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PREFACE 

Earlier work. 

This thesis s~rveys precipitation mechanism~ some work 

by the present writer on two o~ these mechanisms was submitted 

earlier as a thesis ~or the degree o~ Master o~ Science at 

McGill University. Speci~ically, part o~ the Introduction, 

and sections 2.2, 3.1 (in part), 3.2, 3.3 (in part) and 6.2.1 

o~ the present thesis appeared in the M. Sc. Thesis. 

At a later stage, a joint paper with Pro~. Marshall was 

accepted ~or pUblication by the Quarterly Journal o~ the Royal 

Meteorological Society (East and Marshall, 1954). Parts of the 

present thesis which appearedin the paper, but not in the M. 

Sc. Thesis, are sections 2.3, 3.4 (in part), and part of the 

Introduction. 

AlI the sections not mentioned appear herein for the 

first t1me, and in particular, sections 4, 5, 7, 8, and 9, 

and the three Appendices, and most of the numerical results 

of sections 3 and 6 are entirely new. 
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1. INTRODUCTION 

The past decade has seen an increasing interest in the 

problem o~ rainfall from convective clouds. It has been 

stimulated by the recognition that the mechanimn must differ 

fundamentally from that in layer clouds. 

Bergeron's (1933) theory, with modifications by 

Findeisen, is the generally accepted mechanism of preci

pitation from stratiform clouds. He showed that ice part

icles can grow rapidly in supersaturated water cloud, then 

melt and fall as rain. This explanation, which has received 

rumple experimental confirmation, tended to get carried over 

to precipitation from convective clouds. The fact that in 

tamperate latitudes a towering cumulus often reaches a 

sufficient height to glaciate has led to the assumption 

that glaciation is the main precipitation mechanism in 

cumulus as it is in layer clouds (Byers and Braham, 1949). 

Glaciation can play a significant part, as shown by 

the occurrence of hailstorms, but it is not alwayspresent, 

and the range of heights at which glaciation can be expected 

does not seem to coincide with the region where precipitation 

is first observed by radar. The onset of precipitation in a 

cumulus cloud originates at a point considerably below the 

top, and spreads rapidly in vertical extent. (Battan (1953) 

found the temperature at the centre of the first echo 



averaged~50C in Ohio thunderahowers, and even at the top or 

the rirst echo it averaged ~O.50C). Indeed, particularly in 

tropical regions, ra in orten ralls rrom clouds whiCh lie 

entirely below the OOC level, as reported by Hunt (1949), 
(('fSTf) 

Virgo (1950) and E.J. Smith (1951). Mordy and EberAmade an 

extensive investigation or showery cumulus near Hawaii, rind

ing that raindrops of up to 2 mm diameter fell from clouds 

whose tops were no colder than +70C. 

If droplets or radius 40 microns, or or that order, 

develop in a cloud (and they are orten round in large numbers 

in Cumulus Congestus and Cumulonimbus), their calculated 

rapidity of growth is surficient to produce precipitation. 

To explain the rapid spread in vertical extent that is ob

served,. it is probably necessary to assume the appearance or 

drops of such size almost simultaneously over a considerable 

range of heights. 

Ludlam (1951) and others have Shown that these initial 

large droplets could be caused by condensation on to giant 

salt nuclei. While this approach can reasonably account for 

the number or raindrops (a rew thousand per cubic metre) 

observed, it cannot account for the several million growing 

cloud droplets per cubic metre in precipitating Cumulus. 

Any mechanism which pro duces the observed cloud droplet size 

distribution is a potential precipitation mechanism, but the 

converse is not always true. 



In this thesis, various processes will be examined for 

their ability to grow a considerable population ot large 

droplets in a cloud which, when freshly formed, is almost 

completely free from them. It was shown in the M.Sc. Thesis 

(East 1953) and it will be shown in further detail in 

section 3 that the required growth cannot be produced by 

gravit y alone. The assistance to be expected from electric 

charges on the droplets is discussed in section 4. 

Howell (1949) discussed the growth of droplets by 

condensation, but he was coneerned with the initial formation 

of clouds rather than their later development. His methods 

are used in section ç below to show that the condensation 

process alone would not 1ead to precipitation, but that in 

certain circumstances a combination of condensation and 

gravit y would favour rapid growth. 

The possibility of turbulence playing some part in the 

precipitation process has been considered by other writers. 

Be rgeron (1933) concluded it would not be intense enough to 

do so in stratitorm clouds, but did not dlscuss Its action in 

cumulifor.m clouds. Arenberg (1939) considered the action of 

turbulence in causing water droplets to be thrown together, 

without taking account ot the conditions necessary for tham 

actually to collide. Mason (1952) introduced turbulence to 

prolong the paths travelled by drop1ets through a cloud in 

becoming drizz1e, and Best (1952) to transport tham to and 

trom the centre of a cloud. Gabilly (1949) considered its 



effect in causing collisions, but confined his discussion to 

sinusoidal motion of the air, rather than true turbulence, 

which is a random motion. 

In the M.Sc. Thesis, Gabilly's approaCh was carried 

further to include the random character of turbulent motion. 

In section 6 below these methods are applied to show the 

effect on a cloud. In section 7 the available experimental 

data on turbulence in clouds is examined quantitatively; 

it seems to show that it does not normally have sufficient 

intensity to initiate the precipitation process. 

In undertaking to assess the relative importance of 

these possible precipitation mechanisms, lack of certain 

knowledge on detailed points was never allowed to hold up 

the work. Physically reasonable assumptions were made where 

necessary, and these can be justified in many cases. 

The most probable mechanism, on present showing, appears 

to be one in which a parc el of cloud ascends ;Qn the wet 

adiabatic, and then rests at constant level. Gravit y is then 

an efficient precipitation mechaniam. This concept f1ts weIl 

with the latest views of cloud convection. 
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2. CONVECTIVE CLOUDS 

2.1 Macrostructure. 

A cumulus cloud is convective in naû~re. Some parts or 

it are in upward motion; in these regions the rising air ex

pands and cools, forcing the water vapour present in it to 

condense into liquid water. The latent heat released by con

densation is the source or energy ror maintaining the upward 

motion against drag. 

On the accepted model, a cumulus cloud consists of one 

or more "cells If, each having a central updraft wi th an average 

vertical velocity of a few metres per second (Byers and Branam, 

1949). The rising column of air mixes with the environment by 

a process of "entrainment fi. Malkus (1954) found that an air

crart can cross and recross an updraft, following it up through 

aIl levels or the cloud. 

Scorer and Ludlam (1953), on the other hand, suggested 

that the updrarœ1n a cloud are discontinuous, each consisting 

of a series or "bubbles" of air warmer than the surrounding 

cloud masse Their hypothesis was supported by the experi.ence 

or glider pilots, and, at least in the upper part of a cloud, 

by motion picture studies. Malkus and Scorer (1955) have de

veloped a satisfactory theory giving good agreement with the 

observations. 

Batchelor (1954), in a series of analogue experiments, 

showed that a mass of fluid retains its identity only if it 

differs considerably in density from the surrounding rluid. 
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On this basis one would not expect Lu dl am and Scorer' s ''bubble If 

to survive ~or an appreciable time in the cloud. Batchelor's 

experiments, however, did not take into account the local source 

o~ energy represented by the latent heat o~ condensation ot 

waterj it might conceivably ensure a longer li~e f'or the ''bubble''. 

Whether the updraf't is really steady or consists of' a 

series of' bubbles, the following inf'luences must be at work 

on the cloud-f'illed air: condensation of' water vapour, mixing 

of' air parcels with dif'f'erent histories and properties, shear 

which produces turbulent motion, and the earth's gravitational 

f'ield. The effects of some of' these inf'luences will be studied 

in isolation and in combination, and the results considered in 

relation to the cloud structure. 

2.2 Microstructure 

A discussion of' precipitation mechanisms must start from 

the number and sizes of water droplets in the cloud. Measure

ments of' these quantities have been made from alrcraft and the 

results descrlbed by Dlem (1942, 1948), Zaltsev (1950), and 

Weickmann and aur.m Kampe (1953). Drop1et-size distributions, 

that is the fraction of the liquid water contributed to the 

total by droplets of' various sizes were measured dlrectly by 

catching the droplets in a f'llm of' 011 and photomicrographing 

them. The tota 11quid water content per unit volume, W, was 

measured directly by Dlem and Zaltsev, and deter.mined 1n

directly f'rom measurements of optical transmission by Welckmann 

and aufm Kampe. The total number of droplets per unit volume, 
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N, can then be computed. 

A noticeable ~eature o~ the pUblished distributions is 

the almost complete absence of droplets o~ less than 3 microns 

radius. The oil-slide method is incapable o~ detecting droplets 

o~ less than 2 microns radius or so. If there were a population 

o~ small droplets which escaped detection comparaOle in number 

with those detected, serious errors might result when convert

ing ~rom transmission to water content, and o~ course the values 

o~ N would be quite wrong in any case. This point was discussed 

at length by Fritz (1954). aur.m Kampe and Weickmann (1954), 

however, point out that the condensation process by which the 

droplets are formed in the ~irst place inhibits the production 

of very small droplets once a population of moderate-sized 

droplets has developed. Howell's (1949) computations and 

section 5 o~ this thesis bear out the conclusion that there 

really are practically no droplets o~ 3 microns radius or less. 

Weickmann and aufm Kampe measured only convective clouds; 

the data -1nclude the distribution ot the number o~ droplets 

with radius, together with the tot& number o~ droplets per cm3 , 

N, and the liquid water content, W. ln ~igure 2.1 N is plotted 

against W ~or the 34 samples. I~ we combine the Cumulus Humilia 

and Cumulus samples and calI them Fair-weather cumulus, we see 

that they are clearly separated in the ~igure ~rom the Cumulo-

nimbus and Cumulus congestus samples, which we can calI Heavy 

cumulus. Fair-weather cumulus have large numbers of droplets 

but small water content, while heavy cumulus have roughly one-

*Private communication ~rom aufm Kampe and Weickmann, Evans 
Signal Corps Laboratory, New Jersey. 
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sixth the number of droplets but about four times the watér 

content. Sample number 9, however, appears to be an exception. 

A survey of the distribution curves showed that (except

ing no.9) fair-weather clouds are free from droplets of more 

than about 20 microns radius and in many cases have none 

greater than 18 microns radius. 

The drop size distributions of a number of cumul~s clouds 

were replotted on logarithmico-normal charts (as described by 

Kottler (1950, 1951,1952». Some of the plots for fair-weather 

cumulus are reproduced in fig~2.2(a). The steepness of the 

curves indicated the narrowness of the distributions and their 

straightness showed that they were gdlod approximations to log

normal distributions. One of aufm Kampe and Weickmann's 

(figure 2.2(a), no.9) isan exception. The plots for heavy 

cumulus (some of which are reproduced in figure 2.2(b) show 

much broader, and in some cases, bimodal distributions, that 

is, distributions made up of two log-normal distributions with 

different madian radii. Bimodality appears also to be a proper

ty of specimen no. 9: in view of the other anomalous properties 

of this specimen already noted, this justifies its exclusion 

from the fair-weather category. 

A few words May usefully be said about average distri

butions at this point. If aufm Kampe and Weickmann's fair

weather distributions, excluding no. 9, are combined to make 

an average curve, the result is also a typical curve, cutting 

off at about 20 microns radius. An average curve which in-
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cludes no. 9, however, is not typical. The unusally large 

droplets introduced by this specimen do not affect the tot& 

number appreciably, but any quantity which increases very 

rapidly with radius, such as radar reflectivity (which goes 

as r 6 ), or rate of g rowth by coalescence (see section 3) will 

be misleadingly exaggerated in the average result. 

