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Abst r act 

In this thesis, a memory-~conomic finite el emen t 

renumbering strategy for frontal soluuions is introduced. 

The new strategy is based on constr.!-'ctlng. an element level 

structure of max imal depth' w ith in frontal storage 

l imit,at ions. The memory-resident e~ements at any stage of 

the renumbering procedure are exact,ly the same as the 

elements of the active set in the frontal procedure. 

O(m*N)2) comparisons are requ ired to construct such a level 
, 

ostruc'ture, where m is 
\.: ' 

the m ax.imum , numb er of nod es per 

"-
el emen t and N is the numb er of el emen ts in the m esh. 

Extensive experimental testing of the new algor:ithm is 
, 

c arr ied a single user min icomputer. The test 

problems erllployed rqnge in size from the relatively small to 

those containing approximately 1000 elements,. with different 

.;<t'opol'Og ical structures. '. The exper imental resul ts obta ined 

irrd icate that the new algor ithm has a rel iable performance, 
( . 

and great'memory saving ability. 
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Cette 
[:"', ) 

thèse \\~ presente une 
u " 

n ouv ell e stratég ie de 
, 

r éénum ér at ion deS~\él'êments, très économ ique en mémoire, qu i 

systemes d'équations rencontrés dans les 
, 

prepare les 

problèmes d'él'êmel'l,~s fil)is à être résolus par solution 

frontale. Cette nouvelle, stratégie ordonne les"él'ements en 

une structure en niveaux, de profondeur maximale, tout en 

respectant les r estr ic t ion 
, . 

en memo 1re 
, 

unposees par la 

méthode de solut ion. Les él'ements rés idents en mémoire â 

n'importe quelle étape de la r~énum~ration sont les mêmes 

que J:es 'élém'ents actifs lors de la résolution par méthode 

frontale. Le nt~bre de comparaisons re'quises,. pour 

constru ire une telle structure est de l'ordre O( (m*N)2), où 
,,1 ~, 

m est le nombre maximum de nçteuds par él'ément et N le-nombre 

d'éléments dans le problème. 

Le nouvel algorithme est- éprouvé avec un ordinateur' à 

usage personnel. Plusieurs problèmes, qui vont de pet~ts à 
\ -

,d'autres comprenant jusqu'à 1000 éléments, ont étés résolus 

pour d ifrér entes topalog ies. Les ex pér ien ces d émontr ent 'd e 

grandes économies en mémoire et -la 
" 

f iab il ité de .ce 

nouvel algorithme. 

'-' 
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Chapter 1 

Introduct ion 
'" 

., 
Sol ut ipn of con t in uum pr 9bl ems by the ·f in ite el ement 

method involves replacing the d ifferential or integ r al 

equations th,at desèribe a physical field, by a set of 

s imul t,aneous • algebraic e~uations [4J. Th is system of 

equations 'is usually very sparse, and many 
. ~ . 
lngen 10US 

teèhn.iques have, been developed ,to take advantage of the 

sparsity so as to allow solut ion of large systems of 

equa t ions within reasoné;lble Iimltat,ions of memory and 

computer t ime. 

l.t 

Two e s~ent ially" d ist 10 et, th ough rel ated, ways ex ist 

for solving fioite elFment equations while makln,g good use 
.. 

of sparsity. ,The first, and weIl established, viewpoint 
.>i\.. ) 

proceeds by noting that in the solution of equations by 

Gaussian elimination,. fill-in cannot oceur to the 'left of 
'y~ 

-the leftmost nonzero matrix element in any r ow. 

observation leads' directly to ~he 'popular band-matrix and 

prof ilè-stqrage algor ithms b 15]. However, the su c cess of 

these alg or ithm s d epend s cr it ica11 y on the o{d er of n od e 

numb er ing in the fin ite 'el ement mesh. 1!" 
For this reason, a· 

considerable "-amount of effort has b een elCpended on 

,developing methods for bandwidth or profile minimization by 

renumber ing the nodes in the mesh. 

\ 

.. 
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A widely used method lS that f1rst developed by Cuth 111 
Q 

and McKee [7 ] and . subsequentl y appl ied to f ln ite elemel}t 

problems, by George [10] in ,a mildly modified form.' The 

metho.ds of Coll ins '[5J and King [19] are close~y related to 

the ç:uthill-McKee technique, and share' its weaknesses: none 

of these methods is capable ,of generat ing its t"\wn start ing 

nod e for ,e~umb er irÙ~ . Th is pr obI em was 1 arg el y ov er come by' 

"" Gibb s, Poole and Stookmeyer [16], who, showed' how to 

determine a pair of nodes-,wh iqh are at max imum, or near 

'" ~ax im.um, d istan ce apart in the graph co~respond ing to the 

coefficient matrix, and thereby ta identify two g ood 

possible starting nodes. 

A secpnd v iewpoint is that f irst propounded by Ir~ns 

[18]: spars ity of the coeffic ient matr ix re,sul ts from the 

fact that aU variables ~hat occur, in a. given finite. element 

are strongly connected (many nonzero matrix entries), wh He 

" var iabl es occur ing in d ifferen t el ements are weakly 

connected (few nanzero matrix entries) if ai:. a11. It 

ther e fore appe'ar s useful to con cen trat e at tent ion on the 

Unite element structure rather than on the n'ode incidence 

graph. This view leads directly to the now">quite widespread 

frontal solut ion t echn ique. Th is appr oach h as b een 
" 

general ized and much ~ore fully deve1aped by George [11], as 

the so-call ed nested d issect ion method. 

The essent iéù pr inciple in the frontal procedure is ta 
,-

produce the tr iangular factors of the coefficient ma.tr ix' 
'1 " 

/ 
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directly, witl'lout explicltly writing Qut the matrix. Ta do 

this, matrix assembly and factorizat1on of the system of 

equations are done ln tandem 50 that only a small portion of 
, l 

tne matrix need3 to be memory-res ident at °any stage of the . 
process. Th lS ma,kes ït po§sible to solve even large sets of 

equat ions on small computers. However, success in th is 

approach depends solely on arranging the elements in such a 

sequence that memory storage 1s min im lZed. For th lS reason, 

a similar effort, though less, has been expended -on 

developing method~ to find good element sequences. 

The introduct ion of v irtual-memory cperat ing systems 
1 

w ith very large addr'ess ing s,paces has l ed to g reat ease in 

manipulating large matrices, but has not in any way removed 

the n eed for g ood fr entaI algor ithms • V lrtual memory 

management makes lt poss ible to def ine and access very large 
o 

matr ices in a random fashion--r' but exacts its pr ice in the 

ferm of pag ing between random-acceS's (real) memory a'nd, a 

secondar'y sterage system (dise). Thus even in a v irt1-lal 

memory system, algorithms for ord'ering elements remain 

essent laI ,if extreme numbers of pag ing operat ions are to be 

av oid ed • 

Un,fortunately 7 ex ist ing element 

[2,20] have been greatly influenced 

n od e r en um ber in g ; som e of them 

sequenaing algor ithms 
\ 

b Y t ~ e met h od sus e d for, 
\ 

[2,25] ) even' use node 

renumb er ing algor ithms as a necessary" pr imary step. As a 

result, they"possess an importantdisadvantage: their memory 

-. 
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demands correspond to the full ;3et of, elements and/ or nodes 
.. 

in ,the finite element me'sh. For largé' problems, thlS is 
1, 

prohibitively large. The ironie situation then arises where 

methods /èqu ir ing large comPl,It ing env ironment are used to 

find element 
, 

sequences for a 'subsequent small-core frontal 

sol ut ion. 

In th is thes is, w~ de~ el op a m ethod for f wd ing el emen t 

sequences, for fronta{" solut ions, wh ich requ ires storage 

amounting to the,maximum size of the active element set at 

any' stage of the frontal procedure. These sets wh ich may be 

initially quite large, get reduced to a maximum size of 

O( sqrt(N)) , where N' is the number of elements in the mesh. 

The ,algorithm preserited arises naturally by considering 

fin ite element renumber ing method s fr 00l a frontal 

perspective. Surp,risingly, the prob'lem of finding- element 

sequences for frontal solutions from a minimum (real) memory 

point of v iew has not been addressed before, despite. its ... 
pract ical importance. 

The outl ine bf the thes is is qS follows: in chapter 2, 

we briefly review the'frontal,solution procedure for finite 

".elfiment systems of equat ions. I~ chapter 3, we cons ider the 
-

renumb€ring probl~m fpr such solutions; and in ch,apter 4, we 

give a fairly detailed description of the new str.ategy.- As 

is the case with renumbering algorithms, we evaluate the new 

algor ithm in ,chapter 5 through extens ive exp~r imenta) tests. 

Chapter 6 includes the conclus ion of the work in the thesis. 

, , 
J 
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./ 

,The basic matrix notations and definitions-, used 
. 

thr oughout 

the thes is' are g iven in append ix A. 

'0 

. , 

~, 

". 

., 
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i 
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Chapter 2 

The Frontal Solution 

F in !te element equat ions are usu4ally assem'bled on an 

element-by-element, rather than node-by-node, basis [6,26J. 

Element-oriente'd. frontal solutions [18] are therefdre 

natural 'to f~nite element problems. Only ~ br ief account of 

the frontal procedure is g~ven below, 

description may be found elsewhere [1]. 

a more 
" 

complete 

Th'e essential principle in the frontal procedure is to 

produce the triangula: factors of the coefficient matrix 

directly, without eXPlicitly·writinJ.outnthe matrix. At any 

given moment during the frontal procedure, the finite 

el em en t s 0 f a pro b l em m a y bec las s if le d ln t 0 th r e e set s : 
. 

F: Elements assoc~ated with matrix rows and columns that 

have been already' processed, i.e., decomposed and 

writt"en to, a file; 

A Elements assoc iated with at least sorne ma'tr ix rows ' and 

columns that have, been partly assempled, but have not 

yet been fu~ly proc~ssedj and 

E: El em en ts as soc iated w ith only matr ix r ows and col umn s 

whose numer ical proce.as ing °has not yet ~egun. 

The set of variables connecting these sets is called the 

front; the maximum size it attains is the frontwidth. The 

application of the~'~l procedure on the finite elernent 

mesh in figure 2.1 is demonstrated below. 

T 
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Fig 2.116 first arder quadrilateral, 
el em en t s in a s qua r e • 

fin ite 
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The Appl icat ion of the Frontal Procedure 
~ the Finite ElementMesh in Figure 2.1 

A :A: E Front 
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:Fr: 
-----------------------------------------~------------ ------

1 

2 

3 

5 4 r 

6 4,6,3 

7 4,6,3 

8 Lt,6,3,8,2 

1,3,5,6,7, 9--
9,10,13,14 

1,3,5,6,7, 12 
9,10,13,~. 
,2,8,15 

2,4,8, ·11, 
~2,.15,16 

4,11,12,16 

1,3,5,6,7, 12 4,11,12,16 
9,10,13,14 
,2,8,15 j)) 

1 , 3 ,'5 , 6 , 7 , 1 4 11 , 12 
9,10,13,14 
,2,8,15,4, 
16 

1 , 3 , 5, 6 " 7 , 
9,10,13,1Lt 
,2,8,15,4, 
16, 12 

",,-

.15 1 1 

1,3,5,6,7, 15 11 
9,10,13,14 
,2,8,15,4, 
16, 12 

1,3,5,6,7, 16 
9,10,13,14 
,2,8,15,4, 
16,12,11 

\ 

1,3,5,6,7, 16 
9,10,13,14 
,2,8,15,4, 
16,12,11 

1,2,3,4 

1,2,3,4,5, 
6,7,8 

1 ,2, 3, 4Î'5,. 
6,7,8,9,10 

1,2,3,4,5, 
6,7,8,9,10 
,12,13,14 

1 , 2 , 3 , 4" 5 , 
" 6 , 7 , 8 , 9 , 1 0 

,12,13,1Lt", 
15 

1,2,3,Lt,5, 
6,7,8,9,12 
,13,1f-1,15, 
17 

1,2,3,4,5, 
6,7,8,9,12 
,13,14,15, 
17,18, 19, 
2Çi 

1,2,3,4,6, 
7,8,9, 13, 
14,15, 17, 
18, 19,20 

8 

10 

13 

14 

14 

17 

15 

~------------~---------------------------------------- ------
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------------------------------------------------------------
F A . : A: E Front : Fr: 

------------------------------------------------------------

9 4,6,3,8,2, 1,3,5,6,7, 16 1,2,3,4,6, 14 
9,5 9,1O,13,14 7 , 9 " 1 3 , 1 4 , 

,,2,8,15,4, 15,17, 18, 
"- 16,12,11 19,20 

JO 4,6,3,8~2, 1,'3,5,6,7, 16 1,3,Lj,6,7, 13 
9,5,10,1 9,1O,13,14 13, 14, 15, 

, 2 , 8 , 15 , 4 " 17 , 18, 19, , 16,12,11 2O,21 
-{'." 

