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PREFACE

Earller work.

This thesis surveys precipitation mechanisms; some work
by the‘present writer on two of theée mechanisms was submitted
earlier as a thesis for the degree of Master of Science at
McGill University. Specifically, part of the Introduction,
and sections 2.2, 3.1 (in part), 3.2, 3.3 (in part) and 6.2.1
of the present theslis appeared in the M. Sc. Thesis.

At a later stage, a joint paper with Prof. Marshall was
accepted for publication by the Quarterly Journal of the Royal
Meteorological Society (East and Marshall, 1954). Parts of the
present thesis which appeared in the paper, but not in the M.
Sc. Thesis, are sections 2.3, 3.4 (in part), and part of the
Introduction.

All the sections not mentioned appear herein fbr the
first time, and in particular, sections 4, 5, 7, 8, and 9,
and the three Appendices, and most of the numerical results

of sections 3 and 6 are entirely new.
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1. INTRODUCTION

The past decade has seen an increasing interest in the
problém of rainfall from convective clouds. It has been
stimulated by the recognition that the mechanism must differ
fundamentally from that in layer clouds.

Bergeron's (1933) theory, with modifications by
Findeisen, is the generally accepted mechanism of preci-
pitation from stratiform clouds. He showed that lce part-
icles can grow rapidly in supersaturated water cloud, then
melt and fall as rain. This explanation, which has received
ample experimental confirmation, tended to get carried over
to preciplitation from convectlve clouds. The fact that in
temperate latitudes a towering cumulus often reaches a
sufficlient helght to glacliate has led to the assumption
that glaciation is the main precipitation mechanism in
cumulus as it is in layer clouds (Byers and Braham, 1949).

Glaciation can play a significant part, as shown by
the occurrence of hailstorms, but it 1s not always present,
and the range of heights at which glaciation can be expected
does not seem to coincide with the region where precipitation
is first observed by radar. The onset of precipitation in a
cumulus cloud originates at a point considerably below the
top, and spreads rapidly in vertical extent. (Battan (1953)

found the temperature at the centre of the first echo




averaged +5°C in Ohio thundershowers, and even at the top of
the first echo it averaged +0.5°C). Indeed, particularly in
tropical regions, rain often falls from clouds which 1lile
entirely below the 0°C level, as reported by Hunt (1949),
Virgo (1950) and E.J. Smith (1951). Mordy and Ebégzggde an
extensive ihvestigation of showery cumulus near Hawali, find-
ing that raindrops of up to 2 mm diameter fell from clouds
whose tops were no colder than +7°C.

If droplets of radius 40 microns, or of that order,
develop in a cloud (and they are often found in large numbers
in Cumulus Congestus and Cumulonimbus), their calculated
rapidity of growth 1is sufficient to produce precipitation.
To explain the rapid spread in vertical extent that is ob-
served, 1t 1is probably necessary to assume the appearance of
drops of such size almost simultaneously over a considerable
range of heights.

Ludlam (1951) and others have shown that these Initial
large droplets could be caused by condensation on to giant
salt nuclei. While this approach can reasonably account for
the number of raindrops (a few thousand per cubic metre)
observed, it cannot account for the several million growing
cloud droplets pef cublc metre in precipitating Cumulus.

Any mechanism which produces the observed cloud droplet size
distribution is a potentlal precipitation mechanism, but the

converse is not always true.




In this thesis, various processes will be examined for
their.ability to grow a considerable populatlion of large
droplets In a cloud which, when freshly formed, is almost
completely free from them, It was shown in the M,Sc. Thesis
(East 1953) and it will be shown in further detail in
éection 3 %hat the required growth cannot be produced by
gravity alone. The assistance to be expected from electric
charges on the droplets is discussed in section 4.

Howell (1949) discussed the growth of droplets by
COndehsation, but he was concerned with the initial formation
of clouds rather than thelr later development. His methods
are used in section 5 below to show that the condensation
process alone would not lead to precipitation, but that in
certain circumstances a combination of condensation and
gravity would favour repid growth.

The possibility of turbulence playing some part in the
precipitation process has been considered by other writers.
Be rgeron (1933) concluded it would not be intense enough to
do so in stratiform clouds, but did not discuss 1its action In
cumuliform clouds. Arenberg (1939) considered the action of
turbulence In causing water droplets to be thrown together,
without taking account of the conditions necessary for them
actually to collide. Mason (1952) introduced turbulence to
prolong the paths travelled by dfoplets through a cloud in
becoming drizzle, and Best (1952) to transport them to and
from the centre of a cloud..Gabilly (1949) considered its




effect in causing collisions, but confined his discussion to
sinusoidal motion of the air, rather than true turbulence,
which is a random motion.

In the M.Sc. Thesis, Gabilly's approach was carried
further to include the random character of turbulent motion.
In section 6 below these methods are applied to show the
éffect on a cloud. In section 7 the avallable experimental
data on turbulence in clouds 1s examined quantitatively;
it seems to show that it does not normally have sufficilent
intensity to initlate the precipitation process.

In undertaking to assess the relative‘importance of
these ﬁossible precipitation mechanisms, lack of certain
knowledge on detalled points was never allowed to hold up
the work. Physically reasonable assumptions were made where

necessary, and these can be justified in many cases.

The most probable mechanism, on presenf showing, appears

to be 6ne in which a parcel of cloud ascends.an the wet
adlabatic, and then rests at constant level. Gravity is then
an efficient precipitation mechanism. This concept fits well

with the latest views of cloud convection.
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2, CONVECTIVE CLOUDS

2.1 Macrostructure.

A cumulus cloud is convective in natére. Some parts of
it are in upward motion; in these regions the rising air ex-
pands and cools, forcing the water vapour present iIn it to
condense into liquid water. The latent heat released by con-
densation is the source of energy for maintaining the upward
motion against drag.

On the accepted model, a cumulus cloud consists of one
or more "cells", each having a centrdl updraft with an average
vertica1~velocity of a few metres per second (Byers and Braham,
1949). The rising column of alr mixes with the environment by
a proceés of "entrainment". Malkus (1954) found that an air-
craft can cross and recross an updraft, following it up through
all levels of the cloud.

Scorer and Ludlam (1953), on the other hand, suggested
that the updraftsin a cloud are discontinuous, each consisting
of a series of '"bubbles™ of alr warmer than the surrounding
cloud mass., Their hypothesis was supported by the experience
of glider piiots, and, at least in the upper part of a cloud,
by motion picture studies. Malkus and Scorer (1955) have de-
veloped a satisfactory theory giving good agréement with the
observations.

Batchelor (1954), in a series of analogue experiments,
showed that a mass of fluid retains its identity only if it

differs considerably in density from the surrounding fluid.




On this basis one would not expect Ludlam and Scorer's 'bubble"
to survive for an apprecilable time in the cloud. Batchelor's
experiments, however, did not take into account the locgal source
of energy represented by the latent heat of condensation of
water; 1t might conceivably ensure a longer life for the "bubble'.
Whether the updraft 1s really steady or consists of a
series of bubbles, the following influences must be at work
on the cloud-filled air: condensation of water vapour, mixing
of air parcels with different histories and propertles, shear
which produces turbulent motion, and the earth's gravitational
field. The effects of some of these influences will be studled
in isolation and in combination, and the results considered in
relation to the cloud structure.

2.2 Microstructure

A discussion of precipitation mechanisms must start from
the number and sizes of water droplets in the cloud. Measure-
ments of these quantitlies have been made from alircraft and the
results described by Diem (1942, 1948), Zaitsev (1950), and
Weickmann and aufm Kampe (1953). Droplet-size distributions,
that 1s the fraction of the liquid water contributed to the
total by droplets of various sizes were measured directly by
catching the droplets in a film of oil and photomicrographing
them. The totd 1liquid water content per unit volume, W, was
measured directly by Diem and Zaitsev, and determined in~-
directly from measurements of optical transmission by Weiclkmann

and aufm Kampe. The total number of droplets per unit volume,




N, can then be computed.

A notlceable feature of the published distributions is
the almost complete absence of droplets of less than 3 microns
radius. The oll=-slide method 1s incgpable of detecting droplets
of less fhan 2 microns radlus or so. If there were a population
of small droplets which escaped detection comparall e in number
with those detected, serious errors might result when conveft—
ing from transmission to water content, and of course the values
of N would be quite wrong in any case., This point was discussed
at length by Fritz (1954). aufin Kampe and Weickmann (1954),
however, point out that the condensation process by which the
droplets are formed in the first place inhibits the production
of very small droplets once a population of moderate-sized
droplets has developed. Howell's (1949) computations and
section 5 of this thesis bear out the conclusilon that there
really are practically no droplets of 3 microns radius or less.

We%ckmann and aufm Kampe measured only convective clouds;
the daﬁa#include the distribution of the number of droplets
with radius, together with the totedl number of droplets per cm5,
N, and the liquid water content, W. In figure 2,1 N is plotted
against W for the 34 samples. If we 6ombine the Cumulus Humilis
and Cumulus samples and call them Fair-weather cumulus, we see
that they are clearly separated in the figure from the Cumulo-~
nimbus and Cumulus congestus samples, which we can call Heavy

cumulus. Fair-weather cumulus have large numbers of droplets

but small water content, while heavy cumulus have roughly one-

*Private communication from aufm Kampe and Weickmann, Evans
Signal Corps Laboratory, New Jersey.
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sixth the number of droplets but about four times the water
content, Sample number 9, however, appears to be an exceptlon.

A survey of the distribution curves showed that (except-
ing no.9) fair-weather clouds are free from droplets of more
than about 20 microns radius and in many cases have none
greater than 18 microﬁs radius. |

The drop size distributions of a number of cumulus clouds
were réplotted on logarithmico-normal charts (as described by
Kottler (1950, 1951, 1952)). Some of the plots for fair-weather
cumulus are reproduced in'figm&.2.2(a). The steepness of the
curves indicated the narrowness of the distributions and their
straightness showed that they were gdod approximations to log-
normal distributions. One of aufm Kampe and Weickmann's
(figure 2.2(a), no.9) is an exception. The plots for heavy
cumulus (some of which are reproduced in figure 2.,2(b) show
much broéder, and in some cases, bimodal distfibutioné, that
is, distributions made up of two log-normal distributions with
different madian radii. Bimodality appearé also to be a proper-
ty of specimen no., 9: in view of the other anomalous properties
of this specimen already noted, this justifies its exclusion
from the fair-weather category.

A few words may usefully be sald about average distri-
butions at this point. If aufm Kampe and Weickmann's fair-
weather distributions, éxcluding no, 9, are combined to make
an average curve, the result is also a typical curve, cutting

off at about 20 microns radius. An average curve which in-
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Filgure 2.2 Droplet size distributions on cumulative percentage
log-normal charts., The ordinate is the percentage number of
droplets of radius less than the abscissa,

(a) Fair weather cumulus: 94a, 52a, Diem; 5, 9, aufm Kampe
and Weickmann.,

(b) Heavy cumulus (aufm Kampe and Welckmann): 14, 29, cumulo-
nimbus; 30, cumulus congestus.

