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CONFIDENCE INTERVALS FOR INVERSE REGRESSION - \ ,

WITH APPLICATIONS TO BLOOR HORMONE ANALYSIS

o . ‘ \ .
By ‘ ‘ 3

Richatd David St
— ‘ f

Abstract

N (¢ o - +
In classical regression analysis, one studies the

dependence of a random variable y on a controlled variable

* »
Xx. The classical approach minimizes the sum of squares

A

of differences hetween y and its expectation, which is

. assumed .dependent on x. Our principal concern in this

4

thesis is the estimation of x givén a further value of

¥

\ {{. ‘Inverse regression splves this problem by a regression

oﬂﬁ£§§h1x. In Chapter Ii we survéy the literature on
[y rergl -

v,

N igverse regression whichgis highlighted by the recent
\éwﬁfi of R.G. Krutchkoff a%d make comparisons with the
classical approach. The problem of confidence and tolerance
intervals for x, given y is studied in Chapter II.: A new
.algorithn for such intervals is developed for poiynémiai
regression in Ch;;tqr III. These methods are applied {n

A

detail to a blo~d hormone analysis in poultry science.

} \
A computer progranm is included in the‘Appendix. :
¥ '
” Department of Mathematics ) _ - M.Sc.
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CONFIDENCE INTERVALS FOR INVERSE REGRESSION

WITH APPLICATIONS TO BLOOD HORMONE ANALYSIS

By
Richard David

Résumé

Dans les probldmes concernant l'analyse de régression,‘ 1
on est appel& 2 &tudier la dépendance entre une variable
aléatorée y et une variable de contrSle x. Si on procdde
par la méthode classique, on minimise la somme des carrés
des différences entre la variable y et son espérance,
laquelle dépend de la variable x. Dans cette thdse, nous

" sommes avant tout préoccupés par l'estimation de x, connais-
sant la valeur y. En régression inverse, on solutionne
ce probléme en utilisant une ré&gression de x sur y. Dans ¢
la premidre partie de cette thé&se,” nous faisons un bref
historique de la littérature entourant le probléme de la
régression inverse; et c'ést en considérant les récents ,
travaux de R.G. ~Krutchkoff sur le probl2me de la régression

- inverse que nous allons comparer 1'approche classique et

1'approche inverse. ) . »~

Dans le deuxidme chapitre, nous allons &tudier le » -~
probl2me des intervalles de confiance pour la valeur espérée
x étant donné y et pour la valeur unique x &tant donné y.

Dans le troisiéme chapitre, nous allons &laborer un
algorithme capable ‘de trouver ces intervalles d¢ confiance
lofsque nous avons une régression polynomiale. NQus allons

" finalement appliquer en détail ces méthodes 2 'un probldme N
concernant les scienéis animales, plus précis&ment le domai- .
ne de 1'aviculture; ¢ . probl2me consiste ed une analysé

L9
du niveay d'hormone deﬂ cellules sanguines.

- \ ,
En appendice, nous \trouverons un "programme informatique". -
\ \ .

\ "

Departement of Mathematics . , , M.Sc.
“McGill University - MayP 1974

Montresl
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‘liko Figure 1.0.1 will result:

INTRODUCTION

fg; probleh of finding a rglationship between
two variables«i} ono of the common problems in sta-
tistics. The rolatbonship between the two,  variables
-ay be linear. for example, if the speed S is kept -
constant, the distance D vaties ‘with . the olapsed # "
time T, since D= ST. Th; relntionship is more-or .,
less linear if one wants to verify it empirically;
the measurements could easily be subject to errors.,
If we want to prgsact D for a ptrticulgr T, cons{d-
ering S fixed, we would use a straight llno. //// °

- It could happen that s linear relationship

would not be exact. Chatfield (Statistics fo£

Technology; page 186; exanple 5) looks at the fol-

Joving oxanplo:, let us consiﬁer the tonpeg,tkro

and thrust of s rocket engine while it is running .
under the same operating conditions. By }lottin; ‘

the pair (x Y) = (tcnyoratnre. thrust). a diagram

X Y i "X Y\%r h; \Y ;
19 1.2 3. ‘2.1 a5 2.2 -
1. 1.5 30 2.5 39 2.2" g
ss 1.5 s7 A2 25 1.9 ns
2. 5.3, W 2.8 A0 1.6 ;
L1 2.8 : 26. 1.5 - . 40 2.8 ‘4

Ry
A
3
3
.
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? From the diagrim, we see that éor any given
) temperature ghere is a range of observed ihrust.
Let the ;iriable X be the controllod°q;riable'nnd‘
~let us consider the variable Y as ¥and6-. The
average thrust for given observed temperature is
3 » called*the regreision curve of thrust on temperature.
- We can denote.it by Y= f(X).. But ghere exists a. -
regression curve of temperature on thrust; we can
denote it by X= g(Y). Su;pose the two regression
curves are straight lines (they are not a}nays the‘
same). Usually, we ;giord a temperiture Qpi not the

e thrust, and we wish to estimate this thrust. ii such

proble-szgf regression, the main interest always lay

T gy,

in the prediction of the variable Y (clearly, predict-
ing Y from X is classical). Some people considered
* gbserving Y, without knowing X, and hence predicting

9

that X.

- - J

%

} Th&\i:?tral topic of this thesis is the prediction °
S of Xwhen

value of Y is observed for which the X E
is not knoun?\}@h important question is:  "Should we .
Y :

use the regression of Y on X or the regression of X

o
L ]

on Y in order to make the prediction of the variable X?* y
From this follows the topic of comfideace iatervals. k

To derive a confidence interval for X givea am observed

- -

-

Ta 3.
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Y when we are déaling with linear regression is not
difficult. But ;hequthe regression is duadratic or '
cubic, difficulties arise. We develop an algorithm
which enables us'to derive confidence intervals when
the¢ regression is'polyno-ial. -

The following sections of this chapter comprise
a survey on the prediction questions raised above,
in a historical pers;ective. We report on practi-

.cally all the ljiterature written on the sudject,

literature which covers more than thirty years.

1.1 C.Eisenhart (1939
In Eisenhart's mind, the fundamnental problenm

in the determination of a relationship between two

variables, say X and Y, was to find, as accurately

-

as possible, the simultaneous probability distri-
bution of the observable quantities, say x and y,
considered as random variables.

Eisenhart expresses the relationship between

"X and Y as a linear one, i.e., )

which can be written as N
(1.1.2) Y = a¢sX , when a = -ag/az , 8= -ay/az , azg= 0

(1.1.3) X = y¢8Y , when v = -ag/ay T 8o -a3/ay , ay3s 0

4
21
¥
Y

B
k3

1

]

K
N

~




T

-

v [ s = -
t %Y
.

5,

If one is interested in estimating Y from X, then

ono‘takes ¥ = a+bX as the estimate in (1.1.2); Y

.1s the estimate of Y and a, b are, respectively,

the least squares estimates of;a and 8. If one is »
interested in estimating X from Y, then one takes

X = c+dY as the estimate in (1.1.3); % is the
estimate of X and ¢, d are, rospectively: the least
squares estimates of y and §. ~ .

iAS

According to Eisenhart "...Qhon the research’
worker selects the X values in advance, a;d holds.
x to these values without error, and thon.obsorvos
the corresponding y values, the errors sre in the
y vglues. so ‘that even if he is interested in using
observed values of Y to estimate X, he should never- —
theless fit Y = a+bX and then use the inverse of
this relation to estimate X ..."; this is in fact (ff
“inverse rogre;sion" since we are taking X = (Y-a)/b.
By the theory of least squares, it is easy to
show that X = (?-a)/b is profoirod to i = c+dY. We

select the values of X, and the values of Y are

found by observation; if we niuil}xo t(y-?)2 and

;
N
g
¢
¥
%

%

t(x-!)?. we obtain the two lines

(1.1.4) ¥ = asbX
(1.1.5) X = cedY ;




R 24
< e

s e

6

a, b are, respectively, the least squares estimates

of a and B,and c, d are, respectively, the least
squares estimates of y and §.
The two fitted lines usually yield different
estimates in (1.1.1), unless there exists a perfect ' -
correlation between X and Y. If we consider the
) analyses of variance for both lines, Eisenhart

concludes the following: "...when the values of

x have been selecteh by the research worker and

the corresponding y values observed, the line

abtained by minimizing z(x-i)z is meaningless and

" ¥ s gebX " is accordingly the onlyA;orroct esti- )
mate of the postul&te% linear relationship botvcen‘

X and Y; wherefore, if it is desired to reason . ,

from Y to X this must be done by means of X = (¥-a)/b

-+

R

AMAN

. 1.2 Charles P. Ninsor (1946) - |

=

W ha
Tty it

The problem of finding the most appropriate

j?
o b0

regression caused some confusion, dosbite the paper

Al

yy Eisenhart (1939).

Let us consider the following case: we have a

RSk

pair of variables u and v which has a bivariate

normal distribution, with variances o:. oz and

v

s P
e »
A e\ w,
I.o. -
¥ - A
» e , .
o
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correlation Puv ° ¥e have the measurements of
u and v which are subject to error, and we assume
that thosQ\orrors are indopoudont unbiased for
gero and noramally distributcd.

Suppose we have the following two measure-
ments.: ) . v

X = u+té , y = vee ,
|

with §,c independent normal deviates with means.

\ 2 2 ,
zero and variances °6’ ac. We can ‘see that:

(1.2.1) , .

2 2 2 2 2 2 g o
V(x) = Oy = 0,%0,: 3 V(y) = oy * o ta. ; corr(x,y)z u'v

-

From this, the regression slopes are:’

(1.2.2)

B'y’ 4%y P

/ Ox & Uy

uv ; "wy= u'v

Suppose there is a sample set of pairs of values

. C
L o U VA (T

.
M e

v .

r
-
N
Puv |
o0y

of x and y. In Winsor's mind, the choice between two

regressions, i.e., that of y on x or that of x on y,

is meaningless; two things must be klown in order to

make the right choieo.

(1) how were the (x, y) values obtulaodt

ay o Ak Y Sme

(2) "what are we goimg to nsd the thgrtssioa tor?' i“é
-

w




-

The first,ques%§on gives the following two situa-
-
tions:

B
* (a) the pairs of (x, y) values are obtained

i { as a random sample;

% (b) the (x, y) values are¢ obtained b} selecting

: . v
S £ "a set of values of one variable, say x,

and subsequently measuring the corresponding
values of y.
These two sit;;tious\nrc indicated in Figure 1.2.1.
The second question gives the following possibilities:
(1) "We may want a relation from which we can

estimate in the future the valpo of v, "

PO

given a future measurement x."

(i) "We may want a relation from which to

i
ks
ot ‘:f',é;

estimate x, given a future measureament y."

’

(iii) "We may want a relation for estimating the

| true value v, given 2 future measurement x
* (or, u given y)." )
& . (iy) "We -;; wish to estimate the true: relatiom
/

between tholtruc values u and v."

%i . In siiuatign (a), because the (x, y) ﬁnirs are
4 T . ::}hadon sample, it is easy to estimate all the
? : , perameters of the (x,y) distribution. It is clear

that for problems (i) snd (11), we need, t‘,upcct'inly,
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lues arbitrarily chose
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i be x'v*\
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?}; .the regression of y on x and the regression of x a“%
S .

on y. In other words, this is the bivariate normal

T i T

regression problem. In problem (iii), the fegres-

-

sion of the true value v on the measurement X is

o7 ¥ TS
-

the samo as that of y on x, "gince y diffors trou

v by rundol and unbiased errors (y ® vic)"™. Ih
problea (iv), we need lorezlnfor-ation; if we want

to estimate the true relationship between u and v, we
need estimates of the error variances os?, a;z.

In situation (b), the problem is different.
Since we select a set of x values and measure the
corresponding y, we can obtain an estimate of the
regression of ; on x, and of the variance ¢
of y around the regression curve. N‘ cannot, how-
: ever, estimate the population values, of X, y, oxz,
| nor can we estimate the population regression of
x on y (cf. Winsor (1946), page 103). s 7

From now on, the question is no longer: "Which o

Paw =

regression should we use?” but "What can wo do with

|
N By .
B

the dﬁiglo regression we have?" S8ince it is impos- %
. &
sible to estimate the populntion regression of x :
b g
ollpy, it is important to establish a relation for .3
, ‘ ' r:é
predicting x given y. We will approach this problem "

using confidence intervals. ' ) p




T A

“"Let-us introduco here the problo- we comsid-

ered earlier in Figure 1. 0'1 (problem of tonycrntnro

i N ¢
g? ﬁ:d thrust of a rocket engine). Let us assume that.

%5 we know the Tregressiom lime E(y) = .62 - .044x. Let

us assume that we know the variance of y around the’

. , . 8
regression line: a;‘ = 0.389. Suppose we take a

new pair (x, y) from the pépulatiol; we are informed ,
of its y value but we know mothing ofhits x»valno.
What can we say about this x value?

We have the regression line:

4 (1.2.3) E(y) = .62 + .044x .

f

Since we assume normality, we kmow that the values \

of y are normally distributed with mean

B(y) = .62 +.044x
2 A

and variance ‘Y« 2 .389 . ‘

- N

Therefore, for any given x, the probability that

o

y is in the interval: -
(1.2.4) ( sf’+ .044x - 1.96/°38), .62 +.044x + 1.967.3%)

NS
3

P

.

is .95; cnd by proper choice of the coefficieat of

1

L by ¥ LAk
PN AT e Ty
. v 1o PSR
.

’ Oyx, We can nake corresponding statements for any

¥ TF
-

” jﬂ”’ SR
-
4

other level .of probabdility. A ddgram will be help--

, A
T .
P ? .
] N :
. S At T g
i UL, i
i 1o Ady oY e

ful to see what i; hipponlug; Figure 1.2.2 gives sone .

explanations 6f the sitwstion. We have the regressiom .

i s -

/ ¢ . . R
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line y on x, and above and Qolon it we have lines : : }@

at a verticsl distance of l.’dci‘. The probability

that y falls between the two lines is .9S. for every

* W
&
w

¢  x value; therefore, the probability will be the

TETTSEEY

same for all possible y values. If-we take all’
possible pairs of (x, y) vclu;cu 954 of thil‘shogad ;
b: inside the two lines. .

Algobraicnil}, we can express all this by the

following inequality:

(1.2.5) a+bx-zpa,“ <y < atbx+z o,

p ™
] . vhere o 13 the standard deviation of y around the .
regression curve snd 2_ is the critical value of N(0,1).

P ,
If we apply inequality (1.2.5) to our example, we

. _ can set up the inequality:

“62 ¢+ .044x - 1.960__ < y < .62 + .044x ¢+ 1.960

> . 4 »x &

)

With 'p properly chosen, we assert that this tlcqualitn
~ .
is satisfied wvith probability p = .95.

If we rearrange 1ucqua11ty (1.2.5), we obtain: )
(126)%()'-.-:0 )<:<g_(ya: '),uuhbao.

If we apply inequality (1.2.6) te our exasple, we
obtain: : ' ' ' : . ‘f

.ﬁt(y'-.ﬁl-l.Q‘O”) < “ ‘. * (’*.‘ﬂ“fl.m") ]




Inoqunl%ty (1.2.5) is a sigtonont about the
random variable y, which involves a fixed value
x; it has probebility p of being true for any

: ¥

arbitrary x snd also for the aggrégate of ail

" values of x. In inequality (1.2.6), if the

random varable ig y, then statements (1.2.5) and
(1.2.6) are equivalent in meaning. Sinc; ine-
quality (1.2.5) holds wit‘ propability p, this

is true for all possible pairs (x, y). ‘waover,
we cannot say that the above ni!ortioQ holds for
each particular y value; whenever y falls ouésidé
the limits a-bx 2 2p0yx the inequality (1.2.6) is
false.

