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Abstract

"Ian)' indllst.rial Illaniplllat.ors elllploycd in indust.ry t.oday have seria.! 1'0

t.at.iOllaj archit.ectnres: i.e. t.hey arc open-Ioop kinemat.ic chains wit.h rot.at.ing
joint.s. As t.he t.asks performed by t.hese Illaniplllat.ors become more involved,
t.here is a need for enhanC('·J control. ivlodel based control techniques for ma
lIiplllators arc based on the availability of a dynam.ic model that relates the
generalised forces at the manipulator joints to the demand t.rajectNy. Civen
an accurate dynamic 1l10dcl; modcl based control significantly improves the
positioning and tracking capabilities of the manipu!ator.

ln practice, the inertial parameters of a ll1anipu!ator arc often nut known
accurate!y and have to be calculated based on experimental data; this presents
several problell1s duc to inaccurate instrumentation as well as unavailability
of a fnll order model. Since model based control is sensitive 1.0 model Înac
curacies, dynall1ic estimation is an important issue in model ba,ed control.

This thesis considers the development of an accurate dynamic modcl for
two industrial maniplliators. The accuracy of availab!e instrumentation for
recording sensor-motion data required the application of practical methods
for improving the estimation bounds. This thesis presents sorne methods
for improving the estimation accuracy of the reduced order dynamic model,
particularly with regard to the importance of a correct formulation for the
base parametric set and the dependance of parameter estimation accuracy
on the torque sensitivity.

The thesis aiso experimentally implements an algorithm for trajectory
optimisation for estimation by the LMS adaptive law. Practical methods are
sllggested for carrying out the optimisation.

Results arc presented based on experimentation conducted on an electric
and a hydralllic manipulatorj a brief description is also provided on the soft
ware that was developed for ths purpase. Identification results in one case
were seen ta closely approximate those previously determined by explicit
measurements by Khatib et al. Finally, a comparison between ordinary PD
control and feedforward control using the available model shows the promise
of actual ability to implement model based control. However, a comparison
of the results of the control performance between a direct drive manipulator
and a geared manipulator indicate that unmodelled dynamics play a central
role in increasing the error bounds of the identified parmeters.
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Resume

Plusieurs luanipulatcurs indu:;t.ripls ut.ilisés (I..ljollrdlllti sont Cllll,lIS St'IOII dt':'

architectures s(~rielles rotatiol\clles. c"est.-à-dire dt'::; l'haÎlles rillt~111i\t.iqtlt'Sou
vertes utilisant des joints rotationc\s. COlllme I,'s t.:lcil,·s l'Il'.'ctu',,'s par l'es
rob')ts deviennent de pins en plus compit'xes. on t.,'nd i, IItilis.'r d,·s alf\o
rithmes de contrôle pills sophistiqllés. L<'s algorithmes de conl.rôl,· has,;s sllr
un modèle du robot dépendent directelllent de la disponihilit.; d'lIn nH>d"I,·
dynamique exprimant les forces généralisées an niveau des joints dll rohot l'II
fonction de la trajectoire demandée. Assumant lin Illod"le dynamique pr'·cis.
les techniques de contrôle basees sur un modèle dll robot améliorent significa
tivement les possibilités de positionnement et de poursllite dll Iluulip"lateur.

En pratique, les paramètres inertiels d'un ma"ip"lateur ne sont. pas con
nues avec précision ct doivent être ca\cultes iL part.ir de données expériment.ales.
L'absence d'un modèle complet de même que l'imprécision des éqnipement.s
de mesure causent certains problèmes. Puisque les algorit.hmes de cont.rôk'
basés sur un modèle du robot sont t.rès sensibles à la précision de ce dernier.
l'estimation dynamique du modèle devient. un facteur dét.erminant. pour ce
type de contrôle.

Dans cette thèse, nous développerons un modèle dynamique précis de
deux manipulateurs industriels. La précision des appareils de mesure disponihles
pour enrégistœr les données dl) mouvement nous a contraint à ut.iliser des
méthodes expérimentales pour améliorer les bornes de l'estimat.ion. NOliS
suggérons qnelques méthodes pour augmenter la précision de l'est.imé dans
le cas d'un mO(lèle dynamique d'ordre réduit, particlllièrement l'importance
d'une formulati.,n correcte de l'ensemble des paramètres de la base (dll robot.)
et de la dépendance de 1" précision des paramètres estimés il la sensibilit.é ail

couple.
Aussi, dans cette thèse, nous implantons lin algorithme d'optimisat.ion de

trajectoire, déjà existant dans la littérature, pour l'est.inmt.ionllt.ilisant. la loi
adaptative LMS., Nous suggérons diverses môthodes pour l'illlphLnt.at.ion.

Finalement, suite à une comparaison entre le contrôle proportionel-dérivl:e
ordinaire et le ct.ntrôle JeedJo1'wul'd, nous montrons qu'il (,st possi ble gràce
au modèle développé ici, d'implanter un algorithme de cont.rôle InL,é ',slIr
un modèle du rohot. Cependant, en comparant les résult.ats, 011 note 'llne
différence appréciable entre un robot utilisant I.In entraînement direct ct lin
robot entraîné pal' l'entremise d'une boîte d'engrenages. On y voit que', les

n
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paralu"tl'es dynamiques lion modélisés jouent Ull rôle crucial sur la borne de
l'erreur d,,, paralll"tres identifiés.
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Notation

Wc ~i'/(, IIl,low, il lisL of sYIllbols uscd iu this thesis,

'/' :th" ""etor containing the joint torques
M :the In'tlIipulator lnass nmtrix with accc1eration coefficients
\1 :the v"'ocity IIlatrix wilh Centrifugai and Coriolis tenns coclficients
F :the friction coefficients
(,' :the gravitntional coefficients
(-) :the joint angle veetor
è :the joint nngular velocity vecLor
è :the joint accc1eration vecLor
/11; :the IIlass of the i'" link
mpi :the first moment of the i'" link
J; :the second moment of inertia of the i'" link
P :the veetor containing the dynamic parameters of the manipulator
Il :the inverse dynamic regressor matrix

W; :the angular vc10ci ty of the i'" link
W; :the angular accderation of the e" link
Vi :the accc!eration of the origin of the frame attached to the i'" link
Ni :the inertial moment due to the i'" link rotation
/0'; :the inertial force due to the motion of the i'" link
J. :the fOl'CC exerted by the (i + 1)'" link on the i'" link
11; :the moment exerted by the (i + 1)'" link on the i'" link
Ù :the regressor matrix containing only the acccleration terms
il :the regl'essor matrix containing only the velocity terms
è: :the regressor matrix containing only the gravity terms
/:' :the re6ressor matrix containing only the friction terms
UII, Sil, Illlthe matrices obtained by svd for the regressor matrix
01' :the coveal'Ïance of the motion noise
Cp" :the covariance of the a ]J1'iori parameter vector
\'" :the gain matrix in the LMS algorithm
Ô :the parameter vecLor
Il :the regressor correlation matrix
C - :sensor noise correlationJi>
J :the cost [unction for trajectory optimisation for the LMS algorithm
l',,, :the incremental gain in the optimisation procedure

v
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:thc pnratnClric ('l'rOt' covariance Illalrix al IIH' ",!h itcl'atilill
:the Kaltnan gain at. the ,,-.th it.l'1'tlt.ioll

:thc covariance l11atrix of t.Ilt.' proù'ss Ihli:·a· '"l'l'Iol'. ll'k

:thc covariance ll1atrix of t.ht.' t1H'aSllIïllt.'IIt. Ilois('
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Chapter 1

Introduction

1.1 Problem Description

Industrial robots are generally controlled by simple linear feedback con

trollers, which are employed for their case of implementation. A linear design

based on stability and l'l'l'or analysis fol' linear feedback control systems is

unable to consider the fluctuating relationship bctween the applied forces

and the resultant motion changes; in some cases this rc!ationship changes

rapidly enough so that linear controllers designed for conservative margins

produce large tracking errors for reasonably fast trajectories. Bence a con

troller design based on a linear manipulator modc! for l'ven a restrictcd work

space may be unacceptable for sorne industrial applications; the performance

in most cases can be improved by employing more dfective controllers.

One approach to achieving a controller with better tracking capabilities

is to incorporate the dynamic model of the mechanical manipulator. The

1
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"IOde! consists of explicit expressions rcidting the ontput trajectory 1.0 the

actuator forces. i\ control algorthm based on the dynamic model can com

!,l'nsate t.he e1fect.s of inertial, centrifugai, Coriolis, gravity and frictional

forces more erfect.ivciy t.han a linear controller. The performance of a model

based controller is rclated to the accuracy of the identified model and the 01'

der of the dynamic mode! incorporated. Unfortunately, existent mode!-based

algorithms snch as the computed torque method [1] are not robust to signif

icant parameter bias. Consequent\y, it is necessary to identify the dynamic

paramders as accurately as possible.

Given a dynamic modcl structure, an identification procedure can pro

cess I.he manipulator input-output (torque-motion) data to yield parameter

estimates. ln most cases, the data contains additive measurement noise; the

system may itsclf be inherently noisy, in which case, a priol'i statistics are

required to process the available data.

[n the case of mechanical manipulators, the sources of noise are: the mea

surement (sensor) noise which Jeads to an error in the trajectory information

and motion (process) noise which represents the error in the measured actu

ator force/torque. A manipulator cannot be completely modelled on account

of the difficulty in deriving models for the frictional forces and forces due

ta the Ilexible modes. As selecte,1 models fol' dynamic estimation generally

incorporate only the inertial forces, the contribution due ta unmodelled dy

namics of the manipulator leads ta an erraI' in identified parameters. The

unmodelled dynamics contribute ta the systematic error, sa called since they

can be eliminated by using a full-arder dynamic mode\. Generally, system

atic errors are also modelled as random vectors with known statistics. These

2
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ullInodellecl dynanücs present a Illajor obstacle t.n t\cCUl'nt.e dynalnk l'stillla

tion.

Better excitation of the inpnt tra.kctories for ,'xperilllentai data is the

principal method of increasing the accuracy of the id,'ntilicat,ion pl'On"ltlr,'.

The choice of an experimental trajectory is genl'rally ha~l'd on Illinilllising;

an error criterion which is a function of the trajectory. The sl'1ect.ion of t.hl'

trajectory depends on the employed identification procedlll'e. The appliea

bility of methods for generating sni table excitat.ion trajeet.ories is, howe\"'I',

limited because:

1. there is an unavoidable bias duc t.o t.he nnmodelled dynalllÎC's as

they are corrc1ated with the regressor; the conc1ations cannot. hl'

minimised as explicit expressions arc nnavailable,

2. actuator contraints limit the possible excitation.

This thesis studies available techniques in paramct.ric identification ap

l'lied to seriai, rotational manipulators modelled as an open kinematic chain

of rigid bodies. Experimental results are derived by applying two criteria

for estimation; the batch least squares and the least mean sqnare enor cri

terion. Since the sensor data only consist of the position sensors and t.he

force/torque (current/pressure) sensors, the effectiveness of identification

methods is demonstrated for very noisy data. Workspace constraints, ac

tuator limitations and particular1y the unrnodelled dynamic, make dynamic

estimation a difficult problem. Trajectory optimisation i3 conduct.ed nsing

appropriate l'l'l'or criteria. Finally, trajectory tracking ernploying adynamie

3
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mode! based 011 the identilied paramct.crs gives an indication of the aecuracy

of the identification experilllellt..

1.2 The manipulator model

ln this section, wc briefly describe the notation used ta specify the manipu

lator architecture in this thesis. The type of manipulator wc shall consider

is an open-chain mechanism consisting of Tl + l rotating rigid links, starting

with the base link. In arder ta describe the motion of the manipulator, a

kinematic Illodcl is reqllired. A Cartesian coordinate frame Fi(Xi, Y;, Zi) is

at,t.ached t.o t.he i'" link. The Illodified Denavit-Hartenberg notation is lIsed

t.o assign t.he coordinate frames as t.his notation is weil sllited 1.0 t.he dynamic

Illodelling of manipulators. Frame assignment by this notation is as follows:

• Zi is along the i'" joint axis

• Xi is along the common perpendicular 1.0 Zi and Zi+1> direeted from

Zi 1.0 Zi+l'

If Zi and Zi+1 arc parallel, Xi is direeted from Zi t.o Zi+1 such that Oi

coincides with Oi_1

The following parameters then constitllte the modified HD parameters.

• Cti is the angle between the Zi_1 and Zi axes, measured about X i - I .

• (Ii is the distance between Zi_1 and Zi.

4
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• bi is the Zi coordinatc of intersection of '\i-I and /.1'

• 0i is the angle bctwecn '\i-I and Xi. l1wasllrt'd abOlit. /.1'

The assignment is illustratcd III lig. 1.1. For a l'ot.at.iollal milllip"latol'.

~,.,,,., ,. ,. ,
, l , X

, , .V j.1

... a. / oi,k~'ej
"1. '~

\~"Xi.l "bi X•, . ,.' .
• ' 1

0, 1 ai'
,·,tr

l
..... :-,

,

Figure 1.1: The modi Hec! DH notation

ai,ai and bi are constant. The orientation of cool'dillatcs of the i '/
I 1"',Ullc, Fi,

\Vith respect to F'i-l coordinatcs is givcn by the IlIatrix A~-I witc,'c:

cos Oi - sin Oi a
Ai- 1 - cos aisin Oi cos ai cos Oi - sm O'ii -

sin ai sin Oj sin ai cos Oi COSOi

5
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The posilion vedo,. of (J; \Vith respect to F;-t is denoted b)' li and given

(li

1; = bi sin 0;

-bi cos Oi

1.3 Dynamic behaviour of the manipulator

The lIlanipulalor inverse dynamics consisl of the expressions for the joint

torques due to the relative motion of the links. Due to the cross coupling

forces; i.e. contribntions to the joint torque due to the motion of a distal

link, dynamic estimation based on joint motion data cannot be carried out

for individual links. Also, in a practical manipulator, the friction and other

unIllodelled forces may exceed the contribution due to an inertial Illode. It

therefore becomes necessary to employ certain methods to eliminate the less

significant modes and maximisc the accuracy of estimating the remaining

incrtial parameters.

1.4 Overview of thesis

ln chapt.cr 2, IVe survcy previous 1V0rk in dynamic estimation for manipula

tors. Chapter:3 brieny statcs the Newton Euler algorithm for manipulator

inverse dynamics and presents two theorems for obtaining the base paramet

ric sct of rotational manipulators. In chapter 4, the LS algorithms available

for lincar parametric estimation are studied; methods for improving the ac

CUl'acy of the least squares estimation procedure incorporating a significance

6



•
analysis and column scaling criterion are dl·",·lop"l!.

Chapter 5 describes the least ml'an squares al~oril hm applil'd t,) dynami,'

estimation by Armstrong: the chapt"r is primarily eOnel'll\l·d with tlll' inlpk

mentation of the multistage optimisation al~orithm su~ges!.l'd hy :\l'Iustroug

for generating an exciting tmjectory for the l'uma titi(] manipulal.or: prae

tical methods are suggested for implementing Ih" algorit.hm. 'l'Ill' l'l'snlts

of the procedure conducted for the ;l degree of frecdom l'uPla ;,Gll al'lU are

presented.

In Chapter 6, we describe the two manipulat.ors used fOI' t.he estimat.iou

experiments and also summarize the software implemelltat.iolls of the l'sti·

mation algorithms and algorithms for automatic modd gencmt.iou.

Chapter ï presents the results of the allalysis using recorded data for the

two manipulators. F'inally, in chapter S, we cOllclude with a summary of

inferences and suggestions for future work.

7
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Chapter 2

Literature Survey

2.1 Introduction

The present chapter surveys the literature on the available system identifica

tion procedures and their application to the dynamic calibration problem. A

high degree of correlated, unmodelled dynamics e.g. dissipative forces, flex

ible modes etc. and noisy position sensors lead to difficulties in parameter

estimation when a high accuracy is required for a precise dynamic mode!.

Least squares estimation is the most popular method for dynamic estimation

and has been widely applied. Therefore the major part of this chapter deals

with the literature in least squares estimation.

Model based control is the main objective of dynamic calibration; the

accllracy required of estimated values is related to the tracking accuracy of

a mode! based controller. The last section considers previous work on the

robustness of model based controllers, namely the feedforward and computed

8



•
torque methods, in the presence of 11l0dcl uncertainties .

2.2 The system model

Parameter identification is general\y based on the m"nipuiat,<lr ill\'l'r,,' d,,

namies formulation. The in"erse dynamies of a m"nipuiator 'Ire constitut.l'd

by the expressions for the generalized inertial forces of t.he manipulat.or basl'd

on the desired state and the inertial paramet.er "ecl.or.

Employing the Euler-L"grallge equations ,[2], t.he manipulat.or Inverse

dynamics can be expressed by the matrix equation:

T = M(0)ë + \/(8, <3) +G(8)

where 0, <3, ë are the position, velocity and acceleration vedors respectively,

1\1 is the manipulator mass matrix, \1 denotes the contribution duc t.o t.he

centrifugaI and Coriolis forces and G is the contribution due to the gravita

tional torque.

Luh, Walker and Paul [3] derive t.he l'l'cursive Newton-Euler algol'ithm fol'

the manipulator inverse dynamics in terms of the link motion and inertial

moments about its centre of mass, Employing the same reclll'sive algorithm,

Atkeson et al [4] derive linear expressions for the generalized forces in tel'lns

of the link moments about the joint axes. A linear mode! is prefelTed fol'

purposes of estimation as fewer parameters arc required for the estimation

procedure, leading to improved problem conditioning. The syst,em govel'lling

motion of a manipulator l'an thereforc be given as:

H(0, <3, ë)p = Ti +ToI

9
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where 11 is the coefficient matrix whose clements arc nonlinear fundions of

the manipu!ator state, P is the rnanipulator inertial vector given as:

'Ii is the N-dimensional vector of generalized forces and T,/ represents the

IInmodelled dynamics.

2.3 The base parametric set

For accu rate calibration, a full rank regressor must be incorporated in the

estimation model. It is impossible to estimate ail the link inertial parameters

from the motion data due to the restrided degrees of freedom of each link

on account of its constrained motion. A base parametric set constituted by

a minimal, independant set of inertial paramters that generate the dynamic

equations can be identified, given the kinematic model.

Numerical methods for identification of the base parametric set have been

prescnted by !zaguirre et al. [5] and Sheu and Walker [6]. In [5], identifica

tion is based on generating random regressor equations and deriving a full

rank rcgressor. Sheu and Walker [6] derive the base parametric set from the

Lagrangian by investigating the basis functions generated by the Hamilto

nian difference equations. The SVD algorithm is used to obtain the base

parametric set. Gautier and Khalil [7J identify the parameters exp!'citly and

givc general regrouping relations for the inertial parameters from the basis

functions.

