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CONFIDENCE INTERVALS FOR INVERSE REGRESSION 

WITH APPLICATIONS.TO BLOOQ HORMONE ANALYSIS 

'~ 

By 

Richa1'd David 

Abstract 

1 

In classieal regression analysis, one studies the 

1 

dependence of a rando. variable y on a controlled ~ariable 
". 

x. The classieal approach minimizes the sum of squares 

of'differenccs hetween y an~ fts expectation,'which is 

alsumed .dependent on x. Our p rinci pal concern, in thi s 
, \ 

thesis is the estimation' of x Biven a further value of 
( 

{,:, I,nverse regression S'pIves this problem by a regression 

O~i~_~. In Chapter 1 \ we lurveIy the li terature on 

'; ~YO'~::'" rOlresslon whlch \is hi ,hlllh tod by' 'the rocent 
','1, l' ~ 
", w'Ùk of R. G. ICrut chko~,f a,d make compari sons wi th the 

classical approach. The problem of confidence and tolerance 

intervals for x rli ven Y is studied in Chapter 1 I.' ',. ne", 

algori th. for ,such intervais il deve lope~' for po1ynomi al 
) ê 

regression in Chapte.r III. These aethods are applied J,n 
":, 

detail to a blo~d horaooe analysis in poultry science. 
" 

A co.puter progra. Is included in the Appendix. 

Depart.ent oE ~athe.aties 

MeC!!! University, 

Montreal 

M.Sc. 
Nay 1914 
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CONFIDENCE INTERVALS FOR INVERSE REGRESSION . 
WITH A~PLICA1"ION~ y BLOOD HORMONE A,NA,LYSIS' 

By 

Richard David 

Dans les problèmes concernant l'analyse de r~gression, 

on est appel~ 1 ~tudier la d~pendance. entre une variable 

alEatorEe y et une vari able de contr~le x. Si on procade 

par la aEthode classique, on m~nimise la somme des carrEs 

des différences entre la variable y et son esp6rance. 
" laquelle dépend de la variable x. Dans cette th~se. nous 

'- so •• es avant tout prEoccupés par l'estimation de x, connais-

sant la valeur y. En régression inverse, on solutionne 

ce problème en utilisant une régression de x sur y. Dans 

la p.J"e.ière partie de cette thèse,' nous faisons' un bref 
< 1 

historique de la littérature entourant le probl~me de la .. . 
régression inverse; et c'est en considérant lcs,r6cents 

t-ravaux de R. G;. r'Krutchk off sur le prob 1 ~me de l a ré gress ion 

. inverse :que nous allons comparer l' ap»roche classique et 

l'approche inverse. • 

Dans le deuxième chapitre, nous allons étudier le • 

probl~.e des intervalles de confiance pour la valeur espérée 
1 -

x Etant donné y et pour la valeur unique x étant donné y. 

Dans le troisièae chapitre, nous allons élaborer un 
1 al&orithae capable~de trouver ces intervalles dè,conf1ance 

, - J 

l' lorsque nous avons une régression polynomiale. No,uS allons 

. iinaleaent appliquer\ en, détail ces méthodes 1 "un probl~lIIe 
conce!'nant les SCien.~es ani.ales, P.us préclisé.e~t le ~ODlai-
De de l'aviculture; c~\ probl~.e. consiste e~ une analyse .... 

du-nivea~ d'hor.one des cellules sanguines. . 
\ j 

\ l ' )j 

En 'appendice, nous \trouverQns un ~''Progr ••• e infor .. atique". ,~ 

c Depart •• ent 0 f Ma th ••• V~" N. Sc. ' 'i,~'i 
'\, Ma'· 1"74 ~~ 
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CHAPTER 1 - Survey on lnv,r •• ae,re"ion. 

INTRODUCT ION 
,~ 

Th. probH.~ of fladinl a rflatioaship bet" .. en 
• 

two variables ia on. of the CO •• OD probl •• s ln. sta-
, .-IIJ 

, tl"stlcs. The relatitonship between the t"o"{ vari.bles 
., <4 '" '" ~ L 

<-

.ay be l"ne.r~ for exa.ple, if the ,speecl 5 is "kept . 

con"stant, the distance D varies 'with~thelelapsecl 
• ~ , 

ti.e T, sinee b~ S~. . The relatlonship i~ .• ~re· 01' 

1 
less 1inesr if one wants to verify it e.pi-rica-1Iy; 

the .easureaents could easily be subJect to errors. 
'-- '. 
1P' " 

If we vant t.o predict, D for ~ ·pfttieuI,r T." coasld-/. 

ering 5 fixed, we wouht ule a strai.ht 11ne. . 0 , 

. It could happen that a .11near rel.tioDship 
t 

~ould not be exact. Chatfield (Stat1stics for 

Technology; pale 186, exa.ple 5) looks at the fol J 

let UI consider the te.perature . 
) 0 

and thrust of :'a rock.et enl1.IJe whll. i t is ruaai_. 
, k 0 . 

pder the sa •• operatin. coudi tions.· Iy pl«!tti_. 

th. "pair \(X, Y) • (t •• perature. thrust), a dial'ZO •• 

lit. 'ilure 1.0.1 will reluIt: 

X Y QJ y '~1 

11 1.2 JS . 2.1 

IS'" 1. S '~O 2.5 

JI 1.5 17 ~ 
52 . J. S . •• .2.1 

1 ~ , \~ 

JI 2.5 26, 1.5 

, . 
(} 

""'/;' ~ 1 i':djJ ... • .. ' ~~~: _=. - ~ '" ~ '-- . 
, ."","",.-..~~~;:...~Aii'tt1~_~'-L~~~.:-~Jiiti~ ... Z,:;ii~ 

, 
{ 

" 
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Pro. the dia,r ••• ve .et that ~r &Dy liyeà 
. 

t •• perature there is a raDie of obs.~ved thrust. 
- , 

L.t the yariable X be th. controlled"'variable 'aDd 
" 

l.t us consider the yariable Y as rando.. ,The 

ayera,. thrust'for liye. obseryed te.p.rature is 

called the relression curve of tbruat oa t •• perature • 
~ . 

• e ca. denote i t by Y= f(X).,' But there exists a, . . (' 
re,ression c~rye of te.perature on thrust; ve caD 

4 
denote it by i. a(l). Svppose th. tvo re,r.ssion 

curyes are straiaht lines (they are Dot alvays the 

sa.e): Usual1y. v. record a t •• p.rlture ~ut not tbe 

thrust. and v. vish to esti.ate tbis thrust. la such 
;' 

proble.s '(9.' reeressioft. tb •• aiD inter.st a1vays la,. 

in the prediction of th. ,variable ~ (clearly. predict­

iD, y fro. 1- is classical). 50 •• p.ople cODsid.r.d 

, observin. Y. vithout kaowin. X. aad heac.- pr.dictia. 

that X. 

~ Th~ ~entral topic of this th .. i. is th. pr.dictioD 

of r~~h.~value of Y is o •• erv •• for .hich'th. 1 
, ~ 

is aot taova~~ i.portaat q ... tioa is: ·S~oul'.e 
,~ 

u.e th. re.r.ssio. of Y oa X or the r •• r ••• ioa of 1 

1 • 

OD Y ia ord.r to .at. th. predictioa of th •• ariabl. l'-
Pro. tbis follovs th. topic of c •• ftd.ace l.t~r.al •• 

To d.riv. a coafid •• ce iat.r.al for l ,1 ..... o ••• r ••• 

j 1 

- 1 

.' , , 
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y vhen we are dealine vith linear reeression is not 

diffieult. Iut vhen the reeression 1. quadretic or 
~. 

cublc, difficulties arise. •• develop an al,oritha 

.hich enables us to deri.e confidence intervals when , 

th, relression is pOlyno.ial. 

The followlnl section. of thi. chapter co.prise 

a survey on the prediction questions ralsed above. 

i~ a historical perspective. We report on practi­

.cally ail the literature vritten on the subject • 
. 

literature which covers aore than thirty years. 

1.1 C.Hisenhart (1939) 

ln Eisenhart's .lnd, th. fandaROntal prob!e. '. in the deteraination of a relationship betveen two 

variables, say X and Y. was to find, as accurately 

as possible. the siaultaneous probability d'istri-

bution of the observable quantiti.s, lay x and y, 

considered a. rando. variables. 

Elsenhart expresses th. relationship betw.en 

1 and Y as a lin.ar one. i •••• 

•• lcb can be vritten al . 
(1.1.2) y. CI+,I • wbe. CI • -ClO'fll • t. - Cll'fl2 • Cl2 1t' 0 

(1.1.3) 1 .ytlY • ,v" •• Y • -oo'fllJ' 1. -02'01' fil_O. 

, 
,., : 



~. 
5 

If one i~ intere.ted in e.tt •• tin, Y fr •• ~. then 

one tate' 9 • a+bX a. the e,tt.ate in (1.1.21: Y 
.1. the e'ti •• te of Y .nd a, b are, re.peçtively, 

the lea.t squares •• ti~.t •• ot Q and ,. If one is 

interested in e.tl.atin. X fro. Y, then on. t.kes 

i • c+dY a. the e.ti •• te ln (1.1.31: i i. th. 

e,ti.ate of X and Cf d are, re.pectively, th. least 
"' ~ 

Iquares esti •• tes of y and a. 

Accordlnl to Bis.nhart n ••• wh.n th. r •••• rch . 

" work.r selects the X v.lues in adv.nce, .nd h01ds 

x to these values without error, .nd th.n ob.erve, 

the correspondJ~1 y v.lu.s, the error. Ar. in th. 

y value., '0 ~hat .ven if he 1. int.re.ted in ulin, 

ob.erved v.lues ~f Y to .sti •• te X, he should never-
.. 

thel.ss fitY. a+bX .nd th.n use the inv.r.e of 

thl. relation to •• ti •• te X ••• ": thil II in f.ct 
... 

"inv.rse r.,re •• i~n" .ince w •• r. t.tin, X • (Y-.)/b • 

• y the th.ory of le.lt .quare., lt 1 • ••• y to 

Ihow th.t X • (i-.)/b i. pr.f.~r.d to i • c+dY. • • 

•• leet th. valu •• of X, and th. Y.lue. of Y Ar. 

found by ob.erv.tion: if we ainl.i •• t(y_9)2 and 

E(X-!)~. w. obt.la th. two li ••• 

(1.1.4) 

(1.1.5) 

.. 
y ..... 1>1 .. 
X • c+clY ; 

é 

, 
-s , 

JiU '. \.{ 



6 

a, b are, ~espectively, the l.ast .quara. a.ti.ates 

of œ and S,and c, d are, ralp.ctively, the l,ast 

squares e~tl_atel of y and a. 
'f"e 

- The two fitted lines ulually yield different 

estiaates in (1.1.1), unless there exists a perfect 
, 

correlat~on betweèn X and Y. If we consider the 

analyses of variance for both llnes, Eisenhart 

concludes the fo110wing: " .•• when the values of 

x have been selected by the research worter and 

the corresponding y values observed, the line 

_~btained by alnlai%1ng t(x-i)~ is _eanin,less and 

" i · a.bX " is accordin,ly the only correct esti­

_ate of the postul.te~ linear re1ationship between 

X and Y, wherefore, if it Is desired to reason 

froa Y to X this aust be done by .aan. of 1 = (t-al/b 

" 

. 1.2 Charles P. Winsor (1146) 

The problea of findin, tb. _Olt appropriate , 

relresslon caused so.e confulion, de.pite tbe papar -
" Ei.enhart (1939). 

L.t UI conlld.r th. followinl ca •• : w. bave a 

pair of variable. u and v whicb ba. a bivariat. 
2 2 aoraal di.tribution. vith yaria.cel au' av" • 

. ,-

, ' 

"< •• :V::. ~2!:~J-.. ~~7~:._ . . ~~~"y,*~. ~ :~~ ~â -t~~~:~~ ~:~~"i_ .iL.ii:tii~a.~iiA50~W8. 

., . 

') 
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corr.l.tion PUY • 1. hay. th ..... ur •••• t. of 

u a.d • vhich Ar. subject to .rror ••• d v •••• u •• 
• 

that th.s\ .rror~ .r. i ... p •••• nt, u.bi ••• d for 
1 

•• ro •••• or •• lly di.tr,ibut.d. 
~ 

Suppose ve h ••• th. f~llovial tvo ••• sur.-

••• ts.: 

x • u+a , , • .+c , 

vith a,e -ind.pe.~.Dt Dor.al d.viate. vith •••• s. 
2 • 2 , 

•• ro .nd v.ri.nces aa' ac. W. c.n .••• that: 

(1.2.1) 

corr(z,Yl.auay pu •• 
axa, 

Pro. this, the re.r ••• ioa slop ••• r.:"I, 

(1.2.2) 

8.,.. Gua. PUY ; 

2 

j 
ax 

Suppo.. th.r. is a ••• pl ••• t of pairs of •• 1u •• 

of x .ad y. 1. Wi •• or's .ia., th. cloie. b.t •••• tvo 

r.,r.s.loa., 1 •••• th.t of 1 oa x or that of x o. ,. 

1 •.•••• 1.,1 ••• ; tvo thial' .ust b. tao •• ia ord.r to 

.at. t'. rl,.t choie.: . , 

(1) .0. v.r. t.. (x. y) y.l ••• obtal ••• ' 

(2) • ••• t ar ••• ,01a, to ~~. t' .. , ".,r ... loa f.r'-

, , 

, . " 

, ' 
'1 . .' 

, 
t; 

;. 

J 

'" -' 
~ 

~ J 

~ 
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• 
Th. first -qUe~OD ,iv •• th. fOllovia, two Situ~­

tiolls: 
.... 

(a) the pairs of (x, y) values are obtaiD.d 

as a raado. sa.pl.; 

(b) the (x, y) values Ar. obtal.e. b~ sllectln, 
'1 

, a set of value. of o.e variable, say x ~ 

and s~seque.tly •• as~ri,. the corre.pondla, 

values of y • 
.. > 

These two situatioDs'are illdicated ia Pl,ure 1.2.1. 

The second questioD ,ivls the follovlD, ,osslbllltles: 

(1) "We •• y vant a relation fr~. vhlch w. ca. 

e.ti.at. la th. futur. th. valu. of y, 

,ive •• future • ••• ure •• llt x." 
, 

(ii) "We .ay vant • r.l.tioD fro. whleh to 

e.ti.ate x, ,i ••• a futur ••••• ur •••• t y." 
\ 

(iil) "We .ay va.t a r.lation for •• ti.atl •• th. 

tru. Y.lue v, .1vea a fat ur • •••• ar ••• at x 

(o~, u .i ••• y)." 
!t" 

(i,) .. w. .ay vl.h to •• ti.at. tla. tru., r.l.tio. 
1 

b.t •••• th. tra •• alue. u aa. Y." 
la .1tU.t~ (a), b.eaua. t •• (x, y) pa1rs ar. 

~ ........ pl •• It là ••• Y to •• tl .. ,o .11 t'. 

par ... t.rs of th. (x, y) ~Ustrl.atto.. It 'a cl.ar 

Ua' for , .. 01»1... (1)'" Cli) ......... Z'~ ••• ctly.1J. 

-. 

_ t .. 

: 

1 

''''', .. 
... ~ 

>,:; 

~ 
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• 
a - (x,y) 

• 
, 

~ 

• 

/ 

• 

• • '. • • t : 
• • • • • • • • • • • 

• • • ,-• • • 
, 

• 
• • • • • • • • • • • • 

• • 

pairs randollly sa.pled 

.. 

• 
• • 

• 
• • • 
• • 

• • 
• • • • • 
• • • • • 

• • • • 
• • • • • • • 

• • 

• 
c 

.~_ltr.tl1T chol •• 

J'l,ure 1.2.1 

• 

• 
h" 

, 

" 

~ , , 
• " • ,~ , -, 

• • 
A • .-' 
,1 

'71 -+j 

" J , 
.. 



'. 
\ .., 

r· 

, 
./':'. c 

"'\ " 
'\ . \ 

\ 
\ , 

\ . 
\ 

~ \ 

.. 10 

.the re,r ••• loa of y oa x aa. th. r •• r •• ,loa of x 

oa y. la oth.r wor •• , tbl. t. tb. 'tvaria" nor.al 
\ 

r"re •• ioa pt~bl... la proble. Ciit), the ~ •• re.-
\ ' 

.lon of the true yalue v on th ••• alur •• ant ~ 1. 
1 

the ••••• 1 th.t of y oa x, ".iac. y clifferl ho. 

y by raaclo •• acl unbi.secl e.r~rs (y • v+,) ft. la 

proble. (iv), .e ae.cI .ore,iafor.ationj if •••• at 
1 

to •• ti.At. th. tru. relatlo •• hip bet ••• n u ancl v, we 
2 2' De_cl _,ti •• te, of the error varlanc •• Ga , 0, . 

In situ.tion (b), the probl •• 1. clifferent. 

Since w. select • set of x valu •• and •••• ur. the 

corre.poaclin. y, we CAa obt.in an .. tl •• te of th. 
2 re,re •• ion of y on x, aad of th, v.ri.Dce 0 

, YI« 
of y arouDd tbe re.r ••• loa cury.. .e ca~Dot, how-

ever~ elti.ate the population value.! of,i, ~, ox2 , 
1 

aor c~ .e e.ti.ate the popUla~ioa relra.lloa of 

X OD Y (cf. WIDIor (1946), p •• e lOS). , r 

Pro. DOW oa, the que.tioa t. DO 10D.er: "Whlch 

re,re.lloD .hould ve u.e!" but "l.aC c ... e cio vitb 

the ~D,l. re,re •• loa .e h.ye!" Siace l~ 1. 1.'0.-
~ ~ 

.1~1. to •• tl •• te the populatioa re.re.,ioft .f x 

o~, 1~ 1. i.port .. t to e.tabll.h,. relaClo. 'for 

pr •• 'ctla, x ,lY •• , •. 1. will ••• ro.~hl. prohl •• 

( 

" 

, 

• 
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J 
, ,-

.. !' ~_l 

.. 
Il 

ered .arlier 1. ,'l,are 1.0~1 (p~o.l.a 0' t • .,.~atar • 
. 

~d thrust of a ,roc~.t .D,t •• ). Let _ ...... tbat . 

•• kao. the r.,re •• toD Il •• 1(,) •• 62 - .044.. ~.t 
1 

UI aSlu.e tlat .. tao. tb •• art .. ce of , aro ... th.-
, 

re,relsioD li.ae: 
fi 

Sup,o.. •• tata ~ G;" • ·0. sa •• 

D •• pair (x. Y),froa th. popalatioa; ~. Ar. t.fO~. 

~f Itl Y value but •• tao. aothi •• 0' it. x .alu •• 

What can we say about ~hls x .al •• ' 

•• have ~ •• re,re •• ioDe liDa: 

(1.2.3) E(y) • .62 + .044x 

I(y) : .62 •• 044x 

aad variaDce 0;' z .JI' • 
') 

1/ 
ra.relore. for a., I~ ••• x. t •• pro~"111t, tb.t, 

1 i. t. the latar.al: 

" 

, (1.2.4) (.6f + .044x - 1 •• 6f.SI. " •. 62 +.044lF .. 1.~6r.JB) 
l'-

li .'5. aDd b, prop.r ckotc. of tl. co.~flcl •• t of 
. cr,.. .e ca. ..te cor~ •• ,. •• l.1 statellQt. ,... .., 

, oth.r l ••• l.of '1'0 •• '111',. A .&41 .... will, •• '.1.-~ 
( . 

'.1 to ••• What 1 ••• ,,.ala •• 't .. ~. 1.2.2 Il ... ~ ... 
, . 

• apl .. atioa. ôr tl. s, ,.tl... 1 ••••• 'dl. _ .... r •••• ~ 

" 
, 

~ - ...... ... 