~ 1 4,6,3,8,2, 1,3,5,6,7, 16 1,3,4,6,7, 13 
9,5,10, 1 , 9,10,13,14 1"3,14,15, 
11 , 7 ,2,8,15,4, 17, 18, 20, 

16,12,11 21,23 

~ 

, 12 4,6,3,8,2, 1,3,5,6,7, 16 1,3,4,6,7, 13 
>:. 9,5, 10, 1 , 9,10,13;14 13,14,,15, 

11 , 7 , '12 , 2 , 8 , 15 , '4,' 17,18, 2O, 
16,12,11 21,24 

t .,. 
13 ·4,6,3,8,2, 1,5,7,9,10 14 1 1,4,6,7,13 10 

9,5,10, 1 , ,13,14,2,8 , 14, 15,20, 
11,7,12,13 , 15, 4, 16, 21,24 

12, 11 

14 4,6,3,8,2, 5,9,10,14, 10 6,7,13,14, 7 
9,5,10, 1 , 2,8,15, 4, 15,21,J4 
11,7,12,13 16, 12 
, 14 

15 4,6,3,8,2, /5, 14, 8, 4, 6 13, 14, 15, 4 
9,5,10, 1 1 16, 12 24 
11,7,12,13 
14, 15 

16 4,6,3',8,2 t 
9,5,10, 1 , 
11,7,12,13 .. 
,14,15,16 

------------------------------------------------------------

., 
, , 

\, 
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Ev idently, only that part of the matr ix correspond ing 

to the front variàbles needs ta be memory-resident. 'It is 

therefore necess~ry to know when all of the work with sorne 
\ 

variables is. _terminated to allow for front contraction. 

Although destinatIon allotment is completely arb'itrary, it 

1S usu'al to assign to each variable its longevity, L,e, the 

span of elements for wh ich it rema ins act ive' (in the front). 

Thus, in the above demonstration, the variable number 1, for, 

example, will have element number 14 as its destInation. 

Dest inat ions may al ternat ively be ass igned to the el'ements 

rather than to the nodes. In th is case '. element number 141 

will 
~ 
be the destination for elements 1,7,11 and 13; and 

" 

the variable·s 1, 4, 18, 19, 20 and 21 may then be eliminated 

from the front al together. Indeed, the whole task may be 
, , 

regarded as starting .with all the elements be1.onging to the 

initi~l set E, and continuing until all have been relegated 

to the final ,set F, keeping at aIl times only the active. 

port iO,n of the matr ix in fast core. 

o Frontal solutions of finite element problems are quite -
diverse. They, lnclude, among others, direct solution 

techn iques for systems ,of l inear - equat ionos [18] and the 

subspace iterat ion. method for the gen'eri31 ized eignvalu~ 

problem [3] ,J Appl icat ion~ ol the 
, 

frontal concept to the 

... practical Manteuffel algorithm for stabl izing incomplete 

Cholg'!ski decompositions [27] to 
, 

allow solution of finite 

element field problems by the precond'itioned conjugate 

grad ienbs method is now an area of act ive resdarch [23]. 
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Chapter 3 , ,'-

Renumber ing for Fr ontal Sol ut ions 
". 

In th is chapter, we cons ider the renumber wg probl~m 

for frontal solut ion procedures of fin Ite element systems of .. 
equations. The'success of frontal solutions is shown to . 
d epend sol el y on the ord er in wh ich the el em ents, and n ot 

the nodes, are el. lin inated. A cr iter ion for f ind ing element 
() 

sequen ces for these sol ut ion s is g iv en. The c onv en ien ce of 

the element level structure as a vehicle in renumbering for 

frontal solut ions is also establ ished. 

3.1 Numbering Re'quirements of ~rontal ,Solutions 

~ 

The success of frontal solut ions' clearly h inges on 

reduci!lS the frontwidth 50 that fast core' storage is 

minimized. For a given mesh topèlogy, the front assoclated" 

w ith a part icul ar el em en t d epend s onl y on the ord er ,in wh ich 

the elements are eliminated. Frontwidth reduction can be 

accomplished, ,as the slffiple demonstration. fn chapter 2 

read ily ,suggests, by arrang iog the el ements ln such a 

sequence that only relativelf few elements belong to the 

active set A at Any stage of the frontal procedure. 

Since adjacent elements are interconnected, minimizins 

the s ize of set A is equ iv al en t to min im iz ing the d ifferen ce 

in sequent ial numbers of adj acent el ements. In other words, 

'-
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ex actly the same topolog ical cr Ite-r ia apply to the frontal , , 

solution as apply to the standard Gaussian elimination, 

except for..., the fundamental d iffêrence that it is the element 
G 

number ing, not the node 'number ing, wh ich is of pr.ime 

importance. Even a truly opt.imal node numbering does not 

guarantee the'success of the frontal solution. Th is is 

immed iately seen from the demons·trat ion in the prey ious 

chapter: no matter what the' node numbers are, the front 

sizes remain unchanged. 
" 

Nodes may only be renumbered "after the elements are 

renumbered if at aIl. In fa ct , node renumber ing is 
dIr.... .. • 

considered irrelevant to the frontal procedure, and the node' 
\. . 

numbers are somet imes termed lin icknames" to emphas ize .th is 

fact [18]. However, a good node numbering' is stIll required 

for' more efficient computations, but as will be seen in 

section 3.3, a reasonably good node number ing 

autom at icall y ,ind:u ced b y a g ood el ement number ing. 

" 

3.2 Element Renumbering for Frontal SolutIons 

is 

Element renumbering strategie~ for frontal solutions 

may be class if ied as direct or ind irect. Direct strateg ies 

at tempt to f ind an el em en t sequen ce w ithout r en umber ing ,the 

nOd,es'first. On the other hand, indirect strategies'proceed 

by f irst renumber ing the nodes sa that min imum bandw idth is 
, . 

obta ined, and th en ,renumber the elem~ts accord ing to the 

n~w node pattern. Two" dIrect and two Ind irect element 



,,, 

renumber Ing strate,g les are descr Ibed below. 

1 

The fIrs~ dIre~t strategy lS due ta Akln and Pàrdue 

[ 2 J • In th~ ir procedure, an element' of mIn lmum degree (the 

number of adJac.ent elements) IS Ident If led and renumbered 

flrst. The elements adjacent ta the flrst element are then 
1 

renpmbered ln Increas Ing order of the Ir current degrees (the 

number of adJacent., elements yet to be renumbered). The 

un-renumbered elements adjacent to each new element ln 

sequence (sald to forln an element level) are next renumbered 

in a s1Il1llar fashIon: The process 1S contlnued, level by 

level, untll all the elements have been renumbered. An 

element sequence for the model"mesh in fIgure 2.1 could be 

{15, 2, 10,9,8,5,3, 1, 1Ll, 4, 16, ° 12 ,6, 13,7, l1}. 

The second dIrect strategy has been given by LIU [20J'e 
l' " , ~ 

, " 

and IS based on the observatIon that mWlm1zwg the'number~ 

o f s~doe- conne ct ion s b et ween el im in ated . and rema ln ing 
, 

elements at any stage of the frontal procedure can lead to a 

frontwldth reduction. An Implementation of LlU'S strategy 

works on the "dual graph" of the fIn ite el ement mesh, where 

each element is represented by anode, and any two of these 

nodes are connected (by an e'dge) if and only if the1r 

-
corr:e·spond ing elements share a cornmon s ide. Figure 3. 1 

shows the dual graph of the mesh in fIgure 2.1. 
o 

, . / 
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15 2 8 4 

. 

10 
~ . 

5 9 16 . , 

-
-

'3 1 14 12 

«> 

l 

6 13 7 11 

FIg 3.1 The ,dual graph of the finlte element mesh 
ln figure 2.1. 

The set o·f edges connect ing the -renumbered and un-renumbered 

nodes 0f the dual grapff is calied the edge front; lts' s ize, 
1 

the edoe frontwidth, is now the quant,lty to be mmimlzed. 
" .1 

An element sequence lS Induced as foll ows: a-t each step, "the 

nodes connected to the already renumberd ones are exam wed, 

and the node (element) Increaswg the edg.e- frontwldth the 

least is renumbered next. An element s~quence f?r the mesh 

in figure 2.1 could be {15, 2,~, Lt, 

12,6,13,7, '11}. 

10,9,5,'16,3,1,lLt, 

The two Ind lrect element renumber mg strateg ies we now 

\ \. 
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describe are essentially similar. The fIrst indirect 

strategy 1S also due ta Akin and Pardue· [2J. The 

Cuthill-McKee algorithm is initlally used to renumber the 

nodes for a mm1.lT1um bandwidth. 
1 

The new node pattern 1S then 

ut il ized for renumber ing the elements as foll ows: for each 
~ i 

new node in sequence, the- un-renumbered elernent's contalning 
, . 

O f t ,/liI'~l' r the new node are renumbered in increas ing order n-e 

current d egrees. A poss ible element and node number ing 
\ 

is 'obtalned using this -procedure for the rnesh ln fIgure 2.1 

shown in figure 3.2. 

2 5 10 17 

1 2 5 10 
, 

3 4 6 11 18 

.. 3 4 6 lI . 

.. 7 a 9 12 19 

~, 
1 

7 8 9 12 
i 

13 14 15 16 20 

( 13 - . 14 15 16 
. 

,1 

21 22 23 24 25 

Fig 3.2 An element and node numbering for the mesh 
in figure 2.1 obta ined by the Cuth ill-
McKee-Ak in-Pard ue inù irect pr ocedure. 
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The second ind irect strategy has been .recently 

, publ ished bl' Razzaque [25]. A g a in , the n Od es are f i r st 

renumbered for a minimum bandwidth, and the elements are 

then ~renumbered accord ingly. However, element re.number ing 

is now a llttle d ifferent: thel' are renumbered in increas lng 

0rder of the ir least .flodes. If the Cuth ill-J'lcKee algor ithm 

is used for node renumbering, a possible element and node 
• 

numbering for the mesh in figure 2.1 obtained bl' Razzaque1s' 

"-
procedure would be similar to that given in figure 3.2 with' 

the Akin-Pardue indirect procedure. 
" 

3.3 Node Renumbering for Frontal Solutions 

Node renumbering for frontal solutions is not as 

crucial as element renumbering. In 'this section, we show 

that a good node number ing is automat ically induced bl' a 

good element numbering. Two different techniques are 

described 'below. 

