5.8)

deD
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where u(n, z,d, §) is the utility function reflecting the merit in choosing n,
after having observed x and having taken the decision d about 8, when ¢
is the true value of the parameter. Here p(x|n) = /@ p(x|6,n)p(6)dF is the
pre-posterior predictive distribution, that is, the distribution of the not yet

observed data x. A common form for u is
u(n,x,d,0) = Ké(n,x,d,0) — Lw(n,x,d) — cn, (2.5.9)

for an interval d, where §(n,x,d,8) = 1if § € D, §(n,x,d,0) = 0 otherwise,
and w(n, x, d) is the width of the interval d. The quantities K, L > 0 are two
positive constants balancing high coverage against low width, and ¢ > 0 the
common cost associated with observing each subject. Basically, the cost is
balanced with precision.

Shao, 1989, Miiller, 1998 and Miiller and Parmigiani, 1995 suggest that
equation (2.5.8) can be approximately solved numerically using Monte Carlo
simulations or MCMC methods, and by passing a smooth curve through
the plot of the estimates. We will show how this idea can be used to help
us solve the sample size problems posed in chapter 3 and 4, although full
Bayesian decision theoretic sample size methods are not considered further

in this thesis.

2.5.3 Bayesian sample size calculation for estimation

problems

Various non-decision theoretic Bayesian criteria for sample size determination

have appeared in the literature. The first three which we discuss, developed
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by Pham-Gia and Turkkan, 1992, are closely related to the idea of minimizing
the Bayes risk. They all find the smallest n such that each of the following

criterion functions,

PGT — (i) : ¢1(n) = Jpax Var(6|x,n) (2.5.10)
PGT — (i) : a(n) = E[Var(d|x,n)] (2.5.11)
1

PGT — (iii) : ts(n) = (2.5.12)

 ¢Var [E(9x,n)]
is smaller than € > 0, a predetermined level of precision.
Other criteria of relevance to this thesis are based on the idea of fixing the
width or the coverage of credible intervals and searching for the minimum n
for which the average coverage or the average length attains some specified
probability level 1—a or length [, respectively. The first of these criteria dates
back to Adcock, 1987 and was further discussed in Adcock, 1988, Adcock,
1992, Adcock, 1993, Adcock, 1995, Adcock, 1997. He proposed seeking the

minimum 7 such that

/X. { L(x) PWIX:N)CZ@} p(xln)dx > 1-aq, (2.5.13)

where R(x) = [E(9]x) — /2, E(6]x)+ /2] is a central symmetric credible
interval of length [, called the tolerance region.

In the same spirit, Joseph et al., 1995 derived three criteria involving
HPD credible regions. HPD regions of content 1 — a (see e.g. Box and Tiao,
1992) have the properties that Pr(§ € HPD(x,n)|x,n) = 1 — a and for
6, € HPD(x,n), 62 € HPD(x,n), p(61|x,n) > p(f2] x,n). HPD regions have the
smallest volume for any fixed coverage level. Sample size criteria based on HPD

regions are important to minimizing the sample size when the distribution is
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very skewed, and return similar samples sizes to symmetric regions for less
skewed distributions, and so are optimal in this sense. Since the sample size
determinations proposed in this thesis are based on these criteria we now

review them.

2.5.3.1 Average Coverage Criterion

The average coverage criterion (ACC) finds the smallest integer n such that
the average of all posterior coverage probabilities of HPD(x,n) intervals of
length I given x and n, over the predictive distribution p(x|n), is at least

1 — a: That is, the ACC seeks the minimum n such that

/x {/QPD(X,n) plflx, "W} p(xjn)dx = 1-a. (2.5.14)

2.5.3.2 Average Length Criterion

The average length criterion (ALC), finds the smallest integer n such
that the average of all lengths I(x, n) of HPD(x,n) intervals of coverage 1 — v
given z and n, over the predictive distribution p(x|n), is at most I: That is,

the ALC seeks the minimum n such that

Ll(x, n)p(x|n)dx < 1. (2.5.15)

2.5.3.3 Worst Qutcome Criterion

Sometimes, we might not want to average the coverage probabilities over all
possible values of x as in equations (2.5.14) or (2.5.15), preferring a stricter

criterion that finds the minimum n such that each coverage probability is
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larger than 1 — « for all x belonging to some pre-specified set S C X. This
leads to the worst outcome criterion (WOC), which seeks the smallest n

such that

inf / p(flx,n)df > 1 — . (2.5.16)
HPB(x,n)

xES

Closed form formulae in the case of a normal likelihood, given by Joseph
and Bélisle, 1997, have demonstrated that this criterion approximately agrees
numerically with frequentist results under certain weak prior conditions, and
when the variance is assumed known. All seven criteria described respec-
tively by equations (2.5.10), (2.5.11), (2.5.12), (2.5.13), (2.5.14), (2.5.15),
and (2.5.16) may be extended to multivariate densities usually involving nui-
sance parameters. For example, if o is a nuisance parameter, we can seek

the n such that

/ {/ p(0|x,0,n) dH} p(x,oln)dxde > 1 —a, (2.5.17)
X,0 HPD(x,0,1)

or, equivalently, such that

/%{/U/QPD(X,UW) p(0] %, 0,n) p(c] x) db da} p(x|n)dx > 1— a, (2.5.18)

where 6 ~ p(f|c), o ~ p(o), so that p(6,0) = p(6lo)p(o). Essentially, we

integrate over the nuisance parameter.

Although criticized as not being a fully Bayesian decision theoretic ap-
proach (Lindley, 1997) because either the length or the coverage is fixed
before the search for the minimal sample size, it is easily seen that both the

ALC and the ACC are limiting cases of maximizing the expected utility
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approaches (see section 2.5.2) as K or L tends to zero and ¢ = 0. Indeed,
we may place the ACC criterion within a decision problem framework as

follows. One seeks the minimal n that satisfies

e O1%,m)do dx > 1-e, 2.5.19

where Z(l) is the set of all posterior credible intervals of length I. If we
set L = 0 in equation (2.5.9), then we conjecture that (2.5.10) would often
converge to zero when the posterior second moments are defined for all n and
x as n — 0o, although the proof does not seem straightforward. Maximizing
(2.5.19) as in equation (2.5.13) creates an MEU criterion. Similarly for the

ALC criterion.

2.6 Conclusion

We have just described practical Bayesian criteria for sample size determina-
tion. In the next chapter, we will show how some of these criteria, particularly
ACC, ALC, WOC and formulae (2.5.17) or (2.5.18) can be implemented
for sample size determination when estimating the risk and odds ratios. We
will also consider the question of case-only designs. We will show how these
criteria can be generalized to a much larger family of criteria, expose diffi-
culties arising in their implementation, and suggest ideas for circumventing
them. We will consider Monte Carlo curve fitting to improve the accuracy of
sample size estimates as well. While developing our methodologies, we shall
also consider transformations of the risk and the odds ratio. To close this

. chapter, we present some known results on HPD intervals and unimodality,
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important background to the results presented in chapter 3 and 4.

2.7 Useful definitions, results, and algorithms

2.7.1 General definitions and results

Given a scalar parameter 6 € 0, let x,, = (z1,---,z,) be n exchangeable
realizations of a random variable X distributed as p(z|8), x € X. We assume
that 6 is a continuous random variable distributed according to p(6) (prior
distribution). Let (6min, Omax), With possibly, O = —00, and/or Oum.x = 00,
be the support on which p(6) > 0. The results presented here are mainly
associated with the construction of credible intervals based on the posterior

distribution p(f] x,),

 pxl0)pl6)
PO = T G 6@ (27.1)

which is by assumption absolutely continuous with respect to Lebesgue mea-
sure on an interval (Buin, Omax). The majority of posterior distributions em-
ployed in this thesis are unimodal as will be proved in chapters 3 and 4.
Consequently, the HPD regions studied here are simple intervals. For this rea-
son, in the sequel we will refer to HPD intervals rather than the more general
HPD regions.

Some proofs about unimodality require the notion of strongly unimodal
distributions. According to Dharmadhikari and Joag-dev, 1988, we have the

following.
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Definition 2.7.1. The random variable § or its distribution p(8| x,,) is strongly
unimodal on (fnin, Omax) if and only if p(6] x,,) is continuous and log-concave
(Bemin, Omax), that is if and only if log(p(f]x,)) is concave. If log(p(f]xx))

has a second derivative on (9xn,9max), then this property is equivalent to

& log(p(8] x»))
462

<0

Obviously, a strongly unimodal distribution is unimodal. The notion can
be generalized to higher dimensions. The family of Be(a,b), a,b > 1 distri-
butions is strongly unimodal. The family of distributions given by (2.4.25)

with 8", > 1, the type-I Beta is not strongly unimodal but is unimodal

"o

1
I The following proposition will help us later

to show that the posterior distribution of the risk and the odds ratios are

with a unique mode at

unimodal.
Proposition 2.7.1 (Dharmadhikari and Joag-dev, 1988).
e All the moments of a strongly unimodal distribution are finite.

e All the marginal distributions of a strongly unimodal multivariate dis-

tribution are strongly unimodal.

e The set of all strongly unimodal distributions is closed under convo-
lutions. If X1 and X, are two independent strongly unimodal random

variables, then so are aX;+b and Xo— X, where a,b are real constants.

Let g, be the a-th percentile of p(6]x,), i.e. ¢, satisfies the equation

Pr(fmin < 6 < gal X.) = «. Before giving the basic properties of HPD inter-
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vals, we give a definition of an HPD interval, different from, but equivalent to,

the definition given in subsection 2.5.3.

Definition 2.7.2. A highest posterior density (HPD) interval [6r,8y] is an
interval containing all points satisfying the equation p(6]x,) > ¢, where ¢ > 0
is a constant chosen in a way that guarantees the interval [0z, 0y] to have
a desired length [ or coverage 1 — . That is y — 0y = [ or Pr(f, <6 <

bylx,) =1-a.

We will denote by HPD(x,,, n, ) an HPD interval of length [ and HPD(x,,, n, 1~
«) an HPD interval of coverage 1 — o, given z and n. If a sufficient statistic is
available, it will also be designated by x,,. When a sufficient statistic exists,
the posterior density depends on the data only through that statistic (Berger,
1985).

Before completing our general definitions, the following is a simple, but
powerful property of HPD intervals. It will be used for case-only designs in

chapter 3. The proof is straightforward.

 Theorem 2.7.2. Let Y, be a scalar random variable with density fy(y) and
Z = aY +0b, a linear transformation of Y. Let Lgthy (HPD(1 — «x)) (resp.
cvgy (HPD([)) be the length ( resp. the coverage) of the HPD interval or an
equal-tailed of coverage 1 — o (resp. of length .l ) for Y. A similar definition

holds for Lgth, (HPD(1 — a)) (resp. cvgy (HPD(I)) associated with Z. Then

cvgy (HPD()) = cugy (HPD (-l—)> , (2.7.2)

la

Lgth, (HPD(1 —a)) = |a| x Lgthy (HPD(1 — ) ). (2.7.3)
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Remark 2.7.1. f Y ~ Be(a,b), then 1 —Y and Y have HPD intervals with the
same length (coverage) given fixed values for coverage (length). Hence, the
average length (coverage) for the Beta-Binomial model for a given coverage
(length) are equal, irrespective of the choice of Be(a,b) or Be(b,a) as the

prior distribution. This result will be proved in subsection 3.2.2.

We shall also consider the posterior equal-tailed interval, often called
the central posterior interval. This is the most common type of interval
encountered in practice, and is, in fact, preferred by Gelman et al., 1995.

Equal-tailed [6y, 6] intervals are defined by the equation
Pr( < 01]x,) = Pr(6 > fy| x,) = % (2.7.4)

in other words, 8, = ¢,/2 and 8y = q;_q/2. These intervals do not have the
same optimality property as HPD intervals, but are easier to compute. More
importantly, for fixed coverage 1 — @, [9(¢a/2), 9(q1-a/2)] is the corresponding
posterior equal-tailed intervals for the random variable Y = ¢(8), where g
is monotonic increasing, an invariance property not shared by HPD intervals.
Asymptotically, under certain regularity conditions, HPD and central posterior
intervals are equivalent. For sample size for purposes, HPD and equal-tailed
intervals often provide similar answers.

Now that we have provided definitions of HPD and equal-tailed intervals,
we next give several oinnibus algorithms useful for their computation. These
derivative-free algorithms require that the posterior density be strictly in-
creasing and then decreasing. Although the omnibus algorithms are slower

than derivative-based techniques, they are sometimes the only alternative,
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for example, when derivative-based procedures fail to converge owing to un-
avoidably poor choices starting values. Derivative-based algorithms for three
specific parameters are discussed in section 3.2.3 along with their drawbacks

and challenges.

2.7.2 Omnibus algorithms for the computation of HPD

and central posterior intervals
2.7.2.1 Case where the length, [, is fixed

The following bisectional search algorithm finds the two solutions of the
equation fox,(u) = fox, (u + 1) for u, with [ known and then compute the

coverage of the interval determined by these two points. Let 6 be the mode

Of f9lxn'
Algorithm 1

Initialisation step: Set 6; = max (6, 6 — [) and 0y = g.

Main step:
1. Define medy = (6, + 0y)/2 and medy = min(medy, + I, Omax)-
2. Compute f1, = fox,(medy) and fu = fox, (medy).

3. If fy > fr then §; = medy, — ¢. Otherwise set fy = medy + ¢, where €

is the machine precision.

4. Repeat steps 1, 2, and 3 until |f; — fu| and |8y — 01| reach the desired

precision.
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5. Finally compute cvg(l) = Pr(med; < p < medy) as the desired cover-

age.

For a posterior equal-tailed interval, the equation to solve is Pr(f < u) =
Pr(6 > u+1). The initial values of 8, and fy are set to 0y = O and
01 = Bmax while fr = Pr(f < medy), and fy = Pr(0 > Opax). At the end, we
compute the coverage as Pr(med;, < p < medy) =1 — (fz + fv).

The above HPD algorithm requires that the mode be known while the al-
gorithm for equal-tailed intervals requires that 0y, and Op,.x be finite. When
this is not the case and when there exists a monotonic one-to-one transfor-
mation g(#) with inverse g* of the random variable of § that is bounded in
both directions by guin > —00 and gnax < 00, the above algorithms can still
be applied with the following minor adjustments. The initial values are set
to be g1 = gmin a0d gu = Gmax. Step 1 is replaced by medr = (g1 + gu)/2
and medy = g(g !(medy) + {) and step 2 by fr = Pr(§ < medy) and

fu = Pr(6 > medy).

2.7.2.2 Case where the coverage level is fixed at 1 — «

This subsection is concerned with the determination of the two solutions 67,
and 0y such that fox,(0r) = fox,(v) and Pr(f; < 8 < 0y) = 1 — « for the

HPD intervals. When 0, and 8,,,, are finite, the following algorithm applies.
Algorithm 2

Initialisation step: Set len; = 0.0 and leny = Gpax — Iin-
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Main step:

1. Let I = (leny, + leny)/2.
2. Apply Algorithm 1 to obtain the coverage cvg(l) in step 5.
3. If cvg(l) < 1 — « then leng, = [ —e. Otherwise set leny = [ +e.

4. Repeat the steps 2, 3, and 4 until |leny — leny| and |evg(l) — (1 — )]

reach the desired precision.

5. Compute length = leny.

As might be expected, this algorithm converges very slowly, but is the only
viable alternative in some instances. It can be refined to fit the case where
the random variable is unbounded in both directions and where numerical
computations of percentiles are unavailable. One starts with any possible
value of [, and multiplies it by 2 if the coverage is not attained until we have
one such bound, leny, and the main step can then proceed.

Another alternative is to turn to simulatién—based Monte Carlo algo-
rithms. These require being able to simulate variables from the distribution

f(6]x,) and rely on the posterior distribution’s being strictly unimodal.

2.7.2.3 Monte Carlo algorithms

Simulation-based algorithms for HPD intervals, discussed in Tanner (1996),
are rewritten here to give the following algorithms for fixed length and fixed
coverage situations. Let 6; < --- < 8y be M random values from fgx,,-
Let (fi,-- . fum) Where fi = foxn(6s), i =1,--+ | M, cax = max(f;), and

Cmin = min(f;). Algorithm 3 and 4 assume that fj, is unimodal.
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Algorithm 3 (fixed length)

1. Set ¢ = (Cipin + Cmax)/2 and find the vectors fp of indexes ¢ = 1,--- , M

for which f; > c. Let L = min; I and U = max; lp. Set lenyg = 0y — 6y.
2. If lenyp < I then set ¢, = ¢ — ¢. Otherwise set cipax = ¢+ ¢,

3. Repeat 1 and 2 until |leny — ] and |cmax — Cmin| reach the desired
precision. Often this step can not be done exactly so one has to set an

upper bound on the number of iterations.

4. Compute (U — L+ 1)/M as an estimate of the coverage.
Algorithm 4 (fixed coverage)

1. Set ¢ = (Coin + Cmax)/2 and find the vectors [y of indexesi=1,--- , M

for which f; > ¢ Let L = min; [y and U = max; Iy.
2. Set cvgy = (U - L+ 1)/M.
3. If cvgy < 1 — « then set ¢ = ¢ — €. Otherwise set cpax = c + €,

4. Repeat 1, 2 and 3 until |evgy — (1 — @)| and | Cmax — Cmi| reach the
desired precision. The same comments as in step 3 of Algorithm 3

apply here.

5. Compute 8y — 6, as an estimate of the length.

We now turn to approximation of HPD and equal-tailed left and right tails.

The approximations are important because they can reduce the burden of

computation of the exact credible intervals.
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2.7.3 Approximation of HPD and egqual-tailed left and

right tails when the coverage is given

First order approximations for both HPD and equal-tailed intervals are based
on the asymptotic normality of the posterior distribution. Conditions under
which such results holds are described in most books on Bayesian statistics.

Thus,

Lgthg, = 221-a/2/ Var(f] x,), (2.7.5)

where z;_q/2 isthe 1 -« /2-th percentile of the normal distribution. Although
these first order approximations are often sufficient, they have three funda-
mental limitations. First, they do not distinguish between the two credible
intervals of interest, HPD and equal-tailed intervals. Since one goal of this
thesis is to compare sample sizes from both types of credible interval, one
needs two distinct approximations. Second, for unbounded random variables,
this limiting result holds only for very large sample sizes, suggesting approx-
imations with higher order terms may be useful. Third, and possibly most
critical, we have the fact that posterior variances are not always defined, and
for those distributions we are simply left with no approximations for these
credible intervals. Fortunately, higher order of approximations have been
derived by various authors (Welch and Peers, 1963; Peers, 1968; Mukerjee

and Dey, 1993; Severini, 1991).

The following large sample approximations hold under certain regularity

conditions (see Peers, 1968). Let g be the posterior mode and z = 21_q/2 for
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a given coverage level 1 — « and let

w; =n"4 {-8;]—19%(;‘&} . (j=2,3,4). (2.7.6)

Let [9](;1), 91(} )] and [9(L3) , 95’)] be the equal-tailed and HPD intervals.

2.7.3.1 HPD intervals
We have

1 ~ 2 )
(——nwg)i(ﬁg) - H) ~z -+ —Zé‘w;;(——’w?)—% -+ ('—TT/IUQ)G% {M}

do
- ;:132“)4(*702) T+ ~—27Zv,w2 {dz h;%@f(é)}
5(z 7+ 3z) 4 wd(—wy)~® + \/ﬁwg(—-wQ)”z {dloié)(m}
(2.7.7)
2.7.3.2 Equal-tailed intervals
We have
(g (00 — )~z + 2y (—)E o () {éi—ieg@}
e {d2 oel) }
52 ;—192 2(—ag) 2fw3(—w )2 {dloig)(é)}.
(2.7.8)

H(Ll) and H(Lg) are obtained by replacing z by —z in equation (2.7.7) and

(2.7.8).
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2.7.3.3 Approximate lengths

As a consequence of the approximations (2.7.7) and (2.7.8), we have

3 2 3
1.3 3 z° + 3z _ z  d*logp(f)
(—nwy)? {Hé,) - 92)} 22 + 2 wa{~wq) ™% + T a0
5(2+32) , leogp(é’)
+ 2 2 (—wy) S+ =g ,
)+ S 2
(2.7.9)
and
3 2 3
B L (g0 _ g 2243z g z  d*logp(9)
(—nws) (9U gy ) ~ 22 + 5 wy(—wa) ™" + Y
52° 4+ 19z 4z _,dlogp(6)
+ 36 Ws *?Ug) + %wg(—wg) T .
(2.7.10)

Therefore, the positive difference between the lengths of posterior equal-tailed

and HPD intervals is

{(9§}> - 92”) - (9,33’ - 9}3))} ~ §(~nw2)—%w§(—w2)—3. (2.7.11)
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Chapter 3

Bayesian interval-based sample
size determination for
estimating risk ratios for
exposure-only designs and odds

ratios for case-only designs

In this chapter, we investigate Bayesian sample size determination for case-
only and exposure-only designs. Let pg = Pr(D = 1|E = 0) and p; = Pr(D =
1|E = 1) be the “success” probabilities, conditional on exposure status, in
a cohort study and py = Pr(E = 1|D = 0) and p} = Pr(E = 1|D = 1) be
the “success” probabilities, conditional on disease status, in a case-control

study where D and E are the disease and exposure variables, as described

61
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in section 2.3. Let ¢, =1 —p;, i = 0,1 and ¢/ = 1—p}, i = 0,1 represent
the “failure” probabilities. For notational convenience, when the context is
clear we drop the prime superscripts. We are particularly interested in three
parameters, namely the risk ratio, £ = ﬂ, in cohort settings, and the odds

Do
ratio, 1, = 1—7—1—9—9, and the log-odds ratio, log(v.), in case-control settings. For

Pod1
both cohort and case-control settings, we assume that pg is known. Therefore,
we do not need to sample observations from the non-exposed subjects or the
control subjects. For these reasons, these designs will be referred to in a
broad sense as exposure-only (often known as exposure-series) and case-only
designs (often known as case-series), or case-exposure designs according to
Hogue et al.,; 1986. This definition of case-only designs is different from the
current terminology used in genetics; there case-only designs arise in the two
sample problem. We discuss this matter in chapter 4. We denote by n the

sample size of interest in both designs (n = m; in the cohort design and

n = n; in the case-control design).

Sample sizes for the parameters of interest are investigated in two particu-
lar contexts. In the first scenario, we do not impose any particular restrictions
on p; whereas in the second scenario, we allow additional information of the
type p1 < po or pr > po. These, in turn, imply that B < 1 and ¢, < 1 or
R > 1 and ¢, > 1. The log-odds ratio will be studied only in the first sce-
nario, since on the log-scale differences between the cases R < 1 and R > 1
essentially disappear. Bayesian sample size determination will be based on

both HPD and equal-tailed credible intervals.

This chapter starts with a presentation of several sample size criteria in
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section 3.1. Section 3.2 discusses sample size calculations when p, is unre-
stricted, while section 3.3 deals with the case when p; is restricted. Section
3.2 is divided into 8 subsections. In subsection 3.2.1, it is pointed out that
there is a bridge between the sample size provided by an exposure or a case-
only designs and the sample size provided by a one sample problem. In sub-
section 3.2.2, we briefly introduce preliminary results about the pre-posterior
predictive distribution. In subsection 3.2.3, we discuss some derivative-based
algorithms for the exact computation of HPD intervals for R, 1. and log(%.),
when the coverage is given, for the determination of the exact sample sizes.
In subsection 3.2.4, we present approximate methods to estimate the tails
of the HPD and equal-tailed intervals for the calculation of approximate sam-
ple sizes. This is followed by two subsections on Monte Carlo procedures
for finding sample sizes. Finally, we use all of these preliminary results to
derive methods for calculating sample sizes. In section 3.3, we first present
the prior-likelihood models used for the case when p; is restricted along with
the resulting posterior distribution. We then present methods using Monte

Carlo simulations.

3.1 Bayesian criteria for sample size

Every sample size calculation problem begins with the definition of a crite-
rion. In the chapter, the following criteria will be used.
The first criterion is the k-th average coverage criterion ACCy, (1 < k < o0

integer). Here, the statistician fixes the desired length of the HPD or the



64

equal-tailed interval at {. The posterior coverage probabilities of these credi-
ble intervals are then averaged with respect to the pre-posterior distribution
px,(z,) under the Ly-norm. This leads to searching for the minimum n such

that

1/k

k
(J/ {/ p(0]x,) d@} px, (Xn) dxn) > 1—-a, (3.1.1)
KnEXn GEHPD(%r ,n,1)

where &, = {0,1,---,n}. The second measure, the k-th average length
criterion (ALC,,), fixes the coverage level of each HPD or equal-tailed interval
at 1—q, and averages their lengths over the distribution px, (z,). This leads
to seeking the minimum 7 such that

1/k

k
(/ {/ d@} an(xn)dxn> < I (3.1.2)
Xn€Xn EHPD (X0 1,1 —ex)

These two measures are obvious generalizations of the ALC and ACC (k =
1) by Joseph et al., 1995 as discussed in chapter 2, and serve to unify various
isolated criteria. For instance, PGT-(i) and PGT-(ii) (defined in subsection
2.5.3), are now related to the WOC and ALC. This link has not been
previously recognized. At the risk of digressing briefly, we establish in the

proposition below the link between ALC, and PGT-(ii).

Proposition 3.1.1. Under the regularity conditions for the asymptotic nor-
mality of the posterior distributions, the ALC; for fized length | is asymptot-
ically equivalent to the average posterior variance criterion, PGT-(ii), when

2
the target level of precision, €, is taken to be

3 .
Z1——04/2

Proof. Without loss of generality, we can assume that the ALC, consists of
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solving the equation

2
/ { / d@} P (52) dn = 12 (3.1.3)
n PEHPD(X 0, 1—0)

with n continuous rather than n discrete, as in (3.1.2). Under the same
regularity conditions which assure asymptotic normality of the posterior dis-

tribution, we have

2
/ {/ de} px, (X,)dz = 4zf_a/2/ Var(8| x,)px, (x,) dxn
' BE€HPD(xp,n,1—0x) Xp
= 42, B, [Var(d]x,)]

Therefore, equation (3.1.3) is asymptotically equivalent to

l2

Ex,[Var(6]x,)] = P I
1-a/2

Expected coverage and length, as given by the left sides of equations
(3.1.1) and (3.1.2) when k=1, change at roughly the rate of %, and hence
slowly for large n. An often applied technique under such circumstances
when increasing the differences between consecutive values of n, especially
for expected length, is to raise all lengths to a power k before averaging
them. This leads, not surprisingly, to a different solution, compared with
that obtained when k£ = 1. Indeed, the content of Proposition 3.1.2 below

is that the ALC; leads to a larger sample size as k increases, whereas the

opposite trend occurs when working with the ACCy.

Proposition 3.1.2. Let n(k,1— o, 1) and m(k,1,1 — a) denote the optimal
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sample sizes under the ALCy and the ACCy, respectively. Then

nk+1,1-a,l) > nlk1-o,l), and, (3.1.4)

mk+1,1,1-a) < mkl,1-a) (3.1.5)

Proof. The proof of this proposition is entirely based on the natural ordering

of the Ly-norm. Let n=n(k+ 1,1 — «,1). Then

k+1
(/ {/ p(0]x,) dG} px, (Xn) dxn>
Xn€Xn OEHPD (X, ,1l)

This implies also that n satisfies

1/(k+1)

IA

i 1/k
( / { / p(f] %) dé} PX, (%) dxn> < 1, (3.1.6)
HKn€EXn OEHPD(xn,1,1)

because the Lp-norm increases monotonically as k increases. Therefore n(k+
1,,1 — ) is larger than the smallest bound of all n satisfying equation
3.1.6, that is, n(k,l,1 — @). Similarly for the ACCy, but with inequalities

reversed. 0

In general, sample size criteria should match the inferential techniques
used in the analysis. Therefore, ALC and ACC are more natural than
ALC; and ACC,, for k > 1. Nevertheless, as k-moments criteria, the ALCy
and ACC, remain of interest since, as we have seen, they can be related to
other sample size criteria that have been proposed.

The third criterion is the worst outcome criterion, WOC, defined in
subsection 2.5.3.3. We temporarily rename this criterion to be the worst
coverage outcome criterion, WCOC, to emphasize its link with the ACC. |

In a similar spirit, define a worst length outcome criterion, WLOC, a close
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relative of the ALC, defined as follows: The WLOC requires that we find

the minimum 7 that satisfies the inequality

sup {/ dﬁ} < 1, (3.1.7)
Kn€ESp HEHPD(xn ,n, 1 —cx)

where S,, C A, is a pre-specified 100(1—v)% pre-posterior predictive credible
region for x,,.
Proposition 3.1.3 shows that the WOC is not only a coverage criterion

but also a length criterion.
Proposition 3.1.3. When &, = X,,, WCOC = WLOC= ALC,.

Proof. 1t is clear that WLOC = WCOC since both criteria lead to choosing

the minimum value of S where

S = {n: sup (f dé’) <1, inf (f p(ﬁlxn,n)cm) >1- a} i
Xn€X \JHPD(3tn,n,1~c) Xn€Xn \ JHPD (% ,n,i)

Let wy,ws, - ,wy,, and aq, a9, - ,a, be a sequence of m non-negative real

numbers with > 7° w; = 1 and sup a; < co. Then,

m 1/k
i aF = )
klinw (Zl wm;z} sup a;, for (3.1.8)

let j be the index 7 such that a; = sup a;. Then, we have

m 1/k
1/k k
'wj/ a; < (Z wiai) < ay,

i=1

and equation (3.1.8) follows as we take the limit on &k — oco. A straightfor-
ward application of equation (3.1.8) to our problem where the pre-posterior

predictive distribution is always a discrete mass function leads to

x 1/k
sup { / d@} = lim / { / d@} x, (Xn) dx,, ,
. Xn€EXn #€HPD(xn,n,1—a) koo Xn FEHPD(Xp 1,1~ 1)

for any given n, and the proof is complete. O
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Proposition 3.1.4, which complements Proposition 3.1.1, draws a link

between the WOC and PGT-(i).

Proposition 3.1.4. Under the regularity conditions for the asymptotic nor-
mality of the posterior distributions, the WOC for fized length I and coverage
1 — o is asympiotically equivalent to the maximum posterior variances crite-

2
rion, PGT-(i), when the target level of precision, ¢, is taken to be

4 Z%—a /2 ‘
Proof. Under the regularity conditions which assure asymptotic normality

of the posterior distribution, on a continuous scale, the WOC solves the

equation

2 2
=1 sup {/ d@} = sup {/ d@}
Xn €Xn OCHPD(%r 0,1 —x) En€Xn OEHPD(xp ,n, 1)

~ 4zf_a/2 sup Var(d|x,).
XnEXp

t

In the same vein, we may define the median coverage outcome criterion,
MCOC, and the median length outcome criterion, MLOC, as respectively,

the minimum n such that

medy, cx, {/ p(6] x,.) dO} > 1-aq, (3.1.9)
8EHPD(Xn ,1,0)
and
medy, cx, {/ dH} < L (3.1.10)
#CHPD(xp 1, 1—ax)

Although we define all sample size criteria in terms of HPD intervals, many
practitioners prefer to use equal-tailed intervals in place of HPD intervals. In-

deed, equal-tailed intervals are easier to compute especially from a Monte
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Carlo simulation viewpoint. In our experience, sample sizes based on equal-
tailed intervals are often much more computationally efficient than those
using HPD intervals. Second, samples size based on equal-tailed intervals can
often be used as good estimates of those based on HPD intervals. Thirdly,
sample sizes based on equal-tailed intervals will always be equal to or over-

estimate sample sizes based on HPD intervals.

Now that we have clearly stated our sample size criteria, we are ready
to proceed with sample size determination. Although the sample size calcu-
lation now reduces to a purely computational problem as is often the case
with modern Bayesian inference, there are many practical obstacles to over-
come. In section 3.2, we address the question of sample size determination
from three perspectives: exact computation, approximate computation and
Monte-Carlo estimates. These three approaches are described in subsections
3.2.3, 3.2.4, 3.2.5, 3.2.6 and 3.2.7. Before heading to these subsections, we
first establish a straightforward relation between sample size determination
for estimating R in exposure-only settings and . or ¢, = log(v,) in case-

and

only settings and sample size calculation for estimating p1,w = T
¢ = log(w) in the one sample problem (in subsection 3.2.1), respectively.
Given the bridge between case-only or exposure-only problems and one sam-
ple problems, we may transfer attention to that of finding sample sizes for
estimating the parameters p;,w, and ¢ in the one sample problem. In order

to compute sample sizes, we first need to discuss the common pre-posterior

distribution corresponding to R, ¢, or ¢.. We do this in subsection 3.2.2.
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3.2 Sample size when p; is unrestricted

3.2.1 Bridge between exposure and case-only designs

and the one sample problem

The following important theorem tells us that from a theoretical point of

view, within the one sample problem framework, the sample size problems
D1

I—p

) are simply related to those of R, . and log(¢.),

for inference about the proportion, p;, the odds w =

, and the log-odds

gt -1 (2

respectively.

Theorem 3.2.1. Let Z be a scalar random variable, Z = ¢ X +d be o linear
transformation of X, and 1 < k < oo an integer. Let nz(k,l,1 — a) and
nx(k,1,1—a) be the sample sizes for estimating X and Z respectively, using
the ACCy. Similarly, define mz(k,1 — o,1) and mx(k,1 — a,) to be the
sample sizes for estimating X and Z using the ALC;,. The credible intervals

used are assumed either to be HPD or equal-tailed intervals. Then

nz(k,l,1—0a) = nx (k, |l71 1— a> (3.2.1)
mpel— 1) = mx (k - é) | (3.2.9)

Similar results hold for the criteria WOC, MCOC and MLOC.

Proof. The proof of these results is a straightforward application of Theorem
2.7.2. We will only prove equation (3.2.2). According to equation (2.7.2), we

have the following result for the length of the HPD interval:

Lgth, (HPD(1 — ) ) = |¢| x Lgthy (HPD(1 — @) ).
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Therefore
E [Lgthf (HPD(1 — ) )] = |c|* x E [Lgth’ (HPD(1 — o) )],
and the result follows. O

Corollary 3.2.2 below is the bridge between the exposure-only and case-

only designs and the one sample problem.

Corollary 3.2.2. For case-only and exposure-only designs, with py fized, the
sample sizes for estimating R, ., and log(y.) may be oblained from the

1
single parameter problem by setting, d = 0 and c = —, ¢ = —(-13, c =1,

bo Do
respectively in (3.2.1) and (3.2.2).

3.2.2 Pre-posterior predictive distribution

Since all our sample size criteria require averaging over the pre-posterior
predictive distribution we turn our attention to its computation.
From now until the end of section 3.2, we assume the following prior-
likelihood model: py is distributed as Be(a, b), a,b > 0, and X,,| p; is Bin(n, py).
It is easily seen that the prior-likelihood model discussed above yields

the Beta-Binomial pre-posterior predictive distribution irrespective of the

b1
1—p’
notation X,, ~ BB(n,a,b). This distribution has probability mass function

parameter p;, w = or ¢ = log(+) under consideration. We use the

z, =0,1,---,n. (3.2.3)

n\Bela+z,,n+b—x,
(el = ()24 )

Be(a,b) ’

Ln

Setting @ = b = 1 results in the uniform distribution on {0,1,--- ,n}. The
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expected value and variance of X,,, given a and b, are

a
E(Xa) = nEp(p) = ne—p, (3.2.4)
Var(Xn) = nzvarpl(p1>+nEp1[pl(1-pl)]
b 2
= — abn (3.2.5)

(a+b)*(a+b+1) +(a+b)(a+b+1)'

An important property of the Beta-Binomial family of distributions, which

will be used later, is
px,.(Tn|n, a,b) = px, (n — z,in, b, a), z,=0,1,--- ,n. (3.2.6)

Equation (3.2.6), combined with the fact that 1 — p; ~ Be(b,a), gives rise
to the following symmetrical property given by Theorem 3.2.3. It is useful
because we are sometimes not able to compute the sample size for a given

pair (a, b) but are able to compute the corresponding sample size for the pair

(b, a).

Theorem 3.2.3. Let ng(a,b,1,1—a) and mi(a, b, 1—a,1) be the optimal sam-
ple sizes for estimating the proportion p; using the ALC, and ACC,(1 <

k < o0) criteria. Then

ni(l,a,6,1 —a) = nk(l;b, a,1 —a), and (3.2.7)

me(l —a,a,b,l) = mp(l - a,b,a,l). (3.2.8)

Equivalent results hold for the criteria WCOC, WLOC, MCOC and MLOC.

Similar properties hold when estimation of the parameter ¢ = log ( 1 il ) =
— D

1—
—log (——J—)i), is of interest.
0
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To recap, sample size determination is primarily based on computing
3y

exactly, approximately, or using Monte Carlo simulations, the following cri-

terion functions associated with the various criteria of interest:

, k
accy(n,a,b) = / {/ (0] x,, @, b) d6} px, (Xn|n,a,b)dz
Xn€Xn LJOEHPD(xn m,0)

1/k

k
aleg(n,a,b) = / {/ dé} px,.(Xn|n,a,b)dz :
XnEXn OEHPD(xp 0,1~}

woc(n,a,b) = inf {/ p(é)'xn,a,b)dﬁ},
Xn€Xn | JOCHPD(xn,m,1)

mcoc(n,a,b) = medy, cx, {/ (0] x,) d&'},
HEHPD(xn,m,1)

mloc(n,a,b) = medy cx, {/ de},
OcHPD (% 1,1 —x)

where 8 is either py, w or ¢ and where p(6] x,,) is the posterior distribution of
6. We use the simpler notation alc(n, a,b) and ace(n, a, b) when & = 1. Then,
using a bisectional search strategy, we find n such that, for example, alci(n—
1,a,b) >l and alck(n,a,b) < . In order to compute these criterion functions
exactly, we need to compute HPD intervals exactly in order to determine their

coverage or length for a given length or coverage, respectively.