Mayeda et al. [8] have derived an explicit base parametric set for a gen-

10
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eral parallel, perpendicular manipula loI'. The in\'l'r~e dynamir t'XI>t'l'~~ion~

are derived l'rom the Euler Lagrange equat.ion~ and the ba~i~ fllnd.ion~ art'

evaluated. The coefficients of the basis function~ then form t.h" bi\~l' para

metric set as they generate a full rank regrcs~or. The following t.heort'1I1 by

lVlayeda gives the basis coefficients derived for a para.lld. p,'rpendkniaT ma

nipulator:

Theorem (Mayeda[8]). For a general paralle!, pcrpendicular manipnla

tOI' with rotational joints, the following constitute the regres~or roe[ficicnt~

of the base parametric set:

where 0<2 is the joint index of the second paralle! cluster.

Since the manipulators considered for calibration in this thesis fall in l,his

category, the theorem l'l'ovides a convenient method for identifying the base

coefficients.

In a later chapter, we try to develop the inverse dynamic eqnations suil

able for base parametric evaluation employing the Newton-Euler algorithm;

this deve!ops a better intuitive understanding of the base paramcters.

2.4 Estimation methods

Methods of !inear system identification presented in the literature include

batch least squares estimation, adaptive LMS procedures and stochastic

11
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methods. Idcally, the prohlcm of identification in the prescnce of noise is

st.ochastic; howevel·, wit.h poor information regarding noise statistics, LS

mcthods have found applicahility in most cases.

2.4.1 Least squares procedures

Thc c1,L%ical lincar icast squares method for parametric estimation has been

widcly applied in the case of dynamic calibration. The least squares problem

is considered in detail in [9]. The standard linear least squares estimation

procedure iuvolves orthogonal decomposition techniques, the QR and SVD

decomposition that employ the Householder transformations. Lawson and

Hanson, [9], dcrive the perturbation bounds for the Least Squares problem;

practicalmcthods for improving the robustness of the estimation are also de

vcloped; chieny among these are ridge regression and the method of weighted

least squares. Atkeson et al. [4] estimate the load and link parameters of the

PUMA600 and the l\HT Seriai Link Direct Drive Arm using least squares

and the Newton-Euler equations. The methods of ridge regression and re

duced parameter identification were observed to give near optimal results

for estimation employing the pseudo-inverse. Sensor errors were found to be

particularly significant when. the position signal was diiferentiated twice for

the acceleration. However, identification based on explicit integration of the

dynamic equations was found to give worse results than the dilferentiation

method.

Armstrong et al. [10J experimentally measured the inertial parameters of

the PUMA560 manipulator after disassembling the links. The experimental

12
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procedures \Vere simplified by several heuristics; the results have h",'n used

l'or evaluating the accuracy or identification experiments couducled on thl'

PUMA560 manipulator in the present thesis.

The adaptive algorithms l'or linear syst.ems include the Becursi"l' L,'ast

Squares (RLS), the Least Mean Squared Errol' (L1\IS) algorit.hm and opti

mal filtering algorithms (Kalman filter). ln the latter case, implement.at.ion

requires Il priori noise st.atistics l'or the motion noise. Adapt.ive ideut.ilicat.ion

algorithms are considered in detail in [11] and [12]. Variance and COI1\'el'

gence properties of the LMS algorit.hm arc st.udied in [1:1]; expressions arc

also derived for the rate or parametric convergence,

The LMS algorithm was used l'or est.imating t.he inertial paramcters of

rigid body manipulators by Craig [1] and Armstrong [14]. Sasl.ry [15] de

rives the persistant excitation condition for the traject.ory in order 1.0 obtain

parameter convergence using the LMS algorithm. Armstrong [1'1] derives

expressions for the steady state l'l'roI' expectation in terms of the sensor and

motion noise statistics. A dimensionless quantity, billS s/Lsccplibilily is in

troduced as an indicator of the robustness of the experiment to syst.ematic

l'l'l'or, Errol' minimisation, based on maximising the minimum singular value

of the input correlation matrix WOlS also considered by optimising the input

trajectory based on the multistage optimisation technique hy 13ryson and Ho,

[16J. Application of the method for traject.ory optimisation or the Adeptl

arm and the MIT/ Asada Arm was seen to improve the bias susceptibility as

weil as to reduce the convergence time.

Gautier and Khalil [17] derive a method for estimating manipulator iner

tial parameters based on an energy method. The rnethod obviates the .need

13
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for the acccleratiün Jata (measurement). A methüd tü minimise the errect

of noise and error müdelling on the LS solution is presented and simulated.

The cOllstrained optimisation algorithm is based on a conjugate type method.

The rcsults were Seen to improve when the number of equations increased

but no more than twicc the number of unknown parameters. The regressor

condition was not sensitive to perturbations. As the demanded position and

velocity arc generally accurately tracked by a standard PID controller, the

method is also feasable experimentally since the actua! trajectory does not

significantly differ from the demanded trajectory.

The LMS and RLS estimation methods can be derived as special cases

of the discrete time Kalman filter; stability properties and expressions for

error analyses conducted for the discrete time Ka!man fi!ter [18] [19] can be

applied for improving the accuracy of the parametric identification given the

availability of known noise statistics.

2.5 Application to model based control

The primary applicability of the identified dynamic model!ies in its incor

poration in mode! based control. Among the established methods of mode!

based control are feedforward control and computed torque control. The ex

perimenta! results of feedforward compensation have been presented in [20]

and [21]. Tracking was observed to deteriorate significantly with poor know!

edge of inertial parameters. The computed torque control law was proposed

by Craig [1] and provcd globally stable by Sastry [15]. Egeland [22] evaluated

the robustness of this method by evaluating the stability of the linearised dy-

14
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namic equations. The linearised dynamic eqnations givl' the evolntion of the

state error by the transition equation:

d [ 8 - 8 0
] [ 8 - 80 ]dt . . = (Ana... +81\) . .

8 - 8 0 8 - 80

where 0,.1 is a function of the modcl inaccuracies. Egeland ,let'ives incln

sion regions for the modes of the perturbed system in terms of l,he macle!

error using the black Gerschgorin theorem. i\ simulation shows the system

eigenvalues ta be very sensitive ta inaccuracies in the inertial paramcters

as compared with the unmodelled dynamics. This result shows that modcl

based control would only be effective in the presence of an accuratc incl·tial

dynamic mode!. This result shows the importance of accuratcly est,imating

the inertial parameters for mode! based contra!.
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Chapter 3

Manipulator dynamics

3.1 Introduction

ln this chapter, we first present the weil known Newton Euler inverse dy

namics algorithm. These equations are then employed in formulating mies

for idcntifying the base parametric set of a general rotational manipulator.

3.2 The Newton Euler algorithm

Using this algorithm, we first calculate the velocities and accelerations of

each link with reference to the base frame by a forward kinematic iteration

and then derive the joint torques by an inverse iteration from the last link.

The t'freet of gravity is simulated by accelerating the base link by -go If

the second moment of inertia about the joint axis is employed, the resulting

expressions are linear in the link inertial parameters. The algorithm is stated
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below:

",'0 = o.

for i = 1 ta N.

Vu =-g

Wj = ALiu,,'i-l + êqi
d

Wi = dt""'i
... .. ·1;' Ii ....eqj +." i_lWi-1 + ,'i-i"""i-I X e(/i

(:1.1 )

Vi 1i' 1i (' X li_1 +W;_I X (Wi_1 X li_ dl :I.:\)= 1 i-1 Vi-t + ~ Î-l Wi_l

Ni
d

= - (J·w·)dt 1 1

= JiWi +Wi x JiWi (:1.'1)

Fi = (1l1.(V/,i)j

= mivi + ";"i x mpi +Wi x (Wi x mp;) (:1.5 )

fi =
ni =

for i = N ta 1,

fi_1 =
ni-l =

r\ =

the force on link i by link i + 1 represented ill fl·,unei.

the torque on linkiby link i + 1 l'cpl'escntcd in l'mille i.

A:- 1 (fi - mivi -Wi x mpi -Wi x (Wi x mp;)) (:I.H)

A:- 1 (ni + li x fi -- m')i x Vi - ./iWi - W; x ./iW;) (:1.7)

AL, (-ni-tl·ê (:1.8)

3.3 Base parametric identification

As mentioned in chapter 2; the minimal set of inertial paralllctcrs whosc

values can determine the dynamic modelaI' the mcchanical maniplliatol'

17
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IIniqnely, is termet! t.he [,as" ]}(l1'(ww!I'i" sd. Since t.he relative motion of

adjoinin!!, links is rest.ricted ta one de!!,ree of frcedom, a given link may have

a limited nlllnber of degrces of frcedom wil.h respect 1.0 t.he base link. The

inerl.ial pararnel.ers pertaining 1.0 I.hese degrees of freedom do not affect the

generaiised fOl'ces and arc redundant and non-identifiable from the trajec

tory data. Inertial «lIantit.ies having degrees of freedom with reference ta the

ba_", joint axis bllt not a distal joint axis cannat be individually identified

bnt can be expressed as linear combinations of other link parameters. These

are termed the dependant paramel.ers. The base parametric set is only a

properl.y of the manipniator architecture.

3.3.1 An analytic evaluation

1

l3ased on the Newton Euler dynamical e«nations, we give below 1.11'0 theo

rems for identifying the base parameters of rotational manipu!ators. As far

as the author is aware, the following two theorems are original contributions.

Theorem 1

For a rotational manipulatorj the mass, mi+l of the (i + 1)Ih link is de

pendant on .Ji and 1IIPij the dependance is given by the following relations:

llUg 1mpi = mPi + mi+! i+l

Proof: From the manipulator dynamical equations of section 1, the total

18
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torque contribution al, joint axis i dut' 1,0 .1;, ml'; aud 11/;+1 IS f';1\'I'U as:

li (J ) 1 . ; •
lli = -, i"""'j + i+1 x 11Ii+tVi+l + 111Pi x Vi

ri

= J;w; +"-'; x (.1;"-';) + 11/;+11; x V;+I + ml'; x \';

= J;";"; +"-'; x (J;,,-';) + 111;+1 (1; X (V; -h:"; x 1; +"''i x (u!;" 1;)))

'1' '[.1; + lIli+1 (li.I;) 1 - 1;1; lu!; +
[

'1'
Wi X J; + 1Il;+1 (li.I;) 1 -1;1; 1,,';

+(ml'; + lIli+tlil x v;

Q.E.D

I-Iereafter, the first and second moments shall implicitly mean the aUf';ul<'utl'd

moments; since there is no method to isolatc the contribution duc 1,0 the

masses alone.

Theorem 2

The base parameters of the j'h link of a rotatiOlml manipnlator can he

obtained from the basis fnnction coefficicnts of thc following exprcssions:

• Cs> s = 1 ... N whcrc C, is thc coefficicnt of ii, in the following cxprcs-

slons:

N r j

'L 'L[ê.[l j x [-m~l +J~le{liik +L ê.Jjê{iH
r=j+l k=1 k=1

N r-l y

L 'L L ê.A~[mPr x [wt x ItlJii:
r=j y=l .::=1
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• where vi: is t.he represent.at.ion of Vi, in frame -;1

Proof: Ily eqllat.ion (:1.8), t.he generalized t.orqne at. t.he j'h joint axis is given

by:

l'i = ;\1-1 [-ni-d·ê

= [-ni - lj x fi +mPi x vi +J1Wi +wi x J1Wi] .ê (3.9)

= [-ni -li x (w1+1 x mP1+1) +Ii x (W1+1 x (w1+1 x mp~+l))

-li x fj+1 +mPi x Vj +Jiwi +wi x Jiwi].ê (3.10)

l3y Renaud [2], the vclocity terms are obtained fl'Dm the acceleration coeffi

cients by employing the Christoffel symbols; hence the base paramters can

be evaluated from the coefficients of the joint accelerations. Hence we isolate

the acceleration torques.

Q.E.D

r~ =J

N x

L ê.[li x][-mrJ" x] L ê{ijd
x=j+l k=l

N x-l.r-l N r

L ê.A~[mpx x [L[L(w~ x l~)]] +L ê.J~ L ê{iik
x=j y=l y=l x=j k=l

N x j

L L ê.[[lj x][-mrJ" x] +J~lê{ijd ê.J~ L ê{ijd
x=i+l k=l k=l

N x-l y

L L L ê.[mrJ" x [ê~ x Itllij:
x=j y=l ;=1

20
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3.3.2 Numerical procedure

A numerical procedure can be nsed 10 idl'nlify thl' basis l'o\nmns of llll' ,'<'

gressor. Considering n random vaincs of posit.ion. Vl'Iol'ily and al'l'l'il'rat.ion;

the regressor matrix can he calculaled numerirally lIsing tlll' Nl'lI'loll-ElIkr

procedure, each coefficient heing oblaincd by consid<'ring llll' lorqne ront.ri

hution due to a unit parameter.

The regressor columns for the redundant paramcl.e,·s have nnll vallll's; lh"

dependancies hctween the rcmaining co\umns can he identilied by t.he rank

of the augmented matrix, [fll. ..k_' ; Eh]. For a rank deficient matrix, t.he last.

column l'an he obtained as a linear combination of previons colllmns by an

orthogonal basis Bk. Let
k-I

hi = 2:t3kjCj
j=l

-1 •
{3k = ri Ok Q'ij = (hi, Bkj )

3.4 Conclusion

In this chapter, we presented the inverse dynamics algorithm and pl·esent.ed

two new theorems for the identification of the btlse lUll'tlme/.ric "di the second

theorem delineated two kinenmtic expressions whose base paramet.ers con

stitute the base parameters of the dynamic mode!. The basis fnnctions are

only functions of the manipulator architecture and l'an be evaillat.ed given

the constant DH parameters. The advantage of employing the N-E eqllations

for base parametric l'valuation is that the reason for the dependancies is more

apparent.
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Chapter 4

Least Squares Estimation

4.1 Introduction

In this chapter, we present least squares identification procedures for the

identification of the base parameters evaluated in chapter 3. Ali physical

systems are noisy; in the case of manipulators the noise constribution also

inc1udes the unmodelled dynamics which lead to a systematic error in esti

mation. Section 2 describes the assumed models for the regressor and motion

(process) noise. In section 3, the least squares procedures are described and

perturbation bounds for the solution are given in terms of availabIe error

norms. The section also describes practicalmethods for improving the accu

racy of the identification results.

Finally, in section 4, we state the procedure delineated in [23] for obtaining

the manipulator state by optimal filtering techniques. This procedure was

employed in the analysis as it presented more accurate results.
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4.2 The noise models for the estimation prob

lem

If position and motion data arc available; the Ieast squarl's estimatioll pro

cedurc l'an bc biased on accoullt of:

1. Sensor noise: this occurs mainly due 1,0 the 1I0lSY acccleratioll data

which is obtaineci by twice diffcrentiating the positioll veetor. Sl'nsor

noise is modelled as a normally distributcd randofll vcetor. with a ~ero

mean for a calibrated system.

2. Unbiased Motion noise: this is the additivc noise in the sensors COII

nected to the aetuators, e.g. the cnrrent input to the dc-motol's COII

trolling the joints. The motion noise is modellcd as Ganssian whit.e

noise, uncorrelated with the regrcssùr columns.

3. Unmodelled dynamics: the unmodelled dynamics arc corrclatcd wit.h

the regressor terms and are mainly responsible for bias ill thc estimat.ion

results.

Armstrong [14] presents models for the noise componcnts as follows:

1. Sensor noise Eh= fh+Jlh Jlh€N(rp, CJ.}

(Random)

2. Motion noise Tk = HkO· +T T€N(O, a;}

(Random)

3. Unmodelled Tk = HW +v v€L oo
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The uncorrelated motion noise does not. bias t.he estimates; however, the

syst.emat.ic erro,' and regl'essor noise duc ta the sensor noise arc mainly re

sponsi ble for panuneter bi.""

For a manipnlat.or wit.h revolut.e joiuts, t.he dynamic mode! can be repre-

:-;ent.cd ëL'i:

T = M(0)é +M(0)Jé + \1(0, é) +F(é) +0(0) +TM +Tu

where

Jé =é comp - é

represent.s t.he error in t.he calculated accelerationj the regressor noise may be

assumed to consist only of the acce!eration error, 111 represents the unmod

cilcd dynamics and T.\1 denotes the motion noise, Augmenting the parameter

vector P by the static and viscous friction terms, the model for estimation

can be represented as:

T = Ù(0, é)p +JÎl(0, Jé)p +IÎ(0, é)p + P'(é)p +êi(0) +Tu +TM

where ù, fI, P, ê arc the regressors for the inertial, centrifugai and Coriolis,

frictional and gravitational terms respectively, Let

JT~ -Tu -TM

l>' .. - , " ,
li = M(0,0) + \1(0,0) +F(0) +0(0)

l>' ..
JH = lH(0,J0)

The estimation l'roblem can be dcnoted as,

(H +JH)(P +JP) ~ T +JT
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As mentioned earlier. (,he uncorre\at.ed nlDt.ioll lIoi,,' f\l do," not (,olltrihut,·

to estÏtnution bins. howe"f'1' the t'('grl'~SOI' ('lTor and 111lI1\U(h-lh·d d!'IlO\lllirs

contribute to parameter bias.

4.3 Improving the accuracy of the least squares

problem

The least squares method used to estimate t.he hase parame\.rÎc HPt. Il,,,,,, l'rom

the singular value decomposition of the regressor /1 + .>II iH:

B \ . ('-1 [TT ('l' "l')
min = 'IIHII'-'IIHII 11H11 ' +"

A bound for the resulting parameter bias is given by LawHou. [!lI

Il Sii~w Il (Il iil! Il (Il B"II +Il Sii~w 1111 T+ST- (/1 +.>1/) 13""n Il) + Il ST Il)
Il liB Il::; 1-11 li1l811~w Il

In ter!;1s of the matrix condition, ,., = "lit'" j the iuequality mn he r"pre
!!.lI+olll

sented as:

,.,[11 iiH Il (Il B· Il + Il Sii~sll 1111 T +liT - (Il +Sil) 13""n Il) + Il ST III
Il iiB Il::; Il li Hl! Il (1-11 lili 1111 8- 1 Il)

(,1.\ )

From equation (4.1), the error can be reduccd by minimising the condit.ion

,.,. As the condition is a function of the regressorj an cxcit.ing traject.ory, i.e.

a trajeetory that generates a rcgresSOI' with a reduccd condit.ion, l'l'duces t.he

parameter bias.

