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The finite element method has been used to determine 

'the na~ural frequencies and modal shape~ of plane structures 

such as be~, grids, 'trusses and frames. A co~puter pro gram 
, 

has been written for this purpose. The members of the structure 

may be of non-uniform cross-~ection and va~ing properties. 

Several examples are given to show comparison with'results 

obtained experimental1y and using other methods. 
" , 

A numerical method of determining the regions of 

c1ynamic instability of a'coiumn subjected to pericdic'axial 

force and periodic support motion has been deve1oped. The 

column is idea1ized as consisting of massless springs and 

'lumped masses. Comparison wit~ known results and with 
. 

experimehtal Work, which was carried out as a part of the 

investigation is presented. , 

An experimental investigation of the dynamic ihsta-
• 

bility of a six storey portal frame is ret>orted. Thé' ana1ytical 

solution of the problem was attempted by the continuum method 
'. 

and the results obtained are presented. 
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La méthode des éléments finis a été utilisée afin de déterminer 

les fréquences et les mouvements propres de structures planes telles 

que poutres, treilles et cadres rigides. 

Un programme pour calcutrice électronique a été développé.à 

cette fin. Les membrures de la structure peuvent être de seçtions 

et. propriétés variables. 

Plusieurs examples sont traités; leurs résultats sont comparés 

avec des valeurs expérimentales ou obtenues par d'autres méthodes. 

Une méthode numérique pour la détermination des domaines 

d'instabilité dynamique d'une colonne soumise à une charge et à 

. un déplacement d'appui axiaux et périodiques a été développée. 

La colonne est idéalisée par une série de masses concentrées, 

'et de ressorts de masse nulle. 

,. ,. 
Les.resultats sont compares avec des valeurs connués ou 

expérimentales, obtenues dans le cadre du présent travail. 

L'étude expérimentale de l'instabilité dynamique d'un· cadre 

rigide de six étages est incluse. 

Une solution analytique de ce probleme fut tentée en remplacant 
. 

le portique par un milieu continu équivalent, et les resultats 

,. ,. 
obtenus sont presentes. 
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ABSTRACT 

The finite e1ement method has been used to determine 

the natural frequencies and modal shapes of plane structures 

such as beams, grids, trusses and frames. A computer pro gram 

has been written for this purpose. The members· of the structure 

may be of non-uniform cross-section and varying properties. 

Several examp1es are given to show comparison with results 

obtained experimenta1ly and using other methods. 

A numerica1 method of determining the regions of 

dynamic instability of a co1umn subjected to periodic axial 

force and periodic support motion has been developed. The 

column is idealized as consisting of mass1ess springs and 

lumped masses. Comparison with known resu1ts and with 

experimenta1 work, which was carried out as a part of the 

investigation is presented. 

An experimenta1 investigation of the dynamic insta-

bility of a six storey portal frame is reported. The analytical 

solution of the prob1em was attempted ~ the continuum method 

and the resu1ts obtained are presented. 



ii 

ACKNOWLEDGEMENTS 

The work presented in this thesis was carried out 

under the direction of Professor L.G. Jaeger to whom the author 

is greatly indebted for his constant encouragement and assistance. 

The author would also like to express his thanks to 

the following persons: 

Professor C. Turkstra and Dr. A.A. 'Mufti, J.C. Mamet 

and A.Q. Khan whose discussions and helpful suggestions were 

greatly appreciated; 

Professor B. Gersovitz and Mr. W. Hillgartner for 

their assistance and advice in the filming of the movie of the 

instability modes; 

B. Cockayne, T. Bowen and the other technicians for 

their help in the laboratory. 



Chapter 

l 

CONTENTS 

ABSTRACT 

ACKNOWLEDGEMENTS 

CONTENTS 

ILLUSTRATIONS 

SYMBOLS 

Introduction 

II Natural Frequencies of Plane Structures 

by a Finite Element Method 

III parametric Instabilities of Columns 

IV Experimental Investigation of parametric 

Instability of Columns 

V Experimental Investigation of parametric 

Instability of Portal Frames 

VI parametric Instability of Portal Frames 

VII Conclusions and Suggestions for Further 

Researèh 

REFERENCES 

iii 

Page 

i 

ii 

iii 

v 

ix 

1 

15 

52 

86 

98 

112 

127 

129 



1 

1 

APPENDICES 

A Some properties of the Mathieu 

Equation 

B Ga1erkin's Method 

C program to find the Natura1 Frequencies 

of Plane Frames and Grids 

D programs for the parametric Instabi1ity 

of Co1umns 

------ ---------- ---

Page 

134 

140 

143 

159 

iv 



t 

, 

Figure 

1.1 

1.2 

1.3 

ILLUSTRATIONS 

Column subjected to horizontal base motion 

column subjected to.vertical support motion 

Column subjected to periodic axial load 

1.4 Stable and unstable regions of the Mathieu 

equation 

1.5 Schematic diagram of Utida and Sezawals 

experiment 

1.6 

2.1 

2.2 

2.3 

2.4 (a) 

2.4 (b) 

2.5 

2.6 

2.7 

2.8 

2.9 

2.10 

Schematic diagram of Bolotin's experiment 

A triangular element in plane stress 

Beam element in member coordinate axes 

Bearn element in global coordinate axes 

Grid element in member coordinate axes 

Grid element in global coordinate axes 

Bishop and Johnsonls frames 

Rieger and Mccallion's frames 

Cheng's plane truss 

Ziedan's 3-girder and 4-girder grids 

Finite element idealisations for Bishop and 

Johnsonls frames 

Finite element idealisations for Rieger and 

MCCallion's frames 

v 

Page 

3 

3 

5 

5 

10 

10 

20 

27 

27 

31 

31 

36 

37 

38 

39 

40 

41 



t 

1 

Figure 

2.11 Finite e1ement idea1isations for Cheng's 

truss 

2.12 Finite e1ement idea1isations for Ziedan's 

2.13 (a) 

2.13 (b) 

2.13 (c) 

2.13 (d) 

2.13 (e) 

2.13 (f) 

3.1 

grids 

First modal shape 

Second modal shape 

Third modal shape 

Fourth mOdal shape 

Fifth modal shape 

Sixth modal shape 

Regions of instabi1ity and stabi1ity 

3.2 Co1umn subjected to periodica11y f1uctuating 

compressive force 

3.3 Co1umn subjected to periodica11y varying 

vertical support motion 

3.4 

3.5 

3.6 

3.7 

3.8 

Idealisation for co1umn sirnp1y supported 

at both ends 

Free body diagram of the i-th 1ink 

Instabi1ity diagram for co1umn pinned at 

both ends 

Co1umn idea1izations for cases B and C 

Instabi1ity diagram for cantilever co1umn 

vi 

Page 

42 

43 

45 

45 

46 

46 

47 

47 

57 

59 

59 

62 

62 

66 

68 

71 



t· 
Figure 

3.9 

3.10 

3.11 

Stepwise variation of axial force 

Free body diagram of n-th link 

Free body diagram of n-th and (n-l)th links 

vii 

Page 

73 

74 

74 

3.12 Region of instability for a cantilever 

column subjected to periodic base motion 

(first mode) 79 

80 3.13 

3.14 

4.1 

4.2 

4.3 

4.4 

4.5 

5.1 

5.2 (a) 

5.2 (b) 

5.3 (a) 

5.3 (b) 

5.3 (c) 

Column subdivision for case C 

Region of instability for a cantilever 

column subjected to periodic base motion 

(second mode) 85 

cantilever column mounted on shaker 87 

Schematic diagram of the experimental set-up 88 

First mode instability 94 

Second mode instability 94 

Third mode instability 95 

Six storey portal frame 99 

Experimental set-up 101 

Experimental set-up 102 

Instability modes of portal frame (first mode) 104 

Instability modes of portal frame (second 

mode) 104 

Instability modes of portal frame (third mode) 105 



viii 

1- -
Figure 

Page 

5.3 (d) Instability modes of portal frame (fourth 

mode) 105 

5.4 Principal instability region for first mode 106 

5.5 Principal instability region for second mode 107 

5.6 principal instability region for third mode 108 

6.1 Multi-storey portal frame 113 

6.2 Bending moment diagram for strip of medium 114 

6.3 Forces on an element of the column 116 

6.4 Comparison of deflection by continuum and 

1 finite element methods 119 

6.5 Forces on an element of the column 122 

--- ------_._---------



ix 

SYMBOLS 

Unless otherwise defined, the following symbols are used. 

a length of link 

a coefficient of Fourier series 

A cross-sectional area 

b breadth 

-
b coefficient of Fourier series 

B strain matrix 

C amplitude of support motion 

<;C, Cy direction cosines 

1 d - displacement vector 

D - elasticity matrix 

e strain 

eo initial strain 

E Young's"modulus of elasticity 

F force 

G shear modulus 
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k element of stiffness·matrix 

K spring stiffness, overall stiffness matrix 

L length 

m element of mass matrix -
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compressive force. 
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CRAnER l 

INTRODUCTION 

1.1. General Review 

Earthquakes occur in various parts of the World 

and occasionally they cause considerable damage to life and 

property. In order to build economic and attractive structures 

which are resistant to earthquake effects engineers and 

scientists have been studying their causes and behaviour. 

'From records of ground motion it has been observed that 

du ring an earthquake the principal component is in the 
(1) 

horizontal direction On this basis in the design of 

structures subjected to seismic loading the vertical 

acceleration is usually ignored or else its effect is 

combined with that of the horizontal acceleration in an 

arbitrary manner. Very little is known about the response 

of structures when subjected to fluctu~ting vertical base 

motion. Therefore, before one can attempt to study the 

response of the structure to the combined effects of 

horizontal and vertical motions it is necessary to first 

resolve the problem of vertical motion. The first step in 

attacking the problem of seismic vibrations, which are of 

a random nature, is to seek solutions for cases of periodic 

support motion. Even with this simplifying assumption it 
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will be observed that the for.mulationand solution of the 

problem is difficult. It is hoped that this work will 

help "in the study of the response of structures to random 

fluctuating base mOtion. 

The differential equations of motion of structures 

subjected to periodic horizontal support motion have constant 
(2) 

coefficients consider the structure shown in Figure 1.1 

and let the support motion be Ys (t). The equations of motion 

write as:-

. . . . . . . . . 

. . . 

m y + k (YI-Y) + k 2 (y -y ) + • ." • k (y -y ) = 0 n n nI s n 2 s nn n s 

Le. " .. 
ml Yl + kllYl + kl~2 + ••••• + klnYn = fI (k)ys 

. . . . 
. . . . 
. . 
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Figure 1.1: Column subject~d to horizontal base motion. 

1 

Figure 1.2: Column subjected to vertical sUpport motion. 
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where k .. are the stiffness coefficients and represent 
l.) 

the force at station i due to a unit displacement at 

station j, the dots indicate differentiation w.r.t. time. 

In matrix form the above equations may be written 

as:-

(l.l) 

Equations 1.1 are second order linear differ-

ential equations with constant coefficients. 

By contrast, if the cantilever column of Figure 

1.2 is subjected to fluctuating verticai support motion 

then vertical accelerations are present and this causes 

the axial force in the cantilever to vary with timei the 

effective column stiffnesses are no longer constant but 

become functions of time. The resulting differential 

equations have varying coefficients. If the vertical 

support motion is periodic, the differential equation will 

also have periodic coefficients. Such differential 
(3) 

equations are termed Mathieu-Bill equations and are 

encountered in various areas of physics, engineering and 

celestial mechanics. Therefore, the crucial difference 

between those structures subjected to horizontal support 

motion and those subjected to vertical support motion is 

that in the former case we get differential equations with 

constant coefficients Whilst the latter gives rise to 

-- -_.--------.- ------------ . 

4 
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cos .n..t 

Figure 1.3: Column subjected to periodic axial load. 

Figure 1.4: Stable and unstable regions for the ~~thieu eguation. 
(Hatched areas represent stable regions) 
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differentia1 equations with time-varying coefficients. 

As a resu1t tne Characteristics of the response of 

strUctures to the two types of support motion are 

different and will be discussed 1ater. In particu1ar, 

when the gover.qing equations are of the Mathieu-Hill 

type it is possible to have solutions which grow without 

1imit as time progresses. Such behaviour is dynamic 

instabi1ity and is termed "parametric" to distinguish it 

from ordinary resonance phenomena. 

The prob1em of the stabi1ity of a uniform bar 

subjected to time-varying axial forces was first studied 

(8) 

by Be1iaev 
(4) 

and has been reported by Timoshenko and 
(5) 

Gere and Bo1otin Be1iaev studied the case of 

a co1umn with hinged ends (Figure 1.3) subjected to the 

action of an axial compressive force, Vc+Vt cosQt. 

Experience has shown that for certain cases slender bars 

can, without buck1ing, sustain instantaneous1y greater 

loads, (Vc+Vt) than the Euler buck1ing load for the co1umn. 

A1so, 'at certain values of the frequencyQ the latera1 

motion y (t) of the co1umn becomes unstab1e. The co1umn 

then tends to osci11ate with an amplitude which increases 

with time, being filia11y 1imited by system Changes such as 

the non1inearity of the restoring force at large amplitude. 

Such dynamica11y unstab1e behaviour occurs when the exciting 

~--------"--------

6 
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frequency Q is double the response frequency w of the system; 

this contrasts with the more familiar resonance behaviour of 

a forced oscillatory system, which occurs when the exciting 

frequency and response frequency are equal~ Another distinguish-

ing feature of parametric resonance lies in the possibility of 

producing resonance with exciting frequencies less than the 

natural frequency of the structure. Also parametric resonance 

differs from ordinary resonance by the fact that there exist 

continuous regions of dynamic instability. To illustrate the 

general n~ture of parametric resonance, consider the problem 

of r.he stability of a uniform bar with hinged ends and 

subjected to an axial pulsating load Vc+Vt cosQ t as shown 

in Figure 1.3. Assuming that the bar is initially straight 

and perfectly elastic, and ignoring the rotational inertia 

of the bar, the differential equation of motion is 

El a4a + (Vc + Vt cos .Qt) .6 + mo ~ = 0 (1.2) 
gx ax2 et2 

where mo is the mass per unit length. of the bar. If we seek 

the solution of Equation 1.2 in the form 

y(x,t) = fk(t) sin k 1r x, (k = 1,2,3 ••.• ) 
L 

Equation 1.2 reduces to 

(1.3) 

d 2 f.. 2 
~+wk 

2 
dt 

(1 - Vc + Vt cos .Q t) ~ = 0, (k = 1,2,3 •. ) (1.4) 

~k 
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where 

w = k 2 1f' 2 
k 2 

L 

(1.5) 

is the kth frequency of the free vibrations of an unloaded 

bar and 

p = k2.rr2 EI 
k 2 

(1.6) 

L 

is the kth Euler buckling load. 

Equation 1.4 may be further written as:-

d2f 2 4 + (3 Ok (1 - 2J.1-
k 

cos.Q t) fk = 0, (k = 1,2,3 ••• ) (1.7) 

dt 

where f3
0k 

is the frequency of the free vibrations of the bar 

loaded by a constant longitudinal force VC ' i.e. 

(3 2 
ok 

and 2~ k 

(1.8) 

(1.9) 

Since Equation 1.7 is identical for a1l forms of 

vibrations, the suffix k may be omitted without loss of 

generality and Equation 1. 7 then writes as:-
•• 2 
f + (3 (1 - 2 lA' cos .Q t) f = 0 o (1.10) 

or f· + (~+ Ecos 0 t) f = 0 (1.l0a) 

where ~ = f3 2 and E = -2 JJr ~ 2 o . 0 
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Equation 1.IO,is the well-known Mathieu equation 

which has an extensive literature, for example the book by 
(3) 

McLachlan 

To investigate the stability of the motion, the 

solutions of the Mathieu equation have to be studied. A 

given motion is stable if aIl the solutions of the Mathieu 

equation are bounded for aIl positive values of t, and 

unstable if the equation has an unbounded solution. The 

boundedness of the solutions depend upon the relationship 

between ~ and E. For certain values of 6 and € bounded 

solutions are obtained, whilst for other values unbounded 

solutions result. The regions of bounded and unbounded 

solutions in the 6 -E plane are shown in Figure 1.4. 
(6) (7) 

Lubkin and Lubkin and Stoker studied the 

stability of columns and strings under periodically varying 

forces, sinusoidal in nature. Apparently, they were not 
(8) 

aware of the work of Beliaev They showed that the 

problem of columns and strings subjected to periodically 

varying axial forces reduces to a Mathieu equation. They 

9 

studied the stability of the Mathieu equation and determined 

the co-ordinates of the boundary points of the regions of 
(9) 

instability. utida and Sezawa also independently studied 

the dynamic stability of columns under periodic longitudinal 

forces. Their study was both theoretical and experimental in 

,--- _ .. _-------------
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, ....,--Piano wire 

. Magnet 
.-"'--II--n, ~Oil mss Strip 

Figure 1.5: Schematic diagram of utida and 

Sezawala experiment. 

Weiqhts 

Figure 1.6: Schematic diagram of Bolotin IS experiment. 

10 



character. They also showed that the problem of a c,olmnn 

subjected to periodic longitudinal forces reduces to a 

Mathieu equation. Experimentally they investigated the 

parametric stability of brass strips 0.5 mm thick and 

20.7 mm wide with one end being clamped and the other 

having a concentrated mass, which was supported by piano 

wires to permit axial movement as shown in F iqure 1.5 • . 
They observed that the def1ection and slope at the end 

carrying the concentrated mass were almost zero. The 

1enqth of the strip measured fram its c1amped end to the 

centre of the concentrated mass was 353 mm.' Concentrated 

mass weights of 1000 gms and 250 gms were used. The 

longitudinal force V = Vt cos Ot,(Vc = 0) was generated 

e1ectromagnetica11y. ' The concentrated mass consisted of 

a heavy coi1 araund which a constant magnetic field was 

created by passing D.C. current. The passage of an 

al ternating current gave rise to the axial load. Utida 

and,Sezawa were the first to veri~ experimenta1ly the 

existence of secondary regions of instability •. 
(5) 

Bo1otin carried out an experimental investi-

gation of the dynamic stabi1ity of columns. Un1ike utida 

and Sezawa the periodic axial force consisted of a constant 

part together with a harmonic portion, Le. Vc :/= O. A 

schematic diagram of his experimental set-up is shown in 

11 
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Figure 1.6. The lower end of the column is pinned and 

fixed in positioni the upper end is also pinned but 

allowed tomove vertically. A set of weights placed at 

the end·of a lever. supplied the constant term Vci the 

fluctuating component Vt cos Q t was generated by a 

rotating eccentric mass situated at the upper end of the 

column. From the tests carried out, Bolotin determined the 

principal region of dynamic instability for pinned columns 

and this was found to be in good agreement with theory. 

However, he failed to verify experimentally ~he existence 

of the higher (secondary) regions. 
(10) 

weingarten also conducted experiments to 

investigate the parametric instability of columns subjected 

to periodic axial loads of the form V = Vt cos 0 t. His 

results confirmed the existence of secondary regions of 

instability. He also investigated the effect of boundary 

conditions on the stability of the rod and studied the 

fol~owing two cases. 

(a) Column simply-supported at both ends. 

(b) Column clamped at both ends (for which 

he presented a theoretical formulation). 

He found out that the instability regions for the 

two cases are similar, i.e. they are independent of the 

12 

boundary conditions, and obtained an experimental verification. 
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(11) 

Somerset and Evan~Iwanowski also carried 

out an extensive experimental investigation of the principal 

regioÎl of dynamic instability of éolumns pinned at both ends 

subjected to periodic axial forces of the type V ~.Vc + Vt 

cos Q t. The experiments were so designed as to vary 

independently the parameters Vc ' Vt and o. They also 

studied the effect of damping and it was achieved ~ 

immersing the column in a fluide Light oil and water were 

used as damping fluids. 
(2,12) 

J~eger and Barr investigated the problem of 

the $tability of a cantilever column subjected to periodic 

vertical support motion. 
,; 

They showed 'Çhat the governing 

.equations of motion, initially a part;al differential 

equation, may be reduced. as an approximation, to an 

ordinary differential equation of the Mathieu type ~ 
. (13,14) 

. employing the Galerkin Method 

1.2. Purpose and Scope of Investigation 

The purpose of the investigation. is to study the 

dynamic stability of structures subjected to periodic· axial 

forces and periodic support motion. A numerical method of 

determining the regions of dynamic stability of a uniform 

column sUbjected to a periodic longitudinal force and 

different boundary conditions has been developed. AlI the 

previous investigations had been confined te the testing 

of columns with periodic longitudinal forces only. The 



author carried out an experimental investigation of the 

parametric stability of columns subjected to periodic 

support motion. A numerical method formulation is also 

presented. 

14 

An experimental investigation of the dynamic 

stability of portal frames subjected to periodic support 

motion was undertaken. The study of the dynamic stability 

of frames requires a knowledge of their natural frequencies. 

A study was undertaken to find a suitable method for the 

deter.mination of the natural frequencies of structures. 

It was found that the finite element method·was an efficient 

and powerful method ana was suitable for computer programming. 

Computer programs were written and· the results obtained for 

different types of structures were compared with known 

experimental results. 
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CHAPTER II 

NATURAL FREQUENC lES OF PLANE STRUCTURES 

BY A F INITE ELEMENT METHOD 

2.1. Introduction 

A number of methods are available in the literature 

for determining the natural frequencies of plane structures and 

some of them employ computer techniques. For simple structures 

like beams and columns various classical methods are available, 

a good account of which may be found in the texts of Timoshenko 

(15), Biggs (16), and Minhinnick (17). A brief review of the 

major methods available for portal frames will now be presented. 

Bishop (18,19,20) used the method of receptances to 

determine the natural frequencies. The forced vibrations of 

the system are expressed L~ terms of the receptances of its 

component parts, which have been tabulated for reference. At 

the natural frequencies the overall structure receptance 

vanishes and ~ a trial and error method the desired frequencies 

are obtained. Bisbop's example involved only single-bay, single 

storey frames. Gladwell (21) extended Bishop's method of 

receptances to the analysis of multi-bay, multi-storey po~al 

frames. Hurty (22) determined the natural modes and frequencies 

of structural systems ~ an energy metbod approach, which is a 



variation of the Rayleigh-Ritz method, using mode functions 

applicable to the complete system or subsystems. 

Newmark (~3) proposed a numerical integration 

technique for the computation of the dynamic response of 

structures. Chaudhury et al (24) also used a numerical 

integration method for the dynamic analysis of structural 

frameworks. However, numerical integration methods are not 

16 

suitable for the determination of the natural frequency and the 

normal modes. The finite differenœmethod has also beeri used 

for the determination of the natural frequencies, e.g. Livesley 

(25) employed it to obtain the naturalfrequencies of beams, 

Allman and Brotton (26) for plane structures, Cox and Denke (27) 

and ~llington and MCCallion (28) for grillages. A good review 

of the other available methods for grillages is given ~ Hendry 

(29) and Rogers (30). 

Ariaratnam (31) presented a method for analysing the 

dynamic behaviour of a plane structure which takes into account 

its distributed masse The method is based on the stiffness 

approach of Livesley (32) for the elastic stability analysis of 

frameworks. Force-displacement equations of an individual 

member are obtained ~ combining the solutions of·the differ-

ential equations governing the longitudinal and the transverse 

vibrations of the member. The natural frequencies are the roots 

of the resulting transcendental equation. 
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The matrix formulation of the general dynamic problem 

without damping leads to the equation 

(2.1) 

where M is the mass matrix -
K is the stiffness matrix 
~ 

u is the displacement matrix ,.. 

Q is the force matrix ,. 

In the early attempts to deal with dynamic problems the 

lumped mass procedure was used, and the mass matrix M, therefore, 
. .-

was constructed by lumping the masse~ at nodal or station points. 