-0 

.. . -

~ ri- "·,~ ... ~;;;'~oIf,".\. ",,1: -;"';.'Jtf5_~~~.~~ 

., 
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Il •• , O. x, ... abo •••• 4 •• Io~ It •• hav. li ••• 
, 

.t • ".rtlc.l .1ataac. of 1.".,._ ft. '1'011 • .,1 lit Y 

t~.t , f.ll ••• tw ••• - 'k. 'vo lia •• 1. ,15. for .v.ry 

a Y.lu,; th.r.for •• tb. prob.'ll1tr viII b. 'he 

•••• for aIl po •• lbl. y vala ••• If~v. 'at. aIl' 

po.sibl. pair. of Ca. y") Ml.H', '$t'of thit. s'odcl 

•• iD.ide th. two 11 •••• , .­, 

Al •• brale.lly, •• cu expr.s. aIl thl. by -tb. " 

fo}lo.in. In.qu.lity: 

(1.2.5) a+bX-ZpG,c C y C a.'.+I,o,. , 

wh.r. a,. 1. t'. .t •••• r ••• vlatl08 of y arou.. th. 

r.,r ••• lon curv .... l, 1. th. crltloal valu. ôt N(O,l). 

I:f ., •• ,ply ift.qua~lty ~1.2.S) to our .x • .,l •••• 

caa s.t up th. ta.qu.litr: 

'.62 + .044. - 1.'6o
JlZ 

< Y c .62 + .044x + 1 •• 6cr,.,' 

lit' 1, prop.rly c.o •••••••••• re that thl. t •• ~u.lit~ 
~ 1 

1 •• atl.f~ •• wlth prob.bl11ty p ~ .'5. 
If •• re.rraD,. la.qu.llt, (1.2.1), •• obt.la: 

~ 

-(1.2.6) l(Y-.~lp",.) < X cc ,1.('·. ~,.JtC)' Vlt~ • • o. 

If •• ."ly la.qualltT (1.2.6) t •• ~ exaapl •••• 

oltt.la: 

, , 

J 

, , 



, , 

, 
" 

.... 

.. 

la.quality (1.2.5) 1 ••• t.t •••• t .bout tbe r c -, 

r,.'oa y.ri.bl. y,.vblch i.vol •••• fixe •• alue 

x;it hal probabillty p of beia, tru. for aay 
• • rbi.tr.ry le .nd a110 for the ",rl •• ~. of ail 

y.lue. of x. In iaequ.lity (1.2.6), If th. 

rando. v.rable is y, tb •• Itat •••• t. (1.2.5) and 

(1.2.6) are equivale.t in .ea.i.,. Since ine,­

quality (1.2.S) holels vith propability-" this 
, 

1. true for aIl pOlsib18 pairs (x, y). Hovever, 

WI cannot say that the above al' •• rtioR holds for 
, 

14 ' 

each particular y value; whe.ev.r y f.11. outsidè 

the li.its a-bx i Ipayx ' the in.qu.lity (1.2.6) i. 

fal ••• 

Let u. con.ider the .ituation for tbe I ••• ral 

ca •• of the bivari.t •• urf.c.. Pi,ur. 1.2.3 .~ve. 

the r.,ression of y on x .nd th.t of x oa y, aad 

botb I.ts of confidence liaits. 

•• ••• that the tvo .et. of cO.,ficl •• ce. 1 lai tl 

do not co~aclde and th.~ th. dir.ct liait •• re . 
- tfl 

•• rrover tha" the inY.1't.d li~it •• i ••• tp~~ < .p' 
, . ,. , 

vÎ,.r~ t p ls th. cri tic.l .'lue of St"dé.t·. ta_2 • 

•• c.o ' •••• ly ••• that' -tb •• lrect r.p •• alo. ,ln. 

aore •• yànt., •• ·• .0 .. ' •.... ,la. 1 •• er.loD ,of t •• 

./ 

n - ....... . 

------
~--~--~ " 

<\. "--.... ~.. ~ ..... ~..: ... 

\ 

- . • > 
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Inequalit~ (1.2.5) is a .tat .... t about th • ... 

l'an do. variable Y. 'vhlch l.yol ... a fix.d vala. 

x.lt has probabl1lty p of •• in, ·trae for &Dy 

arbitrary x and also 101' the .a.,r~.ate \,f .,a11 

.alues of x. ' In inequallty (1.2.6). if the 

rando •• arable il Y. th.n state.ents (1.2.5) ana 
. \ 

(1.2:6) are equival.nt ift .eaninl. Si'llce ine-", l 

'quality (1.2.5) hold. w~th. propabili~y P. this 

is true for aIl possible pairs (x. y). Ho.e.er. 

i we cannot say that the above .. ssertioD 'hold. fOT 

.a~h particular y value;owhe.ev.r l f.ll •. ~utsl.~ 
l 

the liaits a-bx t ZpOyx' th. in.quality (1.~.6) 1. 
\ 

false. 

Let us cODsider th. situation for th ••••• 1'.1 

case of the bivariate surf.ce. FI,ur. 1.~J "y., 

th. rearession of y OD x anel that of :Jt on y. a.'. . . 

both lets of confidente li.its • 
. 

W. s •• that the two .et. of co.*id.nc. li.its 
/ 

elo no~ coinci~ and that th. dir.ct li.it. Ar. 
. ......... 

a.rrower. th.~ ·--t·he 11lverlt". liaits. i ••• tpG~, < .~.-~ 
, ~ 1 1>- _ __ ~ - \},-.: 

••. ~re t p h the crltlcal Yalue 05 Stu4 •• t'. t._i" r 
•• ~an' •••• Iy .••• th.t th. direct r •• r ••• loB ,i.e •. 
. 

, .01'. adya.ta,e.. 50 •• ti .... t •• ia.er.i_ of. t •• 

·r 

'" " 

~'~ ~ ~ ~ t- j1~ ~"'~ ,~~ :;~~-~.:':';;\>~,'ir.:;.~"\~~~iià\l:I~ 

;, 

'. t . , 

,\ 
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l' •• re.lion li •• an. th. co.fide.ce liait. al'. 

" tla. only solution to the r.'l'e •• lon anel t1ae 

•• ti.ation pl'obl •• ; Eor exa.ple. tn btolo.ica! 

•••• ~ tay.rsion of tla. re.r ••• loa Il •• i ...... . 

•• atte.pt to e. tl.a t. the pote.cy of an untaovn 

dra. in ter.s of • blolo,ieal l' •• po •••• vltll the 

alcl of a response cUrYe ba.e. on tnov. dos •• of 

a stand"d drui. 

AccorcUnl to 'finsor the .ener •• pr~ncipl. 

1.: one should arran.e th. experi.ent .0 tlaat 

the desirecl relression is d.teralnecl dlrectly. 

tltat is the variable fro. vhich prediction i. to 

b. .acte. should be taten as the lncl.p.ndent 

variable. Whea th!s i. not pOI.lb1 •• one us •• 

tb. inv,rted relression. 

1.3 E.J. IiI lia •• (I~S9) 

Suppose ve hav. the fol10v18' l'.l.tlo •• laip 

b. t".... X a .. cl Y: 

(1.3.1) 

•• e •• vri te th. Ua.ar r.latioashlp of eq •• tloa .. ' 

y • a+IX+c 1 

Cl: .1'1'01' ter.,. 

1 • 

16 
.~ 
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C2 = error terll. 

A poiat which is often rat.ed when reare •• ion equat ions 

are e.ployed is: whlch variable in equation (1.3.1) , 

i. to be treatecl as the clepe.clent vartable' The 

depeDdent variable aust be subject to rando. error 

ia order that the usual theory of least squares •• Y 

be applicable. If Y i5 the clependent yariable. we 

use equation (1.3.2); othervise, if X is the dependent 

yariable, ve use equation (1.3.3). 

It is i.portant to avoid chooli.na as dependent 

yarlable, ODe wh'ich is errorlesl, or which has been 

subject to selection. If both variables are subject 

to 11'1'01', in si.ple reareSlloD, ,ei ther rearess Ion .. 
equatlon could be u.ed. depeDclina on which variable 

il to be predictèd. 

Proble •• , ID which it il not pOlsible to clo th! •• 

elpeciaUy ln calibration experi.e.tl'; liye rise to 
r 

t.e cleyice of, iDyerSe estl.ation Ero. the re,r •• sl01l 

equatioR. Suppose we are calibratlDI a pre •• ure 

,a ••• ; 'if x repr.sent. t.e controll.cl .arlabl. (the 

,ressure) .. ,.cl y r.pr •••• ts the .e •• ure •• al'lab 1. (th • 

• a., •• arkiR,). then x a.d y are r.late. br: 

~ 

_ • _~. ":F_ ... ~ . ...,. ~' .. 

',1 
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(1.3.4) y. a+8x+cl , Cl : readin, error. 

'The least squares 1ine ,ives 

( 1. 3 • 5 ) Y = a+ b x , 
.,.1 

vhere a, b are t~e least squares esti.at •• of 

a and 8 respective1y. We suppose that the errors 

ar~ independently and identiéal1y distributed 
\ 

vith zero aeans. Therefore, if one vants to esti.ate 

an unltnown pressure when ve have a ,aule reacltJr',-----

one should use the inverse esti.ate 

(1.3.6) x It (y-a)/b, b 1& O. 

But if one uses the fol10v1nl equation 

(1.3.7) x. y+6Y+C2 

/ as the relression 1 ine, one wi Il .et the fOllovin, 

le.st squares. line 

( l . 3. 8) x. c+ dy , 

vhlre c, d are, respectively, the lea.t squares esti­

_ates of y and a (here also ve suppose that the 
,/ -

errors are independently and identlcally dis"tributed 

vith zero aeans) • 

Accordin, to Wil11a_s, one should use equatlon 

(1.3.6) to estiaate an unknovD pre.sure: however. 

"ben equation (1.3.6) ,ive. results of spurious .. 
accuracy. one should use equation (1.3.'). 

, 

'j 

~- . 

-, 
• 

1 
~ 
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1.4 R.G. Irutchkoff (1967) 

In the preeedilla section __ we iDtroduced the 

proble. of calibratiDI ail in.tr .. eDt •• ay • pressure 

•• u.e. Wi11i ••• (1959) cODiiclered ollly OD& .ethod 

of cafibration. that is, the cl.s.ic.1 .etbo. USiD, 

y = a+SX+E , where x repr.seDts the control le. 

varia~le (the pressure) aDd y TepreseDts the .e.surecl 

variable (the aau.e .arkiDa) and c r.presents the 

reading error. 

Related to the sa.e proble •• 'rutchkoff considera 

two different .ethod. of c~libration. 

Let x and y be related by 

(1.4.1) y. G+8X+E • E = readin, error. 

Method 1: Clas.ical Approach. 

If there are N distinct observations. we c •• write 

.ode 1 (1.4.1) as 

o 

Tbe errors are independently' aD el id.Dtically, distri-

but.d vith zero •• aDS. Iy .ini.i&in, the square. 

r.sidual. 01 Y. ve abtaiD th. p ... dlctiD, li ... 

(1.4.2) y. a+bx • 

.here a. b are. respectively, th. le •• t .quare e.ti­

.ators of CI alld '., ne corre.po.dia, caU. ratio. 

t • 

~ .. r.u:~; ~'-.. ,~. ~:~_.1'~.~>~~1<.W~.:"~J~.~,," .. ~: .... _";;~",~i;~ti~~,tIjiB:r~a~_iÎ 

~J . . 
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1 .eco_. ~\ 
x • (Y-al/b , b .. o. 

.q •• tio. 

PrO. thi •• th •• stl •• t. for x 1 •• i ••• b, 

(1.4.3) 
... 
X • (Y .a) lb • b.. o. 

".thod Il: IDver •• Approach. " 

•• cu re.rit. aodel t1.4.1) a.: 

20 

(1.4.4) x • y+ay+c' , y • -ail • a • III , c'-.c/' , 

• .. 0 • 

If •• cOD.id.r th ••••• N ob •• rv.tio •••• iD tb. 

first •• thod, •• CaB .rit. tbe .0 •• 1 a.: 
, 

(1 • 4 • 5 ) xi: y -ta Yi -tc ~' 1. 1. 2 , • • • ,II • 
( 

Iy aiDi.ialnl th •• qu.red r.sidual. of x, w. obt.1D 

th. pr.dlctiftl lift. 

(1.4.6) x - ci'cly , 

wh.r. C, 41 are.r.'p.ctl •• ly, tie 1 ... t squar.s 

•• tl.at.. of y .. 41 4. If oa. r •••• Y oa th. laui. 

th ••• tl.at. of tb. DakDOva pre •• ar. 1. 

(,1.".7) i _ c+clY • 

U.ial the criterio. of" ..... quare •• rror, 
~ 

Irutcbkoff coap.r •• M.tbod 1 ... Metbo. Il ••• ial 

.... t. Carlo •• tbod., &ad •• 0 •• t •• t •• t.o. Il 1. 

a..tt.r. 

Ull., the .... 1 , • a.' •• e, .1~ ••• 0 ... 

• à .5. lratclaltoff .&t.. da." ...... tl ... : 

J 
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(i) t~e raD,e of x 1. (O. 1) 
• (li) the .taadar. deviatioa of error i. 10\ 

of th. ru,e (cr = .1). 

Takia, thr •• ob •• rvatio •• at •• ch of tbe ,e •• pol.t. 

Cx • o. x • 1). Crutcbkof' ftrit fiad • 

., • CI+'&+& • 

vhere c i. , •• erate. each ti.. •• a .or •• l r ... o. 

Duaber (the .rror c il assu .. " to be aonaall'., 411,­

tribut.cI vith zero .... aad stlDdard d.~iatioD • .1); 

th •• h. finds tbe l.alt square ••• ti •• t •• a.,b. c 

aad d. 

Th •• 'for x • 0 •• 2 •• 4 •• 6 •••• 1. 1.2. Z. 5 a •• 10. 

Irutchkoff fi.cI, 

., = CI+'& +c • 

vb.r. c i. ,ea.rate •• ach ti.. as a .oraal raado. 

Tatia, (1.4.3) .n. (1.4.7).h. fl ••• ·.q ... r ..... ror. 

for th ....... alue •• froa (1.4.3). he ha. 

iCI • (Y-a)/' • b Il 0 • .. 1 
ad b. obtalns th. .quar •• .rror. " tel

cl- x) for 

tho.e x yalue •• 

'ro. (1.4.7) • he flDeli 
; 

... ,'~ 1 

Il. • c •• y 

... lae obta1., t'. sq""'4/error. '" 
.. 1 

t(ll.-X) • 
-"'\ 

~</ • 

" 

-.' 

1.+ 

" 

" . 



, < 

" 

'.' 

'. 
He p.rfo~ t ..... ~ ..... ~.t JO,OO. tl •••• 

ft ..... Iquar •• errorl an cOIIPut •• to~ tbe cl ••• 1 ... 

cal a,pro.ch 884 t •• laver., .,pl'oac.; for •• ch 

yala. of x~ b. COllput., 
... 2 . ... 2 Ô' I{Xc1 -X) /10,000 au., t(Xl.~X) /1 .000. 

Th ••••• Iquare •• rror ot tbe'cla •• lc.l a,proach i. 
l ,\ 

u.lfor.ly lar.,r tha. th ... aa ,q •• ~.d errol" of the 
;;. 
,/ 

laver ••• ethod Cey •• for x~alu., outa14e the l'an,.). 

•• perforae. th, la ••• xp.~l ••• t 10 tl ••• b.cau •• 
, 

of 1.1.1 t'cl ti.e on the co.put.r. Tb. re.ul t. obtai ••• 

•• plrlca111 corroborate ·lrutchkoff'l re.ult.l. Th. 
<f 

follo~I., table liv •• th. reluit ••• obtai •• cl. " , 

\'\ /1) 
.rror.'X~. TAlLE 1.4.1 Co ... riloD of •• a. Iquare. 

X·O X=.2 1= .4 X=.6 X· •• · 
2 ,.OSS67 • 0"5110 Ay(l-x)cl ' 'II .OS~'6 .OSDA4 .04.00 

AY(I-x):. • 04470 .04S6 • .OS160 .04461 .OS.S7 

aatio(cl/i .• ) 1.1124' 1.21505 "1.30'10 1.27'77 1.251'4 

1:1 X-l.2 x·2 J·S X·I0 t! 
, 2 

AY(I-x)cl .0IS6' ,.O.ISS .lUJI4 .6"2S 2.'S713 

AV(I-X):( .04241 .OSOI' .0.71. .5472' 2.25144 

a.tl·Ccl/ia) 1.26612 1.7"" 1.21121 1.27765 1.26102 

, ... ~ . .' 

.' 

1 ~ 
t~ 

.' . 

;l 

f" ~ ,'" ... 

'~ 
y 

~ 

, '. ' , 

~t 

.. ~ 
," ., 
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Lookial ••• 1". the p."." te... ..~ 
t ••••• l.a al". diffe I~utchkofl cODclud •• tbat t~ • 

efl,cts ••• t,,: CI, th •• lop ••• tll. 

auab.r 01 obs.ryation at •• ch ••• i,a p~tat ••• th. 

••• i,a, "il1 Dot 

.qa.l'ecl error of 

c~. cl ali J. th. t ta." .. aft 

Il (~b. la •• rs •• pp1"oach) 

15 uaifor.ly •• al1.r th 

of M.thocl 1 (clalsical 

tlae ••• a squar.ct .1"1"01" 

/\ 

SUppOI. ao" w. coas .er tb. situatioa .h.~. 
, 

tbe errors al'. Doa-.or •• ;jth • • rror. Ar. o'tai.ed 
,i 

b, I.a.ratla. r.a'o. 

batlon chÀracterlz •• 

.rs 11"0. a ' •• rJ'08 41.trl-

e •••• ur •• of .. t.n .... : 

riaDC.) 

an4 kartosis: 

(loarth 

1 

\ 

\ 
\ 
\ 

'2 • ~ \ ----\-----..--- \ 

Tl. eff.cts of st.".... ... 
" t'. CORclu.loB air •• ', obtat 

\ 
1 

\ 
Dot \cla .... 

1 

, 
" 

If .•• fl.al1y look .t t'. elf 
1 

of 4 q.a41". c. 1 •••• 

F • .+'z"'la +c 

•• I.t a stl11 s •• 11.r .... ."1"e .. _ 

Tb. o •• rall co.el •• loa 

,1 

• 

:: 

, ,-

, " 



• 

; 
\ 

, , 

l 24 

~ , , 
~h~ C';)ibratioD prob!e. has 'a .pproach to uniforaly 

., 
than s •• ller aean squ.red èrror the cl~ssical approaeh. 

\-

1.5 Cri tiques of ICrutehko ff' s aethod of calibration. 

' .. l.S~l E.J. Williams {1969~1 

Suppose ve'hàve thft fOllovin, reeress10n .odel: ~ 

E(yl x) ... a+Bx • 

where ve assuae that Y is noraally distributed about 
~ 2 

a.8x vith variance cr . 

. The least -squares est i.ated re,ression based on 

•••• ple of N observations is 

, = a+bx • 

• z i- bi ar., 

r •• pectively. the least squares estfaators of 8 aad G. 

:In Irut-chkoff' s paper (1967). the elassieal esti.ator 

of the unknown variable x. given an observation Y, is 

! • i + ,(Y -y) lb Il b ~ 0 • 
" 

I~ t ••.• rrors are noraally,distributed. b Is noraally 

distrlbuted independently of Y and y, and its reciprocal 

has Infinite variance. The classical estiaator ! viII 

ha •• undefined expec'tation and jnfinite variance and 

.1.0 infinite r.ean squared deviation (a.s.d.) • 

\ 

• sc:;: 
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". ia.er •• estiaator. as 4.fi •• 4 by Iratchtoff, 

i. 

-g 

vhere 

'" - -x • x + (Y-y)c • 

,. lona as N > 4. It aay be shovn that c •• d ~ h ••• 

fiaite a.s.d •• 

-Accordina to Wi11i.as. there i. no a~e4 for 

coaputer simulation expertaents tô eonclude that froa 

the a.5.d. point of viev. the inverse estiaator is 

better than the conventional esti_atar. The faet tbat 

tbe a.s.d.of an esti_ator i5 1.55 tban laflalty is aot 

provina very much! 

le knov (Blackvell, 194ntbat the aiaiaua variance 

uabiased (m.v.~) estiaator aay be obtaiaed if tbere 
.. 

exi.ts an unbiased estiaator of a paraaetrie funetion 

and if thera also exist .ufficient statistics for the 

paraaeters in the distribution. This .stta.tor 1s in fact 

t~. expected value of the unbiased .stiaator. condi-
,,; 
tio.al on the ,uffielent st.tistics. aecaus. of the 

\ 

suEfleleney propre ty. the •• v. u. stat lstic i. 4istri­

'ut.4 lndependently of th. para.et.rs. 

