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. ABStRlCT' 

This study is concerned with the prediction of pillar 

stresses with irregular room and pillar geometry in elastic ground. 

A three-dimensional analytical approach based on mine simulation 

by models has been developed. 

An electrolytic tank is used as an analogue to calculate the 

elastic displacements due to excavations. The analogue has pro-

vided a prediction of displacements which can be related to stresses. 

The calculated pillar stresses show that it is possible to predict 

the variation of pillar loading: with location of the pillar within 

the mining zone, with the variation of the pillar height, with the 

variation of the pillar breadth, with the variation of the elastic 

properties of the pillar rock with respect to wall roCk and, above all, 

with the extraction ratio. 

The results obtained are compared with other analytical approaches 

and field measurements. 

The model study has been further extended to analyse the abutment 

stresses induced by varying the geometry of the mining outline. 
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PREFACE 

This thesis is concerned with scientific theory and broadening 

of the analytical base in certain practical problems, facing a Mining 

Engineer. This broadening of the analytical base has made it possible 

to design a pillar support, based on rational coefficients, derived 

from three-dimensional test work. With minor exceptions earlier -
studies (9,10) of this nature were limited to two-dimensions. 

Rock mechanics develops from extending the analytical methods of 

soil mechanics into the range of the mathematical theory of elasticity • 

Perfect elasticity is a theoretical condition. Rocks and rock masses 

comply with very wide strength standards and thus wider variations in 

elastic behaviour are to be expected than will be apparent with 

materials meeting standard requirements. This limitation applies less 

with strength of materials procedures and others which relate to 

materials having a closer approximation to elastic behaviour. 

Generally, while accepting this limitation, there is sufficient 

elasticity in rocks and rock m~3ses to permit their study in that context. 

The electrolytic tank is a tool in this process. 

The original contribution in this work in the field of rock 

mechanics, is related to the design of pillars. Pillar design pro-

cedure usually consists of three steps: the determination of the pillar 

loading (average pillar stresses), the determination of the pillar strength 

and the influence of these tt:.J eiements on the sequence of mine operation. 



This thesis claims the developme~t of a three-dimensional analysis 

to predict pillar stresses within irregular mining boundaries. The 

approach is based on mine models, using an electrical analogue. The 

method is valid for both horizontal and inclined tabular orebodies. 

The thesis' consists of: the development of an analytical solution 

for predictingpillar loads, the theory and the construction of the 

electrical analogue, and the analysis of the predicted data. The 

comparison of this data with in situ measurements of pillar loadings 

and two-dimensional analytical data establish the validity of the 

procedures developed. 
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INTRODUCTION 

Since prehistoric times pillars of ore in place have cons ti­

tuted a logical and usually effective method of support. Problems 

arise with such support due to the loading of the pillars and the 

ability of the pillars to carry the load. 

Pillars are described by Morrison, as ground subjected to 

significant superimposed stress fields. If abutments are regarded 

as onê· ext·X::eméin~ this spectrum, then pillars can be thought 

of aabeing rock structures isolated on two,three or four sides 

and acute angled projections into the stoping area. For present 

purposes the dimensions of pillars are defined as follows; length 

and breadth are respectively the greatest and least dimensions 

in the plane of the lode. Width, thickness or height is the dimen­

sion from hanging to footwall or roof to floor (75). 

In the case of structures where geometry of the opening can be 

simply defined mathematically, a theoretical treatment of both 

strength and stress is possible. In metal mining the geometry is 

often complexe In such cases the design procedure might be based 

on laboratory testing of the material concerned and analogue testing 

for stress analysis. Experience has demonstrated the effective 

use of such approaches in other complex fields of structural mechanics. 
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In recent years substantial progress has been made in the 

study of loading and strength of pillars in plastic ground, such 

as salt and potash (1,2). Here it would appear that measurements 

can be extrapolated to give reasonably predictable estimates of 

closure on a time basis. In harder,brittle rocks the situation 

is less satisfactory. Research is concentrating on the problem 

but, for the time being, it must be conceded that science has not 

yet displaced empiricism. 

Varying degrees of elasticity are present in the rock sub­

stance of the harder rocks and thus elasticity can be considered 

applicable to the rock mass. This permits the use of the mathe­

matical the ory of elasticity in problems connected with the mining 

of many types of mineraI deposits. However, it might not be avail­

able to describe the stress displacements in a rock mass that is 

fractured. Aiso the theory disregards the possible time dependëncy 

of stress and displacements. 

The design of pi1lars require~at least; a theoretical value 

for the stress concentrations that actually occur in the rock 

mass. Such values, in a large measure have been established by 

both laboratory and field tests. 

Stress analysis and the testing of rocks for design purposes 

also requires some knowledge of strength parameters. This unfor­

tunately 1s difficult to obtain as it involves relating the strength 

of the rock substance to that of the rock mass (77) with 
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its complex structural features. An important aspect to be considered 

in the case of pillars, used for support, is the determination of the 

total load rather than the detailed stress distribution. This implies 

that the average stress may be a more significant parameter for pillar 

failure than the stress concentration at the surface of the pillar. 

Fur thermore , the pillar displacements sbouta be a function of 

load (average stress) to a larger extent than of the stress concen­

trations. The displacements of the pillar should have a close' re­

lationship to the range of stability for the pillar. 

Bearing in mind the structural distinction between the substance 

and the mass a new hypothesis for pillar loading has been advanced 

by Coates (10). It is based on the assumption that the pillar dis­

placement is a function of average stress rather than the effect of 

stress concentrations near the surface of the openings. 

Coates' approach has inspired the present work which extends his 

two-dimensional hypothesis to three-dimensions and includes the effects 

of irregular mining boundaries. 

In field theory (steady state), heat flow, electricity and 

elasticity a1l conform with Lap1ace's equation. Utilizing the 

analogy of potential in e1ectricity and displacement in e1asticity, 

we can obtain a measure of displacement between two points in a model 

by measuring the potential. The electrolyte tank, concerned 
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w1th d1splacements, has been developed as an analogue for the 

mathematics of elast1c1ty. To extend the research of earlier 

investigations such a tank has been erected and used in this 

study. The tank provides results in three-dimensions when 

most other methods are confined to two. 
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CHAPTER l 

THE STATE OF PRESENT KNOWLEDGE 

The pillar loading problem, in mining, has been investigated 

by various authors in the pasto Such studies however, have concen-

trated on coal pillars, probably because the room-and-pillar mining 

practice is most common in the coal industry. These studies have 

suggested that the average loads the pillars could carry were related 

to the crushing strength of a specimen of coal with the width to 

height ratio of the pillar. 

An early expression to calculate the average load (psi) that 

a coal pillar in a fIat seam can support is given below (3) 

S = cF;; 
where S is the average load that can be safely supported, C is the 

laboratory crushing strength (psi) of a sample having a width to 

height ratio of 1.0 and adjusted by a suitable factor of safety 

(4 to 6 normally used for anthracite mining), W the least dimension 

of pillar in the plane of the seam (in feet) and T, the height of the 

pillar in feet. 

Greenwald, Howarth and Hartmann (4) give a relationship between 

strength of square pillars and the square-root of their ratios of 

lateral dimension to he~ght:. This relationship was expressed mathe­

matically as, 

S = 

1-1 
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where S is the crushing strength, K is a constant and R is the ratio 

of the lateral dimension to height. The factor Kwas calculated in 

the field on a cubical test pillar by measuring the crushing strength S. 

The value of K thus obtained was used to calculate the crushing strength 

of other pillars in the mine. Their study was further extended (5) to 

develop a genera1 equation applicable to a1l the square pil1ars in the 

Pittsburgh coal bed and such other beds as may have similar physical 

characteristics. The expression is 

S = 2800 

where W is the width and h is the height of the pillar (wall to wall), 

both in inches. Such an expression gives the strength of the coal 

bed on1y and does not take into consideration the strength of the roof 

or f100r of the seam. 

Later, based on 1aboratory experiments on coal specimens and the 

field study of coal pil1ars supporting loads for upto 40 years, an 

equation was suggested by Rolland and Gaddy (7) to ca1culate the u1ti-

mate strength of coa1 pi1lars. The equation is 

S = 

where S is the u1timate strength of coa1 pi1lar in psi, K is the coef-

ficient depending on coa1 bed, L is the 1east breadth of the pi1lar 

in inches and T is the thickness of the pi11ar in inches. This 

study was extended and discussed by Rolland (8). Re a1so suggested 

that the actua1 pi11ar size to be used to support the load depends on 



loading conditions which will influence the strength of the pillars. 

Besides this his finding was, that as the breadth of the pillar is in-

creased there is a little decrease in the maximum stress but a signi-

ficant change in the stress distribution in the pillar. 

Salamon (71) has recently suggested a method for designing bord 

and pillar workings based on a statistically derived pillar strength 

formula. His formula, given below, for calculating the strength of 

coal pillars is based on pillars that are square in the plane of 

the seam, 

Strength = 1320 
0.46 w 

where, w is the width of the pillar and h is the height of the pillar, 

bath in feet. 

The results of these calculations have been given in a nomogram. 

The method is applicable ta South African mines. 
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AlI the expressions thus far are based on the strength of the pillar. 

The formula given below suggested by Steart (6) introduces the so-

called tributary concept for estimating the stress in coal pillars, 

P = 160 D x A/a 

where P is the stress in pillars per square foot, D is the depth of the 

coal seam in feet and A is the area in square feet enclosed with bords 

(centre ta centre) and a is the area of the coal pillars in square feet. 

The factor of 160 in the above expression was selected as a pres-

sure of 160 pounds per square foot, per foot depth in the South African 

Coal Seams. 



Experimental Approach: Duvall's (9) method also depends upon the 

tributary area. It was designed to calculate the average pillar 

stress in horizontal deposits under a vertical compressive load. 

For a long mining zone, which is a two dimensional case, the average 

pillar stress is given by the following equation, 

~ 
S o 

= l 
l-R 

(1-1) 

where, op is the average pillar stress, S is the field stress o 

normal to the deposit and R, the extraction :t'atio~;_. The percentage 

recovery in terms of the breadth of the opening B , and breadth of 
o 

the pillar B is equal to [B /(B +B)] x 100. 
o 0 

~ 
S o 

= 100 
---------------------

100 - [B /(B +B)] x 100 
o 0 

Therefore, 

(1-1(a» 

Equation (a.;;'l(-s»iin !l:erms of N, the number of pillars, can also be 

written as (10): 

R 
= 

l-R 

when 

N 

N+l 

1 
l-R 

+ 1 (l-l(b» 

However, when N is small, Equation (l-l(b») gives an answer that is not 

serious1y in error with respect to theory. It has therefore been 

suggested by Coates (10) that the formula be expressed in the following 

form, 
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and 

R = 
(l-R) (l+l/N) 

40 
= !.-.l!. + 

S o 
! 

, , , ' 

(l-l(c») 

and be referred 00, 'sslne Tributary area (TA) œethod. 

This method generally disregards the effect of geometry such 

as the span or the breadth of the mining zone with respect to its 

depth, for horizontal workings, or the height and the location of 

the pillar within the mining zone. Neither does it provide for the 

actual field stress, in particular the magnitude of the component 

parallel to the breadth of the mining zone, nor for a difference in 

the modulus of deformation of the pilhr rock relative to that of 

the wall rock. It may thus be said that such an approach was the 

first simple appro~dmation for calculating average pillar loads in 

horizontal deposits worked on room and pillar geometry. 

Other workeDs (11,12,13) have attempted to relate pillar loads 

to certain geometrical factors and rock properties. Denkhaus (14) 

reviewing the pillar loading problem has shown that the only general 

analytical expression for predicting pillar loading was based on 

Tributary Area. This was further confLrmed by Coates (10) in 1965. 

Photoelastic studies have been conducted by various authors 

(9,15,16). These have confirmed the expected stress dist.ributions 

wherever comparison was possible. An interesting study (17) was 

made on gelatine model pillars, where the dip of the seam varied 
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from 0 degrees to 90 degrees. Such a study was used to calculate 

the average normal and tangential stresses by simple approximations. 

Field Measurements: The stress measurements in the field have been 

of great interest in recent years, a variety of methods have been 

studied and progress has been made in stress measuring techniques. 

Methods have been designed to measure the magnitude of such stresses. 

The problem is complicated by the heterogeneity of the rock mass and 

results are still short of universal acceptability. 
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Obert (18,19), Potts (57), May (58), Hast (59), Obert, et.al. 

(61,72), Jeager (62) etc. have studied various types of stress measuring 

instruments and their use. 

Leeman (63) has reviewed most of the techniques available to date. 

He also has developed a borehole strain gauge device which can be used 

for borehole depths upto 200-300 feet. 

An early attempt to measure the pillar stresses in the field 

was made by Obert (18,19), based on measuring the velocity of sound 

through the pillars. The velocities thus obtained were compared with 

the velocities obtained on small samples of the rock from the pillars. 

However, it was found that the readings obtained from any tWo pairs of 

holes in the pillars and the average velocity obtained on the test specimens 

at zero stress were aIl equal, within the range of experimental error. 

These results indicated that the stress difference were not of suf-

ficient magnitude to be measured by this technique. 



Mohr (20) attempted to measure pillar stresses in a potash 

mine by cementing two unidirectional electrical resistance strain 

gauges at right angles to each other at the end of a borehole. The 

end of the borehole was then stress relieved by overcoring. The 

change in the strain resulting from overcoring was assumed to be a 

measure of normal stress at that point. This method was used in 

pillars at a depth of 429 meters and two sets of measurements made, 

one set of measurements produced an average vertical stress of 142 ksc 

and the horizontal stress of 102 ksc and the other set of readings 

produced a vertical and horizontal stress of 96 ksc and 59 ksc 

respectively. Another set of readings in a pillar at a depth of 

498 meters, using the same method produced a vertical stress of 96 ksc 

and a horizontal stress of 45 ksc. 

These observations of pillar measurements (20) seem to be of 

quéstionable value, as it can be seen that the calculated overburden 

stress in the second and third set of observations above must have 

been 103 ksc and 120 ksc rsspectively, which is greater than the 

measured stress of 96 ksc. However, at that time the techniques of 

measuring field stresses were .... quite .­

progress has been made. 

new and since then mnch 

A borehole deformation meter was used (21) in measuring stresses 

in coal pillars. Pillar strain measurements have been made (22) during 

the pillar recovery operation; also the effect of cave-line approaching 

towards insttrumented pillars was studied. The la1:itler study showed 

that the vertical strain decreased as the cave-line was nearing the 
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instrumented stations. Thus the span of working has an effect on 

pillar strain. 

Pillar stress measurements were recently made in a uranium 

mine (40) using a borehole deformation meter developed by the U.S. 

Bureau of Mines (61). Such a study showed no correlation between 

the pillar stresses and depth but a rough correlation existed between 

the breadth of the pillars and the pillar stresses. However, the 

phenomenon of discing was observed in same boreholes which is attri­

buted to the high stress concentrations. 

Later, at the same mine, pillar stre~ses were measured (64) using 

the so called Strain Cell containing electrical resistance strain 

gauges (63). Both these methods showed the same general variation 

between the major and minor principle stresses, which is a good in­

dication of the reliability of the two instruments. 

Analytical Approach: It seems that approaches to pillar loading have 

been mostly empirical. A comprehensive the ory for the prediction of 

pillar loads has been advanced by Coates (10). He predicts the in­

crease in pillar stress from the net displacements at the pillars, as 

a result of mining. This includes most of the geometrical properties 

such as the location of the pillar within the mining zone, the normal 

and tangential components of field stresses, the height and the breadth 

of the pillar and deformation properties of the material, both pillar 

rock and the wall rock. Such a result is more comprehensive than is 

possible with the tributary area method. However, it is essentially 

a two dimensional approach and as such it disregards the effect of 

variation of geometry in the third direction. 
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Coates' theory was developed by establishing the displacement 

equations for a long, broad opening in an infinite e1astic medium. 

The genera1 solution depends upon the derivation of the equations 

initia11y for the individua1 disp1acement components. 

Based on these disp1acement components and the re1ated materia1 

properties, a hypothesis has been put forward for predicting pi11ar 

stresses. The equation thus established predicts the increase in 

pil1ar stresses due to mining. This equation for long and deep 

mining zones is given below for ready reference, and will in future 

be referred to as the Coates' Rypothesis. 

b.cr 
~= 
S o h'E/E + ~(l-R)(l-l/N)(l+ h~1-x2)/2 + Rb (1-~)~ 

p 

(1-2) 

where 6cr = the increase in pi11ar stress resu1ting from mining 
p 

R = extraction ratio (wall area excavated/total wall area) 

S = field stress component normal to the vein or seam o 

St = field stress component para1le1 to the dip of the vein 

k = St/So 

h = semi-height of the pillar = R/2 

~ = semi-span of the mining zone = L/2 

h' = h/~ 

~ = Poisson's ratio of the wall rock 

~p = Poisson's ratio of the pi11ar rock 

E = modulus of deformation (linear) of the wall rock 

E = modulus of deformation (linear) of the pillar rock 
p 
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x' = linear displacement in the x direction 

x = x'/J 

N = number of pillars 

B = average breadth of the pillars 

b = B/J 

The empirically modified form of Equation (1-2) in terms of the 

plane strain (23) is given below. 

~ = 
2R(1-x/S+h') - kh'(l-W-W n) p - ,~ (1-2(4» S o h'n+l.8(1-R)(1+1/N)(1+h'/(1-x/S»+2R b(l-W)/rr 

where 

k = St/So' the ratio of transverse to norp' :ield stress, 

W = W/(l-j.J.), and j.J. is the Poisson's ratio of the wall rock 

W = is the same parameter for wall rock p 

n = M/M and M = E/(1_j.J.2), with E being the modulus of 
p 

deformation of the wall rock and M being same parameter 
p 

for pillar rock, 

other terms are as in Equation (1-2). 