In the M. Sc. thesis an'~ idealised fair-weather distri-

bution was de,scribed, which is shown as a dashed line on 

figure 2.2.(a). The starting-point of the present work is the 

distribution 

V\(V") ol Y':: Ir:' exp f -2'2. (tc;r" ~ Y ~ 
Y\(V"1 ~ 0 

y- 6 ft' ] (2.1) 
Y' > /8' 

where nIr)dr is the number of droplets per cm3 whose radii lie 

between r and r-r dr microns. It differs from the distribution 

used in the M.Sc. thesis in having a sharp cut-off at 18 

microns radius and in the water content W being then normalised 

to l g m-3 • The tot& number of droplets per cm3 , N, is 420; 

these values are plotted on figure 2.1 as the cross flI.F. fI 

The idealised fair-weather distribution is replotted as 

as a water-content distribution in figure 2.3 (left-hand curve). 

Here w(r)dr.'is the amount of liquid water in unit volume of 

cloud-filled air which consists of droplets whose radii lie 

between r and r+ dr microns. It is assumed that in the early 

stages of develppment (or at a position in the cloud near its 

base) a convective cloud which eventually precipitates had the 
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srume microstructure as a fair-weather cumulus. The idealised 

distribution was thererore used as the starting point for aIl 

calculations described in this thesis. 

For eventual comparison with the results or the calcula-

tions an idealised heavy cumulus distribution has been de

rived by drawing the dashed curve on rigure 2.2(b),. assigning 

to it a water content W.: 4 g m-3 and converting it to a water 

content distribution. It appears as the steadily rising curve 

on figure 2.3; this curve shows very clearly that MoSt of the 

water content of heavy cumulus clouds is in the rorm or large 

drops. The curve should be regarded as only approximate, since 

between 50 and 60 microns it becomes extremely sensitive to 

minor details or behaviour of the upper end of the cumulative 

curve of figure 2.2(b). The totà number of droplets comes 

out to N == 70 ém-3 j the position on the chart of figure 2.1 1s 

marked by the cross rtI.H." 

2.3 Condensation and Coalescence. 

It is clear from figure 2.1 that between the earlier 

and the later stages of the cloud's history, BaveraI grams of 

l1quid water par m3 have been addad to the cloud. This must 

have been condensed from the vapour, and the affect on the 

droplet size distribution will have to be considered in 

section 5. 

Howell's (1949) results show that by the time the liquid 

water content reaches 1 g m-3 , condensation rrom the vapour 
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cannot increase the number of droplets appreciably. On the 

other hand it certainly cannot decrease the number of drop

lets. In the absence of the ice phase, coalescence of drop

lets is the only way the number can be reduced (apart from 

evaporation). The marked decrease in numbers shown in figure 

2.1 in gqing towards the heavy cumulus s amples 1s important 

evidence that some coalescence process ls tak1ng place. 



3. COALESCENCE BY DIFFERENTIAL SETTLING 

3.1 Velocities o~ ~all 

Cloud droplets ~all relative to the air in which they 

~ind themselves, with terminal velocities which depend on 

their size. As the larger droplets raIl, they approach any 

smaller ones which lie in their path. Some collisions occur, 

and the larger droplets grow at the expense o~ the smaller 

ones. This basic coalescence mechanism takes place in almost 

any cloud aIl the ttme, so it will be investigated before 

any other possible process. Since the probability of occurrence 

of collisions depends ~ather critically on relative velocity, 

we have first to discuss terminal velocities. 
1 

In the troposphere, the terminal velocity or water drop

lets or radius r less than 18 microns is given within 1 percent 

by a rormula derived from Stokes' Law, namely 
_ 2 r 1 . 

v'f' - j-f ~ ~ <JE 1"1'" 
Cf"Y/ 

where gE ::: earth' s gravitational ~ield· 980 cm sec-2 

Tr ". 2fsz02/9~ , the "t1me constant" of the droplet 

and 'Y1 1: dynamic viscos1ty'" 1~72 x 10";'4 g cm-lsec-lat OC. 

-2. '2 or "I.!' Y' :. l. 26 6 x 10 V'" (Vr in cm sec-l, r in (3~1) 
microns) 

(The temperature and pressure vary throughout the cloud, 

but in this thesis air is taken to have the constant properties 

foc 0.96 x 10-3g cm-3 and 'Y}; 1~72 x lO-4g cm-1 sec-le 

These are the values ~or OoC and 760 mb, mughly the conditions 

in which precipitation rirst forms in temperate latitudes.) 
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Cunningham (1910) showed by the Kinetic theory of gases 

that the average terminal velocity of very small droplets 

must be greater than this by the factor· (1 + 1~63e/r) where 

e:: mean free path .. 0.12 microns at 760 mb and OC. The factor 

amounts to 1.049 for the terminal velocity of a 4 micron drop

let. However, we shall need the relative velocity U;: Vs - vr 

between a drop s and a droplet r. It can be shown that the 

percentage correction in U goes as (s+r)-l. The largestper

centage correction required in the present work would be for 

S :13i, r: 4 microns where it is 1.1 percent. The correction 

was therefore neglected entirely. 

The molecular nature of air gives rise to Brownian 

motion of small particles in it. The mean energy or transla-

tion of the particle is ~ kT, so that for a water droplet 

of radius 4 microns at OC the root mean square velocity 

is 0.205 cm sec-li it is proportional to r-3j!Je. The relative 

velocities with which we will be concerned are at least 12 

times as great for this size or droplet. It will appear in 

section 6.2 below that even a random velocity as great as 

the steady relative velocity has only a moderate effect on 

coalescence, so the effect of Brownian motion has been ne-

glected. 

The molecular character of air was neglected in two 

other instances. Langmuir's theory of droplet collisions 

used in section 3 and the turbulence theory applied in 

section 7 both assume that the air has its bulk properties 

------------------------ ._ .... _-



l, 
on the scale o~ their respective processes. The appropriate 

scale in the collision process is the radius of the droplet 

(4 microns or more), and in turbulent motion It ls the slze 

of the smallest eddy (whlch ls of the order l mm. in a cumulus 

cloud, accordlng to the estimates of sectlon 7 below). The 

mean free path, ~, ls very much less than elther of these 

quantlties, so there seems no reason to suspect any appreclable 

effect on the two processes. 

At radll above 18 mlcrons the Reynolds number R at the 

ter.minal veloclty becomes appreciable and Stokes' Law ls not 

accurate. The value of terminal velocity glven by equation 

(3.1) is too large and must be multiplied by a ~actor îP. 
The experimental relationship between drag coefficlent and 

Reynolds number given by Schiller (1932) was used to compute 

f for the terminal veloclty of a drop of any radius s by a 

method of successlve appro~imations. (See Appendix 3(b) for 

further discussion. The factor r ls plotted in flgure A3.1; 

the absclssa is drag force, but the subsldlary scale tmme

diately under.neath shows the r~dlus ~or whlch r 1a approprl

ate for calculating terminal velocity). For exarnple, a drop, 

radius s:lOO microns, has a ter.minal velocity 0.5 times the 

value glven by equation (3.1). 

3.2 LangmuirJs eguatlon 

A drop, radius s, terminal velocity vs, sweeps out a 

volume ~s2vs in unit time. If It fell through a monodisperse, 



randomly distributed population or droplets, radii r., teDM

inal velocity vr , and ir all the droplets continued in a 

straight line in unit time, the drop would collide with aIl 

the droplets in a volume "Tt' (s 7" r)2 U, where the relative 

velocity U.:: Vs -vr • We define the "encounter cross-section" 

as .".. (s + r)2. 

Since the droplets do not continue in straight lines, 

bu t tend to be brushed aside by the drop, the actual number 

of collisions is less. ln the M.Sc. Thesis, the enoounter 

cross section was replaced by a "collision cross-section" 

E7r(s+r)2, where E is the "collision efriciency" defined 
. . 

and computed by Langmuir (1948). ln applying Langmuirts 

work to the problem the following assumptions were made: 

1. Langmuir ts theory, worked out for droplets much 

smaller than the drop, is still applicable when the 

radii are more nearly equal. 

2. It applies despite appreciable motion of the droplets 

through the air, if use is made or the relative 

velocity U. 

3. The theory also applies when the velocities are not 

steady. 

4. Collisions always lead to coalescence. Justification 

for this is discussed in the M.Sc. thesis. 

These assumptions are carried over into the present work. 

The efficiency E (corresponding to Langmuirts Ev) is al-



ways less than unit y, and can be zero. It is a unique, 

monotonie i'1.mdtion of a dimensionless parameter K;: U 'Ir/s, 

where T r = 2 Psr2/91 ; the equation is 

E ~ 0 , K -< '.21'+.1 

[ 
i ~(2}('O-'2. E= 1 + 
K -1.2/'1- ' 

K> (.21'+ 

(This relationship i8 reprodueed in figure 6.2, in 

section 6 below). 

(3.2) 

Sartor (1954) has performed an interesting series of 

expertments on large water drops in oil. Regarded as scale 

model experiments on cloud droplets, they appear to show 

that collisions can oceur more readily, but coalescence 

less readily, than Langmuir's equation would indicate: 

electric fields occurring in nature would greatly increase 

the probability of coalescence. 

The observed stability of :fair weather cumulus tends to 

confirm the prediction of Langmuir's equation thAt 

coalescence between droplets in sueh clouds ls rare. The 

choice between accepting either the results of Sartor's 

scale model, analogue experiment, or an extrapolation of 

Langmuir's experimentally verified (Gunn and Hitschfeld 

1951) theory, was made in favour of the latter; Langmuir's 

equation is used throughout bhe following work. 

3.3 Growth of drop 

Consider a population consisting of those cloud droplets 



having radii between r and r+ dr. Its water content is w(r)dr. 

The rate at which water is swept up by a drop, radius s, fall

ing through it (which is the rate of increase of mass ms of 

the drop due to this particu1ar population) is 

(3.$) 

We de fine the "equivalent volume sweeping rate" Q(s,r) 

;: -'7f (s + r)2. DE; it has the dimensions of volume per unit j:;ime 

and is shown in figure 3.1. 

It was pointed out in the M. Sc. Thesis that when s • 15 

microns, collisions are not possible with drop1ets less than 

15 microœ , except for radii between 9 and 13 microns, where 

they are still relatively rare. Figure 3.1 shows that by the 

time s.:: 30 microns, collisions are possible. with most drop

lets, and in the case of 10 micron droplets they are over 

100 times more frequent than they were at s = 15 microns. The 

main reason ~or this remarkable tncrease is that the relative 

ve10cities between the 15 micron drop and the droplets were 

so small that, for most droplets, Kwas less than 1.214 so 

that E was zero. 

The rate of increase of mass of the drop as ft sweeps up 

the cloud is 
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Figure 3.1 Equivalent volume sweeping rate (gravit y alone). 
The quantity Q(s,r) versus drop radius s, for the droplet 
radius r shown on curve. 



The numerical method used to evaluate this integral is 

described in Appendix I. 

The way in which the total elms/dt is made up i'rom drop-

lets oi'various radii is shown in flgure 3.2. Rere 

[dms/dtJr ls plotted against r at various stages in the 

growth oi' the drop; the curves are normalised to an area 

oi' 100 percent by divlding each by its own ams!dt. The 

shape oi' any curve ls determined partly by the relative 

values of Q(s,r) for various values oi' r (compare par

tlcularly the small values at r ~ 4 with the depressed curve 

for r: 4 in figure 3.1), and partly by the cloud droplet 

size distribution w(r); the ldeallsed falr-weather distrl

bution (I.F.) was used. It was assumed in the calculation 

that w(r) was independent oi' time, and therefore oi' s, 

(l.e. that negliglble depletion took place). In the result, 

the curveS' are all much alike, except for small s. In 

partlcular, at r:::9 microns, the ratl0 of [elms/dt]r to 

dms/dt ls almost independent of s; use was made of this 

i'act to speed up the calculation of dmsldt over part oi' 

ther ange oi' s. 