" 

, '. 

.. 
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(1.S.1.1) " .(yJI) •. , • CI+'X 
••• w •• 1. a p.r ••••• !. fu.,'l ••. 

'r •• (1.5.1.1); •••••• 

26 

'or th. par ••• terl t, • &ft. I, i. b .. 4 Y ar. coll.et-
'" 

1 •• 1, th. lufllet.a, .tatl.tic •• (Y. b ... Y Ar. 

Dor.ally di.tribut ••• D •• utually lad.pI.d.nt.) 
, 

I(Y) • ca+'x 

dt 

.' ~ 

1(;) • CI+.i 

•• laey. 

t • i· + !Ji • • Il'' 
.'leh i. ua.i ••• d for x 

o 

;~ . 

" 
< 

:- l', 

a(t) • ICi) + I(X): Ir;) • i +CI+'I-,-II • x •. . . , ... 
tf.~f} 

Th. It.tiltic 

(l.S.l.Z) i + (y .. i),c.) 
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b 
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-0 

t
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---r 
e -2. dt , (8<0) 
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The esti.ator defined in (1.5.1.2) has infinite ., 

variance, since g(b) bas infinite variance. Therefore, 

we can say that no unbi.sed esti.ator will bave finite 

variance. 

Je can apply tbe saae state.ent to the •. s.d. 

criterion. We know tbat tbe m.s.d. of any statistic 
( 

consists of two parts, the variance and the square of 

the bias. If we replace tbe statistics by tbeir 

expectations conditional on sufficient statistics, ve 

will reduce the variance and ve will leave the bias 

unaltered; we tberefore reduce tbe m.s.d •. 

According·to Williams, the inverse esti.ator 

considered in Krutchkoff's paper (1967) vas derived 

on the false assu.ptions that the errors veTe 

lndependent of t~e values of Yi tbis .sti.ator has 

flnite variance. Since the cl.ssica! and the unbiased 

esti.ators bave infini te variance, the fact that Irutch-

koff's esti.ator has finite variance is of little 

account. Any esti.ator which is a constant, wjll have 

finite variance; th.refore fro. the •. s.d. point of 

view the inversa asti.ator will ba preferable to the 

li 

; 
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1.5. 2 Jos.ph Jerk,oD Ct.6.) 
; ( 

For the clas.le: l ••• t squar •• proc ••• r. o~ 

to obtaln as .sti •• ~ors 0-1 I.CI "'Cy • o+lx+c). 

.. r' 

t~ 1 (xl-x) (11 -il 

• 
-... 

" • y~li·,. 

, \ 
For ~h. inverse l ••• t squar •• proc.du~. of, •• tt.etloa 

..,.'" ~1 
-' 

(tbe one propos.a by ~rut~koff. 1167) ••• atalais. 

tbe x resieluel. to obta1a as •• ti •• t •• of CI t •• t 

(x • o'+8'y+"c' 8*.1/1 •• t;. .1. J • Il 0) 
-( 

l • 

'urthlraor., •••• t 

r 

.. v 

I!l,C-I :.i) C'I-i ) 

• - 2 III(~t -T) 

, . 

o 

.. 
" 

o 
, . 

. . 

.. 
J' 

.', 

~ (' ... ~ -"1" _ ...... 

•• .1-'-. ~ ~ '~~~_J"k~" !>.,,~_,~~!~~~._ 

".. , " 
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, ~t 
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l ' 
~~I "=~'h'~ f~5!'-'.~~~ 

, . " 
D' 

1 

, If .e use tbe clas.lcal esii.ate.. the cali-

bration li.e for an e.tl.ate of a. unknovn .alue 

X is 'i.en by 
, ... ' 

(1. ~o. 2 .1) Xl· CY i -8) l' , i Il o. 
" 

If ve use the invers. esti.ate., ". will obtain, 

(1.5.2.2) Î Xi :1 iil.l·Yi II: (Yi-~)/l ~ l Il 0 • 
1 

, 

Irutchkoff (1967) used on1y •• a11 value. of 

N for aIl the expert.ents perfor •• d CM = 6 for 

.ost experi.ents, the laraest be~nl " ~ 20). 

However. i t is i.portant to us. 'tarie, yalues of 
1 1 

N for elti.atin. a.calibTation lin •• 

that 

Por the classlc unbla •• d esti.ate •• we re.att 

... ' 
1 1 1 

. ' 

a 1 and 
.... 

, 

ca , 
va 

N ... • • 

The" e.ti.ates â and 8 are, theref~r •• co.sistent ID 
... 

" 

probability. ID other words. a and t Ar. co.sistent 
... 

'e.ti.ates if yeti) + 0 and V(8), + 0 a. If ... -. 

Por the inv.rs •• sti.at •• , w. note tbat 
2 J, Q 2_ 

l + I...!., and ~ + ca .. L{ , 
laz ,az 

• • t 

/1 (~ -1 G 

_her. a ij th. standard .rror'of the error of ob •• r-
) 2' If 2 < ~ C _ atl0. of y, aad Oz • 1'1 (xl-i) ,. 1. the .aria.c. 

01 t'. x us.d ia the d.'.raiaatloa of the cal1bratioa 

11 ••• 

o 

. 
t 

-Iiij 
,:ë 

,-
) . , 
~ 

~ -. ~ 
l! 

ft 

L"'~ , ,r'", 

~~ 

~ 
i 

1 

" ~ 

" 
_\ 
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•• ca ••• 

2. u. :. 0-4 as •• • 

'''x 

th •• e i.yer.e .stiaat •• are aot ~oDsisteat ia proba­
l 

bllity. 

Kov let q. estiaate the yalues of X froa readia,s 

of Y, vith N + -. If.e look at t~. cla.sic case, a~_ 
... 

N +.~, the expectation of Ii ,iyea by (1.5.2.1) te.ds 

i. probabllity to Xl' that ls, th ••• ti_ate ls 

asy.ptotical1y unbias.d. The aS1aptoti~ variance is 

,iven by 
A 2 (1.5.2.3) V(li ) - 8 '1 0 - Ci> • , 

siDce the, asyaptotie a.a. squ.re error is ,iv •• by 
A 

bia.2 A 2 (1.5.2.4) a. s ••• (Il) (Ii) -• - (!.) . , 
•• 

aDd the esti •• te ls asyaptotlcally uDbiased sl~c. 

. 
la the iDyer •• ca •• , a ••• --. tb •• xp.ctatio. 

of ii i. ,ive. by 

(l.5.2.S) byaptotic 1 el. ) • ..LI +..L~i 
'-f .-f 

, . 
". a.,.,totlc bia. i •• iv •• " 

z 
• fa.!..,. .... 

1 
\. 

(1.S.2.6) As,..totic bl •• el.) • 1 
• (I-xl ) a ...L(I-xl ) . 

2 i • ·x·- .-, 

- -,j 
1 

- -i4 

\~l·.li 
' . 
~-

" .. ;.~ 
-~ 

'1 

.' • 
1 - , 
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Tl. a.y.ptotlc .arla.c. il ·,lv •• br 

(1.5.2.7) • 

, 

(1.5.2.1) • a2 f2(1_li)2 

(l-f) 2 • 

For both .stl.at •• , ". notlc. that th ••••••. 

1. lael.pe.dent_ 4f a: ,we a1.0 notic., that if 8 i. 
~'t;:y 

lar,., ~. ) will a,proach a •• a.d II will approach 

il: "e notice flnall, that the .arianc. of li li 
.. -' •• a11er than that of Xl' 

For N ... -. the direct.. •• ti.at., ii : .(Y l-S) 18. 
, 

i. uabia •• d nor.al. a.eI th. inv.r ••• Itl.at., 

il • (Yl-~)/l 1. Doraal but ~t ••• d. exc.p~ wh.n 

r. Table 1.5 •. 2.1. v. 
1 

corr •• poadl., to th. cla •• lc an. ta.er •••• tl.at •• 

of tb. callbratlo. li •• , for M'. - a ••• • 6 for th. 

.xp.rl ... t~ltb t~. co.troll •• pO'ltlo" of X-a. for 

Intûto"'. Table 1 (1167). 

~ -(,f "::;. ~ ~:_ 1 ~f. 
.. '(11.-.- ~"""t:,, -" ~ .... ....".. 
~~ .. \ .. ,.t.,,~.L. _if •• 1- "':.' ,' ... , .>:~Ol'L';<i'!''''_:,::if.iitl,~ 

'~ 
~t !)j , 
. :; 

, 
• 
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,. 
TAILB 1.5.2.1 - Co.parl.on of ••••• '. of •• ti.at •• of Xi' 

for N + • anel for N • 6. \ 

M + • Ratio • ••••• 
XI •••••• (il) •••••• (Xi) 1 .... H=r6 

0 .04 
J 

.034413 1.16 1.28 , , 

.2 .04 .031431 a"l.-if-n ~ 1.26 .. , 

. 4 .04 .021917 1. 34 1.25 

" ~. .6 .04 .021117 1.34 1.25 
.8 .04 .031431 1.27 ·1.25 

1.0 .04 .034483 1.16 1.25 
1.2 .. 04 .031041 1.02 1.28 
2.0 .04 .072533 .55 . 1.27 

5.0 .04 .414183 .016 1.30 
10.0 .04 1.746728 .023 1.28 

Por' X ~ 1.2, w. s •• that th. ratio of •••••• i. ,r.at.r 

th.ft unit y, tbat is th ••••••• of th. cla •• ic •• ti.at. 

~J 1. lara.r , for N + • al w.ll a. for N • 6. 

Por X > 1.2, th ••••••• of th. cla •• ic '-ti.at. is 

•• a11er when N + -. 

,. If w. u •• lar,.r nu.b.r. for •• ti.atin, th. cali-
1 

br.tlon lin., th. r •• ult. woul. b ••••• ati.ll1 th ...... 

In Table 1.5.2.2. w •• ~. that for value. of X c 1.2. 

th ••• 1 ••• 1 ••• al1.r for th. tav.r .... thod. but for ., 

(1) •• rt.on (1161). pa,. 653. 

.. 

t 

~" ' .. .,. ~ -
-"'~~. ... _ / l • / _._ ... ~~..,:-::;..-~~: 9~ .",",è'=~..,\llII 
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J • 'Î>. 1 
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• 
Q 

SI 

value. 01 1 > 1.2, th ••••••• 1 ••• al1.~ for t~e 

c1 ••• 1e •• thod, whlch i • •••••• 1.11y ,b ...... a 

for N + -. 

~, 

TAlLE I.S.2.i - R •• ult. of I~utchkoff for N • 20, 
d •• !,n: 10(X-0), 10(X-l). 

, . . a .•••. 

X Cl •• ,.ic laver.e a.tio 

0 .046 .OS7 1.22 
.2 .043 .OS4 1.27 
.4 .043 .OS3 1.S2 

.6 • 044 .OS~ . 1.52 
.. 1 .043 .OS4 1.27 

1.0 .046 - .OS' 1.20 . 
1.2 .04' • 043 1.14 

2.0 .064 .077 .IS 
5.0 .063 .077 .11 

10.0 .063 ' .077 .IS 

Th. fact that th ••••••• la Dot •• a11.r vith th. 

inv.r •••• tl.ate for aIl v.1u •• of l, cO.ld, •••• 
1 

that Irutchkofl'. la •• r •••• thod 1. aot •• p.rlor 

to th. c1 ••• 1e •• tho •• 

la Irutchlt~fl' 1 .xp.rt •• llta, lae coa,'''r.'· •• , 

•• tl.ate·of l, fro •• ,.' •• 1. Ob •• rvatloa of ',; 

. (2) '.rt.oa (1'6'), pa •• 654; 

.. . - - ,.~. ~ 

' .. 

, ' , 

'. 
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••••• 1. sufllei •• tly lar,_. the ca11britl0. 
l ' -

Il •• CaR be considered wlthout appreclable error 
" ead Il viiI b.' u.bl..... .0. 1.t u. coasl'.r a • 

•• tl.ate of Xl fro. the •• e.:of • > 1 ob •• rvations 

of YI. As d.fi •• d in (1.5.2.4), the asyaptotlc 
.... 

•• 5 ••• of X ls liv.n by 

" .... A 1-•. s... (X) • fi .,2 
, 

and as d.fl •• d in (1.5.2.1). th ••• yaptotic •• s ••• 

of l is ,iv •• by 

•• s.e. ct) a a2 .. f2 (1-11)2 • 

• ('_f)2 C'.f)2 

Th. first ter. of th. r.h.l. of •••• ~.(t) vltt be lesl 
.... .... 

th .... s ••• (I), but vith laer ••• i., D, ••••• ~CX) de-

cr ••• es .ore rapld1y tk ........ cl). exe.pt at 

1. 
, () 

Xia Th.refore. for lo.e .0,', luela tla.t D ~ ·0 • 

th. •••••• Cil) .ll~ b. ..a11.r tlae. that of 11 
.xc.pt 1. tla. Del,hbourhood of Il : 1. 

AR o •• ra11 cODclu.loft 1. th •• tk. l ••• r •• proe.­

dur. yl.1ds 'Dco •• ilte.t .Itl .. t •• , tl.t t •• a.*.e. 
~, 

of th. ia.er •• e.tl •• te la •• ,l .. tl., X fro. a Il.,1. 

o.'.rY~tlo. of Y 1 .... 11er for. Il.i' •• - r~ •• o~ 1. 

... flaal1,. tllat for • ..fflcl, •• 'ly 1.rl.~ 1 f 1 il 

~ • _ r .. 

,-i.1~ :'~I!,. ":~~. _~ ~~lili~~~ j::;;.,i,;,.J.;~~ii~' ;'J~~,l~j~~~fr.~ 

, 1 

i ." 
~}s. 

:~ , ;..' 
\ _J .;, 

1. 

~~ 
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••• 1 ••••• fro. tb ..... 01 •• 1 0, •• ~Y.'10.' of T, 

t ..... 1 •• l".~ .... 0 .uela ,It •• for yala •• of 

•• -f. th ••••••• of tb. 01 ••• 10 •• cl •••• will , • 

•• al1.r th •• th.t of th. lav ....... tl •• ,., •• cept 

10 .. 1. 

" .... for ..... c ... ot •••• ~11 •• tb •• u •• ~l.~lty 

of tb. lav.r.. ..tbo. acco~di., to th. ,~l.olpl •• , 

.tated by Irutchkoff. 

1.5.3 Ma, ".11'r1p (11rO) 

Irutchkoff (1'61) ba •• U., •• ,.4 th't la.t.,. 

of u.i.1 the •• tt •• te'/ •• r ••• io. of rOo •• to 

•• ti •• t. X. on •• houl' u •• the •• tl ..... ~""".io. 

01 x o. , to •• tl.at. X a. " ft • c •• V. wh .... c 
c 

aD' • ar •• r •• p.ct! •• 1,. th. 1 ••• t .qua~ ••• 'tl.at •• 

of y a.d & (x • y+4,). 

'or l.r ..... pl •• , Iruto'koff' ••• tl •• C. i. 

• ~p.rior ia th •••••• of cIo ••••••• that l, the 

r.latlv. ~10 •• a,,1 of 1 ... Îk to 1 Cl • (Y-a)1b .. 
t. th. clal.lc •• tl.at.). 'y,4.fl.'tl0., 1 1. a 

.up.rlor •• tl •• t. tk .. 1. " If. for aIl X. 
1 

... If' yalu •• of t •• 1 ••••••• '1 .al'I .. l .... 

~JI , , 
--' ':', .... 

--1 , iI'- , 
r'i .... ~ .(~d - ~ t~.f. ~~"\;.; 

~'.~ .. ~~; ~ .~3I -; ~~ t~;:::;~À{it:-;~t ~ 

, 
" 

'1 -. 
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r •• trleted to a c.rt.ia ~lo •• d 1.' .... 1 ...... 

'ke .. an of the l ••• p ..... t va~late. 1. , •• exp.-
, . 

rl ... t and 1 ••• th •• 1 .l .... ~~.. The wl4th 01 the 
'. ~ l.terv.l will vary 1.Y.~.ely •• , •• prodvct ot t •• 

1 

.b.olute v.lue of tb •• t •• '.rdi,ed 'lqpe .nd th. 

.ta.dard deviation of tbe l ••• p •••• at variable. 

u •• d in th. experl •• nt. Si.c. the para •• ter tend. 

to be lar.e, the lnt.rral w •• r. I~utchkoff' • 

•• ti.ate i •• uperlor will b •••• 11. 

Slnc. the\cla.Slc.l proc.dur. allow •• n .x.ct 

confidence interyal whil. lrutc~kofl's proc.dur. 

do •• not, th. clas.lc,l .stl •• te II to •• pr.lerred, 

•• 1., the .bove clos ••••• crlt.rio •• 

• 'Iow, aceordi., to th ••••• Iqu~ed error 

criterioa applied to th. r.l .... ' •• ,.,totlc dlstri-

butioa. th. cl ••• 1cal proc •• ~. i. to •• ,referr ••• 

• aoe,t th,t th. lat.ry.l of •• perlorlty of Iratc"off', 

•• tl .. t. 1. DO IODler ••• 11 ev ••• t ~.t. 
'laa11y, Irutchkoff', •• ti •• te 1 •• ot cO.'I.t •• t • . 

whll. the cla •• lc.l •• tl •• '. 18' .0 .... r,~I~'*cb'ofl· • 
• Itl •• t. C •••• _difl •••• tlaa' lt 1. ooael.t.at ' 

'at will .ey.r 'e be'ter.la'tla •••••• of cio ••••••• 

.. 
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Carlo .i.ulation, that the inver •• a.thod had a 

uniforaly saa1ler a.an squared error than did 

) the classlcal aethod for aIl values of the un­

taown pressure vithin the calibration ranae. 

In a subsequett paper, Krutchkoff (1969) , 

ha. deaonstrated itrat "if a sufficient nuaber of 

37 

observations vere taken in the calibration phase 

then the classical'.ethod has a lover aean squared 

.rror outside the calibration rango"; but insido 

the calibration ran,e. the invérse .ethod .till 

ha. uniforaly s.aller .oan squared orror. 

Accordin, to the concepts of sufficiency 

and consistoncy considorod in articles vritten by 

li111a.5 (1969a) and Berkson (1969). the classical 

procedure of estiaation il luperior to the inverse 

procedure of eltiaation. Hovever, accordina to a 

recent paper vritten by Krutchkoff (19~1), the 

results presented by aerkson and Williaa. do not alter 

the results obtained by Krutchkoff in earlier paporl. 

ln response to Ralperin (1969), who introduced 

the closeness criterion to coapare the cla.sical 

procedure and the inverse procedure, Krutchkoff 

ua •• the sa.e procedure as in the .arlier paper 

(1'67). In the Halperin p.per, 

, '. 
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3. 
1.6 Conclusions 

Of the papers ve have co.sidere4. aIl ~uthors 

except Irutchloff use the reiressioD of y on x to 
t1' 

•• ke prediction on the unknovn x; in fact there 

exists on1y one regre5510n line. 

If. like Krutchkoff. one 15 calibrating an 

i.struaent~ say a pressure gauge, then the inyerse 

procedure of estimation i5 the best aethod to us. 

if one wsnts to make a better prediction on the 

unknovn variable x (because of tbe .ean squared 

error erit~rjon wbieh says that the inverse aethod 

ha. a uniformly smaller aean squared errOT than the 

cl.ssieal aethod). 

Other statistieians think that Krutchkoff·s 
1 

.ethod is good only when we are working on a s.al1 

raB,., that is the range covered by the data. 

Shall ve belleve the aajority of statisticians 

•• en they say that there i5 only one regres5ion or 

.hall ve con5ider the aethod proposed by (rutchkoff 

a. a valid method? 

