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Abstract

The study of the asymptotic shape, such as the height, width, and size of Bien-
aymé trees, more commonly called Galton-Watson trees, is well-developed ([2],
[3], [12]). However, most bounds on these quantities make restrictive assump-
tions on the trees” weight sequences and offspring distributions. We prove novel
non-asymptotic tail bounds on the height of randomly sampled nodes in trees
with given degree statistics. To achieve this, we construct a sampling procedure
that generates a random variable with the same law as the height of a random
node, and then adapt a Poissonization trick from Camarri and Pitman [7]. Fi-
nally, we describe results from joint work with Addario-Berry, Brandenberger,
and Hamdan [4]. We show how bounds on the height and width of conditioned
Bienaymé trees can be deduced from our previous arguments, resulting in the

proofs of conjectures of Janson [11]].



Abrégé

Les propriétés asymptotiques d’arbres de Bienaymé, également connus sous le
nom d’arbres de Galton-Watson, telles que la taille, la hauteur et la largeur ont
été sujet a de nombreuses études ([2], [3], [12]). Désormais, la plupart des bornes
établies sur les propriétés nommées ci-dessus nécessitent des conditions restric-
tives sur la séquence de poids et la loi de reproduction. Nous prouvons de
nouvelles bornes exponentielles non asymptotiques sur la hauteur d'un sommet
aléatoire dans un arbre combinatoire aléatoire. Notre preuve repose sur la con-
struction d'un processus d’échantillonage qui génére une variable aléatoire avec
la méme loi que la hauteur d’'un sommet aléatoire. Nous utilisons également
une technique de poissonisation introduite par Camarri et Pitman [7]. Enfin,
nous décrivons les résultats d'un project conjoint avec Addario-Berry, Branden-
berger, and Hamdan [4]. Nous démontrons comment des bornes de la hauteur
et la largeur d’arbres Bienaymé conditionnés peuvent étre déduites a partir des

résultats ci-dessus. Nous résolvons ainsi certaines conjectures de Janson [11]].
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Chapter 1

INTRODUCTION

In this thesis we prove novel non-asymptotic tail bounds on the height of a ran-
domly sampled node in a tree with a given degree statistics. These bounds hold
for arbitrary degree statistics. The motivation behind studying trees with given
degree statistics is to prove bounds on the heights and widths of Bienaymé trees,
more commonly called Galton-Watson trees. Moreover, our results allow us to
prove a conjecture and solve an open problem from [11]. This thesis focuses on
the proof of tail bounds for the height of a random node of a random tree with a
given degree statistics and briefly describes how bounds on Bienaymé trees can
be deduced.

We begin with some definitions and notation. We define the Ulam-Harris tree U as

the infinite rooted tree with root () and node set

V="V, =[N,
n>0
with N? := {(} and where N" is the set of all finite strings i;...i,, with i1, ..., i, € N.
Further, any node u = i;...i,41 € V has parent 4;...i,, and ordered children {ui :

i > 1} = {i1...in111, @ > 1}. Next, define the set T as the set of rooted ordered



subtrees t of U with the following properties,

e Vi (1.1)
1.0y €V = 1101 € V4, (12)
1elpy_1lp €V = 11...0,_11 €V} forall1 <i < in, (13)

where V, denotes the node set of ¢. A rooted tree ¢ is said to be ordered if for each
node u € t the children of u are ordered in a sequence. Then, we can note that T
defines the set of ordered rooted trees, also known as plane trees.

Given some tree t € T, write r(t) to denote the root of tree ¢ and note that r(t) = 0.
If u € ¢ then we say u is a node of t. The size of ¢ is the number of nodes in ¢ and is
denoted by |t|. Define the height of anode u € t as the number of edges on the path
from the root r(t) to v and denote it by |u|. By this definition, the height of  is 0.
We define the set of children of a node u € t as c(u) = ¢;(u) == {ui € V; : i > 1}
and denote the size of this set as |c;(u)|. The degree of a node u € t, denoted by
d(u) = di(u), is the number of children of w in ¢, that is d;(u) = |c:(u)|. Given a
node v = iy...i, € t where n > 0 and iy, ...,7, € N, we define u; := 1i;...i; for
0 < k < n to be the (n — k)™ ancestor of u, that is, the k" node on the path from
r(t) to u. Note that uy := (. The width of tree ¢ at level k& > 0, denoted by L(t),
is the number of nodes at height &, thus Ly (t) = #{u € t : |u| = k}. The width of
t is wid(t) := max(Lx(t) : k£ > 0) and the height of ¢ is ht(t) := max(|u| : v € ).
Define T* := {t € T : |t| < oo} to be the set of all finite plane trees. In this thesis,
by tree we refer to a finite plane tree in T*. We define the lexicographic depth-first
search ordering on the nodes of trees t € T* as the ordering listing the nodes of ¢
in lexicographic order. This lexicographic order has the property that every non-

root node u € ¢ appears in the order after its parent in .



We now define Bienaymé trees, also known as Galton-Watson treeq!] They are a
class of random ordered rooted trees. Given a random variable £ with distribution
p = (p;, i > 0) defined on N, a Bienaymé tree is recursively constructed from the
root, giving each node a number of children that is an independent copy of £&. We
call ;1 the offspring distribution of such Bienaymé tree. We say a Bienaymé process
is subcritical, critical or supercritical if E[¢] < 1, E[{] = 1 or E [£] > 1 respectively.
Further, when E [{] < 1and P {{ = 1} < 1, then the Bienaymé tree is a.s. finite and
when E[¢] > 1 or P {¢ =1} = 1, then the Bienaymé tree is infinite with positive
probability. The Bienaymé process induces a measure P* on random finite trees.

Given a tree ¢t € T,

Pr{t} = [ ta,w-

uct

Remark, when E [(] < 1and P {{ = 1} < 1, then P* defines a probability measure

on ‘%*.

Next, we will introduce simply generated trees, which are a generalization of
Bienaymé trees. We say w = (wy, k > 0) is a weight sequence if it is a sequence of
non-negative real numbers with w, > 0. Fix a weight sequence w. We define the

weight of a finite tree t € T* as

W(t) = H W, (u)-

uet

Meir and Moon introduced trees with such weights in [15] and named them sim-
ply generated trees. For n € N, we define a probability measure P}’ on T* by setting,

fort € %,

PY(t) == %?1“1:_747 (1.4)

!We propose to use the name “Bienaymé tree” instead of “Galton-Watson trees” as Bienaymé
[5] was the first to introduce such trees and correctly state the criticality theorem, as can be read
in historical surveys by Heyde and Seneta [9] and by Jagers [10].



where Z, is the normalizing factor defined by Z,, := Z,(w) := >, w(t). Note
that Z,, is finite as |T,,| is finite and Z,, > 0 since wy > 0. We now present the
correspondence between simply generated trees and conditioned Bienaymé trees,

as described by Janson [11} Section 2.3].

Proposition 1.1. Fixn > 0 and a weight sequence w = (wy, k > 0) with ), ., wy, = 1.
Then, the law of a Bienaymé tree with offspring distribution w conditioned on having n
nodes is equivalent to the law of a simply generated tree with n nodes and weight sequence

W.

Proof. Let T (1) denote a Bienaymé tree with offspring distribution x and let 7,,(w)
denote a random simply generated tree with n nodes and weight sequence w.

Then, considering the Bienaymé tree 7 (w), we have for t € T¥,

P{T(w) =t} =PY{t} = [ [ Waw =w).

uet

Thus, Z,, = 3 e W(t) = >, PV{t} = P{|T(w)| = n}. It follows that,

Wi, P{TW =1}
A [[t]=n] P{[T(w)] =n} [[t|=n]

=P{T(w)=t]|T(w)|=n}.

P{T.(w) =t} =PJ(t) =

Thus, the law of a Bienaymé tree with offspring distribution w conditioned on
having n nodes is equivalent to the law of a simply generated tree with n nodes

and weight sequence w. O

Let ®(2) = Pw(z) = >0 Wi2" be the generating function of w and let p = py

be the radius of convergence of ®. For ¢ > 0 such that ®(¢) < oo, let

o(2) Zkzo with

U(t) = Uy (1)



If &(p) = oo, then define V(p) = U (p) = limyy, ¥(¢). By [11, Lemma 3.1(i)], this
limit exists. Further, let v = v(w) = U, (p) and assume v < 1. Define 0 = p¥’(p).
Janson states the following conjectures and problems [11, Conjectures 21.5, 21.6

and Problems 21.7, 21.8].

Conjecture 1. Let w = (wy, k > 0) be a weight sequence with wo > 0 and wy, > 0 for
some k > 2. Let T,, be a simply generated tree of size n with weight sequence w, whenever

n > 0 satisfies Z,(w) > 0.

(1) Ifv = 1 and 0 = oo then ht(T,)/v/n 2 0.
(2) Ifv =1 and 0 = oo then wid(T,)//n 2 .
(3) Ifv < 1 then ht(T,,)//n = 0.

(4) Ifv < 1 then wid(T,)//n & co.

In the context of joint work with Addario-Berry, Brandenberger, Hamdan [4]
we were able to prove results similar to Conjectures (1) and (2) for conditioned

Bienaymé trees.

Theorem 1.2. [4, Theorem 1.2.] Fix a probability distribution ;. supported by N with
lulr < 1and |pla = co. Forn € N, let T,, be a Bienaymé tree with offspring distribution

 conditioned to have size n, and let V,, be a uniformly random node in T,,. Then

wid(T,)/v/n — 0o, |Vi|/v/m — 0and ht(T,)/(vV/nlog® n) — 0,

where the convergence results hold both in probability and in expectation, as n — oo.

In fact in [4] we also prove (4) and a slight weakening of (3) but these re-
sults are not presented in detail in the current work. The study of the asymptotic
shape, such as the height, width and size, of simply generated trees and Bienaymé

trees is well-developed ([2], [3], [12]). However, most bounds established make



restrictive assumptions on weight sequences and offspring distributions. Work
by Addario-Berry, Devroye and Janson [3] establishes uniform sub-Gaussian tail
bounds for the width and height of critical conditioned Bienaymé trees with finite

variance (Ju|; = 1,0 < |p|z < 00),
P {wid(T,,) > 2} < Che™*"/", and P {ht(T}) > h} < Che *"/",

for x,h > 0 and some constants C, ¢y, Cy, c3. Kortchemski [12] extends these
results to hold for critical Bienaymé trees when the offspring distribution y is in
the domain of attraction of a stable law. (We say that a random variable X with
distribution ;1 belongs to the domain of attraction of a stable law of index o €
(0,2[if P{X >k} = L(k)/k* where L : R, — R, is a slowly varying function,
that is, lim, ,o L(tz)/L(x) = 1 for t > 0.) Theorem establishes results on
the shape of Bienaymé trees without restrictive assumptions about the offspring
distribution . This theorem is a consequence of bounds we established on the
height of random nodes of trees with fixed degree statistics, which we introduce
below. The degree statistics (singular) of a tree ¢ is the sequence n; = (n;(c), ¢ > 0),
where n;(c) := [{u € t : di(u) = c}| is the number of nodes of ¢ with ¢ children.
Note that since a tree with n nodes has n — 1 edges and every edge is associated

to a child in a tree, we have that

Znt(c) =1+ cht(c).

c>0 c>0

For any sequence n = (n(c), ¢ > 0) define

A sequence n = (n(c), ¢ > 0) of non-negative integers is the degree statistics of

some tree in T* if and only if £(n) = 1. For such sequences, we write T,, for the



set of finite plane trees with degree statistics n. For n > r > 0, define the degree
statistics bin(n,r) := (n,0,n—7,0,...). Then Ty;,(,, 1) denotes the set of binary trees
with n leaves.