The computed values oi' elms/dt as a functlon oi' s were 

converted to s as a functlon oi' t by a numerlcal method 

descrlbed in Appendix 1. Figure 3.3 shows how the drop 

radius s increases wlth time as it i'alls through the cloud. 

Zero of time ls tkken at s 'D 17 mlcrons, and growth 
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is followed out to s:: 100 microns, i.e. drizzle drop size; 

the whole process t akes over an hour, half of which is spent 

in going from 17 to 23 microns radius. 

The growth curve of figure 3.3 applies in the idealised 

fair-weather cloud w~ose water content is l g m-3 • Rate of 

growth is directly proportional to number of collisions', so 

that for a drop falling through . a cloud of liquid water content 

W g m-3 but the same droplet àize distribution as the I.F. 

distribution (and therefore W times as many droplets), all 

times would be decreased by the factor W. 

3.4 Modification of droplet-size distribution 

The problem of precipitation mechanisms is a problem of 

droplet growth mechanisms. An important piece of evidence is 

the change in droplet-size distribution between the early and 

mature stages of a cloud (figures 2.2 and 2.3). Any suggested 

gro.wth mechanism can be tested by computing i ts effect on 

t'he droplet-size distribution, then comparing the theoretical 

and experimental curves; the change must be broughtabout in 

a realistically short time, say hal~ an hour, sometimes more, 

often less. 

The analysis of the previous sub-section is adequate to 

i'ollow the growth oi' a few outstandingly large drops, in a 

cloud of many droplets. In producing a heavy cumulus distri

bution from a fair-weather, however, the major part of the 

water content has gone over from the smaller droplets to the 



larger. Depletion of the droplet population and competition 

for the available water among the growing droplets cannot be 

neglected. 

An added complication is the possibility that a particular 

droplet may grow for a while by sweeping up smaller droplets, 

and then itself be swept up by a larger droplet. Tb keep the 

labour of the computation within bounds, it was decided to 

ignore this possibility when computing the modification of 

droplet-size distributions by coalescence, and to s et up the 

following convention: 

Particles greater than 13 microns radius are called drops; 

Particles less than 13 microns radius are called droplets: 

Collisions can only take place between a drop and a droplet. 

At each collision the number of droplets decreases by one, 
and the mass of t he drop increases by the mass of the 
droplet. 

In the computations the radius of a droplet is called r(L13) 

and the radius of a drop is called s (> 13). 

The method of computation is to start with the I.F. 

distribution and divide it up into drops and droplets. Now 

calculate the growth of aIl the drops as they sweep up the 

droplets for a limited t1me At; then find by how much the 

droplets have been depleted in that time. The computation 

proceeds step by step in this way until the largest drops 

have grown from 18 to about 40 microns radius (5 steps in aIl). 

Details of the method are glven in Appendix l(b). 



In figures 3.4 and 3.5, the radii r and sare plotted 

continuously along the horizontal axis. The discontinuity 

at 13 microns is due to the convention above. Droplet-droplet 

collisions are impossible anyway with gravit y alone (M. Sc. 

Thesis), but drop-drop collisions would have reduced the peak 

between 13 and 15 microns and slightly increased the rates of 

growth of the larger drops. 

Evidently it would take nearly two hours for a fair-weather 

cumulus to mature if gravit y were the only agency. Such a time 

scale seems more appropriate to the ageing of stratus or fog; 

a vigorous cumulus cloud develops much raster than this. 
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Figure 3.4 Modification of water content distribution by 
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4. THE EFFECT OF ELECTRIC CHARGE ON COALESCENCE 

4.1 Magnitude of charge 

The force of attraction between oppositely charged drop-

lets would assist coalescence in a cloud, and has to be con

. sidered as a possible factor in bringing about precipitation 

in cumulus. A charged droplet will also attract neutral ones, 

though the force is much weaker. 

Cochet (1952) considered a cloud of neutral droplets of 

radius 8~, with water content 2 g m-3 ; he showed that a drop

let of radius 15JA carrying a charge of 4.10-4 e.s.u. would 

grow very rapidly by coalescence. This charge, however, is 

equivalent to âbout 800,000 electrons; it might arise in 

artificial seeding but seems much too large to be found in a 

warm cumulus in the early stages of precipitation. 

Ross Gunn (1954) calculates that an isolated drop of 

15~ radius would cOllect, on the average, about 100 electronic 

charges in neutral air. The proximity of other drop1ets, how

ever, decreases the charge collected by each one. In a private 

communication, Dr. Gunn reports that the mean equi1ibrium 

charge on each droplet would approximate 19 e1ementary units, 

at a radius of 15 microns. 

4.2 Force of attraction 

Calculation of the exact force betweent wo droplets 

carrying equal and opposite charges becomes very difficult 



?:>, 

when the distance between them is not large compared with their 

radii. One possible approach, which requires rather bold as

sumptions, uses the concept of image charges described by 

stratton (1941). 

Figure 4.1 shows how the charge -q on a droplet appears 

to be drawn to a point near the surface by a point charge + q 

Just outside. This picture is transferred to the case of two 

oppositely charged droplets in figure 4.2 where the charges 

have attracted each other into symmetrical positions. The 
V2 

distance between the charges D:? (4rl d) when the distance 

between the droplet surfaces is d if the approach is close. 

The attractive force 
'V1.. '}'l. 

f= ILrrJ)2 :: -:-'L--l-L."""J 
.,.. TU, Ir,~ 

Putting . -10 4 q=- 19 x 4.8 x 10 e.s.u., rI a 15 X 10- cm., and 

supposing for example that the drop1ets are only 0.2 microns 

apart, so that d::o 2 x 10-5 cm, we find f ~ 55 Je 10-12 dyne. 

4.3 Effect on collisions 

Suppose the two droplets have radii which are about 15 

microns but which differ su.fficiently for their relative ve

locity when fal1ing free1y to be U.:: 0.625 cm sec-le This is 

the value for which Langmuir's parameter K = 1.214, so that 

(setting aside once more the question of validity for near1y 

equa1 particles) at best only grazing incidence can occur under 

the action of g ravit y alone. The force 11' wou1d produce a radial 
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acce1eration of the droplets towards each other, but only 

acts for a 1imited time, or the order 2~/U, which is 

4.8 x 10-3 sec. Assuming the value r':" 55 x 10-12 dyne to 

app1y throughout this period, the distance travelled by eaCh 

droplet towards the other in this time wou1d be 4.5 x 10-4 

microns, sufficient to convebt on1y a very smal1 proportion 

or encounters into collisions. 

The method of arriving at this resu1t is rather 

approximate. In particu1ar, it invo1ves the very questionab1e 

procedure of figures 4.1 and 4.2. Instead of attempting to 

justify the method, or to assess its 1imits of accuracy, an 

upper 1lmit to the value of f can be found as fo110ws. It 

can be said with certainty that the attraction cannot 

possibly exceed that between two charges ~ q situated at 

G and H (figure 4.2), so that the maximum possible value 

of f ror ' a gi ven value of d is found by putting f = q2/ (4 7f" d2) • 

Then f: 16.5 x 10-8 dyne and if it acted for 4.8 x 10-3 second, 

each droplet would move 0.14 microns towards the other and 

collisions would indeed occur. Even so, the collision cross 

section would on1y have a radius of the order 0.2 microns 

compared to the encounter cross section which has a radius of 

30 microns; the collision efficiency would be increased from 

o to about 0.5 x 10-4 • 

For other radii, other values app1y, but none are very 



sensitive functions o~ radius, and there seems very little 

chance that collision efficiencies are materially affected 

by the charges nor.mally encountered on droplets in neutral 

war.m clouds. In non-neutral clouds the charges are larger but 

predominantly of the same sign; they would hinder rather than 

help coalescence. 

It is not suggested that this brief study of the· in

~luence of charge on coalescence should replace the thorough 

investigation that the topic deserves, but the very small cal

culated effects suggested that other possible causes of 

coalescence should be investigated. 



s. CONDENSATION 

S.l Theory 

Howell (1949) has described the process o~ condensation 

in ascending air. The air is cooled until water vapour con

denses on to nuclei, making them into droplets; the vapour then 

continues to condense on to the droplets. The air becomes 

slightly supersaturated and a droplet gains water according 

to the ~ollowing law: 

S d.v--: F..,. - + 
100 dt' (S.l) 

where r = radius o~ droplet, 

$ .: supersaturation in percent 

FI is de~ined by Howell and takes account o~ the 

work done against sûr~ace tension, 

F2 depends on the soluble material in the nucleus, 

F : F4 + FSFS' where F4' FS and FS relate to the 

transport o~ vapour and heat. 

MacDonald (19S3) claims that Howell used an incorrect 

value or F2 through neglecting to cons1der Raoult's Law and 

assuming 100 percent dissociation o~ the electrolyte when a 

hygroscopie nucleus is dissolved. Had allowance been made for 

incomplete dissociation, the calculated relative rates at 

which nuclei of various sizes grow into droplets would have 

been considerably affected. This in turn would have left its 

mark on the results of aIl subsequent calculations o~ droplet 

size distributions. Whether this is the case or not, the size 



distribution o~ condensation nuclei is not known with any 

certainty so no great reliance cao be placed on curves o~ 

droplet sizes derived ~rom them. 

Both di~ficulties are avoided by starting from the 

idealised ~air-weather cumulus distribution, which is an 

approximation to observed droplet distributions. All the 

droplets in it are large enough for the F2 ter.m to be quite 

negligible compared to the others. 

Neglecting F2/rP and multiplying through by r, 

equation (5.1) becomes 

-~r=F\"1.~ + F: 
100 (X; 1 

_ F J.~ .... 
- If.rr fs tJx + F, 

where lnr :: the mass of the droplet 

fs = density of water 

(5.2) 

Summing over aIl droplets in one cubic metre o~ air 

Then 

S < F J.w 
looLf~:: I.rrtfs"Jt + F,N, (5~3) 

where ~ r :: sum of the droplet rad!! per m3 
1 

NI 2 number o~ droplets per m3 

dW/dt = rate of increase of water content of 
droplets 

=rate of loss o~ water vapour ~rom the air. 

(5~4) 

where i ... ,fr/NI ~ mean radius, 



Rewriting (5.2) in the .form 

_,_ cl"'r" J.. [~y _ F.] 
ifn ( s J,t F 10 0 1 

and substituting .from (5.4), we get 

_,_ d.M .,.::: F, ['(' _1] + r Jw 
4-tr: es cLt F y: 41rr.; ~V'" • ~ (5.5) 

5.2 Redistr1bution o.f water 

Equation (5.5) shows th~t trans.fer o.f vapour occurs even 

when no overall condensation is taking place. Putting dW/dt tt: 0 

we see that droplets o.f radius smaller than the mean, .for which 

r<r, are losing water, and those greater than the mean (r>;) 

are gaining it. Water is di.ffusing (via the rumbient vapour) 

.from the smaller to the larger drops. 

The cloud is unstable, in .fact, but this process o.f re

distribution is comparatively slow. Equation (5.5) was applied 

to the idealised .fair-weather distribution using a method 

similar to that described in Appendix 2. Figure 5.1 shows 

the computed effect o.f a lapse o.f 30 minutes. The curve o.f 

water content distribution has become a little narrower, while 

the mean radius has increased slightly, but at such a slow 

rate that the ef.fect would not be noticed in the li.fe-time 

o.f a droplet in an active cumulus. 