Let the elements of a mesh be renumbered by th~ 

'Akin-Pardue direct procedure. Let the nodes be renumbered 

after that as they occur, element by element in sequence 

(straight node rel!umber ing). The fact that nodes in a 

single flnite element are interconnected [10] ensures that 

• nodes renumbered this wal' will have a Cuthlll-McKee-l ike 

pattern. Figure 3.3 shows ~n element and node (mberi,ng 

obtained using this procedu,re for the mesh in figure 2.1)/' 

i 

\ 
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5 10 17 

. 
1 2 5 10 

3 2 
, 

6 11 18 

. 
3 4 6 11 

8 9 12 
~ 

7 19 

, . 
, 

7 8 9 r. 12 
. 

4 13 15 16 20 

'li?5 t3 14 . 15 16 

" 

21 22 23 24' 25 

Fig '3.3 An element and node numbering_ for the mesh 
in figure 2.1 obtained by the Akin-Pardl.:le 
procedure, and an element-by-element 

• stra ight node renutnber ing . 

.ft' 

Another node renumbering strategy has been suggested by 

Lru [20]: for a. glven element sequence, the nodes are 

renumbered as they ar~ removed from the mesh by element 

el im in at ion. 1.. iu has d evel oped much theary t 0 pr ove t'hat a 

minimum proflle node numbering for fi~ite element: systems of 

equat ions could be obta ined in th is way. A comb inat ion of 

L lU' sel em en tan d n ad e n um ber in g st rat e g i e s g l V est he 

element and node numbèr~ng shown in figure 3.4. 

---- -'-~----

--, 

'\ 

, , 
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2 3 5 , 
1 2 3 4 

" 
6 7 8 9 10 

-. 
5 '6 7 8 

11 12 13 14 15 

9 10 11 12 
0 

16 18' 20 23 25 
, 

, 

13 l4 15 16 

17 19 21 24 

'-
Fig 3.4 An element and node numberlng for the mesh 

in figure 2. 1 obta lned by.a comb inat ion of 
L lU' S renumb·er ing strateg ies. 

q 

3.4, Comments Or:! Renumbering f~ Frontal Solutions 

The frontal solution procedure has been developed to 

ae-Ilow solution of large sets of finite elemel1t equations on 
~ 4',1 . 

• small computers. To pe consistent, renumbering strate~ies 
...... , \ 

II/for frontal solut ions should draw on similar frontal l ines. 

In sect ion 3.2, two direct and two inglrect element 

renumber in.g strateg ies \oIere presented. Each d lrect strategy 

f~lows a d lfferent procedure Lor generat ing an el ement 

( \ 
l-v 
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sequen ce th at
o 

would y ield 

Pard ue use an element 

-. -~ 

Page 

ontw id th. Ak ln and 

tru~tur:e concept 1 wh Ile Liu 
~I ';JI employe's a miniffium edge frdntw growth criterlon. The 

two ind,lrect strategi~s, on the, 0ther h and, are qu it.e 

similar: both'are designed so that the frontwidth does not 

ex ceed th,e min im "ized band w id th. 

Some generated levels in' the Ak In- pardue d ire ct 

s,trategy, however, may cause fairly large increases in the 

s ize 0f the act ive set A. In add it ion, L lU' s- strategy 

posse5ses an· .... airnportant limitation: it may only be applled on 

meshes hav ing a constant number of nodes per element. 
o 

Nev.,ertheless, the computer impl emen t at ion of these two 

strateg les ut il izes adjacency l ists whose memory demànds 

correspond to the full element and node set in the fin ite 

element mesh. 

"-
Indirect ele/llent' r,enumbering strategies for frontal 

solutlons clearly do not enJoy the frontal spirIt. F lrstly,' 

they ne(Lec't the emmen-ce of elements over nodes ln the 

frontal procedure; and secondly, because of the storage 
.. 

requirements of node renumbering algorlthms, WhlCh are 

proportional to node count [15]. Furthermore, Slnce the 

n od e lev ~ l - st r u c t ure [ 16 ] is a basic construct in the 

Cuth ill-McKee ( and many other) bandw id th m i.n im iz ing 

"'" algorithms, induced element numberings are produced on a 

level-by-level bas is. Very l ittle can therefore be sa id to 

favour indirect element renumbering strategies. 
0lI. 

/ 
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Al though the a ppl icat ion of the s impl e el emen t- by-

element straight node renumberwg strategy on a mesh with a 

level-based ,element numbering glves a good node number'ing in 

tllle Cuthill-McKee sense, Liu's, node renumbering strategy 
<IR 

fuifils the bas ic frontal requirement. that, f9,r a g iven 

element sequence, nodes are renumbered in increasing order 

of the ir longev it ies. Numer ical stab il ity in the matr ix .. 
"-

factorization, however, ma1y become tlie crucial factor' in 

node renumbering [13]. 

factor izat ion techn iques 

In st ill another 
~ 

case, sorne 

may requ ire aspe cial n ode 

n,umberingj for instance, a law-fili node numberlng is needed 

for better incompleté Choleski decQ!llpositians. 

\ 

In frontal solutions, situations may arise where it is 
\ ~ , 

pr'eferable to process sets of elements, or superelements. A 

choice of the levels in the element level structure as 

superelements adds anather measure of flex ib il ity: 'process-

mg one such superelernent eliminates from the front aIl the 

variables associated with the previous one. ,In this case, 

destinations are easily aliottéd by ass'igning to aIl the 

var iables (or elements) in a part icul ar superel emen t its 

'- number (pl us one). SLiccess in th is appr oach cl.early depends 

on havring few elements in ea'èh level. 

It is weIl known that increasing the number of levels 

(the depth) of the level~ structure decreases the average 

number of ·elements in each level, and tend.s ta reduce the 

max imum number of elements per level (the width) as weIl. 

11 
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Such a small w1dth lev el structure wlll a1so overc()me the 

d 1ff lcul·t les en countered w lth 'the Ak In-Pardue d 1rect 

strategy. Indeed, lt lS a conven lent veh lcle ln renumber lng 

for frontal solut ions, and perfectly flts our cr iterHm. In 

the next cnapter, we present a renumberlng strategy based lm 

constructlng an e l em en t lev el s t r u c t ure 0 f m a x 'lm al d e p t h 

wlthln a frontal framework. 

\ 

) 

o 

\ " . 
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Chapter 4 

'A Memory-Econom ic Fin ite Element and Node 
Renumber ing Str·ategy for Frontal Solut. ions 

~ 

In th is chapter, a memory-econom ic fin ite elemeot and 

node renumb er wg strategy for frontal solutions i5 

introdueed .. The new strategy is shown to requ ire storage 
... 

amounting to the maximum size 'of the active element set A in 

the frontal procedure, and Q«m*N) 2) comparisons, where m 
. II 

" is the max imum number of nodes per element and N is the 

number of elements in the mesh. 

4.1 A Memory-Econom ic Renumber ing Strategy 

The new mem ory-econom ie fin ite el ement renumber ing 

strategy geperates an element sequence for frontal solutions 

b Y construet ing an elem ent l ev el structur e of max im al d epth. 

Although the pr ocedure followed to obta in such a 1 evel ' 

structure is slIlIilar to that used for its nodal counterpart 

[ 13] , their implementatlons dlffer sUbstantially because of 

the frontal approach of the new irnplementatlon. A detailed 

d~scription of the new strategy is given below. 

{ 

l Constructing an element level structure: 

Let aIl the elements {el in a fin ite element mesh 

initially belong to the element set E, and let the finiü set 

F be empty~ The work begins by choosing an (arbitrary) 
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.element from E to constitute the .active set A. At each st:..ep 

of the process 1 a set B is éonstructed 1 compr is ing all the 

élements .ln Eo wh ich d 1rectly adJoin any element in set A. 

In other:- words 1 B lS the adJace.nt set of A fully conta 1ned 
, 

in E, and therefore forms a new level in an element ·level 

st ruct ure. In t'he s equel, the two syn onymou s ward s set and 

1 evel may be inte r chang ed . When B has been found 1 F is 

enlarged to contain Ai aIl members of B are removed fl"'om E • 
" 

t 

and set Bis sQbstitute; for set A. This process is 

co'ntinued until no members remain in set E. More iormally, 

the following steps describe the procedure: 

1. E:= {aIl elements} 

F := {empty} 

f A : = {one element in E} 

2. E E - A 

B : = {empty} 

,. 3. for every e in E 

if Inc(e,'A) > Ci then.begin B .- B. + e 

E • - E - e end 

~. F:=F+A 

A B 

5. if 1 A: > Ci then go to 2 

Here In c ( e,A) denotes the n umber of el emen ts in the set A t 0 

wh ich element e is connected; lA 1 is the number of elements 

1 

1 

1 , 
1 

1 

-; 
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In the above descrIption, if the set augmentation in 
\ 

step 4 is done 50 as to keep F ordered, thete will be no 

need to man lpulate F . in any way, and the set is very 

'nat,urally accumulated ln a sequential file. On the other 

hand, step 3 requires examination of every elem·ent ln 1(, 50 

that if the set E is kept in a file, the file must be 

r e- read at every pass. The set exclusion (removal of 

elements from E) also requires set manipulation. These are 

most eas il'Y taken care of· by keep ing both E and F in 

" sequential files, and by creating an additional, temp0.rary, 

fil e G. As E is r e ad, i t is partitioned into Band G. 

\ ' 
After each pass of the algor itohm, G is then subst ituted for 

E. In pract ice th is subst itut ion lS best ach ieved by 

reas$igning file name-s, w ithout any need for copy ing one 

file into another. In detail, the algorit,hm then reads: ...,.---- ." 

1- E : = { a11 el emen ts} 
" 

F . - { empty} 

A . - { one element in E} 
~ b 

G :'= E - A -------

2. E : = G 

G : = _ { empty-} ... 

B : = {empty} 

3. for every e in E 

if In<7(e,A)_> Û then B : = B + e 
0 
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el se G ::= G + e 

4. (aügment every elemen-t in A) 

\ 

5. F := F + A 

A : = B o 

6. if lAI;> ü then go. to.2 

As pointed out in chapter 2, much storage will be saved 

wh il e per form ipg the frontal matrix assem bl Y and 

factorization with a proper destinatIOn allotment. This is 

carr ied out in step If above for, after step 3, . it is an, e asy. 

mat ter to d eterm ine the-'h 19he st-n umbered el emenf conne c ted 
, 

to each element in A. The elements in A which are not 

connected to any elemerit in Band, similarly, those in the 
\ 

-
l ast 

1:> 
set A may be ass ig n'ed the h ighest el emen t numb er in set 

A itself. As a final remark, lt may be noted that the 
,... 

