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i
Abstract

Let K, (t) := infypa<, fol |1 — P(6)*w(0)df, where w > 0 is a de-
creasing function and P € L?([0, 1], Leb.).
Then we have Ky, < K, & [ zrhd0 > [} 5540 VA > 0.
We present two similar proofs of this result, which are analogous to
the well-known majorization theorem: Let v, w > 0 be decreasing func-
tions, and suppose fol w(0)df = fol v(0)dS.
Then F, < F, & [ (w(8) — )+d8 > [} (v(8) — z);d8 Yz >0,
where F,(t) = ftl w(f)dh. Since our proofs of this result rely mainly
on the convex conjugate transform, or Legendre transform, we include
an exposition of convex functions and convex conjugate transforms.



iii
Résumé

Soit K, (t) := infypyz<; J3 11— P(8)*w(8)df, ot w > 0 est une fone-
tion décroissante et P € L?([0,1],Leb.).
Alorson a K, < K, & fol E—(—(,l)ﬁd(? > fol Wdﬂ pour tout A > 0.
On présente deux preuves semblabes de ce résultat, analogues au théoreme
de maijoration bien-connu: Soit v, w > 0 et décroissantes, et supposons
que [, w(6)dd = Olv(ﬂ)de.
Alors F, < F, & fol(w(ﬂ) —xz),df > fol (v(8) — x),.d# pour tout z > 0,
oll Fiy(t) = ftl w(#)dh. Puisque nos preuves de ce résultat s’appuient
essentiellement sur la transformée conjuguée convexe, ou la transformée
de Legendre, on inclut une exposition sur les fonctions convexes et la
transformée conjuguée convexe.
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1 Introduction

We use the following notation:

R Real numbers
C Complex numbers

|E| Lebesgue measure of the set F
1
/ .df integration with respect to Lebesgue measure on [0, 1]
0

xe characteristic function of the set E

1P LP([0,1], Leb), p=1,2

1
151l / FO)PdS, p=1,2

Our purpose is to study the properties of the functional K, to be
defined below. This functional was introduced and its main property
asserted in Klemes ([5], Prop. 3.3.1); moreover, its definition was mo-

tivated there as follows.

Given two functions v,w > 0 defined on [0, 1], such that the normal-
ization condition fol w(8)db = fol v(0)d# holds, w is said to majorize v
if

/tw(G)dB > /tv(H)dH Vit e [0,1]
0 0



A treatment of majorization results can be found in Marshall and Olkin

[6].

We recall the following well-known majorization theorem due to Hardy,
Littlewood, and Pélya [4]:

Theorem Let v, w > 0 be decreasing functions, and let
1
Fu(t) = / w(®)d, 0<t<1
¢

Suppose that v,w satisfy the normalization condition folw(H)dH =
Jiy v(6)df. Then we have

Fu(t) < Fy(t) Yt € [0,1] & /1(w(9) —2),df > /1(0(0) — %), d0 Yz >0

O
Remark: This majorization property is very useful in practice because
it lends to proofs of inequalities of the form

[ otwenas = [ ooie)as

where ¢ is any convex function.
In particular, if we take ¢(x) = 2P with p > 1, then we obtain p-norm in-

equalities, which are much studied and used in analysis.
We then generalize to the functional

1
w = i 1 — P(6 7] , <t<l1
Jo®)i= it / 11— P(6)lw(®)dd, 0<¢



where w > 0 (not necessarily decreasing) and P € L*([0, 1], Leb.).

Up to a decreasing rearrangement of w (see [2]), J,, and F,, are essen-
tially identical. To see this, one can show that the infimum is attained
precisely when P = x(o 4.

We view J, as an intermediate functional, serving as the motivation

for arriving at the consideration of our target functional:

1

K, () = inf / 11— PO)Pw(®)dd, 0<t<1
IPlI3<t Jo

where again, w > 0 but need not be decreasing.

We shall prove the following result, suggested in ([5], Prop. 3.3.1):

Theorem If v,w > 0, then

Kw(t)SKv(t)Vte[0,1]@/01md92/01_v(1_

ddVvA>0
6) + A -

Despite the fact that v, w need not be decreasing and that the nor-
malization condition need not hold in order for the statement of the
theorem to be true, we view this theorem as an analogue of the afore-
mentioned majorization result for F,,, and refer to these as 'majoriza-

tion’ results on J,, and K.

Since the convex conjugate transform is the crux of the proofs of these
results, we devote Section 2 to an exposition of convex functions and
convex conjugate transforms, culminating in a proof of its involutivity

on convex functions.

In Section 3, we first establish that Fi, is a convex function. Then



we proceed to give two proofs of the majorization result for F,,. The
common element in both proofs is the convex conjugate transform, or
"Legendre Transform” suggested by Klemes ([5], Prop. 3.3.1). The first
proof is direct and self-contained, and uses a modified convex conjugate
transform applied to F,, followed by another modified transform that
inverts the latter. ,

For the second proof, we show that our modified transform can be
viewed as a regular convex conjugate transform of F,,, and then we

show the majorization result by invoking involutivity of the transform.

We briefly introduce the intermediate functional J, in Section 4, stress-
ing that we mention it mainly as the link between the treatments of
the functional F,, of the previous section and the functional K,, of the

following section.

In Section 5, we give two proofs that K, is a convex function, and
we generalize the first proof (using the modified transform) to prove
the majorization property of K.



2 The Convex Conjugate Transform of a

Convex Function

2.1 Convex Functions

We follow the treatment of Stoer [7] to show that this transform is an
involution.

We consider functions f : R — R U {oo}. Notice the inclusion of oo
as a possible function value. The concept of convexity of a function
can be extended to include —oo as a function value, and the ensuing
results can be proved with minor modifications (as in [7]), but for our
purposes we will not need to include —oo, since all functions we will
deal with will be > 0.

Definition 1 For any function f: R - RU {oc},

K(f) := {z|f(2) < oo}

K(f) is also called the domain of finiteness of f.

Definition 2 A function f : R — RU{oo} is called convez if it satisfies

the following two properties:

DK(f) # D (i.e. f assumes at least one finite value)
2)For any z,y € K(f), f(Az + (1 = A)y) < Af(z) + (1 = A)f(y)
Vo<A<l1

Geometrically, property 2) says that between any two points z,y with
f(z) and f(y) finite, the line segment joining f(z) and f(y) lies entirely
above the graph of f. Note also that the r.h.s. of 2) is well defined
in the sense that it is never oo — 00” because of the above restriction
that Vz, f(z) # —oo.



Definition 3 A convex function f is called strictly convez if strict in-
equality holds in 2) for all A # 0,1 and = # y.

The cases A = 0 or 1, and z = y (any A) were excluded from the def-
inition of strict convexity, since 2) always reduces to equality in those

cases.

Examples The function f(z) := z is convex but not strictly convex,

while the function f(z) := z? is strictly convex.

The function f defined by

f(x)::{o, f—1<z<1

00, otherwise

is a convex function. Indeed, property 2) is still satisfied because the
inequality in 2) need only hold for all z,y € K(f).
O

Lemma 1 If f is a convez function, then K(f) is a convez set.

Proof If K(f) only contains 1 point then it is trivially convex, so
assume K(f) contains at least 2 points. Suppose it were not con-
vex. Then 3z,y € K(f) and a A € (0,1) such that Az + (1 — Ay &
K(f); i.e. such that f(Az + (1 — A)y) = co. But f(z), f(y) < oo,
= Af(z) + (1 = X) f(y) < oo, contradicting inequality 2) in the defini-
tion of convexity of f.

|

Now, a convex set in R is just an interval, so this lemma says that
the domain of finiteness of a convex function is an interval. Geometri-

cally, this means that the graph of a convex function f : R — RU {oco}



cannot exhibit an asymptotic discontinuity at a point in the interior of
its domain.