3.2.3 Exact computation of HPD intervals

When the coverage is fixed, the calculation of HPD intervals is very inten-
sive. It is therefore important to develop fast entirely derivative-based ap-
proaches to the exact computation of HPD intervals for p;, w and ¢. As far
as equal-tailed intervals are concerned, we take advantage of the availability
of derivative-based algorithms in most statistical and mathematical softwafe

packages to find the required quantiles. On the contrary, when the length

1/k

)
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is fixed, the omnibus algorithm 1 for the calculation of HPD and equal-tailed
intervals presented in subsection 2.7.2.1 is reasonably fast, so that there is no
need to consider this case further. Below we show how fast deriyative—based
algorithms can be used to compute HPD intervals when the coverage is given.

The posterior density of the parameter of interest py is well-known by

conjugacy, to be
foi(m) = K(Xn,n,a,b)p* (1 —p)" "1 0 < p<1, (3.2.9)

1
- _-B _
where R nal) (6 +%X,,n+b—-x,), x, €{0,1,--- ,n}, a,b>0,

and where again B(.,.) is the Beta function. The others follow by simple
transformation of variables:

wa—{—xn—-l
(14 w)rtatd’

e(a+xn) [
A5 epyrtatt’

fulw) = K(xn,n,a,b) 0<w< oo, (3.2.10)

It is well known (Dharmadhikari and Joag-dev, 1988) that the variable p; is

strongly unimodal when a+x,, n+b—x, > 1 while the variable w is unimodal

fs(¢) _ (n+a+ble’
¢ (L+e?)?
strongly unimodal and hence unimodal irrespective of x,,. Let F, , F,, and

irrespective of x,,. For ¢, we have

. Therefore ¢ is

F,, denote the respective distribution functions of p;, w, and ¢. It has been
suggested by Hashemi et al., 1997, to compute HPD intervals by means of the

derivative-free Nelder-Mead algorithm by forcing, for instance, the function

G(t,2) = |Fpy(2) = Fp(t) = (1 = )| + | fn(2) = fiu (8)] (3.2.12)

to equal zero. The two such subroutines DUVMGS and DUMPOL (Nelder

and Murray, 1965) are available in the ISML library. Obvious starting
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values for the numerical solution of all the equations given here, are g,/ and
@1-a,2, the percentiles of f,,. Although slow, these subroutines are suitable
if one has to compute only a few HPD intervals. When convergence is not
reached due to poor starting values, the researcher is left with the option
of trying various initial values and eventually convergence will be reached.
Such a suggestion however, is not efficient for large n, and an automatic
derivative-based algorithm must, therefore, be found.

In order to implement such an algorithm and avoid the non-differentiability
of | the absolute value function, we propose the following adjustments to
the proposition by Hashemi et al., 1997. Instead of the objective function

(3.2.12), use

G(tv Z) = U[Fpl(z) - Fpl (t) - (]- - a)]2 + [fm (Z) - fPl (t)]27 (3'2'13)

where 1 > 0. Note that f,, can be replaced by log f,, because the equalities
fo(2) = fp(t) and log fp,(2) = log fp, (t) are equivalent. The modifica-
tion which introduces the square rather than the absolute value, includes
another modification through the introduction of the multiplicative con-
stant, . This constant is introduced to balance the large difference between
|Fpy (2) = F () — (1 — )| and |fp,(2) — fp,(t)], which is amplified by the
square. Various derivative-based subroutines are available from the ISML
library but only three subroutines turned out to be satisfactory with the
objective function on the right hand side of (3.2.13). The first two are the
subroutines DUMINF and DBCONF (Gill and Murray, 1976; Denis and
Schnabel, 1983) for which n was held fixed at 100. One should note that

the choice of 7 is critical since we might reach convergence but towards the



76

wrong values. It is, therefore, also important to consider slow omnibus al-
gorithms to make sure that convergence is toward the proper values. The
third subroutine is DNEQNF (More et al., 1980). Although DUMINF
is easily the fastest subroutine, we prefer DNEQNF since it is more accu-
rate. Indeed, accuracy is important, for the reduction of computation errors
when averaging over the pre-posterior distribution. We describe what each

subroutine does in appendix H.

To use (3.2.13) and to accommodate the computation of the exact HPD
intervals for the parameters w and ¢, we take advantage of the following ob-

servation. Let [wy,ws] (resp. [¢1, ¢2]), denote an HPD interval for w (resp. ¢),

__exp(d) o exp(de)
and v = T ) 2 T+ exp(da)

Wy Wa
Uy =
1+ (2%} ’ 1+ Ws
Then, u1, us, v, vy satisfies the equations

and set u; =

gl(ul) — (ul)a—l—xn—l(l — ul)n+b—:vn+l —_ (u2)a+xn-l(1 . u2)n+b+xn+l — 91(u2),

g2(v2) = (vg)* P (1 — vy P = (1) 0420 (1 — 0g) "0 = gy(vy),

and we are left with minimizing the following functions to zero:

Gi(t,2) = 1[Fp(2) = B (t) — (1 — )] + [01(2) — sa(®)]”,
(3.2.15)

Gat,2) = n[Fn() = B (D)~ (1= )] + [oa(2) - (1)),
to get ug, uz, vy, v2. We implemented these minimization techniques and oth-
ers in this thesis using Visual Fortran 6.1 (Compaq), which includes most
ISML libraries (International Mathematical and Statistical Libraries, Inc,
IMSL Library, Houston, TX, 1991).
Although the use of (3.2.15) offers a big improvement over the omnibus

algorithm 2 in computation time, the starting values are sometimes insuffi-
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cient to ensure rapid convergence, especially when n > 10000. One major
obstacle with the ISML subroutines is that any non-progress in five iterative
steps stops the program, leaving us therefore with no output. We discuss
these practical matters further in subsections 3.2.6.

All of these inconveniences lead us to consider approximate methods.
Approximate methods are techniques used frequently in traditional Bayesian
sample size calculation problems when covariates are of interest (see Chaloner
and Verdinelli, 1995). These techniques turn the discrete problem of sample

size derivation into a continuous one, often allowing the use of calculus.

3.2.4 Approximate methods

There are, broadly speaking, two ways to approximate a solution to the
sample size problem. The first approach is based on an asymptotic result
for the limiting distribution of the pre-posterior predictive distribution, and
the second approach is based on the asymptotic expansion of the posterior
distribution. We give these results in subsections 3.2.4.1 and 3.2.4.2, before

describing in 3.2.4.3 how they can be applied to our problem.

3.2.4.1 Asymptotic distribution of the pre-posterior predictive

distribution

Theorem 3.2.4 below, which is a straightforward application of Khintchin’s
weak law of large numbers, does not seem to have been formulated before.

This is surprising in view of its simplicity.
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Theorem 3.2.4. Let Xq,--- , X, be n exchangeable random variables such
that X;|0 ~ fx(z|0),i = 1,...,n, 8 ~ f(6), E(|X]|||9) < oo, and let
7 = E(X|6) except on a set of measure zero with respect to f(8). Let
Sp=X1+-+X,. Then

Sno Py (3.2.16)
')
Proof. We have

lim Pr [

Ty 00

é'3-—ZH>€}= lim Pr[
)

n 00

&—Z”mle] £(6)do

T

(3.2.17)

—"—-Z”>5|¢9} f(8)do

= / lim Pr[ 5
en~—>oo 11

= 0,

(3.2.18)

by first using Lebesgue’s dominated convergence theorem to interchange
the limit and the integral in expression (3.2.17) to get (3.2.18), and then

Khintchin’s theorem to evaluate the limit inside the integral. O

It is worth noting that Theorem 3.2.4 does not make any assumptions about
the dimension of the random variables X;,--- , X, and 6.

Srivastava and Wu, 1993 discuss a similar result for the Beta-Binomial
model. They suggest that a moment generating function argument may be
used to prove this special case.

Theorem 3.2.4 combined with the fact that the random wvariable —}& is

n

uniformly bounded by 1 yields
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Corollary 3.2.5.

lim E(f—}&) = ¢
n—C0o Va3 a -+ b

Iim Var &7’— = ab
n—00 n)  (a+b)2(a+b+1)

We will investigate the accuracy of this approximation in section 3.2.4.3.

3.2.4.2 Approximate left and right tails of HPD and equal-tailed

intervals for p;, w, and ¢

Alternatively, we may approximate the lengths of the HPD intervals by using
a third order asymptotic expansion of the posterior distribution. As we will
see in subsection 3.2.7.2, the sample sizes based on these approximations are

very close to those obtained using the exact method.

We first approximate the left and right tails of the HPD and equal-tailed
intervals for the proportion, the odds, and rthe log-odds, and then compute
their lengths. For any of these approximations to hold, it is crucial that
the posterior distribution has a unique maximum in the interior of its set of
definition. Therefovre, when estimating the proportion p;, we need ¢ > 1 and

b > 1 and when estimating the odds w, we need a > 1.

Although one might contemplate using the expressions given in subsec-
tion 2.7.3 to obtain approximate lengths of the HPD and equal-tailed intervals
for the parameters p;, w, and ¢, unfortunately this cannot be achieved di-
rectly. We therefore propose a modification of the procedure that overcomes

these difficulties, which may be illustrated by considering, for example, the



80

proportion p;. Consider the third order Taylor expansion

: . 2 s log p(é
(—nwo)2 (88 — 6) ~ 2z + —?G—wg(—wg;)‘~§ + (—nws) 2 {g_ﬂ@_}

df
z3+ 3z L P d?log p(6)
+ 2 ’LU4(—IU2) + . déZ
5(2% + 3z) w2 = _, | dlogp()
+ = 3 (—ws)” 2\/__w3( we)~ i :

One of the troublesome terms when ¢ = p; is

S @logp(py) 1 f =X o %
ot TR S L P2 oy

which is undefined for x,, = 0 and x,, = n. Similar difficulties occur when
the odds and log-odds are under considerations. This causes a problem since
in computing alcg(n, a,b) we must average these approximate lengths from

z = 0 to x = n. We propose, below, a solution to this difficulty.

Proportion

Let Model 1 be p; ~ Be(a, b) and x,|p; ~ Bin(n,p;), and let L;(x,,n,a,b)
be the length of the HPD interval given n,x,,a,b. Similarly, let Model 2 be
p1 ~ Be(0,0) and yy|p: ~ Bin(N,p,), and let Ly(yn, N,0,0) be the length
of the HPD interval given N,yy,0,0, where N = n 4+ a + b. Suppose for the

moment that a and b are integers.

Now notice that Ly (x,,n,a,b) = La(a+x,, N, 0,0), x, = 0,1,--- nsince
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the posterior distributions under Model 1 and Model 2 are the same. Hence

alck(n, a,b) = ZL’f(xn,n,ajb)pxn(xn!n,a,b),

Ky =0

= Y Li(a+x,,N,0,0) px,(xa| n,0,b),

Xn=0

i { L8777 (% + 0, N,0, o;}k px, (Xa| m, 0, ),

Xn=0

Q

where LyP""*(yn, N, 0,0) is the third order approximate HPD length using the
expressions given in subsection 2.7.3. Since the sum of the terms Ly(yn, N, 0,0)
goes from yy = a + z, to yy = n + a which are well-defined, the difficul-
ties at x,, = 0 and x,, = n are avoided. Although, the idea behind using
L7 (yn, N,0,0) is based on the assumption that a and b are integers, we
found that the third order approximate HPD and equal-tailed lengths obtained
applies as well for any a,b > 1. We give below the third order approxima-
tions to the credible intervals lengths using equations (2.2.19) and (2.2.20).
In Appendix A, we give all the components involved in the computation
of the approximate left and right tails of the HPD and equal-tailed inter-
vals (equations (2.7.7) and (2.7.8)). These components are also used for the
computations- in equations (2.7.9) and (2.7.10), which are essential to the
’derivation of approximate lengths.

Using equation (2.7.9) together with the adjustment discussed above and

the results in appendix A, one gets an approximate HPD of length

2 vo(x,) — 1 o (X
LHpD(p]_,Z,Xn) = m{z——(23+32) 2(4]37 +z 22(N)+
1\An

3 Ua(Xn) =2 wa(Xn) — 2
5(2° + 32) 2N N ,

(3.2.19)
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1 1 n+b—x, X, +a
+ 7v2(Xn>= 5
Xn+a n+b-—x, X, +a n+b—x,

where v1(x,,) = X, =
0,1,---,n, and 2z = 214/

For an equal-tailed interval from expression (2.7.10), one obtains

vo(X,,)

N (3.2.20)

Leq(p1, 2,%n) = Lupn(p1, 2, Xn) + 42

For completeness, we present approximate credible interval lengths for

the odds and log-odds.

Odds

Using equations (2.7.9) and (2.7.10) together with the results in Appendix

A one gets an approximate HPD of length

n)+ 1
Lipp{w, 2,%,) = 2+/v3(xp) {z — (2 + 32)2{(‘%)%—;{7) + gvl(xn) +
3 va(%y,) + 2 1
3 — n) + ———
5z + 2)18(n+b—xn) Z(pl(x)_‘-n—}—b——xn ’
(3.2.21)
and an approximate equal-tailed interval of length
Leq(w, 2,%n) = Lipn(w, 2,%,) + p ) +2 s (3.2.22)
? ? ? g(n + b . Xn) bl
1 1 N
h - b n) — 3 n} —
where N = n+a + ,vl((x) )Xn+& e — vg(Xp ) ——
X, + a N(x, +a
— d n) = T T a3 n:Oala"'v -
& an v3(Xn) mtb %) x n
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Log-odds

Using equations (2.7.9) and (2.7.10) together with the results in Appendix

A, one gets the approximate lengths

Lupn(¢; 2,%n) = 2 vl(xn){z—~(23+3z)y.2_9(_’l)_:é+5(23+32)U2(Xn)“2}

24N 72N
2243
= 22\/ ’Ul(X.n> 14 W(’UQ(X,J -+ 1) (3223)
and
vo(Xp) — 2
Leq(®, 2 %n) = Luen(9, 2, %n) + 27—/ 11(x4), (3.2.24)
1 1 - X,
where N = n+a+b, vi(x,) = + and vy(x,) = E_t_b_.f..{_
Xp,+a n+b—x, X, + a
Xata o
ntb_x, o

In subsection 3.2.7.2, we will examine how sample sizes derived using
these approximations perform compared with those based on exact methods.
We shall, first, however, assess the effect of using the limiting distribution of
the pre-posterior predictive distribution in place of its exact counterpart. By
turning the discrete problem into a continuous sample size problem, we are
able to exploit the manageable form of the limiting pre-posterior predictive
distribution, to obtain approximate sample sizes for the ALC and ALC,.
For the sake of readability, we relegate the approximate sample size formu-
lae for the MLOC to appendix D. In subsection 3.2.4.4 we discuss how a

regression analysis might help to derive or improve sample size calculations

based on Monte Carlo estimates.
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3.2.4.3 Approximate sample size formula for the ALC, for k =1,2

The proportion, p;: We begin by pointing out the similarity for large
sample sizes between the approach suggested by Pham-Gia and Turkkan,
1992 and the approach based on ALC,. For the ALC however, we must

resort to a different and more sophisticated technique.

The posterior variance of the parameter p;, obtained by using the density

in equation 3.2.9, is Var(p;| x,,n,q,b) = o j—aa++xb))2((7:1_:— - _:Z‘)}_ 7y’ and is

denoted by Vary, (x,,n,q,b) for x, = 0,--- ,n. The pre-posterior average

variance for p;, derived by Pham-Gia and Turkkan, 1992, is

EXn [Varpl (Xny T, a, b)] = 9_1n§§1’7—7b)’ (3225)
Bla+1,0+1) ab B
where ¢, (a,b) = Ba,b) RCEDICETE) and where N = n +

a + b. This implies that

m{EXn [Var, (X,,n,a, b)]}l/2 = 1/¢p, (a,b).

Let I, (Xn, 7, a,b) = 221_a/2/ Var,, (X,,n, a, b) be the first order approx-
imation of the length of the HPD or equal-tailed interval. Note that this first
order approximation is only valid for all x, = 0,1,--- ,n when a > 1 and
b > 1. Such an approximation was suggested by Pham-Gia and Turkkan,
1992 as a substitute for the length of credible intervals. Application to the
ALGQC, requires that we solve the equation [Exnlﬁl(Xm n,a, b)]l/ =1 , for n,
giving an approximate sample size of

2

Zlva/2
Np, =4 B cp (@, b) —a — b, a,b> 1. (3.2.26)
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This approximate sample size corresponds to the exact sample size formula

under PGT-(ii)(Pham-Gia and Turkkan, 1992) when the target level of ac-
2

curacy € is taken to be (see subsection 2.5.3).

422 /2

Although it is straightforward to obtain approximate sample size formula
for the ALC, and indeed this has essentially been obtained by Pham;Gia and
Turkkan, 1992 in a different guise, it is very difficult to derive approximate
sample size formula for the ALC using the exact pre-posterior predictive
distribution. Fortunately, Theorems 3.2.6, 3.2.7 and Corollary 3.2.8 suggest

a solution to this problem.

Theorem 3.2.6. If X,, —* X and the X, are uniformly integrable, then

X is integrable and

lim E[X,] = E[X].
Proof. See Billingsley, 1995. O
Note that X,, uniformly bounded implies X, uniformly integrable.

Theorem 3.2.7. Suppose that X,, —® X and h,, and h are Borel functions.
Let E be the set of x for which hy(z,) — h(z) fails for some sequence x, —
z. Suppose that E is a Borel set and P|X € E] = 0. Then h,(X,) —*
h(X).

Proof. See Billingsley, 1995, exercise 25.8, p.340. O

It is obvious that this theorem can be generalized to a sequence with more

than one argument, i.e., of the form h,(X,,Y,, -+, Z,). This generalization
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is used in chapter 4 to find approximate sample size formulae for the two
sample problem.

We now use both Theorems 3.2.6 and 3.2.7 to establish an important
corollary which will be used to derive approximate sample sizes for p; under

the ALC.

Corollary 3.2.8.

Bla+1/2,b+1/2)
B(a,b) ’

limvn + a4+ bEx, [lp, (X, 7, a,b0)] = 221_q/0

Xn .
Proof. Set Y, = —, and let 7, = {0,1,2... 2= 1} be the set of points

where the mass function of Y, is positive. According to Theorem 3.2.4, we

b —
have Vi — pu. Let Vy = ho(¥e), haly) =y SEmOED T

h(y) = v/y(1 —y), y € [0,1]. Theorem 3.2.7 suggests that V,, —<¢ h(p;).

We have

221—_amN
VNEx, [lpy (Xn,1,0,0)] = —mlee 5™ ha(y) py., (90, a,b),

VNN +1) 57

2Zl—a/QJ\]’

= —==C—F[V;]
N+ 1)

Since the sequence of random variables, V,,, are uniformly bounded, Theorem

3.2.6 implies that,

1 a—171 __ \b—1
imE[V,] = /é h(y)y—%}(—a%dy

Bla+1/2,b+1/2)
B(a,b) ’

which completes the proof. O

Corollary 3.2.8 suggests that an approximate sample size using the ALC

may be obtained by solving Ex,, [{,, (X, n,a,b)] = for n using the fact that
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Ex, (X n,0,0)] _ Ba+1/26+1/2)
22102 Bla,b)vn+a+b

2 ap (Bla+1/2,b6+1/2)
2 B(a, b)

. One obtains

2
Ny, =4 ) —a—b, ab>1 (3.2.27)
In general, for the ALC,y, it is easy to establish

Corollary 3.2.9.

. 1/k Bla+k/2,b+k/2))"*
k ’

h£n \/n—l—a+b{EXn[lpl(Xn,n,a,b)]} = 2z1_a/2{ B(a.b) )

Proof. The proof is similar to that of Corollary 3.2.8 where h(y) = y*/%(1 -

_(a+ )2 (n+b— ny)?

, y € 1[0,1]. O

As before, using Corollary 3.2.9 we obtain,

np, =4

22 Bla+k/2,b+ k/2)\ 7
a2 ( (a+k/2,b+ /)> Cab (3.2.28)

[? B(a,b)
as an approximate sample size for the ALC,. These approximate sample

sizes for the ALCy increase as k increases since
o rath = 9-an Bla+k/2,b+k/2)\ /¥
" l B(a, )

1 a—1 b-1\ /E
_ ofi-oy2 1/2 12k {1 —x)
— 9fzo/? 1— r\\-r
I (f; -2 50 ’

and the last expression is essentially an Lp-norm. If we take the limit as &

I

goes to infinity, we obtain an approximate sample size for the WOC of

2
Zl—-a/?
12

np, =

—a—b,  ab>1 (3.2.29)

Adcock, 1987 derived a similar sample size formula using the quantile of a chi-
square distribution. In practice, this approximate formula gives an accurate

estimate of the exact sample size with an overestimation or underestimation
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4] 5 10 15 20 25 30

Figure 3.2.1: Graph of the approximate sample size for the ALC (in black)
and ALC; (in blue) as a function of 1.0 <2 <30.0, b=g¢a, (=1, 1 —a =

.95 when p; is of interest.

of 1 or 2 when a,b > 1. Note that unlike equation 3.2.27, the approximate
sample sizes in equation (3.2.29) depend on a and b only through a + b.
Consequently, the prior parameters a and b need not be known if a + b
is known. Equation (3.2.29) shows that the Bayesian sample size is smaller
than the corresponding frequentist sample size. This reduction in sample size
comes about because the incorporation of prior information through a + b

permits a reduction of the sample size by this amount.

Figure 3.2.1 displays the approximate sample sizes for the ALC and the
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ALC, as afunction of 1.0 < a < 30.0, on a continuousscalefor{ = .1, 1—a =
.95, and b = a. We can see that the sample sizes for the ALC and ALG,
are similar. As prior parameters increase, although it is expected that the
sample size should decrease because of increase in prior information, this is
not the case for a < 9.3. It should be remembered, however, that there are
counteracting influences on the sample size: first, the larger a + b the more
precise the prior information. On the other hand, the variance of these data
increases with increasing a+b. In the beginning the influence of the variance

prevails, while later the peakedness of the prior prevails.

We retrace the steps followed for py in deriving sample size formulae for

odds and log-odds.

The Odds, w : When b > 2, the posterior variance of w, obtained by using

the posterior density in equation 3.2.10, can be approximated by

(a+x,)(n+a+b—-1)
(n+b—x,—1)2(n+b—x,—2)
(a+xp)(n+a+b—2)
m+b-—x,—D(n+b—-x,—-2)(n+b—x, —3)
(a+x,)(N-1)
(n+b—x,—1)%

Var(w|x,,n,a,b)

(3.2.30)

Q

denoted here by Var,(x,,n,a,b) for x,, = 0,--- ,n. The derivative of
1

n+b—x,—2 +

> 0 for b > 2. Hence these posterior variances in-

log Var(w| x,,,n, a, b) as a continuous function of x,, in [0, n] is
2 +
n+b—x,—-1 at+x,

crease and satisfy

’ a(N —1) (n+a)(N -1)
b= b1 = vanbmnab) S o T
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where N = n + a + b. Since the maximum value of the posterior variances
increase with n, the criterion function wloc(n,a,b) diverges as n increases.
Therefore, the WLOC is not useful in this context.

With this background, we are now ready to derive approximate sample
size formulae for w under the ALC,, ALC, and finally under the ALC,, for
k > 1. We begin with special cases of k = 1, 2 for illustrative purposes only,
recognizing that the general result covers these cases.

The pre-posterior average variance for b > 3 is

Ex, [Var,(X,,n,a,b)] = ZVarw(xn,n,a,b)pxn(xnln,a,b),

Ky =0

< i (n)Be(a+1+xn,n+b—3—xn)

A\ (N — 1)Be(a,b) ’
- C]“\’f(f ﬁ), (3.2.31)
Ba+1,b-3 ala+b—-1)a+b-2) . .
where ¢,(a,b) = ( Bla.b) ) = Eb 30 3(2)(1) — 1)), implying that

1/2
lim, vn+a+ b{EXn [Var,, (X, n,a,b)] } = +/¢,(a,b). Again this can be

proved using Theorem 3.2.6.

Let

lo(%Xn,1,0,b0) = 22102 v/ Var,(X,,n,a,b)

be the first order of approximation of the length of the credible interval
for w which is defined for all x, = 0,1,--- ,n only when a > 1. An ap-
proximate sample size for the ALC, is obtained by solving the equation
Ex, [[2(X.,n,a,b)] =%, in n. This yields an approximate sample size

2
Z
4 1—-o/2

l2

Ny, =

c,{a,b) —a —b, a> 1. (3.2.32)
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Figure 3.2.2: Graph of the approximate sample sizes for the ALC; as a
function of a for 4.0<a <300, b=a, I = .5 and 1 —a = .95 when w is of

interest.

Figure 3.2.2 displays the approximate sample sizes for the ALC; as a
function of a for 4.0 < a < 30.0 on a continuous scale for [ = .5, 1 —a = .95,

and b = a. These sample sizes decrease as a = b increases.

In order to obtain an approximate sample size formula for the ALC, we

need another corollary to Theorem 3.2.6.

Corollary 3.2.10. For b > 2,

Bla+1/2,b—3/2)
B(a,b) )

limvn +a+ bEx, [l.(X,,n,0,b)] = 221_4/2

Xn
Proof. Let Y,, = - Fn = {O,%,--- ,’—’”;:—1-,1}, and h(y) = Jy(1—vy), y €
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(a+ny)(n+b—-2—ny)

2 . We have

[0,1]. Set hnly) = \/

Ex, [l.(X,,n,a,b)] Z , (N = ){(a+ny)

b
(n+b—ny—12(n+b—ny—2) py.(yln,a,b)

221—&/2

yej:n
= cv y ha(y) pra(yln, a,b = 2).
YyEFn
N i .
where ¢y = V= z)m and lim,, cyvVN = 1. We have shown in the

proof of Corollary, that 3.2.8

lim > @) pv(yin,a,b—-2) = /) f(y)ga—:é—l(i—%ljdy

YyEFn
Bla+1/2,b—3/2)
B(a,b) ’

which completes the proof. O

In similar fashion to the result for p;, we obtain

2 2. p—
n, = 430/ (B(a-l—l/ ,b—3/2)

B Ba.b) )2~—a—b, a>1b>2 (3233)
Figure 3.2.3 displays the approximate sample size for the ALC as a func-
tion of a for 3.0 < a < 30.0 on a continuous scale for l = .5, 1 —a = .95, and
b = a. Comparing Figures 3.1.2 and 3.1.3 we see that the sample sizes from
the ALC and ALC, are quite different.
In general, for k > 1, by applying Corollary B.0.7 in appendix B, we may

show

. _4Z%_a/2 (B(a+k/2,b—3k/2)

2/k
—a— 1,0 2
iz Bla.b) > a—b, a>1,b>3k/2,

(3.2.34)

to be an approximate sample size for the ALC,. The approximation in

(3.2.34) improves as b increases.
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Figure 3.2.3: Graph of the approximate sample sizes for ALC as a function

ofafor3.0<a<300,b=a,l=.5and 1 —a= .95 when w is of interest.

The Log-odds, ¢ : For given n, a, b, it is well known (Johnson et al., 1994)

that the posterior variance of ¢ is

Var(¢] xn,n,0,0) = ¥(a+xn)+¥(n+b—xn),

1 n 1
a+%,~1 n+b—x,—-1

12

a,b>1, (3.2.35)

T dlogT
where ¥'(z) = (g) is the trigamma function, ¥(z) = —0—3———@, and x, =
x
0,---,n. Therefore a first order approximation to the credible intervals is
given by

N -2
l¢(Xn7n,CI,,b) = 22’1*0&/2\/;@ + Xn o 1)(77, + b - Xn _ 1)7 a’7b > 1
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Sparing the reader the details which are essentially the same as those con-
tained in the derivation of p; and w, an approximation to the sample size

formula for estimating ¢ using the ALCy is given by

22 —k L
ng = 4 1—a/2 (B(a k/2,b—k/2)

2/k
& B(a, b) ) —a-b,  ab>k/2, (3.2306)

since

) _ _ 1/k
limvn+a+b {Exn[lf,(Xn,n,a, b)]}lﬂ” = 221-0/2 (B(a gﬁ’ 2) k/Q)) .

Although Corollaries 3.2.8, 3.2.9, 3.2.10, and B.0.7 are enough to derive
approximate sample sizes, it is often prudent to consider higher order expan-
sions of the criterion function alci(n,a,b). These improved approximations
are given in appendix C, and this matter is discussed further in subsection
3.2.5.

So far we have mainly discussed exact and approximate HPD and equal-
tailed intervals computations en route to finding ALC; sample sizes. For
the ACC, results analogous to those for the ALCy are, unfortunately, not

apparent. We turn briefly to a discussion of an exact and an approximate

method for the ACC;.

3.2.4.4 Approximate sample size for the ACC,

We have potentially two methods to determine the coverage of an HPD in-
terval when the length is fixed. These coverages must then, of course, be
averaged, and equated to our specified average coverage. The first method

is to use the omnibus procedure described in subsection 2.7.2 to determine
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the coverage of the HPD interval of length { in combination with the pre-
posterior distribution. The second method, which we term the first order
approximation, proposed in this thesis for the first time, is as follows. Con-

sider, for the moment the parameter p;. The idea is to use the approximate

length of the credible interval, I, (x| 1, a,b) = 221_q/2+/ Var,, (X, n,a,b) to
recover an approximate value of the unknown coverage 1 — a, that led to

the quantile z1._q/2, given that we set I, (x| n, e, b) = [. First, for example,

solve the equation 221.,/24/ Vary, (X,,n,a,b) = in z;_4/2 and, thereby re-

cover a. The approximate coverage 1 — « is taken to be 1 — 2®(—t) where
_ {

B 24/ Vary, (xn,n,a,b)
standard normal distribution.

t and where @ is the cumulative distribution of a

Finally, approximate sample size formulae for the MCOC which are iden-

tical to those for the MLOC may be obtained and are given in appendix D.

3.2.5 Monte Carlo procedures

Since the Monte Carlo approaches to sample size calculation that we use are
similar to those described in Joseph et al., 1995, they will not be the object
of exhaﬁstive discussion here. The main idea, described, for brevity, through
the ALC,, is that one uses a bisectional search strategy to locate an integer n
such that for given a coverage 1 — v, ;lck(n, a,b) <{and a’,l\ék(n—- La,b) > 1,
where sglvck(n, a,b) is a Monte Carlo estimate of alcg(n, a, b).

We sketch the algorithm when estimating p; is of interest. The algorithms

for w and ¢ are very similar. For each step in the bisectional search over n:
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e

Simulate py;, ¢ = 1,--- ,m from a Be(a,b).

L

For each py;, simulate an observation z; ~ Bin(n, py;).

@

For each ¢, compute the length [; of the HPD interval given 1 — « using
Algorithm 4 in subsection 2.7.2.3. Let M be the size of the Monte

Carlo simulation used in Algorithm 4.

— 1 —
compute alcg(n,a,b) = — E L.
m
1

To reduce Monte Carlo errors, Joseph et al., 1997 used an average of
10 estimated sample sizes. A similar strategy can also be used for the
ACC,, WOC, MLOC, and the MCOC.

A general criticism about this bisectional search algorithm is that it tends
to underestimate the sample size when m and M are small, say m, M < 2000.
There is an explanation for this phenomenon. For instance, if the range of
the simulated values is less than the specified length, then that range is set to
be the HPD interval length and is obviously an underestimate. This behavior
is less prominent with proportions than it is with odds and log-odds because
the former, unlike the others, are bounded. In the Monte Carlo simulation
algorithm, it ig not clear a priori what combinations of m and M provides
adequate accuracy in the final sample size estimate as this depends on the
particularities of the problem. Some preliminary runs are therefore suggested
in order to obtain an idea of the variability.

Table 3.1 presents a summary of sample means, (7) , standard deviations
(std,,), biases, mean square errors (v'MSE), and approximate 95% confi-

dence intervals for n, based on 500 sample sizes n;, 7 = 1,--- , 500, generated
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Table 3.1: Monte Carlo-based sample size calculation for various m
and M for the ALC when the odds is under consideration. We set

a=b=3,1—a=.951=.5 The exact sample size is 816.

m=M n stdy, bias std; VMSE 95% confidence interval for n

500 783.20 66.63 -32.80 298 32.94 777.36—789.04
1000 795.24 21719 -20.76 9.71 22.92 776.20—814.28
2000 817.16 12530 1.16 560 5.72 806.17—828.14
5000 817.18 9288 118 415 431 809.04—825.32
10000  818.18 7296 218 3.26  3.92 811.78—824.57

using the Monte Carlo approach for each of m = M = 500, 1000, 2000, 5000,
10000. For instance, 71 = —56(3% n; and stdij = Var(n;). The parameter
specification for the ALC for e;';;nating ware: a=b=3, 1—a= .95 1= 5.
Under these specifications, the exact sample size is 816, as determined by us-
ing the exact computation of the criterion function described in subsection
3.2.3. One marked characteristic of the estimated standard deviations for all
independent and identically distributed random variable n; in Table 3.1 is
that they are all large, although estimated sample means are excellent when

m, M > 2000. There is a large bias when m = M = 500 and m = M = 1000,

which indicates m, M < 1000 is insufficient.

Another way to reduce potential biases induced by Monte Carlo proce-
dures and also to account for the uncertainty in Monte Carlo procedures

is to adapt a version of the regression approach developed by Miiller and

Parmigiani, 1995 and Miiller, 1998 to the present situation.
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3.2.6 Regression approach

Consider the proportion. Equation (C.1.5) in Appendix C suggests we fit a
general regression equation of the type

1 1 1
Ex, [lp (Xn)] = el"nl/g + €2 n3/2 ot ehn(2h-—1)/2

to the alc(n, a,b) function, where ¢;, 1 = 1,..., h are the regression coefli-

cients and I, = 2z1_a/2+/ Var(pi| x,,n,a,b), a,b > 1. Since, for large n,
HPD and equal-tailed intervals are close, we could set

1 1 1
alcg(n, a,b) —_—eln—17§+62;b3—/2‘+"'+5hm, k> 1. (3.2.37)

The idea now is to equate the specified [ to the right hand side of (3.2.37)
and to solve for n once the estimated regression coefficients é,..., &, have
been obtained, as follows.

Compute g pairs of (n, alc(n,a, b)) and then using least squares fit equa-

1 1
tion (3.2.37) to these data. Finally, the equation élT/i + éz“g/—i + e
n 0

éhg@ﬁlfﬁﬁ = [ may be solved for n given A, the number of regression terms
included, using a software package such as Maple. Table 3.2 presents the
results for this approach when (a,b) = (1,1), 1 —a = .95, and [ = .1 or
[=.02,andh=1,...,7

For various h, we obtain approximate sample sizes for both HPD and equal-
tailed intervals. For [ = .1, h = 3 is sufficient to provide accurate solutions for
both intervals. For [ = .02, h = 4 is sufficient to provide an accurate solution
for an equal-tailed interval while & = 6 for an HPD interval. Although we have

not provided a formal stopping rule for i which depends on [, 1~ «a, and the

parameter of interest, a simple monitoring of the increase in sample sizes as
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Table 3.2: Approximate regression based sample sizes for estimating
the parameter p; using HPD and equal-tailed intervals for various h

and [ when (a,b) = (1,1).

HPD equal-tailed

h [=.1]1=.02 h I=1]1=.02

1| 182 | 4400 | 1 | 189 | 4608
9 | 221 | 5489 | 2 | 227 | 5649
3 | 231 | 5792 | 3 | 234 | 5878
4 | 233 | 5880 | 4 | 235 | 5917
5 | 23¢ | 5006 | 5 | 235 | 5922
6 | 23¢ | 5917 | 6 | 235 | 5922

7 234 5917 7 235 5922

exact | 234 5921 exact | 235 5922

h increases reveals when to stop. For instance, we might want the change
in consecutive approximate sample size estimates not to be greater than 5.
Values of h larger than 7 are not probably justified in view of the marginal

gain in accuracy at the expense of increasing computational burden.
Remark 3.2.1. Although in the above example the equation (3.2.38)

él éQ éh

has exactly one real solution in n, in general we may face the difficulty
of having to choose the optimal solution from a set of several that satisfy

equation (3.2.38). When there is more than one real solution to equation
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(3.2.38), it is hard to ascertain which corresponds to the optimal sample size
unless we know an interval in which the true solution lies. The 10 estimated
Monte Carlo sample sizes, for instance (see section 3.2.5), might suggest

which of the roots is the correct choice.