We shall apply the methods of ridge regression and significance analysis

for improving the accuracy of the estimates.
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•

I. Ridge regression: t.he procedure for ridge regression is described in

[!I]; it is applicable when the (l l'ri01'i covariance matrix, CT. of the

IIncel't.aint.y in the data vector T and the (l priori covariance Cp" of the

IIncertainty in the (l priori expected value of the parametric vector po

are available, The LS problell1 is then represented [9] by the following

eC/uation:

The procedure provides a combination of the weighted least squares

and forccd bias towards the expected value, po,

fJ" and C" are generally estimated based on available data on estima

tion conducted over previous trajectories; a measure of the covariance

for the LS solution for a given rn X n regressor matrix El/roi is given as:

where
0'2 = Il fI/roi p - T'roi 11

2

rn-n

In practice, the actual covariance is not available; a variable À is intro

duced in the procedure as:

and the solution vector is examined for different choices of À, A higher

value of À signifies a higher confidence in previous estimates.
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2. Column scaling: Column scaling of the regressor is added tn t.ll<' id,'n

tification procedure to improve the prob!elll condition. Equ<ltion(·I.I)

gives an upper bounel 1.0 the nontl of the solutiou l'l'roI': t.his quautity is

not a useful indicator for evaluating individua! paraml'l.ric erl'Ors sinct'

the parameters influencc generalised forces by dirferent orders of mag

nitude. Schroer [24] suggests column scaling the .Jacobian as il ml'ans

of improving the condition fol' kinematic calibration.

We will consider scaling the individual columns of the regressor ma

trix by the experimentai torque sellsitivitie.• Ll~, 1 T 1]-1 which can be

obtained to a first order of magnitude by the expression

This procedure also improves the matrix condition and cnables the

error bound in equation (4.1) to be evaluatcd more effectively.

3. Significance analysis: ln an experimental setup; where only a re

duced order model is avaHable; the effect of sorne inertial parameters

may be smaller than the unmodelled dynamics; these pammcters arc

insignificant fol' most purposes (e.g. for model based control). A sig

nificance analysis involves the deletion of insignificant paramcters; this

is equivalent to deleting the relevant columns in the regressor.The pos

sible methods of significance analysis indude:

(a) Sensitivity analysis: Columns with low values of paramclrïc

sensitivities in the unscaled regressor matrix may be delcled; the
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condition of the regressor decreases as a result of column deletion .

(b) Eliminating near dependancies: Considering the orthogonal

decomposition, US'VT of the scaled regressor matrix; the regres

sor columns that are nearly dependant are determined from the

columns of matrix IIllHll corresponding to the small singular val

ues of the regressor. From [24]:

1(Il +JIl) vjlHll 1= si

the lower singular values constitute an almost dependant set of

regressor columns.

Entries with largest absolute value in the vector Vi are hence con

sidered nearly redundant and eliminated as they are most likely

to be in error.

(c) Eliminating the direction of weakest estimation: The col

umn Vi corresponding to the smallest singular value is the direction

in which parameter estimation is most suceptible to an error due

to the lInmodelled dyn"mics. The results obtained by discarding

the components in Lhis direction are found to be closer to the ac

tuai parametric values. This is demonstrated for the Puma560

arm in chapter 7.
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4.4 Considerations in the experill1ental pro-

cedure and analysis of the data

•

On account of sensor noise, (t.he joillt angle dat.a for t.Iw Pnma5Gll w"s

recordcd using optical eneoders), t.he backward differencc procedure for oh,

taining the velocities and aeccleration signaIs rcsult.s in et large noise cont.ri

bution, particularly so duc to the small sampling iuten'"l i.e. 5 ms.

The problem of optimal filtering for estimating the maniplllat.ol' :il.ate

using position data has been considered in (23]. Sincc, nlldcl' snitablc as

sumptions, the knowledge that the output lies betwcell two Imowll Icvels (as

is the case for any manipulator joint data) is equivalcnt to obscrving t.he

output corrupted with Gaussian white noise, the state estimation pl'ohlelll is

approximately equivatent to the Kalman filter.

The discrete signal model is given as:

1 1'11 11'2 11'3
2 6 . Il

d ..
x(k+l)= a 1'3 x(k) + 11'2 TOmo,lcl(k) + w(k)2 s d

a a 1 T"

with noise statistics:

y(k) = [0 0 1 ]x(k)+e(k) (4.'1 )

1.1'5 11"1 11'3
20 s 8.' li JI

11"1 11'3 11'2
8 JI 3 JI 2 JI

1T:~ 11'2 T
6 3 2 JI JI

•
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wherc w is t.he accelerat.ion error and t.he signal f.0modd represent.s t.he model

accelcrat.ion rat.e. For an improvement. wit.h Omodc/' t.he noise intensit.y ,

E(wwT) must. be less t.han that of the modcl acceleration. In the case of

data logged nsing the available instrumentation, q was found 1.0 be of the

order of 103 whereas the model acccleration rate was in the range 20 - 30 in

MKS unit.s, sa we chose t.o neglect. t.his t.erm.

As indicat.ed in [23], t.he result.s are relatively insensitive 1.0 the choice of

q. II. is reasonable t.o use t.he square of the maximum slope of the acceleration

signal.

Optimal filtering [23] for expected values based on the position data out

put. has been shawn t.o be relat.ively unaffected by inaccurate noise statistics.

The system modelled by a double integrator driven by white noise, lU, was

shawn 1.0 be a valid assumption for small values of the sampling time interval,

1

1~, [231.

The filter equations are as follows:

i:(k + 1 1k) = Ad(l- KC)i:(k 1k - 1) + AdKy(k)

where K is the Kalman gain.

Pean be obtained by solving the discrete Riccati equation:

(4.5)

(4.6)

In the rest of the chapter, the acceleration is calculated using the above filter

since the final results were found 1.0 be better than employing any other
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method employecl for estimating the al'cc1eration (low-pass filt.erinf\ l'le.).

This is because the differentiat.ecl accclerat.ion signal is adeqllal,l'!y nlOddk'd

as a Gaussian whit.e noise pracess. The only way t.o improve t.h,' ,'st.imat."

would be to establish time varying statistics lor t.he inpllt noise hased on

actuator capabilities ancl the instantaneolls manipnlat.or pose; howel'<'r, t.his

was not considered al. present.

4.5 Conclusions

In this chapter, wc c1escribecl noise models for the dynamic est,imat,ion pl"Ob

lem that have been characteristically lIseci for errar analysis. Wc also present.

two methods of increasing the accuracy of the c1YlHunic estim.üion pl"Ohlem.

This is particularly important for an el'periment where instrumentat.ion wit.h

a limited accuracy is available.
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Chapter 5

The LMS Method and Input

Optimisation

5.1 Introduction

The convergence properties of the LMS adaptive filter have been studied by

[13],[15],[1]. Based on assumptions regarding the motion and sensor noise

and using the assumption of slow adaptation, Armstrong [14] derived ex

pressions for the steady state bias in the estimated parameter vector and an

approximate measure for the rate of convergence. The rate of convergence is

an important factor in the stability of modcl based adaptive control schemes.

Minimising the bias and maximising the rate of convergence were shown to be

based on minimising the norm of the inverse of the input correlation matrix

of the regressor. Accordingly, an optima! trajectory for identification pur

poses maximises the minimum singular value of the input correlation matrix
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subject 1.0 maximum power and joint angle contraint'"' :\ mnltiHtag,· opti

mising algorithm, formulated by Bryson and Ho [lli] haH lwen inlpkm,'nte<!

for trajectory optimisation of the Adeptl and MIT/ "Hada Direct. Drive :\nn

by Armstrong [14].

In this chaptcr, the multistage optimisation I.echniqne [1 li] iH applbl 1.0

trajectory optimisation of the identification tl"aj,'ctory of the l'lHI'IA5Gll arm

using the method employed by Armstrong. A method of choosing the ini

tiai trajectory is al50 formulated. Section :2 brielly states the results of l'I"I'Or

analysis in [14]. Section 3 describes the input optimisation algorithm fOI"

generating an exciting trajectory. Finally, section '1 describes the implemen

tation for the 3 dol' Puma manipulator and suggests methods for choosing

an initial trajectory while obeying the manipulator contl"aints.

5.2 Convergence properties and input opti-

misation for the LM8 algorithm

For the LMS parameter update law, [1],

Pk+! = Pd 'E,r"lh(r;: - lli:'Pk)
"

(5.1 )

the expectation of the parameter bias due to motion, sensor noise and nn

modelled dynamics ls given by the expression [14]:
1\

E(O) = (R +C1i.tIC,j,po - (R +Ca.t l 'E, Ihl1k (5.2)
1:=0

where
r

R 1 ~ HOHO'= yLJ k k
\ k=O
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ami

r1 ~ - - 1

Cli. = --;E(L..J lhlh )
1\ k=o

are the l'egressor correlation matrix and the sensor noise correlation matrix

respedi vcly.

The acceleration signal obtained by backward dirrerentiation is very noisy;

t.he high fl'equency component.s of t.he noise must be filtered before using the

dat.a in t.he calculations. Denoting the filtered acccleration signal by ÈSJ and

t.he aetual acceleration as ÈS.

(5.3)

From expression (5.2), the expected parameter bias can be minimised by

minimising the norm of the correlation matrix,

(5.4)

The evolution of the estimation error is given by the transition equation [14]:

(5.5)

Assuming slow adaptation (0'(KrR) < 1), the error can be shown to converge

to zero with a maximum exponential time constant given by [14]

(5.6)

Maximising the minimum singular value of the input correlation matrix there

fore minimises the parameter bias and maximises the rate of convergence.

34



•
A s",eep algorithm to optimize th" identification U'aje('\,ory is desnil",d hy

Bryson and Ho [Hi] and applied hy Al'lnstl'Ong [l,II 1.0 optilllis,' 1.11\' id,'ntili

cation of the inertia! parameters of the Adl'\lt 1 and tilt' i\II'I'/Asada Di\'('ct

Drive arm. The optimisation algorithlll is d,'serib,'d in the Il\'xt Sl'ction,

Givcn an optiInizÎng trajcctory ih [1::::1. .. /,', l'quatiollH 5.1 and 5.2 can tH' lI:wd

1.0 estimate the parameter !lias, given bounds on the unnlodd"'d dyn:nnil's.

The trajectory tracking error pertlll'bs the siugular vahl\'s !Ti: th" \'('sulting

perturbations in the singular values cau be ca1culated usiug 1.11\' li,\Io",ing

expression [9J:

l'

1Ui - ui I~II l~- t !Ù(lh,Oj, - 0Jl'!Ù(Ok,Oj, - Of) Il (5.ï)
k=1

Sincc the trajectory tracking using conventional contro\lers for gel1l'l'ating the

demand trajectory is not very accu rate, expression, (5.ï) provides a nlt'asu\'('

of the robustness of the input optimisation experiment to experimeutal erl'Ors.

5.3 Input Optimization

This section describes a- multistage algorithm fol' trajeet.ory optimisation lil\'

the LMS identification proccdlll'e devcloped by Bryson and Ho [1 fi] and ap

plied by Armstrong [14].

We define the following quantities:

- • 0"'1'
'lLk = k
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• '1'1", opl.imizat.ion al~oril.hm invoives a ~radienl. scarch for minimising the cost

fllnetion I/Q.(/I), .mh,lect. 1.0 the constraints relating the position and velocity

1.0 1,1)(~ Hcc(~I(~ratioli.

n:, ] 'h _ [ <1> ] Uk = !l
1 1'/:,

'l'he prohlcm can be sl.al.ed as:

The second t.enn in the cost. function limit.s t.he accelerat.ion t.o wit.hin actu-

at.OI' capabilities. The relat.ion bet.ween the maximum acceleration and t.he

nmximum t.orque depends on t.he st.at.e of t.he manipulatorj hencc Q must.

idmtlly be chosen as a function of k and Xkj however, in practicc, Q is chosen

t.o be a constant. diagonal mat,rix according t.o Brysons rules as incorporated

1 by Arlllstrong [14J:

Il Q Il ~ 1 ;k(l/fL(R)) 1
.. ...... 'l

max 02
max !!.illl

Delining

J ~ P(;r"lf) +L>r~lJ(;r,k+l,ir.k,lik)
k

l,he local optimnm is given by the expressions:
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•

The terms iu the part.ial c1l'ril'alil'('s V".! aud VTi,.! cau 1", l"IlIlIpu!<'d hy t.h,'

chain ru le

iJ.! _"" iU il U;j
~)b - L L -:--)l' -:--)b
(;l'k' i j ( lij (.1'".

(JJ L L il.! (J h'ij

(Jl/" = . . iJ Il·· al/"k 1 J 1) k

Deuoting
• (JJ

(l""=--
'J '11'(.. lij

aJ " i) (1 "II" "/)
a"b = L (lij a. ,b T' L k Ilk ij

.tk i,) .l,/.: \ ft

" l "( a Il'' Il'''/' Il'' (J Il'''1')=L (l;j-I' L >'"b . k k + k '')",. k ij
i,i \ n u.l·k- (. .I·k

DJ " l "( a li" 11"'1' Il'' a Il'''1')
>'. /. = LO'ij -f , L D. /, k k + k ~')/. k ij
ullk id \ Il Ilk (. Hk

The trajectory upc1ate equation is given as:

where Il,,, is the increment scaliug value, The choicc of l'", d"I)(~uds 011 t.hl'

magnitude Il \l",J Il and the maximum required resolut.ion fol' iik.

For imp!ementation; Il,,, was chosen on-line at t.he end of each it."rat.ion,

The algorithm converges to a local minimum; hence t.he choice of t.h" init.ial

trajeetory is important,

Sinee

dR) ~I fI, L Hi: Hk'ê", 1=1 /
1
, L IIi:Tf·", 1

\ n \ JI

a heuristie principle may be followed to obtain an initial t.raject.ory baH"d on

the argument that the minimum singular value is limit.ed by the abov" nOl'm.
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• Ld ;,; ~ IJ,iIJŒ(/I). This value ;s I",sed on the magnitude of t.he unlTlodelled

dY"'"l1ics, 1 I/k 1 and on t.he 'IJ;,xilTlum allowable error in the est.i:nat.ed pa-

l'alnet.(~n;.

We choose point.s Xi, u, snch t.hat. t.he power and joint. angle const.nlint.s arc

~al.islic(: alld

l '" 11kT/' 1> ;r I;fm.L...J III

"
The init.ial t.rajectory rh is generated by int.e'1>olat.ion bdwccn values Xi, U,

by t.he syst.em equat.ions

and filt.ering t,he result.ing t.rajeeto,·y.

5.4 Algorithm Implementation

The input. opt.imisat.ion algorit.hm Was implement.ed for t.he PU]\'[1\ 560 ma

nipulat.or arm. Implement.at.ion was done in Mat.lab. 1'0 avoid instabilities in

t.he computations, the part.ial derivatives were evaluated by explicit differen

t.iation of t.he regressor terms using Maple. Matlab code for the optimisation

algodthm is included in 1\ppendix C.

5.4.1 Choice of 11m

The choicc of the increlTlental step for updating the trajectory must be based

on the current magnitude of cIJ/du. It is 'luite likely that a conservative

choicc of Il,,, delays convergence whereas an overestimated value would take
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the trajectory outside thl' CUITl'nt rl'gion of CO\l\'l'rgl'uCl', SinCl' thl' a"l'n1gl'

magnitude of the gradil'Il!. decays with an incl'l'asing nUlllhl'r of ill'ral ions, l',,,

nOrInaJly incl'cé\scS wit.h ('ach itl'l'.\l.ioll. TIH' alp;uritlllll is !ik(·\." hl {'UII\'('rp;('

rapidly usiug this apl'mach.

5.4.2 Meeting the constraints

•

Sinee a nmnipulator typically has a coustrained wOI'kspaCl', nll'l'ling llll' joinl

IlTHI the aetuator eonslmiut requirellleuls is ilnporlaul fOI' illl idl'nlilicalion

experimeut 1,0 be earried out. These Cllnstraints callnol 1", inlrodnCl'd Il

priori; howcver, the optimisation proccdure nlay 1", ll'I'lninall'd wlll'n thl'S<'

values arc exccecled even bdore a local optilUUIll is atlained. 'l'Ill' 1.I'ajecl.ory

improvement may be signifieant l'ven in this cilse.
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A frallle ilssiglllllenl. of the :~ dof PU!'.'IA 560 ann is shown in Figurc 5.1.

Fol' t.he frallle assiglllllcllt as shown, the m<lnipulator constraints arc givcn in

'l'a,]J!e ,1.1 .

•
5.4.3 Results

Zo.ZI

•
Z2

X3

•

Figure 5.1: Framc assignmcnt

Scvcntl instances of the initial trnjectory were selected. In certain cases,

t.he procedure caused a unifol'm scaling of the trajectories towards highet·

accelerations. Attempting optimization for ail incrtial paramcters did not re-

sult in a significant improvement in J for cven high acceleration trajectories;

hencc opt.imisat.ion was conductcd for the rcduced rcgrcssor consisting of pa

mmetel's \Vith a high contribution to the torque; viz. P2' P3, P9,PlOl Pu 1 P13, Pl'" P15'

The optimised trajectory, shown in Figure 5.2, \Vas obtained in 15 iterations.
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The improvcmcllt in the cost. .1 was from iln illitÎal V<lltll' of tl.O~i('\ 10 a lin,d

value of 0.0024; ail improve111cllt (error l'l'durtioll) hy il factor of ll.ii~:tl.

40,....-------------, 150,----·---

Inltlul

- 30
$

20

8- 10
§
.2., 0I-------_~_ ~
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---
g.100
-8

optlmo!

-100!----1~---2~---'3

lime (sec.)

100.--------------,

-50
0
L.-----

1
-- ---2-----3

IImo (soc.)

a

:§.
~-100
:§..

opllmal

Inllial

•

•

-2000C:===:::=;1=--=--::::2==--..-I3

lima (soc.)

Figure 5.2: 'l'he Optimised trajcctory fol' the ;j DOl" Puma. 5GO .tI'Ill

The final step in identification involvcs accumtc tmd:illg for th(~ input

trajectOl'Y; ordinary PID control may Ilot be sufficicllt.\y accurnte; fol' mos!.

optimal trajectories, the acceleration balldwidth of I.he rcsull.illg \,l'aj<.'c1.ory

using PID control would be unacccptable fol' mailltaillillg t.he l'cqllil'cd aCe11

racy of the identification experimcnt. F'ccdforward 01' t.hc cOlJlpllt(~d torqll(~

procedure provide more acctlrate tracking; howcvcr, t.hcsc control me1.llods

are based on the availability of the dynamic modcl; (l priori V,tllles Il)l' t.he

dynamics may he used in this case.
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5.5 Conclusion

1"1'0111 the illlplellJenl.al.ion procedure, we conclude I.hat generating a trajec

tory I.hal. would be sufficient,Jy exciting roI' ail the modes or a given l11a

nipulal.or lIIay casily exceed the capabilities or the l11anipulator; however, a

significant redllcl.ion in tbe I.heorel.ical l'l'l'or bounds was obtained by conducl.

ing the opl.illlisation procedlll'e. The complete resull.s or the experil11ental.ion

will be sbawn in Chapl.er 6.
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,Joint Joint angle ,Joint angle Max, ,Joint. 'l'<>l'que

IVlin(deg) IVlax(deg) (NIll)

1 -160 HiQ 1:lI.'1'1

2 -35 215 228,57

3 -225 45 Il :I,8U

Table 5.1: Joint Constl'aints roI' the 3 dor PUllla nHl.nipulat.ol'
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Chapter 6

Experimental Procedures

6.1 Introduction

The estimaton proccdmes outIined in chapters 3 and 4 were carried out on

trajectory data fol' two manipulatorsj the PUl\'lA 560 arm and the SARCOS

GIlLA (General Ilobotic Large Arm). The present chapter briefly explains

the software devcloped and the proccdmes adopted for accurately tracking

the identification trajectories. The manipulators under consideration are also

described. Finally, the experimental results for the tracking experiments are

plotted. Analysis of the data is presented in the next chapter.

