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A B S T R A C T

Heavy-ion collisions produce high-temperature strongly interacting matter known as the

quark-gluon plasma. The plasma is out of thermal equilibrium at all stages of its evolu-

tion and thus provides a window into transport coefficients and hydrodynamization of

non-equilibrium quantum chromodynamics (QCD): the theory of the strong force. Jets

and photons are two experimental probes that are particularly sensitive to the evolution

of the plasma, including its non-equilibrium properties. In order to use these probes

to study non-equilibrium QCD, a thorough understanding of the physics of jets and

photons in a non-equilibrium plasma is needed. This includes transverse momentum

broadening of jet partons, as well as the collinear bremsstrahlung of photons and glu-

ons.

In this thesis, we evaluate the rate of transverse momentum broadening of a parton

in a non-equilibrium plasma. This is done by calculating the occupation density of soft

gluons radiated by medium particles which are assumed to be anisotropically distributed

in momentum space. Our results show that momentum broadening is reduced relative

to a plasma in equilibrium because of increased screening. We furthermore establish that

spurious divergences in the rate of momentum broadening are due to plasma instabilities

and are cured when time evolution of the plasma is taken into account. To do this we

evaluate analytically the time evolution of two-point gluon correlators in an unstable

plasma. Finally, we analyze collinear bremsstrahlung of photons and gluons in a non-

equilibrium plasma. Our calculation includes the Landau-Pomeranchuk-Migdal effect.

We develop numerical methods to calculate the bremsstrahlung rate in an anisotropic

plasma and show that the rate of photon production is reduced compared with thermal

equilibrium, especially at higher photon momenta.
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R É S U M É

Les collisions relativistes de noyaux atomiques créent une matière à haute température

dominée par l’interaction forte. Cette matière est connue sous le nom de plasma de

quarks et de gluons (QGP). Le plasma est hors d’équilibre thermique pendant toute la

durée de son évolution et donne ainsi accès aux coefficients de transport et d’hydrodynamization

de la chromodynamique quantique (QCD) hors d’équilibre: la théorie de l’interaction

forte. Deux variables expérimentales qui sont particulièrement sensibles à l’évolution

hors d’équilibre du plasma sont les jets et les photons. Une étude complète des jets et

des photons est nécessaire pour utiliser ces observables pour comprendre la QCD hors

d’équilibre. Une telle étude inclut l’élargissement transversal de la quantité de mouve-

ment des jets, ainsi que le bremsstrahlung collinéaire des photons et des gluons.

Dans cette thèse, nous calculons le taux de l’élargissement transversal de la quan-

tité de mouvement d’un particule dans un plasma non-équilibré. Ce calcul est basé sur

l’évaluation de la densité des gluons de basse énergie qui sont émis par des partic-

ules du plasma dont la distribution de la quantité de mouvement est anisotrope. Nos

résultats montrent qu’il y a moins d’élargissement de la quantité de mouvement que

dans un plasma équilibré, à cause d’un écrantage plus élevé. En outre, nous montrons

que des divergences artificielles dans le taux de l’élargissement se produisent à cause

des instabilités dans le plasma et disparaissent en incluant l’évolution temporelle du

plasma. Dans ce but, nous calculons analytiquement l’évolution temporelle des propaga-

teurs des gluons dans un plasma instable. Finalement, nous analysons le bremsstrahlung

collinéaire des photons et des gluons dans un plasma hors d’équilibre. Ce calcul inclut

l’effet Landau-Pomeranchuk-Migdal. Nous développons des méthodes numériques pour

calculer le taux du bremsstrahlung dans un plasma anisotrope et montrons que le taux

de productions des photons est plus bas que dans un plasma équilibré, surtout pour des

photons énergétiques.
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S TAT E M E N T O F O R I G I N A L I T Y

This thesis is based on [1], [2] and a manuscript that forms the basis of Ch. 5. These

papers are all original work of the author.

In the following we describe the thesis in detail, highlighting original work. All sen-

tences expressed in first person singular are original work.

• Chapter 1: A general introduction to heavy-ion collisions and hot QCD matter.

• Chapter 2: Sec. 2.1 is an introduction to HTL effective theory. The rest of the chap-

ter is original work. In Sec. 2.2, I derive expressions for energy loss and momentum

broadening in the real-time formalism, building on earlier work in thermal equilib-

rium, as well as classical treatment out of equilibrium. In Sec. 2.3, I derive the first

full analytic expression of soft gluon rr correlator in anisotropic plasma.

• Chapter 3: All sections except Sec. 3.5 are original work. In Sec. 3.1, I provide

estimates of divergences due to instabilities. In Sec. 3.2, I derive the retarded soft

gluon correlator in an unstable plasma. In Sec. 3.3, I explain how parton energy loss

should be evaluated in an unstable plasma, building on earlier work using classical

methods. In Sec. 3.4, I derive for the first time the rr correlator in an unstable

plasma. Sec. 3.5 is a literature review on instabilities in heavy-ion collisions. In Sec.

3.6, I propose a phenomenological prescription for instabilities when calculating

momentum broadening in heavy-ion collisions.

• Chapter 4: All sections are original work and all numerical calculations are mine. In

Sec. 4.1, I show how the anisotropic collision kernel depends on an IR momentum

cut. In Sec. 4.2, I explore the kernel’s dependence on anisotropy and provide a

qualitative explanation. In Sec. 4.3, I calculate the rate of momentum broadening

in different directions.
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• Chapter 5: Sec. 5.1 is an overview of earlier work on collinear photon and gluon

radiation. The rest of the chapter is original work and all numerical calculations

are mine. In Sec. 5.2, I devise a numerical scheme to calculate the rate of photon

production through bremsstrahlung in an anisotropic plasma. In Sec. 5.3, I use this

scheme to evaluate the rate of photon production and discuss results.
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1

I N T R O D U C T I O N

1.1 strongly interacting matter

The strong interaction, also known as the strong nuclear force, is one of the four funda-

mental forces in the Universe, along with the electromagnetism, gravity and the weak

interaction. It binds elementary particles known as quarks and gluons together in com-

posite hadrons such as protons and neutrons. The complicated structure of hadrons as

well as most of their mass is therefore due to the strong interaction. This interaction

furthermore binds protons and neutrons into nuclei and explains nuclear reactions such

as fusion and some types of nuclear fission.

Everyday phases of matter such as solids, liquids and gases, as well as some more

exotic phases like superconductors and superfluids, arise from the electromagnetic in-

teraction between electrons and ions. Matter interacting through the strong force may

have the same richness of phases but is less explored. Such matter is particularly inter-

esting because the mediator of the strong interaction, known as gluons, interact among

themselves (see below) giving qualitatively different dynamics from electromagnetism.

The different phases of strong matter can be characterized by the temperature T, and

the baryon chemical potential µB which quantifies the imbalance between quark and

antiquark number.

There are many examples of matter interacting through the strong force, see Fig. 1.1.

Roughly 10 µs after Big Bang, our Universe was filled with a soup of particles at low

baryon chemical potential and at an extreme temperature of roughly 1010 K to 1012 K.

This matter is known as the quark-gluon plasma (QGP) and its dynamics is governed

by the strong interaction between quarks and gluons. As the Universe expanded, the

QGP cooled and quarks and gluons became confined in the protons and neutrons we

see today. Another example of strongly-interacting matter are neutron stars, the final

2



1.1 strongly interacting matter 3

Figure 1.1: Phase diagram for QCD matter. Figure from [3].

stage in the evolution of heavy stars that do not form a black hole. Neutron stars are

extremely dense clumps of nuclear matter at high baryon chemical potential. They are

relatively cold as kinetic energy has escaped with neutrinos. Studying their properties is

one of the main motivations for gravitational wave detection performed by LIGO [4].

Experiments are essential to understand the quark-gluon plasma and other phases of

strongly-interacting matter. Since at least two decades, this has been made possible in

heavy-ion collisions in which two heavy nuclei are made to collide at extremely high

energies in particle colliders. The violent collisions convert kinetic energy into thermal

energy of the nuclear matter which reaches temperatures high enough to form a small

droplet of the QGP. Since a great abundance of quarks and antiquarks are created in these

energetic collisions, the net chemical potential of the QGP is close to zero. 1 Focusing on

heavy-ion collision at the highest available energy, there are two places in the world

where experiments are performed: the Large Hadron Collider (LHC) in CERN and the

Relativistic Heavy-Ion Collider (RHIC) at the Brookhaven National Laboratory in the

1 Heavy-ion collisions can also be used to study matter at high temperature and moderarely high baryon

chemical potential. This is done by colliding nuclei at lower energy so that fewer pairs of quarks and

antiquarks are produced. Then the initial quark content of the nucleons is more dominant and QGP at

higher baryon chemical potential is created [5].



4 introduction

U.S., see [6] for a review. The LHC predominantly collides two Pb nuclei at energies of

2.76 TeV or 5.02 TeV per nucleon, while RHIC predominantly collides two Au nuclei at

energies of 200 GeV per nucleon. Both experiments are capable of colliding other nuclei,

as well as a nucleus and a proton.

In heavy-ion collisions, there is nothing containing the quark-gluon plasma. Therefore,

the QGP droplet expands and its temperature drops, meaning that experiments gives

access to different regions of the phase diagram of strong matter. As the temperature

becomes sufficiently low, the QGP becomes a gas of hadrons which end up flying into

detectors where their energy, momentum and species can be measured. The challenge

in heavy-ion collisions is that the quark-gluon plasma cannot be manipulated like in

condensed-matter experiments as it only exists for a time of the order of 10 fm ∼ 10−22 s.2

Thus we must deduce properties of the QGP from measurements of probes emitted

by the quark-gluon plasma, including the yield and angular correlation of final-stage

hadrons.

There are multiple experimental probes of the quark-gluon plasma in addition to final-

stage hadrons. Together they give a complete picture of heavy-ion collisions. For instance,

photons are radiated by electrically charged quarks in the plasma and their yield and

energy give an indication of the plasma’s temperature, see [7] for a discussion. Even more

important are jets which are collimated showers of high-energy particles, formed as two

partons scatter at large angles in the initial collision of nuclei. As jets traverse the quark-

gluon plasma, they lose energy and broaden, leaving them with detailed information

about the QGP medium.

1.2 qcd at finite temperature

To understand the quark-gluon plasma and other phases of strongly interacting matter,

the theory of the strong force is needed. This theory is quantum chromodynamics (QCD)

which is a gauge theory with fermions known as quarks and gauge bosons known as

gluons. In principle, QCD calculations should allow us to deduce thermodynamic prop-

2 We use units where c = h̄ = kB = 1 and metric gµν = Diag(1,−1,−1,−1). Thus time can be expressed in

units of length and temperature is expressed in units of energy.
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Figure 1.2: Schematic view of heavy-ion collisions. The beam axis is in the z-direction and the the

transverse plane is the xy plane.

erties of the plasma, as well as its interaction with probes such as jets and photons. QCD

is well established experimentally in high-energy experiments such as deep inelastic

scattering and electron-positron annihilation, see [8] for an early review. In more recent

years, QCD has been used to explain low-energy physics such as masses of light nuclei

[9].

The dynamics of quarks and gluons in QCD is given by the Lagrangian

L = ∑
j

ψ̄j
(
i /D−mj

)
ψj −

1
4
FµνFµν, (1.1)

see e.g. [10]. We have suppressed colour indices and reproduce the field strength tensor

Fµν below. The quarks ψ come in six different flavours known as up, dow, strange, charm,

bottom and top, which we label as j. These flavours are different elementary particles

with different masses mj. The defining feature of QCD is that each quark has an intrinsic

degree of freedom known as colour charge which is labelled by three indices sometimes

referred to as red, green and blue. More precisely, the quarks are in the fundamental

representation of the gauge group SU(3), meaning that their colour charge is given by

three complex numbers which transform as

ψa(x)→
(

exp(iαB(x)tB)
)

ab
ψb(x). (1.2)
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under a local colour rotation which also acts as a gauge transformation. Here tB are the

eight generators of SU(3) that act on the fundamental representation, the functions αB(x)

specify the local colour rotation and a and b are colour indices of quarks.

The covariant derivative in the quark part of the QCD Lagrangian is

Dµ := ∂µ − igAB
µtB (1.3)

where g is the strong coupling constant. The gauge bosons AB
µ transform under colour

rotation in such a way that the quark part of the Lagrangian remains invariant,

AB
µ(x)tB → V(x)AB

µ(x)tB V(x)† +
i
g

V(x)∂µV(x)† (1.4)

with V(x) = exp(iαC(x)tC). The first term shows that the gluons are in the adjoint

representation of SU(3). In essence, they have two colour indices each of which is rotated

by the matrix V(x) under colour rotation. The second term in Eq. (1.4) shows that the

gluons are gauge bosons with colour rotation giving a change in gauge. The dynamics

of the gluons is given by the field strength tensor

F B
µνtB :=

i
g
[
Dµ, Dν

]
= ∂µ AB

ν tB − ∂ν AB
µtB + igAC

µ AD
ν

[
tC, tD

] (1.5)

which transforms as F B
µν(x)tB → V(x)F B

µν(x)tBV(x)† under colour rotation. As gauge

bosons, the gluons mediate the strong force between quarks. Unlike photons in electro-

magnetism, gluons interact with each other as can be seen in the last term in Eq. (1.5).

This gives rise to much more complicated dynamics than in electromagnetism.

One of the striking features of QCD is asymptotic freedom, the fact that the strong cou-

pling g grows weaker at shorter distances and higher momenta [11, 12]. This is quantified

by the beta function, β(g) = dg/d log Q, which describes how the coupling g changes as

the energy scale Q increases. In QCD the beta function is negative. At leading order in

the coupling constant it is

β(g) = − g3

(4π)2

(
11− 2

3
n f

)
(1.6)

where n f is the number of quark flavours below Q. At high enough energy, it is therefore

possible to expand an observable as a Taylor series in g and in principle calculate it order
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by order, giving ever more refined answers. We will assume weak coupling throughout

this thesis, which is justified at high enough temperature.3 The rules for calculating

Feynman diagrams in QCD in a weak-coupling expansion can be found in any number

of textbooks [10].

The converse of asymptotic freedom is a large value of the coupling at low energy.

At those energy scales, quarks and gluons are confined in colour-neutral hadrons. In a

gluon dominated plasma this is quantified by the so-called Polyakov loop [14]. Further-

more, chiral symmetry is broken, , which roughly means that a condensate is formed

which pairs quarks with left-handed polarization and antiquarks with right-handed po-

larization [10].

Ideally, we would like to predict the different phases of strong matter directly from

the QCD Lagrangian in Eq. (1.1). The theoretical tool that comes closest to realizing

this is lattice QCD, see [15, 16] for reviews. In lattice QCD one calculates directly the

thermodynamic partition function

Z = ∑
n

e−βEn = Tr
[
e−βH

]
(1.7)

at finite temperature β = 1/T where H is a QCD Hamiltonian. This is done by expressing

the partition function as a path integral over different field configurations, including

different color configuration,

Z =
∫
Dψ̄DψDAµe

∫ β
0 dτ

∫
d3xLQCD (1.8)

and evaluating the path integral numerically. The derivation of Eq. (1.8) is the same in

vacuum except that the usual time variable has been Wick-rotated to t → −iτ with 0 ≤
τ ≤ β to account for the finite temperature in Eq. (1.7). Furthermore, field configurations

must be the same for τ = 0 and τ = β because of the trace in Eq. (1.7). (There is a relative

minus sign between fermions at τ = 0 and at τ = β [17].)

Fig. 1.3 shows lattice results for the temperature dependence of the energy density

and pressure of QCD matter at µB = 0. There is a rapid increase in both energy density

and pressure around T = 155 MeV. This is the crossover region between two phases

with very different properties. The low-temperature phase is known as hadronic gas in

3 At finite temperature, there is a limit to how high an order one can calculate quantities. This is due to

unscreened magnetic modes [13].
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Figure 1.3: Equation of state for hot QCD matter at zero baryon chemical potential. Calculation

on the lattice performed by the HotQCD collaboration [18]. Shown are the pressure p,

energy density ϵ and entropy density s scaled with temperature to give dimensionless

variables. The yellow band is the crossover region. The figure includes a comparison

with hadronic resonance gas (HRG) calculations, see e.g. [19].

which quarks and gluons are confined in weakly-interacting hadrons and chiral sym-

metry is broken. As the temperature of the hadronic gas is increased, more hadronic

species at greater density are found. In the crossover region, the density becomes so

great that quarks and gluons become natural degrees of freedom. This gives way to

the high-temperature phase of the quark-gluon plasma in which quarks and gluons are

deconfined and chiral symmetry is restored. Both deconfinement and chiral symmetry

restoration are continuous when the temperature increases at µB = 0 in QCD. Thus

there is no phase transition in the sense that all derivatives of thermodynamic quantities

are non-divergent and continuous, and the transition between the phases is a crossover.

Nevertheless, the quark-gluon plasma and the hadronic gas are two distinct phases with

very different properties.

Despite the power of lattice simulations, they are limited in many ways. Firstly, lattice

simulations cannot describe dynamical quantities from first principles. Such quantities

are inherently time-dependent but in lattice simulations there is no time variable as

time has been Wick rotated as in Eq. (1.8) in order to capture the effect of tempera-

ture. Examples of dynamical quantities include transport coefficients like shear viscosity
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and electric conductivity that describe how fast the plasma returns to thermal equilib-

rium after being perturbed and which are defined through Kubo formulas using linear

response theory. Dynamical quantities also include probes of the quark-gluon plasma

such as the rate of photon radiation. 4 An additional limitation of lattice QCD is that

the Lagrangian in Eq. (1.8) becomes imaginary at finite baryon chemical potential. This

makes the path integral oscillatory and makes numerical evaluation difficult, meaning

that even thermodynamic quantities are difficult to measure at finite µB. Thus we must

turn to experiments to learn about the dynamical properties of QGP, its interaction with

probes such as jets and photons, as well as its thermodynamics at finite µB.

1.3 hydrodynamics in heavy-ion collisions

Heavy-ion collisions offer a wealth of information on the quark-gluon plasma at high

temperature. In particular, final stage hadrons in the collisions can be used to study

collectivity in the quark-gluon plasma. A simple example is elliptic flow in the plane

transverse to the beam axis of the initial nuclei, see Fig. 1.2. This is essentially defined as

v2 =

1
4π

∫
dϕ
∫

dpT pT
d3N
d3p cos 2ϕ∫

dϕ
∫

dpT pT
d3N
d3p

(1.9)

where ϕ is the angle in the transverse plane and d3N/d3p = d3N/pTdpTdϕdη is the

differential yield of hadrons with pT being transverse momentum and η being rapidity. A

more rigorous discussion of elliptic flow is given in [22]. The coefficient v2 describes how

the flow of final-stage hadrons is elliptical in the transverse plane, with more hadrons

flowing in one direction than the orthogonal direction. More generally, one can define

flow coefficients vn as the Fourier coefficients for yield in the transverse plane, i.e.

E
d3N
d3p

=
1

2π

d2N
pTdpTdη

(
1 + 2

∞

∑
n=1

vn cos n(ϕ−Ψn)

)
(1.10)

4 There are some workarounds to evaluate all of these quantities on the lattice, see e.g. [20, 21] Basically,

one can try to analytically continue quantities evaluated at imaginary time to real time. This is not a well

defined procedure numerically, and requires an ansatz which can be constrained by known physics.
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where Ψn are event plane angles [22]. As an example, v3 describes triangularity in the

flow of final-stage hadrons. Fig. 1.4 shows experimental results for elliptic flow v2 as

the number of nucleons participating in a collision is varied. Elliptic flow is sizable, sug-

gesting that the QGP formed in experiments behaves collectively, like a relativistic fluid,

and is not simply a gas of very weakly interacting quarks and gluons which flow with

equal probability in all directions. To quantify how the QGP behaves as a fluid, one

must model heavy-ion collisions with relativistic hydrodynamics and compare predic-

tions with experimental results.

Relativistic hydrodynamics uses fully covariant equations to describe the propagation

in time of macroscopic excitations like energy, pressure and baryon currents, see [23, 24]

for reviews. The central equation is the conservation of energy and momentum

∂µTµν = 0 (1.11)

where Tµν is the stress-energy tensor. Additionally, any charge will have a corresponding

conservation equation,

∂µ Jµ = 0 (1.12)

with Jµ the current. At high enough energies, heavy-ion collisions have small baryon

currents and all currents can be put to zero.

To give meaning to Eq. 1.11, one needs an expression for the stress-energy tensor. In

the simplest possible setup, one assumes that the quark-gluon plasma is in local thermal

equilibrium so that each macroscopic patch of the plasma has a well-defined temperature.

This temperature can vary slowly throughout the system. Then

Tµν = (ϵ + p)uµuν − gµν p (1.13)

where ϵ is the energy density, p is the pressure, uµ is the four-velocity of the fluid with

u2 = 1 and gµν = (1,−1,−1,−1) is the metric. Conservation of energy, Eq. (1.11), gives

that

dϵ

dτ
+ (ϵ + p)θ = 0 (1.14)

and

(ϵ + p)
duµ

dτ
−∇µ p = 0 (1.15)
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where d/dτ := uµ∂µ is a time-like derivative and ∇µ := ∂µ − uµd/dτ is a space-like

derivative in the fluid’s rest frame. Furthermore, θ = ∂µuµ is the expansion rate of the

fluid. Eqs. 1.14 and 1.15 have a simple interpretation. The first equation is a simple

conservation law: When θ > 0, fluid flows out of a cell and the energy density must

decrease. The second equation is essentially Newton’s second law where gradients in

pressure cause acceleration duµ/dτ where the inertia is ϵ+ p. This is a relativistic Navier-

Stokes equation without viscosity.

A careful analysis shows that there are five dynamical variables in Eqs. 1.14 and 1.15

but only four equations in total. The fifth equation needed is the equation of state ϵ =

ϵ(p) which is taken from lattice simulations. Eq. (1.15) suffices to explain qualitatively

the sizable elliptic flow v2 found in experiments. When two nuclei collide, their overlap

has an almond shape in the transverse plane, see Fig. 1.2. This gives a steeper pressure

gradient in one direction, so according to Eq. (1.15) there will be more rapid flow in that

direction and the QGP flows elliptically.

Despite giving a qualitative understanding of elliptic flow, ideal hydrodynamics is

a poor approximation in heavy-ion collisions. This can for instance be seen in Fig. 1.4

where the prediction of ideal hydrodynamics overshoots the elliptic flow found in ex-

periments. This shows that there are sizable deviations from local thermal equilibrium

in experiments. To remedy this we must add more terms to the stress-energy tensor

in Eq. (1.13). This is typically done by expanding in spatial gradients O(∂) which are

small if hydrodynamics truly describes long-wavelength excitations. Adding all possible

first-order corrections5 gives

Tµν = (ϵ + p)uµuν − gµν p + ζθ∆µν + 2ησµν. (1.16)

In Eq. (1.16), the term with

∆µν = gµν − uµuν (1.17)

5 We have defined the fluid velocity to be (1, 0, 0, 0) in the frame where there is no energy flow meaning

that terms with duµ/dτ can be ignored at this order. This furthermore means that the energy density ϵ

can only appear in the ideal part of the stress-energy tensor, as well as the pressure p = p(ϵ) which is

fixed by the equation of state. This convention for the fluid’s rest frame is known as the Landau frame

[25]. Then Tµν can be expressed solely in terms spatial derivatives ∂iuµ in the fluid’s rest frame. They are

conveniently decomposed into the two terms given. We furthermore assume that entropy increases locally.
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is solely on the spatial diagonal of the stress-energy tensor in the fluid’s rest frame. It

describes resistance to uniform spatial expansion θ because of the bulk viscosity ζ. The

second term has

σµν =
1
2
(∇µuν +∇νuµ)− 1

3
∆µνθ. (1.18)

where σµν is traceless. It describes resistance to shear flow, i.e. flow where the veloc-

ity gradient is transverse to the velocity, due to the shear viscosity η. Larger transport

coefficients η and ζ lead to faster decay of the fluid to equilibrium and faster entropy

production. Using expansion to first order in spatial gradients as in Eq. (1.16) gives more

complicated equations of motion in Eq. 1.11. In practice, hydrodynamic simulations of

heavy-ion collisions, such as with MUSIC [26, 27], go all the way to second order because

the first order contains unphysical faster-than-light propagation [23].6

Hydrodynamic simulations of heavy-ion collisions correctly describe a wide range of

hadronic observables such as the yield of hadrons, their average transverse momentum,

and correlations in the transverse plane such as elliptic flow. By varying the values of

transport coefficients in hydrodynamic simulations, one can see which values best de-

scribe experiments. This allows for extracting the transport coefficients of QCD, see Fig.

1.4. This gives very low values of η/s where η is the shear viscosity and s is the entropy

density of QGP, suggesting that the QGP is nearly a perfect fluid with minimal internal

friction. In fact a calculation using the AdS/CFT correspondence in an infinitely strongly

coupled supersymmetric theory found a lower limit of η/s = 1/4π ≈ 0.08 in that theory

[29] while for QGP η/s seems to be around 0.08− 0.16.7

1.4 stages of heavy-ion collisions

Heavy-ion collisions cannot be described by hydrodynamics alone. Firstly, the QGP

medium expands and cools and finally becomes a hadronic gas that is too dilute to

be described by hydrodynamics. The evolution of these last stages is given by a kinetic

6 We note that recent work has shown that first-order hydrodynamics can be stable if one uses different

dynamical variables [28].
7 Of course η/s is a temperature dependent quantity. Recent analyses using Bayesian techniques suggest

the window we quote for η/s around the crossover temperature [30].



1.4 stages of heavy-ion collisions 13

Figure 1.4: Early work on elliptic flow v2 in Au+Au collision, comparing hydrodynamic simula-

tions using different values of shear viscosity with experimental results [31].

theory of hadrons which can be simulated by numerical approaches such as URQMD

[32] and SMASH [33]. To transition from hydrodynamics to hadronic kinetic theory re-

quires a model of hadronization in which the continuous fluid is sampled and converted

into particles [34].

The second reason for why hydrodynamics does not suffice, is that it requires physical

initial conditions. This requires understanding how the violent initial collision of two nu-

clei gives rise to a hydrodynamical medium. This is a difficult problem. Early work used

simple models, such as MC Glauber, where the initial energy density in the transverse

plane comes from sampling nucleons in each nucleus, as well as sampling their binary

collisions [35]. A more physical description of the creation of a hydrodynamic medium

comes from the physics of the colour-glass condensate (CGC), see reviews in [36, 37].

The CGC framework describes small x gluons in a nucleon, where x is the momentum

fraction carried by parton in a fast-moving nucleon. These low-energy gluon modes are

highly occupied and can therefore be described classically. Their energy is below the

saturation scale Qs at which gluon creation is matched by gluon recombination. These

low x gluons are sourced by large x partons in the nucleus which we picture as a current

jµ,a(x) = δµ+
√

2 δ(t− z) ρa(x⊥). (1.19)
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Figure 1.5: Different stages of heavy-ion collisions. Figure created by Chun Shen [38]. The pre-

equilibrium dynamics is e.g. given by IP-Glasma followed by kinetic theory.