The dashed curves are 1ldealised distributions.



cludes no. 9, however, is not typical. The unusally large
droplets introduced by this specimen do not affect the totdal
number apprecilably, but any quantity which increases very
rapidly with radius, such as radar reflectivity (which goes
as rb), or rate of growth by coalescence (see section 3) will
be miéleadingly exaggerated in the averagé result.

In the M.Sc. thesis aniidealised fair-weather distri-
bution was described, which is shown as a dashed line on

figure 2.2.(a). The starting-point of the present work is the

distribution
4%
w(r)de = rG exp{‘2?-(e¢';w§ z} r< (8 } (2.1)
'V\(v-) = O >

where n(r)dr is the number of droplets per om® whose radii lie
between r and r+dr microns. It differs from the distribution
used in the M.Sc. thesis In having a sharp cut-off at 18
microns radius'and in the water content W being then normalised
tol g 1%, The totd number of droplets per cms, N, is 420;
these values are plotted on figure 2,1 as the cross "I.F."

The idealised falr-weather distribution is repléttedﬁas
as a water-content distribution in figure 2.3 (left~hand curve).
Here w(r)dr.is the amount of liquid water in unit volume of
éloud—fiiled air which consists of droplets whose radii lile
between r and r+dr microns. It is assumed that in the early
stages of development (or aﬁ a position in the cloud near its

base) a convective cloud which eventually precipitates had the
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2.3

same microstructure as a fair-weather cumulus. The idealised
distribution was therefore used as the starting point for all
calculations described in this thesis.

For eventual comparison with the results of the calcula- -

tions an idealised heavy cumulus distribution has been de-
rived by drawing the dashed curve on figure 2.2(b), assigning
to it a water content W=4 g m~% and converting.it to a water
content distribution. It appears as the steadily rising curve
on figure 2.,3; this curve shows very clearly that most of the
water content of heavy cumulus clouds is in the form of large
drops. The curve should be regarded as only approximate, since
between 50 and 60 microns it becomes extremely sensitive to
minor details of behaviour of the upper end of the cumulative
curve of figure 2.2(b). The totd number of droplets comes

out to N =70 em~°; the position on the chart of figure 2.1 is
marked by the cross "I H,"

Condensation and Coaiésceﬁce.

It is clear from figure 2,1 that between the earlier
and the later stages of the cloud's history, several grams of
liquid water per m® have been added to the cloud. This must
have been condensed from the vapour, and the effect on the
droplet size distribution will have to be considered in
section 5.

Howell's (1949) results show that by the time the liquid

3

water content regches 1 g m™Y, condensation from the vapour




Iy

canmnot increase the number of droplets appreciably. On the
other hand it certainly cannot decrease the number of drop-
lets. In the absence of the ice phase, coalescence of drop-
lets ié the only way the number can be reduced (apart from
eveporation). The marked decrease in numbers shown in figure
2.1 in gqing towards the heavy cumulus samples is Important

evidence that some coalescence process 1ls taking place.
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3., COALESCENCE BY DIFFERENTIAL SETTLING

3.1 Velocities of fall

Cloud droplets fall relative to the air in which they
find themselves, with terminal velocities which depend on
their size. As the larger droplets fall, they approach any
smaller ones which lie in their path. Some collisions occur,
and the larger droplets grow at the expense of the smaller
ones..This basic coalescence mechanism takes place in almost
any cloud all the time, so it will be investigated before
any other possible process. Since the probability of occurrence
of collisions depends rmather critically on relative veloclty,
we have first to discuss terminal velocitles.

In the troposphere, the terminal velocity of water drop-
lets of radius r less than 18 microns is given within 1 percent

by a formula derived from Stokes! Law, namely

- q. 207" '
VY‘- j,e = ?6 ’rV‘ (301)
T
where gp = earth's gravitational field = 980 em sec™?
Tp = 2(sr2/917 , the "time constant"™ of the droplet

and v « dynamic viscosity »1.,72 x 10°% g em™Lsec™tat OC.
or V. = 1.266 X107 v? (v, in em sec™, r in (3,1)

_ microns)

(The temperature and pressure vary throughout the cloud,
but In this thesis air 1s taken té have the constant properties
p=0.96 x 10~3g em™3 and %-1,72 x 1074g cm~l sec™l.

These are the values for 0°C and 760 mb, mughly the conditions

in which precipitation first forms in temperate latitudes.)
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Cunningham (1910) showed by the Kinetic theory of gases
that the average terminal velocity of very small droplets
must be greater than this by the factor = (1+ 1.63¢/r) where
¢ = mean free path =0,12 microns at 760 mb and OC. The factor
amounts to 1,049 for the terminal velocity of a 4 micron drop-
let. However, we shall need the relative velocity U-vg-— Vp
‘between a drop s and a droplet r. It can be shown that the
percentage correction in U goes as (s-+r)'1. The largest per-
centage correction required in the preseht work would be for
8§ =13%, r=4 microns where it is 1.1 percent. The correction
was therefore neglected entirely. |

The molecular nature of air gives rise to Brownian
motion of small particles in it.'The mean energy of transla-
tion of the particle 1s g kT, so that for a water droplet

of radius 4 microns at OC the root mean square velocilty

is 0.205 em sec‘l; it 1s proportional to r“sﬁé. The relative
veloclitles with which we will be concerned are at least 12
times as great for this size of droplet. It will appear in
section 6.2 below that even a random velocity as great as
the steady relative velocity has only a moderate effect on
coalescence, so the effec¢t of Brownlan motion has been ne-
glected.

The moleculér character of air was neglected in two
other Instances., Langmuilr's theofy of droplet collisions
used in sectlion 3 and the turbulence theory applied in
section 7 both assume that the air has its bulk properties
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on the scale of their respective processes. The appropriate
scale in the collision process is the radius of the droplet

(4 microns or more), and in turbulent motion it is the size

of the smallest eddy (which is of the order 1 mm. in a cumulus
cloud, according to the estimates of section 7 below). The
mean free path, {, is very much less than either of these
quantities, so there seems no reason to suspect any appreciable
effect on the two processes.

At radii above 18 microns the Reynolds number R at the
terminal velocity becomes appreciable and Stokes! Law is not
accurate, The value of terminal velocity given by équation
(3.1) is too large and must be multiplied by a facfor P e
The éxperimental relationship between drag coefficlent and
Reynolds number given by Schiller (1932) was used to compute
¢ for the terminal velocity of a drop of any radius s by a
method of successive approximations. (See Appendix 3(b) for

further discussidn. The factor @ is plotted in figure AS3.1;
the abscissa 1s drag force, but the subsidiary scale Imme-
diately underneath shows the radius for which ¢ 1s appropri-
ate for calculating terminal velocity). For example, a drop,
radius s =100 microns, has a terminal velocity 0.6 times the

value given by equation (3.1).

3,2 Langmuir's eguation

A drop,“radius s, terminal velocity vg, sweeps out a

volume ‘stvs in unit time, If 1t fell through a monodisperse,
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randomly distributed populatlon of droplets, radii v, temm-
inal velocity v,, and if all the droplets continued in a
straight line in unit time, the drop would collide with all
the droplets in a volume (s +1r)? U, where the relative
velocity U=z vg —vp. We define the "encounter cross-section'
as w(s+r)2,

Since the droplets do not continue in stralght lines,
but tend to be brushed aside by the drop, the actual number
of collisions is less. In the M.Sc. Thesis, the encounter .
cross section was replaced by a "collision cross-section"
E'n(str)z, where E is the "collision efficiency” defined
and>computed by Langmuir (1948). In applying Langmuir's
work to the problem the féllowing-assumptions were made:

1. Langmuir's theory,worked out for droplets much
smaller than the drop, is still applicable when the
radii are more nearly equal.

2. It applies despite appreciable motion of the droplets
through the air, if use is made of the relative
velocity U.

3. The theory also applies when ﬁhe velocities are not
Steady.

4, Collisions always lead to coalescence. Justification
for this 1s discussed in the M.Sc. thesis.

These assumptions are carried over into the present work.

The efficiency E (corresponding to Langmuir's Ev) is al-




ways less than unity, and can be zero. It is a unique,
monotonic fundtion of a dimensionless parameter K=T T./s,

where Tp= 2 Psrz/Qq ; the equation is

E=0, K< (214,

3 ~2
E=P+ i&fﬁﬂ K>1.214
K-l21¢] »

(3.2)

(This relationship is reproduced in figure 6.2, in
section 6 below).

Sartor (1954) has performed an interesting series of
experiments on large water drops in oil. Regarded as scale
model experiments on cloud droplets, they appear to show
that collisions can occur more readily, but coalescence
less readily, then Langmuir's equation would indicate:
electric fields occurring in nature would greatly increase
" the probability of coalescence.

The observed stabllity of fair weather cumulus tends to
confirm the prediction of Langmuir's equation that
coalescence between droplets In such clouds 1s rare. The
choice between accepting either the results of Sartor's
scale‘model,‘analogue experiment, or an extrapolation of
Langmuir's experimentally verified (Gunn and Hitschfeld
1951) theory, was made in favour of the latter; Langmuir's
equation is used throughout bhe following work.
3¢5 Growth of drop

Consider a population consisting of those cloud droplets




having radii between r and r+dr. Its water content is w(r)dr.
The rate at which water is swept up by a drop, radius s, fall-
ing through it (which is the rate of increase of mass mgy of

the drop due to this particular population) is
éﬁy dv
de |

We define the "equivalent volume sweeping rate" Q(s,r)

7 (s+¢) VE  aww(vr)dv
Q (s,7) .wlv) dv

(3.3)

-7 (s +r)2.UE; it has the dimensions of volume per unit time
and is shown in figure 3.1.

It was pointed out iIn the M. Sc. Thesis that when s =15
micréns, collisions are not possible with droplets less than
15 microm , except for radil between 9 and 13 microns, where
they are still relatlvely rare. Figure 3.1 shows that by the
time s = 30 microns, collisions are possible.with most drop-
lets, and in the case of 10 micron droplets they are over
100 times more frequent than they were at s =15 microns. The
main reason for this remarkable increase is that the relative
veloclties between the 15 micron drop and the droplets were
so small that, for most droplets, K was less than 1,214 so
that E was zero.

The rate of increase of mass of the drop»as it sweeps up

the éloud is

b [ st

(4 4
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The numerical method used to evaluate this integral is
described in Appendix I.

The way in which the total dmg/dt is made up from drop-
lets of -various radii is shown in figure 3.2. Here
[dms/dt]r is plotted against r at various stages in the
growth of the drop; the curves are normalised to an area
of 100 percent by dividing each by its own dmg/dt. The
shape of any curve 1ls determined partly by the relative
velues of Q(s,r) for various values of r (compare par-
ticularly the small values at r=4 with the depressed curve
for r=4 in figure 3.1), and partly by the cloud droplet
slze distribution w(r); the idealised fair-weather distri-
bution (I.F.) was used. It was assumed in the calculation
that w(r) was independenﬁ of time, and therefore of s,
(i.0. that negligible depletion took place). In the result,
the curves are all much alike, except for small s. In
particular, at r =9 microns, the ratio of [dms/dt]f to
dmg/dt is almost independent of s; use was made of this
fact to speed up the célculation of dmg/dt over part of
the r ange of s. |

The computed values of dmg/dt as a function of s were
converted to s as a function of t by a numerical method
described in Appendix 1. Figure 3.3 shows how the drop
radius s increases with time as it falls through the cloud.