A similar expression was derived for shallow mining zones (10,23). 

Coates' hypothesis, when compared with laboratory investigations, 

field observations and with the tributary area theory appears to be 

the most reliable two-dimensional approach. However, an underground 

pillar layout represents a three dimensional problem. The present 

study has been ,undertaken to find an analytical solution in three 

dimensions for pillar loading within irregular mining boundaries. 
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Analytical and Experimental Study of'Abutment Stresses: Earlier 

stress measurements (59) have shown the stress concentration in 

the abutment zones. Analytically the stresses in depth beyond the 

opening have been aalculated and plotted (65) based on the simple 

analogy of a stoping cross-section and an ellipse. Later in 1966 

(66) the stresses in depth w~re calculated and plotted by simulating 

cross-sections with ovaloidal openings. 

A recent review of the stresses in depth around ovaloidal 

and elliptical openings has been provided (67) for a wide range 

of variables. This study is two-dimensional but provides good in­

sight on the so called abutment stress problem. 

Such studies have shown that the stress concentrations beyond 

the surface of the opening fall rapidly till they approach the field 

value. A similar observation was made in 1898 by Kirsch (68) while 

studying the openings of circular cross-section. 

The present study concerns itself with the prediction of pillar 

and abutment stresses (in a tabular orebody) based on a three­

dimensional approach. In this study measurements of stresses in the 

field are examined for their confirmation of or deviation from the 

values predicted by this approach. The geology of the areas pose 

sorne difficulties in simulating the actual field conditions. 

1-11 



CHAPTER II 

The Three-Dimensiona1 Method 

Introduction: Any mining opening for the purpose of stress measure­

ments,represents a three-dimensiona1 prob1em. For the present study 

a typica1 room and pi11ar geometry will be considered. 

In the previous review, theoretica1 and empirica1 studies regarding 

pi11ar 10ading are confined to the two-dimensiona1 approach. Prob1ems 

dea1ing with the stress distribution around multiple three-dimensiona1 

openings have not been treated theoretica11y because of mathematica1 

comp1exity. Even very 1itt1e information is avai1ab1e from the three­

dimensiona1 photoe1astic mode1 studies. 

It has been estab1ished theoretica11y and experimenta11y that with 

increasing extraction the average pi11ar 10ading approaches the maximum 

emttil at high extraction ratios the average stress ~'toximatesthe 

maximum stress (72). The 1imiting condition is usua11y the strength 

of the pillar. 

Thus the prob1em that must be solved in connection with pi11ars is 

the determination of total load any pi11ar has to sus tain in the 

course of mining. The ana1ysis of pi11ar load, therefore, shou1d be 

based on the three-dimensiona1 concept. 

The prob1em of predicting pi11ar loads for a three-dimensional case 

can be achieved, by modifying the existing two-dimensional solutions 

with data obtained from model studies. 
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Based on the assumption that the structural conditions are uniform 

pillar 10ads depend main1y upon two fundamenta1 factors - the pre-m:l:n1ng 

stress and the geometry of the openings. 

This study is confined to conditions ana10gous to a tabu1ar orebody 

in an infinite e1astic medium. Normal disp1acements must be determined 

that ref1ect the effect of m:i.:bi-ng in the who1e reef plane. 

The components of wall disp1acements as described by Coates (10) are: 

1. The inward movement due to the excavation of the ground, which is 

equiva1ent to app1ying a stress inwards on the wal1s. Let this inward move-

ment be denoted by "5 " • e 

2. The average reverse disp1acement as a resu1t of increase in the 

pi11ar stress. Let this be denoted by "5' ". 

1 

3. The disp1acement that resu1ts from e1iminating the side constraint 

on the pi11ar due to mining. Let this be denoted by "5 ". 
r 

4. The local penetration of the pi11ars that resu1ts from the concen-

tration of the average wall pressure. Let this be denoted by "5' ". 
p 

These components of disp1acement have been derived (10) for the two-

dimensiona1 case. To extend them for the three-dimensiona1 case requires 

severa1 adjustments, inc1uding the determination of the position factor, 

~, which in turn is re1ated to the normal disp1acement, 5 . 
w 

The factor ~,is a function of the dimensions of the mining zone 

in the reef plane and 5 , ls the component of the normal c10sure along 
w 

z-axis and normal to the walls. 
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These adjustments and the dérivation of the position factor, ~, 
to establish a general solution for predicting pillar loads are as 

follows. 

Displacement of walls due to Excavation: The vertical displacement 

of walls, 8 , in a long mining zone has been established (10) in terme e 

of the internaI traction, S'i' for a two-dimensional case (Figure 

2-1(a». 

= 2 S'.I, Jl-x2 
1. 

E 

where 1, is the semi-span of the mining zone, E is the modulus of 

elasticity and x is the dimensionless ratio of x'/I" where x' is 

distance from the centre of the mining zone in x-direction. 

Equation (2-1) can be extended to a three-dimensional case by 

(2-1) 

introducing ~,a position factor. The position factor is a function 

of the dimensions of the mining zone in the reef plane. Therefore, 

8 = 
e 

2 S' 1, 
i 

2 E/ (l-J.l ) 
(2-1(a» 

where Ina three-dimensional case, 1, is equivalent to the semi-span for the 
plane strain solution (Le. E -? E/(l-J.l2». 

The internaI traction, s'. = SA /A- = S R, where A is the wall 1. 0 0 -T 0 0 

area exposed by mining, AT is the total wall area adjacent to the 

mining zone, S is the normal component of the field stress and R is the o 

extraction ratio. Substituting for S'. in Equation (2-1(a», we have 1. 
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5 = e 

2R S 1-
o (2-1(b» 

Thus, 5e , the vertical displacement due to excavation can be ca1cu-

1ated for a three-dimensional case by using Equation (2-1(b» provided, 

the position factor, ~, is known. For 100 percent extraction 

Equation (2-1(b» would become: 

5' = e 

2 S 1-
o 

2 El (l-Il ) 

where 5' is the vertical displacement as a resu1t of 100 percent 
e 

extraction. 

Determination of the position factors, @ 

(2-1(c» 

The total normal disp1acement, 5 , for 100 percent extraction is 
w 

equa1 to the sum of the disp1acement produced by the excavation and the 

original disp1acement due to the pre-existing normal field stress, i.e. 

where, 5' e 

= 

is the disp1acement due to 100 percent extraction and 

is the disp1acement due to the pre-existing normal field stress. 

(2-2) 

5 o 

The disp1acement component ë' for a three-dimensiona1 case can e 

be obtained from the Equation (2-1(c» ear1ier deve1oped, whi1e 5 will 
o 

be given by the fo11owing expression 
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8 =fS - j..l S - j..l2(S + S )~.L o 0 t 0 t E 
(2-2(a) ) 

P 

where St is the field stress component parallel to the seam or 

stope and normal to the strike, h is the semi-height of the pillar 

and E is the modulus of deformation of the pillar rock. p 

or 

Substituting for 8 1

e and 8
0 

in Equation (2-2), we have, 

8 = w 

~= - j..l S 
t (2-3) 

Therefore, the expression for 8 (Equation (2-l(b» will reduce to the e 

following form after substituting for ~ ~ ') the position factor. 

2RSJ ~ [ .,st - ~2(So + St) } ~~ 
2 E/ (l-j..l ) 

o 8 - S _ 8 = e 
E/(1-1-l2) w 0 S 1-2 

0 

Rr -{s-.,s 
2 

(So + St) J :~ = - j..l w 0 t 

(2-1(d» 

or 8 R 8 -
R S h 

[1 -
St ~2(1 + St/Sol = 0 I-l--e w 

E S 
P 

0 



Reverse Displacement of walls as a result of increase in pillar stress: 

The resulting displacement of walls due to excavation causes an increase 

in the pillar stress and thereby produces an average pressure, S , over p 

the area tributary to the pillar, Figure 2-I(b). The resulting dis-

placement due to this pressure in the reverse of the excavation case. 

For a two-dimensional case the reverse displacement, 8', is given by 

the following expression: 

8' = 
2 S t 11-x 

P 
2 

E/(l-J.1 ) 

(2-4) 

For a three-dimensional case, Equation (2-4) can be extended in the 

same manner as for the excavation case, simply by introducing the 

position factor, (/J, and replacing Sp by S"i a function of pillar stress. 

Therefore, it follows that 

8' = 
2 S" t 

i 
2 E/(l-Il ') 

(2-4(a) ) 

where, Sil. is equal to the sum of the pillar loads divided by the sum 
1 

of the individual tributary areas (that is the wall area occupied by 

pillar plus that of the average adjacent ope.ning) • That is, 

Sil = 
i 

The average increment in pillar stress, ~ , is the sum of the pillar 
p 

loads (or pillar pressure, S ., multiplied by the sum of tributary areas) 
p 
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= 

= &- (l-R) 
P 

For a two-dimensional case the increment in pillar stress, 6cr ,has 
p 

been related to the average increment pillar stress, 6cr (10,25) as 
p 

follows: 

Therefore 

and 

or 

(l-R) 

(8 )2 (~'/ + 8 w(x) = 
w(c) 

l 

8w(x) 

8 w(c) 
= }-<r> 2 

= }t_x2 where x = x' /1, 

where is the normal displacement at the point under reference 

and 8w(c) is the same at the centre. The point defined by x in a two­

dimensional case can be replaced by the coordinates x and Y, a rectan-

gular opening in the plane of the reef. 

Kssuming the displacement surface is ellipsoidal, 8 ( ) would be w x,y 

related as follows: 

8 w(x,y) = 8 l_x2 Jl-i 
w(é) 

Thus as was done in two-dimensional solution (10), the average incre-

ment in pillar stress, ~ can be related to the individual values, 
P' 



e. 
6a , by a summation or integration of the above function, which 

p 

produces the equation 

= 

or 
= (2f)2 (l-R) 6ap 

4 J 1_x2 J1-Y2 

The position factor J1-x2 and 11-1 will be the same as (1), thus 

= (l-R) 6a p 
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Subst1"tut1"ng for S"i(= !6P) i E i (2 4(» h i f ç,,' i _~ n quat on - a t e express on or u s 

8' = 2(2f) 2 (l-R) 6a R, 2 
4 P (1) - (1-1-1 ) 

(1) E 

or 8' 
21(2 

(l-R) D.ap 
1:. (1_1-12) = 16 E 

(2-4(b» 

In view of the term J 1_x2 • J1_ y2 cance11ing in Equation (2-4(b» 

it is not unreasonab1e to assume that the parameter (1) (which wou1d equa1 

.J 1_x2 • J1- y2 for a rectangu1ar plan) wou1d a1so cancel for an irre-

gu1ar plan and that the constant wou1d have substantia11y the same value 

of 2 1( f16. The determination of the factor R, in Equation (2-4(b» will 

complete the solution for 8' in a three-dimensiona1 case. 



It bas been shown (10) that the maximum normal disp1acement at 

the centre of the opening is re1ated as fo11ows: 

the above expression is in terms of the plain strain and 8w(c) is 

the maximum normal disp1acement at the centre. 

E 
i.e. J, = (2-5) 
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Substituting for J, in Equation (2-4(b» we have the final expression for 8', 

8' = 
2,l 

(l-R) l>a (l-l) Cs + S h(l_~2) ] E 
16 p E w(c) t 3 

2 S (1-11 ) E 0 

(2-4(c) ) 

2 

[ÔW(C) + 
2 

h] 
1C (l-R) Mp St(l-1l ) 

= 24 S E 0 

Displacement of the pi1lar resu1ting from re1ease of side constraint 

due to mining: Figure 2-2(a) shows the disp1acement of the pil1ar as a 

result of the re1ease of side constraint. The appropriate expression 

to ca1culate 8 in the two-dimensional case has been estab1ished (10) 
r 

and is given below: 

= h (2-6) 



. he 

~~--------~--~-----
St --------.~St 

-1--_~------..... 

(Cl) DlSPLACEMENT OF THE PILLAR DUE TO 
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1 
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,.....--~t t t~-

A~ 
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where IIp and Ep are Poisson's ratio am the modulus of deformation 

of pillar rock respectivelyt St the field stress component parallel 

to the seam or stope and normal to the strike, and h is the mid-

height of the pillar~ 

The expression given by Equation (2-6) can be extended to the whole 

reef plane as the pillar is free to relax on all exposed sides. Let 

the component of the field stress in the strike direction be 

the expression for 

= 

8 , for a three-dimensional case will be: 
r 

+ 

S , then x 

(2-6(a) ) 
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St and Sx May be regarded as the components of pre-mining stress parallel 

to the dip of the orebody. and parallel to the strike of the orebody .. ·· 

respectively. 

Local Penetration of the Pillars into walls: The local penetration, 

8'p' of the pillars into the wall rock is the result of the concentra-

tion of stress, 6a , at the pillars. p In other words, the local pene-

tration is in excess of the general reverse deflection 8'. Figures 

2-I(b) and 2-2(b) explain the difference. 
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Based on the existing solution for the relative penetration, 

on the edge of a semi-infinite plate (24) due ta a uniform pressure, a so­

lution '~:fi.Ot'l tbe two-dimensional case has been derived (10) for the 

maximum local penetration 6.:6 a pillar due ta the excess of l::6 , 
p 

the concentrated stress, over the average pressure 

given by the following expression, 

i' p = 

where, B is the width of the loaded zone (10). 

S , and is 
p 

(2-7) 

The average pressure S , in the abov.e expression for tœ total 
p 

span of the mining zone, L(= 21), will be equal to 

Therefare, we have 

= [66p -œ ~BJ B 
(l-~) 

p 1rE 

= Mp fi -~j B ( l-~) 
1rE 

L:[œ B] IL. p 

(2-7(a) 

But L:B/L = (l-R), where R i8 the extraction ratio (wall area 

excavated over total wall area). 

Therefore, 

(2-7(b» 



For the three-dimensiona1 solution Equation (2-7(b» must 

inc1ude shape factor, l, and B must be the minimum dimension of 

the pi11ar in the plane of the orebody, that is 

B' = 
P 

~ RB(l-~) 
P l 

rr E 
(2-7(c» 

where l will vary from 1.0 for an infinite1y long pi11ar to 0.56 for 

a square pi11ar (76). In view of B'p being sma11 compared to ~p 

and B', àDd has on1y sma11 influence on computed pi11ar stresses (23), 

it seems practica1 to simp1ify the terms to: 

B' 
p = 0.2 ~ RB 

P 
E 

(2-7(d» 

which means assuming average values of ~= 0.2 and l = 0.71 will be 

good enough for an engineering solution (particu1ar1y considering the 

difficu1ty of determining ~ of the rock mass). 

The Net Disp1acement of the Pi11ars: 

The net disp1acement, B , of the pi11ar will be equal to the 
p 

algebraic sum of aIl the effects produced by the pre-mining stresses 

anœ by the mining itse1f. 

• 
The effects produced by mining on the displacement of the pil1ar 

have been analysed by Coates (10) in terms of the total stress being 

equal to the increase plus the original field stress. It means that 

the increment of the pil1ar displacement, ~ , is related to the in­
p 

crease in the pil1ar stress, ~. Mathematically it can be expressed 
p 

as: 
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L:J)p = 
&H/2 

A E 
P P 

(2-8) 

Since H/2 = h , the semi-beight of the pillar and &/A (load/area)=~ , 
p p 

the increase in the pillar stress, we have 

= 
f:yjh 

P 
E 

P 

(2-8(a» 

where & is the increase in the pillar load and A is the horizontal 
p 

cross-sectional area of the pillar. 

The increase in pil1ar displacement, L:J)p, is a1so re1ated to 

the various components of displacement and is equal to the algebraic 

sum of the individual components, i.e. 

(2-9) 

These components of displacement for a three-dimensional solution 

have been derived earlier. 

Derivation of the formula for Pillar loading: 

The net increase in the pillar displacement can be obtained 

by substituting Equations(2-l(d», (2-4(c», (2-6(a» and (2-7(d» 

into Equation (2-9) : 
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f:J3p = [Rôw - RhSo Il-Il St - 11
2 

(1 + St )}J- [i (l-R) ~p lô + 
E S S 24 S w(c) 
poo 0 

+ 

From Equation (2-8(a» 

Therefore, 

we have, 

fY1 h 
P 

E 
P 

fY1 h 
_---t:.P_ = 

E 
P rR Ôw - R h So {1-1l S~ '- 11

2 
(1 + St)l]- Vi (l-R) fY1p 

E S S 24 S 
poo 0 

2-16 

or (2-11) 

fY1h 
---P..... + 

E 
P 

RhS { ~ 1-11 



or 

-E __ 0 41 [h S 
S E 

o P 

{}.f1
p 

............. = 
S" -

o 

Then 

R ô 
w 

h S r[ S 
~L1-~ S:- ~ 2 

(1 + :: >} R + 

2 S} St ~ (1 +" .-! ) R + (S + 
' So 0 

i h S ~ St(l-, ~2) E 22 
24 (l-R)Ôw(c)+ E

p

o l 1 +' S~\E PO- R) ~4I+ 
0.2 RBSo 

E 

(2-12) 
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(2-12(a» 

In the above expression (Equation (2-12» the parameters Ôw and 

ôw(c) are to be determined experimenta11y for 100 percent extraction 

(using an e1ectrica1 analogue). The other parameters are obtained 

from the mine and the 1aboratory tests of the rock mass in order to 

complete the solution. 



Determination of the t Jta1 normal displacement, B : 
w 

The displacement components in the solid rock surrounding the 

mine excavations can be obtained experimental1y, using the solution 

developed by Sa1amon (26,28). ~uch a solution is based on dividing 

the excavated area into small e1ementary areas, normally referred to 

as face elements (26). They are integrated to give the total mined 

area. 

