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Abstract

In [Iha86b], Ihara constructs a universal cocycle

arising from the action of Gal (Q/Q) on certain quotients of the Jacobians

of the Fermat curves

for each n ~ 1. This thesis gives a different construction of part of IharaTs

cocycle by considering the universal deformation of certain two-dimensional

representations of nQ, where nQ is the algebraic fundamental group of

pl (Q) \ {OT 1,00}. ~lore precisely, we determine, with and without certain de

formation conditions. the universal deformation ring arising from a residual

representation

Belyi's Rigidity Theorem is used to extend each determinant one universal

deformation to a representation of nK , where K is a finite cyclotomie exten

sion of Q(JlpOCl ). For a particular p, we give a geometric construction of one

such extended universal defonnation p, and show that part of Ihara's cocycle

can he recovered by specializing p at infinity.
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Résumé

Dans [Iha86b], Ihara construit un cocycle universel

provenant de l'action de Gal (Q/Q) sur certains quotients des jacobiennes

des courbes de Fermat

pour chaque n ~ 1. Cette thèse présente une construction différente d'un

cas particulier du cocycle d'Ihara en considérant la déformation universelle

de certaines représentations de dimension deux de nij' où nQ est le groupe

fondamental de pl (Q) \ {O. 1, 00 }. Plus précisement, nous décrivons, avec et

sans certaines conditions de déformation, l'anneau de déformation universelle

provenant d'une représentation residuelle

Le théorème de rigidité de Belyi est utilisé pour étendre chaque déformation

universelle de déterminant un à une représentation du groupe nK , où K est

une extension cyclotomique de degré fini de Q(Jlpoc). Pour un p particulier,

une construction géométrique d'une de ces déformations universelles étendues

p est fournie. Ceci permet de récupérer un cas particulier du cocycle d'Ihara

par spécialisation de p à l'infini.
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1 Introduction

One approach to studying the absolute Galois group G Q = Gal (Q/Q) has

been via its canonical representation in the outer automorphism group of

the algebraic fundamental group ITQ of pl (Q) \ {O, 1. oo}. Let AI denote the

maximal algebraic extension of Q(t) unramified outside t = 0, 1,00. Conju

gating in Gal (.A-IIQ(t») by a lift of "Y E GQ gives rise to an automorphism of

nQ whose class modulo the group of inner automorphisms depends only on

"y. Thus CQ acts on nQ = Gal (,11IQ( t)) as a group of outer automorphisms,

and we obtain a representation

By a theorem of Belyi. (/) is injective; as a result, studying the full represen

tation ci> seems to be too difficult. However, as a first step in this direction,

Ihara considered, for each prime p, the representation

1j) : GQ ~ Out (FIF') ,

where F denotes the maximal pro-p quotient of nQ, and :F" = ([F, F], (F,:F]]

denotes the double commutator subgroup of:F. We define a Zp-algebra A

by

7
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Letting Xl' : Go ---+ Z; deoote the p-cyclotomic character, GQ acts as

Zp-algebra automorphisms 00 A by

for each f E Go., and each i = 0,1. x. In [Iha86b], Ihara shows thatrj; is

encoded by a cocycle

For each n. F describes in a precise way the action of GQ(~pn) on the p-adic

Tate module of the primitive quotients of the Jacobian of the Fermat curve

Fn ~ xl''' + yl'n = 1 (see Theorem 5.4) .

Let r : A ---+ Zp[[T]] be the Zl'-algebra homomorphism which maps to

and t l to T. In this paper. we describe a ne\\' construction of r 0 F for each

odd p, obtained via deformation theory of two-dirnensional representations

of nQ and the rigidity method of Belyï, ~Iatzat, and Thompson.

\Ve begin in Chapter 2 by considering deformations of arbitrary absolutely

irreducible residual representations

First we consider general deformations, then defonnations subject to certain

conditions~ namely, the condition of having determinant equal to one, as

weH as certain "ordinariness" conditions combined with this determinant

condition (see §2.6 for precise definitions). In each case, we determine the

8
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universal deformation ring, which is a power series ring with coefficients

in Zp, where the number of parameters depends only on the deformation

conditions (see Tbeorems 2.27 to 2.31). In particular, let 17o, 17b O'oc E nij"
he topological generators of inertia groups above t = 0, l, 00 respectively,

satisfying 0'00'10'00 == 1; then if p bas determinant one and is {17o, 171 }-ordinal1·,

the {17o, 171 }-ordinary determinant one universal deformation ring of p is the

power series ring Zp[[T]J.

The arithmetic content of the various determinant one universal deforma

tions (Runi\'. puni\') of Chapter 2 arises in Chapter 3 by means of rigidity. In

arder to use Belyi's Rigidity Theorem (Theorem 3.5) to extend tbese universal

deformations, we study rigidity in GL2 (R), where R is a local unique fac

torization domain, proving in particular that (puniv(O'o), puni\'(O'd, puniv(O'cxJ)

is rigid in GL2 (Runi\') (see Theorem 3.10). This result allows us to extend

each representative of puni.. to a representation of "K(f) := Gal (AliK(t)),

where K is a cyclotomie extension of Q(tLpoc) of degree at most p2 - 1 which

depends on p (see Theorem 3.12).

In Chapter 4, we fix the residual representation p to be the representation

describing the action of nij" on the p-torsiOD points of the Legendre family

EL of elliptic cur\'es given by

EL : y2 = x(X - 1)(x - t).

In this case, p is {ua, 0'1 }-ordinary, and the extension theorem of Chapter 3

shows that any representative of the {170' 171 }-ordinary universal deformation

9
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of (J can be extended to a representation

Let J-Lp" be the group of pnth roots of unity in Q, and let Zp[JLpn] be the

corresponding group ring. \\"e construct p as the inverse limit of the repre

sentations

associated to the curves Cn/Q(t) given by

en : y2 = X (x2pn + (4t - 2)xp
" + 1) .

pn+t

where the action of J.lp" on Cn is given by (n . (x, y) = ((nx. (n '2 y) for any

primitive pnth root of unity (n' In order to obtain a detailed understanding

of each Pn. we make use of ~Iumford's uniformization (Theorem 4.11) of

.Jacobians of curves C/ L having a specific reduction type, where L is a field

which is complete with respect to a non-archimedean valuation. We al50 use a

general theorem of Katz (Theorem 4.31) which gives a geometric construction

of any representation

for which (K(O"o), K(O"tl, K(O"oc» is rigirl.

Finally, we show in Chapter 5 how to specialize p at 00 50 as to obtain the

representation r 0 F (see Theorem 5.i). To prove that these representations

10
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are equaI. we use the geometric construction of Chapter 4 to show that

the given specialization Poe of p describes the action of GQ{lIp oc) on certain

quotients of the Jacobian ln of the Fermat curve Fn. This property together

with the corresponding property of roF implies that roF is a direct sumrnand

of Poc,.

This thesis is comprised of a combination of known and original results.

\Vhenever possible, 1 have listed a source for known results. The main re

sults of Chapter 2, namely Theorem 2.27 and the results contained in §2.6,

may be known to sorne people. but. to my knowledge, have not previously

been written down. The theorems of §§3.3 and 3.4 are original, as are all

results appearing after Proposition 4.25 except those that are clearly rnarked

othen\·ise.

Il



•

•

•

2 Deformation Theory of nQ

2.1 Profinite Groups and Infinite Galois Theory

Throughout the sequel. we will be working extensively with Galois groups of

infini te Galois extensions. In this section, we present the basic theory of sucb

extensions, and show how profinite groups arise naturally as Galois groups

in this context.

Let (J,:::;) he a dirt!.cted set, that is, ~ is a partial arder on J such that

for each i. j E J. there is sorne k E J such that i ~ k and j ~ k.

Definition 2.1 .4 directed system of groups (Gi, (tPji)) is a collection of

groups {GdiEI indexed by J. together with homomorphisms <Pji : Gj ~ Ci

for each i ~ j such that <lJii = Idc , and tPki = <P)i 0 (/)kj for i ~ j ~ k.

Given a directed system of groups (Gi , (t1>ji)), a group G together with

homomorphisms Yi : G ----+ G 1 for each i E J will he called a commuting

system above (Gi, (t1»d) if the diagrams

commute for aU i ~ j.

Proposition 2.2 Given a directed system of groups (G i , (tPjd), there is a

commuting system (G, (Yi)) above (Gi, (<Pji)) satisfying the following universal

property: given any commuting system (H, (Id) above (Gi , (~ji)), there exists

12
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a unique homomorphism f : H --+ G such that the diagram

commutes for aIl i ~ j.

Proof: Take G to be the set of ail sequences of elements of {Gi hE/ compat

ible under the maps <Pji; that is

G = {(D'diEI E IIG i : D'i E G i ! ci>ji(O'j) = O'i for ail i :::; j} .
IE/

Theo G is a subgroup of nCi and satisfies the given universal property (see
IE/

[~[or96], App. C. Proposition 4.2 for details). 0

Remark: By the usual argument for universal objects. (G, (gi)) is unique

up to unique isomorphism (see. e.g.. [Lan93], p.57). \Ve write G = \!!!!G i ,

iE/
and caU (G, (gi)) the inverse limit of (Ci, (<Pji))'

By the same construction, inverse limits exist in the categories of rings,

modules, and topological groups, among others.

Definition 2.3 A profinite group is a group which can be expressed as the

inverse limit of a directed system of finite groups. A profinite group is said

to be procyclic if it can be expressed as the inverse limit of a directed system

of finite cyclic groups.

Given a profinite group G = ~Gi (where each Gi is finite), we may view

13
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G as a subgroup of the direct product nG i as in the proof of Proposition 2.2
iEI

above. Giving each Gi the discrete topology, we may define a topology on

G by taking the topology induced from the product topology on nG i . This
iEI

definition gives G the structure of a topological group, and plays an essential

role in the theory of infinite Galois extensions. For more on profinite groups,

see [Sha72].

Consider an infinite Galois extension LIK. Let G = Gal (LIK). Given

any finite Galois extension AIlK contained in L, the group G M := Gal (LIkl)

is a normal subgroup of G of finite index [Al: K], and GIGI\f is isomorphic

to Gal (.i\J1K), as in the case of finite extensions. Let M denote the set of ail

such intermediate fields AI. Then M forms a directed set by inclusion, and

{GIG M }.UE.'-1 together with the canonical maps 4>M'M : GIGM , --+- GIGM

whenever G.\f' C GM (Le. whenever 1.\J' :::> Al) forms a directed system of

finite groups. The canonical maps G ~ GIGAI define a commuting system

above (GIGM, (4)M'AI)), so by the universal property of the inverse limit, we

obtain a homomorphism <1> : G ~ ~ G1GM' In fact, t/J is an isomorphism
ME.\.1

(see [Lan93], Ch. VI, Theorem 14.1). Thus G is naturally a profinite group.

The topology on G is called the Krull topology. The Krull topology may also

he defined without realizing G as a profinite group by taking as a hase for

open sets {lYG M : lY E G, AI E M}.

As with finite Galois extensions, one defines the Galois correspondence

between the set of intermediate fields 1\-'1 between K and L, and the set of

subgroups H of G = Gal (LIK). This correspondence takes the intermediate

field 1\1 to the subgroup Gal (L1k/), and the subgroup H to the intermediate

field L H consisting of those elements of L fixed pointwise by H. In the case

14
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of infinite Galois extensions. Dot every subgroup of G arises as Gal CL/Iv/) for

some intermediate field JI. However. the Krull topology on G allows us to

identify which subgroups correspond to intermediate fields~ in a way which

is made precise by the Fundamental Theorem of Infinite Galois Theory:

Theorem 2.4 The Galois cOTTe$pondence defines an inclusion-reversing bi

jection between the set of closed subgroups of G and the set of intermedi

ate fields between K and L. MoreoveT. a closed subgroup H C G is normal

if and only if the COTTe.~ponding extension L H 1K is Galois, in which case

Gal (L H 1K) ,..., G1H ~ the isomorphism being one of topological groups if we

give G1H the quotient topology.

Outline of Proof: The main observation is that given any subgroup H C G,

Gal (L1LH) = H. where H denotes the closure of H in G with respect to

the Krull topology. This observation together with the usual fundamental

theorem of Galois theory reduces the proof to verifying certain details! which

may be found in [~10r96J, Ch. IV. §17. 0

Given any group G. let N denote the set of aH normal subgroups of G

of finite index. Then N is naturally a directed set with respect to inclusion,

and {G11V} Ne.V" together with the canonical homomorphisms forros a directed

system of finite groups.

Definition 2.5 For any group G! the profinite group

ê:= \!ill GIN
Ne.V"

is called the profinite completion of G .

15
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The profinite completion of a group is indeed a topological completion in

the usual sense; it is possible to define Cauchy sequences in G with respect

to a directed set of normal subgroups. in which case ê is the completion of

G with respect to these sequences. See [Lan93]. Ch. l, §lO for details.

It is often useful to consider the subset Np of .N consisting of all normal

subgroups of G of p-power index, where p is a ft.xed prime. In this case,

~ G I1V is called the pro-p completion of G. A collection of elements {/à} àE 1

NE.Vp

of a profinite group G is said to topologically generate G if the subgroup of

G generated by {/à}àEI is dense in G. Thus. for example, if Gis the profinite

completion of a group G, and {1'dàE/ generates G, then viewing each li as an

element of ê via the natural map G ~ ê, the system {'YI hEI topologically

generates G .

2.2 The Algebraic Fundamental Group

In this section. we give an explicit description of the group structure of

Gal (KIQ(t)). where K is the ma.ximal algebraic extension of the function

field Q( t) ramified only at a fixed finite set of places.

Given fields I( and F. and a place d> : K ~ Fu {oo}, the set c/J-l (F)

of finite elements under (j) is a local subring R of K with maximal ideal

p = tj)-l(O). We calI R the valuation ring corresponding to t:/J, and p its

valuation ideal. If \ïK is a variety with function field K(V), one may define

a place (jJp : K(F) -+ K U {oo} for each point P E 1/ by cPp(f) = f(P),

where we let f (P) = x if f is not defined at P. In this case, the valuation

ideal of (/)p is also called the valuation ideal corresponding to P.

Let LIK be a (possibly infinite) Galois extension. Let p be a valuation

16
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ideal of K, and suppose that p is a valuation ideal of L lying above p, with

corresponding valuation ring .4 C L.

Definition 2.6 The group

D (p/p) := {u E Gal (LI K) : a(p) = p}

is called the decomposition group of p/p. The inertia group 1 (p/p) of p/p

is the subgroup of D (p/p) given by

1 (p/p) := {u E Gal (LI K) : u(a) =a mod p for a11 a E .4}.

We say that p is unramified over p if 1 (p/p) = 1.

If every valuation ideal of L lying above P is unramified over p, then we say

that p is unramified in L. \Ve will also say that a place cP of K is unramified

in L if the valuation ideal corresponding ta (/J is unramified in L.

Let k be an algehraically c10sed suhfield of C. Let Pl, ... ,Pr he distinct

points in pl (kL and Pl .... ,Pr their corresponding valuation ideals in k(t).

Let k(t)s denote the ma..ximal algebraic extension of k(t) unramified outside

S = {Pl, .... Pr }. Give pl (C) the topology of the Riemann sphere, and choose

a point P E pl (C) \ {Pl' ... ,Pr }. Let n he the topological fundamental group

rrdpl(C) \ {Ph ... ,Pr},P) ~ (lb ... ,'Yr 1'Y1---rr = l).

Theorem 2.1 The extension k(t)s/k(t) is Galois and Gal (k(t)s/k(t)) IS

isomorphic to the profinite completion fi of n. Moreover, there are gener

ators 1'1, - . - , "Yr of n such that for each i = 1,. -. ,r, the image 01 li in

17
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Gal (k(t)sl k(t) topologically generates the (procyclic) inertia group 1 (Pi/Pi)

of sorne valuation ideal Pi above Pi.

Outline of Proof: First assume k = C. Then there exists a universal cover

ing u : U --+ pl (C) \ {Ph'" ,Pr }. Using the Riemann Existence Theorem,

one may show that finite Galois extensions NIk(t) unramified outside Sare

in bijective correspondence with finite coverings p : }' --+ ]pl (C) of com

pact Riemann surfaces unramified outside {Pl"" ,Pr } in such a way that

the surface }.. corresponds to its function field J.Vjk(t) (see [VoI96], Theorem

5.14). ~Ioreover, Gal (~Vjk(t)) is isomorphic to the group Deck(p) of deck

transformations of the covering p. Now p:= pIY\p-l({Pl,... ,Pr}) is a covering of

pl (C) \ {Ph'" ,Pr }, and Deck(p) ::: Deck(p). Using the universal covering

u above, one sees that such coverings p are in bijective correspondence with

normal subgroups H of n of finite index in such a way that Deck(p) ~ niH.

Thus, letting Nk,s = {lV C k(t)s : JVjk(t) is finite, Galois}, we have

Gal (k (t )s jk (t») ~ \ill! Gal (lVjk (t ))
NENIt •s

~ \!fi nlH = fi.
H<Jn

finite index

This proves the first statement when k = C.

To prove the second statement when k = C, let Y and N be as above,

fix a point fi E u- l (P), and let PEY he the image of P. It is possible ta

choose lifts Pi E Y of each Pi, and di E Deck(p) sa that di(Fi ) = A and

dl 0 •.• 0 dr = Id. Let Pi be the valuation ideal in N corresponding to A.
Let (7i E Gal (1'11k( t» be the automorphism satisfying (7i (f (P») = di (P) for

18
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f E lV. Then Gi generates 1 (pi/pd, and the various Gi obtained in this way are

compatible as ~V varies over finite extensions of k(t). Viewing Gal (k(t)s/k(t)

as the inverse limit \!.!!! Gal (~V/k(t)) and taking 'Yi = (Gi}NE,,\/'ok.S gives
NE'\/'k.S

generators of Gal (k(t)s/k(t)) satisfying the assertions of the theorem with

Pi = U Pi. This proves the theorem when k = C.
NE.VIc,s

For any algebraically closed subfield k of C, let S' denote the set of valu-

ation ideals in C(t) corresponding to the points Ph' .. , Pr E pl (k) C pl (C).

One may show that the assignment lV ~ 1\/ ®k C defines a bijection

Nk •S ---+ Ncs'. This bijection gives rise to an isomorphism

Gal (k(t)s/k(t)) ~ ~ Gal (lV/ k(t))
NE.VIr •s

l"oJ ijm Gal(N®kC/C(t))
N®IcC E .ve.s'

l"oJ Gal (C(t)s /C(t)) ,

as desired. See [~HvI99L Ch. l, Theorems 1.3, 1.4. and 2.2 for full details. 0

Remark: The above theorem is true for an)" algebraically closed field k of

characteristic O. \Ve will only need the result when k = Q.

Theorem 2.7 is part of a much more general connection between Galois

groups over function fields and topological fundamental groups. Let k be as

above, and .'\/k a smooth projective curve of genus g. Given distinct points

Pl, .... Pr E .\(k), the ma.ximal algebraic extension k("X)s of the function

field k( ..\) of ..\ unramified outside the set S of valuation ideals of Ph'" ,Pr

is Galois. The group Gal (k( ..'\)s/k( ..Y)) is called the algebraic /undamental

group of .\ \ {Pb'" ,Pr }, and is denoted by 1r~g (X \ {Pl,'" ,Pr }). There

19
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is, up to homeomorphism, a unique compact connected oriented surface ..Yg

of genus 9 (see, e.g. [Arm97}, §7.4, 7.5). Theorern 2.7 may he generalized to

this context as fo11ows: let QI, ... , Q,. E "\9 he distinct points, and choose

any point Q E "\9 \ {QI,'" ,Qr}; then 1T'~g ( ..\ \ {Ph'" ,P,.}) is isomorphic

to the profinite completion of 7r1 (..\g \ {QI, ... ,Qr}, Q). See [Ser92], §6.3 for

more details.

2.3 The m-adic Topology

This section collects sorne results concerning rings with which we will he

working helow. Ali rings will be assumed to be commutative.

Definition 2.8 A topologicai ring R 'is a ring together with a topology on

its underlying set such that R fonns a topological group under its addition,

and the multiplication Law R x R -4> R is continuous.

Let (R, m) he a local noetherian ring. There is a natural topology on R,

called the m-adic topology, obtained by taking {mn }nEN to he a fundamental

system of neighbourhoods of 0 (and thus defining a fundamental system of

neighbourhoods of each point by translation). This topology gives (R, m)

the structure of a topologicai ring. Since R is noetherian, nmn = {O} (see
nEN

[Lan93], Ch. X, Corollary 5.7); thus the m-adic topology is Hausdorff. This

topology is precisely that obtained from the rnetric d 00 (R, m) giveo by

•
{

a if r = s
d(r, s) =

e-V(,.-5) othef\\ise

20
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where v : R \ {D} ~ N, called the m-adic valuation on R, is given by

v(r) = max{n EN: r E mn
}. Thus we may consider Cauchy sequences

and convergence in R. \Ve say that (R, m) is complete if R is complete with

respect to the met ric d.

