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SUMMARY
Recurrent event data are commonly encountered in observational studies where each subject may
experience a particular event repeatedly over time. In this article, we aim to compare cumulative
rate functions of two groups when treatment assignment may depend on the unbalanced distribu-
tion of confounders. Several estimators based on pseudo-observations are proposed to adjust for
the confounding effects, namely inverse probability of treatment weighting estimator, regression
model-based estimators and doubly robust estimators . The proposed marginal regression estima-
tor and doubly robust estimators based on pseudo-observations are shown to be consistent and
asymptotically normal. A bootstrap approach is proposed for the variance estimation of the pro-
posed estimators. Model diagnostic plots of residuals are presented to assess the goodness-of-fit
for the proposed regression models. A family of adjusted two-sample pseudo-score tests is pro-
posed to compare two cumulative rate functions. Simulation studies are conducted to assess finite
sample performance of the proposed method. The proposed technique is demonstrated through

an application to a hospital readmission data set.
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treatment weighting; Doubly robust estimator; Two-sample pseudo-score tests.

1. INTRODUCTION

In clinical studies, patients may experience a same type of event of interest repeatedly over
time, which are referred to as recurrent events. Examples of recurrent events include recurrent
asthma attacks in children (?) and repeated hospital readmission for colorectal cancer patients
(7). The investigators are often interested in the effect of covariates on the recurrent events
and in the comparison of cumulative rate functions (CRF) or mean functions among groups
receiving different treatments. In randomized trial, subjects are randomly assigned to different
treatment groups with no systematic difference between covariate factors. In such studies, the
nonparametric Nelson-Aalen (NA) estimator (?) is commonly used to estimate the CRFs for
specific groups, and the two-sample pseudo-score tests proposed by ? can be applied to test
the null hypothesis that the CRF's for two treatment groups are identical. For non-randomized
trials or observational studies, confounding often occurs due to a dependence of the treatment
assignment on the subjects’ baseline characteristics and prognosis. The NA estimator and the two-
sample pseudo-score tests may be biased and unreliable due to confounding effects arising from
the possibly different distributions of subjects’ baseline characteristics in the different treatment
groups.

An illustrating example in this work is the hospital readmission dataset of colon cancer pa-
tients obtained from Hospital de Bellvitge in Barcelona, Spain, which were originally analyzed
by ?, but also available in the R library frailtypack (?). For each of the 403 colorectal cancer
patients who were treated or not treated with chemotherapy, the times between each admission
and readmission to the hospital were observed. Potential confounders include patients’ sex and
the Duke’s staging classification of the tumor. A direct comparison of CRF's between the treated
and untreated groups may not be valid as the unbalanced distribution of confounders such as

gender or Duke’s staging classification. Suitable adjustment for confounding effects is thus needed
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in order to make valid causal conclusions.

A milestone in causal inference is the emergence of the potential outcome framework, first
raised by ?. The main idea is to consider all possible observable and counterfactual outcomes
simultaneously. The focus is often concentrated on estimating the average causal effect (ACE) in
the whole population, i.e. the difference between the mean outcome over the target population if
all subjects were in the treatment group and the mean outcome if all subjects were in the control
group. Several methods have been proposed to estimate the ACE in the presence of confounders.
They fall into three categories: (a) estimators using inverse probability of treatment weighting
(IPTW) based on propensity score (PS) based on a model for the treatment assignment; (b)
outcome regression (OR) model where estimators are often built on a standard regression model
for the conditional expectation of the outcome given treatment and confounders; and (c¢) doubly
robust (DR) estimators that include both OR and PS models simultaneously, and are robust to
model misspecification as they are valid when at least one of the PS or OR model is correct.
Those approaches have been widely discussed in the literature (??77).

? proposed the pseudo-observations approach to model the state probabilities in multistate
models. Consequently, pseudo-observations can be treated as complete data and be used for
regression analysis such as generalized linear model (GLM). Many applications based on pseudo-
observations are discussed in the literature including the estimation of: the restricted mean sur-
vival times (?), the survival function at a fixed time point (?) and the cumulative incidence func-
tion in the framework of competing risks (7). Additionally, their large sample properties have
also been thoroughly investigated by ?, 7 and 7. Recently, 7 introduced how pseudo-observations
can be utilized to estimate the ACE in the context of competing risks.

To estimate an ACE of interest in the context of recurrent event data, 7 investigated causal
inference for randomized trials and all-or-none compliance. They proposed a complier average

causal effect (CACE) which is the difference between the average numbers of recurrences in the
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treatment and control groups within the compliers. ? studied the effect of omitting covariates in
both the marginal rate model and the partially conditional rate model. The partially conditional
rate model induces confounding through conditioning on the event history which leads to a biased
estimate of treatment effect. This induced confounding by the conditioning is well-known in causal
inference (7). However, those approaches mentioned above are valid only if the assumed regression
model with confounding factors as covariates is correctly specified, which is however never known
in practice.

In this work, we aim to develop DR estimators espically using the pseudo-observations to
compare the CRFs of two groups and estimating the ACE for recurrent events in the presence of
confounders, which has not been studied in the literature. We aim to fill this gap. The proposed
DR estimators based on pseudo-observations assess some advantages. First, DR estimators are
robust to model misspecification as they are based on a combination of IPTW and the regression
model-based adjustment approaches. Second, the parameters related to OR model in the DR
estimators are easily to estimate as pseudo-observations can be straightforward used for regres-
sion analysis such as GLM without censoring issue. Third, the proposed DR estimators can be
easily constructed and implemented via standard software. Specifically, a model for treatment
assignment with confounders as covariates is fitted to treatment assignment and confounder data.
Given a set of time points, the pseudo-observations for each subject are then generated from the
nonparametric NA estimator for recurrent event data. The IPTW estimator for the ACE is the
difference between the weighted means of pseudo-observations from the two groups. The ACE
can also be estimated via the G-formula approach in which two OR models are considered with
treatment and confounders as covariates. While the first model assumes a semiparametric mul-
tiplicative rate (SMR) model on the event rate of recurrent process, the second one treats the
pseudo-observations of CRF calculated at a set of time points as responses in a GLM. Finally,

the DR estimators are constructed by combining both the IPTW estimator and the G-formula



Causal Inference for Recurrent Event Data 5

estimator obtained from either the SMR model, GLM or Super Learner (SL) approach. To test
the null hypothesis that the CRFs for the treated and untreated groups are identical, adjusted
versions of the two sample pseudo-score tests are proposed.

The remainder of the paper is organized as follows. In Section 2, we formalize the ACE
parameters of interest and use a naive NA estimator for estimation. In Section 3, we propose
several estimators including IPTW estimator, G-formula estimators and DR estimators. The
asymptotic properties of the proposed regression estimator and DR estimators based on pseudo-
observations are established, and a procedure to estimate variance with the bootstrap is also
provided. Graphical model diagnosis based on (pseudo-)residuals to assess the adequacy of the
proposed OR models are also presented. A family of adjusted two-sample pseudo-score tests is
proposed in Section 4. Section 5 reports some simulation results. The analysis of a real dataset
is provided in Section 6, and some concluding remarks are given in Section 7. All proofs, extra
simulation tables and additional figures are provided in the online supplementary materials. Also,

the R codes are deposited to github (https://github.com/ChienLinSu/CIRED-PO).

2. NOTATIONS AND FORMULATION OF THE PROBLEM

Consider a clinical trial of total duration 7 in which n patients are assigned to receive one
of two treatments. For subject ¢ (i = 1,...,n), let Z; be a dichotomous treatment indicator
and X; a p-dimensional vector of confounders. We denote observed values of Z; by z; and let
z = (21,...,2n) be the vector of treatment assignments for the whole sample where z; = 1 if
subject ¢ is in the treatment group and z; = 0 otherwise. Under the stable unit treatment value
assumption (SUTVA) of ?, subjects’ outcomes are independent of the treatment assigned to other
patients. Under treatment assignment z, we define Nf (t), the potential outcomes for the number
of events observed by time t € [0,7], and C?, the potential right censoring time. We assume
that the outcome for subject ¢ depends only on their treatment and not that received by other

patients. In addition, let Y?(t) = I(C? > t) be the potential outcomes for the “at risk” function
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indicating whether subject ¢ is under observation at time ¢. With two treatments, z € {0, 1}, and
all these elements indexed with z are defined for both treatments. Throughout this paper, we
assume (i) independence of vectors (N7 (-), Y;*(-), C7, Xy, Z;), i = 1, ..., n, which are also identically
distributed; (ii) random assignment where N}(-),Y;'(-), C}, NO(-), Y (-), C? are independent of
Z; conditional on X;, and (iii) censoring at random, meaning that censoring mechanisms C? are
independent of the recurrent event processes Nf given confounders X;. The focus of this work
is to estimate the average causal effect (ACE) at a specific time ¢ € [0, 7], which is defined as
the difference in the average number of recurrent events observed by time ¢ for patients in the
treated and untreated groups, i.e., we consider 8(t) = E[N'(t)] — E[N°(t)] = A(t) — A°(t),
where A*(t) = E[N*(t)]. When the occurrence rate of events is conditional on the event history
F5(t) = {N*(u) : 0 < u < t}, A*(t) is called a mean function (MF), but otherwise, it is
a cumulative rate function (CRF). ? showed that the estimated parameters in the Cox model
cannot be interpreted causally. The problem stems from conditioning on the event history, namely
that the hazard function for an individual at time ¢ implies that he survived up to that point. By
conditioning on a so-called collider, noncausal pathways may get activated and commonly used
effect estimates may not be interpreted causally as short-term risks (7). To avoid a similar issue,
we consider the occurrence rate of events at time ¢ unconditionally on the event history F7 (¢)
throughout this paper.

Instead of observing both potential counting processes N} (t) and N?(t) simultaneously, we
only observe N;(t) = Z;N}(t) + (1 — Z;)N?(t) for subject i and similarly for the observed at
risk process Y;(t) = Z;Y;'(t) + (1 — Z;)Y (t). When the treatment assignment Z; is indepen-
dent of the potential processes (N} (t), NO(t)) for i = 1,...,n; i.e., E[N;(t)|Z; = 1] = E[N}(t)]
and E[N;(t)|Z; = 0] = E[N?(t)], one might utilize the Nelson-Aalen (NA) estimator (?) to

estimate the CRF for the treated and untreated groups respectively. That is, (¢) can be es-

A Z;Y(s)

timated by Oxa(t) = Aka(t) — AQu(t) where Ak, (t) = Y7, [) =22 dN,(s) and
: : : HOYTIL Z3Y(s)
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N;(s). However, in observational studies, the existence

A 1-Z,)Y;

M0 = SI, f e 2
S (- Z)T5(5) A

of confounders prevents straightforward estimation of 0(t) based on Ona(t) because the inde-

pendence between the assignment Z; and the potential processes (N}(t),N2(t)) does not hold

anymore.