2.2 Convex Conjugate Functions: Basic Ideas, Ge-
ometric Interpretation, and Involutivity
Definition 4 For any function f : R — R U {oo}, define a function

fe:R— RU{oo} by '

fe(p) == i‘;g(m - f(z)) = St;p(pw - f(=))

f¢ is called the convezr conjugate of f.

Remark In some literature, the convex conjugate transform is called
the Legendre transform (e.g. [1],[5]); the treatment of this transform

was developed in large part by Fenchel [7].

As the name suggests, one would expect f¢ to always be a convex
function. Indeed, inequality 2) in the definition of convexity is always
satisfied. To see this, take any z,y € R, and X € [0,1].



We need to show that fé(Az + (1 — A)y) < Afe(z) + (1 — A)fe(y).

Foa + (1= Ny) = sup{Da + (1~ Nt — £(8))

teR

= Stlelng{)\xt + (T =Nyt = [Af(t) + (1 = ) f(t)]}

- Stlelﬂlg{)\[il?t - fO]+ (1 =Xyt - f(O)}

< stlelng{/\[mt - fOI} + Stlelﬂg{(l — Nyt — f()]}
= Astlelﬁg{wt —fOr+ @1 -2) S;telng{yt - f(®)}
(as A,1— A >0)

= Afz) + (1 - A)f(y)

Condition 1) is not always satisfied, but it is when f itself is convex:
Lemma 2 If f is converz, then f€ is also convexz.

Proof By the above remarks we need only check that condition 1) in
the definition of convexity holds. For this we need to check two things:

1) that the set {p: f(p) = —oo} = @, and that K(f¢) # @.
Since K(f) = {z : f(z) < oo} # @, there exists an zy € K(f); i.e.
there is an z¢ such that f(xy) < co. But then for any p € R, we have

fé(p) = Sl;p(px — f(z)) = pxo — f(20) > —00

So the set {p: f(p) = —o0} = 0.

For the second part, we need to find a p € R such that f¢(p) =

sup,(pz — f(z)) < 0.
If K(f) only contains one point zo, then pz — f(x) = —oo for all  # o,



whence f(p) = sup,(pz — f()) = pzo — f(20) < oo.

So we can assume that K (f) contains at least two points. Take any
two such points zy, x2 and let £y < z5. By convexity of f, the line seg-
ment joining the points (o, f(x)) and (x9, f(z2)) lies entirely above

the graph of f. Now, the line L through this segment has slope
p = f(z2)—f(=0)

T2—Zo

is y = px + b. Moreover, f(z) < coVx, so we have that

, and some y-intercept b, so the equation of the line

0 < (pr+b)— f(z) < 0V € [0, T2)
=0< sup ((pz+b)—f(z))=M <o
z€[zo,72]

Now, intuitively it is clear that the line L lies below the graph of f,
outside [z, z2]; i.e. pz +b < f(z) Vz & [z, T2].

Formally, assume first that there were some T < zy with f(Z) < L(T).
Take any point z; with zg < z; < 2. Then f(x,) < L(z;) by convexity
of f. Now consider the line segment L' connecting f(Z) and f(z:).
Then we have

L'(z) = f(T) < L(Z) by assumption
and L'(x1) = f(z1) < L(z;) (= by assumption, < by convexity of f)

But this means that L'(z) < L(z) Vz € [Z, z;1]. In particular, L'(z,) <
L(zo) = f(zo), contradicting the convexity of f.
So it must be that L(z) < f(z) Yz < zo.

Similarly one proves that L(z) < f(z) Vz > z2, so that pr+b— f(z) =
L(z) — f(z) <0 Vz & [z, Z2].
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This gives us

f*(p) = sup(pz — f(z))
= sup((pz +b) — f(z) - b)
= sup((pz +b) — f(z)) = b

= sup ((pz+0b) - f(z)) - b

T€[Z0,T2]
=M-b
< o0

Thus, there is some p with f¢(p) < oo, and this concludes the proof

that f¢is a convex function. a

It is also natural to look at the subset of R? consisting of all the points
above the graph of a given convex function. Moreover, we will need

this concept for subsequent proofs.

Definition 5 Let f be any function. The epigraph of f is the set [f] C
R x R defined by

[f]:=A{(z,2) € R*z > f(2)}

It is straightforward to see that the epigraph of a convex function is a

convex set in R2.

We also need the notion of conjugate sets:

Definition 6 For any set M C R?, the set

M= {(y,w) € RYyz —w < z V(z,2) € R?}
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is called the upper conjugate set to M.

There is a concept of lower conjugate set, but we will not need this,
so there will be no ambiguity in simply referring to such an M€ as the
conjugate set to M.

Note that
(y,w) € M® & M C H(y,w) = {(z,2)jyzr —w < 2}

In other words, asserting that (y,w) € M€ is the same as saying that
the line z = yz — w (the line with slope y and vertical intercept w) lies
below or on the boundary of the set M (i.e. every point on this line is
either below or on M).

The conjugate sets that will be of interest to us will be those of epigraphs
M = [f] of convex functions f.

One would think there would be a nice relation between the conjugate
set to an epigraph and the epigraph of a conjugate function. Indeed,
there is:

Lemma 3 [f]* = [f°]

Proof 1) [f¢] C [f]:

Take any (y,w) € [f9]. Sow > f(y) = sup{yz — f(x)} = yz — f(z)
for any z.

We'll show that [f] C H(y,w) = {(z, 2)|yz — 2 < w}.

Take any (z,z) € [f]. Then z > f(z), whence yz — 2z < yz — f(z) < w,
= (z,2) € H(y,w).

2) [Fl° < Uf:
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Take (y,w) € [f]°. So [f] C H(y,w) = {(z, 2)|yz — z < w}.

We need to show that (y,w) € [f¢]; i.e. that w > f(y) = sup,{yz —
f=)}.

Take any z. Then (z, f(z)) € [f], so yz— f(z) < w by assumption. But
since z was arbitrary, this means that f°(y) = sup, {yz — f(z)} < w.
Thus (y, w) € [f]. O
To get a geometric interpretation of the conjugate function, all we must

do is resort to its definition:

Lemma 4 If f is any function, and yo is any point such that wy =
f¢(yo) is finite, then [f] C H(yo,wo) and wy is the smallest number w
such that [f] C H(yo, w).

Proof For the first part, take any (z',z) € [f]. Then z > f(z'). Since
wp = sup,(yoz — f(x)), we have wy > yoz’ — f('), which is not ambigu-
ous (even if f(z') = 00) because |wp| < 00. So Yoz’ — wy < f(a') < z,
= (2',2) € H(yo, wo).

For the second part, assume that we had some w < wgp such that
[f] € H(yo,w). Again since wy = sup,(yox — f(z)), there must be
some z" such that w < yoz” — f(z") < wp, whence yoz" — w > f(z").
So (z", f(z")) & H(yo,w), but (2", f(z")) € [f]; contradicting the first
part of the result. O
Saying that [f] C H(yo, w) means that the line z = yoz — w lies below
or on the graph of f (i.e. every point on this line is either below or on
the graph of f). Thus, the first part of the above lemma says that the
line z = yox — f(yo) lies entirely below or on the graph of f.

Decreasing the value of the vertical-intercept w of the line z = yozr — w
has the effect of pushing up the line, so the 2nd part of the lemma says
that we cannot push the line up any more and still have it lie entirely
below or on the graph of f. In other words, the line must meet the
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graph of f at some point.

Moreover, if f is convex, then the line cannot meet the graph of f at
more than one point, for if it did, then the line segment joining these
two points would lie about the graph of f, contradicting the fact that
[f] € H(yo, f%(yo)). If f is also differentiable at that point (z, f(x))
where the line and graph meet, then this means that the line is tangent
to the graph of f at (z, f(z)):

Result The above lemma, in the case where f is convex and differ-

entiable.

