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.ABSTRACT 

The flow mecbanism of concentrated swspensions of rigid 

particles undergo:lng slow Poiseuille flow was studied. It vas shown 

that the deviations tram the parabolic velocit7 distribution arise 

tram a wall et.tect of the type described b7 Vand. Particle accum.ulation 

behind an advanc:lng meniscus is caused b7 the radial flow and particle­

particle and particle-wall interactions. In many cases, the motions 

ot particles were reversible when the direction of flow vas reversed. 

In dilute suspensions, the statistical properties of the particle 

paths vere in good. agreaaent with a theory of collision doublets based 

on reotilinear paths of approach and. recession. 

At h1gh ReJnolds ntlllbers rigid c7lind.ers exbibited the 

tubalar pinch ettect previously' found tor spheres1 and attained 

limiting rotational orbita correspond:lng to max1mura eners7 dissipation. 

In concentrated suspensions, radial migration produced a plasmatic 

zone at the wall which chan,ged the initial velocit7 protUe and 

decreased the apparent viscosit7. 

The behaviour of rigid and detormable particles suspended in 

viscoelastic tluids ditfered in several important aspects from that in 

nevtonian media • 
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FOREWORD 

The investigation d.escribed. in this thesis to:rms part, ot 

a series cond.ucted. in this laborator,y v:Lth the purpose ot arriving 

at a better understanding ot the flow properties ot liquid. d.ispersions. 

The work d.eals mainl.y w.ith the behaviour ot particles tlow:Lng through 

c7lind.rical tubes over a wi.d.e range ot part,icle concentrations from 

those in wbich particle interactions are nesli&ible to those in which 

thq be<?cme predominant. 

The structure ot the theeis requiree seme u:planation. In 

Part I a review ot the general bacqround is given and. the ecope ot 

the work is d.efined.. The principal portions of the study are d.escribed. 

in Parts II to V each ot which hae been written in a manner suitable 

tor publication,; each Part 1a ccmplete vith its own Abstract1 Intro­

duction, Experiuntal Section, ~scuseion, Biblioaraplv' and. List ot 

S7Jilbols vhich, vith minor exceptions, are used. conaist~ throughout 

the thesis. 

Certain d.eta.ils ot the experimental apparatus, calculations1 

and. prel1m1nar;y experimenta are presented. as Append.ices I to V. 

Final.l71 Part VI consista ot a General Discussion and. includes 

recomm.end.ations tor turther worlc. 
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PARTI 

The rheolog and. stability of suspensions and. emulsions have 

been widely studied because of their importance to Colloid Science and 

because of their interest in various technical and scientitic fields. 

Two -.in approaches have been uaed.: one baaed. on the ucroscopic 

rheological properties of the dispersions and. the other based on 

microrheology i.e. the behaviour of the ind1:ri.dual particles. Ot the 

two methods, the second bas beera more extensi ~ used. in this labora-

tor.r and bas clealt w:l.th the motion of isolated rigidl-4) and detormable4-8) 

particles and two-body collisions9 ,lO) in newtonian liquid media und.er­

going slow Couettel-5, 7-9) and Poiaeuille6'lO) tlows. This thesis 

describes an extension of these studies, i) to concentration ranges at 

which particle croW.ing ettects beccae significant 11) to the flow 

regime where inertial effects start to become important and 111) to 

viscoelastic suspending media in which no~ stress effects are 

present .. 

Particle crowding ettects 

In the creeping flow regime, small isolated and neutrally 

bu07&nt rigid particles in newt.onian. liquida rotate in accordance 

vith a theor,y due to Jetteif:l>, and translate in linear paths vith 

the velocity of the und.isturbed tlow at their centres6). Flexible 

particles, which are detormed by the shear, migrate 1J.W&7 frœ the walls 

bounding the suspend.ing fluid6' 8). 
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At higher concentrations particle cl'OIIdiDg eftects becœe 

predcwinant. The composition of a suspension JIIO'V'iDg into an initi.al.l.y 

empty tube is not unifo:nn along the tube; an accumulation of partiales 

occurs near an advancing12' l3) and a depletion near a recedingl4) 

meniscus. When the suspension is allowed to flow ill a tube untU steady 

conditions are established it can continue to exhibit anomalous behaviour 

with the apparent viscosity coefficient decreasing with decreasing tube 

radius. This is known as the sigma ettect and was tiret reported by 

Bingbaml5) for paints and later observed in .clqs16' l7), bloodlS) and 

other concentrated suspensionsl9). 

Dix and Scott~Blair20) used a summation rather an integration 

treatment of the Poiseuille equations of flow and derived an equation 

to u:pla1n the sigma ettect. Haud.e and Whitmore12121122) postulated an 

entrance ettect wbich resulted in a decrease in the concentration of 

the suspension in the tube, which in tum produced a decrease in the 

apparent viscosit,-. Finall71 Vand23) ngested tbat the sigma pheno­

menon arises from a ~c interaction ot the partiales with the 

tube wall. 

Inertial eftects 

At law but not zero Rs.fnolds numbers isolated neutrally 

buoyant rigid spheres in Poiseuille tlow exhibit the tubular pinch 

effect24) in which the partiales accumulate at a stable radial position 

about balt-w&y" between the tube axis and tube wall. These original 

observations on spheres24) bave .been extended to rectangular ducts25) 1 

and to non-neutrally buo,yant s,ystems25- 27>. In the latter case the 

direction ot mig~tion depended on the relative directions ot sedimen­

tation velocity and flow25-2:7). Furthe:nnore, whereas rigi.d spheroids 



in the creepiu& flow regillle :rotate in a periodic JI8Dller as pred.icted 

b7 Jetter;r11) and in a constant orbit6" .28), it bas been predicted 

theoretically by Sattma.n29) tbat inertial ettects can cause a stead7 

drif't in the orbit to values corresponding to lÙllilDlDa energy dissipa­

tion in Couette tlowll). 

llthough the theoretical interpretations29-.30) ot the 

3· 

lateral migration predict qualitatively sœe of' the observed phenomena,. 

eapeciall;r in non-neut~ buoyant systems, they have tailed, howeTer, 

to provide an explanation of' the. two-way migration in the neutra.l.q 

buoyant case. This is because these theories talee into account onl1' 

the inertial ettects without considerins the presence of' the tube wall 

which, as bas been pointed outS,l4,.3.3), is of card.inal importance. 

Recentl;r Cœ: and Brerme;4> have treated the p:roblaa of' a neutrall;r 

buoyant sphere, which is f'reel;r :rotatins and translatins parallel to 

the axis of' a tube of' tinite radius. Wbile the calculations are not 

yet complete there are reasons to bel1ev.J3) tbat i t will p:rovide the 

e:x:pla.Dation tor the tubular pinch ettect. 

Two-w.y JD.iaration oF ai.D&le ris1d p&l"'';icles has been also 

obsert'ed in oscillator;r and pW.aatile tl_;;, 36); in concentrat.ed 

suspension undersoing oscillato!"J' flow a particle-tree layer is tormed 

near the wall as a result. of' radial misratior?;), a phencmenon wbich 

bas also been observed in pW.p tibre suspension in stead7 tlowl4). 

Viscoel&stic !!dit 

In a newt.oni:an Uquid1 under steac:IJ state conditions, the 

nomal ccaponents ot stress are equa1. and the tansential stress is 

p:roportional to the rate of' shear, the p:roportionalit7 coef'ticient 

beiD& the viscosity. V1scoelast1c tluids behave ditferently in two 



respects: the viscosit;y is not constant but is a function of shear 

rate, and there are additional ccmponents of no:naal. and taase.a.tial 

atresae.i37>. The excess of nol"..ll8l. stress over the classical value 

corresponding to a newtonian liquid implles that, besides a shearing 

force, additional normal forces must be applied to the fluid in order 

to maintain floti38). In the case ot a liquid contained between 

concentric.a,rllnders in relative motion, the existence ot the axcess 

stress produces a 11stl"&l:lgQl.ation11 ot the liquid (analogous to the 

pressure exerted b;y a rope pul.led :t.ight round a pole) and the liquid 

elimbs up the inner cylinder thus d-.onstrating the Weissenberg 

ei'fect39). 

When the steady flow is abruptly altered b;y mald.ng the 

4 

stress zero, the viscoelastic liquid undergoes an elastic recover.;y 

gene~ involving a lateral expansion and a longitudinal contractioJS). 

Thus, 'Mhen a viscoelastic tluid issues trcm a tube it swell.s at the 

exit to a diameter greater tharl that ot the tube40). 

Scope ot the thesis 

The three different aspects touched on above, have been 

studied and are reported upon in the succeeding Parts of the thesis. 

M'ost of the exper111lents were pertorm.ed in Poiseuille .flow but obser­

vations on particle motions were also made in Couette flow either for 

cœparison pu-poses or to obtain ad.ditional in.fol'll&tion and evidence. 

The tollowing is an outline of the objectives of the atwV ·and ecope 

ot the thesis. 

i) To inveatigate the ldnetics of concentrated. suspensions ot 

rigid particles in the creeping .flow regiae b7 carr.;ying out a detailed 

stud7 o.f the motion ot individual particles and velocit;y distributions 

in tubes (Part II). 
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U) To study the transl.ationaJ.,radial, and rotational velocities 

ot isolated. rigid and. detoru.ble particles at high Reynolds ntllnbers and. 

to test Jetteey•s11) and Sattman•;o) theoretical eqaations. To 

investigate the ettect ot radial migration on the flow ot concentrated. 

suspensions (Part III). 

ill) To studT the acClllllUlation of particles behind an advancing 

aeniscus ot a napension tlowi.nl in a tube at low Re7nold.s numbers 

(Part IV). 

1 v) To inveetigate the motion of particles in viscoelastic aedia 

in vbich the presence of excess stress vould be expected to influence 

their behaviour, and to ccmpare the resulta with si.mUar observations 

in newtonian liquide (Part V). 
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PART II 

CONCENTRATED SUSPENSIONS OF lUGID PARTICLES 

ABSTRACT 

In the Viscous now regime the velocit;r profiles of dilute 

suspensions of rigid spheres in Newtonian liquida undergoing Couette 

or Poiseuille now were found to be identical. wi th those predicted b;r 

the theor;,r with no particles present. At concentrations low enough 

so that the formation ot triplets and higher order IIIÜ.tiplets could 

be neglected, a given sphere exbibited nuctuations about a tixed 

mean radial position. The measured distribution ot lateral displace­

ments agreed with a theoey based on rectilinea:r approach and recession 

ot collidiDg pairs 1 whereas the tim.e average radial displac•ents were 

twice the predicted values. 

On increasing the concentration partial plug now developed 

in the tube with a central core in wbich the particles travelled with 

identical velocitiee without rotating and at .tixed radial positions. 

Outside this central core the particles deB'èribed irragular paths which, 

however, were revereible with respect to..tr8118lation and rotation when 

the direction ot now was reversed. The concentration profiles were 

found to be uniform over prolonged periode of now 1 and the auspensions 

showed Newtonian behaviour. 

The phenomene., JIJ8D1' ot vhich vere sim.ilar in suspensione of 

roda and dises, were shovn to reault frCD. a wall etfect predicted b;r 

Vand and were not JDallitestations of non-Newtonian behaviour. 
/ 
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INTRODUCTION 

Earlier publicationa from. this laborato17 bave dealt v.Lth 

the translation, rotation and interaction of amal.l. particles suepended 

at low concentrationa in a Newton.iaa liquid of the same densit7 

undergoing Poiseuille now at low Reynolds numbers ( < 10-.3) 1 •·2). 

Most of the phenomena observed. vere in agreement v.Lth theories based 

on Couette fiow. 

This ·part of the thesis representa an exliension of the earlier 

etudies of rigid spheres, roda and dises from V817 dilute suspensions 

to concentrations at which particle interaction effects would be 

e.xpected. to plq an increasinglT important and, ultimatel7, the d01!1 nant 

role. Starting v.Lth the simple theo17 of shear-induced collision 

doublets, ~tiona deacribing the atatistical nature of the paths of 

rig:Ld apheres are deri ved in the Theoretical Part and these have been 

teated in both Poiseuille and Couette nowa. Velocit7 profiles of 

spheres, roda and dises in tube flow have been measured. and. found to 

show a pronounced deviation from the parabolic distribution of 

velocities as the concentration is increased pre81UII&bl7 because o.f' a 

1f&J.l et.tect. Corresponding measurements vere made in Couette flow. 

Finall7, a series of experimenta on reversibillt:r in Poiseuille flow 

was conducted which indicate a surprising degree of order to what at 

first sight are éxceed1 ngl7 complicated. and disordered phenomena. 

The principles described, although not ful.l7 understood, 

are relevant to a number of problems of suspension rheologr. 

9 



THEORE'l'ICAL PART 

1. The path of a sphere in Couette flow 

Consider an init~ Ulli1'0Z'JIÜ.1' dispersed dilute suspension 

of rigid spheres of volume fraction c in Couette flow. An isolated 

sphere translates at the velocity of undisturbed flow of gradient G 

defined by 

u = Gy ; v, w = 0 , (1) 

where u, v. and w are the respective fluid velocities along the X-, Y­

and z- axes, until it encounters another sphere and surfers a moment&lT 

but recoverable lateral displaceent from. the X- axis. The statistical 

properties of the path can be calculated from a consideration of the 

approx::lmate thel>ry o:r 2-bo~ collisions 3). 

If a "collision sphere" of radius 2b (Fig. la) is described 

1.0 

about a reference sphere of radius b1 all the particles whose centers 

are carried to the surface of the circwascribed sphere will collide with 

the reference sphere. We assume for simplicity 3)that (i) a particle 

moves in a rectilinear path parallel to the X- a.x::ls until its centre 

approaches within 2b of the reference sphere when a collision occurs 

at the polar angles Q
0 

and ~0, (ii) the doublet rotates as an ellipsoid 

of a.x::ls ratio re = 1 , (iii) the collisions are S1JDID.etrical1 with the 

angles of separation Q , . -4 the mirror images of those of approach and 
0 0 

(iv) the mid-point between the two spbere centers is at the origin of 

the field. The path of the center of each sphere is an arc of a circle 

of radius b ainQ
0 

(Fig. lb), and the Y- displacaa.ent of each particle · 

from i ts pre-collision pa th at any time during the collision process ia 

(2) 



the positive sign appl.ying to one sphere and the negative to the other. 

Considering only magnitudes or displacem.ent, without regard to sign, 

the time average absolute lateral displacernent is gi ven by 

JL>Ytl = t fi ~yJdt ' (3) 

1.1 

the integral beina evaluated over unit time. For a particular collisiœ 

Q01 •o the cœtributiœ to the integral in (.3) ia readil;r evaluated b7 

substituting ro, the angu1ar velocity ot the doublet.3) 

(4) 

wbicb yields over the lite ot the doublet '1:' arter subatituting trom. (2) 

or (5) 

The total number or collisions per sphere in unit time is .3) 

f _ ScG 
- 1T , (6) 

and the fraction of collisions occurring in the interval dQ01 ct!»
0 

at 

go' ~ois p(go' ~o)dgo~o where3) 

(7) 

and the limite of g
0 

and ~0 are taken between 0 and 1'1'/2. 

Equation (.3) can now be integrated over al1 possible collisions 1 giving 

IÔ.Yt 1 = rr~ ainQo(oin!»o - 41o codo).f. p(Qo' 4\0)dQocDo (S) 
0 0 

wbich after inserting (6) and (7) simplifies to 

(9) 



... 

The distribution of diaplacements can be calculated in a 

stm:ilar way. The ma:x1mnm dieplacement in a g:iven collision occurs 

when ~ = 0 and from (2) is 

/17
0 

= b sinQ
0
(l- c~0),. 

Setting ~ =.Ay/AYmax , whereâymax = b ia the maxiumm possible 

displacement,correaponding to a collision in which 9
0

, ~0 = n/2, 

(10) may be written in the dimensionless form' 

The traction of collisions having disp1acementa lesa tba:n S is 

(10) 

P(s) = JJp(9o' ~o)d.Qo~o ' (12) 

where p(9
0

, ~0) is g:iven by (7) and the integration is carrieà. out 

over the two hatched areas marked A and B in Fig. la, namely 

from which it follows that 

' with a 1ower limit 9
0 

(at ~0 = n/2) given by 

9~ = sin-1~. 

(14) 

(15) 

(16) 

1.2 



Inserting (15) and (16) into (1.3) and integrating we obtain 

P<J) = 1- (1- ~)1/2 (1 + ~) + .3(f- ~ sin-1_f).~. (17) 

The differentia! distribution tunction of disp1acements is therefore 

p~) = ~~~) 

(,. 1 -lf ) .F 2 = .3 4 - 2 sin - 2 l/2 ( 7 - ~ ) • 
2(1 -~ ) .. 

(1S) 

The mean free pa th Ï , i.e. the average distance in the X 

direction travel1ed by the reference sphere between collisions, is 

(19) 

where u(y) is the mean trans1ational velocity of the sphere in the 

Couette field given by (1) and y is the distance of the partic1e 

center from the stationary layer. Substituting (1) and (6) into (19) 

we obtain 

[=n.t= 3Y 
Sc .32rmb.3 • 

The fraction of time spent in collisions is ri, where i is the mean 

doublet life gi ven by .3) i = ,.jG and, therefore, ti = Sc by mald.ng 

use of (6). Hence the mean time betweén collisions is 

i = ,.(1 - Sc) 
ScG • 

2. Poiseui.lle Flow 

In Poiseuille flow the fluid translation&! ve1ocity u(r) 

at distance r from the tube axis is 

u(r) = u*(O)[l - ~] 
Ro 

u*(O) being the centerline velocity given by 

J 

(20) 

(21) 

(22) 

1.3 



kR2 
u*(O) = 2o , (2.3) 

where k = 4Q/Tri; , Q is the volumetrie flow rate and R
0 

the. tube radius. 

Neglecting the ef'f'ect of' the wa111 an isolated sphere moves vith the 
' . 1) 

corresponding fluid velocity at its center as given by (22) 1 and 

rotates with an angular velocity 

Cû '(r) = ~ ' (24) 

since kr is the velocity gradient at r. 

To describe the collisions in the tube, a Cartesian coordinate 

systan is constructed at the sphere ·center (Fig. le). Asauming local 

Couette tlow 2) (i.e. neglecting the curvature in the velocity protile) 

the collision trequeney is still given by (6)., and we can equate IJ..r 

1.4 

and l:l.y so that racU.al fluctuations are also given by Equations (8) to (18). 

The mean tree path now becomes 

- Tr(R2 - r2) .3 (R2 - r2) • 
~ (r) = ~6cr = 

0 
.3 ' 

64mb 
(25) 

the mean time between collisions 1 corrected tor the average lite tilDe 

of' the doublets, ia 

,.2-a4(1 - Sc) 
t(r) = ;2Qc~ • (26) 

The mean tree path tor a1.l particles in the tube ia obtained by averaging 

over al1 values of' r 

[=(!cr> 2nmdr , 

Jo2nrndr 
0 

(27) 

where n ia the rmmber of' particles (singlets) per md.t YOlume. Integration 

ot (27) yields 



l = 1TRo = Ro • 
12c 16b3n 

(28) 

Equation (6) and those for ~ have been confir.med experi­

menta.l.:cy' 21 3); this provides an indirect verification of (a>) 1 (21) 1 

(25) and (26). In the experimente described later (9) and (17) were 

tested, by measuring the displacements suf'fered by tracer spheres in 

dilute suspensions. 

1.5 

The theory developed above is limited to very low concentrations 

since the formation of triplets and higher order Jllllltiplets has been 

neglected. As c increases to the region vhere n-body (n > 2) inter-

actions become appreciable, the average radial distance of the reference 

ephere no longer remains constant because of these inherently 

unsymm.etrical collisions 4); as a consequence 1 the reference sph~e 

describes an erratic path in the fiowing suspension. Furthermore, it 

·is known S) that the paths of approach and recession are cunilinear and 

the doublet rotates as an ellipsoid of re= 2 and, therefore, the 

calculated values of rllYtl, ~rtl will tend to be lower than those 

actually observed. 

EXPERIMENTAL PART 

1. Apparatus 

The experimente in Poiseuille flow were perform.ed in precision 

bore (± 5 x 10-4 cm) glass tubes of radius R
0 
= o. 2 to 1.0 cm. vertically 

mounted on a mechanically dri ven travel Jing microscope l) vhose optical 
" 

axis was normal to the tube axis and which could travel a distance 50 cm. 

along the tube. Those in Couette flow were conducted between counter-



rotating concentric c;rllnders 4• 6) which permitted obaervations to be 

made through a microscope directed along either the Y- or z- axes; 

different sets of c;rllnders made from plex1glaas and precision-machined 

ia !!!B! could be attached and the annular gap /l.R varied. 

Apparent viscosities were calculated from. flow curves obtained 

both in tubes and in a rotatioœl viscoaeter. In the tube flow me&IJU'I"e-

mente 1 pressure drops over a length = .30 R
0 

ot tube were measured over 

a range ot accurately' known flow rates using a ditterential pressure 

tranaducer (Hodel CP 51 œ 0.1 psi Pace Engineeri.Dg Co.). The visco­

meter was a var:l.able-shear coaxial cylinder Cou et te-type (Epprecht 

Rheomat 15) • 

2. Suspensions 

In the experimenta with spheres and dises a polygl.Jrcol oll 

(Ucon oil 50-HB-51001 Union Carbide) conta.in:ing 4% by volume 

tetrabromoethane was used as suspending phase (viscosity llo= 24.6 p. 

and density p = 1.139 g.ca7.3). The spheres vere screen-fractionated. 

sam.ples of polyvinyl acetate (PVA) of radius b ranging from 0.00.35 

± 0.0015 cm. to 0.0280 ± 0.0040 cm. The dises vere prepared from the 

PVA spheres by compressing them between heated platens or a hydraulic 

press as described elsewhere 7>; their thickness was 2a1 = 0.0125 cm. 

and their diameter 2b' = 0.0625 ± 0.0225 cm. 

Roda were prepared trom continuous nylon filament of diameter 

2b' = 0.0156 cm., embedded in wax and eut to a length 2a' = 0.124 ± 0.01 c:m. 

in a sliding microtome S); they were suspended in a mix:t~e of Pale 4 oll 

(oxidized castor oil, Baker Castor 011 Co.) and tetrabranoethane to yield 

llo = 1.3.6 P• and p • 1.1.38 g.cm':.3 



Both suspending solutions were found to be Newtonian. The 

tetrabromoethane was added slowl.y' to the oU until the refractive 

index of the mixture was the same as that {1.4672) of the PVA spheres 

and dises or that {1.5135) of the nylon roda, thus rendering the 

suspensions completel.y' transparent. A amal.l fraction of particles of 

identical aize but of different refractive index and nearl.y' the same 

density was added to serve as visible tracer particles. In suspensions 

of spheres these were pol.y'styrene {PS) or polymethylmethacrylate {PMK) 

at about O.à% by volume; PS dises and aluminum coated nylon roda were 

used in the other suspensions. 

The sedimentation velocities in the suspensions of spheres, 

calculated from Stokes' law were negligibl.y' small, never exceeding 

1.7 

-4 -1 3 x 10 cm.sec. ; for all practical purposes they were neutrall.y' buo)"8Dt. 

3. Procedures 

Velocity profiles in both Poiseuille and Couette flows were 

· determined by photographing the suspensions as they flowed past the 

microscope at rest. A Paillard Bolex 16 Dili.. reflex cine camera was used1 

and the films analyzed by projecting them onto a drafting table. 

Partiale velocity profiles were obtained by measuring the average 

velocities of the tracer spheres. In the systems containing PMM tracer 

spheres, it was also possible to measure the average angular velocities 

by following optical imperfections in them. Liquid velocity profiles 
1 

were determined from the measured average translational velocities of 

tiny aluminum tracer partiales ( < 2. 5 x 10-3 cm) in the suspension. 

Concentration profiles across the tube were obtained by 

counting the number of tracer spheres N situated in strips of equal 



ld.dth l1ing in the median plane. Starting from the wall, all the 

spheres whose surface (on the wall side) crossed the line separating 

the first from the second strip vere counted as belonging to the first 

strip, and so on; this was dona over a 15.3 cm. length of the tube. 

The surfaces of the spheres rather than their canters vere used as 

reference points because of the presence of the wall; if the sphere 

canters bad been selected, then a lower concentration of tracer spheres 

would have been measured. in the strips adjacent to the wall, because 

of the finite dimensions of the particles. 0nJ.y those spheres sharply 

in focus vere counted; at the maan~ fication used, the depth of the field 

was approx:lmately one partiels d.i.a:m.eter. 

The pa th of an indi vidual. particle in tube now vas determined 

by matching the axial speed of the microscope to that of the particle 

and recording the variation ld.th time of its radial position r. 

Displacem.ents also occurred in the direction of the microscope axis 

but these were not measured. Values of 1 Artl vere obtained b;y measuring 

r at the end of equal time intervals of the total time during which the 

average radial position r of the particle rem.ained sensibly constant 

(within ± 0.002 cm.). A similar procedure was followed in Couette flow 

to detel"'lline j Ll;r tl ; in this case the cyllnder speeds were continuously 

adjusted so that the reference sphere was in the stationar,y layer. 

The distribution function P ~) wa.s deter.mined from the plots of r 

against t b,- counting the number of crossings ( which are proportional 

to l - P (~)) in a given time interval at various values of~ . 
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RESULTS AND DISCUSSION 

1. Poiseuille Flow 

{a) Velocity profiles in suspensions of spheres 

At sufficiently low values of c and b/R
0 

the velocities of 

particles u'{r) and auspending llquid u(r), vere identical and parabolic, 

. following (22). As c and/or b/R
0 

increased u•{r) and u(r) eontinued 

to be equal but a pronounced blunting of the velocit;y profile developed 

in the center of the tube, with a core o!' radius r
0 

in which u' {r) = 

constant !'or r < r c. We shall designa te this to be "Partial plug fiow", 

although it must be emphasized at the outset that this is done as a 

matter of convenience and does not mean that the profile is mathematieally 

!'lat when r < r
0 

with a discontinuous drop in the velocit;y gradient _G{r) 

to zero at r c; rather 1 it is a region where there is no. measurable 

gradient. There is sane uncertainty in detel'ldning r
0 

!'rom plots ot 

the type shawn in Fig. 2 and tor this reason there is an inevitable 

scatter in the values o!' r
0 

given in Table I in wh:i.ch the resulta are 

81lJIIIII&ri.zed. 

Table I contains other measures of the deviation tram parabolic 

flow. The ratio ut(O)/u*(O) = 1 for parabolic now and< l tor blunting, 

where u*(O) is the axial velocity tor parabolic flow tor the same Q. 

When the now is parabolic the velocity ratio 

2 

~-1-;2 
0 

(29) 

and when the profile is blunted the ratio is greater; measured values at 

r/R
0 

= 0.2, 0.5 and 0.8 tor which the corresponding parabolic now 

ratios are 0.96, 0.75 and 0.,36 are included in the table. 



The influence at the pe!'t.iDent variables on the bl.unting of 

the profile may be SliiiiiD&rised. as foll.owa: 

Concentration, As shawn in Fig, 2a and Table I, when c was 

increased from 0.14 to O. 22 and higher (at constant b/R
0 

• 0.028) the;re 

waa a transition fraB parabolic to partial plus; nov J vith r c iucreasing 

w:l.th c. 

Particle aise. Increàsing b/R
0 

(at c • 0.3.3) al.ao had a 

pronounced effect on the transition vith r c iDcreuiD.g and becœ:i.Ds 

equal to R
0 

at b/R
0 

• O.ll2 which corr•poncla to caaplete plus nov 
(Fig. 2b, Table I). Observation of tracer apherea adjacent to the wall 

revealed, however, that the plus; nov did not always extend to the wall 

since the spheres could otten be seen to rotate. This ia illustrated. 

in Fig. .3 where the anau1ar rotation ~ of several peripheral spheres 

is shawn. On starting now the spheree began to rotate erratic~; 

olten the rotation stopped alter 'a time (curves 1 and 2) and aometimea 

started again (curve .3) auggeeting stick-slip behaviour. In all. casee 

the tranalatioD&l. velocity waa constant within the precision of 

measuring u'(r)., independant or (cD/dt). 

Flow rate and Viacosit:r. In contrat (within the experimental 

20 

error due maj nly to small displac•ents of the observed tracer apheres 

fran the median plane of the tube) 1 the relative velocity profiles were 

independant of the flow rate over a 10-fold range provided that the 

particle Reynolds number wae kept below the value at which radial 

migrati~ or particles due to inertial eftects becomes appreciable 9); 

this is illustrated in Fig. 2c. The velocity profile was also independent 

ot the viscosity as · was shawn by measurem.ents in a suspension ( c • 0. 'Z7 , 



b/R = 0.070 , Q = ,3.56 x 10-2 cm?. sec -l., R = 0.4 cm.) a.t three 
0 0 

temperatures bet.ween 22 and 45 •c resulting 1n a 5-fold change 1n 

viscosity ~ of the suspension. 

Figure 2d shows that u(r) = u'(r) except for a scatter due 

to uperim.ental error. Further proof of the absence of 8JQ" appreciable 

net. slip between partiales and auspending fluid is shown b7 canparing 

the volume flow rates Q calculated from 

Q = ro 2nru'(r)clr 

0 

(.30) 

b7 graphical integration of measured values u' (r), with those obt&ined 

by weighing the aaount of suspension expelled fraa the tube in a given 

tim.e; the two sets ot values (Table 1) are in good agreement. 

When r > r the particles could be clearq seen t.o rotate, c . 

although the rotation of a given partiale was not always steadl' because 

of frequent interactions evident from the radial displac-.ent.s which 

are considered later; it was possible to measure the mean c;a> '(r) traa 

the mean period measured wbile travelHng the length of the tube. 

When r < r
0 

the partiales had neither measurable rotation nor fluctuations 

1n radial distance. Table Il gives directly measured values of c.>'(r) 

for two suspensions which compare favorably with those calculated traa 

(24) using the values of G'(r) determined from the slopes of the velocity 

profiles, indicating that the field rotation and partiale rotation are 

the same and bence that G'(r) = G(r). As expected, near the tube wall 

21 

the velocity gradient corresponding to a parabolic distribution kr < G' (r), 

and a.wq tram it kr> G1 (r) (Table II). 



The tact that the velocit;y profile varied with c and b/R
0 

but 

WU independant of Q and !lo suggested that the develO:plleJlt of the 

partial plug flow wa.s a ·wall ettect rather tban a maDitestation or non­

Newtonian behavior by' the suspensions. This wu further contirmed by 

measurements in the rotational visc<lii'Deter which showed the apparent 

viscosit;y to be independent or shear rate (Fig. 4&). 

At a tixed b/R
0 1 a linear relationsbip vas al.ao fOUDd betwe:D. 

.AP aad Q in tube flow (Fig. 4b). As b/R
0 

increaaed the alope of the 

linas for the two most concentrated suspensions decreased1 indicating 

a decrease in the apparent viscosit;r. This effect has been observed 

in a variet;y of suspensions 10-14) and bas been e:x;plained in tems of 

wall etfects 14, 15) and f1nite particle aize 16>. For spheres 

Higginbotbam et allO) found that Vand's wall conection factor 14) 

yielded the true suspension viscosit7 when cb/R
0 

< 1.5 appro:ximatelJ'. 

According to the present resulta partial plug flow develops in the tube 

about this value of cb/R
0

• It is likel;T tbat this ma;y cause an 

additional decrease in the apparent viscosit7 from tbat predicted by' 

Vand 14) 1 but more exteusive viscosit7 mea.sur-.ents are required before 

more definite conclusions can be drawn. 

(b) Rode apd Dises 

Concentrated. suspensions of roda and dises showed siF' 1 ar 

behavior 1 namel;T 1 above a certain va:lue of c partial plug tlow developed 

in the tube and yielded profiles eim:J Jar to those in Fig. 2. As with 

spheres 1 no dependence on the tlow rate waa f'OUDd. lloreover 1 the 

velocit;y distribution .wu independent of t:lme, indicating tbat the 

partiel es quickly attained the equllibrium distribution or orientations. 
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In the region o~ pJ.ug flow thft parl.icJ.ea. did .aot. ~ the axes o..r 

revolution of most dises vere nearly ·normal and those of roda· near.q 

parallel to the direction of flow (Fig.. 5a). This might be due to 

the ef.fect of the convergent entry from the reservoir into the tube or 

to particle-particle interactions 17>. At r > r
0 

the particles exhibited 

erratic rotations and radial displacem.ents. 

The resulte are S'UJIIII8rized in Table III. The velocity profile 

ot a suspension of dises with b'/R
0 

= 0.078 and a'/R
0 

= 0.0156 and 

c = 0 • .30 was nearly identical to that of spheres with b/R
0 

= 0.056 at 

the sam.e concentration (Fig. 5b), indicating that the characteristic 

dimension of the cylindrical particles (i.e. the one which produces 

the aam.e blunting in the velocity profile as a suspension of rigid 

spheres at the sam.e c) lies between a' and b'. The limited amount ot 

data, however, do not permit any quantitative correlation between 

a', b' and b. 

( c) Concentration profiles 

The explanation for plug flow wbich .tiret canes to mind is 

that a dilution of the peripheral suspension occurs from inward migration 

of particles near the wall, although there was no visual evi.dence of 

this and the velocity profiles did not· change over prolonged times of 

nov. To check this directly, concentration profiles of tracer spheres 

in the tube at the beginning of the experiment and atter the suspension 

bad. flowed back and forth through the tube over a period of 4 hrs were 

measured.. The resulte are 8tDIIID&l"ized in Table IV and show a uniform. 

concentration profile both at the beginning and at the end of the 

experiment. The total. num.ber ot particles H counted atter 4 hrs w.s 
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well withi.J:l the randam. etatiatical error Ji of the initial values, 

and showed reasonable agreement (better thaD 6%) with that calculated. 

from b, the volume fraction of the tracer spheree in the suspension, 

the depth of the field and the léngth of the tube (15.) cm.) ueed. in 

the measurem.enta. It is concluded. fran theee experimente that, except 

for the geometrical reQUirem.ent that particle centers DDlSt be dieplaced 

at least b fran the wall, the concctration of particle canters is 

'Wiifo:rm acroas the tube. 

( d) Radial displacem.ents of spheres 

In di.J.11te suspensions r· remained cOD.stant over relativel7 

long periode of t:lme as a result of the ~rical behavior of doublets. 

'l'hia is ahown in Fig. 6a where aeveral patha of PS spherea at c = 0.02 

are plotted. Each arrow indicatea when an n-bod7 (n > 2) collision 

could be aeen and which, becauae auch collisions are 1m.8ylllllletrical, 

caused a shift in r; these collisions also caused. net displacem.ents 

from the median plane so that eventual.ly the tracer sphere went out of 

focue in the microscope and then became lost fran view. 

The measured values of Ill. r t 1 resulting from 2-bod1' collisions 

only were independant of r (Table V) but about twice thoae calculated 

from ( 9). 'l'he aign of this discrepancy ia as ex:pected aiDee the 

theoey UBtiiD.e& rectilinear approach of two colliding spherea whereaa 

it is known to be curvilinear. .Analysis of the doublet geom.etr;r of 

several collisions fran previous work 
2

' 5>ahovs that lâ 7""[ •"" ia of 

the order of 20% greater than given by- (5). In addition, displacements 

occur by interaction of two apheres which on the basie of the rectilinear-

approach tbeoey do not collide. 
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'l'his eff'ect is revealed by comparing the calcul.ated. rrmnber 

of 2-body collisions ft of' the reference sphere over the period of' 

observation with the number of discernible displacements ~r made over 

the same period; the latter is always greater. Thus over the period 

of' 510 sec at r = 0.,366 cm. (Fig. 6a, Table V) the calcul.ated ft = 10 

whereas at the scale of' resolution used about 23 disturbances in ~r 

could be detected. 'l'his discrepancy points up one of' the limitations 

of the simple geometrical theory of 2-body collisions which cannot be 

overcome untll a theor,y based. on the Stokes-Navier equation is so1ved. 

in detail. A start. on this problem has been made for interact:i.ng 

cylinders in 2-dimensional Couette f'low by Raasch lS) and for spheres 

at 9
0 

= n/2 by Wakiya et al 19) but further discussion of this must 

be def'erred.. 