"frontal" act ive elemen t set A in chapter 2 lS equ iv a.xent to 

the un ion of the two "colPputer" sets A and B ab ov. e . 
\ 

II Construct ing an el ement lev el structur e of max im al 
d epth : 

To constru'ct an el emen t level structure . of - max im al 

depth; the 'work proceeds by choos ing an (arb itrary) element 

from the l ast el ement. l evel '. at wh ich another rooted level 

structure is constructed in a sim il ar fash ion. If the depth 

of the new level structure is equal to that of the pre~ious 

one, the process term inates; otherwise, more iterat ions are 

perfornfed untll this condition has been achieved. 
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In fact,"not aIl the elements in E need ta be , ~ 

exam ined 
, 

in step 3 at every pass, dur ing any of the succeed ing 

iterations. Much work can be saved if element destInations 

are used ta mask the components' from which each new level is 

constructed. Th is can be accompl ish'ed. simply by assum ing 

that, at each pass, a set M exists, containing all elements 

in:. E with destinations less than the lowest element number 

in~ the con's truct ed por t ion of the new l evel st ructur e. As E 

is read, the elements which are members of Mare written 

into G immed iately so as to keep it ordered for the next 

passes. Clearly, set M (empty in the first 'iteration) is 

never creatOed; rather it is' v irtually constructed' by 

destinatlon allotment. The algorithm finally reads: 

T. d ::: 1 

L : = {aIl elements} 

E : = {aIl elements} 

2. l := 0 

F := {empty} 

A := {one .. element in U 

G :=1:-A 

3. l : :: l + 1 

E : = G 

M : :: { maskt:d el ements ln E} 

G : = { empty} 

8 : = {empty} 

,. 
" 

\ ' 

f 
\ 
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4. for every e in E 
~ 

if e( M then G G + e else 
.", 

if Inc(e,A) > Cl then B · - B + e · -
else G · - G + e 

III Element renumbering: 

Al though the element number ing pr od uced by the 

algorith) as it stands is good, sorne minor degree of 

improverrient may be achieved by rearranging the elements in 

e'ach set so that the d ifferenae in seqùential numbers of 

ad~acent elemerits is minimized. This, however, should be 

done at every iteration since it is not known a priori when 

the-prqcess will terrninate. Step 5 then l''eads:' 

5. (reorder elements in B) 

(augment every element in A) 
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This task can be accornpl ished by generating an array to 

hola the elernent nurnber ir:l A ta wh ich each element ~n B is 

first connected, whlle performing step 1./ above; the elements 

in B are then "grouped" in a Cuth,.G:~ee s~nse. In th is 

case, an exam Inat ion of every elerT;ent in 'A in. step 4 is no 

longer required, which may result in a great say ing of work. 

The element pattern obtained, however, does depend on the 

, initlal order of element nurnbers. 

The elements may be renumbered in other 'convenient 
• 

For instance, a King-like element nurnbering can be 

imposed on the level structure in a way sim ilar to that used 

by Gibbs. [17J in hlS hybrid profile reductlOn algorithme 

However, this will require generating a "connection table" 

(or another sultable adjacenèy structure) [15J for the 

elements in A (the obJects now to be 

exarnination of every elernent ç 
~ 

rearranged) , 

in' step 4. 

and an 

If a 

particular element is specified to be renumbered first, only 

one iteration needs ta be performed, and this scheme may be 

favoured over the less neat (in a heuristic sense) elelllent 

grouping descrlbed above, Of' course, providet that we can 

afford the extra .storage requ ir'ed. The work involved and '" 
/ 

the d iff icul t ies _ encoun-tered ln updating the destinations 

would otherw ise rend er th is s cheme un accept~bl e. 

Other element nurnber ing patterns may st~ll be obtained. 

The new a1,.gor ithm lends itsel f naturally to producè a nested 

dissection elernent numbering [12]. First an element level 
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structuf"'e of max imal depth is constructed. 
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The el emen t S ln 
,~ 

the mid-level that are eonnected to the next level are then 

chosen' as a separator Ctles are broken arbltrarlly), and 

renumbere<;l last. Th is scheme is repet lt 1vely appl1ed ta 

each connected component unt il aIl the el ements have been 

renumberedj the 'elements in any component whose level 

structure 1S of depth l ess than or equal to 1 may be 

renumberèd directly. However, this method of renumbering 13 

1 iab'le ta requ ire a mueh more careful ci'ornponent maskwg and 

large amount of e?mputer time, and yet still to face' simil'ar' 

destInation updating problems. 

IV On processing levels as supérelements: 

,~ 

Processing levels as if th'ey were superelements in this~ 
renumber ing strategy ean J: ead t,,, great ease in cod ing. For 

in s.t an ce, the e 1 ern en t s belon g in g t 0 e a ch set are r e a d il Y 4' 

'" 
recognized sQ that destination al10tment i3 no problem 

whatsoev er. Component masking dur'ing the succeed ing 

Iterations is also quite simple. let sorne elements in level 

i of the prey ious level structure be included in th'e 

eonstructed portion of the new on·e. Then, aIl elernents in 

the first i-:2 levels eertainly need not ta be exam ined 

(member s of set M). Furtherrn or e, as w Hl b e seen in se ct ion 
, 

4.3, assessing the number of comparisons performed using 

su perel emen ts i5, a straight-forward exerClse. Such an 

assessrnent for ind iv idual element processing *' i3 d ifficult, 

although both should yield :othe same bound. 

i 
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V A worked example: 

• In th is sect ion we d emonstrate the appl icat ion of the 

new algor ithm on the fin ite el ement mesh in figure 2.1. In 

the 'd emonstrat 10n bel ow, l evel s- as- superel ements 'are 

proocessed; E, F, A, Gand B are the e-lement sets described 

in sections 4.,1.1 and 4. 1. II; the elements in B appear 

gr ouped in the way qescribed in section 4.1. III: and the 

el ements d iscarded by component mask ing (members of set M) ... 
" (j)1 are shown encircled. The augmentation of, F by'the last set 

A is om itted below. The f irst element is arb itrar ily chosen 
l ,,~ 

to be the star t ing el emen t ; and at each suc céed ing 

iteration, the first element in the last level of the 
o 

prey ious iterat ion is. t aken as the new r oot. The el emel'l t 

i number ing obt a ined in th is d em on strat ion is shown in f igur e 

4. 1 . 
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The Appllcat lon of the New Strategy on 
tne Finite Element ~h~ Figure 2:1 
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.0 

-- -- ~-----,- ----- - - - -- - - ---- -- ---_..::. ------ - ---- - - ---- - - -------
E FA GB EF AG BE FA GB EF AG B 

---- ------ ..... _-- .... - -- --- - - ----- - - ---- - ---- - - - --- - - ----- - - ------. . 

1 2 2 2 3 2 3 .2 1 2 
2 __ 3 3 4 5 4 5 4 " 3 4 
3 !) 4 4 8 6 8 6 8 . 5 8 
4 5 5 11 7 1,1 7 12 6 12 
5 6- o 6 12 9 12 9 16 .... 7 16 
6 7 7 15 1 CI 15 10 11 9 1 1 
7 8 8 h6 13 16 13 15 10 15 
8( 9 9 1 li 14 13 
91 10 10 14 

10 1 1 1 1 
11 " 12 12 
12 13 13 
13 1 '4 1 '4 
14 15 1 5 
15 1 6 ~ 16 
16 ,. 

1-/'-.· /. ---- --- ------------ -----~ ------ ------ ------ - ---- - -r------
1-
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The Second Iteration 

~ 

E F A G B F; F A G B E F - A G B 

1 2 5 6> 1 6 l' 2 1 6 2 6 

3 9 7 14 7 5 14 7 5 7 

6 10 13 4 13 9 4 13 9 13 

7 8 11 12 11 10 12 11 10 11 D~ 

13 15 16 8 16 ~ . 8 

14 ' 3 15 3 15 

4 1 

12 14 -----... 
16 4 

11 V 12 

16 

3 

" 

"-
.t 

'" ~ 

-~ 
~ ::-..".\~ 

" .:';3-;' 

"" 
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r4 The Third Iteration 
(Yl 

(J) 

bD 
co 

l' 0... E F A G B E F A G ,B E F A G B E F A G B E F A G B 

2 6 2, 6 2 l CD 6 1 2 5 2 6 5 2 6 2 

5 5 5 3 5 3 8 9 8 l 9 8 1 8 

9 (> 9 ' 9 13 9 13 15 10 15~ 3 10 4 3 4 

10 10 10 10 4 14 4 13 14 - 12 13 12 

\. 8 8 ,8 8 12 7 12 7 16 5 16 
,j 

® 15 y 15 15 15 '16 16 15 -9 15 
, 

1 l :1 14 14 11 11 11 10 11 

14 14 14 4 4 14 
, 

4 4 4 12 12 7 

12 12 12 16 ,16 

- 7 
v -16 - 16 16 7 

3 3 3 Il Il 

6 7 7 
1 i' 13 ,~ /' 

.-
<., 7 13 

't 13 11 11 /; 
1/1 

~ 

P, 

\ 

( 

1 

-
~ 

/ 

, .' ~ lIj~ ' .... _ .. _I~{. ........ ,,_ -'l.-_- .... _ _~ .... c_.,";!t'".;t~.h~ ... "''f " ........ y.},...P.b. "'"_ )..,j"rl;..!....L .. ~-'~ l.,~':'.",' .. !..-_~ .... .,... .... ~~~~~ 
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15 10 " 11 12 
/ 

7 6 5 14 

" 

3 2 8 13 
~ - "-

, 
1 

1 4 9 16 

Fig 4.1 The element number ing obta\ned /\n the 
above demonstrat ion for the mesh in figure 
2. 1. 

4.2 Node Renumber'ing in the New Str'ateg,.y \ 
~ 

'Finite elements are' commonly represented as sets of 

nad e n umb er s, wh ich in tur n serve as po inter s ta "coord inate 

arrays. For example, a first order triangular element would 

ord inarily be represented as three integers {i,j ,k}, to (1;;. 

ind icate' that its first node was located at x( i), y( i), 

zei), and 30 on. Node r1enumbering thus consists of two 

,separable tasks: thel generat ion of a renumber iOg key, and 
t ~ -

the rearrangement o'f'-the arrays of n-ode coord inates. , -
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A renumbering key array K 1S generated as follows: K( i) 

is the old node number correspondlng to the new node number 

i. S ince the key array is generated in. r unn lOg sequen ce , . of 

the ind ex i, it can be writte'n to file lmmedlately. Car~ 

should be taken, however, if constra ined nodes are to be 

renumbered or if b inary constrained nodes are 

in cl ud ed . If a part icul ar . el emen t is specified to be' 

renumbered first, .nades may be renumbered cancurrently wlth 

" elements in a very simple fash ion. Step 5 then reads: 

5. (reorde'r elements in B or A) 

(augment every el~ment in A) 
.. 

(record new node numbers) 

In this case, it suffices to keep in memory a large enough 

portion of K "to allow the element node numbers ta be 

rewritten, i.e., a portion that covers all elements in sets 

A and 8 above. On the other hand, if the algor ithm is ta 

iterate, a separate program run ,is "pecessary for 
f 

generat ing 

the renumber ing key, array and rewr it ing element nod.e 

nl,Jmbers. In any event, an elemen·t:'by-e~~ment straight node 

Tenurnbering is a convenient:method to be used in canjunctlon 

with any of the element re,number ing schemes descr ibed in 

section 4.1.IIh 
, . 

After' the key array has b eeri g enerated and fil ed , the 

coord inate arrays usually need to be rearranged. Th is task 
". 

is best accomplished in another separate prograrn run that 

" ',must read as much as possible of the renumber~ng key array, 

f\ 
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K; read the entire coordlnate file sa as to extract the 
, 

rele'v ant' codrd inates; and then wr ite the se ta an output 

file. Th is pr ocess is then ~epe ated as m any t imes as 

necessary. It may be seen that the structure of th is task 

~ery closely parallels that of elernent renumbering, so that 

it is unnecessary ta give detailed algorithms. 

4.3 Memory 'and Computer T ime L im itat ions 

In this sec~ion, we consider the (real) memory and 

computer time limitations' for the basic algorithm as 

presented in sections 4.1.I and 4.1.Ili that is, for 

construct ing an element level structure of max iffial depth. 

The storage requirements of th is algor ithrn are 

immed iatel y seen. The detailed descriptIon given above 
", , 

v 
c'l earl y ind icates that the sets of m em o,,:"y-res id ent el em en ts 

at the d ifferent stag es of the renumber ing pr oced ure are 

exactly the same as the active element sets in the frontal 

procedure. It is hard to g ive any bound ing values for the 

s izes of thes,e sets s ince they largely depend on the mesh 

topology and the cho ice of the- start ing element. 