Proposition 2.10 Given (R, m) as above, there exists a complete local ring

(R, m) together with a continuous injective homomorphism 4J : R ~ R sat

isjying the following universal property: given any complete local ring (..4, n)

together with a continuous homomorphism 1/.J : R ---+ .4, there is a unique

continuous homomorphism .,p : il.~ ..-l such that

R
~ .
~R

~!~
.-\

commutes.

Proof: See [GS71], §2. 0

The completion Rof R may he identified with ~R/mn,where the inverse
nEN

limit is taken with respect to the canonical maps. In this case, (jJ is the natural

injection R~ R. ~Ioreover, mis the ideal generated hy (jJ(m) and R is itself

complete if and only if 4J is an isomorphism. For details, see [GS71], §2.

Example 2.11 Let R he the localization of Z at a prime ideal (p), 50 that

(R. pR) is a local ring. The completion of (R, pR), denoted Zp, is called the

ring of p-adic integers. By the above remark, Zp is isomorphic to~Z/pnz.
nEN

The quotient field Q" of Zp is called the field of p-adic numbers.

Example 2.12 Let k = lFpn deoote the finite field of order pB. The ring

IV'(k) of Witt vectors over k is the integral closure of Zp in the splitting field
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•
of xP" - x over Qp. The ring ~V(k) is a complete local ring with residue field

k. In particular~ ~\;"(lFp) is equal to Zp, and if p is odd, ~\;"(lFp2) is equal to

Zp[VQ], where ct E Z; is not a square in Zp. See [Ser68], Ch. II, §6 for details.

Example 2.13 Let (A. m.-t) be a complete noetherian local ring, and let R

be the localization of .4[t h ... ,tn ] at the maximal ideal m := (m,-" th .. , ,tn ).

The completion of (R, mR) is isomorphic to the ring A[[t!, .. , ,tn ]] of formai

power series in n variables with coefficients in A.

Proposition 2.14 Let R be a noetherian ring. Then the ring R([t!, ... ,tn ]]

is tJlso noetherian.

Theorem 2.15 (Heosel's Lemma) Let (R, m) be a complete local noethe

rian ring with residue field k, and let f(x) E R[x] he a monic polynomial.

Suppose that a E k is a nonrepeated root of the reduction of f(x) mod m.

Then f (x) has a unique root a E R such that ct reduces to a mod m.

•
Proof: See [Lan93], Ch. I\~. Theorem 9.5 and its Corollary.

Proof: See [Lan93], Ch. XII, Corollary i.-l,

2.4 Deformation Theory

o

o

•

FLx a prime p. Let n he a group ha\;ng the property that its pro-p completion

is topologjcally finitely generated. Let k he a finite field of characteristic p,

and fix an absolutely irreducible continuous representation p : n~ GLn(k),

which will he called the residual representation. Let (R, m) he a complete local

noetherian lr(k)-algebra with residue field k, where W(k) is the ring of Witt
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veetors of k. :\ lift of p to R is a continuous homomorphism P : n ----+- GLn(R)

sueh that the diagram

n~GLn(R)

~l'
GLn(k)

commutes, where r is the map which takes a matrix to its entrywise reduction

mod m. \Ve define an equivalence relation '""J, called strict equivalence, on the

set of lifts of p to R by Pl '""J P2 if there exists an AI E GL~(R) := ker(r)

satisfying Pl = A/P2AJ-l (that is, pd,) = AfP2(,)A/- 1 for aU ~ En). A

deJormation of p ta R is a striet equivalence class [pl of lifts of fi to R. Note

that [pl = {p} and whenever .\1 E GL~(R), conjugating a lift p of p by J.\J

gives another lift of p. \Ve will often write P in place of [pl when there is no

risk of confusion.

Define a category 'De:F(jJ) whose objects are pairs (R, [pD, where R is

a complete local noetherian IF(k)-algebra with residue field k, and [pl is a

deformation of {J to R. A morphism from (Rh [pd) to (R2 • [P2]) in Ve:F(fi)

is a continuous homomorphism 4> : RI -4> R2 reducing to the identity on k,

such that for sorne P2 E [P2], the diagram

n~GLn(Rd

~l~
GLn (R2)

commutes, where ~ denotes the map obtained by applying iP entrywise to

a given matrix. Using a result of Schlessinger whieh guarantees the repre

sentability of funetors satisfying certain criteria, Mazur proved the following

theorem:
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Theorem 2.16 (Mazur, 1989) There exists a universal element in the cat

egory 1)EF(p); that is, there exists a pair (Runi"', puni... ) E 1JEF(p) such that

for each (R, p) E 1J&F(p), there is a unique l/J : Runiv ~ R such that

qJ E ~Ior (1)&F(p) ).

Proof: See [~laz89L §1.2. 0

As usual, (Runiv, puniv) is weU-defined up to unique i5Omorphism in the

category TJ&F(p). We caU puniv the universal defonnation of p. In [dL97],

Lenstra and de Smit give an explicit construction of Runiv in terms of gener

ators and relations; however, their construction requires many more genera

tors than are usually necessary, and is not very practical when considering

specifie examples. In what follows, we will consider only the cases k = lFp or

lFp2 and n = 2.

Proposition 2.17 Let p be a residual representation, and (Runiv, puniv) its

universal deformation. Then the entries of the elements of Impuniv topologi

cally generate Runi....

Proof: Let S denote the complete subring of Runi... (topologically) generated

by the entries of the elements of Impuni.... Then puni... maps to S, 50 the uni

versai property of Runi... gives a morphism t : Runiv --+ S in l'E:F(p). By the

definition of S, t is surjective. Given (.4, p) E 'DEF(p), the universal property

of Runiv gives a morphism i : Runiv --+ .--1 in 'DEF(p), which restricts a mor

phism on S. On the other hand, if Tl, i2 : S ---+ il are two such morphisms,

then il 0 L, i2 0 t : Runiv ---i> A are two such morphisms, and hence are equal.

Since L is surjective, it foUows that Tl is equal to T2, and therefore (S, puniv)

is universal in l'EF{p), and l is an isomorphism. 0
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Let (R, mR) he a local noetherian J-"'.(k )-algebra.

Definition 2.18 The (Zariski) cotangent space of R is the k-vector space

til := mR/(p, m~). The (Zariski) tangent space tR of R is the dual space

Homk(til, k) of the cotangent space of R.

Note that since R is noetherian. til and tR are finite-dimensional vector

spaces, and hence are abstractly isomorphic.

Proposition 2.19 Let Rand S be local noetherian J-"'''(k)-algebras, and let

f : R --+ S be a lr(k)-algebra homomorphism reducing ta the identity on k.

Then f induces a k-linear map f. : tR--+ tswhich is surjective if and only

if f is surjective.

Proof: For each m E mR, I(m) Ems, 50 1 restricts to an additive hom~

morphism 1 :mR --+ ms/(p, m~). Checking that j(p, m~) = 0, we obtain a

k-linear map 1. : tR ---+ ts'
Suppose now that f is surjective. Then f :R ---+ S/(p, m~) is surjective,

and hence l(mR) = ms/(p, m~). Thus 1. is surjective.

Conversely, suppose that 1. is surjective. The reductioD of 1 mod p

makes ms/pms into an R/pR-module; thus 1 gives rise to an R/pR-module

homomorphism f+ : mR/pmR --+ ms/pms, which reduces to a homomor

phism f+ : mR/(p, m~) ---+ ms/(p, mRmS)' Given 0 E m~, write 0 = mlm2

with ml, m2 E ms, ml ~ m~. Since 1. is surjective, there is some m~ E mn

sucb that ml = mil + m, where rh E (p, m~), and hence Ct = (m~ + m)m2'

Thus we have shown that
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By induction,

for ail n, which inlplies that m~/pm~ = (mR/pmR)mS/pmS since S is noethe

rian. Thus ï+ is surjective, and by a corollary of Nakayama's lemma, f+ is

itself surjective (see [Lan93], Ch. X, Proposition 4.5). Viewing MR and ms

as IV(k)-modules and applying Nakayama!s lemma shows that f(mn) = ms.

Every element of S can be expressed as À + m with À E U,P(k) and m Ems,

sa this proves that f is surjective since f(Ur(k)) = ll'(k). 0

2.5 The Universal Deformation

Let K be an algebraic extension of Q. Throughout the sequel, let

Il := Gal (K(t)/K(t)) ,

-where K (t) denotes the maximal algebraic extension of K (t) unramified out-

side 0,1, and 00. Fix a prime p, and let k be a finite field of characteristic p.

It follows from Theorem 2.7 that the pro-p completion of n is topologicaJly

finitely generated. Let p : n --+' GL2 (k) be a residual representation.

Proposition 2.20 The universal deformation ring Runiv of p is isomorphic

to a power series ring with coefficients in nt(k) .

Proof: By Proposition 2.14 and Examples 2.12 and 2.13 of §2.3, any power

series ring IV (k) [[t l, . .. ,td]] is a complete noetherian local ring. Writing R

for Runh-, let d denote the k-dimension of til, and let Xl,' .. ,Id E til be a
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collection of elements which forms a basis for til. Choose lifts Xl, ... , Xd E mR

of Ib ... ,Id respectively. Defining 0(ti) = Xi for each i = 1, ,d gives rise

to a continuous lr(k)-algebra homomorphism 4J : n··(k)[[t l , , td ]] ~ R

which reduces to the identity on k. Since the reductions th'" ,td oft l , ... , td

mod (p, mW(k)([tl •...•tdJJ) form a basis for tl\·(k)[[tl •...•tdl1' and 4>.(ti ) = Ii for each

i. l/J. is a k-vector space isomorphism. In particular, 4>. is surjective, and

therefore, hy Lemma 2.19. f/J is itself surjective.

Fix elements 0'0,0'1 of fI which generate n topologically, and choose for

each i = D,la lift .\[i E ~-1 (puniv (O'i)) of punh.· (l1i), where ~ denotes the map

induced from 0. \Ve obtain a deformation p : fI ~ GL2 (lV(k)[[t l , ••• , td]])

such that P(O'i) = .~/i for i = 0.1, and ~op = puniv. By the universal property

of R. there is a map W : R~ U·(k)[[t l •••. • td ]] such that p = J; °puniv. We

daim that l1J splits dJ, that is. (J) ° tb = Id R • Given 1\1 E Impuniv. let 0' E n be

a preimage of ~\/: then

so if TER is an entry of sorne JI E Impuni"', then (j) 0 W(T) = T. Applying

Proposition 2.17 proves the daim. Now (/J0lJ) = IdR implies that fj).ol./J. = Id'R'

sa 1J). is an isomorphism. In particular. 1/J is surjective. Therefore, 1/J is an

isomorphism, as desired. 0

If n were to he replaced with sorne other profinite group in Proposi

tion 2.20. it would Dot necessarily he possible to lift puniv to W(k)[[tl'" . , td ]).

However, the proof that we have given works with only minor changes pr~

vided that the cohomolog)' group H 2(II, ad(p)) is trivial, where ad(p) denotes
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the matri..x ring M2 (k) together with the action of fi given by

for each a E n. ~\l E ~12(k). ~1azur showed moreover that the Krull dimen

sion of Runiv!pRuniv is at least dl - d2 , where di = dimtHi(O, ad(p)), with

equality when d2 = 0 (see [~1az89], §1.6 and [Gou], p.50 for details). As we

shaH see. Hl(n. ad(p)) is naturally isornorphic to tRuni" (as a k-vector space),

so ~lazur's result agrees with the choice of d in the proof of Proposition 2.20.

Fix a residllal representation

In order to determine Runi\' (p) explicitly, it may be convenient to extend

scalars to Fp:Z. and thus replace p with p', where p' is obtained by composing

p with the inclusion lFp ~ IFpL Let Ir he the universal deformation ring

corresponding to p'; by Proposition 2.20, Fr = Hl (Fp:Z )[[t 1•••• ,td']] for sorne

d'. \Ve will show that Runi\' = Zp[[tl~'" ,td']]' sa that Runiv may be recov

ered from R'. By Proposition 2.20. Runi\' = Zp[[t1~ .•. ,td]] for sorne d,soit

suffices to show that d = d'. If we show that for any residual representation

g : G~ GL2 (k), there is a k-vector space isomorphism
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then we have

d' = dimF :: Hl (n! ad(p))
p

= dimF
p2

Hl (n, ad(p) @Fp lFp2 )

= dimFp2 Hl (0, ad(p)) @Fp Fp2

= dimFpH1(n, ad(p)) = d.

as desired.

Let (Runiv. guniv) be the universal defonnation of a residual representation

e: G --; GL2 (k). The isomorphism tRuniv l'">J Hl(G, ad«(j)) arises naturally

through deformations of g to the ring of dual numbers k[f"], where f.2 = o.
First. there is a k-vector space isornorphisrn tRumv l'">J HomW(k) (Runiv , k[f.]) ,

where HomU:(k) (RUniv. k[f.]) consists of continuous n~(k)-algebra homornor

phisms reducing to the identity on k. Given f/J E HomW(k) (Runiv ,k[f.]), and

T E Runi.... let f E k denote the reduction of r mod mRuniv; since t/J reduces

to the identity on k. there is sorne t/J'(r) E k for which t/J(r) = f + q,'(r)f.. Re

stricting <!J' to mRunlv gives an additive homomorphism whose kernel contains

(p. m~unlv). and thus t/J'lmRuniV factors through a map fjJ'. : tÎluniv --; k which

is k-linear since 0 is lr(k)-linear. Furthermore, since fjJ is a nt(k)-algebra

homomorphism, it is completely determined by q,'lmRuniV' 50 the correspon

dence cD~ €!J'. defines a bijection HomW(k) (Runiv ,k[f.])~ tlluniv which is

k-linear.

On the other hand, there is a natural k-vector space isomorphism

(2.21)
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First, there is a bijective correspondence between HomW{k) (Runiv, k[t]) and

the set of deformations of p to k[t], given by tP +---+ ;p 0 puniv. For any lift

g : G~ GL2 (k[t]) of g, let ri : G ---+ rvI2 (k) denote the set-theoretic map

satisfying

g(g) = g(g)(l + g'(g)t)

for aIl 9 E G. Then ri is al-cocycle with values in ad(g), and a lift (JI of

g is strictly equivalent to !! if and only if ri1 differs from g' by a cobound

ary. Thus deformations of Ü to k[t] correspond to elements of H 1(G, ad«(j));

in facto this correspondence defines the desired k-vector space isomorphism

HOffiW(k) (Runiv ,k[t]) '" Hl (G, ad(ü)), and therefore gives rise to the isomor

phism tRunlV ~ Hl (G, ad(p)). In particular, when G = n and p = g, we may

conclude that if R' = IF(lFp2 )[[t l .... ,td]], then Runiv =Zp[[t l , ... ,td]].

To determine the value of d. we will single out a distinguished represen

tative for each deformation [pl of p. \Ve will need the following lernma:

Lemma 2.22 Suppose that p > 3. Then there exist element3 0'0, CTl E n
such that CTa, 0'1 topologically generate fi, and p(O'o) , p(qd each have distinct

eigenvalues in IFp2.

Proof: Let la. '"YI E il be any two elements which (topologically) gener

ate n. Extending scalars to lFp2. the matrices fi( "Yo), p("Yd have eigenvectors

Va, VI respectively. Since p is absolutely irreducible, Va, VI fonn a basis for

F;2' and writing p( "Yo), p("Yd with respect to this basis gives p( "Ya) = (& ~)

and p("'YI) = (1 ~), for sorne a, b, c, d, l, 9 E Fp2. Since p is absolutely irre

ducible, band f are both nonzero. Rescaling Va, VI (equivalently, conjugating
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by an appropriate diagonal matrix), we may assume that b = 1. Suppose first

that only one of ,o(io) or P(id has distinct eigenvalues. Theo without loss of

generality, we have d =F g. Now P(ioid has characteristic polynomial

f( ..'\) = .."(2 - (ad + / + ag).'\ + a2 dg,

which has a repeated root if and only if (Od+'+09)2 = a2dg (since p =F 2).

Similarly, P(io"/l 1) has a repeated eigenvalue if and only if (ad+~9-/)2 = a2dg.

In particular, if bath p(io,d and p(ioil 1
) have repeated eigenvalues, then

(ad + ag - 1)2 = (ad + 1 + ag)2; expanding gives d = -g since a =F 0

and 1 =F O. Also, the equalities (ad+~+09)2 = a2dg and d = -g imply that

/2 = -4a2d2. If ,o(,oid and .0('0'1 1
) bath have repeated eigenvalues, then

a similar calculation shows that p(i~'l) has a repeated eigenvalue if and

only if 12 = -a2d2, which is impossible when p '# 3 since 12 = -4a2d2,

a =F 0 and d =F O. Similarly, fi( ,3i1) has a repeated eigenvalue if and only if

9/2 = -4a2dl , which is impossible when p =F 2 since 12 = -4a2J2. Therefore,

at least one of the pairs ("'(Oi1, ,d, (io'1 1
, id, or (-''(~il' ,3id gives the desired

(0'0, Gd·
Suppose now that .0(;0), fi( "'(1) both have repeated eigenvalues. Without

loss of generality, we may assume that p{,o) = (g ~) and p(id = (~g), for

sorne a. b, c E JF;2' A simple calculation shows that p(iO'l) has a repeated

eigenvalue if and only if 4ab + c = O. Similarly, fi(,l ;o,d has a repeated

eigenvalue if and only if 2ab + c = 0, which cannat be the case when p =F 2 if

p("'(Oil) has a repeated eigenvalue. Therefore at least one of the pairs {i01'l , 1'1)

or (il ,01'1, il) generates fi and has the property that the image of its tirst

component has distinct eigenvalues. This reduces the problem to the case
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considered above. thus pro,;ng the lemma. 0

Let F be a free module over a ring R, and Al an endomorphism of F.

Definition 2.23 An element v E F is said ta be an eigenvector of Al (with

eigenvalue ,,\) if there exists some À E R satisfying .~lv = ÀV, and v may be

completed ta a basis of F.

Remark: If R is a local ring, and F is finitely generated over R, then by

~akayama's lemma, v E F may be cornpleted to a basis of F if and only if

the reduction of v mod mR is nontrivial.

Proposition 2.24 Let (R, m) be a local ring with residue field k. Suppose

that .;.\1 E GL2 (R) does not reduce ta a scalar matrix mod m. Then .\1 has

an eigenvector in R2 with eigenvalue À E R if and only if À is a TOot of the

characteristic polynomial ch (..\1) of .Al.

Proof: Let ~fl denote the reduction of AI mod m. Since .fl is not a scalar

matrLx. there is a basis {hl, 62 } of k2 with respect to which Ai has at least

three nonzero entries. Let bI- b 2 E R2 be elements reducing to 61, h2 mod m.

By ~akayama's lemma. {bl , b 2 } fOlms a basis for R2
• Let Al = (~~) with

respect to {bl , b 2 }. Assume that a. b, dER x (if not, one may apply a similar

argument using the three entries of ~\1 which are units). Suppose that À E R

is a root of ch(AI). Then we daim that v = b l + (À"ba)~ is an eigenvector

of .\/ having eigenvalue À. Clearly v reduces to a nontrivial vector mod m.

Expanding gives .\lv = .Àbl + (c + d(À"ba)) b 2 • Since À is a root of ch(!l},

we have (a - À)(d - À) - bc = 0, and hence À( À"ba) = c + d( À;;a). Substituting

into the above expression for .\lv proves the daim.
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•
Conversely, suppose that v E R2 is an eigenvector of M with eigenvalue

,x E R. By ~akayama's lemma, there is a vector Vi E R2 such that {v, Vi}

forms a basis for R2. With respect to this basis, Al = (à~) for sorne b, dER.