Surpriaingly, values of' 1 - P{5) calcul.ated. from the 

experimental data showed agreement w:i.th the theory (Fig. 6c). The 

scatter is undoubtedly due to the relatively amall number of total 

crossings ( < 40 at ~ =. 0) within the time of observation. 'l'his 

suggests that the collision theory could be improved. by subatituting 

a "collision radius" b
0

( > b) in the collision equations. 

At concentrations at which plug flow developed., the patha 

of the partiales showed radial diaplacementa whose magnitude and 
i 

frequency decreased with decreasing r (Fig. 6b):, until when r < r
0 

the fluctuations disappeared and, as atated earlier, the apherea moved. 

vith identical velocities and without any measurable rotation over the 

length of the tube. 

25 



2. Cgqf$te Fl2J 

(a) Veloc~t1 wo.til!! 

Further evidence o.t a wall e.t.tect at high c wu obtained :tram. 

veloci~7. pro.tUe meaaur-..nte in Couette nov. In the ammlue between 

tvo counter-:rotating cylindera, the cl.ocladee auguJ.ar velocit7 .Q (R) 

o.t a hamogeneoua lewtoniaD liquid at distance R .from the center o.t 

rotation il given b7 6) 

Q.(a) + Ql ~ a/ {1 -~} ~ 
Q 1 + Q2 ~2 -li_2 R2 

(.31) 

n1 being the cour.rter-c1ockw18e aDgU1ar velocit7 o.t the inner cylinder 1 

Q 2 the c~ocladae a:agaJ.ar ve1ocit7 o.t the outer cylinder and R:J. and R2 

the respective radii o.t the cylinder wall.s. 'the translational ve1ocit7 

and the ve1ocit7 gradient at Rare given b7 

and 

u(R) = RÇl(R) , 

G(R) = R :~(R) • 

(.32) 

(33) 

Because of the finite curvature of the cylinders the ve1ocity gradient 

is not atrictl;y constant but decrea.ees with increaaing R. However1 b7 

increa.eing bath R.J. and R2,a can be made ef'fectivel.y constant across 

the armulua. 

'the meaeured pa.rtic1e velocity proflle p1otted in the 

diaeneiODJ.eae .tom iD Fi&• 7a ebowe good agreement ld.tb (.31) for 

apheree at c = 0.01 • At 'c = 0.38 partic1e and. :tluid ve1ocity profUee 

are identical onr a rauge ot values o.t Q 1 and Q2 1 but dmate 

appreci&bl;y trca (.31); u in tubee 1 the gradient near the wall il 
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greater than g:i.ven by' the theor,y tor a ho.m.ogeneous liquid. The 

theoretical and expertœental curvea intersect each other near the 

center of the annulua indicating a simiJar, deviation at each wall. 

The eftect of pa.rticle aize at the aame c (= 0.,38) 1s illustrated in 

Fig. 7b and 7c; although the ratio 2b/ Il R vas increased by a factor of 

about ,3.5 the effect on the velocity profile vas not as pronounced as 

in Poiseuille now, since at these values of o and b/R
0 

complete plug 

nov would have occurred in the tubes. Reasons for this pronounced 

difference are diacuased. lat er. 

In contrast, the velocity profiles obtained from measureraents 

ot the translational velocities of aluminum tracera in a viscoelastic 

liquid (4% by weight of polyacr,ylamide in water) and shown in Fig. 7d 

were found to deviate markedly from that g:i.ven by (.31), to be 

uns;,ymm.etrical and dependent on the cylinder velocities, the profile 

as;,ymm.etr,y increasing as the average velocity gradient vas increased. b7 

keeping .Q 2 constant and increasing Q.1• 

(b) Normal displacements 

As apected, the displacements l:::..y = (R - R) in dilute 

suspensions in Couette flow were sim1Jar to those in the tube. This 

is illustrated in Fig. 8a where some or the paths of tracer spherea in a 

c = 0.0.35 suspension of PVA spheres are shown. As before R remained 

constant until a multi-body" collision (indicated by an arrow) ocourred, 

and the observed ILl.Ytl was twice as large as calculated from (19). 

Table V also contains values of tt calculated from ( 6), where the 

asterisk indicates the number of 2-body collisions pr.i.or to the shitt 

of r or fl. 
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In Poiseuille flow the time interval during which an 

individual particle could be observed was 1imited b;y the length of 

the tube so that it was impossible to establish the extreme 1imits 

of the radial fluctuations. In the Couette apparatus, on the other 

band, a particle could be observed for very long times as illustrated 

in Fig. S(b and c) libere it is seen that at sufficientJ.T high 

concentrations a particle can travel almost from the one wall to 

the other. It may be concluded from these observations that in very 

long tubes a particle can intime traverse alJ. radii for which G >o. 

3. Reversibllit:.r 

When appropriate precautions were observed, the rotational 

and translational displacements of individual particles (and, indeed, 

domaine of the suspending liquid) in Poiseuille flow could be made 

reversible, i.e. reversing the direction of flow had the effect of 

reversing time as when a cine-.tilm is run backwards. This was 

daaonstrated b;y the follow.ing simple, but very strild.ng, experimenta. 

When a drop of dye solution (Victoria blue in the poJ.Tgl.ycol 

oll) was introduced into the aame oll in the tube and flow was atart.ed 

the drop was progresai veJ.T deformed into an mended ribbon; on 

. reversing flow the drop recovered its initial shape as could readi ly 

be shawn b;y superposition of photographe. It is important to use a 

dye which has a low diffusion coefficient; in the system used the 

cycle could be repeated five times before the irreversible effecte of 

moleeul.ar diffusion of the dye became appreciable. The sam.e experiment 

was performed in dllute and concentrated suspensions (cS 0.4) of spheree 
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with similar resulte, except that the def'o~tion of' the d1'ed regime 

was coneiderably enhanced b7 convection dUe to rotation of' the particles 

when r > r c • Similar resulte have been obtained in Couette flow 4) 

and in a f'ixed particle bed a:>) • 

.. 
The interactions of' rigid particles are also reversible. 

Fig. 9 shows the behavior of' an isolated triplet of' PS dises located 

near the median plane (MM') of' the tube (Fig. le). The coordinates r, 

~» and 9 of' the axis of' revolution of' each dise were perf'ectly repro­

ducible when the flow was c,..cled. The limiting configurations of' the 

triplet are ·ahown pictorially in Fig. 9c. 

The reversible behavior of' r and ~» of' indi vidual spheres in 

concentrated suspensions is shown in Fig. 10. It is remarkable that 

the tr8DSlational and rotational coordinates of' a single sphere, and 

hence all of' the complex configurations of' the dynamical.ly interacting 

assembly of' spheres, were conserved.. Similar behavior was shawn b7 a 

tracer dise in a concentrated. suspension of' dises, as illustrated by' 

the variation of' r, 9 and ~» in Fig. li. 

The requirem.en~s in these experimenta were stringent; it was 

particularly important to have isother.mal flow (to avoid irreversible 

thermal convection currents), to match particle and liquid densities 

( to avoid irreversible sedimentation) and to have low flow rates ( to 

avoid irreversible inertial ef'f'ects). It proved to be DDJ.ch more 

dif'ficult to obtain reversibilit7 with dises than with spheres, possibly 

because of the additional two degrees of rotational freedom of the ·diacs, 

but this point is not certain since nothing is lalown about the rotation 

of single spheres about the X- and Y- axes (Fig. le) in concentrated 

suspensions. 



A fomalized. theoretical. baais for auch tim.-reversed. nowa 

ha8 recentq been given b7 Slatter;r 21.) based on the linearized tom 

of the Stokes-Navier ~tion. 

CONCWDING REHARtS 

It is evident from the toregoing considerationa that deviationa 

from the parabolic profile in fiow through tubes at the low Reynolds 

numbers empleyed in the experimente are due to interactions betwen the 

outer layera of particles and the rigid walls. Even Um:iti.Dg couidera­

tion to single particles presents a formidable problem and bas been 

attempted only for several. simple cases l4,lS,l9,22). Observations 

of single isolated spheres touching the wall reveal. that ther~ is a 

definite slip of the particles in both Couette and Poiseuille flows 24). 

The spheres rota te, but their translation&! velocity ut > CN'b yieldi.ng 

a slip velocity equal to 0.5u' approx. The unsymm.etrical tw-body 

collisions near the wall reported by Goldsmith and Mason 2) shou.ld al.so 

be mentioned. as a possibq related phenomenon. 

The significance of these observationa on isolated particles 

near the wall to the pbenomena discussed earlier and which occur at 

high concentrations is not clear. As the concentration increases the 

particle-particle interaction effects, which are greatly complicated 

by the ~c nature of the particle aggregates, will play an 

increasingly important role and it is conceivable that theories baaed 

on single particles will became irrelevant. However, all arise from 

the presence of the wall, ~d knowledge of the behavior of single 

particles near the wall may contribute to a better understanding of 

the now m.echard sm of concentrated dispersions. 
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Vand's consideration of the wall effect with rigid spheres led him to 

conclUde that "in the region of high concentrations considerable slip 

at the wall might develop due to layera of low viscosity along the walls 

which might completely overshadow the effect of shear inside the 

suspension". Following Vand's suggestion, the wall effect can be 

represented by considering the suspension to be a continuum which bas 

an effective viscosity varying from 11
0 

(that of the pure medium) at the 

wall to 11 ( that of the suspension) at some characteristic distance 

away which is only a function of b. Assuming several i'unctional 

relationships for the variation of the effective viscosity with distance 

from the wall 23) the velocity profUes of concentrated suspensions in 

both Couette and Poiseuille flows and the decrease in apparent viscosity 

with increasing b/R can be qualitative~ explained 23). Moreover, at 
0 

a given b/R (= 2b/ ÂR) and fllfl Vand's model predicts a smaller effect 
0 0 

of the wall in Couette tban in tube fiow presumab~ because of the 

different geometry of the boundary; this is in accordance with the 

experimental resulta. 
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- lA rtl r; r; 

R; lt 

u, v, w 

u(r), u*(O) 

u(R), u(7) 

u'(r), u'(O) 

LISTOFSDmOLS 

= semi-a:xis of revolution of cylindrical particles .. 

= radius of sphere; equatorial semi-axis of cylinder 

= volume fraction of particles in suspension 

= 2-boqy collision frequency per particle 

= velocity gradient; at r in tube flow; at R in 
Couette flow 

= mean free path; at r; average over the tube 

= number of particles per unit volume of suspension 

= number of tracer particles (Table IV) 

= differential and integral distribution :tunctions 
of lateral displac-.ents 

= volumetrie nov rate 

= radial distance .tram tube axis; time average radial 
distance; time average abaolute radial diaplac-.ent 
from mean 

= radius of core of plug flow 

= axis ratio of spheroid 

32 

= radius of inner and outer c7linder of Couette apparatus 

= R2 - Ii.. 
= radial distance of a fluid el•ent from the axla of 

rotation in Couette flow; tim.e average radial distance 

= tube radius 

= velocit7 com.ponents in the X-, Y- And Z- directions 

= tluid translational velocities at r and tube axis 

= tluid translational velocities at Rand y in 
Couette tlow 

= particle tranalational velocitiea at r and tube axis 
respectiveq in Poiseuille tlow 
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t~ t; t(r) = time; average time between collisions in Couette 
tlow; and at r in Poiseuille flow 

x, r,r = cylindrical polar coordinatea 

x, Y, Z = Carteaian coordinatea in Couette tlow 

A y; Il y
0

; Ill Ytl = normal displacem.ent;. maximum normal diaplacement 
d.ur1ng a collision; time average absolute 
diaplacement 

:llo' Il = viscoaity or suspending tluid and suspension 

e, • = spherical polar coordinates (Z ==polar axis) of' 
axis of' revolution of' cylindera or line jo1Ding 
centers of' a doublet of' spheres 

9o' •o = spherical polar coord:inates or the doublet at 
initial collision 

~- = 8:r0 /b 

p = denaity of auspending medium 

- lite time of' doublet; mean value 'l'j "" -
G) '(r) = angular velocity of' sphere about Z-axis 

fll' .Q2;Û (R) = angular velocitiea or inner and outer cylindera of 
the Couette apparatus; angular velocit,- of' a fluid 
element at R 
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TABLE I 

Velocity profUes in concentrated suspensions of rigid apheres in tubes 

u'(r)/u*(O) b) Q x 102 cm.3• sec -1 
a) • 

b r 

~ Calc.c) Meas.d) ...s=. ~ = 0.3) i- = 0.50 r c 
Ro Ro 

a ==.o.so 0 
0 0 0 

'0.085 0.028 0 1 0.96 0.75 0.36 - 0.711 
0.14 0.028 0 1 0.96 0.75 0.36 - J 1. 78 
0.17 0.039 0 1 0.96 0.75 0.36 - 1.78 
0.22 0.028 0.19 0.87 0 .• 99 0.86 0.46 3.55 3.56 
0.25 0.024 0 1 0.96 o. 75 0.36 - 3.56 
0.27 0.070 0.26 0.78 1.0 0.89 0.50 - }.56 
0.32 0.052 0.40 0.74 1.0 0.98 0.63 3.53 }.56 
0.33 0.039 0.38 0.75 1.0 0.94 0.57 - 3.56 
0.34 0.056 0.43 0.73 1.0 0.97 0.62 0.695 0.711 
0.34 0.056 0.43 0.73 1.0 0.97 0.62 3.54 3.56 
0.34 

c 
0.056 0.43 0.73 1.0 0.97 0.62 6.95 7.11 

0.34 0.112 1.0 0.50 1.0 1.0 1.0 0.18 0.18 
0.38 0.030 0.31 0.78 1.0 0.93 0.49 3.56 3.56 
0.41 0.030 0.32 0.77, 1.0 0.93 0.53 3.54 3.56 

Mean Qcalc = 0 99 
. Qneas • 

a) li*(O} is centreline ve1ocit;y for parabolic flow at same Q cal.culated from (23}. 

b} ut(r} and u'(O} are the meaaured partic1e trans1ational velocities at radial 
distance r and at the tube axis. 

c) Frœa (.30) using meaaured u' (r) • 

d} B;y weighing the suspension expe11ed frœa tube. 



TABLE II 

Average angular ve1ocities of tracer spheres in concentrated suspensions in tubes 

r/R Q ' (r) radians sec:-1 a) kr/2 b) 
Measured Calculated -1 sec • 

c = 0.34 R
0 

= 0.4 cm. 6 -2 3 -1 Q = J. 5 _x 10 cm • sec • b/R
0 

= 0.056 r/R
0 

= 0.43 

0.954 0.60 0.45 0.34 
-o.908 0.37 O.J5 0.32 
0.854 0.32 O.JO 0.31 
0.795 0.31 0.27 0.28 
0.736 0.28 0.25 0.26 
0.628 0.19 0.17 0.22 
0.325 Oj 0 0.12 
0.275 0 0 0.10 
0·.075 0 0 0.03 

c = 0.32 R = 0.2 cm. Q = O.J56 x 10-2 cm3.sec-1 • b/R = 0.052 rc/R
0 

= 0.40 
0 0 

0.890 0.35 O.JJ 0.25 
0.840 0.25 0.25 0.23 
0.790 0.26 o.a> 0.22 
0.775 0.24 0.19 0.21 
0.710 0.16 0.17 o.a> 
0.650 0.12 0.09 0.18 
0.460 0 0 O.lJ 
0.280 0 0 0.08 
0.225 0 0 0.06 

a) Calculated from (24) using values of G' (r) obtained frain the experimentall7 
measured velocit7 profile. 

b) Calculated from (24) using measured Q. 

'· 
• lo 
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TABLE III 

Velocitz profilee in concentrated suspensions of rigid roda and dises in tubes 

~ Q x 102 ~.sec -1 
r • 

a' b' ~ 
0 

S;rstem ..s. c 
Ro R Ro 0 

0 

~ = 0.25 Cale. a) Meas.b) ~ = 0.50 ~ = 0.75 
0 0 0 

Dises 0.10 0.0312 0.156 0 1 0.94 0.75 0.43 - 3.56 
tf 0.10 tf tf 0 1 0.94 0.75 0.43 - 3.56 

" 0.17 " n 0.25 0.91 1.0 0.90 0.56 1.86 1.78 

" 0.~5 n n 0.37 o.~ 1.0 0.95 0.69 1.87 1.78 

n 0.25 0.0156 0.078 0.32 0.84 1.0 0.93 0.63 3.66 3.56 
n 0.25 tf n 0.32 0.84 1.0 0.93 0.63 0.738 0.711 
n 0.30 n n 0.38 0.77 1.0 0.95 0.72 ' 3.~ 3.56 

Roda 0.08 0.310 0.039 0.25 0.85 1.0 0.88 0.60 1.71 1.78 

Jlean 9<:~~ = 1.03 

a~b) Evaluated b;r aame m.ethods as in Table I 
~ 
"'l 
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. Range of r 
cm. 

0.334 - 0.400 
o. 267 - 0.333 
0.2>0 - 0.266 
0.134 - 0.199 
0.067 - 0.133 
o.ooo - 0.066 

Totals 

TABLE IV 

Concentration profiles of tracer spheres in tube fiow 

.1L = 0.039 
Ro 

c = 0.17 

R
0
= 0.4 cm. Q = 3.56 x 10-3 ~.sec-1 • 

c = 0.33 

e 

1 

No. of tracer particles N Range of r No. of tracer particles N 1 

t=O t = 4 br. cm. t=O t- 4 br. 
i 
1 

' 

62 57 0.300 - 0.400 71 71 
56 58 0.2)0 - 0.299 72 69 
56 51 0.100 - 0.199 76 76 
55 65 o.ooo - 0.099 9) 84 
63 64 
61 66 

. 

353 361 299 298 

~ 
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c .. = 0.02 

-r cm. 

0.366 

0.357 
0.282 

0.174 

(R
2
- R) cm. 

0.313 

0.304 
0.265 

0.255 

TABLE V 

T1me averagt rad:1.al. diaplaceaumte in dilute 

suspensions of rigid fPheres 

Poiseuille Flow 

b = 0.016 cm. R
0 

= 0.4 cm. Q = 0.78 x 10-2 ~.sec-1• 

t sec.a) tt b) G(r)sec-: J.<Yx )Art) cm. 

Bq. {9) Maas. 

510 10* 0.326 0.64 1.1 

2l4 3.5 0.318 0.64 1.3 

4aJ 5.4 0.251 0.64 1.5 
226 - 0.157 0.64 1.2 

Mean 1!!!. • 2 0 
Cale • 

Couette Flow 

c = 0.035 b = 0.0172 cm. ~R = 0.638 cm. 

t sec .a) ft b) G sec. lo' x lt~Yt) cm. 
Eq. (9) . Maas. 

148 3.7* 0.277 1.2 2.4 
188 4.6* 0.277 1.2 2.6 

~ 7.2* 0.403 1.2 2.4 

147 5.3 0.403 1.2 2.6 

Meu HeaD-- 2.1 .Cale 

a) The total time hterval. over which lârtl and (AYtl were evaluated. 
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b) Calculated fr<a ( 6); the aateriak indicates the number of two bo(Qr collisions 
in time t betore the chaDge in r or (R2 - lt) occurred • 
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Figure 1 (a) Spherical polar co-ordinate system for the collisions 
of spheres in Couette fl~h 

(b) Assumed path of a sphere center in the XY plane before, 
during and alter collision ldth the reference spherè. The 
origin is at the mid-point of the doublet. 
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(c) Co-ordinate system to describe the collisions in Poiseuille 
now. A Cartes lan co-ordinate system is constructed at x == 0 1 
r andl'= 90° at the center of the partiale; x, r, ... are the 
cylindrical polar co-ordinates. 
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F~gure 2 Dimensionless plots of velocity profiles in suspensions 
of rigid spheres. In each case the aphere diameter 
(2b/R

0
) is inset. 

(a) Effect of con_sentratiot} for fio = 0.4 cm., b/Ro= 0.028 
and Q = 3.56 x 10 cm'.sec. The solid lines are the beat 
fit through the EŒperimental points. The c = 0.14 -(open 
circles) curve is parabolic. 

(b) Effect of particle aize. Curve 1 (re /Ro= 0.31) is the 
beat fit line through the experimental points for a suspension 
c = 0.32, .R0 = 0.4 cm., b/R0= 0.026, curve 2 (rc/R0= 0.43) for 
a suspenSion c = 0.34, Ro= 0.4 cm., b/Ro= 0.056; and curve 3 
(open circles r0 /R0= 1) is for a suspension c = 0.341 
R0= 0.2 cm. and b/R0= 0.112 • . 
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(c) Effect ot flow rate for c == ~·.341 Ro== 0.4 cm. and 
b/.a.= 0.0,56, The solid line is the beat fit ot the -2. 

1 
.. 
1 experimental points. Clos~ circles: Q = 0. 7ll x 10 cm • sec , J 

open circles: , Q = 3. 56 x 10- cm~. sec·1• ; open triangles: 
Q 7 -... l -1 = .ll x 10 cm .eec • 

(d) Comparison of particle and fluid velocity profiles in 
suspensions o{ r~d spheres (r0 /R0= 0.38) tor c • 0.30 1 
Q = ;:. 56 x 10 cm • sec-1• 1 b/R.= 0,056 and a.= 0,4 cm. 
Experimental points are: open circles (polystyrene spheres); 
closed circle~ (aluminum tracer particles). 
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Variation of ~ with time of spheres adjacent to the wall in 
a suspension c = 0.38 exhibiting Qomplete plug flow in the 
tube; Q = l. 78 x 10..;1. cm~. aec·1• 1 Ro= 0.3 cm. 1 b/Ro= 0.1 • 
The particle velocity profile and the relative aize and 
location· of the spheres are also shown in the lower portion. 
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Figure 4 Flow curves in concentrated suspensions of rigid spheres. 
(a) Shear stress vs shear rate in a rotational viscometer; 
radius of the eup R.2.= 1.00 cm., radius <?f the bob R1= 0, 680 cm. 
and 2b/AR = 0.140 • · 
(b) Plot of shear stress (RobP/21) vs nominal shear rate 
(4Q/nR1 )·at the tube wall. Experimental points are: squares 
Ro= 0.3 cm., b/R0= 0.075; circles: Ro= 0.4 cm., b/R0= 0.056 
and triangles Re,= 1.0 cm., b/R0 = 0.022 • 
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(a) Steady orientation of cylindJical particles viewed 
along tube axis (left) and in median plane (right) in the 
region of plug flow in concentrated suspensions of rods 
and dises (schematic). 

4.5 

(b) Similari~y of ve1ocity profile in a suspension of spheres 
and dises. The solid line is for the spheres shown in Fig. 2d. 
The ~erimental points are for a suspension of rigid dises at 
the same conceptration c = 0 • .30; Ho= 0.4 cm., 
Q = 3.56 x 10- cm).sec~., b'/Ro= 0.078 and a'/Ro= 0.0156 • 
The relative sizes of spheres and.discs in the suspensions 
are also sho1-m. 
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Figure 6 Parts {a) and (b) Variation of the radial distance r with 
time of tracer spheres in dil.ute and concentrated suspensions 
of rigid spheres undergoing Poiseuille fiow. 
(a) c = 0.02 t,. Ro= 0.4 cm. 1 b = 0.0160 cm. 1 . · · 

Q = 1. 78 x 10· cm1 .sec-1• The arrow indicates a 3-body 
collision which. resulted in a shift in r; measurements: taken 
every 3 secs. 

(b) c = 0•33, ,_Ro= 0.4 cm., b = 0.0155 cm., 
Q = 3. 56 x 10- éml'. sec-1• 1 re /Ro= O. 43; measurements taken 
every 2 secs. 

(~) Plot of 1 - P{~ vs t. The solid line is the theoretically 
calculated from Eq. (17) 'the points are mq>erimental data shown 
in Fig. 6a {open circles) and Fig. Sa {closed circles). 
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0 

Figure 7 Dimensionless plots of· velocity profiles according to- Eq •. (31). 
The dashed lines are the theoretically calcula.ted for a 
Newtonia.n liquid, the solid lines are the best fit of 
experimental pointa. The relative aizé of the spheres and 
the mid-point (R1+ Ra)/2 are alao shown. 

(a.) c = 0.01 , R~t 4.644 cm., R2.= 5.795 cm., .U1= 0.00543 sec·J.., 
!11= 0.00841 sec • and 2b/A R = o.o26 • 
(b) c = 0.38 ; ·R'i.= 13.942 cm., R~,= 14.625 cm •. and 2b/AR·= o.083; 
çperimentâl. pointa are open circles: .0.1= 0.00259 sec·l.. 1 

.!l2.= 0.00614 sec-1.; cloaed circles:.O.~ 0.00259 sec-';, 

.!l"= 0.0:?05 .sec-l-•. and open triangles:.U1= 0.0149 sec·1., 

.!l:a.= 0.00614 sec·J, 

(c) c = 0.38 , Rt= 14.427 cm., R2-= 14.624 cm. and 2b/.O.R = 0.287; 
open circles: fit~ 0.00422 sec-1• 1 në 0.00851 sec:1• and 
closed circles:ll1 = 0.00422 sec-~ ,.1L,.= <;>.0139 sec·1• 

( d) A viscoela.stic liquid (~ by weight of polyacrylamide in 
water solution}, ~ = 13. 942 cm. , R1= 14. 625 cm.; curve 1: 
.n1= 0.00091 sec·1• h!l_2.= 0.00372 sec-1.; curve 2: 
n~,= 0.0124 sec"'1• ,•;_= 0.00372 sec-le 
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Variation of y co-ordinate of tracer spheres from the outer 
cy~inder in d.Uute and concentrated suspensions of rigid 
spheres undergoing Couette flow; R1• 13.942 am. and 
R1:!:. 14.625 cm. The variation in z was compensated by 
focussing the microscope but was not measured. 

(a) c = 0.035 1 b = 0.0172, am.; for.the 1ower ~ic1e 
G = 0.403 sec-1• and for t~ uppe; G = 0.277 sec'"1• The 
arrows indicate· the occurrence o'? 3-body or higher order 
collisions causing a change in r. 
(b) c = 0.07 , b = 0.0172 cm., G = 0.05 to 0.42 se~'; 
readings at 5 min. intervals. 

(c) c = 0.19 1 b = 0.0172 cm., G = 0.05 to 0.42 sec-1t · 
rea.dings at 30 sec. intervals. 
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Figure. 9 Reversibility ot eollisiona in a eret• ot three interacting 
PS dises tor tour ccmeecu.tive eo~ions; R..= 0.4 cm., 
2&1 = 0.0125 cm. and Q = 7.11 x 1~ c:m.l .sec~. Dise 1: 
2b' = 0.0375 cm.; dise 2: 2b' = 0.0470 cm. and dise 3: 
2b' = 0.0480 cm. Experimental points are; closed circles: 
now upwards, open eircles: now downwards, closed triangles: 
now upwards tor second time, and open triangles: :f'low 
downwards for second tiM. The vertical dashed. lines indicate 
the region ot visible interaction of the dises. 

(a) Variation ot r w:l.th time. 

(b) Variation of angle ~ with time. 

(c) Variation of angle 9 with tim.e. 

(d) Projection of dises in the median plane MR' (:XI plane) 
(see Fig. le) traced fran microphotographs, illuatrating 
their configuration at the time ot collision (t = 2.34 secs.) 
and separation ( t = 10. 93 secs. ) • 
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Figure 10 

a b 

25 50 

Reversibility of collisions in concentrated ~pensions 
of rigid spheres; R0= 0.4 cm., Q = 3.56 x 10 cm:\.sec·1~ 
The open circles are experimental points obtained during 
fiow in the upward direction, the closed circles when 
the fiow was. reversed. 

(a) Variation of r with time; for the lower portion 
c = 0.17 , b/R0= 0.039 and for the upper c = 0.34 , 
b/Ro= o.o;6 • . . 
(b) Variation of ~ with time; c = 0.17 and b/Ro= 0.039 • 
The dashed line is calculated .from Eq. (24) for a single 
sphere assuming a parabolic velocity distribution (see 
Table I) and using the average radial distance of the 
sphere center over the two complete rotations. 
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Figure 11 

0 ·20 40. 
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TIME, sec. 

Reversibility of collisions in concentrated suspensions of 
rigid dises; Ro= 0.2 cm., b1/Ro= 0.156 , a'/R0= 0.0062 • 
Experimental points are; closed circles: ne>W upwards' and 
open circles: now downward.s. . 

(a) Reversibility of path of l' tracer dise in a c = 0.10 
suspension at Q a o. 711 x 10- cml. sec·1• Parts (b) and ( c) 
are for a suspension c = o. 25 at Q a 1. 78 x 1()2. ~. sec·l.. 

(b) Var~ation of angle~ with time. 

(c) Variation of angle 9 with time. 
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PART III 

INERTIAL EFFECTS 

ABSTRACT 

The bebaviour of particles suspend.ed in newtonian liquida 

undergoing Couette and Poiseuille flovs at Reynolds numbers at which 

inertial effects bec•e signiticant was investigated. 

Rigid spheres rotated with an angular velocity equal to 

the rotation of the undisturbed field. The rotation and spin or 

rigid cylinders was similar to that observed in the Stokes flow regime, 

but they &ttained limiting rot&tional orbit constants corresponding to 

the maximum energy dissipation in Couette flow. 

In Poiseuille now, rigid partiel es migrated ac ross the 

. planes. of shea.r to an equilibrium radial position which depended on 

the density difference of two phases, the directions of sedimentation 

velocity and flow, and the ratio of particle to tube radius. Neutrally 

· buoyant particles which were deformed by flow alway-s migrated to the 

tube axis. 

In concentrated suspensions of spherea & ~amatie l~er, 

free or particlea d.eYeloped near the tube wall as a consequence or 

radial migration. The formation of this lqer modified the velocit;y 

profile and caused a reduction in the apparent viscosit;y coefficient • 

52 
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INTRODUCTION 

The behaviour of rigid and deformable particles in dilute and 

concentrated suspensions in shear now in the Stokes (or creeping) flow 

regime bas been described in a llUlllber of papera1-6) from. this laboratoey. 

Goldsmith and Mason5) found that in Poiseuille flow at effectivel.y 

zero Reynolds numbers, the radial position of single rigid particles 

remained constant over prolonged periode of nov. In contrast, fluid drops 

migrated to tube axis, and a theor;r to account for this migration was 

proposed5) and improved by Chatfe,y et !:l7,S). 

The rotation and spin of isolated rigid cylinders in both 

Couette11214) and PoiseuilleS) flows were shown to follow Jeffery's equations9) 

for a spheroid in an unbounded Couette flow, provided that the "equivalent 

ellipsoidal" axis ratio1 ) was used and wall etfects were negl.igible. Moreover, 

the cylinders rotated in fixed. spherical elliptical ~rbits which depended 

only on the initial conditions of rel~e4,l0). 
At low Reynolds numbers where inertial effects become important, 

Segré and SUberberg11112) working with dilute neutral.l.7 buoyant suspensions 

of rigid spheres, discovered the ntubular pinch effect11 whereby the particles 

migrated awq both from. the tube ax:l.s and tube wall. reaching . equilibrium at 

an eccentric radial position; at this position and at very low concentrations 

the spheres became regularly spaced in chaine ext.ending parallel to the tube 

axis13 ,l4). 

The observation of Segré and Silb~erg have spawned a number of 

theoretical and experimental etudies becauae of the importance of radial 

migration phenomena to suspension rheology. 

The investigation· reported here deala with the behaviour of rigid 

and deformable particlea in dilute and CODCeDtrated suspensions at the fiow 

regime where inertial etfêcta start to becœe significant 1 and is an extension 
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of a brief prel.i.m:l.n.ar:f study' reported. earlier15) (see Appendi.x I). 

In the Theoretical Part which follows, the relevant theories of 

the phenomena considered. in this Part of the thesis and especia.lly of 

radial migration are presented. in som.e detail to provide the background 

necessar,y to discuss the resulta. 

THEORETICAL PART 

1. Poiseuille and Couette .f'lows 

In Couette flow the velocity field is defined by 
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u = Gy ; v, v= 0 , {1) 

where u, .v, w are the respective fluid velocities along the I-,Y-,Z- axes 

and G the velocity gradient {Fig. la). Wh en the .flow is produced. between 

counter-rotating cylinders, G is not strictly constant across the gap but 

varies with distance from the a.xis of rotation, being ma:x:imum at the inner 

cylinder {radius 11.> and minimum at the outer cylinder (radius R2)1); 

however, vhen (11. - R2)/R:t is small, G may be considered constant across the 

am1ular gap. 

In Poiseuille fiov, G increases linearly w.ith the radial distance 

r !rom the tube axis according to the relation5) 

G(r) =-kr , (2) 

where k = 4Q/nrf, Q the volumetrie flow rate and R the tube radius. In 

terms of cy1indrical polar coordina.tes r,!, x (Fig. lb) integration of (2) 

yields the component of fluid velocity in the X- direction 

(3) 

When the particle is small relative to R the local field can be 

replaced by an equivalent Couette field translating with velocity u(r) (Fig. lb). 
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2. Radial migration in Poiseuille fiow 

Although Segré and SUberberg11112.> were the tiret to observe the 

two-W&T migration of rigid spheres in Poiseuille flow 1 Hüller16) work:ing 

with suspensions of rubber dises, Vejlens17) using single rigid spheres, 

and Starke;r18) us~ carbon black suspensions had previously observed 

migration awq fran the wall of the tube at Reynolds numbers at which the 

tubular pinch effect operates. The principle or least actionlS,l9) and or 

m:1.nimuJa energ,y dissipation in nm,l7) were used to explain the migration. 

However, it bas been shown theoreticallya>' 2l) that no lateral force can 

arise from the creeping equations or motion but that the observed migration 

is due to inertial effects. 

(a) Unbounded nows 

'l'he creeping or Stokes nowa 'llllq be regarded as the leading 

terme in an &8)"DDptotic solution or the Navier-Stokes equation :for small 

Reynolds numbers. To obtain solutions at higher Re;ynolds numbers various 

perturbations schemes have been used; a lengtlv' discussion of the methode 

used is given by' Brenner22). 

Rubinow and Keller23) have studied the flow around a rigid sphere 

of radius b spinning with an a:ngular velocity .,-. and moving in an unbounded 

stationar,y viscous fluid with velocity V; using Stokes and Oseen expansions 

the;y showed that the litt force acting on the sphere ( to the zero order of 

Re;ynolds number) is 

(4) 

where· p is the density of the fluid. This force, which arises from a 

"slip-spin", is &kin to Hagnus force used to explain phenom.ena auch as the 

curving of a spinning ball, and is due to inertial. effects in the neighbour­

hood or the particle. 



AssUJDing that the sphere is propelled radial.l.7 with the Stokes 

velocity the migration. velocit;y ia found :tram (4) to be 

where %}
0 

is the viscosity of the suapending fluid. 

In applying (5) to neutral.J.T buoyant By'StfiDS in Poiseuille flow 1 
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(5) 

it waa assumed23) that the relative pa:rticle-fiuid velocity V is given b724, 25) 

2 b2 b.3 V=- 3 u(o)(R) + O(R) , (6) 

where the negative sign indicates that the particle lags the now, and u(o) 

denotes the centerline fiuid velocit;y corresponding to a parabolic distribu­

tion; furthermore1 it was assumed that w~• == G(r)/2, the value 'Which (as will 

be seen later) corresponds to StokèB flow, and thus becam.es from (2) and (.3) 

(J),· _ :g(oJr 
- R2 • 

Substitution of (6) and (7) into (5) yields 

u =- ~ u(Q) m<l>4 fi , 
wh~e Si = u(o)R p/%}

0 
is the tube Reynolds number. 

The radial velocity given by (8) is alwqs directed inwards. 