This will be an,vered in the second chapter 

••• a ve apply both relressions to the prohle. of 

fla.in, confidence intervals for the predicted x 

'Yariable. 

la chapt.r three ••• pre.ent an al,oritha ••• 4 ~ 
!) 
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. CHAPTBl II • Cla •• lc.l'.D' I.y.~ •••• t.O.1 lOT eoafi(.ac • 
••• T!l!t'.!' lat,rv'l!_ 

, 
,2.1 CO!fl"_,_ '-4 tol.I',82' lat.ryaJ •• 

. , 

la 11 ••• 1' ~.i~ ••• lo •• ,w.'h.Y. tb. aod.l 

(2.1.1) YI ,a ca+'x1+u i ' 1 11& l, 2' •••• , a, 
, 

wh.r. G, • ar. u.taowft para •• t.ra' .. d u i 1. aD .rror 

t.r •• 

•• • ,t. th •••• uapti.a tb.c, 1 •• 04.1 (2.1.1). 

1) u i i •• ra.do. yari.bl. vith &'1'0 •••• 
1 

.ad y.rl'lIc, fi ; 

11) u i aael. U j aJ!' uDcon.lateal, 1 JI J. 

r' Th.r.for • 

• nd Y1 .ad Yj' 1 - J. '1" uDcorr.lated. 

A furth.r a •• uaptloD 1. tb.t 

Iii) ui 1 •• Dora.lly '1.~rtbut.d r •• d08 y.ri.bl. 
1 

vith I.ro ."D 'Dd veri.ac. a • t •• t II 
1 

u
i 

.... (O,cr ). 

'1'0. thil ,1 •• , •• I •• ptloD. u i eacl uJ .~. th •• 

..c •• ~.rll, 1 ... p ••••• t. If •• c~lid.r ft obl.ryatin., Q . 
t~ •• oclel (2.1.1) a." •• .rltt •• C ~ 

~'PJ~ , 2 , 
(2.1.2) Z • -. + '1 + 1 • Il + 1 , JI -.1",. la). 

.xl lUI 1 ul av ,aa2 x u1 

.. 
.' , 

r~", 

~...,? 1'" .. ~~ • 

. :~~f~~~,,~ ~~. < 
. ~ -~ 

'., l(.... :IV'_ ~"'.;~ .... ,.. 

, ~. "-:'-tr :,~II;;:;;'~:bJ 
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0
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1 .+ 

1 

.""1 . _., .. ", 

'. 

, 

••• r. X <1,6) 1 
. ... • , • • • ~ . xl l" JI • UI' ~ • 1 ..xl u • 

1 Xc, -, • • • • • • • • • 
1 'x u. 

"- • 
1 

Pro. X • XX+I •••.•••• X-XX • 1. b.c •••• 1 ·'a(o._ 1.), 

•• hav. 

, 
Pro. l.a.C .qu~r •• , ~ • • ial.11. 

Il'S! • .l'X" -~,~ + X'X'XX 

to obtalD th. "Dor.al .quatio.s" , 
.. 

X' Xx • X'l. 
J 

Provid.d (X'X)-l.xist., 

i · (X,~)-IX'X, 
.. 

Slaee X is a 11.ear tr.a.f.r •• tlo~ of X. tbl, lapl1 •• 
J • 

chat 

(2.1.4) 
< .. 

•• ..duce that 
c. 2 

(2.1.5) !'i - N(A'x,a ,'(l'X)-IA) '0 

.ltla , ••• ctor. 

Pro •• ,uatlo. (2.1.5) 

(2.1.6) .~!ti-!'x) l~fll~'f,(I'l)~ll_ .(1,1) " 
ct>. 

~. r •• ld •• l ... 01 •• .are. (1'1) la 
Q 

1 1-.· 
(2.1.7) SI •• 1'(11,. 1(I',x)·I)1 • l'. - • -"1 

• 

). 

;; 

, 
r 

'. 
" 

.~ 

) J.o-

. . ; 

~ 
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vith 2 the rank of X (S.arle (lg71), Sec. 3.5). , " 

•• çaule 55E and (!'i-!'Xl/ 4G2!,~XtX)-1! are 

d1stributed independentJr, 

(2.1:~) (!'i .. !'x)/ J1:,'(X;Xl: 1 S5E/tn~2) - tn_2' , 
central. "where tn_ 2 (,0110". the t-cUstribution .i th 

n-2 d'arees o~,freeao •. 

Let t· be, Juch that 

P(-t* < t < t*) la l .. t • for t ,.. ta_2 

then 

(2-.1.9) P(-t* <-"(!'X-!,x)/A/,'(X,X)-l!' SS8/(n .. 2) <t~) = 1 .. e • 

. 
R.ar~anlin. probability Itate •• nt (2.1.9), we obtain 

P(!'x - t*~I:.'(X'X);-11 sSei(n .. 2) < "X 

< ,'i ... ' ~·,JA"(I'X)-l! SSE/(n~2). I-e. 
}(1 • , 

.. • ker. l i5 con.id.r.d rando •• 

Hene. l'i 1: t* VA'CX"X)-1!. S5E/(D.-2) provlcle. a lOO(l-c)' 

confidence inter.al for!' X. 
, " 

If we con.ld,r tb •• ode1 
~""'fI ~ " 

, l • caa+8J+,u • JI - N(2,0'2In) , 
1 

( .. have 

ICI) • al""" . 

" - , 
~ '. ~,. .. .. '~~~ .. " - ! ~~~_ ~ ~~: 'f;~~_ ; .. r::_ ~ ~ 
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Coafld •• c. ,liaits for E('l) Ar. ,i •••• , 

(2 1 101 " '. ""X· ~ ~. J_ •• (1'1)-1 ... & S 
•. 'liaita - " 

• 

.~er. a. b .re. r •• pectivel,. t~. le.st squarel •• tia.te. 

of ~ a.d 8, a.d wh.re 

Pi · • + II(".-i) • (X'I)':I. C~a l/~~c~' MSI! j' SSI!/(a-2) • 

"1.1'". == 1 

CODfidenc. li.its for E(11) ,1 •• llaits .it~i. vhic' 

CI + alti 15 litel, to li •. 

lut very often we .re iat.reste. ia th. liai ts 

vi th ln actua1 v'lu.. of '1, corr •• pondia, _to w.lch • 
'. 

,1 ye. valu. of x •• 1 li •• 
2 

1. have ~he .od.l X :8 GI+8~+1 , J! - • <! ,0 1.1. a.ct .e 

••• t to?obtai.'the llaltl vithl •• lalc. tla. act.al yalu. 

of Tl' or th. li.lts vltJl.tta vhich a. e.tia.t. of 1 i viII Il •• ' ""'. 

Th. varlaace of • lia,le .a\u. 1 i a'out t'e 

r.,relsioa line il 

Th. Il.I~ •• i~hla .lalch Ti viII li. are 80' I08,er 

calie. CO.~l ••• ce liaits. 'Ult tolel'a.c. llaita (cf. 

' •••• 11 a.J Buckla.. (1'70). for t •• cliff.r.ac. 
1 

•• t •••• tol.ra.c. ... co.fl4l •• c. liai ts) • 

• 
o 
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ne" to1era.c. liai ts of Ti Ar. ,iv •• b1 

(2.1.11) 
, .. 

j: t.~ [1 .. ,' (X'X)-l!]NSE T1iait. • .l'x 
r-------------~--------~ _ _ 2 

• a + • (Xi-X) t t [1+ (lin) + (xi-x) Il '.Ca l 

Tlle differ •• ce beC •• eD (2.1.10) aad (2.1.11) 

1. the value 1 under ch. square root: si'ft. This 

ca"a b. explained iD tlaat for conficl •• ce liait. of the 

predicted a.an ya1uei Ti for a Il Yen xi' we use 
.... 2 _ 2 

the yariance of 11 = fi [(l/a) + (Xi-X) Il' Ç~]: but in 
,; 

the case of the tolera.ce Uaits of the predicted 

yalue of aD iadiyldual, th. yariaac. of 
2 ' 2 

Yi = fi [1 t (l/n) + (Xi-X) Il 'C~]. 

2. 2. ~leraDce iateryals for x .iv.a 1. 

la the preeedi., .ectioa. we sllowed how to find 

tol.ra.ce iateryals for the yariable 1. Suppo.e DOW 

•• waat to find tol.raDe. lat.r.als for the yariable 

z.I. 1inear relr •• sioD, we ca. co •• lder two a.tlaods • . , 
Let 

. 

,(2.2.1) 'i • CI+,zI+c i • i • 1. 2, ••• , •• 

If we CG.sid.r Irutclatoff's layers •• 'Itlaocl, w. rewrit. 

o ' 



;.: , 
~ " 

, . ~ 

• 

~ , • \ 

.~ 

, 
r1" 

.here ., . -al' • 4 • -1/' , ci • .. cl'· .. • • Il 0 

'If ~ .lalal •• th. .~I'.d r.sldulla of x, 

obtlln th, l •• at squlr •• Il •• 

x • c+dy • 

where c, d are, r'.pectlvely, the l ••• t .qu.re • 

• 'atlaa te. o~ y and a. 

The ,atlalt. of ~ beeo ••• 

i • Ct dy • 

p 

.6 

• 

•• 

Uainl equltlon (2.1.11). the tol,ranee latervala for 

i will b. o~ th. fora 

(2.Z.3) 

1 ; 

, If v. u.e the cla •• lell •• thod. ,ve eoaalder th • 

• ode} (2.2.1). Let., b be, re.pective1y, the leaat' 

square. r.t illiat.. of a and J. 
1 

The l.a.t .qulr.. 11ne ".co ••• 

-
The e. ti.lte of le 1. 

.... A 

le • (yo·a)/b l
), b Il 0 • 

A 

To obtaln the to1eraace later"al. of x, •• u.e 

.qultlo. (2.1.11) 

o 

• 

,> 

. ~ 

j 
,~ 

-. 

, ! 

, 
" , 



.' 

'" , 

\ ' 

(2.2.4) 

J'x-t* ~(A'(X'X)-lA+I)NSI ~ y'<'$, ,1'!+t"~~"(I'I)-l .. +ll"~. , 
Iquarin, ancl r.arra.,i., .quat'io. (2.2. C) I~.') 

A 2 -1 
(2.2.5) ('-AX) , (t-) (l' (X'X) !+l)'NSB. 

Sub.UtutiDI th. yalu" of i,aacl ,'(1'1)-11 ia"ca.atio. 
\.r 

(2.2.5), .Iobtal. 

; (2. 2.6) [a;~~y-t!~~;](X-i)" tZ(),-i)::~~]{lI-i) 
2 

+ [(y-y) -~. MS8(1+1/n)] s O. 

l, 

SI _ ~·Cv 
t *N 1 2( )JIiJ ~ JTli' •. y-y ..... I-·C-I . 

2 
aad C • (y .. y) - t* 1151[1+1/.] • 

( _ 2 _ 
Iy solvlnl th. quadratie IquatloD A(x-x) + I(x-x) + C 1 

• 
• e ca. obtata tol.raae. iat.rvals for x (Scl.". (1.5.). 

,robl •• 2.3, pa'i 51). 
- 1 _ 

Let r1 and r2 b. tb. two root, of A(x-x) + I(x-x) + Ci 
':-" 

tb. 'Olu~rl aad 1'2 aI'l 

1'1 • -1 -il- 4AC 
Z 

ra • 
-1 +411- 4AC 

JI , 
Tb.r. Isist .evlr~ po •• ibiliti •••••• solri-af-, ~ 

_ 2 _ 

A(x-x) + ICx-x) + 1 .laiell v. DOW la ••• tl.a'i la •• tal1. 

-. 

J' 
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2.' C •• parlao. "etv ••• ,It. S ••• I'.e- •• d o1' ••• lcal .. 
"S't ••• , , ( , '[, 

U_ia. tb ••••• '.4"~ •• d.yi.tlo. crl'erloa. 

Irate .. "'f (1.67) sho" •• tJa.t the i ••• r •••• tIa04 1. 

b.tter than the c1 ••• 1ca1 •• tb04, ;vil ..... w •• t. to 

pr.dict .0 •. ulIkaowa x .al'la',l. ,ivI. th. y variabl •• 
n 

8ay opl. hav' co~roborate. Iruto'kofl'. coaél •• io. 

b,' .l.ulation; L.t u. co ... id.r th. clat a of 'l'obI •• 

Z.! on pal' 51 of 8ch.ff' C1'S'). 
, 

"ID 'a •• xp.rl •• at to callbrat. a. la.tru •• iat for 

•••• url., ,the .oi.turl of a certain .at.rtal by •• 
1 

.1ectrlcal •• thod, th. r •• ulta obtal •• d ver., .fter 
" ' 

orderin. of x yalu •• , th. followlDI: 

TABLE 2.3.1 

x 6.0 6.3 6.5 6.1 7.0 1.1 7.5 7.5 

Y 3. SI 4' 53 10 .6 111 124 

. 
x 7.6 7.1 1.0 1.2 1.4 '.4 1.' 

7 104 131 147 160 156 172 '110 0' 

wh.rl x 1. the .01atu~. coat ... t la pel' c •• t, .et.rai ••• 

by a ..... l,tic •• thod •• fll01 •• tl, accoFa,. ' •. b. ooa­

aider •• fr.e of .rrol', ••• 1 1. , •• 'lal 1' ••• 1 •• ta 'Il. 

la.trUlle.t ••• ft 

(2.S.1) , ••••••• , ••• ~r.r , ••• . ' 
x.,-

-:.. '" . . . 

r 

" ' 

-', 
" .; . 
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(2.3.2) 
... 
y • a+bx , 

••• ~. a, b are, re.pectl •• 1,. t •• l.a.t~.q •• r •••• t.­
•• t •• of CI •• 4 •• 

TIl.r.fore, the •• ti.ate oE x 1. 

(2.3.3) 

'Tbi. x-esti •• te. i. obtal ••• b, tla. ocla •• l'cal ,~oc"ur •• 
} 

Nov, let'u. co •• ld.r th •• o.~l 

(2.3.4) . x • Y+'1+C', • y,. -aIl. a a 1/' ,....c '.-c/l • 1 
<. , 

.' The., the le •• t .quarel Il •• i., 

(2.3.5) 
.... 

• c+.y x 1 

, ~,~. , 

, < ' 
~ 

• b.r. c, • are, r •• pectiyel1 • 

oE y aad ,. 1 tbe x-•• tl.at. 1. 

(2.3.6) 
... 

C··f ,. x.!. a 

Till. x-estl_at. 1. obtal ••• ..,. tla. 1.~,."I. pnc .... n. 
f' ••• ~ i 

Noar l.t u. co •• l •• r t •..•.. r .. • """1 ._.o.t t' • 
1 

r •• r.~llo. 11'i •• '-or batla .ree .... r ••• t.. . •• azo" .no .. s 

o~ ,th. clatllcal •• tl.at ..... ~t •• la ........ tl_at. a~ 

r •• pectl Y .• 171 

(2. 3~ 7) 

••• 
(2.3.1) 

f • 

, ! ... _ 1 

_. ·l 

.. 0 • 

Jo 

n -, 
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The fol10~ina'table contal~s ~he squared er.~rs 

for the elassieal aethod and the inve~se .ethod and 

it also eontains the ratios of both squa~ed .r1'o1"-
" -' 

(those three value. are computed for eaeh x of Table , 

TABLÉ.2.3.2 - Coaparison of squared errers about the 
rearession lines -

x=6.~ x=6.S x=6.8 -:; x c 7.0 
< ,&"", 

(x-x) ~ 1 • 0286 S • 04629 • 02 2 Il • 1 4 1 28 '. 0 ~)71 1 

(ox-x)ïn .15259 .067.19 .00942 .1"0732 ,'10346 

Ratlo(cJ/in) .54469 .68893 2.34764 1.31644,2.05562 

x=7.l x:7.5 x=7.6 x= 7.8 

(x-x ~l .11564 

'(x_;)2 < .002~9 
i.n 

.00279 .4695 

.002~9 .4207 

.06122 .00195 

.05863 .00071 

Ratlo(cl/in) '1.88874 1.17005 1.11608 1.04411 2.74272 

x=8.0 x=8.2 x=8.4 x:;8.9 

{X-i}~1 ~ .01833 - .02961 .01015 .03630 .02684 , 

(~-i)fn .01091 .01694 .01941 .01918 .04956 

Ratio(c,l/ in) 1.68097 i. 74811 .52310 1.89283 .54161 

From Tabl~ 2.3.2, WI can see that the squared 

error 0 f the cl ass lCI l lIethod i s 1 arszer ·than tn" ~q", ... ed 

~ - ~ 
'1'ror of the Invers.e IDethod. exCe'pt ln four -occasi ons 

where the SqUar~d error of the Clas:ical .~Od i5 

both •• a11er. 1 f we can j udae the effi cency of 

.PP~o.ches by lookina ... t' the square~ e1'.or eriterion, 

"./~an eo~clude t~at the 'classlea! "approach 1.1, ,,0'~se4.~ 
. than the inverse app1'oach • 

r 

{"--:1I 
>1 
<j~l 
;~ 

j , -, 
-). 

~ 

, • 0 t; 

." ,. 
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1 
To li •• aore wei,ht to th!s last stateaaat, •• will 

coapute-toleranc. iat.ryals for .ach x, usinl both 

.ethods. 

1 f "a us. .odel ( 2 • 3. 1 ) 

". 

Y • CI+'x+è , 

l , 0 

and if ve look at th. for.u)ee ia Section 2.2, the 

tolerance inter.als for ,x will he obtai •• d by solyial 
~ 

tb. second delre. inaquality 

whera y Is knovn and ~ r. tha unt.ovn yalu. of x for 

vhich the tolerance iateryal is dasir.d; t* is the 

critical .alue of.the t~distribution vith n-2 delraas of 

fr.ado. aad 

,,~ 

l'Cl = !'[I-lIt/alX • 

" 

.. 

J 

__ --' ,.i 
r 



Il 

I-~~-
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,-" 
~\ ~ 

j. 

5' 

Let A • [(l'CXI~'CI)· ·(.~J:;:i] . 
1 • [-2CY-Y)(I'cxt,'CI] , 

_d C J (y.i) 2 _ t::~S. [b~] · 
Tl.refore, tolerance iat.ryals for z will be co.pute4 

by solyi., tbe seco.d delree i.equality 
_ 2 _ 

A(zo-x) + I(xo-x) ... C :Go 0 

T •• associated quadratic .quatioa ,ive. tvo roots 

_ _1 ).2_ 4AC 
xO-x • 2A 

Let rI a.d r2 be the two (rl< r2). SiDce A > 0 
2 

CA • 3101.10) a.d 1· - 4AC > 0 - 4AC • 10160725.'074), , 
tl •• v. haye th. situation a. i. ilur. 2.3.1, vl.r • 

• 

(2.3.7) - -rI + z < xo < r2 ... z • 

Nov. if"e use aodel (2.3.~) 

x • y+ly+c'. y. -a'i , 1 • 1/1 • ct. -c/I • a • 0 • 
..­... 

t.e tol.rà~c.~i.t.rYal. for x Ar. ,i ••• br 

(Z.3.S) !"i-t.,J(I+!'(X'Xl-l!)MSE < x < 

! 'i+t e JC1+!' ex-x)· ~l)J"~.'~ . 
" 



f
" ;;~:~ ü;--

;' 
, 

.~ , 

,,' 
'li ' 

ri 
~ 
lit· 
15· 
~~ ,,-.. 
~,! 
, . 

, .,.. 

, 
.' ' 

: ~ 

, , 

, 
~;,I 

t>.\ 

-i~ ~;.\O 1 

l'" ., 
~ 
~," . , , 

!f1' ~ 
fi.: , ' 
~, ... h ... _ ...... '. 

"-!' .. 

.i-" 

"-

( 'l,lIl'e 
1 

Z.S. 1 

, 
1 

.. 

·~-,lt~~~~-:~;~·· ~,-.. \~~. ~~~ "r! ~~~~:-;~~"'~~i::"'\~.~~~~~;J~~~!.~~~~~1!1 
\ 

li 

60 
" '. 

$, : 

,. ;'-• ·01 
...., 
...... .. 