The est imat ion of the number of compar lsons per formed, 

however, needs a little algebra. Let m be' the max imum 

number of nodes per _element, and let N be the" number of 

elements in' the finite elem'ent mesh. The number of 

comparisons performéd in th~ first' iteration (N.CI ,) is 

cer ta <inl y l' 
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2 
N . Cl. ~ m * { (N - 1) + w 1 * ( N - 1 - w1) + 1"2 * ( N - 1 - w 1 - ~) + 

+ W 2-1 * (N - 1 - ••• - w 9,-1 ) } , C 14. 1) 

2*[ *( , = m, N 1+w1+w2,+ ... + wQ,) - (1 + w1 :C1+w
1

) + .1 .. 

C 4. 2) 

" where w. is tne number of elements ln leve1 l, and 1 is the 
J. . 

number of levels. Swce w.>1, the number oLcomparlsons 
1,-

be cornes 

This represents the main fraction of work; that due to 
, 

subsequent iterations has been significantly slashed wlth 

t,he proper masking of e1ement components. To 11lustrate 

this point, consider the case of processlng levels-as-" 

supere1 ements i the number of compar lsons performed in the 

second iteration (N.C 2.) is then 

N.C
2

• < m2*{(wn +w .-1) + v *(w +w +w -1-v) + 
:t>- 9.-1 1 9. .Q,-1 .Q,-2 1 _ 

+ v *(N-l-v - ••. -v )}, (4.4) 
d-1 1 d-1 

= m2 *{(vl+r1 ) + v
1

*Cv
2

+r
2

) + ... + v
d

:_
1

*v
d

}'-, 

( 4. 5) 

where v. is the number of e1ements i'l'l level i, and d lS the 
J. 

number of le~e1s in the second level structure, Although ~i 

is hard ta assess the remainders r~, they c,an be generally 
. l 

considered of O(v), where v = max 

follGbws that N. -C 2' .. 

{V. } • It immed iate1y 
l 

Sin ce v * d 1S /0 fOC N ) , 

this 1s obviously' of OCm2*t*N) with t«N. The number of 

comparisons in other iterations wH1 be' further reduced as 

\ 



• 1 

Page 38 

level structures of' srnaller widths are generated. Surnrn~ng,~ . 
'\ 

up, the total nurnber of cornparisons will be 

m2 * {N 2 /; + I 
i=.1: 

t *N} , 
i 

( 4. 6) 

where p is the. nUpJber of iterat10ns, and t l lS -0.5 

( equ at ion LI. 3) • 

Compar ison counts appear not to Dt. a rel1able measure 

" 
of tQe actual cost of th is algor ithrn.

o 

It is generally 

accepted that mernory storage and execut~on time cannot be 

reduced simultaneously; an improvement of one normally leads 

to a deterioration of the other. Since memory has been our 

pr im ary con cern, thé new alg or ithm was' 'd ev el oped so as t 0 

reduce storage requ irements, certa inly ,'at the expense of 

e?C ecut ion tlIDe. ,.,. A substant ial overhead due to rnany file 

retr1evals and rnernory-disk transfers is therefore expected • 

4.4 Two Illustrative Model Problerns 

The limitations ef this renClrnbering, algorithrn may be 

fllrther illustrated by cons iqer mg two model problems, one 

two-d imens io'oal and one three-d imens ional. In two 

d'imensions, consider a square array of N 'quadrilat'eral -

elements (N a perfect square), with the starting element 

chosen at one corner of the square at each iteration, so 

,that only .two iterat'ions need to be performed. 

It will be.clear from figure 2.1, or any larger pattern 
\ 

of. similar typè, that the maxirnu~ difference b~tween 

" , 
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" 

adjoining ~lement numbers will be 2 sqrt(N) - 1, and that 

the number of execut Ion passes per lterat Ion is sqrt(N). 

The largest number of' elements in set· A is approx lffiately 

2. sqrt(N), so that the memory-resident numper of elêments',ls 

approximately 4 sqrt(N). If memory is avallable to house K 

elements concurrently, a problem rnvolving approx~ate1Y 

(K/4l elemen.ts can be renumbered, in 2~(K/4) passes. To 

illustrate numer ica11y, supp<,se K' = '1000, wh ich represen,ts a 

,very modest-sized minlcomputer. Renumber ing the: model 
\~ .... "';" r 

probl,em takes approx imately 500 passes in th 1s case. The 

renumbering capacity ~m oun ts to appr ox im atel y 62500 

elements ,. .equ iv al en t to 250000 nodes if n Ine-noded 

quadrilatera1s are employed. 

performed i5 0 (10
11

) . 

Consider next a sim il ar 

T~e number of comparisons 

three-d irnens 10nal model 

pro b l em : are guI arc u bic lat tic e 0 f N b rie k el em en ,t s (N a 

perfect cube). In th 15, case, the number of memory-res ident 

elements is 6*N (2/3) , and the number of requ ir~d passes per 
'\, 

lterat ion is approx imately N(1/3) If K' elements can be 

housed in memory, (K/6) (3/2) total elements can be dealt 

with, ln 2 sqrt(K/6) passes. Taking K = 1000 as an 'examp-le, 

26 passes of computat10n will deal wlth about 2100 elements, 

or about 18000 nodes if 27-noded br ick elefllents are used .• 

The cpmpar isons count up te 'OC 109 ) • 

It m ay be observed in pass ing that the rat 10 of 
", 

requ ired . passes for the two-d imens 10nal model to that' for 

$ 
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. 
the tqree-dim~nsional 'rnodel is apI;>roxlIJlately 20. Th is 

reflects the Jact th_at the rat io of the elements in the two 
f ' 

rnodels is near this/figure (approxirnately 30). 
/ 

A d ef in ite 

reduction ln overhead can be achieved by using fewer 

el ements. 

" 

1 
/ 

1 

,,'~ .,.--

tI , 

/ 
1 

" 
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... Chapter 5 

Experimental Results 

The evaluation of renumbering algorl-thms is usually 

carr led out on a computer through ex tens ive exper lffiental 

tests. In th is chapter, we test the new algor ithm on a set 

of meshes that r,ange from relatively small sizes, up to 

appr ox lmatel y 1000 el ements, and that ~ave d ifferen t . 
t9pol og ica1 structures. Some c.omments wfll then be drawn on 

its performance from the results obtained. 

5.1 Data Structure -- Element Flle Organiza~ion 

"In our compu-tational implemeiitation, element files are 

organ ized as sequential files of unformatr.ed (binar:y:) 

record s of 32 word s each, w ith one, el emen t per record. For 

" each record, the words oontain the element destinatIon D, an 

element type indicator T, a,regl0n label R (which serves to 
...-L-.. 

identify material properties and 'source densities), the' 
. 

number of nodes in the element N and a l i.st of nôde numbers 
\ 

n ( 1) • The type T- and the reg ion label R are~taken as 
'. 

two-char:acter alphabetics, where€ls the numer ics are all ... 

integer s. An element may have up to 28 nodes under this 

arrangement4 Figure 5.1 shows the s~ructure of a typical 

r e cor d in el em è n t file s . 

.. 
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4 6 8 10 32 

F ig 17 5. 1 Record structure in element files. 

5.2 Exper imental R~l ts \ 

Existing requmbering algorithrns are largely heuristic. 

Since there are no,strict theoretical grounds to evaluate 

the,se algor ithms', th is is done emp ir ically on a computer 

through extensive experlIDental testls.;~ \ These tests need to 
\ 

be performed on a set of problems that arise in practic i3l 

fulite element appl icat ions, and that range up to reasonably 

large sizes, with different topological structures [8]. 

The' set of test problems employed contains Live mesh 

, 
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pr oblem s espec ially des igned for testlng renumbering 

algorit!1ms: a rectangular damaIn, a rectangular domain with 

a hole" an L-shaped dornaln, an H-shaped domaw and a 

+~shaped domaine These rnéshes were produced by MagMesh (t'he 

geom~tr ic modeller phase - of -the MagNet 11 f...a.eld analysls 

system [22]) through rnirror-and-joln operations. S ince 

MagMesh is inte,nded to provide only flrst arder triangular 

elements, these meshes have more elements than nodes (about 

twice as many elements as there are nodes for large models) 

(,g'] , For each mesh, we have consldered four different cases 

consÎsting of relatiyely few elements, up ta appraXlITIately 
\ 

1000 in number. RepresentatIve test problerns are shown in 

figures \ 5.2-5.6. In addition, three other problems (shawn 
, / 

in figures 5.7-5.9) were used i51 our experiments. ,The 

Half-Pole l'itch problem (courtesy of the General EI,ectric, 

Company (GEe), UK) is typ ical of the problems that ar ise in 

machine design. The Bullet problern was generated by a 

Mov ie .Byu fac il ity [24]. 
g~ . 

The th ird problern (mesh 23) 'is a 

geometr ic d isplay formed by MagMesh. F inally, the Circle 

problem is taken from reference [25]. Test problem 

statistics are presented in table 5.1.' 
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FIg 5.2 A 256' elements, 153 -nodes Re':ctangular" 
Dom a i 11 (m e s h 2). 1 
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Fig 5.3 A 614CJ elements, 388 nodes Rectangul ar 
Domain with a Hale (me.sh 7). 
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..,.. . Fig 5.LlA'g6 el~ments, 65' nodes L-shaped Dotnaln 

,,' '. ~', " ( mes h 9 .' . 
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Fig 5.5 A 320 elements, 205 nodes H-shaped Dornam 
(mesh 1'4). -
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. ., Fig 5.6 A 128 ele~ents, 85 nodes +-shaped Domam _ 
, (mesh 17). 
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F'lg 5.1. A 592 el'ernents, 322 nod~s Ha·lf-Pole Pitch 
(mesh 21). 
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" 

fig 5.8 A 84 elements, 74 nodes Bullet'Cmesh 2,2). 
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• 

• Fig 5.9 A geometr ic d lspl ay of 38q elements and, 
242 n<"'des (mesh 23). 

~\ 
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" 

1 

fi Ta b l e 5. 1 Tes t Pro b l em St a t i st i cs 

, ------------------------------------------------------------
Mesh : FE: :x: xl e - PR BW FW ~MS WF 

" -----------------------------------------------------~ ------

1 R'ectangular Dom a in 128 81 3 ,871 58 18' 11.4789 
, 

2 256 153 3 2162 80 2·1 14.7887 
3 '512 289 3 6116 151 32 22.1706 
4 1024 561 3 19486 295 57 36.7482 

At> 

5 Rectàngul ar Dom a in 152 106: 3 1136 70 . 18 11.2862 .. 
w ith a Hole 

6 416 254 3 426/4 132 27 17.5528 
7 640 388 3 ,7636 199 34 20.6826 
8 1080 6/48 3 ,13132 330 35 •. 1647 

9 L - shaped' Dama in 96 65 3 574 42 13 9.2769 
10 350 208 3 2941 73 21 14.6981 
1 1 600 341 3 4929 148 22 1/4.9928 
12 960 539 3 18363 282 51 35.6605 

13 H - shaped Dom a ln 15~ 103 3 1261 " 75 21 13.0514 
1 4 320 205 3 3326 149 29 17.5799 
1 5 576 343 3 7490 1,80 38 23·1245 
1 6 1056 608 3 18033 348 48 3 1 . 481 3 

• 
\ 

17 + - shap e 9 Dom a in 128 85 3 1079 60 19 13.6136 
18 240 147 3 2423 108 27 17·3725 
19 512 297 3 7582 216 44 26.8480t 
20 976 545 3 22059 422 67 42.3742 

21 Hal f - pole Pitch 592 32<2 3 10464 319 53 34.1798 
22 Bull et 84 74 4,3 1270 '63 24 ' 18.2409 
23 384 242 3 5460 135 36 23.7459 
2!i C ir cIe 24 73 '8,6 1295 39 27 19.0209 
.' 