This current is squeezed into a thin pancake at z = t by Lorentz contraction and has

transverse density ρ which depends on position in the transverse plane x⊥. Assuming a

light-cone gauge A0 + Az = 0, the current sources low x gluons

A⊥(x) =
1
g

θ(t− z)∇⊥Λ (1.20)

in its wake [39, 40]. Here Λ solves the two-dimensional Poisson equation ∇2
⊥Λ(x⊥) =

−gρ(x⊥). A model is needed for the transverse density ρ in Eq. (1.19). This is for example

provided by the IP-Sat model (Impact-Parameter dependent Saturation model) [41, 42]

which assumes that

⟨ρa(x⊥)ρb(y⊥)⟩ ∝ δabδ(2)(x⊥ − y⊥)Q2
s (x⊥). (1.21)

Roughly speaking, the saturation scale Q2
s is determined as the inverse size of a quark-

antiquark dipole which interacts with the gluons in a proton with probability O(1). It is

constrained by experimental data on deep inelastic scattering.

When two nuclei collide in heavy-ion collisions, there are classical fields as in Eq.

(1.20) in the wake of each nucleus. These classical fields form the QCD medium which

during its earliest CGC stages is known as the glasma. To find initial conditions for



1.4 stages of heavy-ion collisions 15

the glasma, one must match the solutions in Eq. (1.20) to the forward light cone at

τ = 0 with a suitable gauge transformation where τ =
√

t2 − z2 is the proper time

[43–45]. The non-Abelian fields are then evolved numerically on a lattice [46, 47] using

the classical equations of motion, which reduce to the dynamics of the QCD Lagrangian

in Eq. (1.1) in the continuum limit. For large enough nuclei the saturation scale is high

enough to assume weak coupling g ≪ 1 but due to high occupancy the evolution is

non-perturbative.

The whole framework of the IP-Sat model and classical evolution of the glasma is

known as IP-Glasma [48]. Hydrodynamic simulations of heavy-ion collisions using initial

conditions from IP-Glasma are successful in explaining a range of hadronic observables.

In particular, the fluctuating initial conditions from IP-Glasma explain higher order flow

coeffcients, such as triangular flow, well [48, 49]. More recently, more sophisticated mod-

elling of the glasma with dynamics in the rapidity direction stemming from quantum

fluctuations has been developed [50, 51].

Despite the success of IP-Glasma and hydrodynamics in explaining hadronic observ-

ables in heavy-ion collisions, it is not necessarily theoretically consistent to pass between

the two. This is because IP-Glasma, if evolved long enough, does not give rise to a hy-

drodynamic medium. To bridge the gap between these two theories, some recent calcula-

tions have started using QCD kinetic theory in between the glasma phase and the hydro-

dynamic phase [52, 53]. QCD kinetic theory describes quark and gluon quasiparticles

that occasionally interact through two-to-two scattering and collinear bremsstrahlung,

see below. It is valid for a weakly coupled medium in which collisions are infrequent.

Kinetic theory is equivalent to the last stages of a glasma evolution where the occupation

density is 1≪ f ≪ 1/g2. It is furthermore the microscopic equivalent of hydrodynamics,

assuming weak coupling. Kinetic theory is particularly suited for the earliest stages of

the hydrodynamic evolution where the medium can be so far from local thermal equilib-

rium that the gradient expansion described in Sec. 1.3 breaks down. Thus, kinetic theory

is well suited to bridge between glasma and hydrodynamic calculations.

We have described a coherent model for heavy-ion collisions, see Fig. 1.5. The initial

collision and the first instances in the evolution are described by models such as IP-

Glasma. Then, one can have a short-lived kinetic theory evolution or pass directly to
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relativistic hydrodynamics which is the main bulk of the evolution. Finally, the hydrody-

namic medium hadronizes and the hadrons interact until being measured in detectors.

Ultimately, all these different models are different manifestations of non-equilibrium

QCD.

1.5 jets and photons

Hadrons produced as the medium cools down are only sensitive to the final stages of

a hydrodynamic evolution in heavy-ion collisions. Furthermore, they only probe the

microscopic properties of the QGP through a handful of transport coefficients and the

equation of state. Because of this, other experimental probes are essential to understand

heavy-ion collisons. Ideally, they give access to the whole evolution of the QGP and are

sensitive to its microscopic properties.

Photons are one such experimental probe. They are emitted by electrically charged

quarks in the plasma. There are a number of other sources of photons in heavy-ion

collisions such as the decay of final-stage hadrons, which can be subtracted by exper-

imentalists, photons coming from the initial hard scattering of nucleons, and photons

coming from the hadronic gas phase, see e.g. [54, 55] for reviews.8 The challenge is

therefore to accurately describe all these different photon sources, in order to get to the

most interesting QGP photons. The most important results is that the contribution of

QGP photons is needed to explain experimental result on total photon yield in heavy-

ion collisions, meaning that photons confirm the presence of the QGP in experiments.

On a more quantitative level, there is however tension between experimental results and

theoretical predictions, with theory tending to underestimate the yield of photons as

well as the elliptic flow of photons in the transverse plane [57].

Jets, which are largely collinear showers of highly energetic particles, are an even more

important probe in heavy-ion collisions. In proton-proton collisions in vacuum, an ini-

tial hard scattering of two partons creates two, nearly back-to-back jets. The initial jet

particles are highly virtual, i.e. highly off-shell, and rapidly decay into two partons with

8 Additional sources of photons, such as photons coming from the kinetic theory phase, have also been

suggested [56].



1.5 jets and photons 17

Figure 1.6: Jet shape ratio as measured by the CMS collaboration for PbPb collisions at
√

sNN =

2.76 GeV [59]. This measures how the jet is distributed in a radial cone, for heavy-

ion collisions in which a medium is formed and pp collisions in vacuum. At larger

radius r there are more jet partons in heavy-ion collisions, suggesting that the medium

broadens the jet. This is especially pronounced for central collisions, shown to the

right, where the overlap of the two initial nuclei is larger and medium effects are

greater.

less virtuality. These partons decay in turn, and a shower of partons at decreasing en-

ergy and virtuality is formed. Due to collinear divergences in QCD, collinear emission

is strongly preferred in QCD and the whole jet moves more or less in the same direc-

tion. This process of jet branching, which is described at leading logarithmic order by a

DGLAP evolution, continues until the partons hadronize [58].

In heavy-ion collisions, jets are formed in the same way as in proton-proton collisions

during the initial collision of nucleons. The two jets are created inside the quark-gluon

plasma and propagate through it. Interaction between the jet and the QGP medium

changes the jet evolution, allowing us to gain detailed information about QGP through

jet observables. In particular, at weak coupling, jet partons get random kicks from the

medium which impart momentum transverse to the jet direction. This deflects jet partons

and results in broader jets. The rate of transverse momentum broadening is given by the

transport coefficient

q̂ =
d⟨p2

⊥⟩
dt

(1.22)

where p⊥ is a transverse kick,t is time and ⟨p2
⊥⟩ refers to medium averaging.
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Figure 1.7: Ratio of fragmentation function in PbPb collisions with
√

sNN = 5.02 TeV and in pp

collisions, as measured by the ATLAS collaboration [60]. Here z = phadron
T /Pjet

T is the

the ratio of a jet hadron transverse momentum and the total jet transverse momentum.

The medium causes an increased number of particles at lower energy.

Figure 1.8: Experimental results on RAA which is the ratio of jet yield in AA and pp collisions

[61]. The quantity is below unity because of jet energy loss. For comparison we show

a theoretical calculation with MARTINI [62].
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Transverse momentum broadening can be measured in experiments. For example one

can define the jet shape ratio ρ(r) as

ρ(r) =
1

∆r
1

Njets
∑
jets

1
∑ pT

∑
r̃∈[r−∆r/2, r+∆r/2]

pT. (1.23)

which is essentially the distribution of jet parton pT with distance r from the jet axis [59].

Here ∑ pT sums over the transverse momenta of all hadrons in a jet, while ∑r̃∈[r−∆r/2, r+∆r/2] pT

only sums over hadrons at a distance r from the jet axis in an interval of size ∆r. Here

r =
√
(η − ηjet)2 + (ϕ− ϕjet)2 where η is rapidity and ϕ is angle in the transverse plane.

In Fig. 1.6 we show the ratio of ρ(r) for heavy-ion collisions and for pp collisions, suit-

ably normalized to account for the greated number of jets in heavy-ion collisions. The

jet shape ratio is clearly broader in heavy-ion collisions. This is because of momentum

broadening but also because of recoil particles, i.e. medium particles that gain energy

from the jet through scattering and become part of the jet at large angle from the jet

axis.9

The medium also stimulates additional splitting of jet partons. In vacuum, on-shell

partons cannot split into two other partons. In a QGP medium this is made possible

by transverse medium kicks that impart a small virtuality to the parton, allowing it to

decay, see Fig. 1.14 and discussion below. This effect can be seen in the jet fragmentation

function, where jets in heavy-ion collisions have a greater number of low-energy partons

compared with jets in pp collisions, see Fig. 1.7.

The final effect of the medium is that it absorbs low-energy jet partons with energy

of the order of the medium temperature. This results in jet energy which decreases the

total yield of jets and high-energy hadrons. Experimentally, the decrease is quantified by

the nuclear modification factor

RAA :=
dNAA/dpT

⟨Ncoll⟩dNpp/dpT
(1.24)

where dNAA/dpT and dNpp/dpT are the differential yield in heavy-ion collisions and

pp collisions respectively. Here ⟨Ncoll⟩, the number of nucleon collisions, corrects for the

9 Of course, the detailed physics behind jet observables is complicated. In particular, when comparing jets

in AA collisions and pp collisions with the same total final transverse momentum, one needs to take into

account that the initial momentum of the two jets was different. This is because the hard parton seeding

the jet in the AA collision was more energetic but has since lost energy to the medium. This complicates

interpretation of experimental observables.
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P1 K

P2 P3

Figure 1.9: Two-to-two scattering channels with a photon in the final stage. As an example, in the

first diagram P1 is an initial quark, P2 is an initial gluon, P3 is a final quark and K is

the final photon that is produced.

greater number of jets in heavy-ion collisions. The nuclear modification factor is below

unity, see Fig. 1.8, showing that jets lose energy in heavy-ion collisions when compared

with pp collisions.

1.6 processes in a weakly-coupled plasma

A detailed theoretical description is needed to predict experimental results on jets and

photons in heavy-ion collisions. The framework of a weakly-coupled plasma enables one

to calculate quantities such as medium-induced gluon radiation in jets, and the rate of

photon production order by order in the strong coupling g.

For simplicity, we first consider the radiation of photons from a weakly-coupled QGP.

There are two main channels at leading order O(e2g2) where e is the electromagnetic

coupling. Firstly, there are two-to-two processes with a photon in the final stage, see Fig.

1.9. The quark mediator can have energy of the order of the medium temperature T in

which case the rate R can be expressed using kinetic theory

Ek
dR
d3k

=
N

2(2π)3

∫
P1

∫
P2

∫
P3

|M|2 f (E1) f (E2) (1± f (E3)) δ(4)(P1 + P2− P3− K). (1.25)

Here M is the amplitude, calculated as in vacuum, K is the photon momentum, f

are Bose-Einstein or Fermi-Dirac distribution for the density of gluons and quarks and∫
P :=

∫ d3 p
2p(2π)3 . N includes colour factors and the sum over quark flavour. At leading

order, the quark mediatior can also have softer energy gT in which case one needs a
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Figure 1.10: A diagram for the rate of photon production. The soft quark propagator is HTL

resummed. After applying a cut one gets diagrams similar to those in Fig. 1.9

L
K

P

Figure 1.11: Photon emission through bremsstrahlung by a quark and through quark-antiquark

pair annihilation. In both cases, emission is made possible because of a small medium

kick, coloured in red. As an example, in the first diagram K is the produced photon,

P is the quark after emission and L is the quark after one medium kick.

resummed quark propagator which takes into account medium effects in quark prop-

agation, see Fig. 1.10. This is achieved by Hard Thermal Loops (HTL) effective theory

discussed below [63–65]. Without this resummation one gets a divergent rate for photon

production. Photon production through two-to-two channels was first evaluated for a

medium in thermal equilibrium in [66, 67].

At leading order, there are equally important channels in which a photon is radiated

collinearly through bremsstrahlung or through pair-annihilation, see Fig. 1.11. These

diagrams might superficially seem to be subleading at order O(e2g4). However, because

of collinear enhancement they are alsoleading order. This was first noted in [68]; see

also [69, 70] for earlier discussions of photon production through bremsstrahlung in

the quark-gluon plasma. The first full leading-order calculations of these channels was

given by Arnold, Moore and Yaffe (AMY) in [71–73]. They have been implemented in

the phenomenology of photons in heavy-ion collisions, see e.g. [57].
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Collinear emission of a photon is kinematically allowed in a plasma because an on-

shell quark can get a small transverse kick of momentum gT from the medium. This

brings the quark slightly off-shell with virtuality L2 ∼ g2T2, see Fig. 1.11, allowing it to

emit a photon. The small kick happens through gluon exchange where all medium effect

given by HTL effective theory must be included. The opening angle between the quark

and the photon is small because of the quark’s small virtuality. More precisely we have

that

L2 = (P + K)2 = 2pk(1− cos2 θ) ∼ pk θ2 (1.26)

where K is the photon momentum and P is the momentum of the quark after emission,

showing that the opening angle is θ ∼ gT.

The small opening angle between the quark and photon means that their wavepackets

overlap for a long time until the particles are sufficiently separated from one another.

The time τ until separation can be estimated by noting that the opening angle is

θ ∼ ∆p⊥
p
∼ ∆x⊥

τ
(1.27)

where ∆p⊥ ∼ gT is the transverse momentum of one of the partons and ∆x⊥ is the

transverse separation of the two partons. By the uncertainty principle, ∆p⊥∆x⊥ ∼ 1, we

get that

τ ∼ p
(∆p⊥)2 ∼

1
g2T
≫ 1

T
. (1.28)

since g ≪ 1, which shows that the wavepackets are coherent for a long time. Crucially,

the typical time between two transverse kicks of energy gT is also 1/g2T. Therefore,

while the quark and the photon wavepackets overlap, the quark can get additional kicks

from the medium. This effect is known as the Landau-Pomeranchuk-Migdal (LPM) effect.

It leads to suppression in the rate of photon emission as coherence between the partons is

reduced by additional kicks. The LPM effect was first discussed in the context of photon

radiation off an electron in dense matter like in detectors in collider experiments [74–77].

Fig. 1.12 shows a leading-order diagram for photon emission through bremsstrahlung.

Because of the LPM effect, the quark can get arbitrarily many transverse kicks while ra-

diating the photon. It might seem surprising that despite the many vertices, the diagram

is at leading order O(e2g2). This is borne out by a detailed quantum-field theoretical
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Figure 1.12: Leading order photon emission through bremsstrahlung, including the LPM effect.

The quark can receive arbitrarily many medium kicks during emission.

Figure 1.13: Examples of two-to-two scattering diagrams for quarks and gluons. These diagrams

describe both quasiparticle interaction and jet-medium interaction in which case e.g.

the upper particle is from the jet and the lower particle is from the medium.

calculation [73], see also our work [78] which applies to a non-equilibrium medium. In

essence, each new kick gives an additional factor of g2 through vertices but this is can-

celled by a factor 1/g2 coming from pinching poles. These pinching poles describe the

phase difference∫ ∞

0
dt ei(l0−p0−k0)t =

i
l0 − p0 − k0 (1.29)

between the quark before a kick l0 and the quark and photon after a kick, p0 and k0. Due

to the small transverse kicks, the phase difference is

l0 − p0 − k0 =
√

l2
z + l2

⊥ + m2
∞ −

√
p2

z + p2
⊥ + m2

∞ − k

≈ l2
⊥ + m2

∞

2lz
− p2

⊥ + m2
∞

2pz
∼ g2T

(1.30)

where lz = pz + k is the momentum in the direction of emission, l⊥ ∼ p⊥ ∼ gT are

transvere momenta and m∞ ∼ gT is the thermal mass of quarks. We will discuss the

evaluation of the diagram in Fig. 1.12 in detail in Sec. 5.1.

The physics of jet-medium interaction is similar to the physics of photon emission.

At leading order there are two-to-two interaction channels, see Fig. 1.13, where soft

mediators require HTL resummation. Furthermore, there are bremsstrahlung channels
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Figure 1.14: Gluon emission by a quark including the LPM effect. Both the quark and the gluon

can receive arbitrarily many medium kicks during emission, coloured in red. This

diagram can describe both an energetic jet parton radiating an energetic gluon and

a medium quasiparticle emitting a gluon quasiparticle.

for medium-induced gluon emission, see Fig. 1.14. This process is at the heart of jet

physics in a medium as it determines how the jet energy is distributed among the jet

partons. The physics is similar to that of photon emission. An on-shell jet parton can

emit a gluon collinearly as medium kicks bring it slightly off-shell. During the time that

wavepackets separate, both the quark and the emitted gluon can receive medium kicks.

For higher energy jet partons, the separation time is longer and the average medium kick

is more energetic, see [79] for a discussion in the formalism of Arnold, Moore and Yaffe

(AMY). This makes the LPM effect more pronounced and gives a large suppression in the

rate of gluon emission through bremsstrahlung. Gluon emission in the AMY formalism

was first derived in [71], and evaluated numerically in [80]. We discuss the detailed

evaluation of gluon emission through bremsstrahlung in Sec. 5.1.

The processes we have described are not only relevant for the physics of jets and pho-

tons, but also for quasiparticle interaction in kinetic theory. Quark and gluon quasipar-

ticles can interact through two-to-two scattering as in Fig. 1.13, as well as in one-to-two

processes where a gluon is emitted collinearly, see Fig. 1.14 [81], and the inverse two-to-

one process. In the latter case, the LPM effect needs to be taken into account.

In order to evaluate all processes with collinear bremsstrahlung, both photon emission

and gluon emission by a jet parton or a quasiparticle, detailed information on momen-

tum broadening is needed. This is given by the collision kernel C(p⊥), the rate at which

a quark or a gluon receives transverse kicks p⊥. Evaluating this kernel also gives the

transport coefficient q̂ from Eq. (1.22) since

q̂ =
∫ d2p⊥

(2π)2 p2
⊥C(p⊥). (1.31)
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when broadening is dominated by soft gT kicks. There exist microscopic evaluations of

the collision kernel C in a weakly-coupled plasma in thermal equilibrium, see [82, 83].

The AMY equations for jet splitting in a medium have been implemented numerically

in an event generator called MARTINI [84], see also [85–87] for earlier phenomenological

work on jets using AMY rates. In MARTINI, jets are created in the initial hard collision

of nucleons as given by PYTHIA [88]. Jet partons then propagate in a hydrodynamic

background describing the plasma and radiate gluons or interact with the medium elas-

tically through two-to-two scattering. The partons are assumed to shed virtuality quickly

so that the AMY rates for on-shell partons are applicable. Once jet partons have exited

the medium, they are made to hadronize using PYTHIA. More recent versions have

in addition included the recoil of medium particles in two-to-two scattering [62], as

well as running strong coupling and the finite time needed for radiative processes [89].

MARTINI has been successful in explaining a range of experimental jet observables in

heavy-ion collisions, such as the nuclear modification factor RAA [62], see Fig. 1.8, dijet

asymmetry [90] and jet shape function [62].

1.7 this thesis

Jet-medium interaction in MARTINI and other numerical codes requires a microscopic

description of the QGP medium. This is given by the momentum distribution f (p) of

medium quarks and gluons. Usually, an equilibrium distribution is assumed which only

depends on the temperature of the hydrodynamic background. This is inconsistent with

the hydrodynamic background being out of equilibrium, as shown by the need to use

second order hydrodynamics. Thus it is important to evaluate jet-medium interaction

for a non-equilibrium momentum distributions f (p). Similarly, non-equilibrium effects

should be taken into account when calculating the rate of photon production.

More generally, two things stand out in our discussion of heavy-ion collisions. Firstly,

the medium created in experiments is out of thermal equilibrium at all times and the

deviations can be big. This is especially true during the early glasma and kinetic theory

stages of a collision, but even in the hydrodynamic phase there are substantial devia-

tions from local thermal equilibrium. Secondly, jets and photons are sensitive probes of
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the medium created in heavy-ion collisions and require detailed modelling, taking into

account all aspects of the medium. It is therefore important to have a theoretical under-

standing of jets and photons in a quark-gluon plasma out of thermal equilibrium. This

could e.g. allow for extracting detailed information on the non-equilibrium properties of

QGP from experiments, such as equilibration of the QGP and its transport coefficients.

Earlier work has evaluated photon emission in a non-equilibrium plasma through

two-to-two scattering, see Fig. 1.9. This work assumed a non-equilibrium distribution of

quarks and gluons, see [91–93], as well as our work in [94] which considered bulk vis-

cous corrections. However, the equally important bremsstrahlung channel has not been

evaluated out of equilibrium. It is especially important to evaluate gluon bremsstrahlung

in a non-equilibrium medium since this is the basis of jet evolution in medium and the

backbone of QCD kinetic theory. To date there are no consistent calculations of collinear

emission out of equilibrium.

A number of challenges arise when evaluating photon and gluon emission through

bremsstrahlung in a non-equilibrium plasma. In particular the collision kernel C(p⊥) for

momentum broadening, the central ingredient for evaluating collinear emission, is seem-

ingly divergent in a non-equilibrium plasma. Furthermore, the equations for the rate of

collinear radiation are much more difficult to solve numerically in a non-equilibrium,

anisotropic medium.

In this thesis, we discuss all aspects of parton momentum broadening and the collinear

emission of photons and gluons in a non-equilibrium medium. In Sec. 2, we discuss HTL

effective theory and momentum broadening and evaluate the collision kernel C(p⊥) in a

non-equilibrium plasma. In Sec. 3, we explain why the kernel diverges due to instabilities

and how this should be cured. In our discussion we derive time-dependent two-point

correlators for gluons in an unstable plasma. We furthermore discuss a phenomenologi-

cal prescription for the collisions kernel. In Sec. 4, we evaluate the kernel, showing that

there is less momentum broadening out of equilibrium due to increased screening. Fi-

nally, in Sec. 5, we develop a numerical scheme for evaluating non-equilibrium collinear

emission and show that photon emission is reduced in a non-equilibrium plasma. Some

technical details and a discussion of the real-time formalism are relegated to appendices.
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2.1 htl effective theory

We want to use jets and photons to probe the non-equilibrium physics of QCD. This

requires calculating the rate of collinear gluon and photon emission in a non-equilibrium

QGP medium, which in turn depends on the rate of transverse momentum broadening.

Transverse momentum broadening in a non-equilibrium medium can only be calculated

with a thorough understanding of weakly coupled quark-gluon plasma, g ≪ 1, such as

is given by hard thermal loops (HTL) effective theory, see [95] for a review.

HTL effective theory relies on a separation of scales. Most of the energy in a weakly-

coupled plasma is carried by quark and gluon quasiparticles at hard energy scale Λ,

where Λ is analogous to temperature in thermal equilibrium. The quasiparticles are

localized with size 1/Λ and interact only occasionally as the average time between inter-

action is ∼ 1/g4Λ.1 Therefore, the hard quasiparticles are described by kinetic theory, by

specifying a distribution f (p; xµ) in momentum space which varies throughout space-

time. The evolution of the distribution is given by a Boltzmann equation

vµ ∂ f
∂xµ + F · ∂ f

∂p
= C[ f , A]. (2.1)

Here, the first term has vµ = Pµ/p = (1, v) and gives propagation at velocity v. The

second term describes deflection due to an external force F in the plasma. Finally, C[ f , A]

quantifies how the quasiparticles’ momentum or species is changed in the collisional

processes listed in Sec. 1.6 [81].

1 The rate of two-to-two scattering channels is Γ ∼ g4Λ as the diagram and its conjugate each have two

vertices. Thus the typical time between interaction is 1/Γ ∼ 1/g4Λ.

28
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The quark and gluon quasiparticles have colour charge and radiate gluon fields. The

radiated fields are at energy scale E ∼ gΛ and have wavelength 1/gΛ. In thermal equi-

librium, their occupation density is given by the Bose-Einstein distribution

1
eE/Λ − 1

∼ 1
g
≫ 1. (2.2)

Due to high occupation density, the gluon fields are classical and can be described by

the classical equations of motions of QCD. In particular

DµFµν = jν, (2.3)

whereDµ is a covariant derivative in the adjoint representation and Fµν is the gluon field-

strength tensor, defined in Eq. (1.5). These long-wavelength or soft gluons are sourced

by a quasiparticle current

jν =
∫ d3p

(2π)3
pµ

p
[
2N f fq(p) + 2Nc fg(p)

]
(2.4)

where fq is the distribution of quarks and fg is the distribution of gluons with N f the

number of quark flavours and Nc = 3 the number of colours.

Together, Eqs. (2.1) and (2.3) form coupled equations for the evolution of the quasipar-

ticle density f and the field strength tensor Fµν of soft gluons. Physically, soft gluons are

radiated by quasiparticles, and in turn the quasiparticles are deflected in the force field

created by soft gluons

Fi = g
(
F i0 − 1

2
ϵijkF jk

)
. (2.5)

Here ϵijk is the Levi-Civita tensor in three dimensions. By solving Eqs. (2.1) and (2.3)

together, one can eliminate the hard quasiparticles, giving an effective theory only in

terms of soft gluons. This effective theory is known as hard thermal loops (HTL).

We briefly reproduce the well-known kinetic theory derivation of the retarded self-

energy in HTL effective theory. This includes all leading-order interaction with hard

quasiparticles. For simplicity, we consider photons in a QED plasma, instead of gluons

in a QCD plasma, so that we need not worry about colour indices and non-Abelian in-

teraction. The original calculation in thermal equilibrium for an electromagnetic plasma

was performed in [96], and for a QCD plasma in [97]. For a review see [95].
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We write the quasiparticle momentum distribution in a QED plasma as

f (p) = f0(p) + δ f±(xµ; p) (2.6)

where f0(p) is the distribution of hard particles and δ f± ≪ f0 are small fluctuations

for positrons and electrons. These small fluctuations are generated as hard particles are

deflected in the soft background field, which in turn is radiated by the hard particles

f0(p). Dropping the subleading collision term in Eq. (2.1) we get that

vµ ∂δ f±
∂xµ = −F± ·

∂ f0

∂p
(2.7)

since f0 is independent of spacetime. Here, the sign of the force F± depends on the

particle charge. Eq. (2.7) has solution

δ f±(xµ; p) = −d f0

dp
·
∫ t

−∞
dt′ F±(t′, x− v(t− t′)) (2.8)

which can be seen checked explicitly. The corresponding current is

jµ(x) = e
∫ d3p

(2π)3 vµ [δ f+ − δ f−]

= 2e2
∫ d3p

(2π)3 vµ ∂ f0

∂p
·
∫ t

−∞
dt′

(
E(t′, x− v(t− t′)) + v× B(t′, x− v(t− t′))

)
.

(2.9)

where E is the electric field and B is the magnetic field. Going to Fourier space this gives

jµ(K) = (−i) e2
∫ d3p

(2π)3 vµ ∂ f0

∂p
· E(K) + v× B(K)

k0 − v · k + iϵ
. (2.10)

Assuming that f0(p) = f0(−p), and using the relation between E, B and Aµ, a straight-

forward calculation gives that [95]

jµ(K) = Πµν(K)Aν(K) (2.11)

where

Πµν
ret(Q) = −2e2

∫ d3p
(2π)3

∂ f0

∂Pω

[
−vµgων +

Qωvµvν

v ·Q + iϵ

] ∣∣∣∣
v=(1,p̂)

(2.12)

Here p̂ = p/p. From linear response theory we identify Πµν as the retarded self-energy

for soft photons.
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Q

K

(a)

Q

K

(b)

Figure 2.1: Diagrams needed for self-energy in HTL effective theory. Here Q ∼ gΛ is the energy

scale of soft gluons described by HTL effective theory and K ∼ Λ is the scale of hard

quasiparticles that are integrated out.