3. PROPOSED METHODOLOGY

In this section, we propose six different estimators for 6(¢) that account for confounders. Ta-
ble 1 summarizes the links between the proposed estimators and their corresponding models and
censoring assumptions. Basically, estimators based on pseudo-observations require censoring to
be independent of all other variables (censoring completely at random); while the conditional
regression model for the event times (SMR model) requires only that censoring is independent of

the counting process given the covariates (censoring at random).

3.1 IPTW FEstimator

To construct the IPTW estimator for 6(t), we utilize the pseudo-observations approach to CRF.
To be specific, given a time ¢, the CRF-based pseudo-observation for subject ¢ is calculated by
Ai(t) = nAna(t) — (n— 1)[\;& (t), where Ana(t) is the NA estimator calculated with all subjects
and Ay’ (t) is the same estimator obtained when leaving out subject 4. Illustrations of A*(t) may
be found in Web Appendix C. Simulated data are used to represent different shapes that can

occur: functions that are all positive, all negative, or display positive and negative values. In Web

Appendix A from the online supplementary materials, we show that
E[AY(t)|Z;, Xi] = E[N;(t)|Zs, Xi) = A(t] Zi, X2, (3.1)

where A(t|Z;, X;) shows that individual treatments and covariates may influence the expected
outcome. We then construct the IPTW estimator based on /AV(t) as defined above. Specifically,
we adopt the propensity score (PS) of ? to balance the confounders between the treated and

untreated groups in the sense that a PS-corrected distribution of the confounders would be
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identical in the two groups. In practice, the PS can be modeled by a logistic regression where we

denote the individual probabilities

ei(@) = Pr(Zi = 1|V,) = m (3.2)

with V; = (1,X;)7,i = 1,...,n and where « is the (p+1)-dimensional vector of regression
parameters. Using the IPTW approach proposed by ? as well as (3.1) and (3.2), A*(t), z €

{0,1} can be estimated based on the pseudo-observations A‘(t). For a fixed time ¢, the IPTW

A ZAi(t ;
estimator for A*(t) can be constructed as Ajprw(t) = n™ !>, e(éf)) and Abprw(t) =
nTty iy T@,where G is the estimate for o obtained by fitting the PS model in (3.2).

Thus, 6(t) can be estimated byfprw (1) = Alppw(t) — Alopyw (t) which is an unbiased estimate

of 6(t) as long as the logistic regression in (3.2) is correctly specified.

3.2  G-formula Estimators

Our second strategy is motivated by the G-formula (?), where outcome regression (OR) models
for the relationship between the outcome of interest, confounders and treatment are used to

eliminate the bias directly. We consider two versions thereof.

3.2.1  Semiparametric multiplicative rate (SMR) estimator We first consider the following semi-

parametric multiplicative rate (SMR) model
E[AN;(8)| X, Zi) = h{vZi + B7 Xi}du(t), (3.3)

where 3 and v are regression parameters, and u(t) is the unspecified baseline rate function.
The link function, h : R — R with A(-) > 0, is pre-specified and assumed to be continu-
ous almost everywhere and twice differentiable. Possible link functions include h(z) = exp(x),
h(z) = 1+ x and h(x) = log(l + exp(x)). Notice that the proposed model (3.3) is in line
with the models in ? and in subsection 3.3.3 of ?. Under model (3.3), 6(t) can be expressed

as 0(t) = Ex [E[N(tﬂZ =1,X] - E[N(t)\Z = (),X”, where Ex stands for taking expec-
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tation with respect to the distribution of X in the whole population. Hence, one can esti-
mate 6(t) by Osmr(t) = %Z:’L:l h{Asnmr + BenrXi i) — h{BdnrXi}A(t) |, where Biyp =
(4sMR; Bsmr, i(t)) are estimators of Biyr = (v*, 8%, 1u*(t)). Note that Biyy can be obtained
using results from ?, in particular their estimating equations (5) and (6) with K = 1 since
we consider only one type of recurrent events. Asymptotic properties of BgMR proved in The-
orem 1 of ? hold here, and details about inference procedures can be found therein. The va-
lidity of the estimator for éSMR(t) depends on the correct specification of the SMR model
(3.3), which can be assessed by examining the total summation of the residuals for each sub-
ject, Mi(t;’ySMR,BSMR) = Ni(t) — fg Yi(u)h{%MRZi + BQMRXZ-}dﬂ(u), as proposed by ?. For a
correct model, these residuals should have a mean of approximately zero and be independent of

the covariates.

3.2.2 Pseudo-Observations Estimator Instead of imposing a certain structure for all time points
such as the proportional rates in model (3.3), an alternative strategy consists of modelling the
covariate effects directly on the CRF at a finite set of time points using the pseudo-observations
approach. As investigated by 7, estimators based on the pseudo-observations approach are still
unbiased for the ACE of interest while the proportional hazard assumption is violated for the
Cox model. The same idea applies here and using pseudo-observations for CRF allows avoiding
bias when proportional rates are misspecified. The pseudo-observations are evaluated at those
time points and used as response in a generalized linear model (GLM) for the covariate effects.
Note that the individuals’ pseudo-observations in the GLM may not really be interpretable but
are rather just devices for estimation. Specifically, denote t = {¢1,...,ty} as the set of distinct
times and define the pseudo-observation for subject i at time ¢; as A?(t,) where h = 1, ..., H and

1=1,...,n. We then assume a GLM with

g(A (tn)) = E™" +~Z; + BT X, (3.4)
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where £ is the intercept term for time t,, 3 and ~ are regression parameters and g is a link
function. Common choices include the cloglog function g(z) = log(—log(z)) and g(x) = log(z). In
practice, the choice of link function depends on the parameter of interest. For example, one would
choose the logarithm function when estimating the cumulative hazard or the cloglog function for
estimating the probability of survival at a given time point. Note that when g(z) = log(x) and
& = log pu(ty), model (3.4) is equivalent to the SMR model (3.3), but since the estimating
strategies are different, a comparison between these two approaches is presented in Section 5. To
estimate the unknown parameters v, 3 and By = {£%, ..., £}, we use the generalized estimating

equation (GEE) as proposed by 7. We get the gradient

n —1 *. 17, . .
v = Y, PP IRy (R - o657 2. X)), (35)
=1

where 8* = (B, 7, 8), Ai(t) = (A (1), ..., Ai(tg))T, 0 (t, B*; Zi, X;) is a vector of H elements
whose j* component is equal to g~!(¢% +~Z; + BT X;), and V; : H x H is the usual work-
ing covariance matrix which may account for the correlation structure inherent to the pseudo-
observations as mentioned by 7. Note that although the pseudo-observations can be negative and
the proposed GLM in (3.4) has a log link function, the equation (3.5) still works for estimating
B* since it does not use the logarithm of the pseudo-observations. In the simulation studies and
the real data analysis presented in a later section, we adopt an independent correlation structure
among pseudo-observations. Additional simulations not reported here showed that specifying a
correlated matrix brings no advantage. This is in line with ? and ? who also suggest to use an
independent correlation structure in the context of competing risks. Under model (3.4), 6(¢),t € t
can therefore be estimated by 0po (t) = % S g7 Ebo AP0 +BE0 X)) — g (Ebo + Bho X |
where Bl*;o = (éfgo, APO, Bpo) are estimators obtained from solving equations (3.5) which can be
done by using the “geese” function in the R package geepack (?) using Z;, X; and a dummy
categorical variable for t = {t1,...,ty} as covariates.

For a given time ¢, denote by 35 = (£55, 750, Bpo) the true parameters of interest. Theorem 1
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in Web Appendix B shows the asymptotic normality of ,él’_ﬁ,o; the proofs based on the ideas of
? and ? are found in Web Appendix B. In addition, to assess the fitness of the model (3.4), we
adopt the idea of pseudo-residuals proposed by ? and ? to the context of recurrent event data.
To be specific, we compare the pseudo-observations /A\i(t) to the predicted values /A\(t|Z¢,Xi),
yielding the pseudo-residuals {A%(t) — A(t|Z;, X;);i = 1,...,n}. If the model fits the data well, no
trends should be perceptible in plots of the residuals against a covariate at any given time point.

We illustrate both residuals on a real dataset in Section 6.

3.3 Doubly Robust Estimators

The IPTW estimator éIpTW(t) and G-formula estimators éSMR(t) and Opo (t) are unbiased for
the ACE 6(t) only if the statistical models for the PS from (3.2) and OR model in (3.3) or (3.4)
are correctly specified. Doubly robust (DR) estimators, however, are robust to misspecification
in the sense that they combine both IPTW and OR estimators while remaining consistent as
long as one of those two models is correctly specified (?). Following this idea, we propose two
DR estimators which are constructed by combining the IPTW estimator éIPTW (t) with an OR
estimator using either Asyr (t) and fpo(t). Specifically, the DR estimators for CRFs A'(t) and

A°(t) can be constructed as follows:

A})R(t; d,@) _ %Z [Zel i(t) B (Z; — ei(d))Ee’.((d()t”Z — LXZ_)]’
i=1 K 7

where © is the estimator related to E(N(t)|Z = z, X), the estimator for E(N(t)|Z = z, X),

z € {0, 1}, obtained from one of the OR models. Thus, the SMR-based DR estimator for 0(t) is
PR (1) = Abr(t: & Osur) — Adg (t; &, Oswir) (3.7)

in which Osyr = (Ysmr, Bsmr, (1) and E(N(8)|Z = 0,X;) and E(N(t)|Z = 1, X;) are sub-

stituted by h{BaypX:}i(t) and h{fsmr + Bay XiHi(t), respectively, both obtained from the
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SMR model in (3.3). Another alternative DR estimator relies on pseudo-observations, and

in which Opo = (be,4P0,Bro) and E(N(t)|Z = 0,X;) and E(N(t)|Z = 1, X;) are replaced
by 97 (€bo + BpoXi) and g~ (Ebe + 4po + Bpo Xi), respectively, both coming from the GLM
in (3.4) which used pseudo-observations. The consistency and normality for DR estimators (3.7)
and (3.8) as well as their proofs are summarized in Web Appendix B.