The mass matrix M obtained was a diagonal matrix. The natural -
frequencies may then be obtained by substituting Q = 0 in -
Equation (2.1) and this technique is well covered in the texts 

by Biggs .(16) and Hurty and Rubinstein (33). 

It is kriown that when the distributed mass of a body 

is replaced by an equal mass concentrated at the centre of 

gravit y of the section or at node points, two primary inaccuracies 

are introduced into the analysis through the implied suppositions 

that 

(i) The resultant of inertia actions of the' elementary 

masses always passes through the centre of gravit y of these 

masses. 

(ii) A concentrated load produces the same deflection 

as a distributed load of Which it is the resultant • 

. .... _._._-_._._-------._-----
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define the state of strain and stress within the element. By 

applying the principle of virtual work the work done by the 

internaI forces may be equated to that done by the external 

forces, and thereby the solution for the unknown displacements 

may be obtained. 

Different types of elements and various displacement 

fields may be chosen depending upon the type of the problem. 

The mathematica1 formulation is as fo11ows:-

(a) Disp1acement field 

Let the disp1acements at any point within the element 

be defined by !, a column vector. 

! (x,y) = [~J I~l (2.2) 

where ~ is the column vector of nodal displacements 

N is the 'shape' matrix and is a function of (x,y) and 

depends upon the assumed displacement field. 

e.g. for a fIat triangu1ar element in plane stress (see fig. 2.1). 

!:; \ u (X,y)1 

[V (x,y) ~ 

d· 
~ 

i~1 = dj 

d m 

-

N· 
""] 

u. 
~ 

v. 
~ u. 

v] 
j 

u 
m 

v m 
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Archer (34) and Leckie and Lindberg (35) showed that 

an equivalent mass matrix, also called a consistent mass matrix, 

gives better results than the method of lumped masses. A good 

account of equivalent mass matrices is given ~ Przemieniecki 

(36) The vibrations of beams using finite elements has been 

shown to yield good results (34,35,37,38,39). 

The author has used the finite element method for 

determining the natural frequencies of non-uniform plane 

structures and the results obtained show good agreement with 

known experimental results (40). 

2.2. The Finite Element Method 

1 The theory of the finite element method is weIl 

covered in the texts ~ zienkiewicz and cheung (4l) and 

Przemieniecki (36). A brief account of its characteristics 

will be given. 

In the finite element method the actual structure is 

divided into elements interconnected only at a finite number 

of points, called nodal points, at which some fictitious 

forces, representative of the distributed stresses actually 

acting on the element boundaries are supposed to act. The 

displacements of the nodal points, d, are the basic unknown 
"0;' 

parameters of the problem. A displacement function is assumed 

t to define the displacement field within the element in terms of 

the nodal displacements. The displacement function serves te 

--- ----_ .. _. __ ._--_._--------
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Figure 2.l:A triangular element in plane stress • 
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(b) Strains 

The strain at any point within the element may be 

expressed as 

(2.3 ) 

where e is the strain vector ....,. 

B is the strain matrix and may be easily obtained 

from matrix L~J. 
For the plane stress case 

(c) Stresses 

e 
x ~ 

ax 

= av 
'à-y 

au + av 
oy ax 

(2.3a) 
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If the initial stresses within the element are denoted 

by r-~ , assuming general elastic behaviour, the relationship 

between stresses and strains may be expressed as 

(2.4) 

where ~ is the stress vector 

D is the elasticity matrix containing the material 

properties. 

Again, for the case of plane stress, we have 

(2.4a) 



1 

For an isotropie material 

D = 

(d) Equivalent Nodal Forces 

Let F· ~ 

r~J = F· J 

Fm 

1 V 
1,) 1 
o 0 

o 
o 

(1-'0) 
2 
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(2.4b) 

(2.5 ) 

define the nodal forces which are statically equivalent to the 

free boundary stresses and distributed loads' on the element. 

The distributed loads !~1 are defined as those acting on a unit 

volume of the material within the element. 

For the case of plane stress 

(2.Sa) 

where U. and V. are the components of forces in the x and y 
~ ~ 

direction respectively and the distributed load is 

~2 .Sb) 

in which X, Y are the 'body force' components in the x and y 

directions respectively. 

The principle of virtual work is used te determine the 

fictitious nodal forces statically equivalent te the actual 

boundary stresses and distributed loads. By equating the work 

done by the external and internaI forces it may he shown that 



23 

~~le = (j~[~]T ~]~] d (VOIV f~~ -![~] [~] l~oI d (Vol) . 

-1 fu] T [:t d (Vol) (2.6) 

where the superscript e refers to the element and 

[ J Tdefines the transpose of a matrix. 

Let [~]e = I[~JT [~J [~J d (Vol) (2.7a) 

and is called the stiffnes~ matrix. 

(2.7b) 

and is called the distributed nodal force vector. 

(2.7c) 

and is called the initial nodal force vector. 

Having determined the element stiffness matrix, the 

structure stiffness matrix, S, may be obtained by the appropriate 
'" 

addition of the element stiffness matrices. Since the element 

stiffness matrix is generated in the local (member) axis system 

it must be transformed into the global axis system before the 

addition for the formation of the overall structure stiffness 

matrix, K. -
For the equilibrium of the assembled structure, external 

nodal forces must he equal and opposite to the equivalent nodal 

forces 

i.e. [~l' = !:J 
where R is the external nodal force vector. 

1 
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(2.8) 

Where P gives the nodal forces. 

Solving Equation (2.8) the unknown nodal displacements d ,..,. 

may be determined. Once the nodal displacements are known the 

strains and stresses may be obtained using relations (2.3) and 

(2.4) respectively. 

If masses Mi are attached to the nodes of the structure, 

with no external forces acting there, we have 

2 

= - Mi ; t.9i l = - Mi f ~i l 
dt 

(2.9) 

Let the inertia loading be represented by t~.1. If the 

mass per unit volume is e , then again with no external forces 

acting we have 

I:J = 

Since I:I = [~J I~I, we obtain 

I:J = -e[~J I~I 

(2.10) . 

(2.11) 

and since the equivalent nodal forces due to the inertia loading 

1:,1 are 

lie have 

(2.12) 

Where [m] e is the element mass matrix. 
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A typica1 e1ementm _ _ of the mass matrix represents 
1J 

the ~ss inertia load at point i developed by a unit acce1era-

tion at point j with a11 other points stationalY. 

The equiva1ent nodal forces due ta the inertia loading, 

may now be added to those already present at the nodes, thus 

o 

.. : 

MO- -0 
2 

o 0 0 --~ 

(2.13 ) 

is the matrix of extema1 masses actually attached to the nodes. 

!Js is the overa11 mass matrix obtained from the assemb1y of the 

e1ement mass matrices, [mJe. 

The genera1 formulation now writes as 

[~] !~l = -([~] + [!!s])!~I+l~1 (2.14) 

I~I has been retained in case actual external forces are still 

active during the motion. 

For the particu1ar case of free vibrations, the above 

equation becomes 

[~] l~l· = -[::J l~l 
where [~J = ([~ ] + [~J) 

(2.15) 

(2.15a) 

Assuming the free vibrations to be harmonie, the disp1acements 

g May be written as 

I~1 = 51,i wt (2.16) 
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where q is a co1umn matrix of the amplitudes of the disp1ace-. 
"'" 

i 

1 w 

ments g 

is the natura1 frequency of vibration 

t is the time 

Substituting Equation (2.16) in (2.15) it reduces to 

(K - w·2 Ml q = 0 (2.17) ,..., ';:1 ... 

This is now.in the standard form of eigenva1ue determination. 

2.3 Deve10pment of Element characteristics 

a) Plane Frames 

For the case of plane frameworks a beam e1ement with 

three degrees of freedom (two translations and one rotation~) at 

each node, as shown in Figure 2.2, has been used. The mass 

matrix for a beam e1ement, referred to member coordinate axes 

and ignoring its rotary inertia is 

140 0 0 70 0 0 
0 156 22L 0 54 -13L 

1 = eAL 0 22L 4L2 0 13L _3L2 
m ... 420 70 0 0 140 0 0 (2.18) 

0 54 13L2 0 156 -22L 
0 -13L -3L 0 -22L 4L2 

where e is the density of the materia1 of the e1ement 

A is the cross-sectiona1 area of the e1ement 

L is the 1ength of the e1ement. 

If the e1ement is oriented as shown in Figure 2.3 the 

e1ement mass matrix referred to the global coordinate axes is given 

by Equation (2.19) whereC = cos e is the direction cosine of x 

* Rotation about an axis is represented by a double headed arrow. 
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2 