Let us consider the situation for the general

case of the bivariate surface. Figure 1.2.3 gives

>

the regression of y on x and that of x on y, and

both sets of confidence limits.

We see that the two sets of confidence limits

do not coincide and that the direct limits are .

.
(14
>. . ;& W: Y
A , B ow .- ”
"ﬁam ﬁiﬁ'b‘i&x}f PR TR Y. YL

unrr?uer than the inverted liﬁtts. i.e. tpgn' < ‘f‘z!"

where tp is the critical value of Student's t_ ..

»

¥We can ‘easely see that the direct regression gives

more advantages. Sometimes, the imversion .of the

S N
LRSS . Wty Y YL oy
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Inequality (1.2.5) is a statement about the l

" randon variable y, ‘which involves a fixed value h h
) | x;itnhas probability p of being true for any ‘
arbitrary x and also for thauag.rﬁgatc\bfnall
values of x. ' In inequality (1.2.6), if the
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randon varable is y, then statements (1.2.5) and _ -

Y
+
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(1.2:6) are equivalent in meaning. Since ine- .
'quality (1.2.5) holds w;tthropabilit} p. this

is true for all possible pai;s (x, y). However,

| we bunnot'say that the above assertion holds for p
each particular y value;> whenever y fg}fshoﬁtsidé

the limits a-bx t z,0 ., the inequality (1.2.6) is

?alse. o A “ .

Let us considgr the sitﬁitiou for the general

: | c;so of the bivariate surface. Figure 1.2,3 gives

the regression of y on x and that of x on y, and

both sets of confidenee liiits., : : Co .
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We see that the two sots.of,couti4’nco li-its_
do not coincide and that the direct limits are
. n:irowef.thag~£he inverted limits, i.e. tpo!;‘<,‘§;:§';
~ S S R o
- vhere tp is the cr1§1c1§ value of\ Student's LY E
/ _ We can easely see that the direct regression gives . -

/ . more advantages. Sometimes, the inversion of the
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regression line and the comfidence limits are

v.é
.
&

the only solution to the regression and the
estimation problem; for example, in biological
assay, inversion of the regression line is used.
lg -tteipt touest§lnto the potency of an unkmnown
{rng in teras of a biological response, with the
aid of a response curve based on known doses of
a standaxd drug. I

According to Winsor the general principle
is: one should arrange the experiment so that
the desired regression is determined directly,
that is the variable from which prediction is to
be made, should be taken as the independent

variable. When this is not possible, one uses

" the inverted regression.

1.3 E.J. Williams (1959) .
Suppose we have the following relatioaship
between X and Y:

(1.3.1) agtay XtaY = 0 .

K
ey L

We can write the linesr relationship of equation

(1.3.1) as Ry ‘

f

(1.3.2) Y = a¢+BX+cy , a z-ap/az , 8 z-ay/ay .\Ig = 0,
€13 error ters,

3
;
~
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(123.3) X = y¢8Y+4e3 , va2-agfa; , 8§ z-az/a; , a; = O,

€23 error term,

o
.

A point vhich is often raised when regression equations

are employed is: which variable in equation (1.3.1)

-
3
]
-

-

1
5.

’ is to be treated as the dependent variable?! The

dependent variable must be subject to random error

in order that the usual theory of least squares may

be applicable. If Y is the dependent variable, we

use equation (1.3.2); otherwise, if X is the dependent

variable, we use equation (1.3.3). |
- It is important to avoid chéosipg as dependent ,
variable, one which is errorless, or which has been
subject to selection. If both variabies are subject
to error, in sflplo regression, either rogross{on
equation could be used, depending on which variable
is to be predicted. s

Problems, in which it is not possible to do this,
especially in calibration experiments; give rise to
;ho device of inverse OStilltiouafIOl the regression

equation. Suppose we are calidbrating a pressure

Ve gauge; if x represents the controlled variable (the

o ot

pressure) and y represents the measured variable (the

T ‘" -
> .
R Ak, Tt S T

gauge marking), then x and y are related by: L
= i
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(1.3.4) y = a+Bx+s; , ¢} : reading error. ;
‘The least squares line gives _ T
(1.3.5) y = a+bx 3 , o>

where a, b are the least squares estimates of ‘

a and B respectively. We suppose that the errors

agp independently and identically distributed p

w;;h zero means. Therefore, if one wants to estimate

an unknown pressure when we have a gauge reading,
one should use the inverse estimate B

(1.3.6) x = (y-a)/b, b = 0,

But if one uses the following equation

(1.3.7) x =« ytéy+e,

as the regression line, one will get the following
least squares line '
(1.3.8) x = ctdy , = °

whére c, d are, respectively, the least squares esti-
mates of y and § (here also we suppose that the

errors are independently and identically distributed

with zero means),

. -
MR e

According to Williams, one should use equation

’

,,w_
P Ay IO

(1.3.6) to estimate an unknown pressure; however,

onn equation (1.3.6) gives results of spurious

y

saccuracy, one should use equation (1.3.3).




1.4 R.G. Krutchkoff (1967)
In the preceding section, we introduced the

)

problem of calibrating an instrument, say a pressure

gauge. Williams (1959) considered only one method
of cafibration, that is, the Elassical lotyod using

Yy = at+Bx+e , where x represents the controlled
variaple (the pressure) and y represents the measured
variable (the gauge marking) and ¢ represents the

reading error.

Related to the same problem, Krutchkoff considers
two different methods of calibration.
Let x and y be related by

(1.4.1) y = a+B8x+e , ¢ = reading error.

Method I: Classical Approach.
If there are N distingt observations, we can write
model (1.4.1) as

yi - Q*ij'#‘i, i - 1,2,...." .

/ The errors are 1ndopondo;tlyfand idcnticnlly.diitri-

buted with zero means. By linilizing the squared
4

résiduals of y, ve obtain the predicting line 3
~

(1.‘.2) y e atbx , !

where 3, b are, respectively, the least square esti-

A

sators of a and 8. The corresponding calibration %

e i ~
oedoeit 0t
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/ '
equation Becomes ' .
x = (Y-a)/b , b = 0\\

From this, the estimate for x is given by

6 (1.4.3) X = (Y-a)/b, b= O. _
g. Method II: Inverse Approach. - ?

We can rewrite model {1.4.1) as:
& (1.4.4) x « y+8y+c® , vy * =a/B , & = 1/8 , €'u-c/B ,
’ ~ ’ 6 =0 .
If we consider the same N observations as in the
first method, we can write the model as:
(1.4.5) X = 1+6y1+c1 e 1 =21 2,....H .
By minimizing the squared rosidnals of x, we obtain
the predicting line
(1.4.6) X » ctdy ,

Ve

vhere c, d are, respectively, the least squares

’. estimates of vy and 8. If one reads Y on the gauge

3

the estimate of the unknowa pressure is

1

(1.4.7) X « cedY . (

Using the criterion of mean squared error,
LY

Krutchkoff conp;ros Method I and Method II, using

e Monte Carlo methods, and shows that Method II is “é
; ' better. . .§
%L ‘ Using the model y *= atfxtc, with ¢ = 0 and / ’%
‘3 8 3 .5, Krutchkoff nakes the assumptions: . .%

:
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(1) tko range of x is (0, 1)
(1i) the standard deviation of error is 10%
of the range (o = .1).
Taking three obscévatiou: at eoach of the end points
(x = 0, x = 1), Krutchkoff firitlfiud:
Yy = arfix+ec ,
where ¢ is generated each time as a normil random
number (the error ¢ is assumed to be normally dis-
tributed with zero mean and standard deviation = 1)
then he finds the least squares estimates a,fy. c
and d.
Then for x = 0,.2,.4,.6,.8, 1, 1.2, 2, S and 10,
Krutchkoff finds
. Yy = atfxte , ﬂ
vhere ¢ is>gonorutod each time as a normal random
number.
Taking (1.4.3) and (1.4.7), he finds squared errors
for the same x values; from (1.4.3), he has

icl z (Y-a)/b , b O,

- 2
and he obtains the squared errors by I(xcl-x) for

N . . .
i

those x values.

Prom (1.4.7), he finds

« cedY _
ig * St : .

and he obtainsg the squnﬂd,""orrou by (X N ‘ox)’ .

m*{

S
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He pérforms the s;;i experinent 1o;oqp ginnt.
‘tho mean squared eTTOrs are co-gutod for the classi-
cal approsch and the ianverse approach; for each
value of x, he co-pntcs .
| I(X %) 2/10,000 ‘and t(x1n~x) 2/14,000. .
- The -o;n squared error of’thﬂ classical |pprongh is
unifognly larger than the mean squared or*or of the
iﬁvorio method (even for x—vaiuos outside the ran:i).

We performed the same experiment 10 times because
of limited time on tyolco-putor. The results obtained

empirically corroborate Krutchkoff's results. The

4
following table gives the results we obtained.

: ‘\\ ’ TN
TABLE 1.4.1 - Comparison of mean squared orrorn\l\\\\,/— ‘

X=0 Xz.2 X:.4 Xz.6 X=.8
Av(!-x):l .~ .05286 .05567 .0S044 .0S710 .04800

Av(2- .04470 . 04366 .03860 . 04461 .03837

2
x)in
Ratio(cl/in) 1.18249 1.27505 '1.30680 1.27977 1.25194

¥

x=1 X21.2  Xs2 Xs§ X=10 &
Av(!-x)il .05369 .09155 .11984 ' .69923 2.8571%
Av(:-x)f .04241 .0S088 .09718 .54729 2.25144

‘lltio(cllia) 1.26612 1.79899 1.23321 1.27765 1.26902

T o

4+
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the design are different, Ktutchkof! concludes that thp
effects due to:

the intercept a, thl slope 8, the

squared error of Method II (the inverse approach)
is uniformly smaller th

the mean squared error
of Method I (classical approach)

r

Suppose now we consider the sitéition where
)

the errors are mon-normal; fhe errors are obtsined

-
by generating random numbers from a Pearson distri-

-~

bution characterized by the measures of skewness:

(third central moment):
8 =

(v rianco)3

\
LY

and kurtosis:

i
!
1
\
i
\

(fourth ontral‘loicut)\
8q = ;

At) .
(va 1auc¢)!—i \ '

The effects of skewness and kurtosis do not chamge

4

A
the conclugion already obtained..

If .we finally look at the effect of a quadraﬂ?c. i.0.,

2
Yy = atfx+x t¢c |\,




Y — w

1 ‘ : 24
spproach to the calibration problem has a uniformly

smaller mean squared error than the classical approach.
N .

1.5 Critiques of Krutchkoff's method of calibration.

»
N 2

*.1.8°1 E.J. Williams (1969a)

Suppose we have the following regression model: 8
E(Ygx) = atfx ,

where we assume that Y is normally distributed about

2
ae*Bx with variance o

. The least-squares estimated regression based on

a sample of N observations is >
§ = atbx , "~

~

N -_ N - - -
where b =i§lyi(xi-x)/i§l(xi-x)¥, an? a = y-bx are,

respectively, the least squares estimators of B8 and a,
."In Krutchkoff's paper (1967), the classical estimator

of the unknown variable x, given an observation Y, is

£ = x+ (Y-y)/b , b=z 0O .

v

) ¢ 4 tho,orr;rs are normally -distributed, b is normally
distributed independeﬁtly of Y and y, and its reciprocal
has infinite variance. The classical estimator R will
have undefined expeccation and infinite variance and

also infinite rean squared deviation (m.s.d.).




25

The inverse estimator, as defined by Krutchkoff,
is
; L i + (Y';)c »

[ N . N -2
whoro' cC = 1§1’i(xi'x)/ 181 (ry-y)" -

As long as N > 4, it may be shown that ¢ and X have
finite m.s.d..

-According to Williams, there is no néed for
computer simulation experiments to conclude that from
the a.s.d. point of view, the inverse estimator is
better than the conventional estimator. The fact that
the m.s.d. of an estimator is less than infinity is not

proving very much!

We know (Blackwell, 1947) that the minimum variance

unbiased (m.v.u) estimator may bo obtained if there

exists an unbiased estimator of a parametric function
and if there also exist sufficient statistics for the
parameters in the distribution. This estimator is in fact !
}}o expected value of the nnbiased‘esti-ator, condi -
tional on the sufficient statistics. Because of the

sufficiency proprety, the m.v.u. statistic is distri- -

buted independently of the parameters. ;

133
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(1.5.1.1) BY|X) «.9 » aedx . R
whoere x is a parametriac function. . A
From (1.5.1.1), we Rhave 3
X s (§-a)/8, 8 » 0 J—
For the parameters f, a and 6, y, b and Y are collect-
ively the sufficient statistics. (y, b and Y are ' .
normally distributed and lut\;ully independent.)
Since - .
. © B(Y) e atfx )
and 0, i\d/{ c
T B(Y) = a+BX i L4
we have “ ' ;
t sx+Y-y, B =0 : ' N
which is unbiased for x S ’ :
' B(t) = B(x) + BLY)- B(¥y) = X *atBx-0-B%X = X..
8 o
- . "
The statistic
(10501-2) ‘ i + (Y‘;)'Cb)

is aa unbiased ositnttor’cf"x,\ipacd on a sufficient K

statistic: g(b) is the unique uab od estimater
of -} : -d

"‘2,'3

; . z. 3 ‘
. g(d) » ;,,,,: ° u (mn. s vm . ,
i ¥ 4 z | . .' . :fm
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The estimator defined in (1.5.1.2) has infinite
variance, since g(b) has infinite variance. Therefore,
we can say that no unbiased estimator will have finite
variance.

Ne can apply the same statement to the m.s.d.

criterion. We know that the m.s.d. of any statistic

consists of two parts, the variance and the square of
the bias. If we replace the statistics by their
expectations conditional on sufficient statistics, we
‘will reduce the variance and we will leave the bi;s
unaltered; we the?efo;; reduce the m.s.d..

According:to Williams, the inverse estimator

considered in Krutchkoff's paper (1967) was derived

on the false assumptions that the errors were
independent of the values of y; this estimator has
finite variance, Since the classical and the unbiased
estimators have infinite variance, the fact that Krutch-
koff's estimator has finite variance is of little 4
saccount. Any estimator which is a constant, will have o

finite variance; therefore from the m.s.d. point of

view the inverse estimator will be prefcrable to the
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classical estimator. ) : . "
} . E
f; 1.S. Joseph Berk;ou 1969 ' o ® :
\ For the classic least squares procedure of
} . estimation, we ;1ni-izp the sum of the residuals
2
' to obtain as estimators of B8,x (y = asBxec).
N v ) a
- ) 4 - -
R \ . N < é ) »
| 151 (%47%) -
) % ' ¢ 2
] - .
) a = y:iBx-.
oy ’ '
For ‘the inverse least squares procedure of estimation
. - 3 -
. (the one proposed by Krutchkoff, 1967), we aininize
the x residuals to obtain sas estimates 6f o', 8°'
- Lo (x = a*+8'y+c', B' = 1/8 , a' ~ a/8 , 8 = 0) ‘
. ¢ \ :
, " . ,
w a - i'l (;i *) (Yi "YJ .. R
. b )
w . i-l(Yi y) ;

IR T

Furthérmore, we get o

i

*

z = 1/" »

o
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¢ ' If we use the classical estimates, the cali- - L
bration line for an estiuatc‘of an unknown value

-

X is given by o

Toas - 017 ;
(1.5.2.1) X, = (v,-8)/8 , B =0. : ¢
I1f we use the inverse osti-atos, we will obtain o

L ® ar-fry, s (ri-'&')/% s ¥e=o0.

(1.5.2.2), X
Krutchkoff (1967) used only s-ail values of
N for all the experiments performed (N = 6 for
most experiments, the largest being N = 20).
However, it is importaat to use‘&argonvalues of

N for estimating s calibration line. - -

For the classic unbiasyd osti-nfes. we rematk

that

-~ ! o ™
8Rg and aRa, N+ -, ‘ -
The.estimates & and 8 are, therefors, consistent in \
probability. In other words, & and § are consistent < i
‘estimates if V(8) + O and V(8) ~ O as N + =, e C
" Por the inverse estimates, we note that o :
-\ 2 P T2, \ B
t..’..-o—-z and a"“‘g—:’“!&. .t’ . .

bo, - 8oy |

£ ©

e v <
wvhere o 1? the standard error of the error of obser-
N - .