We also investigate the DR estimator based on pseudo-observations when (3.2) and (3.4) are
nonparametrically estimated at slower convergence rates which can be reached by considering
the Super Learner (SL) estimators (?). That is, we consider 08% (t) = AL (t; Osr.) — A% (£ Os1,)
in which Ogy, denote the SL estimators for (3.2) and (3.4). For illustration, we only consider
algorithms, SL.knn, SL.glm, SL.mean and SL.randomForest, from the R package Super Learner

(?) to investigate the performance of é]SDIﬁ in Section 5.

3.4  Variance Estimation

The variance formulae for regression model-based estimators éSMR(t) and épo (t) may be calcu-
lated based on the delta method using the asymptotic properties of BgMR and B;O, respectively.
Such calculations are however not straightforward as they involve complicated formulae. Due to
the complexity of the variance formulae for GA]SD%R(t) and égg(t) as shown in Web Appendix B,
it may not be straightforward to calculate the variance. In addition, ? showed that a bootstrap
approach estimator results in better performances in terms of smaller standard error and approx-
imately correct coverage rate when using the IPTW approach for survival outcomes. Therefore,
to avoid the issues mentioned above, we propose to estimate the variances of the estimated ACEs
using nonparametric bootstrap which has also been adopted by ? to obtain confidence limits
for the ACE of interest in the context of competing risks. That is, we first resample n subjects

with replacement from the original data in order to obtain a bootstrap sample. Second, we re-
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calculate the PS and the NA estimator based on a bootstrap sample. Third, we calculate the
pseudo-observations based on the recalculated NA estimator and the proposed estimators are
applied on a bootstrap sample. Finally, the above procedure is repeated B times. The variances

are computed empirically from the B estimates.

4. TWO-SAMPLE TESTS

We now consider developing tests for Hq : A1(t) = A°(t),0 < t < 7, versus Hy : A1(t) # A°(t), for
some 0 < ¢t < 7, where A*(t),z = 0,1 are the CRFs for the untreated and treated groups respec-
tively. In the absence of confounders, 7 investigated a family of pseudo-score test statistics for
the null hypothesis Hy. The test statistics studied by ? are based on UCMN (¢ fo dHN Alu),
where Q(u) = {Yy. (uw)Y1.(u)a(u)}/Y. (u), a(u) is a fixed weight function such as 1 or ¢t — u,
Y,.(u) = Y iz Y;(u) is the size of the risk set at time u for treated (z = 1) and untreated
(z = 0) groups, and Y, (u) = Yo (u) + Yi.(u) is the total number of individuals at risk at
time u in the whole sample. ? proposed standardized form of the test statistic using a vari-
ance estimate Vp(t) based on a Poisson process assumption, and an alternative variance estimate
Vi (t) robust to a departure from that assumption. Under Hy, both US™N(t) = [UC™N(£)]2/Vp (1)
and US™N(t) = [UCEN(#)]?/Vi(t) are asymptotically x(1). These tests assume random assign-
ment and can therefore not be directly performed when the groups are unbalanced due to
confounding. Consequences of ignoring the failure of this assumption are shown in Section 5.
To fix the imbalance, we exploit the weighted log-rank test for statistical comparison of sur-
vival functions proposed by ? and define three adjusted versions of the two-sample pseudo-score
tests in which components in Q(u) are re-weighted and 6(¢) is estimated by a DR estimate
from é%l\}/{R(t), égg(t) or Q%Iﬁ(t). Specifically, let w*(u) = Y,.(u)w;(&)/ > iz,—. wi(@) be the
weight function at time u for individual ¢ in the untreated (z = 0) or treated (z = 1) groups,
where w;(&) = Z;/e;(&) + (1 — Z;)/(1 — e;(&)). Hence, the weights w](u) are proportional

to the number of individuals at risk for a given time u in each group. We then propose the
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fO d@SMR(u)

following three adjusted pseudo-score test statistics UsHE(t) = ASMR 0 , USR() =

t * APO U HSL N 5 ~
fOQ&gg(ffR( !, S where Q') = TV (au) /¥ 1)

Y (u) = Y iiimn Oz Wi (u) for 2 = 0,1, Y*(u) = Y (u) + Y;*(u) is the weighted number of

and USk(t) = Jh @

individuals at risk in the combined sample at time u, and the denominators are the estimated
standard errors of their respective numerators based on a nonparametric bootstrap approach.
Under Hy, the test statistics USMT(t), UL (t) and USk (t) converge asymptotically to a standard
normal for any fixed time point ¢; thus, the null hypothesis is rejected at level « if the absolute

value of the chosen test statistic exceeds z, /2.

5. SIMULATIONS

Several simulation studies are conducted to evaluate the proposed estimators. For subject i,7 =
1,...,n, the data generating process has three independent covariates (X1, X;2, X;3), a bernoulli
with mean 0.5, a uniform on (0, 1) and a standard normal respectively. The propensity score (PS)
model (3.2) has logit(e;(ar)) = 0.2 + 0.4X;; + 0.6X;2 + X;3. This yields approximately 64% of
treated subjects and 36% of untreated individuals based on 500 simulated data. Event times for
subjects are generated from the homogeneous Poisson processes (HPP): E[dN;(t)|X;1, Zi,1:]) =
n; exp{vZ; + BX;1}du(t), where n; is a subject-specific Gamma frailty with E(r;) = 1 and
Var(n;) = o2 inducing a positive correlation among the within-subject events. A large 0% im-
plies a high positive correlation among event times, and 02 = 0 yields 7; = 1, which induces
independence for event times within subjects. We set = —log(5) and v = log(0.8). A study
duration of 7 = 1 is employed, and the censoring time for each subject is independently generated
from a Uniform(0,7), which is also independent of the event processes. We consider n € {100,300},
0% € {0,0.25} and pu(t) € {5t,20t}. With 02 = 0 and pu(t) = 5t, the expected number of events
per subject are 1.1 and 1.6 in the treated and untreated group respectively. They become 4.5 and

6.4 if (t) = 20t. The variances of estimators are estimated based on B = 200 bootstrap samples.
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Table 1 in Web Appendix C presents the performances of the marginal estimators 4 and
/3 obtained from SMR (3.3) and GLM (3.4). For GLM, we assume an independent correlation
structure among pseudo-observations calculated from 4 or 10 time points which are either j/5
for j=1,...,40r j/10 for j = 1,...,10. For each estimator, we report the average bias (Bias),
the empirical standard error (ESE), the average of the standard error estimator (SEE) and the
empirical coverage rate (CR) of 95% confidence interval. Overall, the performance of marginal
estimators is reasonable. Compared to the estimates obtained from the SMR model, the estimators
based on pseudo-observations have slightly higher ESE (SEE) especially for estimators using only
4 time points. Indeed, the SMR model uses all data information between times 0 and 1 whereas
the GLM based on pseudo-observations only 4 or 10 time points between times 0 and 1. However,
ESEs (SEEs) from both models are close when the sample size n or the baseline rate function
w(t) increases. From now on, to obtain better performance, the subsequent analyses related to
pseudo-observations are conducted based on 10 time points.

Table 2 and 3 in Web Appendix C show the performance of estimators fgyg (t) and Opo(t)
when the baseline rate functions are p(t) = 5t and 20t, respectively. We obtain that 0po has
higher ESE and SEE than éSMR, but that gap decreases as n increases while the CR is getting
closer to the 95% nominal level . As o2 increases, so does the ESE and SEE of estimators épo
and fgyr. We also present the mean square error ratio (MSER), which is the ratio of MSE of
épo to the MSE of éSMR. We observe values of MSER, greater than 1, meaning that the MSE of
éSMR is smaller, but this relative advantage seems to decrease as n increases.

Next, we examine the robustness of the IPTW estimator 91pTw(t) and the DR estimators
éISDI\P/{R7 égg and QA]SD%{. For comparison purposes, the naive NA estimator is evaluated as well.
We report the MSER of each estimator with the MSE of A5 as a reference. We estimate 6(t)

at t = 0.4 and 0.8 for three scenarios: (a) scenario (C,C) where PS model and OR model in

HPP are both correct, (b) scenario (C,N) where the PS model is correctly specified but the OR
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model is not, and (c) scenario (N,C) if which the OR model is correctly specified but not the PS
model. While the incorrectly specified PS model omits covariate X;3, the incorrect OR model in
HPP includes covariates X;o rather than X;;. Table 2 presents the results with p(t) = 5t and
02 = 0.25. The bias of éN A is obvious with a CR furthest from 95% nominal level in all scenarios
especially for n = 300. For scenario (C,C), élpTw7 é]SDI\P/fR, ég% and é]%]f{ are unbiased and CRs are
consistent with the 95% nominal level. Moreover, HA]SDI}/{R, ég% and égﬁ have similar performance
as n increases. Their ESE and SEE are slightly lower than that of élpTW especially for HAIS)%,.
MSER values imply that HA]SDIf)\ has the smallest MSE among all DR estimators. As expected,
those estimators improve as n increases from 100 to 300. For scenario (C,N), frprw, HA]SDI\F/{R, égg
and HA]SDIIQ display little bias with reasonable CRs even when n = 100. ESE and SEE are slightly
higher for é[pTW compared to DR estimators. In addition, HA]S)I;{ has the smallest MSE among
all DR estimators. For scenario (N,C), élpTw is biased as the PS model is incorrectly specified.
Three DR estimators é]SDI\P/{R, éBg and é]sjrﬁ are unbiased with a CR consistent with 95% nominal
level, and é]SDIﬁ has the smallest MSE. From the simulation results of three scenarios, researchers
would focus more on getting correct model for OR as the DR estimators tend to have smaller
ESE and SEE once the OR model is correctly specified. In Section 7, we give a concrete set of
recommendations in practice on which estimators to prefer for which situations.

Table 3 presents simulation results of the test statistics given in Section 4. We set a(u) = 1
and examine the empirical type I error rates and power of these test statistics. We re-express the
parameter in HPP as v = log ¢ and set 8 = —log(5). The parameter ¥ represents the treatment
effect on the CRF of the treatment group. Under Hy : A(t) = A°(¢),0 < t < 1, event times for
subjects are generated with 1 = 1 and u(t) = 5¢ and 20¢, respectively. Table 3 summarizes type I
error rates under the scenarios (a), (b) and (c) described in the previous paragraph. We observe

that both tests UELN(t) and UgLN(t) proposed by ? have inflated type I error rates increasing

along with larger value of u(t), particularly for US™N(#). The inflated rates are caused by the fact
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that fya is a biased estimator (see Table 2) due to confounding, and the value of Q(u) without
adjustment for the risk sets Y, (u),z = 0,1 is larger than the adjusted Q*(u). These two factors
lead to UCMN(t) having a large value and then easily rejecting Hy, even with robust variance
estimation. Note that two tests US™N(¢) and US™N(t) can be performed via the mcfDiff.test
function in R package reda (?). As expected, the proposed tests USNE(t), USQ(¢) and USE(t)
generally have similar and satisfactory performance for all scenarios. This is not surprising given
the robustness of the DR estimators for 6(¢) observed in Table 2. Overall, the error rates are
consistent with the 0.05 nominal level as n increases.