(7) 

(8) 

Rubinow and Keller23) m.ultiplied the r.h.s. of (8) by the factor (r - r*)/r*, 

where r* denotes the equllibri'tlll radial position of the sphere, to make (8) 

agree, at least qualitatively, with the experimental observations11112}. 

Sa:t.tmana:l) also considered the motion o:t a small sphere in an 

unbounded parabolic velocity profile in presenèe of inertial effects and, by 

iterating the Navier-Stokes equations, calculated the aid~s velocity 
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U = - 0.86 u(o) 9l (~)4 fi , (9) 

which, except for the numerical coefficient, is aim:Uar to (8). 

In a more rigorous treatm.ent using singular perturbation methode, 

26) 
Sattman analysed the motion ot · a rigid apherical particle relative to an 

unbounded( uni..form, simple shear .flow, the tranalational velocit7 of the 

sphere lying parallel to the streaml.ines of the undisturbed fiow. Three 

independent particle Re,r.nolds numbers arise from the equations o.f motion: 

~: 

9t = 2bVp 
p Il ' 0 

Shear: 

rotation: 

Onl.y tta€ case in which 

2 
!Rp' 9lG !lw < < 1 and !RG' !lw > > 9lp ' 

was considered, and the lift .force FL and the torque H around the sphere 

center were calculated to be 

F. = 81 2 1'1 b2v(.Q1L)1/2 + O(flo)-l/2 
L • ·•o fi P , 

0 

and 

(10) 

(11) 

(12) 

(1:3) 

(14) 

(15) 

The lateral migration velocity, when the Stokes hydrodynamic .force 

- 6nq
0
bU is added to (14) and the total litt force is set equal to zero, is 

tJ. = ~ Vb (ge)l/2 , (16) 
c;n llo 

which is an order ot magnitude greater than (5). 



58 

Unlike the Ru.binow-Keller theory23) 'Wbich depends critically on 
26) l 

particle rotation, Satt;man's "slip-shear" lift force is independent of the 

angular velocity of the sphere ie. the pa.rticle would migrate eve:a. if it was 

prevented from rotating, in accord with the experimental observations27' 2S). 

While Saftmants analysis demonstrated the lack of universal applicability of 

Rubinow-Keller theory it could be argued that when ~P > > tl\J. the lift force 

due to slip-spin might have dominated or been comparable with that due to 

slip-shear. However, Brenner22) has pointed out that with neutra.lly buoyant 

sphere of smal1 b/R ratio where the axial slip velocit;y is gi ven b;y ( 6) and 

where it can be shown that 

mG 1 
9Ç2= O(Rep) ' (17) 

ie. as ~ --+ 0 the ratio becomes infinite, Saffmants conditions (equation (13)) p 

are always met and the Rubinow-Keller theory is inapplicable. 

(b) Bounded flows 

While each one of the above theories is able to predict qualitatively 
' 

certain of the observed features of the radial migration in a tube, especially 

in non-neutrally buoyant systems, they are unable to account for the two-wq 

migration of neutral.lT buoyant particJ.es. The experimental resulta indicate 

that the presence of the walls are of tundamental importance, and as bas been 

pointed out8,l2, 22>, no theory which does not explicitly consider inertial and 

wall effects may be expected to explain the tubular pinch effect. 

Repetti and Leona.rd29) proposed a semi-empirical model based on 

(5); V was not evaluated from (6) but f'rom an empirical relation based on 

velocity data of Goldsmith and Mason5). Their final equation contains an 

adjustable parameter defined as the distance past the sphere surface wi.thin 

which the sphere influences the surround::i ng f'luid. By ad.justing the value of 
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the param.eter they obtained a reversal in the sign of It around r*. However, 

Brenner22) has pointed out on theoretical graands that their equation ca:rmot 

be correct; it ignores the tact that tor small b/R, V ia correctl.y given by 

{6) and assumes .that the Rubinow-Keller theoey is applicable to Poiseuille 

flow. 

A tu1l treatment of the problem of a freel.y rotating and translating 

parallel to the tube axis rigid sphere in a tube of finite radius, has been 

attaapted by Cox 8Zld Brenn_.30). The tiret arder solution of the Navier­

Stokes equation as obtained 8Zld the lateral force required to maintain the 

sphere at a fixed r was computed and converted into an equivalent radial 

migration velocit;r by application of Stoke' s law. The only restriction 
-· 

imposed 1s that the aphere ia not too close to the wall, i.e. b/{R - r) < < 1. 

Five cases were considered, ranging from the neu.trall.y buo;rant particle to 

that of the sphere settl.ing in stagnant liquid. For the neutrall.y buo;rant 

case 

(lS) · 

where f(r/R) is a tunction of the radial position of particle center. Equation 

(18) has the same fona with the empirical equation used by Segré and 

Silberberg12) to correlate their data 1. e. 

:: = U = 0.17 u(o)!R{~)2• 84 i {1 - ~) • 

Integz:ating (19A) yields: 

1 r(r0 - r*)= 0 17 
11o !R2(:2,)2.84 t 

oge r 
0 
(r - r*) • pR2 R • ' 

where r
0 

is the initial radial position ot the sphere. 

3. Rotation and spin of rigid partic1es 

(19A) 

(19B) 

Jeftery-9} studied theoreticall.y the rotaey motion and axial spin 

of a single neutrall.y buo;rant rigid spheroid with centre at the origin of an 
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infinite !ield of Couette flow defined by (1). In ter.ms or spherical polar 

coordinates e and~ with the Z axis as polar axis (Fig. la), the angular 

velocities of the axis or revolution predicted by the theory, when inertial 

efrects are absent and there is no slip at the particle-liquid interface, are9) 

(2)) 

2 
de G(r - 1) 
- = e sin2Pf sin29 , 
dt 4(r 2 + 1) 

e 

and (21) 

where r is the equivalent ellipsoidal axis ratio1>. The spheroid undergo~s e 

spin around it s axis o! revolution gi ven by 

and 

w • = Q cos e . s 2 

Integration of (2.-Q) and (21,.} yields 

c2r 2cot2e = 1 + (r 2 - 1) cos2~ , e e 

tan ~ = re tan (~) , 

where T is the period or rotation of spheroid given by 

2n 1) T=-(r +-
G e r ' e 

and c is the orbit constant1>. 

(22) 

(23) 

(24) 

(25) 

· For the simple case or a sphere (r = 1), the particle rotates at e 

a constant angular velocity which !rom (20) is round to be 

G 
(1)1 = 2 , 

and with a period of rotation given by (25) which for r = 1 reduces to e 

T = li!! . 
G 

It sbould be noted that (26) is employed to derive (7). 

(26) 

(27) 
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For prolate apheroids (anq roda) re> 1, and (al) indicatee that 

w' is great est wh en the axis of revolution ia perpendicular to the direction 

of fluid now (f6 = 0) and leut when it is aligned with the now (f6 = rr/2); 

the converse is true when re < 1, i.e. for oblate spheroids (and dises). 

It follows from (23) that, at a given c, the enda of axis of 

revolution describe a spherical ellipse with major axis 91 and minor axis 

92 (Fig. la) where 91 and 92 are defined by (23) setting f6 = rr/2 and f6 = 0 

respectively, yielding: 

4. Variation of orbit constant of ri&id spheroids 

(28) 

Sattman~) studied the e;t'fect of inertia of the fiuid on the orbit 

constant of a spheroid in Couette now, and calculated the rate of change 

of C to be 

! . gQ, = A G
2
a(a - b)p 

c dt ~0 
(29) 

where 2a and 2b are the length of axis of revolution and the equatorial 

diam.eter respectively and A = - O. 24. It f'ollows from (29) that the axis of' 

revolution of an oblate spheroid tends to set itself parallel to the Z-axis 

(C = 0), and that of' an oblate spheroid in the XY plane (C = (X)). These are 

the orbita in which the particles make the m:iniJmun contribution to the 

suspension viscosity9). 

In Couette flow, where G is constant, (29) may be integrated to give 

2 
log L = A G a(a - b)pt (30) 

e C
0 

11
0 

where C
0 

is the initial value. 

In P.oiseuille now, where G varies with r, substitution of (2) into 

(29) and integration yields l 

log L = A k
2a(a. -b)p jr2dt • 

e C
0 

110 
Q 

(31) 



62 

EXPERIMENTAL PART 

1. Methode 

(a) Poiseuille fiow 

The techniques ot observing particles tlowing in vertically mounted 

glass tubes have been described previous~' 6). 

The particle translational veloci tiea were determined b7 matching 

the apeed ot the viewing microscope to that ot the particle and computin,g the 

distance along the tube axis from the read:tngs ot a revolution counter. At 

high now rates, the speed ot a particle was measured b7 timing it between the 

cross haire ot two telescopes ot a cathetometer mounted 37 cm. apart. The 

distance ot the particle . center from the tube wall was measured b7 means ot a 

calibrated micrometer EJTepiece. For suspending liquide ot retractive index 

different from tbat ot glass a correction was applied to give the true radial 

distanc~l). 

Liquid vel.oci ty- pro .tUes vere deter.ad.ned by- meana ot a calibrated 

Hycam 16 m. bigh speed camera (Red Lake Laboratories Inc., SUlUJ3'Vale, 

Calitornia) operatin,g at about 1,000 trames per sec. The films were subse-

quently analysed by projecting than onto a dratting table. 

The rotations as well as the variations in the orbit constant ot 

cylindrical particlea were studied b;y photographing the with the aid ot a 

PaiJlard 16 mm.. Bolex camera. When the particles are observed along the Z-axis, 

the projected length at (9$) ot the semi-axis of revolution in the XY plane at 91 

becanes 

The projection o.t . the equatorial plane is the ellipse of axis ratio 

s(9J) = b:(@) = cos Q , 

where 2bf (St1) is projected length of equatorial diameter at $4. The orbit 

(32) 

(33) 
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constant wa.s calculated from (28), (32) and (33) b)" measuring s(9J) for dises 

and at(9J) for roda at 9J =O. 

Liquid drops were for.med by using a stainless-steel hypoder.mic 

needle connected to a 0.1 ml. capaoity microburette. The needle tip was placed 

under the suspending liquid surface near the upper end of the tube, and the 

drops rel.eased during now in the downward direction. 

(b) Couette now 

Direct observations of partioles along the Z-a.xis in Couette now 

were made in the coaxial cylinder deviee (li.= 13.354 cm. and R2 = 15.234 cm.) 

described el.sewher.,3). The photographie techniques for measuring the rotations 

and orbit oonsta:rrt. vere s:!milar to those used in tube now. 

2. Materials 

The propert.ies of the suspensions used are listed in Table I. In 

all the experimenta the densities of particles and medium were closeq matohed 

(ô·p ~ '!{,.01 g.cm.-3) exoept in System 10 (àp = 0.13 g.cm.-3) wbere sedimenta-

tion was deliberately aought, and System ll wbere the aluminum tracer partiel es 

were ao amall that sedimentation wu negligi.ble. 

A1l experimenta were performed in a thermostated room. maintained 

+ at 22 - 0.5°C. 

RESULTS AND DISCUSSION 

1. Rotation and spin of rigid particles 

(a) Spheres 

The measured angular velocities of spheres in Couette flow (Table II) 

are in good agreement with (26) although in System l thêre is som.e scatter in 

w • calo/w' 'meas about the mean value of ùnity pressumabq because of the low tt
0 

and the resulting hiah values of 9l • The agree~~~.ent with (26} and (27) over a 
·(1) 



wide range of !lw is .further illustrated in Figure 2. 

Equation (26) was derived for the Stokes flow regime; when sma.ll 

inertial effect are considered, Sa.ffmanls anal.y'sis26) indicates that, to the 

. terms of lowest order, w1is still given by (26), as may be seen from (15) by 

setting M = o. 

(b) Rode and dises 

Axial. spin: The observed axial spins of dises for the special case 

of C = 0 are given in Table In and indicate good agreement with the values 

calculated fran (22) by setting Q = O. 

Rotation: The variation of ~ with tim.e for a rigid rod and dise in 

Poiseuille flow is illustrated in. Figure .3a, and follows (24) provided that 
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re instead of the actual axis ratio r = a/b is used. The values or r calcu-
P e 

lated fran (25) using the measured ro1 ) 1 agreed to better tha:n 5% with those 

obtained at low '-p 4). ~e .3a also indicates that, as predicted by (a>), 

~/dt is maximum at ~ = TT/2 for the dise (re < 1) and at ~ = 0 for the rod 

(re > 1), and is independeni or C {and Q). 

A more sensitive test or the theory is to plot tan~ against tan 2nt/T; 

this was done for rigid cylinders both in Poiseuille (Fig • .3b) and Couette 

(Fig. 4a.) flows and as may be seen the agreement was excellent. 

Variation of Q: The variation of Q with ~ during a complete rotation 

is shown in Fig. 4b where the resulta have been plotted in linearized form as 

suggested by (Z3) using the experimental values of C and re; the agreement 

with theory is verr good. In a number of cases, expecial.J.y with dises, the 

variation of g with ~ was not iden.tical in two successive half-orbits. This 

was also observed at low !RP and wa.s attributed to a lack of perfect sy.mm.etry 

(e.g. variation in a) of the particles5); the explanation appears to be the 

same at high '- p" since the. deviations failed to show any correlation with 9t P. 
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2. Drift in orbita or rode and dises 

When a particle was observed over J118D7 rotations a steady' drift in 

the orbit constant was observed, until it attained the limiting value C = oo 

for rods and C = 0 tor dises, af'ter which there wae no rurther change confir.ming 

the preHm:inaey observationslS). Contraey to (29), the particles attained the 

as)'mptalJ.c orbit values for which the energy dissipation in Couette now is 

greatest9). At theee orientations, a dise possesses a steady spin about its 

axis of revolution which is oriented along the Z-a.x:is; on the other hand, a 

rod. rotates periodical.ly without spin of axis of revolution lying in the XI plane. 

This is illuètrated schematically in Figure sa. 

(a) Couette now 

As pred.icted b)" (30) log (C/C
0

) varied linearly with time (Fig. Sb) 

'When C/C
0 

< 10 tor rod.s and C/C
0 

> 0.1 for dises, af'ter which deviations from 

linearity became apparent. It should be noted, however, that the extrem.e orbit 

constants near C = 0 tor dises and C = oo for rode are difficult to measure 
l 

accurately. The rate of change of C increased with Gand particle sise (Fig. Sb) 
' 

in accordance with {29); as J'JIB:T be seen trom Fig. 6a, however, the rate was not 
2 . 

proportional to G • At low G, C remained constant (Fig. 5b curve 4) in agreement 

with earlier resulte in ~he creeping now regime4,lO). ·As G increased there 

was an abrupt increase in the rate of orbit dritt (Fig. 6a). 

(b) Poisauille flow 

In Poisetdlle now there was also simultaneous radial migration, 

considered. la ter, to the equilibrium position r* as the long axes of the rods 

and the faces of the dises became oriented in planes passing through the axis 

of the tube (Fig. Sa). The rate of change of C increased with increasing r, 

and was zero tor particles near r = 0 as shown for a rod in Table IV. As may 

also be seen frca Table IV a particle initial.ly located at r* did not migrate 

whereas C changed towards its &S)'mptotic value. Thus while the drift in both 



C &Dd. r are rel.ated eftects due to f'luid inertia, radial m:1gration is not a 

neceasar:r condition tor the variation in C; this is to be e:xpected from. the 

resulte in Couette f'low. 

(c) Orbit drift wameter A 

Values of A calculated trœ. the experimental data using (30) for 

Couette f'low and (31) in Poiseuille f'low are listed in Table V. Because of 

radiallligration in tube f'low the integral in the r.h.s. of (31) was evaluated 

graphie~ from the experimental data by' plottiDg r 2 against t and measuri.Dg 

the ares. under the curve. As mq be seern trœ Table V, A was smaller in tube 

than in Couette f'low possibl.1' because of the closer pro:x:illlity of the wall; 

it also depmded on G and r being smaller with rode than dises (Table V). 
p 

It ia clear tbat A is not constant as predicted by' (29) which was, hovever, 

derived for spheroids of small rp. Sattman.2)) bas pointed out, that, when the 

aspect ratio is large (rp < < 1 or rp > > 1), it is probable that 

(34) 

where "J. ia a constant. A canparison betveen (29) and (34) shows that for rode 

(rp > l) 1 "J.I > 1 A 1, while tor dises (rp < 1) r "J.I < 1 A 1. Values of 1 "J.I 

cal.culated from (.34) for Couett.e f'low are plotted in Fig. 6b as a flmction of 

G. As mq be aeen, (34) Tielded 1 ~1 vaJ.ues of ~he ea.me order of magnitude 

for both rode and diacs) althoughl~f is not constant but increases with G. 

3. Radial misration iR Pois !gille f'low 

(a) Reu.traJ.J..r buozant pstau 

Ris:Ld epbez:es. Aa previoual.3 f~'12,l4,1S,2?), r::Lgid sphere$ 

initi~ placecl near the wall migratecliDward.e, vhll.e spheres situated close . 

to the tube d,:t' ~at.,_ outwards until, independentl.1' of the direction Qf 

migration, thq reached an equilibl"ium. radial position r* between the tube â.Xis 

and tube wall (F1g. 7a). At high values of Q and b/R, the particles sometiraes 

' ~· 
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overshot r*, alter which the migration oacillateci until the aphere settled 

at r* where it remained (Fig. 'lb curve 2); there waa no tangential movement, 

i.e. + ra:nained constant aa would be axpecteci :fran the ax::L-s,ymmetric flow 

.field. Brenner22) states that Denao~4) observed an oscillatory motion of 

the part.iclea across the equilibrium position at !ftP = 1.5 to 120. 

The rate of migration increued with increuing Q. At a given Q 
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and particle size, and when. b/R ~ 0.4, the migration velocity did not increase 

monotonical.ly vith increa.sing the radial displacemen.t .from the equilibrium 

position, but showed a axiD'!'QDI at som.e intem.ediate value of r/R; (Fig. 7a 

Fig. 'lb curvea 1,2); when. b/R > 0.4 this was not detectable aa may be seen 

.from. Fig. 7b. The migration rate also increaaed vith increasing particle 

aize when b/R < 0.4, but when b/R > 0.4 the rate decreased (Fig. 7b) possibl.T 

because of the influence of the other wall of the tube. 

As shawn in Fig. Sa the translational velocities of the spheres 

u' (r) were identical .for the upward and downward .flow but lagged behind the , 

undisturbed .O.uid velocity u(r) at all radial positions; u(r) at the .flow 

rates used was parabolic and thus followed (3). 

The equilibrium radial position r* depended on particle size, 

decreasing aa b/R increaaed (Figs. 7b and Sb}. The values o.r r*/R .round 

were somewhat lower than those reported in the literature12114-' 27} perhaps 

because the present experiDlents were per.formed at much lower !R (~ 1.1). 

Scrutilv' o.f the data of Sesré and Silberbergll,l2) w:Lth spheres and of 

Miiller16} with dises, suggests tbat r* shitts clos er to the wall as the !ft 

increases. This does not contradict (18) which implies that r*/R is indepen­

dent of !R and b/R because (18} applies on]Jr wh en both !R and b/R are small. 

It was not possible to veri:r,. (16) because the condition 

'-r, /!R,.2 > > l was not fultilled in these experimenta. Saf'fman.ts analysis 

requires high Q and small b/R so that G2tt /V2p > > 1, and under the most 
0 



. 
favorable conditions of the present investi&ation (ueing the measured. V) 

v~ was of the order of lrl-; bence., the calculated migration rates 

vere about 10J e;reater than those act~ observed. Also a direct test 

ot (5) was not possible because w1 was not measured s1multaneously vith V 

and u, and use of (7) is not justitied. for tbe rane;e ot b/R employed. 

The data for b/R = 0.25 to 0 .. 305, in wlü.ch measurement of U 

vere most extensive, were correlated vith an equAtion simila.r to (19B) 1 

i.e. 

r(ro - r*) ~ __ 2 b 2 
los r (r _ r*) • 0.02 2 ~<a> • t 

o pR ·.> 

. (.35) 

as illustre.ted. in Fig. Sc. It should. be noted that (8) 1 after multipli­

cation of the r.h.s. by (r - r*)/r* and integration, yields an equation 

sim:llar to (19B) but vith b/R in the tourth power. It seems that the 

numerical value of the ex:ponent in b/lt depends on particle aize. With 

no wall effects20123) i.e. as b/R___.O its value is 41 whereas with fiÎlite 

but small b/R, both theor.y-'0) and experimental. resultsll,l2) (for b/R = 0.029 

to 0.152) yielded. values of approodmat~ 3; in the present work1 in which 

b/R was still lare;er (0.25;- 0.305), tbe exponent was 2. 

Roda and Diss;s. R1gid cyllnd.ers (Fie;. 9a and 9b), like spheres, 

drifted. radial.l1' either inwards or outwards to the equilibrium. position,. 

their orbit constants simultaneously' drl..f'tine; as described. earlier. 

Deto:rmable pa.Gicles. In contrast t.o rigid particles, liquid 

drops and elastœer filaments, which were de.to:nned. by the shear field, 

Dd.grated.. to the tube axis (Table VI) as tbe;r did ~t low sp5). The radial 

position ot the fibres waa meaaured by photographing them. Since they were 

dei'ormed and bat while tlowJ.na in ifhe tube, an arithmetic averae;e radial 

distance was clet.ermined. trqa the photographe.; the fibres vere di vided into 

68 
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equal segments alo:ng the length (about o.o; cm.) and the distance of each 

segment from. the tube axis was m.easured. The iDwarcl migration to the tube 

axis of an el.astomer tibre i8 illustrated in Fig. 10 b7 tracings of photo­

graphe taken at various tim.e interval.s. 

The rate of migration of :tluid drops decreased with increasing 

the viscosity ratio; at p = SO liquid drops behaved as rigid spheres i.e. 

there was no migration at low 3l , and migration to r*/R =o.; appr. at ' p 

hi&h S P. For a gl.ven systan the rate of migration increased. with increasing 

b/R, Q, and radial displacEment from. the equllibri\Dll position (Table VI) as 

at low 3l ;) p • 

(b) Szstema with densitz difference 

A few experimenta were perform.ed with SystEm 10 in which the 

spheres were denaer than the suspending :tluid yielding sedimentation 

velocitiea Vb from. o. 2 to o. 25 cm.. sec. -l. The resulta are tabulated in 

Table Vn. With the flow upwards spheres migrated towards the tube axis at 

all radial positions, in accordance with previous observationsl4, 27,29) , due 

to the large value of the slip velocity and the iDtl.uence of the wall. When 

the flow was in the downward direction, spheres behaved as in the neutra.l.l1' 

bu07ant Systems i.e. the,y possessed a tlf0-W81' migration depending on their 

initial r/R, conf.'i:rming earlier observations27 , 29). Because of the lim.ited 

length of the tube, r* could not be m.easured.; Oliver•s27) experimenta and 

Breanerts22) a.nal,ysis .indicate that r* should be clo~er to the wall than in 

a corresponding neutral.q buoyant systan. 

It is interesti:ng to note that in the case of downwa.rd flow and 

when the particles were close to the wall thfi,T llligrated. imtards although 

ut(r) > u(r) (Table VII). It is as if the wall has a repul.aive etfect on 

the spheres, an effect which is also present when a sphere sediments near 



the tube wall in a quiescent liquid of low viscosit;y. The latter arises 

from inertial effects 'Which result to a source-like behaviour of the flow 

at distant points from. the sphere not lying within the wake22). This waa 

observed by placing a sphere (b/R'""' 0.4) at the wall of a vertical tube 

containing a stagnant liquid of low viscosit;y (O.JJp); the sphere quickly 

migrated to the tube axis. When the viscosity of the liquid was increased 

to about 25p without changing the densit;y the sphere rolled down the wall 

without ~ating. 

It D1&7 be concluded, therefore, that when the sedimentation 

velocity ia in the direction of flow, the particles reach equillbrium. at 

the radial positions at which the inward directed force arising from the 

prox:im:i.t;y of the wall balances the outward directed lift force. 

4. Suspensions of rigid spheres in Poiseuille flow 

(a) Particle-free layer near the wall 

When a suspension of rigid spheres waa allowed to flow in the 

tube a particle-free zone developed near the wall. The formation of this 

"plasmatic" lqer was also observed in suspensions of spherea undergoing 

oscillator.y flow';) and in pulp fibre suspensions36) although in the latter 

case it waa probably a deformation rather than an inertial affect. 

The thiclmess ô of the particle-free lqer was measured by photo­

graphing the flowing suspensions using flash illumination to stop the 

motion. Since particle-particle interactions, caused & to var.y from point 

to point along the tube the arithmetic mean 'S' was calculated from a number 

of photographe taken simultaneousl.T along the tube. 

Fig. lla shows the gradual increase in 8 with time for suspensions 
-

of various volume fractions c. At a given Q the time required for O' to 

-
reach its equilibrium thickness S

00
decreases with increasing c (Fig. lla). 
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The &SJ"DDPtotic values of Ô are shown plotted. in dimeDsionless form against 

c in Fig. llb and as ma.y be seen 8
00

/R (and Ô
00

/b) decreases as c increases. 

The distribution of particles in the core of the suspension vas not m.easured 

but, at least in the lower' range of c, a peak in the concentration profile 

around r* sbould be expectedll,l2). 

The development of particle-free lqer near the wall changed the 

velocity distribution of the suspension in the tube and caused a drop in the 

apparent viscosity coefficient !ia. This is illustrated in Fig. 12 and 

Table VIII. 

(b) Velocitz profile 

To study the m.odif'ication in the velocity profile, transparent 

suapenaions of po~l acetate spheres (System 5) of various c vere uaed 

and the velocity distribution measured as deacribed elsf!!IWhere6). The 

suspensions were introduced at low Q in the tube and the initial velocity 

profile determined; Q was then increased and the suspensions were recycled 
·-

in the tube until 'S = : Ô00 after which the initial Q was restored and the 

velocity profile was again measured. As may- be seen from Fig. 12 and Table 

VIII, the suspensions initi&lly possessing a parabolic velocity distribution 

developed a central core of effecti vely zero G whose radius r c increased 

with increasing c. At concentrations at which the velocity profile was 

initi&lly blunted, r c vas further increased by the formation of the plasmatic 

layer. Partial plug now in the tube was also observed (Fig. 12) when the 

suspensions were subjected to an oscillatory flow of high frequenc,-35) to 

increase the !l P. 

A aimilar blunting in the velocity profilee in suspensions of 

bigh c undergoing Poiseuille now waa reported at low !R and attributed. to 

a wall etfect6); at high 5l the blunting is due to the :adial migration p 



which gives rise to a two-phase f'low in the tube with à 1ow viacosity 

1iquid ( = fl
0

) near the wall and a high viscoaity near the axis. 

( c) Pressure drop 
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Because of lubricating action of the plaamatic 1~er the pressure 

drop ~p over a given 1ength L (= 6.5.1 cm.) of the tube (measured by means 

of a differentia! pressure tranaducer6)) dscrsased with time as the layer 
-

was developed (Fig. 12~ insert) until & = &00 wherlea.i'ter it remained 

constant. Sim.ilar observations in dilute suspension of spheres were reported 

by Segré and Silberberi37) • 

-If oàfR and c for a suspension are known the apparent viscosity 

fla may be defined by 
nR4AP 

fla= SQL ' (36) 

from which fla may be calculated assuming an annulus of suspending phase 

thickness &eo' surrounding an inner core of suspension of unitor.m concentration 

ct and viscosity flc3S-40). A material balance per unit 1ength of the tube 

yields 

c = 1 2ct (37} . ~ 

where 1 = 1 - 8 : /R. Mooney's equation41}, recently conti;r.med by Brodnyan42) 
CO< 

for latex:es up to c = 0.4, may be used to evaluate 1:1c: 

_ ( 2.2c' ) 
Ile - llo exp 1 - 1.57c1 • 

Heglecting for the time beinS the eftect ot the wall the apparent 

viscosity is gi ven by40) 
. %} 

0 qt = • 
a 1 - ~(1 - %10/!l0 ) 

Combining (36) and (39) yie1ds the pressure drop 

~ 8Qqo = . 
L na4[l- 1!+(1 - q

0
/flc>J 

(38) 

(39) 

(40) 
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A correction should nov be applied to (.39) and (40) to account 

for the ~c interaction between particles and the wall. I:t: Sv 

denotes the thiclœesa of Vandt_,3S) equivaleat plasma layer it can be reac.iily 

shown.3S,40) that 11a (correapond1ng to (.36)) is given by' 

4 ~ - llo/11a 
1'v = 1 - fl/1.la,' (42) 

where tv= 1 - SjR, and ôv =O. 7b for sphere."S,40,4.3). Substitution of 

(42) into (37) and (40) yields 

llo 
Il = ---......;----
a 1 - (11 ) 4(1 - lljllc)' 

and 
Ap SQI}o 

L = nlf(1 - ('J!v)4(1 - 11
0
/llc)J • 

(43) 

(44) 

Comparison between the meaaured and calculated apparent viscosities 

and pressure drops for the two suspensions of Fig. 12 (inaert) is made in 

Table IX. AB expected 11a t and ~pt /L (i.e. wi.th no correction for the wall) 

were greater than the meaaured values. A.fter correcti.Dg for the wall, 

(Eqs. (43) and (44)) the measured and calculated fla and AP/L were in 

excellent agreement; this may be f'ortuitous since the hydrodynamic inter­

action eff'ect implicit in g may be over-compensated by the exist&1ce of the 
v 

real plasma layer o a::t>. 

CONCWDI.NG REMABKS 

The radial migration at high !ftp is undoubt~ due to inertial 

effecta aince no radial (litt) force can arise under comparable conditions 

in the Stokes flow regi:m.e2>,2l). 'In sedimenting systems the experimental 

data appear to be in qualitative agreement with several theoretical inter-
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pretationa2212.3,:26) in that the direction of migration depends on the sign. 

ot ~e slip vel.ocit;r. However, in neutra.J.ly buOT&Dt systems the theoretical 

treatments of Ru.binow and. Kell.er23) and Satf'mana>,:26) cannot be expected to 

explain the two-wq migration observed ill Poiseuille fiow because both 

neglect the variable G and the presence of boundar,y walls. On the other 

band, the theory of Cox and. Brenn~) 1 which talees into account the variation 

in Gand the tinite dimensions of the particle, is incomplete, and quantitative 

comparison ld.th the data cannot be mad.e. Qwù.itative:cy, however, the present 

work shows that for the narrow range of !R :lnvestigated, U varies proportional7 

to !R as predicted by (18); on the other band, U is proportional to the second 

rather to the third power ill b/R, perhaps because of the large ratio of b/R. 
,_ 

Two interesting consequences of the development of & , are the 
00 

reduction in ilP and the change in the velocity profile in suspensions flowing 

through tubés at high !R p. These may be of interest in the transport of 

suspensions through tubes and pipes, since the power u:penditure is reduced, 

and part.icle rotation is inhibited b7 the devel.OJDent of plug now; the 

latter effect may reduce mechanical attrition and aggregation of the pa.rticles 

as the,y flow, desirable in same systems.3S,.36). 

The change in the orbi t distribution of rods and dises may be 

important in mald.ng viscosity measur•ents in capillàry tubes. The drift 

towards orbita of max::i.mum energ dissipation will lead. to an increase in 

the apparent viscosity of a suspension of cylindrical particles; this 

increase may, however, be overshadowed b7 a decrease resulting from migration 

from the wall. The two simultaneous effects may produce apparent non­

newtonian effect s1milar to that reported for spheres3?) whose magnitude 

depends on the relative rates of radial migration and. change in orbit constants. 

This possibility .deserves experimental study'. 
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LIST OF SIMBOLS 

= semia.x:is of revolution of spheroid; XY projection at ~ .. 

= orbit drift parameters 

= radius of the sphere and undistorted drop, and semiaxis 
of equatorial diameter of spheroid; XI projection at f6 

= volume fraction of suspended phase 

= orbit constant; initial value 

= lift force 

= velocity gradient; a.t r in Poiseuille flow 

= 4Q/nR 4 

= tube length 

= torque about the sphere center 

= viscosity ratio of particle to medium 

= pressure drop; predicted value uncorrected for Vandts 
wall effect 

= volumetrie flow rate through tube 

= radial distance f%'om the tube axis; initial and 
equilibrium radial position of pa.rticle 

= radius of the core of zero velocity gradient (Table vni) 

= equivalent ellipsoidal axis ratio of rigid cylinders 

=a/b 
= tube radius 

= tube Reynolds number; shear Reynolds number 

= pa.rticle Re,ynolds numbers based on slip and angular 
velocity respectively 

= radius of inner and outer cylinder walls of Couette 
apparat us 

= b'(~)/b 
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= tille; period ot rotation througb - = 2rr 

= components of nuid velocitT along the x, Y, Z axes 

= nuid tranalational vel.ocities at r and at r • o 

= partiels translational vel.ocities at r and tube a:x:ls 

= migration velocity of particles ( = dr/dt in Poiseuille 
now) 

= relative particle-fluid velocity 

= sedimentation velocity 

= Cartesian coordinates 

= cylindrical poral coordinates 
-· = l - à'" /R • 1 - ô /R 

00 ' v 
= thiclœess of particle-tree lqer near the wall and its 

equilibrium value; aritbmetic averages 

= thiclœess of V and' s pseudo-lqer near the wall 

= true viscosity and apparent viscosity of the suspension; 
· m.edium viscosity and viscosity of the core 

= angle of axis of revolution with Z..axis 

= density of suspending liquid; denaity difference of 
drop and medium 

= ax::lmuthal angle of axis of revolution 
• 

= angular velocity ~ of rigid particlea 

= axial spin of rigid cylinders 
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TABLE I 
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Properties ot Suspensions. Tg, 22°C 

System medium 
p 

g.cm.-3 

:q 
0 

poises Partic1es. 
a) · range ot partic1e 

· P dimenaions x 103 cm. 
1-------+------- "-- - --- ---------+---·---+----+------------- +---t----------------1 

' 
1 aqueous glyeero1 0.018 1.05 polystyrene spheres j b = 62 

1---2----+-----)---+--1.-0-5-t-----+-p-o_ly __ s_t_yr_en--e-sp_h_e-re;T-, -b = 40 __ t_o_7_1 ___ _ 

1--------l Ueon oil b '! -- a _ 6 to·-0:;;--·-----~ 
3 50-HB-26o 1.05 1. 2 polystyrene dises 

1 
b = 22 to 45 1 

1-------------r---r--------·---------------·------: 
4 + 

1----------l tetrabromoethane 

5 

6 

alum:i.num-eoated 
nylon rode 

' a == 40 to 6o ! 
l b = · 4 to 4;8 

1----+----1---------·-------- --
polyv~1 acetate 

~-----+----~~s~~p~:h~er~es~------~+--4--------- c) 

1.17 1.1 b == 15 to 29 

1.06 1.2 e1astomer filaments a= 221 to 690 
b = 2.8 to 4.6 

---

~---+------------4----~-----4--------------+--+--------------·-

1---
7
---,- Ueon oil b) 

8 50-HB-55 
i------l 

9 + 

1.05 

! 1.05 

1.08 

polystyrene spheres 

polystyrene dises 

b = 15 to 61 

a - 6 to 6.5 
b = 22 to 45 

0.137 1 aluminum-coated a == 40 to 6o 1 

nylon rode b = 4 to 4.8 i 

r---------+----+------ ------

f----~ tetrabromoetba.ne 
10 + 

benzylaleohol 

1 .. 0,5 

:---:::__--------+----it-------------'1 

polyv~1 acetate b = 36 1 

.ll 

12 

Ueon oil 50-HB 
, - 260 + tetra­
bromoetbane + 
benzylaleoho1 

~s~p=h=er~e~s~-----4-~-------------- _ 

1.05 alwninum partic1es <2 

l 

, 1.049 1 O.S64 poqstyrene spheres ! 1 

i b = 11 to 191 

1 
1 ~----~-------------~------~,~----4-------------~~--------· 
1 

13 1.026 1.26 -o b = 48 
1 

1 

dibutyl phthalate 
+ Ueon oi1 LB-
1715 

Ucon oils b) 
LB-285 +LB-

·----·--·l 
14 10 b = 37 to 48 1 

1 1715 
1.259 1.15 gl.y'cero1 

15 
i'.è-8---~-i!-b-~-=-) z_en_e__,_o_.-9-75__,1-1-.-o--+-si_l_i_co_n_e_o_il __ SO_P_d_) --+-50--+-b·-=--3-7--t-:· 48 

1----- ··-·--~------------'--------'------'--------------· h-·----...1----------.. ·-·---------------·--------~ e a) Ratio or the suspended to suspending phase viacosity. 

b) Polyglyeol olle (Union Carbide). 

c} E. I. du_ Pont de Nemours. 

d} Dow Corning Silicone oi1 Series 200. 