When dW/dt is not zero, the condensation o.f additional 

water .from vepour on to the droplets is superimposed on this 

redistribution o.f liquid water. When condensation is rapid, 

the ter.m (Fl/.f)(r~ - 1) o.f equation (5.5) (which represents 
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(a) Water content distribution of I.F. cloud. 
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Condensation of an additional 0.6 g m-6 on to I.F. cloud. 
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(The calculations giving (c) and (d) ~re very approximate 
because the change from 1 to 1.6 g m- was made in a single 
step; the optimum size or step is discussed in Appendix 2. 
The resulting error, however, does not obscure the point at 
issue.) 



redistribution) can be neglected in comparison with the ~inal 

terme Figure 5.1 shows the ef~ect on water content distribution 

due to the Addition or 0.6 g m-3 of liquid water to the idealised 

distribution (1 g m-ô initially). In curve (c) the addition was 

assumed to take place rapidly so that redistributionwas neglect

ed; but curve (d) shows that even ir the water is added as slow

ly as 1 mg m-3 ' sec-1 (corresponding to an updrart or only about 

1 m sec-1 ) the resultis almost the same. Consequently, the 

redistribution ter.m has been neglected in aIl subsequent cal

culations and equation (5.5) simplified to 
d""Y_ v- d-w 
tJ,.t- - ~ Y" dJ; , (5~6) 

The quantity dW/dt is the rate of conversion of water rrom 

the vapour to the liquid phase. ~e hydrostatic equation for 

an adiabatic ascent assumes that the vapour pressure is the 

equilibrium value for a rlat water surface at the ambient 

temperature, and therefore does not apply exactly to a growing 

cloud. The supersaturation ~ does not exceed 1%, however, 

and varies quite slowly as the cloud develops, so the hydro

statlc equation can be used with fair accuracy, or an adiabetic 

curve followed on a T-~ diagram. In short, the air does not 

"store Il much vapour 'h3r being supersaturated. 

A more serious efrect is produced by entrainment of un

saturated environmental air into the updraft. It is found ex

perimentally (Weickmann and aufm Krumpe, 1953, Zaitse~, 1950) 

that for every Metre of height above the cloud base, 14quid 



water content W increaseà by about l mgm m-3 , so this has been 

assumed as a working value, except where a truly adiabatic 

ascent aS99nt without entrainment is enviàaged, when the value 

is more like 1.4 mgm m-3 per metre in temperate latitudes. 

5.3 Condensation alone 

Figure 5.2 shows the calculated result of condensing 

water on to the initial idealised fair-weather distribution 

w.ithout any other agency at work. It crun :De seen that the 

principal effect is to '~ile uptr water at radii between 6 

and 16 microns. Although dm/dt ls proportional to r so that 

the largest dropsrecelve the greatest share of the water, 

they have to apply it to a surface area which is proporjlonal 

to r 2 , making dr/dt go as r-l , so that the right hand end of 

the distribution moves slowest. Such bèhaviour is quite out 

of keeping with the observed development of the heavy cumulus 

distribution. Besides, there is noway for the total number of 

droplets to decrease. 

It ls more interesting to go on to consider the action of 

gravit y on one of thesedistributions. Appropriate conditions 

are envisaged in Scorer and Ludlrum's (1953) f~ubble theory". 

A parcel of air inside one of the bubbles would first ascend 

rapidly, So that the cloud droplets in it are chiefly subject 

to condensation. At some stage the parcel leaves the bubble 

and remains at approximately constant heightj now grâvity re-

mains as the principal agent and coalescence takes place. 
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Figure 5.2 Modi~ication o~ water content distribution by 
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For purposes o~ calculation the distribution a~ter reach

ing 4 g m-3 was taken (corresponding to a truly adiabatic 

ascent from the condensation level of about 3 km in temperate 

latitudes). At this stage the droplets have radii up to 17 

microns and the drops from 17 to 21 microns. The action of 

gravit y in causing collisions between drop and droplets was 

calculated by the method o~ appendix 1; the result is ahown 

in figure 5.3. 

The change to a heavy cumulus type o~ distribution 

takes only about one-tenth as long as it did When gravit y 

acted directly on I.F. cloud (compare figure 5.3 with ~igure 

3~4). This enhariced speed is mainly due to the increase o~ 

roughly 60 percent in droplet radius brought about by the 

condensation be~orehand. If conditions exist in the cloud 

which allow these processes to act in this w~y, we have quite 

a possible mechanism for bringing about the observed change 

in the droplet size distribution, and ultimately producing 

precipitation. Such conditions will be discussed again in 

sect~on 8 below. 

5.4 Condensation with gravit y 

The computation o~ section 5.3 neglected the action of 

gravit y in the first part of the process, i.e. it was assumed 

that the condensation occurred in such a short t1me that 

gravit y produced very few collisions. It mieht be, however, 

that the updraft ·is slow enough for gravit y w". play a part in 

modifying the droplet size distribution while condensation is 
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still taking place. 

The updraft velocity controls the ratio between the 

quantity of water condensed and the time elapsed at each 

stage. Take an arbitrary figure for this ratio of 3 mg m-3 

per metre; it corresponds to about 2 m sec-lof saturated 

adiabatic ascent, or about 3 m sec-1 allowing for entrain

ment of environmental air, which are not very high updraft 

velocities for a vigorous cumulus. The calculations of 

section 5.3 were repeated, but in alternate smaller steps of 

condensation and gravit y to approximate a simultaneous action. 

Figure 5.5 shows the development of the watercontent 

distribution with time. A pronounced pe~ develops at about 

12 microns radius, just as it did without gravit y (figure 5~2); 

in addition, some growth of the largest drops takes place. 

When gravit y acted after condensation, however, ten minutes 

was sufficient time for the largest droplets to reach 50 

microns (figure 5~3), whereas here they only reach 23 microns. 

Of course, the curves of figure 5.3 represent 4 g m-3 of water 

~stead of 2.8 g m-3; it may be more appropriate to compare 

tham with the final (15 minute) curve of figure 5.5, where the 
, 3 water content is 3.7 g m~. Even here, the largest droplets 

have still only reached 30 microns radius, and the curve is 

clearly becoming less, rather than more, like the idealised 

heavy cumulus as time proceeds. 
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6. COALESCENCE BY TURBULENCE 

6.1 Introduction 

In the M.Sc. Thesis the theoretical roundations were laid 

ror computing the efrect of turbulence on collision rate. It 

was pointed out that components or motion in turbulence are 

approximately Gaussian so that even ir the r.m.s. velocities 

induced by the turbulence are no greater than the terminal 

velocities caused by gravit y, part of the time velocities are 

greater, (occasionallymuch greater~, so that collisions are 

possible berween pairs of droplets which could never collida 

at aIl with gravity. Collision rates for this case were com

puted. 

The theory will be racapitulated in revised forme The 

earlier treatment considered only one-dimensional turbulence 

and neglected gravit y; here we consider somewhat more realistic 

models of turbulent motion, calculate the collision rate for 

various combinations or drop and droplet, ' and use the results 

to compute the growth of drops. 

Turbulence, ror the present purpose, is an isotropie 

random motion, but gravit y is anisotropie, since it is direct

ed vertically. When the r.m.s. velocities induced by turbulence 

are much less than the velociti~s caused by gr~vity, however, 

the horizontal components are very unlikely to induce 

collisions in cases where gravit y alone fails, or to inerease 

the number noticegbly where gravit y succeeds. The vertical 

component, however, is alternately assisting and opposing 



gravit y and it is this component, if any, which will affect 

the collision rates. This is the idea behind the case con-

sidered in the next sub-section where a one-dimensional random 

relative velocity is added to the steady relative velocity 

due to gravity. The results are not exact since the r.m.s. 

random velocity is taken equal to the steady. 

When the turbulent velocities are much greater than 

those due to gravit y, the roles are reversed. Gravit y 

assists downward ,vertical velocities and hinders upward ones, 

but the results tend to average out. The effects of the 

vertical component differ little from those of the horizontal, 

and gravit y can be ignored. This is the basis for the sub-

section on three-dimensional turbulence. 

6.2 One-dimensional turbulence with gravit y 

6.2.1. Mean efficiency. For a given drop, radius s, 

and droplet, radius r, in a steady gravitational field ~, 

the relative velocity U, Langmuir 's parameter K, and 

collision efficiency E have steady values which depend on s, rj 

calI them Ul,Kl and~. When the excitation is random U, K 

and E are also r andom f'unctions ·of' t1me. We def'ine k : U/U1 , 

so that K = kKl; k will be called the "reduced Langmuir para

meter". Whenever the . rèlative velocity happens to have the 

value it would have with gravit y alone, k =1. 

The mean equivalent volume sweeping rate f'or s and r 

QI (s, '1") = 7T(Sfr)z VE 

: ~ (s +",)'2 Ioo 
U E rI'-) 1'( v) d.U (6.1) 



where P (U) dU is the probability that the r'elative speed lies 

between U and U + dU. Then 
~ 

~/(sJ'r) w-rr(s+Y')l. U, t k E (kK,) P(k)cJk 

We can put E';: Loo k E: (kK,) 1'(k) olk 

and calI Er the mean efficiency for this particular probabili

ty distribution. 

The steady relative velocity due to gravit y ~ is 

Ul = (1";-1"'V")~ if Stokes'; Law applies. It was shown in the 

M.Sc. Thesis (see also Appendix 3(a» that the contribution 

to relative velocity due to a fluctuating acceleration A is 

provided the spectrum of air velocity satisfies certain con-

ditions. (This expression is only true when Stokes's Law 

is obeyed, but it is shown in Appendix 3(b) that the departure 

from Stokes' Law does not introduce a large error). Then 

since A(t) has a Gaussian distribution, so has U(t); we take 

the r.m.s. value of A(t) equal to gE' so the r.m.s. value ot 

U(t) ia U1 • Then 

'P(u) J.V = " [exp 5 _ (V-U,)7.1. + e]Cb f _ Cu + o,y 1] oLU 
V, (2:n)V2. t 1. U,2 5 1 t '2. U, t ) 

where U now refers to relative speed rather than velocity. 

In reduced form 

P (k)àk == (Z7r )-'/1 [exp f - (k-I)~ /2 ~ + e.)CF { - (k-+I)"'/lJJ cl/<. (6.6) 



This probability distribution is plotted in figure 6.1 

curve (c). The dashed curve (a) represents the contribution 

due to the first term in equation (6.6); curve (b) comes from 

the second term in the equation, and shows the probability 

that the random acceleration overcomes gravit y and produces 

relative velo city in the reverse direction. 

The function E' given by the integral (6.3) above was 

computed numerically for about 20 values of K, ranging from 

0.25 to 40 and is plotted in figure 6.2. It is apparent that 

for any drop s and droplet r to which a value Kl applies, E' 

Is always somewhat graater than E so that the added turbulence 

is increasing the chance of collisions; moreover, collisions 

can occur in cases where Kl ~ 1.214, for which collisions are 

not possible at all with gravit y alone. 

6.2.2 - Growth of drop. The mean equivalent volume sweep

ing rate 

(6.7) 

from equations (6.2) and (6.3). Figure 6.3 shows that it is 

always larger than Q(s,r) in figure 3.1 (this fo110ws from the 

fact that E' > E) • The most noticeab1e difference is for the 

smal1est droplets (r:: 4), but more important is the fact that 

at s::: 15 microns appreciab1e collision rates occur for most 

droplet sizes. 

