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Abstract . " 
(, ' 

1 

In this thesis we have considered various types of genera-

1ized linear least squares problems. These can be tre~ted by 
~ 

minimizing a sum of squares ~ubj~ct to linear equality constraints. 

!il, 
Method& for sOlving the~e problems which are available in the liter-

ature can often be ~hown to be numerically unstable or computation-

a11y inefficient: The main effort of this thesis has been directetl ~ 

towards developing reliable numeric~lly stable algorithms for cer

,l, t~in such proplems. Since we a1i',want the most efficient numeri

ca11y stable algorithms, we have made careful use of the structure 

of ani particula~ sys@em. 
/ 

/ 

In this thesis we have ,presented, a numerically stable algorithm 

" for solving generalized li~ear least squares prbblems which is based 

on the work carried out by paige [18] •. We have developed a very 

e ff icien t numerically stable algo'ri thm for ob~aining the minimum 

2-norm ,solution of a structured underdet~rmined system. We have 

then considerela three parameter estimation problems which can be 

"} 
formu~ated as generalized least squares problems. They are: a 

repeatab1e experiment with a general linear model, grouping of 
. 

equations, and estimation in a dynamical system. We ~ave pre-

sen~ed numerically stable algorithms for solving such problems 

and a comparison has been made with the existing numerically 

.. 
unstable methods. These algorithms have been developed jointly 

\ 
with C. Paige fol1owing on the original wor~ of Paige (18). 
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RÉsUMÉ ' 

1 

/ 
! 

Dans cette thèse nous avons ~nsidéré une variété de types 
f fl • 

de problèmes moindres carrés linéayres généralisés. Ceux-ci'peuvent 

être traités en minimisant une so~e de carr~s sujette à des 

contraintes d'égalité linéaire. 6n peut ~ouvent démontrer que les 

méthodes 'de résolution de ces p~blèmes disponibtes dans la 

littérature sonf instables numé,riquement Ou inefficaces quant aux 

calculs il effectuer. 'L'effort! prin!=ipal de cette thèse -est dirigé vers 

le développement d'algorithme~ fiables et nvmériquement s~ables pour 

certains problèmes de ce ge~e. ,Puisque nous désirons des algorithmes 

qui soient aussi des plus e~ficaces, nous avons utilisé avec ' 
, ! \. 

précautions la structure propre de chaque système considéré. 
~ 

Dans cette thèse nbus avons,présenté un algorithme rapide et 

numériquement stable pour la, 'résolution de problèmes moindres carrés 

linéaires généralisés, I~asé sur le travail entrepr~s,par Paige (18). 

Nous avons développé un algorithme numériquement stable et tres 

efficace permettant ~'obtenir la·solution 2-notfue minimale d'un systèma, 
" 

structuré indétermii~. Nous avo~s ensui te considéré 'trois problèmes 

d'estimation param~trique pouvant être exprimés sous la forme de 

problèmes mOindre'; c~rrés généralisés. Les problèmes d'estimation . , 

sont: expérience reproductible avec un modèle lin~aire génér~lisé, 

groupement d'équations, et estimation dans un système dynamique. Nous 

avons présenté des algorithmes numériquement stables pour la résolution 
i 

de problèmes de ce genre et nous avons effectue une comparaison avec 

les méthode! exi,stantes qui sont numériquement, instables. Ces 

algorithm~' ont·été développés conjointement avec C. Paige, faisarit 

suite au/travail déjà entrepris par celui-ci [ 18] . 
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CHAPTER l 

INTRODUCTION 

1.1 Overview. 

-
Estimation is a process of extracting information con-

cerning a parame ter or a vector of parameters from experimen-

tal data. ~he concepts of least squares estimation and curve 

fitting were introduced in the early 1800'5 by Legendre and 

Gauss mainly for the purpose of reducing physical and astro-

n mical data. However, many major contributions ta the field 

ha been made in recent years. ,Because of the accessibility 

of co puters and the developmen~ of 

old pro lems have been reformulated 

numerical techniques, se~ral 

in a setting appropriate )ër 

obtaining efficient numerical solutions. 

Esti~at~n, theory gradu~lly found its way i~to many dis

ciplines of sC~!lce and engineering. Today, the extent' ta which 

"" it has influenced 'à',,-variety of, subject~ _can be felt by ;numerating 
~ "- p , . 

sorne of the many ~eemlngly unrelated areas of applications such as ., ' 

satellite orbit determina~ion, mathematical modelling of human 

operators, optimal and adapti,ve control, 'determina:tion of radar 

range, and economic m~dels of supply and demand. 

~ The r e i saI a r 9 e 90 d Y 0 f -1 i t e ~'a eu r e a v ail ab l e 0 n the 

appli cations 0 f estima t~on theory ,in d'i fferent eng ine ering, , eco

\ 
nometric and other problems. (See for example Grove et al [9 ], 

Sage and Melsa [21] Nah~ [14], Johnston [11] 
\ 
\ 

( 

, 
\ 

Theil [22]). 
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A mathematical modelrepresenting a physical system con-

~ . 
tains a number of equations and each equatidn contains a'number 

-'\ 
of parameters. The accuracy of the resulting estimate is gener-

a11y degraded-by the combination of modelling and measurement 

errors. It is practically impossible to include aIl the' af-

fecting parameters in the ~athematical model designed to repre-

sent a physical system accurately, thou9h usually on1y a few 

parameters will have a large effect on the model. Also there 

is every likelihood of measurement errors at the time of taking 

observations. AlI these errors could be grouped together and 

the resulting effect cal1ed "noise" of the model, which could 

then be treated as a random unknown variable. 

In many cases, the so called linear model is often used to 

express a relationship. A linear model i5 defined as an equation 

in random variables and parameters which i5 linear in the random 

variables and parameters. In this thesis an attempt will be made 

to solve different types of linear mode1s efficient1y using com--

pu'te r5 • 

The initial specification of the relationship must include 

sorne assumptions about the probability distribution of the ran-

dom noise vector. Different assumptions will give rise to dif-

ferent computational or statistical problems. We will consider 

two main types of linear models v~z. ordinary linear model and 

general linear model, arising out of the assumptions ond makes 

regarding the noise vector. Details will be given in section l.~. 

( 

.' .. /3 
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In this Chapter we'will establish firs~ our notational 

conven tions. A review of the different 'types of linear models . 

that we will treat will also be given. In 'assessing tne effec-

tiveness of the various algorithms, 'we will be concerned with 

the followlng attributes tentatively listed in decreasing order 

1 
of impor~ance: generality, 'stab~lity, accuracy, efficiency and 

storage requirement. A brief description of tbese attributes 

will also be given here. Most of the numerical methods described 

in this thesis are based, in sorne way, upon the properti'es of 

otthog9nal matrices. Givens plane rotations and Householder 

\ 

transformations are often used. We will desc~ibe these trans-

formations briefly in thi~ C~apter. 

In Chapter 2 we will derive and discuss the established 

. 
least squares methods of solving the various types of linear 

model probl~ms. We will also consider three proble~s of para-

meter estimation and the existing methods usually used to suIve 
~ 

\ 

them. commrJ, on . their effectiveness\will also be made. 

Chapte~ 3 con tains a fast stable algorithm to solve the 

least squares problem for general linear models. ThlS algorithm is 

based on the work carried out by Paige [18] . 

. 
In estimating parameters in many general linea~ models 

\ , 1 

(paige [16]; Theil [22], pp. 294-299 ), it is necessary ·to find 
~ \ ' 

the minimum 2-norm solution of an underdetermined system (e.g. 
,> 

when the number of parameters to be estimated is more than the 

number of equations). An algorithm will be presented in Chapter, 4 

to solve sorne such systems. The algorithm is based on the particu
\ 

lar structure of certain sys~ems. 

... /4 

t. 
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,r 

Chapters 5,6 and 7 contain new numerically stable methods 

of solving the three different pr,oblems of parameter ,estimation 
o 

introduced in çhapter 2. A_cornparison of efficiencies with the 

existing methods of solution will also be given. 

In Chapter 8 we will comm.ent on the methods ~h'ich are 
... ~ 

degeloped in this,thesis. We will also comment on the scope of 

furthér developrnents of these rnethods . 

• 

1. 

- r ... /5 ' 

'\ 
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1.2 Notation. 

E ( • ) will denote the expected value and superscript 

. . . 
will denote the transpose of a matr1X. Othe~wise, capital 

bij. 

. italic letters will denot~ matrices, with the symme~ri~ ca~ 

pitals A, H, M, U, V, W, ~, y ~eserved for symmetric non

\ 

T 

negative definite matrices. A ~yrnmetric'matrix is said to be 
... 
nonnega~lve definite if aIl its eigenvalues are greater thpn . 
or equal ta' zero and one or m",Qr.~ co'uld be zero. 

.- r' ~ 

We also re-

serve R 
~. 

for de'Ab-ting upper triqngllla,r ma~trix and 
b 

L for 

lower triangular matrix. Letters P and Q -, will be reser-

ved for denoting orthogonal matrices. Lower case ~talics 

wiLl denote column ~ectors, except for indices i;. j, k, 1, 

m, n, s, t Lower case Greek letters are used for scalars 

only. 

~ 

Also we will use a· g to den'ote the 2-norm of a matrix 

or a veOctor. J 

1.3 Linear models. , 

A univariate linear model can be represented in matrix 

_ notation "\,s 

y Cx + u (1.1.) 

o 
where y is a given m-vectGC, C ifi a given mxn matrix, x 

is the unknown nonstochastic n-vector of parameters and u is 

a co~umn rn-vector of 'unobservable random noise variables. This 

specification implies that ~he dependent variable y i5 under-

stood ta be a random variable which ls on the one hand linearly 

\ 
./6 

1 
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'. 

related to x and on the other hand determined by chance. 

GenerallY9 in a linear model, the number of observations 

exceeds the number of parameters to be estimated. Therefore, m 

is greate~ than n in mest of the cases. W~ will always con-

sider m ~ n unless otherwise stated. 

In order to have a meaningful linear model, one must have 

sorne initial assumptions about the random nbi'se vector. It is 

generally assumed th~t the ma~hematical expec~ation of the.ele-

ments of the random vector is zero. That is, 

E (u) o . (1. 2) 

The elements of the noise vector may be uncorrelated. If , 
also assume that a11 t'he elements of the noise vector have 

the same variance 
2 

o which is unknown, the variance-covari-

ance~matrix of the vector u can be written as , 
\ ' 

T 
E (uu ) 0 2 1 , l is an identity matrix of order m. (1.3) 

A linear model given in (1.1) with assumptions, (1. 2) and 

(1.3) is known as the ordinary 1inear model ( Johnston [11]) • 

The assumption that the disturbances are uncorrelated is 

not always realized, especially when we deal with time series. 

If the elements of the random vector are correlated, then the 

variance-covariance matrix of the vector u become& 

where 
2 

cr 

? 

=' er 1w 

i5 an unknown parameter and 

(1.4.) 

W is a sym~etric 

t 

\ 
\ 

... /7 
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nonnegative definite matrix of order m . Irn certain cases 

w 
~ 

could be singular.When W i s singular,' there are some~ re
~ 

strictions on the dependent variable y, which may be examined 

to, make sure that there is no obvious ine nsisteney in the model 

(Rao [ 20], pp.297 ). 

A linear model (1.1) together with ssumptions (1.2) and 
\, 

.(1.4) i5 known ,as the general linear mod 1 (~ohnston [ Il] ) . 

Thé assumption (1.4) is consiôer-a:bly weaker thim assump-

~ 

tion (1.3) because it allows unequal di gonal elements of W , 
(heteroscedasticity) as weIl as for pos tive and negative cor-

... 
relations of the disturbances (non-zero off diagonal elements) 

In principle, an inves~igator i6 eomple'ely free in his 

choice of an 'estimator for x . Several estimatipn procedures 

are possible, for instance, the analogy method, the least squares 
- '-'\ 

method, the maximum likelihood method, the minimal chi square 

method etc. Naturally, th~.choice of the solution procedure 

depends o~ the properties of the respective estimators. The 

properties and the applicability of different methods are deter-

mined by the assumpt,ions one is willin~ tç:> make about the vector 

of ra:ndom variables u and it is essentially the se assumptions 

which determine the estimation procedure to be used. In this 

thesis we are mainly interested in computing efficiently the 

least squares estimates and to sorne extent the maximum likeli-
...., 7 , • 

hood ~stimates of different types of general linear models. 

... /8 
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Stâtistical properties of the least squares estimates 

of ordinary and general linéar mbdels have been described in 
. 

de.tail by Rao [ 20], Theil [ 22], Johnston [, Il], Golub & S.tyan 

[ 8] etc. If _,.the elements of the noise vector are assumed to 

be normally di~tributed, tfe maximum likelihood estima tors \ 

1 and the least squares estimators are the same. Partly because l. 
of this we have given more stress to compuéing least squares 

estimates of a general linear model. 

If we consider the matrix C , given in (1.1), asva 

matrix of observed values, the columns of the matrix C may 

, not be linearly independent because of dependent parameters 

considered in the model. Also the covariance matrix W can 

be singular when the disturbances are linearly dependent , . 

(Theil [22], pp.274-275). 
1 

Most of the methods that a~e des-

cribed in the literature fail when'the columns of the matrix 

C are linearly dependent and W i s singular. Gol ub [ 7], 

Businger and Golub [ 3], Golub and st yan [ 8] obtained the least 

sq~res estimate of ordinary linear models for a general ~C 

\sing orthogonal Itransformat\ons. Rao [ 20] obtained the least 

squares estimate of a general 1ipear model for general C a~d 

. 
W using genera1ized inverses. Paige [ 17] reformulated the gen-

eral linear model differently and obtained the least squares esti-

mate of the problem for general C and W using orthogonal 

transformations. 

' ... /9 
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\ 

1.4 Attributes of an efficient algorithm. 

We will determine the effectiveness of an alqorithm by 

consid~ring the folrowing attributes viz. generality, stability, 

accuracy, eiiiçiency and sto~ag~ requirement. 

Generality means that the method is applicable to ~ide 

, classes of matrices. For'example, in our case, a method which 
," 

, r ' 

works only for nOnSing+~~ric'es will not be hiqhl'y r~garded. 
" .) , 1 

A computer perform~~c opérations viz. addition, sub-

\ traction, ,multiplication and division with rounding errors. The 
/, 

/ 
error is dependenk on the precision of the computer one is wor-

;1 "' " 
.! 

king with. Often,when a/problem is solved u5ing a computer, the 

result we get can be regarded as the solution of a perturbed prob
r 

lem. An algorithm is stable if At yie!ds a solution that i5 near 

the exact solution of a slightly perturbed problem. 
" 1 

This does 
< • 

not mean that the answers will be accurate. The accuracy of the 
, 

solution depends on the conditioning of the problem. A p.roblemc can 

'" be weIl conditioned or ill condition~. If a small chan the 
, 

data results in large change in the solution then the ~ob1em is 
.. 

ill conditioned, otherwise it i5 wel1,conditioned. 
• -1 

Efficiency is measured by the amount of computer time re-

quired to solve a particular problem .. In estimating the ~ime 

required by matrix computations, it is traditional to estimate 

the time required by the multiplication o~ division and the? in-

crease it by some factor to account for other operations. Gen-

erally, we will consider 1 operation as one which involves 1 

mu1tip1iqation or 1 division with 1 addition or 1 subtraction. 

\ 

•. . /10 
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The'refore, we can say that the mUltiplication,of two mxm 

matrices involves m3 operations. 

1.5 Givens and Householder matrices. 

The most common application of orthogonal matrices in 

nrlmerical" analysis 15 equivalent to the reduction of a given 

n-vector z to a multiple of the first co1umn vector of the 

identity matrix, i.e. find an orthogonal nxn matrix Q such 

that 

QT Z = ±-ye
l

, -y Il zll .(1.5) 
/ 

... 

! 

where el is an n-vector of ea'ch component zero except;l for the 
/ 

first one which 1s 1. The r~ason for prefer~ing orthogonal • 1 • 

transformations ove'r others i5 thiit they do not 'ch/n'ge the 
/ 

condition of the problem. The reductlon given f~ (1.5) can bé 
) / 

done by eitner a sequence of plane rotation (Givens) matrices 

or a single element'ary orthogonal (Householder) matrix .lt 
;' 

Giv~'ns matrlx ls defined as / 
/ 

The c ce of a 

15 given by 

\ 

[: ~:J / 
/ 

/ 
j 

1 0 

;/ 
and $ to p~iform the reduction 

/ 

/ 
/ 

/ 
/ 

/ 
1 

·'l:] 

'. 

\ 
\ 

., . 

(1. 6) 

L 
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/ 

/ 
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\ 
i , 

2 (2 ~2 :} y + '1 2 

ct =, '(l/Y and a Ç,2/ Y• 

(1. 7) 

tI' 
Wn~n an n-vector z is reduced by Givens rotation matrices 

" td a multiple of the' first column of the identity matrix, then 

(n-l) rotations are needeo,. Every rotatio~ will zero out one 

element and adjust another element such that the updated- Izl 
-, 

is preserved. Thus, Givens pla~e rotation preserves the size 

of th"e vector. 

To perform the same reduction in one step using a ~ingle 

Householder matrix, we can form 

Q l 
1 T 

== uu 
ct 

(1. 8) 

where 

u == z + yel 

I lu a 2 ct = 
2 

(1. 9) 

sign(z T 
el) IzJ y = 

/ 
1 , \ 

such that 

T \ 
, Q ,z -yel , 

From .( 1.9) i t can he seen that the Househo Ider transformation 
\ 

aiso preserves the size of z • 

\ 

, 

... /12 
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The choice of using orthogona,1 Givens rotations or 

Householder transformations depends on th~ type of problem 
r' (~'-(F 

one is working with. There are cases when one is better than 
/,;t, , 

the other. In, the general éa~, the Householder transformations 
l l* a 

only inv01v~ about half the number of multiplications required 

for Gi vens rota tion's. Gen tlem~n. [ 5 ] and Hammarli--ng [10 ] have 

shown that it is po~sible to implemeAt sq~are roo. fr~e versions 
• 1 

of Givens rotation in about half the number of mui tiplications of 

the classical method. 

.. 
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CHAPTER 2 

CLASSICAL DERIVil.TION AND SOLU'TION OF 

VARIOUS TYPES OF LINEA~ MODEL PROBLB~S. 

Introduction. 

, , 

In this Chapter we will derive and discuss the established 

least squares methods of solving two main types of linear models 

viz. ordinary linear model and general lineàr model. We will then 

describe the three parameter estimation problems which we.will con-

sider in this thesis. Existing methods of solution o~ the se prob-

,lems will also be discupsed and comments will be made on their 

e ff e cti-ve n e s s. 

2.2 Ordinary least squar~s problem. \. -

We know that equation_<-L._l) in, Chapter I-togeth-er ~with the 

assumptions (1.2), and (1.,3) constltute an ordinary linear model, 

i.e. an ordinary linear model can be described as r . 

y = Cx + 1 U E (u) = 0 , 
T 2 .~., 

E(uu ) = cr 1 . (2. 1) 

The problem of obtaining least squares estimato~-for an ordinary 

1 

linear model is kn',own ,as the or'dinary least s.quares problem 

(Johnston [11] ) t' 1 

\. 
2.2.1 Derivation of the prob1em.· 

Let x be an estimate of (2.1). Then (y Cx) i s the 
. 

vector of m residuals. The ordinary leas~ squares problem is 

to find x that minimfzes 

.•. /14 

l, 

\ ' 

1 1 
l' 
1 

1 

\ 
·l 

J 



'( 

\ 

. ; 

or 

1 
,) 

- 14 -

T cx) (y 

, , 
114" Yi. Il 1 _--J~_. ______ -.. ............. ~_ 

ex) 

" X := arg min 1 y - ex 1 

1 

(2.3) 
x 

l' 
1 

\ 

./ 

wher,e this notation is short for "x is the argument, 'that' mini-

mizes 1y - Cx with respect to x" For,a giyen valu,e of y 

"-the \l'ector x that solves the problem (2.3) 1s called the ordi-

nary least squares estimate cof- x 

2.2.2 Methqd of solution. 

In many place~ in the numerical, engineerin~ econometric and 

~tatistical literatures, the ordinary least squares ~roblem has 

been solved by forming normal equations. Differentiating (2.2) 

with respect to x and equating, to zero we get ' 
1", 

" (2.4) 

a 
Hence if' e has linearly i,ndependent columns, the least squares 

estimator i5 given by 

\ 
(2.5) 

which minimizes (2.~) since ~TC is positive definite. 