2 - . . .
(f‘ltion of y, and g_ = i;l(xi-x)zln is the variance

a

of the x used in the determination Bt the calibration
l“.»q . ’l(‘ ' ! , ’ ‘ |
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"“"“2 and e+ a—y as N + =
o 8o

these invcrgo estimates are uotuconsistont in proba-
bility.

Now let ys estimate the values of X from readings
of Y, with N + «, If we look at the classic case, as_ //
N + =, the expectation of ;i given by (1.5.2.1) tends \{
in probability to xl, that is, the ostiluto is
asymptotically unbiased. The asymptotic variance is
given by

(1.5.2.3) V(;i) = (%)2 . B#0 , ‘ i

since the asymptotic mean square error is given by

(1.5.2.4)  m.s.e. (;1) + bias?

- 2
(X;) = (0," ,
@
* and the estimate is asymptotically unbiased since

14 2 - R
bi.s (xi) hd o - '/ 31

: ’ In the inverse case, as N + o, the expectation ‘g
£

of *1 is given by

(1.5.2.5) Asymptotic n('!i) s frepx ,fs .,

2
r s-£f s-f .Cx .

The asymptotic bias is zivou‘by

. :
(1.5.2.6) Asymptotic bias (X,) = _o __ (X-x,) =_£ (2-x,),
L s-f
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The asymptotic variance is given bdy

3 (1.5.2.7) v = o2 . f
: ‘ -£)2
: < f (8-1) |

L y
» and the asymptotic a.s.e. is given by
o? £2(k-x)?

(1.5.2.8) a.s.e. (&i) . } .
(a-£)

~For both estimates, we notice that the a.s.e.
is 1ndopendon%27f a; we also notice that if 8 is
large, :. ¥ will approach &, 8§ and *1 will approach
ii; we notice finally that the variance of *1 is
smaller than that of iil

For N + =, the diroct,o;tinnto. Ri z 471-8)/3.

is unbiased normal, and the inverse osiiluto.

. A

11 s (Yi-:)lz is normal but dissed, except when

-

X, * X i\\ o
o ’ J
U
In Table 1.5.2.1, we comparé the n.s.e.'s ‘
corresponding to the classic and inverse estimates
of the calfbration line, for N + « gad N * 6 for the

experiment “with the comntrolled positions of X as for

Krutchkoff's Table 1 (1967).

Ay
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) .
TABLE 1.5.2.1 - Coaplrisoﬁ of m.s.e's of estimates of X,,

for N + « and for N = 6. N « -
2 N=+w Ratio m.s.e.
; Xy n.s.0. (gil m.s.o. (xi? " Ne+w Nz6
; 0 .04 .034483 1.16 | 1.28
s .2 .04 .031439 1o 2F 40 1.26
.4 .04 | .029917 1.3¢ | 1.25
Y Y .04 .029917 1.34 |1.25
T .8 .04 .031439 1.27 | 1.28
1.0 .04 .034483 1.16 | 1.25
1.2 .04 .039049 1.02 | 1.28
2.0 .04 .072533 .85 .| 1.27 .
5.0 .04 . 414983 .096 | 1.30 c
10.0 .04 1.746728 .023 | 1.28

For' X « 1.2, we see that the ratio of m.s.e. is greater

than unity, that is the m.s.e. of the classic estimate

“1s larger, for N + = as well as for N = 6.

For X > 1.2, the mn.s.e. of the classic estimate is

[

smaller when N + o,

*. If we use larger numbers for estimating the cali-
bration line, the results would be essentially the sane. é
In Table 1.5.2.2, we see that for values of X < 1.2, ﬁ
) the a.s.e. is smaller for the iaverse method, bdut for %
b . ;
4

(1) Berkson (1969), page 6SS3.




-

values of X > 1.2, the m.s.¢. is smaller for the .
classic method, which is essentially the sn-c‘as

" for N+ =,

&)
TABLE 1.5.2.2 - Results of Krutchkoff for N = 20,

design: 10(X=0), 10(X=1).

R.5.0. )

X Classic Inverse Ratio
0 .046 .037 1.22
.2 .043 .034 1.27
.4 .043 .033 1.32
.6 .044 .034. 1.82
.8 .043 .034 1.27
1.0 .046 .038 1.20
1.2 .049 .043 1.14
2.0 .064 .077 .83
5.0 .063 .077 .81
10.0 .063 ° 077 .83

The fact that the mn.s.e. is rot s-;llor with the
inverse estimate for all values of X, conld{-oua

that Krutchkoff's inverse method is not superior

to the classic method.

In Krutchkoff's experiments, he coasidered am

estimate’'of X; from a single observatiom of Y ;

. (2) Berkson (1969), page 654:




when N is sufficiently large, the calibration

_iino can be considered without apbfecicblo error ' 15
X .

and !i will be unbiased. MNow let us coasider an

estimate of X, from the mean of n > 1 observations

of Yi. As defined in (1.5.2.4), the asymptotic

m.s.e. of X is given by
m.s.e. (i) = 62 R

ns?

and as defined in (1.5.2.8), the asymptotic m.s.e.
of X is given by

m.s.e. (X) = o? + g2 (x-x;)z-

n(s-f) (s-£)

The first tar; of the r.h.s. of -.s.;.(*) vill be less
/// than -.s.o.(i), but with increasing n, -.s.o:(i) de-
creases more rapidly ghaa I.I.C.(*). except at

X * X. Therefore, for some ng, such that n ;ﬁno.
the -.s.o.(ii) wilk be smaller than that of 11

except in the neighbourhood of X, = x. y

An overall conclusion is that the inverse proce-

X
;
i
.
%
?
:

*

dure yields incq;%?stont estimates, that the m.$.0.

of the iaverse Qstinato in estimating X from s siagle

i PR Y
LR
t

observation of Y is smaller for s linited range of X,

and finally that for N sufficieantly large, if X is
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there is alvays an ng such that for values of

. 38
estimated from the mesn of a > ] observations of Y, ,,ﬂﬁ

5
’
;

R 3> ng, the m.s.9. of the classic estimate will be
smaller than that of the inverse estimate, except
for X.

Therefore, we cannot establish the superiority
of the inverse -othoduuccording to tpo principles

stated by Krutchkoff.

1.5.3 Nax Halperin (1970)

Krutchkoff (1967) has suggested that instead

of using the estimated regression of y on x to

estimate X, one should use the estimated regression
of x on y to estimate X as by ik a ¢c+dY, where ¢
an; d are, respectively, the least squares estimates
of vy and & (x = y+dy).
For large samples, Krutchkoff's estimate is -
superior in the sense of closeness, that is the

relative closeness of R and ik to X (R s (Y-a) )

is the classic estimate). By definition, is s

;npcrior estimate than is 2& if, for all X,
pr (I%-xl < IR -xI}> ],

end if values of the independent variable are

® C e |

4 T
% - . Y N . . 4,,.‘,,,:..,..,;&",,»(.,;‘
dOT 0 X L NI £ Pt ot gl v I T e



Y

restricted to a certain closed interval arouid . o

the mean of the independent variates in the expe- v
riment and less than l'olsc;hprﬁ. The width of the .
interval will vary 1uvor:ciy,is the iroduct of the
absoluto'Vlluo of the standardised slope and the
° : standard deviation of the 1adopond§nt variables
used in the experiment. Since the parameter tends
to be large, the interval where K:utchko!f"
estimate is snforior will be small. i
Since tha\classica! procedure allows nﬁ exact
confidence interval while Krutchkoff's procedure
does not, the ciasaic;l estimate is to be preferred,
using the above closeness criterion. | '
‘Now, asccording to the mean squared error '
criterion applied to the relevant asymptotic distri-
bution, the classical procedure is to be preferred,
g except that the interval of superiority of Krutchkoff's
. estimate is no longer small even at g;;t. '
Finally, Krutchkoff's asstimate is not comsistent,

while the classical estimate is; hoVQVOr.“trqschhn!!'s

o owrh, "
L A A

estimate can be modified so that it is comsisteat .

. , g
g‘ but will never be better.in the sense of closensss. - <%
f, . Krutchkoff (1967) has demonstrated,. by Moate -
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3

. Carlo simulation, that the 1n0§rsc method had a

uniformly smaller mean squared error than did
the classical method for all values of the un-
known pressure within the calibration range.

In a subsequent paper, Krutchkoff (1969)
has demonstrated that "if a sufficient number of
observations were taken in the calibration phase
then the classical method has a lower mean squared
error outside the calibration range'”; but inside
the calibration range, the inverse method still
has uniformly smaller mean squared error.

According to the concepts of sufficiency
and consistency considered in articles written by
Williams (1969a) and Berkson (1969), the classical
procedure of estimation is superior to the inverse
procedure of estimastion. However, according to a )
recent paper written by Krutchkoff ({901). the
results presented by Berkson and Williams do not alter
the results obtained by Krutchkoff in earlier papers.

In response to Halperin (1969), who introduced
the closeness criterion to compare the classical
procedure and the inverse procedure, Krutchkoff
uses the same procedure as in the earlier paper

(1967). In the Halperin paper,

A )



* ’ "' {licl’!‘l > "1.‘!' ” o
3 - was approximated by comsidering relevaat ssymptotic X
e distributions. This prebability was approaimated “ .
27 . for values of X = i & 2.50u, with ‘ |
;‘“;‘ o, = ,
Krutchkoff arrives at the opposite comclusiom o
P to that of Halperin; the imverse method is, for the | ’
most part, supsrior or equivaleat to the classicsl '
method; where the ciusicnl method is superior, it
is oniy mildly superior.
3 , '
;Z » : .
3 g
J . r LR
,. s
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1.6 Conclusions

Of the papers we have comsidered, all authors
except Krutchkoff use the regression of y on x to ‘:

&
maske prediction on the unknown x; in fact there

N s i‘“ o

exists only one regression line.

i

If, like Krutchkoff, one is calibrating an
instrument, say a pressure gauge, then the inverse

procedure of estimation is the best method to use

if one wants to make a better prediction on the 4
unknown variable x (because of the mean squared
error criterion which says that the inverse method
has a uniformly smaller nean‘squared error than the
classical method)}. ‘
Other statisticians th;nk that Krutchkoff's
method is good only when we are working on a small
range, that is the range covered by the dats.
Shall we believe the majority of statisticiams
when they say that there is only one regression or
shall we consider the method proposed by Krutchkoff
as & valid method?
This will be answered in the second chapter
" when we apply both regressions to the problem of
finding confidence intervals for the predicted x
‘variable. '

In chapter three, we yresenk an algorithm used .

3
v
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in the prediction-of the wsknown x viriskle; this e
method, .like the two others (classical and inverse), "
' N i

will be sppliied to some mpesific datd.. In fact, as | -
was mentioned sarlier in the ﬁtr,aictin'. we are
interested in finding confidence intervals f}r the ‘

unknown variable x. ’
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\ . CHAPTER II - Classical snd Inverss Nethods for Coafidence - §

i -
e e and Tolerance Intervals. Coe

N
e d«‘
9. X

St

v A e i x
RONE e

i

f‘ 2.1 Cogf!j&uso and tolergnce intervals.

Iu 1inear rofioaﬁiou,zncahnvc the model

(2.1. l) Y; * a+3x1§u1 1 = 1. 2, soopy Ny

wvhere c, 8 are unknown para.otcrs and u, is an error N

J

term.

We make the assumption that, in model (2.1.1),
1) u, is a reandom varisble with zero mean
3 2 »
and variance o ; . )

: i 11) uy and u_ are uacorrulatcd; i=].

3

Therefore

amtTr .
.

' B(y,) »a+bx, , 1% 1,2, ..., n
and Yy and y’, i =3, are uncorro!aicd.

A further assumption is that : ,

e

1ii) u, is a normally distributed randos variablse
. S 2 .
//J , with zero mean and variance ¢ , that is ' N

2
ui”l(o,d )0 : . I . . .

<,
&
A
"
t
¢
A
B
4

From this‘lnst assumption, uy and "j axre thea

ncccs;arily iudopgudoat. Itlno consider n cbsorvitioai.a
the model (2.}.1) may be written <:__. 23

2 SRR
(2.1.2) x«ag+ b5+ X ~ Q0 1),
ai1 nix < J - T e S

-




s
?“‘m !
i
R

.
kY

il

¥

E:“’w

P

. 1 ; | 2 k
() () A
where X = (g,%5) , ¢ *J1 ], X *|x1] ., ¥ =[uy
1 X3 uy
) l - x”; ﬂ.
* L J v L
1. . - :
1 ox u . 5
~ \ 1 ’ \ .4 - “ "§
o " . a z . ,r:
From y = Xytu, we have y-Xy = jj; because g ~ N(0,0 I.), I

we have
) 2
(2.1.3) y * N(Xy,o In)’
From least squares, g‘ minimize

L. Y .
' 'y = x'y 2y ¢t xexy =

to obtain the "normal oguations” 1

X'Xy = X'y.

J .
Provided (X'X) Yexists, 1

A L (xw xy . : o
Since y is a linear transférmation of y, this implies »

o
4

that . ‘ ’

(2.1.4) yx ~ n(x.az(x-i)'l) .

We deduce that

. 2 -
(2.1.5) £°y ~ N(&'x,0 £'(X*X)"1g) ~
with 2 s vector.

From equatioa (2.1.§)

-

(2.1.6) (2'%-2°Y) /Ja'y.(xm)_'!g ~ N(0,1) -

The residual sum of squares (S3K) is -

(2.1.7) SSE » x't - x(t;xl"lz i AL A "‘"‘:;z
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¢
X
&

v

'Y
\ ,
\ . a3 |
‘with 2 the rank of X (Searle (1971), Sec. 3.5).
Because SSE and (g'i-&'i)/’d&zg'(X'X)“g are -

distributed independently,

- tn-Z'

b

(2.1.8) (&'1-2'x)/ V&' (x'X)-! SSE/(n-2)
central, where t .2 follows the t-distridbution with
n-2 degrees of. freedonm. s -

Let t* be such that

P(-t* <t < t*) = 1-¢ , for t ~ tn-z .

then

(2:1.9) P(-t* <-(2'%-4'3)/ Vo' (X'X)-1g SSE/(n-2) <t2) = l-e.

“

Rearranging probability statement (2.1.9), we obtain

PCR'E - t* ARt (X'0)-1g SSE/(n-2) < p'y

< g'i +‘ h”‘/&'((l'!)" I}‘ SSB/(n:Zj )= l-¢,

wvhere y is considered randoa.

Hence 2'% + t*A/g' (X' X)-1g SSE/(n-2) provides s 100(l-¢)\

confidence interwal for g'y.

If we consider the model
#:’ru w "
X X = ag*8x+y , 4 ~ N(Q,021) , 4 .,
J
we have

- B(Y) = ageBx -

[}

S

‘g

R 1)
. %

-

r

-

" . -
" RS SW
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Confidence limits for E(y;) are givea by ‘

: (2-1.10) ¥, 0400 BT 2 toNB (X'0)7 '8 5_131‘""2"
- J . =2 5

* = &+ b(x;-x) * N[1/a(x;-X) /5"Cx) NSB, - ~;

o,
St

. -
vhere a, b are, respectively, the least squares estimates o

4

,, of a snd g, and where

!fi = a4 b(xi-i) . (x'x)‘-‘. (1“ 1/;?CD' NSE SSBI(n-jZ) .