Given sequences n = (n(c), ¢ > 0) and m = (m(c), ¢ > 0) of natural numbers,

define n + m := (n(c) + m(c), ¢ > 0). Further, write [[n| := }_ _;n(c) and for
p > 0 we write n[, == (3. n(c))!/?. Note that for a tree t, we have ||n;|| = |¢|
and |ny|; = [t| — 1. Thus, ||n|| = |n¢|; + 1. We write n = ||n|| and n; = ||n,|| for

readability. For a natural number n > 1, we write [n] for {1, ...,n}. For a finite set
S, we write X €, S to mean that X is a uniformly random element of set S.
Fix a degree statistics n with k(n) = 1. We define a probability measure P,, on

T*. Fort € T¥,

Pu(t) == L) (1.5)

where Z,, := |%,,|. Fix a weight sequence w = (wy, k > 0). We define the weight of

a degree statistics n as

w(n) = H W]r:(k).

k>0

Remark that for any tree ¢ € T*, since n;(c) = |[{u € t : di(u) = c}| for ¢ > 0,

w(t) =[[waw =[] TI we=]]w>" =w(n).

uet c>0 wuet c>0
di(u)=c

The following proposition relates trees with a fixed degree statistics to simply

generated trees.

Proposition 1.3. Fix a degree statistics n = (n(c), ¢ > 0) and a weight sequence w.
Then, the law of a simply generated tree with weight sequence w conditioned on having

degree statistics n is equivalent to the law of a tree with fixed degree statistics n.



Proof. Recall that n = > n(c). Let 7, be a random tree chosen according to

P, and 7,(w) be a random tree chosen according to P}’. Then, using (1.4), since

w(t) = w(n;) and Z,, = |T,],

P{nrw=n}= > P{T(w)=t}= > P}

tmy=n tir—n
= tn?um—n} t:;n Wé:”
= Z”\S = Z(Z‘)Zn

Further, for t € T,

P{T.(w) =t 07w =n} = P{T(W) =t} 1jn,n WZ(j) =n L in,=n] =

Combining these two equalities, by we conclude that for ¢t € T,

P {7.(w) =t,n7,(w) =n}
P {n7,(w) = n}

1in,—n] = Pu(2).

P{T.(w)=t| nyw =n} =

1
=

w(n)

Zn

1[nt:n}-

In words, the random simply generated trees 7, (w) conditioned on nr, (w) = nis

equivalent to the random tree with fixed degree statistics 7.

]

The main results of this thesis are contained in the following two theorems.

Theorem 1.4. Fix a degree statisticsn = (n(c), ¢ > 0) with k(n) = land let (T, V') €

TV, Then for all o > 17372,

P{IVI> o) <o (‘a;/g E ) 12 (-

2/3

24



and if n(1) = 0, then forall ¢ > 1,

PVIZ 6} <o - c )

2[n;

Theorem 1.5. Let m > 1. Let n = (n(c),c > 0) be a degree statistics with n(0) = m,
n(l) = 0 and k(n) = 1. Further, recall that bin(m,1) := (m,0,m — 1,0,...). Let
(T,V) &, TV and (T, W) &, Tl be random marked trees. Then,

bin(m,1)

Theorem |1.4 states a non-asymptotic tail bound on the height of a randomly
sampled node in a random tree. Theorem [1.5|states that the height of a random
node in a random binary tree with m leaves stochastically dominates the height
of a random node in a random tree with m leaves and no degree one nodes. The
latter theorem is not used in the proof of Theorem [I.2]but is an interesting result
in its own right.

The thesis focuses on the proof of Theorem|[I.4Jand Theorem[1.5 Chapter[2de-
scribes the correspondence between trees and lattice paths and outlines how this
correspondence is used in [3] to prove bounds on the height and width of con-
ditioned Bienaymé trees. Further, Chapter 2| establishes combinatorial identities
on the number of trees and forests with a fixed degree statistics using this corre-
spondence. These well-studied identities ([14], [13]], [16]) are necessary to prove
the theorems from the following chapter. Chapter 3| describes the proofs of The-
orem Theorem [1.5{and Theorem In the conclusion, we present a possible

generalisation of Theorem|1.5/and possible future problems around Conjecture



Chapter 2

COMBINATORIAL IDENTITIES

This chapter focuses on the relation between random trees and random lattice
walks. The correspondence between random walk paths and trees is well-understood.
Harris noted in 1952 [8] that “walks and trees are abstractly identical objects” by
encoding trees into paths. This connection has proven to be an important tool
in studying properties of trees. The first section of this chapter briefly examines
how the correspondence between trees and random walks is used in [3] to prove
bounds on the height and width of random trees. The second section focuses on
proving known combinatorial identities on the number of trees and forests with

a given degree statistics.

2.1 Applications of the correspondence between ran-
dom walk paths and trees.

The correspondence between random walk paths and trees has been a key tool
for studying the shape of random trees ([1], [3], [12]). In [1], Addario-Berry estab-
lishes tail bounds for the height and width of a random tree with a given degree
statistics n by encoding trees into lattice paths and using martingale concentra-

tion results to bound the maximum height of the respective lattice paths. These

10



bounds are tight when }~_(n(c)*> = O(n). Similarly, in [12], Kortchemski estab-
lishes bounds on the width, height and maximal degree of certain conditioned
Bienaymé trees by bounding the height of the encoded lattice paths.

We describe how the correspondence between random walk paths and trees is
used in [3] to prove bounds on the height and width of Bienaymé trees. The
methods used in [3] are similar to those in [1] and [12]. We begin by defining

three orderings on the nodes of a tree ¢.

- The breadth first search (BFS) order list the nodes of ¢ in increasing order of depth,

and for nodes of the same depth, in lexicographic order.

- The lexicographic depth first search (1ex-DFS) order of a tree list the nodes of ¢ in

lexicographic order.

- Let ¢’ be the mirror-image of ¢, then the reversed depth first search (rev-DFS) order

of t corresponds to the lex-DFS order of ¢'.

Let (uy, ..., uy ) be ordered nodes of ¢. We define a queue process on the nodes of
t as follows. Let Q;(0) = 0 and Q;(:) = Q:(1 — 1) — 1 + di(u;) for i € [|t]]. We
let (Qb(3),7 € [|t]]), (QL(3),i € [|t]]) and (Q5(i),i € [|t|]) be the respective queue
process for the BFS, lex-DFS and rev-DFS order. The lex-DFS queue (Q.(i),i €
[|t]]) of a tree t corresponds to the Lukasiewicz path WW(t) of t we define in the
following section. We begin with stating the bounds on the height and width of

conditioned Bienaymé trees established in [3].

Theorem 2.1. [3) Theorem 1.1., Theorem 1.2.] Fix an offspring distribution p such that
E[u] =1and 0 < Var(u) < oo. Let T,, be a Bienaymé tree with offspring distribution p

conditioned to have size n. Then,

P {wid(T,,) > z} < Cyexp (—c12°/n),

P {nt(T,,) > h} < Coexp (—cah?/n),

11



forall x,h > 0and n > 1 and constants Cy, ¢y, Cs, cs.

First, we outline the proof for the bound on the width of conditioned Bi-
enaymé trees. Recall that the width of a tree ¢ at level £ > 0 is defined as
Li(t) := {u € t : |u| = k}| and the width of a tree ¢ is wid(¢) := max(Lx(t) : k£ > 0).
Remark the following property of the BFS queue process. When exploring a tree ¢
via BFS, we note that after exploring all nodes of a level k£ > 0, the queue process
then consists precisely of all the nodes at level & 4 1. Therefore, for each £ > 0,
let i), be the step at which we finished exploring all nodes of level k, we have that
Li(t) = Qb(i1,). It follows that for any tree ¢,

wid(t) = max Li(t) < max QL (i),

and further, for x > 0

i>0

P {wid(t) > 2} <P {max Qi) > x} : (2.1)

We now study the BFS queue (Q%(i),i € [|t|]) for Bienaymé trees. Let T be a
Bienaymé tree with offspring distribution p and let (X;,« > 0) be ii.d.u dis-
tributed random variables. Note that for all u € T, X; and dr(u) follow the same
law. Therefore, for i > 1, Q5(i) = E;Zl(dT(uj) — 1) follows the same law as
W(i) = Z§:1<XJ‘ — 1). Further, the tree T has size n if and only if Q%(j) > —1
forall 0 < j < nand Q%(n) = —1; equivalently W(j) > —1 for 0 < j < n and
W (n) = —1. We can therefore rewrite the upperbound of as follows.

P {wid(T,) > 2z} <P {rgaox QY (i) > x}

:P{maxW(i) >x |W(i)>—-1,0<j<nand W(n) :—1}.

i>0

12



In the proof of [3, Theorem 1.1], the authors bound the last term using rotation
arguments, tail bounds on W (i) and various computations, which we omit the
details of.

Next, we describe how bounds on the height of conditioned Bienaymé trees can
be established. For simplicity, assume that P { =1} = 0. For u € ¢, let [(u) and
r(u) be the respective index of u when the nodes of ¢ are listed in lex-DFS and
rev-DFS. Note that at time /(u), since P { = 1} = 0, every ancestor of u has at
least two children, at least one of which is not an ancestor of u. Therefore, every
ancestor of u contributes at least one to either Q% (I(u)) or Q% (r(u)). Since u has
|u| ancestors, it follows that either Q% (I(u)) > |u|/2 or Q% (r(u)) > |u|/2. Then, for
r>1,

P{ht(T) >z} =P {max lu| > x

ueT

< P{ s Q4(i) = [21/2} + P { s Q5(0) > [21/2)

0<i<n

— 2P { o Q40 2 il 2.

0<i<n

The last inequality follows from the fact that (Q4(i),7 € [|T]), (Q%(:),i € [|T])
and (Q%(i),i € [|T]]) all have the same distribution. By similar arguments for

the proof of width bounds in [3| Theorem 1.1], bounds on the height of 7}, can be
deduced.