We know
l 

that C can have linearly dependent columns. In that 
1 

T 
case e e becomes singular and the method fails. Moreover the con-

dition number for the solution of equations in (2.4) 15 the square of 
\ 

... /15 
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the'condition number of C, and ~2.4) ca have much worse 

condition than the original least squares, problem. , Thus the 
\ 

rnethod of estirnating 
A 

X 
,\ . . 

by fqrmin~ normal equat10ns 1S riot 

,_ - numerically st§lble (de Jong [4 ] ) • 
~~ J' ~ 

'lf'::;,~ . 
'~.~, The 0l?dinary l:ast \squares problern for a general rnatrix 
r~..,.,.,'. 
,tW~ 

-- C has bee~ ~61ved successfully' by Businger ,and Golub [~ 1 and, 

., 

Golub [7] using orthogq~al transformations, following Householder. 

,First we can choose an orthogonal matrix Q such that 

- ,.. 
where R 

, , 
is a full row rank matri~ and 

(2.6) 

Q is partitioned'So 

that the'number of rows lin is the sarne as that of R . 

Since the 2-norm ls unaffected by orthogonal tra~sfor-

" mations, (2.3) can bé written as 
\ , 

(2.7,) 

from which it follows that " x sati sf ~es 

o (2.8) 

and ~he residue of the ~olution is given by 

( 2 • g') 

\ 
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/ 

Since R has full row rank, (2.8) is solvable for x • 

o A 

If R is square x is unique, otherwise we will have many 
... 
x 

• . satisfY,ing ~8) ~ We are, generally, concernep with the minimum 
.. 

2-norm of such x. In this case R will be 1n upper trapezoida1 

forro. So we can find J an orthogonal matrix P s-uc;:h that 

p 

, 
where R is a non singu1ar upper triangu1ar matrix. 

thus be trans-formed to . 
\ 

\ 

Let 
lIlI 

[:J TA 
Z = = p X 

\ 

We can now solve 

T 
RZ

2 = QIY 

for z2 and se tting zl = 0 , the 

estimator for the model in (i.lf( is 

\ 

" 

.i 

minimum norm least 

given by 

(2.10) 

( 2 .8) c an 

(2.11) 

(2.12) 

(2.13) 

square 

(2.14 

••• /1 7 

l . ~ 
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,,' .. 
~~,l&r. ' \ 'In coun\ting the number of operat~ons required to solve 

\ 

an ordinary least squares prohlem we·will assume for simplicity 

that the matr~x C -of dimension mxn has fulP col umn rank. 
\ 

To compute (2.6) using Householder transfor~tio~takes 

about 

\ , 

1 

2 mn 
3 n 

3" (2.15) 

operations. If w~ use 4 multiplication Givens plane rotations, 
, . 

the total number 9f operation5 required to compute (2.6) 

2 
2mn -

2 3. 
3 n 

. \ 
15 

\ 
square root free G,ivens rotation (Gentleman [5 l, If we use fast 

-Y' ' 

'H~m~';~'ting '[10]), the total number of operations required to 

compute (2.6) is"given by 

o 'mn 2 -. 
3 

n 
3 

(2.17) 

Thus we see that there is no advantage in choosing one trans-

\ formation ove r the other. But if the matrix C. is a large 

sparse matrix, then the uSe of Givens plane rotations has a 

de fini te advantage over Householder tra'nsforma tion s. 

2.3 Generalized 1east squares problem. 

The system of linear equa'tions (1.1) with assumptions 
~ 

(1.2) and (1.4) 9iven in Chapter l represents a general linear 

model, i.e. a general linear model can be written as 

•.. /18 
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" 
The problem ~f obtaining least squares estimator for a general 

linear model is known as the gen~ralized least square~ problem 

(Johnston [ll ] ). 

, . 
2.3.1 D~rivation of tbe problem. 

Like t?e ordin~ry least squares problem, methods of solving 

generalized least squares problems are widely available in the 

literaturlilt ([ Il], [13]). We will first a~su·me that W is a 

symmetric positive definite matrix. Then we can carry out the 

Cholesky.decomposition of W such that 

where L i s- a lower triangular mattix. , , -1 
Multiplying both sides of ( 2 .18) by L we get 

-1 L-lCX -1 \ 
E (v) "0 E(VVT ) 2 (2.19) L Y = +v i V = L , u , , cr I. 

Thus (2.!9) becomes an ordinary 1irtear mode1. Therefore, from 

(2.19) w~ see that the' generalized 1east squares prob1em becomes: 

find x that minimizes 

(y .... ." , 

\ 

, , 
ex) 

• This form
4
\yàs origina11y proposed by Ait'ken [ 1 ] 

(2.20) 

The vector 

x that minimizes (2.20) is called the least squares estimate 

of (2.18) 
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2.~.2 Method of solution. , 

Often~the generalized least squares"problem has been 

solved, like ordinary least squares prob1em, by forming the 

normal ~quations 

\1, 

iB the_+east squares ~stimate of the general 1inear model 
o 

given in (2.18). 
, 

Like the ordinary 1east squares prob1em, this method of , 

solution fails when c has linearly dependent columns or W 

is singu1ar. 

From (2.19) we see that the generalized least squares 

problem can also be solved by solving the "following ord±nary 

least squares problem: 

x 1J.rg min 
x 

-1 '-1 1 L y-L ex. (2.23) 

Now (2.23) can be evaluated by applying the st~ble "~thod . 
• 

used for solving ordinary lea~l~ squares 

ficulty with the problem (2.2 ) is that 
t 

W is singular or near singula~ If W 
~ 

problems. But the dif-

it does not work wh~n 
"lt 

is ill conditioneâ 

IL-~a will be large ~nd therefore the method will introduee 

unn~cessary errors. Often sinee lW-l, = UL- 1 1 2 the situatioll 

\ 
) 

-
\ 

'-. 
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\ 

is Il\uch worse for (2.21) and (2.22) Bjôrck [ 2 J ha~ desi,gned 
-'-, 

a method to handle less th~n full rank L . His method does 

not work weIl when L has full rank bût LS poorly conditi?ned 

and therefore leads to the 'sarne unnecessary nurnerical inac~ 

curacies suffered by.the methods directly based on (2.~3). 

To avoid both the difficulty caused by singularity an~that 

caused ,by ill conditi0I.;l, the fol1owing formulation was pro-

posed by Paige [17J ' . 

. . \. Tb' " m~n~m~ze v v su Ject to y;Cx+~v dl (2.24) 
V,X 

where W = BBT is the Cholesky decomposition. If B is 

squ~re lower triangular then (2.24) is mathematically equiva-

lent to (2.23) with Band L th.e same. Now the formulation 
",--

allows all C and B in a compatible system. B is non 

square when the variance-covariance matrix W of the noise 

term is s"ingular.· The Cholesky d.ornposition is still possible 

for the symmetric nonnegativeJdefinit: rnatrix W (Lawson and 

Han son [13 J' pp. 124). It can be shawn that the approach (2.24) 
( . ,. 

gives the sarne answers as Rao's unified theory of linear esti-

ma~ion [ 20 J and i5 in a form that leads directly ta good com

. p·u1:·a'ti.onal algorithrns. 
\ 

~~ It is now possible to solve a generalized least squares 

p~pblem given in th~ forrn (2.24) 
\ 

tio~~ ( paige [171) .• 

\ 
Q 

,,' 

.. 

using orthogonal transforma-

o 

.. 

f 
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We can find an orthogonal matrix Q such that 

QTC [:J QT = [:;} (2.25) 

where R is a full k\ . row ran matrlx and QT is parti tid'n<ed 
" 

sa that QT has the same I).umber of rows as that of R • Thus 
1 \ 

th~ constraints in (2.24) became 

[ Q:Y ] • [ :l [Qi"] 
v 

+ (2.26) 

QT B Q2 Y 2 

Once v is known, one can easily solve 

for x . 
. ~ 

Therefore, the prablem ~iven in (2.24) reduces ta 

minimize 
v 

T v v subject ta (2.28) 

which is nothing but finding the minimum 2-norrn salutio~ of 

< • 

~he underdetermined systèm \ 

(2.29) 

'. 

We can 

We also s'olve (2.29) by u-sing orthogonal transformations. 

fàrm an or~Ogonal matrix P such that 

'. 

• •• /22 
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[ 0, S], P ::; [p l ' P 2 ] (Z.30) 

where S has a full column rank and P is partitioned 50 

that the number of columns of P2 is the same as that of S. 

Let 

w [ ::] ::: pTv [ P:v] 
1 
" P

2
v 

1 

v (2.31) 

\ 

1. 

t! 

Then solving 

SW Z 
T 

Qzy (2.32) 

for and le tting w
l 

= 0 , the minimum norm solution of 

(2.29) is given b~ 

(2. 33~ 

Sinee S has futl column rank, w2 is unique if the set 

of equatioIS is consistent and so vis unique. if S is not 

square, we ean find an orthogonal matrix Q such that 

(2.34) 

where R is a nonsing,lar,matrix. 
\ 

We, ean naw solve 

(2.35) 

( 
l' .. 

• •• / 2 3 
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• 
for w

2
. We~can check the consistency of/the model by 

-T T 
checking IQ2Q2yl which should be very small for a consistent 

model. Thus a check can be provi~~d on the correctness of the 

.model. 

A 

Therpfore, knowing ~ given in (2.33), we can obtain x 

from equation (2.27) which will be the least squares estimate 

of the general linear mod~l given in (2.18). 

Kourbuklis [12] programmed the algorithm'for genèral C 

and W developed by Paige [17] ~n ALGOLW for the IBM 370 system. 

The results, checked against the IMSL subroutine LLSQAR, are 

accurate to machine accurac~. He also compared these results 

with the r-esult\ ohtained by '~sing (2.23). He found that, for 

ill conditio;ed L , they differ from the first or second sig-
o .. ~ . 

nificant digit. 

2.3.3 Operation count. 

For simplictty, we will assume that the matrix C is a 

full column rank matlii'x of dimension mxn and B is an mxm 

non singular lower triangular matrix. We will obt~in operation 

counts for the case when the problem is solved by Householder .. . 
transformations and aiso by using Givens plane rotations. 

! 

Ta reduce C to R ustn~ Householder transformations 

takes about 

\ 

(2.36)" 

operation so • 

.• .'/24 , 
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F . Q,T B orml.ng tak~s about 

(2.37) 

\ 
operations and then reducing Q~B to lower triangular form 

takes 

(2.38) 

operations. 1 

Since the other operations are relatively smaller, the 

totalooperations reqûired to solve a genefalized least squares 

problem using Householder transformations is about 

J 

\ 3 
2m 

3 
3 

n (2.39) 

When we ~sed Householder transforma~ions at the time of 

reducing C to an upper triangular matrix, we let the lower 

triangular form of B be destroyed. This is the dis~d~antage 

of'using Householder transformations, in this ~ay for solving a 

generalized Ieast squares problem. 

We can aiso reduce C to an upper triangular form using 

Givens rotations. We apply the rotations in such a 'iiay that 

we eliminate the elements below the leading diagonaa elements 
, 4 

o~ C while maintaining the lower triangular form of B • 

For example with m = 4, n = 3, the initial step will be 

\ 

'1 
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,x x x x~ 2' 
à 

X X X X.rg l' ~ (2.4.0) 

x x x x x~ 

61 
,x x \ x x x 

... ./ , 
"" y y 

-. 
C B 

The rotations are ordeted l, 1',2,2',3,3' and the ncin-

zero element fi ,.introdu~ed by rotation i from the left, 

is immediately made zero by rotation' i' from the rignt. 

We continue like this ûntil. C is reduced to the upper tri-

an~ular form.Kourouklis [12],programmed this approach • 

• If we use 4 multiplication rotation, total nù~ber of 

------- 1 
operations required to reduce C to the upper triangular form 

and at the same time maintaining the form of B throughout is 
'*' 

4m 2 2 3 (2.41) n - n 
3 

From (2'.39) and (2.41) we see that for an overdetermined 

system the method using 'Gi vens rotations is more effic·ient 

that using Householder transformations because of the term 
Il 

thaI1 

3 
m 

in (2.39). If the square root free rotation is used, Givens 

rotations are always economieal to 'use •• Therefore, it is pos-

sible to say that in the- generar-ease Givens rotations should 

be used to solve a generalized least squares problem whieh is 

presented in th~ form given in (2.24) in pref~ence to the 

Householder transformations. 
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2.4 Pararneter estimation problem. 

In this section we will introduce three problems of para~ 

meter estimation whidh we intend to solve efficiently in this 

thesis. 

2.4~1 A repeatahle experiment with a general linear model. 

We know that a general linear model can'he written as 

y Cx + Bv E (V) 
T 

= O,E (vv ) (2.42) 

where y is a known m-vector, C is a known mxn matrix, v 

is the unknown k-dimenslonal noise vector and B is a known 

mxk matrix with full colurnn-r~k. 

In sorne situationssuch as laboratory experirnents, in arder 

to get a reliable estirnate, one can make repeated experiments with .., 
th~ same model under the same set of conditions. Then y and v will 

be different for different experiments while C and B rernain the 

same. If we assume that the experiments are independent of each 

other, the model given in (2.42) will be of the form 

Yi = Cx+Bv i ' i=1,2, ••. ,t; E (v. ) 
1 

where ô .. 
1J 

is the Kronecker delta. 

T = 0, E(v.v.) 
1 J 

\ 

The t different linear models in (2.43) can he grouped 

together and written as 
f../ 

,0 

-
E (v) E(VVT) 0'21 y = ex + Bv = 0 , (2.44) 

J 

l' 

(2.43) 
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where 

c B 

-y ::= 

tmxl 

C ;: c B = B v = (2.45) 

tmxn tmxtk 

c B 

For l~rge m and t , the dimensions, of the problem given 

in (2.44) become very large. Hènce the previous method of solving 

a generalized least squares ~roblem, when applied to (2.44), will 

take a lot o~ storage and unneccesary computatidns giving an in-

-efficient algorithm. It is also seen that only y, C, B need to 

be known inorder to know the entire ·system. 

If in a'controlle~ e~eriment each set of observations is 

taken with a different set of measuring instruments, then it is 

possible to have different variance-covariance matrices for the 

noise terrn. Let W. be the variance-covarian~e ~atrix of the 
l. 

noise vector for the i th observation vector Yi 

W. 
l. 

T = B.B. 
l. l. 

be the Cholesky decomposition, where 

-
B. 

l. 

Also let 

is rnxk. 
l. 

matrix with full column rank. Then B in (2.45) becomes 

-
B == 
t 

tmx ~ k. 
i=l l. 

(2.46) 

B~ 

\ 

( 

\ 
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In ehapter 5, we present an algorithm for solving such 

-problems with block diagonal B 

2.4.2 Grouping of Equations. 

~nother application of the generalized least squares prob-

lem occurs in 'the estimation of parameters Qf a group of. ordinary 

linear models whose noise vectors are correlated (Zellner.[ 23] ) • 

The idea is to estimate the parameters of the different sets of 

equations jointly by utilizing the relationship among the distur-

bances of each set of equations. Zellner [23] has shown that when 

different sets qf "~ndependent" variables appear ~n equations of 

the system and when there exist correlations bet~een the noise 

terms, the generalized lepst squares estimators are asymptotically 

more efficient than those obtained by the application of ordinary 

least squares to each set of equàtions in turn. 

Suppose that the i thequation in a group of n sets is 

wh\ere y: 
1 

= e, x, +u, 0' 
1 1 1 

is an m-vector, e. 
1 

i=1,2, •.. ,n 

an mxk. 
1 

matrix, u. 
• 1 

is- an m 

dimensional random noise vector. AlI the sets of equations can 

be grauped together and can be written as 

y = ex + u (2.48) 

... 
where 
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C 
n 

x = 

x 
n 

, u 

'u 
1 

.. 

u 
n 

. (2.49) 

The random noise vector, ù has a zero mean and its variance-I 

covariance 

w T E(uu ) 

x i5 given by 

1 

T 
ECu u ) 

n n 

\ 

(2.,90) 

.. 

is the variance-covariancè matrix for the noise 

vectors of the i th and the j th sets of ,equa tions. By assumption 

i,j = 1,2, .. ,n T 
E(u,u.) = cr .. I 

Q~ J l. J 
(2.51) 

where l is a unit matrix of order m Therefore, 

° 12 1 °1n 
l 

° nI °2n l 

\ . \ 

\ 

°n2 I ° l nn 

= S ® l , S 
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wherè ® is the Kronecker product. 

The general linear model, thus, becornes 

y ='Cx+u ; E(u) = 0 , (2.52) 

2.4.2.1 Existing rnethod of solution. 

Zellner [23] sol ved thi 5 problem by using ,Ai tken 1 5 

',/_4 
generalized least squares method, i;e. by forming the normal 

" 

equations and therefore the 1east squares estimate of the mode1 

is given by 

x = (2.53) 

Let 

50 hat 

1 w- l = S-1 @ l 

~,-~ 
(2.54) 

Theri (2.53) can be written ~-.~. --. .... < 

~ \-1 
x = A b (2.5'5) 

• '-
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wher~ 

11cTc 
CI 1 1 

21 T 
A = CI C2C1 

on1c~'C 1 

• 

12 T 
CI C1C2 

22 T 
CI - C 2C 2 

CIn2c~c~ 

31 

n nj T' 
~ CI C y. 

j=1 n J 

. (2.56) 
\ 

,1 

(2.55) can best be eva1uated by app1ying Cholesky decomposition. 
n 

1 1 

The matI"ix is symmetric positive definite matrix of rank E k .. 
\ i=1 1 

A 

\ 

Therefore, A has<a Cho~esky factorization of the form 

A = LL
T 

(2.57) 

for x. 

•. -1 
Ze11ner's method'make~ effectiv' use of S to obtai~ the 

• genera1ized linear least squares estimators. As we have'discussed 

earlier, W can be singular or C .. may have linear1y dependent 
l.' : 

columns. Then Zellner's method does not work. Also we know that 

by squaring a matrix its condition num&er i~ also squared which re-

sults in unnecessar~ errors i~ the solution. 

squaring matrices on a compute): can reslult 

unne<;:essari1y (see for examp1e [ 7 ] ) .. 

in 

? 

We ,a1so know that 

100sing (nformation 
, \ 

••• /32 
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operation count. 

, 
Whil~ counting the nbmber of operations for solving a 

ge~eralized-least squaiei pr~blem using Zellner's methad, wé will 

assume that matrices 

sion mxk". 

c. 
~ 

for i = 1,2, ... ,n 

To form A takes about 

l 2k 2 
2 mn 

are of equ.l dimen-

(2..60) 

operation s. Number of op~rations necessary for the Chol~sky de

composition of A is 
, t 

(2.61) 

Since th~ qther operat1ons are relatively smaller we can say thdt 

Zellner's method of solving the ~rdblem (2.52) takes about 

-, 
13 

l mn 2k 2 l 3
k

3 +, 
6 

n , 
2 , . -' 

'" 
aper.:;ttions. .( 

2.4.3 Estimation in a ~ynâmical system. 

) 

'The problem of p'arameter esti~ation" IOn a nonli~ear dynamical 
. 

system occ~rs in ma~y, engineering fields *hére it often involves the 

processing of large amounts of data quickly and accurately.' Grave 

et al [9 1 have used a m.:tximum ~ikelihood paramet'~r estimation pro

cedure for estimating trhe stabilit~ and control parameters from tte' 
\ 

fiight tést data of aircrafts. 

/ 

" , 
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, " 
Let us consider a simple form of parameter ,estimatibn prob-

lem in a dynamical system. Let the înat:hematical model of adynamie 

S y 5 t e rn }j'le 0 f th er. for m 
c ' 

f(x,p,t) (2.63) .. 

where' x is the state vector of m elements, p is th~ paramet~~ 

vector to be estimatedand t represen~s time. 

Let us obse~ve this dynamical'system at discreté times" 

\ 
o (2.64) 

Let x. be 
1 

th,e ob s,e rved state vector time • of the system at t .. 
1. 

is 
1 

Now x. a~$o sorne funct.ion of the vector p \jhich is unknbwn. 
1 

j t: l' P 
But the, measurement of the state vector will be polluted with noi se. 

We assume the measured state vector 

where 

x. 
1 

x. 
1 

x. +v. 
1. 1 

E (v. ) 
1 

T 
0, E(v'.v.) 

1. J 

is ~he true state vector, 

x. 
1. 

can be written as 

== cS •. V, i,j=1,2, •.. ,k 
f 1. J D 

~ 

(2.65) 

v. 
1. 

is the noise vector during 

the observation at time t i ' V is the variance-covariance matrix 

•. ' .'""" (assumed to be\Pos~tive definite matrix) of the unknown noise vector 

and cS •• 
1J 

/ 
is the Kronecker delta. 