6.2 Software implementations

This section describes the code written for meeting the objectives of accurate

identification and its consequent application to model based control.
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6.2.1 Numerical methods for dependancy evaluation

and LS estimation

Obt.aining a full-rank regrcssor, as sholl'n hl'fOl"" n'qllil"'s id,'nlilication of a

base pa.ratl1ct.l'ic sei. 'l'he base pal'allll'tl'Ïl' :.;;et. is lltlllll'I'ica.lly l'vaitlat.l'd ily

generating the rank-deficient regressor and t.hen oht.aining t.11" dep,'ndan<'Ï,'s

by orthogonal decolllposition. Implement.ation is donc nsing t.he Mat.lah pm

gramming language.

File Eslima/.ion.m <'ontains routines fol' t.he LS est.imation of t.he par1ll1l

eters. Significance analysis cali be condlld.ed based 011 t.he experinl"nt.al

torque sensitivity or on the singular value decomposit,ion of 1.\1<' colllnlli scaled

regressor. Finally, estimation over a trajecLory l'an be hased on a QIt de

compositiou or previous estimates l'an be inCOl'JlOrated using t.he compllt.ed

covariance and the ridge regression method. Input opt.imisation fol' the LMS

method has been described in the previous chapter. The opt.imisat.ion code

in the Matlab language mlls/y.m is Iisted in Appendix C.

6.2.2 Generating the dynamic model

In order to imp!ement a model based l'ont l'olier, efliciellt code fol' t.he inverse

dynamics based on the identified parameters and demalldvariablesvi~.joint.

angles,joint rates and accclerations, is required. The efliciellcy of the compn

tation is crucial to implementation. Khalil ct al. [25] developed an eflicient.

algorithm for the full order dynamic modcl of a seriai manipnlat,OI' has'ld on

the Newton Euler algorithm. The algorithm dcvelops illt.cnncdiat.c variables

for saving computations. The method, for a manipulat.or wit,h N dcgrees of
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frecdolll illvolves a maximum of (10511 - !J2) multiplicat.iolls aud (!J'In - SG)

addit.iolls; t.his lIulll"er is su"st.allt.ially reduccd for a reduced "asis set..

TI", a.lgOl·it.hIU has "ecll impleulellted ill Commou Lisp alld includes t'Ou

t.illl," fOI' dimillat.illg ail reduudant. operat.ions. 'J'he pl'Ogram geuerat.es C

code fOI' full order dyualllic compensat.ion 01' only gravit.at.iona! compensa

t.iou. l'l'ogram list.iugs are illclnded in Appendix 13.

6.3 Trajectory generation and data acquisi

tion for the Puma 560 and the Sarcos

GRLA

6.3.1 The Puma 560 arm

The Puma 5(iD manipulator, is a 6 degree of freedom manipulator with a seriai

architectlll'e as shown in Figlll'e G.1. The joint.s arc actuated by OC motors

wit.h high geaI' rat.ios (>50:1). Pos;tion measlll'ement is based on incremental

encoders. The t.orque measlll'ements are based on armature clll'rent readings.

The frame assignment. is according 1.0 the modified OH notation and is shown

in Figlll'e 6.2. The modified OH parameters for the manipulators are given

in Table 6.t.

Tracking trajectories for identification and the implementation of mode!

based control was carried out using the robot control\er environment KALI,
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Figure G.l: The Puma 5(iO arlll

[26], implemented on a dual DSP proccssor board, the Challeuger C:lOv.

KALI provides velocity form pid control facilities allowing the nser to Illodify

the control gains in l'cal time. Availablc techniques for selccting the l'ID gains

are based on minimising a quadratic fllnctional of the error evolntion of the

linearised system. The dynamic model for this plll'pose was gencmted nsing

the estimated values over the batch LS estimates. Ordinary l'ID control gets

llnstable very fast beyond a range of trajectories. Morcover, accc1cmt.ion and

velocity tracking is not sufficiently accurate for identification over iUl optimal

trajectory. For this reason, it is preferrable to choose opUmal gains based

on an approximate dynamic mode!' Methods for the samc arc dclincat.ed in

[27].
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Zu.Zl

Z2,#'

X3

Figure 6.2: Frame assignment

6.3.2 The Sarcos GRLA

The Sarcos mnnipulator,shown in Figure 6.3 is a 7 DOF manipulator. The

joints for the Sarcos are actuated by direct-drive hydraulic cylinders. Posi

tion measurement is based on LVDTs. Strain gauges are used for the torque

measurements. The frame assignment and DH parameters are given in Fig

ure 6.4 and Table 6.2 rcspectively. Estimation in this case \Vas conducted

for gravitational forces only, i.e. second moments of inertia \Vere not identi

fied. Experimental data were provided by the Institut de Recherche d'Hydro

Québec.
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Figure 6.3: The SARCOS manipulatol'
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Figure 6.4: Frame assignment

50



•

•

.J oi Il t ni di bi

1 !l0 0 0

2 0 OAa2 D.l"!)

a -90 0.02 D

Table (i.!: DH parameters of the :l dof Puma

Joint cri di bi

1 90 0 0

2 90 0 0

3 -90 0 0.8788

" 90 0 0

5 -90 0 0.762

6 90 0 0

7 180 0 0

Table 6.2: DH pararneters of the Sarcos GRLi\
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Chapter 7

Analysis of experimental data

1.1 Introduction

In this chapter, the least squares and LMS methods are applied to trajectory

data obtained for identification trajectories for the PUMA560 arm and the

Sarcos GRLA manipulators described in chapter 6. As indicated by Izaguirre

et al., [5], and Atkeson et al., [4], a critical factor in the estimation accuracy

is the acceleration noise which arises due to noisy position sensors. Results of

thc dynamic estimation procedure for the Puma 560 arm are g,iven in section

2. Sincc cstimation for the Puma was more invoIved than estimation for

the Sarcos manipu!ator, we choose to group the results by the manipulators

rathcr than the method. Finally, in section 3, we present the results of

the cstimation fol' the Sarcos manipulator and the performance of mode!

based tracking using a dynamic modeI generated by the identified parameters.

Sincc [1] tracking errors with computed torque and feedforward control [20J
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increase with increasing inaccuracy of the identified pamm<'ll'I's, 1h,' \'l'snlts

of the model based control implementations sel'\'e as a good indicator of the

accuracy of the identification experiment..

7.2 Dynamic estimation for the PUIna 560

arm

7.2.1 Batch LS methods

Initially, estimation was conducted over ten identification traject.ories. The

cutoIT frequency for the acceleration signal lIsing a 4'11 order Kalman lilter

was observed to be ~ J - 2 l'ad/S2 and large phase lags for higher frequencies;

the frequeney response for the velocity signa.l was mueh superiol', Bence, the

veloeity and acceleration signais were obtained by filtering the calcnlated

veloeity by baekward diITerentiation of the position signal. Filtering is t.here

fore in two stages, firstly, for the position signal and next for the veloci 1.Yand

aeeeleration signais.

Although the dynamie parameters for two identical manipulators may

differ; a standard is required for comparison, moreover, deviations lU'e not

very signifieant for the inertial parameters. A standard ba.,e paramctric set

for the present purpose can be obtained from the results in Khatib ct al.

[10]. It would be eumbersome to transform the quantities between the frame

assignment we use and the one employed in [10]. lt is preferrable to calculate

the generalized torques for a series of trajectory points using the full order

model in [10] and deriving the base parametric set using the regressors derived
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lIsinl( the current frame ass:~nment (in Appendix A). This only requires a

translation of joint position data for compatibility. This can be equivalently

represclIled as :

f-t p3td ~ T/ltll-orrlr:r

'l';,ble ï.l lists the parameters obtained using this methoà. In table ï.2,

we show the erfect on the condition of significance analysis based on the

t.orque sensitivities, 1>:1> and e1imination of near dependancies based on the

singular value decomposition of the scaled regress, r, 1>:2. The conditions are

seen to be significantly reduced compared with the unscaled condition, 1>:0.

Table ï.3 presents in three separate columns, the results of batch LS

estimation over the ten identification trajectories. Columns 1 and 2 respec

tive1y show the results oï batch LS and after succesive elimination in the two

weakest directions of identification (ref. chapter 4). In the highlighted cases,

when compared with the standard parameters, the influence on improving

the accuracy of sorne identified parameters is significant. An improvement

in the accuracy may be obtained if a minimum norm solution is sought using

the ridge regression method provided accurate noise statistics are availablej

this solution can be located by plotting the norm of the residue against the

solution norm with varying Àj [9]. However, regressor noise still causes large

errors in certain parameters; for instance, the mismatch is especially pro

nounced for PI'
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As mentioned in chapter 4, input optimisation is practical for only a l't'dnl'ed

set of significant parameters. The L!lIS identification trajectory gl'nerated in

Chapter ·1 was tracked by ordinary PD control; lignre ;.1 shows the tral'!;ed

trajectory; the results of the adaptive scheme arc compared with the standard

parameters in Table;A. Convergeuce was not very satisfact.ory; by the "ITor

transition equation for the LMS algorithm given by Armstrong,

•
7.2.2 The LMS method

(7.1 )

•

•

the maximal convergence rate is obtained along the eigenvector of the transi

tion matrix corresponding to the smallest magnitude cigenvalue of the I.mn"

sition matrix, (/- r~k~k). Accordingly, we increment the panuneter al. eadt

iteration only along the direction of the most stable mode. The result of pa

rameter evolution adopting this method over the identification traject.ol'ies

is shown in Figures 7.2 and 7.3; the estimation results arc recorded in Table

7.5.

Since the LMS algorithm was run over several trajectories, the disconti

nuities in the parameter e\'olution can be observed to be the l'l'suit of a large

percentage of the unmodelled dynamics due 1.0 stiction al. the start of cach

trajectory. We could eliminnte these points in the iterations; how"ver, thcy

have been retained as an indication of the pal'ameter convergence.
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Figure 7.3: Pammeter evoiution

7.2.3 The model accuracy

In this section, we compare the recorded torques, the Lorques lIsi ng Arlll

strongs parameters, the torques using the parameters obtained by elimilla

tion along the weakest directions and the abbreviated LMS mode!. The piots

were obtained for eight different trajectories and arc shawn in figures 7.'1 tO

7.11. The X axis denotes the samples. The mcasured torque arc illdicatcd

by soHd lines, the dotted plots indicate the (~omputcd torques llsillg Ll'vIS

results along the convergent mode. The computed torques from the pal'a

metric set obtained using Khatib's full order model is llscd fol' thc dashcd

plots. Finally, the soHd bold plots inciicate thc LS rcsults artel' climinatioll in

the weakest direction of identification. The measured torque is charactcl'iz<ld

by a significant ripple not observed in the compllLed torques. The highest
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deviatioll in the computed torque \Vere observed when LMS results were em

ployed. The LS results approached the measured values the c1osest. The bias

lIsing Khatih's pararneters is especially pronounced for the lhird joint. For a

meall square error criterion, the LS result is il better estimate compared to

the explicit mc<u;ured parameter set. Ho\Vever, their relative performance in

a computed torque algorithm would depend on the trajectory employed.

7.3 Gravity compensation for the Sarcos ma

nipulator

The kinematic mode! for the Sarcos manipulator was given in the last chap

ter. In this s~ction, IVe consider esti.nation and feedforward control of the

Sarcos manipulator employing gravitational compensation. Being a direct

drive mechanism, the recorded torque for a given pose does not have a sig

Ilificant noise contribution. For this reason, dynamic estimation for this

manipulator did not require incorporating praetical methods for improving

the accuracy of the estimation; a simple LS solution gives results \Vith a very

high accuracy.

7.3.1 Estimation results

The table of the inertia1 terms for gravity compensation and their estimated

values from the data are given in Table 7.1. The standard deviations of the

computed joint torque error are recorded in Table 7.2, Figure 7.1 compares

the experimental torque values \Vith the computed values. The results are

58



•
Traj 1,joint 1

30 ,..---.....-----.....-----
Traj 1,joint 2

80..---....-----....---

20
Ê
z-

600 600400200
201.---"""----....o....---...J

o

lD
::::1
c-
040 \-

Ê6D
z-

-1 0I.-__"""---__....o....-__...J
o 200 400

lD
::::1
tr
l~

o-

•
_51.---"""------'---....J

o 200 400 600

Figure 7.4: Madel comparison - trajcctory 1

59

•



600400

Traj 2,joint 2

200

•
Traj 2,joint 1

60 100

40 80
..-.. ..-..

~ 20 ~ 60- -al al
::J ::J

~ 0 e- 40
0 a- -

-20 20

-40 0
0 200 400 600 0

Traj 2,joint 3
30

20

• -
~ 10 . \-al
::J

0 "[
a-

-10

-20
0 200 400 600

Figure 7.5: Madel comparison - trajectory 2

60

•



•
Traj 3,joint 1 Traj 3,joint 2

30 70

6020- -E E 1
Z z 50- -
<Il 10
~
0-
l-

a...
0 30

-10 20
0 100 200 300 400 a 100 200 300 400

Traj 3,joint 3
30

• 20
, -E

z-ID 10 ...
:1
2' '"
a...

-10'----"""""'-----'---"-----'o 100 200 300 400

Figure 7.6: Model comparisoll - trajcctOl'Y 3

61

•



•
Traj 4,joint 1 Traj 4,joint 2

40 70

30
60

- -E ~50 1z- -Ql 20 Ql
::::l ::::l
2" 2"40
0 0- -10

30

0 20
0 100 200 300 400 0 100 200 300 400

Traj 4l joint 3
20

15

• -
~ 10 ..- .,' ..
Q) ,,- ...
::::l /
2'5 . ...
o .1....

1
0

-5
0 100 200 300 400

Figure 7.7: Model comparison - trajectory 4

62

•



•

o

Ql
::le- 20
B

Traj S,joint 2
80.----.------~~---,

Traj S,joint 1
40r----,....---~--.,

_ 20
Ez-\ Q) 0

• ::l
'0"
~

o...
-20

300 300200100
-20 '----~-"'____""'____ _...l

o
_40L----~--""""'-------l

o 100 200

•
20 r----.------r---------,

Q)
::1
~
o...

_10L----"'-----'-----J
o 100 200 300

Figure 7.8: Model comparison - LrajccLory 5

63

•



•
Traj 6,joint 1 Traj 6,joint 2

300200100

80

60
.....
Ez 40-al
::J
e- 20
0-

0

-20
300 0200100

-60 L..--__"""""-__->--__....J

o

20

40...------------.

-40

al
::J
e--20
o-
-
Êz 0

Traj 6,joint 3

• al
::J .. ·r
E"o 0 1-

300200100
-10 L..--__"""""-__....o.-__--l

o

Figure 7.9: Model comparison - trajectory 6

64

•



Traj 7,joint 2
•

Traj 7,joint 1
60 80

40
60- -E E

z 20 z- -
QI <Il 40
:::J ::::l
0- 0 0-... ...
0 0.... ....

-20
20

-40 0
0 200 400 600 a 200 400 600

Traj 7,joint 3

•
30...------T----.-----,

20
Êz-<Il 10
:3
2'
o....

600400200
-10 L..-__-'--__-'---_------I

o

Figure 7.10: Madel comparison - trajcctol'Y 7

65

•



•
Traj 8,joint 1 Traj 8,joint 2

30 60

20 50- -E Ez 10 z "'...- -
Q) 40
:l
e-
a-30

-20 20
0 100 200 300 400 0 100 200 300 400

Traj 8,joint 3
30

• 20-Ez-al
::Je-
0...

\. - -- .- - - - -
-10

0 100 200 300 400

Figure 7.11: f\'Iodel comparison - trajectory 8

66

•



•

•

seen ta be 'luite accurate: the caicu!at<'d "ITor is less than :; IH'rn'n! nI' th.'

recordcd torque l'or cach joint,

7.3.2 Results of feedforward control

The dynamic mode! l'or gravity compensation was hnilt nsing tlll' dynnlOdl'l

software. The C code listing is givcn in Aplwndix \. The accuracy nI' t.h,'

reedforward compensation was t<'sted by observing the st."p r('sponse at. joint.s

1 ta 4. A demand step was applied t.o each joint; the step responses with and

without gravitationa! compensation arc shawn in figures 2 and :1 respect.iV<'iy.