2.2 Combinatorial identities.

Combinatorial identities around plane trees and forests have been widely studied
([13], [14], [17], [16]). The number of plane trees and forests with a given degree
statistics can be found in [17, Exercise 6.2.1]. This chapter derives combinatorial
identities on the number of plane forests with given degree statistics by counting

the number of encoded lattice paths. In [13], Kortchemski formalizes the corre-

13



spondence between trees with a fixed number of nodes and lattice walks. We
closely follow [13], adapting the propositions and proofs to hold for trees and
forests with a fixed degree statistics and to prove the desired identities. In partic-
ular, Proposition 2.3| corresponds to [13, Proposition 3.2] and the presentation of
the Cyclic Lemma 2.5 follows that given in [13, Section 3.3].

We begin by introducing a slightly modified version of the Ulam Harris Tree
U in order to define forests. Let 2/(j) be the infinite rooted subtree of ¢/ consisting
of all descendants of node j. For j > 1, define ¥(j) := {jt : t € ¥} as the
set of plane subtrees of U/(j). Further let T*(j) := {jt : t € T} and T,(j) :=
{jt : t € %,}, for some degree statistics n. We define the Ulam Harris Forest
F := (U(j), 5 > 1) as an infinite forest composed of infinite plane trees. Further,
define F* := T*(1) x T*(2) x ... x T*(k) and F* := Up>1 3" as respectively the set
of forests with £ finite plane trees and the set of finite forests composed of finite
plane trees. We have that §* and §* are both subforests of . In the sequel, the
term forest will refer to a finite forest in §*. Given a forest f € F*, we can write
f = (t1,....tx) for some (¢y,...,t;) € T*(1) x T*(2) x ... x T*(k). If u € t; for some
j € [k], then we write u € f and say that u is a node of f. In this case u = ji;...i,
for some n > 0 and iy, .., 4, € N. The size of a forest f is the number of nodes in f
and is denoted by |f|. Define the degree of a node u € f as d(u) := dy(u) = dy, (u),
where u € t;. By viewing forests as a subset of F, every node u of a forest f is a
unique string v = 4;...i,, for some n > 1 and 4y, ..., i, € N.
The lexicographic depth-first search ordering on the nodes of forests f € T is the
ordering listing the nodes of f in lexicographic order. This order has the property
that every non-root node v € f = (1, ..., t;) appears in the order after its parent
in f. Further, for all 1 < j < k, when a node in ¢; appears in the order, all nodes
int;, for 1 <i < j, have already appeared.

We now introduce the degree statistics of a forest f € §*. The degree statistics of f
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is the sequence ny = (ns(c), ¢ > 0), where n¢(c) := {u € f : df(u) = c}|. Note
that the definition of the degree statistics in §* is an extension of the respective
definition in ¥*. Remark that for integers n > k > 1, any forest f with n nodes
and k trees has n — k edges. Further, every edge can be associated to a unique

child in f. Thus, recalling that k(ny) := > (1 — ¢)ny(c), we then have

k(ng) = np(c) =Y eng(c) = k.

c>0 c>0

For £ > 1, sequence n = (n(c), ¢ > 0) of non-negative integers is the degree
statistics of some forest in §* if and only if k(n) = k. Further, n = (n(c), ¢ > 0)
is the degree statistics of some forest in §* if and only if k(n) > 1. For such
sequences, we write §, for the set of finite forests with degree statistics n.

We define a (n, k)-lattice path as a path with starting point (0,0) and ending point
(n, —k), that consists of steps lying in {(1,7),7 € {—1,0,1, ..} }. The length of a path
corresponds to the number of its steps n and we say that the step size of (1, 1) is 1.
Given a (n, k)-lattice path, we define its step sequence as the sequence (i;, j € [n])
where i; is the step size of the ;' step (1,i;). Let f € §*, let uy, uo, ..., u)7| be the
nodes of f, listed in lexicographic order. We can characterize forests by encoding
them into lattice paths as follows. We define the Lukasiewicz path of a forest f as

the vector W(f) = Wi(f),0 <i <|f]), where

Remark that the tukasiewicz lattice path ((i, W;(f)), 0 < i < |f]) is a (|f], k(ny))-
lattice path with step sequence (ds(u;)—1,1 <i < |f|). Wesay that (ds(u;)—1,1 <
i <|f]) is the step sequence of f. Further, the step sequence (ds(w;) —1,1 <i < |f|)
of a forest f satisfies #{1 <i < |f|, df(w;) =1 =j — 1} = ny(c), forall ¢ > 0.

Now let x = (z;, j > 0) be a finite sequence of integers. We define the vector
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h(x) = (h(x,c), ¢ > 0) such that for all ¢ > 0,
h(x,c):=#{j>1:2; =c—1}. (2.2)
Given a sequence n = (n(c), ¢ > 0) of non-negative integers, we define the sets

Sp={x=(x1,...,2,) €{—1,0,1,..}" : Ve > 0, h(x,c) =n(c)},

Spi={(z1,.y2,) € Sn: V1<j<n, a1 +..+x; >—k(n)}

Note that for x € S, we have h(x) = n. We can think of S, as the set of step
sequences x of the corresponding (n, —k(n))-lattice paths with n(c) steps of size
c — 1 for each ¢ > 0. The set S, is the set of step sequences in S,, where the
corresponding lattice paths stay above —k(n) until the last step. Remark that the
step sequence (ds(u;) — 1,1 < @ < |f]) of a forest f belongs to the set Sy,: for
1< <|fl, S (ds(u;) — 1) = 337_, d(u;) — j and the sum 3°7_, df(u;) counts
the number of children of the nodes uy,...,u;. At most min(j + 1, k(n)) nodes
amongst uy, ..., u;41 are roots of trees in f. Since the nodes are in lexicographic
order, it follows that at least j — k(n) nodes amongst us, ..., u;1; are children of the
nodes uy, ..., u;. Thus, 3°7_, d;(u;) > j — k(n) and so f € Sy,

The following proposition relates the sets §, and S,, by constructing a bijection

between forests and sequences in S,,.

Proposition 2.2. Let n be a degree statistics. Define the function f, as

fo :8n — Sa

fr=(df(u) —1,1<i<n),

where uy, ..., u, are the nodes in f in lexicographic order. Then f, is a bijection.
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We prove that f, is a bijection for any degree statistics n by induction on k(n).
We thus begin by stating and proving Proposition 2.2/ for degree statistics n that
satisfy k(n) = 1.

Proposition 2.3. Let n be a degree statistics satisfying k(n) = 1. Define the function f,

as

fn:Tn—>5n

t— (d(u;) — 1,1 <i<n),

where wy, ..., u, are the nodes of t in lexicographic order. Then f, is a bijection.

Since there is an obvious bijection between ¥,, and ¥,,(j) for all j > 1, Propo-
sition [2.3)implies that the function fJ : T,(j) — S, defined as fi(jt) := fu(t) for

t € T, is also a bijection.

Proof of Proposition[2.3] We begin by proving the following intermediate result.
For any two vectors x = (21, ...,2,) and y = (v1, ..., ¥m) We denote the concatena-

tion of x and y by xy := (21, ..., Tn, Y1, .- YUm)-

Lemma 2.4. Let n be some degree statistics and let x = (z1,...,2,) € S,,, then there

exists a unique set of k := k(n) vectors y', ..., y* such that
x=y.y"
where |y'|; = —1and y' € Syyi). Further, for each i € [k],
y' = (@1, 415 - Ty,

where ly :== 0and [; :== min(j € [n] : x; + .... + x; = —i). Remark that for all i € [k],

h(y?) is a degree statistics with k(h(y")) = 1.
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Proof. We start by proving that the vectors (y' = (zy,_,+1,-..,21,),%¢ € [k]) satisfy
the conditions above. A sequence x € S, stays above —k until step n, thus [, = n
and l; < l;4; for all i € [n — 1]. Therefore, we have that x = y'...y* and for each

i € [k],

ly'h = Z ij ij:—z—i- (i—1)=—1.

J=li—1+1
By definition, we know that h(y*) for i € [k] is a sequence of non-negative integers
and since |y'[, = 3 .o(c—1)h(y*,c) = —1, we have that h(y’) is a degree statistics.

By construction of the /;’s, forall 1 <i <nanda <,

li—1

I S S R VLBt

j=li—1+1 J=1

Therefore, y' € Sy for all i € [k]. We now show that our choice of vectors

(y',i € [k]) is unique by contradiction. Suppose there exist vectors (z',i € [k])

satisfying the conditions of the lemma. WLOG suppose that y' = (z1,...,2;,) #
1

z' = (x1,...,x;) for some j # l; > 1. If j < [, then [; is not the smallest time the

sum attains —1. If [; < j, then 1 + ... + 2, = —1l and z' ¢ Sj,(,1). O

We now proceed to prove Proposition We begin by showing that f, is
injective. Let ¢, £, € T, such that ¢, # t; and let uy, ..., u,| and vy, ..., v}, be the
respective nodes of ¢ and ¢, listed in lexicographic order. Suppose |t;| # |t2], then
|fu(t1)| # | fa(t1)|- Now suppose |t1| = |t2], since t; # t,, there exists at least one
1 <i < |t;| such that d;, (u;) # di, (v;) and thus fi,(t1) # fa(t2).

We prove by induction on the size n of the degree statistics n that f,, is surjective.
For the base case n = 1, we have that ) | ., cn(c) = n — 1 =0, hence n(0) = 1 and
n(c) = 0forall ¢ > 1. Then, T, = {0} and f,(0) = {(-1)} = Sa.

For the induction step, let x = (k, s, ...,2,) € S, for any k£ > 1. Then, z :=
(2, .., 2n) € Shy and k(h(z)) = Y .50(1 — ¢)h(z,¢) = k + 1. By the previous

lemma we can rewrite z uniquely as y'...y*™!, where h(y’) is a degree statistics
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with |h(y")]1 < n for each i € [k + 1]. By the induction hypothesis, f ) is a

bijection. Thus there exists t; € T,y such that f;,yi)(t;) = y'. Define the tree t,

k+1

t={0yuJt

with root () satisfying d;(0)) = k + 1 and with subtrees t1, ..., t;41, listed in lexico-

graphic order. Then, by construction, f,(t) = (k, z2, ..., x,) = x. O

Proof of Proposition We prove the theorem by induction on k(n). Proposition
2.3/handles the base case k(n) = 1. To prove the inductive step, we first introduce
some notation. Given degree statistics n = (n(c), ¢ > 0) and m = (m(c), ¢ > 0),
we define the set

SuSm = {xy: x € Sy, ¥y € Sm}.