Proof Take a point y, and suppose that f°(yo) is finite. Consider
the line z = yox + b, and suppose it is tangent to the graph of f at the
point (xo, f(x)). From our observations above, we need to show that
b= —Ff(yo)-

Since the function yoxz — f(z) is differentiable, the value f°(yo) =
sup,(yox — f(z)) = max,(yoxr — f(z)) occurs at a point x, where

L (yoz — f(z))|p=zo = 0 - i.e. where f'(z9) = yo. Then we have

Fe(o) = (Yoo — f(20))
= b= f(.’l?()) — Yoo

= —f°(vo)

O
Note that the first method used to obtain this geometric view of convex
conjugate functions is more general because it does not require differ-
entiability of the function. However the second method is constructive;
we will use it to explicitly calculate the function f¢ for some functions

f later on.



14

We now begin the steps to proving that the convex conjugate trans-

form is an involution on convex functions.
Definition 7 Let a,b € R.
A halfspace of R? is any set of the form

{(z,2) € R¥az +b < 2z} (nonvertical halfspace)
or {(z,2) € R*laz < b} (vertical halfspace).

Definition 8 Let M C R%. M is called strongly closed if M can be

written as an intersection of nonvertical halfspaces.

Theorem 1 Any closed, convez epigraph [f] is strongly closed if [f]¢ #
Q.

Proof

[f] is an intersection of halfspaces ([6]):

[f] = Nier H;

some of them possibly vertical. We will show that we can discard those

vertical halfspaces.

By assumption, there exists a point (y, w) € [f]°. As we saw before, this
means that [f] C H(y,w) = {(z, 2)|lyz — w < z}. So we may replace
the vertical halfspaces H; with sets of the form H N H(y,w), where H
is a vertical halfspace with [f] C H. Take any such H = {(z,2) €
R?laxz < b}. It suffices to show that H N H(y,w) is an intersection of
nonvertical halfspaces. The idea is to consider halfspaces bounded by
lines of steeper and steeper slope all lying below the graph of f, and
then to take the intersection of all of these halfspaces.
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Specifically, consider the sets H, := {(z, z)|(y + aa)z — w < z + ba},
a > 0. We will show that

HNH(y,w) = Na>oHy (1)
First let (z,2) € HN H(y,w). Then for any o > 0 we have

(y +aa)r —w = yr — w + aax
< z+aazx (since (z,2) € H(y,w))
< z+ba (since az < b and a > 0)

= (z,2) € H,

Since o > 0 was arbitrary, we have (,2) € NasoHa, = H(y,w) C
Nax0Ha. Therefore H N H(y,w) C NaxoH,.

For the reverse inclusion, let (z,2) € Na>oH,. Since Hy = H(y,w)
and Ny>0H, C Hy, we have (z, z) € H(y, w).

It remains to show that (z,2) € H - i.e. that az < b.

Notice that

(y+aa)r —w < z + ba
a0z —ba<w+z—yx

1
=ax —b< —(w+2z—yz) forany a>0
A ———
fixed

Now if w + z — yz < 0, then clearly az — b < 0.

If w4+ 2z — yx > 0, then since 1(w + 2z — yx) \, 0 as & — oo, we must
have ax — b < 0.

So in any case, az — b < 0, = (z,2) € H(y,w).
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Thus maZQHa g HnN H(y,w), SO [f] = mieIHi = ﬂiel[ﬂaona] is

an intersection of nonvertical halfspaces. O

Example Take f(z) = z?. Then [f] = N H,, where H, = {(z,2)]z >
2z}; i.e. [f] is the intersection of the halfspaces formed by the tangent
lines to the graph of f. 0O

.Example Let f be defined by

f@%:{(hﬁ—lgmgl

00, otherwise

as mentioned before. Then

[f1={(z,2)[ -1<2<1,2>0}
={z>-1}n{z<1}n{z>0}
= ({—xhs }n{-z<0)n({= i 1}n{-z<0})

We can rewrite this as
[f] = (Naso{(z, 2)| — ez < 2+ a}) N (Naxo{(2, 2)|az < 2 + a})

confirming the above result.

The next lemma follows from the definition of conjugate sets.

Lemma 5 For any set M C R?, we have

1) M C N = N°C M,
2) M C M*, and M* = M & M 1s strongly closed,
3) M*¢ = M® i.e. M is strongly closed
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For instance, to prove (1), note that if M C N and (y,w') € N°¢ =
{(y,w)|lyzr — w < z V(z,z) € N}, then in particular (y',w’) satisfies
Yz —w <zV(zx,z) € M. So (¢,w') € M- 0

Definition 9 A function f is called strongly closed if [f] is a strongly

closed set.
With this definition, the preceding lemma becomes

Lemma 6

VA== 21
2) f > f*, and f*=f & f is strongly closed,
3) f° = f° i.e f€is strongly closed.

The main theorem of the chapter now follows:
Theorem 2 If f is convez, then f = f.

Proof by Lemma 2, f¢is also convex, so [f¢] # @. But [f]° = [f¢] by
Lemma 3, so [f]¢ # @. But then [f] is strongly closed by Theorem 1,
whence f° = f by Lemma 6. O

2.3 Examples of Convex Conjugate Functions

(i) f(z) = az +b. Then f°(p) = sup,(p — a)z +b.
If p—a >0, then lim, ,(p — a)x + b = oo;
If p—a <0, then lim,, o(p — a)z + b = o0;
either way we have f¢(p) = oo unless p = a, in which case (p —
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a)z + b =" for all z, whence f(p) = b. Therefore

N bifp=a
f(p)—{ o ifp#a

(i) f(z) = |=|.
If -1 <p<1, then f¢(p) =sup,pz — |z| =0.
If |p| > 1, then f¢(p) = sup, pz — |z| = oo.
Therefore

s Joif-1<p<t
f(p)—{ 00 ifp> 1

(iii) f(z) = 3z% — 5z + 1. Since f is differentiable, we can easily
compute f¢ by noting that for any p, f¢(p) = sup,(pz — f(z))
is finite, and thus is attained at the value x = z(p) such that
p—f'(z) =0.

So we set f'(xz) = p and get

6x—5=0p
= z(p) =p—g—5
= f°(p) = pz(p) - f(z(p))
= p(TE2) 3P0y 4 5P 1

6

1
= E(p2 + 10p + 13)

6
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3 The Functional F,

3.1 Convexity of F,

Definition 10 A function f : R — R is called decreasing if

Ve,y, z <y= f(z) > f(y)

Definition 11 Let w > 0 be a decreasing function on [0,1] and let
0 <t < 1. Define the following function:

Theorem 3 For any two decreasing functions v,w > 0 that satisfy the

normalization condition fol wdf = fol vdl, we have

Fy(t) < F(t) Vi € [0,1]
4

| w6) —a).a> [ -a.0vaz0

The first step to proving this theorem is to show that the inequality
constraint in the infimum of the definition of F,, can be replaced by an
equality constraint. Then we will show an alternate expression for F,,

that will prove to be easier to deal with in the development.

Lemma 7 For any fized t € [0, 1] we have

|E|=

o) = int, [ (- xe@)O)as (#)

and = inf [ (1 — xg(8))w(0)dd

[EI<t Jg
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Proof Notice that this infimum does exist (in the sense of being finite),
and in fact, is > 0, because: w > 0, and 1 — xp > 0 for any such E,
therefore the integral is > 0 for any such E.

We will first establish (#). Now, because the integral in the defini-
tion of F,, is evaluated from ¢ to 1, it seems more natural to first look
at the sets F C [0,1] 3 |F|=1—t,i.e. F = E°. Then xp =1—xg, and

[ a=xe@uan= | e (O)u(®)ds

Intuitively, fix a t € [0,1] and look at the values of the expression
fol xr(0)w(0)db = [, w(6)dd for various F' with |F|=1~—t.

Since w is decreasing, it appears that the smallest of these values occurs
at F =[t,1]:
ie. infmj=1— [} xp(0)w(8)dd = [} w(8)do.