Table 4 of Web Appendix C shows the empirical power for test statistics under the alternative
hypothesis where ¢ = 1.5. When o2 = 0, the power of USME(¢), UEQ(t) and USk (¢) are similar
and comparable in all scenario. As expected, power increases as n gets larger for each value of p(t).
The power also increases with p(t). We observe that power is higher in scenario (N,C) compared to
the other two scenarios. This result may be induced by the relatively smaller estimated standard
errors GouR(t), 659 (¢) and 68% () while their respective numerators are similar, resulting in the
test statistics USME(t), USQ (t) and USk(¢) can more easily reject Hy. As 2 increases from 0 to
0.25, the power of the three proposed tests decreases in each scenario. Note that the power of
the analyses based on US™N(¢) and US™N(¢) are uninterpretable given the serious inflation of the

type I error rate observed in Table 3.

6. REAL DATA ANALYSIS

We apply the proposed methodology to a hospital readmission dataset for colorectal cancer
patients. This dataset is available from the R package frailtypack (?). Each of 403 patients
were followed up for a period of time, and the hospital readmission times for each patient were
recorded. Time O corresponds to the first hospital admission due to colon cancer. Among 403
patients, 199 patients had no readmission, 150 patients had one or two readmissions and others

patients had up to 22 readmissions. Patients were treated or not treated with chemotherapy, a
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decision that could be influenced by potential confounders including sex (male or female) and
Duke’s stage (combined in 3 groups: stages A-B, stage C, stage D).

The upper portion of Table 4 shows the estimated parameters for the propensity score (PS).
We observe that males have a higher probability to be assigned to the treated group given the
same Duke stage. Patients with Duke’s stage A-B (the baseline group) or Duke’s stage D also tend
to be assigned to the treated group. The estimated weights w; (&) = Z;/e;(&)+(1—Z;)/(1—e;(&))
for both treated and untreated groups are shown in Figure 2 of Web Appendix C. The boxplots
indicate that the weights behave well for both groups with higher variation in the untreated group.
The bottom panel of Table 4 presents the parameters of the OR based on SMR model (3.3) and
GLM (3.4) with g(z) = log(z) and &' = log u(t). Pseudo-observations A;(t) are calculated for
each patient at all 367 observed event times from the hospital readmission data. We observe that
chemotherapy reduces the risk of hospital readmission under both OR models with significant p-
values at the 10% level for both and at the 5% level under GLM (3.4). The coefficient estimate for
females reveals that they have a lower readmission rate than males and is statistically significant
in both OR models. The estimated coefficient for Duke’s stage D is significant, which implies
that patients at the highest stage of the disease have intensive hospital readmission. Overall,
the fitted results from the SMR model are consistent with the findings based on the GLM, but
they display slightly lower standard errors. The results described above are compatible with the
findings of 7 in terms of significance and direction of the effects. This is not surprising as they
also assumed that covariates and treatment have proportional effects on the occurrence rate of
counting process although they considered a parametric model.

Figure 3 of Web Appendix C is used to assess the adequency of GLM (3.4) with g(z) =
log(z) and &' = log u(t). It shows boxplots of the pseudo-residuals for both treatment groups
at given several time points. Since the pseudo-residuals fluctuate around zero at any given time

point, the plots support the adequacy of the proposed GLM. The variation of pseudo-residuals
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increases as time increases, especially for the untreated group. An additional set of pseudo-
residual plots with sex as a covariate is presented in Figure 4 of Web Appendix C. Therein,
the pseudo-residuals vary around 0 and the variation increases with time, especially for male
patients. Figure 5 of Web Appendix C presents residuals Mi(Ci; ASMR, BSMR) plotted against the
covariate sex and treatment respectively. The residual boxplots indicate that the proposed SMR
model (3.3) is suitable for the readmission data since residuals symmetrically fluctuate around
zero. The variation of residulas tend to be higher in male group and untreated group, which is
consistent with the findings based on pseudo-residuals.

Figure 1 shows the estimated CRFs stratified by the treatment. Since they are so similar, we
omited some curves and present only the estimates based on pseudo-observations along with the
NA estimator. In the untreated group, the DR estimators (plain and longdash lines) are similar
to the NA estimator (dotted line) while the estimator based on GLM is slightly higher. In the
treated group, the curves based on the DR estimators are higher than that of the NA estimator,
indicating a lower treatment effect after the adjustments. That is, the DR estimators reduce the
confounding effect of sex and Duke’s stage, and therefore provide a better estimation of CRF for
the treated group than that of the NA estimator. Note that in both groups, the DR estimator
with SL is overlapping with the DR estimator based on GLM.

To test Ho : Al(t) = A°(t), we conduct several tests based on chosen time points. We applied
the two-sample tests described in Section 4 based on B = 200 bootstrap samples. Table 5 in Web
Appendix C dispays the results. The test statistic USLN(t) implies that the difference of CRF's
between untreated and treated groups is identifiable after ¢ = 560.6 at the 5% level. However,
our proposed test statistics show that the difference of CRFs between two groups never reaches
significance at the 5% level. This might be explained by the fact that our proposed test statistics
are able to provide precise comparison between two CRF's as they are constructed based on robust

DR estimators, which could reduce or eliminate the confounding biases. Also, the test results are
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consistent with our findings as shown in Figure 1 that the CRF's of treated group become higher

after adjustment which shrinks the difference between two CRFs.

7. DISCUSSION

In this work, we propose several estimators for the difference in the CRF of two groups whose as-
signment to a treatment may depend on confounders. Our proposals include IPTW estimator, OR
model estimators and DR estimators. The proposed DR estimators are based on a combination of
PS and OR models, and they are robust in the sense that they are consistent whenever either one
of these models is correctly specified. Asymptotic properties of the estimators are discussed and
the normality of the regression marginal estimators based on pseudo-observations are derived. To
assess the adequency of the two proposed OR models, we develop two graphical model diagnosis
tools. We also propose adjusted two-sample tests to compare two CRFs . Simulation studies show
that the proposed methods perform well for finite sample scenarios. The proposed methodology
is applied to a recurrent hospital readmission dataset for colorectal cancer patients.

Examples of pseudo-observations for CRF in Figure 1 of Web Appendix C show that pseudo-
observations can take negative values, a behaviour akin to pseudo-observations for survival func-
tions which are not necessarily within (0,1) as showed in ?. This does not affect the consistency
of the proposed DR estimators constructed based on the asymptotic property in (3.1). In addi-
tion, to avoid the possible collider issues as mentioned in Section 2, we consider the marginal rate
model, SMR, with occurrence rate of recurrent events unconditional on the event history. Accord-
ing to 7, marginal rate models are often preferred in practice because they provide more direct
practical interpretations for identifying risk factors when comparing to the models conditioned
on the event history.

As we showed in simulation studies, using 10 equally spaced time points yields good perfor-
mances for the estimation of marginal parameters in (3.4) using pseudo-observations of CRF. A

similar idea is recommended by ? for who choosing 5 to 10 equally spaced time points works well
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for parameter estimation based on pseudo-observations of survival function. It might improve
the efficiency of marginal estimator when using large number of points as mentioned by ? and
studied by ?. However, the tradeoff between using a large versus small number of time points is
that it may be time-consuming to solve the estimating equation (3.5) when the number of time
points is large since it requires a large number of parameters in the intercept term Bg. To obtain
smooth looking curves of CRF for the readmission dataset, we utilize all observed event times
as the time set to calculate pseudo-observations instead of using 10 time points. In practice, one
could first adopt 10 equally spaced time points to estimate marginal parameters and plot the
estimated CRF. If the estimated CRF does not look smooth enough, one can use all observed
times as a time set to calculate the pseudo-observations and then obtain a smoother looking
estimated CRF.

The simulation studies show that the IPTW estimator for 6(¢) could be biased with small
sample size although it is asymptotically unbiased. We thus suggest that researchers adopt that
estimator only when the sample size is large (n = 300 from our simulation studies) to avoid
the finite-sample bias caused by high variation of weights. The true form of PS model is almost
never known in observational studies, which leads to bias estimation of (¢) depending on the
unknown extent of model misspecification. When the OR model is correctly specified, two estima-
tors Osur (£) and Opo (t) have smaller ESE and SEE compared to IPTW estimator and three DR
estimators. We suggest that researchers use the G-formula estimators when the OR model can
be correctly specified. In real-life settings, the true nature of the relationship between exposure
and confounders with respect to the outcome is however never known. Model misspecification
will result in biased estimators for 6(¢). To mitigate the effects of misspecification of the PS or
OR model, researchers can use the DR estimators which remain consistent if at least one of the
PS or OR model is correctly specified. Besides, we would recommend that researchers use the

DR estimator with SL approach as it provides substantially better performance.
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In this work, we consider the situation where the treatment is independent of all other vari-
ables. However, some observational studies may just allow conditional independence of the post-
treatment variables given pre-treatment variables. This will be an interesting topic in future work.

Extending current work to admit time-varying confounders will also be future projects.
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Table 1. List of different models used in the definition of the proposed estimators and their corre-
sponding censoring assumption (shown in the columns).

IPTW  G-formula Doubly robust

Model birrw  fswr  Opo é[s)l\lé{R ég?{ é]S)]ﬁ
Logistic regression for PS X X X
Semiparametric multiplicative rate (SMR) X X
Generalized linear model (GLM) X X
Super Learner for PS X
Super learner for GLM X
Censoring assumption
Censoring completely at random X X X X
Censoring at random X X

PO: pseudo-observations; DR: doubly robust; IPTW: inverse probability of treatment weighting; SL:
super learner; Censoring completely at random: censoring is independent of all other variables; Cen-
soring at random: censoring is independent of the outcome given the covariates

23
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Table 2. Simulation summaries for doubly robust estimator based on 500 replications with u(t) = 5t and o2 = 0.25.