In practice, we fit the regression equation (3.2.37) to g random pairs
(n,zﬁék(n, a,b)) where é;1v<3k(m a,b) is a Monte Carlo estimate of alcx(n, a, b).
We now illustrate this regression approach for the odds, witha=b=3,1—
a = .95, = .5. The exact sample size is 816 and the approximate sample
size given by equation (3.2.32) is 828. Table 3.1 suggests that one generates
g random points n;, 1 = 1,2,--- , g, in the set {700,701, - ,1000} and then
compute ;Tc(ni, 3,3) for each point n;. With g = 2000 and M = m = 1000,
we obtain an approximate sample size of 811 for h = 1,2,3. With g = 5000
and m = M = 500, we obtain 806, 806, 807, and 808 for A = 1,2,3, and
4, respectively. In both situations, we found that g > 500 is a reasonable
choice if one wants an estimate accurate to within 15 units of 8§16. These
two choices of g show that h = 1 is sufficient. This is not surprising as in
subsection 3.2.7.1 we show empirically that there is often, but clearly not
always, an approximate linear relationship between m and n.

The above regression approach differs slightly from that given by Miiller
and Parmigiani, 1995 and Miiller, 1998. These authors advocate a fit of a
parametric curve to the pairs (ny,l;), where [;’s are Monte Carlo estimates
of the HPD length (I; are obtained third step of the algorithm sketched in
subsection 3.2.5). This idea can be seen to correspond to the regression

method proposed when m = 1. The motivation of these above authors for
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using a regression approach is different from ours. They advocate a regres-
sion approach when the evaluation of the expected loss for various designs
may be difficult and costly. We propose a regression approach to reduce
the “noise” inherent in Monte Carlo methods. When a parametric form
for the regression equation is unknown, these authors suggest the use of a
smoothing curve. As indicated by Chaloner and Verdinelli, 1995, this al-
ternative proposal is sometimes hard to implement effectively since different
smoothers might yield different curves. Moreover, Miiller and Parmigiani,
1995 recognize that their methods will carry more variability. Fortunately,
however, the equation (3.2.37) suggests a parametric form for the regres-
sion function when the ALC; is used. We shall exploit this observation
to apply the idea by Miiller and Parmigiani, 1995. Returning to our ex-
ample with (a,b) = (3,3) and M = 1000, g = 5000, we got the following
first order, (h = 1), regression-based sample sizes of 832, 796, 781, 771,
808, 788, 787, 777, 785, 781 when using the first 500, 1000, 1500, - - - , 5000
rows of the generated dataset composed of (n;,l;), 700 < n, < 1000. With
M = 10000, g = 20000 and an increment of 2500 instead of 500, we obtained
765, 797, 777, 779, 781, 781, 798, 802 which shows that increasing the pa-
rameter M and g does not result necessarily in improvement in the final
sample size. Using a second order expansion, h = 2, did not change the

estimated sample sizes.

Our major contribution in this subsection is that we provide the form of
the regression equations, so that one can in addition check if the regression

1
equation holds by plotting —s———— against n. Figure 2.2.5 provides two
ale (n,a,b)
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1
plots of (n, —
alc (n,3,3)

regression line and the use of a supersmoother. In practice, any of the most

) against n along with the simple regression linear

popular smoothers in Splus, namely, linear fit, polynomial fit, natural splines,

lowess, or supersmooth will do an adequate job.

Remark 3.2.2. In practice, the regression equation
B = 1 1 1 .
ale(TL, a, ) = 61-7';1—/“2* -+ GQWQ‘ S €hm, k > 1 (3239)

can be applied for any a,b > 0 when considering the proportion, for a > 0
and b > 3k/2 when considering the odds, and a,b > k/2 when considering
the log-odds. Empirical evidence suggest that equation (3.2.39) does not
hold when k < b < 3k/2, for the odds and when 0 <a < k/20r 0 < b < k/2
for the log-odds, because the leading term is no longer # Rather, there

exists 0 < A < 1/2 (often unknown) such that
by L 1 1
alck(n,a, ) = 615 + €2W + e+ ma, k > 1. (3240)

Therefore, one should be careful near the boundaries 3k/2 and k/2. In
general, equation (3.2.39) works rather well when b > 3(k +1)/2 and a,b >
(k+ 1)/2. In general, A can be estimated using a bisection search strategy.
For the case h = 1 and given a coverage of 1 — « and a length { , one can
estimate A using the regression equation log(aleg(n,a, b)) = u — A log(n). In

.. . . i — log(l
that case, the sample size is easily derived as n = exp #___AC_’EQ.

Equation (3.2.39) also applies to the two sample problems discussed in
chapter 4 for all the cases where we have derived sample size formulae. Note

that in contrast to the one sample problem, regression-based sample size
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calculations are the only reasonable alternative for the two sample problems.

In all cases where equation (3.2.39) applies, often a simple plot of Monte

1
Carlo estimates —s————— against n reveals a linear relationship, suggesting
ale,(n, a, b)
i . 1
rather a simpler regression model of the form ———— = e; + eyn, and
alcg(n, a,b)

hence a straightforward approach to sample size calculations.

3.2.7 Applications and Results

This section is divided into two subsections. Subsection 3.2.7.1 is mainly
concerned with graphical displays of the objective functions alcy(n,a,b) and
accy(n, a, b) with respect to n, using the HPD, the equal-tailed and the first
order approximation to Bayesian credible intervals. In subsection 3.2.7.2, we
compare sample sizes arising from the various sample size criteria, and the

different approximations presented in subsection 3.2.4.

3.2.7.1 Displays of the various sample size criteria functions as a

function of n

It is useful to plot the criterion functions used in the computation of sample
sizes in order to observe their forms. The top halves of figures 3.2.5, 3.2.6

and 3.2.7 display alc(n, a, b) as a function of n, while the bottom halves plot
1
alc’(n, a, b)

equations in appendix C. The prior parameters for the proportion, the odds

versus n. The bottom halves were suggested by the expansion

and the log-odds parameters are a = b=1landa=b=2,anda = b = 3,
respectively. An immediate conclusion is that the three different ways of

computing credible intervals give very similar sample sizes, at least for these
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Figure 3.2.5: Graphs of alc(n,1,1) (top) and

proportion p; against n = 1,..-,200.

1
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Figure 3.2.6: Graphs of ale(n, 3,3) (top) and

odds w against n = 1,---,500.
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Figure 3.2.7: Graphs of alc(n, 2,2) (top) and (bottom) for the

alc?(n, 2,2)
log-odds ¢ against n=1,---,25.
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values for @ and b. Similar behavior was observed by Joseph et al., 1995 for
a single proportion.

The linear relations observed across those plots is somewhat striking for
the odds and log-odds parameters, and is extremely useful in practice. One
use of these curves is that the sample size can be approximated by solving

1
the equation =7 graphically, by recovering the coordinates of

alc (n, a, b)

12
of graphically solving the less convenient original problem alcy(n,a,b) = [.

1 1
the intersection of the linear curves (n, ———Q—————~) and (n, —) , instead
alci(n, a,b)

These linear plots also suggest approximating sample sizes using the inter-
cept and slope of these curves which might be estimated by least squares

methodology. For instance, in the case of the proportion p;, we have

1

— e == 15907273 + 0.422017 1,
alcg(n,l,l) * "

using the data composed of the pairs (n,alc(n,1,1)), n = 1,2,---,3000,
3002, - - - , 5000, 5005, - - - , 10000. This leads to a sample size formula

= a4 23005
11
alc*(n,1,1) 1

vals, the sample size formula becomes

when solving the equation When using equal-tailed inter-

2.3696086
2 '

n = —2.1352672 +
Both slopes are only negligibly different from the asymptotic slope 2.3696920
in equation (3.2.35).

Consider the sample size for estimating the proportion p; with (a,b) =

(1,1), 1 — o = .95, and | = .05, the odds w with (a,b) = (3,3), 1 — a = .95,
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Table 3.3: Comparison of the approximate sample sizes for various

3.

Proportion p;:  (a,b)=(1,1), 1 -a= .95 1= .05

m | 200 | 500 | 1000 | 2000 | 10000 | exact | eq. (3.2.27)

n | 943 | 944 | 944 | 944 | 944 945 946

Odds w: (a,b)=(3,3),1—a=.951=.4

m | 200 | 500 | 1000 | 2000 | 10000 | exact | eq. (3.2.33)

n | 1267 | 1279 | 1283 | 1284 | 1284 | 1284 1296

Log-odds ¢: (a,b)=(2,2),1-a=.951=.4

m | 200 | 500 | 1000 | 2000 | 10000 | exact | eq. (3.2.36)

n | 528 | 528 | 528 | 528 | 528 529 530

and [ = .4, and the log-odds ¢ with (a,b) = (2,2), 1 —a = .95, and [ = 4,

using the intercept and the slope of these linear curves based on the sequence
1

(n, alcz(n, a, b)

presented in Table 3.3. Table 3.3 suggests that, in general, m > 500 provides

) for various m. Results based on HPD intervals are
1<n<m

sufficient accuracy when the true sample size is about one thousand, but even

values as low as m = 200 are reasonably close.

Another important use of the linear plots discussed above is that they
can serve for sensitivity analysis of the choice of prior distribution. The
linear relation suggests that any qualitative statement on the comparison of
two couples (a1,by) and (ag, by) for a given length and coverage will provide

information for all lengths given that coverage. For instance, we can easily
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Figure 3.2.8: Graph of for the proportion p; (top) and the odds

alc?(n, a, b)
w (bottom) as function of n for (a,b) as specified in the legend.
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square inverse of alc
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1
Figure 3.2.9: Graph of —5——— for the log-odds as function of n for (a,b)
ale*(n, a, b)

as specified in the legend.

read from these curves which prior parameters lead to smaller sample sizes
for a given coverage. In Figures 3.2.8 and 3.2.9, we compare the linear plots
for various values of a = b. The top half of Figure 3.2.8 suggests that the
prior information contained in the Beta prior with parameter (a,b) = (5,5)
is much closer to the “information”, in a vague sense, contained in that of
(a,b) = (10,10) than it is to the “information” conveyed by (a,b) = (1,1)

when considering the proportion p;.

The alc(n,a,b) function for the odds ratio does not converge to zero
as n — o0, but is rather is an increasing function of n for {(a,b) = (2,1)

and (1,1) as illustrated by Figure 3.2.10. We might be tempted to explain
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Figure 3.2.10: Graph of alc(n, a, b) for the odds w as a function of n for (a, b)

as specified in the legend. 1 — a = .95 here.

such anomalies with the fact that one or more posterior variances are not
defined, but this argument is insufficient since some posterior variances are
also undefined for the case (1,2) where there is convergence. In general, for
the ALC, we find empirically that b > 1 is necessary to have convergence to
zero of the criterion function for w. All these anomalies point to the fact that
the alcg(n, a, b) criterion functions do not always converge to zero as n — 00,
especially when the variance is not defined. Table 3.4 on page 115 presents
several prior parameter values for which there is both convergence to zero
and a linear relationship between -————1———— and n. It seems that for the

alci(n, a, b)
odds there is convergence to zero of the criterion function alcg(n,a,b) when
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square inverse of mioc

0 500 1000 1500 2000

Figure 3.2.11: Graph of mloc(n, a, b) for the odds w as function of n for (a, b)

as specified in the legend.

b > k. We think that this phenomenon is related to the existence of the k-th

moment of the parameter under consideration.

Although the criterion alc, does not converge for (a,b) = (2,1) and (1, 1),
similar behavior was not observed when considering the criterion MLOC (see
Figure 3.2.11), which always converges. This means that the MLOC may
be used to find the sample size regardless of the prior parameters used, and

in particular, in the cases where the ALCy breaks down.

Figure 3.2.12 displays the criterion functions ale(n, 1,1), mloc(n,1,1),

and woc(n, 1,1) when p; is under consideration.

The following is a brief summary of the observed linearity relationships we
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Figure 3.2.12: Graphs of alc(n, 1,1), mloc(n, 1, 1), and mloc(n, 1,1} for the

proportion p; as a functions of n.

have observed. Although we show empirically that there is a linear relation

between the criterion function and n for limited values of (a,b),

alc*(n, a, b)
this linear relation seems to be very common to the ALC;, & > 1 and the
MILOC. For proportions, we can include the WOC. In the case of WOC
and MLOC, the approximate sample size formulae derived in subsections
3.2.4.3 and D.1 based on the posterior variances corroborates that conjec-

ture. These formulae go even further by showing that there is unique slope

irrespective of (a,b). For the odds, there exists a linear relation between
1

alcz(n, a, b)

when a, b > k/2. For other cases, empirical evidence not displayed here sug-

and n whenever b > 3k/2 while for the log-odds, it happens
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1
gest that there is a linear relation between ——————— and n for some A > 2
alcy(n,a,b)
when the k-moment the parameter under consideration is defined.

A linear relation was not observed with the log-odds parameter for (a,b) =
(2,2) when using WOC although there is convergence. There is a more
general pattern for the WOC when estimating the log-odds parameter since
the existence of a linear relation implies that lim,, woc(n, a,b) = 0, which is

not the case as max,, Var(¢|x,,n, a,b) > max(¥ (a), V'(b)), where ¥ (z) is

the trigamma function defined in section 3.2.4.3.

Figure 3.2.13 is typical of the displays that one obtains for acc(n,a,b)

versus nn. We have not been able to find the sort of linear relations observed
1

before, for, say, —5——x
erore, 10T, say acci(n,a,b)

Versus 7.

Table 3.4: Some prior parameters that imply convergence to zero

and linearity of the criterion function alci(n,a,b) with respect to n.

proportion odds log-odds

convergence | a,b>0 b>k a,b>0

linearity a,b>0 |b>3k/2]|a,b>k/2
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Figure 3.2.13: Graph of acc(n, 1,1) for the proportion p; as a function of n.
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3.2.7.2 Comparison between the exact sample sizes and the vari-

ous approximate sample sizes

In this subsection, we compare sample sizes resulting from the approxima-
tions developed in subsections 3.2.4 and 3.2.5 to the corresponding exact
values for 1 — a = .90,.95, and .99 and various lengths. The chosen prior
parameters are (1,1), (5,5), and (10,10) for the proportion, (3,3), (5,5),
and (10,10) for the odds, and (2,2), (5,5), and (10,10) for the log-odds.
The sample size formulae in use in this subsection are given by equations
(3.2.28), (3.2.34), (3.2.36), (D.1.1), (D.2.1), and (D.3.1). The sample sizes
are displayed in column 4 of Tables J.1-J.18 in appendix J. When estimating

¢, the column labelled “limiting” under ALC; use the criterion function

~ 1 k xa—1(1 - w)b—l 1k
b) = d — 2.
ale(nj © ) (/;) {AEHPD(n,a:,l——a) QS} B<a’) b) ) (3 ? 41)

where HPD(n, z, 1 — @) represents the HPD interval of coverage 1 — o for esti-

mating ¢ from the posterior distribution

1 6(a+nz)¢
ne +a,n(l - z) +b) (1 + o) o+

fo(#) = Be( (3.2.42)

For this criterion, one uses the limiting distribution of the pre-posterior pre-
dictive distribution in place of the pre-posterior predictive distribution. This
criterion function can be interpreted as an approximation or an alternative
criterion function to ale(n,a,b). Similarly for limiting sizes for the ACCy
and the parameters p; and ¢. One advantage of this criterion is that we can
relax the requirement that n has to be an integer, thereby transforming the

discrete problem of sample size computations into a continuous one. This
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allows the use of any minimization algorithms for smooth functions to be

used.

Empty cells in Tables J.1-J.18 in appendix J are cells for which we were
not able to derive the required sample sizes, often because the sample size
is extremely large. We found empirically that MLOC = MCOC for the
proportion, the odds and the log-odds, but have not yet been able to prove

this formally.

For the parameter p; (see Tables J.1-J.6), the approximate sample size
formulae in equations (3.2.26), (3.2.29), and (D.2.1) perform excellently com-
pared to the exact solutions. The first and the more accurate third order
approximation of HPD intervals turned out to be very good, although we did

not find any large differences between HPD and equal-tailed intervals.

For odds (see Tables J.7-J.12), as expected, the third order approxima-
tion captures the difference between HPD and equal-tailed intervals well when
using the ALCy. Often, for large [, the first order approximation tends to
overestimate the optimal sample size. The third order approximation does
poorly with the MLOC. The limiting distribution seems to give a slightly
different estimate although the discrepancy is reduced as the prior parame-

ters are increased.

For the log-odds (see Tables J.13-J.18), @, the approximate values are
uniformly close to the true values. This might be due to the fact that the
distribution of ¢ approaches the normal distribution more rapidly than do the
distributions of p; and ¥. The limiting distribution worked also performed

well.
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As an expected general behavior, we found that the larger the prior pa-
rameters the closer these approximations were to the true sample size.

Tables J.1-J.18 show that there are no large differences in the sample sizes
based on HPD and equal-tailed intervals, when low information or symmetric
priors are used, but this is not always the case, as illustrated by Table 3.5,
where the first four rows support the necessity of a third order approximation.
The discrepancy between the sample sizes provided by HPD and equal-tailed
intervals can be substantial as is demonstrated by the last four rows for
the odds. Unfortunately, in none of the remaining cases did the third order-
based and the limiting distribution approach remain close to the exact values.
Such behavior is somehow predictable in light of the requirement for the odds
that a > 1 in order to make use of the third order approximation. Although,
there is no such theoretical conditions on the log-odds parameter, in practice,
we found that a,b > k/2 is necessary for the third order approximation to

perform well.

As promised in the last paragraph of subsection 3.2.4.3, we now provide
some general guidelines about which sample size approaches to use in prac-
tice. Since MCOC = MLOC, we only discuss the MLOC, but note that
exact sample size computation for the MLOC should be replaced by exact

computation for the MCOC, which is always faster.

3.2.8 General guidelines

e For proportions: When a,b > 1:
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Table 3.5: Comparison of the exact and third order approximation

sample sizes when estimating w and ¢ under ALC.

Odds, w

(a,b,1 —a,l) Exact 3rd order | limiting

HPD | equal | formula | HPD | equal | HPD | equal

(15.0,3.0,.95,5.0) | 458 | 494 497 453 | 487 | 394 | 426

(15.0,3.0,.95,4.0) | 745 | 784 786 741 | 777 | 674 709

(2.0,2.0,.95,1.0) | 652 | 716 764 633 | 683 | 559 | 602

(1.0,2.0,.95,0.5) | 529 | 572 604 516 | 551 | 466 | 496

(3.5,1.6,.95,6.0) | 408 | 638 2647 304 | 430 | 176 | 274

(3.5,1.5,.95,6.0) | 1063 | 1787 | N/A 748 | 1074 | 694 | 450

(1.0,1.4,.95,3.0) | 292 | 646 N/A 154 ¢ 271 | 73 | 154

(1.0,1.2,.95,8.0) | 218 | 2153 N/A 1 85 29

(3.0,3.0,.95,1.5) | 688 | 832 | N/A | 654 | 769 | 439 | 509

Log-odds, ¢
(0.5,0.5,.95,1.0) | 662 | 725 N/A 649 | 702 561
(0.3,0.4,.95,1.5) | 1851 | 2366 | N/A | 1791 | 2214 1376

(0.3,3.7,.95,3.5) | 579 | 804 | N/A | 557 | 755 396
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1. For the ALC,, WLOC and the MLOC, use the approximate
sample size formulae in equations (3.2.28), (3.2.29), and (D.2.1),

respectively.

2. For the ACC;, use the limiting distribution approach in subsec-

tion 3.2.4.4.

In other cases, for the ACCy and the MLOC, use the exact computa-
tion while for the ALCy, use either the exact computation in subsection

3.2.3 or the Monte Carlo approach in subsections 3.2.5 and 3.2.6.

e For the odds:

3(k+1)
2

proximation to the length of the credible intervals in equations

1. For the ALC;, when a,b > , use the third order ap-

(3.2.21) and (3.2.22). These provide better approximations to

the sample sizes than the approximate sample size formula given

by equation (3.2.34). Equation (3.2.34) should only be used if
3(k+1)
5

regression-based Monte Carlo approach.

a,b > Otherwise, use the exact computation or the

2. For the ACC;, and the MLOC, use the exact computation.

e For the log-odds:

E+1
1. For the ALC, and the MLOC: when a,b > + , use either
the approximate sample size formulae in equations (3.2.34) and

(D.3.1), the limiting distribution approach described by equation

(3.2.42), or the third order approximation described by equations
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(3.2.23) and (3.2.24). All three methods are equally efficient and
accurate. Otherwise, use the exact computation or the regression-

based Monte Carlo approach.

2. For the ACCy: when a,b > 1, use any approach: exact, first order

or limiting distribution. Elsewhere, use the exact computation.

Note that the log-odds is the only parameter where the limiting distri-

bution approach often works well for all criteria.

In conclusion, the different approximations used to estimate the true sam-
ple sizes generally work well, but it is important to remember the conditions

under which they apply.

3.3 Sample size when p; is restricted

In this subsection, we return to the problem of Bayesian sample size calcula-
tions, using the five criteria defined at the beginning of the chapter, namely
ALCy, ACCy (1 <k < o0), WOC, MLOC and MCOC, but consider the
case where pp is exactly known and p, is restricted to the interval p; < po
or p; > po. It is widely acknowledged that cohort and case-control stud-
ies are rarely carried out in incomplete isolation. Therefore, as pointed by
Marshall, 1988, “there may some sound biological or epidemiological factors
which limits the size of the risk”. Ignoring prior information leads to ap-
plying the same inference and sample size mechanism to both plausible and
implausible exposures. We start in subsection 3.3.1 by suggesting types of

prior distributions that could be used for the restricted unknown parameter
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p1, and explore the pre-posterior predictive distributions and posterior distri-
butions that results from these choices. The computation of the sample sizes
is Monte Carlo based, as exact or formulae based methods appear difficult.

We discuss various examples in section 3.3.1.2.

3.3.1 Choice of prior distributions, and the predictive

and posterior distributions

Contrary to section 3.2, we assume we know more than the usual 0 <p; <1
bound. We assume, for instance, that the risk ratio R = ! <lor R=

Po
B > 1, although more generally, we might have bounds 0 < f <py <h < 1.

Po

Similarly for the odds ratio. Such assumptions are often made in sample size
computations that are based on power considerations {Blackwelder, 1993),
but are relevant in the Bayesian context, where this information must be
incorporated into our Beta prior distribution for the parameter p;. Two
prior developed to accommodate these constraints have been proposed in
the literature. The first proposed prior is the generalized beta distribution
with four parameters, also called the Pearson type I distribution (Carnahan,
1989), while the second (Smith, 1975), perhaps more natural, is a truncated

or incomplete Beta distribution on the interval (f, k) as the prior distribution.

The latter maintains conjugacy with a binomial likelihood.
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2.3.1.1 Generalized Beta Distribution

The generalized Beta distribution has density

£olp) = (p— ) Hh—p)?

~ Be(a,b)(h — f)rro v O<f<p<h<l, (3.3.1)

where h and f are the endpoints of the interval of support, and a > 0

and b > 0 are the shape parameters. This distribution will be denoted by

Be(a,b, f,h). Note that Z;ll —f is a Be(a,b) random variable. It is easily

seen that 1 — p ~ Be(b,a, h, f). This prior distribution, combined with the

likelihood function (*)pf(1 — p1)"~* gives a posterior distribution

_ (r\peQ—p (p— ) h—p)
fPl (plxm n,;a, b7 f7 h) - <$n> X, (Xn) :Be(a7 b)(h — f)a+b—1 ’

o« pr(l—p)y(p= ) Hh-p*, F<p<h,

(3.3.2)

where f,h > 0 and where py, is the pre-posterior predictive distribution
whose expression is given below. Although straightforward, this prior/likelihood

model does not seem to have been previously discussed in detail.
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Pre-posterior predictive distribution: The pre-posterior predictive dis-

tribution, px,, has mass function

n 1 A\ Xn a—1 h— b—-1
an(Xn| n,a, b7 f: h’) = (Xn) / px Be(a b)(f)h ~f})a+b( 1 p) dp’

- ( )/”(1—19)"" i L (O S (R A et S

n Be(b,a)(h — f)*+-1
= Be(:({;?b) ; P A=)
{F+th= ey {1—f—(h= Hp}" ™ dp
o) 1

= Ben ), P 1TPT
{1=h+(h=Fp}" 7 {h— (b= Pp}™ dp,

X

for x, = 0,1,...,n. Wealso have the asymptotic result — —< Beta(a, b, h, f)
n

n'”'nf

or equivalently —? Beta(a, b), as n — o0.

We now consider the two special cases, f = 0 and h = pg, and f = pg

and h = 1, with respective corresponding posteriors

For (P1%n,m,a,8,0,p0) o (po — p)P1p* (1 — p) i, 0 <p<po,
(3.3.4)

and

a—1,Xn

For (PP%n, 7, 0,5, po, 1) o (p = po)* " (1 = p)" 7,

P < p<l.

(3.3.5)

These range restrictions correspond to the information that R = PL - 1and

Po
R > 1 in the cohort design, and 9, = P09 and Y. > 1, in the case

4170
control design, respectively.

(3.3.3)
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Posterior distributions of R and ¢.: The posterior distribution of R is

proportional to

fr(Rl%n,m,a,b,0,p0) o pgttHn I RAT*T(1 — R)H(T — Rpo)" T,

0<R<1, (3.3.6)

when f = 0 and h = pg, and

fR(R‘Xna n,a, b7p07 1) & pg+anxn (R - 1)&—1(1 - Rpﬂ)n+b_xnw17

1
l<R< —, (3.3.7)
Po

when f = pg and h = 1.

Similarly, the posterior distribution of 1), is

f (wlx n.a. b0 ) o abbt%n—1 ntb—xn, ¢G+Xn~l(1 _¢)b~1
Y AP, 71, 8 5 5 Po Po %o (go + pop)rtatd

O<vy <1, (3.3.8)

when f = 0 and h = py, and

xpet (Y — 1)o7
. Xn, N, G, b, 7 1 o a+Xn n+tatb—x,—1 ,
f!ll ('djl Po ) Po 49 (qo +p0¢)n+a+b

1< < o0, (3.3.9)

when f =pg and h = 1.
As we will show below, all four of the above posterior distributions are
unimodal. Unimodality is a central property in this thesis since it is required

by all the algorithms for the computation of HPD intervals.

Unimodality of R and v,.: The unimodality of R and . will follow as
a corollary to Theorem 3.3.2 below. This corollary does not appear to have

been stated elsewhere.
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Lemma 3.3.1. Let U be strongly unimodal random variable with an abso-

lutely continuous density fy. Then V = exp(U) is unimodal.

fu (log(v))

Proof. The density of V is easily seen to be fy(v) = and con-
sequently log(fv(v)) = log (fu(log(v))) — log(v). The differentiation of

log(fv(v)) with respect to v gives

Olog(fv(v)) _ 1 ] fi(log(v))
e e A G T T I 3.3.10
dv v {fU (log(v)) ( )
where f[;(u) = af;]éu). Since U is strongly unimodal, % is decreasing.

Therefore the right hand side of equation (3.3.10) can have at most one
change in sign. If the sign does change, the change must be from positive to

negative. This shows that exp(U) is unimodal. O

Theorem 3.3.2. Let p ~ Bela,b, f,h) and x,|p ~ Bin(n,p), with 0 < f <

g<1,a,b>1. Lethlp

and ¢ = log(v). Then

(i) The posterior distributions of p and ¢ given X, are strongly unimodal

(and therefore unimodal).

(#) The posterior distribution of w given x, is unimodal.

Proof. The posterior density of p is given by equation (3.3.2). The strong
unimodality of the posterior distribution of p given x,, is a direct consequence
of
8 log( fo(pl%n, 1, f, h,a,b)) _ _%n_n-%, a-1  b-1 <0
dp? P (1-p? (-2 (h=-p?~ "
The posterior density of ¢ given x,, is

Fo(@honn fhab) o exp(Xn0) { expg f}a—1 % {h— ﬂ_}b—l
¢ n; Ty J, 7, 4, (1+exp(¢))n+2 l+expo 1+expo
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where log ( / > <w < log (—-—EL————> The result follows since

1—f 1-h
(1+e*)? log(fo(glxa,m, fihya,0)) e =N+ ]
e dg? - T e
(1—h)e*+h

o= h+ (h—Det]” ~

The unimodality of w is then a straightforward application of Lemma 3.3.1.

[

Corollary 3.3.3. Under the conditions of Theorem 3.5.2, R and 1, are

unimodal.

Proof. We have observed that R and 1, are linear transformations of the
random variables defined in Theorem 3.3.2 under the conditions of interest.
Since linear transformations of unimodal random variables are also unimodal,

the unimodality of R and v, follow. (]

Simulating observations from the posterior distributions of R and
1po:  There is no trivial way to simulate observations from equations (3.3.7),
(3.3.8), (3.3.9) and (3.3.10). One possibility is to employ the inverse cumula-
tive distribution technique on a grid of points lying in the interval (f, h), and
another is the SIR-like algorithm proposed by Ross, 1996. A further idea,
which is described below for the first time, is based on regarding the poste-
rior distribution of R as a finite mixture of independent Beta distributions.
Indeed, the binomial expansion

(1 - RPO) e [QO + po(1 — R)] o

n—An Nn—Xn—3

1 7 % j
1__ J
n~xn+1;§B(j+1,n—xn—j+1)( k)
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implies

fR(R‘X’n,; n7 a, b; O)po) X pg‘f‘b“}‘Xn—»R(l—f‘xn“l(l — R)b——l(l . Rpo)n-—xn7
T—~Xp p8+b+Xn+j—l qg—xn—j Ra+x"*1(1 _ R)b+j_1

o< : :
n—x. .
n Ra+xn—l 1_Rb+1_1

= Z wj B ( b) —, 0<R<1,

=0 e(a+xn7 +])

Vs Be(a + x,,b+ j) b it B

where w; = ———n—-—]——-——andv-.—_ : J a whi=1 n=xn=

iy, B+ Ln -z —jt1) " 0

. s . 1 .
For the case of the posterior distribution with 1 < R < —, that is
Po

Fr(RlXn, 70,5, p0, 1) o pte R (R — 1)*71(1 — Rpo)™+r>1,

first simulate observations from the random variable 0 < T = Po( -1) <1
o
and then compute R = $op + 1. Now we describe how one can generate an
Po

observation from the random variable T. We have

Xn
fr(t|xn,n,0,b,p0,1) o< pg" qg+a+b~xn——1 o1 (1- t)n—i—b——xn—l (1 i Q_0t> 7
Do

Xn xn-g qn+a+b+_7—xn—-1
x ta+j—1 1—1¢ n+b—xp—1
xn+1ZBj+1xn~—]+1) ( )

?i goi=1 (] — g)rto—xn—1
a = ]Be(a+],n+b— X,)’
B j b—
where wy = and v = (a TJnt XTL) Xn—j  ntatbtj— xn——l

Zko k B(]+1,Xn .7+1)p ¢
To simulate random observations ; from equations (3.3.9) and (3.3.10),

we first simulate observations R; from (3.3.7) and (3.3.8) as described above

using the appropriate mixture of Beta distributions, and then set ¥; =
qo 12
- pgR.
. The generation of random samples of R and . can be used to estimate

sample sizes via Monte Carlo algorithms as we will see in subsection 3.3.2.
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3.3.1.2 Incomplete Beta Family

Smith (1975) proposed the probability density function

(1 -pP

N
fm(p] kf,h(a,b) )

0<f<p<h<l, (3.3.11)
where a,b > 0 are the shape parameters,
kf,h(a, b) = ko’h(a, b) - kg,f(a, b), (3312)

and
™o
ko mo(a,b) = / N1 — z)Pt dp. (3.3.13)
0

This distribution will be denoted by IBeta(a, b, f,h). It is easily seen that

1~p; ~IBeta(b,a,1 —h,1— f).

Posterior distribution of p;:  The incomplete Beta distribution combined
with the Binomial(n, p) likelihood at x,, (x, = 0,1,...,n) gives a posterior
distribution which is IBeta(a + x,,,b + n — X, f, h). Its comparatively sim-
ple form will allow us to use the inverse cumulative distribution function
technique to simulate observations from this posterior distribution.

Recall that the cases of interest tousare 0 < R < lorl < R < ——1— in

Po
the case-control setting, and 0 < 9, < 1 or 1 < 9, < oo in the case-control

setting.
Under these conditions, the posterior distributions of R = P in the
Po
cohort study is proportional to
a+ana+xn-—1 1—-R btn—xn—1
Fr(B|%n,n,a,b, f,h) o 22 (1= Rpo) (3.3.14)

kin(a+ xn, b+n—x,)
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1
for both intervals 0 < R < land 1 < R < p_ For the case-control study,
0
;7

4,
we obtain that the posterior distribution of 9. = % is proportional to
0d1

Ja-+Xn q/ b+n—xn ¢a+xn -1

Py 0
Kp, 0,0, fLh) o« : .
fu. (1 £:h) krn(a+xn,n+b—x,) (g + poyp)nrot?

(3.3.15)

To simulate random variables from equations (3.3.14) and (3.3.15), we
will use the cumulative distribution technique. When b is an integer, then
fr(R|xn,n,a,b, f,h), 0 < R < 1 can be regarded as a finite mixture of

independent Beta distributions,

bdn—xp~1 .
3 Re+*n (1 — R+
Rlx,,n,a,b, f, h) = ; : , 0 < R <(33.16
JrlH] w ; he Be(a+x,,j+1) < )
. Uj B(a+xn ]+1) i1 hdm—xy, —i—1
th w, = —————— and v: = ) a+Xpn+j n—xn—j—1
s e MY T B g )
1
For fr(R|x,,n,a,b, f,h), 1 < R < —, with a an integer we have
Po
a+Xn—1 - .
n $rtb—xn (1 — t)]+1
t%n. 1, a,b, F,h) = < — 3.17
fr(txn,n,a,b, f,h) j};g Y Beln T b—xo i+ 1) (3.3.17)
v, Bb+n—x,,j+1) Ci1 btmesxod
here w; = ——2—— and v; = £ a+Xn—j =3
e e T, T Y T Bl e g+ D) ’
and T = 2(R-1)
do

If b is large, the above decomposition can be regarded as a close approx-

imation to the posterior distribution of R.

Pre-posterior predictive distribution: The pre-posterior predictive (marginal)

distribution associated with the incomplete beta prior density is

n)kf,h(aern,n—}-b—xn) (3.5.18)

an(ann;a7b7 fa h) = (X ]th(a' b)

T

Xy
Again — —< IBeta(a, b, f, h).
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Table 3.6: Monte Carlo-based sample size calculations for the ALC

and ACC using an incomplete beta prior distribution. py = 0.1.

ALC - —— 0<p1<pe

(a,b,1,1—¢) odds ratio, ¥ < 1 risk ratio, R < 1

(3,3,05,.95) | A=133 stds = 0.543 | = 107 stds = 0.731

ALC - Po<p1 <1

(a, 6,1, 1—¢) odds ratio, ¥ > 1 risk ratio, R > 1

(3,12,1.0,95) | n =901  std, =1875 |7 =324  stdy = 0.547

(6,4,1.0,.95) =580  stds = 0.563
ACC - —— 0<pi1 <ps
(a,b,1,1—¢) odds ratio, ¥ < 1 risk ratio, R < 1

(3,3,05,.95) | n=187 stdy=0526 |A=164  stds = 0.651

ACC - - = Pe<pbi1 <1

(a,b,1,1—¢) odds ratio, ¥ > 1 risk ratio, R > 1

(3,12,1.0,.95) | &

2068 stdp = 12.925 | nn = 409 std = 0.737

(6,4,1.0,.95) fi=615  std, = 0.943
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Table 3.7: Monte Carlo-based sample size calculations for the ALC

and ACC using the generalized beta prior distribution. py = 0.1.

ALC - 0<p1<po
(a,b,1,1—¢) odds ratio, ¥ < 1 risk ratio, R < 1
(3,3,05,95) | A=131 std;=0.149 | A =131  std,=0.233
ALC - == Po<p1 <1
(a, b, 1, 1 —¢) odds ratio, ¢ > 1 risk ratio, R > 1
(3,12,1.0,.95) | 7 = 1012 stdy = 2.675 | n = 265 std; = 0.373
(6,4,1.0,.95) Ai=311  stds=0.350
ACC - — = 0<p1 <po
(a, b,1,1—¢) odds ratio, 9 < 1 risk ratio, R < 1
(3,3,0.5,.95) | A=135 stdy=0249 |7 =134  stdy=0.233
ACC - — = Po<p1 <1
(a, b, 1,1 —¢) odds ratio, 1 > 1 risk ratio, R > 1
(3,12,1.0,.95) | 7= 1240 std; = 5.707 | n = 272 stdy = 0.359
(6,4,1.0,.95) A=315  stds = 0.850
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3.3.2 Results and applications

To illustrate our methods, consider the problem of determining the sample
sizes in the context of the restricted model for estimating the relative risk
and odds ratio with the ALC and ACC. Let {a,b) represent the prior
distribution parameters in the models in equations 3.3.1 and 3.3.11, pg = 0.1
the probability of success among control (case-control study) or non-exposed
(cohort study), and let 1 — a = 0.95 be the desired coverage level. As
usual, in cohort settings, the parameter investigated is the risk ratio and in
case-control settings, the parameter is the odds ratio. Let f represent the
average of 10 Monte Carlo estimated sample sizes. For each of the two Monte
Carlo steps involved in the computation of criteria functions, we simulated

m=M=2000 observations, using the algorithm described in subsection 3.2.5.