-,----- - ------- ---- - ----~ ------ ------------- ----- - ---- - ------

Here : FE: denotes the number of elements in the mesh, :X: , ' 
, :1 the number of' nodes, x/€ the n umber of nad es per elem ent, PH 

the pr of Il e, BW the band w id th, FW the frontwidth and RMS WF 
the root-mean-square wavefront. 
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, The new algor ithm was lIl1pl emented ln FORTRAN, and all 

the tests were run on the McGlll Ijn IV.erslty, Co'mputat lc1 na1 

An al ys IS' and Des 19 n Labora tory LSI-11 S wgle user 

m in icompu~er, verSIon 38 wlth ErS/FIS optIon. In our 

program,' levels-as-superelements are processed; l Ine ar 

Insertion [15J is used to group the elements as descrlbed ln 

section ~.1. III; and 

renumber ing lS used. 

an element-by-element stra Ight node 

The .experlIl1ental resu1ts are presen ted ln tables 

5.2-5.7. In the set ab les, 0 p e rat Ion s ~ m e a n c om par 1 son sot h e r: 

'th~n with zeros; t ime is ln se'cond s; the number vf 

operatIons and time of 'nod'e renumber Ing are those taken to 

generatethe key arr,aYi 'the depths given read'plus one more 

than is formally deflned; and the matrlX paramet~rs in the 

1ast four co1umns are as defined in append'lx . .\. It, should 

be noted that we report here, the frontwldth of the matr IX, 

which is ln general d'lfferent from that of the frontal 

procedure deflned ln chapter 2. Th lS lS mot iv ated by a 

part Icu1ar appl1cat Ion of the new a1gor lthm [23]. The four 

rows of resul ts for each mesh correspond to four d lfferent , 
,startlng elements: 1 + [1*N/4] wIth CJ~I~3, wh e r e [1* N 1 LI J 

denotes the largest integer less 'than or equal to I*N/'-t, N 

be ing the number of elem,ents 'ln the' mesh. The average 

" r e sul t s are p r e\s e n t e d in t ab l e 5 . 8 wh e r eth e 0 p e rat l t) n 

ceunts only are rounded te the next 1arger integer. 

. \ 
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tri Mesh Iter Element Numbering Depth width Node Numbering Proflle Band- Front- rms 

Operations 
~ Operations Time Time' width width wave front 1 

QI \ 
bD 
cu 1 2 0... 79098 152 8 26 4602 12 993 17 17 12.9066 

3 114693 216 8 26 4666 12 1015 20 20 13.2642 

3 124952 233 8 .26 4653 13 95-3 18 • 18 12.4201 

3 _116963 219 , 8 26 4617 13 997 17 17 12.9238 ,. 
2 3 394714 609 16 26 8280 19 1676 17 17 11. J287 

3 328598 ~ 544 16 26 8285 19 1698 18 18 11.5050 

3 327585 547 16 26 8278 18 1659 18 18 11.2317 

54'8 
L; 

3 325226 16 26 8299 ~ 19 1699 17 17 11.4849 

~ 
3 3 2375896 3224 17 62 35845 62 6500 34 34 23.8863 

3 1893541 2587 16 52 33301 58 6202 30 30 22.2619 

3 1812103 2500 16 58 34097 58 6321 36 36 23.0687 --
2 1359883 1844 16 52 33223 58 6099 30 30 21.06"87 

4 3 6136574 8724 32 52 61590 104 11025 30 30 20.1489 

3 7408515 10360 32 52 61456 105 10961 30 30 20.0454 

3 6933444 9768 32 52 61443 105 10964 30 30 20.0349 

3 8399796 11630 32 52 61535 104 10978 30 30 20.0748 

Table 5.2: Rectangular Domain 

"'" 
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Ln 
Mesh Iter Ln E1~rnent Nurnbering Depth Width Node Nurnbering Profile Band- Front- nos 

(l) lt.., Operations Time Operations Time width wldth wave front bD 
tU / 

a.. 5 2 107251 213 12 20 4804 13 1099 18 "18 10-.8589 

2 101863 214 14 22 4419 12 1013 16 16 10.1074 
~ / ' , 

3 136250 280 12 20 4804 13 1093 18 18 10.8084 

2/ 101368 213 14 22 4380 13 1019 16 16 10.1892 

6 3 1021251 1549 21 42 1.9351 36 3852 26 26 16.1179 / 

3 952400 1508 23 50 19424 36 3895/ 30 30 16.9491 

3 971014 1509 21 42 19413 36 ", 3855 26 26 16.0987 

3 956035 1504 22 46 19582 37 3848 28 28 16.4012 

7 3 2191402 4117 31 44 29449 
\ 
64 5767 26 26 15.6084 

2 2129925 3634 25 56 39744 81 7918 36 36 21. 9759 
~ 

~ 

2 2107306 3591 25 52 36714 76 7303 34 34 19.8529 

! 
3589 56 39738 /} 33 21.1441 l, 2 2129083 25 80 7717 33 

1 

8 2 5432494 7981 45 38 53974 93 10528 24 24 16.7604 

2 5472590 8030 45 38 54441 94 10651 2S 2S 16.9755 

2 ~ 5472200 8020- 45 38 54405 93 10678 25 25 17.0239 

2 5694937 9056 49 38 49381 87 9598 24 24 15.2999 

- Table 5.3: Rectangular Domain with a Hole 

" 

! 
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\0 
m Mesh Iter Element Nurnber1ng Depth width Node Nurnbering Profile Band- Front- rrns 

Q) Operations Time Operations Time \ width width wave front 
bO \ 
cu 

n.. ,9 2 43885 96 8 22 \ 2561 8 6°ï 15 15 9.8832 

3 67397 140 8 22 2533 '8 57' 13 13 9.2354 

3 58665 126 8 22 3110 9 688 18 18 11.5758 

2 48331 103 8 22 2520 
., 

9 259 13 13 9.0358 

10 3 956872 1670 .18 40 14958 34 2980 ' 24 24 15.2116 

3 926959 1660 18 40 14954 
,"->-

35 2977 24<, 24 15.2045 

3 873886 1552 18 40 14951 34 2979 23 23 15.1998 

3 952941 1666 18 40 
'1 

14936 35 2970 23 23 15.1762 

11 J 1998493 3225 40 20 19274 38 , 3458 12 12 10.4199 

3 1868121 3026 40 20 19330 39 3498 13 12 p 10.5486 

3 2314493. 3539 40 20 19383 39 3494 13 12 ' 10.5358 

! 
3 2078526 3253 40 20 18711 38 3471 13 12 10.4642 

12 3 ,6050942 10702 38 58 51739 108 9506 32 32 19.0165 

3 5832589 10404 /38 58 51855 108 9568 32 32 19.1142 

.""" 
3 5572488 10059 38 58 51011 107 9474 32 32 18.9104 

.. 3 5778859 10221 38 58 51909 108 9528 32 32 19.0516 

Table 5.4: L-Shaped Doma1n 

J, 
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li' Mesh Iter Element Numbering Depth width . Node Numbering Profile Band- Front- rms 

Q) Operations Time Operations Time width width' wave front 
bO ~/ 

!1l 
0.. 13 2 126378 235 10 28 5120 14 1174 18 18 12.0040 

3 171956 319 10 28 5136 14 1213 18 18 12.3355 

3 180603 331 10 28 5134 13 1190 18 18 12.1256 

3 197577 366 10 34 5680 15 1223 22 22 12.9168 

14 3 825592 1525 2D 36 12252 29 ,2605 23 23 13.6498 

3 877359 1569 20 36 12252 29 2605 23 23 13 .6498 
1 

3 80,340~ 1470 20 36 12259 29 2603 23 23 13.6330 

~ 

3 821039 1500 20 36 12246 29 2609 23 , 23 13.6627 

U 2 2147564 3628 22 60 36874 76, 7044 '38 38" 22.5043 

3 3071337 5182 22 60 36673 " 76 7004 39 38 22.4286 

3 2846025 4871. 22 60 36889 76 7064 38 38 22.5665 

3 3049476 5156 22 60 36973 76 7064 39 38 22.5527 

16 3 9869240 16842 33 78 82423 160 14742 46 46, 26.2138 

3 10744456 18046 - 33 78 82154 160 14979 44 44 26.6432 

3 10541097 17699 33 78 82192 
// 

160 14990 45 45 26.5381 

3 10466413 17597· 33 78 82236 1..61 14982 44 44 26.5536 

Table 5.5: H-Shaped,Domain 
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Ul Mesh Iter "'" Element Nurnbering Depth Width Node Nurnbering Profi1e- Band- Front- rms 

ID Operations Time Operations Time width width wave,front tlO 
lU 'r 

Cl.... 11 2 77552 159 10 26 4388 12 935 18 18 11.8793 

3 110871 218 10 26 4419 12 955 18 18 12.1641 

3 101810 210 10 26 4434 12 951 18 18 12.0640 

3 102740 207 10 28 4299 11 934 19 1-9 11.8620 
" 

18 3 371186 663 12 32 11032 26 2225 23 23 15.8901 

3 390849 700 14 34 10364, 25 2045 2( 22 14.8734 

"' 2 263667 ~80 14 34 10313 25 2015 22 22 14.6052 

3 356117 653 14 36 9886 24- 1973 23 23 14.3178 

19 3 1450303 2621 24 44 23516 52 4464 27 27 15.9591 

3 1831116 3167 24 44 23615 52 4494 27 27 16.0536 , 

3 1833601 3170 24 44 23673 52 4505 27 27 16.1131 
'-

2 1150031 2003 24 44 23523 52 4472 27 27 15.9810 
>-

20 3 6753462 11259 24 98 r 94385 182 16657 - 54 54 33.3137 

3 4840530 8575 32 72 67671 136 12237 41 41 24.3369 

3 5148000 8971 32 72 67247 135 
~ 

- 12005 41 41 24.0222 
-

3 6082820 10432 32 72 6a373 136 12115 40 40 24.1463 , 

~ 
T'able 5.6: t--:-~haped Domain 

~ 

/ 
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Ln Mesh ·Iter Element Numbering Depth Width Node Nurnbering Profile Band- Front- rms ,~J 

Q) 

bD 
Operations Time Operations Time width width wave -front 

en 
0... 21 2 1715703 2'407 22 44 33991 60 5947 27 27 19.2953 

3 2481434 3517 23 43 34648 60 5936 ~ 26 26 19.246.7 
/ ,4 2965996 '428-4 23 43 34709 ·61 5934 25 2.5 19.2002 

~ 3 2511862 3487 21 44 34330 60 6074 27 27 19.5456 

22 2 . 
45724 77 7 ,.i' 18 4917 ,,11 1170 23 22 16.9674 

2 44407 76 7 22 4927 11 Hl! 23 23 15.925-1 

2 470)2 79 7 14 
'-, 

4213 9 943 17 16 13.2517 
/ 

2 42642 74 7 22 4902 10 1100 23 23 16.0876 • 
a 

... 23 3 1176372 1925 13 52 32223 63 6910 46 46 t::, 30.4116 

2 779132 1284 14 55 32574 63 7186 49 49 32.0685 
/ 

3 1076020 1815 14 55 32578 63 6939 48 48 31.0071-

3 1065769 1790 14 55 32760 63 719B 49 49 32.0642 . 
< 

24 3 15742 40 5 9 3552 8 1414 29 29 20.8642 

2 9826 27 5 ,9 3559 8 1416 31 31 20.8664 

2 9293 26 5 9 3554 8 ' 1414 2"9 29 20.8642 
/ ~ 

2 8973 25 4 Il 4288 9 1623 43 39 24.52ç5 
li 

~able 5.7: Meshes 21-24 
\ 

t 
~, 
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fi 

'-J 
\0 Mesh Iter Element Numbering Depth width Node Numbering Profile Band- Front- rms 