Estimators
0(0.4) = —0.24 0(0.8) = —0.48
n (PS,Reg) éNA éIPTW é]SDl\lgR égg é]SDIﬁ éNA éIPTW é]SDI\éR égg é]SDIﬁ

100 (C,C) Bias  -0.135 -0.015 -0.008 -0.008 0.010 -0.254 -0.047 -0.034 -0.031 0.003
ESE 0.334 0.447 0.399 0.403 0335 0.706 0.838 0.775 0.782  0.669

SEE 0339 0429 038 0389 0324 0.674 0.859 0.760 0.773 0.652

CR 0918 0.942 0938 0938 0930 0914 0.952 0.948 0.949 0.945

MSER 1.267 1.754 1.411 1.441 1(ref) 1.221 1.741 1.362 1.407 1(ref)

(C,N) Bias  -0.115 0.028 0.016 0.011 -0.058 -0.212 0.010 -0.013 -0.026 -0.090
ESE 0.343 0373 0.369 0371 0352 0.688 0.776 0.750 0.763  0.730

SEE 0334 0383 0372 0378 0333 0.668 0.795 0.790 0.792 0.712

CR 0916 0.936 0940 0944 0936 0.922 0.942 0.950 0.953 0.940

MSER 1.096 1.289 1.219 1.254 1(ref) 0.953 1.227 1.211 1.217  1(ref)

(N,C) Bias  -0.125 -0.048 -0.020 -0.020 0.013 -0.232 -0.071 -0.044 -0.045 -0.011
ESE 0.342 0.319 0.308 0.308 0.303 0.713 0.686 0.664 0.665 0.615

SEE 0.337  0.310 0.298 0.298 0.289 0.668 0.678 0.594 0.595 0.585

CR 0915 0912 0940 0942 0935 0906 0.914 0.940 0.940 0.938

MSER 1.554 1.181 1.072 1.072 I(ref) 1.462 1.357 1.038 1.041  1(ref)

300 (C,C) Bias  -0.143 0.001 0.009 0.009 -0.005 -0.300 0.005 -0.001 -0.001 -0.007
ESE 0.214 0.209 0.198 0.198 0.196 0421 0425 0419 0420 0.415

SEE 0.196 0.203 0.194 0.194 0.190 0.398 0.419 0411 0.411 0.406

CR 0874 0946 0.950 0.948 0949 0870 0.936 0.948 0.948 0.946

MSER 1.639 1.139 1.027 1.027 1(ref) 1.493 1.054 1.012 1.012  1(ref)

(C,N) Bias  -0.131 -0.007 -0.001 -0.001 -0.002 -0.275 -0.004 0.007 0.007 0.002
ESE 0.204 0.192 0.188 0.189 0.184 0.389 0.413 0.409 0.411 0.409

SEE 0.196 0.209 0.204 0.204 0.197 0.393 0420 0413 0.412 0.408

CR 0.888 0.960 0.956 0.950 0.956 0.896 0.950 0.960 0.956 0.955

MSER 1474 1.157 1.078 1.078 1(ref) 1.411 1.079 1.049  1.037  1(ref)

(N,C) Bias  -0.111 -0.012 -0.001 -0.001 -0.002 -0.231 -0.015 -0.002 -0.002 -0.003
ESE 0.208 0.173 0.162 0.162 0.159 0.417 0.343 0.331 0.332 0.329

SEE 0.194 0.169 0.160 0.160 0.157 0.391 0.344 0.330 0.331  0.327

CR 0.908 0916 0.950 0.950 0948 0.886 0.915 0.950 0.950 0.948

MSER 2.028 1.166 1.041 1.041 I(ref) 1943 1.113 1.018 1.028 1(ref)

Bias: bias of parameter estimator; ESE: empirical standard error of the parameter estimator; SEE: mean of the standard error
estimator; CR: coverage rate of the 95% confidence interval; MSER: mean square error ratio NA: Nelson-Aalen estimator; IPTW:
inverse probability of treatment weighting estimator; SMR: semiparametric multiplicative rate; PO: pseudo-observations; DR: doubly
robust; SL: super learner; ref: reference; B = 200 for standard error estimation(SEE).
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Table 3. Empirical type I error rates for test statistics based on 500 replications.

02=0 02 =0.25

(PSReg) p(t) n UM URM USg™ Upg Upg U™ UR™ Upg® UpR Uy

(C,C) 5t 100  22.0 8.2 4.5 4.5 5.5 31.0 9.2 5.5 5.5 5.7
5t 200  22.0 10.8 4.9 5.0 5.2 25.0 9.6 5.2 5.2 4.9
5t 300 28.2 12.8 4.8 4.8 5.1 30.2 10.2 5.3 5.3 5.3
20t 100 41.6 12.0 5.5 5.5 4.6 51.0 9.4 4.8 4.7 4.8
20t 200 514 15.0 4.8 4.6 4.8 57.0 11.8 5.5 5.5 5.3
20t 300 58.8 18.6 5.1 4.9 5.2 58.4 13.2 5.2 5.3 5.1

(C,N) 5t 100  18.0 9.0 4.5 4.5 4.5 23.2 8.6 5.1 5.1 5.2
5t 200 244 114 5.3 5.5 5.2 30.0 11.6 6.4 6.4 5.6
5t 300  27.8 13.4 4.6 4.6 4.8 34.0 10.6 5.4 5.2 5.2
20t 100 41.6 12.0 5.4 5.5 5.3 54.2 9.8 5.5 5.6 5.5
20t 200 48.2 14.6 5.2 5.3 5.4 55.4 12.2 5.8 5.8 5.4
20t 300 56.2 21.6 5.4 5.4 5.3 61.0 12.8 5.4 5.5 5.3

(N,C) ot 100 19.4 10.6 9.5 4.5 5.4 26.6 7.6 5.1 5.1 5.2
5t 200 25.6 12.0 5.2 5.2 5.4 30.0 10.0 4.6 4.6 5.4
5t 300  26.4 11.8 4.8 5.8 5.6 34.0 11.6 5.1 5.2 5.2
20t 100  40.2 11.4 5.0 5.0 5.2 46.6 9.2 4.5 4.5 4.6
20t 200 55.2 17.8 5.6 5.5 5.4 55.0 10.3 5.4 5.4 5.3
20t 300 59.6 20.6 5.5 5.5 5.4 60.8 15.8 5.3 5.3 5.4

The numbers for type I error rates are multiplied by 100. SMR: semiparametric multiplicative rate; PO: pseudo-
observations; DR: doubly robust; SL: super learner; USLN: variance estimate is based on Poisson process assumption;

UgLN: variance estimate is based on robust to a departure from Poisson process assumption.
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Table 4. Parameter estimates for hospital readmission data.

Logistic Model for PS

Parameter Est. SEE  P-value

Intercept 1.024 0.186 <0.001
Female -0.256  0.220  0.245
DukeC -1.771  0.245 <0.001
DukeD -0.563 0.288  0.051

Outcome Regression (OR) model

SMR Model GLM Model

Parameter  Est. SEE P-value Est. SEE P-value

Chemo -0.266 0.158  0.092  -0.522 0.250  0.036
Female -0.495 0.166  0.003  -0.427 0.209  0.041
DukeC 0.384 0.228  0.093 0.337 0.254 0.184
DukeD 1.514 0.218 <0.001 1.230 0.240 <0.001

Est.: Parameter estimate; SEE: Standard error estimate; PS: propensity score;
SMR: semiparametric multiplicative rate; GLM: generalized linear model




REFERENCES 27

The Estimated Cumulative Rate Functions

1T
Treat Nontreat ’I.I
— NA i
0 | —— PO /!
s - DR /
2 — DR with SL )
2 I/
1S
® o |
&9 [V
s
‘a
3
I 2 4
k3
9]
o)
€
=} o
Z =
o
2
©
g
e}
3 <7
o
S
T T T T T
0 500 1000 1500 2000
Time (days)

Fig. 1. The estimated cumulative rate functions for treat and nontreat groups from hospital readmis-
sion data using the Nelson-Aalen (NA) estimator, pseudo-observations (PO) estimator, doubly robust
(DR) estimator based on pseudo-observations (PO) and doubly robust (DR) estimator based on pseudo-
observations (PO) using Super Learner (SL).
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In this online supplementary materials, we provide the details that have been left out of the
main paper. In Web Appendix A, we show the result that E[A'(t)|Z;, X,] ~ E[N;(t)|Z:, X:| =
A(t|Z;, X;), which was used to construct the IPTW estimator and DR estimator as shown in
the main paper. In Web Appendix B, the large sample properties of the proposed regression
estimator based on pseudo-observations is investigated. Also, the asymptotic properties for the
proposed two doubly robust estimators are provided. Additional figures and simulation tables
are provided in Web Appendix C.

Web Appendix A

Let (D,]| - ||) and (E, || -||) be Banach spaces and (€2, F, P) be a probability space. Consider
an open subset W C D and a functional ¢ : W — E. Assume that (X', .4) is a measure space.
Define a map d() : X — D and consider an i.i.d. sample Q = (@1, ..., Q) defined on (2, F, P)
with values in X. We then define the sample average by

177/
F,— -5 6, €D, 1
”zzl Q € (1)

and denote F € D as the limit of F,, if it does exist.
First, we impose the following regularity conditions combining from Cai and Schaubel[2],

Zhang and Schaubel[5] and Overgaard et al.[7].
(C.1) The functional ¢ is C* for any k € N; that is, ¢ is k times continuously differentiable.

(C.2) There exists a constant d such that ||dg|| < d and ||F,, — F|| = o,(n~1/4).

(C.3) E[¢(Q)] = 0 and E[p(Q;,q)] = 0 for all ¢ € X, where ¢ and ¢ are the first and second
order influence functions of the functional ¢.

) Az, x) - 2LEET)

is the covariate space. Moreover, A(B; Z, X ) has finite second moment.

is continuously differentiable for all (Z, X) € €2, where 2

1



(C.5) 8,(23 A(B* Z, X)o(t,B"; Z, X ) and A(B"; Z, X>8iﬂ*g<t’ B*; Z, X ) are dominated integrable
in a neighborhood of 3.

(C.6) @Z A(B*; Z,X)| is dominated integrable in a neighborhood of 3.

(C.7) The matrix M = E[A(B"; Z, X)aﬁ* o(t, 3% Z, X)|g*—p;] has full rank.

(C.8) Pr(Yi(t) =1) > 0 and N;(7) is bounded by a constant, where 7 means the terminal time
of the study.

(C.9) X, are bounded; i.e., there exists an interger M such that ||X;||< M fori=1,...,n

(C.10) Let n = (Z,X)" and 9** = (y**,8") is the unique solution to
T h(l)(ﬁ**n) 5
El{n—— — E(s; 9" N(u) = 0.
| B[~ B o a0

The matrix B(9**) = [ v(s, 9**)s( (s,9**)du:*(s) is positive-definiteness. Notice that
V= (v, B87) = (v, 8%) = ¥* when the semiparametric multiplicative rate model is
correctly specified.