To formally show this, write ' = AU B, where A = F N [0,¢] and
B = FN|t,1]. Then we have 1 —t = |F| = |AU B| = |A| + |B]| since
ANB=40.

Notice that w is bounded on [0, 1] because it is decreasing on the closed
interval [0, 1]. In particular, w is bounded above on [t,1] by ¢ = w(?).
ie. ¢ > w(y) for all y € [t,1]. Moreover, since w is decreasing, we
have w(z) > ¢ for any z € [0,t]. Since A C [0,¢], we have in particular
w(z) > cfor all z € A. Thus w(z) > ¢ > w(y) for all z € A and all
y € [0, 1].



(From there we get
/0 s (0)w(6)d8 = /F w(0)do
=Aw@w+éw@w
2c|A|+/Bw(0)d9

c((1~t)ﬁ|B|)+/Bw(9)d0
/[t R /B w(0)d
_ /t ()8

\Y

Since this holds for any F' 5 |F| =1 — ¢, we can pass to infimums:

1

/ w@)do < inf [ xe(@)w(®)do

|F|=1-t J

But [t,1] is one such F, so we get the reverse inequality:

inf /OXF(O)w(H)dHS/O X[t,l](e)w(ﬁ)dﬂz/t w(#)do

|F|=1—t

And so we have

/t " w(@)dd = inf /0 e (0)w(6)d8

|Fl=1—t

21
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Now put things back in terms of the original sets E with |E| = t:

/tlw(e)de = inf /OIXF(H)w(H)dH

|Fl=1—t
1

= inf [ (1-xe(6)w(0)dd

|E|=t Jo

This proves (#).

We will now show equality of the two infimums. Notice that if |F| >
1 —t, then we can write F = GUH where |G| =1-tand GNH = .
Then we have |

/ xrw(0)do = / xcw(0)do + / xrw(0)de
2 /XGw(e)de

> inf /Xpw(a)dﬂ

T |F|=1-t

Since F was arbitrary (with |F| =1 —t), we have

1 1

inf xr(0)w(6)dd > inf xr(8)w(0)do

|F|>1-t Jq T |Fl=1-t Jy

The reverse inequality is clear, since if |[F| =1 —¢, then |F| > 1 —t:

inf /0 e (Ow(0)dd < inf /0 e (0)w(6)d0

|F|>1-t ~ |F|=1-t

So we now have

1 1

inf xr(0)w(0)dd = inf xr(0)w()do

F
|F|Zl——t 0 IF]:l—t
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and therefore

inf/o(l—XE(e))w(H)dQ = inf /OXF(O)w(O)dO

|E<t |Fi>1—t
1

= inf xr(0)w(6)do

[Fl=1-t J

= inf /0 (1 — x&(0))w(8)dd

|E|=t

as desired. (W
Thus, the infimums in the lemma are actually minimums, and are

achieved at the particular set £ = [0, t].

Now, observe that w is assumed only to be continuous, so F' is dif-
ferentiable with F,, (t) = d/dt ftl w(#)dd = —w(t) < 0. If w itself were
differentiable, then F' would be twice differentiable, so we would have
F"(t) = —w'(t) > 0 since w is decreasing.

In other words, F), is easily seen to be convex in the particular case
that w is differentiable.

However F,, is convex, regardless of whether or not w is differentiable:

Lemma 8 For any decreasing function w > 0, F,, is a convez function.

Proof We need to show that for any s,t,A € [0,1],
Fu(As+ (1= A)t) < AF,(s) + (1 — M) Fy(¢)

ie. /: w(B)do < )\/slw(e)d0+ (1= /tlw(e)de

s+H(1-A)t

Since F,, is continuous, it is sufficient to prove the above inequality for
A =1/2 only. (See Hardy [3]).
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We will use the following trivial inequality that comes from the fact
that w > 0 and decreasing If w is defined on an interval [a,d] and if
a<b<dand b—a=d-—b, then

[wows [(wow @

Now, we can assume WLOG that s < t. We have

1 t 1
/ w(6)d6 = / w(0)do + / w(8)dd
3(s+t) 3 (s+t) t
1 1 1 1 t
=—/ w(6)d6 + —/ w(H)d0+/ w(0)dd
2 t 2 t %

(s+t)

[\ v

show that this is < % fsl w(0)db

But indeed,

%/1w(0)d0 + /: w(8)df < %/slw(ﬁ)dH

3 (s+t)

@/:(Ht)w(é)de < %(/slw(e)do—/tlw(e)da) |
9 / L (o) < / " w(0)d6

(s+t) s
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Now to see why this last inequality is true, we can apply (#) to the
intervals [s, $(s+t)] and [1(s+1),t] (which are of equal length 1(¢—s)):

t t t
2 / w(0)do = / w(0)d0 + / w(0)do
1(s+t) 3 (s+t) 3 (s+t)

i %(s+t) t
< / w(0)d0 + / g OB by ()
_ / " w(0)do

Putting all this together, we get
1 1 1 1 [l
/ w(®)dd < / w(0)d0 + = / w(6)do
$(s+t) 2 Js 2 /i

1
e, Fu(y(s+1) < %Fw(s) + %Fw(t),for any 5.t € [0, 1]

Thus, F,, is convex. O

3.2 The T-transform and the Majorization Prop-
erty of F,

Theorem 4 For any two decreasing functions v,w > 0 that satisfy the

normalization condition fol wdf = fol vdf, we have

Fu(t) < F,(t) Yt € [0,1]
<

/01(11)(0) _5),d > /Ol(v(ﬁ) _2).ddVz >0

We shall present two similar proofs of this result. The motivation for
both methods of proof, suggested by Klemes [5], is the convex con-
jugate transform. One proof will be via the T-transform, followed
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by the t-transform, and the other will be by first observing that the
T-transform is actually a reparametrized (ordinary) convex conjugate
transform, and then invoking involutivity of the convex conjugate trans-

form(which we established in Section 1).

Remark: For any z > 0, infoci<1(Fy(t) + «t) is really a minimum
because Fy(t) + ot is a continuous function of t. We will bare this in
mind, but continue to write it as an infimum, in keeping with the more

general setting that we shall deal with later on.
Proof via the T and ¢-transforms

(=>) Assume that F,(t) < F,(t) for all t € [0,1]. Consider the fol-
lowing transform of (both sides of) this inequality:

o3, (Folt) +0) < i (R0) +1)

o - —

G,:?:c) G:Zz)

Since z > 0 was arbitrary, we have Gy (z) < G,(z) for all z > 0.

Now, let t, be the value of ¢ such that w(t,) = z. We will show
that for any x > 0, info<e<1 (Fiu(t) + 2t) is achieved at t = t,,.

e Gy(x) = infoci<t (Fu(t) + 1) = Fy(tw) + Ttw.

This is suggested by the pictures on the following page, which show the
quantities F,(t) + zt for ¢t < ty, t = ty, and t > t,,.



P (B)
= e
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Formally, we have
1) For ¢ > ty:

Fu(t) + zt

I

/t " w(0)d6 + ot
:/tlw(e)d0+xtw+a:(t—tw)
:/tlw(e)d9+xtw+/t:xd9
:/tlw(H)d9+xtw+/t: w(0)d0+/t:($—w(9))d9

1

= [ w(0)dd+ xt, + /tt (z —w(6))do

But w(f) < w(t,) = z for all 6 € [ty,1] since w is decreasing, and so
> 0 for all 8 € [t,,t] hence ftiu(x — w(#))dd > 0. And so we

z — w(f)
have F,(t) + xt > Fy(ty) + zty.
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9) For t < t:
Fo(t) + ot = /t1 w(8)d6 + 3t
- /ttw w(6)d8 + /tw1 w(0)dd + zt
— /ttw zdf + /ttw (w(6) — z)db + /t: w(6)d + zt
= 2(ty — 1) + /ttw (w(0) — z)d6 + /t1 w(6)d0 + ¢
= oty + Fo(tu) + /ttw (w(6) — z)d8

But w(f) —z > 0 for all § € [t,t,] since w is decreasing, and so
ftt” (w(f) — x)df > 0. So we have F,(t) + zt > Fy(ty) + xt, yet again.