Tables 3.6 and 3.7 provides results. Three sets of prior parameters were
chosen, namely, (3, 3), (3, 12), and (6, 4), representing typical cases where
p1 equally takes values near 0 and 1, where p; more often takes values near
1 than 0, and vice-versa, respectively. The mean and standard deviation
of the 10 trials are provided in these tables along with their mean, which
is highlighted in blue. The empty cells in Table 3.6 and 3.7 are cases for
which the sample sizes are larger than 20,000. It is clear from Tables 3.6
and 3.7 that the sample sizes based on case-control study for estimating the
odds ratio are larger than the sample sizes based on cohort for estimating
the relative risk. This behavior is marked when (a,b) = (6, 4). The sample
size based on the generalized beta prior distribution (see Table 3.7) under

ALC and ACC are similar. For the incomplete Beta (see Table 3.6), there
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is a marked gap between the sample sizes provided by ALC and ACC.

3.4 Conclusion

In this chapter, we addressed the sample size problem for inference in exposure-
only and case-only settings under the Bayesian paradigm for each of the five

criteria ALCy, ACC,, WOC, MLOC and MCOC. The three parameters
of main interest in epidemiological studies, namely, R = 2—1—, Y = M,
Do po(1 —p1)
and ¢, = log(.) are studied, where py < 1 is known. We studied both
HPD and equal-tailed intervals. HPD intervals are optimal in the sense that
they lead to the smallest possible sample sizes under any criterion. One ad-
vantage to using equal-tailed intervals is that they are simpler to compute
and therefore computationally efficient. When there are no restrictions on
m, we developed three approaches: exact, approximate, and Monte Carlo-
based. We derived sample size formulae for ALC,, WOC, and MLOC,
and also discuss the approximate linear relationship between, for instance,
and n. This linear relation is exploited to reduce Monte Carlo

alci(n, a, b)
errors by fitting a regression equation to the Monte Carlo sample.

When imposing conditions of the type 0 < p; < py or pp < p1 < 1 on py,
we investigate two families of prior distributions that can be used to model
these restrictions. We derived the posterior distributions of R, 1., and ¢,
arising from these prior and showed how one can simulate observations from

these posteriors. Numerous tables of sample sizes are provided in appendix J.

We have established a simple, but extremely important, relation between
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the one sample problem and both exposure-only and case-only designs. As
a consequence, not only have we solved the question of sample size determi-
nation for exposure-only and case-only designs, we have also presented an
alternative solution to the sample size calculation problem for estimating a

single proportion p; extending the work by Joseph et al., 1995. Here we
P

— D1
often of interest in areas such quality control (Berger, 1998).

looked at the odds, w = , and the log-odds ¢ = log(w), parameters

In the next chapter we derive Bayesian interval-based sample size methods
for estimating risk and odds ratios for the two sample problem, where py is
also unknown. Four major designs in epidemiologic are studied, namely,
cohort, case-control, cross-sectional and matched designs. Most of the ideas

developed in this chapter carry over again in the next chapter.



Chapter 4

Bayesian interval-based sample
size determination for
estimating risk and odds ratios

for two sample problems

In this chapter, we investigate the problem of sample size determination
in case-control, cohort, matched, and cross-sectional designs. Let D and
E again represent the disease and exposure status, as described in section
2.3. Define pp = Pr(D = 1|F = 0) and p; = Pr(D = 1|E = 1), the
conditional probabilities of disease among both exposed and non-exposed
subjects in a cohort setting, and let pj = Pr(E = 1|D = 0) and p} = Pr(F =
1|D = 1), the conditional exposure probabilities among diseased and non-

diseased subjects in a case-control setting. In cohort studies, we investigate

137
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the relative risk, R = D1 as well as log(R), while in case-control studies

Po
. ) 1 —
we investigate the exposure odds ratio, 9. = p___,l( P ?)
po(1 — p1)

P11 :PI‘(DZ].,EZI), pl():PI'(D: 17E:O), Po1 ZPI‘(D:O,EZ 1),

and log(v.). Let

and poo = Pr{D = 0, F = 0) be the cell probabilities in the setting of a cross-

sectional study. In cross-sectional studies, we investigate four parameters,

p11(Pro **-poo)7 the odds ratio, ¥ = D11P00
p1o(P11 + po1) PioPo1
log(R) and ¢ = log(x)). Finally, let py;, Do, Por, and pyy be the probabilities

the risk ratio, R =

, along with

of the pairs (+,+), (+,~), (=, +) and (—, —), respectively (see Table 2.2)
in a pair-matched setting. In a pair-matched analysis, we investigate the

'l
exposure odds ratio, ¥, = 13,1—0- and ¢], = log(¢.).
Do1

In contrast to the previous chapter, we do not assume that any of the
proportions involved here are a priori exactly known. We consider the sample
size problem in two different contexts. The first context, the unrestricted
model, places no restrictions on any of the “success” probabilities defined
above. In cohort and case-control studies, we define a second scenario, the
restricted model, which deals with cases where we know a priori that 0 <
po < pr < lor0 < p < po < 1 (cohort studies) and 0 < pj < pj < 1
or 0 < p} < py < 1 (case-control studies). In other words, we know a
priori that R < 1 or R > 1 and ¢, > 1 or ¢ < 1. The restrictions on
the pairs (po, p1) and (pf, p}) can also be seen as a way to break the usual
hypothesized independence between columns and rows of Table 2.1. To our
knowledge, no one has previously considered sample size calculations for
interval estimation from this viewpoint. This allowance for dependénce allows

for wider applicability of our results than currently available results in the
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literature.

Throughout this thesis, for all the designs investigated, we find sample
sizes for both HPD and equal-tailed intervals. Unfortunately, in the two sample
problem, in contrast to the one sample problem, we do not develop exact or
third order approximation approaches because of complications dues to the
presence of a nuisance parameter. We are left with only three options: a
sample size formula approach, a “straight” Monte Carlo approach, and a
regression-based Monte Carlo approach. We derive sample size formulae for
the unrestricted model where an explicit expression of posterior variances
is possible. In practice, however, a Monte-Carlo approach is frequently the
only option for the two-sample problem. Since Monte-Carlo approaches have
been described extensively in chapter 3, we only give a short outline of the

main steps in this chapter.

We also consider the choice of the optimal ratio of controls per case, g =
Z—j, in case-control studies or the ratio of non-exposed to exposed, g = %,
in cohort studies, in the sense that the total sample size, N = ng + ny =
(g + Dna(g) or N = mg + my = (g + 1)m4(g), respectively, is minimized
over 0 < g < oo, while still attaining the desired estimation precision. The
optimal sample size NV then corresponds to the overall minimal sample size
over the set (n1,7m9) € N or (my,mg) € N. The combined problem of sample
size and optimality of g are easily addressed by minimizing the cost C =

cini(g) + cono(g) = (g + r)cena(g) in case-control studies, where ¢; and cg

C1 .
represent the cost per case and per control, and where r = L is the cost
Co
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ratio of cases to controls. Similarly for cohort studies.

This chapter can be divided into two parts, according to the sample size
criteria used. Section 4.1 discusses the five criteria ALQC,, ACCy,
WOC, MLOC, and MCOC. Section 4.2 addresses a new set of Bayesian
sample size criteria that average over nuisance parameters. Section 4.1 is di-
vided in four subsections: cohort studies, case-control studies, cross-sectional
studies, and pair-matched studies. The subsections concerning cohort and
case-control studies are also divided in two: the unrestricted model and the
restricted model. In general, irrespective of the design, the main steps for

the unrestricted cases are:
e State the required posterior densities.
e Prove the unimodality of the posterior density.
e State the required predictive distribution.

e Using the unimodality of the posterior density, derive approximate sam-

ple size formulae and discuss the optimality of g.

e For cohort and case-control studies, extend the problem of sample size
to the problem of reducing cost. We also derive approximate cost for-

mulae and again discuss the optimality of ¢ in this context.
e Give a sketch of the Monte Carlo approach to sample size calculation.
For the restricted cases, the main steps are:

e State the model for the restrictions, and find the posterior density.
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e Prove the unimodality of the posterior density.
e State the required predictive distribution.

¢ Derive algorithms to simulate observations from the posterior distribu-

tion for the four prior-likelihood models under investigation.

e Using the unimodality of the posterior density and the simulated ob-
servations from the posterior distribution, carry out a Monte Carlo

approach to sample size calculation.

The first set of sample size criteria considered are the ALCy, ACCy,, WOC

MLOC, and MCOC.

4.1 Sample size calculations based on the ALCy,

ACC,, WOC, MLOC, and MCOC

4.1.1 Cohort studies

We again use the notation T = (a,b7 c, d), first introduced in section 3.3 to

represent the data in Table 2.1. Cohort studies are mainly concerned with

estimating the risk ratio R = PLofetT= (a,b,my —a,my — b) denote an
Po

observed table from a cohort study. In addition to independent sampling

both between and within the exposed and non-exposed groups, we assume

that py = Pr(D = 1|F = 1) and po = Pr(D = 1|F = 0) are a priori
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independent with

a ~ Bin(mq,py) given F =1 and py, p1 ~ Be(d', '), and

b ~ Bin(mg, po) given F = 0 and py, po ~ Be(V,d').

Let T = (a’,‘b’, c’,d’) denote the table of prior parameters. Let g be the ra-
tio of non-exposed to exposed subjects such that my = gm;. The constant
¢ is an integral part of the design, and is selected either optimally, as will
be discussed in the sequel, or by more practical considerations. The com-
bination of the prior-likelihood tables, T' and T, leads to a posterior table,
T = (a”,b”,c”,d”) where ¢’ = a+a V' =b+V, " =m;+c —a,d =
mo +d —b. N = mg + m; is the total sample size. We investigate two
models for the computation of sample size. The first model does not place
any restrictions on the values of p; and py. The second model assumes that

either 0 < p; < pg or po < p1 < 1, leading to R < 1 or R > 1, respectively.

4.1.1.1 Case when p; and py are unrestricted

Under this model, the posterior density of the relative risk, first derived in

chapter 2 (see equation (2.4.5)), R, is

1 Ra”—l 1 M 17 £ e
ZHW' 1 11— R 2] dZ,
K Jo
< E<1
pr(R|T") = {

R—-——(b”%—l) 1 1" 1 17 ]_ d”_l
I A /) Ll | 4 dZ
— -2 1o ,
| R>1
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where K = B(a”, ") x B(V',d"), and the posterior density of the logarithm

of the relative risk, log(R), is

ea”R t "y " e |
— | 21 -2 1= P Z] az,
K Jo
R <0
Plog(r)(R|T") = 5
_b//R 1 "
4 / Za'/,+b,/”1(1 _ Z)cn_l [1 _ e__R ) Z]d —~1 dZ,
K Jo
R >0
(4.1.2)

Unimodality All of the Monte Carlo based algorithms used for the com-
putation of HPD intervals require unimodality of the posterior density. We
prove below when ¢”,d” > 1 that the posterior density of R is unimodal and
the posterior density of log(R) is s’crongly unimodal. It is clear that R is not
strongly unimodal since strongly unimodal densities possess all their k-th

moments finite, for all k&, whereas the k-th moment of R

Bla+d +km —a+)BO+YV —k,mog—b+d)
Blat+a,m —a+)Bb+b6,m—-b+d)

E(RF|T") = (4.1.3)

is only defined for 0 < k < b-+1¥.

Lemma 4.1.1. If p ~ Be(a, ) witha > 0 and 8 > 1, then log(p) is strongly
unimodal.
Proof. The density of log(p) is

az(1 _ o? B—1
flog(p)(z) = f“(B_(&‘ﬁi—; z <0,

9 IOg (flog(p) (Z))

so that log( fiogm) (2)) = az-+(6—1)log(1—e*)—log B(a, 8) and 3,
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(8—1)e* 0" log(fogw)(2))  (B— D)€
o= Thus 552 ———(1_62)2

B>1 O

is non-positive when

Theorem 4.1.2. Let p; ~ Be(ay, 1) and py ~ Be{ag,B) be two inde-

pendent random variables with cq, 0 > 0 and B1,80 = 1. Define ¢ = %
o

Then
(1) log(y) is strongly unimodal, and, therefore, unimodal.
(zz) @ is unimodal.

Proof. (i) Lemma4.1.1 combined with Proposition 2.7.1 implies that log(¢) =
log (%) = log(p1) — log(pe) is strongly unimodal, since it is the dii-
0

ference of two independent strongly unimodal random variables.

(ii) Lemma 3.3.1 guarantees the unimodality of ¢ = % = ¢logly),
0

O
It is well known that the posterior distribution of p; ~ Be(a”,¢") and
the posterior distribution of py ~ Be(b”,d"), are independent. Under the

assumption that ¢”,d” > 1, a corollary to Theorem 4.1.2 is that log(R) is

strongly unimodal and R is unimodal. A similar statement holds for Ry = Po.
P
' ) - 1—po ) )
For the other variables Ry = and Rg = ’ we have unimodality
— Do — D1

when a” 8" > 1. A consequence of the unimodality of R is that pr(R|T") is

decreasing when a” < 1.

The pre-posterior predictive distribution Also of primary importance

in the computation of sample size, is the pre-posterior predictive distribution.
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In the cohort setting, we have

B(a”, ") mo\ BV, d")
b b/ / d/ — m 1 y 1
pla, blmy,me,a’, ¥, d') ( N ) B o) X ( b ) BW. )’ (4.1.4)

for a = 0,---,my, and b = 0,---,mp which is the distribution of two

independent Beta-Binomial random variables.

Note 4.1.1. Since mg = gmy, my tends to oo as mgy tends to co. This

together with the independence shown in equation (4.1.4) and Theorem 3.2.6
a b b

applied to each —, —, implies that we have that Y., = (_‘f__, —) —t
my Mg my My

(p1,p0). This result is used implicitly in the proof of Corollary 4.1.3.

We are ready to derive approximate sample size formulae for the ALC,

and the ALC.

Approximate sample size formulae for the ALC,; and ALC: Let

Ip = lp(my, gmy, d", V", " d") = 221_q/2/ Var(R),

be the first order approximation of the length of an HPD or equal-tailed in-
terval, where Var(R) = Var(R|T"). We impose the condition ' > 2 to
ensure the existence of all posterior variances for any a = 0,...,m; and
b=40,...,gm.

It is very difficult to directly derive approximate sample size formulae for
the ALC using the exact pre-posterior predictive distribution. Fortunately,

a corollary to Theorem 3.2.6 again suggests a solution to this problem.
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Corollary 4.1.3. Ford' c,d >0, and ¥ > max(2,3k/2),

o \/m_l{Exml[l’fz}} //{ +(1 a:)yr/zx

Mmoo 2Zl—a/?
a+k/‘) 1 d—1 b’ 3k/2~1(1 d'-1
(1-=z) Q-9 )
B, ) B(¥,d)
(4.1.5)
b
Proof. Suppose k is even. Define Y,,, = (—(L, ———> and let F,,, be the
my gy

set of points (z,y) where the mass function of ¥, is positive. After some
algebraic manipulations of the posterior variance of R, Var(R) (use equation
(4.1.3) to derive Var(R)), and setting a = mqz, ¢ = ma(1 — z), b = gmay,
and d = gm4(1 — y) one can show that

(maz + a)(gmi + 0 +d — 1) "
(my+a +)2(my+a + + 1)(gmy+ ¥ — 1)2(gmiy + 0 — 2)

{(mlzv +gmuy+ad +V —){gm +b +d - 2)(mi+d + )~

Var(R)

(mi+gmi+ad+¥+d+d—1)(mz+d)(gmy+b - 2)}

Taking the limit as m; — oo, we have

lim ml/ {Var (R }k/Q il {x(lg— ) +y(1 — x)} o

my] —0Q 3k/2

The limiting function is neither continuous nor bounded due to the term,
y**/2 in the denominator. To remove this indeterminacy, we need the decom-

position
3k/2

fop/ ! i’
mel(I’ylmhgmba?b?CJd) = Cmy H
g==1

(i)

gm
Py, (:Br ylmly gmia, a’ly b — 3k/27 cla d,)7
T(gmi + ¥ +d — 3k/2) B(H — 3k/2,d)

T(gmi + ¥ +d) B(¥,d")
3k/2

. The idea is

where ¢, = (gm,)**/?

to obtain a term that contains the factor y in its limit as my — 00, SO
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k/2
that this term cancels the factor y*/2 in lim,,, m" 2{Var(R)} . Here this

V-1
term is ?ﬁ/ 2 (—————— + ) Define
H'z—l gm, Y

hml (xa y) = m£

i=]1

where h,,, is a sequence of continuous and uniformly bounded functions by

construction, and

limOO B, () = 2F/? [—:-U—(—l—;——y—) +y(1—x)

Ty

:I k/2

If &' > 3k/2, we have

1/k
vmisEx,, [i& . 3k/2 .
i P [ (G +v) (VxR

A
2 1 Ot/2 (m,y)éfml =1

Py, (x7 ylmb gmay, a’ly b — 3k/27 C,7 dl)
= Cmy Bl (Zn,)],

where Zn, ~ py,, (z,ylm, gmy,d b — 3k/2,¢,d"). We have Z,, —*

(p1,po), where p; ~ Be(a',¥ — 3k/2) is independent of pg ~ Be(c, d').
Theorems 3.2.7 and 3.2.6 imply that

’ 1 prl l'al—l(l . x)c’—l yb’——Sk/Q«l(l . y)d’——l
ImEh, (Zn,)] = hizx, )
i Bl (Z )] /;) /0 (z.9) B(a, ) B(Y — 3k/2,d)

= /01/01 {ﬂ%‘——y—)——!—x(l—m)y k/2><

xa'+k/2-—1(1 _ x)c’—l yb’—3k/2-1(1 _ y)d’—l

dxd
B(d, ) By — 3k/2,d) 0
B — /
which completes the proof for k even since 171711{1 Crmy = B( B b?’),k(;’ ?’ &)
Similarly, for k odd, we define
B/2HY2

T (z,9) =m0 ]

i=1

+y) ¢ {Var(R)}2,

gmy
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to obtain

1—
lim o, (2,y) = 22 y'/2 [?—Lq—y) +y(l—z)

my—

]k/?

Next, defining Z,,, ~ py,, (@,y|m1, gmy,a’,b' — 3k/2 — 1/2,c, d') we obtain
4 xa’»—l(l - $)c’-1 yb'a3k/2—1/2-1(1 _ y)d’—l
B(a/, ) B —3k/2—-1/2,d")

Ly — , and the result follows.

O

The idea behind obtaining an approximate sample size is to solve the
1/k

equation {E X, [l’fz]} = [in m; using the limiting result in Corollary 4.1.3.

Thus an approximate sample size for Nr(g) = mi+mo = (g+ 1)m;(g) given

g, when estimating R under the ALC; when ¥ > max(2,3k/2), is

Nrlg) = (g+1 4 Oz/2 {ff / [:):(1_ (1»33)9}1:/2)<

a+k/2 1(1 c -1 b’ ~3k/2— 1(1
B(«, ’) B(v,d")

y)d -1 2/k
dmdy} —ad -V -d-d.

(4.1.6)

Remark 4.1.1. Note that the term o’ + V' + ¢’ + d’ which represents the extra
sample size provided by the prior distribution, was adjusted for after solving

for m; as indicated above.

When ¥ — 3k/2 > 1, the integrand in the expression (4.1.6) is well-
behaved and its integral can be computed with most integral subroutines,
for example, the ISML subroutine DTWODQ. To prevent overflow, one
first evaluates the logarithm of all the terms in the integrand, adds them and
exponentiates the final value. Alternatively, one could also use a Monte Carlo

integration technique to compute Ng(g) by generating n pairs (z;, %), 1 =
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1,---,n from two independent Beta distributions: z; ~ Be(a' + k/2,¢ — 1)

and y; ~ Be(b — 3k/2,d’) and approximate the integral in (4.1.6) as

427 {B(a’ +k/2, YB — 3k/2, d')

Ne(g) ~ (¢9+1)—F3 B(a', ¢)B(V, &)

2/k
1 n (1 — k/2
_E[M"“(l*%)%} } —a =V - —d.
n =0 g

Figure 4.1.3 was generated using the subroutine DTWODQ. The prior
and pre-specified parameters were (o', V', ¢, d', 1—a, 1) = (3.0, 3.0, 3.0, 3.0, .95, .50).
The overall minimal sample size was N = 590 and the corresponding optimal
g is seen to be gop = 1.60. The common choice, g = 1, corresponding to an
equal nuinber of exposed and non-exposed, leads to N = 616, and therefore

g = 1 is nearly optimal.

Approximate formula for the minimal cost problem: A natural
extension of the sample size estimation problem is that of minimizing cost
for a given precision of estimation in case-control and cohort designs. Denote
by ¢; and ¢g, the unit cost, respectively, per case and per control in the case-
contfol design, and by r = %, the cost ratio of cases to controls. We seek
the couple (g,m1(g)) that minimizes the total cost C' = ¢ymy(g) +comolyg) =
(g + r)comy(g), under the constraint that for each g the pair (mo(g), m1(g))
is the solution of the ALC, problem, for instance. More general and non-
traditional approaches to incorporate costs into design issues are the object
of the papers by Lindley, 1997, Bernardo, 1997, Stallard, 1998, Pezeshk and

Gittins, 1999, Gittins and Pezeshk, 2000a, and Gittins and Pezeshk, 2000b.

These approaches are based on eliciting a loss, a gain, or utility function, for
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Figure 4.1.1: Graph of Ng(g) against g = .10,.15,- -+ ,10.00 for the risk ratio
with (a/,V,d,d,1 — a,l) = (3.0,3.0,3.0,3.0,.95,.50). The optimal ratio is

Gopt = 1.60 with a corresponding sample size of Ng(gop) = 590.

example expressing financial costs of the treatment, potential profits from
a marketing company, or a public health benefit. These methods are often
called “fully Bayesian” or “decision theoretic” approaches.

The minimal cost Cr(g) = como(g) + cima(g) = (g + r)coma(g) for R

given g under the constraint that m;(g) satisfies the ALCy, is, from (4.1.6)

Crlg) = co(g+r)4zi_2a/2 {/; jf F(l_;}_/) +(1— x)y} " X

@/ +k/2-1(1 __ N\—1  b'—3k/2—171 _ .\d'~1 2/k
z (I-z) 'y A-y) iyl
B(a', ¢) By, d)

cila + ) — et + d), (4.1.7)
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where 7 = —Zl Note that when ¢y = ¢; = 1 we have Cg(g) = Ng(g). Thus
0

the sample size problem is a subset of the cost problem. For k = 2 and
a,cd,d >0, >3, the minimal cost is approximated by

422_a
Crlg) = alr+g)—72

]B(a +2,)B( —3,d +1) B(a’+1,c’—l—1)B(b’-2,d’)} B
9B, ) B(V,d) B(a',¢) B, d)
cl(a + ) — b +d). (4.1.8)

X

A simple derivative of Cr(g) in equation (4.1.8) with respect to g shows that

the optimal ratio, g, is

gR_«\/ B(d +2,d)B(H —3,d +1) [ (@ + 419)

Bl@+1,c¢+0)BU —2,d) \ #=3)¢
In the context of frequentist hypothesis testing, Gail et al., 1976 demon-
strated that the optimal ratio g follows what he called the square root rule,
that is g = \/r, 7 = Pido _ for a cohort study. Here we also have a

Dog1
/
square root rule gr = /T when b’ > 3 with ng = ((-aj:_é%‘c—/

although in a
Bayesian credibility interval context.
Similarly, for log(R), the minimal cost Clgr)(9) = como(g) + cimi(g) =

(g + r)comi(g) given g under the constraint that m;(g) satisfies the ALCy,

Clogm)(9) = Co(9+7") = 0‘/2 {/51 /: F(—l—;——yl +(1 - a:)y} " X

o/ —kf2—1(1 _ \=1 W —k/2—1(1 _  \d'~1 2/k
T (I-z) "y Q-9 . iyl -
B(d/, ) B, d)

ei(a" + ) — (b + d). (4.1.10)

Equation (4.1.10) which is not formally proved here, is based on the fact that

1
hm m1Var(log(R)| ™) = — %—@ + (1 - :E)y] , when one sets a” =

Ty
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max, ' =mi(l—2)+c, b= gmy+b, d’ = gmi(1—-y)+d in the expression

for Var(log(R)|T”) (see appendix E for the derivation of Var(log(R)| T")).
(/ — D)
v — 1)
We observed empirically that the sample size formula obtained using equation

For log(R) when k = 2, we have giog(r) = /7 Thog(R) With Theg(r) =

(4.1.10) when ¢y = ¢; is an excellent approximation of the exact ALC;
i E+1 , oy
sample size when o', > L—;—) for both HPD and equal-tailed intervals.

Therefore, we encourage the use of this formula, even if costs are not a

factor.

So far, we have only derived approximate sample size and minimum cost
formulae for R when b’ > 3k/2, and log(R) when o’,¥ > 3k/2, under the
ALC,. For the other four sample size criteria,' we must rely on both the
“straight” and regression-based Monte Carlo approaches (fully described in
chapter 3) to find the required sample sizes. Below we sketch briefly the
main steps of the “straight” Monte Carlo simulations for the sample size
problem for R. A similar algorithm can be derived for log(R). Since the
regression-based approach for the two sample problem is no different from
that of the one sample problem, it will not be discussed. We implemented all
these approaches and algorithms and all others in this chapter using Visual

Fortran 6.1 (Compagq) that includes most ISML libraries.

Sketch of the Monte Carlo simulation approach to determine sam-
ple sizes when estimating R under ALC,:  For each step in the bi-

sectional search over nq(g), one performs the following.
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e Simulate p} ~ Be(d/, ¢) and pi, ~ Be(¥/, d'), i=1,---

e For each pair (p!, p}), simulate two independents observations a; ~

Bin(n(g), pi) and b ~ Bin((g + 1)ni(g), pb)-

e For each i, simulate p] ~ Be(d + a;, m(g) — a; + ¢) and
p’g ~ Be(b,;—%—b’, (g—%—l)nﬂg)—-dr}-d') and set Rj = %, ] = 1, ,A[

0
Use the observations R; to estimate the length I; of the HPD interval

given 1—q, using Algorithm 4 in subsection 2.7.2.3. (below, we describe

methods for evaluating pr(R;| T”), an important step in Algorithm 4).

Lo 1/k

e Compute alcy(ni(g),d,V,d,d") = (;ﬁ;lf> i
One important step in the above straight Monte Carlo approach is the
evaluation of the posterior density of R at the simulated R;’s. We now
present various ways to compute pr(R|T”). Similar ideas may be applied for

Prog(r) (B T").

Computation of the approximate the posterior densities of R and
log(R): We have three options to evaluate pr(R|T") given by equation
(4.1.1). The first option is based on using the univariate integral subroutine

DQDAG (Piessens et al., 1983) from the ISML library with the integrand

"ot 1 a” -1
z““’b_l(l—z)d"l%[l—}%-z] . 0<R<1

g (R, z) = o VR 1 dr—1
21— )T % [1—1@-2} , R>1,
where K = B(a”,c”) x B(}’,d"), rather than the natural integrand
" vy RYY ¢'~1
z“+b*1(1—z)d—1—-——[1~R-z] ., 0<R<1
g7 (Rz) = a4 1 -1 é{ o I
z (1-2) 7 [1—?%-2} : R>1.
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The advantage of using ¢* is that

1

Bz f, 9 2]z = i b (Qog(B)| T) = 0

g [ 62 bz = i pni(logRIT) = 0,
1
which together with the unimodality of piog(r)(R|T") ensures that j[ g (R, 2)dz
is uniformly bounded. This would not be the case for ¢** Whenoa < 1as
R—0.
Note that one can recover pr(R|T”) when the integrand ¢* is used by using

1 1
the relationship pr(R|T") = B / g (R,z)dz.
0

The second option relies on the use of Monte Carlo integration methods.

Let Y ~ Be(b’, d") and Z ~ Be(a”, ¢'). Indeed, when R < 1,

pr(R|T") x By {(RY)all_l(l - RY)CH*l} ~ Z(Ryi)a"—l(l ~RY)¢,
j=1

where ¥;, i = 1, -+ , m are m random observations. When R > 1,
Z b”+1 Z m Z b/l+1 Z dll__l
R|T"Y x E - 1-=| = — 1——
immye |(3) (- 3) =5 () (-5)
where Z;, 7 = 1,--- ,m are m random observations.

The third option is based on Horner’s algorithm (Press et al., 1990) to

compute the sums in equation (4.1.11) when ¢ and d’ are integers,

4 -1

Ra”—l

7=0

pr(R|T") = .
)B(a1l+bi,+j,cll+dl,—1-j) (1__E

R—~(b"+1) d’-1 d -1
("

(4.1.11)

"o j
> (C J 1) B(a" +b" + 4, +d" —1-35)(1 - RY,

O0< R<1,

).

R>1
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Equation (4.1.11) is easily derived by expanding the polynomial (1—Rz)*"~ =
R 1 1 (1 2\ d-1 . 1 d’-1 .
[1—z+z(1— )} an (-E) m[—z+z(1~§)} in
R

equation (4.1.1). A similar expansion for

I was given by Aitchison and
Bacon-Shone, 1981. The implementation of Horner algorithm uses integer
inputs for o/, ¥, ¢, d’ although it is sufficient that ¥, d’ be integers. In prac-

tice, the use of Horner algorithm for our sample size calculations is by far the
fastest of the methods. For this reason, we encourage researchers to round
their prior parameters to the closest integers to take advantage of Horner’s
algorithm to determine the required sample size, as long as rounding results
in minor changes to the prior moments of R. This is clearly the case for large

input parameters @, ¥, ¢/, d’ where rounding results in minor loss of accuracy

in the required sample size.

4.1.1.2 Case when p; and py are restricted

The discussion so far has been confined to the scenario where p; and py are
unrestricted. We now retrace our steps and apply them to the restricted
case. When it is known a priori that p; > pg or p1 < po, two Bayesian prior
distributions have been suggested in the literature. The first uses a family
of conjugate priors, the bivariate incomplete Beta distribution (Smith, 1975;

Tsutakawa and Lin, 1986)

Forpey < PF 11 = p)* g (1 = o) (4.1.12)
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where either 0 < p; < pp < 1 or 0 < pg < p1 < 1. The prior-likelihood

combination yields the following posterior distributions for R:

1

pr(R|T") x R 1 / ZH - 1 —-R-Z]° 1 dZ,  0<R<1,
0

(4.1.13)

when 0 < p; < pg <1, and

1
pr(R|T") oc R~ / Z W (1-2)" [1 L
0

d’—1
A dz R>1
R :l Y 2

(4.1.14)

when 0 <py <p; < 1.

The second family of prior distributions is the Generalized Beta den-
sity family used by Franck et al., 1988 in the context of a randomized
trial. Here one assumes the hierarchical model py ~ Be(V,d’) and py|po ~
Be(d/,d,0,p) for 0 < p3 < pg < 1, or p1 ~ Be(d,¢) and polpy ~
Be(V,d',0,p;) for 0 < po < py < 1. The combination of these prior-likelihood

models yields the following posterior distributions:

1

pR(T‘lT”) ox r? —1(1-—7")6 —1f pS“Lb —1(1——po)d ”1(1—rp0)c dp(), O<r< 1,
0

(4.1.15)

when B < 1 and

1
pyr(r| T7) o 7 71 (1—r)? —1/ py P (1—py) T A—rpa) dpr, O <7 <1,
0
(4.1.16)

when K > 1.
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Unimodality:

Proposition 4.1.4. The distributions given by equation 4.1.15 and 4.1.16

are unimodal when ¢, d”" > 1 and d',c" > 1, respectively.

Proof. We first derive the posterior distribution of log(R) resulting from

equation 4.1.15. We have
" ' 1 i 7’
Plog(r)(r] T") ox e* "(1—€")* "1/ path _1(1—p0)d “H1—e"po) dpy, —o00 <r < 0.
0

We recognize that the posterior distribution of log(R) can be written as the
product of two strongly unimodal distribution when ¢ > 1, and, therefore,

is strongly unimodal. Indeed,

Piog(R)(T‘ T”) o p1(r) X palr),
where

p(r) ox @1 el —co<r<0, ¢>1, 0<e<min(d,b)

1
pa(r) 6(“+€)’"J/ o T 1= po)* T (1~ € o) dpy, —co<r<0, d'>1
0

The strong unimodality of p;(r) follows from Lemma 4.1.1, while the strong
unimodality of po(r) is a result of Theorem 4.1.2. Since ps(r) is proportional
to the expression for the posterior distribution of i—; where p; ~ Be(a +
g, c+ 1) and po ~ Be(¥' — ¢, d"), 0 <& < min(a’,d”) when 0 < r < 1, and
the result follows.

Again, a straight application of Lemma 3.3.1 confirms that the random

variable R is unimodal. Similarly for equation 4.1.16. O
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We now present various algorithms to simulate observations from the dis-
tributions in equations (4.1.13), (4.1.14), (4.1.15), and (4.1.16). These have
not previously appeared in the literature. We saw in subsection 4.1.1.1 that
the simulation of observations from the posterior distribution is an important
step in the Monte Carlo-based sample size approach to the determination of

sample size.

Generating observations from the distributions in equations (4.1.13),
(4.1.14), (4.1.15) and (4.1.16):  There are four cases to consider depending

on the prior information that is used.

Case 1: It is easily seen from equation (4.1.15) that

1
pr(r|T) o v (1 —r)"" / et (1~ po) A~ rpo)edpe, O<7T <1,
]

1 c
”_ ;__ " "_ 1 - pg)c J (1 - T)
a"=1(1 _ e 1/ atb 1 d 12 Po
=) Opo (e+1)B{+1l,c+1-7)

B Z Bla+b'+3,d"+c—j)

a"——l 1 — C'+j—1'
<(c+ DB+ 1,cri- DT (1=7)

Thus the posterlor density of R can be written as a finite mixture of ¢+ 1

independent Beta distributions:

c Tall____l (1 _ T)C,+j“1
) = ' 4.1.17
pR(7"| ) ;wj Be(a”,c’ +]> s ( )
j B 4 i —ABld". .
Withwjz———c&-—andvjz Chall +de tc—J) .(a,C +])'
Li0 U B(j+1,c+1-7)

Case 2:  The case R > 1 in equation (4.1.16) is dealt with by consid-

1
ering = We have

1
p1/r(7] ") r? ”1(1—7")‘1 ”1/ P +b'1(1~—p1)cl '1(1——rp1)d dpy, O0<r<l1.
0
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. . 1 . . : i
Thus the posterior density of = can be written as a finite mixture of inde-

pendent Beta distribution:

d bl/_l d,+-—-1
7 r (1 -—7") J
pl/R(T! T/) = Z~wj Be(b// & +j\ 3 (4118)
j=0 ’ )
j " Wi A "o .
withwj:;’—fandvj:B(a +b+‘7.,c +d g)B(b, +3)
2 k=0 Uk B(j+1,d+1—3j)

Case 3:  For the posterior distribution in equation (4.1.13), pr(r | T7)

" i BN " '~1
po'-1 / Z Y11 gy [1 _r. Z] dZ, R <1, when ¢ is an in-
0

teger, we have the decomposition:

(1) = You, o) (4.1.19)
Pr T 2 Be(a,j 1 1) .

vj B(a// _+_ bl/ +], C”+d” _J _ 1) B(a/ll7 ‘7 + 1)
% and v; = - —— .
Zk:()vk B(] +1,¢ '—])

When ¢ is not an integer, one technique is to generate a pair of observations

with wy; =

(1), ;) according to equation (4.1.41), where one first switches b” and ¢”.
¥;

Finally, set Rj = w
B 0] 0%y

Case 4: The case R > 1 in equation (4.1.14) is dealt with by consider-
1 1 1 " 7 s 4
ing T We have py/p(r | T") oc 7% 71 / Z 11— 7)1~ 21 4z,
0

R > 1. Thus, we have the decomposition when d' is an integer:

., d/l___l Tbl/___l (1 . r)j
pl/R(r | T ) = Z w; m (4120)
j=0 ’

'Uj B(CL” + b” +], C”+ dl/ _] _ 1)B<b”, j + 1)
> oo Uk B(j+1,d"—j) '

;1
When d’ is not an integer, one technique is again to generate a pair (p{, 1—;)
J

with w; =

and v; =
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according to equation (4.1.42), where one first switches 5" and ¢”. Finally,

set R; :p{ + (1 ~p{)¢j.

Sample size calculations for the case when p; and pg are restricted must
be entirely Monte Carlo simulations-based. Below, we sketch very quickly
the main steps of the straight Monte Carlo approach when using the prior
model p; ~ Be(a', /) and po| p1 ~ Be(V,d',0,p1). The three techniques used
to evaluate the posterior distribution of R when p; and py are unrestricted
carry over to the distributions in equations (4.1.13), (4.1.14), (4.1.15) and
(4.1.16). Unlike the unrestricted case, the Horner algorithm always applies,

since the constant ¢, in the term (1 — poR)°, is always an integer.

Sketch of the Monte Carlo simulation approach to determine sam-
ple size when estimating R > 1 under MLOC:  The following algo-
rithm applies when the model in equation is adopted. For each step in the

bisectional search over n;(g), one performs the following.
e Simulate pi ~ Be(d’, ¢) and p} ~ Be(¥/, d'), i=1,--- ,m.

e For each pair (pi, p}), simulate two independent observations a; ~
Bin(n(g), p1) and b; ~ Bin((g + 1)ni(g), pyp1)-

e For each i, simulate f]%‘,’ j=1,--- M from equation (4.1.18) with
a = a;c=n(g) — a: b=b, and d = (g + 1)ni(g) — b;. Use the
observations [?; to estimate the length [; of the HPD interval given 1 —a

using Algorithm 4 in subsection 2.7.2.3.
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e Compute mloc(ni(g),a, ¥, ,d") = medici<y ls.

Similar Monte Carlo algorithms can be constructed for all other criteria.