Then, SpSm C Sptm, Where n + m = (n(c) + m(c), ¢ > 0). Now let n be a degree
statistics and define M, := {n;, : ({1, ...,kwm)) € Sn} to be the set of all possible
degree statistics of the first tree of a forest in §,. Thus, we can rewrite §, as the

disjoint union of sets,

%n = U ‘zm(]-) X gn—m-

mGMn
Letm € M, and (¢, f) € Tin(1) X Fn_m. Let uy, ..., U, U1, ---, u, be the nodes of

(t, f) in lexicographic order. Then,

fu(t, f) = (di(ur) — 1, .o, dp(t) — L dp(tmer) — 1, o, dy(un))
= (di(ur) — 1, .., de(um) — 1) (dp(tmsr) — 1...ds(un))

= fm(t>fnfm(f)'
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By the induction hypothesis, since m and n — m are degree statistics satisfying

k(m) =1and k(n — m) < k, we have that f,, and f,,_n, are bijections. Thus,

fn((zm(l) X 1T‘f'nfm) = fm(sm(l))fnfm@:nfm) = ngn*m-

Since this holds for all m € M,

@)= U /@) xFam) = |J SmSa-m = S,

mEMm mEMn

where the last equality follows from Lemma 2.4, We conclude that f,, is a bijection

for all degree statistics n. O

We now study the relationship between S, and S, via the Cyclic Lemma.
Given a vector z = (zy, ..., z,), we define z® for i > 0 to be the permutation of
z generated by a cyclic shift of i:

7 = (Z1+z‘> ey Zr+z')7
where z;1; = 2j4i modr for j € [r]. Given a degree statistics n, for x € S,, we

define the set

Cyx :={i€Z/nZ: xD e §,}.

We write |Cx| to denote the cardinality of Cx and note that for all i € Z, |Cx| =

|Cxir

Proposition 2.5 (Cyclic Lemma). Let n be a degree statistics and let x = (x4, ..., x,) €

Sy. Then,
Cx = {)\1(X), PN )\k(n)(X)} s

where for 1 <i < k(n),

Ai(x):=min(j € [n]: z1+ ...+ 2z, =m+i—1),
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where m = min(z1 + ... + x; : j € [n]).

Before proving the Cyclic lemma, we state and prove the following interme-

diate result.

Lemma 2.6. Let n be a degree statistics and let x € Sy, then,
|Cx| = k(n).

Proof. Let n be a degree statistics and let x = (21, ...,2,) € Sy. For a > 1, define
the sequence a := (a, —1, ..., —1) composed of a followed by a times —1. Recalling
the definition of / from (2.2), note that h(a) = (h(a, c), ¢ > 0) satisfies k(h(a)) =
> eso(l = c)h(a,c) = 0 since h(a,0) = a and h(a,a + 1) = 1. Further, note that
since h(ax) = h(a) + h(x),

k(h(ax)) = 3" (1 - e)h(ax, ) = k(h(a)) + k(h(x)) = k(h(x)) = k(n).  (2.3)

It follows that h(ax) is a degree statistics and ax € Sj(ax). Thus Cay is defined. We

begin by proving that foralla > 1,
|Cx| = [Cax|- (2.4)

Clearly, 0 € Cx if and only if 0 € Cax. Now, for 0 < j < n — 1, we note that

(ax)(a+1+j) = (Tjp1, s p,a,—1, =1 2y, ., x5).
We can see that j € Ckxifand onlyifa + 1+ j € Cux, forall0 < j <n — 1. Now,
for i € [a], the sequence (ax) @) begins with —1 and can therefore not be in gh(ax)/
it follows that i ¢ C,y for all i € [a]. This shows that (2.4) holds.
We now proceed to show that for all fixed £ > 0 and degree statistics n with

k(n) = k, we have that |Cx| = k. Fix k > 0. We show this result by induction on
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the size n of n. Since k(n) = k, the base case is given by n = k, precisely, when
n = (k,0,0,...). In this case, x = (x1,...,x) = (—1,...,—1), thus for all i € [k],
i € Cx and |Cx| = k. We now prove the induction step. Let n be a degree statistics
with k(n) = k and let x = (z1,...,2,) € Sn. By definition of Cy, for any cyclic

permutation x¥) of x we have that |Cy| = |C,)

. If n > k, there exists some i € [n]
such that z; > 0. We can assume without loss of generality that z; > 0. Denote
by 1 =i, < iy < ... < iy, the indices such that z;, > 0. Define i, := n + 1 and
note that for 1 < j < m, the number of consecutive —1 following 7, is given by

41 — t; — 1. Then we can write,

m

—k(n) = Zm = (i, = (ij11 — i, — 1)).

=1

As the sum is negative, there exists some index J € [m|such thatz;, <i;.1—i;—1.
Thus, the sequence (z;,,—1,... — 1), containing z;, times —1 is a substring of x.
Let z be the sequence obtained by removing this substring from x. Note that
k(h(z)) = k(h(x)) = k(n) = k by @.3). Since h(z) is a degree statistics with
k(h(z)) = k and |h(z)|; < n, by induction we have that |C,| = k. Now, by
and since |Cx| does not change for cyclic permutations of x, we conclude that

|Cx| = |Cy| = E. O

Proof of the Cyclic Lemma. Let n be a degree statistics and let x € S,. We now
proceed to show that Cx = {\i(x), ..., Ay (%) }. For A = A\i(x) := min(j € [n] :

r1 + ... + z;), we have that for all j € [n],

J+A A

J
=1 =1 =1

Therefore x») = (2, ..., Zy12) € Sn. Further, by Lemma 2.4, we can rewrite x*)

as

A)

xMN =yl y*
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where k = k(n) and y' = (142445 - 1441, ), With [} = 0 and [; = min(j € [n] :
T14x + .. + T1pa; = —i + 1). Since for each i € [k], y* € Sj(yi), we have that for
0<i<k—1,

A1;) ] ] Q

x! =y .yt e S,

Letm = min(x; + ... + x; : j € [n]), then for i € [k],
ANi=A+lL=min(jen]: s +..+x;=m+i—1:j¢€[n]). O

Corollary 2.7. For a degree statistics n,

k(n)

|gn| = _|Sn|'
n

Proof. The corollary holds since the Cyclic Lemma gives that each x € §,
generates k(n) vectors in S, and for each x € S, its n cyclic shifts of x € S,

generate the same k(n) vectors in S,,. O
Using these results, we can deduce the following combinatorial identities.

Proposition 2.8. For any degree statistics n = (n(c),c > 0), we have

5ol =5 (v o)

Proof. Given a degree statisticsn = (n(c), ¢ > 0), by Proposition[2.2land Corollary
2.7,

k(n)

‘Sn‘ = ’S’n‘ = T’Sn‘

Remark that by definition, S, is equivalent to the set of (n, k(n))-lattice paths with

n(c) steps of size c—1 for all ¢ > 0. Thus, | S, | is the number of such (n, k(n))-lattice
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paths, precisely,

The proposition follows. O

Proposition 2.9. For any degree statistics n = (n(c), c > 0) with k(n) = 1, we have

= a2 0)

Proof. From the definition of T, (j), |Tn(j)| = |Ta|. Further, for degree statistics
n with £(n) = 1 it holds that |§,| = |Tn(1)|. Applying Proposition [2.§| gives the
desired equality. O

Proposition 2.10. Given n > 1, let bin(n, 1) := (n,0,n—1,0,0, ...). Recall that Ty, (1)

is the set of binary trees with n leaves. Then,

1 2n —1
|Tbin(n,1)| = om — 1 ( n )

Proof. This is a straightforward application of Proposition 2.9 with n = bin(n, 1).

]

Given a degree statistics n, we define a marked forest to be a pair (f,u), where
f € nand u € f and call the node u the mark of f. For 1 < i < k(n), we define
the set Sff ) as the set of marked forests, with forests in §, and with a mark in the

ith tree,

3’512) = {((tl, ,tk(n)),U,) . (tl, 7tk(n)) € 3n7 u € tz}

In particular, if n is a degree statistics, then we define a marked tree as a pair (¢, u),

where t € ¥, and u € ¢, and define

TW = f(tu): te Ty, uect)

n
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as the set of marked trees with degree statistics n. Similarly, for j > 1, let TV )=
{(jt,u) : t € Ty, u € jt} and note that |‘E,(ﬂl)(j)| = |T,(ﬂl)|. We now deduce combi-

natorial identities on the number of marked trees and forests.

Proposition 2.11. For any degree statistics n = (n(c), ¢ > 0) with k(n) = 1, the

number of marked trees with degree statistics n is given by

1= <n<c>,nc > o)'

Proof. Forallt € %,,, we have [t| = n thus [{(¢t,u) : v € t}| =nand

O — . _ n
== (g 20)

where the second equality follows by Proposition [2.9] O

Proposition 2.12. For any degree statistics n = (n(c), ¢ > 0) and i € [k(n)], the

number of forests with degree statistics n and a mark in the i'" tree is given by

0] _ n
591= (v 20)

Proof. We begin by noting thatforany 1 <i < j < k := k(n), wehave ((t1,....%;, ...,
3
. Now, for f € §n, |f| = nand

iy ti),u) € 39 if and only if ((t1,...,t5, ..., iy .o, ti),u) € 3Y). Therefore
8w’ 3’
so |(f,v) : v € f| = n. Thus, every forest f € §, generates n marked forests in

U, 3. Therefore,

=k

foralll <i,57 < kand ‘ULSS)

1 k
[§al = - = [30]-
n n

k
Jsv
=1
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By rearranging we get,

W = "z = n
8l = k Sl (n(c), c> O)’

where the last equality holds by Proposition O

Proposition 2.13. Forn > k > 1and 1 < i < k, the number of binary forests with n

leaves, k trees and a mark in the i'" tree is given by

(7) . 2n — k’
‘gbin(n,k)‘ - < n )7

where bin(n, k) := (n,0,n — k,0,0,...).

Proof. This is a straightforward application of Proposition withn = bin(n, k).
O
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Chapter 3

BOUNDS ON THE HEIGHT OF A
RANDOM NODE IN A RANDOM
TREE

This chapter focuses on proving novel bounds on the height of random nodes
in random trees with a fixed degree statistics. Recall the main theorems of this

thesis.

Theorem 1.4. Fix a degree statistics n = (n(c), ¢ > 0) with k(n) = Land let (T, V) €,
TV Then forall a > 1732,

) o (S ) 2 ()
PV]|>a <exp|— +2exp | ——— |,
{‘ > B = a7 3 ([l - n()"? 2

and if n(1) = 0, then forall { > 1,

P{|V|2€}§exp(— c )

2’1’1’1

Theorem 1.5. Let m > 1. Let n = (n(c),c > 0) be a degree statistics with n(0) = m,

n(l) = 0 and k(n) = 1. Further, recall that bin(m,1) = (m,0,m — 1,0,...). Let
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(T,V) €, ) and (T',W) €, ‘,Z,S}g(ml) be random marked trees. Then,

Note that Theorem [I.5)yields the second bound of Theorem [I.4] though this is

not exactly how we prove that bound.

3.1 Proof of Theorem

Theorem |[1.5/is essentially a consequence of the following Proposition.

Proposition 3.1. Under the same assumptions of Theorem|1.5|we have that for all k > 0,
P{VI=Fk||V|>k—=1}>P{|W|=k| |W|>k—1}.

In order to prove Theorem [1.5 from Proposition 3.1 we use the following

lemma.

Lemma 3.2. Given two non-negative integer random variables X,Y such that for all

keENP{X=k| X>k—1}>P{Y =k|Y>k—1}then X <, Y.

