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. ) / ) °ABSTRACT . 

. The ~CS and stabi~~ ty of CUZV'ed pipes conveyin~lUid are 

studied in this 'Ihesis. '!he pipes are usually supported at both ends, 

with Cl~ or pinned supports, rut sane cases of cantilevered pipes 

are' also considered. 

~ gcveming equations of ~1l root1on of the system are derived 

by the Newtonian approach, in a general fo:ao that awlies te aIl three 
'f 

variants of the theory: .,..-

(i) the conventiooal inextensible theory: 

(H) the extensible~theo:ry; 
"'l .. 

(iii" the IOOdified inextensible theory. 
__ 0 ~ 1 r' 

',In aIl cases, the analysis 15 co~ducted by the finite element method. 
, 

According to the conventional inextensible theory, the ~terline 

ranains inextensible and the steady-state stress resultant of flCM/ 
, --

pressure-:il'!tluced forces. on the pipe does no work.. As €he flow ls 

incœased, buckling ls predicted for pipes supported at both ends. The 

extensible theory <Des not rnake these' assumptions; as the flow is 

incœased, no buckling occurs acco:rding te this theory. The new theOry 

d$veloped in this Thesis, the roodified inextensible theory, retainS the . , 

assumption of zero deformation of the centerline, qut does take into 
, 

accc::mlt the ~rk Cbne by the flow/pres~induced forces on the pipe. 

·Its predictions are close te th::>se of the extensible theory, while 

beJng considei:ably simpler and llUch rore econanical. 

'nle case of cantilevered pipes and pipes wi th one end free tô-

; 

slide mc1ally are also studied in this Thesis. Instabilities are predictèd 

by al~ three variants of the theory, rut the threshold floW veloci ties 
) 

are dUferent, depending 00 which theory is belng used. 
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La dynamique et la stabilité ges tubes cçurbés, transportant des 
.. 

fluides sont étudiées dans cette thèse. Ces tubes- sont souvent 

~supportés aux extrÉmi tés avec des supports encastrés ou apPuyés, mais 

des 'cas de tubës encastrés-libres sont aussi considérés. 

Les équations gouvernant les peti ts mouv~ents d':1 ~ystème sont 

derivées en ,utiilisant l'approche Newtonienne, dans une focne g~néra1e 

applicable aux trois variantes de la théorie: 

i) la ~hêorie cortventionnelle inextensible; 

H) - la théorie extensible;. 

iii) là théorie inextenSible modifiée. 

DaRS tous les cas; l'analyse est, basée sur la rœthode des "él~nts finis.~ 

D'après la théorie conventionnelle inextensiBle, la ligne centrale 

du tube reste inextensible et, les contraintes stationnaires resultant 

'des forces indu~i tes par l'écoulement et la pression intet;ne nè font 

aucun travail. Quaoo 'le flux augmente, selon cette. théorie les tubes· . 
supportés aux éxtremités deviennent instables par flambage. Ces' 

-hypothèses ne sont pas utii isées dans la théorie extensible, selon . . 
laquelle le fl~ge des tubes aux etrénités supportées n'a pas lieu." 

.La nouvelle théor ie dev.J;!loppée dans cette thèse, la théorie 

inextensible modifiée, retient l'hypothèse d'une déformation nulle de 
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la lig~é centrale t mais elle· tient compte dù tr~ail -fait par' les' 

forces d'écoulement et. de la pression interne. --Les prédictions dé 
L ., 

cette théorie $ont proches a. ce'lles de la théorie extenSible, mais les 
. . . 

calculs sont considérablanent plus simples et encore plus éconaniques. 
., ' 

Le cas des tubes encastrés-libres et des tubes a une extrémité 

~~port"ée mais libre à 91 ïsser dans la~ direction axiale est aussi 

étudij:, dans cette thèse. Des instabilités son~rédites par 1~s trois 
*1;: • 

variantes de la théorie, mais les vitesses critiques dù fluide sont'" 

différentes selon le cas. • 
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Eigenvalue (- iw). 
-

O~nsionless resistance coefficient. 

Dimensionless forro of s (- sIL). 

= 3.14159. ~ 

D1mensionl~~ canbined--force am iu static value, 
, , 

respective1y. 

Density of surrourrlirg am interna! fluide 

Oimensionless parélneter defined in equations 

(2.74 ). 

Oimensionless t, defined in equations (2.74). 

'tWist of pipe around the strained oenterline. 

Twist of pipe arourD the initial eentefline. 

~tatioo arouro the z-axis deflned in F~. l(b) • 

'Ibtal, statie and perturbation of rotation angle of 

the pipe eross-section. 

Rotation arourrl the zo-axis. 

Radian frequency of oscillAtion. 

D1mensionless frequency associated with 

M +M l 

L ( :II ( tEl f)2' OL2 ). 

Dimensionless frequency aecomiBJ ta Chen 

M+M 
(C \1 f); ~). 
Oimensioniess frequency qf in-plane motion. 

. 
Dimensionless frequenc:y of out-af-plane IOOtion. 

Slaooerness parameter, defined in equations (2.74). 

O!mensionleSSCX)effieient of viscous danpiOJ due to 

the surroonding fluld 00 the tube, deflned in 

~tlOns (2.74). 
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CHAPl'm 1 

1.1 LITERATURE REVIEW 
, 

The dynamics of pipes conveying fluj,d has recei ved cons id-

erab'le atteJ?tion ovex: the pasto thirty years, and continues te do so;- , 

partly- because i t has applications te design of pipelines, ~ctor system 

colp:>nents, pump discharqe lines, .propellant lines, and sa forth, but 
\ 

mainly because of its inherent interest as a ftmc1arnental problen in 
\ , 

applied mechanics. l-b3t studies to-date have bèen c:oncemed Wl.th straight 

tubes; relatively little effort was diz:ected te curved tubes. 
,. ... t " 

The study of the dynarnics of straight tubes conveying 

fluid began with an é\tternpt by Ashley & Haviland (1950) te describe the 

. vibrations observed in the Trans-Arab1an pipeline. However, their 

foxmulation of the problern was' erroneous, as shawn by Feodos'yev (1951), 

wtiO derived' the correct equation of motion for a tube conveying fluid 

. ~d analysed the case of a tube with both eI).ds simply supported. The 
• 

same problem was studied independently by Housner (1952) using a different 

appraoch. Beth Feodos'yev and 'Housner found that for sufficiently high 

, flow velocities the tube ~y buckle, essentially like a oolumn subjected 

te axial loading. The cri tical flow veloctties for thia.buckling 
, 

instabili ty were shown te he directly related to the Euler buckling load , 

for columns. A subsequent, elegélflt and rrore general study bv "1i.ordson 

(1953) led to the same equation of rrotion and essentially the same 

o conclusions regardinq stability for tubes with simply supported ends. 

-> 1 -1-
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'lbe case o"f tubes w1 th one end free," i. e. ~lar carlti­

leve~, containing flowing flbid wàs first stulied theoretlcauy in an 

outstandiI)g paper by Benjamin. (1961), as a limiting case of a system of 

articulated pipes conveyinq f1ui~, as the nurnber of degrees of freedan 

":ends te infinity, Benjamin was the first author te $~ chat the 

dynamica,l p .... roblern is independent of the effect of 'fluid friction. The 
-

problen was further stlldied theoretically and experirnentally by Gregory 

~,& Paidoussis (l966a,b) who considered the case of a continuous1y flexi-
." 

.. b1e cantilever. It wasA'fqund that for sufiicient~y high flow velocities 

the sys-t:em 1s subjected to fl~xural oscillatory instability (flutter). 

The stability of t tbular cantilevers ccmveying fluicÏ wa.s 

furt.'1er discussep by' Nenat-Nasser, Prasad & Hernnann (1966), with • 

anphasis on the ef·fect bn stability of veloçity-dependent forces, such 

as dissipative and Coriolis forces; they showed that such forces ltlay 

destabilize the system, an effect. aTso reported' pre!\riously by Greqory 

& Paidoussis Cl966a,b). ~ubsequent papers by Hernnann (1967) and 

Hen:mann & Nemat-Nasser tl967i stressed the connection between the 

problen of a cantilever conveying fluid and the rrore general problem of , . ~ \ 

instability of a cantilever .subjected to a "foHower"- éype force at the -- . 
free end~ Le. a force retaining the same angular disposit;on relative 

to the free end in the course of srnall rotions of the cantilever • 

An interesting. variation was studied by Paidoussis ( 1970) , 
. -

namely that of a vertical tubular cantilever conveying fluid f with the . -
free end being either be10w the c1amped one ('hanging' cantilever) ot 

r, ' 
~. , 

ciOOve .... t \' stanç.i.."1g' cantl.1ever). (;ravity torces in that study are net 

considered te be negligib1e, as was the case in rrost of the foregoing. . 
. 

It is shawn that, when the velocity of_the f1uid exceeds a certain value,' 

- :'Ù~~ 
.... ~ .. ~ 
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the cantilever in aIl cases beccmes subject 1:0 oscillatory instability 

(flutter). In the case of hanging cantilevers, buc1Ùing instabi1ity . 

does not occur at aIl. StandIDg cantilevers, on the other hand, rnay 

buckle under their own weight; it was SOCMn that in seme cases, flow 
'. ~ 

(within a certain range of flow velocities) rnay render stable a system 

which ~ld have bu<;kled in th~_ absencè of flow • 
.. 

ThUlJTlaIl Br l>bte (1969) presented a non-l~ear anp.lysis for 

a pipe with s.imply-supported ends conveying fluid, using a perturbation 

tecimique. They fbund that, in deterrnining the natural frequencies ·of 

the system, the importance of non-linear tenns tncreases with flew velo-
, 

city, and hence that the range of applicability of linear theory becx:mes 

nore restricted. The non-linear aspects C?f the problem were further· 

studied, later, by Holmes (1977, 1978) and Rousselet & Hermann (1981). 
J 

Chen (1971a) studied the stability of a pipe conveying 

flqid wi th the upstream end clarrped and the downstream end constrainec;I 
, , 

by a linear spring, sc that the botmdary conditions are intemediate 

between clamped-free and clamped-p!nned; according~y, both buckling 

and oscillatory instabiltties are possible in genera1, depending on the 

spring constant. 

paidoussis & Denise (1971, 1972) studied the ~cs of 
~ 

very thin e1astic pipes conveying fluid, by using thin-shell theory to-

describe the pipe m::>tions and potential f10w ~rr to obtain the 

fluid forces. They analyzed both cantilevered pipes and pipes wi th 

clamped ends",G They found that, in addition te instabilities in the beam 

rrodes of the' system (corresponding to those found previous1y by beam 

theory for thicker pipes), instabilities in the shell rrodes are a1so 

• possible, as verified by their exper~ts. Of particu1ar interest was 

" 

-, 

<. 
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the finding that thin pipes with clamped ends are not only subject tb 
. .' 

buckling (divergen~) rut also' ta coupled-rrode flutter. Sirnilar 

theoretical resul ts were obtained later by a different analytical 
, 

method by Weaver & Unny (1973), in 'the case of s.iJrQ?IY-$lPIX>rted shells, 

and by other investigaters. . 
, ~ , 

• , 1 

, M:>st of the' investigations were conœ;)led wi th pipés 

conveying fluid at a constant 'flow velocity. Chen (197lb) seerns te be 

the first c5ne te have studied the case of pulsatinq flow. He investi­

gated the, stability of simply supported pipes conveying f1llid, whose 

flow velocity has a hanronic fluctuation a1:&It a mean value. However, 

an error in his equation of notion was found (PaidousSis and Issid 1974) . . 
The same problem was alsa studied by Gins~~ (1973), and by Paidoussis 

& Issid (.1974),. the latter s~dy not being confined ta simply supported 

o pipes, but also dealing with pipes either clamped at both ends or canti-

o 

, 
, , 

levered. Al thol.,lgh the foregoing Systems can generally have both para-

. metric and canbination resonances (instabilities), aIl the aforementioned '-

studies were restricted te the exam.ination of parametric resonance only. 

However, Bahn & Hen:mann (1974) considered a two degree-of-freedan . 

articulatec;1 pipe, and stirlied both pararriéteric and ccmbination reson~ces. 

M:lœover, the ~ivalent problem for a continuously flexible pipe was 
/ ! ~J v . 

studied by P~idoùssis & Sundararajan (1975). 'IWo methods of analysis 

were presented: Bolotin' s metho<:'!, which, can only give the boundaries 

of regias of parametric resonance, and a n~1iœl Flcquet analysis, 

which gives aiso the boundarles of canbination resonance. A number of 

-
'œlculations for cantilevered pipes s~ that, generally, cx:xnbination 

resonance ls less important than pararneqic resonance, exœpt for flow 

veloci ties near the cri tiœl (where the sys~ loses stabili ty in steady _ 

• 
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flOW); panwetric resonances are seIect1Vely associated with only 

sarri of the rodes of the syst:an, and canbination resonances 'involve only 

the difference (not sum) of the eigenfrequencies. ~ -For pipes clamged 

at both ends, the behaviour of the system is sirnilar te that of a 
• 

column subjected to a pulsating load; canbination resonances in this 
. 

case involve the sum of the eigenfrequencies. Good agreement with 

theory was found in the' only experiments available in- this area, by 

Paidoussis & Issid (1976). 
\~ ~ ... 

Recently, Hannoyer & Paidoussis (1978) studied tl1e dynamics 

and stability of cylindrical tubular beams conveying fluid and sirnul-

taneously subjected te axial external flow. In deriving the equation, of 

amali motions, inviscid hydrodynamic forces were obtained by slender-

body theory, roodified to account for the boun.è!ary-Iayer thickness of the 
,.~ 

extemal ~low; intemal-dissipation and gravity effects were aiso taken 

into account. saiutions were obtawed by means of a rftethod similar to 
o • 

Galerkin' s method, wi th eiqenfunctions approximated by FOurier series. 

" 
They found that, in the case of tubular beams supported at bath ends, 

the system eventuaIIy lose's stability by divergence (buckIing), when 
~ , 

" éither the internaI or _~mai flow velocity, or both, becane sufficiently 
• 

large. In .the case of cantilevered tubular beams, the ~viour of the 

system is much rrore -canplex, depending on the shape of the downstream' 

end., cantilevered beams with a blunt free end can only lose stability 

by flutter, in a p:r:ocess daninated by thè intemai flow; if the free 

end is streamlined, however, a c:crrplex sequence of buCklinq and fiutter 
'1. , " a 

" . 
instabilities may resuIt, where both internaI and extemal flow effects 

cane into play. , . , 
l-t::>re recentIy, Luu & Paidoussis (1983) ~ed the dynamics 

and stability of a long, vertically disposed, cantilevered .pipe, sub­

merged in and aspirating fluid fran the free l<J'.o.1er end, and conveying 

t 
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'lt upwards to the suppoIted uA;Jer end: tht! pipe had 'a large mss 
~ . 

attached to i ts free end. The Euler-Bernoulli beam thèory and a ' 

Galerkin-like metlxxi of solution ·were used in the analysis. It was 
, ~ , 

found that, the -systan is inherently'unstable, in the sense that, if 
, 

~ssipation were ,totally abs'en~, it, would lose stability at infinitesi-

mally small intemal flow veleei ties. 

The foregoinq is a li terature survey of sorne of the :irrportant 
• D 

papers dealing-with the, dynamics of straight tubes conveying fluide More 

il!. canplete and extensive literature surveys are given by Chen (1977), 

Paidoussis (1980), and Paidoussis & Issid (1974) for bearn-like (thicM) 

pipes conveying fluid; in the case of, thin shell-1ike pipes and Coax;Lal 
, ' 

" shells-eonveying fluid, a cc:mp1ete literature .su~ey is found in a 

recent paper by Paidoussis, Chan & Misra. (1984)-.-, 

.. Let us now turn our attention te, previous work in the area'" -. ' , 

'\. 
of concem of, this ~Thesis, namelyon the dynamics and stability of curved 

pipes conveying fluide 

Geanetrical considerations ~e th~ analysis of curved tubes 

conveying fluid sanewhat rrore 'difficu1 t. The natura~ frequencies of a , , 
, - ' 

curved rod were studied by Den 'Hartog (1928), Archer (960), Nelson 
, ' 

(1962)" and Ojalvo _& Newman, (1968). ~ng'_ ~e_ first te ftudy hydro- '.,. 

elas~c vibrations of curved 'tubes was Svetlitskii (1966). He investi-

gated the out-of-plane rrotion of a fluid-conveying parfectly flexible 

hose with fixed ends, whose initial s~pe was a catenary. Unny et al. 

(1970-), cons1dered the in-plane bupklin~ of initially-circular tubes 
- ., 

wi th fixed ends. The equations of notion were deri ved using Hâmil ton t s . 

'" 

< ' e. 
principle, and critical flCM velocities for ;Lnstability were obtained 

for pinned ~d clanq:>ed ends, but the equations obtained were subsequently, 

fÇ)imd to be inccmplete (Chen 1972a) • 

... 
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~ The same problem for tubes shaped in the fo:rm of circular 

arcs ~ ~r studied br Chen (l972a, 1972b, 1973)._ He derived 

equations goveming the in-plane rrotion via a Newtonian formulation 

(Ch~ 1972a) and via a Hamil tonian fonm..llation (Chen 1972b) and 

equations goveming the out-of-plane motion fom the Hamil tonian view-

point .(Chen 1972b, 1913). In both cases, Chen made the assumptions 

of inextensibili ty of the aXis of s~try, te simplify the equations 

of motion. It was shown that in the case of in-plane motion the tube 
. . 

-

becanes subject to, bucklinq-type instabili ty for clampeà-clamped, pinned~ 

pinned, and cl~-pinned end conditions, when'the flow veloctty or 

7 .. 

the fluid pressure ,exceeds a certain value (Chen 1972a, 1972b); iD the 

case of out-of-plane motion, the tube also becanes subject te buckling­

tyPe '1I1stabiÜty for the Clamped-clamPed and pinned-pinned end conditions, . , 
-but generally at lower flow velocities than those necessary to cause 

tnstability.for in-plane motions. 

Ch~ aIse studied the 'stabi1ity of canti1evere:d curvèd 
, 

tubes. He found that f?r in-plane rotions such tubes Çlre generaUy 
,) 

subject ta both buckling and flutter instabilities, with buckling occurrinq 

at l~r flow velocities: except in cases,. where the subtended angl~ is 
. 

very small, when only flutter was found._ to arisé (Chen 1972b). In the 
, 

'œs<! of out-of-plane noticms, ally flutter was fof te Occur, with 

stab~lity characteris~cs similar to· tOOse for a straight tube (Chen 1973). 

Ear11er, Springfield (1970) had aiso presénted an analysis of the in­

plane and out-of-plane hydroelastic vibration of unpressurized circu1ar 

arcs ~ th c1artp!d-clanq:>ed and clamped-free ends. 

r.t>re reœrltly Hill & Davis (1974) studied tJ.l:e dynamics 

• and stabi11ty of cu.rved and Cl~-clarrped tubes conveyinq fluid, -shaped 

as c1rcular arcs, S- and L-shaped. tubes and spiral configurations. 1bey 
\ " .. 

.; , 

r' 
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ob"t9ined the equa~ons of ITOtion by the Newtonian 'force-balance approach, 
l ru: with the fOllowing ,significant difference to Unny's et a}" and Chen's 

1NC>rk: they included the erfect of initial forces (due to ~ssure and 
iii-

centrifugaI forces) in the' equa tions of ITOtion. The importance of these 

tenns was first brought to light by Svetliskii (otherwise transcribed 
~ ~ 

as SVetlisky), in 1969 in Russian and later in English (Svetlisky 1977). 

Hill & Davis used the fini te elenent technique te solve the problem, 

whereas Svetliskii used a Galerkin-type solution. Th~ interesting resul t 

was obtained by both sets of investigators that, if these initial forces 
. . 

are taken dnto account, then tubes 'with both ends supported will not lose 

stability by buckling,' no matter hCM high the flow velocity may be. 
- . 

On the other h~d, Svetliskii (1977) finds that cantilevered tubes will 

lose stability by flutter at sufficiently high flow velocities. 

boll & Mote· (1974,1976) also studied the..same problem . 

. They obtained the equa tions of rrotion for an even rore general case, i . e. 

that where the tube is both curved and twisted, via Hamil ton' s princip le, 
1 0 

and obtained solutions by the finite eJ:enent method. I:XJll & t-bte considered 

two fomtS of the equations of motion: 9 (i) an "initial curvature formu­

lation ", which corresponds te Unny' s et al. and Chen' s inextensibili ty . . 
as~tion, and (ii) an extensional ,1 fODYlUlation, based on initial ax~al 

" . 
strès'Ses induced by a contlnually ~g equilibrim curvature - in this 

case arising 'again fran pressure and centrifugaI fo~ces. One of 'the -
. 't.... ~, " 

, fundamental differences in app~ch between Hill &. Davis' and Dell & 

M::>te!-s \\Ork is that the fonner calculate the equilibrium configuration 

(and forces) via a linearized set of equations, on the asSUl'!'lt>t1on that 

~e in~ti9-1 fdm and the' flow-defonned eè]uilibriunt fOIm are close; the 

latter,on the other hand, utllizes a cunulative appliœ.tion of a 

1 ., 
.. 1, 
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linear1zation for small flow velocity. increments, which is rore 

qenerai. 

D:>1l & M:>te (1974, 1976) although using equations sanewhat 

"-
different fran those of Hill & Davis' or Svetliskii' s neverthe1ess came 

to the same basic conclusions. If the initial stresses induced by the ~ 

flOW are taken into account, tubes suPPOrte! at both ends are not subj~ 
to instabU["ty, ~t cantileve~ may lose stability by buckling and flut1;er. 

For tubes su~ at lx:>th ends, their results are quite close te those 
• f 

of Hill & Davis', showing that the :igenfrequencies .are not very sensi­

tive te flow velocity. On the other1hand, if the initial stresses 

induced by the flow are,neglected, then they obtain rèsults which are 

very sjmilai, qualitativeIy'and quantitativeIy, te ChI=I1's. 

, Doll & M:>te aiso canpare their resul ts te exp,erirnentai data 
o 

by Liu & Mete (1974); these experilnents were conducted With very 

slightly cutved tubes, supported at lx:>th ends. Su~risingly, ~ither 

the straiqht-tube theoretica~ resul ts or, better, ~e ~extenSible theory 

gave better agreement with experllrenj' than the ~ible theory which 

Doll & Mote consider te be the rrorcorrect! 

Finally, sone very recent, important work on the dynamics ' 

of curved pipes conveying fl~id by Dupuis .& Rousselet (1985) has corne 
• } 1 

to_the au1;hor's attention at the time of ~iting this Thesis. This study 

deals with 'cantllevereCt,CUXVed pipes by using the transfer-matrix method, 

in preference -te either analytiœl or finite element techniques. -Once 

rrc~, flutter instabilities are predicted for cantUevered curves t1lbes. 
~ 

The~ above brieË and sel~tive review of literature is 

intended te. gi ve the reader sare idea of the developnents in the subject 
" Q. 

of dynami.cs of cylindrical ,pi~s conveying fluid; no att:.e!rpt bas been_ ~ 

.. 
'1 . -. 

• 
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made te give an ~ustive l1st of all papers in this area. ~reover, 

,vigoIOUS research is being pursued on'many other aspects of the prob1an, 
l " 

~ch has not been mentionep and is out .o,f the limited scope of the 

present \o.Ork. 

î 1.2 OBJEX:TIVE AND ORGANIZATIOO OF 'mE THESIS 

The objective of this thesis i5 te study the,dynamics and .. 
stabi}-ity of CUIVed pipes, conveying fluid (and sul:merged in f1uidr. 

One of the rrotivations of this work is related to the fact that the 
Q 

previous stuclies of this tapie (Le.' by Unny et al. (1970), Chen Cl972a, 

b, 1973) 1 Hill & Davis (1974) and 0011 & ~te (1974, 1976) obtained 

signif:iicantly different results by different approaches; as mentioned .. 
in the foregoing li terature survey. It is hoped te throw sorne liqht 

on the reasons for the drastically different dynamical behaviour of the 

system predicted by the aforementioned investigators, and hopeful1y 

cane up wi th a theoretica1 rrodel whi-ch is IOOre correct than any of the 

fOre90ing, or at least one that is as correct a~ one of ,them - in which 

case, pin-pointing which one may he considered to he truly correct! 

In this thesis the pipes are considered to he initially ~ 

planai' wi th arbi tral:y canter-line shape. However 1 the radius of CUrva-
, ' 

, -
tore of the centerline and the overall length of . the pipe are assurned 

~ , 
, p 

te be sufficiently large ~ cnnparison wi th the radius of . pipe ; thus, . ' , 

according te Timoshenko & 'von ~ (l9~1) 1 the effects of shear 

defolltlation and rotato'ry inertia can be neglected and plane sections may 

be oonsidered te remain plane after defo:r:mation. In addition, the ~luid -

flow may be assuned te be approxiItately a plUg flow, the fluid being 
• ( , 

eSllentially an infinitely f1~le "rod" travelling ttu:ough the pipe' v . 1 

, , 

'.-' 

.J 
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J '(P~~SSis, !ml & Laithier 1986). Hence the effects of sec:ondarly flow 

may be neçlected. 
" , '" In line with the basic aims of this thesis, three sets of 

>.J equations are generated, and calcu~ations are conduCted with al! of them, 

selectively. Th'è first tw:::> are based on the aSSUI'lption of inextensibility 

of the center1ine: in the first variant, the effect of the initial forces 

is neglected, thus being close œ Chen 1 s theoXYi ,i.Êl the second, the 

effect of the initial pressure - centrifugal forces is taken into account. 
~ 

The third fOIIllUlation. is a truly extensible fonnulation, where the 

~;;umption that the length of the centerline remains constant is no 

longer made, and initial forces, are taken fulJ.y into account; thus this , , 

~ollIlUlation, is based on the same basic postulat~ as Hill & Davis' and 

Doll & Mote's.' 

['he structure of this thesis 1s as follows: ... 

6 In Chapter II, the kinematic relations of defonnation of 

tbè, pipe ,are' der1.ved in te~ of a three-dimensional rad theor:y. The 

curved and straight pipe configurations resul t fran specifie simplifi-
Q , " (\, 

ta;Uons in the general developnent. Subsequently, the-pipe geanetry is . . 
C:cmpletely described b~ the cw:vature-torsion relationships in terms of 

, ' 

three pararne,ters (two cw:vatures and the twist). Then the equations 

of m::ltion of the systan are derivecI using the Newtonian approach. 

Finally, the ~tiOns of static equiUpriurn are obtained by del,eting . 

the tiJne-c;1~i va'ti ve tenns. 

In Chapter III are presented (1) the analysis of the system 
, . 

for the case where the eenterline of the pipe is assumed te he 
" . 

1 

. inextensible, '(ii) the discretization of the system using the finite 
" 

elemént technique, ~d (ii~: ,the cal~l~tion of the so-called , 

~. • 1 

., 
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f , 

thesis te the initial 

forces induced by the fluid .fla,.r and the gravity field. 

In Chapter rv are discussecl the finite-element results 
~ 7 , 

* ~ 

obta1ned for the inextensible case. Extensive ca~culati.ons for- in-plene 
, 

and out-of.-p IIDti<XlS are presented for various configuratioos, w1 th 

the two var! ts of the theory, narnely (a) 19norinq the oanbined 
• 

force (iflitial orees) and (b) taking the canbined force into aCCX)UJ\t. 

Extensive testing of the theol:Y against resul ta obtained by other 

researchers .ts g~ven in this Chapter. 

In Chapter V is pres~ted the analysis of the" system for , , 

the extensible case, foUowed by the discretization schane, once rooIe 

uttlizing the finite-e,lenent ~e. 

I.!! Chapter VI aré discussed the f!pite el~t results 

obtained for the extensible case. Extensive calculations for the in-

plane and out~f-plane~case are again presented for various configurations • 
• 

In this Chapter the results obtained by the different foDTIS of the theory 

and the different sets of EqUations of Chapter III and V are c:x:apaJ;ed 

arrong thensel ves, g. as \<JeU as ta tlx>se obtained by the extensional , , 

theories of Doll & M:>te's and Hill & Davis'. 

Finally, in Chapter VII, general conc~ uSions and sane 

suggestions for fu~ work aret presented,. \ , 

"-
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œAPl'ER II 

2.1 ICINEMATICAL FœMUI.1Œ 

COrlsider a pipe, curved in one plane only,conveying fluid, as shawn 

in Fig. 1. The kinematics of the curJed pipe may be deve1opedo by the same 

approach as tha~ Used by IDve (1944) for the curved "rod". This can be 

accanplished easily, provided that the extema1 diazreter of the pipe is 
, 1 

. small a::::mpared ta the radius of curvature of the pipe centerline and ta 

.the overall length of the pipe (Le., provided ttiat the effect of shell-
, 

type and shear defqnnation can he neg1ected, and plane sections may be 
, . 

~ J -
considered ta rema.in plane after defonnation). In order ta describe 

, the kinenatics of the problern, we shall use the fOllCMing reference 

o frames: 

• 

\ 

- In this ref~rence frame, the origin, Po' is on the 

'" -initial (unstrained) centerline, the z;-axis 1s 

directeQ along the tangent of the initial cen~rline, 

,r~ and the axes Xo and Yo are directed a10ng the 

principal nonnal and binclJTlal axes of this line, 

" 

respectively, as shown in Fig. l(a). When the 

origin of this frame noves along the centerline \ 
~ , 

with unit 'velocity, the triad of axes will- rotate ' 
t. 

with an angular velocity, the cœp:ments of which, 
-

refetted te the instantaneous posi tic;>n of . the axes, 

will be denoted by Ko,k~, and 't'o' Then, KO and K~ 

are th~ CUllfXJnents of the initial curvature, and 

"0 1s the initial twist. Moreover, sinœ in this work l ' 

J. 

-



o 

• 

(x,y,z) 

/ 

o 

o 
\ 

the ~~ is _ cons idem "1;0 he initlallY plane ana 
\ 

untwisted, one can set Ko =0, K~ = llRo and to = o. 
, . 

This system is called the Frenet-Se'rret system, 

and bas unit vectors denoted by ë , . e and ë
zo

• 
~ Yo 

This reference systan has its ortfTin at Pl' which 

is the displaced-ix:>sition of Po. _ Beeause the pipe 

is not initial~y straiqht, its defonnation will 

generally introduce twisting and out-of-plane 

defonnatlon. The z-axis 15 tangential ta the 

deformed (strained) center'line at Pl' and the plane 

(>;,z) 15 t!le tangential plane of the surface made 

up of the aggregate of partie les, which, in the 

initial state, lie in ~e plane of (xo' Zo) ; the 

y-axis is detennined by thë condition that the 

(x, y, z) -axes fOIm a right-handed system, as shawn 

in Fig. l(a). Therefore, th~ ongin Pl of this 
.. ~ ..... 

reference systan moves along the defonned center-

line, and the triad of axes will rotate with an 
. 

anqular velocity, the collp:ments of which, referred 

4e instantaneous position Qf the ~es, will he, 

denoted by K, K' and t*. This systen 1s called 

the torsion-flexure system, ahd is associated with 
• 

unit, vectors denoted. by ë x' ~, ê z • 

Tlus is an l.nert~al systag, the 'origin or which ls 

located at Po' and which is ,sanetimes set to (X)in-~ 

c1de wi'th (Xo'Yo,zo). 

., ....... --
.!!r~ 

~ !'~ . , 
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o 

0, 

o 

(X, y,Z) 
..JI!I*f ,.J 

'Ibis 15 c3JlOther inertia1 sys~, the origin of 

which ls located at Pl' and sanetimes i t is set , 

te ooincide with-(x,y,z). 

15 

When the pipe 15 slightly defozmed, any particle P of tlle center­

Une undergoes a smalLdisplacement, the canponents of which, refeb:ed 

te the system (xà'YotZo) with origin at Po' will be denoted by u,v,w. 

FurtheDTOre, the orientation of tlfe system (x,y,z) may he c:x:crpletely 

detetm!ned by the three Eulerian angles ~, ë and ;p shown in Fig. l(b). 

~' 1s the rotation around the zo-à.xis, ë ls the angle between the 

Zo - and z-axes, while ;p is the rotation around the z-~s. Because 

the angle ë ls assumed ~ll in t:his work (small defonnation asSUIT"ption), 

the angle betweeJ:l axes Xo az:1d x may he wri tten as 

• 
(2~1) 

where I/J may he conside~ as the angle thmugh which a plane section 

o~ the pipe 15 rptated around the centerline. Hence, the stressed state 

of the pipe ls deteIJl\i.ned by the generalized coordinates u, v, w and 1jJ. . 
. 

Th~ relative orientation of the ~ systems (xo,yo,zo) and (x,y,z)_ 

may he deteImined by the 

x l 

y = 

z 

-
fOllowing orthogonal transfonnation; 
1 

I/J _(au + ~) as Ro Xo 

l av ... - y, as 0 
, 

l Zo 

(2.2) 

as shown in Appendices A and B.' Relation (2.2) implies the aSSUIT"ption 

that the defoIITtations are small ~ 

• - , . 

~"' 



o 

o 

t 

o 
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The CUilfX:>nents of curvature and twist in the defpmted state may 
, , ,!. 

also be expressed in teims of the displacements, as deri ved in Appendix 

C, as follows: 
2 

K = (!l _ a v) , ~ (2.3) 
l\, dS2, 

\ 2 
.KI = (1 + a u 1 aw (2.4) 

Ro as2 +R' as) , 
~ 

0 

1'* = (l!!! + L av) (2.5) 
as Rd' as • , - 1 

Finally, to canplete the kinematic developnent, l:he veleei ty and 
• 

acceleration of the internaI fluid will he "derived. The fluid flow 

may he a!isumed te be approximatel:y a plug flow, the fluid be~g 

essentially an- infinitely flexible "rodll ~velling through the pipe. 

As 'ft has been assumed that the radius ~f curvature 1s very large 

. canpared with the pipe radius, the ef~ects of secondary flow'are 

neglected. 

The 'displacenent vecter of the defonned ceI'\terline, expressed in .. 
the ,inei:tial reference system that coincides with the sys~ (xo'Yo,zo) 1 

is given by 

(2.6) 

By differentiatiÎlg equation (2.6) 1 the velocity and acceleration 

of the pipe may be wri tten as 

(2.7) 

(2.8) 

'1'herefore, the absolute veloc~ of the internal fl\Üd 1s 
..... 

- - op Vf = Vt + U ez l (2.9) 

Il 
" 

o 

\ 
'., 

~ 
1 



:>', '" 
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+ ' 
where e

Z 
i8 the.unit vector, ~long the z-axis, which is tangential, te 

l ' 

the strained' centerline. Fran equation (2.2), one can obtain • 

1> (2.10), 

Cœlbining equa ons (2.7), (2.9), and (2.10) yields the ve10city 
\ 
\ 

(2.11) 

J 

Tc obfain the acceleration of the fluid, we dîfferentiate' the 
• u 

+ 
fluid velocity Vf' yielding 

... 
"'" aVf 
af = at + 

+ 
where r;; is the qradient operatpr. 

Substi·tuting equations (2.9) into equation (2 * i2), the accelera", .. , 

. tion of the fluid can be rewri tten as follQWs: 

+ 

+ av f - "'" ""'... ..."'" "'" af = at" + O(ez .~.7)Vf + (Vt *V)Vr (2.13) 

, New ex8m1ning the 1ast tem on the ~ight-hand side of equation. 

(2.13), \tJe can rewrite it as , 

then canbining equatibns (2.11)-and (2.14), we can Seè that this tem 

is of higher order, and can be neg1ected. In addition we note that 

: 

"'" + a e .r;; = ~ , z . oZ 

...i. 
3z 

a 
= as ' 

wh.ere s is the coordinate measw:ed a10ng the pipe centedine • 

(2.1~) 

,< 



o 

o 
.. 

o 

... ~. ,; •.... 
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Henœ, we obtain ' "..-

(2.16) 

Substituting equation (2.11) inte equation (2.16), 'Ne can write 
• (1 ~, , 

the fluid accelerafion in the xo-,y - and z -directions, as follows: 
. 0 0 ' 

(2.17) 

(2.181 

(2.19) 

, 
Details of the derivation of equations (2.17)-(2.19) may be found in . 

" Appendixl D. 

." 2.2 '!'HE EOUATIONS OF MOTION OF THE. PIPE 

The system under consideration ls shown in Fiq •. 1 (a). ~t consists 
-- ~ "" 

"of a unifoJ:In CUIVed pipe of lel1gth L, c~ss sectional area At' mass 

per unit l~gth Mt' fl:xura1 rigidity El and shear m:>dulus G; the pipe 

is initially plane, with an arbitrary centerl.ihe shape (With a radius ., " 

of curvature not necessarily cxmstant along its length); it convey~ a 

stream of "fluid of mass Mt per' unit lenéjth ~d velocity.{Ji furthemore, 

the pipe' ls considered te he fully sul:merged in a quiescent. fluide 

Consider now an infinitesirnal element of the pipe, coontained betWeen . . 
two cross-sections normal 1:0 the defomted centerline, and the forces' and 

nanent:s acting on it, as shawn. in Fig. 2. Salance of forces and m:ments 

along the directions of xo,yo,zo yields 

\ 

- \ 

-""'\~l\Y"-I-{.'~ 

" 

, 

-, 

, '. 
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(2.20) 

.' 

_ (2.21) 

(2.22)-

!l ' .. av 
.K- M - T M.._ + K 'M + - 0 - Q 
as Xo 0 Yo 0 ~o as Zo Yo 

=-0, (2.23) 

= 0, (2.24) 

(2.25) .-,.. \ " 

Here 0x ' Oy ,Oz am CXllponents, along the axes (xO'Y9'zO) of the 
000 

,:œs\11 tant of the transverse shear, forœ~ 0x' ,Oy' ~d of the cx:rrbined 
, 1 _. 

- force ~ arising fran the axial force Oz and ~ ~:ma,l pressure, 

fozœ A~Pe; Mx' 1), , Mz are CXJllX)Ilents a.roonè1.;the axes (Xo,yo,Zo) 1 

o 0 0 ' 
of the resul tant of the bendinq rranents Mx, ry and the twisting roupIe 

, ~ 

Mz1 Ma is the added mass per unit lenqth, ~ c the ooefficient of 

visoous dmrping due to the sunounding fluid, associated wi'th the 

transve~e rotion:. M~ and c' play similar roles in longitudinal notion: 

Rx ' Ry ,Rz are the callponents of the react10n force per unit length 
o 0 0 

arising f~ the intema~ f.luid, and Gx ' Gy , Gz are the <XIlP?nents 
o 00_ 

of the effective gravity force. Details of the derivatioo of ~tions 

(2.20)-(2.25) may be fourid in AppendLx E. 

Fl:tJIl' the relatiàn between the syS1:E!ns • (xo'Yo,ZO) .~d (x,y,z) given 

by equation (2.2), one œn obtain 

o .. 0 - 110 + (au' + ~)~ , 
xo x y as Ra z 

(2.26) 

, -'\ 

.. 



0-

o 

o 

,where 

• 

O =0 +M"\ ;~O* y y ~x as z' 
o 

- ,-

M - x 
- - a 

'au w = M - ~ + (- + -) 'M 
x y as Ra z' 

av~ 
M ' = ~_ + lj.M + 0;- M , 
'Ya y X aS Z 

M = M, - (au + 1t...)M - ~'M 
Za z as....- Ra x as y' 

20 

(~.27) 

(2.28) 

(2.29) 

". -
(2.30) 

(2.31) 

(2.32) 

fi 1 .-
Substituting equations (2.26)-(2.31) and th~ value~ of KO,K~ and _ 

"t'o into equations (2.20)-(2.25), the equations of rrotion for the pipe 

may he wri tten in ·the fonn 

+R + G - (Mt +Ma' )atz = 0, 
Z . '2 o o· 0-

..... , 

(2.33) 

(2.34) 

(2.35) 

L [M -ÜI"L+(au~'~)M ] '+ L[M -(~ + ~)M - av M..J - 0 -Ij.() = 0, 
as x' y as R z R z as Ro x . as y y x o . 0 

-a as (K_+\IM. +..2J! M ] + 0 -lj.Q = 0, y x flS Z x y 

L [M -c~ + ~)M - ~ KJ- L[M -dfoL+Cl!! + ~u.t 1 
as z as Ro x as y Ra x T y as Ro Z 

+(au + ~)Q av ~ • 
as Ra y - as 0x - Iz 2 at 

(2.36) 

(2.37) . 

. (2.38)' 

) > 

-

.; , 

.' 

, '" 
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2.3 THE EXJUATIOOS OF rcrIŒ OF -'!HE 'EWID 
1 

COnsider now an infini tesimal element Ç>f the fluid and forces 

..:.. 
- '- acting on i t, as shawn in Fig. 3. Let the inte~l cross-sectional 

area he ~i' and the inte~l pressure Pi (s). Cœq:onents of the pressure ~, 
1 

force -AiPi , in the directions (xo,yo,zo) can be WIitten in teJ:lllS of 
, . - + 

the directiC?n cosines (L31,L32,L33> of the uni~ ~tor ez ' ~ferred 

in the reference frame (xo,yo,zo)' as follows: , 

au w 
P = -AiPi (as + R) , 

Xo 0 
r 

, 

(Z.39) 
" 

o 
-By, canparing Fig. 2 (b> wi th Fig. 3, and the forces (P , P , P ) 

0" Xo Yo Zo 
wi'th (Ox ' Oy , Oz ), and then using equations (2.20)-(2.22), the 

o 0 0 

equation$ of rrotion of the fluid can be written .in the fOIn\' 

apy: 
o -' K P • + t P . - R + Gfy - M..a-F. .. ,=.0, as- , 0 Zo 0 Xo Yo 0 l ... ~ 0 

,; , 

where °Gfx.' Gfy , Gfz . are canponen:cs of the gravity force per unit 
'U 0 0 . , 

.. 
length on tlle fluid. 

canbinatiC?n of equations (2.39):-(2.40) yields 
i,;, ' 

, , '. ' 

-, 

---
. , . 

. ... 
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(2.42) 

2.4 '!'HE RELATIŒ BE:IWEEN 'llŒ 'rRANSVJmSE SHEAR PœcJœ AND THE 

DISPLACEMEm'S 
. -

Acconllng to the generalization of 'the Dller-Bernoulli beam theo:ry, 

the s~s, couples Mx'l)"Mz in the beam when bent and twisted. fran the 

state expreased by "o,K~,to ta that expres~ by KIK' ,t* would be given 

by the fQl:mllae 

MX = El (I(-'Ko) " r 

~= EI(K'-K~) , 

Mz = GJ(t*-to) • 
q 

(2.44) -
Fr:an the discretization ta be introduced laœr the pipe la divided 

into a series of oonstant curvature elenents, i.e, within a given 
~ ~ , , 

beam element- -

(2.45) 

, 
wheœ ~ numœr of elenents J:eqU.ired will depen on the shape of thé 

" 

" 

pipe cel\terline and the a~èy desired. 

canbining' equations (2.3), (2.5) .and (2.44) yields 

(2.46) 

(2.47) 

(2.48) 

-
, , " 

.. . "- ~ ... 

.. ~ . 

- -~ 

" , , 

. 
" 

,', 
~t'j 
frI, 

,".,,~ 
h"eM"1i 
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'1hen, subst.1t:ut1nq equations ~(2.46)-(2.48) into (2.36)-(2.37), and 

neglect:inq the hf~ order ttums, ol'Ïe ,may obtain 

3 2 o 11% W. - El (a u +1.. a w) 
x y as3 Ro as2 ' 

(2.49) 

o ' CI '110 + El (L l!J!. _ a3
v) + GJ (~+ 1- av) 

y x Ro as as3 Ro as Ro as • 
(2.50) 

We am see that, if \\le again c.anbine 9:JUéltions (2.49) and (2.50) 
> • Q 

• • 0 

and neqlect hiqher order teDllS, the transverse shear fo~s may be 

. written as fellows: 

,a3u 1 a~ 
O· = - EI(- + - - ) , 

x 'as3 Re dS2 (2.51> 

t (2.52) 

2.5 'l1IE ~TIC!IS OF 1CIl'I<lI OF iHE ~~ 'SYSTEM \ 

.By adding equatioos (2.33), (2.34) and (2.35) to (2.41), (2.42) and 
• - 0 

no 

(2.43) œspect1vely, one may obtain the equations df ItOtion of the system, 

whieh no longer depend on the reaction ferees R , ~ and R between 
xe -Yo Zo ~ 

the .pipe and the fluia, as follows:· 

ts[OX~y+(ji + r) (Oz+Ac,Pe-AiPi)] + tr (Oz+AoPe-AiPi> 
o 0 

.. 
(2.53) 

1 a . > a~' ' av 
rs[Oy'f1lOx + ra J.0i+Ao~e-AtPi) 1~e= JMt+Ma>atyo iM~fyo +c if 1 (2.54> 

0' 
.. _ "~J • ' , 

, . 
'''" - . ~ .~ .. ',- .~ .•...... ~~ ".' 

o 

1) 



o 

o 

1 

Po 

• 
" .. 

~. , .. " .' 

o 

. 
,L [(0 +A P -A P )~(au + ~)Q _ aV' Q ]- L[o _1\0 ~+(au + ~) 

o as ~ zoe i i as Ro x as y Ro x y as ,Ro 

x (Oz+AoPè-AiPi ) ]+G~ = (Mt+M~)atz ' + Mt'fz + c'!t 
0- , '0 a _ 

(2.55) 

a [M _(~ + ~)M _ av M..J- .L[M ":'1lM +(dU + '!L)~ as Z' as Ra x a§» '1 Ro x ',y as Ra z 

+(.2!! + ~)Q '~ av 0' .. == l a2
y; 

as Ra' y as x Z at2 " 

where 1 

• G* = G + Gf ' ( , x x x 
o a"o , .. 

G* :: G + Gfy , 
10 Yo 0 

(2.57) 

are the canponents of the gravity force for the canbined pipe-fluid ... 

system. , 
l ' , 

Fina11y, uti1izinq equatians (2.8), (2.17)-(2.19), (2.46)-(2.48) 
~ , \ 

l' 

(2.51)-(2:,52) and (2.53) -(2.56) aJld neglecting ,higher arder te~, the 

goveming equations· of rrotion '~cr ~e dynamic systan may be abtail1ed, 

namely: .. 
4 3 ", 

EI(a u +.1' 1.J:!)+ L[(A P -A P -0 ) (au +~) J+ L CA P,-A P -0 )-G* 
as 4 Ro as3 as i i 0 e z as Ro Ro i ~ 0 e z Xc 

(2.58 ) 

o 

• - - 1 
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, ) 00. 

'. 

o 

.,0r , Oô 0 o. 00. 00 ~ 

(2.59). 

3 • 2 
3 (A P A P -0) + El (3 U +.L a w)+ L(A P.-A P ~) (au +~) 

- as i i - 0 e z Ro as3 Ro ~s2 Ro i ~ 0 e z as Ro 

M u2 2 
+G* + -1- (~u + ~)-M U(a W - 'L aU)-c law -(M +M +MI) 

Zo jl..o as Ro . f atas Ro at at t f a 
a2w" 2= 0, 
at 

(2.60) 

(2.61) 

These equations are, of course coupled, but similarly te the shell 

25 

equations, each may' be identified as being principaUy related to motions 

o in one particular direction; thus, the first is related to in-plane 

• 

. defolll\ations, the second t.o out-of-plane defonnations, the third to 

defolll\ations along the pipe, and the.last equation is related te twist 
~ 

of the pipe. Hence, in-plane motions are govemed by equations (2.58) 

and (2.60), while out-of-plane rrotions byequations (2.59) and (2.61). 

Note that, if the radius of curvature Ro is made equal te irÎfiRity, 

the CUIVed pipe becanes a straight pipe. M:>reover, if the pipEt! is 

vertical and the axial motion is ignored, equations (2.58)-(2.60) 'caa 

be reduced te 

(2.62) 

(2.63) 

. . 

o 0 000. o~ ..... ~ .;0"'"01 
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= 0 , (2.64) 

which, l.t may be verified, are identical te Luu's (1983) equationS' of 
~ . 

m:>tion for a straight pipe conveying fluid and fully suJ::merged in a'" 

quiescent fluide It may he noted that equation (2.62)' is identical 

te equation (2.63), because for a straight pipe motions in the x _on ~d 
, 0 

y 0 -directions are uncoupled and identical. Final,lY 1 if the surrounding 

fluid has neg~igiblé effect on the dynamics of the system, setting 

" . Ma = O,e = 0, and P e := 0 vis-a-vis the· atrrospheric pressure, then 

these~ations reduce te those of Paidoussisl (1970). 

" 2 • 6 THE BOUNDARY COODITlœS 
1 

'!he boundary conditions associated w~ th the go~eminq equatio~s or 

m:>tion for the system can be, obtained, as follows: 

(i) If an end is clamped, the deflection and the slope of the 

defleCtion curve must,. be zero, Therefore, one obtains 

u = 0 , 

v = 0, 

w = 0, 

1jJ=0, 

l!!=o, as 

,(2.65) 

av - 0 as - . 

(ii) If ~ end is pinned, the deflec~ions, the bendir1q ~ts 

and the twist couple are al! zero. 

, ... 

u = 0, 

v' = 0, 

w = 0, 
~ 

, 
Therefore, one obtains 

, 1 

1 

1 • 

) 

, , 



o 

o 

0, 

o 

,. 

2 
(1jI/R - av) = 0 , 

< 0 as2 
2 (a u + L aw) = 0 , 

as2 Ro as 

(l1I!a + -RI La v) =, 0 .' 
sos 

.. .. - .... , ~. 

, , 

. (2.66), ' 

,\ 

(iii) If an end is free, the transverse shear forces, the anal , 

force, the bending rcanents and the twisting èouple are, 

zero. Therefore, one obtains 

(aJu + L a2
w) 

as3 Ro as2 

3 (L li _ a v) 

Ro as dS3 

= 0 , 

+ GJ L (1i + L av) = 0 
El Ro as Ro as ' 

2.7 THE EOUATIONS GOVERNING STATIC ftlUILIBRIUM .. 

, " 

(2.67) 

. ' 

-
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Let uo,vo,wo and "'0 he the displaœments and twist of ~ pipe ~~ 

equilibrium. By deleting the tilne-dependent tenns in equations (2. sa)-, 

(2.61), the equations govenring static equilibrium can he obtained as '~, ' 
, ' 

follows : 

a4. 3 - 2 
·U ,a w' . au 1 a u aw . 

ÈI (--2 + L --2) + L [p (---2. + ~)] + P IR + M ,~(---2 + L·--2. 
~ 'as 4 , Ro as3 as 0 as Ro. 1 0 0 ~ as2 Ro as 

.. 

• \ 

1 + -)- G* = 0, 
Ro Xo 

(2.68) 

, 
< 

, • 

l , 

1 • 
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(2.69) 

(2.71) 

wJ1.ere Po' is the steady (static) fom of the cc::xnbined effeCt of the 

internaI and e.xœrnal pressure and axial forces, Le. the steady fom 

of 

P = (A. Pi - A P - 0 ). 
~ 0 e z (2.72) 

.. 
Here it is ~licitly assumed that the departures fram the original 

equilibrium state are small, ~b that these. linear:t,zed equations hold 

true • 

. t-k>reover, if we eliminate Uo and Wo fram equations (2.68) and (2.70) 1 

we obtain the differential equation géveming the static valu.e Po of 

the 

(2.73) 
G~ aG~ M u2 

o 0 f -+----.-
R as R 2 

o 0" 

, 2.8 THE DD1ENSICNLESS E(lUATIONS OF M)I'IOO 1 STATIe aJÛILIBRIUM EtlUATIOOS 
, 1 

AND 'IHE CORRESPONDJN; OOUNDARY CCNDITIONS 

',-The systan may he expressed in dimensionless tenns by defi~~g the 

fOllowing quanti lies: . , 

, 



o 

0' 

--

T = El 1/2 t Mf l/L~~ 2 1/2 ( ) -, ü = (Er) -uJ,Je= cL /CEl (Mf~t) J , 
Mf+Mt ~ L2 

M M' Iz 
Sa = M ~ , s~ = M ~ 1 Il = ~ , cr = 2 1 ro = L/Re' (2.74) , 

f t f t (MfiMt)L 

S = ~, y = (Mf+M~ -AoPfe) gL3 lEI" Je'::-: c'~} j[EI (MfiMt >] 1/2 , 
Mf+Mt 

A= AtL],/I, ~ = (AiPi-AoPe)L2/EI and IT = CAiPi-AoPe - Oz>L2/EI • 

'-
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Substitution of these terms into equà,tions (2.58) - (2.61), (2.65) - (2.67)' 

. and (2.68)-(2.73) yields the d.1rnensionless goveming equatiens of m:>tion 
432 a Tll a n3 a an l ' -2 a nI an3 . (4 + ro --r-) + aE,; [JI(ar- + rOTl3)) + roIT - yax + u, <a.2 + ro ar- + re> 
a~ . aE,: 0 f, 

a2
Tl I 

-2 == 0, aT . , 

(2.75) 
2 ' 2 .6. a Tl2 a an2 -2 a n2 

(a( + ro a( > + a[ [JI ar-] - 'YClyo + u a( 
.. 

2 ' 2 
11 a n an a n 

+ 28 2 Ü ---1 +x--1. + Cl+Sa ) -22 = 0, 
aTa~ aT aT 

(2.76) 

(2.77) 

(2.78) 

, 
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. where ~ , CL and Uz are the directim !X)s!nes of the gravity 
o Yo 0 . 

acœleratiOn vector. 

The corresponding dirnensionless boundal:y conditions are as fOllows: , . 
(1) at a clanped end 

. nI = 0, 

n2 = 0, 

n3 = 0, 

1/1=0 
an . 

1 
ai; = 0, 

an2 a, = 0, 
(11) at 'a pinned end 

, 

(2.79) 

(2.80) 

,(2.81) 

, 
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"0 

'The dirnensionless equations of static equilibrium are givep 'by 
4 0 3 0 0 - a2 0 a 0 a na" a anl C' n' Tl 

(...:.....! + r ----1) + ae- [IToC-ae- + ron3}] + r ri + 'tl
2 (---1. + r.-1. +·r ) 

a~4 . 0 a~3 .,., "0 0 a~~ 0 aE,; 0 

(2.82) 

(2.83>. 
30 20 0 0 ,auo ,a nI a "3":'" anl 0 2' anl 0 

- -ae- + r (- + r -) + r rI (- + ron3) + r Ü (-ae- + r "3)' + ya = 0, 
... 0 aE,;3 0 af;2 0 0 aF; 0." 0 Zo 

and the carrespondinq boundaxy candi tions are: 

(i) at a clamped -end 
\ 

o 
n2 = 0 , 

o = 0. * 
"3 ",,, 

" 

(2.84) 

(2,85) 

(2.86) 
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) 

(ii)· ~t a pinned end ~ '. 

' .. 

(2.87) . 