Zero of time is thken at s =17 microns, and growth
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is followed out to s =100 microns, i.e, drizzle drpp size;
the whole process t akes over an hour, half of which 1s spent
In going from 17 to 23 microns radius.

The growth curve of figure 3.3 applies in the idealised
féiréweather cloud wbo#e water content is 1 g m™°. Rate of
growth is directly proportional to number of collisions, so
that for a drop failing through a cloud of liquid water content
W g m™% but the same droplet éize distribution as the I.F.
distribution (and therefore W times as many droplets), all
times would be decreased by the factor W.

344 Modificatlon of droplet-size dlstribution

The problem of precipitation mechanisms is a problem of
dropiet_growth mechanisms. An Important piece of evidence is
the change in droplet-size dlstribution between the early and
mature stages of a cloud (figures 2.2 and 2.3). Any suggested
growth mechanism can be tested by computing 1ts effect on |
the droplet-size distributlon, then comparing the theoretical
and experimental curves; the change must.be brought about in
a realistically short tlme, say half an hour, sometimes more,
often less.

The analysis of the previous sub-section is adequate to
follow the growth of a few oﬁtstandingly large drqps, in a
cloud of many droplets. In producing a heavy cumulus distri-
bution from a fair-weather, however, the major part of the

water content has gone over from the smaller droplets to the
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larger. Depletion of the droplet population and competition
for the available water among the growing droplets cannot be
neglected.

An added complication is the possibility that a particular
droplet may grow for a while by sweeping up smaller droplets,
and then itself be swept up by a larger droplet. To keep the
labour of the computation within bounds, 1t was decided to
ignore this possibility when computing the modification of
droplet-size distributions by coalescence, and tos et up the
following convention:

Particles greater than 13 microns radius are called drops;

Particles less than 13 microns radius are called droplets:

Collisions can only take place between a drop and a droplet.

At each collision the number of droplets decreases by one,

and the mass of the drop Increases by the mass of the

droplet.
In the computations fhe radius of a droplet is called r(< 13)
and the radius of a drop is called s(>13).

The method of computation is to start with the I.F.
distfibution and divide 1t up into drops and dropleﬁs. Now
calculate the growth of all the drops as they sweep up the
droplets for a limited time At; then find by how much the
droplets have been depleted In that time. The computation
proceeds step by step in this way until the largest drops
have grown from 18 to about 40 microns radius (5 steps in all).

Details of the method are given in Appendix 1(b).



In figures 3.4 and 3.5, the radii r and s are plotted
continuously along the horizontal axis. The discontinuilty
at 13 microns is due to the convention above. Droplet-droplet
collisions are impossible anyway with gravity alone (M.Sc.
Thesis), but drop-drop collisions would have reduced the pesgk
between 13 and 15 microns and slightly increased the rates of
growth of the larger drops.

Evidently 1t would take nearly two hours for a falr-weather
cumulus to mature if gravity were the only agency. Such a time
scale seems more appropriate to the ageing of stratus or fog;

a vigorous cumulus cloud develops much faster than this.
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49 microns.
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4, THE EFFECT OF ELECTRIC CHARGE ON COALESCENCE

4,1 Magnitude of charge

The force of attraction between oppositely charged drop-
lets would assist coalescence in a cloud, and has to be con-

" sidered as a possible factor in bringing about precipitation
in cumulus. A charged droplet will also attract neutral ones,
though the force is much weaker,

Cochet (1952) considered a cloud of neutral droplets of
radius 8m , with water content 2 g mf3; he showed that a drop-
let of radius 15/¢ carrying a charge of 4,104 e.s,u. would
grow very rapidly by coalescence. This charge, however, is
equivalent to about 800,000 electrons; it might arise in
artificial seeding but seems much too large to be found in a
warm cumulus in the early stages of precipitation.

Ross Gunn (1954) calculates that an isolated drop of
15 m radius would coliect, on the average, about 100 electroniec
charges in neutral air. The proximity of othef droplets, how-
evér, decreases the charge collected by each one. In a private
communication, Dr., Gunn reports that-the mean eqﬁilibrium
charge on each droplet would approximate 19 elemesntary units,
at a radius of 15 microns.

4,2 Force of attraction

Calculation of the exact force betweent wo droplets

carrying equal and opposite charges becomes very difficult




when the distance between them is not large compared with their
radii. One possible approach, which requires rather bold as-
sumptions, uses the concept of image charges described by

Stratton (1941).

Filgure 4,1 shows how the charge -q on a droplet appears
to be drawn to a point near the surface by a point charge +q
just outside. This piecture is transferred to the case of two
oppositely chafged droplets in figure 4,2 where the charges
have attracted each other into symmetrical positlions. The
distance between the charges D = (41 d)l/z when the distance

between the droplet surfaces 1s 4 if the approach is close.

The attractive force
‘S:: CDZ ] 1/7.
4nD* 4w H4ed

(4.1)
Putting q-19 x 4.8 x 20720 e.s.u., 7 =15 x 107% cm., and
éupposing for example that the droplets are only 0.2 microns
apart, so that d =2 x 10~5 em, we find £ =55 x 10~12 dyne.

4,3 Effect on collisions

Suppose the two droplets have radii which are about 15
microns but which differ sufficiently for their relative ve-
locity when falling freely to be U= 0.625 em sec'l. This is
the value for which Langmuir's parameter K =1,214, so that
(setting aside once more the guestion of validity for nearly
equal particles) at best only grazing incidence can occur under

the action of g ravity alone. The force I would produce a radial
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Figure 4.2 Approximate model fo
attraction between charged spheres. The charges +q and =q
on the two spheres have been moved from the centres A and B
to E and F., To determine theirp positions, it is assumed that
each is the image of the other.

Then 1'{=v;® and Y+4’: 2v +d

therefore D2 -(4 -g’)1=(‘g+2/)z_q_ (4 = tpvrd+d? =ty d
since 4 <<4v,.

r determining close range
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acceleration of the droplets towards each other, but only
acts for a limited time, of the order 2r1/U, which is

4.8 x 10~° sec. Assuming the value £=55 x 1012 dyne to
apply throughout this period, the distance travelled by each
droplet towards the other in this time would be 4,5 x 10~%
microns, sufficlent to convebt only a very small proportion
of encounters into collisions.

The method of arriving at this result is rather
approximate. In particular, it involves the very questionable
procedure of figures 4,1 and 4.2. Instead of attempting to
Justify the method, or to assess its limits of accuracy, an
upper 1im1t to the value of f can be found as follows. It
can be sald with certainty that the attraction cannot o
possibly exceed that between two charges =+ q situated at
G and H (figure 4.2), so that the maximum possible value
of £ for a given value of d is found by putting f =q2/(4 wd2).
Then f =16,5 x 1078 dyne and if it acted for 4.8 x 10-3 second,
éach droplet would move 0.14 microns towards the other and
collisions would indeed occur. Even so, the collision cross
section would only have a.radius of the order 0,2 microns
compared to the encounter cross section which has a radius of
30 microns; the collision efficiency would be increased from
0 to about 0.5 x 107%,

For other radii, other values apply, but none are very
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sensitlve functions of radius, and there seems very little
chance that collision efficiencles are materially affected
by the charges normally encountered on droplets in neutral
warm clouds. In non-neutral clouds the charges are largerlbut
predominantly-of the same sign; they would hinder rather than
help coalescence.

It is not suggested that this brief study of the in-
fluence of charge on coalezscence should replace the thorough
investigation that the topic deserves, but the very small cal-

culated effects suggested that other possible causes of

coalescence should be investigated.
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5. CONDENSATION

5.1 Theory

Howell (1949) has described the process of condensation
in ascénding air. ‘The air is cooled until water vapour con-
denses on to nuclei, making them into droplets; the wvapour then
continues to condense on to the droplets. The air becomes
slightly supersaturated and a droplet gains water according

to the following law:

é - d.Y' F', F2
100 v o3 (5.1)

where r : radius of droplet,
Sz supersaturation in percent
F; 1is defined by Howell.and takes account of the
work done against surface tension,
Fo depends on the soluble material in the nucleus,
F = Fy + F5Fg, where F,, Fy and Fg relate to the
transpdrt_of vapour and heat. N
MacDonald (1953) claims that Howell used an incorrect
value of F2 throﬁgh neglecting to consider Raoult's Law and
assuming 100 percent dissoclation of the electrolyte when a
hygroscopic nucleus is dissolved. Had allowance been made for
incomplete dilssociation, the calculated relative rates at
which nuelel of various sizes grow into droplets would have
been considerably affected. This in turn would have left its
mark on the results of all subsequent calculations of droplet

size distributions., Whether thils is the case or not, the size
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distribution of condensation nuclei is not known with any
certainty so no great reliance can be placed on curves of
droplet sizes derived from them.

Both difficulties are avoided by starting from the
idealised fair-weather cumulus distribution, which is an
approximation to observed droplet distributions. All the
droplets in 1t are large enough for the Fo term to be quite
negligible compared to the others.

Neglecting Fé/rs and multiplying through by r,
equation (5.1) becomes

>£%Y=F#§£+'E

F dw,.
41651} +F,

(5.2)
where m, = the mass of the droplet
fs‘ denslty of water

Summing over g1l droplets In one cubic metre of alr

05" Gy e T EN, (543)
where Sr: sum of the droplet radil per m®
Ny = number of droplets per m>

dW/dt = rate of increase of water content of
droplets

=rate of loss of water vapour from the air.

Then
S._F dw F -
100 " Tmpay dETT (5.4)

where 2 ~ ;r/Nl = mean radius,
!
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Rewriting (5.2) in the form
{

— e ]

4m¢s T = TY)

and substituting from (5.4), we get

{ o‘m,-_ F, ' | r dw
[_"'] + 4wp, T Ak (5.5)

5.2 Redistribution of water

Equation (5.5) shows that transfer of vapoﬁr occurs even
when no overall condensation is taking place. Putting dW/dteO0
we see that droplets of radius smeller than the mean, for which
r<r, are losing water, and those greater than the mean (r>7)
are gaining it. Water is diffusing (via the ambient vapour) ’
from the smaller to the larger drops.

The cloud is unstable, in fact, but this process of re-
distribution is comparatively slow. Equation (5.5) was applied
to the idealised fair-weather distribution using a method

similar to that deseribed in Appendix 2. Figure 5,1 shows
the computed effect of a lapse of 30 mimutes. The curve of
water content distribution has become a little narrower, while
the mean radius has increased slightly, but at such a slow
rate that the effect would not be noticed in the life-time
of a droplet in an active cumulus.

When dW/dt is not zero, the condensation of additional

water from vepour on to the droplets is superimposed on this
redistribution of liquid water. When condensation is rapid,

the term (Fy/f)(x/® = 1) of equation (5.5) (which represents
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Figure 5.1 Redistribution of water through the vapour phase.
(2) Water content distribution of I.F. cloud.