·-· . •.. 

G 
-1 sec. . 

-· --··· 

0.486 

0.680 

1.75 

2.90 
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TABLE II 

Angular veJ.ocitits ot nQ.g sphera H C9U!,tte flow 

S;rst•l Syst• 2 

J---------l i -1 
m w• rad. sec. G i m w• rad.sec. 

w Eq(26) . Meas. sec.-1 
1 w Eq(26) Meas. -· ·· -r- ------t-------·- ---~---.. -··-· --·-------

0.22 0.243 0.234 
1 

3.52 1 0.033 1.76 1.77 1 
1 

1 ! 
0.29 0.340 0.322 6.46 ! 0.059 3.23 3.21 i 

0.82 0.875 0.914 7.70 0.14 3.85 3.83 

1.4 1.45 1.54 8.76 0.16 4 • .38 4.36 

10.52 0.19 s. 26 5.32 

-----·-------·- ~--- .. --~ - •.... -·----·. ··--- ·- --·-------------- ----------·~----

Mean .Q!J& == l 004 Meas • 
Cale. Mean ië'àS 0. 999 
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TABLE III 

.1\.xial spin of dises at C = 0 

Couette flow., System 3 Poiseuille flow., SystemS 

-·-~--~--- ----- ··--+--- -~ .. ----

G w•
8

: rad. sec. - 1 Q 1 R G W'-
-1 rad. sec. 

-1 3 -1 -1 6 

sec. Eq. (22) Meas. cm. sec. cm. sec. Eq. (22) Meas. 

---- ,_ 

2.58 1.29 1.30 0.356 0.4 5.04 2.52 2.43 

3.00 1.50 1.48 



l 
i 

1 
' . 
' 

i 

1 

tsec 

0 

23 

.306 

559 

709 

0 

65 

13.3 

.308 

505 

805 

TABLE IV 

Drift in orbit constant in Poia.-aille flow 
! . 

6 3 -1 R = 0.2cm. Q = 0.35 cm. sec. !ft ::;; 1 

dises, System 3 roda, System 4 
···-·----a a) 

r/R c t sec r/R c 
' 

·--- .. ~,-.... 

o.soo co 0 0.750 0.78 

0.750 00 52 0.695 1.2 

.o.;6o 26 12.3 0.670 3.6 

o.;;o o.;; 356 0.575 CD 

o.s~ 0 - 0.490* CD 

·-· 

0.,7.35 s.o 0 0.485* 0.54 

o.6J.I) 3 • .3 51 0.495 o.6o 

0.5.35 0.91 136 0.490 1 • .3 

0.5.30 0 241 0.485 00 

i 0.525 0 

0.525* 0 0 o.oos 1.8 

1 

67 0 1.9 
1 

j 1 

182 0.125 1.8 

.382 o. 2.30 2.7 

- 0.490* 00 

·- -··· ··-- ·---

a) The aaterisks indicate the value of r*/R. 

82 

1 

1 



• TABLE V • 
Orbit Drift Rate 

---,"·---~ ··--

Couette flow Poiseuille flow 

Dises., System 3 Dises 
--- -·-· .. -~ 

' G oJ a(a-b)p [ o3log.C/co l -1 rp 1 x ].; t sec. 118 . -1· 
l se • · sec. 

-~··---

1 

1 4.35 0.159 - 0•19 - 1.4 

0.192 - 0.15 - 0.81 ! 3.79 
1 
1 

1 3.70 0.264 - 0.10 - 0.37 
l 

0.264 - o.io - 0.66 ! 4.58 
1 

- 0.66 i 4.64 0.264 - 0.10 
1 
1 

1 1 7.0 0.264 - 0.10 - 0.95 

0.68 - 0.74 

A. - Il ~-u-stem k . - Range of' b)l,o3a(a-blp! /~~dt ë~~--
1 

G/~ 1 A 
(30) i1 " -1 -1 .. G I.L q o2 2 og. "'o Eq (31) 

1i 1 cm. sec. -1 o cm. sec. .
1 

1 • 
tt , . sec. sec. 
' . 1 ' -~··-··---f--··~-·. -.. ·-+ ··-·--·--;··· ; -----~-· ·----~1-.----- ·--·~-.. -

90 il 1 ' 1 

" j 1 p i ' 
l' 1 j 1 

86 t! 3 ! 282.9 130.7- 41.9! - o.~9 
62 i! 1 1 ! '! ' ' 
72 :_1 8 li 17.68 1 4.9 - 5.9 i - 0.62 

·1 1 
71 :1 1 1 

. 1 1 

47 :
1 

1 1· 

6.23 - 0.88 

0.16 

0.16 

·: 1 1 ---------,-·------- ------- ---·· 
il 

------ _;_ ___________ ..J __ 

1 

Rods, s,..stem 4 

s.J4 10.03 2.4 1 0 0 

8.66 10.03 2.4 0.17 o. 

9·49 10.03 2.4 6.4 o. 

11.6 10.03 2.4 1 14.6 o. 
1 

P Roda -l 1·· 1 d)T ___ 1 

0022 Il 4 ! 282.9 l 27.8 ! 2.1 1 

,j l i j 1 068 :, 4 282.9 !'38.2 - 42.7 l 2.1 1 1.66 0.66 1 o.ooss 
' 1 1 

04 ' l ! l 
. ! 1 1 ' i 1 

----·'·----·----·· -L .. 

0.38 0.0039 

(a) Evalœted i'rom the slopes of' log.C/c
0 

vs. t plots {Fig. 5b). 

(b) At the initial and i'inal radial positions. 

( c) Evaluated by graphical integration. 

(d) Initial.ly 1ocated at r*. 
00 
~ 
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TABLE VI 

Radial migration o:t detormabl.e partic1es- in Poiseuille tlow. 

Elastomer filaments (System 6) [ 
F1uid drops, R = 0.4 cm. Q _ 0 356 3 -1 R- o 2 j - • cm. sec. - • cm. 

2 --~- - -1 . 1 . -- - - b 1 

10 x b r/R 104 x dt cm.sec. 1if x b a ! i-/R ) 1 

----+--cm_._·t- tinal jni~---- cm. cm. ~p-~t.ial. tinal 

102 x Q 
System 1 3 -1 cm. sec. 

13 7.1 4.8 o.; o.250 o 135 2.9 !0.54 185 0.460 0.050 
1 

' 13 7.1 4.8 0.5 0.003 0 ! 13 4.6 i 0.69 150 0.554 0.1101 

14 7.1 

14 7.1 

2.8 1 0.221 78 0.745 0.050! 

2.8 1 0.221 : 78 ; 0.568 0.060 

4.8 0.72 0.250 0 

1 

22 

3.7 0.29 0.290 0 16 1 

15 1 14.2 4.8 1.3 0.50 

15 1 14.2 3.7 0.54 1 0.53 1 

L -'--· ------~ -----~-. 

a) From (6) and (10) using the radius b of the undetormed drop. 

b) Average radial position. 

00 
~ 



TABLE VII 

Radial migration or sedimeatw rJ,s!d sRberes 

{System 10) in Poiseuille now 

85 

1 -2 3 -1 -1 b R = 0.18 Q = 1. 78 X 10 œ. sec. R = 0.2 cm. Vb = O. a> - 0.25 cm. sec. ·---, . ,-~·· --l 
1 · ! a) 

r/R t u'(r) u(r) _1 ! Direction 
1 

~0~ -t. t;:,. r/ t 

-1 cm.sec. or . . . ' 
initial final sec cm. sec. initial final now cm.sec.-1 

r/R r/R 

""1----· -·-- ..... -·--···--·· ...... , .. -

1 

i 
' ' 1.6 0.140 0.175 45.2 0.395 0.277 0.275 ! Downwarda 

1 
0.465 0.140 37.7 0.300 0.222 0.278 n - 17 1 

0.250 0.340 49 0.265 0.250 tt 3.7 

o.oso o.oso 1Z>.5 0.102 0.281 0.281 Upwards 0 

0.175 0.130 125.6 0.0886 0.275 0.278 n - 0.72 
1 
1 

0.16o 0.010 123.4 0.0952 0.276 0.283 1 " - 2.4 

l__:::6o 0.025 101.7 0.0877 0.282 0.283 " - 1.1 

·-·--·_j ___ ·--------~- --· ~,.. ·---~----··· -- --

a) Migration toward.s the tube axis is negative. 



• • 
TABLE Vlli 

Ettect ot radial migration on the velocit:Y profile in suspensions of spheres und.ergo!ng Poiseuille flow. 
' 

System 5 R= 0.2 cm. Q = 0.356 cm.3sec.-l b = 0.015 cm. !R = 0.7 x l0-3 
p 

-----------·----- - -
Initial velocity profile Final velocity profile 1 

1 a) 1 b)l -~---------· b) ~ ----~~---- b) ---·-1 

j re. 
; 

1 i· 
u 1 (r)/u' (o) 1 r /R 1 u• (o)/u(o)., 1 ul(r)/u• (o) 

--------t-r __ /1!_:_ 0.25 _ r/R ~o. 50 r/R = O. 751 1 [ r/~ = 0:25 r/R ~ o. 50 r/R = o. 75 

; 1 1 0.05 1 0 
1 

1 0.10 i 0 
! 

0.151 0.20 
! 
; 

1.0 0.94 0.75 0.43 l 0.12 1 0.97 0.95 0.79 0.46 

1.0 0.94 0.75 0.43 0.24 0.93 1.o o.e~ o.5o 

0.94 0.98 0.82 0.53 1 0.35 1 0.84 1.0 0.93 0.61 

0.84 1.0 0.90 0.64 ! 0.40 1 0.78 1.0 0.95 0.69 0.20 1 0.38 
.. _.,...,. ·----------

a) re is the radius of the core i .. e. the region o! plug flow in the tube within which the particles move w:ith 
identical translational velocities and without rotating. 

b) u 1 (o) = particle translational velocity at r =O .. 

00 
en 

1 

1 
! 
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TABLE U 

Comparison of measured and calculated values of apparent viscosity 

and pressure drop in suspensions of spheres; S:ystem 5, b/R = 0.096. 

------.. ---··--···· ------.,---~------ J 

-

c Q a) - b) 
s.,R c' %J 

c) 
Ile 

ois es 

Il' a 6 l" ft %J ~ poises AP /L dyn. cm7 3 a 
cu?. -1 sec. Eq. (37) poises poises .+........ - 3 Cal d) H Cal d) v .. "V ..... cm. c eas. c neas. 

0.15 0.142 l o.oso 0.167 
1 

0 • .30 

0.071 J 0~~~- 0 • .3()8 

j 
Eq.(38)1 Eq.(39) 

1.00 

4-24 

-----_ .. ___. .. 

1.93 

4.94 ' 
1 
1 
j 
l 

1.69 '1 

4.3) 1 

1 

a) VollDII.etric now rate at which AP wu measured. 

1 
Eq. (40) i 

73 1.49 1.45 1 

96 3-24 3.5 1 

b) Frara Fia· (llb); for the c • 0.3 swspen.sion an extrapolated value was used. 

c) The true viscosit7 ot the suspension claculated f'rom. (38) using c. 

d) · Frœ. (42) ~ (43) and (44) with &v • O. 7 b. 

65 63 

74 79 

00 
-J 
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Figure,J: 

88 

z 

a 

y 

y 
r------.1' \---....., 
\---Y 
\--.' 

u=....;Gy 

x 

(a) Spherical polar coordinate system describing the orbita of 
cylindrical partiales in Couette flow. A spherical elliptical 
orbit ot the axis ot revQlution ot a rod {r.,. > 1) and a dise 
(re< 1) are shown by curves 1 and 2 respecti vely. 

(b) Cylindrical polar coordinates r, '' x in Poiseuille !lO\'li 
(right} Cartesian coordinats system construoted.at x a 0 and 
v=-9oo. 



Angular velocit7 ot ri&id aphens as a tunction of. Sc.t• The 
horizontal Une is tram (27) ·and. the points are experimental 
àata. 

89 

Circlea: present work for S;ystem l ·(open circles) and S;ystem 2 
. (cloaed. circles) in Couette i'low; 

1 
sa 

3
3) 

tria.ngl.es: previous àata. tor Couette flow a· ; ' ; a.nd 
squares: previous clata tor Poiseuille flow6,11l 
The vertical Unes indicate the standarcl cleviation tor each 
set ot clata. 
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0·71 . 1.0 

+ 

80 

40 •. 

... 
c 0· 
:? 

b 

4 

.JO --·--::i/-;;·.;_··-· .. -~--·····-··(.,\ ···-···-·····-h,-
fan(2Tt) 

Variation of 1/J with time in Poiseuille flow for a rigid. dise 
r.r · = 0.245 (System g circles) and .L'or a rigid rod r~ = 8.2 
(SysteiU 91 triangles~. The linos are calcula.ted !rom (24). 
The experimental points arc: - · . 
closed circles: r/11 = 0.7401 G = 5.24 sec·•, ù = 11; 
open circ,les: r/R = 0.7901 G = 5.58 sec-1

1 C-= 2.1; 
closed triangles: r/U = 0. 7021 U = 4. 97 sec -t 1 C = co ; 
open triangles: r/R = 0.6751 G ~ 4.76 sec-1 ., C = 3.5. 

· (a) Plot of ~ against t/T. Ilote that the a.ngul.ar velocity is 
nw.xilaum.at ~ =;: O . .for the rod and at ~ == n/2 t'or the dise anù 
that, as prédicted by (20) 1 tha variations o:t ~ 'ir.lth time are 
independant of 0' (or C). · 

1 (b) V~riatio~ ~t tan $1 uith tan (2nt/T). 

90 

1 
1 

l 1 
: r 

l 

1 t . ' . ' 



.. 
J 

b 

(a) Variation of angle fJ w:l.th t:lme in Couette :flow :for a 
rigid dise (STStem .3) and. rod. (System 4). 'l'he lines are 
ealeulated trom (24) 1 and. the points are experimental data. 
Open eircles: G • 6.01 see~t 1 r 111 • 7.24 and C == 0.26; 

· elosed eircles: dise G = 4.41 see-1 
1 r. = 0 • .35 and C == 2.8. 

(b) Variation ot a w:l.th ,S .tor the sarae rod and dise shawn 
in Figure J. 'l'he lines are caleulated :from (23) using the 
measured C and r

4 
the points are experimental data. 

91. 
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DISeS 

92 

a 

! 1 

1 
1 

~ ~·~------~~--------~--~ 0 ~ ~ 
! TIME, min. 

(a) Projection of rod.s and dises in tube !lo11 vimrod along the 
tube axis (upper) and in the median plane (lower) after they 
have atta.ined the respective lindting value C = oo and C = O. 

(b) Variation of log C lf.ith time Ghowing the affect o! G and 
particle aize on the rate of change of C in Couette .flot-r. 
Linas l to 4 inclusive are for rods (System 41 2a = 0.098 crn, 
2b • 0.0095 cm) and linas 5 to 8 ·tor dises (System 31 2a = 0.012 c."ll). 
Roda: lina l: G = 11.6 sec-J, C0 = 0.69; line 2: G = 9.49 sec-1 ~ 
C0 = 0.44; lina 3: G = 8.66 sec-1, C0 = 0.32; line 4: G = 5.34 sec-1 , 

Co = 0.23. · 
Dises: line 5: 2b = 0.0455 cm, G = 3.70 sec·1 

1 Co = 2.9; lina 6: 
2b = 0.0455 cm, G = 4.6 sec-1, C0 = 1.8; line 7: 2b = 0.0455 cm, 
G = 7.0 seo-1

1 C0 = 3.4; line 8: 2b = 0.0755 cm, G = 4.35 seo-1 , 
C0 = 2.3. · . 



Figure 6 

0 

0 

1·0 

--

0 

0 

25 

50 1 -· 100 
G sec. 

0 

5 10 
G sec:-• 

(a) P.lot ot log (c;cJ /t against Gl tor roda (open circles) 
and dises (closed. eircles) in Couette tlow which aeeording 
to (JO) should be linear. 

(b) P.lot ot IA11 caleulated. trom (J4) againat Gin Couette 
tlow tor the rod (open eircles) and dises (closed. eircles) 
in Table V. 

93 
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00~----~00~----~~~----~~----~--~ 

TIME,HC. 

Fissre 1. Radial. 'migration of rigid apheres in Poiseuille flow. 

94 

(a) System 2, Q = 7.11 x l0-2 cm! sec-1 , b/R = O.J051 R • 0.2 cm, 
and !R,=- = 7.4 x 10-a • Curve 1: inward migration. Curve 2: 
outwd.rd migration. 

(b) S)"stem 121 Q • 7 .U x 10-1 cm.3 aec-1 , R • 0.1 cm. Curve 1: . 
b/R = 0.155, ~R,. =r 2. 7 x 10-1 • Curve 2: b/R = 0.40, !lèr = 4. 7 x 10-z. 
Curve J: b/R = 0.5251 Dl, • 1.1 x 10-1 • Curve 4: b/R • 0.7781 
:Rp = 0.)6. 

Partiale Reynolds num.bers are based on {6) and {10) •. The arrowa 
are points of inf1ection where dr/dt passes through a maximum. 



'-fer: 0 

u (r) 
~ (0) 

----·--- a 

(a) Particle and fluid translational velocities in Poiseuille 
flow in a tube R = 0.2 am. at Q = 0.071 to 0.356 am} sec-1 • 

The line is calculated from (J). The points are experimental 
data tor System ll (circles, !K = 8.13) and Systems 2 a.nd 71 
(squares, 2b/R = 0.36 to 0.50) during flou· in the upward (open 

. squares) and down·uard {closed squares) direction at Si, {based 
on (6) and (10)) from 1.4 x lo-a to 2.1 x lo-a. 

(b) Dimensionless plot aho~ the eftect o.r b on r*'. 
open circles: present work !il - 1.1; 
cloaed circles: data11) at ~ < JO; 
open triangles: data 1•> at 10 < !A< 80; 
closed triangles: data.'-1l 145 < !K < 510. 

95 
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Fi&ure 8 (c) Plot accordin& to (l9B) System 2, R • 0.2 cm. 
Clrcles: b/R = 0 • .305 and fJ( • 0.195 tor outward (closed 
cirqles) and inward (open circles) migration. 
Triangles: tor· outward migration of a sphere b/R • 0.25 
and !R - 0.;390. 

96 



TIME,Hc. 

FMY:re 2 Radial migration o.r rigid cyllnders in Poiseuille flow at !R 
from 0.4 to 1. 

9? 

(a) Dises; System 31 R =- 0.2 cm. and 2a = 0.012 cm. Curve 1: 
Q == 0.356 cm.• sec-1 1 2b = 0.0684 cm; curve 2: Q =- 0.356 cm? sec-• 1 
~ ::: 0.0934 cm. and curve 3: Q = 0.142 cm~• sec-1 

1 2b ==. 0.0097 cm. 

(b) Roda; System 41 R = 0.2 àm1 Q = 0.356 cm1 sec-1 • Curve 1: 
2a = 0.0892 cm, 2b = 0.000.3 cm, curve 2: 2a • 0.114 cm, 
2b • 0.0005 cm. and curve .3: 2a = 0.100 cm, 2b = 0.0084 cm. 



Flow .. 

Flow .. 

el($"li/ZZZZZZZZ:;li:I/Zlli/777::7~7777777J 

1 
-·-·-·-·-·-·-·-·-·-·-·-·-·- 0·4cm . 

t=O t=31sec. ·t= 63sec. 
vZZ777ZZ7777777777777777777777ZZ7777777777771 1 

VIZZZZZ%7117777777777177%%7/ZZZZ/IIZZZZZZZZZJ 
. T 
---~-·-· -~-- .. -·1·-·- 0·4cm. 

t=95sec. t= 150sec. t=511sec. l 
viii/1117/Z/17%1111%/ZZ/ZZIZ/Zll//77777717771 

Tracings from photographe of an elastamer fibre {No. 4 in 
Table VI) shotting its radial migration to the tube axis 
and its configuration at various time intervals. System 6, 
Q = 0.356 cm1 sec-•, R = 0.2 cm. and rf= 78. 

98 



Figure 1).. 
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~$'#/!h'l/l&'/lh1171#//17//ll#llll#h. 

Initial Final 

Initial Final 

• •• 
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.... 
r 

99 

The developnent of particle-free layer in suspensions or rigid. 
spheres. System 71 R = 0.2 cm, b/R = 0,075, Q = 0.356 ~! sec-2, 
mp = 5 x lo-a. 1 

(a) Variation or b/R with time. The pointe are; open circles: 
c = 0.02, closed circles: c = 0,051 open triangles: c = 0.10 and 
closed triangles c = 0.15. 
(b) Etrect or concentration on ~/R and &.,/b • 
(c) Tracings !rom photographe or the particle-tree zone tor two 
suspensions. 



fi:gure l2 

--

:100 

Ettect of particle-tree zone on ~he apparent viscosity and 
velocity profUe of concentrated suspensions or spheres (System 5) 
in PoiseuUle flow. Plot of u• (r)/u' (o) against r/R for two 
suspension (u1 (o) is the centerline particle transla.tional 
velocity). The dashed lin~ ia the initial pa.rabolic veloaity 
profile. _The solid Unes are the final velocity distributions 
when b = o= • Curve l (open circles): steady tlow c == 0.10 
Q =- 0 • .356 cm.3 sea-1 1 R -= 0.2 cm, b/R = 0.075 and m., = 0~7 x 10-3 • 

Curve 2 (closed circles): oscUlatory flow, frequency 17 .l sec-1 1 
amplitude 1.1 cm4 1 c = 0.22, R = 0.5 cm, b/R = 0.040 and 
m tt = 2.2 x lo-s • 

The insert shows the decrease in AP with time tor two suspensions 
a = 0.15 (alosed oircles) and o = 0.30 (open circles) in a tube 
R = 0 • .3 cm; b/R = 0.096 and Rer = 2 x l0- 1 • 

Partiale Reynolds numbers are based in (6) and (10); the relative 
sizes of the spheres are also shown. 



PART IV :10:1 

MEIISCUS EFFECTS 

'l'hia inveatigatlœl deals with the acc'I&Ulation ot partiales 

which occura behind. an advancin& air-llquid meniscus in a tube. It 

is shown tbat near the meniscus the radial c011p0nent ot velocity ot 

the liquid containing the partiales pl.qs an important part.. 

The measured axial and radial velocities ot a liquid without 

partiales are in qwùitative agreem.ent with a theoey due to Bhattacharji 

and ~vic tor haœogeneous tluids. 

Isolated spheres suspended in the liquid which reached the 

meniscus, sutter an 1nward displacem.ent as they are transported by the 

radial flow near the tube wall which increases ~th increasing partiale 

. &Jize. An 1nward displacem.ent ot spheres also occurs at a tube conver­

gence in positions rem.ote trca the meniscus. In both cases, the 1nward 

displacement preSUIII&bq ia due to the interaction ot spheres with the 

wall. 

Two-bodl' collisions near the advancing meniscus result in 

an 1nward displacEBD.ent ot the ind.ividual spheres ot the doublet greater 

tqan .. that ot iaolated spheres. 

The pheD.cmena accouut tor the 9bsened accUIIIUlation and also 
' 

tor a predicted aize-tractioaation in·suapenaions ot rigid spheres 

&Dd. ..W.siona. 
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INTRODUCTION 

In stud11ns the vel.ocit7 profiles 1n concentrated. suspensions 

ot rigid. spheres undergoing Poisea1ll.e tlow1 ) an increase 1n concen­

tration behind. the ad.vanciDa meniscus was observed. (but not report.ed.) 

as the suspensions were p1Dilped. into the tube. 

Concentration changes 1n suspensions flotl'iDa through tubes 

bave been observed b7 Jl&ll1' workers 1n a number ot qstems2-8). In 

aqueous pulp-tiber suspensions Forgacs et a12) have shawn, using a 

vert.ically mounted rotating circul&r loop or glass tubing d.evice halt­

tilled. with the suspension, that a d.epletion or pulp fibres at the 

reced.ing and. an accUIIl\llation at the ad.vancing meniscus occurred.; the 

phenCDenon was attributed to the fo:nD&tion or a part.icle-tree layer 

as a result or Ddgration from the tube wall ot d.etonuable pulp fibres. 

In blood. fiowing through cap1lla17 tubes, a d.ilution or the red. celle 

1n the tube was observed., the drop 1n concentration becoming more 

pronounced. as the tube rad.ius decreased.3-4); moreover, it was observed. 

tbat the region behind an advancing meniscus showed a mu~h stronaer 

red colour than the bulk or the suspension 1n the tubeS). Vejlens5) 

bas also shawn tbat the tiret drop or blood tram a tinger tip puncture 

contained a relativ~ greater uumber or white corpscules than the 

subsequent drops. 

The reduction 1n concentration ot a suspension 1n a tube and 

the accumulation ot particles near an advancina meniscus have been 

explained6-8) 1n tems ot imrard displacement of part.icles frcm the -

wall at the tube inlet and the near the meniscus,wbich causes them to 

travel. raster than the original streuù 1 ne 1n wbich thq entered the 

tube. 
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Recently Bhattacharji and Savic9) made a theoretical stud7 

of the now of a viscous liquid ahead an inviscid liquid piston in an 

attempt to explain the concentration gradients observed in natural 

formations of minerale. This theory is relevant to the present work 

which was undertaken to stud7 the nature and causes of concentration 

changes in fiowing dispersions. Starting with the fiow of pure liquid, 

velocity profiles and streamJine patterns behind the advancing meniscus 

were measured. The paths of single rigid spheres and two-body inter­

actions behind advancing liquid menisci were studie4. Concentration 

measurements along the tube in dilute and concentrated suspensions 

were made. Entrance effects were investigated, and, final.ly, some 

1_03 

experimenta on particle fractionation in d.ilute emulsions and suspensions 

were performed. 

THEOJWriCAL PART 

Consider the axi-S)'liiDletric flow of an incompressible viscous 

fluid in a tube radius R with cylindrical polar coordinates x, r having 

an origin at the center of the air-liquid meniscus (Fig. la). Far 

behind the meniscus (which for simplicity is considered to be flat) the 
. \ 10) 

velocity profile u*(a.} is parabolic 

- 2 u*(a.) = 2 u · (1 - a. ) , (1) 

where ·a. = r/R and Ü the average fluid velocity given b,r 

ü- _g_ - na2 , (2) 

Q being the V()lumetric flow rate' through the tube. The flux at a. is 



a 

q*(a.) .... -a2 J 2mu*(a.)da. • 
0 

(3) 

The aeniscus advances in the direction or positive x with 

-velocit;r u. To render the nows statioua17 we consider the tube to 

-JBOTe vith a velocit;r - u yielcli.ng a velocit;r distribution relative to 

the mensicus u(a.) = u*(a.) - u which trœn (1) and (2) becomes 

- 2 u(a.) == u (1 - 2a: ) • (4) 

lfow consider a long tluid c;ylinder or radius r (Fts.J.â) whose base 

(BB •) is on the. aeniscus and whose top AA' is remote trœn the aeniscus. 

The fiœ: through AA' is given b;y · 

(5) 

vhereas th&t · through BB' is zero. Since no acc\llllUlation or tluid within 

the c;ylinder is possible the liquid nowa radial.q outwards rran its 

aide as illustrated b;y the arrows in Fig. la. Thus the transltion tram 

a parabolic to a unif'orm velocit;r distribution must reslilt in a radial 

tlow behind the advancing meniscus; as may be seen rrom (5) the max1PnDR 

q(a.) (= Q/4) occurs at a. = l/12. 

Bhattacharji and Savic9) have solTed the RaTier-Stokes equat.iOD 

in the Stokes (creeping rlow) regime assuming no slip at the ~ube wall 

and that the viscous shear vanishea at the liquid surface x== o. An 

approximate anal.Ttic solution, Which is sutf'icient f'or our purposes, 

is given b;y the Stokes stream tunction 

where p = - x/R. As p2_. oo, ( 6) reducea to the stream tunction tor 

parabolic tlow: 

(6) 



{7) 

Equation { 6), which is exact at bigb p, predicts that the streaml ines 

turn backwards near the ad.vancing meniscus.. The radial position« at m 
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which a stream11ne goes througb a max:.hmm Pm is tound b7 ditterentiating. 

(6) part:.l.all:y' with respect to a and equating to zero; it can then be 

shown that the 1oop occurs at constant am(= l/f2)o 

tunction: 

and 

The axial and radial. velocities tollow trcm the stream 

1 ~'f + {6- 2 ~ v(«) =- ~ = - -2 ua.{1 - « )exp(-V6p-) , 
ràr 

When the meniscus is advancing (13 <0) the sign in (9) is +, the 

(9) 

radial. tlow is from. the axis to the wall, and the reverse tor a 

receding meniscus (13> 0). In both cases •s ~oo,v{a)-o and .(8) reduces 

to (4).. Moreover., (8) predicts that u(1/J2) = 0 tor. all values of P; 

also by differentiating (9) partiall..y with respect to « and equating 

to zero., it can be readll.y shown that at c~nstant (3, v(«) goes 

through a :m.aximtmt at a = 1/13 tor all values ot 13. 

In the experimente described later v(a) was measured, as a 

matter of convenience, at t = constant rather than at 13 = constant; 

v(a) along a streamline may be calculated by cambining (6) and (9) 

to yield 

The radial position ot ma.:x::1ma v(a) is tound. by ditterentiating_ (10) 

(10) 



with respect to a. and equatina to zero wbich gives 

a(vm) = [.l + (l, +f!tttLsll/2r2 • 

Equation (11) shOW'S that, at a given Q, a.(vm) is least when Y = 0 
+ -

( streamline passing through the tube axis) and equa.l to - 1/J 3 and 

increases vith increasing ~. 

Direct observations ot partiale mOYaents tlowing through 

vertical tubes vere made usina the travel Jing microscope 57stem 

previously describedl,lO). Heutral.l;y b\lOY&nt suspensions of screen­

fraètionated samples of polystn-~ne, (PS) or polyvinyl acetate (PVA) 

spheres of radius· b = (.35 '! 15) to (650 '! 50)~ in a pol.1'glycol oil 

(Ucon oU 50-HB-5100) contaiD:lng tet.rabromoetha.ne ot density p = 1.05 

to 1.14 g.ca.-3 and rlscosity %1
0 

= 24.6 poises vere employed .. 

Liquid velocit;y protiles and streamline patterns behind. 

the Jll8l'l1sdus vere measured. b;y cine-photograpq (usina a Paillard 

Bole:x: 16 mm. reflex camera) of t~ 251J, alumi:num tracer part.icles 

susp~ed in the liquid. Near the meniaoua tqe ax::tal and radial 

velocities changed continuously and the a'V'erage values vere measl.ll"ed. 

The average axial velocity. vas determ:lDed b;y counting the number of 

trames between tvo positions of . a tracer partiale at a distance 

x '! /s% from the meniscus (4X< 0.0.3 cm.) and r '! ar tram the axis 

(âr< o.oos 011..); aim1larq the average radial velocity was e:vaJ.uated 

at r '! llr(Ar< O..cYi =•>• 

1.06 

(11) 
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Two-body collisions were stud.ied. by locating two spheres 

close together near the meniscus and in the median plane of the tube 

normal to the viewing axis and. photographing their interaction. The 

variation of the a:zimutb&l angle '/J of the llne joining the sphere 

centers with the Y-axis {Fig. ·la) as well as the radial positions of 

each particle were measured on a projection table. 

Convergent entrance effects at positions rem.ote from the 

meDisous were investigated in a ver,r d.ilute suspension of PS spheres 

(volume fraction c <0.001) .whioh fiowed. in a tube of radius Rr == 0.4 cm. 

whioh oonverged smoothly over a length of 0.8 cm. to a tube ~ = 0.1 cm., 

thus simul&ting the conditions ex:Lsting at the entrance of the tube 

from the reserYoir. The distance of the partiale centers from the 

wall was measured by means of a c&librated fil&r qepiece. 

In d.ilut.e suspensions, the increase in concentration near 

the meniscus due to rad.i&l flow wa.s determined by photographing the 

suspension near the &dvancing meniscus. 

Concentration gradients along the tube in concentrated 

suspensions of PVA spheres, due both to entrance etfects and rad.i&l 

flow, vere determined by fiowing the suspensions throueh &iliniti&J.q 

em.pty tube R = 0.2 cm. and length L = 85 cm. Successive samples of 

known volume between 0.2 to 2 cm.3 expelled from the other end of the 

tube were collected and c for each wa.s determined. by we1ghing both 

wet and dr;y. 

All the experimente vere perto:rmed. in a thermost&ted roara 

maint&ined at 22 ! o.;oc • 
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RESULTS 

l. General obseryations 

At the values or Q used in most of the experimenta an 

advancing ( rising) meniscus vas almost flat • slightq concave to the 

air near the tube wall (Fig.. lb); when it receded at the same Ü the 

shape vas qui te different (Fig. lb). 

As expected spheres approaching the advancing meniscus 

m.oved rad.iall7 from the axis towards the wall. Upon reversing flow 

the radial m.ov-.ent becam.e directed imrards; however1 spheres 

situated close to the wallwere entrapped by' the llquid lett behind 

the receding meniscus and remained at the tube wall. For this 

1.08 

reason it was easier to make quantitative measurem.ents behind advancing 

menisci. 

A marked increase in concentration behind an ad.vancing 

meniscus occurred1 with particles accumula ting progressi veq as the 

meniscus travelled along the tube. At higher c1 the suspensions 

exhibited complete plug tlowl) over a distance 1 131 wb1ch gradua.J.q' 

increased wi'th time. 

2. Flow near an advancing meniscue 

(a) Axial velocitz 

Figure 2 shows the measured axial velocity pro1'Ues ot the 

llquià with no particles present as a .tun.ction ot 13; vhen 1 131 ;: o. 75 
-the velocity distribution vas parabolic. As the meniscus was approached 

the protlle deviated from (4)1 and as predicted by' (S) u(a) was great-er 

than given by (4) when l/J2<a.<l and less when O<a.<l/12. At 1131 = 0.5 

a central core ot ettectively zero velocity gradient developed around 
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the tube axis {Fig. 2) its wiclth increasing towards the meniscus. 

At p = 0 the velocit7 of the meniscus vas constant across the tube up 

to the wall. However, since there is no elip at the wall, there 

shoulcl be a traneition la7er near the wall in wbich the velocit7 goes 

from 0 to - ü. In tl(() caref'ull1" executecl experimente the meniscus 

velocit7 vas about 2%. higher tban Ü calculatecl from (2) 1 corresponcling 

to a calculatecl J.qer thickness ot 2 x l0-3 cm. With the optical 

equipnent usecl the resolution vas better thim 1(4.1. ancl the accuraq- of 

Q was within .2%. It vas conclud.ecl, theretore, that the thickness ot 

the lqer vas amall ( <1(4.1.) ancl that tor all practical purposes the 

-entire meniscus front travels at u* • u as illustrated in Fig. 2. 

The curves (Fig. 2) intersect each other at ~ = l//2 vhere u(~) = 0 

in accord with (8). 

The volume flow rates calculatecl fraa (3) b7 graphical 

integration using the measurecl u*(~) and the llmits of integration 

from 0 to 1 vere in goocl agre•ent with · those obta.inecl b;r weighing 

the aaomt ot liquid axpellecl from the tube in a measured t:lme (Table I). 