Thus ch(.lI) = (.\ - A)(.\ - d), 50 ,x is indeed a root of ch(AJ). o

•

•

Conjugating (J only affects puni... by conjugation, for if Al E GL2 (lFp ), then

choosing any lift Ji E GL2 (Runi"') of AI, the deformation (Runiv, J;Ipuniv Ai- l )

is the universal deformation of ~\l{J."l-L. Thus in arder to determine Runiv,

we are free ta alter {J by changing to any basis of ~. Let 0'0, 0'1 be as in

Lemma 2.22; since l10,0'1 topologically generate n, the residual representa

tion {J is cornpletely determined by (J(O'o), {J(O'd. Extending scalars to lFp2,

we may assume (as in the proof of Lemma 2.22) that p(l1o) = (a; Jo) and

jj(O'I) = (~: ~1 ) for sorne ao, do, al, Cl, dl E lF;:z satisfying ao i= do and al i= dl'

Fix lifts 00,80 .01, 1}1, 81 of ao, do. al, Ch dl respectively to IF (lFp2). The follow

ing lernma will suggest a candidate for puniv:

Lemma 2.25 Let (A, [pD be a defonnation of (J®IFp2. Then there is a unique

representative Pg E [pl for which there exist ma, ml, no, nI, n2 E mA such that

Proof: Let f(x) he the characteristic polynomial of p(l1o)' Since the roots

ao, do of the reduction ï(x) of f(x} mod m.4 are distinct, I(x) satisfies the

hypotheses of HensePs lemma, and therefore has a root ,xo E A reducing ta
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ao mod m.ot. By Proposition 2.24, p(O'o) has an eigenvector Xo E ...12 with

eigenvalue Ao- Similarly, p(ar) has an eigenvector Xl E .42 with eigenvalue

Àl E A sucb that À l reduces to dl mod m.ot- Since p is absolutely irreducible,

the reductions Xo. Xl of Xo. Xl mod m.-t are linearly independent; hence by

Nakayama's lemma. {Xo, Xl} forms a basis for AI. Let Pg : n ~ G L2 (.4)

denote the homomorphisnl obtained by writing p with respect to this basis,

50 that Pg(O'o) is upper-triangular and pg(ad is lower-triangular. Rescaling

{xo. xd if necessary, we may assume that pg(ao) = (0 ~ ). Since Ao reduces

to ao and ,\ 1 reduces to dl, and since Pg is conjugate to P, tbe reduction

of Pg mod mA is equal to p. Let B E GL2 (A) be sucb that Pg = BpB- l
.

Since p is absolutely irreducible, Schur's lemma together with the fact that

Pg = P imply that B must reduce to a scalar matrix mod m. ~1ultiplying B

by an appropriate scalar thus gjves B E GL~(A). 50 Pg E [pl. This proves the

existence of Pg.

To prove uniqueness. suppose p' E [Pg] is also of the given fonn. Let

bo, bl'~' ~ E m be such that B - (ltbo 1~lb3) satisfies p' = BpgB- 1
• In

particular, we have

p/(O'o) - Bpg(ao)B- 1 (2.26)

_ _1_ ( • (1+bo)«(l+bo}-ao(l+1n(I)bl +b16o(1+md) )
detB ~((ao-6o)(1+b3}-b:d • •

By assumption, the lower-leit entry of p/(ao) is zero, that is,

34



•
Since 00 - &0 is a unit, 50 is (00 - 60 )(1 + b3 ) - ~, and therefore ~ = O.

Applying the sarne argument to the upper-right entry oC P'(O'd gives bl = O.

Putting ~ = bl = 0 in (2.26) gives P'«(10) = (l+bo)l(l+bJ) (~ (1+~)2), and hence

(l1~~~b3) = 1. which implies that bo = b3 , and thereCore Pg = p'. 0

Tbeorem 2.21 Suppose that p > 3 and let p, (10, l11, 00, &0, 01, Til, and 61

be. as in Lemma 2.25. Then Runiv(p @ Fpz) = ~V(lFpz )[[to, t ll ua, Ut, U2]], and

the corre.sponding unive.rsal defonnation puniv of p~ Fpz is conjugate to the

deformation p given by

•
(

00 (l + to) l ) 1

p( l1o) =
o <50 (1 + td

•

Proof: Given any deformation [pl of p ~ IFp2 to A, choose Pg E [pl as in

Lemrna 2.25. Define a ~F(Fp:Z )-algebra homomorphism

by q)(td = mi and q)(Ui) = ni Cor each i, extended by ~V(lFp2 )-linearity. By

Proposition 2.10, we may extend ri> to a continuous homomorphism

In fact, q) is a morphism in 'DEF(p@Fpz). To show that q) is unique, suppose

that q)' : Hl(IFpz )[[to, t ll UO, Ul , U2]] ~ A is another sucb morphism. Letting

q)' also denote the induced map on the generallinear groups, <j>'(pUniv «(1o» and
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ct>'(puniv(O'r)) are of the form given in Lemma 2.25; hence by the uoiqueness

statement of Lemma 2.25, we have 4>'(puni"·(O'i)) = Pg(O'i) for i = 0,1. This

implies that 4>(td = rj>'(td and q,(Ui) = 4>'(Ui) for each i, and therefore 4> = 4>',

as desired. The final statement now fo11ows from the discussion preceding

Lemma 2.22. 0

2.6 Conditions on Deformations

If the determinant of a given residual representation p is 1 (that is, if the im·

age of pis contained in 5L2 (k)}, then it is natural to insist that defonnations

of p also have determinant 1. Accordingly, let DEFi (p) denote the subcat·

egory of DEF(p} consisting of only those objects (.-l, [pD such that p has

determinant one. ~(azur's proof of the existence of the universal deformation

carries over to show that there is a universal object (R~niv, p~niv) in 'DEFi (fi)

(see [Gou], p.68). In facto imposing a fixed determinant 00 deformations of

fi is perhaps the sirnplest example of a "deformatioo condition", that is, a

property of deformations which defines a subcategory of 1JEF(p) in which a

universal abject is guaranteed to existe See [Gou], Lecture 6 for a detailed

discussion of such conditions.

Tbeorem 2.28 Let notation be as in Theorem 2.27, and suppose that p ha3

determinant one. Then R~niv(p ® lFp:Z) = U·(JFp2 )[[to, ua, ud], and the COfTe

sponding universal deformation P'tniv of [J®Fp 2 is conjugate to the deformation
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and

(ao (1 ~ to)) - 1)

(al(l : UO))-I) .

•

•

Proof: If (A, [pD E 'DeFI (p 0 Fp:!). then the representative Pg E [pl of

Lemma 2.25 has deterrninant one, and hence 80 (1 + md = (00(1 + mo))-l,

and 8dl + n2) = (01(1 + no»-l. Thus defining 4J: Zp[[to,uo,udl ~.4 by

4>(to) = mo, 4>(uo) = no, and tP(ud = nI gives a morphism in 'DEFI (p) .

Uniql1eness again follows from the uniqueness of Pg.

To obtain R~niv(p) from R~niv (fi 0 F p2 ), one applies the same argument

that was used above for the usual universal deformation, with two minor

changes. First, one must choose the lift of puniv to Ui (k)[[t l, .•. ,td]] in the

proof of Proposition 2.20 to have determinant one. Such a choice is possible

since the homomorphism 4> : ~V(k)[(tl"" , td]] ~ Runiv reduces to the iden

tity on k. A1so, one must check that deformations of determinant one corre

spond to cocycles of trace zero under the isomorphisrn (2.21). In other words,

tR~niv ~ H 1(n,ado(p)), where ado(p) is the subgroup of ad(jj) consisting of

the trace zero matrices. Thus replacing Hl(n, ad(jj) with H 1(n, ado(p)), one

may apply the above argument to R~nÏ\·, which gives the desired result. 0

Given a residual representation p: n~ GL2 (k), suppose that for sorne

closed subgroup 1 c n, the subspace of k2 consisting of ail fixed points
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of p(/) has dimension one. A deformation p of p to a ring R is said to be

[-ordinary if the submodule of R2 of fixed points of p(/) is a direct summand

of R2 of rank one. Note that the condition of being 1-ordinary is preserved by

strict equivalence, and is therefore a well-defined property of deformations.

If 1 = (6) for sorne 6 E n, we will say that p is 6-ordinary. By essentially the

same argument that he used to prove the existence of the universal deCorma

tion, ~Iazur showed in his original paper [Maz89] that there is a universal

[-ordinary deformation whenever {J is itself I-ordinary. If p has determinant

one, then there is a universal I-ordinary deformation of determinant one.

Throughout the following, ail deformations will be assumed to have determi-

nant one.

Theorem 2.29 Let (70, (71 be topological generators of n. For p "# 2, let

fi : il ~ SL2 (Fp ) be a residual representation which is (7i-ordinary for

i = 0 or i = 1. Let R~~Jv denote the (detenninant one) di -ordinary uni

versai defonnation ring. Then R~~v = Zp[[th t2]] .

Proof: By conjugating {J and interchangjng 0'0 and 0'1 if necessary, we may

assume that i = 0, and that p(O'o) = (6 i). ~Ioreover, every (7o-ordinary de

formation p of p has a representative satisfying p((70) = (Ô i ). Once again, we

may apply the same argument as for Runiv above to show that R~iJv is a power

series ring with coefficients in ..."t(k), except that we must lift puniv(O'o) to a

matrix of the Corm (Ô i) and puniv
(0'1) to a matrix of determinant one in the

proof of Proposition 2.20. ~Ioreover, if R~~Jv (p @ Fp2) = W(Fp:Z )[[t1' ... , td]],

then R~~v = Zp[[t 11 ••• ,td]]' This again follows from the above argument,

except that Hl(n, ad(p)) must he replaced hy H 1(n, adgO(p», where ~0(jj)
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denotes the subgroup of ado(13) consisting of those matrices whose kernel

contains the subspace of k2 fixe<! by p(oo).

The last paragraph of the proof of Lemma 2.22 shows that we may assume

that 01 has distinct eigenvalues (in IFp:l) by replacing 0'1 with 010"0 or 000'10'0

if necessary. Thus without loss of generality, any oo-ordinary deformation P

of p® Fp2 to a ring R has a unique representative of the Corm p(O'o) = (Il 1)
and p(O'.) = (~::~ (Q+~d-l ) for sorne ml, m2 E mR, where 0:, /3 E ~V(f'p2)

are fixed. An argument similar to that in the proof of Theorem 2.2i shows

that R~~v (p ® lFp:Z) = Hi (lFp2) ((t 1, t2]], where the corresponding universal de-

t' • unh-·· b uni\' ( ) ( 1 L) d univ ( ) ( o+t l 0 )lormatlon Pord IS glven y Pord 00 = 0 L an Pord 0'1 = ~+t2 (o+td- 1 •

ThereCore. by the above remarks. R~~jV = Zp[[t l, t2]]. 0

If p(0 j) ,...., (0L ~1 ), then by abuse of language we will also say that a

deformation p of p is CTj-ordinary if p(Oj) ,...., ( 01 ~1 ).

Corollary 2.30 Let CTo and 0'1 be as in Theorem 2.29. Suppose that for i = 0

or l, p(od ,...., (c/ ~l). Then there is a universal oj-ordinary deformation

(R~~Jv, p~~V), and R~~Jv = Zp[[tt, t2]]'

Proof: \Vithout loss of generality, we may assume that i = o. Given any de

formation p of any residual representation p, let p_ denote the deformation

gjven by p-(O'o) = -p(O'o) and p_(o.) = p(od. Since p(uo) ,...., (ël ~1)' we

have p-(oo) ,...., (Ô i)· Since pis absolutely irreducible, 50 is p_; hence by The

orem 2.29, there is a universal uo-ordinary defonnation p':~;d corresponding

to p_, with R'!..r:;;d = Zp[[t1, t2))' The universal uo-ordinary defonnation of p

is given by (p'!..r:;;d) _. 0

Let S c rr he a finite set. We say that a deformation p of p : n --+ GL2 (k)

is S-ordinary if p is CT-ordinary for every 0' ES. Assuming that p is itself
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S-ordinary, we once again obtain a universal deformation (RS~~rd' PS~~rd)'

Tbeorem 2.31 Let n he as above, (10, trl topological generators of n. Let

S = {C1o,CTl}, and suppose that p : Il ~ SL2(lFp ) is an S-ordinary residual

representation. Then RSn.!.~rd = Zp[[t]], and PS~~rd is conjugate to the defor

mation p given by

and p((1d = ± (1 0)
0+ t l

•

•

for sorne 0 E Zp, where the sign of each p(CTi) corresponds to the sign of the

eigenvalue ±1 of p(C1i)'

Proof: Conjugating p if necessary and applying a similar argument to that

in the proof of Corollary 2.30, we may assume that p(CTo) = (Ô 1) and

{J(C1l) = (~ y). Fix a lift Q E Zp of a. Any S-ordinary deformation p of p to R

has a unique representative of the form p( l1o) = (Ô ~ ) and p(CT.) = (Q~m ?)
for sorne m E mR. The same argument as for the universal deformations

above now gives the result. 0
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3 Lowering the Field of Definition

3.1 The Cyclotomie Character

Let Q(t) denote the maximal algebraic extension of Q(t) unramified out

sicle three places. each of which is fixed by Gal (Q(t)/Q(t)), and let Po, Pb P2

denote the valuation ideaIs corresponding to these places. By Theorem 2.7,

there exist topological generators "'fo, 1't, 1'2 of inertia groups above Po, Pl, P2

respectively, which topologically generate n := Gal (Q(t)/Q(t)) , and satisfy

T01'11'2 = 1. By the fundamental theorem of infinite Galois theory, n is a nor

mal subgroup of rQ := Gal (Q(t)/Q(t)); thus rQ acts on n by conjugation.

The action of a E r Q on n is determined up to conjugation in n by the

restriction fi of a to Q(t). Viewing fi as an element of GQ via the natural

isomorphism Gal (Q(t)/Q(t)) ::: GO' the action of (j on each ri is deter

mined up to conjugation in n by the action of fi on the roots of unity in Q.

To make this explicit, we define the cyclotomie chameter X as follows: let

Z := ~ Z/nZ, and fix a compatible system «(n)nEN of primitive nth roots
nEN

of unitY (n' Given jj E GQ , for each n E N we have

for sorne Xn(it) E (Z/nZ)X which is independent of the choice of (n' Moreover,

this action is compatible in the sense that whenevermln, the natural map

Z/nZ ~ Z/mZ takes Xn(fi) to Xm(fi). Thus (Xn(fi))nEN E ZX, and we

define the cyclotomie character X : GQ ---+ ZX by X(èt) = (Xn(fi))nEN. For

(j E f Q, we will often write x(a) to mean X(èt) .
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Given any profinite group G = ~ G j , where each Ci is finite, there
iEI ~

is a natural way to define exponentiation in G by elements of Z. Given

(gi)iEI E G. 0 = (On)nEN E Z, define (gd Q := (g~n(I») where n(i) = ICil. The

compatibility conditions on (gd and on (on) ensure that (g~n(i») is indeed an

element of C.

Theorem 3.1 For each u E rQ and each i =0,1,2,

where ~ denotes conjugacy in n, and '( is the cyclotomie character.

Proof: The proof given here follows that of [rvl~1991, Ch. l, Theorem 2.3. For-each i = 0, 1~ 2~ let ~ be the valuation ideal of Q(t) such that ii generates

the inertia group li := 1 (Pi/Pi)' Since U(Pi) = Pi for each i = 0,1,2, we have

11 = 1 (O'(pd/Pi), and in particular "'ff E 1 (UCPi)/Pi). Since n acts transi

th'elyon the primes above Pi. there is sorne 6 E fi such that 6 (U<Pi)) = Pi,

and thus ("yf)6 E Ii. The group li is generated bY'Yi as a procyclic group, so

there is sorne 0 E Z such that (if)6 = ij: in particular, we have '"Yr ~ ij.

It remains to show that 0 = X(u). For each i = 0,1,2, let fi E Q(t) be

an elernent which generates Pi in its correspoDding valuation ring. For each

i = 0, 1,2, Q(t)(/il/n)nEN is an abelian extension of Q(t) contained in Q(t),

where we choose each //In so that they are compatible in the sense that

(f/11m)k = filin for ail k, n E N. We DOW fix sorne i = 0, 1, or 2. Since

lin n-Q(t)(/i )nEN Q(t) = Q(t),
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there is sorne 17 E rQ whose restriction to Q(t) is 0-, and which fixes filIn for

a1l n. Now "Yi(fi) = fi, sa "Yi(f/ ln ) is an nth root of fi in Q(t), and is therefore

of the form (nf/In for sorne nth root of unity (n' ~loreover,

is generated by the restriction of "Yi to Q(tH!i1
/
n

), so (n is a primitive nth

root of unity, and the various (n obt.ained in this way are compatible under

the canonical maps. Since èJ restricts to 0-, there is sorne 6 E n such that

17 = 8(7. and hence "Yt ...... "'if ...... ri· Therefore, the restrictions of "'if and "Yf to
-ab

the ma.ximal abelian extension Q(t) of Q(t) in Q(t) are equal; in particular,

'"'(f(f/ln) = "Yt (f/ ln ) for aH fi. Thus we have

,·Qf1/n _ ... Q (fl /n) _ jj (fl/n) _. _- -1 (fl/n)
"tn i - fi i - "Yi i - (7"Y.(7 i

- - (fl/n) - - (r fl/n) - - (r )fl/n
- (j"Yi i - (j Io,n i - (j Io,n i ,

and therefore o-«n) = C;:: for all n, which proves that 0 = x(o-).

3.2 The Rigidity Theorem

o

•

In this section, we introduce the notion of rigjdity, which will be used to

extend the universal deformation of a given residual representation

to a representation of nK (,.) := Gal (K(t)/K(p, t)), where K is an algebraic

extension of Q and IJ is a collection of roots of unity in K which depends
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on p.

Let G he a group, and let Co, ... ,Cn be cODjugacy classes in G (Dot

Decessarily distinct). \Ve deDote by Ë(Co, ... ,en) the set of aB n + I-tuples

(go, ,gn) E Co x ... X Cn which satisfy go··· gn = 1. AD n + I-tuple

(ho, , hn ) E Gn+l is said to he LocaUy conjugate to an element (gol ... 1Yn)

of f:(Co, ... 1 en) if (ho, ,!ln) belongs to f:(Co, ... ,Cn) and the subgroups

(go, gn) and (ho, , hn) of Gare isomorphic. Note that G acts on

!:(Co, , en) by componentwise conjugation; thus for g E G, we will write

(go, ! gn)9 to mean (ggog-l, ... . ggng- l ). Two elements of f:(Co, ... ,Cn)

are said to be gLobally conjugate if they lie in the same G-orbit under this

action.

Definition 3.2 The n + I-tuple (go, .... gn) E t(Co, .... en) is said to be

rigid if every element of Gn+l which is LocaUy conjugate to (go, ... , gn) is

globally conjugate to (go, . . . , gn) .

For any algebraic extension K of Q, let GK .- Gal(K/ K), and let

nK := Gal (KW/ K(t)). where KW denotes the ma.ximal algebraic exten

sion of K(t) unramified outside 0,1. oc. Let la' lt, '"'foc E nK be topological

generators of inertia groups /0, /1, Lx; above 0, 1, oc respectively such that

'"'folt"Yoc = 1.

Lemma 3.3 (Belyl) For each i = 0,1, oc, the natural surjection nK -... GK

has a splitting dJi : GK ~ nK whose image is contained in NnK (Id.

Outline of Proof: \\ïthout loss of generality, suppose that i = O. Let
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where ~ denotes conjugacy by an element of the commutator subgroup

[n,.;, n,.;] of n,.;, and X denotes the cyclotomie character. One may show

that restricting the natural map n,.; - G,.; to r defines an isomorphism

r -- G,.;. Letting t'Pi be the inverse of this isomorphism gives the result. See

[Bel80], §l for details. 0

Corollary 3.4 The group n,.; is isomorphic to n,.; ~ G,.;.

The following theorem, which we will use to extend the universal defor

mations of §2.6. is a variant of the rigidity theorern of Belyi, Fried, ~Iatzat,

Shih. and Thompson. For other variants. see [Ser92], [Vol96], and [~IM99].

Let G be a profinite group, and T the natural map G~ GjZ(G). Given

any homornorphisrn (i!>eom : n,.; ~ G. let p denote the set of aIl nth roots

of unity in K for which (i!>eom (,i) has exact arder n in sorne finite quotient of

G for sorne i = O. 1. oc.

Theorem 3.5 Suppose that «(i!>eom (lO), {fieom (lI)' ~eom(lOlO)) forms a rigid

triple in G. Suppose moreover that Za(lm«(i!>eom)) = Z(G).

(1) The composed map jJ!>eom := T 0 (i!>eom : n,.; ~ GjZ(G) extends uniquely

to a homomorphism p: n,.;(I') ~ GjZ(G).

(2) Let Oi be as in Lemma 3.3. and suppose that for sorne i the inclusion

Z(G) y r- 1 (jJ 0 Oi(G,.;(",))) splits. Then ~eom extends to a homomorphism

p : n,.;(",) ~ G which is unique up to multiplication by a homomorphism

w: G,.; ~ Z(G).