2-18 

The face element principle has been explalned in detaU els~here (26), 

however, a brief explanation is given in Appendix A-l. The elementary 

displacement component, ~ , (sayat a point P(x,y,z» in the 
w 0 0 0 

direction of z-axis and normal to the reef plane in the solid rock 

and induced by a face e1ement, ~EA, the excavated area, 10cated in 

the reef, plane (z = 0) defined by the coordinates (x1'Y1) has been 

derived (26,28) in terms of the convergence, Bz(xl 'Y1)' the Poissonls 

ratio of the rock mass and is given by the fol1owing equation, 

where, 
2 

r 

= 

B z b.EA(x1 ,y 1)' 

8n: (1 - Jl) 
z 

o 

Diagrammatica1ly the princip1e 

is exp1ained in Figure A-1 (see Appendix A-l). 

Thus the total disp1acement, B , at the point P in the solid 
w 

(2-13) 

rock will be equal to the sum of a11 the e1ementary disp1acements or in 

o~her words taking the integra1 of the who1e mining regio'n, 

co11ective1y referred to as EA. Therefore, 



= 
5 

z ff 
EA 

z. [2(2-~)Z! + (1-2~)rJ 
o dx dy 

,. 2 2 5/2 1 1 
(r + z ) 

o (2-14) 

The convergence distribution, given by 5
z
(xl 'Yl) has been 

calculated in terms of function il (a solution of Laplaces equation), 

the elastic constants E and ~ and tœ normal component, S of the 
o 

field stress (see Appendix A-II) and is given by the fol1owing 

expression, 

5 = 
z 

Substituting for 

6 w = 

4(1-J.l ) 
S 
-2 
E 

il 

5 in Equation (2-14) 
z 

2 
4(1-J.l ) S 

o ff 
EA 

or (1+~)S 
o 

(2-15) 

we have 

(2-16 ) 

The experimenta1 determination of the function, il , in terms of 

the potentia1, V, using an electrical analogue has been discussed 

ï"n detail elsewhere (29) and sunnnarised in Appendix A-II. Based on 
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this ana1ogy, Equation (2-16) can be expressed in terms of the potentia1 

V and the required formula in the simplest form (31) is 



8w = N 8
0 

JJV(Xl,y l ) 
EA 

(2-17) 

where N = (1 + Il) 
H' 

2 rcEV 1 
= constant 

and 

Vl = the applied voltage to the bottom electrode 

E = modulus of elasticity of the rock mass 

Il 

2 
r 

H' 

8 
o 

= 

= 

= 

Poisson's ratio of the rock mass 

(x 
o 

distance between the top and bot tom electrode 

at the centre. 

= the normal component of field stress. 

The above integral may be evaluated by dividing the plane into a 

grid of small squares and performing the following simple summation: 

8 = 
w 

N 8 ~ V (K} 
o 

(2-18) 

·where V and K are the values at the centre of the square grid 

(for details please see Appendix B-l). 

The electrical analogue and its related features will be 

discussed later, however, a diagrammatic sketch is given in 

Figure 2-3. Figure 2-3(b) is a section through the analogue with 

information regarding Equation (2-17). 
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It may be mentioned here that Hf in Equation (2-17) has the same 

value everywhere when simulating horizontal deposits. 

Figure 2-3(a) shows the working area of the analogue with a mode11ed 

(mining) out1ine to be simulated. The maximum size of the working 

area 18 inches by 18 inches ls divided into a square grid of 0.2 inches 

apart. The shaded area in the Figure 2-3(a) is the conductive portion 

which forms a part of the top earthed e1ectrode. 

An IBM 360/75 computer was used to eva1uate the integra1 (~uation 

(2-17», using the summation form of Equation (2-18). 
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CHAPTER III 

THE ELECTRICAL ANALOGUE THEORY 

The e1astic c10sure, 5 , can be expressed in terms of the 
z 

harmonie function n i.e. 5 = - C n (see Appendix A-II) provided, 
z 

v2n = 0 

where 
2 02 02 02 

V' ox
2 + 

oy2 
+ 

oz2 
(3-1) 

and the function conforms with the appropriate boundary conditions. 

The essentia1 feature of. an analogue is not the numerica1 cor-

respondance between e1ement values but rather the fact that for 

each dependent variable and a11 derivatives·· of one system, the cor-

responding function in the second system can be predicted. 

Partial Differentia1 e9uatio~characterizing the field prob1ems: 

The engineering prob1em invo1ves the study of excitations,responses 

and the system parameters. The exciit:a:t:wn and response values are 

genera11y expressed in terms of variables which are dependent on 

time and position within the field. These dependent variables are 

identified 1) as "across" variables and 2) as "through" variables. 

1. An "across" variable is the one that relates the condition 

at a point within the field to that of some other field point or an 

arbitrary reference point. The instrument that records the "across" 

variable must be applied sim~ltàneously at the separated points,and this 
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value actually represents the difference in value between the two 

points. Voltage drop is the "across" variable, measured in electrical 

circuits, and is normally referred to as the potential difference. 

The term velocity of a point has a meaning only if it is referred 

to some other.point, moving or stationary. Therefore velocity is 

an example of an "across" variable. 

2. The second variable, known as "through" variable is the 

same everywhere within a component and does not require the spe­

cification of two points of me~surement. For example, in electrical 

circuits the curreEt existing in a conductor can be measured at any 

point along.the conductor and is recognized as a "through" variable. 

However, the magnitude and direction of the current must be determined. 

Similarly in dynamics, force is an example of a"through" variable 

and it possesses both magnitude and direction. 

In mathematical terminology the "across" variable is the 

difference between the scalar potentials at two points in the field, 

while the "through" variable is a vector. 

The essential principles which account for the analogous nature 

of field problems are kI1lown as the principles of conservation and 

cantinuity, and these may be stated in simple terms as follows: as 

excitation introduces some physical quantity to the system (i.e. 

the field), at any time within the field this total quantity must be 

equal to the net amount added or subtracted by excitation plus the 

amount initially present within the system itself; in addition, the 
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continuity princip1e requires that the "tlù:oughvai'table:must emànate from 

a source, interna1 or externa1 excitation, and return to the same or some 

other source. 

Laplace's Equation in an E1ectrica1 System: 
, 

Lap1aces equation expresses 

the mathematica1 formulation of potentia1 theory and is very usefu1 in 

describing steady state conditions in most of the areas of the physica1 

wor1d. It ho1ds goof for one, two and three-dimensiona1 sj~rémâ. 

Three Dimensional System 

Figure 3-1(a) shows a three-dimensiona1 e1ectrica1 system, 

which is composed of a rectangular solid box" made of a conductive 

materia1, having a uniform resistivity (e.g. graphite). Constant 

vo1tagœare app1ied to the three sides of the solid for excitation. 

Figure 3-1(b) i11ustrates a sma11 cube within the solid as a dif-

ferentia1 e1ement. The voltage gradient across each face is first 

expressed in terms of the current and resistance parameter, 

(cv)" 
i 1R 

Cv 
i 2R 

= (dx)2 = dxl ls3 b,z ls3 b,z 

(cv) i3 R Cv = i4R 
d'Y 3 (dy')4 

!::;)c b,z 
(3-2) 

!::;)c b,z 

Cv iSR Cv i6 R 
(di)s (dz")6 = 

b.x1s3 19<1s3 
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where R may be considered the resistance between opposite faces of 

a unit cube. The rate of change of gradients thus can be expressed 

as: 

= 6x-+O 

= ~y -+ 0 
(3-3) 

= ~z -+ 0 
~z 

Adding .the three components of Equation (3-3) and substituting for 

the voltage gradients from Equation (3-2), we have 

02v 
+ 

o2v 
+ 

o2v i 2R 
+ 

i 1R i4R 

ox
2 oz2 oz2 

= 
~y~z ~y~z ~y~z 

(3-4) 

+ 
i3 R i6 R 

+ 
iSR 

~y~z ~y~z ~y~z 

~ -+ 0, ~y -+ 0, ~z -+ 0 



R or 

(3-5) 

Since there can be no accumulation of electrical charge within 

the different:i:al element, the net current into the element must 

be zero, i.e. 

(3-6) 

Therefore, Equation (3-5) becomes 

(3-7) 

and the appropriate boundary conditions at the six faces of the 

cube will be 

at 

at 

x = 0 

O<y<M 
O<z<N 

x=L 

O<y<M 

O<z<N 

v = 0 , 

at 

at 

O<x<L 
y=M 

O<z<N 

O<x<L 

O<y<M 

z = 0 

av 
dz = 0 
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at 

O<x<L 

y = 0 

O<z<N 

= o , at 

O<x<L 

O<y<M 

z = N 

= o 
(3-8) 

This is known as Laplace's equation in a three-dimensional 

system. The geneta1 expression is achieved by introducing the 

Lap1acian Operator \/2. which mere1y signifies the "sum of the 

second derivatives with respect to aIl the cartesian spa ce variables 

of interest". Finally, regardless of the dimensions, Laplace's 

equation becomes 

= 0 (3-9) 

A significant feature of Equations (3-7) is that the re-

sistance parameter of the field does not appear in the expression. 

It shows that the voltage distribution within the field is inde-

pendent of .the magnitude of resistivity. Besides this, the expression 

makes it c1ear that whatever the shape of the conductor (i.e. one, 

two or three dimensional) through whicha steady current f10ws, 

the potentia1 V must satisfy the Equation (3-9). This is true 

everywhere except at points where there is either a source or 

sink of current. However, Equation (3-9) alone does not determine 

the solution of any problem because it expresses on1y one of the 

conditions which V must satisfy. In any particular problem there 

are boundary conditions which must be satisfied. Any solution of 

Lap1ace's equation which also satisfies the boundary conditions con-

stitutes the unique solution of the given prob1em. 
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Boundary Conditions defining the function" n 

Referring to Equatian (3-1), we have the bound~ry conditions 

defining the function n. These conditions are: 

a) 8 = 0 where there is no excavation, z 

b) 8z = 8m where the hanging wall and footwall are 

effectively in contact, 

c) the induced normal stress S, has a constant value, where 
o 

the closure is not complete, and 

d) the induced displacements approach zero at great distances 

away from the excavations. 

Since the above boundary conditiOnshold good for both horizontal 

and inclined deposits, on/dZ will·not have a constant value as in 

case of horizontal deposits, because the depth Z has a constant value, 

Zo ' only at the origin Thus at any other point on the reef plane the 

depth from the surface will be Z + y sin i, where y sin i is the o 

vertical component due to the dip of the orehody. The coordinate y 

is the linear distance along the dip and i is the dip of the deposit. 

When i is equal to zero, the term y sin i automatically reduces 

to zero which is the case in a horizontal deposit. 

The boundary conditions defining the function n can now be written 

in a general forro as follows: 
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at the reef plane 

= O· 

= - n o 

= l+sin i 

and at infinify 

ni = ° z=oo 

outside the excavated area, EA, 

within the excavated area 
where closure is complete, 

within the excavated area, 
where closure is not complete, 

on 
In Equation (3-10), the differential d; can be 

written as 

on 
Oz 

= 1 + Y B/L2 

where L2 is a representative linear dimension.in the mine 

and 

B 
L

2 
= Z sin i 

o 

(3-10) 

(3-11) 

On the basis of the relationship developed (29) between the 

normal closure and the function n, we have 

and 

5 (x,y) = - c n(x,y,o) 
z 

n 
o 

5 m 
c 

(3-12) 
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where Ô is the maximum value of ô. The coefficient C for m z 

homogeneous isotropic conditions has been determined (29) and is 

equal to 
2 

-4( l-IJ. )8 lE. 
o 

Therefore, we have 

= 
2 

4{l-IJ. )8 

E 

o 
{3-l3} 

which in turn means that the closure is proportional to the magnitude 

of the function n. 

It has been shown earlier that the potential, V, associated 

with steady state current flowing in a homogeneous continuous medium 

satisfy the Laplace equation. Thus it may be said that the functions 

n and V, both are the solutions of the same basic equation. Now if two 

functions defining the problem are identical, an electrical tank can be 

constructed for the experimental determination of the function, n for 

the simulation of mine openings. 

This analogy between the function , n, and the potential, V, .has 

been established (29) and summarised in Appendix A-II. 
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CHAPTER IV 

THE ELECTROLYTIC ~ 

General: Electrolytes were utilized as early as 1875 by Adams (32) 

to study the forms of equipotential curves, surfaces and lines of 

electric forces. Heep (33) was the first to discuss some of the 

design features of an electrolytic tank while st~dying the potential 

measurements. 

In general, the electrolytic tank is a conductive liquid analogue, 

whose principle with the boundary conditions, is explained in 

Appendix A-II. 

The tank consists of two basic units, the electrolyte and the 

electrodes. Both units are housed in a non-conductive container. 

This container should be large compared to the scale model of the 

boundary configuration of the field under study or a conformaI 

transformation thereof. 

In addition to these basic units the other components necessary 

for such a study are the source of excitation and the sensing equip­

ment. AlI these units are discussed below in some detail. 

THE COMPONENTS AND THE OPERATION OF THE TANK: 

Electrolytes: 

For a satisfactory solution of Laplace's equation by a conductive 

liquid analogue system, the conductive liquid must have the following 

properties (34). 



1. The liquid must be purely resistive., with no eleetrieal 

reaetanee. 

2. The resistivity of the liquid must be uniform throughout. 

3. The resistivity must be large eompared tothe resistivity 

of eleetrodes and small eompared to the input resistanee of 

the sensing deviee. 

4. The resistivity m~st show a linear relationship: between 

voltage and eurrent over the entire operating range. 
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5. There should not be any ehemical reaction between the-elec­

trodes and the electrolyte. 

6. The surface tension should be small to avoid the formation 

of a meniscus at the boundaries and at the probe tip. 

7. The surface of this liquid must be free of dirt, films, 

and other foreign matter. 

8. The rate of evaporation at room temperature must be slow. 

Water from the main~ has been suggested (33) as a good eleetro­

lytè'. It has been found that it is unnecessary to add any thing l.· 

to.:tlld.s water sinee the eonduetivity is already high enough. A 

higher eonductivity eould even be harmful, because of the transition 

resistanee whieh oeeurs on the surface of the eleetrodes due to 

impurities or polarization. Sander and Yates (35) have made studies on 

different eombinations of electrodes and electrolytes at different 

temperatures. However, Many investigators have reported satisfaetory 

results using ordinary tap water as the electrolyte. Unsatisfactory 



results with tap water have been noted also, but the divergence of 

opinion at this point is mainly due to the variation in the compo­

sition of tap water from place to place. This observation was made 

by the author <in Montreal (Québec) water, which has a high conduc­

tivity. An alternative was to use distilled water, but this was 

discarded because large quantities of distilled water are not easily 

available and distilled water does not stay pure when stored in 

a large tank for a long time. 

Another suitable alternative was deionized water. Tap water 
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can be easily deionized by using suitable ion exchange resins. The 

principle of ion exchange (36) can be defined as "a reversible ex­

change of ions between a solid and a liquid in which there is no. 

substantial change in the structure of the soUd". In this definition 

the solid is the ion-exchange material or resin particle. This prin­

ciple is explained below with the help of reactions involved in such 

a phenomenon. 

Ion Exchange Reactions: The reaction below is an example of ion­

exchange phenomenon, which can be understood if we recognize that 

only compounds which yield soluble ions in solution are subjected to 

ion-exchange reactions. 

NaCI + AgN03 ~ AgCI + NaN03 

This reaction showsthat the sodium ions of the sodium chloride molecule 

can be exchanged for the silver ion of the silver nitrate molecules. 



Similarly the sodium form of a cation resin, will exchange the mobile 

sodium'ions from the resin with the silver ions frOID solution. A re-

action to show such a phenomenon can be written as: 

+ +;.:' 
::;;<::;;;::::! ..... : RS03Ag + NaN03 

where R indicates the organic portion of the resin and S03 is the 

immobile portion of the ion active group. Since ion-exchange re-

actions are reversible, contacting a resin in the silver form with 

NaN03 would proceed as follows: 

This reaction or the reverse of the preceding reaction is known as 

regeneration. These resins are sold under the patent names of their 

respective companies. The four major types of ion-exchange resins 
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in commercial use are, strong-and weak-acid (cation) resins and strong-

and weak-base (anion) resins. J. T. Baker Chemical Company, Philipsburg, 

N.J., sells them under the patent name of "Dowex", and Fisher Scientific 

Company, Fairlawn, N.J., under "Rexyn". 

To decrease the conductivity or increase the resistance of the 

electrolyte (water in our case), the water has to be treated with 

two resins, one wh~ch will 'absorb the cations and the other anions. 

Different ways have been suggested (36) for such a treatment. 



1. The water is passed through a column of resins, in which 

case the acid and base resins can be mixed before hand. 

2. Two beds.of acid and base resins can be separated by a 

glass wool filter. 

3. The water is passed through a bed of resins contained in a 

tank at higher elevation, to which water can be pumped and the 

out let connected to the tank. 

4. The most suitable method for large quantities of water is 

to dump the two resins in a tank of water and let it settle 

for a few days. 
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The presence of resins in the tank which ultimately are going to 

settle down to the bottom,does not interfere with the operation as the re­

sins are inactive in an electrical field. The added advantage of 

this system is that if any polarization with the passage of time 

takes place, the ions will be absorbed by the reains present in the 

tank. Care must be taken that about 10-15 percent extra resins are 

added to the tank. 