(b) Str!9Unes 

The streamJ.1ne pattem behind. the advancing liquicl surface is 

illustratecl in the upper part ot Fig. 3• As expected from the velocit;y 

prof'Uea, circulation at high 1 Pl occurred around ~ == l/{2. Although 

the axial flow is ettectivelJ' parabolic at (3 = - Oe751 Fig. 3 shows 

that there ia still 8011le circulation at 1 til >O. 75. 

The radial position am of the loop ( inclicated b7 the solid. 

circles in Fig. 3) increased from the value of lr/2 predicted b;y (6) 

as the meniscus was approached; a more exact solution tor l which is 



• 

j_j_Q 

val.id tor sœaller 1 13! 9) indicates tbat a.• increases ..dth decreasing 1 131 

in accord with the present observations. The resulta were extrapolated 

to a.= l, 13 = 0 (dashed lina, Fig. 3) Binee the streamline ! = 0 should 

turn on the meniscus at the tube wall. 

(c) Rad1al velocitz 

Measu:red values of v(a.) tor var1ous initial radial positions 

~ ( < l//i.) are show, plotted as a tunction ot a. 1n Fig. 4 and compared 

with those calculated from (lO). Although the measured and calculated 

v(a.) are of the same order ot magnitude, however, 1n all cases 

v( a.) .meas. > v( a.) cale. The obse!'Ted a.{vm) as weil as the valûes ot a. 

at which, for a given ~'f, v(a.) van1shes are 1n good agreement with the 

theory. 

3. Single spheres 

(a) Meniscus ettects 

When a sphere, 1n1tie.J.q located at "1. ( < l/h), approached 

the advancing meniscus it was transported by the radial flow towards 

the tube wall. The final a.2(> v/2) ot the sphere ·center was sœaller 

tban for the correspondil:ag streaml 1 ne b;y an amount which depended on 

particle sise (Fig. 5a). The displacement àJ. a;: a.2(o) - a.2('T), the 

difference 1n a.2 from the correspondil:ag value when 'T = b/R = 0, is 

shown plotted against ~ 1n Fig. 5b. It increases with 1ncreasing 'T 

and decreasing ~~ and is greatest (= 'T) when ~ = 01 and is zero at 

a.= v/2. . 
When ~ < 'T, œ = 'T because the particles cannot penetra te the 

wall. A tsl.> 0 occurs at all "J. < l/{2, although the magnitude diminishes 

with decreasing ~ 1 which suggest that a bydrod.;y.namic rather tban a 

mechanical wall ettect ot the type proposed b;y Whitmore6) operatesJ the 
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spheres presumabl.1' interact vith the f.ree llquid surface and tube wall, 

and this interaction resulta in a detlection of sphere centers from 

the~r original streamline. 

(b) Entrance effects 

A re-arrangement of the sphere centers was also observed. in 

the converging tube at positions remote from the men:iscus (Table II). 

As the particl.es entered the small.er tube thq vere displ.aced. imrards. 

The magnitude àJ. 1 = ~ 1 - «2 
1 of this displ.acement between the large 

and small tube ~creased vith increasing ~ and b. In the case of a 

streaml1ne (i.e. 'T = 0) ~ 1 = «2 
1 as may be seen by appl.ying (5) to the 

amall er and larger tube respectivel1'1 and campariDg val.ues « so that 

the c;ontimd.ty condition is satisfied. Thus, àJ.' represente the dis­

placEDent of a particl.e center from its entering streaml i ne. As may be 

seen .tran 'l'able II particl.es initia:J.q l.ocated ol.ose to the axis of the 

large tube passed into the smaller tube aJ.most unhindered.; morevver, 

their paths vere reversibl.e when the direction of fl.ow was reversed. 

On the other hand1 the paths of spheres which vere 1n1t1all.J l.ocated 

) 11-.r the wall (~ > 0.75) vere irreversibl.e; the outwartl displ.acement 

occurring at the exit of the small tube was smaller than the correspondillg 

1mrard movaaent when the particles entered. the tube. 

4. 'l,)'o!bod;r collisions 

When two spheNs colllded in the median pl.aue of .the tube near 

tbe advancin& men1scus1 «2 for each iDdividual. sphere after separation 

as oft.en (but not al.vays) amall.er than the corresponding for non­

interacti.Da particl.es at the same 'T and ~. In the first &Dd second 

col.umns of Tabl.e IItthe radial. positions of the two spheres before and 

after their interactions are llsted; in the third1 «2 for pairs Of single 
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non-interacting spheres (frœ Fig .. Sa) of the saae 1 anc.l "J. are 

tabulated. The fourth colUIID'l shows the additicmal displac•ea.t œ2 

i.e. the ditferenee between a.2 or each aphere or the doublet atter 

separation and the 'V&l.ue for a ncm-interacting spheres. In most cases 

lla..2 vas positive indicating an additioual imfard displacem.ent. The 

lftllgDitude or œ2 dépended on the W&7 that the spheres interacted; 

when the doublet did not rotate as it vas transported b7 the radial 

now of~~· liquid (i.e. when; • constant), then œ2 < 0.02, but when 

it rotated the resul.ting 'V&l.ues or œ2 (for one or both spheres) vere 

appreciabl7 grea ter. 

A collision involving a rotation of the doublet near the 

advancing meniscus is shovn in F·ig. 6; in Part (a) the anale ~ is 

plotted against time1 the arrows 1.nd1cating the anales ~0 and - ~0 at 

which the spheres appeared to collide anc.l separate U'rl81JIIII.etricall7 with 

the anale of approach ~ 
0 

being n1Dilericall7 lesa than the anale of 

separation - g} ~in contrast to collisions at h1gh 1 fJ Ill). The variation 0 . 

in a. for each aphere or the doublet is plotted as a tunction ot fJ in 

Fig. 6b with œ2 and the corres:Ponding œ also shawn. 

There are two possible reasons for œ2 > 0: i) the doubl.et 

has a higher effective 1 than a singlet and bence experiences a àigher 

/SI. as would be expected from Fig. S; and ii) because the anale or 

approach is nœericall7 smaller than that or separation, the sphere 

canters at the time or separation, are located closer to the tube 

axis. The data (Tabl.e III) suggest that the second ef'fect mq be the 

more important Binee œ2 vas greatl7 reduced when the doublet did. not 

rotate (i.e. ~ = constant). 



i:13 

• 5. SpapenaiODS ot ri&id. spheres 

) 

Tb.e patha ot sphere centera beb1Dd. the adTaRC~ Dl JUD.iacua 1n 

a d.il'&tte (c ... 0.025) auapenaion ot rigl.d. spherea prod:a.ced. an irregalar 

pattern often ~asiDg one another because ot the chan&• 1n lA cauaed 

b7 partiale iuteraction. Tbia is lllustrated. in the lcMJr part.. of 

(12} 

0 

libere c(f3) ia the concentration at f3 and c the cODOentration 1D the 

b'alk ot the 8118p8118101lJ (12) representa the net total 1ncreaae in 

volum.e ot partiales behiDd the ad.vanciDg meniscus. In the experimenta . . . 
A vas d.et;erm:1ned approxiatelf becav.se· ·~~~· U.~el'l'olo,i.P,;ra,l)M.flJ.e 

as the suspeusion cœes ou:t ot the tube -.kea axa~ ma~ ditticult • . 
Aasum.ing plus .f'l.ow, when c(f3) is plott,ed agdnst 131 t:be area under the 

curYe J.t1ng &bave c is a m.easure ot the particle acC'UIDUlation behiDd 

. The re8\1lts are sholm in Fig. 7 and Table IV !t As -.:r be . aeen _ 

the apC'alllll.atioa. atter tra~ a &iveD lenst,h ot the tube, ~reased. 

in Q. The amcnmt ot napenaion a:pel.lecl frœl the t'llbe betore c(f3) 

reacâed the steadl' "f''Ù.1le c appearec:l to be iD:lepelldt!ID.t ot 1 but iD.creaaed. 

with increa~ns c. At h1gh c aDd. Q the lead1ug eâge ot the suspension 

becae pointed and. clid. not wt the tube wll and. exh1bited. plug now. 
The d.epead~e oa 1' &Di c augeste that the accnœalation at 

the m.eaiaou ilta du to part.icl....U &Dd particle-particle interactiOD.B. 

Becauae. of the cœpla: beha:viour ot p&l"t.icle aareaatea it ie clit.tioult 
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to e~lish a mod.el to explain the accœulation quantitati.veq. 

However, the resul.te tor eiD&lete and doublets can proride a qualitative 

expl.anation. It wae ehown that œ increaeee with increaeing 1 eo that 

acc'l111lUlation ie more pronounced. with increaei.Dg part~cle eize~ At h1gh 

c, the ettect ie enbanced. becauee of particle-part1.cle 1nteractj,Pn8 

which reeult in greater inward displacsaent. 

The accUIIIUlation can be caus~ by both come~rance 
' .'lt 

and meniscue ettects, and in the experimenta wi.th concentrated. suspensions 

described. above both etfects were undoubt~ present. The tollCJWi.Dg 

experimente vere pertol"DD.eci to eeparate and et~ each ettect 1ndepend.entl.1'. 

(i) The reservoir was tilleci with a pure liquic:l (Silicone oU 

50p. +Freon 112) 1Dmiscible ldth the euspénsion but of the same 

'Yiscosity (44. 5 p.). When the surface of the pure liquic:l was about 

1 Cille above the bottca of the tube (~ = 0.2 am.) a 10 cm. collDIIB ot a 

suspension c = 0.18 was placed. on its surface. The suspension, trœ 

which the entrance ettect bad now been eJ1minated1 was displaceci by the 

pure liquid and tlaved for the same tube length (85 cm.) as in the 

experimente of Fig. 7. The tiret 0.26 cm.3 of the suspension expell ed. 

tram the tube ( 0 < 1 131 < 10.4) vere collected and c determined. and the 

resW.t ccmpared. vith. tbat obtained for the c = 0.18 suspension of Fig. 7a 

at the same range ot 1 pl. As ~ be seen from Table V 1 wbich summarizes 

the resW.ts, entrance etfects account onl.7 for a 15% ot the total 

ac~tion. 

(11) The increase in c near the meniscus, 1n positions rtDote 

freD the entrance to the tube, was measured. directq for t1ro dUute 

suspensions by counting the number of particles accumulated near the 

Dleniscus. ~oth tb'namic and static methods of particle counting were 



usec:t. In the ~c aethod the llicroscope aoved. at Ü to .tollow the ., .•., 

:aeniscus at a .ti:x:ed. d.iat&Dce P •- l..5 where the vel.oc1t7 pro.tUe *s 

parabo~c. The total. namber ~.t part.icl.es 11+ wbich, d:ar1Dg th! tue 

o.t obsern.tion, crossed the plane at P - - l.. 5 tGirard.a the :aaeniscus 

(u• (u) > 0) aDd. 1 1D the other direction Vère caanted. Xn. the static - . . 
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aet.hod the maber o.t part.icl.es I':J. conta1Ded. in the vol:aae 'KR2 (x ~ (x • - l. • .5R) 

at ttae beginn:ina aDd. at the end (12) o.t the experiaent wre coanted. 

Both methode 7iel.ded. sim11 ar resul.ts {T&bl.e VI) .tor the acC1111Ul.at:1on near 

the aeniscus. 

:-Both sets o.t experill.ent sugest that the obsernd. accllllUlation 

near. the a.d:ranc:1Dg supensi---.ir :1nter.t~ce is l&raeq a m.eu:lacus e.t.tect 

aDd. \0 a Jldnor ment ~an entrance e.t.tect. 

6. PA11;1çle .tracticgt1.op. .. 

Sinoe the d.ispl.ac--.t lA inoreaaes vith inoreaed D8 T (Fia• 5b) 

a rue separation sho1il.cl occur bebiDr:l a Jleld.scus, 1d.th l&raer particl.ea 

accamlatina .taster at the Mniscus. This was cont'irmed b7 experimente 

with both r.f.s1d apheres aDd. amlaions. 

(a) J)ll:trt.e suspensions ot d,Bid epberes 
1 

The resul.ts obtained v.l.th three binar7 ~- o.t d.i.tferent 

b:J_/b2, where the subscripts l. aDd. 2 re.ter to l&raer aDd. ...:U.er· part.icl.es 

respective:I,y 1 are tabalated in T&bl.e VII. Alter the napensions bad. 

tl..olnd in the tube tor appraz:l.mateq 40 cm. the ratio n•1/n•2 o.t the 

number ot larger to aaaller part,icl.es per ca.J at the MD:lscus was 

a.l.wqs greater thau. that 1n the~ CD:J!~) ot the SWipfmSion. The 

ratio (n•J!n•2)/CnJ!~) increased w.t.th increaaina bfb21 and. at a given 

~/b2 it decreased vith decreasina ~ aDd. b2• 



(b) D1l.ute -nlaiopa 

! s1mU ar phenœenmt was obsert"éd 1n a coe.rse po.qdisperse 

..., Bion {Fig. 8). The "tVi&tion 1n ~ sise d1at.r1bution 'belû:ad the 

mwd.scus was det81'11ined 'b7 pho'l;osrapb:!Da the region nea.r the merd.scus 

a\ '9&r:1ou \De int;e~s. The proportion ot lar&er drope beh1Dd the 

aàYaD.ciDg menisne 1acreastd as ~ salsi011 travelled in the tube; 

th:t,a is W:utra\ed 1n Fig. 8& where the rel.a\ive trequnce nJn~ ni 

+ 
beiDg \he u.ber ot partJ.oles of rad1:aa bi - lib and. n the t,o1;a.1. naber 

· of part.icles comtecl., 1s plotted: agataet b1• Atter t~~:e cal sion haà 

traftlled. about 60 œ. iD the tu'be and betore the Mld.ecue reached \be 

eDd of the tube, the tlow was stopped. and the sise distribution at 
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'ftr1ous fJ waa determined. b;r photoaraphiDg a small TOl1DtJ (= 1.5 x l0-4cm.3) 

ot the emulsion. The pxhnmp in the distribution cuma eh1t'ted to 

larger draps as the aenisous wa approached. The vol.:ame average part,icle 

radius b 
ii- t}:"=btr3 (J3) 

decreased as 1 fJ 1 increased (Fig. S'b) reachin& a constant T&l.ue at abou\ 

fJ - - o.67 x ur. llo coalescence of drops was obsernd duriDg the 

DIBCUSSIOII 

1. mgh1 f.RÀ!res 

.Al.t.hoqh r.a.dial no. ·ot the J.1cpid near the meai1C11S bas bec 

Jllelltiou.ed b7 Wh1taore6) as a poss1ble factor to the part.1cle ac0111111l&t1on 

'beh1nd. it, it was illplied that 1ts coatr.ibut.ion is ..:U ccapared to · 

cODTerseat C!llt17 e1'fects. The~ evideace preaented above 



ngeat that it ia causect,·w.t the cca'biaed. eft'ecta ot radial nov aDd 

intere.ctiona ot partiales vith one u.other and vith the ~s, and th&t 
' 

entraD.Ce ettecta, on the other haz1d., are ne&J:lpble. 'l'he possible 

reaaons tor this are discuaaed. bel.ow. 

(a) Entruce ett'ects 

The epheres are diaplacecl iœard.a at the convergent entr,y ot 

tlle tube .because ot their interact1on vith the waU6) and the radial 

flow exiatiug near the entrance as the parabolic vel.oc1.t7 profile ia 

d..,.:Lopecl in the se'lJ.er tubel2). '.l'lûs imfard radial displaceent, it 
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.bas bee:n arpec:l, 'llt&J' be expected to rerut, OD the &Terese, Ùl a are&ter 

a:d.al nlocit;r ot the particlea rel.f.t1ve to their enteriDg atream11nea6-8) •. 
' 

This mechania, howner, neglecta cCIIlpletel.J' the relative particle-nu:l.d 

velocit;r renltin& traa the wall. ne slip velocit;r and the inward. 

4!aplacaulllt ta 1IOrk in opposite directions, the tomer ca1.18iDB a 

depletion aud the latter an accnaalation ot particlea. beh1.Dd the advanci:a& 

'to eatmate the ettect ot u• (a.) an particle accualation at 

the aerd.scua, u•(a.) lllll8t be kD.owD as a tu:nction or a.. F~ 9 was 

conatraated traa the theoretical. calC'QJ.ations ot Breuner13) tor the 

axl.al velocit;r of' a sphere in a UDitom nov near a a1Dgle plane wall and 

ia accurate v.p to a.- o.m. Usina this pl.ot and (l..), u*(a.) and u•(a.) 

tor the eph_.a ot Table II were calculated.. B;r cœpariug the 6th and 

9th colt11111a ot Table vm it -.:r be seen that 01Ù1' in one case (-.rked 

vith aaterisk) the axial Tel.ocit;r ot the aphere in the tube R2 • 0.1 ca. 

exceeded the velocit;r ot the atrenl 1 ne in 'llhich it entered the tube. This 

laa Yelocit;r ot the particlea..,. be the reason 1dV' entrance ettects were 

tound. aaÎall in our exper.laenta. 

l 
' 
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(b) lean concentration 

It ctrance e.tfects are ..:U thea the averace concentration ot 

a suspension in a tube, UDder. steadJ' &tate conditions, voald. be appraxi­

-.teq the saae as in an hfiait.el.T lars• feed.ing reservoir. Exper.laents 

to cautirsa this have not 78t bMD. perto:naed; to resol.Te this question 

,f'v.rther experiaental study is reqa1red espec~ near 1 • 1 whea the 

beba"f'iov voald. probabl.T be Ter7 d1ff'erent. 

A -.rked. reduction in the tube concctration bas bec reported . 

in experiaen.ts vith~) au.d auspensions of r:lc1d. llpheres6-7). 

Bowver; red cella are de.to:naed b7 the shearl4) aDà ma;y m:l.grate 1nwarda1011S,l6). 

On the other ha.Dd1 the axper1aents7) cited b7 Whitm.ore6) wre pertomed 

at partiale Bçnolds D'QIIbers ( 4'a*(o)Vp/31l a2) of the order of 10-2 where 
. 0 

the tubalar p1nch affect operates, and r1g1d partiales mi&rate towards 

an ecceatric eqdlibr.ba radial position17). It vas perbaps the radial 

migration of' partiales and. not the radial displacemant; at the cODTergent 

entr,y that produced the. observed. red.uction in thè coucentration ot the 

8tl8p8ll81ons in the tube. 

( c) JleRiscps eU!ct;s 

The concentration of' the suspension at a. < 1/.../2 reachina the 

ad'n.Dcinc a8Di~cu ..,, (at &fiT rate to'f' su.ll 1• s) be as81Ded to be 

equal to the reservoir concentration c. The acc-.u.l.ation at the m.8Diseue 

in a dilute suspension (i.e. ne&].ectiDI partic1e-partiale interactions) 

due to rad:1a1 fiow of the l1qu1d at the aeniscua ma;y nov be calculated and 

ccapared with the Nnlts of' Table VI. 

Po'f' a:bapJ icit7 w assma.e that the concctration at a. > 1/fi. is 

UDifora and eqaaJ. to c,(>c) up to a. • 1 - 1' when it drops to se'f'O (solid 

llne, Fig. 9 insert). This ia an apprad.mation eiace it aq be seen b7 



• 

exaa1n1q Fig. Sa that1 becaue l:tA c:lecreases with increaldq CJ:Lt the 

conc«D.'traUon is ma:ld~ma at " ... l. - 1 aDd. c:lecreases to c at u = JJI2 
(dashec:lllne, Fig. 9 1Dsert). 

:li9 

A -.tel'ial. bal &Doe vith reapect to 8'fi8P8Ddecl phase per 11Dit 

J.eD&t,h ,of the tube yiel.c:ls 

CW'' [<Il- 1>)2- f]- cf' , 
· 1'ralll wh1ch it toll.on tbat 

' n 
D W = l.- 41 1 

where n &Dd. ~ are the .-ber of pari,icles per c:m.3 at u < JJI2 aDd. 

u > lili. respect.ively. 

At 1 ~ 1 > 1..5 the positiTe 1'l.u ot the particl.es is 

(14) 

(1.5) 

' 
(1.6) 

. (1.7) 

Asew.ia& mreonr tbat u 1 (u) • u(u), (1.6), aud. (1.7) atl;er n1:urU.tution 

trœa (1.5} beccae 

fl _,. 
+ 4 

aQI; r. 2]2 
• .... - - l. :... 4'T L2 - Cl. - 1) ; 

fl_ • 0 1lhen l. - 'T • J.i./i. '.rhe net accaalation ie 

(18) 

(1.9) 

Val.ues of B+ aDd 1_ cal.culateci frca (18) aDd (1.9) are l.iatec:l 

1n Table VI. The aeasurec:l and. cal.culated. li+ are ill. good agreeaent. 
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At a.> J./'12, u.d. wheD cw ia not, c~ ba.t clecr-.aea betweea a. • (1 - T) 

.8:11dl/'li, •- teada to 1llcraae DQBr:l,caJJ7; the alip ~t7 of the 

part1clea tad. al.ao to increue B • For theae reucma B cal.c./B aeaa. < 1 - - -
IUid. the renltiD& 't'aluea of fil are aboa.t t.wice tàoae li8&8Ured ~. 

(cl) B1parr !IJ'!tau 

APJÜ71DI (3>) to a d1l.ut.e biDarT auperud.œ « 1"1&1d epl:aeree 

frca vb.icb it fall.Gn 

Oaloulatecl value of (D1J!n•2)/(n'J!~) f~ (22} are ~eted 

1:D. Table VII, and as may be eeen are ar-ter thau tboae obsernd. It 

vu ahCJIII'l earlier \hat for a mo:o.od1eperee suepensiœ N.fcal.c. > Mlaeae. 

Bec&118e T1 > T2 the particles of species 1 lac the t.l.ow liON tban those 

of 2 &Dd. ~ (IBJ!N.f2)aeae. < (ilHJtal2)calc. 

2. !ml 810'118 

It bas been ebmm.lO,lS,l6) that, at poaitione r.ote frca the 

-.-iecu where the vel.oc1t7 is gl'9'81l by (1), detoraed. nu1d clrope mi&rate 

Wwa:rde the tube axls due to the ~ Dfiuence of the wall. The rate of 

Jd.lration increaees with increaa~q b; ill the ..:J.siœ ued the t.aeo~) 
pred1cte that a drop b:J_ • 10-2-. near the tUbe wall bas a radial. 

.1 ~· . -2 vel.oci't7 - ctr,ctt • 0.03 cma.sec. 1 1lh1le far b2 • o.s x 10 cm.. the 

lli&r&tioD Yelocit7 1s OJÜ7 0.002 aa.eec. - 1• !bas, nfn,_ ahorlld 'V'&l7 

al.cma the tube az:d be ld.sher near the MDiscue. 

(22) 
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.Aa -..ct calC11laU. ot ~e "t'&1"1&\icm ot u.f"'2. aloaa the tube 

ill a ..tl.:! as -.1 B1.o.D. 1e o.:plicated bat. a e..U...te ot tJae relative 

ettect.a ot radial ld.paUcm ot n\d.d dropa at ldP 1 p 1 aDd ot radial 

no. at low 1 P 1 cm partic1e aocnaalaticm Hb:IJd a a4T&Dc1D& Mlliacu 

aq be obta1ned aa tollon. 

Ocm.a:.lder a biDarT ...:J aioa ot ~ • 10-2-. and b2 - 0.5 :z: 10-2ca. 
' 

llllder the ccmd.itioas detined. in Fi&. 8; u.fn,_ 'MT be oDta1n.ed. trcm the 

1D.1t1al. dietributioa C'D.1"Y8 ot Fic. Sa. S:Lnce the aaù.aien ia di.l..1lte 

&lld. particl.e-pa.rU.c1e i.Dteracticma are ae&Lected., a•J!a• 2 tor tàe 'biDar,y 

qat• OOD.Bidered here, W'lld be the aaae as tor the poqdleperse : .... aioa 

ot Fia. 8&, &lld. tJm.a Dllll' be obt•1necl .:f'rœ the 1'iDal d1atri'bation CUl"n. 

lfhe 'f'âl.ua so obtd.D.ect are l.iated iD. Table II. 

Oozud.der Daxt a 'b1n.a.r7 BtUip8ll8iaii ot r1g1c1 epberea of the 

~ Ndiu (i.e. ~- 10-2-. and. b2 - 0.5 x 10-2aa.); (a1J!D•2)/(nj~) 
aa 8'fal.uated trœ. (22) &lld. ia giftll in Tabl.e IL OCIIIIJ)&1"'1IMmbet'lfHD 

(n1J!D1
2}/(nfDz) tor drops aDd r1&1d 1Spb.eres ~cùes .that the ettect 

ie .,..,7 cla.e to the Nd1al Jlisratioa ot drops. !h1s 1s iD. 11ne with 

tàe.explaution ot Forpcs .!i ,;J,.2~îor the aoc.alatim at the ..aiscua 

obserYed wità det'omabl.e pul.p tibre supensions. 
f 

OorreapcmdiD& ettecta (partic1e deplet.iOD &114 aise separatioa) 

_,. J.o&1cal.l.T be ezpected in troat of reoecl1Da aen:1ac1, &Dd warraat 

at11diJ". 

It ~· conceiftble tl1at ·theae 1DteresUDs aeaiacu ettecta a:r 

1ead to usetal tecàD:I.ques ot pbaae separatioD and. ot partic1e .traotiou-

tion. 



A 

bJ b 

c; cr c(p) 

L 

1+' 1_ 

Mf 

q*(a); q(a) 

Q 

r; br 

r, x 

R 

" 
u*(a.); u(a.) 

-1l 

LISTOFSlMBOLS 

= net total increase 1a volum.e of euepeaded phase 
behind the meniscus Eq.{l2) 

= radius of rieid sphere a:ad u:adetoœed drop; aeaa T&l.ue 

= volum.e tractioa of the suepended phase; 
at (l - i) > a.> l/{'1, and at 13 

= tube length 

= ma'ber of partiales per cm. • .3 in the bulk ot the suspeuioa 
artd. at the meniscus; at (l - i) > a.> l/'1/2 

= Dtilber ot partiales cORta.:i.rled 1a the volume 1tR2 j xl 
1Dit1all.7 and at the ead. of the experim.ent 

= a.umber o.f partiales eateriq and leaviag a cross-section 
of the tube raote from the meniscus in time t ' 

= 1+ + H_ 

- nux at a. with the tube fixed; with the tube DlO'YiDg 
at velocit7 - Ü · 

= voll&etric tlow rate through the tube 

= radial distance trCD the tube axis; difference in r 

= qliDdrical polar coordiu.tes 

= radius of tube 

= · time 

= nre.amJ i R'!J velocit7 at Cl vith the tube fi.xed; with 
the tube m.ov1.ag at velocit7 - Ü 

= a~erage tluid velocit;y 1a the tube 

= t.raaslaticmal velocit;y ot a sphere whose ceater is at a. 

• radial velocit7 ot fluid 

= axial distance from. the meniscus; difference:ia. x 

= r/R; maximum a.::ot a:.~ · 

~,a.2; ~' ,a.2
1 = initial and final positions of a streamJ 1ue and. particle 

center near the meniscus; at the tube 1Dlet 
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= radial position at wtd.ch the radial velocit7 is greatest 

= àitterence :1D. radial positioas ot sphere ceat.er and 
the retereace streeml t•e at the meJd.scus a:n.d. tube iDlet 
respectiveJ.T 

= ditfereace iD radial positioas ot the ceaters ot 
interac1;1ag &Bd. ...-uteracting spheres 

= - x/R; maxi- value tor a streaml.i:ae 

= b/R 

= viscosit7 me<ii:um; <ieasit7 

= a:x:iDnlthal aqle or the axis ot the <ioubl.et 

= aqles ot collisiOD a:n.d. separatioa or the doubl~ 

= Stokes stream tact1011 
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!ABIB I 

CfPP'ritPR ot JMMJl1$ g1 plgpl•ted TAAW 

t1ow ratea b!ld.Rd tàe !4Jpc1 pg J!!lli!CM 

R- 0.2 ca. 

fJ lrl- x Qcalo. 
a) 

0 ·; 0.182 

- 0.25 0.174 

- 0.50 0.175 

~ - o.75 o.rrs 

Q 

lfeaD ~: - 0.996 

a) CaJ.c.l.&ted trœ1 aeaeured u*- v.+ ü b7 sraphical 
1at.epoa\1on ot lquti.on ~). 

:125 

. ., ·~· 



e T.ABŒ II -
Radial displacem!llt ot .spheres in a cODVersence 

Q = 0.711 x 10-2cm."sec. -1 

... ----

b ~'~~!·,~~~ ~~ ... ~l Exit. ettec~s (~ --11_) 
1 

. cm. ~ = 0-.4 cm. R:z = 0.1 cm. a) R2 = 0.1 cm • R:t_ "'" 0.4 cm. a) 

~~ - r)am. "1.' (~- r)cm. œ• 
(~ - r)cm. ct ' (11_ - r)cm. ~· 

ISJ,I 
(12 2 

0.016 0.032 0.920 0.016 0.840 o.œo 0.016 0.840 0.040 1 0.900 - O.o60 
.. 

0.016 0,047 0.883 o.Ol.6 0.840 0.04.3 - - - - ~ 

o. ou 0.030 0.925 O.Oll 0.889 0.036 o.ou o.sSCJ. 0.037 0.910 - 0.021. 
- -

o.on 0.035 0.913 o.on 0.889 0.024 - - - - -; 

Oe.Ol3 0.100 0.750 0.025 0.7. 0.002 Oe025 0.748 0.100 0.750 .- 0.002 

0.017 Oel42 0.645 0.036 0.640 0.005 0.036 0.640 0.142 0.645 - O.Q05 

0.034 0.284 0.290 0.072 0.282 o.oœ - - - - -

a) The posi.tive aod neptive a1ps iDdicate an 1nward aD1 O\ltW&r4. di.splacsant respectiTeq. 

\ --~' 

~ en 



TABLE m 

Two-bodz interactions nea.r the &d.yanci n-c meniscv 

R = 0.4 cm. + 1 = o.l28 - o •. oo3 

Doublet Singlet. '· .. , :. I::D.2 • 
-·-- ______ , .. , ... --

------~~-----

~ a.2 a.2 

Sphere 1 Sphere 2 Sphere 1 Sphere 2 Sphere 1 Sphere 2 Sphere 1 Sphere 2 

0 • .3.35 0.284 0.845 0.837 0.8.3.3 0.845 - o.o12 'o.oos 

o.267 0.196 0.8.37 0.852 0.748 0.860 o.ou o.oos 

0.514 0.474 0.749 0.807 0.780 0.794 0.0.31 - O.Ol3 

0.028* o.Ol7* 0.849 0.849 0.870 0.870 0.021 0.021 

0.485* O.W*· 0.715 o.812 0 •. 790 0.803 0.075 - 0.00'/ 

0.466 0 • .398 0.772 0.82,3 0.797 0.820 . 0.025 - o.oo.3 

0.517* 0.409* 0.706 0.755 0.7.30 0.814 0.024 0.059 

0.440* ' 0 • .358* 0.687 0.817 o.805 0.827 0.118 0.010 

0.582*. 0.494* 0.720 0.744 0.757 0.'786 0.0.37 0,.042 
-

0.421 0 • .372 0 •. 809 0.812 0.810 0.824 o.oo1 .· 0.012 

0.404 0.414 0.8.32 0.795 0.815 0.812 OoOJ.7 0.017 

0.2.3.3* 0.188* 0.809 0.789 0.85.3 o.86o 0.044 o.061 
' 

The asteriska indicate rotating $ioubletlh 
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TABIB IV 

PJrt.iol! ac'l!!'Ü •tioa b~ an ad.JM.C'R' ""'lcmt 
!' 

PVA epherea R == 0.2 am.. L • 85 am.. 

1if- x Q 
JÙ a) 

~A 
c 3 -1 1 

-..3 cm. .sec. 
r . 

0.035 1.78 0.078 0.48 

0.10 1.78 o.fYTS l..O 

o.JS 1.78 0.078 3.2 
1 

0.32 1.78 o.fYTS 7.7 

0.32, 0~356 o.fYTS 7.7 

o.32 3~56 0.078 7 •. 7 

0.32 0.356 o .. OJS 2.1 

a} BJ grapbical 1ntesrat1on ot Equation (12). 
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TABlE V 

c - o.J.B 

c(p) cJ~) - c Ralarka 

0.52 a) . 0 • .34 W1th convergent entrance et'tects 
' 

0.47 0.29 W1thout conTergeut elttrance et'tects 

a) Frcm Fi&• ?a tor. 1 P 1 < 10.4. 
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TABLE VI 

P&rt1c1e accœglation near the m.e:ni•cua 

-2 3 -1 
Q = 0.,178 x 10 ca. sec. R == 0.2 cm.. 'T -= 0.075 c ... 0.025 

Heasu:red Calculated 
l+calc. lf cale. ' t a) b) o) 1+ .. Al secs. 

li+ B Al= B+ + R_ 1\ 12 B2- N]_ NJ. - B+aeas. ._ .... s. 

- Eq.(J.8) Eq.(19) Eq.(20) 

131 110 -94 16 6; 80 1.$ 66 102 72 30 0.93 0.77 

160 121. -99 22 74. 93 19 66 124. 87 37 1 •. 02 0.88 

a) D.Juud.c -.suraaent. 

b) staUc mea1J111"81.81lt.. 

c) Frœa BJ.- Jc!gl uiag c • 0.025., and 1~( • 1 • .$. 
41 i .. 

~ 
0 
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TABLE VII 

Part~cle f'ractionation behind the meniscus in binar;,y systems of' rigid sphez:~s 

R = 0.4 cm. Q = 0.142 cm.3sec. -l L = 40 cm. Qt = 20 cm.3 

------------

' 
102 xc1 t1o2xb1 

2 2 
b/b2 ~~~ ~·1~· (~'/n2')/(~~) 10 x c2 10 x b2 

l cm. cm. Meas. Eq.(22) 
! ~ 

! 

0.18 1 2.2 0.0.30 0.7 3.1 0.19 0.21 1.1 1.5 

2.7 1 6.5 0.032 0.7 9.3 0.11 0.24 2.2 2.7 

1 16.7 6.5 1.52 2.2 .3.0 0.43 0.65 1.5 1.8 
·-·-· L _____ . 

-

~ 
'~ t-* 



e 
!.ABI& VIII 

" ' g'fte1; ot sl..\P Yel.ocUx on pa.rt.icle ycwglatioa 'btb1 m ID ldpœ1 pg MRi•m 

~ 3 -l. Q • 0.7ll x l.O cm. eec. uaf~ -1.6 

~ • 0.4 cm. R.2 - O.l. ca. 
a) b) 

1.02 x u'("l_) 
a} 

JJl- x u*( ~;~ b) 
1o'- x u• <~2) 

"1. 
lrl- x u*( "1.) u'{"l_) a.2 

J.o2 x u*{ ":1.) u•(~2) 
'-l. 

u*~~2' -l. -1 -l. uttta.2] 
-1 aa.eec. cmo.sec. cm.•ec· ca. sec., -..sec. 

0.920 0.423 o.ns 0.303 0.840 6.78 1,3.2 O.IJl.S 6.50 

0.883 0.622 0.712 0.481. 0.8.1,0 9.96 1,3.2 0.815 .6.50 
1 

0.925 0.396 0.712 0.282 0.889 6.34 ,.52 0.760 1·24* 

0.913 0.466 0.665 0.31.0 0.889 7.47 9.52 0.760 7.24 

0 .• 750 1.24 o.m l..l.9 0.748 19.8 1.9.9 o.m 1.7.5 

0.645 ~.65 0.922 l..S2 0.61.0 26.4 20.7 0·925 2\.7 

0.290 2.59 0.99 2.56 0.282 41..4 41..6 0.99 41..2 

a) Frca {l.). 

b) FrcB Fia. ·9. 

e 

~ 
~~ 
~ 
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TABlE IX 

Effect ot radial migration of tl~d 

drops on fractionation of a d.Uute emul.slon at the meniscus 

R = 0.075 c;m. 

r 
! Fluid Drops · Rigid Spheres 
' 

c) 

10
2 

x bl 10
2 

x b2 
a) b) n' /n• 

lif x b1 10
2 

x b2 
n 1 /n• 

ni~ n 1 /n• · l 2 1: 2 
1 2 ~7~ ~7n2 cm. cm. cm. cm. 