Proof: Let 1 E il,.;(",). By Theorem 3.1, llil- 1
-- '"Y; ("Y) in llK for each

i = 0, L ::x::. and hence ~eom (;ri"'t -1) -- ~eom (ri r~("'r) in G. Let H he any finite

quotient of G, and let n he the arder of the image of r m(1'i) in H. Since
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, fixes K (II) pointwise and K (II) contains aH of the nth roots of unity in

K, we have x(,) = 1 mod n. Therefore ~eom('ir~("y) = pleom('"Yi), and bence

~eom(,d 1"0.; pr;eom(',)''Yi,-l) in G. For each i = 0,1,00, let 6i = pr;eom(,i), and

67 = ~eom (1''"Y(y-l ). Since (6o, 61 ~ 6:x:) = (6ri, 6? ' 6~) = Implteom, (6J, 6?, 6~J
is locally conjugate to (60, 61! 6oc ) in G; thus by the rigidity of (60 ,61, 8CXl ),

there is sorne g.., E G such that 9..,6i 9:;1 = 87 for each i = 0,1,00. Define a

set-theoretic map p : nK(pl ~ G /Z(G) by

p(1') = r (g..,) E G/ Z (G)

for ail l' E Il1\(p). \Ve daim that p is a homomorphism extending pgeom. Note

that r(g..,) is uniquely determined since ZG(lmpleom) = Z(G); thus to show

that p is a homomorphism, it suffices to show that given ";, "l E IIK(p), we

have

for each i = o. 1. x. In facto since ,0,1'1, 1'CXl generate lIA" we have

pr;eom(,O',,;-I) = g..,pleom(a-)g:;1 for aH a E nJ(! 50 p is indeed a homomor

phism. The uniqueness of p follows from the uniqueness of r(g..,) and the

fact that for any homomorphism p : nJ({IA) ~ G/Z(G) extending ~m,

P(,"fi'''f- 1) = p(,)pgeom(,i)p(1')-l for each i = 0, 1,00.

Ta prove (2). choose i so that the inclusion Z(G) y. r- 1 (p 0 <Pi(GJ(,,)))

splits. Let ~V = r- 1 (p 0 tPi(GK{pl)) c G. Since the inclusion Z(G) ~ l.V

splits. the surjection rLv : .:V ~ ~V/Z(G) is split by sorne homomorphism
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W : ~V/ Z (G) -+ JV. Thus we obtain a homomorphism

By Corollary 3.4. nl((II) :: nI\" >tJGI(,.), so writing l' E nl(II) as "( = 0/3 where

Q E nI( and P E tPi(GI(,.)), we may define a homomorphism p: nK (,.) ~ G

extending ~eom by p("() = ~eom(o)wop(,B). The uniqueness statement follows

immediately from that of (1). 0

3.3 Rigidity in GL2 (Runiv)

The universal deformation rings of Theorerns 2.28. 2.29. and 2.31 are power

series rings over Zp; in particular. they are local unique factorization domains

(CFDs). Thus in order to extend the corresponding universal deformations

using Tbeorern 3.5. it is necessary to study rigidity in GL2 (R), where (R, m)

is a local CFD with residue field k. \"·e will show that if p is a determinant

one defonnation of a residual representation p : n~ GL2 (k) to such a ring

R. then (p( ;0), p( Il). p(lX)) is rigid in GL2(R).

Definition 3.6 For any domain R! a subgroup G of GLn(R) is said to be

irreducible if there is no eigenvector common ta aIl elements of G in any

domain containing R. The subgroup G is said to be acentral in GLn(R) if

the centralizer ZMn(R)(G) ofG in the matrix ring Mn(R) consists only of the

scalar matrices.

If R = k is a field. tben G is irreducible if and only if the identity map of

G is an absolutely irreducible representation; moreover, by Schur's lemma,

every irreducible subgroup is acentral (see [Isa94}, p.145) .
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Proposition 3.7 Let (R, m) he a local domain with residue field k, and sup

pose that lIa, l'Il E GL2 (R) have the property that the reductions Afo, kIl of

A/a, AIL mod m generate an i1Teducihle suhgroup of GL2 (k). Then for any

domain R' ::) R, the subgroup of GL2 (R') generated by ~'Jo and At/l is both

irreducible and acentral.

Proof: Let ÀO''\l be eigenvalues of Atlo, ~\Jl respectively in sorne domain

containing R. Since Ào and À1 are integral over R, there is a maximal ideal p

of R[Ào, Àd lying above m (see [Lan93], Ch. VII, Propositions 1.10, 1.11). Let

va, VI E R(Ào, Àd; be eigenvectors corresponding to Ào, Àl respectively. The

reductions of va and VI mod p must be distinct, for otherwise R[Ào, Àdp/p is

an extension of k in which l\ÏO' AIl have a common eigenvector; in particular,

Va and VI are distinct. Therefore A/a and AIL gencrate an irreducible subgroup

G ofGL2 (R), and hence also ofGLl(R' ) where R' is any domain containing R.

Furthermore. Gis an irreducible and thus acentral subgroup ofGL2 (Qu(R')).

Since

G is also an acentral subgroup of GL2 (R'). 0

In proving the rigidity of certain triples (At/a, AlI, Af2 ) of matrices in

GL2 (R), the easiest case occurs when klo and i\t/. both have eigenvalues

in R. The following lemmas will allow us to extend R to a domain in which

1.\/0 and AIl have eigenvalues, then descend to obtain conjugacy in GL2 (R).

Lemma 3.8 Let L be a quadratic extension of a field K. Suppose that the

pair Afa, 1\/. E GL2 (K) generates an irreducible subgroup of GL2 (K), and
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that (.\t[~, Al~) E GL2 (K)2 is conjugate to (NIo, Afd by an element ofGL2 (L).

Then (.\1~, .";f~) is conjugate to (Alo, AIL) by an element of GL2(K).

Proof: Let (7 denote the nontrivial element of Gal(L/K), and G the sub

group of GL2 (K) generated by Afo and _~Il' Let Al E GL2 (L) he such that

_\1 Ali_\f-l = .~fI for i = O. 1. Since .J'VIi. Al: E GL2 (K), applying u gives

and therefore _\,[-lu(AI) E ZM2(L)(G). By Proposition 3.7, since G is an ir

reducible subgroup of GL2(K), it is an acentral subgroup of GL2 (L). Thus

J/-lu(."J) = (Id for sorne ( E L. Applying (j ta the equation (7(A/) = (.\1

gives 1\/ = (7(()u(.\I) = O"()(Jl. and therefore u«()( = 1. By Hilbert's

Theorem 90. there exists sorne 0: E L)( such that ( = (1<0). Hence we

have a(o)a(."l) = o~'f, 50 0.\/ is invariant under Gal{L/K), and therefore

0.\1 E GL2 (K). Conjugating each Ali by o.\J gives (o:A/).~li(o:AI)-l = AlI,

as desired. 0

Lemma 3.9 Let (R. m) be a local UFD with residue field k and quotient

field K. Suppose that the reductions mod m of ."10 , AIL E GL2 (R) together

generate an irreducible subgroup of GL2 (k), and that (..\1~, AIn E GL2 (R)2 is

conjugate to (AIo, .~ld by an element ofGL2 (K). Then (A;f~, klD is conjugate

to (.."1o, lld by an element oJGL2 (R).

Proof: Let .\f E GL2 (K) be such that .YAfi Al- l = Al: for i = 0, 1. Multi

plying ..\1 by a suitable scalar, we may assume that .\1 E M2(R), det(AI) #= 0,

and det(."!) has minimal m-adic valuation among ail such multiples of M .
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Let Al- = det( ..\I)Af- l E M 2 (R). If det(.\l) E RX then we are done. Other

wise, there is an irreducible element 0: E R which divides det(Af). \Ve will

show that Q divides each entry of Al, and therefore ~ .\1 E M2 (R) is such

that det(~.\f) has lesser m-adic valuation than det(.\J), contradicting the

assumption on 1\1.

Since R is a UFD and 0: is irreducible, p = (a) is a prime ideal. Let G be

the subgroup of GL2 (R) generated by .\Jo and .\fl , let k = R,/p, and let (;

denote the subgroup of GL2 (k) obtained by taking the mod p reduction of

G viewed as a subgroup of GL2 (Rp ). The diagram

commutes. where the injection R/p y k is obtained by viewing k as the

quotient field of R/p. Since k is the residue field of R/p and the reduction (;

of G mod m is an irreducible subgroup of GL2 (k), by Proposition 3.7. the

reduction of G nlod p is an irreducible subgroup of GL2 (R/p); hence (; is an

irreducible subgroup of GL2 (k). Therefore, è generates the k-algebra M 2 (k)

(see [Isa94], p.145).

For any A E ~12(R), let .4 E ~12(k) denote the element obtained by

viewing A as an element of ~12(Rp) and reducing mod p. Each .4 E M 2 (k)

may be expressed as a k-linear combination of elements of G, say
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For each i = 0, ... ! r, choose .4i E G reducing to .4i mod p, and ai E R p

reducing to à i mod p. Since .-\i E G = (Alo, Ml) for each i = 0, ... ,r, the

lift .-1 = 00.-10 + ... + QrAr E M 2 (Rp ) of .4 satisfies .\I/.4AJ-1 E M2 (Rp).

Hence .\/.-\.1\18 E det(.\/)~12(Rp), and reducing mod p gives .\1.4J~f- = o. Let

.ft = (~~). Taking .4 = (8 Ô) gives 0 = .1\1.':L\i- = (=2::) and bence

a = c = O. Taking .4 = (?g) similarly gives b = d = 0 and therefore .([ = 0;

that is, ~\f E M2(p), sa a divides each entry of .\1, which gives the desired

contradiction.

\Ve now prove the main result of this section:

o

•

•

Theorem 3.10 Let R be a local UFD with residue field k. and suppose that

(Alo! AlI> ~\f2) is a triple of matrices in SL2 (R) satisfying .\foAI1.1\/2 = l.

whose reductions mod m together generate an irreducible subgroup of G L2 (k) .

Then (l,to_.\f1! ~\f2) is rigid in GL2(R).

Praof: Let K = Qu(R). and [ = K(Ào, Àt}, where '\0,'\1 are eigenvalues of

~'fo> ~\{1 respectively. Choosing a basis for [2 _ we view Alo and AlI as linear

transformations of L2 with respect to tbis basis. By Proposition 3.7, Afo

and .\/1 generate an irreducible subgroup of GL2 (R), and also of GL2 (L);

hence choosing eigenvectors Va, VI E L2 corresponding ta the eigenvalues

'\0, À 1 gives a basis {va> VI} for L 2 • Writing (.\/0, Afl ! .\/2) with respect to

this basis gives a triple (.f/o, .\11 , ..\12 ) globally conjugate to (Afo, Ml, Af2 ) in

- (Q "'r ) - (8 0)GL2 (L) such that ':'\/0 = 0 Q-I and Atl = 6 8-1 for sorne 0, {3, 6,; E LX.

Rescaling {vo, VI} if necessary, we may assume that r = 1.

Let (JJ~. .\/f! .:.\{~) he any triple of matrices which is locally conjugate to

(JJo, .\/1. '\/2) in GL2(R), and which satisfies .\J~k/fA/~ = 1. Sînce .\{o ,...., .\t[~

and .\11 '" .\lf, "\0, À l E L are eigenvalues of _I\l~, .\f~ respectively. Thus by
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the same reasoning as for (AJo, AIl, .i\.t/2) above. there is a triple (i/~, i/~, k/2)

globally conjugate to (AJ~, A/~, AJ2) in GL2(L) such that 4~[~ = (C;; Q'~I)

and Ai~ = (~: 8,0.- 1 ) for sorne a', /3', 8' E LX. Now k/o t',J .~[~ irnplies that

Tr(."io) = Tr(Ai~); that is, 0+0- 1 = a' + 0'-1. Hence (a - 0')(00.' - 1) = 0,

and therefore a = a' or a = 0,-1. If a = 0.,-1 # o.', then conjugat

ing (.:~/o,kl1,.f/2) by ~\l = (Q'_~'-I~) gives A-li"104\;[-1 = (Q'~l ~,) and

i\J ~"1~ ~"I- 1 = (:' 8'~ 1 ). Thus replacing (1~/~, J([~ , k/~) with (k/~, i/~ , i/~)M

if necessary, and renaming 0', 6' accordingly, we have ct = ci. Similarly,

Tr(Ai.) = Tr(~~/D gives J3 = 13' or /3 = /3'-1. If f3 = ,8'-1 #: ,8', then tak

ing Al = (~ j'-;,-a') gives AIAi~Al-1 = i\i~ and Alk/~ kl- 1 = (8~~1 g, ), so

replacing (Ai~, l\i~, J~/~) with (."i~, Air, 1~1~)M if necessary gives J3 = f3', and

does not affect Ai~. ~Iultiplying gives

and similarly for Ai~; thus the equation Tr(1\/2) = Tr(Ai~) becomes

and therefore 6 = 8'. Thus we have shown that (AÏa, ill , i12 ) = (k/~, M~, i/~);

in particular, (."Jo, AIl, ."'/2 ) is globally conjugate to (k/~, M~, A/~) in GL2 (L).

In order to obtain global conjugacy in GL2 ( R), first note that either

L = K(Ào) or L is a quadratic extension of K(Ào). In the latter case, by

Proposition 3.7, Alo, AIl generate an irreducible subgroup of GL2(K(Ào));

hence by Lemma 3.8, (A/o, ."11, A'12 ) is globally conjugate to (M~, N/~, A/i) in
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GL2 (K('\0)). Applying Lemma 3.8 again if necessary (that is, if K('\o) #- K),

we find that (A/o, AIl, A/2 ) is globally conjugate ta (A/~, .t\1~, 1\;/2) in GL2 (K).

Since R is a UFD, by Lemma 3.9, (A/o, AlI, 1\;/2) is globally conjugate ta

(A/~A/~, .\/2) in GL2(R). Therefore. (A/o, AlI, A/2 ) is rigid. 0

A similar argument to that in the proof of Theorem 3.10 can be used

to prove the result for any local domain R, provided that ft.;/o and AIl both

have eigenvalues in R. In this case, it is Dot necessary to pass to the field L;

the arguments used above can be applied in R itself. In fact, this argument

can be extended to prove the result for any local domain R provided that

at least one of Alo and AIl has an eigenvalue in R, although the details are

significantly more complicated. ~ew difficulties arise when neither J/o nor

Jl1 has an eigenvalue in R. and it is not clear whether the assumption of

unique factorization is necessary in this case.

3.4 Extending the Universal Deformation

\Ve will now use the rigidity theorem of §3.2 to extend the universal defor

mations of §2.6 to representations of a larger Galois group. Let K be any

algebraic extension of Q, and let nK , "Yo, "YI, "'YXJ be as in §3.2. Let

be any representative of one of the following universal deformations:

(1) the {'YO, 'YI }-ordinary universal defonnation of Theorem 2.31, in which

case R = Z,,[[t]];

(2) the 'Yi-ordinary universal deformation of either Theorem 2.29 or Corol-
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lary 2.30, in which case R = Zp[[tI, t2]]; or

(3) the (determinant one) universal deformation of Theorem 2.28, in which

case R = Zp[[tt, t2 , t3 ]].

Theorem 3.11 The projectivization

of pean be extended uniquely to a representation jJ : nK(I&) ~ PGL2 (R),

where ,." is as in Theore.m 3.5

Proof: Since pero). p(,d, P('"'foc) generate an irreducible subgroup of GL2 (Fp )

and R is a local UFD, by Theorern 3.10, (~eom(ro),p8eom("Yd, ~eom(1'OD)) is

rigid in GL2 (R). By Proposition 3.7, p8eom("Yo) and p8eom(rd generate an

acentral subgroup of GL2 (R), so ZGL2(R)(Im~eom) = RX = Z(GL2 (R». The

result now follows from Theorern 3.5(1). 0

Remark. Given a residual representation (J: nK ~ SL2 (Fp ), let m denote

the prirne-to-p part of . lem (o(p("Yi)), where o(p("Yil) denotes the arder of
1=0,1,00

P("'ti) (in particular, m 1 p2 - 1). Let J.1.m denote the set of mth roots of unity

and IJ.pœ the set of ail pnth roots of unity in K. Note that the kernel of

the reduction map GL2 (R) ~ GL2 (lFp ) is equal ta 1 + M2 (m} -- ~12(m},

and ~12(m) = \!ID ~h(m/mn) is an inverse limit of ~groups, 50 the image of

p8eom ("Yi) in any finite quotient of GL2 (R) bas arder dividing pRm for some

n. Therefore. K(p) is contained in K(J1.m, J1.poe}.

Let Pdenote the residual representation of ~eom.1fp("Yi) has an eigenvalue

in lFp for sorne i = 0.1, oc, then the above result cao he strengthened.
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Theorem 3.12 If ~eom is the universal defonnation of case (3), suppose

that p("Yi} ha3 distinct eigenvalues in Fp for sorne i = 0, 1,00. Then in aU

three cases, ~eom extends ta a representation p : nK (I') ---t GL2 (R) which is

unique up to multiplication by a representation 1jJ : GK(",) ---t RX •

Proof: Let jJ he as in Theorem 3.11. \Vith the notation of §3.2, if we show

that for sorne i the inclusion

splits~ then the result will follow from Theorem 3.5(2). In ail three cases,

~eom('''fd has a rank one eigenspace \" C R2 for sorne i = 0, 1,00 (in case

(3). this follows from the argument of Lemma 2.25). Fix such an i, and

let ~V = r-1(p 0 tPi(GK(",»). \Ve daim that ~V fixes \,', From the proof of

Lemma 3.3. for each 'Y E cPi(GK(",)L we have "'fri"Y- 1 = "Y~(-y); applying ~eom

gives ~eom( '"'f"Yi'y-l) = ~eom( liP:('Y). Since I....(p) :) K(Jlm,Jl.JlOQ), and ~eom("'rd

has arder dividing pnm (for sorne n) in every finite quotient of GL2 (R), we

have ~eom("Yi)':b) = ~eom(ii)' sa pleom(iÎii- 1) = ~eom("Yi)' From the defini

tian of p in the proof of Theorem 3.5 and the fact that ker(r) = Z(GL2 (R»,

it f01l0\\'s that ~eom(llil-l) = g-,pY-eom(ii)g:;l for any gay E r-1(p("Y». Every

Al E ~V can he obtained as g.., for sorne "'r, sa AJpleom("Yi)kl- 1 = pleom(,i) for

aIl JI E 1V.

Let ,\ he the eigenvalue of pleom{ii) corresponding to \/' - Rv. Since

Jl~eom('''fi)AI-lv = ÀV, we have
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•
so A/- 1v is an eigenvector of p8eom("yd with eigenvalue À. Since \f is the

full eigenspace of p8eom("Yë) with eigenvalue À, we must have Af- 1v E l-r,

Therefore, 1V fixes F, as claimed. Thus each .~.J E lV induces a linear map on

R2Il", which is a free R-module of rank one. Fixing an isomorphism

gives the desired splitting. o

•

•

If the residual representation p is "Yë-ordinary, the universal property of

the deterrninant one universal deformation puniv gives a nlap Runiv ~ R~~jv

which takes any extension of puniv to an extension of p~~Av. Similarly, if fi

is S-ordinary, where S = {"'fO' r1}' we obtain maps Runi\' ---t R~~~rd and

Runiv ~ Runiv for each i = 0 1 which take extensions of puniv and puniv"Y, -ord S -ord ' ,. "Yi -ord

respectivelv to extensions of puniv . Furthermore the rnap Runiv ---t Runiv
~ S-ord' S-ord

factors through both maps Runiv ---t RUni-.' via the map Runiv ---t Runiv
")'. -ord S -ord "'r. -ord

discussed above.
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4 Geometrie Construction of Universal De

formations

4.1 Jacobians of Curves

Fix an odd prime p. Let p : nQ ----t GL2 (IFp ) be the representation describing

the action of nQ on the p-torsion points of the Legendre family EL of elliptic

curves over Q( t), given by the equation

EL : y2 = x(x - l)(x - t).

Let fF'oom : n ---+> GL2 (IFp ) denote the restriction of p to n = nQ, and let

O'O,O'l,O'oc E n be generators of inertia groups at 0, 1,00 respectively such

that O'OO'IO'oc = 1. Theo iJ"eom is an absolutely irreducible representation

characterized up to conjugation by the property that ~eom(O'o) and ~eom((7d

both have order p and iJ"eom(O'oc;} has order 2p (see [DarOO], p.419). Let

S = {O'o. 0'1}' In this chapter. we give an explicit geometric construction

of the S-ordinary universal deCormation PS~~rd of ~eom. In Cact, the repre

sentation that we construct will he a representation of the larger Galois group

nÇ(#,poc;), and thus will he the extension of PS~~rd given in Theorem 3.12(1).

Let K be a field.

Definition 4.1 An abelian variety .-\ over K is a complete variety over K

together with a group Law J..l : .-\ x .-\ ---+> .-\ which is a morphism defined over

K. and for which the inverse map a t----+ a-1 is also a morphism defined over

K.
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.-\ morphism of abelian varieties is a morphism of varieties which is also

a homomorphism of the underlying groups. The group law on an abelian

variety is commutative (see [Lan83], Ch. II, §l, Theorem 1). Note that an

abelian variety of dimension one is simply an elliptic curve. When K = C,

the classical uniformization of elliptic curves E jC may be generalized to

abelian varieties .-tjC of arbitrary dimension g. A lattice A of Q1 is a free

Z-module of rank 2g which has a basis which is also an IR-basis for C9.

Theorem 4.2 Let ..tjC be an abe/ian variety of dimension g. There exists a

lattice .\ of Cl and a complex analytic group isomorphism

•
fj) : Cl jA~ .-t(C) .