(b) The distribution after 30 minutes have elapsed; the total
liquid water content is unchanged but the smaller droplets have
lost water by evaporation and the larger ones gained water by
condensation.

Condensation of an additional 0.6 g m™S on to I.F. cloud.

(¢) Rapid ascent, neglecting redistribution.

(d) Slow ascent, taking 10 minutes; this corresponds to an
updraft of about 1 m sec-1,

(The calculations giving (c¢) and (d) gre very approximate
because the change from 1 to l.6 g m™” was made in a single
step; the optimum size of step 1s discussed in Appendix 2.
The re?ulting error, however, does not obscure the point at
issue. .
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redistribution) can be neglected in comparison with the final

. term, Filgure 5.1 shows the effect on water content distribution
due to the gddition of 0.6 g m™> of liquid water to the ideallsed
distribution (1 g m™3 initially). In curve (c) the addition was
assumed to take place rapidly 30 that redistribution was neglect-
ed; but curve (d) shows that even if the water is added as slow-
ly as 1 mg mfs'séc'l (corresponding to an updraft of only about
1m sec'l) the result is almost the same. Consequently, the

redistribution term has been neglected in all subsequent cal-

culations and equation (5.5) simplified to
_o_{_w_\v,_ \ g Otw

dgr (5.6)

~ The quantity dW/dt is the rate of conversion of water from
the vapour to the liquid phase. The hydrostatic equation for
an adlabatic ascent assumes that the vapour pressure is the
equilibrium value for a flat water surface at the ambient
temperature, and therefore does not apply exactly to a growing
cloud. The supers aturation S does not exceed 1%, however,
and varies quite slowly as the cloud develops, so the hydro-
static equation can be used with fair accuracy, or an adiabetie
curve followed on a T—¢ diagram, In short, the alr does not
"store" much vapour by being supersaturated.

A more serious effect is produced by entrainment of un-
saturated envirommental air into the updraft. It is found ex-
perimentally (Weickmann and aufm Kampe, 1953, Zaitsey, 1950)
that for every metre of helght above the cloud base, 1QQuid"



water conteﬁt W increased by about 1 mgm m'5, so this has been
assumed as a working value, except where a truly adiabatic
ascent eseent without entrainment is envidaged, when the value
13 more like l.4 mgm =3 per metre in temperate latitudes.

5.3 Condensation alone

Figure 5.2 shows the calculated result of condensing
water on to the initial idealised falr-weather distribution
without any other ageney at work., It cénibe seen that the
principal effect 1s to "pile up" water at radii between 6
and 16 microns, Although dm/dt is proportional to r so that
the largest drops recelve the greatest share of the water,
they have to apply it to a surface area which 1s proporgional
to 2, meking dr/dt go as r~l, so that the right hand end of
the distribution moves slowest. Such béhaviour is quite out
of keeping with the observed development of the heavy cumulus
distribution. Besides, there is no way for the total number of
droplets to decrease.

It is more interesting to go on to consider the action of
gravitj on one of these distributions. Appropriate conditions
are envisaged in Scorer and Ludlam's (1953) "bubble theory".

A parcel of air inside one of the bubbles ﬁould first ascehd
rapidly, so that the cloud droplets in it are chiefly subject
to condensation. At some stage the parcel leaves the bubble
and remains at approximately constant height; now gravity re-

mains as the principal agent and coalescence takes place.
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Figure 5.2 Modification of water content distribution by
condensation. The curve W=1I is for I.F. cloud: the other
curves show the distribution after water is condensed on to
it rapidly. A1l are normalised to have equal area: the peak
water content "(r)max actually increased 26 times from
W=1 to 10ggm~93,




For purposes of calculation the distribution after reach-
ing 4 g m~% was taken (corresponding to a truly adiabatic
ascent from the condensation level of about 3 km in temperate
latitudes). At this stage the droplets have radii up to 17
microns aﬁd the drops from 17 to 21 microns. The action of
gravity in causing collisions between drop and droplets was
calculated by the method of appendix 1; the result is shown
in figure 5.3. |

The change to a heavy cumulus type of distribution
takes 6n1y about one~tenth as long as it did when gravity
acted directly on I.F. cloud (compare figure 5.3 with figure
3,4). This enhanced speed 1is mainlyrdue to the increase of
roughly 60 percent in droplet radius brought about by the
condensation beforehand. If conditions exist in the cloud
which allow these processes to act in this wgy;.we have quite
a possible mechanism for bringing about the observed change
in the droplet size distribution, and ultimately producing
precipitation. Such conditions will be discussed again in
sectilon 8 below,

5.4 Condensation with gravity

The computation of section 5.3 neglected the action of
gravity in the first part of the process, 1.6, it was assumed
that the condensation occurred in such a short time that
gravity produced very few collisions. It might be, however,
that the updraft 1s slow enough for gravity to. play a part in
modifiying the droplet size distribution while condensation is
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still taking place.

The updraft velocity controls the ratio between the
quantity of water condensed and the time elapsed at each
stage. Take an arbitrary figure for this ratio of 3 mg =2
per metré; it correspénds to about 2 m sec™l of saturated
adiabatic ascent, or about 3 m sec™l allowing for entrain-
ment of environmental air, which are not very high updraft
velocities for a vigorous cumulus. The calculations of
section 5.3 were repeated, but In alternate smaller steps of
condensation and gravity to approximate a simultaneous action.

Flgure 5.5 shows the development of the water content
distribution with time. A prqnounced peak develops at about
12 microns radius, Just as it did without gravity (figure 5.2);
in addition, some growth of the largest drops takes place.
When gravity acted after condensation, however, ten minutes
was sufficient time for the largest droplets to reach 50
microns (figure 5;3), whereas here they only reach 23 microns.
0f course, the curvés of figure 5.3 represent 4 g mfs of water
instead of 2.8 g m?3; it may be more appropriate to compare
them with the final (15 minute) curve of figure 5.5, where the
water content is 3,7 g m~5, Even here, the largest droplets
have still only reached 30 microns radius, and the curve is
clearly becoming less, rather than more, like the idealised

heavy cumulus as time proceeds.
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6., COALESCENCE BY TURBULENCE

‘6.1 Introduction

'In the M.Sc. Thesis the theoretical foundations were laid
for computing the effect of turbulence on collision rate. It
was pointed out that components of motion in turbulence are
approximately Gaussian so that even if the r.m.s. velocities
induced by the turbulence are no greater than the terminal
veloclties caused by gravity, part of the time velocities are
greater, (occasionally much greateryd, so that collisions are
possible befween pairs of droplets which could never collide
at all with gravity. Collision rates for this case were com-
puted.

The theory will be recapitulated in revised form. The
earlier treatment considered only one-dimensional turbulence
and neglected gravity; here we consider somewhat more realigtic
models of turbulent motion, calculate the collision rate for
various combinations of drop and droplet, and use the results
to compute the growth of drops.

Turbulence, for the present purpose, is an isotropic
random motion, but gravity is anisotropic, since it is direct-
ed vertically. When the r.m.s. velocities induced by turbulence
are much less than the velocitlegs caused by gravity, however,

the horizontal components are very unlikely to induce

collisions in cases where gravity alone fails, or to increase
the number noticegbly where gravity succeeds. The vertlcal

component, however, is alternately assisting and opposing
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gravity and it is this component, if any, which will affect
the collision rates., This is the idea behind the case con-
sidered in the next sub-section where a one~dimensional random
relative velocity is added to the steady relative velocity

due to gravity. The results are not exact since the r.m.s.
random velocity is taken equal to the steady.

When the turbulent velocities are much greater than
those due to gravity, the roles are reversed. Gravity
asslsts downward vertical velocities and hinders upward ones,
but the results tend to average out. The effects of the
vertical component differ little from those of the'horizontal,
and gravity can be ignored. This is the basis for the sub-

sectlon on three~dimensional bturbulence.

6.2 One-dimensional turbulence wlth gravity

6.2e1le Mean efficiency. For a given drop, radius s,

and droplet, radius r, in a steady gravitational field 8gs
the relative velocity U, Langmuir's parameter K, and
collision efficiency E have steady values which depend on s, r;
call them Uj,Ky and Ey. When the excitation is random U, K
and E are also random functions of time. We define k =U/ﬂi,
so that K=kKj; k will be called the "reduced Langmuir para-
meter", Whenever the. ¥8lative velocity happens to have the
value it would have with gravity alone, k =1.

The mean equivalent volume sweeping rate for s and r

Q' (sv) = m(s+r)? VE
z 70 (s+v)? JOOU E(K) P(v)dV (6.1)




“49

where P(U)dU is the probability that the relative speed lies

between U and U+dU. Then
¢
& (sir) - mls+0)* U, [k E (kK) Pl dlk (6.2)

We can put E./=r°k E (kK,) P(k)dk (6.3)

and call E!' the mean efficiency for this particular probabili-
ty distribution.
The steady relative velocity due to gravity gg is
= (T;-"T)gg 1f Stokes'd Law applies. It was shown in the
M.Sc. Thesis (see also Appendix 3(a)) that the contribution

to relative velocity due to a fluétﬁating acceleration A is

Uy = (r5-1.) A (644)

provided the spectrum of alr velocity satisfies certain con-
ditions. (This expression is only true when Stokes's Law

is obeyed, ut it is shown in Appendix 3(b) that the departure
from Stokes! Law does not introduce a largé error). Then
since A(t) has a Gaussian distribution, so has U(t); we take

the rem.s. value of A(t) equal to gp, so the rem.s. value of

U(t) is Uy. Then

PO =g [ep {- W v enp{- SETTT a0 (o)

where U now refers to relative speed rather than velocity.

In reduced form

Piak = @)™ [exp {- (k=0'/2} +exp [ (ken)7/2] | dk (6.6)



This probability distribution is plotted in figure 6.1
curve (c). The dashed curve (a2) represents the contribution
due to the first term in equation (6.6); curve (b) comes from
the second term in the equation, and shows the prébability
that the random acceleration overcomes gravity and produces
relative velocity in the reverse direction. '

The function E!' given by the integral (6.3) above was
computéd numerically for about 20 values of K, ranging from
0,25 to 40 and is plotted in figure 6.2. It 1s apparent that
for any drop s and droplet r to which a value Ky applies, E!
is always somewhat graeater than E so that the added turbulence
is increasing the chance of collisions; moreover, collisions

can occur in cases where Kyj<1.214, for which collisions are

not possible at all with gravity alone.

6.2.2. Growth of drop. The mean squivalent volume sweep-

ing rate

/ ) =T )2 U, El
9 Gm) (v (6.7)

from equations (6.2) and (6.3). Figure 6.3 shows that it is
always larger than Q(s,r) in figure 3.1 (this follows from the
fact that E'>E), The most noticeable difference is for the
smallest droplets (r =4), bubt more important is the fact that
at s =15 microns appreciable collision rates occur for most
droplet sizes.