The maximum likelihoQd estimates of p .(è-.~d V are obtained 

by maximiz~ng' the likelihood function $(p,V) with respect to p 

and V. 

We' till assume tha~ the elements of the noise vector are 

distributed normally. Then the' likelihood function ~(p,V) is 

given by 

.. 

.•• /34, 

j 

t 
( 

t , 
i 

. , 

1 .... 
l 
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$(p,V) 
1 { 1 k -, T ~1 -

----------. exp --L (x. - x 1,) V (~\1' 
( 2 TI ) m k / 2 d e t (V) k / 2 2 i =1 1 

(2.66) 

S1nce this is a1ways positiv~ and the logarithm is a monotone ;[J' 
increasing function for positive real arguments, to m~ximize 

4l Cp,V) 1 we mayas weIl maximize 

\ 
\ 

* cl> (p, V) = 

= 

2 (/l(p,V) Qn 
k 

-Q n det(V) 
., 

-Q n det (V) 

+ 

-

-

\ 

m 2n 27r 

l 
k 

T -1 -L (x. -x.) V (x, - x. ) 
k i=l 

1 1 1 1 

l " (Z TV-lZ) - trace 
k 

1 -1 T 
-2 n det (V) - trace (V Z Z ) , since 

k 

(2.67) 

. trace (AB) ~ trace (~A) for compatible d~mensions 

r' where 

z = [zl,z2'· .. ,zJtl, zi = x, - X. 
1 1 

(2.68) 

, * 
It can be shown that the value of V whic:h maximizes 4l (p,V) 

i.e. which minimizes 

Grove et al [9]) 

v (p) l ZT 
k Z 

for a fixed 

, say F 

p is given by (see 

l 
VT Z (2.69) 

It should be noted that k, the number of observations, should 

be more than the number of e\ements in the\vector 

to have V non singular. 

x. 
1 

in order 

... /35 
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... 
Similarly, for a fixed V , the value of p 

* m i z e sd - 4> ( p , V ) is given by 

p 'argument' t\at minimizes 
") 

T -1 trace(Z V Z) 

that mini-

(2.70) 

From (2.65) and (2.~) we find that this minimization 

problem becomes: find p that minimizes 
/ 

k _~~ 
t n F x. 

~ 

-1 2 
- F x. (p) n 

, l. 
i=1 , -

(2.71) 

The problem /ven in (2.71> is different than the generalized 

least squares problem because 

parameter p . 

-1 
F is ~lso a function of the 

2.4.3.1 Existing method of solution. 

Sorne methods of solving this bype of estimation problem 

have been di'scussed by paigé [ 16] , Grave et al [9 1. Their methods 

are basically iterative. 

1 For a gj.ven p -v V in p.69) is evaluated. Then the 

linear ~xtrapo1ation °qf the vector x. (p) 
l. 

given by 

aXi(p) 
- x. (p) + 

1. a pT 
op 

is taken which is 

(2.72) 

This gives ~the approximation of (2.71):' find op that minimizes 

k' 
-1 ~ 

~ aF (x. 
i=l ~ 

'{2.73) 

or 

r 
... / 36 
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where 

y = 

- 36 

ôp arg min 1 y - C6pK2 

op 

f 
-1 -

F (xl - xl (p) ) 

• 
F - l ()E 2 - x 2· ( p) ) 

C = F 

F 

F 

• 
(2.74) 

-1 3 xl (p) 

II p 
T 

-1 3 x 2 (p) 

) 

3p T 

-1 ~ x k (p) 

3p 
T 

Thus we find p+6p which optimizes (2.70) with V = V(p) 

in (2.69) apd the approximation to x. (p) 
1 

in (2.72). Next we 

find the improved value of V~p+6p) in ~2.69) and repeat the 

p-rocess, until convergence. The algorithm of the problem may be 

written-as (Paige [16) ). 

i) guess p 

ii) form Z in (2.69) 

i ii) transform ZP = [L, 0) , L lower triangular, P 
\ 

orthogonal 

3x. (p) 
form C. = ___ 1 __ --

1 - a pT 
i v) y~ = x. - x.(p) 

... 1 1-
i=l, 2, •.. ,k 

solve 

for i=l, 2, ... ,k 

ta gi ve \ 

... /37 
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y = 

arg min Dy 
ôp 

CcSpD 
\ 

p + ôp and go to (ii) 

It 1s often J:he case that steps (v) and (vi) are ,the most , . 

time consuming steps. If the number of observations is large, 

th en the size of the problem is disconcerting. Aiso if the num-

ber of observation is less th~p the number of elements in x" 
l 

k 

then v is singular and so 
-1 

L doe s not exi st. If V is ill \ 

conditioned then L-
1 

·is large and therefore, the answers WiLl be 

inaccurate. Hence the method is not numerically stable for ill 

condi tioned V . 

We can combine steps (v) abd (vi) in the fOllowing general 

line a~ mode 1 

y Ccp + v; E (v) 

where 

T -
= 0, E (vv ) = V (2.75) 

•.. /38 
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( 
3 x

l 
(p) 

V 
T 

3p 

3x
2

(p) 

T 
v 

C = 3p and V = 
, '. 

\ 
v 

V here is a symmetric nonnegative definite rnatrix. 

In Chapter 7, an efficient numerically stable algorithm 

has been presented to obtain the le~st squares astimation of a 
',' 

general l1near model of the form 

.. 
E (u) 0, 

T 
U ( 2 .,1"6) y Cx + Ui E (uu ) 

where \ ... 

~~ 
U 

l 

.... U 
1 2 

U 

, 

The form (2.7~) or (2.76) will allow us to obtain the 

least squares estimate of (2.76) for a gen~ral ,C and U 

The algorithm is a new and numerically stable one which has 

been devised by C. paige and the author. 

1 

r 

1 

1 

\ 
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2.4.3.2 Operation count. ~ 

? 
We will giye an operation count ~~ accomplish the 

steps (v) and (vi) of the algorithm of paige [16J. We will 

assume, for simplicity, that each C. 
1 

in c 

dimension mxn and L is lower triangular. 

'To ~mpute step (v) takes about 

operations. 

l 2 m nk 
2 

is of the same 

(2.7]) 

Transformations of C to an upper triangular form by 

using Householder transformations takès about 

operations. 
\ 

3 
n 

Thus to accomplish steps (v) and (vi) 

l 2 2 l 3 
2 m nk + mn k - 3 n 

operations. 

,~ , 

• 

(2.78) 

it takes about 

(2.79) 

. ... 

\ 

... /40 
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CHAPTER' 3 

FAST STEP BY STEP COMPUTATIONS FOR GENERALIZED , 

LEAST SQUARES PROBLEMS. 

3.1 Introduction. 

We know [ 17] that a generalized linear least squares problem 
1 

can be stated as 

minimize 
TI 

V v subject to y Cx+Bv; E (v) , 
v,X 

where is a given m-vector, ~ i5 a given 

T 
0, E(vv ) 

mXn matrix, 

( 3 .1) 

x is 

an unknown n-vector of parameters, v is an unknown random noise 

ter man d B- i s a k n 0 W n m ~ tri x w i th' full col uln n ra n k . 

In this Chapter, we present! a fast step by step algorithm 

. 
for solving the prob-lems of type (3.1). 

/'-
This will be based on 

the work carr·ied out by Paige, [ 18 ] We will assume for simpli-

city that Chas full €olumn rank and B is lower triangular 

although the algorithm works for column deficient C and non-

square ~. An operation count will also be given on the bas{~ 

of thase assumptions. 

3.2 Method of solution. 

We have s een in Cha pter 2 that the application of Gi yens 
( 

plane ,rotations has definite advantage over Householder trans-

I 
formations in solving a generalized least squares problem \when 

'formulated like (3.1). Therefore, we will use Givensplane 'ro-

tations only in reducing the system. 

. .. /41 
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By applying orthogonal transformations from left and 

right, it is possible to transform the init~al data [y,C,B~ 

in (3.1) as follows: 

T 
Q[y,C,B] l 0 0 Ll 

l 0 
T 

= n 9 

p z R
T 

L
21 

----- ------l n m ' l n m-n-l 

where Q and p are ortho~onal matrices, 

0 0 

p 0 

r L2 

l n· 

}m-n-l 

JI 
}n 

T 
, R are 

( 3 . 2) 

non singular lower triangular matrices. n are scalar s . 

For generai C and B , rotations can be 50 chosen that L1 , L 2 ' 

R will have full column rank. 

(3.3) 

it is seen from the constraints in (3.1) and transformations in 

(3.2) that 

Llv i 
,0 , ( 3 • 4) 

Il 
T 

g vI + P )..l , and ( 3 .5) 

T '( 3 • 6) z = R X+L21vl+)..lr+L2v2 

••• /42 
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<. f 
1 
) 
) 

, , 

(3.4) implies vI = 0 sinee LI is lower triangular. There-

fore (3.6) can be written as 

(3.7) 

Since R
T 

has a full row rank, it can always be solved for 

x irrespective of v
2 50 the minimum nor~ least squares 

\ 
solution x of (3.1) is given by 

( 3 .8) 

For the constraints to be consistent, P has to be non zero 

if n is nonzerb. If P = 0 but n + 0 , then the eon-

straints in (3.1) are incompatible. 
1 

Taus, we can have a 

check on the feasibili ty of the model wi th nonsqua,re B. 
, 
The transfprmations in (3.2) can be p&rformed in two 

stages. In the first stage, we apply n(n+I)/2\ rotations 

from the left to zero out the above main diagonal part of 

[ Y'"C] wi th corresponding rotations automatically applied 

1 from the right ta B, whenever necessary, to retain its 

forme For example with 

x x 

~ 
x x 

~ 
x x x 

:lÇ x x - , 
y C 

m=4,n=2 
l' 

x~ 

, the initial step is 

\; 

2 ' 

x x~ 

x x x ( 3 .9) 

x x x x 
"- el 

v 
B 

···/43 
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The rotations are ordèred 1, l', 2,2'. The nonzero elernent 

rD introduced by 'ith rotation from left is immediately made 

zero by i' rotation'from the right. Using this procedure, 

-
the above main diagonal part of [y,C] is reduced ta zero, 

at the sarne time keeping the form of B the same throughout. 

In the second stage of reduction each step has the sam~ 

form, elirninating one diagonal of [y,C] matrix at a time and 

also maintianing the lower triangular form of B at the same 
~ 

time by applying right rotations~ The first step of the second 

stage for the above case [m "" 4, n = ~ ] will be as follows: 

3 ' 

/~ xYQ 2 ' 

1 x~ !l. ' x X 

1 
x..---œ 

(3.10) 
x x 

~ 
x x 

x x x x x x - ---- " 
.. 

B y c 
where the sefluence of rotation is l, l' , 2, 2 ' , 3, 3' . Sa 

, 
there will be m-n-l steps for the second stage of the reduction 

and each step will contain (n+l) rotatio~to be applied ta the 

left of {y,C,B] and (n+1) rotations to the right of B ta main-

ta in i t s fa rm . 

It is seen that after the first element of y is elirninated, 
~ 

there is no need to consider the firs~ column of B any further; 

since' the fi'l:st column qf B will :no longer have any e.i.,fect on 
,\ 

the solution. Therefore the first column of B can be ignored 

completely once the first slement of y is eliminated. Tqus as 

1 
; 

1 

l' 
1 

1 

l 
-- : 
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the reduction of the system continues, the size of the system 

also decreases. This will save computations in the general case 

and also save storage in sparse problems .. Theréfore, this 

algorithm is more efficient tha~ the on~ given by'Paige [17 J. 

Paige [18] has aiso given the rounding error analysis of this 
" 1 

algorithm and found it to be numerically stable. 

The transformationsgiven in (3.2) can alsp be achieved by 

using stabilized nonunitary transformations instead of Givens . . 
rotations from the left [ 18 ] . The transformation can be shown 

as follows: 

1 ~ex/f3 ex 0 

if f3 :j: o. (3.11) 

" 
0 l 13 f3 . 

,1 • 

To maintain numerical stabili ty we -would first permute the 
f 

elements and if e ::: 0 or 
1 

la/f3l > 1 . Thus we see 
/ 

that it needs only on~ mu1tiplication'to eliminate an elemen~ 

instead of 4 .multiplications .in the case of Givens plane ro-

tations. Since D.I) requires the minimization of T v v and 

nonunitary transformations do not preserve the 2-norm, it is 

better ta, use orthogonal transformations fro1h the right. Thus 

we can produce the results of (3.2) by applying nonunitary'trans-

formations from the left and fastGivens rotations from the right [18]. 
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3.3 Operation count. 

It will be assumed for simplicity that Chas full, 

" column rank and B i5 square. w~ will consider first that 

the reduction in (3.2) i5 achieved using 4 multiplication ro-

tations only. 

To compute the first stag" n(n+ll/2 rotation~ to the 

Left of [y,C,B] take about 2n~' operations and n(n+l)/2 ro-' 

tations ta the right of B 'take about 2mn2- t n
3 

operations. 
~, 

Hence the first stage ~l reductions takes about 

operations. 

, 2 
2mn .+ 

; 

(3·l2Y 

Th~ second stage of reduction contains (rn-n-l) ste~s. 
1 

Each step consists of (n~l) rotations to the left of [y,C,B] 

and the corresponding (n+l~ rotations to the right of B. 
\ j 

(m-n-l) (n+l) left r~tations take about 2 3 
2m n-2n operations 

and (m-n-l) (n+l) right rotations to B take 2 2 2m n-2mn op-

erations. Therefore, total operations needed for second stage 

of the reductlon isoabout 

2 2 30 
4m n - 2mn - 2n' 

Th·us., the çomplete. reductiob takes about 

J , 

opéra tians. 

2 4m n 
2 3 
3 n 

(' 

, 

(3.1S) 

, (3.14) 

-
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It .has been shown that the matrix B can be reduced as 

the computatioQ progresses. The total number of operations 

thus saved will be about 
{) 

2 2n(m-n) 

algorithm Itakes about 

2 2' 
'2m n + 4mn 

8 
. 3 

3 
n 

operations. So the fast 

(3.15) 

operations to solve the generalized linear.least squares 

problem. 

j The number of operations saved i.e. 
2 

2n(m-n) will be 

appreciable if m» n Thus we can say that the 'fast step 

by step method will be very eff~cient for a large g~neral linear 

modal. 

If' we use stab~ li zed non uni tary tran sfarma tians from the 
• 

left instead of Givens rotations, then in the first~tagel 

n(n+l)/2 transformations to the left of [y,~,B] ta~e ~bout 
1 

./ 
operations. Hence to accomplish the first stage re-

quires about 

2 l 3 
2mn - 6 n (3.16) 

~ operations. 

In the second stage (m-n-l) (n+1) transformations ~rom 
, 

the 1eft take about (m 2n_n 3 )/2 operations. Therefore, the 

second stage of the reduction takes about 

5 2 2 n
3 

2 m n - 2mn - 2 (3.17) 

operations. 
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Thus, if nonun±tary transformations ~ 
from the left anq 

Givens 4 murtiplication rotations from the right are used in 

the reduction (3.2), total number of operatichns i5 about 

2 3 
3 n 

From ,(3.14) and (3.1B) we find that using stabililized 

nonunitary transformations from the left and Givens 4 multi-

plication rotations from the right will always be faster tha? .. 
using 4 multiplication orthogonal rotations from the left and 

the right of the SY~)fm. 
The fast step by ~tep algorithm for solving the generalized 

least squa~es pro~lem (3.1) àescribed in this chapter. has been 

tested on an IBM/370.sys~em. The procedure GLSQUARES, writter 

i~ ALGOLW, has been presented in Appendix A. We have used 4 

multiplication Givens rotations to reduce the system. The' 

procedure works for general C and B. The outputs f~ the test 

prqblems are also given in Appendix A. 
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CHAPTER 4., 

MINIMUM 2-NORM SOLUTION OF A STRUCTURED 

UNDERDETERMINED SYSTEM. 

4.1 Introduction. 

In many genera1ized 1east squares prob1ems (Pai~e~116], 

Theil ["22 J pp. 294-299), it is necessary to find the mir.,limum 

2-norm solution of ,an underd'etermined system of the form 

y F z (4.1) 

where F has the following structure 

F 

For each i, 

G 
n 

i=1,2, •.. ,n, G. 
~ 

L 
n 

l' 

is a matrix of order 

(4 .2) 

and 

Li is lower trapezoida1 full column.rank matrix of1rank k i 

Elsewhere, aIl elements of F are zero. In Chapter 5 we ~i11 

'encounter a ~ode1 where the efficient solution of an p~derdeter-

( mined !?ystem of the form (4.1) with (4:2) ,is ~equired. 

One way of finding a numerica1ly stable solution to (4.1) 

is to find an orthogonal matrix ,Q such that 

FQ [ L, a (4. 3) 

-where L is a full column rank matrix. Because of the particu1pr 

structure of F , it is nct worthwhile to construct ,Q or L ex-

1
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plicitly since this will result in large storage requiremen.t,and 

• t 
unneces~ary computations. In this Chapter we will present an 

apparently new and numerically stable algorithm, designed by 

C. paige and the author, which requires very little storage 

1 
and also avoids unnecessary computations. We will assume for 

simplicity~ the description that the matrix F has full row .. 
rank and each matrix L. 

~ 
for i=1,2, ... ,n is lower triangular 

of order m. An operation count will also be given for this 
~ 

particular case. The procedure MINNORM given in the Appendi~ B 

aiso works when F is not a full row rank matrix and each L. 
1 

is a fuit column rank lower trapezoidal matrix. When F is 

not a full row rank matrix we can check the consistency of 

the system by checking the residue which will be small for 

compatible system. 
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• 

Gitl et al [6] presented an efficient algor~thm for 

solving an underdetermined system of the form 

.f 

b U1. 6) 

\ 
where D is a diagonal matrix, a,v and b are column vectors 

and \i is a scalar. The algorithm for sol.ving the system (4,.4) 

which will,be presented here, can be considered as a generaliza-

tion to block form of the algorithm presented by'Gill et al [6]. 

We add to the bottom of the ~atrix in" (4.4) a matrix 

[ l, 0 ] (4.7) 

where l is an ,identi ty matrix of rank k 50 t)tat we will 

work with the system of the forro 

[: :] (4.8) 

... 

.The reason for working with the syVstem ( 4 .8) is to form a part 

of the transformation matrix simultaneously 

the system progr~sses. Its pur~ose \ill be 

as the reduction of 

1 

evident a~ we progress. 

At'first, we will form an orthogonal matrix Q(1) such t:hat 

Q (1) 
Il 

Q (1) 
12 

}k 

(4.9) 

Q (1) 
/21 

Q (1) 
22 

}m
l 

~ --- ,.-- \ 
ml k 
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-
where LI is a full column rank matrix. If we first multiply 

the system [ 
Q (1) 0J 

(4.8) by 0 r l theJ;J. (4.8) reduces to 

-
LI 

G Q (1) 
2 Il 

G Q (1) 
2 12 

L
2 

r 

(4.10>-

. 
-.:/' " 

G Q (1) G Q (1) L 
n Il n 12 n 

Q (1) 
Il 

/. Q(U 
12 

0 0 

If we use Gi vens plane the reduction of [G
1

,L I ] 

. 
to a full c'olumn rank matrix ca be performed in such a way that 

Q (1) 
12 

is lower 

rotatiO~ then 

triangular. This can ~~. shown schematically, in 

(~_~_~~J 
[I " 0 J 

• 

3, as foi lo,ws : 

4 1 1 

~~2 
x~.~ 
x x 1 xlr ec- ~ 

- ~- -~-ï ;--8-- ---, 
1 

~ x,[)J fJ ru , 
1 

L , 0 x 
l 1 

r = ------.-- x x 
1 

(1) 1 Q (1) 
Qli , 12 x x je 

---------t 
x x x 1 x 

x x x 1 x 
1 

(4'.11) 

x 
\ 

., 
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i 
The rotations are orderftd l, 2, 3, 4, 5, 6,~ indicating 

that the element has been made zero in the i th rotation. The 

nonzero element ~ has been introduced by the i t1( rotation 

from the right. 

Next, we form another orthogonal matrix" Q(2) sdch that\ 
J 

[L ~~~~(2)= 
'Q (2) Q(2) }k 

11 12 
( 1) L J Q(2) (4.12) m2 {[ G2Q12 ' 2 2 

~ - - - Q(2) Q (2) k m2 m
2 

k \ } m
2 

0 

21 22 - --.-
m2 

k 

-where L
2 

is a full co1umn rank matrix. Thus (4.10) can be 

transformed to 

G Q (1) 
n Il 

o 

L 
n 

o 

(4.13) 

The rotations' are 50 applied that is lower triangular. 