The results demonstrate the accuracy or the dynamic mode!.
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Par Valuc

PI 3.9'1!)5

P2 uno
P3 0.1040

PI 5.6320

P5 -l,3804

PG -.OOiO

P, -.6889

Ps -.0227

P9 .0254

PlO .8632

PlI .7491

P12 .3006

PI3 -.0106

Plo\ -.0038

PIS -.1342

Table i.1: Base pararneters using the full order modcl of I<hatib

71



•

•

Trajectory Unscaled Significancc( lTp ) Significance(sud)

"0 elilllinated set "1 eliminated set 1\.2

l 2·199.5 1,5,i,12,13,14 92.1002 3,5,6,9,10 44AiS4

2 1096.:l l,5,6,i,12 5i.SSOi 5,9,10,12,li 84.54

3 502.3 i,14 498.5 2,3,4,9,10,1 i 12i.0

Table i .2: Effect of condition on the significancc analysis
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ParanlCtcr l3atch LS Elim inat.ion Stilndard( I\hatih)

P, -:2.:3:3 _.) .)-
;L~15_._f

P2 :3.65 :\.(;;1 :1. ï!J

P3 0.:288:2 0.1726 n.lllelO

PI 2.1:3:38 \.9:362 5.(;:1:20

P.s -21.'168:3 -1.1323 - La80'1

P6 3.1672 -0.7777 -0.0070

P, 9.6260 8.26!)() -O.688!J

P8 2.5412 2.9666 -0.0:227

P9 -0.4547 -0.'1591 0.025el

PlO 1.150S 1.12il 0.86:12

Pli 0.0706 0.1509 0.7491

Pl2 -0.:3341 -5.19S7 0.:3006

P13 -0.OS59 2.1842 -0.0101;

P"I -1.7325 -1.i476 -0.00:38
,.:"

PI5 -0.4610 -0.2702 -0.1:142

PIG 11.2301 1\.22lG </1

Pl, I1.S241 II.S65J. rp

P'8 5.06S0 5.0491 rp

Table 7.3: Batch LB and weakest direction e1imination
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Pararnctcr Cornputcd Standard(Khatib)

P2 4.2884 3.7920

P3 1.5080 0.1040

fq -0.4331 0.0254

PlO 6.0005 0.8632

Pli 1.4839 0.7491

PI3 -7.2153 -0.0106

PI4 -.5405 -0.0038

PtS .4607 -0.1342

P16 5.0596 q,

PI7 16.9753 q,

PI8 2.6616 q,

Table 7.4: Base parameters using the optimal input for the LMS method
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Par Value Standard( Khatib)

P2 4.1138 3.7920

P3 0.0880 0.1040

P9 -0.2991 0.025'1

PlO 0.9029 0.86~12

Pu 0.5202 0.H91

PI3 -0.0121 -0.0106

PI 'I -0.0013 -0.0038

P15 0.0076 -0.1342

P16 11.2252 ,p

PI7 11.6792 ,p

PI8 5.0324 ,p

, Table 7.5: LMS results along the convergent mode
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Inertiai parameter Estimated value

lnpxl 3.7467

"'():l 3.7196

mpr2 5.3212

mp:2 78.096

mpr3 -2.547

"'P:3 3.905

mpr4 0.4624

mp:'1 23.1605

mpr5 0.2526

mp:5 0.616

mpr6 -0.1174

mp:6 -0.0052

mpr7 -1.7239

mpu7 -0.3668

Table 7.6: Estimation results for base gravity parameters of the Sarcos GRLA

manipulator
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.Joint (TT

1 12.6941

2 24.!lïUJ

3 9.1544

4 5.ï428

5 1.3930

6 6.8802

ï 1.8ïl'l

Table ï.ï: Standard deviation of the joint torque error for the Sarcos CilLA·
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Chapter 8

Conclusions

ln this chapter, wc conclude the thesis with a summary of main results in

section 1. Section 2 presents the scope for future work in this area.

8.1 Review of results

This thesis investigated estimation for two particular seriai manipulators:

an accuratc!y calibratcd direct drive manipulator and a geared manipula

tOI' in which sensor readings did not yield very accurate data. Unmodelled

dynamics and motion noise arc ubiquitous elements in dynamic calibration.

Estimation accuracy reduces further due to an erroneous manipulator state.

Wc review below some suggestions for improving the accuracy of the dynamic

calibration procedure.

• for increasing the accuracy of the least squares estimation procedure,

we considered the following:
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ridge regression: wc suggC's!. l'icJge t'l,!-.!;rt'ssiOIl ullly if IIH' Illllllnd··

elled dynmnics a.re not Vt'I'Y signilic:lllt and ail approxil11ah' a l',.i~

ori estÏtnate or the pal'alllcf,er vl'clot' j::-; availabh'.

coluIl1n scaling: scaling the l'egl'l'S"OI' columus hy t.h" l'XI"'rinh'ut.ill

t.orque scnsit.ivity suggested in Chaptl'I' ,1 was Illllnd \0 l'l,duc<' Ilh'

regl'essor condition.

significance analysis: t,IVO mct.hods of significance analysis w,',','

considered; namc!y, eliminating the paramet.l'I's ll'it.h 1011' valUl'S

for the experimental torque sensitivities and e1iminat.ing t.lu~ n"al'

dependant parametel's in the l'egl'cssol'. These mel.hods allolV us t.o

eliminate successively, the terms most insignifkant and t.h"I'"fol'l'

most likely to he in erraI' fol' the identilication t.raject.ol'Y. It. must.

of course he noted that dirrerent trajcctol'ies Il1ay llave> dilrel'l'nt.

sets of insignificant parameters.

we found that the LS procedure conducl.ed using the singulal' value

decomposition gave increasingly accu rate l'esults when ident,ifica

tion in the weakest direction was eliminated.

• LMS estimation: the LMS adaptivc method was also found 1.0 generate

accurate estimates for the inertial parameters; gencratioll of l'xciting

trajectories as a mealls ta minimise parametel' hias has hel'II deall, with

by Armstrong and \Vas appfied in this thcsis. Our cxpcl'il'nce \Vith t,hl'

LMS procedure indicates that;
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the choice of an initial trajectory is important because il. practi

ca\ly detcrmincs how far the optimisation would progress before

actuator limitations were exceeded. It is al50 preferrable 1.0 start

with the minimum number of parameters since optimisation be

comes increa,ingly difficult as the number of pararncters increases.

Wc have suggested a method for selecting an initial trajectory in

Chapter 5.

it is necessary 1.0 choose appropriate values for the incrementa!

scaling factor when updating the trajectory.

e1iminate estimation points likely 1.0 have large unmodelled dy

namics; this is especially true of the initial part of the trajectory

where static friction is overcome.

al. every Iteration, only retain the incremental contribution of the

eigenvectors corresponding 1.0 the stable modes. Applying the

<l.bove procedures, we obtained a set of values for the significant

inertial parameters in Table 7.4. The values were seen 1.0 closely

approach the standard values.

The results for the PUMA 560 arm were found 1.0 closely match the values

previously derived by Khatib for sorne of the base parameters. On comparing

the results of the LS and the LMS methods with the measured torque signal

and the torque cornputed using Khatibs parametric set; we found that the

LS v<l.lues provided the best approximation of the computed 1.0 the measured

torque signal.
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8.2 Suggestions for future work

The thesis concludes \Vith some suggestions for fntul'<' IVork:

• Explicit base parametric estimation: ln chapter :l, IVt' present.l'd tIVO

theorems for evaluating the base paranwters of a gt'nl','al l'Otational

seriaI manpulator. In particuiar, the results of theorem 2 mal' hl' flll'

ther analyzed to obtain explicit rciations for the base paranH'tric sl'i.

in terms of the constant OH parameters alone. These ""nid then Ill'

directly applied to the most general type of seriai, l'Otational nl1lnipn

lator.

• wlinimu111 variance estimators: The nlinill1UI11 variance est.ÏJnatioll hi

a special form of the Kalman filter for linear, timc-varying sysklus.

Kalman filters and their applications are extensivciy dealt with in [181.

In order to apply Kalman filtering theOl'y to the estimation problem,

we must first model the inverse dynamics as a time varying system

governed by the parameter state vector as shown below:

Pk+! = Pk +Wk

Tk = (fh + {Id +'l'v. +TM.

where ail quantities (which have bœn previously defined) arc indexed

by k. In order to incorporate an optimal filter, the covariance nmtri

ces of [TM.l and [wd are required. We shall denote these as Ch and

Rk respectively. Although the state vector [hl should idcally ,'cnmin

unaltl'red between iterations, we assume the presence of a low energy

statl' noise [WkJ due ta stability considerations [18].
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The IniIlilllulll t'rral' \ïlrÏance l'stilllatOI' is t.Ilt'1l ~i\'('11 hy t.ilt' !Ilu\\'ill!-!,

L'quations:

Pk+1 = Pk + 1\" ('II, - (II< + il k )' 1\)

CHI = C" - l'',k (II< + li,,)' Ck

I\'k = C\ (11< + IÎk) [(II< + IÎk)' C\ (Ii< + ii<) +ur'
The unmodelled dynamics [Tu,] represent a 1I0nwhit.e COlllpollellt. ill t.h,·

measurement noise signal. .Jazwinski derives the cOllditiolls for IIl1iform.

asymptotic stability of optimal filt.el·s. For ail idelltilication t.raject.ory

that generates a uniform, asympt.oically st.able rilt.er, t.he paramct.er

convergence is exponential. .Jazwinski [281 has derived explicit. relat.ions

for these time constants. Generating optimal traject.ories t.hat. minilllizc

these constants thus leading to rapid parameter convergence conld forlll

the topie of further researeh. Explieit expressions arc also availa!>le [28]

for the expeeted paramter bias duc to rl<,Tu, and 8lh.

As' optimal fiitering theoretieally o[fers the most sllperior estimation

for low values of the unmodelled dynamics, wc suggest this as an alter

native for future work.

82



•

•

Appendix A

Basis Coefficients of the 3 clof

Puma 560 arm

ln this appendix, we supply the basis coefficients of the Puma 560 arm. The

choice of the basis coefficients is based on the results given by Mayeda et

al. [8]. Coefficients were calculated by the Newton Euler method using the

Maple symbolic computation package.

C(.J••d

CI = iil

C2 = 0

Ca - 0
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C(J::21

• CI = 0

c',! = O2

C:) = 0

C(mp;)

Cl = 0

C2 = COS(02)g

C3 = 0

C(mp;)

Cl = 0

C2 = - Sin(02)g

C3 = 0

.. 2 •• • •
CI = 01 - COS(02) 01 +2 sin(02) COS(02)01 O2

• 2
C2 - - COS(02)01 Sin(02)

C3 = 0
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• CI =

C~ = 0

.. . ')

CI = COS(02)02 - Sin(02)02·

C2 - cos(02)lïl

•

C(J::3)

CI = 0

C2 = 03+O2

C3 = Ô~ +ô~
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Cl = -4 COS(02) cosW.) sin(02)!Îl !Î2 L - 2 l'os(OJUi" ros(O,,) sin(OJti l -1

2 sint03)0, O2 J. - '1 L sint0,.) l'OS ( O2)2ti l â2 -1- 2 l'<lsW,) 1. l'llS (02 l" lï,

-2 sin(02)~in(03)Lcos(02)Ô'1- 2 Là" sin(O,.)c<ls(II.,l"â l

C2 -- 2 COS(03)Ô~ L +cos(O,,) cos(02)9 +
. .) . ,)

2 COS(03) sin(02)O" cos(02)L +2 sin(03) COS(02)20,' L-
. ') ..

sin(03) sin(02)9 - Lsin(03)03' + LCOS(03)03 -

2 Lsin(03)02 03 - LO,2 sin(O,,)

c3 - - sint03)sintO2)9 + cos(03)cas(O2)9 + sint03)cos(021"0,2 1• +
• <).. • .)

sin(03)02' L + COS(03)02 L + COS(03) sin(02)O" cos(OJL

2 .. • •
Cl = -2 sin(03)Lcos(02) O[ +2 COS(03)O, O2 L·-

2' • • •
4 L cos(03) cos(O2) 0, O2+4 cos(O2)sint03)sint02)O[ O21. +

2 cos(02)L03 sin(03) sin(02)O, -

2 sin(02) cos(03)L COS(02)Ô', - 2 LO" COS(03) COS(02)20,

C2 = -sin(03)coS(02)g - 2 sin(O,,)Ô~ L-

2 sint03)sintO2)0,2 cos(02)L - cos(0,,) sintO2)9 +2 cos(0,,) cos(O2 )20, 2l, -
.. • 2 • 2

Lsin(03)03 - LCOS(03)03 - LO, COS(03)-

2 LCOS(03)02 théta3
•• 2

C3 - - COS(03) sin(02)g - sin(03) C05(02)9 + COS(03) COS(02)20, l, +
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cos( O:dd~ ~ L - sin(o,,)ii, l, 

sin(O:J1 sin(O~)d, ~ cos(O~)I,

c, = 2 sin(O,) cos(O,,) sin(IJ:Jl cos(O~)Ô', + cos(O~)'Ô', -

2 COS(03)~ COS(02)2Ô', +COS(03)2Ô', +" sin(02)03 COS(03)2 COS(02)0, +
2 • • • •

'1 sin(02) COS(03) COS(02)O, O2 - 2 sin(02) COS(02)O' 0, -

2 sin(02)03 COS(02)0, - 2 COS(03)03 sin(03)0, +
.• 2' .

" Sin(03)03 COS(O,,) COS(Oz)'O, +" Sin(03) COS(03) COS(O,) 0,0,-

2 COS(03) Sin(03)O, O2
· ~ . ~

C2 = -2 COS(03)2 COS(02)0,- sin(02) +COS(02)O'- sin(O,) +
sin(03)0,2 COS(03) - 2 COS(03)COS(0z)'0,' sin(03)

· ') . ')

C3 = -2 COS(03)2 cos(O,)O," Sill(O,) +coS(O,)Ol- sin(02) +
• 'l • ')

sin(03)0," COS(03) - 2 COS(03) COS(02)'0," Sill(03)

•• • 2
C, = COS(02) Sill(03)03 +COS(02) COS(03)03 +

• 2 • ')
COS(02) COS(03)02 - Sill(02) Sill(03)03" -

• 2 •• ••
Sin(02) Sill(03)02 +Sin(02) COS(03)03 +Sin(02) COS(03)02 +
2 COS(02) COS(03)O, 03+COS(02) sin(03)O~-

2 sin(02) Sin(03)02 03
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"2 = sin(03) ros((l2)I}1 + COS(O,,) Sin((l2)lï,

C3 = sin(O:.) cas(oJlï, + ros(O:.) sin((I., )Iï,

C, = -40301 cos(03f -.10" COS(02)201- 2 sin(02) ros(02)lïl -·1 C"S(02 r'd, d2

2 cos(( 3)sint(3)1), - 8 sint( 2)cos((3)sint0,,) cas(O2)0, O2 -

S sin(02) COS(03)0" sin(03) COS((l2)0, + -1 sin(O,,) cos((I,,) COS(02)2Iï, +

so" COS(03)2 COS(02)20, +8 COS(03)2 cOS(OYOI O2+

" sin(02) cos(03f COS(02)!)' +20, O2-

"0, O2 cos( (3)2 +2030,

c2 - 2 COS(03?0,2 -" cos(0,,)2cos(Odo,2 +
• '2 • ')

" COS(03) sin(02)O' sin(03) COS(02) - 0,· +
• 2

2 COS(02?0,

C3 - 2 COS(03)201
2
-" COS(03)2COS(OZ)ZOI2 +

• 2 • 'l

" COS(03) sin(OZ)Ol sin(03) cos(Oz) - (II· +
2 COS(02?O,2

• 2 •• • •
CI - - sin(Oz) COS(03)03 - sin(Oz) sin(03)OZ - 2 sin(02) coS(Oa)02 0'1-

• 2 • • • 2
COS(02) sin(03)03 - 2 COS(02) sin(03)02 03 - cos(Oz) sin(03)02 -

•• •• .. • 2
sin(02) sin(03)03 +COS(02) COS(03)02 +COS(02) COS(03)03 - sin(02) COS(03)02
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r:, = - sint 0:.) sin( 02)()' + <:os( 0:.) cos(02)()'

r:" = - sin(O,,) sin(02)()' + r:os(O:.) COS(02)Ô",
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Appendix B

The dyn_model lisp code

In this appendix, \Ve list the LISP code \Vritten for generating adynamie

model for the manipulator inverse dynamics as efricienl1y as possible by 1.1",
method of construting local variables per Khalil ct al. [25] and saving re

dundant computations by identifying zero terms and c!iminating thelll in the

output code. The software has been coded in Common Lisp; ho\Ve\'eI', some

ideas for functions and macros \Vere drawn from the Symbolics Lisp code ini

tial1y written by Izaguirre et al. [5] for generating their model. Accordingly,

we shan pr"lserve the name of the functions that \Vere used by them although

they may be slightly modified.
The input format for the base parameters is also iclentical to the above

mentioned paper. The reader is referred to this paper for the required iUIlUI.
format. We give as an example, the input file for the base parameters for the
PUMA 560 arm.

number""Iink 3

MO 0 0

SIOMA 000

Al. 00 0 .90

TlIaoo
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It f) ,H:I 0

1) 01HO:.l

XX 00. I:J.13~lfl

XV 027·,~f)!i1l~. 0

XZ 0 0 .OI!.l170J!i

yy O.01J01t:~M 00

yz 0 .,111:\73117:1 .OI2!i07!1G

1,Z 0 lt 0

MY 0 .OJOIIC!i7 0

MZ 0 0 .OI!)!)!).t23

lA 000

FS .11::'2tll ••Olitl(lIlCoH6 ,Co!):JQ·l:JJ!I

FV .1467,1 -.2H02!. .OnGli;

CiX 0

GY 0

OZ :l.81

Once the code IS loadcd, the following steps gencrate dynamic mode\.

(Io"d 'Illo\uo•. li.p)

(100\..1 ·'lIn.li.p)

(h~o\d 'newddun.,li.p)

(le);",! 'Ioa.tl.!j.p)

(ruiler 'input'fiIe.t'x)

(Io",d 'dcfl.li.p)

(OU.der.)

(\tan.l)

(ot'20Rl

(Ollt.reCUI)

(in-tecuI)

(Io&d ·l'rint.li,p)

(printoC 'olltpul'tilt'.c)

A dynamic model can be generated only for gravity compensation by the
fllnction cali (on/y-gl'av) after (fill-defs). The code listing is given below:

MACROS.Llsr : the m:t.cro definilion.