Figure 6,4 shows the relative contribution of droplets
of various sizes to the growth of a drop falling through I.F.

cloud. Figure 6.5 shows how the drop grows with time; by-
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Filgure 6.1 Probability density distributlons of acceleration
in turbulent alr.
(a), (b), (e¢). One-dimensional turbulence parallel to gravity,
()" - gg; (a) probability distribution for resultant
accelerations in the same sense as gravity; (b) p.d. for re-
sultant accelerations in the opposite direction; (¢) combined
probability distribution for resultant acceleration, regardless
of sense. The flatness of the curve near k=0 is a fortuitous
result of making (A7)% = gp.
(d) Three-dimensional turbulence neglecting gravity, and
neglecting correlation between components (Rayleigh distribution).
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Figure 6.2 Collision effilciency, and mean efficlenciles.

Curve E, Collision efficiency versus Langmuir's parameter K.
As K—>o0, E~>1, S——

Curve E!'. One-dimensional turbulence, ( A2)"* = gg: mean
efficiency versus Kj, the value which K has when acceleration=
gE. As K-> , E!'-»1,17. —_— /2

Curve E'!, Three-dimensional turbulence, (a*)"= 2gp J3: mean
efficiency versus Ko, the value which K has when accéleration =
2grpe As K5 > o , E11>1,60.
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Figure 6.3 Mean equivalent volume sweeping rate (one-dimens-
jonal turbulence with gravity). The quantity Q'(s,r) versus
drop rgdius s, for the droplet radius r shown on curve, in
conditions specified by figure 6.1(c).



dt

dmg /dt

d
(percent per micron radius interval)
3
T

RELATIVE CONTRIBUTION OF DROPLETS

TO OROP GROWTH

L - L
o] 2 4 6 8 10 12 14 16 18
DROPLET RADIUS r(microns)

Figure 6.4 Relative contributions of droplets to growth of
drop (turbulence with gravity). Percentage of dmg/dt con-
tributed by droplets of radius r (per micron) versus r, as

drop of radius s falls by gravity through I.F. cloud which
is in turbulent motion.
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comparison with figure 3.3 for gravity alone, it appears that
the addition of turbulence has speeded up growth, particular-
1y in the early stages. However, it still takes over 40 min-
utes for the drop to grow from 17 to 100 microns. This is
rather a long time on the time-scéle of cumulus development.

6e2e3 Modification of droplet-size distribution. The

progressive change in the distribution of I.F. cloud with
time were calculated using the mean equivaient volume sweep-
ing rate Q'(s,r) just dilscussed. The technique introduced in
section 3.4 and described in Appendix 1(b) was used: the re-
sults are shown in figure 6.6.

The last curve shown looks very promising as a potential
heavy cumulus distribution. The depletion of small droplets
is accompanied by an extenslon of the distribution out to 40
microns, which could obviously continue with time. Figure
6.7 shows five of the same curves replotted as droplet-number
distributions. Theyresemble the measured curves of Zaitsev
(1950) at successive levels in a cumulus.
| Both 646 and 6.7, however, represent the result of an
hour's action by turbulence and gravity combined. The grow-
ing of large cloud drops, which is only part of the overall
trgnsition from young cumulus to rain-cloud, often takes much
less time than this. 8tlll greater speed is required.

6.5 Three-dimensional turbulence.

‘In continuing the investigation to greater intensities

of turﬁulence, the effect of gravity is neglected. The random
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acceleration is assumed to be made up of three independent
components which have Gaussian distributions with equal r.m.s.
values., In turbulent motlon the three components are not in-
dependent; and the correlation between them affects the re-
sultant probability distribution. In Appendix 3(c¢) reasons
are glven for supposing the correlation to be negligible for
the present purpose; then the probability distribution of the
magnitude of accelerations becomes simply a Rayleigh distri~
bution.

We assign arbitrarily the value 2gp to the r.m.s. linear
acceleration in each direction. Whenever the acce;eration
happens to have this value, the relative velocity between
drop s and droplet r is Uy, the relative terminal velocity
it would have in a steady gravitational field 2gg, (provided
turbulence has a suitable spectrum). The acceleration in
three dimensions, then, has a Rayleigh distribution with an
rem.s. value [/3.2gp, an although Stokes! Law is not obeyed,
we assume that the relative speed U(t) has a Rayleigh distri-

bution with rem.s. A3eTUg.

The mean squival ent volume swee ing rate for three-

dimensional turbulencs

OH(S,Y‘) - 7"(5+Y‘)z U‘J. El/

\

(6.8)

where U2==ré1ative terminal velocity that a drop s and drop-
let r would have in a steady fleld 2gg.

The need for using Uy instead of Uy is discussed in Appendixz
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3(b). The mean efficiency

£ [T kE(kK) Pl di (6.9)

where K, « U2'Tr/s.
The probability distribution used is the Rayleigh distribu-
tion

P(k) dk (2 "’we -k?/23 dk |
(ﬂ) XP{ / 3 (6.10)

It is shown in figure 6,1 as curve (d).

” The mean efficiency E" ﬁas calculated for 21 values
of Ko from 0.5 to 50 and is‘plotted in figure 6.,2; the curve
lies above those for E and.E' everywhere. Moreover, this
presentation does not do jJustice to the enhanced coalescing
power of the new turbulence; for a given s and r, the value
of Ky is always nearly twice that of Ky, giving rise to a
valus of E" several times greater than E'!'. For s =30 and

r = 10 microns, for example, Uy = 9.6 cm sec™l and Uy =

18.6 cm sec™l, Then Kj = 4,12 and Kp= 8,0 giving E'= 0,60
and E"= 1,10; the product UiE' = 5,8 em sec=l while
UQE"=;20;5 em sec™L,

" The mean equivalent volume sweeping rate Q"(s,r) is
seen in figure 6,8 to be similar in behaviour to“Q'(s,r) for
one~-dimensional turbulence (figufe 6¢3) but several times as
great everywhere. As a result, the process of growth of a
drop is similar in character (compare figure 6.9 with 6.4)
but more rapid (compare 6,10 with 6.5); 1t takes leéminutés
for a drop to grow from 17 to 100 microns instead of 42

minutes. It appears that three-dimensional turbulence of
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Figure 6.8 Mean équivalent volume sweeping rate (three-
dimensional turbulence). The quantity Q"(s,r) versus drop
radius s, for the droplet radius r shown on curve, in con-
ditions specified by figure 6.1 (d), with (A2)3 = 2.2 ¥ 3.
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Figure 6.9 Relative contributions of droplets to growth
of drop (three-dimensional turbulence). Percentage of
dmg/dt contributed by droplets of radius r (per micron)
versus r, due to turbulent motion of cloud.
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Figure 6,10 Growth of drop by coalescence (three-dimensional
turbulence). Drop r#dius versus time, while the cloud is in
turbulent motion. Note change of time scale from figure 6,5.
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this intensity would be a potent mechanism in a developing
cumulus.

The action of this turbulence on the complete water-
content distribution (figure 6.,11) is to extend it up to 37
microns in 12 minutes. The result does not resemble a heavy
cumulus distribution so élosely as figure 646: 1t seems that
all the drops from (originally) 13 to 18 microns made rapid
progress simultaneously, and exhausted the supply of droplets
too soon. Perhaps the artificial division into drops that
grow and droplets that disappear 1s no longer tolerable.

When fthese results are replotted as number distributions,
they appear to meet the requirements. It is not really
possible to decide for or against turbuience as the principal
mechanism for maturing cumulus merely by matching curves., It

is necessary to lknow what intensity of turbulence can
actually be expected in clouds; some of the evidence 1s

examined in the next gection.
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7. INTENSITY OF TURBULENCE

7.1 Theory of homogeneous turbulence. The present-day

theory of turbulence arises from the work of G.J. Taylor,
Kolmogoroff, Heisenberg, Batchelor and others, and 1s present-
od by Batchelor in his 1953 book. This theory predicts
that when air 1s set in motlon at a very large Reynolds
number R, a spectrum of eddies results which extends from
the largest eddies that are produced directly by the outside
source of energy, down to very small eddles which are dissi-
pated by viscosity. The ratio of the largest to the smallest
eddy dismeters is about R5/4; the eddies which lie between
the two extremes are said to form the inertial sub-range,
and their spectrum (i.e. the curve of energy versus wave-
number) always follows a universal law. The intensity de-
pends only on the rate at which energy is being absorbed by
the turbulence, £.

The Reynolds number R in an active cumulus cloud is
of order 107 and this is almost certainly sufficient for
the inertial sub-range to have the predicted properties;
eddy sizes extend from hundred of metres to roughly 1 mm.
Under these conditions a simple formula of Bﬁtchelor (1951)
is applicable; 1t is

o -?{-1 (grad p)° = 3y g3 T (7.1)
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where Az

it

mean square acceleration
f = density
P = pressure
v = kinematic viscosity
¢ = rate of dissipation of energy by turbulence,
and I is a number whose value is not known with
certainty, but is within a few tenths of 1l.3.
Batchelor cites experiments by Simmons and Collis which,

though very limited in scope, give the formula some verifi-

cation .

7.2 Estimates of intensity of turbulence. To find the

acceleration we have to estimate &£ , the rate of absorption

of energy by the turbulence. It is given by

—_3/2
3, @
€= 2 AT
2L,
(7.2)
where u? - mean square veloclty component in one

dimension,
Ip = longitudinal integral scale,
and A is a number which, from Batchelor and

Townsend's (1948) experiments 1s about
l.1. (See Batchelor (1953) fig. 6.1l.)

Experimental measurements of'ag.inside clouds are not
available, but the results of instrumented alrcraft fldights
have been published by Byers and Braham (1949) and by Malkus

(1954). To make use of them we adopt the "cell® model used

by Byefs and Braham and assume:
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l. The updraft structure can be identified with the
largest eddiles.

2. The updrafts account for most of the mean square
velocity.

3¢ Although the updraft structure is not isotropie,
the eddies in the inertial sub-range are isotropie,
and the laws of transfer of energy still apply.

Braham (1952) gives results of the Thunderstorm Project.
It was found that the median width for a singly updraft in
a thunderstorm was 5,000 ft, and the overall width when two
updrafts were flown through in succession had a median value
of 11,000 ft., This suggests a periodic updraft structure of
"wavelength" 6,000 £t or 1830 m, a wavenumber K- 2 7 /1830 m-l
and a longitudinal integral scale Lp==gFK?-l= 686 m. (See
Batchelor (1953) p.1l05). The median updraft velocity is
22 £t gsec~l op 6¢7 m sec'l, which is taken to be the peak to
peak variation in updraft along a line: the mean square
vertical velocity, then, is (6.7)2/8. The quantity u? is
defined as the mean square of one of the components in
igsotropic turbulence; since the updrafts are anlsotropic,
having negligible horizontal components, the mean square
vertical velocity is taken to equal 3u2 so that u2 = (6.7)%/24
= 1,87 m? sec™2, Table 7.1 1lists the resulting valuds of
g and 225)%; the turbulent acceleration is quite negligible
relative to gravity.

A detailed study by Malkus (1954) of two fair-weather
cloufls gave updraft velocities of about 3 m sec'l and widths

of 500 m. Here again the calculated turbulent acceleration



is negligible.
Byers and Braham (1949) have published data on gusts.