) R 2 I - -
| 5'Cx = x'(1 Po9'/nlx = 5'% - §°20'%/n = R - Iy T

’ Confidence limits for B(yi) give limits withia vhich
!
‘ a + Bxi is likelny to 1lie.

w s But very often we are interested in the 1limits

within actual values of y, corresponding to which a

x " given value of x ;ay 1ie. N
. 2
We have the model y = agt8x+y , u ~ N(Q,0 1), and we \.5,.,3
B § v
vant to obtain ‘the limits withia which the sctual value

of Yi» o6r the limits withinh which an estimate of Yy will 1lie.-

The variance of a simgle value Yy about the

;o(r;ssion line is ’ K
2 : 2
Viy;) = o Cl*(l/nh(t{siyw/;-c;] .

’ The limits within vhich Y3 will 1ie are no longer

> b4
called coa}idonco limits, but tolerance limits (cf.

Kendall and Buckland (1970). for the differemce

between tolerance and coafidence lilitsi.

:

" 5
. . - o
o, - '
. -
- ' ”

B o )
+ B

*

. - et - oals

-~ N L N gk A%

E;’"\(" LONORI Y "I  T SE N AR ) fiﬂx‘é‘&ﬁiﬂ-’\&m:ﬂh&%w»}m R
pee T



F
"
v

|
Y

\(2.2.‘1) Yy * “"1"1 » 1 =21, 2, ..., n . \\\

T model (2.2.1) as

45

id

The tolerance limits of y, sre given by

(2.1.11) ¥y nies * £'%y ¢ tﬂ\[[hp(x'x)-umss

= g ¢ b(x -X) 2 t* A,[lf(l/n)+(x -x) /5'65]

The difference bdetween (2.1.10) and (2.1.11)
is the value 1 under the square root sign. This
can be explained in that for confidence limits of the ‘
predicted mean value o Y for a given X5, We use
the variance of ;i = az[(llll)'f(! -i)zlg'C§]; but in
the casﬁw;f)the tolerance limits of tho predicted /

value of an individual, the variance of

2 - . 2
y; = o L1+ (/n)+ (x;-x) /x'Cx].

2.2, lerance intervals for xgiven y.

In the preceding section, we showed how to find

tolerance intervals for the variable y. Suppose now
v ¢

we wvant to find tolerance intervals for the variasble

xXx. Im linear regression, we can consider two methods.

LY

Let

JEESES A

If wve consider Krutchkoff's inverse method, we rewvrite

(2.2.2) 5 * yf&]ifci s 1=1,2, ..., n,

3
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whers vy » -a/8 , &= -1/8 , &} = -cill’. 6 =0 .

"If we minimize the ;}hgrod residuals of x, we

obtain the least squares line
X = ¢cedy ,

where ¢, d are, respectively, the least squares
estinates of Yy and 8,

The estimate of x becomes

% = cedy .
- ¥

Using equation (2.1.11), the tolerance intervals for

X will be of the form

a5

hednds W md

‘ . P 2
(2.2.3) Xk + d(yo-y) ¢ t*ﬂ‘lf(l/n)*(YO'i) /45 (ry-N) IMSE .

’

‘;If we use the classical method, we consider the
mode

(2.2.1). Let a, b be, respectively, the least
squares ratipltos of o and 8.

The least squares line becones
y s stbx .

The estimate of x is
%= (ye-0)/b., b =0 .

To obtain the tolerance intervals of ;. we use

equation (2.1.11)




Ta.,,\
AR
i

; A(x-i)z+ B(x-X) +

L4 "'Ff! W’Fﬁ%ﬁ“""w S‘G ’V’ %éj&?“:‘

]

(2.2.4) | “ _ o

Ax-t* »\Icy(x-x)'!px)usn £ y's "gn"‘q\(;'(X'X)-l‘u)uu. B

Squaring and resrranging equatiom (2.2.4) givo>

“ 2 -
(2.2.5) (r-px) < (t*) (L' (X'X)"28+1)MSE .

Substituting the values of y;and £'(X'X)-1g in equation
NP
(2.2.5), we obtain

;o 2 - 8'C -
r (2.2.6) [Q-;q-! %Q](x-x) +l}2(y-y)§rc-x;](x-x)

¢+ C(y-F) - t* MSEQ1+1/n)] 5 0 .

o (E'C\? JMSE - X'Cy
L“A'Cl'cl - ‘1-33 B -2()’-)')21-5;.

and C = (y-y) - t¢ lSl[l+l/n] .

ly’sélving the quadratic equation A(x-i)ff B(x-x) + C,
we can obtain tolerance intervals for x (Scheff$ (1959),
problem 2.3, page S1). ’ ‘
Let r; and r; be the two roots of A(x-i)h B(x-x) + C;

the solution for r, and ry are E

ry s -L;d;;- 4AC |
) QJI - 4AC :

rg = o A .

}
There exist uvor% possibilities whem solvimg

» Which we now investigate ia detail.
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2.3 Comparison b’twoou thn inverse aud ¢lassical.
!hgd' S , ( -

Using the -.¢u~squ;rsd.doviation criterion,

-4
4
R
11
£

-

& IR
S

Krutchkoff (1967) showed that the inverse method is

LRy
P
-

better than the classical method, wvhen one wants to

*

AR

. predict some unknown x variable given the y variable.

.nyﬁ ople have corroborated Krutchkoff's conélusion

T s ma

s by simulation. Let us consider the data of probles
;\\\\/,/// 2.5 on page S1 of Scheff6 (1959). |

"In sn experiment to cniibrati an instru-oht for
measuring the moisture of & cortain llturicl Uy an
electrical -othod tho rosult: obtninod worc. aftor

ordering of x valuos. the following:

TABLE 2.3.1

x 6.0 6.3 6.5 6.8 7.0 7.1 7.8 7.5
y 39 58 49 53 80 86 115 124

x| 7.6 7.8 8.0 8.2 8.4 8.4 8.9
yl 104 131 147 160 156 172 180 -

-

where x is the moisture content in per ceat, dtto;linod
. by an snalytic method sufficiently accurate to.be coa-
e sidered free of error,and y is the dial reading ia the
;1 imstrument...”

If we coawldor the wmodel
% ' e

i%;' (z.s 1) y = ¢+|x*¢ » € ® OTTOr tera
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the least squares line becomes

(2.3.2) y = a+dx , -

-~

where a, b are, respectively, the least squares esti- ;

*™

‘-

mates of o and 8. . - .

Therefore, the estimate of x is

i N . .

(2.3.3) X 1¥= (i-a)/b , b =»0 .

c

‘This x-estimate is obtnia.d by thooclas:ic.l 7rocoduro. 7

s o

Now, let 'us consldor the modsl

(2.3.4) ' x = y+8y+c' , y.= -a/B8 , & = 11‘ »~€ 'z-¢/B , 8 20.

Then, the least :iuaros line is, ' o ' ‘ ;
< - . ' L

(2.3.5) X = c+dy'. . -

.
oc . . .

vhere c, d are, rospoétivoly. the lsast squares ¢stipitors

of v and §; the x-estimate is . _‘ -
(2.3.6) fln = cedy .. E - g - ;
This x-estinate is obtainéd hy the imverse procedure. o

Now let us consider the squared errors about the
i
regression lime for both procedures; the squared errors -

of the clagsical estimate. aad 'the iaverse estimate are

Tespectively, :
- 2
and . L
2.3.8 5. ’
( odo ) (“‘1.)00 /o
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it also contains the ratios of both squared errors -

b i ; sz

The following table contains the squared or%grs
for the classical method and the inverse method and

8
Q

(thosehfhfee‘values are computed for each x of Tablé

»

"2‘ 30 1).\ r “5":" — A Y

TABLE .2.3.2 - Comparison of squared errors about the

. regression lines - -
x=6,0 x=6.3 x=6.5 x=6.8 < x£7.0

(x-%)2, .02865 .04629 .02211 .14128 -00711
_~2 . ’ ' I !'t

(x-%23, a,‘.lszss .06719 :00942 . 10732 ,]posas

Ratio(cl/in) .54469 .68893 2.34764 1.31644 2.05562

000t N S R N

\ , x=7.1 x=7.5 x=7.5 x=7.§ x=7.8

(x-§3§1 .11564 ,00279 .4695 .06122 .00195

C(x-x)2 : .00259 .00239 .4207 .05863 .00071
11‘ M - t ¢

Ratio(cl/in) '1.88874 1.17005 1.11608 1.04411 2.74272

x=8.0 x38.2 x=8.4 x=8.4 x8.9

(x-irél \ .01833- .02961 .01015 .03630 .02684
(x-x)3 .01091 .01694 .01941 .01918 .04956

Ratio(cl/in) 1.68097 1.74811 ,5231D 1.89283 .54161

1]

From Table 2.3.2, we can see that the squared

ra

error of the classical method is larger ‘than tnv squased
» B
error of the inverse method, excépt in four occasions

where the squared error of the classical n%}bod is

smaller, If we can judge the efficency of both

appkoaches by looking at the squared er.or criterion,

1

we Jcan conclude that the classical approach is worse™

". than the inverse approach.



& < 88

- n
»

To give more weight to this last statement, we will

compute tolerance intervals for each x, using both

.~ methods. N

If we use model (2.3.1)
. ) y = atBx+e , ‘

and if we look at the formubae in Section 2.2, the
/// tolerance intervals for x will be obtained by sglving

4
the second degree inequality A

P . - 2 - -
I:(x'gx//{'c;) - r.;%;—a;] (xg-%) + [-z(y-y) (z'cws'cn] (x0-%)

D

’ =\ 2 :-2ssa[ 1]
+ (y- - 22" e s

yhoro y is known and x i the unknown value of x for
which the tolerance interval is desired; t* is the
critical value of the t-distribution with n-2 degrees of

freedom and

§ s D a - a n /

> ' Tt - W ST

v ’ L f i

§\ . ‘ n A g E
\ A'Cx = x'[I-g¢'/nlx = 13., - (iial:i)/n . I :?;

X = (g, Cx) , S3E = y [I-x(Xx'X)~1x"1y .

: , R 2 n z/ n a a
: * Iy, - (fy,)/m -} Ex,y, - Lx Iy/
- ' '1-11 1=11 1=id 11-111-11,
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Let A = | (x'Cy/x°'Cx) -5 CE|
8 = [-2(y-y)(x°'Cx/5°Cx] ,

. y 2
-, 2 .
and C :i (y- y) - t—.:.gia. [1',_:_] .

Therefore, tolerance intervals for x will be computed

by solving the second degree inequality

A(xo-i)zf B(x9-X) + C =0 .

q

The associated quadratic equation gives two roots

2
-8 S‘Jl - 4AC

Xp-X = Ty .

-

(r;j< r2). Since A >0
2

Let r; and ra be the two roo

(A = 3101.10) amnd B - GA“? >0 (B\- 4AC = 10860725.074),

then we have the situation as in Figure 2.3.1, where
4

r; < xo-Xx < r2 ,
(2.3.7) r; + X < xg <T2 +X . .

Now, if ‘ve use model (2.3.4)

2

x = y+8yte', vy = -a/8 , 8§ = 1/8 , ¢'= -¢/B s B®»w O,

-
-

the toleripco?int.rval: for x are given by

-

(2.3.8) ;vi-t'\/k1+g'(x'X)-lg)use < x <

&'i’t'G/kl'i'(!'xs’!&)HSI.}

.
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,j, AN

- . AJ 1 T ;
X+ (5'Cx/x'Cr)(yo-y) - t*AN(1+= + (yo-y) /y'CY)MSE, < x :

A S e,

- . 2
<k + (3'Cx/y'cy) (yy-y)+ t'ﬁJkI%% t (yo-7y) /x°Cy)mss, ,
where y, is the known variable, and where t* is the
critical value of the t-distribution with n-2 degrees

of freedom and ﬁa-(z.x)

-
, T

MSE_= SSE_/(n-2) * 5'[I-X(X'X)'1X'];I(n72)‘

n 2 n 2
= [ txi- ( zxi) /n
i=1 i=1

| n n n )2 n 2 ( n )2/ ) ( 2)
f - ( Ix,y, - EIx, Iy.,/nm ( Zy, - Ly n n- .
| g=1171 jayigat / je1l el

Table 2.3.3 gives the tolerance intervals for(xt using

~.

the classical method and the inverse method.

TABLE 2.3.3 - Tolerance intervals for x.

> (
X Y cL. X Xy IN. X Xy

6.0 39 5.51680 6.76157 5.71458 6.74409

6.3 58 5.88571 7.10048 6.06026 7.05816

6.5 49 5.71149 6.93942 5.89706 6.9088S

6.8 53 5.78904 7.01088 +5.96972 6.97508

7.0 80 6.30737  7.49841 6.45481 7.42754

7.1 86 6.42198 7.60801 6.56129 7.52941
7.5 11§ 6.96524  8.14443 7.06880 '8.02890 :
7.5 124 7.13177  8.31318 7.22388 8.18633 2
7.6 104 6.76023  7.93965 6.87770 7.83803 iy
‘7.8 131 7.26056 8.44517 7.34370 8.30958 E
8.0 147 7.55252 8.74927 7.61504 8.59383 3
8.2 160 7.78734 8,99876 7.85296 8.82731 i
8.4 156 7.71531 8.92177 7.76614 8.75524 o
8.4 172 8.00224 9.23090 "8.03220 9.01476 .
: 8.9 180 8.14457 9.38661 8.16405 9.19070 )
N 5.
- ‘

PR W T
-




We see that the intervals are wider for the classical

)
method, for each x. 8Since the squared error is smasller

o 4

,for the inverse method, and since the inverse method -

;.

gives narrower intervals, we may conclude that the ) \5

inverse method seems better than the classical method
!

in the prediction of the x-varisble sad {n the cons- -

truction of an associated tolerance interval.
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2.4 Application b d horm » 1 N

In poultry production, the control of st:%?iorl.
that is physical, chemical or emotional factors that

cause- body or mental temsion, is well recognized

'S )
by industry. In a paper in poultry science, Buckland,

Blagrave and Lague (1973) developed and sevaluated "a
cc-potltivo protein-binding assay for corticoids 1%;
the peripheral plasma of the ‘immature chicken which
would measure their response to stressors". Four
factors were considered in the evaluatdon of the
protein-binding assay: specificity, sccuracy, pre-
cision and sonsitivity.l

For their experiments, Buckland, llairnvo and
Lague used sigglo Comb White Leghorn ciicks; these
chicks were grown "in battery brooders with 14 hours
of light and fed on an 18% protein modicated chick °
starter". 4 ;i. of blood by heart punctur; were
taken at 39 days of age, and "Rhesus monkey plasma
was chosen as the source of corticosteroid binding
globulin”. They oxtractothwico duplicate plasms,
and "each duplicate was countih twice to an error of
lSU’in a Beckman model Lsizss scintillation counter".

Because corticost;;puo is the principal ‘corti-

coid ia chickog/ﬁlas-a. corticosterone was chosen for

v
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tho{coastruction‘o!'”tho standard curve". If P is | A
the amount of corticosterome im nanograms, and A 3
the count per minute, the ususl regression problems i
would be to study the distribution Jt the response 'Zi
‘A-variable, when the P-variable is specified. An

alternative problo- exists when the values of P

cennot be aotorntnod directly,'but are to be laaly:od

by a study of fho observed responses. This is widely

used with a chemical stimulus and with responses of

8 biological system, and in this situation is called

bionssi}. The chemical is quantified or assayed by

the biological response.:

3 Let\y = log A and x = log(P*1). We supﬁg:o that

‘ the logagﬁtb- of the count per minute has a polynomial
ro;rosslou on the logarithm of the amouat of corti- J
costorono, so that the rogrosolon model 1is

: (2.4.1) y=a+¢ g’i‘i +tu, pal,

? ; i=1

. - We will con;jdor two cases: the linear case, that k:

4 s p=1, aﬁd the polynomial case, that is p > 1. s

Let us cous}dor-tho case vhere p = 1, that is .

y = atpxtu . ’ 1
If we coasider the classical method, thén the least
squares liane is given by ’

; = a¢+dbx ,

4

SR
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where a, b are, respectively, the least squares

estimates of a and A. The estimate for x bacones

X1 ® (y-a)/d , b » 0,

Now, if we 100k at the imverse approach .

