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ABSTRA.CT 

The main objective of this research is to develop new unbiased plotting position 

formulas for two general probability distributions whieh éLre widely used in hydrologie 

frequency analyses: the Pearson type III (P3) and the Ceneral Extreme Value (GEV) 

distributions. The research study is divided into three parts. First, using the Prob-

ability Weighted Moment (PWM) theory, an analytieal method is proposed to derive 

the exact plotting positions for systematic flood records (i.e.; complete flood sar:1ples 

which occurred during the period of systematie gauging). Second, for the convenience 

of practical application, simple unbiased plotting position formulas representing a very 

reliable app10xiülaù:". to the exact plotting positions are developed. Third, new unbî-

î.Scd plotting position formulas [or P3 and GEV distributions are proposed for historical 

flood records (i.e., data on very large floods which occurred outside or within the sys­

tematic gauging period). The incorporation of historical flood information in plotting 

position formulas would significantly improve the estimation of flood quantiles. 

The analytical method and plotting position formulas proposed in the present 

study are verified and compared with various existing techniques and formulas. The 

suggested analytical method was found to be preferable to the conyentional direct r,'l-

merical integration and the Monte Carlo simulation procedure in the estimation of 

cxpccted values of P3 and GEV order statistics. Results of the numerical and graphi-

cal comparisons have a1so demonstrated that the plotting position formulas developed 

in this study providcd a better agreement to the exact plotting positions t,han several 

existing formulas. In particular, the suggested formulas are more flexible because they 

can take explicitly into account the skewness coefficient of the underlying distribution. 

Moreover, for illustration purposes, the proposed formulas were applied to observed 

flow d,tta of various rivers. It was found that the propused formulas provided bet-

ter estimates of flood quantiles than many existing formulas including the well-known 



Weibull formula. Finally, special probability papers for various skewncss valUt,s art' 

developed for the P3 anù GEV distributions. It can be concludcd that the d('vt'lop­

ment of new plotting position formulas and probability papCfS for the P3 and CEV 

distributions in the present study has provided a convenient and practical tool for \.lU' 

application of these distributions in engineering practice. 
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RESUME 

La présente étude a pour objet de développer de nouvelles formules non-biaisées de 

probabilité empirique pour les deux lois de probabilité qui sont couramment utilisées 

dans l'analyse fréquentielle en hydrologie: la loi de Pearson type III (P3) et la loi 

gén~rale des valeurs extrêmes (Cr VE). Cette étude se divise en trois parties. 

Premièrem(~nt, en se basant sur la théorie des moments pondérés de probabilité (MPP) 

une méthode analytique est suggérée pour calculer les valeurs exactes de probabilité 

empirique pour des séries de données systématiques de crue (i.e., enregistrements conti 

nus des données de crue durant la période de jaugeage systématique). Deuxièmement, 

pour les applications pratiques, de nouvelles formules plus simples sont développées 

qui permettent toutefois d'obtenir une bonne approximation des valeurs exactes de 

probabilité empirique. Troisièmement, de nouvelles formules non-biaisées pour les 

deux lois P3 et GVE sont proposées pour des séries de données histonOques de crue 

(i.e., données sur les crues extrêmement grandes qui apparaissent aVû.nt ou durant 

la période de jaugeage systématique). L'introduction de l'information historique des 

crues dans le développement des formules de probabilité empirique pourrait améliorer 

considérablement l'estimation des quantiles de crue. 

La méthode analytique et les formules de probabilité empirique développées dans la. 

présente étude sont vérifiées et comparéps aux diverses techniques et formules 

présentement disponibles. On a trouvé que lu. méthode analytique proposée est 

préférable à la technique traditionnelle d'intégration numérique et à la procédure de 

simulation de Monle Carlo dans le calcul de l'espérance mathématique des statistiques 

cl 'ordre pour les deux lois P3 et GVE. Les résultats des comparaisons numérique et 

graphique ont également démontré que les formules développées dans la présente étude 

permettent une meilleure estimation de la probabilité empirique que celle donnée par 

plusieurs formules existantes. En particulier, les formules suggérées sont plus flexibles 
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parce qu'elles peuvent tenir compte, d'une façon explicite, du coefficient d'asyrnétrit' dt' 

la distribution considérée. De plus, afin d'illustrer l'utilisation des nouvl'Ilt'S formul('!> 

dans la pratique, ces formules sont appliquées aux donnet's rét'lks de crue dt, divI'r!>('!> 

rivières. On a trouvé que les formules proposées donnent une meillt'lIrc t'stim.üion d('!> 

qllantiles de crue que celle obtenue par plusieurs formules t'xistant<'s, incluant. la 1''''11\(,11,,(' 

formule de Weibull. Finalement, des nouveaux papiers de probahilit{- pour diff(;r!'I1!.(·" 

valeurs d'asymétrie sont developpés pour les deux lois P3 t't GYE. On P('ut. ('on< 1111(' 

que l'élaboration des nouvelles formules de probabilit.é ernpirÎC!llC et le dt;ve!OPP('IIH'II1. 

des nouveaux papiers de probabilité dans la présente ét1lde pou rh,::, deux lou; P:~ ('t. 

GVE fournissent un outil simple et pratique qui ~acilite l'utilisation de Ct'S dt'\lx lois 

dans les applications pratiques en ingénierie. 
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1.1 General 

CHAPTER 1 

INTRODUCTION 

Information on flood magnitudes and their associated probabilities of occur­

rence is important for planning and design of rnany hydraulics structures. ]1\ prac­

tice, hydrologists use flood data collected at a river gauging st.ation 1.0 cstablish ft 

flood-frequency relationship which applies at that location. Givcn a scri<'s of flood 

events, it is necessary to assign to each event an empirical probability or rccurrcll('(' 

interval. These ernpirical probabilities are often cstimated based on "plotting po­

sition" formulas. The subject of plotting positions or probabilit.y plots has b('('n 

discussed for several decadcs by hydrologists and statisticians (e.g., Ilaz;cn, 191-1; 

Blom, 1958; Kimball, 1960; Benson, 1962; Barnett, 1975; Cunnane, 1978; lIar1N, 

1984; Xuewu et al., 1984; Arnell et al., 1986; Hirsch and Stedinger, 1987; Nguyell !'I. 

al., 1989; In-na and Nguyen, 1989). In particular, plotting positions have bcen wi<'d 

widely in hydrologic frequency analysis in a varicty of ways, e.g., to ('stirn,üe th(' 

magnitude of hydrologie events and their corrcsponding probability of occurrence, 

to detect outliers, to fit distributions to data, and to evaluate the adc(juacy of the fit. 

Recently, sorne analytical procedures for estimating distribution pararncters (sueh 

as probability wcighted moments and maximum likelihood) have becn considered, 

in theory, more efficient than the graphical fitting method:i. The use Gf probahility 
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( plots in engineering praetice) however, is not diminished. Many hydrologists would 

not make engineering decisions without the use of graphical displays. 

Probability plots were recently recommended as a meallS for extrapolation of 

flood frequcncy curves in dam safety evaluation3 (V.S. National Research Council, 

1985). The use of probability plots was also suggested in the determination of the 

probability distribution of annuai maximum flood elevations which ocur due to the 

combincd effcets of ice jam and storm-induced flooding (U.S. Federal Emergency 

ManagCIJlcnt Agency, 1982). A!though the V.S. Water Resources Research Council 

(Interagency Advisory Committee on Water Data, 1982) recommended the use of 

method of moments to fit the Log-Pearson type III distribution to floodflow data, 

their reeomrnendations includcd also the use of probability plots. Probability plots, 

therefore, arc still playing an important role in engineering practiee. 

A probability plot is defined as a graphical representation of the ordered obser-

vations of a hydrologie event (e.g., flood magnitudes) versus their associated empir-

ical probabilit.ies which are estimated using a plotting position formula. Hence, it 

is necessary 1.0 select an appropriate plotting formula in order to provide a reliable 

estimation of hydrologie event magnitudes for a given exceedance probability. How-

ever, in practice, given a large number of various plotting positions available, the 

ehoice of a suitable formula is not an easy task. Detailed reviews and discussion on 

this subjcct have been proyided by Cunnane (1978) and Rarter (1984). It is c1ear 

from the review of the existing literature that the optimum ehoice of a plotting po-

sition formula should be based on the purpose of the investigation or should depend 

on the use which is tù be made of the results. For example, Kimball (1960) inves­

t.igated t.h(' choice of plotting positions for t.he normal and ext.reme-value (Cumbel) 

distribut.ions using various statistieal criteria (test of fit, estimation of parameters, 
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extrapolation at one of the extremes). Benson (1962) studied the efTect.s of a scl{'c­

tion of plotting position method on the determination of the economic fca....,ibility of 

sorne engineering works (bridge design, reservoir design and flood insurance). 

Much of t.he confusion and disagrecment concerning the choicc of plottinp; posi­

tions is probably due to the fact that the cumulative distribution function FI E(y",) 1 

of the expected value of the reduced variate mth order statistic!lm is not equal 1.0 

the expected value of the cumulative distribution function al. y".. That is, exc(\pt. 

in the case of the uniform distribution, 

m 
F[E(Ym )] =1= E[F(y".)] = 

N+1 

in which the expression m/(N + 1) is the familiar Weibull (1939) formula. The' plot­

ting positions defined by F[E(Ym )] provide unbiased quantile e'stimates (Cunnane, 

1978), while those based on E[F(Ym)] give unbiased estirnates of th(\ cllmulat.iv(' 

probabilities associated with particular value's of y",. Bence, if the objective of t.h(' 

probability plot is to obtain an unbiased estimate of tlH' pi"~~bability correspollding 

to a particular value of the variable under consideratioll hydrologist.ll have IIslIally 

favored the familiar Weibull (1939) formula. However, if the pllrpose of the plot. 

is to test whether a set of data C'onforms t.o a hypothetical di1>t.ribut.iolJ, or 1,0 Cll­

tirnate either quantiles or distribution paramctcrs the UnbW8f.d piotting position:-. 

were considered to be preferable as shown by Kimball (l960) and Cllllnane (197H). 

Given the attractive features of unbiased plotting posit.ions in hydrologie frc­

quency analyses (sec, C.g., NERe, 1975aj IIdrt.cr, 1981j Arnell et al., 198f», t.!H' 

present study was undertaken to develop ~xact and approxirnat.e IlJlbia.'icd plott.ing 

positions for two widely known d istribu tions in hydrology: the Pearson t.y pc III 

(P3) and the General Extrcme Value (GEV) distributions. The overdll objective 
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( of this study is to propose new plotting formulas which would be more suitable for 

assessing the adequacy of the hypothetical distributions and, especially, can provide 

bet ter estimates of flood quantiles than those given by existing formulas. 

1.2 Staternent of Problern 

In hydrology four main distributions for flood frequency analysis are most often 

uscd : Log Pearson type III (LP3) distribution, Pearson type III (P3) distribution, 

General Extreme Value (GEV) distribution, and Generalized Gamma (GG) distri-

bution. The LP3 distribution has been selected for use in flood frequency analysis in 

North America by the U. S. Water Resources Council (1967). The P3 distribution 

which contains the exponential distribution (skewness coefficient "{ = 2) and normal 

distribution b = 0) as special cases, has also becn frequently ùsed in the U.S.A. 

and many other countries (e.g., Canada, Japan, and Thailand). The GEV distri-

bution, which has Extrcrne V"lluc type 1 distribution (EVl, with shape parameter 

À = 0), Extreme value type II distrihution (EV2, >. < 0) and Extreme value type III 

distribution (EV3, ). > 0) as special cases, was recommended for use in Britain by 

NERC (1975a) and has recently been selected as a model in regional flood frcquency 

analysis tests (Hosking ct al., 1985). In the V.S.S.R., the GG distribution is still 

t.he most popular distribution used in flood frequcncy analysis (UNESCO, 1987). 

For practical applications, it would be preferable to have a specifie plotting 

position formula for each distribution mentioned above. Since the GG, P3 and LP3 

distributions arc aIl mcmbers of the gamma distribùtion family, a plotting position 

formula dcrivcd for the P3 can also be uscd for the other two distributions. The 

GEV distribution which represcnts a family of probability distributions for extreme 

values, does not howcver belong to the gamma group. Therefore, in the present 
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study it is necessary to develop plotting formulas for two distinct distribution fam­

ilies represented respectively by the P3 and the GEV. 

As mentioned above, several plotting position formulas have bCl'1l propos('d 

in the hydrological and statistical literature but vCly fcw wcre deriv('d for th rt'l'­

parameter distributions, especially for the P3 and G EV distributions. Hec('nt 5t1ld­

ies have provided sorne solutions to the problems, bu t these solut.ioJls are incomplet.!' 

and have lirnited practical applications. For example, in th(' caSt' of GI';V and P:~ dis­

tributions (Xuewu et aL, 1984; Arnel! ct al., 1986), the parameters in t.he sugge'st.(\d 

plotting position formulas were shown to vary with the sam pie sizc, the' sk('WIH's:,; co­

efficient and the order number of the arranged samplc. The~e pa.ramcters, howpv(\r, 

were estimated only for sorne particular sample sizes and for sorne pilrt;cular v,dlJ(\:-' 

of the skewness coefficient. The use of these formuLls in pract.i('(\ is thus somcwh,t!. 

limited depending on the availability of the paramcter valucs cornput.ed by Xllewu 

et al. (1984) and Arnell et al. (1986). No explicit relat.ions bet.W(,(,!1 t.he> par,lITwt,n:-, 

of the proposed formulas and the ( laractcristics of the datcl. sarnple wcre givclI. 

Furthermore, most of the existing formulas arc concerned wit,h syslemalic flood 

records (i.e., complete flood samples which occurrcd during the pcriod of ~yf,t.ernat.1C 

gauging), but Iittle has been reported on the plotting pOl:>it.ion formulas for hiblor­

ical or non-systemat:c flood records (i.e., data on very large flood:;; which occllrred 

either outside or within the systematic gauging period). Ilowever, as Hhown by 

many recent investigations (see, e.g., Condie and Lee, 1982; Stcdingcr and COllll, 

1986; Hirsch and Stedinger, 1987; Sutcliffe, 1987) the incorporation of hi~t.orjcal 

information about sorne extraordinary floods into formai frequcncy analysis woulcl 

significantly improve the estimates of flood quantiles, cspecially for the qllant.jl(~s 

with return periods of 50 years, 100 years or even 1000 years, which arc often of 
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greatest interesf. for purposes of design of various hydraulic structures (spillways, 

bridges, ... ) or for purposes of flood plain zoning or insurance. 

In view of the important role of the P3 and GEV distributions in engineering 

practice, and due to variolls limitations and problems concerning their application 

as described above, the present study is thu~ undertaken to develop new plotting 

position formulas for systcmatic and non-systematic flood records for these two 

distributions. The study consists of three parts. First, based on ~he Probability 

Weighted Moment (PWM) thcory introduccd by Greenwood et al. (1979) an analyt-

ical method will be proposed to derive the exact plotting positions for systematic 

flood records. Second, for the convcnience of practical application, simple unbi-

ased plotting formulas rcpresenting a very good approximation will be developed. 

Third, new unbiased plotting positions cOlt..,ldering historical flood information will 

be proposed. The plotting formulas developed in this study can provide a better 

agreement to the exact plotting positions than several existing formulas, and they 

arc, furthermore, conceptually more flexible and computationally more convenient, 

as will he shown in the following chapters. 

Chapter 2 presents a literature review of existing plotting position formulas. 

Chapter 3 gives the theorct.ical con&ideratioTl of P3, I,P3, GG and GEV distribu-

tions. Chapter 4 describes the methoJology used to develop new plotting position 

formulas. Chapter 5 presents the verification and comparison of various plotting 

positions. Chapter 6 con tains sorne applications of the new formulas to observed 

flood data. Chapter 7 provides the conclusions of the present study. 
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1.3 Objectives of Study 

The main objectives of this research are: 

1. To develop new plotting position formulas for systematic flood records for 

the P3 and GEV distributions. 

2. To develop new plotting position formulas for historical flood f(.'cords for 

the above distributions. 

3. To develop new probability papers for various skewncss values for the two 

distributions considered. 

The new plotting formulas and the special probability papcrs developed in the' 

present study would provide a convenient and practical tool for the application of 

the P3 and GEV distributions in practice. 
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CHAPTER 2 

LITERATURE REVIEW 

The plotting position problem has been discussed in numerous research studies 

du ring the past 50 years. In the following, a brief review of the previous works 

conccrnjng the plotting formulas for both systematic and historical flood records 

are presented. 

2.1 Plotting Position Formulas for Systematic Flood Records 

The first reference to "probability paper" is found in an article by Galton 

(1800). Galton compressed together or stretched apart, laterally, the ordinates on 

a sheet of orclinary graph paper so as to transform a normal ogive into a straight 

line. He termed the process by which a proper transformation of one variable 

enables us to represent a given curve by a straight line, anamorphic geometry. 

Probability paper was also used by hydrologists as early as 1896, but appare ltly 

\Vas not mentioned in the literature on hydrology until 1914, in the papers by Fuller 

and IIa<~en and in the discussion on those papers. Hazen (1914) wrote (pp. 626-628) 

abollt the contribution to the discussion of the paper by Fuller (1914) " This is a 

lllU:;t important paper, because, as far as the writer knows, it is the first attempt to 

apply the principles of probabilities to the flood problem." Probahility paper was 

lllclltiolled in the literature more than 30 times before 1050, mainly by hydrologists. 

The cumulative probability or cumulative distribution function (CDF) of a 

H<tmple of siz(' N was usually defined as a step function which jumped from (m-l) / N 
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to miN at the mth order statistic of the samplc. If the plotting position M/ N 

was used, the largest value eould not be plotted, while if (m -- 1) / N was ust'\l, 

the smallest value eould not be plotted, sinee the probabilities 1 a.nd 0 Wf.'fC off 

the seale of probability papers eonstructed for the normal distribution or for ally 

other distributions unlimited in b~)th cxtreme ends (- ooto 100). llaz('!\ (UH4) 

therefore suggested the compromise plotting position (2m-- 1)/"2N -- (rn - 1/2}/N, 

as an alternative means of including ail values on the graph. Most hydrologisb. 

and other us ers during the next quarter eentury fo\lowed Hazcn's sugg('stioll. SOIl\t' 

(e.g., Gerson, 1975 and Mage, 1982), howevcr, persisted in using miN, tht' so-calkcl 

California method, because of its use by the Califürnia Dppartmcnt of Public Works 

(1923). Gumbel (1943) disagrccd with Bazen 's formula b(~Call.::;(' the largest valut' of 

plotting position was plotted at (1 - 1/2)/!V which corre1.pond(·d 1.0 a rl'l.ufII P('IIO<I 

of 2N, i.e., an artificial lcngthening of the pcriod of record. This stal.t'rtH'1l t w.,~ 

again pointed out by Benson (1962). 

Kimball (1916) chose the only case for which m/(N + 1) w,U) unhiased, t.h(· 

uniform distribution, to support a gcneral inferencc tha1. it was unbia .. <,cd for ail 

distributions. lIe recommendcd the plotting posit.ion m/(N -1- ]) for gellcra.1 Ii~(' 

but noted that if F(E(xm )), the population CDF at the cxpected vdllle of t.h(' mlh 

or der statistic of the sample, could be cstimated indep(,lId<'Iltly of the IlllknoWII 

parameters, such point might prove more deflirabJe for gra~)hiral fitting rWM th(' 

extremes. After discussion by Gumbel (Kimball, IU47), he ~h()we(} TT10rp favof 1.0 

F(E(Ym)) as plotting positiop in whirh y", was the reduced variélte y", (x", l.l}/O; 

where Xm was the mth ord~r statistic of the sarnple and Il and 0 were rn(';UI alld 

standard deviation, respectively. In 1960, he tricd 1.0 clarifv the problern of ('hoosin~ 

plotting p~sitions using the normal and cxtreme value type 1 (I~Vl) papers. Ile 

considered several plotting positions, including (i) m/(N + 1); (ii) (m - 3j8)/(N--t 
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1/4Ji (iii) (m - 1/2)/N; (iv) F(E[Ym])i (v) F(median of Ym)i and (vi) F(mode 

of Ym). After examination of the plotting positions in question, he showed that 

rncthod (iv) was preferable for testing the fit of the hypothetical distribution to 

data and for cstimat.ing either quantiles or distribution parameters. 

Gu rnbcl (] 917) stated four postulates to be satisfied by any plottmg formula 

but did not ofTer any proofs as to their necessity. They were: (1) The plotting 

positions must be snch that ail members may be plotted. (2) The return period of 

a value equal to or larger than the largest observation and that of a value equal to 

or sm aller than the smallest observation should converge towards N, the number 

of ob3crvations. Ile noted that this condition was not fulfilleà in Hazen's method. 

(3) The observations should be equally placed on the frequency scale; that is the 

diffcrcnce between the plotting positions of the (rt + l)th and r,1,th ObSeI'lation 

shonld he indepcndent of m. (4) The plotting pos;tion ought to be ~imple anr. have 

an intuitive rncaning. Gumbel (1958) repeated these postulates and aùded a fifth: 

(5) The plotting position should lie between the obscrved frequencies (m - 1)/ N 

and m/ N aT'd should be universally applicable, i.0., it sLould be distribution-frèe 

anri this excluded the probabilities at the mean, median and modal values of Ym . 

The abovc postulates have been cited in support of the Weibull formula 

(m/{N + 1)) by many papers (e.g., Singh and Sinclair, 1972; Yevjev ich, 1972). 

CUIInanc (1978) wrote (pp. 217-218) about these postulatcs: "No exception can be 

taken to p0stulate (1); in fact it is necessary. Postulate (2) is not in keeping with 

statistical facto As already noted this postulate is most mi3leading and also appears 

to have playcd a major part in the adoption of tht! Weibull formula. Kimball (1947) 

questioned both the nccessity and desirability of postulate (3), and one would tend 

to agree with him. Postulate (4), although desirable is not reconcilable with any 

mathematical derivation, as simplicity cannot be used in the same way as can, for 
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instance, a boundary or initial condition, and consequently can play no part in tlw 

rational development of a formuh. The simplicity and ~lstribution-frcc postulat.cs 

have obviously been rated highly in the opinion of many users." 