(delmacro ",et (v,,1 "UllY &.:opliunlLl indu! index2 index3 indu4 induS)

'(cond ((null ,Index:!) ('t'tf (:uef ,aua.y ,indexl) ,\'0\1))

((null ,index3 1 {'t'tf ("rel ,lI.ttay ,indul ,indu2) ,ni))

((IIUU ,lndu4 ) l,et! (anl ,.u,ay ,Indexl .indu2 .indu3) ,val))

(t (_etC (arel ,array ,indul ,index2 ,index3 ,lndu4) ,val))

)

)
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(.leh.l.J.cro lor (inde" hom inn to lin .10 '\:011uon.d .l1t:;1 .\Tf;:': .ufl;,1 .u",' .UI\." .\TF!; .\TfI:;;" .\I!\,:\ .\11\\1

uJl:IO .\Thll .1.1,1;12 M/:l;l .\11:1-1 .\T"l~ .\1,,11; .u,,17 '\II\.IM

.\11':19 .H";':ù .\f1t:.!1 .\fIOn .u,c;:':J .\If;':-' .u,,':~ "'".:,•

•\flt:!':" .'u,,:':M .lTF::':~l ;\fF;.I(l .u,,;\l MI\.12 .u,;.\;\ MP;;\.l ou".\!,

M,,;\tl a.q;;lj .u,;JtI .\t(liJtl Mp:,l0 MIt'Il ,u,('12 .u,,·t;\ .\11\-1-1

u!t-l~ u/:'1ti .nlt'I" ,u,li·ll\ Mil-Ill .u,;!>() .u1l;~.1 .\I1t,!):.! .\tF:!>J

.\f)i5-1 .u,.S!o Mli5tl .ult!>; ;\1,,56 .I,,,r,\l .Uf;I;O .u';"\ .'1,,1\;:

uRtiJ 'Uf;tj·1 oU"t;!> .ulttitl .\l"tii .u"tll'l .Hl\t'tl .u!ti'O ,lIli;1

oH/ti2 a.q:;7J M!\7-I oH;;;!> .u,;'\; ,lTFi;; .u"ill ",,,j~ ,ulIl\ll

Mti11t .u"II,;! .lq:;IIJ .lr"M .u"lI!> .\1,,111• .\fF:1\7 .\tICMI .\tltll\l

.u"OO oU",:)1 .lfllitl2)

'(cond ((i. ,fin ,juil) (do ((,index ,iuil)) «(= ,indu (1+ ,lin)))

,,u,,,1 ,3.r,,2 ,,),'1:::3 ,u,," ,,u1l;5 ."'11\6 ,u,,' ,.ur;1I ••u,;g ,.u,;IO ,-'fI,1l ,.u,;I:.l ,.\t,,13 ..H,r;I·t

,.util.5 ,.1.t,,16 ,up;l' ,.1.t,,18 ,.1.t,,19 •.1.t,;20 ,.1.t,;21 ,o\t,r;22 ,oltfl:23 ,oltlfol·'

,o\t,;2.5 ,.1.tS20 ,M,;27 ,M,;28 ,o\t,;20 ,o\rp;30 ,.u,,31 ,o\t,;J2 ,Mp;J3 ,"r"J-I ,"ffl:J5 ,.1.rp;:'·~ ,,,,,,J7

,u«38 ,o\tS39 ,o\rti·1O ,.1.tti-l1 ,3otg·12 ,.1.t,;·13 ,o\t,;"t ,IU,.-I!> ,M';'IO ,.u';'17 .o\r,,·t8 ,.u,,·l9 ,.1.r,.!lO

,.\.t«51 ,.\.tti52 ,3ottiS3 ,.u,;S" ,3ot«55 ,"'flr:56 ,.uSS7 ,o\fl;S8 ,.UfIi!>9 •.1.tfliOO ,.uhtll ,o\tp;1l2 ,M"lj~\

,.1.fti64 ,uS65 ,ug66 ,.1.f,.6' ,.1.f1;68 ,o\r,;69 ,,,,t,;70 .o\r,,71 ,.u,,72 ,o\t,;73 ,Mp;7" ,0\11,75 ,.u,,76

,,,,r,;77 '''''S78 ,.\.fS79 ,.1.fKSO ,:lrK81 ,u,,82 ,.1.f,,83 ,;u,;M ,,,,tKS!> ,.uKtl6 ,Mp;87 ,.\.rp;88 ,M1li89

,.1.t,;tlO ,.1.tIl91 ,,,,tg92

(incf ,index)))

((j ,fin ,init) (do ((,index ,init)) «= ,index (1. ,linlll

,.1.fSI ,.1.rI)2 ,,,,r,;3 ,M,;4 ,.1.t,;5 ,a.r,,6 ,up;7 ,o\r"tl ,a.tA9 ,,,,rll:lO ,M,;ll ,Mfil2 ,o\tfil3 ,MfiH

,o\rgl5 ,,,,r,,10 ,,,,r,,,17 ,o\r,;18 ,,,,t«IO ,,,,r,,,20 ,,,,t,,21 ,u1li22 ,ulli23 ,.\.t,,2·1

,.1.r«2.!O ,.1.r1)20 ,.1.t,;27 ,3orll28 ,ug20 ,a.rK30 ,.1.tlli31 "ul!:~l ,.\flliJ3 ,.\.rllia" ,.u,;;)!> ,"tK311 ,.up;J7

,u138 ,MI39 ,.1.rliolO ,.\tlloll ''''''1''2 ,.\tl'l3 ,a.tg·14 ,.1.rg'15 ,a.tl!:·lll ,u';'" ,.\.fp;·18 ,MIli·'9 ,MI'C!iO

,uS51 ,ult;52 ,ul'i.!'i3 ,.1.f1l;54 ,.1.t555 ,.1.tI56 ,u,;5'/' ,a.rlt;S8 ,a.fJ,;50 ,.1.fA60 ,a.tlitl1 ,,u,r;tl2 ,.\.r,r;03

,a.t",64 ,.1.f/,;65 ,ugtl6 ,,,,fti67 ,,,,rp;68 ,Ul1069 ,,,,fp;70 ,M,r;71 ,"t1l72 ,a.r,;73 ,a.rllOH ,.l.f1lO7!i ,a.tg7tl

,,,,t,,,77 ,.\t1l78 ,.1.f879 ,a.rS80 ,.1.r881 ,,,,fg82 ,.1.rs83 ,UIIIB ,ufl:85 ,a.r,;86 ,a.rA87 ,o\flitl8 ,o\tllOtl9

,"'f1l90 ,.1.rs91 ,,,,r,,02

(decf ,index}))

)

)

(ddmaCfo my.if (tut .ucee.. &::option:l.1 llot«1 .uS'2 UI3 .1.fti-l .:lot,r;!> atliO .:lorti7 a.rlli8 .\f1l9 :l.tlilO

a.fSll a.t«12 :I.'lt;13 a.r,;11 ",tl1015 o\'tilG a.t,;17 '\"11018 .1.tIlID)

'(cond

(,lut ,lUcceu)

(l (ptogn() ,.1.r«l ,"'flr:2 ,ug3 ,""lt;" ,""".5 ,,,,r/';6 ,""1'i7 ,"tAti ,.:lotK!J ,.:lottilO

,o\flr:ll ,o\fgl2 ,.\tgI3 ,uliH ,.1.rtil.5 ,.1.rp;l11 ,.u,,17 ."tf!:l" ,a.r,,19))

FUNCTIONS.LISP : lin. the funclion.

(defun explode'moi (n.1.me)

(explode.help (.ymbol.name ume) 0))

(defun C1Xplode (name)
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(ddun ");I.I.. ,le.llo:'1l' ("U lIul)

(""cl.u!' llixnum in.1l

( .• ui/ll't,ul)

(conti

((1.= 11I.1 (Il'n,lh !lu)) Nil.)

ft (COll' (inlNll (.tfinl!: (ChM .te ind)lI

(el(I'lode-he1r litt (1+ indl)lI))

(<I .. r1l11 iflll'Iodl"moi (li.q

(<10 (

(.u (mo\ke.,uinlli ih~llltlh lin)))

(Ii. lift (l'dt li.))

(101' 0 (J+ loc))

((nul! li.) (intetn .tr))

(<lecl.ur (.trinJli ,ul (lixllUIII loell

('dl (ch.u IIlr IDe) (l'hM (.)'mbol."<\ml' (cou li,)) 0))

1
1

;rf'dellnÎIlIt ÎIIllllcnJe'II10i lor cllnVeniencl' ;\nù '<\ck 01 ele/';<\lIcc .. ,

(defun irnplode'rnoi (lin)

(.et'I Il (Ienr;th IlH))

("l'hl lU (m"keo,uillll: Il))

(<10 «(i -1))

«= i (. Il 1»))

(in cf i)

(cond

{(.tfinr;p (cou Iill)) {u~tf (ch", df i) (cboU (1'11.1 lilt) 0)))

{(;"om (ur lid)) (.eH (chu lU il (ch01.r (.trin,; (1';:1,1 li.l)) 0)))

)

{'l't'l li,t (l'dt lid))

(intern 'tri

; NEWDEIo'UNS.LISI' : aUempu to l'limin''te :elo p.uILmeteu tcrm" thi, i, tlone by ILuumins thILt

; Il,ulLmeteu enter the eXI,rellion, only in multipliclLtion. '0 the "m rOlltine i, Inodified to

• lookllil the #dellne lift .lnd cbeck if the 'ymbol, i, tllere ILnd .:ll,o if it i, :r.cro, il :ero

• the output 01 ..m i. 'et ta :r.ero.

(delun mm li j xl
(1lecl.lre (.peci.ll AH

{il (Iiftp x) l.etq x (IMh.lm.:lY" :initilLl.content. (.lppend '(nil) x))))

(_etq Uemp (mILh.arrILY "ll
(.elf (.lnl \temp 1) (ua (umlarel A i j 1 1)(O\rel x Il)

(.... (um(.lrel A i j 1 2}(.lrelx 2))(um(.lrel Ai j 1 3)(.:lrel le 3»)))
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(_rU (oUrI Urml'::) t_M (__ m(,ud" i 1 ~ IHMrt" III

(H.~ (uml.llrl .\ il:': :':l(o\IrI \ -':1l(~~1lIt.'ld.\ 1 1 :: .\\(.IIrl \ .\lllll

{.t'tl (.lId Urm!' .Il (~ .•.1. \~~Ill(.lTrf Ai i.\ I)(.ltrf \ III

(~." (um("'l'l A i i ;1 ::)(,\fl'I \ ;.:olll.~m(.\ld ,\ li;\ Jlt.llrl \ JIIlll

ttC"lIll'

(t1efun '-.\ (li: yl

(~('tq uefined (lllolIlC.lr 'Coll del·lutl)

(.elq tt'mp nil)

(my.il (.\nd(numbrTl' X)(:'I'IOp x\(lIlllnht'II' )'l(urof' y))

(,elq temp 0l}

(my.if (.lnd ("nt! IIymholp x)(mell1herp" ,h'linrd}(:.rrol' (\'.\111("01 li)))

(,\nu (.ymbolp y) (rnl'mber!, y dl'Ilned)(':.t'rop (\'.1,111("01 ri)))

('t'lq ternp 0)

(my.if (And (.ymbolp IC)(mt'mbrtl'" tlrllnl't1){:l'IOII ( ..."hu·.Q! xl))

(.C!\q tt'mp (.,.1. 0 y))

(my-il (.1.nd (')'mbolp Y)(lIIemberp y urlined)(:l'fOI' (....\lut.of rll)

('l'lq !romp (11;'1, 0 xl))

(my.if (,\ndlnurnberp x)(numberp y»

(.rtq temp (+ x r))

(,etq trmp (wi1.h'Ol.l1.pl.l1.-1.o,.uing (1.emp)

(my,if (numberp xl (if (:erllp 1I;)(lllrmu1.ernp "("")" y)

«(llrm~1.1.emp "(("F)+"")" II; yI)

(my,if (numbup YI (if (urllp y)(flltma1.1.eml) "("")" 11;)

(flltm~1.1.elllp "«"F)+''')" y 11;»

(formi11.1.emll"{'A+'A)" II; y)

1
Il
1
(If ('1.ringp l.emp)(.e1.q l.emp (m~lle••ymbol1.emp)ll

l.emp

{defun .... (II; y)

('e1.q l.enlp nil)

(my.if (~nd(numberplI;)(zetllp lI;)(numberp y)(zerop y))

(.e1.q l.emp 0»)

(mY.if (~nd (and (.ymbolp lI;){memberp II; deflned)(zuop (vi1ll1e.1l1 Il)))

{and (.ymbolp y)(rnemberp y delined)(utllp (v.lllle_ol y))))

(.nq l.emp 0)

(my.if (~nd (.ymbillp 1I;1lmemberp Il defined)(urop (vallle.of Illl1
(.e1.q l.emp (.... 0 y»

(my.1f (a.nd (,ymbolp y)(memberp y deflned)(zuilii (value-Ill yI))
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(mY-li (MllllnUlld.r,p ~ll"lllllh"lI'yJ)

(."lIl l .. ml' (•• }'II

(."1'1 t"ml' (Wlth.Ollll.Ul·\u••Ullll; (1'"1111'1

(llIY"11 (lIuml,.. ,I' _1 (l' (ô!"'1I1' x, (1""110\.\ t .. m" "{."")" )')
(lolm.I\ trml' "("F.",\}" Il 'Il)

(,"y_ll {numh .. ,!, )')(il IUf0l' y)(lo'ln.l\ trllll' "',\" xl

(101111,1,\ t"'lIl' "("A.("F))" 1( )'I}

(lolm.1.\ ternI' "("'\0"'\)" • ),)

1
Il
1
(il (drinll:l' ll'uq') (.0:'\'1 tl'lIlp (lII.1k.... )'lT1boll.. mlll))

\l'ml\

(.II·h'lI UIII (li. y)

( tll 'l'1II11 nil)

( Iq t1 .. lin ..d (m.lllc.1of 'UI del·lill))

(Illy_if (or (.lIl.1 (1It1l11bull_llzl'lup .1) \.l.nli (numherp y)t:uop )'11

('1'111 \rlllii 0)

;th.. 4thh:t1 .n,trllIent lot l'X.1l1iininl'; zt'ro.p,u.1muu tc:rmf

(my.il (ur (.l.nti (.ymbolp xj(mcmbrql II: drlinl'd)(zl'rop ( ...",Iuc"of xJl)

(,,"l1 l'Ylllboip y)(mf'mbrtll)' ù..finrd)(zrrop ('0'.11111' 0 01 yi)))

(...Iq ternI' 0)

(lIIy.il (,,".1 (n'lIllbelil x){lIumberp )')l

(.etq temll l- x y))

(.ehl teml' (WiLhoolltputoto-.LliIlK (Lemp)

(lIIyoif (nlllllbetii I\)

(Illy-il (= x I)(fotln~t temp M-A" )')

(lIIYoil (= 1\ -I)(lormu telllll"VA)" y)

(fOUIl"L ternp "U·F)··,\j" x y)

II
(Illy-il (1Illhlberp y)

(lily-il (= Y IJ(lorhl"t teml'''- A~ 1\)

{my_if (= r -lllfotm,),t temp "(--A)" x)

(rotm~t ternp .. (CF)-- Al" )' 1.)

Il

Il
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(if (.tnn!ip tl'lIIrl (.cot'} tl'1Il1'1 tm.\I.'("~~'lIIh,,1 11'11I1'1))

t..-mp

(dehm ,',duc.of (x)

(~l'tq tt'mp dd·lj.q

(~ .. tq n (ll'llr;th dd·li,tJl

(for i trom 1 to n do

(if «('qu;,.1 (C.lM tl'lIl") xl

{'l'lq an. (c.\,l.1.r tt'mpll

('t'lq temp (cdr templl

(delun vv,), (x y)

(,etq vv,),'\emp (moloke••urol)'''11

(if (li.tp xl (.elq Il (m.l.!l('·,},rra)' '" :illiti.l.I·(on":nu t"PPt'nd '(nil) x))Jl

(il {Iinp yl ('l'lq Y (nl.1kl',"rr.1)' " :inili,},l.content. ("PPl'",.! 'tnil) )'llll

(.l'el (U.l. (are! x IH.uel yi)) vwa.'tt'mp 1)

{.uet {ua. (.lord x ::!l(.uef)' 2») \'v,\'temp 2J

(.l'l't (u" (.uel li: 3)(.ut'f y 3)) v'I;\'temp J)

\'v,,'\emp

(delun 'VIII (li: y)

('l'lq Uemp (m"lu:•.lU.l.)' 4))

(if (lI.tp y) (.('\'1 Y (rn,),k.......n"y " :initiJ.l.contt'nU (a.ppend '(nil) y))))

(alet (,,11I k (.uef 'II)) ttemp 1)

('\lt't (..m x (.uef '1 2)) tternp 2)

(a,et (..m Il (.urt y 3)) ttemp 3)

Ucmp

(dcfun vtm (x y)

(.ctq Utcmp (mll.kco.urll.)' 4)}

(if (Iittp x) (tctq x Imll.kcolI.rrll.Y .. :initill.locontcnu l"ppcnd '(nil) x)))}

(lI..ct (um y (II.rcf x 1)) tttemp 1)

(.lICt ("m y (.tref x '2)l tttemp 2)

{1I..et lum y (olref x 3)) tttcmt,3)

tUemp

:(dcfun u .. lx y)

:(.etq temp nil)

;(my-if (a.ndlnumberp x)(:crop x)(numbcrp y}(zcrop y))

i(.etq temp 0»

:(myoif (olnd(numbcrp xllnumbcrp y))
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,('''1'1 ''''"l' (.• YIII
.(.rt'I l .. rnl' {wlth,,,ULllllt.lo·.lflll,l; (t~ml'J

,(mY·lllull/llI.."p _, (1'>Il1lol11elrlr> "('f,',\,· • ),)

{my.1l (1I1I1II1>1"P YI (lorm .. ' l('ml' M (( "10')-'.\ l~ )" It)

{!Drm ... l 1.. m[> ~ (' ,\.',\ 1" • Yl

.1

.11

,t ..mp

(.Ir·hlll cr (. yI

(~<'lq cr'tt'Illp (mOl.k....\rr..y 111

(if IliJtl' III (It't'I " (lII.\lt"·.UI.\Y ., :initial.conunh (.'ppend '(nil) .Il))

(il lli,ll' y) {It~t'l Y (lil.\kt'·.ur.l.Y " :initi.\l.contrnt. (.\ppend '(nil) y))

( ~d (u. ("Ill (..rd II; 21(.ue' y 311lum (oUd '1 2)(.uef le :l))) c"lemp 1)

( et lu' ("In (.nd II; 3)(."", )' 1)) ('lm (01.1,,1 y 3J(.uef le Ill) c"ternp 2)

(.uet (0" (Uln (...rd .. I)(",ef y 2}) ("In (.ud y I)(Md II; 2))) c"ternp 3)

cr'telnt'

(<ldun dr (x y)

(.elll dll'lt'IIIP (1III1.ke·,uI"Y "Il
(il Ili'lI' Il) ('t'''1 x (lII.l.ke"uI"'Y ... :inim.l.content. (.\ppend '(nil) xJl))

(if Ili';'ll y) (~P.hl Y {m"lll:-OloUOloY" :iniliOlol.contenb (.1ppend '(nil) y})lI

(,uet (UIIi (.1ref x 1)(.1fef yi)) dp'temp 1)

(,lIet (UIlI (.1lef x '2)(.1fel y '2») dl,Otemp '2)

(.1.et (um (.1fel x 3)(uef y 3» dpOternp 3)

(.etq Illl'ternp {U.1 (.1lcl dp'teml' 1) (.~" (Olofef dp'temp '2)(Oloref dp'temp 3))))

.lpOtemp

(ilehm membcfp {x yI

(if (Cllul (member x y) NIL)

(.ttll tl'Illp Nil.)

(.ctq tcmll T)

tP.lIIl'

: ruder rt'.1t!. the i1l1lic"ttd iii.. Olond At'nt'fOlotu the Oloppropri"tt' OlofrOloY' with indicOloted ..."llIe.