X s ytd+e', vy = -a/8 , § = 1/8 , ¢'s -¢/p , 820,
then the least squares line is

xia " cHy , -

where ¢, d are, respectively, the least squares

estimates of Y.lad 8.

As we have said earlier, there are fo values

4
in count‘fpor ninute for each amount of~corticosteronme.
Therefore, the average squared errors of the classical

estimate and the inverse estimate aye respectively

4 a 2

p (%5-% , for esch x/, x =1, ..., 32,
"{=]

4 2

g (%5-x » foylesch x,, y = 1, ..., 32 .

The following table contaims the iporngo squared
errors for the inverse method aand for the classical

moethod and it contaias also their ratio (cl/ian).
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TAILB 2.4.]1 - Comparison of the average squared error . hm
for the inverse and classical method for 5
. various levels of corticosterone, P. 3
i Pu.S Pal. Pe2. P=3. 3
3 Av(x-%)2 .01007 .00261 .00179 .00048 ‘ :
Av(x-§):n .01074 . 00225 .00376 - .00177
- Ratio(cl/in) 93774 1.16119 1.08591 1.0079
P=4. P=6. P=8. P=10. ,
Av(x-%)2) .00048  .00026  .00016.  .00356
Av(x-i):n .00044 . 00024 .00011 .00356
X Ratio(cl/in) 1.08911 1.08025 1.50491 1.0001
WNe seco thai the average squared error of the
. inverse method is smaller thﬁ? the average squared
error of the classicul lethod. except for P=5,
«. where the average squared error of the classical

method is smaller. Again, to give more weight to

the above statement, we will compute the tolerance

intervals of the x-variable for both -etyods.

Using the classical approach, tolerance intervals

o T

* degvree inequaliry:

A

of the x-variable are obtained by solving the second

‘ *)2 - - -
' [}g'Cxlg'Cz)z- t%%%{i?%g{](xo-x)2+[-2(y-y)(g'Cz/g'Cg)] (xg-x)
— —by-

*

+ (y-9)%- (20223 [u;] so,

c

u

AR T

ey Y
i
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Let r; and r; be the roots of this quadratic - ' ii
F equation; since A > 0 and B2- 4AC > 0, then we have %
; a situation like in Figure 2.3.1. Using the inverse ‘ ~3
A . . X
f“ i approach, the tolerance iatervals of the x-variable 4
i are obtained by ) )
O ) ol » 1 v)2 ' .
x ¢+ (x'Cy/xy'Cy - ¢t Aj(h; + (yo-y)“/x'CY)MSE, < x
- ’ c N -. 2
< x+ xCy/y'Cy + t"{(h;l; + (yo-y) /y'CY)MSE, .
t
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TABLE 2.4?2 - Tolerance intervals for Pﬁ using the

classical and the inverse p’}hod.

Inverse

. Classical

. A ] L Py

9080 5 1 0.25659  0.67349
9048.6 .5 0.26579  0.68292
8177.1 .5 0.49523  0.98373
s178.2 .5 0.49475 0.98310
7784,4 11,0 0.62121 0.14891
7816.0 1.0 0.61045 1.13480
7422.5 1.0 0.75309 1.32184
7500.7 1.0 0.72317 1.28261
6175.0 2,0 1.37102 2.13270
6081.4 2.0 1.43113 2.21165
$958.6 2.0 1.51378 2.32023
$927.5 2.0 1.53543 2.34867
4770.7 3.0 2.7018% 3.88418
4774.6 3.0 | 2.61241  3.76623
4992.5 S$.0 2.35818 S.43114
4966.2 3.0 2.38732 5.469583
4220.2 4.0 5.41950 4.83198
4258.0 4.0 3.35562  4.14752
4193.5 4.0 3.46553  4.80286
4176.4 4.0 5.49542 4.95239
3480.1 6.0 5.05278 6.99766
'3498.7 6.0 5.00044 6.92807
3434.1 6.0 | s.18543  7.17405
3417.7 6,0 5.23385 7.23846
2983.1 8.0 6:77870  9.29834
2965.7 8.0 6.85308  9.3977%
2939.3 8.0 6.96812  9.58156
2941.6 8.0 6.95799 9.53301
2705.4 10.0 $.11807 10.09162
2745.5 10.0 7.90265 10.80273
12532.5 10.0 9.15073 12.47859
2538.1-10.0 9.11439 12.42071
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R -, v r . Tty
e e E . " SRR iy
A L e SR T e 2 A

P
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0.30623
0.54141
0.54091
«0.67047

+0.65941

0.80541
0.77479
1.43689
1.49824
1.58259
1.60467
2.79270
2.70173
2.44308

2.47271

3.52198
3.45708
3.56869
5.59903

5.17790 -

5.12490
5.31219

$.36121

6.9232S
6.99837

7.11456
7.10433

8.27811
8.05779
9.31608

9.27946

P .
ToeaiTs

0.65731

0.95078 .
0.95017

1.11178
1.09807
1.28024
1.24203
2.06904
2.14576
2.25125
2.27888
3.76855
5.65424
3.352932

(—3.36662

4.68654
4.60477
4.74546
4.78373
6.78100
6.71376
6.95144
7.01367
9.00254
9.00846

9.24687

9.23380

10.73224

10.45368

- 12.06909
12.02199 .0
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We see that the iunverse approach gives smaller

. intervals, and this for each x-varisble. Simce the

, average squared error is smsller for the inverse - >

:
-

=y
g
o
.
{?’:
BiE.
2‘_
)
"
.
[
'
§,¢
5
k4
K
-

spproach (except for P=.5) and sin?‘/thc intervals

g

are smaller using the inverse gpprbach. we conciﬁ@g;

s

that the method due to Krutchkoff (1967) seems quite

appropfiat; in solving the problem of inverse regres-

————

sion. This contradgct3. however, the conclusions
given by Williams (1969a), rkson (1969), Halperin .
(1970): and Martinelle (1970), vho clsimed that the
clnsfical method is better than the inverse method.

| /
Since the inverse method gives smaller toleramce

T oarngt %

‘e

5 ‘ intervals, it appears appropriate to recoasider

Krutchkoff's method.
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5 CHAPTER III - A New Algorlth- to Toloranci Intervals
3 for x given y.
3 3.1 Applicdtion to inverse roggoagion. ' -

Eo- . . “0 ‘

) ‘ 'Let J ‘ ) Poe

. - P i : , ‘
. J y = a'+ :aix +u,pal. ’
- o * i=]

f 5 .
£ In the linear situation (p2l), we have considered two .

i methods to.conpute tolerance intervals for the x-
var{ab}oa the classical method and Krutchkoff's
ihvorse method. We have Aﬁhcludod that Krutchkoff's

invorse nothod was bottor because it gtzos shorter

;\

intervals. ~
‘ Can we use the éLassicaI lcthod’and the inverse
method when py> 17

Suppose we take p=2; then the model will be

: 2
(3.1.1) y = a+ B1x + Bax + u,

> " ‘First, lotW\*:considor the classical method.
g , If we have n observations, -odel (3.1.1) becomes
I N ‘{;;1.2) X | qz + 315 1- 325( ) +u, g ~ N(n.GZIn)
o .. nxl nxl nxl ) ,
[}, ‘ Where ‘s = (1), xa(x,) . 5(2).(321‘ couefu) .
v . nxl  jal t 2 ~ Jua |-
e ! kL X2 us
¢ . : . x! .
1 x 03 u
. n .
- \ ‘J \ / 12 \;nJ
¢ \*n / \
]
1 J - A
IS 'l . IJ}\-» ’ - {
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,Prom equation (3.1.2)’ \
: . (D va v gt s @ E
; (3.1.3) B(Y) =ag + 81X ¢+ B2X "= vae 830 x + 83020 % 3
9 . .
£ _where C; = [I- gg'/n) , C3 = (I - C1xx°C1/%5°C1%] . .
i ».

: Moreover,
. J
; (2) ‘ 1 ‘e@’ ‘ 8 c *Cy/x°C1x) (2)
' agtBiXtB2X " = yg ¢ §3(I « gg'/u)x + 2(G - C1xx'Ci/x'C1X)X
“ ‘ . J . - &
, y “.o® YRt bgx - 61Xg ¢ 8201520~ 826 mx0c,1 5V /xrCrg
,/ ' = yg + 81X - 81X »t ‘Qg(z)- 62;!. - 8fx + 3:f§'
. ‘gt (2) | " .
where £ = X'C X 47 /x'C1x - b,
@ - ~
z
Therefore,
a =y - ,‘li -‘62-;! + szi » - \' i
, »
) B1s 8y - £62 , . |
B2= 82 , -

'l' \ ‘ i ) y‘

j " : .o

A Vo e BQgY = X x ’

1 nx3,3xl T ) a 4
_where X = (g, C)x, CzCa(’)) , x*fv \ . |
. nx3 8, L
\ S \e \ Ti
) . " PN - Y
From the least 1qusres procedure, we oz”tg.;ln . t} ’
- X'X{ = X'y . ‘ . A

K oitadh
K
o v

F g

1

.
L]
t
EY
X

7

- B

e}
14
'
=
,
G I '
N 1A B

5

SO .- ) qr/ . r .

%ok

. e

M’WW{' .
l’e_" *
-



\
Then provided (X'X)~! exists, , ‘
x * (X*X)=1x'y . :
f ¢
. '
But (X*'X)"'a/1/n 0 ) .
0 1/73'Cix , 0 -
0 o . /5@ ¢ c,c,502
; v .
Then
x=fa\=[¥ \. ’
(‘1) X'Cix/x'Cix . 0) ¢
a 2 5280 cocp /52 €165005 (2 .

The regression line becones

L .

 (3.1.4) ysi + byx + byx2= (d - €% - esx? ¢ eyfX)
) ¥ /
, + (o) - fo)x + e5x?

-~

uh'oro’n, by, bz are, tespoctfvoly. the least squares
estimates of a, B; and 8 and d, e;, @2 are, respectively,

the least squares estimates of vy, §; and §;.

Prom equation (2.1.11), tolerance %ﬂnt{;vus for y
are given by i ° ¥ (, _
# \ 4
(3.1.5) g'y - t"j(l + 2 (X'X)"1g SSE/(n-3) <y R
A?‘ - " J
‘ <.£'g+ t*A(1+ 4" (X'X)"1g SSE/(n:3),
- ,
where t* is the dritical value of the i-distribution‘
‘, i
with a-3 degrees of. freedom and where
R'%x = (1, x-X, x2- fx ¢ £x - x2) fa \, v
- L 3 . ’
- 2 ~3
! /“ '\\;‘g
\ - ‘ | 3
\ ';; M :J
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2
88B = y'(I - X(X'X) X')y = y'Cix - ($'C1y) /5'C1X%

2-
SN CILRTT AL WAL N FPIC

Squaring and roarrant@hg equation (3.1.5), we obtain
(3.1.6) (y - yi)z <ty (1 £'(X*X)"12)SSE/(n-3)

Substituting the values of &'y and ' (X'X)-1g in (3.1.6),

we obtain a quartic inequality

& s 2
(35.1.7) Ax + Bx + Cx + Dx + B O

where

A = b,- Ct'2QSSE/Cn-3))/(;(2)

'cic2615¢201 ,

B = 2b;bp- 2AF , .

2 ‘ -
C = b)- [t‘z(SSE/(n-S))/g':\gji + A(£2+ 2f% - 2%2).
- 2by(y-F) - 2byba(f + X) ,

N 1]

2 -
D= - 2[b1-t'z(SSB/(n-J))/;'Clgli - 2AF(fx - x?)

- WP + 2b2(r-FY + Db (2% - x2) ,

2 - - r 4
B = [bj- t* (SSB/(n-3))/5'C1xlx2+ A(£X - x2) + 2by(y-j)&
- 2b1ba(fx -‘;?)i + (y -})z- t*z(SSB/(n-S))(l+ 1/n) .

. -
13

To find an ostiiato of X, one has to solve the

quadratic oquntioi

. 2 |
' baXx + byx + (8-y) = 0 ; ) ‘.
this oq&ction will give two values of x. One has to
choose between the two values df x to obtain the better
b
, \ /
) )'
14 ' N ',3,;3

( - u ." . ' - . ~ . L. ) ,".ub,‘:@
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estimate. In the case of the corticosterone data,
a ;;od estimate of x should fall in the rang‘
(.5, 10), or nearby.

To‘find tol;}tnco intervals of x, one has to
solve the corresponding quartic equation, and one
‘has to choose between four &ulgya. Good limits are
those which fall in the range (.5, 10] or vilg be in
the neighbourﬁ&od of that range. (

For the linear case, the construction of tolor;nco
intervals of x involved & quud;ntic equation. Here,
for the quadratic case, we have to solve a quartic
equation ;o obﬁg}n tolerance intervals of x. If we
consider the cubic case, one will have to solve an
equation ofaordor six to obtain tolofancc intervals
for x, and 1if we consider als; that the sigebraic
manipulations wiflbe heavier and heavier each time,
then we can conclude that the classical method is not
8 good method to apply in situstions where p > 1.

Let us consider the inverse method. In the
classical situation, the regression B?\y on x was
quadratic. Does this imply that the rog;o(sion of

'x on y is quadrattis? Suppose we take the f%llouing-

N

observations. (Chatfield, Statistics for Tg%hnologz.

. page 183, example 4): Py ,
, oo /

’( ) \

3
%

.
o Yy,

4
R

wo Ty
P 2

‘LY

P

!S
wig
i;.ﬁﬂé, Kl



x 0 1 3 3 4 5 é

y 6.3 S.7 6.3 7.5 9.9 12.5 18.1 .

We will first consider the classical method

2
B(y) = a ¢+ B31x ¢ Bax .,

2R

We can rewrite this model o

7 (2)
B(y) » ag + 815 + B82%5'2/s ag + b Cy5 + bzczclltz)“

/

4

where /

Ci = (I-ge'/n), Cz» (I-Crxx'C1/x'C15%) .

B = Xy o (8 Caxs cmx"’)( )

By the least squares lothod. we obtain

1 = (X'X)° X'x « f1/n 'z
| 1/5'C1% x'C
‘%} x/;‘z"c,c,c,;‘z’ “(a) "eac,

. ; - a ’:“ ' .
5'Crx/x'Cx 1.8786
5(’;"3:‘71!/5(’)'Csz‘Cm(” .5302

We will test the significance of the parameter b ,

\“uslng a t-distribution with n-3 degrees of freedom, at

L]

29%: : - Na bz,
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vhere % ‘ . o
o s 'Jssa/(u-s = ‘l(z'x - x'Xg)/(n-3) = 4.63/4 = .39 | fj
¢« —3392 . 10045
.39 N1/84 N ‘ ) -

of

But t‘.'oos . 4.604./lnd we reject tgt hypothesis of ‘
of significance of by, since 12.45 > 4.604. Therefors,

bz has an eoffect on the regression curve; so tﬁo |
regression curve appears to Qo at least quadratic.

Now let us consider the inverse method

A

B(E) = 82 + 11y * vax(= cg + dicyy w dpceépy(?)

where : ) ' P

Cy = (I-g8'/n) , Cz = (I - Cyy'Ci/y*Ciy) »

B(x) = yg.* (2. Caxs CaC1x‘?)) (:)
1
d “ ' 4

‘ By the least squares method, we obtain
) .