,_, ____ 

1 o.s· 1 2.7 1 2.7 l 0.5 1.12 J 
·--------L..........--- -------· 

a) Frœn the initial distribution curve of Fig. Sa. 

b) From the final. distribution cune of Fig. Sa. 

c) From (22) • 

• 



a 

@ ..... ___ __ b 

Figure J. (a) Flow behind. an advancing menisous which is ~ere<i 
sta.tiona.ry by moving the tube with a velocity - ü. The 
azimuthal angle ~ of a doublet of spheres is also ehown 
9n the lei't. 

(b) Trac inga from photographe of an advancing an<1 a reced.ing 
meniscua 1n a tube R -= 0.2 cm. at Q • l. 78 x lo-• cm.• sec·t. 
The path of a sphere center behind the advancing menisous is 
alao shown. 

i34 



1·0~::::~=== 

a o 

0·5 

0 

u (cr) 

ü 

1·0 

Ftgure 2 Dimensionless plots of axial velocity profiles of the pure 
liquid behind the advancing meniscus; R = 0.2 cm. and 
Q -1.7a x l0-9 cm.3 sec.-1 and Và.rioua values of~. The 
profile becomes parabollc at j3 = - o. 75. 

j_35 



figure 3 Flo\'1 behind the advè:l.Ilcing meniscus in a tube R = 0.2 cm. 
at. Q = 1. ?S x 10·8 cm•9 sec·1 • 

:136 

The upper part shows the streamline pattern behind the 
advancing meniscus measured with aluminum tracer particles 
{'r < O.OOJ); the closed circles indicate the point at which 
the streamlines loop backwards. 

The lower part shows the loci or sphere canters tor c = 0.025 
and 'r. = 0.075. Because or the difference in tiJ. between 
interacting and non-interacting partiales the paths cross 
one another. · 
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(a) Dimensionless plot showing the etfect on a~ ot 1 and a 1 • 
Cune l: 1 < o.OOJ; curve 2: 1 = 0.0)8; curve J: '( == O.]JO 
and curve 4: 't = 0.21.3. The relative sizes ot the spheres are 
ehown in the insert. 

(b) Dimensionless plot showing the displac5nent of spheres 
tram their entering streamlines near the meniscus as a tunction 
ot a.1 • The curves were drawn from Part (a) employing the 
relation 6a = a2 (o)- a~(1). · 
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Two-b~ collisions of rigid spheres near the advancing meniscus. 
R = 0 • .3 cm, Q = 1.78 x l0-2-cm.'·sec·.t 1 b1 = 0.0455 cm. and 
ba = 0.0470. 

(a} Variation o! angle ~ with t.üne. The arrowa indicate the 
angles of collision ~o and separation - ~; the configurations 
of the doublet at collision and separation are also shown. 

(b) Dimensionless plot of the paths of particle centers. The 
numbers in the curves correspond to spheres 1 and 2 of Part {a); 
the broken lines join the particle cent ers at a gi ven time and 
because a. and fi are dralm. to the same scale their angle \dth 
the Y-axis is the angle ~. The relative size of the spheres, 
and the values of ba.:r. for each sphere of the doublet after 
separation as t'iell as oo. are shotm.. In this doublet the tliO 
canters were not both in the plane of the draidng. 
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(a) Sami-logarithmic plot showing the ettect of concentration; 
'r • 0.078 and Q à 1. 78 x 10·1 cm.s sec·1 • 
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(a) Etfect ot flow rate; 'r = 0.078. 
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Partiale !ractionation in a c = 0.01 emulsion o! 6lffo Ucon o~ 
1715 + 40% Carbon totrachloride (by volume) in 98% glycerol 
in water solution .flowing in a tube R = 0.075 cm. at 
Q =- 4 x lo-s cm.3 sec-t • 

(a) Plot or relative .frequency a~ainst drop radius near the 
meniscus initially (open circles) and atter the emulsion 
travelled .30 am. in the tube (closed circles). 

(b) Volume average partiale diameter vs. distance !rom the 
menisaus ai'ter the emulsion travelled approx. 60 cm. in the tube. 
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PART V 

PARTICLE BEHAVIOUR IN VISCOEL.ASTIC FWIDS 

ABSTRA.CT 

The behaviour ot rigid and deformable particles suspended in 

viscoelaetic fluide unc:\ergoing slow Couette and Poiseuille nows waa 

etudied e:xperimenta.J..J.y. 

:143 

In tube tlow the particles migrated .trcm the wall to a 

limiting radial position at which the velocit7 gradient was etfectively 

zero; in Couette tlow between concentric rotating c,ylinders migration 

occurred towards the outer cylinder wall. 

The rotations of rigid roda and dises were similar to those 

in newtonian liquida, except for a stead1' drift in orbit constant to 

asymptotic values which in newtonian liquide correspond to minimum 

energy dissipation. 

Two-body collisions of rigid unitorm spheres were unsymmetrical 

and irreversible. 

The deformation and burst ot newtonian liquid drops were as in 

newtonian suspending liquide ot comparable suspending phase viscosity, 

except tor the al.igmaent angle ot the drop at zero deformation. 



INTRODUCTION 

Previous publications tram this laborato~-7) bave dealt with 

the translation, rotation and interactions of small rigid and deforma.ble 

partiel es suspended in newtonian liquida undergoi.Dg lud nar viscous now 

in Couette and. Poiseu1lle f'l.ows. 

This part. of the thuis reprumts an extmaion or the earlier 

etudies to viscoelastic. auspendinl tluids in which normal stress etfects 

JU:T be apected to influence the bebaviour or the suspended parlicles. 

A prel1m1DBJ7 experimental investigation ia deacribed ot the radial 

migration or rigid particlea acroas the planes of shear 1 the rotation of 

rigid c;ylindera 1 two-bod;r interactions ot rigid spheres and. the deforma­

tion or newtonian liquid dropa. Ccçariaona are made vith the corree­

ponding phenomena in newt.onian liquide. 

EXPERIMENTAL PART 

The experimental methods of producing Couette now between 

counter rotat:lng c;ylindere and Poiseuille f'l.ow in tubes have been 

described previousl.yS). The experimenta were pertormed in a thermostated 

+ room maintained at 22 - o.s•c. Po~sobutylene (PIB) in decah1'dronaphtha-

lene (Decalin) solutions or weight tractions cp from 0.01 to 0.063 were 

used in the tube experimenta. Such solutions are viscoelaatic and have 

been weil characterized rheologically9-13); the denait;y p varied. trom 

0.8875 to 0.8<)08 g.cm. -3 and the retractive index tram 1.4775 to 1.4793. 

The experimenta in Couette f'low were carried out ueing a 

cp= 0.04 po~c17lamid~ (PAA) in water solution (p = l.002.g.cm.-3) as a 
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viecoelaatic euspending phase. To avoid end etfects1) a low viecosity 

;o: ;o m:tx:t.ve of carbon tetrachlori.de and lOp. silicone oil was used as 

bottom lqer. 

Both the PIB and PAA eolutiœus vere non-newtonian, the apparent 

viecoeit;r !la whea meaeured in a rotational viecQID.eter (Epprecht Rheomat 15) 

decreuing with increui.ng the rate of ehear G (Fig. l). 

In most of the Couette experimenta ( except those on radial 

Jd.,gration) the particles were rendered stati~) by adjueti.ng the 

angular speeda n
1 

and n2 of the counter-rotating cylinder walls, a.nd 

observed through a microscope directed along the Z-a.xis of the field (Fig. 2a). 

In the tube,. observations were made in the median plane MM' normal to the 

viewing axis, i.e. along the z-a.:x:Ls of the field of motion defined. in Fig. 2b. 

The QlltSl8 studied and their releY&nt properties are listed in 

Table I. S;rste l waa used to meuUl"e the velocity profiles, and 2 to 4 

radial migration in tube now. The velocit:r profiles were determined by 

ti.m:ins the particles between two positions ot the observation microscope. 

The distance along the tube was computed from the readings ot a revolution 

cO'tlllter, while the distance trœn the tube wall wu measured by means of a 

calibrated Blic~eter qepiece. System 7 wae ueed to studT radial migration 

in Couette now. The distance ot the sphere center from the irmer cylinder 

wall was measured with the aid of a calibrated dial gauge coupled to the 

microscope. 

The rotations and dritt in the orbit of rigid cylindrical 

partiales were studied in SystiiiiB 4, 5, 6, 8 and 9. The particles were 

photographed through the microscope by means ot a cine camera (Paillard 

Bol. ex 16 nm. reflm: camera) align\ w:l.th the wall of the apparat us, and the 

f'ilms anaJ.ysed b;y projecting them onto a dratti.ng table. The azimuthal 

angle~ ot the axis of revolution {Fig. 2) was measured directly from the 



til.ms. The colatitudinal angle 9 was cœputed w.Lth the aid or the 

tollowing relations: 

roda 

dises 

at~) =a sin 9 ; 

bt~) = b COB 8 1 

where 2a, 2b are the length ot the ax:la ot revolution and equatorial 

diameter respectively and 2a' (!lf) 1 2b' (!lf) their projected lengths on the 

XY plane at !lf. 

'l'wo boc:JT collisions between rigid spheres were studied in 

(l) 

(2) 

Syst• 7. The paths of approach and reces1ion vere determined by' measurine 

the distances 6x and 6y ot a sphere center tr0111. the mid-point ot the line 

joining the centers of the two interacting spheres. The angles ot collision 

vere m.easured by the method ot Allan and Mas~n3) i.e. asS'Wiling rectUinear 

approach and recession. 

Liquid drops (Systeas 10 to 14) vere to:rm.ed tram a staiDless 

steel h7Pode:rm.ic needle tip cormected to a 2 cm. 3 Q'Z'inge. The tip was 

iDmersed under the suspending liquid surface and the drops released by 

initiati:ng the now at the desired m.oment1 so that their size could be 

varied; the radius b of the undetormed drop was determined tram photo­

graphe taken uzider no now conditions. The orientation and deformation 

ot liquid drops vere inveatigated b;r photographing the detormed drop. 

The deformation D detined asl4) 

L-B 
D=L+B' 

and the alignment angle !lfm were measured; L and B are the length and 

breadth ot the elliptical equator of the drop (Fig. 2c). 

(3) 



RESULTS AND DISCUSSION 1.4:.'"7 

1. Poiseuille Flow 

(a) General Observations 

When. cp< 0.04 the pol7mer solutions showed newtonian behaviour 

at the shear rates existing in the tube and no radial migration of rigid 

particles wa.s observed over prol.onged periode of flow (2 to .3 hrs.); when 

cp > 0.04, they migrated. awq 1'rœa the wall. 

The rotation about the z-axis of rode and dises 1n solutions 

of cp> 0.04 were found to be in partial agreement with Jetferytal5) 

equations for the rotation of a spheroid suspended in a newtonian liquid 

undergoi.Dg plane Couette flow of gradient G: 

(4) 

(5) 

where Q, ~ are the spherical polar coordinates of the axis of revolution 

(Fig. 2a) and r the equivalent ellipsoidal axis ratio 7>. It was e. 

observed that roda and dises followed (4), but not (5); instead, as 

discussed below, thq showed. a continuous drift in orbit constant to 

limiting values. 

(b) Velocity profiles 

The velocit:y distribution of a newtonian liquid tlow::lng in a 

straight circular tube is parabollc4,S), the strealfl]ine velicity u(r) at 

radial distance r tram the tube axis being 

kR 2 2 
u(r) = -f- (l - r 2) , 

Ro 
(6) 



• where R
0 

ia the tube radius, k = 4Q/ttR
0 
4 and Q the volumetrie f'low rate; 

the rotation of the field at r is 
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:.tl) (r) = - ~ • (7) 

Whc cp < 0.04 it was found that the relative velocit7 profUe determined 

b7 meaeuring the tranal.atioœl velocit7 u' {r) and. the aDgU].ar velocity 

(1)'1 (r) ·of small Eccospheres at several values of Q followed (6) and (7) 

{Fig. .3). This is to be e:x:pected eince the po~ sol.utiona behave as 

1'1ewtcmian liquida, their apparent viscosit7 bei.Dg cODStant over the range 

of G -.plQTed (Fig. l). When cp > 0.05, deviationa t'reD the parabolic 

diatributiou became apparct.t and the profUe was blunted near the central 

region of the tube (Fig. 4). 

( c) Spherea : radial lligration 

At cp about 0.05, rig:l.d IJ])here& Digrated i.mrardB to a radial 

position at which the vel.ocit7 profile was nat (Fig. 4a). The rate of 

migration increaaed vith iDcreaaiDg particle radiu b and radial distance 

t'rea the tube axis; spheres init~ located in the nat portiœ.of the 

velocit7 profUe Reither rotated Ror: m:igrated radial l;r (Fig. 4a). 

The observed radial migration mq arise trca the cambined action 

of normal atreaees sad velocity gradient. In PIB solutions the normal 

stresses increase with rll,l7) and conaequently the pressure ex.èrted on 

the aphere surface from the wall aide mq be greater th8ll frca the axis 

aide, which can cORCeivabJ.1' yield a net force puslû.Dg the sphere towards 

the tube center. The nœmal stresses depend o:n.q on the rate ot shearll), 

and when G = 0 the force would be e:x:pected to vanish. This is probably 

wby the aphere stopped ld.grating iava:rds where the velocity profUe became 

etfectiveJ:T nat. BrodD;ran !i !J:,12> Ol1 the other hand have shown that at 

• 



lov shear rates, where the viscosity is ind.epend.ent of G, the normal 

stresses are not observable. 'l'his DJa7 be the reason that no measurable 

radial migration was found in solutions of low cp; it is conceivable 

that it would have been observed by greatly increasing Q. 

When the concentration of spheres was increases, a marked 

dilution occurred at the wall because of radial migration. In contrast 

to the particle-free zop.e .form.ed near the wall in suspensions of spheres 

in newtonian fluide at high Re,y.nolds numbers18>, the peripheral layer in 

viscoelastic liquida did not become particle-free but merely diluted. 

'l'his is illustrated by photographe (Fig • .5a) of a suspension or polyvinyl 

acetate spheres of veight fraction c = 0.125; as may be seen after a 

:14:9 

period of flow the partiel es fonned a central core consisting of aggregates, 

while the region near the tube wall oontained only isolated. partioles. 

'l'he layer thicknese o was defined ae the distance from the wall in whioh 

only ieolated. spheres were present; since it was not constant along the 

tube the mean S was evaluated from the photographe (insert in Fig. 5b); 

S increaeed slowly with ttme and approximately 2 hrs. of flow were required 
, .. 

before S/Ro (Fig. 5b) reached an equilibrium value soc/Ro and which 

decreased with inoreasing c (Fig. 5c). 

( d) Roda and dises : radial migration 

Like spheres rigid cylindere rotated. and migrated towards the 

tube axis untU they reached the flat portion of the velocity proflle 

alter which rotation and radial migration oeased. {Fig. 4b). At the same 

time, they dri.tted. to limiting rotational orbite which in newtonian fluids 

in Couette flow correspond to the minimum energy dissipationl5). 

Period of rotation 

Integration of (4) yields 

tan IJ = re tan (~) , (8) 
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where T ia the period of rotation givc b;y 

G was evaluated from. the e:xperill.eot~ detend.ned velocit;y profile with 

an accurac;y of better than ! 0.01. As found in newtonian liquid.s4,5) 
. ' 

the periode of rotation were lese than those preàicted b;y ( 9) wh en the 

actual axis ratio rp • a/b of the qlindera waa used. Following earlier 

practic:e ?) , the equivalent axis rà.tio re was evaluated from (9) using the 

experim.ctal value o1' TG. For the rod and dise shown in Fig. 6 the values 

of re calcul.ated from (9) were in reasonabl;y good agreanent (within 8%) 

with those obtained. for aimilar particles in newtonian liquid.s5,l9). 

Variation or ; 

Fig. 6a shows the variation in j tor a rigid rod and dise 

plotted. according to (8); the eolid lines were calcul&ted from (8) ueing 

the measured re' and as 11&7 be sec the agre•ent is good. Radial 

llill"ation over a aiD&Le rotation wae e!'tectivel.T zero. 

Dritt iD the orbit 

The 1ntegrated form ot (2) atter rearrug:.tag the t..., 18 

(9) 

o2r 2cot29 - l + (r 2 - l) coe2j e e 
(10) 

where 0 ia the orbit conatant which can V&r7 between 0 and d> depending 

on the initial. orientation. It hu beeo tound exparimentall;y that in 

newtonian liquida rigid c;ylinders maintain a constant C over more than a 

hundred particle rotations5,l9); moreover, it bas been ehown18) that the 

variation or cot2e vith cos2; !'ollows (10). 

In non-Newtonian liquida Sattman16) hu ehown theoretica.l.l;y 

that spheroidal. particlea ehould aa8111le pref'erred orbite which are inde­

pendent or the initial c. Ae8UID:I..Dc that the liquid deviatee elightl;y from 



newtouian beharlour, &Bd negl.ecting the fiuid inertia, the rate of 

change of C with tille is16) 

1.51. 

where a.2 is a phenomanological coefficient which measures the non­

newtonia.n nature of the fluid, and g(C/re) a :tunetion wbich depends on 

the partiele shape and the suspend:ing tluid; (11) does not predict in 

wbieb direction C changes. Subsequent e:xperillmts b;y Saf:f'man in Couette 

nov indicated that prolate spheroids (and roda) drift towards c = 0 

(11) 

their axes of revolution being parallel to the Z-axis, and oblate spheroids 

(and dises) towards C = oo the axis rotating in the XI plane (Fig. ?a); in 

these orbita roda exhibit a steady spin, whUst dises rotate with an 

angular veloeit7 which (fl'ODl (4)) is greatest at - = tr/2 and least at 

- = o. 
Analogous behaviour was tound in the present experimenta, 

i.e. C evaluated :t'rom (10) using the measured e and re' increased. with 

time for dises and decreased. tor roda. This is illustrated in Fig. 7b 

and ?c b;y plotting C/(1 + C) as a :f'unction of time; since this fraction 

varies from 0 to 1 as C changes from 0 to œ) this is a convenient wa.y of 

including C == oo in the plot. 

The cylindrical partiales did not reach their corresponding 

llmiting orbit values until they were near the tube axis (Fig. 7c). 

lnitial.:Q' C changed rapidJ.1' over an interval of negllgible radial migration 

to a value which depend.ed on r/R
0 

and wbich was smaller :t'or roda and larger 

for dises the farther the partiale was initiall.y located from the wall 

(Fig. ?b). This phenomenon was not observed in Couette flow and was 

proba~ due to the influence of the tube wall. 
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As a reault o.t' the drift in C the variation o.t' e w.ith ~ did 

not .t'ollow (10) as may' be seen .t'rom Fig. 6b where cot2e bas been plotted 

against cos2' .t'or 1/4 o.t' particle rotation. The solid lines were calculated 

.t'rom (10) using the experimental re and c, the latter evaluated at ' = O, 

and assuming newt.onian behaviour (i.e. C =constant). As e:xpected., the 

measured cot2e deviated .t'rom those calculated from (10) towards higher 

values tor roda {limiting C = 0, cot e = ex>) and smaller .t'or dises 

(limiting C == ex>, cot 9 = 0). 

2. Couette Flow 

(a) Radial migration 

In the Couette apparatus rigid spheres migrated towards the 

outer cylinder. This is shown in Fig. 8 where the radial distance ot the 

sphere center from the inner cylinder is plotted in dimensionless form 

against time, 11_ and R2 denoting the radii of the inner and outer cylindere 

and R the distance of the particle center .t'rom the axis of rotation of the 

concentric cylinders. 

The direction of migration waa independ.ent of the sense of 

rotation (Fig. 8) and whether the inner or outer c71inder was rotating, 

although the rate o.t' migration (.t'or the same angular velocity o.t' the 

cylinder wall) was greater when the inner C71inder was moving (Fig. 8 

curves 2 and .3). The rate o.t' migration increased w.ith increasing particle 

radius b (Fig. 8 curves 1 and 4) and increasing the apparent velocit7 

gradient (Fig. 8 curves 1 and 2); it also decreased with increasing R. 

As in tube flow, the observed migration may' arise fran the 

combined action of normal stress and G which are both greatest at the 

inner and least at the outer cylinder wall. For the set of cylinders 

used G(~)/G(R2) == 1.6;7> (assuming newtonian behaviour) and consequently 



Gis higb.er on the one side of the sphere (that facing the inner wall) 

than on the other; the elastic suapending medium is under tension 

(strangulation) as a result of straini.n& and this JJJ1J.7 yield a net force 

pushing the particle towards the outer qlinder. 
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(b) Two-bod..y colliaicme ot rilid apheres 

Interactions between two rigid uniform apheres in viscoelastic 

tluida were found to be UD87JIIIletrical and irreversible {Fig. 9, Table III). 

The paths ot approach and recession were curvilinear (Fig. 9), and upon 

coming intc:> apparent contact the spheres rotated together as was previously 

:round. for spheres in newtonian fluids1' 6). The rectilinear angl~) of 

approach 1 ~a·l waa greater than the angle of recession 1 ~ri; upon reversi11g 

the direction of rotation of the field the path was retraced until re­

collision and 1 ~~ ! = l ~r 1 but 1 ~! 1 < 1 ~~ 1 (Fig. 9 and Table II). Each 

time the spheres were brought into contact by reversing the now the y 

distance between their centera gradual.ly increaaed (1 ~~ 1 < 1;a\) until 

finally they did not collide. 

This doublet behaviour is different ;from that in newtonian 

liquida. With rigid apherea1 ' 6) the collisions were S111Dletrical the paths 

of recession being mirror images of the patha of approach. With tluid 

dropa.3, 6), although the collisions were un8JDDetrical, resulting also in 

a separation ot colliding dropa atter repeated collisions, l ~a 1 was always 

greater than 1 ~r 1· 

The observed behaviour of colliéiinl rigid.·.spherea in viscoelastic 

tluida ia probabl.y due to the anisotropie nature of the suspending phase. 

It ia likeq that the force aenerated b;y the suapending tluid along the 

doublet axis3), which ia compression in the quadrant ot approach and tension 

in that of recession, is not Q'DIJletric around ~ == o. Moreover, it would 

appear that by reversing the field rotation, not only the sign of this 
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force is reversed but its magnitude is altered as well; the latter Jlliaht 

bave bec due to an elastie recover,y effect, during the brief period when 

the apparatus vas stopped. bet'ore reversing nov .. 
(e) Drift in orbit of roda 8lld dises 

The behaviour or rigid eylindrieal particles vas similar to 

that in Poiseuille fiow. The variation of 9 with ~ did not follow (10), 

and c drifted. towards its a8)'11ptotic values or c = 0 for roda and c = 00 

for dises as 'J.IIiJ:T be seen from Fig. 10. 

(ci) Deformation of liquid drops 

In the systems studied. the modes of drop deformation were 

si»d1ar to those observed in newtonian liquida of comparable suspeading 

phase viacoeity. Drops posaessing elass A defoma.tion2) as8\Diled. a spheroidal 

shape, D 8lld ~m inereasing with inereasing the speed. of "rotation (Fig. lla). 

At sutficientJ.T high speeds the ends of the drop became point~ and frag­

ments of liquid were released (Fig. lla, Part 5). With Pale 4 as suspending 

phase (elus B-2 deformation2>), even at verr low G, the drop extended into 

a long e;rlindrieal. thread oriented along the X-axis whi.eh upon stOpping 

the apparatus disintegrated. in a large number of tilly drops (Fig. lla, Part .3) 

b7 growth of .llqleigh eapillary wavesa>). 

The deformation D increased. with increaaing the speed of rotation 

of the e7linders and drop radius (Fig. llb). The angle glm al.ao increased. 

with inereasing the speed of rotation towards jif
11 

= n/2. cerr21) hae shown 

theoretical.ly that in newtonian liquida the alignm.ent ~mis given by 

~m = f + (l + ~) D , (12) 

where p is the ratio of auspended to suspM1d1'\l phase viscoait,'; when D = 0, 

{Îm = n/4. The validit;r of (12) hae been veritied. exp~). In 
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viscoelastic fluide the major axis of the ellipsoid is oriented closer 

to the llnes of flow22) and consequently when D = O, J6m > 1T/4. This is 

shown in Fig. llc where the resulte for the Systems having class A 

de:tormation are plotted according to (12). The data are well èorrelated 

on a single llne because of the high viscosity of the suspending solution 

( -1 at the low G used. in the experimente < 0.5 sec. assuming newtonian 

behaviour), which resulted in values of p verr close to zero for all the 

Systems studied. The straight line cal.culated b;y the least square method 

has an intercept 61•. 

SUMMARY 

The motions of single rigid spheres, rode and dises, and 

newtonian li~d drops suspended in viscoelastic fluide undergoing slow 

Couette and Poiseuille flows have been studied experimenta.lly. The 

resulta were compared with similar observations in newtonian suspending 

media, and the difference in the behaviour explained on the basie of 

normal stress effects. 

It was shown that rigid particles migrated across the planes of 

shear and in the direction of diminishing G in both Couette and Poiseuille 

flows. The variations of angle 95 with time of rigid rods and dises were 

in good agreement with the theory of Jeffery, provided that the eJq>erimental 

G and the equivalent ellipsoidal axis ratio re were used., but the particles 

attained limiting rotational orbit constants as predicted by Sattman. Two-

bcx::J1' interactions of rigid uni.form spheres were uns;ymmetrical and irrever-

sible in contrast to the sym.etry round in newtonian suspending media. The 

deformation and burst of li~d newtonian drops were similar to those 

observed previously in newtonian suspending fluide or comparable suspending 

phase viscosity, except for the alignm.ent angle of the drops at zero deformation. 



a; a.t(-) 

B 

c; cp 

c 
D 

G; G(r) 

k 

L 

p 

Q 

r; '/:.r 

rp 

re 

R; li.• R2 

u(r), u•{r) 

x, r, t 

x, y, z 

LIST OF SIMBOLS 

= semi-a.xis ot revolution ot rigid cylinder; projection 
on the XY plane a.t -· 

= radius ot rigid aphere, undetormed. drop and semi-a.xis 
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ot the equatorial diameter ot rigid cylinder; projection 
on the XY plane at J1 

= minor axis ot a detormed. liquid drop 

= weight traction ot suspension; wei&ht traction ot polymer 
in suspending solution 

= orbit constant 

= T~lorts deformation parameter = (L - B)/(L + B) 

= velocity gradient; at r in Poiseuille fiow 

= 4Q/nR 4 
0 

= •Jor axis ot a detol"JJled. liquid drop 

= viscosity ratio ot the suspended to suspea.ding phase 

= volumetrie flow rate through tube 

= radial distance from the tube axis; difference in r 

=a/b 

= equ1 valent ellipsoidal axis ratio 

= radial distance ot the particle center from the axis ot 
rotation 1n Couette now; radius ot inDer, ·and outer 
cylinder of Couette apparatus 

= tube radius 

= time; period ot rotation ot particle 

= streamline velocit;r, particle tra.nslational velocit;r at r 

= cylindrical coordinates · 

= Cartesian polar coordinates 

= distances along the X and Y axes ot a sphere center 
from the mid-point ot the doublet axis 

= phenomenological coefficient F4· (ll) 



• 
e 

'fil (r) J œ1' (r) 

ol, o2 

= thickneu of the reduced. particle concentration lqer J 

and its equW.bri\1'& value; mean values 

= apparent viacosity of suspending phase, viacosity of 
suspended phase 

= angle of a:x:is of revolution with the z-a.xis 

= density 
-

= azim.uthal angle of a:x:is o! revolution; orientation of 
the major a:x:is o! the defo:rm.ed drop 

= rectilinear angl.es of approach and recession of collision 
doublet of rigid spheres 

=rotation of field and angul.ar velocity of sphere at r 

= angular velocities of inne'r and outer cylinder of Couette 
apparat us 
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TABLE I 

Description of §lstems 

Temperature 22°C 

1.59 

Suspending 
b cm. System phase Suapended phase 

~-~- --a) 
Axis rat ' Defo 

(a/b) ses c 

----........ "1 
rmation j 
lass 1 

1 PIB b) Eccospheresc) < 0.006 

2 Po11DJ.etql.metha- o.oo8 - o.ou 
crylate spheres 

3 Pol7vin1l acetate 0.042 
spheres 

4 Po~l acetate ().097 - 0.165 
dises 

5 metal coated Poly- 0.2- 0.32 
styrene dises 

6 

1 

metal coated ~lon 12 .. 2 - 12.4 
l"'dS 

l 
: 
' 

7 1 PAAd) Polystyrene 10.014 - 0.065 1 
~ " 

1 
! 

spheres 
1 

1 

1 

8 Po~styrene dises 0.17 

9 metal coated 10 
~lon rods 

10 Silicone oil e) 0.085 - 0.0965 10 A 

ll Silicone oil e) . 0.062 - 0 .. 177 0.5 A 

12 dibutylphthalate 0.0707 o.a A 

Ucon oil LB-1715!) 
i 

13 0.0315 - 0.074 10 
1 

14 Pale 4 g) - 60 1 B 

A 

- 2 

·-~-~--- .. __ ., .... - .. ---~~-. --- --~--L_ .. 
a) Vi&cosity of the suspended phase 

b) Vistanex L-100 {Enjay Chemical Co.) 

c) Hollow glass spheres (:Emerson and Cuming, -Canton, Mass.) 

d) Cyanamer P-250 (.American Cyanamid Co., Wa:yne, N.J.) e e) Dow Corning Silicone fiuid (Series No. 510) 

f) Union Carbide po~glyeol oil 

g) Oxidized castor oil (Baker Castor OU Co,, N. Y.) 



TABLE n :160 

Tft:::R9!1:r coJ.l:.ipions in Cogtte tlow 
• 

e 'l'Il tt/2 
__ , .... t..,.,,,,. . .;.,. 

C~ockwise Counter Clockwise 

Collision 
doublet 1 ,al 1 ~r 1 l,•al 1 ~'ri 

degrees degrees degrees degrees 

1 59 32 32 39 

2 50 33 33 ~ 
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1000 

100 

Semi-logarithmic plot of the appa.rent visc.osity of u()lutions 
ot Pm in Decalin (aolià linas) and PAA in water (d.asheà line) 
plotted as a tunction ot the shear rate at various concentra.­
tions of polJmèr. The arrow indicates the ~ G at the 
tube wall at the flow rates used in most experimenta assuming 
newtonian beha.viol,lr. 
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UmY:!, i (a) Spherical polar cooràinate qatem for Couette tlow. 

(b) C:ylinc1r1oal polar oooràinate qatem r, +• x tor 
Poiaeu:Ule flow. A Cartesian coordillate qetem ia 
conatNOted at the partiale center located at x • o, r, 

··-- 900. 
(c) Deformation P,.rametera of a detonned. liquid drop. 

1.62 



r 
Ro 

0·50 

0·5 ~ 0:: -1 0 
N.w; 

0·75 

0·50 ... 
I--

R! 

Figure 3 Translat1onal and angular ve1oc1t1es ot small spheres in 
S7stern 1.; c., • 0.02 and Ro = 0 • .3 cm. The solid l1nee are 
calculated tram (6) and (7) and the PÇ>ints are experimental. 
Open o1rc1es: Q • 1. 78 x 10...._ cm.l sec ;j and 
o1osed. c1rc1ee: Q = 7.11 x 10.1 cm~\ sec;1 
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u(r) cm.Hc~' 

Inward migràtion of rigid partiales fran the tube wall in 
PIB solutions, Ro • 0 • .3 cm, Q = 7.11 x 1o·a cm.• sec-1 • The 
Telocity profiles at the aame Q tor the PIB (solid linea) 
and the pa~a~olic profile tor a newtonia.n liquid (broken 
line) are also plotted. Note that there is no migration 
where the profile ie flat. 

164. 

(a) Spheree: System 21 c, • 0.06; open circles: b/R.• 0.027; 
cloeed circles: b/R0 • 0.0.37 and triansles: b/R0 • 0.0.35. 

(b) Dises: System 41 cr = 0.051 2a = 0.0146 cm. and 
2b • 0.151 cm. . . 



Figure 5 

1·0 

b c 
..... 

0·4 0·1 

0 ·1 

ooolcl IJia! 
0 ·2 0 ·4 

0 ·1 0 ·2 

~· . 1 
0 

0 1 0 
0·00 o-oo 0 ·11 

TIME, ln. c 

The development of the reduced particle-concentration layer 
near the tube wall in System 3; Cp = 0.05, Ro = 0.3 cm. and 
Q = 7.11 x l0-2. cm.3 sec -l. 

(a) Photographs of a c = 0.125 suspension initially (left) 
and after 5 hrs. of flow (right). 

(b) Increase of b/Ro with time for the suspension shown in 
Fig. 5a. The insert is the tracing from the right photograph 
of Fig. 5a and shows the variation of 8 with the tube length 
(solid lines) and the mean value 8 (dashed lines). 

(c) Dependance of &oo!go on particle concentration; the data 
were extrapolated to &o/Ro = 0.88 (dashed line) at which 
the velocity profile becomes flat. 
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a 

-o-e -0·4 0 

tan(Z...tiT) 

Rotation ot a risid rod (Sy-stem 6) and dise (System 4) in 
' -1 Poiseuille tlow; Ro = o.; cm., Q • 0.142 cm. seo 1 o, - o.o;. 'l'he experimontal points are; 

open ciroles; tor rod 2a = 0.106 cm., 2b • 0.086 cm.. 
r. • 9.6, r/Ro = 0.476 and G(r) • 0.6; sec-•; 
closeà. circles: tor dise 2a - o.Ol8 cm, 2b ... 0.109 cm., 
r~ • 0.24, r/Ro • 0.330 and G(r) = 0 • .52 aec-l • 

(a) Variation ot tan fJ with time; the solld .lines are 
calculated l'rom (B) uaing the meaaureà. r6 • 

1 . 

(b) Variation ot Q w:Lth fJ plotteà. accord.in& to (lO). 'l'he 
aolid lines are calcùl.ateà. from (lO) asauming newtonian 
beha.viour. (i.e. C = constant) and using the experimental r

8 
and the value of C at fJ • o. 



Figure 7 

a 

1 
lll/1/llllllll//ll/ll/ll//ll/ll/111/l/1/l// 

,... . -·-· -·-·-·-
-$- ( -~·- DISC •·o ~ . .,. 

wmowmilllmiilWWMWWM' 

1·0.-----------------. 
...... ,..._ .... ~· ...... --. C0.4MI 

0.11~ • -

o .. f' 

b 
CO·H71 

Co-712-0.7001 

ull' 0·4~ 

~' 
0 .2 r~ ', ~ C0.77li-O·'Pt71 

·'!. ....... L cp.SIII-o-!!161 
W' .... ""'·---------- -------r---... ___ _ 

+-----·----i---.. 0~o--~~~--~œ=---~~~~-~~~ 

TNE,HC. 

TM:, MC. 

Drift in orbit constant or rigid cylinders in Poiseuille 
flow in a tube Ro = 0.3 cm. at Q = 7.11 x 10-lL cm} sec- 1 • 

:167 

(a) Limiting orbit values or rods and dises viewed along 
the axis (1ett) and in the median plane (right); schematic. 

(b) P.lot ot C/(1 + C) against time tor rigid dises (System 51 
solld ·lines) and rods (System 6, broken lines); Cp = 0.063, 
roda: 2a = 0~1 cm., 2b = 0.0002 cm., and dises: 2a = 0.015 cm. 
and 2b = 0.047 cru. to 0.075 cm. The numbers in parentheses 
indicate the variation in r/Ro or the particle center over 
the time interv:aJ. during which C was measured. 

(c) Variation or C and r with time tor a rigid dise 
(System 4) 1 cp = 0.05, 2a à 0.015 cm. and 2b = 0.151 cm. 
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OUTER CYLINDER 

INNER CYLINDER 

0=-------~~--------~--------~------~~--~ 0 50 100 . 150 200 

TIME, sec. 