Q
K

Figure 2.2: An example of a diagram needed for n-point functions in HTL effective theory. We

show a four-point vertex with a hard quark loop. Q ∼ gΛ are the soft gluons described

by the theory and K ∼ Λ are integrated out.

The corresponding expression in QCD is nearly identical. The non-equilibrium HTL

retarded self-energy can be shown by an analogous kinetic theory argument [98] to be

Πµν
ret(Q) = −g2

∫ d3p
(2π)3

∂ ftot

∂Pω

[
−vµgων +

Qωvµvν

v ·Q + iϵ

] ∣∣∣∣
v=(1,p̂)

, (2.13)

Here ftot(p) = 2N f fq(p) + 2Nc fg(p) where fq is the distribution of quarks and fg is the

distribution of gluons.

Hard thermal loop effective theory was originally derived diagrammatically using

quantum-field theory. The theory was first developed in [63–65] using the imaginary-

time formalism but has also been extended to the real-time formalism in thermal equi-

librium [99]. Furthermore, the HTL effective Lagrangian was found for non-equilibrium

systems [100] where it is specified by the momentum distribution f (p) of the hard par-

ticles that are integrated out. The diagrammatic and kinetic theory approach have been
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shown to be equivalent [95, 100]. Partial resummation of higher order corrections has

been done to establish the running of the coupling in HTL effective theory [101].

The vertices in the HTL effective theory Lagrangian can be seen in Figs. 2.1 and 2.2.

All relevant diagrams have a hard quark or gluon running in the loop as these are the

excitations that are integrated out. For soft gluons with momentum P ∼ gΛ the inverse

bare propagator is ∼ P2 ∼ g2Λ2 while the HTL self-energy is also ∼ g2Λ2. Therefore,

one must use HTL resummed propagators for soft gluons. The diagrammatic evaluation

of the retarded self-energy in Fig. 2.1 gives identical results to Eq. (2.13). Similarly, inter-

action vertices with a hard loop are at the same order as the usual interaction vertices.

In this thesis, we will only need the soft gluon self-energy and not higher order vertices.

The focus in this thesis is on HTL effective theory in a non-equilibrium plasma. In

this case, the distribution of hard particles is given by a non-equilibrium distribution

f0(p). As before all dynamical information about the hard quasiparticles is integrated

out, leaving e.g. Eq. 2.13 for the retarded self-energy of soft gluons. In order for HTL

effective theory to be applicable in a non-equilibrium setting, some conditions need to

be met [81]. For instance, soft gluon modes cannot be so heavily populated that the

diagrams in Fig. 2.1 are of the same order or smaller than corresponding diagrams with

a soft gluon running in the loop. Furthermore, one needs to assume a plasma with

zero net quasiparticle current ⟨jµ⟩ = 0 and therefore zero net soft gluon field strength

Fµν = 0.

2.2 momentum broadening and energy loss

The rate of transverse momentum broadening is a central quantity in a quark-gluon

plasma. It is furthermore needed to calculate the rate of collinear gluon production in

jets and in kinetic theory, as well as the rate of collinear photon production. In order

to calculate the rate of transverse momentum broadening in a non-equilibrium medium

one needs a detailed microscopic description of transverse kicks by soft gluons at energy

gΛ. This is given by non-equilibrium HTL effective theory and has not been evaluated
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2 1

Q

K

Figure 2.3: A self-energy diagram for a quark interacting ction with a soft gluon. The gluon

propagator is resummed.

consistently before.2 Transverse momentum broadening can also happen through hard

kicks with energy ∼ Λ. However, such hard kicks are much less frequent and their

probability is parametrically suppressed during the formation time in gluon or photon

emission.3

For concreteness, we will focus on transverse momentum broadening of a quark in

our calculation. Our derivation uses non-equilibrium quantum field theory and clarifies

some points from earlier work in the literature. The quark can either be a jet parton or

a medium quark. Our discussion can easily be generalized for a gluon by introducing

different colour factors. Furthermore, it can be generalized to apply to heavy quarks by

giving the quark a mass, see below.

The decay rate for a quark interacting with soft gluons is given by

Γ =
1
4k

Tr [/KΣ21] , (2.14)

see [106]. Here Σ21 is the quark self-energy. The indices 12 refer to time ordering in the

self-energy, for further details see App. A. The quark-self energy is

Σ21(K) = g2CF

∫ d4Q
(2π)4 Dµν

21 (Q)

× γµ (/K− /Q) γν

[
1− fq(k− q)

]
2πδ((K−Q)2).

(2.15)

2 Momentum broadening using HTL effective theory out of equilibrium was considered independently in

[102] and in [103]. However, as pointed out in [104], the analysis in these papers was not correct. Ref.

[102] assumed a KMS relation for the rr propagator (see Eq. 5 in the reference), which is incorrect in a

non-equilibrium plasma and ignores the details of how non-equilibrium hard particles radiate soft gluons.

Similarly, [103] used a classical argument that implicitly assumed a KMS condition. Furthermore, these

papers did not evaluate the results numerically due to divergences coming from instability poles.
3 For a parametrically large jet parton energy E ≳ T/g4, the formation time becomes long enough to allow

for hard kicks during emission, see [105].
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see Fig. 2.3. Here

Dµν
21 (Q) =

∫
d4(x− y) eiQ·(x−y)⟨Aµ(x)Aν(y)⟩ (2.16)

is one component of the HTL soft gluon correlator, see App. A for further information.

We are interested in soft momentum kicks, Q ∼ gΛ, while the quark momentum is

K ≳ Λ. Using that Q≪ K and K2 = 0, the decay rate is

dΓ
d4Q

=
g2CF

(2π)4 Dµν
21 (Q)vµvν δ(v ·Q) (2.17)

where vµ = Kµ/k = (1, k̂) is scaled momentum for the on-shell parton. For a heavy

quark with mass M, the delta function in Eq. (2.15) is replaced by δ((K − Q)2 − M2)

with K2 = M2. Then Eq. (2.17) applies for heavy quarks except that vµ = Kµ/k =

(
√

k2 + M2/k, k̂).

To get more physically transparent results we can write the gluon correlator in a dif-

ferent basis of two-point correlators. We write

Dµν
21 =

1
2
[
Dµν

ret − Dµν
adv

]
+ Drr (2.18)

Here we have defined a retarded correlator

Dµν
ret(x, y) = θ(tx − ty)⟨[Aµ(x), Aν(y)]⟩, (2.19)

an advanced correlator

Dµν
adv(x, y) = −θ(ty − tx)⟨[Aµ(x), Aν(y)]⟩ (2.20)

and a statistical correlator

Dµν
rr (x, y) =

1
2
⟨{Aµ(x), Aν(y)}⟩ (2.21)

which we will also call the rr correlator. The reason for this name and further information

on these propagators can be found in App. A.

The physical interpretation of these correlators is straightforward. The retarded cor-

relator describes propagation forward in time with tx > ty. Because the commutator

[Aµ(x), Aν(y)] = Aµ(x)Aν(y)− Aν(y)Aµ(x) vanishes at spacelike distances, propagation

is only in the forward lightcone and therefore causal. The advanced correlator describes
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propagation backwards in time. It is easy to see that Dµν
adv(x, y) = Dνµ

ret(y, x) and in mo-

mentum space Dµν
ret(Q) = Dνµ

adv(Q)∗, showing that these two functions are not indepen-

dent. The statistical rr correlator is non-vanishing even for classical commuting fields and

is defined in terms of an anticommutator {Aµ(x), Aν(y)} = Aµ(x)Aν(y) + Aν(y)µ(x). It

gives the occupation density of different modes in the plasma.

The rate of momentum broadening of a parton is

q̂ :=
d
〈
q2
⊥
〉

dt
(2.22)

where
〈
q2
⊥
〉

is the average transverse momentum squared imparted on the jet parton in

time t. Eqs. (2.17) and (2.18) give that

q̂ =
∫

d4Q q2
⊥

dΓ
d4Q

=
∫ d2q⊥

(2π)2 q2
⊥ C(q⊥)

(2.23)

where the collision kernel for transverse momentum broadening is

C(q⊥) = g2CF

∫ dq0dqz

(2π)2 Dµν
rr (Q)vµvν 2πδ(v ·Q) (2.24)

at leading order. Here we have used that in the HTL regime, Drr ∼ 1/g3 while Dret ∼
1/g2 so that D21 ≈ Drr. Essentially, this is because the rr correlator depends on the occu-

pation density of soft gluons which is ∼ 1/g in this regime. We will show this explicitly

below. Eq. (2.24) shows that at leading order, transverse momentum broadening is due

to soft gluons present in the medium and depends on their occupation density. We note

that the rate of longitudinal momentum broadening, i.e. broadening in the jet parton

direction,

q̂L :=
d⟨(∆pz)2⟩

dt
=
∫

d4Q q2
z

dΓ
d4Q

(2.25)

can similarly be shown to be

q̂L ≈ g2CF

∫ d4Q
(2π)4 q2

z Dµν
rr (Q)vµvν 2πδ(v ·Q). (2.26)

Our derivation can also be used to evaluate the rate of energy loss of a jet parton or a

quasiparticle in the medium. Energy loss takes place through three processes: Collinear
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emission of a hard gluon, hard two-to-two scattering and interaction with soft gluons

[107]. Here we focus on energy loss through soft gluons, the rate of which is given by

ê =
∫

d4Q q0 dΓ
d4Q

(2.27)

where q0 is the energy lost by the jet parton and dΓ
d4Q comes from Eq. (2.17). It is helpful

to use the decomposition in Eq. (2.18). As Dµν
rr (x, y) = Dνµ

rr (y, x), it can be shown that

Dµν
rr (Q)vµvν = Dµν

rr (−Q)vµvν. (2.28)

Substituting this in Eq. (2.27) we see that the rr correlator does not contribute to energy

loss due to soft gluons. This means that the jet parton is equally likely to gain momentum

q0 and to lose momentum q0 when interacting with soft gluons present in the medium.

Therefore,

ê = g2CF

∫ d4Q
(2π)4 q0 1

2
(

Dµν
ret − Dµν

adv

)
(Q)vµvν 2πδ(v ·Q). (2.29)

The retarded and advanced correlators denote soft gluons emitted by the jet parton itself.

Therefore, energy loss is not due to soft gluons present in the medium but rather due to

the quark’s own radiation field.

That energy loss because of soft gluons is due to the jet parton’s own radiation field,

can also be seen from a classical argument, see e.g. [108, 109]. The rate of energy lost due

to a current passing through an electromagnetic field is

ê = Re
∫

d3x Jext(x) · Eind(x). (2.30)

Here the current comes from the jet parton itself Jext = gvδ(3)(x− vt) which travels at

the speed of light with velocity v and the electric field Eind is induced by the jet parton.

From linear response theory we know that the induced electric field is

Ei
ind(Q) = iq0Dij

ret(Q)J j
ext(Q). (2.31)

if one assumes the temporal-axial gauge A0 = 0. Using that the current in momentum

space is 2πgvδ(q0 − v · q) we get a rate of energy loss that reproduces Eq. (2.29) in

the temporal-axial gauge. This classical derivation can also reproduce Eq. (2.29) when

working in another gauge but then current conservation needs to be assumed explicitly

[110]. Colour factors can easily be derived by including the relevant colour matrices.
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We have shown generally that momentum broadening is due soft gluons present

in the medium, while energy loss is due to dissipation in the jet parton’s own radia-

tion field and not due to soft gluons in the medium. In thermal equilibrium, there is

the same qualitative difference between transverse momentum broadening and energy

loss through soft gluons. However, momentum broadening and energy loss are linked

through the fluctuation-dissipation relation in thermal equilibrium. Specifically, in equi-

librium, the rr correlator is related to the retarded and advanced correlators through the

Kubo-Martin-Schwinger relation [111, 112]

Drr(Q) =

(
1
2
+ fB(q0)

)
[Dret(Q)− Dadv(Q)] , (2.32)

see a derivation in App. A. This formula says that each gluon mode has an occupation

density 1
2 + fB(q0) where 1/2 is the occupation density of fluctuations in vacuum and

fB(q0) =
1

eq0/T − 1
(2.33)

is the equilibrium Bose-Einstein distribution. Therefore, Eq. (2.32) just says that in ther-

mal equilibrium, the soft gluons in a medium are thermalized. Using Eq. (2.32) and that

fB(q0) ≈ T/q0 for soft gluons, one can show that

q̂L = Tê. (2.34)

This is a fluctuation-dissipation relation which links longitudinal momentum broaden-

ing which happens through fluctuating soft gluons in the medium, and energy loss

which is a dissipative process happening through the parton’s radiation field.

Additional simplification takes place in thermal equilibrium where sum rules give

simple formulas for the collision kernel [82, 83]. The result is that the collision kernel

from Eq. (2.24) is

Ceq(q⊥) = g2CFT

(
1

q2
⊥
− 1

q2
⊥ + m2

D

)
. (2.35)

The term 1/(q2
⊥ + m2

D) describes transverse kicks from chromoelectric modes which are

screened by the Debye mass m2
D. The term 1/q2

⊥ describes kicks from chromomagnetic

modes which are not screened in thermal equilibrium. The derivation of Eq. (2.35) as-

sumed the KMS condition or the imaginary time formalism for static modes, both of
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which are not valid out of equilibrium. More recently, the equilibrium collision kernel

has been evaluated at next-to-leading order in g [83]. That paper also suggested that

the kernel could be evaluted on the lattice in an effective theory called EQCD which is

equivalent to HTL for static observable. This gives non-perturbative information about

the equilibrium collision kernel after being matched to full QCD. Such lattice studies

have been performed, see [113], [114] and references therein.

Our goal is to evaluate momentum broadening in a non-equilibrium plasma. Then Eqs.

(2.32), (2.34) and (2.35) are not valid and one needs to evaluate the rr correlator for soft

gluons analytically in full detail. This will be the task in the remainder of this section.

2.3 soft gluon correlators in an anisotropic plasma

Tranverse momentum broadening of a parton by soft gluons kicks is described by the

gluon rr correlator, see Eq. (2.23), which characterizes the density of gluons in a medium.

These soft gluons are sourced by hard quasiparticles. To fix ideas we choose a momentum

distributions for hard quarks and gluons at energy Λ. A standard choice in the literature

is the anisotropic distribution

f (p) =
√

1 + ξ feq

(√
p2 + ξ(n · p)2

)
, (2.36)

which was first proposed in [115]. We call f (p) anisotropic because it depends explicitly

on the direction of p. Here feq is the distribution of quarks and gluons in thermal equilib-

rium with the temperature replaced by a hard scale Λ. More specifically, for quarks we

have the Fermi-Dirac distribution f (p) = 1/(ep/Λ + 1) and for gluons we have the Bose-

Einstein distribution f (p) = 1/(ep/Λ − 1). In Eq. (2.36), the equilibrium distribution is

elongated or contracted along the axis n as quantified by the anisotropy parameter ξ.

For ξ > 0 the distribution is oblate and for ξ < 0 it is prolate. The distribution is well

defined for ξ between −1 and +∞. The prefactor
√

1 + ξ guarantees that the total num-

ber density of hard particles is the same as in thermal equilibrium, giving a consistent

comparison between non-equilibrium and equilibrium results. This is in line with most

work in the literature which fixes the number density. One could equally imagine fixing
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the energy density. Independent of whether one fixes number or energy density, our

main results all remain nearly the same.

Earlier work on correlators in an anisotropic plasma has mostly focused on the re-

tarded correlator. It describes propagation and dispersion relations of soft gluon modes,

screening, as well as parton energy loss, see Eq. (2.29). However, it is insufficient for

momentum broadening. In [115, 116], the retarded gluon correlator was derived for the

momentum distribution in Eq. (2.36) and dispersion relations analyzed, see also [117]

for an intuitive discussion. The retarded gluon correlator was analyzed in more detail

in [118], and in [119] it was evaluated for more complicated anisotropic distributions.

Furthermore, the quark retarded propagator was found in [120, 121]. There has been

much less work on the rr correlator which we evaluate fully for the first time, however

see [122] for the static component D00
rr .

In the time domain, the rr propagator defined in Eq. (2.21) is given by

Dµν
rr (x, y) =

∫
d4w

∫
d4z Dµω

ret (x, w)Πωχ
aa (w, z)Dχν

adv(z, y), (2.37)

see App. A for a derivation.4 We omit writing colour indices explicitly in our discussion.

Eq. (2.37) has a simple interpretation. The self-energy component

Πµν
aa (w, z) :=

1
2
⟨{jµ(w), jν(z)}⟩, (2.38)

where jµ Aµ is the interaction-term in the QCD Lagrangian, describes the rate of creating

a pair of soft gluon excitations at points w and z. Here the index aa refers to the time-

ordering of the current operators jµ in Eq. (2.38), see App. A. After being created, the

soft gluons then propagate forward in time until points x and y where we measure their

density. The propagation is described by the retarded and advanced correlators, see Eqs.

(2.19) and (2.20). Going to momentum space we get that

Dµν
rr (Q) = Dµω

ret (Q)Πωχ
aa (Q) Dχν

adv(Q). (2.39)

We will discuss assumptions made in the derivation of Eq. (2.39) in Sec. 3.1.

4 We use modern summation notation where AωBω = AωBω = gµν AµBν.
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Q

a a

P
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a a

P

Figure 2.4: Diagrams needed to evaluate Πaa. Here P ∼ Λ and Q ∼ gΛ.

Throughout our discussion we assume the Hard Thermal Loops (HTL) regime. This

means that soft gluon self-interaction is suppressed relative to interaction between soft

gluons and hard quasiparticles [81]. Then the rate of production is

Πµν
aa (Q) = g2

∫ d3p
(2π)3 vµvν2πδ(v ·Q)

∣∣∣∣
v=(1,p̂)

×
[
2N f fq(p)

(
1− fq(p)

)
+ 2Nc fg(p)

(
1 + fg(p)

)] (2.40)

This can be seen by evaluating the diagrams in Fig. 2.4, see [81]. Here, hard particles with

momentum p ∼ Λ radiate soft gluons with momentum Q ∼ gΛ, so the rate includes

hard particle momentum distribution with Bose enhancement and Pauli blocking in the

final state. In our specific case, teh momentum distribution is given by Eq. (2.36). The

delta function comes from demanding that the quasiparticles are on shell both before

and after emission, P2 = (P + Q)2.

The retarded correlator is

Dµν
ret(x, y) = D0 µν

ret (x, y) +
∫

d4z
∫

d4w D0 µω
ret (x, z)Πωχ

ret (z, w)Dχν
ret(w, y) (2.41)

see App. A. Here D0
ret is the bare retarded correlator and Πret is the retarded self-energy.

Going to momentum space in Feynman gauge gives that

Dµν
ret(Q) = i

([
Q2 −Πret

]−1
)µν

(2.42)

where the retarded HTL self-energy is

Πµν
ret(Q) = −g2

∫ d3p
(2π)3

∂ ftot

∂Pω

[
−vµgων +

Qωvµvν

v ·Q + iϵ

] ∣∣∣∣
v=(1,p̂)

(2.43)

with ftot(p) = 2N f fq(p) + 2Nc fg(p), as was argued in Sec. 2.1. One should interpret

∂ ftot/∂P0 = 0. In our case the momentum distribution comes from Eq. (2.36).
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We begin by analyzing the tensorial structure of the self-energies in Eqs. (2.40) and

(2.43) which are symmetric, rank-two tensors.5 The only tensors in the problem are the

metric gµν, the fluid velocity uµ which is uµ = (1, 0, 0, 0) in the fluid’s rest frame, the

gluon momentum Qµ = (q0, q) and the vector defining the anisotropy direction nµ. This

gives a total of seven symmetric, rank-two tensors. We furthermore see that QµΠµν
aa (Q) =

QµΠµν
ret(Q) = 0 which is a consequence of gauge invariance in the HTL approximation

[64]. This gives three constraints on the self-energies, one for each vector in the problem,

reducing to four the number of tensors that Πret and Πaa depend on.

There is some flexibility in how the polarization tensors are chosen. Working in the

rest frame of the fluid, we choose the first two tensors to be

Pij
T = δij − qiqj

q2 (2.44)

with all other components zero and

Pµν
L =

QµQν

Q2 − gµν − Pµν
T . (2.45)

Both of these tensors are present in thermal equilibrium [17]. Here PT is transverse to

q and describes transverse propagation like in vacuum while PL describes longitudinal

polarization. For the latter two tensors it is convenient to define

ñµ = (0,
n̂i
√

n̂2
) (2.46)

where

n̂ = n− q · n
q2 q. (2.47)

so that ñµ is orthogonal both to the fluid’s velocity uµ and to the gluon momentum Qµ.

We then define

Cµν = ñµñν. (2.48)

which describes propagation along the anisotropy vector. Finally we define the tensor D

by

D00 = 0,

D0i = Di0 =
q2

ω0 ñi,

Dij = qiñj + qjñi

(2.49)

5 The first term in Eq. (2.43) can be shown to be symmetric in µ and ν by an integration by parts.
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which mixes the gluon three-momentum and the anisotropy vector. Here ω = q0. All

four tensors PT, PL, C, D satisfy Pµν
T Qν = 0 etc. Our choice of the four tensors differs

from that of [115] and [118] which only needed the spatial components and from that

of [122] which used a different, and from our point of view, more complicated basis of

tensors.

It is easy to see that these four tensors form a closed set under anticommutation

defined as

{X, Y}µν = Xµω Yων + Yµω Xων. (2.50)

Defining E = PT − C gives simpler anticommutation relations so we will use the set E,

PL, C and D from now on. A straightforward calculation gives that

P2
L = −PL

E2 = −E

C2 = −C

D2 = −Q2q2

ω2 (C + PL)

{E, PL} = {E, C} = {E, D} = {PL, C} = 0

{PL, D} = {C, D} = −D.

(2.51)

We see that some of the tensors are not orthogonal to each other. Commutators within

our set of four tensors would give new tensors but fortunately we will not need those.

Assuming the momentum distribution in Eq. (2.36), we can express the self-energies

Πaa and Πret in terms of these four tensors. Writing

−iΠµν
aa = αPµν

L + βEµν + γCµν + δDµν, (2.52)

one can show that

α =
Q2

q2 Π00

γ = Πijñiñj

δ =
ω

q2 Π0iñi

β = −α− γ−Πµ
µ.

(2.53)
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where these functions quantify the rate of producing gluons with a specific polariza-

tions. These functions can be expressed in terms of the gluon frequency ω, the three-

momentum component parallel to the anisotropy vector q∥ = n ·q and the three-momentum

component orthogonal to the anisotropy vector q⊥ = |q− (n · q) n|. After a change of

variables p̃ = p
√

1 + ξ (v · n)2, we see that Eq. (2.40) can be written as

Πµν
aa = 2πm2

0 Λ Ξµν (2.54)

where the mass parameter is

m2
0 =

g2

2π2

∫ ∞

0
dp̃ p̃2

[
2N f f 0

q (1− f 0
q ) + 2Nc f 0

g (1 + f 0
g )
]

, (2.55)

with f 0
q the Fermi-Dirac distribution and f 0

g the Bose-Einstein distribution, both at tem-

perature Λ. The scale m2
0 happens to be the Debye mass in thermal equilibrium but

that is simply because we elongated and contracted equilibrium distributions to get the

anisotropic distribution in Eq. (2.36). Furthermore, the angular function in Eq. (2.54) is

Ξµν =
∫ dΩ

4π
vµvν δ(ω− v · q)(

1 + ξ (v · n)2
)3/2

∣∣∣∣∣∣∣
v0=v

. (2.56)

Eq. (2.53) for the components in Πaa then can be written more explicitly as

iα = 2πΛ m2
0

ω2 − q2

q2 P00, (2.57)

iδ = 2πΛ m2
0

ω/q√
q2 − (q · n)

×
(

P0ini − q · n ω

q2 P00
)

, (2.58)

iγ = 2πΛ m2
0

1

1− (q · n)2 /q2

×
(

Pijninj − 2q · n ω

q2 P0ini +
(q · n)2ω2

q4 P00
)

(2.59)

iβ = −iα− iγ. (2.60)

We have used that ΞµνQµ = 0 so that the only non-trivial components of the angular

function are

Ξ00 =
1

4πq

∫ 2π

0
dϕ

1[
1 + ξ

(
q̃∥ω̃− q̃⊥

√
1− ω̃2 cos ϕ

)2
]3/2 , (2.61)
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Ξ0ini =
1

4πq

∫ 2π

0
dϕ

q̃∥ω̃− q̃⊥
√

1− ω̃2 cos ϕ[
1 + ξ

(
q̃∥ω̃− q̃⊥

√
1− ω̃2 cos ϕ

)2
]3/2 , (2.62)

and

Ξijninj =
1

4πq

∫ 2π

0
dϕ

(
q̃∥ω̃− q̃⊥

√
1− ω̃2 cos ϕ

)2

[
1 + ξ

(
q̃∥ω̃− q̃⊥

√
1− ω̃2 cos ϕ

)2
]3/2 , (2.63)

where we have used the delta function to eliminate the angle θ between v and q. Here

ω̃ = ω/q, q̃∥ = q∥/q and q̃⊥ = q⊥/q are normalized components of the gluon four-

momentum. The remaining integrals in ϕ can be done numerically.

In a similar fashion the retarded self-energy can be written as

−iΠµν
ret = ΠLPµν

L + ΠeEµν + ΠcCµν + ΠdDµν. (2.64)

We will reproduce the different components for completeness, but they were already

derived in [115]. They are

iΠL =
1
2

m2
0

ω2 − q2

q2 Σ00, (2.65)

iΠd =
1
2

m2
0

ω/q√
q2 − (q · n)

×
(

Σ0ini − q · n ω

q2 Σ00
)

, (2.66)

iΠc =
1
2

m2
0

1

1− (q · n)2 /q2

×
(

Σijninj − 2q · n ω

q2 Σ0ini +
(q · n)2ω2

q4 Σ00
)

(2.67)

Πe = −ΠL −Πc +
arctan

√
ξ√

ξ
m2

0 (2.68)
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where the angular components are

Σ00 =
∫ 1

−1
dz

1

(1 + ξz2)
2

×
[
− 1 +

(
ω + ξq∥z

)
R(ω− q∥z, q⊥

√
1− z2)

]
, (2.69)

Σ0ini =
∫ 1

−1
dz

z

(1 + ξz2)
2

×
[
− 1 +

(
ω + ξq∥z

)
R(ω− q∥z, q⊥

√
1− z2)

]
, (2.70)

Σijninj =
1 + ξ

ξ3/2

(
arctan

√
ξ −

√
ξ

1 + ξ

)
+
∫ 1

−1
dz

z2

(1 + ξz2)
2

×
[
− 1 +

(
ω + ξq∥z

)
R(ω− q∥z, q⊥

√
1− z2)

]
(2.71)

and

R(a, b) =
∫ 2π

0

dϕ

2π

1
a− b cos ϕ + iϵ

= θ(a2 − b2)
sgn(a)√
a2 − b2

− θ(b2 − a2)
i√

b2 − a2

(2.72)

for real values of a and b. The remaining integrals can be done analytically but the result-

ing expressions are very complicated. Therefore, we prefer to evaluate them numerically.