It has been observed by the author that with the passage of time, 

at room temperature the evaporation losses are quite high. To keep 

the level of electrolyte constant in the tank, a small column, of 

one inch diameter filled with resins is supplied with water from the 

mains. This slow supply of deionized water keeps the level of the 

electrolyte constant. This column of resins can be used for a couple 

of months to supply deionized water. Once a change in the colour of 

resins is noted, the column has to be washed and refilled with resins. 
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The resins used by the author are: 

1. Rexyn 101 (H), Ionic Form H+, 16-50 mesh. 

2. Rexyn 201 (OH) Ionic Form OH ,16-50 mesh. 

With the above treatment of ordinary water, the electrolyte 

was quite satisfactory. 

Electrodes: 

The electrodes must have the following properties~ 

1. The electrical resistivity must be émaIl, in other words, 

the resistivity of the electrodes must be negligible relative 

to that of electrolyte. 

2. Electrode material must not react chemically with the 

electrolyte. 

3. Electrodes must present a smooth, weIl defined surface. 

4. They must be of a material which can be readily shaped 

and cleaned. 

Einstein (37) has given a list of the different combinations 

of electrodes and electrolytes with the merits of each combination. 

It appears that platinum is the best material, but where electrodes 

with large surface areas are required,süXeplatinum is expensive, the 

next best material is graphite coated electrodes. Surfaces of brass 

or copper are sprayed with commercially available graphite jell and 

o then baked at approximately 200 c. This results in a smooth, liquid-

resistant layer. Coating very large sheets of electrodes, say 4' x 4' 

or bigger, by graphite is still not possible because of the limiting 



size of furnaces for baking. An alternative is etched brass or 

copper sheets. The combination of copper and water, or brass and 

water, are fairly good for generaL, purposes. Brass sheets have 

an additional advantage over copper because they can maintain the 

desired curvature easily. In the construction of the electric tank 

analogue for this work, the bottom electrode is of brass (owing to 

the required curvature) and the top electrode is of copper. 

Excitation: 

In th~c".ca8e<>ofr1i conductive-liquid analogue, the electrical exci­

tation is in the form of constant voltages applied to the electrodes. 

Since in measuring the potentials it is only necessary to compare 

the relative voltage in the liquid, the absolute value and the 

sign of voltage on the electrodes is unimportant. Thus, a poten­

tial at a point in the liquid means the relative potential, that is, 

the ratio of the voltage of the probe to the voltage of electrode 
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with the highest potential, both calculated with respect to an electrode 

of zero potential. An alternating voltage May thus be used and is 

even preferable because the electrolyte is not decomposed if a suffi­

cently high frequency is used. On the other hand, when a direct 

current voltage source is employed, polarization-type electrochemical 

phenomena occur almost immediately at tœ electrodes, resulting in 

gaseous layers around the electrode surfaces. This gaseous layer 

forms a region of high resistivity and distorts the potential field. 

Thus an A.C. generator is normally preferred for the supply voltage. 

Einstein (37) has shown the variation of electrode surface compo-

nents with frequency and temperature, and the merits of some electrode-

electrolyte combimation. His results show that the value 



of the surface impedence falls with increasing frequency. The 

increase is slow above 1000-2000 cycles per second, and the re­

lative disadvantages of working the circuits at high frequencies 

soon-outweigh the resulting reduction of polarization. A suitable 

operating frequency is 1000-1500 cycles per second. 

His study on concentration and temperature show that it is ad­

vantageous to operate the electrolytic tank at high temperatures. 

However, i-f the tank is operated at any temperature other than room 

temperature serious errors due to thermal convection currents within 

tbe electrolyte are difficult to avoid. 

Sensing Deviee: 

Sensing is done by a probe suitable for the simulation. It 

is necessary to use a very fine probe submerged to a minÛDum depth 

in order to reduce the maniscus error at the tips. Sander and Yates 

(35) have discussed in detail the design requirements for probes. The 

probe impedence has been further discussed by Burfoot (38) on the 

bas~s of work done by Sander and Yates (35), and Einstein (37). 

To reduce probe errors to a: minimu\D,Sander and Yates (35) ; used 

a thin walled capillary tube, 1/16 inch in diameter and approximately 

1/4 inch in length,which is inserted into the electrolyte to a depth 

of approximately 1/8 inch. "The upper end of the capillary tube 

openS into the electrolyte in which electrical contact is made 

by means of platinum foil. In this way, the potential within the 

tank is sensed without introducing a metal probe. But, in such 
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an arrangement placing a relatively large insulator in the field 

causes perturbations. For surface probes the best probe arrange­

ment is to fix a thin platinum wire in a thin runsulating tube, sealed 

with insulating fluid, which keeps the length of the tip fixed. 

The insulated probe then can easily be put into the hole of the top 

electrode touching the water surface. Since in our case the poten­

tials had to be measured at the surface of the electrolyUc :_tahk 

through a series of holes, as will be discussed later, such an 

arrangement was found suitable and convenient to handle. A platinum 

tip of 0.01 inches diameter is strong enough to keep its shape and 

does not bend as the exposed tip is only 1/8 inch long. Distortions 

of the potential field due to the introduction of the probe are 

also best avoided by making the probe as small as practical. 

When the electrode system and the dimensions of the tank are 

of the order of feet and only the surface of the electrolyte is 

traversed by the probe, errors from this source may be considered 

negligib le (34). 

TANK CONSTRUCTION: 

General: The analogue used to simulate field problems in mining 

should be such that the central portion of the top electrode, 
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referred to as the working area,must be as large as possible. This 

reduces the errors caused by the finite dimension of the point of the 

probe and by the rise of liquid surface at the electrodes. The large size 



of the working area also provides the potentiograms of large 

size which makes them more accurate. Besides this the loss of 

details in models is reduced if the scale factor to be used is 

small. 

The dimensions of the working area cannot be too large com­

pared to the size of the tank in both depth and area. Salamêu, et,al 

(29) have given the theoretical analysis for minimum cylindrical 

tank dimensions. The finite dimensions of the tank will introduce 

errors which can be divided into two components, 81 due to finfte 

depth and 82 due to fini te radius. 

Assuming that the measured value of potential in the working 

area is V and the theoretical value is V
l

, then by introducing errors, 

81 and 82, the measured value will be equal to the sum of errors plus 

the theoretical value. It has been shown (29) that when the ratio 

between the tank depth and the radius of working area is equal to 

or greater than 2.5, the magnitude of the error introduced by 81 is 

less than one percent. Also when the ratio between the radius of 

the tank and the working area is equa1 to or greater than 2.25, the 

percentage of error introduced by 82 is less than one percent. 

Based on these assumptions the tank for the present study was 

designed as a square tank with dimensions that keep errors be10w 

one percent. 

The Body of the Tank: The tank consists of a frame, within which 



a plywood box 6 feet by 6 feet and 4 feet depth is built as shown 

in Figure 4-1. The inside of the plywood box was coated with two 

coats of epoxy resin and allowed to dry for three days. A lining 

of woven glass fibre was then placed inside the box, coated with 

the same resin and allowed to dry for two days. To ensure complete 

water-proofing two additional coats of epoxy resin were applied 

and allowed to dry for one week. 

To make sure that there was no conductivity from inside to out­

side of the tank, frequent checks were made with eD ohmmeter. 

The Top Electrode: The top electrode consists of 0.018 inch thick 

copper sheet braced with 0.187 inch thick aluminium sheet. In 

place of this combination a.thick sheet of copper would be qui te 

satisfactory but the cost involved in using thick sheets of copper 

is substantial. The bracing of the copper sheet by aluminium sheet was 

necessary to avoid any bending in the electrode. The preference for 

aluminium as bracing material over other material was because of 

its light weight. 

The two metallic plates were joined with a thin layer of 

Faymore 869 Adhesive, which was allowed to cure for a period of 

five days under a uniform pressure. At the end of the curing period 

the two plates are more or less one solid piece. 

The top electrode was further cross braced with 3 inch by 2 1/2 

inch by 1/4 inch aluminium I-sections and 2 inch by 2 inch by 1/4 

4-11 

inch angles. The overall dimensions of the top electrode are 5 feet-lO.8 

inch by 5 feet -10.8 inch with a cut-out portion of 18 inch by 18 inch at 
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the centre, known as the working area. Figure 4-2 shows the top 

electrode in position. The suspension of the electrode within the 

tank by four levelling screws as sijown in Figure 4-2 is necessary 

as it should be in contact with the electrolyte only. 
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Figure 4-3 is a detailed drawing showing the complete suspension 

arrangement. Four 1/2 inch threaded holes are drilled into the 

extended ends of the angle aluminium through which pass 4-1/2 inch 

brass screws. The brass screws fit into the holes drilled in the 

top edge of the frame housing the tank. These holes are insulated 

with Teflon washers as shown. Such an arrangement allows a vertical 

movement of about 2 1/2 inches within the tank if the overall length 

of the brass screws is 4 inches. 

In the central cut-out portion of the top electrode a non-conductive 

victor board cut to the square shape of 18 inches is fitted. A syste­

matic pattern of holes is drilled in the victor board to support the 

probe at the correct depth. This board will be referred to in future 

as the mode1 plate. The mode1 plate is carried by clamps on the 

shou1ders of the cut-out area (Figure 4-4), these clamps are adjusted 

in such a way that the lower surface of the mode1 plate stays flush with 

the copper surface of the topfe1ectrode. The shou1der clamps at the 

same time maintain the e1ectrica1 continuity between the conductive 

portion of the model plate and the top electrode. 

The Bottom Electrode: The bottom e1ectrode consists of a plain sheet 

of brass 0.040 inches thick 5 feet -10.5 inches square, suspended 

by eight non-conductive ropes, four on each side. These ropes 
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A PHOTOGRAPH OF THE ELECTROLYTIC TANK SHOWING THE MODEL 
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can be clamped to the edge of the tank which al10ws the bottom 

e1ectrode to rest f1at on the bottom of the tank or in a desired 

preca1culated curvature. Figure 4-1 shows the fourropes of the 

bottom electrode. It may be noticed that the 1ength isdifferent in 

each case, which shows that the bot tom e1ectrode in this mode1 was 

not f1at but curved. 

The suspension hooks of the bot tome e1ectrode are attached to 
, ". 

,the ends of the 5 wooden). 1 inch square cross lP1:ê.~.. These cross­

pieces are "fitted to the brass sheet on the lowersurface facing 

4;.17 

the bottom of the tank. To avoid any interferance with the curvature 

of the electrode, the cross-pieces are fixed in such a way'as to 

maintain curvature which is an added advantage of using brass as the 

bottom electrode. 
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CHAPTER V 

MODEL STUDIES OF PILLAR STRESSES 

General: The previous chapters have shawn that within irregular 

mining boundaries, the increase in pillar stresses can be calcu-

lated analytically ,by using the three-dimensional approach, provided 

the terms a and a ( ) in Equation (2-12) can be determined. It w w c 

was also shown (Appendices A-I and A-II) that by simulating the 

mine outlines on an electrical analogue, aw and aw(c) can be determined. 

The electrical analogue, (electrolytic tank) its construction 

and related features have aIl been explained in detail. 

MODEL PREPARATION: 

To ensure that the experiment to be performed on the analogue 

is sub'jected to the least experimental error, it is necessary to 

calibrate the whole array. The closure distribution can be determined 

by a theoretical solution for a parallel sided longwall stope and 

for an isolated circular stope (29). These theoretical distributions 

are compared with the experimental value obtained from the tank. 

Both these openings were simulated with the tank, and the agreement 

between theory and experiment was within ±5 percent. 

It was decided after severa! trials that the frequency of the 

system will be maintained at 1000 cycles per second and supply 

voltage to the tank at 9 volts. 



The actual preparation of the mine model for the study is 

described below step by step. 

1. A mine plane of the mine workings is first reduced to a 

scale to fit into the model plate of 18 inch by 18 inch. Since 

the observations are all in the reef plane, the mine plan for in­

clined workings must be reduced to accomodate for the dip. The dip 

reduction can be achieved either hy a dip-reduction pantograph or by 

r~batting. 

2. The next step is to transfer this outline to the model 

plate. This is done on the lower surface of the model plate by 

marking the stoped out portion after properly centering the whole 

plan on the plate. The unmined ground such as abutments, isolated 

pillars and dikes are the areas which are then covered with ma. king 

tape. Figure 5-1 shows the model plate with the Nordic mine outline. 
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3. The masked portion of the plate is then coated with con­

ductive silver paint. The electrical continuity is checked throughout 

the masked area with a sensitive ohmmeter. Since the conductive portion 

of the model plate is now a part of the top electrode, it will have 

the same potential. The non-conductive portion of the model plate 

represents the stoped ~ut area. When the top electrode is brought 

in contact with surface of the electrolyte by the help of four le­

velling screws, the exposed electrolyte surface through the non­

conductive portion of the model plate ia the area where the potential 

measurements are made. The model plate is pre-drilled with a 
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A SIMULATED MINE MODEL OF NORDIC MINE (DIDS REMOVED) 

FIGURE 5 - 1 
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A SIMULATED MINE MODEL OF NORDIC MINE (DIKES REMOVED) 

FIGURE 5 - l 

·r 



systematic pattern of holes to make a square grid. Through these 

holes the voltages on the exposed water surface are measured by 

5-4 

the help of a probe and a high input independence vacuum tube milli­

voltmeter. Figure 4-4 shows such an arrangement. 

4. After the model has been made and placed in the working 

area of the top electrode, the next step is to ensure the proper 

curvature of the bottom electrode. For horizontal deposits the 

bottom electrode is fiat. Simulating inclined deposits the cur­

vature of the bottom electrode is defined by Hl(Yl ) , Equation (A-27). 

Hl(Yl ) at the centre of the model is the mean depth, used to cal­

cula te the analogue constant (see Appendix B-1). 

Next the bottom electrode is energised by 9 volts of alter­

nating current at 1000 cycles per second with a variable frequency 

generator and a power amplifier. The top electrode includingtt::be 

silvered portion of the model plate is earthed. 



MINE MODELS FOR PILLAR STRESS ANALYSIS: 

Nordic Mine of Rio Algom Mines Ltd.,. Elliot Lake, Ontario: 

This mine is an example of a tabular orebody with a fairly uniform 

dip. This mine has two advantages, it has been used by others (39) 

for predicting pillar stresses on the basis of a two-dimensional de­

flection hypothesis, and the field measurements of some pillar stresses 

are also available (40) for comparison purposes. 

General Geology: The regional geology of the area has been ex­

plained in detail elsewhere (41,42,43). For present purposes a 

brief description follows. 

Nordic uranium orebody occurs within a succession of pre-cambrian 

sediments of the Huronian formation. A major unconformity exists 

between the Huronian and the pre-Huronian rocks. The formations 

belonging to the former group are gently folded with slight meta­

morphism, whereas the rocks of the latter group have been subjectled to 

a high degree of folding and metamorphism. 

This major contact has been exposed in the form of a broad 

Z-shaped structure (see Figure 5-2) by erosion and the northern 

part of this represents a synclinal fold with the Huronian se­

diments plunging moderately to the west. The 80uthern: part re­

presents an anticline where the Huronian rocks have been eroded 

and the pre-Huronian basement exposed. 
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The two potential ore zones are found in quartz-pebble conglo­

metrates in the synclinal area. The mine is on the south 1imb of 

the syncline (43). 

The formation is cut by several east-west diabas. dikes, dipping 

almost vertically. Diabase sills also appear in the succession. 

Faults are present regionally, with strikes in the north-west and north­

east directions. There is a main east-west fault. The movement has 

generally been the south side up and to the west. 

Structural Geology: The regional folding in the region i8 believed 

to be the result of regional compression in a north-south direction. 

Relaxation of this compression possibly accounts for some of the east­

west steep angle faults, which were subsequently introduced by diabase 

dikes (41,42). 
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The two (l:it!edominant faults, in the east and west areas respectively 

are nearly vertical, stri~1ng N 80
0 E and N 80

0W respectively. These 

are normal faults with displacements fram an inch to a foot on the 

north side. 

Fractures strike nearly east-west, and usually are normal to the 

reef but some have a vertical dip. They occur in groups and seldom 

seem to extend for more than 75 feet. 

A few fractures, striking N 750 E, may be associated with minor 

faults further east (42). 



The orebody here, dips between 10 and 23 degrees to the north 

'with an east-west strike (42). 

The te'st area in the mine (9W9 to 1109 stopes) seems to be 

relativelyfree from faults. To the east, the pp~ominant direction 

o 0 of near-vertical faults i5 N 80 E. To the west it 1s about N 80 W. 

These are normal faults usually with downward displacement on the 

north side by a few inches to a few feet (42). 

The Orebody: The orebody occurs in closely packed conglomerates with 

quartzite and small amounts of microcline (42). 

The_orebody in the mine area lies close to the Archean base-

ment at the out crops and is about 30 feet above the basement in 

the test area, gradually increasing to about 50 feet to the north-

west. Above the orebody lies upto 500 feet of medium to coarse-

grained quartizite. On the whole, it is massive and nearly monolithic. 

lt is overlain by about 30 feet of greenstone conglomerate followed 

by 50=-100 feet cif argU:t:().t~ _(42). 

Four nearly vertical diabase dikes 50-80 feet thick cut the 

Huronian in the east-west direction (42). Figure 5-3 is the plan 

of the mine showing the mining boundary, the test locations and the 

three dikes cutting the orebody in east-west direction. 
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Mining Method: The mining is a conventional room and pillar 

operation. A section of the workings is shown in Figure 5-4. (This 

area has been used for the measurements, in the field and the loca­

tions of drill holes are indicated by the respective numbers in 

three stopes, such as 9-IR, 10-IL, lI-le etc.) Haulagesare driven 

on strike, stopes are between 200 to 350 feet length. Raises are 

carried up-dip to leave a central pillar 10 foot wide, between 

two stopes each 65 feet on strike mined to a width (height) varying 

from 7 to 14 feet. A crown pillar ~ about 15 feet in breadth is 

nominally le ft between the top of the rooms and the haulage-way 

above. 