(C.11) For ¥ € By, where By is a small neighborhood about ¥*, h(19n) is locally bounded away
from 0.

(C.12) For i = 1,...,n, there exists M; > 0 and My > 0 such that 0 < M; < w;(a) < My < o0,
Z; 1—27;

eila)  1—e(a)’

where w;(a) =

(C.13) The parameter a belongs to a compact subset of Q € R* where R* is a k-dimensional
Euclidean space. The likelihood f(z, &) = e(a)?(1 —e(a))!™* is measurable in z for every
a € Q. In addition, f(z, ) is continuous in a for every z.

f(z, 0| X)
C.14) For all z and o, log ————=
(1 7z aX)

< g(z), where g(z) is a function satisfying Fu«|g(z)| < oc.
(C.15) s (u;9) and v (u;99), for d = 0,1,2,3 and r = 0, 1, 2 are continuous functions of ¥ € By
uniformly in v € [0,7] and are bounded on By x [0, 7] with s(!)(u;9) = 95 (u;9) /09,
s® (u;9) = 0250 (u;9) /00097, v (u; 9) = 9r O (u; 9) /90, v (u;9) = 0*r O (u; ) /009",
are defined below. As n — oo for ¥ € By,d =0,1,2,3 and r =0, 1, 2:
sup [ (u;9) — s (u;9)| =0,
u€(0,7)
sup ||R" (u;9) — v (u; 9)|| &2 0,

u€l0,7)

where ||a|| = (aTa)'/? and

RO (u; ) =n~t Z Y;(u)log {%}h(ﬁ*m%

h(” 19"71)

R (u; ) = (;LR(O) (u;9) =n" Z



2
0 R(O)(u; )

~ 9009
I Lo w2 [ 1P (U A (9n,) 2 .

R (u; )

(C.16) a** is the unique maximizer to E[Za'V —log(1l + exp(a' V)], and Q(a**) is positive
definite, where

_ rexpla"V)VV'
Q) = B| T et

Note that a™ = a* when the logistic regression model is correctly specified.

Notice that the condition (C1) holds for our applications. The Nelson-Aalen functional ¢
defined in the later Equation (2) is C*, k € N as mentioned in Example 4.1 of Overgaard et
al.[7]. Also, the condition (C.8) implies that the boundness of ||dg|| in condition (C2) holds in
our application since ||dg|| is related to the number of jump or at risk at a specified time point.
Under conditions (C1) and (C2), the influence functions ¢ and ¢ are at least integrable which
leads to the condition (C3) holds.

The Nelson-Aalen estimator Ay (t) for cumulative rate funtion can be viewed as a function

¢ of F. That is, we define
[ FdN(s)
o = [ T 2

where {N(s),s > 0} is a right-continuous counting process giving the number of recurrent
events in [0,s] and Y(s) = I(C > s) is at risk process at time s. Hence, Aya(t) = ¢(F,) and
Ao(t) = ¢(F). Denote 6, = (Y,, N,) as an observation ¢ € X, where Y,(s) = I(C, > s) and
N,(s) are at risk process and the number of events in [0, s], respectively.

Let H = ¢, — F. The first-order influence function (see Chapter 20 of Van der Vaart[1]) of
the functional ¢ can be calculated as follows:

3(a) = Gi(H) = “Lo(F + (5, ~ F))
_d (" (F+e(5,—F))dN(s)
T &Sy ®rels, - H)V)

e=0

b
- / (). 3)

where 7(s) = FY(s) = E[Y(s)] and M,(s) = fos[qu(u) — Y, (u)dAo(u)]. The second-order
influence function of the functional ¢ can be calculated as follows:

2

B(H) = L50(F + (5, ~ F)|

/t d  HdN(s)

e=0

B /t d HY (s)(F + cH)dN(s)
e=0 o de |

de (F + cH)Y (s) ==

(F+cH)Y (s)]2  le=0

3



- H

(— 1)H2d ()Y ( H? (s)dN s) t FY (s)

:/o [FY (s))? / [FY (s)]? / [FY (s))? }
H2dN ()Y (s) Y (s))

/ (s |2 +2/0 [F)}(s)

Thus, based on Equation (4), we obtain
9(Q1,Q2) = dp(dq, — F. 0, — F)

= (-2) | (Gaufa, ~ Fog, = Fhg, + F) LI alN (o) - V(s)ana(o)]

= (-2) [ daubas IV - V)ina(o)] 42 [ ()

2 / (Ii}(/;»QdMQQ(s)

[ 2FY (s) — Yo,(s) . LOFY (s5) — Yo, (s) .

_/0 (71'(5))2 dMQl( )+/0 (7_‘_(8))2 dMQz( ). (5)
Denote F, ™ = - i ] > i 0g; as the empirical distribution leaving out the ith observation.

For a given time ¢, the pseudo-observation can be expressed by

Ri(t) = nhna() — (n — DAL
= ng(F,)) — (n — 1)p(E?). (6)

Since the Nelson-Aalen functional ¢ from Equation (2) is C* (see Example 4.1 in Overgaard
et al.[7]); that is, k£ times continuously differentiable, we can approximate each of ¢(F,) and

qb(FgL_i)) by a second-order Taylor expansions following the ideas proposed by Overgaard et
al.[7]. Based on Equations (3.7) and (3.22) in Overgaard et al.[7], the pseudo-observation A*(¢)
can be decomposed as

AZ@) = (b(F) + Qb]lF(an - F) + (ﬁg‘(éQz - Fa F’Elii) - F) + Rn,z’

= 6(F) + (@) + —= 3" HQ Q) + R
itk
AL(t) + Ruy, (7)

where ¢(Qx, Q;) = ¢p(d0, — F, 0, — F) is the second-order influence function of the functional
¢, and R, ; is a remainder term with n'/? max; |R,.;| = 0 in probability as n — oo, which can
be shown under conditions (C1), (C2) and (C3) following the same arguments of Proposition
3.1 in Overgaard et al.[7].

Finally, based on the condition (C3), we obtain

BIN(t)|Z:, Xi] = ¢(F) + E[$(Q))| Z:, X ]
FdN(s)

= No(t) + E[/Ot %{Z;S) N /Ot W(i)r(j?zy(s)

:Ao(t)+A(t|Zi,Xi)—/0 jg)E[Y(sﬂZi,Xi]dAo(s)

Z:, X

4



Ao(t) + A(t| Z;, X ;) — Ao(t)
A(t |ZZ,X)
E[N:(t)| Z:, X ), (8)

which completes the proof.

Web Appendix B

In this Web Appendix B, the asymptotic results of marginal estimator B;o for B3 are summa-
rized in the follwoing Theorem 1, and the corresponding proofs are presented in subsection B.1.
In addition, the asymptotic properties for doubly robust (DR) estimators 50 (¢) and 959 (t)
are summarized in Theorem 2, and the corresponding proofs are presented in subsection B.2.

Theorem 1. Under regularity conditions (C1)-(C7), we obtain that

\/ﬁ(B*PO - B7) 4 N(O,M'SM™") asn — co. The eaplicit form of matrices M and ¥ are
presented in subsection B.1.

Theorem 2. Under regularity conditions, as n — oo, we obtain that
if either of the models specified in (3.3) and (3.6) in the main paper is correct, then

(a) OSME(t) converges in probability to 6(t) uniformly in t € [0, 7).

(b) \/_(éls)% 0(t)) is asymptotically normal with mean zero and variance E[(Z;(t) —
Ti(t))?].
Similarly, if either (3.3) or (3.9) in the main paper is correct, then 059(t) converges to (t) as

above and \/ﬁ(égg(zﬁ) —0(t)) is asymptotically normal with mean zero and variance E[(A;(t) —
Q:(t))?]. Ezact expressions for Z;(t), T;(t), A;(t) and Q;(t) are presented in subsection B.2.

B.1 Proof of Theorem 1

Proof. We give sketches of the asymptotic proofs for B;o given a specified time point ¢ following
the ideas from the Section 3.1 in Jacobsen and Martinussen[6] and the Theorem 3.3 in Overgaard

et al.[7]. Let A(8%; Z;, X;) = Omi(t, gﬁZz,X)

be a (p+ 1+ H) x 1 matrix and consider

ZAB Z: X )(Ri(t) - EIAL(0)|Z, X )
- ZA B2, X.)|9(Q) — EI(QilZ:, X))

ZZA B Zi, X:)9(Qi, Q))

zl];éz

ZZ ~h(Qi Zi, X1, Q5. 2, X ;)

i=1 j5<1i



where

1 1
(2) 7<i

and

2
WQ1, 21, X1,Qa, Z2, X ZA B Ze, X0)|9(Qr) — E[$(Qr)| Ze, X ]
=1
[A(B s 70, X 1) + A(B"; Za, X2)|6(Q1, Qo)

is a kernel function for a U-statistic of order 2, and gzﬁ(Qz) and g}Q(Qi, Q);) are defined in Equa-
tions (3) and (5), respectively. Based on a multivariate version of Theorem 12.3 of van der
Vaart[1], we then obtain

1 d
—U*(B") - N(0,2 10
U8 5 N (0,3, (10)
where X = E[h(Q1, Z1, X1, Qq, Zo, X2)h(Q1, Z1, X 1,Q3, Z3, X3)"]. Moreover, based on con-
ditions (C4), (C5) and max; |R,.;| = 0,(n~'/?), we have

L s -

\/ﬁ (/80

8] = 5| 3 e 2 X - i)

< . N - ABL: 7. X,
<+/n miaX|Rn7,| n;| (Bo; Zi, X))
:Op(1)>

1
which implies that \/_ U(B;) and —=U*(3;) are asymptotically equivalent. According to a

\/_

uniform law of large numbers for U-statistics, we obtain

o1 ., . I 0ABGZ X (i e o
e D Ve e COREICESESE O)
0
——ZAB 2, X ) e, 8% 20, X)
—>—M (11)

uniformly as n — oco. Thus, based on condition (C7), Equations (10) and (11), we have

Vi(Bpo — By) — N(O,M'SM™).

B.2 Proof for Theorem 2
Proof. (a) Consistency for #3MR(¢) and 6EQ (t)

Case 1: If only the outcome regression model (either semiparametric multiplicative
rate model (SMR) or generalized linear model (GLM)) is correctly specified.