Q) Operations Tl.me Operations Time widrth width wave front bO 
cu 
CL 

1 2.75 91129 205 8 26 4635 12.5 989.5 18 18 12.6287 

2 3 34403i 562 16 26 8286 18.75 <1683 17.5 17 .5 Il. 3876 

3 2.75 1860356 2539 16.25 56 34117 59 9280.5 32.5 32-.5 22.3214 
1 

, ..../" 

4 3 7469583 10120.5 32 52 61596 ·104.5 10982 30 30 20.0760 

", 1 
vJ 5 2.25 1116B3 230 13 21,. 4602 12.75 1056 17 ,17 10.4910 

.. 
/ 6 3 975175 1517.25 21.75 45 19443 ,'36.25 3462.5 27.5 27.5 16.3917 

~ 

7 
/ 

2.25 2139430 3732.75 26.5 52 36412 75.25 7176.25 32.i5 32.25 19.6453 

8- 2 5518056 8271. 75 46 38 '95551 91. 75 10363.-75 24.5 24.5 16.5149 

c' 9 2 :-5 54570 116.25 8 22 "2681 8.5 605.5 1 ~ .\~ 5 \ 14. 75 9.9326 "-1 // .. 
, 

10 3 927665 1637 lB 40 ' 14950 345> 2976.5 c23~ 23.5 15.1980 
~ 1 -

1 1 

11 3 
( 

2064909 3261 40 20 19175 38.5 3480.25 1 

12f5
1 

12 10.4921 

. 
12 3 5808720 10346.5 138 58 51629 107.75 9519 32 32 19.0232 

.. , 
Table 5.8: Average Resu1ts 
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1 
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\.0 Mesh Iter 

Q) 

bO 
ru 

a... 
13 2.75 

14 3 

- 15 2.75 

16 3 

17 2.75 

f 18 2.75 

19 2.75 

20 3 

, \' 
21 3 

22 2 

23 2.75 

24 2.25 

Element Numbering Depth width 

Operations 

169129 

831849 

2778601 

10405302 

98244 

345455 

1566263 

5706203 

2418749 

44952 

1024324 

10959 

Time 

312.75 10 29.5 

1516 20 36 

4709.25 22 60 

17546 33 78 

" " 

198.5 10 26.5 

624 13.5 34 
lJ,. 

2741 24 44 

9809.25 30 78.5 

3423.75 22.25 43.5 

76.5 7 19 

1703.5 13.75 54.25 

29.5 4.75 9.5 

1 

Node Numbering 

Operations Time 

5268 14 

12253 29 

36853 76 

82252 160.25 
; 

4385 11.75 

~ 

10399 25 

23582 52 

74419 147.25 

34420 60.25 

4740 10.25 

32534 63 

3739 8.25 

~, 

Profile Band:' 

width 

1200 19 

• 2605.5 23 

7044 38.5 

14923.25 44.75 

943.75 18.25 

" 2064.5 22.5 

4483.75 27 

13253.5 44 

5972.75 26.25 

1081 21.5 

7058.25 48 

1466.75 33 

'( 

/ 

Front- rm!? 

width'wave front 

19 

23 

38 

44.75 

18.25 

22.5 

27 

44 

26.25 

21 

48 

32 

12.3455 

13.6489 

22.5130 

26.4872 

11.9924 

14.92Hj 

16.0267 

26.4548 

19.3470 

15.5580 

/ 
31.3879 

21. 7803 

--
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5.3 On the Performance of' the Ne'w Algor ithm 

Sorne general comments on the performance of the new 

algorlthm can be drawn from .tile set of tabulated results • 

. 
A first and most immediate observation lS that the 

number of iteratlOns is _almost always three; two iterations 

were, sufficient in quite a few runs, while four iteratlons ( . 
was r equ iréd onl y once in the th ird run for the Hal f -Pol e 

Pitch problem (mesh 21). Although it is not a rule, this 

very - few number of iterat ions requ ired represents an 

important feature of the algor ithm, wh ich can be. explo ited 
- ~ 

to reduce the computing cost, for example, by restrictlng 
" 

~he number of iterations to ~nly two. 

Oper at ~on COUCl ts for el em en t r en umb er ing ind icat e that 

the comparison bound for constructing the level structure ln 

section 4.3 is an overestimatej in practice, it is more like . , 
2 ~ OCm*N ) J where m and N are as before, the respect Ive max imum 

number of nodes per element and the 'number of elements in 

the mesh. Th is b ound cl earl y illus t rates the effe ct iveness 

of the group ing 'techn ique ln reduc ing the overall number of 

compar isons. 

As was expected, comparison counts are not an accurate 

measure of the actual comput er t ime ex pended on el ement 

renumber ing. Certainly, counting the number of comparisons 

'performed requires a similar number ,of additions ta be done. 

It may also be noted, however, that aIl èlement data must be 

J 
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man ipulated as well, wh ich adds ta the overhead due ta the 

many file retre ivals and memory-d isc transfers. The sources 

of overhead, together ,with the practlcal comparison bound 

above, read lly suggest that a substant ial reduct ion ln the 

total cost can be achieved by USlng few higher order 

elements instead of many lower order elements, or by a 

proper manual sub,structur ing of the mesh beforehand (wh lch 

can be, done easily for sorne finlte element meshes: for 

ex ample, mesh 23). 

The w id ths obta lned are e ither equal or very close to 

each other in the d ifferent runs for most of the problems • 

• 
A large deviation is found only ln the 976 element +-Shaped 

Dom a in pro b l em ( mes h 2 û) • Although our set o~ problems 

contaws topologlcall'y different structures, these wldth.s,-

as an exam inat Ion of the six th col umn in the tilbies may 

prove, are in general of O(sqrt(N»). The maximum number of 

memory-resident elements at ai1y stage of the renumbering 

procedure (usually in the first iteration), however, depends 

on the mesh topology and the choice of the starting element. 

It i S im p 0 r tan t t ore p 0 r the r eth a t the arr a y sus e d . in 0 ut 

program are all integers of fixed dimension 150 long. 

The number of compar isons performed and the t ime 

expended on generating the renu~bering key array are 

negl ig ible compared ta those of el emen t renumber ing. 

Howev er , th is 
\ 

is not l ikely to be the case if h 19her order 

elements are used sa that the number of 'nodes is much larger 
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th an the n umber "f el em en ts U1 th e mesh. Keep10g 10 m wd 

t'hat the node renumber Ing phase may be ent irely om ltted, a 

chOlce between dowg less work ob t a ln Ing more 

computatlonal efflclency must be made. 

In sp lte of the very S lm P l e e l em e n tan d n od e 

renumberlng technIques used, 
" ',--j 

the algorlthm conslstently 

reduced :the original bandwldths slgniflcantly and, ln most 
, 

9f the runs, produced, better profIles -and frontwldths. The 

worst results were for mesh,23 WhlCh exfllblts a specIal 

topol ogy. It 'is possible, however, that trie usual reversal 

of the element and node numberwgs would produce a better 

pattern [21]. The King-l1ke scheme ln sectIon 4.1.111 could 

be used mstead to g Ive a min lffium profIle element 'and node 

numbering, If we can afford the extra work and storage 

lnvolved. A low-f1l1 numberwg can be obtamed by usmg the 

nested dIssectIon scheme descrlbed ln the same sectIon, but 

this is llable to reqUlre a large amount of computer tlffie. 

To conclude, the experllllental testing of the new 

algorithm clearly ind icates that It has a rellable 

performance and great memory sav Ing ab illty. fur ther,m or e , 

the choice of 

'small imtact on 

algorlthm works 

the start lOg elem7R-t appears to only have a 

its performance. Indeed, the reason the new 

the way it does is d itectly related to the 

max im al d epth el emen t l evel structure i t g ener a tés. 
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Chapter 6 

Concl us Ion 

A new memory-economic finite el emen t ren umber wg 
... 

strategy for l'T-ontal, solutions was developed w thls Lhesls. 
, . '" 

The new strategy is based on constructwg an Element level 

structure of maxlffial depth within a frol'}tal frameworK. The 
. / 

memory-res id'ent Element sets at the d ifferent stages of the 

r enumb e'r ing procedure 

'0' elemen t sets in 

are exactly the same as 

procedure. Il;n 
i 

the act ive 

terms of 

operat ion count, 

the frontal 

2 
O«m*N)') compar isons are requ lred for 

construct ing such a lev el structure, where m and N are the 

max imum number of nodes per ele(!lent and the total number of 

IP Elements in/the finlt,e Element mesh respectively. 

Three d ifferent Element renl:lmber ing schemes were 

considered: a Cuthill-McKee-like Element grouping, a Klng-

llke Element renumbering and the nested d is sect Ion 

techn ique. We favoured the s lmpl'er Element group ing_ in our 

exper iments because of its advantages, in' computer space, 

tune, and destInation allotment. Together with the element 

grouping, an element-by-element straight node renumbering 

was used. 

Extensive experimeq,tal testing of the new algorithm was 

carried out on the McGill ~nlverslty, Computational Analysls 

and Des ign Laboratory LSI-11 single user min icomputer. The 

1 
1 

l 

j 
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set of test prablems employed cons ists of 24 meshes rang ing 

in Slze 'from the relatively small ones ta 'those containing 

approx imately 1000 elements, wlth d iffe~ent topolog lcal 
.J 

structures. For each mesh, four d ifferent start Ing el ements 

were tried SO that we would be able to clearly assess the-

performance of the new algorlthm. 

The exper imental resul ts clearly ind icate that the new 

algor ithm has a rel iabl e performance' and great rnemory say ing 

ability. The choice of the starting element had only a 

small impact on such a performance. The level wldths 

obtained were elther equal or very close to each other in 

the d ifferent runs for most of the problems. In general, 

they were of O(sqrt(N». Furthermore, in sp Ite ,of the 

s lmpl e techn iques used for el ement and node renumber ing, the 

new algor ithm cons istently reduced the or ig inal bandwidths 
, 

of the tes t pro b l em s s ig nif i c an tl yan d, in m 0 S t,of t h e~ ru n s , 

produced better profiles and frontwidths. 

The algor ithm presented in th is thes i3 is an important 

step in the development of, frontal salut ions s ince it 
, 

permits a "frontal" finite element and node renumbering. It 

1s felt that the element sequences the -new algorithm 

generates are at 1 east as good, as those obta ined by any 

other means. The immed iate ex'tens ion of the new algor ithm 

ta pr oduce nested d iS3ect ion element number ing is 
. 

-particularly of great s ignificance. Indeed, the vèry madest 

storag e requ irements of th is algor ithm and, more important, 
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its consistency with the frontal procedure endors'e it as a 

practical renumbe'ring scheme for frontal solut;.ions. 
/ 

" , 

" ' 

\ -



\ 

" 
Refer en ces 

[ 1 ] A b bas, S. F .; " Som e N' 0 v el A p plI ca t 10 n s J f 
Concept"; Inter. J. for Numer. Meth. 

the Fr ontal 
in Engg; Vol. 

jlI 15j 519-536 (1980). 