(iii) at a free end 

(2.88) 

Final~, the dirnens:l!onless differential equation goveming the st~c;1y 

valu~ of the catlbined effect (in diIttensionless notation no) is 

a2
TIo 2 aazo 2 _2 

- + r TI = r ya + y- - ro U • (2.89) 
élE;2 0 0 .0 Xo élE; r-

, r 

" 

... 



o œAPrm III 

ANALYSIS FOR THE INEXTENsIBLE ~ 

, 
In· Chapter II, the ~niing equati9JlS of m::>tion of· the dynamic' 

sYstem ha·v'e been derlved in tennS ·of. the dimensionless displacemeÎlts 

and tw1~t (n l ,n2,n3,\jJ), an~ the "canbined force" II. It 1s recalled 

that this cxmbined force, defined in equation (2.74), is associated 

33 

with pressure of the intemal and extemal fluid and the axial tension. ' 

. Solution Qf thesé equations may be very diffiCtllt t becausè the canbin~ 

for~ 1s generally unknown' and bard to ,eval~te. rh this chapter, 
1 

analys1s of thts problem will he perfonned, using the fOllowing assF 

'tions: 

(i) the centerline of the pipe is inextensible (when the pipe 

o 1s subjected to srnall displacements and twist); 

• 

(11) the perqtrbation ta the canbined force rI, due te departure 
. -

fran the Original,equ1librium state, 1s small (i.é., II is 

'ç::ons1dered to remain constant and ëqual to Ilo) • 

Based on. the above assumptionsi the cc:.mbined force II may be found 
.. '1 J!) 

fl;Œl equation (2.89), and then the goveming equations of rootion about 

the equ11ibrium pos1tion may· aIso he obtained. M:>reover, we shaII see 

later on that these goveminq E\<1Uéltions will. separate in-t;:o in-plane and 

out-of-plane motions,· which allows indepedent investigation of the 

dynamics of the system in these t:wo planar directions • 

.' 
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3.1 'mE ~~ CF K7l'ICN ABŒ7I' THE ~ ~rnœ 

Let nt, n~, n~ and "'* be the cUmens~less ~tiOn diSpla~ta 

, and twist fmn the, equilibriun position. '!bey may be expresaed'!n texms 

of the steady (stalle)"D and total displacements and twist; as follCMIU 

--;)0 
t'Il = nI + nt, 

'f3.1) , 

$ = "'0 + $* • 
, f 

SUbst1BwitJng equatioo set (3.1) into ~tions (2.12),;,,(2.15), '--

neglecting higher oroer tenns, and canbining equat1Or1r (2.79)-(2.82) 

one obtains the dimensionless equations ~ming the notial of the syatan 

~" 

(J.2) .. 

f • 

(J.3) 

(3.4) 
, -~ 

• O. -; J . (3.5) 

f 
, \ 

• 

.. ~ 

.. '" 
~~, 

, ' , 
,,. 

';, 

~'~ 

',,:::iJ 
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It 18 seen thatequa~ons (3.2) and· (3.4) pertain ta !n-plane displace- . 
" 

menta, while equat1a1s (3.3) and (3.5) axe assod,ilted wi,th out-of-plane --
~laœlnent 8nd twist. 'Dlere is no " coupl1nq between in-plane and out­

'of-plane nDt:ia1s, as .suggested ear11er, therefore, they dan be studiec;1 -

1ndependently •. 

Purt:heIITOre, accordinq ta the asstmptiCll of inextens1b111ty (i.e., 
, 

. the oen~rline strain e: = C3w/3s - u~o) slnild van1sh> , the dimens1on-
, 

1~ -displacements nI and n3 ëU7 related by 
, . , 

an3 , ar- - ronl = 0 ;' 

and hence . "' 

(3.7) 

.... ' 

(3.8) 

'D1en, UUlizlng equat3.~ (J.?), (3.4) ,çmd (3.8) 1 the eqtl!t1ons of 
,- ' 

1n-plane motia1 may pa œdueed te a single sixth order partial differen-

.' t1al equation for n~, th1s equation 1s 

a6
n* a4n* a2

n* a4
n* a2

n* 
(--1 + 2r2 --! + r 4 --2) + 02 (----1. + 2r2 --1. + r4n*> 

at6 0 ac4 , 0 ac2 at4 _ 0 aE;2 0 3 

~. 

(3~9) 

It 1a, of Jnterest ta note that 'Wilen the cœi:ù.ned force n ~ neglécted 

and ext:emal fluid effec:œ are absent {Ba -, B~-X.:JfJ- 0), th1s ~tia1 
<) 

reduœa te that ob~ by Chen (1972) by Hamiltœ's prlnc1ple. 

\ 
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. . 
'!he aSsoclâtecr boundal:y oonditiats axe also %educedf as followsl 

at a clampèd end 
. -- .. 
n~ = 0 Il 

an* 
--1 = 0 , (3.10) 
.a~ 

a2 *-
~ '. = 0 . 
, a~2 

, 

at a pinned end 
.f .r' . -

1'\~ = 0 1 

an* 3 (3.11) -=0 , 
a~ 

a3 * a ... Tl3 2 1'13' = 0, 1 (~+ ro ar-) 
,a~ 1 

(3.12) 

(3.13) 
) 

(3.14) 

_ 0 

r: cnœ JJDIe, these boundary <Onditions are identical te Olen's (1972) ." 

(3.15) 

. , .. ", .­'. , , 

, 

0 

, . 
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and the boundaJ::y conditions aJ:e as follows: 

(1) et a clé!ltlped end 

n~ =0 1 

• "'*,=0 , 

an~ = 0 ; 
aE; 

Ci!) at a pinned end 

(111) 

~ ,. 

(3.16) 

(3.17) 

(3.18) 

(3-.19) 
1 
1. 

" Once.again, it may be ver1fied tha't 1f~ <XItIb~ed ~rce rra is 

• 1", 
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~œased and ext:ema1 fluid eff~" are eU.m1nated (Ba = Je = 0), then 

the equat.ia1s _~f IOOt1oo ~d boun~ ~tions above aJ:e identical 00 .. 

Chents (1913), obtained by the usJ of Ham1.1tal's prlnciple. .' . 

" 

0 u -

t,r.-

- " ... : , -~ " -' 

~ 

.;\ 
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, 3.2 ANALY$IS OF IN-PLANE M:7l'IŒ IN 'mE lNE:X':l'mSIBLE CASE 

In ol:der te obtain the solution for in-plane rrotions, the finit:e-
,- .. a 

e-lement method 1s app11ed. Acoordinqly, the variational 8tatement used 
o " 

for the fin1te-element· technique 18 uti11zed, i.e., 

(3.20) 

where Ô"~ 18 an arb1trary var1at;Lonal displacemen1;, At ("~) repre8ents 

, the left-hand s1de of equation (3.9), n 1s, the number of elements, and 

Ci 1s the lenqth of the 1 th element. , 
;. By perfOl:ming integrations by parts and using the boundary 

, . 

conditions, one obtams . , 

Ci ~3 * a * a3 * ~ ... * n 0 "3 2 Tlj Tl3' 2 \,M13 
t Id\. {ô(~ + ro~) (~+ ro ar-) 

~=O ac ~ aE; 

, ' 

) 

(3.21) 

, 
Détails of the derivation of EqUation (3.21) may be fOlUld in Appendix 

G. 

Acêoniing ta the finite elenent process, 'SOlutions are beinq 

\ 
(3.22) 

• 1 .Ll. 

.. ~ .' 

. -' 

'. 

1 . 
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l " ' 
where [N

3
) 1s a matrix of shape fùnct10ns prescribed in teITl1$ of the space 

cooz:cu.nate ~, and {n!}eiS the e1ement-displacement vector ~ch ~epends 

on1y on time. l'hus, one may write • 

• 

(3.23) 

ctn[N ] 
_--.=;.3 • ô {n*}e 
d~ Ii.' 

'" Using equations (3.21>,-(3.23), the discretized equation of in-plane 

rrotion rnay. be wr1 tten as 

(3.24) 

where 
~ 

e e , 'T 1 2 T 
[Mil, = 10 [(l+Sa) [N3] [N3 ] + ro (l+S~) [N3] [N;}~, (3.25) 

~e l " te 1 

'(Olle =2a1 / 2 uro [N3J'T([N3] + r~[N11)dF,; +/
0 

[;Je[N
3
]'T[N

3
] 

+ r~ Jel [N3 ] T[N
3
J 1 d~, - f3.26) 

~ , 
U(I]e = 10 ([N

3
] fI'+ r~ [N

3
] ')T([N

3
1 1\ r~[N3] )Q~ 

, ~ { , 

+ ii2 1: (lN3 ) 'T ([N3 ] 1" +' r~ [Ni )-r~[N3] T ([~3]" +r~ [N
3

l'> }d~, 

(3.27) 

, \ 

,". l ... ' ,,,- •• t. ~, 

, , 

-' 

\ 

\ 

( 

'-
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Here, it 18 noted that the prime denotes dJ.fferentiation., with respèct 

ta t, 'and the cbt deno~' dJ.ffeœntia~ with respect te TI t ia the '- ' , et. 

element length. 

3.3 NUMmICAL ANALYSIS OF iN-PLANE ~OO IN '9 ~IBLE CASE - .. , 
\ 

The highest oroer of ,perivatiVe ~f ~', s~ function [N3], which 

exists in the integran~ of equation (3.25)-(3.27), - ia the third; hence,. 
; r 

it is necessazy to ensure that nj, nf and nj" be continuous bebJeen 

elaœnts. '!bis ,i5 easily accanplished if the nodal displacements at 

ea~ node aIe taken as the values of n~, n~' and n~". 

Thus for the j th node 

n*' (3.28) 

~ 

.. 
~~ 

3j 

n*" 3j 

as shawn in Fig. 4. 

'Ibe shape function [N3) _will be derived next. If one- accepts that 
1 _____ \ 

in an elanent, two nodes (i.e., sUc degrees of freedan ~ch----element) 

define the deflected shape, o~e ma~ assqne~ected shape ~ be . . -~- ~ 
~ ~ 

given by a fifth-:-orX1er polynailial 

(3.29) 

where ai ~ the, g~eralized ~;ttlinates, and the elÉment displ~t 

vector is 

{' , 1 'e {nV' 
{nt} = -~~-- • 

{n!}j+l . . . 

, , 

(3.30) 

Here' E; ia the local oooIdinate al~q the pipe èlement. 

-. 

( 

.. 
.A 
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Let , ' 

(3.31) 

(3.32) 

, ~ - . , 

Theri; ~tion- (3.29) may he rewri tten in the matrix fOIm' 
, . 

, , \ -, \ , 
, , - - " , n~ = [~3]{ai}' J (3.33) 

. and aIsô 
1 

.113'= (~3] {ai}' (3.34) 
'" 

Il 

n*"- [~3] {ai}· ~ (3.35) ',' 3 -
4. 

Substituting equations (3.33) - (3 .35) into ec:rW.\~(3 .30) yields 

[~3) j -

• 
" [~3]j 

(3.36) 
[~3) j+l 

.. 1 

[~3) j+l 

• 
Usinq (3.31) and (3.~6), one may express the nodal displacements in 

tenns of the gen~.ralized coordinates {ai} as 

{nt}e = [Al {ai}' (3.37) 

where ~ 

1 0 0 '0 0 0 

0 1 0 '0 ,0 0 • 
. [A] -= o ~ 0 2 0 0 0 • (3.38) 

~ ~I • "\ 

1 2 3 4 5 
te te te te te 

0 1 ~te~ 3t
2 
e 4t

3 
e 

5~4 
e 

, 

6~e 12t; 20F,;! '0 0 2 

-

41 < - -

\ . 

, 
.1 

\ 

\ 

1 
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42 
, .( (3.37), one obtains 

[A] -1 {n~}e , = (3.39) 1. . . ~ 

where 

1 0 0 0 0 0 
;: 

0 1 0 0 0 0 

[A]-1 = 0 0 l/~ "0 0 0 (3.40) 

-1OE;-3 -6E;-2 _1E;-1 10~-3 -4E;-2 1 -1 
e' e 2e e e ~e 

1SE;-4 ' 8E;;-3 lE;-2 -lSE;-4 7E;-3 -2 
-E; e e 2 e e e e 

- 6E;-S -3E;-4 _1E;-3 6E;-S -3E;-4 1 -3 
~e e e 2 e e e 

Det.:d1s of the calculation to obtain matrix [A] -1 can be found· in 

~dix H. 

Uti1iz:i.ng equations (3.22), (3.33) and (3.39), one obtains the shape 

function [N3] 

(3.41) 
" 

, 
Then, 'substituting equation (3.4U into equations(3.2S)-(3.27) yie1Qs 

[Ml]e = [Al-rr{ J!e«1+aaU~3] 'T[~3J ~+ r;(l+a~) [~3]!I'[~3]) dE;} [Al-~, 
(3.42) , 

. -- . E;e . 
[Dl]e = 2S1/2ü [A(~T{ 10 [~t] 'T([~31 n+ r~[~3]) dE;} [A]-1 

~e ' 
+ [A]-1T{ Jo (Je{~3] 'T[~3] 1 +r~~1 [~3]T[~3])dE;;} (A]-l; , .' 

(3.43) 
E;e , " , , "2 ' 

(l<1]e = [A]-lTI 0 ([~3] +r~[~3] )T([~3]" +ro{~3] ) ~ [A]-l 

E; , ,.. '2 Il 2 
+ü2[A)-1T J ~{[~3] T([~3] +r~[~3] }-rO[~3]T([~3] +ro[~3])}~ (A]-l 

-lT E;e 'T a l, 2· E;e 2 T " 
. +(A] {1 o' [~3] ~[JIO([~3] +ro[~3])]cU;-J 0 roIIo[~3] ([~3) 

+ r;[~3])dO [A}-J..;- (3.44) 

'." ,~ 
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- . 
To evaluate. the last two integrals in [Kt] e, the canbined force rra 1 " 

- . 
and its derivative arro/dE; in each element are approxima~ by \inear 

~ 

functi,ons, ,or convenience, as sl'x:Mn ~ Fig. 5. The~fore, we may 

write 

~ . / 
where 

lIa = al + a2 ~, 

ana 
af" = b l + b2~' , f 

,. (3.4Sr" 

(3.46) 

Substituting equation set (3.45). into equation (3.44), and then , 

evaluating the integrals in equations (3.42)-(3.44), one obtains the ' 
L ,1 f , 

~ 
elanent matrices 

[M*]e c [A]-lT(l+B ) [J ] + r
o
2 (I+B

a
')[J

1
J) [A]-l, 

i a , 2 (3.47) 

, " (3.48) 

(K!f
e = (A1-

1T {[J3]+r~ ( [J6] + (J6] T) +r~ [J2}+u2 ([J61 +r~ ([J
2
1- [J7] ) 

~ ( 

-r~[Jl})+al ([J6]+r~( [J21-~7J)-r~[Jl])+bl ([J51+r~[J4]) 

+"2 ~J+~ (fJlOJ-fJ 11 J )-;~fJ9J )+b2 (fJ13J+r~fJ12J)) fA]-l, 
, 

(3.49) 

,. \ 

, ' 

• - ..Jr~. 

/ -
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o where 

tJ' 
\ 

(3.50') 

' .. 

o 

, 1 -
whi~ are evaluated in Appendix r. 

... 

, . 

" -
o 4 P 
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3.4 ANALYSIS OF oor-oF-PIANE ID.t'ION IN THE INEXTENSIBLE èAsE 
-

,Similarly to the case of in-plane ITQtion, the variational statement 

'used for the fini~lanent rrodel of out-of-plane rrotion is 

n ,E,;i ',n 

,1: !o{on~ A;l (n~,I\I*) + ÔIjJ*A~2(ni,I\I*)} dE,; = 0 , (3.51) 
i=1 

where tSn~ and ôljJ* are "the variations in the displacanent and twist, 

A;l (n2,1\I*) and A~2'(n~,\jJ*) represent the left-hand sides of 

equËtions (3.15) and (3.16) respectively, 

'n ls the mm~r of elenents, and 

E;i' ls the l~gth of the i th elernent. 

PerfoIminq integrations by pa~ and using the boundâry condition,s, 

one obtains 

n f,;i a2ôn* a2n* ... a2n* aon* 
E f 0 { __ 2( __ 2 - r 1jJ*)+r ôljJ*(r 1Ji* - ~)+A[r ~(alJi~ 

i-1 aE,;2 aE,;2 o· 0 0 af,;2 0 aE,; aE; 

ani aôl\i* ~ an2 a 2n2 aITo ani a2ni 
+ ro-at') + at' (aC' +roa--C=->] + ü 2 

ôn* -- + ôn* (_. - + IT -) 
~ ~ s ~ 2 aE,;~ 2 af,; aE; 0 af,;2 

, + 
a2n2 an* • a2n* 2 

2S1/2ü ôni aE;aT +Jeôn2 aT 
2 

+ (1+l3a ) ôn~ aT~ + aé\jJ* a aT; } dE,; = o· 

. (3.52) 

Details of the derivation of equation (3.52) may be found in Appendix J. -
According1y, applying the finite-element proceSLl, sOlutions wiil be 

sought in the approxirnate fonn 

\ 
(3.53) 

" " 

) 

.. 

;... " 

-, 
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where [N21 and [N 41 are the shape functions prescribed m texms of the 

space exx>rdinate ~, and {n~}e is the element displaoement vector which 

depends oo1yon time. \ 

Substituting equation set (3~53) into' equation C3.52) yields ~e 
, " 

discretiz€d equation of out-of-plane rrcetion, as fQllows: 

(3.54) 

where 
;1 

[N21T[N2 ] Cff; + a 10 [N4JT[N4] dt, '(3.55) 

;i 
[N

2
]'l'[N2 ] 'Cff; + Jelo [N

2
]T[N

2
1,dt, (3.56) 

(3.57) 

3.5 NtMERICAL ANALYSIS OF CXJr-oF-PLANE r.Œ'ION IN 'nIE INEXTENSIBLE CASE 

'Ihe highest order of, derivatives of the shape functions [N2] and [N4], 

which exist in the integrands of equation (3.55)-(3.57), are second 

and ~irst respect1vely, and it is necessary te ensure that n~, nf and \II. 

are oontinuous between elaœnts., Thus, one choses the nodal displaoe-

ments as 

= (3.58) 

1. 

~ 

-.J .. ~')Ir~ 

'1 

1 _ 
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\ 
, >' 

, 1 

. âs shawn in Fig. 6. 

The shapé functions [N
2

) and [N 4 J .are now deri veel. If one also 

accepts that in an element bJO nodes define the deflected shape one , ' 

may asSl:.ane that r 
'. 

- * .2 ,.3 11* = a* + a ; + a; + a; , 2 l ~ ~ 3 4 
, 
(3.59) 

, , 

, (3.60) 
1 

-- , 

Where a! are the generalized coordinates, 'and j i~ the local 

1 '!he e1enent d1spla~t vector ~~ 

coordinate • 

j _{I1~} j f 
{~}e = ____ _ 

{'11~} j+l 
(3.61) 

Let 
1 

2 3 0, 0) (3.62) - - , ~ '[~2} =. [1,;,;, ,; , , ... 

1 

, " [t
4

] = [O,O,O,O,l,f;J (3.63) , 
~M' .. , -,{ *} T _{. * * *. * *} , , ai - al,a2,a3,a4,aS,a6 • , (3.64) 

Then, E!quations (3'.59) and (3.60) may he'rewritten in tbe matrix fo~, 

n~ = [~2J thI}, 
\jI* = 1~4]{aI}. 

~ . 

, , 

(3.65) 

(3.66) 

Substitu~g equations (3.65) and (3.'66) into equation (3.61> y1elds 

[~2Jj 
1 

{~}e _ 
[~2]j 

[t4]j {al} • , (3.67) 

[t2]j+l J, 
1 

[~2] -;-

j+l c 
[~4Jj+l 

.' ' 

• 1 
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Bence, one may expœss the nodal d1splacements in tex:ms of the 

gen~ralized coordinates {al} as 
1 , , 

{n*}e = [AJ o {ai}, , 0 

where ' -- -

JI 0 0 o ' 

~ (, 0 l < 0 0 

0 0 0 -Q, 

[A] = 1 ;e ;2 3' 
.0 e ~e 

0 l 2;e' 3;2 
e 

0 0 0 
n ct 

New :If1vertil'lg equation (3. 68), one obtains 

J'where . , 
0 ~ , :',0 0 0 0 

" , .... :-

0 '1 0 0 0 
" -

[A]-1 = -3;-2 ",,;;-1 0 
-2 .... 1 

3;e ~ "';e ' 0 1 e e 

2;-3 -2 0 -2;-3 -2 
f;e E;e e e 

o o ' 1 o à, 

o o -1 -E; e o o 

0 

0 

l ~ 

0, 

0 

l 

o 
, 0 

Q 

o 

o 
-1 

;e 

0 

0 

0 

0 

0_ 

;e 
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(3.68) 

q.69) 

'J. 

\ ' 

(3.71) 

Details of the calculation of, this ma~ may ~ found,in ~Bix K • 

. 
1 

1 _ 

.. , 

" 

4, , 

\ 

, " 
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Usinq equaticms (3.53)', ~.65) -(3.66) anc:f (3.70), one may writ~ 

. the shape functioos as 

-1 
[N2] = [~2] [A]Q, 

-1 
[N4] = (~4] (A]o • 

(3.72) 

(3.73) 

Then, substituttng equations (3.72) and (3.73) inte equations (3.55)-

"" , 
(3.57) yields 

- ; 'F; 
(M~]e--=- [Al:1T

(1+Sa) f ~ (~2]T[~2~d; +af ~ [t4JT[~4]df;) (A]~! 

(3.74) 

[~]e.= [A~'~1T{2al/2ü I~~ [~2]T[~2]'dt +Jef~~ [~2]T[~2]d;} [A]-: 

(3.75) -
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h ~ ~" ~ X ~ 2 T 
[K~]e = [A]~~I ~ [{~2] ~2] -ro({~2] [~4]+{t4J [t2 ] )+rO[~4] [~4]] df; , ' 

E; 2 'T"' 'T' 'T' 'T +A1 ~ [rO[~2] [t.2} + ro([~2J f4>4] + [t4} [4>2} ) + [.t4] [~J'Jdf; 

+ d2 1 ~e [~ ]T[4> (dt" o 2 ,2 ., 

, ' te .·T aIl~ l' Il '-1 
+1 '0 J~2]. (af; [~21 + IIo [4>2] )dE; } (AJo • (3.76) 

j Hare, 'thè canbined force Ilo and its derlvative aIlo/ôf; in each elenent 
l ' 

are aga..1nâpprox:unatëO.by linear ,fimctions, as given in equatiC;>n set 

(3.45). By substi tuèng equation set (3.45) into equations (3.74) - (3. 76) , 

and evaluating the inteqrals in equations (3.74)-(3.76), one obtains 

the elerœnt matrices, as follows: 

[M~]e li: (A]~1T [(l+Ba) [Jt1 + a ~J~]J [AJ~l, (3.77) 

[~]e = (A}~lT [2S1/ 2ü [~] + .le[JY11 [Al;l/F _(3.78) 

[~]e = ,[A]~lT {[~]-ro([~]+[JGJT)+~ [J~1+A[r~[J21~ro ([J(J+IIT)+(J31 1 
2' . 1 

. + U [Jg]+al~~]+bl[JSJ+a2[JîO]+b2[~)} [Al~, (3.) _ 

.' 

" 

.J 
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where 
; ............ 

[~] = 10e [$21Tr~iJ d~, / 1 

[~] = ;e 
fo 

'T ' [~2] . [~2] dE; 

[~J = 
f;e ffT If 

" 
fo [$2] [~2] d.~, 

[J4] ~ 
~e 

[$ ]T[~>] ~, fO 4 4 -\ 

fJ!l ;: 
~e 

fo 
T ' [$2] (~2] d~ , 

[J'61 = 
'e . 1fT ' 

fO (~2] [~4] d~, 

l , 

(3.80 ) 

[J~] = 'e 'T ' f 0 [$2] (~4'] d~ , 

/ 
~e l 'T ' 

(J~l = f 0 {~4 1 [~ 41 d~ 

o [J'91 = 
~e 

fo 
T If 

[~2] (~2! _ d~ 1 

" 
~ T If 

[J!O] = f e E; [~ ] [~ ) dE; , o 2 2 

[J* ] = E;e T ' 
Il flo E; [~21 [~21 dE; 1 -

' . 
.•. ;' "1 

which are evaluated in Appendix L. ? 
t 

,;. 
./ , 

.. . 
'-• 

\ 
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3.0 'CAICUIATICN OF ~ DIMENsI~ ,cn1BINED ~ ~ '!HE 

.~SIBLE ÇASE , j " . 
. ~) e ~ 

Befote œlculating the 'din'e11sionless ccnlbined force in a pipe wi th 
• 

aibitrary shape, we first perform the calculation of this force in an 

incc:m>lete circular pipe, subtending an angle ro' as shown Jn Fig. 7 (a) 'j 
, • iJ'!1I ' 

then, t:I:1 result of this simple ç~e may he applied to obtain this force 

" in each fin~te elanent for the case of arbitrary shape. Since the 

discretization bas been introduced in the previous sections, the pipe is 
, , 

div:J.ded into 'a. series of constant curvature elements, èach of which . 
, 

" -lnay be treaterl as an inccmplete circular pipe. 

The differential equation of' the dimensfonless canbined force 

dèrived in Chapter II, equation (2.89), will he' re-written as 

d21I t t a<lz 
o 2 2 2 0 

-2 + rollo = -roü + y (rollx +~) , q.81) 
df; ...... 0 a.." 

~ whe~ (lx . apd cx~ are the direction ~sines of ,.the gravi ty,' aç;:celeration 
o 0 •. 

g alonq the xo- and ~o..-axes, and which are only funC,tions of F;. . 
:, . 

F~ Fig- 7 (a~, if \<Je assume that the pipe initially lies in a . r ~ __ 

v:erti~l p~lane, the angle ~f the ve~tors Poxo and. g can be written as 

, (3.82) 

wherè K is a positive or, negative integer, and Ct. i5 the principal value 
, ~ 

of the angle (AQ,g) which can he positive or negative dépending on the ,,, 
b 

Therefore, one can 
1 _. +, 

positipri of the ~'f,{eCtor q, as shown in Fig. 7 (b,c) • 
- il.-. ~ 

write th~ direction cosines as' follpws: 

~ = Cos (P~o;g) = Cos (r F; + Il),'' } o ' . , . 0 lf 
'.- - (~.83) 

CXz 0 = COs, (Pozo,g) = Sin ,(rot ,+ a). , 
o --- . 

, , 

1 . 

. "/' 

'1 " 
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SUbstitu~ of equation, set (3 .~~) into equation (3,:81) yielàs 
2 ' 

d no 2 2-2 -r' + rono = ... r'Jl + 2roY COs (r t + (X) , (3.84) 
dt ' , 00 

which i8 a second oroer linear differential equatioo. Renee, one 

obtains the general solution in the fOIm 

... IIo .= Cl Sin <rof; + C2) - a2 +"yt Sin <rof; + a) , 
1 

-"" (3.85) 
~ 
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o where Cl and C2 are bIC inœgral oonstants which can he detetmined ftan 

the boundary oonêiitions. 

It i5 Tloted that when ro is set a:p.tal tO zero (i.e., in 1:\'le case of 

an inclined s~ght pipe), the "CC'mbined force can be reduced te 
• 0 

If the ~vity effect i5 assprœd te be negligible, the boundaJ:Y 

conditions associated with equation (3.84) are as follows: 
4 ' 

- ~ 
(i) for a cl~-free inoomplete circular pi~ 

lIolo = ~Il c.COs ro -
1 

lIo Il = Il> Il ' 

. :0 -il = - t- Cro- Sin ro) (~2 + rrpl l')2 
o 

) 

(-3.87) 

where, 'it is recalled that ~ = (A1Pi-AeP~)L2/f;I! which.is ~ pressure-
• 

related CXlilponent of no' Détails of the derivation of equation set .. 
• t> .. l 

(3.87) 1 May ~ fC\l1ld in Appendices M, N and O. In these A(:lpendlces lt 

ls assumed that (a) the pressure distrihltiOll of· the intemal fluid 
'f • \.' t 

1s a linea;' ftmction along the length of the' pipe, and (b) the !ni tial 

œnterline may be used as an appmximate shape of the st:rained center- f 
T 

Une after static: defOlmation. 
'à 

""';~R 
~r ~" , .... 

" 

,J 
• 'i 

. - " 
, 1 

J 
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(ii) for c1anped-clarrped, 01'arrpèd-Pinped. and pinned-piM.eç. in~lete . 
... \ - " l, \ - l ,\ , - \ \ ' ~ 

c1rcu1ar pipes , 
"" ,,\ 1 " 

1 
-2 

IIo l = '- u , 

dll - , 
--21 = 0 • (3.88) 

-dE; 1-

Details of the derivation of equation set '(3.88) based on the same 

assumptions as above may be found in Appendices P,O and R • 
. 

canbination of equations (3.85), (3.87) and (3.88) yields the 

cx::rnbihed forde no' Hençe,. 

(1) for a clamped-free incanplete circular pipe 
" 

.' II = C Sin (ro~ + C2) - ü2 
1 

_0 l 
(3.89) 

where 
, . 

Cl = (IIpll + ü2
)/Sin (ro + C2) ~ 

C2 = - Tan-l--(r~/h-o-Sin ro) (ü2+ IIp''l)] 
(3.90) 

(1i) fC?r clarnped-clampeâ., clamped-pinned and piImed-pinned incanplete 

circuiar pipes\) 

II -2 =-u. o (3.91) . 
Finally 1 to obtain the dimensionless canbined force in a pipe wi th 

. , 
arbitraty sl).ape, we proceed in a manner simi1ar to what was done in the 

case of an inccmplete c1rcular pipe. First, the boundal:y a:>ndit:l.ons 

on one end are obtained. Second, the canbined force in the finite-

element at that boundary, where' the eonditions are specified, are 

obtained based on discretization, wherebya pipe element may be treated 

as an incanplete circular piIJl', as mentioned earlier. Next, this force 

in the adjacent- finite element is obtained through the continuity 

condition at the nodes. , .. 
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o 3 .7 THE VISCOOS DAMP]N; CCJEE'E'ICIENr c 

o 

o 

) 

The only undeteImined quantity in ,equations (2.58)-(2.60) ls the 

viscous damping coefficient c, associated wi th viscx>us resistance due 

ta the surrounding fluide Assuming Stokes-fiow conditions te hold, . 
Batchelor (1967) and Paidoussis & Luu (1985) estimated the vlscous 

~ing coefficient for a circular cylir1der -in a quiescent fluid te he , ' 

p\ • 2 2 1/2 
c = 2n ,,2 Q Pfe rou (\I/nrou) , (3.92) 

'r 

where Pfe is the fluid density, \1 the kinematic vispJsity, rou the 

cylinder outer radius and n the x:adian frequency of oscillation. This 

equation is identical in fom to the experi.zn(:mtal resul t' obtained by , 

Râmberg and Griffin (1977) fran extensive tests on, stranded 'cable~. 

~ 

, , ' 

~ • 8 EIGENVALUE ANALYSIS OF THE PROBLFl-i FOR BOl'H THE IN-PIANE AND 

our-oF-PLANE CASES 
\ 

In bath cases ~f in-plane and out-of-plane l'lOtions tl),e global equation 

of IIPtion may be written as follC?WS: 

(3.93) 

, ~!t , 

where [M], [0] and [K] are the global 'mass, darrping and stiffness 

matrices, which are assert!bled fran the corresponding matrices for an 

eleroent of the dynamic sy~tem (as given in equations (3.47)-(3.49) or' 

(3.77)-(3.79), respectively)'i{n} ls the 'global displacement vector. 
~ 

By .setting 

{ 
{Tl}f 

{Y}= --- , 
(fü , 

, (3.94) 

, 



o 

" . 

one obtains 

[[Il, [OJ HY} =: [[OJ, [I]] {Y}, 

,and then equàtion (3.93) may èe rewritten as 

[[OJ, (M]l{y~ = - [[K1,(O)]{Y}. 

(3.95) 

(3.96) 

, FinallY, o:n1billation of equations (3.95) and (3 ',96) yields the ' 
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" 

. ,'equa.tion of rootion in the fom of the first order 1 differential equation 

[I] [0] , [0] [I1 

{Y}· t(3.97) 

[0] [M] -[KJ -[0] 

For sol~tion of th\ ,eigenvalue problem, equation (3.97) may he cast , 

into the general fOIm 

À [Bl{X} = [A]{X}. (3.98) 

Tc implement' the procedure, let 

() {Y} = {x}eiult, . (3.99) 

,/ 

. . .-
r ~ ' .. 

• 
;i.~.; , ." 

l '" --. " 
where w is a dirnensionless frequency related to the clrcular frequency 

of m::>tion, n, by 

w= (3.100) 

. ' 
In. qeneral, w will he ccrnplex and the dynamic system will be stabl~ 

or unstable accordingly as the imaginary part of w isiSSsitive or 

negative. 

Substitution of equation (3.99) into'equation (3.97>. leads te an 
r-

asyrrmetrical eigenvalue problen or order 2N (N lbeing the total numbe;-. , 

of degrees of freedan of the system) as follows: 

À [[Il 
[0] 

[01] 
[M] 

{X} = 
[ 

[01 

-[K] 

fI]] 
{X} , 

-[0] ----
, 

(3.101) 

, . 
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SEi 

where 

À = iw. (3.102) 

- - i'l 

. Inplied in the above equatioo is the .. spbsequent reduction of the 

system to order 2K < 2N fran inclusion of the essential boundaxy conditions 

and oondensation:' of the inertialess degreéS of freecbn. 
~ 

'Ii • For any c;tven system the dimensionless parameters a, aa,a~,A,a and 

r are known. The cx:nplex frequencies of the system will be œlculated v o ' • 1 

for any value of the dimensionless flow veloc1ty Ü, °and the cri~cal 

velocity of the systan will also be obtained. The method of cœputaUœ 

using the IMSL subrout1ne, EIGZF, fmn the McG111 catplter library is 

described ~the IMSL manual. 

J 
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RESULTS AND DISCUSSICf.5 Fœ THE lNE!X.'l'mSIBLE CASE 

This chapter presents the resul ts of an investigation of dyn.amical . 

in-plane and out-Qf-plane behaviour of curved pipes conveying fluid 
.. 

under the effect of the internaI flow, for the inextensible case. 

These resul ts were obt:air!ed by using the fini te-èI~~tixXl 

discussed in the previotls Chapter III for both the in-plane and out-Qf-. \ 

t 
. plane notions. 'IWo ccmputer a:Xles were developed. to solve the eigen­

value problerns, and a listing of these programs for in-plane and out-Qf­

plane notions may he found in Appendix S. 

. The OO1lpUter programs we:re used to obtain the c:xnplex frequencies 

of sane typicaf dynamic systems. The caleUlations in the programs 

were conducted in double precision. 
) 

'IWo variants of the theory are used in' the calculations. In the 

first, the steady-state, "initial" forces due to pressure and centri-

fugal forces are entirely suppressedi Ws is done by setting Oz = o. 

Hence, this fom çf th~eory is the traditïorial inextensible theory, 

making the same assumptions as those made previously, for exarnple by 

Chen (l971c, 1972a,b, 1973). The second variant of the theory may he 

referred to as the ''m:xlified inextensible theo:r::y", where, in effect, the 

cari:>ined force II (and hence the centrifugaI and pressure-induced forces 

therein) are taken into account - yet, retaining the assurrptions of 

inextensibility of the centerline. Thus, this' latter theory is inter-

mediate between the true extensible theo:r::y (to he presented in Chapter 

V) and the tradi tional inextensible theo:r::y. Since there is no question 

that JI t: 0 in any real physical systan this second variant of the theory 

is consider:ed te he the mre realistic of the b.o. 

/ 

, <, 

J 
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Before calculating the rtew results, the finite elerrent programs 

are verified by considering several configurations of the tube and 

~ing the results obtained fran the present programs with existing 

resul ts calculated by analytical or other metb:xis, as desçribèd in 

Sections 4.1 ta 4.3. 

4.1 VERIFlCATlOO OF THE FINITE-ELEMENl' PRCGRAM Fœ THE CASE OF STRAIGHT 

P;rPES . f 
In this section the finite-elernent programs are verified, in the 

\ 

f~rst instance, by solving the problem of straight pipes, Le., the case . , 

of ro =,L/Ro set 'equal te zero, and ccrnparing the canplex frequencies 

thereby obtained with existing results. 

Of course str~ight pipes have the same éigenfrequencies for in­

plane and out-of-plane rotions; hence, calculations may be conducted ' 

with either the in-plane or out-of-plane program. 

4.1.1 Straight Tubular Beams \Vith No InternaI Flow 

Tables 1-4 show the narural frequencies of oscillation of a' simple 

tubular beam (no flow and neglecting the effect of gravit y force) 

obtained by the fini te element methods for) in-plane and out-of-plane 

no1=ions. It is seen that the displacement models used in the fini te-

elanent methods of in-plane and out-of-plane motions (quartic and cubic, 

reS~vely) are satisfactory: the finite element solutions obtained 

,by tlnese rrodels converge te the exact solutions, the convergence being 

very fast; the in-plane calculations are generallY,mre successful 

than the out-of-plane ones for the same number of fini te elements, 

reflecting perhaps the higher-order polYncmial displacement functions 

l''''' 
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utilized in the fonner case. Only six or less e~anents are needed to 

get a high accuracy of results, as seen in the tables, narœly to within 

2.5% of the analyt1cal results, and usually better, for the first te 

f1fth rrodes of these systems. 

4.1.2 Horizontal Cantilevered Pipe Conveying Fluid 

Figures 9 and 10 deal wi th horizontal cantilevers with y = 0 and 

a = 0.200 and 0.295 respectively, which were studied by Gregory and 

Paidoussis (l966a). We note that, at il = 0 (no flow), the system 

behaves as a simple cantilever beam. The effect of flow, for small 

values of U, is te darnp free rotions of the systan in al! rrodes (Le., 

the œginary part of the elger.t'requencies, lm (w) 1 which ls associated 

when damping i5 positive). However, the system will lose stability by 

flutter in <the second mode, when the flow velocity exceeds a certain 

value, referred te as the critical flow velocity. 

We can see that the finite-element results, obtained by using a 

s1x-elenent discretization sch€!Te in the prograrn for out-of-plane rotions, 

are very close to the analytiécll resul ts obtained by Gregory and 

Paidalssis (I966a). As expected, the discrepancies becane !TOre pronounced 

for the higher modes and at the higher flow velocities. As s~n by 

Gregory and Paidoussis (l966a), each rrode contains higher beam-m::>de 

CXltq;x:ments, with the irnportarice of these canponents increasing with 
, 

increasing values of: ü. Thus, the fOl1rth m:x1e shape at say U = 9, 
,', 

\'Q.lld contain appreciable canponents of the fifth and sixth beam rrodes, 

which could evidently not be truly weIl represented by a six-elE!lœllt 

discretization schaœ - at least in the out-of-plane solution scherre 

invol ving cubic displacement functions • 
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" 4.1.3 Vertical Tubular cantilevers Conveying Fluid 

Figures 11 and 12 deal wiJ:h hanging cantilevers with y =' 100 and 

~ = 0.4 and 0.65. We can see that,' in aU cases, 10w velocities damp 

the system in aIl IiOdes (:rm(w) > 0) and the effect of the flowizlg fluid 

is te ~ce ~e frequencies of oscillation, Re(w). As the flow 

velocity increases, the locus of at least one roode crosses the Re (w) -axis, , , 

and the system loses- stability by flutter. 

In this case al~e.finite-elerœnt results obtamed' by using 
\. ' 

,a ~ix-element diSCretiZati, scheme for the in-pl~e IOOtion, are found 

to agree very weIl with the analytical results obtained by Paidoussis 

(1970). Indeed, canparative1y te the results obtained in Figs. 9 and . . , 
• 10 with the out-of-plane solution, the agreement in this case is much 

better, and very good even for the fourth nOOe, up te ü = 14; the 

reason is very likely related ta the use of quintic displacement functions 

in the in-plane solution, as ccmpared te cubic ones in the oqt-of-plane 

solution. 

Figure 13 deals wi th a standard cantilever (the free end above the 

fixed one) with y = -10 and e = 0.2. We note tha:t with no flow both 

\

the analytical and finlte-element methods yield w = ± 1.8524i for the 

first mode; this ilnplies that the cantilever is unstab1e due to its own 

weignt and that of the enclosed fluide 
-

The instabili ty ls of the buckling 

type, similar1y to the case of a real colt.IItm. If the f10w velocity 

increases 1 the negative branch of the first rrode locus eventually 

becanes positive and the system is stabilized. At still higher flow, 

however, the systeJn loses stability by flutter in the second mode. For 

this problem also, the finite-element resu1ts (obtained by using the 

0, program for in-plane rrotion) with s~-element discretization agree well 

witlf the analytica1 resul ts of Paidoussis (1970). 

l' 

) 

• 
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4.1.4 A long, Vertical cantilevered Pipe Conveying Fluid ana 
. J 

Subfrged in, a Quiescent Fluid 

Figure 14 shows the Argand diagram for the l~.t three ncdes of( 

the long vertical tubular cantilever studied by Luu and· Paidoussis 

(1985). An identical system with the following associated parameters 

bas been used for the calculation te be presented here: 

(i) a steel tube with Y6ung's roodulus E = 200*106 kN/m2 and 

dens1ty Pt'= 7.83*103 kg/m3 , conveying fluid and 

sul:rœl:ged in a qu1escent fluid; .. 
, 

(1i) the length of the pipe L = 1,000 mi intemal and 

, -

extemal diameters Di = 0.45 m and Do= 0.50 m, respectivelYi 

(1ii) a constant fluid density for both intemal and extemal 

f1uid, equa~ to 998 kg/m3 • 

.. W~ note that, in the case of èbwnward flow (here ü > 0), the 

systen remains stable when the flow velocity increases, at least up te 
. . 

the maximum values of ü shawn in Fig. 14. However, the. system loses 

stability by flutter in' the case of ûpwqrd flow (ü < 0), when the flow 

• velocity exceeds a relatively small critical value. The shape of the 
• . li 

cw:ves In the case of upward internaI flow is very fIat, as carq;>ared 

te the previous ~ cases, s~ce, in thiS case the tension on the pipe due 

te i ts own weight (the pipe here being very long) is very lal:ge. There­

fore, the loci of aIl ITOdes are essentially straight lines parallel te 
"' 

the lm (w) -axes. 

For this case, the programs for in-plane and out-of-plane notion 

produce the sarne resul t by using six- and seven-element discretizatiàn 

schemes, respectively. The t:ini~-element results are similar 'te those 

obtained by Luu & Paidoud;is (1985), but not as close to thJm as in 

previous cases (Figs. 9-13) i one reason could be the effect of d.àrrq?ing 

.. , de -~ . - _. 

-

\ 

.. 



• 

o 

o 

.. " 

62 

due to the surrounding fluid, which was not calculated in exactly the 

same way as by Luu & Paièblssis. It 1s believed that the present 

restil ts are nore self-consistent and accuÏate. 

4.1.5 General Cœments on the Straight-Pipe Results 

FIarr the canparisoris conducted between the eigenfrequenc1es ca1cu1ated 

by the fini te element programs of this Thesis and those calculated by 

other analytical, semi-analytical or mnnerical schemes by other investi.-

gators (Figs. 9-14), it may be concluded that, the agreement being 

generally very"..good, the finite: elernent fOIIllUlation and canputer programs 

of this Thesis have been verified - at least ihsofar as the dynamics of 

, straight pipes conveying fluid is concemed. 
~ . 

Wé next tum our attention te the dynamics of curved piPes conveying 

fluid, which ls the topie of principal interest of Ws Thesis. 

4.2 VERIFlCATICli OF THE FmITE ELEl-1ENl' PROORAM~ Fœ THE CASE oF 

lN-PLANE BEHAVIOOR' OF CURVED' PIPES, MŒRE THE AXJ:AL FCRCE Oz .. 

In this section, calculations. by ~ans of .. the finite-elernent 

method for in-plane rrotion arè continued, te verify preViously 6btained 

results for CUIVed pipes conveying fluide Here, the .axial 'force Oz 
, 

is neglected, and the internal pressure 1s constant. This is done, 50 

tbat the equations of rrotion~ (3.2)-(3.5) thén beCaœ identical to . , 

tlx>se obtained by Chen (l972a,b) without iJnplyirig that these equations 

-are correct, fIan the physical point of v;Lew. The;-efore, the finite­

eleœnt results of Ws case may he ccmpared with the analytical resul1:S 

.. 

" 

, 
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obt:a!ned by Chèn (1972a,b), thereby testtng the finite~lenent 
, ' 

fomulation developed in this Thesis, for curvèd pipes (with the 

~- limit1ng condition of Oz =" 0). 

4.2.1 Semi-Circular Pipe COnveying Fluid 

Figures 15-20 show the in-plane natural frequencies of claInP,ed-

63 

\ clamped, Claxtq?ed-piImed and pinned-pinned sani-circuiar tubes conveying 

fluid, as functions of flow velocity. At ü = 0, the tube behaves as 

a send-circu.lar ring. When the flow velocity increases, the n~tura.1 

frequencies becane smallei according to this fO~lation of the problem 

(Oz = 0) and if the flow velocity exceeds a certain value, the tube 

becanes unstable in the first rrode, the instability being of the 
~ 

buckling type. With further increase in the flow velocity, instability 

may occur in the higher nodes aIse • 

. It can be seen in Figs. 15-20 that the' fini te-elanent ~l ts 

(USJnq an eight:-el~t discretization scheme are very C\ose ta' th~' 
Uanalyticai results of Chen (l972a). 

4.2.2 Natur.al F encies of a Semi-circular P' Fluid 

as Functions pf the Intemal Fluid Pres 

Figures 21-22 show the natural frequencies' of a clamped-clarrped 

semi-circular pipe conveying fluid at a ~ionless flow velocity 

Ü = 1T, as a function of the internaI fluid pressure. The effects of 
- ' 

1 • 

the intemal fluid pressure are quite similar te those of the flow 

velocity; i .. e., 'the natural frequencies roonotonically decrease with 

increasing fluid pressure, until oockling instability oéçurs at the 

critical pressw:e. 

('1 

:. 

"", 

1 

"1 
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, . 
For the total number of elements N > 7 the finite-element 'resu~ts .. 

converge, and as 'can he seen iIi Figs. 21-22 the eigenfrequencies 

then agree quite well with Chen's (1912a) analytical results. 

4.2.3 General catments on the Inextensible In-Plane Oynamics Of Semi­

Circular Pipes Conveying Fluid 
" 

It may be èoncluded that the in-plane d~arnieal behaviour of semi­
circular. pipe~ conveying fluid, when the 'initial' axial force due te 

pressure and centrifugaI forces represented by o.z ls néglected, 15 a~ 

presented by Chen (l972a,b). 

, This may he considered te be a verification of the basic fini te . 
r 

el"ement solution fOrrm.llated in this Th~sis, as the equations obtained in 

Chap~r III for this special case were shawn te he identical te Chen 's (1972a,b). 

4.3 VERIFlCATICN OF THE flNITE-ELEMEN!' PROORAM Fœ THE CASE OF 
: 

OtJr-oF-PIANE Kn'ICN OF UNIFORMLY CURVED PIPES, WREN THE <D1BINED 
, ' 

.. FœCE ,n IS NEX;LECTED 

.In this section,· the finite-element prograrn for out-of-plane rrotion . -
is verified by canparing with the analytieal resul ts obtainèd by Chen' , 

. 
(1973), once again neglecting the axial force Oz as well as the internaI 

. pressure force (Le. II ~ 0), as' was done by Chen (1973). 
/ 

4.3.1 Clampe<l-Clampeél Semi-Circular Pipe COnveying Fluid . . 

Similarly ta the. case o~ in-plane roo~on, Figs. 23-25 show the 

natural frequencies of clamped-clap1Ped. semi-circular pipes conveying 
~J .. J _ • 

fluid,' as funetions of the flow velOC;t.ty. At u =,0, the pipe behaves 
" 
as a seni-eircUlar ring. When the flow veloc1ty increases, the natural 

( 

. ' 

~:" 
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f~c1es becane smaller ac~rding ta this fonmilation ~of the problem 
, . ~'" 

(fi = P), and i.~ the flow velocity exceeds the critical value,. the pipe 
l ,_ 

becanes unstable in the first m:XIe, the 1nstabil~ty being of the 
.... ...... 

buckIing" type. ,With further increase in, the flow velocity, instability 

may oc~ in higher m:xleS aiso. We Cao see that tlte out-of-p~ane 

frequencies are lower than the in-:plane ones, and that the cri ticai 
, . r • . ~ 

flow ' veloti ty is aIse lowèr. 

The ~in~te-elernent results with an eleven-el~tlt (or more thë1n 
\ 

elevén elements) discretization scheme are very close te the analyt;ical 

results obtained by Chen (1973), except for the second rcode of Figs. 24-

2S, where' Chen 1 s resul ts were probably plotted incorrectly. , 

4.3.2 . C,I~";Free Sem! -Circular Pipe convèyihg Fluit 

Figure '26 shows the Argand diagrarn of the Iowest four canplex' 
., 1 l • or! 

() 

frequenciés of a cantilevered semi-circular pipe. The \effect of lèw . 
flow velcei ties is te damp ,tlle" system· in al! rodes. However, thè 'system 

, ' 

will iose.,s~ility by flutter in the second rode, when the flow velocity 

exceeàs the 'criticai value. 

, Thê fini te-el~t resul ts (using: a ten-element disçreti~ation -.P 

, ' .. scheme) arè similar, but numerically no~ very cl9se to Chen's (1,973) 

- resul ts, except ~ 'the second n'Ode throughout and for the first mode .' , , . 
when Ü',) l.S, wh~re the results were found te he very different. Even . ," 

" . 
thougn the number~ of e'lernents in the discretization scherne was increas~ 

to faurteen elements,' this discrePanCY remains. It is possible that 

Chen 1 s(,~ix-tellt\ Rsolution routine is insuffic~ently refined (note ilie. 
''\ 1 \ 

discrepancies at ü = 0 for the third and fourth m:xleS),1 or that an error 
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may have crept in, in his canpllter program: however, it i5 imPossible 
'" 

to E~-point,..,the source of the discrepancy at this poiht. 

4.3'.3 General Ccmnents on the Inextensible OuF-of-Plane pyttarnics of 

Semi-Circular Pipes Conveying Fluid 

It may be concluded that the out-of-plane dynamical behaviour of 

serni-circular pipes conveying fluid, when the ccmbined force Il is se~ 

to zero, is as presented by Chen (1973) - at least for pipes supP.Orted 
r.. 

at both ends. This verifies the fini te elenent forrcrulation of this 

Thesis for out-of-p1ane motions of curved pipes. ' 

The behaviour for cantilevered pipes, as predicted here 1s ~ 

considerab1y different than that given by Chen (1973), despite the 

fact that the equations of motion and boundary. CGnditions when ft = 0 

. 

o are identica~. The c;liscrepancy is substantial ,in qu~titative terms, 

o 

" and its source cannot be identified: however, the.qualitative behaviour 

'. , 

• • " 
of the systan as obtained by two solutions is the same. ' 

.. 
'4 __ 4 RESULTS FOR rn-PLANE MC!l1ION OF A CURVED PIPE'FOR THE INEXTENSIBLE ., 

CASE AND INCLUOm:; THE CGmINED FORCE II 

The ~rk presehted so far verified the finite-e,lëment m:>del for' 

in-plane motion of curved pipes, when' the "Ca'l1bined force fI is neglected. 
l ' 

Cal cu 1 ations will nCM be conducted to oôtain the in-plane eigenfrequencies 

of ~rved pipes conveying fluid in the inE:!xtensible case, when the 

ccmbined axial force ft is proper1y taken into account. (bus, thé. _ .. _ : . 
calculations presented here are with thè second variant of the inexteh-

sible theory referred te at the beginning of this Chap~): : the 

rrodified in~ilile theory. 

-, '-, 
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4.4 .1 Clamped-Clamped, Clanped-Pirmed and Pinned-ginned Semi -Circular 

Pipes Conveying Fluid 

Figures 27-29 shOw the in-plane natural frequencies of clamped-

clamped, clamped-pinned and pinned-pinned semi-circular pipes conveying 

fluid as functions of the flCM velocity. 1 

When the axial force 0 is neglected, the natural frequencies z ' 

I1Onotonica~ly decrease with in~reasing flow velocity or intemal 
J 

pressure, jmtil buckling instability occurs ~t the critical flow velocity 

or the crfti,cai pressure, as discussed in Sections 4.2.1 and 4.2.2. On 

the other hand, if the axial force 0 is taken into account, the effect z , 

of the fluid flow is less pronounced. ,It tends ta reduce the first-

node natural frequency, but does not cause buckling in the flow range 
~ '. 

investigated. It is aiso interesting to observe that tlle eigenfreque'hcies 

of seme of the higher modes actually increase with flow velocity. Thus, 
) 

whether Oz is taken into aCCOl.lnt or not is very :i.mportant: in the first 

case, where Oz is negiected, the effect of intemai f10w on the 

naturai frequencies consists of the centrifuga.}; and Coriolis forces, 

,whereas in the seconp case (where Oz is not neglected), the intemal 

f~ow exerts only a Coriolis forçe. This is because the terms associated 
<,) 

with the dirnensionless canbined force rr given in equation (3.88), (i.e. 

the terms in the equation of in-plane lTOtion (3.44) involving this 

forcé J1) cancel out those arising fran the centrifugai"' force; it·is 

recalled that it is the centrifugaI forces that are responsible for 

the bUckling instability obtained before, in the case of pipes with 

both" ends supported ~ 

.. 

· .... ~ -
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Figure 30 shows the Argand diagram for the eigenfrequencies of 

iÏl-plane vibrations of a clamped-free semi-ci;rcular pipe in the two 

cases of not including and including the ~ined axial force TI. For 

both thé cases, we can see that, small flow velocities darrp the system' 

and result in a reduction of the frequencies of oscillation, Re(w) • 

In the case of II :: 0, when the flow velocity is increased, the 

frequency of oscillation in the first IOOde becanes zero and the system 

loses stability by buckling. If the flow velocity is further increased, 
. 

dlI; the $ystem beccmes unstable by flutter in the third roode. In the case 

of the sarne system, but including the canbined axial force', TI, we can 

see that low velocities Clamp the system in this case also. However, 

wh~ the flow velocity 15 increased, the system loses stability by 

buckling, not .only in tne first mode (at approxirnately the sarne flow rate 

as for II = 0), but also in the second rrode, at higher flow velocity. 

If the flow velocity is further increased, the system becanes unstable 

by flutter in the third rrode, but at much lower flow velocity than for 

TI = o. 

F:i,~ 31 deals with the same system but with S = 0.25, instead 

of s= 0.75. Here t it is seen that this system loses stability by 
~ 

buckling and flutter in the same modes as t:ne previous system (B = 0.75) , 
~ 

at similar cri tical flow 'veloci ties . 

Figure "32 shows the Argand diagr~ for the first 00 roodes of a 

unifomly curved pipe conveying fluid with !3 = 0.25 and a total angle 

ro = rr/2. By ccmparing these loci wi th the ones shawn in Figs. 30 and 

31, it becomes obvious that there exist significant differences: in 

the previous case (ro ::: rr), the system buckles in the first and second 
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m:xles, whereas here the systan loses stability by buckling in the . . 
first mode and by flutter in the second m::xie; there is no buckling 

'\ . 
associated wi th theL~d m:::x1e. M:lreover, the cri ~cal flow 

velocities are higher ,in this c~, as canpared te the case of ro = n. 
\ 

The reason for this i5 that the systan in tb±~~e}§., stiffer than 
'F <:: 

the previous case. Thus, the frequencies of ~s system are higher, 

and the locus of the second roode seems to be shifted far away fran 

the Im ~w) -axis. 