Co~tinuing like this, we can find an orthogonal matrix Q ~ which 
.t. 

is the product of n orthogonal matrices, such that 

•.• /53 
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L
2 ~ 

' G3 S 2 L3 

-L 0 
n 

Z '=Q(1)Q(2} 
, n+1 12 12· 

(4.14 ) 

Although this is a nonsparse'lower triangu1ar matrix, its spec~dl 

form ailows us ta form and use it with very l±ttle storage and 

computation. This will be described further in Section 4.3. , " 
l' 

The system~given in (4.4) can ~hus be transformed ta the , 
f0110wing 

y • (4.15), 

Let 

w = 

..• /54 
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Then solving the compatible system 

-/ 
y 

in an efficient way for w
l 

and setting w2 

2-norm solution of (4.11 is given by 

Z = 

(4.16) 

o 1 the minimum 

(4.17) 

But it can be seen in (4.14) that we know only a part of Q. 

However, (4.14) and (4.17) glve 

(4.18) 

and this can be evalua~ed. 

As we are concerned with the minimum 2-norm solution of 

(4.4) and sinee is already evaluated from (4.18)" then z2 

is nothing but the solution of the compatible syst~m 

(4.19) 

This system is square if aIl L. 1 i,=1,2, .•• ,n, are square. In., 
1 

any case (4.19) can easily be solved since the system is com-

patible and L is a bloc~ diagonal matr~x~ 

4.3 Aigorithm of the method. 

. 
" 

We will present here the algorithm for eva1uating zl 

only. The remaining part of ~he minimum 2-norm solution can . \ 
1 

easily be obtained from (4.19) once zl is known. 

\ 
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(4.16) can be written as 

L1 

G 2S l L
2 

-
G3 S 1 G

3
S

2 L3 

-
L 

n 

s. "" Q(1
2

) Q(2) 
~ 1 12 

Q(i-1) Q(i) 
12 Il 

T T T 
[w

11
,w 12 ' ... ,w 1n ] and 

T 
Y 

w11 Y1 

w
12 Y2 

w
13 Y3 

(4.20) 

T T T 
[ Y l" Y 2' • • • ,y n l 

Ifom (4.20) we can first find w11 by solv~ng 

(4.21) 

1 Next we can obtain "'12 by solv~ng 

(4.22) 

for where 

Thus can be eva1uated by solving 

... /56 
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y, - G,d, l 
1. 1. 1.-

(4.23) 

/' 

where 

, 
d, l = d, 2 + S, lW 1 ' l 

1.- 1.- 1.-,1. .... 

)Ne ~re interested in finding d n 
since fr(ID (4.18) we 

'. 
= d 

n 

. + S w
1 n n 

(4.24) 

Therefore, we can deseribe the a190rithrn as follows: 

reduce to forming := 

solve LIW II := YI 

form dl :== Slwll 

for i := 2,3, ... ,n do 

a} reduce (G,Z, ,L,) 
1. 1. 1. 

to <L"O) 

b) 

e) 

forming S. 
1. 

solve L,w
l

, 
1. 1. 

forro d, := 
1. 

:= 

d. l 1.-

1. 

y, (-
~/~4 

G,d, 1 
1. 1.-

+ s,w
1

, 
1. 1. 

Z Q 
(i) 

:= i 12 

1 

From (4.24) we find that d is our vector 
n 

Q(l), Z2 := 
Il 

(4.25) 

Each 

system in steps (ii) and (iv'h) of the a1sorithm must' be a com-

patible lower trapezoidal system and can easily be solved (In 
~ 

rnost cases, aIl Li will be lower triangular). 

, , 

\ 
\ 
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Th~s, we see that the algorithm for evaluating zl is 

very efficient. The method is basically sequentiai and at no 

stage need we store.previous L. 
~ 

or S. and' Z. i6 overwritten 
1.' ~ 

by Z. 1 • 
~+ 

This special form leads to tremendous savings with 

respect to computa~io~ time and storage requirements. 

A computer program for obtaining il \writJbn in ALGOLW, 

together with the output for test problems run on IBM 370; are • 
given in Appendix B. 

We see that when has been found, Z2 can be found 

by keeping Land Gand solving the ,compatible system (4.19) , 
4.4 Operatio"count. 

We now give an operation count for the aagorithm given 

in (4.25) to evaluate zl' We will assume, for simplicity, 

that aIl L., i=1,2, .•. ,n, are nonsingular low~r triangular 
1. 

ma~rices of order m We will also assume that the matrix 

F in ,(4.1)' has full row rank. We will apply 4 multiplication 
\ 

Givens rotations for the reduction of the system . 

• , 
We examine the number of operations required in step 

(iv) of the algorithm given in (4.25). To form 

Z. 
1. 

is ~ower triangular takes 
1 2 . 2 mk operations. 

as described in (4.11) takes about 2m
2

k + 2mk
2 

o r 

G.Z. 
1. 1. 

where 

Reduction of 

operations. 

Since the other operations are felatively smaller, we can.say 

that the total operations necessazy to implement the algorithm 

'~ .• /58 
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given in (4-.25) is about 

252 
2m nk + mnk . 

2 

A 

". 

(4.26 ) 

QItee Z1 is known, Z 2 can be evaluated by s~lving (4.19) 

Total operations required to solv~ (4.19) 
, , l \ 2 

is- about - ID n 2 ' oper-
, 

ations. Therefore, to solve the ~ystem (~.l) completely takes 

about 
j ~ \ 

2 l 5 2 
m n (2k + 2 ) + 2 mnk (4.27) 

operations. 

If we solve (4.1) byreducing it'to t~e form (4.3) by 

forming Q a~~ L then the total number of operations ne-

çessary is of the order of 

2 2 
m n k (4.28) 

/' 

We s.ee that if fast 2-multip1ieation Givens rotati,on,s are apied ., 
fo~ implempnting algorithm (4.25), then the algorithm presented 

here i5 about n times faster th~n the one that reduce5 (4.1) 

\ 

te the form (4.3). Moreover, for our algorith~, practieally no 

,extr'a storage is required besides st~ing 

i=1,2,.- .. ,n • 
ï / 

'\ 

, " 

œ 

G. 
,~ 
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CHAPTER 5 

A REPEATABLE EXP~RIMENT WITH A GENERAL LINEAR MODEL. 

5.1 Introduct~on. 

In Section 2.4.1 we have seen that' if in a controlled 

_experiment, each set of observations is .... ta,ken witho a ~ifferent 

set of measuring instruments then it i5 p'ossible to have dif-

ç~erent variance-covariance matrices for the noise terms. Let 

W. be the varia;ce-çovariance ma~ri~ of the noise vector for 
~ -the i ih observation y. 

~ 

- -T B.B. be the Cholesky de J 

1. 1 

composition where B
1
. lis lower trapezoidal with full column 

o .0{ 

rank. Then for' t sets of observations, we can write the 

linear mod.el as follows: ,) 

E (v) 
T 

0
2

1 Y Cx + Bv; = 0, E (vv ) <; .1) 

.. 
where "- ,'- ' 

y = 

where 

YI C 

y2. C 
, C = 

-
C 

-
y. isan m-vector,C 
·1 

\ 

BI 

~2 
B = (5 .2) 

i5 an mxn matrix and i5 

a full c61umn rank matrix of dimension 
,l 

mxk. 
" ~ " • V;:-, 

We will devel~p a numerically stab~e algorithm to obtaig 

the generali zed least sq~are s, e'stima te x for 'thi s linear, model. , , 

We will also present a very fast algorithm to solve this problem .. 

t 
'-- ,c~~!!"1'~~;~~:!!"'~ ~ • 
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- - • 
when B. 

1. 
B for aIl 1.~ This algorithm is developed jointly 

with C. Paige. 

We can formulaté our pr~blem as 

T min v v subject to y = Cx + Bv (5.3) 

V,X 

with y,C,B given in (5.2) T\le vector X solving (5.3) is 

the requiréd estimate x 

5.2 Method Qf ·solution. 

To t;>egin with, we' first find an orthogonal matrix Q 

such that 

l " 
-T
Q C 

o 

(5 .4) 

where RT is a full row~rank matrix. ~e also find an orthogonal' 

matrix P. such that 
1. 

.. 
-T- ..... 
Q B.P. B~ 

1. 1. 1. 

, . 
where the forms of 

~[ 
B. 

1. 

L . 

~J, 1. 

i::;1,2, ..• ,t (5 .5) 

F. 
1. 

and B! 
1. 

are the same. '~he matrix B~ 
1. 

is partitioned sa that the number of rows in [F. ,N.] is the same 
1. 1. 

as th~t in R
T 

in (5.4) Then the constraints in (5.3) trans-

, 
form to the following: 

\ 

..• /61 
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0 x 

QTy 
T 

R 

., 0 
1 

R
T 

0 

R
T 

where -T 
Q 

A 
QT. 

g 

- . Let 

') YI 

QTy = 
Y2 

y' ::; 

,.K , Yt 

, ,il 
• Yi = 

\ 
Yi2 

• 1 
We can split (5 .6) 

i ts equations: 

( 

\ 

- 61 -

" 

LI· 

.+ FI NI 

Q L
2 

F2· N
2 

4 

Pl 

P = 
.. 

-T 
Q 

\ 

YU 
Y12 'I 

Y21 
Y22 

and v· 

Ytl 

Yt2 

vil f' 

v . = 
l. 

vi2 

. 
i'nto.the 

\ 
following 

• 
1 

\ 

./ 

.. , 
Lt 

, 

Ft Nt 

\ 

P
2 

) 

Pt 

Vu 
v

l2 
v

21 
v

22 

v
t1 

v
t2 

two parts • 

.. 

• 

T 
P v 

af~er 

(5.6) 

~ 

• 

' l 

1 

.) 

,. 
.. 

(5 • ~) 

• rearrangin 9 
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x 

+ 

L 0 
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(5 •• 8) 

• 
(5.9) 

The system (5.9) 
T T T T 

can be solved easily for [V11 ,V21 '··· ,v t1] 

and after substituting back. in (5.8) we have , 
• 

Y12 - F I V 11 

Y22 - F 2V 21 

If any 

matrix Qi 

L. in (5.9) 
1. 

such that 

-T 
Q.L. 

1. l. 

,. 

+ 

o 

Il. 

. \ 

N-::· 
2 ... 

can 

(5.10) 

fi~d an orthogonal 

'. \ 
(5.11) 

"-
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is lower triangular. In this case we can check 

the consistency of the model by observing tfte residual. For 

a consistent model, the computed residua1 must be smal1. 

Let us now multip1Y'both sides of (5.10) by the non-

singular matrix 

l 

-I 1 

\ 
(5.12 ) 

-I l 
<> 

.. 

50 that (5.10) transforms to 

. ,.. 
b

1 RT 
x NI v

I2 

0 -N 
. l 

N
2 v 22 

+ (5.13) 

\ 
b

t 0 -N I ,Nt Ili t2 ,,. 

We can find x by solving 

.- b,.~ R~~ + N

'

V '2 "~~4) 
once is known. Therefore~ we need to find the minimum -2-norm solution of the following underdetermined system 

\ . \ 
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-N 
1 

N
2 v

12 

-N 
1 

N
3 

v
22 

(5.15) 

-N 
1 

.. Nt v t2 

-. 
or 

b -/ Nv , say . (5.16) 

The m,tho~ of s~lving an underdetermined system of the 

forro (5.16) has a1ready been described in Chapter 4. Onqe v 

for i5 known, we can solve (5'14) 

squares estimate of the model (5.1). 

x which w~ll~e the least 

We see that in'order to 

estimate 
A 

X from (5.14) we need to know on1y We know 

that the algorithm presented in Chapter 4 is very efficient in 

obtaining ~1' only. 

We can solve the problem (5.3) quickly if the· variance--

covariance matrices of the noise vectors for aIl the t dif-

ferent experiments are the . \ . If we follow the same methods same. 

as described b~forel (5.5) will be of the form 

-T--Q BP (~ .17) 

x can then be found by solving 

(5.18) 

• , .•• /65 
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C ' 
'. 

once v 12 is known, and the constraints on v are now 

given by 

, b = Nv (5 • 19~ 

, 
where -N N b

2 v 12 

N -N N b b
3 

v = v
22 

(5.20) 

-N N 

We can apply a technique similar to Givens plane rotations, 

which we wil~ calI muitidirnensionai rotations, to transform i to 

a lower triangular form. Multidimensional rotation matrix is 

defined as 

r-Cl1 BI], 
l BI al 

(5.21) 

The choice 0 f Cl and B to perfbrm the reduction 

4) 

[ -oN, N ] to
, B'] ~ 

= [ yN, 0] , ô > 0 (5.22) 
BI nI 

\ 
j 

is given by 

6 l 
C,s.23) Cl = . and B J 1+ 0

2 )1+ 0 2 .. 
, 

1 

( j 
•.. /66 
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and 

(5.24) 

We can write the system (5.19) as'follows 

• 

(5.25) 

where 
-N N v 22 

NI -N N
2 

N Vi = v 32 
. (5.26 ) , , 

.' 

-N N v
t2 

As we have done in Chapter ~ , we will consider the system 

(5.27) 

wh~re l is an identity matrix. This may help motivate the 

algorithm we will give qt the end of section 5.3. 

We will reduce the system [NI' N2 ] using multidimensional 

rotations. Wecan find an orthogonal matrix pel) of the form 

• -a l 13 1
1 

1 
~ 1 

~ (1) 
( 

::: (5.28) 

13
1

1 (lI! 
, 

••• /67 

f 

\ 



\ 

'", 

" .. 

( 
t, ; 

- 67 -

such that 

_, .. .".. c~_ .,.. A"~ 

(5.29) 

1 , 

• 

where (lI' 8
1
" YI are given by (l, e, Y "in (5.23) and (5.24) 

with 0 = 1. Then (5.27) can be transformed to 

y 1 N 0 

'" 

(lIN -8 N 
1 N 

(ll N -8 1 N, N 
(5.30 ) 

(lIN -8 N 1 
N 

(lo l 
l BlI 0 '0 . 0 

Next our éi = .8
1 

. Applying the same 1;echnique, (5.30) 

can further be reduced to 

YIN 

(l N Y2 N 0 ~ 
1---

(lIN e1 (l2 N - 13 1 a 2N N 

• 4)-
.' \. (5.31) 

(lIN tl l (l2 N ~lB2N N 

, 
.~ 

(lI l B1 (l2 1 13 1 13 2
1 0 . . . 0 

---
(1- . •• /68 .... 

Î 

,\ 

1 
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• 

where ?ur next 6 = B1 8
2

. Continuin~ like this, at the end, 

we will have 

S, = BI B 2 •. B, la, l , 
~ 1.- ~ 

'Y t-l N 

• • • S t-l 

say 

Thus there exist an orthogonal matrix P 

" 

o 

z 

(5.33) 

such that the. 

underdetermined system (5.19) can he transformed to 

b p ê (5.34) 

, 
• 1 

(5.32) 

... 

where P 15 ~he product~of (t-l) multidimensional rotation 

matrices. 

Now 

, 
, say. (5.35) 

; ... /69 

.. ~. 

1 

ri 



" 

\ 

(' 

l1 

- 69 -

Then sol ving the compa tible sy stem 

(5 • 36) 

in an efficient wfty for wl and setting w2 = 0 , the minimum 

2-norrn solution of (5.25) is given by 

(5.37) 

Thus, we can evaluate easily as is known. Since 

is. not known, we cannot evaluate ~I from (5.37). As .. 
• we are concerned with the m~nimum 2-norm solution of (5.25) 

and since is already known, we can obtain ~I, if it 
,< 

Is required, by ~olving the following comp~tible block dia-

gonai sy stérn [from (5.25)] 

N v' 2 
(5 .38) 

(5.3a) can he solved very efficiently since N2 and NI 

have s1?ecial forms (5.26). 

. '1 
5.3 Algorithm of the method. 

We will present here the algorithm for the case when the 

variance-covariance matrices of the noise terms are aIl the 

same i.e. when multidimensional rotations are used ta re~uce 

the systè~C/ 

, 
..• /70 
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,1 

Our aim will be to \~valuate v l2 first and then the 

rest of the solution ve~or can be obtained by solving (5.38) . 
. / / ~------ _ . ..-/~ 

We wJ.Il follb'~ the same approach as we have _done in the Chapter 

4. We will modify it to take advantage of the special forms of 

~ g1ven in (5.26). 

We can write (5.36) as fo11ows 

J. 

'YlN w
ll 

SlN 'Y 2
N wl2 

, 

~ LW l = SlN S2N y 3N w
13 

= 

~ . 
~ 

S N-
1 S N" 2 S 3N . yt_IN wl(t-l) 

where 

S. = 61 62 e. la. l 
1. 1- J. 

, 
Fro~.39) we first find that 

l 
Nw11 ·= b 2 

) 

'YI 

this poi that we do not intend Note at to solve 

1~ 

Next NW
12 

can, be obtained as -~ 

" .II 1 "1 NW 12 = (b
3 dl) 

'Y 2 

b 2 

,b 3 ~ 

b
4 

.. 
b

t 

~ 

..... 

for w
11 

. 
... 

( 

(5.39) 1 
1 , 

f 1 

1 
1 

.1 
1 

1 . 

(5.40)"\ 

, 
(5.41) " 
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1 , 
) 

1 

J 

(~ 

.... 

( 

where 

and again 

Hence 

where 

----~) ~-:~. __ . __ ... -
f 

1 

... 

d' = SI NW ll 1 ,.. 

we do not solve. 

for i th block of equations,we 

d. l = d. 2 + S. INw l . l 
~- ~- ~- ,~-

have 

The purpose of evaluating Nw1i ' not wli for 

/. 

i=1,2, ... ,t-l, i5 that we need ta know only NW
li 

in order ., 
to evaluat;.e d. 

~ 
We are interested in evaluating 

because from (5.37) we have 

If' 

.. 

. which could be used i~ (5.18). 

d. only 
~ 

• 

(5.43) 

Thu~ we describè the algorithm for estimating x as , 
follows for the case when the variance-covtr~ance matrices 

.r , Il 

,.,. . 

of the noise terms for -different experiments are aIl the same. 

1 • 

... /72 
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(' '\ 

~ll Y 21-{J . . . Yt1 
0 L :] i) reduce [ YI' Y 2 ' : .• ,y t' ë ,Ël to 
R

T F 
-). ) 

Yl2 Y22 
. Yt2 

s: 
H) solve LV U : for 

, 
:= Yll vII 

... 

• Hi) form b l .: = Y12 ;" 
F . Vu . • 

" 

i v) for i := 2,3, •.. ,t do 

al solve LV' 1 
:~ Yil 

for Vil , ~ 

" 

b) form f. := 
~ Yi2 - F vil 

... 

c) "form b, := -b + f. 
~ l 1. 

v) înitialize é := 1 ... 
... 

vi) evaluate al' al' YI as in (5.23)_and (5.24) 

~ 

" J "-vii) 
l 

form 9 1 
:= b 2 YI 

viii) form dl := alg l , P 2 
:= SI /if-

ix) 'for i := 2,3, ... ,t-l do 
'-,. 

a) set é := Pi 

b) evaluate- ai' ai' Yi as in (5.23) ! and (5.24) 

• 
'II 1 

c) forf 9i:= ,- (bi+1 - d. l) , 
Yi ~-

( -:. d) form d. : = di_l' ~ 
+ P i

Q i 9 i , 1 

lli+l :=f lliai '-

1 
:j ,. 

, RTi ! x) solve b
l 

d
t

_
1 ~or , - x ..• /73 
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~ 
If one i5 rnterested in obtainins v explicitly then 

v
l2 

can be obtained by ,olving t~~ compatible ~ystem (5.43). 

for 
~ .#' 

The.remaindeL of the vector can be obtained by v l2 

solving (5.38) where 

5.4 OperatLgn count. 
, 

-d t-,l 

(5.44) 

We will first give an operation count required to estimate 
~ 

x for the model (5.1) when tfbe variance-covariance matrices 

of the noise terms ar~ all the same. We will assume that C • 
is full column rank matrix of dimension mxn,. We will aiso 

~
assume that B is lower triangular ma"trix of order m and-

also it is nonsingQlar. We will use 4 multiplic~tion, Givens 

rotations in reducing the system .... 