See [123] for an alternative numerical evaluation.

Using the retarded self-energy in Eq. (2.64) we get that the retarded correlator is

Dret =
i

Q2 −ΠLPL −ΠeE−ΠcC−ΠdD
. (2.73)

Expanding in the self-energy components Π shows that

Dret =
igµν

Q2 +
i

Q2

∞

∑
n=1

(
ΠL

Q2 PL +
Πe

Q2 E +
Πc

Q2 C +
Πd
Q2 D

)n
. (2.74)

Each term on in the sum can be expressed with anticommutators, showing that the

retarded correlator only depends on the four tensors in our basis as well as the metric

gµν. A detailed calculation gives

Dµν
ret =

−iQµQν

(Q2)
2 + iEµνD̃B

ret

+ i
[
(Q2 −Πc)Pµν

L + (Q2 −ΠL)Cµν + ΠdDµν
]

D̃A
ret

(2.75)
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where

D̃A
ret =

1
(Q2 −ΠL) (Q2 −Πc)− R Π2

d
(2.76)

and

D̃B
ret =

1
Q2 −Πe

(2.77)

with R = Q2q2/ω2. The poles of Eqs. (2.76) and (2.77) give the dispersion relations of soft

gluons in an anisotropic system. The excitations mostly represent the same physics as

the excitations in an equilibrium system but with different detailed dispersion relations.

However, anisotropic plasmas also contain novel physics, namely unstable modes which

will be discussed in Sec. 3.1.

We can finally evaluate the rr correlator in Eq. (2.39) in an anisotropic plasma. Momen-

tum broadening is given by Dµν
rr K̂µK̂ν so we only need the symmetric component of the

correlator, namely

D(µν)
rr :=

1
2

[
Drr + D†

rr

]µν

=
1
2
[Dret (−iΠaa) Dadv + Dadv (−iΠaa) Dret]

µν
(2.78)

This formula can be evaluated by using that for any rank-two tensors X, Y and Z, we

have

XYZ + ZYX =
1
2
({X, {Y, Z}} − {Y, {Z, X}}+ {Z, {X, Y}}) (2.79)

The right-hand side in Eq. (2.79) is solely in terms of anticommutators. Using our expres-

sions for the retarded correlator in Eq. (2.75), the self-energy Πaa in Eq. (2.52), as well as

the anticommutation relations in Eq. (2.51) we get that

D(µν)
rr =− D̃A

ret

(
D̃A

ret

)∗
×
[ {

α |X|2 − 2δR Re(XW∗) + γR |W|2
}

Pµν
L

+
{

γ |Z|2 − 2δR Re(ZW∗) + αR |W|2
}

Cµν

+
{
− α Re(XW∗)− γ Re(ZW∗)

+ δ Re(XZ∗) + δR |W|2
}

Dµν

]
− D̃B

ret

(
D̃B

ret

)∗
βEµν.

(2.80)



2.3 soft gluon correlators in an anisotropic plasma 47

This is the central result of this chapter. Here

X = Q2 −Πc, (2.81)

Z = Q2 −ΠL, (2.82)

and

W = −Πd. (2.83)

and D̃A
ret and D̃B

ret are defined in Eqs. (2.76) and (2.77). The self-energy components are

given in Eqs. (2.57) to (2.60) and in Eqs. (2.65) to (2.68).
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P L A S M A I N S TA B I L I T I E S A N D H A R D P R O B E S

3.1 instabilities in a quark-gluon plasma

So far, we have derived the collision kernel C(p⊥) in an anisotropic plasma. The collision

kernel gives the rate of transverse momentum broadening of a parton as it interacts with

soft gluons in the medium, see Eqs. (2.24) and (2.80). The collision kernel is an essential

quantity in a plasma. It allows one to evaluate the transport coefficient q̂, see Eq. (2.23).

It also gives the rate of collinear emission of photons and gluons. This rate is central to

the physics of jet-medium interaction, photon radiation from the plasma, as well as a

kinetic theory description of the plasma.

A numerical evaluation of the collision kernel C(p⊥) and q̂ shows that the expressions

we have derived are divergent. This suggests that some assumptions in our calculation

are not correct. It is clearly vital to understand the physical reason for this divergence

and to derive an anisotropic collision kernel which is free from divergences. This will be

the task of this chapter.

The divergence in q̂ can be shown to be logarithmic. For simplicity, we consider the

case when both the jet parton momentum and the anisotropy vector n are in the z direc-

tion. We furthermore assume a small anisotropy ξ ≪ 1. We focus on the term that goes

like Eµν in the rr correlator in Eq. (2.80) but the other terms can similarly be shown to

give a logarithmic divergence. Expanding Eq. (2.68) for Πe at small anisotropy ξ ≪ 1

gives [115, 118]

Πe = m2
0

(
ω

q

)2

− iπ
4

m2
0

ω

q
+O

((
ω

q

)3
)

+ ξ

[
−1

6
(1 + cos 2θ)m2

0 +O
(

ω

q

)]
.

(3.1)
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where the assumption of ω ≪ q will be justified below. Here θ is the angle between the

soft gluon momentum q and the anisotropy vector n. The retarded propagator has poles

at

ω2 = q2 + Πe ≈ q2 − ξ
1
6
(1 + cos 2θ)m2

0 (3.2)

in this regime. We immediately see the presence of poles ω = iγ with γ > 0 when q is

sufficiently small. These poles are called instability poles and turn out to be the culprit

behind the divergence in q̂.

To evaluate the divergence in q̂ due to instability poles schematically, we drop all

dependence on the angle θ and replace the function β in Eq. (2.80) by the parametric

estimate gΛ2. Since

q̂ ≈ g2CF

∫ d2q⊥
(2π)2 q2

⊥

∫ dωdqz

(2π)2 δ(ω− qz) vµvν Dµν
rr (Q). (3.3)

we get that the contribution of the term that goes like Eµν in Eq. (2.80) is schematically

q̂ ∼ g3Λ2
∫

d2q⊥ q2
⊥

∫
dωdqz δ(ω− qz)

|ω2 − q2 −Πe|2

∼ g3Λ2
∫

d2q⊥ q2
⊥

∫
dωdqz δ(ω− qz)

(q2
⊥ + m2

0

(
ω
q

)2
− ξm2

0)
2 +

(
m2

0
ω
q

)2

(3.4)

It is easy to see that the divergence happens when q⊥ ∼
√

ξm0 and ω ∼ q3
⊥/m2

0 ∼ ξ3/2m0

in which case the denominator goes like ∼ ξ2m4
0. The scaling of ω and q⊥ justifies our

assumption that ω/q ≪ 1 for ξ small. We furthermore see that the divergence is only

present because of the instability poles which leads to the term −ξm2
0. Using a change

of variable Eq. (3.4) can be rewritten as

q̂ ∼ g3Λ2
∫

dqz
∫

dq⊥
q3
⊥

(m0qz
√

ξ
)2 +

(
q2
⊥ − ξm2

0
)2

∼ g4Λ3
∫

du
∫
√

ξ+δ
dv

v3

u2/ξ + (v2 − ξ)2

(3.5)

where u = qz/m0 and v = q⊥/m0. We have introduced a cutoff δ around the divergent

region, defined by q⊥ >
√

ξm0 + δm0. With this cutoff our expression for momentum

broadening can be evaluated by going to radial coordinates. We get

q̂ ∼ g4Λ3ξ3/2 log
(√

ξδ
)

. (3.6)
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Figure 3.1: A cartoon to explain the physics of instability modes. From [124].

This is a logarithmic divergence when δ → 0. In the limit of ξ → 0 where we tend

towards isotropy, the divergence goes away.

The logarithmic divergence due to instabilities when calculating q̂ in an anisotropic

plasma was noted earlier in [102] and [103] but the detailed calculation of q̂ incorrectly

assumed a KMS condition which is only true in equilibrium. Ref. [103] suggested that

this divergence should be cured by a next-to-leading order calculation of the retarded

gluon self-energy with diagrams that describe soft gluon self-interaction. However, the

analysis in that paper was done in the imaginary-time formalism which only applies to

a thermally equilibrated plasma. The NLO diagrams proposed to cure the divergence

should be analyzed in the real-time formalism, where they can be shown to be divergent

themselves and therefore unable to cure the leading-order part. Ref. [102] also men-

tions the possibility that the divergences should be cured by including time dependence,

which we believe to be the correct solution. We note that the divergence in the collision

kernel was also mentioned in [81] without a detailed calculation.
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We have seen that the divergence in q̂ is due to instability poles ω = iγ. The physics

of these instabilities in a QCD plasma has been widely studied. Early works including

[125, 126] showed the presence of these instabilities and suggested that they might be im-

portant for the early stages of heavy-ion collisions. Further qualitative discussions of the

physics of QCD instabilities have been given in [117, 127, 128] see also [124] for a review.

In essence, all plasmas have spontaneous thermal fluctuations in the current of quasipar-

ticles. Consider a current fluctuation of particles travelling in the z direction with a fixed

wavelength given by momentum qx, see Fig. 3.1. This current fluctuation will source a

chromomagnetic field By, also shown in Fig. 3.1. Analyzing charged quasiparticles trav-

elling nearly in the z direction, one sees that they are deflected in the field and make the

current fluctuation stronger. In return this generates an even stronger chromomagnetic

field, and so on, leading to exponential growth, both in the current and in the density of

soft gluons in chromomagnetic modes. This makes the plasma unstable.

The physics of instabilities is more complicated than suggested by Fig. 3.1. Quasipar-

ticles that do not travel in the z direction are also deflected by the chromomagnetic field

fluctuation but a detailed analysis shows that they tend to decrease the current fluctua-

tion slightly [117]. This effect wins out in equilibrium, explaining why instabilities are

not seen in an equilibrated plasma. In an anisotropic plasma, when more particles travel

in the z direction than in other directions, the net effect of quasiparticles can be to in-

crease the current fluctuation, leading to exponential growth. This happens even at low

values of anisotropy.

The presence of instabilities depends on the wavelength of the current fluctuation.

When the wavelength of the current fluctuation decreases and qx increases, particles

travelling in the z direction fly through multiple current filaments and do not contribute

to the current. Thus there is no exponential growth. This explains why instabilities are

only found for small momenta, q ∼ √ξgΛ.

A detailed analysis of instabilities in a QCD plasma requires finding all instability

poles ω = iγ of the retarded propagator in Eq. (2.75) [115]. In general, a mode with

dispersion relation ω = E− iΓ gives contribution

Dret(tx, ty) ∼
∫ dp0

2π

e−ip0(tx−ty)

p0 − E + iΓ
∼ θ(tx − ty)e−iE(tx−ty)e−Γ(tx−ty) (3.7)
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to the retarded propagator in the time domain, as can be seen by continuing the inte-

gration contour to the lower half complex plane and using the residue theorem. Since

instability poles have dispersion relation ω = iγ with γ > 0 we expect them to give a

contribution eγ(tx−ty) in the time domain.1 This signals exponential growth in the density

of soft gluons. We note that it is highly unusual for a retarded propagator to have poles

in the upper half plane. Using the contour along the real line as usually when going the

time domain, then gives a contribution Dret(tx, ty) ̸= 0 for tx < ty in contradiction of the

definition of the retarded propagator in Eq. (2.19). We discuss this further below.

To understand the divergence in q̂, we must analyze the assumptions made in Sec. 2.

We made a number of assumptions when calculating q̂ in an anisotropic plasma in Sec.

2. Firstly, we assumed that the medium changes slowly compared to the time between

soft gluon kicks. This allowed us to specify a momentum distribution f (p) of hard

particles which we assumed did not change between medium kicks. Secondly, we used

non-equilibrium propagators which are derived with the momentum distribution f (p)

specified in the distant past at initial time t0 → −∞, see App. A. This is justified if

momentum broadening happens quickly compared to changes in f (p).

For a plasma with instability modes these assumptions break down. If we specify an

initial condition at time t0 = −∞ in the HTL regime, instability modes will have infinite

time to grow until a medium kick takes place. Thus the density of instability modes will

be infinite when the jet parton finally receives a medium kick leading to a divergent

rate of momentum broadening due to kicks from instability modes. This problem is not

unique to momentum broadening. It arises for any probe that depends on the density of

gluons in a anisotropic medium, such as the imaginary part of the heavy-quark potential

[122].

From a theoretical point of view, the solution to divergences in q̂ is to specify ini-

tial conditions at a finite initial time, t0 = 0. Then instability modes only grow to a

finite strength, leading to well-behaved results for q̂. Such a calculation requires HTL

resummed propagators in an unstable plasma with initial conditions at time t0 = 0. We

will derive such propagators in the next few sections. This is not only important for

the calculation of non-equilibrium transverse momentum broadening, but also to under-

1 We give a more rigorous derivation of this result below.
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α

k

Figure 3.2: The contour α needed to evaluate the retarded correlator in the time domain.

stand more fully instabilities in a non-equilbrium quark-gluon plasma from the point of

view of quantum field theory.

3.2 retarded gluon correlator in an unstable plasma

We want to find the HTL correlator of soft gluons in a non-equilibrium system with

instabilities. In our calculation, we specify initial conditions at time t0 = 0 through

the momentum distribution of hard quarks and gluons f (p) . We furthermore assume

that there are initially no soft gluons. As we assume the HTL approximation, all self-

interaction of soft gluons is ignored, meaning that our calculation is valid up until times

when the gluon density has grown so much that gluon self-interaction is comparable to

interaction with hard particles. Furthermore, we assume that the momentum distribution

of hard particles does not change appreciably during our calculation; this is well justified

as the time scale for change in momentum distributions is ∼ 1/g4Λ [81].

We start by analyzing the HTL resummed retarded propagator Dret which is defined

by

Dret(x, y) = D0
ret(x, y)

+
∫

d4z
∫

d4w D 0
ret(x, z)Πret(z, w)Dret(w, y)

(3.8)

where D0
ret is the free retarded propagator and Πret is the HTL resummed propagator.

For easier notation we omit tensor and colour indices. In thermal equilibrium, and more

generally in any system with initial condition at t0 = −∞, one can Fourier transform to

momentum space to get

Dret(P) = D0
ret(P) + D 0

ret(P)Πret(P)Dret(P) (3.9)
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This was our procedure in Eqs. (2.42) and (2.75). However, when specifying initial condi-

tions at time t0 = 0, there is no momentum space and we must take a different route.

Using the properties of retarded functions we write Eq. (3.8) as

Dret(tx, ty; p) = D0
ret(tx − ty; p)

+
∫ tx

ty
dtz

∫ tz

ty
dtw D0

ret(tx − tz; p)Πret(tz − tw; p) Dret(tw, ty; p).
(3.10)

We have Fourier transformed to three-momentum space, as we assume a system with

infinite spatial extent. In the HTL approximation, the self-energy is Πret(tz, tw; p) =

Πret(tz − tw; p) which only depends on bare propagators for hard particles which have

no knowledge of the initial time, see App. A. To avoid cluttered notation, we will omit

writing dependence on three-momentum p in what follows and denote time variables

by x := tx, y := ty etc.

In Eq. (3.10) the retarded function obeys Dret(x + τ, y + τ) = Dret(x, y), suggesting

that it is independent of the initial time. We therefore will try writing

Dret(x, y) =
∫

α

dk
2π

e−ik(x−y)Dret(k) (3.11)

where Dret(k) is an unknown function of the frequency variable which we call k. Impor-

tantly, this is not a Fourier transform since we choose an integration contour α that goes

above all poles of Dret(k), including those that might be in the upper half complex plane,

see Fig. 3.2. This ensures that Dret(x, y) = 0 for x < y, as can be seen by continuing the

contour to the upper half complex plane and using the residue theorem.

We must find the function Dret(k) in Eq. (3.11) and show that this is indeed the solution

of Eq. (3.10). The challenge is to evaluate the last term in Eq. (3.10) which we can write

as ∫ x

y
dz
∫ z

y
dw

∫ dk1

2π

∫ dk2

2π

∫
α

dk3

2π

e−ik1(x−z)e−ik2(z−w)e−ik3(w−y) D0
ret(k1)Πret(k2) Dret(k3).

(3.12)

using that D0
ret and Πret can be Fourier transformed like usually. We can perform the

time integrals explicitly because of the finite limits. If the upper limit of the w integral

were still +∞, the integral would not be obviously convergent since k3 can be in the
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upper half complex plane, giving exponential growth in the factor e−ik3(w−y). Using the

finite limits, we get∫ dk1

2π

∫ dk2

2π

∫
α

dk3

2π
D0

ret(k1)Πret(k2) Dret(k3) f (k1, k2, k3) (3.13)

with

f (k1, k2, k3) = −
e−ik1(x−y)

(k1 − k2)(k1 − k3)

− e−ik2(x−y)

(k2 − k1)(k2 − k3)
− e−ik3(x−y)

(k3 − k1)(k3 − k2)
.

(3.14)

We will evaluate the remaining frequency integrals in Eq. (3.13) using some tricks. It

can be easily verified that despite individual terms in Eq. (3.14) having poles in k1, k2 and

k3, the function f (k1, k2, k3) as a whole has no poles. Thus we can introduce principal

values in all the variables, namely the substitution

f (k1, k2, k3) −→
1
8 ∑
{k1→k1+iϵ1}
{k1→k1−iϵ1}

∑
{k2→k2+iϵ2}
{k2→k2−iϵ2}

∑
{k3→k3+iϵ3}
{k3→k3−iϵ3}

f (k1, k2, k3). (3.15)

where ϵ1, ϵ2 and ϵ3 are infinitesimal and positive and will be set to zero in the end. An

important check on the calculation is that the order in which the infinitesimal quantities

are set to zero does not matter. Using the residue theorem, Eq. (3.13) can then be eval-

uated in detail, since the infinitesimal quantities have removed the poles of each term

off the real axis, see App. B. In this involved calculation, particular care is needed for

integration on the contour α. The final result is that Eq. (3.13) is identical to∫
α

dk
2π

e−ik(x−y) D0
ret(k)Πret(k) Dret(k) (3.16)

Having evaluated the challenging term in Eq. (3.10), we can finally find the retarded

correlator for soft gluons in an unstable plasma. We see that Eq. (3.10) is equivalent to∫
α

dk
2π

e−ik(x−y)
[

Dret(k)− D0
ret(k)− D0

ret(k)Πret(k)Dret(k)
]

= 0.
(3.17)

This gives an explicit solution for Dret(k) and shows that

Dret(tx, ty; p) =
∫

α

dp0

2π
e−ip0(tx−ty)Dret(p0, p)

=
∫

α

dp0

2π
e−ip0(tx−ty)

[
(D0

ret(P))−1 −Πret(P)
]−1

(3.18)
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Our result for the retarded correlator in an unstable plasma Eq. (3.18) is intuitive.

Even though there is strictly speaking no frequency domain in a system with initial time

t0 = 0, Eq. (3.18) is nearly a Fourier transform, except that the contour α goes above

instability poles in the upper half complex plane. 2

This guarantees causality since Dret(tx, ty) = 0 for tx < ty. It furthermore shows that

instability poles p0 = iγ gives time dependence

Dret ∼ θ(tx − ty)eγ(tx−ty) (3.19)

which signals exponential growth. Finally, our calculation confirms that the evaluation

of the retarded propagator in momentum space using Eq. (2.42), see e.g. [115, 118, 119],

is correct, given that one uses the contour α to transform to the time domain. Our result

is general and applies to any momentum distribution of hard quasiparticles.

We note that the advanced correlator can similarly be shown to be

Dadv(x, y) =
∫

α̃

dk
2π

e−ik(x−y)Dadv(k). (3.20)

where Dadv(k) = Dret(k)∗ and the integration contour is α̃ = α∗ which goes below all

poles of Dadv(k).

3.3 energy loss in an unstable plasma

Energy loss due to soft gluons of a single heavy quark or a jet parton in plasma depends

on the retarded correlator, see Sec. 2.2. Having found the correct retarded correlator in

an unstable non-equilibrium plasma, it is important to see how it affects energy loss.

The first complete evaluation of heavy-quark energy loss in a thermally equilibrated

quark-gluon plasma was given in [129, 130]. This calculation included both the contri-

bution of hard collisional processes and the contribution of soft gluons. The soft gluon

2 We could understand Eq. (3.18) as an inverse Laplace transform from the time domain to the frequency

domain, see a discussion in [110] employing a classical treatment. However, the actual Laplace transform

from the frequency domain to the time domain would be of the form
∫ ∞

0 d(tx − ty)eip0(tx−ty)eγ(tx−ty) which

is an ill-defined integral. Therefore, we prefer not use the language of Laplace transforms and simply see

Dret(k) as a function that gives the correct retarded function in the time domain when using Eq. (3.18). In

the end, only the time domain is physical in a non-equilibrium system.
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contribution was given by Eq. (2.29), expressed using the imaginary-time formalism and

evaluated in temporal-axial gauge, A0 = 0. However, the derivation was entirely differ-

ent and used solely classical arguments, see e.g. [108, 109].

We reproduce the classical argument for energy loss of a jet parton due to soft gluons,

which was briefly explained in Sec. 2.2. The rate of energy loss is

ê = Re
∫

d3x Jext(x) · Eind(x). (3.21)

where Jext = gvδ(3)(x− vt) is the current of a jet parton and Eind(x) is the electric field

induced by the current. Linear response theory tells us that in temporal-axial gauge

where A0 = 0, the induced electric field, Ei
ind(x) = −∂x0 Ai(x), is

Ei
ind(x) = −∂x0

∫
d4y Dij

ret(x− y)J j
ext(y) (3.22)

This can easily be taken to momentum space, giving that

Ei
ind(x) = −∂x0

∫
d4y

∫ d4Q
(2π)4 e−i(x−y)·QDij

ret(Q)
∫ d4K

(2π)4 e−iK·y J j
ext(K)

=
∫ d4Q

(2π)4 e−ix·Q iq0 Dij
ret(Q) J j

ext(Q)

(3.23)

which is the usual linear response theory relation in momentum space. Substituting the

current of the jet parton in Eq. (3.21) then gives that

ê = gviRe
∫ d4Q

(2π)4 e−ix·Q iq0 Dij
ret(Q) J j

ext(Q)

∣∣∣∣
x=vt

(3.24)

which is equivalent to

ê = g2 Re
∫ d4Q

(2π)4 iq0 vivj Dij
ret(Q) 2πδ(q0 − v · k). (3.25)

This reproduces Eq. (2.29) which we derived using the real-time formalism, assuming

temporal-axial gauge, up to colour factors.

Eq. (2.29) was used to evaluate energy loss of a heavy-quark in an anisotropic and

unstable plasma in [131, 132]. However, it is not correct in this case as was pointed out

in [110]. Specifically, the linear response relation in Eq. (3.22) becomes

Ei
ind(x) = −∂x0

∫
d4Y

∫
α

d4Q
(2π)4 e−i(X−Y)·QDret(Q)

∫ d4K
(2π)4 e−iK·Y Jext(K). (3.26)

Because of the contour α, there is no easy way to perform the Y integral and Eq. (3.23) is

not correct. In fact, assuming that equation gives acausal evolution. This is because Eq.
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(3.23) assumes that the integration contour to go to the time domain is along the real

line. Given an instability pole p0 = iγ, the retarded correlator in the time domain is then

Dret(tx, ty) ∼ θ(ty − tx)eγ(tx−ty) (3.27)

which is unphysical as Dret ̸= 0 for tx < ty. We emphasize that the calculation in [131,

132] of the contribution of other modes to energy loss, including soft fluctuating modes

and hard scattering, is correct.

A correct calculation considers the energy loss of a jet parton traversing the plasma

from time t0 = 0 up until a time T. The total energy loss is then

∆E = Re
∫ T

0
dt
∫

d3x Jext(x) · Eind(x). (3.28)

Using the retarded propagator from Eq. (3.18), then gives that

∆E =
∫ T

0
dt
∫

α

d4Q
(2π)4 (−iq0)vivjD

ij
ret(Q)

ei(v·q−q0)t − 1
i(q0 − v · q) (3.29)

where the frequency integral over q0 has contour α and the factor ei(v·q−q0)t−1
i(q0−v·q) replaces

the delta function in Eq. (3.25). As a similar result was derived in [110] using classical

arguments, we only discuss this result briefly. For a system without instabilities, Eq.

(3.29) can be shown to be equivalent to

ê =
∆E
dt

=
∫ d3q

(2π)3 iq0vivjD
ij
ret(Q)

∣∣∣∣
q0=v·q

, (3.30)

reproducing our earlier result.3 However, for an instability mode A
q0−iγ in the retarded

correlator, one gets an extra contribution

ê =
∆E
dt
≈ eγT Re

∫ d3q
(2π)3 γ Aijvivj

eiv·qT

v · q− iγ
(3.31)

where γ = γ(q) is the growth rate of instability modes. Importantly, the rate of energy

loss grows exponentially because the density of instability modes sourced by the jet

parton grows with time T.

3 To go from Eq. (3.29) to Eq. (3.30), one can write 1
q0−v·q = 1

2

(
1

q0−v·q+iϵ +
1

q0−v·q−iϵ

)
where ϵ is an infinites-

imal quantity and then apply the residue theorem. One needs to assume that factors e−ibt where b is a

pole of the retarded propagator with Imb < 0, are small. Physically, this means that one allows sufficient

time to pass so that correlations with the initial modes decays away.
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3.4 rr correlator and instabilities

A correct calculation of the retarded propagator for soft gluons in an unstable plasma

shows that parton energy loss grows exponentially. This is due to the exponential growth

in the density of instability modes. We will now do a corresponding analysis for the rr

propagator and see which implications it has for transverse momentum broadening in

an unstable plasma.

The rr correlator for soft gluons in a non-equilibrium plasma with initial conditions

specified at time t0 = 0 is given by

Drr(x, y) =
∫ x

0
dz
∫ y

0
dw Dret(x− z)Πaa(z− w) Dadv(w− y), (3.32)

see App. A. As we assume that there are no initial gluons in our theoretical setup, an

extra term describing correlations to initial gluon density drops out. We have used the

properties of the retarded and advanced correlator to rewrite the integration limits. As-

suming the HTL approximation gives Πaa(z, w) = Πaa(z− w) when the soft gluon den-

sity has not grown to be too high. Substituting Eqs. (3.18) and (3.20) into Eq. (3.32) and

performing the time integrals, the rr correlator can then be rewritten as

Drr(x, y) =
∫

α

dk1

2π

∫ dk2

2π

∫
α̃

dk3

2π[
−e−ik2xeik2y + e−ik1xeik2y + e−ik2xeik3y − e−ik1xeik3y

]
× 1

(k1 − k2)(k2 − k3)
Dret(k1)Πaa(k2) Dadv(k3)

(3.33)

where the k1 and k2 integrals use the contour from Fig. 3.2 and its conjugate.