4.4.3 Effects of Total Angle ro and Radius of Curvature Ro of a 

Curved Pipe on Its Freguencies 

It is of interest to study the effects of total, angle and radius 
, 

of curvature of a pipe on its frequencies,' partly because it has· 

application to design. 

Consider a clamped-clamped unifonnly curved pipe, the radius of 
-' 

1 

curvature Ro of which remains constant. Figure 33 shows the variation 

of the in-plane frequencies Re (w) with the total angle ro of ~e pipe. 

It is seen. t,tlat when the total angle ro decreases, the pipe hecanes 

stiffer (in other words less flexible), and hence the fr~encies 

becane higher. Here, the finite-el~t results can he fqund to agree 

wi th those of Chen' s (1 972a) ~or the case of ü = 0, when the canbined 

force II has been neglected:-

Now consider another case, where the total length L of the pipe 

remains fixed. Figure 34 shows the variation of the in-plane frequen-

cies wi th the radius of curvature Ro' We can see that at snall radius 

of curvature Ro' the frequencies are sensitive to Ro' while at large 

radius of curvature the frequencies becane insensitive to Ro' -.and the 
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n th frequency converges tO the (n+ 1) th frequency of ~ straight pi~. 
. -

Here, there is a difference in the rrode number of straight and curved 

pipes because .the boundary conditions are different. In the present 

c~e the axial displacernent w (é}w/as = Ü/Ro ) is set equal to zero at 

the boundaries, whereas in the case of straight pipes these conditions 

are net specified. 

If one does not specify these cohdi tions in the case of lar:ge radius 

. of curvature the resul ts in beth cases are the same. 

Perhaps an easier way of understanding this, at first sight 
1 

strange finding, is by considering the modal shapes involved. For th .... 

inextensible theory, the total length of the pipe remains constant 

during vibration, and it is easy to see that the equivalent of the first 
1 

rood.e of a straight beam, involving no nodal pOints other théhl the two 

support points, is in ·fact extensional; hence, in this theory it does 

not existe The lowest inextensional mode of the circular pipe 

corresponds te the as:ymnet;.ric shape which, as the radius of curvature 

tends to infinity, converges to the second mode of a straight beam. 

-4 .. 5 RESULTS FOR Ol1r-ûF-PLANE MOrION FOR A CURVED PIPE CONVEYDK; FWID - , 

FOR THE rnEXTENSlrn;: CASE, lliCLUDIN3 THE CCMBINED AXIAL FORCE rI 

In Sections 4.1 and 4.3 it was shawn that the finite-element method 

for out-of-plane motion gave resul ts in very good agreement wi th thase 

obtained prevl.ously bY,other methods in the cases of straight pipes 
~ 0 

and curved pipes, when the axial force TI is neglected. The task of thls 

section is to canpute the out-of-plane eigenfrequencies of curved pipes 

conveying fluid, when this force is taken into account. 
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4.5.1 Clamped-Clamped Semi-Circular Pipe Conveying Fluid 

Figure 35 ,shows -the mitural frequencies of a ClëÛnped-Clamped sani-

circular pipe conveying fluid, as functions of the flow velocity. 

S.iJnilarly to the in-plane motion, in the absence of the axial force II 

the out-of-plane frequencies monotonically decrease wi th increasing 

flow velocity, until puckling instability occurs at the critical velocity, 

as previously discussed at greater length in Section 4.3. In the case 

where the axial force II is taken into account, on the other hand, the 

effect of internaI flCM on the frequencies is small, and the system is 

predicted ta rernain~stable. 

4.5.2 Clamped-Free Semi-Circular Pipe Conveying Fluid 

Figure 36 shows the Argand diagram of the four lowest out~f-plane 

eigenfrequencies of a clamped-free semi-circular pipe conveying fluide 

Sirnilarly to the case when the canbined axial force II, 1S neglected, 

the effect of the internal flow, for low velocities, is to damp free 
.., 

motion of the system in aIL modes. However, the system loses stability 

by flutter in the second mode at much lower flaw velocities. 

Figure 37 shows the Argand diagram of the two lowest out-of-plane 

frequencies of another clarnped-free unifonnly curved pipe conveying 
~ 

) 

fluid with B = 0.25 and a total subtended angle ro = rr/2. It is seen 
-/ ' 

that in the case ~ > 0, this system is stable in the fl-rst mode and loses 

stability by'flutter in the second mode. On the other hand, in the 

case Ü < 0 (i.e., when the pipe sucks fluid at the free end) the system 

loses stability right away. However, the system is \ restablized in the 

second mode if the flCM velocity is increased enough. 

o 
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4.6 GENERAL DISCUSSlOO ~ THE '!ID ~ OF THE INEKTENSIBLE 'l."'l!FœY 

'nle two variants of the inextensible theory, i t is recalled are 

(i) .the traditionai inextensible theory, in which the steady-state 

ini tial force associated wi th centrifugaI forces and pressure are 

neglected (Oz = 0); and (ii) the m:xlified inextensible theory, where 

this force is taken into account (TI :1 0), while still, retaining the 

assumption of inextensibility of the centerline of the pipe. 

As was seen in the foregoing (Sections 4.4 and 4.5), the effect 

of including TI 1s profound, insofar as the dynamics of the system 15 ' 

concemed. Thus, for pipes supported at both ends, the system is no 

longer subject to flow-induced instabilities; indeed, the natural 

frequencies of the system are rather insensitive te increasing flow 

velocity, increasing or decreasing sanewhat, but ranaining sensibly 

"'"-
constant. This dynamical behav10ur ls sirnilar to that predicted by the 

extensible theories of Hill & Davis (1974) and DoH & M:>te (1974, 1977), 

which tends te suggest that the main differences between these theories 
,-/' 

and the traditional ineXtensible theory is not the extensib1lity of 

the centerline at aIl, but rather whether the canbined steady-state 

ax1al forces (II) are taken into account or note Thls will be further 

discussed, once the results of the extensible theory have been presented 

in Chapter VI. 
... 

The effect of including 'TI 1s also profound in the case of canti-

levered pipes (Figs. 30 and 36), albeit in this case the effect being 

mainly quantitative, rather than al tering the fundamental dynamical 

behaviour of the system. Buckling and flutter instabilities occur in 

bath cases, whether II = 0 or II "f O. HC1.4ever, inclusion of the canbined 

axial force in this case has a destabilizing effect on the system, and 
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the critical flaw velocities for buckling and especially for flutter 

are substantially diminished. -• 
As previously discussed by SVetlisky (1977) and by Doll & M:>te 

(1974, 1977) and Hill & Davis (1974) the steady state force Il ~ 

exist and, of course, it must do work in the course of vibration of 
\ 

the system -, just as pre-stress would do in any structure. However, 

73 

unlike pre-stress, which may he negligible, II increases in magnitude 

with increasing flaw velocity (u)" at the same ratè as the destabilizing 

, (centrifugaI) forces do. Hence, in the case of pipes with both ends 

supported, wilere the instability wouid occur when these centrifugaI' 

forces exceed the s~ctural restoring forces, the inclusion of the 

steady state forces continually counterbalances the destabilizing forces, 

thus precluding the onset of instability. 

In the case of cantilevered pipes, not discuss~ by Hill & Davis 

and 0011 8, Mote, but briefly discussed by SVetlisky; ,the situation is 

rrore canpIex, sinee the system 'is nonconservative and the Coriolis 

force aiso does work. As was shawn by Paidoussis (1966) 1 in connection 
. 

with a similar dynamical system, tension in this case may indeed be 

destabilizing - and, indeed this' is what has been observed here. 

. ' \ t 

.~ 
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ANALYSIS OF THE EXTENSIBLE CASE: 

In Chapter III, the centerline of·the pipe has been assumed te 

be inextensible for the analysis of the problem. Then, elaborate 

calculations were conducted to give results for various configurations, 
"-

which were found to agree very weIL with. thèse ,obtained in previous 
.. 

work •. However, sorne researchers, e.g. Hill & Davis (1974) and 0011 & 

Mote (1976), did not adopt this assumptioni they proposed that 

because the geanetrical configuration of the pipe and the forces acting 

on it are very ccmplex, they may result in non-zero centerlirie strain. 

By this reasoning they proposed the following: 
'1 

(i} the centerline of the pipe should not he considered to he 

(H) 

or ' 

inextènsible, Le., the centerline strain in the pipe, 

,~ (aw u) (5.1) 

does not V:i~h~) -Ra 

the axial force 'Oz is linearly dependent on centerline s~ain, 

i.e. , 

aw u 
Oz = EAt(as - R)' 

o 
\ 

(5.3) 

The objective of the present chapter is to present the analysis 
.. 

• Qf 'the problen based on the above assumptions. One of ,e rrotivations 

for this analysis is to srudy the difference between re$'utts obtained 

by the inextensible and extensible assumptions. 

Based on the above asslUTIptions, the dimensionless canbined 

o force rr depends only on the dirnensionless displacerœnts nl and Tl3' 

" 
-. 

, 1 ,-
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If the pipe initially lies in a vertical plane, or the gravity effect 

is neglected, we shall see later that again the goveming equations of 

rotion al::xJut the equilibrium position will separate into in-plane and 

out-of-plane motions, which allows independent investigation of the 

dynamics of the system in these two planar directions. 

q 

5.1 THE D:oo::NSICNLESS muATIONS OF STATIC B:X1ILIBRIUM AND THE 

ASSœIATED BOONDARY CCNDITlOOS IN THE EXTENSIBŒ CASE 

It. s,hould be noted that the dirnensionless equations of static 

equilibrium, equations (2.82)-(2.85) derived in Chapter II, are valid 

for both cases of an inextensible and an extensible centerline. 

Fran equation (5.3), the dimensionless ,ccmbined force may he . 

written as 

.- where ~, IT p and .A: are given in equation set (2. 74) • 

lb 
(5.4) 

Equation (5.4) implies that IT o ' whieh is the steady (static) 

fom of the cllinensionless canbined force Il, dpes not depend on the 
J ~ 

static dimensionless displacernent n~, and the qrlst 1/1
0

, Therefore, 

the equationsof in-plane statie equilibrium (2.82) and (2.84) are 

decoupled fran the equations of out-of ... plane statie equilibrium (2.83) 

and (2.85). 

Moreover, if the gravity effect is neglected, or the pipe 

initially l~ in a vertical plane, we can see that the forces acting 

on the pipe at the static equilibrium configuration are planar and 

lie in this sarne plane. Then, statie out-8f-plane defonnation cannot 

o happen (Le., the dirnensionless displacement n~ and the twist 1/1
0 

\ 

.. -....... 
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should vanish), and t:hë equations of OIlt-of-plane stalle equilibrium 

are satisfied autanatically, or do not existe 

The equations of :in-plane statie equilibrium are very important 

for the investigation of static defprmation of the system and also for 
~ l , 

the ,calCulation of the dirnensionless canbined force. New let us 

- y~ = 0, (5.5) 

+ ya. = o. , z 
o 

(5.6) 

Substituting equation (5.4) into equations (5.5)-(5.6), .Md 
\ 

neglecting' the higher order tenns, we may wri te the lineal''ized equa~,ons 

arr 
+.......E_ ya =0· at'" z 1 

<, 0-
(5.8) 

alse, firanequations'(2.86)-(2.88), the associated boundary conditions 

are written as follows: 

) 

" 

" 

J~ 
...~ 
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, 

.' 

Ci) at a clartqJed end 

o· 0 Tll = , 
0 

anl 
a~ = 0, (5.9) 

0_ 0 • 
-n3 - 1 

(ii)' at a pinned end 

n~ = 0 , .... 

0 
na = 0, 

a2no ano ' 
1 3 = 0: \ .(~+ ro~) 

3f; 
(5.l0) 

(ill) at a free end 

5.2' THE ~ wiTIœs OF MOl'IOO ABOUI' THE EtlUILIBRIUM POSITICN 

,AND THE ASSOCIATED l3ŒlNDARY CONDITIONS IN THE EXTENSIBLE CASE 

Here again, similarly to Chapter III, we are intere~ted in the 

77 

rootion abou,t th~ equilibrium position of the dynamic system. Accordingly, 
~ 

1 
the dirnensionless displacanents and twist are also expressed in tenns 

of steady (static) and perturbation dirnensionless displacements and 

twist, as follaws: 

(5.~ 

\ 

.\ 



o 

o 

'. 

o 

78 

NOting again that the goveming equations of rrotion (2.75)-

(2.78), derived in Chapter II, are also valid for the extensible 

case, substituting equations (5.4) and (5.12) into equations (2.75)-, 

, (2.78), and neglecting only the ,higher order tenns of perturbation, 

the equations of notion about ~ ~~ibrlun 'POSitiO~ for the dynamic 

systan in the extensible case may he obtained, namely.., 
"\ 

4* 3* * 0 * 1 a nI a 113 a all1 *' a all1 1() a 113 * 
(~ + ro ---'3) + a~ Wo Car- + ro1l3)] - ,A;~ [Car + ro1l3) (ar - ronl)] 

aE,; aE,; 

2 * * a n2 
r '(r $ - -2) 

O· o. aE,; 

(5.13) 

(5.16) 

> wnere, zero-order terrns have bèen ~sorbed. in the static equilibri~ 
~ 1 

equatiOOs discussed p~iOUSly. 

, . 

.. 

r' , . 
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It cao be seen that equationa (5.13) and (5.15) pertain to 

in-plane displaœnents, while equations (5.14) and C5.16} aœ asaoclated 

with in-plane and -rut-of-plane dispacements and twist. Theœ ls 

cnIpling between in-plane and oot-of-plane rootlon. However, in-plane 

rrotiCX1 can still he studied independently. After investigating 

in-plane IOOtion, the foorth tenn in equation (5.14) ls ccrrt>letely 

detennined (known), and then out-of-plane rrotlon may be seudied as a 

linear problem of forced vibration. 
• P 

Furthenrore, if the gravlty effect ls neglected or the pipe 

initially liés in a vertical plan~, the d.imenslonless dlsptaanent 1"1~ 

and twist lib should vanlsh, and there ls no COJpling whatsoever between 

in-plane and out-of-plane notions. In additlon, the canb1ned force JI 

obtained in J:x>th Ca.3es of inextens1bil1ty and extensibllity ls very 

close, as will he seen later, in Chapter VI: hence, equations (5.14) 

and (5.16) can be verified te be identical te the equatlons of out-

of-plane IOOtion according to the roodifled inextensible theory (1.e., 

where TI 18 not anitted) and the results obtained in the two cases are 
J 

the same. Henee, we are only interested in studying the in-plane rootion 
; 

for this case, and the equationsof in-plane rroUon are given by 

4* 3* * 0 * 
a n1 a Tl3 a an1 * a aTl1 ' 0 an3 * 

( af;4 + ro a~3) ,+ a~ [no (~ + rOTl3 )] - Â ar [(ar + ro1"l3) (ar - ronl ) ) 

* 2 * * 2 '* * an3 * -2 a 1"11 an3 
+ 281/ 2 Ü 

a nI aTl3 
- r .A;(-- ronl) + u (-:-.::2 + ro ~) (ataf; + r a:r ) o Clf; aE; 

o ,. 

. aTl * 2 * a Tl1 
+Je-1 + (l+Sa) --"'2 = 0, (5.17) a,. a,. 

'" 

---

~ 
..... /1 .... ~.: ,_~_ • ~ ,... .L_l'~.-.ùL.._ ~u_ .... _-,--_A .. ___ =-__ ~ .. ~ • ...... ·hrb ... ·~· ....0...-__________ ._$_ 
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(5.18 ) 

Fran equations (2.79) -(2.81) the associated boundary conditions 

are wr1 tten as follows: 

(i) at a clamped end 

* n1 = 0, 

* n3 = Or-

an* 
---..!. = 0 at ; . 

(!i) at a pinned end 

* nI = 0, 

* n~ = 0, 

2 * * a nl an3 
(~ + ro ar ) = Oi 
at 

(111) at a free end . 

.. 

\ 

... 

(5.19) 

(5.20) 

(5.21) 

,/ 
• 



o 

o 
• 

o. 

", 

5.3 ANALYSIS œ THE STATIC EtUII.JBRItI.i IN THE ~IBLE CASE 

In order te obtain the solution for the in-plane static 

defonnation, the fin1te-element meth:xi 15 awlied once again. 

Accordingly, the variational statanent used for the finite-elemen~ 

technique 15 utilized, i .. e.: 

n 
r 

i=1 
(5.22) 

o 0 
wh~,re ônl and ôn3 are the variations in the dimensionless displace-

o 0000 000 
ments nl and n3' Ail (nl' n3) and Ai3 (nl' n3) represent the left-hand 

sides of equations (5.7) and (5.8) respectively, n i5 the number of 

finite elements util1zed in the discretization, and ~i is the length 

of the ith element. 

By performing integrations by parts and usinq the 1:x:Amdary 

condi tiens, one ob tains 

(5.23) 

Here, ~t 15 noted that the'prime denotes diffeœntiation with respect 

to f;, and details of the derivatioo of equation (5.23) may be found in 

Appendix T. 
. . 

., 
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AccOrtlinq to the f1nite-element process, solutions will he 

souCJht in the fonn '? 
o~ 

1 
ri! oe 

111 = [ el) {l'1i} , 

(5.24) 
0_ r~) o e 

113 - {ni} , 
• 

l. 

where [~l] and [~3) are the shape funct.ions prescribed in tenns 

of the space coordinate t;, and {n~}e is the elerœnt displaceœnt 

vector, which does net depend on either space o.,r tirne variables. 

Substituting equation set (5.24) into equation (5.23) yields 

the discretized ecluation of in-plane static equilibrium in the forln 

of linear algebraic equations 

[K~]e {n~}e = {F}e : (5.25) 
~ 

where 

.~.r2. IN'? ] IT [ri? ] 1 • 

. ' 0 e3 e3 " .~ .. .,. ::. 

........... 

(5.2~) 

\ 

- . -
_ 1. l '- , 
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T ~ . _.b T - 'YClx )[~l J . + (~t - "(az ) [N~3] } dt. 
o 0 

,( (5.27) 
-~ 

If the variat1Œl of the external pressure Pe aiong the center-

line is not very large and the intemai pressure ls assurred to be 
- , 

linear along the centerline, we may write the dimensionless pressure . 

force aà 

* -2 1 ~ = -À., U E; + \ è (5.28) 

,,-• where À has been de ri veel in Appendix u. 

At this step, proceeding in the s~ manner,as was done in the 

nurnerical analysis ~f out-of-plane notion in ~ inextensible case*, 

the ~ices are obtained, as follows: 1 

• 

• • T . 2 • - r
O

([J121 + [J1.21 ) + ro [J l ]] 

+ü2 [[J;l +rO{[J~2J - [J~3]) -r~ [J:1l 

# 

(5.29) 

Note that in the inextensible case, the in-plane rrotion invol ved s1xth 
omer derivatives after canbining the two equations for nI and n~. 

Corresponding shape functiœs are inappropriate here. One can, t. 
however, use the shape functiOl'ls used for the out-of-plane notiœ in 
the inextensible case for. the in-plane rrction in the extensible . case, 
sinee the maxiJrum oroer of partial derivatives with respect ta E; 
match. 

..... ' '-~ 
1 _,; 

-b...é' .. 
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{F}e • _[A]~lT {ro'(ü2 : ~J~) {FI} .. À* u2 
(ro {F2 } + {FJ }) + {!G}}, 

-

1/2 ~~ 
1/3 ~! 
1/4 ~: 

1/5 ~~ 
o 
o 

o 
(j 

o 
o 
~e 

1/2 ~: 

, .~ .. 

(5.30) 

• 

J 

, (5.31) 

.. 

" 
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~e . 
[J~o]' = JO T " [a>2} ['2] E; dE; , 

~e 
;:-

* T 1 

[J12J = JO [~2J ['4 J ~, (5.32) 

~ 
.-- eT' 

r~13] = fo [4>4 1 [.4>2.] dt, 

* 
E;e 

[J
14

] = fo [4>2 1T [4>4] dE; , 

* [J1sJ 
~e liT ' 

= fo [4>2 1 [4>4]' dt, 

* 
te 

[4>21T[~4] lE; dE; [J
16

1 = f 0 

E; 

* eT' 
[J

17
J =.fo [4>4J [4>2J E; dE; , 

~t"7 * . [J
18 

J te T 
= f (4)4 J [~41--( dE,; • 

0 

Details of the derivation o~ equa~ons (5.29), (5.30) and (\.3'2) may be 

found in Appendices V and L • 

. 
5.5 ANALYSIS OF IN-PLANE Mn'IOO IN THE EXTmSIBLE CASE 

, ,; 

, il Agam similarly te the analysis of out-çf:-Pl~e rrot1on in .the . 
inextensible ~e, the variational statement used for the finite-element 

m:xiel of in-plane rrotlon in the present case is 

n t1 * * * *' * * * * " 
1: fo {ônl Ail <nl' Tl3) + ôn3 AB (Tll' Tl3)} dE; = 0, (5.33) 

1=1 

'* * , where ÔTll and ÔTl3 are the varlatioos in the dimensionless displacerrents 

* * * * * * ** ' nl and Tl3' Ail (Tll' n3) and Ai3 (Tll'Tl3) represent the left-hand sides. 

of equations (5.17) and (S.lS) respectively, n ls the number of elements . 
and -Çl ls the lenqth of the ith element. 

'By perfoIming inteqrations by parts and using ~ boundaly 

. cond1 tiOhs, ooe obtains 
+ 

. . 

J. .•• .. 



o 

• 

*' *'.", *' * * * , + ro'l3)+ro6l13 (nl + r+.n3 )+ A[ro6l11 (ronl- n3 ) 

&. 

) 

0' 0 *' *' * * *' * + A(nl + ron3) [6n1 (n3 - ronl)+roôn3 (n3 ,-ronl ) J 
J 

+a 1/2 Ü [2ôn~ (tÏ~' + roil;) + ôn; (n;' - rori ~)J 

•.• • . * * ..• *-* 
+JeOnlnl + Je' ôll3 n3 + (l+Ba) ônl III + (1+B~) 6n3n3)}eu; '= O. 

(S.34) 

Here again, it is noted that the prime denotes dffferentiation with " 

. respect to t, and ~ dot denotes differentiation with respect ta T • 

. "Details of the derivation of equaticn (5.34) may be fOlU1d in Appendix 

w. 
Acccrdinq to the finite-elenent process, solutions will be .. 

f 

1 (5.35) 

- * * where CNel J and [Ne3 J are the shape fmlctions prescr1bed in teDnS of 

the space coordinate ~, and {n~}e is the elemeilt-disp1aœment vector 

which~ CIlly on t1me. 

SUbatitutinq equatia1 (5.35)' mto equatiœ (5.34), the 
, 

__ discretized equatiœ of in-pl:ane rrot1œ in the extensible case may 
.. 

" 
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• 

'0 be wri tten m the fonn 

(5.36) 

where--

(5.37) 

(5.38l 

o 
.I, 

\ (5.39) 

TO evaluate the integrals in the third and fifth group of 

* o· 0 te.nns in [Ki]' tqe s~dy (static) parameters rto ,arr6 /af; and (nl + ron3" 

in each el~t are appro~ted by linear flmetions for convenience, 

.> 
as shown in ~1g. 8, namely 

o -

, 
oIfI. .. .. ~ 



o 

o 

.. 

• 

(. 

where 

91 cr $ j ;a % 

no • al + ~t, 

ano ar · bl + b2t, 

-

0' 0 (n1 + :On3' :II cl + c2t, 

a2 :II (TIo 1 j + 1 .- no 1 j ) / Ce ' 

bl = anc/at 1 j 

PL 

) ---' 
~no . aIIa.' 

b2 =- '(arl j+1 - arl j) /é,e ,. 

, .. , -
" 

(5.40) 

(5.41) 

At this point, proceedin~ in the sarre w.ay aS was done in . 
1 

the nunerical analysis of out-of-plane IŒ>t1on in thé inextensible .. 
case" the elanent matrices are obtained, as follows: 

[ ~J' [] .. lT{ ( [ *] . , [*] [A) 0-1 
Mi • A 0 l+6a) Jl. + (l+8a) J 4 } 

[D~Je. [A)~1T {Sl'2.Ü[2([J;]+~[J~4]')+([J;o]-rO[J~4]T)] 

+Je~J~J. + Je [J:J)} "[~~1, 1 

.. 

" 

,.. 

• r" , '. . i ~~ l , '. 

(5.42) 
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o 

b 

. * *' * 2 * *' • -1 + a2 {[J10 J + rO((J16J-[J17])-rO[J1S]) + b2[[Jll)+rofJ23])}(A)o' 
.. 

(5.44) ---
where 

o ~l 

i 
1 

o , . 

,', 



~ 

" 

0 

Çj 

0 ,. 

• 
,,' 

, '. .~-'-""T-"'-"T".-'~' 

• -- ~ 

. . ... , 
te 

T 
, }t"' 

[J~] • So. [~4] [4>2] dt, 

te 
* [J14 ] • Jo T 

[~2) [4>4) dt, (5.45) ... 
E; 

* e 
[J1S] • Jo "T f 

['2] [4>4] dE;, 

E; 
* e T ' . 

( [J16] = Jo ~[~2] [4>4] dE;, 

. E; 
* e T ' 

[J17 ]. = Jo (~4] [4>2] ~ dE;, 

E;e 
T [J~8] = fo (~4] [4>4]~ dE; , 

te 
T 1 * [J20 ] = fo [~4J {4>4] dE; , 

I;e 
, 

< 

* T 
, 

[~21] = fo ~(4)4] [4>4] dE;, 

, E;e 
. 

* 'T ' 
[J22 ] = Jo ~[4>2] [~4] dE; , 

E;e 
T 

[J;3] = fo ~(4)2] [4>4] df;, 

"-

and [4>2] and [~4] are défined by equations (3.62) and (3.63). 

toetalls of the derivation of equations (5.42) -(5.45) may be f01.md ., 
in ~ces X and L. 

--
5.6 EIGPlNAWE ANALYSIS OF THE PROBLEM Fœ THE IN-PUNE EK'l'ENSIBLE 

CASE ( 
.,;;? 

Sere again, similarly te the inextensible case, the global 
r 

equatiCXl of rrctiœ may.. he. wr1 tten as follows: 

[M] {n} + [0] { -n} + [R] {n} = {O} 1 (5.46) 

90 

.. 

whele [M], [0] and (K] are respect!vely, i)the 910bai ,mass, dan'pinq 'and 

.Ulfnas. matr1~, which Le assént,l~ f:tan the ~OOrœspa1d1ng matrices 

_1.' 

-Y"'l-

-

" 

... : 
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for an elenent of the dynamic sy§ts1l (as g1ven in equations (5.42)..J . : 

(5.45) respective1y); aQ.d in} ls the.global displacement vector. 
1 

We proceed by setting 

and 
• {Y} = {~r}' (5.47) 

{Y} = {X} ~iurr, (5.48) 

where w is a dimensionless frequency re1ated to the circular frequency 

of notion, n, by 

.. M + M 
w = ( tE! f) 1/2 n L 2 . (5.49) 

- In general, w will be canplex and the dynamic system will be 

stable or unstable accordingly as the irnaginary part of w is posltive 

or negative. , " 

• 
New proceedihg in a similar rnanner as was done in the elgen-

• 
value analysis for the inextensible case, the standard elgenva1ue 

equation may be obtained as 

[
[Il '[01] -

- À {X} = 
~ [0] [M] 

[Il J {X}, 
-(0] [ 

[0 1 

-[K] 

-
(5.50) 

where 

À = iw. (5.51) . 

Thus, the pxoblém 18 reduced te one of solvinq the elgenvalue 

equatiœ which can easlly be done with the IMSL subroutine EIGZF fran 
• 

the McGl11 carp.lter" library. '. 

> 
"-~ 

( 

\ 

.' J 

--
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RESULTS AND DISCUSSlOO Fœ THE EX'l"mSIBLE CASE 

: In Chapt:er IV, the resul ts for the inextensible case have been 

discussed. This Chapter presents the results of an investigation of 

statie and dynamic in-plane behaviour of extensible curved pipes conveying 

fluid under the effect of the internal flow. 

These results vvere obtained by using the finite-element method 

discussed in Chapter V. Canputer programs were develope<l te obtain both 

the static displacement field and canplex frequencies of the dynamic 

system. The calculations in the prograrns were conducted in double 

precision, and a listing of these programs rray he found in Appendix Y. 

'6 .1 STATIC RESULTS 

The task in this section 1S", canpute the static equilibrium 
V 

displaeanents by solving the discretized equation of static equilibrium 

(5.24). Then the static axial force 0 ls obtained, and this force ls z 
used to refomulate the stiffness matrix rK~ 1 e for use in the solution 

~ 

of the dynarnic eigenvalue problen~ M:>reover, in the process of this 
( 

calculation, we can see whether the system buckles or not depends on 

whether the global stiffness matrix, which is assembled fran the element 

stiffness matrices [~]e, 15 singular or note :-

( 

6.1.1 Str!Ssed CCXtfiguratiœ of a ClallJ)ed-Clag>ed Serni-Circular Pipe 

caweyinÇ Fluid 

Figures 3$-40 sb::M the stressed configurations (Le. the static 

equiUbriun configurations) of a clamped--clarrçed semi--circular pipe 

J 



.. 

o 

o 

o 

.,~' , ~ 

-
ocmveyi.ng fluid for varialS intell'lal flow velocities for ~. 104 and y • O. 

'Ihese results are obtained by using the finite element rœtb:xl discussed 

in Section 5.3. 

~ " We can see that in the case of inviscid flow (Figs. 38-39), the 

stressed shape is synmetr1c because the fl\Ûd force acting on the p!ope is 

only the centrifugaI force and syrrrnetric if the gravi ty force is neglected. 

When the flow velocity increases, the pipe is deformed out of the WlStresSed 

(inimI) shape by the centrifugaI force, and then the stressed shape changes 

according to the flow velocity. Q1 the other hand, in thè case of viscous 

flow (Fig. 40) the st.ressea shape is no longer syrcmetric sinee the 

pressurization effects of the friction ~orce are not symmetric. 

It is noted that for aH cases the systan does net buckle ainee , 

the detenninant of the global stiffness matrix in the static case does not 

vanish, al though the stressed calfiguration changes te various diffe:rent 

shapes. It will be verified later on, in ~ dynamic analysis of the (' 

problen, that the real parts of the carplex frequencies do IlOt \Tanish in 

the range df the flC1tl veloc1ty ~ed in the calculation, inplying that the 

system does net bUdtle. 

- ~6 .1.2 Distrihltioo of Static carDined Force Alœq the PiE! 
\ i 

Figures 41-42 show the distribution of the static CXJ1'bined force 

Ilo along the clanped-clarrped sem1-circular pipe for varioos internal flC1tl 

velocities. It is seen that for the inYiscid flC1tl, the results of the 

extensible and inextensible. case& are vert close. In the case of viscous 

* - "-2 Z~ Recall that for the inextensible case, ~~ for bath inv1sc.w and 
visoous flow and is Shawn by center or Unes in Figs. 41 and 42. 

. - -
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flow, the results of inextensibility and extensibility can he ~ and 

the maxJJrun difference between the two results can be seen to he less 

than 10\ (except for the flow veloclty at 31T, when the di!ference can he 

as high as 39\ close te the midpoint of the tube). 

6 .2 DYNAMIC RESULTS 

Using the results obtained in Section 6.1, the ~c stiffness 

* e -matrices [Kil are refollT!Ulated. ' In this section, calculations are 

conducted to carpute the frequencies of the dynamic system and te check 

for buckling. 

6 ~ 2 ,1 Convergence 5tudy ... 
~ Figures 43-45 show the convergence, with increasing number of finite 

elernents, of the lowest three natural frequencies associated wlth Ü = 0, 

for various values of A. It can he seen tha~ the convergence 15 very 

slow, and that it 15 affected' by the slenderness ~~ter A (Le. AtL2/IJ, 

For a small number of elerœnts, the results associated with various values 

of Ws parameter are vert different. However, with a large number of 

elements the resuits are canparable. It is note? that a high valu~f 

the parameter Â 15 required ta satisfy one of the asStmlptions invol ved in 
, 

this theory*, rut it results in high canputational cost. Therefore, a 

value of the parameter A which provides a gcx>d trade off between oost 

4 and accuracy, 15 used in this calculation ( A = 10 ). 

* In this theory, the radius of curvatw:e ~ of the centerline and the 
total length of the pipe L are asstllled te l5e large in canParison with 
the radius C?f the pipe. 'lherefore, this means that At L2 ItUst he 
nuch luger, t:han l. . 

r , 
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6.2.2 _ The In-Plane Behaviour of an Extensible C:tanped-ClaJTJ)ed Semi­

Circular Pipe Coovéying Fluid (Neglectinq the CCITt>ined Force fIo) 

The cal~lations in this Section are conducted wi th 110 = 0, 

'strictly te canpare with the results of the first (conventional) foon 

of the inviscid theory, in 'which rIo = 0 is assumed. The calculations 

were conducted with tlurty four firu.te elerœrl1::s. 

Figures 46-47 show the-4f:l-plane natural frequenc~es of clamped-
J 

clamped pipes conveying fluid with A = 1Q4, as functions of the flow 

• 

velocity. Similarly te the inextensible case, at· ü = 0, the pipe behaves 

as a sani-circular r~g. As the, flow velocity is increased, the natural 

frequencies beccrne smaller, and if the flow velocity exceeds a ce~ 

value,. the pipe is predid:ed te buckle in the first IOOde. With furth~r 

increase in the flow veloci ty, ·ins~lli tY may occur in the hi'gher rrodes . . 
also. Canparing with.Fig. 16, it can be seen in Fig. 46 that the finite 

elanent results for the extensible and inextensible cases are close. -...,,,, . 
t-t:>reover, in Fig. 47 the present resul ts can be seen .te agree '\...i th the 

resul t of Doll and M::>te (1976>-. It must be 'errphaslzed, however, that. 

these resul ts are for Ilo ~ 0, which ls not realizable fran physical 

considerations • 

\ ..' 
The In-Pfane Behay,our of an Extensible Clanped-ClamÊtd Sem1-

\- : 1 
6.~.3 

Clrcular Pipe COOveying Fluid (Including the canbined Force Ilo> 

In this Section are presented resul ts obtained wi th the proper 

fom of the extensible theory, in which the canbined force fIo 15 taken 

into acœunt. HO\t.IeVer, several Variants of tip.s theOry are investigated: 

in one in order te assess the effect of s~dy-stat.e (initial) defonna­

tian al the dynamics of the system l calculations 'Nere conducted in which 

.. -
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0' 0 
the terms involving A(lll + r01l3) in equations (5.17) and (5.18) and 

hence in equation (5.44) are neglectedi in another variant of the theory 

the fluid 15 suWOSed te be inviscid rather than vilscous. 

The calculations here have been conducted for a sys~ with 

a = 0.5.f Y = 0, A = 10
4

, and for viscous flow C\ * * 0). 

Figures 48-50 sOOw the variation of the in-plane frequencies of 

the 'systan with increasing dimensionless flow velocity ü, and l'x:M they 

cœpaIe with sare previously obtained res~lts, l.I1 this thesis or by 

other investigators • . 
Figure 48 shc:Ms the resul ts obtained by tlus theory wi th the 

0' 0 
termS inVOlving A (Ill + roll3) either taken into aCCOWlt or neglected, 

... 
in the case 'of inviscid flow (À * = 0). It is seen that for ü ~ 3 the 

0' 0 
effect of the ,,{ (Ill +roIl3) tenns is not very irnportant.;- this agrees 

with the results shown in Fig. 38, where it ls seen that the static 

defonnatioo of the, pipe is small. However, for ü > 3, these effects 

becane rore prono\Ulced, in the second and third m:x1es particularly, which 

again reflects the greater departure fran the unstressed state of the pipe 

sOOwn in Fig. 39, as canpa.red te li < 3. 

The nwtst imp:>rtant feature of Fig. 48, ~er, is the fact that 

extensible theory, properly taking into ac_coont the canbined force TI, 
,. 

predicts that no instabili ty sOOuld occur, sirnilarly te the m:::xlified , 
inextensible theory (aIse taking TI into account), the results of which 

have been presented in Chapter IV. The frequencies of the system , 

change very little with increasing ù, and none reach a zero value, unlike 

the case when Il II: 0 (alse shown in Fig. 48 for CCltparison) . 

It 1& recalled that Hill & Davis (19.-74) and Doll & ~te (1974, 

o 1977) also presented extensible theories and reached the same general 
.. 

" 
" 
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\ . 
OCIlClusiœ, nanely that. pipes with cl~ (or ~~ supported) ends 

)Ii~l not. b.1ckle.. Fiq. 49 shcMs the results obtalned by these t.wo 

inves~ters, oœpared te those obtained by Ws theory - when makinq . 
the asstIIPtiat that the fluid ls inviscld (À* = 0). It. is seen that. 

the general character of the solutions ls similar in aU thœe cases, 

albei t. that the resul ts are net identiœl. 

Hill & Davis' equatians of not1œ are perhaps closest te those 

utilized l'lere and the resul ts fran these bIo theories sh:Juld theœfore 
p 

he closest-; saTIe parameters are different nevertheless, namely a = 0.43 
. 5 • 4 

and ~ = 1.4 x 10 , as c::atpa.red te 0.5 and 10 , respectively, used in 

the calculat10ns with "tœ present theory. Hill & Davis, s.ilnilarly te 

the p,resent theory, cons1dered notioos about the defoImed initial s~te 

calfUlated in ~ linearized fashial. en the othe~ hand, Lb~l & Mo~ 

(1974, 1977) calGlllated the defoIIllË!d stat:e by a rrore sophisticated 

• 
algoritbn, involving a CllIlIllative awlicatiœ of the linearized, equatialS; 

, 2 3 
their a was the same as in these calculations (a = O.S*} and A = 1.6Jri< 10 • 

, . 
It sl'nlld he noted that Doll & M:>te'~ and Hill & Davis' work. _ 

was for effect.ively inviscid flow. The present theory, on the other 

band, takes slightly different fOIl1lS, depending on whether the flow ia 

taken te he inviscid or visoous. 

* r Note that. th1s is so, desp1te what appean in their published work ca -1) , 
due te a typoqraph1cal erxor CPai<blssis 1983) • 
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The resul ta presented 80 far have been for 1nv1scid theoxy. 
~ 

Bane resul ta, for the same system as that of Figs. 48 and 49, for a pipe 

cxaveyinq visocus flow are presented in Fig. 50. It 18 seen that 

fr1cti.a1al effects are not very pr:ooounced, so far as fJ.rst-m::x1e 
• - :r 

f:requencies are cax:emed, blt they are iJrp>rtant insofar as the secind-
\ . 

and th!rd-m:xle fre'quenices are ooocemed. '1be reasoo why Ws is se) 1s 

not tmderstcod at present. The in'portant point, hàwever, is that aven 

with this, . the JtDSt c::arplete fom of the extensible theoxy, it is 

predicted that instability of pipes with both ends supported will not 

occur. 

6.2.4 'lb! casè Wheœ the D:Jwnstz'ean &1d is Free to Slide Axiall:t; 

!tei:e, it is of interest te present a result Ca1.ceming the dynamical . 
behavio.lr of a semi-ci-rcular pipe conveying fluid, with ale end CCI'IPleteIy 

clStped and the other end cIeJTpE!d rut free to slide axially. In many 

} 
pract1cal sitliatia'ls, in order te allCM for thennai stress relief, it 

is not desirable t.o use tetally clanped or pinned supports at t1NO ends 

of the pipe, ~ing instead a sUding support. 

'Ihe calcuIatiœs here have been ca1ducted for a system with B = 0.5, 

Y • 0, A. = 104, and for :ViSCXXlS flqw~ 

Figures 51 and 5la stO\l the variatial of the in-plane fœquencies 

of this systan with increasing dinensiaùess flow vel.oci.ty ü. we can see 

that the natural frequenci.es ~(wci) DalCtalically decreasé with increasing 

Üc(Figute 51); h::Iwever, as seen in Figw:e 5la the system loses stability 

not by divergence, blt rather by flutter, in the first ItOde, when the flow 

velocity emeeds the crit:i.caL.w1ocity (ÙcQ( 0.96). M::>reaver, if the fleM 

vel.ocity is increaaec1 further, the system may loee stability in the higher 
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-. llDdes alscn hem lt shculd be ment1aleèl that, theae calculat:iœa being 

veJ:Y expènSlve, they were not, pursued te lat98%' values of ü. 

o 

• 

'1be iItportant th1nq te note 1s that, \Ull1~e the case of t:;ue 

clallÇed-clsrped and.pinned-pinned pipes, the presence of a sU.dinq end 18 

sufficient te pemdt an instability to occur. 

6.2.5" '1be Olt-of-Plane Behaviour of an Extensible Cl~-Clar!J:?!i Pipe 

cawey1nq Fluid (Including the Cœbined Force no) 

'lbis Sectial 18 heœ for the sake of oarpleteness. As discussed 

jn Olapter V thë .ti<XlS of motioo in Ws case are identical to th:)ee 

~ the ncdified inextensible theory (Le., including the carbined force .- - , 

no>. Bence, the extensible resul ts are the sana as tOOse pœsented in 
- --

Fig. 35 with n #: o. 
. 

In Fig. 52 are presented these SlIDe resul ta cx:rrpaœd with those 

" of Hill & Davis and COll a ft>te, as obtained fran the latter' 8 work 

(Doll a ~te 1974) in the case ~f the first noœ. It is seen that, 

altlD1gh IlOt ident1cal, the :results are quite simllar in ~ ~ 

sets of calculaticns. The iIrp;>rtant thinq 18 that, if the CXl'rbined 

force is pmperlY,taken into acoount, no instabll1ty occur&. 

\ 

.. -
. , 
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'lbe dynamics and stability of cw:ved pipes conveying fluid were 

100 

studied in this Thesis. '!he pipe was assumed te have unifonn physical --, ~ 

properties and its initial shape was restricted te lie in one plane. 

The rro~ons of the pipe in Ws plane, the so~lled in-plane notions ( 

-and tlx>se nonnal te this plane, the out-of-plane rotions, were consi­

dered separately. The pipes were usually suppo~ at both ends, wi th 

clamped or pinned supports, but sare cases of cantilevered pipes were 

also considered. In nost cases, the curved pipes were sani -circular , 

Le. the subten~ angle between one end and the other was 1800
, but. 

sone cases with this angl-e being 900 were also investigated. 
- . 

.1 The dynamics and stabili ty of this system have been studied by 

three theoretical roodels, as fo llows : 

(i) the conventional ineXtensible theory; 

(11) the m:xllfied inextensible theory; 

'(111) the extensible theory; 
6 

in the qbove, inextensible or extensible refers te whether the assump-

tion has been made that the centerline of the pipe fran one end te the 
,-

other 15 inextensible or note 
'\ 

... 
'nle conventional inextensible theory ls similar te that produced 

by Chen (l912a,b, 1973), in which the p~pe ·at any flCM velocity 15 

prest.l1'led te be unstressed, excl~ding the stresses introduced by the 

oscillè.tion. Thus, the initial or steady-state stresSes introduced by 

the ilCNr witInJt O$Cillatia!, i.e. the stzess ~~ced by steady-

1 state centrifugaI forces and pressure forces are entirely neglected, 
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• 
which, as <X1iiieuted upon by severai investigaters, is wu:ealistic. 

1 , 
The rrodified inextensible theory is entirely new and has not' been 

, 
considered heretefore by other researchers. In this theory, the 

aBSl.lnl'tion o~ inextensibility of the centerline i5 re~~ed, but the 

steady-state initial stresses are taken inte account. These forces 
4 

are represented by the dimensionless parameter TI 1 sc that in Ws theo~ 

Il ,. 0, whereas in, the conventional inextensible
f 

theory Oz = O. 

The extensible theory chef not make the assumption of inextensi-­

bility of the centerline, and hence the shape of the pipe tmder the 

action of the forces represented by TI changes with flO'N velocity. M:>œ-

over!.- it should be noted that, in both fonns of the inextensible theory, 

" -it makes no difference whether the fluid is con5idered te be inviscid . " 

or viscous - in the· latter case friction-induced tension in the pipe 

being exactly counterbalanced by' pressure...drop-induced tension, giving 

a zero net effect, as was the case for straight pipes conveying f1uid 

(Benjamin 1961). In the extensible theory, however, it does make a 

difference, and in the genera1 fo:r:rn of this theory the fluid is 

.. considered te be viscous. Other fonns of the extensible theory were 

generated previous1~ by Hill 8, Davis (1974) and Coll & ~te (1974, 1977). 

The general 1inearized' equations of rootion are obtained in Chapter 

II, in a frrn that applies te ~ll three variants 9f the theory. These 

are then rrodified and silTplified, as the case may be, according te the . " 

particular assurnptions pertinent te '"'each. Thus, in aIl cases the 

theOry is linear. For the bIC ~ible theorles this i5 perfectly 
. .fi 

leqltimate, since the pipe at any flow velocity. has the samë initial 

shape, or approximately so, and departures fran this initial state are 

assoclated with vibratioo, which can be asS\.l11ied to be amall. On the 

1 

\ 
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other hand, in the extensible theory, the defolltBtion at any q~ven value. 

. "" of the dimensionless flow velocity u a!ilay fIan the initial state at 

Ü • 0, under the "·action of the forces asscx::iated wi th II, can be large. 

Acoordin'1ly, the state of a system at ii ;: 0 sOOlld generally have been 

Obtained_ ~ means of non~inear th~, bUt this was not' oone here, and 

ia therefore a Umitation of the ~esent theOl:Y. 

In al~ three cases the analys1s was conducted by the finite element 
; 

metlx>d, which has' the qreat advantacje of being easily adaptable te 

studying curved pipes of variable radius of curvature along their length, 

e.'1. S .. shaped, U-shaped pipéS and other practically important situations. 

The major.. findings of this Thesi~ will he presentecl according te 

which theory has been used to obtain' the eigenfrequencies of the systan, 

as will be discussed in the Sections that follow. In each case, the 
" o results obtained will be cc:npared with. those of other investigators, and 

• 
-, 

a qeneral discussion of the relative rnerits and conectn~ss.of these 
) 

theories will be presented i:ll section 7.4. Finally, in' Section 7.5 will 

be p:resented sone suggestiorts for future work. 

'lbe equations of both in-plane and out-of-plane rrotiQ'lS Obtained 
• • --in Ws Thesis according te this theory, in Chapter l;II, were found 't;:o 

1 

be identical te Chenls Cl972a,b, ~973). AIse, if ~ radius of curva-

. ture o~ the pipe ls taken te he infinite, it was confinned that these 

equations becané identical ta 1:OOSe for a straight pipe conveying fluid, 

previously obtained by Gregory & Paidoussis (1966) and Paidalssis (1970) 

or those of Paidrussis & Luu (1985) for pipes inmersed in a dens, 

fluid medium. Hence, the results obtained by this theory ,shoo.ld he 

, 
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identical t:O tOOse obtained by these earlier investigators. On- the 

other hand, since in aIl these earlier studies SOlUtiO~ were obtain~ 

by analytical rnethods, it was possible te carpa~ with them the results 

obtained by the methods of this Thesis, in order to verity the fini te-

element fODmllation of the problem and the canp.Jter programs based 

thereOrî. Before cannenting on this, h<:.Jwever: a few words on the general 

character of the dynamicai behaviour of the systan, as predicted by 

this theory wouid be useful. 

For curved pipes with su~rted ends, the effect of increasing the -

-

flow velocity or the internaI pressure is te reduce the naturai frequencies 

of both in-plane and out-of-plane notions, in aIl rrodes of the system. 

This effect is associat.ed with the centrifugaI force exerted on the 

cu.rved pipe, associated with flow or pressure, which acts in a similar 

way te a canpressive load. For a sufficiently large ü, this force 

-overcanes the flexurai restoring force and the pipe buckles in the first 

node '- corresponding te the- point at which the first::rrode naturaI_ .. 
frequency var),ishesi the same effect is produced by increasing internaI 

l 

pressure. ldenticai behaviour is obtained in the' in-plane and out-of-

plane notions, but the critical flow velocities (or pressures) for out­

of-plane m:>tions are lower. For higher flow veleei ties, buckling' 

instability may aiso occur in higher rocx1es of the systan, as weIl as ~ 

coupled-ncde flutter. 

For cantilevered curved pipes, increasing flCM induces a lO'w'ering 

of the natural frequencies, but 1s aIse responsible for the appearance 

of flow-incruced darrping, since the Coriolis forces in this case actually 

. do work, hence, the eigenf~encies in th1s case are generally CCI'l1Jlex • 

For in-plane notions it was found that. both bucklinq and flutter 

\ 

.... ' 

.. 

\ 
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instabilities are possible - buckl?-ng occurring at Iower ~ 

velocities than flutter. For out-of-plane rotions, only flutter was 

~ to occur, the behaviour of the system in this case being similar 

to fhat of a œntilevered straight p±pe. 
~ '" 

Indeed, apart fran the dynamicai behaviour of cantilevered pipes in 

(in-plane rotions, the, dynamics of the curved pipes accx5rd1ng to this 

theory are quali tatively the sane as tmse of straight pipes: pipes 

with both ends S\lpported are subject ta buckling and coupled-rrode flutter 

for sufficiently high flow velocities; cantilevered pipes, on the other 

band, lose stability o11)y by flutter - the excéption beingfor in-plane 
, 'i') , 

rroti~ of cw:ved pipes, where buckling also occurs. 

~ 
The resul ts obtained by this theory exactly reproduced the resul ts 

previously obt;ained by Gre<J9ry & Paidoussis (1966) and Paidoussis (1970) 

and were nearly the same as those of Paicbussis & Luu (1985) in the case 
'f' 

-of ~tilevered straight pipes. The eigenfrequencies were identiêal, 

or alIOOst identicai. 

The resui ts obtained for curved pipes, ei ther sem! -circular (wi th 

.;subtended angle, r o ' equal to 1800
) or with ra = 900

, were fOund te 
. \, 

be 1denticai to tl'pse of Chen's (l972a; 1973) for pipes with both ends 

supported, but rather different in the case of cantilevered pipes. In 
'~ 

view of the fact that the results obtained in this Thesis were aIl 

obt41ned with the same çanpllter program, and ~t the equations of - , .. 
rrotioo and boundal:y conditions were both the saIne as Chen' s, whereas ' 

. he utilized d1fterent analyt:1cal methods for cantilevered pipes, i t is 

~ that theœ i5 an error in Chen's analysis or carputer program 
-

for œtai.n.inq the. eigenfmquencies of cantilevered curved pipes. 

f" \ 
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Therefore, in the overwhelming majo~ of cases 1nvestigated, 

the earlier resul ts of other investigators ~ reproduced wi th 

excellent accuracy and, hence, it may be concluded, that the fini te \ 

element fODmllation and canputer programs developed in this Thesis 
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have been verified,. Moreover, the mte of convergence 1 wi th increasing 

number of fini te el~ts, was found to be very fast ~ the canputer 

time necessru:y for the calculations very low. Thus, it was denonstrated 

that the fini te element analysis 1s a useful taol for obtaining the 

dynamical behaviour of both straight and curved pipes conveying f luid. 

A final set of' calcula tions was undertaken te study the effect of 

the subtended angle ro and the radius of curvatute Ro of the pipe on 

its natural frequen~ies at ü = O. It was found that, for a constant 

Ra, the natural frequel'lcies decrease with ra (and h,ence with length), 

for pipes with bath ends supported. Howevei, for a pipe of fixed total 

length, at small Ra the frequencies are very sensitive te Ra, while at 

large Ra the frequencies change little with varying radius of curvature. 

. th ~ 
As ~o ... CD, it was found that the n frequency C')nverges te the (n+1) 

f~ency of a straight pipe, this being associated with the different 

boundaJ:y yonditions in the ~ cases ~in the curved pipe, axial rrotion 

at the support is specified te be zero, whereas for a straight pip& 

this coodition cbes not exist and hence the pipe is not truly inexten-

sible in that sense) . 

'7.2 THE r-mIFIED INF.:X'l'mSIBLE THEX:RY 

As" mentioned preViously, the initial, steady-state forces 

associated with centrifugaI and pressure forces are taken inta account 

~ in this case, i.e. the parameter fi ; o. 'nlese forces do work in the 

-

• 

, . .. 
. ~ 

_ .~,_.t. • _ _"!'laI 



,0 

o 

106, 

course of free rotions of the system, in the same way as initial stresses 

" do in any such problem - although extension of the centerline is still 

presumed te he null, or at 1east negligible. Thus, this theory is 

intexmediate between the conventional inextensible theory and the ~6 

extensible theory. The rrotivation for undertaking the fornrulation of 

Ws theory was within the general airn of the work of this Thesis, name1y 

to identify the source of the differences in behav~our predicted. by the 

'conventional inextensible theory (Chen 1972a, 1973) and the extensible 

theory (0011 & Mote 1974, 1976; Hill & Davis 1974); these differences are 

very profound, and it is recalled that extensl.ble theory, for ll1stance, 

predicts t:ha~CUIVed pipes conveyll1g flu~d do not 10se stabi1~t.y, no 
.t' " 

matter how high the flow velocity (when bath ends of the pipe are supporteO' • 

The behaviour of curved pipes Wl. th SU1rted ends according te this 

theory 15 silnilar to that predicted by the ~A~rtioned extensible 

theories of Hill & Davis (1974) and Doll & Mote s (1974, 1976). With 

increasing flow veloci ty, the natural frequencies a~ .. found te either 

decrease or increase slightly, depending on the mcxle number and system 

parameters, but these changes fran the zero-flow values are small. Thus, 

the natural frequency cbes not vanish for any flCM velocity, in any of' 
" 

the roodes of' the system, and, roreover, the m:::de loci never coalesce 

Cat least for the cases investigated); accordingly f' the system cannot 

lose stabil1ty for either in-plane or out-of-plane rotions. 
~ . 

The' physica1 interpretation of this drama.tic change in predicted 

behaviour when the forces associated with Il are taken into account 1s 

slIrple. The destabiiizing forces that caused instability according te 

the CXX'lVent!ooal inextensible theory are the centrifugaI-type forces 

p~ooal te ~2 in equations (2.75) - 0(2.78), which may generally he 
'J 
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~ -2 ~ denoted as J,.(n1' '13)u , where J..(nl'n3) is, a linear differential operator 

involving the dimensialless displa~ts nl and n)" New, it has been 

shawn, in the Appendices related te Chapter III, tha t for pipes supported 

~2 
at both ends, the canbined force Il is sirnply 11 = -u. By referring 

te equations (2.75) -(2.78) agq.in, it may easily he verified that, in 

(' -2 ' (' aIl cases and for each J..,(nl'n3)u term, there awears also a dnl''13)n 

tenn: hence, since Il ~ -ü2, the destabilizing centrifugaI te'nns in the 

equations of rrotion are exactly cancelled out oy tensile-centripetal 

tenns associated wi th the increased tension in the pipe due to these 

centrifugaI forces. The net effect is zero, and the flow velocity (or 

.. pressure) can neither stabilize nor destabilize the system. 

For cantilevered pipes, the effect of fI is not so radical. 

Considering in-plane motions, the system is still predicted to be subject 

te both buckling and flutter instabilities, whilst for out~f-plane 

IiOtions only te flutter (similarly to~ a straight pipe). Quantitatively, 
,\ 

however, there are differences. When the fI -related forces are taken 

into account, the criticai flow velocities for instability are diminished: 

i.e., in this case these forces are destabilizing. 
, 

The physicai reasons for this are roore difficul t to assess in 

thls case, firstly because the cantileveréd syst,em is nonconservative, 
, 

and secondly because fI in this case is not as simple as Il = -ü2, but 

rather is as given by equations (3.89) and (3.90). In any event, the 

destabilizing centrifugaI forces are not entirely cancelled out, and the 

pres~ce of n i5 aiso felt in one of the boundary condi tiens . 