[ 2] Akln, J.E. and Pardue, R.M.; "Element Resequencing for 
Frontal SolutIons"; ln The Mathenlatics of Flnlte 
elements and Applications; Whlteman, J.iL lEdltor); 
535 - 5 4 1; A ca d em i c Pre s s; New Y 0 r k; USA (1 97 4) • 

3J Bathe, K.J. and Wilson, E.L.; "Solution Methods 
in Structural Mechan lCS"; Inter. J. 

for 
for Eigenproblem 

Numer. Meth. in Engg; Vol. 6; 213-226 (1973). 

[ 4J CharI, M.V.K. and 'Silvester, P.P. 
Elements in Electr ical 'and 

,(Ed itors); F Inite 
Magnetlc _Fields; A 

W il e y - l n' ter sc i en ceP u b 1. . ( 1 9 E'5) • 

[ 5] CollIns, R.J.; "Bandwidth Red).Jction 
for Numer. 

by 
Meth. 

Au'tom at ic 
in En.gg; Ren umber ing" ; In ter. J. 

Vol. 6; 345-356 (1973). 

[ 6J Csendes, Z.J., Minhas, F.U. and Silvester, P.P.; 
"ùn iversal , F in He Element Matr ices for Tetrahedra"; Ta 
be published. 

[7] Cuthill, E. and McKee, J.; "Reducing the Band\ddth of 
Sparse Symmetric MatrIces"; Proc. 23rd Nat. Conf. 

[ 8] 

[ 9 J 

Assoc. Comput. ,Mach.; ACM Publ.; 157-172 (1969). 

Everstine,G.C.; "A Comparison 
Algorithms for the Reduction 
Wavefront"; Inter J. for Num. 
(1979). 

Ewwg, D.J.F., Fawkes, A.J. 
"Rules Governing the Numbers of 
Firdte Element Mesh"; Inter. J. 
Engg; Vol. 2; 597-600 (1970). 

of Three Resequenc ing 
of Matrix ProfIle and 

Meth. in Engg; 837-853 

and Grlffiths, J.R.; 
Nodes and Elements in a 

for Numer. Meth. ln 

[ 1,:) ] Geor g e, A.; " Computer Impl emen t at ion of th'e F in He 
Element Method"j Ph.D. Thesis; Computer SCIence Dept.; 
Stanforct University; California; USA (1971). 

[11] George, A.; "Nested Dissection of 
element Mesh"; SIAM J. Numer. 
345-363 (1973)· \ 

a Regul ar Fin ite 
AnaL; Vol. 1u; 

[12] George, A. 
D issect ion 
Problems"; 
(1978). 

and Liu, J.W.H.; "An Automatic Nested 
Algor ithm for Ir regul ar Fin ite El ement 

SIAM J. Numer; Anal.; Vol. 15; 1053-1069 

\ 



t 
\ 

Pag e ·69 

[13] George, A. and Lw, J.W.H.; "A.n Implementatlon of a 
Pseudoperlpheral Node Fwder"; ACM Trans. on Math. 
Software; Vol.' 5; 28<+-295 (1979). 

[14] George, A.j "Direct Methods for the Solution of L.arge 

\ ~ 15 ] 

Spa r seS y stem s . 0 f L in e arS y stem s"; S lA M New s j Par t l 
(June 1980) and P,art II (July 1980). 

GeQrge, A. and L.iu, J.W.H.j Computer SolutlOn of L.arge 
Sparse Posltive Defwlte Systems; Prentlce-HaIT Inc.; 
Englewood Cllffs; New Jers~y;JSA (1981). 

[16J Gibbs, N.E., Poole, W.G. and Stockmeyer, P.K.; "An 
of a 

13;' 
Alg or lthm for Red uc wg th e Band w Id th and Pr of 11 e 
Spa r seM a t r IX" ; SI A M J . Nu met? • A n al.; Vol. 
235-251 (1976). 

[17] GIbbs, N.E.; "A Hybrid Proflle Reduction Algor ithm 
Software; 

[ 18 J 

[ 19 J 

[2;)J 

[ FI] " ; Al g 0 rit hm 509 '; A CM t ra n s • 0 n Mat h . 
Vol. z; 378-387 (1976). 

Irons, B.M.; "A Frontal Solution Pr ogr am 
for Numer. 

for F in !te 
Element Analysis"j, Inter. J. Meth. ln 

Engg; Vol. 2; 5-32 (1970). 

King, 1. P. ; "An Automat ic Reord er ing Scheme for 
Simul taneous EquatIons ,Der ived from Network Systems" ; 
Inter. J. for Numer. Meth. ln Engg; VoL. 2' , 
523-533 (1970). 

L lU, J. W. H. j "Oh Red uc ing the Profile of Sparse 
Symmetr lC Matr ices" i Ph. D. Thes lS; ,Dept. of Computer 
Science; UnIVersity of Waterloo; Ontarlo; Can ad a 
( 1976 ) • 

[21] tiu, J.W.H. and'Sherman, A.H.; "ComparatIve Analysls 
of the Cuth ill-McKee and the Reverse Cuth ill-McKee 
Order ing Algol" ithms for Sparse Matr ices"; SIAM J. 
Numer. Anal.; Vol. 13; 198-213 (1976). 

[ 22] Mag Net 11 Us e r ' s Man u al; C om pu t a t !On al An al ys IS - and 
,Engg; McG 111 DesIgn LaboratorYi Dept. of Elect. 

University; Montreal; Canada (1980). 

[23] Mishra, M.L.; liA Preconditioned Conjugate Gradient 
Frontal Solver"; Masters Thesis; Dept. Electrlcal 
Engg; McGlll UniversIty; Montreal; Canada (1981). 

[24] Movie.Byu User's Manual; Brigham Young UnlVersIty; USA 
(198û). 

[25 ] Ra,zzaque, A.; "Automéltlc Reduction of Frontwldth for 
Fmite Element Analysis"; Inter. J. for Numer. Meth. 
ln En g g; Vol. 15; 1 3 1 5 - 1 324 (1 98 CI ) • 

/ 
/ 

/ 



Page 70 

[26] Silvester, P.P.; "Construction of triangular "Finite 
Element Universal Matr'ices"i Inter. J. for Numer. 
Meth. in Engg; Vol. .12; 237-244 (1978)." 

• 1 
[27] Silvester, P.P.; liA Practlcal' Manteuffel Spectral Shift 

Algor ithm"; pr iv ate Commun lcat ion (1979). 

\ . 

/ 

. , 

, 



" 

, . 

.' 

, ' 

BaslC MatrlX Notatlons and DefinItlons 
" 

o 

Let À be an N, by'N synimetrlc p6sltlve deflnlte flnlte 

element matr lX. For the I-th row of A, let 

fi CA) = min {J : a" " Cd ~1 r and 

b CA) = l - f. (A). 
J. l, , 

( A. "1) 

CA. 2L 

~he. quantlty [, CA) lS s lIDply the column 
l 

sub scr Ipt of the 

leftmost nùnzero entry 'HP the I-th row, wh lie b. CA) IS the 
J. 

'bandwidth of the I-th row. The bandwidth of Amay then be 

dèfwed ,as 

B ( A ) = m ax {b: (A) 
J. 

(A. 3) 

The reglOh,(locatlons) of A wlthll'1 bhe matrl;:< bandwldth 1S 

called the band of A, or ,--

Band(A) = {{ i,J} :, 0<1:-J,5,B(A)}. CA. Ii) 

The envelope of the matr lX A 1S the reg ion from the leftmost 

nonzero f in every row to the maln diagonal: 

'Env(A) = {{ i, j r : f. (A) < J < l} . 
~ -

The env el ope s ize or pr of il e -of the m atr lX A is 

Profile(A) = 
N 
E 
i'=l 

b. CA) • 
~ 

(A.'5) 

( A. 6) 

The matrix of the fwite element mesh in figure 2:1 (shown 

in flgure A.1) has a bandwidth of 19, and a proflle of 207. 

\ 
~ \ 
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t.O cu 1 ............. _ i f. b. w. 
a.. 1- 1- ,1-

* 1 1 Ci 8 
* * 2 1 1 10 
* * ,* G 3 1 2 12 a 

* * * -* Lj 1 3 12 

* 
symm. 

5 5 CJ 14 
* * 6 5 1 14 

:~ * * * 7 1 6 13 
-* * * * 8 1 7 12 

* * * * 9 2 7 1 1 
~ If * * * 10 2 8 10 r 

* 11 1 1 Ci 1 1 
If * ' * If 12 5 7 ' 1 Ü 

* * * * * * ·13 1 12 10 

* * * * 14 1 1 3 9 f --. J * * * * * * 15 1 ,1 4 9 ~ 1 * -* lE 16 3 13 8 
* * * * * 17 3 1 q 7 1 

* * * * 18 3 15 6 
* * * 19 Lj 15 6 

* * If If Il * 20 1 19' 5 
* * * * * 21 2 19 Lj 

* * If 22 19 3 3 
Il * * * * ~3 15 8 2 

* lE * * * * 2:4 13 11 1 
* * * * 25 6 19 0 < 

--- " -~-

Fig A.l The matrb of the f ln ite element mesh in 
] f 19ure 2.1. The nonzero entries are denoted 

by aster isks. 
/ 
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The' fron tw Id,th 15 an lffiportant not Ion for syrnrnetr ic 

matrIces. By deflnltlon; the <l-th'frontwldth of the rnatrlX 
. 

A, denoted by w. (A), is t-he' number of 
1 

active rows at the 
o 

i-th step of the Gau5s1an ellmWatlop. That lS, the nurnber 

of rows ln the envelope of A wh lch, lntersect column' 1. More 

formally', 

\ j w. (A) = ,1 {k 
~1 

, 

k> land 
, 

a fi 0 for som e 9- .s. l} : • 
Kt 

The wfiv·efront or frontwldth of th,e matrlX A ls'the 

W(A) = max {w (A) : l<l(N}. 
i 

The root-mean-squre (rms) wavefront [8] 1S 

W (A) = sqrt{( 
rms 

N ' 
2 

E w. (A»)/N}. 
i=Vl. 

(A. n 

( 

quantlty 

(A. 8) 

(A. 9) 

The matrix in fIgure A.l has a frontwidth of 14, and a rm5 

wavefront of 9".1673. oThe profile of the matr1x may also be 

deflned as 

N , 
Pr 0 file ( A) = E w i (A ) • 

,i=l 
(A. 10) 

In general, the i-th frontwidth of the 'matr1x is 

different from, that of the frontal procedure deflned in 
( 

chapter 2, althoug~ both give ,the number of active matrix 

rows ~t the i-th step ,of el lm inat lOn. Th is can be seen by 

comparing the four th column of the table ln f'lgure A.1 to 

the last column in the demonstration ln chapter 2. The 

reason 1S that, ln the f irst case, tht:: Gauss ian el.iin lnat ion 

1s applied to the fully assembled·matrix (node eliminat1on) j 

\ 

,. 
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I-lhereas, ln the frontal procedure, lS applled tù partlally 
-

assembled submatrlces ln the fln:tte element m0i3trlX (elemet:lt . , '" " ellITllnat ion) . 

An Imp6rtant phenomenon ln matrlx cnmputatl')n IS th at 

of flll-ln. It is weil known that when the Gauss ian 

ellITl inât lOn 15 applled to A, th~ tr langul ar factors Land IJ, 

o 

may have nonzeros ln locatl()nS WhlCh are zero ln A. It lS 

th en natural ta deflne the flll of A to be 

.. Flll(A) :: {{l,)} a . :: CJ, ( L +.j ) f. Cl}, 
1J iJ 

(A. 11) 

/' 

Wh'lch are the matrlX locatlons 
• i ' 

where flll-ln may 
, 

Jccur. 

ThlS fHi-In is c0nfwed to the envelope of matrlX A [15]. 
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