Field Measurements of the Pi11ar Stresses: 

Method of Measurement : The- io;~situ stress measurements in the 

pil1a~ in this mine have been obtained using the boreho1e defor­

mation meter developed by the Unites States Bureau of Mines (61). 

This technique consists of dri1ling an IX hole (1.5 inches in 

diameter) into the rock. The deformation meter is then inserted 

into the hole which, in effect acts as a feeler gauge. As the rock 

surrounding the ho1e is in compression due to the stresses in the 

ground, the ho1e is actua11y dri1led into the rock when it is in a 

deformed state (61). The stress in the rock is _then re1ieved by 

overcoring the ho1e with a 6-inch bit. As the stress is relieved 

the rock expands, which increases the diameter of the EX ho1e • 

The deformation meter then measures this increase in diameter in 

the specifie directions. The measuring element is a beryl1ium 

copper cantilever on which four resistance gauges are mounted and 
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connected to form a Wheatstone bridge. The cantilever also pro duces 

the force required to keep the position in contact with the side 

walls of the borehole. 

From the measured increase in the diameter of the EX hole, resulting 

from the release of the surrounding stress by overcoring, it is possible 

to calculate the stresses acting in the plane perpendicular to the 

axis of the hole. The deformation is dependent on the amount of stress 

being relieved and the modulus of deformation of the rock. 

The drilling operation is carried out with a skid-mounted machine with 

a hydraulic head, powered by two-cylinder, four stroke piston type com-

pressed air motor (40). A short length of 6-inch core is first taken 

from the rock face to get past the surface fracture zone. The hole 

is then centered for EX core barrel by placing .guides and then drilled 

about 10 feet ahead of the 6-inch core face. 

The deformation meter is initially placed in the EX hole at the 

desired orientation 6 to 9 inches from the collar. The cable connecting 

the meter inside the hole and the strain indicating device outside is 

brought out through the drill rods. The difference between the initial 

reading and the final reading during the overcoring operation is a 

measure of the amount of deformation or expansion of the EX hole. 

After overcoring one position, the 6 inch core is broken off, 

the end of the hole withdrawn and marked for location of the deformation 



measurement •. However, in some cases the measurements are lost 

owing to the premature breaking of the core during the overcoring 

operation. This is believed to be a result of weekly cemented 

joint planes or from the discing and fracturing (40). 

The Results: The results of the pillar stress measurements in this 

mine are given in Table 5-1. These measurements have been made at 

the locations shown in Figure 5-4. The breadth of the pillars in 

this area varied from s'.:t't[ 15:feet. The depth below the surface to the 

measuring holes varied from 850 to 1010 feet. The major principle 

stresses (measured) varied from 7500 psi to 15600 psi (40). 

The measurements at locations 9-lR, 9-2C and Il-IR could not be 

obtained as a result of discing during overcoring. This is believed 

to be an indication of higher stresses at these locations. The 

major principal stress was neither vertical nor normal to the plane 

of the ore but was inclined up-dip at an angle of about 300 to the 

orebo9Y. This inclination shows that shear stresses exist on planes 

parallel to the walls. However, the magnitude of these stresses 

is relatively low. It is probable that most significant pillar 

stresses are those normal to the hanging and footwalls. These 

values vary from 5480 psi to 13700 psi with possibly higher values 

at locations where discing occurred (40). 

5-13 



e . TABLE 5-1 

Average Pi11ar Stresses from Field Measurements (40) 

No. 

9-lR 

9-2R 

9-3R 

9-lL 

9-2L 

9-3L 

9-lC 

9-2C 

10-lR 

1O-2R 

1O-1L 

1O-2L 

10-lC 

1O-2C 

11-1R 

11-2R 

11-1L 

1l-2L 

11-1C 

1l-2C 

1l-3C 

B = breadth of pi11ar 

z = depth from ground surface 

cr = stress normal to wa11s in pi11ar 
p 

B(ft. ) z (ft.) 

9.4 870 

8.3 860 

7.7 850 

14.5 870 

8.7 860 

10.7 850 

10.7 870 

8.8 860 

10.2 910 

15 .• 2 890 

14.8 910 

14.2 890 

8.7 910 

'9.7 890 

8.3 1000 

13.6 980 

13.6 1000 

10.7 980 

8.2 1010 

11.2 990 

10.3 960 

crp (psi) 

8,200 

10,360 

7,700 

7,630 

13,700 

5,480 

7,270 

8,010 

6,840 

6,340 

12,260 

8,150 

10,460 

9.190 

10,580 

10,210 

9,320 

10,230 
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Predicted Pillar Stresses: 

The model study for Nordic mine Is based on the mine plan 
(Figure 5-3) mapped in 1965 (42). The parameters and the constants 
of the mine used for this study are discussed below. 

The field stress measuremenœat Nordic have been made at sites 
900 feet to 1100 feet away from the active mining zones (40). The 
representative nature of these observations has been discussed by 
Coates (39), and he has suggested a k-factor (i.e. S Is = k) of t 0 3.36. These observations have shown that the horizontal components 
of field stress are greater than the vertical. It has been suggested 
(39) also that the gravitational stress should be used for the 
vertical field stress. For aIl calculation made in this study the 
ratio between St and So and Sx and So has been taken as 3.36 due 
to lack of data to the contrary. 

The centre of the mine model 1s defined by the intersection of 
15500 N and 64000'E grid lines, (approximately on the seventh level). 
The depth of this point from the surface is about 725 feet, which 
glves a gravit y load of 840 psi. The normal component of the field 
stress, 80 , is based on the gravit y 10ad of 840 psi, a k-factor of 
3.36 and an average dip of 14 degrees. This gives a value of 950 
psi for 8 • 

o 

The elastic modu1i se1ected are a result of a review of various 
1aboratory tests conducted.(43,44,45,46) on the pillar and wall rock 
of Nordic Mine. The values thus selected are 12 x 106 psi and 0.18 
for the Modulus of Elasticity and Poissons Ratio, respectively, for 
both wall am pillar rocks. 
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e Other constants are average dip of the orebody 14 degrees, 

average height of the pillar 8 feet and the average breadth of 

the pillar 10 feet. 

The normal displacements calculated from the model are at the 

locations where the pillar stresses have heen measured in the field, 

as shown in Figure 5-4. The mine coordinates of these locations had 

to he transferred to the tank coordinates with a linear scale re-

duction. The scale factor, S, used was 6000. 

It may again be mentioned here that Equation (2-12) developed 

for predicting pillar stresses is a function of the variable B , 
w 

the displacement as a result of 100 percent extraction, Bw(c) the 

displacement at the centre of the total mining zone. In other words, 

it may be sa id that for determining pillar stresses, within irregular 

mining outlines, with a three-dimensional approach the analogue pro-

vides us with only two variables B for each point of reference and w 
Bw(c). The other terms in Equation (2-12) are constant for a (mine) 

model. The desired curvature of the bottom electrode to simulate 

dip of the orebody is obtained from Equation (A-27). 

Thus knowing the size of the pillars, the percentage extraction 

ratio (R), the èlastic properties of the wall rock and pillar rock, 

the normal and horizontal components of the field stresses together 

with Bw and Bw(c)' Equation (2-12) can be used to predict the pillar 
stresses. 

The pillar stresses predicted by Equation (2-12) are based on 86 
percent extraction and not 84 percent as used earlier (39). The figure 
of 86 percent was the result of a thorough planimeter survey of the 
mine plane by the author. These results are the data in Table 5-2~ 
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TABLE No. 5-2 

Predicted Pi11ar Stresses 

6 Sa = 950 psi, ~ = 3.36, E = E = 12.0 x 10 psi, ~ = ~ = 0.18 p p 

No. 

9-1R 

9-2R 

9-3R 

9-1e 

9-2e 

9-1L 

9-2L 

9-3L 

10-lR 

10-2R 

10-le 

10-2e 

10-H. 

10-2L 

11-1R 

11-2R 

Il-le 

11-2e 

11-3C 

11-1L 

11-2L 

h = 4.0 ft., B = 10.0 ft., R = 0.86, e ( t)= 27.299 mm w cen re 

e (m m) 
w cr (psi) 

P 

18.450 9,598 

16.271 8,568 

12.348 6,713 

18.288 9,522 

15.532 8,219 

24.156 12,297 

18.741 9,736 

13.118 ·7,077 

23.479 11,977 

22.987 11,744 

25.634 12,996 

24.713 12,560 

26.4&2 13,378 

25.011 12,701 

18.068 9,418 

18.768 9,749 

18.665 9,700 

19.897 10,274 

21.902 11,231 

20.324 10,485 

21.868 11,215 
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DISCUSSION OF RESULTS: 

Figures 5-5, 5-6 and 5-7 show the comparison along the sectional 

lines passing through the right rib, central and left rib pillars 

(see Figure 5-4) of the predicted and measured values of these stresses. 

These locations are spread along three stopes 9W9, 1009 and 1109. By 

the study of these figures it is apparent that there is some agreement 

between predicted and measured pillar stresses at most of the locations. 

The measured values in Figures 5-5 and 5-7 are very similar in 

general trend while the measured values in Figure 5-6 show entirely 

a different trend. On the other hand the predicted values in aIl the 

three diagrams are relatively similar in trend. The average of 

me&sured values in 9W9 stope (8857 psi) and 1109 stope (9998 psi) 

show a reasonable agreement with the predicted averages of 8341 psi 

and 10296 psi for 9W9 stope and 1109 stope respectively. The predicted 

values in 1009 stope are higher than the measured values although 

location lO-le shows a close agreement. 

The best agreement between predicted and measured values are 

found in Figure 5-6, the central section of the test area. 

On examining the structural features in the three stopes the 

following observations may be noted. 

1. The plan of 9W9 (Figure 5-8) shows the distribution of joints 

or fracture lines that could be observed in the roof of the stope. In 

addition number 3 dike forms the southern boundary of the stope. 
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1 

2. 1009 stope on the other hand is free of dikes and faults, 

and the frequency of joints is relatively less than in ':9W9~8fid 1109 

. stopœ (Figure 5-9). 

3. 1109 stope has a fault passing through it (see Figure 5-11), 

and the frequency of joints or ~racture lines is relatively high 

(Figure 5-10). 

4. A study of the area adjacent to the test locations shows 

the presence of two normal north-south striking faults which dip 

around 80-85 0 but opposite to each other . ·(Figure 5-11). These 

faults appear to have influenced thè measured values particularly 

in the row of left rib pillars. 

It is reasonable to conclude that the geological disturbances 

caused or contributed to the local variations in the measured pillar 

stresses in the three stopes. It has been shown (47,48) that the 

post-mining adjustments are influenced by the spatial distribution of 

the joints. 

The measured and predicted stress values were further compared 

on contour maps shown in Figures 5-12 and 5-13. Close examination 

of these diagrams show that the measured values and the predicted 

5-26 

values exhibit NE-SW trends. Furthermore, there is relatively close 

agreement between the two contour maps in 1109 stope and the western right 

rib section of 9W9 stope. The discrepancy is greatest in the eastern 

half (left rib and central section) of the 1009 stope. To clarify the 

extentl-· of the discrepancies between the measured and predicted values, 
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a third contour map was drawn, Figure 5-14, in which the differences 

between the predicted and measured stresses are plotted. This 

map shows that in the majority of the area the discrepancy is less 

than 4000 psi or 30 percent (see Figure 5-15) of the predicted 

values. 

The areas of disagreement are essentially on the eastern flank 

(left rib section) of the test area and appears to be directly due 

to the influence of N-S fault.,mentioned earlier,and-shown itt-tbese 

diagrams. 

To compare measured and predicted values, it would, therefore, 

be necessary to remove structurally influenced measured stress r.eadings. 

It is realized, that this May oversimplify the measured stress pattern 

but it should be acceptable in the comparison contemplated, because 

the tank analogue represents a simple Modele 

A simi1ar modèf study was made without simu1ating the dikes. 

Figure 5-t shows the photograph of this mode1. The pi11ar stresses 

thus predicted are given in Table 5-3. The Most significant thing 

to observe in this stady is that the predicted stresses in 9W9 stope 

are higher than in 1009 and 1109 stopes. This is due to the fact that 

9W9 stope is practically in the Mid span with respect to the geometry 

of the whole reef plane. Such a location will··ca11 for higher 

displacement values and thus higher pi11ar stresses. The absence 

of dikes has not on1y inf1uenced the values of 9W9 stope but that 

of 1009 and 1109 stopes as weIl. These results are higher than the 

ones previously calculated. 
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TABLE 5-3 

Predicted Pillar Stresses (Dikes removed) 

So = 950 psi, k = 3.36, E = Ep = 12.0 x 10
6 

psi, ~ = ~p = 0.18 

h = 4.0 ft., 

No. 

9-1R 

9-2R 

9-3R 

9-1e 

9-2e 

9-1L 

9-2L 

9-3L 

10-lR 

10-2R 

10-le 

10-2e 

10-lL 

10-2L 

Il-IR 

11-2R 

11-1e 

11-2e 

11-3e 

lI-IL 

ll-2L 

B = 10.0 ft., R = 0.86, ô ( t ) = 65.00 m m w cen l'e 

Ô (m m) 
w 

cr (psi) 
P 

63.803 14,288 

64.011 14,332 

64.203 14,372 

63.745 14,276 

64.036 14,337 

62.988 14,117 

63.531 14,~31 

63.963 14,322 

59.624 13,412 

60.673 13,632 

58.895 13,259 

60.466 13~589 

59.237 13,331 

60.715 13,641 

51.149 11,636 

51.873 11,788 

50.022 11,400 

51.292 11,666 

53.827 12,197 

50.180 11,433 

51.887 11,791 
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. It may be argued that such a simulation is not logica1 because 

one cannot ignore the presence of dikes in the mine but at the 

same time it is a good academic exercise to prove the effect of 

dikes as a massive support. 

A comparison has been made uef;-:::; three different approaches, 

tributary area method, two-dimensiona1 def1ection hypothesis and 

the three-dimensiona1 method. These ca1cu1ated values in terms 

of stress concentratio.ns are. given in Table 5-4. 

The tributary area method predicts that the concentration of 

stresses is the same at a11 the locations, whi1e the two-dimensiona1 

hypothesis based on improved theory (Equation 1-2(b» predicts the 

minor variations. The three-dimensiona1 appraoch is be1ieved to be 

more va1id to actua1 mining conditions, as the pi11ar loading 

within the who1e mining zone is a function of the geometry of workings 

in both dip and strike directions. For examp1e, the range of stress 

concentrations predicted by Equation (1-2(b» is from 5.14 to 6.18, 

on the other-hand the rangelOf concentrations varies from 6.07 to 13.08 

using Equation (2-12). These concentrations for the three sections 

of pi11ars (right, central and 1eft) are p10tted in Figures 5-16 

through 5-18. The significant differences are qui te evident. 
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TABLE 5-4 

eomparison of the Predicted Pillar Stresses using three 

Different Approaches 

(1) Tributary Ar~a Method 

(2) Two-Dimensional Deflection Hypothesis 

(3) Three-Dimensional Method 

No. 1 2 

9-1R 6.14 ':" 

9-2R 6.14 5.333 

9-3R 6.14 5.165 

9-le 6.14 5.453 

9-2e 6.14 

9-1L 6.14 5.325 

9-2L 6.14 5.141 

9-3L 6.14 5.487 

10-lR 6.14 6.177 

10-2R 6.14 5.814 

10-le 6.14 6.129 

10-2e 6.14 5.823 

10-lL 6.14 6.187 

10-2L 6.14 5.869 

l1-IR 6.14 

11-2R 6.14 5.69l 

11-le 6.14 5.398 

11-2e 6.14 5.718 

11-3e 6.14 5.372 

11-lL 6.14 5.603 

11-2L 6.14 5.946 

3 

9.104 

8.019 

6.066 

9.023 

. 7.651 

11.943 

9.248 

6.449 

11.607 

11.362 

12.679 

12.221 

13.081 

12.369 

8.913 

9.262 

9.210 

9.815 

10.822 

10.036 

10.805 
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Possible causes for the Discrepances: 

The discrepanc~between the measured and predicted pillar 

stresses could be due to any of the following. 

1. The predicted results disregard the effects productedon 

the pillar stresses by the presence of geological disturbances such 

as, faults, minor folds and fractures, which could change the field 

stresses locally to an unpredictable extent. Also the pillar stresses 

are obtained for average dimensions of pillars, which may not be 

accurate for aIl pillars. 

2. Re~ent studies (49,50) have shawn that there exists a stress 

concentration at the end of the borehole due to field stress along 

the axis of the hole, which was not included in the calculations. 

Thus the field stress measurements with present techniques, can be 

accepted only with reservations. 

3. The predicted values are actually tœ increase in the normal 

stress, S. This stress may not conform with field conditions. o 

There is no doubt that such difficulties will always be present until 

more reliable techniques for measuring the pre-mining stressee are 

available. 