Proof. Define p, .= P{Y =k|Y >k—1} andgq, = P{X =k | X >k —1} for
k > 0, by assumption p;, < ¢;. Note that X <, Y holds if and only if there exists a
coupling (X, Y) of X and Y such that P {ff < k} <P {X < k} forall £k > 0. We
thus construct such a coupling. Let (U;, i > 0) be a sequence of i.i.d. Uniform|0, 1]

random variables. Define

A

X :=min(i>0:U; <g)and Y :=min(i > 0: U; < p;).
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By this definition, Y < X. We now show that (X , Y) is indeed a coupling of X
and Y. Fork::O,P{X':O} =P{X =0}and fork > 1,

P{X:k}zp{min(z‘zoz U, < q) =k}

=(1-q) 01-—q) - 1—=qg-1) a
=P{X>0P{X>1| X>0}..P{X=Fk| X>k—-1}

—P{X =k}

The same reasoning gives P {}7 = k:} =P{Y =k} forallk > 0. O

By applying Proposition |3.1{ to Lemma we conclude that |V| < [W], in
other words, Theorem (1.5 holds. We now focus on proving Proposition The
method to prove this proposition consists in decomposing a marked tree into
a branch from the root to the marked node, and the forest formed by the trees
hanging off the branch. We begin by introducing the notion of a spine of a marked
tree. Recall that given a node u = i;...¢;}y) € t where iy, ...,7,) € N, we defined
ug = iy...ix, for 0 < k < |u|, where uy = ). Now, given a degree statistics n =
(n(c), ¢ > 0) with k(n) = 1, let (,v) € T4 be a marked tree. We define the k-spine
of (¢,v) as a subtree of ¢ containing all nodes, and its children, that are on the path

from the root to the marked node. Formally, the k-spine of (¢, v) is the subtree

Si(t,v) := {0} U {O Ct(vz‘)} )

1=0

with Sy(t,v) := (. By construction, Si(¢,v) contains k£ — 1 internal nodes with
degrees d;(vy), ..., di(vy—1) and where v;_; is the parent node of v; for each 1 <i <

k. Further, we define the marked k-spine of (t,v) to be the marked tree

Sy(t,v) == (Sk(t,v),vg).
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When k£ = |v|, we say S(t,v) := Si,(t,v) is the spine of (t,v) and S*(t,v) :=
Sp((t,v) = (S(t,v), v) is the marked spine of (t,v).

Let { € T* be some finite tree and let (¢,v) be a marked tree such that ¢ is a
subtree of £ and v € t is not a leaf in ¢. For 1 < b < d;(v), we define the marked

tree

(t,v)y := (t',vb),

where t' := t U, <;<4, () {vi} and vb is the b™" child of v. From this definition, we

note that for a marked tree (¢,v), for 1 < b < d;(v) and 0 < k < |v],

(Sk(t;0))p = (Sk4a(t, v), veb).
For (T, V) €, T4, the proposition below gives the probability that |[V| > k and
|V| = k respectively, given the marked k-spine of (7', V).

Proposition 3.3. Let n = (n(c),c > 0) be a degree statistics with k(n) = 1 and let
(T,V) €4 TV Fix k > 0 and a marked tree (t,v) such that P {S;(T,V) = (t,v)} >0,

then
PV 40| SUTV) = (t0)} = 220 C<2<f)k_ m(9) @3.1)

Further,
PV —u| SUT.V) = (t,0)} = ;”EOL. (3.2)

The idea behind these equalities is to decompose a marked tree into its k-
spine ¢, containing n;(0) leaves, and a forest composed of n;(0) trees hanging off
the leaves of t. The number of nodes in this forest is precisely n — & (if we count
the leaves of ¢ as roots of the trees in the forest). Given S;(7,V) = (¢,v), since

V €, T, the probability that V' = v is one over the size of the tree attached to v.
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The second equality can then be interpreted as the inverse of the expected size of
the subtree above v, given that S} (7', V) = (t,v). Before proving Proposition

we prove the following lemmas.

Lemma 3.4. Let n = (n(c), c > 0) be a degree statistics with k(n) = 1and let (T, V) €,
TV, Fix k > 0 and a marked tree (t,v) such that P {Sy(T, V) = (t,v)} > 0, then

P{Sy(T,V) = (t,v)} = |30 - |zV ",

where q; := (q:(c), c > 0), with q;(0) = n(0) and q;(c) = n(c) — ny(c) forall ¢ > 1.

Proof. Define the set
Ault,0) = {(,9) € TV : St(E,0) = (1,0)}

as the set of marked trees in T4 with k-spine (¢, v). Denote by |Ax(t, v)| the size of
the set Ay (t,v). Note that since P {S(7,V) = (¢t,v)} > 0, we have |Ax(¢,v)| > 0.
The probability that (7', V') has marked k-spine (¢,v) is given by the number of
trees in T4 with marked k-spine (t,v), divided by the total number of trees in

7V Thus,
P{S}(T,V) = (,0)} = |Ax(t,v)| - |TPV| .

We now compute |Ay(t,v)|. Define the degree statistics q; := (q.(c),c > 0) as
q:(0) := n(0) and q;(c) := n(c) — ni(c) for all ¢ > 1. This is in fact a degree

statistics since ¢ is a subtree of ¢, thus q,(c) > 0 for all ¢ > 0 and

Ela) =Y (1= c)aic) = k(n) = Y (1 - c)ny(c) = k(n) — k(ny) + 1,(0) = ny(0).

c>0 c>1

Consider Sfllt), the set of forests with degree statistics q;, with k(q;) = ny(t) trees

and a mark in the first tree. Given a marked forest (f,u) € %Ellt), where f =
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(t1, ..., tng(r)) and u = 14, we construct a marked tree in A,(t,v) as follows. Note
that the mark v is a leaf node in ¢t. Letl; := v and Iy, ..., l,(o) be the remaining
leaves of t in lexicographic order. Now, take the tree ¢t and, for all 1 < ¢ < n,(0),
respectively attach the tree ¢; to the leaf /;. Call the resulting tree ¢ and let © := vii.
The degree statistics of  is n; = (n;(c), ¢ > 0) where n;(0) = n(0) and n;(c) =
a:(c) + ny(c) = n(c) for all ¢ > 0 thus n; = n. Therefore we have that (,0) €
Ay (t,v). Further, for any tree in A (¢, v) we can recover a unique forest in 382 via

o). O

the reverse process. We conclude that |A,(t,v)| =

Proof of Proposition[3.3] We now proceed to prove that for a fixed k¥ > 0 and a
marked tree (t,v) with P {S}.(T,V) = (¢t,v)} > 0, we have that

2020 c(n(c) — nt(c)).

PV £0| SUT,V) = (o)) = =220

Note that if V' # v then dr(v) > 0. Hence,

P{V 7£ v | Sl::(T’ V) = <t7v)}

=PV £ 0dr(v) = b| SUT.V) = (t.0)

b>0

b
=Y Y P {dr(v) = b, S, 1 (T, V) = (t,0)c | SHT, V) = (t,0)}

b>0 c=1

=> b-P{dr(v) =b,S;(T.V) = (t,v)1 | SHT.V) = (t,0)},

b>0
where the last equality holds by symmetry. Let (t',v1) = (¢,v);, then note that if
dr(v) =bandS; (T, V) = (t,v);, we have that ny (b) = n,(b)+1 and ny(c) = ny(c)
for all ¢ # b. By Lemma

PV 0] SUTLV) = (1)) = Y b[si] - 59

b>0
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Note that || = flar| — 1 ar(5) = a(b) — 1 and qu(c) = q(c) for all ¢ # b
Further, since ¢ contains k internal nodes, |[q:|| = n(0) +3_ 5, (n(c) —ny(c) = n—k.

Therefore, by Proposition 2.12}

PVl SUTV) = (o)) = Zb(qt/ |’qt!|z 0) (qt(c’ﬁ?ﬂ’z 0)

@) <, n() - n(b)
=2 Mg Tk

This is precisely the first equality of Proposition To show the second equality,

note that,

P{V=0v|S|T,V) = (t,0)} = 1= P{V #v | S{T.V) = (t,v)}
g clnle) — ny(0))

=1- n—~k
k= eln(e) —mi(c)
n—=k
_ 1+ olc = ny(c)
n—Fk 7

where the last equality holds since n = > en(c) + 1 and ) ni(c) = k, so
n—k—=>.ocmlc)—nc) =1—-k+> em(c) =1+> _,(c—1)n(c). Now
since k(n) = ) .o(1 —c)ns(c) = 1, it follows that 1+ _(c — 1)ns(c) = ny(0). We

conclude that

P{V=0v|SUT,V)=(tov)} = . O

We now have all the tools to prove Proposition 3.1}

Proof of Proposition[3.1] Let m > 1 and let n = (n(c), ¢ > 0) be a degree statistics
with n(0) = m, n(1) = 0 and k(n) = 1. Further, let bin(m,1) = (m,0,m —
1,0,..). Let (T\V) €, ) and (T, W) € ‘I&n( be random marked trees. In

the following equalities we write [ J, ) and >~ to mean that we are iterating
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through all marked trees (¢,v) satistying P{S;(T,V) = (¢,v)} > 0. Similarly, we
write U,y and 3~ ) to mean that we are iterating through all marked trees
(¢, w) satisfying P{S;.(T",W) = (t,w)} > 0. Note that we can rewrite the events
{IV| > k—1} and {|W]| > k — 1} as disjoint unions,

{IVI>k =1} = J{SHT V) = (¢, o)} and {IW] > k = 1} = [ {SH(T", W) = (¢',w)}.
(tv) (t'w)

Therefore,

P{|V|=k]| |V|>k—-1}

_P{VI> k-1, [VI=Fk} :ZP{S;(T,V): (t,v), V| =k}
P{|V|>k—-1} P{|V|>k—-1}

(tw)
) s - P {S}(T,V) = (t,v)}
_%p{m_msk<T,V>—<t7v>}- IS

:ZP{|V| =k| SpT,V) = (t,0)} - P{S(T,V) = (t,v) | [V|>k—1}
(tv)

_Z“t P{SNUT, V) = (t,v) | [V| >k —1},

(t,w)

where the last equality holds by Proposition Remark that, since n(1) = 0,
n=7> cm(c)+1>2% ,n(c)+1=2n~—2m+ 1. Thus, n < 2m — 1. Further,
since t has k internal nodes and by assumption n satisfies n(1) = 0, we have that
each internal node has at least degree 2. Thus ¢ contains at least k£ + 1 leaves,

n:(0) > k + 1. It follows that n;(0)/(n — k) > (k+1)/(2n — 1 — k) and,

k41 .
= —_ >— = —
PAVI=kIIVI> k1) 2 5 DR SITY) = () | V> k- 1)
E+1
=51 (3.3)
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Similarly, for k > 0,