Johnson (1951) tabulatcù the median plotting positions, which iH' called "nH'­

dian ranks", for N < 20, and gave an approximate formula for N > 20. Bernard 

and Bos-Levenbach (1953) showed tltat the median rank was closely apprOXimaL('d 

by the plotting position (m-0.30)j(N -/-0.4). At about the same tim(', t.his plotting 

position was also advocated in Russian publications by Lcbedev (1952), Chegodayev 

(1953), and others. 

Chernoff and Lieberman (1956) used optimization methods, narrl(lly Lagrang(' 

ffiuHipliers, to estimate the standard deviat:on and the pcrcentilc. They concludcd 

that estimates of standard deviation based on the plotting position ml (N 1 1) WPrt' 

much less efficient th an those baseà on the position (m - Ij2)jN. This conclusion 

was advocatf'd hy Barnett (1975) but it was argued by Cunnane (1978). Ile wrote 

(pp. 218) : "This work was a fresh start to an old problern, and was novel in t.hat it. 

approacheci the problem from a statistical point of view setting out to find a formula 

not from prnbability arguments but rather from desirable statistical propert.i('s of 

th,; plot. They àid, however, lose sight of th~ original problem and in fac'!' d('rived 

coefficients for use with regression analysis rather than truc plotting posit.ioflH." 

Blom (1958) introduced the a, a'-correction tr~ the gcnerd.lIzed rnean value for­

mula and applied thcse corrections to normal, EVl, and Weibllll difltribIJti:>Tl:-'. lin 

proposed Pm = (m - a)j{N - cx.' - a + 1) as the general formula. If, for syrnrnet.ry, 

one took a = a', this became (m-a)/(N -2a+l). Many previou:-.ly sugge:-.ted plot.­

ting positions were special cases of this general formula, e.g., a -=--= 0 gave t.he mean 

position mj(N + 1), a = 1 gave the modal position (m -- l)j(N - 1), (-X = 0.5 gave 

Hazen's compromise position (m -1/2)jN and a = 0.3 gave a good apIJl,')ximatioTl 
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to the mediélll position. Finally, he proposed Pm = (m - 3!8)/(N + 1/4) as the 

plotting formula for the normal distribution. Gringorten (1063) modified also the 

general Blom's formula to obtain a formula for th~ double exponential distribution, 

Pm = (m - 0.44)!(N + 0.12). 

Chow (1064) summarized sorne plotting position formulas and demonstrated 

thcoretically that the California method was suit able for plotting annuaI exceedance 

series or partial-duration series. Since t !lis method could not be plotted on a prob­

ability paper for a probability of 100 percent thus, it was gradually replac~d by 

the Hazen formula, which plotted data at the centers of group intervals. He found 

that aIl mcthods of determining plotting positions gave practically the same results 

in the middle of a distribution but produced different positions near the "tail" of 

the distribution. He came ta the conclusion that the choice of a plotting position 

formula had become important in engineering practice. 

St.ipp and Young (1071) selected 20-year samples from 37 U.S. Geolog'ical Sur­

vey gauging stations provicling regional coverage of the United States. Using these 

data, they computed the mean, standard deviation, and skewness coefficient, and 

then fitted the LP3 curve to data at each station. The frequencies of the highest and 

lowest discharges were determined from the curve, and the corresponding values of 

the constant Q' in the formula Pm = (m - CI:)j(N - 2a + 1) were computed. He 

found that the best expression for the data used was Pm = (m - OA)j(N + 0.2). 

This formula is very subjective in the sense that .it is derived from the assumption 

of the symmctric:tl parent distribution (see Blom, 1958) but it was used to fit LP3 

distribution which is not symmetric. 

CunlllLne (1978) pointed out that any quantile estimate made from the plot 

shonld be unbiased and should have smallest mean square error among aIl such 

t'stimates. He suggested (rn- CI:) / (N - 2a+ 1) as the general form of plotting position 
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formulas with Q = 0 for the Weibul! case, a = 3/8 for the normal, and ct = 0.44 

for the EV! and exponential distributions. He concluded that: (1) The expected 

value of the reduced variate order statistic, E[y".], depended on the form of the 

distribution being considered. (2) The Weibull formula was the exact probabilit.y 

correspondÎ11g to E[Ym 1 wh en the distribution was uniform. (3) If th<, f(~d\lr<,d 

variate depended on a shape parameter then the unbiased plott,ing position Ely", 1 

depended on that parameter. Finally, he proposed a = 2/5 as the bcst, compromise 

for a single simple distribution free formula. This formula was '\dopt,C'd by HC'irh 

and Renard (1981) and Srikanthan and McMahon (1981) arnong many ot.hcrs. 

Adamowski (1981) proposed the form ofplotting formula as Pm = (m-a)/(N+ 

b) in which Pm were ordered plot.t.ing probability values, m was the rank of t.he mth 

value in an ordered sample of size N, and a and b wcre const.ants. The values 

of the constants a and b were derived by mean square crror crit,crion. He found 

that a = 0.25 aI.d b = 0.50 were the constants for his plott.ing position formula. 

This formula gave quite good result for EVl distribution, especially for cxceedance 

probabilities at high values. He recornmended this formula for use in case of P:~ 

distribution but the results might not be reliable for high floods. 

King (1981) round that as data samples increascd abovc a size of 20, the dif­

ferences among the plotting positions deterrnined hy any mcthod of estimation 

decrease to the point where they werc practically un important. To evaluate the cri­

teria for optimum choice of plotting positions proposcd by Cunnane (1978) he ha~ 

conducted a series of Monte Carlo experimcnts using also, for cornpari!ion purposes, 

Weibull formula, m/(N + 1), and Hazen formula (m --0.5) / N. Test rcsultr-. indlCated 

that there is no practical diffcrencc in the cstimatcs of the rnean ohtil,ined hy any 

of the three methods, but there is a highly significant diffcrence arnong the sev­

eral estimates of the sample standard deviation. The Wei bull formula cOJlsist.ently 
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overestimates the standard deviationj this represents, for sorne purposes, a conser-

vat ive error. On the other hand, the Hazen formula consistently underestimates the 

standard deviation which results in unconservative errors. The Cunnane formula 

give estimates which average 1 % to 2 % high for the standarù deviation. These 

estimates arc, therefore, slightly conservative and practically irrelevant. Cunnane 

estimates arc also consistently closer to the true populatlDn para:rr.eters than either 

of the other formulas. 

Xucwu et al. (1984) showed that, for P3 distribution, the parametcr Q inside 

J3Iom's formula was mainly dependent on the l)rcier number m and the values of 

skewncss coefficient "1 of the parent distribution. They employed the Monte Carlo 

method to dcvclop a plotting position formula for the P3 distribution for 1 in 

the range of betwccn 0 and 2. It was found that the formula could be applied to 

both symmctricd and unsymmetrical distributions and would also provide unbiased 

estimat.ions of quantilcs. Nevertheless, as mentioned in section 1.2, the convenicnce 

in the use of this formula in practice Îs somewhat lim.ited Lecause it cannot take 

cxplicitly int.o account the skewness coefficient of the underlying distribution, and 

cannot be applicd for skcwness vaIncs olltside the range from 0 to 2. Further, the 

use of Monte Carlo simulation procedure could provide results less accurate than 

thosc given by the analytical method proposed in the present study. 

Amell ct al. (1986) prcsentcd exact plotting positions for the GEV distribution, 

and a simple plotting formula such as would be suitable for a scÏentific calculator 

but yet which providcd good approximation to the exact values. ThE'Y used the 

PWM thcory to derive the exact plotting positions. Howcver, probably due to 

sorne errors in the mathematical derivation, the proposed approximate formulas 

did not givc very good results, as will be shown in the present study. Moreover, the 

plotting relation suggested by Arnell et al. (1986) had limited practical applications 

14 



as did Xuewu's formula, because it was also developed for sorne limited values of 

parameters and skewness coefficiLnt. 

Sinclalr and Ahmad (1988) attempted to improve Amell formula and propmH'd 

a new plotting relation for the GEV distribution based on the location-invariant. 

concept. The new formula appears to be more covenient than the Arnell formula.. 

The results given by this formula, however, are biased at both extrerne ends of thr 

probability plot, as will be shown in the present study. 

From the review of the existing literature, it is clcar that the optimum choir<\ 

of a plotting position formula should be bascd on the purpose of t.he investigation 

and should also depend upon the distribution of the variable under consid(\ration. 

It would be therefore preferable to have a specifie plotting posit.ion formuld for 

each partieular distribution considered. In addition. the unbiascd plot.ting posit.ioll!" 

advocated by Cunnane (1978) have been found to be suitable for various purposcs 

of hydrologie frequency analyses. 

2.2 Plotting Position Formulas for Historical Flood Rccorfls 

As deseribed in the previous section, a variety of plotting posit.ion formulas 

have been proposcd for systematie flood rccords. Howc"er, very few papen; ha.v(\ 

been reported on the subjeet of plotting formulas for hisLorical flf)od dat.a. Ma.jor 

citations on this subject include Ben son (19.50), World Metcorological Organi~at.ion 

(1969), V.S. Water Resourees Couneil (1977), Gerard and Karpuk (lm!}), Zhang 

(1982), Hirseh and Stedinger (1987), and Hirseh (1987). 

Benson (1950) proposed a Weibu\l type plotting formula for fl 00 (h; ab ove a 

threshold which was assumed to be known preeiscly. He recogni;œd from his ap­

proach the possibility of a substantial discontinuity in the probabilit.ies assigned t.o 

floods above and below the threshold. He wrote " In order t.o arrive at consiHtent. 
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resultl" it necessary ta obtain an array of peaks properly representative of the sin­

gle long period. The known peaks, historical and recent, must be combined in the 

proper proportions in order to obtain such an array." 

NERe (1975a) proposed a forrnllia based on Gringorten (1963) plotting posi-

tions. There were at least two problerns with this formula. One was non-monotoni-

city, Le., a large flood may be assigned a higher exceedance probability than a 

srnallcr flood. Another problem was that large gaps could occur between the prob-

abilities assigned to the largest ftoods and the floods bclow a threshold level. This 

formula was llscd by Beable and McKerchar (1982) for sorne particular cases. There-

fore, more guidances wcre nceded in order to evaluate the proposed formula. 

Gerard and Karpuk (1979) described a situation in which aIl floods greater 

t.han a threshold over a period of N years were known. Their method allowed a 

systematic analysis of aIl historical data available, but did not present a universally 

applicable formula. 

Zhang (1982) derived a generalized plotting position formula based on order 

statistic theory. His formula could account for both large and small historical ftoods. 

The assumption involved in the derivation was that if the k Jargest historical ftoods 

were obscrved, they were obscrvcd becallse thcy were the k largest. Bernier et al. 

(1986) proposcd a sirnilar plotting position formula for partial duration series. The 

assumption given by Zhang was later on disagreed by Hirsch and Stedinger (1987), 

and Birsch (1987). It was argued that historical and paleoflood discharges were 

often ohserved l)('cause thcy were large enough to exceed sorne perception threshold 

and hcncc to he rccordcd, but they were not necessarily the largest. 

IIirsch and Stcdinger (1987), and Hifsch (1987) proposed a general model for 

plotting position formulas which can combipe both systematic and historical in­

formation in a consistent and statistically efficient manner. More specifically, the 
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plotting formulas proposed can account for the rank of observation, the number of 

historical observed fioods, and the lengths of the historical period and the dystcm­

atic record. These formulas have been tested for bias in terms of discharges. It wa .. 'l 

found that none of the above formulas werf' highly accurate. Hirsch (1987) wrot,(\ 

"The exact magnitude of the bias dcpends, of course, on the farnily of distribution, 

the skewness coefficient and the expect.ed number of largest floods, and cOllseq\lt'lltly 

one could develop special, optimal plotting positions for cach situation." Il. is c1ear 

from this study that an optimal plotting position formula should he ahle t.o tak(\ 

into account the skewness coefficient. Moreover, it would be preferable t.o have a 

specifie plotting position formula for each particular distribution considcf(,d. 

In summary, sorne plotting positions for historical or extraordinary floods h,wc 

been proposed, but no consensus has been reached. It is not.ed from t.he lit.eratuf(\ 

review that several such formulas did not provide very accura1.(' est.irnat.es of the 

largest floods because they were based on biased plotting posit.ions (e.g., Hazen and 

Weibull formulas) developed for systcmat.ic flood records. It. will he shown in t.he 

present study that new plotting positions proposed could givc flood cstirnat.es much 

better than those estimated by sever al existing formulas. 
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CHAPTER 3 

'l'HEORETICAL CONSIDERATIONS 

:~.1 Fundamental Equations 

'l'II<' fllud:llnent.al cquations involved in the present study will be summarized in 

tbiH dmpt.cr. The main distributions that will be described are P3, LP3, GG and GEV 

clist,rilmtiouH. The most important parameters for these distributions (mean, variance, 

Sk(,WIl{'HS ('()('fficimt) will be presented. The expected values of P3 and GEV order 

~t.élf.JHt,i(,H will abo be shown. Finally, the exact plotting positions for both P3 and 

G EV distrihutions are ana.lytically derived using the PWM method. 

:l.1.1 P3 distribution 

TIl<' P3 distribut.ion iuvolvcs three parameters. It can adopt every shape from the 

<'xt.n'lll<'ly sk('w('d lcve'rs<'-J shape to the symmetrical normal shape depending on the 

v,,!tl<' of the' shape' paramet.er. The probability density function (PDF) of a random 

vmiHl>k .r which follows a P3 distrilm~ion may be expressed as follows : 

{ -~ 
f(.l') = Ij\I\>.)c {3 (x - xo)>'-l, for Xo 5 x < CX) 

0, for x < Xo 
(3-1) 

III wllich .ro (-(X) < .ro < (0) is the location parameter, /3 (/3 > 0) is the scale 

p<l1'HIlld.el, <111<1 " (À > 0) is the shape parameter. !ts cumulative distribution function 

(C'DF) is t.}H'1l giVC'1l by : 

F(x) = II f(t)dt 
Xo 

(3-2) 
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where f(·) is defined by eqn. (3-1) above. The distribution pmnnl('ters 1\1'(' rdllt.t'<l tu 

the mean, ft, variance, (12, and skewncss coefficient, " of the ranoom variable ,/' hy t ht' 

following relations : 

Il = Xo + (lÀ 

(J2 = (32 À 

2 
1 = '/'>. 

(3-3) 

(3--1 ) 

(3-[)) 

The linear transformation y = (x-3.'o)/ (l reduces the P3 dist,rihntioll t,o 11 stHudmd 

form with Xo = 0 and (3 = 1. That is, 

for 0 ::; !J < 00 (3 G) 

where P(À,y) is the in complete gamma fnndion. H('u('(', t.hc' stnndardi:'.('c) variah' y 

has the PDF : 

(3- 7) 

If À = 1, the P3 distribution recluces to the cxponential. A::; À -~ OC> or 1 -1 0 1.11«' 

distribution tends to the normal distribution. 

3.1.2 LP3 distribution 

A random variable Z follows a LP3 distribution if its PDF is : 

1 _ (InZ-Zo) >'_1 
feZ) = ,8>.-ll(3lrp)zc iJ (lnZ - Zn) (3-R) 

where Zo, ,8, and À are respcctively locat.ion, smIc, aud shape Imr:LIllC't.C'r:, fOl t.I11' LI':l 

distribution, 

The population moments of the LP3 distribution are g,ivc'u I>y : 

ftZr = exp(r Zo)(l - r(3r\ 1- r(3 > 0,1' = 1,2,3, 

where ftz r is the rth moment ahout the origin. 
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( The mcan, coefficient of variation, and skewness coefficient are exprebsed as : 

wlwl(, 

J1. = exp(Zo)(1 - {3)-"( 

Cv = Al/2 /B 

1 = C/A 3
/

2 

A = (1 - 2fn->" - (1- 13)-2>.. 

n = (1 - (3)-' 

C = (1 - 3(3)->" - 3[(1 - {3)(1 - 2{3)t>" + 2(1 - {3)-3>.. 

(3-10) 

(3-11) 

(3-12) 

(3-13) 

(3-14) 

(3-15) 

N ot.e that. exccpt for the mean, any normali~ed hlgher statistics of the LP3 dis­

t.rihnt.ioll such as cocfficieuts of variation and skewness coefficient are independent of 

1.11<' locatlOll pa.ramd,er, Zo. 

:t 1.3 GG distribution 

If if. IS SllPPOSf'd t.hat. [(YV - YVu)/j3r = y (with c > 0) has the standard gamma 

disl.l'iJmtiou, t.h('1l t.he PDF of a random variable TV which follows a GG distribution 

l~ 

f( l,Y T ) = c(YV - lVu)C>"-l . [_ (TV - Wo)C] 
~c>"r(~) cap {3 (W;:::: Wo) (3-16) 

\\'llI'J(' n'o, #, and ~ are location, scaIe, and shape parameters for the GG distribution 

l'I'SI)( 'ct i\'t'ly. 

This WllH ddiued (with TVo = 0) by Stacy (1962) as one family of generalized 

p,allllllH distribut.ion. It indudes vVeibull distribution (À = 1), half-normal distribution 

(,\ = t.c = 2, l'Vu = 0), and of course, P3 distribution (c = 1). 

St ae)' and l\rlihram (lD65) proposcd a method of estimation based on the moments 

of III \V. The resll!t.s of the' mean, coefficient of variation and skewness coefficient are 
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-
expressed as : 

where 

3.1.4 GEV distribution 

Jl(lnW) = c-1t,b(,\) + l11.{1 

Cv = c-2'IjJ'(À) 

1 = 1//'(À)/1/"(À)3/2 

(S ~ 1) 

(3-1 ï) 

( 3-18) 

(3-1D) 

(3-20) 

The GEV distribution involves 3 parameters and incllldes t,}l(' Extn'Ill<' Valut' t.yP(' 

l (EVl) or Gumbel distribution as a special case (Jenkinsoll, 1055). A nlllclOIll vmi'lhk 

x has a GEV distribution if its PDF has the followillg for III : 

1 [ À(X-XO)]t- I _[I_\(r-rOI]+ fe x) = ï3 1 - f3 C i3 (3-21) 

The CDF is 

{

exp {- [1 - À(X;Iol] t }, À:f 0 
F(x) = 

exp { -exp [- (X-pxol] } , À = 0 

(3 22) 

where xo,.8, and À are respectively locat.ion, senle and slwp<' paramd,('I's. 

As À tends to zero, the extreme value type 1 (EV1) dist.rilmt.ioll is oht.ftiJl(·d, flIlIl 

its reduced variate YI is related to the type 1 variaf,C' Xl hy 

YI = (Xl -xo)/!; 

for which the CDF is 

FI = F(YI) = CJ:p{ -C.f]J( -YI)} 

The mean, variance, and skcwncss coefficient of YI af(~ expn's~('d a:-, : 

I.lYI = 0.5772 

2 
7[2 

(J YI 6(3 

IYI = 1.139 

21 
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( Wlw!'eH,s, the mcan, and variance of Xl are: 

flXl = Xo + 0.5772(3 

2 'Jr2 f3 
O'Xl = 6 

'l'Il<' skewIless coefficient of x 1 is the same as that of 1'1' 

(3-28) 

(3-29) 

If .À < 0, the distribution becornes the Extrerne Value type II (EV2) distribution, 

tlw rcduCC'd variable Y2 is Y2 = I - ~L2ixo), and the CDF is 

TIl(' nH'an, varian('c, and skewness coefficient of Y2 are expressed as : 

Il Y2 = r(1 +,\) 

0';2 = r(1 + 2'\) - r 2 (1 +,\) 

/ 
3/2 

IY2 = fl3 fl2 

wlH'l<' ;1'2 = l1~l and Il.:! = r(1 + 3'\) - 3r(1 + 2'\)f(1 + À) + 2r3 (1 +,\) 

Cow.;(>ql1crlt.ly, the' meau, and variance of X2 are: 

'l'Il(' Sk('WlH'SS ('()('fficimt of :1:2 is the same as that of Y2. 

(3-30) 

(3-31) 

(3-32) 

(3-33) 

(3-34) 

(3-35 ) 

If ,\ > 0, tlw distribution becorncs the Extreme Value type III (EV3) distribution, 

tlll' icdIlC('d "minhlc' y,l is ya = -{l - À(IÎl-XO)}, and the CDF is : 

'l'hl' llle(lU, varimH'(" <ll1d skcwness coefficient of Y3 are expressed as : 

IlY3 = -r(1 + ,\) 
0'~3 = r(1 + 2'\) - r 2(1 + À) 

IY:I = 113/Jl~/2 
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where 1-l2 = CI;3 and 1-l3 = -rel -t 3"\) + 3r(1 + 2"\)r(1 + ,,\) - 2r:l ( 1 + /\) 
According to eqns. (3-37) and (3-38) the menu; and vnrinn('t' of .1'3 cun 1)(' wl'iUt'lI 

as : 

f3 f3 
I-lxa = Xo + l + ,,\ Ily:! (-:; ·lO) 

2 ({3)2 2 
CIra = l Clya (3-·11) 

The skewness coefficient of X3 is independeut of the location and scalp pal'iIllld,(·I'S aIld 

equals the skewness of the Y3 variate. 

It can be seen from eqns. (3-1), (3-8) and (3-16) that the LP3 and GG dist.rillllt.\Oll:-' 

are related to the P3 by lllCans of a t.ransfonnation of variahle. Th(· LP3 clist.rihllt.ioll 

(''tn be transformed to the P3 by t.aking, t.he logarit.hm of t.he vnriahlt-. For t.1}!' CG 

distribution, its randoIn variable TV is relatcd to the P3 l ilndolll varia!>l!' !I hy t.!w 

relation y = (~V - Wo)/ {3. 'The GEV distributioIl, how('wr, dc)(';> ilOt. I)('lollp, t,o t.l\(' 

gamma distribution family. Henee, in the prcl'lcnt siudy it. is lH'C('Ssary t.o d('v<'lo!' \H'W 

plotting position form1llas for the P3 and GEV dist.rilmt.iow; ollly. Thl' d('v(·lo!,IIH'111. 

of these formulas will be illustrated in the next chap',er. 