It slnlld ne'V'ertheless be noted that the assumption of the pipe 

cw:vature not changing 'With ü, which is irrplicit in alïinextensible 

theories, altiolgh justifiable rigorously or ëlA?roxirnately for pipes 

.. -
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supportBd at bath ends, is rather ~ for cantilevered œes,. Hen'1!e, the 

œsults Obtained by this theory for cantilevered pipes ItllSt be VierNed 

wi th èautioo. 

FinaIly, the ~denœ of natural fœquencies en ro and Ro discussed 

at' the end of sectial~ 7.1 for ü = 0, is the ~ in t:h1s case aIso, 

except tnat, sinee the frequency 18 but a weak function of ü, what was 

~ -ooncluded there applies in this ~ for al! values of u. 

The oc:::ttpaI'isal of this theory to the extensible theory is deferred 

te) Sectien 7.4. 

7 • 3 'llŒ EX'1'EN3IBLE 'l.1ilOCRY 

In the extensible theoIY the initial shape of the pipe (at ü ~ 0) 
o 

changes under the action of the centrifugaI forces acting al the system 

~t any given ü, and, if the flcw is realistically cx:nsi?ered tri he 
visoous, by the act100 of frictional forces also. In this case the 

equatioos. of rotioo thus generally depend on those of static equilibrium 
1 

for any «#ven flow velocity, which therefore rrust' he solved first and--. 

-, t:I_. lt8ed for ~ solut100 of the equations of nDtioo. 'Ihis 1s true for 

the in-plane equatiats of IOOtial, whereas, at least with the approXimatiats 
"\ -=_. intioduced in fomulati'nq this theory, ou1:*'Of-plane notiŒlS are Wlaffected 

(Olapter V). Indeed, the interest1ng finding was made that t:J:le œt-of­

'plane not.1a\s aIe 1dentical to those of the nodified inextensible theoJ:Y. 

Ratee; at:tentiœ in Chapter VI, in which the calculatials with the 

extenaible theory are pœsented, 18 ,oonf1ned ~ in-plane notialS. 
1 , . 

CAI011atials with this theory were made with several 
, 

variants of the ~ry dependinq al (i) whether the fluid wu .oonsidel:ed 

.. , .. ~ 

.:~ 
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to be inv1scid or viséb.ts, and (11) whether the defoJlNlt1œ due to -initial, steady-state'J-forœs is ~ into aoc:.nmt or note It 18 of 

that if th1s latter def0Jl1!l1tial ls neglected, then the equatiCl'll 

of tial of the extensible theory I1\I1Y be obtained fran tOOse of 'the 

, It was shown that under ~ effect of internaI flow (i.e., the 

effect of centrifugaI force) a pipe supported at ~th ends 1s deflected 

out of the initial, unstressed CCl'lflguratim, and ~ stressed shape 

changes cootinually with increasinq flow (Fiqs. 3~-40). For inviscid 
. , 

flow, the stressed shape changes syrrmetrically vis-a-vis the \.D'lStressed 

ale, rut Ws change 18 \D'lS}'I1'IœtriCàI if the flowinq fluid is visoous.' 

'n1e c:cmbined force TI calculated in these ~ cases Cinviscid and visocus 

fluid) was foond to be alnœt the same, and to be similar to that 

obtained by the m::xtified inextensible theory, but this does not apply 

generally for aIl values of ü. 

As sb::Mn in Chapter VI, no matter which variant of the extensible 

theory is SlpJoyed, ,the ..... results aIe qualitatively the sarre: the natural 

f.requenci~ of a pipe with supported ends do IlOt change greatly with 
-+ 

increasinq flow velocity, and the system tbls never~ loses stability. 

'l'tle œsults were CICJIl)aI'ed with thœe obtained pœviously by Hill 

& Davis (1974) and 1))11 ,Mate (1974, 197f) • Bearinq in mind 'the differences 

in sana of the pamneters in the calculatia1S of the other 1nVe8tigators 

and differences ln the metb:x! of 801utial (e.q., in calOllating the 

defomed steady-state shape of the pipe), the agreement bet:ween aIl 
- .. . 

thJ:ee theor1es, qualitative and quantitative, ia xanaxtcably <.JXX!. 

A a .... ___ ~.~--"-........ _ ............... ...:" ... ·>.....ooIoil·"""l. 
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Thua, the results Obtained by the extensible theoty are qualita­

tively similar te tlpse obtained ];>y the roodified inextensible theory, 
, 

in the case of in-plane rootions, and ldentical in the case of out-of-plane 

rrotlcru;. ()1antitative differences as weIl as a rrore general discussion 

of these theorles 15 undertaken in Section 7.4. 

No calculations 'Nere CCI'lducted wi th the extensible theory for 

cantilevered pipes conveying flUide 

, 7 .4 THE M))!F!ED INEKTENSIBLE AND EXTFNSIBLE THEXlUES CCMPARED 1 
It shoold first be sClid that the cClwentional inextensible theory . 

ls left out of this discussion, because 1 t is nqv considered te hé 

totally unrealistic. This 1s the opinion of not only the author, but aIl 
, 

'researchers who have subsequently v.orked on this subject (Svetlisky, 

o fUll & Davis and Doll & M:>te) • 

o 

, As mentioned in the previcus Sections, the dynamical behaviour of 
. \ ~ 

the· system 1s similar or the same, whether calculated by the rrodified 

inextensible theoty or the extens~le one, at least fo;r pipes suppoited 

at both ends. In the case of oot~f-plane motions the natural frequencies 

at least as obtained in this 'Ihes1s, are 1dentical in the two cases. The 

diffelelces for the in-plane motions are aiso quite small, as may be 

seen in Fig. 51 or Table 5). \ 

This shows that the main effect of "extensjl,llity"~ which produces 

the PIQfO\md differences in the dynanieal behavirur as predicted by Doll 

1 ~te (1974( and Hill 1 Davis (1974), al the ane hand, and Chen (l972a,b, 

1973) al the other, 15 not the extensibility of the centerline of the pipe 

at aU! Rather, it 1s whether the steady-state initial stress is taken 

into acc:ount or not r 1 • e., whether Il '1: 0, as ls the case of Coll & ltt>te 

. --, 
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o 

o 
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and Hill & Davis, and -SVetlisky (1977), or II ~ 0, as in·the case of 

Chen • 
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. Hence, altha.lgh small differences in the frequencies are obtained 

in the resul ts obtained by the m::x:lified inextensible and extensible 

theories it is shawn in this 'lbesis that the former may he used instead 

of the .latter for any I?ractical ~.u:posEls. One reascn for OOing 50 is 

that obtaining solutions by the extensible theory is rather expensive. 

As sb::Mn in Chapter VI (F:igs. 43-45), to achieve convergent rèsul ts by . -
the extensible theory, many fini te elements are necessary - easily 20 00 

30-- this ntmlber increasing with increasing Â= AtL2/I. 'lbi:s contrasts 

with similar convergence being achieved by means of the (rrodified) 

inextensible the0ry, with 5 1;.0 10 elements. 

O~_course, the foregoing discussion applies provided that the 

stressed centerline remains close te the unstresseà one. If i t does 

not, then the extensible theory ImJst be used. However, generally 

speaking, the defonned shape of the centerline in such cases must be - - , 

obtained by means of nonlineàr theory, in preference to the approximate 

linear approach adopted in this Thesis • 

. 7.5 œ THE EKIS'mCE OF INSTABILITIES' IN CURVED PIPES ~ FWIO 

'lbe work present$d in this Thesis makes it clear that, provided 

the canbined force is properly taken inOO account - be it by means of 

the roodifie?- inextensible theory or the extensible theory - no instabili­

ties arise with increasing fleM, provided that the ends of the pipe 

are supported. 

However, as sl'x:::lwn in Section 6.2.4, 'this 15 true only if the ends 

o 'of the pipe are canpletely supPorted, Le., 50 100g as u,v,w are aU zero 
\ 

.. " 



o 

o 

'\ . 

112 

at the support. If sUding 18 pemli.tted, 00wever, tben inst.ability --
Cflutter) 1& possible, as sb:Mn for in-plane IOOtioos in ~ 6.2.4,. 

\, 

'-'l • 

'!'bis 18 an entirely new œsult, not prev1~ly reported by any of the 
. 

earlier investiqators • 

. Of oourse, if ale end of the pipe is ent1rely free, then instabili-

ties have been shown to be possible - roth bucJclinq and flutter. 

7.6 StœESTICR3 Fœ FUlURE lOU( 

'lbe physical system analyzed in this 'lhesis bas been idealized . 
in many Ièspects. '1beœfore, there are several possible di~tialS in 

which M>r)c can he extended. 

liet us cxnsider the fluid mechanics first. '1'l'lrQ.lglnlt the work, 

it wu assmled that the intemal flow is a pluq flow and that the flow 

velocity is cxmstmlt. However, for the flOw in a ~ pipe, s~daIy 

flow and aven separatial may ex1st and the flàw velocity may also change 

aIooq the pipe and in teuns of its dist.ribltion in a cross sectiœ of the 

pipe. 'Ihese effects may affect the dynamics of the systën, yet.the work 

presented in this 'lhesis cannat aCXXllD'lt for them. 

New," let us cxmsider large displaceœnts and an arbi traIy shape of 

the œnterline of the pipe, which lead te a llCXllinear problem. In t;h1s 

won, the displaœments were assuned te he sma.p: then, the nonlinear 

teDIIS which coople in-planè and oot-of-plane m:>tions, as weIl as the 

pertumatiœs of the bend.inq rranents and twist ooupl~, are neqlected. 

AU these sint>lificaticns may cause the theory to lose accuracy. 

Finally, because of the lack of experimerÎtal resul ts the resul ts 

of th1s won aIe difficult to cenfim. Renee, sane exper1ments inVolvinq 

c:w:ved pipes ~ld he uséful • 

.. 
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'B\BtB 1 DJmensialless Frequencies of a Cl.:mped-Free 'l'Uhllar Bearn 

ANALYTICAL RESULTS 

3.5156 

22.0340 

61.7010 

120.9120 

199.8500 

298.4602 

FINrm-ELltfENI' RESULTS'It 
(in-plane) 

3.5160 

22.0368 

61.8389 

121.3581 " , . 
204.5024 

310.7852 

FINl'Œ-E:l.a4ENl' RESn,TS* 
(out-of-plane) 

3.5160 

22.0455 

61.9188 ... 
~22.3196 

203.0202 

337.2727 

-

) 

* Note that four-element discretizatic:n scheme was ~ in the in-plane program, 

and five-element discretization scheme was useB in the oot-of-plane program. 
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'mBLE 2 Dimensionless Frequencies of a Clëlll'ped-Clanpeid '1'uh.llar Bearn 

ANALYTlCAL RESULTS 

22.3729 
" 

61.6696 

120.9120 

199.8545 

298.5638 

. 
FINfI.'E-.ELEMENI' RESULTS* 

V (in-plane) 

22.3733 

61.6739 

120.9214 
" 

200.0054 ,-/ 

299.5346 

, 

FINITE-ELEMEN[' JŒSULTS* 
(out-of-plane) 

22.3792 

6l·7939 

" -~:l21. 7697 

203.3525 

305.1028 

" 

• Note that six-el~t discretizaticn schane was used in both the in-plane. 
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TABLE 3' Dimensionless Frequencies of a Clëmp:!d-P~ 'l'ul:ular Sean 

ANM.Yl'ICAL RESULTS FINITE-EJ.:..EMENl' RESULTS* 
(in-plane) 

FINITE-ELEMENl' RESULTS 
- (out-of-plane) .. 

CJ 

15.4313 

49.9;310 

104.2440 

178.2759 

272.0190 

- 15.4182 

49.9665 

104.2796 

178.5612 

272.4762 

v 

1~.4201 

50.0295 

104.8099 

180.8799 

279.5706 

*Note that five-elanent discretization schane was used in the in-plane program, 
è' ,. 

and six-element discretization scheme was used in the out-of-plane program. 
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TABl.E 4 oirnensionless Frequencies of a Pinned-Pinned 'l'UtAJlar Bearn 

ANALYTlCAL RESt.IT..'1'S FlNITE-El..EMENI' RESULTS* FINITE-ELEMENr rTS* 
(iri-plane) (out-of-pl ) 

" . 
2 = 9.8696 9.8696 9.8706 1T 

2 41T = 39.4784 39.4812 39.'5438 

91T2 = 88.8264 88.9921 89.5318 

16lf2 = 157'1.9136 15').9604· 161.5514 

251T2 = 246.7401 249.8259 273.8613 

2 ' 
36n = 355.3057 366.5469 395.3176 

* Note that five-elernent discretization scha:ne was used in the in-plane and ~ 

out-of-plane programs • 
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• (b) 

x 
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Fig. 1 Ca) 'lbe system under CCIlSideration, showinq a Clll:Ved 

pipe carvey1ng fluid and subnerqed in a quiesœnt 
fluid . 

(b) 'It1e 010 systerœ of axes (Xa'Yo,zo) and (x,y,z) 

and the corresPc:ii<:un9 angles of rotatial. 
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Forcea and Maœnta Acting a'l the Pipe Blennt Expreaed 
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APPmOIX A 

~œsHIP BElWEEN THE SYSTEMS (xo"yo,zo) and (x,y,z) usm IN 

CHAPl'ER II 

\ 

A-l 

Let u, v and w he the _ displacements of a p:>int Po on the initial 
.. 

centerline, referred te in the system (x ,y ,z ) centered at P (Fig. o 0 0 0 , 
A.l) aIse, let tjJ be the angle ~tween axes Xo and x, Po be a p:>int on 

, 
this centerline in the nei'ghbourOOod of P , and ôs t.Àe arc PP, so o ' 00 , 

. that (ôxo,ôyo,ôzo) are the coordinates of Po in tl}e system (xo'Yo,zo)' 
, 

FurthelJl'Ore, \-Je define ~ ~, n, ç) tb he the coordinates of Pl' the displaced 
, , , , 

position of Po referred to the system (xo,yo,zo); also, (U,V,W) are 
, 

defined 'clS the displacements of Po referred in (xo ' y , z ) as shawn in 
.00 

Fig. A.l. Each of the system (xo,yo,zo) and (x,y,z) 1s ort:6:>gonal. 

Therefore, we canwrite • 
x .- xo 

• [L
ij

] (A.l) Y = Yo , 

z 
• 

where Lij are' the direction cosines of the aJ,Ces x, y, z referred te in 

, , 1 ' 
Coosider now the vector PoP o' Where Po approaQ:hes Po' Pl wH t 

" 

approach Pl' and the straight Une Pl~ will becane the tangent of the 

strained ~terline at Pl' Renee, one obtains 

lim 
ôs+O 

p~p 
o 1 .. 
~s = ez ' 

.. 
where e z 15 the unit vector aloog the z-axis. 

(A.2) 

. 
Fran Fig. A.I, the wllpouents of the unit vectOr êz ~ be written 

as 

.. 

-



: .. ... 

o 

0 

o 

( · 

l:im (-u L 
Ô s-+O os = 31' d 

l:im n-v 
6s+0 as 

= L
32

, 

\. 

lim ç~ =_L33 
dS+O as 

Q1 the other hand, we have 

E,: = ex + UI
, o 

Tl = ey + VI, 
o 

ç = 07. +- W'I , o 

, . , 

d 

ÔXo ÔYo ôz 
-8"s = a 1 F = 0, and ôs 

0 
= 1 as 65'" O. 

A-2 

(A.) 

(A.4) 

(A.S) 

(A.6) 

(A.7) 

(A.aL 

(A.9) 

Canbination of equati'bns (A.3) - (A.S) and (A.6) - (A.9) yields 

L31 = lim 
UI-u 
~ 1 

os+() 
(A.lO) 

L32 = lim 
VI-v 
~ 1 

os+O 

, 
(A. 11) 

L33 = lim 
W'-w 1. "6S + 

os+O 
(A.12) 

Fran Appendix B and assurning that u, v, w and \jJ are small, one 
f 

can rewrite equations (A. la) - (A.l2) 1 as fol1OWS: 

~ av 
)~=as-

(A.l3 ) 

(A.14) 

(A.lS) 

" """:i:;1 



o 

.. 

o 

po 

o 

S1milarly, the centerline strain 15 given by 

t = lm 
ôS+O 

W'-w aw: 
- = - - K'U + KOV OS as 0 

... 

A-3 

Sinee ~l' L32 , L33 are the direction oosines of tbe-'tJR.M vector 

(A.16) 

By n~lecting squares and products of u, v and w, equa tion (A .16) leads 

te 

aw _ K lU + K V = o. 
as 0 0 . 

(A.17) 

_-=-=== __ -~HI4iIQ~œ~, it is noted that if the quantities u, v, w and Il! are small, 

and if the initial centerline lies in the plane ex ,z) (Le., KO = 0, 
. . 0 0 \_, 

1 
K' = -R and \0 = 0), the centerline strain ean be written as 
o 0 

e: =, (aw - K lU) • 
~. as 0 (A. lB) 

Henee, equation (A.17) implies that the centerline is inextensible. 

Consequently, in view of equation (A. 17) , we have 

~3 = 1. (A.19) 

Furt:lldrmore, sinee 1lJ 18 small we can set 

(A.20) 

and sinee the scheme of the transfoIInation (A.l) 15 ort:l'x>gonal, one 

obtains 

-1 T [Lij ] = [L
ij

] , (A.21) 

(A~22) 

," 



.. -:.:..,:. \ J-\"::'V.~ 
, '" 

.t 

A-4 

o Finally, utilizing equations (A.l3) - (A.15) and (A. la) - (A.21), 

and noting that KO = 0, K~ = l/Ro and lO = 0 , one obtains 

x l ljJ _(au + ~) Xo . as R 
-0 

Y = -~ 1 
av 

Yo (A.22) .-as 

( z (du + ~) av l z 
as Ro as 0 
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o 
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M?PENDIX B . 

REtATIœsHIP BElWEl:N THE DERivATIVES WlTH RESPEX:-r ro s AS MFASURED 

0x,.y,Z) anJ (x,y,z) SYSTEM; . c, 
.... 

Consider a vec;or quanti ty R w~ th .canponents U*, V* and W-

in the torsion-flexure reference fr~ (x,y,z) at Pl' When the 

. origin ,of this. frame moves along the defonned centerline, it will 
\ .... 1 

rotate wi th th€! angular veleei ty n (having canpoents (K, K' , T*), and 
~ .... 

the vector R will change its di;gction as well as magnitude • 
.... 

The derivative of R as measured frem the inertial frame (X,Y',Z) 

may he wri tten as 

(B.l) 

, 
If the inertial frama (X,Y,Z) coincides with the system 

(x,y,Z) ,at Pl' one mayobtain the following relations: 

6U* = au* _ T*V* + K'~ 
-ôs as ' 
ôV* aV* ' 
ôs = as- - K W* + T*U* , 

ôW* aW* 
ôs = as- - K'U* + KV* , 

~.2) 

~ 
(B.2) 

(B.4) 

, .. 
Where ô/Ôfi denotes the partial derivative as ~ fran the inertial' , , 

~rame (X, Y,zr; and a/as denotés the partial derivative as measured . 
l 

fran:tne frame (x,y"z). 

--
\ 
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APPmODCC 

D~OO OF THE ~ OF CURVATbRE AND 'lWIST 

Let (xo,yo,~o~ 1:?e a F~et-Serret system ~t P 0 on the initial 

center-line, (x,y,z) be a ~rsion-flexure referenée system at Pl on 

"" 
• 

the defonned center-Une, and (Xo'Yo,Zo) be the inertial systan èoin-. ~ 

ci&int w~th (xo'Yo'~o) i as shawn in' Fig. C.1. -

These systans are orthogonal. Therefore, one cM wri te the 
) . , -

~11owing interr~lationships: 
\ 

x L11 L12 LI3 Xo 

y = L21 L22 L23 
y. , (C.l) 

0 

, z = L31 L32 L33 Zo 

and " 

lX 2.11 t 12 t I3 Xo 

l =- 2.21 t \ • 22 
" 

R,23 Yo' , (C.2) 
1 

Z 2.31 t3~ R.33 Zo .. 

" where Lij are. the direction cosines. of the axes xi' referred to the 

systan (xo'Yo,zo)' ax:d derived in Appendix Ai and R.ij are the di~on 

cosJes of the axes xi' referred to the co~cident inertial Sys~ 1 

(Xo ' Yo,Zo) • 

'Fran equation (c. 2), the unit vectors in the system (x, y, z) 

cm be wri tten 'as . ---
~x = R,u! + 2.12 1' + R,13 k, 

ëy SI R,2I r + R,22 j + R,23 k, 

ëz - ~I 1. + R,32 T + R,33 k, 
1 

(C.3) 
~.-

(C.4) 

(C.S) 

.. 

C-l. 

. 
...-

" 



o 

Or 

, 

o 

, " 
" " , 

p • 

- - -where i, j an~ k are the ~it vectors in the system (XO'Yo,ZO). 

Differentiating equati~ ~C.3)-(C.5) .with respect to s at . 

a qiven tiIœ t yields 

aex aR.U '- aR. 12 ~ a~3 _ 
-=-i+-J+-k as as as as' (C.6) 

~ 

(C.7) 

(C.B) 

On the other hand, sinœ the system (x,y,z) rotates about ,.-It! ç. ' 

(xo'Y.c,zo)' with the angular ~ocity 
-+ -+ -+ .... 
it = K ex + KI e + T* e .y z 

when its' oriqin IOOVeS along the deformed center-line. then, we obtain 

(C .10) 

(C.U) . . 

(C.12) 

-+ .. -+ .... -+ -+ -+ + .. 
By notinq that ex x ey = ez ' ey x ez = ex' and ez x ex = ~y; 

one can rewrite equations (C.IO)-(C.12), as fol~~: 
~ 

aex .... -+ - = -l(le + 1"*e , as. z y 
(C.13) 

aé 
:.::t.. = ~ - '1"* ex as ...... z ' (C .14) 

aêz ~ -+ - = -1( e + Kle as y ~ 
(C.IS) 

i' . 

t-

t1 

.. 



o . . 

\' 

• ..~ • r 
, . 

-- i , , 

- ~'," -

n 
Supsti tut1ng' equatiops (C. 3 ~- CC. S) ':1nto (C ~ 13) - (C .15) .. . 

4 

(121't'*-131K')! + (1221"*-t32I(')'j +[\(1231"* -i;33K ')k' , 
. l~ " . 

- ~ . 

(.2.31K'-.2.U t*>T + (R.32K-R.12't'*>'j + (R.\3K-R.13't'*fk f • 

. .. 
(R. nK '-.2.231()k • 

\ 

C-3 

yields 

(C.16) 

(C.17) ) 

(C.18) 

Canbining equations (C.6)-CC.8) and (C.16)-(C.lS), one obtains 

) . 

. , 
(Cro19) 

(C.20> 

! 

... 

" a.2.31 -as- = R.11K' -.121Kf -
. 31

32 -as- = R.l2K' - 122K, (C.21) 

.a133 as = 113K' - 123K. -

Multiplying ;Pe equati011!! irH!quation set (C.19) by .2.21 ' 122 

and 123 tespéc,tively, and then ~g the three equations, one obtains 

al11 3112 a113 2 2 2 
• 1.21 as + 122 -as-'+ 1 23 as = (1.21:+122+1 23 h * - (121131+122+~2+123133)K'. 

(C.22) 

,:--

, . 

, 
, ,v! 



o 

0 

o 

-
f. 't 

However, each of the systems (x,y,z) and (Xo'Yo,Zo) 'ls o~l; 

hence, we have 

'3 
E tiktjk = Ôij 1 

K=l 
(C.23 ) 

~ ~ 61j is the ~ecker delta. \' 
canbining equations' (C.22) and (C.23) yiel~ 

f 

atl1 at12 at l3 
, T*, = t 21 as + t 22 -:as + t 23 --as . 

We can proceed similarly f..QX' K, and K'. In surrma.J:Y the 
li 

expressions for K, K' and T* are 
, . 

. at21 at22 " at23 } 
K = 131 --as + 132 as + R, 33 -as' 

at31 at32 at33 
.. K' = t 11 ;as + t 12 as + 9.13 as' 
" a1n a2. 12 at13 
T'Ir = t 2l --as + 122 as + ~3 --as · 

(C .24) 

(C.25) " 

(C. 26) 

(C.27) 

Using Appendix B, one can write the derivative of cacrponents 

(C.28) 

- / 

.. 

, 

" 

-

, 

\,'1 
,o. 



,. 

o 

o 
, \ 

.' 
',1 

,-; ..... -, .,- . ~ • t r_-! . 

'. 

c-s 

(C.29) 

) 

(C .30) 

Substituting the values of ali ./as fran equation.sets (C~28)-, 
) J , 

(C.lO) into ecNations (C.25)-{C.27) l'and then setting 2.ij ,= Lijl 'one 
\ . 

1 
\ 
\ 
\ 

\ 
\ 
\ {:_31\ 

9" • 

• 

(C.32) 

. (C.ll) 

Now ,~ti:~tinq the valu~'of Lij~ qi~ in Appnedix A, and 

the vàlues of ICO,IC~,~O in~ equation (C.ll)-(cj~) 1 and then neqlecting-
\.. 

higher o:cder tenns" one may write the ~ressions for' K, K" and -r* ,in 

.. 

,. 



, . ." 

O· teImS of u, v, .. and IV,.as follows: 

. 
" 

K' = 

t* = (:2!1! + L .2Y.) 
as ~o as • 

o 
.. 

1 

, .. 
1-"" 

. '\..' 

o " 
". 

, 
\ 

.. .. 

. , 
." 

-/ 

... 

.' 

.-

C-6 

.. 

(C.l4) 

1 

.' 

'. 

, 1 .. 

'. , 
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APPJH)IX D 

• 
. 

Reéall eguaticn (2.16) in the main text 
" 

(0.1) 

whe:re" 

.. 
V

f 
= [dU + U (~ + ~) Je + [av + u ~J ê + [ôw + u] ... (0.2) at as Ro Xo ft as .Yo at ezo 

By di~ferentiating Vf with respect' to t and s ~ields 

af f a 2 a 2 1 a a 2v a 2v... a 2w + 

at = [--Y. + u (--.l:L + - ~)]ê + [~t2 + U -at'!]e + -2 e , lD.3)-at2 ôtas Ro at Xo CI QS Yo at Zo 

'" 
(p.4 ) 

and fmn Appendix C, one obtains ... . ae 
Xo 1'" 

-a~s"';' = - Ir e-z ' 
, 0 0, 

... o , as (0.5) 

Canb~q equations (0.1), (0.3), (D.4) and (0.5), the cail[OX)rtep~ 

of the vector of fluid aceeleration can be written, as follows: 

, 
,"-

;-

J -

ù" J 

.. 

, 
. ~ .,-!.~l.t~: 



o 

o 

" 

. ,. 
, 

, , 

"',' ,,1- .. --, ...- '.f~"'''-'''' -- - -~_. -'~ ~ 

which are eqaations (2.17) - (2 .19) in the main text. 

-, 

" , 

-.:'!."~;( _~ .. -l •• ~~ ... 1 t.~ t~~~~~n.~~ __ ~ .~_l~~. ~~r .. I_,- !" -: ~ .. ~_ 

, _ .. -, .. ;" .. 

0-2 

(0.6) 

(0.7) , 

(0.8) 

1 • 

' . 

' .. ' .~ 
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APPENDIX E 

DERIVATlOO OF EOUATIOOS OF KJl'IOO FCR THE PIPE 

Consider an infini tes ima l element of the pipe contair1ed between 

the cross section i:hrcAlgh Pl and Pion the strain~ center-iine, and 

the forces and mcments acting on i t, as shown in Fig. 2. By projecting 

the forces and manen:ts in Fig. 2 (b) on the inertial system (X 'Yo' Z ), • _ 0 0 

as shown in Fig. E.l, and 1?a1ancing the forces and rranents along axes 

(E. i) 

* * * * * * -ôxot (Jl..130x
o 
+~230yo +Jl..3.3~Zo}+O (1L3 0x

o 
+J-230y

o 
+133 0z

o
) L± 

SS+ÔS *, * * , * 1 * 1 *' 'S+ôS * 1 \ 

S{ÔZ~(1l1FXo+12iFyo+131FZo}-ÔX~(Jl..13Fxo+Jl..23Fyo+Jl..33Fzo}~dS + fs (1~2.Xo 

,. 

Œ.2 

t , 



o 

o 

Ii~·· ' ',> . it, , __ 

E-2 

* * * * * *" * --* * ô(t13M +t23My +t3~z )+ôXo{(t120x +t220y +t320z )+Ô(~120x +t220y +~320z )} 
Xo 0 0 0 0 O' 0 0 0 

* * * * * * -ÔYO{(~llOx +~210y +~310z )-ô(~llOx +~210y +~310z)} + 
0.0 0 0 0 0 

S+ôS * * * * * * f {ôX~(~12Fx +t22Fy +t3~F~,)·ôy~(tliFx +~2iFy: +t3iFz )} dS 
S 0 . 0 O •. _ _ 0 0 0 

where 

* * t
ij 

and td are the direction cosines of the axes xoi and x~i' referred 

to the inertial system (Xo ' Yo,Zo) i 

(0 ,0 ,0 ) are canponents, referred to the system (xo,yo,zo)' of the 
Xo Yo Zo 

resultant of the transverse shear forces Qx'Oy and the 

* axial force Oz; 

(M ,M ,M ) are canponents of the resul tant of the bending mc:ments Mx, 
Xo y z o 0 . 

~ and the twist couple Mz in the directions of xo' Yo,Zoi 

(F ,F ,F ) are' canponents, referred to the system (X~,y~,z~), of the 
Xo Yo Zo ." 

force resultant at PE,; per unit l.ength of the centerline. 

which includes the inertial forces, the viscous...<Jamping 

force due to the surrounding 'fluid, the reaction force 

arising fran the internaI fluid, the gravity force, and the 

• force due te the pressure distribution of the surrounding 

fluid: 

(gjx~'.yo'.Zo)· are canponents, referred to the system (X~/Y~'Z~), of 

the ni:xnent reSul tant at PE,; pe:r; unit length of the pipe " 

centerlin~, which includes the rra:nent of rota1:y' inertia 

'and externall!D'ne1fts if they exist. 

r 

. , 

(E.2) 

Cont', 



o 

1... 

.0 

o 
, . 

.. 
E-3 

.. 
t 

Now it is no~ that when ôS + 0, the system (x~,y~,z~) 

coincides with the system (xo,yo,Zo)' Therefore, one obtains 

(E.3) 

ôX ôY oZ -+ 

and ôS 
0

, oS 
0

, oS 
0 bécane canponents of the unit vector ez at Pl' because 

ôXo'ÔYo,ôzo are canponents of the vector ~i' as shown in Fig. E.2; 

and they are denoted by 

ôXo ... - ~l = ~ 

ÔYo 
~2 = ôS " 

ôZo 
R.3 c: ôS • 

-
(E:6) 

o 

r-breover, l.f the systen Xoi :oincides wi th the system xoi at Pl' t~er\ 

, 

~l = L31 ' 

~2 = L32 ' 

R,3 = L33 ' 

.... - -
·(E.7) 

where L3i are the direction cosines of the z-axis, refe~{ed to the ... 
\ 

Dividing the equation sets (E.l) and Œ.2) by ôS, and taking 

the' limit ôS -+ 0, and then canbining 'equations (E.4)-(E.7) yields ' 

' . 

. . ... 

• 



... :,..:.- ..;,...;. .. 

E-4 

(E.a) 

--
.. , 

o 

, CE.9) 
., .. ," t"(: 

. Fran Equations CC.19) - (C.21) in Appendix C, oQe can write the - ( * derivatives of 9.. ijl as follows: 

.. 

" , . 
A. "'..,., 

-- . \ -



...... .J, ........... , ~ • \ 

-- E-S 

-\ 

0 * 
at21 • • 

- .... 

~ = t31Ko - tllLO , 
• 0 ". 
at22 • • 

" 
--as- = R.32Ko - 9. l2Lo , .. ~ ..) 

CE.lO) 

* at23 • * 
as = t33Ko - ~3 LO 

* at3l • * as = l~lK~ - l2lKO , 

* at32 * * --as- = ll2K~ - l2l<'o .. 
( 

* . at33 - * * --as- = 9.13K~ : 9.23Ko . 
*' 0 - \ 

Substituting equation set CE.lO) into equation sets (E. 8) - (E. 9) , 

and then setting the system X . te coincide with the system xoi at Po' . 
o~ " 

the equations ,of motion for the pipe along the axes of xo',yo,zo may 

be wri tten as 

(E.ll) 

(E.12) 

-

_ CE.14) 

~O CE.lS) 

" 

.. 



o 

o 

• 

E-6 

(E.16) 

We now consider the force per unit 'leitgth of the center-line due 

';,--:~to the gravity force and the pressure dist:t:ibutién of the surrounding fluide 

For oonvenience, the pres~ distribution. of the surrounding f luid 

acting on the extemal lateral surface per unit length of the pipe may 

"~ ~ ~ 
be 'rel?laced by the buoyancy force B (Le. B = AoPfeg) and the tensions 

AoP e and AoP ~ applied on the top and bottan faces where P e and P ~ are 

the pressures at levels Pl and Pi, as shClWl'l in Fig. E.3. The buoy;ancy 
~ \ 

force B and ~e gravi ty force, can, be canbined into a single force, called 

the effective gravity-fbrce G, and the pressure force AoPe and the ' 

. * tension Oz can also be canbined into a single ~nn Oz, Let CG ,G , 
Xo Yo 

Gz ) éIenotet-canponents, referred te the system (xo,yo,zo)' of the 
o ~ . 

effective gravity force G; then, Wé can write . 

~ere Mt is the mass per unit length _of the pipe, Ao is 

cross sectional area of the pipe, Pfe i5 the density, of 

(E~17) 

(E.IS) 

... ' (E.19) 

(E.20) 

the exteIIlal 
~ 

< 

the surrounding 

fluid, g is the 'acceleraticm due te gravity and à , Il , Il
Z 

aœ the .. 
. Xo Yo 0 

direction cosines, referred to the system (xo,yo,zo) of the gravitational 

acceleration • 

"' .... 

,. 

\ 
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--
Fôr'~the pipe vibrating in a quiescent fluid, fluid daIrping 

#1 

arises due ta the fluid viscous effect and due to the energy carried 

away by acoustic waves.. Th~ damping force arising fran these effects 

may he considered to be proportional to the pipe veleei ty • Let (f , 
Xo 

, , f ) denote the canponents of this force, referred to the system 
Yo ?o 

(X
O

'Yo,z9); -tilen we can write 

au 
f =-c~, Xo a 

(E.21) 

f ='- c' ~~ , Yo 

aw 
-- f =-C'at J 

Zo 

(E.22) 

{E.23) , 

where C and c' are the coefficients of viscpus damping due te the 

surrounding fluidr a~sociated with lateral and' axial m::>tion of the p~~/ 

respectively, and u,v,w are the displacements of the pipe along the 

Xo-' y - and z -axes. o o. 

Finally, canponents of the force resul tant per uni t length 

of the pipe center-line- can be written ,as follows: 

(E.24) 

F = - (M + Mt) a - c av, + R + G , 
yo a tyo at Yo Yo 

'(E.25) 

F = -(M' + Mt) atz - c'~~ + R ~ G--? 
Zo a l. 0 a Zo ,ZO 

'(E. 2~) 

where abc ' aty: , atz are canponents of the pipe acœleration, Ma or M~ ls 
~ 0 0 1 

the added mass per unit length, and Rx ' Ry , Rz are carp:>nents of 
o 0 - 0 . 

the lreaction fo~ arising frcm the intemal fluid. 

j 



o 

0, 

" ' 

E-8 

Subject te the limitation that the dimensions of the cross­

sect100 of the pipe are small as canpared with the overall length of 

the pipe, the rotatory 'inertia about axes x and y can be neglected. 

Therefore, if extemal nrinents-aœ absent one obtains , 
• = 0 , 

Xo 

• = 0 , 
yo 

(E.27) 

(E.28) 

. -
(E.29) 

wheœ Iz is the pipe rranent of inertia about the z axis ~ 

Substituting equatIons (E.24)-(E.29) and the values of L .. 
. , ~J 

obtained in Appendix A into equations (E~Jl)-(E.16), the equations of 
\ 

rmtion for the pipe may he obtained, Le., 
J 

ao 
~x 

---2 -T Q +K'O -c l!:! + R + G - ,CMt"fMa)atx = 0 , as 0 Yo, 0 Zo at Xo Xo 0 

..... M ' .... 'M .. ~- av 0 -- - Q = 0 
.. '0 y. ""'0 z ~s z y. ' o 0 0 0 

(E.30) 

(E.3i) 

(E.32) 

(E.33) 

(E.34) 

(E.35) 

> 1 

., "!-1i.t~ 

:' 
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(a) 

, 

Pressum DistribUti~ of the~ Surrqunding Fl~id Acting 
On the ExtemaL Lateral Surface of thé Pipe. 

'. , , ! L 

(b) Pressure Distrihltioo Replaced by the Buoyancy Force 

B and th~ Tetlsiœs' Ve and A--:f~'. 
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APPfH)IX F 

"IhJNDARy· CCJIDITIal, AS5a:IATED wrm A FREE END Fœ IN-PLANE 

... 
end may be' wri tten as 

(F .1) 

. .' 

Q'l the other'hand, at the free end one has obta1ned [equation (2.81) J 

that / 

v 
a2l)* al)* 
(--1 + r ..l) = 0 • 
a~2 '. 0 a~ 

CCmbining equations (F.l) 'and (F.2) y1elds 

a4 * a3 * ' a * ~2 .... '\ . l)1 l)3 " a nI \ ( . 0 ni < 

(----; + rQ -3) + ';"F ln (~ + ron3*) + L +. 6. )'-2 ' ,af,:' a~ a." 0., . ~ a al' 

," 

/ 

Wh1ch in the ~ text 1s gi ven ~ equation (3.14). 
'.. • 1 .., ~ 

• r 
" . l , . . 

J. 1 

(F .2) 

................... 

(F .3) 

(F .4) 

. ' 

'" 



•.. n ,a_ • _ •• , -

G-l 

o APPFlmDC G 

JN'!'EGRATICNS BY PARTS ASSOCIATED WITH THE DmIVATlœ1 OF El.:XJATIOO (3.21) 

~. 

Consider the equation 

(G.l) 

where 6* 4*' 2* 4* 2* 2* 
* '* a Tl3 2 a Tl3 4 a Tl3 . , -2 a Tl3 2 a Tl3 4 * a2 a Tl3 2'" 

Ai (Tl3 )=(-6 +2r -4 +r -2)+ u (-4 +2r --2 +r Tl3)+-"'--2 [I1(-2 +r Tl3)] 
élE; 0 aE; 0 élE; élE; 0 aE; o. aE; aE; 0 

(G.2) 

Perfonning integrations by parts, one obtains the fOllowing: 

o~ 
6 *, 4"" 2 él 6 ." a 4 * 

. n E;i * a '3 2 a Tl 3 4 él Tl 3 n E;i * Tl~ 2 Tl3 
L J ôTl:3 (--::6 +2r -4 +r ~)dE; = L [J ôn3 ( é)c- 6 +r --;r)dE; 

i=l 0 éll;- 0 aE; 0 aE; 1=1 0 ., 0 dE; 

* 

o 
2 ~ }1 + r ) , 
o at 0 

(G.3) 

.. 
\. '>, 



-".,.:' , 

G-2 

1 

3 * * a 113 2 d113 
(-3 + r ~) 

a~ 0 0<" " , 

'. 
(G.4 ) 

n 
1: f 

i=l 0 
.. 

" 

3 * * d 113 1. 
+ {Ô113 2}' 

d~aT 0 
(G.6) 

/' 

" 

(G. f) 

• 0 

. (G.8) 

• 

.. 
• 0 

... J .'9 



o 

o 

o 

was made 

i' 

, ' ", .' 

G-3 

It is noted that in equation, (G.3)-(G.8), the fOllONing replacement 

n ~i 1 
or { } 0 = {c }o 

1=1 
." (G.9) 

~i-1 
because of the continu!ty condition ('i.e. the value of {} at tt:.he 

,. , 

i th, node in the (i-1) th element is equal ~o the valué of { }o at the 

saine ~ode in the i th elenent", as shown ~ Fig. G.I. 

Substituting equations ,(G.3)-(G.8) into equation (G.l) yields 

E,; 3* * 3* * *3* * 2* nia nj 2 an3 a n3 2 an3 -2 d<5113 d n3 2 a113 2 * a 11) 
E f [<5(- +r -) (- +ro -ae-)+ u ["'"";T'"(-3 +ro ~)-ro6113(-2 1=1 0 ,a~3. 0 aE;; dE,?_ -, 0" aE;; Os aE;; 

f. 

* * 2* * * 3* 2* 
2d11 3 aon3 a n3 2' * an3 3011 3 a n3 2 ~ d TI) 

+r -)+ Je-- - "'r Je5n -aT +(1+6 )-- +r '1+8 1
)-, --) ldr-

o a-r a~ aTd~ 0 3 a a~ a~aT2 0 ,a ',)'13 a1 2 ", 

5* 3* 3* * 3* 2* 2* 
, * a n3 2 a 113 1/2- d 11 2 aI13)+(!..LD )a n3 1 a n3 a ;) Tl3 

+ 6113 {( 3 +r --3)+2S U(--2+r "l. TV 2 'H·"I. ... + 'îF{IT(--:;z 
aE,; 0 a~ d'ra; 0 aT a 3t3'r 0'0 0

' oc. 0" 

(G .10) 

Fran the boundary conditions, equations (3 .10) - (3 .14), one can 

see that the ~teqrated teDtlS vânish. Therefo~e, one' obtains 

" , . 



, . 

" 

" 

o '. 

1 ... ' ..... ·· .. i:-.,-:r..:·- ... ·"l'~'Ji- ..... f ... .;.,.!'.~,.; 'J" 

which 1s equation (3.21), appearing in the main texte , 
, . 

o 

1 

, , vif· • 

.. 

- ..... ; 

)' 

G-4 .. 

(G.ll) 

. , 



o 

.. 

o 

\ 

0-

" 

, 

Fig. G.l 'I\oJo Finite Elements of the Pipe, Illustratinq the 

Condition' of Continuity Across à Node 

-, 
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APPENDIX H 
. " 

THE INVERSE OF MA'IRIX [A]; EOUATlOOS (:h38) AND (3.40) . . / ' 

Let the square matrix 

[A] = [a
ij

] 

o , 

\ 

of order n and i ts inverse 

[B] = [b
i

.] 
- J 

be partitioned into sul:matrices as indicated below: 

çmd 

where 

àecause 

1 
1 

(p x p) 1 (p x q) , 
1 > -- -----1 - - - ---

, ~l 1 ~2 
(q je p) 1 -, 

1 
1 

(q x q) 

(p x p) : {p x q} 

-----.----
B2l , B22 

_ J 
(q x p) 1 (q x q) 

,p+q=n. 

(H.I) 

(H.2) 

(H.3) 

(H.4) 

, , 'CH.5) 

H-l 

[A] [B] = (B] [A] = l , 
n \ \ (H. 6) ~ 

where In is ah identity matrix, one obta.ihs, 

AIl Bl! + ~12 821 = Ip' 

AIl B12 + A12 B22 = 0 , 

B21 AU + B22 ~l = 0 , 

1 B21 _A12 + 822 ~2 = Ig • 

, 
'CH.7) 

(H.S) 

(H.9) 

(H.I0) 

then, provided AIl is, non-singular, one can rewri te ~ticft (H .'9) as 

-. ' 
, ' 

, ' 

, , 

. ï , . 

\ 

1 



o. 

... 

o 

0 

.. ' _'~")~'" u ~ -;:- ~-__ ,...-:, \ ......... ......",..,.., 'l'S'ff~"'~_ 

l'lr~ 

.-" " 

(H.ll) 

Substi tuting equation (H .11) into equatiOn (H .10) yields 

-1 -1 
B22 = (~2 - ~lAl1 A12)· ; (H.12) 

again substituting equation (H.12) into equation (H.8) and (H.1l) 

yields 1 
-1 .,····_··-·---1' . ';;"1--

B12 = -"'AllA12 (A22 - ~lAI1A12) , 
-1 -1 -1 

B21 = - (A22 -. A21A1lA12) . A21A11 • 
'J~ ... ,\ 

';"'î' 
Finally, canbining equation' (H. 7) and (H.14), one may write 

(H.13) 

(H.14) 

H-2' 

-1 -1 -1 -1 -1 
B1l = ~ll + AllA12 (~2- ~lAllA12) A2iA11 • (~.15) . 

Hence, one obtains the foilowing expressions fOr: the ·subnatrices 

of the inverse rnatrix B: 

where 

... 

, 
where, 

\ 

-1 -1 -1 -1 
B11 = AU + A11A12 Y A21A11, 

-1 -1 
B12 = -AllA12y 

-1 -1 
. B21 = -y Az1All' 

, -1 
- B22 = Y 

y= -1 
(~2 - A21AU A12' • 

By applying fOIlllUlae CH.16) , one can invert the matrix --
1 0 0 0 0 0 

0 1 0 0 0, 0 

• [A) ~ 0 0 2 0 0 0 

1 ~ ~~ ~ ~ ~ , 

3~; 4~! .5~ 0 1 2~e 

0 0 2 6~e 12f;! 20~! 
as previously de~ined, 

(H.16) 

(H.17) 

''', 
.~ 

(H.18) 

"l, 

• 

. -



t'tF" 11 "7 r~1 ., ... ~~ .... , < :~ , 
, , 

',' 
,. 4 .. -. k ", " ~r:-" ~1'~~ 

l, 

H-3 
• 

0 
l a 0 

. 
(H.19) All~li!l 0 1 o , 

0 0 2 

""', 0" 0 0 
'" ..... 
A12~~ 0 0 o , (H.20) 

0 0 0 

1 E;e ~2 
e 

~l= 0 1 2~e ' (H.21) 

0 0 2 

-
f,;3 
e. 

f,;4 
e, 

~S 
e . 

.. ~2-= . 3f,;2 4E;3 SE;4 (H.22) 
e 6-- e a . 

0 
, 

6E;e 12e;;2 20t
3 

e e 

Fran equations (H.19) and (H.22) 1 one can write 

l 0 0 

0 1 0 , (H.23) 

0 0 1/2 

lOC3 -4E;-2 j;-l 
e e - e 

-lSC4 7f,;-3 -2 -E; e e- e (H.24) 

6t::-S -3f,;-4 1 -3 
e e ~e 

Substituting equations (H.19)-(H.24) into equatiœ set (H.16) 
" 

- yields 

" , 
• 



0 y = ~2' 
-1 B22 = ~2 ' 

-10f;ï
3 6 -2 3 -1 

- t - 2' te e 

B21 = 15f;-4 S't-3 3 -2 
e e 2' f;e ' 

_6~-5 
e 

-3f;-4 - 1:. t-3 
e 2 e 

0 0 a 

812 ,= 0 0 0 , 

0 0 0 

~ 
-1 

Bn = AU • 

Hence, the inverse rnatrix of A 15 given by 

0 1 0 0 0 0 0 

0 1 0 a 0 0 

[AJ-1 = 0 0 1/2 0 0 -tr 

-10f;-3 '-6f;-2 3 -1 lO~-3 -4f;-2 1 -1 
-~e 2' t:e ' e e e e . 

3 ':'2 15;-4 '8;-3 -15~-4 n;-3 -2 
'~e' -~ e -e e e e 

"'\ 
-5' -4 ' 1 -3 6~-5 -3;-4 1 -3 -6; 1 -3; -~e\ ~e e e e e 

'. ' 

\ 
o 

\ 
Q 

., 

..rI, :. 

" . 

H-4 

(H.25) , 

(8.26) 

(H .27) 

(H.28) 

(H .29) 

(g.30) 

/) 

, ~ 

J 

~ , 



, 

-0 

• 
.' 
-,.:... .. ~ ~ 

~ :' ".& 

. -
• 

APPmmIX l • 
, 

omtIVATIŒ OF . .mE MA'IRICES [JI] - [J 1 13., 

CŒlsider the \ vector , 

1\ 2 3- 4 5 [~3) = [l \ ~, f; , ~ , ~ , f; ] 

clearly, \ 
1 

.. 

• l 2 3 4 [~3) = [0,\1,2;, 3E,; , 4f; , 5~] , 

" 2 3 [~3) = [0, 0, 2, GE;, 12; , 20; J , 
1" 2 

[cIl
3

] A= [0,0,0,6, 24f;, 60f; ] , 

, , 

I-l 

(l'.l) 

(I.2) 

where the pr:ime denotes differentiation with respect to E;. Therefore, , 
' . -

we obtain the fOllowing: 

[J ) = 
E;e T f [~3] [~3) dE; , l 0 

E;e 
1 f;2 1. f; 3 l E;4 l E;5 1 E;6 

1 '2 e 3 e 4 e 5 e 6' e 

1. ~2 l E,;3 1. ;4 1 5' l ~6 l '7 
2 e 3 e 4' e 5' E;e 6 e '7 ~e 

1. ;3 l f;4 l:. ~5 l ~6 le l E;8 ' . 

3 e 4 e 5 e 6 e 7 e 8 e 

== 1. f;4 
4 e 

l:. f;5 1 6 
'6" ;e 5 e 

l f;7 
7 e 

l E;8 
8 e 

l:. ~9 
9 e 

(I.3) 

1. f;5 
5 e 

1 r,6 
6' e 

1 ;7 
7 e 

l ~8 
8 e 

1 ;9 
'9 e 

1 ~10 
Ne 

J. 6 1 f;7 1 r,8 1 ;9 
1 10 -.l ~11 

b-f;e .,. e '8 e '9 e 10 ~e Il e 
o E; 

e 'T , 
[J2 ] =f [cIl

3
] . [~3] dE;, 

0 0 0 0 0 0 0 '1 
\ 0 f;e ' f;2. f;3 f;4 . ~5 

e e e e 

0 'r,? e 
4 ;3 
! e 

3 ~4 '2 e 
8 f;5 
! e 

5 f;6 
! e 

-, 0 r,3 ·3 4 2. ~5 2 E;6 12.e CI.4) 
: e '2 ;e' 5 a- e 

~ 7 e 
. " 

0 r,4 
e 

8 E;5 
. !' e 2E;! 16 r,7 . -r e 

5 ~8 ! e 

0 r,5 5 ;! 15·1 . 5 '8 25 f;9 
e ~'> J" 7~e 2' f;e ge 

<;"' 1.' 
',t l 

\ , 

" , 

"". ~-,' 



0/.'; .. , 
" 

o 

o 

0 

~.' .' 

," ~ .. ", 'i~, .. - -. ~. ..... -'~1"""'-" r ""'':" :. -. .. ~ 
..... ,. __ . .;. ......... .,.... ',' 

o 

;e 
[J

4
] = J [~3] 'T[~3J cu; = 

o 
f;3 
e 

! 

" 

, 
;e .: 'T'" 

[JS] = J [~3]' [~3] dt 
.0 ' 

= 

, 

f;4 
e 

-r-: 
0-

0 

0 

0 

J" .'.r' ..... , --- - ...... ;1',,\ ........ ·t-~ ... ~~ ...... ;""'"~ ~;n' :"~"f i, J.", ~~ 
..... ,"';. 

o 0 0-. 0 

o 0, 0 0 

o ·0 

o 0 

o 

o 

I-2 

'0 

o 0 0 72t~ 192t!~ 360f;! . 
o 0 0 120f;; 360;: 720~; 

o 0 

.h2 .k3 
2~e ,3~e 

1c; ~! 
1:-4 . 3 5 
4~e sr;e 

!z,S ~6, 
5~e 3 e 

~: ~~ 

0 0 

0 2te 

0 r 2~2 
e 

' 0 2t; 

0 2f;4 # ,e 

0 5 ,2~, 
e 

o 
,k4 
4~e 

~! 
.k6 
2~e 

~7 
7 e 

~: 

0 

3f;2 
e 

4t3 
e 

'9 4 
~e , -

, 

24 çS 
-S- e. 

5~6 
,e 

, '< 

• 

0' 

.!rS 
S<'e 

h6 
3"e 

~7 
7 e 

-k8 
2 e 

5 9 
,'~e 

0 

4f;; 

6;4 
e 

3~,; 

8~: 
60,7 

- 7 c 

\ ' " 

, (I.5) 

'~ 

, i 

F ) 

o 

~! 
~~ 
~8 ,(1.6" 
8 e 

~ 

'0 

S~4 e 
" 8~S e 

lOf;: 
,( I. 7 ) 

8~ç~ • 

~: 





r:-'-;' ~~ w , ~ .. ~ , t •• 'P' ..... F~ • ?-#~ \' - -/ l '1 ~ J ~ ,"'17 1'" , J- ' ", 't .\' .. ;0)+41_ 
" , " ~1"l' ~ - .......... 

I-4 

1 2 iÇ k 4 ~; k 6 ~7 '~e ' 4 e 6 e 7 e 

0 '- -
k 3 k 4 k S '1 6 ~7 k 8 
3 e 4 e 5. e 10 ~.e 7 e 8 e 

,~! ~; If,;6 -:k
7 l 8 ~~ ,. f,;e ~ ,e 7 e ~e 

T ' 
[Jg ] = fO f,;r~3J [~31 df;'= , 1 5 16,-1'7 -ka 1 9 ,k10 1 (1.11) 

.~e ~e. ~e 8 e ' ~e 10 e 
" 

k 6 -6 e . ~7 7 e. 
ka 
8 e k9 

9 e 
.,k10 
la e 

,.kIl 
Il e 

~ ~7 
7 e 

k 8 , a e k 9 
9 e 

.,k10 
10 e 

;-kIl 
lle 

,k12 
12 e 

t:!t 

0 .0 0 a a 0 

0 ~: ~3 ~4 4 ·5 k 6 
3 e 4 e ar;e 6 e 

0 ~3 
3 e 

f,;4 
e 

~S 
5 e 

~6 
6 e 

10ç7 
,7 e 

. f.:e 'T' f 

'-
\ ., 3 4 k 5 ~6 12~ 7 15ç8 (1.12) ,fJ 10] = f 0 ~ [~3] [~3] &;: = 0 ~e . 

~O 
5 e 6 e 7 e a e 

~ 
k S ~6 12,7 16,8 20ç9 a 5 e 6 e 7 e a e 9 e 

... 
a k 6 

6 e 
1Oç7 
7 e 

15t a 
8'e 

20~9 
9 e 

25ç10 
la e 

0 0 ~~ ~! ~4 --.., e 20 f.:5l 
~ e 

1 
. ·20 6 

1 
'-

k 3 ~4~5 a q ~e 3 .e 4 e .~;§ e 
1 

,'" f.:e rf" o . 0 k 4 ~5 12,6 20C; 7 
1 ' 

(1.13) 
" [JIl.] ;..I 0 f,;.[~3] [~3J dt = 4 e 5 e 6 e 7 e 

~! k 6 
. 

12ç' 20ç8 ., 
O· a ' 6 e 7 e 8 e .. 
a 0 '2 6 ~7 12ç8 ~9 .. 