Thus for any z > 0, Gy (z) > Fy(ty) + oty.

But also Gy (z) = infocs<1 (Fiy(t) + at) < Fy(tw) + ztw,
so Gy(x) = Fy(ty) + zty, for any z > 0.

Remark: Note that we now have G,(z) = Fy(ty) + ty, which
clearly = min(w(#),z). Thus for any z > 0, we have min(w(f),z) <
min(v(0), z) as functions of 6.
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Now, back to our objective; We have, for any z > 0,

/0 (w(6) — 7),.d6 + G (z) = /0 " (w(0) = 7)d0 + Fo(ty) + oty

tw 1
= / w(0)dh — zt,, + / w(0)dl + xt,
0 tw

= /01 w(6)db

The same is of course true of the function v, so this gives us

/0 ((8) = £),d0 + Go(z) = /0 " w(0)d0
/0 0(0) — 2),d0 + Gy(z) = /0 o(0)d0

Finally, using the normalization condition and the fact that G, < G,

that we showed above, we have

/0 (w(0) - 7)+d0 = /0 w(O)d6 — Go(z)
' o(0)d6 - G (2)
" o(0)d8 — Gy (2)

1

(v(0) — z)+df

S S—— o—

>

as desired.
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(<) Assume that fol (w(f) — x)+df > fol (v(#) — z)+db for all z > 0.
Now if we again denote by t,, the point of intersection of the horizontal

line z and the function w(t), (i.e.x = w(ty)), we will show that

/0 (w(8) — z),d6, which — /0 " (w(6) — z)do,

also = sup /Ot(w(G) —z)dd

0<t<1

Again, this is suggested by the pictures on the following page, which
show the quantities fot(w(Q) — z)df for t < ty,, t = ty, and t > t,,.



%, Tt 1
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Formally, first suppose ¢t < t,. Then for all § € [t,t,] we have
w(f) — x > 0 since w is decreasing, and so ftt‘” (w(f) — z)dé > 0.
This gives

/Ot(w(ﬁ) —z)df < /Ot(w(ﬁ) — z)df + /ttw (w(8) — z)dh
-/ " w(0) - z)do

Now consider ¢ > t,,. For all § € [t,,t] we have w(f) — x < 0 since w
is decreasing, and so ft’; (w(8) — z)df < 0. This gives

/0 (w(6) — )b = /0 " (w(8) — 2)db + /tt (w(0) — 2)d0
< /0 " (w(6) — 5)df

Thus [;(w(8) — 2)d8 < [*(w() — z)df for all ¢,
= Supociy o (W(0) — 2)dO < [ (w(B) — z)db.

But also fot‘“ (w(8) — z)df < supgc<; f;(w(ﬁ) — z)db,
s0 f3* (w(0) — 2)df = supoeyc; fy (w(8) — z)d6.

Similarly, of course, for the function v.

Now, let C = folw(H)dG for ease of notation. For any =z > 0, we
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have
Gu(z) = ogtl;(Fw(t) + xt)
1 t
- Ogtl;(/t w(0)do +/0 zdf)
1 t t
= inf ( /0 w(0)dd — /0 w(0)d0 + /0 +df)
t
= Ogtl;(C - (w(8) — z)db)
¢
=C — sup / (w(8) — z)do
0<t<1 Jo
This gives

Gy(z) =C — sup /0 (w(8) — z)db

0<t>1

1
=C - / (w(8) — z),df (by the preceding calculation)
0
1
<C- / (v(6) — z),.df (by assumption)
0

t
C — sup / (v(f) — x)df (by the preceding calculation)
0

0<it<1

= Gy(7)
Now, for any fixed t € [0, 1], consider the following transform of G,,:

sup{Gu(z) — zt}

>0
Intuitively, it appears that this supremum is achieved precisely when
z = ¢’ = w(t). But we already showed that for any z > 0, G,(z) =
Fy(ty) + xty, where w(ty) = x.

So we would then have
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SUP,>0{Gw(T) — 7t} = Gu(a') — 't = (Fu(t) + 2't) — 2t = Fy(2).
Thus, if we took the inequality "G, (t) < G,(t)” from above, and per-
formed this sup transform on it, we would get back ” F,,(t) < F,(t)”,
concluding the proof of the theorem.

To formally justify this, first observe that we obviously have

Fw(t) = Gw(xl) —-a't < Sup{Gw(x) - :Dt}

>0

It remains to prove the converse inequality. If z < 2/, i.e. w(ty,) < w(t)
in the notation we have been using, then ¢ < ¢, since w is decreasing,

and we have
Gu(z) — 2t = [Fy(tw) + wty] — xt

- / " w(0)d0 + (e — 1)

But w(f) — x > 0 for 0 € [t,ty], since w \; therefore we get

tw

Gu(z) — 2t < /1 w(0)dd + xz(t, — t) + [w(#) — x]db

/1 (0)d0 + z(t, —t)+/ttww(0)d0—/ttw d6

/ w(f d0+xtw—t)—l—/tww(e)de-—:c(tw—t)

t t
/t
U)

t

Fu(

g

—

w( d9+/ w(6)do

—~ &

E
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If 2 <z, iew(t) < w(ty), then ¢, <t since w is decreasing, and we
have

But z — w(#) > 0 for 0 € [ty,t], since w is decreasing, and so we have

Gu(1)

IA

w()dd

/tl w(0)df — tt
/t " w(0)d6
Fy(t)

so again get Gy(z) — xt < Fy(t). Therefore sup,so{Gu(z) — 7t} <
F,(t), which is what we needed to show.

Finally, as mentioned up to, we now have, for any t € [0, 1]

Gu(t) < Gy(t) from above

= sup{Gy(z) — 2t} < sup{G,(z) — zt}
2>0 >0

=F,(t) < F, (1)

a

Remark As we have just seen, the two main tools that we used in
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the above proof were two functions that are very similar to the convex
conjugate transform; we will now formally define them.

Definition 12 For any function f : [0,1] — R, the T-transform of f
is the function G defined by

G(p) := inf {f(z) +pz}, (p>0)

0<z<1

For any function H : R — R, the t-transform of H is the function F’
defined by:

F(t) := sup{H(p) — pt}, (t€][0,1])
p>0
Remark F o G is well-defined because Range(G) = R = Dom(F).
Later we will show that F'o G = Id on any function f : [0,1] — R, and

we will use this to prove the main results of the paper.

Remark One might wonder if the function G(z) really is just an or-
dinary convex conjugate transform of F(t). Indeed, if we denote by
L(Fy(p)) the convex conjugate transform of Fy, at p, then we have

Gu(z) = ogtlg Fy(t) + at
= — sup —Fy(t) — zt
0<t<1

= — sup (—z)t — Fy(t)
0<t<1

= —L(Fy(-2))

Now, we can extend G, (z) to all of R (which is how Stoer defines the
convex conjugate transform [7]) by extending F,, linearly with slope

p = —x; moreover, we can just as easily make F,, continuous on R:
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Let Fy(t) := Fy,(0) + pt for t < 0,

and F,(t) := pt + (F,(1) — p) for ¢t > 1 (so that F,, goes through the
point (1, Fy,(1)). See picture next page.

This gives us

for t < 0: pt — Fu,(t) = p(0) — F,(0) < sup pt — F(t)

0<t<1

for t > 1: pt — F,(t) = p(1) — Fy(1) < sup pt — F(t)
0<t<1

Therefore

pt — F,(t) < sup pt — Fy(t) forallt € R
0<t<1

= suppt — Fy(t) < sup pt — Fy(t)
teR 0<t<1

And clearly we have sup,cg pt — Fyy(t) > supgc<; Pt — Fu(t), threrefore

SUp;eg Pt — Foy(t) = supgcicy Pt — Fu(2),
which extends G, to a sup over all ¢ € R.