To close this subsection on cohort studies, we would like to mention that
all the methods and results obtained apply directly to any design where the
iptention is to compare incidence proportions from two independent groups,
including randomized controlled trials. In such studies, the parameters R—1,
1— R, and 1 — % are referred to as the risk attributable to the exposure,
vaccine efficacy (preventive fraction), and the attributable proportion irre-
spectively, depending on the context. We explain quickly how sample size
computations for these functions of R can be obtained. Indeed, Theorem
3.2.1 guarantees that the optimal sample sizes for estimating 0 < R < 1
and 0 < 1 — R < 1 are equal when 0 < p; < pp < 1. Similarly, a straight-
forward application of Theorem 3.2.1 implies that the optimal sample size
computations for AP, is equal to that of 0 < —;{5 <1when O<py<p <1
We derive the optimal sample size for estimating % by permuting the prior
parameters between exposures and disease. In other words, if (d',¥,d,d")
are the prior parameters, one should input the prior parameters (¢, d’,a/,b')

in the program computing the optimal sample size for A.

4.1.1.3 An example

The following is an adaptation of Jolson et al., 1992. Bone marrow ablation is
one of the few effective treatments for some type of cancers. The drug cytara-

bine, a potent bone marrow suppressant given by injection for chemotherapy,
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is available in two forms: generic and innovator. Although the generic drug
is good and less expensive, it was believed to be associated with a higher
risk of cerebellar toxicity than the innovator drug. This drawback led to a
momentary interruption in its use. To study the relation between cytarabine
and cerebellar toxicity, a retrospective cohort study could be undertaken.
Two groups of patients would be selected: those that had taken the generic
drug (generic+) and the those that had taken the original drug (generic-).
Let mg and my proposed respective sample sizes of these two groups. Each
patient would be classified as having experienced some cerebellar toxicities
(toxicity+) or not (toxicity-). Prior data collected from a pilot study on cy-
tarabine and cerebellar toxicity consisting of m] = 25 generic drug user and

myg = 34 non-generic drug user are given in Table 4.1. Suppose, reasonably,

Table 4.1: Table of prior information.

generic+  generic-

toxicity+ 11 3
toxicity- 14 31
Total 25 34

that we are to use the relative risk to determine whether the generic drug
is associated with an increase in cerebellar toxicity. More informatively we
would anticipate computing a credible interval for the relative risk. We are
thus led to the design problem:

What sample size is required to estimate R with a posterior credible

interval of specified length when considering the ALC and ACC?
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Table 4.2: Sample size calculations for the ALC and ACC when the

unrestricted model is used. 1 — a =0.95, [ =5.0, and m = M = 2000.

ALC ACC

? equation (4.1.6) Monte Carlo Monte Carlo

N = 1608 N =1412 o5 =16242 | N =2882 o= 32,610
) =806 m= 70T | M08 =706 |my—is4l o= 1441

N = 1258 N=1143 ox=18225 | N =2284 oy =27.356
0 ny =414 ng=844 | iy =381 Ty =7T62 | Wy =76l 7= 1523

N =1177 N =1116 ox=16.049 | N=2146 oy = 38.317
P o254 momses | moz0  mo—sy | mosar o= 1600

N = 1156 N =1060 ox=18415 | N =2020 oy = 27.250
o =218 ng=938| M =212 fg=2848 | Wy =404 7y =1616

N =1165 N =1054 o5 =13.920 | N=2023 o = 27.556
> ny =179 ng=986 | My =176 Ty =878 | Wy =337 T =1686 -

Given a length and prior information based on the above information,

the sample size formulae in equation (4.1.6) given in this thesis can be used

to find the sample size. Column 2 of Table 4.2 recaps the values obtained

when 1 —a=0.95and { = 5.0 for g = 1.0, 2.0, 3.0, 4.0, and 5.0. The ALC

optimal ratio of non-exposed to exposed is g = 4.0. An alternative approach

to equation (4.1.6) is described in column 3 of Table 4.2. This Monte Carlo-

based approach suggests that equation (4.1.6) consistently overestimates the

true sample size. For the ACC, we also resort to the Monte Carlo approach.

Column 3 of Table 4.2 gives a good summary of 10 estimated Monte Carlo

sample sizes. N represents the average of the 10 estimated Monte Carlo
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sample sizes and o5 the standard error associated with N.
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Figure 4.1.2: Graphs of the Monte Carlo pairs | N, —;
ale (N, 11,3,14,31,.95)
when g = 4.

We next discuss how a regression-based Monte Carlo approach can be
used to improve our estimate of the ALC sample size. The equation used in
. . 1
the regression-based Monte Carlo approach is —

2 =
alc (V,11,3,14,31,1 — a)
ey + eaN, where ale(N, 11,3,14,31,1 — &) is a Monte Carlo estimate of the

criterion function for the ALC with the given parameter specifications. The

regression-based Monte approach proceeds as follows.

e First, choose J random integers, N;, j = 1,.--,J, in a well-defined
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interval and compute ;vlc(Nj, 11,3,14,31,1 —a) foreach 1 < j < J.

e Next, estimate e; and ey using a least squares procedure, and solve the

.. R 1. . . .
equation €; + &N = B in N to determine the required sample size.

Using J = 1000 and m = M = 500, the estimated regression-based
Monte Carlo sample size are N = 1412,1119, 1068, 1050, and 1056 for g =
1, 2, 3, 4, and b, respectively. These adjusted estimates suggest that the

previous Monte Carlo approach is very stable.

4.1.2 Case-control studies

We again use the notation T = (a,b,c,d) first introduced in section 3.3 to

represent Table 2.1. Case-control studies are mainly concerned with the odds
pi(1 —m)
po(l —p1)
case-control study. Most Bayesian analyses of case-control studies assume

ratio Y, = Let T= (a, ny —a,c,ng — c) denote results from a
an independent sampling both between and within disease and non-disease
subjects, so that p| = Pr(E = 1|D = 1) and pj = Pr(E = 1|D = 0) are

independent. We shall further assume that

a ~ Bin(ny,p})  given D =1, py ~ Be(d', ¥'), and

¢ ~ Bin(no, pp) given D = 0, o ~ Be(d, d).

Let T = (2/,1,c’,d’) denote the table of prior parameters. We also assume
that there is a constant, g, possibly unknown such that ng = gn;. The
constant g is an integral part of the design, and is selected either optimally,
as will be discussed in the sequel, or by more practical considerations. The

combination of the prior-likelihood Tables, T' and T, leads to a posterior
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Table, T = (", 1", c”,d”) where a” = a+a, bV =ni—atl, " =c+d,d" =
ng +d —c. N = ng+ n; is the total sample size. Again, two models are
investigated here for the computation of sample sizes. The first model does
not assume any restrictions on p} and pj. The second model assumes that
Py < pj or py > pp, leading to ¢, < 1 or ¢, > 1, respectively.

We proceed in analogous fashion to our approach for cohort studies. The

main steps for both the unrestricted cases are:

State the posterior density for 9, and ¢e.

e Show the unimodality of the posterior density of v, and ¢..

e Using the unimodality of the posterior density, derive approximate sam-

ple size and approximate cost formulae, and discuss the optimality of g.

Give a sketch of the Monte Carlo approach to sample size calculation.
For the restricted cases, the main steps are:
e State the model for restrictions and find the posterior density for v,.
e Show the unimodality of the posteriof density of 1.

e Derive algorithms to simulate observations from the posterior distribu-

tion of 1, for the four prior-likelihood models under study.

e Using unimodality of the posterior density and the simulated observa-
tions from the posterior distribution, carry out a Monte Carlo approach

to sample size calculation.
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4.1.2.1 Case when p; and py are unrestricted

Following equation (2.4.12) in chapter 2, the posterior density of the odds

!t
ratio, 1, = 2—9,1—(1—?, in the case-control design is
Pody
/ a’—1 1, a4’ 1 1 . by gd -1
G St S VA DY
C o (A—y+yy)t
Pe]T) = 3 (4.1.21)

¢—(c"+1) 1 ya"+c”~1(1 _ y)b”—l—d”»l

C 0 CN+d”
e
\ (&

where C = B(a",0")B(",d"). The posterior density of the log-odds ratio,

dy, Y21,

¢e = log(ve), is given by

4 eal/¢ 1 ya//+cu_1(1 . y)b11+d/1~1
1 € Jo (A—-ytye)
Po(p|T") = 5 (4.1.22)

ewc”d) /1 ya"+c"—l(1 N y)b//+d//_1
C o (=y+ye?)™®

dy, -0 <o <0

dy, ¢ > 0.

\

We now prove the unimodality of the ¢, and ¢, using a straight applica-
tion of Theorem 4.1.5. Again here v, cannot be a strongly unimodal since

the k-th moments for 1,

B(a" + k, b — k) B(¢" — k,d" + k)
B(a”, ") B(", d") ’

E(H 1) = 0 < k < min(b”, ")
(4.1.23)

are not defined for all values of & (Marshall, 1988).

Unimodality of the posterior density of ¢, and log(v.):

Theorem 4.1.5. Let p} ~ Be(ai,51) and py ~ Be(as, B2) be two indepen-

U 1 i
dent random variables with oy, ap, 51,8 > 0. Define p = p—,l—g—i———]—o—?%. Then
Polt — Dy
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(i) log(p) is strongly unimodal (and therefore unimodal).
(i) p is unimodal.

Proof. (i) We have shown in subsection 3.2.3 that the random variables

/ 7
log (1 it ,> and log (1 Po /) are strongly unimodal. Consequently,
- — Po
Py

7’
— log( ) is strongly unimodal as the

P
1-p 1 —pg
difference of two independent strongly unimodal random variables.

log(p) = log

(ii) Again Lemma 3.3.1 implies that p = elg?) is unimodal.

g

po(1 — i)

is also
(1 —pp)

In similar fashion, the inverse of %, namely ¢; =

unimodal.

The pre-posterior predictive distribution: The other distribution of
interest in Bayesian sample size criteria, the pre-posterior predictive distri-

bution can easily be shown to have mass function

AT AT Lo B(a//’ b”) gy B(Cﬂv d”)
= — el 1.2
p(a, ciny, ng, o', b, ', d) (a) B(@, 1) X ) BE D (4.1.24)

a=20,---,n and ¢ = 0,---,ng as the distribution of two independent

Beta-Binomial random variables.

Note 4.1.2. Since ng = gn, ny tends to 0o as ng tends to co. This together

with the independence shown in equation (4.1.4) and Theorem 3.2.6 applied
a c . . a ¢ d N

to each —, —, implies that we have that Y,, = { —, — | —* (9}, 10)-
ny Ty 1 TNg

This result is used implicitly in the proof of Corollary 4.1.5.

We now derive approximate sample sizes for the ALCy.
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Approximate sample size formulae for 7. under the ALC;: Since
the first order approximation of the lengths of an HPD or of an equal-tailed

interval are the same, we denote them by

Z'ng = Zz,be (nly gnay, a/la bna C"7 d”) = 221—04/2 \Y Var(¢e)7

where Var(v,) = Var(y,|T"). We impose the condition ¥,¢ > 2 to en-
sure the existence of all posterior variances for any b = 0,...,n; and ¢ =
0,...,g9n1.

It is very difficult to directly derive approximate sample size formulae for
the ALC using the exact pre-posterior distribution. Fortunately, a corollary

to Theorem 3.2.6 suggests a solution to this problem.

Corollary 4.1.6. Fora/,d >0 and V', > max(2, 3k/2),

lim \/m{EX"l [lwe {/ / F(l +y(1 —y)} v X

n1——00 2Zl~<:\z/2
a+k‘/2 1(1 )b —3k/2—1

B(a', ) s
o —3k/2-1(1 _ ,N\d+k/2-1 1/k
y (1-9)
4.1.2
B, 2) d“y} (4.1.25)
Proof. Define ¥y, = _a_, <) and let Fn, be the set of points (z, y) where
Ny gra i

the mass function of Y,,, is positive. After some algebraic manipulations and

setting @ = myz, b= ny1(1 — z), ¢ = gnyy, and d = gni(1 — y), we have

(n1x+a) (gnl 1—y) -I-d')
(n1(1 - )+ b’) (nl(l —z)+ ¥ -2 (gnly + - l) (gnly +d -2

(
Var(y,) =
) )
{<n1m+a'+ 1) (gn1(1 —y)+d+ 1) (n1(1 —x)+gny+b +c —3) -
( j

(n1(1~a:)+b’-2)(gn1y+c ——2) nz+gni (1 —y)+ad +d’—1)
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It is easily seen that

B2 k/2( — y)k/? a:(1~56)
hm ny {Var(@b)} SEVRE 9

+y(l— y)] “le1.26)

The idea now is to decompose the distribution px,, (=, ylni, gno,a’, ¥, ¢, d) in
a way that eliminates the indeterminacy due to the denominator of equation
4.1.26. For this, we decompose the gamma functions, T'(niz + o), F(nl(l -
x)+ b’) ,D(gniy+c)and T (gnl(l ) +b’) to take care of the indeterminacy
created by the terms z, (1 —z), y and (1 —y) in the denominator of equation
4.1.26, respectively. The rest of the proof is similar to the one in Corollary

4.1.3. O

In order to obtain an approximate sample size formula, one needs to solve
the approximate equation {Exm1 [lﬁ]}l/k = [ using the result in Corollary
4.1.6. Thus an approximate sample size Ny, (g) for the ALC, given g when
o ,d > 0and ¥,d > max(2,3k/2) after adjusting for the extra sample size

a’ + b + & + d provided by our prior information, is

Ny (g) = (g+1) 1”/2{//{ +y(1—y)r/2x

ORI (] )V Bk/2-1 g =3k/2-1 (] d'+k/2-1 2/k

( Y (1-y) iz dy
B( l’ bl) B( 17 dl)

—a b —-d—-d. (4.1.27)

To evaluate the integral in equation (4.1.27), one would again either use the
ISML subroutine, DTWODQ or a Monte Carlo integration technique. We do
not discuss the subject further as the paragraph following equation (4.1.6)
discusses the use of both techniques to compute the approximate optimal

sample size in cohort studies, Ng(g) in detail.
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Figure 4.1.2 represents the computation of Ny, (g) for various values of g
en route to determiniﬁg the optimal control to case ratio, gopt, and the overall
minimal sample size, Ny, (gop). The prior and pre-specified parameters were
(' ¥,d,d,1—a,l)=(3.0,3.0,3.0,3.0,.95,2.0). We obtained the following
optimal ratios, gop = 0.975,0.99,1.0,1.015, 1.025 with a corresponding sam-
ple size of Ny, (gop) = 472. The disparate values for g, are most likely an

artifact of the discreteness of Ny, .

800 1000 1200 1400
£ L | L

OPTIMAL SAMPLE SIZE N(g)

800
i

OPTIMAL CONTROL/CASE RATIO g

Figure 4.1.3: Graph of N,,_(g) against g = .05, .10, - - , 5.00 for the odds ratio
with (a/,V,c¢,d,1 — o,1) = (3.0,3.0,3.0,3.0,.95,2.0). The optimal ratios
are gopr = 0.975,0.99,1.0,1.015,1.025 with a corresponding sample size of

Ny, (gom) = 472.

Table 4.3 displays the required sample sizes with [ = 2.0 and various
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control to case ratios, g, and various prior parameters values (a',V', ¢, d’, )
when considering ALC using equation (4.1.27). The estimate 1})\6 corresponds
to the prior mean of .. It appears that the prior mean of v, strongly
influences the required sample size. The closer Je is to 1, the smaller the
sample size. For all the prior parameters chosen, we note that g = 1 is an
optimal solution for the choice of g. This is not an isolated observation.
Indeed, it is easily seen that Ny (g) = Ny, (—1—> when ¥ = ¢ and d' =
b —d d—ad !

@ or when k£ = 5 = Ty which means that it does not matter

whether exposure is beneficial or harmful, as far as sample size is concerned.

Therefore, if there is a unique optimal ratio g, this unique solution is g = 1

because lim Ny (g) = lim Ny (g) =0
g——00 g—o0

Approximate formulae for the minimal cost problem: More gener-
ally, if ¢; represents the cost per case and ¢y the cost per control, the minimal
cost Cy.(g) = cono(g) + cina(g) = (g + 7)coni(g) under the constraint that
n1(g) satisfies the ALCy when o',d’" > 0 and V', ¢ > max(2,3%k/2). Then it

follows as before, that

Cule) = elg+n) et {//[ IEE N

0 E/2— 1(1 )b’ —3k/2—1 ~3k/2 1( )d’+k/2 1 i }Z/k
Tay -

B(a/, ) B(c,d")
ci{a + ) — co(d + d) (4.1.28)
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Table 4.3: Table of sample sizes for estimating ¢ with an interval of

length 2.0 for various parameters values (o, b, ¢, d, g).

ale(3,3,3,3) alc(3,4,5,6)

b, = 2.25 Do = 1.5

g | ni | mo N g |ni|ng | N

2.00|175| 356 | 531 | 2.00 |57 117|174

1.72 | 175 | 324 | 509 | 1.72| 61| 106 | 167

1.54 193 | 303 | 496 || 1.54 | 64| 99 | 163

1.00 {236 | 236 | 472 ||1.00 79| 75 | 154

alc(4, 3, 3,4) alc(3,4,4,3)

—~ o~

e = 4.00 e = 1.00

g | n1 | ng N g |mi|no | N

2.001627| 1261 | 1888 1 2.00 22| 51 | 71

1.72 1662 11144 | 1806 || 1.72 | 23 | 45 | 68

1.54 1692|1070 | 1762 || 1.54 | 25| 43 | 68

1.00 | 841 841 | 1682 1.00|31| 31 | 62
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1

when o',d > 0 and ¥/,¢ > max(2,3k/2) and where r = o For k = 2 and

a d >0, >3, the minimal cost Cy_(g) is

4z§_a/2 Bla' + 2,0 — 2)B(d —3,d' + 1)
C%(Q) = CO<T+9) 12 [ gB(a’,b’) B(Cl7dl) +
B(a' + 1,0 —3)B(d —2,d + 2) P A
— - d).
B(@ 7)) B(e.7) ci(d +V) — eold +d)
(4.1.29)

Differentiating Cy_(g) in equation 4.1.29 with respect to g shows that the

optimal ratio gy, is attained at

B(d + 2,6 — 2)B(¢ — 3,d' + 1)
_ = 4.1.30
e \/TB(a’ FLY-3)B(e—2,d+2) Y M (4.1.30)

(@ + 1) =3)(d+d —2)(d +d —-1)
v,cd = . Th
when b/, ¢’ > 3 and where 7, @@ - a TV 2@ +¥ 1) e

optimal ratio gy, again satisfies the square root rule by Gail et al. (1976).
Similarly, the minimal cost Cy_ (g) given g for ¢. = log(¢.) under the

constraint that n:(g) satisfies the ALCy, is

Cs.(9) = colg+ ’")4231—;/2 {/: /01 {_x(_l;—ﬂ +y(l- y)r/z x

a’ - ko [ 2 o —k/2— ! — 2/k
Z 2L )0k k2L (] AR ld;tdy
Bla.b) B(e.d)

—ci{(d + V) — a(d +d),

(4.1.31)

when a/,d’ > 0 and ¥, > k/2. Equation (4.1.31) is based on an expression
for Var(¢.|T”)) derived by Maritz, 1989. One finds that

11 11
+ =+

o niVar(ge|T)) = 4o+ o+
1 z(l -2z
U=z, y(1-y)

z(1-z)y(1 - y)
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with o’ = naz + a0 =n(1 —2) + ¥, =gy + ,d" = gni(L —y) + .
Again, the square root applies for ¢, when £ =2 and ¥/, ¢’ > 1, with

B +2,0)B(d —1,d + 1)
Toe = Bl 11,0 ~1)B(c,d +2)°

(4.1.32)

So far, we have derived approximate sample size formulae under the
ALC;, for 9, when ¥,¢ > 3k/2 and for iog(R) when o', ¥, d,d > 3k/2.
For the other four sample size criteria and the cases where there is no closed
form expression for ALCy, we rely on both the straight and regression-based
Monte Carlo approaches to find the required sample sizes. Below, we briefly
sketch the main steps of the Monte Carlo approach for estimating .. A

similar algorithm can be derived for ¢..

Sketch of the Monte Carlo simulation approach to determining the
optimal sample size when estimating ¢, under ALCy: For each

step in the bisectional search over ny(g), one performs the following.
e Simulate pi ~ Be(d/, V') and pj, ~ Be(d, d'), i =1,--- ,m.

e For each pair (pi, p}), simulate two independent observations a; ~

Bin(ni(g), pi) and ¢; ~ Bin((g + 1)n1(g), )

e For each 4, simulate p] ~ Be(a' + a;, n1(g) — a; + V') and pj ~ Be(c; +
n-pm)
Y, (g+Dni(g) —c;+d) and set ¢y = =———= j=1,--- M. Use
po(1—p1)

the observations v; to estimate the length /; of the HPD interval given
1 — o using Algorithm 4 in subsection 2.7.2.3. (below, we describe

methods for evaluating py, (v;| T"), an important step in Algorithm 4).
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m i/k
1
e Compute alcg(ny(g),a’,V,c,d") = (Ezlf) .
i=1

‘Below we describe three techniques for the computation of the posterior
distribution of 1, and ¢., an essential step of the Monte Carlo approaches
to finding sample sizes. As mentioned before, these are needed in the above

algorithm.

Computation of the approximate posterior density of ¥, and ¢.:
We have three options to compute py, (4| T”). The first option for the com-
putation of py_(¢] T") is to use the integral subroutine DQDAGS (Piessens

et al., 1983) from the ISML library in combination with the integrand

7 ea”¢ yall"l"cll_'l(l - y)b”““d”’l
C (1 . y + ye¢)all+bll Y

d” 2 all ¢ < 07

ed//¢ ,yb”+d"——1(1 » y)ar/+c//_1
C (—y+yed)+@

g(d,y) = < (4.1.33)
e—'b”¢ yb”-{—d”—'l(l - y)a’ll_‘_cll_lv

C (1 —y + ye~¢)a//+b// ’

, d'"<d <0,

CII 2 b” ¢ Z O,

6_011¢ ya"+c"——1(1 _ y)b"+d“—1
C (1 —y + ye_¢>cll+dll ?

A< b ¢ > 0,

where C = B(a",b")B(c”,d"). This integrand was obtained using various
identities on hypergeometric functions (Zhang, 1996). The reason for the
above four part decomposition can be seen for instance by looking at the
second row of equation (4.1.33). Indeed,

lim e Ml(l _ y)a e — b"+d”—1(1 — y)a’/_dn_l
g——oo (1 —y+yed)+d"




4.1, ALCy, ACCx, WOC, MLOC, AND MCOC 177

if d” < o”. Therefore, y-values near 1 would inflate the integral if d” < a”,
increasing the computation time. Unfortunately, this technique does not
deal explicitly with the case of d” = a&”, although in practice g(¢,y) works
properly, possibly because Rlirgﬁ P, (¢| T") = Re®B. The main reason for
using all four rows of g(¢,y) instead of only the first and fourth rows is
computation efficiency.

The second option is based on Monte Carlo integration methods. In-

1 & Yie!  \* 1-v;, \”
d T — . :
eed, 7y, (9] >o<m2(1_mw) (1%%645) when ¢ <

i=1

1 Zie~? ey &
TII i T 2
0 and pg, (¢[T") o mZ (1 — Zi+Z_i6—¢> (1 -Z,-+Zie'¢) when

j=1
¢ > 0, where Y; and Z; are m random observations from the Be(c",d")

and Be(a”, "), respectively.
The third option, discussed previously in chapter 2 (see equation (2.4.19)),
is based on expanding the posterior density of ¢, into hypergeometric series

when d” > o/ as follows:

(qb' T”) B eall¢ir(a"+b’,+j) r(a/1+cll+j) F(N”) (1_€¢)j
Py, - K ~ I‘(all+bll) F(a"+c”) F(N"-[-j) [T

, ¢ <0,

B(a",b”) B(C", d")
B(a” + C”, Y + d//)
T(a" +b" +5) , T(a" + " + )
SIS " b// -1 d — - S/
trn S @ YT ed SRR

Therefore, the rate of convergence of the expansion of

where K = and N'" = a" + 0"+ "+ d". It is eas-

ily seen that

(a// o+ j)d"—i—b”'
Do, (B|T") in series is @ 7"+ when d” > o” and ¢ < 0. A similar rate was

obtained by Hora and Kelley, 1983 for the cumulative distribution function

of ..

Similar approaches can be derived for py, (1| T").

In our experience and for the problem of sample size, the Monte Carlo
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approach was the overall most efficient.

4.1.2.2 Case when p| and p| are restricted

Here we use the same prior-likelihood models as in subsection 4.1.1.2.
The first prior distribution for (p},ph) when either 0 < p} < py < L or

O<py<py<lis

Foonay @0 ol T) o P11 — p))P 1o (1 — pp)* (4.1.34)

The resulting posterior distributions for 1. are

a//+cll__'1(1 - y)bl!+d/l_1
(1 . y + yw)all_l___bll

1
P (P | T7) ocyp® 2 / Y dy, 0<u<1, (4.1.35)
0

when 0 < p} < py <1 and

a1 b d —1
(1-y)

C"-’—d”
y
1—y+ ——)
(1

1
Py (W] T") oc gy ("D / 4 dy, ¢ >1, (4.1.36)
0

when 0 < pp <pj < L.

The second family of prior distributions is the family of Generalized Beta
density. We assume the hierarchical model pj ~ Be(<,d’) and p}|py ~
Be(a',b,0,p5) for 0 < py < pj < 1 and p} ~ Be(d,V) and pofpy ~
Be(V,d',0,p,) for 0 < py < p; < 1. These prior-likelihood combinations
yield the posterior densities

ra+elf —1 7 \b 4-d" 1
(1- Po)

1
ol ’_ Pg
pe(¢|T,I O(’lzb 11—¢b 1/ NG
w1 S A L

dpy, 0<¢ <1,

(4.1.37)
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when 7, < 1 and

1T o (1 gyt [(BE AN gy
Py (Y| T7) ox 7 7 (1 - ”/ o dpy, 0<¢ <1,
g o (L—py+piy)te '

(4.1.38)

when ¥, > 1.

Proposition 4.1.7. The distributions given by equations 4.1.37 and 4.1.38

are unimodal when b > 1,a < " +d" and d' > 1, ¢ < o” + b", respectively.

Proof. Using equation (4.1.37), the posterior density of log(%.) is given by

1 Jjatc’—1 b 4-d 1
(1-pp)

a’y P\b —1 Dy
Prostuny (9] T7) ox (1 —¢?) / .
sle) o (1= ph+ phe¥)s"+>

dpy, —oo <1 <0.

We recognize again that the posterior density of log(v.) can be written as
the product of two strongly unimodal distributions, and therefore is strongly

unimodal. Indeed,

plog(T/)e) (¢I T”) X D3 (1/)) X p4(¢)7

where

ps() o« V1) o <r<0, Y >,
1 pla+c"~1(1 - pé))b"+d”—1

(ate1)y 0
X e 7 B
Puly) A = ¥ s

8% log(ps(r)) H —1)e"

dpy, —oo<r<O.

ps(r) is strongly unimodal as 5 = - < 0 irrespective of
or (1—e)?
¢1. The strong unimodality of py(r) is a result of Lemma 4.1.1, since py(r) is
pi(1 — po)

proportional to the expression of posterior density of ¥ = when

po(l —p1)
0 < < 1, where py ~ Be(a + &1, " + &9) and py ~ Be(¢’ —¢1, d” — €9)

with 61 + & = d, 0 < g < ”,0 < gy < d”. Such a pair (e1,&5) exists
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anytime a’ < ¢’ + d” = mg + V' + d'. A simple graph of regions delimited by
the ine e +e9 =a’, g1+ < V' + ", 0 <ey <, 0 < ey < d confirms
the existence of such pairs.

A straightforward application of Lemma 3.3.1 confirms the corollary that

the random variable v, is unimodal. Similarly for equation (4.1.38). O

Although, we have not shown the unimodality of the posterior density in
(4.1.37) for @’ > mg + ¥ + d, in practice, often a’ < mg + &' +d' is often the
case. When the condition a’ < mg+ ¥ +d’ is not met and when unimodality
is a strongly desired property, we suggest to increase or decrease the ratio of
controls per case, g, until one satisfies the constraint o’ < mg + ¥ + d'. This
imposition of unimodality for HPD intervals and its consequent computational
advantage (for equal-tailed intervals, unimodality is not required) comes at

the expense of a possibly suboptimal choice of g. Similarly for equation

(4.1.38).

We propose various algorithms for simulating observations from the pos-
terior distributions implied by the expressions (4.1.35), (4.1.36), (4.1.37), and
(4.1.38). The process of simulating observations from the posterior distribu-
tions is an important step of Monte Carlo approaches. For the restricted

case, Monte Carlo approaches are the only choice to sample size calculation.

Generating observations from (4.1.35), (4.1.36), (4.1.37), and (4.1.38):
There are four cases to consider, depending on the prior information that

is used.
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Case 1:  To simulate an observation ¢; from (4.1.37), we first simulate

a pair of independent observations (pj, R;) using the mixture

FoorR(P0, RIT") o< pg* 11— po)* 'R (1 - R} (1 - Bpo)’,
_ z?: | p8+c"+j—1(1 _po)d”+b-j~1 Ra"~1(1 _ R)b’+j~—1
" Bla+ " +5,d +b—j) B(a", b +3j)

0<pe, R<1, (4.1.39)

=0

4 B 7 "+ b— B Y .
with w; = —————————bvj and v; = (atc+ ]’, + 7) ,(a L))
> o Uk B(]‘*‘lab’l“.l“J)
n(—p) _ (1-p)R
pe(l—pt)  1—poh

. Then,

solving for pi = R;p}, we are able to compute 1; =

Case 2: The case ¥, > 1 in equation (4.1.38) is dealt with by consid-

1
ering —. Similar to case 1, the density implied by (4.1.38) uses the mixture

e

d a'l ot j— (7 o e 1y
b L RIT) = 3wy B ) RO - BT
P D pars "B 4c+4, 0 +d—3) B, d+j)
0<pg, <1, (4.1.40)
. Bla" Y ed— DB d .
with w; = —dv—"— and v; = (a Tets o x J) .(C : +]). Fi-
Zk:()vk B(]+1,d+1—j)
o1 ) 1 .
nally, for each simulated pair (pzl, E), one computes p; = R py and
gk
_Al-p) _ PR

Yi =

Pé(l‘pil) - (1 N
—P1) o
R;

( | - 1 ya"+c”—1(1 _ y)bll+dll__1
Case 3:  For py, (¢ |T") o ® ~ / ———dy, 0<
‘ o (L—y+yy)*
Y < 1, we have the infinite decomposition,
a1 plad’ —1
ol — D 1-— Po
fPO;we(p07¢|TI,) X ,Qb e ( ) 0< Do, ¢ < 17

(1 . po + wpo)a//+bll dy 7

iw. P (L = p) T (1 — )
T B+ ¢+, 0 +d") B, j+1)

(4.1.41)

J=
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_ F(CL” + b”"}‘j) F(CL” +C’I+j)

ith w; = dwv; =
W1 w] Il ’U] F(N,/+j)r(all+l+j)

L
2 oo U
Case 4:  The case 9. > 1 in equation (4.1.36) is again dealt with by

1 , 1 ya/l+cll__1(1 B y)b"'f'd”**l
considering e For py, (% | T") oc 4~ (€7H) /) 0=yt oy

dy, =

1, we have the infinite decomposition

& e’ —1 b d —1
-1 P1 (1—p1)

(1 =pi+yp)+ ¥ dy’
- iw- P T - ) (L — gy
TB(@ + ¢ g, b +d) B(, j+1)

(4.1.42)

For, = (P9 |TY) o 9 0<p,¥<l,

=0

UJ P(C”+ d”+]) P(a” + CIl +J)
2 ket Vk D(N"+ ) T(¢" + 1+ )
with leading terms w; from (4.1.41) and (4.1.42) converge at the rate of

where w; =

and v; = . These series

=@+ and ="+ respectively. Thus, when d’ > 3 and ¢ > 3, a mixture
using the first 2000 terms, will provide an excellent approximation.

The decompositions in equations (4.1.41) and (4.1.42) are used to simulate
an observation from the posterior distribution of the relative risk, E, as

discussed in subsection 4.1.1.2.

Having described how to simulate observations from various joint pos-
terior distributions, we are ready to describe an algorithm that provides a
Monte Carlo approach to sample size determination for ¢.. Below we sketch
the main steps of a Monte Carlo approach when using the prior model pj ~
Be(cd,d') and p} ~ Be(d/, V', 0,p}) given py first, followed by the algorithm for

the model fi oy (P4, 7] T) o< i (1= p))¥ 7p6 (1 —pp) ™", 0 < pp < 11
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Sketch of the Monte Carlo simulation approach to determining the
optimal sample size when estimating ¢ under ACC:  For each step
in the bisectional search over n;(g) based on the prior model py ~ Be(c', d')

and p} ~ Be(d,¥,0, ;) given pj, one performs the following:
e Simulate pi ~ Be(d/, V') and pj ~ Be(c/, d'), i =1,--- ,m.

e For each pair (p}, p}), simulate two independents observations a; ~

Bin(ni(g), phpi) and ¢; ~ Bin((g + L)ni(g), pp)-

e For each i, simulate the pairs (R;, p3), j = 1,--- , M from equation
(4.1.39), where a = a;, b = n1(g) —a;, ¢ = ¢, and d = (g+ 1)ni(g) — ¢,
(A -m)E;

respectively. Use the observations ¢; = ———-— to estimate the
1—-R;p}
coverage o; of the HPD interval given [ using Algorithm 3 in subsection

2.7.2.3.
e Compute acce(ni(g),d’,b,c,d) = 1 ia.
sy VL m - i

For the model f ,1)(P1, 20| T") o p’la’—l(l _pll)b’—lpg:’—l(l — )l 0 <

vh < p, we have the following steps:

1
e Simulate (p’l, E) ,i=1,--- m using (4.1.42), where ¢" = o/, b" =

bV, d'=c and d’' =d'.

e For each pair (p!, ¢!), simulate two independent observations a; ~

. , . 7
Bin({g+ 1)n , andcinm(n , . >

1
e For each 4, simulate =5 j = 1,---, M using (4.1.42) where o’ =
Wi

a;+a V" =n(g)—a;+¥, " =c+ and d’ = (g+1)ni(g) — i +4d.
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Use the observations ¢ to estimate the length [; of the HPD interval
given 1 — o« using algorithm 4 in subsection 2.7.2.3.
_ | 1/k
k
e Compute aleg(ni(g),d/,V,c,d) ~ (—51— ;li) :
Subsection 4.1.2.3 provides an illustration of the regression-based Monte

Carlo approach.

4.1.2.3 An example

Example : A case-control of thalidomide intake in regards with
birth defects After observing that many women with malformed children
at birth had taken thalidomide tablets during their pregnancy, it was de-
cided to conduct a case-control study to determine whether there was an
association between intake of thalidomide and the occurrence of birth de-
fects among the children of mothers who had taken this drug. A group of m;
children with birth defects (cases) would be compared to a group of ng chil-
dren without birth defects (controls). It would then be ascertained for each
mother whether or not she had taken thalidomide during her pregnancy. Let
p) and pj represents the proportion of mothers who took thalidomide during
their pregnancy among the cases and the controls, respectively. Suppose a
pilot study reveals that out of 10 children with birth defects and 50 without
birth defects, the number of the mothers that took thalidomide during their
pregnancy is 5 and 10 respectively.

What should the sample sizes of the main study, ny; and ng be in order

to ensure that a 95 per cent posterior credible interval of for the odds ratio
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I Linear regression
i Supersmooth
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Figure 4.1.4: Graphs of the Monte Carlo pairs (N y =% ) .
alc (N,5,5,10,40,.95)
/ 1 o
P, = %—,—2)9-;—,), would have a length no larger than 5.0 on average? Thus
— bl

the criteria to be used here is the ALC. For this study, the posterior credible
intervals chosen is the equal-tailed interval. It was decided to take 2 controls
per case, i.e. g = 2. The total sample size provided by equation (4.1.27)
is N = 420 with n; = 150 and ng = 270. The smallest admissible sample
size for this setting using, again, (4.1.27), was attained at Jopt = 1.25 with
N =393, ny = 191, and ng = 202. Clearly g = 2.0 is nearly optimal. With
the Monte Carlo approach based on taking m = M = 5000, we obtain N =

437 with m; = 146 and Ty = 291 using the average of 10 estimated sample
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sizes, with a standard error for N of 2.766. This suggests that the sample
size provided by formulae (4.1.27) underestimates the true sample size. This
behavior was confirmed by a regression-hased Monte Carlo approach which
resulted in a sample size of 436 using on m = M = 1000 and 1000 simulated
values for the criterion function. The data are plotted in figure 4.1.3.

If it were known a priori that thalidomide intake was associated with
an increase in birth defects, the posterior density in equation (4.1.36) could
be used for the analysis. In this situation, we resort to the Monte Carlo
approach to determine the required sample size. The corresponding sample
size when g = 2.0 is N = 87 with 7; = 29 and 7y = 58, with a standard error
for N = 0.458. This example illustrates that using the prior information that

. > 1 can result in tremendous savings (about 80% here).