Radial m.isration in Couette flow in S;retem 7; R., = s. 795 cm. 
and R .. = 4.644 cm. Curve l: b = o.06S 01111 fll'a - 0.092 rad. sec.-" 
and c~- 0; curve 2; b = 0.065 cm., n.= 0.056.3 rad.eec-J' and 
u.= 0; curve ,3: b == o.06; cm, n,= 0 and n.· 0.066.3 rad.eec.-t 
and curve 4: b • 0.014 cm, 'J1• - 0.092 rad.sec.-.t and Cl,.• o. 
'l'he positive and negative signa of n inclicate counterclockwise 
and clockwise rotation of the cylinders; the size of the 
spheres relative to the gap width AR= R,~- R1 ot the Couette 
appara.tus is also show. 
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-1·0 -0·5 0 

!lx 
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(}5 1·0 

li&W:! ~ Dimenaionless plot ot pa.ths ot partiale canters about the 
mid-point of the doublets tor two equatorial collisions 
(a • n/2) in Couette flow. The open circles (No. l, Table III) 
and open triangles (No. 2, Table III) are experimental points 
obtained durin& the first oollision1 while the oloseà oircles 
and triangles are those obtained when the spheres reoollided 
on reversing rotation of the Couette Q1linders. S,ystem 71 
b = 0.0166 cm, n,=·O.Ol67 ra.d..sec;1 and ';,== 0.0112 ra.d..seo-j. 



0 25 50 75 

TIME, sec. 

Variation of orbit with ·time tor a dise (circlee) 
2a • 0.0145: cm, 2b • 0.0854 cm, and rod. (trianslee) 
2a - o.œl cm, 2b - o.oœl cm. 1n Couette flow 
(Systeme a and. 9). eurve 1: Cl,• o.ozn rad.eec-1

, 

o,• 0.0216 rad.-eec.·• and. curve 2: o,• ·0.0089 rad. sec~' , 
0,.• 0.0019 rad..eec.-z and. curve 3: 01• O.Oll4 rad.aec-1 , 

and o.- 0.0248 rad'.eec""'. 
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Q.AIS 8-2 
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I·Or---.-:.....---------, 
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10 

0 0·4 0·1 

D 

fkHn ~ Detor.mation of newton:l.an liquicl d.rops in Couette flow. 

1.7:1 

(a) Tra. oinss tram photographe showing the.class A clefor.mation 
(Systane 10 to JJ) and olass B-2 deformation (Systan 14). 
(b) Effeot of b and speecl of rotation on the clefor.mation 
parameter D. 

(o) Variation of ~m with D. 
ln parts (b) and (q) b variecl from 0.0.32 om. to 0.17'i om. 
and Oj+ o .. ~ 0.0223 racl.seo·... The experimental points are: 
open oirolès: Syst.an 10; closecl oircles: System 11; 
open triangles: Systan 12 and o1osecl t~es: Systan JJ. 
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PART VI 

CONCLUSION 

1. General SWI!II!!rz 

The Min findings and conclusions described in Parts II to V 

of the thesis mq be SUJIIID&rized as tollows:; 

1. In neut~ buoyant cozacentrated suspensions ot rigid particles 

suspended in newtonian liquida undergoing creeping tlow, t~e velocity­

distribution deviated tram that calculated for a homogeneous newtonian 

liquid, because of particle-particle and particle-wall interactions. 

The velocity- profile in Poiseuille flow was blunted in the central portion 

of the tube with individual particles moving at tixed radial positions 

with identical velocities and without rotating. Outside the region of 

plug tlow, the particles exbibited erratic radial fluctuations and 

irregalar rotations which, h~er, vere reversible with respect to the 

direction of tlow. In dilute suspensions, the distribution of lateral 

displacements agreed vell, whereas the time average later~ displac•ent 

was twice than those calculated frœ a s1mplitied theory based on two­

b~ collisions (Part II). 

2. In the flow regime where'.inertialceffects bec-ame important, 

isolated neutrall1 buoy-ant rigid c7linders exhtbited the tubular pinch 

effect previousl7 observed for rigid spheres suspended in newtonian 

liquida undergoing Poiseuille tlow. At the same time, thq assumed 

limiting rotational orbit constants~which were independant of the initial 

conditions of release, and which corresponded to t_he maximum energy 

dissipation in Couette flow, Defonmable particles migrated to the tube 



axis, prov.lded tbat the ratio ot part.icl.e to supend:tna tlu:lc1 Y1scosit7 

d1d not exceed 50. In concentrated suspensions of spheres, because ot 

radial mi.ar&tion, a particle-tree zone vas torm.ed near the wall which 

moditied the initial velocit7 protUe and reaulted 1n a drop 1n the 

apparent v1scos1t7 coefficient ot the suspension which could be accounted 

tor theoret1call1' (Part III). 

3. Bebind an ad:vaac1ng merd.acu the axial and. radial velocitiea 

ot a hœoaeaeou liquid. UDderaoin& Poiseuille tlow vere in qualitative 

aare-ent with u. approx1Jaate th801'7 d.ue to Bbattacba.rji and. SaTicl). 

It vas sbown experim.entall.1' tbat 1 when a suspension of ri&id. particles 

vas apl07ed1 the .rad1àJ. flow near the ad.Tancing meniscus and the inter­

actions of particl.es with the wall and with one another resulted in 

imrard. d1splaceiaeu.ts of the particl.es, vhich 1n t.urn caused an increase 

1n concentration ot the suspeuicm bebind the ad.v&Dcin& meniscus (Part IV). 

4. In 'fiscoelastic suspendi na media in which there are normal 

stress ettects, isolated ri&id particl.es migrated across the planes ot 

sbear, 1n both Couette and Poiseuille tlows, towards the region ot lower 

velocit7 gradient. In tube tlow, this invard mi.ar&tion resW.ted in a 

dilution tsf particles near the wall. Rl&id qlinders dritted to rotational 

orbite wbich 1n newtonian liqœds correirpoaci to the mn2•• energ 

dissipation in Couette tlow, 1Dd.ependentl7 of the initial conditions ot 

release. ~ interactions between ..U tmitom spheres vere 

un~rical and irreTeraible, and the a11pent anale of liquid 

aewtoaiaa drops at aero d.etomatiOD areater tbaD tbat correspondiDg to a 

newtonian suspend~ng phase (Part V). 
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2. Concludig Rau.rJœ Nd Susgestioœ tor Further Woti 

The resulta have alrea.q been d.iscussed. in detail in Parts II 

to V and it remains OIÜ1' to côm.ent brietly on SODle ot their impl1cations. 

The work with concentrated suspensions ot rigid particles shows 

that the deviations in the velocit;r profile are probabq due to a wall 

ettect proposed b;y Vand2) to explain the decrease in the apparent viscosit;r 

.vith dec~iua tube radius. This so-c~ed sigma ettect is not necessa.ril;r 

a manifestation ot a deviation in the velocit;y distribution since it 

·exista at concentrations wb.ere the velocit;r protile is still parabolic. 

The developaent ot the partial plug tlow in the tube woul.d, however, be 

expected. to prodv.ce a turther reduction in apparent viscosit;y not taken 

into account in V and 1s or arJ7 other theoey. The viscous energ dissipated 

1dlen a partiels is introdv.ced in the tlow depends both o~ its translational 
' . 

and a:nauJ.ar velOcit;r. In the region ot plug now, the particles m.ove 

td.th identical translatioD&l. velocitiea td.thout rotatiua; tor this simple 

reason the poWer required to maintain tlow is lesa than that corresponding 

to a parabolic velocit;r protile. Near the wU, however, it ïs greater 

due to higher tr&D.slatioal. &Dd rotational velocities ot the particles, 

but the total ettect is a net reduction. 

The work also dSlOnatrates the import,ance ot consider1q the, 

tube radius in capilla17 Tisccaet17 &Dd sap td.dth in Couette viacomet17. 

The concentration th~ro;-s> propoaed. to explain the sipa-phenoaenon 

predicts no Tiscoait7 oha.:ap in a Couette Tisccaeter. However, '·the 

viscotd.t.T aean.reaeata in a Couette visccaeter on vbich the theor,y was 

baaed were made td.th ...U particles6) s-. t.hat &JJ'T wall etteot was 

probabl.T too ...U to. be deteoted. It has been shown (Part II) that Vand•s 



wall ettect2) 1 ignored in the concentration theor,Y3• 4> 1 does in tact 

opera te in both Couette and Poiseuille tlovs. 

The existence ot concentration gradients along the tube and 

the tractionation ot particles behiDd. an advancing and &head a 

receding menisci demonstrate the 1çortance ot properly sampling a 

suspension when measuriDg concentration and size distributioJ' 7). 

The phenaa.ena sugest scae interesting new possib1lities tor separating 
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and tractionatiDa particles ~ch warrant .turt.her ev•' nation. Concei vably 

the principles could appq not onl7 to particles but macromolecules in 

solution8). 

In view ot the considerations listed above and the detailed 

discussion given in Parts II to V and Appendices II to IV the tollowing 

recammendations are made tor future etudies. 

(l) Hewtonian SU!p!Dding tluids 

(a) Single particles 

i) Experillents with illproved aethods on the behaviour ot spheres 
. 

in close proxlmit7 and up to ~sical contact with a rigid wall to 

establish conclusively vhether or not there is a t;f'le slip at the wall. 

11) Migration ot neutrally buoy-ant rigid spheres in Couette nov 

at b1gh Rqnolds mœbers and at various distances tram the wall. 

ill) The direction ot radial migration in Poiseuille tlow at h1gh 

ReJnolds nUID.bers tor Don-neutrally b\lOJ&Ilt nuid drops of T&riOUS 

Tiscosities, with the aediaeatation velocity- in the aame and/or opposite 

direction to now. 

iv) Radial migration ot liquid dropa in Poianill.e nov tor a 

more extensive qœntitative test ot the theor,r ot Cbattq .& !!9). To 

iDclude experiaents ot the ettect ot aurtace active aaata vhich will 

inhibit internal circlÜ.&tion on the wall migration. 
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v) E.vm1ne quantitativ~ the etrects near an advancing m.eniscue 

with liquicl clrops. 

(b) MW.tiplet SZJ'.}eme 

i) Two-body collisions of unUom spheres in Couette now at 

high R8J11olcls numbers using bigb-speecl cine -photograpby. 

ii) Distribution or ~pit constants or suspensions or rigicl cylinclers 

in clilute suspensions at high Reynolds numbers where the observecl clritt 

in orbite depart from. the clistribution founci at low Reynolds numbers9). 

iii) Measuratents or the pressure clrop at various times in clilute 

suspensions or rigicl cyllnclere unciergoing Poiseuille flow at bigb Reynolds 

~rs to stud7 the effect of raclial migration and. clri.tt in orbit on the 

apparent viscosity. 

iv) Concentration protUes across ·the tube ( using transparent 

suspensions and. tracer partiel es) in concentratecl suspensions of rigid 

particles at bigb Reynolds D'UIIbers. 

v) Sim:ultaneous measurem.ents ot velocit7 profUes and. apparent 

viscosities at low Reynolcls muabers in suspensions of rigicl particles to 

correlate viscosity and. velocit7 pro.tile data in a semi-empirical model 

basecl on a pseudo-two-phase flow. 

Yi) Keasurements ot the mean concentration or a suspension ~ow:Lng 

in a t-abe at l.ow Reynolds mmabers aud und.er steadl' state conclitions 

i.e. when aerd.sotl8 etrects are not preeeBt. To ccmpare the resulte with 

the conceatration ot the euepeneion in the teediD& rese"oir and. thus 

eva.l:.iate qaantitativ~ the ettects arising f'rœ. the convergent ent17 of 

the tube. 

Yii) Concentration cbaqes in front ot a recediD& aen18CU8 1n clilute 

(i.e. vithout part1cle-part1cle interaction) and. concentrated suspensions; 
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to include &lao experiaenta vith fiiD.il.aioaa. In dUute auapenaiona, 

because the rad1al flow is directed. imrards, wall etfects are expected. 

to be ne&ll&ible am1 thue ao cblmse in the concentration is anticipated. 

At h1sh concentrations, hOWYer, particle-particle interactions mq 

result 1n a depletion of partiales &head of a receding meniscus. In 

the case of an emulsion, on the other band, it is expected that there 

would alvays be a reduction in the concentration near the receding 

meniscus becauae of the radial milration of the ~eformable particles10•11>. 
viii) Velocit;r profUes in concentrated emulsions of various 

viscosit;r ratios. The techDique described in Part II -.y be used for 

transparent emulsions to obtain a velocit;r distribution across the tube; 

for non-transparent emulsions an idea of the deviations from the 

parabolic distribution -.y be obtained b;r measuring the translational 

velocities of the outermost drope of the core. 

(2) Non-newtonian suspending media 

(a) S1DgJ.e part.icles 

i) Fluid velocit;r profiles in viscoelaatic tl1dds in Cov.ette 

flow over a wide range of aunul.ar gaps, b:y measuring the angul.ar 

velocit;r of small spheres. 

11) Detp:rmation ot non-newtonian liquid drops in newtonian aDd. 

non-nevtonian media. The non-newt.onian a;rst.u shCNld include seme 
r 

aon-elastic {e.a. Bib&hm plast1c) fluide. 

iii) Miaration of riaid partiales underaoiq nov between coun.ter­

rotatina dises. Miar&tion towards the center of rotation is anticipated 

due to the variable velocit;r aradient. 

(b) Suspensions 

1) Pressure drop aeasureiaents in concentrated auspensions in 

viscoelastic tluids where the radial miaration is expected to cause a 
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reduction 1n the apparent viscosit7. 

11) Concentration chan&es occurrina 1n Couette flow. 
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PART VII 

CI..AIKS TO ORIGINAL RISEARCH 

1. The velocit7 diatributioa 1a coaceat:rated. suapenaioaa of rigicl 

particlea waa ahollll to cleviate frcm that c&lculatecl for a h01110geneous 

aevtoai&a liquicl clue to particle-particle ud. particle-wall iate:ractioaa; 

qualitative agre-.nt with Vaad. 1a2) paeuclo-two-ph&ae flow was obtahecl. 

2. The tubular piach affect for rigicl particles other than spheres, 

but not for particles clefo:naecl b7 the shear vas clem.o.utratecl. 

3. The rotation of SDI&ll r1a1cl 07linders suspendecl in newto~ 

liqaicls und.ergo1Dg Couette ud. Poiaeu:Ule flon with iaertial effects 

preseat vas &hon to follow Jefferr• s12) eqaatioas proviclecl tbat the 

experiaat.all.T determined. equi'Y&leat axis ratio vas usecl. Moreover, roda 

&Jid. dises attaiaecl lim1tiu& rotatioDal orbit cOD.ataata which, coat:ra17 

to Sa.ttman 1 slJ) precliction, corresponclecl to maximum energ cl1es1pation 

ill Couette nov 12.). 

4. The ebange in the velocit7 profile and drop in the apparent 

viscosit7 coeff1c1eù ill auspaa1oaa flowiJig through tubes at h1gh 

ReJnolcla numbers was clemoaatratecl. 

; • The flow of a hcmogeaeoua l1qu.1cl aear a DJ.OV1Dg meniacua waa 
. l) 

fShOWD to be in qualitative qre•ent with the theo17 • In a n.apen.a1oa1 

cOAceatratioa ch&Daes near an &dvanc1Dg meniacua vere ahowa. to arise 

t~ the radial flow occurria& bebiDd. the aeaiacu &Del b7 part1cle-part1cle 

ud. part1cle-wall iateractioaa. 

6. LateralJI1arat10A of ~ particlea aupeDàecl ill viacoelaatic 
~ .. 

l1qa1cla Ulldergo1Dg slow Cou.ett.e uà Poiaeu1lle flowa waa d•onstratecl 
.. 
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aad explaiDed. qualitat.iveJ.T oa the baais ot ao!'Ml stresa ettecte which 

propelled. the parbicles 1a the directioa ot d1wia1sh1Ja& veloc1t7 sr,ad.ieat. 

7. The ua ture ot two-bod7 collisioas of 'GD.itora spheres &lld. . of 

deformation of newtonian liquid drops in viecoelastic liquide in Couette 

tlow vere descl"ibed.. 
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(Reprinled from Nature, Vol. 200, No. 4902, pp. 159-160, 
Oc!ober 12, 1963) 

Axial Migration of Particles in Poiseuille 
Flow 

\VJo: hn.vo oxtonrlod recent; observations of Uw radial 
movoments of s inglo rig id 1 •2 n.nd deformable3 spheres 
suRpended in Newtonian liquids ftowing throngh straight 
11 ircu lar tubes t·.o inP-Ind.o ot·.hAJ' part.iP.IA shA.pes and 
\' iRco-olastin fluirh<. 

Tho exp()l'imonl->< in N•nvtonian liquirl;; wero condnct,orl 
aR boforo3 • '1 ns ing Ring lo rig itl sphoreR, rorh1 and rliRIŒ of 
t.ho ><nmn rlonsit.y aR t.ho l!qnirl>< but ftowing n.t. pn.rti11lo 
H.AynOic!s 'nmHbOJ'H (/Ü'.p) bO(".WOO!l 3 X ] ()-•l anrl 7 X ] ()- a 

instead of loHR t.h a n JO-•;. Tho tnbuln.r pinoh Affoct 
previously obso •~vorl wit.b ri girl spheres ' ·2 a l; 1-hosfl R e1, 

was also oxhibited hy tho J'OCL'l and disks. Particles 
placecl initia lly noa r thA t.nbe,wa.ll migrated inwards, 
whilo partif'.lo;:; nOfl l' t.ho t.nbo a xis moved outwards tmtil 
an equilibrinm m.dia l posit.ion (1·) close t.o onA-half the 
tube mrlinR (R) was ron.chod (F'ig. l ). 1?01· a g ivon partif'.lA 
Rhn.po, t.ho mt-11 of mdial migmt.ion incroased wit·,h increas­
ing flow no.t.n: parti r· lo Rizn ;mel radial diRpla11omnnt fr·om 

1- dise (ù) 

2- sphere 

Il ----
[_____- _J ___ l - --- J ____ J ___ _ 

1 uo zoo 300 .wu :.on r.oo 
'J' ÎJuc (sec) 

Fig. 1. Ttalli:\lmigrat.ion inwurù~ (curve J) auù outwards (etuves~ and 
~) Lu the equilibrium pusition r/N = 1/2 approximately, cxhibi ted l!y 
sphereH , rods and disks aL high R ep ( > 10· ') wheu suspeuded in poly­
glycol oils flowing Lhrough a Lube li = 0·2 cm. The curves a re: (1) poly­
atyl'ene disk of radiuA 0·034 cm hn.viug HH iuitial urbit constant C = 5·0 . 
the numberR in pnrentheses indicating the decrease in C with radial 
•lis tance and ti me ; (2) polystyrene sphere of radius 0·050 cm ; (3) uylo11 
ro<l of length 0· Il cm. The steady in ward migration to the tube centré 
nf ·;• gl)•cerol ùmp in a polyglycol oilmixture, viscosity ratio su•pendcd 

J)h:)se/:HISJWnding pt1ase = 10. i~ showu by curve 4 
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{ p(r) (cm sec-•) 

0·1 0·2 0·3 0·4 0·5 

LO 1,000 2,000 3,000 

Distance along tube (cm) 

Fig. 2. · Inwarù radial migration of 'P lexiglass' spheres in viscoela8tic 
!lu ids Howiug through a tube R = 0·3 cm nt low Rep ( < 10 .... ). Curve 1 
shows the velocity profile, l>luuted near the tube centre, of a 6 per 
cent by weight solution of polyisobutylene in 'Decalin'. The inward 
migration to the central region of no shear of spheres of radii 0·016 
nnrl 0·021 cm snspeudcd in t he same solution is shown by curvcs 2 and 3 

respectivcly 

t ho oquilibrium position. Furthormoro, rods n.nrl dis);;;; 
n,s:o;umod limi t ing rotationa l orbi ts whioh woro inde­
pondent of tho condition.<; of ini t ial roloaso. Tho long 
n.xi:o; of t ho rodfl and tho faces of t he disks bocnmo oriontod 
in pl•mos pasfling throtwh tho ax ifl of t ho tubo, corrospontl­
ing t.o Rphorical ollipt.ical orbit conRt.antR 0 = co untl 0 
•·osp ocLivoly·•; Lhoso aro t;ho odJit-.R in whioh t;ho p;wtieloR 
mako U10 maximum ron tribution to fl usponsion v isoosity' 
in Couette flow. At low R ev ( < 10-") tho radial po:o;ition:o; 
and orbit constan ts of singlo rigid rods and disks romainod 
fixed at their initial values·•. Tho drift . in C and 1' at 
highor Rev presumably arfl related offects due to inertia•. 

In striking contrast to rig id particles, liquid drops 
and elastmner fùaments, which were deformed by the shem· 
field in the tube, migrated inwards to 1' = 0 just as tho y 
did at low R ev(refs. 3, 4). This behaviourwasshown. by liquid 
l!rops hrwing a v iscosity as hig-h as 10 t imes that of t ho 
suspflnding medium (Fig. 1). When tho nttio reached !iO. 
:md t ho drop deformation appeareù negligible, t lw 
bohaviour was as for rigid sphoros, that is, no migration 
at Jow R ev and migration to 1·j l? = l / 2 at high Rep. ThuR 
t ho m igra tion dun to doformation3

•
4 mtn dominH.LO thaL 

duo to inertia. and v ice versa. 
Jnward migration of rigid particles occurreù in thl' 

v iRcoelastic fluids at low R ev ( < 10-6 ) . Solutions of 3- li·3 
woight pet• cent polyisobutylone ('Vistanex L-100', Rnjay 
Chflmical Co.) in decahydronaphthalono ('Decalin'), whieh 
have been well characterizcd rhcologically7, were used 'lh< 

tho medium. As expected from the decrea.se in apparent 
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viscosity with increasing rate of shea.r, the velocity 
profile u(r) across the tube, instea.d of being parabolic as 
with the Newtonian liquids, was blunted in the centml 
regions (Fig. 2). Rigid spheres, rods and disks placed 
near the wall rotated and migrated inwards to radiïl.l 
positions at which the velocity profile was nearly flat 
(.Fig. 2). The rate of migration increased with ?' and 
particle size. During migration, rods and disks driftcd 
into retational or bits corresponding to C = 0 and oo 
respectively; these orbits correspond to minimum energy 
dissipation in Couette flow and are in agreement with 
Saffman's theoretical p1·ediction and observations fot· 
rigid sphoroids in a non-Newtonian fluid of tho typo 
used8 • P articlos in the flat portion of the profile, whore 
the veloeity gradient was zero, neithet· rotated nor moved 
radially. The pa rticle migration observed in thes~ 
experimonts may arise from the combined action of 
normal stresses in the ftuid and the variation in volocity 
gradient am·oss the pa rticle . 

These experiments roveal three distinct m echanisms fot· 
radial migration during the flow of suspensions through 
tubes of which only on e, that due to deformation a t low 
Rev, has been expla ined with any degree of completeness'. 
lt is possible t hat there m·e additiona l mechanisms, 
ospecia lly at concentnttions at which appreciable pa r t iclo 
interaction ca.n occm·. Theso phenomena m·e of interest. 
in connexion with tho development of particle-freo 
pcripheral ?.ones in the flow of varions suspensions Rnch 
aR pnlp fibre suspensions and blood through tubeR. 

' l'his investigation was · supported (in pa rt) by U.S. 
Public Hea!Lh Rervico rosearch gmnt H -!i91l from. the 
Nu.t;ional HE~art Tnstit.ute of t.ho lfnitod Htat.os Publir' 
l-l t'alt.h Rervir·11 . 
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APPENDIX II 

WALL MIGRA.TIOIT OF FLUID DROPS .Ill COUE!'l.E nDI 

INTRODUCTIOIT 

In the creeping flow regime Goldsmith and Mason1) .:tound that 

liquid drops auapended in newtonian. liquida undergoing Poiseuille now 

migrated to the tube axis whereas the center of rotation of single rigid 

particles reaained at .:tixed radial positions over prolonged periods of 

flow. An approx:lmate theor;r based on drop deformation and the variation 

in velocit)" gradient across the drop was proposedl) to e:x:plain the 

inward migration of fiuid drops. 

A more rigorous theoretical treatment of the problem. of drop 

migration was advanced recently b;y Chatfey J!!i !J:.21 3) tor Couette flow. 

Two cases were considered: '(i) migration of a liquid drop in a variable 

shear field in absence of wall effects 1 and (11) migration in a uniform 

shear field resulting from interaction of the drop with the rigid wall 

bounding nov. The present brief investigation was undertak:en to test 

the equation derived tor the latter case. 

THEoRETICAL PART 

The behaviour of an isolated, neutrally buO)"ant, and slightly 

deformed drop near the rigid wall bounding the auspending fiuid which · 

undergoes plane Couette flow defined b7 

u = Gy, v = w = 0 , (l) 

where u, v, w are the respective tluid velocities along the X, Y, Z axes 
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and G the velocit;r gradict wu conaid.er~). Usil&& the method of 

reflectiOils it wu ehown t.hat interaction with the wall should. cause 

the drop to move awq frca it. Asauming .taJlT cleveloped. circulation 

insicle the drop the preclictecl migration velocit;r is3) 

dl = GD • .; • 33(79p
2 + 27P + ~4} 

dt t2 280(p + 1)2 J 

(2) 

wbere t is the d.ietance of the drop cmter from the wall, b the radius 
' ' 

of the uncleformecl drop, p the viscosit7 ratio of the suspended to 

suspending phase, and D is the Tq1or"~s4) deformation parameter given 

L _ B Gq
0
b (19 p + 16) 

D = L + B = 'T (16 p + 16) 1 (3) 

wbere L and B are the 1-sth and breadth of .the detormed drop, llo the 

viscosit,. of n.ap•d'"l tluid, and 'T the 1ntertac1al teuion. Substi­

tution of D from (3) into (2) and integration Jielde 

where 

t3 = J.o3 + 3~o • a~4t(p)t , 

f(p) = 33(79p
2 + 77p + S4)(19p + 16) J 

4480(p + 1)3 

and !
0 

is the initial distance of the drop center from the wall. 

(4) 

(5) 

'l'he theoq wu teated axperillan.tal.l;r in a coa.xial C7l1Dd.er 

dfi'ice in wbicll the two qlJ.Ddere rotated in opposite d.1rections5). '.l'he 

veloc1t7 aradi•t G(R) at· a d.istance R f'rca the ccter of rotation is6) 

g + Q ~~2 
G(R) • 2 l 2 • (6) 

a22-~2 i~ 



• 

1.87 

where 11. aD.d. a2 are tàe reepective r&di1 of the ilm.er and outer cylinder 

wal.l.a, and ~~ 02 their aqul.ar vel.ocitiea; G(R) 1a greatest at R:t and 

lea.st at R2; whc B:L, R2 are laree G(R) J1A7 be conaidered constant acroaa 

the ammlar gap. With the larger set ot cylinders (Table I), G(R) wa.s 

evaluated at the atation&1'17 lqer at which ( 6) becomee 6) 

2(1:J. 201 + R2 2 02) 

G • R22 - i:t 2 ·. ; 
(7} 

the variation in G acroas the gap wa.a approx:1matel.1' ~. With the 

emaller set (Table I), the curn.ture of the walla could no longer be 

neSJ.ected; aine• ·vith this arrang•ent the dropa were alwqa releaaed. 

near the outer wall, G waa caJ.culated at R2: 

(S) 

The ayataaa uaed (Table I) ahowed. negll.g1ble drop sedimctation. 

The distance ot a drop from the wall wu measured either photographical.JT, 

or YisuaJ.l.T uaing a calibrated dial cauge coupled. to the viB'Ning micro-

sc ope. The inter.facial. tceion, under the conditions of the experiment, 

wa.a det.emined by photographing the drop in the stat1011&17 l.qer; the 

measured. values of L, B and b were then used to cal.culate .'T by means 

ot (.3). 

RESULTS UD MSCUSSIOR 

Liquid dropa· m.igrated. awq from the wal.la o.f the Couette 

apparatu reaching eqa.ilibri'CIIIl &bout hal.t-wq between the two qlindera, 

where the ef.fectà of two wal.la balanced one another (Fi&. l). The direction 

of migration wa.s independct of speed and sense of rotation of the cylinder 
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walla. The rate of migratio.u (Fig. 1) inoreu«l with deoreasi.Ds the 

distan.oe frCIIl the wall aad i:aoreasiD& the drop radius; it al.ao increased 

wtth iaoreaaiDg G (Pig. 2&) and the ratio f(p)/f {Fig. 2b). 

I1l nc·~· ·-· of the experimental. resulta have bean plotted 
1 

in accord.aaoe with (4); as JDa7 be .seen the plot of i 3 against a2o4t 

Jield.ecl a fami.J.T of etraight linee as predicted by the theor;y. With the 

set of raarrower-gap qliDders deviations :tram the linear relati01l8hip 

beoaae apparent as the dropa approaohecl their eqailibria positions; 

th~e deviations, aa apected, vere toward.a lover val.ues o!' t3 and vere 

uad~:.~edl7 cbte tc the illteractiœ of dropa with the other wall so as to 

reduoe the rate of Jlli&ratiœ. 

Valu.ea of the obaerved l 3 are ahoa 1n Fig. 3b and compa.red 

with .thoae cal.culated !'rœl (4). For the s;rst .. inveatigated the rates 

were l/2 to l/3 thoae predicted by the theory. The ef'fect of the other 

wall duriDg the initial. stage or raigratiOD ( cal.culated f'rolll (4)) is too 

I1D&1l to aocOlmt for the diacrepeaq; tJù.e JDa7 alec be aeen trom. Fig. 3b 

wb.ere ao difference in the rates wu f'ou.ad in the two apparatu with 

differant gaps. The depeadece of the alope of the lines (Fig. 3b) on 

the ])b78ical. properties of the systems augeats that the bound.a17 

aaiiJ'IIIIII)tiona of ·the theo17 aight Dot have be-. aatistied in the experimeata. 

A ke,y aaaumption ia that there ia fUl.l,y developed internal circulatio.u 

iuid.e the. dropa. It haa bee ahown that minute traces of impuritiea at 
' 

the ~ iatertace can iahibit the circulation 7) and prenmabq deoreaae 
8) . 

the migration velocity • It ia iBtereatiDg to observe that deviation 

troll tlle theo17 illcreaaed at incr.easillg p (Fig. 3b). 
1 
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The data of Gold.aith and Mason1 ) on the migratioa of liquid 

drops ill Po1seail.le flow have also bec teated usi.Dg a relation sjm:J Jar 

to (4) for flow in tubes3). The resulte nre similar to those in Coa.ette 

flow, the aeasured migration rates being lower than the theoretical.J.T 

ealculated. In· the qat• :)illcoae oU - Pale 4 tor which the agre••t 

wu eat1stactor?) 1 there is a mœerical error in evaluating t(p), the 

reported migration rates being about 10 times sreater than those actuJ.lT 

observed. 

CONCLUDIHG REIABKS 

The experi:Jaeatal. studT of the wall mi&rat1oa of liquid drope 

iD Couette flow is iD g•eral açe•en.t . vith the theo17 of Chaffq .!i !J}) 1 

the o'bserveci migration rates beiDg of the ame order of magrd tude ae 

those predict.ed by (4). The tact that thq were emall.er J11&7 be due to the 

iBhibition. ot the internal. e1rc1ü..at1on., although this does not explain 

cœpletel.J" the mapi:tude. of the observed deviations. 
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B 

D 

f(p) 

G; G(R) 

t 
L 

p 

LIST OF SYMBOLS 

= radius of the undeformed drop 

= minor axis of the deformed drop 

= (L - B)/(L + B) 

= tunction of p Eq. (5) 

= velocit;y çadieat; G at R 

== distance or drop ester from. the wall 

= major axis ot the deformed drop 

= v1scosit7 ratio or 8l18pended to napend.ing -~e 
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R, li_, R
2 

== .. radf.al. distance from the axis ot rotation; radius of inner 
and outer walls of the Couette apparatus 

t = tiDle 

u, v, w = components of fiuid velocit;y along the X, Y, Z axes 

x, y, z = Cartesian coordinates 

1' = illtertacial teDSiœ 

~0 == suspending phase viscoaity 

1:::. p = deDSit;y ditter~~e 

n1 ., 0 2 = angular velocitiea of inner and outer cylinder walls 



1.91. 

1. GOLJlSMITH, H.L. and MASOH, S.G. J. Colloid Sei. !7:, 448 (1962) 

2. CHAFFEY, C.E., BREB.RER, H. and MA.SON, S.G. Rheo1. Acta !J:, 56 (1965} 

3. CHAFFEI, C.E., BREIDŒR, H. and MASON, S.G. Rheo1. Acta !J:, 64 (1965) 

4. TAYLOR, G.I. Proc. RoT· Soc •. (London) A 146, 501 (1934) 

5. BARTOK, W .. alld MASON, S.G. J. Colloid Sei. la, 243 (1957) 

6. TREvELYAH, B.J. alld MASON, S.G. J. Colloid Sei • .2,, 354 (1951) 

7. RUJISCHEIDT, F.D. and MASON, S.G. J. Colloid Sei. 16, 210 (1961) 

S. H1..~AMARD, J. Compt. rend. ~ 1735 (1911) 



e e 

TABLE I 

Properties ot Sntems 

Temperature 22°C 

s,.st.. !i. :.! Suspendins phase SuspeDded pbase p 'l a) ~ b) 1 

dyne cm. -1 g.cm.-.3~ 

1 15 .. ~ 13 .. 354 Silicone oil Ucon oU LB-1715 Q.l6 0 .. 2,3 0.029 
50 ps. 

2a 15.22J 13.354 Silicone oil Water 2 x 10-4 10 0.025 
. 1 50 ps • 

2b 9.557 4 .. 754 Silicone oil Water 2 x 10-4 26 0.025 
50 ps. 

3 9 .. 557 4.754 Silicone oU Pale4 1.4 4 0.026 
50 ps. 

a) Calculated. .t'rom the measurec:t drop deformation using (3). 

b) Densit7 di.t'.t'erence between the two ~ses. 

1-.i. 

~ 
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1·0 .---..,----------------------z--------. 
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0=-----~---~~---_. ____ ~~----~------~. 
0 2000 4000 8000 

TIME, sec. 

1-f:l.sration ot Uquià drops from walls boWld.in& Couette flow, 
S)'stem 2aJ open circlea: b • 0.063 cm, li1== o.o~ rad.aeo.·' 
and t~ .... 0.02.39 rad.. seo ·l ; 
cloaed. oirclea: b • 0.104 cm, '~~- o.o~ rad..seo-J 1 
Cl,• 0.0239 ra.d..seo.-• an<i 
open triangles: b • O.JJ;, c~,· 0,089 rad.seo;l &ncl fla• 0.042; 
rad..seo·'· 
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0~----~----~~----~----~~--~ 0 1000 

TNE,atC. 

lkurt i Ba,cli&l migration ot liquid drops und.ersoin& Couette flow. 

(a) Etteot ot veloo~t7 &radient on the rate ot migration; 
b • 0.100 - 0.104 cm. 
Open oiroles: System 2&1 G • 0.3S5 aeo·l ; 
oloaed o1roles: System 2b1 G • 0.220 seo.·J and 
open triangles: System 2&1 G • 0.186 seo·'· 

:194 

(b) Ett'eot ot phyaioal pro~M.ies on the rate ot m1&rat1on. 
Open oiroleaa S7•t.• ab, G b•• 2.45 x 10·• 011.4 sec.-• and 
f(p)/~ • 0.22 am.4yn-1 J · 
aloaed circlea; Ststèm 31 G"b+• 2.49 x 10·• ca! eeo;-' and 
t(p)/~ - l.a; cm.dJn-\ 
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a 

• 
101 x [r/ b• t] cm~ uc:' 

b 

fl.pre l Radial migration of liquid drops in Couette flow. 