Therefore we really can look at G, as a convex conjugate transform
of F,, and we can prove the above theorem this way, by invoking in-
volutivity of the convex conjugate transform that we established in the
last chapter.
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Proof of Theorem 4 using the convex conjugate transform:
(=) Fix any p < 0. Then

F,(t) < F,(¢)Vt € [0,1]
=F,(t) < F(t)VteR

since our above extension of F,,,F, to all of R preserves < in this rela-

tion. But then we have

=pt — F,(t) > pt — F,(t)Vt € R
=>Sllp[Pt - Fw(t)] 2 Sup[pt - Fv(t)]

= sup [pt — F,(t)] > sup [pt — F,(t)] (by extension of G above)

te[0,1] tef0,1]
= — sup [pt — Fy,(t)] < — sup [pt — Fy(t)]
t€[0,1] t€[0,1] .
—p) < G,(—p) (we showed this in the remark above)
1
=»/ )= )sdd > [ (0(6) =248 @ =920
0

where the last implication was shown in the first part of the above proof
of theorem 3.

Since £ = —p > 0 was arbitrary, we see that

Sy (w(8) ~ z)4d0 > [} (v(8) — )4+df Yz > 0.
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(<) Fix any > 0. Then

[ @@ -0 [ 00 -2,
=Gy(z) < Gy(2)

(shown in the first part of the above proof of theorem 3)
i.e. — L(Fy(-2)) < —L(F,(—z)) (we showed this above)
=>L(Fy(p)) = L(F,(p)) (where p = —z)
=tp — L(Fy(p)) < tp — L(F,(p)) (for any t € R)
= supltp — L(Fu(p))] < sup(tp — L(F,(p))]

i.e. LIL(Fyy(p))(t)] < LIL(F,(p))(¢)]

But F,, F, are convex by Theorem (8) so, by Theorem (2) L is an
involution on each of them. Therefore, the preceding line becomes
F,(t) < F,(t). Moreover, since ¢t € R was arbitrary, this completes the
proof. a



39

4 The Functional J, and the Majorization
Property of J,

It is natural to consider the slightly more general functional

Jp 1 (0.1} = R,

1
Ju(t) :== inf / 1— P(0)|w(0)do
(0= jnt | 11~ PO)lu(o)
where P € L![0,1], and where w > 0 is bounded but not necessarily
decreasing.

To compare J,, to F,, (which required w to be decreasing), we can

consider the decreasing rearrangement P* of P and w* of w, whence

/0 11 = P(6)|w(8)dd = /0 11— P*(8)|w* (0)do

The preceding equality of integrals is left as an exercise in the theory
of decreasing rearrangements of functions (see [2]). We readily see that
if P is a characteristic function, then J,(t) = F,(t) for all t € [0,1].

The majorization result can be shown for Jy,:

L | |
Jo,) < J,(t) Vte0,1] & —_df > —df VA >0
(8) < Ju(t) 0,1] /ow(0)+/\ /0'1)(9)-4—/\

However, it is the functional K, (where P is an L? function rather
than an L! function) that we wish to develop, along the lines of the
treatment of Fy, last section. Moreover, the results for J,, including the
above majorization property, follow from those for K,, with appropriate
minor modifications. Therefore, we omit the proofs of the results for
Jw, and develop the treatment in detail with the functional K, in the

next section.
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5 The Functional K, and the Majoriza-
tion Property of K,

5.1 Convexity of K,

Definition 13 Fiz a bounded (not necessarily decreasing) function w >
0 on [0,1], and define a function K, : [0,1] —» R by:

1

Ko(t) == inf / 11— P(6)w(6)d8
IPI3<t Jo

where P ranges over the real L? functions, and ||P||z is the usual L?

norm of P.

The main result of this section is the following result, discussed by
Klemes [5]:

Theorem 5

1 1 L |
K,(t) < K,(t) Vte[0,1] e | ———d8> [ ———df VA >0
(t) < Ku(t) [0,1] /Ow(0)+/\ /01)(9)-}-/\

To begin to prove this theorem, we’ll show, as we did with the function
F,, that we can replace the inequality with equality, in the infimum
constraint of K,,. And, again as with F,,, this will be very useful in
explicitly calculating the T-transform of K, and ultimately proving
the above theorem, for K, as we did for F,,.

Remark: The reason K, was defined as an infimum with an inequal-
ity constraint (instead of an equality constraint) in [5] is because this

definition clearly allows us to see that K, is a decreasing function.
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Lemma 9 For any t € [0,1], we have

Ky(t) := inf /1|1— P(0)]2w( = inf / |1 — P(0)|*w(6)do

IPll2<t Jo Pll2=t

Proof
1) For any fixed ¢ € [0,1], there are more analytic functions P with
I|P||2 <t than ||P|| = t, so we trivially have

1
inf/]l— P(0)w(6)d6 < inf / 11— P(6)Pw(6)d6

IPllz<t Jo 1Pll2=t

2) It remains to prove that

inf / 11— PO)Pw(®)dd > inf [ [1—P@O)Pw@®)dd (+)

1Pll2<t IPll2=t Jgo

For this, it is enough to show that for any P; with ||P||; < t, we can
find a P, with || P|| = t such that

Sy 1= P(0)Pw(9)do < [ 11— P(0)Pw(60)dd  (#);

for then, if (%) were not true;
i.e. if we had infypy,<; [} [1—P(8)2w(8)dd < infypy,=; [ |1—P(0)Pw(8)d8,
then we could find a P’ with ||P'||; < t such that

/|1 P'(O)w(6)dd < int / 11— P(6)[2w(0)d
[|1Pll2=
/|1—P’ (6) P d9</ 11— P(8)[2w(8)dd for any P 5 ||Pls = ¢,

contradicting (#).
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So let’s take any P, with || Py|| < t.

First let’s assume that 0 < P, <'1.

Since the norm ||| : L2[0,1] — R* is a continuous function, the Inter-
mediate Value Theorem tells us that we can find a function P| € L?[0, 1]
such that ||P]|| = ¢. Since ||P1]| <t < 1 and ||1|| = 1, we must have
P, < P/ < 1. In other words, we can increase P; pointwise up to a
function P] with norm=t, still keeping P] < 1.

Therefore

l—P, :1—PIS1'—P1'—‘ 1—P1,
1 1

- / 1= Pl O)Pul6)de < / 1= Pu(6)Pw(6)ds

Since P, was arbitrary (with norm < t), (#) is proven.

Now we remove the restriction that P = P, € [0, 1].

The idea is doing this is that if P takes on values outside [0, 1], then
we can rescale P pointwise down to a function in [0, 1]; in other words,
for any t € [0,1], if P(t) < 1, then leave P(t) alone, and if P(t) > 1,
redefine P by P(t) := 1. redefining P only decreases || P||, and so pre-
serves ||P|| < t, and more importantly, it also decreases the value of
|1 — P|, and therefore the value of fol |1 — P(6)|>w(8)dh. So the desired
inequality follows from the one just proved for P € [0, 1].

(See picture next page). O

Lemma 10 The above result also generalizes to the case where P is

complez-valued.
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The first inequality < in 1) above is just a fact about infimum’s, and

so is obviously true even for complex-valued P. It remains to show 2).

We can use the inequality |1 — |P}| < |1 — P| (which is good for any P),

and then apply 2) to the inf that ranges over the (real-valued) functions
|P:

1
inf |1 — P(6)|*w(8)dd > inf / 11— |P(6)]|*w(8)dd

1Pll2<t Jo 1Pl2<¢

= inf 1 — 1P(OI2w(9)do
1Pfll2=|Pl=t /0 11— |P(6)|[*w(6)
(by Lemma 9, since |P| € R)

> inf / 1{1—P(9)|2w(0)d9,

IPllz=t Jo

where this last line follows from the fact that the set
{P:C—->R}C{P:C— C}.