Step Ci} of the algor~bhm takes about .. 
2 23 l 

4m n - . 4 t 2 t "3.n + mn - n 

operations. 

t St~ps (il), (ili) and (i v): t.ake about 

\' 

/f l . '2 l 21 

• 2 
m t 

2 
n t 

• 
operations. 0 

"" 
\.. .. 

(5.45') 

• 

(5.46) 

1 
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.".. 
Since'the other operations of the algorithm are relatively 

smaller, the total operatiJ~needed to find 
A 

X is aPRroxirnately 

given by 

\ 2 '1 2 5 2 
4rn n +'-2 m t + 4rnnt n t - "2 

2 3 
3 n (5.47 ) 

Il 
We will no~ count the number of operations necessary to 

., l • 
~ 1 

compute x ~of the case when the variance-covariance matrices 

of the noise ferms are differe~t~ We will assum~~that each 

matrix 'B., 
~. 

Jn (5.2) i,s lower triangular and nonsingular ~f , 
o.:Jder m. f 

, 
f 

To comphté (5.4) and (5.5) for .. ~ , 
, ( 

operations; requj,red is of t~rder 

, 

. 2' 
:- 2mn t 

• 

i=I,2, •.. ,t, the ,total 

of 

~48) 

SJ.nce ,be other operations,are relatively smaller, we' can say 

'. 
that the total'number of operations' required to reduce the 

~ , 

sys~ern.~o the form (5.13) i. given by (5.48). 
, 

l'From Chapter 4 we find that the total number of o.erations , ~ 

1 

rfece,s"sary to evalua~e v l2 from (5.15) is about .. 
r 

2 ·5: 2 
2 rn' nt + '2 mn t (5 .49) 

~ ~ • • D .. 

Therefor~, the nurnber of oper~tions necessary to find x of • 
, . 

tpe model (5.1) when the variance-covariance III,atr:t,ces o.f the 

noise veptors are different for different experimentS is of the ... 
order 9f 

'.' 
\. ~ \ 

212 
6rn nt + 2 mn t 

, .. 

\ 

.. 
" 

(5.S0) ,. 

/ " 
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CHAPTEI\. 6 

, 
GROUPING OF EQUATIONS. 

6.1 Introduction. 

1 

We have seen in Section 2.4.2 that a set of different 

ordinary linear models whose noise terms are correlated can 

# 
give rise to a general linear model of thé form 

y = .. ' C x + u; E ( u) 

The forns of y, C, W are • 

YI Cl 
1 

T 
0, E(uu ) 

" 

W •• 

al II 

(6. 1) 

a
12

I 

" 

Y2 C
2 

a
2l

I a
22

I Q l 
2n , 

.,. 
Y = C W = 

,. .. . 
Yn en d nl

I a n2 I , 
• (6.2) 

c. is an m x k, matrix and W, the where y. is an m-vector, 
'. 1 1 1 • 

variance-covariance matrix of .the random noise vector 
~. f, 

u, is of 

dimension mn x mn. 

W, given in (6.2), can b~ written as 

aIl a12~' •• QIn 

a 2l a 22 a 2n 
, 

)' W = 61' ,;r . , , 1 
, . \ 

a 
nI 

ex n2 a nn 

,)\. -= S Ga I, say, • 
• .. .",. 

r, 

• • .. /7 6 

f 
..t'I,\. 

, 
1 

1 

1 ~ 
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) 
.. 

where & is the Kronecker product and l is a u,nit matrix of order m. . , 
Let S ; LL

T 
be the Cholesky ~ecomposition of S where 

• aIl 

ri 
0'21 0'22 

4 • L • (6.4) 
, 

.1 a a 
n2 

a , nI Jj).n 

Then (6. 3) can be written as 
\ 

w = (L & I) (fT & I) 
1# \ 4 

• T 
~~say BB ~ (6 .5) 

where ~ 

°llI l • 
t 

°2l I °22 I 

f B . . • 
(6.6) 

• f , 
On II °n2 I cr nn l(.. . ... 

Therefore, the pro lem of least squares estimation of the genera1 

linear mode~ 

mini)mi~e 
v,x 

given in (6:1) can be reformulat.ed a,s 
( 

vTv sUbject ~r y = ex + Bv J'( 6 • 7) 

• 

• 

\ ... 

B can be non square when the'varian~-covariance ~trix W is singular. . . . 
We will present here an a1gorithm wh!ch ~i11 work for linea~ly 

depend~nt columns of C .• and also of nonsquare B. This algor.ithm is 
1. 

developed jointly by C. Paige and the author. 

6.2 Method of solution. 

. We can find ,. 
T 

2{i) C. 
.1 

" 

\' 

such that , 
i = l,2, ••• ,n 

.' 

.. 

(6. B) 

.\ 
••• / 7 7 

.. 

• 

1 1 
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where 

Q (.i) T 

T 
R, 
~ 

is a full row rank matrix and the orthogonal mat~ix 
~ 

Jo 

is partitioned 50 that the number of rows in 

Q(i)T 
2 

~ 

are the 5 ame'. 
1 

The '-Çonstraints .giv~n in (6.7) can now be transform~d ta 

DT Yl x 
RI 

-
Y2 °T 

= 
R

2 • + 

.... Yn 
0 
R

T 
( n 

where Yi 
U) T 

Q Yi 

Rearrangin4j the equations, we 

two parts 

Yl2 
R

T 
l ~ 

x 

Y22 
R

T 
2 

= t + 

l • 

, ! .1 
~ 

(l) T 
C1 11Q 

! 

C1 21 Q 
(2) T 

O~2Q 
(2)T 

,. 

°hlQ 
(n) T (n)T 

°n2 Q . 

can split (6.9) into 

(l) T • 
0'11Q2 

<r) T (2) T 

°21Q2 °22 Q2 
f""'-./ • 

\ 

• 

.. 
' ven) T . C1 nnQ 

the fo.lowing 

v 

\ 
\ 

( ,T ° Q n. nn 2 

• 

v 

(6.10 ) ,. . 

< 6 .jl.l) 

.' . 

. 
. . . /78 
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where 

i=1,2, .•. ,n 

Thus we can, e~timate x by solving (6.10) for 

is known. The prob1em (6.7 )now reduces ta 

x once v 

.,p T 
min v v with respect ta v subject to (6.11) 

\ 

(6. 1~) 

The problem given in (6.12) i5 nothing llut finding the mini
\ 

mum 2-norm solution of the,underdetermined system (6.f 11)wnich can 

be written as 

y = Gv • (6.13) 

~ ~ \ 

The efficien~y of the methad of SOlving!(6.7) depends largely on 

how efficiently we can solve (6.13). One' way ta solve (6.13),is 
~ 

by reducing G ta a triangblar form by applying orthogonal 

""f . trans ormat~on p from the right. For large n and m , G 

can be very large and therefore, it is expensive ta construct 

"J P and solve (6 .. 13).'" \ 
c • 

, According ta Peters and Wilkinson [19] thélminimum 2-norm 

sol uJ;.i.on of (6.13 ) is 9 i vet;. by 
" 

" 
, -1 

, ,. T T -
\ 

\ 
v.,/G (GG'> y. 

. \ 
(6.11) .. 

So we 'could first form GG
T 

which ies a symmetr~c positive definite 

matrix and then solve \ 

f: .. • 

••• /99 , 

f 

\ 

" .. 
~ 

j , , 

1\') 
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T 
GG Z 

c. 

y !6.15) 

for z. The v~ctqr v can then be evaluated from 

T 
v = G z 

The system (6.15) can best he solved by using 

composition of GG T Let '" . 

GG
T 

LL
T ~ 

= , L lower triangular , 

be the Cholesky factorization. Then"solving 

\ ' 
Ly = ~ 

for y, we obtain z i~, ('6 .15) by S~lving 
\ 

T 
L z = y • 

1 (6.16) 

Cholesky de-

•• 

It. 

There may be a , "t. " faster but less obviol.ls way ,. wh~ch we have 
, t 

\ 
( 

"\. t\'; 
(6,l3)by reducing G ta a'lower triangular not found, to solve 

\ 

matrix of the form [L."a ) by applying orthogonal transformat,j.ons 

p trom the right .lthout for.in~ L or.p e~li~i~lY'('6.1Jo) 
- Once v i6 known, we can ef?t'imate x by \601ving 

.1 

for x • 
.. 

6.3 OpetàtiQn count. 
" 

FO~ simplicity, we wilJ !ssume that all the matrices' Ci' 

1=1,2, ••• ,n , are of the ~e dimenèion mxk and ~ave full ; 
• 

columri rank. In this case, we will use Householder transforma-
o 

# 
tion matrices fpr, ~e reduction of the system. 

) 

• . ,. 

\ r 
i 
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1 

The total number of operations required to reduce C. 
l. 

to and form Q (il at the same time is 

\ (6.17) 
... 

Hence to reduce a~l the Ci to lower trian~ular form and to 

form the Q(i) require 

2 1 
nk

3 2nm k -, 3 
\ 

operations. 

To form 'GG
T given in (6.15) takes about 

• 1 2 
2 n m<.m , 

operations and the Chole~ky decomposition of 

\ 
" 

o~erations. , 

1 n 3 (m -1 k)3 
6 

• , 

(6.18) 

lÉ 
~ 

(6.19) 

l ' 
takes ~:bout 

Once v is' kno"!n, the total number of operations required 

from (6.10~s of th~~order 
'\ ., ... to evaluate x of 

1 2 v 
2 n m~. (6.2i) 

Hence the total nÙ~ber of operations required to obtain the 
1 .ç 

solution of the problem giv~~ in (6.7) is 'a'bout 

Q. 

.... '.1')1. 

.' 

.1 
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• 

,( 
(6.22) 

We have seen in Section 2.4.2 that Zel~ner's method [23] 

of solving the problern (6.7) takes about 

(6.23) 

operations. 

Thus we see that our rnethod is much slower than that . 
of Zellner [23] for'm » k. When m = 2k, Zellner's method 

is -about twice faster than that of ours. But our method is • 
nurnerically stable whereas Zellner' s is note Our rnethod will 

bé far more competitive/if we could solve (6.13) efficiently. 

J 
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CHAPTEiR,' 7 

• PARAMETER ESTIMATION IN A DYNAMICAL SYSTEM. 

7.1 Introduction. 

We have seen in Section 2.4.3 that in estimating~the 
1 

paramet€rs of a dynamical system one often needs ta obtain 

the 1east squares estimate of a linear mode1 of the form 
1 

1 

E (vv T) 0
2

1 Y = ex + Sv ; E (v.) = 0 , = (7.1 ) ... , 
~ 

where 

YI Cl " BI 

Y = Y2 C = C2 B B
2 't 

v = 
t 

, t 1 t t 
,1:

l
m.x1 .Ef·xn , 1: 1 m ,x 1:k , '!lkfl ~= ~ ~= ~ ~= ~i=l ~ '. 

Yt Ct 

" 

VI 

v
2 

v 
t 

is a known m. 
~ 

1 
dimensiona1 vector , C, is a known matrix of 

"'" 
~ 

dimension m.xn 
~ 

and B, is a full co1umn rank matrix i of rank 
~ 

which is known. 

The problem given in (7.1) can be reformu1ated as 

Il' 
minimize v ~ subject to Y = CX! + Sv . (7.3) 

V,X , , 
, .' 

.. 
We wilX solve (7.3) by using the fast step by step algori~hm , \ 

[18 ] 
.... 

fo,r sol ving a genera1 linear mod~ discussed in Chapter 3. 
1 • 

(7.2), 

, 
The advantage of using this a1gorithm lies in the fact that it re- , 

\. 
duces the system,< step by step, a~fecting only a limited portion 

of the sy~tem at a time [lB] .. We wi1~ a~so g,!:v,e an operation count 

of the algorithm fo~ a particy).ar cese. 

." , 
1 

-...:.:./. 8 .... , : 

, .~ • 

fil .. 

!' 

1 
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1: 

7.2 Method of solution! 

For simplicity.we will assume that every B. 
1 

in the 

matrix B is an m.xm. nonsingular matrix. The algorithm 
1. 1. 

that will be presented on the Section 7.3 will a~so work even, 

~if B is non square. 

To ~egin with, let us first write 

• 

By apPl~ng orthogonal rotations from left and right, it is 

possible to transform the initial ,data [Yl,ël,ËI]~to the for~ 

lowing form: .. " 
\ 

l 0 0 L (1) 0 ID -n-l .. l l 

QT [ YI' Cl' Bl ] 'I = l , 
• (1) C (1) L (1) B (1) '--' --.,.., ~ 

Pl l n ml YI 1 • 21 l 

------~ 
-...,...., ~ 

l n m -1 n+1 
J 

l 
where QI and Pl are products of Givens orthogonal plane 

rotations and L (1) and 
(1)-

10wer triangular matrices. 
1 BI are 

Also aIl ,t}'le eleme~ts above the main diagonal of [yi l ) ,Cl11] 

are zero. 

The reduction in (7.5) can b~ carried'out in twp stages . 
• 

• In the first stage n(n+l)/2 rotations are applied from the 

- '. J 
left to [yl,C

l
] to zero out its upper diagonal part. We main-

'. 

(7.4) 

(7.5) 

tain the lower triangular form of BI throughout the reduction 

• 
by applying a ro~ation from the right tQ 

.., . 
BI' whenever necessary. ' 

... 

• .• /8'a 

• ., t 

,/ , 

\ 
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In the ;econd stage, we eliminate one diagonal of [yl,C l ] at 

each step keeping the,form of BI the same throughout, and 

this step is repeated until we arrive at the form given in 
4 1. 

(7.5). Therefore, the second stage has (ml-n-l) steps and 
\ 1 

each st:ep consists of (n+l) péÎîrs of rotation, a pair being 

\... one from the left ta eliminate an element of the ,[ YI ,ë
i

] ma-

- t 

" 

• 

trix, followed by one from the right to regain the triangular 

for~ of the BI ~atrix • 

Let • 

v (1.) 
1 

pT 
l, 

v 
2 

• V:
t 

. 
, 

/ 

v (1) 
Il 

(1) 
v 

v (1) = say, . \ 1" -

, 
) 

, -

(l) (1 ) 1 

v Il v12 
: 

( l) 
-' v. (7.6) v . 

2 

v ( 1) ... 
\ 12 

v 
t 

• It i5 seen from the constraints in (7.3) and the transformations 
o 

in (7.5) that 

'which implies that 

L
(l) (1) = 0 
1 v-ll 

= 0 

sincê is non~sin9ular. Therefor~, 

minimize 

v (l~x . 

\ 

v (1) T v (1) '5 ub j e ct t 0 Y ( 1 ) 

• 

, 

( , 

the problem-(7.3) 

(7.7) 

... (7.8) 1 

, 
reduces, to l 

\ ! 

(7.9) 

' •.• /85 
t 

\ 
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t 

( " where 

\ 
(1) C (1) B (1) 

YI • 1 1 

.. .. 
( 1) . C (1) '= B(l)= Y = Y2 

, C
2 

B
2 

r 
' .. 

Yt Ct Bt 

Let us, assume that 
;: 

(1 ) C (1) B (1) } Y 0 n + 1 
l 1 1 

, [ y 2' 
- ] , = C

2
, B

2 
(7.10)-

'-"'" ~ ~ } Y2 
C

2 
0; B

2 
m

2 
, 

r 1 n m2 + n +1 ,f ~ 

~ ~ -.,...J -.....".,1 

f' 1 n \ n+1 m2 · f1 , , 
1 -

The matrix [ y 2' C 2] is a1ready in lower trap~zoida1 form and B2 

'is also lower triangular. 
o 

- -- -By app1ying Givens rotations to the oata [Y2,C2,B~ J from 
/Y r 

t~e left and right, 45 before, wf obta~ the fol1owin9 transfor-
/"'"-' 

mation " "\" 
/' ,. 

'1 0 0 L (2) 0 } m2 1 
• * 

1 = (7.11) 

P2 
( 2) c (2) ( 2). I( 2) } ~+l Y" L 21 'B 
2 2 ,2 , 
~ ~ "--"1 "-y-J <) 

,1 - n m
2 1 

n+l 

where 'Q 2 and P
2 are products of Give'ns plane rotations, 

( 
r;-nn B (2) lowe( tr :irngular and [ (2)c(2)] has aIl zero 
,1 ' 2 

are __ y~ '. 2 

" eleJnents aboya its diagonal. 

• • • /86 

• 

'1 

l 

v 

, .' 

,', 
~~, 

t~ , '1 
\ .... 

l:'-'f"'t 

.. 

li,,~tr 
~ . 

l 
1 
1 

1 

" 



,. 

.' " . <, 

"" ~ 
\ 

~ 
:.' 
f. 

~ 
li 
! 
" 

iÎ 

\ 

1 
1 
! 

, i 

1 

1 

1 

,:1 

( 

.. 

( 

l' 
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The transforma~ion in (7.11) can be carr~ed out by eli~ 

min~ting one diagonal of [ y 2 -,ë 21 
, 

at each step by applying (n+l) 

rotationsfrom its left while keeping the f~rm of:B the same 

\ 

such steps will produce the form given in (7.11) . 

v (2) 
Il 

v 
( 2) 

.... 

, say 

, 

v(2) 
"Il 

( 2) 
v 2 = 

( 2) 
v).2 

v (2) 
- 12 .. 

(2) 
v = '17.

3 

'/ 
V: t 

• 

(7.12) 
1 

1 
1 

.l 
j 

l ' 
1 

1 

Then from the constraints in (7.9) and the transformation given 
1 

in (7.).1) we find, as before, 

L (2) (2) 
1 vIl 

whigh implies 

(2) 
vII = 0 

fience the system given in 

mi.nimize v(2)Tv (2) pubject 
(lQ ) 

'r eX 

.,.IfII , 
where" 

( 2) C (2). ,. Y2 ,. 2 
-, 

è 2 ) C (2) C3 Y = Y3 III .. 
41 

" 

Yt Ct 

j 

, 

'C 0 

! 

(7.13) 
1 

l, 
1 
1 

(7.14j 
/ 

,1 

! .-
(7 .~) i9 further reduced to the form 

to ( 2) = C (,2) x+B (2) v (2) 
\ (7.15) y III 

1 " ' . .. .. ~ ,. 
B(2) 

2 

and B (2) = B3 

1 

' Bt 

,1 • 
.. /~7 
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(7.16) 

v 
Continuing the process, at the 'end" the P'"I'Ob1 7Jl1 given· in (.7.3) 

reduces to the "follow'ing form: 
... 

ml.'nl. . .-ll.'ze (t)T Ct) ,~. 
ID V , v SUD]ect to 

(t) 
v ,x 

C
'(t) +R (t) (t) 
t ,x t y 

~ 

~ 

(7.17) 

are bot~ iow~~ t:iang~lar matrices 

of dimension (n+l) by {n+1). Thus the original problem is re-. . 
~. \ 

duced.-to a sma}.l genera1i zed l~ast square,s problem which.can' be 
1 

solved very easily. 
, . . ", ./ 

We find that the method is truly sequential in terms of 

\ " 
blocks and we do not need" to sto're any' of the orthoqonal ma-: 

trice s. Moreover, a t any "stage, one ca~ ~timate' x, by 
\'- J J) 1 

so1ving ~he generalized least squares p~~bl~~ 

,-(,)10 C')· .'~ 
,., "v 1. vl. b' t ml.nl.ml,.ze, ' su Jec 

( i) , 1 

v ,xi .. 

(i) 
to'Yi = 

,1 

( .. 

,"- r-
and thus a check can be proviped on whether x is~settling 

dow"'n or not. ' 

7.3 ,A190~thm 'of the method. 
~ -

. 
./ 

~ 

The a~gO~ithm of· the metbod just described .!~ as 
• 1 • ] 

fo110w~: Il 

" ~ , 

~ > \::, 
) () ~ , 

" 1 , \ ! " 

.... 
.. , ... . 

' . .. 1 

fi 

, l 
; 

. , , 
~J 

" l , 

.,.'~ .. ) , ~---..::...-.l.,;------..... _____ .......... .dI,i 
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o ~ 0 

We will assume for simplicity that each 

o 

C"i=l, ... ,t in 
~ ~ 

the matrix C is of the dimension mxn and each B,' is lower 
~ 

" 

~riangular. We will consider 4 multiplication p~vens rotations 

ohly. 

We find from ~he algorithm given in ~ection ,7.3 that <teps 

(i) and (ii) take mOst of the timelfor computations. 

Step (i) takes about 

D 

••• /89 

1 
l' 
l, 

c 1 
) 
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, 
operations. 