Figure 6.4 shows the relative contribution of droplets 

of vario~s sizes to the growth of a drop fal1ing through I.F. 

cloud. Figure 6.5 shows how the drop grows with time; by 



0.6 

.... 
~ 
IL 0.5 

>.... 
ii) 0.4 
Z 
1&1 
Q 

>- 0 .:3 
.... 
...J 

ID 
~ 
ID O.l 
o 
a: 
IL 

o.; 

(C) t----_ 

" / 

" 

(a) ./ 

" ./ 

~. 

-----0)'-----L----~~-----L~~~~2----~~----~----~=:~~ 

REDUCED LANGMUIR PARAMETER k 

Figure 6.1 Probability density distributions of acceleration 
in turbulent air. 
(a~ (b), (c). One-dimensional turbulence parallel to gravit y, 

(A.&)'!2 = lm; (a) probability distribution for resultant 
accelerations in the s~e sense as gravityj (b) p.d. for re
sul tant accelerations in the opposite direction; (0) oombined 
probability distribution for resultant acoeleration, regardless 
of sense. The flatness of the curve near k = 0 ia a fortuitous 
result of making (s:r)'1~ ~ SE. 
(d) ~ee-dimensional turbulence negleoting gravit y, and 
neglecting correlation between components (Rayleigh distribution). 



Figure 6 0 2 CollisIon efficiency, and mean efficiencies. 
Curve E. CollisIon efficiency versus Langmuir's parameter K. 
As K-..oo, E~l. _ Il 
Curve El. One-dimensional turbulence, ( A'2) 2. = SE: mean 
efficiency versus KI, the value which K has when acceleratlon~ 
SE. As Kl ~ 0() , E 1 ~ 1.17 • _ 1/2-

Curve El 1. 'l'hree-dimensional turbulence, ( A~) .: 2gE J3: mean 
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comparison with ~igure 3.3 ~or gravit y alone, it appears that 

the addition or turbulence has speeded up growth, particular

ly in the early stages. However, it still takes over 40 min

utes ~or the drop to grow rrom 17 to 100 microns. This is 

rather a long time on the time-scale or cumulus development. 

6.2.3 Modification of droplet-size distribution. The 

progressive change in the distribution or I.F. cloud with 

time were calculated using the mean equivalent volume sweep

ing rate Q'(s,r) Just discussed. The technique introduced in 

section 3.4 and described in Appendix l(b) was used: the re

sults are shown in rigure 6.6. 

The last curve shown looks very promising as a potential 

heavy cumulus distribution. The depletion of small droplets 

is accompanied by an extension or the distribution out to 40 

microns, which could obviously continue with t1me. Figure 

6.7 shows five o~ the same curves replotted as droplet-number 

distributions. The~resemble the meàsured curves or Zaitsev 

(1950) at successive levels in a cumulus. 

Both 6.6 and 6.7, however, represent the result of an 

hour's action by turbulence ~d gravit y combined. The grow

ing o~ large cloud drops, which is only part or the overall 

tr~sition from young cumulus to rain-cloud, orten takes much 

less time than this. Still greater speed is required. 

6.3 Three-dimensional turbulence. 

In continuing the investigation to greater intensities 

of turbulence, the effect of gravit y is neglected. The random 
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acceleration is assumed to be made up of three independent 

components which have Gaussian distributions with equal r.m.s. 

values. In turbulent motion the three components are not in

dependent, and the correlation between them affects the re

sultant probability distribution. In Appendix 3(c) reasons 

are given for supposing the correlation to be negligible for 

the present purpose; then the probability distribution of the 

magnitude of accelerations becomes simply a Rayleigh distri

bution. 

We assign arbitrarily the value 2gE to the r.m.s. linear 

acceleration in each direction. Whenever the acceleration 

happens to have this value, the relative velocity between 

drop s and droplet r is U2, the relative ter.minal velocity 

it would have in a steady gravitational field 2gE, (provided 

turbulence has a suitable spectrum). The acceleration in 

three dimensions, then, has a Rayleigh distribution with an 

r.m.s. value j3.2gE, an although Stokes' Law is not obeyed, 

we assume that the relative speed U(t) has a Rayleigh distri-

bution with r.m.s. j3.U2 • 

The mean equival ent volume sweep ing rate for three-

dimensional turbulence 
\ 

() Il (s, 'f') :: Tf (s+r) '1. Ul. E" 
(6~8) 

where U2 .. relative ter.minal velocity that a drop a and drop
let r would have in a ste~dy field 2gE. 

The need for using U2 instead of U
l 

ia diacuaaed in Appendix 



3(b). The mean erriciency 
(JO 

E. fi = t k ~(kKJ 1>(1<) tolk (6.9) 

where ~:: U2 'Ir/S. 

The probability distribution used is the Rayleigh distribu-

tion 

(6.10) 

It is shown in figure 6.1 as curve Cd). 

The mean erriciency En was calculated for 21 values 

of K2 from 0.5 to 50 and is plotted in figure 6.2; the curve 

lies above those for E and E' everywhere. Moreover, this 

presentation does not do justice to the enhanced coalescing 

power of the new turbulence; for a given s and r, the value 

of K2 is always nearly twice that of KI, giving rise to a 

value of E" several times greater than E'. For s = 30 and 
-1 r .. 10 microns, for example, Ul = 9.6 cm sec and U2 = 

18.6 cm sec-le Then KI:: 4.12 and K2 = 8.0 giving E'· 0.60 

and EU ~ 1~10; the pro duct UIE 1 ,. 5~8 cm sec-1 while 

U2E" = 20~5 cm sec-le 

The mean equivalent volume sweeping rate Q"(s,r) is 

seen in figure 6~8 to be similar in behaviour to QI(s,r} far 

one-dimensional turbulence (figure 6~3) but several times as 

great everywhere. As a result, the process of growth of a 

drop is similar in character (compare figure 6.9 with 6~4) 

but more rapid (compare 6.10 with 6~5); it takes lSiminutes 

for a drop to grow from 17 to 100 microns instead of 42 

minutes. It appears that three-dimensional turbulence of 
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this intensity would be a potent mechanism in a developing 

cumulus. 

The action of this turbulence on the complete water

content distribution (figure 6~11) is to extend it up to 37 

microns in 12 minutes. The result does not resemble a heavy 

cumulus distribution so olosely as figure 6.6: it seems that 

aIl the drops from (originally) 13 to 18 microns made rapid 

progress simultaneously, and exhausted the supply of droplets 

too soon. Perhaps the artificial division into drops that 

grow and droplets that disappear is no longer tolerable. 

When these results are replotted as number distributions, 

they appear to meet the requirements. It is not really 

possible to decide for or against turbulence as the principal 

mechanism for maturing cumulus merely by matching curves. It 

is necessary to know what intensity of turbulence oan 

aotually be expected in clouds; some of the evidence is 

examined in the next section. 
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7. INTENSITY OF TURBULENCE 

7.1 Theo~ of homogeneous turbulence. The present-day 

theory of turbulence arises from the work of G.t. Taylor, 

Kolmogorott, Heisenberg, Batchelor and others, and is present-

ed by Batchelor in his 1953 book. This theory predicts 

that when air is set in motion at a very large Reynolds 

number R, a spec.trum ot eddies results which extends from 

the largest eddies that are produced directly by the outside 

source of energy, down to very small eddies which are dissi-

pated by viscosity. The ratio of the largest to the smallest 

eddy diameters is about R3/4; the eddies which lie between 

the two extremes are said to forro the inertial sub-range, 

and their spectrum (i.e. the curve of energy versus wave

number) always follows a universal law. The intensity de

pends only on the rate at which energy is being absorbed by 

the turbulence, E. 

The Reynolds number R in an active cumulus cloud is 

of order 107 and this is almost certainly sufficient for . 

the inertial sUb-range to have the predicted properties; 

eddy sizes extend from hundred of metres to roughly 1 mm. 

Under these conditions a simple formula of Batchelor (1951) 

is applicable; it is 

(7.1) 



where A2 ~ mean square acceleration 

f : density 

p :: pressure 

v = kinematic viscosity 

E a rate o~ dissipation o~ energy by turbulence, 

and l is a number whose value is not lmown with 

certainty, but is within a ~ew tenths of 1.3. 

Batchelor cites experiments by Simmons and Collis which, 

though very limited in scope, give the ~or.mula some veri~i

c~tion • 

7.2 Estimates of intensity o~ turbulence. Tb ~ind the 

acceleration we have to estimate ~ , the rate o~ absorption 

o~ energy by the turbulence. It is given by 

where 

and 

-

-3/1-
E : ~ A ("",2) 

l Lp 
(7.2) 

u 2 :: mean square veloci ty component in one 
dimension" 

Lp : longitudinal integral scale, 

A is a number which" from Batchelor and 
Townsend's (1948) experiments is about 
1.1. (See Batchelor (1953) ~lg. 6.1.) 

Experimental measurements o~ u2 inside clouds are not 

available, but the results o~ instrumented aircraft ~l~ghts 

have been publishedby Byers and Braham (1949) and by Malkus 

(1954). To make use of them we adopt the "cell" model used 

by Byers and Braham and as sume : 



1. The updrart structure can be identiried with the 
largést eddies. 

2. The updrafts account for most or the mean square 
velocity. 

3. Although the updraft structure is not isotropie, 
the eddies in the inertial sub-range are isotropie, 
and the laws or transfer or energy still apply. 

Braham (1952) gives results or the Thunderstorm Project. 

It was found that the median width for a singly updrart in 

a thunderstorm was 5,000 rt, and the overall width when two 

updrafts were flown through in succession had a median value 

or 11,000 ft. This suggests a periodic updraft structure of 
-1 Ifwavelength" 6,000 ft or 1830 m, a wavenumber Kp = 2 7f /1830 m 

and a longitudinal Integral scale Lp ~ ~"BP -1 = 686 m. (See 

Batchelor (1953) p.l05).The median updraft velocity is 

22 rt sec-l or 6~7 m sec-l, which is taken to be the peak to 

peak variation in updraft along a line: the mean square 

vertical velocity, then, is (6.7)2/8 • The quantity u2 is 

defined as the mean square of one of the components in 

isotropie turbulence; since the updrafts are anisotropie, 

having negligible horizontal components, the mean square 

vertical velocity is taken to equal 3u2 so that ~ = (6.7)~/24 

= 1.87 m2 sec- 2• Table 7.1 lists the resulting valués or 
- Jo. 

t and (A2)2; the turbulent acceleration ia quite negligible 

relative to gravity. 

A detailed study by Malkus (1954) or two ralr-weather 

c1ou~s gave updraft ve10citles of about 3 m sec-1 and widths 

or 500 m. Rere again the ca1culated turbulent acce1eration 
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is negligible. 

Byers and Braham (1949) have published data on gusts. 

From the description these appear to be isotropie eddies 

derived from the updraftsj only the vertical compone~ is 

measured (the t wo horizontal components have properties like 

the vertical), and upward and downward velocities are both 

encountered. Using Median values, 3t gusts per 3,000 ft are 

encountered, and assuming they act alternately upward and 

dow.nward, a wavelength of 1700 ft is obtained, giving 

~ 197 m. The maximum velocity of each run of 3,000 ft 

was read, and the median of aIl runs is 6 ft sec-l or 

1.83 m sec-l, giving u2 :: ~ (l~83)2::: 1~67 m2 sec-2• The 

acceleration, given in Table 7.1, is still considerably 

less than gravity. 