; whut Ilot Îndic.1tt'd. the ..."llIe. "tt II.lIlImt'd zero

(dehlll ruder (fiIt)

(t1tc1uc. (~llcci,,1 in number'link .iAm" r ,,1 1h d m mX mV mZ XX X,· XZ VZ VV ZZ Il\ F. Fv ax av OZ))

(.ctq in (ollen lilt :dittction :inllllt))

('C1q temll (reOld in))

(if (equl tt'mp 'numbu'Iink) (~ttq numbcr'link (Ie"d in»)

("nll (tuor "the lIut "tllulne'nt .hould be numbtr'link"Hbrukl))

('ttq .illma (m.1kc."nay (1+ nllmbet'linll)))

('ttq r (make-.ulay (1+ numbu'lillll)))
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(n'tq",1 (m,),ke-,\fU)' (1+ numbc-rilnk})J

(,etq th (mollie-oUr",)' (1+ lllllllbu'linklll

(,etq li (m"kr·.ur.\)' (It numberiinklll

(~t'tq m lm:l.kt'.",rr"y (1+ n\lmbu linklll

(H'tq rnX (m.lkeo.\tT"Y (1+ nllmherïinkl))

(,l'tq mY (m",ke-.ur.1.Y (1+ numht'r"link)ll

(,t'tq mZ (m.1okt'_,ltf.1.y (1+ numbt'f'linkll)

{,etq XX (mo1.ke_.ur.\y (1+ lIumbt'r'linklll

(_dq XY (m.lkeo.uf.lY tI+ numbrr'1inkl))

(.t'lq XZ (m",kr·,ut;),)' {It number"linklll

(,etq YZ (m.l.keo"rr.lY (It numht'r'1ink))l

(Idq y .... (m.\ke-.ur.\y (lt 1II11l1bef'linkH)

(.dq ZZ (mollle-,uf"')' (1+ number"1ink)l)

("~I" 1" (m;:l.ke-.ur.1.Y (1+ number'linklll

(u~tq F, (m.l.lu:-.ur,1.Y (1+ numbrrïink)))

(Idq Fv (m.l.ke·,ur.l.Y (1+ numbetlink))

(Ioop

(.etq temp (rNd in))

((ond «equlll temp '.i,l;m.l)(fill lIi';In.l.))

«('qu.1.1 temp 'r )(611 t Il

((l'qu\ tt'mp 'Ill )(lill",1 II
((l'qulli temp 'th )(611 th II

((equ~1 temp 'd )(611 d )1

«equ~1 temp 'm Hlill m II

«equlI.l temp 'mX Hlill mX ))

((equl temp 'mY l(fill mY Il
((equlIol temp 'mZ )(fill mZ Il
((equlIol temp 'XX Hml xx ))
«equlIol temp 'XY )(fill XY »)
«equl temp 'XZ )(fill XZ »)
((equl temp 'YZ )(fill YZ ))

((equl temp 'yy )(ml YY Il
((equlIol temp 'ZZ )(fill ZZ l)

«equal temp 'lA Hml 1,\ ))

«equal temp 'F, )(fill F, Il
((equlIol temp 'Fv HOU Fv li
((equlloi temp 'K" )(u~tq Kil (rud in»))

((equlIol temp 'KY )(.etq KY (re,\tl in)))

«equlIol temp 'Ii~ Il,etq K~ (rud in)))

«equl temp '.top l(reuun nil))

(t llIond (error ".omethinli IIomiu")(bruk)))

li
(clo,e in)

(ddun fill (lin)

(for 1 from 1 ta number'link do

(.ctf llIorcf li.t il IrclIod in))
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"IIINT,I.ISE' . l'flnt. th .. ,lyn"rnodd G cod... t.,temenu ln th .. 11;unc-d output C fil!:'

(.h·lun l',intoC l-tr)

lot ..d.r.te l.peel,,1 .LlIInL~ d.. I·I..t 1I0.\t·d..cl .tmnh))

( ... t'I Ollt lol'c-n dl ,,1I1c-cuol1 :outl'ut))

• Ilut Lh.. #t1c-hne '. ,u .. t"~"11 e.u .. 01 Il"t

{...hl drlin ....ld·li.q

{luoJ>

(cnucJ ((nllll d .. linu) (, .. tuln nil))

" (il (::efol' ("..Iu ..·ol (C,\.l,' dc-liuc-,)))

1)

(IIIo,;nO

(prine ~#t1"'iu.. ~ out)

(pfine (Uo\1 drlinu) out)

(l''rine'' ~ out)

(juine (udO\r cJetinu) out)

(prine #Mn"wlin" ouL)

; nut Lh" 1I0l>.tin,; I)oint dc-c1uO\tion•• but berorc~ thu.. , th.. intc-frnc-cJil>.tc-d .)'nto\1I; ...

hlline "lIoO\t '"cJyn'robotllloO\t '"Q.l\oO\t '"QD,nOO\L '"QDD)M out)

(prlne 'IIl"newlinc- out)

(l''rinc M_" out)

(jllinc 11- MIll'wlinc- out)

(I>linc MlloO\t" out)

(Jo0l"

(cond Ullull OOl>.U) (rdllrn nil))

{(= (I"n,;th 1I0.\u) IJ

(I>rinc (c.\I lIol>.U) ollt))

l' IIIIolI:nO

(princ (cu llol>.u) Ollt)

(princ"," Ollt)

(lncf i)

{if (= i 10) (pro,;n (princ #"n"wlin" OUL) (.etq i 0)))

)
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(princ ~;. Ollt)

(princ #"Mwlinc out}

(H'tq Jlo\umcnu .tmnul

(1001"

(cond ((null ,la.lcmcnt.) (reLurn nil))

(l (pro,;n()

(princ (c""r :Jt.1lt'mt'nh) Ollt}

trrinc .. = ~ out)

(princ (c.1l!.tr ,ulcmenul out)

(princ ";" Clltl

(princ #"no:'wlillt' OUt)

(princ .. - .. ouq

(clole OUt)

We give an example outpnt file nsed 1.0 compensate t.he gravit.y t.enns of
the Sarcos GRLA after parametric identification.

#deftnc GY _6.93567

N-deflne oz G,93567

#dcfinc UI 1

#dcfine mXt 3.7467000000000001

#dcfinc mZI 3.7195999999990098

#definc U2 1

#definc mX2 5.3212000000000002

lIldeflne mZ2 78.0061999991199996

#deftnc R3 0.87880000000000003

#dcfine U3·1

#dcfinc mX3 .Z.5465

#dcfine mZ3 3.9049

#deflnc L00'23 .0.87880000000000003

#deflne Ut 1

#define rnX4 0.46240000000000003

#deflne mZ4 23.1G04999999!Hlll99

#define R5 0.76'200000000000001

'deftne U5.1

Wldofine mX5 0.25259999999099000

Wldofine mZ5 0.t\1610000000000000

Wldefine L0025 .0.76200000000000001

Wldofine US 1
#define mXG -0.1174
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Il.I,,Unl" rn;.';l; .O,{)O~200QOOOOOOOOOIlOI;

lI·h-lin .. I.1.1

#.h:lin" mXi ·1.723')

#d"lin .. illY' _0 ..1(;1;110000000000001

Ho .• t ·,lyn'rnl... tlllo.. t ·Q,llo.lot -QD,l\o.Lt -QDD)

l\u.\t AllI, A111. AI13, AII3, ,\211, .\221, 1\223, 1\213••\311, .\J;H,

AJ23, 1\313, A1II. '\'121, A·123, A-113, A!.ll ••\!>21, A~23. A!>IJ,

AGil, I\G11, 1\1,23, ,\1;1:3, A711, 1\721, 1\712, A7:.!Z, CAMI7], \VII.

\'J21. W:H, l'\VSII, '>WS2I, l'W$31, WI'II. W1'21, W('31. DV1l1, 0\'121.

DVI31, 1>V221, U\'231. OV331, UIII, U121. UI:!l, U211, Uni, U231,

11311, U321, U331, VF'II. VP21, V1'31, 10'11. F'2I, F31, Nil,

N'lI, NJI, W1'2, W22. \\'32. PWSI2, 1'\V522, l'W532, \\'1'12, Wl'22,

W1'32, OV112, DV122. OVIJ2, DV2:!2, 0\'232, OY:l32, U112, UI22, U1.32,

U212, U222, U23'2, U31'2, U322, U332, Vl'12, Vl'22, Vl'32, F12,

10'22, Io'J2, N12, NOl:!, NJ2, WIJ, W23, WJJ, l'WSI3, PWS23,

"WS:!3, WP13, WI'23, WP33, DVII3, CV123, CVI33, DV223, DV2~3, DV3J3,

U113, UI23, U133, U213, U223, U233, U313, U323, U333, VPIJ,

VP23, VI':J3, Io'IJ, F23, 10'33, NI3, N23, N33, WI4, W2~,

W301, l'WSI-I, l'WS2~, l'WS:J~, WPH, WP2~, WP34, DVI14, DV12ol, DV13-1,

DV2201, 0\'2J1, OV33", U1H, U12'1, U 13,1, U21-I, U22-I, U23~, U314,

U32", U334, VI'14, VP2-I, V1'3", lo'I~, F2-1, F3-I, NI~, N2-I,

N3'I, WI~. W2~, W3~, PWSU, l'W525, PWS3~, WPI~, WP25, WP35,

DVII5, DVI2~, DV135, OV225, CV235, OV33!;, U115, UI25, UI35, U215,

U22!'>, U235, U31!'>, U325, U335, VPU, VP25, VP35, FI5, F25,

10'35, NU, N25, N35, WIO, W20, W36, PWSI6, PWS211, P\VS36,

WI'IU, WP20, WI'36, DVIIG, DVI2G, DVI30, OV22G, OV230, OV33G, UI10,

UI26, U136, U216, U220, U236, U31G, U320, U336, VPIG, VP2G,

VI'30, 10'10, 1o~26, 10'36, NIO, N20, N36, WI7, W27, W37,

l'WSI7, PWS27, l'WS37, WPIi, WP27, WP37, DV1I7, DVI27, CVI37, DV227,

DV~37, CV337, U117, UI'27, U137, U217, U22., U'237, U317, U32',

U337, VI'17, VI''27, VI'37, FI7, F'2', F3', NI., N27, N37,

E17, 10:'27, E37, MIi, M27, M37, EIO, E2G, E30, MIO,

M20, M30, lUs, E'25, E35, MiS, M25, M3S, Eloi, E24,

B34, MH, M'201, M34, EI3, E23, E33, M13, M23, M33,

BI2, E22, 10:3'2, MI2, M22, M32, Ell, E21, E31, Mil,

M21, M31;

Alli = (;o,(Q(IJ);

AI21 = Min(Q(llli

AI23 = (,(;oM(Q(lllli

A 113 = Min(Q(lJ)i

A211 = (;oM(Q(21li

A221 = .in(o.{211;

1\223 = (.co.(Q(2)1);

1\213:.: Min(Q{21)i

A3ll = co.(Q(311i

A321 = .in(Q(3));

,\:123 = co.(Q(:I));

A:l13 = (,.in{QI3)));

Mil = co.(Q[41li
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"-121 = .in(Q(4])i

A-I23 = (,co'IQHJl):

,\-113 = .in(QI-IJ);

A~ll = cO'(Q(Sll;

.\521 = ,in(Q(SIl:

M'23 = co.(Q[!:illi

ASt3 = (o,in(Q[!:iIlI;

AGU = co~(Q[Gll;

i\G21 = lIin(Q[6)):

.\623 = (oco.(Q[6lll:

AG13 = .in(Q(G)).

A7'll = co.(Q(71l:

.\721 = 'ÎIIIQ(7J):

A'Tl2 = .in(Q{iJ)i

Ai22 = (.co.(Q(71lIi

\VII =0;

W21 =0;

\V31 = Oi

PWSl1 = 0:

P\VS21 = 0:

P\VS31 = 0;

WPll = ({Alll-PWSIlI+({AI21-I'WS2Illl;

WP21 = ((PWS31»);

\VP31 = ((,\1l3-PWSII)+llA123-PWS21))):

DVlll =.WIl-WII;

DVI21 = Wll-W21i

DV131 = WII-W31;

DV221 = .W21-W21:

DV231 = W2'-W31;

DV331 = .W31-W31:

U111 = DV331+DV22l;

U121 = DVI21·\VP31:

U131 = DV13l+WP21i

U211 = DV12!+WP31:

U221 = DVlll+OV33Ii

U231 = [V231.WPl1i

U311 = DV131.\VP21;

U321 = DV231+WPl1:

U331 =1 DVll1+DV221;

VPl1 = «((AI21-GV»)));

VP2I = {((GZIII;

VPal = ({{(Al23-Ci\')))):

FU = «(UIIl-mXII+({UI31-mZI))));

F21 = (({U211-mXII+llU231-mZI))));

F31 = (((U3U-mXI}+tlU331-mZI))));

NU = Oi

N21 =Oi

N31 =Oi

\Y12 = «A2U-(Wll))+«A221-(W21))}}i

W22 = (((W31)))i
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W:12:: (('\'213-(WII)l+l('\:n:I-(W21))));

/,W512:: (WI'II),

l'W511 = (WI''2I);

1'\\1532 = IWI'JI};

Wl'12 = ((A211·I'WSI2)tl(,\nt"I'Wi>22IJ);

Wl'22 = {(l'WSJ'lJ};

WI':\2 = ((A2IJ w I'WSI2J+((A223"I'W,s22l11;

OVll2 = .Wlr\V12;

1)1/122 = WI2·W'22;

DVIJ2 = WI2"W:l2,

01/222 = .W22·W2'2;

I)V232 = W22"W32,

OV332 = .WJ7·W32;

U 112 = nVJ32+IW'222;

UI22 = D1/122.W1'32,

UI32 = DVI32+WI'22;

U212 = I)VI22+WI'32:

U222 = OVI12+1>1/33'2;

U23'2 = 01/232.WI'12,

11312 = 1>1/132.WI'22;

U322 = DV232tWP12:

U332 = 01/1I2+0V222;

1/1'12 = {«A211·VI'II)+((A22I"VI'21))));

1/1'22 = ((VI'31))):

1/1'32 = (((A213·VPII)+({A223·VP2111));

1-'12 l:lI l((UI12·mX2)+((UI32·mZ21llli

J."22 = (((U212"mX,2ItUU232·mZ2111):

1-"32 = (({U312"IIIX2)+((U332"mZ2111l:

N12:: Oi

N22 = 0;

N32 = 0;

\V13 = I(A31l"IWI21)+«.\321"IW22)JI)i

W23 = (((.(W32))));

W33 = ({A313-(WI211+((t\323-(W22»)));

PWSI3 = (WPI2);

JlWS23 = (WP22);

l'WS33 = (WP32);

WIl13 = (A311-PWS13)+({A321-PWS23))li

WIl23 = (H·IlWS3Jll)i

WP33 1:: ({1\313-I'WSIJ)+((A32J-PWS2J)J)i

l>VIIJ 1:: .WI3-WIJ;

DVI2J 1:: WIJ-W2J;

OVIJJ = WIJ-WJJ:

OV22J = .W23-W2J;

DV2JJ = W2J-W3J;

I)V3JJ '" .WJ3-W33;

U113 1:: DV33J+DV22Ji

UI23 = DVt2J.WP3J;

UI33 1:: OVIJJ+WP2Ji

U2t3 = DVt2J+WI'J3i
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U223 =OV113+0V333,

U233 = OV233.WPI3;

U313 = OVI33·\VP23,

U323 = OV233+WPI3;

U333 = OVI13+0V223;

v l' 13 = (( (A311-VP 12) +«A321- V1''2'2))) + (( {lI! :.l3- LOO:.!31)1I;

VP23 = ((((.VP3'2)))+l((U223-L00231}1l;

VP33 = (((A313-VP 12)t(lA323-Vpnll)t(((1IJ23-LOO:.l3)l)):

FI3 = (UI13-mX3)t((UI33-lnZ3)))),

F23 = (U213-mX3)+((U233-mZ3))));

F33 = (((U313-mX31+((U333-mZ3))1l;

NI3 =0;

N23 =0;

N33 =0;

W14 =((MII-(W13»+((M21-(W23)}));

W24 =«(W33)))i

W34 = «A-1I3-(WI3))+«M23-(W23))));

PWSI4 = (W1'13);

PWS24 = (W1'23);

1'W534 =(W1'33):

WP14 = llMII-PWSI4)+«A421-PW524))):

WP24 = ((1'W5301));

WP34 = ((A413-1'WSt4)tllM23-1'\vS2·1111;

OVI14 =.W1-l-WI4:

oVI24 =W14-W24:

OV134 =W14-W34:

OV224 =--W24-W24:

OV234 ",. W24-W34:

OV334 = .W34-W34:

UII. = oV334+oV224;

U124 = oVI24·W1'34;

UI34 = oVI34+W1'24:

U214 = oVI24+W1'34;

U224 =OV11-1+0V334;

U234 =OV234.W1'14:

U314 =DVI34-W1'24:

U324 = OV234+WP14i

U334",. OVII4+0V224:

V1'I4 =(((Mll-V1'13)+((A421-VI'23)))):

V1'24 =(((V1'33))):

VP34 ;:; (((A"13-VP13)+llM23-VP23))));

FI4 ",. (l(UI14-mX4)+((UI34-mZ4»)))i

F241:1 (((U21"-mX4)+((U234-mZ4)))h

F341:1 (U314-mX4)+((U334-mZ4))));

NI" ",. Oi

N24 = 0:
N34 = 0;

WIS",. «ASII-(WI4))+«AS21-(W24)))):

W25 = «((-(W3'1I11,
W3S 1:1 ((ASI3-(Wl.»+((A.523-(W24))));

104



•
l'W51~ = IWI'H).

l'W52!o = (WI':H);

l'W53''' = (WI'H).

WI'I!. = ({A!o114I'WSI.';.I+(l,\.';.:.lI-I'WS2!oJ)).

W1'2!> = (((.P\VS3!.1));

WI'J.';. = «MoIJ-I'WSI!.)+((A!o2J-I'WS2!:oll).

DVI U = .WI.';.4WI!-,

nV12!, = WI.';.-W2!.,

DVI3!. '" WI!.-W3r.;

DV22!i = .W2.';.4W2.';.,

DV'23!. = W'2!.-WJ!.,

DV33!i = .W3!o-WJ!.,

1I11!. = DV33.5+DV22!oi

U12.';. = DVI2!o.WP35;

013.';. = DVI3!.tWP2!.,

U215 = DV125tWP35,

U225 = 1)\'11.';.+I>V335,

U23!i = nV23!i.WI'1!.;

U31!i = DVt35·WP25;

U325 = DV23!.tWPI5,

U33!. = DVII!.tDV225;

VI'15 = ({(MIl-VI' 141+lIA5:U·VP:Z4Ill+WU 12S-L0025))))i

VI'25 = ((((.VP:J.t}))+(((U22:.-L0025))));

VP35 = (((A513-VP !·1}+((M23-VP21)))+(((U32!i·L0025))));

10'15 = Il{UIU·IIlX5)+«UI3S-lnZ5))));

10'25 = «(U215·mX51+{(U23S·mZ5)))l;

10"35:1 (((U315·mX5)+((U33S-mZ5))1I;

NU = Oi

N25 = Oi

N35 = 0;

WUI a ({A611·(WI5))t{(AO:21·(W25))));

W20 = (((W35}lIi

W30 = «AOI3-(WI51)+((A623-(W25))1I;

l'WSIO = (WPI5)i

l'WS26 = (WP25li

l'WS30 CI {WP35)i

Wllla CI (AOll-PWSIOI+«A621-PWS20)l);

WI'20 CI ((PWS36));

WI'30 CI ((A013-I'WSIO)+{(AG23-PWS201l}i

DVIIO CI .WIO-WI6;

DVI20 CI WIO-W20i

DVl30 CI WIO-W36;

DV220 CI .W20-W2U;

DV230 CI W20-W30;

DV336 CI .W36-W36;

UIIG 1: DV330+DV226;

U126 lOI DV126.WP36i

UI36 CI DVI36+WP26;

U216 CI DV120+WP36i

U220 CI OVllG+DV336i
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U:!36 = OV:!36.WPI6;

U3t6 = DV13G.WP:Hi;

U320 = DV236tWP16;

U336 = DV IIG+DV2:!6;

VP16 = «(AtiIl-VPI5)+((AG21-VI':!5»)))i

VP:2(1 = (((VraS)));

VP36 = ((AG13-VPI5)+{(,\G23-VP2511));

FIG = (((U1U'-mXIi)+{(UI3G-mZtllll).