8 3 
3 n 

, 
1 

(7.19) 

For each i in step (ii) the operation count is about 

2 2 
2m n + 6mn (7.20) 

\ 

f \. f There ore, the total operat~ons or step ( ii) is g1 v;en by 

2(t-l)m 2 n + 6(t-1)mn 2 ~ (7.21) 
" 

Since the other steps of the algorithm need fewer operations 

in.comparison to (7.19) and (7.21), we can say that the tdtal 

number of.fperations necessary ta implemen~ the algorithm is 

of thé order .of 

. 'b' (7.22) 

1 

From Section 2.4.3.2 we see that the numbet of operations re-

guired to solve the same prob1em ~sing the algorithm given by 
r , 

Paige [16 J, is of ,the order of 

1 2 2 
2 tm n + tmn (7.23) 

From (7.22) and (7.23) we find that the ~ethod presented 

in this Chapter ls slower than the one described in Section 

" \ 
2.4.3. But the present algorithm is very general and it does 

not fail when the varian~~-covariance matrix of the poise term 
q \ 

i5 singular, e.g. w~n ~he number of observations is less than 
" 

thw number of el~ments in the state,vecto~. The algorithm pre-

... /90 

\ 

1 
1 

ii_ 
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,. 
sented t'y Paige [·161, disctissed in the Section, 2.4.3, ri is'not 

numerical1y stable~hen 'the varia~ce":cova_riance matrix' 

câtldi tioned (12). . ~e algori th~ of Grove' e,!=- al [9 ) is 
. ~ 

ls i11 

also . 

, ' 

very poor numerically [i 61 . The algorithm presented here re-

quires very little storage. The method is basically sequential 

and affec~s only a limited part of the system at a time. There-

fore, it ls capable of s91ving a very. large system. 

~. can make the method more competitive by using stabilized 

nonUni~rY transformat:ons in placè of Civens plane rota,ions 
, 

from' ~~e 1ft of the system. This. technique i5 much faster 

[181. If ~e use stabilized nonunitary transformations from the 

" 
left and fast 2 multiplication Givens rotations from the right 

then the total nurnber of operations needed to .irnplement the 

algorithrn i~ of the ordei of 

(7.24) 

1 • 

\ 
1" 

.. 
1 

, l 
, 1 

i, 
t 

, 
t. 

! , 
1 
i . 
l , 

1 J BI IJ~ JUIl"'.' iii,aIUn.'!'.'. if' r'lfIHtte t j 
\ 
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CHAPTER 8 

(:;OMMENTS A.ND CONCLUS IONS e-
t, 

In this thesis we ~~ve considered various 'types of ge-

neralized 1inear 1east sq~ares problems. Our main aim has 
\ 

been to ~eve1op reliable numerica11y stable a1gorithms which 

are computationally efficient\ in solving different types of 
l 

generalizeq least squares probl'ems. 
\ ) 

presen~ed a fast "numericaI1y stable In Chapter 3 we have 
\ 

a1gorithm to solve a genera1ized eàst squares prob1em which 
t 

is based on the work carried out b Pa.ige [18] . This algorithm 

.' 

is more efficient than the by Paige [17] beca1hse the \ .... 
mathod reduces the size of the system~as the reduction progresses. 

The speed of the computation ~:n be m~~e faster by conSi~ring 
" . 

stabilized nonunitary transformations rom the 1eft o~ the system 

and fast square root free Givens rotati ns from the right [18] 

Whi1e solving a generalized 1east sq ares problem, it is 

often necess~ry ·to obtain th~ minimum rm solution of a struc~ 

-1 

tured underde.t(trmined. sysj:em. In Chapt~r 4 we have presented. an 

efficient and apparently numerically stable ~lgorithm to sqlve 
1 " ,/ ",( 

l';~\ • 

such prob1ems. T.he algorithm is p'articu1,Çl~<1~ efficient if only a 
~ ,;1",." 

part of the sol 

and takes little 

is required. The a1gorithm is inexpensive 
~ 

to execute. Thps, it is capable of sol-

• ving a large structured underdetermined system. The entire mini-

. 
mum 2-norm solution "'t:an also bec found if required,' but a large 

, 
part of the original matrix must be retained in o~der to do that. 

... /92 

1 
1 • 

- 1 

l, 
1 

~ 
J, 

t 
l, 



( 

• t 

'l, 
, .. __ ... , .. 4>."""' .. :ll<.<, .... "' ... "'..-..~ ....... ~ __ , ___________ ,j.,.:"- ... _,. ____ .. ,....,M __________ --' .. 

\ c • 

• 
- 9,~ -

.'r , 1 

.1 

'. 

In Chapter 5 we have solved a gener~lized least squares 

problem ~hich. ari)~s out of a controlled experiment. We have 

used the algor~thm described in Chapter 4 to obtain the solution 

of ~he problem efficiently. The algorithm is verY'fast wh en the 

var'~ance-covariance matrices of the nol:se term are the same {for 

difrerent experiments. 
1 

\ 
Chapter 6 describes a numerically stable method to estimate the, ' 

~ara~eters'of a set:of different ordinary linear models whose 

noise terms are correlated. Though the algotithm is general, 

it r~~uire~ large storage. There may exist a better but léss 
. ... ,'" 

obvi~us ~pproach that we ha~e n~t found. 

In Chapter 7 we have presented an algorithm, based ~n the 
.. 

10rk of Paige [lSJ,which will sol ve. a large' generalized least 

square~ problem arising out of the problem of parameter esti-
\ 

mation in a aynamical\:ystem~ The method utilizes the ~echnique 

described in Chapter 3. The methoa i5 basic~lly sequential 

and affects only a limit~d portion of the system ~t a time. 

The method is 've'ry' fast and needs very' little storage to operate. 
o ) 

Therefore, the algorithm is capable of solving large systems very 

efficiently. 

Th~ algorithms develaped in Chap1;.ers 5,.6 and 7 can fur.ther 

be ma~ computatianaliy faster by using stabilized no~unitary 
transferma tions and fast square root free Gi vens rotations [18] . -- --" 

We have ,compared Our a~gorithms with the existing methads on th~ 

basis of 4 multiplicat$on Givens ~otations which are used ta re-

duce a system. 

. .. /93 
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APPENDIX A 

PROCEDURE GLSQUARES 

• 1 

Procedure GLSQUARES solves a generalized least squares 

problem of the form 

T 
min v v suhject to y Cx + Bv 
v,x 

where ,y m vector, C i5 an mxn matrix which 

,lis' .known and / B is 
/ 

a known full column rank lower trapezoidal 

matri~ of~dim~nsion mxk where V = BB T 
/ . The procedure, i s 

~ 

/ 
based on jthe algori.,thm presented in Chapter 3. 

1 

/ 
Th~ procedure has been written in ALGOLW and has been tested 

OR an IBM/370 computer. The result's have been checked against 

the IMSL subroutine LLSQAR wh~ch provides the solution of an 
... 

overdetermined system of linear equations. LLSQAR salves a~ , 

" 

- ----------------

( 
\ 

~ 1 system of the form 
('-, 

'\ 

~ 

where x is the desired solution 112] , r is the re~dual and 
'. 

T 
W = BB . Our results are based on double precision computations. 

1. 

II. 

III. 
~ 

IV. 

We have considered the following examples: 

C with full coiumn rank, B ill condi tioned, 

C' wit:h less thlil n fnl!ll calù,mn ')llanl1t1, cB 'kwel)1 con di ti:one.cIl 1 t 
t 

C with. less than full column rank, ,B non square with 

column rank, and 

a wrong model in which the procedure responded with an 
<!'; ./1 

full 

appropriate message. • •• /94 

,. 

l' 
Il 
l' 
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Example l 

ID ,! 4, n = ;1:3, k = 4, C. of fu'll coluinI1 rank, Bill conditioned [12]. 
, 

'/ 
1# 

2 3 1 1 

1 2 2 .. 3 2 41,1 , 
C = 

Ils 
B = , y = 

6 7 4 5 10- 5 3 
1 -'-

3 4 6 7 8 9 4 

( 
1 

l' xl f The estimate 

-GLSQUARES LLSQAR , 

0.114099920054512 0.314099920054513 

-0.334417273202255 -0.334417273202264 

0·441690628763596 0.441690628763602 

~ vU 
1 = 0.102785269022065 

i 
'1. • 

,n y-cx-Bv4 4.04365493431965 x 10-16 

... 

Il 
! 1 
1 1 
: 1 



" 

\ 

f 

, i 

l r 

, 1 

Exa~ple II 

m = S, n = 5 r k ='S; C· of less than full column ran~, B weIl 

conditioned. 

22 10 2 3 ,7 

14 7 10 o S 

1':3 • -1 -11 3 

-3 -2 13 -2 4 
,C B=I, an identity matrix, y= 

, 

_. " 

9 8 1 -;2 4 

9 1 -7 5 -1 

2 -6 6 5 1 

5 o -2 

" The estimate x 

GLSQUARES LLSQAR 

-0.0833333333333336 J -0.0833333333339333 

-1.38777878078145'x 10 -l7 Q.2640~6629167334 x 10-
16 

r 
0.25 0.250000000000001 

-0.0833333333333332 -0.0833333333333336 

0.0833333333333333 0.08333~33333~3336 

Ivl = 8.3266-7268468867 x 10-
17 

Iy-Cx-Bvl = 2.91968996652571 x ,10:"15 

• 

t' •• 1 96 \ 

1 

~ , .. ".,--_ ...... ~. ~ ------ '-----
+ ~ "', ,1 \, .\~ ~ 1 \ '~ 

~ '""T ..- \- ~ ~ Ir;/( ... , 

- 1 

2 

1 

4 

o 

-3 

1 

o 

i 

l , , 
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~xa\npJ.e III l' 

" 

\ 
'~ 

.. 

; 
,1 

( 
: 

J 

( 
1 

m = 6, n ~ 5, k = 3, C oi 1ess than full co1umn rank, B' non-

square with ~u11 column Tank. .-<; 

'C .-

" 

t 

-74 80 18 -11 -4 1 

14 -69 21 28 0 2 3 

66 --72 -5 7 \ 4 5 6 
,B = 

\ 

-12~ 66 -30' -23 3 7 9 3 

3 '8 -7 -4 l 1 4 5 

. 
4 -12 4 4 0 5 3 6 

'\..~ 

'1 

~-... 

, ,. 
The estimate x . 

'" 

GLSQUARES 

-B.45393615BI030~ 

-7.97368463534777 

- 3 • 5 6,.1 8 3 7 6 5 7 75 7 11 :. 

-14.92~91315025910 

14.44875439787700 

Ivl = O.01~9702679770S42 

L~SQAR 

-8.45~936158~0469 

-7.97368463534988 
~ 

-~.56383765775447 

-14.9299131502655 

14"'.4487543978946 

" 

1 y-Cx-BV. 3.67163024571173 x lO-lj 

1 
! 
/ 

30 ; 

-61 

-56 
Y = 

69 

10 

-12 

d 

1 ... /97 
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'0 

The residuéil is 4 • 5978 'P"39 78985 38 

It is easYvoto verify tha"t y does not lie in the space 

spanned by the columns.of [C,B] 

'1 

f 

, . 

, 
!: _l1w"r='WHm rr.mW'15XP'X" xuts _rte h "n 1 
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BEGIN 
INTEGER M,N,K; 

PROCEDURE GL9Q~ARES(INTEGER,VALUE M,N,K); 
BEGIN, 

COMMENT 
• 

-SOLVING A GENERALIZED LEAST SQUARES PROBLEM.THE PROBLEM lS 

.1" 
MIN. V V SUBJECT To Y=CX+BV 
V,X 

< 

WHERE C IS M BY N MATRIX WHICH MAY NOT BE OF FULL COLLIMN RANI\, 
B IS M X K MATRIX AND y IS A KNOWN M-VECTOR,X IS AN UNKNOWN N
VEctOR AND V IS A ~-VECroR.IN PRACTICE B CAN BE NON-SQUARE. 

, ). 

THE DESCRIPTIONS OF THE oTHER VARIABLES ARE GIVEN BELOW: 

" AN ARRAY CONTAINING THE VECTOR V. v 
P J THE ORTHOGONAL MATRIX MULTIPLIED TQ THE MATRIX 

" C FROM THE RIGHT. 
TEMPC 

o , 

A COPY OF THE IN~UT MATRIX C.ORIGINAL C 18 USËD TO 
COMPUTE THE RESIhuE OF THE SYSTEM. 

TEMPB 
TEMF'Y 
TOL, 

A COPY or-- THE INPUT MATRIX B" 
A copy or THE INPUT ARRAY Y. 
AN ELEMENT OF A MATRIX IS NONZER~ IF ITS 
MAGNITUDE IS GREATER THAN 'TOL!. 

STARTCOLUMN: INDICATES THAT COLUMN 1 TO STARTCOLUMN-l OF 
THE-MATRIX B DO NOT HAVE ANY EFF~CT.ON THE SOLUTION 
x. ; 

LUNG REAL ARRAY C(L::M,l::N); ~ 
1 

LONG REAL ARRAY B(l::M,l::K); 
LONG REAL ARRAY Y(l::M);' 
LONG ~EAL ARRAY X(l::N); 
LONG REAL ARRAY V(l::K); 
LONG REAL ARRAY.%(l::K,l::K); 
LONG REAL ARRAY TEMPC(l::M,l::N); 
LONG REAL ARRAY TEMPB(l::M,l::~)~ 
LONG REAL ARRAY TEMPY(l': :M); r' , 

INTEGER- .ROWPLUSONE,COUNT,REDUCTION,ROW,COL;STARTCo~UMN; 
LONG REAL CC,SS,TEMP,MEW,TOL; 
LOGICAL CONTINUE; 

- , 

COMMENT 
• 

THE PfWCEDURE IS FOR APF'L YIN,G GIVENS PLANE ROTATIONS.LEFT AND 
RIGHT ROTATIONS ARE INDICATED BY THE PARAMETER 'SWITCH'j 

.•. /99' 

. ! 
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~ 

l'I,(H,['1'IIII':1 bLVII~!,;(lnN(1 J'iLAL 'VALUE Zl.,.l~!;.cNTEGE.R VALUt: tlWIlCHH 

( , L UJ'H1l.N r 

, ( 

~ 

CF !lWIJCf/=-O lHEN THE {3CVE,NS I~O'JATION JS Tilt· LErT ONE 
ANti H SWI TCH=-1 THCN THE: 1',0 rAT reiN lH AI·'PU E(I FROM RIGHI. 
IN rHE fl r.:8T C()llE, Zl Hl El.] M1NA rED WHEREAS IN THE SFCON[I 
CflSE. 2':2 J8 Eï.JM1N()IEII; 

[{EGIN 
l (ING lil:AL (lAMA; 
GAMA: /J*ZI+Z~*Z2; 

- UAMi"l: L OIwswn (IJAMA) ; 
1 f ~)l.J 1 TUI-O THE.N 
Il~GIN 

CC: -.::Z2/GAMo; 
SS:=Z:l/GAMA 

fNlI 
ELSE 
nEG1N 

cr;: -=2 I/GAMrd 
SS: ..:.Z:'YGM'II~ 

ENtl 
END bfV~ NE, 

""COMMENT 

" 

II-II: tlr":'l HOGONAl !-'U-lNE F\OT()TION· lS AF'F-'LIED FROM THE L.EFT TD C. 
niF WII:;: U-lBLES 'CC 1 & 1 S8 1 ARE EVALUATE:D I,N THE F'RDCEIIUFŒ 
GIVrNf); 

o l'RnCFIllHŒ LJI-'lIATEC (lNTEGER VAI.UE ROW L, ROW2, COL; LONG REAL 

BE13fN 
U)l'i(l kEAL fEMF' ; 

FOli I!;;;; l UNTT!. COL [ID 
BEGIN 

,lEMP:=-CC*C(ROW1,1)+SS*C(ROW2,l); 
C(ROW:2,I)!=SS*CCROW1,1)+CC*C(ROW2,T); 
L (IWW.l , l ) : =TÉMF' 

FNV 
1 NTI lJF'lI(~TEC; ./ 
CUMMENT 

ARRAY C<*,*»; 

... 

UF'lIATING y BY MUL rIF'LYING THE. ORn~Of;!)NAL MATRIX FROM 
LEFT TD THE VEC10R y; .,., 

.'ROCE TfLJkE {JI '11(1 T [y ( W1 EGEF, vr~LLJF RO!..IJ, ROW2 ~ LONG REAL ARRAY Y ( * ) ) ; 
BI::C11 N .. 
1 ON(, kEtiL T EMF-', 

1/:MF' ~ --CC;f:Y (FlOW 1 ) +SS*Y (ROW2) ; 
, y O\(J&J::~) : -SS;l/:Y (ROW1 )tCC*Y <ROW2) ; 

... /100 
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( 

/ 

y (rWWol ) : = Tï:MF-' 
F Nli UF-'l)(.iTEY; 

CLJMM[Nl 

- 100 - 1 

~ , 

Till=.: ORTHOGONAL ROTATION MATRI,X 18 MULTtF'LIED TO ]HE· MATE<IX Il, 
tROM TH~ LEFf; 

LEFrUF'DATEB(1NTEGER VALUE ROW1,ROW::',RANI\B,8TARTCnI.lJHN; 
• LONG REAL ARRAY }{ (* v)P ) ; 

N 
REAl TEMF';I 
STARTCllLUMN 

DEG1N 
J:;:ANhB 1 HEN 

FOI, I:==5TAF\TCflI.UMN Il/H1L <TI' r~nWl RANI\B THfN ROW:! EL5E RANI\B) 
no 

BEGIN 
T [MF' ~, -cc*rH ROW L d ) +8S*B (ROW2, 1 ) ; 
fi (ROW:2, T ) : .::.SS*B (rWW-1 r T) tCC*IH F,OW~,J) ; 

.~ I-l(ROWl,I):.::THW 
• fNII 

. END 
[ N li Lt F r lJ F-' r,,~ TL H ; 

[UMM!: ~n 

... 

, 

THE OF,THDGONAL F,OTATJ(JN5 ARF AF'F'LIED FF.:OM I:;:JGHT TO THE 
MAT~lX R 10 MAINTAjN THE FORM or· B WHICH IS LOWER TRAF'fZOJDAL 
WHFN BROW5 T5 NOl EnlJAI 10 h:ANI\Fi OTHERWISE J r 15 LmJEh: 
TRJANGULAR; ~ 

. 
r'I',OCErtUF,F R 1 GHTUF'ft~ TfB ( 1 NTEQE R VALUE CUI. L , CDL:!, BROWS, 

t! LONG I·ŒAL ~IRI:;:AY IH *, *) ) ; 

[IEGl N 
LONO RE AL rEMf.'. 
l NTEGfR RDW:J '; 

~WWJ.: ,-etH, l ~, 
FDR [~=ld)t..J t UN Tl L BI'/UWS Dn 
llF [liN 

r E hl-': =,CC.tB (, J ,COL 1 ) 1 SS*B ( l , COL2) ; 
II ( ] ,COL:'::) :'~ SS*I-l ( 1 , COL ~) CC:*H (1, f[)L:2~ ; 
n ( ~,co 1_ 1 )-: ..:.. TE. MI' 

E_Nfl 
HW li: 1 BHTllF'DA r EI:I; 

\ 
\ 

1, 

.. 

R~HTDRING 1HE FORM OF THE MAfRIX B WH1CH 18 GENERALLY LOWER 
l~ArEZU1DAL .(COLL,COL:2)FLEMENT OF B 1S MADE ZERO AND THE 
Wf JOHT [S GIVEN TU (COll ,COL~)ELEMENT OF' B; 

"" ... /101 
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PROCEDUkE RFSfOREB(IN1EGER VALUE CnLl,CUL~,BROWSvBCOLS; 
LONG Rr::.AL ARRAY IH*,*> ;LONG I.:EAL ARRAY ~.,(*,*» r 

B[GIN 
LONG REAL TE"MP; g 

[F COL2 C~ RCOLS TH EN . 
TF AflS ( B (COL 1 , COL2» '.' ;rOL THEN 
BEGIN r ~ 1 

GIVENS(f!CCDL1,COlt),B(CDL1,COL2),1); 
RTGHllJF'DATEB (Cfll_l , COL~ RROWS, B) ; 
rUk T:~l UNfJL BcnLS DO 
BEGJN •• 

l [MP: ..::CC*,P (CO~ .. ·I ,1) of SS*F' (COL2, 1 )'" 
1=-' (COL;.', 1 ) ! ""SS*F' (COLl, "{ ) -CC*P (COL2, 1 ) ; 
r(coLi,I)!=TEMP • 

END 
END 

END F.:ESTORFlI; 

COMMqt.lT • 

, , , 

.,.. 