Let o, be the limiting value of & when the logistic regression model is specified wrong. First,
we consider the case when the outcome regression model is SMR model. When the SMR model
is correctly specified, we obtain 4smr = 7", Bsur — B, fu(t) & p*(t) uniformly intel0r7]
(based on the results in Theorem 1 of Cai and Schaubel[ | with K = 1). Hence, E(N(t)|Z =

~ ~T ~ *
1, X) = h{jsmr + Bsur X }i(t) converges to E(N(t )\Z = 1,X) = h{y" + B X}u*(t) and

E(Nt)|Z=0,X) = h{BgMRX}u( t) converges to E(N ( )Z =0,X) = h{B"" X}u*(t). Based
on the law of large numbers, we obtain that Al (f;é&, Ogyr) converges in probability to

s ZA(t)  (Z—e(aw)E(N()|Z =1,X)
e(auy) e(ay)
_ { 5 eZ&(t; _(z- e<aw>>f(gv<)t>|z =1.x]|, X}

e(aw> e(aw)
~ E{e(; EZN (0|2 X] - E[(Z e(a“’))f(fl ()t”Z =1X) ‘Z x| }(based on(s))

_ p| 2N (Z—elan) E(N(H)|Z =1, X) (12)
e(aw) e(ou)

= E[N'(t)] + E[Z;(ZEUO)%) (Nl(t) _B(N®)|Z =1 X))] (sinceZN (1) = ZNL(1))

— E[N'(t)] + E{E[%(jw) <N1(t) ~E(N(#)|Z = 1,X))] Z,X}

— E[N'(t)] + E{%(Sw) [E(Nl(mz, X) - E(N()|Z =1, X)} }

— E[N'(t)] + E{%(:)‘“ [E(Nl(t)p() - E(Nl(t)|X)] }

= BIN'(t)]

= A'(2).

Similarly, based on the same arguments, we obtain that A%R(t; Q, GSMR) converges in prob-
ability to A°(¢). Thus, in conclusion, we have O5MF(¢) = AL (4 &, Osmr) — AQR (¢ &, Osmr)
converges in probability to 8(t) = A'(t) — A°(t) as the SMR model is correctly specified.

Second, when the outcome regression is the generalized linear model (GLM). As the GLM
is correctly spemﬁed we obtain E(N()|Z =1, X)L E[N@#)|Z =1, X] ~ E[A(t)|Z =1, X] =

(L +Apo + BPOX ) (based on Equation (8)). Thus, according to the law of large numbers
and Equations (8) and (12), we obtain that AL (¢; é& @po) converges in probability to

ZA(t)  (Z —e(aw)E(N(1)|Z =1, X)

e(ay) e(ay)
= | 280 (2 - elan)EGAW|Z =1, X>]
e(ay) e(ay)




—(Nl(t) ~EIAW)|Z =1, X])]

Yol Z —e(aw) (w1 A
— E[NY ()] + E{E[W (N (t) — E[A(H)|Z = 1,X])} Z,X}
— E[N'(t)] + E{ z ;((i(")‘w) E[NY(1)|2, X] — EIA(t)|Z = 1, X]] }
— E[N'(t)] + E{ z ;(j")‘w) E[NY(1)|X] - E[A(®)Z = 1, X]] }

<1 Z —e(Qy) [ o A
— EIN'(t)] + E{ ey [FIN@IZ =1,X] = BIA®IZ = 1,X]] }
~ EIN'(t)]
= A'(t).

Similarly, based on the similar arguments, we obtain that AODR(t; Q, épo) converges in prob-
ability to E[N°(t)]. Therefore, we obtain that 652 (¢) = ALy (t; &, Opo) — AR (t; &, Opo) con-
verges in probability to 8(t) = Al(t) — A°(t) as the GLM is correctly specified.

Case 2: If only the logistic regression for propensity score is correctly specified.

Denote a* as the limiting value for & as the logistic regression model is correctly specified
and E(N(t)|Z = 1,X) as the limiting value of E(N(t)|Z = 1,X) under either the SMR
model or GLM assumption. Based on the law of large numbers and Equation (12), we have
ALk (t; &, ©) converges in probability to

e(a*) e(a*)

ZA() (7 —e(a)E(N®)|Z =1, X)]

ZN({t) (Z—e(a)B(N{#)|Z =1,X)
e(a*) e(a*)

~F

(Nl(t) —EN®)|Z =1, X])]

= E[N'(t)] + E{ E Zﬁ%ﬁ?*)(ﬁlu) — E[N()|Z = 1,X])] ‘Nl(t),X}
= BEIN' ()] + B{ [N'(t) - B(N(8)|Z = 1,X): E[Z (;i‘;‘) ~1(t>,X}}

1L e(a*)

:Nl(t) ~EBE(N()|Z = 1,X): ==

N'(t)— E(N®#)|Z =1, X)

Il e(a)

— E[NY(1)] + E{ Nt~ B(N@)Z=1,X)]|



— B[N ()] + E{ [0 - B 012 = 1,30 [0 5e)] }

= B[N'(1)]
= AY1).

Similarly, based on the similar arguments, we obtain that A%R(t; Qa, @) converges in probability
to A°(t). Thus, we obtain that both doubly robust estimators 859 (¢) and 53R (¢) converge in
probability to 6(t) once the logistic regression model is correctly specified. O

Proof. (b) Normality for 3R (t)

For proving the asymptotic normality, we do not specify explicitly which model (logistic regres-
sion model and outcome regression model) is correct which follows the ideas from the proof of
Theorem 1 in Zhang and Schaubel[5]. Denote & 2 ™, ¥ = (3sur, Bsyr) = U** = (v**, B)
and fi(t;9) B p*(t). Let m, = (Z;, X;)T. Notice that when the logistic regression model is
correctly specified, one has a™ = a*. Also, ¥* = (v, 3™) = (v, 8%) = ¥* and p*™(t) = pu*(¢)
when the semiparametric multiplicative rate (SMR) model is correctly specified.

According to the results of Lemma 1 from Zeng and Chen[4], we obtain

. o) -1 —1/2 N\ S exp(a**TVi)
Vila—at) = Qe I Vi 4 e el (09

where Q(a) is defined in Condition (C.16). On the other hand, based on the results from Cai
and Schaubel [2], we obtain

V() —97) = BO™) T PUW™) + 0,(1), (14)
Vit 0) — () = 2 Z bi(t;97) + 0p(1), (15)

where
** 19**772) . QEx Rk (L QEkk) Kok
19 Z {"71 h 19**,’7 - 6(5719 )}sz (5719 ) = ZUl(ﬁ )7
dM'**(usﬁ**) T 1
@ij( ) ) /0 S(O)(U§19**) + ( ’ ) ( ) Uz( )7

h(t:0™) = = [ elws )i (w),

M (t;9%*) = Ni(t) — O Yi(u)h (9 m;)dp (u).

To prove the normality of \/n <6’A%1\F/{R(t)—8( )) we first show the normality for v/n ( L (t; &, Ogyr)—

Al (t)> and \/ﬁ(AODR(t; &, Ogpr) — Ao(t)>, respectively. The main idea is to show that they
can be approximately by a summation of independent and identically distributed variables.
For ﬁ([\]l)R(t; é, Ogur) — Al(t)>, we first consider the following decomposition,

Vit(Ab(t: & Ossin) = A1)

9



~

= \/5<A113R(t; &, Osar) — Mg (8 ™, 0, ji(t; 19))) (16)
V(A a0, f(t:9)) — Abg(t 0,0, 1 (1)) (17)
Vi (Abg(t o, 07, (1) — A1(8)). (18)

For the first component (16), based on (13) and a Taylor series expansion with respect to a**,
we obtain that

~ ~

\/ﬁ ]1)R(t; a, éSMR) - AllaR(tS a**a’AYSMR,BSMRa ﬂ(t§ 79)))

B exp(a* V)
1+ exp(a™'V;)

= e 0" (1) T[Q(e)] 02 Y Vil Z fro()  (19)

where

A% ZVA(t) } |

(Oﬂ ) y b ()) [exp(a**‘rv)u () (/7 +ﬁ ) exp(a**TV)

For the second component (17), based on the Taylor expansion around J** and p**(t), we
have

Vi (b (t o 0, it:0)) = Abg (10,0, 1 (1))

= &u(@™ 97 )0 —07) + \/ﬁ/0 (@, 07 )d(fu(u; 0) — ¥ () + 0, (1),

where
sk Qkk |k 1 - €l<a**) - Z’L ok (1) [ %% Kk T
= _E X V(1. X,
gn(a 719 ) (t)) n — [ el(a**) K (t)h’ (PY +6 1)( ) 2) ]7
—1 A reila™) — Z;
et L [ ei(a*) o7 +8 Z)]

Denote &(a™, 9™, u**(t)) and ¢(a**,9**) as the limit of &,(a™*, V™, u**(t)) and ¢,(a™, ¥**).
Based on conditions (C.8), (C.9), (C.11) and (C.12), we obtain that ||£,(a**, 9", u**)|| and
l|sn (@™, 9*%)|| are bounded, so do the {(a™*, ¥**, p**(t)) and ¢(a™,9**). Thus, we have

Vi (b (t o 0, it:0)) = Abg (10,0, 1 (1))

= &, 07, @ ()0 — 07) + \/ﬁ/o (@™, 07 d(ju(u; ) — @ (u)) + 0p(1),  (20)

where
sla 0w (0) = E[1E LS E i on (4 5300, X07],

Thus, based on (14), (15) and (20), we obtain that
Vi (Aba(t e 0, it ) = Abg(t 0, 0™ i (1))

10



=n"2) "B +0,(1), (21)
=1

where ®; = £(a™, 9**, (1)) B(9™) 71U, (9™) + ¢(a™*, 9** )y (t; 9**).
For the third component (18), we write

Vi(Abg(t ", 07, 57 () = A1)
:nmi"ZM)—<Zz~—ei<a**>>u**<t>h<v**+ﬁ**Xz->_ e )AL (1) ]

~ () n YL elar)
e [ ZR() = (Zi— et (b £ B X)) eV B
2| ) Eler(ary] | T2 #2

Therefore, based on the results from (19), (21) and (22), we obtain that

Vi (Aba(t: Osur) = A1) = n 72 DT Eilt) + 0,(1), (23)

i=1

where

= (1) = Fla. 0. (T 10 -'V.4d 7 — exp(a**TVZ-)
=i(0) = F(om, 0", (0) Qe V{2 - 17 o )
+ (07, () B(0) T TU() + (e, 07 )it 07)

. ZA (1) = (Zi — ei(@™)) ™ (h(y* + B7X,)  ei(a™)A (1)

ei(a*) Elei(a)]

When one of the two models is correct, we have that =i(t) has mean zero by adopting
the same strategies for proving the consistency of §54%(¢). The Central Limit Theorem thus

implies that ﬁ(f\llm(t; &, Osur) — Al(t)> converges to a normal distribution with zero mean

and variance E[(Z;(t))?].
Similarly, based on the same arguments as above, we obtain that

\/ﬁ(AgR@; &, Osar) — Ao(t)> = p1/2 Z Ti(t) + 0,(1), (24)

where

Ti(t) = Gla™, B i () [Q(e) ' Vi{ Z - - i?i&lﬁ;lﬁ

+o(a™, 0™, @ () B(0™) U (97) + x (@™, 07t 97)
N ZO)A (1) + (Zi — el ) = (OB X:) (1 ea™)A (1)

1 — e;(a*) Ell —ei(a)]
Gla™, 87,1 (1) = B[V exp(a™TV)[(1 = 2)A(1) + (2 = D™ ()h(8" X)) .
ol 07, (1) = E[ 58 0 0.+ 67 X)0.X) 7]
xla, i) = B[T-9%7) ::((Z‘)) By -0+ 67 X)|.