FProm the description these appear to be isotroplc eddies
derived from the updrafts; only the vertical componert 1is
megsured (thet wo horizontal components have properties like
the vertical), and upward and downward velocities are both
encountered. Using median values, 3% gusts per 3,000 ft are
encountered, and assuming they act alternately upward and
downward, a wavelength of 1700 ft is obtained, giving
LP 197 m. The maximum velocity of each run of 3,000 ft

was read, and the median of all runs is 6 % sec™L or

1.83 m sec™l, giving ul-: % (1.83)2 = 1,67 m® sec™. The
acceleration, given in Table 7.1, is still considerably
less than gravity.
It seems surprising thgt the same series of flights

éan give two values for ¢ which diffef by a factor 3, since
the whole turbulence theory rests on the belief that £

should be independent of the size of eddy. However, it is
quite possible that energy'is supplied not only to the larg-'
est eddies (updrafts) but also directly to the smaller eddies
measured as gusts. These smaller eddies are active in en-
training outside air, and when a parcel of dry air is brought
into cloud~-filled air, it will become chilled and sink. A
multifiude of such local producers of kinetic energy would

make &£ 1increase with decreasing eddy size. It 1is tThe smallest
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eddies, where s wlll be greater, that contribute most to the
mean square acceleration Zé, so that estimates of & made at
.larger eddy sizes would have to be regarded as lower limits
for this purpose.

It is also quite possible that the methods by which
—

u® and Lp have been arrived at are themselves erronseous to

bhis extent.

7.5 Checks of the estimates. Estimates of turbulent energy

can be checked in at least three ways for physical realism.
(1) The rate of absorption of mnergy € cannot emxceed the
availall e rate of supply from thermodynamic sources.
(2) The pressure fluctuations must be less than atmospheric
pfessure. (3) The intensity must not be sufficilent to
radlate an audible sound.

Each of these tests sets a maximum value to the in-
tensity, but it turns out that all are satisfied too easily
to influence the estimated intensity of turbulence, except

possibly the last.

7.3,1 Energy supply. Braham (1952) estimates that a singls

thunderstorm cell contains 2 x 1011 kg of air, and that dur-
ing its lifetime, (say 30 minutes), it is supplied withthermal
energy from the latent heat of 5.3 x 108 kg of water. The
average rate at which energy is supplied, then, 1s 3.3 X

1024 cm® sec™® throughout the cell. It is clear from Table 7.1

that the loss of energy by turbulence is only a small part of



this figure, and that the foregoing estimates certainly can-
not be contradicted for lack of a sufficient energy supply.

7.3,2 Pressure fluctuations., The absolute pressure cannot

ever, in any place, become negative and it does not seem
physically likely that it would approaéh zero closely. At
any rate, the theory of turbulence is based, to first order,
on incompressibility and if it predicted an r.m.s. pressure
fluctuation comparable with the mean pressure it would clear-
1y have become inapplicable.

Batchelor (1951) showed that for large Reynold numbers
the mean square pressure fluctuation

P2 - 0.34 p3(u?)2.
Putting u? = 10 m2sec™2 as an extreme case, we find §2=
3.100 g2 mn~2 sec™® or an rem.s. fluctuation of about

6:x 10™° atmospheres.

Teded Audibility. Clouds have not been observed to radiate

audible sound by virtue of the motion of the air in them.
Dr. Heinz Lettau reports (in conversation) from personal ex-
perience of flights in free balloons that it is completely
silent even in the heart of a cumulus cloud.

Proudmen (1952) has found the energy radiated from de-
caying isotropic turbulence per unit mass

Psexg M where M° = ;1_2/02

where « is a numerical constant
€ is the rate of disslpation
M is the rem.s. Mach number.
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He predicts that the same result will apply for non-decaying
turbulence if £ is taken to be the rate at which energy is
supplied from an externmal source; « will be between 10 and
100,
The intensity at a point inside the turbulence due to

a spherical shell of turbulent air, radius r, thickness dr,
centred on the point is

P 7

dI = 20 40 [ Tei 6 aine do
2 o

=-Ef/4/"
2
If the cloud is spherical, radius ro, and the observer at the

éentre, the intensity due to the whole cloud is I-= %;f v,

For an extreme case take M=10"% (so that u2 =

2 ge¢™® for the smaller eddies.

11 m® sec™®) and €:10% em
Then P lles between 1075 and 1074 em® sec™S. If the turbul-
ent region has a radius rg =1 km then the Intensity I at the
centre 1s 2.4 x 10~% to 2,4 x 10=3 erg sec™! cm™? or
2.4 x 107 to 2.4 x 10710 watts em™@. The 1imit of audibili-
ty for a sensitive observer at 1000 c/s is 1016 watt cm"g,
but the spectrum of turbulence does not reach this frequency.
The eddies of highest frequency are of order ‘7=Da/4 Ei}/4
in length and v=.91/4 ﬁ%/4 in velocity, giving a pulsatance
0= 9‘1/25;1/2= 424 sec™l or 67 c¢/s. If Bll the sound
were concentrated at this frequency (instead of being spread
over a band from there donwards), it could be up to 9 db

above the threshold intensity of 3 x 10”1 watt cm™® for an

average observer. (Steinberg, Montgomery, and Gardner, 1940).
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It is unlikely, however, that any observer has been in the

centre of a growing cumulus in favourable conditions of

audibility at the stage where turbulence has reached a peak

but precipitation has not yet begun to interfere with ob-
servations.

It may seem paradoxical that air can have an alternat-
ing acceleration equal to that in extremely powerful sound
wave without producing audible sound. By way of illustration,
consider a shaft rotating at 6000 r.pem. in air. It does not

radiate sound, although a small parcel of alr carried round
by it is performing a motion which has a horizontal sinus-
oidal component at 100 ¢/s and a peak to peak amplitude
equal to the diameter of the shaft. The shaft produces a
shearing movement, while the motion of a lpudspeaker dila-
rhragm produces compression an rarefaction; in turbulence
shear predominates.

To sum up, the available experimentsal data yields
values'for intensity which are much too small for turbulence
to play a significant part in coalescence, but the data 1t-

self is not well sulted to this purpose.



Table Y.l

e Lp R £

m? sec™® m cm2 sec

Braham (Thunderstorm Project)

updr. 1.87 686 5.2 x 107  61.6

gusts 1,67 197 1.4 x 100 181

Malkus (Trade Cumihlus)

1 375 2.1 x 107 44

4,450
25,900

2,690

(F) ‘/z/g

0.068
0.16

0.053
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8. DISCUSSION

8.1 Survey of mechanisms

The largest droplets norﬁally found in a fair-weather
cumulus could grow, under the action of gravity alone, to
drizzle-drop size, but it would t ake more than an hour, and
the whole process of raln formation in cumulus usually takes
less, sometimes very much less, than one hour.

Woodcock (1952) has shown that the atmosphere contains
glant salt nuclei which, in the condition of slight super-
saturation in cumulus, might grow to say 30 microns radius
quite rapidly and then continue to grow by coalescence to
100 microns. The concentration of such nuclel may well be
~ low enough that the droplets have escaped detection in the
samples so far collected in falr-weather cumull, and yet be

high énough to account for the raindrops which they event-
ually become. (The total volume of cloud-filled air sampled
by Welckmann and aufm Kampe in fair-weather cumuli appears
to have been of the order 107° m?, whlle the concentration
of raindrops (even while they still have small terminal
velocitles), and therefore of giant nuclei, would probably
be not more than 10% per ms.) On the other hand, these
giant" droplets would also escape detection in heavy cumul-
ﬁs clouds; gilant nuclel cannot then account for the populat-

ions of droplets between 20 and 100 microns found in every

one of the samples. It is possible that the droplets which
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formed from giant nuclei do indeed grow to raindrop size by
gravity-induced coalescence, but it is obvious from figures
3¢4 and 3,5 that gravity alone would not convert a typical
fair-weather to a heavy cumulus distribution in a reasonable
time, and whatever mechanism i1s responsible for this con-
version is also a potent precipitation mechanism.

The chief cause of the failure of gravity to induce
collisions is the lack of sufficiently violent encounters.
The results of section 6 are summarised here in figure 8,1,
which shows the effect of introducing turbulence. The graph
takes the form of elapsed time required for a drop to grow
from any given radius to 100 microns. A turbulent accelerat-
ion comparable with gravity shortens the times (curve TG)
but not very much; Increasing the acceleration by a factor
2 would bring about sufficlently rapid growth to be a satis-
factory precipitation mechanism. With'the smaller intensity
the droplet size distributions change in a manner reasonably
well in accordance with the observations, but rather slowly
(figures 6.6 and 6.7). For the increased intensity the curves
(figures 6,11 and 6.12) become rather too unrealistic,
possibly because the artificial boundary between drops and
droplets was at an unsuitable position, but the change is
certainly rapid enough.

A turbulent acceleration greater than some critical

‘value which lies between 1;7_and 3% times gravity, then,would
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provide the precipitation mechanism sought for, but present
indications are, from measurements of the motions of alr-
craft, that such accelerations are unlikely to oaccur. The
extractlon of this result from the data is difficult, and very
approximate; in particular, median values of gust veloclties
were used, though occasional gust velocities several times
greater had been measured. Indeed, there may be highly
turbulent regions in a growing cumulus which were missed
altogether by the alrcraft. (Another possibility was ment-
ioned in section 7.2.) Clearly, further, more suitable ex~-
perimental data are required before reaching a final verdict,
but for the present turbulence could only be accepted as an
explanation if no alternative presented itself.

The cloud is convective, and in the ascending parts of
it all the droplets grow by condensation. They then become

sultable material for drops to feed on by coalescence.

Figure 8.2 gives the life-history of a parcel of air inside
a "pbubble! (the element of convection described by Scorer
and Ludlam, 1953). The bubble ascends, the droplet radii
increasing continually (solid curves). The top surface of
the bubble has been worn away during the journey, untll the
parcel under consideration is also dragged off and forms

part of the "wake". It lies at a more or less constant

height, while gravity gets to work on the droplets. In the

next ten minutes the distribution changes to something rather
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like a heavy cumulus (dotted curves), the largest droplets
having reached 50 microns.

The mechanism just outlined would have the embryo rain-
drops populating the wake left by rising bubbles. The wake
would give the "first echo" observed on weather radars, which
Battan (1953) found was alﬁays a vertical streak a few thous-

and feet deepe.

Such a mechanism is not inconsistent with the alter-
native model of an updraft with entrainment. The shear
between the updraft and the environment is too great for a
laminar flow to be maintained; turbulent interchange between
the updraft and the surrounding cloud takes place. The parc-
el ascends in the core of the updraft, but at some change
moment, it 1is replaced by alr from the durrounding cloud.

The parcel 1s ejected from the core, and, as before, gravity
fapidly brings about coalescence. (Without entrainment,
conditions would not be so suitable; even at a moderately
low veloclty like 3 m sec"l, condensation acts too fast for
gravity to control the drop size distribution, according to

figures 5.5 and 5.6.)