L 
5 

-------'~ 

~~~l------------~~~--~~ 4 

Figure 2.2: Beam element in member coordinate axes. 

1 

3 .J----_ __. x 

Global coordinate 
z 

axes 

Figure 2.3: Beam element in global coordinate axes. 



r , -

the member with respect to the X axis, Cy = sin e is the 
direction cosine of the member with respect to the Y axis. 
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In a stmilar way the element stiffness ~atrix referred 

to global coordinate axes is given by Equation (2.20) where 

Ie = MOment of inertia about the Z axis. 

b) Grids 

In the case of grillages, a beam element with three 

degrees of freedom (two rotations· and one translation) at each 

node, as shown in Figure 2.4a has been used. .The mass matrix 

for a beam element with respect to member coordinate axes and 

ignoring its rotary inertia is 

140 Jx/A 0 0 70 Jx/A 0 0 
0 4L2 -22L' 0 _3L2 -13L 1 

m ,., = "AL 0 -22L 156 0 l3L 63 
420 70 Jx/À 0 0 140 Jx/A 0 0 (2.2l) 

0 -3L2 l3L 0 4L2 22L 
0 -13L 63 0 22L 156 

where Jx is the Torsion constant. 

If the element is oriented as shown in Figure 2.4b the 

element mass matrix in global coordinate axes is given by 

Equation (2.22); and the element stiffness matrix by 

Equation (2.23). 

Based on the above formulation a computer program was 

written to obtain the natural frequencies and nodal shapes of 

plane structures such as beams, grids, frames and trusses. The 

members of the structure may be of non-unifonn cross-section 

and varying properties. A listing of the program is given in 

-,.- -~---_._-_ .. '- ~-' -~~----------_ .. _----_ .. 
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.... 29 -.., . 

.... -.., 
t. 

140C~+156C~ -1 GCxCy -22LCy 70C2+54C2 x y 1SCxCy 13LCy 

2 2 - 7OO2+54C2 -16CxCy 140Cy.+156Cx 22l.Cx iGCXCy -13LC 
y x x 

.. fAL 4L2 2 
-22LC 22LCx -13LC 13LCx -3L 

Dl = 420 . Y Y 

70c!+54c; 16CxCy -13LC 140c!+15Sc; -1SCxCy 22LCy 
(2.19) 

.. y 

16CxCy . 70~+54~ 13LCx -1GCxCy 140C;+15Gc! -22LCx 

13LCy -13LCx -3L2 22LCy -22LCx 4L2 

t 0L2~+12c;) (AL 2 -12) CxCy -GLC ~~~?12~) 2 -6LC 
Y -û: -12)CXCy y 

Iz Iz Iz 
2 . . 

AL2C2+12~) _ ~~2-12) CxCy _~~2é~+12Cf) (~~ -12) CxCy GLCx GLCx (- y Iz 

-6LCy - 6LC 412 6LCy -6LC 2L2 

k=Elz 
x x (2.20) 

~ _ @J.24-~2~) ~ (AL2-12) OxCy 6LCy AL2~+12~) (AL2-12) CxCy 6LCy 
Iz Iz (IZ Iz - . 

_~L2_12)OxCy _(AL2C:+12~) -6LCx (AL2_12) CxCy (AL2cJ+12c!) -G~ 
Iz Iz Iz Iz 

-6LCy 6LCx 2L2 
6~1 -~ 

. 412 

• 
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140JXc!+,4L 20; 140JxCXCy-4L2CXCy 70JX~-3L2C2 
: .. 

·22LCy 70 J C Cy+3L2~Cy l~LCy , A A A Y AX x 

2 222 2 
70 JX~-3L2~ 140JxCXCy-4~ CxCy 140JxCy+4L Cx -22LCx 70Jx~Cy+3L CXCy . -13LCx A A A A 

22LC ' -2~LCx 156 -13LC 13LCx '63 
1 morPAL 1 2'1 Y (2.22) 

2 i20 70Jx ~3L C: 70Jx~Cy+3LCXCy -13LCy 140JXc!+4L2c; 140JxCXCy-4L2CXCy ":22LC 
A A . A A Y 

2 70JXC;-3L2~ 140JXCXCY-4L2CXCy 140J C2+4L2~ 70JxCXCy+3U CXCy 13LCx x y ~2LCx " A A A A 

13LCy -13LCx 63 -22LC Y 22LOx 156 

2 2 
(~-4~ly) ~Cy 6ElyCy -f!!.x~+2ElyC~ -'(9fx+2~ly) CxCy -~~lyCy .Q!x~+4Elycy 

L L vr- L ',L 

Gl C2+4El C! - (~+2~ly) CXCy 
,2 2 

6E~yC~ (.2.!x-4Ely) "xCy -6ElyCX' ' -~Cy+2EIyCX 
'L L ---x:x y TY "fT"' L L ' L 

(2.23) 
k. ~~lyCy -6~~f.~ 12Ely 6EIyCy -6E~yCx -12EIy 

L-" ïr- L I? 
2 2 2 2 

(~~4~Iy) CxCy -~E~yCy -9.!xCX+2EIyCY - (~+2~Iy) CxCy '6E~yCy f!!.xCx +4EIyCy 
L L L L L 'L 

2 2 
(~-4~Iy) ~Cy 

2 2 
6E~yCX .: ~+2EIy) CXCy -Qbccy+2EIyCx -eE~yCx !llxCy+4ElyCX 

L L L L L L L L 

-~Cy' 6E~yCx -12EJy -6E~yCy 6E~yc.x 12EAy, , 
L L L L L L 

,,' 

C4 
C 
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3 

~ 1-01.-..----- L ~I 

Figure 2.4a: Grid element in member coordinate axes.· 

,'. 

l'-____ ~X 

Global coordinate 

axes 

Figure 2.4b: Grid element in global coordinate axes . 

.... -_ .. _-_.-.---------_. ---------



Appendix C • 

The pro gram was used to determine the natural 

frequencies of the structures shown in Figures 2.5 to 2.8 

and the results obtained have been reported in (39) The 

results of the program were compared with those obtained 

experimentally.and analytically by Bishop and Johnson (20), 

Rieger and McCallion (42), Cheng (43), and zeidan (44). 

2.4. DISCUSSION OF RESULTS 

Bishop tested the frames shown in Fig. 2.5. The 

32 

theoretical natural frequencies were obtained by the method of 

receptances. Rieger and McCallion employed a finite differences 

approach in obtaining the theoretical natural frequencies. The 

fr?mes tested by them are shown in Fig. 2.6. Cheng determined 

the theoretical natural frequencies of the frame of Fig. 2.7 by 

a stiffness approach but employed the lumped mass .technique in 

generating the mass matrix. Zeidan tested a 3-girder and a 

4-girder grid as shown in Fig. 2.8. 

For the analysis by the finite element method the 

frames of Fig. 5 were divided into elements as shown in Fig. 2.9. 

In Fig. 2.9(i) and 2.9(iv) each memher of the frame is considered 

as one element, whilst in Fig. 2.9(ii) and 2.9(v) each member is 

subdivided into two elements, and in Fig. 2.9(iii) into 3 

elements. Fig. 2.9(vi) shows the frame divided in such a way 

that each element is 2 Il long. The comparison of results is 
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i11ustrated in Table 2.1. 

Figure 2.10 shows two different subdivisions for the 

structure of Fig. 2.6. In the first one each member is con-

sidered as one e1ement, whi1st in the second it is divided into 

two e1ements. Since Rieger and McCa11ion did not quote materia1 

density for the frames tested by them, the author has used a 

value of e A =.000725 lbs. sec2/in4 based on a specifie weight 

of 480 1bs./ft3 for steel. The resu1ts for Fig. 2.6(a) to 6(d) 

and 6(h) are shown in Table 2.2. 

Three cases of subdivision as shown in Fig. 2.11'are 

ana1ysed for the frame of Fig. 2.7 and the resu1ts are shown in 

Table 2.3. 

For the 3-girder grid of Fig. 2.8(a) two subdivisions 

are considered, with each member being taken as one e1ement or 

as two e1ements as shown in Fig. 2.12(i) and 2.12(ii) respec-

tive1y. For the 4-girder grid of Fig. 2.8(b) on1y one case, 

that of each member as one e1ement, is considered as is shown 

in Fig. 2.12(iii). The resu1ts are shown in Table 2.4. 

From the resu1ts i11ustrated in Tables 2.1 to 2.4 it 

can be observed that very good resu1ts may be obtained by the 

finite e1ement method. If on1y the first few frequencies are 

required a coarse subdivision can yie1d sufficient1y accurate 

resu1ts. Finer subdivision resu1ts in a rapid convergence 

towards the "exact" answer. From Table 2.4 it will be observed 

',-------



34 

that there are no experirnental values for the second harmonic 

both for the 3-girder and the 4-girder grids. Thisis duê- ta ---- -------

the fact that Zeidan's experirnental work was concerned with those 

nodes that are symmetric with respect to the central longitudinal 

axis of the grid. Thus, the second frequency reported by hirn is 

actually the third frequency of the complete set. 

The program also gives the eigenvectors together with the 

eigenvalues, from which the modal shapes may be determined. The 

modal shapes corresponding to Fig. 2.9 (iii) are illustrated in 

Fig. 2.13. 

Due to the coarse idealization of the structure the 

points of contraflexure cannot be determined unless a finer 

subdivision is used. Such a fine idealization was not undertaken 

since the frequencies compared favourably with the experirnental 

values. 

2.5. CONCLUSIONS 

From the examples presented in this Chapter it may be 
. 

concluded that a simple beam element may be used to obtain the 

natural frequencies and modal shapes of structures of non-uniform 

cross-section and varying properties. The presence of different 

boundary conditions presents no basic difficul~y and May be easily 

incorporated. Though the effects of rotary inertia and shear 
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deformations have not been included they can be easily 

incorporated. For most structures in which the ratio of the 

length to the depth is large, ignoring the rotary inertia does 

not appreciably affect the" results (40). This was confirmed 

for a number oi cases and the program for portal frames is 

presented in Appendix C and it includes the effect of rotary 

inertia. 

,---~-~_._.'----------
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Figure 2.7: Cheng's plane t~1AS. 
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FigUre 2.10: Finite e1ement idea1izatibns of Rieger and McCa11ion ' s 

frames. 
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Figure 2.11: Finite.e1ement idea1izations of Cheng's truss. 
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Figure 2.12: linite e1ement idea1ization's of Ziedan's grids~ 
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(a) First mode. 

(b) Second mode. 

Figure 2.13: ltbdal shapes of portal frame. 
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(c) Thiid mode 

1 

(d) Fou~h rOOde 

Figure 2.13: Modal shapes of portal frame. 
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Ce) Fifth mode. 

Cf) Sixth mode. 

Figure 2.13: Modal shapes 0 f portal frame. 
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48 

TABLE 2.1 

SYMMETRlCAL FRAME 

Bishop and Johnson Finite Element Solution 

Ca1eu1ated Experimental Case (i) Case (ii) Case (iii) 

eps. eps. eps. eps. eps. 

36 36 36 36 36 
145 145 171 143 143 
233 233 368 235 233 
256 254 4021 256 253 
513 517 4318 579 517 
628 626 7349 757 634 

--
UNSYMMETRlCAL FRAME 

Ca1eu1ated Experimental Case (iv) Case (v) Case (vi) 

t eps. eps. eps •. eps. eps. 

38 39 39 39 39 
134 135 167 135 134 
194 197 378 196 194 
346 346 3532 351 345 
439 436 5151 512 432 
606 598 7426 717 585 
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l TABLE 2.2 

No. of Bays Rieger and McCa11ion Finite Element Solution 

cale. Exper. Case (a) Case (b) 

eps. cps. eps. eps. 

1 152 152.7 152 152 
602.8 602.8 714 601 

900 1544 986 
1069 6756 1071 

2 142.3 142.3 140.5 140.1 
583 583 682 581 
734 736 963 733 
990 986 1600 994 

1072 1067 5181 1067 

3 138.3 138.6 137 137 
575 574 669 573 

r 663 663 818 660 ..... 812 008.5 1148 810 
994 986 1626 997 

1072 1064 4527 1064 

4 136 137.3 135 135 
571 571.5 663 569 
626 614.5 754 615 
736 739.5 965 734 
850 849 1258 850 
995 989 1640 999 

1072 1064 3651 1062 

8 132.5 132 132 132 
565 565 653 562 
584 580 682 581 
620 619 742 617 
673 672 835 669 
736 742 964 733 
001 792 1118 799 
862 827 1290 860 
904 871 1342 889 

;f"' 998 998 1663 1002 
~- 1072 1069 2037 1057 

--------------------------- -
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i .... 

TABLE 2.3 

Cheng Finite Element Solution 

Ca1cu1ated Case (i) Case (ii) Case (iii) 

rad/sec. rad/sec. rad/sec. rad/sec. 

737.5 760.9 743.6 739.7 

1116.5 1164.5 1123.5 1120.0 

1519.4 1712.1 1573.3 1534.0 

2129.2 1780.0 1758.7 

3616.6 2713.3 2636.6 

r 7940.6 3017.8 2840.1 oU> 
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r ., 

TABLE 2.4 

3-Girder Grid 

Experimental Finite Element Solution 

Case (i) Case (ii) 

cps. cps. cps. 

'30 29 29 

35.5 35 

49 51 50 
". 

.~ 

4-Girder Grid 

Experimental Finite Element Solution 

Case (iii) 

cps. cps. 

29.8 26.4 

31 

40.0 40.5 
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CHAPTER III 

PARAMETRIC INSTABILITIES OF COLUMN'S 

3.1 Introduction 

When a column is subjected to a periodic longitudinal 

force, or when its base is given a periodic vertical motion the 

differential equation of motion reduces to a Mathieu equation. 

In Section 1.1 it was shown that for the case of a simply 

supported column carrying a periodic axial load (Vc + Vt cos 

Qt), the equation of motion, Equation (1.2), may be reduced to 

the following form of the Mathieu equation 

f + f3 2 (1-2fJ. cos.Q. t) f = 0 
o 

To investigate the stability of the motion the 

(1.l0)" 

solutions of the Mathieu equation have to be studied. Since 

Equation (l.lO) is a second order linear differential equation, 

it will have two independent non-zero solutions. CA brief 

account of some of the properties of the Mathieu equation is 

given in Appendix A.) If aIl the solutions of Equation (l.lO) 

are bounded for aIl positive values of t, the corresponding 

motion is regarded as stable; however, for an unbounded 

solution, the resulting motion will continue to grow with tinte 

and is termed as uns table • 



One may seek the periodic solutions of the Mathieu 

equations in, the form of a Fourier series. For a periodic 

solution with period 2T, where T is defined as ~, the 
Q 

solution may be obtained in the form 
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: f(t) =' L (ak sin kQ t + Ok cos kn t) (3.1) 
k = 1,3,5,... 2 2 

Substituting the series (3.1) into Equation (1.10) 

and equating the coefficients of sin k Q t and cos k Q t, the 
2 2 

fo~lowing system of linear homogeneous a1gebraic equations is 

obtained 

(1 + JI- - ~ 2) al -p 0.3 = 0 

o 

(1 k2Q 2) - (- - ) ( ) - a -p. a +'a =0 k=3,5,7, ••• 
4Pc 2 k k-2 k + 2 

o , 

( 1 - ft -ft \ b - P b3 = 0 
4P02) 1 

(1 - k2~:2) ~ -jJ (~-2 + ~.+ 2) = 0 (k = 3.5.7 .... ) 

The non-zero values of ~ and bk require that 

1 .± p - Q2 2 -po 
~Po 

1 _ 9Q2 

4P02 
-p = 0 

(3.2) 

o -p. 1-25 Q2 

4'0
2 



( 
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For periodic solutions of period T, one may seek the 

solution in the form 

f{t) = bo + L (ak sin kQ t) + bk cos kQ t) 
k=2,4,6, ••• 2 2 (3.3) 

which again, after equating coefficients, results in the 

following system of equations 

(1 - Q22) b2 -p. (2 bo + b4 ) = 0 

Po 

. (1 - k;~22)~ -p (~-2 + ~+2) 
For non-trivial solutions 

-f 

o 

-p 

1 - 4 Q2 

P02 

o 

-jJ 

= 0 

·0 (3.4a) 



r 
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and 

1 -p 0 0 • • 

-2)J 1-çt -p. 0 • • -2 Bo 

0 -jJ 1_41:22 -jJ =0 (3.4b) 
p02 

0 0 -JI. 1_160 2 

. . . . . . To2 . . . 
Equations (3.2) and (3.4) are ca11ed the equations of 

boundary frequencies. The boundary frequencies are defined as 

·the frequencies of the fluctuation of the externa1 10ading 

corresponding to the boundaries of the region of instabi1ity. 

As a first approximation, we may determine the 

boundaries of the principal region·of instabi1ity, by retain-

ing the upper diagonal e1ement on1y, and equating it to zero. 

=0 

which gives 

(3.5) 

The accuracy of Equation (3.5) may be improved by con-

sidering the ter,ms contained in the first two co1umns and rows 

of Equation (3.2) 

1 j:/J _Q2 

4po 2 

-jJ 

-p 

= 0 
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which gives 

(3.6) 

The last-term under the square root takes into account the 

correction for the second approximation. This correction 

increases with JI but even for a value of JI = 0.3, the error 

is less than 1%. Bence, for aIl practical purposes, Equation 

(3.5) is sufficiently accurate. 

Similarly, for the second region of instability, we 

get the following approximate formulas for the boundary 

frequencies (6). 

Q = ,Bo j 1 - 2p2 (3.7) 

and for the third regions of instability we have 

Q = ~ ~ j 1 - 91'-2 (3 • 8) 
3 0 8+9jl 

The typical diagram for the regions of instability is 

shown in Figure 3.1. 

3.2 The Proposed Method 

The author has developed a numerical method àpproach to 

obtain the regior.s of dynamic stability (45). A uniform column 

is idealized by a system of lumped masses and massless springs 

to represent the stiffness of the column. 

It is assumed that the mass and stiffness of each 

segment is concentrated at its end. For instance, if the length 
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0.1 0.2 Ji 0.3 0.4 

Figure 3.1: Regions of instabi1ity and stability. 
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of the segment is a, and its mass per unit length is AP, then the 
.. ..-." 

mass of the· segment is replaced by two equal concentrated masses 

A e a/2 .. at the ends. . It is shown that the equations of motion 

are of the Mathieu type and from t~eir solutions one may 

establish the regions of dynamic stability. From' the equation 

of motion it.is also possible to obtain the natural frequencies 

and buckling loads; these when compared with known values serve 

as a measure for the·validity of the idealization. The following 

three cases have been studied. 

Case A: Column hinged at both ends and subjected to a periodi-

cally fluctuating axial compressive force. (Figure 1.3) 

Case B: Column fixed at the base and free at the top and sub-

jected to a periodically fluctuating compressive 

\' force. (F igure 3. 2) 

Case C: Column fixed at the base and free at the top and sub-

jected to a periodic.support motion (Figure 3.3)' 

3.2A. : Case A: Simply Supported Column Subjected to 

~eriodically Va;ying Axial Force 

The mathem~tical development is based on the following 

assumptions: 

_ .. __ ._-_ .. ~- ----- -_. - -_ ... - - -.- ... _ .. _---- .----- .-
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Figure 3.2: Column subjected to periodically fluctuating 

compressive force. 

- . 

Figure 3.3: Column subjected to periodically varyinq vertical 

supPOrt motion. 
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1. The column consists of links of equal length, a, except the 

first and last links which are of length a/2. It may be noted 

that the total mass and stiffness of the first and last links 

is concentrated at node 1 and n-l respectively. 

2. vertical accelerations are so small as to be neglected. 

Therefore, at any instant we have the same vertical force at 

each end of 4 link. 

The idealization is shown in Figure 3.4. The spring 

stiffness is designated by K. The forces acting on the ith 

link are shown in Figure 3.5. Clearly 

x = a(l cos el + cos e2 
+ • + cos ei ) i . 2 

y. = a(; sin el + sin e2 + • + sin 9i} (3.·9) J. 

HJ.. 1 - H. = M. 1 Y. 1 - J. J.- J.-

where H represents the horizontal shear forces. 

If gis are small, the equation of motion for the i-th 

member writes as 

-v a 8 + H. la-M. ay·· 
o i J.- J.-l i-l =K (e -e)-K (0-8 ) i-l i-l i i i i+l (3.10) 

Similarly, for the (i + 1) th member, we get 
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-vae + H.;a-M.aY. = K (8 -9 )- K (e·+1-e.:\ 
o i+1 • ~ ~ i i i+1 i+1 ~ ~+2) 

(3.11) 

Subtracting Equation (3.11) from (~.10) and simp1ifying gives 

-v a (8. e. ) + M.a2 (ë + ë2 + ë3 + ••• +ëi ) = Ki_1 (8i _1- Bi) 
o ~- ~+1 ~ ,112 

(3.12 ) 

If aIl masses and springs are equal, Equation (3.12) reduces to 

= K(e';_l - 39. + 3 G. - 6';+2} \1. ~ ~+1 • / (i=2,3, ••• n-2), ·(3.13) 

where n is the number of members. 

Simi1ar1y, the first and second members yie1d 

2 .• 
-voa(el -92) + ~ ~ el = K(-3 BI + 4e2 - 83) (3.13a) 

and the (n - 1) and n-th members yie1d 

-vOa(9n_1 - en) + Mn_1a2(4+Ô2+···+ën_1)=K(Bn_2-49n_1+3Bn)(3.13b) 

Since there are n coordinates and since there is an equation of 