3.2 Expected Values of P3 Order Statistics 

Considcr an ordercd random samplc of N obscrvat.iollS, !JI 2: ,1/'1. 2: ... ::::: !IN. Th· 

probability density function g( Ym) of the mth cl('Ill('IÜ of the' Ol'dc'!!'d sillIlplc' is t.IH'11 

given by : 

g(Ym) = N! F(y)N-71I[1- F(y)]III-1 f(y) 
(m - l)!(N - m)! 

(3 t12) 

where F(y) and f(y) are respectively the cumulative distrilmtioll fllllctiol! alld tjJl' 

density function of the random variatc y. The expectatioll of the' mil! onl('r :-,tllt.istic, 

Ym, is therefore : 

E[Yml = 100 

yg( Ym )dy 

or from eqn. (3-42) : 
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( 

• 1 

N' t 
E[Ym] = (m _ l)l(JY _ m)! Jo yF(y)N-m[l - F(y)]m-

1
dF(y) (3-44) 

~)llhst.i!.llt.e eqns. (3-6) and (3-7) into (3-42) : 

g(Ym) = -(11-7,---I)-~-~---m-)! [rt.\) f.' y)He-'dVr-

m 

1 À-1 -Yd À-1 -y 
[ 

1 l Y 
] m-l 1 

- r(À) 0 y e y r(À) y e (3-45) 

illld sllb:-.tit,llte equ. (3-45) into (3-43) : 

,,_ • __ À -y __ À-1 -y N' l-X> 1 [ 1 l Y 
] N-m 

~(!Jm)-(m_1)!(N_m)! 0 rp)ye r(À)oY e dy 

[ Ir ] m-1 
1 - r(À) Jo yÀ-

1e-Ydy dy (3-46) 

No!.(' that, ('qu. (3-46) produccs thc exact plotting positions for the P3 distribution. 

lIow('v('l, it can be obscrvcd that it is impossible to integrate explicitly the integral 

IllvolV{'d III the' ('quation, and it is a formidable task to evaluate numerically this 

(·xpl(·ssioll. Dy 111<'anS of nUlllcrical intcgration, Rader (1964) providcd tables for the 

('xp('ct,('d valll<' of the 7IIth-ordcr stat.istic Ym for m = 1,2, ... , Nj N = 1,2, ... ,10; 

iII1d fOl /\ = 0.5,1, ... ,4.0. It was notcd that, probably due to the formidability of 

t Ill" IlIUl\('rical int,q!,nn.ioll task, the rcsults for E(Ym) were given for sample s!zes not 

,e,I('nU'" t.hélll 40. More l"('C('ntly, using the Monte Carlo method, values of E(Ym) for 

IHl).',(·r :-.alllplc's. N = 50 and N = 100, ha.ve been computed by Xuewu et al.(19S4) 

bllt ouly for 80111(' particlllar values of the skewness coefficient, (1 was limited to 

\'1I111CS J)('low 2). Ncvcrthcless, the Monte Carlo method could consume considerable 

rompllt,('r n'SOl11Tes and cOllld I)l'ovide less accurate results. Therefore, in section 3.4, 

it will })(' :·;}lOWll t.hat a simpler proccdure for evaluating E(Ym) for the P3 distribution 

cali J)(' nchit'ved llsing, the p\VrvI theOl·Y. 
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3.3 Expected Values of GEV Order Statistics 

From eqn. (3-24), the reduccd variate Yt of the EVl distribut.ion ("an il(' ('Xpl't'ss('d 

as: 

YI = --ln[-ln(FI)] ( 3-47) 

Hence, according to eqn. (3-44) the expected value of t.he mth O1'd<'r st,atist,jc for t.1\(' 

EVl distribution can be written as : 

(3-'l8 ) 

Similarly, on the basis of eqns. (3-30), (3-36), and (3-44), Hl(' (,OrI!'spollclill).', 

expressions for the EV2 and EV3 distributions are : 

(3-4 D) 

E[Y3m] = ( ~r! )' t (-lnF3)ÀF!'-m(l- F:dlll-1dF.1 
m - l). N - rn . Jo 

Equations (3-48), (3-49) and (3-50) provide the cxact plot.tillg, posit.iolls for t.1\(' 

GEV distribution. However, it is not possibie to intcgrate Hnalyt.ieally t.lH' abov(' 

equations, and consequently numerÎcal integration t<'chniqucs Illust he ('lIlploy(!d. 'l'Il!' 

numerical integration requires normally a very sllhstant.ial alllOllllt. of <:Olll]>lIt.(·}' t.illH', 

In the following section we will present a simpler procedur(' for cvaluat.illg E( y,,,) 1'01 

the GEV distribution using the PWM them'y. 

3.4 Exact Plotting Positions from Probability Weighted Moments 

The probability weighted moments arc defined as (Grcenwood d 111., lD7!)) : 

(3-1)] ) 
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wlwre l, i, aud J arc real numbers, and F(y) = pey ~ y). If i = j = 0 and 1 is 

a. llonr.egative intcgcr, thcn Ml,o,o is the convention al !th moment about the origin. 

III pal ticular, if l, Z <1ud ) arc nonncgative integers, MI,I,} is proportional to the lth 

IllOllH'ltt, about the origin of the (j + 1 )th order statistic for a sample of size (z + J + 1) 

(Grœllwood et al., l~)7g). That is, 

i!j! 1 

M/",] = (i + j + l)!E(YJ+l,'+J+d 

Suppose N = i + J + 1 and m = j + 1, then from eqn. (3-52): 

1)_ N! M 
E(Ym,N - (m _ l)!(N _ m)! 'l1,N-m,m-l 

For the fin-;t moment 1 = 1, eqn. (3-53) becomes 
N! 

E[Ym] = (m _ l)l(N _ m)iM1,N-m,m-l 

(3-52) 

(3-53) 

(3-54) 

F'l1rtl!('rmore, A11,N-7II,m-l can be expressed as a sum of simpler moments as follows 

(Gr(,(~llw()od (,t al., 1979) : 

m-1 (m - 1\ 
Mt,N-71I,m-1 = ~ s j( _l)S M 1,N-rn+8,O (3-55) 

which is sllbstitutcd into cqn. (3-54) to give : 

NI m-l ( -1) 
E[Um] = (m _ 1)!(~ _ m)! ~ ms (_1)8 Ml,N-m+s,O (3-56) 

III the case of P3 distribution, givcn the expressions in (3-6), (3-7) and (3-52), the 

plOhability wC'ightcd moments Ml,N-m+s,O can be expressed as : 

lvII,N-m+s,O = rt\) l°O[p(À,y)]N-m+s y>"e-Ydy 

III wll1ch P(À, U) is the inwmplete gamma function. 

(3-57) 

Dy (,()lllpêll'illg cqll. (3-56) with cqn. (3-46), it is noted that the relation (3-56) has a 

silll}>kr analytical structure and thus requires a simpler computation scheme because 

If. illvolveH (l finite SUllllllation. More spccifically, eqns. (3-56) and (3-57) are finite 

s('ri,'s and tllllH (',111 be c\'alnatcd without difficulty to provide exact plotting positions 

for t.lt<' P3 dist.ribution. The computations of the expected values of Ym, eqn. (3-

5G), w('n' pcrformed in double precision on the mainframe IBM 4381 computer for 

III = 1,2 ..... N; N = 5,10, ... ,100; and for skewness coefficients Î = 0, 0.1, ... ,3.0. 
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- For purposes of illustration, Table 3.1 shows a comparison d explCcted values es­

timated by the direct numerical integration procedure (Harter, 1961), by the Monte 

Carlo technique (Xuewu et al., 1984), and by the PWM theory, eqn. (3-56), for N '-- :~o 

and "1 = 1.265 (or ..\ = 2.5). It can be observed that the results obtoin('d by tl\f' random 

sampling technique are less accurate than those given by the direct nurnerical illtegra­

tion and PWM methods, even though a very large number of random samples (30,000 

samples of size N = 30) have been generated (Xuewu et al., 1984). FurtlH'rmore, as 

Table 3.1: Comparison of expected values of P3 arder statistics, E(y". ), for skewncss 
coefficient 1 = 1.265, N = 30. 

Rank (m) Harter Xuewu PWM el (%) ez (%) 

1 6.76301 6.75855 6.76309 0.0012 0.067 

2 5.51268 5.51051 5.51269 0.0002 0.040 

3 4.85972 4.85204 4.85968 0.0008 0.157 

4 4.41026 4.40302 4.41022 0.0009 0.163 

5 4.06379 4.05732 4.06375 0.0010 0.158 

10 2.96017 2.96097 2.96017 0.0000 0.027 

15 2.25378 2.25263 2.25378 0.0000 0.051 

20 1.68273 1.68547 1.68274 0.0006 0.162 

25 1.14056 1.13869 1.14056 0.0000 0.164 

30 0.42069 0.42097 0.42069 o.nooo 0.067 

el relative difference between estimations by I1arter and P WM 

ez = relative difference between estimations by Xuewu and P WM 
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compared with the numerical integration technique, the PWM procedure produced 

c:omparahlc resu1t.s, and its simpler computational scheme permitted to evaluate the 

cxp(~c:ted valuCf; of P3 or der r,tl-üisticb for large sample sizes without any difficulty. This 

HllJ!,gests tlmt the PWM procedure is preferable to the direct numerical integration 

aud Monte Carlo methods in the computation of exact plotting positions for the P3 

(listrilmtiou. TIH'rdol '!, the PWM method will be used in this study to develop an 

approximate and unbi;-.scd plotting position formula for the P3 distribution. 

In the eaHC of GEV distribution, the expected values of the order statistics Ylm, 

U2m and ~/:Im can he computed more simply llsing the PWM theOl'y (Arnell et al., 

1 08G) : 

NI m-l ( -1) 
E[Ulm] .= (m _ l)!(jy _ m)! ~ ms (_1)8 [8 + ln(N - m + s + 1)] 

. (N - 111 + s + 1)-1 (:3-58) 

NI rn-l ( _ 1) 
E[U2m] = (m _ l)!(JY _ m)!r(1 + >') ~ ms (_1)8 

. (N - 111 + s + l)-(1+À) (3-59) 

Eb/:llll] = - E[Y211l] (3-60) 

wl!('rc r(.) and 8 arc complete gamma function and Euler's constant (8 - 0.5772) 

1'<'sp<,d,i vdy. 

Dy cOlllparing \Vith eqns. (3-48), (3-49) and (3-50), eqns. (3-58), (3-59) and (3-60) 

ê\l'e' tinit.(, St'ri('1i and t,hus can be evaluated without difficulty to provide exact plotting 

positiolls for Hw GEV distrihution. The computations of the expected values of Ym, 

t'<tus. (3-58), (3-59) and (3-60), were performed in double precision on the mainframe 

IDl'1'1 4381 computer for 111 = 1,2, ... ,N; N = 5,10, ... ,100; and for shape parameter 

,\ = -0.2. -0.1, ... ,1.5 (skcwness coefficient 1 = 3.535,1.903, ... , -3.802). 
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CHAPTER 4 

METHODOLOGY 

4.1 Development of New Plotting Position Formulas for pa and GEV 

Distributions for Systematic Flood Records 

This chapter is intended to iIlustrate the dcvclopmcnt of new plotting position 

formulas and probability papers for P3 and GEV distributions. In this study the 

plotting position, Pm is defined as : 

Pm = F[E(Ym)] (4-1 ) 

where F[E(Ym)] is the cumulative distribution function of the expectcd value of 

Ym. If E(Ym) is computed using eqns. (3-56) and (3-57), t~"1 resulting values of P'" 

represent the exact plotting positions for the P3 distribution. Similarly, if l!J'(Y",) 

is estimated using eqns. (3-58), (3-59), and (3-60), the exact plotting positions for 

EVl, EV2, and EV3 are respectively obtained. Howcvcr, this rndhod is curnber­

some in engineering practice bccause it requires evaluation of the surnrnatioll and 

the comple,e and incomplete gamma functions in thosc equations. Conscqucntly, for 

the convenience of practical applications, it is desirablc to develop simpler plotting 

position formulas which will be derived using the exact plotting positions calculatcd 

by the PWM method. 

Blom (1958) proposed a general form for plotting position formulas as : 

P:" = (m - a.) / (N - a' - a + 1), 
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a,ci < 1 (4-2) 



{ 

in which P:,. is the probability of mth order statistic; and a, a' are coefficients 

depending on parent distribution and sa.mple size N. If the parent distribution is 

symmctric, Blom (1958) proved also that a' = a. Hence, eqn. (4-2) becomes : 

Pm = (m - a)j(N - 20: t 1) (4-3) 

Note that the condition of symmetry irnposed by eqn. (4-3) is not a theoretical 

requirernent. The expression given byeqn. (4-3) can aIso be used, by a proper choice 

of a, for non-symmetric distributions. More specificaIly, if the form of the parent 

distribut.ion is characterized by a shape parameter, the value of a also depends on 

that parameter (sec, e.g., Cunnane, 1978; Xuewu et al., 1984; Harter, 19S4j Nguyen 

ct al., 1989; In-na and Nguyen, 1989). 

In this study, an approximation to the exact P3 and GEV plotting positions 

can be achieved by l'estating the general formula, eqn. (4-3), as : 

Pm = m+b 
N-a 

(4-4) 

where a and b are pararneters which vary with the sample size N and the skewness 

coefficient ï of the parent distribution. From Table 4.1 it is noted that most plotting 

position formulas used by hydrologists can be expressed as special cases of this 

general expression. The values of the coefficients a and b will be estimated in this 

study llsing the least-squares technique and based on the exact plotting positions 

previously computed by the PWM method, as will be shown in the following. 

Equation (4-4) can be wntten as : 

N Pm - m = aPm + b (4-5) 
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Table 4.1: Plotting position formulas (after Cunnane, lOiS; H ru"t cr , IDS!; X\l{'WIl 

et al., 1984). 

Method Formula l b · P .!:!!.ll a an< ln rll = N -Il 

Hazen(1914) m-O 5 a = 0, b = -0.5 ~ 

California( 1923) m a = 0, b = 0 N 

Foster(1936) 2m-l a = 0, b = -1/2 2iil 

Weibull(1939 ) m a=-l.O,b=O N+l 

Beard(1943) m-O.3I a = -0.38, b = -0.31 N+O 38 

Benard and Bos-Levenbach(1953) m-O 3 a = -0.:2, b = -0.3 N+O.2 

Chegodayev( 1955) m-O.3 a = -DA, b = -0.3 N+O.4 

Blom(1958) m-3(8 
a = -1/4, b == -3/8 N+l/4 

Tukey(1962) m-l/3 
a = -1/3,b == -1/3 N+l/3 

Gringorten(1963) m-O 44 a = -0.12, b = -0.44 N+O.12 

Cunnane( 1 978) m-OA a = -0.2, b = -0.4 N+O.20 

Adamowski(1981) m-O.25 a = -0.5, b = -0.25 N+05 

It can be observed that the right hand side of eqn. (4-5) is a linem functioll 

of Pm with a and b considered as unknown coefficients. Renee, for known v:t!tH':-, 

of m(m = 1,2, ... , N); N(N == 5,10, ... ,100); and Pm (computed hy tlw PWM 

method) for different values of skewness coefficicn t ~f (or shape paramdcI À), <1 

regression of (N Pm - m) on Pm yields the least-squares solution for a and" SOIIJ(' 

values of these coefficients are shown in Tables 4.2 and 4.3 for the P3 and tlw CE V 

distributions, respectively. It can be observed that a and b vary systmnatJc:dly 

and, in particular, are more sensitive to the sample size N than to the :-,b!Wll(!:,'1 
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Table 4.2: Exarnple of sorne values of coefficients a and b for P3 distribution. 

N a b 

3.00 10.987 -6.428 
2.80 10.898 -6.332 
2.50 10.756 -6.202 
2.20 10.641 -6.087 
2.00 10.574 -6.018 
1.80 10.515 -5.957 

5 1.50 10.441 -5.878 
1.20 10.384 -5.812 
1.00 10.354 -5.774 
0.80 10.331 -5.741 
0.50 10.380 -5.723 
0.00 10.288 -5.644 

3.00 101.024 -51.499 
2.80 100.952 -51.414 
2.50 100.772 -51.243 
2.20 100.606 -51.089 
2.00 100.519 -51.006 
1.80 100.447 -50.934 

50 1.50 100.361 -50.845 
1.20 100.i.~8 -50.773 
1.00 100.268 -50.734 
0.80 100.243 -50.699 
0.50 100.407 -50.716 
0.00 100.213 -50.606 

3.00 200.738 -101.318 
2.80 200.898 -101.384 
2.50 200.795 -101.262 
2.20 200.608 -101.094 
2.00 200.513 -101.005 
1.80 200.438 -100.931 

100 1.50 200.351 -100.840 
1.20 200.287 -100.768 
1.00 200.256 -100.728 
0.80 200.231 -100.693 
0.50 200.575 -100.762 
0.00 200.149 -100.575 
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Table 4.3: Exarnple of sorne values of coefficients a and b for GEV distribution. 

N ï a b 

-0.2 3.535 10.254 -5.769 
-0.1 1.903 10.288 -5.758 
0.0 1.139 10.321 -5.746 

5 0.1 0.638 10.384 -5.744 
0.5 -0.631 10.478 -5.682 
1.0 -2.000 10.600 -5.600 
1.1 -2.309 10.625 -5.583 
1.5 -3.802 10.728 -5.515 

-0.2 3.535 100.119 -50.720 
-0.1 ].903 100.152 -50.703 
0.0 1.139 100.185 -50686 

50 0.1 0.638 100.213 -50.667 
0.5 -0.631 100.347 -50.600 
1.0 -2.000 100.515 -50.514 
1.1 -2.309 100.548 -50.497 
1.5 -3.802 100.683 -50.428 

-0.2 3.535 200.099 -100.713 
-0.1 1.903 200.133 -100.696 
0.0 1.139 200.167 -100.678 

100 0.1 0.638 200.199 -100.661 
0.5 -0.631 200.335 -100.592 
1.0 -2.000 200.507 -100.600 
1.1 -2.309 200.542 -100.190 
1.5 -3.802 200.680 -100.122 

coefficient /. Therefore, for a given value of the skewness 1, it can be a..<;surned thal. 

(1-6) 

and 

( 1-7) 

where Cl' C2 ,C3 and C4 are parameters. 

Since a, band N are known (Tables 4.2 and 4.3), the least-squares rncthod can 

be applied to eqns. (4-6) and (4-7) to evaluate Cl' C2 , C3 , and C •. Tables 4.4 and 
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4.5 show for selected values of the skewness coefficient Î the estimated values of 

these coefficients for P3 and GEV distributions. It is found that only C2 and C4 

vary with "{, while Cl and C3 are approxirnately constant (Cl ~ 2 and C 3 ~ -1). 

Thcrcfore, the Jeast-squares rnethod again can be used to derive linear relations 

bctween 1 and the pararncters C2 and C4 • Results are shown in the following 

equations for the P3 distribution: 

C 2 = 0.30ï + 0.05 

C 4 = -0.30-y - 0.47 

and for the GEV distribution: 

C 2 = -0.08-y + 0.38 

C4 = -0.05-y - 0.65 

(4-8) 

(4-9) 

(4-10) 

(4-11) 

Table 4.4: Example of sorne values of constants Cl' C2 , C3 , and C4 for P3 distribu­
tion. 

3.00 1.997 1.112 -0.999 -1.527 
2.80 2.000 0.929 -1.000 -1.377 
2.50 2.000 0.748 -1.000 -1.212 
2.20 2.000 0.620 -1.000 -1.086 
2.00 2.000 0.547 -1.000 -1.012 
1.80 2.000 0.482 -1.000 -0.946 
1.50 1.999 0.103 -1.000 -0.862 
1.20 1.999 0.343 -1.000 -0.793 
1.00 1.999 0.313 -1.000 -0.755 
0.80 1.999 0.289 -1.000 -0.722 
0.50 2.002 0.314 -1.001 -0.696 
0.00 1.999 0.251 -1.000 -0.625 
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Table 4.5: Example of sorne values of constants Cl' C'J' C3 , and C, for GEV distri­
bution. 