P{W|=k| |W|>k-1}
= STP{W = w | SUTLW) = ({,w)} P{SYT". W) = (,w) | [W] >k — 1}
(t'w)

k+1
.T/ / _1 _
T om— k—lZP{S =(,w) | W|>k-1}

E+1

_— 4
om—k—1’ (3.4)

where the last equality holds by applying Proposition 3.3 with the degree statis-
tics bin(m, 1). Combining and gives us the desired result,. For all £ > 0,

P{[V|=k| [V|>k-1}>P{|W|=k| [W|>k—1}. O

3.2 Proof of Theorem

Theorem 1.4. Fix a degree statisticsn = (n(c), ¢ > 0) with k(n) = 1andlet (T, V) €
TV, Then for all o > 17372,

|n|1 } O[1/3 |n|1 a2/3
P{\V\>a <exp|— +2exp | —— |,
(Inf3 —n(1))'2 3 (Inf3 —n(1))'/? 24

and if n(1) = 0, then forall { > 1,

62

We begin with defining a size biasing. Let n = (n(c), ¢ > 0) be a degree statis-
tics. A random vector D = (Dy, ..., D,,) is a size biasing of n if for any degree

sequence d = (dy, ...,d,) satisfying [{i € [n] : d; = ¢}| = n(c) for all ¢ > 0, the
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following holds. For each k € [n],

dk(l’l(dk) — w((dl, ceey dk_l), dk))
|Il|1 - dl . dk—l

P{D,=dy| (D1, Dyr) = (dy, ooy dypy)} =

)

(3.5)

for all k € [n], where w((dy, ...,dy),c) == |{1 <i < k: d; = c}| for all ¢ > 0. When
di + ... + di—1 = |n|;, we consider the fraction to be equal to 1. By this definition,
we have that the last n(0) > 1 entries of D are equal to 0, further D,, = 0.

Our method for proving Theorem [1.4]is a sampling procedure that, for (7., V) €,
TV, generates a random variable with the same law as |V/|. We then derive tail

bounds on this new random variable to deduce the desired bounds on |V|.

Proposition 3.5. For a degree statistics n with k(n) = 1, let (T,V) €, TV and let
D = (Dy, ..., D,) be a size biasing of n. Let (U, ...,U,) be i.i.d. Uniform|0, 1| random
variables independent of D. For i € [n], define

n+1—1 ’

Ai =
0 otherwise.

Let M =inf(i > 1: A; =1). Then |V| < M — 1.

Proposition 3.6. For a degree statistics n = (n(c), ¢ > 0) with k(n) = 1, let D =
(Do, ..., Dy,—1) be a size biasing of n. Let (U, ..., U,) be i.i.d. Uniform|0, 1] random vari-
ables independent of D. For i € [n], define
i—1,m1y.
1 Z’fUZ S Zj:l(DJ 1)

n—i ’

Bi =
0 otherwise.
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Let o = inf(i > 1: B, = 1). Then for a > 17%/2,

P{ N In|; } < ( al/? In|; ) n 2exp< a2/3)
o> <exp|— —-—1,
(In[3 —n(1))1/? 3 (Inf3 —n(1)12 24

and if n(1) = 0, then forall { > 1,

P{o >/} <exp (—(l_1)2).

2/n;
Theorem |[1.4{is a consequence of these two propositions.

Proof of Theorem Remark that for a size biasing D = (D, ..., D,,) of n, we have
that for all i € [n], Z;;ll Dy <37 Dj=n—1 Thus,

1+Z;;11(Dj_1)_1+ 1 n 1 n+1—1
i - —i-1,p1 1y = - = —.
z]’:ll(Dj_l) ijl(Dj—l) n—1 n—i

Equivalently, we have that

1+ > (D = 1) - Si(D; - 1)
n+1—1 - n—i )

i—1,p.
Remark that in Proposition A; = lif and only if U; < H%l(j’l) and in

i—1 L
Proposition B; = lif and only if U; < W Therefore o = inf(i > 1 :

B; = 1) stochastically dominates M = inf(: > 1 : A; = 1). It follows that for « > 0,
P{lV|>2}=P{M>2+1} <P{o>x+1} <P{o>ux}.

Then, by the first inequality of Proposition 3.6, we have that for all a > 17%/3,

n|

P{IVI> o) <PAM > )

- Ozl/3 |n|1 o &2/3
e — ex _— .
=P T3 (- n(1)2 P24
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Finally, to prove the second inequality of Theorem we apply the second in-
equality of Proposition [3.6/and get that for degree statistics with n = (n(c), ¢ > 0)
with k(n) =land n(1) =0, forall ¢ > 1,

2
P{|V|2€}§P{02€+1}§exp<—2‘ln‘). O
1

The remainder of this chapter focuses on proving Propositions [3.5/and

3.2.1 Proof of Proposition

Proposition [3.5|is a consequence of the following result. Let (T,V) €, T and
d(V;) = dr(V;) for all i > 0. Fix k > 0. Ford = (dy, ..., d}) € N¥,

P {(d(V), . d(Vies) =, V] > k= 1} = P{(Dy,... D) =d, M > k}.  (3.6)
From this, we can easily see that P {|V| > k} =P {M > k+ 1} fork > 0,
P{VI>k-1}= > P{V|>k—-1 dW), ..dVi1)) =d}

— Z P{M >k, (Dy,...,D;) =d} =P {M > k}.

Thus |[V| £ M — 1, Proposition 3.5 holds. We now prove and begin by
studying P {(D;, ..., Dy) =d, M > k}. Since D = (Dy,...,D,) is a size biasing,
gives us that for d = (dy, ..., di) satisfying w(d, ¢) < n(c) forall ¢ > 0,

P{(Dy,...Dy) =d} = [[P{Di=d; | (D, ....Di_y) = (di,....di1) }

=1

(dlv"'vdi—l)adi)
_H n—l—d1 R — (3.7)
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Further, given (D, ..., D)) = d, we have that > k if and only if for each i € [k],

i—1
> 1+Zj:1(dj_1)
n+1-—1 '

i

Therefore,

k
P{M >k | (Dy,..,D;) =d} :HP{UZ- >
=1

_ﬁn—l—dl—...—di_l
i n+1—i ’

L+ 3500 - 1) }

n+1—1

where the last equality holds since n+1—i— (1+Z§;11 (d;—1)) =n—1—d;—...—d;_;.

We then have that

— w((dl, ceey di_l), dl)
n+1—1 )

k

d;(n(d;
P{(Dy,...Dy)=d, M >k} =]] (n(d:) (3.8)

i=1
Next, we study the probability P {(d(Vp), ..,d(Vk-1)) =d, |V| > k — 1}. Below, we
write > (t) to mean that we are summing over marked trees (¢, v) with
dt(vi_l):di,ie[k]

non zero degrees (d;(v;),0 < i < k — 1) and satisfying P {S; (7, V') = (t,v)} > 0.
There are precisely d;...d; such marked trees. By Lemma Propositions [2.17]

and we have that

p {(d(%)7 "7d<‘/;€—1)) = d? |V| >k — 1}

= > P{S,(T,V) = (t,v)}
(tv)
di(vi—1)=d;,1€[K]

= > BRI

(tv)
dt(vi_1 ):dl‘, ZE[kJ]

-2 (qxc@?tcuz o) (n<c>,nc > 0)1’

(tv)
dt(vi_1 ):di7 ZG[k]
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where q; = (q:(c), ¢ > 0), with q;(0) = n(0) and q:(c) = n(c¢) — ni(c) for ¢ > 1.
Note that w(d,0) = 0 since d are the degrees of the internal nodes of ¢. Further,
we are summing over marked trees that satisfy } _ ., n;(c) = k and n;(c) = w(d, c)

for ¢ > 1. From this we have that ||q;|| = n — &, so

p {(d(‘/())7 "7d<‘/k—1>> =d, |V| >k — 1}

(n—k)! I150 n(c)!‘

= dl"‘dknczo(n(c) —w(d,c))! n!

Suppose the following equality holds,

k

E(n(di) —w((dy, . di 1), d;)) = g o w(.d,c))!’

(3.9)

then by and since (n — k)!/n! = [, 1/(n + 1 — 1),

— w((dl, P difl), dl)
n+1—1

“r di(n(d;)
P{(d(Vo),...d(Vie1)) =d, [V| >k -1} = [[ =
i=1
 P{(Dy,o D) = d, M > K},
Therefore, we are left to prove (3.9). For b > 0, define (i;(b), j € [w(d, b)]) as strictly

increasing indices satisfying d;, ;) = b. Note that w((dy, ..., d;;)-1),b) = j — 1 for

J € [w(d, b)]. We can conclude that

k w(d,b)
H(n(di) —w((dy,...,di1),d;)) = | (n(b) —w((dy, ..., ds;)-1), b))
> w](d,b)
= (n(b) —j+1)
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3.2.2 Proof of Proposition

For this proof, we construct a random variable & with the same distribution as ¢
and prove the desired probability bounds on ¢. The key tool is to use a Poisson
embedding as described in [7, Section 4.1]. We define a homogenous Poisson
process N on [0,00) x [0, 1] of rate 1 per unit area, with points {(S5;,U;), j > 1}
where 0 < §; < 53 < ... We treat the S,’s as arrival times for the points U;.
The (S}, j > 1) are a Poisson process on [0, co) of rate 1 per unit length and the
(Uj, j > 1) are i.i.d. Uniform|0, 1] random variables, independent of (S;, j > 1).
Let (di, ..., d,) be a sequence satisfying {1 <i < n:d; = ¢} = n(c) for each ¢ > 0.
Letl; :=0and for 1 <i < n,letl, :=1;+d;/(n—1)and r; = [; + max(0, (d; —
1)/(n — 1)) < l;41. Define the intervals I; := [l;,l;+1) and I, := [l;,r;). Note that
the disjoint intervals (I;,7 € [n]) partition the interval [0,1). Further, ;7 C I, for
each i € [n].

Define, for ¢ > 1, the index of the interval containing the point U, as J(¢), thus

Up € 1. Now, define the sequence of indices (M (¢), £ > 1) satisfying

L
k=1

and M (1) = 1. Then (M(¥¢), ¢ > 1) is the sequence of indices such that the points
(Umy, £ > 1) fall into distinct intervals (/;, i € [n]). Now, let (j(1),..,5(¢)) be
a vector of distinct elements of {1,...,n} and let (m(1),...,m(¢)) be an increasing

sequence of integers with m(1) = 1. Then

P {J(m(0)) = j(1), M(£) = m(l) | J(m(k)) = j(k), M(k) =m(k), Vk € [( — 1]}

:P{U © € Lo UeUI \Wie{ml—1)+1,. ,m(@—1}}

o1 -1~
_ i [ 2= 9w
n—1 n—1
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Now, if Zi;ll djx) <mn — 1, we have that

P{J(M(0) = j(0) | J(m(k)) = j(k), M(k) =m(k), Vk € [¢ = 1]}

=Y PLI(M(0) = j(6), M(£) =m(¢ — 1) +a| J(m(k))

a>1
d g N d

_y o 2 B\ _ (0 _

a>1 n—1 n—1 n—l—dj(l)—...—dj(g_l)
Therefore,

. . d,
P {J(M(1) = j(€) | J(M(k)) = j(k), Yk e [( — 1]} = 79
n—1—dja — dj(e-1)

Define the sequence (D(1), ..., D(n)) by

D(t) = (M(£))

0 otherwise.