It seems surprising that the sarne series of flights 

can give two values for ~ which differ by a factor 3, sine e 

the whole turbulence theory rests on the belief that ! 

shauld be independent of the size of eddy. However, it is 

quite possible that energy ls supplied not only to the larg

est eddies (updrafts) but also directly to the smaller eddies 

measured as gusts. These smaller eddies are active in en-

training outside air, and when a parcel of dry air is brought 

into cloud-filled air, it will become chilled and sink. A 

multi6ude of such local producers ot kinetic energy would 

make f.. increase with decreasing eddy size. It is the smallest 
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eddies, where ~ will be greater, that contribute most to the 

mean square acceleration A2, so that estimates of E made at 

larger eddy sizes would have to be regarded as lower limite 

for this purpose. 

It is also quite possible that the methods by which 

~ and ~ have been arrived at are themselves erroneous to 

bhis extent. 

7.3 Checks of the estimates. Estimates of turbulent energy 

can be checked in at least three ways for physical realism. 

(1) The rate of absorption of anergy t cannot eKceed the 

availatile rate of suppl y from ther.modynamic sources. 

(2) The pressure fluctuations must be less than atmospheric 

pressure. (3) The intensity must not be sufficient to 

radiate an audible sound. 

Each of these tests sets a maximum value to the in-

tensity, but it turns out that all are satisfied too easily 

to influence the estimated intensity of turbulence, except 

possibly the last. 

7.3.1 Energy supply. Braham (1952) estimates that a sing1~ 

thunderstor.m cell contains 2 x 1011 kg of air, and that dur

ing its lifetime, (say 30 minutes), it is supplied withtther.mal 

energy from the latent heat of 5.3 x 108 kg of water. The 

average rate at which energy is supplied, then, ia 3.3 x 

104 cm2 sec-3 throughout the cell. It ia clear from Table 7.1 

that the 10as of energy by turbulence ls only a small part of 



this rigure, and that the roregoing estimates certainly can

not be contradicted for lack or a surficient energy supply. 

7.3.2 Pressure rluctuations. The absolute pressure cannot 

ever, in any place, become negative and it does not seem 

physically likely that it would approach zero closely. At 

any rate, the theory or turbulence is based, to first order, 

on incompressibility and ir it predicted an r.m.s. pressure 

fluctuation comparable with the mean pressure it would clear-

ly have become inapplicable. 

Batchelor (1951) showed that ror large Reynold numbers 

the mean square pressure fluctuation 

p2 := 0.34 f2(~)2. 

Putting ~ : 10 m2sec-2 as an extreme case, we rind ? = 

3.100 g2 zm-2 sec-4 or an r.m.s. fluctuation of about 

6:2< 10-5 atmospheres. 

7.3.3 Audibility. Clouds have not been observed to radiate 

audible sound by virtue of the motion of the air in them. 

Dr. Heinz Lettau reports (in conversation) from personal ex

perience of flights in rree balloons that it is completely 

silent even in the heart of a cumulus cloud. 

Proudman (1952) has round the energy radiated from de

caying isotropie tunbulence per unit mass 

where 

p:::o< E Nf where M2 = ~/c2 

is a numerical constant 
is the rate of dissipation 
is the r.m.s. Mach number. 



He predicts that the srume result will apply ror non-decaying 

turbulence if , is taken to be the rate at which energy is 

supplied from an external source; ~ will be between 10 and 

100. 

The intensity at a point inside the turbulence due to 

a spherical shell or turbulent air, radius r, th1ckness dr, 

centred on the point 1s 

Ir the cloud is spherical, radius ro, and the observer at the 

centre, the intensity due to the whole cloud is I= ;' ~ 

For an extreme case take M:: 10-2 (so that u2 :: 

Il m2 sec-2 ) and ê:: 104 cm2 sec·3 ror the smal1er eddies. 

Then Plies between 10-5 and 10-4 cm2 sec-3 • If the turbul-

ent region has a radius ro :1 km then the intensity l at the 

centre is 2.4 x 10-4 to 2.4 x 10-3 erg sec-1 cm-2 or 

2.4 x 10.11 to 2.4 x 10-10 watts cm-2• The 1imit of a.udibi1i

ty for a sensitive observer at 1000 c/s ls 10-16 watt cm-2, 

but the spectrum or turbulence does not raanh this rrequency. 

The eddies or highest frequency are of order "7=;>3/4 Ifêl/4 

in length and v"" p1/4 ~/4 in velocity, giving a pulsatance 

.j -1/2 1/2 1 
(.ù = VI",? = ~ € = 424 sec· or 67 c/s. Ir aIl the sound 

were concentrated at this frequency (instead or being spread 

over a band from there donwards), lt could be up to 9 db 

above the threshold intensity of 3 x 10-IL watt cm-2 for an 

average observer. (Steinberg, Montgomery, and Gardner, 1940). 



It is unlikaly, however, that any observer has been in the 

centre of a growing cumulus in favourable conditions of 

audibility at the stage where turbulence has reached a peak 

but precipitation has not yet begun to interfere with ob-

servations. 

It may seern paradoxical that air can have an alter.nat

ing acceleration equal to that in extrernely powerful sound 

wave without producing audible sound. By way of illustration, 

consider a shaft rotating at 6000 r.p.m. in air. It does not 

radiate sound, although a small parcel of air carried round 

by it is perfor.ming a motion which has a horizontal sinus

oidal component at 100 c/s and a peak to peak amplitude 

equal to the diameter of the shaft. The shaft produces a 

shearing movement, while the motion of a lpudspeaker dia-

phragm produces compression an rarefaction; in turbulence 

shear predomina tes. 

To sum up, the available experimental data yields 

values for intensity which are much too small for turbulence 

to play a significant part in coalescence, but the data it

self is not weIl suited to this purpose. 
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Table 7.1 

~ 2 - (/l. 

L~ R i 2A -4 (A2 ) /g 
m2 sec-2 m cm2 sec-3 cm sec E 

Braham (Tnunderstorm Project) 

updr. 1.87 686 5.2 x 107 61.6 4,450 0.068 

gusts 1.67 197 1.4 x 10
7 

181 25,900 0.16 

Mallrus (Trade Cumilllus) 

1 375 44 2,690 0.053 
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8. DISCUSSION 

8.1 Su~vey of mechaniams 

The largest droplets normally found in a falr-weather 

cumulus could grow, under the action of gravit y alone, to 

drizzle-drop size, but it would t ake more than an hour, and 

the whole process of rain formation in cumulus usually takes 

less, sometimes very much less, than one hour. 

Woodcock (1952) has shown that the atmosphere contains 

glant salt nuclei which, in the condition of slight super

saturation in cumulus, might grow to say 30 microns radius 

quite rapidly and then continue to grow by coalescence to 

100 microns. The concentration of such nuclei may weIl be 

low enough that the droplets have escaped detection in the 

samples so far collected in fair-weather cumuli, and yet be 

high ànough to account for the raindrops which they event

ually become. (The total volume of cloud-filled air sampled 

by Weickmann and aufm Kampe in fair-weather cumuli appears 

to have been of the order 10-5 m3 , whi1e the concentration 

of raindrops (even while they still have small terminal 

velocities), and therefore of giant nuclei, would probably 

be not more than 104 per m3 .) On the other hand, these 

"giant /1 droplets would also escape detection in heavy cumul

us clouds; giant nuclei cannot then account for the populat

ions of drop1ets between 20 and 100 microns found in every 

one of the samp1es. It is possible that the drop1ets which 



~or.med ~rom giant nuclei do indeed grow to raindrop size by 

gravity-induced coalescence, but it is obvious ~rom ~igures 

3.4 and 3.5 that gravit y alone would not convert a typical 

~air-weather to a heavy cumulus distribution in a reasonable 

time, and whatever mechanism is responsible for this con

version is also a potent precipitation mechanism. 

The chie~ cause o~ the ~ailureo~ gravit y to induce 

collisions is the lack o~ sufficiently violent encounters. 

The results of section 6 are summarised here in figure 8,1, 

which shows the effect of introducing turbulence. The graph 

takes the form of elapsed time required for a drop to grow 

from any given radius to 100 microns. A turbulent accelerat

ion comparable with gravit y shortens the times (curve TG) 

but not very much; increasing the acceleration by a factor 

2 would bring about sufficiently rapid growth to be a satis

factory precipitation mechanism. With the smaller intensity 

the droplet size distributions change in a manner reasonably 

weIl in accordance with the observations, but rather slowly 

(figures 6.6 and 6.7). For the Increased intenslty the curves 

(figures 6.11 and 6.12) become rather too unrealistic, 

possibly because the artiflclal boundary between drops and 

droplets was at an unsuitable position, but the change is 

certainly rapid enough. 

A turbulent acceleration greater than some critical 

value which lies between 1~7 and 3t times gravit y, then)would 
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provide the precipitation mechanism sought for, but present 

indications are, from measurements of the motions of air

craft, that such accelerations are unlikely to accur. The 

extraction of this result from the data is difficult, and very 

approximate; in particular, median values of gust velocities 

were used, though occasional gust velocities several t1mes 

greater had been measured. Indeed, there may be highly 

turbulent regions in a ;growing cumulus which were missed 

altogether by the aircraft. (Another possibility was ment

ioned in section 7.2.) C1early, further, more suitable ex

perimental data are required before reaching a final verdlct, 

but for the present turbulence cou1d only be accepted as an 

explanation if no alternative presented itse1f. 

The cloud is convective, and in the ascending parts of 

it aIl the droplets grow by condensation. They then become 

suitable material for drops to feed on by coalescence. 

Figure 8.2 gives the life-history of a parcel of air inside 

a "bubble" (the element of convection described by Scorer 

and Ludlam, 1953). The bubble ascends, the drop1et radli 

increasing continually (solid curves). The top surface of 

the bubble has been worn away during the journey, until the 

parcel under consideration ls also dragged off and forms 

part of the "wake". It lies at a more or less constant 

height, while gravit y gets to work on the droplets. In the 

next ten minutes the distribution changes to something rather 
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like a heavy cumulus (dotted curves), the largest droplets 

having reached 50 microns. 

The mechanism Just outlined would have the embryo ra in-

drops populating the wake left by rising bubbles. The wake 

would give the "first echo" observed on weather radars, which 

Battan (1953) found was always a vertical streak a few thous

and feet deep. 

Such a mechanism is not inconsistent with the alter

native model of an updraft with entrainment. The shear 

between the updraft and the environment is too great for a 

laminar flow to be maintained; turbulent interchange between 

the updraft and the surrounding cloud takes place. The parc

elascends in the core of the updraft, but at some chanse 

moment, it is replaced by air from the surrounding cloud. 

The parcel is ejected from the core, and, as before, gravit y 

rapidly brings about coalescence. (Without entrainment, 

conditions wouldnot be so suitable; even a t a moderately 

low velocity like 3 m sec-l, condensation acts too fast for 

gravit y to control the drop size distribution, according to 

figures 5~5 and 5~6.) 

8.2 Experimental verification 

Experimental confirmation of these findings requires a 

means of detecting and tracking portions of cloud which cont

ain populations of large cloud drops (of the order 40 microns 



radius). Radar is an excellent tool ror this purpose since 

the response depends on the sixth power or radius. The 

rirst radar echoes in a precipitation-ror.ming cumulus should 

be round close to the most rapidly ascendingpart or the 

cloud, at a level where the liquid water content has reached 

a surriciently high value ror a rapid maturing or the drop

size distribution. The echo appears at that level rirst, 

because lower down, although the cloud arrived there earlier, 

the water content is low and the drops grow slowly and have 

not yet reached detectabilityj higher up, the cloud hasnot 

yet arrived, or has arrived too recently. 