-0.2 3.535 1.9988 0.1998 -0.9995 -0.7490 
-0.1 1.903 1.9988 0.2309 -0.9995 -0.7340 
0.0 1.139 1.9988 0.2618 -0.9995 -0.7188 
0.1 0.638 1.9988 0.2936 -0.9995 -0.7036 
0.2 0.254 1.9989 0.3221 -0.9994 -0.6874 
0.3 -0.069 1.9989 0.3505 -0.9994 -0.6709 
0.4 -0.359 1.9990 0.3791 -0.9994 -0.6544 
0.5 -0.631 1.9991 0.4078 -0.9994 -0.6378 
0.6 -0.896 1.9991 0.4367 -0.9994 -0.6211 
0.7 -1.160 1.9992 0.4657 -0.9994 -0.6039 
0.8 -1.430 1.9993 0.4949 -0.9994 -0.5875 
0.9 -1.708 1.9993 0.5240 -0.9994 -0.5705 
1.0 -2.000 1.9994 0.5536 -0.9994 -0.5536 
1.1 -2.309 1.9994 0.5831 -0.9994 -0.5365 
1.2 -2.640 1.9995 0.6128 -0.9994 -0.5193 
1.3 -2.996 1.9995 0.6427 -0.9994 -0.5021 
1.4 -3.382 1.9996 0.6727 -1.0002 -0,4595 
1.5 -3.802 1.9997 0.7029 -0.9994 -0,4673 

Given the results obtained by the least-squares method, the paramcters a and 

b for the P3 distribution ean be expressed as funetions of the skcwness coefficient. "1 

and the sample size N as follows : 

a = 2N + 0.30, + 0.05 

b = -N - 0.30, - 0.47 

(4-12 ) 

(4-1:~) 

Similarly, for the GEV distribution expressions for the parameteTs a and b arc: 

a = 2N - 0.08, + 0.38 

b = -N - 0.05, - 0.65 

(4-14 ) 

(4-1[,) 

Renee, by substituting eqns. (4-12) and (4-13) into eqn. (4-4) the unbia.'icd 
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plotting position formula for the P3 distribution (called P9 formula in this study) 

has the following form : 

p = _N_-_m_+_O_.3_,,/:.-+_O._4_7 
m N + 0.3,,/ + 0.05 

(4-16) 

Similarly, on the basis of eqns. (4-14), (4-15), and (4-4), a new unbiased plotting 

formuia for the GEV distribution (hereafter referred to as GEV formula) can be 

written as : 

p = N - m+0.05,,/+O.65 
TT> N - 0.08, + 0.38 

( 4-17) 

ft can be seen that the new plotting position formulas proposed here can take 

explicitly into account the skewness coefficient of the parent distribution, and in 

addition, they have a simple structure as do most existing formulas. In particular, 

the simple expressions given byeqns. (4-16) and (4-17) appear to be preferable to 

the ones suggested by Xuewu et al. (lv84) for the P3 distribution, and by Arnell 

et al. (1986) for the GEV distribution because, to use Xuewu and Arnell formulas, 

the parametûr a and b in eqn. (4-4) for a given set of ,,/, N and m must be estimated, 

and the values of these parameters were tabulated only for sorne selected values of 

"f, N and m. No explicit relation between Ct: and the set "f, N and m was given. 

The convenience in the application of Xuewu and Arnell formulas in practice is 

thus somewhat limited, depending on the availability of the estimated values of 

the parameters a and b. The formulas suggested in this study, however, can be 

rcadily uscd for various sample sizes N(5 :::; N ~ 100) and for a wide range of 

skewness values 1(-3.0 S "( ::; +3.0). Noted is the vaJidity of the proposed P3 

formula for negat:ve skewness values because of the symmetrical property of P3 

orde" statisticr. for positive and negative skewness coefficients (Bobee and Morin, 
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1973). Note also that the limitations on the values of N and "1 wcrc sclectcd 10 

represent most conditions frequently encountered in hydrologie frequency analyses. 

The eXild plotting positions given by the PWM thcory however should be, in thcory, 

valid for any sample size or skewness value. 

The new plotting position formulas devcloped in this section can he us('d only 

for the case of systematic flood records. More gencral formulas which can take int.o 

account the historical information of very large floods will oc dcvcloped in the IH'Xt. 

section. 

4.2 Development of New Plottiug Position Formulas for P3 aTld GEV 

Distributions for Historical Flood Records 

As mentioned previously, most hydrometric records are availablc only for il 

relatively short period of time. The probability cstirnates of rare events are UH'refof(' 

unreliable. Obviously, any historie information which cffedively en larges the sampl(' 

size would significantly improve the freql1cncy analysis of such .,;vcnts. Therefofl', 

the objective of this section is to develop new plotting positioIl formula.s which C<lII 

take into account the historie information of cxtraordinary f100ds 

In this study, to describe plotting positions for historical flood records, sorn(' 

standard notations are introduccd. Let N (in years) he the Iength of the hisiorica.1 

period (need not be continuous). This N-year period contains sorne systernatic 

flood record period of s years (s ~ N). Let g be the number of observ(>d f1ooc}:;; jn 

complete flood records where s ~; 9 < N. Among these floods, k of thern are known 

to be the k largest in a p('riod of N years. Sorne of thcse k largest floods, (~, rnay 

have occurred during the systematic flood records (e ::; k and e :S s). Note that. 

g =.s + k - e. 

The assumption involved in this study is that there is a perception ihreshold 
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( or base level Qo such that the k largest floods are larger than or equal to it and 

the remainder are smaller than i1 (Hirsch, 1987). In addition, we have records of 

k floods because they were large, but not because they wele the k largest. On the 

basis of this a:.h..>umption Hirsch and Stedinger (1987) proposed a general form for 

plotting formulas with historical information as : 

{ 

rn-a • p 
ft. - k+1-2(l e 

"' - P + (1 _ P ). m - k - a 
e e .-e+1-2a 

m= 1 ... ,k 

m=k+l, ... ,g 
(4-18) 

in which Pm is the probability of mth or der statisticj a is a coefficient. depending on 

the parent distribution and the sé\.mple size Nj and Pe is the probability that flood 

will equal or exceed the base level 00' The maximum Iikelihood (and the method 

of moments) estimator of Pr is k/N. This formula is applicable only for symrnetric 

parent distribution. If the parent distribution is not symrnetric, then eqn. (4-18) 

may be rewritten (BIom, 1958) as : 

m=I, ... ,k 

m=k+l, ... ,g 
(4-19) 

Note that a' is a coefficient depending on the parent distribution, and note also that 

if the parprlt distribution is symmetric (a' = a), eqn. (4-19) will bec orne eqn. (4-18). 

The condition of symmetry imposed by eqn. (4-18) is not a theoretical requiremen1. 

dS indicateù in section 4.1. Therefore, the expression given by eqn. (4-18) can also 

be used, by a proper choice of a, for non-symmetric distributions. Hence, if the 

form of the parent distribution is characterized by a shape parameter, the value of 

a also dcpcnds on that parameter. 

In this rcscarch, approximation to the exact P3 and GEV plotting positions 

with historical information can be achieved by restating the general 

formula, eqn. (4-19), as : 
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{ 

m±/>. k 

P
A _ k-a N 
m- .!. + N-k . m-k±b 

N N ,:I-e-a 

m=l, ... ,k 

m = k + 1, ... ,g 

where a and b are parameters. vVe cal! this the E formula (for exceed~U1ces). From 

this general relation, one can form an Exceedance-vVeibull (E-vV) formula by :·wttillg, 

a = -1, b = 0, an Exceedance-Blom (E-B) formula with a = -0.25, b = -O.:3ï5. 

an Exceedance-Cunnane (E-C) formula with a = -0.20, b = -0040, an Excef,ùanÇt· 

Adamowski formula (E-A) with a = -0.50, b = -0.25, and an Excccda,m:e-Gllli 

gorten (E-G) formula with a = -0.22, b = -0.44. Since an objective of this le::-'('iIl'l'h 

is to develop unbiased (in terms of discharges) plotting position formulas wll<'ll flood 

data follow P3 and GEV distributions, the parameters a and b, thercfore, mu::;!. hl' 

selected in such a way that the above formula yields a very good estimates of t.lH'sl' 

floods. 

The P3 and GEV formulas (eqns. (4-16) and (4-17)) introduced in the prcvious 

section for systematic tiood records will be used to develop new plotting position for-

mulas for historical floods. These formulas can be re-written in term of excceclance 

probability as follows : 

A m - 0.42 
Pm = 1 - Pm = N + 0.3, + 0.05 (4-21 ) 

for the P3 distribution, and 

A m - 0.13A
( - 0.27 

Pm = 1- Pm = N _ O.OSA( + 0.38 

for the GEV distribution. It can be seen that the formulas given I>y eqn:-, (4-2) 

and (4··22) can take explicitly into account the skewness coefficient of the pau'rd. 

distribution. Note from eqn. (4-21) that a = -0.3A
( - 0.05, and b = -0.42' alld 

from eqn. (4-22) that a = O.OSAI - 0.38, and b = -0.13''1 - 0.27. Substituting t!w!->(! 

expressions for a and b into eqn. (4-20) to obtain for the P3 rlitribution : 
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A _ {1e+r;;;~+4; 05 • ~ m= 1, .. . ,k 
Pm -

le +N-Ie m-le-042 k+l - --. m= , ... ,g 
N N ~-.+O 37+0.05 

(4-23) 

and for the GEV: 

{

m-013'1- 027 .li.. 
A 10-008'1+ 0011 N 

Pm - ~ + N-k • m-k-O 137-027 
N N ,-e-0087+038 

m=l, ... ,k 

m = k + 1, ... ,g 
(4-24) 

Equations (4-23) and (4-24) represent plotting position formulas for historical flood 

records for the P3 éind GEV distributions. These equations are respectively caIIed 

Exceedance P3 (E-P3) formula and Exceedance GEV (E-GEV) formula. 

4.3 Probahility Papers 

As mentioned previou5ly, an important advantage in the use of plotting posi-

tion formulas is the possibility of plotting and visual comparison of the cumulative 

frequency curvc of the data and the assumed probability law. This plot permits an 

irnmediate a&sessrnent of the closeness of the observed frequency distribution and 

the assurned theorct.ical model. PracticaIly, both the plotting and the comparison 

of cumulative curves can be conveniently simplified by using special plotting paper 

called probability paper. This special paper provides properly scaled aJ\.es such that 

the CDF of the probability law plots as a straight line. With such paper, compari-

son bctween the assumed mode! and the data is reduced to a comparison between 

the cumulative frequency plot of the data and a straight line. Further, the straight 

line plot would make the extrapolation task easier and safer. 

However, no single probability paper for the P3 distribution is available be-

cause the graduation of the probability scale depends on the skewneso coefficient 

(or the shape parameter) of the distribution. for example, Cunnane (1978) recom-

rnended the use of normal- or exponential-probability paper for t.he P3 distribution 

whell the skewness coeffic:ient 1 is either close to 0 or 2. In addition, if ï is very 
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different from these two particular values, the plotting procedure proposcd by Wilk 

et al. (1962) was suggested because there were no appropriate probability papers 

available. Similarly, in the case of GEV distribution, only probahility paper for the 

EV1 b = 1.139) distribution is available in the commercial market but Ilot for l'~V2 

û.nd EV3 distributions (GEV tiistribution with "1 =1= 1.139). Thcrefore, for practical 

applications, it would be preferable to deve~op probability papers for the P3 élnd 

GEV distributions for a wide range of skewness values. 

Recent advent of microcomputer drafting capability provides new possibilities 

in the development of probability papers. In particular, for the P3 and GI~V dis~ 

tributions, with the ease of computing exact plotting positions by PWM mcthod 

as shown above, and the availability of simple drafting fioftware packages such as 

Prodesign II (Webster, 1985), it could be possible, in theory, to plot probability 

papers for any skewness value. However, for purposes of comparison, probabiIity 

papers for the P3 and GEV distributions have been deve!opcd in t~le present study 

for a number of selected vahlCS of the skewness coefficient 1 h = 0,0.1,0.2, ... ,3.0). 

These skewness values are chosen because most of the flood data normally have the 

skewness coefficient between 0 and 3.0 (NERC, 1975a; Matalas et al., 1975; B(,~ 

able and McKerchar, 1982). It has been observcd that a difl'ercnce of Ic:-,s thdll 

10% between two skewness values produced no significant diffcrence in the f(~slllt.illg 

probability papers. Hence, the pfObability papers developed in this :-,t.udy wight be 

used for any skewness value in the range from 0 to 3 (sec Appendix A for P:~ papers, 

and Appendix B for GEV papers). An illustrativc application of these papen; will 

be presented in the following chapter. 
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CHAPTER 5 

VERIFICATION AND COMPARISON OF 

PLOTTING POSITION FORMULAS 

5.1 Systematic Flood Records 

It is posHihlc to verify and compare various plotting position formulas for sys­

f,('IlHltie flood records by graphical and numerical methods. According to the graph-

)("t! plO('('d111'c (CllUllane, 1978), a plotting position formula can be judged by plot-

tiup, tht' (~xp('d.cd value, E[Ym], m = 1,2, ... ,N, as ordinates against the plotting 

positiollH Pm llndcr consideration. Because E[Ym] depends on the form of the par-

<'Ill. dlHt,rihlltioll, this type of judgment on a parti culaI' plotting position must be 

IJ<'rfOlllH'd scparately for each underlying distribution. If the formula is correct a 

lill('1I1' plot (or Htraight lille) will be obtained on an appropriate probability paper. 

'l'Il<' p,raphical tC'chllique provides therefore a simple tool to verify and compare 

1 III li H'dillt.dy the' adcquacy of the plotting formulas considered. Moreover, to ob-

t nill a IlHH'(' ohjective judgmcnt on the performance of various formulas a numerical 

('Olllpm isoll shollld he carricd out using as comparing criteria the root mean square 

('tro!' (TIr-.,ISE) and the absolute maximum difference between exact and approximate 

plot t mg, posi t.ions. 

Verification and comparisoll of the new plotting position formulas for P3 and 

GE" distribut.ions arc Hhowll in the following sections. 
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5.1.1 P3 Distribution 

For purposes of illustration, comparisons will be performed for two srunple 

sizes N = 10 and N = 30 which represent the data samples commonly a.vailabk 

in practice. Further, only those formulas that were recommendeJ for use \Vith t.ht' 

P3 distribution are chosen. Since the symmetrical norma.l (, = 0) and skf'wt'd 

exponential b = 2) distributions are special cases of the P3 distnbution and, in 

particular, there exist special probability papers and plotting formulas spl'cifically 

derived for these distributions, the normal and exponential distributions are selected 

for the graphical and numerical comparisons. 

More specifically, for the skewness coefficient 7 = 0 the formulas propused by 

Blom (1958), Adamowski (lD81), and Xuewu et al.(lDS4) are considered. Not.e 

that Blom formula was selected because it was derived specifically for the normal 

distribution. For ~( = 2, it is preferable to replace Blom formula by the formula 

suggested especially for the P3 distribution by Cunnane (197S). Moreover, dm> 

to its popularity in engineering practice the vVeibull formula will be considered in 

these comparisons, although this formula was not specifically derived for the P3 

distribution as indicated above. 

Results of the verIfication of the P3 formula are shown in Figs. 5.1 and 5.2 for 

the normal distribution h = 0, N = 10 and N = 30); and in Figs. 5.3 and 5.4 for 

the exponential distribution (, = 2, N = 10 and N = 30). It can be ~œn that 

the plots of E[Yml against the plotting posi tions Pm from the proposed formula aIl' 

straight lines in both exponential and normal distributions and for both ~mall alld 

large samples. This indicates that the new plotting po~ition formula perform~ VI'! y 

well for symmetric and skewed distributions. 
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Figures 5.1-5.2 and Tables 5.1-5.2 show respectively graphical and numerical 

comparisons betwcen different plotting formulas in the normal case h' = 0). As 

(!xpcdecl, it can be sccn that Blom formula performs very weIl, especially for the 

slllall slllllple coIlsidcrcd, N = 10 (Fig. 51, Table 5.1), because it was specifically 

dl'livc'd for the normal distribution. Morcover, as compared with Blom formula, P3 

aud XIH!WU formulas pcrform cqually weIl. Results obtained by these three formulas 

al(' better than thos(~ given by Adamowski formula which is biased at. both extreme 

(·1Hls. The Wcibull formula was found to be the most biased as compared with the 

ot.IJ(·r formulas. 

III tlw cxpoll<,ntial case ('Y = 2), the proposed P3 formula gives the best per-

fOllllHW'C' as d('arly indiratcd in Figs. 5.3-5.4 and Tables 5.3-5.4. Further, it is 

llot(·cl tlw.!', alt,llOugh XueWll and Cunnalle formulas were specifically recommendcd 

fOL t.1w P3 diHtrilmt.ioll, lesults given by thcse two formulas \VCle found to be as 

hHl~('d as t.hose providcd by the Wei bull formula in terms of the RMSE and the 

111nxiIllIlill ahsolllf,(' diffc'H'l1Ce (Tables 5.3 and 5.4). The bias is m05t pronolll1ced at 

t.1\(' lIPP('l c'ud of t.he plot. for \Vclbull formula, and at the lower end for Xuewu and 

C'\lI111i\lH' formulas. The forlllulél proposcd by Adamowski performs slightly better 

t lJilIl X\H'WIl, \V('i hll Il , aIld ClUmanc formulas in this case. 

III :-'Illlllllary, for dl<' sYIllllletrical normal distribution the proposed P3 formula 

1!,iI\"(' a ('olllparable pC'rfOllllanc(' élS the well-knowl1 Blom formula. However, for 

il :-.k('w('(l distril)\\l.lOll tlH' P3 formula performs much better thall other existing 

fÙl'lllIlIHS. Th('ll'[ol'e, il. CHU 1)(' concllldcd that the proposcd P3 formula developed 

III t hi~ :-.tudy is t.he lllost appropriélt.<:' for the P3 distribution, and for both small 

ill1d iarp,t' (lata :-.alllpl('s. 
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Table 5.1: Comparison of plotting position formulas for the Normal distribution 
Cf = 0.0, N = 10). 

Plotting Position Formulas 

PWM P3 Xuewu vVeibull Blom Adamowski 

1 -1.53875 0.056 0.047 0.055 0.090 0.061 0.071 

2 -1.00136 0.155 0.146 0.152 0.182 0.158 0.16G 

3 -0.65606 0.254 0.246 0.250 0.272 0.256 0.262 

4 -0.37576 0.351 0.345 0.350 0.363 0.353 0.357 

5 -0.12267 0.450 0.445 0.450 0.454 0.451 0.452 

6 0.12267 0.546 0.544 0.550 0.545 0.548 0.547 

7 0.37576 0.646 0.ô44 0.650 0.636 0.646 0.643 

8 0.65606 0.745 0.743 0.750 0.727 0.743 0.738 

9 1.00136 0.842 0.843 0.850 0.818 0.841 0.833 

10 1.53875 0.938 0.942 0.950 o.aOg 0.030 0.028 

RMSE 0.006 0.005 0.021 0.002 0.008 

Maxlp m(exact) - P m(formula) 1 0.009 0.012 0.034 0.005 0.015 
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Table 5.2: Companson of plotting position formulas for the Normal distribution 1 1 
h = O.O,N = 30). 

, , 
Plotting Position Formulas j 

~ 
< , 

m E( !Jm) PvVM P3 Xuewu Wei bull Blom Adamowski • 
l 

l -2.04276 0.01!J 0.016 0.021 0.032 0.021 0.025 
l . 

2 -1.61560 0.052 0.04!J 0.053 0.065 0.054 0.057 
3 -1.36481 0.084 0.082 0.086 0.097 0.087 0.090 
4 -1.17885 0.117 0.115 0.119 0.12!J 0.120 0.123 
5 -1.02609 0.151 0.140 0.152 0.161 0.153 0.156 
G -0.S043!J 0.183 0.182 0.185 0.194 0.185 0.189 
7 -0.77666 0.217 0.215 0.219 0.226 0.219 0.221 
8 -0.66885 0.250 0.240 0.252 0.258 0.252 0.254 
!J -0.56834 0.283 0.282 0.285 0.290 0.285 0.287 

10 -0.4732!J 0.317 0.313 0.318 0.323 0.318 0.320 
11 -0.38235 0.350 0.348 0.351 0.355 0.351 0.352 
12 -0.2044D 0.382 0.382 0.384 0.387 0.384 0.385 
13 -0.20885 0.416 0.415 0.417 0.410 0.417 0.418 
1'1 -0.12473 0.449 0.448 0.450 0.452 0.450 0.451 
15 -0.04148 0.482 0.482 0.483 0.484 0.483 0.484 
16 ü.04148 0.515 0.515 0.517 0.516 0.517 0.516 
17 0.12473 0.548 0.548 0.550 0.548 0.550 0.549 
18 0.20885 0.582 0.581 0.583 0.581 0.583 0.582 
10 0.20440 0.615 0.615 0.616 0.613 0.616 0.615 
20 0.38235 0.6""=8 0.648 0.640 0.645 0.640 0.648 
21 0.47320 0.681 0.681 0.682 0.677 0.682 0.680 
22 0.56834 0.715 0.715 0.715 0.710 0.715 0.713 
23 0.66885 0.748 0.748 0.748 0.742 0.748 0.7/16 
2""= 0.77666 0.781 0.781 0.781 0.774 0.781 0.779 
25 0.80430 0.814 0.814 0.815 0.806 0.814 0.811 
26 1.02600 0.848 0.848 0.848 0.830 0.847 0.844 
.)~ 

-( 1.17855 0.881 0.881 0881 0.871 0.880 0.877 
28 1.36481 0.914 0.014 0.914 0.003 0.913 0.910 
~o 1.61560 0.047 0.947 0.947 0.935 0.946 0.943 
:w 2 04276 0.080 0.081 0.080 0.968 0.979 0.975 

RMSE 0.001 0.001 0.008 0.002 0.004 
f-.!a.xlpm(r.cacl) - Pm(Jormula) 1 0003 0.002 0.013 0.003 0.006 
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Table 5.3: Comparison of plotting position formulas for the Exponenti,ù distribution 
(, = 2.0,N = 10). 

Plotting Position Formulas 

ID E(Ym) PvVM P3 Xuewu vVeibull Cunnûnc Adrunow~kl 

1 0.10004 0.096 0.100 0.055 

2 0.21111 a.lna 0.ln4 0.152 

3 0.33611 0.285 0.288 0.250 

4 0.47897 0.381 0.382 0.350 

5 0.64564 00476 0.476 0.450 

6 0.84564 0.571 0.570 0.550 

7 1.09564 0.666 0.664 0.650 

8 1.42897 0.760 0.758 0.750 

9 1.92897 0.855 0.852 0.850 

10 2.92896 0.947 0.046 0.050 

RMSE 0.003 0.026 

MaxIPm(exact) - Pm(formula) 1 0.004 0.041 
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0.156 
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Table 5.4: Comparison of plotting position formulas for the Exponential distribution 
\ h = 2.0,N = 30). 