(a) Plot of l 3 vs. Ga.b•t according to (4). 
Open circles: System 2b1 b == 0.100 cm, G = 0.186 sec-1 ; 

c1osed. circ1es: System .3 1 b = 0.098 cm, G = 0.220 sec-l; 

1.95 

open squares: System 11 b = 0.07\fl cm, G = 0.140 sec.-• and 
open triangles: System 2a, b = 0.06.3 cm. and G = O.JSS eec·1 • 

(b) Oompa.rison ot the observecl and ca.lculated. (Eq. (4)) vW.ues 
ot .t. 'l'he dotted. line is the 45° line of pertect correlation, 
the solid llnes are the ones drawn through the experimental points. 
Open circles: System 2b1 range of b • 0.00.3 - 0.10.3 cm. and 
range of G = 0.186 - 0.400 sec-l ; 
open triangles: Systéln 2a, range of b == 0.06.3 - O.lJS cm. 
and range of G = O.JSS- 0.421 sec~'; 
open squares: System 1, range of b = O.f1707 - 0,0822 cm, 
range of G = O.l2J - 0.220 sec;J.a.nd 
c1osed. circles: System J.l range of b = 0.057 - 0,098 cm, and 
range ot G = 0,181 - 0 • .3.,; sec~1• · 
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APPIIDII m 

THE APPARElr.r VISCOSITY AND VELOCITI DISTRIBUTION IN 

CONCENTRATED SUSPENSIONS: A SEMI-EMPIRICAL MODEL OF FI.Ctl. 

INTRODUCTION 

It vas 8À01fD. in Part II that the velooity profiles ot eonoen­

trated suspensions ot spheres deviate tram those predicted by the theor,r 

wit.h no partiales present as a result or the interaction of the outer 

layera ot the suspension with the rigid wall. Follow:l.ng V and 1 s1) suggestion 

we may represpm1i the wall et.tect b7 consideriJ:l& the suspension to be a 

continuum with a variable viscosit7 Il* va.eying from. 11
0 

(the viscosit7 of 

tlle u,ed.ium.) at the wa.ll to 11 ( that. o! the suspension) at som.e cba.:racter:istio 

distance o from the wall which is only a function of particle aize. UsiD& 

this semi-empirical approach we shall show tha.t the observed velocity 

pro!Ue:s both in Couette and. Poiseuille tlowe as we1l as the variation ot 

the 4tpparent rlscosity lla with particle aize JD&)" be explained qualitativel.)'. 

THEORE'l!CAL PART 

1. ~ 

Consider a unitormq disperaed suspension ot rigicl spheres of 

volume traction c .t'lewin& 1n a tube radius R01 or undergoing shear flow 

in the annular gap ot wid.th l\R ot a Couette deviee. In Poiseuille flow 

the origin of the ooordirl&te qstem is talten at the axis of the tube 
1 

(Fig.. la); in Couet.te flow the origin of 7 is at one of the wa.lls which, 

for sim.pllcity, is eonsidered to be at rest.. We asSUDle (i) newt.on:ian 

behaviour of the suspension and ,suapencling mediUJD. (ii) continuity of 

. ~· . 
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velocities and shear stresses and (ill) stead7 state conditions. . With 

these assumptions the differential equations of motion are, in Poiseuille 

flow, 

du' (r) 
dr 

Cr =-
Il* " 

where u' (r) is the translational velocity of the suspension at r, 

(1) 

C = - t:.P /'lL and t:.P /L is the pressure drop per unit length of the tube. 

In Couette fiow 

du' (y) 
dy 

f 
=....§. 

Il* , 

where f 
8 

is the shear stress at the boundary. 

(2) 

To integrate (]) and (2) the explicit form of 11* must be known. 

By making various assumptions concerning the thickness of the layer and 

the f'urictional variation o~ 11* with the distance from the wall, various 

velocity distributions can be. computed. Three simple flow modela are 

treated below. 

2. Poiseuille flow 

Model ·A: It is assumed that 

tl*·= 1j at < < (3a) r - r- R . 
0 0 0 ~ 

!J* = 11 at < < . (3b) 0 - r- r 
0 

, 

and ~<<< 1 ; (3c} 
0 

there is therefore an abrupt increase of the viscosity from 11 to 11 at 
. 0 

r = r
0 

(Fig. lb). Since it bas been assumed that 8 << < R
0 

its thickness 

may be neglected; the slip velocity u•
0 

i.e. the velocity of the inner 

surface of the o layer is gi ven by 
cOR 

u'o =-"!loo • (4) 
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Setting tf* = q in (l) and integrating witb the boundar.J condition tbat 

at rf= R u' {B. ) == u' the velocitv distribution in the suspension is 
( 0 0 0 ~ 

found to be 
CRnî- 1 62 28] 

u'(r) =-~ ~ + Ro , (;) 

Where fl = r/R
0 

and 1\r = q/lJ
0 

is the relative viscosity. The volumetrie 

fiOlf rate, neglecting the flow in the lqer is 
Re 

Q = J 2nru'(r)dr , 
ID . 

(6) 

which upon substitution of u' (r) from (5) and integration yields 

On'R 4 [1 + 4~, ~ l Q _ 0 ~O 

.- - 2l)o 2flr • (7) 

Inserting (7) into (5) the resulting velocitT profile is 

[ 
i - p

2 + 2llz. .§_] 
ut(r} = 2Q2 g Ro 

nR0 1 + 4~ R 
o. 

(Sa) 

(Sb) 

where u*(o) is the center1ine velocitT corresponding to the parabolic 

distribution at the same Q. At the tube axis (8) becomes 

0 
1 + 2q a 

Y.!..(Ql r o 
Ui\0}=1+4 ô • 

l'Ir R 
0 

Defining the apparent viscosity of the suspension as 
On'R4 

ft - 0 -.a-- 4Q ' 

(9) 

(10) 



then .from (7) and (10) is .found that 

!la 1 
- == • 
tl 1 + 4%1 .b rR 
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(11) 

Model B: The same variation o.f 11* with r as in Mod.el A is 

asS'\Iiled {i.e. Equations .3a and .3b) but S now has a .finite thiclmess 

{Fig. lb). Set ting Il* = 11
0 

in {1) and assuming that the liquid adheres 

to the tube wall integration o.f (1) leads to the velocity distribution 

in the S lqer. 

(12) 

At r = r 
0 

(12) gives the velocity o.f the inner surface o.f the ô lay"er 

CR 2 

u'(~) =- 2Qo (1- ~2) , (1.3) 

'where ~ = r /R .. 
0 0 

0 

In the core of the suspension integration of (1) yields 

CR 2 

u'(r) = 2: p2 +A, (14) 

where A is an integration constant. The condition of continuity of the 

velocity at r = r 
0 

permits the evaluation of A from (1.3) and (14). The 

resul~ing velocity distribution in the core is 

. c~2 [-~ 2 J u' (r) = - - - ~ + (1 - -r2) 
2Qo tlr 

(15) 

The total volume flow rate Q is equal to the sum o.f the 

volume .flows in the lqer, ~~ and in the core, Q2, i.e. 

(16) 



where 

and 

and 

l?o 

~ = f 2nr ut (r)d.r , 

To ,. 
Q2 = J 2nr u' (r)dr • 

0 . 

Using (14) to (18) the total eftlux is found to be 

4 
Q = - ~Ro [ + + 1 - 'T4 J . 

llo 11r . 

Substitution of (19) into {14) and (15) yields 

2 

::f~~ =rt. 1 - 13 4J 
+1- "( 

llz. 

for 'T < 13 < 1 , 

The apparent viseosit;y is found from {10) and {19) 

2û0 

(17) 

(18) 

{19) 

(20) 

(21) 

(22) 

(2.3) 

whieh is the same as Vand'sl) equation but written in a different f'orm. 

Model C: Here it is assumed that fl* varies linearly' with the 

distance from the wall (Fig. lb) reaehing the value of fi at 8 =:= R
0 

- r
0

, 

atter whieh it remains eonst~t, i.e. 

Il* = %) at < < 0-r-R 
0 

(24&.) 
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and {24b) 

Then following the same procedure as in Hodel B it can be shown 

{see Addendum) that in the lqer the velocity distribution is given by 

(1 )2[f~~z--l( ·ft)r-11 1 ~~z.-1 ~ 
. . - 'I 2 - r 1 - 'f j (1 - ~) + 1 - 'f. loge - 1 - 1 - 1 (1 -~) ~ 

. 2(t) - 1) r 

and in the core 

(26) 

where (27) 

A = [ 1 - 1] [ ;1
2 

- zr3 - 1l 
~~z.-1 3 J' (28) 

and 
(1 - 'f)2(t) - 1) ~-~~ - ,2I 

F = r 3 1 log (t) - 1) -
(!}r - 1) 1 11z. - e r 

{25) 

{ 
llr -

1l (1 12) 2 ]. t1r _ 1 (1 - 1) - ; - 1 loge (t)r - 1) • (29) 

(.30) 

The apparent viscosity is round to be 

(.31) 

' ' 



). Couette Flow 

Model A: As in the tube it 18 asBUDI.ed (Fig. lb) that 

and S < < <ÀR 
2 

Il* = Il 0 
at 

at 

< <~ 
0 - y - 0 " 

Equations (2) and (.32) lead to the following velocity distribution 

At y =AR/2 the translational velocity u* is 

U
* = t 8 LUi 

2ll , 

and (.3.3) becom.es 
ut (y) = 6I + Il 2Ô 
u* t.R r • 6R 

By defining an "apparent velocity gradient" Ga as the difference in 

the velocities of the cylinders divided by the gap, the apparent 

viscosity is 

where 

Com.bining (.35} and (.36} yields 

G = :r Ill • s 

Model B: The variation of Il* with y is given by (.32) but 

8 ~s no longer negl.igible compared with AR. In the lqer integration 

of (2), assuming that the liquid sticks at .the wall, yields 

ut(y) =~y, 
llo 
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(.32a) 

(.32b) 

(.3.3) 

(.34) 

(.35) 

(.36) 

(.37) 

(.38) 
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which at 7 = o becam~s 
ut (8) = fs o • 

llo 

In the core the integrated torm of (2) is found to be with the aid of 

(39) 

Combining (34), (38) and (40) the velocit;y distribution in the layer 

and. the core are 

ut (y} = Il z.r 
u* r 6R 

for < <~ 
0 - 7 - 0 , 

and 

the apparent viscosit7 is founQ. b;y combining (36) and (42) 

and 

%la 1 --= g 
tr 1 + .a_ (st - 1) 

b.R r 

Model C: Equation {24) for Couette flow becames 

Il* = fi + (fi - fl ) Z at •. 0 'S 7 :5 o , 
0 0 0 

tl* = t) at > 7- 8 • 

Following the same procedure as in Model B it can readily be shown 

(see Addendum) that 

ut (y) = [ 11r 128 log l- 1 + (Il - 1) z] 
u* t) -1 b.R e T o r 

u' (y) = 2(y - 0) + ~ 20 
u* b. R 11 - 1 b.R loge llr 

r 

and 

< <~ for 0 • y • o, 

tor y ~ o , 

• 

(39) 

(40) 

(41) 

(42) 

(43) 

(44a) 

(44b) 

(45) 

(46) 

(47) 
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4. Comparison with experiment 

The true viseosity of the suspension 11 was calculated. f'rœn 

MOone.yts2) equation 

1 
_ 2.5c 

oge11r - l - 1.57c ' 

which has been confirmed. recentl.y by Brodny'an and Kelle?) for latexes 

up to c = 0:4. 

To evaluate 8 from the m.easured velocity profiles a trial 

and errer procedure was used. A value for 8 was assum.ed, and the velocity 

profiles constructed; then 8 was adjusted. to provide the beat fit of the. 

experimental r,sults for each run, keeping in mind, however, that for 

each Madel 8/b m.ust be constant. The average values of ô round were 

0.7b, band 2.5b for Modela A, Band C respectivel.y. It should be noted 

that for Modela A and B the average value of 8 obtained from the velocity 

profile measurements is in good agreement with those reported in the 

llterature by Higginbotham et al4) (=O. 7b) and Vand1) (= l.lb) from 

viscosit7 measuranents using the Model B. 

A comparison between the observed u' (o)/u*(o) and those 

calculated using the average ô is made in Table I, and in Fig. 2 the 

predicted. and observed velocity distributions of a suspension in Poiseuille 

(Fig. 2a) and Couette (Fig. 2b) flows are com.pared. The ô value in Couette 

was lower than in tube flow because, at the same c and b/R
0 

or 2b,AR, 

deviations in Couette flow were lesa pronounced. Also Model A predicts a 

slip at the wall which was not observed e:x:perimentall.y except possibl7 in 

the case of complete plug flow. Modela B and C appear to provide a more 

satisfactor.y agreement with the experimental resulta. 

Each model also predicts a different value for the apparent 
·' 

viscosit,-. As ma.y be seen from. Fig • .3a, !la increas.es tram Model A to C 
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and at the same !Ir and & the predictecl !la is ...Uer in Couette than in 

Poiseuille nov, because of the ditterent &eometr,y of the container and 

flow conditions. 

A unique model should satist.y both viscosit7 and velocit7 

profile data. In the work describecl in Part II measurements of !J were . a 
not extensive and were pertormecl with the sole purpose of dem.onstratin& 

the newt.onian behaviour of the suspensions. S:l.multaneous measurement of 

velocit7 distribution and apparent viscosit7 in both Couette and Poiseuille 

flows, coupled with various assumptions concernin& the variation of !l* 
,, 

with distance from the wall (for instance an exponential relationship) ma7 

provide a unique sem.i-empirical Mode1 based on V and 1 s theor,y which would 

fit both viscosit7 and velocit7 data. 

ADDERDUM 

Derivation of nOJI !QMÜODS in Mode1 c 

1. Poiseuille now; velocit7 distribution in the S J.a:rer 

Substitution of !J* from (24b) into (1) and inte&ration ,-ields 

u• (r) = CRo21 pd@ . +A 
!l [ !l -1 !} -1] 

(48a} 

or 

0 1 + r - ,. - .... r~~----,.~ 13J 

CR 
2

(1. - 'r)
2 

[ { 1l - 1) 
u•(r)-- ~ 0 

. lj2 - l- r- ,-J(l- 13) 
!lo(!lr -

{ !l -
11 1 !l -

1 1] + l + f _ ,. lo&e - 1 - f _ ,. (1 - 13) + A 

where the integration constant A is to be evaluatecl tram the bcnmd.ar,y 

cond1tion of no sllp at the wall i.e. at 13 = l u(r) - 0; 

(48b) 
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A=- 2 1 

li (li - 1) o r 

and theretore 

CR 
2

(1 - 1)
2 

[ rll - ll 
u•(r) =- o 2 - f-T (1- ~) 

li (li - 1) o r 

f 
li - 1) li - 1 J 

+ 1 + f - T J loge. l - 1 - l - 1 (1 - ~ >1 

At ~ = T (50) Jields 

CR 2 

u•(T) =- ---2.... H 1 
llo 

where H is de.fined by (27). 

Velocit:r distribution in the core 

Substitution of (24&) into (1) and integration Jields 
1 

CR 2 

u' ( r) = 2: ~2 + A 1 

where the integration constant Ais evaluated by asslDiing cont.inuit7 

of the velocities at ~ = 'l'. Then using (51) and (52} 

CR 2 
2 

A=- --2-[..!... + H] li 2ll 1 .o r . ;) 

and consequently (52) becomes 

2 
CR [ 12 _ 82 l u• (r) = - ---2.... · 

2 
+ H • 

llo llr 

Volumetrie flow rate 

Equation (17) atter substitution ot u 1 (r) from (50) yields 

the efflux in the ô ~er 

2weR 4(1 - 1)
2 

[ 
~=- o I + 

llo{l)r - 1)2 2 

l) - 1 r 
l+ 1-1 

(49) 

• (50) 

(51) 

(52) 

(53) 

(54) 

(55) 
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where 

and. 

t. fi Il -1 
~ = J [- r -,. (1 - p > J ~d.~ 

1 

= Lllr -
1]l-;,2 - 21.3 - 1J · 

-[ 1 - 1 6 1 

1 

l2 = J [loge 1 - 1 - ~f : ~ <1 - ~>il jld~ 
y 

(q - 1) 1 -~ 
= - 2{~ - 1) (1 - ~) - 4(1 - ,-) 

r 

?~ 1[11 - 1]2 
- 1J.og j1 - q 1 + -2 r 1 log Il - 11 1 • 

e r !Ir - . e r 

Substitution from (56b) and. (57b) into (55) yield.s 

1lCR4 
~ =- o (A- F) ~ 

' llo 

where the tunctions A and. F are d.etined. b;y (28) and. (29). 

The volumetrie flow rate in the core is found. b;y cOIIbining 

(18) and. (54) 

The total volume flow rate Q is gi ven b;y 

Q 
_ u*(o) -'D 2 
- 2 IW.loo ~ 

and. b;y combining (16) 1 (58), (59) and. (60) is found. tbat 

2 
_ ORo = u*(o)/2 

!lo ,4/4!lr. + a,2 +A - F 
• 

(56a) 

(56b) 

(57 a) 

(57b) 

(58) 

(59) 

(60) 

(61) 
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Subst.it.ution of CR
0 

2/1!
0 

trca (61) illt.o (50) and (54) 7ields 

t.he vel.ocit.7 dist.ribut.ion in the S lqer (Eq. 25) and in the core · 

(Eq. 26). 

The expres~ion tor the apparent 'Viscosit7 (Eq. 3l) is easil7 

tcrand. b;r combining (lO), (60) and (61). 

2. Couette fiow; velocity distribution in the S lazer 

Equation (2) atter substitution of 11* tram (44a) and integration 

becomes 

The intecration constant A is evaluated b;r assœina that u • (7) = o at 

7 = 0 which ;rields A == o. . Theretore 

which at 7= S becomes 

Substitution of t
8 

from (34) into (63) 7ields (45). 

Velocit:r dist.ril?p.tion in t.he core 

Cœibining (2) and (44b) one obtains 

t 
u' (7) = .....! 7 + A , 

11 

where the constaat A is evaluated wit.h· t.he aid ot (64) i.e. as8lJIIin& 

contimdty ot the velocit7 at the interface 

tb tô A _ s s • 
- llo(l'lr - l) - ïl ' 

fran (65) and. (66) the velocit.7 profile in the core is tound. to be 

(64) 

(65) 

(66) 
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(67) 

and ccmbiDation ot (34) and (67) 1ead.a to the velocit7 diatributia 
' ' 

given b7 (46). 

Apparent viacositz 

At 7 = AR/2 (67) becc:aea 

t ["&1o&fl ] u*•...! r .· er+~-& • 
Il 11]:.·- 1 2 1 (68) 

b7 definition Ga= 2P/AR and consequentl.y' (68) JJJ1q be written 

, , [ 2& f~r1o&ellr• 2& ] 
Ga = G Ki • '~r - 1 + 1 - Ai ' (69) 

which, with the aid ot {36) and atter rearr&~~&aent, reduces to (47). 
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LIST OF SYMBOLS 

= integration constant 

= sphere radius 

= volume fraction of the suspension 

= -AP/21 

= shear stress 

= function of flr and 'T Eq. (29) 

= velocity gradient, apparent velocity gradient 

= function of flr and 'T Eq. (27) 

= tube length 

= pressure drop 

= volumetrie flow rate 

= radial di$tance from the tube axis 

= R -ô 
0 

= tube radius 

= width of annulus in Couette apparatus 

21.0 

u 1(r), u•(o) = translational velocity or the suspension or r and 

u*{o) 

u' 
0 

y 

f3 

'T 

ô 

Il, llo 

fla' llr' 

A 

Il* 

tube axis respectively · 

= translation&l velocity of the sùspènsion at y anq 
at the mid-point of the gap in Couette flow 

= centerline velocity in tube flow for parabolic 
velocity distribution 

= velocity of inner surface of plasma layer 

= distance from the wall in Couette flow 

= r/R 
0 

=. ro/Ro 

= thickness of the pseudo-~er 

= viscosity of the euepension and suspènding phase 

= apparent viscosity, relative viscosity and effective 
viscosity 

= function of IL and 'T EQ. (28) 
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TABLE I 

Co!JD?!I1son of the calculated and measured di.Jnen!ionless centerline 

velocit:r in concentrated suspensions in Poiseuille flow 

ut(o)/u*(o) 
c b/R

0 
Model A ModelB Hodel c Measured d) 
Eq.(9)a) Eq. (22)b) Eq. (30)c) 

-~---- -- ... -~ -... --~··-··-

0.22 o.o2s 0.92 0.93 0.9; O,S7 

0.27 0.070 0.81 0.7S 0.8.5 0.78 

0.30 o.o;6 o.s1 O.Sl O.S9 0.79 

0.32 0.0.52 0.79 0.79 0.7S 0.74 

0.33 0.039 O.Sl o.oo o.S6 o. 7.5 

0.34 0.0.56 0.71 0.74 O.S4 0.73 

0.34 0.112 0.66 0~69 o.Sl o.;o 

0.3S 0.030 0.77 0.74 o.oo 0.7S 

a) =o. ?b, b) = b, c) = 2 • .5b, q) See Part II of thesis. 
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MODELA MODEL B MODEL C 

Fisure ~ (a) Ooordinate qetan to deaoribe the pseudo two-phaae 
flow 1ri Couette and Poisetd.Ue tlows in relation to the 
wall. 

(b) Schematic representation ahow:J.na the aaaumed variations 
ot the effective viscoait;r !J* vith distance tram the wall. 
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a 

b 
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(a) Po1aeu11le flow; o • 0.33 aud b/R • 0.0.39. For Modal A 
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~b! ~~et te now; o = .0.38 and. 2b/ LUt • o.œ.3. Modal c with 

The relative siee ot·.the apherea 1s alao Bhown. 
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J'ipr! l V&riation of the appa~t Yiecoeit7 Mith lqer thickneaa 
~.in a auspenaion ·of' q,. • 10 in Couette (d.otted. linea) and 
Poiseuille (eolià linea) tlowa tor the three &88\llled. Moclels. 
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THE BIHAVIOUR OF ISOLATED SPBERBS 

IN CONTACT WITH A BIGID WALL 

INTRODUCTION 

In Part II e:q>erimental. evidence was presented suggesting 

that in concentrated. suspensions of spheres the deviations from the 

parabolic velocit7 profile and the decrease in the apparent viscosity 

with decreasing the tube radius are due to particle-particle and 

partiale-wall interactions. In Appendix llii an explanation of the two 

effects waa attempted usina Vand's pseudo-two-phase now model. 

It was considered to be of interest to measure the transla-

tional. and rotational. velocities of isolated neutral.ly' buo,.ant rigid 

spheres in contact with a rigid wall, and to this end a few experimenta 

were performed both in Couette and Poiseuille flows. 

EXPERIMEN'.l'AL 

The methode of producing Couette and Poiseuille nowa have 

al.ready been describedl). The Couette Mark II Apparatus (see Appendix. V) 

was used with the stainless steel c7linders of R:J. • 1.,3 • .354 cm. and 

R2 = 15. 2.36 cm. where R:J. and R2 are the respective radius of inner and 

outer cylinder wall. 

The qstana studied are listed in Table I. S7stana l and 2 

were used for the tube experimente, 3 and 4 in Couette now. Except 

with S,.Stem l either a magnetic or electric field (5 KV) was applied in 
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order to bring the sphere on the wall. In S7st• 2 the sphere contained 

e. thin iron wire through its center, and with the e.id of a magnet, we.s 

placed in the median plane of the tube normal to the viewing axis of the 

micro~cope and in contact with the wall. The electric field in 

S7stems .3 and 4 we.s normal to the direction of now and was applied at 

the outer (insulated) Couette c71inder b7 a stabilized 00 c. p.s. AC 

power suppl7; the inner cylinder was grounded. 

The spheres were photographed through the microscope directed 

al.œg the Z-a:x:is (Fig. la, Part II) by means of a Bolex Paillard 16 mm. 

renex cine camera and the films analysed by projecting them onto a 

dràtting table. The angular velocity w•of the sphere was measured by 

following small imperfections on its surface, while its translatione.l 

velocity u• relative to the wall by measuring the distance travelled by 

the sphere in a g1 ven time. 

RESULTS AND DISCUSSION 

In all cases (as sUDIII&rized in Table II) the sphere did not 

execute a pure rolling motion along the wall but instead exhibited a slip 

veloeit;y V expressed by 

V = u• - w•b (1) 

b being the sphere radius. The first experimenta were carried out using 

Syst• 1; although the spheres appeared through the microscope to touch 

the wall, beeause of the limited resolution (approx. 5 x l0-4cm.) obtained 

with the optical. equipment used, it 1f8.8 thought that they might not have 

been in real contact. Subsequent experimenta 1 however, by appl71ng a 

magnetic or electric field to break a:q intervening liquid film between 

the sphere and the wall yielded similar resulta. 
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Recently Gold.wan, Cox and. Brenner2) have obtained. an exact 

solution tor the motion ot an isolated., neutral.l7 buoyant ri&id. sphere 

near a single plane wall in a tluid. und.ergoing a simple shearing motion. 

The resulta ot their calcul.ations are tabulated. in Table III. The 

num.erical solution used., however, d.id. not converge well·when the sphere 

was extreely close to the wall. The application of a tJPe ot lubrication 

theo17 approximation when the sphere nearly touches the wall ind.icated. 
' 

that both its angul.ar and. translational velocities were proportional to 

[- loge(L- b)/b]-1 • Thus in the limit of zero gap distance the sphere 

should. not move. Although both w 1 and. ur tend. to zero as gap distance 

tends to zero, the theo17 also ind.icates that w 1b/u' should. tend. to a 

limiting value. However, this liaiting value cannot be obtained. .from. the 

lubricatioa. theoey apprax:iation since its calculation requires lœowing 

the fluid. velocit7 field. outsid.e the gap region. 

The experimental resulta appear to AJr&e well with Brenner r s 

theo1'7 in the sense that when the sphere was ve17 close to the wall 

w1b 1/u 1 = 0.6 approx. However, this work leaves u:nanswered. the important 

question ot whether or not the sphere slips on the wall. As mentioned. 

above the limited. resolution ot the optical equi~t ma.kes 1t uncertain 

1t the spheres were act~ touching the wall. For instance a sphere 

radius b = 0.05 cm. located. at b/t • 0.997 yield.s (l - b) • 1.5 x 10-4 cm. 

which could. not be observed. experiaentally. It can thus be argued. that 

a thin film of llquid. a.l.wqs existed. between the "'phere and. the wall, even 

though a mapetic or electric field. was applled., which would. prod.uce 

pseudo-slip. Improved. experimenta are :required. to resolve this question. 
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LIST OF SDIBOIS 

b • racliu of r1&1d aphere 

G • Telocit7 gradient of tb.e t&Ddiat.urbed. flow 

l • distance of aphere center tram the wall 

Q • volumetrie tlow rate thro't.l&h a t\lbe 

R
0 

• tube raclius 

~~ ~ • raclius ot imler md. outer qllDd.er reapectiveq 

u, u• • at.reeal1rae velocit7, traal&tioaal velocit7 ot 
the aphere 

v • slip velocit7 

q
0 

• viacoait7 of the ~ phase 

(1); •' • rot.at.ion ot the fielcl at the aphere center; 
uplar nl.ocit7 ot the aphere 
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1. This Thesis, Part II 

2. BRENNER, H. New York Universit71 Per80l'lll. CCP!!ftiD1oat1on (1965) 
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TABLE I 

Description of §ystema 

Temperature 22°0 

Systen Suapencled Phase b cm.a) Suapending Phase 

l Polyme~lmetha- 0.014 po!Tglrcol o1l0 ) 

c17late sphere 

2 Nylon sphere 0.163 com ayrup 

3 0.0432 sllicon~-~11 cl) 
al.Uid.mœ coatecl 
po~tJl"eQe to containing 
sphere 

Freon me) 4 0.0479 

. ---·- ..... '' 

a) Radius of the sphere. 

b) Viscosity of the suspencling meclium. · 

c) Ucon oil 50-HB-5100 (Union Carbicle). 

cl) Dow Corrd.Dg 1'J..uid series a:x>. 

e) E.I. du Pont de Nf'.lllOU.r8. 

b' \,{poises) 'J Remarks 

25 

90 Hagnetic fielcl appliecl 
before atarting expe-
riment. 

Electric .tielcl appliecl 
before anet cluring 

50 e:xperiment. 

Electric .tielcl appliecl 
be.tore e:xperiment. 

-· " . ... - --.-- • •* ·- --
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TABLE II 

Slip veloçitiee ot ieolated ririd. lpheree on the wall 

Poieeuille Flow 

a) b) 
u• x 102 2 -1 SJ'8tC 102 x Q Ro w• V x 10 em.eec. w'b/u' 

3 -1 cm. cm. sec. -1 eec.-1 Eq. (1) em. eec. 

1 0.711 0.2 0.860 0.339 0.38.5 0 • .5.52 

1 1.78 0.2 1.82 0.848 0.630 0.6.54 

2 1.78 0.4 2.18 0.0730 1.01 0 • .546 

Mean= 0 • .58 

Couette Flow 

87etc G c) b ut x 102 œt · V x 102em. sec. -1 w•b/u• 
sec. -1 =· cm.aec. -1 eec~-1 Eq.(1) 

3 0.289 0.0479 0 • .574 0.0714 0.231 0 • .59.5 

3 0.09.52 0.0432 0.18.5 0.0233 0.089 0 • .544 

4 0.291 0.043.5 0 • .593 0.0?0.5 0.186 0 • .514 

Mean 0 • .5.5 

a) Volumetrie now rate througb. the tube. 

b) Rad.ius ot the tube. 

c) v elocity grad.ient ot the und.ieturbed nov at the sphere center. 



TABLE lli 

Calcu1at!d translational and rotational velocities of 

ririd spheres as a tunction of distyce frai. the wall 

(After reference 2) 

b/t· a) w'/(1) b) 
' . 

u'/u b) ~ w*b/ut 
. 

0 1.0 1.0 0 1.000 

0.0995 0.99952 0.99962 0.049659 0.9999 

0.266 0.994.30 0.994.36 0.1.3289 0.9999 

0.426 0.97700 0.97768 0.21257 1.0002 

0.648 0.92368 0.92181 0 • .32468 l.OOa> 

0.888 0.77916 0.76692 0.45050 1.0160 

0.956 0.67462 0.65.375 0.49.360 l.03a> 

0.995 0.50818 0.47861 0.52825 1.0618 

0.997 0.48.300 0.45291 0.5.3152 1.0664 

1.000 c) - - 1.0000 2.000 . 

a) t = distance of the sphere center tram. the wall. 

b) (1)1 u = Ulldisturbed. angul.ar and translation&! velocities in 
absence of wall effects. 

c) Values obtained from a lubrication theory approx:lmation. 
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APPENDIX V 

THE TUBE AND COUETTE APP ARA TUS 

1. The Tube Apparatus 

A view of the appa.ratus with the tube vertical as in al.l the 

present experimenta is ehow.n. in Figure 1. The appa.ratus resta on two 

concrete vibration-free mounts and by rotation about one end the wb.ole 

assemb~ can be inclined to 8.111' angle to. the horizontal. It is equipped 

with a reversible and continuousl.y variable 1/4 HP direct-current motor 

drive with magnetic amplifier control. Thrbugh a series of pulleys and 

belts the motion. is transmitted to the screw shaft driving t~e microscope; 

four gea.r ratios 16:1 to 1:4 are available to give linear speeds from. 

10-.3 to 2 cm. sec. -l, the ranges at each gea.r ratio overlapping to obtain 

better speed control. Limit switches reverse the direction of the 

microscope movaaent at the upper and. lower ends of its travel. The 
0 

microscope support can be rotated by 90 · thus enabling observations to 

be made in two DlUtually perpendicula.r directions i.e. along the Y- and 

· Z-axes (Fig. le, Part II). A still or cine camera can. be attached to the 

microscope to photograph the particles when required. 

Precision glass tubes pass through rubber stoppera into the 

square glass cell with flat viewing surfaces wb.içh contains a _solution 

of the same refractive index as the glass ( = 1.474). This provides 

distortion-free viewing over a length of about 6o cm. of the tube. The 

ends of the cell rest on circular slots in the steel frame of the apparat ua, 

and the cell can be al.igned with the axes of travel b::y means of levelling 

screws. 
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Reproducible now rates are obtained b7 the use of an intusion­

withdrawal pump (Harvard Apparatus Co. Inc., Dover, Mass.) placed on the 

shelf as shown in the lower lett position of Fig. 1. It is equipped with 

a eynchronous motor which moves the plunger of a s,.ringe connected to the 

lower end of the tube. The pump can provide continuous operation by means 

of a.d.justable limit stops which automatically reverse the motor. Twelve 

sp:eeds are available covering a 5,000 to 1 range. 

2. ±be Couette Apparatus 

The Couette apparatus consista essentially of two vertical 

coaxial cylinders rotating at independently variable speeds in opposite 

directions, with the suspension contained in the annulus between them. In 

the experimenta described in Parts III and tcV the Couette designated as 
v. 

Mark II was used, while those in Part II were perfonned in Couette Mark IV. 

In the experimenta on radial migration of liquid drops both were used. A 

brief discussion of the essential features of each one is given below. 

Couette Mark II. A photograph of the a.pparatus is shown in 

Fig. 2. The cylinders are made of stainless steel; the outer one bas a 

sealed bottaa made from plate glass so that observations along the Z-a.xis 

throughout the annulus are possible. The optical equipment (camera, 

microscope, and Uluminator) is mounted on a frame which can be pivoted 

about the center of rotation of the cylinders and can be also traversed · 

radially across the apparatus. The motors are 1/4 HP with magnetic 

amplifier control. The gear boxes are equipped with three sets of reduction 

gears (1:100, 1:50, 1:25) thus providing a wide range of velocity gradients. 

Shown at the right of Fig. 2 is the speed control panel with the coarse and 

fine control lmobs for each cylinder and the tachom.eters, whereas on the 

left is the panel with variable AC and DC outlets to supply the microscope 

light, camera motor, and electronic timer. 



226 

Couette Mark IV. 'l'hé apparatua ia shawn in Figure 3. The 

principle is the asme as in Mark II, i.e. two accurately' machined spindlea 

rota te in opposite directions, but the deviee is more versatile. Cy'linders 

and dises of various dimensions made of transparent material (Lucite or 

epo:x;r resin) can be mounted on the spindles b7 means of a chuck assembq, 

and the surfacee can be machined in situ to a tolerance of 8 x l0-4cm. 

with a built-in lathe. Lubrication of the spindles ia maintained b7 means 

of an oil circulation e;yetem, which is operated b7 an oil pump motor that 

runa whenever the spindles are rotated. Contamination of the suspension by 

the circulatin& oil ia prevented. b7 the use of two teflon rings. The 

motion ie provided to each apindle independentq by a set of motora and 

gea:r boxes a1mi Jar to thoae ot the Mark n. 
The frame on which the optical equipm.ent is mounted is designed 

to permit observations alona the Y- and Z-axea. The radial position can 

be accurately' determined to S x l0-4cm. ldth a dial gauge.. The control 

panel shown on the rigbt ia sim:Uar to that of Mark II 1. e. contains the 

speed control k:Dobs, tachcaetera., and variable DC and AC outlets for the 

illumina tor 1 camera motor, and electronic timer. 



FIGURE l 

1 

1 The tube apparatua in vertical position. The 
iDtuaion-witbd.r&wal :pap ia in the lover lett-h&D.ci aide 
ot the picture. The microscope and camera are arranaed. 
t9r Tiew:l.nc along z-axis. 
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FIGUBE 2 

The Couette Mark II apparatu. The c711nders are 
ahown in the center or the photograph1 the individual m.otor 
drives on either aicle. The microscope and cine camera are 
arreJl&ed tor view:l.ng al.OD& the Z-&Xia or the field ot the 
Coa.ette tlov • 
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FIGURE J 

The Couette Mark IV apparatus. The Ia:tcite cylind.ers 
are shown on the le!t and. the control panel on the right. The 
microscope and cine camera are arranged tor view.i.ng along the 
Y-axis of the field. ot the Couette flow • 
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