4. The percentage extraction is one of the most important factors 

in predicting pillar stresses. By varying this factor, even by 2 

percent, in the high extraction range a noticeable change takes 

place in the predicted values. Therefore an optimum extraction 

ratio must be maintained. 
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TABLE 5-5 

Predicted Pi11ar Stresses for Different Extraction Ratios 

S = 950 psi, o 

h = 4.0 ft, 

6 k = 3.36, E = E = 12.0 x 10 psi, ~ = ~ = 0.18 
p p 

B = 10.0 ft. 8 ( ) = 27.299 w centre 

&J /S for 
p 0 

No. R = 0.80 R = 0.82 R = 0.84 R = 0.86 R = 0.88 R = 0.90 

9-1R 

9-2R 

9-3R 

9-1e 

9-2e 

9-1L 

9-2L 

9-3L 

10-lR 

10-2R 

10-le 

10-2e 

10-lL 

10-2L 

11-lR 

11-2R 

11-1e 

11-2e 

11-3e 

11-1L 

11-2L 

6.08 

5.35 

4.05 

6.02 

5.11 

7.97 

6.17 

4.30 

7.75 

7.58 

8.46 

8.16 

8.73 

8.26 

5.95 

6.18 

6.15 

6.55 

7.22 

6.70 

7.21 

6.87 

6.06 

4.58 

6.82 

5.78 

9.02 

6.98 

4.87 

8.77 

8.58 

9.58 

9.23 

9.88 

9.34 

6.73 

6.99 

6.96 

7.41 

8.17 

7.58 

8.16 

7.86 

6.92 

5.24 

7.79 

6.61 

10~31 

7.98 

5.57 

10.02 

9.81 

10.95 

10.55 

11.29 

10.68 

7.70 

7.99 

7.95 

8.47 

9.34 

8.67 

9.33 

9.10 

8.02, 

6.06 

9.02 

7.65 

Il.94 

9.25 

6.45 

11.60 

Il.36 

12.68 

12.22 

13.08 

12.37 

8.91 

9.26 

9.21 

9.81 

10.82 

10.03 

10.80 

10.72 

9.44 

7.14 

10.62 

9.01 

. 1<'.06 

10.89 

7.59 

13.66 

13.38 

14.93 

14.39 

15.40 

14.56 

10.50 

10.90 

10.84 

Il.56 

12.74 

11.82 

12.72 

12.91 

11.37 

8.60 

12.79 

10.85 

16.93 

13.11 

9.15 

16.46 

16.11 

17.98 

17.33 

18.55 

17.54 

12.64 

13.13 

13.06 

13.92 

15.34 

14.23 

15.32 
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Figures 5-19 through 5-21 show the effect of percentage 

extraction on the predicted stresses graphically. The extraction 

ratio in this study has been varied between 0.80 to 0.90 in 

increments of O.OZ. This seems to be the range within which the 

Nordic mine has been worked~. The predicted values are the data 

in Table 5-5. Examining Figures 5-19, 5-20 and 5-21 the trend 

of the stress concentrations in aIl the three sections of the pil1ars 

i8 increasing with the increasing recovery. 
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CHAPTER VI 

MODEL STUDIES FOR ABUTMENT STRESSES 

General: The data obtained from the analogue in the form of spot 

voltage for a mine model not only permit~ the calculation of dis­

placements but can also be used to calculate the induced stresses 

in' the solid rock surrounding the mine excavations in a tabular 

orebody (26, 27, 28). The necessary equations to calculate such 

stresses in an isotropie homogeneous elastic medium are given in 

Appendices B-II and B-III. 

For the prediction of abutment stresses, the two mining out­

lines simulated are: 

1. the Nordic Mine and 

2. the Kerr-Addison Mine. 

These mine outlines are used because some stress measurements 

6-1 

have been made and the elastic constants of the rock substance are avail­

.a.blet for each mine. 

NORDle MINE MODEL: 

The abutment stress measurements in the Noridc mine were made 

between December 1965 and the end of 1967. The simulation study 

is based on mining outlines for 1965 (42) and 1967 (74). These 

outlines are shown in Figure 6-1. The model study ia based on 

leaving about 14 percent of the ore as pillars. Figure 6-2 ahows 

a photograph of such a model with a 1965 outline. 
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A SIMULATED MINE MODEL OF NORDICMINE SHOWING 1965 OUTLINE 

FIGURE 6 - 2 
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The coordinates of the locations at which the induced stresses 

have been ca1cu1ated are given in Table 6-1. 

The assumptions regarding the e1astic constants are the same 

as used for the mode1 study of pi11ar 10ading. 

In Situ Stress Measurements: 

Method of Measurement: The abutment stresses in this mine were 

measured (54,55) by using the strain ce11 deve10ped at the South 

African Counci1 of Scientific and Industria1 Research (63) and modi­

fied at the Mining Research Centre at Elliot Lake (69). This strain 

ce11 containing e1ectrica1 resistance strain gauges is glued on the 

f1attened end of a BX(2-3/8 inch diameter) boreho1e dri11ed in 

the rock, after the end of the boreho1e is ground f1at and smooth 

6-4 

with a square-faced diamond bit and a f1at-faced diamond impregnated bit. 

The strain ce11 measures the change.in strain of the rock on which 

it is glued when the stress is re1ieved by extending the boreho1e 

beyond the gauges by means of the coring drill. The measuring e1ement 

is.a rectangu1ar strain gauge rosette, the individua1 gauges of·which 

are oriented to measure changes in strain in the vertical, 45°, and 

horizontal directions. The measuring 1eads from the gauges are con-

nected to 4 pins in an insu1ated connector p1ug. The p1ug and the 

gauge both are encapsu1ated in a silicone rubber compound which 

provides physica1 protection as we11 as waterproofing for the strain 

gauges. 
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TABLE 6-1 

Locations of the Ho1es Simu1ated on the Mine Mode1 

of Nordic Mine for Abutment Stresses 

ApproKimate 
No. Leve1 N E DrUling 

Dates 

1 

A 700 East Hau1age 15,890 66,862 Jan. 1967 

B 900 East Hau1age 16,460 66,995 Dec. 1966 

C 1000 East SUI 16,870 67,240 Jan. 1967 

D 1100 West SUI 16,652 60,157 Sept. 1966 

E 1300 West Sil1 17,032 59,300 Sept. 1966(x) 

F 1400 West Hau1age 17 ,300 60.255 May 1967 

G 1400 West Ore 17,380 60.498 June 1967 

H 1400 East SUI 17,390 63,970 Sept/Oct. 1966 

l 1400 East Ore 17,535 64,295 Nov. 1966 

J 1400 West Extension 17,620 61,950 Dec. 1965 

(x) This ho1e could not he simulated on the mode1 



Analysis of Data: 

The field results obtained by using this technique, have been 

adjusted for stress concentrations due to the field stress along 

the axis of the borehole (55). Table 6-2 gives the maximum, minimum 

and the aver§ge (arithmetic) for both major and minor measured prin­

cipal stresses. 

The range of the values provided by the data is so wide as to 

reflect on the accuracy of measurements and/or technique. Never­

theless, for study purposes. an arithmetic mean was calculated. 

The induced stresses in the abutment zones, based on the model 

study, are data given in Table 6-3 together with the locations at 

which measurements were made. 

While the geometries of the underground openings make~tt 

difficult to establish the exact relationships between the locations 

at which stresses were measured and the mining boundaries at the 

time that the measurements were made, it is thought that reasonable 

accuracy has been maintained in plotting the locations for the 

model study • 

. ·On comparing the model values with mea~ured values (Tables 

6-2 and 6-3), the model values fall within the spread of the measured 

values. This agreement is quite remarkable when one considers,·that 

the model is an idealized version of the field conditions. 
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TABLE 6-2 

Measured Stresses in the abutments 

at Nor~:fl~ Mine<~) 

Location Major Principal Stresses Minor Principal Stresses 
.(psi) (psi) 

No. 
Average Max. Min. Average Max. 

of a11 the of aU the 
Measurements Recorded Recorded Measurements Recorded 

A 700 East Hau1age 1783(14) ( )4023 
(13 ft.) x 

548 375(14) 1224 

B 900 East Haulage 3876(10) ( ) 8490 
(28 ft.) x . 

1244 280(10) 1505 

C 1000 East SUl 4153(6) ()6572 
(14 ft.) x 

1854 1176(6) 3422 

D 1100 West SUl 492:5'( 25) ( ) 9604 
(18 ft.) x 

2681 2211(25) 3438 

F 1400 West SUl 4192(17) ( )6556 1799 1231(17) '2099 

G 1400 West Ore 
p9 ft.) x 

3376 2686(16) 4502 4~49(16) ( )5422 
(17 ft.) x 

H 1400 East SUl 5445(16) (x)8403 2528 1403(16) 4333 
(32 ft.) 

l 1400 East Ore 2256(7) () 3829 
(43 ft.) x 

1152 -128(7) 1058 

J 1400 West Ext. 5151(30) 10,499 3131 1743(30) 4764 
(18 ft.)(x) 

~) These values are calculated from Table 3, Ref. (55). 

() The number in the paranthesis indicates the number of observations 

at each location. 

(x) Average distance from the abutment. 

Min. 

Recorded 

-1321 

-2304 

-189 

324 

381 

818 

-394 

-908 

152 



No. 

A 

B 

C 

D 

F 

G 

H 

1:'. 

J 

TABLE 6-3 

Ca1cu1ated Principal Stresses from the 

Nordic Mine Mode1 

Principal Stresses 
Location 0'1 0'2 

700 East Hau1age 2670 :"~1847 

900 East Hau1age 9363 5135 

1000 East SUl 1413 730 

1100 West SUl 4667 3410 

1400 West SUl 1967 1032 

1400 West Ore 2240 1106 

1400 West SUl 2138 881 

1400 East Ore 1696 668 

1400 West Extension 8188 3789 

6-8 

(psi) 

0'3 

-10,651 

2627 

40 

-553 

-141 

-55 

.249 

94 

-371 



The complex uafare of the field stress measurements ~a' depicted 

by the values given in Table 6-2, particularly at locations B,J and D. 

In the case of minor principal stresses the Most erratic model value 

(Table 6-3) is at location A, which has a maximum deviation from the 

field measurements. 

On examining the geometry of location A closely, it is evident 

that the location is clos~to both,the number aè dike and the Most 

complex mining boundary. The high tensile stress at this location is 

probably due to one or both of these features. lt has been suggested 

earlier (56) that the presence of dike could influence the stress 

distribution locally. 

The model value also suggest that the number t~13e:..: dike exerts an 

influence on the abutment stresses in the down dip direction. At 

locations A,B and D nearest the dike, the deviation in the values 

is maximum while the effect is lèss pronounced further away (namely 

at locations C,F,G,H and l).' The values at I, both from field measure­

ments and the model are in essential agreement, but are anamaloù~l~~bDgh 

and at present (;defy'~ interpretation. However, it is suggested that 

the proximity , to complex mining boundary is the cause of the high 

model value at location J, 

A comparison of bhe model values and field measurements at each 

location is possible on the basis of the distance from the mining 

boundary. But since the values are directly dependent on the geometry 

of the outline, such a comparison May not be logical. 
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The effect ofcomplex geometry can be visualized by a reference 

to the stress profile,Figures 6-3 and 6-4 representing comparatively 

simple sections along 6BOOE coordinate (see Figure 6-1). The princi­

pal stresses calculated refer to the models, one with 1965 stoping 

outline and the other with 1967 stoping outline. These two Figures 

suggest the following conclusions. 

1. The stress gradient, as expected, grad~aily decreases 

with increasing distance from the mining boundary and eventually 

reaches field stress conditions. It also confirms that stress con­

centration takes place only in the immediate vicinity of the openings 

(65,66). However, such a relationsh~p is not always apparent with 

more complicated geometry, refer also to Figure 6-10. 

2. The two graphs show a significant difference in the magnitude 

of abutment stresses,although the distance of the locations from the 

mining boundary is the same .in both cases. Th.is is the result of 

extending the mining boundaries between 1965 and 1967 (Figure 6-1). 

The same section if studied on the basis of two-dimensional approach 

woulâ show little difference in the con.entrations, because the only 

parameter that could be takeninto .consideration would be the axis 

ratio. 

Such a study indlcat:eïi;' beyond doubt, that the stress concentrations 

at mining boundaries are affected by the geometry of the entire mined 

out area~ It therefore emphasises the importan:œ of examining abutment 

stresses by the three-dimensional method. 

6-10 
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Interpretation of Model values using Stereographie Projection: 

The computed principal stresses from the model study for each 

location have been plotted on a stereooèt,Figure 6-5. The orien­

tations of these stress vectors are given in Table 6-4. 

Figure 6-5 shows that most of the computed stress orientations 

fall in a series of restricted fields or areas in the net. 

The azimuth and the plunge of each stress component was derived 

from the computed vectors plotted on the stereonet. These are given 

in Table 6-5.' The stereonet shows a variance of approximately 45 

degrees in the overall distribution of stresses which may be entirely 

due to the model geometry. However, most of the calculated principal 

stress vector orientations show an acceptable spread in the net,. the!;;: 

densest distribution of stress orientations being that of the inter~ 

mediate principal stress, w2• In those cases where there is a pro­

nounced ,.'dev:i:ation from the mean, it is evident that the locations 

representing these points indicate that the changes are probably due 

to their proximity to the dike. 

From the above analysis it can be inferred that the in­

fluence of the dike is most prbminent at points A,B,C and D (see 

Table 6-5), aIl of which are relatively close to the dike abutment 

zone. 

The correlation between the field values and computed values 

shows that the field conditions in this mine can be approximated by 

the data obtained from an ideal model. 
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TABLE 6-4 

Orientations of the mode1 principal stresses with respect to the 

strike. dip and perpendicular directions of the excavation 

Orientation in Degrees along 

Location Stress Vector Strike Dip Perpendicular 

al 61.61 127.03 129.92 
A a2 135.48 133.74 83.10 

a3 58.97 113.60 40.75 

al 26.59 116.58 91.18 

B a2 120.90 31.04 87.85 
a3 25.05 64.99 88.94 

al 62.66 132.24 54.50 
C a2 125.72 74.82 39.77 

a3 
48.14 46.10 74.26 

al 19.89 73.95 101.44 
D a2 105.07 77 .76 160.43 

a3 77 .41 159.65 105.77 

al 53.76 50.30 119.50 
F a2 121.35 99.53 146.97 

a3 51.97 138.76 103.61 

al 60.99 46.53 122.68 
G a2 121.83 105.24 143.94 

a3 45.73 132.57 103.63 

al 78.85 41.20 129.03 
H a2 113.00 122.03 138.86 

a3 25.87 113.07 101.11 

al 80.02 38.24 126.47 
l a2 106 .60 122.54 142.53 

a3 19.56 107.93 97.62 

al 70.97 40.86 124.56 
J a2 117.03 113.66 142.74 

a3 28.31 116.68 98.82 
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A 

B 

TABLE 6-5 

Plunge and Strike of the Model Principal Stres&es Vectors 

0' l' 0'2 and 0'3 

No. Location Stress P1unge Strike Vector 

0'1 40° N38° E 
700 East Hau1age 0'2 09° S4SOW 

0'3 50° N540W 

0'1 89 S670E 
900 East Hau1age 0'2 09 N310W 

0'3 89 S6SoW 

0'1 36 N31W 

C 1000 East Sil1 0'2 50 S68E 
S46W 0'3 16 

0'1 13 N740E 

D 1100 West Sill 0'2 71 N320W 
0'3 14 S14°E 

0'1 30° N42E 
F 1400 West Haulage 0'2 57° S74W 

0'3 15° S40E 

0'1 \- 35 N350E 
G 1400 West Ore 0'2 53 S64w 

0'3 13 S45E 

0'1 40° N130E 

H 1400 East Sil1 0'2 48° S46°W 
0'3 10° S660E 

0'1 36° 
52° 

N130E 
l 1400 East Ore 0'2 S380W 

0'3 06° S7loE 

0'1 36 N23E 
J 1400 West Ext. 0'2 52 s48W 

0'3 70 S62E 
! 
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KERR-ADDISON MINE MODEL: 

Kerr-Addison Mine: 

Geo1ogy : The geo1ogy of the mining area is discussed in detai1 

e1sewhere (52,53). The Kerr-AddisonGold mine is located in tQe 

Larder Lake district of Ontario. The regional structure is marked 

by strong, wide carbonatized shear zones and ta1c-ch1orite schists. 

Loca1ly this structure is cal1ed the Larder Lake "break" and has a 

wiGteh o 0 of 600 feet striking N 60 E and dipping 78 to North. It 

occurs between sediments to the north and volcanics (tuff and basic 

lava ) on the south. The orebodiés are disconnected and distributed 

throughout the area. 

One of the main structural features is the Kerr fault, which 

occurs towards the southern edge (footwall) of the main ore zone. 

It is believed that the movements along the fault are responsible 

for the fracturing of the orebody and it also seems to have worked 

as a channel for the hydrothermal activity which has resulted in 

gold deposition (53). 

The ore deposits are located within a strong competent rock (51), 

close to the fault. The surrounding ground seems to have been subjected 

to intense metamorphism. 

Mining Hisc.ory: The mine has been worked from the surface downwards 

and where there are parallel orebodies, from hanging wall to footwall. 

The mine above 2200 level was worked by shrinkage and sub-level stoping, 



but as ground conditions became more difficult, ~he above methods 

were replaced by cut-and-fill. The workings have been extended 

to the 4400 level (51). 

Rockbursts have been frequent below 3100 level. Of 104 bursts, 

52 have occurred between the 3100 and 3700 levels, 31 below 3700 

level and 21 above 3100 levels, Figure 6-6 shows a longitudinal 

section of the main ore zone mapped in the year 1967 (51). 

Stress measurements: The stress measurements in this mine have been 

made using the CSIR technique (63) mentioned earlier. AlI the cal­

culations are based on Bsing a stress concentration factor of 1.53 (51). 