-gt;e 7 e 8 e 9 e. , 
, 

0 0 
. 2 7 

~! ~: ~lO ~e a e 

Q 

.. 



.. . •• , .; '-1, \ • ~ , 
... - , . ,- .)"- .... , -L;;1·f.'~-

. ,~",_ ... " ... "f" ," . . } ..... ; ... , ...... "r"-. , ' , 

, I-S 
J 

" f-
! 

.. • , 
0 0 0 0 0 0 

/-
,-

~: .~; *4 kS ~: l 7-
4 e 5 e ~e 

, 
2-S 2'3 -k4 ~6 ~7 ~8 

Y;e 4 e ~e 6 e 7 e 8 e 

j~-e- fT f;! . k S ~6 *' ka k9 
~J12] = ~ [~3J [~3] dE; = 5 e 6 e 7 e 8 e 9 e 

ri 0 . 
~; k 6 ~, ~8 4Ya:1O 

6 e 7 e 8 e g;e 10 e 

~6 ~7 ~8 _~9 à 0 ~11 
6 e 7 e 8 e 9 e 10 elle 

, ~ 

( I.14) 

0 0 0 0 0 

20°5 l * ~2 ~3 12 4· 
0 0 2 e ~e ~e 3 e .. 

- te 'T" 0 ~! 12~4 ~~ -~: [J13] = 1. ~[t3] [~3] dE: = 0 
~ 0 

4 e 

0 0 '0· ~: ~~ ~! ~7 
7 e 

0 0 ~5 
5 e 

24;6 
6 e 

~7 , e ~8 
8 _e 

0 0 lOç6 30e . 60 8 100;9 
6 e . 7 e -ste 9 e ., 

(1.15) 

.' 

• 1 

• 1 

.' ' 

,.1'. _ ...... f ••• 

" ••• "'1,., .. , 

.. ," 
.: .. :."', 
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APPENDIX J 
o • 

~œs BY PARTS ASSOCIATED WITH THE QERIVATIOO OF ~Tlœ (3.52) 

Consider the equation 

(J .l) 

(J .2) 

(J.3 ) 

4 * q - 3 * * 2 * ~i 
n t;i ." a n2 a.21jJ * " n * a n2 ~ aôn2 a 2 ." 
E f ôn2-(--4 -r 2}dt; = 'E {ôn2(-3 -ro a~ ) ... ~( 3 -rotV)} 0 

1=1 0 aE;"~ a~ . 1;::1 ôE; _ ., 0., a~ 

A n ti 
= - 1: J 

1=1 ,,0 

-­.. 

(J .4) 

~ (J •• ) 

/- "'.I~ 

,. 



o 

e 

J-2 

(J .6) 

It 1s noted that in equations (J. 4) - (J. 6), the fOllowing replace-

ment was made 

n ~i l 
E { } 0 = { }o ' 

i=1 

because of the continuity condition: the value of <{ 

in the (i-1) th element is equal to the value of { 

the ~i th elenent, as shown in Fig. G.l. 

o 

(J.7) 

~i-l 
}, at the i th node 

}o at the same node in 

(J .8) 

Fran the bound2Uy conditions (i.e. equations (3.17)-(3.19», one . 
can see that the inte<jrated tez:ms vanish. The:œfore, equation (J .8) 

may be reduced te the final fOIm o 

, ' 



'r" ,,,'''' .... 

, , 

J-3 

o 

(J .9) 

<1 which is equation (3 .52) . 

o 

o 
" 

.. 



o 

o 

,"'- •" 

, . 
~ :: , 
Î;,,~" 
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APPENOIX K 

THE INVERSE OF MATRIX" [Alo;-EEtIATlOOS (3.69) AND (3.71) 

Consider the matrix 

fA] c 
o 

t 

1010' 0 0 0 
1 

01 1 0 0 0 0 1 ---T--------
00,0,0 1 0 

1 F.:e : F.:~ F.:; 0 0 

o 1 1 2~ , 3~2 0 0 
1 e e 

o 0 100 1 ~ 
1 ~e 

and parti tioning i t into sul::matrices as shawn above, one obtains 

,. 

, 

/ 

Fran equatiCl1S (K",2) and 

A* = . JO 0 
12 G-; 0 

o 

1 

o 
~ 
e 

o 

o 

~l = 0 l' , 

a 0 

0 0 
" 

~2 
e 

~3 
e 

~2= 2t '3t2 
;,e e 

0 0 

(K.S) 1 One bas 

[~ 

. , 

1 0 

0 0 

,,0 0 

1 ~e 

(l{ .1) 

(K.2) 

(K.3) 

(K.4) 

(K.S) 

(K.6) 

;, 

K-l 

" 



o 

o 

v 

o 

• j 
.. ' ~ . 

a 

*-1 
, ~2 = 

a 

1 a a 

a 

a 

a 

" a 
-1 

f.:e 

li so;n 

1(-2 

(K.7) 

To obtain the inverse of the matrix [AJ o ' equation set (H.16) 

derived in Appen<ÜJ\ H is applied. Substitution of equations (K.2)-(1<.7) 

into (H.16) - (H.17) yields 
-* 

y = A22 ' 

*-1 
B22 = ~2 1 

-1 * *-1 
B21 = Î ~1 AlI ' or 

o 

o 

1 

-1 
-E; e 

-2 
f.:e 

a 
_;-1 a ~ a 

e 0 

= (02 
e 

O· a 

o a 

, *-1 .* -1 
6+2 ,= -AU Al2y' 

\ 

o 

o 

a 
a 

a 
o 

o 

1 

o 

o 

*-1 *-1 * -1 * *-1 
Bl1 = An +].tu A12 y ~ 1 AU ' 

*-1 
= A Il 

o 

;e 

'1 

o 

~ J. 

, 

, 1 

(K.8) 

(K.9) 

(K.la) 
\ 

1 \ 

(K.ll) 

(K.12) 

(K.1l) 

(K.14) 

.4'fffl!:r: ~~ 

" 

\ 

1 • 



K-3 

o Therefore, one obtains the inverse of the mat.rix [AJ'~ as-': 
r / ' 

1 0 0 0 \ 0 0 
.' 

0 .1 0' 0 
\ 

0-' 0 

[A ]-1 =- ';'2 -1 ' 3ç-2 -1 '. 
-3E; - -2~ 0 -E; 0 ,1 (K.lS) 

0 ,e e e e 

2t"3 (2 0 _2~-3 -2 0 e . e e E;e 

a d r- a 0 0 

0 0 _(l' a '0 -1 
e f::e ... 

which 1s equation (3.71) of the main text. 

.' 

o 

• 

. , 
, -(' •• . ~ , -

\ ~ ... 

\ ----- ' 
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L-l 

0- APPmDIX L -
DERIVATlœ OF MA'IRICES * '* ' [Jl]~ - [J

23
] 

Consider thé vectors, 

[~2) = [l, 2 3 
E;, ~ , E; , 0, oJ 

,'- [~4) (0, 0, 0, 0, l, f;] ," 
(L.~)" 

= , 

, 
Clèarly, 

[~2) = [0, l, 2f;, 3E;2, 0, 0] , 
-, . 

" [~2) = [0, 0, 2, 6f;, 0, 0], (L.21-
1 

, [~4] = [0, 0, 0, Oi 0, lJ , -
where, the pdme denotes differentiatiQl1 with respect to ~. Therefore, one 

obtains the following: 

'\ ~2 k3 1 4 0' '0 

0 'I! 2 e 3 e ~e' 
k 3 k4 1 5 ' 

~e 0 0 3 e 4 e 

* fE;e T [Jl ] = 0 [~2] [$2J dE; = k4 
4 e 

it;S 
5 e k6 

6 e 0 0 (L.3) 

" ~~ it;! ~~ 0 0 
. 

0 • 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 -
'- ~! ;3 • 

0 ~e 0 0 e 

0 ' ~: ~! ~: 0 0 

~ ~e 'T l ' 1 3 
~! ~~ 0 0 IJ21 = l [~2] [$2J dt = 1 0 ~e (L.4) 

0 • 
0 0 .0 0- 0 0 

, 

0 
0' a 0 0 0 0 

/' 

-", , -
-. 

:, 
.t.<:"'_", 



, 
L-2 

, 0' 0 0 o ' 0 0 

0 0 0 0 0 0' 0 

* te nT " 0 0 4~e 6~2 0 0 (L.S) [J3] =- I. [t2] [42] dt = e 
0 

0 0 6~2 i2~3 e e 0 0 

. 
0 0 0 0 0 ,0 

0 0 0 0 0 0 

0 0 0 0 0 ol 
0 0 0 0 0 o ' 

\... 

0, 0 0 0 0 0 
) 

' .. ~ - 0 

:[J:J =. J oe [t4]T[t4J ~ = 0 ,Ô 0 0 0 0 (L.6) 

~2 0 0 0 0 ~e 2 e 

0 0 0 0 -k2 k3 
2 e 3 e 

\ 

~2 ~3 
., 
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APPmODC M 

BCXJtmARY céH:>lTIœs ASSCX:IATm w:rœ ~TIœ (3.84) Eœ A CIAMPm­

fREB lHXJoIPIBI'E CIRCtJLAR PIPE m THE ~ CF 'INEXTENSIBILI'I'Y 

. . 
COOsider a olarçed-free 1ncanplete circulat: pipe oonveying 

fluid, under statie equilibriun, as slnm in Fig. M.1. Aca:lrding to the 

- . di1nenslC1'lless equat.ial of staticr equilibrium in the 20 -direction (i.e. 
1 

~t1C11 (2.84) derlved in Chapter' 1;>, one can qbtain the derivative 

of ~o at the free end,""-~ follows: ! ',', 
dII a 0 al 0 a2 0 

dl, 0 
/1 = [~o <no + ü2

) (a~l + ron~) f' ro ( n~ + ro n~ > + yaz 11 • 
at at 0 1 

(M.1) 

SUbstituting the boundary caldition at the f.ree end given in 

equatial set (2.88), i.e. 
3 0 -~ 0 ' a Tl1 • a Tl3 .-
(~ + ro ~ )/1 = 0, 

at at \ 
(M.2) 

'--
intb equat1œ (M.I> and neglecting the effect of gravity, one obtains . / 

- 0 
dflo ' -2 an1 0 1 ar Il = romo + U ) (ar.+ roll3.> 1'· (M.l) 

. 
. ,It is noted that the l'Ota~on at'othe free end àbcut the Yo-axis 

~ 

may be mtten as 

(M.4) 

.. 
, cb the 'other band, fmn equatiCl'lS (0.10) and (0.17) of Appehdix 0, 

œehu 

.. 
" 

CM.6) 

"" "t " .. \ 



\ " 
'\ . ~ ~ ~::1i 

,~ ~ 

• 
M-2 

o Canbining equations (M.3) / (M.4) and (M.5) yields the' value of 

dITo/ df,; at the free end 

Bere, use has beeh,made of the fact that ITal,l = ~Il' since Oz = 0 at the
r . 

free end. Therefore, the boundary conditions associated with equation 

(3.84) are as follows: 

(M.S) 

o 

which ±.s equation set (3.8,7), appearing in the main texte 
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Fig. M.I .A Clamped-Free Incanplete Circular Pipe Conveying 
• 1 

Fluid and SUl:merçed in a Quiescent Fluid Under . 
Statie Equi!librium 
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APPENDIX N 

DERIVATIOO OF ~ .AU:N; THE Xo AND Zo -AXES OF THE RESULTANl' 
" • 0 

OF' FORCES PER UNIT LEN:;TH ACTOO ON AN ~LETE CIRCUIAR 
/ 

PIPE UNDER 'STATIC Et>~IUM 

By evaluating the reactions R and R fran the internal fl!ilid 
Xo Zo 

on the wall of an incanplete circular pipe under :static equilibritnn, the 

equations of motion of the internal fluid in this case can he written 

fran equations (2.41) anq (2.43) derived in Chapter II, as follows: 

(N.] ) 

" where 

" , 

(N .2) 

, . 
are the tilne-independent canPonents of equations (2.17)' c;md (2.19). 

In order to evaluate the approximate reactions at the ,ends of 

an incanplete circular pipe and according to thELasslUllption of small 

defomations, one may use the unclefoIIlled centerline of the, pipe as. an 

approximate s~pe of the strained centerline <?f the pipe after static 

defoonation. Therefore, equation set (N.l) is reduced te 

- AiPi/Ro + R' - Gf .+ Mft? IRo = 0 Xo xo/ 

a~P"i). ," 
as . + Rz ... Gfz = 0 •. 

o 0 

(N.3) . , 

, , 



o 

o 

\ 
1 • 

>. 

, ' e r 
l,' 

, . . 'i 

N-2 

Hence, one obtains the reaotions Rx and Rz 1 per tmi t length 
o 0 

on the wall of an incanplete circular pipe under static equilibriurn due 
-

to the intemaI fluid, as follows: 

R 1 2 + Gf Xo = - iÇ (AiPi + MfU ) IX 
, 

0 
. . 

d' • 
R = -as (AiPi ) + Gf • 

Zo Zo 

(N.4), 

If it is asstmteCi that the pressure distribution of the intemal 

fluid is .linear along the length of the pipe (Le., assuming a constant 

pressure drop per unit length), one may write, 

d(AiPi ) 
Ai P i = Ai Pi 1 L + 1 ds 1 Re 9 • (N .5) 

Moreove~~-~~ pressure-distribution of "'the surrounding flu.1.d acting on 

the external lateral !?Urface of the pipe rnay be replaced by the buoyanq , 
force and the tensions AoPe!o and AoPel L applied on the faces at the 

ends of the pipe, as shown in Fig., N.L , 

Fina 11 Y , canponents along the Xo - and Zo -axes of, the resul tant 
1 

for .forces per unit ,length acting on an incarq;>lete circular pipe under 

static' equilibriurn may be obtained as fOllCMS: \ 
1 __ 2 d(AiPi ) .. 

~ = - ~ (Ai Pi 1 L + Méï +' 1 dS 1 R 9) + G , o 0 0 Xo 

d (AiPi ) * 
qz = - dS +. Gz ' 

o 0 

(N.6) 

* * whe.re Gx and Gz are defined by equation set 
',0 0 

(2.57) ",in 'chapter II. 

, . 

For conveni~ce, we 'set 

qc = k- (AiPiIL + Mf u2) , 
o . .-r-

q = ,d(AiPi) 1 
s dS 

\ , 

) (N.7) 

c 



o 

.. 

o 

-
~ t . •••. ' •• 

N-3 

, 
which are calStants. 'l'herefore, we can rewrite carqx>nents qx and qz 

o 0 
~ in another fOIm, 

* ~ =- (~ + qs9) +s 
0 Xc 

* (N.8) 
qz =q +G .;--

s z 
0 0 

f 
Bëcause the coordinate system has been chosen, then the 

resul tant of forces -per uni t length acting on an incanplete circular 

'­,pipe under static equilibrium condition is as shown in Fig. N.l. 
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Fig. N.1 Forces Acting on the Incc:rnplete, Circular Pipe Under 
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APPmOIX 0" 

.' . 

Consider a clamped-free inOClT'plete ci~lar pipe under static 

eq1.1ilibrium as shawn in Fig. 0.1. 'nle resultant of forces per unit 
, , 

length acting on it has been derived in Appendix N. If ,the effect of , . 

gravi ty is negleqted, the CQllponents along the Xo -, and Zo -axes of this 

resul tant of forces can be wri tten as follows: 

* <Ix = ~ (qc + qs (9 - 9 », 
o (0.1) 

where 

(0.2) 

'" and 9 and 9 are the angles defineti in Fig. 0.1. , .' 

Tc obtain the rotation at the free end using castigliano' s 
~ 

~ theorem, we place a rranent Mo aJ:amd the yo-axis as shawn in Fig. 0.1, 
, 

which Is finally going to be set equal to zero. In this case tlle 

... bending nanent arounc;i the Yo -axis at any cross-section C 1s given by .. 
. 9 2 * * ~L 1 = Mo + RoAoP IL (l"7COS 9) + J <Iz Ro (1-oos 9 )d9 -

Yo ce, 0 0 

J9 2 * * + ~ Ro sin·9 de .' 
o 0 

(0.3) 

Substituting equatiœ set (0.1) into equatial (0.3) yields 

.. 

1 



o 

. 
t 

o 

! 

~~,;,' 

',' 

l , 

.. ~". '., 

(0.4) 

'1t1exefore, by evaluating the above integrals, one obtains Jit:he" bending , , 

nanent ~ 1 as 
oc 

The total strain energy of the pipe is 

:. 1 8 2 
U = 2E:r f MY 1 Ro de , 

o oC 

,J 

(o.S) 

, (0.6) 

0-2 

'wheœ, ro is the total angle subtended by the incarplete rin9 (Fig. 0.1) • J, 

. -
Acoordinq ta the castigliano theorem, the rotation of the cross-section 

of ~ pipe at the fzee end about the Yo -axis can he ~itten as 

,. . • aü ' 
ô = aM • o 

• 

(0.7) 

canbininq equations (o.sr, (0.6) and (0.7), and evaluatinq the 
~ , , ,., ~ 

integral, cne 00ta.1ns the rotation 

. 
(0.8) 

, New, setting Mo ~l ta zero (sinee no ~t is actually 

appl1ed at the free end) ànd substitutinq equation set .(.O.2) into (0.8) , 

l'ields 

(0.9) 

or 

(0.10) .. 



o 

o 

o 

~.. ...-"..... ''; , ' 

0-3 

Ta obtain the axial, force Oz at the clazrped enel, a force 
" 0 

balance alœq ~ Az~· - axis yields ~ l 

r 
+ f 0 - a cos (d~ O~) R de, 

o ~o 0 

and fmn Fig. 0.1 one can write 

* = 9 - 9 • 

\ . 
(0.11) 

(0.12) , 

. 
CœIb~ing equations (O.l~), (0.12) and (0.1) and evaluatinq 

the integrals, one' obtains the axial force 

. . 
On the o~r hand, we note that the value of AiPi at the clanpeC! end 

can he wri tten as 

(0.14) 

FinaUy, card:>ining equatioos (0.2), (0.13) and (0.14) yields. 

Oz 1 = JAiPi- - ~oPe) 10 - (AiPi - Ao~flL cos ro + Mf!l' (1-c:œ ro", 
00 . .. CO.15) 

and the ocmbined force at this ends 1s given by 

,. plo = '+(AiPi - ~PJrL~ ro - Mfrl- (1 - cos r o" , (0.16) 

'lberefoœ, the dimensionless oanbined force at t = 0 is 
• 

1 l 
' -2 

Ilo 0 = ~ 1 cos ro - u Cl - cos ro>' (0.17) 
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APPEmIX P, 
. 

BCXJND.l\Ry camITIcm ASSOCIATED WITH E:lUATICN (3.84) Fœ A CLAMPED-ctAMPED 

INCQ.!PLEI'E C1RCULAR PIPE UNDER STATIC ~IUM COODITICN 

Consider a c lamped-clamped 'incanple~ çircular pipe conveyinq 
, -

fluid under static equi1il?rium, as s}x)wn in Fig. P .1. According te ' -
Appendix M (Fq. M.l), the derivativ~ of fIo at the end (~ = 1) can he 

. ,~ 

wri tten as - . '-: 

dITo -2 ,all~' 0 a 3110 a2
n

Ci
' 

- Il = [romo + U ) (-at" + ronJ> + r (---1 + r ---2-) 
d~ ., 0 a~2 0 af;2 

+ y~ ] Il 
o 

(P.l) 

Substituting the boundary condition at the ~larrped end (E; = 1) 
, , 

given if equation set (2.86») i.e., 

o 
a111 0 (ar- + rollJ) = 0 , (P.2) 

. . 
into equation (P .1), and neglecting the éffect cf~ gravit y , one obtains 

J 0 - 2 0 
dITo d nl d ,113 
dE; Il = ro (~ + ro --2 ) 

a~ dE; 
(P .3) 

-. It is noted that equation (2.51) in Chapter II can be written 
, l' 

in dimensionless fom as 

L
20 . x 

Er= - (P .4) 

On the other han,d, based on the .smal!'-defonnation assurrption, we may 
use the initial centerline of the pipe as an' awroximate shape of the 

defoJ:Ined centerliÎle after static defonnatiOlÎ.. Then, we obtain the 

forces 0x and Oz at the c~~ end (E; = 1), as follows: 
. ). 

• . :wJ ' • 

• 1 

1 • f 



.~ 0 

• 

cP.s) 

as shawn in Appendix 0 .. 

By canbining equattons ~(P.3), (P .. 4) 'and (P.S), one obtains 

the derivative of ~o at the end,~ = 1 

dIIo 
ar-ll=O CP.6) 

Jence, the boundary ,conditions associated with equation (3.84) for a 

clamped-clamped incanplete circular pipe are' as follows: 
, c 

- ~ .. ~ 1 " 

, .. . 
......... 

, p 

CP.7) 

which ls lequ~tiOO set (3.88)~ 'appearing in the main text, and which . , 

applles,·when 9Byity ls neglected •. 
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Fig. P.1 ,A Clamped-Clampad InCCl11Plete 'Pipe CC?nveying 

Fluid under' St:a.tic E'iiuilibr1um 
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APPJ:N)IX 0 

CAICUIATIŒ 01' THE FœCES--ox AND Oz AT ŒlE END OF A CIAMPED~ . 

lNCCiJ.!PLE'I'E CIRCtJLAR PIPE (~CASE) 

Consider the ~ree-body diil9ram of a clanped-ClamPed incanplete 

circular pipe conveying fluid, as shown in Fig. 0.1. The forces' and 

nanents acting on it consist of the. reactions applied at the ends and the 

resultant of forces per unit length actirig on the pipe, which 1s deri ved 

in Appendix N. 

If the effect of gravity 15 assurred te he negligiJ:)1e, one may 
-

wri,te the couponents along the Xo - and Zo -axes of ,this resù1 tant of 

forces as 

- 'Where' 

* ~o = - (~ + qs (9 - 9 » 1 

" 

,qè = Ir- (Ai P il L + Mft?) , 
o 

l ' 

d(AiPj,) 
qs=1 dS 1, 

, ~ 

, * and 9 and 9 are defined in Fig. 0.1. 
, -

(0.1) 

(0.2) 

Fran Fig. 0.1 the ben<u.ng m:ment around' the y. -axis at any 
4 0 

cross-section c 15 given by 

9 2 . * * 'zy 1 := Mo+Ro(Oz+AoPe} 'Lq.-cos 9) + R~OxIL sin 9 + f q'z RoU-COS 9 )d9 
oc 0 0 #" 

9 2 *' * 
+ f qx Ro sin 9 de .' 

o 0 ' 
-(6.3) 

" 

1, 

. . 



o 

... 

o 

;J 

0-2 

r 
SubStituti;lq equatioo set (0.1) into (0.3) and evaluating the 

integralS' yields the rrnnent 

(0.4) 

. / 

'l'herefore, the total strain energy of the pipe can ~ wri tten as 
'--

r ~ ~ 
- 1 J 0 2 ", 

Ü = -' MIR d9 . (0 5) 
2EI 0 Yo co' • 

{ 

" 

• 1 

According to the Castigliano theorern, and thé conditions at 

the clam:ped end (Le., the deflection and the slope of the deflecti0l1 

ctUVe must he zero), one obtains the :folli::Ming: 

au 
aM = 0 , 

o 

au -'0 
aOzl t ~ 1 

aü = o. 
aOxl t . 

Canbining equations (0.,4), (0.5) and (0.6) yie,lds , 

(0.6) 

r 
J ~ [l*lo+Ro(Oz+l\,Pe) IL- (l-cos 9) + RoOxlt sin 9 - g-cR~(l-COS, 9) ]d9 = 0, 
o . , . 

+ RoOxlt sin 9 - R~qc(l-COS ~)] 

(l-cos 9)d9 = 0 . J 
\, 

sin 9 d9 = O. (0.7) 

Then, evaluating the integrals, one obtains 
f . , 

... 

r 



o 

, 

. , 

o 

. . 

, 
, . -2' . 

aMo + cRoCOz +AoPe} IL + dROoxlL - cRo~<tc - 0 
\r J ~ 

LO.S) -
~~ + dRO(Oz~AoPe),IL + eRè,oXILII- dR~ ~ =' 0 

where 

1 4, 
+ 4' sin (2ro» , (0.9) 

d '( "1.2) = l - cos r - -2 S1l1 r o ,0 

, 'è>' 

By solving equation set (0.3) " one obtains the reactions, as 

foHows: 
: , 

Qzl.L = -AoPeI L + Ro ~c 
~ 

~ = 0 ~ . ' 

Therefore, "canbin~tion of equations (0.2) 'and (0.10) yieldS 
, &) l , 

0XIL = 0, ~ 
. . 

OZ IL~ = Mfr? +,' (AiPi - AoPe> 1 L ; j 

" 

. , '. . 

. ,.,,:, 
~ . ~~·h ...... _ _ .. h.. t,,_ 1 

• 

. , 
" 

1 ' 

,.l 

" 

1. 

! , 

, CO.I0) 

(0.11) 
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Fig. 0.1 Forces and M:lnents Actin~ on a Clarnped~lamped Incanplete 

Circular Pipe (here the pipe is eut at the end ,(~ = 1) 

te show the reaction forces and m:::ments acting 'on it) 
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APPEWIX R, ' 

BXJNpARY COODITlœg AS9CX;IATED wITH ErriATIOO" (3.84) Fœ \~PINNED 

œ P:q.lNED-PINNED ~ CIRCUIAR PIPES ,ONDER STATIC 'F.tlUIL!B1UUM 

camITION . 

Consider a clamped-pinned incanplete pipe conveying fluid under 

static equilibrium, as :;hown in Fig. R.l. Using equations (M.l), (M.4) 

and (2.51)" the derivative of TI at the pinned end, ~ = l, can be written 

as 

(R.l) 

where Ô and 0x 1 L are the rotation and the shearing force in the x-d1rection 

at the pinned end. The effect of gravi ty has beèn neglected. 

J. 'Fran Fig. R.l anct Appendix 0 the rranent around the yq-axis at 

any cross-section c is given by . 
~ 1 = Ro(Oz+AoPe}IL(l-COs 9) 7" RooxlL sin 9 - R~qc(l-COS 9), (R.2) 
oc· [1 

o \\ 

where in this case ~o = 0 because the end is pinned. 

The total strain energy of the pipe i5 

rQ , 

Ü = 2E\ J My2 1 R de. 
o 0 c 0 

(R.3) 

',Usinq Castiglianos theorem and' the conditions at the pinned end ' ... . 
(Le. the de;lection rrust vanish) one obtains as follows: 

.aü - 0 
~OZIL -

aü 
aOXI L .= 0 

(R.4) 

" 

" 



o 

.. 

o 

o 

> 
J 

R-2 

, By cànbining equations (R. 2), $..3) and CR. 4) and, evaluating' 
. 

the integrals, one obtains 

cRo(Oz+AoPe} IL + dROOxlL - Œ~ qc = 0 , 
.-

dRo(Oz+AoPe} IL + eROoxl L - dR~ qc ~_O , 
(R.S) 

where " 

\ c = (1. r - 2 sin r +.1 sin (2ro» , 2 0 0' 4 , 
l 2 

d:z (1 - cos ro - '2 sin ,ro) , (R.6) 

. 1 1 
e = '2 (ro - "2 sin (2ro» • 

Fran equation set (R.S), We obtain the forces 0x and Oz at 

the pinned end 

0xlL = 0 , 

OzlL = Mf U
2 

+ (AiPi ~ AoPe) li· 
CR.7) · .} 

To o~tain the rotation at the pinned ehd <, =,1) we place a 

ficti tious m::ment Mo around the yo -axis at this end.. In this case the 
• 

,m::ment aroùnd the yo -axis at any c~s,:"section c is given b~ _ . -

My 1 = Mo t Ro{Oz+AoPe> IL,(l-COS 9)+RoOxIL sin 9~R~~{l--COS 9) 
oc, ,,' , " 

" CR.S) 

The total strain energy of the pipe - is again gi ve by 

, . 
and the rotation at the pinned end 

aü 
ô = aM • 

o 

(R.9) 

(R.lO) 

Finally, canbining equations (R.7) , (R.8), (R.9) and (R.IO) 

yielœ the rotation at the pinned end 
... ',1. a . 

ô = Q • (R.ll) 

" • 1 

--
" < 

", 



f~ ---

'" R-3 

o Hence, the boundary conditions associated ~th equation (3.8~) axe 
., 

., (R.12) 

It 1s noted that these boundary conditions alsç apply te a 

pinned-pinned incanplete circular pipe. 
1 

-0 

! 

'lI 
" 

", 

• \ ,) 

'-

~~~'~""'" .. 
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(a) , 
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• 
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Fig. R.l (a) A- Clamped-Pinned Incanplete Pipe conveyinq Fluid. 
, 

(b) Forces Actinq al the Pipe in (fi) .• 
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APPENDIX S 

COMPUTER PROGRAM5 FOR THE 
INEXTENSIBLE 'THEORY 

.. 
LlViL 1.4.0 (OCT 1984) YS FORTRAN DATE: AUQ 25. 1986 nHE: 13:~1:31 

Rr_snD OPTIONS -, EXECU1'! J: NOOECK ,NDUST ,O~TI Z ) ,NOFIPS ,XREJi:,HAP • GOSTHT',GOS!K" ~TEST ,NOTF ,HOSDUtP. 
, . 

OPTIDNS IN EFFECTI NOUST HAl' XliEF GOSTHT HOoECK SOURCE TERf1 OBJECT FIXED NOTEST NOTRHFLQ 

• 

ISN 
ISN 
ISN 
ISN 
ISH 
ISH 
ISN 
ISN 
ISH 
ISN 
ISN 
ISH 
ISN 

ISN 
ISH 

ISN 

tSH 
t3H 
ISM 
ISo" 
ISN 
ISH 

ISN 
ISH 
ISN 
ISN 
tSN 

:ISN 
ISN 

1 
2 
3 
~ 

5 
6 
7 
a 
9 

10 
11 
12 
13 

NOSYH NORENT NOSm... MODBL( NONE) NDSXl1 
OPTI 2) UNGLVLt 77) NOFIPS FU!;II)' NAHI!( HAIN ) LINECClM'1 60 J ÇJfARLENI SOO 

, 
_ •••••••• 1 ••••••••• .2 ••••••••• 3 ••••••.•. tt ••••••••• 5 •• " ••••••• 6 ••••••••• 7 ••••••••• a 

C ....................................................................... 00013 
C FINIT! ELEMENT PROGRA/1 OF INEXTENSIBLE THEO~Y 0'0014 
C FOR IN-PlANE I1OTlON 0001.5 
C ( CURVED PIPE CONVEYINQ FLUID ) 00016 
c .............. M ••••••••• " •• "" •••••• M.M ....... ""IUI ••• "." •••••• "" ...... M ••• 00017 
c 
c 
C 

00018 
00019 
00020 

IJ1PLICIT REAL.al A-H ,O-Z) 00021 
DIHENSION EHI 6,6) ,EDI 6,6) ,EKt6,6) ,NDDEU,10) ,RQt 10 ),ELENQ(10) 00022 
DlHENSION GHI 27,27 ),GOI 27,27) ,GI<I 27,27 ),IM'I( 54,54hGKJ<.( 54,54) 00023 
DIHENSION BETAI54) ,NO 7600 ) ) . 0002~ 
CCf1PLEX*16 EIVALUI 5lt ),EIVECTC .54,54) 00025 
COMHON /EHOKlEH,ED,EK 00026 
COtHlN /COEFIXPHIA ,XPHI,XJf 00027 
DATA RO /10*3. 14159Z6500/ 00028 
DO 9999 LLL.Z,Z 00029 
NOT .27 00030 
NET .8 00031 
NOPE.6 00032 
NOTZ.ZIIHOT 00033 c......... 00034 

C NODE DATA \ 00035 
C........... 00036 

1~_ PRINT 100 00037 
15 100 FORl1AT( 'l' ,.ex, 'tN PUNE HOTION (CLAMPED-CLAl1PED J' , 00038 

l' 

17 
18 
19 
ZO 
Z1 
22 

23 
"lit 
25 
Z6 
27 
28 
29 

• //, 8X,'ELEHENT CCN-IECnVITY:', 00039 
• / / , 20X, 'ELEMENT M.ltBER', ZO)(,' NODE ' ,.l'I'' ) 00040 
00 101 I.l,NET 00041 

L~·· •••• • 00042 
C Dt. TA FOR LENGHT OF ELEHENT 00043 
C···· •• ···.·.··22 •••••••• 2.. 00044 

ELENGII )"l.DO/DFLOATCNET+U -. ) 00045 
DO 10Z J.l,NOPE 0004. 

102 HOOEIJ,I)23.CI-IJ+J 00047 
HRITEI6 ,103 )1, (NODEI L,I hl.l,HOPE) 00048 

101 COHTVAJE 00049 
103 FOlU1ArIZ9X,U.10X,6èI3,lX)/) 00050 
C •••••• • ••• • ..... ·=·· .. ·................ 00051 
C FORI1lNG THE OIHENSIONLESS PARAHETERS .00052 
C •• •••••••••••••••• .... •• .... 2 •••• 2........... " 00053 

VELU .ROC IltfOFLOAT( LLL) 00054 
XPHIA-O.OOO 00055 
XPHI -O.SOO "tt 0005. 
)Of .0. 000 00057 
Pl ·0.000 '" 00058 
HRlTE16,106 lVELU,XPHIA,XPHI.XH,PI,ROf U 00059 

10' FORHATC/.I' ,10><, 'OIHENSIONLESS PAIWETERS:' ,///10X, 'DIHENSIONLESS ',00060 
.'V1LOCITV.' ,012.5,// ,10X, • SET""· , ,012.5,' " , 'BETA.' ,012.5,',' , ·H.'OOO:} 
•• 0IZ.5,.I/ .10X, 'PI.' ,012 .5,' • ' , 'RQ.' ,012.5,/) OOO~ 

" 
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LIVEL 1.4:0 IOCT Iftit, YS FORTRAN , , DATII AU8 25, 1986 

••...•... 1 ••.....•. 2 ....•.... 3 ......•.. 4 .....•... 5 ........• , •....•... 7 .•.•.....• 

ISH 
ISH 
ISN 
ISN 
ISN 
ISN 

ISH 
ISN 
ISN 
ISN 

, ISN 
ISH 
ISN 
ISN 
ISN 
ISN 
ISN 

ISN 
ISH 
ISH 
ISN 
ISN 
ISN 
ISH 
ISN 
ISN 
ISN 
ISN 
ISN 

ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
HM 
ISH 

-ISH 
ISH 

ISH 
ISH 

:ISH " 
ISN 
ISH 
ISN 

. " 
Ca •••••••••••••••••••••••••••••••••••••••••••••• 
C ESSAleLV OF ELEMENT HATRIX VIELDS GLOBAL /1ATRIX 

C················································· DO 107 I1·1,NOT .. 30 
31 
3Z 
33 
3~ 
35 

36 
31 
38 
39 
40 
41 
42 
43 • 
44 
45 
46 

DO 107 JJ·l,NOT 
(;H( II ,JJ '.0. 000 

• GOIII,JJ'·O.ODO 
Gl(III.\JJ'·O.ODO 

107 CctffI~ 

XELENGaELENQI l' 
ROO aRQll) 
CALL ELHDKHI XELENa,VELU,ROO) 
00 333 JG·l,3 
JE·3+JG 
DO 333 KG.l,3 
KE=3+KG 
GHIJG,KG':GHIJG.KO)+EHIJE.KE) 
GDI JG ,KG '=GDI JG ,KG '+EDl JE ,KE , , 

.. Gl(IJG,kG'''GKIJG,KO)+EKIJE,KE' 
333 CctffIMJE C···a. 

~1 DO 109 L·l.NET 
48 XELENG=ELENGI L) 
49 ROO :ROI L , 
50 CALL ELHDKHIXELENG,VELU,ROO' 
51 DO 109 JI.·l,NDPE 
52 DO 109 KL·l,NDPE 
53 JG=NOOE 1 JL ,L ) 
,54 KG.NODEI KL,L' 
55 GHI JO ,KG ).GHI JG,KG )+EHI ..IL ,KL' 
56 GDI JG ,KG J"SDI JG ,KG )+EDI ..IL ,KL J 
51 Gl(1 JG ,KG )aGl(I JG ,KG J+EKI ..IL ,KL) 
58 109 CCHTlNJE 

59 
60 
61 
62 
63 
64 
65 ", 
61 
68 
69 334 

XELENG.ELENGI NET' 
ROCI '"ROI NET) 
CALL ELHOKHI XELENG, VELU ,ROCI) 
DO 334 JE=1,3 
JG'"NDT+JE-3 
DO 334 KE a l,3 
KS·NDT+KE-3 
GHI JG ,KG )aGHC ..la .KG I+EHI JE .K! ) 
GOi JG ,KG '·GDC JG ,KG HEDe ..le .KE J 
Gl(IJG,KGJaGKIJG,KG)+EKIJE.KEJ 
CIM'lNUE c······a

• 

" \ 

C FORHIN; THE AUGHEHTED HATRIX OF H,O,K C 

70 
71 
72 

, C····· .. :····"···"==:r:a,,,,· .. ,, .. ·:a·:a"a ••• III •••••••••• ae 
C 

73 1Z0 

00 UO I.1.NDT2 
DO ua J.1,NOTZ 
13ULJ)aO.ODO 
GKKI 1,..1 ).0.000 
DO 121 Il·l,NOT 
U·NOT+Il 

74 
75 

00065 
0006. 
0006. 
00066 
000'1 
00068 
00069 
00010 
00011 
0001~ 
00013 
0007. 
00075 
00016 
00017 
00011 
Oq079 
oooao 
00081 
00082 
000a3 
OOOM 
00085. 
000a6 
00081 
00088 

, 00089 
00090 
00091 
00092 
00093 
00094 
00095 
00096 
00091 
00098 
00099 
00100 
00101 
00102 

,00103 
0010it 
00105 
0010' 
00101 
00108 
00109 
00110 
00111 
00112 
00113 . 
001l~ 
00115 
0011' 
00117 
00U8 

.. 
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o 
LIYIL 1.4.0 (OCT 1914J YS'OR1'RAN DATI: AIJ8 25, 1ge6 nHE: 13:41:31 -- tw1I!: HA 

•• _ •••••• 1 ••••••••• 2_ •••••••• 3 •••••.••• 4 ••••••••• 1 ••....... 6 ••••••.•. 7 •••••.... 8 
'( 

lIN 76 Gtt'IU1,Il J.1. DO 00119 
lIN 77 ;KKI n,II J.1.00 00120 
lIN 7a DO 121 .11.1,HOT OOlU 
ISH ',79 JJaN:JT+Jl 00122 
lIN ao Qt~(II,~l)·-GKIIl,JIJ 00123 
lIN al GHHI II,JJlzGHlll,J1 1 00124 
lIN az ;KKIII,~JI·-GDIIl,JlJ 00125 
ISN as lZl Cc:NTIMJE 00126 

C··································· 00127 
C CALCUUTING EIGENVALUES AND EIGENYECTOb 00128 
C·········································· 00129 

lIN M U·NOTZ 00130 
ISN 15 IBaNDTZ 00131 
ISN 86 IZaNOTZ 00132 
ISN a7 N .NOTZ 00133 
ISN U IJ08·Z 00134 
ISN &9 CALL !IGZF(~,IA,GHH.la,N,IJOB,EIVALU,8ETA,ElVECT,IZ,HK,IERI , 00135 

c··········· 00136 • 
C EIGENVALUES 00137 
c························ 00138 

ISN 90 DO 145 J.l,NOTZ 00139 
ISN 91 EIVALUIJI.EIVALUIJll8ErA(JJ 00140 
ISN 92 145 CCNTlNJE 00141 
ISN 93 CALL ARRANG(NDT2,EIVALU,EIVECT' 00142 
ISN 94 'ALL OUTEIGINDT2,3,EIYALU,ElVECTJ 00143 

0 
ISN 95 9999 CCNTlt«JE 00144 
ISN " STOP 00145 
ISN 97 END 00146 

f' 

r--, 

.. , 
" 

• ''. .. 

,,' , . 
~~\{;,:. 
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o LEYEL 1.4.0 (OCT l~J YS fORTRAN DAT!: AA{8 25, 1986 TlHEt 13:41151 
'i: 

CPTlCNS IN EFFECT, NOLIST t1AP >CRE' GOSTHT NOOECK SOURCE TlRK 08JECT fl)(1D NOnST NOT1tJ1IILI , 
• . NOSYH NORENT NOSOt.JIIp AUTO~L( NONE J NOSXH 

CPTI U UNSLVLl77 J NOFIPS fUGU) NAHl!C tulN , LIHlCOIM'C60' CHARLENISOO . 
••••••••• 1 ••••••••• Z ••••••••• 3 ••••••.•••••••••••• 5 •••• , •••• 6 ••••••••• 7 •• ~ ••••••• 

ISH 1 SUlROUTINE ELHOI01( ELENG,VELU,ROJ 00147 
C 00148-Z 
C Sl8ROUTlNE ESTIHAnNlil -HASS HATRIX 00149 
C -DAI1PING HATRIX 00150 
C -SnfFNESS HATRIX 00151 
C 00lS2 

ISH Z IHPLICIT REAL*8IA-H,O-ZJ 00lS3 
ISH 3 DIMENSION EHI6,6'.EDI6,6',EK(6,6J 00154 
ISH 4- DIMENSION RJlI6,6J,RJZI6,6"RJ316.6J.RJ4C6,6',RJS(6,6J, 001.55 

Z RJ616,6).RJ8t6,6J,AlNVEI~,6),AINVETI6,6) 00156 
ISH 5 COtf1ON /EI1OIVEHt~D ,EK - 00lS7 
ISH 6 COHMON ICOEF/PHIA.PHI,VISDAH 00158 
ISN 1 COHMON /HAJIRJ1,RJÎ)~.RJ4,RJS,RJ',RJa 00159 
ISH 8 Cott1ON /INY/AItNE ,AI T 00160 
ISN 9 ROZ~RO**2 " 00161 
ISN 10 R04aR()1Hf4 

~ 
'00162 - ISH 11 PHIIZ~DSQRTCPHI' 00163 

ISN 1% VELUZ-VELU**Z 00164 
C 00165 
C CALL MATRICES Jl-a 00166 
C 00167 

~ ISN . 13 CALL GENtAJ( ELEN; J 00168 
C 00169 

, \ C CALL INVERSE OF THE HATRIX A 00170 

0 
C ~t"\ 00171 

ISN 14- CALL INVERSI ELENG , J. .. ~ 1 
00112 

C········=~·~=as= •• ~.===. 00173 
C Fa!U1INC; ELEMENT HATRICES 00174 
~~ •••••••• = •• ==a.~= •• =~.=~== •• 00175 

ISN lS· DO 80 1=1,6 00176 
Is,. 16 00 80 J.l,6 00177 
ISN 17 EDII,JJ=RJZII,JI+ROZ*RJ1(I,J' 00178 
ISN 11 EHtI,J)·tl.DO+PHIA)*EDII,J' 00179 
ISN 19 EDCI,J,aCZ.DO*VELU*PHIIZ'*CRJSCI,JJ+ROZ*RJ4(I,J"+ 00180 

• VISDAH*EDII.JI 00181 
ISN ZO EKCI,J)=CRJ3CI,JI+ROZ.IRJ6(I,JI+RJ6(J,I')+R04*RJZII,J"+ 0018Z 

• VElUZ*1 RJ6t I,J I+R02*C RJZI I.J )-RJ81 I.J' ,-R04*RJIC I,J" 00183 ~. 
• -VELUZ*CRJ6CI,JI+ROZ*CRJZII.J'-RJ8II,J,-ROZ*RJICI,JI,1 00184 .1\ Z1 80 CONTINUE 00185 

C 00186 
C ELEMENT HASS HATRIX 00187 
C 0 00188 

ISN ZZ CALL PAoDHA(6,6,6,AINVET,EH,RJ41 00189 
ISN Z3 CALL PRODHA(6.6,6,RJ4,AINVE,EHI 00190 

C 00191 
C ELEMENT OAtlPING HATRIX 0019Z 
C 00193 

ISH 24- CALL PROOHA(6,6,6,AINVET,ED,RJS' 00194 
:ISN Z5 CALL PROOKAC6,6,6,RJ5.AINVE,EDI 00195 

C 00196 
C ELEMENT SnFNESS HATRD< 00197 
C 00198 

.. 
t 

0 
41>-'_. 

r 

.. ' 
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( 

I.Ml 1.4.0 (OCT HM. vs FORTRAN NAI1E: EU . 
.~ ••••••• 1 •• " ••••••• Z ••••••••• S ••••••••• 4 ••••••••• 5 ••••••••••••• ~ •• ~ •• 7 •••• ~l) ••• 

ISN 
ISN 
ISN 
ISH 

Z, 
Z1 
za' 
29 

C4LL PROOHA(6,6,.,AINVET,EK,RJ4) 
CALL PRODHA(,,6,',RJ4,AI~,EK. 
RE1\IRH 
EtIJ 

.. 

• 

00199\ 
00200 \ 
00201 
00202 

., 



o ,. 

o 

} 

LIVIL 1.4.0 COCT 1~) YSfOftTRAH DATls AUQ U. 19&6 

OPTIONS IN EFFECTt HOLIST HAl' )(RE' GOSTHT NOOECK SOURCE TElUt OB.JICT fIXlD HOTIS'f NDnH,':'O 

ISH 

ISH 
ISH 

ISH 
ISH 

ISN 

ISN 

ISN 
ISH 
ISN 
lSN 
ISN 
ISH 
ISN 
ISH 
I~ 
ISN 
ISH 
ISN 
ISH 
ISN 
ISH 

ISN 
ISN 
ISN 
ISN 
ISH 
ISN 

-ISH 
ISN 
ISN 

ISN 
ISN 

:tSN 
ISN 

1 

2 
3 

• , .5 

6 

7 

8 
9 

10 
11' )12 
13 
l~ 
15 
16 

,. 17 
18 
19 
20 
21 
ZZ 

23 
Z~ 
Z5 
26 
Z7 
Z8 
Z9 
30 
31 

32 
. 33 
34 
35 

HOSYI1 NORENT NOSOUtP AUTODBLI NONE 1 NOSXtt 
OPTCZ, LAlCLYLC 77' NOnps FUGI Il HAMEl HAIN 1 UNECOUfl'UO' CHARLEN1500 

* ......... 1 ••••••••• z .•••••••. 3 ••••••••• 4 ••••••••• 5 ••••••••• , ••••••••• 7 ••••••••• a 

c 
c 
c 

St.8ROUTlHE 1 GENUJC ELEte 1 

Sl,ISROUTINE tWŒuntC HAnueEs JI-J13 

IftpUCIT REAL*8IA-H,O-Z'J 

OOZOS 
00204 
00205 
'00206 

OIl'1ENSICN R.JII6,6 ),1U21 6,6 ),RJ3C 6,6 ),RJ4C 6,6 ),RJSC 6,6' ,RJ616,6I, 
00Z07 
OOZOI 
00209 

C 

• RJ8C 6,61 ,A.J2C 6,6 J ,A.J:51 6,6' ,A.J5C 6,6 ) 
.c~ ItIA.J/RJl,RJ2~RJ3,RJ4,R.J.5,RJ6,R.J8 
DATA AJ2/7*O.ODO,5*1.DO,0.ODO,l.DO~4.DO,I.5DO,I.600~5.00, 

• 0.000,1.00.1.5DO,I.800,2.DO.15.00,0.ODO,1.00.1.600, 
• 2. DO,16.DO .2.S00,0. ODO ,1.DO .5.00,15. DO ,2.500 ,~. 001 

DATA AJ3/Z1*0.ODO.36.00.72.00,IZ0.00,3-0.000,7Z.00,192.00. 

• DATA 
• • 

360.00.3.0.0DO,120.00,360.00,7%0.001 
AJSlI3.0.000,S-Z.00,O.000,3.00,4.00,4.500,4.800,S.00, 

0.000,4.00,6.00.7.200,8.00,60.00,0.000,5.00,8.00 
,10.00,80.00,12.5001 

DO 56 1-1,6 
DO 56 Jal,. "" 
RJ2CI,J,aAJ2II,J' 
RJ3CI,JJ-AJ3(I,J' 
RJ5CI,J)aAJSII,JI 
RJ6( 1 ,J )-0.000 
R.J8tI,JlaO.OOO 
CONTItIJE 
RJ2(3,31·RJZI3,3113.00 
RJZ(3,6'=RJZ(3,6113.DO 
RJ216,3'-RJZC3,61 
RJ~f~,6J-RJZC4,6J/7.DO 
RJ2(6,4'.RJZI4,6J 
RJZIS,SJ-RJZCS,51/7.00 
RJZf6,6'-RJZf6,6'/9.00 

e GENERAflNG HATRICES Jl,.J2 
C 
111 DO 1 1-1,' 

2 

5 
l 
C 

DO t J a l,6 
KaI+.J-l 
RJlC 1 ,J'JaELEH;IM( K 'IDFLOATf K' 
IFCUEQ.l1 GOto 1 
DO 5 JJaZ,6 
J(KaI+JJ-3 
RJZCI,JJJ-RJZ(I,JJI*ELENG"CJ(KJ 

CCN1'INJE 

C GENERAnNQ HATRICES J3 
C 

10 
C 

DO 10. lait •• 
DO 10 JII4,' 

Ka1+.J-7 
RJ3C!,J)·RJ3'I,J)*!LE~IK) 

C ~NERAflNQ HATRICCES J4 AND J5 

1-

00210 
00211 
0021Z 
0021S ... 
0021~ 
00215 
00216 
00217 
00211 
0021' 
OOZZO 
00221 
OOZZZ 
OOZ23 
OOZZ~ 
OOZZI 
00ZZ6 
00227 
00221 
00Z29 
00230 
OOZ31 / 
00n2 
bozn 
00Z3lt 

... 00231 
00236 
00Z37 
00%38 
00239 
00Z40 
00241 
OOZitt 
00243 
00244 

, 00Z45 
00Z46 
002it7 
OOZ48 

, OOZit9 
00250 
00ZI1 
OOZSt 
00253 
OOur. 
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LIVIL 1.4.0 'OCT 1,..) VS'ORTIUH OATI: AUS 25. 1986 TIHE: 13:41:3Z . NAHE: GIEl 

_ •••• M ••• 1 ••••••• !I",2: f ••••••• 3 ......................... 5 .......... 6 ........... 7.* ......... 8 
'. .. , , 

C 00255 
ISH 36 1U4C1,UaG.ODO 00256 
%SH 31 RJJ(J,6J.RJ5CS,6,/1.00 00257 
ISH 38 RJ5'6,5J-RJ5C',5J/1.00 00Z58 
ISH 39 DO 12 Il • 2,6 00259 
ISN 40 RJltU,n '-0.000 00Z60 
ISH 41 DO 1~ JI • 1,6 00261 
ISH ~Z K-I1-l 00262 
ISN ft! KK-U+Jl-Z 002&3 
ISN 4ft 14 - RJ4'11,J1J-'DFLOATCKJ*ELENG"(KK)JIDF~OAT'KK) 00264 
ISN ftS DO 15 ..12 -S,6 00265 
ISN lt6 K -U+JZ-4 00266 
ISN ft7 15 RJ5CI1,J2J-RJ5CI1,J2J*ELENG"CKJ 00267 
ISN 48 12 CCNTINJI 00268 

.1 C 00269 
C HNERATINe HATaIeES ..la AND ..16 . 00210 
C 00211 

ISN , ft, 00 16 Il-l,6 00212 
ISN 50 KI -U+1 00273 # 

ISN 51 KZ -1%+2 00214 
ISN 52 KS- II+3 002:ZS 
ISN IS ~Cll,3J-Z.DO*ELEN;W*'II'IDFLOATCII' 00276 
ISN 5lt RJ8,II,ft'-6.DO*ELENG**CK1,/oFlOATCK1' 00277 , 

. ISH 55 RJ8~II,5J~Z.DO*ELENCa*IK2'/DFLOATIKZ' 00278 
ISN 56 RJaCII,6'-!0.DO*ELEN&"IK3'/DfLOATIKl) 00279 
ISN 

:~ 
57 l'(II.E,.l) GOT016 1 00280 

ISN 58 K -U-l 00281 
ISN 59 KK-U+l 00282 
ISN 60 RJ61 II,4'-'. DOwELENG**(K J 00283 
ISH 61 RJ6III,S'-IZ4.DO*OFLOATIKJ*ELENG**III)'/DFLOATIII) 00284 
ISN 6t RJ6(lI,6'-'60.DO*OFLOATIKJ*ELENG**IKK»)/oFLDATIKK) 00285 
ISN- ,63 l' CQNTlMJI 00286 
ISN 64 REnJAH 00287 
ISH 61 END ,k 00288 

o 

c' 
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~L 1.~.0 (OCT 1984) YS FORTRAN 

01111_ IN EFFECT: NOLIS,l_. fW' XR!' GOSTHT NOOECK SOURCE TtRtl OIJECT FlXlD NOTIST NDTRHrtl 
NDSYH NQRENT NOSDU1P AUTODIll HONI! ) HOS)Q1 

OPTe Z J LANQLVI,e n) NOFIPS FLAGCl) NAttEctUIH J LINECOUNTt60 1 CHARLlNUQO 
- , . 

••••••••• 1 ••••••••• 2 ••••••••• 3 ........... 4 ••••••••• 5 ••..••••• , ••••••••. 7 .••••••.. 1 

ISN 1 sœRaUTIHE INVERS( ELENa ) 00289 
C OOUO' 
C SUSROUTIHE IHYER11H1i1 THE HATRIX A 00291 
C 00291 

ISN Z IHPc.ICIT REAL*8CA-H.O-Z' 00293 
IsH 3 DIHENSICN AIHYEU.' I,AINY1!TU,.6) .AII •• 6) 00294 
ISN ft COHHON I1HY/AINVE,AIHYET 00295 
ISH 5 DATA AI/l.00,Z·O.ODO.-10.~0,15.DO.-6.DO,0.ODO.l.DO~ 00296 

1 O.OOO,-6.00,8.00,-3.DO,Z*O.OO~ •• iOO,-1.~O.I.5D0. 002'7 
Z, -.5D0.~*O.OOO,10.DO.-15.DO,6.DO,3-a.ODO.-~.DO,7.00, 002~a , 
3 -3.DO,3*O.000 •. 500,-1.00, .SDOI 00299 

ISN 6 0051+ 1-1.6 00100 
ISH 7 DO 54 Jal.6 ' 00301 
ISH 8 51+ AIHVE(I,JlsAleI,JI 00302 
ISH 9 DO 50 1-4,6 00303 
ISH la 00 50 Jal,! 003~ 
ISH 11 .J,J-J+3 00'30S 
ISH 12 K "II-JJ 0030' 
ISN 13 X -ELENGHtKI 00307 
ISN 14 AlHYEII,J)sAIHYEfI,JI*X 0030a 
ISH 15 AlHYEII.JJI-tINVECI,JJI*X 0010' 
ISN , 16 50 CtM'INJE 

, 
OOllO ( 

ISN 17 " DO 51 1-1,. ,00511 
I~ 18 .. DO 51 Jal,6 0031Z 
IsH l' AIHYETCI,JI-AINVEfJ.I1 00313 

o 

ISN 20 51 COHTlNJE Q0314 
ISN 21 RETURH '00315 • 
ISN ZZ END 00316 .. 

" .' 
; 

. . 

.. 

. ; 
~ '.~ 
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LIVIL ••••• lOCT ._, ~ _ DATE' .... U ..... .TItIE~ 13:41:33 

OPTIONS :pt E'FECT: . NOiIsT \ XREF GOSTHl'" NOOECK SOURCE TERH OBJECT FIXED HOTEST NOTRI1FLQ 
. NOSVH NORE NOSDU1P AUT008L1 NONE) . NOS)(J1 

LlNECQl.trrC 60 ) -.. 'OPTU J LAtG 1 77) HQFIPS fLAGII ) NAttE 1 HAIN CHARLENI500 

•.••• ~ .•• 1 ••••••.•. 2 ••..•••.. 3; •••• : ... ~ ••.•..••• 5 ...••...• , ..••• , •.. 7.~ .•.••.. 8 

ISN . l ' $UlROUTINE PRODHAIH.L.NiA.a.C) 00311 
C 00318 
C ~NE t«JL'rIPLVING MATRICES f 00319 
C \> 00320 

ISN Z IHPLICIT ' REALW8U·H,O-Z) 00321 
ISN - 3 OIHENSIC»f ACH.L) .BI L,N ),CCH,N' 0032Z 
ISN 4 00 90 1-1." 00323 
ISN 5 0090 J-l,N '. 003'24 
ISN 6 CII,J '.0.000 00325 
ISN 7 0090 K-l,L 00326 • 
ISH a CI I,J '-CII,J ,tAI I,K '*II K,J' 00327 
ISH • 90 CCNTINJ! 0032a 
ISH 10 RET\JRH 00329 

~\ ISN 11 END 00330 

1 

'" r~ 

0, -- ~ 
0 1 
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LEVEL 1.4.0 IOCT i984) vs FORTRAN DATIa AUQ 2.5, 1986 TIt1Cl 131UI33 .. 
OPToICNS IN EFFECTI NOLIST HAP )(REF GOSTHl' NOOECK SOURCE TERH . CBJECT nxtD NOTIST N011It'Ifl,8 

ISN 

ISN 
ISN 
ISN' 
ISN 
ISN 
ISN 
ISN 
ISN 
ISH 
ISH 
ISN 
ISN 
ISH 
ISN 
ISH 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISH 

• 

" 

1 

2 
3 
ft 
5 
6 
7 
8 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
2S 
26 
27 

NOSYM NORENT NOSDUiP AUTOD8LlNONI! 1 NQS)01 
CPTf Z) WGLYU 771 NOFIPS FUGn) NAI1E 1 HAIN LINECot.NTUOl CH'ÂLENISOO 

.' •• ,-••• 1 •••• tl ••• 2 ••• t ••••• 3 ••.••••• ,~ .......... 5 .......... 6 •••••••.. 7.- ... , •••• a 
" -

~NE ARJWGIN,X,PHI) 
c 
C SUBROUTINE ARRANGING EIGENYALUES FROt1 SHALL TO 8IGGER 
C AND ARRANGIN9 EIGENVECTORS CORRESPONDING Ta EIGENVALUES 
C 

IHPLICIT REAL*81 A-H ,o-z ) 
COf1PLEXJt16 X ,PHI ,PHIN rJIHIH.XEI ' 
OItŒNSIa. X(N),PHIIN,NI 
LA sH~ 
DO 2001 1=1. LA 

~ ElttIN:rXI 1 ) 
XHIN=OIHAG(EIHIHI 
JJ1l' :rI 
JF -1+1 
DO 501 H=JF.H 
XEI -XIH) • 
IFI DA8S0<HIN). LE _ DA8S1 OIHAGOŒI ) H GOTO 501 
JHI=I1 . , 

,XHIN=OIHAGI XEI ) 
EIJ1IN=XEI 

501 CONTINUE 
X(JHI )=XII) 
XII) aEIHIN 
DO 533 L=l,N 
PHIN =PHII L,JHI} 
PHI.L,~laPHIIL.I) 
PHIl L,I) =PHIH 

533 COHTIt«JE 
2001 CONTINUE 

RETURH 
END 

.. ' 

0, 

r' .. 

'.- .r .. 

" . 

00131 
00332 
00331 
00334 
ôo~u 
00336 
00337 
00331 
00339 
00340 
00341 
00342 
00343 
00344 
00345 
00346 
00347 , 
00341 
00349 
003&0 • 
00351 
00352 
00353 
00354 
00355 
00356 

".. 00357 
00358 
00359 
00360 
00361 

, ., 

, , , 

'i "t 

, , 

. l, 
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o 
LML 1 ••• 0 (OCT 1984' YS FORTRAN DATE: AU; 25, 1"86 TD1E1 13:41:33 

OPn~ IN e,nCT, NOUST HAl' XREF GOSTlfT NOOECK SOURCE TERH 
NOSY" NORENT NOSDUtP AUTOD8LC NONE' NlSXH 

OBJECT FIXED NOTEST NOTRHFLQ 

OPTU) LANGLVLI7.7' NOFIPS FUGUJ HAt1EII1AIN LlNECOlMT'I 60 ) CHARLENI SOO 

••••••••• 1 •• , •••••• 2 ••••••••• 3 ••••••••• 4 ••••••••• 5 ••••••••• 6 ••••••••• 7 ••••••••• 8 

ISN 1 Sl.8RCUTINE ÔUTEIGI NDTT ,N,X,PHI) 00362 
<T·C . 00363 

C SUJROUTINE TD PRINT EIGfNYALUES AND ElGENYECTORS 00364 
C 00365 

ISN 2 IHPLICIT REALlt81 A-H ,O-Z!' 00366 
ISH 3 '\ 

OIHENSION X( NOTT l,PHIl NO TT ,NOTT ) 00367 
ISN • '-" COf1PLEXlt16 X,PHI -.. 00368 
lIN 1 S ~ PRINT 540 . 00369 
lIN 6 5t+O , ... rORHATI///il4X, 'uuFREUNCIES •••• ·//) 00370 
lIN 7 "-HOTTl3 00371 
ISN 8 DO .541 Jl"I,," 00372 
lIN , JZ=H+..Il .. 

~. .' 00373 
ISN 10 J3 .. Z .... +J1 00374 
ISN 11 HlUTE16,550 J..Il.XIJ1 ),..I2,XIJ2 ),..I3,XC J3 J 00375 
ISH 12 550 FORHATII,4X"I2, 'TH' ,2DI8.a,13. 'TH' ,2018.4,13, 'TH' ,2018.8) 00376 
Il'iN 13 541 CONTINJE ~ . 00377 C······ .. ••• .. · .. 00378 

C ;.1;,;' J ; IS VECTOR 00379 

C·········· .. ······· .... ··· 00380 
ISN 14 tf,I- NDTT/Z 00381 
ISN 15 DO 551'JA"l.H,3 00382 
ISN 16 Jau..lA+1 00383 1;) 

,0, ISH 17 JC .. ..IA+Z 00384 
ISH 18 HRITEI6,560J..IA,J8,JC 00385 
ISN 19 560 FORHATIII,9X.IZ, 'TH ElGENVECTOR' ,30X,I2, 'TH EIGENYECTOR' ,3ZX, 00386 

"'t J It IZ. 'TH EINGYECTOR') (l . 00387 
IsN 20 DO 561 1=1 ..... 00388 
ISH 21 HUTE' 6,562 'PHIU,JA) .~HIII,..I8 ),PHIU • .JC) . 00389 
ISN Z2 562 FORHATI/4X.3( 2018.8,2)(" 00390 
ISH Z3 561 CONTIMlE 00391 
ISN 24 551 CONTINJE 00392 
ISN Z5 _REruRN 00393 \ 

ISN 26 END 
"" 

00394 

" 

, 
" 

.. 
r-

, . 
. ' 

, .. ' , 

o .. 
't . , 
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LEVIL 1.~.O (OCT .1984) YS FORTRAN DÂTlI AUQ Z5. 1986 

OPTIONS IN e'FECT: . NOUST HAll ><REF GOSTKT NOOECK SOURCE TERH 
- NOSYH NORENT NOSDU1P lUT008l.l NON! ) NOS)Q'I 

OPTIU LANGLYLt 771 NOFIPS FUGCU NÀHECIUIN } ufŒCot.HTl 60 1 CHARLENC 500 , 

* ....•... 1 ••••••••• Z ••••••• I.J •••• Il ••• 4 •• " Il ••• 5 .......... _, ••••••••• 7 ••••••••• 8 

C 003'1 
C' UROUTlNE TG- PIUNT t1ATRIX 00396 
C 00397 

IsN 1 SUSROUTINE PRINTIN,AI 

- .) 
00198 

ISH 2 IHPLlCIT REAL.8( A-H ,O-Z) 00399 
ISH 3 DIMENSION AI6,6) 00400 
ISH 4 HRlTEI6,22) N 00"+01 
ISH 5 22 FOIU1ATI / / / ,10X, 'HATRIX .J' .I2,/1I 00"+02 
ISH 6' HRlTEI6 ,2311 lAI r • .J) ,J-l,6) ,1-1,6) 00403 
ISH 7 Z3 FOIU1ATI / ,6(4)(,012.S J,II 0040"+ 
ISH .8 RETlJRN 00405' " 
ISH " ENO 00406 ,. 

r 

• 

, 1 

., 

1 :)1. 
. ., 

.' 
, " 

. , 

• ..J 
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. . $-13-

1 

0 IN Pu. HOTICIH C CUM'EO-CLNtPEO , 1 
1 

ILI .. M:' CQtfllCnVXTY s 

EUttENT tuBER NODE 
• 

1 1 2 3 4 5 , 
2 "'4 5 6 7 8 , , 
3 7 , 9 10 11 lZ 

• 
4 10 11 12 13 14 15 

J 13 14 15 16 17 18 

, 16 17 la 19 29 21 \ 

7 19 20 Z1 22 23 24 

8 22 23 2ft Z5 26, 27 
,.. 

r 
",-

DIt1ENSICNLE~ PAIWETERS: 
" 

DXHI!NSICNLISS VELCXITYa 0.628320+01 

BETAA. O.OOOOOO+OO,BETA. 0.500000+00,H. o.ooodoo+oo 

0 px. O.OOOOOO+OO.RO. 0.314160+01 

····FREQUENtIES···· 

----
ITH -0.421240770-06 0.403000080+02 19TH -9.110727240-03 o .l'!o9l40580 +04 

ZTH -o. ft21240770-06 -0.403000080+02 20TH -O. 1107Z1Z4D-03 -O-;-IZ"Jl4058D +04 

3TH -0.505866830-07 0.958351310+0221TH -0.202390030-03 0.153566830+04 

4TH --0.505866730-07 -0.958351310+0222TH 
~ 

-0.202390030·03 -0.153566830+04 . . 
5TH 0.11&(,1"'090-05 0.175553090+03 23TH 0.156031520-04 -o. 18071989D+04_ 

1 

6TH 0.118002080-05 -0.175553090+03 24TH 0.156031520-04 0.180719890+04 

,7T1t O. 108929560-05 0.275228710+03 25TH 0.249056980-03 -0.210375200+04 

8TH 0.108929560-05 -0.275228710+03 26 TH 0.249056980-03 0.210375200+04 

9TH 0.207502600-04 
" 

0.39312.5420+03 27TH 0.614 "9",,':'')-Q4 -0.243201570+04 
~~~ 
t' 10TH 0.207§02600-04 -0.393125420+03 28TH 0.614798090-04 0.243201570+04 