..... 
7 

i.:t ..,. 
" 

. ~ .... ~ 
,~ 

.... '.if~ 
~?;"< 

'l·; 

'f 

., 
-

~ 

\ ..... 

A .' ... ",1 .. '1a. 
.. 1 

<1 

-~ 
'-. 't--'" 
C~ 

"",~$1 
;~ 

~-~ 

, 

--
.' cti ,~ , . 

"" 
''\~ . ... ,»,-- ' . 



,,' 

, 
.' 

\~ 

1 
! 

• \ 

-x + 

-< x 

(!'CI/I'Cl)(YO-;) - t*~(l+~. (10-y)2/~;CZ)NS8X < x 

+ (!'cXII'CX) ('0·;)+ t*~(l+i + ('O-i)2/X'CI)N.IX ' . -
wh.re Yo 1. the known yariab1., a.d wh.r. t* la th. 

critical value of the t-distributioft vitb D~2 d'Ir ••• 

of fr •• do. and ~·(!,X) 

MS B • S SEI ( n - 2 ) • l' [ 1- X (X • X) - 1 X ' ] Il (ft ":' 2) x x 

[ 

n 2 n 2 
• tx! - ( tx i ) ln 

1=1 icI 

Table 2.3.3 live. the tol.rance interyal. for(x, ûsinl 

th. clalsleal .ethod and th. lnv.r ••• ethod. 

TABLE 2.3.3 - Tolerance lnterval. for x. 

x 

6.0 
6.3 
6.5 
6.8 
7.0 
7.1 
7.5 
7.5 
7.6 
'7.8 
1.0 
1.2 
1.4 
1.4 
1.1 

y CL. 

39 
58 
49 
53 
80 
86 

115 
124 
104 
131 
147 
160 
156 
172 
180 

XL 

5.51680 
5.88571 
5.71149 
5.78904 
6.30737 
6.42118 
6.'6524 
7.13177 
6.76023 
7.26056 
7.55252 
7.71734 
7.71531 
8.00224 
8.14457 

Xu 
6.76157 
7.10048 
6.13942 
'.01018 
7.41841 
7.60801 
8.14443 
8.31318 
7.13165 
1.44517 
'.74127 
1."176 
1.12177 
1.230'0 
1.31'61 

, .' 

IN. 

5.71458 
6.06026 
5."706 

~ S. '6'72 
6.45411 
'6.56129 
7.068'0 
7.223" 
6.17770 
7,.34370 
7.61504 
7'.112'6 
7.76614 

, I~Ol220 
1.·~6"05 

lU 

6.74401 
7.05816 
6.10'85 
6.17501 
7.42754 
7.52.41 

ta.028'0 
a.11633 
7.IS803 
8.30eSI 
8.S138S 
8.12731 
8.75524 
.:et.76 
'.1'070 

fil 
/ 

1 

( 
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••••• that th. i.t.~val. a~e ,tde~ for th. cla.alcal 
l 

.et'o.. for .ach x. 1 lac. th. aqu.r ••• ~~or l, s~.l!.r 
-' 

,for the inverse •• thod. aa •• lac. th. la •• r •••• tho. 

.lv •••• rrover IDt.rval •• ~.e •• , co.clud. tkat th. 

lay.r •••• thod ••••• 'ett.r than th. cl ••• lcal •• tbod 
J 

ln th. prediction of th. ~-variabl. aad \D t'. co •• -

truction of an as.ociate. tol.rance interval. 
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t 
./ to lerance later.al for., j 

~<t: l~ ~. 
r 
,~ 

f,' , 
0, r 110 
~' . 
f.~,. • r 
~1' 

~" 1 

t ~ r 
'i., _ 

1 
< tolera.ce later.al for x 

< I(x) • y+" 

--

:", J' " < < < , , < , 1 i 1 - ·1 Je 
\ , 1 

" .. re 2.1.2 - Tolera~ce later.al. for x u.la. cla •• lca1 .a4 la.er •• ·.e~hod. 
j 

• iii! 

~·f1tf'··"''':.\i;);'· .. ~~:;- ", ~ ;$..'? .. Ll!l~1JlL""~:;.t .. ~"it."', 1 ~ I~ ~ " .. """-
" • ... .... , ~ 'i'\.J 

~ ~- ~~~,~~., ~ "_V"\.t \'.~",,: ~j,~?;~A;~~ 
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2.4 Appllc.ti'., $0 blood hO~.!,"9,11 !a'll'll; 

ln poultry production, th. Go.trol, of ItJit.orl, 

th.t il p.Yllc.l, ch.alc.l or •• otlo •• l ,\ctorl th.t 

c.ul.:body or a."t'.l t ••• loft. 11 •• 11 r.eolnl&.d 
l-, 

by iadultry. la. p.p.r i. ,oultry Ici.nc., luckt •• d, 

Ila,rav. and L.,U. (1173) •• v.lop ••• nd .v.lu.t.d ". 

coap.titiv. prot.in-bl~di", •••• y-for cor~icoid. i~~ ; 
l .; 

th. p.riph.ral pl •••• of th. 'i ••• tur. chick.a vhich '{ 

would •••• ur. th.ir r"poD" to .tr •• ,or.". Pour 

f.ctors v.r. coa.l •• r.d ia th. .v.lu.t~n of th. 

prot.in-bindinl •••• y: .p.clflclty, .cour.cy, pr.­

ci.ioa .nd •• n.itlvlty. 

POl' th.lr .xp.rl •• at., 'uckl •• d. Il.,ra •••• 41 

L.au. us.d .ln.l. Co.b .hit. L •• horn chick.; th ••• 
~ 

chicks v.r. ,rovn "in batt.ry broo •• r. vlt~ 14 houri 

of llaht .nd f.d oa .a 1" prot.ia •• dic.t •• ehick 
( 

.t.rt.r". 4 .1. 01 blood by h.art punetur. v.r. 

tak.ft at 3t 41.1" of aa'. and "Rh •• u. Hak.y pl •••• 

wa. eho •• a •• th •• oure. of cortlcolt.rold biadift' 

,lobulla". Th.y .xtr.ct.d tvic. duplic.t. '1 ••••• 

.nd " •• ch duplie.t.v •• count.d tvic. to.a .rror of 

ISt" la • I.ck.aa .041.1 LS~2.s5 .ein~111.tton couDt.r". 
, 

I.c.u •• corticolt", •• i. th",riact,.l corti-
1-\ 

\ . 
col •. 1. ehick.~l •••• , cortico.t.ro •••• , cho"ft loI' 

J 

• 1 

r • 
-' . 

1 • 



l, 

r , 

r 
1 , 

ch. con.Cruotion of "t' •• '." •• r. cur...... If" 1. 

th ••• ouat 01 cortlco.'.r ••• la ft •••• r •••• a •• A 

th. couat p.r alDut., th. u.ual ~ •• r ••• io. ,robl •• 

wou1. •• to .tudy th. di.trlbut!o. of the '."0 ••• 
,A-vari.bl., wh •• th. '-vatiabl. 1 •• ,.olli.d. Aa 

~ 

.1t.r.ati •• prob1 ••• al.t. ~h •• th. ,v.lu •• of " 

c ••• ot b. d.ter.l ••• dir.ct1y,'but ar. to b ••• a1y •• d 

b, •• tud, of th. ob •• rv.d r •• po..... Thl. li w1d.l, 
\ 

u ••• vith • eh •• le.l .tlaulu •••• with ' •• '0.'.' of 

• bl010,lc.l .,.t •• , and 1. thi •• ituatio. 1. c.11 •• 

b10 •••• y. Th. ch •• le.l 1. qu •• tlfl •• or •••• y •• by 

tbe bl01011e.l ,r •• pon ••• ' 

L.t~ • 10' A aa. x • 10,(P+l) .•• lU''';;. that 

th. IOI.;lth. of th. cou.t p., alaut. ha •• polyno.lll 

r." ••• lon on th. 10,.rltha of th ••• ouat of cortl-
. . 

co.t.ron., .0 tl.t tb. r." ••• lo •• od.1 1 • 
.... 

(2.4.1) 

•• will co •• ~d.r two c •••• : th. Il ••• r C"., that 

1. p • 1, a.d th. po1yaoal.l c •••• th.t 1. p > 1. 

L.t u. eo •• ~.e, th. c ••• wher. p • 1. that 1. 

., • C1+'&+U • 

If •• co •• ld.r. th. cl ••• lc.l "thod, th~a th. l ••• t 

.quar •• Il •• 1. 11Y •• " 
... 
., • a+b. , 

. . 

\ 

t 

't 

(,\'" . ' 
" 
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," I[~. ' r,r 
~t'tf: 
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wI 

" 

,- -. , ' .. 
\ l' 

wla.r. a t b ar., ~ •• p.ctl •• I" , •• l ••• t •••• r •• 

•• tla.t •• of •••• 1. Tk ••• tl •• '. for a ~~o ... 

iCI • (;-.)/b , b • 0 • 

x .'y+l+c', y • -~/' • 1 • 11. , c·. -al' • 

th.n th. le •• t .qùa~.. Il.. 1. 

wh.r. c, d ar., r •• p.ctlv.lr. th. l ••• t .quar •• 

•• tla.t •• 01 y .a. 1. 

A. w. h.v •• ald •• rll.r, 'h.r •• r. 

ln couDtl p.r '.laut. fo~ •• ch 

.. 

• .0, 

Th.r.for •• th. ey.re ••• quar'4 .rror 

•• ,tl •• te •• d tll. lav.r •••• tlut. 

ole •• leal 

r •• pectlv.l, 

.. .. 2 
, (&j - ~c." , • loz- .ac' 

'1.1 4 
1 ••••• S2 , 

... , S2 • 

Th. followi.' , •• 1. coa'el •• ,~ •• ~.r •• e .quar •• 

.rro~ for th. laver •••• t'" ead for t'. cl ••• lcal 

..'~o •••• it coa'al ••• 1.0 t,.ir ratio, CCl/la). 

,j 

. 
" 

","1. 'l' 
>.' .' 
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TAILI 2.4.1 - Co.pari.oD 01 the Avera.e .quar.d error 
for the lnverse and cla •• ical .ethod for 
vartou. levell of cortlcolterone, P. 

... 2 
4V(x-X)cl 

... 2 
Av(x-X)In 

.atio(el/in) 

P-.5 
.01007 

.01074 

.9377" 
p .... 

... 2 
Av(x-X)c1 .00048 

A 2 
Av(x-X)in .00044 

aatio(el/ln) 1.08911 

P.l. 

.00261 

.00225 

1.16110 

P·6. 
.00026 

.00024 

1.08025 

P.2. 

.00179 

.00376 

1.0'591 

P.3. 

.000'" 

.00177 

1.0070 
p.,. P-I0. 

.00016, .00356 

.00011 .00356 

1.50491 1.0001 

.e see that the avera,e squared error of the 

Inverse aetbod Is s.al1er th., the averace squared 
. ~L 

error of the elasliea1 .ethod. except for P=.5. 
,\ 

vbere the avera,e squared error of the elassica! 

.ethod Is s.al1er. Alain, to live .ore vellht to 

the above stat~.e«t. we will co.pute the tolerance 

lntervals of the x-variable for both .etbods. 

Uslnl the elassieal approach. tolerance lnteryals 

of tbe x-variable are obtained by solvinl the second 

, "e,"'~e inoquality: 

[cs 'C,,!};' C:O"- C:~~~~ 7!~] C'o-i)"{- 2(,.-;)(S' Cl;/! , CS)] 
" A fa ., 

+ C,.-;) " - Ct *) "!~~ ~+~] s 0 • • 
______ c ____ _ 

.. 

--, 
.. ;­. 

, " 

" 

,d 
;1 
~~ 

-. . -~ ~
::J! 

~ " ",lo "" 
~,o!~,,~ ..... ' .. ~ .. "" ". 
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Let rI and rz be the roota of thi. quadrattc 

equatton: since A > 0 aad 12• 4AC > 0, the ••• have 

a situation lite la PI.ure 2.J.l. Usin. the iA.er.e 

a,proach, the tolerance tater.al. of the x-variable 

'are obtaillecl br 
\ 

l,. 

<II 

1 
.' 
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TAILI 2.4:2 - toleranol 1.t.~val. ' , 
cl ••• 1eal ~ad th, iavlr •• ~_~Od. " 

• ~ 

}, 
IDver •• .. . ; 

,.\ 

P 
.~ 

0.64 10 ' l 
~ ". .... 

'041.6 .• 5 0.Z657' 0.61Z12 0.651S1 
i"~ , 1177 .. 1 .5 0.4'525 0 •• tS75 0.54141 0.'5078 1 • -r 

~" '. ,> • '\ 
8171 f• t, 1 

t .5 0.41475 0.'1510 0.540'1 0.15017 r. .. 
~ , 7114,4 :1.0 0.621tt 0.1 .. 1.1 4'0.61047 1.11171 
" 1 r 

i ' 
C' 7116.0 1.0 0.61045 1.15410 ' 0.6S'41 1.0'801 

7422.5 1.0 0.75501 1.5Z114 0.80541 1.21024 

7500.7 1.0 0.72317 1.21261 .. 0.7747' 1 o 24203( 
6175.0 2!0 1.37102 2.13270 1 ... 561. 2.06104 

6011.4 2.0 1.43113 2.21165 1.41824 2.14576 

Slsa.6 2.0 1.51371 2.52025 1.5125' 2.25125 . 
- 5'27.5 2.0 1.53545 2.54167 1.60467 2.27111 , 
" 4770.7 3.0 2. 701a~ S.18411 2.7'270 5" 76855 . , 

4774.6 5.0 2.61241 5.76623 2.70175 S •.• S424 
~ 4"2.5 S.O 2.35111 5.43114 2.44305 3.52'''2 
~ <-- S.5666% '. 4'66.2 S.O 2.3'732 5.4"5S . 2.47271 , 
~ 4220.2 4.0 S.41'SO 4 •• :11.1 ~ 3.521'5 4.61654 , ' 

425 •• 0 
" .- 4.0 S.35562 4-.14752 S .. 4S701 4.60477 

~ 
," 1 
~. . 

41'5.5 4.0 3.46553 4.8'2'6 3.56'" 4.14546 1;'. 

{ . 
",' 4176." 4.0 3.41542 4.132S' S.5"OS 4.7'S7S 
~ 

Il S410.1 6.0 5.01271 · 6."766 5.17710 6.7'100 
>t 
" 'S4'1.7 6.0 5.00044 6 •• 2.07 5.124'0 6.71S16 , 
) ' . • ,,' 3.34. 1 6.0 5.18S.S 1.17405 S.S121' ' •• S14. 
J 

'1 .5417.7 6.0 S.~~S'S 7.1S146 S • .56121- 7.01S67 / -, . " 

t 2"S.1 1.0 6;77170 '.2"54 6.'2325 
~ ~ 

f" '.00254 -... ~~ 

.' , 
\ 

2'65.7 1.0 6.'"01 •• SI775 '6 •••• 37 ' .. 0"4' 
2.5 •• 3 1.0 6 •• 6.12 •• iS156 7.11456 •• 246''7 : 

6.'57" •• SJ.Ol 
, 

2'41.6 1.0 7.104J3 '.231'0 
, 

"' 

2705.4 10.0 '.11'07 10.0'162 '.27111 10.1 •• 24 .; 
~ 

1.'0261 .0.10273 '.0577' 10.4S'" '~ 2145.5 10.0 ' .~ 
~ ~'" \'11;; 

125S2.5 10;0 '.lS015 12.41IS' '.Sl601 12 .. 0 ..... 

2SS'.1 -10.0 '.1141' 12-.42"1 ,.2"'" '," 
12 •• 21" 

.. \ • P ~ ' • 

. ' 
,~~~ ::!~,., ~I~' .. _:"'~~,,~ .. ~~I~J~f;i.l~'~lL~""'} 
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•• ••• that ,la. l ••• ~ •• a,proacl ,1 ••• • .. 11 ... 

ay.ra.. aquar.d .rror la •• al~.r for ~~. law.~ •• 
~ ~ , 

.pproach (.xc.pt for P •• 5)~aa. a1a" th. lat.ryal. 

ar. a.a11.r •• i •• tb. lay.r •• ~p,toach ••• CO.CI.~'i 

tbat the •• th04 du. to Iratcbtoff (1~7, •••••• alte 
\ 0 

) appropriate ia aolvial th. ,robl •• ~f ta •• r.. re,r •• -

.ion. Thi~ coatradict., ' .. ever. th. coaclu.10 •• 

,ivea by Wi11ia •• (116Ia). ~rk.O. (lt6,),.Hal,.ria 

(1 '70).: aad Marti •• ll. (1170) • .,lao clai ••• tlla' tll. 

cla •• ical •• th04 i. b.tter 'b .. 'be lay.r •••• 'la04. 
a 

\ 
Slace the ID •• r •••• tb~. ,lw •••• all.r tol.r .. e. 

iat.rya1s, it app.ara appropriat. to r.co •• l •• ~ 
,-

Irutchkoff~ ••• tho •• 
f 

'" 

. , 

-'" ,..., ... , 

.: 

• • 
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CHAPTII 11-1 - A New Allor-i th. to Tolel'ane~ Int.l'val. 
for x sl ven y. 4 • 1 

3.1 Appllea\lJon to inverse reIN • ."ion. 

'Let 

In the line.r lituation (p'l), w. have eoft.ld.r.d two 

•• thods to co.put. toleranc. int.rva(, for the x­

variable: the claslieal •• thod and Irutehkoff's 
~ ~, >\ 

inverse •• thod. W. Deve ~o~elUd.d that Irutchkoff'. 
\- • J 

inverse •• thod vas better beeauI' it ai;,f,e. ,horter 

int,~val.. ~ 

Can ve us, th, cl ••• ical •• thod ,nd th. inv.r •• 

•• thod wh'ft P,> 11 . 
Suppose w, take p.2; then the .od.1 will b. 

2 
(3.1.1) y. a + SIX + 82x + U. 

'first. ~'t~con.id.~ th. cl •• sical •• thod. 

If w. have n observations •• odel (3.1.1) b.co.ea 

• 1 
1 
1 

1 
• 

• 

2 
Xl, 

2 
X2 

2 
XI 
• • 

. ,( 

-é~~y4-""1 )Ç ...... .,..." .. ~ 
,,~ ~~-~~ 

, . ~ ( 

~ 

". 

1 .. 

\ 

. ' 
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.Pro •• quattoD (S.I.2)' 
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(3.1.3) B(t)· ca& + '1& + 'l,h)., l&.IIC1,1.' 'ICZellh ) 

Gwher. Cl • [1- u'/al . 'Ca • [1 

Mor.o~.r. 

. 
ClI+·'1!+B2!(~')· li + "1 (1 °t U'I.)~ ... '2Ce; - C1U'Cl/I'C11)1(!) 

.~. 12C11(2~- '2èll1'Cl~(I)/&'Cll • Y.A + ~& 'li. + .... , 
1) .. 

1 

/' 

" . y. + '1& - 'lia 1- 'tICz ) - '2;1. - 'If& + 'ari. 

" •• 1'. 1 .ol'Cllh ) IltCll 

Ther.fore. 

CI • y - ,.41 i - ' 'ail + a a fi . 

or 

X 
D&3 

... 
X'XX • 

.J 
t' 

")-

x X 
.x3,3xl 

l'X • 

-~ 
, III 

-, 

.. 

. , 
, ~ or 

iL 
• 

i 

• -. 
'- ' 

" f 

, .. ~ 

.... 

. . 

", 

S> 



"\ 

,. 1 

/ 

.. 
J 

. ( -
~. " 
c. 
t, -. \. ,.. 
~ .. , . III 
l' l..,..,. ~ ~ -

. • 
,.--
~~ .. 

.. 
u 

11 

n •• proYi.'. (l' 1) - 1 .. aist •• 

i · (X 'I) -lX' 1 · 
1 .. ~ (i.x) -1. (~. 0 

11& (al 'Cl~2CUI <a)' 1/,'C1& -. 
0 , .. 

TIa •• 

i'e)" Cr ~ . • 1 l'Clxll'Ci~ . 
·2 l(t1- C2Cll/~(2)' C lC2C1~ (2) 

i' 

Til. r'lres.ion lin, beco.e. 
,. 