The locations where the in~,â.itlu stress measurements were made 

are shown in' Eigure 6-6. These locations in the mine are about 

6-18 

60 feet below 4000 level (see Figure 6-7) Hole 4 was drilled in the stope ".1 1 

wall,holes l 5 and 6 were drilled in the ore and ho~ 7 was drilled parallel 

to hole 6 to obtain the stress measurements near the collar where 

discing had occurred (51). High stress conoœœtrations were recorded in 

the locations close to the mine openings. This was particularly noted 

in 4221-54 raise (see Figure 6-7), where the magnitude of major prin-

cipal stress was of the order of 13,900 psi. 
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The Model Studies: 

The basic z:.E!Cf\1it"iflIDent in the model study is that the orebody 

should be tabular in shape, bearing this in mind the following 

a~iQOs were necessary for this study. 

1. The ore~ody is assumed to be tabular in shape and the 

longitudinal section shown in Figure 6-6 is considered a mine 

plan for aU .' _ practical purposes. Figure 6-8 shows the photograph 

of the miœ model. 

2. Bearing in mind that the major stress is perpendicular to the 

plane of the orebody, the orebody is assumed to be either gently 

dipping around 9 degrees or flat at zero degrees dip. This simulation 

is shown in Figure 6-9. 

3. The orebody is".assumed to be dipping3SO.utit wi th EW s trike. 

In the first case the 9 degree dip is the result of assuming the 

shallow side of the mine approximately 2000 feet below surface and the 

dip side about 4600 feet. This places the centre of the mine equi-

valent to 3200 feet below surface. 

In the second case the orebody is assumed to be flat and at an average 

depth of 4600 feet. 

With such an approach for a mode1 study, it is ass~ed that the 

orebody is subjected to an average gravit y load of 3200 psi or 4600 psi, 

depending whether dipping or f1at. The e1astic constants used are 

average values ca1cu1ated from tests conducted(51). 

for Young's modulus and 0.27 for Poisson's ratio. 

6 These are 14 x 10 psi 
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A SIMULATED MINE MODEL SHOWING IŒRR.-ADDISON MINE OUnINE 

FIGURE 6 - 8 
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A SIMULATED MINE MODEL SHOWING KERR-ADDISON MINE OUTLINE 

FIGURE 6 - 8 
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In the model study a k-factor of 0.37 has been used to calculate 

the horizontal component of the pre-mining stress. 

The location where the induced principal stresses have been cal­

culated are the same as those used for the field measurements. However, 

a location F well removed from the active mining zone has been included 

in this study, which might prove of comparative value. 

Analysis of Data: 

Table 6-6 and 6-7 give the model values for 9 degrees dip and zero 

degree dip respectively. The field measurements for the locations 

4,5,6 and 7, as shown in Figure 6-6, are summarised in Table 6-8. 

On comparing the model values with the field measurements the 

agreement does not seem to be good. The model study is based on the 

assumption that the orepody is tabular which is not true. Also, the 

variationsin the magnitude of the field measurements are very wide. 

However, it must be emphasized that the main purposes of this model 

study is to analyse the abutment stresses induced by the complex 

geometry of the mining openings. 

The present study concerns itself with the analysis of the 

stresses in the peninsula abutment, Al(see Figure 6-6). The 9 degree dip 

model show that the magnitude of the major principal stress gradually in­

creases and the minor principal stress, which is tensile in nature, 

decreases in magnitude towards the tip of peninsula. This suggests 

that the magnitude of the major principal stress ia a function of the 
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TABLE '6-6 

Calculated Principal Stresses for 9 degrees dip Model 

S = 3149 psi o 

Location 

No. 

4 

5 

6 

7 

F 

J..I. = 0.27 , 
6 E = 14 x 10 psi , k = 0.37 

Principal Stresses 

Major 
0'1 

psi 

1866 

2271 

3790 

3817 

3141 

Intermediate 
0'2 

psi 

745 

529 

129 

630 

955 

Minor 
0'3 

psi 

-6992 

-6646 

-4060 

-3893 

-3911 
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TABLE 6-7 

Calcu1atedr.Principa1 Stresses for 0 Degree nip MQdel 
" 

S = 4600 psi 
o 

Location 

No. 

4 

5 

6 

7 

F 

Il = 0.27 , 
6 E = 14 x 10 psi, k = 0.37 

Principal Stresses 

Major Intermediate Minor 

2895 829 -3482 

2866 859 -3879 

2587 871 -5394 

2545 812 -5606 

2199 522 -471 

6-26 
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TABLE 6-8 

Field Stress Measurements 

st Kerr-Addison Mines (x) 

Major Principal Minor Principal 

Location Stress (Psi) Stress (psi) 

No. Average Max. Min. Average Max. Min. 
of a11 the of a11 the 
Measurements Recorded Recorded Measurements Recorded Recorded 

4 8172(4) 10447 6814 2432(4) 3154 1212 

5 6230(4) 8236 4788 2386(4) 3563 1712 

6 4846(3) 5208 4668 1091(3) 2195 242 

7 13924(1) 2475(1) 

(x) These values have been summarised from Table 4. Ref. 51 

( ) The number in the paranthesis indicates the number of observations 

at each location. 



degree of confinement within the peninsu1a. This effect is further 

demonstrated by Figure 6-10. It is noted that the curve gradua11y 

fa11s in the solid ground. 

The same conclusion ho1ds good for zero degree dip mode1. However, 

in both the mode1s the minor principal stress is tensi1e and of high 

magnitude. A simi1ar observation was noticed in peninsu1a abutments 

A2 and A3. It is be1ieved that the tensi1e stresses are main1y due 

to the peninsu1a type geometry. 

The high tensi1e stresses induced by the mining in these zones 

are 1ike1y to initia te fracture in the rock maSSe Even in the ab-

sence of discontinuities, fracture can occur if tensi1e stresses deve10p 

even in moderate values. This does not necessari1y constitute a 

mining prob1em because the fractured materia1 retains the abi1ity to 

resist the load to some extent. In other\words, the strength of the 

rock mass is not reduced to zero with the onset of fracture. Deist (70) 

has shown that fractured rock possess appreciab1e and definite strength. 

This brings up the problem whether the mining zones with high 

tensile stresses as predicted by the mode1 study couid stay stable. 

It is most 1ikely that such concentrations will not occur in actuai 

practice as a redistribution of stresses would result, shou1d the 

stresses exceed the strength. Also the mode1 does not take into 

account the graduaI process of mining, rather a sudden creation of 

a large excavated area. The stress relief that normally occurs in 

the various mining areas, cannot be accounted for in the mode1 study 
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but could be assumed in z~ducing~the peak stresses in the actual 

minfng operation. 

Moreover, a knowledge of the original state of stress in the rock 

mass also could assist in pre~icting stresses from model studies. Some 

of these difficulties would possibly' be solved by the development 

of techniques for the measurement of pre-mining stresses in a three­

dimensional stress field. 

As a result of this study, it is thought that the stresses pre­

dicted should provide ég~~8 towards the knowledge of stresses 

in the abutmenUB of a mine within an elastic rock mass. Bearing in 

mind the effect of complex geometry on the abutment stresses, an accept­

able design criteria can be worked out for the safe operation of the 

mine. 
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CHAPTER VII 

CONCLUSIONS 

As a result of studies in stress distribution using the electrical 

tank analogue it is possible to predict pillar stresses within irregu-

. far mining outlines in deep tabular orebodies. This analytical ap-

proach in three-dimensions is a distinct advance in the analytical 

methods in two-dimensions presently available. 

1. Figure 7-1 shows the relationship between the stress con-

centration and the height of the pillar, which indicates that with' 

the increase in pillar height there is a significant decrease in the 

pillar loading. This suggests that the stored energy densities are highest 

in thin orebodies, which, as a result are more susceptbble to sudden 

failure and rockbu~st8. 

2. With other parameters constant the change in the pillar loading 

by changing the breadth of the pillar is relatively insignificant 

(Figure 7-2). However, where the breadths of pillar vary, the pillar 

loadings could aœo vary, giving rise to higher densities in narrower 

pillars. 

3. The effect of varying the extraction ratio, R, on pillar 

loading is by far the most significant (see Figure 7-3). 

4. The influence of varying the elastic constants E and ~ p p 

of the pillar rock with respect to wall rock was studied and results 

plotted in Figures 7-4 and 7-5 respectively. &$ ~nd~csËetlby Figure 7-4 
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pillar loadings will vary with differences in E. It could be that 

relatively incompresible pillars conta in stored energy of a higher 

order of magnitude than pillars with lower .compressibility. Such 

conditions contribute towards rockburst potentials. 

The variation of the Poisson's ratio, ~ , of the pillar rock 
p 

shows a decrease in the pillar loading with the increase in ~p. 

5. The effects of varying stress ratio, k, on the pillar loading 

is insignificant (see Figure 7-6) A similar effect also has been ob-

served earlier (23) by Coates while studying pillar loading on two-

dimensional basis. 

The range~n values included in this studj for the parameter kwas 

from 1.0 to 4.36. 

6. The stresses induced in abutment zones are a function of 

the geometry of the excavations. The model studies can help in the 

design of support and in planning the sequence of operation. The 

7-5 

study has shown the value of the electric tank analogue when complicated 

geometry is involved. 

7. From the field studies it would seem that the field stresses 

around a mine cannot be assumed to be homogeneous. However, the predicted 

values should provide an order of magnitude for both pillar and abutment 

stresses. 

8. Fur thermore, it is concluded that the geological features have 

influenced the in situ stress measurements to a considerable extent. 
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It is therefore, suggested that future analysis of the in situ stress 

measurements must be closely related to the geological features, such 

as, joints, faults, minor folds and dikes. 

9. In the present study, the influence of the dike has been demon­

strated on the predicted values. 

By using the three-dimensional method for pillar loading, it would 

be possible to predict the effect of any change in the pillar loads due 

to varying the outlines of mining area, the pillar height, ratio of ex­

traction and related parametes. Moreover, further comparison of the 

predicted values with actual field measurements should eventually yield 

acceptable design criteria. 

Thus for a standard room and pillar geometry the three-dimensional 

approach should be adequate for predicting pillar loads so long as the 

orebody is tabular in shape and assumed to be in an infini te elastic 

medium. The same conclusion holds good for abutment stresses. 

7-9 
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APPENDIX A-I . 

Determination of the Displacement Components based on the Face 

Element Principle: 

Sal~mon. (26) has developed a solution to calculate the 

displacement components in the solid rock surrounding mine exca­

vations (in the plane of the deposit). The basic principle of this 

solution is to divide the excavated area into small elementary 

areas and then to perform.the integration over the whole area. 

Such small areas have lateral dimensions much smaller (infinte­

simal), and are normally referred to as face elements. 

The fundamental assumptions necessary to describe the 

state of the stress and displacements in elastic stress analysis 

are the boundary conditions, the equilibrium and the compatibility 

of the elastic body. 

The boundary conditions in general are: 

1. That the ground surface must be stress free. Thus the 

stress and displacements at the surface induced by the creation of 

mine openings must be zero. This applies also at any point remote 

from the excavations. 

2. As the lateral dimensions of a horizontal excavation in 

the reef are usually mu ch larger than the vertical it is sufficient 

to specify the conditions on the back and floor (hanging and 

footwalls) 

A-l 



The mine is norma11y composed of severa1 production areas of 

varying shapes and sizes. For the time being,we assume that the 

1atera1 dimensions of the excavated areas are such, that complete 

c10sure has not taken place or, in other words, the hanging wall 

and footwa11 are not in contact with each other. 

To estab1ish the continuity of disp1acements, it is necessary to 

define the boundary candidions both for the unmined regions and the 

excavated areas of the reef plane. Broad1y speaking, there will be 

two areas in the mine at the horizontal reef 1eve1, one the exca-

vated areas and the other unmined regions. Let a11 the excavated 

areas be referred to co11ective1y as EA. These will induce dis-

placements in the surrounding rocklmass. In terms of a rectangu1ar 

coordinate system x,y and z, the disp1acement components at a point 

(x,y) are defined as: 

1. the vertical clos ure, ô , in the direction of z-axis, w 

normal to the reef plane, and 

2. the ride components ô and ô 
u v 

are the disp1acements, in 

the x and y directions, of a reference point on the f100r of the reef. 

In case of horizontal strata the Most important disp1acement 

component is the vertical c10sure ô , the magnitude of the r.ide w 

components are usua11y sma11 in comparison with vertical c10sure 

and may be neg1ected for the time being (26). 

A-2 
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The boundary conditions for a horizontal strata in terms 

of elementary areas thus can be written as follows: 

at the reef level (z = Z) 

8 = 8 = 0 u v 

within the area '~A 8w(roof) - 8w(floor) = 8 z 
(A-l) 

8w(roof) - 8w(floor) = 0 outside ~ 

where ~ is the area of the face element, 8 is tœ convergence and Z z 
is the depth of the reef (or seam ) below the surface. 

Since the face element, ~, is very small (infinitesimal), 

it can be regarded as a point. It can therefore be·concluded that the 

elementary. distribution of displacements and stresses are independent 

of tœ shape of the face element and thus axially symmetrical. 

The qualitative expressions for the elemantary displacement 

camponents based on dimensional analysis have been derived (26). 

The variables that define the displacements have been divided into 

two groups. Group one includes the boundary values and the geametrical 

variables, group two includes the parameters involving the properties 

of the strata. Since the distributions of displacements are axially 

symmetrical only the vertical (60) and tœ radial horizQntal t~8' ) w . r 

elementary displacement components with vertical 'zr and horizontal 

Ir' coordinates need to be considered. (Remembering that these 



displacements are the result of vertical closure, 8). Figure A-l 
z 

explains this principle. The expressions as derived (26)f .. ,tbé"se'. 

èlisplacement components are given below: 

i/Jr = r 
z 

(A-2) 

where Ml ,M2 ,M3 -.. - are the dimensionless products formed from the 

second group of variables and 0
1
,02 are two undetermined functions. 

The elementary displacement component in the radial plane given 

by Equation (A-2) can be resolved into two horizontal components 

~ and ~B in x and y directions respectively. The only change 
u v 

necessary in Equation (A-2) is to replace ronce by (x -x !) 
o 1 

and then 

by (Yo-Yl). The simple transformation is explained in Figure A-l. 

The total displacement ~t a point say P(x ,y, ,z ) 
o 0 0 

in the 

solid rock can be obtained by integrating the elementary displacements 

of the whole mining area, provided the convergence distribution given 

by Bz(xl'Yl) is known (Figure A-l). Then the vertical displacement 

will be given by the following double Integral • 

Therefore 

8 = w 
1 
1f 

J (r2 z '! M MM •• ) dX
21 

dy 1 
1 z2 'z' l' 2' 3' 

(A-3) 
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where and the double integra1 is taken 

over the regions of mining co11ective1y referred to as EA. 

The horizontal components Bu and Bv can be obtained in a 

simi1ar manner. 

With the know1edge of two functions 0
1 

and O2 the disp1acement 

components can be obtained with a known c1osure. These functions as 

derived for isotropie homogeneous e1astic mode1s (26) are given 

be1ow. 

= 

and 

= 

3 z 

z3 r 2(l+~)z2 ~ (l-2~)r2 
8(1-~) L (r2 + z2)S/2 

] 
Substituting 01 in Equation (A-3) we have, 

B w 

(A-4) 

(A-3a) 

The eva1uation of the integral in Equation (A-3a) is possible 

A-6 

only with simple geometries, therefore a numerical method of evaluating 

the integral for comp1ex geometries is necessary. Such an approach 

has been exp1ained in detai1 by Sa1amon (27). 



Thus with the known c10sure 8, the three normal disp1acement z 
components 8 ,8 and 8 can be calcu1ated in the solid rock sur-w u v 

rounding the mine excavations. 

The Determination of C1osure, 8 , in horizontal Deposits: z The deter-

mination of c10sure distribution of irregu1ar mining excavations is 

beyond mathematica1 solution. However, the prob1em has been solved by 

using analogue methods to de termine the c10sure distribution (27) .• 

The basic assumption is that the excavations are considered to be in 

an infinite medium:. 

Again, assuming an infinite medium and a1so that the plane of 

the reef is a plane of symmetry and free of shear stresses, the 

genera1 boundary conditiQRS can be defined as fo11ows. 

Let the coordinate system be such that the origin is at the reef 

plane with z-axis pointing towards footwal1. Since the reef is 

assumed to be in a plane of symmetry, the genera1 boundary conditions 

May be 1imited to the f100r (footwa11) of the reef on1y, 

at the reef 1eve1, (z = 0) 

8 w(floor) = 0 outside the excavated area EA 
1 

A-7 

8 w(floor) = - - 8 2 m within the excavated area EA, where 
the clos ure is complete, 

(A-S) 

cr = yz z S v within the excavated area where the 
c10sure is not complete, 

and at infinity (z = ~) 

8w(f1oor) = 8 u(f1oor) = 8v (f1oor) = 0 



where Bm is the maximum closure (i.e. width of the reef from wall 

to wall) and s 
v 

is the vertical component of the pre-mining stress 

field at the reef level. 

In case of a homogeneous isotropie .1.~ttc model, the closure 

distribution has been solved in terms of the function F, a solution 

of Laplace's equation (Ref. 26, Appendix 1). The genera1 boundary 

A-8 

conditions defined by Equation (A-5), thùs, bgké" ftfle :fallôwing.·form in 

terms of function F: 

at the reef level, (z = 0) 

F = 0 outside the excavated area EA 

F = 
B m 

4( I-J..L) 

= (1+J..L) S 
E v 

and at infinity (z ~) 

F = 0 

within the excavated area EA where (A-6) 
the c10sure is complete 

within the excavated area where 

closure is not complete 

The closure distribution B in terms of the function F at the reef level 
z 

(z = 0) can be written as: 

= - 4( l-J..L)F (A-7) 

In other words it may be said that the closure is .proportional 

to the magnitude of the function F. 



° 1 

This section may be concluded with the remark that the components 

of normal closure can be calculated in terms of the function F for a 

horizontal strata. The only problem remaining is the determination 

of the function F itself, which will be discussed later. The next 

step is the determiriation of the closure in inclined deposits. 