" 

" 



.. 

o 

o 

o 

1 .. tt i, .. '!\ ~ ~ li , 

) 

llTH 0.131943370-04 -0.532951310+03 29TH -0.684317000-04 -0.279628330+04 

12TH 0.131943370-iJ4 

13TH -0.&10111730-04 

0.532951310+03 30TH -0.684317000-~~ o • 279028330+0. 

0.318047160+a. • 0.690573860+03 31TH -:.0.382665180-04 
, 

IftTH -0.610111730-04 -0.690573860+03 32TH -0.382665180-04 -0.318047160+a. 

tsrH -0.281598210-04 0.872021250+03 33TH -0.242499400-04 -0.358668120+0. 

16TH -0.281598210"04 -o. 87~021250+03 34TH -0.242499400-04 0.358668120+0. 
.... 

17TH 

IBTH 

0.172604640-03 0.106650290+04 35TH 

0.172604640-03 -0.106650290+04 36TH 

0.122633050-05 -0.394608100+04 

0.1226326\0-05 0.394608100+04 

1 nt EIGENVECTOR 

0.122477470-04 

0.313106040-03 

0.416309370-02 

0.582887650-04 

0.521941010-03 

-0.825096160-03 

o • 957716060-04 

" 0.340860180-04 

0.945094160-03 

0.157913310-01 

0.210806040-03 

0.255057360-02 

0.135577920-01 

0.512347120-03 

0.134283440-03 0.322988490-02 

-o. 631691510--l2 -0.127096290-02 

0.752580240-04 0.799780640-03 

-0.5l8629770-03 0.224065460~2 .. 
-0.596755680-02 -0.177606320-01 

'-0.174458630-10 0.917760810-03 

-0.865329130-03 0.761542540-11 

-0.431959110-09 -0.248138900-01 

-0.752579930-04 0.799780640-03 

-0.538629850-03 -0.224065460-02 

0.596755620-02 -0.177606320-01 

-0.957715850-04 0.512347120-03 

0.134283330-03 -0.322988490-02 

2m ElGENVECTOR 

0.122477470-04 -0.340860180-04 

0.313106040-03 -o. 94509416D-03 

0.416309370-02 -0.157913310~01 

0.582887650-04 -0.210806040-03 

0.521941010-03 -0.255057360-02 

-0.825096160-03 -0.135577920-01 

0.957716060-04 -0.512347120-03 

0.134283440-03 -0.322988490-02 

-0.631691510-02 0 :127096290-02 

0.752580240-04 -O.79978~640-03 

-o. 5386~70-0-3 -0.224065460-02 

-0.596755680-02 0.177606320-01 

0.174468630:10 -o. 917760810-0S . 
-0.865329130-03 -0.761542540-11 

-0.431959110-09 0.248138900-01 

-0.752519930-04 -0.799780640-03 

-0.538629850-03 0.224065460-02 

0.596755620-02 0.177606320-01 

-0.9577l5850-04 -0.512347120-03 

0.134283330-03 0.322'88490-02 

\ 

o -

5-14 



., .. ";."-

$-15 

'0 O.61169UOO-02 -0.1Z7096%9O-02 O.6316915OD-0% 0.1%709629O-0Z 

-o. 58218756D-o. 0.210806050-03 -o . .58288756D-04 -0.210806050-03 

0.521940900-03 -O. Z5S057360-0Z 0.521940900-03 O. %55057360-0Z 

0.825096500-03 0.135577920-01 0.825096500-03 -0.1355779ZD-Ol 

-o.1Z2477450-~ 0.340860190-04 -0.122477450-04 -0.340860190-04 

O.31310600D-03 -O. 9450~18D-03 0.31310600D-03 0.945094180-03 

-0.416309280-02 0.157913310-01 -0.416309280-0% -0.157913310-01 

.' 

\ 
-0 

.r , 

.. 

• 
" , 

• 

Q " 

-. 
o 
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LEYEL IJ •• O (OCT 1984) YS FORTRAN 1 DATEI AU8 U, 1986 

REIiJ,JEST!D OPTIONS (EXECUTE): NODECK ,NOLIST ,OPT( 2) ,NOFIPS,XREF ,HAl' ,GOSTHT ,GOSTHT .NOTEST ,NOT" ,NOSIX.tP 

OPTIIHS IN EFFECT: NOLIST HAP XREF GOSTKT NODECK SOURCE TERH OBJECT FIXED NOTesT NOTRI1'1.8 

ISH 
ISH 
ISH 
ISH 
ISH 
ISN 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 

1 

ISH 
ISN 

ISH 

ISH 
ISH 
ISN 
ISH 
ISH 

-ISN 

ISH 
ISH 
ISH 
ISN 

:ISH 
ISH 

ISH 

HOSYH HaREHT NOSDU1P AUTOD8LI NONE J NOSXI1 
OPTe 2) I.AtGLVLI 77 J NOFIPS FI.AGU) NA.!1EU1AIN LINECÔLNT ( 60 1 CHARLENC 500 1 

••••••••• 1 ••••••••• 2 ........... 3 .......... 4 ••••••••• S ••••••••• 6 ••••••••• 7 ••••••••• a 

c 00013 
C •••••••••••••••••••••••••••••••••••••••••••••••••• M •••••••••••••••••••• 00014 
C FINIT! ELEMENT PROGRAl1 OF INEXTENSIBLE THECRY , OOOlS 
C FOR OtIT-OFF-PLANE MOTION 00016 
C 1 CURVED PIPE CONVEYING FI.UIO) 00016 
C ••••••••••••••••••••••••• M •••••••••••••••• M •••••••••••••••• MMM ••••••••• 00017 
C 00019 
C tWN PROGRAH 00018 
C ~ 00019 

1 IHPLICIT REALIt8! A-H,O-Z) 00020 
2 DIMENSION EH! 6,6) ,EOI6,6 •• EKI6,6) ,NOOEI6,15 ),)10115 •• ELENGI1S) 00021 
3 DIMENSION GHI45,45I,GDI45,45I,GK(45,45),Gtt11 90,'10 t,GKJ<.\ 90,90 J 00022 
4 DIHENSION BETAI '10) ,)oI(! 9900 1 ,Pli 15 • 00023 
5 COf1PLEXllf16 EIVALUI 90) ,EIVECTI90 ,90. 00024 
6 COMHON IEMDK/EM,ED,EK OOOlS 
7 COMMON ICOEFIXPHIA.XPHI,XH,SIHA,CAPA 00026 
8 DATA RO/15"3 .1~15926500/ 00027 
9 DO 9999 LLL=Z,Z 00028 

10 NOT =45, '--- 00029 
11 NET =14 ' 00030 
1% NDPE=6 00031 
13 NOTZ=Z*NOT ~ 00032 

r~=ss=~=s====s r 00033 
C ,-400E DATA 00034 
C==·============ 00035 

14 PRINT 100 00036 
15 100 FORHATI'l',ax,'OUT-OF PLANE MOnON ICLAI1PED-CLAHPEDJ', 00037 

• Il ,9X, 'ELEMENT CONNECTIVITY: • • 00038 
• 1120X, 'ELEMENT NUMBER' ,20X, 'NODE' ,/1) 00039 

16 00 101 I=l,NET 00040 
C== .. ::a==== • • ~ 00041 
C DATA FOR LENGHT OF ELEMENT 00042 
C=s==::a::a==========~=======s== ' 00043 

17 ELENGII)=1.00/0FlOATINET+2l 00044 
18 DO 102 J=l,NOPE 00045 
19 10Z NOOEIJ,I)=3*II-1)+J 00046 
20 HRITEI6,103'I,INOOEIL,I),L::a1,NOPEJ 00047 
Zl 101 CONTINUE OOO~ 
22 103 FORMATI29X,I2,10X.6113,~)/) 00049 

C==================s========~=====::a==.. 00050 
C FORHING THE OIHENSIONlESS PARAHETERS 00051 
C=~===================== .. ====== .. ======... 00052 

23 VELU =ROl1'ItOFLOATILLLI 00053 
2~ XPHIA=O. 000 00054 
25 XPHI =.500 00055 
26 SIHA =0. 000 ODOS. 
27 CAPA =1.00/11.00 •• 3001 00057 
28 XH =0. 000 00058 

C='u""": 0005. 
29 XHF =162.600 " " 00060 

'1 

-­. 
~ .. ~ 
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LEVU 1 .... 0 COCT l!e4) YS FORTIUH DAn: AUQ 25, 1986 nl1E: 1":2ft:% NAHI!: HA: 

•.••.••.. 1 ••••....• 2 .•..•...• 3 ••..•• ~ .• 4 •••..•••• 5 ..•. ••.•• 6 ..••••••• 7 .•••••... 8 

ISH 30 >OtT -n,.3DO 00061 
ISH 31 XL EH -1000.00 00062 
ISH 3Z GRAY .'.8100 00063 
ISH 33 ÈI -221.30+06 000" 
ISH 31+ OENSIF-"8.00 00065 
ISH 35/ XHASOI-3.14lSo0tfoENSUtf( • 253HZ) 00066 
ISH 36 GZ!O sC XHT+Xl1F-XJ1ASOI I*GRAY 00067 
ISH 37 Pil -(GZEO*XLEN**31/EI 00068 

1\_ C **** TEST FOR HR. CHEN'S C~SE 00069 
ISH 31S PU =0.000 00070 

- ISH 39 PIOs-PU 00071 ..... 
ISH f+O 00 105 I.l.NET 00072 
ISH 41 PIo·PIO+Pl1*ELENGII) " 00073 
ISH 1+2 1 PIII )sPIO 0.,074 
ISH 43 105 CONTIMJE 00075 

C 00076 
Css.ss.,. 00077 

ISH ~ HRITE(6,106IVELU,XPHIA,XPHI,XH,SIHA,CAPA,ROl1) 00078 
ISH 45 106 FORMA TI 1 1,10X, 'DIHENSIONLESS PARAHElERS:' ,11/10X, • OIHENSICINLESS ',00079 

tf'VELOCITY'" ,012.5,// ,10X, 'SElAAs· ,012.5,' " , 'BETAs· ,012.5',' , • • 'H-000080 
*,olZ.5,/1.10X,'PI IINCLUDING)',',',' SIMA :a' ,012.5,', '/1,10X, 00081 
If 'CAP,l=' ,01Z.5, , , • " RO:ao.,012.S,/) 00082 

c··········z ============= 00083 
C ESSAteLY OF ELEHEf'fl' MATRIX YIELas GLOSAL HATRIX 00084 Cs ••••••••• aas.p~~~====a.a~===~~=~s~==~=s~=a.z.=~ 'II 00085 
C 00086 

ISH 46 DO 107 II,.l.NDT 00087' 

0 
ISH 47 00 107 ..IJ=l,NOT 00088 
ISH 48 SHI II ,JJ 1=0.000 00089 
ISH 49 GOI II ,JJ 1=0.000 00090 
ISN 50 (;KI II ,JJ 1=0.000 , 00091 
ISH 51 107 CONTIMJE "- 00092 

C 00093 
ISH S2 PlO s-PU 00094 
ISH 53 XELENGsELENGI 1) 00095 
ISH sr. ROO-ROI 1 1 00096 
lSH 55 CALL EU1DKHlXELENG,VELU,PIO,PIl,ROOJ • 00097 
lSH 56 DO 115 J6-1,3 00098 
lSH 57 JE-3+JG 00099 
ISH sa DO 115 KG.l,3 00100 
ISH 59 KEa3+KG 00101 
ISH 60 GMI JG.KG I=GH( JG.KG I+EM(JE ,KE' 00102 
ISN 61 Gol JG ,KG )sGoI JG ,KG I+EOI JE ,KE J 00103 
ISH 62 (;KI Je; ,KG )-(;KI JG ,KG )+EKI JE ,KE ) 00104 

-ISH 63 115 CONTIMJE 00105 
C 00106 

ISH 64 DO 109 Ls 1,NET 00107 
ISN 65 XELENG-ELENGI L) 00108 
lSH 66 ROO =ROILI 0010' 
ISH 67 PIX =PIIL) 00110 
ISH 68 CALL EU10KHI XELENG, VELU ,PIX ,PU ,ROO) .., 00111 
ISH 69 DO 109 Jl"l,NOPE 00112 

:ISH 70 DO 109 KL-l,NOPE 00113 
ISH 71 ..IG-NOOE(..IL,L) 00114 

\ 
ISH 7Z -KG-NODE 1 KL,L) 00115 
ISH 73 6tt( JG,KG )aQ1IJG,KG J+EHI JL,KL) 00116 

ct 
,. 

.1 
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o 
LEWL 1.4.0 IOCT 1984) YS FORTRAH DATE: AUa ZI, 1986 

•...••.•. 1 •...•.... 2 .......... 3 ......•.. 4 ..•.•.... 5 .......... 6 •.•.....• 7 .•....... 8 

7ft GDIJQ,KGlaGOIJG,KG)+EDIJ~,KL' 00117 
75 GKIJG,KGlaGKtJG,KGI+EKIJL.KLJ 00118 
76 109 CCM"ItlJE 00119 
77 XELENG:ELENGlNETI 00120 
78 ROOaROt NET' .... 00121~ 
79 CALL ELHOKHIXELENG,VELU,PIO,Pll,ROO' 00122 
80 00 199 JEal.3 '00123 
81 JG=NOT+JE-3 0012~ 

82 00 l" KE=1,3 00125 
83 KG=NOT+KE-3 00126 
8ft GHIJG,KGI::GHfJG,KGI+EHfJE,KE' 00127 
~ GDfJG,KGI=GDtJG,KG1+EDfJE.KE) 00128, 
86 GKfJG,KGI:GKIJG,KGI+EKfJE,KEI 00U9 
87 199 CœfTIMJE, 00130 

C 00131 
Ca ••• a •• s~~=~==~====22.2~sa==~=S2s.ao. 00132 
C FORl1ING THE AUGHENTED HATRIX OF H,D,K " 00U3 
C·a:::::::::a::::::::::::a::s:: •• ,.::a •••••• OOUlt 
C 00135 .... 

ISN 88 00 120 I-1,NOTZ 00136 
ISN 89 DO 120 Jal,NOU 00137 
lSN 90 Gtt1fI,JI:O.OOO 00138 
ISN 91 lZ0 GKJ(ll,JI:O,OOO 

-~ 
00139 

lSH '2 DO 121' Il::1 ,NOT (1 00140 
ISN 93 II=NOT+Il 00141 
ISN, ~ Gtt1f Il, Il )s1. 00 00142 

0 
ISN '5 GKJ(I Il.II J:1.DO 00143 
ISN 96 00 121 Jlsl,NOT 0014ft 
ISN '1 JJ:NOT+J1 00145 
ISN '8 GKJ(f II ,J1 J;.-GKI Il ,JI) 00146 
ISN '9 Gtt1f II,.f.J I:GHcÎ{,J1) 00147 
ISN 100 GKJ(I II,JJ Js-GOI 1:(1) 00148 _ 

!" ISN 101 121 CONTIMJE ' _ ,? 0014' 
C~s •• s==.======2=====~2 ~z~=.2.a ••• a 00150 
C CALCULATING EIGENVALUES AND EIGENVECTORS 00151 
Cs.:.:,.s::::=:::::::.: •• : •• :: •••• ,. ••••••••• 00152 

ISN ,lOZ IA=NOT2 00153 
ISN 103 18=NDTZ 00154 
ISN 104 IZ=NDTZ 00155 
ISN 105 N =NOTZ 00156 
ISN 106 IJ08:2 00157 
}SH 107 CALL EIGZFIGKK,IA,GHH,I8,N~IJOB,eIVALU,BETA,~IVECT,IZ,HK,IER) 001S8 

COI."::::":::" 00159 
C EIGENVALUes 00160 

• Cs_ ... ::: .. ::::: .. =::::::": 00161 
tSN 108 DO 145 J::l,NDT2 00162 
ISH 

, 
109 IFIOABSIBETAIJI),LT.1.D-8) GOT013' 00163 

ISH 110 EIVALUtJ):EIVALUIJ1/BETAIJI 00164 
ISN ' III GOTO 145 00165 
ISN lU l39 EIVALUIJI"EIVALUIJI*l,D07 00166 
ISH 113 145 CONTIMJE ri 00167 
ISN 114 CALL ARRANGfNDTZ,EIVALU,EIVECT, 00168 

:ISN ~ 115 CALL OUTEIGCNDT2,2Z.EIVAlU,E%VECT' 00169 
ISN l16 9999 CONTIMJE 00170 
ISH U7 STOP 00171 
ISH 118 END 0017Z 

o 
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LlYlL 1.4.0 (OCT 1981t' YS FORTRAN DATE: AUri) 25, 1986 TIHE: 14:24:47 

OPTIONS IH EFFECT: NOUST tuP XAEF GOSl11T NOOECK SOURC! TEIUt OBJECT FIXED NOTEST NDTRJ1FLD 

ISH 

ISH 1 
UN 
UN 

ISN 
ISN 
lSN 
ISN 
ISN 
ISN 
ISN 

ISN 

ISH 
ISH 
ISH 
ISH 
lSH -

ISH 

-ISN 
ISN 

ISN 
ISN 

ISH 
ISN 

1 

2 
3 
4 

5 , 
7 
a , 

10 
11 

13 

2.0 
Z1 

Z2 
23 

NDSYH NORENT NOSOUF AUT'OD8LI NONE' NOSXÎ1 
OPTU, LNGLVLC 77» NOFIPS FLAGCI» tw1EltulN LINECOl.M'( 60 J CHARLEH(SOO 

••••.•••• 1 •• ~ ..••.. Z •••••..•. S .•.•..... 4 •••.•.••. 5 .....•••• 6 ......••. 7 .•.•..... 8 

Sl.8ROUTlNE ELHOKHC ELENG,VELU,PIX,Pl1,RO J 00173 
c •••••• • •••• •••••• •• ·······.·::····.······· •• ••••••••• •••••••••••••••••• 00174 
C SUlRaJTINf ESTItuTII'G -HASS HATRIX 00175 
C -DAttPING HATRIX 00176 
C -STIFFNESS MATRIX 00177 
C.······.·········'·····a .... ,. •• ,. ..... " •••••••••• ,.. •••••• ! •••••••••••••••••• 00178 
C 00179 

IHPLICIT REAl.SIA-H,O-Z) 00180 
DlHENSION EHI 6,6 J ,EOI 6,61 ,EKI 6,6) 0 00181 
DIMENSION RJSU 6,61 ,RJSZI 6,61 ,RJS3C 6,6 I,R.JSltC 6,6) ,R.JS5I6,61, , 00182 

Z RJS6( 6,6 J,RJS8C 6,61 ,RJS10(6,6 I,RJSllC 6,6) ,RJSIZf6,6).. 00183 
3 AINVE(6,6I ,AINVETC 6,61 001M 

COI1ON .I1:HOK/EH,ED,EK 00185 
COHHOH /COEF/PHIA,PHI,VISDAH,SIHA,CAPA 00186 
COHHOH /HAJs/RJS1,RJSZ,RJS3,RJS4,RJS5,RJS6,RJS8,RJS10,RJS11,RJS12 00187 
COHHON /INV/AINVE,AINVET 00188 
ROZaRo-Z 00189 
PHIIZ·DSQRTIPHI) 00190 
VELUZ·VELUW*Z 00191 

C 
C CALL tuTRICES J.1-J*12 
C 

CALL ;EN1AJ1 ELEte ) 
C 
C CALL INVERSE OF THE HATRIX A 
C 

CALL INVERSC ELENG 1 

C························ C FORHIN; ELEHENT tuTRICES 
Ca •••• z ••••••• a •••• z.:.:.z:a •• 

00 Z80 l.l,6 
00 Z80 J a l,6 
EHCI,4IaCl.DO+PHIAJ*RJSICI,~I+SI~*RJS4(I.J) 
EDCI,~laCZ.DO.VEL~PHI121*RJS5CI,J)+VXSDAH*RJS1(I,~) 
EKCI,JI.(RJS3II,JI-RO*(RJS6(I,J)+RJS6IJ.l»)+ROZ.RJS4(I,4''t 

zao 
C 

* CAPA*( ROZ.RJS2C I,J 'tRO*' R4S8C I,~ hRJS8C J,I) 1 +R.JS 10( I,J)' 
CtM'I~E 

C ELEMENT HASS HATRIX 
C 

C 

C~LL PRODHAI6,6,6,AINVET,EH,RJS41 
CALL PRODHAI6,6,6,RJS4,AINVE,EHI 

C ELEMENT DAMPING HATRIX 
C 

C 

CALL PRODHAI6,6,6,AINVET,ED,RJSS) 
CALL PRODHAC6,6,6,RJSS,AINVE.ED) 

C ELEHENT STIFNESS HATRIX 
C 

CALL PROOHAI6,6,6,AINVET,EK,RJS4) 
CALL PRODHAC 6,6 ,6,RJS4"AItNE ,EK) 

o 

00192 
00193 
00194 
00195 
00196 
00191 
00198 
00199 
00200 
00201 
00202 
00203 
00204 
00205 
00206 
00207 
00t08 
00109 
00Z10 
00211 
00212 
00213 
00214 
OOZ15 
00216 
00217 
00Z18 
00219 
00220 
OOZ21 
00222 
00223 
00224 

LlYlL 1.'.0 C OCT 19MJ vs FORTRAN DATE: AUQ U, 1~ TIHer 14: 2~:~1 NAH!: EUt 

ISM 
ISN 

Z6 
27 

•..•. • •.. 1 •.•.••... Z •.•.•.••• 3 •••• ~ •••. 4 ••....•.. S ......••. 6 •••....•• 7 ••.•••... 8 

RETURH 
END 

oatu 
00226 



o 

·0 

o 
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LEV!L 1.4.0 IOCT 1984' YS FORTRAN DATEz AUQ 25, 1916 
" 

OPTIONS IN.EffECT: NOLIST HA, XREf GOSTHT NODECK SOURCE TERt1 OIoJECT FIXID NOTlST NOTRHfI.I 

~ 
ISH 

ISN 
ISN 
ISH 
ISN 
ISN 
ISH 
ISH' 
ISN 
lSH 
ISH 

~SN 
<.' :: 

ISH 
ISH 
lSH 
ISH 
ISH 

ISN 
ISH 
ISN 
lSH 
ISH 
ISH 

-ISH 
ISH 
ISH 

ISN 
ISN 

:ISH 
ISH 

( 

NDSY" NORENT NOSDlI1P AUTOD8L 1 NONE , NOS)(J1 0 

OPTIZ) LANGLVU 771 NOFIPS FUGU) tW1E1 HAIN , I.lNECOI.Mr160 1 CHAALINIIOO 1 
1 

~ ••••••••• 1 ••••••••• 2 ••••••••• 3 ••••••••• 4 ••••••••• 5 ••••••••••••••••••• 7 .••••• : •• 8 

1 SUBROUTINE GfN1AJ( ELEt-«; 1 00227 

Z 
3 

4 

5 
(, 

'7 
8 
9 

10 
11 
12 
13 
14 
15 

" 17 

la 
19 
20 
U 
22 

%3 
24 
25 
26 
27 
28 
29 
30 
31 

32 
33 
34 
35 

C····················································· ......•........••. 00221 
C SUBROUTINE·GENfTINQ HATRICES J.I-J.11 00229 
.C................ ••••••••••••••••• ••• ••••••••••• •••••••••••••••••••••• 00230 
C. 00231 

OII'1ENSla. R 116,' 1 ,RJS216,6) ,R.,IS316,6 1 ,RJS4I6,6J ,RJS51 •• 6), . 00233 
• RJ &/6,61.RJS816,6IoR.,IS1016,61,RJSlll6,.I,RJSlZI6,61 00234 

COHHON IHAJ RJS1,RJSZ,RJS3,RJS4,RJS5,RJS6,RJS8,RJSIO,R.JS11,RJSlZ 00235 

IHPLICIT RE~*8(A-H,O-ZI 00232 

c·.··~=······==·=·I 00236 
DO 400 1=1 " >. 00237 
DO 400 J.1,' 002!1 
R.JS1II,J'=0. DO 00239 
R.JS2II,J).0. DO 00240 

400 
C 
C 
C 

402 
C 

RJS3(I.JI=O.ODO 00241 
RJS4II,J)·O.OOO 00242 
RJ$5(I.J'·O.ODO 00243 
RJ$6(I,JI=O.OOO 00244 
RJS8(I,J).O.ODO 00245 
RJS10(I.JI~0.ODO 0024. 
RJSll(I,JI:O.ODO 00247 
RJS1Z(I,JI=O.ODO 002~ 
CONTlMlE \ 00249 

GENERATIt-«; I1ATRIX J*l 

DO 402 1.1,4 
DO 40Z J a l.4 
K·I+.J-1 
RJS1(I,J)=ELENG"IKI/DFLOATIK) . 
CONTINUE 

C GENERATINQ HATRlX J*2 
C 

00250 
00251 
00252 
00253 
00254 
00255 
00256 
00257 
002Y 
00259 
00260 
00261 
00262 
00263 
00264 
002&5 
002&6 
002&7 
00268 
00269 
00270 

410 

C 

DO 410 IIa%.4 
DO 410 JJ.Z,4 
KK·II+JJ-3 
RJS2(II,.J.J)·ELEt-«;"IKK' 
CONTltaJE 
R.JSZI3,3)=4.DO*RJSZI3,3,/3.DO 

~ RJSZC 3,4 l.l.SDO*RJS21 3.4) 
RJSl(4,3 I=RJSll 3,4) 
R.JSZ(4,4)=1.8DO*RJSZI4,4) 

C GENERATING ·I1ATRICES J*S 
C 

c 

RJS!f 3.3 1=4.DO*ELENG 
RJS3C3.41·6.DO*ELENG"(Z) 
RJS3(4,31=RJS313,4) 
RJS3(4.4)=12.DO*ELENG"C3) 

C GENERATING I1ATRIX J*4 

o 

·~0271 
00272 
00273 
00274 
00%75 
00%76 
00277 
0027. 



., 
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, 
LIVIL 1 ••• 0 IOCT 1984) vs fORTRAN DATlz AU; 25, 1986 TIHE: 1~:24:47, NAttE: GO 

ISN 
ISN 
ISN 
ISN 

,ISN 
" ISH • 

ISH 
ISH 
ISH 
ISN 

• 

ISN 
ISH· 
ISN 
lSN 

ISN 
ISN 
ISN 
ISN 

ISN 

tSH 
ISH 
ISH 
XSN 
ISN 
XSH 
ISH 
XSN 
ISN 

36 
37 
58 
59 

40 
41 
42 
43 
44' 
45 

50 
51 
52 
53 

51 
56 
57 
51 
59 

, 60 
61 
6Z 
63 

.' 

_ ......... 1 ••.••.••. 2 •. ' ......... 3 •.• ~ ..... ~~ ........... 5 •.... " ... 6 .......... : .. 7 .* .......... 8 

c 
IUS4C 5,1 '-I!LENIiI 
RJS4CI,')·.SDO*fLE~(2) 
RJ$4(6,S'-RJS415,6) 
1LJS4( 6,6 )-ELDG"C 3)/3. D0, 

DO 4Z0 X-l,4 
DO 420 J-Z~4 
K2 • .J-l ' 
U- I+J-Z J ' _ 

R.JS5( I,J ,.OfLOATC K2 'ttELENG"C K3 )/DFLDAT( K3) 
lt%O CCHTlNII , 
C 
C QENERATINa HATRlX RJS6 
C 

c 

RJS6C3,S'-Z.DO-fL&N8 
lU$6è 3 ,6i J-ELENGIHtC 2 J -
RJS6(4,IJ·J.DO-RJS6C3,6)· 
RJS6(4,6J-Z,DO*ELENG**C3J 

C GENERATl" HATRIX ~8 
C 

ç 
C Gl!NERATING HATRICES J-U AND J,-lZ 
C 

DO 440 JJ.l,lt 
1US1lC JJ,3 J:IIZ.OOitELENG-C JJ J/DFLOATC JJ) 
Jll1.J.J+l 
RJS11CJJ,4'.6.00t!LENG-CJ1'/OFLOATIJ1) 
IUSlZI.JJ,3J:IIZ.OOMELENG-CJ1'/OFLOATCJ1) 
RJS12f.JJ,4J-'.OOMELENG**(JJ+2)/DFLOATC.J.J+2J 

440 CONTINJE 
RIT1JRH 
END 

. ' 

\ " 

--

1 • 

-

00279 
00280 
00281 
0028Z 
00283 
002M 
00285 
00286 
00287 
00288 
00289 
00290 
00291 
00292 
00Z93 
00294 
00295 
00296 
00297 
00298 
00299 
00300 
00301 
00302 
00303 
00304 
00305 
00306 
00307 
00308 
00309 
00310 
00311 
OO~1Z 
00313 
00314 
00315 
00316 
00317 
00318 
00319 
OOUO 
00121 
00322 

\ 
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S-22.l 

o LEVEL 1.4.0 IOCT 19841 
o 

VSFOR1'RAN DATE: AU;. 25. 1986 TlHlI l~tZ~I4I 

OPTI~ IN EFFECT: NDUST - HAP )(Rer GOSTKT NlOECIC. SOURCE nRH œJ!tT '\><ID MOnST~'" 
NDSYtt f«)REHT NOSO\Ht AUTOD81.1 NON!) - NOSXI1 • • 

OPTIU uNoLVLl77' NOFlPS FU;It) NAHEIHAlN ) UNECOtMfuO' CHARLENIJOOl 

\ * ....•... 1 ••••••••• 2.: ........ 3 ••••••••• ~ •••• 7'" .5 ••••••••• , ••• Il •••• 7.-... ,1 ••• 8 

ISH 1 SUSROUTlNE INVERSe ELENG) 0032$ 
C ••••• •• •• • •• •••• •• ••••••••• •• •••••• •• ···:····.··· •• • •••• • ••• • •• • ••••••• 0012. 
C SUBROUTINE INVERTItG THE HATRIX A 00321 
c •••••••••••• ··.* ... ·.····.·.· .. ·····.·····.· .. ·· .••.......••........... 0032' 
C ' • 00521 

ISH 2 IHPLICIT REAL-SI A-H ,O-Z) 00321 
ISN 3 DIHfNSION AINVEI6,6),AINVET(6,6) 0032' 
ISH 4 C~ IINY/lINVE ,AINVET OOUG 
ISH 5 DO 500 1.1,6, 00531 
ISH 6 00 500 J·l,. OOJn 
ISH 7 AI~II,J)·O.ODO 00131 
ISH 1 SOO CONTltIJE oon~ 
ISH 9 AINYEI'l,l ).1.00 00335 
ISH la AlN'IEI 2,2 ).1.00 

(l' • 
00356 r 

ISH 11 AINYEl5,3 ).1.00 00537 
ISH 12 AI~(3,1)·-3.00/ELENG**(Z) oonl 
ISH 13 AI~r3,Z)·-Z.00/ELENG ./ °P339 
ISH 14 . AINYEI 3,4 }.-AnNEe 3,1) 00$40 
ISH 15 AINYEI3,$J·-l.DO/ELiNG 00341 
ISH 16 AINYEI4,1)·Z.00/ELENG**IS) . 00342 
ISH 17 AINYE(4',2 )"LENGNC -2 1 • 00343 
ISH la AINYE(4,4Ja-AINVEr4,11 005~ 

.ISH ~ 19 AINYE(4,5J:AI~(4,Z) 0054S 

0 
ISH 20 AINYEI6,' )=-1. IELE~ ,,>00546 
JSH Z1 AINYEI &,3 ).-AINYEI',6) 00347 

C······::I 00348 
ISH 22 DO 505 1.1;. ~~<f' ;J ,0034. 
ISM 23 00 505 J.l.' / ' 00350 
ISH 1 24 AINYETI I,J )=AINVEI.J ,1) iJO~51 
ISH 2.S SOS CONTINUE J 00 52 
ISH 26 RETlJRH 00353 
ISH 27 END 00354 

II' 

" 

" .. -~ 

- ----------' 

1 " 
-. 

0 
, 

<i:) , ~ 
1 

,\ 
\ ' 

1 

[ -.. . , 
1 

,~ 

, 
".~ Îh:,;:, .. 
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LEVE L l,ft. 0 e OCT 1984) vs FORTRAN DATE: AUS lS. 1'86 TlHE 1 14-: 24:43 

, OPTIONS IN EFFECT: NO LIST t1AP XREF GOSTl1T HOOECK SOURCE TERt1 CBJECT FIXED NOTEST. NOTRt1FLQ 
NOSYH t«lRENT NOSDI.I1P AUTOD8lI NONE 1 NOS)01 

Q.PTI Z 1 LANGLVL(77) HOFIPS FLAGU) NAHEU1Al:N 1 LINECQlM'1 60 1 CHARLENI500 

••••• - ••• 1 ••••••••• Z ••••••••• 3 ••••••••• 4 ••••• " ••. 5 ••••••.•• 6 ••••.•••• 7 ••••••••• 8 

ISN 1 St.6ROUTINE PRODHAI t1,L,N.~S .. C 1 00355 
C 00356 
C SUBR~NE HULTIPLYING MATRICES 00357 ~ 

C 00358 :<' 

ISN Z It1PLICIT REAL*61 A-H ,O-z ) 00359 
ISN 3 OIHENSION AIH,LI,SI L,NI,CIH,NI 00360 .... 
ISN ft DO 590 la1,H 00361 
ISN 5 DO 590 J a 1.N 00362 
ISN 6 CII,JI:oO.ODO 00363 
ISN 7 DO 590 K=l.1, 00364 
ISN 8 CU,J laCe I,J I+AII,K 1t!6IK.J 1 , 00365 
ISN 9 S90 CONTII'lJE 00366 
ISN 10 RET\JRN 00367 
ISN 11 END 00368 

o 

o 
.. 
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L!V!L 1.4.0 IOCT 19841 YS FORTRAN DATE: ALG 25. 1986 ~_y*:24:48 

OPnCJG IN EFFECTI NDLIST HAP XREF GOSlln' NODECK SOURCE TERH OBJECT FIXED NOTEST NOTRI1FLQ 
NOSYH NORENT NOSOU1P AUTOD8LI NONE 1 NOSXt1 

OPTI 21 LANGlVll 77) NOFIPS FLAG' 1) NAME( KAIN 1 LINeCO\.NT( 60) CHARLENe SOO 1 

* .... - ... 1 ••••••••. z ......... 3 ......... 4 ......... 5 ......... 6 ......... 7.* •••.••. 8 

ISH 

ISN 
ISH 
ISN 
ISN 
ISN 

.ISN 
ISN 
ISN 
ISH 
ISN 
ISN 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 
ISH 

1 

2 
3 
4 
5 
6 
7 
a 
• 10 

11 
lZ 
13 
14 
15 
16 
17 
la 
19 
20 
21 
Z2 
23 
24 
25 
26 
27 

Sl..8ROUTlNE ARRANGe N,X,PHI ) 
C 
C SlBROUTINE ARIWGING EIGEtNALUES FROt1 SMAlL Ta 8IGGER 
~ ~ ARRANGING ,ElGENVEctoRS CORRESP~oING TO EIGEtNALUES 

IHPLICIT REAL*81 A-H ,O-Z) 
COHPlEX*16 X,PHI,PHIH,EIHIN,XEI 
DIMENSION XI H) ,PHIIN,N) 
U aN-1 
DO 600 I-l,LA 
EIHIN=XII ) 
><J1INaOIHAGI EIHIN ) 
..JHI "1 
.JF al +1 
DO 601 H=.JF,N 
XEI aXIH) 
IFI DA6S1 >01IN). LE. DA8S1 DItlAGI XEl ))) GOTO 601 
.JHI=H 
lO1IN-DlHAGI XEI 1 
Ell1INaXEI 

601 CONTINUE 
XI JtfI '-XII J 
XI l' aEIHIH 
DO 633 L-1.H 
PHIN aPHIll • .JHIJ 
PHIIl,.JHI ':sPHIIL,I' 
PHIll,I) :sPHIN 

633 CONTINUE 
600 CONTI...,E 

RETURH 
END 

) 

f 

00369 
00370 
00371 
00372 
00373 
00374 
00375 
00376 
00377 
00378 
00379 
00380 
00381 
00382 
00383 
00384 
00385 
00386 
09387 
00388 
00389 
0039() 
00391 
00392 
00393 
00394 
00395 
00396 
0039-7 
00398 
00399 
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LEVU 1.4.0 IOCT 19841 YS FORTÎWf DATE: AUG Z5. 1986 

OPTIONS IN EFFECT: NOLIST HAP ><REF GOST11T NOOECK SOURCE TEIUt OBJECT FIXED NOTEST NOTRI1'LQ 
NOSV" NORENT NOSOl.t1P AUTOOBL 1 NONE 1 NOSXH 

OPT( 2) LANGLVLI 771 NOFIPS FLAGII 1 NAt1EII1AIN' r LINECOl.NTIIIO) CHARLEHI500 

- •••• -: .. 1 ••••••••• 2 ••...•••• 3 •..•.•••• ~ ...•••••. 5 ...•••.•. 6 ....•..•• 7.- •••.•.• 8 

ISN 1 SUBROUTINE OUTeIGI NOTT ,N,X. PHI) 00400 
C 00401 
C SUSROUTINE Td PRINT EIGENVAlUES AND UGENVECTORS 00402 
C 00403 

ISH , 2 1I1PlICIT REAL-al A-H ,o-z J 00404 
ISH 3 DiHENSION ~X( NDTT l ,PHIl NOTT ,NOTT ) 00405 
ISH 4 .COMPLEX-16 X,PHI 00406 
ISN 5 PRINT 740 00407 
ISN 6 740 FORMA TIll / .14X. ' ====FREQUENCIES:u:u 'II ) 00408 
ISN 7 tt=NOTT/3 0040. 
ISN 8 DO 741 J1"1." 00410 
ISH 9 J2=H+Jl / 00411 
ISH 10 J3=2*f1+..Jl 00412 
ISH 11 HRITE16.750 JJ1.XI J1'.J2 ,XI J21.J3 ,XI J31 00413 
ISH 12 750 FORHATl/.4X,I2, 'TH' .2018.8.13, 'TH' .2018. a .13, 'TH' ,2018.8' 00414 
ISN 13 741 Clln'INJE 00415 

C:l~:I··22=a===:I 00416 
C a"I;.;') ~ IS VECTOR 00417 
C=====2=2=========2===== 00418 

ISN 14 NN" NDTT/2 0041. 
ISN 15 DO 751 JA-Zl.N,3 00420 

0 ISH 16 JS-JA+l 00421 
ISN 17 JC=JA+2 00422 
ISN 18 HRITEI 6,760 JJA ,..J8.JC 00423 
ISH 19 760 FORHATC//,9X,IZ, 'TH EIGENVECTOR' ,30X,12, 'TH EIGENVECTOR' ,32><, 00424 - 12, 'TH EINGVECTOR' 1 00425 
ISH 20\ DO 761 1-1,"'" '\ 00426 
ISN 21 HRITE16,762 JPHII I,JAJ,PHII I.JB) ,PHIl I,JC' 00427 
ISN 22 76Z FORHATl/4X,312DI8.8,2><) ) 00428 
ISN 23 761 CONTINJE ~4Z' 
ISN 24 751 CONTI~E 00430 
ISN Z5 RET\JRN 00431 
ISN 26 END 00432 ,. 

• 

o 
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5-26 _ 

LEY!L 1.ft..O IOCT 1984 J DATE: AUGI ZS; 1986 TIt1E: 14: 24:48 

OPTIONS IN EfFECT: HOLIST HAP XRE' GOSTltT HOOECK SOURCE TERH 08.JECT FlXED HOTEST NDTRHfLQ 
NDSYH NORENT NDSDI.J1P AUTODBL' NON( 1 NOS)(H 

OPTI 2) LMGLVLI 77 J NOfIPS FLAG' 1 J NAHEI HAIN 1 LINECOUfT'I 60) CHARlEN' 500 

- •••• - ••• 1 .......... 2' ••••••••• 3 ••••••.• • it •••••••• • 5 •••••..•• 6 •. ~ .••••• 7.-•••..•. 8 

ISN 1 SUlJROUTINE PRINTIN.A) 00433 
Je . Cl-_ 00434 

C Sl.eROUTINE ra PRINT HATRIX 00435 
C 00436 

ISN 2 IMPLICIT REALW81A-H.O-ZI 00437 
ISN 3 DIMENSION AI,6,6 1 00438 
ISN 4 HRlTE 16 ,8ZZ) N fi 00439 
ISN .s 822 FORHATIII/,1OX. 'HATRIX J' ,I2,//) 00440 
ÎSN ta HRITEI 6,823)( CAII,4 ) ,J-l,6 ) ,1:11,6) 00441 
ISN 7 823 FORl1ATI 1,61 4)(,D12.5),/) 00442 
ISN a RETURN 00443 
ISN , END 00444 

,1 
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OUT-oF A.~ ttOTION (ClAttPEO-CUItPED) 

ELEHENT CONNECTIYITY: 

ElEHENf NJteER 

,q ... . 1 1 

2 It 

3 7 

It 10 

S 13 

" 16 .. 
7 • 19 

8 22 

9 25 
. 

10 28 

11 31 

12 31t 

.. 13 37 

lit 1t0 

OIttENSIONlESS PARAHETERS: 

DlttENSIOHlESS YElOCITY- 0.628320+01 

Z 

5 

8 

1'1 

lit 

17 

20 

23 

26 

2,' 

32 

35 

:y 
Itl 

~ 

NODE 

3 

6 

9 

lZ 

IS 

18 

21 

2it 

~7 
\ 

30 

33 

36 

39 

1t2 

,,"'" 
o 

it 5 

7 8 

10 11 

13 lit 

16 ,17 

19 20 

22 23 

2S 26 

28 ·29 

31 32 

31t 35 

37 38 

40 41 

1t3 ...... 

# 

--"'" 

~ 

6 

9 

1Z 

15 

18 

21 

21t 

27 J 

30 

n 

36 

39 

42 

1t5 

BETü- O.OOOOOO+oo.BETA= 0.5OO000+00.H= O.OOOOOD+oo 

Pl (lNCl~lNGI. SIHA • 0.000000.00, ... 
CAPA- 0.769Z30+oo.RO= 0.31ltI60+01 

a===FREQUENCIES==== 

\ 

IR -o.lOODOOOOD+oa 0.00000000D+00 31TH 0.190757900-10 
, 

-o.1S3ltOltUD+02 il TH 

ZTII -o.l00000000+oa 0.00000000D+8O 32TH 0.1907 .... 650-10 
1 

O.1S31t01t93D+02 62TH 

1'Q1 '.10000000D+08 O. OOOOOOOOD+OO 33TH -O. 21t88l51tOO-09 -o.5UI0l85DtOZ UTH 
~ 

,.. 

~ 

) 

~ 

O.258ItlZ07D-07 -o.2ge081t'lD+0It 

O.25aIt0705O-07 O.2M08fttlDtOlt 

O. ZZ70a86ZD-07 a.3J1t67O't7D'" 

o 

~ 

~. 

., 

J 

"'-

V) 

• N ...... 