constraint, arising from the geometry, 

a sin B + a sin B + ••••• + a sin B = 0 
- 1 2 - n 2 .2 (3.14) 

there are on1y (n - 1) degrees of freedom and thus en - 1) 

equations of type (3.12). It may be noted that the above 

equations may be a1so obtained by the Lagrangian formulation. 
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a 

x 

Figure 3.4: Idea1ization for co1umn simp1Y supported at both ends. 

i-th member 

K. 1(9. 1- 9.) 

~ __ ) 1- 1- 1 M Y ----~ 
i-l i-1 H • 

i-l L 
o 

Figure 3.5: Free body diagram of the i-th 1ink • 

. _, .. _----------------------
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In matrix form the,equations become 

B1- 92 0.5 0 · · 0 ~1 
82-93 0.5 1.0 · · 0 92 

· 
+M 2 

a · . 
• · ,9n_3-9n-

~ 

,0.5 1.0 · • . 1.0 0 0 ~n-3 
8n_2-9n- 1 0.5 1.0 · 1.0 1.0 0 ~~1-2 
9n-1-9n 0.5 1.0 · 1.0 1.0 1.0 Bn-l 

-3 4 -1 0 0 . . . . . . • 0 al 

1 -3 3 -1 0 0 62 

r 0 1 -3 3 -1 .. 0 ~ , 

=K (3.15) 

. . . 
0 0 0 0 0 · 1 -3 3 -1 Bn-3 

1 2 2 2 2 · 2 3-1 5 Bn_2 

-3 -6 -6 -6 -6 · -6 -6 -5-1 9 n-1 

( 
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In the matrix which appears above on the right hand 

side of Equation (3.15) the 1ast two rows have a non-typica1 

form which arises from substitution for en in terms of &1' B2' 

Bn-1 uti1izing Equation (3.14). 

By app1ying Ga1erkin's Method as applicable to 

discrete systems (see Appendix B) equations (3.15) may be 

reduced to a single equation for each mode of the type 

Â V a e + 1\. Ma2 ë + it3 Ke = 0 
10 2 

(3.16) 

where theÂ's are the coefficients associated with Vo ' m and k. 

From Appendix B and in particular from Equation (B.5) 

it may be seen that the application of the Galerkin Method 

requires the know1edge of the modal shape vector,B. To deter-
,J 

mine ~ one sets Vo = 0, then E~ations (3.15) represent the 

f ob t 0 • f e i wt h Olt 0 ree Vl. ra l.on case. l ., = qe ,w ere cr l.S a co umn ma rl.X -
of the amplitudes of the disp1acement e, w is the natura1 

~ 

frequency, there resu1ts 

2 
(S - w M) = 0 - - (3.17) 

Equation (3.17) is in the standard form for eigenva1ue prob1ems, 

and its solution yie1ds the required modal vector 

The natura1 frequency may now be determined from 

Equation (3.16) as 

(3.18) 
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The Euler buckling.loadmay also be obtained·from 

ECD1ation (3.16) by putting ë = 0,· 

(3.19) Pe = -).3 ,K 

Xi a 
Substi~utinq Equations (3.18) and· (3.19) in Equation (3.16) 

.·we qet 

fi + w2 (1 :-. Vo ) e: = o· 
. Te 

. Sirice .vo = Va + "t· cosQ t, Equation 

. (3.20) 

(3 .. 20) gives 

ë+~! (1-2)l ·cosQ. t) e = 0 (3.21) 

Equation. (3.21) is. the differentialequation of 

Ci. . motion for the particular mOde and is of the Mathieu ·type. 

.. A. Uniform coluDm of length L was analyzed by this 
. . . . 

procedure .and the !;'esults obtained are shoWll in Table 3.1. 

From this· !t ~ay be seen that as the column is divided· into 

more parts, the values for tbe ·naQlral frequency and the Euler 

bucklinq load converge to their true values. As regards the 

mapping of the principal zone of instability each subdivision 

of thecolumn into elements yields its associated Mathieu 

equation. Figure 3.6 illustrates the rapid converqence to the 

true configuration for the principal region of instability. 

Even for the case of n = 6, though the results obtained for the 

(l 
'- natural fr~qÛency and the Euler buckling load are not very 

: 
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accurate, the error for the region of dynamic instability is 

not very great. _~ __ -

·1' 
3.2B: Case B: .Cantilever Column Subjected to periodic Axial Force. 

The mathematical formulation for Case B is based on 

the fol1owing assumptions: 

1. On account of the base fixity the first link does not 

rotate and remains vertical. 

2. Vertical acce1erations may be neglected as for Case A. 

Consider the column idealization of figure 3.7. 

+ ! K ce -e ,2 + J V dh . 
2 n n-l n l 0 

(3.24) 

where Te is the kinetic energy of the system 

U e ~s the potential energy of the system 

+ a. ê.) + M. a. fa iJ +a2 fJ + •• +a.+1è '\ 
1 1 1+1 1\ 1 1 2 1 i+~ 

. + ••• + M a. fa B + a2 92 + ••• + a é) (i = 1,2, ••• ,n) 
n 1\. 1 1 n n (3.23a) 

c. 



M' K n-2' n-l 

x 

Figure 3.7: Column idealization for cases Band C 

( 8, assumed te be zero). 

, 
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~ 
~ 

~Te = 0 (i = 1,2, ••• ,n) 
'09 . . ~ 
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(3.23b) 

'dUe = -K. e. + (K . .+ K. 1) G ·-K. e V e (' 2 3 1) ~e. ~ ~-1 ~ ~+ ~ ~ i+1 - oai i ~ = , , ••• n-

+ 

~ (3.24a) 

~Ue = (K
1

+K2)81 - K282 - voa191 
~(h 

'aU = _T( B 1 + K e - V a 9 
~ .~ n- n n. o. n n 

Substituting in Lagrange's equation 

~(~) -dt d' 
'dTe + 'dU~ = 0, (i = 1,2, ••• , n), we obtain 

~ dB· . ~ ~éi 

2 * 
a1Mï * a1a2M2 

* a
1

a3M3 
* ••••• a1an!Ç 

r.l.. 2 * * ••••• a2a r.! a 2a1 2 a2 M2 a2a3M
3 n n 

a3a
1

M3 a3a2M; a~~ * ••••• a
3
a M n n 

a a M* a a M* a a M* 
n 1 n n 2 n n 3 n 

-V 
0 

al el 

a2 92 

a3~ 

a 9. n n 

K1+K2) -~ 0 0 • .•.••.••••••••••• •• 0 

-K 2 

0 

o 

o 

(K2+~) 

-~ 

o o 

o o 

-K 3 
0 • ............•.... .• 0 

(~+K4) -K4 • .•..•..••••....•• •• 0 

o •••••••• -K 1 (K l+K ) n- \: n- n 
o ........ 0 -~ 

-K n 

... -.. _--_._------

91 

92 

{}3 

(3. 24b) 

(3.24c) 

= 0 

(3.25) 
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* where M. = M. + M. + 1 + 
J. J. J. • '. • + Mn (J.. = 1,2, ••• , n) 

In abbreviated form we may write 

(3.25a) 

The resu1ts for tbe idea1ization of Figure 3.7 are 

shown in Table 2. It may be noted that if one were to fo11ow 

the procedure for Case A for the determination of the Euler 

buck1ing load the resu1ts obtained wou1d not be verygood. 

This is because the modal shapes for buck1ing under a tip load 

and for free vibration of a cantilever co1umn are significant1y 

different. The error in the buck1ing loads determined on the 

basis of the free vibration modal shapes is quite appreciab1e 

even after app1ying the Galerkin Method. 

A superior method is due to the fact that the buck1ing 

loads are the latent roots of the matrix § and this procedure 

has been used in obtaining Table 3.2.This is a more genera1 

methodi however, there is no advantage in using it for Cases 

A and C because the free vibration modal shape vector itse1f 

yields good resu1ts. 

Figure 3.8 shows the region of principal instabi1ity 

for a uniform column of 1ength L free at the top and fixed at 

the base. It ~ay again be observed that as the number of 

segments increases the curves converge rapid1y to the true one. 
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3.2C. : Case C: Cantilever Column Subjected to periodically 

vaging.vertical. Support Motion. 

In addition to the assumption of base fixity, (as in 

Case B) it is now assumed that the vertical acceler~tion through-

out the length of the column remains constant. A step-wise 

vari~tion of the axial force in the column, resulting from'this 

latter assumption, is shown in Figure 3.9. The mathematical 

'~development is based on the idealization shown in Figu~e 3.7. 

Consider the top link of the column sho\'lIl in Figure 

3.7.' The forces acting on it are shown in Figure 3.10. Taking 

moments about mass ~-l gives 

M x an e -' M Y a = K (e -e \ n n n n n n n n n-l) (3.26) 

The vertic.al equilibrium of free-body of mass Mn gives 

(3.27) 

From (3.26) and (3.27) we get 

V a e - M Y. a = K fa - e \ 
n n n nn n n\n n-l) (3.28) 

Similarly, for the next link, taking moments about mass M . -11-2 

~igure 3.11) gives 

-M Y a + K (18 8) - 0 n-l n-l n-l n-l \ n-2 - n-l - (3.29) 

From the vertical equilibrium of the free-body of mass ~-1 we 

get 

--------- --_ .. - -"" - -----,. 



M n-l 

M n-2 

--~ V 
1 2 
1 

Figure 3.9: Stepwise variation of axial force. 
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Figure 3.10: Free body diagram of n-th link. 
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~ xn t 
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---~~-l Yn-l 

~-2 

Figure 3.11: Free body diagram of n-th and (n-l)th links. 
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v 1 -v = M X 
n- n n-1 n-1 (3.30) 

Substituting Equations (3.27) and(3.30) in Equation (3.29) 

and subtracting Equation (3.26) from it resu1ts in 

V a e - (M Y + M 1Y ) a = K (8 - e ) - K f() - () ) n-1 n-1 n-1 n n -~- n-1 n-1 n-l n-1 n-2 n\n n-1 

Recasting Equation (3.26) and Equation (3.31) in terms of 
(3.31) 

def1ections gives 

vn (Yn-Yn-1) -M y a = r y - (r + S \ y 1 + S y n n n n n n n) n- n n-2 (3.26a) 

and 

v l(Y -y ) - (M Y +M -y ) a = S y _cr +5 +5 \y n- n-1 n-2 n n -~-rn-1 n-1 n-I n-3 n-1 n-l n)-n-2 

(3.31a) 

where 

Sn =~ 
an-1 

r 
n-1 = Kn-1 

an_1 

Sn-1 =K n-1 etc. -' 
an-2 

In this way, the equations of motion in matrix form are 

written as 



" 

VlYl 

V
2 

(Y
2
-Y

l
) 

Vn-l (Yn-rYn-2) 

Vn(Yn-Yn-l) 

Mla
l 

o 

o 

o 

(rl +r
2

+8 2) - r2 0 

- (r2+82+8~) (r2+rJ+8J) -rJ 

M2a l 

M
2

a 2 

o 

o 

8J ..;. (rJ+sJ+s4) (rJ+r4+s 4l 

o 

o 

-r 
4 

o 8 4 - (r4 +84 +SS ) (r4+r S+s S'>' -rS 

o 

o 

'. 

~ai 

Mna 2 

• Mn-l an-l Mnan _.1 

o Mnan 

Yl 

Y2 

. Yn-l 

Yn 

... 

o 

o 

o 

o 

S - (r +s +s) Cr +r ) n-l n-l n-l n n-l n+8 -.r n n 

o 8 n - (r
n 

+8n ) r n 

Yl 

Y2 

YJ 

Y4 

Yn- l 

Yn 

" 
.. 

(J .32) 

-..,J 
en 
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Since a step-wise variation has been assumed for the 

axial forces, they may be expressed in terms of the base axial 

force, V. As before, app1ying the Galerkin Method, Equations 

(3.32) may be reduced to a single equation 

't1Vy + Yl,2 Ma y+ "l3 .!S y = 0 (3.33) 
. a 

where "lIs are the coefficients associated with V , m, and K. , 

By putting V = 0, the natura1 frequency. is obtained 

as 

w2 = 't 3 K 
'iCi Ma2 

and if y = 0, we get 

V*" = - '1.3 K 

Ti a 

(3.34) 

(3.35) 

where v* denotes the inertia force which if app1ied at the base 

wou1d cause the co1umn to buck1e (cf. buck1ing of the co1umn 

under its 'o~ weight). If the base acce1eration varie~, the 

axial force in the co1umn will a1so vary. If the base acce1er-

ation varies in a periodic manner the resu1ting equations of 

motion (Equation (3.33) will be of the Mathieu type). 

Substituting Equations (3.34) and (3.35) in Equation 

(3.33) yie1ds 

y + w2 (1 - Y \.. = 0 
• V*)~ (3.36) 

Now v = eLA s 
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where A = cross-sectional area 

~ = acceleration 

Let the support. motion be Us = C cos Q t where C is 

the amplitude of the base motion, then Üs = _Q2c cos Q t, 

whence substituting in Equation (3.36) we get 

y + w 2 (1 + PLA Q 2C cosQ t)y - 0 

V* 

or 

where 

Let 

y + W 2 (1. + bQ2c cos Q t ) Y = 0 

b = fiLA 
V* 

Then we get y + J (1 + € cos Q t) Y == 0 

Equation. (3.40) is the familiar Mathieu equation. 

(3.37) 

(3.38) 

(3.39) . 

(3.40) 

The principal region of ins~ability corresponding to 

the first mode for a cantilever was deter.mined·by the proposed 

method and is shown by full lines in Figure 3.12. The column 

was divided into Il parts as shown in Figure 3.13. 

An experimental investigation was also carried out to 

detennine the pr:i:ncipal region of instability of such a canti-

lever column. An aluminum specimen 23.5" long, o. 75" wide and 

0.040" thick was used. The circled points in Figure 3.12 are 

experimental observations and it may be seen that these results 

are in good agreement with the theory. A comprehensive account 

of the experimental set-up and results is given in Chapter IV. 
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The principal region of instability correspondinq to 

the second mode for the cantilever of Figure 3.13 is shown in 

Figure 3.14. As before the full lines refer to the proposed 

method whilst the experimental points are represented by circles. 

It may be observed that the agreement between theoretical and 

experimental results is good. 

3.3 CONCLUSIONS 

The analysis presented shows that the idealization of 

columns by massless springs and lumped masses may be uSed for 

the construction of the regions of dynamic sta~ility. The 

equation of motion for each mode may be transformed into its 

associated Mathieu equation whose solution yields the stability 

zones. It is shownthat as the column is divided mto more 

parts, the region of instability converges to the true one. The 

method is general and it may be applied to columns with different 

end conditions. A non-uniform column may be treated easily by 

an appropriate subdivision. 

The above analysis was carried out by computer programs. 

The programs for Cases A and C are presented in AppendixD. The 

program for Case B is similar with only slight modifications. 

For a particular subdivision the values of the natural frequencies 

(' and the bu~kling load are given for Cases A and B. For Case C, 

the program gives the value of the natural frequency and the 

-- -- -- -.-------.,..-----
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inertia force, v~ which if applied at the base would cause the 

column to buckle. From these values the stability regions may 

be obtained as discussed above. 
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. No. 
of 3 4 

Parts 

Mode 
Nat 1 Buc~ 2 Nat Buck . Freq Load Freq Load 

1 64.0 8.0 81.0 9.0 

2 256.0 16;0 729.0 27.0 

3 1296.0 36.0 

4 

5 

6 

Nat 
Freq 

91.19 

1193.65 

4283.81 

8181.39 

10000.0 

~-.. ~. '1 

TABLE 3.1 

Buck Nat 
Load Freq 

9.55 95.48 

34.55 . 1436.47 

65.45 . 65-61.18 

90.45 11920.85 

100.0 36149.39 

10 

Buck 
Load 

9.77 

37.90 

81.00 

133.87 

199.13 

_.~ - --- --- -- -- ----- --- ------

1 Nat Freq = Natura1 Frequency (Coefficient xJ~I ) 
\ ~~ 

2 Buck Load = Buckling Load (Coefficient x S! ) 
~ 

15 

Nat Buck 
Freq Load 

97.28 9.89 
1 

1507.23 38.83 

7313.67 85.52 

21781.91 147.58 

49242.28 221.90 

---------- ------- -

H 

EXACT 

Nat Buck 
Freq Load 

97.41 9.87 

1558.56 39.48 

7890.21 88.83 

24936.96 157.91 

60881.25 246.74 ! 

- -- ---
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TABLE 3.2 

No. 
of 3 4 6 11 16 EXACT 

Parts 

Mode Nat Buck Nat Buck' Nat . Buck Nat Buck Nat Buck Nat Buck 
Freq Load Freq Load Freq Load Freq Load Freq Load Frcq Load 

. 
1 3.455 2.343 3.479 2.411 3.499 2.447 3.5~1 2.462 3.514 2.465 3.516 2.467 

2 18.39 13.657 19.47 18.00 20.86 20.61 , 21.68 21.80 . 21.87 22.02 22.03 22.20 

3 49.70 33.59 52.57 50.00 59.03 58.58 60.44 60.29 61.70 ·61.68 

4 84.91 79.39 110.70 109.20. 116.09 115.58 120.64 120.90 

5 138.42 97.55 172.23 168.71 186.77 185.50 199.81 199.83_
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J 
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CHAPTER IV 

EXPERIMENTAL INVESTIGATION OF PARAMETRIC 

INSTABILITY OF COLm-mS 

4.1 Introduction 

For the most part previous experimental investigations 

have been directed towards studying the parametric instability 

of columns subjected xo periodically varying axial forces. The 

author performed tests on a cantilever column to determine 

experimentally the regions of dynamic instability wh en its base 

is subjected to periodically varying vertical motion. The test 

specimen used was an aluminum alloy, 24S-T3, 3/4" wide and 

0.040" thick. The specimen was clamped by means of screws and 

nuts as shown in Figure 4.1. The length of the column from its 

free tip to the centre'o~ the 'clamps' was 23.5". Since an 

aluminum alloy was used the "deformations" at instability were 

fairly large and could be observed visually as evident from 

Figures 4.3 to 4.5. As the investigation was of a qualitative 

nature, i.e. it was intended only to establish whether the 

motion was stable or unstable, no elaborate instrumentation was 

necessary. The motion was termed as uns table when the column 
.~ 

departed from its initial configuration. This was quite easy 

---- ----._. 
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Figure 4.11 cant i1ever co1umn mounted on shaker 
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Figure 4.1: cantilever co1urnn mounted on shaker 
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1 
to detect. 

To measure the amplitude of oscillation of the base 

a Sanborn displacement transducer (D.C. excited) was used. A 

schematic diagram of the experimental set-up is shown in 

Figure 4.2. 

4.2 Equipment 

The equipment used in the experim~nts is described 

below:-

1. Function Generator 

The function generator used was the Hewlett-Packard MOdel 

3300A which is capable of generating three types of waveforms, 

namely sine, square and triangular at frequencies ranging from 

0.01 Hz to 100 kHz. For frequencies below 10 kHz the sine wave 

distortion is less than 1%. 

2. Power Amplifiers 

A Ling Model 300-2 power amplifier was used to drive 

the shaker manufactured by the same firme The power amplifier 

was matched to the shaker used. 

3. Shaker 

A Goodman 1 s VSO shaker manufactured by Pye-Ling was 

employed. The output force is generated when a current flows 

~.:.-,> ... "", ..• _-------------
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through a moving coil placed in a magnetic field produced by a 

permanent magnet. The coil is driven by the amplifiers and the 

motion of ·the coil i~ determined by the frequency and mode of 

the generator. The output force is imparted ta the structure 

by means of a flexible diaphragm which moves with a maximum' 

displacement of 0.7 in. between stops. The shaker can generate 

a maximum force of 48 lbs. A major drawback of this type of 

shaker is that the amplitude is fnversely proportional ta the 

applied frequency and hence at high frequencies the amplitude 

is very small. 

4 • Amplitude Measurement Device 

. A Sanborn displacement transducer, denomination 

7DCDT-lOOO, was used ta measure the amplitude of the movement 

of the base of the cantilever column. The moving core was con-
. . 

nected ta the base. A 6 volts. D.C. power supply was used ta 

excite the transducer. Th~ device is capable of measuring dis-

placements of up ta ± 1 inch with an output of 4.8 volts for full 

scale displacement. Linearity of the output is guaranteed ta 

0.5% of full·scale under the conditions used in the test. 

5 • Recordinq Unit 

The output from the displacement transducer was recorded 

o on photographic paper by an ultra-violet recorder, type 1050 manu-

factured by New Electronics Products Ltd., London. This recorder 
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is of a ga1vanometric type: therefore, the input impedance is 

10w (typica11y around 300 ohms) •. To retain the 1inearity of the 

transducer output with disp1acement an amplifier, Budd-Brown 

type 1631, was used so as to provide the required high input 

impedance, i.e. to match the ga1vo-impedance to the transducer. 

6. Strobotac' 