(3.1.4) 
f 

y. à + blx + b2 XI • (d - .1.x - 82X2 + elfi) 
1 

1 

( .. - f·2)a + '2x2 .. 
, .... 1'. a, b1, b~ ar8, re.p.ctt'v81y, the lea.t .quare • 

•• tl_ates of a, 81 and '2 &'Rd cl, 81, .2 ar., re.pectlv~~ 
tla. least .quare ••• ti.at •• of y, 41 a .. d a2 • 

. 

. ... 

Pro •• quation (2.1.11), tolerln,c. l!l~vll. for y 
t(' 

a~ liveD by ?t 

.'.re t* 

< -!'i" t* 4(1 + !'(xt~)-.! 'SSE/Cft!'S), 

:: tli. fUiCal val". of' tbe t-dhcrib"tioD 
~ 't 

cI.lr ••• 0& fr •• do. lacl wher. 

.. - xl. fi i'2) (:!) "x • (1, x-x, lx + - , ~\ 

. 
- , ............ ~ .;'J . 

? d 
"j --- 'l 
'" . " . " 

\: "j 

" i .... 

i , 
, . 

',. . 1 ~ t ~ 
t... .. . . - '_~t • '~t \ f", ~ ., i.\' ....... 
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1 
SSB • l' (1 • X(X'X) X')X· X'CIX • (~'CIX) Il'Cl1 

2' 
a (X'CaC1I(a» 11,(2) 'CICaCllh) • 

• 

'quarina and rearran~ equatlon (3.1.5), •• obtaln 
• 

.. 2 2 
(3.1-.6) (y ·,1'x) s; t* (1+ l'(X'X)-1!)SSE/(n-3) • 

Substitutinl the value. of l':.', and &,'(X'X)·11 ln (3.1.6), 

w, obtain a 'CIuarti~ inequ.lit)' 

.. 3 2 
(3. 1. 7) Ax + Bx + Cx + Dx + B ~ 0 

wher. 

A. b2- [t*2(.sSE/('ft-3»/(~(2)tCIC2Cl,(2»], 

• • 
• 

2 
+ A(f + 2fi - 2i2). C • 

, 
2 2 _ -

- 2[bl-t* (SSB/(n-3))/&'Cll]x - 2Af(fi - x2 ) 

-
2'l,t~y) + 2b2 (y-y)" + t1b2 (~fi - x2) • 

B • 
2 2 - - 2 

[bl- t* (SSE/(n-3»/,'Cl,]X 2+ A(fi - x2 ) + 2bl('Y-y)i 

- 2blb2(fi - i 2Ji + (y .;.)2 _ t*2(SSE/(n_3» (1+ lin) • 

. .. 
To flnd an •• ti.ate of x, on. ha. to lolv. th. 

, 

quadratf-a .qua ti on 

2 
} b 2 x + b 1 x + ( a- y) • '0 

1 

J 

thi. equatlon viII ,iv, two valu •• of x. On. ha. to 

choo.e b.t •• en th. tvo valu •• Df x to obtàln the b.tter 

J-

, .. 



'" 

1 

j 

• 
r 
" 

... " 

, 1 

'Iti.at,. In th, CI.e of the corticolterone data, 

a aood .ati.ate of x .houlcl tall in the ran,e 

[.,5 , 10], or nearby. 

To flnd toleranc. lntervall of x, one ha. to 

.olve th. corr •• pondin. quartic .quatloft, and on. 

'ha. to choo •• between foujl valu... Goo&l Il.i t. are 
v' 

tho.e whlch fall in the ran.e C.5, 101 or viII b, iD 
\ 

the neilhbourh~od of that l'an, •• 

POl' the 11near ca.', the con.truction of tol,ranc. 

lntervala of x involved a quadratic .quetion. Hel", 

for the quadratic ca •• , we have to aolve a quartic 

equation to obt.in 
~~ 

tolerlnce lnt.rvala of x. If ve 

con.ider the ~ubie ca.', on. will have to .olv. an 
1 

equation of orcier aix to obtaln toleranc. Intervala 

for x, and if ve conaider al.o that the alaebraie 
( 

.anipulatian. willb. h.avi.r and h.avier .ach tl •• , 

then ve can conclude that th. cla •• ical .ethod tl not 

a ,ood .ethod to apply in .ituation. wh.r. p > 1. 

Let UI con.ider th. lnver.e •• thod. In the 

clalsica.1 situation, the r.,re,lIion -of":f on x waa 

quad raU c. Doe. thi. t.pIy thàt the re.re~.ton of 

1 x on y il qUldrat~ Suppo.e ve take the ,f~lloWinl' 
ob.e'l'Vltionl. (Chattield, Stathti/cs! tOI' T~hnolo", 

,,7 
pal' 183, exa.pl. 4): 

, 

1 
{ 

f 

.. 1 r ~ .... '; 

~ 
~~ , 

~ 



'-4 
" , 

~. '-

16 

Je 0 1 2 S • 1 6 
• 4 ., 6.S 5.7 6.S 7.S , .. 12.S 11.1 ' 

'1 

•• will firlc con.ld.r ch • cle •• icel •• chod' , 

2 
1 (y) • 0 + 'lx + 'IX 

•• ean'r.writ. thla .od.l 
4 ' 

8(X) • 01 + '11 + '11(2). ,a. + blCll + blCtCll(!)' 

, ' 
wh.r. 

Cl· (1 - u'/n) , C2. '(1. clll'eS/J'CII) 

•• will t.,t th •• l,nifle.nel 01 th. par ••• ter b • 

u.la, • t-dl.tr~bu~~oD vith n-' d"r ••• of fre.do., aC 
• • ",: \.. b 

\ t 
t 

,.f;J'; --
"' .. 

.( .. ' , \0 
~. ' 

" 

, 
" 
, 

-, 
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l' 

. , 

wh.r. 

ô ~ J888/(n-3) • ~(r.'x x'xll/Cn-s). ~.6S/4 • .3t 

t • • 5302 • 12.45 ' 
• SV 1/1/14 

lut t 4 •• 00S • 4.60~""" anel w. r.~.ct th. bypoth,.ll of _ 

of .1.ni fic.ne. of b2 •• ine. 12.45 ) ".604. -Th.r.for,. 

b2 ha. an ,ff,ct OD 'th. r.,r, •• lon curv.; .0 th, 

relrellion curv. ',p.ara to b, at l,.at' quadratie. 

Now let u. con.id,r th. lnv.r •••• thod 

wher. 

Cl a (1- .tt'/n) 

J 

• . 

01 , . 

'. 

~ 
. -; 

• ,f 
" 

{, 

' . 
,~ 



'\ 

. 

.. ' {. 

7. 

u.la. a t-diltribution with n-3 de.ree. ol fr •• doa. 

at Il': 

where 

â • J""ss-e-/-Cn-.-"l • JCI'" - !'yil/cn-J) ;. '/2.16/ .. • .8602 

.0 .. 17 
t • --•• -6-0-2 ........ J~1=/ =1"=5=3=.=3=-0 • - LI" 

, 

lut - t 4 ,.OOS • - 4.604 and .1nc •• 1.'" ) - 4.604 

th.a ve acc'pt th, ~ypoth •• i. that d2 i. "TO 
1 

and thui th. re,r, •• lon curv. i. probably not qu.dratlc. 

Th.r.~or., the quadratic r.,r ••• ion of y on x do •• not 

n.e •••• rily _.an • quadratic r"re.sion of x on y. 

Sinee ve cannot us, th. cla •• ical .etbod .nd the 
/' 1 

inver.e •• thod, ve ~.ve1op ~ nev .ethod whieh il quit. 

e •• y to apply. le will 'con.ider the q~dratic c •• e to 

111ultrate' the nev al,orith •• 

Let 

l • G,! 

Th, lea.t .qu.re. esti •• te. d, '1 and e2 of y, '1 and, .... 

az .r.: -' 
j4 

~ 

~ 
d • , , , 

'1 • !'CIZ/!'Cl!' -.. 
• 

e2 • x(2)'C ~l/X(a)' 
.. 2 IV 

l C2C l!(2) 

........ ( 

~ \ 

.,. 

0' 

., 
,;' 
:.; 



1 

~." 
;If • , • ••• 

,­
'-t.~ ! , 

- , 

" 

The. th. l.a.t .quare ••• ti •• t •• a, bl and ba of 

a, '1 .nd '2 are: 

a • d - .li - 82ia+ ,zfi , f • l'Cl!(2)/I'C1J 

bl • '1- f,! • 

b2 • '2 • 

L .. 
Tho •• le •• t .quar ••. ~.ti.at •• w.r •. derlv.d •• rli., 

" 

in thi ••• ction. Th. l ••• t .qu.r •• lin. b.ca ••• 

... 

Ho" let 

1 
z 

~ 
W. .a1 thea co.put. 

The lea.t square. rine 1., therefore, 

No", suppose ve con.lder th. fOllo"in, .od.l 
b' 

Z i • U + XY 1 + Ut ; i .' l, ••• , Il , 

... 2 - . 1-

"her. '1 • ' 1 and Il- blZl +" b1Xi ; th~ Yi" .hould 
, ~ 

Dot be cOD.ider.d a. lnd.pend.nt variabl •• , but for 

th. purpo.~ of thi. illv.r •• al,orith., w •. vll~ 
, 

i.plicity do 1..0.-

\ 

< .' 

• j 

, , 

, , 
, " 

, 
. ! 

'., 



t;: •• 

1 

.' 

-
la .,ectol' Ilotatioa, ___ -Uv. 

t • ui + XI + li • .1 + xCI , JI • Ya + 1 • .. (, 

. 
wb.l'. Y • (1. CZ) , • a(.' . 

lUt! \.X) 

Accol'dl •• to .quatloD (2.1.11), the tol.raDc. liait. 
1 

fol' & will hay. tbe f.ra 

J'. :t t.- JI + .l' (Y 'y)-ti III/ (a-2) • 

vh.r • .&t • (l, y-y). i. ( i \, (yty)-t (i'a 0 " 
~ V- 'eZ/X'crJ • \0 I/Z·Cr,)· . 

1 
SSI • [1 tÇl - C1'~X) 'z'GZ] • 

". 

vh.l'. t* talc •• a yalu. of th. t-'I.t.l'lbut.loa "It" D-2 
, 

d'II' •• ' of fr •• do •• 

Nov, 1.tl ZL a.d· Zu •• tla. lo •• r bou •• aad t" u'P'I', 

bound -'01' th. tol.l'aac. lDt.rval. 01 1. 
\ , 

If v ... ub.tl tut. for 1 th. yal, •• ZL a.4 ,,, la .quatioD 

.~ 

and 1 f v •• 0IY. th. qu.dratlc .quatioD. 

+ \b1X'- ZL 

+ bl X .' Zu 

.0, 

• 0 , 

'$ 

,ft ·obi.ln four 1'0,ot., ~la'l'e c"o l'oo~. pl'ovid. ,~~~l.l'a.i 

liait. fol' x. ,Th. 'vo -,ouad ..... t f.l1 la .. t.. •• 1""l"lc~.d 

... 

( 

.. " 



" 

.• 1 

~ •••• o~ au.t •• y.ry 01 ••• to lt. 1. t'a c ••• of 
1 • 
1 

tb. çor'lco.t.~o •••• t.. c •• r •• trlct.cI r.... la 

[.5. 10]; w •• 111 co.,.,. 1.'.1' 'h. tol.r •• ce la'.rw.la 

of th. cortlco.~.ro •••• , •••••• will ... '0. to 
, 

choo •• th. 11alta of tla. l.t.~y.l.. •• c ••• xc •• cI 

th1 •• l,orltlla to YI1U •• of p ,. 2 •. o •• la .. oal, to ' 

coaput. th, 1.1.' .qU&ta •••• tla.t •••• cI,"I,roc ••• 1. 

~h ••••• "a1,.' 1. th. qu •• ~.tlc c •••• 

Th •• aln .dv.nt ••• of thl. ,a1,orltla. 1. that 

o •• do •• not h.v. to ~o h •• v)' al •• bralc ••• I,ul.,lo.a. 

3.2 Te.t. for .i.n1flc •• c. of t •• r ••• loa. 
d i 

L.t u. rlcon.ld.r th. cortlco.t.ro •••• t •• ..ckl ••• , 
~ 

Ila.r.v. and L.IU. (1873) ,laou,h, that 'tla. " •••• 1'.1 

.tan~.rd eurv." ••• cuble, but alt.r t •• t1 •• cl11f.r •• t 

\.t. of dat., ••• u, ••• t tla.t th. cublc cary. 1. aot 

".t,ndard" throu.hout. 
"'-

•• have the fOl10,,!n, .od~l 

(S.2.1) X ~ .t +l!rl~(l)+ B • B ~ .(!.GIJ.~ ~ P ~ 1 • 
~ . 

To t •• t th •• d.qu.c)' 01 th •• oel.l, v • •• Y u ••• "l.ck ' 

of fi tlt te.t, aDd to. t •• t th. pr •••• c. 01' tla. a'.' •• c. 

of • para •• t.r ln th. aod.l, w, •• )' u •• th. P-t •• t. 
r , 

Sappo •• 'V. coa.id.,. ~h. , ••• l'.~ 11 ••• 1' !aTPotll •• l1 

).H : L' X •• , 

.. 

.. 

'" 

:ij-
~~, 

. ~1;'~ 
~ :: ~ . 
" ...... 

~; 
~1 
~ 

J ~ - , 

\ 



L-,-~)~ Q 

r, 
l'. 

.' 

~! f 

• ttt .. 
\, 

"''' r· 

'fi f··' 
'-'L~.&;-· , ,-

, 1 

J. , 

'_ ... . -." 't 

. 'er. ~ i. th. (p+I)-ord.r v.ctor of para.eterl 

of th. aod.1, L'il a.1 .atrlx of r rO.1 and 

(ptl) coluanl vith rank rJ tinal11. J II a vector 

of ord.r r ot Ip.cifi •• co •• ,ahtl • 

•• actual1y have th. tol~owllli froa S.c.tion 2.1: 

t 
:r - N(X;v.CJ ln) , 

a " 
NÛ,cr (X'X)-l), .' 

.. 
~ -

Ther.fore, 

} 

, If ,1 

, " 

(Sear1. (le71). S.ction 2.5, pa •• 57). 

Con.ider th •• rror lua of .quare. 

2 2 
SIBla ~ Xn_p_l' wh.r. ~+1 il tb. ~ank of X ~S.arl. 

, 2 a 
(1971), S.ction 2.5,' pa,. 57). Sine. qla and SS_Ela 

.are di.tri,bute. ind,p'lId.ntl~ (S.arl. (1'71). S.ction 

2.5, pa •• Se), th.n 
.. 

P(Hl'. (L', ,)'CL'(X'X)-ll,l-l(L'i - ,)/r 

... 
.'I/(a.p-l) 

. .. .. ' 

.. 



" l' 
1./ 

1 
1 

; 

\ 

. , 

\ 
A \ 
,; 

• f' ~ 

.3 
( ~ 

Unler the null hypothe.i. 

H : L'X a • 

then 

, (H) - .' r ,n-p- 1 
\ 

Nov .uppose we want to te.t ~he pre.ence or ab.ence 

or a para.eter in the .ode1 

X ~ GI + r. ~(i) • 
la 11 ' 

that i., ve wlnt to te.t the hpothe.il 

H : A' X • Ip • ,0 , 

where 

A " =- ( 0 • 0 • • • • l ), x.'. 
1 x (p+ 1 ) (p+ 1) xl 

\ 

CI 

'1 • . . 
• • 
Ip 

Here, L' • !', r • l, 1 • 2 • 

Then 
... 2 1. 

• U'X) / .l' (X'X)· .1 '.(H) _ 
,SSE/ (n-p-l) 

unêl-.r th. {lull hypothe. is .. F (H) 'ha. the " '-. .. 1.n-p-l 
di.tribution. 

N 

l'. eo.pute P .(H); if' (H) > '1 n l-
I -p- that 1. 

t ' 
If .e have .t,nille.nce, the. ie 1. ".or. lik.ly'\ 

that ,& • J • Sp • 0, that 1., the para •• ter 8, ha. lo.e 
... 

,'-' 
, 1. 

.L ,...,,' '_ 



1" , 
", 

f, 

, (} 

" 

1. 

J 

.ffeet on th, .odel 

•• could .lso coa.ide~ a ~lack of fit test". 

'o~ th, corticOlteron. 4at., we have 
A 

J~ 

Y ll , Yu' YIS' YI" • r.,.,at ob.ervations .t Xl' 

• · · • , . 
- . 

Then th, contribution to pure "1'1'01' lU. of .,uare. 

froa the x r •• 4inl' i. 

wh~r" 'Y1 • (Y11+ Y12+ 1'1-1+ 1'1 ... )/4, and tlt. lU. 'of .. 
square. ha. 3 de,r ••• of f~ •• do.. Si"ila~ quantiti •• 

are e.vlluated for th. other ..... of vi 1. Th. total 
k '. _ 2 Il. <JO) 

SS(pure error), i~l J!l (Yij'·· Yi)' ha. a-k 4e.re •• of 
" 

fr •• do •. 

• e can r.wri~e a0481 (3~2.1) as 

X 
na (p+l) 

• 
• • ,li 

, . 



, < 

. , 

•• 

lb 
tx(p ... l) 

... 
i, 

2··~, 
12 • 

. 2 . 
• • • • -.1 

Xl • • • 

~2 ••• 

• 

li ; @P" 

." 

~ 

• • 

1. ca. rewr~e S5(pure error) 

SS'E • l' CI 

liti) ;;4 

as 

... . 

Tla •• u. of squares 'Clue'to "l.ct of fit" Is dellned .••. 

c • 
SSLF = SSE - 55'E 

~ 
• l'CX1 (Xi Xl)-lXi - XIXo(XoXiXlXO)-lXOXi)l • 

"" 
, SSLP/aZ ... x2k_p_1 (~l) 

, (S.arle (~~71), SectioD % •• 5, p~. 57), wh,ere 52' the 

ftoD-centrallty p.r •• eter ls .qu.I to 
2 ' a • [1~X'(Xl(llXl)~lXl - ~lXo(X&XlXlXO)-lX~Xl)Xx)/a2 • 

. '\ 
4 

, Ilac. SSPE .ad SSLP ar. cli.tribut.cI laclep.i\cl •• tly (S.arle 

(1'71), Section 2.5, p.,. S,), th.n 

. ," 

" 
. ... ' 

'e 
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, 1 / Under the' ~rpothesis ,8 (X) = . , 

FCLF) = SSLF~~k-p-1) 
SSPE n-k) - F 

.,1 

t-p~l.D-k. central. 

, 

Silnificance of "lack ~f fitft will indicate inade~u~cy 

of the aode1 

Eb:) 

~ 

ln the coaputer pro,r~. ve vrote to co.pute 

tolerance intervals for the corticosterone Jevels, 

there is a part which looks for significance of, the 

re,ression model. We consider t~e 1inear curve up to 

the quintic curve; a "lack of fit" test and a "signifi-

cance" test vere perfor.ed on the flve"cases. The 

first curve vith no "lack of fit" wa~ selected as the 

standard curve. 1 f. for soae reasons, there i 5 "lack 
, ) 

of fit" every"here. then ve will consider the ~urve to 

). the stan~ard curve. since Buckland. Blalrave and 

'siue su"ested th st the cubic curve-vas the ,.ner.~ 

.~andard curve. 

3.3/ Application to blood hor.one cell an.lysis. 

,. la Section 2. oC •• e in'roduced the cortlcosterone 

r 

•• ta; s loa1 of luckland'. research .a. to flnd an 

e.tlaate and "tolerance lntervall for the cortlcost.rone 

. , 
' .. 



, . 

• 

.. 

'. 
<, 

~ >' 

~rf.. 

'. , l, J4 

/ 
level, where the corr •• pondiDI coua't per atnute 

wa,s' kaown. 

The standard curve vas constrJcted vith P 

Ca.ount of corticosterone) bein, the contr~lled 

varlÀble and A (the coun't pel' .inute) bein, the 

87 

dependent variable. We suppose that the relression 

.odel was soae polyno.ial relression aodel of order 

p (p~ 1). 