G' 
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~ . , 
0 0 "" o· ~ 

" - l .. 
~TII o .10000000D+oa 0.000000000+00 3ItTH -0.Zlta8U810-09 0.5ltZl0185D+OZ·64TH O.Z27OMUD-07 -O. 3JiM 10It 7D+0lt 

aTM -o.IOOOOOOOOtOl O.OOOOtiooootOO 3'TH 0.356079980-09 -0.112436500+03 65TH O.~l5O~4SD-07 -o.37a609S9D+Olt 

,TH o .10000000D+08 0.000000000+00 36TH 0.356079100-09 0.1124365OD+03 66TH 0.481501280-07 ,!).37860959D+0lt , 

7TH -0.100000000.08 0.000000000.00 37TH -0.3SP5688D-09 0.191~900.01 '7TH -0.5U06811D-08 0.428OO683D+04 

- 1 
8TH -o. 25744Z99D+I0 0.000000000+00 38TH -0.357759570-09 -0.191154900+03 68TH -0.532135960-08 ~ -o.428006830+0lt 

'TH -0.100000000+08 0.000000000+00 39TH 0.142686290-08 -0.29019~9ltD+03 69TH -0.128043450-07 -O. lt829111 ZD +04 , 

10TH -0.178191230+1& 0.000000000+00 40TH 0.142687970-08 0.29Of95~0+03 70TH -0.128043740-07 o .1t829111ZO+0lt 

llTH -0.100000000+08 0.000000000+00 41TH 0.887695410,.09 0.409509180+03 71TH -0.~09lt8360-07 0.54375noo+0lt 
0 

UT" 0.11ta79Z35D+lO O.OOOooooOp+OO 42TH 0.887.85520-09 -0.409509180+03 72TH -0.940938540-07 -0.543752100+04 

l3TK -0.100000000+08 o.~OOOOOOO+OO 43TH 0.23ltlt21630-08 0.549246730+03 73TH 0.241196920-07 O. 6~1056).70+M 
IltTH -0.IVtU7710+l0 0.000000000+00 44TH 0.23442160D-08 -0.54924673D+03 74TH 0.24119302D-07 -0.611056670+04 

lSTH -o.100~000+oa 0.000000000+00 45TH -0.432689140-08 -0.709721560+03 75TH 0.215975490-06 -0.6853013S0~ 

UTM -o.1Z5332900+10 0.000000000+00 46TH -0.432.92760-08 fi. 7097Z15.0+03 76TH 0.215975450-06 0.685301350+04 

1 7TH -0.100000000+08 0.000000000+00 47TH -0.271058'120-08 ~.89140908D+03 77TH -0.164234300-07 ·0.1.'716780tOlt 
q 

18TH . -o.1l~69960+10 8.000000000+00 48TH -0.271054610-08 -0.89140908O+03-78TH -0.164234930-07 -O. 766716780tOlt 

19TH -0.100000000+08 0.000000000+00 49TH -0.124450120-08 0.109494020+04 79TH o • 1552169OD-06 -0.854958560+04 

" ZOTH -0.115282830+10 0.000000000+00 SOTH -O. 124ltlt2S00-08 -0.10~~020+M 80TH 0.155217100-06 0.8Slt958560+0lt 
..... 

ZlTH -0.100000000+08 0.000000000+00 51TH o .13ZCJ87780-08 0.132105470+04 81TH o . 286317300-06 -0.948568390+04 
~ 

\ 

22TH -0.112144060+10 0.0~0000000+00 52TH 0.132~83880-08 -0.132105470+04 82TH 0.286318430-06 O. ~8S68390.M • 

Z3TH -0.IOO00fOOO+08 0.000000000+00 53TH 0.127658570-07 0.157041640+04 83TH 0.61'0525480-06 -0.104419560+05 

litT" -0 •• 30674130+09 0.000000000+00 54TH 0.1276.1580;07 -0.15704}640+04 84TH 0.610525690-06 O. 104419560+05 

25TH 0.193013140+10 0.000000000+00 55TH -0.433972720-08 -0.184292900+04 85TH -0.486681380-06 0.113573180+05 

ZiTN O.lZ873tt960+10 0.000000000+00 56TH -0.434008010-08 0.184292900+04 86TH -0.486681840-06 -0.113573180+05 

27TH -0.1"'9793300+1-0 O.OOOOOOOOD+OO 57TH :0.183423180-07 0.213457810+04 87TH -0.184391380-0~ 0.121392800+05 C) 

Z8TJt 0.150918570+10 0.000000000+00 58TH 0.183422670-07 -0.213451810+04 88TH -O. i84391840-Q6 -o. 12139280D+05 . , 1 

nTH 0.568651070+09 0.000000~00+00 59TH -0.533265650-12 -0.241562930+04·89TH -0.266032830-06 -0.126754090+05 

-0.609470730-h 
V) 

30TH -0.937776510+08 O.OOOOOOOOO+QO 60TH 0.241562930+04 90TH -0.2.6032930-06 0.126754090+05 1 
N 
co 
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INl'EXiRATICNS BY PARTS ASSCCIATED WlTH THE DERIVA'11ION OF EtlOATlœ (5.23) 

, . 

(T .1) 

(T.3 ) 

q 

(T. 4) 

• , 

'(T.S) 

o (T.6) 



l 

.. 

. . T-2 

. (T.7)' 

It 1s noted that in' equations (T.5)-(T. 7), thè following replace­
J 

ment was made 

(T.8-) 

because of the continuity condition, as mentioned in Appendix J •. 

Fran the boundary:conditions, equations (5.9)-(5.11), one can see 

.rJ ' / 

-



o· 

o 

·0 

.' -
which is equaticm. (5.23) 

1 , 

• J 

a~g in the main text. 
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APPENDIX U 

. 
THE RESISTMCE COEE1i'ICIENr Fœ 'l'URBULENr FI.DiI IN A CURVED PIPE 

Consider turbulent flow in a curved pipe. The influence of 

~trifugàl force is te increase the~ictional resistance coefficient 

for tubuleht flow in a cw:ved p~vis-à-vis that of a straight pipe. 
, 

Acçotd:i,tlg te the theory of White (] 979), thfs resistance coefficient 

(for turbulent flow in a curved pipe) can be represented by the 

fOllowing equation 

À = À o 

. 

. 
(U.l) 

where 1.
0 

1s the resistance coefficient of a straight pipe, Red is the . , 

yReynolds nurnber (i.e. UDi/v), Di is the :internaI diameter q~ pipe and --- . ,Ro is the radius of cutva~ of the pipe. 

In general, :\0 is a function of Reynolds number and the 

c:pmensionless roughness of the,pipe, and,.1-ts value can bè obtained .fran 

Mood~'s diagram. 

wr1tten'as 

Therefore, the pressure grayent in the pipe èan ~ 

. . .. 

Finally, the dimens10nless fOIm of equation (T.2) is 
2 l 

(U~2) 

a (PiAiL /EI) -2 
dE; ; .. = -:\* u , (~.3) 

where 

1.* :1g
i 

' (U.4) 

and, 'L is .~e total length of the pipe. ~ation (U.3) 1s used in 
"-

obta1lt1nq eqÜatiqri (5.28L 
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APPOOIX V 

DEru:VATIOO OF THE' EI..EMmr STlFFNESS MA'IRIX AND THE ELEMENr FœCE 

VErIœ IN THE CASE OF STATIC EXXJILIBR:ro.1 
\ 

Consider eq1.lations (5.26) and. (5.27) in the main teXt. The 
• 

highe$t order of derivat..1.ves of the shape f\mc:tions [~ll and [~31 in . .. 
the integrands of these eq1.lations are second and first, respectively, 

and it i~eceSSary to ensure that n~, n~'and n~,are oontinuous 

element ~daries. Thus the nodal displacements chosen are 

at the 

o 
nij 

(V.l) 

as shawn in Fig. V.l, and the element displacetleJ1t vector can be wri tten • 

= -----

Accord.ingly, displacement ~ctions associated w~th n~ and n~ 

can be .chosen to he the same as for the out-of-plane..rrotion' in the" . ' 
1 _ _ 

inextensible case. Therefore, proceedinq in the same way that was . . -

followed in the numerical analysis of the ,Qut-of-plané rnqtion in the 

inextensible case,-o;e obtains the fOllowing'relations 

. 1 (V.3) • 

, , 

"' 
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1 

• 
, " ...... 
~( ........ -

" 

V-2 

where ~~2]'- [~4J"1nd [AJ~1 have ~ defiRed in ~tions (3.62), (3.63) 
Ç) 

'and (3.71) in Chapter III. 

,. 

By S\lhstituting equation (U.3), into equations (5.26) and (5.27) 

in the main text yields 

'{K~}e = [A)~IT{f~e{[~2J"T[~2]"+ r
O

([4»2)"T'C4»4)'+ [~4]'T[~2d' + r~[4»4)'T[4»4)' 
o 

'" 

+ [~2}T 'h-[IIP([4»2~'( rO[~4))1-rorrpt4»4JT([~2J '+ ro [4»4)} d~ }[Al~l, 
(V.4) 

, . 
Finally, substituting equation (5.28) into (V.4) and then. 

o 

evaluating the integrals, one obtains the element matrices" i.e., 

(V.5) . 

*-2 11, * * * * 2 * 1 . 
... ~ \:l [[JS] + [J10]_+ro ([J 161 +l~ 14] -!J17 ]) -ro [J 18)]} [A]~ " 

{F}e =, _[A)~lT '{~o(ü~+~I-) {FI} - ~ *ü2 (ro{F2} +{F
3

})+ {FG}}" 
~. 0 

where 

(. 

, \ 



~ 
~ 

" 
~ .J,.,!'" 

.~. 
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E; • / • 
V-) ."" 

{FO} =I e -y (Cl5t It2JT + <lz [t4JT) dF,; , 
.. 

:: 

0 o 0 0 

~e 

• a ! 1/2 ~~ 

~a, T 
1/3 f;! 

{F l} = J 14>2 J di; = 
1/4 ~: 0 

0 

0 
~ 

. 1/2 ~~ 

~e T 
1/3 '! 

{F2} =J ~(~2]' dl; = 
1/4 ~! (V.6) ,< 

0 .. " 

1/5 ~; 
,.. 

0 .. 0 • 
0 • 

0 0 

0 

0 
E::e 

[4>4 JT d(; 
0 

. {F3} =J = , . 
0 0 

~e .(J • . . 
1/2 ~:. If , . .1 

"-
I) 

o 

, 1 



Ci 

o 

o 
_ .... 

V-4 
\ 

* ~e T 
[Ji 1 = f [~2J [$21 d~ , 

o '-

* ~e liT Il 

[J31 = f [~2J [4>2J d~ 
o 

, * ~ T 
(J

4
1 = f e [~tJ [$41 d~ 

o 
* E;è T 1 

[JS1 = f [$2 J [$21 d~ 
o 

* ~e 'T 1 ~ 
[Je] = f [$ 4 1 [4> 4] d~, 

o 

* ~e T " 
[J 9 J = J [ ~ 2 J [ 4> 2] dE,;, 

o 

* E:e T " 
[J10J = f [~2J [4>2] E.:; d~ , 

o 
(V.7) 

* ,~e T' 1 
[J

12
] = l [$2] [$4 1 ~, 

o 

* E;e T 1 

[J
13

] = J [~4] [4>21 d~ 
o 

, 

* 'J~e T" 
[J14 ] ~ 0 [~2J [$4] dE; , 

* E;e " 1 
[ J 15 ] = J [ $ 2 J [$ 4 J dE;, 

_.-, 0 

* E;e' T 1 

fJ16 ] = J [$2] [$4 J ~ d~ , , 
o 

*, ~e T 1 \ 

[J
17

] = l' [$4] [$2] ; d~ 
o 

* T [J 18] = J [$ 4] [$4]; dE; , 

~ch are evaluated in Appendix L. It is noted that equation set rv .5) 

C9r.responds te equations (5.29) and (5.30) in the nain texte 

-
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v-s 

• j i+r 
° ° nlj n 

, , Yr Ij+l 

{nO} = 0' 0 0' n1j {r\}j+l = n 
i j' Ij+l 

° ° E;:i 0 n3 . n3J+~ .J ... 

(a) 

, . 
j à j+ 

0 * * 
n1j nlj+i 

° *t * * *, {ni}j+l n {n·}· = n1j 1 J Ij+l 

n;j J * 
n3j+l 

(b) 

Fig. V.1 Two-Node Pipe Element for the Case of 

(a) In-plane extensible static defoz:mation 

(h) "In-plane extensible motion (J 
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APPENDIX W 

:mrmRATICNS BY pARTs ASSC;X:IA'l1ID WITH THE DERIVATlOO OF EX:.XJATION (5.34) 

COnsider the equa tion 

E:. -
n 1 * * * * * * * * i~l fo {ôn l Ail (n1,Tl3) + ÔTl3' Ai3 (n 1 ,n3)} ~ = 0 , (W.l) 

where, as given by equations (5.17) and (5.18), 

4 * 3 * * * * * a nI a n3 a an i * 
A-i-1 C0 j:4n3)=(--4 +ro --3)+ ~[ITo(ar- +ron3 l ] 

~_ _ _ .aE; _ _ ___ a~ 

(W.2l 

(W.3) 

,--- --



o 

o 
, 

W-2 

(W.S) 

(W .6) 

It is noted that in equations (W.4)-(W.7), the folloWing subs~itu--. , 

tion was made 

n 
E 

i=1 

E:i 
{ } = { o " 

}:>ecause of the continuity condition across the fini& elernents. 
, 

(W:8) 

Fran the. ooundary cond;i tions , equa tions (S. 19) - (S . 21), one can 

see that the integrated tenns ·vanish. Therèfore, -one obtains 

(W.9) 

- . 
which is equation (5.34) 1 apPeéU'ing in the"main texte 

" , -
'.'" 
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APPENOIX X 
, 

DERIVATlOO OF THE Eœ-1ENr MASS, DAMPlN; AND STm'NESS MATRICES 

Consider equations (5.37)-(5.39) in the main texte The highest 

.* * order of derivatives of the shape functi~ns [Ne1] and [Ne3 1., which exist 
, , 

in, the --1ntegrands of these equations are second and first respectively, 

, d 0' 0 
and it is' necessary.·te erisure that 1"\1' n1 and 1"\3 a~ continuous at the 

element boundaries. Thus nodal disPlacernents. coo~ 
o 

1"\lj 

(X.!) 

as shawn in Fig. U.1 and the element displacernent vector can be wri tten 

as 

* {n,} , 
~ J 

--- -- . 

'1 , 

(X.2) 

Similarly to the case of static equilibrium, the displacernent 

or * * functions associated Wi th ne! and l'le3 can he ·chosen the same as for the . 
out-of-plane ITOtion in the inextensibl~ case. Therefore, fran the l 

, .. 
nmnerical analyàis of out-of-plane notion in the inextensible case one 

can write the following relations 

* -1 1 [Nel] = [~2]{A]o ' 

* -1 ' 
[Ne3 ] = [~4] [AJ o ' .. 

(X.3) 

where [~2]' [f4] and [A]~l have been defined in equations 
~ 1 

and (3.11). in Chapter III. ! 

(3 • 62) (3 • 63), 

" 



o 

o 

o 

-.- ~,. 

" 
By subst1.tuting equaticn (W.3) into equations (5.36)-(5.39) .-

yields 

~ [M~]e = [A]~lT fF;e{"Ü+~) [~2]T[~2)+(1+B~) [~4]T[~4)'}' dE;- fAI;!, 
o ' 

[D~le: = ·[Al~lT l!eIS1I2Ü[2 [~21T ([~2J ''''~~41 )·+[~4JT ([~41 ':'rO[~2]) J 

+ Je[~l]T(~2] +Je' [~4)T[~4)]} dE; [A]~l, 

[K~~e = -[A]~lT f~~ {[~2]"T[~2]"+ rO([~2)"T[~4]1~ [~4)IT[~2]1')+r~r~4]'T[~41i 

+A[[cli4]"T[~4] 1- rO([~2IT[~4] 1+ [~4] 'T[~2])+r~[~2]Tr~2)]' 
. 

0' 0 'T 1 Til 
+A() +ron3)[[~2] '([~4] -ro[~2])+ro[~4J ([~4] -ro(~2]») 

\ 

-2' Tif' 1 T' 
+ u [[ ~ 2 J ([ ~ 2] +r 0 [~ 4] ) - r 0 [ ~ 4] ([ ~ 2 J + r 0 [ ~ 41 ) 1 

Finally, substituting equation set (5.41) into equation set (W.4) 

~d then evalua1;ing the integrals, one obtains _ the e.lement matrices 

* e -IT * - * -1 . 
[Mi] = [AJ o {(l+f3a) [J1 J + (I+S~) [J4 J} [A]o ' . (X.5) 

[D~)e = rA]~lT {SI/2ü [2 ( (J;)+r6 (J~4 J ) + ( [J;o] -ro [J~4) T) ) + Je[J~] +Je'fJ=) } [AJ~~ 
eX.6) 

, , 

* e -IT -, * * * T 2' * * *. If ,T 2 * 
[Ki] = [AJ o {~[J3]+rp([J15]+[J15] )+ro[JalJ+Â[[Ja]-ro([J12]+[J'I2' )+ro(J1]J 

. 
, *. *T * ·2 * T * * T * 2 T + AlCl [{J7] -ro ([J5] - [J20 ]) -ro [J 14] ] +C2 [[J 22 J -ro ((J 11 J -[J21]) -ro [J23) ) J 

-2 * * * 2 * 
+ U ([J9]+ro([JI2J-[J13])-ro[J4]] 

~ - * * 2* * * + al [Jg J ~o ([J 12] -[J 13]) -ro [~4] J+b1 [ [JS]+ro [J14 ] J i 

(X.7) 
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X-3 

, (X.8) 
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.Appendix L. It SOOuId also he noted that equations (x.5)-(X.7) are 

."lUl\,tions (5.~Of the main text. 
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APPENDIX y 

COr~PUTER PROGRAMS FOR THE 

EXTENSIBLE THEORY 

.... , .... 

Y-l 

UVIL 1 ••• 0. (OCT 19841 YS FORTRAN DATE: AUG 25, 1986 TnE: 14:31:24 
• 1 

RI~STED OPTICNS 1 EXECUTE) 1 NOOECK.,NOLIST ~OPTI 2 1 ,NOFIPS,XREF,HAP ,GOSTtfT ,GOSTHT ,NOTEST ,NOTF ,NOSDUtP 

OPTIONS IH IffECT: NOLIST ,HAP ><REf GOSTl'fT NODECK SOURCE TERH OBJECT. FIXËD NOTEST NOTRHFLQ 

ISH­
ISH 
ISH 
ISH 

ISN 
ISH 

'ISH 

ISH 
15ft 
ISH 

I$H 
ISH 

ISH 

, ISH 
ISH 
IsH 
ISH 
ISH 
ISH 

ISH 
ISH 
ISH 
ISH 
ISH 
ISN 
ISH 
ISH 
ISH 

1 
2 
3 
4 

5 , 
7 

8 , 
10 

11· 
12 

13 

1. 
15 
16 
17 
II 
19 , 

20 
Zl 
zz 
Zl 
z. 
Z5 
Z6 

-Z7 
ZI - -' 

'NOSYH NORENT NOSOU1P AUT008LI NONE) NOSXH 
OPTl2 J LANGLVLI771 NOFIPS FLAGU 1 NAttE 1 HAIN lINECOlHTI 60 1 CHARLfNI SOO 

- •••• - ••• 1 ••••••••• Z ••••••••• 3 ••••••••• ~ ••••••••• S ••••••••• 6 ••••••••• 7 ••••••••• 8 

C . 00013 
CM •• M ••••••••••••••••••••••••••••••••••••• ~ ••••••••••••••••••••••••••• 00014 
C FINITE-ELEHENT PROGRAH OF EXTENSIBLE THEORY C0001S 
C FOR THE C~ oF STATIC EQUIU8RIlI1 . C00016 
C 1 CURVED PIPE CONVEYING FlUlD ) C00017 
c ...................................................................... 00018 
C J 00019 
C HAIN PROGRAH 00020 
C 00021 

IHPLICIT REAL-SI A-H,O-Z) 00022 
DIMENSION' EK( 6,6 ),EFOR( 6,,11 , NO!;) E 1 6,38 ),RO( 38 ),ElENG' 381 00023 
DIMENSIOtf GKI 105, lOS 1 ,GF 1l051,GKNIlOS ,105 ),JoI<AREAI 18200) 00024 
DIMENSION PINOOI 37l,COFPII 361, TOROTI 37) ,COFTOI 36 J;' 00025 

• DISN31 37l,DEVN31 31) 00026 
Cott1ON /(HOIVEK ,EFOR 00027 
C~ /COEF/xPHIA,XPHI,XH,SIHt,CAPA 00028 
DATA R0I38*3. 1415926500/ 00029 

C 
NOT • 105 
NET • 34 
NOPE. 6 C······· .... ·•·· C NODAL DATA C··············· PRINT 100"'-

100- FORMAT( 'l' ,8)(, 'IN-PlANE STATIC DEFORMATION 1 CLAI1PED-CLAl1PED J' , 

* • 
.... //,9'1<, 'ELEMENT CONNECTIVITY:', 

DO 101 
/l20X, 'ELEMENT MJHBER' .20X, 'NODE' ,//J 

I·1,NET c········ C DATA FOR LfNGHT OF ELEMENT 

C··························· ElENGf 1 ).1.00/DFlOATINET+2 J 
DO 102 J.I/NOPE 

102 "t«lDEfJ,II.3*II-IJ+J • 
HRITEe 6,103 11,1 NODEI L.I J, L.1,NDPE ) 

101 - CONTlf'AJE 
103 FORMAT 1 29><,12,10X,6113,3X)/) 
C··············.····z......... . , 
C 'ORttINIa THE DlHENSIONLESS PARAMETERS 
c· .. ••••••••••••••••••••••••••• ••••••••• 

VElU .ROI 11*DFLOATI 2 ) 
XPHIA .0. 000 
><PHI •• SOO 
SIMA .0.000 
CAPA .1.00/11.00+.300' 
)(If .0.000 
AA -1.0a. 
XlAHDA.1. 3DO 

-PlO .XLAHDA*VElU**Z 

00030 
00031 
00032 
00033 
00034 
00035 
00036 
00037 
00038 
00039 
00040 
00041 
00042 
00043 
00044 
00045 
00046 
00047 
00048 
00049 
00050 
00051 
00052 
00053 
00054 
00055 
00056 
00051 
000.58 
00059 
0006~ , 
00061 
00062 
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. 
..... 

0 
.l,IVrL ! ••. O (OCT 1984' YS FORTRAN DATE: AUCil 25, 1986 TIJ1I!: 1.:37:Z. NAttE: l1Al 

... -.. -a .. 1·, •••••••• 2 ••••••••• 3 ••••••••• 4 ••••••••• 5 ••••••••• 6 ••••••••• 7 ••••••••• 8 . 
C CALCUUTINIi1 THE CCtelNED FORCE 00119 
C 

, 001Z0 

ISN 72 HlUTEI6,Z39 J 00121 

ISH 73 :39 FORHATI///,TlO, 'NODE' ,TZO, 'DIH. LATERAL DISPL. 
, , 00122 

• T45, • SLOP OF , , 001Z3 .. .. • T6Z, 'DI". AXIAL OISPUCEt1ENT',1 /) 001Z • 

ISH 7. NE2sNET+2 , 00125 

ISN 75 NE 3 aN!T+3 .00126 
ISH 76 DISNl(lJaO.OOO 00127 

ISH 77 DISNllNE3J-0.000 00128 
ISN 78 DO 230 .JK:lZ,NE2 0012' 
ISN 7' JX3 -. JK-l )lf3 00130 - ISN 80 DISNl(.JI( laQFI.JK3 , 00131 

lSR -. 81 230 CONTINJE 00132 
C-- 00133 

ISN 82 DEW3( 1 JaOISN3( 2 JttOFLOATI NEZ) ~ _ _ .11:.. - 00134 
ISH 83 DEVN31NE3Ja-DISN31NE2I*OFLOATlNEZ) 00135 

'ISH M DO 2n ..IL-Z,NEZ 00136 
ISH 85 DEVN3(JL)alDISN3CJL+11-0ISN3IJL-l))*OFLOAT(NEZ'/Z.OO 00137 
ISN 16 zn CCNTIMJE .. 00138 ) 

ISN) 
C--- 00139 

87 Plt«JOll ,aPIO-ü*OE'IN311 J ' 00140 
ISN sa Plt«lQ( NE3 Ja-üIfOEVN31 NE3 , 00141 

ISN 89 DO 235 ..IH-Z,NEZ 00142 
ISN 90 JH1I1+C ..IH-Z Ilf3 00143 

0 ISH 91 PREtlJ-PIOIf( 1.00-ELENGI 1 )IfOFLOATI JH-l') ,,00144 
ISN 9Z ELONGA-OEVN31JH'-ROIJH'IfG'IJH' 00145 
ISH 93 PlNOOCJH'-PRENO~AA*ELONGA -- 0014' 
ISH 94 ;.235 COOXNJE 00147 
ISH '5 TOROTU ).O.ODO ... 00148 
ISH 96 TOROTI NEZ '~GF{ NOT-l )+ROI NET '*GFC NOT) 0014' 
ISH 97 TOP.QTCN!3)-0.ODO 00150 
ISH .. J,-O ( 00],51 

, 
ISN 99 NOlaNDT-3 00152 
ISH 100 DO 499 .J.Jal,ND3,3 00153 
ISN 101 J'IIJ,+l 00154 
ISN 10Z J91aJ9+1 00155 
ISH 103 JJI-J..I+1 . 00156 
ISH 10. JJZ-J..Il+1 00lS7 
ISN 105 JJ3-JJZ+3 00158 
ISN 10' TOROTIJ91JaQ'l.J.Jl'+ROIJ'l)IfG'IJ..I2' 00159 . 

c-- 00160 
ISN 107 HlUTEI6,Z.1 JJ9,GFI JJ J,GFI.J.Jl J ,GFI J.J2) 0~161 

ISN 108 Z.l FORHATIIOX,IZ,TZZ,DIZ.S,T4Z,D1Z.S,T66,DIZ.5,/' 00162 
-ISN la. ~99 CCM'INJE 00163 

C--- • 00164 
ISN 110 HRlTEI6,2511 . 00165 
ISN 111 251 FOItHATII/I, T5, 'NODE', T12, 'DIM. CCJoe. FORCE', TlZ, 00166 

* 'SL. 0' COMB. FORCE',TS8,'TOTAL SLOP'~T8Z, 00167 , 
* 'SL. 0' TO. SLOP'IIJ 00168 

ISN 112 DO ZS5 II-l,NU , 00169 
ISH 113 CO'PIUI )-1 PlNODf II+1 '-PlNOOUI) '*OFLOATINEZ' 00170 

":ISH 11. cornu II )aCTOROT( II+l )-TeROTC II J J*O'LOATINEZ J 00171 
ISN 11S HRlT!(6.259 11I,PINOOC II ),COFPII II), TOROTI II) ,conac II) 0017Z 
tSN 116 25' 'CRHATIT5.IZ,Tl~.DlZ.5,Tl6,OlZ.5,T60,OlZ.5,T84,DIZ.~) 00173. 
ISH 117 W CCM'INJI 00174 ... 

0 
) .. 
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LEVEL 1 ..... 0 (OCT 198/t) vs FORTRAN DATE: AUa ZS, 1986 UME: 1~137:2'" 
) 

- •• t .-, •• 1 •.••..••• Z •••..•••• 3 •....•••• ~ .••.•••.. 5 .........•.•....... 7 ......... ta 
ISH 
ISN 
ISN 
ISN 

118 HRITE(Z,899)PlNOD,COFPl,TOROT,COFTO 
119 '899 FORMATC DZO .10 ) 
120 STOP 
121 END 

1:.1 

/ 

\ 

00175 
0017t 
00'l17 
00178 

, ... 

v-.. 

-

., 



Y-5 

LIVIL 1.4.0 (OCT 1981t) Ys FORTRAN DATE: AU9 25~ 1986 nHE: 1~:37:Z5 

oPnCHS IN !FfECT: NOUST fUP )(Rn GOSTHT tCKIECK SOURCE\' TERH 
1 

œ.JECT FIXED ~TEST NOTRI1fL8 
NOS'ftt ~RENl' NOSOI,HI AUTOOBL 1 NONE ) NOSXH 

OPTC21 LAlCLVL( 77 J NOFIPS FLAG( 1 J NAHfI HAIN LlNECOIMTI 60) • CHARLEN' 500 

•••••••• • 1 ••••••••• z •••.••••. 3 •••• ~ ...... lt ........... 5 •••••.••. 6 ••...••.• 7 ••.•..••. 8 

ISN 1 SUBROUTINE EUtOKH'ELE .... ,VELU.RO.AA.PIO.XLAHDAJ 00179 
f'; Cs •••••••••••••••••••••••••••••••••••••••• :c 00180 

C St.8ROUTIN! ~snMAntG -snFFNESS HATRIX C 00181 
c·········.··························==·:·:c 00182 

1 C C 00183 • ISN Z IHPLICIT REAL*8CA-H.0-ZJ t OOlM 
ISH 3 DIHENSION EKC6,61.EFOAC6.U 00185 
ISH 4 DJHENSION R,JSlI6,61 ~R,JSZI6~6 J ,RJS3' 6.6) ,R.JS4C 6,6) .R.JS5C 6.6). 00186 

Z R,JS6C 6.6 J ,R.JSa16,6 J ,RJSIO' 6,6 J ,RJSl1' 6 .61.RJ~216 ,61 ~ 00187 
1 RJS15C6,6) ,RJS16l6,6' ,RJSl7f 6.6 J,RJS18C 6,6) .RJS19C 6,6" 00188 
4 R.JSZQI6,6' .RJS2116.6' .EF11 6 , ,EF216 J .IF316" 00189 
5 EFII6,l J ,AINVEC 6,61 ,AlNVETI6,61 00190 

ISN 5 COt1HON IEHDIVEK ,EFOR 00191 
ISH '6 COt1HON ICOEF/PHIA,PHI,VISOAH,SIHA,CAPA 00192 
ISH 7 COtt1ON IHA.JSIRJSl ,RJSZ • RJS3 , RJS4 .aJSS , RJS6 ,R.JS8 , RJS 10. R.JSll. 00193 - RJS12,RJS15,RJS16.RJS17,RJS18,RJS19.R,JSZO,RJS21 00194 
XSH 8 COHHON IHAFORC/EF1,EF2,EF3 00195 
ISN 9 CCH10H IINV/AINVE ,AINVET b0196 
ISH 10 ROZaROHZ 00197 
ISH 11 PHI12.0SQRTI PHI J 00198 
ISH 1Z VELUZ·VELU--Z . 00199 

C OOZOO 

0 ,) C CALL MATRICES J-I-J-Zl ~ OOZOl 
C * 00202 

ISH 13 CALL GEtf1A.J(ELENGJ 00203 
C 00204 • C CALL INVERSE OF THE HATRIX A 00Z05 
C 00Z06 

ISH 14 CALL INVERSIELENG' 00Z07 
c·····················:·· ------ 00208 
é FORHING'ELEHENT MATRICES .J' ~O9 
C ... ••••••••••••••••••••• .. •••• ./.:...... • 

( Zio 
ISH 15 00 Z80 1.1.6 . OOZl1 
ISH 16 00 Z80 J.l.6 0021Z 
ISH 17 EKII,,J'.CR.JS3II,,J)+RO.CRJS1SCI,j'~JS15',J,I"+RO -R.JSI0CI,,JI' OO~13 - +AA·IRJS10II,J)-RO*(RJS16II.J)+RJS16(~,I))+ROZ*RJSIII,J)) 00214 - +P10.CR.JS11II,,JI+RO*.'RJS1'II,J'-RJS17CI,J'~R02.RJS4(I,,J)' 00215 - +YELU2*IRJSI1II,,JJ+RO*IRJS16(I,J)-R,JS17II, ')-RO~*R.JS4(I,J)' 00216 - -VELUZ-XLAHDA-IRJ$SII,J'+R,JSIZII,,J)-R02*RJSZICI,J) 00217 

• +RO*CR.JS18II,JJ+RJS19CI,J'-RJSZOII~,J')' ,jo' 00Z18 
II' -ISH 18 Z80 COHTINJ! 00219 

C 002Z0 
C THI FORCI! VlCTOR OF ELEMENT 002Z1 
C ' 00222'" 

, ISN 1. De) 309 JJ.l,6 00223 
" 

ISH 20 EFIC ,JJ,1 ).-RO*(VELUZ+PIO '.EFt( J.J '+. 00224 - , XUHOAtiVELUZ., ROttEF2( J.J )+EF31.J.J J , OOZ25 
ISN Zl 3D. COHTIMJI .00226 

'"!lSN Z2 CALL P~(6,~,lJAI~T,EFI,EFOR) 00Z27 e- qOZ28 
C ELfttlNT snmrss HATRIX 00229 

- ~ C - 00230 

" , 

e' 
( 
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o 
LEVU 1. •• 0 (OCT 1984) YS FOR11Wf DATE: AUG U. 1986 nl1l: 14:371l.5 ~IIL 

* ....... " .1 ............. z ............. 3 ............... . ~ .... ~ . " .... 5 ••••••••• 6 ••••••••• 7 ........... a 

ISN 
ISN 
ISN 
ISN 

l 

23 CALL PROOHAI6,6,6,AI~T.EK,RJS4) 
24 CALL PRODHAI6,6.6.RJS4,AINVI,EKI 
zs .lRETURH 

\.~6_/ END ,,' 
, J 

• 

• 

\ 

00231 
00232 
00233 
00234 

• 

,1 
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Ci 
L~VJJ. 1. (t • 0 1 OCT 1 '184 ) YS FORTRAN DA 'tE: AU; 25, 1'186 TI~: 14:37:ZS 

OPTIONS IN EFFECTI NOLIST t1AP XREF GOSTHT NOOECK SOURCE 
NOSYtt NORENT NOSOll1P AUT008L 1 NONE ) ~ 

OPTI Z) LANGLVLI 77) NOFIPS FLAGI I) tW!ElHAIH- ) LINEC(Uff1 60) 

TE RH OBJECT FIXED NOTEST NOTRHFla 

CHARLENI 500 ... 
•••••••• • 1 ••••••••• 2 ••••••••• 3 ••••••••• 4 •••••. ••• S ••••• •••• 6 ••••••••• 7 .•••• J ••• 8 Cb 

.ISN 1 SUBROUTINE GEtltA.Jl ElENG) 00Z3~ 

C 00236 

C SUSAOUTlNE GENERAnNG MATRICES J*1-J*23 00Z37 

C \ 00U8 

C 00Z39 

ISH Z IHPLICIT REAL-SIA-H,O-Z) 00140 

ISN 3 DlHENSION RJSll6,6) ,R.1S21 6,6 ),RJS31 6,61.RJS41 6,6I,R.JSSI 6,6), 00Z41 

• R.JS6I6,61,R.JS81 6,6) ,RJS10( 6,6) ,RJSll( 6,6) ,R.JSlll 6,6 l, 00142 
1 • R.JSlS' 6,6) ,R.JS16 ( 6,6) ,R.1S17( 6,6) ,RJS181 6,6) ,R.JSl '116,61, 00143 

• R.JS201 6 ,61,R.JSZ11 6 ,6) ,EFlI 6) ,EFlI 61.Ef3( 6 ) OOl44 

ISH 4 COHHON IMA.JSlRJS1~S2,RJS3,RJS4,R.JS5,R.1S6,R.1S8,R.1S10,R.JS11, 00145 ~ 

• RJS1Z, .JS15,R.1S16,RJS17,R-lS18,R.JS19,RJSlO,RJSll 00246 

ISH 5 COHHON /HAFORC/EF1,EFZ,EF3 00247 
r ••• s •• ~.z •••• = •• =. 00248 

ISN (, {fi DO 400 1=1,6 00249 

ISN 7 DO 400 .Ja l,6 00250 

ISN 8 R.JS1( I,.J ).0 .000 00151 

ISN 9 R.1SZ( l ,.J ).0.000 00252 

ISN 10 R .. ~31 1,.1 laD. 000 00253 ,f 

ISN 11 R.JS·~II,.J )=0.000 00254 

ISN 12 R.JSS( I,ol )=0.000 00255 

ISN 13 (l.JS(,1 I,ol )aO. 000 00256 

C' 
ISH 14 R.1S8( I,ol )&0.000 00257 

I$N 15 R.JS10II,ol)aO.000 OOl58 

ISN 16 ~.JS11II,.J)=0.ODO 00159 

ISN 17 R.JS1ZII,ol)aO.ODO 1 00260 

ISN 18 R.JS15II,.J)=O.OOO 00261 

ISN 19 R.JS16II,ol)-0.OOO 00262 

ISH 20 R.JS17II,ol,aO.000 00163 

ISN Z1 R.JS18II • .J)aO.000 00264 

ISN 22 R.JS19II,.J)=0.000 00265 

ISN 23 R.JSlOII,.J)-O.OOO 00266 

ISH 24 R.JS21II,J,aO.ODO 00267 

ISN ZS 400 CDNTIMJE 00268 

C 00269 
C GENERATIN; MATRIX J-1 00170 

C 00271 

ISH 26 DO 402 X-l,4 0027% 

ISN 27 DO 402 olal,4 00273 

ISN za Ka t+J-1 00274 
-ISN Z9 R.JS1(I,ol,-~LE~(K)/DFlOATIK) 00275 

ISN 30 40Z CCNfltu! 00276 
C 00277 
C GENERATINIJ MATRIX J.Z 00Z78 
C 

,) 
00279 

ISN 31 DO 410 lI-Z,4 00280 

lSN 32 DO 410 J.J-~,4 00281 

ISN 33 KI(-II+-4J-3 00Z8Z 

":ISN 34 R.JSZI XI,.J.J )-ELENGIHt( KI() 00283 

ISN 35 410 CCNTINJE OOZ84 

ISN 36 R.JSZI3,3,a4.DO-RJS213,3,/3.DO 00285 
ISN . 37 R.JS213,4,-1.5D0*RJS213.4, 00Z86 

• 
c 

O· .1-, 
1 

J. 

" 

~ 1 



" . , , 

Y-8 

o LEVEL 1.4.0 (IXT 19841 vs· FORTRAN DATE: ~ 2.5, 1986 TIHEI 1~:37:2S NAM!: QI 
, 

* .... - ... 1, .••••• It .2 ••••••••. 3 •• <II •••• , .~ ••••••••• 5 •.... " ••• 6 ...•.•••• 7,- .•..••. 8 

ISN 38 RJS214,31=RJS2( 3,41 00287 
ISN 39 RJS214,41=1.8DO*RJS21 ~,4) 00288 , C 00289 

l' C GENERATING HATRlCES J*3 00290 
C 00291 

ISN ~ RJS31 3,31=~.DO*ELENG 00292 
ISN 41 RJS31 3,~ 1=6. DO*ELENGlfit( 2) .. 00293 
ISN 42 ~ RJS314,31=RJS313,41 002~ 
ISN 43 RJS314,41=12.DO~ENGIHt( 3 ) 00295 

C - 00296 
C GENERATING HATR1X ..1*4 0.02.97 
C 00298 , 

ISN 44 RJS4IS,5 )=ELENG 00299 
ISN 45 RJS4IS,6 1=. 5DO*ELENGIHtI 2 ) o03db 
ISH 46 RJS41 6 .51=RJS4( S,6 1 003G1 
ISN 47 RJS416,61=ELENG**(31/3.o0 00302 

C 00303 
C GENERATING HATR1X J*S 00304 
C 00305 

ISN 48 DO 420 1=1,4 005.06 
ISN 49 ." 

0 
DO 420 ..1=2,4 00307 

ISN 50 K2 "J-1 00308 
ISN 51 K3" 1+..1-2 00309 
ISN 52 RJSSI 1,..1 I=DFLOATI K2 I*ELENG**I K31/DFLOATI K3 1 00310 
ISN 53 420 CONT1~E 00311 

C 00312 
C GENERATING HATRIX RJS6 00313 

0 é 00314 
ISN 54 RJS6I3,5 )=Z. DO*ELENG. 00315 
ISH S5 RJS6I3,6 J=ELENG**( 21 00316 
ISN 56 RJS6I4,5 )=3. DO*R..IS61 3,6 1 00311 
ISN 51 RJS6(4,61=Z.DO*ELENGIHt131 00318 

C '\. 00319 
C GENERATING HATR1X ..1*8 00320 
C 00321 

ISN 58 DO 430 L=2,4 00322 
ISN 59 LL"L-1 00323 
ISN 60 RJS81 L,6 )=ELENG~( LL) 00324 
ISH 61 430 CONTI~ 00325 

C 00116 
C GENERATING HATRlX ..1*10 00327 
C 0,0328 

- ISN 6Z RJS10C 6,6 J=ELENG 00329 
C "" 00330 
C GENERAT1NG HATR1CES ..1*11 AND ..1*12 00331 
C 00332 

ISN 63 DO 440 J.J=l,4 00333 
ISN 64 RJS111.J.J,3 ):lZ.DOItfLENG**C.J.J I/DFlOATI JJ) 00334 
ISN 65 ..11=..1..1+1 00335 
ISN 66 RJSlll.JJ,41=6.DO*ELENGIHf(..I1 I/DFLOATI Jl' 00336 
ISN 61 RJS1Z(.J.J,3'=Z.DO*ELENG**(J11/DFLOATIJ1) 00331 
ISN 68 RJS1Z( J,J,41"6.DO*ELENG**C ..I..I+Z )/OF,LOATI JJ+Z) 00338 

l, ~ISN 69 44U CONT1NJE 00339 
C 00340 
C GENERATING HA~X R*-l5 00341 
C 00342 

tI --
0 



, 

Y-9 

0 
LEvy. 1.4.0 COCT 19841- VS FORTRAN DATE: AUG ZS, 

1 
1986, TlHE: 14: 37: ZS HAME: GEl 

or 
........ ~ .1' .....•••• Z ••••••••• 3 ••••••••• 4 ••••••••. 5 ••••••••• 6 ••••••••• 7.* ••••••• 8 

1SH 70 R.JSlSl3,61=Z.DO*ELENGI 00343 

1SH 71 R.JS1S(4,6 J.3 • DO-ELENG-Z 00344 

C 
~ 00345 

C GENERATING HATRICES Rlt16 , R*18 ANd -Pl9 00346 

C p 00347 

1SH 72 00 443 15·1,4 00343 

ISN 73 R.JS16(I5,61=E~NG"(ISI/DFLOAT(I51 ~0349 

C··· 
R.JS18( 15,5~=ELENQIHfC 15 lIOFLOAT( 151 

00350 

ISN 74 00351 

ISH 75 IUS18( 15,6 ~=ELENQIHf( 15+1 l/OFLOAT( 15+11 00352 
COI •• 00353 

ISN 76 RJS19( 15,6 laELENQIHf( IS+ll/0FLOATI 15+1) 00354 

1SN . . 17 443 CONTlt-aJE 00355 

C 
AND RltZO 

00356 

C GENERATlNG MATRICES Rlt17 00357 
1( C 00358 

ISH 78 00 446 JS=2,4 00359 

ISH . 79 • J51 =J5-1 00360 

1SN 80 R.JS17( S,J5) =eLENQ-( .J51) 00361 

ISN 81 r R.JS17( 6,J5 f =OFLOATI JSl I*ELENGIt*( J5 I/DFlOAT( J5) 00362 
Ca •• 00363 

ISH 82 R.JS20( 5,J5 )=OFLOATI.J5l )*ELENG!'*iJ5 I/DFlOAT( J5 J 00364 

ISH 83 R.JSZO( 6 ,JS 1 =OFlOATI.J51 I*ELENG**( JS+ll/DFlOATI.JS+ II 00365 

ISN 84 446 ~ONTItM 00366 

C 00367 

C GENERATINIt HATRIX R*21 00368 

0 
C 00369 

ISN 8S DO 447 1:12,3 00370 

ISH 86 1.J =3+1 00371 

1SH 87 R.JSZlt S,1J J=ELENQH( 1 )/OFLOAT( 1 J, 00372 

1SN 88 RJS21(6,1J)=ELENQIHf(I+1J/OFLOAT(I+l) 00373 

1SH 89 447 CONTIt-aJE 00374 

C 00375 

'J C GENERATING FORCE VECTOR OF ELEMENT 00376 

C 00317 

ISN 90 DA 449 IFl·l,6 (1 00378 

ISN 91 EFl( IFlI-O. 000 00379 

ISN n EF21 IFII-0.000 00380 

ISN 93 EF3fIFllaO.OOO 00381. 

-ISH 94 449 CONTIt-aJE 00382 

ISN 9S Da ·501 L.l,it 00383 "'\ 
ISN 96 EF1( l ).ELENG-I L )IOFlOATI LI .. 00384 

ISN . 97 EF2( L )=ELENG-( L+l )/DFLOATI L+l) 00385 

J;SH 98 501 CONTltM 
, 00386 

-ISN .99 EF3' 5 ):lELENS 00387. 

ISN 100 EF3( 61-ELeNG-( 21/Z.00 " 00388 

ISN 101 RE'NRN 00389 

ISN 102 ' END 00390 

, 

o 
• 
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LEVEL 1.it.0 'OCT 1984) 

i 

VS FORTRAN DATE: AU; Z5. ,1986 TlH!: 14:37:26 

OPTIONS IN EFFECTI I1AP )(REf'· GOSTHT OOOECK SOURCE TERH 08.JECT FIXED ~TEST NOTRI1'LCJ 

ISH 

ISN 
ISH 
ISH 
ISH 

'ISN 
ISH 
ISN 
ISN 
ISH 
ISH 
ISN 
ISH 
ISH 
ISN 
ISH 
ISH 
ISN 
ISN 
ISH 
ISH 

ISH 
ISN 
ISN 
ISN 
ISN 
ISN 

• 

l. 

2 
3 
4 
5 
6 
7 
8 
9 

la 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
Z1 
" 
22 

-23 
24 
zs 
26 
27 

NOS ~RENT NOSOl.t1P AUTOD8L 1 NONE 1 NOSXH 
TI Z) LANGLVLI 77) NOFIPS FLAG( 1) IW1EI HAIN 1 UNECQlHTI 601 CHARLENISOO 

*, •..••...•..•• ~ ... 2 .•••••••• 3 ••••..... 4 .••.....• 5 ••. , •...• 6 ••. 1.1 ••• 7.-.•.•••. 1 

SUBR NE INVERSI-ELEOO ) 
C 
C Sl.6ROUTlNE INVERTING THE HATRIX A 
C 
C 

IMPLlCIT REAL-SI A-H ,O-Z) 
OIHENSION AINVEI 6 .6I,AINVETI 6,6) 
COttIOH /INV/AINVE .AINVET 
DO 500 1=1,6 
DO 500 J=l,6 
AnNE 1 1 ,.J ),w0 • 000 

500 CCM'ItaJE 
AIHYEI l,l. )=1,00 
AINVEI 2,2 ):111.00 
AIHYEIS,3 ):111.00 
AINVEI3,l. )=-l.OO/ELEOO,,*1 2) 
AIHYEI 3.2 J=-Z.OO/ElEOO 
AIHYE! 3.4 ):II-AINVE( 3 ,lI 
AIHYEI 3,5 ):11-1. OO/ElEOO 
AINVEI4,l. J:II2.00/ELE~"*1 3) 
AIHYEI4,2 )=ELEf'GJt*' -21 
AIHYEI4,4 J=-AINVEI4,11 
AIHYEI 4,5 )=AINVEI 4,2 1 
AINVEI6,6 ):II1.00/ELE~ 
AINVEI 6 ,31:ll-AINVE 16 ,61 

C·····'"· 

, 
SOS 

00 505 1=1,6 
00 50S J=l,6 
AIHYETI 1 • .J ) =AINVE ( J, I J 

CONTltaJE 
REruRH 
END 

. 
" 

00391 
00392 
00393 
00394 
00395 
00396 

> 00397 
00398 , 
00399 
00400 
00401 
00402 
00403 
00404 
00405 
00406 
00407 
00408 
00409 
00410 
00411 
00412 

~ 

00413 
00414 
00415 

. - 00416 
00411 
00418 
00419 
00420 
00421 
00422 

" 



o 

. 
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. 
~=-~~~": 

Y-l1 
l. 

lEVEl 1 ••• 0 IOCT l'a., vs FORTRAN DATE: 25, 1.86 nHE: 1.;37:26 

OPnCNS IN EFFreT: NOLIST HAP )(RE' GOSTl1T NODE'K E TEIUt OBJECT FlXED NOTEST NOTRHFl8 
NOSV" NORENT HOSDUtP lUTOD8l1 NONE ) 

OPTI Z) UlClVLI771 NOFIPS FLAGU 1 NAHEUUIN ) lINECOUfTI601 CHARlENI500 
\. . 

- ••••• , •• 1 ••••• J" .2 ••••••••• 3 •• :.e ...• 4 •••• j ••••• 5 ••••••••• 6 ••• t> ••••• 7 ••••••••• 8" 

ISH 

ISN 
ISN 
ISN 
ISN 
1 SN" 
ISN 
ISN 
ISN 
ISN 
ISH 

,. 

1 

2 
3 
ft 
S, 
6 
7 
a , 

10 
11 

C 
C 
C 
C 

S90 

o , 

_ROUTINE PRODHAIM,L,N,A,8,C 1 00423 
: ... 0042. 

_ROUTINE HUlTIPlVING MATRICES 00425 
00426 
00427 

IHPLICIT REAlttel A-H ,Q-Z 1 
1 1 

00428 
DIMENSION l(M,L) ,81 L,N) ,CIM,N 1 00429 
DO S90 1-1," 00430 
DO 590 J-l,N 00431 1 CII,.JI·O.ODO 00432 
DO 590 Ka l,l 00433 
CI 1,.1 I-CI I,J I+A( I,K JII6( K,.J J 00434 

. CONTINJE , 00435 
'RETURH 00436 
END 004H 

\ 

' . 
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-
UVEL 1.4.0 IOCT 1984. YS FORTRAN DATE: AUQ 2.!;'· 1986 T'ItlE: 1,.,37: 26 

OPTIa-G IN EFFECT: NOLIST I1AP XREF GOSTKT NODECK SOURCE TtRH _Q8.JECT FIXED NOTEST NOTRI1,,,8 

ISlt 

ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 

\ 

NOSYH NORENT NOSOIH' AUTOOBLI NONE) NOS.'<H 
OPTU) LANQLVlI77J NOFIPS " FLAGII) NAHEIHAIN LINECa.N1'(60) CHARLENI500 

, '1 
* .... * .. '.1 ••..••••• z ........... 3 ....... a ....... it ............... 5 ..................... 7,- ......... a 

1 SUBROUTlNE PRlNTI~,A) 
C 
C-SUSROUTINE TO PRINT ~TRlX 
C 1 

Z IHPlICIT RtAl*8IA-H,O-Zl 
3 DlHENSI~ AI6,61 
,. HRITE 1 6 ,8ZZ) N 
5 8ZZ FORHATUI/,lOX,'HATRlX J',U,/Il 
• HRlTEI6,823)( UII, .. II,..,-l,."I"l," 
7 8~3 FORHATI/,614X,012.5J..t) 
8 REruRN 
, END 

.. 

' .. 

00438 
00439 
00440 
00441 
00442 
00443 
00444 
00445 
00446 
00447 
00448 
00449 

- 0 
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.... 
.. 

0 IN-PLAta STATI,: DEFDRI1ATIa. ICLAHPfD-CLAt1PED' 

VITYr ,. '. 
NODE 

-, 1 1 2 3 4- 5 , 
( 

2 4 S· 6 7 8 9 
':~ i r .. 
If ~.I <f, t 3 ",7 8 9 10 11 12 

" ~-. ,'-
4 li, 11 12 ' 13 14 15 

5 13 14 15 16 17 18 

6 16 17 18 19 20 21 

7 19 20 21 22 23 24 

o ' 8 Z2 '23 2ft Z5 26 27 

9 ZS 26 27 28 29 30 

10 28 29 30 31 32 33 

11 31 32 33 34 35 36 

12 ' 34 35 36 31 38 39 

0 . 13 31 38 39 40 41 42 

14 40 41 42· 43 44 45 

15 43 44 45 46 47 48 

16 46 47 48 49 50 51 

17 49 50 SI 52 53 54 

18 52 53 54 5S 56 57 

19 S5 56 57 r:'sa 59 60 

20 58 59~ 60 61 62 ~ 

21 61 62 63 64 6S 66 
" 

22 64- 65 66 67 68 69 

Z3 67 68 69 :"~ 11 72 

24 70 71 72 73 74 15 

Z5 73 74 75 76 77 78 

Z6 76 1'7 18 19 ao • 81 .. 
Z7 7t ao 81 82 83 84 ... 

o 



0 
.: 

., 

0 

"\ 

o 

za 8Z a3 84 85 86 87 
~ 

Z9 as ai 87 ae 89 90 
~ 

30 88 ,', 90 91 92 93 

31 91 92 93 CM 95 .. 
32 • M 9S 96 97 98 99 

33 97 98 99 100 101 102 

34 100 101 10Z 103 104 105 

- . , 
OIHENSIONLESS PARAHETERS~ 
~ 

1 

OIHENSIONlESS VELOCITY:a 0.628320+01 

BETUs 0.000000+00 ,8ETA" 0 .500000+00 ,H: 0.000000+00 

PI UNCLUOltC J. SIMA :a 0.000000+00 t 
l' 

CAPA:a 0.769Z30+00,ROa 0.314160+01 

NODE OIM. LATERAL OISPL. SLOP OF 

1 -0.391620-04 -o. 28338D-02 

Z -O. 15 7120-03 -0.56530D-02 

3 , -O. 3S1460-0l -0.831340-cn 

1\ -0.6.15870-03 -O. 106810-01 

_5 -O. 940590-03 -0.1Z641D-01 

6 -0 .131Z90-0~ -0.141000-01 

7 -0.171800-02 -0.149930-01 

8 ' -0.213'70-02 ':'0.152870-01 

9 -0.25(.100-02 ~. -o. 149770-01 

10 -O. 296570-02 -0.140870-01 

11 -O. 333810-02 -0.126690-01 

1Z -0.366470-02 -0.107940-01 

\ 13 -0.393390-02 -o. as53SD-02 

OIM. AXIAL OISPLA~1:HENT 

O. Z49010-Q3 

0.4.87260-03 

O. 707~O-03 

O. 904650-03 

0.107171)-02 

O. 120430-0Z 

0.1Z'9890-02 

0.135350-02 

0.136730-0Z 

o . 134100-0Z 

0.12768O-0Z 

o . 11781D-OZ ,-
0.104940-02 

\ 

'" 

, 
·r , 

Y-14 

~ 



Y-15 

t' 

o ~~M.~' "\ 

1. -0.604800-02 o .896160-03 

15 -O. 6820-02 -0.338540-02 o • 724320-03 
\ 

16 -0.432410-02 -0.674080-03 0 • .540310-03 

17 -0.430610-02 0.198180-02 0.350190-03 

, 18 -o. 42lS8D-02 0.448680-02 0.162040-03 

19 -0.405910-02 0.675790-02 -0.198640-04 

20 -0.384340-02 0.872680-02 -0.189430-03 

Z1 -0.357780-02 0.103420-01 -0.341920-03 

22 -0.321270-02 0.111690-01 -1; • 413430-03 
-------

23 -0.293920-02 0.123920-01 -0.580990-03 

24 -0.ZS8850-02 0.128100-01 -0.662620-03 

Z5 -0.223160-02 o .lZ8380-01 -0.717310-03 

26 -0.187910-02 o • 125Q40-01 -0.744990 ... 03 

Z1 -0.1.54040-02 o .1l8480-0~ -O. 7%450-03 

Z8 -0.122380-02 0.109170-01 -O. 723Z90-03 

--0 Z9 -0.936310-03 0.976260-02 -O. 677740-03 

30 -O. 6833do-03 0.844180-02 -0.612600-03 
, 

31 -0.468610-03 0.701110.:t02 -0.531040-03 

3t -0.294510-03 0.552580-02 -0.436520-03 
• 

33 -0.161790-03 o .403790-02 -0.332630-03 

34 -0.698620-04 o . 259460-02 -O. 222960-03 

0 

NOD. OIH. Cete. fORe! SL. OF COte. FORCE TOTAL SLOP SL. OF ta. SLOP 

~ -0.383230+02 -0.258350+02 0.000000+00 -0.738150-01 
, 

2 -0.390410+02 -0.114070+01 -0.20515D-02 -0.145460-01 

.3 -0.390120+02 -0.192840+01 -0.41223D-02 -0.708150 .. 01 

ft. -0.391260+02 -o. 26311D+01 -O. 608'?4D-02 -0.629960-01 
: 

5 -0.3919,.,.02 -o. 32113D.Ol -0.783920-02' -0.516510-01 

• -0.392880+02 -0.164070+01 -o. 92740D"'02 -0.375190-01 

. ' 

", 
\ . 