A Type 1538A strobotac manufactured by the General 

Radio Company was used. The Strobotac consists of a power 

supp1y, an osci11 ator for contro11ing the rate at which the 

1amp is f1ashed and a Strobotac or f1ashing 1amp. The frequency 

of the osci11ator and hence theflashing speed of the 1amp can 

be adjusted to any desired value between 100 c.p.m. to 400,000 

c.p.m. The frequency contro11er is graduated direct1y in c.p.m. 

and was used to measure the frequency of the various instabi1ity 

modes. 

4.3 Test Procedure 

A sinusoida1 waveform at the required frequency was 

generated by the function generator. This signal was amplified 

by the power" amplifier and fed into the shaker thereby imparting 

a vertical sinusoidal motion ta the base of the cantilever column. 

The base was directly mounted on ta the shaker spindle. 

The determination of the regions of dynamic instabi1ity 

:t 
'~ 
'.; 
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entailed the measurement of the frequency and the amplitude of 

the base motion. For each frequency increment the amplitude 

was increased slowly-until the column became unstable. If no 

instability occurred at that frequency, the frequency was 

increased ,and the whole procedure repeated. When instabllity 

, was encountered at a certain frequency the determination of the 

1 critical ' amplitude which caused instability was repeated at 

least five times to get an average reading. It was observed 

that the variation from the average was small. The record of 

the output from the displacement transducer was used to obtain 

the frequency and amplitude of the motion. The frequency of-

the instability mode was measured 'by the strobotac. 

The modulus of elasticity was obtained experimentally 

from four tension test specimens made from the same strip as the 

column. The average value obtained was E = 9.82 x 106 ~i. 

The sample was weighed and its density was found to be 

.00025273 lbs-sec2/in4• 

4.4 Test ReSults 

The average values of the amplitude of the support 

motion corresponding to the first mode are given in Table 4.1, 

and those corresponding to the second mode are qiven in 

Table 4.2. 
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Figures 4.3, 4.4, 4.5 respectively show the first mode, 

second. mode and the third mode instabilities· of the column cor-

responding to the first region of instability. 

The amplitude of the base motion corresponding to the 

third mode was v~ry small and coula not be measured. Bence no 

readings are reported. 



." 

Figure 4.3: First MOde Instability 

'. 

Figure 4.4: Second Mode Instability 
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Figure 4.5: Third mode instability 
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TABLE 4.1 

AVERAGE READINGS OF THE AMPLITUDE OF THE 
SUPPORt' MJTION CORRESPONDING TO THE FIRST MJDE 

FREQUENCY AMPLITUDE· 
(c.p.s.) (inches) . 

4.52 0.2786 

4.54 0.2053 

4.56 0.1542 

4.58 0.1120 

4.60 0.0794 

4.62 0 •. 053$ 

4.64 0.0740 

4.66 0.1538 

4.68 0.1955 

4.70 0.2411 

4.71 0.2728 
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TABLE 4.2 

AVERAGE VALUES OF THE AMPLITUDE OF THE 
SUPPORT MOTION aORRESPONDING TO- THE SECOND MODE 

FREQUENCY AMPLITUDE 
(c.p.s.) (inches) 

29.4 0.08860 

29.6 0.07735 

29.8 0.06327 

30.0 0.03836 

30.2 0.01240 

30.4 0.01072 

30.6 0.02001 

30 •. 8 0.03600 

31.0 0.05170 

31.2 0.07541 . 

31.4 0.08326 

--------._- -----.,.--,-.....,...,-,....".....,-------
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CBAPTER V 

EXPERIMENTAL INVESTIGATION OF PARAMETRIC 

INSTABILITY OF PORTAL FRAMES 

5.1 Introduction 

An experimental investigation of the parametric 

in'stability of portal frames was also undertaken. The same 

criterion of instability as for the columns was adopted in 

this case. This necessitated that the structure be such that 

its instability modes could be observed visually. To achieve 

this, different types·of frames of various materials were con-

structed and tested. As remarked earlier the characteristics 

of the shaker are such that at high frequencies the available 

output ampl.itude is very small. Therefore, the frame had to 

be designed to permit the possibility of occurrence of as many 

of the modes as possible. The finite element method was used 

in selecting an appropriate shape and size. A six storey, 

single bay portal frame was considered to be a suitable shape. 

The first frame was made from spring steel and was of 

the type shown in Figure 5.1. It was observed that this frame 

was very stiff and only the first mode could be observed visually • 

......,...-------------~::;:"""' .. :~;i.,:-::-.~ .• ~J:-;.;.::;-·r -:-:-----------.----- •. 
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The second frame, ·similar to the previous one was made 

from aluminum, denomination 24S-TO. This frame was found to be 

too soft and it suffered inelastic changes of configuration when 

disturbed.violently. Consequently, the third frame was made from 

aluminum of a slightly stiffer variety, denomination 24S-T3. This 

frame was used for the determination of the regions of dynamic 

instability. From. the tension test on six specimens the modulus 

of elasticity was found to be 9.5 x 106 p.s.i. 

AlI the above frames were constructed from strips. 3/4 Il 

wide and 0.040" thick. The same section was used for the columns 

and beams. The beams were spaced at 6 Il centre to centre and were 

joined by screws and nuts to the columns by 1/2 Il x 1/2 Il x 1/16 Il 

aluminum brackets as shown in Figure 5.1. International lo~king 

washers were used to ensure that the nuts did not become loose 

during vibration and were found to perform satisfactorily. The 
( 

frame was clamped to an aluminum plate 5-1/4 11 x 3 Il X 3/8 11 which 

was direct1y mounted on the shaker. 

The testing procedure adopted was the same as for the 

cantilever column. For a particu1ar frequency the amplitude was 

increased ti1l the. frame became uns table : the corresponding 

frequency and the amplitude were measured by means of the Sanborn 

displacement transducer. The experimental set-up is shown in 

Figure 5.2. 
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The first four modes were observed visually and are 

shown ,in Figures 5.3. The above photographs are for the natural 

modes corresponding to ,the principal region of instability. The 

instabilities corresponding to the first secondary region (i.e. 

the second region of instability) were also detected visually 

for the above four natural modes, but the amplitude of the 

instabilities was smaller, as was to be expected. The frequency 

of the instability mode was measured by the strobotac. A movie 

'of the development of the instability modes was also taken: for 

which the author is greatly indebted to Professor B. Gersovitz 

and Mr. w. Billgartner for their assistance and advice. 

The amplitudes could only be measured for the first 

three modes. For thefourth mode the amplitudes were so small 

that they could not be detected by the deflection transducer. 

The experimental readings are given in Tables 5.1 to 5.3 and ,are 

plotted in Figures 5.4, 5.5 and 5.6. 

The natural frequencies for the first four modes in 

c.p.s. as estimated bythe finite element method and as obtained 

experimentally were as follows: 

Mode 1 2 '3 4 

Finite Element 3.83 12.75 22.77 34.33 

Experimental 3.80 13.7 23.5 36.0 
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Figure 5.31 Inst:abilit:y Modes of portal frame 
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TABLE 5.1 

AVERAGE VALUES OF THE AMPLITUDE OF THE 5qPPORT IDTION 

"-... 
CORRESPONDING TO THE FIRST MODE 

FREQUENCY AMPLITUDE 

(c.p.s.) (inches) 

7.30 0.1499 
7.35 0.1021 
7.40 0.0629 
7.45 0.0473 
7.50 0.0348 
7.55 0.0289 
7.60 0.0261 
7.65 0.0355 
7.70 0.0622 
7.75 0.0835 
7.00 0.1028 
7.85 0.1142 . 

7.90 0.1254 
7.95 0.1391 
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TABLE 5.2 

AVERAGE VALUES OF THE AMPLITUDE OF THE SUPPORT MOTION 

CORRESPONDING TO THE SECOND MODE 

FREQUENCY 
(c.p.s.) 

27.0 
27.2 
27.4 
27.6 
27.8 
28.0 

AMPLITUDE 
(inches) 

0.0701 
0.0365 
0.0102 
0.0113 
0.0286 
0.0610 
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TABLE 5.3 

AVERAGE VALUES OF THE AMPLITUDE OF THE SUPPORT MOTION 

CORRESPONDING TO THE THIRD MODE 

FREQUENCY AMPLITUDE 
(c.p.s.) (inches) 

46.0 0.0239 
46.2 0.0185 
46.4 0.0143 
46.6 0.011 
46.8 0.0082 
47.0 0.0058 
47.2 0.0071 
47.4 0.0126 

t 47.6 0.0170 
47.8 0.0221 
48.0 0.0274 

_ .... , ... ..:_-----
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CHAPTER VI 

PARAMETRIC INSTABILITY OF',PORTAL FRAMES 

6.1 Introduction 

The expertmental investigation of the parametrï.c 

instabi1ity of portal frames showed that the relationship between 

th~ frequency of the base motion and the natural frequencies of 

the frame is similar to that for the case of co1umns., When 6--,0 

for instability to occur in the principal region the frequency 

of the base motion must be twice that of the natural frequency. 

SimilarlY. for the instabi1ity corresponding to the second 

'region the f~equency must be equal to the natural frequency of 

the structure. In other words. the following equation of boundary 

frequencies still holds good 

e- 2Q --k 

To determine the equation of the principal region of insta-

bil~ty a continuum~pproach was attempted and is discussed in 

detail in the next section. 

6.2 The Continuum Approach 

Consider the frame shown in Figure 6.1. Let' the axial 

changes of length of the column be ignored and let the 

,~---------------------~--_ .. , .. _._ ..... " .. "" . " .. ,. 
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actual horizontal beams he replaced by a medium of bending' 

stiff~ess NElT per unit length. Consider a slice of thickness 
H 

dX of the'medium at height x above the bas~. "Let end moment per 

unit height be called m. From Figure 6.2 and using the moment 

area method we have: 

1 (mdx) b l b = NE~ dx b sy. 
2 23,~ dx 

so m = 6 NE~ ~ 
lib' dx 

(6.1) 

Let q*(x) be a static external force acting per unit heigh~ on 

the left hand column. Consider the free-body of a differential 

element of the column as shown in Figure' 6.3. 

Horizontal equilibrium gives iN = _ ~ 
dx ,2 

MJment equilibrium gives V dx = dM + mdx 

or V = È!! + m 
dx 

, (6.2) 

(6.3) 

Differentiating Equation (6~3) w.r.t. x and eliminating V gives 

2 
dM+dm=_~ 
dx2 dx 2 

2 Now M = - El.!t,y, m = 6 NE~ ~ 
a;z m;- dx 

so - El d
4

y + 6 NELr d2v = - ~(x) 
ax4 ib~ 2 

, .. -, . ..------------------------_. ------~ 

(6.4) 

, 
! 
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or 

or 

Put 

let 

4 
~ - 6!!!œ 
dx4 . HbEl 

'2 
6NE!T dM -

dxl 
HbEl 

CX
2 = 6NE!.r 

HbEl 

q*(x) = g....x 
H 

, ., 

"2' d Y = g*(x) 
dx2 2El 

M = -.9:* (x) 
2 

Equation (6.4b) then becomes 
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(6.4a) 

(6.4b) 

2 2 H - c;( M = -, SI&.. x '(6.4c) 
dx 2H 

The solution of Equation (6.4c) may be readily obtained as 

M = A* sinh'OCx + B* .cash o(x +.9a.- x (6,.5) 
2H~2 

and since M = - El d2
y , one obtains 

, dx2 

S = C* sinhoCx + D* cosholx - g. x (6.6) 
dx , 2Hoe2El 

~hence 

~ = C* cosh ol.x + D* sinh o(x - g. ~ + G* 
dx dOC' 2H«2El 2 

y = §i sinh o(x + D* cosh o!x -' ~ ~ + G*x + S* 
~ ~ ~lr 



lIS· 

Conditions at the bottom end require y = SI = 0 at x = 0, from 
dx 

which' 

5* = - D* 
d2' 

G* = - f! 
cL 

and so y = C* (sinh ocx - oc:x) + D* (cosh o(x - 1) - ~ (G.7) ~ ~ l2H~2El 

Conditions at the top end require M = 0 i.e. S = 0 
dx 

and also V = 0, i.e. - El ~5 + G:!rr 
or 

3 . 2 g -r:/. ~=o 
dx dx 

~=o 
dx 

For brevity one puts oCH =~ and then Equation (G. Sa) yields 

q. = C* sinh Q + D* cosh~ 2oe2El j 

whilst Equation (G.Sb) gives ~C* -6: . + 0_ 82 = 0 
2Hoc El 4H7El 

Hence 

and 

C* = 2~J3El (l - ~ ) 
2 

D* = q. {~- (1 - ,82/4) sinhP1 
2Hoc3El coshp 

(G .Sa) 

·(G.Sb) 

(G.9) 

(G.lO) 

(G .11) 

Substituting Equations (G.lO)- and (G.ll) in Equation (G.7) gives 

y = q. f (l-~) (sinh ftx - lx) + ~- (l-.i) si.nbp] (coshS-l) - (Fay] 
2HctSEI L 2 H H 2 H G 

cosh~ 

(G.12) 

•.... _-------------------,-----
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Equation (6.12) givesthe deflected sha~ ~f the frame and 

is a function of ~ ~ ameasure of the relative stiffness of the 

. beams w.r.t .• the eolumns. The case .~ = 0 represents a free 

cantilever column. 

The modal shape for the frame shown in FigUre (5.1) was 

determined using ·Equation (6.l2) and is drawn.in Figure 6.4 by 

the solid line • The modal shape was also obtained using the 

·finite element method and is indicated by triangular markers in 

Figure 6.4, fram which it may be conc1uded that the continuum 

a~proadh gives a good prediction. 

We are now in a position tostudy the dynamic instability 

of a portal ·frame. Let the vertical support motion he Us (t) • 

Consider an element of the co1umn shown in Figure 6.5. 

Vertical mass-acceleration gives dP = - eü dx. o s 

H 
P = -Ix e. üs·dx 

= e(H-X} Üs (6.l3) 

where e = mass per unit height for ha1f of the structure. o 

i. e • e= ! f * whei:e e* is the mass per unit height for the • 2 

wbole structure. 

Horizontal resolution gives ~ = _ ~ 
dx 2 

MOment equi1ibrium,gives P dy + Vdx = dM + mdx 

or V = dM - P (x) ~ + m 
dx dx 

< _10 __ 'CF 

(6.14) 

(6.15) 
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Differentiatinq Equation (6.rS) w.r.t. x we qet 

·2· '2 ..... . . 
.9Y = d M _.p d'Y - ~ ~ + dm . 
dx dx2 diZ dx dx dx 

(6.16) 

Substitutinq for V and m and simp1ifyinq qives 

. Since 2 
of. = 6:it, we have . 

dx
d4a +~. (H-X) ÜS ~ - ~ üs~ -. (j.2 d2

1 == g*Cx) 
El dX2" El dx dx 2El 

Now q* (x) =.- e* d2v 
~ (6.16a) 

Substituting in the aboye equation qives 

â4v + f*· (H-x) ü~· ~2~ ~ e*' Üs ÊZ - ",2 a2v + P* J.i.Y.. = 0 

aX4 2El ~x 2El 'dx ~ 2El W 
(6 .• 17) 

From Equation (6.12) we get . 

. ~ = g, a4 S [ (1-i) ( P. cosh ~x - f.)+ fP- (1-. pl) sinheJ (B sinh ~) 
DX 2El ~ . 2 H H H cosh~ H H 

.g = .gr H· . (l-L>(.!. sinh ~ + 2 4 [ 2 D)2 . 
~x 2El~5 2 H H 

34~ = ~[ (1_p2)( l·tSinh ~x + 
ax 2ElP 2 H H 

~j -",2 ô2 = qe ~ (l)SX 
-a 'Ox~ 2E lpS H 

= R* cX'~ x 

(-B~2·)3 x2 ] _ (6.12a) 

[p- (1-~) sinh @J(~2COSh &')_(l)3J 
coshP. H2' H H J 

(6.12b) 

~-Cl-pl) sinh p] (l.tco~h ~ 
cosh~ -H H} (6.12c) 

(6.18) 



qdx 
J 
1 
J 

t.b .. 
re·Ua 

· "l' 
~~ 

mdx 

~) 

Figure 6.5: Forces on an e1ement of the co1umn. 
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where (6.19) 

SUbstituting in Equation (6.17) yields 

P* 
2EI 

co * 
Let Y(X,t)=~R CPi(x)f.(t) 

i=l 1 

(6.20) 

w~ere ~i(X) are a complete set of functions satiàfying the 

boundary conditions, for instance the various modes of free 

vibration of the problem, and fi(t) are generalized coordinates • 

. An approximate solution for y may be o~tained Of curtailing the 

series at some integer i =. n • This approximation will not 

now satisfy Equation (6.20), but the error introduced by the 

substitution of the curtailed series may be minimized by apply-

ing the Galerkin Method. 

fR*[ p*" (H-x) 

l2EI 

n , * .." " p*" n "" S + tJ Us ~ fi <P. - ---: Us ~ f. r,. + '" x f . .!:.- • 
i=l 1 2EI i=l 1 1 1 2EI * fi 1> ] tfo.. dx = 0 for j = l,2, ••• n (6.22) 

1=1 1 J 

Consider a oneterm series approximation for y. 

i.e. * . y = R </>1 (x) f l (t) 

Equation (6.22) then writes as 

f[f p* (H-X)Üs rlé - .1..*. Üs ~l +cl J 
2EI dx2 2EI dx J 

"l 

l 
, 



l ... 

+ p* d
2 
fI 4>~] dx = 0 

. 2EI dt2 

(6.23) 

f '2 J J The integrals cPl d <Pl dx, x41. d 24>1 dx, <Pl d<Pl dx, 
d7 a;T dx 

m~y be evaluated numerica1ly usingEquations (6.12). 
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Equation (6.23) is a Mathieu equation and its solution 

wou1d yield the reqion of dynamic instability. 

The frame shawn in Figure 5.1 was ana1ysed by this 

procedure. Using S~son's ru1e the above integra1s were 

determined and the fo11owing values were obtained. 

J <P~ <Pl dx = - 0.06772 x 105 

f "'12 dx = 43.7656 x 106 

f x <Pl dx = 1.4131 x 106 

f ' 6 <Pl cPl dx = 0.8369 x 10 

J x cP; </>1 dx = - 1. 9173 x 106 

The frame was weighed and its mass was foundto be 

o . 465 lbs. Substituting the value of the integrals in Equation 

(6.23) yie1ds 

21.8826 d2f + (17600 - 0.9805 üs ) f(t) = 0 

dt2 

Letting Ua = c cos Q t, resu1ts in 



o 

21. 8826" d2f + (17600 + 0.98)5 Q 2C cos Q t) f = 0 

dt2 
The solution of this Mathieu equation qives 

125 

Q 2 = 3230 
1 + O.09C 

(6.24) 

Equation (6.24) qives the value of the disturbinq 

frequency required to cause the frame to go into instability 

in the first mode. C = 0, refers to the hypothetica1 case 

when instability will occur even if the amplitude of the base 

motion is zero. From Equation (6.24) Q = 57.b rad. Isec. when 

C = o. However, from the experimenta1 tests, as reported in 

Chapter V, the value of the disturbing frequency,Q", corres-

ponding to the least amplitude of the base motion was 47.8 

rad./sec. Eg. (6.24) does not give a good prediction of the 

width of the instabi1ity reqion. This is possibly due to the 

fact that the aboveana1ysis considered on1y a one term series 

approximation for y. If more terms are inc1uded a better 

estimate of the width of the instabi1ity region wou1d he obtained. 

6.3 CONCLUSDJNS 

The continuum approach has been used to determine the 

natura1 frequencies of structures e.g. grids (29,46). It was 

felt that this method cou1d be used te ebtain the region of 

dynamic instability of portal frames. As shown above, the 

method gives a good estimate of the def1ected shape and the 
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natural frequency of .the first mode of the structure. However, 

the p~~diction of the wiath of the .in~tability zone is not 

satisfactory. This may. be attributed to several factors. In . 

the above analysis a one-term series approximation for the 

deflected'shape was considered. The inclusion of more terme 

would yield better results. 'The accuracy of the results depends 

upon the values of .the integrals in Equation 6.23. Since the 

integrals were evaluated numerically, and even though ~he 

deflected shape was shown to be in good agreément with that 

given by the finite element solution, the relationship for the 

slope and curvature may not be good. This may account for the 

peor estimate of the region of instability. 
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Chapter VII 

CONCLUSIONS AND SUGGESTIONS FOR FURTimR RESEARCH 

This study dea1s with the parametric instabilityof 

plane structures. The dynamic stability of structures requires 

a know1edge of their natural frequencies. The finite e1ement 

method was used for this purpose and has been sbown to yie1d 

good resu1ts. One of the major advantages of the finite e1ement 