We applied the classieai .ethod and Irutchkoff'. 
04' 

Inverse aothod to cortlcosteron. data when the ... 
re,ression fit vas linear (p= 1). For the case p>I, 

ve developed a nev a1,or! tha. In this section, we vi Il 
\) 

apply this algoritha to the corticosterone data when 

t'h. relression is quadratie and when it is cubic. 

As .entioned e.rlier, • co.puter pro,ra. vas 

.titten which studied five cases, that is, the 

lin.ar case up to the quintic. The "lack ,of fit" 

t.lt "as used to identify an adequate fit; .followln, 

• d.cision on the value of p, an est laate of x and 

tol.rance latervals for x w.r. coaputed for th. 

cortlcosterone data. 

1" 



•• 
~ 

./ 
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• 
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'01' the follovinl .et of" data 

p 
corticosterone 

level 

• 5 

• 5 

• 5 

1. 
1. 
1. 
1. 
1. 

2. 

2. 

2. 

2. 

s. 
S. 
3. 

S. 
1 

, 

A P 
count per cortlcostel'oDe 

aiDut. levaI 

10717. c • 
10764.5 C • 

.5.1.3 4 • 

'572.2 •• 
1'23.5 6. 

1'76.2 6 ... 
1300.0 6. 

1257.2 6. 
613S.8 1. ~ 
6'22.1 1. 
6363.8 1. 
6440.1 ' 1. 
sOlS.O 10. 

50".0 10. 

. 50'0.1 10. 

5055.3 10. 
J 

Il' 

A 
couat pel' 
• alaute 

C311~3 

4445.3 

'4515.3 

4563.5 

3661.3 

370 •• 5 

3561.5 

3621.6 

3210.6 

32'7.1 
."p 

3083.2 

3018.5 

2'3'.0 

2164." 

2116.8 

S024." 

"e obtain the follovinl values for 'the "silDifi cance" 

. test and th. "lack of fit" test. wh.n th. sllDiflcance 

lev.l CI :1 .01. 

.. 
" 

',' 

-' , 

éase • -t.st P . '-test . 
.. 

l', 
" 

(Re.ression) 

lla •• r 2212."853 
, ... dratic 10.31-71 

cable 12.0115 

'''.l'tic 0.554S 
, .. latlc 0.1211 

'\t' 

a l ,a2 ·ca ,(lack of 
fit) 

7.S6(n l ·I,nz830) 5.5642 

7.60(81
81.8Z

821) 3.6410. 

7 •. 6 .. ..<·1· 1 ·I&Z·2.) J.3770 

7.61(·1·1 ··z827) 1.63.0 

7.72(a1
81,aa·26) 2.310Z 

• 

.3.67(·186 ,aaaZ4) 

3 •• 0(.la5,81a24)' 

4.22(8184'·2a24) .' 

.. ; 72(a1
8 3 '·la24), 

S.61(a1
a 2 ·1·2~) 
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• 
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The !irat tl •• v~aat no "lack of fit" 11 at the 

quadratic case sinee 

than we u$e 

P(LP) = 3.6480 < FS ,24,.01:: 3.90i 

the\.QUadratlc curve io find the a .. ti.ata 
,l 

". 
for the corticostorono leveL and to conatruct .. 

tolerance interval. 

le will apply the al,orith. de.crib,d aarllar; .Inca 

a lood fit Is quadratic, W~ should obtain four 

valuas for tolerance intervals of x. Good toleranea 

li.its for x are the tvo values whieh fall in the 

ranle [.S,IO) or nearby; the computer proara. prfnted 

only tvo value. of x instead of four v.lues; th. 

r.a.on for thi. is that ve were askin. for printed 

valu.s vith for.at F9.4, i. •. ,; XXXX.XXXX. Sinee 

t~o values vere al"ay. outside thi. for.at, they 

vera Bever printed out. Th. la •• thina happened 

vith the •• ti •• te of x. 

Table 3.3.1 .ives e.ti •• t •• an4 tolerance 

~interYals for th~ corticolt.rone lével. when ~he 

counts per .inute ar. known • 

. . 

c 

J ~ 1 

,', ~ ~ ~ l ," 

t"; .... " ~ -: '1 (.i=,)::~;'.:~zr_{ {il ~'1f...:k-:'''...)f~'' #JI!":~l~S.~~ .. M Of " 
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TAILB 3.3.1 ... 8.ti.at •• and tolerance interyals (for 
th. quadratic ca.e). 

A ; 
P Lower Bound Pupper Bound e.tl.at. of 1 count per 

.inute cortlcolt.rone data 

'743.2 .64342 .41p66 .9S4~1 

'7~4.6 .63212 .40118 .'4143 
8410.3 ~ .72041 '.47516, 1.04741 
'360.2 .73261 .41536 1.06206 
1646.5 .'2633 .64700 1. 2'522 
1702.6 .'0'61 .6330'8 1. 27506 
8426.8 ~"460 • 7,OS77 1. 37758 
:458.2 .'1456 .6'543, 1.36546 
'08.8 2.30428 1.77531 2.97605 

60 ...... 7 ~ 2.21802 1.70567 2.86~73 

5478.4 ..... 2.70404 2.0f644 3.47065 
5386.1 2~IOO~4 2.173~O 3 .. 59098 
4332.9 ·4.S7S10 3.41360 5.56924 
4258.5 4.53162 3.53508 5.7682'6 
4411. 8 / 4.21773 3.2'115 5.36955 u 

4425.2 4.1'183 3. ~7097 S.3367l 
SS54.4 6.54'31 4.'5619 8.161~S 

S134.0 5.60'77 4.36S9' 7.14995 
, ] S162.7 5.52514 4.2'041 7.04083 

3092.7 1.75428 6.11236 11.21143 
30~9.6 8.71666 ' ' . 6.68481 11.23114 

'or tbe aboY,e unknown corticosterone 1evels, the 
... 

,.tl •• tés P (estl.ate of corticosterone levels) a1w,y.' 
'\, 

occur bettleen tbe' bounds of ta. tOlerancé' interval •• , 
1 

1 •• e. alsQ that th. allorltb. Ilye. quite re.sonable 

yalue. for" the •• ti.ate. and th. tolerance ·lnt.rvals. 

/ 

. . 

, 

f, 
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.' 

elcn9wn corticostero'ne 
levels 

X é . 
nt la.,te of unknown 
corticosterone leveis 

1------- tolerance interl-als for 
unlcnown corticosterone . 

~ __ ~~ _____ -J 1evel. 

" 

o1"t lee. te.ft•tülilill 

11 1.ve1 
Pilure- S.3.1 - Tolera.ce later •• l. for •• '.0" cortlco.tero •• ~~.~1~ 

-,' 
"_ ... t-.~ ~,,' 
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Nov for the followinl data 

p A. " P A 
\ , 

corti cos terone count pel' cortieolterone eount per' 
1evel ainuto 1evel .inute 

-, .5 11237.4 4. 5206.2 

.5 11465.1 4. 5156.4 

• 5 11162.2 4 • 5226.1 

• 5 11610.4 4 • 5295.5 

1. 10412.4 6. 4146.9 

1. 10014.0 6. 4094.2 

1. 10467'.7 ' 6. 4172.7 

1 • 10106.5 6. 41 OS.l . 
2 •. '7691.9 a. 3614.8 

\ 

2. 7444.9 8. 3658.5 , , 
2. 7807.0 8. 3688.0 

2. 74 70.5 8. 3598.3 
\ 3. 6231.1 10. 3395.5 

3. 6239.2 10. 3223.8 

s. 616.7.5 10. 3350.7 

3t \ 6048. g 10. 32,08.6 

.e obtain th. fol10vioe relul ts fOT th ..... i'ol fi canee" 

f 

1 

test and the ft lact of fit" te. t, w"ea the si,ni fleue. 

leve1 CI = .01 

'-tllt 
~ 

Ca.e P-test P P 
(Rell'e •• lon) ~1.n2 ,CI • (laet of 11 1 -n2 ,CI 

1 
fit) 

lin.ar ',50.612g 7.56(~1·I,n2·30) 13.,8847 3.67(11 1
8 6.D

2
-24) 

°quadratie 0.536t 7 .60(nl,~IJ.n2.29) 16.~716 3.90(11 1 =5,D
2

a 24}' 

cuble 51.1319 7 • 64, (0 1 = 1 J n 2 :Ii 2 8) 2.5617 4.22(11 1
8 .. ,11

2
8 24)' 

quartie 7.0346 7.68(01*1,0
2

=27) •• OS61 .4.72(n 1
a 3,11

2
8 24) 

4 u lDtle 0.7851 7: 72(,n1
8 1,n

2
8 26) 1.la57 5 • 61 (d"i 8 Z • Il 2 • 2' 

\ .. 
~ 
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'3 
.. 
Tb. flr.~ti~e ve ••• t 110 "l.ct of rit" i. at th. 

, 
cubic case, .iDce 

P(LP) = 2.5617 < P •• 24 • 3.'0 ; 

tb.re~ore, •• use tbe cubic curve to astlaat. tba 

corticostarone level and to construct a tolerance 

lnterval for i t. 

-\ 

According to the allorith •••• will obtain six value. 
~ ~ 

for tolerahe. liait. of x. Good liait. are the two 

values whieh fal1 iD the ranae [.5,101 61' neArby. 

Table 3.3.2 lives the six liaits for tolerance 

llitervais of x. and thre. values for, the •• tlaate of 

x. 

, . 

... 

• 1 

. . 

, 
• : ~ • Il- 'JI' ~~ .... 

1 

" 

. 
• Cl..' 

, : 

~1 
,\ 
~ , 

, 

., ~
~~~ 

, t \ ~ 

J
' 

-- "'!§' 
'" 

~ , "'" 'J 
t,.~: 
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TAlLE 3.3.2 - astt •• tes .nel toler.D~e later.als (for 
the cubic c.se). '.,. 

A 
count per 
.inute 

10t95.6 

11263.4 . 

11199.4 

11232.4 

9147.9 

'974.4 

6171.4 

6'07.4 

5617.0 

5613,,1~ 
4477.1 

... , 
esti •• te of 

c~rcicosterone level 

.66951* 
-.28924 

51.5945S 

.57S1,3* 
-.25481 

52.16982 

.S9796* 
-.26356 

52.03362 

.58622* 
-.25909 

52.10394 

1.33456* 
-.44S18 

47.1'312 
1.40424* 
-.45605 

46.7219S 

2.41306* 
-.56045 

40.60062 '\ 

2.52680* 
-.56122 

-<3'.11355 ' 

3~149* 
-.61.84 

35.13258 

3.53S63* c 

- .61199' 
31.11465 

S.IIS61* 
~,.663'1 
2'~ 

'Lover lou~eI . Pupper lound 

1 
... 440S4* 
-.35291 ' 

,50.20'01 

.SI'23* 
-.32'17 

50.77980 

.34983* 
- .,;'33506 

50.64444 

.33380* 
-.3320.4 

50'.71433 

1.13696* 
-.47578 

45.81489 

1.20549* 
-.4.505 
4~.35470 

. 2.17351* 
-.57730 < 

31.22491 . 

.2.21078* 
-.51437 

31 .. 60434 

3.21636* 
-.63094 

33.70192 

3 .. 22017-
- .. 63109 

l3.'1371 " 
4 .. 70961-
-.67317 

27.41654 

.11'44* 
-.19654 

S2.92179 

.79672'* 
- .13129 

53,.49863 

.81739* 
-.14950 

53.36203 ( 

.80673* 
-.14039 

53,.43256 

1. 5430S * 
-.41008 

48.5061S 

1.61455* 
-.42304 

48.04S42 

2.67049* 
-.54211 

41.94918 

2.79138* 
-.55068 

41. 33699 

3.17308* 
-.60S76 
36.~0 

3.17597* 
- .-60S93 . 

36.52737 

S.71t22~ 
-.653'1 

30.5'322 

..; . 
~ 
j 
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Por these unknown corticosterone levels. the 

~.terisked values in Table 3.3.2 are respectively th, 

•• tiaates and toleraneè liaits for the eortieosterone 

. levels. The other values wete not considered as 

•• tiaates and limits, sinee they are "off-ran,e" .. 

For the last two sets of data, the alloritha 

lives fair values for the esti.ates and toleranee 

liaits for corticosterone levels. 

If we consider that the classical .ethod is 

al.ost intractible for polynomial relression and if 

ve consider that Krutchkoff's inverse aethod cannot 

be applied directly to polynomial regression. th en 

ve are left only vith our new aethod. Also, the 

results obtained by our new aethod have proved 

satisfactory in praetjce (cf. Buckland, Blaarav. 

and Laaue (1973». Thus We aay conelude that the 

ne. aethod is useful when one Is dealina vi~h 

polynoaial relression. and vhen one .ants to prediet 

the value of x fro. an observed value of t for vhleh 

~ i. unknown and finally wh.n one wants to eOD.truct 

tolerance intervals for such an x • 

. . 
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1""". D. ' 1 

DlAiMlla- .C~O,.YC~O, •• SC4"'.CC"' •• ""'."'''' •• \''').'''''' O'",MlIa- .L(""YLf", ••• I.' •• l4'#IC~' 
DI"'MSIDM lCO""'CO'C""ODlI",.lODtl"'#~"'#IIIf'" 
OI"I_SION TDOTt" 
'UOcS,lO'l 
'D'"'' Tt 1 2 , ""c"ll,IKtl,.Z-l.L' 
Il'DI,,ll.C··'I',I-l,l' 
,Qa"aTC'1l1 
DO 11 "-I,L 
"-'UIU 
"eKKI"' 
al,.",l'eXCr"YC1"l e '.,,' 
IIAO",ll e.'-I l'.YL, 1 hl.l.'" , 
f~",TC'X,F~.l,~X"'.l' 
"SUM-O. oa 1 .-1,1'1 
Icl'-OlOGe.CII.,.Do' 
ISU .aXCI, .. e Il 
Icel'·lsel'·K'I' 
.01I,-X(ell·.II' 
lIell.IOCII·.!11 
",.,.nlOGCYCIII 
"SUM.YS~.~CII.",I) 
DO 10 l·l,J 
"lell~OlOCCYL"'1 ."'.0. 1"".0. xc",·o • 
• " .... 0 • 
., .... 0 • 
• '··0. 
JOUO-O. 
IIOt,,·o. 1'.'.0. l,eIO·O. 
JeUO·O • 
• IU,·O. 
leClc·o. 
"U'.O. 
ItU,-O • 
• ee.,·o. 
l'ClI·O. 
lICI,.O. 
XKhO • 
...... o~ 
'C"·O. 
àUeo • 
• SC'hO. 
JCC'.O. 
acl'.O. 
ICac.O. 
IICIC.O • 
Del 
l'U.O. 
ICIeO. 
&CyeO. 

Il 
--.:t- .. \ 

.., .... ;!<\ \.' </- .. ,,_ .... :-..~ -~ ~'! • 

", 

~~~ ,... -
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n-u.'"'··' CALl 1.'ICl"R#I,N, 
,CAll 1"ECll''',IS,~, 

CALl Il'I(IC'~NJ 
CaLl 'S'lrlltll,IO,., 
CAll IS'lrv'AR.v,N, 
CAll IS'ljl".I,I".' 
C.LL SI1(ICl,., ••• I,N' 

~C'lL Sllexscxs,xS"-'.S,., 
CAL~ SI1CxCCXC,IC'.R,I',N' 
C'll SSle~cY,y, •• ,.,H' 
CAlL SI1ClOtIQ,XQ, •• ,IQ,~) 
C'LL SSlCX,CX"."AIl,XS,H' 
'1LL SlleICY,I,X,,,,Y".A ••• , 
C.LL SIZClSCY,.S,xs.a".,.""., 
t.LL SSl,.tCv,xC,xC""v, •• ,.,., 
t.lL SSle.Cls.x,.'.Il,.I,.51'1,., 
calL Sllelc.c.x •••• Il,IC,.CI.I,,., 
t.LL Slle.SCXt.xs,xs."'.C'.C,,,,., 
C.LL SSlel~CY,IO,IQ •• Il,V,v.",,,, 
t.LL Sllexc.',x, •••• ,."xQ ••• ,., 
C'LL SSle.SCxQ,XS,XSla_,xQ,.QI",N. 
C.LL SSle.CCX' •• CI.CI.I,xQ.a'I'.,.' 
,alL SS'e.ocx',XO,x, ••••• "x, ..... , 
,aLL Sllexccx"xc,xc,.t,a"."",N) 
t'LL sszelscX,.XS,IS.,t,a',x"",., 
t.Lt SllelCX',I,.I,.,., •• , ••••• , 
CALL ss'zusey,X',x",.,v,v ... ,., 
..... CY'XC. 
'L,",·"'I-IHa.I •• 
,!Tb,N 
lNar.C' •• ') 'XCX 
lIa YCY-SH 
,"aacaIlleCX 

~ '1·1SC'-~H.ltY 
.,·lselS-Cri.XtxS 
""1/.' 
AL'N.S •• L'ri'.O"*C~ •• 41-.II&l' 

1" 

'IT'S·'ITA-~.GH ,l, 
'1TAS·OH 
1NS·"··,,az 
"SaSI-SHS 
Ml·le.C/.Cx ~ 
MN·'Xse.C-CHa.c.C)'" 
A,.XCCV-MKeXCY-HH*.l 
'4aXCC.c-e~··z'·XC·-C~I)·'. 'N.,,1l4 
'L,"'C.'L'H'S.'HeeHNe.I ... -ac'AI.CMl~'"'''' 
.IT".'IT.S.'HaCMHa~. 
TIT'C·TITAS·'He"" 
""",e·'H 
,",·,,··Z,A. 
Ile·SU-SN( 
.... , •• , .. Cl( 
".CIS'IO-3MaICXS.,' • 
..... c.CC.o-O ... IC.C-... ·, ... ·ü.,a. , 
".xQCy-ca,.,e.C •• ,.,.-clccat-CXCI"-CJC./ICI, •• AIIA4 •• CCasc ..... C 
.~ ... ,.lt'.C.'.'1.'C·,··I(·"I(.C".C".I&"'''''').''1/&1I' .. ·.OC .... ·, ..... ".C.·c,.SC .... XClleaCat"ac ...... /Al-CCICCI .. '.C 
•• C·.C.",.C.t-••• ".C-•• C.c-aclSllata ••• JIC .... lCateIC .. '/ac..'/&I 

, ,-JI' 

',' 

" 

) 

( 

i: -, 

. ) 
,'. 