Then, remark that

P{D()=d| (D(1),....D(l —1)) = (du,...,d¢-1)}
=P {dymwy =d | (dsary, - doo—1y) = (di,..;dp—1) }

=Y P{J(M) =i, di =d]| (dsary: - dsre—1y) = (d1, ., dp—1) }
1€[n]

Recallw((dl, ey dg_l), d) = |{Z € [6—1] td; = d}’ Suppose (dJ(M(l)), ey dJ(M(g_l))> =
(dy,...,ds—1), then the number of indices i € [n] \ {J(M(k), k € [¢ — 1]} satisfying
d; = dis given by n(d) — w((dy, ..., ds—1),d). Thus,

P{D()=d| (D(1),..,D(l = 1)) = (d,....,d—1)} = d(?ﬁ) f_wéfdi’f.ﬂ"fiij_)j d)’
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showing that the sequence (D(1), ..., D(n)) is is a size-biasing of n. Next, for ¢ > 1,
define C; = Uizl[rj(k), Lyk))- Then, for each k < [, U, € Iy and Cy contains the

subinterval [r ), ly)) C 1) of size 1/(n—1) subinterval of size 1/(n—1). Define

—1 -1
F=i f<£>1 Ur e | I \ Coe 1) = inf (fZl:UzG U[lﬂk)ﬂii(k)))-

k=1 k=1

Recall that the indices (M (¢),¢ > 1) are defined as the first indices of the se-
quence (U;, j > 1) that all fall into distinct intervals of (/;, i € [n]). Therefore,
7 ¢ {M((), £ > 1} and Cure) = Us_ [T rum))s Licvuey))- For Unry € L)), we can
think of [7(a(k)), Li(am(k))] @s a censored subinterval of ;) of size d i)/ (n —
1). Then, OM(E) is a union of censored subintervals and 7 is the first time a point
U, falls into a previously seen interval in Uf;_:ll ;) but not in the censored region
Co1.

Now, fix (j(1),...,5(£)) a sequence of distinct elements of [n] and (m(1),...,m(¢))
an increasing sequence of integers with m(1) = 1. Assume that J(m(k)) = j(k)
and M (k) = m(k) forall k € [¢ — 1], and 7 > m(l — 1). Then 7 < M(¢) holds
if and only if the first point among (U,,, m > m({ — 1)) that doesn’t fall into

Crn(e—1) = Ui [T, Lk ), falls into

/—1 (-1 /-1
U Zraran \ Coe=ry = [ Liowy \ Cone—1y = Uiy mjw)-
k=1 k=1 k=1

Therefore, for U a Uniform|0, 1] random variable,

P{7< M| 7>MFl-1), J(m(k)) = j(k), M(k) =m(k)¥1 <k <(—1}

/—1
ZP{U € U[lj(kwy(k U ¢ U Tjtk)s L)+ }

k=1

(i — 1) (1 - 1) (i — D}

n—1 n—1 n
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Note that Zi;ll(dj(k) — 1)/n only depends on the values (d;), ..., dj¢—1)) and that
D(k) = dyum) for all k > 1. Therefore,

P{7< M) | D(1),...D({ — 1), # > M(( — 1)}

—P{7<M()| DA),...D({ —1), 7 > M({ — 1)}

_ f;;ﬁng_(Z) - (3.10)

Next, define ¢ := sup(k > 1 : 7 > M(k)). Note that ¢ > [ if and only if
7> M({). Thus,

P{5=10| D1),...D(t—1),6 >0 —1} =P {7 < M) | D(1),...,D({ —1), 7 > M({ — 1)}

(D(k) — 1)
n—4¥

Recall in the statement of Proposition [3.6] we defined ¢ := inf(i > 1: B, = 1),
with

>_1(D—1)

n—i )

1 itU; <
Bi =

0 otherwise,

where (U;, 7 > 1) are i.i.d. Uniform[0, 1] random variables and (Ds, ..., D,) is a

size-biasing of n. Therefore, for a Uniform|0, 1] random variable U,

P{o=10]| (Dy,...Dy 1), 0 >0 —1}

S )
- n—V¢

S Ti(D; - 1)

n—=¥¢

(Dl, ...,Dg_l), o>0— 1}
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We have that ¢ < & and therefore,

Plo>0}=P{5>0=P{7> MU} <P{7>/(}.

From this, we can deduce the second bound of Proposition 3.6} Note thatif n(1) =
0, then for all d; # 0 we have that d; > 2 and therefore, |[l;,r;)| = (d;—1)/(n—1) >
1/(n —1). Further, if 7 > M (¢ — 1), then D(k) > 2forall 1 < k < ¢ — 1. Then, by

(3.10), for all £ > 2,

(-1
n—=~

P{7<MUW)| T>M{-1)}>

From the above inequality and the fact that P {7 > M (1)} = 1as M(1) = 1, it

follows that

Pl{o>(}=P{7>MU)}=][P{7>Mk)|7>Mk-1)}

:H(1_P{%§M(k)| 7> M(k—1)})

?wa%:( )

We show by induction that forall ¢ > 1,

P{o>(} <exp (_Q(fn_—l)f))

which is precisely the second inequality in Proposition The base case ¢/ = 1is

trivial. By the induction hypothesis and the fact that 1 — = < e™*, we have that

) ()0 )

li(:-

(1) (i) = (- (Gl )
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We can conclude the proof by noting that, since ¢/(n —{) > {/(n — 1),

l (0 —1)* 2 +1 2
+ > > .
n—~0 2n—-1) ~2n—-1) ~ 2(n—1)

Next, we prove the first inequality of Proposition [3.6] by using the following

proposition.

Proposition 3.7. Let v =3, , ., d?/(n — 1). Then for all oo > 173/,

3 (n —1)4/2 1 (a?3(n—1) a
P {T > OCT S exp —g 7 + 26Xp _ﬂ .

The first inequality of Proposition [3.6| follows directly from the above propo-

sition since P {0 > 2} < P{7 >z} forz > 1,3, ., d; = |nf3 —n(1) and |n|, =

2
n — 1, therefore 2= = [nli

Ok To prove Proposition 3.7| we will use the earlier

defined Poisson process N. For ¢ > 0, let N(¢) := |N N {[0, ¢] x [0, 1]}| be the num-
ber of points in the Poisson process N seen up to time ¢. Further, for 1 <1i <n, let
N;(t) := INN{[0,t] x [l;,7;)}| be the number of points seen in the interval [/;, ;)
up to time ¢. Remark that if for some 1 < i < n we have that N;(¢) > 2, then by

construction 7 < ¢. Define the stopping time

T :=inf (t > 0: maxN;(t) > 2) .

1€[n]
Note that 7 < N(7'). Further, forany h € N, if N(¢) < hand 7' < ¢t then 7 < h,
hence

P {7 > h} <inf (P{N() > h} + P {T > 1}). (3.11)

To bound P {N(¢) > h} we use the following Poisson tail bound. For h > ¢,

P poisontt = 1) <en (o (Mue (1) 1 41)). o

t t
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The proof of (3.12) can be found in [6, Page 23]. Next we proceed to bound
P{T > t}. Remark that (N;(t), 1 < i < n) are independent random variables

and N;(t) is Poisson(t(r; — [;))-distributed. Thus,

P{T>1} =P{N(t) <7} =[[P{V:(t) <1} = ] (A +t(ri — L)) "7,

1€[n]
d;>2

Define p = (p;, 1 < i < n), where p; := d;/2(n — 1). Recall that when d; < 1 we
haver; —; =0and ford; > 2,r; —l; = (d; — 1)/(n — 1) > p;. Since the function

f(z) = (1 4+ x)e " is decreasing for x > 0, we have that

P{T >t} < ] (1 +pit)e ™" (3.13)

i:d;>2
Next, we bound the RHS using the following Lemma, based on Lemma 9 from [Z].

Lemma 3.8. Let d = (dy,...,d,) and let g(t,d) = [[,.4,5,(1 + pit)e ™", with p; =
di/2(n — 1). Define pmax = mMaXjep) Pi aNd dmax = maXepd;. For all 0 < t <

1/pmax = 2(” - 1)/dmaX/

logg(t,d)zz<_1)k+li;2( dit )k

Further,

logg(t,d)+ ) 8(52di_t)i)2 <

Armaxt (d;t)?
6(n — 1) — 3dmaxt 4(n — 1)

Proof. Recall that the expansion of log(1 + z) around 0 for |z| < 1 is given by

log(1+z) = Z(—l)k“x—k. (3.14)

k
k>1
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Note that for 0 < ¢ < 1/pmax,

Z% Z (pit>k < nz (pmzxt)k < 0.

k>2  4di>2 k>2

For 0 < puaxt < 1, by (3.14) and Tonelli’s theorem, we have that

log(g(t,d)) = log ( ITa +pit)€_pit) = ) (log(1 + pit) — pit)

i:d; >2 i:d; >2
-1 k+1
= Sy S0t Y
:d; >2 k>1 i:d; >2
(_1)k+1 L
- Z 2 Z (pit)"
k>2 i:d; >2

This proves the equality in Lemma 3.8l Now, note that for & > 2,
ok <phar Y pl (3.15)
id;>2 i:d;>2

Therefore,

k—2
£ 3 fonr < (S o0) SO < (o) sty

k>3 i:d; >2 i:d; >2

Since

-1 k+1 1
togg(t.d) = 3 T S - LS Gy,
E>3 i:d;>2 i:d;>2
we can then conclude that
(plt)Q 1 k 2 pmaxt
| t.d < —(pit)” < it _
i:d; >2 k>3 i:d;>2 i:d; >2

Replacing p; = d;/2(n — 1) and pmax = dmax/2(n — 1) yields the desired inequality.
[
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Corollary 3.9. Let v =", ,d7}/(n —1). Forall0 <t < (n — 1) /diax,

g(t,d) <exp (%) '

Proof. Note that (d;t)?/(n —1)*> =vt?/(n — 1), and for t < (n — 1)/dmax,

Armaxt n—1 1

6(n—1) — 3dpaxt ~ 3(n—1) 3

Thus, by inequality in Lemma

Amaxt (dt)? (dit)?
logg(t-d) < g = —sat 2 An—12 2 8(

i:d;>2 i:d;>2
2 2 2

< vt _ vt _ vt 0

- 12(n — 1) S(n — 1) 24(n — 1)

Proof of Proposition We begin by noting that when d,,., = 1, then v = 0 and
7 £ o0o. Thus, P{7 > 0o} = 0 and the non-negative upper bound in Propo-

sition holds. For the rest of the proof we assume that dy,.x > 2. Let v =

> ia>2d;/(n —1). By (3.11) and (3.13), we have that

P{7>n} <inf (P{N(t) > h} + P{T > t}) < inf (P{N(t) > h} +g(t,d)).
Further, by (3.12) and Corollary 3.9}

P {7 >h} <inf (exp <—t (%log (%) - % +1)> + exp (%)) .