\ 

, 
fllJ S PROCEfIÙRE WTLL LEAVE BLANI\L TNE WHIL E PRIN·lIN'G ·TrIE 
NUMDER OF 'LINES 1& INDICATED RY L; 

F;ROCEDURE, RLANKLINE( INTEGER VAL~ u; 
BEGIN •• . 

FôR U=l UNT[L L DI\l WRTTE(· • ...r 
ENII BLANI\L T NE, ---..-. 

CClMMI.:NT 

r 

. , 

READING THC JNPUT DATA AND PRINTING TH'EM DU1.IF rHE SYSTEM 
ISo- "-./J'IDERDETERMINED J T STOPS AFTER PRINl'ING THE".APPROPRIATE 
ME:SSAGE; 

TF M '. N THEN 
BEGIN • 

WI.:I1 f ( • ***THE SYSYTEM IS UNDERDETERMINEI.I**"*·)' .. 
\ GO TO STOP • 

Hm'; ..... 
FOR 1 !:::.l U,NTIL M DO , 
rflF~ J~:l UNTIL~N Dll fŒADON(C<I,J)'>; 
rU~'l:~l ~NTIL ~-1 DO 
FOR J!:::.Hl' UNTIL 1\ [JO B(I,J) :=0;' 
FOF.: 1 ::::.1. UNT1L M DO . 
r Ol~ J:::: l' LIN')" 1 L (1 FI,", ".; THEN ".; ELSE 1) DB REAIH1N (B ( l ,J ) ) ; 
rOR I:=J UNTIL M DO READON~Y(I»; . 

~. WRITE("THE NUMBER OF OBSERVATIO~ ",M); 
WRITEC" "); 
WFHTE (' THE NU~ŒEI~ OF PARAM'ETERS TO <BE ESTIMATED n, N) ; 
WR1TE(" n); 
WRITEC"THE DTMENSION OF THE MATRI~ B IS ·,M,· X·,,,.;); 
BLAN"';LINE(4); 
WRITE("THE MATRIX CO); 

o , 

1 • f 

... /10 2 

, 

l' 
j 
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! 
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J 

• 

.. 

FlLANI\L lNEC:.:!); 
FOR I:~l UNTIL M DO 
HCGIN 

- 102 -

. , 

" 

BLANI\LINE(:.:!); 
'FOR J:=l UNTIL N DO .\t.J'RITCON(SHORT(C<I,J).» 

END;· ,. 
BLANI,LINE(:.:!) ; 
WRJTE("rHE VECTOR Y"); \ 
BLANI\L INE (2) ; _ J-
FOR 1:=1 UNTIL M DO WRITE(YCI»; 
FlLANI\LINE(5); 
W1\ll'EC"THE MATRJX B"); 
flLANI\L 1 NE (:2) ; 

FOk I:~l'UNTIL M DO 
• BEG1N ~ 

~... BL:A'NI\Ll~E (1); 

- FOR J:=l UNTIL 1\ ~O WRITEON(SHORT(BCI,J») 
END; . . '. 

COMi'1ENT 

1 INITIALIZING P TO A~ lDENTITY MATRIX; 

FOR r:=l UN1IL K DO 
B,EGI'N 

FOI;: J:=I UNTlI_ 1\ DO P<I,J)·:=F'U;I):-O; 
P(I,T)!==l 

EN[I~ 

COMMENT 

I\EEPrNij A COPY OF THE INPUT DATA; ~ 

o 
FOR 1:=1 U~TIL M DO 
BI!GIN 

FOI.: J:=l UNTIL N,DO TEMF'CCI"P:=-C<I,J); 
FOR J:=l UN~IL K [10 TEMPB(I,J):=BCI,J); 
TEMPY (I ) : =Y (1) 

FN[I; 

COMMI::NT ~ 

, 

, . ~ 

kElllJCINB (y, C) TO LOWER TRAPEZOIDAL FOI\M ANI!:? j(f THE SAME 
TIME I\EEPING THE FORM OF B THE SAME THROUGHOUT; 

TOL:=1'-14; ~ 
STARTGOLlJMN:=l; 

o 

For~ -COL :=N STEP -1 UNT1L (IF M '. N THEN 1 ELSE 2) DO 
~FOR RUW:=l UNTIL (IF M N THCN COL EL SE COL-l) DO 
BEGIN . 

ROWPLUSONE:=ROW+l; . 
[F ABS(C(ROW,COL» '. TOL THEN 
BEG1N 
GIVENS(C(ROW,COL),C(ROWPLUSONE,COL),~); 
UrnATEYCROW,ROWPLUSONE,Y); 
UPDATEC(ROW,ROWPLUSONE,COL,C); • \ 
LEn UP[lATm~ (ROW, ROWF'LUSONE, K, STARTCOLUMN, B) ; 
RESTOREDCROW,ROWPLUSONE,M,I\,Fl,P) 

" 
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E N[ 
rND; , 

COMM[NT 
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( 

Î 
THE MATRIX (Y,C) WILL NOW BE REDUCED TO THE FORM(O,E,L)WHERE 
(E,l) rs A LOWERt;{TRIANGULAR MATRIX.WE WILL ALSO KEEF' THE FORM OF 
B THE SAME THROUGHOUT; 

IF M Nt! THEN 
BEGIN , 

FOR NU:~l UNT1L M-N-j no 
BEGIN 

FOR COL:=N SlE~ -1 UN11L l DO 
BÈGTN \J' 

FiDW : =(,;OL +NO; 
kOWPLUSONC!=ROWtj; 
IF ABS (C (ROW, COL» :- ,]OL THEN 
BEGIN 

(J IVENS (C (ROW, COL) , C (ROWF'LUSONE, COU, 0) ; 
UPDATEY(ROW,ROWPLUSONE,Y); 
UF'I'IATEC (ROW, ROWPLUSONE, COL, C) ; 
LEFTUPDATEB(ROW,ROWPLUSONE,~,STARTCOLUMN,B); 
R[STOREB(ROW,ROWPLUSONE,M,~,B,P) 

LNI' 
ENII; 
TF ABS(Y(NO» . TOL THEN 
BEGIN 
.ROWPLUSO~E:=NO+l ; 
GIVENS(Y(NO),Y(NO+l),O); 
1!P['ATEY (NO, ROWF'LUSONE, Y) ; 

LFFTurDATEB(NO,ROWPLUSONE,~,STARTCOLUMN,F); 

RESTORCB(NO,ROWPLUSONE,M,~,B,P) J 
ENfJj 
ST AF\TCOLUMN: .:::STARTCOUJMN+l 

EN[I 1 

cbMM[NT 

( 

(y,e) HAR BEEN REDUCED TO (O,E,L) FORM./~I 18 A VECTOR"AND 
l [S A LOWER TRIANGULAR MATRIX .NOW-L WILL BE REDUCED TO 
rUlL ROW RAN~ MATRIX BY APPLYING ROTATIONS FROM LEFT. 
THE RANh OF THE REDUCED MATF<IX WILL BE GIVEN BY N-REDUCTION; 

REnUCT10N:=Oj 

COL:=N; 
CONTINUE::::. TRUE j 
WHILECCON1INUE) DO 
BEGIN 

CONl 1 NUÉ: =T ALBE; 

, '1' 

, 
I.JHILE( (COl "0) ANf'(ABS(C(ROW,COL» '.' TOU )DO 

.•. /104 
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B~:GIN 

FWW : .::.ROW-l ; 
COL:==COL-1 

END; 
IF COL',O THEN REDUCTION:==REDUCrIONtJ; 
IF COL,.,1 THEN 
BEGIN 

r.ONTINUEt=TRUE; 
COUNT::::j; 
FOR It=COL-j STEr -l UNTIL 1 no 
flE:.GIN <J 

ROWPLusdNE:~ROW-COUNTt1; 
] r ABS (C (ROW-COUNT,r» , TOL THEN 
BE'GTN 

GIV~NS(C(ROW-COUNT,I),C(ROWrLUSONE,I),O); 

UPDATEYCROW-COUNT,ROWPLUSONE',Y); 
UPVA'TEC (ROW-COUNT ,FWWPLUSONE, 1 , C) ; 

- LEF rt.JPDATEB ( ItOW-COUNT, ROWPL USGNE, K, STAIï:TCOLLJMN" B) ; 
RESTOREB(RdW~COUNT,ROWPLUSON2,M,K,B,P); 

[ND, 
COlJNT:==COUNTtl 

END 1 
END; r 
lF COL, 0 HIEN 
BEGIN 

l:o:owr'I.USONE : = ~1-N+RE'DUCT 1 ON ~ 
TF ABSCYCROWPLUSONE-l» l TOL .THEN 
BEGIN 

GTVENS(YCROWPLUSONE-j),YCROWPLUSONE),O); 
1JPDATEYCROWPLUSONE-l,ROWPLUSONE,Y); 
LEFTUPDATEB(ROWPLUSONE-1,ROWPLUSONE,K,STARTCOLUMN,B); 
REsrOREBCROWPLUSONE-l,ROWPLU50NE,M,K,R,P); 

J>TARICQ.L miN: ":.STARTCOLUMNt1 
E.ND 

E.NI,!; 
COI_; ':: CDL - 1 

E'Nfl; 

COMMENT 

'y E'GTI Nil rH!.:: CON5ISTENCY OF THE MODEL WHEN REDUCTION" 0; 

IF M :' N THEN 
BfGIN . 

ROW:=M-NtREDUCTION, 
IF ROW ;'.:: K THEN 
BEGIN 

IF AB5(BCROW~ROW» TOL THEN 
BEG1N 

, ' IF ABS(Y<.tZOW» ~ TOL THEN 
BEGIN 

WRITE'C"***THE SYSTEM IS TNCONSI5TENT***"); 
BLANI\L INE C:2) ; 
WRITEC· THE RESIDUAL 15 ",YCRQW),); 
GO TO STOP 

END 

, 5 
... /10 

, 
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l 

ELSE MEW!=-O 
ENII 

\ 
105 - , 

ELSE MEW:=~(ROW)/B(ROW,ROW); 
FOR I! -=ROW+l UNTIL M "1)0 

; YCI):=YCI)-MEW*DCI.ROW); 
FOR r:=1 UNTIL ~ DO VeI):=PCROW,I)*MEW 

nUi 
ELSt" , IF ABS (y (ROW» ';:. TOL THEN 

llEGTN 
WRITEC"*** THE SYSTEM IS INCONSISTENT***"); 
BLAN"-LINE(3); 
WRJTECo- THE RESTfilIAl IS ·,YCROW»; 
GD TO STOP 

r' NIl 
[Nrl; 

COMMENT 

.. 

AT THIS STAGE;: C 'lS A LOWER TRAf'E70rflAL, MATRIX OF FULl. ROW RANI\ 
IF REDUCl ION '. O. C IS NOW REDUCEII TO LOWER TFnANGULAR FORM 
FROM LOWER TRAPEZOIDAL FORM By'APPLYING GJVENS ROTATIONS FROM 
RIGHT.fHESE ROTATIONS ARC MULTTPLIf.D ro OBTAIN THE ORTHOGONAL 
MATR lX G WIHCH WHEN MU/,TIF'LIED TCl LOWER TRAF'EZOIDAL MATRIX C 
FkOM RIGHT W1LL YIELD THE LOWER TRIANGULAR MATRIX; 

BfG1N 
LONG REAL ARRAY QCt::N,l::N); 
lNTl-:GFI\ S1EF'S; 
FOR L:..-::1 LJN1IL 
1-' OF, ~J:.::- 1 LJ N TIL 
IF REDUCT l,ON 
BE GJ N 

N DU 
N DO IF'I::::.J lHEN Q(I,J):.::l EL SE G(I,JH=-O; 
o THEN 

S1 EF'S: -=0; 
fOR ROW:~M-N+REDUCTION+l UNTIL M DO 
BEG1N 

l"oR J: ::::REDUCTION STEP -1 UNTIL :1 ,DO 
BEG[N 

COL :=STEPS+J+'l; 
IF ABS(C(ROW,COL» > TOL THEN 
BEGIN 

GIVENSCCCROW,COL-l),C(ROW,COl),l») 
FOR I:=ROW UNTIL M DO 
BEGIN 

TEMP:=CC*C(I,COL-l)+SS*CCI,COL); 
C(I,COL):~SS*C(I,COL-l)-CC*C(t,COL)j 

C ( t, C_OL-l ) : =TEMP 
END; 
FOR r:=1 UNTIL N DO 
BEGIN 

TEMP:=CC*Q(I,COL-l)+SS*Q(I,CôL)j 
Q(l,COL)!=SS*Q(I,COL-l)-CC*Q(I,COL); 
nCI,COL-l):=TEMP 

END • 
END 

END; _, 
STEPS: =sT~f'S+'L 

ENII ' 
ÉNII, 
BI.ANI\LTNE(4); .•. /106 
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1 

. / 
WRITEC"'Hf RAN~ OF THE MATRIX C IR 
F!LANI\LINE(2) ; 

" , N-REDUCTU)N) ; 

Wr.:ITE( "THE TRANSFORMED C'); 
FOR J:=l·UNTIL M DO 
BEGIN 

BLANKL.INE(2), 
rOR J:~l UNTIL N DO WRITEoN(C(I,J» 

END; 
BLAN~L1NE(2); A 
WRITEC"THE TRANsrORMED VECTOR Y"); 
BLf'.lNI\UNE(2) ; 
FDt~ 1:::1 ÛNTIL M' DO WRITE"(" ",Y(T»; 
BL ANI\LI NE" ( :1 (» ; 

WRITE("THF TR~NSFORMED BK); 
FOr~ t:::1 lJNTIL M DO 
BEGIN 

EL ANI\L INE (~) ; 
FOR J:~l UNTJl 1\ DO WRITEON(SHORT(F!(I,J») 

E:.NII; 

c: (J ~1 ML:.N T 

E"VALW'HING ri lE" VECToF~ X f 

x ( 1) : =y (M-N tREDUCTLJlN+ L) le (M- N+FŒDUCTI ON-f 1. J ) ; 
rOR oC tH": IINI tL N-Rt:DUCTION DO 

~ BFGIN L 
TE"MI-':':O; fi" 

FOR J:~1 UNTIL 1-1 DO 
TEMP:~TE"MPtC(M-N+REDUCTIONtI,J)*X(J); \ 

, 

.. 

x (1) :.::. (y (M--NtREfiUCT TONt [ ) -TEMr··) le (M-N HŒfJlJCl ION+I , J) 1 

END; , 

COMMENT 

IF REDUCTION ' 0 THEN 
.BEGIN , 

FOR I:-J UNT1L N-REDUCTION DO ' 
rOR J:~l UNT[l N DO 
rH.Jd)!=-CHJ",J).f<X(I) ; 
FOR 1:~1 UNTTL N DO 
BEGIN 

n MF':::.O; 
FOR J:~J UNTIL N-REDUCTION DO 
TEMP::TEMP+Q(I,J); 
x (.[ ) : =TEMP 

END 
ENI); 
BLANI\L tNF.: (:~) ; 
WrnTF( 'THE SOLUTIONS ARE"); 
fOk I:~l UNTtL N DO WRJTEC" ·,XCI»; 

" 

" ' 

.•• /108 
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cnMMENT / 

CClMF'UTING THE f\ESIDUE OF THE SYST.E.M AND f.l1:SO NORM OF TI·IF VECTDF, 
v; 

BEt3IN .-
1 LONG REAL TEMP1,TEMP2,lEMP3; 

fE.MP 1: =-0 ; 

COMMEN'J 

COMPUTING IIY-CX-~VI /; 

FOR L:=I UNTIL M DO 
tl[GIN 

TE.MF'2!:::.O; 

'. 

,J r , 
, " , " 

o 

1 
;' . 

FOR ,J'"!:..::J l/NTIL N DO TEMF-'2: .::TEMP2+TEMPC;-c T, J) *X (~J); 
TEi'11-'3 : =-0, 
FOR'J:=j UNTIL ~ DO TfMP3!=TEMP3+TEMPBCI,J)*VCJ);' 
1 EMF' J : !:."TH1F' H CTEMPèIf <I) - (TEMF'2+ H t1F'3) ) **2 

END~ 
l-/LANI\LINt CP; 
ffMF·'l ::' LOIWHnr, f C THiF' J ) ; 

/ 

J 

WF\l T,F(· NnF~~1 OF THE. RESlDU!: Of THE SYSTEM [S • ,TEMP,L); 
1 

/ 
CUMl'lEN r 

, 
COMr-'Ul INn I! V! ! ; / 

J 

. / 

TFMP~:~O; / 
rOI;: ,,1:=1 UNTIl 1\ DO TEMP:?l::::TEMF'2+V(J)**~; 
TEMP2'=LONGSQRT(TEMP2); 1 

BLANI\l INE(3); 
WRJTF.:(" NOFm OF fHF VECTOR ~) rs,w ",lH1P2) 

END 
~_ND ; 

STOP:BLANKLINE(40) 
END GLSeWARES; 

1 

/ 

/ 

1 

/ CQMMŒT • / 

t~AIN r'ROGli(}M STAR/TS HERE + THE nIMENSIONS OF C AND B HAVE BEEN 
pr-lqSED TO THE f-'~CEDLlRE" GLSfWARES AS THE PARAMET~f<'S; 

REA[I(N,N,I\)'; /' / 
GLSQUAFŒSC M y N, y> 

END. ' " 

/ 

/ 

/ 

/ 

/ 
1 

/ 
• 6 

/ 
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" 

APPENDIX B . 

PROCEDURE MINNORM. 

Procedure MINNORM ~btains a part of the minimum ~-norm ~ 

solutrons of, a structure.d underdeterrnined system based on the 

algorithm presented in Chapter 4. Let 

bA the system. We are inte~ested in 

The procedure has been written 

obtaining ~~ onlyo, 

in ALGOLW and ~as' been 

tested on an IBM/370 computer. The results have been checked 

against the solution obtained by solving the system'without 

consid~ring the structu~e. The resul~s are based on double 

precision computations. 

We have considered the fOl1owing exàmp1es: 

l. F 'with full row rank, and 

J f ;' 
II. F with less than full row rank. 

\ 

, , 

... /109 
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EXAMPLE l. 

(' 
F has full row rank. . 

,'.'j'fr 

/ ,t 10 1 2 1 3 2 

'1 9 -1 2 -3 1 

2 -1 7 3 -5 l 3 

3 2 3 112 -1 2 1 2 
1 - 0:- - - - - - - - - - - - -, -

G1 LI 0 0 1 2 3 1 11 -6 

F = 'G
2 

0 L2 
,0 4 l 2 1 1 2 3 7 ~ = , y = 

G
3 

0 0 L3 1 

) 5 6 7 4 5 6 8 
1 

3 4 "6 .l, 17 8 9 10 9 

- - - - - - - - -r- I 3 5 1 Il 1 

1 
7 1 2 '4 5 2 

, 
2 1 3 1 ,5 3 2 3 

The 'estimate 

0.125710961300614 
\' 

0.0747320776983494 . 
0.283670434928731 

• 
.~ 
~ 1 -
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EXAMPLE II " 1 .. 
1 \ 

l 

( 1.; 
l' 

1 

F bas- less than full r~'W rank. 
1 

'1, 
1 

/ , 
/ 3 0 -11 -2 2 

( 

7 8 3 1 2 2 .... 1 f"ll_ ' 

2 10 -1 1 0 1 12 1 3 

~" :~ 
22 14 -1 4 5 -12 2 

LI 
,~ F= . 10 7 13- 1 5 3 -10 1 Y -1. 75 . 0 - - - - - - - - - - - - - - - - - -2 

\ 1 2 3 1 Il 6 , 
4 1 2 2 3 7 ' 

5 6 7 1 14 5 6 8 " • 

-3 4 6 , " 7 8 9 10 9 
, 1 ," ~, 

Tbe est-imate - zl 

~ 

0.416404256666899 

° ;~1 7508JG.i0191 

'.419992141744106 
,~ ,~ 

~- , 

~ 

''--.t i 
" ! 

'" 1 , • 1 
1 

!i 

-~~ . 
. .• / 111 
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flEGJN 
( INTEGER ROWBLOCKS; 

( 

rROCEDURE MINNORM(INTEGER VALUE ROWBLOC~S); 

BF.GIN, 

COMMENT . . 

1 
i 

/ 

MI~IMbM ~-NORM SOLUTION OF A STRUCTURED UNDERDETERMINED SYSTEM OF 
THE'rORM 0 

WHF.:RE 
G:.. 'G , L= L 

1 <; 1 
G L 

G 
N 

L 
N 

1 " 

THE PROGRAM WILL OB'AIN ~HE SOLUTION OF THE VECTOR Z ONLY. 
1 

THE DESCRIPTIriNS bF ~HE VARIABLES USfD ARE ~IVF.N ~ELOW: 
, 

NUMBER OF BLOCKS OF ROWS IN THE SYSTEM. 