Plotting Position Formulas 

In E(Ym) PWM P3 Xuewu vVeibull Cunnane Adamowski 

1 0.03346 0.033 0.033 0.019 0.032 0.020 0.025 
2 0.06782 0.066 0.068 0.051 0.065 0.053 0.057 
3 0.10353 0.008 0.100 0.083 0.097 0.086 0.090 
4 0.14057 0.131 0.133 0.117 0.129 0.119 0.123 
5 0.17003 0.164 0.165 a 150 0.161 0.152 0.156 
G 0.21003 0.197 0.108 0.183 0.194 0.185 0.189 
7 0.26070 0.220 0.231 0.217 0.226 0.219 0.221 
8 0.30417 0.262 0.263 0.250 0.258 0.252 0.254 
!) 0.34963 0.205 0.206 0.283 O. '200 0.285 0.287 

10 0.39725 0.328 0.320 0.317 0.323 0.318 0.320 
11 0.44725 0.361 0.361 0.350 0.355 0.351 0.352 
12 0.40088 0.393 C.394 0.383 0.387 0.384 0.385 
13 0.55543 0.426 0.426 0.417 0.419 0.417 0.418 
14 0.61426 0.459 0.459 0.450 0.452 0.450 0.451 
15 0.67676 0.492 0.402 0.483 0.484 0.483 0.484 
16 0.74343 0.525 0.524 0.517 0.516 0.517 0.516 
17 0.81485 0.557 0.556 0.541 0.548 0.550 0.549 
18 0.89178 0.500 0.590 0.583 0.581 0.583 0.582 
E) 0.07511 0.623 0.622 0.617 0.613 0.616 0.615 
20 1.06602 0.656 0.655 0.650 0.645 0.649 0.648 
21 1.16602 0.688 0.687 0.683 0.677 0.682 0.680 
22 1. 27ï13 0.721 0.720 0.717 0.710 0.715 0.713 
23 1.40213 0.754 0.753 0.750 0.742 0.748 0.746 
2-1 1.54490 0.787 û.ï85 0.783 0.774 0.781 0.779 
~5 1.71165 0.819 0.818 0.817 0.806 0.815 0.811 
26 1.01165 0.852 0.851 0.850 0.839 0.848 0.844 
.)~ 
_1 2.16165 0.885 0.883 0.883 0.871 0.881 0.877 
28 2.49498 0.918 0.916 0.917 0.903 0.914 0.910 
29 2.09497 0.050 0.949 0.950 0.935 0.947 0.943 
30 3.00407 0.082 0.981 0.983 0.968 0.980 0.975 

RMSE 0.003 0.026 0.026 0.025 0.023 
~Iax, Pm(exact) - PIII(Jormu[a) 1 0.002 0.015 0.015 0.013 0.009 
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5.1.2 GEV Distribution 

For the GEV distribution, comparisons between plotting fOlllllllns will 1)(' p<'l'­

forrned for the sample sizc N == 30. Furthcr, only those forlllula::-; thnt. wI'n' n'WIll­

rnended for use with the GEV distribution arc chosen. Sinc<' tlll' EVI (r ::- 1.139), 

EV2 (r = 2), and EV3 (, = 1) distrihutions are special ("(\~I'S of t.h(' GEV dist.n­

but ion and, in particular, there ('xi:,t appropriat.c fOlllll1las <krivetl for t.hl'lll, t.Ill'sl' 

distributions are thelefore sclccted for graphieal an(lllllllH'lical cOlllparisol\s. 

More specifically, for skewness coetficicnt 1 == 1.139 t.lw for:lllllns propmwcl by 

Gringorten (1963), Arnf'll et al. (1986), and Sinclair and Ahlll:Hl (1988) al(' COll­

sidered. Note that. Gringorten formula \Vas sclectccl lwcalls<' it WHS <!l'l'iw(l sp('cif­

ically for the EV1 distribution. For 'Y = 2 and 'Y == 1 it. is prcf<'rahl<' to l't'pla CI' 

Gringorten formula by the compromise Cunnane formula (Cll1l11atW, 1978) lwc(\wi(' 

there are no specifie formulas for the EV2 and EV3 distrilmtiolls. Mor('ov<'l, cl1\(' 

ta its popularity in engineering practice the Weihull for1l1111a will he cOllsill!>l<'<l ill 

these comparisons, although this formula was not speeially (kriv(~d for t.lw GEV 

distribution as indicated above. 

Results of the verification of the GEV formula a.rc sl1ow11 iu Fi~. 5.5 for EV 1 

distribution (, == 1.139, N = 30); in Fig. 5.6 for EV2 diHtril>lltioll h = 2\ N := ;30); 

,md in Fig. 5.7 for EV3 distribution b = 1, N = 30). It cau })(' He'('Il tha!. th" plo!.:, 

of E[Yml against the plotting positions Pm from the proposec! formula ml: ~f.raiJ.!,ht 

lines in an cases. This inclieates that the new plotting posit.ioll form1lla ]H'1 fOI Ill:' 

very well for the GEV distribution 
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Figure 5.5 and Table 5.5 illustratc respectively graphicnl and 1I1llut'l'icai ('Olll­

parisons between different plotting formulas in tll<' E\'1 ('a~('. It l'na tH' St'('1\ thnt 

the GEV formula yidds the least bia!:-. in tellllS of tll!' Rl\ISE a1\<1 the lllilXllll\l1ll ah· 

solute difference (Table 5.5). Al'> expedcd, tIlt' Glilll~\llt{,ll fllllll1l1a pt'rf()nll~ !'{l'lillly 

\Vell, because i t was spccially d('l iv{'d for tll(' EVI <lH.,t! i hull()u. R(·sldt:..; ohl aillt'<I 

by these two formulas an' bet.tt'r thall tho!:-.(· p;iV('ll br Sillclail, A1'11(·1\, and Wt·ihull 

formulas which are biased at the Ilpper end of the plot (FI~\. 5.5). 

For the EV2 and EV3 distributions, t.he propospd GEV fOllllula p,iv('~ Il)(' 1)('sl 

performance as clcarly indicated in Flgs. 5.6-5.7 and Tal>l('s 5.G-5.7. CllllWIW' alld 

Sincla.ir formulas SCCIll ta pcrfofm cqually well in tl1('sC C(\S(':-'. HO\V('YCl, 11 1:-' 1I0!.,·<I 

that, although Amell fOlnmla WH.:-- "pcnficnlly r<'cOllll\l('u<lt-d for t.ll<' GEV <l1~tlll)\\ 

tion, results given by this formula \Vas founel t,o })(' as hias(·d ilS thos!' pIOVld(,d I,j' 

the Weibull formula in tenus of the RMSE and tlll' lllaximulll ah~t)IIlt.I' (111\'1'11'1\("1' 

(Tables 5.6-5.7). 

In sUlllmary, for the EVl <1i:-,tri1mt.ioll tlH' Gl'illp,Ol t.t'II fOJ"lllllla p,ilVI' il ('()JII 

parable performance ab the proposed GEV forlllula. How('v('1", fOl EV2 Hlld EV:3 

distributions the G EV formula pCI form:-- lwt tC'r t hall 01 } 1<'1 ('xil->I 1Ilp, f01'\l1l tl:l~ '1'111"1 (' 

fore, it can be concluded that the propo:--ed GEV fOlllll1la d('V('lo}J('d III Hill-> ~tl\cly 

is the most apPIOpriatc for the GEV distrilmtioll. 

The above velifica.tioll and compari~()ll of P3 alld GEV fCJlllllllil:-' WC'l(' ('illl\I'd 

out for the cal-5e of systematic flood dat.a. III the followiIlp, M'('t.jOll WI' w1l 1 li )('111-> 011 

the formulas for hi::.torical flood 1 ccorcb. 
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Table 5.5: Comparison of plotting position formulas for the EV1 distribution 
,~ h = 1.130,N = 30). 
" 

Plotting Position Formulas 

III E(Ym) PW11 GEV Arnell vVeibull Gringorten Sinclair 

1 -1.33845 0.022 0.023 0.023 0.032 0.010 0.016 
2 -1 06410 0.055 0056 0.057 0.065 0052 0.050 
3 -0.88585 0.088 0.080 0.000 0.097 0.085 0.083 
4 -0.74442 0.122 0.122 0.124 0.129 0.118 0.116 
5 -0.62239 0.155 0155 0.158 0.161 0.151 0.150 
6 -0.51229 0.188 0.188 0.101 0.194 0.185 0.183 
7 -0040959 0.222 0.221 0225 0.226 0.218 0.217 
8 -0.31262 0.255 0.254 0.258 0258 0.251 0.250 
0 -0.21859 0.288 0.287 0.202 0.290 0.284 0.283 

10 -0.12730 0.321 0.320 0.326 0.323 0.317 0.317 
11 -003653 0.354 0.353 0.350 0355 0.351 0.350 
12 0.05359 0.388 0.387 0.393 0.387 0.384 0.383 
13 a 14456 0.421 0420 00426 00419 00417 0.417 
1<l 0.23509 0.454 0.453 0,460 0.452 0.450 0.450 
15 0.32039 OAb7 0.486 0.404 0.484 00483 0.483 
16 0.42523 0.320 0.519 0.527 0516 0.517 0.517 
17 0.52457 0.553 o ~ ~') 

.iJJ~ 0.561 0.548 0.550 0.550 
18 0.62789 0.586 0.585 0.504 0.581 0.583 0.583 
ID 0.736..J:3 0.620 0.618 0.628 0.613 0.616 0.617 
20 0.85148 0.653 0.651 0.662 0.645 0.649 0.650 
21 o D7462 0.686 0.684 o 6D5 0.677 0.683 0.683 
22 1.10797 o.no 0.717 0.72fJ 0.710 0.716 0.717 
23 1.25438 0.752 0.750 0.762 0.742 0.749 0.750 
24 1 41787 0.785 0.783 0.706 0.774 0.782 0.ï83 
25 1.60447 0.818 0816 0.830 0.806 0.815 0.817 
26 1.82374 0.851 0.849 0.863 0.839 0.840 0.850 
.)-
-1 2.0D240 0.884 0.88~ 0.80ï 0.871 0.882 0.884 
2S 2.44382 0.017 0015 0.930 0.003 0.m5 0.917 
~!) 2.96137 0.D50 0.D4f 0.D64 0.935 0.948 0.950 
30 3.07841 0.D81 0.081 0.008 0.068 0.981 0.984 

R1ISE 0.001 0.008 0.008 0.003 0.004 
i\Iax 1 P rn ( ex Il ct) - PIll (J ùrm u/tl) 1 O.DO? 0.017 0.015 0.004 0.006 
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Table 5.6: Comparison of plotting position formulas for the EV2 distrilmtion 
(, = 2.0,N = 30). 

Plotting Position Formulas 

m E(Ym) PWM GE\" Amell \Vcibull ennnune Sinclair 

1 0.86522 0.022 0.025 0024 0.032 O.O~O 0.016 
2 0.89124 0.056 0.Ob8 0058 0.065 0.053 0.050 
3 0.90861 0.089 0.001 0.001 0.09ï 0.086 0.083 
4 0.92264 0.123 0.124 0125 0.12a O.11a 0.116 
5 0.93494 0.156 0.157 a 159 0.161 0.152 0.150 
6 0.94619 0.189 0.190 0.192 0.19-1 0.185 0.183 
7 0.95680 0.223 0.223 0.226 0.226 o 21a 0.217 
8 0.96676 0.255 0.256 0.259 0.258 o .y.) 

._0~ 0.250 
9 0.97674 0.289 0.290 0293 0.290 0.285 0.283 

10 0.98643 0.322 0323 0.327 0.323 0318 0.317 
1l 0.99631 0.355 0356 0.360 0.353 0.351 0350 
12 1.00631 0.389 0.389 0394 0.387 0.384 o 383 
13 1.01586 0.421 04:22 OA27 0.41a 0...1 l ï 0...117 
14 1.02652 OA36 0453 OAG1 0.4::>2 o 4':;0 0..150 
15 1.03680 0.488 OA88 0.494 048-1 OA83 O..!83 
16 1.04773 0.521 0521 0.528 0.516 0.31 ï 0.517 
17 1.05D06 0.555 0554 0.562 0.548 0.550 0.550 
18 1.07106 0.588 0.587 0.595 0.581 0.583 0.583 
19 1.08380 0.621 0.620 0629 0.613 0616 0.617 
20 1.09748 0.654 0.654 0.662 0.645 0.6-1a 0650 
21 1.11231 0.687 0.687 0.696 o 67ï 0.682 n G83 
22 1.12862 0.120 0.120 0.730 0.710 0715 0.717 
23 1.14681 0.753 0.753 0.763 0.742 0.748 0.7.50 
24 1.16749 0.786 0.786 0.797 O.ÎÎ-1 o 7S1 0.783 
25 1.19157 0.820 0.81D 0.830 0.806 0.81.5 0.817 
26 1.22057 0.853 0852 0.864 0.83a 0.848 0.850 
27 1.25717 0.886 0885 0.898 o Sil o SSl 0.884 
28 1.30694 0.D19 0.a1S 0.931 0.903 0:)1·1 o an 
29 1.38459 0.D5l 0951 0.9C3 0.G35 o a47 0.a50 
30 1.55610 0.983 0.D84 o DaS 0.G6S o a80 0.a84 

RNISE 0.001 0008 o ooa 0004 0005 
Max/Pm(exact) - Prn(formulal! 0.003 0.015 0.016 o DOG (] 007 
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,. Table 5.7: Comparison of plotting position formulas for the EV3 distribution 
\ h = 1.0,N = 30). 

Plotting Position Formulas 

III E(Ym) PvVM GEV Arnell vVeibull Cunnane Sinclair 

1 -1.03433 0.022 0.023 0.023 0.032 0.020 0.016 
2 -1.02720 0.053 0.056 0.057 0.065 0.053 0.050 
3 -1.02:250 0.088 0.089 0.090 0.097 0.086 0.831 
4 -1.01806 0.122 0.122 0.124 0.120 0.119 0.116 
e:: -1.01584 0.155 0.155 0.158 0.161 0.152 0.150 '.1 

G -1.01301 0.188 0.188 0.101 0.194 0.185 0.183 
7 -1.01043 0.221 0.221 0.225 0.226 0.219 0.217 
8 -1.00703 0.255 0.254 0.258 0.258 0.252 0.250 
a -1.00536 0.200 0.287 0.202 0.290 0.285 0.283 

10 -1.00203 0.325 0.320 0326 0.323 0.318 0.317 
11 -1.00112 0.352 0.353 0.350 0.355 0.351 0.350 
12 -0.00863 0.388 0.386 0.393 0.387 0.384 0.383 
13 -0.00617 0.424 0.410 0.426 0.410 0.417 0.417 
H -0.00405 0.45<1 0.452 0.460 0.452 0.450 0.450 
15 -0.00171 0.487 0.485 0.404 0.484 0.483 0.483 
16 -0.08038 0.520 0.518 0.527 0.516 0.517 0.517 
17 -0.08680 0.553 0.551 0.561 0.548 0.550 0.550 
18 -0.08433 0.586 0.584 0.504 0.581 0.583 0.583 
la -0.0816<1 0.610 0.617 0.628 0.613 0.616 0.617 
20 -0.07880 0.652 0650 0.662 0.645 0.649 0.650 
21 -0.07577 0.685 0.683 0.695 0.677 0.682 0.683 
22 -0.07250 0.718 0.716 0.729 0.710 0.715 0.717 
23 -0.06803 0.751 0.7-10 0.762 0.742 0.748 0.750 
2-1 -0.06-105 0.785 0.782 0.796 0.774 0.781 0.783 
25 -0.060<13 0.818 0.815 0.830 0.806 0.815 0.817 
:,W -005515 0.851 0.848 0.863 0.839 0.848 0.850 
.)-_1 -0.04872 0.88<1 0.881 0.807 0.871 0.881 0.884 
28 -0.0-1030 0.016 0.914 0.030 0.003 0.014 0.917 
20 -0 0282S 0.049 0.047 0.06-1 0.935 0.947 0.950 
JO -0.00507 0.081 0980 0.008 0.068 0.980 0.984 

Rl\ISE 0.002 0.009 0.008 0.003 0.004 
i\LIXI Pm ( ,·.cacl) - P11l(jl1rm ula) 1 0.005 0.017 0.014 0.007 0.006 
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5.2 Historical Flood Records 

CUl1IIane (1978) found that a plotting position should be rdat.ively ullbin~;t'd i1l 

terms of discharges rather than in tenus of probabilitics. Bins iu di~'H"hnrp;t' i~ ddillt'd 

as the difference bctwecn the expcded values of the l/Ith lar/!,t'st. flood, E[qlll] nwl 

the expected value of the flood ('vnluated nt. t.he ('x('('edalH'(' Plohnhilit.y plot.! iH~ 

position Pm for a givell distribution F(·), E[F- 1 (1 - Pm )]. H('!H'(', Hl(' Illns ill 

discharge is dependent on the distribution of floods (Hirsch, 1(87). 

In the present study, the bias in clischarge is estillwted only for 1.' 2: III. '1'111' 

expectation of the magnitude of t.he mth largest fio()(l, Q"" fol' p,iV('ll vnhlt'S of P" N 

and m, is thus given by : 

N 

E[QIII] = L E[Q",/Pc ,I.']Pl'O[I[I.,/'" ~ 1/1] 
k=rn 

wherc 

Note that E[Q71I/ Pc. k] depc11ds 011 tIlt' <li!'!trilmtioll of (l1l/, wbilc' OJl t.1H' Ot,!W! b;ll]!l 

Pl'ob[k/k ~ m] Îs d,:-,t1'ibut.ioll f1'(,(, E[qlll/ P,., k] wa!'! (':-,tilllid,(·d by M()IlI(' C"I ln 

simulation using a total of 20,000 IPpditioll!1 OV(,l' t IH' :-,d, of 1,' v;tl\l(':-' Wlllcli 1"1\'1' 

llOn-n(-'gligible p1'ùbabilitit's. Th(, C'xpc('t,(·d vahl<' of t II(' di!1('!JiII ,f.',(' fOl t.!J(' ,f.',1 \,('11 /1", 

values is found by : 

N 

E[F-1(1 - P"')] = L F- 1 [1- P7ll(l')]P]'OI!["'/l' ~ /II] (S :$) 

1..=", 

is estimated using a plottillg po~itioll formula. 
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In the following, comparison of various plotting position formulas for P3 and 

G EV distributions is performed by comparing the bias in the estimation of the 

lalge~t flood discharge from a sample of size N = 150, a historical flood sample 

('oIfJuwnly avallable in practice. 

;'.2.1 P3 Distribution 

For P3 distribution, only those formulas that were recommended for use with 

t h.tt distribution are chosen. As indicated in section 5.1.1, the symmetrical normal 

h = 0) and skewed exponential CI = 2) distributions are special cases of the P3 

(1I',tllbutIOIl a~d, in particular, there exist probability papers and plotting formulas 

',p('nfically clcrived for these distributions, the normal and exponential distributions 

ar(' abo select cd for the comparison. 

More specifically, the E-type plotting positions considered for the case of skew­

IlP."!-J coefficient ~r = 0 Induoe (see section 4-2) the E-B based on Blom (1958) for­

\l1I11a, the E-A g,iven by Adamowski (10S1) formula, the E-\V suggested by Hirsch 

;llld St,eùinp;er (1 aSî), a.nd the E-P3 proposed In this study. For 'Y = 2, it is more 

.lPplOpriat.e ta rcpbce tllt:' E-B formula by the E-C derived from Cunnane (1978) 

f'III'lll1lla for the P3 tllst.ributlOn. The vVeibull formula for systematic flood records 

\\ III ;d:-.o he collsidered in tllls comparison because of its popularity in engineering 

pl,H·tIn'. 

I\\'sllits of the comparison of plotting position formulas are shawn in Figs. 5.8, 

-) ~), ,lIld 5.10, rl'spt'cti\'{~ly, for normal distribution (~/ = 0), for exponential distribu­

r II III ("') = :2), a.nd for the case of Î = 1. ln aIl cases the coefficient of variation is Cv = 

1) ,-) ~()tc' that. Figs. 5.8-3.10 present E[QzJ as a function of E[k] where E[k] = N Pe. 

:\ 1 Ill' .dSl> t.hat. the (\xpccted valuC' of the larg,est flood discharge. E( Qd, estimated 
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, by the Monte Carlo simulation procedure is represented by the curve marked "true" 

in tlH' ahovc figurcf>. 

From Fig. 5.8 for the normal dü,tribution (-y = 0), as expected, it can be seen 

tlmt t.he E-ll formula performs very well, especially for low values of E[A:], because 

BloIll formula waR hpecifically derived for the normal distribution. Further, as 

('olllparcd with thc E-B, the proposed E-P3 formula performs equally weIl. Results 

ohtaincd by thesc two formulas are better than those given by the E-A, E-W, and 

WcilHill formula,>. The well-known Weihull formula was found to he the most biased 

as cOlllparcd wit.h the other formulas. 

In t.he' cxponcntial casc CI = 2), Fig. 5.9 indicates clearly the best performance 

of t.llf' E-P3 formula. Moreover, it is noted that, although E-C formula was especially 

l('COllllllcIHled for the P3 distribution, this formula performs slightly better than the 

E-A, E-W, and Weibull formulas, especially for low value of E[k]. Finally, results 

for tlH' P3 distrihution with 'Y = 1 are similar to those fOl the exponential case as 

illdicatcc! in Fig. 5.10. 

III SUllllllary, for Ct syIluIlctrical normal distribution the E-P3 formula gave 

cOIllparahle }>cl'fol'luélncc as the E-B formula. However, for a skewed distribution 

t Il<' E-P3 formula pCrfOl'lllS Il1llch better than other existing formulas. Therefore, 

il cali 1)(' cOIlclud<,d that the E-P3 formula developed in this study is the most 

applOpriate fOI the P3 distribution for the analysis of historical flood data. 