Fix C > 2. If dyase < (ig0n @2)/2 071 = W=D hen for ¢ = S

o (sis) oo ()
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Further, for h = 2t = 20(:1;/2)1/2, we note that

t(%log (%) —%+ 1) =t (2log(2) — 1) >

Therefore, we have that for fixed C' > 2 and d,.x < (Zl 42 df) V201 M’

. 2C(n—1)1/2 C(n—1)2 —C?
P {7’ > T < exp —ET + exp Y . (316)

W =+

Next, suppose that d;., > (Zi:diﬂ d?) V201 = M Let m = arg max;ep, d;,

SO dy, = dmax > 2. Recall that if for some K > 0 and i € [n] we have that

N;(K) > 2, then 7 < K. Therefore, for K > 0,

P{7>K}<P{7>|K|} <P{Vie[n], N(K]) <1}
<SP{N,(K]) <1} =P{[Vk e [|K]]: Uy € [lin, )| < 1}
— P {Bin(| K|, 7 — I,,) € {0,1}}

= (1= (rm— lm))LKJ_l(l = (T = l) + [ K| (1 = ln))-

Now since dp,.x > 2, we have that r,, — [, = (dpax — 1)/(n — 1) > dpax/2(n — 1).

Further, (";1;/)21/2 = (n—1) (X2 df)_l/2 > 1. Thus, for K > 20(”;11/)21/2 > 4, using

the factthat 1 —x < e “and |K| — 1 > K/2, it follows that

P{%>K}§(1— e )LKH <1+(LKJ—1)dmaX)

2(n — 1) n—1
< oxp (_K4(imjxl)) (1 + (K] - 1)5{“1) |

Next, using that (LKJ;_lidm‘“ > gif% > 2, we have that 1 + (LKJ;_l)ld"‘a" < 2dmax

Thus,

d d
P ~ K < 2K max —K max
7> K}= n—1eXp( 4(n—1))
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Now, let K = 960(:1;/?1/2 where © > 4. We suppose dipax > M, thus

Kdpax/(n — 1) > 2. The function 2ze~"/4 is decreasing for z > 4, thus

-1 1/2
P {% > xc(”vl—ﬂ)} < 2geo/4, (3.17)

Finally, we combine the inequalities (3.16) and (3.17) such that we get a bound

independent of the value of dy.y. Fix @ > 17%? and let z = o?® > 4and C =

al/? > 2. Then, 2C < o and 2C = «. In any case, one bound of (3.16) or (3.17)

applies, thus,
~ (n _ 1)1/2 ~ (n _ 1)1/2
P {T > OCT =P<7> [L‘CT
C(n— 1)1/2 02 71./4
< exp (_§T + exp _ﬂ + 2xe
al/3 (n— 1)1/2 a2/3 ) a2/3
= — - /3 _—
exp( 5 i )+exp< 24)+2a exp( 1 >

Remark that for y > 17, we have that e ¥/?* 4 2ye %/* < 2e%/?*, We can thus

conclude that
R (n _ 1)1/2 a1/3 (n _ 1)1/2 a2/3
P{T>OZT SeXp — 3 V1/2 +26Xp _ﬂ .4

3.3 Proof of Theorem

Below we briefly outline the proof of Theorem [1.2| using Theorem Recall
Theorem[1.2]

Theorem 1.2. [4, Theorem 1.2.] Fix a probability distribution p supported by N with
lplr < 1and |ply = oo. Forn € N, let T,, be a Bienaymé tree with offspring distribution

w conditioned to have size n, and let V,, be a uniformly random node in T,,. Then

wid(T,)/v/n — oo, |V,|/v/n — 0and ht(T,)/(v/nlog®n) — 0,
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where the convergence results hold both in probability and in expectation, as n — oo.

The main fact we use is that Bienaymé trees conditioned to have a fixed size
and degree statistics, are uniformly random trees with those degree statistics.
Therefore, for degree statistics n satisfying P {n;,, = n} > 0, by conditioning that

ny, = n, we can apply Theorem [1.4to V,,. That is, for a > 1732, we have

P {1 o Bl 1o = <o (< o
© T (ImE —n(1)) - 3 (Inf3 —n(1))1/2
042/3

We further use the following proposition from [4} Proposition 2.3].

Proposition 3.10. Fix a probability distribution u supported by N with |u|; < 1 and
|tt]2 = oo. Forn € N, let T,, be a Bienaymé tree with offspring distribution 1 conditioned
to have size n, and let nr, be the degree statistics of T,,. Then for any C' > 0, there exists

c=c¢(C) > 0such that P{|nz, |3 < C|ng, |} < e~ for all n sufficiently large.

Fix C' > 0, then by Proposition for h > 0,

P{|[Val > h} =P{|Vi| = h, |ng, [; < Clng, |1} + P{|Va| =, |ng, [3 > Clng, |1 }

<P{ng |3 <Cng, i} + sup P{|V,|>h |ns;, =n}

n:|n\%20\n|1
<e 4 swp P{V,|=h |ng =n}
n:[n|2>C|n|;
where ¢ > 0 is a constant depending on C'. Let € > 0. By choosing an appropriate

C = C(e) = 1 + &*, we obtain that

1
P {|V,| > 6%*(n — 1)Y/2 log’n} = 0O (—) , (3.19)

n2

we omit the computational details. Through similar reasoning and a few more

computations, it can be shown that E[|V,|] = o(n'/?). The convergence results on
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the height of T,, rely on the following inequality. If we suppose that the height
of T, is greater than some positive integer h, then 7, must contain at least one
node with height at least h. Then, since V,, is a uniformly random node of T,,,
P{|V,| > h | ht(T,,) > h} > 1/n. Using the fact that |V,,| > h implies ht(7},) > h,

we then have

PAh(T,) > R} PAVAI 2 0} o iyr 5y

PR 20} = 5y S e 5 0 =

By combining (3.19) with the above inequality, it follows that
P {ht(T;,) > 6°c*(n — 1)"?log®n} = O (l> . (3.20)
n

Since this holds for any £ > 0, we get that ht(7},)/((n — 1)*/?1log®n) — 0 in prob-
ability. To show convergence in expectation, we note that ht(7,,) < n — 1 and so

for any positive real A,
E [ht(Tn)] =E [ht(Tn)l[ht(Tn)<hﬂ + E [ht<Tn)]—[ht(Tn)2h]} <h+ (n - 1)P {ht(Tn) > h} .

Applying this inequality to h = 63c%(n — 1)'/21og® n, combining it with and
the fact that holds for any ¢ > 0, we have that ht(7,)/((n — 1)*/?log® n) — 0
in expectation.

Lastly, we prove the convergence results on the width of 7,,. Since V,, is a uni-
formly random node of T, if for some positive integer 5, at least half of the nodes
of T, have height h, then |V,,| > h with probability at least 1/2. Now, fix ¢ > 0
and let n be sufficiently large such that E [|V,,|] < 2n'/2. Then by the above and
by applying Markov’s inequality,

E [[Vall

€n1/2

1
§P{Hu €T, : |ul >en'/?}| > g} <P {|V,]| >en'’?} < <eo (321
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Now, assume that at most half of the nodes of 7,, have height greater that enl/2,
Then there are over n/2 nodes within the first enl'/? levels of T),. In this case, the
width of T}, is at least wid(7},) > (n/2)/(en'/?) = n'/?/(2¢). From this and (3.21),

it follows that

n1/2 n
i > L > s u| > en'/? — 1 >1— 2.
P{w1d(Tn)_ (26)}_P{|{ueTn lu| > en/?}| < 2}_1 2

Since this holds for arbitrary ¢ > 0, we can conclude that wid(T,,)/n'/? — oo in

probability and in expectation. This concludes the proof of Theorem
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Chapter 4

CONCLUSION

In this chapter, we briefly describe open problems and future research directions.
We begin by stating a possible generalisation of Theorem Let n, m be degree
statistics with k(n) = k(m) = 1. We define the partial order n < m by the
following covering relation. We have n < m if there exists a,b > 1 such that

forall ¢ > 0,
m(c) = n(c) = Ljemarp-1] + Lje=q) + Lje=p)- (4.1)

A possible extension of Theorem [1.5|is described in the following problem.

Problem 4.1. Let n, m be degree statistics with k(n) = k(m) = 1 and such that there
exists ¢y, ¢y > 2 such that n(c,) > 0 and n(cs) > 0. Let (T, V) €, TV and (T",W) €,

). Doesn < m imply |V| <q [W|?

To see that this statement is in fact a generalisation of Theorem it suffices
to show that n < m, where n and m are defined as in the statement of Theorem

We can prove n < m by induction on the maximal degree d,,,, = max(c > 0:
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n(c) > 0) of n. Define n’ = (n’(c), ¢ > 0) such that

(

n(2)+1 ifc=2

N(dpax — 1)+ 1 ifc=dpax — 1
n'(c) =

n(dpas) — 1 if ¢ = dps

n(c) otherwise.

\

It can be easily verified that n < n’, by taking a = dyyax — 1 and b = 2. Then, by

the induction hypothesis, it follows thatn < n’ < m.

Next, we mention future work around Theorem|[I.2] Recall the conjectures and
problems stated by Janson on simply generated trees [11, Conjectures 21.5, 21.6
and Problems 21.7, 21.8].

Conjecture 1. Let w = (wy, k > 0) be a weight sequence with wy > 0 and wy, > 0 for
some k > 2. Let T, be a simply generated tree of size n with weight sequence w, whenever

n > 0 satisfies Z,,(w) > 0.

(1) Ifv =1and 0* = oo then ht(T,)//n 2 0.
(2) Ifv =1and 0? = oo then wid(T,)/\/n % oo.
(3) Ifv < 1 then ht(T,,)//n = 0.

(4) Ifv < 1 then wid(T,)//n = oo.

In the joint project with Addario-Berry, Brandenberger and Hamdan [4], we
describe how Theorem can be applied to prove (2) and (4) and to prove a
modification of (1) and (3), with an additional log® n term. It would be desirable
to see whether the convergence results on the height of |V,,| in Theorem [1.2| can
be stated without the additional log® n factor, similarly for our modified version

of (3). Janson suggests that this would be possible in [11].
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To conclude, the above work describes new universal bounds on a random
node of a random tree and further bounds on the height of conditioned Bienaymé
trees. Our method for proving such bounds is to define a sampling procedure that
generates a random variable with the same law as the height of a random node
in a random tree with fixed degree statistics. We further adapt a Poissonization
trick from Camarri and Pitman [7] to trees with fixed degree statistics. While it
is notable that our bounds solve and almost solve conjectures from Janson [11)
Conjectures 21.5, 21.6 and Problems 21.7, 21.8], it would be desirable to further

improve our bounds on the heights of random trees.
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