Proof: See [~(um70], Ch. l, §1(2). o

•

\Ve now describe how to associate an abelian variety Jac(C) j K to any

complete nonsingular curve C j K of genus 9 > O. A divisor Don C is a formai

finite sum of K-rational points on C, that is D = E npP, where each
PEC(K)

np E Z and np = 0 for almost ail P E C(K). We write Div(C) for the abelian

group of divisors on C, where the sum of two divisors Dl = E npP and
PEC(K)

D2 = E mpP is given by
PEC(K)

D 1 +D2 = L (np+mp)P.
PEC(K)

Given a rational function f E K(C)X, we define the divisor (/) of 1 to be

(f) = E ordp(f)P, where ordp(f) is the order of vanishing of f at P. A
PEC(K)
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divisor on C is said ta be principal if it is the divisor of sorne f E K(C)X,

and the subgroup of Div(C) consisting of aH principal divisors is denoted by

Pree). Two divisors Dl, D2 E Div(C) are said ta be linearly equivalent if

Dl - D2 E PreC). The group of linear equivalence classes of divisors on C is

caUed the Picard group of C, and is denoted Pic(C); thus

Pic(C) = Div(C)/Pr(C).

Given any divisor D = L npP on C, the degree deg(D) of D is defined
PEC(K)

ta be deg(D) = L np. The group Pree) is contained in the subgroup
PEC(K)

Divo(C) of Div(C) consisting of the divisors of degree zero (see [Har97],

Ch. II. Corollary 6.10), and thus we may define the degree zero part of the

Picard group ta he PicO(C) = Divo(C)/Pr(C).

The absolute Galois group C K of K acts naturally on Div(C) by

(7 ( L_ npp) = L_ np<T(P)
PEC(K) PEC(K}

for (7 ECK' Furthermore, for any (7 ECK, two divisors Dl and D2 are

linearly equivalent if and ooly if (7(Dl) and 0'(D2 ) are. Thus the action of

C K on Div(C) induces actions on Pic(C) and Pico(e).

For any P E C(K), let

be the map which takes Q E C(K) ta the linear equivalence class [Q - P] of
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Q-P.

Theorem 4.3 The group PicO(C) can be given the structure of the K -ra

tional points of an abelian variety Jac(C) / K of dimension equal to the genus

ofC in such a way that for each P E C(K), fP is an embedding, and Jac(C)

satisfies the following universal property: if cP : C ---+ .-1 is a morphism

from C to an abelian variety .-\ such that cP( P) = 0, then there is a unique

morphism of abelian varieties t!J : Jac(C) ---+ .-l such that the diagram
/p

C ~Jac(C)

~!<.
•-1

commutes.

Proof: See [~lil86b], Proposition 2.3. Proposition 6.1, and Tbeorem 1.1. 0

The abelian variety Jac(C) is called the Jacobian of C. The universal

property of the Jacobian shows that assigning to a curve its Jacobian defines

both a covariant and a contravariant functor from the category of complete

nonsingular curves with nonconstant morphisms ta that of abelian varieties.

Given complete nonsingular curves Cl and C2 • and a nonconstant morphism

(/) : Cl ~ C2, the map fr>(Po> 0 cP : Cl ~ Jac(C2 ) satisfies ftP(Po) 0 q,(Po) = 0

for each Po E Cl' The universal property of Jac(Cr) gives a morphism of

abelian varieties CP. : Jac(Cr) ~ Jac(C2 ). In terms of divisors, cP. is given

by

In particular, f/J. is independent of the choice of Po above. On the other hand,
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for each Q E C2 ! let e,..,(Q) denote the ramification index of cp at Q. Fixing a

point Qo E C2 , there is a nlorphism ftiJ : C2 ~ Jac(Cd given by

which satisfies lz,(Qo) = O. The universal property of Jac(C2 ) gives a mor

phism of abelian varieties cP· : Jac(C2 ) ~ Jac(Cd, which is given in tenns

of divisors by

Once again. (j). is seen to be independent of the choice of Qo above.

4.2 Tate Modules and l-adic Representations

Let .4/K be an abelian variety of dimension g, and fix a prime i Dot equal to

the characteristic of K. For each integer m E Z, there is an endomorphism

[ml : ..t(K) ~ ..t(K) of .4 defined over K given by multiplication by m. We

write ..t[m] := ker[m], and caU the elements of A[m] the rn-torsion points of

.4. For each positive integer m Dot divisible by the characteristic of K, we have

deg[m] = m 2g (see [~li186a], Theorem 8.2). Applying this equality to every

positive integer d dividing rn shows that ..t[m] is isomarphic to (Z/mZ)2g
•

As m ranges through powers of f! the f'l-torsion points together with the

multiplication-by-f. maps [i] : .4[['1+1] ~ .4[f.'l] farro a directed system of
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groups. The inverse limit

Tl (.-\) ~= \!!!! .-\[F]
nEN

is called the (l-adic) Tate module of A. The Tate module TlC.-l) is naturally

a free Zrmodule of rank 2g, where the action of Q E Zl on .-\[f"] is given by

multiplication by the reduction of Q mod en. This action preserves compat

ibility under the multiplication-by-l maps, and thus defines an action of Zt

on Tl (.-\).

Since the addition law on .-l is defined over K, the action of GK on .-\

commutes with [m]. Thus restricting to A[m] gives an action of G K on A[m].

~[oreover. since this action commutes with the multiplication-by-f map~ we

obtain a Zrlinear action of G1\ on Tl (.-\). Choosing a Zrbasis for Tl (.-\) gives

a homomorphism

called the l-adic representation associated to .4.

\Ve define the extended Tate module li(.4) := T l (.-\) ®Zl Qi! which is a

Ql-vector space of dimension 2g, together with a Qi-linear action of GK. This

action gi\"es a representation

which may he obtained from the l-adic representation by extending scalars

to Qi .
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Let w : .4 --+ B be a morphism of abelian varieties. Since 1/J is a group

homomorphism. it maps en-torsion points of .4 to en-torsion points of B, and

commutes with the multiplication-by-l maps on each side. Thus 1P induces a

Zrmodule homomorphism

by applying 111 componentwise, that is, Wl : (an)nEN .....--t (Wt(lln))nEN' where

an E .-t[en] and [t']an = an-l for each positive integer n. We will also write 1/)1

for the map \(.4) ~ \'(B) obtained by tensoring with Qi.

Proposition 4.4 Let <p : Cl ~ C2 be a nonconstant morphism of complete

rwnsingular curves defined over K. and let tt>; : Tl (Jac(C2 )) ~ Tl (Jac(Cd)

denote the map induced from (j). : Jac(C2 ) --+ Jac(Cd. Then tPl is injective.

Proof: Let o· :Div(C2 ) ~ Div(Cd denote the map given by

o· :L nQQ~ L nQ L e,p(Q)P.
QEC-~ QEC2 PE~-l(Q)

Suppose that D E Divo(C2 ) is such that tiJ·(D) = (f) for sorne! E K(Cd.

The map (j) induces an injection of function fields K(C2 ) c....+ K(Cd, and we

have

s K(C1 )(!) d ' D
• 'OrtnK(C:d = egfP' .

In particular. the image of D in Pic°(C2 ) ~ Jac(C2 ) is a deg<f>-torsion point.

If t E Tl (Jac(C2 )) is such that q,;(t) = 0, then every component of tisa
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deg(f,-torsion point. and thus t is itself a degd>-torsion point of Tl (Jac(C2 )).

Since Tl (Jac(C2 )) is a free Zrmodule, we must have t = o. 0

Remark: Since Qi is flat over Zt (see [Lan93], Ch. XVI, Proposition 3.2),

the map d>; : \Il (Jac(C2 )) -4 \;i (Jac(Cd) is also injective.

4.3 Reduction of Curves

Let K be a field of characteristic zero, CIK a complete nonsingular curve of

genus 9 > 0, and p a valuation ideal of K with corresponding valuation ring

R. For any valuation ideal Ji of K above p, the action of the inertia group

1 (p/p) on the Jacobian of C is c10sely related to the reduction type of C

at p.

Definition 4.5 .4 K-model ,Al of a variety FIK i.s a set of equations with

coefficients in h-. taken up ta multiplication of each equation by elements of

K x. such that .\/ defines an element of the K -isomorphism class given by F.

:\. particular set of equations in the equivalence class Al will be called a

defining set of equations for .\/. \\te will say that a defining set of equations

for .\J is p-reducible if all of its coefficients lie in R, and each equation has at

least one coefficient not in p. The reduction .\.1 of .\f at p is the variety defined

over the residue field k = Rlp ohtained by reducing mod p the coefficients

of a p-reducible set of equations for .\1. Fixing a valuation ideal p of K above

p with valuation ring R, we obtain a reduction map r : l\f(K) --+ l\f(k) by

choosing for each K -rational point of Al an expression which bas projective

coordinates in il but not all in p, and reducing the coordinates mod p.
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Definition 4.6 The curve C/ K of genus 9 is said to have good reduction at

p if it has a K -model whose reduction at p is a nonsingular curve of genus g .

.4n abelian variety .4/K of dimension 9 is said to have good reduction at p if

it has a K -model whose reduction at pisan abelian variety of dimension g.

If C (respectively A) has good reduction at p, we will often identify C

(resp. K) with a !(-model whose reduction is as in Definition 4.6. In this

case, the reduced curve (respectively reduced abelian variety) is independent

of the choice of such a K -model. If C or .4 does not have good reduction at

p. then we say that it has bad reduction at p.

Jacobians are well-behaved with respect to good reduction in the sense

that if C has good reduction at p then 50 does Jac(C), and in this case,

the Jaccbian of the reduction of C is the reduction of Jac(C). The converse,

however. is Dot true: there exist curves with bad reduction at a valuation

ideal p whose Jacobians have good reduction at p (see [Maz86}, p.238 for an

example).

Definition 4.7 A representation p of G K is said to be unramified at p if

p (1 (p/p)) = 1 for each valuation ideal p of K above p. Equivalently, P is

unramified at p if P is unramified in the extension of K COfTesponding to the

quotient GK/ker(p).

Proposition 4.8 Let ehe a rational prime not below p. If the abelian variety

.-l/K has good reduction at p, then the f.-adic repre.sentation Pt attached to

.4 is unramified at p.

Praof: It suffices ta show that the representation PlY' : G K ~ Aut(.4[en])

describing the action of G K on the en-torsion points of ..4 is unramified for
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each n. Let .4 denote the reduction of A at p, and let li he any valuation ideal

of K above p. The reduction map restricts to an isomorphisrn

(see [ST68], §l, Lemma 2). Since .4[en] and .4[en] are both free Z/enZ-modules

of rank 2 dimA =2 dimA, counting gives A[fR]/(p/P) = .4[en]. 0

Remark: The converse to Proposition 4.8 is also true, and is known as the

criterion of Néron-Ogg-Shafarevich. To be precise, if Pl is unramified at p for

sorne enot below p. then .4 has good reduction at p (see [ST68), §1).

4.4 Mumford Curves

\Vhen a curve CIK has a special type of bad reduction at p, strong informa

tion can be obtained about the action of the inertia groups above p on the

Tate module of the Jacobian of C. To make this precise. it will he userul to

have an alternative description of the inertia group. Let K and F be fields,

and let r/J : K ~ F u {oc} be a nontrivial place of K with valuation ring

R and valuation ideal p. as in §2.2. Let K, denote the completion of K at p,

which is the quotient field of the completion of R with respect to the p-adic

topology. Let L be a Galois extension of K, pa valuation ideal of L above p,

and L p the completion of L at p. The extension LplKp is Galois.

Proposition 4.9 The map rL : Gal CL,IKp) --; Gal (LIK) given by re

striction to L defines an isomorphism o/Gal (LplK p) onto the decomposition

group D (p/p).

•
Proof: See [Ser68), Ch. II, §3, Corollaire 4.
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~ow let K = k(tL where k is an algebraically closed subfield of C. For

each P E pl (k), let </Jp : K ---+ k u {oo} be the place given by dJp(f) = f(P)

for f E K (see §2.2). Identifying Pl(k) with k U {oo}, the completion Kp of

K with respect to qJp is given by

K p = {k( (t - P)) if P E k ~
k (( t)) if P = 00.

Let p be the valuation ideal of K at p! and pa valuation ideal of K above p.

Then 1 Cp/p) = D (p/p) may be identified with Gal (K plK p ) as in Proposi

tion 4.9. ~[oreover. we have

if P E k

if P = 00.

Cnderstanding the action of the inertia group 1 (p/p) on the K-rational

points of an abelian variety AIK is equivalent to understanding the Galois

action on the Kp-rational points of .-l (as a variety over K p ).

Definition 4.10 .4 complete nonsingular curve CIK p is called a Mumford

curve if it has a K p-model whose reduction (at P) is a union of projective

lines whose only singularities are ordinary double points.

~[umford proved the existence of the following uniformization, generaliz

ing a theorem of Tate in the case of elliptic curves.
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Theorem 4.11 Let C/ K p be a Mumford curve of genus 9, and J its Jaco

bian. Then there is a surjective group homomorphism

-x 9 (-v:(K p ) ----tJ K p )

commuting with the action of GK p on each side, whose kemel is a discrete

subgroup of (K;)9 freely generated by elements qI, ... ,Q9 E (K~ )9.

Proof: See [Gv80]. Ch. VI, §§1.3.1.4. That a ~Iumford curve in our sense

is indeed a ~'lumford curve in the sense of [Gv80] may be found in [Gv80].

Ch. IV. Theorem 3.10. 0

Remark: Theorem 4.11 remains true if K p is replaced with any field which

is complete with respect to a non-archimedean valuation.

Let p and p he as above. Let e be a rational prime, and let Pt he the

f-adic representation associated to the Jacobian of a curve C/ K of genus g.

Corollary 4.12 Suppose that C becomes a Mumford curue over K p. Then

for each (j E 1 (p/p), we have

where Idg denotes the 9 x 9 identity matrix.

Proof: Since the isomorphism v of Theorem 4.11 commutes with the action of

G K P' it suffices to consider the action of G K p on the fRth roots of the identity

in (K;)91(QI" .. ,Q9)' Choosing a primitive f'lth root of unity (n E K p, the

subgroup of Fth roots of the identity in (K;)91(qI , ... ,qg) is generated by
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the cosets of «n, l, ... ,1), (l, (n, l, ... ,1), ... ,(l, ... , l, (n), together with
llin llin

l"th foots of ql, ... , Qg. Fix l"th foots ql , , qg of ql, ... , Qg. Each

fI E G Kp fixes each of «n, l, ... ,1), ... ,(1, , l, (n), and since each qj is

an elernent of (K~)g, a takes qJ/tR to another l"th foot of qj. Hence

l/tR _ (;jl ;j9) l/tR
aqj - 'm'···' '-n qj

for sorne il! ,ig E Z/enz. Therefore, with respect to the Z/enZ-basis

{«n, l, ... ,1), ,(l, ... , l, (n), ql,". ,qg} for the Fth roots of the identity

in (K;)g / (ql> , qg), fI acts as (1~9 1~9 ). The result now fol1ows from the

discussion preceding Theorem 4.11. 0

4.5 Hypergeometric Families of Curves

Fix an odd prime p, and consider the so-called hypergeornetric family of

curves over Q(t) given by

for each n ~ o. Let (n he a generator of the group J.lp" of pnth roots of unity

in Q. The group Ilpn acts as a group of automorphisms on en by

\Ve will denote by "'fn the automorphism of en given by the action of (n in

arder to distinguish the group ring Zp[rnl = Zp[ppn] from the subring Zp[(nl

of the field Qp«n). \Ve will also identify J.lp" with the automorphism group
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generated by ln'

In addition to the hypereHiptic involution ·(x, y) ~ Cx, -y) and the

action of Jlpfl, there is also an involution Tn of Cn given by

Tn : (x,y)~ G. XP~+l) .

Note that Tn0ln = 1;1 OTn _SO the automorphism group (T,., ""In) is isomorphic

to the dihedral group of order 2pn. Tautz, Top, and Verberkmoes studied Cn

and its quotient C; = Cn/(Tn) in [TTV91] (see in particular Theorem 1

and Proposition 3). For any odd prime T, the Galois representation on the

r-torsion points of the Jacobian ofCl was subsequently studied by Darmon in

connection with the equation x r +y" = zP (see [DarOO], Theorem 1.10), as weH

as by Darmon and ~[estre to construct a regular extension of Q('n + (;; 1) (t)

with Galois group PSL2 (lFq ) for certain finite fields Fq (see [D~IOO], §§2,3).

Proposition 4.13 The quotient curve C;; is birationally equivalent over

Q(t) ta the curve given by

y2 = xgn (x2 - 2) + 4t - 2,

pfl_t
'2

where gn(x) = Il (x + (~ + (;;i).
j=l

Idea of Proof: The subfield of the function field of Cn consisting of those

elements fixed by Tn is generated by x + x- 1 and zP'tl ' Using the formai

relation

(4.14)
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gives the desired equation. See [TTV91], Proposition 3 for details. 0

For each m ~ n, there is a morphism ti>n.m : Cn ~ Cm given by

, (pn-m pn-m -1 )
l!>n.m: (X. y)~ X ,X 2 Y .

If the generators (n for each Jlpn are chosen to be compatible in the sense

that (~ = (n-l for ail n, then ti>n.m 0 ,n = lm 0 tPn,m. Also, each tPn.m satisfies

Tm 0 l/>n.m = 4>n.m 0 Tn, SO tPn,m induces a morphism 4J;;,m : C; ---+ C; given

explicitly by composing the maps

(

p-l ),- .. 1 P p-2k 2 le
4ln•n -L • (x, y) -- 2P- 1?; (2k)x (x - 4) ,y .

Note that the action of the Galois group G~t) commutes with the maps

4>n,m. CP;;.m· Letting Jn and J; denote the Jacobians ofCn and C; respectively,

the induced maps (tPn.m). : l~(Jn) ---+ \/~(Jm) make the extended Tate

modules into a compatible system of GQt)-modules (similarly for \/~(J;)

with the maps (CP;;.m).)'

Since ln does not commute with Tn, it does not give rise to an automor

phism of C;;. However. the endomorphism "Yn + 1';1 of .ln does commute with

Tn , and gives rise to endomorphisms of J;. Let 1rn : Cn ---+ C; he the Dat

ural map. From the proof of Proposition 4.4, the kemel of tr: :J; ~ Jn is

contained in J; [deg1rn] = J; [2].

Proposition 4.15 For each 1 E Ilpn, there is an endomorphism (, + ,-1)

of J;; such that 1r~ 0 ("t + "Y- 1
) - = ("{ + "Y- 1

) Itm1r;"

•
Proof: See [TTV91l, §3.1.
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\Vhen it is clear from the context that we are referring to endomorphisms

of J;. we will write, + ,-1 in place of (, + ,-1)-.

The action of the full Galois group GQ.(t) does not commute with the

action of Jl.pn; however, if we restrict to the subgroup GQ(l'poo ,tb then these

actions do commute. so the action of GQ(ppoc .t) on l/~(Jn) is Q,,[J-lpn ]-linear. In

order to obtain 2-dimensional representations of nQ(l'
p
oo) on V'p(Jn ), we must

show that ",~(Jn ) is a Cree Qp [Jl.pn ]-module of rank two. First we will show

that if \'~(Jn) is indeed a free Qp[Jlpn ]-module, then it must have rank two.

Proposition 4.16 The dimension of Jn is pn, and the dimension of J; is

p"-1
2 .

Proof: Since the dimension of the Jacobian of a curve is equal to the genus

of the curve. we must calculate the genera of en and C;. Both may he

computed using the Riemann-Hurwitz formula. For example, let

he the degree two map taking (x, y) to x. Then h is ramified ooly at 00 and

the roots of x (x2pn + (4t - 2)xpn + 1), which are distinct. Thus h bas 2pn +2

ramification points, each having index two, sa the Riemann-Hurwitz fonnula

gives

2 genus(Cn ) - 2 = 2 (2 genus(p1
) - 2) + 2pn + 2,

•
and therefore, genus(Cn ) = pn •
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To show that \;~(Jn) is free over Qp[llpn], we will need the following lem-

mas:

Lemma 4.17 Let K be a field whose characteristic is not equal to p, and let

C j K be a curve with Jacobian J. Suppose that ~is a nontrivial automorphism

of C having a fixed point p{ E C. Then the automorphism of Tp(J) induced

from ç is also nontrivial.

Proof: Let fP( : C --10 J be the embedding of Theorem 4.3. For any point

Q E C not fixed by ç, we have

and fPf.(f.Q) 1= fP( (Q) since fP( is injective. Therefore ç. is a nontrivial

automorphism of J. The result now follows from the fact that for any abelian

varieties .-\ and B over a field K of characteristic oot equal to p, the oatural

map

is injective (see [~'1i186a], Lemma 12.2). o

•

Lemma 4.18 Let G be a finite group acting as automorphis11l3 on a curve

CjC(t) with Jacobian J. Then for sorne Q,,[G]-module Al, li,,(J) is ÎSornor

phic to 1'.12 as a Q" [G] -module.