TI\(' SélUH' technique is used to verify and compare the developed E-GEV for­

lImla fOl t.he ('mw of GEV distribution. Results are shown in the following section. 
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5.2.2 GEV Distribution 

Similar to the P3 case, the propo~ed E-GEV formula is compared only with 

those formulas that were recommended for use with the GEV distribution. In 

particular, the EV1 ("Y = 1.139), EV2 b = 2), and EV3 Ci = 1) distribut.ions wlueh 

are special cases of the GEV, are selected because there exist appropriatt' formulas 

especially derived for these distributions. More specifically, the E-AR and E-S 

formulas are considered because they are derived respectivcly from the formulas 

proposed by Arnell et al. (1986), and Sinclair and Ahmad (1988) for the GEV 

distribution. For the case of EV1 distribution, the E-G formula. which is obtaiul'd 

from the plotting positions developed by Gringortcn (1963) for this distribution 

is selected. For the EV2 and EV3 distributions, it is preferable to replace the E­

G formula by the compromise E-C formula (Cunnane, 1978) as indicatcd in the 

previous section. For the same reason mentioned earlier, the Weibull formula will 

also be considered in the present comparison. 

Results of cOhi.parison among selected plotting position formulas are shown in 

Fig. 5.11 for EV1 distribution (, = 1.139), in Fig. 5.12 for EV2 distribution (~{ = 2), 

and in Fig. 5.13 for EV3 distribution ("Y = 1). In aU cases the population mean i:; 

J-l = 1.0. As in previous section, Figs. 5.11-5.13 present E[Qd as a function of E[k] 

where E[k] = N Pe. The results indicate clearly that the E-GEV formula devclop(·J 

in the present study gives the best estimate of the true vnlue of E[Qd than ail 

other formulas. Moreover, it is noted that, although E-AR and E-S formulas weI (' 

also recommended for the GEV distribution, results given hy these formula::; an! 

not as good as those provided by the E-GEV formula. :1.S expeded, it cau be! ::'c(!Il 

from Fig. 5.11 that the E-G formula performs weil, especially for hlgh vallH!:' of 

E[k], because it was specially derived for the EV1 distribution. The E-C formula 
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has also a good performance for the EV3 distribution (Fig. 5.13). TIlt' E-\V and 

Weibull formulas \Vere found to be the 11l0st hias('d aH COllllH\l't'd \Vit il ot.h(·r fOl'llmln:-., 

especially for large values of E[ k]. 

In summary, results of the comparison hav(' indicatcd t.hnt t.lw E-GEV formula 

developed in this study performs much bd tel t.hall otlH'r existing forlllulas. 1'1\('\'(, 

fore, it cau be concluded tlmt t.he proposcd E-GEV formula is t.ll<' lllOSt. npproprial!' 

for the GEV distribution for the analysis of flood l('cords (,()llsid('riIl)!, hist.Ol iCill 

information. 
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CHAPTER 6 

APPLICATION OF PLOTTING POSITION FORMULAS 

6.1 Systcmatic Flood Records 

As dcscribed in section 1.1, an advantage in the use of unbiased plotting po­

sitions involvcs the possibility of providing the best estimates of flood quantiles, 

which arc unbiased. In the previous chapter, it has been demonstrated that tl'e 

proposcd P3 and GEV formulas are the mcst suitable for the P3 and GEV distri­

butions as compared with several existing formulas. The present section therefore 

will present results involving the estimation of fll0d quantiles by the P3, GEV, and 

Wei bull formulas as compared to those given by sorne theoretical distribution fit­

ting methods. Note that the Weibull formula is also considered in this comparison 

because of its popularity in engineering practice as mentioned previously. 

The cornparison is performed using graphical and numerical methods, and us­

ing ooserved flood records from various geographical regions. The graphical method 

is carried out by plotting as ordinates the flood quantiles estirnated by plotting posi­

tion formulas against the flood quantiles which are computed by fitting a theoretical 

distribution to the observed flood data. Th'! graphical technique, "quantile-quantile 

plot" (Q-Q plot), providcs thercfore a graphical assessment of the adequacy of the 

plot.ting position formulas considered as compared with the fitted theoretical dis­

tribution. If the plotting formulas provide the same flood estimates as the fitted 

distribution, the flood quantiles obtained should fall on the 45° -line on the Q-Q 
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plot. Moreover, to obtain a more objective judgrncnt on the performance of plot-

ting formulas a nurnerical comparison is also carried out using as criteria. the root. 

mean square error (RMSE) and the absolute maximum differrIlce betw{'{\1l t.1H' flood 

estimates from plotting formulas élnd fitt.ed dist.ribution. 

The application of the proposed formulas to the observcd flood d,lta li('s in tll(' 

determination of the skewness coefficient 1 of the parent. èistributioll. Problems in-

volved in the estimation of this parameter have heen e~;j.1l1::!~,d in several previou:, 

studies, especially hy Bohee and Robitaille (1975, 1977). Concerni"g the P:J distri­

bution an unhiased estimate of " denoted C,,,, for 0.5 ~ l 'S 2.0 and 20 ::::: N :: no 

can he computed from the following equation (l3obee and Robitaille, H)77): 

c = [N(N - 1)]1/2 ( 8.5)C 
ou N _ 2 1 + N • (G.t ) 

where C. is a biased estimate of the population skewness coefficient and is \/slIally 

computed by the ratio of the unbiased estirnates of the third central moment and 

standard deviation. The above formula has bccn also recornmended for use wit.1I 

the GEV distribution (World Metcorological Organization, 1969). 

The application of the plotting positions considered will be ilhlHtrated by t.lm·(· 

examples using flood data of Madawaska River at Madawaska and Missinaibi Hiver 

at Mattice in Ontario (Canada) (Environment Canada, 198:1), and Dcc Hiver al. 

Cairnton (V.K.) (NERC, 1975b). For Madawaska River, the cont.inuolls record of 

annual maximum ftoods for the 1916··1912 period (N = 27) is considpred. In t.he 

case of Missinaibi River, the flood record from 1930 to 1979 (N 50) if> 1I~i('d 

Finally, for Dee River, the flood record considered is from 1930 to t 95:1 (N 21). 

These three rivers were selected to represent the sam pIe sizes comTTlonly availdhk 

in practice. 

73 

l 



In order to fit the P3 distribution to the observed flood data, the method of 

moments has been frequently recommended for use in the estimation of the param­

eters of this distribution (Bobee and Robitaille, 1977; UNESCO, 1987). For GEV 

distribution, the probability weighted moments is used as suggested by Hosking et 

al. (1985). Rcsults of the giaphical comparison (Q-Q plots) between P3, GEV, 

Weibull formulas and the fitted P3 and GEV distributions are shown in Figs. 6.1, 

6.2, and 6.3, respectively, for Madawaska River (GlU = 1.0, N = 27); Missinaibi 

River (C. u = 1.4,N = 50); and Dcc River (Gnu = 0.7,N = 24). Further, Tables 

6.1,6.2, and 6.3 present results of the numerical comparison in terms of the RMSE 

a.nd the maximum absolutc difference of estimated flood quantiles, respectively for 

the threc ri vers considered. 

In general, it can be Been from Figs. 6.1-6.3 and Tables 6.1-6.3 that the P3 

a.nd GEV formulas perform much better than the Weibull formula in terms of 

flood quant.ile estimates. The flood estimates given by P3 and GBT 

- formulas are 

cloSN to those computed by the fitted P3 and GEV distributions as compared with 

t.he values providcd by the Weibull formula. In particu!ar, for Madawaska and 

Missinaibi rivers, re5lIlts shown in Figs. 6.1-6.2 and Tables 6.1-6.2 demonstrate 

d(\<lrly t.he best. performance of the P3 formula. However, for Dee River the GEV 

formuld !s t.he most snitable as indicated by Fig. 6.3 and Table 6.3. In summary, it 

was fOI1Ild that. t.he P3 and GEV formulas proposed in t.his study gave a comparable 

performance as the conventional distribution fitting techniques. The well-known 

Weibull formula, howevcr, is the most biased in the estimation of floo" quantiles. 
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Figure 6.1 Quantile-quantile plot of P3, GEV and Weibull formulas 

(Madawaska River, Cau = 1.0, N = 27). 
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1 , 

TdJ!p. 61 Numcncal companson of P3, GEV, and Weibull formulas (G$U = 1.0, N = 27). 

Madawaska River P3 dlstnbutlOn GEV distribution 

III Q!III~d P3 GEV Weibull Q (P3) Q (Welbull) Q (GEV) Q (Weibull) 
(m3 /:,) 

1 272 0028 0026 0036 26.0 380 330 38.0 
:! 41.~J 0.065 0062 0071 440 450 43.0 45.0 
" 50 1 0.101 o Oa9 0107 500 510 49.0 51.0 ., 
1 513 0 o 1:3R o 136 0.143 54.0 55.0 540 560 
') 51l :J () 1 ï4 0172 0.17a 58.0 59.0 58.0 60.0 
Ij 5!) 7 0211 0200 0.214 62.0 62.0 62.0 630 
ï 620 02-18 0245 0250 65.0 660 66.0 67.0 
;-, 702 028,1 0282 0286 6!) 0 690 69.0 70.0 
!) 71 1 0321 0319 0321 720 72.0 73.0 730 
10 77 tj 0:357 0355 0357 760 760 760 760 
II 8:1 :3 o 3!)4 o 3n 0393 790 790 79.0 80.0 
12 844 04:30 o ·12!) 0420 83.0 820 830 83.0 
I.~ UO :3 0,167 0465 0464 850 850 86.0 86.0 
L-I U:l2 0503 0502 0500 89.0 800 89.0 890 
1 -.,) 91 0 0540 0538 0536 94.0 93.0 930 93.0 
u; 060 o 5/[ 0.575 0571 080 980 96.0 960 
17 a(i 3 o 61:3 0612 0607 102.0 1020 100.0 100.0 
I~ LOlO 0650 0648 0643 1070 106.0 104.0 104.0 
10 lOG 0 0686 o Ij85 O.67!) 111.0 111.0 108.0 108.0 
::0 1080 0723 0722 0714 115.0 115.0 113.0 112.0 
'21 1200 o ï5!J 0758 0750 121 0 1200 118.0 117.0 
'2:: 1270 o 70lj Oi% 0786 126.0 124 a 124.0 123.0 
_)ot 
~.} 1:130 083:> 0832 0821 1340 131.0 1310 129.0 
:: 1 1 :1-1 () 0869 0868 o 85i 1400 1390 1390 1370 
,) -
_.) L55 0 o !.lOG 0905 0.893 1520 148.0 1490 147.0 
:: li 1 ÏÎ () 0042 o !),ll 0029 170.0 1630 16<1.0 160.0 
.,--, 1980 o 9ia o aïS o !)64 1980 1820 1910 181 0 

RI\ISE 3.6 58 4.3 60 

I\l.t)o.I(J(fllted) - Q(fù7·mula) 1 70 160 130 17.0 

t,l( ) = F1pod l'~t,lmated from plotthlg positIOn formula. for the same non-exceedance probability 
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---------------------

T,lble () 2. Nurnerlcal cornpanson of P3, GEV, and Welbull formulas (C.u = 1.4,N = 50) 

'" Missmalbl RIver P3 dlstnbutlOn GEV distribution 

rn QJ\'Xd P3 GEV Weibull Q (P3) Q (Welbull) Q (GEV) Q (Weibull) 

(m3 s) 
1 b'W 0 0.018 0014 0020 5550 56:~ 0 6290 6490 

2 fl600 0037 0034 0039 670.0 673.0 667.0 677.0 

:1 1)i,IO 0057 0054 0.059 6870 687.0 689.0 697.0 

'l GD!) 0 oon 0074 0078 6970 698.0 707.0 712.0 
.') 70.') 0 0097 0.094 0.098 7090 710.0 721.0 726.0 

li ï Il 0 o 117 0114 0.118 719.0 7200 734.0 7380 

7 711 0 o 1:17 o 134 o 137 728.0 7280 7460 749.0 

H 7280 o 15G o 154 o 157 737.0 7380 757.0 760.0 
f) ï:l:! 0 o 176 o 1ï3 0176 7470 7470 767.0 770.0 

JO 7530 0.HJ6 o 1!)3 o 196 756.0 756.0 7770 779.0 

Il 7.'):\ 0 0216 0213 0.216 765.0 765.0 7860 789.0 

1 :! ïïO [) o 23G 0233 0235 775.0 774.0 795.0 797.0 
1'/ ïïU U 025.1 0253 0255 783.0 783.0 8040 806.0 

.} 

1 \ 7790 0275 0273 0275 793.0 793.0 8130 S315.0 

15 80,1 () 0295 0293 0.294 802.0 8010 821.0 8230 
l!j 1;07 0 0.315 0313 0314 811.0 810.0 829.0 832.0 

17 8070 0.335 0333 0333 820.0 8190 8380 840.0 
1,') 82,10 035,1 0353 o J53 830.0 828.0 846.0 8480 

ID 8300 0:37'1 0372 0373 838.0 8370 8550 8560 

20 8400 039,1 0392 0392 8460 8450 863.0 864.0 

:ll 8600 04J.1 0412 0412 8560 8550 872.0 873.0 

22 8600 0,13,1 0432 0431 8660 8640 880.0 8810 

23 8.300 0454 0,152 0451 875.0 873 0 889.0 8900 
2,\ 8800 0473 0472 0,471 884.0 8820 897.0 8980 

2f> 8900 o ,Iua 0492 0490 893.0 891.0 906.0 9070 

:W DOO 0 0513 0512 0510 9070 903.0 9150 916.0 
')~ g120 o 5:\:1 0532 o 52D 9190 916.0 924.0 925.0 
~I 

28 g300 0553 0551 0549 9~3.0 930.0 934.0 934.0 
2!) D'130 0572 0571 0.569 947.0 944.0 943.0 9440 

:10 95(i 0 o 592 0591 0.588 f610 958.0 9530 9530 

:\1 !J70 () o (j 12 0611 0608 975.0 973.0 9640 964.0 

:12 085 () 06:32 0631 0627 9890 9860 9740 9740 

:1:3 DU8 0 o 1552 0651 0647 1003.0 999.0 985.0 985.0 

:1·1 10150 o 671 0671 0667 1016.0 1010.0 997.0 997.0 

~\fi 10200 o tlU 1 0691 0686 1030.0 1026.0 10090 1008.0 
:\1) LO:1O 0 o 711 0711 0.706 1044.0 10410 1021.0 10200 
:17 lll55 0 U 7:31 o no 0725 1058.0 10540 10350 1034.0 

:\0 10700 o 7fil 0750 0745 10730 1068.0 1050.0 1048.0 
;\\) 10800 0771 0770 0765 1087.0 10830 1065.0 1064.0 

10 lllO 0 o 790 o 790 0784 11000 1096.0 1082.0 1079.0 

II 1110 () OSlO 0810 0804 1119.0 11070 1100.0 1097.0 

\2 11·15 0 08:30 08:30 082,1 1150.0 1141.0 1120.0 U17.0 
\., Il'/U 0 o 8.'i0 () 050 08,13 11790 11690 1141.0 1138.0 
.\ 

·1,\ 11\100 o S70 0870 0863 1207.0 11970 11660 1162.0 
1:-) 12\00 II 88!l 0890 o BS2 12350 12250 11960 1189.0 
1(1 l2tiO 0 0<)0\) o \JI0 0902 12ï7.0 1250.0 1230.0 12'23.0 

17 1:;::0 U o !J29 0929 0922 13370 1316.0 1273.0 120.3.0 

10 1 :1 \l(J () () \)·1 9 o ~H9 0941 1397.0 1373.0 13290 1313.0 
l') \·18ll 0 o 969 o ~J69 0%1 14890 14370 14130 1388.0 

.-)(1 171Hl 0 o !lS!) o DS!) o 9S0 1678.0 15620 15750 1509.0 
- ---

R~[SE 9 08 22.15 31.07 40.42 

~1.t:>;lq(flltl'd) - (jUormllla) 1 220 1380 1250 1910 

(,l( ) -:..: Fh~l1d l'~tllnated t'rom plottll1g posItIOn formula for the same non-exceedance probabiIity 
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Figure 6.3 Quantile-quantile plot of P3, GEV and ',Veibull formulas 

(Dee River, C su =07, N = 24). 
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Table 6.3 Numcncal companson of P3, GEV, and Welbull formulas (C. u = 0.7, N = 24). 

Dce River P3 dlstribution GEV dlstribution 

m QJlued P3 GEV Weibull Q (P3) Q (Weibull) Q (GEV) Q (Weibull) 
(m3 / s) 

1 165.0 0028 0028 0.040 181.0 189.0 165.0 181.0 
2 101.0 0069 o 06!) 0.080 203.0 207.0 195.0 203.0 
:\ 210 0 0.110 0.110 o 120 217.0 219.0 214.0 218.0 
1\ 2250 0152 o 151 0.160 228.0 230.0 228.0 231.0 
;) 240.0 o 103 0.193 0200 239.0 241.0 240.0 242.0 
() 251 0 02:11\ 0.234 0.240 2480 250.0 2500 252.0 
7 260.0 0.275 0275 0.280 257.0 259.0 260.0 262.0 
H 268.0 o :n7 0.316 0320 267.0 268.0 270.0 271.0 
!) 2800 0358 0.357 0360 2760 277 0 279.0 280.0 
10 2900 0390 0.398 0400 285.0 286.0 288.0 289.0 
11 2990 04'10 OA~9 0440 2940 294.0 2970 298.0 
12 a080 0481 0480 0480 303.0 303.0 3070 307.0 
13 a200 0.523 0522 0520 314.0 313.0 316.0 316.0 
ltI 3300 0.564 0563 0.560 327.0 326.0 326.0 326.0 
15 335 0 060.) 0601\ 0.600 339.0 337.0 336.0 336.0 
16 3490 0646 0.645 0.640 351.0 349.0 347.0 346.0 
17 :WO.O o (iSS 0686 0680 364.0 361.0 358.0 357.0 
18 3700 o na 0.727 0720 3760 373.0 371.0 369.0 
ID 3850 0770 0768 0.760 388.0 385.0 385.0 383.0 
20 ·1020 0811 o SOO 0.800 403.0 397.0 401.0 398.0 
21 421.0 0852 0850 0.840 427.0 420.0 420.0 416.0 
22 4530 0894 0.892 0.880 450.0 442.0 454.0 437.0 
2:1 4850 0.9a5 0933 0920 493.0 476.0 480.0 466.0 
2·1 545.0 0976 0.974 0960 561.0 522.0 5450 513.0 

RMSE 6.7 8.9 2.3 9.7 

!\l,nIQ(fitted) - QUormula)1 16.0 24.0 5.0 32.0 

(;l ) = Flood t'stimaled l'rom plotting posItIOn formula for the same non-exceedance probability 

80 



6.2 Historical Flo od Records 

'This section involves the application of plotting position formulas devdopt'(l 

In the present stuùy to actual flood records whieh contain sorne extraonlinary 

floods. The application is dividecl into three pm ts. First, the P3 and GEV formulas 

[eqns. (4-16) and (4-1 ï)] which have been developed for systematic flood records aIt" 

applied to historical flood data, and their performances are assessed. Second, ('{f('cl,:, 

of the uncertainty in the identification of flood base level (dcllotcd here as qo) al (' 

examined. Third, the plotting position formulas for systematic and historical flood 

records are compared in terms of the bias in flood quantile estima.tion. In addition, 

the E-VV formula based on the well-known vVeibull concept (Hirsch, 1!)87) is abo 

considered in this numerical application. 

Similar to the comparison approach used in the previous section for syst.cm.ltic 

flood samples, the floods quantiles estimated by plotting position formula.s are a\:"o 

eompared with those computed by sorne eonventional dlstribntion fiLt.inp, nwt.hods 

For historieal flood records, the method of histoncally weighted moments, which has 

been widely used in practice (see, e.g., Con die and Lee, 1082), is employed in UliS 

study for estimating the paramett:!rs of fitted distributions. In the case of syst.(~lllati(: 

flood records, the method of moments (for P3 distribution) and the PWM ulI't.h()cI 

(for GEV distribution) will be used for parameters estimation, as d'~SCllbc:d III tllC' 

previous section. 

The application of the plotting position formulas proposee! to aetual Hood ',;ll/l 

pIes with historieal information will be lllustrated by two examples llS111,L'; flood c1;JI,;} 

at two sites: the Huungbizhuang, River ut Huangbizhuang" China (UNESCO, 190/), 

and the Boyne River neur CarmaIl, V.K. (Pilon ct al., 1085). TIH':-w two ~f.;JI,l(JII, 

give two disparate examples representing two IP-gions with differl~nt. hydl'J!(J,!!,J(' ((J1I 
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ditions. The record of annual maximum floods for the Huangbizhuang Hiver is 

available from 1794 to 1974, and there exist two very large floods that occurf(·d 

during the period of syst('matic gauging (1949-1974). In the caSt' of Boyne River, 

there are three extreme fioods which were obscrved du ring the pcriod of cont.itlllOtlh 

systematic gauging (1956-1982), and one extraordinary flood which was rœord(\d 

in 1893. Results of the comparison are illustrated in the following. 

6.2.1 Application of P3 and GEV Plotting Formulas to Historie;ll Flood 

Data 

As mentioned above, there eJCist very large floods in the systemat,ic flood records 

for the Huangbizhuang and Boyne river~. The purpose of the prescnt, graphical and 

numerical comparisons is to assess the performancc of thc P3, GEV and Weibull 

formulas when they are applied to these two particular sets of flood data. Fig. 6,4 

and Table 6.4 show respectively results of the graphical and numcrical cornparif;olls 

for the Huangbizhuang River. As compared to thc CEV and Wcilmll formulas, it is 

found that the P3 formula gives flood estimatcs c1osc1;t to the valucs c:omputed frorn 

the fitted P3 distribution. Similarly, the CEV formula give the hcst flood est.irnai,(·s 

as compared to those computed from the GEV distribution which is fitted 1.0 Boyne· 

River flood data (Fig. 6.5, Table 6.5). 