4.1.3 Cross-sectional studies

As discussed in chapter 2, the prior-likelihood model of interest for cross-
sectional studies is the Dirichlet-Multinomial. We again use the notation
T= (a,b, c,d), first introduced in section 3.3 to represent the data in Ta-
ble 2.1. Let T= (a,b,c,d) again denote a realization of the multinomial
distribution and let T = (a/, v, ¢/, d') denote the Dirichlet prior distribution
parameters, respectively. The combination of these two prior-likelihood Ta-
bles, T and T, leads to a posterior table T” = (2”,b”,c”,d"), where o’ =
a+d, ¥V =b+¥,d =c+ec and d’ = d+ d. We consider the problem of

determining the required sample size N = a+b+ c+d for estimating the risk

p___________n(pw + poo) and the odds ratio ¥ = Pi1pPoo

ratio R =
Pio (;011 + p01) P1oPo1

under the criteria
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ALC,, ACC), WOC, MLOC and MCOC.

It was shown in subsection 2.4.2 that the posterior distributions of R and
¢ in the cross-sectional setting are the same as the posterior distributions
of R in the cohort design and the posterior distribution of i, in the case-
control designs, respectively. A similar remark applies to the parameters
log(R) and log(+.). Using these observations, we avoid repetitions in the

following section.

In the sequel, the following notation is used for convenience.

Notation 4.1.1. Let

( N ) N1
a1 ag - - ay ajlag! - al (N —ay —ay — -+~ — a;)!

be the multivariate binomial coefficient and let

_ I(a)T(ag)---T(ay)
B(ay, a3, - ,a5) = I(a; +ag + - +aj;)

be the multivariate Beta function.

We give below the expression of the pre-posterior predictive distribution,
which plays an important role in the computation of sample sizes. This
expression is used in subsection 4.1.3.1 to derive approximate sample size

formulae.
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4.1.3.1 The pre-posterior predictive distribution
The pre-posterior predictive distribution, derived by Maritz, 1989, is

TATN+1) T(a+d) T(h+b)
I(N+A) Tle+1)I(a)TO+1IY)
I(c+ ) I(d+d)

Dc+ D) T(d+ DI(d)’

( N )B(a+a’, b+b,c+d,d+d)

pala,b,e,d| N,a' b, ¢, d)

I

abcd B(d, V., ,d) ’
a+b+c+d=N, (4.1.43)

b ¢

4 7 7 ! e a d
with A = /4 +d+d'. Itisclear that (N’ N _]—\7) e (p11, P10, Pot, Poo)

as N — o0.

If we reconsider the parameterization (a, ¢, ny) where the random variable

ny is @ + b, a straightforward change of variable in Equation 4.1.43 leads to

N\B(n;+d +V, N+ +d —n)
N lb/ 7 7 — 3
pg(nl,&, C‘ ,@,0,C 7d> (711) B(a’ +V, d+ d/) X
ni\ Bla+d, ny+¥V —a) o (M Blc+d,no+d —¢)
a B(a', ) c B(¢, d) ’

n=0,1,---,N, a=0,1,---,ny, and c=0,1,--- ,ng, no=N —nq,

(4.1.44)

whose form is suitable for simulating (n4, a, ¢). This is discussed in the sequel.

We can now clearly see that the cross-sectional design involves one more
hierarchical step on (ny, ng) compared to the case-control study where (ny, ng)

are instead fixed by design.

For R, the decomposition based on (a,b,m;) with m; = a + ¢ can be
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used:

NAB(mi+d+d, N+¥V +d —my)
AT TN ’
pg(ml,a,biN,a,b,c,d)——(ml> Bla 10 V) X
mi\ Blae+d, m+ —a) . (o Bb+b, mp+d —b)
a B(«, ¢) b B, d) ’

mi=0,1,---,N, a=0,1,---,my, and b=0,1,--- ;mg, mp=N-—my.

(4.1.45)
Again, we can clearly see that the cross-sectional study involves one more
hierarchical step on (my,mgy) when compared to the cohort study, where
(mq, mg) are fixed by design.

The decompositions in equations (4.1.44) and (4.1.45) are especially useful
for the simulation of observations from the pre-posterior predictive distribu-
tion. The process of simulating observations from the pre-posterior predictive
distribution is an integral part of any Monte Carlo approach to sample size
calculation. For example, to simulate an observation using equation 4.1.44,

we have the following three step algorithm .
1. simulate n; from BB(N, o' +V, ¢+ d').
2. simulate a from BB(nq, o', V).

3. simulate ¢ from BB(ny, ¢/, d'), and so on.

Now the calculation of the sample size itself is Monte-Carlo based, since
averaging over three nested loops is not computationally efficient. Only a
slight modification of the Monte Carlo algorithms in subsections 4.1.1.1 and

4.1.2.1 are necessary. For example, when estimating R, the first two steps

are replaced by
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e simulate m; ~ Be(d' + ¥, ¢ +d') and n! ~ Bin(N, m;).
e simulate pi ~ Be(a’, ) and a; ~ Bin(ni, p}).

o simulate pi ~ Be(¥, ') and b; ~ Bin(N — ni, pj).

4.1.3.2 Approximate sample size formulae for the ALC;

We are ready to derive approximate sample sizes for the risk ratio and the

odds ratio for a cross-sectional study.

Odds ratio ¢ and log-odds ratio ¢ = log(¢)): The corollary to Theorem
3.2.6 below, will be used later to derive approximate ALCj sample sizes.
Because the proof of corollary is similar to that of Corollary 4.1.3, we give

only a quick outline.

Corollary 4.1.8. For V/,c > max(2,3k/2), k > 1,

lim N+N,{Ea[lk {/// [W(l (1—w)y(1—y)r/2x

N—00 2Zl—ot/,?
o k2~ 1 ,U)b' —3k/2-1 y ’—3k/2—1(1 _ y)d'—wc/Z—l><
w ’+b’-—k/2—1(1 _ w)c pd' —kf2-1

B, ¥, d, d)

1/k
dz dy dw } ,

(4.1.46)

where Eq in an expectation over the pre-posterior predictive distribution in

equation (4.143), N=a+b+c+d, and N =a'+V + +d".

Proof. If one replaces a,b,¢, and d by Npii, Npig, Npo1, and Npgo in the

expression for the posterior variance of ¢, derived from the k-th posterior
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moments given by equation (4.1.23), and takes the limit as N goes to infinity,

we have

lim
N 00

k/2 P11Poo (plopmpoo + P11Po1Poo + P11P1oPor + 1 1}9101700) R/
{Nvar)} T = { oo |
PioPor
(4.1.47 )

where N” = N + N’. The idea again is to decompose the form of pg in the
first row of equation (4.1.43) in order to eliminate the indeterminacy due to
the denominator in the right hand side of equation (4.1.47), as done in the
proof for Corollary 4.1.3. One then obtains the existence of continuous and

uniformly bounded sequence of functions h,, such that
(N + N'V2Eg [Var(@)?] = ovB|hn(Zn)],

where Zy — Dirichlet(a’, b’ — 3k/2,¢ — 3k/3,d’), limycy = 1, and

) k12 e &
11]{[11 hn(pa1, Pro, Por, Poo) = {pmpolpoo + P11Po1Poo + Pi1P1oPor + pllplopoo} p1{2poé2,

= h{p11, P10, Po1, Poo)-

Consequently,

N@W(N%—JV')'“/QEG [Var(ib)k/g /// h{p11, P10, Po1, Poo) X

aﬁl b —3k/2—1 c/~3k/2—1 g'—1
P11 Pio Y40 Doo

B(d,V,c,d)

dp11 dpio dpo dpoo,

where S = {(pu,Pm,PObPOO), P11 + Pio + Por + Poo = 1}- Set w = poo +
Pro, T = P and v = Po1
P11+ Pio P1o + Poo

p11 = wz, pro = w(l —x), pnn = (1 —w)y, and py = (1 -w)(1~y) with a

. This change of variables implies that
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Jacobian, J = w(1 — w). We then have

Jim VFT ARG [Varw ] = [ [ / [wa(1 - 2) + (1~ w1 ~9)]

a+k/2 1 )b’ ~3k/2-1 ——3k/2( )d’—!—k/? 1«

Y
w® +b’—-k/2—~1(1 _ ,w)c +d —k/2—1

B, v, c, d)

dr dydw.

O

In order to obtain an approximate sample size formula, one needs to solve

1/k
the approximate equation {EG [lfj,]} = [ using the result in Corollary 4.1.8.
Thus an approximate sample size based on the ALC;, for estimating 1. when

b,d > max(2,3k/2) is

N, = = “/2{/// wr(l — ) + (1 — w)y(l — )] "

R/ g )=Bk/2-1 @2 (1 d+k[2-1
wa’+b’-k/2—1(1 _ w)c’+d’—k/2—-1
B, V, d, d)

)

2/k
da:dydw} —a -V -d-d.

(4.1.48)

Similarly, an approximate sample size based on the ALC, for estimating

= log(¢)) when &,b', ¢, d’ > max(1,k/2) is

N, = T /{] [ [ fsti=a+ @ -]

o/ —k/2~ - b’ K21 ¢ k/2(1 )d’ k/2—1 da:dy}
wa’+b’—k/2—1(1 . ,w)c’+d’—k/2—1
B(a, V¥, d, d)

2/k
dw} —ad -b - -d.

(4.1.49)

. | Note that the sample size formulae in equations (4.1.48) and (4.1.49) can

be computed using integral subroutine DQAND from the ISML library
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(which computes any hyper-rectangle integral up to 20 arguments) when
v, > %@ +1 . Again, Monte Carlo integration methods based on generating
t independent Beta distributions z ~ Be(a’ + k/2, ' — 3k/2), y ~ Be(d' —
3k/2,d + k/2),w ~ Be(d + ¥ — k/2, ¢ +d — k/2) and z ~ Be(a' —
k/2, 8 ~k/2), y ~Be(d —k/2, d —k/2), w ~ Be(a'+V ~k/2, ' +d' —k/2),
respectively, appear to be the best of both approaches to compute equations
(4.1.48) and (4.1.49). Monte Carlo integration is faster, always feasible when

3k
b, > 5 and can reach good accuracy when setting ¢ = 50000.

Risk ratio R and log-risk ratio log(R): The corollary to Theorem 3.2.6
below, will be used later to derive approximate ALC;, sample sizes. Again,

we provide only a sketch of the proof.

Corollary 4.1.8. Ford',d,d >0, d +¢ > k/2, and b > 3k/2,

. VNJ“N'{EG[Z’%} {/ // {va:(l—y)+(1 D - 2) ]’“/2X

N—00 Qzl—a/2

a+k/2 1 l,)c -1 yb ~3k/2— 1(1 )al’——l><

o® 4! —k/2——1(1 . ,U)b'+d’—k/2—1
Bld, V¥, cd, d)

1/k
dx dy dv } ,
(4.1.50)

where Eg in an expectation over the pre-posterior predictive distribution in

equation (4.143), N=a+b+c+d, and N=d +¥V + +d.

a b ¢ d
tk ‘
Proof. Suppose tha is even. We have shown that ( NN N N) —

Pu P1o
, P10, Po1, Poo)- Define g(p11, P10, Po1, Poo) = ( 11 + Po1 ) )
(P ’ ) ( ) 1 "p11 + por’ Pro + Poo

Then

mi 4 b a b ¢ d d ( )
—_— — = —— —— — — .
N’m]_?N“ml g N’N’N’N gpl]JplO?pOllpOO
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An application of Proposition 2.4.1 shows that the random variables piy +

Pot, i , and P10 are independently distributed with py1 + por ~
P11+ Por P1o + Poo
Pu

———— ~ Be(d/,’), and LN Be(¥,d'). Note
P11+ Dot P1o + Poo

that the form of the posterior predictive distribution that is used here is

Be(d + ¢,V +d),

pa(mi,a, bl N,a', ¥, ¢, d) in equation 4.1.45. Now set my = Nv, mg = N(1—
v), & = Nvz, and b= N(1 — v)y in the expression for the posterior variance
of R derived from the k-th posterior moments given by equation (4.1.3), and

take the limit as N goes to infinity. We have

. , k)2 252 k/2
Nl_lgloo{(N + N )Var(R)} = AL T [y —yzr — vy + v:c} )
Y

k/2

T [mu )+ (1 -v)(1 - x)} .

(4.1.51)
The trick once again is to decompose the form of pg(m1,a,b| N,d', ¥/, ¢, d’)
in a way similar to the proof for Corollary 4.1.3. This decomposition should
contain pg(ma,a,b| N, o' —ki,b —3k/2,d —ky,d'), where ky < o’ and by < ¢

are two integers such that k; + k9 = k/2. Once this is done, one obtains

EG{(N + N’)\/ﬂ*‘:lr(R)}k/2 = cvE[hn(ZN)],

Bla —ky, b —3k/2, ¢ — ko, d
where Nlim N = (a L /2 ¢ 2 ), hx is a sequence of uni-

00 Ba, ¥, ¢, d)
formly bounded functions with

fh(z,0,0) = 21— 2 foa(l—y) + (L)1 —ady]

= h(z,y,v),

P11 P1o
P11+ po1’ Pio + Poo
and d’ are replaced by @’ — k1,0 — 3k/2, ¢ — kg and d', respectively. In other

/

and Zy —? (pn + po1, ) . where the parameters o/, ¥, ¢
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P11 Pio .
-, and are indepen-
P11+ Po P10 + Poo
dently distributed with p1;+po1 ~ Be(a'+d —k/2,6'+d'—3k/2), o
P11+ Po1

Be(d' — k1, ¢ —ky), and —22— ~ Be(t/—3k/2,d). An application of 3.2.7
Pio + Poo

words, the random variables py1 -+ poi,

and 3.2.6 leads to

Nli_n}OOEG{NVar(R)}k/Q = / / / va(l—y) + (1 -v)(1—x)yr/2 X

7% "+k/2— 1( $)c 1yb’—3k/2 1(1 )d %
v e —k/2—1(1 _ ,U)b'-l—d’—k/2——1
dedyd
B(d, ¥, ¢, d) €y e,
(4.1.52)
which completes the proof when k is even. Similarly when £ is odd. O

In order to obtain an approximate sample size formula, one needs to solve

1/k
the approximate equation {Eg[llfz]} = [ using the result in Corollary 4.1.9.
Thus an approximate sample size based on the ALC;, for estimating R when

o, d,d >0 d+c >k/2 and ¥ > max(2,3k/2) is

Ngp = it a/2{/// vxl—y)+(1—v)(1—x)]k/2x

xa+k/2 1(1 ZL')C -1 b’ 3k/2— 1(1

y)? 7 x
v '+ ~k/2——1(1 _ ,U)b'—i—d'——k/,?-l

B(a, ¥, d, d)

2/k
d:vdydv} A A

(4.1.53)

Similarly, an approximate sample size based on the ALCy for estimating
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log(R) when ¢, d’ >0, ¢/,b' > max(1,k/2) is

Nogir) = 42%;&/2 {/; {/;)1 /; [Ufl»’(l ~y+1-v)(- w)y]wx

PRI )t k2 )t dy} %
Ua'+c’—k/2——l(1 — ,U)b’+d’~k/2~1

Bd, V, ¢, d)

2/k
dv} —ad =¥V - —-4d.

(4.1.54)

4.1.3.3 An example

Recently, case-only designs have been used in the field of genetic epidemiol-
ogy to assess gene-environment interaction effects. We briefly discuss these
designs below and place one of our sample size problems in the context of

such desigus.

The case-only design as a two sample problem  We first introduce
the traditional 2 x 2 x 2 or 2 x 4 case-control design for inference on gene-
environment interaction. Let E be a dichotomous variable representing the
presence or absence of exposure, let G be an inherited dichotomous vari-
able indicating susceptibility genotype, and let D be the status variable for
the disease under investigation. The values £ = 0 and E = 1 will denote
absence or presence of exposure, respectively. Similarly for G. As in any
case-control study, we start by collecting IV cases and M controls. Suppose
that appropriate controls are available and that there are no confounding
effects. Each case and each control selected is classified into one of the four
combination groups of E and G. Table 4.4 serves as a summary of the col-

lected information on disease, exposure, and genotype susceptibility along
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Table 4.4: Generic 2 x 4 table for gene-environment interaction anal-

ysis in case-control settings.

- Susceptibility
Exposure Cases Control  Odds ratios Estimates
genotype
0 0 Ago Boo 1.0
Poidoo A1 Boo
o o Ve Poodoi Ve ﬁoogm
P1rodoo -~ 10500
1 1 Ve Poodio Ve f}égo%m
P11 11500
1 1 A B =" =
. " VG Pood11 be AcoB11
N M

with the parameters of interest. Cases and controls in the first row of Ta-
ble 4.4 form the reference group. Let p;; = P(G =i, E = j|D = 1), and
g; = P(G =14, E = jD =0), i,j = 0,1 be the cell probabilities given
disease status. Denote by ¥, ¥g, and ¥¢g, the ratio of the odds of disease
forG=1land E=0,G=0and E=1,and G =1 and E = 1 relative to

the reference group (G=0, E=0). By definition,

_PD=1G=1,E=0) /[PD=0G=1LE=0) _ pogo
Yo ‘P(D=1|G=0,E=0)/P(D:O[G:O,E:O) " Poo qo1
_P(D=1G=0,E=1) /P(D=0]G=0,E=1) _ piogoo
Ve T P(D=1G=0,E=0) /P(D:()]G:O,E:O) " Poo G1o
_PD=1G=1,E=1) /PD=0G=1,E=1) _ pugw
vor T P(D=1]G=0,E =0) /P(D=O|G:0,E:O) " Poo g1

One way to measure the influence of gene-environment interaction on

disease in the population is to compute the synergy index Igg,

Igp =

YeE _ Puipoo / 11 oo
K Po1 Pio go1 10
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More importantly, Piegorsch et al., 1994 shows that Igg is equivalent to
the interaction parameter between genotype and environment under a lo-
gistic regression model. Now the estimation of Igg requires information on
the controls, which would routinely be obtained in a traditional case-control
study. However, under certain assumptions it is possible to avoid collecting
information on controls when making inference about fgg.

Suppose now that there is strong theoretical or empirical justification for
assuming that genotype and exposure occur independently in the population.
Under this independence assumption and assuming that the disease is rare,
Piegorsch et al., 1994 show that

;o JPE=1G=1D=1PE=0G=0D=1) _ pupw (4.155)
BT PE=0G=1,D=0D)PE=1G=0D=1) pupo =

Approximation (4.1.55) implies that we can estimate the Igp with a case-
series only as all the parameters in the right hand side of (4.1.55) can be
estimated without information on controls. Also shown by these authors and
others (Yang et al., 1997, Umbach and Weinberg, 1997, Schmidt and Schaid,
1999, Albert et al.,, 2001), is that the estimation of the geae—environmeﬁt
interaction with a case-series offers greater precision than that provided by
the traditional approach. Moreover, the case-series study is more economical,
and, more importantly, using case-series avoids the difficult problem of vali-
dation for the control group. These papers discuss the drawback of case-only
studies, especially when the independence assumption is violated.

Clearly, the above case-only design mimics that of the cross-sectional
sampling design discussed in section 4.1.4 and, therefore our Bayesian sample

size approaches for estimating the odds and log-odds discussed there can
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be used for sample size problems when estimating Igg and log{lgg). This
would, of course, also be case if goo, 1o, gor and ¢ were known exactly in

the traditional approach.

4.1.4 Matched analysis

In matched analyses first introduced in subsection 2.3.4, the parameters of
interest are the exposure odds ratio, 1., in case-control setting, and the dis-
ease odds ratio, ¥, in the cohort setting. Since both ¢, and ¢ are the ratio
of two proportions under the assumption that the relative risk is constant
over the level of the covariates (see subsection 2.3.4), it is sufficient to study
.. We again use the notation T, first introduced in section 2.3 for Table
2.2. For the matched pair analyses, the prior/likelihood model that we use
is the Dirichlet/multinomial model. Denote by T = (a,b, c, d) a realization
of the Multinomial distribution and by T' = (&/,V,¢/,d’ ) the parameters of
the Dirichlet prior distribution underlying the matched analysis. The com-
bination of the prior-likelihood tables T and T’ leads to a posterior table
T = (a”,b",c",d") where a” = a+d/, V' =b+V, " = c+c, and d" = d+d,
where N = a + b+ ¢+ d is the sample size. Under this model, the posterior

/
density of ¢ = %}9 is

01
Py (Y| T") = Be(;,, 710 f;)—b: (4.1.56)
whereas the posterior density of ¢, = log (Pé—0> is
01
. i (4.1.57)

Al T = )
p¢e (q)l ) BE(bH, C”) (1 + B¢)bu+cn
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Since b” and ¢’ are the only parameters that play a role in the computation
of the posterior distributions of ¢, and ¢!, we can summarize the table T"
further, simply as T" = (b+ b ,m—b+c'  N—n+a' + d’), where m = b+ c.

The densities in equations 4.1.56 and 4.1.57 have been studied in chapter
3 as the densities of the odds parameter, w and the log-odds ¢. Therefore, all
techniques developed for w and ¢ apply here, and, in particular, the results
for approximate lengths of HPD and equal-tailed intervals.

We now derive the pre-posterior predictive distribution for matched stud-
ies. We use this form for the pre-posterior predictive distribution in our

computation of Bayesian sample sizes for matched problems.

4.1.4.1 The pre-posterior predictive distribution

We begin with a proposition that allows us to derive a convenient form of
the pre-posterior predictive distribution (see equation (4.1.61) below)

The prior distribution
(P11s Phos Pos, Pho) ~ Dirichlet (a’, ¥, ¢, d)
implies the marginal prior distribution
(9o, Dby, Pho) ~ Dirichlet (¢, a’ + d').
Proposition 4.1.10. Let
(P10, Po1, Poo) ~ Dirichlet (¥, ' + d'), (4.1.58)
where p1o,po1,Poo > 0 and po + por + poo = 1. Let 1 = pio + por and

g = P1o _ (A
= = — )
P1o + Po1 P, +1

Then m and 8 are independent random wvariables
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with

m ~ Be(l'+d,d+d)

9 ~ Belt,d). (4.1.59)

Proof. We have pyg = 78 and pg; = (1 — 8)w. This transformation has a

Jacobian J =, 0 < <1, and § < 1. Thus,
F(m,8) o 7T (1 — ) g 1(g - gyt
[

It is well known (Royston, 1993) that (a, b, ¢, d) ~ Multinomial(IV, p11, P10, Po1, Poo)

also implies that

m=b+c ~ Bin(N, 7)

bjm  ~ Bin(m, 6). (4.1.60)

Equations (4.1.59) and (4.1.60) yield the following decomposition of the
pre-posterior predictive distribution of the random variable (m,b) as the

product of two Beta-Binomial distributions,

p(m,b|N,d ¥, d,d) = pn(m| N,V + ,d' + d)pp(b] m, b, )
N\BW +d+m, N+d+d —m)
B+, +d)
m\ Bt/ +b, m+ —b)
b B, 7) ’

\m (4.1.61)

m=0,---,N and b=0,--- ,m.

We use this form for the pre-posterior predictive distribution in our com-

putation of Bayesian sample sizes for matched problems. Equation (4.1.61)
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also provides a simple two-step algorithm for generating observations from

p(m,b|N, o', ¥, ,d'):

1. Simulate m from BB(N, ¥ + ¢, o/ +d').

2. Simulate b from BB(m, V', ¢).

For the matched problem, the five main sample size criteria are related

to the following criteria functions.

1/k

N m k
accy(N,a' b, d,d) = ZZ{ / p(9|T")d9} Dimay(m, b N, a ¥, d) |
=0 b—p L+ B€HPD(])
N m k 1/k
aleg(N,a' ¥, c,d) = ZZ{ / dG} Pompy(m, 0| N,a' ¥, d) |,
0 b GcHPD(1 )

woc(N, o' b, d) = sup {/ d@},
0<b<m<N 0cHPD(1 )

medo<p<m<N { / p(0|T") db } ,
9euPD(l)

mloc(N,a, ¥, d,d) = medocpemen {/ dH},
0cHPD(1—q)

meoc(N,d', ¥, d)

where 8 is either ¢/ or either ¢,. In the sequel, we simply use the notation

ale(N,a', ¥, c,d') and acc(N,a’, ¥, d) for k = 1.

Having derived the pre-posterior predictive distribution, we can now de-
rive the approximate sample size formulae for the ALCy, k = 1, 2. Depend-

ing on the accuracy required, these estimates can either be used by them-

selves, or they can serve as the starting values for more accurate estimates

based on Monte Carle simulations.
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4.1.4.2 Approximate sample sizes for the ALCy, k= 1,2

Approximate sample size formula for the ALC: The following corol-
lary to Theorem 3.2.4 on the limiting distribution of the pre-posterior pre-
dictive distribution, that is needed in the sequel, considerably simplifies the

computational burden when assessing the approximate sample size.

Corollary 4.1.11.

b ¢ N—-b—c d .. ;oo 4
<N,—N—,———N—————)—> Dirichlet (b, ¢, a' +d'), as N — .
Remark 4.1.2. Corollary 4.1.11 allows us to replace m by N7, b by N7f and
e by N7(1 — ) when N is large. Thus, alcg(N,d’,b', ¢, d’) may be replaced

by

1 pl k gb'—1 d-1
- 6¥-1(1 — 9)
aley(N,d, b, d) = / / {/ d¢}
H ) < o Jo \Jyemp(Nm6,1—a) B, ')

e —101 __ Na'+d -1 ik
m (1o ddr)
B/ +¢,d+d)

where HPD(N, 7, 8,1 — a) represents the HPD interval of coverage 1 — a for oy,
from the distribution

1 ¢N7r9+b’—1
furl¥) = Be(N70+ b, Nu(1—6) +¢) (1 + ) 7+

The pre-posterior predictive distribution of Xy = (b,¢, N —b—c) can be

rewritten as

/ / / / / A
pXN(b,clN,b’,c',a’—I—d’)-——(N)B(b+b’c+c’b+c+b+c’N+a+d b—c)

be B, ¢, o +d) ’
(4.1.62)

where 0 < b+c<N.
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Let Ly (b, ¢) = 2212/ Var(y,| T") be the first order approximation of

the HPD interval for ¢/,. Let N' =o' + ¥ + ¢ + d be the prior sample size.

The corollary to Theorem 3.2.6 below will be used later to derive approx-

imate sample size when considering the alcy.

Corollary 4.1.12. For ¢ > 2,

E Ly (b / o ; r ; ,
i VN Rl (0 0] B +1/2,¢ —3/2) B+ —1/2, d +d)
N 221 a2 BV, c,a + d’)

(4.1.63)

i < N-b-c¢
N' N’ N

the mass of Yy is positive. We have

Proof. Let Yn = ( ) and Fy be the set of pairs (b, c) where

Vg R P b G ey () DY CL A A e, Pl

IEY i
vt (Ny+c —1))(Ny+¢ —2)
pyy(@,y|N,a" b, d)
B, —2,d +d)
== ! ) N NI
B, d, a +d) ey x
Z hy(z, y¥)pyy (z, y|N, V', — 2,4 + d'),

(z.9)eFN

B, d ~2, d +d)
_ 25 VN T Ney B[V,
B 7 axa) VT Ve Bl

where the functions

(Nz+ Ny+V +d - 1)(Ne+ V) (Ny+¢ —2)
hn(z,y) = (N + N')3 ’

(N + N')*/?
(N+ N —1)(N+N=2)
limy N + N'ey = 1, and Viy = hy(Zn) with pz, (z,y) = pyy (2, y|N, ¥, ' =

are uniformly bounded and continuous, cy =

2,a +d), (z,y) € Fy and Zy —-¢ Dirichlet(¥/,d —2,a’ +d’). We also have
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limy fn(z,y) = /(z + y)zy. Theorems 3.2.7 and 3.2.6 imply that

p-1,,c 3 1] — 1 — a'+d'—1
h]f,n E[V,] = // Ve +y)zy vy oo y) dx dy
s

B, d-2,a'+d)
1 b /et /
— - —f d~3/2-1
B,d -2, +d) {/0 b (1-9) 0

1
{/ 7rb’—l—c’——1/2*1(1 _ ﬂ,)a’—}-d’—l} ,
0

B +1/2, ¢ —3/2) Bl +¢ —1/2, d +d)
B, -2 d+d) ’

where S = {(z,y): 0 <z +y < 1}. Thus

Evx. 1L, (b / ;o B(Y r / y
i Bl ) B +1/2 ¢ =3B+~ 1/2 o +d)
N 221-0/2 B, d, o +d)

d

Therefore, an approximate sample size for estimating ¢, using the ALC

18

2 g (B +1/2,¢ =3/2)BW + —1/2,d +d) 2~a,_b,_c,*d,
B, d, d +d") '
(4.1.64)

In general, Corollary 4.1.12 can be generalized to incorporate k = 2 as

follows.

Corollary 4.1.13. For ¢ > 3k/2,

1/k
Ex [lk,(b,C)] ’ ;o ’ . p / Ny 1k
hj{[nm{ N U } _ {B(b +k/2,d —3k/2) BY + —k/2, a +d)} '

B, d, d +d)
(4.1.65)

221—~a/2

Proof. Use the same decomposition and devices exploited in the proof of
Corollary B.0.7 to eliminate the indeterminacy due to the denominator (Ny+

¢ — 1)F(Ny+ ¢ —2)*2, and then proceed as in the proof of Corollary 4.1.12.

ad
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When ¢ > 3k/2, Corollary 4.1.13 gives an approximate sample size for
9y, under the ALCy, of

A ap (BU+k/2, ¢ = 36/2)BE +¢ —k/2, '+ NP
P B, ¢, d +d) '

Ny, =4
(4.1.66)
Similarly, define ly (b,¢) = 22z1_4/2+/ Var(¢,| T”) be the first order ap-

proximation of the HPD interval for ¢}. Then

Corollary 4.1.14. For v/, > k/2,

1/k
— A CR) B(Y — k/2, ¢ — k/2) BY + ¢ —k/2, a +d) "
hm N+N'{ N } — ( /,C /,),(,—l—(i /7a+ ) )
N 221 02 B, d,d +d)

(4.1.67)

Therefore, an approximate sample size for log(¢,) under the ALCy when
V,d >k/2is

Z%‘“OC/Q (B(bl - k/2: ¢ — k/2> B(b, +c — k/Q: a + d,))Q/k..a/_b’_c/_d/

Ny =4
A 12 B(b’, ¢ +d')

(4.1.68)

Remark 4.1.3 below is a digression pointing out two similarities and one
difference between Bayesian and frequentist sample size calculations as well
as a natural linkage between the one sample problem and the two sample

matched analysis.

Remark 4.1.3. e Royston, 1993 has shown that the exact unconditional
power function is an average of the conditional power over the distribu-
tion of the number of discordant pairs m. In the sense that the criterion
function for‘ the ALC, and ACC,, are also averages of the conditional

criterion functions over m, there is an analogy between Royston, 1993

frequentist albeit power-based approach and ours.
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e Schlesselman, 1982, Parker and Bregman, 1986, Connett et al., 1987
Royston, 1993, and Julious and Campbell, 1998 point out that the
overall sample size, N, for estimating v, can be approximated by N =
—]‘j?j, where M is the sample size for estimating the odds, v, from the
one sample problem (representing in matched studies, the number of
discordant pairs, m) and 7 = pl, -+ py;, the probability that a matched
pairs is discordant. A similar relation applies to the Bayesian paradigm.

Indeed, it is clear that equations (4.1.66) can be written as

B +¢ —k/2, d +d)\*/*
4 / / ! — ? / /
Ny, +a +b+c+d ( By 1o a+d) (My + b+ ),
(4.1.69)
% (B +E/2, ¢ =3k/2\* .
where My, =4 2 B ) — b — ( is the sam-
ple size of the odds. More specifically, when k = 2 and ¥ > 3, we
My +b +¢ 1 1
have Ny, +a +V +c +d = ——~¢+—+C—, where — = E (——) =
7D D T
BV +d,d +d) ¥+ —1

Bl i7-Taotd) arbrora1 o Bellird, it
d’). A similar relation holds for ¢} in the Bayesian context. As a con-
sequence, the table of ALC sample sizes for the one sample problem
in appendix J can easily be used to construct tables of ALC sample
sizes for the two sample problem. We show in section 4.2 that sim-

ilar relations occur with Bayesian criteria that average over nuisance

parameters.

e In Bayesian approaches, since the ALC) approximate sample for esti-

mating 1. and ¢, are not the same unless ¢ -4 = 2k, it matters whether

exposure is beneficial or not. This contrast with the frequentist analy-
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sis (Connett et al., 1987, Royston, 1993, Julious and Campbell, 1998)

where it is irrelevant whether the exposure is beneficial or not.

4.1.4.3 Computational challenges

In addition to the computational challenges discussed in chapter 3 for com-
puting an HPD interval for the odds and log-odds, our algorithms in the
matched pair settings require that HPD intervals be evaluated for all (N +
1)(N + 2)/2 mass points (m,b), m = 0,--- ,N and b = 0,---,m, given
N. In evaluating the criterion function, we therefore need to store a vector
of HPD lengths or coverages and another vector of pre-posterior predictive
weights for the ALC or ACC, both of size (N + 1)(IV + 2)/2, at each
intermediate step N. Since storage size increases with N, it is not compu-
tationally efficient to store the entire vectors. A natural alternative is to
use a loop for m = 0,--- | N and, for each m, to create a vector of length
m + 1 to store the lengths of the credible intervals of interest; that is, first
average over the conditional distribution of b given m. Unfortunately, this
idea can be ifnplemented only under the ALC;, ACC;, and WCOC since
Z(m,b) = 3 m 2 and SUD(,, ;) = SUp,, Sup;, respectively, but not under the
MLOC and MCOC. For the latter two criteria, sample sizes are based on

Monte-Carlo estimates, as shown below.

Sketch of the Monte Carlo simulation approach to determine the

optimal sample size when estimating ¢, using the MCOC: For
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each step in the bisectional search over N, one performs the following, se-

quence of steps.

S

Simulate m; ~ Be(t/ + ¢, ¢’ +d') and §; ~ Be(¥/,¢), i =1,--- ,m.

e

For each pair (m;, 8;), simulate two independent observations m; ~

Bin(N, 7;) and b; ~ Bin(m;, 6;) given m;.

For each 4, simulate p; ~ Be(b; + b, m; —b;+¢'), j=1,--- , M. Use

the observations ¢; = 1 Pi_ {0 estimate the coverage o; of the HPD

J
interval given its pre-specified lenght [ using algorithm 3 in subsection

2.7.2.3.

Compute meoc(N,a', ¥, . d') = med; <;<m 0.

4.1.4.4 Additional results on linearity

Although we have written a program to exactly compute the criterion func-
tions ALCy(N,a',V,c,d), ACCy(N,d',¥/,,d"), and WOC(N,d,V,d,d)
for 1, and ¢} for N = 1,--- | M, we do not suggest using this algorithm
unless M is less than 500. Indeed, it takes about 9 hours for M = 250 on a
600Mhz machine. Figure 3.1.3, which is based on the approximation of the
HPD intervals in subsection 3.2.4.2, valid when & > 1, suggests that all the
observations made about the odds and log-odds in chapter 3 might be ap-
plicable here, especially the linear relation. It took about 15 hours to obtain

the data used to plot Figure 3.1.3.
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square inverse of alc

500 1000 1500 2000

1 1
5 and —
alc*(n, 3,3,3,3) alc*(n,2,2,2,2)
and the log-odds as a function of n, respectively.

for the odds

Figure 4.1.5: Graph of

4.1.4.5 An example

The following example is an adaption of an example in Royston, 1993.

A certain drug to prevent or reduce nausea and vomiting is to be com-
pared with a placebo in the treatment of intestinal obstruction due to ter-
minal malignancy. The allocation to active drug or placebo is randomized.
To avoid possible confounding effects, each patient from the drug group is
matched with a patient from the placebo group on age, diet, and gender.
Denote by 0 and 1 the absence and presence of nausea and/or vomiting. Let
pio be the probability that the treated patient in a pair responds to drug

and the other does not respond to the placebo, within 24 hours following
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treatment and similarly, define pgy with the opposite results for the pair. Let

Y = P10 16 the odds ratio. A previous informal study suggests that the prior
Pot

information available is equivalent to the data in Table 4.5.

Table 4.5: Prior information

Placebo Drug

presence (1) absence (0)

presence (1) 3 8

absence (0) 3 6

Assuming a researcher is interested in a sample size that guarantees an
HPD interval of length [ with a specified average coverage probability, the
ACC would be chosen. Here the sample size is the total number of matched
pairs to be included in the study. When 1 — a = 90 and [ = 2.0, the
corresponding true sample size is N = 740. With the Monte Carlo approach
with m = M = 2000, we obtain an estimate N = 738 using the average of
10 estimated sample sizes. The corresponding standard deviation for N is

10.084.

Up to now, we have been dealing with sample size criteria that do not

explicitly involve nuisance parameters. Below we present some Bayesian
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sample size criteria that average explicitly over nuisance parameters and

apply them to cohort and case-control designs.