We will use a separation of scales to evaluate Eq. (3.33). Our discussion is general, as

we can have any momentum distribution of hard quasiparticles as long as the momen-

tum anisotropy

ξ =
⟨|p1|⟩ − ⟨|p2|⟩
⟨|p1|⟩

(3.34)

is small, ξ ≪ 1. Here ⟨|p1|⟩ and ⟨|p2|⟩ are the typical momentum of quasiparticles in

two directions. We write

Dret(k) = D̂ret(k) + ∑
i

Ai

k− iγi
(3.35)
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where γ are all poles with |γ| ≪ gΛ. These can be the instability poles that lead to

exponential growth in soft gluon density and have |γ| ∼ ξ3/2gΛ [128], as well as slowly

decaying modes with decay rate≪ gΛ. The density of the instability modes depends on

the detailed history of the medium as their density grows exponentially until their non-

linear interaction caps the growth. The rest of the propagator is captured by D̂ret which

only has poles of order gΛ. These are fluctuating modes which are constantly sourced

by hard particles in the medium. As they decay on time scales ∼ 1/gΛ, they have no

information about the history of the medium. Similarly, we write the advanced function

as

Dadv(k) = D̂adv(k) + ∑
j

A∗j
k + iγj

(3.36)

where the fluctuating part is D̂adv = D̂∗ret.

One must be careful when separating the retarded propagator at two scales like in

Eq. (3.35). There is a branch cut from ω = −|k| − iϵ to ω = |k| − iϵ which corresponds

to Landau damping. This branch cut is normally chosen to lie slightly below the real

axis, see Fig. 3.3a, but then a part of it is at scale ≪ gΛ and the separation of scale is

spoiled. Instead we choose a branch cut that avoids that region like in Fig. 3.3b. In this

case, decaying modes corresponding to Landau damping appear on the second Riemann

sheet [116]. Ultimately, retarded correlators only exist in the time domain where they are

independent of the branch cut chosen in the frequency domain [133]. Therefore, the

choice of branch cut is immaterial for final results.

Unlike for the retarded correlator, which we could evaluate exactly, controlled approx-

imations are needed to evaluate the remaining integrals in Eq. (3.33). Firstly, starting a

system at initial time t0 = 0 introduces oscillations e−iax where Re a ∼ gΛ. These oscil-

lations are also present in a thermally equilibrated system with an initial time and have

nothing to do with non-equilibrium physics. Averaging momentum broadening over a

time x − y ≫ 1/gΛ allows us to drop such term, whose oscillation cancels out during

the time interval x− y we are interested in. Another way to see this is to note that photon

or gluon emission takes time x− y ∼ 1/g2Λ≫ 1/gΛ and the rate of momentum broad-

ening should be averaged over that time interval. See [134] for a detailed discussion of

the oscillating modes. Secondly, we only consider times x, y ≫ 1/gΛ, i.e. we ignore

times just after the system is started. This allows us to drop terms of the form e−iax with



62 plasma instabilities and hard probes

q0

iγ

(a)

q0

iγ

(b)

Figure 3.3: Branch cuts in a retarded propagator. Fig. 3.3a is the conventional choice for the

branch cut while Fig. 3.3b is our choice to enforce a separation of scales. With our

choice poles on the the second Riemann sheet appear, see the lower half plane in Fig.

3.3b.

Im a < 0, Re a ∼ gΛ. This means that modes present in the initial conditions have had

time to decay and we are only left with instability modes and fluctuating modes sourced

by the hard particles.

The use of these controlled approximations allows us to evaluate Eq.(3.33). The de-

tailed calculation can be found in Appendix B. It relies on inserting principal values, just

like in Eq. (3.15), and evaluating the integrals term by term using the residue theorem.

The result is that

Drr(x, y) ≈
∫ dk

2π
D̂ret(k)Πaa(k) D̂adv(k) e−ik(x−y)

+∑
i

∫ dk
2π

Ai

k− iγi
Πaa(k) D̂adv(k)

(
e−ikx − eγix

)
eiky

+∑
j

∫ dk
2π

D̂ret(k)Πaa(k)
A∗j

k + iγj
e−ikx

(
eiky − eγjy

)
+∑

i,j

∫ dk
2π

Ai

k− iγi
Πaa(k)

A∗j
k + iγj

×
(

e−ikx − eγix
) (

eiky − eγjy
)

.

(3.37)

The first term comes from fluctuating modes which are sourced at each instant by hard

quasiparticles. This term has no information about the initial time since it only depends

on the time difference x− y. It has the same structure as the usual expression for the rr

correlator in momentum space, see Eq. (2.39). The last term comes from the instability

modes in Eq. (3.35) and has explicit dependence on the time x and y. It contains fac-



3.4 rr correlator and instabilities 63

tors with explicit exponential growth eγix and eγjy. Finally, the two terms in the middle

correspond to cross-terms between fluctuating and instability modes.

Eq. (3.37) can be understood in a simple way. We can write the rr propagator as

Drr(x, y) =
∫

dw
∫

dz Dret(x, w)Πaa(w, z)Dadv(z, y)

=
∫

dw
∫

dz
∫ dk

2π
Dret(x, w) e−ik(w−z) Πaa(k)Dadv(z, y)

(3.38)

where we have Fourier transformed Πaa and omitted dependence on the three-momentum.

A mode in the retarded propagator with energy E and decay rate Γ is

Dret(x, w) ∼ θ(x− w)e−iE(x−w)−Γ(x−w) (3.39)

in the time domain. In thermal equilibrium, or more generally a system with initial time

t0 = −∞, this mode contributes∫ x

−∞
dw e−ikwe−i(E−iΓ)(x−w) =

ie−ikx

k− E + iΓ
(3.40)

to the rr propagator in Eq. (3.38). However, in a system with initial time t0 = 0, it

contributes∫ x

0
dw e−ikwe−i(E−iΓ)(x−w)

=
i

k− E + iΓ

[
e−ikx − e−i(E−iΓ)x

]
.

(3.41)

where the integration limits have changed. This expression does not have a pole at k =

E− iΓ since a pole can strictly speaking only form after an infinite time of propagation.

More generally, a mode k = b of the retarded propagator contributes

1
k− b

(
e−ikx − e−ibx

)
(3.42)

to the rr propagator. For an instability pole b = iγ this is

1
k− iγ

(
e−ikx − eγx

)
(3.43)

and the term eγx must be included, as in Eq. (3.37). However, for a fluctuating mode with

b ∼ gΛ, our approximations have shown that the term e−ibx can be dropped. Effectively,

the fluctuating modes quickly forget about the initial conditions because they decay

quickly and because we can ignore artificial oscillations that arise because of the finite

initial time. Thus the contribution of a fluctuating mode to Eq. (3.37) is simply

1
k− b

e−ikx. (3.44)
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β

k

Figure 3.4: The contour β used to derive the rr propagator in Eq. (3.46). The pole in the upper

half plane corresponds to γi and the pole in the lower half plane corresponds to γj.

Eq. (3.37) can be written in a different and illuminating way by using a few further

approximations. The last term in Eq. (3.37) has no poles so the k integral can be written

with an alternative contour β, see Fig. 3.4. This contour goes along the real line and

above all instability poles of Gret in the upper half plane and below all instability poles

of Gadv in the lower half plane. A simple calculation with the residue theorem then gives

∑
i,j

∫
β

dk
2π

Ai

k− iγi
Πaa(k)

A∗j
k + iγj

(
e−ikx − eγix

) (
eiky − eγjy

)
=

AiΠaa(0)A∗j
γi + γj

[
eγixeγjy − θ(x− y)eγi(x−y) − θ(y− x)eγj(y−x)

]
.

(3.45)

We can ignore all poles of Πaa
4 and write Πaa(ai) ≈ Πaa(a∗j ) ≈ Πaa(0) using branch

cuts that avoid the region k ≪ gΛ. Furthermore, in Eq. (3.37) cross-terms between fluc-

4 This is justified as follows: Let’s write Πaa as A/(k − B) where B ∼ gΛ is a pole and A is the residue.

After doing the contour integral, the pole B will give A/(B− ai)(B− a∗j ) ∼ A/(g2Λ) while an instability

pole will give A/(ai − B)(ai − a∗j ) ∼ A/ξg2Λ which is much larger.
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tuating and instability modes can be omitted as the oscillation in the fluctuating modes

dominates over the growth in the instability modes.5 The final result is that

Dµν
rr (tx, ty; k) ≈

∫ dk0

2π
e−ik0(tx−ty)

×
[

D̂ret(k0; k)Πaa(k0; k) D̂adv(k0; k)
]µν

+ ∑
i,j

[
AiΠaa(0)A∗j

]µν

γi + γj

[
eγitx eγjty − θ(tx − ty)eγi(tx−ty) − θ(ty − tx)eγj(ty−tx)

]
.

(3.46)

which is a central result of this chapter. This is the first derivation of the rr propagator

in an unstable plasma.

It is easy to understand the result in Eq. (3.46) for the occupation density of soft gluons

in an unstable medium. The first term comes from fluctuating modes. It only depends

on the time difference tx − ty and has no information about the initial time. For the

anisotropic momentum distribution in Eq. (2.36), the correlators Dret, Dadv are identical

to our result in Eq. (3.18) except that instability poles have been subtracted. Furthermore,

Πaa comes from Eq. (2.52) and describes the rate of soft gluons emission by anisotropic

hard particles. The contribution of these fluctuating modes to jet parton momentum

broadening is

C(q⊥) = g2CF

∫ dq0dqz

(2π)2 D̂µν
rr (Q)vµvν 2πδ(v ·Q) (3.47)

where

D̂rr = D̂ret(k0; k)Πaa(k0; k) D̂adv(k0; k). (3.48)

The second term in Eq. (3.46) describes instability modes with growth rates γi,j. It

depends explicitly on the times tx and ty. In particular, the term eγixeγjy shows that

the occupation density of the soft gluon field Aµ grows exponentially. As before Πaa

quantifies the rate at which instability modes are sourced and A and A∗ describe the

5 This can be seen in a straight-forward fashion. We consider a term e(id+c)t in which d ∼ gΛ gives oscil-

lations and c ∼ ξgΛ gives exponential growth. Averaging over the time t can be done by introducing an

initial time t0 which we let vary over scale σ ∼ 1/g2Λ. This can be done easily by introducing a Gaussian

width σ for t0, i.e. integrating e(id+c)(t−t0)e−t2
0/2σ2

over t0. This gives a factor e−
1
2 σ2(d2−c2+2icd) which is

heavily suppressed since d≫ c and σd≫ 1. A full field theoretical calculation would give the same result

of exponential suppression.
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polarization of instability modes as they traverse the plasma. This term vanishes at the

initial time tx, ty → 0 when instability modes are not occupied. It is furthermore finite

for slow growth rate γ → 0, the regime where q̂ in our naive calculation diverges, see

Eq. (3.5). The instability part in Eq. (3.46) gives the effect of instability modes on jet

parton momentum broadening. Most importantly, we see that the rate of momentum

broadening goes like e2γT where T is time. Therefore, the rate of momentum broadening

grows exponentially in an unstable plasma. This was explored in more detail for the

idealized case of infinite anisotropy in [104], as well as in numerical simulations in [135].

3.5 fate of instabilities in heavy-ion collisions

We have derived correlators that describe soft gluons in an anisotropic system, see Eqs.

(3.18) and (3.46). Special care was needed for instability modes for which a correct pre-

scription is essential when calculating the rate of energy loss or momentum broadening.

This theoretical analysis is valid in a regime where soft gluons do not have such a high

occupation that their self-interaction becomes dominant.

Ultimately, we are interested in calculating anisotropic momentum broadening in

heavy-ion collisions. Our analysis of fluctuating modes remains correct in that case: The

fluctuating modes are radiated by hard quasiparticles and decay at each instant in the

kinetic and hydrodynamic phases so the detailed history of the medium is not needed.

However, instabilities are sourced right from the beginning of heavy-ion collisions. They

have enough time to enter the non-linear regime where gluon self-interaction is dom-

inant so that during the kinetic or hydrodynamic stages of collisions, the description

of instabilities in Eq. (3.46) is no longer correct. Detailed numerical simulations of the

history of the medium are needed to determine the occupation density and dispersion

relations of the instability modes at these later stages.

There has been much numerical work on the evolution of QCD instabilities in heavy-

ion collisions, as well as in more general setups. The goal with this work was to under-

stand the dynamical evolution of instabilities, as well as to establish whether they can

lead to sufficiently fast isotropization to allow for a hydrodynamic description, see [124,
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136] for an overview. We will review this numerical work, aiming to explain what role

instabilities play in the kinetic theory and hydrodynamic stages we are interested in.

In the simple case of QED plasmas, there are is no self-interaction of gauge fields.

Weibel instabilities in a QED plasma therefore continue to grow exponentially until they

become so strong that hard particles are substantially deflected in the instability pho-

ton field [137]. This isotropizes the hard particle distribution which caps the growth of

instabilities.

In a QCD plasma, it is important to establish whether instability modes stop growing

due to deflection of hard particles like in a QED plasma or due to self-interaction of

the gauge field. Early calculations used a non-linear hard loop framework. This assumes

a separation of scales into hard particles and soft classical fields with instabilities. The

hard particles are described by a Boltzmann equation like in Eq. (2.1) where interaction

of particles is ignored. Writing f (X, p) = f 0(p)+ δ f (X, p) where f 0 is a fixed anisotropic

distribution and δ f ≪ f 0 are fluctuations, leads to

vµ ∂δ f
∂xµ = −F · ∂ f0

∂p
(3.49)

The soft particles are described by classical Yang-Mills equations

DµFµν = jν[δ f ], (3.50)

where the hard current jν depends on the fluctuations δ f . Solving Eqs. (3.49) and (3.50)

together, one can eliminate dependence on the fluctuations δ f . This leads to dynamical

equations for the soft gluons where their non-linear interaction is taken into account,

unlike in the usual HTL formalism. This allows for a much heavier occupation of soft

gluons. These equations can be discretized and solved numerically. They depend on the

momentum distribution f0 of hard particles. Crucially, the distribution f0 is assumed

to be fixed, meaning that this framework does not allow for hard quasiparticles to be

substantially deflected by the soft classical fields. This restricts the range of applicability

of the non-linear hard loop framework.

Early non-linear hard loop calculations in 1 + 1 D suggested that an unstable QCD

plasma evolves similar to an unstable QED plasma, with isotropization of hard quasi-

particles stopping the growth of instability fields [138, 139]. These calculation assumed

homogeneity in the transverse plane so that variables only depended on the beam axis
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(a) Time evolution in a 1 + 1 D simulation. The transverse mag-

netic field B⊥ grows exponentially which triggers exponen-

tial growth in Bz and Ez due to non-linear effects. Around

m∞t ∼ 40 a different growth rate sets in as the fields Abelian-

ize. The black curve is the total energy density in soft gluons.

(b) Time evolution in a 3 + 1 D simulation. The qualitative be-

haviour is similar to the 1 + 1 D until exponential growth

stops due to non-linear effects.

Figure 3.5: Time evolution of energy density of different chromoelectric and chromomagnatic

modes in non-linear hard loop calculations [138].
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z and time t.6 The simulations found an initial exponential growth in the transverse

chromomagnetic field B⊥ at the rate γ predicted by linear HTL, see Fig. 3.5a. This is the

regime described by our results in Eqs. (3.18) and (3.46). Other components, namely Bz

and Ez, depend on B⊥ due to the non-linear Yang-Mills equations and start to grow at

twice the rate once B⊥ is sufficiently occupied. Once these different components become

comparable in strength, exponential growth resumes at a different rate. This last regime

of exponential growth was explained qualitatively in [140] by showing that an 1 + 1 D

effective Lagrangian of the gluon field is minimized by Abelian configurations of the

gluons, i.e. configurations where Aµ commutes with itself. Thus the gluons become ef-

fectively Abelian and the exponential growth continue like for photons in QED. This is

supported by measuring the observable [141]

C =
3√
2

[
1
V

∫
d3x

{
([jx, jy])2 + ([jy, jz])2 + ([jz, jx])2}]1/2

1
V

∫
d3xj2

(3.51)

which vanishes for an effective Abelian colour configuration and becomes 1 for a non-

Abelian colour configuration where ji are all randomly distributed in colour space. In 1+

1 D simulations, this observable drops nearly to zero during the last stage of exponential

growth, see Fig. 3.6.

Later calculations in 3 + 1 D, in which dynamics in the transverse plane is included,

gave a qualitatively different picture. In Fig. 3.5b different components of the chromo-

magnetic and chromoelectric fields are shown with time. Like in 1 + 1 D there is initial

exponential growth captured by the analytic growth rate, and a brief interval where the

growth slows down as non-linear effects set in. However, after that exponential growth

stops and one simply gets slow, linear growth due to non-linear effects [138, 141]. This

linear growth has been explained by a cascade which transfers energy from the IR to the

UV of soft modes, similar to turbulence in hydrodynamics [142, 143]. Therefore, abelian-

ization does not take place in more realistic 3 + 1 D simulations and instability modes

nearly saturate. This conclusion is supported by measuring the observable C from Eq.

(3.51), see Fig. 3.6. There is a brief window of abelianization but non-Abelian effects are

important at later times and stop the exponential growth of soft modes.

6 This is justified if the initial density of soft fields is very low so that it takes a long time for instabilities

to grow and occupation density is dominated by the most rapidly increasing mode which is in the z

direction.
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Figure 3.6: Measurement of C defined in Eq. (3.51) in non-linear hard loop calculations [141].

In 1 + 1 D simulations, the gluons effectively Abelianize around m∞t ∼ 40 while in

3 + 1 D there is a brief period of Abelianization after which a non-Abelian colour

configuration is reached.

A number of further works have explored growth of instabilities in the non-linear hard

loop regime. In [144] it was found that the evolution of instabilities in the correct SU(3)

gauge theory is qualitatively similar to evolution in SU(2) theory. Increasing the momen-

tum space anisotropy, the authors of [145] did not find saturation in instability growth,

but with more realistic initial conditions of strong fields, a linear growth regime seems

to set in like at small anisotropy [146]. To make calculations even closer to heavy-ion

collisions, simulations have been performed in a longitudinally expanding background

[147, 148] where collisionless expansion of hard particles is assumed. Such work found

continued exponential growth, both in 1 + 1 D [149] and in 3 + 1 D [150], similar to the

case of a static system with a large momentum anisotropy.

Despite offering insight into the dynamics of QCD instabilities, work in the non-linear

hard loop regime does not capture the physics of heavy-ion collisions. This is partially be-

cause the initial conditions in many of these works is not in accordance with the glasma

initial conditions of heavy-ion collisions and also because they lack longitudinal expan-

sion. More importantly, hard loop calculations ignore the backreaction of soft modes on
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hard modes and thus can only be trusted for a short time. This is partially remedied

by Wong-Yang-Mills calculations which include the dynamics of hard, classical particles

through the Wong equations [151], see [152] for details on numerical implementation. In

[153, 154] Wong-Yang-Mills simulations for an anisotropic QCD plasma showed quali-

tatively similar results to hard loop calculations, namely initial exponential growth ar-

rested by non-linear effects and followed by a cascade of energy to UV modes. These

calculations furthermore saw isotropization due to backreaction on hard particles.

The most serious problem however with hard-loop calculations, as well as Wong-Yang-

Mill simulations, is the assumptions that degrees of freedom can be neatly separated

into long-wavelength fields and hard particles. For instance, in the UV cascade seen in

hard-loop calculations, energy in the classical fields is transferred to modes with energy

comparable to hard particles. However, there is no way of converting classical fields at

that energy scale into particles [154]. This is remedied by classical-statistical calculations

which provide the most up-to-date analysis of instabilities in heavy-ion collisions.

Classical-statistical calculations only include classical fields. This is justified in the

early stages of heavy-ion collisions where energy density is dominated by soft gluons.

The gluon fields are discretized on a lattice and obey the Yang-Mills equations of mo-

tion. Initial conditions are sampled from a statistical distribution coming from glasma

physics. Early work considered classical-statistical field theory in a non-expanding box

with anisotropic initial conditions [155, 156]. The results where strikingly similar to hard-

loop calculation and Wong-Yang-Mills calculations with initial exponential growth in B⊥,

followed by faster growth in other components, and isotropization of instability modes.

Building on this, [47, 157, 158] included longitudinal expansion in classical-statistical

simulations to describe glasma evolution in heavy-ion collisions, see also [159, 160] for

similar work. In these calculation boost invariance was broken by adding fluctuation in

chromoelectric field that respect Gauss’ law. This generates instabilities whose growth

saturates due to non-linear interaction.

More recent classical-statistical calculations [161, 162] give the most up-to-date analy-

sis of isntabilities in heavy-ion collisions. They evolve gluon fields for a longer time than

all previous work, providing new information for behaviour at later times. They further-

more include all the physical aspects of heavy-ion collisions, such as realistic glasma
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initial conditions and longitudinal expansion. The early evolution is similar to previous

calculations: primary instabilities in B⊥ generate faster growing unstable modes in other

field components due to non-linear interaction until a stage of a UV cascade is reached.

This work was however able to provide a more detailed study of the UV cascade for a

longer time. The cascade is captured by a self-similar evolution where the momentum

distribution of classical excitations at proper time τ is

f (p⊥, pz, τ) = (Qτ)α fS

(
(Qτ)β p⊥, (Qτ)γ pz

)
. (3.52)

The numerically extracted exponents α, β, γ can be theoretically predicted assuming

energy and number conservation as well as dominance of small-angle scattering [162].

Crucially, the cascade is a non-thermal fixed point, meaning that a wide range of dif-

ferent initial conditions with different details of instability growth, all converge towards

the evolution in Eq. (3.52). 7 At late enough times, occupation density drops to ∼ 1 and

classical calculations can no longer be trusted. This is the regime where kinetic theory

simulations become important.

3.6 phenomenological prescription for the collision ker-

nel

Numerical work on instabilities provides a coherent picture of their role in heavy-ion

collisions, assuming a medium with not too strong coupling. After the initial collision

in which a glasma of highly occupied soft gluons is formed, the breaking of boost in-

variance generates instabilities. After a short period of exponential growth, followed by

non-linear interaction, a cascade towards higher energy modes begins. The most recent

work has shown that this cascade is a non-thermal fixed point which is reached by a

wide variety of initial conditions. Therefore, detailed information about the instability

modes is forgotten.

We are interested in describing the plasma produced in heavy-ion collision during

the kinetic theory and hydrodynamic stages. Just as in Sec. 3.4, we can separate the soft

7 The same non-thermal fixed point dominates the dynamics of highly occupied, longitudinally expanding

scalar field theory with initial instabilities [163, 164]. Further fixed points in other momentum regimes and

at even later times have been identified [165], as well as in other theories [166, 167].
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gluon modes into ultrasoft modes at energy ≪ gΛ and fluctuating modes at energy

gΛ. Once the kinetic theory or hydrodynamic stages have been reached, ultrasoft modes

have become saturated and there is no exponential growth from instability modes. The

dispersion relations of ultrasoft modes are therefore completely different from the dis-

persion relation of the original instability modes and their occupation density must be

determined in simulations.

In this work, we will focus on the physics of the fluctuating modes at energy gΛ and

their contribution to momentum broadening. These modes are sourced by hard quasipar-

ticles in the system at each instant. Since they are sourced and decay rapidly, their density

only depends on the instantaneous momentum distribution of hard quasiparticles f (p),

as we calculated in Sec. 2.3. We will subtract ultrasoft modes, including instability modes

which dominate the first instances of heavy-ion collisions. Using this phenomenological

prescription, we can get consistent, finite answers for momentum broadening due to

fluctuating modes in the plasma.

This prescription relies on two assumptions. Firstly, we assume that fluctuating modes

are well described by non-equilibrium HTL effective theory. This is a reasonable expec-

tation as non-linear interaction of fluctuating modes is suppressed relative to interac-

tion with hard modes. Furthermore, interaction between fluctuating modes and ultra-

soft modes can be ignored if the occupation density of ultrasoft modes is not extremely

high.8 This expectation is furthermore supported by recent classical-statistical simula-

tions. Intriguingly, they show that in the vicinity of non-thermal fixed points, isotropic

systems reach a HTL-like separation of scales where correlators in the soft sector are

well described by a HTL ansatz [168]. This provides clues that HTL becomes a good

approximation early on in heavy-ion collisions and arises dynamically.

The second assumption we make is that occupations density of ultrasoft modes during

the kinetic theory and hydrodynamic stages of heavy-ion collisions is not high enough to

substantially alter momentum broadening. The extent to which this is correct is a ques-

tion of details, as different setups in simulations give different occupation densities for ul-

trasoft modes. As mentioned, the non-thermal fixed point in isotropic classical-statistical

simulations is well described by HTL effective theory [168]. Nevertheless, in that setup

8 The interaction between fluctuating and ultrasoft modes is suppressed by the small region of phase space

occupied by ultrasoft modes, as well as the momentum dependent vertices.
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there are certain probes, such as heavy-quark diffusion, that are extremely sensitive to

the deep IR and for which HTL needs to be complemented by a description of ultrasoft

modes [169]. Further studies are needed to establish whether non-HTL ultrasoft modes

are important for the collision kernel for momentum broadening in heavy-ion collisions.

In such a case, our calculation of the collision kernel C(p⊥) gives a correct description

for transverse momenta p⊥ ∼ gΛ but must be complemented at lower momenta. In prin-

ciple, the collision kernel at lower momenta could be measured in classical-statistical

simulations, by using the definition of the kernel in terms of Wilson lines [170]. How-

ever, the applicability of such results for the kinetic theory and hydrodynamic stages is

unclear as the occupation density of hard modes during those stages is not high enough

to warrant the assumption of classical fields, central to classical-statistical simulations.
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4.1 dependence on ωcut

The anisotropic collision kernel C(q⊥) is a complicated function. It depends on medium

properties like the anisotropy of the medium defined in Eq. (2.36) and the hard scale Λ. It

also depends on the momentum direction of the jet parton which is being broadened. We

specify the jet parton direction through the angle θ between the anisotropy vector n and

the parton momentum k, see Fig. 4.1. Since the medium is symmetric under n→ −n, we

only need to consider 0 ≤ θ ≤ π/2. The collision kernel furthermore depends on both

the magnitude and the direction of the transverse kick p⊥. We specify the direction of

the kick in the jet’s transverse plane by an angle ϕ, defined to be 0 when it is in the plane

spanned by n and k. In what follows, we assume a QCD plasma with three flavours of

massless quarks.

Before studying how the anisotropic collision kernel depends on medium properties

and the jet direction, we must clarify our prescription for subtracting away ultrasoft

k̂

n
θ

Figure 4.1: Definition of θ which specifies the jet parton direction. The vector n specifies the

principal direction of the momentum distribution of hard quasiparticles while k̂ is

the momentum direction of the jet parton.
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modes. As explained in Sec. 3.6, we separate the gluon modes into ultrasoft instability

modes with energy ∼ ξ3/2gΛ whose density depends on the history of the medium, and

fluctuating modes with energy ∼ gΛ which are continually sourced by hard particles in

the medium. This is done by imposing a cut ωcut, where

ξ3/2gΛ≪ ωcut ≪ gΛ. (4.1)

We focus on fluctuating modes and subtract ultrasoft modes. We do this by locating

numerically all poles with frequency |ω| < ωcut in the retarded propagator and subtract

their contribution from the propagator. Specifically, in either Eq. (2.76) or Eq. (2.77) which

we denote as 1/A(ω), we find all poles ω = iγ below the cut ωcut. Using

1
A(ω)

=
1

A(ω)
(ω−iγ) (ω− iγ)

=
1

A(ω)−
(

A(ω)
ω−iγ

)2 −
1

(ω− iγ) − A(ω)
ω−iγ

1
ω− iγ

(4.2)

we drop the second term in the last line which contains the instability pole and replace

1/A(ω) by

1

A(ω)−
(

A(ω)
ω−iγ

)2 . (4.3)

This term has no pole at ω = iγ because

A(ω)−
(

A(ω)

ω− iγ

)2

=
A(ω)

ω− iγ

[
ω− iγ− A(ω)

ω− iγ

]
(4.4)

where A(ω)
ω−iγ is finite everywhere and non-zero at ω = iγ.