• 

," 
~" 

'::..,. 
"~:, 

, , 

1 

~' •• Z,A. 
M.JeA'''' 
AL'NAQ.'~'HAC.HJI(MLeXC"l·l"AI-C~-"~'-X"A.-~MK.ML·QM.(~L ...... ,.Gtf,.X.AIl, J. 
IITlO_IETAC+HJe'HK.HL-OH-CMN.HL·"""GH, 
TITaO-TETAC+HJe'H"eHL-"MI 
GA""lQ-GAMM1C-HJaHL ' 
a..UAQ-HJ, 
1 ... ·.'··,,.· SIO-SIC-SHQ 
'fMeltlll/llt. 
lN.'lSCX,-,H'.Cl,,/., 
YH'CXCCX,.VHe.CXt·XHe"H·.a"A~ 
UH·(XOCX,-dHe.CX'-HMIXH'AZ-HLaYHIA."., 
I1.X,CY-'XC.'~,Yl/x,xa, XSCU-flttxSIXC."/XCX '" US/bAZ'''' ,.nfSC·x 

.o_tKcx,.xeXQI'XCll •• l/AI,-CAJ/A"'CXQCX,.CXCXO.lCX"'XCl'aCXCCl'-, 

.lCXC.XCX",XCl.'lSCXC-CXCX"lCXC"XCl"CXSCXI-CXClS'.Cl'I'lCll'~Z' 
"C U,,, ...... , l.exeCllo-' xClCUC.QI/XCI,.c Xle.c·cXCUtXCXe"xel,.e lIC, 
.lQ-CXC.S*XCXQI/XCX,'A"-CAI'A4', 
A •• l,Cl'-CXCX"',I'XCX-((XSCl'-Cxcxs.xex,,/XC."~Z"AZ~"XCCl'·'XC 

'lc.xcx",xcx.exscxC-'XCXC'XCX"/XC."CXSCX'-CKCXS'XCl",X(X"II'-' 
""A4 -1 CXQCX5-eXCxQI.CXJ1/xcx-exSCXQ-ClCXQIXeXS'IXCX,.ClSCX,-(XC. 
'l'XCX,,,xcxr'AZ.'(XCCXQ.(XCxo.XCXC''.CX-'(XSC~Q.C.CX'_XCI"'lex"c ' 
.lscXe-exexsexexel/xex"A,,'I,XCCX,-IXCXC'XCX"'xcx-ccxsexc-cxexclx 
4Cxl"XCl,eexscx,·lxCXS-X(II',/XCX,tA"'I".,I'ZI' •• 
'Meal 1 AI 
A~'"A'_I~'HIQ.T~'(UH.XQ'A~-X"A •• CUM'OH-CUHIHl.VH"NK-VM-'"eCUH*"" 
'_XH-"HIUH*HL.HH'YHI"X'AI-IU"~L-V""X'I •• -eU~""-"".HL-UH.~VH· • ... , ...... , 
IITI'.'ET.Q.T",IUKeOH-'UM*"L-VH"HK-VM-GHeCU"'""-XH-HH*UH*HLa"",~M ." , 
,.,.,.T'TAQ·T",IUH.H"-XH-HH*UH·H~."HIVH' 
C~""A'·GA""AQ.T~'CUH'HL·VHI 
OMIGA'·O"EGAQ-T~*VH 
'MU.TH 
SH,.,Te·UAI 
... ·SU·SH' 
DIMUM.YSUM·CD'LOAJCNI·V'I~-II' 
II*IH/DEMU" 
'U·U-SHSIOINUH 
.CI·.SI-SHC/DE~U" 
10'·.(I-,"Q/OI"U" 
.,I·aoa-$H5/0fNUM ".l. 
D,-OPLQ"eN-l, 
CILL GT'STI'TIST,$I,SH,N60" 
DU·O'-l. 
CILL GTrSTI'TEsTtfsrs,'HI,N,D'I, 
O,C-Dn-l. -
ClLL GTISTI'TESTC'SIC,IHC,M,D'() 
D,,·om;-1. • 
CALL ~ISTC'T(STQ,sro,IHO,M,"Q' e,,""'0-1. 
CUL GTUTcnun.su,IH',"'OfI"i 
""'-O. YttAI·O. \ 
yU y.o. 
U-O-
N'-Ll 
","'l-Z 

J, . 
11. .... ' 

l' 

" 

"--" 

. ~" 



'. t • 
( 

f' 

"a"" 

a .. 
.• '.l~ 
~(t ."b .... JII, ..... I Il.'' ••• ... 
yl ... ·" •• ··'(I-I' 
l'C.l •• O.''")~ Ta 110 
l,caCI •• NI •• CI-','OO TG UO 

UO (GMT 1_ 
·110 Vl' .. ·'l"I/OPLOlTtMl' 

Da 110 ""."hltl " 
uo VeaY.WCly.vt"J-l'''1 , 

", .... 1 
" ~·IUR·VCIV-(D'LO&Tt"I'.CYl.aa"ltt " I,C.l.I'.~lGO TO "0 

j. ......... 
1 M'" VClY-Q. 

'Wl.aa.~ ----lM "'·U+" -1".'. .""'GO Ta '-0 'ITeSI-SU" 
,,' •• 'IS-SU" / "'C .SIC -SU" 
'ITt·stt-SUM 
'l''-'IS-S,," 
lfa • .,LO&TCL1-I' 
.. a"'LOlT'"-~l) ....... -1. 
1f4 ....... ' , If.· ... ·l • 
........ 1. 
"ST.C'IT/O'll,CSUM/D'I, 
TlSTI·C'I'S/Of",CIUM/OfII 
Tt.TC. C'ITC/OP4.,t,::'O'11 

'. Tt'T •• C'.TO/D""CS IDPI' 
T""."IT'tD""lSUM/"I) '1·,.."e,r,sr •• ,Q" 
"."."(TIST,O'I~"1 
'!I •• ..aI.'TISTS,V,O.SI , 
, ••• ,..atcTIST.,DlI,O'11 '-.. 
,.C.,f«OIc.TISTC.V,O'Cl 

----
.rc·~..atCTISf(,Of_,o.a. 
'1 ... PIOIC"ISTO,v,,,tt 
'l'.~DI.'ISTQ'D'',D'.' 
'I.·' .... I"IST',~,O." • 
• 1.·' .... 'TIS1.,0·.,0.1' 
., 1" .... " ... 
• '.1'· ... '.·.1"-1. 

'" yl •• '· .. ··eV(I" 
-.~QO ,,""'6.100' 'GIRA"'" 1 "'."""011 ni fOIRaT, ••• J •• , ••• ' •••••• , 

~ , ... " •• ,IOI"11C""I, ••• I-l,"' , &Il faIM&YC' ·.l'll'4.1.1.''~.LI ..; 

"'''~'6#iOOI 
.., , 

_nlc.,uo, .;;i!; 

III 'aaR.Y"O"'~I"" C&SI'~1 " -J 

Î 
,1 

) "~ .. . ~ 
11 

'-! 

': l " , 
, e 

le 

r • J~ -

. , "" . 
\ ' !}~ .""'llt , , ,.. .. ',,'" 0 

,. ..... J<t.: 



" 

·1 

'\ 

Ml 

. ." 

, .. 
NI 

'~I 
J~ 

'11C_DIIlTC' •• ,~ •• A~t 
IDDTI ... ·OIIC/(I •• " 
aaDTl·-t-oISC/CZ •• " ",. __ a.x'u 
...... .aml· .... 
CI.r-"LC1 I-AL'HI'/ItTA 
YLCI,.DI"CYLCI" 
WlITIC""'.lCI"YlC'I,~Uf.(.WY 
,OIM&TC' •• 2 •• '4.1 .... ".1.1 ... '''.1 .... ' •. " 
ca Ta 12 l''',S-... ,SOZ.JOZ,SO' 
IIItrTE '6,1011 

1 

( 

.UltIlATI '0', 'THI .IIST TI ... tI' "'If ... L-a-fI IS AT. TMI MIUTIC ca 
4SI' , 

00 601 I-h" 
le ',h'UAS •• ' U·TITAS.lI$tI) 
tALL l$'fcl"l.l.", 
CAll Sllelc.,z.aa,z.~) 

i
Ll SIZIIC •• Z .......... , ••• , 
Y-ltl-CltY··I"~Y 
.It-SIY/DI 

D-Z 
- 10 601 1-1 ... 

• AD-DSGalCC1.+a./D'lo,TCM'.CCYLCI,-,.aa, •• a"fCY,·S',", 
TIIR_Z'AI.CZCY/YC.,·cYLlr,-Y,il, 
CiLL CONfCIOOT1.IOOTz,TfIM.TS.I&D' 
te"'c U·-lDOTl 
JeOf' Z I-IITAS 
.CIIfI r J,aflTAS 
tALL ~aTC.COf.~Of,O.IOOTR.lOOT',1111 
10 ~ llauO 
I,CRa8TICII'."I.O.,loaTl CIJI-O • 
• OIfxclll.DICPCIQQTIC1IlS-1. 

• CGllfiNUI 
le'" ( U--lOO', 
IC(DfI CI , -h fAs 
le"'n,-TlTAS 
t,LL fGlaTC.COF.tO"o,loara.IOOTI.II., 
10 ~ li-hO 
rFClODTICII'.NI.O.,I~TICII'-O, 
tDQt,II)-Dl.'ClOOTICll"-l. 
(GMT 1 NUI 
.COf'l'·'L,"AS-Yllll 
ICo.Cl'·'I'AS ' 
.to.U,·TITAS 
CUL ,aUT( .CO' ,COJ.O.aaaTLIOO1'l.111', 
.. 60S 1 .. .,0 
"ClOO'IIII'.NI.O.,IOOTlCI1' ... 
SDDTcll'-Df.'CldDTICIII'-l. 
(l1li1"_ 
YLCI,-".'CYLCII' 
DI ,.. II-ha 
Il'''l,,oo'.cll' 
..-a-TOQTtlU t 
._.-SOO' c III 
WlITI"",'Cl(II.'l,I,.ca..al.~.""" 
(GllTINUI 
GO '0 11 
l'C'lC-''''SO~.S04.'OI 
.. nl .. ,lOIt 

.' r 

, 

\' 

\ 

\~~ , 

1 
• i 

'" 



'. 

", 
l' 

--~. 1,. 

~~ ~~ . 
l. 

.. 

no 

160 

l'PO 

110 

ltG 

"0-. 

110 

NO 

If 

100 
no 

'1 

~ITIC',"O'AL'"A ' 
FORMATC·O·,·CGNSTANT.·,lOX,'I.11 
Wlll,C •• I,O",TA 
'OlM&TC' "'COI •• ICII_' Q' 1",1 •• ' ••• , 
_nU •• 14o, 

• 

'OIl"ATC '0'. UIl,' O' (DENQ ... ,. ,s •• 'OfCNUIt. 1 , •• ,'l'.fllTt'' 1 ,.l. ,.-,lOI 1 

.,.l.ID'COI~""'.,'D'C~"""X"'-'II'CL-""'."'-'Aa.I, ••• ·.·S·, 
~IITIC.'I'O'O.,~,'TIS"'\,OfI,O'l,TIST,."AI . . 
.OIl"AT'.0 •• 1 ••• ".0.11.,',.0.10." •••••••••••• '" •• ,.0.111",.0,10. 
"".~ •• Il"'.4,41l.',.'1 
",ITI,.,2601 
'OK"lT"-'.·QU10~lT1C C15,\I) 
~'TEC •• lIOIAL'HAS 
""TI.t.llOI,eT1S 
wtIT,c.,110ITETAS 
.ua"AT" .,' COI" le H"') 0' .", .lX., •• " 
WlITIC •• 2401 • 
IIUTI C •• 15:) 1 OFS,~, "un. ,u,o'Z,g", TIITS,'as,llSa 
... ITIC •• 2IOI 
'OIl"ATe'··,'culrc CASfl" 
wtITEC.,IIOIAl,HAC 
wtITII.,I,OIIETAC 
VlITIC6,110,TfTAC 
WlITIC •• 1.0IG1""lC 
,ua"lTC' ·,'cnIF,rCIEN' 0' .Ca',ll"'.I' 
wtITIC •• 1401 
Wl.Tlc.,Z5JIOFC.W,FTIS'C,.lC,DfI,Df4,T',TC"a:,aca 
wtlT!,',JOOI 
.ua"ATC'·'.'QUA-TIC CAS!t" 
~ •• Tlct,210'Al'HlQ 
",ITI16.Z,01IETlQ 
WlITIC •• 210lTETAQ 
.. IITI(6.l'OIG,.~,Q 
waITIC.,Jl010MIGAQ 
'Ol"ATCI '!'COIF'lclEN' O' •• ,',11",.,1 
Wl,TIC •• 240' 
VlllIC.,I,OIOFQ,W"TISTQ.'lt,D'I.Qf"T"Tt"aQ,'la 
,,"TE't.UOI ' 
.oa"A"'·t.'QUINllC tlllJI) 
WI.Tlct.lIOIAl'H,' 
... lTI".ZJ~I'fTA' 
walfIC.,110ITffA, 
WlllI, •• 290lGA""l' 
",.TI16')10 10"16'5 
... ITIC,.JIOI.HI' • 
FIIl"A'" .,' COI"IC lENT 0' .'1' .11",".'1 < 

\ 

,_IT,,6,2.01 
... "IC •• 2'OlOF" .... 'Tllf'.'11.0'"Df.,'.,TI,.II •• SI. 
Wl"" •• IOO' 
,,"TI , •• II 1 
'ua"ATI'OI,lX,'IO' •• x.'Y',al.~'COM'IOINCI 1~T1IV'~" 

r ."'1 ..•• '500.'01.'01 
""Tilt, 1001 
'Ol"ATCIo,.'TkE 'tasT Tl~1 ~I "'IT MD \-0-' II AT TMI LIMIAl CllI' ., 
,.CICY/ICIl'·.Z-ITS.SI/(XCI""} 
DG ~ I·"J ' '.'f\, n-'W'l • 
•• -I ..... Cy/XC. 
t· .. ·Z·CT •• SI·CÔ'·J."CDf.a.', 

" 

. r 

" t'I't""" ift 4I!!4*JINii! 
, "''::'~ 

• ~ <!: 

.If 

.' 
./ 

• 

". 
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" 
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101 

-.06 

6:»1 

tI. 

.ao 

'" ." 
toi 
n. 70. 

• U 

~--:-~--_'------"--"'P--"';'*","l!'.u!""l'l!tl'~." .. -... ; .. :.!'!\t!ll!{"'W-", \', "~ÎA.!8. 
~ .. ~. ;. l' \,~~! 

: 

7 

fORMAT"O-,-'", .IRST 'IMI ~,'MlIT MD L-o~. Il A' TNI CUlIC cali" 
DO Mt l-l,N 
Zcl'.I,TaC-ICI)+"T&C •• ScIJ+IAMMAC·.CCIJ 
ta~~ .1'lcZlaR,Z,N, 
taLL SllCltl'~'A',I.~' 
C,~~ SSICICY.l ...... '.,.,.,"' 
Sl!Y-zCI-ue '-.1 "'C' ' 
Sl!ylt.sn '0" 
DO '«)1 1-1101 
.,D-,SOl'c1 1.+1./O,(O,TCM,+CCVLlJI-"'., •• a"YCY'.SI'M, 
Tlllt_ll.R+clCY"Cy,-IYLtl,-VI,11 : 
caLL eDN'CROOT1,IOQTl.TER".TS.IAD' 
Dd 
IItOFI1,··lOOT1 
.caFcu-nue 
IICO', U-'ETAe 
lIfCO,.4'.GA""', 
CALL 'DLRTllCOF.CO,.O.IOOTI,IOOTJ,III) 
00 "' Il-ha l'CROOT111IJ.NE.o.,RaOTR(III-O. 
IODT.III~_OE"C.OOTRIIII)·l. 
CQNTrMUE 
ltO'llI-·ROOTl 
ICOflu-nUC 
lIfeo" li -TE TAC 
lIfCO', 4' -"""AC 
CA~L 'O~ITIICOF,CO'.O"DoTI,IDDTIIII.' 
00 '0' U.hO 
IFIIOOTICJr,.NI.0.IROOT1cIIJ-O. 
,ooT'II'-OII"looTIcII".l. 
CDNTlMUE 
ICUftl'·'L'H'C-VLII' 
'COFeU-IEUt • 
ICD'u,-TIT'C 
l'cm 1 4' ·Ça""AC 
CALL 'DLlTI»(OF,CO,.n,IOOTI,loaTI,IIRJ 
00 '10 Il-ha 
.Ftloo'IIII,.NI.O.,looTI(III-O. 
SooT"I'-0(.'l10011(11".l • 
CONTINUE 
YLCI,.DIX'IVLII') 
oa '" Il-ha 
IIANGI-'OOYlI r r, 
GR'NDI-Toon 1 ri 

-\ 

CUMUI.SOOft 1 r) 
~.ITII'.l"lLI1).Yl(II,Ga,",1."&"I.ca"'J 
CONTINUE 
co TO U 

" 

" ;. 

l'I'IQ·.·.',O •• ,O.,,O~ 
..aITEC\.lO)' 
'oa"ATl'O.,'TMI "aST TI~' ~ "l" .0 L-o-f I~T TMI tuIlflC CAS' 

"1 " ~ • 
pO '.u 1-1." , ' 
1II'.IITAO.llrJ.'fTa ... sCI' ... ~ ... 'fl'.'"' ...... CI • 
CALL .,'I(I', •• I,N, 
C.LL SSI11Cl.lIA"I.~1 
CALL SSlllcy.Z,I •••• T.y ••• 'NI 
IIY-ZCZ-CIC'··I"'CV 
Il'''·51Y10' 
co tu '-l'" 

,. 1 
,1 ' 

f" '.:1: 
,... } ..... 

"'- , 

. . 

\. 
, 
" , ' 

.~~ 



\~ , 
; , 

) 

,-

t" 

l'. 
t" 
'Ol n. .,0 .. 

••• 

• 
, 

..... S .. 'CC1 •• l./DfLC.TC.'.CCYLC_'· .... ' .. a"fC.' ... ,.' 
TPIhZ ....... ,(y/yCY'.''ILC .t-YhA'-
CALL CGNf •• ODT1#.DQTl,"~TS#aaoJ 
D·" 
nDltcU-"OOTl 
IrC" 111-'1 TAO 

-<JeOFeJ.-'I,ao 
le. 1"'-"""&0 
Jco.IJ'-DltEGAO 
CALL PDLI'IICO'.COF.O.IUDTR.IODTI,III' 
DG 61. U.hO 
1"laaT"II'.NE.O.).OO?I,II.·O; 
IQDTI.ll,.DfI'C.OO,.,II.)-l. 
C .... T1NUf 
lCo., U .... ooT2 
lCIIP,l)-IITAQ 
JCOP f J'-'EUO 
ICa. ,4. _,,"PIao 
ICa.".-,,""'O 
CaLL POL.,CICD'.CO"O.IOOTI.IQDT.,I"J 
10 614 1"1.0 
,1,flOOT'CIJ'.NE.O.,.OO?.IIJao. 
,00T,.I,-011',100TI,II"-I. 
c .... nNUII 
ICOfc U-,\.,14&O·YLII' _ 

.ICa.CI,-IfTAO 
ICOfcl,-TEUQ 
lCOf ' ~. -"'''''0 
UD." '-O"IC;&O 
CALL POL."Xe~'.co,.~.AoaT"aaaTl,II'. 
10 611 11-1.0 , 
1,.IOOT'IIJ'.NE.O.,ICQT •• II'eo. 
SDDT:ll'.OE1'(ACOT.cll')-I. 
CQIITlttVE 
"LCII-D(I',Y~el" 
10 100 1"1.0 
caa_ol-lOO'I(II' 

• caa~l-TOOTIII. 
HMto'-SDOTC Il , 

Î 

\, 

~11'let.I".L,I •• YL'I',~l,""",""" 
CDMTINUE 
GO Ta li 
1'("'-.""OI.JOI.,r' 
..anlc,.104. 
'OI" .. , .. ~"'T,,, 'IU' ., .... 1ft .... , ......... Il If TIll .. llITle USI 

4" 

DO 61' '-Ü" .. 
lel'.I.T',-XII'.TIT&'·ISC"~J·.CII.·~a""II'~IJ·.'cl • 
calL IS'I(lla.,l.~, 
caLL sSlllez,z •••• I." 
CalL sSlezeY.l,l •••••••• a ••• ' 
S • .,·,CZ·'Z~Y··,)'yCT 
SEYIt-S'Y/D' 
CD 6." '-1." 
.a'·DSQlTI'l.·l./D.L:&TC~I.CCYL.I'-""'''II/~.''''~' 
T ..... l·'··'Zey'YcTI·IT~el.-y ••• 1 
eALL tUMICROO'l,.DQTz,TlaR.,s.aao. 
ad 
.e ••• a··ROOTl 
., .. 1 laa.ua, 

.. 

• 0 

. " 



"·e } , . ' 
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\ 

" 

, 

1 

611 

61' 

610 

Ut' 
61" 

U. 
lOI 

U 

, 

.COPU,-TITA, 
lICOl f.' .. A .... " 
leOP c' , -OMfGA, 
ICOP,,'-'MU 

r 

CA~L .at1'CICO'.CO,.O,IQOTl,IODTI,I .. , 
la 611 II-ha 
"C.OOTICI".~E.o.,IOOTlctl'-O, 
'GOTxcll;.OEx'IIIOOTICI.',-l. 
COIITI""E 
ICD' ( 1 , .·IOOTZ 
.C.D'f2'·'!U, 
.COll (".TE U, 
ICO" 4'.CO'""" 
ICOll" ,-CO,""" 
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