- -1

X =.(Y'Y) cY'x = /1/n

- N

_ e'x
llx'Cxx X'Cx
(2)'51 201213) \x{2rCacyx

8'Crx/x'Cry 4233 .
(’)'c cox/yt2) -
2C1X/Y Cxczcxx .0417 ™

g

....We will test the signlficunco of thc parameter dz

*
3
s

¢
y
%
i
'
]
i
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using a t-distribution vith n-3 degrees of freedom,

at 99%: v

d, .
t = ~

a Jllx(z) 'clczcxx(z)

tn-s ’

wvhere

5 = ASSE/(n-4) = Mig's - 5'Yx)/(n-3) = A2.96/4 = .8602

t = - 0417 = - 1,84 .
\ .8602 ‘\71/1453.30
But - t‘..oos = - 4,604 and since - 1.84 > - 4,604

then we accept the hypothesis that d, is zero ,

and thus the regression curve is probably not quadratic.
Therefore, the quadratic regression of y on x does not
necessarily mean a quadratic roércssion of x on y.

stnce/yo cannot use th? classical -chod and the
inverse method, we develop ‘ new method which is quite
easy to apply. We will 'consider the quidratic case to
illustrate the new algorithm.

Let \

(2)

Yy = ae ¢+ 81X + B2X = ye +'61C13 + 62633(2)

The least sqﬁnrcs estimates d, o, and ez of v, §; and
§3 are: . A
d =},

1 = X'Chy/x'Cai,

L

("z.' 5(2)'CzQaZ/£(z)' 60x@ ’

o

- ]

~
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Then the least squares estimates &, b; and b, of 2
. , o
nd
a, B3 and B, are: ”
. - | ,
e = d - Oli - 03821’ Ozfi P g'c;;“)lg'clg , . .
’ by = 61~ feo, » . '
by = e2 -
Those least squares estimates were. derived earlier
in this saétion. The least squares line becomes
\ y = a+ byx ¢+ byx?2 .
Now let
Py
= byx + byx? .
¢ ° 1 , 2
M
We may then compute )
] 2
, li = bliz + bzxi H i L 1. sy n . ]
The least squares Iine is, therefore, o
LYy ey . 1
Now, suppose we consider the foliouing model
I ¥
'i =0t Xy, t U iel, ..., n, " '
- 2-- 2
fhoro Yy =Yy nui 2, b;xi +°bzx1 { the yi's should
not be considered as independent varisbles, but for
the purpose of this inverse algoritham, we will , é
iiplicity/do x&.: s
! ¥, ' p 3

-
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In vector notation, we have

tsug + xx t 3= ug+t xCr+ R =Ygen,
“ t

where Y = (g.‘Cx) ; ) -(;) .

nx2

According to

equation (2.1.11), the tolerance limits

for 2 will Rave éht form

}
E)

yi\: tM/l + 4'(Y'Y)-14 88B/(n-2) .

wvhere 4' = (1, y-¥), i . 3 , (Y'Y)-1 ., f1/a o .
‘ ’ ‘Cx/x'C 0 1/y°C

where t* takes a value of the t-distridution with n-2

SSE = [3'Cy - (;'cz)'/z'c,xl ’

~

doircos of freedom.

Now, let:Z, and'Z, be the lower bound and the upper

-

bound for the tolerance intervals Qf L.

If we substitute for t the vul’os ZL and }u in oqnntion

2

4
2 s byx ¢+ bax? ,

and if we solve the qu.drntig equations

bax2 ¢\blx ‘- Z" =0, ‘

bzx‘ + bx -2, =0

.
U ’ .

-

we obtain four roots, where two roots provide tnloruné‘

limits for x.

The two bounds must fall ia fofie restricted -

|
1

' ut ‘ L ; ) s ‘ -
‘t ( B "
- twalb, g_i AL e e .y—.ﬂc)mm; ,Mﬁa &gﬁém&w O L ’f.s» - :ug
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range or must be very close to it. In the case of
the qortico;tcronc data, the roctriétod raage 1is
(.S, 10); we will compute later the tolerance intervals
of the corticosterone data and we will see how to
choose the limits of the iatntval;. We can extend
this algorithm t; values of p > 2.. One has oaly to
compute the lon;t squares estimates and-proceed in
‘the same way as in the quadratic cese. :
The main advantage of this algoritha is that

one does hot have to do heavy algedbraic manipulations.

1

$.2 Tests for significance of regressionm. *

Let us reconsider the corticosterone data. 'lnckland,

L'ad
Blagrave and Lague (1973) thought thpt the "general
standard curve" was cubic, but after testing diffor;nt
“ets of data, we suggest that the cubic curve is mot

"stg:dard" throughout.

Ne have the following model

P 1), . 2
(s.2.1) y * ag ’12:15 +tyg. 8~ N(O,0o In) » pal.

To test the iaoquac} of the model, we may use & "lack -

of fit" test, and to test the presence or the absemce

ot_s parameter in the model, we may use the F-test.

Suppose we considexr the genersl limesr hypothesis

o

M L'y =n.,

A
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where Y is the (p+l)-order vector of parameters
of the model; L' is any matrix of r rows and
(ptl) columns with rank r; finally, @ is s vector
of order r of specified const‘hts.

We actually have the following from Section 2.1:
.
Yy ~ N(Xx,o In) ’
- 2 -
3~ NG (0.,

Therefore, =~
" 2
L'y - B~ N(L'y .- p,0 L'(X'X)"1L) .

L L
af g - WL @)Ly - g
then ’ |
2 2 1“’ ' frqad gy 2
Q/a~ x (@'y - WL xex-tur-tquy - o -
(Searle (1971), Section 2.5, page §7).

Consider tho error sum of squares

SSE = y'(I - x(x'x)-‘x'Jz ;

R 2 -
SSB/o ~ xn .p-1° whoro p+tl 1is the munk of X (Searle .

(1971), Section 2.5,° pago $7). Since q/o and ssa/a

.are distributed 1ndopondont1y (Searle (1971), Section

2.5, page 59), then

[4

P(H) a2 (Lli - l)'[L'(x'X)‘lL]-l(L'i - '2/1’
88!/(!-’-1) .

~ B{r, n-p-l. (L'l - l).[b'(!'!)'lh] 3(L01v !_) :
o2 .

-
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Under the null hypothesis

9
H: L'y =pn

then

FC) ~ Fpooiy

L ]
\

Now suppose we want to test the presence or absence

or & parameter in the model

’ p . - H
- 4 f ] ag + 15:1‘({) , L ]

that is, we want to test the hpothesis

. - -

H: p'x = Bp =0 , ? ra
vhere ) 4
L' = (0,0,...1) , } = fa).
1x(p+1) (pe1)x1 81
BP
Here, L' = g', r =1, g = Q . '
Then . .
.2 S
per) LAY /A N1
SSE/(n-p-1)
v \ )
Under the null hypothesis, F(H) has the pl;n—pll' o]
di:fribution. N, )
Ne compute F(H); if P(H)> P » that is '

) l,n-p-l
if we have significance, then it 1is "more likely",

that g '8 = B, ® 0, that is, the parameter 8, has some

LY
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eoffeet on the model

| 4
E(y) * ao ¢ ttig(i) *
T~ i=)
& .
We could also consider a wiack of fit test".
For the corticostoroﬁc data, we have ~ ' Y
/S |

AR ATIRATIRAY 4 repoat obsorvaflonf at x,,

Yo1r Y220 Ya4r Y24 ¢ TOpeat observations at x,,

£

4 repeat observations at

g 2000900

k1 Yk2, Yks* Tka'

Then the contribution to pure error sua of l!uarcs
from the x readings is ' o
- B4 ‘ ’ *
. = q2 ’
jEl(ylj /"'Yl) ’ ) ‘ &
wvhere y, = (y;,*+ Y1t Y1s* ¥14)/4, and the sum of
squares has 3 degrees of freedom. Similar quantities

are evaluated for the other sets of y's. The total
k 4 ‘2 ’ “
$S(pure error), I, jfltyij' iiL has n-k degrees of

freedon. .
~
Ne can rewrite model (3.2.1) as

. . B(Y) = Xy-= xl*ol ’

'h.l‘.q o' 2 “
2 "xP

§, X8 xigl cee ’;‘l

8y X8, X38; .- X38,
1 d

<o . . .
. . * .

L] z ] . .
K *x8x *x8% .- "t‘x / ~
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xl = zl Q...g » s )

nxk 2 s, ~
. *. Q .

LR B N 'z .%' -

p -

xb = 1 II.-. ‘i . . ’ .
kx(pt1l) 1 Xyeoo Xy
, L D _
1  Kypeoo X —

T

We can rewrf}e SS(pure error)

. SSPE = y'(I - X;(X{X\)-1X,)y .
The sum of squares due to "lack of fit" is defined as:
. s . .
SSLF = SSE - SSPE ) .
= x'(XI(Xix;)"xi - X X, (X3X31X,X)=1X3XD)y

‘ 202
SSPB/o‘~y n-k

L

2,42 2
. SSLF/oi~y k-p-1(§ ) .
- (Searle (1971), Section 2.5, page 57), where §,, the

nom-centrality parameter is equal to
!

6 = [Y'X*(X,(X}X,)1X] = X, Xp(X3X{X,;X,)"1X3X§)Xx1/02 .
. 8imce SSPE and SSLF are distributed independently (Searle
(1971), Section 2.5, page 59), then
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Under the'ﬁrpothdsis,ﬂ(x) = XX, . - T

, .
- s

. SSLF/(k-p-1) _ -
F(LF) = WE_%I—-‘ETJ Fk-pél.n-k. central .

Significance of "lack 6f fit" will indicate inadequacy

o

of the model

R ‘m
E(x) =ae ¥ IB X' 7.
X =11
™~

In the computer program we wrote to compute
tolerance intervals for the corticosterone levels,
there is a part which looks for significance of the

- . regression model. We consider the linear curve up to
the quintic curve; a "lack of fit" test and a "signifi-
cance" test were performed on the five cases. The
first curve with no "lack of fit" was selected as the
o standard curve. ;f, for so,e reasons, there is ﬁlack
"\ of fit" everywhere, then we will consider the €urve to
be the staneard curve, since Buckland, Blagrave and
bague suggested that the cubic curve was the general

”?

standard curve.

3 ) '

3.3 Application to blood hormone cell analysis.

NS In Section 2.4, we introduced the corticosterone
deta; 3 goal of Buckland's research was to find an

otti.at‘ and tolerance intervals for the corticosterone
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level, where the corrésponding count per minute
qu-kﬁown.
The standard curve was constructed with P
(amount of corticosterone) being the controlled -
{5 v?rlible and A (the count per minute) being the
dependent variable. We suppose that the regression
3f-/ model was some polynblial r;gressibn model of order
P (p21). . ' .
We applied the classical method and Krutchkoffig f
inverse method to co;ticosteronc data when the
regression fit was linear (p=1). For the case p>1,
we developed a new n&gorith-. In this secgion. we‘will
\lpply this algorithm to the corticosterone data when
the regression is quadratic and when it is cubic.
. ‘As mentioned earlier, a computer program was i
written which studied five cases, that is, the

linear case up to the quintic. The "lack of fit"

test was used to identify an adequate fit; following

a decision on the value of p, an estimate of x and

tolerance intervals for x were computed for the

corticogterone data.

Ay
&
-
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‘, X For the following set of data , - T ' v
P A P B \
corticosterone count per corticosterone  count per
level minute level ainute .
., 0 .5 10787. ‘ 4. ' 4388.3 !

.S . 10764.5 . 4. , 4445.3
S 9591.3 4. . 4815.3
) 1. 9572.2 s 4563.5
1. 8923.5 6. 3668.3
. 1. 8976.2 6. 3708.5
1. 8300.0 , 6. 3567.5
1. 8257.2 . 6. 3628.6
2. . 6835.8 S R 3290.6
2. ! 6922.8 N 3297.8
‘ ‘o2, 6363.8 8. ~ 5083.2
2. 6440.1" 8. ~ 3088.5
. s. $015.0 10. 2939.0
3. 5089.0 10. 2964.4
3. . " $080.9 ' 10. 2996.8
3. .- 5085.3 10. 3024.4

14 5
we obtain the following values for thevsignificance™

" test and the "lack of fit" test, when the significance ‘

level a = .01. o
Case F-test . P ‘P-test - F
» : (Regression)  M1°%20° _(lack of  ByeRy.0
‘ . £it)

. linear 2282.4853 7.56(n,*1,n,230) 5.5642 3. 67(n,=6,n,224) §
quadratic 10.3979 7.60(n,=1,n,=29) 3.6480. 3.90(: =S,n -24) 5
cubic 12.0815 7.64(n =1,n,228) 1.3770 4. 22(n -4,- =24)
quartic  0.5545 7.68(n =1,n,227) 1.6380 4: 72(- =3,n -zqé
quintic o.xzxp 7.72(n,*1,n,226) 2.3902 S. 61(: §2 u =24) ;3




N ‘9
.

The first time wg!ioot no “"lack of fit" is at the

quadratic case since

F(LF) = 3.6480 < Fg . o, = 3.90;

then we use the quadratic curve to find the esxinago
for the corticosterone levol*nnd to construct a
tolerance interval. ‘

We will apply the algorithm described earlier; siﬁco
a good fit is quadratic, we should obtain four <7

values for tolerance intervals of x. Good tolerance

limits for x are the two values which fall in the
range [.5,10) or nearby; the computer program printed | :
only two values of x instead of four values; the 2
’ reason for this is that we were asking for printed
values with format F9.4, i.e., XXXX.XXXX. Since
two values were always outside this format, they
were never printed out. The same thing happened .
with the estimate of x. )
Table 3.3.1 gives estimates and tolerance

-

’ " _intervals for the corticosterone levels when the

<

counts per minute are known.

» Kl > - - N

- 3 - - r f poey [-% ‘4 a
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A

count per

minute

9743.2
9794.6
9410.3
9360.2
8646.5
8702.6
8426.8
458.2
. §908.8
6014.7.
5478.4
$386.8
4332.9
4258.5
4411.8
4425.2
3554.4
3834.0
3862.7
3092.7

3099.6

P

estimate of
corticosterone data

.64342
.63212
.72041
.73261
.92633
.90961
99460
.98456
2.30428
2.21802
2.70404
2.80094

'4.37510

4.53162
4.21773
4.19183
6.54931
5.60977
5.52514
8.75428
8.71666

!

Lower Bound

. 41066
.40118

'.47516.

.48536

.64700

.63308

.70877

.69543
1.77531
1.70567
2.09644
2.17390
3.41360
5.53508
$.29115
3.27097
4.95619
4.36399
4.29941
6.71236
6.68481

90

TA!LB 3. 3 1 - BEstimates and tolerance intervals (for
the quadratic case).

PUppor Boﬁnd

.95498
.94143
1.04741
1.06206
1.29522
1.27506
1.37758
1.36546
2.97605
2.86973
3.47065
3.59098
5.56924
5.76826
5.36955
5.35673
8.16195
7.14995
7.04083
11.28143
11.23114

For the aﬁgvg unknown corticosterone levels, the

estimates P (ostimate of corticosterone levels) alvays’
\

occur between tho'bounhs of the tolerlncéﬂintorvals:

We see alsa that the algorithm gives quite reasonadle

values for the estimates and the tolerance-intervals.

‘
y

,

;

p

1
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ilOGO._J ‘ count(-inute o ~
. . .. - ‘ \
o % .P\
l 4
10000 ] - )
V . ' L
9000 '
\ kniown corticosterone
- levels
. 8000 __| ; X@!tfla;e of unknown
‘ corticosterone levels
, | p
7000 — - o
tolerance intervals for'
6000 | unknown corticosterone
levels
5000 — ) &
" @
" ' 4000— - g
¥
3 i ) &
& .3000 _]
o .