4.2 Bayesian sample size criteria that average

over nuisance parameters

It is clear that the posterior densities of R and log(R) given in equations
4.1.21 and 4.1.22 (resp. ¥, and ¢, = log(¢.) given by the equations 4.1.21 and
4.1.22) depend on the nuisance parameter p = pg (resp. p = pj,). Another way
to explicitly account for the presence of a nuisance parameter p in Bayesian
sample size determination problems is to integrate over the prior distribution

for pg. That is, to seek for the minimal n that satisfies, for instance,

1/k

1 k
( / { / / Pr(R| %, p) 2p(p| xn)dep} Px,.(%n) dw) 2
XnEXn 0 REHPD(XH,TL,I,;D)

(4.2.1)

or
1/k

1 k
( / /{ / pR<Rtxn,p)dR} pp<p|xn>pxn<xn>dpdx) >
Xn€Xn JO REHPD(xr,,12,0,p)
(4.2.2)

for the ACC,, and

1
(/ {// pp(plxn)dep}
X €Xr 0 J REHPD(xp,m,1—0,p)

L 1/k

(4.2.3)

. B 1/k
(/ / {/ dR} Pp(p] %) Px,, (Xn) dpdl‘) < i
Kp€Xy, JO ReHPD(xpn,n,1—a,p)

(4.2.4)

or

1—a,
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for the ALC,. Equations (4.2.1) and (4.2.2) (resp. (4.2.3) and (4.2.4)) are
equivalent when k = 1 and were suggested by Joseph et al., 1995. These two
different ways of generalizing the ALC;, and the ACCy add to the richness
of Bayesian sample size calculation criteria where the same notion can be
looked at from various viewpoints. An equivalent worst outcome criterion

can be defined by seeking the minimal n such that

1
inf {jf / pR(Rlxn,p)pp(p|xn)dep} > 1—a, (4.2.5)
8] ReHPD(xy,n,1,p)

Xn€Xn

or
1k

1 k
nt ([ { / pR(Rixn,de} mlx) o) > 1-a
Xn€dn 0 REHPD(Xn ,1,1,p)
(4.2.6)

Notice that here the averaging is carried out over the nuisance parameter p
only after the HPD lengths or coverages have been computed. Similar exten-
sions can be developed for the MCOC and MLOC.

We discuss below how the sample sizes based on the ALC; in equations
4.2.1 and 4.2.2 can be applied to cohort and case-control studies, as well
as how they are related to one sample problems that were solved exactly,

approximately, or through Monte Carlo simulation in chapter 3.

4.2.1 Cohort studies

Here we use the prior-likelihood model from 4.1.1.1. Recall that we have

shown that the pre-posterior predictive distribution in cchort studies is

my B(a” c//) mo B(b" dll)
' br ;oo - A S A LA
p(a, blms, mo, ',V ¢, d') (> B(a,c) ~ \b)BWd)

= pa(a|m1,a’,c’) X pb<b‘m07b,7dl)a
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wherea =0,---,my and b=20,--- ,my and my = (g+1)my, as the product

of two independent Beta-Binomial distributions denoted simply by p, and ps.

4.2.1.1 Application of equation (4.2.1)

Notation 4.2.1. e By alcy(my, mp,a’, b, d") or simply alcy, we mean
the criterion function associated with ALC) in the two sample prob-
lem while by alc,(p1,m1,d,c) or simply ald,, we mean the criterion
function associated ALCy, in the one sample problem for estimating

the single proportion py (see chapter 3).

o The notation HPD(R, a”, ", my, po) represents the HPD intervals of cov-
erage 1 —a for R = ! given po, i.e HPD intervals based on the posterior
Po
distribution
B pgu Ra/,“l (1 N Rpo)c//__l 1

R) = O0< R< —.
palf) Ban oy P

We have shown that the length of HPD(R, a”, ", m1,po) is equal to the
length of HPD(py, a”, ", my) divided by po, as a straightforward appli-
cotion of Theorem 3.2.1. This result will be used in the derivation of

equation (4.2.7) below.

e The posterior distributions of p1 and py are: p1 ~ Be(d", ") and py ~

Be(t",d").
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When ¥ > 1, we have

my o

k
alef = {/ / Poo(Po| Mo, 8", d")dR dpg} Da Db
k z Z REHPD(R. o’ ¢! ;my,po) e

a=0 b=0

my Mg

m , b//7 d// k
= ZZ{/ / o {ppl o )dp1dpo} Pa Db
p1EHPD(p1,a” ¢/ ;m1) Po

a=0 b=0

[ ma bll 1 d”)

- @}pax { T }p
; {fREHPD(pl @ ) ! } Z b/ d’ ) b
- o b” 1 dlf) e o

= Z { B(b// d//) } pb:' X alck (p1., mi,a,C ) (427)

Lb=0

Thus

1/k
oS (B —1,d")"
aleg(my, mo, ', b, d') = E {*EB(Z)’—_T_dL”)_)} pb} x alcy(my,a’, ),

b=0

which shows that the two sample problem is related to the one sample prob-
lem in a multiplicative manner. This relation seems to be the result of the
assumed independence between exposure and non-exposure groups. Thus,
the derivation of the sample sizes for the criterion in equation (4.2.1) re-
quires only a slight modification of the programs used in the one sample

problem for estimating p; (see chapter 3).

4.2.2 Application of equation (4.2.2)

Using the same steps used to derive equation (4.2.7), one obtains

BV -k, d)

a}ck(ml,mo,a/7b',c/?d/) = { B(b’ d’)

} x alcy(my,a’, ), v > k.

In other words, if my(R,d',b', ¢, d’) and n,, (,d,c) are the required sample
sizes for the exposed group when estimating R in the two sample problem

. and p; in the one sample problem, then we have

B —k, d))**
mi(R, b, d,d) = {—*{B@TI))} np(a, ), bV >k (4.2.8)
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irrespective of ¢ and mg = (g + 1)my. As a consequence, everything done
in the one sample problem applies again. One such application leads to the

approximate sample size formula

F . 14 2/i€ 22 ; - ' » 2/k
o= B(b k,d) A 1—a/2 B(CL +lu/2,C —'LI\,/Q) ——(LI—C, 7 b,>]€.
BV, d') 2 B(a',¢)

(4.2.9)

4.2.3 Case-control studies
4.2.3.1 Application of equation (4.2.1)

It is easily seen that

m /k
C (B —1. d"+1 k
alcy(ny,me,a’, b, d,d) = [E { (CB(b”7 d”)+ )} pc} x aley(ng, d’,b'),

=0

for estimating the exposure odds ratio 1., and
aley(nyg, no,a’, b, ', d') = alc,(ny,d’, ),

for estimating ¢, = log(t.), irrespective of ng, ¥, d’. Sample size methods for
1. in case-control studies are therefore easily derived by a slight modification

of those relating to ALC.

4.2.3.2 Application of equation (4.2.2)

It is easily seen that

B(d —k, d+k
B(c, &)

2/k
ny (e, ', ¥,d,d) = { )} ny(a’,b), b >k, (4.2.10)

irrespective of g, where n,(a/,b') is the sample size based on the ALCy, for

estimating ¢ = 1p_1 For ¢.,
— N

n1(¢37a/7 blvc/7d/) = ngb(a/)bl)) (4.211)
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with ¢ = log(v). As a consequence, everything done in the one sample

problem applies here as well.

There remains much work to do on the comparison between the methods

used.

4.3 Summary

In this chapter, we address the sample size problem for inference about the
main parameters of cohort, case-control, cross-sectional and pair-matched
studies. In addition, in cohort and case-control studies, we extend our re-
sults to the problem of minimizing cost. We consider several criteria con-
sisting of ALCy, ACC;,, WLOC, MLOC and MCOC, and numerous
prior/likelihood models including the restricted model. We derive sample
sizevformulae for the ALCy in all four designs when we make no specific
restrictions of the parameters under investigation. We present numerous al-
gorithms to simulate random variables from the posterior distributions. We
also describe various ways to approximate posterior densities, an important
step to estimate an HPD interval. Our algorithms for simulating observations
from the posterior distribution of R and 1. are fast and efficient because
they rely on simulating observations from a finite mixture of beta densities.
Finally we give numerous sketches of the Monte Carlo approach to sample
size computation. User-friendly software is being developed for most of the

sample size methods discussed in this thesis.
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Chapter 5

Conclusion

In this concluding chapter, we summarize the contributions in this thesis to

the Bayesian sample size problem and discuss some topics for future research.

5.1 Contributions

In this thesis, we examine the problem of Bayesian sample size determination
for estimating key parameters in 2 x 2 tables arising from four major epi-
demiological designs: cohort, case-control, cross-sectional and matched pairs.
Our Bayesian approach to these sample size problems, is, we believe, the first
attempted.

We mainly examine what we believe are practical Bayesian sample size
criteria: ALC;, ACC,, WOC, MLOC, and MCOC

We summarize below some key results for Bayesian sample size determi-
nation when estimating odds ratio using HPD intervals in case-control studies

under the ALCy. This summary, we hope conveys the flavour of this thesis.
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We begin with the single sample problem, point out that this leads to an
analysis of sample size problems for case-series or case-only studies, and then

extend the methods to more general two-sample problems.

In the one sample problem, we present three solutions: an exact solution,
a solution based on a third order approximation to HPD interval lengths, and
a Monte Carlo-based solution. The methods lead to slightly different sample
sizes, often undistinguishable when the prior parameters are large. Two sam-
ple size problems are mostly solved via a Monte Carlo simulation approach,
since exact solutions are computationally inefficient while third order approx-
imations, when the posterior distribution depends on nuisance parameters,
are yet to be obtained. In both the one sample and two sample problems,
we also discuss a regression-based approach used to reduce large variability
very typical of Monte Carlo approaches to sample size computation. We
show here that the criterion function of the ALCy often converges to zero
at the rate of % We derive sample size formulae despite the absence of a
closed form formula for HPD interval lengths. Since no tractable forms for the
criterion functions can be derived for the two sample problem, we base our

analysis on an asymptotic form for the pre-posterior predictive distribution.

We derive this asymptotic distribution in this thesis.
We present novel results on sample size calculations where the odds ratio,
Ye, 1S restricted a priori, to ¥, > 1 or ¥, < 1.

Although in the two sample problem we present sample size formulae for
the ALCy, some caution should be exercised if one of the prior parameters

is small, say less than 10. We suggest that Monte Carlo techniques be used
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in this case. Using both the sample formula and Monte Carlo appraoches
whenever possible is strongly advised since they are complementary. A large
difference between these approaches indicates that we should employ the
regression-based approach using various combinations of m > 500 and M >
500. This approach, in turn, often requires some form of monitoring of the

final sample size until there is rough agreement for different m and M values.

We extend the sample size problem to that of minimizing cost in the
two sample problem for cohort and case-control studies. Although our cost
function is rather simple, it is intuitive, and similar to the cost function used
in many frequentist analyses. We also discuss the important question of the

optimality of the ratio of controls per case.

In the two sample problem, we address the computational challenges that
occur in the computation of the posterior distribution when it depends on a
nuisance parameter, and, we describe various algorithms to simulate observa-
tions from the posterior distribution. For all designs and all prior/likelihood
models used here, we prove the unimodality of the posterior distribution,

crucial to many of our algorithms and derivations.
We provide numerous illustrative sample size tables.

Many of the diverse results obtained in this thesis apply to other set-
tings. For example, some sample size results for cohort studies apply to
randomized trials which can be viewed as cohort studies. We show how our
sample size derivation techniques for cross-sectional studies can be used to
find sample size for the 2 x 2 x 2 tables arising from case-control studies for

estimating gene-exposure interaction, under independence between genotype
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and exposure. Such 2 X 2 X 2 designs are currently an active research area in
pharmacogenetic and pharmacoepidemiology (Ashby et al., 1998 and Weiss
et al., 2001).

Although in many cases, Bayesian and frequentist approaches produce
sample size formulae that are similar, Bayesian approaches have the advan-
tage of allowing one to incorporate restrictions on the parameters of interest
through the prior distribution, and fully account for all uncertainty inherent

in the problem.

A user-friendly Windows-based Bayesian software program for sample size
calculations that implements all the methods and criteria along the various
designs discussed in chapters 3 and 4 is currently under construction. All

programs have been written in Visual Fortran 6.1 (Compagq).

5.2 Future research projects

There are several avenues of research that this thesis have opened up. Some
of these are listed here, recognizing that some of these are projects rather

than new research ideas.

¢ Project 1: We propose to produce user-friendly software for Bayesian
sample calculation for both the one sample problem (case-series and
exposure-series) and two sample problems (cohort, case-control, cross-
sectional, and matched studies). Although in this thesis we do not
discuss the cases where one knows that R > 1 or R < 1 in a cross-

sectional analysis, these cases will be covered by our software. Similarly
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for ), > 1 and ¥, < 1 in the matched and cross-sectional studies. (See

Appendix F for a description of the prior/likelihood model used).

e Project 2: We propose to develope results on S-optimal criteria (see
Appendix H for a brief description of these criteria) and connect these
results to certain of those obtained when using Bayesian criteria based

on HPD regions.

e Project 3: In Appendix G, we state a conjecture that is used to
derive Bayesian sample size formulae in more general settings than

those developed here. We plan to prove this conjecture.

e Project 4: It would be important to derive optimal sample sizes
for R = K tables in case-control and cohort settings including 2 x 4
case-control studies for estimating gene-environment interactions when
the independence assumption between susceptibility genotype and ex-

posure is violated.

e Project 5: In practice, most case-control and cohort studies incor-
porate covariates in their analysis. Therefore, it is very important to
extend our Bayesian sample size methods to allow for covariate mod-

elling.
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Appendix A

Third Order Approximations

In this appendix, we discuss third order approximations to the left and right

tails of HPD and equal-tailed intervals for p;, w, and ¢.
Proportion

The essence of Theorem A.0.1 is that by introducing a vague prior/likelihood
combination, we obtain the same posterior distribution as for the Be(a, b)/Bin(n, p1)

combination.

Theorem A.0.1. Under the assumptions that p; ~ Be(0, 0) and x,|p; ~
Bin(n + a + b, p1), the posterior density of p1 is given by the expression in

equation (3.2.9) when a < x, < a + n, respectively.

The proof is straightforward.
The important point here is that although this new prior-likelihood com-
bination yields the same posterior as obtained under the original model

p ~ Be(a, b) and x,|p; ~ Bin(n,p;), the difficulties referred to before are

alleviated since all troublesome terms are now well defined.
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The Corollary below to Theorem A.0.1 provides alternatives to the ex-

pressions in subsection 2.7.3 that are more amenable to our purposes.

Corollary A.0.2. Under the prior/likelihood model, p; ~ Be(0, 0) and

Xp|p1 ~ Bin(n + a4+ b, p), we have

(NP = W),y = {2 2L

N
1 o w(x) -1 1 L Plogp(d)  wa(x,)
6w4( wy) Tt = N ; 2{ Nuws} F iy
_1/2 d1og p(6) va(x,) — 2\
N 12 0208PW0) _ Jva(Xa) — 2
1o i _leogp(a) B vo(Xn) — 2
1 1 b—x,
where N = n+a+b, v1(x,) = + and vy (%) = n_i.__._)i_*_
X,+a n+b—x, X, +a
Xn +a
—_— %, =0,1,--- ,n.
n+b—x,

Odds

Theorem A.0.3. Under the assumptions that p; ~ Be(0, 0) and x,|p; ~
Bin(n + a + b, p1), the posterior density of w is given by the expression in
equation (3.2.10) when a < x,, < q,+ n, respectively.

Corollary A.0.4. Under the prior/likelihood model, py ~ Be(0, 0) and

Xn|p1 ~ Bin(n + a+ b, p), we have

(e Nug) = {M}/ ), Sua(um) = {_@_ﬂ}” |

(n+b—x,)° n+b—x,
1 s va(x,) +1 1 i Plogp(d) 1
- — = = 4N —_——— = - n);
6w4( wa) n+b—x,’ 2{ wa} d62 ZUI(X )
12 dlog p(8 |
(—Nuyy 2 310820 s
- ;
1 dl 1
LNy 2 HOBRO) , (A.0.2)
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1 1
where N =n+a+b, Ul(xﬂ):xn+a+n+b—xn andvg(x,n)zxn+a
Xn x, =0,1,---,n
N ’ n T My 3 Y.

Log-odds

Theorem A.0.5. Under the assumptions that p; ~ Be(0, 0) and x,|p; ~
Bin(n + a + b, p1), the posterior density of w is given by the expression in

equation (3.2.10) when e < x, < a + n.

Corollary A.0.6.

(=N} 2 = o), () = 2 72

N
wa(—w») "2 = _Uz(X ) 7 d Ogg( ) _ d ogp(G) o
N do do?
1 1 —x,
where N = ntatb, vi(x,) = andnfaey) = "EE " Xn
X, +a n+db-—-x, X, +a

X, +a
n+b—x,
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Appendix B

Corollary to Theorems 3.2.6

The corollary below which is a corollary to Theorem 3.2.6 1s used in subsec-

tion 3.2.4.3 to derive approximate ALC; sample sizes for w.

Corollary B.0.7. For b > 3k/2 and k > 2,

1/k B k/2,b—3k/2 Uk
lim \/W{Exn[lz(){n,n,a,b)]} =2z1_a/2{ e B/(a b) : )} '

Xn
Proof. Let Y, = - Fn=1{0,2,---,2=1 1} k an even number, and A(y) =

't

1*/2. We have

Ex,[l*(X,,n,a,b) NER(N — 1)%/2(a + ny)*/?

Nk/2 _ b
2k2]f—a/2 yzz; (n+b—ny— 1)F(n+b—ny— 2)k?2 Py, (yln,a,b)
_ B(a,b—-3k/2)
- T B > haly) oy, (yln, a,b — 3k/2),
yeFn
_ B(a,b-3k/2)

_(n+a+b—D)2NF2pRT (0 + a4+ b — 3k/2)
- I'n+a+b)
[ (= +1-y)
N P PYoR
(1) (2 1-y)"
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where nZ,, ~ BB(n,a,b—-3k/2), ¢,

Note

with lim, ¢, = 1, h,(y) = (;7’ + y)
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that the decomposition of py, (y|n, a,b) in terms of py, (y|n,a,b — 3k/2) is
just a technique to handle the indeterminacy due to the denominator of

the k/2-th power of the posterior variances. The fact that we need 3k/2

/ k/2
terms can be seen in lim,, n*/ 2{Varw(Xn, n,a, b)} = zl—x—jm We have
-z

lgn() < (@ + 1)¥2, lim, ho(y) = h(y), and Z, —* Be(a,b — 3k/2). An
application of Theorems 3.2.7 and 3.2.7 implies that

| ~ 1 y““l(l _ y)b~3k/2~1
hin Elha(Zn)] = /0 h(y) B(a,b— 3k/2) W
B(a +k/2,b — 3k/2)
B(a, b — 3k/2)

Thus
limnk/QEXn[lfJ(Xn7n7a" b)] — B(a,b— 3k/2) B(CL+ k/27b—— 3]43/2)
n kaf—a/Q B(a, b) B(a,b—3k/2)
_ B(a+k/2,b-3k/2)
B B(a, b) ‘
Similarly for k£ odds where
3k/2+1/2

b—1
" (e
k/2 - - n

(21— (224 1-y)"”




Appendix C

Higher Order Terms

It is often important to include higher order terms in the expansion of the
criterion function alcy(n, a,b), k = 1,2. This can be done using the limiting

Xn
result o —4 p, where p ~ Be(a, b).

C.1 Proportions

We have

1 a=1(1 _ b1
Ex, [Var, (X, n,a,b)] = / Var, (np,n,a,b) EL =D
0

B(a,b)
_ j/l (a+np)(n+b—np) p" (1 - p)**
= N2(N + 1) B(a,b)
— Cpl(a7b) + ncpl (av b) (Cll)

N N2(N +1)

The major difference between equations (3.2.25) and (C.1.1) is that the dis-
crete points x, are replaced by continuous points of the type np, where

0D<p<l.
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We have
a+np)(b+n(l —p)) p> (1 -p)*"
L (Xn,n, a, >~ 22 q
Ex, [lp,(Xn 1, a,b)] 21— /"/ J N2(N + 1) Be(a, b) dp
a~1(1 )b—
= 1 —
/ \/ p+ n) Be(a,b) ap,

(C.1.2)

h 2402 i ensil that

where ¢, = ————==—. It is easily seen tha

NN +1

(p+%> (1“P+%> =p(1—p)+%{a(1—p)+bp+%b}

which, together with

B 2 1 4 2! ’ o

PR =)+ —p (1 —p) 7+

2n

-ﬁﬂ
N
3
+
e
e’
TN
[u—y
!
"3
+
\'/
[

_p1/2(1 ) 1/2

—1/2 1—p) V2
o™ (1-p)

2n

—-3/2(1 _p)1/2 1/2(1 ) 3/2‘

g2t 8n 2p

(C.1.4)

Using equation (C.1.4) together with the integral (C.1.2) gives

B(a,b)

Cn 2 2 2 2

b 1. 1\  ab 11
B _Z v iy
on ( Tt 2) b (a 500 2)

a? 3. 1\ B 1. 3
-ZB Sbh+s)—— ~Z.
8n2 < 2’”2) 8n? B( 57 2)

1 1 1
Ex, [l,(Xn,n,a,b)] ~ B(a+—,b+—) +%B (a~— b+1> +
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C.2 QOdds

We have

(1 - p)
Be(a, b) P,
Y {at+np) pl(1-ptt
(N=1) /6 (n+b—1-np)® Be(a,b) b,
nN-1) " antp pt(1—p)P"
(n+b—U3A =pF Belat) P
_ n(N-1) [a,Be(a,b—3) Bela+1,b-3)
 (n+b—1) { Be(a, b) + Be(a,b) } ’
c.(a,b) co(a,b)
n+b-1 (n+b-1)%’

1
Ex, [Var,(X,,n,a,b)] =~ j[Varw(np,n,ajb)
0

1

+2(a—1) (C.2.1)

a
where a,, = —.
n

As far as the Ex_[l,,(X,,n,a,b)] is concerned, we have

1 a+np p* (1 —p)t?
w ny 1ty ’b ~ 2 - N - 1 ’
Ex,[lo(Xn,n,a,b)] A1-af2V /0 \/(n +b—1-np)® Bela,b) i

>~ 221/ b= 1)3/2 A \/(1 — ) =+ (1—p)3 Be(a,b) dp.

(C.2.2)

Using equation (C.1.3), we have

P PP an B a,
(1—-pp (Q=pB3  (A-p3*2 2p2(1—-p)p3? 8p*2(1—p)*?

(C.2.3)

Therefore,

n(N —1) {Be(a+ 1/2,6 —3/2)

w Ty ' 7b = 2 -
QX"[Z (Xn,m,a,B) F1-af2 (n+b—-1)3 Be(a, b)
Be(a~1/2,6—-3/2) a  Be(a-3/2,b-3/2) a*
Be(a,b) 2n Be(a,b) 8n? |’

(C.2.4)
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C.3 Log-odds

We have

1 + 1 N 1 1 a—1+ b—1 )
(a+np—1) (r+b-np-1) =~ np(l-p) n?| p? (1-27)2}.

Therefore,
1 N -2 pa-l(l . p)b——l
p Ny Yy )b
Ex, [Vary(X,, n,a,b)] /0 Grmp—Dmib—np—1) Belab) dp
1Be(a—1,b-1) 1 (a=1)Be(a=20) _
~ n  Be(a,b) n? Be(a, b)
1 (b—1)Be(a,b-2)
n? Be(a,b) ’
_ ¢ l(a+b-1(a+b-2)(a+b-4)
= =-= @202 . (C.3.1)

As to Ex, [l4(xn,n,a,b)], note that

1 1 1
\/(a—!-np-— 1) + (n+b—np—1)  nll2pi2(1-pt2

1 [(a=1)A-p)" (b= 1)p
In3/2 [ P32 - (1—p)3/2 }

Hence,

' N -2 P -p)t
Bx,llo(Xn,mo0,0)} = 221_a/2/0 \/(a +np—1)(n+b—np—1) Be(a,b) d
1 {Be(a—1/2,b-1/2) a—1Be(a—3/2,b+1/2)
/2T { Be(a, b) o n Be(a,b)
b—1Be(a+1/2,0-3/2)
n Be(a, b) }

~ 2z

(C.3.2)




Appendix D

The MLOC

In this appendix, we derive approximate sample size formula for the MLOC.

Define where z = z;qp and N =n+a +b.

D.1 The Odds, v

We have shown in subsection 3.2.4.3 that the posterior variance of the odds

¥, Vary(z) = nE0 _(g i— 332(?; :; 11))__ p is an increasing function of
z. Therefore, the median of the posterior variances over x = 0,...,n is
(2a+n)(N —1)
(n+2b—-2)2(n+2b—4)
MLOC solve approximately the equation Vary(zy) = medo<,<, Vary(z) =

2

—- Solving this system and expanding the solution as a Taylor series of
z

The

attained at z, = n/2 with Vary(zy) = 4

order 4 with Maples yields the approximate sample size

22 12
n¢:16ﬁ+7—5b+3a+0(;§) . (D.1.1)
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D.2 The Proportion, p;

(a+z){n+b—2x)

The posterior variance of py is Var,, (z) = . The median

J\TQ(N + 1)
of these posterior variances over z = 0,...,n is attained approximately at
2(b— N b) (N —a—b
Tp, = Ei—;———@ with Vary, (zp,) = (W+a+b) ¢ ) We solve

16N2(N + 1)
2

the system Var,, (z,,) = medo<s<, Var, () = — in n. An expansion of the
= z

solution n,, as a Taylor series yields the approximate sample size

322 1 2

2

Recall that in the frequentist context, ng = 4p1(1 — ]51)% By setting
1 2

pL o= 7 one has ng, + —3-(a +b) = Z%’ which shows again a strong link

between Bayesian and frequentist sample size for proportions.

D.3 The log-odds ¢

The posterior variance 10 being

Vary(z) = (v —2) implies that the median of these pos-
(a+z—Dn+b—-2z-1)

terior variances over z = 0,...,n is attained again approximately at z, =

n+2(b—a) 16(N —2)

with Vary(z,) = . This leads

2

to the approximate sample size

(N+a+b—4)3N—-a—b+4)

6422 10 5 12
7’L¢—’3f‘l-2’+"§'—§(a+b)+0('z‘§)’ (DBl)



Appendix E

Variance of log(R)

Derivation of the posterior variances of log(R): We have log(B(a, c)) =

log(I'(a)) + log(T'(¢c)) — log(I'(a + ¢)). Therefore

dlog(B(a, c)) ! w1 — )t
oa - / tog(u) B(a,¢) du

= Elu] = ¥{a) - ¥(a+c)

and

da?

8% log(B(a, c)) _ /Ol[log(u)]zu“”l(l — ) ! s {/01 log () u® (1 — )

B(a,c)
= Var[log(u)] = ¥'(a) - ¥'(a+c)

B(a,c)

I'(z)
Iz)
function ¥'(x) is given in subsection 3.2.4.3. Thus

where u ~ Be(a,c) and ¥(z) = An expansion for the trigamma

Var(log(R)|T")) = Var(log(p:)|a”, ") + Var(log(po)| ¥’ d")
— \I[I(a”) . \III(CI;” + C”) + q,/(b//) _ \Il,(b” + dl/)
= V(@) + V") -V (m+ad +)—T(me+ ¥ +d).

237
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Now set a” = miz, " = mi(l —z)+ ¢, b = gmy +¥V,d" = gmi(1l -

y)+ d. Then lim mq Var(log(R)| T") = _1. z(l—y)

M —00 Ty

+ (1 - z)y| since
lim zV¥'(z) = 1.
Since the trigamma function is a decreasing function, max(.p ¥'(a") +

(b)) = ¥(a’) + ¥'(V). Therefore, it does not make sense to apply the

WOC to log(R).



Appendix F

Restricted Models for

In this appendix, we first present a model that can be used to account for
P11(P1o -+ Poo)
pre(p11 + po1)
or R > 1, in a cross-sectional analysis. A similar model can easily be derived
P11Poo

P1oPor
then present two other models that can be used for a restricted matched pair

the case when the risk ratio, R = , is restricted to either B < 1

when estimating the odds ratio ¢ = in a cross-sectional analysis. We

analysis.

F.1 Restricted model for estimating 7/, in a

cross-sectional analysis

Let p11, P10, Po1, and pyg be the cell probabilities of success in cross-sectional

analysis as defined in Chapter 3. Let 7 = py3 + por, 11 = Pu and py =
T

10 . . . .
P10 15 A standard cross-sectional analysis for estimating R, we assume a

11—

Dirichlet-Multinomial prior/likelihood model. Proposition 2.4.1 implies that
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the Dirichlet-Multinomial model is equivalent to:
7~Beld +,V+d), p ~ Be(d, ), po ~ Be(V', d),

my ~ Bin(N, ), a ~ Bin(my, p1), and b~ Bin(NV —my, po).

We modify this second form of the prior/likelihood model to incorporate
restrictions of the type R < 1 and R > 1. Clearly, for the restriction R > 1,

the model below can be used

7~ Be(d+d, ¥+d), flpi,po) o pf M (1—p1)" 7 ph T (1-po)® Y, p1 > po,
my ~ Bin(N, 77)7 a ~ Bin(mla Pl% b~ Bin(N — msy, po),

or
7~ Be(d +, ¥V +d), p1 ~ Be(d, ), po~ Be(t', d, 0, p1),

my ~ Bin(N, ), a ~ Bin(m;, p1), b~ Bin(N — my, po),

+ . . ey -
where R = w =P The resulting posterior distribution of 1,

P10(P11 + Por) Do
is the one discussed in subsection 4.1.2.2. Indeed, all the four prior models
discussed in subsections 4.1.1.2 and 4.1.2.2 can be used. Similar models are

used for the case ¢, < 1.

F.2 Restricted model for estimating . in

matched analysis

Let pl;, Plo, Doy, and p), be the cell probabilities of success in a matched case-
115 P10 Pox oo

!
control analysis and suppose that the odds ratio, 9, = 2—3—,13 < 1, as defined
00



F.2. RESTRICTED MODEL IN MATCHED ANALYSIS 241

in Chapter 3. For a matched analysis, the standard model is equivalent to

!
Phy+ o~ Beld +d, V' +¢), 20— ~Be(l, ¢)
11 T Pop
i ; Pio
b+ c~ Bin(N, pi; + peo), bNBm<n7________ _
(N, Piy + Poo) 1 —

Therefore, the following models are used when ¢/, < 1:

e Model 1:
7
P+ poo ~ Beld' +d', b + ), _/_Z_’_1_o__7~ ~ Be(¥, ¢, 0.0, 0.5,)
D11+ Poo
7
b “+c~ Bin(N, pil +p60)’ and b ~ Bin (nh __,....Zilo_/._> i
P+ Poo
e Model 2:
7
plll + p60 ~ Be(a’, + d,7 b, + CI)7 _,_]_9_1_9__,_ ™~ IBeta(bla Cly 007 05)7
P+ Poo
pl
b+ ¢~ Bin(N, plll + pé)())u and b~ Bin (nh —,*—1‘0‘,—> .
Pir + Poo
When 9, > 1, one uses:
¢ Model 3:
'
Py + oo ~ Bela' +d', b + ), -—,—-plir ~ Be(¥, ¢, 0.5, 1.0),
P Tt Poo
: s P’lo
b+c~ Bin(N, py; + py), and b~ Bin (nl, ————> :
P Phy + Pho
e Model 4:
7
By +Pho ~ Be(d +d, ¥ +¢), —29— ~ IBeta(t!, ¢/, 0.5, 1.0),
P11+ Poo

7
b+ ¢~ Bin(N, pj; + py), and b~ Bin (nl, —,—ﬁg—-,——) .
P11 T Poo



242




Appendix G

A Conjecture on a Limiting

Result

The Corollaries 3.2.8, 3.2.9, 3.2.10, B.0.7, 4.1.3, 4.1.6, 4.1.11, 4.1.8, 4.1.9,

4.1.12, and 4.1.13 suggest the following general result,

Conjecture G.0.1. Let Xp,---, X, be n exchangeable random variables
such that X;|0 ~ fx(z|®)i=1,--- ,n, § ~ f(8). Suppose that E(f|z) for all

1
x exists. Then there exists two constants 0 < A < 3 and ¢, > 0 such that

lim ntalep(n, 1 —a) = c.

Py OO
Let Var(z) be the posterior variances of 8. Furthermore, if we assume that

all posterior distributions can be approrimated by a normal distribution then
1/k
Cr = 221-a)2 (/ lim {nVar(nd)}*/* f(@)d@)
@ n———oo

1
if the integrol exists. In that case A = —. This would lead to an approzimate
. Cr 1/A
ALC;, sample size of <7> :

243



244




Appendix H

The S — ACC and S — ALC

The S-average coverage criterion (ACCgy) and the S-average length
criterion (ALCg):  This subsection describes a third family of measures
that we are planning to investigate, that are S-average coverage criterion
and S-average length criterion. As argued by Berger (1985, p.144), different
measures of size other than interval length can be addressed. For instance,

let 5(6) be a non-negative function and C be a credible set, and define

S(C) = /C 5(0) do, (H.0.1)

a general measure of size. The problem of sample size determination then

becomes to find the minimum n such that

ALC; / {min/ 5(9) dG}pxn(xn)dx <1 (HO0.2)
Xn€Xn ¢ 0eC(xn,n,1—0)
given
/ p(f]x,)d0 > 1~ q,
C(xn,n,1—a)
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or

ACCgs / {maxj;/ p(0| :En)dﬁ}pxn(xn) de > 1—a,
xn€Xn U C JoeC(xnm,l)

(H.0.3)

given

f s(0)dg < 1.
C(x%n,n,1—a)

Remark H.0.1. When s(8) = 1, we are dealing with the regular length used
for ALC;, or ACC,.

Although the notion of S-optimal sets is not new, it does not seem to
have been explored in the context of sample size calculations. Under mild
conditions, the set C(x,,n,!) that maximizes the posterior coverage or this
measure of length is an HPD type regions where p(6|x,) is substituted for

p(0]%n) (Berger, 1985).

s(8

(Jo)seph and al. (1997) have used the likelihood-based intervals for the
computation of sample size and their method is known under the name of
mixed Bayesian/likelihood criteria. The reason for that is one wants to aver-
age over the predictive data, but not use Bayesian methods for inference. It
is easily seen that mixed Bayesian/likelihood criteria are special case ALCg
and ACCg corresponding to s(6) = p(8) where p(f) is equal to the priof
distribution.

Another interest for S-optimal arises as follows. The ALC, and ACC,
have been criticized because HPD are not invariant under parameterization.
Let T(6) be a transformation on 6. By setting s(6) to be equal to the jaco-

bian of the transformation  — T'(), one obtains HPD regions that preserve

”optimality” under parameterization.



Appendix I

IMSL Subroutines

e DUMINF: minimizes a function of N variables using a quasi-Newton
method and a finite-difference gradient (Denis and Schnabel, 1983; Gill

and Murray, 1976).

¢ DBCONF: minimizes a function of N variables subjects to bounds
using a quasi-Newton method and a finite-difference gradient (Denis

and Schnabel, 1983; Gill and Murray, 1976).

e DUMPOL: minimizes a function of NV variables using a direct search

polytope algorithm (Nelder and Murray, 1965; Gill and Wright, 1981).

e DNEQNF: solves a system of nonlinear equations using a modified
Powell hybrid algorithm and a finite-difference approximation to the

Jacobian (More et al., 1980)

e DQDAG: integrates a function using a globally adaptive scheme

based on Gauss-Kronrod rules (Piessens et al., 1983).
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e DQDAGS: integrates (which may have endpoint singularities) a func-
tion using a globally adaptive scheme based on Gauss-Kronrod rules

(Piessens et al., 1983).
e DTWODQ: computes a two dimensional-interated integral.

e DQAND: computes any hyper-rectangle integral up to 20 arguments.



Appendix J

Sample Size Tables for Selected

Cases
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Table J.1: Table of sample sizes for p; with (¢,b) = (1,1).

ALC ACC
coverage length Exact 1st order 3rd order limiting Exact 1st order limiting
1—a 1 HPD ] equal exact formula HPD equal HPD J equal HPD equal cxact HPD oqual
.50 4 5 5 5 5 5 8 5 6 6 6 [
.40 8 9 9 9 8 9 10 9 10 10 106 10
.30 16 17 18 17 16 17 18 18 196 19 19 19
.25 24 25 26 25 24 25 27 27 28 28 28 28
90 .20 39 40 41 39 39 40 42 44 45 45 45 45
’ .15 71 73 73 73 71 73 73 74 80 81 81 81 81
.10 164 1686 166 165 164 166 166 167 183 184 184 184 184
.05 665 666 667 666 665 666 38686 668 739 740 740 740 740
.02 4169 4171 4172 4171 4169 4171 4171 4173 4631 4632 4632 4632 4632
.01 16686 16688 16889 16688 16686 16688 16688 18533 18834 18534 18534
.50 7 8 8 B 7 8 [} 8 9 9 9 9
.40 12 13 14 13 12 13 14 15 15 15 15 15
.30 23 25 25 25 23 25 26 28 28 28 28 28
.25 35 36 37 36 35 36 37 38 42 42 42 42 42
- .20 56 58 58 58 56 58 58 59 66 67 87 87 67
9 15 io2 104 105 104 102 104 104 105 120 121 121 i21 121
.10 234 235 236 235 234 235 236 237 274 2786 275 275 2756
.05 945 946 947 946 945 946 9486 048 1105 1108 1106 1105 1106
.02 5921 5922 5923 5923 3921 5922 5923 5924 6921 6921 6921 6921 6922
.01 23693 23694 23696 23695 23693 23694 23695 23696 27691 27691 27692 27692
.50 i3 14 15 15 12 13 15 17 17 18 17 17
.40 22 23 25 24 21 23 24 28 29 30 29 20
.30 42 43 45 44 41 43 43 44 53 54 55 54 54
.25 62 63 85 64 81 63 63 64 79 79 80 79 79
.20 98 100 102 101 98 100 100 101 125 128 127 125 126
99 .15 178 179 181 180 178 179 180 181 225 225 227 226 226
.10 405 407 409 408 405 407 407 409 512 512 513 512 512
.05 1633 1635 1837 1636 1633 1635 1635 1637 20868 2089 2060 2059 20569
.02 10228 10229 10231 10230 10228 10229 10230 10231 12885 12885 12887 12885 12885
.01 40923 40925 40927 40926 40923 40927 40025 40927 515564 51553 51553

06e




Table J.2: Table of sample sizes for p; with (a,b) = (1,1).