However, the results shown in Figs. 6.4-6.5 and Tables 6.4-6.5 indical.(l that., 

without censoring the flood records to consider sorne extrerne Hoo(h; ahove a giv(~n 

base level as historical floods, the P3 and GEV distributions did TlOt. give a good fit. 

to the observed data. The hias was found to be largest. at the upper end of the plob 

(Figs. 6.4-6.5). nence, the P3 and GEV formulas which have been recommended for 

systematic flood records are not appropriate for cases where there exist historical 
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Table 6.4' Numerical companson of P3, GEV, aud Wcibull formulas (C." =:\ 0, N = 25) 

Huanoblzhuang River P3 (hstn but IOU G EV dl!.t.nbuhllll 

lU QJ.tted \":1 GEV Weibull Q (P3) Q (Wei bull) (J (GEV) Q (Wpihull) 
(m3 /s) 

1 200 0061 0033 0038 100 50 50 !OO 
2 398 0.100 0073 0077 150 120 3[>0 500 
3 550 0.138 0113 0115 200 180 (iOO U2lJ 
4 750 o 176 0.153 0.154 300 250 700 7110 
5 760 0.214 o 193 0.192 400 :lfiO 800 800 
6 920 0.252 0233 0.231 550 480 900 880 
7 950 0.291 0273 0.269 600 580 100n !ISO 
8 950 0329 0313 0.308 650 620 1200 1100 
9 980 0.367 0353 0.3'16 700 680 I:HlO 1250 
10 1100 00405 0392 0385 750 720 ItlOO 1 :lflO 
11 1160 0.443 0432 o tl23 780 760 1500 11f>0 
12 1260 00481 o tl72 o tl62 800 700 1600 If>50 
13 1300 0.520 0512 0500 850 830 IROO 1700 
14 1330 0558 0552 0538 900 880 2000 Inoo 
15 1370 0596 0592 0577 1000 D70 2:HlO 2200 
16 1800 o 63tl 0632 061.5 1500 1450 2tlOO 2:150 
17 1850 0672 0672 0654 1750 170() 2fiOO ~5()O 

18 2080 0711 0711 0692 2000 1750 2700 2800 
19 2450 0749 0.751 on1 2:~OO 2100 :\000 :1000 
20 2550 0787 0791 0769 3000 2700 :150(l :11 (JO 
21 3350 0.825 0831 0808 3500 :1200 :HWO :l100 
22 3700 0.863 0871 0.846 4500 tlOllO 4200 4000 
23 3820 0901 0911 08130 5800 5000 5000 '1500 
21 12000 0940 0951 0923 7500 (i500 fi300 5200 
25 13100 0978 0.991 0962 11500 9300 10500 7000 

RMSE 1090 I:HJ8 1:15i 1870 

MaxlQUittcd) - QUormula)! 1.500 5500 5700 (>t!OO 

Q( ) ~: Flood estifJla~er1 1r00ll plutting pOf>ltloll formula for the ~allJ(' 1I01l-(·xC!!('damf· probabdll,y 
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Table 6.5: Nurncncal cOl1lpariSOIl of P3, GEV, and \\'elbull formulas (C.u = 19, N = 2ï) 

Boyne Rlvrr P3 distribution OEV <bt.rlhllt.ioll 

rn Q,.tted P3 GEV Welbllll Q (P3) Q (Wl'lhull) (J (GEV) (J (Wl'ibulI) 
(m3 Is) 

1 1.2 0.038 0027 0036 2 2 1 2 
2 55 0.074 0064 0.071 4 4 [) fi 
3 61 0110 0101 0.107 5 5 8 !) 

4 6.5 0146 0138 0.143 (i () 10 11 
5 7.4 0182 0174 0.179 8 7 12 14 
6 10.7 0219 0.211 0214 10 9 Hi 17 
7 10.8 0255 0.248 0250 Il 11 18 Hl 
8 114 0291 0284 0286 12 12 20 20 
9 139 0.327 0321 0.321 14 13 21 21 
10 145 0364 0358 0.357 16 15 2:1 22 
11 14.9 0400 0395 0.393 18 17 2fi 24 
12 193 0.436 0.431 0429 20 19 2G 2fi 
13 19.4 0.472 0468 0464 22 21 29 27 
14 23.8 0.508 0.505 0500 25 2:1 :11 :10 
15 34.& 0.545 0542 0536 28 26 :\1\ :\2 
16 357 0581 0578 0.571 :W :w :16 :15 
17 37.9 0617 0615 0.607 :12 :n :\8 :1Ii 
18 388 0.65" 0652 0.64:3 35 :1:\ 40 :W 
19 43.0 0689 0688 0.679 38 :l() 4:\ 41 
20 54.1 0726 0725 Q 71t1 40 :10 fiO 4n 
21 55.2 0762 0762 0.750 42 41 fi4 f)2 
22 561 0798 0799 0786 50 4U f)1i 5!i 
23 59.5 0834 0835 0821 56 5,1 liZ fil 
24 69.7 0870 0872 0857 (j4 H2 H7 (j:\ 
25 105.0 0907 0909 0893 73 70 77 72 
26 119.0 0943 0946 0.929 90 80 !)fi 8fi 
27 132.0 0970 0082 0064 119 95 125 lOf) 

.. 

RMSE 10 14 :1 12 

MaxlQUittcd) - QUm'mu/a) 1 32 :\!i 28 :\:1 

1 

Q( ) = Flood estimatcd from plottlllg pO'>It.ioll forllllll,l for the brllllf' lloll-eXu'"d,\Il( p proballlltt.y 
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floods in the data samples. The use of exceedance-based formulas (Section 4.2) 

would significantly improve the fitting of theoretical distributions to the observed 

historical flood data, as will be shown in the followi!l.g sections. 

6.2.2 Effects of the Uncertainty in Flood Base Leve} 

One of th difficulties in the analysis of historical flood records invol\res the 

accurate determination of a base level Qo ab ove which aIl floods are considered 

as historical f1oods. In practice Qo is frequently established as being equal to the 

smallcst known historical flood. In the following, an objective method for selecting 

an optimum value of Qo will he proposcd using as selection criterion the best-fit 

of the assumcd theoretical distribution 1,0 the observed data. More specifically, 

the best-fit condition is asscssed using the graphical comparison between empiri­

cal (plotting position) and fitted probabiIities, as weil as the numerical comparison 

betwccn flood estimates from plotting position formulas and fitted theoretical dis­

tributions (in terms of the minimum RMSE and the smallest absoÎute difference). 

'1'0 illustrate the use of the proposed method for identifying an optimum value of 

Qu, the effects of various base levels on the performance of fitted theoretical dis­

I,ribution arc examined. The sensitivity analysis is performed using historical flood 

data of the two rivers considered in the previous section. 

For Huangbizhuang River, a close examination of the flood record suggests 

sorne differenf, hase level:: (9000 m3 
/ s, 10000 m 3

/ sand 13000 m 3
/ s) which could 

be sclrcted for the sensitiv ity analysis. Results of graphica! and numerical com­

parisons for the E-P3 formula and the fitted P3 distribution are shown in Fig 6.6 

,md Table 6.6, respccti"cly; and in Fig. 6.7 and Table 6.7 for the E-GEV formula 

and the fitted GEV distribution. It can be seen that, with a base level selected 
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( 
'1.11,11< (i fi SCII1>JtIVlty (Jf P:l dli>tnbutlOn for dJfferent base Icvels (Huangblzhuang RIver). 

Q!.II,d Qo = !)OIJO m:1 1 !. Qo = 10000 m31s Qo = 13000 m3/s i , 
(''l'I f.~) E-I':l Q(J'; - P:l) E-1'3 Q(E - P3) E-P3 Q( E - P3) 

(m:! I<~) (m3/s) (m3 Is) 
--

:lO() () /J77 100 0077 100 0078 100 

:WH o Il(i ~(JO o 116 ~OO 0117 400 

fifi() o lfi5 500 0115 500 o 156 500 

7fi/J o 1 U:\ fiOO o lU5 610 o 196 610 

70() o 2:\:.! 700 0234 710 0.235 710 
!):lO 0271 800 0273 810 0.275 810 
~);,O 0:\10 850 0312 860 0314 860 

!J!iO () :\4!J noo 0:\51 910 0353 910 

!)HO o :\H/\ !)!)() o :3aO 960 0393 960 

1100 () 1\27 DRO 01\30 990 0.432 990 
II(jO o I\(j(j JOO() 0469 1050 0471 1060 
I:lGO o fiO!) 120(J 0508 1210 0511 1220 

1:100 () fi'H 12!)() 0517 1260 0550 1260 

I:\:W o fi~tl I:WO 0586 1350 0590 1360 

1:IïO (l{)L2 140() o ri25 1450 0629 1500 

IHOO o fi(j 1 18JO o Gri5 1700 0668 1750 
IH!)O o ,00 1850 0704 2000 0708 2100 

201\0 o 7:W 2(JOO o 743 2500 0747 2600 

21!iO o n7 :!OOO 0782 3100 0786 3200 
'lf);)O ()H)() :W)() 0821 3900 0826 4000 
:1:lfiO () H!i;) 1100 () BGO 4900 0865 5000 

:\ïOO () Hl).! ;)500 o BUa 6000 0905 G100 
:\1'\20 () 1):\:\ 7(JOO o !)38 8000 0.9'14 8500 
!)(j!iO () lHi;) 10000 -- - - -

Il ;)()(\ () !)70 11200 o \l70 11200 - -

1 :WOO o mil I:!OOO 0975 12000 0975 12000 
1:\100 o m!l 12900 0979 12900 0980 12900 
1:\flOO () m~:\ 1:\000 0984 13000 0984 13000 
1,1750 () !I~~ 1 [,100 0988 15100 0989 15100 
171 al) () ~l!l:\ 17000 0993 17000 0993 17000 
:2:lï;,() o !H17 21DOO o !.l97 21000 0997 21900 

H l\ISE nu 1027 1135 

~I~(h.t'tcj - (JJ""""I,./ :lIi~O 4180 4680 

(J( ) = Flood t'~t IIl1att'd rllllll plot.! mg pO~lt IOll formul,t for the same non-exceedance probability 
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, , 

'Ld,lf' fi 7' Sf'WlItlvlty rJfC:I':V rlJstributloll for (lJffcrcnt base Icvcls (Huangbizhuang River) 

QJIII,d Qo = DOOO 111:
1 j b 

(1Il.ll~ ) E-(;EV q(i'J' - GI'J'V) 
(m:l j s) 

-

'1\1' "',,,/ o .J:~:~ 100 
:\(JH o 071 (iOO 

li li 0 o 1 ]() 800 
7liO o 1 li7 1000 
7/iO o 1 !)R 1100 
!l:lO () :l10 I"'!OO 
!JliO o :lHI 11/00 
!Jr,O o :\:l:l 1800 
!lHO () :w:\ IDOO 
1100 Il 1 Of, :WOO 
II (iO () 'Hf) :lIOO 
1:lIiO o 1H7 :l:l00 
1 :100 o ;,2!l 2liOO 
1 :1:10 0;'70 2800 
1 :170 o (H 1 :\000 
IHOO o (i;,:1 :\100 
1 Hf,O o (i!!1 :1,100 
20HO o 7:1!) :!liOO 
2,1f,() o n7 ,1000 
2flf,0 o 81~ ,\:\00 
:!:lf,0 o Hr,!) r,oon 
:mlO o !JOO (i:lOO 
:1.'\20 o !H2 7000 
!l(if,O o !)()() 1'000 
Ilfl()(\ o !l(i{) BliOO 
12000 o !l71 mou 
1 :1/ 00 o !l7fi D!iOO 
1 :lf,OO () !lH2 10000 
1 17.'iO o !l~ï 11000 
IIIflO () !lm 1 :\000 
2:mo (l !)!J~ 1.'\000 
--

H~ISE 

5750 

1I11:tllgblZlllldllg River 

Qo = 10000 m3 js 

E-GEV 

0033 
0075 

° 1 J(i 
() 158 
o 1!J9 

° 211 
0.2R2 
0321 
o :l66 
0107 
() 119 
o I/D(J 
o 5:~2 
057:\ 
0615 
o G!ifi 
o (i!l8 
o 7:l!J 
0781 
Il 823 
o RG1 
o !JOli 
o !H7 

-

o !)()Î> 

o 1)71 
0976 
0982 
0987 
o 99:~ 
o 99R 

Q(E-GEV) 
(m3 js) 

150 
400 
500 
800 
900 
1000 
1100 
1200 
J300 
1500 
1700 
1800 
2000 
2300 
2600 
2900 
3100 
3110::1 
3600 
1/000 
5000 
.5700 
7000 

-

8300 
9000 
9300 
10000 
10500 
12500 
17500 
2263 

6250 

Qo ::;:; 13000 m3 j s 

E-GEV 

0033 
0075 
o 117 
0.159 
0201 
0.242 
0284 
0326 
0368 
0109 
0151 
0193 
0,535 
0577 
0618 
0660 
0702 
o 741 
0786 
0827 
0869 
0911 
0953 

-
-

0971 
0977 
0982 
0.987 
0993 
0998 

Q(E-GEV) 
(m3 js) 

100 
450 
700 
850 
990 
1100 
1200 
1300 
1500 
1600 
1800 
2000 
2200 
2500 
2800 
3000 
3200 
3600 
4000 
4300 
5000 
6000 
7400 

-
-

8900 
9200 
9900 
10100 
12400 
17000 
2369 

6750 

(J( ) == Flood .'stllll,I!.,,1 fWIII plottlllg, p<',I!IOll formula for the sa\1lc non-exceedance probabihty 
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...... 
at 9000 m 3 / s, the theoretical P3 distribution shows the best fit 1.0 the ObSNV('d data 

(Fig. 6.6). Moreover, at this base level, the RMSE and maximum absolute difft'n'nct' 

of flood quantiles estimated [rom the E-P3 formula and the fltt.ed P:~ distribut.ioll 

were found to be smallest (Table 6.6). Bence, the E-P3 formula IH'rforllls l1Iueh 

better than the E-GEV in this case. Therefore, the P3 distributIOn i., 1.11(' mos! 

appropriate distribution for the JIuangbizhuang River, and fi flood ba.s(' lev('1 al. 

9000 m 3 
/ s should be selccted 1.0 obtain the best fit of this distribution w th" 

observed historical flood data. 

A similar scnsitivity analysis procedure can be applied 1.0 tlw historieal flood 

record of Boyne River. After examining the data, base levels al. toO m' /8. 120 

m 3 
/ s, and 150 >11.3 / scan be chosen. Figure 6.8 and Table 6.8 show re~mlts of th(' 

sensitivity analysis for the E-P3 formula and the fitted P3 distributÏ'>n. H('sult~ 

for the E·GEV formula and the fitted GEV distribution an' pH'scnt('d in Fig. (i.n 

and Table 6.9. It is found that, at a base level of 100 ml /s, th!' G l':V distrihutioll 

provides a best fit to the data (Fig. 6.8). Further, al. this base l('vel, the HMSI'; and 

maximum absolute deviation of flood quantiles estimatcd frorn the E-GEV formula 

and the fitted GEV distribution were found to he minimum (Table 6.8). Therefore, 

the GEV distribution is more suitable than the P3 for this river; and the base lev!') 

should be selected at 100 m3 fs to obtain the best fit of the GI'~V to the obh()rv(·d 

data. 
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Table 6.8: Sensitivlty of 1'3 distribution for different base lcvcls (Boyne River). 

Boyne River 

QJltted Qo = 100 m3/s Qo = 120 nél 
/ s Qo == 150 111

3
/S 

(m3 /s) E-P3 Q(E - P3) E-P3 Q(E - P3) E-P:~ q( /!: - P:J) 
(m3 /s) (mJ/s) (111:1 /s) 

-

l.2 0047 1 0039 05 0036 2 
5.5 0.086 2 0.076 1 0072 fl 
6.1 0.124 3 0113 2 O.IOB li 
6.5 0163 4 0149 3 o 144 8 
7.4 0.201 5 0.186 5 o IBO 10 
10.7 0.240 6 0223 6 0215 12 
10.8 0278 9 o 259 9 0251 Hi 
114 0.317 10 0.296 10 0.287 18 
139 0355 11 0.333 12 0323 20 
14.5 0.394 12 0.369 15 0.:~59 22 
14.9 0.432 15 0406 18 o :W5 24 
19.3 0471 16 0'143 20 o 4:m 2G 
19.4 0509 17 0480 24 o 4()(5 :\0 
238 0.548 18 0516 26 0502 :12 
34.8 0.586 22 o 553 :lO o 5:lB :\5 
357 0.625 28 0590 :l2 0574 1\0 
379 0.663 32 0626 :Hi 0.6\0 1\:1 
38.8 0702 35 0663 40 o 64f> I\(i 

43.0 0.741 40 0700 44 0.681 52 
54.1 0779 45 0.736 50 0717 !in 
552 Il 818 52 0.773 55 0753 fi2 
5fi.1 0.856 62 0810 G4 O.78U G8 
59.5 0.895 65 0846 73 0.825 78 
69.7 0933 90 0883 81 o 8(.i! 88 
1050 0.967 124 0920 110 () 8n() 100 
119.0 0976 140 0.956 120 o 9:J2 IHi 
132.0 0.985 154 0.987 190 o 9f>8 150 
187.0 0.995 200 0.995 210 o !HJ6 225 

RMSE 9 Il 

MaxlQJltted - QJormula 1 22 0 58 0 :18_0 __ 

Q( ) .= Flood estlmated from plotting positIOn formula for the sarne 1l01l-eXCCf'J,lIl( e probabllity 
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Table 6.9: Sensitivity of GEV distributIOn for different base l('ve\s (Boynt' Rlwr). 

Boyne River 

Qfttled Qo = 100 m3 /s Qo = 120 m 3 /s Qo = 150 ".3 /.~ 

(m3/s) E-GEV Q(E -GEV) E-GEV Q(E - GIN) E-GIW Q(E-G/W) 
(m3/8) (m3/s) (ma fs) 

1.2 0.031 1 0.U28 1 0.027 2 
5.5 0.070 5 0.065 4 o.OGa 7 
6.1 0.110 6 0.103 7 0099 10 
6.5 0.149 7 0.140 9 0.136 15 
7.4 0189 10 0177 12 0.172 1~ 

10.7 0228 11 0.214 15 0.2\.18 20 
10.8 0.268 13 0252 17 U 245 21 
11.4 0.307 15 0.289 19 0.281 2:l 
139 0.347 18 0326 21 0.317 25 
14.5 0.386 20 0.364 22 0.:lfi4 20 
149 0426 21 0401 25 O.:J90 28 
19.3 0.465 24 0.438 28 o 42{i :W 
19.4 0.505 27 0475 :l0 0463 :l2 
23.8 0544 30 0513 32 0499 :J5 
348 0.584 34 0550 35 o 5:l5 :~8 

35.7 0.623 36 0587 :38 0571 tlO 
379 0.663 38 0625 tlO o G08 42 
388 0.702 41 0.662 44 0644 tl5 
43.0 0.742 46 0699 tl8 0.680 48 
54.1 0.781 54 0737 52 0717 52 
55.2 0.821 56 0.774 55 0.7!):l 1)5 

56.1 0861 62 0.811 60 0789 fi8 
59.5 0.900 72 0848 66 0826 G5 
69.7 0.940 87 0.886 73 0.862 n 
105.0 0.964 106 0.923 86 0.8U8 7U 
119.0 0.974 121 0960 1O:J o 9a5 88 
132.0 0.985 134 0.985 135 O.lm II fi 
1870 0.996 187 0995 ln 0.996 170 

RMSE 5 8 12 

MaxlQJ'Ued - QJormulal 163 190 :11 (J 

Q(.) = Flood estlmated from plottmg position fOfmu la fOf the sam!! lIoll-cxrcedallce prnbabtlity 



6.2.3 Comparison Between Plotting Formulas for Systematic and Histor­

ical Flood Records 

In Section 6.2.1, it has been shown that it was not appropri.tte to analyze 

historical flood records using plotting position formulas (e.g., P3 and GEV formulas) 

which wcre derived for systematic data. In the following, graphical and numerical 

cornparisons of flood estimates fwm formulas recommended for systematic records, 

and from those suggestcd for combined historical and systematic data are carried 

out. in order to give a general impression of the magnitude of the differences between 

results. The performances of P3 and E-P3 formulas are assessed 11sing flood data of 

the l1uangbizhuang River since the P3 distribution has been shown to he the most 

suitahle for this river (Section 6.2.1). Similarly, results of flood estimates from GEV 

and E-GEV formulas are compared using Boyne River flood record. Further, the 

optimum base levcls dctermined in the previous section for Huangbizhuang and 

Boyne Rivers are used in the analysis of historical flood records in the present 

comparisons. Finally, the E-W formula is also considered in this comparative study 

bccause of its popularity in practice, as mentioned above. 

For the lIuangbizhuang River, results of the graphical and numerical com-

pariso'1':> between P3 and E-P3 formulas are shown in Fig. 6.10 and Table 6.10, 

respectively. It can be seen that the use of the E-P3 for historical flood data pro-

vides the minimum RMSE and the smallest bias in flood estimates as compared to 

those given by the P3 and the E- W (Table 6.10). Results shown in Fig. 6.10 indi-

catc also that the E-P3 formula appears to be preferable to the E-W. Similarly, for 

Boyne River, it was found that the E-GEV formula provides the best performance 

as compared with the GEV and E-W Îormulas (Fig. 6.11 and Table 6.11). 

97 



te> 
00 

PEARSON TYPE 3 PROBABILITY PAPER, SKEWNESS COEFFICIENT = 3.0 

30000 ! 
1 P ~ f-I 3 

27000 -- - - - - f-- - t- - - -

24000 

21000 

---t- - - P~ '0 IRE rIC AL FI rT ~D / -- - - - - - - - 1-
:l- IE -fv * 0 V 

/ - - - - - -- -
/ 

18000 
,-.... 
III 

" 15000 
~ 
'-' 
CI 12000 

9000 

~ - --r- -

t V 
/ 

- - - - - - -- - !Y~ - --
*~ SV 

- - - - - - - -
~c 

- - - - -

r 1- -

/ 
6000 

3000 

0 

- - -
/' 
? - -

-1------ - j--;IL > 0 , 

1 

- - -., 
IdfJ 

r 

. 1.5 .8 .9 .9B .99 .99B .999 .999B .9999 

Figure 6.10 Comparison of E-P3 and E-W formulas (Huangbizhuang River, G,U = 3.0, N = 181). 

p 

• 



Table 6 10: Comparison of E-P3 and E-W formulas. 