-~~ .. -- . , 



, , < • " 

--- y,':' l 6 

0 
7 -o. 393890+02 -0.390140+01 -0.103160-01 -0.21_640-01 

8 -0.394980+02 ~ -0.398560+01 -0.109UD-Ol -0.440710-02 

9 -o. 39608D+02 -0.389580+01 -0.110350-01 0.12 7240-0 1 

10 -0.39711O+0~ -0.364370+01 -0.10681Ô-Ol O. 290540-01 

11 -0.398180+02 -0.324860+01 -0.987430-02 0,1'+38020-01 

12 -0.399080+02 -O~ 273600+01 -0.865760-02 0.S63200-01 

13 -0.399840+02 -o. %13510+01 -0.709310-02 0.661140-01 

14 -0.400430+02 -0.147160+01 -0.st5'60-02 0.728640-01 

15 -0.400840+02 -0.795390+00 .o.t;0. O. 764200-01 
1 

16 -0.401060+02 -o. 11892D+00 -O. n -02 0.768000-01 , , 
17 -0.401100+02 0.52"'130+00 p.l02350-02 0.741720-01 

18 -0.400950+02 0.111000+01 0.308380-02 0.688340-01 

19 -0."00640+02 0.161970+01 0.4995911-02 0.611860-01 

20 -0.400190+02 0.203940+01 0.669550-02 0.517010-01 

U -0.399630+02 0.236030+01 0.813160-02 ,0.408970-01 ~. 

22 . -0.398910+02 0.2.57910+01 O. 926770-02 0.293060-01 

0 
é 

23 -0.398260+02 0.26969fl+Ol 0.100820-01 0.174490-01 . 
24 -0.397510+02 0~271nO+01 ,0.105660-01 0.581260-02 

" 
Z5 -0.396750+02 0.265460+01 0.107280-01 -0.517030-02 

26 -0.396010+02 O. ZSl460tOl 0.105840-01 -0 .1513~0-~ 

#1 
27 -O • .: "'S310+02 0.231230+01 o .1tl640-01 -0.237850-01 

28 
, 

-0.39C"t6 70+02 0.206200+01 O. 950320-02 -0.309160-01 ' 

29 "0.394100+C2 0.177810+01 0.864450-02 -0.363980-01 

30 -0.39361D+02 0.147410+'01 O.76!340-0:! -0.401800-01 

31 -0.:$93200+02 \ o • 116480 tOI 0.651730-02 -0.422800-01 

3,2 -0.392810+02 0.860210+00 ~, O. 53428p-02 -0.427810-01 

,33' -0.392630+02 0.570960+00 0.415450-02 -0.418150-01 

'. 
34 .-0. 392~0+02 0.305230+00 0 .. 299290-02 :'0.395560-01 

• • 
35 \ -0.392390+02 0.692530-01 o ~ 189420-02 , -0.362060-01 

36 -0.392370+02 -0.ZS85aO+02 0.888450-03 -0.31;840-01 
1 

, < , 
" 

~I 

0 " 

, 'r , 
.:: 

" 

\ 
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o 
LEVU 1.4.0 (OCT 19841 vs FORTRAN DATE: AUG ZS, 1986. TIME: 15:03:39 

REQUESnD OPTIONS ~( EXECUTE 1: NODECK ,NOLIST ,OPT( 2 J ,tI)F:J;PS,XREF ,~P ,GOSTHT ,GOSTHT ,NOTE ST ,NOTF ,NOSOll1P 

OPTIONS IN EFFECT: NOLIST HAP )(REF GOSTHT NODECK SOURCE TERM OBJECT FIXED NOTE ST NOTRHFlG 
NOSYH NORENT NOSDlJ1P AUTODBLI NONE J NOSXH 

OPT« 2 1 lANGlVl( 771 NOFIPS FLAS( 1 J NAMEI HAIN LINECO\NTI 60 1 CHARLEN( 500 

.... 1-... 1 ••••••••• 2 .......... 3 ••••••••• 4., ••••••• 5 ••••••••• 6 .......... 7.* ••••••• 8 

C •••••••••••••••••••••••••••••••••••••••• M •••••••••• ~ ••••••••••••••••••• 00013 
C FINITE ELEMENT PROGRAH OF EXTENSIBLE \rHEDRY 00014 
C FOR IN-PLANE HOTION 0001S 
C (CURVED PIPE CONVEYING FlUID 1 00016 
C ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 00011 
C • 00018 
C HAIN PROGRAH 00019 
C 00020 

ISN 1 IMPLICIT REAlW8IA-H,O-ZI OOOZl 
ISN 2 DIMENSION EM16,6 J ,EO' 6,6 J ,EKI6,6 J ,NODEI6 ,38 ),R0138 J ;ElENG( 38 J 00022 
ISN 3 DIMENSION Gt1(10S,10sJ,GO'10S,10SJ,GKIlOS,10SJ 00023 
ISN 4 DI~NSION GMH(210,2101,GKKI210,210J .... 00Ô24 
ISN S DIMENSION BETAIZ101,HKI47000J,PII3~) 0002S 
ISN 6 DIMENSION PINOD( 37 1 ,COFPI ( 36 1, TOROT(37) ,COFTOI 36 J 00026 
ISN 1 COHPLEXl16 EIVAlU(2101,EIVECrI2l0,2l0) 00027 
ISN 8 CDHf'1ON IEMDK/EM,ED ,EK 00028 
ISN 9 COHMON ICOEF/xPHIA,XPHI,XH,SIMA,CAPA,AlI 00029 
ISN 10 COMHON /COPl/PlNOD,COFPI,TOROT,COFTO 00030 
ISN 11 DATA RO/38*3.l415926sQO/ 00031 

C ••••• DATA RO/38*1.S7079632SDO/ 00032 

0 ISN 12 REAOC02,1IPINOO,COFPI,TOROT,COFTO . 00033 
ISN 13 1 FORMATI 020.10) 00034 
ISN 14 DO 9999 LlL.l, 1 /1. 00035 
ISN . lS NOT .105 00036 
ISN 16 NET "34 00037 

..-:' 1 ISN 17 NDPE"6 00038 
IS.tI la NDU·ZMNDT 00039 

C··········· .. • 00040 
C NOOE DATÂ 00041 
C·········· .. •••• 00042 

ISN 19 PRINT 100 00P43 
ISN 20 100 FO~TI 'l' ,ax, 'IN-PLANE HOTION 1 EXTENSIBLE & CLAHPEO-CLAHPEO)', 00044 

M //,9X, 'ELEMENT CONNECTIVITY:', 00045 
M, ' //20X, 'E1.EHENT NUl1BER' ,20?<, 'NODE' ,//J 00046 

-.ISN 21 DO 101 I.1,NET 00047 
C········ 0004'3 
~ DA TA FOR LENGHT OF E(Ef:1ENT 00049 . , 

C··············~············ OOOSO 
-ISN 22 ELENGII)·1.DO/OFLOATINET+2J ,000Sl 

>- --
ISN 23 DO 102 J.1,NDPE 00052 
ISN ~ 102 NODEIJ,II·3*II-l)+J I)QOS3' 
ISN 25 HRITEI6 .103)~ .1t40DEll,I j ,Ls 1 ,ND"E) 01fD54 
ISN 26 101 CONTINUE 000S5 .ç 
ISN 21 103 FORHATI29X,12,lOX,6I I3,3X)/ J 00QS6 

C······················s •••••• = ••• = ••• 00057 
C FORHING THE DIMENSIONLESS PARAHEnRS" 00058 - , 

• C································:ls ••••• 000S9, 
ISN 28 VELU .ROll 1*2'. DO' 00060 

, ISN 29 XPHIA·O.ODO 00061 
ISN 30 XPHI •• :SOO 00062 .. 

'. e 
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LE~L 1.lt.0 IOCT 19841 , vs FOR'TR$ DATE: AUS Z5, 1986 TIME: lS:03:39 NAt1!1 HAl 

ISN 31 
ISN 32 
ISN 33 
I~ 34 

ISN 35 
ISN~ 36 
ISN 37 
ISN 38 
ISN 39 
ISN 40 
ISN 41 
ISN 42 
ISN 43 

ISN 4ft 
ISN 4S 
ISN 46 
ISN 47 
ISN 48 
ISN 49 

ISN 50 
ISN 51 

ISN 52 
ISN 53 
ISN 54 
ISN 55 
ISN 56 
ISN 57 

ISN 58 
ISN /'" 59 
ISN 60 
ISN 61 
ISN 62 

-ISN 63 
ISN 64 
ISN 65 
ISN 66 
ISN 67 
ISN 68 
ISN ~ 69 . 
ISN \ 70 - \ • ISN ' 71· 
ISN 72 
ISN 73 

*. ~ ..•... 1 ...... l' •• 2 ••••••••• 3 ••••••••• 4 ••••••••• 5 •.•.••••• 6 •.••••••• 7 ••••••••• 8 . 
' SIMA "0.000 00063 

.' CAPA =1.00/11.00+.300) 00064 
XH =0.000 0006& 
ALI "1.004 00066 

c= .. ===== 00067 
XHF "162.600 00068 
Xlrr "299.300 00069 
XLEN =1000.00 00070 
GRAV =9.8100 Cf) 00071 
El =221.30+06 00072 
DENSIF=998.DO 00073 
XHASDI=3 • 14lSDO*OENSIF*1 .253**21 00074 
GZEO =IXMT+XMF-XHASOII*GRAV 00075 
PIl "IGZEO*XLEN**3'/EI 00076 

C **** TEST FOR NR. CHEN'S CASE 00077 
PI: =0.000 '~ 00078 
PIO=-Pll 00079 
DO 105 I=l,NET ., 0008~ 
PIO=PIO+Pl1*ELENGIII 00081 
PIII)=PIO " 

q. 00082 
105 CONTINUE \ 00003 
C 00084 
C ...... ,,·== 00085 

HRITEI6,106IVELU,XPHIA,XPHI,XH,SIHA,CAPA,RO'~) 000G6 
106 FORMATIII,10X.'OIHENSIONLESS PARANETERS:',11110X,'OIHENSIONLESS ',00007 

If'VELOCITY=' ,012.5,11",,10X, 'BETAA=' ,012.5,' " ,'BETA=' ,012 .S. ' " , 'H=' 00088 
1f,012.5,11,10X,'AA :1 10,000 , , , , , " SIMA .. ' ,012.5,' ,'II,lOX, 00089 
If 'CAPA:' ,012.5,',', 'RO=' ,012.5,/1 000-90 

c== .. ::==:============= 00091 
C ESSAt1BLY OF ELEtlENT \HATRIX YIELOS GLOBAL MATRIX 000'92 
C=a~==~==~.=~.s==:==============~=====.=====.=== 00093 
C 00094 

DO 107 11=1 ,NOT 00095 
DO 101 JJ:1,NOT 00096 
GMIII,JJ)=O.ODO 

~) 
000971 

GOIU,JJI:O.ODO 00098 
Gl{III,JJ)=O.ODO 00099 

107 C9NTINJE 00100 
c--- • 00101 

Pla a-PIl 00102 
XELEtI;=ELENGI 1 1 .. ---- .............. ~ 00103 
IEL =1 00104 
ROO=ROI11 00105 
CALL ELHOKH'XELENG,VELU,PIO,PIl,ROO,IEL f 00106 
DO 115 JG=1,3 00107 
JE:l3+JG , 00108 

1 
DO 115 KG=1,3 00109 , 
KE=3+KG 00110 
GM(JG,KGI=GHIJG,KG'+EHIJE,KEI 00111 
GDIJG,KGI=GDCJG,KGI+EDIJE,KEI 00112 
GKIJG,KG)=GKIJG,KG'+EKIJE,KEI 00113 

115 CONTINJE 00114 
C 00115 

DO 109 Lsl,NET 00116 
XELENG-eLENGIL) 00117 
IEL =L+1 00118 

.. 

. ' 
--

, 
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LEVEI. ... 1.4.0 IOCT 1984J vs FORTRAN ~: AUG 25, 1986 TIHE: 15:03:39 NAt1E: HAl 

••••••••• 1 ..••••••• 2 •••.••••• 3 •.•.••••• 4 .••••••.• 5 •••••••.. 6 •...•.... 7.-, ••••.• 8 

ISH 7ft ROO aRO' L' 00119 

ISN 75 PIX aPII l) 001Z0 

ISH 7& CAU. EU1OKHIXELENG,VELU,PIX,PIl,ROO,IEL' OOlZl 

ISH 77 DO 109 JL-l,NOPE r 001Z2 

ISN 78 .~ DO 109 KL-l,NDPE 00123 

ISH 79 JGaNOOEIJL,L) 001Z4 

il 80 KGI:NOOEIKL,L' 00125 

81 GHIJG,KG,aGHIJG,KG'+EHIJL,KL' 00126 

ISN 82 GQIJG,KG,aGQIJG,KGI+EOIJL,KL' 00U7 

ISN 83 Gl(IJG,KGJaGl(IJG,KG)+EKIJL,KL) 00lZ8 

ISN 84 109 CONTINUE ' 00lZ9 

ISN 85 XELENG*ELENGINET) 00130 

ISN 86 ROO=ROI NET) 00131 

ISN JJ IEL =NET+Z 00132 

ISN 88 CALL ELHOKHlXELENG,VELU,PIO,Pll,ROO,IEL) 00133 

ISN 89 DO 199 JE=l,3 00134 

ISN 90 JG"NDT+JE-3 00135 

ISN 91 DO 199 KE=1,3 00136 

ISN 92 KG·NDT+KE-3 ~ 00137 

ISN 93 GHIJG,KG):GHIJG,KG)+EHIJE,KEJ 00138 

ISN 94 GOIJG,KGJaGDIJG,KG)+EDIJE,KE' 00139' 

ISN 9S GKIJG,KG,·GKIJG,KGI+EKIJE,KE' 00140 

ISN 96 199 CONTINUE OÔ141 

C 00142 

C·······a~~=.a •• =Da ••• z.z~~.=.====~.=. 00143 
C FORHING THE AUGHENTED HATRIX OF H.O,K 00144 
C······a.a.~.~~.=a.a===.=.=z= •• =a •• z==== 00145 
C 

, 00146 

ISN 97 DO 120 I=I,NDT2 00147 

ISN 98 DO 120 J=1.NDT2 00148 

ISN 99 GHHII ,J '.0.000 00149 

ISN 100 120 GKKII,J)=O.ODO " 00150 

ISN 101 00 121 Il''1,NOT 00151 

ISN 102 II=NDT+Il 00152 

ISN 103 GHHI Il,Il '.1. DO 00153 

ISN 104 GKK Il 1 ,II )·1.00 " 00154 

ISN 105 DO 121 J1"I,NDT 00155 

ISN 106 JJ=NDT+Jl 00156 

ISN 107 GKKIII,JI)·-GKII1,J1) 00157 
__ ISN 108 GtI1' II ,JJ '=GHI Il ,JI) 00158 

ISN 109 
, GKKIII,JJ)·-GQlll,J1) 00159 

ISN 110 1%1 CONTINJE 00160 • 

C.··· .. •••• .. •••••• .. ····=···· .... ·=·== .... 
00161 

... CALCULATING EIGENVALUES AND EIGENVECTORS 00162 

C·-········ .. ····· .. · .. · ........ •··· .. · .. ·· .... · ........ · .. 00163 

ISN 111 lA·NOTZ 00164 

ISN 112' •• IB=NOT2 00165 

ISN ~13 IZ"NDTZ 00166 

ISN 114 N ·":NDTZ 00167 
tSN 115 IJ08:aZ 00168 

ISN 116 CALL EIGZFIGKK,IA,GHH,IB,N,IJOB,EIVALU,BETA,EIVECT,IZ.HK,IER) 00169 

C·········· .. 00170 
C EIGENVALUES 00171 

. C············ .. •••••••••• 0017Z 
ISN 117 DO 145 J·1,NDT2 00173 
ZSN 118 EZVALUIJ)·EIVALUIJ)/BETAIJ) 00174 

.. 
LEveL 1.4.0 IOCT l,a4) vs FORTRAN DATE: AUS 25, 198b TItu:: 15:01:39 NAttE: HA. 

ISN 
JSN 
ISN 
JaN 
IaN 
IaN 

119 
120 
121 
122 
123 
124 

f 

* .... A ••• 1 •• , •••••• 2 ••••••••• 3 ••• t ••••• 4". tt •••• • S •••••••• • 6 ••••••••• 7.-, •••••. 8 

'99' 

CONTINUE 
CALL ARRANGINDfZ,EIVALU,EIVECT) 
'ALL OUTlIGINDTZ,I,EIVALU,ElVECT) 
CQNTlNJE 
STOP 
END 

00175 
00176-
01U77 
00178 
00179 
00180 
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LEVEL 1.4.0 (OCT 1984) VSFORTRAH OA TE: AUG 2S, 1986 TIHE: 15:03:39 

OPTIONS IN EFFECT: NOLIST ttAP XREF GOSTMT NOD ECK SOURCE TERH œJECT FIXED N01'EST NO'TRHFLQ 

ISN 

ISN 
.-J ISN 

ISN 

ISN 
ISN r 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 

ISN 

ISN 

ISN 
ISN 
ISN 
ISN 

:ISN 

à 

NOSYH NORENT NOSDI.R1P AUrODBL ( NONE ) NOSXH 
OPTeZ) LANGLVL(77) NOFIPS ~ FLAG(I) NAHEIHAIN LlNECcx.tn'1 60 ) CHARLENI 500 

1 

* ......... 1 ••••••••• 2 ••••••••• 3 ........... 4 ••••••••• 5 •••• ~ •••• 6 ...... ~ ••• 7 ......... "':;8 

l,' SUBROlITINE fLHDKHIELENG,VELU,PIX,PIl,RO.IEL) 

C SUBROUTINE ESTIHATING -HASS HATRIX 
C -OAHPING HATRIX 

C 
, c 

~==~=P==================:~~!~~~~~=~!~~!~==========.=====.==-_.==~ 
C C 

Z IHPLICIT REAL*sl A-H ,O-Z) 
3 OIMENSION EHI6,6J,EDI6,6J,EKI6,6J 
4 DIMENSION RJSlI6,6 ),RJ$ZI6,6) .RJS316,6 J,RJS416,6I,RJS516,61, 

5 
6 
7 

8 
9 

10 
11 
1'& 
13 
14 
15 
16 

17 

18 

19 
ZO 
21 
Z2 

Z3 

2 RJS616,6 ) ,RJS816,6 J,RJSIOI6 ,6I,RJSllI6 ,6), 
3 RJSIZI6,6) ,RJS1516 ,6)~RJS161 6,61,RJS1716.6 ),RJS1816 ,61, 
4 RJS1916,.9.),RJSZOI 6,6I,RJSZlI6,6I,RJS2ZI6.6 J. 
5 RJS311 6,6) ,R;JS4l1 6 .6I,RJS4ZI 6,6) ,RJS4316,6 J, 
6 ' AINVEI6,6 I,AINVETI 6',61, 
7 PINODI 371 ,COFPI 136 J, TOROT! 371 ,COFTOI 36 1 1 

~ /EMDK/EH,ED,EK 
C~ /COEF/PHIA,PHI,YISOAH~SIHA,CAPA,ALI 
COHMON IMAJS/RJS1,RJSZ,RJS3,RJS4,RJS5,RJS6,RJS8,RJS10, 

* RJS1t,RJS12,RJS15,RJ~1&,RJS17,RJSlS,RJS19,RJSZO, 

* COt1HQN' /~~~ Af~~~!f~~~l, R.1S41 ,RJS42 , RJS43 r-
COHMON /COPI/PINOD,COFPI,TOROT,COFTO 
R02=RO**Z • 
PHI1Z=DSQRTIPHI) 
VELU2=VELUlHt2 
Al =PINODIIELI 

C =TOROTIIELl 
C =COFTO( IEL) 

AL:COFPI I IEL 1 

g CALL TRIC ES J*1-J*12 

'CALL GENHAJ( ELENG ) 
C 
C CALL INVERSE OF THE HATRIX A. 
C . 

CALL INVERSI ELENG ) 
C 
Ca.~====~~=========2S==== 

. C FORMING ELEMENT MATRICES 
C==================-======= 

DO 280 1=1,6 
DO 280..1';1,6 "Q <Q 

EH(I,JI=ll.DO+PHIAJ*IRJSlII,.1I+RJS4CÎ,JI) 
EDI I,J 1=2. DOlfVELU*PHIl2*1 R.1S51 I,J l+RO*RJS181 1,..1 11+ -

* VELU*PHIl2*' RJSZ21 I,J )-RO*RJS1S(.1,I J)+ 
* VISOAH*( RJS11 l ,J }+RJS41 1,.1 1 ) 

EKII,J)aIRJS3II,Jl+RO*IRJS15II,J)+RJS15IJ,IJ)+R02*RJSlO(X,JI) 
If +ALI*I RJS101 1,..1 )-RO*I RJSl61 I,J J+RJS161 J,I ) J+R02*RJSll X,J Il 
* +VELUZ*( RJSll ( I,J J+ROIfI R.JSl61 I,J '-R.JSl71 1,.1' I-R02*R.JS41 1,..1 1 1 
* +Al*1 RJSll( I,J )+RD*I R.JSl61 I,J )-R.1S171 I,J ) )-R02*R.JS41 I,J 1 ) 

• 

001al 
00182 
00183 
001ait 
00185 
00186 
00187 
00188 
001S9 
00190 
00191 
00192 
00193 
00194 
00195 
00196 
00197 
00198 
00199 
00200 
00201 
00202 
00203 
00204 
00Z05 
00206 
00207 
0020S 
00209 
00210 
00211 
0021Z 
00213 
002'14 
00215 
00216 
00217 
00218 
00219 
00220 
00221 
00222 
00223 
00224 
00225 
00226 
00227 
00228 
00229 
OO~30 
00231 
00232 
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LEVE L 1. '+ • 0 (OCT 1984 1 vs FORTRAN DATE: AUG ZS. 1986 TIHE: 15:03:39 

ISN 

ISN 
ISN 

ISN 
ISN 

ISN 
ISN 
ISN 
ISN 

24 

ZS 
26 

27 
,28 

29 
30 
31 
32 

w •••••••• 1 ......... 2 ......... 3 ......... 4 ..•..... . S .••....• . 6 ..•.. , .... 7.* ........ 8 

+A2*(RJS5II.JI+RJS12II.J)-R02MRJS21II.J)+ * 
* 
* 
* 

RO*(RJS!8(I.J)+RJS19(I.J)-RJS20(I.JI)) J , 

~/_O 

C 

+ALIMIC1*tRJS8(I.J)-RO*(RJS5IJ,I)-RJS22Ir.J)-R02*RJS18(J,I)I 
+C2*(AJS42II.J)-RO*(RJS31(J,I)-RJS41II,J))-ROZ*RJS43(I,J))) 

CONTINUE 

C ELEHENT HASS HATRIX 
C 

C 

CAtL PRODHAI6.6,6,AINVET.EH.RJS41 
CALL PRODHA(6.6.6,RJS4,AINVE,EH) 

C ELEMENT !AHPING HATRIX 

C CA~~ PRODHA(6.6.6,AINVET,ED,RJS51 
CAbL ~RODHAI6.6.6,RJSS,AINVE.ED) 

~ ELEHENT~TIFNESS HATRIX 0 

C 1 

CALI) PRODHAI6 ,6 ,6 ,AINVET .EK ,RJS41 
CAd PRODHA( 6,6,6,RJS4,AINVE .EK 1 
RETURN 
END \ 

a 

.. 

'. 

000233 
00234 
00235 
00236 
00237 
00238 
00239 \ 
00240 
00241 
00242 
00243 
00244 
00245 
00246 
00247 

100248 
00249 
00250 
00251 
00ZS2 
00253 
00ZS4 

\ 

NAHE: ELI" 
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LEVEL 1.4.0 IOCT 1984) vs FORTRAN DATE: AUG 25. 1986 TIME: 15:03:39 

OPTIONS IN EFFECT: NOLIST HAP XRE F GOSTHT NOOECK SOURCE TERM OB.JECT F'IXEO NOTEST ~TRHFLG 
NOSYM NeRENT NOSOUMP AUTODBL 1 NONE 1 NOSXI1 

OPTI 2) LANGLVLI771 NOFIPS FLAGII) NAMEI HAIN 1 LINECOUNTI60 1 CHARLE,NI 500 

•.... * ... 1 •••••..•. 2 ••....•.. 3 ••••••••• 4 •.•.••••• 5 •.••••••• 6 •••••.••• 7 .......... 8 

" .. ISN 1 SUBROUTINE GENHA.JI ELENG ) 00255 
C 

SUBROUTINE GENERATING MATRICES J*1':.J*23 11 
\ 00256 

& 00157 
C 00lS8 

ISN 2 IMPLICIT REALII8( A-H .o-z 1 , ~ 00159 

ISN 3 DIHENSION RJS1( 6,61 ,RJS2:16,6 I,RJS3( 6,61,R S4( 6,6 I,RJSS( 6,6 r,;' 00260 

* ~JS6('6,6 ) ,RJS81 6,6) ,RJS101 6,6 I,RJSll 16,6 l, , 00261 

* R.JS1216,6 J ,R.1S1S1 6,6) .RJS161 6 ,61,RJS17( 6,6 I,RJS181 6,61, 00262 

* RJS19( 6,6) ,RJS201 6,61 ,RJSll( 6,61 ,RJS221 6,6 l, 000:63 

* RJS31( 6,6 l ,R.JS411 6,61 ,RJS4l1 (,,6 J,RJS43( 6,61 00264 
ISN 4 COf1t1ON /MAJS/RJSl ,RJS2,RJS3 ,RJS4,R.JS5,RJS6 , RJS8 ,RJS10 , 00265 

* RJSll,RJSll ,RJS1S ,R.JS16 ,RJS17 ,RJSlS ,R.JSI9 ,RJSlO , 00266 

* RJSll ,RJSlZ ,"RJS31,R.JS41 ,QJS42 ,RJS43 00l&7 
C================== 00l&8 

ISN 5 DO 400 1=1,6 00l&9 

ISN 6 00 400 .J=1,6 00170 
ISN 7 RJSll I,.J 1=0.000 OOl71 
ISN B RJS21 l ,JI=O.OOO 00l7Z 

ISN 9 RJS31 I,J 1=0.000 0*273 
ISN 10 RJS41 I,.J 1=0.000 o l74 

ISN 11. RJS5II,.J 1=0.000 00175 

0 ISN 1Z RJS61 I,.J )=0.000 00176 

ISN 13 RJSSI I,.J 1=0.000 OOl77 
ISN 14 RJSIOll,J 1=0.000 00178 
ISN lS RJSlll I,J 1=0.000 00279 
ISN 16 RJS121I,.1 1=0.000 00180 

ISN 17 RJSI5( l ,.1 1=0.000 0 00261 
ISN. 18 RJS161 l .J 1 =0.000 00282 
ISN 19 RJSI7II.J 1=0.000 'OÔZ83 
ISN 20 RJS1SII,.1 1=0.000 00l6(. 

ISN 21 RJS191 l ,.J 1=0.000 00205 

ISN 22 RJS201 l ,.J )=0.000 00286 
ISN 23 RJS2111 ,.J 1=0.000 00187 

ISN 24 • RjS22 ( l ,.J 1=0.000 00288 
ISN 2S RJS311 I,.J 1=0.000 00289 

ISN 26 RJS411 I ,.J 1=0.000 00290 
ISN 27 RJS42II,.J 1=0.000 .. 00291 
ISN 28 RJS43 1 l ,.1 1=0.000 00292 

ISN 29 400 CONTINUE 00193 
C 00294 
C GENfRATING HATRIX J*l 00295 
C 00196 

ISN 30 DO 402 1=1,4 00297 

ISN 31 DO 40l .J=l,4 00198 

ISN 32 K=I+J-1 00299 

ISN 33 RJSIII,.JI=ElENG**(KI/OFLOATIKI 00300 , 

ISN 34 402 Ca-rrtNUE 00301 
C 0030Z 
C GENERATING HATRIX J*Z 00303 
C 00304 

ISN 35 DO 410 II=2,4 00305 

ISN 36 DO 410 .J.1=2,4 00306 

0 .. 

1 ) 
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LEVEL 1.4,0 IOCT 1984) YS FORTRAN DATE: AUG 25, 1986 nttE: 15:03:39 NAttE: GE,.. 

" 
* ... ,." .1 ••• • b •••• • 2. •• , •••••• 3 .• ' •••••• 4 .••••••. . S •••••••• • 6 .••••••.. 7.* •.•.•.. 8 

ISN 37 KK=II+JJ-3 00307 

ISN 38 RJS21 II ,JJ )=ELENGtHtI KK ) 00308 

ISN 39 410 CONTINUE 00309 

ISN 40 RJS213,31=4.DOltRJS213.3)~,DO 00310 

ISN 41 RJG;213,4 1=1.5.1)OItRJS2( 3,41 • ? 00311 

ISN 42 RJS21 4,3 l.!'RJS2 ( 3,4 J 00312 

ISN 43 t RJS214,41=1.8DOltRJSlI4.41 00313 

C 
00314 

C GENERATING HATRICES J*3 00315 

C 
--RJS3(3,31:4.DOltELENG 

00316 

I~ 44 00317 

1SN 45 RJS313,41=6.DOltELENG**(2J 00318 

1SN 46 RJS3(4,3J=R~S313,4J 00319 

ISN 47 RJS3(4,41=12.DO*ELENG**131 00310 

C' 00321 

C GENERATING HATRIX J*4 00322 

C 00323 

1SN 48 RJS4( 5,5 )=ELENG 00324 

1SN 49 RJS415,6)=.5DO*ELENG~(21 00325 

1SN 50 RJS4(6,51=RJS415,61 -
00326 

ISN 51 RJS4(6,61=ELENG**131/3.DO - - 00327 

C 00328 
C • G~NERATING HATRIX Jlt5 00329 

C 
00330 

ISN 52 DO 420 1=1,4 00331 

ISN 53 DO 420 J=2,4 00332 

0 ISN 54 K2 =..1-1 00333 

ISN 55 K3= I+J-Z 00334 • 

ISN 56 RJS5II,JI=OFLOATIKl)ItELENGIt*(K3J/DFLOATIK3J 00335 

ISN 57 420 CONTINUE 00336 

C 
00331 

C GENERATING HATRIX RJS6 00338 

C '- 00339 

ISN 58 RJS6(3,SJ=2.DO*ELENG 00340 

ISN 59 RJS613,61=ELENG*ltI2J 00341 

ISN 60 RJS6( 4,5 )=3. DO*RJS61 3.6 J 00342 

ISN 61 RJS614,61=l.DO*ELENG**(3J 00343 

C 00344 

C GENERATING HATRIX J*8 00345 

C 00346 
~ 

ISN 62 DO 430 L=l,4 00347 . 
ISN 63 LL=L-1 00348 

ISN 64 
RJS81 L"ZNG"ILLI 00349 

ISN 65 430 CONTINUE 00350 

t • 00351 
C GENERATING TRIX Jlt10 00352 

C 00353 

ISN 66 RJS10(6,6)=ELENG 00354 

C .... .. 00355 

C GENERATING HATRICES J*l1 AND Jlf12 00356 
C 00357 

ISN 67 DO 440 JJ=1,4 00358 

':1 SN 68 RJSIIIJJ.3J=2.DO*ELENGM*IJJJ/OFLOATIJJJ 00359 

ISN 69 J1-JJ+1 00360 

Istl 70 RJS11IJJ,41=6.DO*ELENG**IJ11/DFlOATIJIJ 00361 

ISN 71 RJSIZI~J,3J=Z.DO*ELENG!*IJ1J/DFLOATIJ1) 00362 

o , , 

• 
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LEVEL 1.4. D IOCT 1984) vs FORTRAN DATE: AUG ZS. 1986 nHE: 15:03:39 NAt1t! 1 GE~ 

* ... ,_ ... 1 ••••••••• 2 •••••.••• 3 ••••••..• 4 ••••••.. • S ••••• , •• • 6 ••.•••••• 7.tt ••••••• 8 

ISN 72 RJS121 ..1..1,4 )"6. DO*E LENGIHtI ..1..1+2 I/DFLOATC JJ+2 ) ~0"b363 
ISN 73 440 CONTINUE 00364 

C 00365 
C GENERATING MATRIX R*15 00366 
C 00367 

ISN 74 RJSL&I3,6 )=2. DO*ELENG 00368 
ISN 75 . RJS1514,6 )=3. DO*ELENGIHt2 00369 

C 00370 
C GENERATING MATRICES R*16 , R*18 AND R*19/ 00371 
C 00372 

ISN 76 DO 443 15=1,4 ~0373 

ISN \ 77 RJS161 IS,61=ELENG**1 15 )/DFL'OAT1 15) 00374 
C="= 00375 

ISN 78.' RJS1S1 IS,5 I=ELENG**I 15 I/DFLOATI 151 00376. 
ISN 79 RJS1S1 IS,6 I=ELENG**1 15+1 I/DFLOATI 15+1 j' OO~77 

0 C=== 00378 
ISN 80 RJS191 IS,6 I=ELENG**I 1.&+1 )/DFLOATI 15+1 ) 00379 
ISN SI 443 CONTINUE \ 00380 

C \ 003~1 
C GENERATING MATRICES R* 17 AND R*20 00362 
C '00363 

ISN 82 DO 446 ..15=2.4 00384 
ISN 83 ..151 =J5-1 00385 
ISN 84 RJS1715,JSI =ELENG**IJ51) 00386 
ISN 85 RJS171 6 ,..15 1 =DFLOATC J51 J*ELENGII*( JS )/DFLOAT( J5) 00387 

C="= 00388 
ISN 86 RJS20f 5,..15 )=DFLOATI J51 J*ELENGIHtI J5 )/DFLOATI ..15) 00389 
ISN 87 RJS201 6 ,..15 J=DFLOATCoÙ51 J*ELENGII*I J5+1 I/DFLOATI J5+11 b0390 
ISN 88 (+'+6 CDNTINUE 00391 

C 00392 
C GENERATING l'14TRICES R*21 AND R*22 '00393 
C 

, 00394 

ISN 89 DO 447 1=2.3 # 00395 

·ISN 90 IJ =3+1 00396 
ISN 91 . RJS2115,IJ )=ELENG**I 1 I/DFLOATI 1) 00397 
ISN 92 RJS211 6 .IJ I=ELENG**I 1+1 I/DFLOATI 1+1 ) 00398 
ISN 93 441 CONTINUE 00399 

ISN 94 RJ3ZZ(5,6J=ELENG Q0400 

ISN 95 _RJS2ZI6,6J. =.5DO*ELENG**2 00ft01 
C OM02 
C GENERATING MATRICES R*31,R*41,R*42 AND R.t.3 00(,03 

C 00404 

ISN 96 RJS4115,6J=0.5DO*ELENGIHt2 00405 
ISN 97 RJS4U 6,6 )=ELEUG**3/DFLOATI 3) 00406 

-ISN 98 RJS4Z1 2,6 )=ELENG**2/DFLOATI Z J '00407 

IS" 99 RJS4213,6J=Z.00*RJS4116,61 00408 

ISN 100 RJS4ZI4,6 )=3 • DO*ELENGIHt4/DFLOATI4 1 00409 

ISN 101 DO 480 ..11=1,4 00410 
ISN· 102 JIi=JI+l 00411 
ISN 103 JI2=JI+2 .1 

00412 

ISN -104 JI3=JI+3 00413 

ISN 105 RJS43IJI,5)=ELENG**jI~/DFLOATIJIIJ 00414 

':ISN 106 RJS31IJI,2J=RJS43IJI,5) 00415 
ISN 1,07 RJS43IJI,6)=ELENG**JI2/DFLOATIJI2) 00416 

ISN 108 RJS31 1 JI ,3 )=Z.DOIfRJS43IJI,6) 00417 

ISN 109 RJS311JI ,4 1=1 3. DO*ELENGIHtJI3 liDFLOAT( ..1131 00(r18 

LEVEL 1.4.0 (OCT 1984) vs FORTRAN . TIHE: 15:03:39 

ISN 
I5:j 
ISU 

••••••••• 1 •••• ~ •••• 2 ••••••••• 3 .......... 4 •••• ,_ ••••• 5-••••••••• , ••••••••• 7 •••••.••• 8 

110 480 CONTINJE 
111 RETURN 
112 END 

1 
, ~ 

00419 
00420 
00421 

UANE: GEt-
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LEVEL 1.4.0 IOCT :~841 DATE: AUG 25, 1986 TIHE: 15:03:40 

Iilfr-ee.œ:t:r...1FlXED. NOTEST NOTRHFLG OPTIONS IN EFFECT: NOLIST HAP ><REF GOSTHT NODECK SOURCE 

ISN 1 

ISN 2 
ISN 3 
ISN 4 
ISN 5 
ISH 6 
ISN 7 
ISN 8 
ISN" 9 
ISN 10 
ISN , 11 
,tSN 12 
ISN 13 
ISN 14 
ISN 15 
ISN 16 
ISN 17 
ISN lB 
ISN 19 
ISN 20 
ISN 21 

ISN 22 
ISN 23 
ISN , 24 
ISN 25 
ISN 26 
ISN 27 

NOS Vtt NORENT NOSDUHP AU{ODBL 1 NONE 1 NOSXt1 
• OPTI 2 1 UNGLVL 1 77 1 NP,FIPS FLAGi l ) NAJ1E 01AIN CHARLENI 500 1 

•.•.. - ... 1 .•.. III '," .2 .......... 3 •.......• 4 .•. tt •••• S, ........ ~6 ••••• 11>" •• 7 ....•... 8 

C 
C 
C 
C 

500 

~ROUTINE INVERSI ELENG 1 

~ROUTINE INVERTIr«; THF. HATRIX A 

JIMPLICrr REAL*8l A-H ,O-Z) 
DIMENSION AINVE l 6,6 ),AINVETI6,6 1 
C~ /INV/AINVE,AINVET 
DO 500 -1=1,6 
DO 500 J=1,6 
AINVE(I,JI=O.ODO 
CONTINUE 
AINVE l 1,11=1.00 

,AINVE( 2,21=1.~0 
AINVEI5,3/"'1.DO 
AINVE( 3 ,11=-3.0P/ELENG**( 21 

/ AINVEl3,21=-2.00/ELENG 
AINVEI3,41=-AINVEI3,1I 

"AINVEl3,.5 1=-1. DO/ELENG / AINVE( 4,1 1=2. DO/ELENG**( 31 
AINVEI 4,%I=ELENG**1 -2/ / 
AINVE( 4,4 )=-AINVE( 4,11 1 
AINVEI 4 ,.5 IIIAINVE 1 4,2/ 
AINVEc' 6 ,6 1"'1. DO/ELENG ' 
AINV!:I 6 ,3111-AINVEI 6,6/ 1 

C"'·.··.=· ) 
DO SOS 1=1,6 
DO 50S .1=1,6 
AINVETII,J)=AINVEIJ,I1 \ 

505 CONTINUE 
RETURN 
END 

00422 
00tt23 
OO~24 

,,- 00425 
00426 
01J427 
00428 
00429 
00430 
001+31 
004~2 
00433 
00434 
004"'35 
00436 

1 
1 

00437 
00438 
00:''39 
00440 
00441 
00442 
00443 
00444 . 
00445 
00446 
00441 
00448 

'00449 
00450 
00451 

• 004.5% 
00453 

0 

, , 

• 
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LEVEL 1.4.0 (OCT 19841 vs FORTRAN DATE: AUG Z5, 1986 , T~HE: 15103:~0 

OPTIONS IN EFFECT: NOLiST HAP XREF GOS1l1T NODECK SOURCE TERH OB.JECT FIXED NOTEST tlOTRHFLG 
\ ~ NOSYH NORENT NOSDU1P AUTODBLI NONE 1 NOSXH 

OPT('2) LANGLVLI 77) NOFIPS FLAGII 1 NAI1EI HAIN LINECOUfTI 60 1 CHARLEN(500 

* .... * ... 1 ........... 2. ••••••••• 3 ...... ... 4., ••• ~ ••• S ••••••••• 6 •.••••••• 7 ••••••••• a 

ISN 

ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 

1 SUBROUTINE PRODHAIH,L ,N,A,B,C 1 
C 
C SUBROUTINE MUL nPL VING HA TRICES 
C 
C 

2 IMPLICIT REAL*8IA-H.0-ZI 
3 DIMENSION AIH,Ll,BIL,Nl,CIH,NJ 
4 DO 590 I=l,H 
S DO 590 J=l,N 
6 CII,~)=O.ODO 

7 DO 590 K=l,L 
8 CI I,~ )=CI I • .J I+AI I,K 1*81 K,~) 
9 590 CONTINUE 

10 RETURN 
11 END 

'\ 

00,.54 
P0455 
00456 
00457 
00458 
00459 
00460 
00461 
00462 
00463 
00464 
00465 
00466 
00467 
00468' 
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LEVEL 1.4.0 (OCT 1984) YS FORTRAN DATE: AUG 25, 1986 TIHE: 15:03:40 

OPTrONS IN EFFECT: NOLIST HAP XREF, GOSTHT NOOECK SOURCE TERH OBJECT FlXED NOTEST NOTRMFLG 
NOS'fM NORENT NOSDlH' AUT008LI NONE) NOSXH 

OPTI 2 f LANGLVLI 77) NOFIPS FLAGII. l'WIEI HAIN ) LINEC!Xm1 60) CHARLENI 5001 

* ... ,-... 1 ...••.... 2 ......... 3 •........ 4 ......... .s ......... 6 ........• 7.* ....... 8 

ISN 1 SUBROUTINE AR~(N,X,PHIJ 00469 
C 00470 
C SUBROUTINE ARlWGING EIGENVALUES FROH SMALL TO BIGGER AND 0,0471 
C ARRANGING EIGENVECTORS CORRESPONDING TO EIGENVALUES 

"- 00472 
C 00473 
C 00474 

ISN ' 2 IHPLICIT REAL*8(A-H,0-ZI 00475 
ISN 3 Cot1PLEX*16 X,PHI.PHIN,EIHIN,XEI 00476 
ISN 4 DIMENSION XINI,PHIIN,NI 00477 
ISN 5 LA lIN-1 00478 
lSN 6 DO 600 I=l,LA 00479 

• ISN 7 EIHINlIX( I J 00480 
ISN 8 XHINlIOlHAGI EII'IIN J 00481 
ISN 9 .J"I =1 00482 
ISN 10 .JF =I+l 00483 
ISN 11 DO 601 H=.JF,N 00484 
ISN 12 XEI -XI") 00485 
ISN 13 , 

I~I DABS( XHINJ.LE. OABSIDlHAGfXEI Jl) GOTO 601 00486 
ISN 14 .JHI=H 1 

00487 
ISNc 15 XHIN=DlHAGI XEI) , 00(.~8 
ISN 16 EIHIN:sXEl: 00489 
ISN 17 601 CONTINUE 004-90 

0, ISN 18 XI .JHI I=X( I 1 00491 
ISN 19' XIII =EJ:HIN 00492 
ISN 20 DO 633 L='y:N 00493 
ISN 21 PHIN =PHII L,.JHI 1 "00494 
ISN 22 PHIll,JHI J=PHII L,I J ( ,,00495 
ISN ' 23 o PHIl L,I J ·PHIN 00496 
ISN 1 24 633 CONTIt-IJE 00497 
ISN 25 600 CONTlt-IJE 00498 
ISN 26 RETURN 00499 
ISN 27 END '00500 

8 

o 

o 'f 

• 
/' 

" 
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LEVEL 1.4.0 IOCT 1984) vs FORTRAN DATE: AU; 25, 19860 TIME: 15103:40 

OPTIONS IN EffECT: NOLIST HAP ><REf GOSTHT HODECK :;OURCE TERH OBJECT FIXED NOTEST OOTRHfLQ 

IsN 1 

ISN ,2 
~SN ,3 
ISN ft 
ISN 5 
ISN 6' 

ISN 7 
ISN 8 
ISN 9 
ISN 10 
ISN 11 
ISN 12 
ISN 13 

ISN 14 
ISN 15 
ISN 16 ' 
ISN 17 
ISN 18 
ISN 19 

ISI'i 
ISN 

20 
21' 

ISN 22 
ISN 23 
ISN 24 
ISN 25 
ISN 26 

.' 

• NOSYM NORENT NOSDUHP AUTODBLINONE) NOSXH 
OPT( 2) LANGLVL( 77) HOFIPS FLAGIl)"lW1E1 HAIN LINECOUNTC 60) CHARLEt.1 500 1 

* .... - ... 1 .......... Z ................ 3 ................ 4 ............. S ............ 6 ........... 7 .......... :8 

SUBROUTINE OUTEIGCNDTT,N,X,PHI) 
C 
C SUBROUTINE TO PRINT EIGENVALUES AND EIGENVECTORS 

~C 

C 

740 

.. 

IHPLICIT REAL*81 A-H ,O-Z ) 
DIMENSION XI NOTT ) ,PHIl NOTT ,NDTT , 
COHPLEX*16 X,PHI 
PRINT 740 
FORMATC/II,14X,'s===FREQUENCIES==z='/I' 
H=NOTT/3 
DO 741 Jl:l,H , 

J2=H+Jl 
, J3=2ltH+..J1 

HRlTEI 6,750 IJ1 ,XI J1 ),J2 ,XI J2 1 ;J3 .XI J31 • 
750 
741 

FORMAn / ,4X,I2', 'TH' ,2018.8'oI3, 'TH' ,2018.8,13, 'TH' ,2D18.8 1 
CONTINUE' 

c==",,===s==s=== 
C 41=1 4I,a' 1 ; IS VECTOR 
C================~~===== r 
760 

762 
761 
751 

NN= NDTT/2 
DO 751 JA=l,l,l . 

J8=JA+l 
JC=JA+Z 

HRITEI6,760lJA,J8,JC 
FORMAn /1 ,9X,I2, 'TH EIGENVECTOR' ,30><,12, 'TH 

* 12, 'TH EINGYECTOR' , 
DO 761 Isl,NN 1 

HRITEI6, 762 )PHII 1 ,JA' ,PH!C 1 ,J8) ,PHIl l,Je) 
F~RMATC/4X,312D18.8,2X)) 

CONTINUE 
CONTItIUE 
RETURN 
END 

. , 

EIGENVECTOR' ,32X, 

, , 

00501 
00502 
00503 
00504 
00505 
00506 
00~7 
00508 
00509 
0051.0 
00511 
00512 

, 00513 
.~ 00514 

!0515 
0051.6 
00517 
00518 
00519 
00520 
00521 
00522 
00523 
00524 
00525 
00526 
00527 
00528 
00529 
00530 
00531 
00532 
00533 
00534 



n 

o 

o 

• " 

, . 

• 
Y-29 

LEVU 1.4.0 'OCT 1984) vs FORTRAN ,DAn: AUG 25, 1986 TIHI!: 15:03:40 

OPTIONS 'IN EFFECT: NOLIST HAP XREF 'GOSTHT NOOECK SOURCE' TERH OBJECT FIXED NOTEST NOTRHFLG 
NOSYH NORENT NDSIMtP AUTODBLlNONE) NOSXH 

OPTI2} LANGLVL(77) NOFIpS • FJ.AGU) NAHECHAIN L:INECOUNT( 60 , CHARLEN( 500 ) 

•.•• , •... 1 ....... ..... 2 ••• •••••• 3 ......... 4 ......... 5 •....•... , ......... 7,.", .... 8 

ISN 

ISN 
ISN' 
ISN 
ISN 
ISH 
ISH 
ISN ' 
ISH 

\ 

~ 

2 
3 
4 
5 
6 
7 
8 
"9 

C 
C 
C 
C 

822 

823 

~ ~ 

SU5ftOUTINE PRINTI N,A) 00535 
a' 00536 

SUBROUTINE TO PRINT HATRIX 00537 
00538 
d0539 

IHPLICIT REAL*8IA-H,0-Z) 00540 
DIMENSION AI6,6' 00541 
WHITE ( (, ,82Z' N 00542 
FORMATI/I'I',10X, 'HATRIX J' ,IZ"../) 00543 
HRITEC 6 ,8Z3 J( (AU,J 1 ,J=1,6 J,I.1,t.) 00544 
FORMATC / ,6(4X,D12.S),/) 00545 
RETURN • 00546 
END 00547 

... 

\ 

• 

. . ~ 
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0 
IN-PLANE, HOTION (EXTENSIB~E & CLAtlPED-ClAttPED 1 

ELEMENT CCHŒCTIVITY: 

ELEf1ENT tU1BER NODE 

CI . 
1 1 2 3, ... S 6 

Z 4 S (, 7 8 , 
, 

3 7 8 9 10 11 12 
~ 

4 10 11 12 13 14 !S 
S 13 14 15 16 17 18 

6 16 17 18 19 20 n 

7 19 20 21 22 23 24 

8 22 23 24 25 26 27 

9 25 26 27 28 29 30 

-10 28 29 30 31 32 33, /',1 

11 31 32-- 33 34 35 36 

0 
12 34 3S ·36 37 3a 39 

13 37 38 ' 39 40 41 42 

14 .40 41 42 43 44 45 

15 43 44 45 46 47 48 

16 46 47 48 49 50 51 

17 49 sa 51' 52 S3 54 

18 52 53 54 55 56 57 ~ 

19 S5 56 57 58 59 60 

~ 20 58 59 60 61 62 63 
, 

21 61 62 63 64 65 66 

22 64 65 66 67 68 69 

23 67 68 69 7e! 71 72 

24 70 71 72 71 74 75 •. 

2S 73 74 75 76 77 78 

26 76 77 78 79- 80 81 

27 79 80 81 82 83 84 

0 
" 

l' 

• 



\. 

o 
ITH 

2TH 

3TH 

4TH 

5TH 

'6TH 

7TH 

" 8TH 

9TH 

10TH 

1,lTH 

UTH 

13TH 

• 

• 

28 82 83 M as 86 

29 as 86 87 88 89 

30 88 89 9Q 91 92 

31 91 92 93 94 95 

32 94 95 96 97 • 98 

33 9~ 98 99 100 101 

34 100 101 102 103 10ft 

DlHENSIONLESS PARAHETERS: 

OIHENSlu~'ESS VELOCITY= 0.628320+01 

BETAA. O.OOOOOD+OO,BETA. 0.500000+00,H. 0.000000+00 , 

AA • 10,000 J SIMA • 0.000000+00, 

CAPA. 0.76923D+00;RO. 0.31416D+01 

./ 

.···FREQUENCIES···· 

-0.157508220+00 0.421724370+02 71TH 

-o. 15750822D+00 -0.421724370+02 72TH 

0.113587920+00 0.966527550+02 73TH 

0.11358792D+00 -0.966527550+02 ~TH 

0:742006790-01 0.17377118D+03 75TH 

0.742006790-01 -0.173771180+03 76TH 

-0.90615231D-Ol -0.258969900+03 77TH 

-0.906152310-01 , 0.258969900+03 78TH 

.0.114075080+00 0.307191720+03 79TH 

0.114075080+00 -0.307191720+03 80TH 

-0.186525250+00 0.390097330+03 81TH 

-o. 18652525D+00 -0.390097330+03 82TH 

0.1316U9OD+OO 0.439624500+03 83TH 

-0.564023430-01 

-0.56402343D-01 

0.532959240-01 

0.53Z9592~0-01 

-0.368049060-01 

-O. 368Olt9060-'01 , 

0.344123320-01 

0.344123320-01 

-O. 12898lt610-01 

-O. 12898lt610-01 

0'.119414870-01 

0.119414870-01 

-0.937183870-02-

Y-31 

87 

90 

93 

96 

99 

102 

105 

\ 

0.502767400+04 
< 

-0.502767400+04 

0.507322160+04 

-(ï.'507322160+0lo 

0.544888050+04 

-O. 544888050 + Olt 

0.550452680+04 

-0.550452680+04 'Or'" 

0.584662420+04 

-0.584662420+04 

-0.599071820+04 

0.599071820+04 

0.625125790+04 -
-. 

" 



-" 

~ Y-32 

0 
14TH o • 1316Z1900+00 -0.439624500+03 84TH -0.937183870-02 -ô. 625125790+04 

~ ~ 

1STH -0.775953310-01 0.551721530+03 85TH O. 131562050-Gl -0.650185570+04 

16TH -0.775953310-01 -0.551721530+03 86TH O. ],31562050-01 o .650.\8557D+04 , 
17TH 0.118096160+00 0.673532560+03 87TH -0.146013540-01 f -0.666457740+04 

18TH 0.118096160+00 -0.673S3ZS60+03 88TH -0.146013540-01 ". "66457740+04 

19TH -0.113253240+00 0.726493790+03 89TH 0.592856250-01 0.703562670+04 

20TH -0 .1~325~240+00 -0.726493790+03 90TH 0.592856250-01 -0.703562& 70+04 

21TH 0.506089290-01 0.881079060+03 91TH -0.626520010-01 -0.708735041)+04 
~ 

.' 

22TH 0.506089290-01 -0.881079060+03 92TH -0.626520010-01 0.708735040+04 

23TH -0.652422020-01 -0.991676020+03 93TH 0.590244490-01 0.751420610+04 

24TH -'0.652422020-01 0.991676020+03 94TH 0.590244490-01 -0.751420610+04 

ZSTH 0.432978750-01 0.108359910+04 .95TH -0.643441760-01 0.759679270+04 

\ 26TH 0.432978750-01 -0.108359910+04 96TH -0.643441760-01 -0.759679270+0" 

27TH -0.105500340+00 0.128330780+04 97TH 0.337214650-01 . O. 795135350+04 

28TH -0.105560340+00 "0.128330780+04 98TH 0.337214650-01 -0.795135350+04 

.0 29TH • 0.9.87682030-01 ~ 0.131495660+04 '99TH -0.438003070-01 o .817791180+04 
~ 

..,., 
30TH 0.987682030-01 -O. 131495660+04100TH -0.438003070-01 -0.817791180+04 

31TH -0.438543610-01 0.153423760,04101TH 0.346781540-01 0.839372190+04 

32TH -0.438343610-91 -O. 153423760+04102TH o . 346781540-01 -0.839372190+04 

33TH O. 413a54 790-01 -0 .161509~+04103TH -0 '.838122300-01 -0.877816740+04 

34TH 0.413254790-01 , 0.161509260+04104,H -0.838122300-01 0.877816740+04 

35TH -0.315109580-01 -O. 179339500+04105TH 0.798200570-01 0.884404510t04 
1 . 

36TH -0.315109580-01. 0.179339500+04106TH 0.798200570-01 -0.884404510+04 ,---' 
37TH 0.308645320-01 -O. 193242650+04107TH -0.370293580-01 -0.927687640+04 

38TH O. 3086453Z~01 0.193Z42650+04108TH -0.370293580-01 O. 927687640+04 

.: , 
39TH -0.300389700-01 -0.207157430+04109TH 0.432280810-01 0.941897520+04 

40TH -0.3003'''700-01 0.207157430+04110TH 0.432280810-01, -0.941897520+04 

41TH 0.29861,. 930-01 0.22SS82430+04111TH -0.363384840-01 -0.971956640+04 ~ . . 
~2TH 0.298611930-01 . -O. 22SS82430+04112TH -0.363384840-01 0.971956640+04 . - 0 

43TH -0.311648560-01 -o. 236956740+04113TH 0.1$1202810+00 -0.100663520+05 , 
~ 
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, 
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o 1 