%i - |1 | 1 °I ! | | l’ | 'Lortlcosttror 

1 2 3 ‘ 7 8 9 10 11 level
L Figure 3.3.1 - Toleramce imtervals for unkaown corticosterome levsl.
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Now for the following data

’

‘cortic:stcrone coun: per cortic:sterone c
level minute level
.5 11237.4 4.
.5 11465.1 4.
.5 11162.2 4.
5 11610. 4 4
1. 10412.4 - . 6.
1. 10014.0 6.
1. 10467.7 - 6.
1. 10106.5 6
2. “7691.9 8.
2. 7444.9 8.
2. 7807.0 B ¥
2. 7470.5 , 8.
3. 6231.1 10.
s. . . 6239.2 10.
3. - 6187.5 10,
3 \ 6048.9 10.

we obtain the following results for the "signi
test and ihe "lack of fit" test, when the sign

level a = .01

Case F-test Pooon -nt (i;z;';
(Regression) ‘-1 2 fit)

linear 4950.6129 7.56(91t1,n2=30) 13.8847
-quadratic 0.5369 7.60(n1:1{n2=29) 16.2716
cubic 58.1399 7.6§(nl=1,n2=28) 2.5617
quartic - 7.0346 7.68(nl=1,n2=27) 1.0861
quintic 0.7858 7:72(y131.u2=26) 1.1857

\
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A
ount per:

minute

$206.2 /
5156.4
5226.1
5295.5
4146.9
4094.2
4172.7
4105.1
3614.8
3658.5
3688.0
$598.3
3395.5
3223.8
3350.7
3208.6

ficnnca"'

iffcance

f Fnl.nz,a

3.67(nx:6,n2-24)«
3.90(nl=5.n2=241
4.22(nl:4,n2=24)f
.4.72(n1=3.n23241ﬂ
5.61(, 22,0, 524

ar
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The first?tine we meet no "lack of Fit" is at the

cubic case, since R

B(LF) = 2,5617 < F = 3.90 ;

4,24
therefore, we use the cubic curve to estimate the
corticosterone level and to construct a tolerance
interval for it.
A;coréing to the algorithm, we will obtain six values
for tolerance limits of x. Good limits are the two
values which fall in the range [.S,IOJ‘Ordnearby.
Table 3.3.2 gives the six limits for tolerance

intervals of x, and three values for the estimate of

3

)




IS

-

94

TABLE 3.3.2 - Estimates and tolerange intervals (for

the cubic case).

L, ®

=

A : P , P A
count per estimate of Lower Bound ~Upper Bound
minute corticosterone level .
10995.6 .66951¢ » .44054"% .88344*
-.28924 -.35291" -.19654
$1.59455 50.20801 $2.92179
11263.4 ' .57513* .51823* .79672* °
~.25481 -.32917 -.13129
52.16982 50.77980 53.49863
11199.4 .59796* .34983¢ .81739*
-.26356 -.33506 -.14950
$2.03362 50.64444 53.36203 ¢
11232.4 .58622* .33380" .80673*
~.25909 . -.33204 -.14039
“ 52.10394 $0.71433 53,43256
9147.9 1.33456* 1.13696* 1.54305*
-.44518 -.47578 -.41008
47.18312 45.8)1489 48.50615
8974.4 1.40424* 1.20549* 1.61455*
-.45605 -.48505 -.42304
46.72195 45.35470 48.04542
6979.4 2.41306* " 2.17351* 2.67049*
-.56045 -.57730 ° -.54211
40.60062 - 39.22491 ° 41.94918
6807.4 2.52680° +2.28078* 2.79138*
. -056.22 '-5"37 ‘055068
. 39.98355 38.60434 41.33699
© 5617.0 3.38149* 3.21636* 3.87308*
‘ -~.61884 -.63094 -.60576
gx\, 35.13258 33.70192 . 36.54500
$613.1 3.53563* 3.22017* 3.87597*
-.61899 -.63109 -.60593 .
35.11465 33.68371. 36.52737
4477.1 $.18668* 4.70961* 5.71922¢
. 66391 -.67317 -.65391
29. - 27.41654 30.58322
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Por these unknown corticosterone levels, the
astoerisked values in Table 3.3.2 are respectively the
estimates and tolerance limits for the éorticosterone
levels. The other values were not considered as
estimates and limits, since they are "off-range'".

For the last two sets of data, the algorithm
gives fair values for the estimates and tolerance
limits for corticosterone levels.

If Qe consider that the classical method is
almost intractible for polynomial regression and if
we consider that Krutchkoff's inverse method cannot
be applied directly to polynomial regression, then
we are left only with our new method. Also, the
results obtained by our new method have proved
satisfactory in practice (cf. Buckland, Blagrave
and Lague (1973)5. Thus we may conclude that the
new method is usefgl when one is dealing with
polynomial regression, and when one wants to predict
the value of x from an observed value of y for which
x is unknown and finally when one wants to coanstruct

-

tolerance intervals for such an x. .

™y
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This Appendix contains the FORTRAN computer program

vhich was used for the application fo the method described
in Section 3.1.. ‘ .
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INPLICIY REALOQLA=HLP=D)
INTEQER D - !
3 OINENSION Xi40)sYEa0)INS(40)sXCI40)IRALADIVNSISRILXLLAS) VIR
3 OINENSION XLIT2),YLIT2) ki), RE4),2040) .
Vot DINENSION XCOP(O)CORIO) L, ADATRISILRO0TEIIS)LANDITRINILINATVLIS)
* ' DINENSION TDOT(S)
3 B READIS 0L
19 PORRAY(12) . ,
READIF, 11X IX(TIsT=)0L) M
u AEAD(9, 11D (xK(]), L alstl) . 4 :
.-+ il soRMATIAL )
v 00 12 Ms),L : "
Waktp) i
1 JokK (M) L4 :
READt 3,12 (X(D),Y(L)slulonN)
READ(S, LI IXLITI YL (13, n20 ) .
. L FORMATY(TX,Fa. L ,4X087,1)
) 'SU"OOO - -
00 2 IwlusN ¢
XD eDLOGIX([)e],Dg) ;
XSthaXtlyexe)
RCCLyesRSETIOX(L)
. XQ(yesxCUIIOXCT)
nF(rexQeLIOXL ) . v
YL =DLOGIYL])) - .
2 YSUMevSUReviLev(l) e ’ .
00 20 1*1,J ‘ n
; S §) YLLaDLOGIYLE D)) .
! X8AR«O. ® '
x58An=0. . ' ¢
XCOAReD.
AQBARO. ' S
YoAR.0. . -
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‘ . NCIQOO. N . )
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RCXQs0. . ,
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NCEXQeO. .. W
R3CRS =0,
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NSCXS=0. . “ 1
‘.",'o. t P 4
XCCX3=0. N
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XCX3:0,
RLYe0, R
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18512, 750) 092 X )
CALL ESPECXDAR,X,N) ) <
.CALL ESPE(XSBAR,XS,N)
CALL !!v!u:::ubm -«
CALL ESPE(X %0, M) ’ . .
CALL EBSPE(YRAR,Y,N) N .
CALL ESPE(XIBARIXI,N)
N ' CALL $SS1UXCK,xBARsX,N)
SCALL S3LIXSCXS,XSBAR, NS, N)
CALL SSLIXCOXCHRCBAR, XCoNY
CALL SS1(YCY,YBARIYSN) ~
“ CALL SE1tXQLXQ, XQBAR, XQN%N)
CALL SS1(X3CX3,X30AR,X3,N)
CALL SS2IXCYL X, XBAR,V2VYRARSN)
CALL SB2(xXSCY,XS,XSBAR,Y,YBAR,N)
CALL $SSZ2UIXCCY,RC,ACBAR) Y, VBAR,N)
- CALL SS2UXCXS,XoXDAR, XS, XxSBAR,N) .
CALL 3$S2UXCAC,XoXBAR,XCs XCBAR,N)
CALL $32(XSCACoXSonSBAN, XCoXCBAR, M)
CALL SS2{x3CY,XQ,XQBAR, Y, YBAR,N)
' CALL S$S2UXCXQ, X, XBAR, XA, XQBAR,N)
f N CALL SS2(XSCXQ, XS, ASBAR, XQ» XQBAR,N)
CALL SS2(XCCXQsXCoXCRAR, XQsXQRAR,N)
, CALL SS2(XQCX3,XQsXQ8AR, X3, XI0AR,N)
CALL SS2IXCCXAS,XCoXCBAR, XS, XSBAR,N)
3 CALL SS2(xSCXS,XS,xSBAR, XS, X38AR,N)
i ¢ CALL $32(XCXS,XoXBaR, XS, X3BAR,N) s
: CALL $S2(XSCY,XS,X38AR,)Y,YBAR,N)
' BHeRCY/XCX
. ALPHASYBAR-BHeXBAR
QETABMN
SHe I XCY®®2) /NCXK N
SEeVCY~SH .
GHOXC XS/ ACX
w  A1EXSCY-GHeXCY ) ‘
A2oASCRS-CrieXC XS * k
ONHsA) /A2 ' .
ALPHASSALPHA+DH® ( Qo XBAR-XSBAR)
BETASsBETA-DNeGH
TETAS= 0N .
SnSeplee2 /A2 . . =
SESaSE~SHS I
W excxC/xCx ¥
HHe {XSCRC-CHOXCXC) /A2
AIPRCCY=MRSX(Y-HNeal
AASNCCHAC~(rbeg ) oX( Xu(HMNOOT ) 0A2 v 8
Fuma) /A « g
.uu.c.Aumsumcmlnu-ulnocu-wuluﬂ %
SETACSBETAS+FHe { HHeGH=MK )
TETAC=TETAS ~Frorn
CAMMACoPH . K
SCepden/ae .
SECoSES-SNC
OMNeXCRQ/IRCX
Mt nSCXQ-OMexXCRS) /A2
' WL RCCRQeOHUERCRC=ONNes D ) AL .
u-locV-txuo-xcvsml-txccn-ucxo-:cuuunnmumcmu—m
) AROORCXSI/RCRISL I NELXC~(ACRSORCAC)I/AERIGIAN/ 1AZOGAA) 1AL /00D ) .
i ASORQCRA=C RCAQOOR) FNC A= (RSERQG={ ACKAORCRS ) /RCR ) 892 /AR =( { RCCRA=ERC
SRCOACARI/RCXI={ I RICRC~IACRCOACRS) /NLR mmu-grumnumn Y742
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4)892/A4 ,
MI=AS/AG

ALPHAQEALPHAC +HI® (HLOXCE AR=XQB AR~ (HHONL =HK) €XSBAR= (WK SR = 0N ( HHeN
S=pR)eGHI*XBAR) y o

SETAQeBETAC oM n(HKaHL ~OH~{HNSHL ~HN) 8CH)
TETAQeTETAC +H I (HHaHL=HM) .

GARMAQEGANMAC -HIsHY g
OnEGAQeH),

SHasasee2 /e ' . ' ;
SEQeSEC-5HQ ) 7
YMSXCKS/XCR

AMe (XSCXS-CHEXCXS) /42

YHS (XCOXT=YHEXCXC-XHSHMSAR) /A4

UM (XQCXS~OHO XCXS=HMOXHEA2-HL O VHO AL /Ag
AT*XSCY=(XCXSPACY) /XCAS L XSCXS~ ¢ XCXSOXCXS) /XCX IS LAS/ HA2OAR) Y@ (XSCX
40= (XCKSEXCXQ) /XCK) wAL/A2)=(AS/AS)(XQACXS = XCXQOXCXS) /XCRIS{XCCRS~(
(214 (4] X’)IICX-IISCIC-!xcxstxcxc)I!CK)O(KSCXS.(xca,.‘c"),‘cx,,]z,
OO ((AS/LAGRAL ) Yo (XCLNQ={ XCXCoXCXQ) 7XEX( XSCXCw(XCXSOACKC/ACNIS(XSC
AXQ=(XCRSEXCXQ)I/XCX)/A2) = (AD/ASG))
ABUXICAI-(XCXS802) /XCSL (XSEXS=(XCASOACKS) /NCK)€02) /A2~ (NCCXS~(XC
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THeAT/AN ;
ALPHASSALPHAQ+THE {UNSXQB AR=XSB AR« (UNOOM~ { UHEHL ~VH ) SHK« YH=CNS { UHOHN
S=XH-NHOURENL +HHEVH ) ) SXBAR= (UNSHL <VHI SXC BAR = ( UHONMHHOK| PUHeNH® VN -X

GHIGXSBAR)

BETASEBETAQ® THE {UNSOH={ UNSHL =VH ) SHK=YH=GHE L UHSHM=XH=HROUNSNL + HHOYH
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TETASO TETAQS THS (UHSHN=XHHHSUHBH| +HHOVN )

CAMMAS sGAMMA Qo THE { HENL ~VH) N

ONBLAS=DNEGAG-THUN .

PHISaTH . .
SHSaATe82/A0 .
$SE9=3EQ-SMS

DENUNSYSUN-TDFLOAT (N)sVBARSS2 ) . Al
R2e3H/DENUN .
REI*RZ*SHS/DENUM )
AC2uRS2+SHC /DENUM

RQ2*RC2+THQA/ DENUN

RILRAT+IHS / DENUN - ’
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OFeOFLOAT(N=2)

CALL GYEST(FTEST,SE,SHIN,DE)
OF§=0f-1.

CALL GTEST(FTESTSVSES, SHS, N, 0FS)
D!COOFS-!.

CALL GTESTIFTESTCoSEC, SHL,N0FC)
orQenpg-l, °

Catl CTEST(FYESTOISEQ, SO, N, DPQ)
pr39.080-1.
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SUMeQ.
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CONT INUE
vuu-vxuuwuwmn

00 190 Jiejl,kxl)

VCIVaVC1YeviJi-li®er . &

Jisiel !
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PR NE . NNIGD TO 140
P1TeSE-SUN
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FITCaSRC-SuUN
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EI173=385-3UN
OFLeDPLOAT(LL-2)
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[ ({113 oW .
TEETntPLIY /08 L) 7¢SUN/DFR)
TESTE=(PITS/0F3)7(3un/062)

TESVCIFITYC/0FQ 7 LSUN/0F )

TESVQuiFITQ/DFS) 7 igim/DED) ~ e

TESTS=(FL1TS/DFG I/ {SUNIDFD) i

F1oPPROS(PTEST, W, 00)

P2oEPROB(TEST, DF1/D02)

FiSesPROBIFTESTS, W, 00S) .

P28eFPRADALTRS TS, DP), OF2) A

£1CoEPROR(ETESTC M, 08C) )

F2CoFrPROB(TESTC » 04, OF2) .

F1QesPROBIETES Y0, ¥,000)

F20=ePROB( TESTQ, 0Py, DF2) .