Proof: Let fi E C he a point at which C has good reduction, and let Jo

denote the reduction of J at t = o. Since char(C) = 0, for each mEN the
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reduction map Ta : J --4> Jo restricts ta an isomorphism from the rn-torsion

points of J fixed by any given inertia group above t = ct to the rn-torsion

points of Ja (see [ST68], Lemma 2). Since J has good reduction at t = ct, each

inertia group above t = 0: acts triviallyon Tp(J), and therefore Ta induces

an isomorphism Tp(J) ~ Tp(Ja ). Thus it suffices to prove the result when J

is replaced with Jo, where the action of G on Ja is induced from J via Ta'

Let 9 he the dimension of Jo, and let A be a lattice of 01 such that

01 lA :::: Ja as in Theorem 4.2. The action of G on Ja lifts to a linear action

on C9 fixing A. Let {.,\[, ... ,"\2g} be a Z-basis for ~\. Reordering the "\/s if

necessary, we may assume that {À h ...• "\g} and {"\g+h'" ,"\2g} are Cbases

for C9. Since {.,\ l ® l, . .. ,"\2g ® l} is a C basis for A ® C, the representation

of G on .\ ® C is isomorphic to two copies of that on C9 .

On the other hand, identifying ./0 [pn] with pln AIA, there is a canonical

Zp-module isomorphism Tp(Ja ) '" .\ ® Zp commuting with the action of G,

given by

where each aj,n E Zlpnz. Let Xl' be the character corresponding to the rep

resentation of Gan l· := \~(Ja) ::: ~g, and Xw the character corresponding

ta the representation of G on IV := C9. From above, there is a C[G]-module

isomorphism A ® C '" 1"'·2, 50 the character corresponding to the representa

tion of G on A~ C is 2Xw. Since G acts on the free Z-module A, XW must

take values in Q, and thus 2x"..· is the cbaracter obtained from the represen

tation of G on A ® Q, and bence also from that on A ® Q" '" V. Therefore,
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Xv is equal ta 2Xw. o
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Proposition 4.19 The extended Tate module \/~(Jn) is afree module o/rank

two over Qp [Jlpn] .

Proof: Let X be an irreducible character of Jlpn over Q". Over L = Qp «(n), X

decomposes as a SUffi of I-dimensional characters XI, ... ,Xr' The characters

Xl, ... ,Xr form a Galois conjugacy class over Q" 1 and each appears with

multiplicityone (see [lsa94], Theorem 9.21). On the other hand, given any

irreducible character Xof J1.pn over L, there is a unique irreducible character

X of J1.pn aver Q" which has\: as a constituent when lifted ta L (see [lsa94],

Corollary 9.7). Therefore, the irreducible characters X of J1.pn over Q" are

precisely those of the form

x = LXa
,

aEGaf(Qp ((Ar )/Qp)

where X is a I-dimensional character of J1.pn over Qp ((~k) which is not defined

over Q" «(k-l). Fixing a generator /'1 of Ilpn. such a character X is determined

by \("'('1). which is a primitive ~th root of 1. ~loreover, if X' is any other

character of J1.pn defined over Qp«(k) but not over Qp«(k-d, then X'(/n) is

also a primitive pkth root of 1, and hence there is sorne (7 EGal (Q,,«(c)/Q,,)

for which X' = Xa . Therefore, the irreducible characters of Jlpn over Qp are

in one-to-one correspondence with the factor groups of J.lpn, and are given by

\:0,' ... Xn, where Xo is the trivial character, and Xi bas dimension pi - pi-l

for eacb j = 1, ... ,n.

\Vhen n = 0, \~(Jo) bas rank two over Q" by Proposition 4.16. Suppose

for induction that \(~(Jn-d '" Q,,[Jlpn-l]2 as Q,,[Jlpn-l]-modules. By Proposi-
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tion -l.4, the map tPn.n-l : Cn ~ Cn - 1 induces an injection

Since ln acts on the image of \~(Jn-d as a generator ln-1 of Jlpn-l, (4)~.n-l)p

gives an inclusion Q,,[Jlpn-l]2 '--+ "'~(Jn) of Qp[Jlpn]-modules. Since l~n-l acts

nontriviallyon Cn, by Lemma 4.17, the automorphism induced from l~n-l on

l~(Jn) also acts nootrivially, and therefore J1.pr& acts faithfully on \-~(Jn)' From

above, there is only one irreducible representation of Jlpn over Qp whicb does

oot factor through Jlpn-t. namely that having the character Xn; therefore,

the Qp(JlpnJ-module AI corresponding to Xn must appear as a summand of

l~(Jn) (as a Q,,[j.Lpn]-module). By Lemma 4.18, two copies of ..\1 must appear,

so there is an isomorphic copy of Qp[J.lpn-l J2 œ.\/2 contained in Vp(Jn ). Now

Q" [J.Lpn-t] œ1! is a direct sum of aIl irreducible Qp [ILpn ]-modules, and hence

is isomorphic to Qp[Jlpn]. By Proposition 4.16, \'~(Jn) has Qp-dimension 2pn,

so the inclusion of Q,,[lJpn]2 in \~(Jn) is an isomorphism. 0

Remark: For each choice of n-tuple

in which each (j is a primitive p1th root of unity in Qp' there is a ring

isomorphism

Qp [J.Lpn] ~ Qp œQ,,((l) œ... œ0,. ((n)

given by mapping 1'n to ,. This isomorphism arises through the isomorphism
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Qp [Ilpn] "-J Qp [T] / (Tpn - 1) which takes Î'n to T. Factoring pn -1 and apply

ing the Chinese remainder theorern gives the isomorphism above. Choosing

a Qp(Jlp" ]-basis for l~(Jn), we obtain an isomorphism

of Q" [J-lpn ]-modules.

By Proposition -t.4. we nlay view \;~(J;) and l~(Jk) as lying inside \/~(Jn)

whenever k < n.

Lemma 4.20 The intersection of\~(J;) with \~(Jo) in l'~(Jn) is trivial.

Proof: Since on.o(P) = ~n.O(Q) if and only if P = 'Y~Q for sorne j, \I~(Jo)

is contained in the sublnodule \~(Jn)~pn of elements of \~(Jn) fixed by Jlpn .

Similarly, \~(J;) is contained in \~(Jn){Tn). Now <1>n.O 0 Tn = TO 0 cPn.O, so the

action of Tn on l~(Jn) restricts to the action of TO on \t~(Jo). Note that TO acts

nontrivially on every point (x, y) E Co for which x i- ±l, and fixes the points

where x = ±1. By Lemma -t.17. (TO) and hence also (Tn ) act faithfully on

l~(Jo). Let Dn = (Afn, Tn), SO that \~(Jn)Dn = \'~(Jn)l'pn n \~(Jn){Tn). Suppose

that \ ~(Jn) Dn is nontrivial; then by Lemma 4.18, it bas Q,,-dimension at least

two. On the other hand, by Proposition 4.19, l~(Jn)~pn has Qp-dimension two,

50 we must have \'~(Jn)Dn = "~(Jn)~pn, contradicting that (Tn) acts faithfully

on l~(Jo) C Y~(Jn)l'pn. 0

Proposition 4.21 TheQ,,-vectorspacel~:=\t~(J;)œ\i~(Jo)c \;~(Jn) is a

free Q,,[""fn +Î';l]-module ofrank two. Moreover, two elenlents bo,b1 E ~(Jn)

fonn a Q,,[rn + 1;1]-basis for l~ if and only if they are elements 01 "/~ and

they IOTm a Q" [ppn ]-basis for \/~(Jn ) •
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Proof: Suppose that {bo,b l } C \-'~ is a Qp[llpn]-basis for Vp(Jn ). Then the

set B = {( 1'~ + 1';j )b,} j=O..... pn
2
- L ; 1=0.1 C l/~ is linearly independent over Qp,

and thus generates a Qp-vector space of dimension pn + 1 contained in \!~.

By Proposition 4.16, \.~ has Qp-dimension 2 (pn
2
-

1
) + 2 = pn + 1, so B is a

Qp-basis for l~; in particular, bo.b l generate l~ over Qp[1'n + 1';1]. Further

more, since bo, b1 are linearly independent over Qp [Ilp" ], they must also be

linearly independent over Qp [,n + .,;; l ]. Therefore, {bu, bl } forros a basis for

\.~ over Qpbn + ,;1]. Thus to prove the first statement it suffices to show

that there exists a Qp(llpn]-basis {bo, bl } for \;~(Jn) which is contained in \!~.

Note that Dn = (1'n, Tn) is isomorphic to the dihedral group of order 2pn.

The irreducible characters of Dn over Q consist of the trivial character, the

nontrivial irreducible character of Dn/(Tn}~ and pn
2
-

l characters of dimension

two each taking the value 0 at Tn (see [JL93], §18.3). Since Tn has order 2,

it must have eigenvalues 1 and -1 under each of the two-dimensional ir

reducible representations. From Lemma 4.20, the representation of Dn on

\~(Jo) = \;~(Jn)llpn consists of two copies of the nontrivial one-dimensional

representation. Each irreducible summand of the representation of Dn on

\~(Jn)/l~(Jo) decomposes over Qp as a sum of the two-dimensional rerne

sentations of Dn ! and the subspace of În-fixed points of each of these has

dimension one. Thus the subspace (\'~(Jn)/'/~(Jo))Tn of \;~(Jn)/\!~(Jo) has

dimension 2p~-2 = pn - 1, and contains \;~(J;;). Since \;~(J;;) itself has di

mension pn - 1, we have \;'~(J;;) = \;~(Jn)Tn. Now
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so \~(J;) n ~~ = \~-l' Fix a Qp[jlpn]-module isomorphism

\~(Jn) ~ ~ œQ,,((1)2 œ··· œQp((n)2,

and identify each subspace with its image in ~ œ... e Q" ((n)2. Since

l~(Jn-d = ~ EB ... œQp((n_d2 , we have l~ = ~'~-l e (Q,,((n)2 n ~'~) as

a Q,,-vector space, and hence

\Ve now proceed by induction. When n = 0, 10 = \/~(JO), and therefore

cantains a Qp-basis for l~(Jo). Suppose for induction that l~-1 contains

a Qp[jlpn-,]-basis {bo,n-l.bt,n-L} for l~(Jn-d. If (Qp(n)2 n \'~) contains a

Q,,((n)-basis {ba.n,b l.n} for Qp(n)2, then {ho.n + ba,n-l,bl,n + bl,n-l} is a

Q,,[jlpn]-basis for l~(Jn) contained in \~, as desired. If not, then since

there must be sorne b E Q,,(n)2 n' ~ for which Qp(n)2 n l~ = Q,,(n) b. But

then Q,,(n)2 n \~ is an irreducible faithful Q;,[ppn]-module on which in acts

trivially. which contradicts the fact that the only irreducihle representation

of D n having in in its kernel is the trh;a! one.

An that remains is to prove that if B' = {b~, b~} is a Qpbn + ,;I]-basis

for \~(J;) then it is a Q,,[J.Lpn]-basis for "~(Jn)' Let B = {bo,b l } C v~(J;)

be a Q" [J.Lpn ]-basis for \~(Jn)' From above, B is also a Q" [,n + 1';1]-basis for

l~(J;), and therefore writing b~ = oo,obo + ol,obb b'1 = Go,lbo + (kl,lb l with
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QiJ E Qpbn + ,;1], the matrix .~1 = (OiJ)O<i "<1 is invertible. Extending_ J_

scalars to Qp [J.Lpn], Al remains invertible, so B' is indeed a Q, [Jlpn ]-basis for

\~(Jn)' 0

Since the action of GQ(#p3:l.t) on \~(Jn) and \;~(J;) commutes with the

actions of Q, [/-Lp"] and Q, hn + ,;1] respectively, choosing a Qp [Jlpn ]-basis B

for ~~(Jn) contained in \'~(J;), the action of GQ(pp3:l.t) on l~(Jn) and \/~(J;)

respectively gives representations

Pn : GQ(Pp3:l .t) ---+>GL2 (Qp [/-Lpn])

and P; : GQ(ppoc .t) ---+>GL2 (Qp [,n + 1;1]) .

Since the basis is the same for both representations, Pn is simply the rep

resentation obtained from p-'; by extending scalars to Qp [/lp" ]. Since the ac

tion of GQ(Pl1OC .t) commutes with CPn.m, the representations Pn are compatible

with respect to the maps Qp [/lp"] ~ Qp [Jlp"'] taking ln to "Ym for each

m :5 n. \Ve will show that. with respect to an appropriate basis, the im

age of Pn is contained in GL2 (Zp[JLpn]), and thus we obtain a representation

{l&g : GQ(ppOQ ,f) ----+- GL2 (~Zp[IlP"]) ~ GL2 (Zp[[T]]).

4.6 The Reduction Type of en, C; and the Associated

Galois Representation

In order to understand the local behaviour of the Galois representation
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we will consider the reduction type of Cn and C;; at various places. By the

above discussion, Pn may he viewed as the representation associated to C;; by

composing with the Ilatural inclusion GL2 (Qpbn + "Y;;1]) ~ GL2 (Qp(Jlpra]),

so we will no longer distinguish between the two representations. Thus we

may obtain information about Pn by considering either Cn or C;; .

Proposition 4.22 As a curoe over Q(t), Cn has good reduction outside

t = O. 1. 00.

Proo!: For t E Q, the curve en (t) /Q given by

is siogular if and only if f(x) has a repeated root. The roots of f(x) are given

by

(
-(-lt - 2) ± V(4t - 2)2 - 4)

x = O. (1, n 2

Thus f (x) bas a repeated root if and ooly if

j = 0, ... ,pn - 1.

•

-(-lt - 2) + J(4t - 2)2 - -1 = ç~ (-(4t - 2) - V(4t - 2)2 - 4)

for sorne j. Solving gives t = 0 or 1.

\Vhenever t ~ 0, 1. 00, one rnay apply the argument of the praof of Propo

sition 4.16 to show that the genus of Cn(t) is the same as that of Cn. 0

Corollary 4.23 The representation Pn factors through nQ(ppClO ,t}·
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Proof: By Proposition 4.8. ~eom = Pn 1no is unramified outside t = 0, l, 00,

and hence factors through the Galois group of the maximal algebraic exten

sion Q(t) of Q(t) unramified outside t = 0, 1,00. The result now follows from

Corollary 3.4 with fi = Q(Jlpoo ). o

•

•

The residual representation p of each Pn is the representation of nQ(l'poc)

describing the action on the ~torsion points of the elliptic curve Co. Let

EL/Q(t) denote the Legendre family of elliptic curves

EL : y2 = x(x - l)(x - t).

There is a 2-isogeny dJ : Co --t EL given by

.. (y2 iY(l-X2))
<P : (x. y)~ - 4x2 + t 8x2 ;

in particular, ~eom = pl nij is also the representation of nij attached to the

p.torsion points of EL, In arder to determine iJ"eom explicitly, we first need a

lemma:

Lemma 4.24 Let El: y2 = x J + ax2 + bx + c be an elliptic curoe defined

over a field K. and let Pl : GK --t GL2 (lFp ) be the Galois representation

associated to El' For any d E KX, the twist
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of El has the associated Galois representation P2 = Pl ® X.K{,fd)/K' where

if U fixes ..;d,

othennise.

•

ProoC: Fix an Fp-basis {(xo, Yo), (XI, yd} for the p-torsion points of El. The

nlap cP../d : El --+- E2 defined by cPv"d(x, y) = (x'~) is an isomorphism of

elliptic curves, so {(xo, ~) 1 (Xl, ~)} is an lFp-basis for the p-torsion points

of E2 ; moreover, if U· (Xi,Yi) = ao(xo,Yo) +al(xt,yd, then for U E G KI

If u(Vd) = Vd. then U· (Xi'~) = ao (xo'~) + al (XI'~) for i = 0,1.

Otherwise, u(Vd) = -Jd" and thus

a· (Xi'~) =ao(xo,-~) +al (Xl'-~)
= -aD (xo,~) -al (Xll~)'

as desired.

Proposition 4.25 The representation ~eom satisfies

o

and t"eom(Ul) f"'ow (1 0).
-4 1

•
ProoC: At t = 0, Co reduces to the curve
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whose only singularity is anode at the point (1,0). Let No be the genus 0

curve defined by JVo : y2 = x. There is a birational map cPo : Co(O) ~ No

given by

so Co(O) is birationally equivalent to a projective lîne. Therefore, Co is a

~iIumford curve at t = 0, and Corollary 4.12 gives pgeom(uo) ,...., (Ô 1). A

similar argument shows that pgeom (0'1) ,...., (Ô l) as weil.

For the reduction at t = x. consider the twist C~ of Co given by

Letting u = t and replacing x \\;th i and y \\;th iJ gives the model

for C~. At u = 0 (that is. at t = 00L this model reduces to

which is a projective Hne with a nodal singularity at the point (0,0); therefore,

C~ is a ~Iumford curve at t = 00. Since 0'oc (J't) = - 0, Lemma 4.24 gives

pgeom (0'oc) ,...., ((/ =t).
Fixing an lFp-basis for the p-torsion points of Co with respect to which

~eom(uo) = (Ô t ), we cannat have pgeom((11) = (Ô i) since pgeom(uoc ) has order

2p. Thus changing basis if necessary, we may assume that ~eom(Ul) = (~ ~)
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•
for sorne 0 E IF;. Multiplying gives

-1 )
1 +a '

•

in partîcular, tr pgeom(O'::lO) = 2 + o. On the other hand, tr ~eom(O'oo) = -2

since ~eom(O'oo) '" (ë/ =t). and thus (} = -4. 0

Ta examine the reduction type of C; at t = 0.1, we will use sorne iden

tities which appear in [DarOO}, p..t20.

Lemma 4.26 Let 9n(X) be as in Proposition 4.13. Then

Proof: First we will show that X9n(X2 -2) -2 = 9n( -x)2(x-2). From (4.14L

we have

(4.27)

•

Thus putting x = (~ + (;l into xg(x2 - 2) - 2 gives

il ç-j' f (2 ?) ? ~ h' - 0 pfl_l S'SO ~n + n IS a root 0 x9n x -.. -.. lor eac J - , ... , 2 . IDce
pfl.._ 1

9n(X) = n (x + ç~ + ç;j), each ç~ + ç;J is also a root of gn( -Xfl(X - 2).
j=1
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Taking x = -(~ - (;j gives

and replacing j with j + pn if necessary so that j is even,

so X9n(X2 - 2) - 2 and gn( -x)2(X - 2) also agree at the ent 1 points -(~ - (;j

for j = O..... P"2-
1

• Thus xgn(x2 - 2) - 2 and gn( -X)2(X - 2) are polynomials

of degree pn which agree at pn + 1 points. and hence are equal.

Since xgn (x2 - 2) is odd,

X9n(X2
- 2) = -( -X)9n« _X)2 - 2)

= - (gn (-( _X))2 (-x - 2) + 2)

=9n(x)2(x + 2) - 2,

•

as desired.

Proposition 4.28 The curve C;; is a Mumford curoe at t = 0 and t = 1.

Proof: Using the identity xgn(x2 - 2) = gn( -X)2(X - 2) + 2, we have

86

o



•

•

At t = 0, this reduces to the curve C;(O) : y2 = 9n(-x)2(x - 2), whose

singularities consist of ordinary double points at «~ + <;1,0) for each

j = 1, ... ,P"2- 1. The map from C;(O) to 1'1 : y2 = X - 2 which takes (x, y)

to (x.~) defines a birational equivalence between C;(O) and a curve of

genus zero, that is. a projective Hne.

The argument for t = 1 is similar. except that one uses instead the identity

X9n(X2 - 2) = 9n(x)2(x + 2) - 2. 0

To calculate the image of the inertia group at t - 00, we view C; as

being defined over the field Q((t) ).

Proposition 4.29 The ctlrve C; acquires good reduction at t = 00 over the

field Q ( ( (t)l /2
P
") ) .

Proof: Let u = (t) 1/2p" . Consider the curve ë;; /Q( (u)) given by

è~ : y2 = x Il (1 + (~ + (~J - 2)U4
X

2
) + (4 - 2u2P")x""+1.

)=1

There is an isomorphism (jJ : ë; ~ C; defined over Q( (u)) given by

. ( 1 y)cp : (x. y)~ -2-' ,,~ .
u x uP X 2

Reducing è; at u = 0 (that is, at t = 00) gives the nonsingular curve

•
which has genus p

R

2
-1.
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Corollary 4.30 The inertia group Ioc C nQ at t = 00 is mapped by Pn to a

subgroup of GL2 (Qp [ltpn]) of arder dividing 2pn.