method is that the governing differentia1 equations need not be 

known and different boundary conditions may be easily hand1e~. 

The metbod is app1icaQ1e to structures of non-uniform cross-

section and varying properties. Computer programs to obtain the 

natura1 frequencies and modal shapes of structures are also g1ven. 

A simple numerical method for determining the regions 

of dynamic instabi1ity of co1umns subjected to periodic axial 

forces or periodic suppo.rt motion is presented. The validity of 

the resu1ts has been checked against experimental work and 

avai1ab1e c1assica1 solutions. A non-uniform column or one with 

varying properties can be easily handled. 

Finally, the dynamic:: instability of portal frames due 

to periodic support motion ~s investigated. ·An extensive 

experimenta1 program was carried out and the reaults have been 
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reported in Chapter V.. The continuum method gives a good 

estima~e of the deflected shape and the natura! frequency of 

the frame ·for the fi~st.mode, but the prediction of the width 

of the instability ;egion was found te be unsatisfactory. ~ 

taking more terms in the series for the equation of the deflected 

shape a better relationship for the instability region could be 

obtained. 

As the ground motion in earthquakes consists of 

horizontal and vertical movements the study of the response of 

structures sUbjected to continued horizontal and vertical 

support motions needs to be investigated and is proposed for' 

future research. The present investigation was confined to the 

response of structures to periodic support motion. Since 

seismic vïbrations are random in nature the study of the response 

of structures to random fluctuating base motion needs to be 

looked into. 
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APPENDIXA 

Consider the Mathieu equation 

. d2

2 + c (0 + ~ cos 2z) y = 0 (A.l) 
dz 

which is periodic in z. 

The general solution of the Mathieu equation con- . 

ta'ining two arbitrary constants bas not yet been found. However, 

periodic coefficients lead to periodic solutions and the above 

linear 'equation may be solved by Floquet1s theory for the 

solution o,f linear differential equations vith periodic co-

efficients. Since Equation (A.l) is a linear second-order 

differential equation, two independent non-zero solutions may 

. be found as YI (z) and Y2 (z). These solutions may be combined 

linearly ·to give any other solution, say y (z) so that 

where Cl and C2 are constants. 

For YI (z) and Y2 (z) to be independent, they must 

satis~ the determinant 

= 
Y' l 

:f 0 

(A.2) 

. ! 



• ..r ... u -- ..,...,. 

The replacement of' y(z) by y(-z) does not alter 

Equati~n (A.!.). Therefore, if y (z) is a solution of Equation 

(A.l) then y (-z) is also a solution. If y(z) has no ~etry 

about the point z :: 0, it can be split into components having 

even and odd symmetry by the usual process. 

Even: 

Odd : 

~ [y (z) + y (-Z~ = ClYl (z) 

~ [y (z) - ; (-Z~ = C2Y2 (z), 

Since y(z) is periodic, y(z + T) = y(z), and since. 
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yi(z) and Y2(z) are solutions of Equation (A.I), then YI(z : T) 

and Y2(z + T) also are solutions. It does not mean that YI ' 

(z + T) is the same as YI(z). Rath~r it means that YI (z,+ T) 

and Y2(z + T) ma~ be represented in the form of a linear com-

bination of the primary functions. 

yl(z + T) = aIIYI(z) + aI2Y2(z)~ 
Y2(z + T) = a2IYI(z) + a22Y2(Z)~ (A.3) 

where aik are the constants called coefficients of transfor-

mations. New y(z + T) = CIYI(z + T) + C2Y2(z + T) 

substituting from Equations (A.3) we get 

Y (z + T) = 

If y,(z) is suitably chosen, we can have 

Clall + C2 a21 = pc~ 
cl al2 + C2 a22 = PC2 (A.4) 
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and hence we get, y(z + T) = e y(z) (A.5) 

A solution that possesses the above"property is called 

a normal solution e.g. if y denotes displacement, it means that 

the displacement at the end of the period is f times that at the 

beginning of the periode 

If constants Cl and C2 are not to he zero in Equation 

(A.4) the determinant of their coefficients must be zero, i.e. 

= 0 (AG) 

This is called the "characteristic equation. 

We can select the two linearly independent solutions 

Yl(Z) andY2(z).such that they satisfy the initial conditions 

at z = o. 

YI (0) = l 

Y2(o) = 0 

~ (0) 

Y2 (0) 

= 0J 
= l 

(A.7) 

From these conditions we can determine the coefficients 

aik and the ~haracteristic equation becomes 

~2 _ 2 ~ ~ + B = 0 (A.a) 

where A ="~ [YI (T) + y; (T)] 
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It can·be readily·shown that B is always equal to ~. 

Bence, Equation (A.a) becomes 

or 

and the roots are related by f.. e = 1 
1 ~ 

From Equation (A.5) we have 

(k = 1,2) 

These solutions may also be expressed as 

z/T ln E> k 
e (k = 1,2) 

where Ak(z) are periodic functions of period T. 

From Equation (A. Il) it may be observed that the 

(A.9) 

(A.lO) 

. (A. Il) 

behaviour of the solution as t_oo depends upon the values of 

Since log f = log 1 ~ 1 + i arg e 
Equation (A. Il) may be written as 

z/T ln I~kl 
Yk (z) =cP

k 
(z) e (k = 1,2) 

iz/T arg e 
<Pk =Xk(t) e where 

(A.12) 

Equation (A.12) shows that if ~k>l, the corresponding 

solution will have an unbounded exponential multiplier. If 

ek <: 1 the solution is damped as z increases: and if ~ = 1 then 

the solution is periodic (or almost periodic), ·i.e. it will be 

.1 . 

: . 
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bounded in time. It may be readily shown that if A > 1, the 

roots of the characteristic equation will be real and one of 

them will be greater-than unit Y and hence unbounded solutions 

will result. However, if A ~ 1, the characteristic e~ation 

has conjugate complex roots, and since their product must be equal 

to unit y, their modulus will be equal to'unity. The case of com-

plex roots corresponds to the region of bounded solutions. On, 

the boundaries separating the'regions of boun~ed solutions from 

those of unbounded solutions we'must have A = 1. 

'{A. 13) , 

The regions of bounded solutions correspond to the 

,regions of dynamic stability in the' physical sense, and unbounded 

solutions to the regions of, dynamic instability. Therefore, 

EqUation (A.13) may be used to determine the regions of dynamic 

instability. 

Since ~l' e2 = 1, at the boundaries separating the 

~egionsof stability from that of instability we must have either 

el = e 2 = 1 or ~l = f 2 = -1. The former case corresponds to 

periodic solution of period T, while for the latter case the period 

is 2T. 

Therefore, the ragions of unbounded solutions are 

separated from those of bounded solutions by the periodic 

solutions with periods T and 2T. In fact, the ragions of 
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[) stability are bounded by solutions of .di~ferent periods~ while 

those.of instability are bounded. by solutions of identical 

period. Therefore, the determination of the boundaries of 

the regions of instability· is reduced to finding the condition 

under which.the given differential equation has periodic 

solutions with periods Tana 2T. 
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APPENDIXB 

1.. GALERKIN.'S METHOD 

Let us represent the motion of a body ~ considering 

the motion of some ·discrete points. The equations of mot:loh 

write as 

2Fl = mll m
12

• 0 0 0 .mln 

2 F2 
.= m2l ~2·· o •• m2n 

!F - m m m.~ n nl n2····-- nn 

91 

ë2 

+ 

kll k12·····kln e 
k2l k22 •••• .k2n 

k· e nn 

wheref~ is the displacement vector 

fd is the external force vector 
ex 

Let us suppose that 
~l 

= e 

9 tn 

.Fl o 

F2 o 

= 

F 0 
n ex 

(Bol) 

(B.2) 

() where {11 is the modal shape or eigenvector. If the eigenvector 1 
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trl, is only approxiMately known, then in general the forces 

will not be in equilibrium. Equation (B.l) then becomes 

~Fl =' m ' m12 •••• .m-l - tl . Il n 

~F2 = m2l m22 ·····m2n ~ 

~Fn = m m 2 ••• ·•m 
nI n nn 

kIl k12 ·····kln il 

k2l k22 ·····k2n Y2 

= 

The i-th row of thi~equation represents the sum of 

the' generalized forces ~F. associated with the coordinate e .. 
~ ~ 

The quantity ei on the right-hand side of Equation (B.3) 

represents the error in equilibrium of the forces associated 

with e .• 
~ 

Galerkin' s method requires that the weighted sum of . 

the errors f~l be zero; each of the terms in {~J is weighted 

by the corresponding term in the modal shape vector f!l. Thus 

it requires that 

e' 1 

e 
2 

(B.3) 

=·0 (B.4) 

j 

l , , 
. ; 
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If we fake {~J to be a disp1acement vector and f~} as 

a force vector, we can say that Ga1erkin's Method requires the 

error in the forces to be orthogonal to the assumed shape of 

the disp1acements. Substitution of Equation (B.3) into Equation 

(B.4) gives. 

(B.5) 

~"'.--='---- ----------------

.. " 
". 



143 

APPENDIX C 

PROGRAM TO FINn THE NATURAL FREQUENCIES OF 

PLANE FRAMES AND GRIDS 

The program is coded in Fortran 'IV and can be rtin 

either on the RAX or olS systems of IBM 360/65 or IBM 360/75. 

Nodal points and elementsshould be numbered in a consecutive 

order. The size of the problem to be solved ~an be adjusted 

by suitably dhanging the dimension statement. 

The input to the program consists of the nodal co-

ordinates, member properties and the boundary conditions. The 

pro gram generates the stiffness and the mass matrices from whicho 

the natural frequencies and the modal amplitudes are computed. 

The computer print-out includes 

a) Reprint of input data 

b) Natural frequencies 

c) NOrmalized modal amplitudes 

fZ 
.. 



1. ~put data for plane frames. 

Cols. . Notation Description 

A Structure Parameters and Material Properties (4I5, FlO.O, FlO.S) 
one card 

1-5 M NUmber of elements or .members 

6-10 NJ Nttmber of nodes or joints 

11-15 NR Number of restraints 

16-20 NRJ Nttmber of restrained joints 

21-30 E Mbdulus of Elasticity 

31-40 R Member density 

B Joint Coordinates (I5, 2FlO.2) NJ.c~rds 

1-5 J Counter 

6-15 x X coordinate 

16-25 y y coordinate 

C Member Designations and Properties (3I5, F10.5, FlO.S) M cards 

1-5 J Counter 

6-10 JJ Designation of J end of member 

11-15 JI{ Designation of K end of member 

16-25 AX Area of member 

26-35 IZ M:>ment of inertia about Z-axis 



, . 

2. Input data for grids 

Cols. Notation Description 

A St'ructure Parameters and Material Properties (415, 2F10.0, 

FlO.8) one card 

1-5 M Namber of members 

6-10 NJ HIlmber of joints 

11-15 NR Number of restraints 

16-20 NRJ Number of restrained joints 

21-30 E Modulus of E1asticity 

31-40 G Shear Modu1us 

41-50 RA Member density 

B Joint Coordinates (IS, 2FlO.2) NJ cards 

1-5 J Counter 

6-15 x X coordinate 

16-25 y y coordinate 

C, Meniber Designations and Properties (3I5, 3F10.6') M cards 

1-5 J Countér 

6-10 JJ Designation of J end of member 

11-15 JI{ Designation of K end of member 

16-25 IX Torsion constant 

26-35 IY Moment of inertia about Y axis 

36-45 AX Area of member, 
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5.0001 

5.0002 
5.0003 
5.0004 

5.0005 

S.0~6 
S.O('l07 
S.0009 
5.0009 
5.0010 
S·.OO II 
5.0012 
5.0013 
5.0014 

S .0015 
!t.00 III 
S .00 17 
S .00 18 
5.0019 
5.0020 
5.0021 
5.002? 
5.0023 
5.0024 

S.0025 
5.0026 
5.0027 
5.0029 

S .Ot" 29 
5 .00 30 
S .0(131 
S .00 12 
5.0013 
5.0034 
5.003S 
5.0(\36 
S.0037 
S.0038 

. S.0039 

PROGRAM TCI FINI> THE NATURAL FREQUENCIES OF PLANE FRAMES. 

DIMENSION LI20"XI201.VI20'.JJC20'.JKC20',AXI20.,lle20I,CXe20J,Cve 
120',RLI50J,CRlC50',SMDC6,6',Se50,50"MMC50,50',HD(6,6J. 
IXLI15"XXI15,15J,MSHI15,15"SMe15,15J 
REAL Il,L,MD.HH,MSM 
INTEGFR CRL,RL 
WRITEI6.IJ 

• C . 
C ••••••••••••••••••••• ••• •• ••• •• ••• •••••••• • ••••••• • •••••••••••••••••••••• 

1 FORM4TI'I','NATURAL FREQUENCIES OF FRAME INCLUDING ROT. INERTIA') 
C •••••••••••••••••••••••••••••• ~ •••••••••••••••••••••••••••••••••••••••••• 
C 
C 1. INPUT AND STRUCTURE DATA 
C 
C I.A STRUCTURE PARAHETERS,ELA5TIC "ODULU5 AND OENSITV 
C 

C 
C 
C 

C 
t 
C 

WRlTE 16,2J 
2 FORMATell'O','STRUCTURE DATA'. 

WR lTF. 16,3' 
3 FORMI\T 1'0' t' M N NJ NR NRJ E 

REAn 15,4, M,NJ,NR,NRJ,E,R 
4 FORMATI415,F10.0,F10.8. 

N-3·NJ-NR 
WRITE C6t~' M,N,NJ,NR,NRJ,E,R 

5 FORMATI515,F15.0.F12.8J 

lB. JOINT COORDINATES 

WRITE C6,6. 
6 FORMAT C'O','JOINT COORDINATES'. 

W"JTE (6,7' 
7 FORMAT C'O','JOINT le COORD V CaORO" 

DO 101 J-I,NJ 
REAn I"R' J,XIJ"VCJ, 

8 FORMAT Il,,2P10.2. 
WRITE 16,9' J,XCJ.,VCJ' 

9 FORMAT IU,2F10.2. 
lOI CONTINUe 

IC. MEMBER DESIGNATIONS AND PROPERTIES 

WR ilE U, 10' 
10 FORMAT 1'0',' MEMBER DESIG~ATIONS AND PROPERTIES" 

WR ilE 16, III 

R'. 

II FORMAT ItHO t 6HMEM8ER,2X,2HJJ,3X,2HJK,5X,2HAX,9X,2HIZ,12X,IHL,9X,2H 
ICK,(lK,2HCV' 

00 102 l-l,H 
RE40 15,12, J,JJCI',JKCI,.AXCI,.IICI' 

12 FORHATI315,FIO.5.F10.8' 
JI-JJCII 
KI-JKII' 
KCL-KIKI '-XCJI 1 
VCL-VCKI'-VCJIJ 
LCI'-SORTIKCL·.2&VCL •• 2' 
CXII '-XCL/LI 1 1 
evell-VCl/LII' . 
WRJTE 16,13' I,JJCI',JKCI',AIeCI.,IZCll,LCI.,CXCI.,CVC •• 

.... 
~ 
0'1 

'. ;... :'I,,-.f ,.;1 , • u.' •. ~"~ 1 .. 1,. ........ _,~ •• - ••• " ... ,., .... . 
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S.0040 
S.0041 

5.0042 
5.001t3 

·S.0041t 
5.0045 
5.0046 
5.0047 
5.0048 
5.0049 
5.0050 
5.0051 
5.0052 
5.0053 
5.0051t 
5.0055 
5.00'56 
5.00157 
5.0058 
5.0059 

5.0060 
5.0061 
5.0062 
5.0061 
5.0064 
S.0065 
5.0066 
5.0061 
5.0068 
5.0069 
~ .0070 
S.I)071 
5.0012 
5.0071 
5.0074 
S .0075 
5 .CO 76 
5.0077 
5.0018 
5.0079 
5.0080 
5.0091 
5.0082 
5.0081 
5.0081t 
5.0085 
5.0086 
5.0081 
5.0088 
5.0089 
5.0090 
5.00en 

".f:/!It' 

'C 
C 
C 
C 
C 

C 
C 
C 

.13 
102 

FORHATI315,F10.5.F11t.8,3F10.2' 
CONTINUE 

V-..w' 

10. JOINT RESTRAINT llST, CUMULATIVE RESTRAINT LIST 

INITIA~15e RLII' TO ZERO 

104 

14 

15 

16 

17 
103 

105 

NJ3-3.NJ 
00 104 J3-1,NJ3 
RLCJ3,-0 
CONTINUE 
WR nF. (f •• 14, 
FORMATI'O','JOINT RE5TRAINT5" 
WR 1 Tel 6, 15 , 
FORMAT C'O','JOINT X RSTRT y RSTRT l RSTRT" 
DO 103 J-I,NRJ 
READ 15,16t" K,RLI3.K-2"RLI3.K-1',Rle'*K' 
FORMAT 1 4110' 
WRITEI6.17' K,RlI3*K-2',RLI3*K-I',RlC'*K' 
FORMAT C15,3110' 
CONTINUE 
CRlI l)-RLC U 
DO 1015 K-2,NJ1 
CRLIK'-CRlCK-l,&RlCK' 
CONTINUE 

2.A GENERATION OF OVERAlL STIFNESS AND HASS MATRICES. 

NJ2-3*NJ 
DO 106 J3-I,NJ2 
DO 106 K3-I,NJ2 
SIJ3,K3'-0.0 
MMIJ3,K3'-0.0 

106 CONTINUE 
DO ')1 l-l,M 
JI-3·JJfl'-Z 
JZ-]*JJf 1 '-1 
J3-'·JJII' 
KI-3.JKII'-2 
K2-3*JKCI'-1 
K3-'*JKC l' 
SC~l-CE.AXCI"/lCI' 
5CM?-C4.0*e*llCI"/lCI' 
SC~3-Cl.5+SCM2"lCt' 
SCM4-C2.0.SCHlt/LCI' 
l-R*AXCI)~LCI"420.0 
WRITE C6,71t 

73 FORMAT l'O','SCM'' 
WRITE 16,72' SCHI.SCH2.SCH3.SCMIt 

72 FORMAT IIHO,4FIO.2' 
IF CRlCJ1)' 18.19,18 

19 J1-J1-CRleJ1' 
GO TO 1.0 

18 J1-N&CRLCJU 
20 IF eRLIJ2" 21,22,21 
22 J2-J?-CRLlJ2' 

GO Ta 23 
21 J2 a N&CPLC J?, 
23 IF CRlCJ3" 24,25,24 
25 J3-J3-CRLC J3I 

'i"". , 

f-I 
oIl­
-.J 

.---.-.--------------------'------------------_--.-_____ --1 
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,~ 
S .0092 
S.OOen 
5.0094 
5.0095 
5.0096 
5.0097 
5.0098 
S.OOCJCJ 
5.0100 
5.0101 
S.OIOZ 
5.0103 
5.010,. 
5.0105 
5.0106 
5.0107 
5.0108 
S.OIOCJ 
5.0110 
S.OIU 
5.0112 
5.011' 
5.0114 
5.0115 
5.0116 
5.0117 
5.0118 
5.0119 
5.0120 
5.0121 
5.0122 
5.0123 
S.OUIt 
S.0125 
5.0126 
S.0127 
S.012A 
5.0129 
5.0130 
S .01 'H 
5.0132 
5.0133 
5.1)13,. 
5.0135 
5.0136 
5.0137 
5.0118 
5.0139 
S.OlltO 
5.0141 
5.01,.2 
5.0143 
5.0144 
5.0145 
5.0146 

C 
5.0147 
S.014A 
5.0149 
5.0150 

GO TO 26 
24 J3-N&CRLCJ3' , 
26 IF CRLCK1" 27,28,27 
28 Kl-Kl-CRLCKI. 

GO TO 29 
27 Kl-N&CRLCKU 
29 IF IRLCK2', 30,31,30 
31 K2-Kl-CRLIKZI 
. GO JO 32 
30 Kl-N&CRLI K2' 
3Z IF IRLIK311 13,34,33 
34 K3-K3-C~lIK3' 

GO TO 35 
33 K3-N&r.RLI K 11 
35 WRITEC6,200' JltJZ,J.',KI,KZ,K3,Z 200 FORHATCIHO,615,EI5.8' 

CYZ-CYCI'·CYII' 
CXZ-CX C Il.C XII' 
CXY-CXC Il.CYIt' 
SHDII,I'-SCH1.CX2&SCH4.CV2 
SHDI4,,.,-SHDI1,1' 
SIoUlI 1,4, _-S,IOC l, l' 
SHDI4,1'--5HOII,I' 
SHDC1,2'-C5CHI-SCH4'.CXY 
SMOCZ,I'-SMOI1,l" 
5MOC,.,51·SHOCI,Z' 
SHOI5,4'-5MOC1,2' 
SHOCI,5'--SHDI1,21 
5HOI5,1'--5HOII,2' 
SMDC1,4'--5HDC1.21 
5HDC4,2'--SHOCI,1.' 
SMOII,3'--SCH3.CVCI' 
5~013,II-5HOC1,3' 
SHOll,6'-SMOll,3' 
SHOI6,1'-SMOII,3' 
5HOI3,,.'--SMOII,3' 
SHOI,.,3'--SHDC1,3' 
5HOI4,6'--SMOll,3' 
S~016,~'--SMOll,3' 
SHOI2,Z'-~C~1~CY2&âCH"'CX2. 
SHOI5.5'-~MCIZ.21 
S~OCZ,5'--SHOC2,2. 
SHDC5,?)--~M~rl.Z' 
SMOf2,3'-SCM1.CXII. 
SMOC3,2'-SHOIZ,l, 
SHOI2,6'·SHOI2,31 
SHOI6,?'~SHOI2,31 
SMOC3,5'--SMDI2,3' 
SHOI~,31--SMOC2.3' 
SMOI5,61--SMOC2,3' 
SHDC6,51--SMOCZ,3) 
SMDIl,3'-SCM? 
5HOI6,6)-S~OI3,31 
5"013,6'-SCHl/2.0 
SMDC6,3'-SHDC3,6, 

cxn-cxz.7. 
CY2Z-CVZ.Z 
CXYZ-CXY·Z 
CXLZ-CXII'·LII'.Z 

_._~------

Mita 
V.~~ Âîa 

'-t'~ 

1-' 
~ 
m 
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5.0151 
5.015Z 

5.01"53 
5.0154 
5.0155 
5.0156 
S.0157 
S.015B 
5.0159 
5.0160 
5.0161 
S.016Z 
5.0161 
5.0164 
5.0165 
S.016u 
S.0167 
5.0168 
5.0169 
c;.0170 
5.0171 
5.01 n 
5.0171 
5.0114 
5.0115 
5.0176 
5.0117 
5.0118 
5.0119 
5.0190 
5.0181 
5.018Z 
5.0183 
5.018~ 
5.019"5 
S.01ft6 
5.0181 
5.0188 
5.0189 
5.0190 
5.0191 
5.0192 
S.0193 
5.0194 
5.0195 
5.0196 
5.0197 
5.0198 
5.0199 
5.0200 
5.0201 
S.010Z 
5.0203 

S.OZ04 

5.0205 
5.0206 
5.0207 

. :. ~,'." .. " ... 

~ ... ,..,~, "~~;,, 

CVLZ-CY(I,tLCI'.Z 
ILZ-LI 1 '.LC 1 '.Z ' 

C 
WRITEC6,800' 

800 FORHAll'O','CXV'. 
WRITEI6,801' eKz.cvz,CXY.CX2z,eYZz.cXVZ.CXLZ,CVLZ.ZL2· 

801 FORMAT 11HO.9EIZ.61 
Zl-R/4Z0.0 
lL-ll.ll 
CVIZ-CVIII •• ZIII·ZI 
eXll-eXllltllCI,tZl 
lll.il*lllll*lll' 
CX2Zl-eXZ*Zl 
eY2Zl-CV2*Zl 
CXVll-CXV*Zl 
HOII,ll-140.0*CX2Z&156.0*CVZZC504.0*CY2ZL 
HOI4,4,-MOll,lI 
HOII,Z'--16.0*CXVl-504.O*CXYZL 
HOIl,lI-HOll,2' 
HOC1,31--22.0*CVlZ-4Z.0*CVIZ 
HO 1 :., 1) - H') 1 l , .. , 
HOI4,6'--~OI1,~' 
HO(6,4'--HOll,1' 
HOI1,4,-70.0*CX2Z&54.0*CV2Z-504.0·CY2ZL 
HOI4, 11 -/-IDI 1,4, 
HOC1,51--MOll,Z' 
HDI5,1'--HOll,2' 
HOI2,4,--HOll,ZI 
HOI4,21--HDll,Z' 
HOll,6'-11.0*CVLZ-42.0*CVIZ 
HOI6,1' -HOI 1,61 
HO(2,Z,-140.0.CVZZ&156.0.CX2ZC'04.0.CX2ZL 
HOI5.5,-HOIZ.2' 
HOIZ.3'-2Z.0*CXLl&42.O*CXIZ 
HOI3.2,-MOlih3' 
HOI2,5,-70.0*CV2Z&54.0·CX2Z-'04.0*CX2ZL 
HOI2,6'a-13.0*CXlZ&42.0.CXll 
HOI6.2,-MDIZ.6, 
HOI3,3,-4.0tZL2&56.0*ZIL 
HOI6,6'-H0I3.1' 
HOI3,41- -HOll,61 
HOI4,3,- -HOII,61 
14013,5,--14012,61 
HOI5,31--HDI2,61 
HOC1,6'--3.0*Zl2-14.0.ZIL 
HOC6,1'-HOI3,61 
HO(5,6'--HOI2,3' 
HOI6,5'--HDCl,31 
HOI4,5'-HOII.2' 
HDI5.41-MOll.2' 
W~IHI6.Z0011 

2001 FORMATI'O'.'HD'I 
DO Z003 10-1,6 

2003 WRI TEC6, 111' IHOC IO.JO' .JQ-l.61 
C 

JJ3·3*JJII' 
C 

IF IRlCJJ1-Z', 41.40.41 
40 5IJl,JII-5IJI,Jl'&5HOI1,1. 

SIJ2.JI'-SIJ2,JI'&5MOIZ,11 

~w" 

.... 
,J:. 
\0 
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S .0208 . SIJ3,J1'-SIJ1,Jl'&SHDC3,l' 
5.0109 SIK1,Jl'-SH614,1' 
S.0210 5IK2,Jl'-SMDI~,l' 
5.0211 51K1,Jl 'IISMDI6,'l' ,... 5.0212 HMIJ1,J1,-MMIJ1,Jl,&HDI1,l, 