A crucial test, then, would be to determine, rrom the 

atmospheric sounding ror the day, the water content in the 

cloud at the rirst radar echo. This value or water content 

should be roughly independent or the properties or the air 

mass or or geographical ractors. The work or section 3 

above leads one to expect that this "rirst echo . water cont

ent" would certainly be greater than l g m,",3, and it would 

not be very dirrerent rrom 4 g m-3 ir rigure 8.2 correctly 

describes the process. 

Battan (1953) has already pointed out a signiricant 

coincidence between two sets or experimental results. The 

average height of the top or the first echo above the clpud 

base in Ohio thunderstor.ms was 10,500 ~. and in New Mexico 

9,500 rt., despite wide differences in cloud temperature and 



altitude. Taking the Mean sounding for the atmosphere in 

Ohio at the time of the radar observations (Byers and Braham 

1949), we find that a parcel which started at the condensation 

level and ascended a vertical distance of 10,500 on the 

saturated adiabat, would contain 6 g m-3 of liquid water. 

The corresponding atmosphering sounding for New Mexico ls not 

available at the time of writing. We would expect to arrive 

at roughly the srume figure whenever and wherever this method 

is applied. It does not necessarily follow, however, that 

this is the actual liquid water content at that level. If 

bubbles were to ascend without interruption right from the 

cloud base, th en the air contained in them would follow the 

saturated adiabat. In Scorer and Ludlrumfs model, however, 

those bubbles which re~ch the higher levels are for.med part

way up the cloud from the diluted wakes of bubbles which 

have expired, so that at the higher levels the bubbles'must 

have a smaller water content than a truly adiabatic ascent 

would give. Alternatively, on the "updraft lt view, entrain

ment of environmental air reduces the water content to rough

ly 70% of the truly adiab~tic value. On either view the 

water content at the first echo in Battants analysis (aver

aged over aIl occurrences) must have been in the neighbour

hood of 4 g m-3 instead of 6 g m-3; the experimental figure 

th en shows good agreement with the proposed mechanism within 

the uncertainty of both. 
i 
1 

~ 



I~ ~urther experimental work co~ir.ms the condensation-

gravit y mechanism, it should be possible to ~orecast, by ex

amining an upper-air sounding, not only whether cumulus will 

~or.m, but whether rain will ~all. The method consists simply 

o~ examining the T-" diagram to · see whether a parcel, start

ing at the cloud base and ascending an entrained saturated 

adiabat, would rise to a su~~icient height before losing 

buoyancy for the liquid water content to exceed a critical 

value WI • The experimental re·sul ts will have determined 

WI , which appears at present to have a value of about 

4 g m-3 • 



9. SUMMARY AND CONCLUSIONS 

From the observed properties of precipitating and non

precipitating cum~lus clouds, the ~ollowing evidence about 

the precipitation-~orming process emerges:-

1. Rain ~rom warm clo~ds shows that glaciation is not 

the only precipitation mechanism. 

2. The impression gained, that the onset o~ precipit

ation is more closely related to, say, height above clo~d 

base or to water content than to temperat~re, suggests that 

glaciation may not even be an important mechanism in most 

cases. 

3. Liquid water content increases as the cloud matures. 

There m~st be continued condensation from the vapo~r. 

4. TOtal droplet pop~lation decreases as the cloud 

mat~res. Coalescence must be taking place. 

5. The droplet-size distribution changes radically, 

~rom one lying entirely below about 18 microns radi~s, to 

one extending up to lOO microns or more. An appreciable 

~raction o~ the droplets m~st be growing quite rapidly. 

The untested assumption was made that Langmuir's collis

ion theory can be applied even wh en the two colliding part

icles are similar in size, and that collision always leads 

to coalescence. A long series of approximate calculations 

then showed:-

6. Gravit y, which is always present, prod~ces coalescence, 



but several times too slowly to account .for pbserved be

haviour. 

7. Naturally-occurring electric charges Gn the drop

lets are too small to a.ffect the amount of coalescence 

appreciably. 

8. Giant salt nuclei might account for precipitation 

but cannot produce the observed change in distribution. 

Some other drop-growing mechanism is at work. 

9. Turbulent motion of the cloud-filled air might 

reasonably account for the observations if its r.m.s. 

acceleration were about 3 times gravity. 

10. Measurements of turbulence in clouds suitable for 

assessing the likelihood of 9. are lacking, but calculations 

'. based on the available data indicate that the acce· .ation is 

at least mne order smaller than the required amount. 

Il. Continued condensation assists the coalescing 

action of gravit y by enlarging the droplets and so making 

it easier for growing drops to catch them. 

(a) In the core of a moderate or vigorous steady 

updraft, however, condensation would outweigh 

gravit y, producing a droplet size distribution 

at variance with the observations. 

(b) It is possible to account satisfactorily for 

the changes in distribution and the observed 

speed of grovrth, by supposing that some part 

of the cloud is first subjected to condens-



ation unti1 it reaches a critical water cont-

ènt, and is then allowed to mature under 

gravit y without further ascent (See figure 8.2~. 

Conditions outlined in ll(b) above would be found in 

the wake of a "bubble" in Scorer and Ludlam's (1953) model 
" 

for the structure of cumulus. The acceptance of ll(b), how-

ever, doesnot exclude the older model of updraft if the forc-

es of entrainment are considered to act auitably. 

12. The critical water content mentioned in ll(b) 

should be independent of temperature, latitude etc. to first 

order. 

13. The calculations indicated that the critical water 
-3 content would not be very different from 4 g m 

14. The level at which the critical water content is 

reached is also the level at which first radar echoes are 

seen. Battan's (1952) analysis of Ohio thunderstorms then 

show that the critical water content is about 4 g m-3 • 

It may be that the giant nuclei discussed by Ludlam 

(1951) and by Woodcock (1952) grow to ralndrop size ahead of 

the larger population of growing cloud drops, but conditions 

favourab1e to the one favour the other process, so that rain 

from convective c10uds usua1ly originates from both causes. 

The presence of giant nuclei might, however, depress the 

critical water content to some extent. 

If the condensation-gravit y mechanism can account for 



precipitation trom warm clouds, it may weIl be the main 

precipitation mechanism in Most, and an important mechanism 

in aIl, convective clouds. 
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APPENDIX 1 

Method of calculation for coalescence 

The technique by which the result of coalescence pro

cesses was computed will be described, using as illustration 

the action of gravit y on idealised fair-weather (I.F. cloud). 

The technique was modified as required in other cases. 

(a) Single drop 

The droplet size distribution of the cloud was broken 

up into 8 classes ande ach class considered to be monodis

perse, as shown in figure Al.l. (The water contents in 

these classes are listed in Table Al.l). The behaviour of 

a drop of radius s in a cloud consisting of one of these 

classes was calculated in the fOllowing steps: 

1. Calculate the terminal velocities of droplets r 

(equation 3.1) and of drop s (see appendix 3(b) for a steady 

gravitational field gE ~ 980 cm sec-le (For three-dimensional 

turbulence use gravitational field 2gE). 

2. Obtain the relative velocity bètween the drop s 

and a droplet r by subtraction, Ul ~ Vs - vr • 

3. Calculate KI = Ul "t'ris. 

4. Look up E from figure 6.2. 

5. Calculate the equivalent volume sweeping rate of 

the drop by sliderule from the equation 

(Al.l) 
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it is plotted in figure 3.1. (To get mean sweeping rates 

for turbulence, use E' or EU). 

6. Nultiply by the water content w'" of the class K , 

to obtain the amount of water acquired per second by the 

drop from that class 

(Al.2) 

7. The total rate of collecting water is obtained by 

addition. 

(Al.3) 

This process was carried out for about 14 values of s 

from 15 to 100 microns. The values were converted to mass 

versus time by nÙMerical integration. It takes time ~~= 

Àmi for the drop to increase in mass by.6ms if the inter
dIns dt 
val Ams includes the value of ms for which dms/dt has been 

computed. By sunnning the ~'s and converting from drop ms 

to radius s, the curve in figure 3.3 was obtained. 

(b) Drop-size distributions 

To follow the development of the drop-size distribution 

the original idealised fair-weather distribution was divided 

into two parts; the larger particles are called drops, whose 

radii are s, and the small particles are droplets, radii r. 

Figure Al.2 shows the 5 classes of drops ~ and the 5 classes 

of droplets t'. into which the distribution is concentrated. 

The boundary between drops and droplets is taken at 13 microns 
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water content distribution in figurJ 2.3 is r eplaced by 10 
monodisperse classes; a pillar haJ area proportional to t~e' 
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the droplets and the upper five the drops. (See table Al.2) 
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radius. (Table Al.2 lists the w~ter contents in these classes. 

It is assumed that only collisions between a drop (s.> 13) and 

a droplet (r -<13) occur, and that when a collision does take 

place the drop increases in size and the droplet loses its 

identity. Collisions between drops, or between droplets are 

assumed never to occur. This artificial restriction reduces 

the calculated amount of coalescence, but not, it is believ

ed, enough to prevent the making of valid deductions from the 

results. 

There are 25 combinations of the 5 drop and 5 droplet 

classes and for Most of them collisions are possible between 

drops in class'; and droplets in class «. As far as the 

drops in a certain class V are concerned, collisions with 

droplets result in an increase in radius and in mass without 

change in number; the pillars marked 1/ on figure Al. 2 be

come taller and the corresponding radii Sv increase. The 

droplets, however, can only suffer annihilation so the 

pillars marked K decrease in height but the radii 'lf"" are 

unchanged. 

At each stage of a calculation of modification of drop 

size distribution, a table is prepared with 25 squares. 

Along the top are the radii Sv and the concentration nv 

o~ drops in each of the 5 drop classes at the beginning of a 

t1me interval -1l t. Dovm the left-hand side are the water 

contents w~ot the 5 droplet classes and other data. Each 



of the 25 squares contains entries relating to the transfer 

of water by collisions from one particular droplet class to 

one particular drop class. 

The relevant equations in each square are 

t~ .. -ur" b( 1 ( ~y Ir,,) (Al.4 ) 

giving the gain in mass of a single drop in class v due to 

collisions with class K , and 

giving the transfer of water from class ~ to class V 

whole. 

The steps are: 

as a 

1. Read off the quantities Q(s,r) from an expanded 

version of figure 3.1, entering them in the upper left corner 

of each square of the "table. 

2. Multiply along each row by w~ , entering results 

at right of each square. 

3. Add down each column, to obtain the growth rate for 

a single drop in olass li , 

(Al.6) 

4. Mul tiply down each column by n'Y' entering resul ts 

at lower left of each square. 

5. Add along each row, to obtain rate of loss of water 

from a droplet class K. 



(Al.7) 

A suitable time interval Dt is chosen, and the follow-

ing equations applied at the bottom of the table: 

~~v ~ (olW\vlolt-) 6~ 

~ .:, ;:;. '.M 11 -r A 'W\.1I 

s~ z C'+rr:/3)-tfJ w.,J 1(3 

where the primes signify the new values at the end 

interval l\ t. These values are transferred to the 

the next table. 

At the right-hand side of the table, 

6v" ~ ( d.-wj(.1 J,t) Af:-

-<.J j(. 1:. ~ /4 + D.1.J'" 

These values are transferred to the left-hand side 

of the 

top of 

of the 

next table. A new table is prepa~ed for each time interval 

~t. Arithmetical checks are made by totalling in various 

ways. 



TABLE A 1.1 

ldealised fair-weather (I.F.) water content distribution, 

as used in calculations of growth of a large cloud drop 

by coalescence. (See figure Al.l) 

Putative 
class 
boundar1es 

(microns) 

3 

5 

7 

9 

11 

13 . 

15 

17 

18 

Glass 
radius 

Y'" 
(microns) 

4 

6 

8 

10 

12 

14 

16 

18 

Glass 
water 
content 

-<.JI<. 