This completes the proof of the lemma. a
Once we establish that K, is convex, we can apply the T-transform to
it, and then the t-transform to invert it.

We give two proofs of convexity of K,,; one relies on using the infimum
of the definition of K, itself, and two norm inequalities (one for the
inf constraint and one for K, ); and the other proof first computes this

infimum.

Theorem 6 H = K,, is a convez function.

Proof I
This is the more direct proof. We need to show that H(pt;+(1—p)ts) <
pH(t1) + (1 — p)H(ts) for any p,t1, ¢, € [0,1].
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We can assume that p # 0,1, since we trivially have equality in either
of those cases.

Now for any ¢, the integral in the definition of H is a continuous function
of g, so the inf is actually attained by some function g; (i.e. the inf is
really a min):

i.e. for some function g; (with, necessarily ||g:1|| = t; by Lemma 3), we
have

H(t) = inf /01(1'-9)%:/01(1-91)1”

llgllz=t1

Likewise for H(t,): for some function g, with ||gs|| = ¢, we have

LR (1—g)2w=/0 (1~ g)w

llgllz=t1

Let t3 = pt; + (1 — p)to. We only need ONE function g3 € Ly with
|lgs]l3 = ts and such that fol(l —g3)w < pfol(l — 2w+ (1—p) f01(1 _
g2)2w, for then we’d have

1
H(t3) = inf (1-g)%w
llgli3<ts Jo

< /01(1 - g3)*w
<p[-gusi-p [ (-

=pH(t:) + (1 — p)H(t:)

as desired

Maybe a simple choice like g3 = pg1 + (1 — p)go would work. Is this g3
even a candidate, though?

Clearly g3 € L? since g1, go € L? and L? is a vector space. To show that
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llgs]|3 < ts, observe that (pgi + (1 — p)g2)* < pg? + (1 — p)g3 because

the function f(z) = z%:z € R is a convex function.

1
lgsl2 = / 3
0

=/0 (pg1 + (1 — p)g2)?

So we have

1
< / pgi +(1-p)g;
0

1 1
=p/ gf+(1—p)/ 9
0 0

=pllg:lls + (1 — p)llg2l3
=pti + (1 —p)ts

=13

Now we need to show that

[a-@nra-pafose [ a-arura-p [ 0-gto

g

~

g3

But indeed we have (1—(pg: +(1—p)g2))* < p(1—91)>+(1-p)(1 —g2)?
by convexity of the function f(z) = (1 - z)?: 71 € R;
We then multiply by w > 0 and take integrals of both sides of this

inequality, thus obtaining the above inequality.

Therefore, we have H(t3) < pH (t,)+(1—p)H(t;) for any t1,t2,p € [0, 1],

proving that H is a convex function. O

Proof I1

The main idea of this proof is the triangle inequality from two norms:
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one is the L2([0, 1], M, Lebesgue) norm with the infimum constraint in
the definition of H: ||g + k|2 < [lgl2 + ||A[l2;

For the other norm, observe that for any f € L?, we have f? € L!,

and since w is bounded, we have f2w € L!. Therefore we can define

I+ llw  L* = [0, 00)

1
by 171l =/ / f2w

Notice that || - ||, is just a special case of the L*([0,1], M, w)-norm
Ifll2 = \/fol | f|?du, where dp = wdf and df represents integration

with respect to Lebesgue measure.

Now, in order to use this norm, we will have to work not directly with
H, but with v/ H, and use the fact that

\/Niﬂét/o (1 ~-gfw= u.?nlit /0 (1_ ) g)Zui )

~

~
[11—9gllw

(1) is easily established, in the more general context that

it £(&) = inf /T @)

for any function f > 0.
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Indeed, if t = inf; f(¢), then

t < f(t) forall ¢t

=Vt < \/m for all ¢
= | /inf £(t) = Vit < inf /£(?)

Conversely, if ¢t = inf; \/f(t) then

t < \/f(t) for all ¢

t2 < f(t) for all t
=1 < inf £(t)

= irtlf V) =t< iItlff(t)

Now, as we did in Part I, we let g3 = pg; + (1 — p)go, where H(t;) is
minimized at g; and H (¢3) is minimized at go. Let t3 = pty + (1 — p)t2,
but this time we will obtain the required norm constraint on g3 by using

the A inequality for the || - || norm:

lg3ll2 = llpgr + (1 — p)gal|2
< pllgillz + (1 = p)llgell2 (A ineq. of || - ||2)
=pvt + (1 - p)vt
< Vpti+ (1 -p)ty
by concavity of the function f(z) = \/z: z € [0, 00)

= V13;



Ultimately, we must show that

H(ts) <pH(t1) + (1 —p)H(t2) (#)

So far, we have

VH(ts) = \/”gi|?=ft3/0 (1-g)%w
< jnt, \ /o (1= gfw
< \//0 (1-g3)*w -

=1 - g3llw
= |1 -pg1 — (1 - p)g2|lw
=|lp(1—g1) +(1 —p)(l ~ gollw

<ol = g1)llw + (1 = P)I[(1 = g2) ”w (A ineq. of || - ||)
—p” 1—91 2’LU+ ]."" “ 1—g2
tl + 1—-

Now square both sides. To obtain (#) we need to show that

[p/H () + (1 —p)v/H(t)]2 < pH(t1) + (1 — p)H(ty).

48
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But

[pVEHG) + (1 = p)VH ()] < pH(t1) + (1 — p)H(t)
& p’H(t1) + (1 — p)*H(t2) + 2p(1 — p)v H(t1)V/ H(t2)
<pH(t:) + (1 - p)H(t2)
& 2p(1 - p)V/H(t:)V/H(t2)

< (p—p)H(t) + (1 —p) — (1 - p)*|H(t2)
& 2p(1 - p)V/H(t)v/H(t2) < p(1 - p)[H(t1) + H(t2)]
@2\/—tl\/_tg§Ht1 + H(tp) since p # 0,1

But for any a,b > 0, we have

2v/avb<a+b & a—2/avb+b>0
& (va— vb)? > 0, which is obviously true.

Combining these facts, we have H(t3) < [pv/H(t1)+(1—p)/H(t2)]* <
pH(t,) + (1 — p)H (t2), as desired. This completes the second proof of
convexity of H. m)

5.2 The T-Transform, and a simplification of the

problem of computing it for K,
Our strategy for using the T-transform to prove Theorem 5: we will be
applying it to the function K, to prove one side of the equivalence, and

then apply the ¢-transform to get back K, and hence prove the other
implication in the equivalence.

Recall the T-transform and the ¢-transform:
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T-transform: G(p) := oinil f(z) +pz (p>0)

t-transform: F'(¢t) := sup G(p) — pt (¢t € [0,1})

p=>0

At first glance, it would seem that we would need to prove that the
F oG is the identity on any function f, in order to be able to use these
transforms to prove the majorization equivalence.

But it suffices to show that F o G is the identity on an arbitrary piece-
wise linear function with negative slopes.

Lemma 11 Fiz p > 0, and take a point T € [0,1] where Ky, (x) + px
attains its minimum (recall that the infimum in K, (z) + pz is a min-
imum since this a continuous function of x.). In other words, take
T such that inf,(Ky(z) + pz) = Ku(T) + pT. Let l, be a piecewise
linear function lying above K, but meeting K,, at T - i.e. such that
Ly(t) > Ky(t) for all T and 1,(T) = K, (T).

Then the function x — l,(z) + px also attains its minimum at z =T,
where its value agrees with that of K, (x)+px by the way we constructed
ly.