As explained in Sec. 3.4, we must choose a branch cut in the retarded self-energy

which avoids the ultrasoft region of ω ∼ ξ3/2gΛ, see Fig. 3.3. Choosing such a branch

cut reveals poles in the lower half complex plane on the second Riemann sheet. These

poles are very slowly decaying modes corresponding to Landau damping at finite mo-

mentum.1 Our prescription is to subtract all instability poles in the upper half complex

plane which gives exponential growth, as well as all poles in the lower half plane on the

1 In thermal equilibrium, Landau damping modes with ω ≈ 0 only occur for q ≈ 0. In an anisotropic

medium, some of these Landau damping modes move to the upper half complex plane and become

instability poles. This creates damping modes with ω ≈ 0 at finite q, see Fig. 4.2



78 momentum broadening in an anisotropic plasma

γ

q

|ωcut|

Figure 4.2: In our phenomenological prescription, all modes ω = iγ with γ ≥ 0 and with 0 >

γ > |ωcut| are subtracted. These modes are depicted as red in the figure.

second Riemann sheet which have |ω| < ωcut, see Fig. 4.2. The subtracted poles in the

lower half plane evolve slowly and are sensitive to soft gluon self-interaction, just like

instability poles in the upper half plane. Their subtraction is furthermore necessary to

respect the separation of scales between fluctuating modes and ultrasoft modes.

In order to find poles numerically on the second Riemann sheet we must have ana-

lytic expressions for Πret on that sheet, obtained by analytically continuing Πret from

the upper half complex plane. For this purpose, the expressions in Eqs. (2.64) to (2.72)

which have one remaining numerical integral are not sufficient.2 For the purposes of

this subsection where we explore the dependence on ωcut, we will therefore use analytic

expression for the Πret, derived in [115, 118] assuming that ξ ≪ 1. For all other compo-

nents of Drr we use full expressions and in later subsections we will use full expressions

for Πret as well, valid for all values of ξ.

It is important to check how sensitive the collision kernel is to the exact value of the mo-

mentum cut ωcut we impose. The growth rate of instability modes scales as γ ∼ ξ3/2gΛ

[128] where the maximal growth rate of the modes in Eq. (2.76) is γmax ≈ 0.15 ξ3/2gΛ.

Thus a reasonable value for the cut between modes in the lower half plane we subtract

and fluctuating modes is

ωcut = acut ξ3/2gΛ (4.5)

2 To analytically continue a function f (z) =
∫
C

dw
2πi F(z, w) defined for certain z, it is incorrect to simply

analytically continue the integrand F(z, w). This is easily seen when F(z, w) = 1/(w− z) and C is a circle

around 0 with radius 1. For z inside the circle, we get f (z) = 1 which easily analytically continues to

the whole complex plane. However, analytically continuing F(z, w) and performing the w integral gives 0

when z it outside the circle.
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(a) Anisotropy ξ = −0.1, jet direction θ = π/2
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Figure 4.3: Dependence of transverse momentum broadening p2
⊥C(p⊥) on momentum cutoff

ωcut for two different jet directions. Evaluated for ξ = −0.1. The black curve corre-

sponds to the equilibrium result. For ξ < 0 at π/4 < θ ≤ π/2, and for ξ > 0 at

0 ≤ θ < π/4, there is similarly little cutoff dependence. The quantity acut is defined

in Eq. (4.5).
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with the number acut ∼ 0.1− 0.5. We will always subtract instability poles in the upper

half plane corresponding to exponential growth, see Fig. 4.2.

The dependence of the collision kernel on ωcut is modest for a wide range of values

of the anisotropy ξ and the jet direction θ. For instance, we show in Fig. 4.3 the amount

of momentum broadening p2
⊥C(p⊥) at small negative anisotropy of ξ = −0.1 and two

values of θ. The dependence on ωcut is mild and of course only existent for low values

of p⊥ since instabilities are only present at low momenta. The dependence is similarly

mild for jet direction π
4 < θ ≤ π

2 when ξ < 0 and for jet direction 0 ≤ θ < π
4 when ξ > 0.

For some other values of ξ and θ there is greater dependence on the value of the cut.

This can be seen in Fig. 4.4. Similar qualitative behaviour can be seen for jet direction

0 ≤ θ < π
4 when ξ < 0 and for jet direction π

4 < θ ≤ π
2 when ξ > 0.

The physical difference between Figs. 4.3 and 4.4 comes from long-wavelength modes.

Even though we cut away ultrasoft modes there remain slowly-decaying modes with

dispersion relations ω = −iγ where γ ≳ ωcut. These poles are close to the instability

regions and arise in the part of the retarded propagator given by Eq. (2.76). For some

values of the jet momentum, these modes are transverse to the jet and can thus impart

a great deal of momentum to a jet parton before they decay after a fairly long time. A

detailed analysis of the location of these poles, see [118], shows that such poles appear

for values of ξ and θ described in Fig. 4.4.

Using our earlier calculation, we can easily get an analytic estimate for the dependence

on ωcut in the presence of slowly-decaying modes with momentum transverse to the jet

parton, like in Fig. 4.4. In Eq. (3.6) we showed that

q̂ ∼ g4Λ3ξ3/2 log
(√

ξδ
)

(4.6)

where we introduced a cutoff around the region of instabilities q⊥ ≳
√

ξm0 + δm0 after

a suitable redefinition of variables. As there is a liner relation between δ and our cutoff

ωcut we get that

q̂ ∼ g4Λ3ξ3/2 log ωcut (4.7)

This shows that the dependence on the cut ωcut is logarithmic and thus fairly mild.

Furthermore, the coefficient in front is ξ3/2 which is smaller than the typical correction
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(a) Anisotropy ξ = −0.1, jet direction θ = 0
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Figure 4.4: Dependence of transverse momentum broadening on momentum cutoff for two other

values of jet direction. For ξ < 0 at 0 ≤ θ < π/4 and for ξ > 0 at π/4 ≤ θ ≤ π/2, the

cutoff dependence is similar to these figures with more dependence than in Fig. 4.3.
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O(ξ) due to anisotropy. This small overall coeffcient is due to the small region of phase

space in which instabilities are found.

A full calculation of the collision kernel requires information not only on the fluctuat-

ing modes which we evaluate, but also the occupation density and dispersion relation

of ultrasoft modes below ωcut at certain time in the evolution of the quark-gluon plasma.

Having such information on ultrasoft modes would cancel all dependence on ωcut. This

can for example be seen in Eq. (4.7) where the logarithmic dependence on ωcut would

drop out as the physical description is continuous. Including ultrasoft modes is clearly

relevant for values of ξ and θ which are highly sensitive to ultrasoft modes like in Fig.

4.4. However, for values of ξ and θ where there is less sensitivity to ωcut, as in Fig. 4.3, we

believe that our calculation is consistent and that dependence on ultrasoft modes will be

more limited given the small region of phase space they occupy. We will focus on such

values of ξ and θ in the rest of this section and choose ωcut = 0.0 for simplicity.

4.2 dependence on anisotropy and jet direction

Momentum broadening is qualitatively different in an anisotropic medium, compared

with an equilibrium medium. In Fig. 4.5 we show momentum broadening for a jet trav-

elling in the direction of the anisotropy vector, θ = 0, in a medium with ξ > 0. There

is substantial reduction in the rate of broadening, especially at low and intermediate

transverse momenta. This reduction is due to increased screening in the medium and

means that C(p⊥) ∼ O(1) at small momenta while in equilibrium C(p⊥) ∼ O(1/p2
⊥).

A substantial reduction is seen even for relatively small values of anisotropy. A qual-

itatively similar picture is seen for a jet parton travelling transverse to the anisotropy

vector, θ = π/2, in a medium with ξ < 0, see Fig. 4.6. As the medium becomes more

anisotropic, screening increases and medium broadening is reduced. Medium effects are

less important for higher momentum gluons which propagate nearly like in vacuum,

meaning that there is little difference between the equilibrium and anisotropic kernel

at higher momenta. We have furthermore explored the dependence on the jet direction

which is seen to be fairly mild, see Fig. 4.7.
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Figure 4.5: Transverse momentum broadening of a parton travelling in the direction of the

anisotropy vector, θ = 0, in a medium with positive anisotropy. Additional screen-

ing leads to less broadening as the anisotropy is increased.

The collision kernel in Figs. 4.5 and 4.6 incorporates a great deal of physics. It depends

on the rate of hard quasiparticles radiating soft gluons, including the angular distribu-

tion of the radiated gluons due to medium anisotropy. The collision kernel furthermore

depends on the details of how soft gluons propagate in the medium while continuously

interacting with quasiparticles. Our numerical calculations show that the most impor-

tant effect in an anisotropic medium is increased screening of chromomagnetic modes.

Very heuristically, one can imagine that the term 1/q2
⊥ in Eq. (2.35) for the equilibrium

collision kernel gets screening with angular dependence and becomes 1/(q2
⊥+m2(ξ, θ)).

This leads to qualitatively different behaviour at low momenta q⊥. In particular, q2
⊥C(q⊥)

is finite as q⊥ → 0 in equilibrium but goes to zero in that limit in an anisotropic medium.

In an isotropic non-equilibrium plasma, one can obtain an exact, analytic expression

for the collision kernel at leading order. This is because there are only longitudinal and

transverse gluon modes which commute, allowing one to apply a sum rule from [82],

see [81] for further details. One gets a analogous expression to the equilibrium case, see

Eq. (2.35), with

Ciso(q⊥) = g2CFT∗

(
1

q2
⊥
− 1

q2
⊥ + m̃2

D

)
(4.8)
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Figure 4.6: Transverse momentum broadening of a parton travelling perpendicularly to the

anisotropy vector, θ = π/2, in a medium with negative anisotropy. As in Fig. 4.5,

additonal screening in an anisotropic medium leads to less broadening.
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Figure 4.7: The collision kernel for some different values of the angle θ between the jet parton

momentum and the anisotropy vector of the medium. Evaluated with ξ = −0.2.
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where the non-equilibrium Debye mass is

m̃2
D = 2

∫ d3p
(2π)3p

[
2N f fq(p) + 2Nc fg(p)

]
(4.9)

and T∗ is an effective temperature given by

T∗ =
1
2

∫ d3 p
(2π)3

[
2N f fq(p)(1− fq(p)) + 2Nc fg(p)(1 + fg(p))

]
∫ d3 p

(2π)3 p

[
2N f fq(p) + 2Nc fg(p)

] . (4.10)

The isotropic result in Eq. (4.8) has been used in effective kinetic theory simulations

[52, 53] which bridge between glasma physics and relativistic hydrodynamics. There the

isotropic kernel is also used for anisotropic momentum distributions. Then it is simply an

ansatz with the effective temperature and non-equilibrium Debye mass defined through

Eqs. (4.9) and (4.10) for a general momentum distribution f (p) [171, 172]. It is interesting

to compare this isotropic ansatz with our full result for the anisotropic collision kernel.

Two representative plots are shown in Fig. 4.8, where the isotropic ansatz has been eval-

uated using the momentum distribution in Eq. (2.36). We see that the isotropic ansatz

does not capture the qualitative behaviour of the full result since it lacks the additional

screening in an anisotropic medium. The substantial difference between our anisotropic

kernel and the isotropic ansatz can lead to differences in the rate of one-to-two quasi-

particle scattering. Thus, using a full anisotropic collision kernel could lead to different

results in kinetic theory simulations.

4.3 directional dependence in momentum broadening

In an anisotropic quark-gluon plasma, momentum broadening has directional depen-

dence. In other words, the collision kernel C(p⊥), which describes momentum broaden-

ing transverse to a parton’s direction of motion, depends not only on the magnitude of a

transverse kick p⊥ but also on its direction. This can be quantified by evaluating the total

transverse broadening in different directions in the transverse plane. This is quantified

by

q̂ij =
∫ d2q⊥

(2π)2 p⊥i p⊥j C(p⊥). (4.11)
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Figure 4.8: Comparison of our anisotropic collision kernel with the isotropic ansatz in Eq. (4.8)

and the equilibrium result. The isotropic ansatz does not capture the physics of the

anisotropic kernel.
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The matrix q̂ij is real and symmetric, so one can always find orthogonal axes x and y

which diagonalize the matrix so that q̂xy = 0. The total momentum broadening from Eq.

(2.23) is then q̂ = q̂xx + q̂yy. For the momentum distribution in Eq. (2.36), one principal

axis is in the plane spanned by the jet direction and the anisotropy vector n, with the

other one being orthogonal.

The transport coefficients for momentum broadening defined in Eq. (4.11) are UV

divergent. This is because for high momenta the collision kernel scales as C(p⊥) ∼ 1/p4
⊥,

giving a logarithmic divergence. Thus a radial UV cutoff is needed. This cutoff depends

on the process being studied. For collinear radiation, it can be estimated as

qmax ∼ gΛ(E/Λ)1/4. (4.12)

where E is the energy of the jet parton and Λ is the hard medium scale [79]. Roughly

speaking, in collinear radiation transverse kicks below qmax are frequent enough to be

described by momentum diffusion, while transverse kicks above qmax are infrequent and

must be described individually. The scaling relation in Eq. (4.12) becomes better as the

energy of the jet E increases.

There have been a number of works measuring q̂ in simulations of QGP, as well as

momentum broadening of heavy quarks. These include HTL simulations with kinetic

theory for hard quasiparticles and classical field theory for soft gluons, which assume

thermal equilibrium [135, 173], as well as work in the colour-glass condensate [174–177].

Heavy-quark diffusion has also been measured in classical-statistical field theory [169].

Our work differs in that it is not tied to the detailed setup of a simulation. Instead we

have analyzed fluctuating modes in a non-equilbrium plasma described by HTL effective

theory, where the fluctuating modes only depend on the momentum distribution of hard

particles. We note that [178] considered how temperature and density gradients in local

thermal equilibirum affect momentum broadening, working in an opacity expansion and

using a simple model for the medium as composed of massive particles.

Figs. 4.9 and 4.10 show total momentum broadening in an anisotropic HTL plasma,

using our calculation of C(p⊥). Fig. 4.9 shows momentum broadening of a parton trav-

elling in the direction of the anisotropy vector θ = 0 in a medium with ξ ≥ 0. In this

case q̂xx = q̂yy. For a jet parton with fairly high energy, E ∼ 100Λ or qmax =
√

10gΛ,

there is a modest reduction of around 15% in momentum broadening due to anisotropy,
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Figure 4.9: Total momentum broadening, q̂xx = q̂yy, in units of g4Λ3 for a parton travelling in the

direction of the anisotropy vector, θ = 0. For a low energy parton there is substantial

reduction due to anisotropy while for an energetic jet parton there is moderate reduc-

tion.
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Figure 4.10: Momentum broadening in units of g4Λ3 for a parton travelling perpendicularly to

the direction of the anisotropy vector, θ = π/2. We assume a medium with ξ < 0.

For a low energy parton there is moderate reduction in momentum broadening due

to anisotropy as well as angular dependence.
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see Fig. 4.9a. This is because the collision kernel decreases with anisotropy at low and

intermediate momenta as seen in Fig. 4.5 while momentum broadening of a high-energy

jet parton is dominated by high-energy kicks.

For partons at lower energy there is substantially more reduction in momentum broad-

ening. Fig. 4.9b shows momentum broadening for a parton with energy E ∼ Λ, travelling

in the direction of the anisotropy vector. This can either be a jet parton with extremely

low energy, or a medium quasiparticle in kinetic theory. We see a reduction of around

45%. This can be seen as a very rough estimate of the importance of anisotropic correc-

tions to 1-to-2 processes with collinear radiation for quasiparticles in kinetic theory, as

these processes are dominated by momentum broadening. Thus it is clear that anisotropy

can change the rate of such processes substantially.

In Fig. 4.10 we show momentum broadening of a jet parton travelling orthogonally to

the anisotropy vector, θ = π/2. The medium has ξ < 0. In this case q̂xx ̸= q̂yy. There

is less reduction in momentum broadening here because a jet parton travelling in this

direction sees less anisotropic screening. For a jet parton with E ∼ 100Λ there is little

reduction in momentum broadening, see Fig. 4.10a, but for a parton with E ∼ Λ as in

4.10b there is a 20% reduction in q̂xx and a 15% reduction in q̂yy. This shows that the over-

all effect of an anisotropic medium is primarily to reduce momentum broadening due

to increased screening, but also to introduce an angular dependence to the broadening.
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5.1 equations for collinear splitting

Collinear photon and gluon emission including the LPM effect are central processes in

the physics of heavy-ion collisions. Collinear photon production accounts for half of

photons emitted during the QGP stage. Furthermore, the physics of jets is dominated by

medium-induced gluon radiation which is also one of two interaction channels for quasi-

particles in a kinetic theory description of QGP. For consistency, all of these processes

should be evaluated in a non-equilibrium plasma as is found in heavy-ion collisions.

This furthermore allows for extracting non-equilibrium properties of the QGP using jets

and photons.

The rate of collinear radiation of photons and gluons in a non-equilibrium plasma

has not been calculated consistently before. In particular, calculations have not included

non-equilibrium momentum broadening but rather assumed an equilibrium or isotropic

collision kernel C [52, 53]. Our goal is to evaluate non-equilibrium collinear radiation

consistently, using the anisotropic collision kernel from Sec. 4. This is considerably more

involved than the equilibrium or isotropic evaluation due to the angular dependence of

the collision kernel.

P +K P

K

Figure 5.1: Collinear photon emission through bremsstrahlung, including the LPM effect.
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Photon production through collinear radiation is shown in Fig. 5.1. During the radia-

tion, the emitting quark can receive arbitrarily many soft kicks from the medium since

the quark and photon wavepackets overlap for a long time, see Sec. 1.6 for a qualitative

discussion. This diagram can be evaluated, giving that the rate R of emitting photons of

energy k collinearly in a QCD plasma is

k
dR
d3k

=
3Q2αEM

4π2

∫ d3p
(2π)3 F(P + K) [1− F(P)]

pz 2 + (pz + k)2

2pz 2(pz + k)2 2p⊥ · Re f(p; k), (5.1)

see [72, 73], as well as our work in [78] which analyzed these diagrams in detail in

a non-equilibrium medium and did not assume the equilibrium KMS condition. We

have chosen the photon to emitted along the z axis. The quark’s collinear momentum is

pz ∼ Λ after emission and the transverse momentum it gains through kicks is p⊥ ∼ gΛ.

Furthermore

F(P) = fq(p)θ(p0) + (1− fq(p))θ(−p0) (5.2)

gives the momentum distribution of the incoming and outgoing quarks. It is easy to see

that the factor F(P+K) [1− F(P)] corresponds to bremsstrahlung off a quark when p0 >

0, to bremsstrahlung off an antiquark when p0 < −k0 and to pair annihilation of a quark

and an antiquark when −k0 < p0 < 0. Furthermore, Q2e2 = ∑flavour q2 sums over the

different flavours of quarks in the plasma. The factor (pz 2 + (pz + k)2)/(2pz 2(pz + k)2)

describes the hard splitting where a photon is radiated.

The central ingredient in Eq. (5.1) is the function f which quantifies how momentum

broadening modifies coherence between the partons during photon emission. This func-

tion solves the integral equation [73, 78]

2p⊥ = iδE f(p⊥) +
∫ d2q⊥

(2π)2 C(q⊥) [f(p⊥)− f(p⊥ + q⊥)] . (5.3)

The collision kernel C(q⊥) gives the rate of receiving a kick of transverse momentum q⊥

from the medium. Eq. (5.3) both has a loss term and a gain term for these transverse kicks.

Furthermore, δE = k0 + Epsgn(pz)− Ep+ksgn(pz + k) is the phase difference between the

photon and quark after emission, and the quark before emission. Expanding δE using

that e.g. Ep =
√

p2
z + p2

⊥ + m2
∞ ≈ |pz|+ p2

⊥+m2
∞

|pz| , gives that

δE =
k

2pz (pz + k)

(
p2
⊥ + m2

∞

)
(5.4)
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P+K P

K

Figure 5.2: Collinear gluon emission off another gluon, including the LPM effect.

where m2
∞ = 4g2CF

∫ d3 p
2p(2π)3

(
fq(p) + fg(p)

)
is the thermal mass of hard quarks. The

thermal mass depends on the momentum distribution of hard particles. In Eq. (5.3), the

different components of f correspond to different polarization of the emitted photon. In

the absence of medium kicks C = 0 and the single hard splitting gives f = −ip⊥/δE.

This gives vanishing contribution to Eq. (5.1) since f is purely imaginary, confirming

that bremsstrahlung off an on-shell quark is not possible in vacuum. These complicated

equations were first solved numerically in thermal equilibrium in [72], see also [82] for

an alternative numerical evaluation.

The equations for collinear gluon emission by a jet parton or a quasiparticle are similar

to Eqs. (5.1) and (5.3). As an example, the rate of emitting a gluon with energy k by

another gluon with energy p + k, see Fig. 5.2, is given by

k
dΓ
d3k

=
αs

4π2k
ng(p + k)(1 + ng(p))(1 + ng(k))

1
k3J (p, k)

∫ d2h
(2π)2 2h · Re F (5.5)

where ng is the momentum distribution of gluons and

J (p, k) =
p4 + k4 + (p + k)4

8p3(p + k)3 (5.6)

is the splitting function for gluon emission. The function F(h) solves

2h = iδE F +
∫ d2q⊥

(2π)2 C̃(q⊥)
[{

F(h)− F(h + (k + p)q⊥)
}

+
{

F(h)− F(h− pq⊥)
}

−
{

F(h)− F(h− kq⊥)
}]

(5.7)
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Because of different colour factors for gluon emission we use the collision kernel C̃ =

CA
2CF
C. The phase difference is given by

δE =
m2

g

2

(
1
k
+

1
p
− 1

p + k

)
+

h2

2pk(p + k)
(5.8)

where m2
g is the gluon thermal mass. The central difference with respect to photon emis-

sion is that the produced parton can also have momentum broadening which explains

the three different broadening terms in Eq. (5.7). Finally, the transverse momentum h

has been defined as h = kzp⊥ − pzk⊥, see [71] for further information. These equations

were evaluated numerically in equilibrium for jet partons in [80]. We note that the rate of

photon and gluon production has been evaluated at next-to-leading order in [179–181].

There exist a number of other formulations of jet splitting through bremsstrahlung in

a quark-gluon plasma. They are mostly equivalent to each other. The earliest calculations

were performed by Baier, Dokshitzer, Mueller, Peigné and Schiff (BDMPS) [182–184] and

independently by Zakharov using a path-integral formulation [185, 186]. These calcula-

tions have been shown to be equivalent to each other [187, 188]. These calculations in-

cluded the effect of a finite medium and reformulated momentum broadening for high

energy jets as diffusion in the transverse plane using the harmonic-oscillator approxi-

mation, giving analytic results for the rate of splitting.1 However, the work by BDMPS

and Zhakarov assumed a simple model for the collision kernel C [190], while the AMY

rates which we have discussed give a full leading-order calculation of the kernel. Thus

the AMY calculation accurately includes the microscopic details of a weakly-coupled

medium, both through the collision kernel as well as through the inclusion of particle

thermal masses.

Another widely used formulation of jet splitting in a medium is the work of Gyulassy,

Levai and Vitev [191] which assumes a thin medium so that only a finite number of

medium kicks need to be taken into account. This can be seen as an expansion in the col-

lision kernel C in Eq. (5.7) [192]. Such calculations have also been performed for massive

quarks [193]. In our work, we will assume a medium that is thick enough to allow for

arbitrarily many medium kicks during emission.

1 See [189] for a reformulation of the AMY formalism to allow for a finite medium. See furthermore [79,

105] for analytic solutions in the AMY formalism up to next-to-leading order in log(E/T) where E is the

jet parton energy, which correspond physically to the harmonic-oscillator approximation.
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Finally, a completely different treatment of jet splitting was given by Wang and Guo in

[194, 195]. Unlike other calculations which assume on-shell jet partons, their calculation

is for highly virtual partons where medium-induced splitting is a correction to vacuum

radiation in a virtuality-ordered shower. This physics has been implemented in a numer-

ical code called MATTER [196] which describes the early evolution of jets in a medium

when the jet partons are still highly virtual.

5.2 numerical details

The integral equation in Eq. (5.3) can be solved in an anisotropic medium, given the

anisotropic collision kernel C(p⊥) evaluated in Sec. 5. Together with Eq. (5.1) this gives

the rate of collinear photon production, including the LPM effect, in an anisotropic,

non-equilibrium plasma. To solve the integral equation we will use an expansion in a

functional basis, see [72] for the corresponding treatment in equilibrium. The anisotropic

case requires different methods than the isotropic case. This is because in an isotropic

medium the solution of Eq. (5.3) satisfies f(p⊥) = p⊥ f̃ (p⊥) where f̃ only depends on

the magnitude of a transverse kick p⊥, while in an anisotropic medium f need not be in

the direction of p⊥ and has non-trivial dependence on the direction of p⊥.

For the purposes of this thesis we will focus on photon radiation. All of the methods

presented can easily be extended to gluon radiation, which is especially interesting for

gluon bremsstrahlung in kinetic theory. For jet partons the effect of anisotropy will be

much smaller since momentum broadening of a high-energy jet parton is less sensitive

to details of the medium than broadening of partons with energy of order Λ, see Figs.

4.9 and 4.10.

To solve Eq. (5.3), we separate the equations into real and imaginary components.

Writing f = R + iJ, with R and J real, the integral equation becomes

0 = δE R(p⊥) +
∫ d2q⊥

(2π)2 C(q⊥) [J(p⊥)− J(p⊥ + q⊥)]

2p⊥ = −δE J(p⊥) +
∫ d2q⊥

(2π)2 C(q⊥) [R(p⊥)− R(p⊥ + q⊥)]
(5.9)
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The function J(p⊥) is J = −2p⊥/δE ∼ 1/p⊥ at high transverse momentum p⊥. Because

of how slowly J falls off with p⊥ we prefer to use the the function I defined by

J = −2p⊥
δE

+ I. (5.10)

This gives

0 = δE R(p⊥)−
4pz(pz + k)

k

∫ d2q⊥
(2π)2 C(q⊥)

[
p⊥

p2
⊥ + m2

∞
− p⊥ + q⊥

(p⊥ + q⊥)
2 + m2

∞

]

+
∫ d2q⊥

(2π)2 C(q⊥) [I(p⊥)− I(p⊥ + q⊥)]

0 = −δE I(p⊥) +
∫ d2q⊥

(2π)2 C(q⊥) [R(p⊥)− R(p⊥ + q⊥)] .

(5.11)

These are the equations we will solve numerically.2

Eq. (5.11) is naturally expressed using the language of functional analysis. We writeδE Ĉ

Ĉ −δE


R

I

 =

η

0

 (5.12)

where the integral operator Ĉ acts on a function g through

Ĉg :=
∫ d2q⊥

(2π)2 C(q⊥) [g(p⊥)− g(p⊥ + q⊥)] (5.13)

and the function η is defined through

η := Ĉ
[

4pz(pz + k)
k

p⊥
p2
⊥ + m2

∞

]

=
4pz(pz + k)

k

∫ d2q⊥
(2π)2 C(q⊥)

[
p⊥

p2
⊥ + m2

∞
− p⊥ + q⊥

(p⊥ + q⊥)
2 + m2

∞

] (5.14)

To measure the overlap of two functions, we define an inner product in the space of

functions as

(f, g) =
∫ d2p⊥

(2π)2 f(p⊥) · g(p⊥) (5.15)

for functions that decay sufficiently rapidly for the integral to be convergent.