., 

ROWBLOCI\S 
M AN ARRAY r,ONTf1INTNO THE. NUMBEf'~ OF F~OWS JN'EACH BLOCIC 
N 

"-
(l 

TOL 

G 

-L 

S 

y 

II 

W 

NUMBI?R, OF COLUMNS IN THE MATRl1X G ' 
AN ARf'.:AY CDNl AINING THE:., NUMBER n~OLUMNS IN EACH 
t1A rRI X ,j.. 

. l . 
AN ELEMENT OF A MATRIX IS NONZER IF ITS MAGNITUDE 
IS GREArER THAN ~TOL/. 

THE MATr<IX {, 
1 

THE' MATRIX L 
I 

IT lB A MATR1X OF DIMENSION N BY (NtM ). 
1 

IN THE BEGINNING IT IS (I,O).AFTER F.ACH ROW BLOCK 
REtllJCTIDN IT CONTAINS (Z ,0) AT THE STArn OF NEXT 
REnUCTlON. 1 H 
J'HE VECTOR Y. ~ 

tT lB f1 VECTOI~.n -=S W t5 W t.. t5 W + 

1112211 
A ~ECTOR WHICH CONTATNS THF SOI. UTloN OF rH!::. 
T~ANSFORM~D SYSTEM.; 

••• / 112 

.. 

\ 

\1-



( 

112 

lN"TEGER AHRAY_M(1::ROWBLOCKS), 
INTEGER ARRAY K(j::ROWBLOCKS); 
INTEG~R N,NEWN,MAX,SROWNO,ROWNO;' 
'LONl, IŒAL 101., CC, S'S; 

GOMMENr 
, 

PRJNTJNA L NUMBER OF BLANKLINES; 

'PROCE'IILJRE: HLANKL IHE ( 1 N rEGEr~ VALUE L); 
flEGTN 

FOI, ,1 : ==:l UNTIL L LlO WRITE (. .) " 
HW BLf.lNKLINE; 

COMMENi 
" 
i 

. DATA M,I: BEING REAn; 

REAIHN); 

1 

'l,Jr~l TE( " NUI1BEr': OF COLUl1NS..,IN THE MATF,IX G TS' ,N); 
NEWN : .• N ;" ..... 
MAX! ·-::0 Y 
TOU· J '-14; 
F- OR DI. OCI\ S !::.1 UNlI L RnWF.lU)Cl\S 0 lin 
arc·)] N 

Fœt'IIi' (M (BLOCI,S) , K (HLOCl":E;) j; 
WR[TEC"BLOCK NO.",BLôC~S); 
WRrrf( "NO or· how{> , :~i.!· ,tiCnLOCKS», 
WRTTFCNNO O~ COLS OF G :N~",N); 
WRL1EC"NO OF COLUMNS OF L :Kn,~(BLOC~S»; 
BUINI,U Nb. C 3) ; 

C~)MME'NT 

c. 

, . 

• 

l HE MAXIMUM ROI'; nJMFNSJON OF THE BLOCKS lS OBT(.)INED tN ORDEr\ 
TO DECLARr.THE D1MËNsrON OF THE MAfRIX S pnOPERLY~ 

d - , 
, . . 

lF M'AX " M(BLOC~S), THE.N MAX:.:::M(BLOCIŒ)~' 
TF N+K(BLOC~S)~M(BLOCKS) THEN. 
HEc,ni . 

'WF\J1F (" 11-/[" HLOCI\, NO • ,Ill ClCI\f;.· 18 OVE'F~DETERMINF.!I·)' 
nI) ro B roi' 

ENII 
[N'H 
li;: lI'l N 

LONG f';Ct"-l/., AI~RAY S(1::N~1::NEWN+MAX); 
L01.JO f\I Al ARRAY D<1.: :N); 
1-01.; 1:::::1 UNTIL N DO -
BEGIN 

• FUR J:=l UNTIL NEWN+MflX DO 
S ( 1 , J) : =0; 

SClyI):::::l 
[ND, 
F~~': I:-::1 UNTIL N DO n(].):=o; 

.: ./11.3 
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, -"-,~"---=-~- -". ".". "., 
FOR BLOC~S:~l UN1IL ROW~LOCKS DO' 
liE'G 1 N 

LONG RE'fll ARF,AY G(j::M<BLOCI\s),l::N); 
LONG REAL ()RRft Y L< 1 : : M (BLOCk~H ,1: ad BLOCI\S) ); 
LONG RE: ALQ (IRf<AY Y ( 1 : : M'( BLOCJ\S') ) ; , 
LONG RI::AL ()RF:I'lY C (1: : M (Hl OC)\S) , :1.: : NEWN+I\'( BLOCKS) ),; -
LONG RE AL ARRA~ W ( j, : : M'Â~ )', , 
INIEAER T01ALRO~,T01A(COL,ROW,COL;COtMINUS1,CnUNT,~EDUG!fON; 
LOG!CAL CONTINUE; '. . ' . 

, . 
COMMENT 

PfWCEDlJRF FOR fiF"F-'LYING,GJVEN8 ROTA·TION.LD~T f"1ND'RIAHT fWTArIONf;;' 
AR~ INDICATED.BY·THE ,PARAMErER SWITCH. ~F SWI1CH~O THEN TT IS, 
THE LEFl ONE AND IF SW nC/i-=l THEN IT 18 THE R [GHT ONE. IN THE: 
rIRsr CASE Zl IS ELIMINATE.D WHE:.RE.AS IN SECONII CASE Z::' 18 
ElIMINr\TE.fI, 

, , 

F'ROCEDlJh:E GIVFNS(U1NG rŒAL' VALUE Zl,Z2;INTEGER VflLlIE SWITCH), 
BEGIN y \ 

LONG RffiL GAMA, 
GfiMA:~ZJ*Zj+Z?*Z~; 

GAMA!-LDNGSnRTCGAMfl); 
H SW.! TCH - 0 HIEN 
m"G1N 

CC: ,=,l:.YG~IM.~' 
SS: _oZ / /G."lMA 

END 
LI. SE 
IlE- LHN 

CC!=Z:J/GAMA; 
SfH =Z:?/GAMA 

E'Nfi 
ENf! GJVENS, 

COMMCIH 
ORTHOGONAL ROTATIONS ARE 
'MATRIX' T8 UF'DATEti.COLl 
ARE AFFE'CTE'D.; . 

.. 

APPLIED FROM THE RIGHT.THE MATRIX 
AND COL2 AND ROW8 FROM FIRS~ TO LAST 

r'RDCEIllIF'F ,LJF'II~E f\IGHT ([NTEI,Ek VI'tLUE: COU, co 2, FIRST ,l.ASH ~ 
LONG RFAl. ARRAY MATRtX<*,*»; 

BEGIN 
I.ONG REAL TEMF'; 
I-OR t:=FtF,8T UNTIL LAST [la 
~E.(îI N 
TEMP~=CC*MnTRIX(r,COL1)+SS*MATRtX(I,COL2); 
MATRIX([,COL2):~SS*MAiRTX(I,COL1)~C~*MATRtX(I,COL2); 
MATRIX(] ,COLl) :~TEMP . 

END 
END UF'I)() TE rn GHT; 

cnmH~Nl 
v , 

nRrHOGONAl ROTATIQNS nRE APPLIED FROM LEFT.ROWl AND ROW2 OF 
TH~ MA1RIX 'MATRIX' FROM COLUMN 1 TO COLUMN LAST 18 AFFECTED.; 

1 l' 

.' 
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-
'p , 

F'ROCE'pURE UPDATEtEFT C INTEGER VALUE ROW1, ROW::!, LAST; LONG REAl", 
<; Ar~F~AY MATRIX(~,*»; ~, 

BEG'IN • 
LONG REAL TEMF'; 
FOR I:=t UNTIL LAST DO 
BEGIN . \ • 
TEMP:=-CC*MATRIX(ROW1,I)+SS*M~TRIX(ROW2,I); ~ 
MAnn x (ROW2, l') : ::..'SS*MATRJ X (R'OW:I , r ) +CC*MATRIX (ROW2, I ) 9 
·MAl RD:"( ROW 1,r).: ::::TEMF' . , • 

END , ~ 

END UF'[lElTEL~FT; , l, 

C(JMMENT 

1. 

TH[ VECTO~ y IS UF'DA~ED FOR LEFT ROTATION WHICA ~FFECTS ROWl 
~ AND ROW::! ONL y • ; 

. \ .. 
PROCEDURE Upn~TEY(INTE~ER VALUE ROW1,ROW::!;LONG REAL ARRAY Y(*»; 
BEGIN 

LONG REAL TEMP; , 
TEMP:=-CC*Y~ROW1)~sè*Y(ROW2); 
Y(RUW~):=SS*Y(ROWl )tCC*Y(ROW2); 
Y(F?OW1) ::::.TEMf' 

END llF'DA1 EY; 
~ 

CO,MMLN T 
\ 

rIIF,M~TIHX A OF DIMENSION ROW HY COLUMN IS PRINTEII OUT.; 
• 

D 

.PROCEPURE PRtNTCLONG R[AL ARRAY AC*,*>;INTEGER VALUE ROW,COL); 
tlEG[N 

6> Fm~ r:::':L UNTIL ROW rro 
I~r GIN 

WRIfEC" .); 
FOR'J:=l UNTIL COL DO WRITEON(SHORT(A(I,J») 

END; 
BLANI,L [NE (::! ) 

END F'RIN T ; 

COMMENT 

INPUT DArA ARE BEING REArr; 

FOR 1:=1 UNTIL M(BLDCKS) DO , 
FOR J:=l UNTIL N~O R~ADDN(G(I,J»; 
WRTTE(" MATRIX G FOR BLOC~ NUMBER-;BLDCKS); 
DLANI\LINE (3) ; 

PRtNT(G,M(BLOC~S),N); 
FUR J::::.l UNrrL M(BLOIZI'.S) 
FOR -Jt:::!" UNTlL I\(BLDCKS) 

, 
DO 
DO READON(LCI,J»; 

\ 
'" .. 

\ , 
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'BLAN~Ll NE (~) ; 
WRITEC" MATRIX L FOR BLaCK NUMBER",BLOCKS); 
FILANI,LINE(3) ; 
PRiNTCL~M(BLOC~S),~(BLOC~S»; 
FOR 1:=1 UNTIL M(BLOC~S) PD R~ADON(Y(l»); 
BLAN~LINE(3) ; 
WRITEC"VECTOR y FOR BLOC~",BLOC~B); 
BLANKLINE(3H 
FOR 1:=1 UNTIL M(BLOCI,S)I10 W'RITEON(Y(I»; 

/' 

COMMENT 

, 
1 

IF L IS NOT INPUTTED IN lOWER TRAPEzordAL FORM THEN IT lS 
MADE LOWER TRAPEZOIDAL FORM BY npPLYING ROTATIONS FROM 

JI THE RIGHr; 

FOR"ROW:=1 UNTIL ~(BLOCKB)-1 DO 
FOR COL::~CBLOCKS) STEP -1 UNTIL ROW+1 DO 
BEGIN 

IF ABe(LCROW,COl» ~ TOl lHEN 
BEGIN 

COLMINUS1::COL-l; 
OIVENS(L(ROW,COLMINUS1),LCROW,CO~),1); 

UPDATERIGHTCCOLMINUS1,COL,ROW,M(BLOC~S),L) 

END 
END; 

COMMENT 

f 

."" 

FORMING GZ. IN THE FIRST ROW BLOC'I, Z:;:I,r lB A UNIt MATRIX.; 

IF BlOCKS: 1 THEN 
BEGIN . 

LONG 1 REAL AR~AY TEMP ( 1 : : NEWN) ; 
làNG . REAL SU~; 
FOR 1:=1 UNTIL M(BLOCKS) DO 
BEGIN 

.FOR J:=l UNTIL NEWN DO 
BEGIN 

SUM:=O; 
FOR P:=<IF J<=NEWN-N+1 THEN 1 ELSE J 

SUM:=SUM+G(I,P)*SCP,J); 
TEMP ( J ) : ~SUM t 

END; , 
FOR J:=l UNTIL NEWN DO CC1,J):=TEMP(J) 

END 
Et1pi\ 
EL!I;E 
FOR 1:=1 UNTIL M(BLOCKS) DO 
FOR J:=1 UNTIL NEWN DO CCI,J):=G(I,J); 
FO'R 1:=1 UNTIL M(BLOCKS) DO 
Bj::GIN 

~ FOR J:=I UNTIL K(BLOCKS) DO C(I,J+NEW~):=O; 

UNTIL N DO 

FOR J:=1 UNTIL (IF I>K(BLOCKS) THEN K(BLOCKS) ELSE l)DO 
C(l,J+NEWN):=LjI,J) 

END; 
" 

... /116 

. l 

, , 
1 



.. 

( 

-." 

\ 

'. 

( 

.. 
... 

.. _ .. , .... ,-'...-*r<.r "...-.""""".;"'" ..... <- ~ e", ... " .,....-,,.r..-..r<~ -_~, 

'. 
- 116 -

COMMENT 
, 

RF:DUCING C TO LOWER TRIANGULAR FORM.THE NUMI1t::R OF ELEMENTS 
IN A ROW TO BE ELIMINATED IS NEWN, 

SROWNO:=N; 
COUNT: =1 ; 
FOR ISTE~:=NEWN BTEP 1 UNTIL 1 DO 
BEGIN 
Q COU:=ISTEP+l; 

FOR ROW:=l UNTIL (IF K(BLOC~S)+COUNT-l~M(BLOC~S) 
K(BLbC~S)+COUNT-l ELSE M(BLOCKS»DO 

BEGIN 
COLMINUS1:=COL-1; 
IF ABS(C(RQl.J,COU )"TOL THEN 
BEGIN 
GIVENS(C(ROW,COLMINUS1),C(ROW,COL),1)~ 
UPDATERIGHr(COLMINUS1,COL,ROW,M(BLOC~S),C)i 
ROWNO:=IF SROWNO := 0 THEN 1 ELSE SROWNO; 
UPDATERldHT(COLMINUS1,COL,~OWNO,N;S) 

END, \i, 

COL:=COL+l 
END; ~ . 
COUNT.!-=COUNT+l ; 
SROWNO:=SROWNO-l 

END; 

COMMENT 

Tl-IEN 

REDUCING THE MATRIX C TOçA fULL COLUMN MATRJX; 
J 

ROW: =COL': = 1, 
REDUCTION:=O; u 

CONTINUE!=TRUE, 
WHJLE (CONTINUE)[lO ') 
BEGIN 

CONTINUE!=FALSE; 
WHILE«ROW <= M(~LOCKS» 
BEGIN 

AND (ABS (C ( ROW, COU) ,.'< TOL» DO 

.. 

ROW!=ROW+l; 
COL:;:;:COL+l 

ENf!; :l> 0 Q 

IF ROW ;:;: M(BLOC~S) THEN REDUtTION:=REDUCTIONfl; 
IF r;6w ':. M (BL~CI<S) . THEN 

BEGIN ~ CONTI UE:=TRUE; 
COUNT =1; 
FOR I:~OWti UNTIL M(BlOCKS) DO 
BEGIN ~ 

i 

lF ABS{C{I,CO~+COUNT» > TOl THEN 
BEGIN 

GIVENS(C(I,COL+COUNT-l),C(I,COL+COUNT),l); 
UPDATERIGHT(COltCOUNT-l,COl+COUNT,I,M(BlOC~S~,C); 
UF'D~TERIGHT (COLtCOUNoT-l, COL+COUNT, 1, N, S) 

• f 

a • END;, ' 
COUNT':=COUNTil 

i:: ND 
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END; 
ROW:=ROtHl 

END; 
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WRITEC"RËDUCED {G,L) IN LOWER TRAPEZOIDAL FULL COLUMN RANK-, 
• MAfRIX FOR BLOC~ NO ",BLOCKS); 

BLANKLINE(2); 
PRINT(C,MeBLOCKS),N+K(BLOCKS»; 
BLANKLINE (2) ; 

COMMENT 
THE RANK OF C I8 M(BLOCKS)-REDUCTION.NOW IF REDUCTION 
THEN SUM OF FIRST REDUCTION E~EMENTS OF eY-G*D)SHOULD 
VERY SMAkL AFTER C ts MADE lOW~R TRIANGULAR; 

BEGIN 
LONG REAL SUM; 
Fd'R I:'=j UNTIL M(BLOCKS)DO 
BEGIN· 

SUH!=O; 
FOR J:=1 UNTIL N DO SUM!=SUH+GCI,J)*D(J); 
y ( l ) : =y ( 1 ) -SUM . 

END 
END; 

COMMENT 

o 
BE . 

o 

\ 

REDU~ING THE FULL COLUMN RANK HATRIX BY APPLYING ROTATIONS \ 
FROM THE LErT TO L.OWER TFUANGLILAR FORM.; 

FOR 1:=1 u~~rL R~DUCTION DO 
BEGIN 

FOR ROW:=M(BLOCKS)-l STEP -1 UNTIL 1 DO 
BI;GIN 

COU=ROW-I+l ; 
uIF ABS(C(ROW,COL» > TOl THEN 
BEGIN • 

GIVENS(C~ROW,COL),C(ROW+l,COL),O); 
UPDATol:LEFT(ROW,ROW+l,COL,C); 
UPDATEY(ROW,ROW+l,Y) • 

,dm ' 
END • 

END; 

COMMENT . 

• 

CHECKING THE RESIDUE WHEN THE UNDERDETERMINED SYSTEM lB NOT 
OF FULL ROW RANK.THIS WILL INDICATE THE CONSISTENCY OF THE 

• MODEL BEING CONSIDERED.; 

IF REDUCTION ~ 0 THEN 
BEGIN 

l.ONG REAL ,SUM; 
SUM!=O; 

Cl 

FOf!: 1:=1 UN.-ILQREDUCTION DO SUH:=SUH+Y(I)*Y(IH 
SUM:=LONGSQRT(SUM); 
1 F SUN'::: TOL THEN 
EIEGIN 

... /118 
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BLANKLINE(2) ; 
WRITE("INCONSISTENCY 
BLANKLINE(20) ; 

IN THE MODEL IN ROW BLOCKS",BLOCKS); 

GO TD STOP 
END 

END; 

.COMMENT 

\ 1 

SOLVING THE ~O~ER TRIANGULAR SYSTEM CX=y ~HERE C 15 • 
MATRIX OF RANK M(BLOCKS)-REDUCTION; 

, 
W(1):=Y(RËDUCTION+l)/C(REDUCTION+1,1); 
FOR r:=2 UNTIL M(BLOCKS)-REDUCTION D~ 
BEGIN 

LONG REAL SUM; 
SUM:=O; 
FOR J:=l UNTIL 1-1 DO 

SUM:=SUM+C(REDUCTION+I,J)*weJ); 
W <I ) : = ( y ( RE DUC TI ON + l ) - SU M ) / C ( R-E D UCT ION + 1 , 1) 4 

ENi; ~ 

COMMENT 
. ., 

FORMING SW WHICH IS D 

FOR 1:=1 UNTIL N DO 
BEGIN 

LONG REAL SUM; 
SUM:=O; 

1 

FOR J:=l UNTIL MCBLOCKS)-REDUCTION DO 
SUM:=5UM+S(I,J>*W(J); 

D ( 1 ) : =r~( 1 >+5UM ; 
FOR J:=l UNTIL NEW,N+REDUCTION DO 

S(I,J):=S(I,J+M(BLOC~S)-REDUCTION); 

FOR J:=NEWN+REDUCTION+l ~NTIL N+MAX DO S(I,J)!=O 
END; 
NEWN:=NEWNfREDUCTION; 

END; 
BLANKLINE(7); 
WRITE("lHE FIRST",N,'ELEMENTS 
FOR 1:=1 UNTIL N DO WRITE(" 

OF THE SOLUTION VECTOR"); 
',D(I» 

'END; 
'STOP: WRI TE (' ') 

END MINNORM; 

• COMMENT 

~AIN PROGRAM STARTS HERE.THE NUMBER OF ROW BLOCKS IN THE 
UNDERDETERMINED SYSTEM 15 PASSED-INTO THE PROCEDURE MINNORM 

f 

AS PARAMETER; 

READ CROWBLOCKS); 
WRIT'E(· NUMBER OF BLOCKS IN THE MATRIX FIS" ,ROWBLOCKS); 
MINNORM(ROWBLOCKS) 

END. .' ./119 .' 
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