(mg m-3 ) 

17.3 

133 

240 

242 

176 

110 

61 

19 



TABLE A 1.2 

Idea1ised F.air-weather (I.F.) water content distribution, 

as used in ca1cu1ations of modification of distribution by 

coalescence. (See figure A1.2) 

Putative 
q1ass 
boundaries 

(microns) 

Drop1ets 

3 

5 

7 

9 

Il 

13 

Drops 

13 

14 

15 

16 

17 

18 

C1ass 
radius 

~ 
(microns) 

4 

6 

8 

10 

12 

'l"11 

13.5 

14.5 

15.5 

16.5 

17.5 

C1ass 
water 
content 

17.3 

133 

240 

242 

176 

.{.&l'v 

63.2 

47.6 

35.5 

26.3 

19.0 
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APPENDIX 2 

Calculations on the condensation process 

The rate at which a s~ngle droplet increases its mass 

wher. water vapour is being condensed is given by equation 

(5.6) as follows 

~ ""V' Y" ol \,J 
--;Œ & î; 0U"- (A2.1) 

I 

where ~ is the mass of the droplet 

r is its radius 
3 2 r is the sum of the radii of aIl the droplets per m 

1 

W is the liquid water content per m3 

For purposes of computation, we consider the distribution 

figure Al.2 which consists of ten monodisperse classes of 

droplets. Multiplying equation (A2.1) by n k ' the number 

of droplets per m3 in class ~)gives 

of 

(A2.2) 

or, in finite 

(A2.3) 

where .J:j W k content of class K in 

a time ~t, /:j W is the increase in water content of the 

cloud in the same time. 

The working quantity in the computation is wK , the 

water content of the class K. 



'd 1 

Now 

so (A2.4 ) 

were computed first, so 

that they were available for converting wK into n~r~ by 

slide rule for each class at each stage of the computation. 

Starting from a table of wK versus K , totalling W, 

each stage comprised the following steps:-

1. Convert each w /<l.. into nI<. rK 

2. Add the column to obtain nI< rfC. 

3. Select a suitable value of A W. 

4. Use equation (A2.3) to find the values of ôwkfor 

each class. Total the column to check that ~Wl< 

gives AW. 

5. In 'each class, add 6w/( to the old value of w( 

to obtain a new class water content w~, say. 

Tot& the column to check that the new total water 

content W' .,. W-t-lWI. 

Figure A2.1 shows w~ plotted against K after each 

new increment AW. The value of total water content W is 

marked fo~ each stage. 

The choice of increments A W is a compromise. Larger 

values of ta W speed the work. On the other hand, the factors 

n "" ri rn" r,<- are used for the whole of an interval ~ W where-

as they are correct only at the beginning of it, and the 

longer the interval the greater the resulting error. From 1 
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Figure A2.1 Effect of condensation on droplet classes. 
The lowest polygon shO!s the heights of the pillars in 
figure Al.2 (W ~ l g m- ). The other polygons show the 
heights of the pillars after each step in the calcul~tions; 
the water contents are W el.25~.6'2, 2.5, 4 and 6 g m- • 
Some of themwere converted to curves of water content per 
micron radius interval and are shown in figures 5.2 and 
5.4 (8.2). 



1 0 .3 

to 2.5 g m-3 W was increased by about 25% each time • 

The e~~ect o~ the size o~ Increment can be judged ~rom 

the ~act that ~or the smallest droplets n K Win k rI( actually 

increased by l6~% ~rom W : 1 g m-3 to 1.25 g m-3 , while ~or 

the largest droplets it decreased by 8~%. This means that 

the computed increase in w~ ~or the smaller droplets is not 

large enough, and ~or the larger droplets is too large. In 

~act, it shows that a more exact calculation would make the 

trends shown in ~igure A2.l more pronounced still. 

As W increased, this error diminished so that a~ter 

2.5 g m-3 ,- ~ W was made about 60% o~ W each time. 

Figure A2.l shows w'" versus 1<', the water content o~ 

~ class versus its original radius, but ~or comparison with 

experimentally determined distributions we require w(r) vers-

us r, that is water content per micron radius interval versus 

the current radius. To obtain such a distribution correspond

ing to one of the stages shown in figure 5.2, the actual 

values o~ r must be computed, which are best obtained from 

the nI; rI< 's during step 1 above. Then w(r);::: w K / ~r" where 

~r~ is the width o~ the class in microns, obtained by differ

encing the radii r K • The results at selected values o~ W are 

shown in figure 5.2. In the nature of dif~erences, the~rl< 's 

showed up the limited accuracy o~ the computations more than 

the other quantities; as a result the calculated values of 

w(r) are actually scattered about the smooth curves shown in 

~igure 5.2 but lie within about 5% o~ them. 
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APPENDIX 3 

Approximations in the turbulence theor~ 

(a) Freguenc~ spectrum of turbulence 

It was shown in the M. Sc. Thesis that 

(A3.l) 

provided the frequency spectrum of the turbulent velocity 

satisfied the condition that above a frequency (VH/2rr the 

energy should fall off rapidly, and that at this frequency 

The Reynolds number R in cumulus clouds is high enough that 

the inertial sub-range can be assumed to exist (the termin

ology and notation are those of Batchelor (1953)). Then the 

wavenumber spectrum falls off as ~5/3 up to a wavenumber 

'l'Y) , above which it falls off as K- 7 or some steeper law. 

Rere 1)1:: v 3
(q L -I/tt, The frequency spectrum is closely related 

and also falls off rapidly above an angular frequency v/"1 ' 

where-v:-lvVlfE,'/'fldentifying this angular frequency as Wt+J 

W - -V 'l'f & t(If -fit I(t 
H~ -t/ g () 

v3/tft:-111f A3.3 

putting v= 0.180 cm2sec-1 and ~= 104cm2sec-3 (the "extreme case" 

of section 7.3.3) we find -1 
~~=236 sec • Then WH 7'.1' = 1 for 

s ;:' 45 microns. Sma11er values of t:. lead to slightly higher 

values of s. 

It appears, then, that equation (A3.l) is valid for 

present purposes unti1 s approaches 45 microns; after that 



U is less than (A3.l) would show. Modifications of droplet 

size distributions (figures 6.6, 6.7, 6.11 and 6.12) are not 

serioualy affected but curves of drop growth (figures 6.5, 

6.10 and 8.1) indicate too rapid a growth after say 30 

microns. 

(b) Departure from Stokes' Law 

The drag force D on a aphere, radius s, mass ms, density 

f s, moving with velocity Vs through a fluid of density f and 

viscosity~, is 

(A3.4) 

Where the drag coefficient CD is a function of R, the Reyn

olds number. Define a factor r such that ~ ~ Zif/( Cf R) 

Then 
]):: ~ SlV/,. 2.lf - ':. b1T, s'Vs -.t.v-~ 'f'J).(A3 5) 

2 Zcp f.s~,., d) :.s- c • 
T c:nr't(J" 

Assuming the drag force D ~ msA(t) (which depends on the 

spectrum of turbulence) then 

(A3.6) 

where 

In this expression; ~s Is constant, but ~ Is .a func~ion 

of the Reynolds number R, and therefore of Vs and of A(t); it 

ia plotted in figure A3.1, where the horizontal coordinate is 

drag force, which for flxed m ia proportion to A(t). 

To find the effect of r on the Mean efficiency Er, we 

shall neglect the droplet velocity and suppose that the relat-

ive velocity equals the drop velocity. Consider a fixed accel

eration Ao (for the present quite arm1trary), let the steady 
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velocity Uo = 1'
0
7.1' Ao ,and let the corresponding Langmuir para-

meter be ~o = (Jo '1'.,./5 Now put reduced acceleration ao; A(+) /Ro 

A(t)Ao and reduced parameter k"= k./I<o = Cf' A 1 <FD Ao ~ a..C(/<f. 

Notice that k = U/Uo ' 

Substituting in equation (6.1) we obtain, for the Mean 

equivalent swept volume per unit time 

Q ((S,. V') :t if (S+V)1 J: OP U E (K) 'P(v) "'U 

:: ~(S+V')l Uo J.414 

k ë (14#<0) P(k)dl< (A3. 7) 

If tf were constant with time we should have l' ~ ,. , k = a, 

and P(k)dk = P(a)da. The approximation consists in putting 

P(k)dk: = P(a)da regardless; the integrand th en has the 

correct value only when l' = r. 
The factor f is plotted in figure A3.1 against drag 

force. The drag force is proportional to the acceleration 

A(t); wh en A(t) is below Ao, r is greater than 10 , and 

vice versa. 

The exact integral can be written 

The 
L~ è\ ~ • E. (Ct ~~o). P(~) J.~ 

approximation consists inusing instead the integral 

foOfl ~. E (Q. «o) . P (.,.Jcl~ 
The integrand has the correct value when A(t) "; AC, 

so that 0/" fo· When A(t) <. Ao, cr > ra and the integrand in the 

approximate integral is too large; when A (t) ~ Ac, <f~ 1'0 and 

the integrand is too small. The errors to sorne extent cancel 

if Ac is not at either extreme of the values of A(t). It was 

most convenient to make Ac = gE, l'br. one-dimensional tu~bul-



, 0 tg' 

ence with gravit y, since Uo and KQ th en become Ul and El, 
the values for gravit y alone which had already beencal

culated for section 3. For three-dimensional turbulence, 

~ lies rather low in the distribution of A, and so the 

value Ao :: 2gE was used; Uo and KO in this c§se have the 

values Ug and K2. 
(c) Correlation in three-dimensional turbulence 

The equation of motion for an incampressible fluid 

makes the three components of motion interdependent, so that 

strictly the probability distribution of speed cannot be ob-

tained by combining three linear velocities, without taking 

into account correlation between the components. Indeed, 

the description of turbulent motion as being made up of 

eddies, leads one to picture a series of circular vortices, 

in which the linear components are highly correlated. 

However, Batchelor (1953), in section 6.1, finds that 

the scale life-time of the energy-containing eddies 

--r. AA. ~ :: ..L ~ 
E.'':: 1 ~~)Irkl A« (A3.8) 

where u2 :: mean square velocity 

i = characteristic length of energetic eddies 

A ~ a number (= 1.1 according to Batchelor's (1953) fig. 
6.1) 

Cons:tder the eddies to have a predominant radius rp, diameter 

2rp,. and to be packed in such a way that their characteristic 

wavelength i3 4rp • The predominant wave-number ü 2 flf "'p ~ 7T" "'p' 



and the longitudinal integral scale is (Batchelor 1953 eq. 

(6.12) ) 

(A3.9) 

Assuming that Lp is a suitable substitute for ~ , the scale 

time 

(A3.l0) 

where ltp is the angûlar velocity of the eddy. 

Theenergy of the eddy decays 1 neper in time ~e' in 

which time it goes through 3/2A radians, or 950 • If Lp is 

too large an estlmate for ,e (as seems to be the case) the 

angle is proportimnately reduced. Further, the major con-

tribut ion to the acceleration comes from the smallest eddies 

in the inertial sub-range; their life-times are even less 

than the formula for ~e indicates, because of ViSCOU8 

dissipation, so the correlation should again be decreased. 

Panofsky and McCormick (1954) made extensive measure-

ments of atmospheric t~bulence 100 m above the ground. 

They found that the coherence (i.e. correlation coefficient 

between horizontal and vertical cOmPonents for a particular 

reglon of the spectrum) falls below 0.10 for frequencies 

above 3 c/s. It seems best (and it is certainly simplest) 

to neg1ect correlation altogether in deriving P(k) for 

three-dimensional turbulence. 