2 For numerical evaluation we furthermore scale the variables with g Λ. In particular, k̃ = k/Λ, p̃z = pz/Λ,

p̃⊥ = p⊥/gΛ, m̃∞ = m∞/gΛ, δ̃E = δE/g2Λ, C̃ = ΛC, and f̃ = gf.
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When soft gluons are emitted by hard quasiparticles with momentum distribution

f (p) = f (−p), the collision kernel obeys C(p⊥) = C(−p⊥).3 Then∫ d2p⊥
(2π)2

∫ d2q⊥
(2π)2 f(p⊥) C(q⊥) [g(p⊥)− g(p⊥ + q⊥)]

=
∫ d2p⊥

(2π)2

∫ d2q⊥
(2π)2 [f(p⊥)− f(p⊥ + q⊥)] C(q⊥) g(p⊥)

(5.16)

which is equivalent to(
f, Ĉg

)
=
(
Ĉf, g

)
. (5.17)

In other words, the integral operator Ĉ is Hermitian with respect to the inner product.

The multiplicative operator δE is furthermore trivially Hermitian. Thus, the total matrix

in Eq. (5.12) is Hermitian which guarantees that the total matrix can be inverted and that

there exists a unique solution R, I of Eq. (5.12).

In order to find the unique solution for the functions R and I, we will expand them

in a basis of functions. In an isotropic system, we have R(p⊥) = p⊥r(p⊥) and I(p⊥) =

p⊥i(p⊥) so that only two scalar functions, r and i, need to be solved for. In the more

general case of an anisotropic plasma I and R have two independent components, giving

a total of four unknown functions. We choose to separate the functions in Cartesian

components, writing

R = Rxx̂ + Ryŷ (5.18)

and

I = Ixx̂ + Iyŷ (5.19)

This naturally decouples the equations in Eq. (5.12) into two sets of equations,δE Ĉ

Ĉ −δE


Rx

Ix

 =

ηx

0

 , (5.20)

and δE Ĉ

Ĉ −δE


Ry

Iy

 =

ηy

0

 (5.21)

3 If f (p) ̸= f (−p) there is a net current in the system. This might e.g. be if one is in a boosted frame relative

to the fluid’s rest frame. We will always choose to work in the fluid’s rest frame.
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which can be solved separately.

We expand the four functions in a an infinite basis of functions. We write

Rx(p⊥) = ∑χ aχϕχ(p⊥)

Ry(p⊥) = ∑χ bχϕχ(p⊥)

Ix(pχ) = ∑χ cχψχ(p⊥)

Iy(pχ) = ∑χ dχψχ(p⊥)

(5.22)

where we allow for different functions for R and I since they differ in how fast they

decay as p⊥ → ∞. Unlike in the case of an isotropic medium where ϕ(p⊥) = ϕ(p⊥),

we have functions in two variables. Taking the inner product from Eq. (5.15) with a test

function ϕ̃ω we can write Eqs. (5.20) and (5.21) as
(δE)ωχ aχ +

(
Ĉ
)

ωχ
cχ = ηx ω(

Ĉ
)

ωχ
aχ − (δE)ωχ cχ = 0

(5.23)


(δE)ωχ bχ +

(
Ĉ
)

ωχ
dχ = ηy ω(

Ĉ
)

ωχ
bχ − (δE)ωχ dχ = 0

(5.24)

with an implicit sum over χ. This is a matrix equation for the coefficients. It can in

principle be solved if we know(
Ĉ
)

ωχ
:=
∫ d2p⊥

(2π)2

∫ d2q⊥
(2π)2 ϕ̃ω(p⊥) C(q⊥) [ϕχ(p⊥)− ϕχ(p⊥ + q⊥)] , (5.25)

(δE)ωχ =
∫ d2p⊥

(2π)2 ϕ̃ω(p⊥) δE(p⊥)ϕχ(p⊥) (5.26)

and

ηω :=
4pz(pz + k)

k

∫ d2p⊥
(2π)2

∫ d2q⊥
(2π)2 ϕ̃ω(p⊥)C(q⊥)

[
p⊥

p2
⊥ + m2

∞
− p⊥ + q⊥

(p⊥ + q⊥)
2 + m2

∞

]
,

(5.27)

In practice, we need to truncate the infinite basis of function to a finite number of func-

tions that approximate R and I well. The finite basis must be chosen wisely so that rapid

convergence is achieved when the number of basis functions grows.
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The collision kernel C(p⊥) can blow up at small p⊥. To have a better handle on this

region, we use radial coordinates for p⊥. Specifically, we write

p⊥ = γ
1− z
1 + z

(cos α, sin α) (5.28)

where α is the angular variable and z ∈ [−1, 1] stands for the radial variable with z→ −1

corresponding to p⊥ → ∞ and z → 1 corresponding to p⊥ → 0. Here, γ = 4.0 is a

numerical coefficient which we choose to make numerical evaluation of integrals as fast

as possible. Using these variables we write χ = (kl) in terms of two indices so that e.g.

ϕχ(p⊥) = ϕ(kl)(p⊥) = (1 + z)4Pk(z)Bl(α) (5.29)

where we separate the radial and angular dependence of Rx. Then e.g.

Rx(p⊥) = ∑
χ

aχϕχ(p⊥)

= ∑
kl

akl(1 + z)4Pk(z)Bl(α).
(5.30)

We have factored out (1 + z)4 since R and I decay at least as 1/p4
⊥ when p⊥ → ∞.

Similarly, we write the test functions as

ϕ̃kl(z, α) = (1 + z)2Pk(z)Bl(α) (5.31)

As η needs to be in the span of ϕ̃kl and η ∼ 1/p2
⊥ as p⊥ → ∞, we can only factor out

(1 + z)2 for the test function.

The functions Pk(z), Bl(α) need to be chosen wisely. Polynomials turn out to give

rapidly oscillating integrals with slow convergence. Therefore, for the radial functions

we choose Gaussians centered at different points,

Pk(z) =

√
N
π

exp

(
−N

(
z− 1 +

2k
N

)2
)

(5.32)

Here k = 0, ..., N for a basis of size N and −1 ≤ z ≤ 1. As N we have more functions,

which are more narrowly spread around different points on the interval. Similarly, we

write the angular functions as

Bl(α) =
M1/6
√

π
exp

(
−M

(
−1 + cos

[
α− 2π

l
M + 1

])2
)

(5.33)
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where l = 0, ..., M for a basis of size M and 0 ≤ α ≤ 2π. This function can be seen as

a reparametrization of Gaussians to give periodic basis functions. The overall normal-

ization constant M1/6 is chosen so that
∫

dαB2
l (α) is approximately constant for a wide

range of values of M.

Having chosen a basis for functions, the integrals in Eqs. (5.25), (5.26) and (5.27) need

to be evaluated numerically. Since C(q⊥) is a complicated general function, integration

over all four variables must be done numerically. We discuss this numerical evaluation in

more detail in App. C. In particular, the expression for
(
Ĉ
)

αβ
expressed in radial coordi-

nates contains rapid oscillations when p⊥ → q⊥ due to the angular variable for p⊥− q⊥

being ill-defined. In App. C, we rewrite the integral to avoid these rapid oscillations.

When these integrals have been evaluated, one can solve for the coefficients aχ, bχ, cχ

and dχ in Eqs. (5.23) and (5.24) giving a good approximation for R and I. Substituting

Re f = R into Eq. (5.1) and performing the remaining integrals numerically then gives

the rate of collinear photon emission in an anisotropic plasma.

5.3 results

In this thesis, we focus on photon emission in an anisotropic medium. The rate of gluon

emission by jet partons is less affected by a medium anisotropy as there is less reduction

in momentum broadening, see Sec. 4.3. We note that the anisotropic correction to gluon

emission by quasiparticles in kinetic theory should be comparable to the anisotropic

correction to photon emission which we evaluate here.

Fig. 5.3 shows our results for the rate of photon production through bremsstrahlung in

an anisotropic medium. We consider a photon travelling in the direction of the anisotropy

vector n and compare the rate for two different values of medium anisotropy, as well

as in thermal equilibrium. As expected, the rate runs over many orders of magnitude

as the number of high-energy quarks is exponentially suppressed, making radiation of

high-energy photons less likely. For easier comparison, we show the ratio between the

anisotropic and equilibrium result in Fig. 5.4. There is a large suppression in the rate as

the anisotropy is increased, especially for higher photon momenta.
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Figure 5.3: Rate of photon production in an anisotropic plasma, k dR
d3k , where k is photon momen-

tum. The rate is given in units of g2Λ2. We consider emission of a photon in the

direction of the anisotropy vector n.
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eq. The rate is substantially reduced by the

anisotropy, especially for higher photon momenta.
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To understand better the suppression in photon production rate seen in Fig. 5.4 as

anisotropy is increased, it is helpful to consider the quantity k dR
d3kdpz

. This gives the rate

of photon production where the momentum of one of the quarks is fixed as |pz|. This

quantity is given by

k
dR

d3kdpz
=

3Q2αEM

8π3 F(P+K) [1− F(P)]
pz 2 + (pz + k)2

2pz 2(pz + k)2

∫ d2p⊥
(2π)2 2p⊥ ·Re f(p; k), (5.34)

see Eq. (5.1). In Fig. 5.5, we show this quantity for pair-annihilation of a quark and an

antiquark, and for bremsstrahlung off a quark, both of which are needed for the overall

rate of photon production. We fix the photon momentum to be k = 5Λ. For sizable

photon momentum like k = 5Λ, pair-annihilation is dominant because bremsstrahlung

requires more energetic quarks which are fewer in number in the plasma.

There are two ways in which medium anisostropy can change the rate of photon pro-

duction, both of which are included in Fig. 5.5. Firstly, the density of soft gluons is

modified, giving a different collision kernel for momentum broadening C(p⊥). This is a

complicated effect. We have shown in Sec. 4 that momentum broadening is reduced in

an anisotropic medium. Intuitively, this reduces the rate of photon production, since the

emitting quark is brought less off shell by medium kicks, meaning that the medium stim-

ulates less splitting. Secondly, medium anisotropy changes the rate of photon production

because the distribution of hard quarks in the medium f (p) is changed. Depending on

the momentum direction, there can be more or fewer quarks emitting a photon, leading

to either an enhancement or reduction in photon production.

It is important to separate these two contributions of anisotropy to photon production.

In Fig. 5.6, we plot the ratio of∫ d2p⊥
(2π)2 2p⊥ · Re f(p; k) (5.35)

in an anisotropic medium and in equilibrium. This factor from Eq. (5.34) isolates the

contribution of the collision kernel to the rate of photon radiation. We see that for pair-

annihilation, an anisotropy of ξ = 0.2 gives a reduction of around 8 % to the rate due to

momentum broadening while the total reduction seen in Fig. 5.5 is around 27 %. Simi-

larly, at ξ = 0.5 the reduction due to momentum broadening is around 13 %, while the

total reduction is about 50 %. In other words, a larger correction due to anisotropy comes
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Figure 5.5: The quantity k dR
d3kdpz

in units of g2Λ for photon momentum k = 5Λ. This gives the

rate of emitting a photon when one quark has fixed momentum |pz|. The upper plot

shows photon production through pair annihilation and the lower plot shows pho-

ton production through bremsstrahlung. In the Feynman diagrams, we omit showing

medium kicks; see Figs. 1.11 and 1.12 for the full diagrams.
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from the momentum distribution of quarks but there is also a sizable correction because

of the anisotropic collision kernel.

A rough calculation explains how the anisotropic collision kernel affects photon pro-

duction. Assuming that the quark transverse momentum p⊥ is much greater than the

typical momentum kick from the medium, we can rewrite Eq. (5.3) as

2p⊥ = i
k

2pz (pz + k)
p2
⊥ f(p⊥)−

q̂
2
∇2 f (p⊥) (5.36)

where we expanded f(p⊥ + q⊥) in q⊥ and defined

q̂ =
∫ d2q⊥

(2π)2 q2
⊥C(q⊥), (5.37)

as usually. This assumption is not rigorously justified for photons but leads to intuitive

results. We put the UV cutoff in q̂ at the typical value of p⊥ ∼ gΛ. Eq. (5.36) has been

much studied, see e.g. [79, 184]. It can be solved analytically, giving that∫ d2p⊥
(2π)2 2p⊥ · Re f(p; k) ∼

(
pz(pz + k)

k

)3/2√
q̂. (5.38)

which can also be seen through dimensional analysis. Therefore, this rough estimate

gives that the rate of photon production goes with the square root of momentum broad-

ening. As an example, results from Sec. 4.3 give that at ξ = 0.5,√
q̂aniso

q̂eq
∼ 0.8, (5.39)

giving an estimate of a 20 % reduction in the rate coming from momentum broadening.

This is a decent estimate of the real reduction of 13 %.

The anisotropic collision kernel allows us to evaluate the rate of emitting photons in

different directions in an anisotropic plasma. We have already shows results for photon

emission in the direction of the anisotropy vector n. For a photon emitted orthogonally to

the anisotropy vector, there is substantially less momentum broadening of the emitting

quark as seen in Sec. 4.3. At ξ = 0.5, we can estimate this reduction to be the same as

the reduction due to momentum broadening when a photon is emitted in the direction

of n, i.e. around a 15 % from the equilibrium rate. Furthermore, the quark momentum

distributions for momentum p orthogonal to the anisotropy vector n is

f (p) =
√

1 + ξ feq(
√

p2 + ξ(p · n)2)

=
√

1 + ξ feq(p).
(5.40)
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Figure 5.6: The ratio of the quantity G :=
∫ d2 p⊥

(2π)2 2p⊥ ·Re f(p; k) in an anisotropic medium and in

equilbrium. This quantifies how important the anisotropic modification to momentum

broadening is for the modification of the overall rate. We assume a photon momentum

of k = 5Λ. The upper plot shows photon production through pair annihilation and

the lower plot shows photon production through bremsstrahlung.
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For ξ = 0.5 this gives an enhancement of
√

1 + ξ ≈ 1.2 in the rate with respect to

the equilbrium rate due to an increased number of quarks. These two effects mostly

cancel out, and therefore we expect the rate orthogonally to the anisotropy vector to be

roughly the same as in equilibrium. Then Fig. 5.4 can be used to estimate the difference

in photon yield orthogonally and parallel to the anisotropy vector. As an example for

photon momentum k = 10 Λ and anisotropy |ξ| = 0.5 this suggests a factor six difference

in photon yield in these two directions.

This large angular dependence could have interesting phenomenological implications.

During the hydrodynamic stage of heavy-ion collision, there are sizable deviation from

equilibrium leading to an anisotropic momentum distribution of quarks and gluons in

the transverse plane of the collisions. Our results suggest that this could lead to a sizable

angular dependence in photon yield from bremsstrahlung in the QGP phase. This gives a

change in elliptic flow of photons which might partially explain why theory undershoots

measurements of photon elliptic flow. In addition to these anisotropic corrections during

the hydrodynamic stages, there are large deviations from equilibrium during early stages

of heavy-ion collisions where the effect of anisotropy on photon production needs to be

taken into account.
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C O N C L U S I O N S

Heavy-ion collisions create hot QCD matter known as the quark-gluon plasma (QGP).

The plasma is out of thermal equilibrium at all times, meaning that heavy-ion collisions

give a window into non-equilibrium QCD. The non-equilibrium properties of QCD in-

clude transport coefficients, like shear viscosity, which describe how a QCD medium

relaxes to equilibrium, as well as hydrodynamization in which the initially far-from-

equilibrium medium becomes amenable to a hydrodynamic description. Experimental

probes are essential to understand the details of this non-equilibrium physics. These

probes must be sensitive to microscopic details of the medium and must probe the whole

QGP evolution. This makes jets and photons, the focus of this study, ideal candidates.

The collision kernel C(p⊥) is an essential part of the physics of jets and photons in

both equilibrium and non-equilibrium QGP. This kernel gives the rate for a jet parton

or a medium quasiparticle to receive transverse momentum kicks p⊥ from soft gluons

in the medium. In this thesis, we evaluated the collision kernel microscopically in a non-

equilibrium medium using quantum field theory. Specifically, we considered a medium

where hard quasiparticle are anisotropically distributed in momentum space and eval-

uated in detail the density of soft gluons emitted by the quasiparticles by deriving the

statistical rr correlator. To our knowledge, this is the first microscopic calculation of the

collision kernel for momentum broadening in a non-equilibrium medium.

Evaluating the collision kernel in a non-equilibrium medium is complicated by so-

called gauge instabilities. These instabilities are exponential growth in soft gluon den-

sity which seemingly leads to divergences in the collision kernel. We analyzed these

divergences in detail and showed that they arise when one incorrectly assumes a static

medium. For this purpose, we evaluated the time dependence of the retarded and statis-

tical correlators for soft gluons in an unstable plasma.
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In heavy-ion collisions, instabilities are important very early on, but classical-statistical

simulations suggest that they rapidly become saturated [161, 162]. We proposed a phe-

nomenological prescription in which ultrasoft modes, including instability modes, are

subtracted, leaving momentum broadening through fluctuating modes. These fluctuat-

ing modes are sourced at every instance by quasiparticles and do not depend on the

detailed history of the medium. This phenomenological prescription is justified during

the kinetic theory and hydrodynamic stage of collisions, given that the ultrasoft modes

are not too heavily occupied.

Using this prescription, our results show that the rate of momentum broadening is

reduced in an anisotropic medium because of increased medium screening. This is espe-

cially true for low-momentum transverse kicks. The reduction is particularly pronounced

for the momentum broadening of quasiparticles but also present for jet parton broaden-

ing. This leads to an anisotropic collision kernel which is qualitatively different from

the equilibrium kernel or the ansatz that has been employed in non-equilibrium kinetic

theory simulations. In addition to increased screening, the anisotropic collision kernel

has a dependence on the momentum direction of the parton, as well as on the direction

of a transverse kick.

Momentum broadening is the central ingredient for a host of different processes in the

quark-gluon plasma. Specifically, the collinear emission of a gluon or a photon is made

possible when an on-shell emitter is brough slightly off shell by transverse momentum

kicks. Thus our anisotropic collision kernel can be used to evaluate consistently processes

in a non-equilibrium plasma that include medium-induced gluon radiation in a jet, one-

to-two processes in kinetic theory and the collinear emission of photons, which accounts

for around half of the emitted photons in the QGP phase.

In this thesis, we focused on the collinear emission of photons in an anisotropic plasma.

We devised a numerical procedure to solve the non-equilibrium integral equation for

photon emission including the LPM effect. This procedure can easily be extended to

gluon emission. Solving the integral equation, we showed that the rate of photon pro-

duction in the direction of an anisotropy vector is reduced, both due less momentum

broadening and due to the redistribution of hard particles in the medium.
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Our work raises two outstanding questions. Firstly, it is important to understand how

our results affect the phenomenology of heavy-ion collisions. This is especially relevant

for the kinetic theory stage and the early hydrodynamic stage of heavy-ion collisions

where there is large anisotropy along the beam axis. This could introduce additional

rapidity dependence in observables such as photon yield and jet substructure. Further-

more, one of the two main processes in kinetic theory simulations is the bremsstrahlung

of gluon quasiparticles. Including the effect of anisotropic momentum broadening on

gluon bremsstrahlung will affect the whole space-time evolution of the kinetic theory

medium.

An additional phenomenological question is the effect on jets and photons of the siz-

able deviations from equilibrium during the later hydrodynamic evolution in heavy-ion

collisions. The size of these deviations depends on transport coefficients of the plasma.

Therefore, one might be able to use jets and photons to study transport coefficients of

the plasma. This is a difficult task which requires evaluating shear viscous corrections to

photon and gluon production, as well as a detailed phenomenological analysis. Lastly,

we note that small collisional systems have large deviations from thermal equilibrium

which makes the inclusion of non-equilibrium effects especially important.

The other main question raised by our work is the role of ultrasoft modes in the

physics of non-equilibrium QGP. When calculating the rate of momentum broadening,

we cut off ultrasoft modes below a certain energy scale. For some parton direction and

values of anisotropy there is moderate dependence on the cut, suggesting that our cal-

culation needs to be complemented by a description of ultrasoft modes. This can in

principle be achieved by measuring the collision kernel as defined in terms of Wilson

lines [170] in classical-statistical simulations. However, the assumption of classical field

dynamics breaks down in the regime we are interested in where the occupation density

of hard modes is O(1). Therefore, we believe it is important to have a more rigorous

description of the deep infrared in a non-equilibrium quark-gluon plasma. The develop-

ment and use of functional methods in non-equilibrium QCD might shed some light on

that complicated question.
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R E A L - T I M E F O R M A L I S M

In this appendix, we give an overview of the real-time formalism in non-equilibrium

quantum field theory. This is also known as the Keldysh-Schwinger or closed-time path

formalism. Further details can be found in reviews such as [106, 197, 198].

Any system is determined by an initial density matrix ρ. As an example, in vacuum

the initial density matrix is ρ = |0⟩⟨0| and in thermal equilibrium it is

ρ = e−βH/Z (A.1)

where H is the Hamiltonian, β = 1/T is the inverse temperature and Z is a normalization

factor so that Tr ρ = 1. In general, the density matrix can be any operator as long as

Tr ρ = 1 so that the total probability is one.

We are interested in probing the system by calculating the average of observables at

different times in its evolution. A typical observable is

⟨O2(t2)O1(t1)⟩ := Tr [ ρO2(t2)O1(t1)] (A.2)

for two operatorsO1 andO2 in the Heisenberg picture, where the trace sums over all pos-

sible states of the system. By going from Heisenberg operators O(t) to time-independent

Schrodinger operators O, this can be rewritten as

Tr [ ρO2(t2)O1(t1)]

=Tr [ ρ U(t0, t2)O2 U(t2, t0)U(t0, t1)O1 U(t1, t0)]

=Tr
[

ρ U(t0, t2)O2 U(t2, t f )U(t f , t1)O1 U(t1, t0)
]

.

(A.3)

Here U(t1, t2) is the unitary time-evolution operator which satisfies U(t1, t2)U(t2, t3) =

U(t1, t3). Furthermore, t0 is the initial time of the system and t f is some arbitrarily chosen

final time. By inserting a complete set of states, this can be written more explicitly as

⟨O2(t2)O1(t1)⟩

= ∑
ϕ0

1

∑
ϕ0

2

∑
ϕ f

⟨ϕ0
1|ρ|ϕ0

2⟩ ⟨ϕ0
2|U(t0, t2)O2 U(t2, t f ) |ϕ f ⟩ ⟨ϕ f |U(t f , t1)O1 U(t1, t0)|ϕ0

1⟩
(A.4)
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t

t0 tf

ρ
1

2

Figure A.1: Closed time path contour. There are two branches, labelled 1 and 2, both of which

have one end at the initial density matrix ρ at time t0 and the other end at the final

time t f .

Eq. (A.4) can be expressed with path integrals. This relies on the well-known proce-

dure in vacuum where the amplitude for initial particles |ϕi⟩ to scatter into final particles

|ϕ f ⟩ is expressed as

⟨ϕ f |U(t f , t0)|ϕi⟩ =
∫
Dϕ e iS[ϕ] (A.5)

However, here we have both an element ⟨ϕ0
1|U(t0, t f ) |ϕ f ⟩ going from the initial time to

the final time and an element ⟨ϕ f |U(t f , t0)|ϕ0
2⟩ going from the final time to the initial

time. This can be represented as a closed time contour, see Fig. A.1, with the ends of the

contour being at the time ti of the initial condition. The relevant path integral to calculate

Eq. (A.4) is therefore

Z[J1, J2] =
∫

dϕ f dϕ0
1 dϕ0

2

∫ ϕ f

ϕ0
1

Dϕ1

∫ ϕ f

ϕ0
2

Dϕ2 ⟨ϕ0
1|ρ|ϕ0

2⟩ e iS[ϕ1]−iS[ϕ2]+i J1ϕ1−i J2ϕ2 . (A.6)

Here, we have two path integrals with field ϕ1 living on branch 1 and field ϕ2 living on

branch 2 on the closed time contour in Fig. A.1. The action S is the same as in vacuum

with a relative minus sign for S[ϕ2] since ⟨ϕ f |U(t f , t0)|ϕ0
2⟩ = ⟨ϕ0

2|U(t0, t f )|ϕ f ⟩†. We have

included currents J1 and J2 on each contour. By taking deriviatives with respect to the

currents, one can obtain the expectation value of operators O1 and O2. The path integral

in Eq. (A.6) depends explicitly on the density matrix ρ.

The most important observable to consider are two-point correlators. Because of the

closed time contour there are four possible correlators. As an example

D11(x, y) := ⟨TCϕ1(x)ϕ1(y)⟩ = ⟨Tϕ(x)ϕ(y)⟩ (A.7)

where TC is time-ordering along the closed time-path contour in Fig. A.1. For two fields

living on branch 1 it reduces to the usual time ordering T defined by

⟨Tϕ(x)ϕ(y)⟩ := θ(x0 − y0)⟨ϕ(x)ϕ(y)⟩+ θ(y0 − x0)⟨ϕ(y)ϕ(x)⟩. (A.8)
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Similarly,

D12(x, y) := ⟨TCϕ1(x)ϕ2(y)⟩ = ⟨ϕ(y)ϕ(x)⟩ (A.9)

since a field with index 2 always comes after a field with index 1. The other two propa-

gators are

D21(x, y) := ⟨TCϕ2(x)ϕ1(y)⟩ = ⟨ϕ(x)ϕ(y)⟩ (A.10)

and

D22 := ⟨TCϕ1(x)ϕ2(y)⟩ = ⟨T̄ϕ(x)ϕ(y)⟩ (A.11)

where T̄ orders backwards in time

⟨T̄ϕ(x)ϕ(y)⟩ := θ(y0 − x0)⟨ϕ(x)ϕ(y)⟩+ θ(x0 − y0)⟨ϕ(y)ϕ(x)⟩. (A.12)

These propagators depend on both the action S as well as the initial density matrix

⟨ϕ0
2|ρ|ϕ0

1⟩.
A redefinition of the fields gives more intuitive two-point correlators. We define

ϕr =
ϕ1 + ϕ2

2
(A.13)

and

ϕa = ϕ1 − ϕ2. (A.14)

The propagator

Daa(x, y) := ⟨TCϕa(x)ϕa(y)⟩

= D11(x, y)− D12(x, y)− D21(x, y) + D22(x, y)
(A.15)

vanishes identically. This can be seen by an explicit calculation, as well as by noting

that if, say, x0 > y0 then ⟨TCϕ1(x)ϕa(y)⟩ = ⟨TCϕ2(x)ϕa(y)⟩ as changing the index does

not change the time ordering and thus Daa = ⟨TCϕ1(x)ϕa(y)⟩ − ⟨TCϕ2(x)ϕa(y)⟩ vanishes.