F26 = (((U2IG-mXGI+HU230-mZGlll);

F3B = (((U31f,-mXG)+lIU33G-mZGll));

NIB = 0;

N2G = 0;

N3G = 0;

\V17 = ((A71l-(WIG)l+{(Ai21-(W2G))))i

W27 = «Ai12-(WIO)+(A722-(W2G))));

\V37 = ((_(\V36)))).

P\VSI7 = (WPI6);

P\VS27 = (\\'P26);

P\VS3; = (WP36);

WP11 = ((A71l-PWSI7)+((A721-PWS27)))i

WP27 = ((A712-P\vS17It((A722-PWS::li)));

\Vr3i = (((.P\vS37)));

DV117 = .WI7-WI7;

OV127 = WI7-W27;

OV137 = WI7-W37;

DV227 = .W2j-W27;

OV237 = W27-W37;

OV337 = _\V37-W37:

UI17 = OV337+0V227;

U127 = OV127-WP37:

U137 = OVI37+WP27;

U217 = OVI27+WP3.;

U227 = OVI17+0V337;

U231 = OV237·WP17;

U317 = DV137.WP27;

U327 = DV237+WP17l

U337 = DV117+DV227;

VP17 = «(A711-VPIG)+{(A721-VP26}llli

VP27 = (((A712-VPI6)+((A722-VP26HlI;

VP37 = IIII.VP"))));
Ft7 = «{UII7-mX71+«UI27·mY7))));

F27 = «(U217-mX7)+{(U227·mY7»))l

F37 = (((U317-mX7)+((U327-mY7))llô

NI7 = Oô

N27 = 0;

N37 = 0;

El7 = F17;

E27 = F27;

E37 = F37;

Mn = (N17+{(mY7-VP37»li
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1.127 = (Il27+((.;VI':I7-mX7Ill);

1.137 = (lD7t(((IIlX7-VI':l7).(VI'17-mY7l))),

nAM(71 = (({l·MJ7111HO));

l':U, = (((1\711·1~17J+(f'\712·~::!7)lJ+FIt;);

I·;:m = (((,\721·1·:171+(fA722·~:21)Il+F2C);

EJ6 = ((((.1~37'll+FJflJ:

loi IG = (fN let(I.(V l':lG-m7.liIIIJ+I( A,I1 6 M17)+((,\ ,12-M21))));

M21l = (fN'2Gt(((lnZG-VI' IC).(VI':lG-IIIXG)III+({A ':ll-r..! 17)+ (lA ,22-M2,)))):

MJfl = ((NJGtllmXC-VI''2G)llt(((·MJ7)J1l:

GAMlnl = (((M2G))+(OJlj

IWi = 1l(Ml1·EIllI+((AGIJ·~:3GIJ)+FI!oI;

1~2!> = 111A621-g11l1+((AG23-t-:JG))+F25);

I-:J!o = (llE2G))tFJ!oI:

M l!i = ((N IH((L002!o·I~J51t(·IVP25·mZ5)1l)+{(AG11·MIGI+({MI3-M3Gllll:

M2!i = ((N2HCl(mZ5-VI' 1!oHVI·3!o·mX5)1)1+((AG21·~1IGl+IIA(j2J·MJG))Jli

M3!o = ((NJ!otl(-(EI5-L002!i)ltl,"X5-VP2!olllt((M2G)))i

GAM(51 = ««.M25)))+IO)):

EH = {((A5I1-~15l+IIA513·E35lll+"'11l:

1-:21 = {(IA!i21-EI5)+(IA523·E35l11+F2"l:

":304 = ((((_E25)))+F3-1):

M loi = liN 1-I+{(-IVr;WmZ"llll+((MII-M 15)+{(MI3-M351111:

M24 = IIN:lH(({mZ·I-VI'I-I)-(VI'3"·mX-I)l)I+{(A521·M 15)+((M23·M35))l);

M3.. = IIN3H({mX.,·vr2·1)1I+l((.l.125lll):

GAM(04) =(((M2'1)}+{OIl:

IU3 = (({MI1-I!:H)+((A-H3-E31)))+FI3):

10:23 =(((M21·I~H)+llA-l'23-E3")))+I~'2:"li

E33 = (((E24))+F33):

Ml3 =({N IJ+«L0023·EJ3)+(-{VI'23-mZJ))))+«Mll·M 14)+«M13·M34))));

M23 c: ((N'23+(((mZ3·VI'IJ).(VI'33-mX3»)I+({M'21·M 1")+({M'23·M34l»)l:

M331:1 ((N33+{(.(EI3·L00231)+(mX3·VI'23)1)+((M24»)li

0"'1(3) = 1111·'123111+1011;
EI'2 =(((,\311·EI3)+llA3IJ-E33111+Jo'12l:

E22::1 «(A321·EI3)+Il,\3'23·E33ll)+1:2'2):

11:32::1 «(((.R'23»)+"'32);

Ml2 =((N 12+(Hvr'22·mZ2))})+((A311-~I1J)+((A313·M33111l;

M2'2 = ((N22+(((mZ'2-VI'I'2)-(VI'3'Z·mX2l))1+((,\3'21·M 13)+((A323·M33))i

MJ2::1 «N3'2+((mX'2·VI'22»)+(((oM23))lli

0"'1(') = 111'122))+1011;
EU::I ({A211-EI21+11A213·E3'2Il)+FIl):

E21 =(((A221·EI'2l+11A22J·E3'ZlIlH'21):

H31 =Illl~221l+Jo'31li

Mil ::1 ({N 11+«(-(VI'21·mZlIl1l+((A211·M 12)+((A213·M32)lll:

M'21 =llN21+({(mZl·VI'II)-(VI'31·mXl)))l+IlA221·M 121+«A'Z23-M3211»:

M31 =((N31+({IllXI·VP21»l+{{M22))li

GAM(1J = (((M21))+(Olli
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Appendix C

Multistage optimization code

The algorithm, initially applied by Armstrong to t.he dynalllic l'~t,illlat.ion

problem, has been implemented here in Matlab. The part.ial dl'rivat.iV<'~ \1'<'1'('
evaluated explicitly by functions r/i./J_lhLO1 etc. 'l'hl' n~cr \l'on Id hav<' t,o
provide these fUlIctions ill Matlab before rUlIning the progralll.

loO\d Inl,'u"i % the inili"l O\ccelef4tion Vtctor

u=inlt'tr01.!i

XO=[OiO;-piiOiOiO)i

K=lcnSlh(lnll'Ui\j li
T.=O.DOS;

A=leye(3),T.-cyc(3Iizcro.(3,3),t'ye(31Ii

B=(zcro, (3,3) jTa· t'ye(3)) i

for m=I:M,

X=llItr(A,D,u',xO);

x=X'i

1111=xll,:)';

1.h2=x(2,:)';

1h3=x(3,:)';

lhld="(....:)';
th2d=x(5,:)';

th3d=x(6,l)';

lhldd=u(I,:)'i
th2dd=u(2,:)'j

lh3dd::u(3,:)'j
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[1) l,P:J ,03)= (;,\ 1,(; D (lh l,lh:l,lh:l, lh 1li, tl,:lll, th::>lI ,th 1dt!, lh'2<lt! ,lhJdtll,

HI=!)I'-!)I;

H:J=IJ:J'-D:I;

10=1):1'-1):1;

Il=ll/lq-(lll +lt:l+H3J;

./= 1//IIinl~jll:(H));

1", i=I:II,

1", 1=1:11,

Il1cr=:r.No.fll,II);

incr(i,j)=O,I;

411Ihol(1l-(i,I)+i1 10-' (l/min(rill;(ll+inc'))1 • J 1;

"/Id

.. nt!

% column lIIuricu

Il 'th 1'0 1 = tlilf'th l '01 (th l,th2,thJ,th Id,th2d ,th3tl ,th 1tld,th2tltl,th3t.lt.i Ji

tl'th 1'02 = diU'th 1'02(th l,th2,thJ,th Id,th'2d,th3d,th Idd,th;ldd,thJtld)i

,l'th t' OJ .,. tlill'th l' 03(th l,th2,th3,th 1tl ,th2J,thJtl,tb I<:itl ,th2dtl,th3dtll;

t1'th'2'O 1 = dill'th2'O 1(th l,th2,th3,th Id,th2d,thJd,th Idd,th2dd,th3dd);

t1'th2'02 = tlill'th2' 02(th l,th2,th3,th Id,th2d,thJJ,th Idd,tb2dd,thJdd);

,l'th'2'03 = dill'th2'03{th l.th2,tIt3,th 1d,th2d,th3d,th Idd,tlt2dd,thJdd);

tI 'thJ'O 1 = t.Hlrth3' Olt th t ,tb2,thJ,th Id,th2d.thJd,th Idd,th2dd,th3dd J;

,l'thJ'02 = dilrthJ'02(th l ,th2, th3,th Id,tb2d.th3d,th Idd,th2dd,thJdtll;

tnh3' 03 = tlill'th3'O~(tll l,th2,th3,tb Id,th'2d,thJtI,th ltld,th2dd,th3dd);

d'th 1d '0 1 = dilrth Id' 0 1(th l,th2,th3,th Id,th2d,th3d,th hld,th2dd,thJdtl);

,l'th Id' 02 = dill'th Id '02{th l ,tb2,th3,th Id,tb'2d,th3d,th Idd,th2dd,th3dd);

t1'th Id'03 = ditrth ItI'03(th l,th2,th3,th Id,th2d,th3d ,th Idd,th2dd,th3t1d);

tI 'th.M' 0 1 = dill'tb2d'O 1(th l.th2,th3,th ld,th2d,th3tl,th Idd,th2dd,th3ddl i

tl'th2L1' 02 .,. diU'tb2d'0'2{ th l, th2, tl13,th Id, th2d, th3d.th Idd,th2tld, th3tld);

tl'tll2tl'03 = dilrth2d' 03( th l,th'2,th3,th hl ,th2d,th3d ,th ItltI,th2dd,th3dd};

t.l'L!l3t1'O 1 .,. dilnh3d '0 Ilth I,Lh'2,th3,tll Id,th2d,th3d,th tdd, th2dd,th3dd);

,l'th3d'I)'2 = tlill'th3d'02(th l,th2,th3,th Id,th2d,th3d,th Idd,th'2dd,th3dd);

tl'th3tr 03 = t1il1'th3d'03{th l,th2,th3,th Id,th2d,th3t1,th Idd,th2dd,th3dd);

t1'th IdirO 1 = dilrth Idd '0 1(th l,tb2,th3,th Id,th'2d,th3d,th Idd.th2dd,th3ddl;

tl'tb ldll'02 = t1itrth Idtl'02(th l ,th2,th3,th Id,th:Zd,th3d,t!l hld,th2dd,th3ddl i

t1'th Idtl' 03 = ditrth Idd'03(th l, th2, th3, th Id, th2d, th3d, th Idd, th2dd,th3dd);

t1'th2dd '0 1 = dilrth2dd'O I(th l ,th2,th3,th Id,th2d,th3d,th Idd,th2dd,th3dd) i

t1'th'2dd' 02 = ditnh2dd'02lth l ,th2,th3,th ld,th2d,th3d,th Idd,th2dd,th3dd):
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..ïth~dd· 03 = .1t11'th~dd· 03(th l, th~,thJ,th Id,th~d,thJd,th 1dd,th~.hl. thJ.I.I},

<J'th3dd' 0 1 = ditI' thJdd" 0 1(th 1,th~,thJ,th hl ,th~<J,t1I3.I,t h "ld,th~d ..l,th.'.J<ll;

d 'th3dd ·O~ = dill' th3dd 'O~(th l, th:::,th3,th Id,th~J,thJJ,th IdJ,th:::.1J,th3.1.11;

.l'th3Jd' 03 = dill'th3dd' 03(th t, th2,th3,th 1.I,th:::.I,thJd, th 1JJ,th~.ld, thJ.IJ) ~

ror 11=1:1',

del"ltl'F(II) = .llph.\ • (kron(lJ'thl'OI (Il,:)' ,Ot(k,:I'}+kton(D l(k,:I',.l"th l' 1)I(k,: ,'l+
liron (d' th l 'D~(II,:)' ,02(11.: l') t lIront D:::(II ,:)' ,<l' th l' 0:::111,: )'1 t

liron (d'th l' D3{II,: J',03(11 ,: )') +11 ron( D:l(k,:)',d 'th l' DJ( k,: l'Il;

del'x2'F(k) = "lph.\ • (kron(d"th:rOtlk,:)',Ollk,:)'}+kTon(DI(II,:)',.i"th:::·DI(k,:)')+,

kTon(d 'th2·02(lt.,:)' ,D2( Il.: )') + kron( 0:::( k,:)' ,J" th2' 02( k,:) ï + '
kron{d'th2'03(k.:)',OJ(k,:)')tkron{OJ(k,:)',d'th2'03(k,:)')):

de1'lt3"F(k) = "Iph.\ • (kron{d'th3'OI(k,:)',OI(k,:),)+kron(01(k,:)',.l'th3'OI(Io.,:)')+ ..

kron(d 'th3'02(k,:)' ,02(11,:)') + kron( 02(k ,:)' ,d"th3" 02(k,: )')+ '

kron(d'th3'03(k,:)' ,OJ{II ,: )') +kron( 03(k,:)' ,J 'thJ' O:l(k,:) '));

del"x4'F(k) = "Iph" • (kron(.ïthld"OI(k,:)',OI(k,:)')+kron{Ol(k,:)',J'thld'Ol(k,:)')+,.

kron (d"th Id' 02(k,:)',02( k,:)') + kron (02(k,:) ',d'th 1J"02( k,:) ') + '

kron (d 'th ht"03(k,:)' ,03{ k,:) ') + kron( OJ(k,:)' ,J' th hl' OJ{k,:) '));

del'x.!l'F(k) = .\Iph.\ • (kron(d"th2J"OI{k,:)"01(k,:1'l+kron(OI{k,:I',.rth2d·01(k,:)'1+.

Io::ron(d "th2d"02( k,:)' ,02(10::,:)')+ kron( D2{k,:)' ,01 'th2.I'02(1o::,:) ') + '

Io::ron(d'th2d'03(k,:)',OJIII,:)')+kron(DJ(k,:)',d'th2d'OJ(k,:)'»;

dd'x6'F(k) = "Iph~ • (kron(d'th3d'OI(k,:)',Ollk,:)')tkron(DI(k,:)',d'th3d'Ol{k,:)')+

kron(d"th3d '02(10::,:)' ,02(11,:)') + lt.ron(02(k,:)' ,d'th3d'02(k,:)') + ,..

kron(d'lh3d'03(k,:)',03(k,:)')+lt.ron(03(k,:)',d'th3d'OJ(k,:)'));

dd'ul"F(k) = ~Iph~ • (kron(d"thldd'OI(k,:)',OI(Io::,:)'l+kron(DI(k,:)',d'lhldd'OI(k,:)')+ ...

Io::ron(d 'lh ldd"02(k,:)',02(Io::,:)')+kron( 02(k,:)' ,d 'th Idd '02(k,:) ') + ,..

Io::ron(d'lh Idd' 03(k,:)',03(k,:)') + boni 03(lt.,:)' ,01 'lh hld"03( k,:) '));

del"u2'F(k) = .\Iph~ • llo::ronld"th'ldd'Ollk,:)',Dl{k,:)'}+kron{01Ik,:)',Ù'1112dd'Ol{k,:)')+,

kronld'lh2dd'021k,:)',02(k,:)')+kron(021k,:}',d'th2.hl'02110::,:)')+

kronld'lh2dd'031 k,:}',03(k,: )')+kronl 03(10::,: )',01 'th2dd'OJ( 1.,:) '));

deI'1I3"F{k) = "Iph" • (kron(d'lh3dd'OIIIo::,:)',OI(k,:)'}tkloll{Dllk,:)',d'th:ldd'1)llk,:)')+ .. "

liron (d'lh3dd'02(Io::,:)' ,D2( k,: )') +kron (02(I0::,:)',d 'lh3dd '0'1(10::,: l') + ""

kronld'lh3dd'03(k,:)',OJ(k,:)' )+kron{ 03(k,:)',d 'th3dd' 03( k,:}'));

.nd

del'x'F = [derx 1" Fjdd"x2'F;del'x3'Fjdd"x1"Jo';del'x.!l' "':derx6'F);

del'u"F = (dd"ul"F:del'u'l"F;del'u3'F);

del'x'P=fIipud(del'x"F')i
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l..unbdAO=J'uo,(G,ll ô

L.t.m bd.a.=luul A,C!Yf:(GI,dd- li' F ,L3.rnbdaOI;

% Q ....i«/llllent ,,(colthn,. \0 Ilry.on. I"w•.. normjQ) = (oloccn,limit).{del'u'F)I(Toler"ble'J)"Z

'1 =... -( n01l11 (do:l'u' F, 'fro') Ilia· Ka, ,3 '2));

Q"('I 0 o~o '1 0;00 'IJ;

.lcru·J = dcJ'u'F ...

+ 'l-(u'-Q)' • (I•.lombdol-IJ)',

IIIU'CV c .l/mouHm.x{.Iob.(th:ru' JI 1.:))),mu(ab'ldcru"J('l.:)I),

m"'ll(ab.(del" 11' J(J,:lllll.

if m==I,

1.1oV1' .....di ul li

..hei' m==:.!.
,",,'110: > ...di u2 \1

d.eil 111==3,

, ...ve ""cii uJ Il

..bdl m==".
• .l.ve •....cii u4 li

e"eH m==S,
,",..,e o ..,di u5 11

el.ei( In==6,

"'wc -.,di u6 Il

tlnif m==7,

••IoVt' .".di u7 li

eheit m==tl,

II\Yl' olucii u8 li

el,eil m==U.

n'III' ."ttii u9 li

el.elf m ..=IO,

,""ye ·",di li 10 \1

.nd

ent!
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