5.07.11 HHIJ2,JI,-MMIJ2,Jl,&HOI2,l, 
5.0214 MMIJ1,JI,3~MIJ3,Jl'&MDI3,l' 

.... 5.0215 . HMIKI.JI'aMOI4,l, 
5.0216 MHCK2,Jl,aMDI~,1' 
5.07.17 M~IK3,J\'-MDC6.1' 

'" 5 .02t 8 41 IF CRLIJJ3-1" 41,4Z,43 
S.021<) 42 SIJ1,J2'-SeJl,J2'&SHDC1,2' 

.... 
5.0220 SIJ2,J2'-SCJ2,J2'&S~DIZ.Z' 
5.0221 SCJ3,J2'-SIJ3,J2'&SHDC3,Z' 
S.0222 SCK1,J2'-SMOI4,21 
S.0223 SIKZ.J2'-SMOC5,Z' 
S.0224 5IK3,J2'-SHOC6.21 
5.02Z5 HHCJ1,J2,-MHCJ1.J21&HOC1,2' i 
5.0226 HHCJ2,J2'aHHCJ2,j2,&HOC2,2, 
5.0227 HHCJ3,J2,-MMCJ1,J2,&HOC1,2, 
5.0228 HHCK1,J?,-MOI4,2' 
S.0229 MMIK7.,J2,-MDC5,2' 
S.01.30 "~CK3,J2'-MDC6,2' 
S.0231 43 IF CRLIJJ3,' 45,44,45 
S .0232 44 SCJ1,J3'-SfJl,J3'&SHOC1,3' 
S.0233 SCJ2,J3'-SeJ2.J3'&SMDC2,31 
S.0234 SIJ3,J3'-5IJ3,J3'&SHO(l,3' 
S.07.35 5IKl,Jl'-SMDC4,3' 
S.0236 SCK2,Jl'-SMDC5,3' 
S.OZ37 SCK3,J3'-SMOC6,3, 
S.0238 HMCJ1.J3'-MMCJ1,J3,&HDC1,3, 
S .0239 MHIJ7..J3,-MHCJ2.Jl,&MDI2.3, 
S.021t0 MHCJ3,J3,-MMeJ3.J)'&MOC3.3. 
S.0?41 HHCK1,J3,-MDC4.3' 

'i S.021t2 HMIK2.Jl,-MOC5,3' 
5.0243 H~CK3,Jl,aMOC6.31 

C 
5.0244 45 JK3-3.JKIII 

C 
S.021t5 IF CRLCJKl-2J' 47.46.47 
S.0146 46 SIJ1,Kl'-SHOC1.4' 
S .01" 1 SCJ2,Kl'-SHOC2,4, 
S.0241) SIJ3.Kl'-SMOI3,4, 
5 .O:! 49 SIK1,Kl'-SCK1,Kl'CSMDC4,4' 
S.07.50 SCK2,Kl'-SIK2.Kl'&SMOC5,4' 
S.Ol51 5IK3,KI'·SIK3,Kl'&SHDC6,4' 

) S.0252 HMCJ1,Kl'-HOCI,4, 
S.02'51 HMCJ7.,Kl,-MOC2,4' 
S .0254 H~CJ3,Kl'-~DC3,4' 

.. J S.01';5 HMCK1,Kl,-HHfKl,Kl'&MOC4,4, 
S.0256 MMIK2,Kl'·HHIK2,Kl'&~OI5.4' 
S.0257 HMIK1,Kl'-MMIK3,Kl,&MOC6,4, 

,.) S.02'58 41 IF CRLIJK1-l" 49,48,49 
S.025<) 48 SIJ1.K2'-SMOlt,5' 
S.0260 SCJ2,K2'-S~DC2,5' 

..j S.02111 5CJ3.K2'-SMOC1,5' 
S.0262 5IKt,K2'-SCK1,K2'&SHOC4,5' 
S.0263 SIK2,K2'-SIK2,K2'&SMOC5.5, .... 

..J 
S.0264 SCK3.K2'-SIK3.K2'&SHDI6.5, 01 

5.026'5 HHIJI.Kl'-MDCl,5' O· 
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,. 
5.0266 
5.0167 
5.0268 
S.0269 
5.0270 
5.0271 
5.0272 
5.0273 
5.027. 
S.021'5 
S.0276 
S.0277 
S.07.78 
5.0279 
5.0280 
5.0281 
5.0282 
S.0283 

. 5.0284 

5.0285 
S.0286 
5.02 A7 
5.0288 
5.0289 
S.0290 
S.02en 
5.0292 
5.02 C)3 
5.0294 
5.0295 
S.0296 
5.0297 
5.0298 
5.0299 
5.0300 

5.0101 

S.0302 
5.0303 
5.0304 
5.0305 
5.0306 
5.0307 
S.0308 

C 
C 
C 

C 
C 
C 

C 
C 
C 

... ,. -. -_ ..... -
MMIJ2,K2'-HOA2,5' 
MMIJ1,K?'-HOll,5, 
MHCK1,K2)-HMCK1.K2'&HOC4,5, 
HHCK2,K21-HMCK2,K2'&HOI',5' 
MHCK1,K2'-MMCK3.K2,&HOC6.5, 

.9 IF IRlIJK1,' 51.50,51 
50 5CJ1,K3'ftSMOC1,6' 

5IJ2,K3'·5~DC2,6' 
5IJ],K3'-5HDC3,6r 
5CK1,K3'·SIK1,Kl"5HDI4,6' 
SIK2,K3'·SCK2,K3"SHOC5.6, 
5CKJ,K3'-SCK3,K3'&5MDC6,61 
HHIJ1,K1'.HOC1,6' . 
HMCJ2,K31-MOC2,61 

. HMCJ3,K31.HDC3,6' 
HMIK1,K3'-HMIK1,K3'&MOI4,6' 
HHCK2,K3'-MHCK2,K31&HDC,,61 
MMCK3,Kl,-HHCK3,K3,tHOC6,61 

51 CONTINUE 

"'" 

2.B RETAINING OF REOUCED 5TlfFNESS AND HASS MATRICES. 

150 

100 

110 

250 

310 
tll 

DO 150 l-l,N 
DO 150 J-t,N 
SM CI, J , • 5 CI , J 1 
M5MII,J,-MHII,J' 
CONTINUE 
WRlTe C 6, 1 001 
FORHAT"1Hl,l6H5TIFFNESS MATR.X' 
00 110 l-ltN 
WRITE 16,11" C5C1,JI,J-l,N. 
CONTINUE 
WRITEC6,2501 
FORMAT 11HO,11HHA55 MATRIXI 
00 310 l-l,N 
WRITEI6,lll'CH5MII,J',J-1,NI 
CONTINUE 
FORMAT C1HO.8EI5.61 

3. CALCULATION OF EIGENVALUES AND EIGENVECTORS. 

CALL,N~OOT CN,5M,MSM~XL,XX' 

PRINTING OF NATURAL FREOUENCIES. 

.,500 
WRITEC6,5001 
FORHATCII'lt,'NATURAL 
DO '600 1·-1,N 
EVALUE-SORTIXLIII, 

FREQUENCIES IN RADIAN5 PER SECOND '1 

600 
400 

WRITE16,4001 EVALUE 
FORMATCtHO,F20.81 
END 

..• 
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0001 

0002 
000)· 

0004 

_? . PROGRAM TO FIND'THE NATURAL FREQü1~c!Iis OF GRIDS. 
OIMENSIC~ L(20),XC20),VC20),JJC20),JKCZO),IXCZO),IVlZO),CXCZO),CYC 

12C),RLC50),CRL(50),SMOI6,6),SI50,50),HMI50,50),MOI6,6),AXC20), 

c 
C 
C 
C 

C 

lXLC39"XXl39,39),MS~C39,39),SHC39,~9) . 
REAL IX,IV,L,HD,~~,~S~ 
INTEGER CRL,Rl' 

RA HASS PE~ U~IT lENGTH 
IX TIRSION CC~STA~T 
IV M.O.I. ABO~T ~ AXIS 
AX CROSS-SECTIONAL AREA 

~R Il El 6,1 , 

C •••••••••••••••• • •• •••••••••••••••••••••••••••••••••• •••••••••••••••••••• 0005 1 FORHATI'la,'NATURAL FREQUENCIES OF GRIOa) 

0006 
0001 
0001l 
C009 

0010 
0011 
0012 
0013 
00 lit 

0015 
0016 
0011 
DOlS 
0019 
0020 
0021 
0022 
0023 
0024 

0025 
0026 
0027 
0028 

002e; 
0030 
0031 
0032 

C ••••••••••••••••• •••••••••••••••••••••••••••••••••••• •••••••••••••••••••• 
. C 

C 1. INPUT ANC STRUCTURE DATA 
C 
C I.A STRUCTURE PARAHETERS,ElASTIC HOOULUS AND OENSITV 
C 

C 
C 
C 

c 
c 
c 

hR Il e 1 6 ,2' 
2 FORMATCII'Oa,'STRUCTURE CATAa) 

WRITE 16',3' 
) FOqHAT C'Oi,' ~ N ~J NR 

1 RAi' 
REAO C5,4) ~,~J,NR,NRJ,E,G,RA 

4 FCRMATC415,2FIO.0,FI0.8) 
N-3·NJ-NR 
~R1TE C6,~) ~,N,~J,~R,NRJ,E,G,RA 

, FORHATC515,F15.0,FIO.0,F12.8' 

lB. JOINT CCORCI~ATF.S 

"RITE C6,6) 
6 FURMAT l'Oa,'JOINT COORDINATEsa, 

"R IT,E C 6 ,1 ) 

NRJ 

7 FORMAT l'O~,'JCI~T X COORD y COORDi' 
DO lOI J-I,NJ 
REAO C~,8' J,XCJ),VCJ' 

8 FORMAT C15,2FIO.2' 
hRlTE C6,9' J,XCJ"VCJ) 

9 FORMAT (15,2FI0.2) 
101 CCNTINUE 

lC. MEHBER OESIGNATIONS AND PROPERTIES 

hRITE C6,10' 

e 

10 FORMAT C'Oi,' ME~8ER CESIGNATIONS AND PROPERTIESa) 
WIU TE C 6 , 11 , 

G 

Il FORMAT C1HO,6HMEMBER,2X,2HJJ,3X,2HJK,5X,2HIX,9X,2Hly,6X,2HAX,10X,1 
lHL,9X,2HCX,8X,2HCV' 

DO 102 l-l,~ 
READ C5,12' I,JJCI),JKCI),IXCI),IYCI),AXCI) 

12 FORMATC315,3FIO.6) 
J I-JJ CI) 

...... 
01 
N 

L ___________________________________________________ MeGI LL UNIV ERSITY COMPUT/NG CENTRE ----' 
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0033 
0034 
0035 
0036 
0037 
0038 
0039 
0040 
0041 

0042 
00"3 
0044 
0045 
0046 
0047 
0048 
00"9 
0050 
0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 

OC60 
0061 
0062 
0063 
0064 
0065 
0066' 
0067 
0068 
0069 
C070 
0011 
0072 
0073 
0074 
0075 
0076 
0077 
0078 

c 
c 
c 
c 
c 

C 
t 
C 

KI-JK(I' 
XCL-XCKU-XCJII 
YCL"Y (K l'-V e dU 
LCl)-SQRTCXCl •• 2+YCl •• 2' 
CIC( 1 '''ICCl/LC Il . 
CYll'-YCL/LCI' 
WRITE 16,13' I,JJeI),JKeI),IXCI),lYII"AICel'.lCI"CXCI),CYII' 

13 fO~MAT(315,3f10.5,3Fl0.2) 
102 CONTINUE 

10. JOINT RESTRAINT LIST, CUMULATIVE RESTRAINT LIST 

INITIALISE RLII< TO ZERO 

NJ3-3.fIi.1 
00 104 J3-1,fliJ3 
RLCJ3)-0 

104 COt\TIt\UE 
WiUTE ''.J,14' " 

14 fORMAT('oa,'JOINJ RESTRAINTSQ, 
hAlTE (",15' 

15 FORMAT ('OQ,'JOINT X RSTRT y RSTRT Z RSTRTQ) 
00 103 J-l,NRJ 
RE~D (5.16' K,RLI3*K-2),RLe3*K-1),RlI3*KI 

16 FOPMAT 141101 
kRIT~(~,17) K,RLC3*K-2,.PlC3.K-1"RLC3*K' 

17 FeRMAT CI5.3110' 
103 COM It-UE 

CRLC l''''RU 1) 
00 105 K-2,NJ3 
CRlIK)-CPLIK-I'+RlCK' 

105 CONT 1 t-U~ 

2.A GENERATION OF OVERALL STIFNESS AND MASS MATRICES. 

NJ2·3.t-.:J 
CD 106 J3.1,NJ2 
DO 106 K3-1,t\J2 
SCJ3,K3'-0.0 
",,,eJ3,K3'-0.0 

106 CCNTINUE 
00 51 (-l,M 
Jl-3*.JJ( ('-2 
J2-3if.JJ( ('-1 
J3-)*JJe() 
Kl-1.JKel'-2 
K2-)*JKCI)-1 
K3-3*JKII' 
SC~l·G*IIC(I)/LeI' 
SCM2-4.0*E*(Y(I'/lel' 
SC~)·1.5.SCM2/LII' 
SC"4~2.0.SCM3/lll' 
Z-RA*Lel'/420.0 
IF eRlIJ1') 18,1~,18 

f-I 
01 
W 

L _________________________________________________ McGILL UNIVE.RSITY COMPUTINGCENTRE --_ .... 
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III 

III 

III 

III 

., 

., 

., 

01 

., 

.., 

.. 

., 

., 

.. 
01 

.. 

.. 

.. 

., 

.. 
01 

-'"'~ _: ....... ~ ... " 

·. ,: " 

0079 19 J1aJI-CRLIJ1' 
0080 GO Ta 20 
0081 18 J1 a N+CRLCJlt 
0082 20 IF CRlCJ2', 21.22.21 
0083 22 J2:aJ2-CRlIJ2' 
0084 GO Ta 23 
0085 21 JZ-N+CRll J21 
0086 23 IF IRLlJ3" 24.25,24 
008,7 25 J3aJ3-CRlIJ31 
0088 GO Ta 2fo 
0089 24 J3-N+CRLlJ3' 
0090 26 1 F 1 R li K 1) , 27,28.27 
0091 28 KI-K1-CKlIK11 
0092 GO TO 29 
0093 27 K laN+CRll K 11 
0094 29 IF IRLlK21J 30.31,30 
0095 31 K2-K2-CRlIK2' 
0096 GO TO 32 
0097 30 K2-N+CRL( K?' 
0098 32 IF IRLIK3" 33.34,33 
0099 34 K3-K3-CklCKl' 
0100 GO Ta 35 
0101 33 K3 a N+CRllK3' 
0102 35 WRITEI6,200' J1.J2.J3.K1.K2.K3.Z 
0103 200 FORMATI1HO,615,~lS.8' 
0104 CY2-CYI .,+CYCI' 
0105 CX2-CXII'.CXII' 
0106 CXy-cxC 1 '.CYC l' 
0107 S~011.1,cSCM1.CX2+SCM2.CY2 
0108 SMOC4,4'·S~OC1.l' 
0109 SMOC1.2'·CSCM1-SC~2'+CXY 
0110 SMOI2,11·S~Oll,21 
0111 SMUC1,3'-SCM3+CYCI' 
0112 SMOC3,1'-SMOI1,3, 
0113 S~OC1,4'=-SCM1.CXl+SCM2.CY2/2.0 
0114 SMOC4,l'-SMOC1,4' 
0115 S~OC1,S'--ISC~1+SCH2/2.0'.CXY 
0116 SMOC5,1'-SMOI1,5, 
0117 SMOC1,6,--SHCC1,3" 
0118 SMOl6,1'=-SMOI1.3' 
0119 S~UI2,2'.SCM1.CY2+SCH2+CX2 
0120 SMOl5,5'=SMOC2,2' 
0121 S~012.3'=-SC~3+CXII' 
0122 S~Oj3,2'=SHOC2,3, 
0123 SMOl2,4'-SMOC1,51 
0124 S~014,2'=SHUll,5' 
0125 SMOl2,51·-SC~I.CY2+SC~2.CX2/2.0 

0126 SMOI5,2'=SMOl2,5' 
0127 SMOI2,b'a-SMOI2,3' 
0128 SMOI6,21·-SMOI2,3' 
0.129 SMCI3,3'=SCM4 
0130 S~016,6'·SHOI3,3' 
0131 SHOC3,4'-SMOll,3, 
0132 SMOI4,31-SHOll,3' 

:~~-... 

.,: 

, ... ~ J;" 

:'", 

.. 

1-' 
Ut 
~ 

L~ ________________________________________________ Mc G Il. L UN IV ERS 1 T Y COMPUT'~G CENTRE --
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0133 
0134 
0135 
0136 
0131 
0138 
0139 
0140 
0141 
0142 

0143 
0144 
0145 
0146 
0141 
01lta 
0149 

0150 
0151 
0152 

'0153 
0154 
0155 
0156 
0151 
0158 
0159 
0160 
0161 
0162 
0163 
0164 
0165 
0166 
0161' 
0168 
0169 
0110 
0111 
0172 
0113 
0114 
0115 
0116 
0111 
0118 
0119 
0180 
0181 
0182 
0183 
0184 

~:;l 

C 

C 

SHOl3,5'~SMOl2,3' 
S~Ol5,3'·SHOC2,3' 
S~OC3,6'''-SC'''4 
S"'Ol6,3'·S~Ol3,6' 
SHOC4,5'-SHOC1,2' 
S~OC5,4'·SHOC1,2' 
SMOCI. ,6' a-SHIl Cl, 3'. 
S~CC6,4'--SHOC1,3' 
S~PC5,6':-SMOl2,l' 
SMOC6,5'--SHOC2,3, 

AI-IXCI,/AXII' 
CX2AI-Al.CX2 
CY2AC"AUCY2 
CXYAI-A1·CXY 
CX2L~CX2.L'I'.L'I' 
CV2L-CV2.LCl'.LIl, 
CXVL-CXV.LII'·LIl' 

MOC1,l'=C140.0.CX2AI+4.0.CY2L'.Z 
MCI4,4,·.,Oll,l' 
MOll,2'al140.0.CXVAl-4.Q.CXVL'.Z 
HOC2,U-"Ol1,2' 
MOll,3'-22.0.LC1'.CVIl'.Z 
MOl3,U·"Oll,3' 
HOl1,4'-I70.0·CX2AI-l.O.CY2L,.Z 
HOl4,l)·~Ol1,4' 
MOC1,5'al70.0*CXVAI+l.O.CXYL,.Z 
14015,1)"·"011", 
HOI1,b'-13.0.LCI'*CVll'.Z 
l'Dib, U""OI 1,6, 
HOl2,2'-1140.0.CV2Al+4.0.CX2L'*Z 
1-1015,5'."012,2' 
Hlll2,3'D-22.0*LII,.CXII'.Z 
HOl3,2, • .,Ol2,3' 
HOC2,4'· .. Oll,5' 
IoIOl4,2,·.,OC1," 
MOl2,5'=Il0.0.CY2AI-3.~.CX2L'.Z 
HOC5,2' .... Ol2,S' 
MOC2,6'=-ll.0·LIl'.CXII,.Z 
"'OCb,2,-IoIOl2,6' 
,..Ol3,3'-15&.0·Z 
HOCb,b,-"OC3,]' 
~013,4,. -14011,6' 
MOC4,3,- -MOC1,6' 
14013,5,.-14012,6, 
HOC5,3'·-~012,6' 
HOl3,6'-63.0.Z 
"'OCb,3,=,.Ol3,6' 
HOl4,6'.-~DC1,3' 
HOI6,41"-,..OC1,3' 
"'Ol4,5' .. ~Oll,2' 
HC15,4,·.,01l,2' 
fol 0 15 ,6'--14012,3' 

~,;;l i',.".-' 

.... 
U1 
U1 

L _________________________________________________ McGILL UNIVERSITY COMPUTIHGCEHTRE ___ ..J 
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~ ... ' 

0185 

0186 

0187 
0188 
0189 
0190 
0191 
0192 
0193 
OH4 
0195 
0196 
0197 
0198 
0199 
0200 
0201 
0202 
Ol03 
0204 
0205 
0206 
0207 
0208 
0209 
OZ10 
0211 
0212 
0213 
0214 
OZ15 
0216 
0217 
OZ18 
0219 
0220 
0221 
0222 
0223 
0224 
0225 

0226 

0227 
0228 
0229 
0230 
0231 
0232 
0233 
0234 

0 

c 
c 

c 
c 

"'-C"-"'--" ........ - .•••.••• _ •. --.-.----- •• ---. "'-' --:-~---.-.-.--: •.. 

MOC6,S'=-MOCZ,3, 

JJ3=3·JJCI' 

IF CRlCJJ3-2" 41,40,41 
40 SCJ1,J11=SIJl,J11+S~DC1,l' 

SIJZ,Jl'=SeJ2,J1'tSMOlZ,l' 
SCJ3,J1'=SIJ3,J1'+SMOC3il' 
SIK1,J11=SMOC4,11 
StK2,Jl'=SMOC5,l' 
SCK3,J1'zSMOC6,ll 
MMIJ1,J1'=MMCJ1,Jlr+~CC1,1' 
~MCJ2,J1'=MMCJ2,J1'+~OC2,l' 
MMCJ~,Jl'·~MIJ3,Jll+MOl3,11 
MMCK1,Jl'=MOe4,ll 
MMCK2,J11=~OI~,11 
MMeK3,Jl,=MOI6,ll 

41 IF CRlCJJ3-1', 43,42,43 
42 SIJ1,JZI=SIJ1,J2ItSMOI1,21 

SIJ2,J21=SIJ2,JZI+SMCI2,2' 
SCJ3,J2'=SCJ3,JZI+SMOI3,21 
SCK1,J21=SMOC4,Z' 
SCK2,JZI=SMOI5,l, 
SIK3,J21=SMOI6,2' 
MMIJ1,JZ'=MMCJ1,JZI+MOI1,2' 
HHCJZ,J2,=MMCJ2,J21+MOC2,2, 
MMIJ3,J2'aMMIJ3,J2'+MOe3,2' 
MMeKl,JZ,=MOI4,ZI . 
HMCK2iJ21=MOI5,ZI 
MMeK3,J2,=MOI6,ZI 

43 IF IRlCJJ31' 45,44,45 
44 SCJ1,J31=SCJ1,J3'+SMCC1,31 

SeJZ,J31=SIJ2,J3'+SMCIZ,31 
SeJ3,J31=SIJ~,J3'+SMCI3,3' 
SCK1,J3'=SMOl4,3' 
SIK2,J31=SMOIS,31 
SIK3,J3'-SMOl6,31 
HMIJ1,J3'aMMIJ1,J3'+MPI1,3, 
~MIJZ,J3,aMMIJZ,J3'+~OCZ,3' 
HMCJ3,J3'=MMIJ3,J3'+MOe3,3' 
MMeK1,J3'=MOe4,3' 
MMeKZ,J3'aMOIS,3J 
MMIK3,J3'aMOl6,3' 

45 JKl-3.JKII' 

IF IRlIJK3-Z" 41,46,47 
46 SIJ1,Kl'aSMOC1,4' 

SCJ2,Kl'aSMOIZ,4, 
SIJ3,K1'-SHOC3,4' 
SCK1,Kl'=SIK1,Kl'+SHCC4,4' 
SeKZ,K1'-SCKl,K1'+SMCC5,4, 
SCK3,Kl'-SIK3,K11+SMCI6,4' 
MM'Jl,Kl'aHOC1,4' 

t-' 
Ut 
0'1. 
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1 

t 
t 
l 

1 

~ 

~ 

~ . 

.Od5 
" 0236' 
• 0231 

0238 
0239 
alltO .' 

". 024' . 
: .,'. 'Q'Z4Z' .. ,.' 
: ····02'.'· . 

'. 024';' • , 
'.024'. 
0246' 
0247 
0248 
0249 
0250 
<>251 
0252 
0253 
0254 
0255 
0256 
0257 
0258 
0259 
0260 
0261 
0262 
0263 
026,. 
0265 
0266 

0267 
0268 
0269 
0270 
0271 
0272 
0273 
0274 
0275 
0276 
0277 

'0278 

0279 

C 

~~CJ2,Kl,DMDC2,4' 

MHCJ3,Kl'·~OC3,4' 
HMCK1,Klt-MMCK1,K1J+MOC4,4' 
MMCK2,Kl,=MMCK2,Kl'+~DC5,4' 
MMCK3,Kl'.MMCK3,~1'+MDC6,4' 

,.7 IF CKLCJK3-1" 49,48,49 
48 SCJ1,K~'.SMDC1,~, . 

SCJ2,K2'-SMOC2,5', , 
'SCJ3,~2'-SHDC3,5J 
SCK1,K2'-SCK1,Kl'+SMCC4,5' 
SCK2,K2'-SCK2,K2'+SMCC5,5' 
SCK3,K2,-SCK3,K2'+SHCC6,5' 
H~CJ1,K2'-MDC1,5' 
~~CJ2,K2'-HDC2,5' 
HHCJ3,K2'-~DC3,5) 
MHCK1,K2,·H~IK1,K2'+~DC4,5) 
M~IK2,K2'-HMCK2,K2'+~DI5,5' 
M~CK3,K2,-MMCK3,K2'+~CI6,5' 

49 IF IRLCJK3" 51,50,51 
50 SIJ1,K3'-SMOCl,6) 

SIJ2,Kl'·S~012,6) 
SIJ3,K3'-SMOI3,6) 
SCK1,K3,-SIK1,K3'+SMCC4,6, 
SCK2,K3'-SIK2,K3'+S~Of5,6' 
SIK3,K3'-SCK3,K3'+SHOC6,6' 
HHCJ1,K3'-HDll,6) 
HHCJ2,Kl,-HDC2,6' 
M~IJ3,K3'.HDI3,6' 
M~CK1,K3,·HHCK1,K3'+HCC4,6' 
HHIK2,K3'·M~CK2,K3'+~DC5,61 
MMCK3,K3'·HH(Kl,K3'+~D(6,6' 

51 CQ~TINUE 

C 2.8 RETAINING OF RECUCED STIFFNESS AND MASS MATRICES. 
C 

C 
C 
C 

C 
C 
C 

DO 1 !) a 1· l , N 
DO 150 J-l,N 
SMII,J'-SCI,J' 
MSMCI,J,-MHCI,J' 

150 CONTI ~UE 
kRIlEC6,250' 

250 fORMAT CIHO,11H~ASS HATRIX, 
DO 310 l-l,N 
WRITEI6,111)CHSHCI,J"j-l,N' 

310 CONTINUE 
111 fORHAT C1HO,8EI5.6, 

3. CALCULATICN OF EIGENVALUES AND EIGENVECT~RS. 

CALL NROOT (N,SM,~S~,XL,XX' 

PRINTING Of NATURAL FREQUENCIES. 

WRITEC6,500' 

,', 

,'. 

..... 
Ut 
-...J 
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0280 
0281 
0282 
0283 
0284 

0285 
0286 
0287 
0288 
0289 
0290 

-,." !'tr-,! ~ ------, 
500 

600 
400 

C 
C 

550 

650 
651 

fORMATCII'l~,'NATURAL FREQCENCIfS IN RADIANS PER SECOND ~, 
DO 600 l=l,N 
EVALUEuSCKTCXLCI"/6.283l84 
~RITE{6,4QO' EVALUE 
FORMATClHO,F20.8' 

PRINTING OF NORHALIZED NODAL AMPLITUDES •. 

WRITEC6,550' 
FORMATCII'li,'NORMALIZeC NODAL AMPLITUDES.' 
00650 lal,N 
WRITEC6,65l. CXXCI,JI,J-l,N' 
FORMATClHO,lOFlO.4, 
END 

TOTAL HEHCRY REQUIREHENTS 008F76 BVTES 

... 
U1 
(X) 

L-------------------------------------------------- McGI LL UNIVERSITY COMPUTIHGCeHTRe----J 
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, 
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APPENDIX D 

PROGRAM ·FOR THE" PARAMETRIC INSTABILITY OF COLUMNS 

. The proqrams in this section are also ooded in Fortran 

IV and are used to obtain the natural frequencies and the 

bucklinq loads for a particular idealization of the column. 

Dl: program to find the natural frequencies and bucklinq load 

of a pinned-ended column~ . 

Input 

... 
~ . .... 

Cols • Notation Description 

A Number of Subdivisions (15) one card 

1-5 NM NUmber of parts in which the column 

is divided 

B Stiffness Matrix (SFlO.3) (NM-l) cards 

1-80 . S Elements of stiffness matrix 

C Mass Matrix (SFlO.3) (NM-l). cards 

1-80 M Elements of mass matrix 

output 

The output oonsists of the input data, the modal shape, 

the natural frequencies and the buck1inq loads for aIl the modes. 



0001 
VI)02 
0003 
V004 

0005 
0006 
0007 
0008 
0009 
OU10 
00.11 
OOI~ 
0013 
0014 
OOl!J 
\)0,6 
0017 
0018 
001'1 
0020 
0021 
0022 
002::1 
0024 
002!J 
V02b 
0027 
002t1 
0029 
0030 
001l 
0032 
Don 
00J4 
0035 
003d 
OOH 
003b 

003Q 
0040 
OU'tl 

0042 
0043 
0041f 

'_.~ 

c 
C 
G 
G 
t 

20 

2 

3 

~ 

71 

8 

c 

c 
c 
c 

'.--~ ... " .'''~.~.' ...... - . -.-..... -.,.-

,,",';"" 

•••••••••••••••••••••••••••••••••••••••••••••••••••• 
P~OURAH ru FINO TH~ EIGEN VALUES AND EIGEN VEClURS 
l:NUI:U COLUMN 

•••••••••••••••••••••••••••••••••••••••••••••••••••• OOUaLI: PK~CISION A,6,t,u,X,Y,Vl,EIGV,UEL1,OIV,EPS,R 
IHMa:NSION SS C tI, AJ . . 
Ulh~NSIUN Ala,8J,U(8),OFI8),OVI8J 
OIJolEN!.ION ü16,8J ,CIO,8J ,XI8' ,YlI8' ,Y(8) ,ElGVC8J, 
lMI2,lJ,Sll,l"LlI2J,~112' 
[~UIVAL~~C~ IXll),Y_Cl» 
CALL l'GHCHK 
REAL H 
RI:AUI!),20) NH 
fliRHATlI'.j) 
..,IU r~lo,l1) hH 

21 fükMA1I1Hl,~X,3HN~a,13) 
Ul; lI- l ,liH 
kI:AUCS,IJ ISII,Jl,J-l,NHl 

1 FlIP.HA "lOt-! 0.31 • 
WRlT~ 16,JJ 

40 

fUkHATI'G',' ~TlfFNESS HATRIX') 
00 4 1 "1, NH 
WRIT~I~,ll tSII,Jl,J-l,NH' 
00 40 l"l,N'" 
R~AUI5,1' IMCI,J"J-l,NH' 
WIU TE 16,71) 
fORMATC'O',' ~ASS HAlRIX') 
00 a lal,NM 
Wklr~lo,11 CHII,JJ,J-l,NH) 
ou 7l r-l,NH 
00 72 Jal,NH 

72 SS( l ,J)-SC l ,J) 
GALL Hl~VCS,NM,O,Ll,Hl) 
00 31 lai ,t.iH 
DO .U K-l, ~11 
SI."'-O. 
00 30 J-l,NH 

30 S~~aSUM+SCI,J'.HIJ,KJ 
31 dU ,.O=SUH 

33 
WR 1 TE: 1 (, , J l , 
FORMATI'O',' PROUUeT HAlRIX ') 
UO 32 l"l,NM 

32 HRITl:16,1' 1811,JJ,J-1,NH' 

121 
HAT~lX '-HATRIK 8 

00 qA ral,NM 
OIJ '18 J a l,NH 

98 CII,J)~B(J,J' 

RHS 
OF A PINNED RHS 

RHS 
RHS 
RHS 

RUS 
RHS 

RHS 
RHS 
RUS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

EPS SMALL NUMBER TO Tl:Sl WHElHER ANY DIAGONAL JS ZERO OR NOT 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

EPS-.OCOOOOOOl 
WRITEC6,o4J f:PS 

6~ FORMAT (lUO, ~X ,4HEPS-,FIO.9, 

. 1 
2 
3 
4 
5 

6 
7 

9 
10 
11 
12 
13 

. 14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

2Q 
30 
li 
32 
33 

.34 
3S 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
41 
48 
49 

~, .. -., 

t-" 

~ 
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0045 

0046 
0047 
0048 

0049 
0050 
0051 

OQ52 
00!»3 
00~4 

'Oll~!» 

0056 
OOH 
0058 
0059 
0060 
0061 

0062 
0063 
0064 
0065 
0066 
0067 

0068 
CJ06Q 
001U 

OU11 

0074/ 
0013 
0014 
oon 
0076 

01.177 
1I07tJ 
01.119 
0080 
0081 

C 
t TEST TO rlNO IF LAST EIG~NVALU~ REACHED 

C 

C 

110 110 1l-1,NH 

IF(II-NHI 116,117,116 
116 N=NH-11+1 

N1-N-1 

C . SET VIII) AS A UNIT CCLUMN MATRIX 
C 

C 

DO 100 l-l,N 
100 Vlll'''l.O 
99 KC-O 

C UP TO ~TATEMeNT 115, SUCCESSIVE APPROXIMATION IN FINOING THE 
C E.G~NVALUE~ 'AND THE FIRST EIGENVECTOR ONLV < IS CARRIEU OUT 

UU 101 l-l,N 
Vl.'''O. 
00 101 J"l,N 

101 V'I'·Yll'.C'I,J'.Yl'J' 
J-l 

92 IF lV'J" 89,91,89 
69 ~.V'J' 

GU TU 93 
91 J .. J.l 

GO TU 92 
(; 

C fIGc~VALUë 15 THE fIRST ELEMENT Of THE EIGENVeCTOR 
93 UO 90 .-l,N 

Vll'-Y'II/R 

C 

If 'UAbSCVCI'-VLCI"-~PS' 90,90,102 
102 KCal 
90 COM. NUE 

IFl~CI 103,103,104 

C TRANSF~R XCM+lITH EIGENVECTOR Ta XCM,TH EIGENVECfOR 
104 1)0 ll5 ."I,N 
lU Vlll'.Yll' 

GO TU 99 
c 
C TTtŒ LIGENVALU~ IS THf flRST [LE~ENT IN THE ~IGENVf'TOR 

10l EIGIIClllat{ 
C UP 10 STATEMcNr 112, THE SIlE OF MATRIX , IS REOUCeO BV ONE 

00 L09 .-l,Nl 
109 XII'--Vll+l' 

1)0 112 1-2,N 
UU 112 J-2,N 

112 ACl-l,J-l)-C.C I,JhCCl,JI*X(I-l) 
C REUUCTION OF SilE OF ~ATRIX C av ONE COMPLETEO 

00 lU l--l,N1 
00 113 J-l,Nl 

113 'll,JI-All,JI 
GO TO 118 

111 elG"CII,-CC1,l' 

RHS 
RHS 
RH~ 
RHS 
RHS 
RHS 
R"S 
RHS 
RHS 
RIfS 
RHS, 
RHS 
RHS 
RliS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RlfS 
RHS 
RHS 
RHS 
RHS 
RtiS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

50 
'51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 

'6R 
69 
70 
71 
12 
13 
74 
15 
76 
71 
18 
19 
80 
81 
82 
83 
('4 

85 
86 
81 
88 
ft? 
90 
91 
9l 
93 
94 
95 
96 
91 
98 
99 

100 
101 
102 
103 

1-1 