Systematic 
QJ.It,J 

(mJ /s) P3 

200 0061 
3!J8 0.100 
550 o 138 
750 0.176 
ïGO 0.214 
(no 0.252 
!J50 0.21)1 
~).,)U 0.320 
D80 0367 

1100 0405 
Il GO 0,44:i 
l:'WU 0481 
l:WO 0.520 
1:330 0.558 
l:3ïO 0.596 
1800 0.634 
1850 0.672 
20S0 0.711 
2·150 0740 
21\50 0.787 
3:350 0825 
3700 0.863 
:1820 0.901 
9650 -

1 11500 -
12000 0.940 
l:noo 0.978 
1:1500 -
"'750 -
17150 -
2:1750 -

Rl\ISE 

1\t.\X qf."<d - Qforrnul'l 

Q(P3) 
(m3 /8) 

100 
150 
200 
300 
400 
550 
600 
650 
700 
750 
780 
800 
850 
900 
1000 
1500 
1750 
2000 
2300 
3000 
3500 
4500 
5800 
-
-

7500 
11500 

-
-
-
-

1090 

4500 

Huangblzhuang River 

E-P3 

D.On 
0.116 
0.155 
0.193 
0232 
0.271 
0310 
0.349 
0388 
0427 
0.466 
0505 
0.544 
0583 
0.622 
0661 
0.700 
0.730 
o 7ïï 
0816 
0.855 
0894 
0.933 
0.965 
0970 
0.974 
0.979 
0.983 
0.988 
0993 
0997 

Systematlc + Historlc 
Qo = 9000 m3 / 8 

Q(E - P3) 
(m3/8) 

100 
400 
500 
600 
700 
800 
850 
900 
950 
980 
1000 
1200 
1250 
1300 
1400 
1800 
1850 
2000 
3000 
3200 
4100 
5500 
7000 
10000 
11200 
12000 
12900 
13000 
15100 
17000 
21900 

779 
3180 

E-W 

0040 
0080 
0.119 
0.159 
0.199 
0.239 
0.279 
0.319 
0.358 
0398 
0.438 
0.478 
0518 
0558 
0.597 
0.637 
0.677 
0.717 
0.757 
0.797 
0836 
0.876 
0.916 
0.961 
0.966 
0.971 
0.975 
0.980 
0985 
0.990 
0.995 

Q(E- W) 
(m3/8) 

50 
150 
420 
550 
650 
750 
820 
880 
930 
970 
990 
1100 
1220 
1280 
1350 
1500 
1820 
1900 
2900 
~100 

4000 
5000 
6600 
9800 
10000 
11200 
12100 
12900 
14000 
15600 
18500 

1212 

5250 

(;( ) = Flood l't>t.l/llated from plottmg position formula for the same non-exceedance probability 
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T.lble 6.11' Comparlson of E-G EV and E-W formulas. 

l 
Boyne River 

Systematlc 3ystematlc + Historic 
Q/Illed Qo = 100 m3 fs 
(1113/8) GEV Q(GEV) E-GEV Q{E - aEV) E-W Q(E - W) 

(m3/s) (m3 /8) (m3/8) 

1.2 0.027 1 0031 1 0.038 2 
55 0064 5 omo 5 0.076 5 
6 1 0101 8 0.110 6 0.115 6 
65 0.138 10 0.149 7 0153 8 
7 ,1 0174 12 0.lS9 10 0.191 10 
107 0211 16 0.228 11 0.229 12 
1 (J 8 0248 18 0268 13 0.268 13 
IH 0284 20 0307 15 0.306 16 
l:~ () 0.321 21 0347 18 0.344 17 
145 0358 23 0.386 20 0.382 19 
14.g 0.395 25 0426 21 0.420 22 
1!).3 0.431 26 0.465 24 0.459 23 
1 ().4 0.468 29 0.505 27 0.497 26 
2:~ 8 0505 31 0.544 30 0.535 28 
3·18 0542 34 0.584 34 0.5n 32 
357 0.578 36 0.623 36 0.612 35 
379 0.615 38 0.663 38 0.650 37 
:388 0652 40 0702 41 0.688 39 
,1:3.0 0688 43 o 742 46 0.726 42 
5,1 1 0.725 50 0.781 54 0764 50 
552 0.762 54 0.821 56 0.803 55 
56 1 

1 

0.7g9 56 0.861 62 0.841 60 
f)!) 5 0.835 62 0900 72 0879 66 
GD 7 0.872 67 0940 87 0.917 78 
IO!) 0 

1 
0.g09 ïï 0.a64 106 0.964 106 

lIn () 0946 95 0.974 121 0.9n 115 
1:12.0 0982 125 0.985 134 0.982 128 
IKi [) - - 0.996 187 0.991 155 

-
lU.ISE 9 5 7 

\1.\'lqJI/ld-QJo~rr"'I,,1 28 16.3 32 

(2( ) ::: Flood t'stlluatcd from plottlllg pOSltlO1l formula for the same non-exceedance probability 

i 
' ... lOI 
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In summary, it is important ta recognize the fundarnenta.l differ{,llc{\ l)('t.w(,(\11 

a flood record with historical and systematic data and a Tt\ford which is f'nt.ircly 

systematic. Depending on the nature of the da.ta sample, the choice of (\xc('(\dallc(\ 

plotting formulas (E-P3, E-GEV) rather than thcir trdditional count.(\rpdrts (P:~, 

GEV) could significantly improve the estimation of noods. Furtlwr, thr proposl'd 

objective method for identifying the base level for historical flood daLa itn,tlysis 

using the special P3 and GEV prohability papers developed in the present sLudy 

demonstrate the convenience in the use of these papers in prc1.cticc. 
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CHAPTER 1 

CONCLUSIONS 

The following conclusions can be drawn from this study : 

(1) The PWM method was found to he suitahle for the analytical derivation of 

exact plotting positions for P3 and GEV distributions. Further, it was shown that 

the estimation of exact plotting positio"'1s using the PWM procedure was preferable 

to both the Jirect numerical integration method and the Monte Carlo simulation 

technique. 

(2) Vor practical applications, simple unbiased plotting position formulas have 

been dcveloped for P3 and GEV distributions, and for both systematic and historie 

flood records. It was found that the proposed formulas provirled a better approxi­

mation to the exact plotting positions than several existing formulas. In particular, 

the formulas developed in this study for historie al flood data can provide less bias 

in discharge estimation than several existing formulas. 

(3) As comparcJ with existing plottmg positions, the formulas suggested in this 

sturly are conceptually more flexible and computational more convenient hecause 

thcy can take explicitly into account the skewness coefficient of the underlying 

distributions, and thus can be used for bath symmetrical and nan-symmetrical 

distributions. 

(4) The well-known Weibull and E-W formulas were shawn to be biased for both 

P3 and GEV distributions. Therefare, they should be used only for the uniform 
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distribution for which they were specifically derived. Further, it was not('d that, 

although Amell formula was especially recommended for the GEV distributioll, 

results given by this formula were round to be as biascd as thosc ohtaincd from tl\(' 

Weibull formula. 

(5) Results of numerical examples using actuat flood data have ihdicat(\d the 

adequacy of the new plotting position formulas developcd in this study. Thentfore, 

it can be concluded that the proposed plotting position formulas arr the rnost 

appropriate for the P3 and GEV distributions. 

(6) Finally, the development of special probability papcrs for the P3 and Cl~V 

distributions as suggested in this study would provide a convenicnt and practical 

tool for the application of these distributions in engineering practice. 
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STATEMENT OF ORIGINALITY 

'1'0 the best of the author's knowledge, this investigation represents the foIIow-

ing original contributions to the development of new plotting position formulas for 

sorne well-known distributions in enginrering hydrology : 

(]) The Probability Weighted Moment (PWM) theory was first used to find 

the exact plotting positions for P3 distribution. 

(2) New Plott.ing Position formulô,s for P3 and GEV distributions are developed 

for use \Vith systematic flood records. 

(3) New Plotting Position formulas for P3 ann GEV distributions are developed 

for use with historical flood records. 

(4) The probability papers for P3 and GEV distributions are first developed 

for use in engineering application. 
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H-l-t----l-f-I 1 1 H-t-l-I----4-H-1-1----I -'-'''-'-1-+11-1-

n-l~!~~~~!~~I~r;JII' i-["~[I_[' 1-1-1-'-H~-'-I----4-t-t--f-l-
-,-1-1-1-1-1-1-1-11--- - -- 1-- - f--I-I-l-I-.~I-I-I-H-I~--.-.-... --.-f-t' .-.-.-.-.-

_._. "-I-t--llI-J- 1- LL ' , 1 -'-I-! -l-l-l-H-l-l-I-l-l-H+H-l-I-I-I--I-I-H-I-j--l--I-I-f-I--t--

- ... -.-.-~. '-1-- -'-'-'-~-'-'-I-+-H-I-I-l-H++-+-I 1 I-t--I-l 1 1-1-1-1-1-1 

-t->-_·- i--t-t-I-I-~-I-l-+-+--t-t-I-I---H-l-I--I--I--f-I 1-1--1-1-1 I---I-H -1-1---

J 
0001 001 01 5 8 9 98 99 998 999 9998 
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PEARSON TYPE 3 PROBAB ILl 'l'Y PAPER. SKEWNESS COEFF 1 C 1 ENT = 0.5 

1 

-.- ... -.-.-. 'I~- 1--I-I--l-I-I-I-I-I-I-I--I--I-I-1-4-I-1-1--1-1-1 1 I-I-I-I-I--I--t-I-I-I~--

-1-- _O-I-I_I_I_I--.-__ ._. __ I __ -1_--t ___ I __ I_,_t_t __ • __ 

-.-. "-1- ~I -I-l-t-I-I-I-I-I-I-I-f-I-I-I-I-H-I-I-I-I-I-.f-l-I-t-I-t-----I--H-I~,--+---1 

-'-'''-1- -H--

-'---1--1-1-1-1-1-1-1-1-1-1-1 -[ 11-JJ-]]['-'-
1-1--,-1-1-1-1-1-1--1-1-1-1-1-1-- ,-L1---- - L 

-'-'-'-"-1- =:~:~=[-:~[-,~:~::~:~r ••• I~= J= ~]II -1-ITn-l-
-.-.-. "-I~-'-'-

-.-. "-'-~-II-+-+-+-1 l--------i-l-I--I--/ -I-I-I~-.-.--.-<-.- -'-I-I-I--I-I-H-+ 1 1 1 1 1 

.0001 001 .01 .1 .5 .9 .9 .98 .99 .998 .999 .9998 
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PEARSON TYPE 3 PROBABILI1'Y PAPER. SKEWNESS COEFFICIENT = 0.6 

~I~-'-'''-'- -'-1--1-/-1-1-1--1-1-1--'-'-'-'- -I-H--t-l-I--I-I 1 1 1 1--

1-1-1-1-1- III- -'-'-'-'-'-'-'-'-'---1--1-1-1-1 I-j-I-I--t---I-I 1 l--+ 1 1 1-1--1-1-1---1-1--

-'-H-'- _.--1-I-I-I-I-U--I-I-I-I-I-I-I-H-H-I-I-l-l-1-I-+-f--f-I-I-I-I-I-1-

I-I-H-H II~~- f-I--I-I-+-J-H-I-I-j-I--I~-f I--I-I:-~--

1-1-1-1-14-1-1-1-1-1-1-1 -1--1-1-1-1-1-/--'-

II-J-'-I_~-~-~-~-~ -~-~-~-~- ~-~ ~-._._._._._._._._._._._._._. __ ._._. -.-.-
f--l-I-I- H II~-'-

1- -.--. -.-.-.-. -. -.-. -.--.-.-.-•• -.- '-'-'-~-I--I---I-'-'-'-'-'--'--'-'-'--'--'--

1-1-1-\-1-1-1-14-1-1-1-1-1-1-1 +I-I-I-t--I-I--I--I-f-j-t-I--I--I-I-I-I~--t--.-.- .-.- -'~.-

1 

-.- .-.-. -.-.-.-. _·_·-t-I-I--l-l-l-I-I-I-I-j-I---I-1-

1 1 I_L._ -1 1--1-1-1-1--1--

001 01 5 B 9 98 99 99B 999 999B 
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PEARSON TYPE 3 PROBABILITY PAPER. SKEWNESS COEFFICIENT = 0.8 

-•• '1-- I-f---I--H-H-+-H--I--I--I-j-H +-t-I 1 1 I-t---I--I-I-I--I-I-I--I-t----t---t 

I-t---I-H-I-H-H--t -1--1-1--/-1-1-1-1---1-1 1-1-1-1-/-1--1--1-1 1 1-. 1 

1-- f-I--I-H-H-H-I-I--I--l-j-H-I-H--j 1 1-1-----+-1--+-1 H 1-1 -t----t----t 

-"'1- 'I-t--~H-H-H-I--~I-I-I--H-H-t-I 1 1 I-t-t--I 1+1-11---+---+--; 

l--l---t-'-'-I-I-t---· -.--.-.--.-.-. -.-.-

I~- -'-'-'-'-'-'-'-'-'-'-'--'-1--1-1-1-1-1-1-1 1-1-1--1-/-1--1--++--1-1--'-

r'-I-I-I--I-'-I -I-I-I-I--I-j-I-I-H-l-I--I-I-I--I-t-l--l-I-l------I---I--I--I-f-I--I 

1-,-,-I-,-H--I-,-I--I--,-I-l--I-f-t-I-,-I-'-4-'--' 1 1 1 1-1-1--+-1--1-

III--u-I-I-~I-H-H--I-f- 1 1 1 1 I-H-H- 1 1 1 1-1 1 -+-1--1-1--1-

'-- ! 1 
1 

00 1 01 .1 .5 .B .9 .98 .99 .998 .999 .9998 



_. \ 

.... 
~ 
(..) 

fio"-

PEARSON TYPE 3 PROBABILITY PAPER. SKEWNESS COEFFICIENT = 0.9 

lm 

-t--- -'-I-H-+-I-I-I-I-I-I-I-I-I-l--f--I 1 1 1-1 1 1-----4-1-1 1 _ 

J.-.I--J-.I-I-H++-I-I-1--I-I~1 1 1 1 1- 1 1 1 1 1 1 1 1 1 J-I 

-1---.-.- -!-+--l~-I-I--H-H-·-·-·-

t-.-.-.- Il 1 1 1 H-l-H-I--l--I-i-I 1 1 1 1 1 1 1 l '--1-1-1 1 1 1 

-. -1 ~-I-!--+---l-t-I--I-I-I-.-.- -1 1 1-,---1-1-1-1----1 1 I-------I-l--I--

-I---H-I-I-H-I-I-I-I-I-I-I-H-H-I--I-I 1-1-1-1-1-.--.--,-.-.-. __ • __ 

1-1----1-1-1-1-1-1-1-1-1-1-1-1-1---1-1-1-1-1-1-1--1-__ 1_1_1_1-1_1--1 __ 1-0_,_, __ , __ 

-·-·-·-·-·-~-·-·-·-·-·-·-·-·-·-·-I--I-I-I-I 1-1-1-1-1-1--1-----1-1-1-1--1---

.001.01 .1 .5 .8 .9 .98 .99 .908 .999 .9998 
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PEARSON TYPE 3 PROBABILITY PAPER. SKE\rnESS COEFFICIE~~ 1.1 

r 
-'~1- -H--+-I--I---l--l-l-I---l-l--l+++-l-l-J.---J--!-I---

I--l-I-H-f-I-H-I-I-I-l-I-l-Lf-I---/-{-I~i---1 
- a-a 1 ~ ____ _ !-I-I-I-- f-I~-.-- I--+---I-+--l--I 1 1 1 1 1 H-I-I-I ----t---t 

-,---1-.- t-I-t--I-t--H-I -1-1-1-1-----

-.-.-~- t--j---H-H---\-H--I-I--I-I-I-I+H-I-I-1-1 , 1 1 J-I-I-I-·~I --1 

~.- .. 1-1-1.-1 1 r-I-'-.~'- -'-'-I-I-I-I-I--I-I-I-I---I-I-~---+-I-j-I-I-I-t--l-t-I--l-11--+---1 

-'-I--H-I--I-I-I--I-H-I-I-I-I 1-1--1---1--1-1 1 1-t1--+---I-----1 

-. '--'-'--'-'I~'-'- -·-H-I-I-I-1-1-1-1 1 1 1 1 I-----l 1 1 1 1 r--t---I --t-----i 

-.-.. -.-.-.-. \--I-H-H-I·+--1--I-1-1-1-1--1+l-l--l--l-1 1-1:--1I-t-1 -1--1-+-----1 

r 
.001.01.1 .5 .8 .9 .98 .99 .998 .999 .9998.9999 
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PEARSON TYPE 3 PROBABILITY PAPER, SKEWNESS COEFFICIENT = 1.2 

I-H-H-H-H-I-I--+-I-I-

H-- -f-I-l--f-II--H-I-I-I-I-I-I ---1--1 

-H 1 1 I--J-J 1 1 1 1 1 1 1 1 1 1 1 1 

I~-·-·-·- H-I-I-I-i-I-!-H-H-I----t 1 1-1-1-1 1-1-..-1 -1---+-----1 

-.-.-.-. -.-.-.-.-. -·-·-·-·-·-·-·-4--t---i-I-1----1 l-t-I---I---I--I-I 1 I-J 

-'-'-'-'-~-'-'-H-I-I-I-II-I-I--H 1 I-H-II--f---II---I 

-J.-I-I-I-I-H-H 1 1 1 -I~ 1 1 1 1 1 1 1 I--I--j-I-I-~----J 

H-l-I-I-I-Hl-'-
00 1 0 l ,1 5 6 ,9 .9B 99 99B 999 9998 .9999 
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PEARSON TYPE 3 PROBABILITY PAPER, SKEWNESS COEFFICIENT = 1.4 

-.-.-.-.-_.-I-!~. -.-.- 1-1-1-1 1 I--I-I-J-.t 1 1 

-'-'-'-'~-'-'-'-'-l-!-I-~-I-H-I-I-I-t-l I--t-l-~--t 1 1-1 -+1 - ---1----1 

-.. ··-·-·-·-·-·--·-·-·-·-·-'-l---l-I-I-I-I-I-l-l I-t-I 1-1-1-1---1----1 

-.-. -~·-~·-·-I-t-I-I-I-4-~+-I-I---l-1 1-1-1 1 1 1--1---1---1 

-'-'-'-'-'-'--'-'-'-'-I-4-I-H-I-I~-1--I 1 1 1 1 I-II---I·---t 

T 

01 1 

-'-'-'-I-I--H-I-I-I-J-I 1 Iii 1 

I-I-l--l-l-I-l--I-I-I-H+I-I--l-l ~--t-t-I 1 1 1 1-l--4---I 

1 
1 

5 B 9 .98 .99 .998 .999 9998 .9999 
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PEARSON TYPE 3 PROBABILITY PAPER, SKEWNESS COEFFICIENT 1.5 

1 Ht·_·_·- -'-l-t-I-I-t-H-!-I-H-t 1 1 1 1 1 1 1 l-t-tl---t---j 

-.-.-.-.-.-.-.-.-.- '-'-'-'--1 1-1--1-1-1 1-1-1----1---__ _ 

-. -·-·-t-H-H-I--t--I-l-I I-I---Lj-I--/ 

- ... -.-.-.-.-.-.-.-.-.-. -'-'--'---1 1--1--1-1-1--1---- ----

-'-'-'-'-'-'-'-'~-'-'-H-I-t-I++H-I--;-I--I I-l-I-I-I 1 1 

-.-.-.-. '-'-'-'~'-I-t-H-I-f-I-I-I-I-I-I-I--I 1 1 1-1 I-/--I-II---f---

J 
1 

.01.1 .5 .8 .9 .9B .99 .998 .999 .9998 .9999 
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PEARSON TYPE 3 PROBABILITY PAPER. SKE1mESS COEFFICIENT 1.7 

-0 -.-.-.-.-.-.-.-.-.-.- '_1-1 1-1 __ 1_1_1 __ 1 _____ _ 

-.-. -·-·~-t_I~- 1-1-+--1 1 1 1-1-1-1-1 --1---1 

- I--I-I-I-I-I-I-t-I--I--I--I .--t-I-t--l 1-1-1--1----1----

-t-I-t-t--t--t-H-I-t-I-/--I 1--/--1-1--1 l-I-I--J--I----

-·-·-·-t-I-I-t--t-H-I--I-/-I-I 1-1--1-,-1-1-1 l-t---t--t----I-----I 

-'-'-'-'-'-'-'-'-'-'-1--1-1-1-1 1--/-/-1-1 1 1 1--1-------1 

H+H-H -I-t-H-H-I-f-I--l I-t-l-t--l--I I-I-I-I'---l---

-.-. ·_·_·_·-·_-·_·_·-t-t-I-I-H-H-l-l 1 H-I I-I--I--i---II----I 

.01.1 .5 .6 .9 .96 .99 .99B .999 .999B .9999 
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PEARSON TYPE 3 PROBABILITY PAPER. SKEWNESS COEFFICIENT = 2.1 

1 

-l-t-l-++t-H-t-I-J 1 \--1--1-1 1 1 1 , 

-H---4-l-ltH 1 1 1 1 1 I-f-t-I 1 1 1 

··-·-H-I-I-I 1 1 1 1-1 1 1 1 1 -1---1---11---1 

-I-t-I-I-f-f-f-f-f-f--I 1--1-1-1 I-I--t--- ---+----

····-·-/-·f-H-H-I-f-f-I--t- I--I-I-t--I I-I-I-.J ~ __ ---,I 

-·-·-·-···~-t-f-f-I-I I-I--I--t--i--I 1 1-1--1---1---

·'·'-1-1-1-1-1-1-1-1-1-1-1--1 1-1--1-1-1--1 1-1-1-11---1---1 
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