F15ePPROALPTES TS, W) DFS3) '

S29-FPROBLTESTS, 08,002}

90 199 lel,N «

BRIt ePEXP(X([)) =],

VIt aDERP(Y(])) ,

WAIYR 16,200} . \
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* DISCDSAMT(B0e2-4,044( )
ADOT1o=B+0ISC7 (2, %) :
AQOT20~8-015C/(2,%) ’
UPSROUT L +XBAK
OOWNSRO0OTZ+X8AR
S CENT= VLI )=ALPHA) /BETA
A VLD )=DEXPIYLOI D)
. 620 WRITEC(G 28)XLLT102Y L 11400uLUP,CENTY -
an ron'ur:; 12X FA L, IR FT 10 L8K0 2P0, 5000, 19, 3)
¢a Yo
301  IFtF25-.99)302,502,503
$92  WRITE(s.TOLD
731  FORRATL'0'»'THE FIaSY TINE WE NEET NO L-O-F IS n ™E mmm ca
. Y T1S '
00 601 I=1,N ‘ & - .
601 (1) =BETASSK{I)+TETASORS(I)
CALL ESPE(IBAR,ILN) .
CALL SSI(ICL,28ARs7,N) 'y
. §u SS2(2CY,1,28A0,Y,YBARN) ,

YepCl-tICYon2I VLY
Y SEV/DF |
3 - 0= . -

- 0O 802 ls1sd
no-osuvux.ox./onmnnouvun-un)-oauvcvnuvm
TERM2BARCL2CY/YCY (YL} =YRAR)

' CALL CONFIRDOT].ROQT2, TERNSTS,AAD)
‘ " ¥COF(1)=-R00T) .
[ VR ’ XCOF 1 2108ETAS
- ) XCOF (3)aTETAS
- CALL POLRT(XCOF,GOF, 02 ROOTR,RO0T ], [ER) \
‘ 80 803 11400
IF(ROBTI(11) . NE O )RDATR( 11} =0,
- RODTX(I12DEXP LROOTA(LIN L, ’
833 . CONTIMUE .
XCOP ¢ 1)=-R00T2 . . : .
XCOF(2)=8EYAS .
ZCOF(3)eTETAS ~
CALL POLAT(XCOF,C05,0,R00TR,RO0T L, LER) '
90 804 11e1.0 { '
TE(ROOTI(1L) . NE.O.JROOTR(IT 120, g !
TOOT¢ 11)=DEXPIROOTA(IT) )],
. 0046  CONTIMUE
. ACOB 1Y IwALPHAS=-YLI])
XCOB(2)=RETAS . ;
. ACOF(3)=TETAS ) “
’ CALL POLRT(XCOF,CO#r,0,RO0TR,RO0T ], 1ER)
: . 90 403 11=1:0 ,
. IR(RDOTIIL]) . NE.O.)RDOTR(TIT)®0.
S . SOOY( 2 1) =OEXP(ROOTRITIN V=1,
\ 073 CONTINGE
’ YLED) =DEXPIYL(TI))
00 798 1lel,0
. GRANDL=ROOTXC IS
’ CRANDZ=TOQTLL) ¥
. . SRAND3=S00T(11)
708  WRITECG,Z81XLc 1), Vi ¢ 135 CAANDSL »SRANDDSCRAND)
[ 3-}] CW!M .
’ 60 Yo . f',, +
] 533 mnc-muoum.us ’
34  wWivEtesv02) .
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- WRITE(02220)ALPNA . ) K]
220  PORNAT('0'» 'CONSTANTI Y, loh'l.!l . ’
WRITE(0,230008TA
0.  FORMAT(® 1, 'CORPRICIENTY QF ll ol PQ,.S)
. wR1TELS,240) .

e rulnav('o'olsxa'ovcutﬂnﬂt'-!x.'0!(nun&'-lx.'!-Tllvlnllpcx.'l-'tul'
. 06X, 1OF (DENDN) 1320 10F INUR) 28X 1P=TESTIL=F) ', 4R, *R<PROB 40K, *R~S )
' . WRETE (G, 230108, M FYEST2FL10F2,0F 1, TEST,ELR2 .
290 FORMATL 0, 10X,F3:,0-11%282.0510%,79, Q.n.n.un.n.o.uxﬂ!.d-mi
ApFR.42 X0 FV 4,440,873} A t
. WRITE(Gs260)
. 200 FORMAY( *=¢, 'QUADRATIC CASEYY)
MRITE(65220)ALPHAS i IS
WALTE(85230)BETAS . i
MRITE(G,2T70)TETAS ’ .
270 PORMAT(® Y, COEFRICIENT)OF X$3'51XsP8.9) ‘
WRITE(8,240)
ullt:(b.zsa)ors.uocv!sts.rms.olz.olluYISYSol!s.lsa ,
WRITE(S,200) e
180 FORMATL =, YCUBIC CASEL') . J
WRITE(8,220)ALPHAC
WRITE(G,230)8ETAL -
VRITE(62,270)TETAC , . .
WRITE(8,290)GAMMAC
200  FOAMAT(' ¢, ICDEFRICIENTY OF XC:'s1XePE.5)
WRITE(S,240) . ‘
WMRITE(8,250)0FCous FTESTC,PLC,0P2,0P 4, TRSTC, P25, RER
wRITE(6,300)
3%0  FORMAT(*~*,'QUARTIC CASE:") - ;e =
WRITE(D,220)1ALPMAQ .
‘ WRITE(S, 23018€TAQ . . ‘ X
WRITE(GO,2701TETAQ ° . . !
> WAITE(S, 2901GanNAQ .
WAITE(S2D10)0%EGAQ , .
310,  FOAMLT(® *»‘COEFRICIENY OF lﬁl'cllo'l.!)
. b ! URITE(S,240) 1
' nntu.zso)oso.uanesn.rnmn.wsnunonooln
MRITE(S,330) .
s 30  PDRMATL -, QUINTIC CASEZ*) . . .
. WRITE(O,220)ALPHAS
WRITE(®,230)10ETAS \
WRITE(0,2TOITETAS 1 . ,
- . WRITE(6,290)CANNAS .
- MRITE(6,310)0MECAS
MRITVE(S,3201PNK]3 - N
o, RO FDRMAT(® *,'COEFFICIENT OF X31:',1X,F8.9) . -
JWITE(S, 240)
WRITE(,23050FSS, W, KTESTS,F15.,0F2,000,TRITS,F23.R92 .
WRITE{8>200) [
wRITEC(G,27)
t 44 IOlHAY('Q'-lln'lu'.llo'V';lllv'conllblntl INTERVALY) “
18 (F2-.991300,301,501 ‘
$00  WRITE(S,T700) i
. 0 vounnuo-ume FIASY TINE ¥E MEEY WO L~0«F 13 AY M LINEAR CASE* N

. l-(lc'l!(x)"!-(tSoS!I(lCIOO'$) -
00 600 1e),J . .
Oaviti)=voaR . > -
| Sa=d oReNCY/XCX .
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;ga:;:c;o;.;vut FIAST TINE ME NEEY MO L~0-F 13 AT THE CUBIC Cast')
els
2U0)0BETACOR{])+TETACONS (] ) oGaAMRACORC( )
CALL ESPR(IBAR,1,N)
CALL SS1(2C2,20AR,2,W)
CALL $SS2C2CYs2,104R, Y YRARSN) AY
SEYeICR~(2CVen2)/VCY
SEYNSEY/0F

00 807 1s1.d ~
RAQ=DSQRY( (1,1, /orLOAVcn)o(1th1)-vnnu)ooz)lvcv)oslvn:
TERNCIDARS (ZCY/YCYIOIVLL L) -YRAR)
:A;L CONF(ROOT1,RO0T2, TERR, TS, RAD)

t )
XCOF11)e=R00T) i .
XCOF (21 =BETAC . ‘"\~\\L\
XCOF(3)=TETAC .
XCOF (4) 3GAMMAC .
CALL POLRT(XCOF.,CUF,D,ROOTR,RO0T], 1ER)
00 608 11,0

JF(RQOTT(LII).NE.O.IROOTR (LI 2=0,
ROOTX (211 DEXP(ROOTR(LL) =1, ’ s e
CONTINUE
XCOF11)»~-R0O0OT2
XCOF(2)=BETAC
XCOF(3)eTETAC : ;
ACOF (4) = GANMACL
CALL POLAT(XCOF,COF,0,RDGTRLROOTI, 1ER)
00 0% 11=1,0
IE(RQOTI(T 1) NE.OWIROOTR(LL 000,
00T 11)=DEXP(RDOTR(JL) )1, v
CONT INUE N
ACOR 11 deaLPHAC-YLID) .
ACOFc21=8ETAC . \ 5
XCOF(3)sTETAC )
NCOFta) wGAMMAC .
tall PDLIT(h(OFaCDFoBoRDDYluIOOVIal'l) * 4
00 810 [lels0 .

IFC(ROOTI( L) .NE.OIRDOTR( 1) 00, o !
SOOT(11)=DEXP(ROOTR(ITI) )1, . . .
CONT [NVE _\\ 1 v
YLD eDEXPLYLLIIYY '
00 Te¢ 1lele0
GRANDISROOTX( )
GRAND2eTOOT(I])
CRANDI=SDOT(L])
unxre¢;»z|»ln(x).thx»acanuox.slnno:.cnnnoa
CONTINUE ,
60 10 12 ? .
la«r:o-.ov»soo.soo,so? .
wRITE(S,70)}
FORNAT(' 07, * THE vtusv flul HE MEET WO L 'g::,!i/" THE QUARTIC Case

’

go All 181N
11 -8ETAGSRE ] 1o TETAGOXS (1) +GANMAQOXC (1) +INESARSNA( 1)

CALL E3PE(20AR, LN

CALL SSMI2CL,20ARsT.N)
CALL SS2(2CY,1,104R,V2V0ARIN)

SEYeCR=-12CYoeg) VLY

SEVN3EY/DF

CO 612 1s10d N (7 .
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RADSOSART((1.+) o 7OBLEAT (NI SLLVLIT)I=VYOARD @02} /YCY ) 8SEYN)
TERR=ZBARSLICY/YCY o (YL P=V0AR)"
:&u CONF(ROOT],ROQT2,TERN, TS, RAD)
113
RCOB ¢ 1)e=RDAT] v o
)c:n:-:t;n
XCOF (3 )eTETAQ ‘
XCOP (&) eGAYMAQ - AV ,
RCOF (3 )=ONEGAQ .
CALL POLRTIXCOF,COR,0RODTRLAQ0TI, IER) .
00 13 11,0 ©
IS (ROOTI(IT) . NE.OLIRDOYR (11D e,
. ROOTx(I1)=0EXP (ROOTAIILI V=1,
613  ComvINUE Pt
RCOE (1) e<rD0T2
RCOFt2)=08TAQ .
XCOR(3)=TETAQ . )
RCOF (4 )oCANMAQ . « o
RCOF (3 )eGANMAQ : |
CalL POLRT(XCOF,COF,0 ROQTRLRDOTE, 1ER) $
00 614 1lel.0
JBIROOTI(II) .NE.D.)RDITR(I]) =0,
TOOTY (I1)=0EXP(ROOTR(II))=]0 . .
sle CONT INUE :
RCO® (1 )eALPHAQ-YLIT) .
. XCOF (2)e0ETAQ ‘
RCOF (3)=TETAQ . .
XCDE &) eGaNNAQ . )
RCOF ¢ 3)=0REGAQ ,
CALL POLAT(XCNF»CO8,C»ROQTRL,ROOTL, LER) -
00 615 lle1.0 .
IFIROOTI(11).NE.O.IRCOTR(1I )00,
SO0V : 111 0EXP(ROQTRIIL) =10
(3%} CONTINUE
YLUD)sDEXPLYL(ID) . .
00 800 lls1-0 '
GRANOL=ROOTX(11) '
* GRANDZSTOOT(IL) "
CRAND3I*S0OOTLID)
830  BRITE(S:,20)XL(1)s YL I1)sCRANDL, CRANGE, CRAMDD
(1} 4 CONT INUE
o vp 12
307  IF(E25-.99)308,300,90Y
338 wRITE(S,T04)
706 FORMATI'O!,'THE FIRST TING WE NECT NO L-~0-F IS AT TME QUINTIC CASE N
) .
D0 616 I*1;N s
)8 2t1)aBETASOR({)+TETASTRS (1) +CAMRASORCT L) oINEGAIORQL LI oPUISORI (1)
CaLL ESPE(2BAR,Z.N)
o CALL SSMIRCT,2B8R52,N) . g
. CALL SS212CYs2,204aR,Y,YBARIN) ‘
SEYuCl-t2{VeeQ)sVLY
SEYNSEY/OF . . .
€O 817 I*1,d
AADPSOAT( (1. «1./08LAY (I {IYLII NI =VRARIOOR) / ¥V I0SEVN)
TERNZIBAR(ICY/VYCYIoLVL (1) ~VBAR)
nl,.l. CONF(ROOT),R00T2, TERN, TS,R4D) ;
Oe
RCOE® (1)=~-R007)
XCOP (2)=08TAS R
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108

12

XCOP(3)aTETAS

RCOP 14) =GANRAY

XCOF(3)eONEGAS °
RCOF () oPU]1S

CALL POLRT(RCOF,COB,0,R00TRLR00TL, 1ER) ]
80 418 11s1.0
IEIRQOTICTITI) NE.OL JROOTR(L]) =0,
RODTX(11)aDEXP{ROOYR(IT) )1,
CONTINUE

RCOF(1}e~-R0OOT2

XCOFt2)sBETAS

XCOF{3)1=TETAS

RCOF(4)nGANNAS
ACOF(S)uGAMMAS

XCOF(6)ePHIS

CALL POLRT{XCOF.COB,CoR0DTRL,RO0T], 1ER)
DO 619 llel.Q .
SECROOTEIC(IL) . NE.O. )RCOTR{TIL )00,
TOOT(1])=DEXP(RODTR(L]) =1,

CONT INVE

XCOF (1 )eALPHAS-Y{])

RCOF12)1sBETAS .
XCOP(3)eTETAS

RCOF (4)aGANMAS

XCOF(3)1sOMEGAS

#COF(6)=PHIS

CALL POLRT(XCUF,COF, 00 ROQTR.RDOTL, RR)
00 620 1lel1,0
TF(ROOTICII) . HE.0-YRCOTR(1S) w0,

SOOT¢ 1) DEXP(ROOTR(ITI V1, *

CONTY [HYE

YLD eDEXP(YL(T))

00 801 li=1.0

GRANDLSROOTX((])

GRAND22TOOT (T}

CRANDI=SOQT(1 ) )
MRITE(Os28 XL {11, YL (1) ,GRANDY, GRANDE »CRANDD
CONY INUVE

oD YO 12

WRITE(S,T703)

FORNAT(0', *WE CANNDT WORK TME CONPIDENCE INTEAVALS DRCAVSE TheRg
018 L-0-F EVERYWHERE®)

CONTINUE
$YOP
En0

SUBROUTINE ESPE(XMBAR, AN, N) -
INPLICIT REALSB(A=N,0~1) 4
OINENSION XM(])

00 3 1si,N -
XNBARSXNBARSXN(])

RNBAR=XNBAR/OFLOAT (N}

®RE TURN

(1]

SUBROUTINE SSL(XNCRM, XRGAR, KN, N) .
INPLECIY REAL®B(A=N,0-2)
DINENSION XR{L)

<1
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Ta a
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00 4 vleN ,
& °  ANCRMSXMCXMe(XM({])aXNBAR )OS}
AETURN .
8D :

’ ' SUBRDUTINE $32¢ XNCXR, XMa XNBAR, YN, YRBAR, )
INPLIC]Y aBAL®D AN (=)
_DINENSION XMI1) YN} .
3 lel,n i
] ENCXMaRNC XN+ (XM )aXMBAR)O{YN{] }~YNOAR)
, RETURN
END o

SUBROUYINE GTEST(TEST,SSEsSIH,N,0F)
. INPLICIT REALOB (A=w,0-1) .
TESYeSSH/(3SE/0F)
RETURNM
T

N

SUSAQUTINE CONF (ROQTL.ROGTE, TERN, TS,RAD)
IMPLICET REAL®Q LA=Ns0=1)

ROGT Lo TEAMDSQRTY (TS )eRAD L ]
ROOT2oTEARN-0SQRT{ T3 )oRAD

RETURN

[ 1)

SUBROUT INE POLRTIXCOF,COPo M ROOTRLROOT I, LEN)
DINENSION XCODRU1)2COP(L),RDOTRILILROCTILL)

DOUBLE PRECISION XDoYDaRsYaXPR,YPR,UNUYs Vs YT AT U, XT2, Y72, SUNSE, 4

1 DRsDYsTERPLALPHA
DOUBLE PRECISION XCDP,COP,ROOTR,AROOTT
1P1Te0 .
Nel
16R=0
- IPIXCOP(NGL))10,29,10
’ 10 TFIN) 15,15:32

SET SARROR COOR YO I

19 le=
20 RgTURN

SET EAROR CO0E Y0 4

(o XX 2]

(ot alald

.29 lthey
G0 Yo 20

$aT ERROR COOE YO 2

(a2 X 2l

30 1fRe)
60 Yo 20 °
3% 1F(N=30) 353,35,30 v -
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