0\ 
1-1' 

L _________________________________________________ McGILL UNIVERSITY COMPUTINGCENTRE ___ ..J 
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00112 
0083 

0084 
0005 
0086 
oe81 
00118 
OCH., 
0090 
009.1 
OOCJ&! 
Ou93 

OU94 
OOq!J 
009" 
00~7 
00 'il 8 
OC~q 

0100 
0101 
0102 
0103 

0101t 
0105 

0106 
0101 
0108 
010'1 
0110 
0111 
0112 
0113 
0114 
0115 

Olle, 
0117 
011n 
0119 

/': 

118 
51t 

C 

llt2 

139 
101 
105 

C 

WRIT~(6,~4J Il,EIGVeIIJ 
FURMA1(lZ,16HTH. EIG~NVAlUEa,E1Z.SJ 

~P TO STAr~HENT 9015, lHE EIGENVECTORS ARE SOlVED 
NNsNM-l 
NLASTaM'tl 
IF( II-IJ lltl,141,142 
DU 105 J -1 , N N 
DU 107 J"l,NN 
A(l,J."IH I,JJ 
IfC l-JJ 107, 11'l, 107 
AU ,J ... AC I,J.-i:lt;VUU 
'lJNTINU~ 
"'II J"-IH 1 ,N"'J 

t TEST TO SEE WHETHER UIAGONAL ELEMENT 15 ZERO OR NOT 
C 

C 

UU 'lOI!) 1 al • N t\ 
IfC I-NN. qO~1,90Q1,90l1 

9021 IfIAII,I)-EPS) 'lOO~,9006,9007 
9005 IFI-AIJ,I'-~PSJ 90~6,9006,9007· 
11006 ~C 1 ... ut 1) +UI' t1l 

I)(J QOë!J J"l,,,,,, 
'iO,U AII,J'aAII,J.+ACI+l,J' 

GU TO 9011 
9007 IlIV ... "tl.,. 

Ull '.UIII lUI V 

C UIVIUE ALL ~LEMENTS UF I-TH EQUATION 8Y AII,I' 
C 

00 9009 J a l,N'" 
9009 A(I,JJ-ACI,JJ/OIV 

C 
C REUUCE THE I-TH ELEMENT OF THE OTHER EQUATIONS TO ZERO 
C 

C 
C 
C 

c 
C 
C 

or. 9015 MM-l,N" 
I)ELT=AIHH,I, 

9016 IFIMH-IJ 9010,9015,9010 
9010 UI~~J.uIMHJ-UII'.DELT. 

00 'J011 J-l,N" 
9011·AIM~,J'-ACMH,JJ-ACI,JJ.OELT 
9015 CU'" fi NUE 

VINM)-1.0 
00 11>8 l"l,NN 

108 VC 1 ,-U( IJ 

GALCULATION OF • L~ST ANGLE • 

1ltl VINLAST •• Vtl. 
UO ltJO J-2,NH 

160 V(~LASTJaVINLAST.+Z.O.VCl' 
V'NLA~r)--Y("LAST. 

CALtUTATIUN UF OlSPLACEHENT VECTOR 

RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
PHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS' 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

101t 
105 
.106 
107 
108 
109 
110 
III 
112 
113 
ll4 
115 
116 
111 
11R 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
13tJ 
131 
138 
139 
140 
141 
142 
143 
141t 
145 
146 
141 
148 
149 
150 
151 
152 
153 
154 
155 
156 
151 

1-' 
en 
l\) 
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0120 
0121 
0122 
Ol.!) 
o 1 lit 
0125 
Ollb 
0111 
012tt. 
012Cl 
0130 
0131 
OU2 
01H 
0134 
013~ 
0136 
0131 
0131t 
0139 
0140 

0141 
0142 
0143 
0144 
014~ 

0146 
1>147 
014t1 
014'1 
015u 
01~1 
01!J2 
0153 
01!J4 
015~ 

015b 
0151 
OI!iA 
U15'1 
0160 
01bl 
0162 
01bl 
0164 
0165 

, ~I') 

UVC1,-0.!JUC1" 
UtJ 163 1-2,N:1 

1630VI1,-OVII-l'+V(I' 
tiR Il e Co,!>, 11 

... ,,.,,.J 

5 f~RMAlI12,dX,I~HTH. ~lGEN VECTOR,5X,19H01SPLACEMENT VECTUR, 
Ou 10 1\.=1, NM 

10 w"IT~Cb,79' VIK',OVIK' 
HKITElb,161' 'INLAST' 

161 F~KMAf(IH ,6HVLAST~,FI5.6' 
79 FO~MATIF22.b,F1~.b' 

00 '201 l"I,NM 
S~H,,-clGVI11'.VII' 
00 200 J"I,N~1 

200 
~\.K"SUM+BIl ,J'.VIJ' 
CLNT ItWE 

2G4 FORMAT(IH ,2hI.,12,4X,4HSUH.,fI5.8' 
201 WR1TéI6,2~4' I,SUM . 

C 
C 
C 

C 
C 
C 
C 

C 

1~1 
143 

152 

153 

U4 

310 

300 

301 

302 

IF(ll-l' 151,151,152 
OU 143 la1,NM 
Ufll'·OVI1, 
Gu TU 310 

f~~f fOR ORTHOGONALITV OF EIGEN VECTORS 

SU"'.M"O.U 
ua 1 ~) la 1 , NM 
SUMM-Su'M+Ufll'.OVel' 
WRIT~lb,I~4' Il,~UMM 
FORMA111hl>,3hll .. ,ll,4X,~HSU~H.,FI5.8' 

•••••••••••••••••••••••••••••••••••••• 
APPLILATltJN OF GAL~RKIN'S METHOO. 
•••••••••••••••••••••••••••••••••••• 
MuLTIPLICATIUN Uf MASS MATRIX 

OU 3110 I a l,NM 
OVI1'=0.0 
00 300 J a l,NM 
ove"-OVIl,+Mll,J,.VIJ' 
COr.. TI r..ut: 
~MASS·U.O 
00 101 1'"1, NM . 
'MASS·~~ASS+OVel'.Vel' 
WPIT~(h,302' CMASS 
fuKMAll'O','CC~fflC'êNT OF MASS MATRIX',5X,6HCHASS",E20.S' 

MUL1IPLI~A'ION OF STlffNESS MATRIX 
00 303 'al,NM 
OVel)·o.o 
00 lOl J-1,NM 
uve 1 'aOVI 1 ,+SSI I,J,.VIJ) 

303 CONflNUE 
CSTlt=FaO.O 
DO 304 lal,NM 
C~rl~~aCSrIFF*DV'l'.Vll) 

304 C\.lNTl NUE 
NKIT~(b,30~. CSTIFF 

RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
KHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 
RHS 

158 
159 
160 
1b1 
162 
163 
164 
165 
166 
167 
168 
169 
110 
111 
1"72 
173 
114 
115 
176 
171 

179 
180 
181 
182 
183 
184 
18!J 
186 

..... 
0\ 
w· 

L ________________________________________________ McG 1 L L UN IV ERS IT y COMPUT/NG CENTRE ---_ 

..... --'~-'''''' ~'~'""~"~-"'--""~'~-""'''"~'''''~''~~''''->'''''-~;''''''';'''' .;L";, .. ,I,., .• :.;'".,'/...,ii,,':i!~-.;f;'Î"~:~::_.;:iiVv.~i:):~~;~#~H:~lk{\~Ü~ 



~ 

'("'\ 

~ f" 

4 

f 

• 

i 

0 

016b 

0161 
0168 
016CJ 
0170 
0111 
·0112 
0113 
0174 
0175 
0116 
0111 
U178 
0119 

~:t ~'~"., 

-------------------_ .. _-._-_ .. _--_._--._-._ .. -_ ... _--'-------------------------

305 
C 

306 

301 

308 

309 
110 

FORMAT('O',"OEffICIE~T Of STIF~NESS MATRIX·,5X,lHCSTIFFa,E20.8) 

MULTIPLICATION OF FeRCE VECTOR . 

CFORCE-O.O 
00 30b 121,NM 
C~ORC~='fORCE+(Vll)-VJl+1»·V(I) 

~RIT~'L,30l) CFQR~E 

FuR~AT(·o·.·~ü~FfICIENT OF FORtE MATRIX',5x,lHCFORCE=,E20.8J RHS 

GfRlQs'SrIFF/CMASS 
GLUAO-CSTlff/'FORCE 
wRITE(b,308) G~REQ 
FORMATl'O','FREQUlNCV SV GALERKINS METHOO',5X,6HGfREQ-,E20.8J RHS 

~RIT~(6,309) GLOAO 
FURMATl'O','UUC~LING LOAO ev GALERKINS HETHOO·,5X,6HGLOAO=,E20.8) 

CONTINUE' RHS 181 

END 
RHS 188 

TOTAL MEMORV REQUIREMENTS 001C86 BVTES 

. . 

.......... -.... ,..-~- ... ~- ._"' ........ l~~-_~·~ . •. , ... ~' • ..-..._ .... ---' .. ~ .. AJ'~~._.~. ~.t_-'.II'-'-.' ..... ~ ........ ~': ................. ~ ........ _ ... ~ .... _ ..... " ............ , __ 

t-a en 
oIlIo.· 

McGI LL UHIV ERS,TY COMPUT/HG C~HTR~' 

. -' ...... : .. ; .. , .......... · .... · .. ,,·, .. ·~·· .... ·o,·, ... :".,,~,.,.;;:i<."\.~l~~~~ 
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D2: program ta find the natura1 frequencies and the base 

tnertia force for a co1umn subjected ta periodic support 

motion. 

Input 

Cols. Notation Description 

A NUmber of Subdivisions (I5) one card 

1-5 Number of parts in which the co1umn 

is divided 

B Member Properties (I5, 3F10.3) NMM cards 

1-5 l Counter 

. 6-15 MS Mass of 1ink 

16-25 Stiffness of spring 

26-35 L Length of spring 

C Axial Force Array (10F10.6) one card 

1-80 FM Variation of the axial force a10ng 

the 1ength of the co1umn 



~, 

,. 

,.. 

*. 

,. 

.. ' 

." 

.. , 

0001 
OC02 
0003 

0004 
0005 
0(,\06 
0007 
0008 
0009 
0010 
0011 
(\(\12 
OQI~ 
(1014 

·00 US 
(1016 
0017 
0010 
0019 
0020 
0021 
0(.\2? 
0023 
00?4 
0025 
0026 
(1027 
0(126 
002Q 
0030 
00:'11 
0032 
OC3" 
0034 
0035 
OC36 
(,\(\37 
003R 
003Q 
0040 
0041 
(,\042 
0043 
0044 
0046 
0046 
0047 
0('148 
0049 
OOISO 
00151 
0052 

~ ?~3n7.87 

,,'"-.,.-, ~ 

.• 'i " •••. ,,_ ... _- _._-----_. -_ .. _------_._-----------

C 
OHIF.NSIClN /ASC40' .LC40, .KMC40, .pM(40) .5MC40' .RLC40, .CRLC40' 
OI~~N~lnN AC40.40,.UC40,.DFC40,.OVC40,.SC40.40' . 
OIMCNSION RC40,40'.CC40,40"X(40',VIC40',V(40,.EIGVC40,.EIGGC40'. 

ISSCIO,IO,.MC10,10,.LICI0,.MI(10).FMCI0' 
OOU"L~ rRECISION L,KM.SM.R~,MS 
DOUilLE r~cclsla", A,B,C,U.X.V.Vl.F.IGV,OELT.OIV.EPS.R 
EQUIVALCNCF. (XCI',YIC1)' 

. CI\LL PGMCtlK 
~F.AL M 
tNTEGFR RL.CRL 
Rr-AO (S,?O, III"'M 

?oO FOPMATCI5' 
WA IT E C ( •• 21' NMM 

21 FO"MATCIHI,SX.4HNMM=,13' 
on 252 I=I,N"'M 

252 "LCI'DO 
CRLCI'=O 
DO 253 1=2,NMI4 

253 CRLCI'=CRLCI-I,+RLCI' 
NM=N'IM-CflL C NMM' 
WRITEC6,14' NMM,NM 

1" r-OR"'''T CHIO. 51( ,4HNMM=. 13.51<. 3HNM=. : 3' 
liliAl TF. C (,,51' 

51 FOP ... ATC·O',' ~OINT RL CRL" 
on <) I=I.N/.IM 

9 WRITCC6.6' I.RL(I,.CRLCI' 
6 FOR,..AT(316, 

DO 206 I=I.NMM 
206 RfADC6.?~7' I,MSCl).KMCI,.LCl' 
207 FORMATCt5.3~10.3' 

WRITF.C6.220' 
220 FORMA TC "10. (.t1I11Ur4SFIl. '51< .4HMASS. 61<, 9HST IFFNESS .6X .6HLENGTH' 

002081=I.NMM 
208 WRITF.C6,209, I.MSCI"KMCI,.LCI' 
?09 FCR~ATCIHO.15.FI5,ll,2FIo.5' 

ArAD C5,RI' CFMCl,.I=I.NM, 
81 FOR14AT( 1 OFA,5' • 

WRITEC6.a?' , 
02 FnRMATC·O','FOHCF. MATRIX" 

WRITF.C6.A3, CFMCl,.I-I.NM, 
83 FORMATCIHO.l0FI0,6, 

on iH 0 1 =1 • N:<4M 
DO 210 J=:I.NMM 
SCI,J'=O.O 

210 CONTINU!: 
DO 1 1=1, NM 
DO'I J=I.NM 
MCI.~)·O.O 

SSCI.J'-O,O 
ML-I 

R50 DO ail I-I.NMM 
IF (ALCl,) 240.241.240 

240 ML-ML+I 

LIN 
LIN 
LIN 
LIN 
L'N 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
L'N 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LI,... 
LIN 
LIN 
LIN 
.LIN 
LI". 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN. 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 

'LIN 

2 
3 
4 
5 
6 
7 
8 
9 

'10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
?6 
27 
2R 
29 
30 
31 
32 
33 
34 
35 
36 
37 
3B 
39 
40 
41 
4~ 

43 
44. 
45 
46 
47 
48 
"9 
!SO 
!SI 
!S2 
53 
!S4 .... 

0'1 
0'1 . 

. r ___ o. , __ _ 
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0053 GO TO 211 LIN 55 
0054 241 ICf.lL= I-Cf!L ( 1 ) LIN '56 
00r,5 LL=ML-CPl (-1) LIN 57 
0056 DO f!t2 J a l.NMM LIN fi8 
.0057 IF (I.L-J) :?44.244.?43 LIN 59 
OOGB ?A3 GO TO 21? LIN 60 
0059 244 JRL=J tCJ!L ( l' LIN 61 
0060 IF (Nt.!M-JnL' 21??.42.242 LIN 62 
0061 242 JCRI.="'-C:RL ( ... RL' +CRL (1' LIN 63 
0062 IF (J,lL(JRL" 230.231.230 LIN 64 
0063 231 M( 1 CRL. "'CRL leMS (JRL,).L (1' LIN 65' 
001..4 GU Ta 212 LIN 66 
0065 230 M(ICRL .... CnL'cM(ICRL.JCRL'+MSCJRL'.LCI' LIN 67 
0066 212 CONTINUF LIN 68 
00fo7 14L""'L+l 'LI,., 69 
0068 211 CONTINUr- LIN 70 
OO"q DO 215 l=l.tl"'M LIN 71 
0070 215 RM( I)=KM( 1 )/L( 1) LIN 72 
0071 00 216 1=2.N"4I" LIN 73 

, 0072 '\'216 SMCI'=KM(I)'LCI-l' LIN 74 
(1)7:1 00 lB 1=I.N ...... LIN 75 
0074 18 WIHTE(t'I.ll' 1 • RM CI» • KM CI' LIN 76 
0075 li FOR ... AT(17.2FIO.3) LIN 77 
007(\ S~(I.I).HMC1'+RMC2'+SM(2) LIN. 78 
0077 SSC1.?,=-RMC2, LIN 79 
0078 SS(?.I'~-(PM(2'+SMC2'+SMC3)' LIN BO 
007<) SS(2,~'·R"'C?)+R"'(3)+SMC3' LIN 81 
OOIJO SS(2.3'=-SM(3' LIN 82 
001\1 S(I.l)=S!HI.I' LIN 83 . 
008? SCI.2,-SSC1.2' LIN 84 
008:1 SC2.1)=S5(2.1' LIN 85 
0004 5(2.2,=55(2.2, LIN 86 
0065 S(2.3'''S5(2.3' LIN 87 
OOAI'> S( N":", NMM) aRM( NMM) LIN BB 

. 00K7 S(NMM.NM~-t'=-CH"'(N"'~'+SMCNMM') LIN 89 
OOOA ~(N~M.NMM-2'=SMCNMM' LIN 90 
00B9 MN=NMM-l '.IN 91 
(\0<)0 LI.";' LIN 92 
0091 DO 217 1 =:'1. MN LIN 93 
0092 SCI.LL-2)=SM(I) LIN 94 
0093 S(I.Ll-l)=-(RMCI'+SMCI'+SMCI+I" LIN 95 
OOC)4 ~(I.LL)=QMCI,+R"'CI+I'+S"'CI+l) LIN 9(, 
0095 SCI.LL+I,--RMCI+I' LIN 97 
0096 LL-LL+I '.IN 98 
0097 21'7 CONTI ~IUI! LIN 99 
00"0 DO 2110 1:3.NMM LIN 100 
0099 (F(RL(I)' 2400.2''10.2400 LIN 101 
0100 2400 GO TO' 2111) LIN 102 
0101 2410 ICPL= I-CRLC 1» LIN 103 
0102 DO 2120 J.=t.NMM LIN t04 
010:1 JRLaJ+CPLC 1) LIN 105 
0104 IF' (NM M-JRL' ?120.2420.24?0 LIN 106 
0105 2420 JCRLaJ-CRLC ... RL)+CRLCI' LIN 107 
0106 If" CRLCJRL" 2300.2310.2300 LIN 108 

t-' 
0\ ..... 

?~n,7RA 
".- -." '-"'~' .u __ ._~._" ,---,~~", 4< .•. ,."" .• "", •• ~"."._'"A"W. ,~_",~.v" .. _ ,;"",.""'"""'';: ''''~'''''~'.,.",',\;,.":,, '·,'·;L,,<.,--, 1.;-,,>\.; '''':'':':;;~'\''l:~;;R'~~~i#t~ 
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~~ 

, 
.'-~".:: 

0107 
011)8 
0109 
0110 
0111 
0112 
0113 
0"" 
0115 
011b 
0117 
0118 
0119 
OUO 
0121 
0122 
0123 
012" 
0125 

'Ol2f!. 
0127 
0128 
0129 

01:'0 
0131 
013Po 

0133 
013" 
0135 

0136 
01:'7 
0138 
0139 

oi"o 
0141 
01"2 

01"3 
0'44 
0'45 
0146 
0147 

2230189 

2310 

?300 
2120 
PoliO 

3001 

3002 

30(14 ..... 
3005 

3003 

C 

C 

:11006 

30 
31 , 

121 

98 

sseICRL.JCRL)~SCI.JRL) 
GO TO 2120 ' 
SS( 1 r.r.L •.• CRL) .. sse T CRL .JCRL) +S U. JRL) 
CONTINUF 
CONT 1 NUf' 
WRITe:CC •• 3001 ) 
FOR~ATC'O'.'STIFFNF.SS MATRIX" 
DO 30(12 IsI.NM 
W~ITEC6.30(3) eSS(I.J).J=I.NM, 
WRITI!(6,3004 ) 
FORMATC'O','MASS MATRIX', 
DO ']005 1.oI,NM 
WRITce6,3003, eMCI,J).Jal.NM, 
FOR~ATCIH ,QFI3.5' 
DO 3006 .=I,NMM 
WRITEC6,3003) CSCI.J,.J-l.NM"' 
CALL MINVCS~,NM,O,Ll,MI' 
no 31 I-I,NM 
00 '31 K=l,NM 
SUM .. O. 
DO ']0 J"'I.NM 
SUMaSUM+SSC l ,J,"'Me J.K' 
DCI,K)=SU'" 

MATRI~ C-MATRIX e 
00 'lI) l"l,N~ 
no 98 J"I,N'" 
CCI,J)-llcr,J' 

CEPS SMALL NU".OER TO TEST WHETHER ANV DIAGONAL 15 ZERO OR NOT 
C 

C 
C 
C 

C 
C 
C 

C 

EPS ... OOOOOOOOI 
WRITEe6.64' CPS 

64 FOR~AT C1HO.Sx,4HEP~a.~12.5' 

TEST TO FIND IF LAST EIGFNVALUE REACHED 

00 110 Il'''1,5 
Irell-NM) 116,117,116 

116 N-=NM-II+I 
NiaN-1 

SFT YICI' AS A UNIT COLUMN MATRIX 

00 100 l-l.N 
100 VleT)-I.o 
99 KC-/) 

C UP Ta ~TATE"'ENT 115, SUCCF.SS1VF. APPROXIMATION IN FIN~ING THE 
C l'IGE'NVALIJF.S (AND THE FIRST EIGFNVECTOR ONLY ) IS CARRieo OUT 

no 1 0 1 1- l ,N 
V ( 1 , -O. 
00 101 .Jal.N 

101 Y(I'-Y(I)+Cel,J,"'Y1CJ, 
JaN 

LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN' 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN. 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 

109 
110 
III 
tl2 
113 
114 
115 
116 
117 
118 
119 ' 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
'46 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
159 
159 
160 
161 
162 

.. , 

~~. 

T' 

~ 
0'1 
00 

'~--'-"-""-+.-._" ......... ·~t.·.',:·" .• ,..,.,_o,,~~ 



i", 

" 

1 

;, 

r.""' 

~
_., _. 

! ... 
tt'~j :; 

rJ ".' 

(~ 

~ 
~ 
J.4" 
1:; .. . " 

~~ ! ... 

~ 
(E;;,: 
~ .. :. 

....::.. 

014A 
0149 
0160 
o US! 
0162 

0153 
0154 
0lS5 
0156 
0167 
0158 

0lfi9 
0_60 
0161 

0162 

016:1 
0164 
0165 
0166 
0167 

0168 
016Q 
0170 
0171 
017P 
0173 
0174 
0175 
01,6 
0177 
0178 

0179 
0100 
0181 
0lR2 
01'13 
0lA4 
(lldS 
OIAft 
0107 
0188 

0189' 

??~n79n 

\1" 
9;> 
8 Q 

C 
C 
93 

C 
C 

C 
C 

C 

C 

c 

c 
C 

IF eVeJ)) 
R=VeJ' 
GO TO 03 

91 J.J-I 
GO TO 9? 

AJIIft 
"';:<\" 

09.91.A9 

FIGENVALUE IS TH~ FIRST ELEMENT OF THE EIGENVECTOn DO 90 I=I,N 
VU ,=ye 1 '.IR 
IF eOARSeyel'-VI(I"-EPS' 90.90,102 

102 KC"I 
90 CONTINue 

104 
115 

IFeKC) 103,103.104 

TRANSF~R XCM+I,TH 
00 115 l .. l.N 
VIC 1 J =v el' 
GO TO 9<) 

EIGENVECTOR TO X(M,TH EIGENVECTOR 

TTHF F. IGI!NVALUE 15 THE FIRST ELF. ... F.NT IN THE t:IGENVF.CTOR 103 F.IGVcr J) =R 
UP Tn 5TATEM~NT 112. THE SIZE OF MATRIX C 15 REDUCl"O av ONE DO 10<) 1:: 1 • NI 

109 Xel)=-yel) 
00 U2 I=I.NI 
DO 112 J=I.NI 

112 ACI.J,=cel.J'+CCN.J'.X(I' 
REDUCTION OF SIZE OF ... ATRIX C av ONE COMPLETED DO 113 1=1,"'1 

DO 113 J=I,NI 
Il 3 CC 1 • .1' =A ( 1 • J' 

GO TO II') 
117 FIGV(lJ)=CClo" 
liA EIGGCII'"I.O.lR 

WRrTce6.~4) Il.cIGVell,,EIGGCII' 
F~CQ=SORTCA~SCFIGGell'" 
WR'T~C6.~3) FREQ 

LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN, 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 63 ronMATCIHO.5X.40HNATORAL 

54 FORMATeI4.18HTH. INVERSE ., FPEQUENCY IN RADIANS PER 5ECONO=,F20.3, LIN VALUEc.F.12.5.5X,16HTH. EIGEN VALUE-.EI2.SLIN 
UP TD STATEMŒNT 9015. THE EIGENVECTOR5 ARE SOLVED N"='1"'-1 

NLI\ST::NM+I 
Ir-ell-I' 141,141,142 

142 DO 105 I=I,NN 
no 107 .I=l.NN 
A ( l , J, =~ el •• n 
Ir-el-J, 107,139.107 

1~9 Ael.J'=A(I,J'-F.IGV(II) 
107 CONTINUE 
105 UCI)=-aCI.N~) .> 

T~ST TO SF.E WH~THER DIAGONAL ELEMENT IS ZERO OR NDT 

DO <>015 '''I.NN 

LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
164 
185 
IA6 
187 
188 
18Q 
190 
191 
192 
193 
194 
IQ5 
1 Q6 
197 
198 
199 
200 
:001 
202 
203 
204 
205 
?06 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

- .. ~.,., 

f-I 
0'1 
\D 
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OICH 
0191 
0192 
0193 
0194 
0195 
0196 
0197 
019ft 

0199 
0200 

0201 
0202 
0203 
0204 
0205 
0?0f> 
Ot'07 
O~OA 
0~(l9 

0210 

0211 
0212 
0213 
0?14 
0t'15 
0216 . 
01'17 . 
021ft 
0219 
N!20 
(1221 
022? 
Cl2?3 
021'4 
0225 
0226 
(\2? 7 
(\22R 
021"9 
0230 
0231 
0231" 

~.230791 
~.:oI~.' ..... '" .. "'-""~ ~.' . 

c 

IFCI-NN' Q021,Q007,9021 
9021 If"(AC l, J)-F.I'S' 9005,<>006,9007 
9005 IFC-AC I,I'-EPS' 9006,9006,9007 
9006 UC 1 ,=UC 1) HIC 1+1' 

00 9023 J""I,NN 
9023 ACI,JJ:ACI,J'+ACI+I,J) 

GO TO 9021 
9/)07 DIV=ACI,J) 

uC J-)=UC t)/DIV 

C DIVIDe ALL F.LEMF.NTS OF. I-TH EQUATION BV AC l,l' 
C 

00 900C) J"'I,NI\; 
9009 ACI,J'=ACI,J'/DIV 

C 
C RF.OUC~ THE I-TH FLFMF.NT OF THF. OTHER EQUATIONS TO ZERO 
C 

c 
c 

110 q/)IS "'M:I,NN 
()I:LT=ACMM,I) 

9016 IF(~M-I' gOIO,QOIS,9010 
9010 U(MM,=utMM)-UCI '.OELT 

on «)011 J=I.NI\; 
9011 AC~~,J)=A(MM,J,-A(I,J).DELT 
9015 CONTINUE 

VCN"!' =1.0. 
00 10R I-I,NN 

108 vel)-UCI, 

C CALCUTATION OF OISPLACEMENT VECTOR 
C 

141 DVel)=o.S*V(I) 
oCl Ib3 1=2,N'" 

163 ove'" -DV ( 1- 1 ) +v ( 1 , 
olv .. oveNM) 

190 
DO 1&)0 l''I.NM 
ove 1) =OV( 1 )/0 IV 
WRITF.(6,!5' Il 

5 FORMATCI?,ox.16Hnl. EIGEN VECTOR,5X,19HDISPLACEMENT veCTOR, 
00 10 Kul, N'" 

10 
79 

wrUTE (6,79' V( K, ,DVeK) 
FOPMAT(F~?.6,FI~.6, 

;!OO 
t'(l4 
2(11 

00 21) 1 I=I,NM 
SUM=-EIGVell'·V(I) 
[la 200 J"I,NM 
SUM=SUM+D(I,J).VCJ, 
CONTINU!! 
FnR~ATeIH ,~HI:,12,4)(,4H~UM •• FI5.8' 
WRITF(6,2()4' I,SUM 

c 

151 
143 

IF( 11-1) 1 SI oJ51, 152 
110 143 1 =1 ,NM 
DF( l' .,I)VC l' 
(;0 Ta 310 

LIN 
LIN 
LIN 
LIN 
LI~ 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LlN 
.LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 

217 
21'8 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
23\) 
2:11 
232 
233 
234 
235 
236 
237 
238 
23~ 

240 
241 
24? 
243 
244 
245 
246 

·247 
248 
249 
250 
251 
252 
253 
254 
2!i5 
256 

·257 
258 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
27.0 ... 

Cl 
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0233 
0234 
0235 
0236 
0237 

0230 
023'1 
0240 
0241 
0242 
0243 
OP44 
0245 
0246 
0247 

0248 
0249 
02150 
0251 
026? 
0253 
021'S4 
026'1 
02~6 
0257 
02158 

0;?1\9 
026n 
026\ 
021'.>2 
021'>3 
(\264 
02',5 
(\21\() 

0267 
OP68 
0269 
0270 
0271 
02.72 

2230792 

;~~ if~·' ~ .• <-----
C 
C 

C 
C 
C 
C 

C 

C 

TFST FO- O-T+Or.nNAL+TV OF E+GF.N VFCTO-S 

152 Stll4l4=n.o 
00 Hi) I=I.NM 

·153SUMM=SUMM+OpeI)*DVel)*MeI,I).2.0 
WnlTF.e6.154) Il.SUI.4I4 

154 FOflMI\T( ItIC.'3IHI:o,I?',4X.5HSUMM=,FI5.8) 
**~*.***.* •• *~ •• ~ ••• *.*.* •• ** •• ** ••• APPLICATION OF GALF.RKIN'S METHOO. 
.~~.~ •• * ••••••••• * •••• * •••••• ** ••• *.' 
~tULT IPLICATION OF MASS MATRIX 

Jin 00 300 Ial,NM 
ove 1 )=0.0 
00 :100 Jal.NM 
DVeI)=oveI)+Mel.J)*veJ) 

300'CONTINUE 
CMASSaO.O 
00 30 1 1:0 1 • NM 

301 CMASS=CMAss+ovel).veI) 
WRITF.C6.3(2) CMASS 

302 FOR~AT('C~,'COEFFIClaNT OF MASS MATnIX',6X,6HCMASS-.E20.8) MULTIf'LICATION OF STtFFNESS MATRIX 
00 303 I~I.NM 
OVCI)=O.O 
OCl 303 JIII,NM 
DVel)=Dvel)+SCI,J).veJ) 

303 t:UNTlNUC 
CSTIFI"=6 .• n 
no .J04 1:OI,NM. 
CSTIFP-CSTII"F+ovel).veI) 

304 CONTUIUE 
WRITFC6,3~~' CSTIFF 

30S ronMATC'O','COEFFICJF.NT OF STIFFNESS MATRIX',5X.7HCSTIFF=.E20.8' "4IJLTIf1LICIITIIlN OF FORCF. MATRIX 
crORt:r:=o.O 
CFORCC=vCI)*vel).FMel' 
no 306 J=2.Nr.t 

306 crOUCIO=CFOHCE+Cve 1,-VCI-I».yel)*FMCt) WRITF.eh.307' CFORCE 
307 FnRI·IATC 'o. ,'C,OF.FFICIENT OF FORCE MATRIX' ,5X.7HCFORCE=.E20.8) 

30R BV GALERK INS METHOO',SX,6HGFREQ=,E20.8) 

LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
L'N 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN 
LIN .1109 

110 

GFRPQnCSTIFF'CMASS 
GLOAO=CSTIFF'CFORCF. 
WRITEC6,308' GFnEQ 
FO~~tA Te' 0' , • F ~I:QUENCY 
WRITFC6,309' GLUAQ 
FIlRMAT('O',IDUCKLING 
cnNTINUF.: 

LOAD BV GALERKINS METHOO',5X.6HGLOAO=.E20.8)LIN 
LIN 
LIN 

END 

271 
272 
27:1 
274 
275 
276 
277 
278 
279 
280 
?oRI 
2132 
2133 
:;!84 
2.~5 

280 
28' 
2R8 
280} 

2"''' 
291 

.292 
293 
294 
295 
296 
297 
290 

. 299 
300 
301 
302 
303 
304 
305 
::106 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 

.. ",.:.'. 
1-' ..... 
1-' 
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