Furthermore,

Dra(x, y) = Dret(x, y) := θ(x0 − y0)⟨[ϕ(x), ϕ(y)]⟩ (A.16)
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and

Dar(x, y) = Dadv(x, y) := −θ(y0 − x0)⟨[ϕ(x), ϕ(y)]⟩. (A.17)

These correlators are also known as the retarded correlator Dret and the advanced corre-

lator Dadv. They describe propagation of modes in the system. The retarded correlator

gives propagation forward in time, while the advanced propagator gives propagation

backwards in time. The final correlator is

Drr(x, y) =
1
2
⟨{ϕ(x), ϕ(y)}⟩. (A.18)

It is non-vanishing for classical fields and describes the density of modes in the system.

As Daa = 0 and Dret(x, y) = Dadv(y, x), there are only two independent propagators in

the system, which can be chosen to be Drr and Dret.

In thermal equilibrium, the two independent propagators, Dret and Drr, can be related

by the Kubo-Martin-Schwinger (KMS) relation. This is seen by noting that

D12(t + iβ, x) =
1
Z

Tr[e−βHϕ(0)ϕ(t + iβ, x)]

=
1
Z

Tr[e−βHϕ(0)e−βHϕ(t, x)eβH]

=
1
Z

Tr[e−βHϕ(t, x)ϕ(0)]

= D21(t, x)

(A.19)

where we used the cyclic property of the trace and the fact that the Hamiltonian H

generates time translation. Fourier transforming gives that

D12(P) = e−βp0
D21(P). (A.20)

which implies

Drr(P) =
(

1
2
+ fB(p0)

)
[Dret(P)− Dadv(P)] (A.21)

where

fB(p0) =
1

eβp0 − 1
(A.22)

is the equilibrium Bose-Einstein distribution. The interpretation is clear. The density of a

propagating mode with energy p0 is 1
2 + fB(p0) where fB is the thermal density and 1

2 is
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the density of fluctuations in vacuum. Out-of-equilibrium the two propagators, Drr and

Dret are independent of each other.

In perturbative calculations, we need the Feynman rules generated by the path integral

in Eq. (A.6). They are given in terms of bare propagators and vertices. For concreteness,

we assume an action

S[ϕ] =
∫

dx
(

1
2

∂µϕ∂µϕ +
λ

3!
ϕ3
)

(A.23)

The bare retarded propagator in momentum space can easily be shown to be

D0
ret(P) =

i
P2 + iϵp0 (A.24)

[106] where ϵ is an infinitesimal quantity and the term iϵp0 guarantees that all poles are

in the lower-half complex plane. This is the same as in vacuum. Similarly,

D0
adv(P) =

i
P2 − iϵp0 . (A.25)

In thermal equilibrium, the KMS relation in Eq. (A.21) can be used to show that

D0
rr(P) =

(
1
2
+ fB(p)

)
2πδ(P2). (A.26)

Out-of-equilibrium, the rr correlator depends on the details of the initial density matrix

ρ. In [199] it was shown that one can always choose a density matrix so that the rr

propagator is

D0
rr(P) =

(
1
2
+ f (p)

)
2πδ(P2) (A.27)

for some momentum distribution f (p) . This is the parametrization we will use in this

thesis. We note that out of equilibrium, all resummed propagators in momentum space

are Wigner transforms

D(P, X) =
∫

d4(x− y) eiP·(x−y)D(x, y) (A.28)

which depend on position in the system X = (x + y)/2.

The vertices in the Feynman rules come from the action in Eq. (A.6). In the 12 basis

there are two separate vertices, one only with indices 1 and the other only with indices

2, see Fig. A.2. Since

λ

3!

(
ϕ3

1 − ϕ3
2

)
=

ϕ2
r

2!
ϕa +

1
4

ϕ3
a

3!
, (A.29)
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1

1

1
= iλ

2

2

2

= −iλ

Figure A.2: Vertices in the 12 basis of the real-time formalism.

a

r

r
= iλ

a

a

a
= 1

4 iλ

Figure A.3: Vertices in the ra basis of the real-time formalism.

in the ra basis, there is an odd number of a labels at each vertex, see Fig. A.3.

A main task of this thesis is to calculated resummed propagators using perturbation

theory. We will derive general equations for these propagators. In general, a resummed

propagator D can be written as

D(x, y) = D0(x, y) +
∫

d4z
∫

d4w D0(x, z)Π(z, w)D(w, y) (A.30)

where D0 is a bare propagator and Π is a self-energy. We write this schematically as

D = D0 + D0 Π D. (A.31)

We need to find the right ordering of ra indices in these equations. Since Daa = D0
aa = 0,

we immediately see that

0 = D0
arΠrrDra (A.32)

which gives that Πrr = 0. Here we define Πcd, with c, d ∈ {r, a} as in Fig. ??. Using this,

it is easy to show that the resummed retarded propagator is

Dra = D0
ra + D0

raΠarDra (A.33)

For instance, other potential terms like D0
rrΠrrDra or D0

raΠaaDaa vanish identically. Eq.

(A.33) is reproduced in Eq. (2.41) in the main text, where we call Πar = Πret. Similarly,

Dar = D0
ar + D0

arΠraDar. (A.34)

The resummed equation for Drr is slightly more complicated. It is fairly easy to see

that all terms are of the form

Drr = DraΠaaDar + D0
rr + D0

rrΠraDar + DraΠarD0
rr + DraΠarD0

rrΠraDar. (A.35)
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c d

Figure A.4: Definition of Πcd where c, d are either a or r indices.

The first term on the right hand side contains Πaa, while all the other terms contain the

bare propagator D0
rr exactly once. Using that

ΠraDar =
(

D0
ar

)
−−−→

−1Dar − 1 (A.36)

where the arrow tells us in which direction the operator
(

D0
ar
)−1 acts, this can be written

more succinctly as

Drr = DraΠaaDar + Dra

(
D0

ra

)
←−−−

−1D0
rr

(
D0

ar

)
−−−→

−1Dar (A.37)

This equation for rr propagator has a simple interpretation. The first term describes the

occupation density of particles that were sourced after the system was initialized. The

rate of sourcing a pair of excitations is Πaa and then these two excitations evolve in time

with the retarded and advanced propagators. This is the term reproduced in Eq. (2.37).

The second term describes particles that were already present in the initial condition.

That term contains the bare propagator D0
rr which solely depends on the initial density

matrix, as well as retarded and advanced correlators for evolution in time.



B
E VA L U AT I O N O F I N T E G R A L S F O R

C O R R E L AT O R S I N A N U N S TA B L E P L A S M A

In this section we show some details in the derivation of the retarded and rr correlators

in an unstable plasma with initial time t0 = 0. The end results for the retarded correlator

is given by Eq. (3.18) and the one for the rr correlator is given by Eqs. (3.37) and Eq.

(3.46).

To complete the derivation of the retarded correlator we need to shows that the ex-

pression in Eq. (3.13), i.e.∫ dk1

2π

∫ dk2

2π

∫
α

dk3

2π
D0

ret(k1)Πret(k2) Dret(k3) f (k1, k2, k3) (B.1)

with

f (k1, k2, k3) = −
e−ik1(x−y)

(k1 − k2)(k1 − k3)

− e−ik2(x−y)

(k2 − k1)(k2 − k3)
− e−ik3(x−y)

(k3 − k1)(k3 − k2)
.

(B.2)

and

f (k1, k2, k3) −→
1
8 ∑
{k1→k1+iϵ1}
{k1→k1−iϵ1}

∑
{k2→k2+iϵ2}
{k2→k2−iϵ2}

∑
{k3→k3+iϵ3}
{k3→k3−iϵ3}

f (k1, k2, k3). (B.3)

is identical to the expression in Eq. (3.16), i.e.∫
α

dk
2π

e−ik(x−y) D0
ret(k)Πret(k) Dret(k) (B.4)
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The contribution of the first term in Eq. (B.2) to Eq. (B.1) is

−
∫ dk1

2π

∫ dk2

2π

∫
α

dk3

2π
D0

ret(k1)Πret(k2) Dret(k3) e−ik1(x−y)

× 1
8

[(
i

k1 − k2 + iϵ1 − iϵ2
+

i
k1 − k2 + iϵ1 + iϵ2

)
×
(

i
k1 − k3 + iϵ1 − iϵ3

+
i

k1 − k3 + iϵ1 + iϵ3

)
+

(
i

k1 − k2 − iϵ1 − iϵ2
+

i
k1 − k2 − iϵ1 + iϵ2

)
×
(

i
k1 − k3 − iϵ1 − iϵ3

+
i

k1 − k3 − iϵ1 + iϵ3

)]
(B.5)

The k3 integral can be evaluated by closing the integration contour in the upper half

complex plane, see Fig. B.1a. Since all the poles of Dret are below the contour α, only

poles in the square bracket will contribute. The k1 integral can be evaluated similarly.

This gives∫
R

dk1

2π
G0

ret(k1)Πret(k1) Gret(k1) e−ik1(x−y)

× 1
8
[
θ(ϵ2 − ϵ1)θ(ϵ3 − ϵ1) +

(
1 + θ(ϵ1 − ϵ2)

)(
1 + θ(ϵ1 − ϵ3)

)]
.

(B.6)

A similar calculation shows that substituting the second term of Eq. (B.2) into Eq. (B.1)

gives ∫
R

dk
2π

G0
ret(k)Πret(k) Gret(k) e−ik(x−y)

× 1
8
[
θ(ϵ1 − ϵ2)θ(ϵ3 − ϵ2) +

(
1 + θ(ϵ2 − ϵ1)

)(
1 + θ(ϵ2 − ϵ3)

)]
.

(B.7)

We finally evaluate the integral in Eq. (B.1) with the third term of Eq. (B.2) substituted

for f (k1, k2, k3). This is slightly more difficult and requires us to write the integration

contour for k3 as
∫

α =
∫

R
+∑i

∫
γi

where γi go around poles in the upper half plane, see

Fig. B.1b. The part where k3 is integrated over the real line can be evaluated as before,

giving∫
R

dk3

2π
G0

ret(k3)Πret(k3) Gret(k3) e−ik3(x−y)

× 1
8
[(1 + θ(ϵ3 − ϵ1)) (1 + θ(ϵ3 − ϵ2)) + θ(ϵ1 − ϵ3)θ(ϵ2 − ϵ3)] .

(B.8)
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(a)

k

(b)

Figure B.1: Different contours used for the evaluation of the retarded function in an unstable

system.

Finally, in the part where k3 is integrated over γi, the k1 and k2 integrals can be done

explicitly without using the principal value prescription since k3 is always in the upper

half plane. This gives

∑
i

∫
γi

dk
2π

G0
ret(k)Πret(k) Gret(k)e−ik(x−y). (B.9)

By adding up Eqs. (B.6), (B.7), (B.8) and (B.9), we finally get the value of Eq. (B.1),

namely∫
α

dk
2π

G0
ret(k)Πret(k) Gret(k)e−ik(x−y) (B.10)

which is what we wanted to show.

We now turn to the evaluation of the rr correlator, i.e. Eq. (3.37), in full detail. As dis-

cussed in the main text, averaging over oscillations allows us to drop terms e−iax where

Re a ∼ gΛ, and waiting until correlation with the initial condition has decayed allows us

to drop terms with e−iax with Im a < 0, Re a ∼ gΛ. Together, these approximations allow

us to drop all terms of the form e−iax where a ∼ gΛ is a pole in the fluctuating part of

the retarded function Ĝret.
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Using the separation of Gret and Gadv into a fluctuating part and an exponentially

growing instability part, see Eqs. (3.35) and (3.36), we get that Eq. (3.33) is

Grr(x, y) =
∫

α

dk1

2π

∫ dk2

2π

∫
α̃

dk3

2π

[
e−ik2(x−y) − e−ik1xeik2y − e−ik2xeik3y + e−ik1xeik3y

]
× 1

8

[(
1

k2 − k1 + iϵ2 − iϵ1
+

1
k2 − k1 + iϵ2 + iϵ1

)(
1

k2 − k3 + iϵ2 − iϵ3
+

1
k2 − k3 + iϵ2 + iϵ3

)

+

(
1

k2 − k1 − iϵ2 − iϵ1
+

1
k2 − k1 − iϵ2 + iϵ1

)(
1

k2 − k3 − iϵ2 − iϵ3
+

1
k2 − k3 − iϵ2 + iϵ3

)]

×
(

Ĝret(k1) + ∑
i

Ai

k1 − ai

)
Πaa(k2)

(
Ĝadv(k3) + ∑

j

A∗j
k3 − a∗j

)
.

(B.11)

We have furthermore substituted principal values as in Eq. (3.15). This is justified as

there are no poles when k1 = k2 or k2 = k3 due to the exponentials.

We start by evaluating Eq. (B.11) for the fluctuating contribution from Ĝret(k1)Πaa(k2) Ĝadv(k3).

This must be done term by term for the exponentials in the square bracket. The first ex-

ponential term can be evaluated exactly by continuing the k1 integral to the upper half

complex plane and the k3 integral to the lower half complex plane, avoiding all poles of

Ĝret and Ĝadv. This gives∫ dk2

2π
Ĝret(k2)Πaa(k2) Ĝadv(k3) e−ik2(x−y)

× 1
8
[
θ(ϵ3 − ϵ2)

(
1 + θ(ϵ2 − ϵ1)

)
+ θ(ϵ1 − ϵ2)

(
1 + θ(ϵ2 − ϵ3)

)]
.

(B.12)

The term with the second exponential in Eq. (B.11) is trickier to evaluate, requiring the

use of our controlled approximations. We first continue the k3 integral to the lower half

plane, giving

− i
∫

α

dk1

2π

∫ dk2

2π
Ĝret(k1)Πaa(k2) Ĝadv(k2) e−ik1x eik2y

× 1
8

[
θ(ϵ3 − ϵ2)

(
1

k2 − k1 + iϵ2 − iϵ1
+

1
k2 − k1 + iϵ2 + iϵ1

)
+
(
1 + θ(ϵ2 − ϵ3)

)
×
(

1
k2 − k1 − iϵ2 − iϵ1

+
1

k2 − k1 − iϵ2 + iϵ1

)]
.

(B.13)
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When evaluating the k1 integral we must continue the integration contour to the lower

half plane because of the exponential e−ik1x. Our approximations allow us to omit poles

coming from Ĝret. Thus the only contributions are the poles k1 = k2 leaving∫ dk2

2π
Ĝret(k2)Πaa(k2) Ĝadv(k2) e−ik2(x−y)

× 1
8

[
θ(ϵ1 − ϵ2)θ(ϵ3 − ϵ2)

+
(
1 + θ(ϵ2 − ϵ3)

)(
1 + θ(ϵ2 − ϵ1)

)]
.

(B.14)

Using the same set of approximations, we get that the term with the third exponential

in Eq. (B.11) gives∫ dk2

2π
Ĝret(k2)Πaa(k2) Ĝadv(k2) e−ik2(x−y)

× 1
8

[
θ(ϵ1 − ϵ2)θ(ϵ3 − ϵ2)

+
(
1 + θ(ϵ2 − ϵ1)

)(
1 + θ(ϵ2 − ϵ3)

)] (B.15)

and the fourth exponential gives∫ dk2

2π
Ĝret(k2)Πaa(k2) Ĝadv(k2) e−ik2(x−y)

× 1
8

[
θ(ϵ1 − ϵ2)

(
1 + θ(ϵ2 − ϵ3)

)
+ θ(ϵ3 − ϵ2)

(
1 + θ(ϵ2 − ϵ1)

)]
.

(B.16)

Adding up Eqs. (B.12), (B.14), (B.15) and (B.16), we finally get the contribution of the

fluctuating functions, Ĝret and Ĝadv, to Eq. (B.11). It is

≈
∫ dk

2π
Ĝret(k)Πaa(k) Ĝadv(k) e−ik(x−y). (B.17)

This strikingly simple form has no mention of the initial time. It is expressed as a

Fourier transform of Ĝret Πaa Ĝadv which has the same form as the equilibrium result,

even though the functions look different.

We now turn to evaluating the contribution of the instability parts

∑
i

Ai

k1 − ai
Πaa(k2) ∑

j

A∗j
k3 − a∗j

(B.18)
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to Eq. (B.11). In the same manner as above, the contribution of the first exponential in

Eq. (B.11) is

∑
i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik2(x−y)

× 1
8

[
θ(ϵ3 − ϵ2)

(
1 + θ(ϵ2 − ϵ1)

)
+ θ(ϵ1 − ϵ2)

(
1 + θ(ϵ2 − ϵ3)

)]
.

(B.19)

When evaluating the contribution of the second exponential, we continue the k3 integral

to the lower half plane giving

−i ∑
i,j

∫
α

dk1

2π

∫ dk2

2π

Ai

k1 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik1x eik2y

× 1
8

[
θ(ϵ3 − ϵ2)

(
1

k2 − k1 + iϵ2 − iϵ1
+

1
k2 − k1 + iϵ2 + iϵ1

)
(
1 + θ(ϵ2 − ϵ3)

) ( 1
k2 − k1 − iϵ2 − iϵ1

+
1

k2 − k1 − iϵ2 + iϵ1

)]
.

(B.20)

The k1 integral is similarly continued to the lower half plane but now both the poles at

k1 = k2 and at k1 = ai contribute. This gives

∑
i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik2(x−y)

× 1
8
[θ(ϵ1 − ϵ2)θ(ϵ3 − ϵ2) + (1 + θ(ϵ2 − ϵ3))(1 + θ(ϵ2 − ϵ1))]

− 1
2 ∑

i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−iaix eik2y

(B.21)

In the same way, the third exponential gives

∑
i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik2(x−y)

× 1
8
[θ(ϵ1 − ϵ2)θ(ϵ3 − ϵ2) + (1 + θ(ϵ2 − ϵ1))(1 + θ(ϵ2 − ϵ3))]

− 1
2 ∑

i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik2x eia∗j y

(B.22)
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and the fourth exponential gives

∑
i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik2(x−y)

× 1
8

[
θ(ϵ1 − ϵ2)(1 + θ(ϵ2 − ϵ3))

+ θ(ϵ3 − ϵ2)(1 + θ(ϵ2 − ϵ1))

]

−1
2 ∑

i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−ik2x eia∗j y

−1
2 ∑

i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−iaix eik2y

+∑
i,j

∫ dk2

2π

Ai

k2 − ai
Πaa(k2)

A∗j
k2 − a∗j

e−iaix eia∗j y.

(B.23)

Summing up Eqs. (B.19), (B.21), (B.22) and (B.23) finally gives

∑
i,j

∫ dk
2π

Ai

k− ai
Πaa(k)

A∗j
k− a∗j

×
(

e−ikx − e−iaix
) (

eiky − eia∗j y
) (B.24)

for the contribution of instabilities to Eq. (B.11).

In addition to the fluctuating contributions and instability contributions to Eq. (B.11)

that have been evaluated, there are cross terms between fluctuations and instabilities

such as

∑
i

Ai

k1 − ai
Πaa(k2) Ĝadv(k3). (B.25)

They can be evaluated using the same methods. The final result is shown in Eq. (3.37)



C
N U M E R I C A L E VA L U AT I O N O F I N T E G R A L S

F O R C O L L I N E A R S P L I T T I N G

In this appendix we explain in more detail how the integrals in Eqs. (5.25), (5.26) and

(5.27) are evaluated numerically. These integrals are needed to evaluate the rate of photon

production through bremsstrahlung in an anisotropic medium.

To evaluate Eq. (5.25) it is more convenient to write it as

(
Ĉ
)

χω
:=
∫ d2p⊥

(2π)2

∫ d2q⊥
(2π)2 [ϕ̃χ(p⊥)− ϕ̃χ(p⊥ − q⊥)] C(q⊥)ϕω(p⊥). (C.1)

since ϕ decays faster than ϕ̃ at high p⊥. We write

p⊥ = γ
1− z
1 + z

(cos α, sin α) (C.2)

q⊥ = γ
1− w
1 + w

(cos β, sin β) (C.3)

where z, w are in the interval [−1, 1] and α and β are angular variables. We see that e.g.

p⊥ → 0 when z → 1 and p⊥ → ∞ when z → −1. The parameter γ = 4.0 is a number

chosen to make convergence as fast as possible.

We need to write the integral in Eq. (C.1) in terms of the variables z, w, α, β. When

doing so a problem arises. In Eq. (C.1) we have ϕ̃(p⊥ − q⊥) which should be expressed

in terms of radial and angular functions. This requries writing p⊥ − q⊥ in radial coordi-

nates as

p⊥ − q⊥ = γ
1− u
1 + u

(cos δ, sin δ) (C.4)

where u and δ should be expressed in terms of the integration variables z, w, α, β. How-

ever, δ is undefined as p⊥ → q⊥ so that the integrand becomes oscillatory in that limit,

making numerical integration in terms of our variables difficult.

127
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p⊥

I

II

Figure C.1: Integration region for q⊥. The boundary between regions I and I I is midway between

the point 0 and p⊥.

p⊥

Ia

Ib

Figure C.2: Integration region for q⊥. Region I is divided into regions Ia and Ib.
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We solve this problem by dividing the integration region of q⊥ into two regions, see

Fig. C.1. The difficult limit occurs in region I I. By mapping region I I onto region I by

a change of variables q⊥ → p⊥ − q⊥ the oscillatory behaviour can be avoided. Thus we

write (
Ĉ
)
(nk)(ml) =

∫ d2p⊥
(2π)2

∫
I

d2q⊥
(2π)2 [ϕ̃nk(p⊥)− ϕ̃nk(p⊥ − q⊥)] C(q⊥)ϕml(p⊥)

+
∫ d2p⊥

(2π)2

∫
I

d2q⊥
(2π)2 [ϕ̃nk(p⊥)− ϕ̃nk(q⊥] C(q⊥ − p⊥)ϕml(p⊥)

(C.5)

where both terms are only integrated over region I. The boundaries of region I can

be seen by dividing it up into two regions, see Fig. C.2. Region Ia is determined by

β ∈
[
α + π

2 , α + 3π
2

]
, while region Ib is determined by β ∈

[
α− π

2 , α + π
2

]
and q⊥ ∈[

0, p⊥
2 cos(α−β)

]
. This last condition is equivalent to w ∈ [wmin(α, β, z), 1.0] where

wmin(α, β, z) =
(2 cos(α− β)− 1) + (2 cos(α− β) + 1)z
(2 cos(α− β) + 1) + (2 cos(α− β)− 1)z

(C.6)

Using all of this, the first term in Eq. (C.5) can be written as

Ĉ(I)
(nk)(ml) =

γ4

4π4

∫ 1

−1
dz
∫ 2π

0
dα

(∫ α+3π/2

α+π/2

∫ 1

−1
dw +

∫ α+π/2

α−π/2

∫ 1

wmin(α,β,z)
dw
)

×(1− z)(1 + z)(1 + w)Pm(z)Bl(α)C(w, β)

× 1
1− w

[
(1 + z)2Pn(z)Bk(α)− (1 + u)2Pn(u)Bk(δ)

]
.

(C.7)

and the second term as

Ĉ(I I)
(nk)(ml) =

γ4

4π4

∫ 1

−1
dz
∫ 2π

0
dα

(∫ α+3π/2

α+π/2

∫ 1

−1
dw +

∫ α+π/2

α−π/2

∫ 1

wmin(α,β,z)
dw
)

×(1 + z)(1 + u)
(

1 + u
1 + w

)3

Pm(z)Bl(α)C(w, β)

× (1− z)(1− w)

(1− u)2

[
(1 + z)2Pn(z)Bk(α)− (1 + w)2Pn(w)Bk(β)

] (C.8)

Here we have defined

C(w, β) =
(1− w)2

(1 + w)4C(w, β) (C.9)

to factor out behaviour in the limits w→ 1 and w→ −1.

A few numerical issues remain when evaluating Eqs. (C.7) and (C.8). In Eq. (C.7) there

seems to be a divergence in the last line as w → 1, i.e. as q⊥ → 1. However, in this limit
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|p⊥ − q⊥| → p⊥ so that u→ z and δ→ α and the square bracket vanishes. Thus the last

line becomes the ratio of two nearly vanishing numbers in the limit w → 1. This needs

to be rewritten for numerical purposes. As an example, we can write

u = z + (1− w)A (C.10)

which allows for more accurate evaluation when u→ z. Noting that

u =
1− |p⊥ − q⊥|/γ

1 + |p⊥ − q⊥|/γ
(C.11)

where

|p⊥ − q⊥|/γ =

√(
1− z
1 + z

)2

+

(
1− w
1 + w

)2

− 2
1− z
1 + z

1− w
1 + w

cos(α− β), (C.12)

it is easy to check that

A =
2(1− z)(1 + w) cos(α− β)− (1− w)(1 + z)

(1− z)(1 + w) + Ω
(1 + z)2

(1 + z)(1 + w) + Ω
(C.13)

and

Ω =
√
(1− z)2(1 + w)2 + (1− w)2(1 + z)2 − 2(1− z)(1− w)(1 + z)(1 + w) cos(α− β).

(C.14)

A similar expression can be found for the difference between δ and α.

In Eq. (C.8) there are furthermore two factors that might seemingly lead to divergences.

Firstly, there is the limit u → 1 corresponding to p⊥ → q⊥, or in other words z → w

and α → β. This limit is not in our integration region and does not cause any problems.

Secondly, there is the limit w→ −1, i.e. q⊥ → ∞. In this case, we expect |p⊥ − q⊥| → ∞

so that u → −1 at the same time, meaning that (1 + u)/(1 + w) is finite. For numerical

evaluation, it is convenient to write

1 + u
1 + w

=
2(1 + z)

(1 + z)(1 + w) + Ω
(C.15)

with Ω in Eq. (C.14).

We now turn to the other coefficients in matrix equation. We can write Eq. (5.26) as

(δE)(nk)(ml) =
k

2pz(pz + k)
γ2

2π2

∫ 1

−1
dz
∫ 2π

0
dα (1− z)(1 + z)

(
γ2(1− z)2 + m2

∞(1 + z)2
)

×Pn(z)Bk(α)Pm(z)Bl(α)
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(C.16)

Similarly, a long derivation gives that Eq. (C.1) is

ηy (nk) =
4pz(pz + k)

k
γ3

4π4

∫ 1

−1
dz
∫ 1

−1
dw

∫ 2π

0
dα
∫ 2π

0
dβ(1− z)(1 + z)(1 + w)

× Pn(z) Bk(α)C(w, β) χy(z, w, α, β)

(C.17)

where

χy(z, w, α, β) = χ1y/χ2y (C.18)

with

χ1y(z, w, α, β) = sin α(1− z) [2(1− z)(1 + w) cos(α− β) + (1− w)(1 + z)]

− sin β
[
(1− z)2(1 + w) + m2

∞/γ2(1 + w)(1 + z)2
] (C.19)

and

χ2y(z, w, α, β) =
[
(1− z)2 + m2

∞/γ2(1 + z)2
]

×
[
(1− z)2(1 + w)2 + (1− w)2(1 + z)2 + 2(1− z)(1 + z)(1− w)(1 + w) cos (α− β)

+ (1 + z)2(1 + w)2m2
∞

]
(C.20)

Furthermore,

ηx (nk) =
4pz(pz + k)

k
γ3

4π4

∫ 1

−1
dz
∫ 1

−1
dw

∫ 2π

0
dα
∫ 2π

0
dβ(1− z)(1 + z)(1 + w)

× Pn(z) Bk(α)C(w, β) χx(z, w, α, β)

(C.21)

where χx has the same expression as χy except that sin α → cos α, sin β → cos β, while

cos (α− β) stays the same.
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