WLOC MLOC
coverage length Exact 1st order 3rd order Exact 1st order 3rd order
11—« i HPD equal exact formula HPD equal HPD equal exact formula HPD 1 equal
.50 8 8 8 9 8 8 5 [} 6 7 6 [}
40 15 15 14 15 15 15 g 10 10 10 10 10
.30 28 28 28 29 28 28 10 10 10 12 10 10
.25 41 41 41 42 41 41 21 21 21 21 21 21
.20 65 85 65 66 65 65 49 49 49 50 49 49
0 .15 118 118 118 119 118 118 88 89 89 89 88 89
.10 268 268 268 260 268 288 201 201 201 201 201 201
.05 1080 1080 1080 1081 1080 1080 809 810 809 810 809 810
.02 6762 6762 6762 6762 6762 6762 5070 5070 5070 5070 5070 5070
.01 27053 27054 27053 27053 20280 20280 20289 20290
.50 12 12 13 14 12 12 9 9 10 10 9 9
.40 21 21 21 23 21 21 14 15 17 17 14 15
.30 40 40 40 41 40 40 29 30 30 31 20 29
.25 59 59 59 80 59 59 42 44 45 45 42 44
.20 93 93 94 95 93 93 69 70 70 71 69 70
98 15 168 168 1868 169 168 168 125 126 126 127 125 126
.10 381 381 382 383 381 381 285 285 286 287 285 286
.05 1534 1534 1534 1535 1534 1534 1149 1149 1150 1151 1149 1150
.02 9601 9601 9602 9601 9601 7200 7201 7201 7202 7200 7201
.01 38412 38412 38413 38412 38412 28809 28810 28809 28809
.50 22 22 24 25 22 23 15 17 18 i9 14 17
40 37 37 39 40 37 37 26 27 29 30 26 27
.30 69 69 71 72 69 69 50 82 53 54 50 51
.25 102 102 104 105 102 102 75 77 78 78 75 77
.20 162 162 163 164 162 162 121 121 121 123 121 121
9 15 291 291 292 293 201 291 217 217 219 220 217 217
.10 659 659 661 662 659 659 493 494 496 496 493 494
.05 2650 2650 2651 2652 2650 2630 1986 1986 1989 1989 1986 1986
.02 16586 16585 16586 16583 18583 12438 12439 12437 12437
.01 66346 66346 66347 66345 66345 49761 49761 497857 49758

sose) po1os[eg 10f so[qy], ozig ojdureg
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Table J.3: Table of sample sizes for p; with (a,b) = (5,5).

ALC ACC
coverage length Exact 1st order 3rd order limiting Exact 1ist order limiting
1 -« 1 HPD equal exact formula HPD equal HPD equal HPD equal exact HPD equal
.50 1 1 1 1 1 1 1 1 1 1 1 1 1
40 6 6 6 8 6 6 6 6 6 6 8 [} 6
.30 18 18 18 18 18 18 18 i8 18 18 18 18 19
.25 30 30 30 30 30 30 30 31 30 30 30 31 31
.20 52 B2 52 52 52 52 53 53 52 52 52 53 53
90 .15 99 99 89 99 99 99 100 100 100 100 100 101 101
.16 2358 2356 235 235 235 235 236 237 238 237 236 237 237
.05 7o 970 870 970 970 970 971 971 974 975 974 275 L 976
.02 6112 6112 6112 6112 6112 6112 6113 6113 6140 6141 6141 8141 6142
.01 24475 24475 24475 24475 24475 24475 24476 24477 24591 24592 24592
.50 4 4 4 4 4 4 4 4 4 4 4 4 4
.40 12 12 12 12 12 12 12 12 12 12 12 12 12
.30 29 29 29 29 29 295 29 29 29 29 29 29 30
25 46 46 46 46 46 46 46 47 46 48 47 47 47
.20 7 7 78 77 77 77 78 78 78 78 78 78 78
98 .15 144 145 145 145 144 145 145 146 148 146 146 147 147
.10 338 338 338 338 338 338 339 339 341 341 341 342 342
.05 1381 1381 1381 1381 1381 1381 1382 1382 1304 1394 1394 1395 1395
.02 8681 8681 8682 8682 8681 8681 8682 8682 8764 8764 8785 8765 8765
.01 34755 34755 34755 34755 34755 34756 34756 35088 35088 35088
50 13 i3 15 15 12 13 13 13 i3 13 15 13 13
.40 26 26 28 28 26 26 27 27 27 27 28 27 27
.30 55 58 57 57 55 B5 56 58 56 58 58 87 57
.25 85 85 87 87 85 85 86 86 86 86 88 87 87
.20 138 139 141 141 139 139 140 140 141 141 143 142 142
9 15 2585 256 257 257 255 256 287 257 260 260 262 261 261
10 589 589 591 591 589 589 580 580 600 600 602 601 601
.05 2390 2301 2392 2392 2390 2301 2391 2392 2436 2436 2438 2437 2437
.02 15000 15000 15002 15002 15000 15000 15001 15001 15288 15287 15287
.01 80036 60035 60034 60034 60035 60035 61182 61181 61881
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Table J.4: Table of sample sizes for p; with (a,b) = (5,5).

WLOC MLOC
coverage length Exact 1st order 3rd order Exact 1st order 3rd order
1—a 1 HPD equal exact l formula HPD equal HPD equal exact formula HPD equal
50 1 1 1 1 1 1 1 1 1 4 1 1
.40 7 7 6 7 T 7 6 6 6 9 6 6
.30 20 20 20 21 20 20 17 17 17 198 17 hird
.25 33 33 33 34 33 33 26 26 26 29 26 26
00 .20 57 57 57 58 57 57 45 45 45 47 45 45
' .15 110 110 110 111 110 110 85 85 85 89 B85 85
.10 260 260 260 261 260 260 187 198 198 199 197 198
05 1072 1072 1072 1073 1072 1072 806 806 806 808 806 806
.02 6754 6754 6753 6754 68754 6754 5068 5069 5069 5069 5068 5068
.01 27045 27046 27045 27045 20286 20288 20286 20286
.50 4 4 5 8 4 14 4 4 5 8 4 4
.40 i3 13 13 15 13 13 11 11 11 14 i1 11
.30 32 32 32 33 32 32 25 26 26 28 25 26
25 51 51 51 52 51 51 40 41 41 42 40 41
. .20 85 85 86 87 85 85 69 66 66 68 66 66
% .15 160 160 160 161 160 160 122 122 122 124 122 122
.10 373 373 374 375 373 373 282 282 283 284 282 282
.05 1526 1526 1526 1527 1526 1526 1146 1147 1149 1149 11486 1147
.02 9593 9593 9593 9594 9593 9563 7197 7198 7198 7199 7197 7198
.01 38404 38404 38404 38404 28806 28807 28805 28806
50 14 14 16 17 14 14 15 17 18 19 14 17
40 29 29 31 32 29 29 12 12 14 16 11 iz
.30 61 81 83 64 61 61 23 24 25 27 23 23
.25 94 94 96 97 94 94 73 73 78 76 73 73
.20 154 154 155 156 154 154 117 118 119 121 117 118
9 .15 283 283 284 285 283 283 214 214 217 217 214 214
.10 651 651 653 654 651 651 490 4981 483 494 490 491
.08 2642 2642 2643 2644 2642 2642 1984 1985 1986 1987 1684 1985
.02 16577 16578 16575 16575 12434 12434 12437 12437 12433 12434
.01 66338 66339 66337 66336 49787 49758 49754 49755

sese)y pejoeleg I0f so[qr], ozig ofdureg
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Table J.5: Table of sample sizes for p; with (a,b) = (10, 10).

ALC ACC
coverage length Exact 1st order 8rd order limiting Exact 1st order limiting
l—« 1 HPD equal exact formula HPD equal HPD equal HPD equal exact HPD eqgual
.50 1 1 1 1 1 1 1 1 1 1 1 1 1
.40 1 1 1 1 1 1 1 1 1 1 1 1 1
.30 9 9 9 9 9 9 10 10 9 9 9 10 10
.25 22 22 22 22 22 22 22 22 22 22 22 22 22
50 .20 45 45 45 45 45 45 46 46 45 45 45 46 48
.15 95 95 95 95 a5 95 96 96 95 95 85 96 26
.10 238 238 238 238 238 238 239 239 238 238 238 239 239
.05 1010 1010 1010 1010 1010 1010 1011 1011 ioil 1011 1011 1012 1012
.02 6415 6415 6415 6417 6415 6415 6416 6416 6421 6422 6422 6422 6423
.01 25717 25717 25717 25717 2B717 25717 25718 25718 25744 25745 25745
.50 1 1 1 1 1 1 1 1 1 1 1 1 1
.40 3 3 3 3 3 3 3 3 3 3 3 3 3
.30 21 21 21 21 21 21 21 21 21 21 21 21 21
.25 38 39 39 39 38 39 39 39 39 39 39 39 39
.20 71 71 72 72 71 71 72 72 72 72 72 72 72
8 .15 142 142 143 143 142 142 143 143 143 143 143 143 144
.10 3456 346 346 346 3453 346 346 346 346 346 347 347 347
.05 1442 1442 1442 1442 1442 1442 1443 1443 1445 1445 1446 1446 1446
.02 9115 9116 9116 9116 9115 9116 9117 9117 9137 9138 9138 9138
.01 36522 36522 36522 36522 36522 36523 36523 36610 36610 36810
.50 4 4 G ] 4 4 4 4 4 4 8 4 4
.40 18 18 20 20 18 18 19 19 18 18 20 19 18
.30 49 49 51 51 49 49 50 50 49 49 51 50 50
.25 80 80 82 81 80 80 80 81 80 80 82 81 81
.20 136 137 138 138 136 136 137 137 137 137 139 138 138
99 .15 259 259 261 261 259 259 260 260 260 261 262 261 261
.10 610 610 612 612 610 610 611 611 613 613 615 614 614
.05 2503 2503 25056 2505 2503 2503 2504 2504 2516 2516 2518 2817 2517
.02 15757 15757 15759 15759 16757 15757 15758 15758 15842 15841 15841
.01 63095 83005 63093 63093 63094 63094 63429 63428 63428
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Table J.6: Table of sample sizes for p; with (a,b) = (10, 10).

WLOC MLOC
coverage length Exact 1st order 3rd order Exact 1st order 3rd order
11—« 1 HPD J equal exact formula HPD equal HPD equal exact formula HPD equal
.50 1 1 1 7 1 1 1 1 1 1 1 1
.40 1 1 1 1 1 1 1 1 1 6 1 1
.30 10 10 10 11 10 10 9 9 9 i5 9 9
.25 23 23 23 24 23 23 20 20 20 25 20 20
.20 47 47 47 48 47 47 39 39 39 44 39 39
90 .15 100 100 160 101 100 160 B8O 80 81 83 80 80
.10 250 250 250 251 250 250 193 194 194 196 193 194
.05 1062 1062 1062 1063 1062 - 1062 802 803 804 804 802 803
.02 6744 6744 6743 6744 6744 6744 5065 5065 5065 5066 5085 5065
.01 27035 27036 27035 27035 20284 20284 20282 20284
.50 1 1 1 1 1 1 1 1 1 4 1 1
.40 3 3 3 5 3 3 3 3 3 11 3 3
.30 22 22 22 23 22 22 19 i9 19 25 19 19
.25 41 41 41 42 41 41 34 34 34 32 34 34
.20 75 75 76 77 75 75 61 61 61 85 61 61
98 .15 150 150 150 151 150 150 118 118 118 121 118 118
.10 363 363 364 365 363 363 278 278 279 281 278 278
.05 1616 1516 1516 1517 1516 1516 1143 1144 1145 1148 1143 1144
.02 9583 9583 9593 9584 9583 8583 7194 7194 7194 7196 7194 7194
.01 38394 383985 38394 38394 28802 2884 28802 28802
.50 4 4 6 7 4 4 4 4 6 13 4 4
.40 19 19 21 22 19 19 17 17 18 24 17 17
.30 &l 51 53 54 51 51 42 42 45 48 42 42
.25 84 84 86 87 84 84 67 68 69 72 67 68
.20 144 144 145 146 144 144 113 114 114 117 113 113
9 .15 273 273 274 275 273 273 210 210 213 214 210 210
.10 641 641 643 644 641 641 486 487 489 490 486 487
.05 2632 2632 2833 2634 2632 2632 1981 | 1981 1982 1983 1981 1981
.02 16567 16568 16565 16565 12430 12430 12433 12433 12430 12430
.01 66328 66329 66327 66327 49754 49755 49751 49753
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Table J.7: Table of sample sizes for w with (a,b) = (3,3).

ALC ACC
coverage length Exact 1st order 3rd order limiting Exact 1st order limiting
1~ i HPD equal exact formula HPD aqual HPD equal HPD equal exact HPD equal
2.0 20 27 34 31 19 286 11 18 24 30 37 15 23
1.5 47 56 63 60 46 54 35 43 53 60 67 45 52
1.0 127 137 144 141 126 136 112 121 137 144 151 129 136
.8 209 219 227 224 208 218 192 202 222 229 236 214 221
60 .6 386 397 405 402 385 396 367 378 406 413 420 398 405
5 565 576 584 581 364 576 545 556 591 597 604 583 589
4 894 9086 916 911 894 906 873 885 931 938 944 923 929
.3 1607 1619 1628 1624 1606 1619 1584 1596 1666 1672 1679 1657 1664
2 3643 3656 3665 3662 3643 3656 3619 3932 3765 3771 3778 3757 3763
1 14643 14657 14666 14663 14643 14657 14618 14631 15100 15107 15144 15092 15099
2.0 39 46 50 47 37 44 28 35 80 89 97 66 75
1.5 78 87 20 87 77 85 64 73 156 165 173 143 152
1.0 193 203 206 203 192 202 176 185 374 382 390 361 369
.8 ) 309 320 323 320 309 319 291 301 594 602 610 581 589
- .6 562 574 576 873 561 573 542 553 1069 1078 1086 1056 1065
o .5 816 828 831 828 816 827 795 806 1547 1556 1564 1534 1543
4 1284 1297 1299 1296 1284 1206 1262 1274 2428 2436 2444 2415 2423
.3 2296 2309 2312 2309 2256 2309 2273 2286 4329 4338 43486 4318 4325
2 5189 5202 5206 5201 5188 5202 5164 5177 9763 9771 9779 a750 9758
d 20808 20822 20824 20821 20808 20822 20782 20796 30119 39080 398008
2.0 87 95 88 82 84 g1 T2 80 656 670 683 626 641
1.5 157 166 158 154 154 163 140 148 1189 1204 1217 1160 1175
1.0 357 368 357 354 355 365 337 347 2714 2728 2741 2685 2699
.B 559 571 560 587 587 568 538 549 4287 4271 4284 4228 4243
.6 996 1009 997 994 995 1007 974 985 7591 7608 7618 7562 7577
99 5 1436 1449 1437 1433 1435 1447 1413 1425 10994 10959 10972 10916 10930
4 2245 2258 2246 2243 2244 2257 2221 2234 17118 17145 17089 17103
.3 3994 4007 39985 3991 3993 4006 3989 3982 30455 30455 30482 30426 30440
2 8990 9004 8991 8987 8990 9003 8864 BO78 68587 68531 68546
.1 35969 35966 35968 35982 35042 35956 274357 274302 274357
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Table J.8: Table of sample sizes for w with (a,b) = (3, 3).

MLOC
coverage length Exact 1st order 3rd order
1—-a 1 HPD equal exact formula HPD equal
2.0 6 i0 12 12 19 20
1.5 15 18 20 21 30 32
1.0 38 42 45 45 87 59
.8 63 67 69 69 B2 85
.6 115 119 122 122 136 140
90 5 168 172 175 176 190 193
4 266 270 272 272 282 202
.3 476 480 482 482 499 503
2 1077 1081 1084 1084 1101 1105
.1 4324 4328 4330 4330 4348 4352
2.0 12 16 16 17 26 27
1.5 24 28 28 28 40 42
1.0 58 62 63 63 77 B8O
.8 93 97 97 97 113 116
.6 168 171 172 172 189 192
95 .5 243 247 247 247 265 268
4 381 386 386 386 404 407
.3 680 684 684 684 703 707
.2 1533 1537 1538 1538 1557 1561
.1 6143 6147 6148 6148 6167 6171
2.0 27 30 28 28 41 43
1.5 48 51 51 49 64 67
1.0 107 111 108 108 127 130
.8 167 171 187 187 188 i91
.6 296 300 296 296 318 321
o 5 426 429 426 426 448 452
4 664 668 665 665 687 691
.3 1180 1184 1181 1181 1204 1208
2 2655 2859 2655 2655 2679 2683
.1 10617 10621 10617 10817 10641 10645
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Table J.9: Table of sample sizes for w with (a,b) = (5,5).

ALC ACC
coverage length Exact 1st order 3rd order limiting Exact 1st order limiting
1« 1 HPD equal exact formula HPD equal HPD equal HPD equal exact HPD equal
2.0 4 9 13 10 3 8 1 6 5 11 16 3 7
1.5 19 25 28 26 19 24 14 19 24 29 34 17 23
1.0 63 69 73 70 63 69 56 62 75 81 86 68 73
B 108 114 118 115 108 114 100 106 128 133 138 120 128
60 .6 208 211 215 213 205 211 197 202 240 246 251 233 238
.5 303 309 313 310 303 309 294 300 354 359 363 346 352
4 483 489 492 490 483 489 474 480 563 568 573 555 560
3 871 877 881 879 871 877 862 8§68 1014 1019 1024 1006 1011
2 1982 1988 1992 1989 1982 1988 1972 1978 2302 2308 2313 2295 2300
.1 7878 7984 7988 7986 7976 7984 7969 7975 9261 9267 9272 9253 9259
2.0 15 20 21 19 14 19 11 15 27 34 39 16 23
1.5 37 42 43 41 36 41 30 36 65 71 76 53 60
1.0 99 105 106 104 99 105 92 o7 171 178 183 159 166
.8 163 169 170 168 163 169 158 161 279 285 290 267 274
. .6 301 307 308 306 301 307 292 298 512 518 523 500 506
% .5 440 446 447 445 440 446 431 437 746 752 757 734 740
4 695 701 702 700 695 701 686 G692 1177 1183 1188 1185 1171
.3 1247 1253 1254 1252 1247 1253 1238 1244 2108 2114 2119 2096 2103
2 2824 2830 2831 2828 2824 2830 2814 2820 4768 4778 4780 4757 4763
.1 11328 11334 11344 11342 11337 11343 11328 11334 19134 19145 18121 19129
2.0 41 46 42 40 40 45 35 40 168 177 182 143 153
1.5 79 85 80 78 79 84 72 77 321 329 338 297 3086
1.0 188 194 189 187 188 193 180 185 757 766 771 734 742
.8 209 304 299 297 298 304 290 295 1199 1208 1213 1175 1184
.6 337 543 537 535 537 543 528 534 2153 2162 2167 2130 2139
99 .5 Kias 782 777 775 776 782 T6T 773 3113 3122 3127 3090 3009
4 1218 1224 1218 1216 1218 1224 1208 1214 4880 4889 4894 4857 4866
.3 2171 2177 2171 2169 2171 2177 2161 2167 8698 8707 8712 8675 8684
.2 4894 4900 4894 4892 4894 4900 4884 4890 19606 19620 19583 19591
1 19599 19605 19599 19597 19599 19605 19589 19595 78522 78485 78493
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Table J.10: Table of sample sizes for w with (a,b) = (5,5).

MLOC
coverage length Exact 1st order 3rd order
11—« 1 HPD equal exact formula HPD equal
2.0 1 6 8 8 15 16
1.5 11 14 16 17 26 28
1.0 34 38 41 41 53 55
.8 59 63 65 65 78 81
.6 111 115 118 118 132 136
90 B 164 168 171 171 186 189
4 262 266 268 268 284 288
.3 472 476 478 478 495 499
.2 1073 1077 1084 1080 1097 1101
.1 4320 4324 4326 4326 4344 4348
2.0 B 12 12 13 22 23
1.5 20 24 24 25 36 38
1.0 54 58 59 59 73 76
.8 89 a3 93 B4 109 112
6 164 167 168 168 i85 188
98 5 239 243 243 243 261 264
4 377 381 382 382 400 403
.3 676 680 680 680 699 703
2 1528 1534 1534 1553 1557
.1 6139 6143 6144 6144 G163 6167
2.0 23 26 19 24 37 39
1.5 44 47 44 45 60 63
1.0 103 107 104 104 123 126
.8 163 187 163 183 184 187
.6 292 296 292 292 314 317
99 .5 ‘ 422 428 422 422 444 448
A4 660 664 661 661 683 687
.3 1176 1180 1167 1171 1200 1204
.2 2651 2655 2651 2651 2675 2676
1 10613 10617 10613 10613 10637 10641
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Table J.11: Table of sample sizes for w with (a,b) = (10, 10).

ALC ACC
coverage length Exact 1st order 3rd order limiting Exact 1st order limiting
1-a 1 HPD equal exach formula HPD equal HPD equal HPD equal exact HPD equal
2.0 1 1 1 1 1 1 1 1 1 1 1 1 1
1.5 1 1 8 8 1 5 1 4 1 6 9 1 4
1.0 32 37 40 37 32 36 28 33 37 41 45 31 36
.8 64 69 72 70 64 69 59 64 73 7T 81 71 71
00 B 133 138 141 139 133 138 128 132 150 155 159 143 148
) .5 203 208 211 208 203 208 197 202 228 233 237 221 225
4 331 336 339 337 331 336 325 330 372 377 380 364 369
.3 608 613 616 614 608 613 602 607 682 G687 690 674 679
.2 1400 1405 1407 1406 1400 1405 1396 1393 1568 1573 1577 1560 1565
.1 5674 5679 5682 5680 5674 5679 5668 5673 6354 6359 6363 6346 6351
2.0 1 2 3 1 1 1 1 1 1 1 1 1 1
1.5 i3 17 19 16 13 17 11 15 19 24 27 13 17
1.0 58 63 63 61 58 62 54 58 81 86 89 70 76
.8 104 108 109 107 103 108 103 108 143 148 151 132 137
.6 202 206 207 205 202 206 196 201 278 283 285 266 271
98 5 301 303 306 304 301 305 205 299 413 418 421 401 406
.4 483 487 488 586 483 487 477 481 662 667 669 650 655
.3 876 881 882 880 876 881 870 875 1199 1204 1207 1187 1192
2 2000 2005 2006 2004 2000 2005 1996 1998 2735 2740 2743 2723 2728
1 8069 8074 8075 8073 8069 8074 BOG3 BO6BB 11028 11036 11016 11021
2.0 17 21 17 15 16 20 15 15 39 45 45 21 28
1.5 44 48 45 43 44 48 40 41 98 104 105 77 84
1.0 122 126 122 120 122 126 116 121 266 272 273 245 251
.8 200 205 201 199 200 205 195 199 437 443 444 415 422
.6 370 375 371 369 370 375 364 369 804 810 811 783 789
99 .5 541 546 542 540 541 546 535 539 1174 1180 1181 1153 1159
4 856 BGO 856 854 856 B60O 349 B54 1855 1861 18682 1834 1840
.3 1535 1540 1538 1533 1535 1540 1529 1533 3325 3331 3333 3304 3310
2 3476 3481 3477 3475 3476 3481 3470 3474 7527 7533 7534 7506 7512
.1 13952 13987 13959 13857 13959 13064 13952 13857 30224 30196 30202
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Table J.12: Table of sample sizes for w with (a,b) = (10, 10).

MLOC
coverage length Exact 1st order 3rd order
1— o 1 HPD equal exact formula HPD equal
2.0 1 1 1 1 5 6
1.5 1 4 6 7 i6 18
1.0 24 28 31 Si 43 47
.8 49 53 55 55 68 71
.6 101 105 108 108 122 126
90 .5 i54 188 161 161 176 179
4 252 256 258 258 274 278
3 462 466 468 468 485 489
2 1063 1067 1070 1070 1087 1091
1 4310 4314 4316 4316 4334 4338
2.0 1 1 1 1 12 13
1.5 10 14 14 15 26 28
1.0 44 48 49 49 63 66
.8 79 83 83 84 99 102
.6 154 157 158 158 175 178
95 .5 229 233 233 231 251 254
4 367 371 372 372 390 393
.3 666 670 670 670 689 693
2 1519 1523 1524 1524 1543 1547
1 6128 6133 6134 6134 8153 6187
2.0 13 16 14 14 27 29
1.5 34 37 34 35 50 53
1.0 93 93 94 94 113 116
.B 153 157 153 153 174 177
.6 282 286 282 282 304 307
99 .5 412 415 412 412 434 438
4 650 654 651 651 673 677
.3 1166 1170 1167 1167 1190 1194
2 2645 2641 2641 2665 2669
1 10603 10607 10603 10603 10627 10631
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Table J.13: Table of sample sizes for ¢ with (a,b) = (2,2).

ALC ACC
coverage length Exact 1st order 3rd order lisniting Exact 1st order limiting
1—-a 1 HPD equal exact formula HPD equal HPD equal HPD equal exact HPD I equal
2.0 11 11 11 12 11 11 10 10 11 11 12 10 10
1.5 22 22 23 23 22 22 21 21 22 22 24 21 21
1.0 55 56 56 57 5358 55 53 54 56 56 58 54 54
0.8 &8 89 90 90 89 89 87 87 89 89 92 87 87
00 .6 162 182 163 163 162 162 159 160 162 162 166 160 160
’ 5 235 235 236 237 235 238 233 233 236 236 240 233 234
S 371 371 371 372 371 371 387 368 371 371 375 368 369
.3 663 663 663 664 663 663 660 8660 663 663 667 660 661
2 1497 1497 1498 1499 1497 1497 1493 1494 1497 1497 1502 1496 1495
.1 6003 6003 6004 8005 6003 6003 5999 6000 6002 5002 6007 5999 8000
2.0 17 17 17 18 17 17 16 i6 18 18 ‘ 19 16 16
1.5 34 34 34 34 34 34 32 32 35 35 37 33 33
1.0 81 81 81 82 81 81 79 79 85 85 88 82 82
0.8 129 129 129 130 12¢ 129 126 127 135 138 139 132 132
.6 232 233 233 233 232 233 230 230 244 244 248 241 241
98 .5 337 337 337 338 337 337 334 334 354 364 358 350 351
.4 529 529 520 530 529 529 525 526 555 555 560 552 552
.3 943 944 943 944 943 944 240 940 991 291 996 988 988
.2 2128 2128 2128 2129 2128 2128 2124 2125 2236 2236 2242 2232 2233
1 8526 8526 8526 8527 8526 8526 8522 8522 BOEY 8959 89658 8055 8956
2.0 33 34 33 33 33 33 32 32 40 40 42 35 36
1.5 62 62 61 62 62 62 60 80 76 76 79 70 71
1.0 144 144 143 144 144 144 141 141 180 180 186 173 174
0.8 227 227 226 227 227 227 224 224 286 286 293 278 279
.6 406 406 405 406 406 406 402 403 516 516 524 507 508
9 .5 586 586 585 586 586 586 582 583 746 746 756 737 738
.4 917 018 916 917 917 918 914 914 1171 1171 1181 1162 1163
.3 1633 1634 1633 1634 1633 1634 1630 1630 2088 2088 2009 2079 2080
.2 3680 3680 3679 3680 3680 3680 3676 3676 4709 4709 4721 4700 4701
B 14730 13731 14729 14730 14730 14730 14726 14727 18862 18862 18875 18852 18854
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Table J.14: Table of sample sizes for ¢ with (a,b) = (2,2).

MLOC
coverage length Exact 1st order 3rd order
1—-a 1 HPD equal exact formula HPD equal
2.0 11 11 11 12 11 11
1.5 22 22 22 23 22 22
1.0 54 54 55 55 54 54
.8 87 BT 87 87 87 87
.6 156 156 156 157 156 156
90 .5 227 227 227 228 227 227
4 356 356 356 358 356 356
.3 837 637 637 638 637 637
.2 1439 1439 1439 1440 1439 1439
.1 5768 5768 5768 5769 5768 5768
2.0 16 16 16 10 16 16
1.5 32 32 32 34 32 32
1.0 79 79 79 79 79 79
8 124 124 124 125 124 124
.6 224 224 224 225 224 224
8 5 324 324 324 325 324 324
.4 508 508 508 509 508 508
.3 207 907 907 908 907 907
2 2044 2044 2044 2046 2044 2044
.1 8191 8191 8191 8192 8191 8191
2.0 32 32 32 35 32 32
1.5 60 60 59 60 60 60
1.0 139 139 138 139 139 139
.8 219 219 217 216 218 219
.6 391 301 389 390 391 381
9 5 563 | 563 563 563 563 563
4 881 882 B8O 884 881 882
.3 1570 1570 1568 1570 1570 1570
2 3535 3536 3538 3536 3535 3538
.1 14151 14151 14152 141561 14151
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Table J.15: Table of sample sizes for ¢ with (a,b) = (5,5).

ALC ACC
coverage length Exact 1st order 8rd order limiting Exact 1st order limiting
1—-a 1 HPD equal exact formula HPD equal HPD —{ equal HPD equal exact HPD equal
2.0 2 2 1 1 2 2 2 2 1 1 3 1 1
1.5 i2 12 12 12 12 12 11 11 12 12 13 11 11
1.0 39 39 39 39 39 39 38 38 39 39 40 38 38
0.8 66 66 66 66 66 65 65 65 66 66 68 65 65
.6 125 125 125 135 125 125 123 123 125 126 127 124 124
90 .5 184 184 184 184 184 184 182 182 184 184 186 183 i83
4 292 293 293 293 292 293 291 291 293 293 296 202 292
.3 528 528 528 528 528 528 526 526 529 529 531 527 527
2 1199 1199 1199 1200 1199 1199 1188 1198 1202 1202 1205 1201 1201
1 4827 4827 4827 4827 4827 4827 4825 4825 4838 4838 4841 4837 4837
2.0 8 8 8 8 8 8 7 8 8 8 8 7 7
1.5 21 21 21 21 21 21 20 20 21 21 22 20 20
1.0 59 59 59 59 59 59 58 58 60 60 61 58 58
0.8 98 98 98 98 98 98 a7 97 29 29 100 97 97
.6 181 181 181 181 181 181 180 180 183 183 185 181 181
95 5 265 265 265 265 265 265 264 264 267 267 270 266 266
4 420 420 420 420 420 420 418 418 423 423 426 422 422
.3 763 754 753 754 753 754 752 752 760 760 763 T59 759
2 1707 1767 1707 1707 1707 1707 1706 1706 1723 1723 1725 1721 1721
.1 68358 6858 G857 6868 6858 6858 6856 6856 6921 6921 6924 6919 6919
2.0 21 21 20 20 21 21 20 20 21 21 22 20 20
1.5 44 44 43 43 44 44 43 43 45 45 46 43 43
1.0 i10 110 109 109 110 ii0 108 108 112 112 114 111 111
0.8 176 176 176 176 176 176 175 175 181 181 183 179 179
.6 320 321 320 320 320 321 319 319 330 330 332 328 328
99 ] 465 465 465 465 465 465 464 464 479 479 481 477 477
4 732 732 732 732 732 732 731 731 754 754 757 752 752
3 1309 1309 1309 1308 1309 1309 1307 1307 1349 1349 1351 1347 1347
.2 2956 2956 2956 2956 2958 29056 2035 2053 3047 3047 3050 3045 3045
1 11852 11852 11851 11851 11862 11852 11850 11850 12219 12219 12222 12217 12217




Table J.16: Table of sample sizes for ¢ with (a,b) = (5,5).

MLOC
coverage length Exact 1st order 3rd order
11— 1 HPD equal exact formula HPD equal
2.0 3 3 3 2 3 3
1.5 12 12 12 13 12 12
1.0 44 44 44 45 44 44
.8 76 76 76 77 76 76
.G 147 147 147 147 147 147
90 .5 216 216 218 218 216 216
4 347 347 347 348 347 347
.3 627 827 628 628 627 627
.2 1428 1428 1428 1430 1428 1428
1 5759 5759 5758 5759 5758 5759
2.0 8 B 8 8 8 8
1.5 23 23 23 24 23 23
1.0 68 68 68 69 68 68
B 115 115 115 115 115 115
6 215 215 215 215 215 215
98 .5 315 315 315 315 315 315
4 499 499 499 499 499 499
3 896 896 896 898 896 806
.2 2035 2035 2038 2036 2035 2035
1 8181 8182 8181 8181
2.0 23 23 23 23 23 23
1.5 51 51 49 50 51 51
1.0 128 128 128 129 128 128
.8 208 208 207 208 208 208
.6 380 380 379 380 380 380
99 .5 552 553 562 553 552 583
4 871 872 871 872 871 872
.3 1560 1560 1559 1560 1560 1560
.2 3525 3526 3524 3526 3525 3526
.1 14140 14142 14141 14141
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Table J.17: Table of sample sizes for ¢ with (a,b) = (10, 10).

ALC ACC
coverage length Exact 1st order 3rd order limiting Exact 1st order limiting
11—« 1 HPD equal exact formula HPD equal HPD equal HPD equal exact HPD equal
2.0 1 ‘ 1 1 1 1 1 1 1 1 1 1 1 1
1.5 1 i 1 1 1 1 1 1 1 1 1 1 1
1.0 26 26 26 26 26 26 25 25 26 26 27 25 25
0.8 52 52 52 52 52 52 51 51 52 52 53 51 51
60 .6 107 107 107 107 107 107 106 106 107 107 108 106 106
’ .5 163 163 163 163 163 163 162 162 163 163 165 162 162
.4 265 266 266 266 266 266 264 264 266 2686 268 265 265
.3 487 487 487 487 487 487 486 486 488 488 490 487 487
.2 1121 i121 1121 1121 1121 1121 1120 1120 1122 1122 1124 1121 1121
a1 4543 4543 4543 4543 4543 4543 4542 4542 4546 4546 4549 4545 4545
2.0 1 1 1 1 1 1 i 1 1 1 1 1 1
1.5 9 9 9 9 9 9 9 9 9 9 10 9 9
1.0 45 45 45 45 45 45 45 45 45 45 47 45 45
0.8 82 82 82 82 82 82 81 81 82 82 84 81 81
.6 i61 161 160 160 161 161 159 160 161 161 163 160 160
98 .5 240 240 240 240 240 240 239 239 240 240 242 239 238
4 385 385 385 385 385 385 384 384 386 386 388 385 385
.3 700 700 700 700 700 700 699 699 762 702 704 701 " 701
2 1600 1600 1600 1600 1600 1600 1659 1659 1604 1604 lb"UG 1603 1603
1 6459 6459 6459 6459 6459 6459 6458 6458 6474 6474 6476 6473 6473
2.0 9 9 8 3 9 9 9 9 9 9 9 9 9
1.5 31 31 30 30 31 31 30 30 31 31 32 30 30
1.0 93 93 92 92 93 93 92 92 93 93 93 92 92
0.8 156 156 155 155 156 156 158 155 157 157 158 156 156
.6 202 292 201 291 202 292 291 201 294 204 295 202 292
9 .5 429 429 428 428 429 429 428 428 431 431 433 430 430
4 680 680 680 680 680 680 679 879 685 685 686 683 683
.3 1224 1224 1224 1224 1224 1224 1223 1223 1232 1232 1234 1231 1231
2 2778 2778 2778 2778 2778 2778 2777 2777 2797 2797 2799 2796 2796
1 11170 11170 11170 11170 11170 11170 11169 11169 11246 11246 11248 11248 11245
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Table J.18: Table of sample sizes for ¢ with (a,b) = (10,10).

MLOC
coverage length Exact 1st order 3rd order
11—« 1 HPD equal exact formula HPD equal
2.0 1 1 1 1 1 1
1.5 1 1 1 1 1 1
1.0 29 29 29 28 29 29
.8 60 560 61 61 60 80
.6 131 131 131 131 131 131
.90
5 200 200 200 201 200 200
4 331 331 331 331 331 331
.3 611 611 611 612 611 611
2 1412 1412 1412 1413 1412 1412
A 5740 5741 5741 5742 5740 5741
2.0 1 1 1 1 1 1
1.5 10 10 10 10 10 10
1.0 53 53 52 52 53 53
.8 99 99 a9 99 99 99
.6 198 198 198 198 198 198
9 5 208 | 208 208 298 208 208
4 483 483 483 483 483 483
3 880 880 880 881 880 B8O
2 2019 2019 2019 2019 2019 2019
1 8164 8164 8164 8166 8164 8164
2.0 9 9 9 6 9 9
1.5 35 35 35 33 35 35
1.0 112 112 112 112 112 112
.8 192 192 191 192 192 192
6 364 364 363 364 364 364
o 5 536 | 536 536 537 536 536
4 855 855 855 855 855 855
.3 1543 1543 1543 1543 1543 1543
2 3508 3508 3508 3509 3508 3508
.1 14124 14125 14124 14124
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