Proof: By Proposition 4.8, the restriction of Pn ta !OQ factors through the

Galois group Gal ( Q ( ( (t)1/2
p

n ) ) / Q ((t) )), which has order 2pn. 0

\Ve were not able to give an elementary proof that Pn (1oc) has order

exactly 2pn ~ because of the difficulty in understanding in general when a

curve with bad reduction at a particular place may have a Jacobian with

good reduction at that place. This result will follow, however, from a general

construction of Katz.

4.7 A Theorem of Katz

Let al, a2~ Pl. 32 E Q he such that ai - 3j is not an integer for any i, j = 1,2.

Suppose that

is such that K(O'O) has eigenvalues e21rl01, e21rào2 ~ K(O'I) has repeated eigen

value l~ and K(O'oo) has eigenvalues e21ri51, e21ri5
'J. According to a theorem of

Belyi, such a representation is unique up to conjugation by an element of

GLn (Qp(Çn))' To be precise, Belyfs theorem asserts that for any field k, if

.\/0 , AIl E GLn(k) generate an irreducible subgroup of GLn(k), and one of

.\/o! ~\Il! or (A/o.:\Jd- l differs from a scalar matrbc by a matrbc of rank one.

then (.:lIa! AIl, (A/o.:\Ir)-l) is rigid in GLn(k} (see [BeI80], Theorem 2).

Note that if .4/Q(t) is an abelian variety of dimension pn - pn-l which

contains Z[<n] in its endomorphism ring, then \/~(A) is a vector space of
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dimension 2 over Qp«(n); if, moreover, .-l has good reduction outside

t = 0, 1,00, then the action of nij on \/~(.-l) gÏves rise to a 2-dimensional

representation of nQ" over Qp «(n). Katz' theorem realizes K as the represen

tation associated to such an abelian variety A defined over Q(t).

Let IV be a common denominator for 0l, Q2, 131, /32, and let A(j) = Noj ,

BU) = ~V{3j E Z for each j = 1,2. The nonsingular curve D/Q(t) defined by

xf = yi-l(l) (l - ydB(l)-.-t(l)

b: X2v = y2-l(2)(l _ Y2)B(2)-.-l(2}

YlY2 = t

possesses a natural action of J.LN x J.LN C Qx Q by

for each j, l E Z/pnz, (XLI Yh X2, Y2) E D(Q(t), where (N is a primitive Nth

foot of unity. Defining a character

X : J1.N x J.LN -4 QX

«(~,'~) ~ (~+l,

ker(x) is the subgroup of J.LN x J-lN consisting of elements of the form «(~, (Ni).

Let D be the quotient of iJ by the group of automorphisms ker(x).

Theorem 4.31 The Jacobian of D has a quotient 44 of dimension pn _ pn-l

whose endomorphism ring contains Z[(n], and whose associated representa-
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•

tion of Oij is K.

Proof: See (Kat90]. Theorem 5.4.4. 0

Remark: Theorem 5.4.4 of [Kat90] more generally gives geometric construc

tions of n-dimensional representations

for any choice of eigenvalues e27riQl , ••• ,e27riOn of K(0'0)' and e 2'7ri01 , ••• ,e21riOn

of K(O'x). where QI,'" • On, .81•.•.• 8n E Q satisfy the condition that ai - ,Bj

is not an integer for any i,j; again K(Ur) has repeated eigenvalue 1.

In arder ta show that Pn(O'oc) has arder 2pn, we use Theorem 4.31 with

0' 1 = 02 = O. 31 = 2~"' and 32 = - 2;" ; thus we will construct a representation

such that Kn(O'O), Kn(O'd each have repeated eigenvalue 1, and Kn(O'oo) has

eigenvalues -(n, _(;;1, where (n is a primitive pnth root of unity. Taking

~V = 2pn, we obtain A(I) = .-1(2) = 0, B(l) = 1, and 8(2) = -1. Let

Dn/Q(t) be the curve defined by

.y;p" = 1 - ri

Dn : .yiP" = (1 - l';)-l (4.32)

•
\Vith x as above, let D n denote the quotient curve Dn/ker(x). The subfield

of the function field of Dn consisting of those elements invariant under ker(x)
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is generated over Q( t) by

From (4.32), we see that a model for Dn is given by

For each n, let D~ be the curve defined by

( t)-l
D~ : xP" = (1 - y) 1 - Y .

Let Kn and K~ denote the .Jacobians of Dn and D~ respectively. Let

iTn : Dn ---+> D n - 1 be the morphism mapping (x,y) to (xP,y), and let

iT~ : Dn ---+> D~ be the morphism mapping (x. y) to (x2
, y).

There is a natural action of J1.pn on Dn and on D~ by :n(x, y) = (c;nx, y),

which satisfies the relations

iTn 0 "'fn = 'n-l 0 ïrn and iT~ 0 rn = ,~ 0 1r~,

provided that the generators 'n of each J1.P" are chosen so that (: = (n-l.

Thus \;~(Kn), \~(K~), and \;~(Kn-r) are Q,,[J1.pn]-modules, and the morphisms

if"n, if"~ induce Qp [/-lpn ]-module inclusions
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On the other hand, Dn is related to Cn by the morphism

Wn : Dn -----; Cn

('.) (2 .pn+l(2(y+ty-1_1)+x2pn+x-2pn))
X. y ~ x. X n n •. xp +x-p

\Ve define ahelian varieties

Let Pn : K n -----; .-ln be the natural projection.

Proposition 4.33 The abelian variety .-ln is the quotient of K n of Theo

rem 4.31. and the map Pn 0 l,U~ : ln -----; .-ln induces a Q,,«n)-vector space

isomorphism '(~(l~ew) ~ \-~(.-ln) which commutes with the action of llQ' In

particular, the eigenvalues of (joc as a Qp«n)-linear map on ~(J~ew) are

-(no _(;1.

Proof: A computation using the Riemann-Hurwitz formula shows that the

genus of Dn is 2pn - 1. and that of D~ is pn - 1. If we show that

then counting Qp-dimensions, we must have

(4.34)

•
Let (j be the involution of Dn which maps (x, y) to (-x, y), sa tbat
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D~ = Dn/(a). Then a. : K n ---t Kn fixes each point in (1i~}·(K~). On the

other hand, letting h denote the hyperelliptic involution h : (x, y)~ (x, -y)

on Cn' we have the relation liJn oa = ho "wn . Since h. acts as -1 on Jn , (7. acts

as -1 on 1!'~ (Jn ); in particular. (j. acts nontrivially on every element of 1/J~(Jn )

which does not have order 2. Therefore, (7r~)·(K~) n W~(Jn) is contained in

K n[2], and in particular (7r~). (\/~(K~)} n 1P~ (\'"~(Jn)} = {D}, as desired.

:\ similar analysis to that in the proof of Proposition 4.19 shows that

there is a Qp [l-tpn ]-module isomorphism

Thus by (-1.34) ~ we have

for each n ~ 1. Since 1i~ and (1i~). are Q" [l-tpn ]-module inclusions,

7r~ (\~(Kn-d) + (1r~t (\~(K~))

=:! Qp«(n)2 œQp«(n_d 4 œ··· œQ,,((d4 œ~,

and therefore \~(.-ln) ::: Qp«(n)2. Let K~ew := Kn/1r~(Kn-d, and let

(K~)new := K~/(1r:.n_l)·(K~_l),where 7r:.n - l : D~ ~ D~_l is given by

rr:.n_dx. y) = (xP, y); thus l~(K~ew) ~ Qp«(n)4 and l~ «K~)new) ::: Qp«(n)2.

~ote that D~ is the curve constructed by Theorem 4.31 when 01 = 02 = 0,

;)1 = p~' and 32 = ;~. The abelian variety (K~)new is the only quotient of K~

of dimension pn - pn-l which contains Z[(n] in its endomorphism ring, 50 by
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Theorem 4.31. a oo has eigenvalues (n, (;1 as a Qp((n)-linear automorphism

of ~~ ((I(~)new).

Let K c K~ew be such that K~ew/ K is the quotient of Theorem 4.31.

Then "~(K) c ~'~(K~ew) must contain the eigenvectors of a oo correspond

ing to the eigenvalues (n, ç; l, for otherwise a 00 would have at least three

distinct eigenvalues as a Qp((n)-linear automorphism of the 2-dimensional

vector space \-~(K~ew). Therefore, \'~(K) = (1r~). (v~(K~)), so An is the quo

tient of Theorenl 4.31. ~loreover, the inclusion w~ composed with the natural

map ~~(Kn) ---.. l~(..tn) induces a Q,,«(n)-vector space isomorphism

Since the isomorphism of (4.34) commutes with the action of nQ, so does

( ljJ~ ) new • 0

Proposition 4.35 The Qp['"fn + '"f;I]-module v~ - v~(J;) œ "~(Jo) has a

basis {bo, bl } with respect to which

and Pn(ar) = (1 0)
On 1

Proof: By Proposition 4.25, the representation P3eom = Polnij" is given by

•
Po(uo) = (~ ~), fJo(ar) = (1 0)

00 1
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•
for sorne Qo E Z; reducing to -4 mod p. Thus by Proposition 4.28 and

Corollary 4.12, the p-adic representation Pn : IIQ~ GLpn+dQ,) satisfies

•

l 0

o 1

o 0

o 0

o 0

o 0

o 0

o 0

o * *
0**

1 * *
o 1 0

001

000

000

000

* 0 0'

* 0 0

* 0 0

000

000

100

o 1 1

001

(4.36)

•

for each i = 0,1.

\Ve now proceed by induction on n. \Vhen n = 0, the result follows from

above. Assume that there is such a basis for \~-1' Choosing a pnth root of

uni ty (n E Qp gives rise to an isomorphism

and thus also a Q,,["Yn + ""t;1]-module isomorphism

\ '~ 1'00,; If'lI(Ç (-1)2 I,~n = ~ n + n œ"n-1'

By assumption. there is a basis {bo.n-1' b1•n- 1} for \;~-l which satisfies
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O"i • bi •n - 1 = bi •n - 1 for i = 0, 1. From (4.36), 0"0 fixes a Qp-subspace of "'~

of dimension P"2+
1

• and since there is a nontrivial subspace of \;~(Jo) not

fixed by 0"0, 0"0 fixes a subspace of \>~-1 of dimension at most pn-l. Since

p > 2 > 2 - pnl_i, we have pn:;l > pn-l, so there sorne nonzero element

bo E Qp ((n + (;; 1 )
2 fixed by 0"0. Let ba = bo + ba.n-l' Since bo.n-l generates a

free nlodule over Qpbn-l + ')';~tl and Qp(n + (;;1) is a field, bo generates a

free module over Qpbn + ')';1]. By the same argument, there is an element

bl E l~ fixed by al which generates a free module over Qp [;n + 1';1].

\Ve daim that {ba, bd is a Qphn + ')';l]-basis for l~. Let hl = bl - bl.n- ll

so b1 E Qp (n + (; 1)2. It suffices to show that aa and al have no cammon

nontrivial fixed point in Qp (n + (;1)2. for then in particular we have

Let

be the representation obtained by composing Pn with the natural projection

Q" bn + ')';1] ~ Qp (n + (;;1). Let n·· be a subspace of Q" «n + (;;1)2 sat

isfying Qp (n + (;; 1) 2 = Qp «n + ç;; 1) bo $ Ir. Given any nonzero w E nT,
{ba, w} is a basis for Qp«n + (;;1)2, and from (....36), 0"0' W = W + wo, where

Wo E Qp(n +(;;1 f is fixed by aa. If Pn(O-a) is nontrivial, then Q" «n+(;1) bo is

the subspace of al1ao-fixed points, so Wo = ,Baba for sorne 80 E Qp«(n +(;1),

and therefore Pn(O"O) = (à BIo) with respect to the basis {bo, w}. Similarly,

Pn(O"r) '" (~ ~l ) for sorne ,81 E Qp(n + (;;1). If 0"0, al have a common fixed
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•
point in Qp((n + (;1 )2, then with respect to sorne basis we have

•

•

for sorne .30,31 E Qp((n + (;1)2. Then Pn(Uoo ) = (~ -(Botad ), contradicting

that Pn(UorJ has exact arder 2p'l. Therefore. ua and Ul have no common

nontrivial fixed point in Qp((n + (;1)2, and {bo, bl } is indeed a basis for ~'~.

By induction. we have

for sorne 60 ,61 E Q,,['Yn + :;1]. :\.11 that remains is to show that 60 and

61 are units. Suppose that 60 ft Q" bn + ,; 1] x. \:Vriting 60 = 60 •n + 60 •n- 1

where 60•n E Q,,((n + (;1) and 60•n- 1 E Qp["Yn-1 + "Y;~d, it fo11o\\'s from the

inductive hypothesis that 60 •n- 1 E «4[1n-l + 1;~dx. so 80•n must not be a

unit of Qp ((n + (;1). Hence 60.n = O. contradicting that 0'0 acts nontrivia11y

00 Q,,((n + (;1)2. Therefore, 80 E Q,,[1n + 1;1]X. The same argument shows

that 61 E Q" bn + ,;I]X as weIl. 0

4.8 The U niversal Deformation

\\'-e now consider the representation obtained by taking the inverse limit of

the various representatioos Pn.

Proposition 4.37 There is a Qp[Jlpn]-basis for v~(Jn) with respect ta- which

Impn C GL2 (Zp[J-Lpn ]) .
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•
Proof: By Proposition 4.35, there is a Qp [Ilp n ]-hasis B for v~(Jn ) with respect

to which

Pn (ad = (1 0).
an 1

•

~lultiplying gives

Pn(O'Xl) = (1 -1)
-On 1 + an

5ince -'n is an eigenvalue of Pn(O'XJ) and Pn has determinant one, we have

( ) .)+ -1tr Pn O'x = - On = -'n - ln ,

o
To ohtain a representation P : nQSlpoc ) ~ GL2 (Zp[[T]]), we need the

following result from Iwasawa theory:

Proposition 4.38 For each compatible system (,n )nEN of generators '"'In of

J.Lpn, the map sending ("'Yn )nEN to 1 + T defines an isomorphism

~Zp[ppn] ~ Zp[[T]].

Proof: See [\Vas82L Theorem 7.1. o

•
For each n. let ln he a generator of Ilpn such that -'"'In is an eigenvalue of

Pn(O'oc). The compatible system (,n)nEN of generators of Ilpn corresponds to
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•
be the representation obtained with respect to this isomorphism by the com

patibility of the various representations Pn. Since InlPn C GL2 (Zp["'Yn + "'Y; 1D,
the image of P lies in GL2 (Zp[[(l + T) + (1 + T)-I]]). In fact, we have

for sorne Q E Zp[[T]] x; rnoreover. from the proof of Proposition 4.37, Q sat

isfies 2 + Q = -(1 + T) - (1 + T)-I. and hence•

p(uol = (~ ~), p(utl = (: ~)

(} = -3 - T - (1 + T)-1

= -3 - T - (l - T + T 2 - ••• )

= -4 - T2 + T3
- • • • •

(4.39)

(4.40)

•

\Ve daim that there is a Zp-algebra automorphism 1jJ of Zp[[T]] which takes

Zp[[T2]] to Zp[[(l + T) + (1 + T)-l]] = Zp[[T2 - T3 + T4 - ... ]]. Let

f(T) = aIT + a2T2 + ... E Zp[[T]] be a square root of T2 - T3 + T4 - ••• ;

for example, let al = 1, and define each an recursively by
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•
Let 1JJ be the Zp-algebra endomorphism taking T to f(T). Then 1/J is injec

tive, and induces a surjective map on cotangent spaces. Therefore, 'l/J is an

isomorphism, as claimed.

Composing p with the automorphism of GL2 (Zp[[T]]) induced from t/J-l

gives a representation

which satisfies

Let jj be the representation obtained from p' br reducing mod (p, T2), so

that jj is the representation associated to the ~torsion points of the Legendre

family of elliptic cun·es. and let S = {o-o. o-d.
•

, (1 1)
p (0-0) = 0 1 ' 1 (1 0)p (o-d =

-4- T2 1

•

Theorem 4.41 As a representation over Zp[[T2]] "J Zp[[T]], pllilij is a rep

resentative of the S -ordinary universal deformation [PS~~rd] of p.

Proof: The universal property of [PS~~rd] gives a Zp-algebra homomorphism

which takes [Ps~~rd] to [pllnij]. From the proof of Theorem 2.31, cP(T) = Tl,

so (/) is an isomorphism. 0

Remark: The representation p' arises naturally as a representation of the

larger Galois group nQ(l-'poc)' Since the image of jj(o-d has order dividing 2p
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•

for each i = 0,1.00. by Theorem 3.12, PS~~rd can he extended to a rep

resentation of rrQ(~"Xl); therefore. up to multiplication by a representation

X : GQ(~p:x) ----.. Zp[[T2]])(. l is the composition of this extension of Ps~~rd

with the map induced from q) •
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5 Relation to Ihara's Cocycle

5.1 Ihara's Construction

\Ve define a Zp-algebra A by

In [Iha86b], Ihara constructs a cocycle

F:GQ--+A X

which describes, for each n, the action of GQ(lIpo) on the primitive quotients

of the Jacobian of the Fermat curve

\Ve briefiy descrihe Ihara's original construction.

Fix a prime p, and let F he the pr~p completion of the free group on two

generators 90,91, Let 900 = (Yo9d -1, and let M be the maximal algebraic

pro-p extension of Q(t) unramified outside {O. 1.00}. Fix an isornorphism

l : :F ~ Gal (M/Q(t)) such that for each i = 0, Loo, Yi is mapped to

a topological generator of an inertia group above i. The choice of such an

isomorphism l gives rise to a representation of GQ in the group of outer

automorphisms of :F. ~1ore precisely, let .4 he the subgroup of Aut(F) con

sisting of those automorphisms (j for which there is sorne Q E Z; satisfying

(j(9i) "'" gf for each i = O. L oc. An automorphism of a group G is said to be
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an inner automorphis"" if it arises as conjugatioll by sorne element of G. We

denote by Int(G) the group of inner automorphisms of G, and by Out(G)

the group Aut(G)/Int(G) of outer automorphisms of G.

Definition 5.1 The pro-p braid group (of degree 2) is the group

~ := A/lnt(F).

Given f E GQ "V Gal(M/Q(t))/Gal(M/Q(t)), choose a lift i of 'Y to

Gal (M/Q(t)). Conjugation by 'Y defines an automorphism of Gal (M/Q(t))

whose reductioo modulo Int (Gal (M/Q(t))) depends ooly on ,. By the iso

morphism L, we obtain an outer automorphism (7.., of F. wloreover, by The

orem 3.1, (j.., is an element of ~; thus the assignment f ~ (7.., defines a

represeotat ion

Let F" = [[F, F], (F, F]] denote the double commutator subgroup of F. Let

\II denote the image of ~ in Out (F/ F") uoder the caoonical homomorphism

r : Out(.1") ~ Out (F/ F"). In [Iha86b], Ihara studies the representation

obtained by composing cP with r.

The quotient FIF' is isomorphic to the pro-p completion of the abelian

ization of the free group on two generators; that is, F / F' is isomorphic to the

pro-p completion Zp x Zp of the free abelian group Z x Z on two generators.
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Since F'/ F" is abelian, the automorphism of F'/ F" given by conjugation by

any element 9 E F depends only on the reduction of 9 mod F'; thus F / F'

acts by conjugation on F'/ F". The group F'/ F" is an abelian pro-p group,

and hence is endowed with a canonical action of Zp. Therefore, F' / Fil is a

module over

Fixing the isomorphism Zp[[F1F']] ~ A which maps gi to ti + 1 for each

i = 0.1. oc. F'IF" obtains the structure of an A-module in such a way that

multiplication by t i + 1 is given by conjugation by gi for each i = 0, 1,00.

Theorem 5.2 This action of A makes F'/ F" into a free A-module of rank

one generated by [go, gI] .

Proo!: See [Iha86bL §II. Theorem 2. o

•

Let \p : GQ -4> Z; denote the ~cyclotomic character. which describes

the action of Go on 1LpOQ C Q. The group GQ acts as Zp-algebra automor

phisms on A by

for each ,., E GQ , and each i = O. 1,00. For, E GQ, let F..,{to, tI, toc) E AX be

the unique element satisfying

Proposition 5.3 The assignment "(~ F.., defines a continuous l-cocycle
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Proof: See [Iha86b]~ §II~ Theorem 3B(ii). o

•

Since GQ(.llpCli:;) acts trivially on A, the restriction of F to GfXllpoo ) is a

homomorphism. which we also denote by F.

Let a, b E ZjpnZ \ {O} be such that at least one of a, b is a unit in

ZjpnZ, and let c = -(a + b). Let an (respectively bn•en) denote the integer

in {O. 1. .... pn - 1} reducing to a (resp. b, c) mod pn. The Jacobian J~a,b.c)

of the complete nonsingular model of the curve

has a quotient .-l~a.b.c) which contains Z[(n] in its endomorphism ring, where

the action of (n on .-l~a.b.c) arises from the action of J.Lpn on C~a.b.c) given by

(n . (x. y) = ((nx~ y) for a generator (n of J.Lpn (see [Iha86b], p.76). In fact,

the Tate module Tp (.-l~a.b.C») is a free module of rank one over Zp[(n], and

the action of GQ(~pfl) on Tp (.-l~a.b.C») commutes with the action of Zp[(n].