8.2 Experimental verification

Experimental confirmation of these findings requires a
means of detecting and tracking portions of cloud which'cont-

ain populations of large cloud drops (of the order 40 microns



radius). Radar 1s an excellent tool for this purpose since
the response depends on the sixth power of radius. The
first radar echoes in a precipitation-forming cumulus should
be found close to the most rapidly ascending part of the
cloud, at a level where the liquid water content has reached
a sufficiently high value for a rapid maturing of the drop-
size distribution. The echo appears at that level fibst,
because lower down, although the cloud arrived there earlier,
the water content is low and the drops grow slowly and have
not yet reached detectability; higher up, the cloud has not
yet arrived, or has arrived too recently.

A crucial test, then, would be to determine, from the
atmospheric sounding for the day, the water content in the
cloud at the first radar echo. This walue of water content
should be roughly independent of the properties of the air
mass or of geographical factors. The work of section 3
above leads one to expect that this "first echo water cont-
ent" would certainly be greater than 1 g 555, and it would
not be very different from 4 g m™® if figure 8.2 correctly
describes the process.

Battan (1953) has already pointed out a significant
coincidence between two sets of experimental results. The
average height of the top of the first echo above the cipud
base in Ohio thunderstorms was 10,500 fj. and in New Mexico

9,500 ft., despite wide differences in cloud temperature and
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altitude., Taking the mean sounding for the atmosphere in

Ohio at the time of the radar observations (Byers and Braham
1949), we find that a parcel which started at the condensation
level and ascended a vertical distance of 10,500 on the

5 of liquid water.

saturated adisbat, would contain 6 g m~
The corresponding atmosphering sounding for New Mexico is not
available at the time of writing. We would expect to arrive
at roughly the same figure whenever and wherever this method
is applied. It does not necessarily follow, however, that
this is the actual liquid water content at that level. If
bubbles were to ascend without interruption right from the
cloud base, then the alr contained in them would follow the
saturated adiabat. In 8corer and Ludlam's model, however,
those bubbles which reach the higher levels are formed part-
way up the cloud from the diluted wakes of bubbles which

have expired, so that at the higher levels the bubbles must
have a smaller water content than a truly adiabatic ascent
would give., Alternatively, on the "updraft" view, entrain-
ment of environmental air reduces the water content to rough-
1y 70% of the truly adiabatic wvalue. On either view the
water content at the first echo in Battan's analysis (aver-

aged over all occurrences) must have been in the neighbour-

hood of 4 g m=3 instead of 6 g m?5; the experimental figure
then shows good agreement with the proposed mechanism within

the uncertalinty of both.



If further experimental work confirms the condensation-
gravitjr mechanism, it should be possible to forecast, by ex-
amining an upper-air sounding, not only whether cumulus will
form, but whether rain will fall. The method consists simply
of examining the T-¢ diagram to see whether a parcel, start-
ing at the cloud base and gscending an entrained saturated
adiabat, would rise to a sufficient height before losing
buoyancy for the liquid water content to exceed a c¢ritical
value W;. The experimental results will have determined
Wl , which appears at present to have a value of about

4 g m=2,
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9. SUMMARY AND CONCLUSIONS

From the observed properties of precipitating and non-
precipitating cumulus clouds, the following evidence about
the precipitation-forming process emerges:-

1. Rain from warm clouds shows that glaciation is not
the only precipitation mechanism,

2 The lmpression gained, that the onset of precipit-
ation 1s more closely related to, say, height above cloud
base or to water content than to temperature, suggests that
glacigtion may not even be an important mechanism in most
cases, |

3. Liquid water content increases as the cloud matures.
There must be continued condensation from the vapour.

4, Total droplet population decreases as the cloud
matures. Coalescence must be taking place.

5. The droplet-size distribution changes radically,
from one 1Ying entirely below about 18 microns radius, to
one extending up to 100 microns or more. An appreciable
fraction of the droplets must be growing quite rapidly.

The untested assumption was made that Langmuir's collis-
ion théory can be applied even when the two colliding part-.
icles are similar in size, and that collision always leads
to coalescence. A long series of approximate calculations
then showed:-

6. Gravity, which is always present, produces coalescences



but several times too slowly to account for pbserved be-
haviour.

7. Naturally-occurring electric charges an the drop-
lets are too small to affect the amount of coalescence
appreciably.

8¢ Giant salt nuclei might account for precipitation
but cannot produce the observed change in distribution.

Some other drop-growing mechanism is at work.

9. Turbulent motion of the cloud-filled air might
reasonably account for the observations if its r.m.s.
acceleration were about 3 times gravity.

10. Measurements of turbulence in clouds suitable for
assessing the likelihood of 9, are lacking, but calculations
based on the available data indicate that the acce - .ation is
at least dne order smaller than the required amount.

11. Continued condensation assists the coalescing
action of gravity by enlarging the droplets and so making
it easler for growing drops to catch them.

- () In the core of a moderate or vigorous steady
updraft, however, condensation would outweigh
gravity, producing a droplet size distribution
at variance with the observations.

(b) It is possible to account satisfactorily for
the changes In distribution and the observed

speed of growth, by supposing that some part

of the cloud is first subjected to condens-
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ation until it reaches a critical water cont-
ent, and is then allowed to mature under
gravity without further ascent (See figure 8.2).

Conditions outlined in 11(b) above would be found in
the wake of a "bubble" in Scorer and Ludlam's (1953) model
for the structure of cumulus. The acceptance of 11(b), how-
ever, does not exclude the older model of updraft if the forec-
es of entrainment are considered té act &uitably.'

12, The critical water content mentioned in 11(b)
should be ihdependent of temperature, latitude etc. to first
order._

13, The calculations indicated that the eritical water
content would not be very different from 4 g me.

14, The level at which the critical water content is
reached is also the level at which first radar echoes are
seen. Battan's (1952) analysis of Ohio thunderstorms then
show that the critical water content 1is about 4 g m=3,

It may be that the giant nuclei discussed by Ludlam
(1951)'and by Woodcock (1952) grow to raindrop size ahead of
the larger population of growing cloud drops, but conditions
favourable to the one favour the other process, so that rain

from convective clouds usually originates from both causes.

The presence of giant nuclei might, however, depress the

critiéal water content to some extent.

If the condensation-gravity mechanism can account for
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precipitation from warm clouds, it may well be the main
precipltation mechanism in most, and an important mechanism

in all, convective clouds.
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APPENDIX 1

Method of calculation for coalescence

The technique by which the result of coalescence pro-
cesses was computed will be described, using as illustration
the action of gravity on idealised fair-weather (I.F. cloud).
The technique was modified as required in other cases.

(a) Single drop

The droplet size distribution of the cloud was broken
up into 8 classes ande ach class considered to be monodis-
perse, as shown in figure Al.l. (The water contents in
these classes are llsted in Table Al.l). The behaviour of
a drop of radius s in a cloud consisting of one of these
classes was calculated in the followlng steps:

1. Calculate the terminal velocities of droplets r
(equation 3.1) and of drop s (see appendix 3(b) for a steady
gravitational field gg =980 cm sec~l. (For three-dimensional
turbulence use gravitational field 2gg).

2. Obtain the relative velocity between the drop s
and a droplet r by subtraction, U= vg-—Vp.

3. Calculate Ky = Uy Tp/s.

4, Look up E from figure 6.2.

5. Calculate the equivalent volume sweeping rate of

the drop by sliderule from the equation

Q(S V‘) U(S‘.;-r_) E (Alol)
™
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it is plotted in figure 3.1. (To get mean sweeping rates
for turbulence, use E' or E").

6. MNultiply by the water content w, of the class Kk ,
to obtain the amount of water acquired per second by the

drop from that class

(%)n - Q52 ) (41.2)

7. The total rate of collecting water is obtained by

addition,. :
éig) = %:uQ.GQY%,vk)
(41.3)
This process was carried out for about 14 values of s
from 15 to 100 microns. The values were converted to mass
versus time by numerical integration. It takes time A€:
ﬁéEEL—- for the drop to increase in mass by dmgy if the inter-

dms/dt

val szS Includes the value of mg for which dms/dt has been
computed. By summing the Ot's and converting from drop Mg
to radius s, the curve in figure 3.3 was obtained.

(b) Drop-size distributions

To follow the development of the drop-size distribution
the original idealised fair-weather distribution was divided
into two parts; the larger particles are called drops, whose
radii are s, and the small particles are droplets, radil r.

Figure Al,.2 shows the 5 classes of drops 'w and the 5 classes

of droplets K into which the distributlon is concentrated.

The boundary between drops and droplets is taken at 13 microns
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radius. (Table Al.2 1lists the water contents'in these classes.
It is assumed that only collisions between a drop (s> 13) and
a droplet (r <13) occur, and that when a collision does take
place the drop increases in size and the droplet loses 1its
identity. Collisions between drops, or between droplets are
agssumed never to occur. This artificial restriction reduces
the calculated amount of coalescence, but not, 1t is believ-
ed, enough to prevent the making of wvalid deductions from the
results.

There are 25 combinations of the 5 drop and 5 droplet
classeé and for most of them collisions are possible between
drops in class v and droplets in class Kk . As far as the
drops In a certain class v are concerned, collisions with
droplets result in an increase in radius and in mass without
change in number; the pillars marked %/ on figure Al, 2 be-
come taller and the corresponding radii s, inecrease. The
droplets, however, can only suffer annihilation so the
plllars marked K decrease in height but the radiiv, are
unchanged,

At each stage of a calculation of modification of drop
size distribution, a table is prepared with 25 squares.

Along the top are the radll s,, and the concentration n,,
of drops in each of the 5 drop classes at the beginning of a
time interval A t. Down the left-hand side are the water

contents wk.’of the 5 droplet classes and other data. Each
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of the 25 squares contains entries relating to the transfer
of water by collisions from one particular droplet class to
one particular drop class.

The relevant equations in each square are
Awm / Al.4
;uf = Wy G>(Svﬂk) ( )

giving the gain in mass of a single drop in class v due to

collisions with class K , and
a!.w\.v AM"
( T v = v QG umy (A1.5)

giving the transfer of water from class xk to class v as a
ﬁhole.

The steps are:

1. Read off the quantities Q(s,r) from an expanded
version of figure 3,1, entering them in the upper left corner
of each square of the ‘table,

2. Multiply along each row by w, , entering results
at right of each square.

3. Add down each column, to obtain the growth rate for
a single drop in class v ,

de. AMV) (A106)
o

K

4, Multiply down each column by n entering results

v’

at lower left of each square.