Proof: First, we have

() lw(z) Yz € [0,1]
Ky(z) + px < l,(z) + pz Vz € [0,1]
=>1nf( w(T) + pz) < ir;f(lw(x) + pzx)
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But we also have

inf(Ly(z) + pz) < Ly(T) + pT
= iIzlf(Kw(iE) + px)

Therefore inf, (K, (z) + pz) = inf;(l,(z) + pz), and since p > 0 was
arbitrary, we see that these two infimums are equal as functions of
p > 0. a
Remark: In practice, there are many ways we could choose line seg-
ments to do the job. A natural way is to take the line segments connect-
ing the points K,,(0), K,,(T), and K,,(T),K,(1), respectively, where T
is any point € [0,1]. The proof that the t-transform inverts the T-
transform of this piecewise linear function relies on the essential fact

that it lies above the graph of K, because K,, is convex.

Theorem 7 Let f be any piecewise linear function with negative slopes.

Then the t-transform inverts the T-transform of f. In other words,

(FoG)(f)=f.

Proof WLOG we may assume that f is linear with negative slope: let
f(z) =a—bz,b > 0. For fixed p > 0, consider the T-transform of f,
G(p) = ,inf (a—bz)+pz

=0é221a+(p—b)x

So we look at a + (p — b)z as a function of z € {0,1]; this is a line
segment; and we vary the value of p > 0. If p > b, this line has positive
slope, thus its minimum is attained at the left endpoint z = 0, with
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value a.
If p < b, then a+ (p—b)x is a line segment with negative slope, whence

the minimum is attained at the right endpoint z = 1, with value a+p—b.

Therefore we have

We now take

F(t) = supG(p) — pt

p=0
_J supyse(a—pt) ifp>b
SUPp>o (@ — b+ p —pt) =sup,sela —b+p(l—t)) ifp<b

So now we look at the piecewise linear function (of p > 0), G(p) — pt,
which is a — pt for p > b, and (a — b) + p(1 — t) for p < b and we vary
the value of ¢ € [0,1]. See picture on next page.‘ Note: In the graphs,
a > b WLOG.

The first piece (p < b), a — b+ p(1 — t) has positive slope for any
t, while the second piece (p > b), a — pt, has negative slope for any t.
Moreover, it is easily seen that the function G(p) — pt is continuous in

p: the only question is continuity at the point b, and here we have

lim(a—b)+p(l—t)=a—-b+b(l—-t)=a—bt= lim a—pt

p—b— p—bTt
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Therefore, the maximum value of G(p) —pt is attained at p = b, whence

F(t) = sup(G(p) - pt)

p20
= G(b) — bt

=a—bt since G(b) = a from above.

Thus, F is the original function (line) f, which is what we wanted to
show. 0O
Combining the previous lemma and theorem, we see that the ¢-transform

is an inverse of the T-transform, for any convex function.

5.3 The Majorization Property of K,

Proof of Theorem 5 (page 40)

(=) Recall that

1
K,(t) = ”i“%f (1 - g)*w(#)df by Lemma 3
gilz=t Jo
Let v, w be functions as in the hypotheses of Theorem 5.
The first step is purely mechanical: assuming that K, (t) < K,(t) for
any t € [0,1], we take an T-transform of both sides. Fix any A > 0.
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We have

onf (Ku(®) + M) < inf (K,(2) + )

ie. inf ([ inf (1 — g)*w(8)dl] + M) < Oinf ([ inf (1 — g)%v(6)db] + At)

0st<l H|gl3=t <t<1 jgll3=t

Now, it would be nice to have a more tangible expression for either side
on the last line above; perhaps we can consolidate the two infimums

into a single infimum, and then actually evaluate it.

For any function g in the inner infimum, we have ¢t = ||g||3 = fol g(6)%dé,
where ¢ € [0,1].

Therefore

inf ([ inf /01(1 — 9(8))*w(6)dd] + At)

0st<1 jg||3=t
1

= inf ([ inf /(; (1 —g(6))2w(0)d0]+)\/0. g(6)d#)

0<t<1 ™ |gl3=¢

= inf (inf /O 1((1—g(9))2w(0)+)\g(0)2)d9)

0st<1|g|=t

~ inf /0 (1= g(6))%w(6) + Ag(6)?)d8

0<lgll3<1

since t no longer appears explicitly in the inner infimum
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So our above inequality involving v, w becomes

1

inf (1 - g(8))*w(0) + Ag(6)*)do

0<llgli3<1 Jo

< inf /0 (1 - g(8))20(0) + Ag(9)P)df (%)

T o<gli3<1

We can further simplify the infimums in (#) by explicitly evaluating
them:

Lemma 12

- ' 2 2 ' \?
it [ =@ o)+ ag07)as = [ 0= mmsas
To evaluate the L.h.s. infimum it turns out the obvious thing works:
namely, minimizing the integrand, (1 — g(6))%w(6) + Ag(6)?).

To tackle this problem, let’s try to first minimize it pointwise, by fixing
an arbitrary point § € [0,1] and considering this as a function of the
new variable y = g(f), where g varies over all functions that have the
above constraint.

Then since w is a fixed function, w(f) = w is a constant, and we
obtain the function L(y) = (1 — y)?w + Ay%. L is just a quadratic,
hence a differentiable function, in y, and so its minimum is obtained

by elementary calculus methods. We take the derivative L'(y) and set
L'(y) = 0:

L'(y)=-201-y)w+2\y=0
=1-y)w=Ay
=w = y(A + w)

=y = Y Which is well-defined since A > O,w=>0
A+w
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w(z)

Yuty- We now have two things to

So we obtain the function g(z) =
check:

1) that this particular function g is a candidate for giving the mini-
mum value of (1 — g(8))2w(8) + A\g(8)?); i.e. this g must satisfy the inf
constraint: 0 < ||g||3 < 1.

2) that this minimum value of the integrand does give us the desired
inequality, fol mb—@d(ﬁ) > fol md(ﬁ), of the proposition.

1) Writing w again as a function (not just a particular value as be-
fore), we have '
w A+w

< < =1 i A )
O_)\+w_/\+w , since A # 0;

w
< (—=)2 <
:>0—(/\+w) s
! w(é’) 2
< _ <
:”)—/0(,\+w(0))d6—1
I3

w

i.e.0§!|)\+w

<1
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When the integrand is evaluated at g = we obtain

prerd

w 2 = Py n Aw?

A+w’ A+ w)? (A +w)?
_Aw(A 4 w)

Oh + w)?

- At w
=X At w
_)\w+)\_ hX:
A4+ w A 4w
)\2
At w

Thus, the function g = y*= minimizes the integrand (1 — 9)%w + Ag2.
Therefore (#) becomes

1 2 1 22
J, 0 s J, 0 s

2) Continuing from the previous line, we obtain

1)\d 2 1 1 0 1/\d0 22 1 1 do
0— A — df < — S
/0 /0 w(f) + A _/0 /0 v() + A

! 1 ! 1
A=)\ ———d9<A—,\2/ de
< /0 w(@) +A ~ o v(f)+ A

| |
o =)\ —df < —)\2/ do
/0 w@)+ A o v(f)+ A
1 1 1

1
> — s
< J, w@) A —/0 v(0) + A




o8

Since A > 0 was arbitrary, this proves the first implication of the propo-

sition.

(<) Assume that fo w(9)+,\d0 > fo v0)+)\d0 for any A > 0. After
we applied the T-transform in the first part above, all subsequent cal-
culations were equivalencies, and so here we get back that same first

T-transform by the preceding lemma:

1 1 1 1
—de > ——df
/0 w(f) + A —/0 v(0) + A

= inf (K,(t) + At) < 1nf( o(t) + At)

0<t<1

Now apply the t-transform (which we have seen inverts the T-transform)
to each side of this equation to get back the original functions K,,,K,:

= sup[ inf (K, (t) + At) — Az] < sup| Lnf (Ky(t) + At) — Az]

A>0 0<i<l x>0 0

= Ky(z) < K,(z) for any z € [0,1]

This proves the other implication of the proposition. m)

Remark: One can proceed to prove this theorem by using the reg-
ular convex conjugate transform, along the same lines of the proof we

gave using the convex conjugate transform of the function F,, in Section
3.
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