Therefore. the action of "'y E GQ(llpn) is gj"en by multiplication by sorne

element F~~~b.c) E Zp[(nl x.

Theorem 5.4 (Ihara, 1986) For each "Y E G~llpn)' F~~b.c) is equal ta

F.., ((~ - 1. (~ - 1, (~ - 1).

Proof: See [Iha86b], §II, Theorem 4 and its coro11ary. o

•
For each n, let Jn denote the Jacobian of the Fermat curve Fn . Theo

Jn is isogenous to the sum of Jn- 1 together with each .4~a.b,c), where exactly

one triple (a, b, c) is choseo from each set {(ka, kb, kc) }kE(Z/P"Z)X (see [Iha86b) ~
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p.78). On the other hand, under the isomorphism 1., the commutator subgroup

F' corresponds to the subfield M' = UKn , where K n is the function field
n

of Fn , and the subgroup F" corresponds to M" = UK~nrab, where K~nrab
n

denotes the maximal unramified abelian pro-p extension of K n • Thus we have

the following tower of extensions:

•
FI?'

M" = U K~nrab
nEN

IF'IF
II

M' = UKn
nEN

1FI?

Q(t)

•

An isogeny of abelian varieties is a surjective homomorphism of abelian vari

eties whose kernel is finite. Subgroups H of the Tate module Tp(Jn ) of finite

index are in one-to-one correspondence with isogenies f H : J ~ Jn in such

a \Vay that /H(Tp(Jn )) = H. By geometric class field theory, such isogenies

are in one-to-one correspondence with finite unramified abelian coverings

CH ---1' Fn in such a \Vay that

where Q(CH), Q(Fn ) are the function fields over Q of CH and Fn respectively

(see [Ser88L Ch. \'1, §2, Proposition 10 and the corollary to Proposition Il).

Therefore, letting Sn denote the set of finite unramified abelian extensions
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K n , we have

Gal (K~nrab/ K n ) = ~ Gal (LIK n )

LESn

~ Gal (Q(CH)/Kn )

HCTp(Jnl
finite index

~ (T,,(Jn)1H) = T,,(Jn),
HCTp(Jnl
finite index

so T,,(Jn ) is isomorphic to Gal (K~nrab1K n ). Thus one might expect the ho

momorphism F with the property of Theorem 5.4 to arise from the repre

sentation 'It .

5.2 The Inertia Group at Infinity

Let p : nQppoc ) ~ GL2 (Zp[[T]]) he as in §4.8. and for any uniformizer tr

at oc. let Qll' (Jlp.x) = Q(J..lpoo)( (tr)). Restricting p to the inertia subgroup

100 at x gives a representation Poe of /00 = Gal (A/oc /Q7r(/Lpœl )), where

J/oc := UQ(Jlpoc) ((tr l / n )). The tower
n

Aloc

1 GQ(J'poc)

UQ(JLpoc) ((tr l/n ))
n

gives an inclusion t'Ir : G'Q(ppoc) ~ loc which depends on the choice of uni-
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formizer 1r. Restricting Poo to the image of t rr thus gives a representation

Let Pn : GL2 (Zp[[T]]) ---7 GL2 (Zp[Jlpn]) be the map induced from the ring

homomorphism Zp[[T]] ---7 Zp[JLpn 1taking T ta ln - 1; since p was obtained

by the isomorphism ~ Zp[Jlpn] ~ Zp[[T]] taking ("'(n - 1)nEN to T, we have

p;; ® Zp[Jlpn] = Pn 0 p.

Fixing the uniformizer 1r = 1/16t, and letting u = (1/16t) 1/21'11, C; is

isomorphic over Q( (u)) to the Cllfve

~
2 p"+l

è; : y2 = X TI (1 + «(~ + (;j - 2)u4x 2
) + T - 2u2pn

X
p

"+1

j=1

by the map è;; ---7 C; taking (x~ y) to (~, y~). The curve è; has
upl1 x

good reduction at u = 0, and gives the reduced curve

1'11+1
- 'J XC; : Y" =-- + x.

4

On the other hand. the curve C~1,1,p"-2) considered by Ihara when a = b = 1

is given by

and there is an isomorphisrn lj) : C;; ---7 C~I,I,pn-2} given by
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The endomorphism ln + l;l of J;; gives rise to a corresponding endomor

phism of the Jacobian J;; of ë;;. and the reduction rnap

induces a Qpbn + l;l]-module isomorphism \~(J;;) ~ \;~(jr~). Counting

Qp-dimensions shows that under the isomorphism of Jacobians induced from

lb, the quotient ..t~l,l.p"-2) of J~1,1,pn-2) must correspond to a quotient .-ln of

J;; such that the extended Tate module \/~(An) corresponds to the unique

Qp[,n + l;;l]-module quotient of '/~(J;;) isomorphic to Qp(n + (;;1)2.

The endomorphism ln + 1';;1 of the Jacobian of ë;; arises from the action

of /.lp" on Cn via the map

en ~ è;;

(x,y)~ (C + 1_1 ) 2' ~ Y ~) ,
x x U ux 2 (x + x- 1 ) 2

where u2p
" = tr. If Pl = (x. y) E Cn is a preimage of Q = (w, z) E è;, then

so is P2 = (~, XP~+l ): applying ln to Ph P2 and mapping to è;; gives the

points

Projectivizing these points and specializing at u = 0 gives the point at infinity
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(0 : 1 : 0) on C; if vu(x) < 2, where Vu denotes the u-adic valuation. If

vu(x) 2: 2, then vu(Y) ~ 1. Letting x' = xlu2 , y' = ylu, specializing gives

t he points QI = «n.xl
, <:"'+1 yi) and Q2 = «;1.x',<; p",+1 !i') respectively,

where x'. y' denote the reductions of x. y mod u. Therefore, the action of

ln + "'(;; 1 on J;; obtained from that on i; is precisely that considered by

Ihara arising from the action of j1.p" on è; by Î'n(x, y) = «nX' <:"'+' y). In

particular, Tp(.-ln) is a free Zp(n]-module of rank one, and thus also a free

Zp[(n + (;;l]-module of rank two. ~'Ioreover, writing

for each a E GÇ{ll
p

oo ), the representation

given by Px.n(a) = '\IO'(n - 1) is the Galois representation associated to

Tp(An ) as a Zp[(n + (;;l]-module.

Let F : GQ.llp'X;) ~ AX be Ihara's representation. There is a Zp-algebra

isomorphism (J : A ~ Zp[[u, vl] which takes ta to u and t l to v. Let

be the Zp-algebra homomorphism such that r(u) = r(v) - T, and let

F = r 0 (J 0 F. Since r 0 O(toc) = (T + 1)-2 - 1, we have
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for each u E GÇ(~JJoo); hence letting Pn : Zp[[T]] --; Zp[(n] denote the ho

momorphism taking T to (n - l, fin 0 F is the representation of GQ(~JJQC )

associated to .-l~I,I,pn-2) .

In oràer to obtain the representation P from POC,1r, we first need sorne

lemmas:

Lemma 5.5 Let \,. be a free Zp[(n]-module of rank one, and let <7 be the

automorphism of F given by multiplication by 0 E Zp[(n] x. Let 8 be the

nontrivial element of Gal (Qp(n)/Q,,(n + (;1)). Then the eigenvalues of

fY 0 Zp[<n+<;'1 Zp[(nl are a and 0
6

•

ProoC: Let {v} be a Zp[(n]-basis for ~ .. Fix the Zp[(n + ç; 1]-basis {v, (nu}

for F, and let 00,01 E Zp[(n + (;1] be such that 0 = 00 + (nOI. Since

<7(V) = av = 00V + 01(nV

and u(nv) = o(nv = (~OIV + OO(nv

= -OIU + (00 + (n + (;1)01) (n V ,

(7 is given by (:~ Qo+«~:~;t)Ql) relative to the basis {v, (nv}. In particular,

the characteristic polynomial fa of <7 is given by

fa(.\'") = .X2
- (200 + (n + (;l)ot}.K + (o~ + (n + (;1)000 1 + On

= (.\ - (00 + (nod) (.\ - (00 + (;lod)

= (.\ - 0)(.\ - ( 6),

•
as desired.
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Lemma 5.6 The representation POO.1r zs conjugate ta an upper-triangular

representation.

Proof: Let X denote the cyclotomie character. For , E 100 , we have

"yax,-l = O'~..,), and thus p(,)p(ax)p(,)-l = p(aoc )X(1). Since p(aoc ) has

order dividing 2pk for sorne k in every finite quotient of GL2 (Zp[[T]]), we

have p(aoc ft (1) = p«(7(xJ~p("'), where Xp : GO --+ Z; denotes the p-eyclotomic

character which deseribes the action of GQ on /-LpOC C Q. The group loc is

contained in nQ(~poc)' so , fixes Jlpoc pointwise; thus Xp( 'Y) = 1, and hence

p(-y)p(aoc)p(,)-l = a x . In particular, the image of POC.1r is contained in the

centralizer ZGL2(Zp([TJ]) (p{aoc » of p(aoc ) in GL2 (Zp[[T]]). Ifwe show that the

non-scalar matrix p(aoo ) is upper-triangular, then its eentralizer must also

be upper-triangular, thus proving the lemma.

From ·1.39 and 4.40, we have

( 1 -1)p(a~xJ =
2 + (1 + T) + (1 + T)-l -1 - (1 + T) - (1 + T)-l

For any g(T) E Zp[[T]] X • applying Hensers lemma to .\2 - g{T) shows that

g(T) is a square in Zp[[T]] if and only if its reduction mod (p, T) is a square in

lFp . Thus gl(T) := 2+(I+T)+(1+T)-1 and g2(T) := gl(T)-4 = T2(1+T)-1

are both squares in Zp[[T]] since gl (T) reduces to 4 E lFp and 92(T) /Tl
reduces to 1 E lFp . Let g{T) E Zp[[T]] be a square root of 91 (T)g2(T), and let

h(T) := ~ (91 (T)2 + g(T») .
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•
Conjugating p(crocJ by the matrix Al = (h(~) ~) gives

.\/p«(1:)Q);.\f-l = (h(T
o
)+ 1 -1 ) ,

1 - h(T) - gl(T)

as desired. o

•

Identify Poo.1r with any one of its upper-triangular conjugates, and let

fl, f2 : GQi..~l'OQ) ----+- Zp[[T]] x be such that for each (1 E G~~pOQ ),

Theorem 5.7 One of fl or f2 Ès equal to F: the other is uniquely determined

by the property that the image of each cr E GQ<~p:tC) gives F(c'n - 1)6 when

evaluated at c'n - 1.

Proof: Given cr E GQ(~p:tC)' by Lemmas 5.5 and 5.6, the action of (j on

Tp(.-ln) as a Zp[(n]-module is given by multiplication by (!j(n»)cr(c'n - 1) for

sorne j (n) = 1 or 2. On the other hand, since .-\n is isomorphic to .-t~l,l,pn-2)

over Q{Jlpoc). cr acts on Tp(An) by multiplication by Fa(c'n - 1). Therefore,

for sorne j = 1 or 2, (Fa - (fj)t7 )((n - 1) = 0 for infinitely many n. It follows

from the \Veierstrass Preparation Theorern that a nonzero power series can

have only a fini te number of zeroes z E Qp satisf)"ing Izi < 1, where 1• 1is

the p-adic norm (see [\Vas82], Corollary 7.2). Therefore, Fa = <!i)t7. Since

F. fI, f2 are homomorphisms, we have F = fic for sorne k = 1 or 2. The

final statement follows from Lemma 5.5 together with the corollary of the

•
\'Veierstrass Preparation Theorem used above.
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Remark: \Vhich fic is equal to F depends on the choice of conjugate of POO;tr.

Since POO.1r describes the action ofGQ(,~p:X:}on Tp(An ) as a Zp[(n+(;l]-module,

our construction does not distinguish which fic is equal to F.
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6 Conclusion

ln the preceding chapters. we have described a new construction of a special

ization of Ihara!s cocycle. This construction arises from the {(70. O'l }-ordinary

universal deformation of the residual representation p which describes the ac

tion of llij on the Legendre family of elliptic cun'es. This universal deforma

tion was extended by the rigidity theorem to a representation p of nQ(~Jloc)'

Csing a geometric construction of p. we showed that a specialization of Ihara's

cocycle appears when p is specialized at infinity (given a particular choice of

uniformizer) .

This work suggests a number of directions for further research, First of

aU. the O'o-ordinary universal deformation ring of the residual representation

p is Zp[[u, v]] ~ A: thus we are led to the following question:

Question 1 Does the extended O'o-ordinary universal deformation of p of

Theorem 3.12 give rise to Ihara's full cocycle when specialized at infinity?

Let k be any field. and let ~\/o, .\/l' ~\/2 E GLn(k) be matrices satisfying

.\1o~\/1~\/2 = Idn which generate an irreducible subgroup of GLn(k). By a

tbeorem of Belyi. if one of Jlo. JJI • or JJ2 differs from a scalar matrix by

a matrix of rank one. then the triple (.\/0. ~\/l, .\12) is rigid in GLn(k). Thus

one would expect that subject to an appropriate ··ordinariness" condition,

the universal deformation (Runiv. puniv) of a residual representation

would be rigid: that is, the triple (puni\o(uo), puniv(<1d. puniv(O'oo)) would he

rigid in GLn (Runiv). Therefore, one expects to be able to extend this puniv to a
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representation p of IlK(t), where K is a given cyclotomie extension of Q(J.Lpoc).

Furthermore, since Katz' construction applies to rigid representations of ar

bitrary dimension. it should be possible ta construct p geometrically, in a

similar manner ta the construction of Chapter 4.

Question 2 \Vhat effect would increasing the dimension of the residual rep

resentation have on our construction? In particular, would Ihara's cocycle still

appear, or sorne (possibly nonabelian) variant?

If the gTOUp Ilij is replaced with another algebraie fundamental group Il in

our construction. the universal deforrnation seems much less likely to be rigid.

Since the number of topological generators of Il is in general greater than 2,

it may be necessary to increase the dimension of the residual representation

in order to obtain a rigid situation. Also, a further study of rigid m-tuples in

GLn (RunÏ\') would be required if this generalization is to succeed.

Question 3 Cnder what conditions could our construction be carried out if

nQ is replaced with sorne other algebraic fundamental group? Under those

conditions. what cocycles appear?

Another direction arises from Ihara's generalization of his own construc

tion of his cocycle. In [Iha86a], he considers different towers of étale coverings

of pl (Q) \ {D, 1. oc} having certain properties. and for each such tower con

structs a "universal" cocycle

where A is a completed group ring Zp[[gIl, the group 9 depending on the

tower of coverings.
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Question 4 Is it possible to generalize our construction to give other cocy

cles of Ihara?

In generaL the algebra A is Dot a power series ring; thus it would be necessary

to begin with an obstructed deformation problem, which could not arise

from a residual representation of an algebraic fundamental group. Therefore,

significant difficulties already appear in the first step of such a generalization.

117



•
References

[Arm97] ~LA. Armstrong. Basie Topology. Springer-Verlag, New York,

1997.

[BeI80] G. V. Belyi. On Galois extensions of a ma.ximal cyclotomie field.

Math. USSR Izvestija, 14(2), 1980.

[DarOO] Henri Darmon. Rigid local systems, Hilbert modular forms and

Fermafs last theorem. Duke Math. J., 102(3):413-449, 2000.

•
[dL97] Bart de Smit and Hendrick \V. Lenstra, Jr. Explicit construc

tion of universal deformation rings. In G. Cornell, G. Stevens,

and .J.H. Silverrnan. editors, Modular Forms and Fermat 's Last

Theorem (Boston. MA, 1995), pages 313-326, New York, 1997.

Springer-Verlag.

[DJ\IOO] Henri Darmon and Jean-François Nfestre. Courbes hyperelliptiques

à multiplications réelles et une construction de Shih. Canad. Math.

Bull., 43(3):304-311, 2000.

[Gou] Fernando Q. Gouvèa. Deformations of Galois representations.

:'1otes from a course given by the author at the Park City

~Iathematics Institute during the summer of 1999, available at

www.colby.edu/ personal/fqgouvea/web.html.

[GS71] S. Greco and P. Salmon. Topies in m-adic Topologies. Springer

Verlag, Berlin, 1971.



•
[Gv80] Lothar Gerritzen and ~Iarius van der Put. Schottky Groups and

Mumford Cumes. Number 817 in Lecture notes in mathematics.

Springer-Verlag, Berlin11980.

[Har97] Robin Hartshorne. Algebraic Geometry. Springer-Verlag, New

York. 1997.

[Iha86a] Yasutaka Ihara. On Galois representations arising from towers of

coverings of pl \ {D. 1, oc}. Invent. Math.. 86(3):427-459, 1986.

•
[lha86b] Yasutaka lhara. Profinite braid groups. Galois representations and

complex multiplications. .4nn. of Math. (2)1 123{l):43-106, 1986.

[Isa94] 1. ~lartin Isaacs. Character Theory of Finite Groups. Dover Pub

lications. ~ew York. 1994.

[JL93] Gordon James and ~tartin Liebeck. Representations and Charac

ters of Finite Groups. Cambridge ü niversity Press, Cambridge,

1993.

[Kat90] Nicholas ~1. Katz. Exponential Surns and Differential Equations.

~umber 124 in Annais of ~lathematics Studies. Princeton Univer

sity Press. Princeton, 1990.

[Lan64] Serge Lang. Introduction to Algebraic Geometry. Interscience Pub

lishers1New York. 1964.

[Lan83] Serge Lang. Abelian Varieties. Springer-Verlag, New York, 1983.

[Lan93] Serge Lang. Algebra. Addison-\Vesley, Reading, MA, 3rd edition,

1993.

~ 119



•
[~lat87] Heinrich ~Iatzat. Konstruktive Galoistheorie. Number 1284 in

Lecture Notes in ~Iathematics. Springer-Verlag, Berlin, 1987.

[~laz86] B. ~'Iazur. Arithmetic on curves. Bull. Amer. Math. Soc. (N.S.),

14(2):207-259, 1986.

[~laz89] B. ~Iazur. DeCorming Galois representations. In Y. Ihara, K. Ribet,

and .l.-P. Serre. editors, Galois Groups over Q, number 16 in ~Iath.

Sci. Res. Iost. Publ., New York, 1989. Springer-Verlag.

•
[~laz97] B. ~/lazur. An introduction to the deformation theory of Galois

representations. In G. Cornell, G. Stevens, and J.H. Silvennan,

editors, Modular Fonns and Fermat's Last Theorem (Boston, MA,

1995), pages 243-311. New York, 1997. Springer-Verlag.

[~HI86a] J.S. ~lilne. Abelian varieties. In G.Cornell and J.H. Silverman,

editors, Arithmetic Geometry, pages 103-150, New York, 1986.

Springer-Verlag.

[~'1il86bl J.S. ~Iilne. Jacobian varieties. In G.Cornell and J.H. Silverman,

editors, Arithmetic Geometry, pages 167-212, New York, 1986.

Springer-Verlag.

[NI~(99] Gonter Nlalle and Heinrich Nlatzat. Inverse Galois Theory.

Springer ~Iooographs in ~Iathematics. Sprioger-Verlag, Berlin,

1999.

[Nlor96] Patrick ~Iorandi. Field and Galois Theory. Sprioger-Verlag, New

York, 1996.

• 120



•
[~lum70] David Nlumford. Abelian Varieties. Oxford University Press, Lon

don, 1970.

[Ser68] Jean-Pierre Serre. Corps Locaux. Hermann, Paris, 2nd edition,

1968.

[Ser88] Jean-Pierre Serre. Algebraie Groups and Class Fields. Springer

Verlag, ~ew York. 1988. Translation of the French edition.

[Ser92] .Jean-Pierre Serre. Tapies in Galois Theory. Jones and Bartlett,

Boston. 1992.

•
(Sha721 Stephen S. Shatz. Profinite Groups. Arithmetie. and Geometry.

Princeton University Press. Princeton. ~J. 1972.

[ST68) Jean-Pierre Serre and John Tate. Good reduction of abelian vari

eties. Ann. of Math.(2), 88:492-517, 1968.

[TTV91) \\:-. Tautz. J. Top. and A. Verberkmoes. Explicit hyperelliptic

curves with real multiplication and permutation polynomials. Cano

J..Math., 43(5):1055-106·1. 1991.

[VoI96] Helmut Volklein. Groups as Galois Groups. Cambridge {jniversity

Press, Cambridge, 1996.

[\Vas82] Lawrence C. \Vashington. Introduction to Cyclotomie Fields.

Springer-Verlag, ~ew \·ork. 1982.

-. 121