5. Add along each row, to obtain rate of loss of water

from a droplet class K .
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A,

P
& Z (- -ﬁz)v (A1.7)

v

A suitable time interval At is chosen, and the follow-

ing equations applied at the bottom of the table:
Bvay & (cdw, /) A+
W; = wy+ AVAV

51'/ 2 (47(/3)-‘/3 W‘v/ (3

where the primes signify the new walues at the end of the
interval Ot. These values are transferred to the top of
the next table.
At the right-hand side of the table,
D 2 (day, | M)AE

/

W r e+ B

These values are transferred to the left-hand side of the

next table. A new table 1s prepared for each time interval

At. Arithmetical checks are made by totalling in various

ways.
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TABLE A 1.1

Idealised fair-weather (I.F.) water content distribution,
as used in calculations of growth of a large cloud drop

by coalescence. (See figure Al.l)

Putative Class Class
class radius water
boundaries content
Y 4Jk
(microns) (microns) (mg m~9)
3
4 17.3
5
6 133
7
8 240
9 _
10 242
11
12 176
13
14 110
15
16 61
17
18 19

18
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TABLE A 1.2

 Idealised Fair-weather (I.F.) water content distribution,
as used in calculations of modification of distribution by

coalescence. (See figure Al.2)

Putative Class Class
class radius water
boundaries content
(microns) (microns) (mg m~5p
Droplets
Vi Wy
3
4 17.3
5 .
6 133
7
8 ' 240
9
10 242
11
12 176
13
Drops v, W,
13
13.5 63.2
14
14,5 47.6
15
15.5 35.5
16
16.5 26.3
17
17.5 19.0

18
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APPENDIX 2

Calculations on the condensation process

The rate at which a single droplet increases its mass
when water vapour is beling condensed is given by equation
(5.6) as follows

R B
A T A (42.1)

where m, is the mass of the droplet
r 1s its radius
gx' is the sum of the radii of all the droplets per m3
W 1is the liquld water content per m°
For purposes of computation, we consider the distribution of
figure Al.2 which consists of ten monodisperse classes of

droplets. Multiplying equation (42.1) by n the number

k 3
of droplets per mo in class k,gives
du& s kY le
ax T (A2.2)

ZK we ¥
or, in finite difference form

Awk: MY AW
Wy Vi
K
where _Awk is the increase in water content of class K in

(A2,3)

a time Qt, AW is the increase in water content of the

cloud in the same time,

The working quantity in the computation is w, , the

water content of the class K.,
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Now Ay © _37[ Ny Y
-3
S0 v = (%7(3) y\:/g w2 (A2.4)

The ten quantities (4w 13)_‘/3 wn*?  were computed first, so
that they were available for converting w, into n  ry by
slide rule for each class ét each stage of the computgtion.

Starting from a table of w, versus Kk , totalling W,
each stage comprised the following steps:-

l. Convert each w, into n, rg

K

2. Add the column to obtain n, rg

3. Select a suitable value of AW.

4. Use equation (A2,3) to find the values of &w, for
each class. Total the column to check that Sdw,
gives AW,

5. In sach class, add Owg to the old value of w
to obtain a new class water content wf , say.
Totd the column to check that the new total water
content W' = W+dW,

Figure A2.1 shows w, plotted against k after each
new increment AW. The value of total water content W is
marked for each stage.

The choice of increments AW is a compromise., Larger

values of AW speed the work. On the other hand, the factors

nKr,[ Zn‘< r. are used for the whole of an interval AW where-

as they are correct only at the beginning of it, and the

longer the interval the greater the resulting error. From 1
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Fligure A2.1 Effect of condensation on droplet classes.
The lowest polygon shogs the heights of the pillars in
figure Al.2 (W=1 g m™°). The other polygons show the
heights of the pillars after each step in the calculgtions;
the water contents are W=1.,252, 2,5, 4 and 6 g m™°,
Some of them were converted to curves of water content per

micr?n r?dius interval and are shown in figures 5.2 and
5.4 (8.2).
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to 2.5 g m~° W was increased by about 25%_each time .

The effect of the size of increment can be judged from
the fact that for the smallest droplets n‘(qAan r, actually
increased by 163% from W=1 g m~3 to 1.25 g m™°, while for
the largest droplets it decreased by 8i%. This means that
the computed increase in w, for the smaller droplets 1is not
large enough, and for the larger droplets is too large., In
fact, it shows that a more exact calculation would make the
trends shown in figure A2.1 more pronounced still.

As W increased, this error diminished so that after
2,5 g m~2, DW was made about 60% of W each time.

Figure A2.,1 shows w, versus K, the water content of
g class versus 1ts original radius, but for comparison with

experimentally determined distributions we require w(r) vers-

us r, that is water content per micron radius interval versus

the current radius. To obtain such a distribution correspond-
ing to one of the stages shown in figure 5.2, the actual
valuesof r must be computed, which are best obtained from
the n, r 's during step 1 above. Then w(r)s=w,/Sr, where
r, 1is the Width of the class in'microns, obtained by differ-
encing the radll r, . The results at selected values of W are

shown in figure 5.2. In the nature of differences, thefr . 's

showed up the limited accuracy of the computations more than

the other quantities; aé a result the calculated values of
w(r) are actually scattered about the smooth curves shown in

figure 5.2 but 1lie within about 5% of them.
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APPENDIX 3

Approximations in the turbulence theory

(a) Prequency spectrum of turbulence

It was shown in the M., Sc. Thesis that
Ut % (rs-T0) A (%) (A3.1)

provided the frequency spectrum of the turbulent velocity

satisfied the condition that above a frequency Wy /2n the
energy should fell off rapidly, and that at this frequency
Wy Ty << (43.2)
The Reynolds number R in cumulus clouds is high enough that
the inertial sub-range can be assumed to exist (the termin- \
ology and notation are those of Batchelor (1953)). Then the
wavenumber spectrum falls off as K'5/3 up to a wavenumber
{[w , above which it falls off as K7 or some steeper law.
Here 11/=1/”“a'“w,The frequency spectrum is closely related
and also falls off rapidly above an angular frequency 1r/q ,
where zv:fq1/“z”41dentifying this angular frequency as Wy,

v ut -
CUH < -V/‘fs * :V (/zg'/l

e (A343)
putting »=0.180 cm@sec~l and £=10%cm@sec™® (the "extreme case"

of section 7.3.3) we find W= 236 sec-l. Then -a¢7}==1 for
8 = 45 microns. Smaller values of £ lead to slightly higher
values of s.

It appears, then, that equation (A3.1) is valid for

present purposes until s approaches 45 microns; after that



U is less than (A3.1) would show. Modifications of droplet
size distributions (figures 6.6, 6.7, 6.11 and 6.12) are not
seriously affected but curves of drop growth (figures 6;5,
6.10 and 8.1) indicate too rapid a growth after say 30
microns.

(b) Departure from Stokes! Law

The drag force-D on a sphere, radius s, mass mg, density
Ps, mdving with velocity vg through a fluid of density'f and
viscosity v, is
D= 5f ' G (43.4)
where the drag coefficient Cp is a function of R, the Reyn-
olds number. Define a factor ¢ such that G = 2‘9’(9’ R)

Thén . 24 G
D= £ sty 2 6T SV g PP
| z 7 Z e ps 7 ;gzﬁgas)

Assuming the drag force D =m A(t) (which depends on the
spectrum of turbulence) then

’U;.=¢ 2{,5‘2]4((') - 7’7-5 A/‘_)

(A3.6
77 )

where T, s Zﬁ:’2/77

In this expression; Tq 1s constant, but ¢>is_a funcyion
of the Reynolds number R, and therefore of vy and of A(t); it
ls plotted in figure A3.1l, where the horizontal coordinate is
- drag force, which for fixed m 1is proportion to A(t).

To find the effect of ® on the mean efficiency E', we
shall heglect the droplet velocity and suppose that the relat-
ive velocity equals the drop velocity. Consider a fixed accel-

eration 4, (for the present quite arbitrary), let the steady
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velocity U= @, 17r Ao ;and let the corresponding Langmuir para-
meter be Ko=U,% /s . Now put reduced acceleration a- A% /R,
A(t)A, and reduced parameter k- KJK, = q’ﬁ/cf, Ro = 2. ¢/,
Notice that k = U/Ug.

Substituting in equation (6.1) we ébtain, for the mean

equivalent swept volume per unit time

Q s,v) »m(stv) fT U E(K) P(v)dv
s (s+v) U, f "k E(kke) P)ak (43.7)

If @ were constant with time we should have @-¢ , k= a,
and P(k)ak = P(a)da. The approximation consists in putting
P(k)dk = P(a)da regardless; the integrand then has the
corfect vélue only when A A

The factor 7> is plotted in figure A3.1 against di:*é.g
force. The drag force 1s proportional to the acceleration
A(t); when A(t) 1s below A,, ¢ 1s greater than ¢, , and
vice versa.

The exact integral can be written
o0
I q%, € (a %}(‘,).P(@)aq. |
The approximation consists in using instead the integral

5-:64..5 (aKs) . P(a)da
The integrand has the correct value when A(t) = A,

so that @-:q@. When A(t) < Ay, ¢ >¢,and the integrand in the
approximate integral is too large; when A(t)RA,, % # and
the integrand is too small. The errors to some extent cancel
if A, 1s not at either extreme of the values of A(t). It was

most convenient to make Ay = g, for one-dimensional tu®bul-




(of

ence with gravity, since U, and K, then become Uj and Ki,
the values for gravity alone which had already been cal-
culated for section 3. For three~dimensional turbulence,
gg 1ies rather low in the distribution of A, and so the
value Ao =2gp was used; Uo and K, in this cgse have the
values Up and K,.

(¢) Correlation in three-dimensional turbulence

The equation of motion for an incdmpressible fluid
makes the three components of motion interdependent, so that
strictly the probability distribution of speed cannot be ob-
fained by combining three linear velocities, without taking
into account correlatlion between the components. Indeed,
the description of turbulent motion as being made up of.
eddies, leads one to picture a series of circular vortices,
in which the linear components are highly correlated.

However, Batchelor (1953), in section 6.1, finds that

the scale life-time of the energy-containing eddies

ool .14
¢ % Tik| A« | (A3.8)

where u®: mean square velocity

{ = characteristic length of energetic eddies

A : a number (= 1.1 according to Batchelor's (1953) fi%.
6ol

Consider the eddles to have a predominant radius rp, diameter

2ﬁ§; and to be packed in such a way that their characteristic

wavelength is 4r,. The predominant wave-number KP:Zr/¢$,
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and the longitudinal integral scale 1is (Batchelor 1953 eq.
(6.12))

(A3.9)
Assuming that L, is a suitable substitute for £ , the scale

time
3 v 3 =
Te 27 4" 34 Ay

(43,10)
where le is the angular veloclity of the eddy.

Theenergy of the eddy decays 1 neper in time 7T,, in
which time it goes through 3/2A radians, or 95°, If Lp is
too large an estimate for £ (as seems to be the case) the
angle is proportidnately reduced. Further, the major con-
tribution to the acceleration comes from the smallest eddles
in the inertlal sub-range; their life-times are even less
than the formula for 7, indicates, because of viscous
dissipation, so the correlation should again be decreased.

Panofsky and McCormick (1954) made extenslve measure-
ments of atmosgpheric tTppbulence 100 m above the ground.

They found that the coherence (i.e.correlation coefficient
between horizontal aﬁd vertical components for a particular
region of the spectrum) falls below 0,10 for frequencies
above 3 c/s. It seems best (and it is certainly simplest)

to neglect correlation altogether in deriving P(k) for

three-dimensional turbulence.