Determination of closure in Inclined Deposits: The ° displacements 

induced in the solid rock surrounding an inclined excavation have 

been discussed in detail by Salamon (28), a brief description of 

which follows. 

As in the previous case, let the origin of the coordinate system 

be at the reef plane with the positive z-axis pointing towards the 

footwall, and let the boundary conditions be limited to the reef 

plane and at infinity.:,. 

In inclined deposits, the components of the pre-mining stress ° 

field at the reef plane will be S , the normal component, S'and S' o x y 

the shear components. Similarly the closure will have three compo-

nents Oz the normal closure the r.ide components in x ° and ° x y 

and y directions respectively. 

The general boundary conditions (Equation A-S) can be extended 

to the inclined deposits with the following modifications~ 
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at the reef level (z = 0) 

B =ô =B =0 z x y outside the excavated area EA 

within the excavated area 
where closure is complete 

A-IO 

Txz(floor) 
= S' T = S' 

x' yz(floor) y within the (A-8) 

and at infinity (z = ~) 

excavated area where the closure is 
not complete 

Bw(floor) = ôX(floor) = By(floor) = 0 

where 6 1 and ~ are the constants F ,','; Bm is the maximwn 

normal closure. and T ,T are the shear components. xz yz 

In case of horizontal deposits for the determination of closure 

distribution the solution is basedrl on the assumption that the reef 

plane is free of shear stresses, a similar solution exists in which 

the reef plane (i.e. at z = 0) is assumed to be free of normal stress 

(Ref. 28 , Appendix I). Such a solution makes it possible to separate 

the normal stress components and the related closure from those of shear 

stress and ~ide. The net displacement components ôw' BU and BV in the 

z,x and y directions respectively, will be composed of three parts each, 

one part due to normal closure and the other two due to ride in x and y 

directions respectively. Mathematically these components can be ex-

pressed as: 



~ = 5 + 5 + 5 w wx wy 

5U = 5 +5 + 5 u ux uy (A-9) 

5V = 5 + 5 + 5 v vx vy 

where 5,5 and 5 are the components of displecement due to closure, 
w u v 

5wx,5ux,5vx ddue to ride in x direction .!fnd 5wy,5uy,5vy due to ride 

in y direction. Similar relations hold good for the strain and stress 

components. 

For the determination of the components due to clos ure, the 

assUmptions necessary to establish the boundary conditions are the 

same as used in Equation (~-6) and (A-7), hence need not be discussed 

again. The determination of·the ride components in inclined deposits 

will not be discussed here, as the requirement for the present study 

i8 only the determination of the vertical closure 5 , due to the normal 
w 

component of the fieid stress. 
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APPENDIX A-II 

The Principle of the Analogue Method: 

The solution of the function F (Equation (A-6) is possible, if 

an analogy can be found between the function F and any other function 

which could be determined experimenta1ly, provided both the functions 

are a solution of Laplace's equation and satisfy the same boundary con-

ditio~8. Such an analogy has been established (27) ·,ia explained here 

briefly. 

Introducing a function say n , which satisfies the Laplace's 

equation 

(A-10) 

and is 8ubjected to the fo11owing boundaryconditions: 

at the reef level (z = 0) 

n = 0 

n = - 0 
0 

dO 
1 ~z = 

and at infinity (z =~.oo) 

o = 0 

outside the excavated area EA, 

within the excavated area where (A-11) 
clo8ure i8 complete, 

within the excavated area where 
the clos ure is not complete, 

.Because of the similarity of the boundary conditions defined by 

Equation (A-6) and (A-11), it can be seen that the convergence at any 

point on the reef plane (z = 0) i8 proportional to the function n. 
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Therefore, a relationship exists between Band n in the following z 

form: 

(A-12) 

provided, the condition in the zone of complete closure defined by 

n is calculated from the following formula 
o 

n = o 

B 

c 
m (A-13 ) 

The constant C for homogeneous isotropic elastic model has been 

determined (27) in terms of elastic constants E and ~ and the 

normal component 

to -4(1-~2)S lE 
o 

s o 
of the .l're-mining stress field, and is equal 

Now substituting for C in Equation (A-12) we have: 

(A-14) 
z 

A-13 

The Equation (A-3a) can now be written in terms of the function n 

after substituting for B • 
z 

Therefore, 

or 

B = w 

= 

2 
4(1-~ )8 

o 

8rc(1-~)E 

(1+~)8 o 

4rcE 



In the same manner the formula for other disp1acement com-

ponents can be constructed. 

Thus with the know1edge of the function il , whi~h satisfies the 

Laplace 1 S equation (Equation (A-10» and the boundary conditions 

defined by the Equation (A-11), it is possible to determine the 

elastic closure, 8. It is known (30) that the potential V, asso­
z 

ciated with stéady state current flowing in a homogeneous continuous 

medium satisfies the Laplaces equation. This means that the functions 

il and V are the solutions of the same basic equation. Based on this 

ana1ogy, it is shown that an electrolytic tank can be constructed 

to determine the function , il experimenta11y(29). 

However, it must be mentioned that since these analogies place 

the reef plane in an infini te medium, therefore, the closure distri-

bution obtained can be regarded as an.8ppl'OX:fmation.. And for calcu-

1ation purposes the finite depth e1ementary components should be used 

in the course of integration or summation (27). 

The Coordinate System and the boundary conditions of the Electrolytic 

tank: Consider an electrolytic tank with the rectangular coordinate 

system XI,Yl,Zl and the linear dimensions of the tank be of the 

ratio of LI/L2' where LI is the linear distance in terms of the 

tank coordinates and L2 in terms of the mine coordinates. Now if the 

voltages as shown in Figure A-3 are imposed on the electrodes, the 

boundary conditions of the e1ectrolytic tank will be: 
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at the level of the top electrode (Zl = 0) 

v = 0 outside the area of excavations 

V = V within the area of excavations 
0 

where closure is complete 
(A-16) 

OV = 0 within the area of excavations dzl where closure is not complete 

and at the bottom electrode (Zl = Hl(Yl ) 

In the Equation (A-16), V is the potential in the tank, Hl(Yl ) 

is the position of the bottom electrode with respect to top electrode. 

The cl.ndition defined by the voltage gradient OV/OZ1 in the area 

where the closure is not complete is the result of electrolyte being 

in contact with the non-conductor which does not permit any current 

flow through the surface. It may be noted that in theae conditions, 

the tank voltage gradient OV/OZ
I 

ia proportional to current density 

in the Zl direction. 

The analogy is complete, provided the potential, V is analogous 

to the function, Ü, at the reef plane (z = 0). To achieve this con-

dition let the potential, V in theœnk be divided into two compo-

nents, V' representing the disturbance imposed by the modelled opening 

on the linear voltage distribution represented by the component 



v = v' + c 

where 

In Equation (A-17) the function V' will satisfy the 

2 
Lap1ace's equation VV' = 0, provided 

(A-17) 

(A-lB) 

However, at Z = 0, plane this condition is satisfied ther.efore, 

V = V' (A-19) 

The prob1em now reduces to the form where it is necessary to 

show the ana10gy between n and V' (because at ~1 = 0 the second term 

in the Equation (A-17) is equa1 to zero). 

Introducing the re1ationship given by Equation (A-17), the 

boundary conditions of Equation (A-16) will take the fo11owing form: 

at the 1eve1 of top electrode (Zl = 0) 

'V' = 0 outside the area of excavations 

V' = V 0 

A-17 

within the area of excavations where 

the c10sure is complete (A-20) 

dV' 
dZ l 

= - V
l 

Hl(Yl ) 
within the excavated area where 

the clos ure is not complete 

and at the bottom electrode (Zl 

V' = x V 
o 



The problem is now reduced to the form where a relationship 

between V and n can be found, and their respective boundary 

conditions can be made identical. 

Let, 

n = 

n = o 

'H 
0 

Vl 

H 
0 

Vl 

L 
~ V' 
Ll 

L2 -V 
Ll 0 

(A-2l) 

and the linear relationship between the mine and tank coordinates 

be: 

x(mine ) 

z(mine) 

L
2 

Y = - y (tank) 
Ll 1 

(A-22) 

The transformed boundary conditions defining the'!~;iiûàt:Î:6n;'in,fèrms 

of Equation(A~nL:.wlU be: 

at the level of the top electrode (Zl = 0) 

V' = 0 

,V' = 
Vl Ll 
--n V 
Ho L2 0 

cV' Vl YI 

~ 
= - (1+ ~ H 

0 1 

and at infinity (Zl = 

V' x V 
0 

0 

) 

co ) 

outside the excavated area, 

within the excavated area where 
closure is complete, 

within the excavated area where 
closure i8 not complete 

(A-23) 
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In the Equations (A-2l) and (A-22), H is the depth of the tank 
o 

at any chosen origine 

Equation (A-20) defines the boundary conditions for V' 

derived from the tank and Equation (A-23) defines the boundary 

conditions derived from the mining problem. If the two sets of 

boundary conditions are made identical, the tank will correctly 

simulate the mining problem. On observing the Equations (A-20) 

and (A-23) this seems to be the case on the plane (Zl = 0) except 

in the area where closure is not complete. However, the condition 

in that zone can be identical, provide.d 

l VI Y 
= (1 + B LI ) 

Hl(Yl ) 
H 

0 l 

or : 

HI (Yl) H (A-24) = 0 

1 + B Yl 
Ll 

Equation (A-24) defines the position of the curved bottom 

electrode (Figure A-2 ) and also satisfies the condition imposed 

by Equation (A-lB). 

From Equations (A-19) and (A-21), it follows that tœ function 

n at the z = Zl = 0 plane is related to the potential in the tank 

in the following form: 

provided, 

= -

v = o 

(A-25) 

(A-26) 
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and (A-27) 
1+ 

The finite depth of the tank is the only discrepancy between two 

sets of boundary conditions defining Vi, but such an error can 

be kept at a minimum by arranging that the tank depth is large in 

comparison to the dimensions of the modelled mining area. These 

requirements will be discussed in the chapter dealing with the 

construction of the tank. 

In s~mulating a horizontal deposit in the tank, the depth 

given by the Equation (A-27) is constant and equal to H , 
o 

the maximum depth of the tank. 

The curvature of the bottom electrode in case of inclined 

deposits is convex upqards (31) and not concave as published 

earlier (29). 

Thus, the pDeeeding discussion has shown that the function P 

can be obtained experimentally in terms of the potential V. 

Equ":ltion (A-15) can now be expressed in terms of the potential V 

and the required formula in the simplest form (31) is 

5 w - NS 
o ff 

EA 
(A-2B) 
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e 

A-21 

where N = S(l + Il) HI = constant 
21l'E V1 

V· = the applied voltage to the pottom e1ectrode 
l 

S = Bcale. factor 

E .,; . Modulus of e1asticity of the rock mass 

Il = Poissonls ratio 

S = Normal component of the field stress 
0 

2 
(x -

2 2 r = xl) + (Yo - y ) 
0 1 

and HI = distance between top and bottom e1ectrode at the centre. 

The above integral May be eva1uated by dividing the plane into 

sma11 grid.squares and perform~ng the fo11owing simple summation: 

= - NS l: V (il o 
(A-29) 

where V and i are the values at the centre of the grid square. The 

necessary information regarding the solution of Equation (A-2B) or 

(A-29) is exp1ained in Appendix B-I, and the diagramatic representation 

of the analogue is shown in Figure 2-3 (see Chap ter n). 
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APPENDIX B- l 

The necessary kernels (or functions) to predict the displacementsin 
:the'-<solidi. ~cle:'8urlfounl!i.Dg the mine excavations in an isotropie homo-

geneous elastic (infinite) medium have been summarized by Ortlepp (31) 

and are given below. 

8(=1:) 2 2 = [2(1 + ~)z - (1 - 2~)r Jx u 1J 

8 ( = X ) 2 2 = [2(1 + ~)z - (1 - 2~)r Jy v y 

8 ( = ~ ) 2 2 = [2(2 - ~)z + (1 - 2~)r Jz w W 

where K ~~ and ~ are the components of displacement induced by the li V W 

normal component, S , of the field stress in x,y and z directions respec­o 
tively. 

These functions (or ~IS) together with the data obtained fram the 

electric analogue by simulating mine openings, completes the solution for 
the determination of the displacement components. The simple summation 

will thus take the form: 

where 

(Dis placement) S 
o 

= - NS o 

N = (1 + ~) 

E 

H'S 
= (1 +~) M ~ 

21f E 

the factor M(= H'/VI) is called the analogue constant and S the scale factor. 



Th~ mean depth H' is calculated by the Equation (A-27), VI is the 

voltageapplied to the bottom electrode.and V is the spot voltage at each 

grid point. The limits on the summation will depend on the grid. For 

example, if we have a 75 unit square (75 x 75) grid the total summation 

for each point of reference will be 75 x 75 = 5625 times. 

The scale factor S, is a linear relationship between the mine co-

ordinates and the tank coordinates. Suppose the mine plan is made 500' 

to an inch scale an:1 this plan will be accommoâateâ say within the working 

area, then the seale factor will be 500 x 12:1. In otherwords one unit 

on the tank will be equal to 6000 times that in mine. If L 1s the 

unit mine length and t be the unit tank length, then thescale factor 

L/l will be 600~1.1 or 6000. 

The analogue~ stress constant H'/Vl is calculated as follows: 

Let the applied voltage to the bottom electrode be 10 volts or 

10,000 millivolts, and tœ actual depth, H', between the electrodes of 

the tank at the centre be 1.35 ft. or 1.35 x 304.8 mm, then 

M = = 1.35 x 304.8 

1000 
= 0.412 

Note: 1.) The supply voltage of 10 volts or 10,000 milli-volts to the 

bottom e1ectrode normally produces values greater than 1.0 volt in the 

working area and it is convenient to write these into data sheets as 

100 mV instead of 1000 mV. Thus for calculation purposes the value of VI 

is 1000 and not 10,000. This is called the apparentsupply voltage. 
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2.) The displacements computed from the analogue data are in terms 

of milli-meters because ail the linear measurements of the tank are in 

terms of milli-meters and Vl.tn milli-volts. 
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e. 
APPENDIX B-II 

It has been shown in detail (27) that by making use of 

relations between displacement, strain and Hoo}E's law, the elemen-

tary strain and stress components can be calculated from displace-

ment components induced by normal closure and by ride. The ride 

components are.considered only in y-direction (dip), assuming that 

the mining geometry remains unaltered along an axis. 

The stress kernels (or functions) for an isotropic homogeneous 

and elasticmedium are given below in the simplified form (31). 

1) Due to the normal stress components S , o 

2 2 x [(-l+4~)r + (2-2~)z ] 

2 2 222 = 3y [(1-2~)r - (2+~)z ] + (r + z )x 

~ 
422 4 

= r + Br z - Bz z 
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2) Due to the shear stress component 

2 '2 Ka'x = - 3yz[(r + z )(1 2 
21J. ) - 5x ] 

KT' = zx 
2 2 2 3xy [(r + z ) - 5z ] 

The sample summation formulae are: 

(Stres~)S = MlSo ~ 
o 

VK 

V K' 

B-5 

where Ml = 
H' 

~(XX being grid size, i.e. whether 60,75 or 90, 

depends on the size of the working area ) and t is the total length of the 

square working area in mm. ) 



has been defined previously as analogue stress constant equal 

to M, thus 

= 
1 
2rr 

xx 
l 

M. 

The calculations of the displacements or stresses require the 

normal and shear stress components (S and Sr ) of the pre-mining . 0 t 
stress field oriented to the reef plane. This is achieved by the 

following formulae or by Mohr circle, provided the constant ~ ,the z 
dip of the reef, i, and the k are known. 

S o 

sr 
t 

= 2 2 ~z (k sin i + cos i) 

= cr (l-k) sin i cos i . z 
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APPENDIX B-III 

Calculation of Induced Principal Stresses: 

The principal stresses can be calculated from the stress components 

bysolving the following cubic equation. The detailed analysis of the 

stresses in three-dimensions is given elsewhere (72,73). 

Let O'x = (O'x}p + (O'x}Q 

O'y = ( O'y) P + (O'y) Q 

O'z = (O'z) P + (CTy}Q 

T = (Txy}p + (Txy}Q xy 

Tyz = (Tyz) P + ('1"y.3t}Q 

Tzx = (Tzx}p + (Tzx}Q 

where the subscriptP and Q stand for the stress components induced 

by S and SI respectively. o t 

Therefore, 

322 
cr - (0' + 0' + O'z) 0' + (0' 0' +0' 0' + O'z (Jx - '1" 

X Y x Y y z xy 
2 _ '1"2 ) 0' _ 

yz zx 

The roots of this cubic equation are real and are the principal 

stresses (J
l

.0'2 and 0'3. The planes on which the principal stresses act are 

the principal planes. For each value of 0' the direction cosines are found 

by solving the following equations. 
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cos 

= 

= 

where 

= 

C 
i 

j A~ + B
2 + C~ 

. 1 i 1 

and i stands for the three roots of-the cubic equation. 

Since the principal stresses on the principle planes remain un~ 

altered by changes in coordinate systems, therefore the coefficients of 

the cubic equation are invariants which will remain constant under any 

transformation of the coordinate system (72). 

Thus the three-invariants of the six cartesian components of 

stress are, 
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Il = 0 + 0 + 0" x y z' 

12 + + 0 0 -
2 2 2 = °xOy o 0 't" xy - 't" - 't" Y z z x yz zx 

13 
2 2 + 't" 't" 't" = 000 - °x't" - O't" - °z't" xyz yz y zx xy xy yz zx 

The cuhic equation can now he written in a more general form as 

\. 