11



By the Central Limit Theorem, we obtain that ﬁ([&%R(t; é, Ogur) — Ao(t)> converges to a

normal distribution with zero mean and variance E[(Y;(t))?].
Finally, based on the results (23) and (24), we obtain that

V(O3 - o)) (25)
= ﬁ(f\]lm(t; a, éSMR) - Al@)) - \/E(AODR(t; a, é)SMR) - Ao(t)) (26)

=n"'/? Z[Ei(t) = Ti(t)] + 0p(1). (27)

Again, based on the Central Limit Theorem, we have \/ﬁ(é%hép”(t) —0(t)> converges to a normal

distribution with zero mean and variance E[(Z;(t) — T;(t))?].

Normality for A5Q (t)
Again, here, we do not specify explicitly which model (logistic regression model and outcome
regression model based on GLM) is correct. Denote & % a** and Opo = (Ebg, Yp0, Bpo) =

1,k sk *% _ *%
( PO s TPO> PO) = Ypo-

To prove the normality of B9 (), we first show the normality for \/n <AER(t; &, Opp)—A! (t))

and \/E(AODR(t; &, Opo) — Ao(t)>, respectively. The main idea is to show that they can be
approximated by a summation of independent and identically distributed variables.
We first decompose

Vi (Ab(t; & Gro) — AL(1))

— Vi (Abn(t; & Opo) — Ab(t: @™, 6r0) ) (28)
+ Vi (At e, 6po) — A (t; 0™, 050) ) (29)
+ Vi (Abr(t @™, ) — A1) (30)

For the first component (28), based on (13) and a Taylor series expansion with respect to
o™, we obtain that

\/ﬁ([\]l)R(t, d, é)po) — ./A\Il)R@; a**, é)po))
B exp(a**’ V)
1+ exp(a™'V;)

= Lia™.655) T[Q(e) 'n Y Vi Z o, G

where

A%

ZVA(t)
o) vl

L sk o :E — 1 tyxx Kk **TX .
(@™, 0505) 9~ (¢po +po + Bro X) exp(a V)

For the second component (29), based on the Taylor expansion around O}y, we have

Vi (Abr(t:a™, Op0) — At o™, O50) )
— (@™, O5)V(Oro — B55) + 0y(1), (32)

12



where
*ok ** 61 Z % *k | T
ol =Y a** VES + 56 + Bro X) (1,1, X))

Denote n(a**, ©5y) as the limit of 7, (™, ©%). Based on conditions (C.8), (C.9), (C.11) and
(C.12), we obtain that ||n,(a™, ©55)|| is bounded so do the n(a™, ©Fy). Thus, based on (9)
and (32), we obtain that

Vir(Aba(t: o, Op0) = At . 675))
= (@™, O5) M 'n 72y "0+ 0,(1)
i=1
=n /2 Z w; + 0p(1) (33)
=1

where @; = n(a**, ©55) M *O;.
For the third component (30), we have

Vi(Aba(tia™, 655) = A'(1)

MRS VE: i ZiN(t) = (Zi — ei(@™))g ™ (&he + o + Bro Xi)  eila™)Al (1)
- i=1 ei(a™) Ele ()]

+ 0,(1).

(34)

Therefore, based on the results from (31), (33) and (34), we obtain that

\/E(AIIDR(t; Q, épo) ) = n Y2 Z Ai(t) + o,(1 (35)

o o K%\ — €Xp a**TVi o ok —
M) = Lia™ 05 Q] V{2 - LPPE DY a6 M0,

L B0 — (2 eilor ) €5 + i + BRI XD _ el A0
e;(a**) Elei(a)] -

Thus, the Central Limit Theorem implies that ﬁ(f\llm(t;d,épo) - Al(t)) converges to a

normal distribution with zero mean and variance E[(A;(t))?].
Similarly, based on the same arguments as above, we obtain that

Vi (A (&, 6po) — A(1)) = n—WZQ +0p(1 (36)

where

**TV)
O(t) =T Qi T ok _1V7,’ 7 — eXP<Oé i
(t) (@™, 070)  [Q(a™)] { 1 —|—exp(a**TVz‘)}
+u(a™, Op5) MO,

N (1= Z)N(t) + (Zi — ei(@™)g (&6 + Bro Xi) (1 —ei(a™))AL(t)
1 —e;(a™) Ell —ei(a)] 7
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(™, 050) = E|Vexp(a™TV)[(1 = Z)A) + (2 = 1)g™ (65 + Bro X))
Z —e(a™)

(67D (ghs + Bro X)(1,0.X)7).
Thus, based on Central Limit Theorem, we obtain that \/ﬁ(f\%R(t; é, Opo) — Ao(t)> converges

to a normal distribution with zero mean and variance E[(€2;(t))?].
Finally, based on (35) and (36), we obtain that

Vi (50 — o)) (37)
—/n (f\]gR(t; &, Opo) — Al(t)> —Vn <[\0DR(t; &, Opo) — Ao(t)> (38)

n

=012 Y TIA() = ()] + 0,(1). (39)

i=1

Thus, the Central Limit Theorem indicates that \/n (égg(t) — 9(15)) converges to a normal

distribution with mean zero and variance E[(A;(t) — Q:(t))?].
[
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Web Appendix C

In this appendix, we provide additional figures and tables from the simulation studies and real
data analysis.

Pseudo-Observations
\\
\
Pseudo-Observations

0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.00

- -

Pseudo-Observations
Pseudo-Observations

0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.00
Time Time

Figure 1: The pseudo-observations for the cumulative rate functions based on a simulated
dataset. In the top panels, both figures show the pseudo-observations for a subject without
recurrent event during the follow-up time. In the bottom panels, the left figure shows the
pseudo-observations for a subject having one event during the follow-up time and the right
figure presents the pseudo-observations for a subject having two events during the follow-up
time.

Description of Figure 1:

The Figure 1 in this Appendix is plotted based on a simulated dataset which is generated
from the assumed PS and HPP models in the Section 5 of the main paper. We set n = 300,
u(t) = 5t, 0 = 0.25, follow-up time C; ~ Uniform (0,1) and covariates are generated as described
in the Section 5 of the main paper. Then, the pseudo-observations for cumulative rate function
are calculated based on Equation (3.1) in the main paper.

In the top panel of Figure 1, left and right figures present examples of two subjects without
recurrent event during their own follow-up time equals to 0.0688 and 0.8483, respectively. For
the left figure of the top panel, this subject is censored at time 0.0688 which leads to ANA(t)
and AL () are the same after ¢ = 0.0688 so that the pseudo-observations A?(t) = n[Axa(t) —
AR (1)) 4+ AYL (1) increases as t € (0.0688, 1]. For the right figure of the top panel, the subject
is censored after time 0.8483. As the risk set is diminishing in time, the discrepancy between
ANA(t) and Aﬁg(t) is negatively increasing causing the pseudo-observations is decreasing.

In the bottom panel of Figure 1, left figure shows the pseudo-observations for a subject hav-
ing one event at time 0.5575 with follow-up time 0.6008. The pseudo-observations is decreasing

15



until the event time 0.5575 and then jump back to positive value with a turning point at time
0.6008. For the right figure of the bottom panels, the subject has two event times 0.2235 and
0.4081, and is censored at time 0.7491.
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Figure 2: The boxplots for the estimated weight functions of treated and untreated groups from
hospital readmission data.

17



t=61

t=206 t=453
20- 20- 20- +
© © o ©
3 3 3
o] o] o]
o o ° o °
[
0- ' ' 0- + —'— 0- +
Nontrleated Treallted Nontrleated Treallted Nontrleated Treallted
t=710 t=896 t=1266
[
20- . 20- $ 20- s
© © ©
3 3 . 3 i
(7) 1 0 = (7, 1 0 = ° (7, 1 0 = °
[0] o [0] ° [0] ° )
o ° [ ] o ° ‘ o '
0- + 0- * 0- + +
Nontrleated Treallted Nontrleated Treallted Nontrleated Treallted

Chemotherapy - Nontreated - Treated

Figure 3: Boxplots for pseudo-residuals against Treatment at given different time points based
on generalized linear model (GLM).
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Figure 4: Boxplots for pseudo-residuals against Sex at given different time points based on
generalized linear model (GLM) from hospital readmission dataset.
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Figure 5: Boxplots for Residuals against Sex (left panel) and Treatment (right panel) based on
semiparametric multiplicative rate (SMR) model from hospital readmission dataset.
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Table 1: Simulation studies for marginal parameter estimators based on 500
replicates.

Estimators
Model SMR PO (4 points) PO (10 points)
n o p(t) Asmr BsMr Ao Bro Ao Bro

100 0 5t Bias 0.002 0.025 -0.004 -0.024 -0.002 -0.042
ESE 0.169 0.262 0.230 0.341 0.202 0.312
SEE 0.174 0.242 0.217 0334 0.211 0.313
CR 0955 0925 0910 0955 0935 0.953

20t Bias 0.009 0.029 0.012 -0.018 0.003 -0.019
ESE 0.085 0.122 0.139 0.18 0.117  0.167
SEE 0.087 0.116 0.130 0.18 0.121  0.171
CR 0936 0920 0940 0950 0.946 0.950

0.25 5t Bias 0.005 0.035 0.013 -0.062 0.005 -0.035
ESE 0.224 0.287 0.289 0.405 0.269 0.357
SEE 0.213 0.262 0.268 0.352 0.258  0.336
CR 0930 0.895 0925 0950 0.935 0.935

20t Bias 0.032 0.009 0.034 -0.047 0.027 -0.044
ESE 0.165 0.166 0.219 0.270 0.215 0.228
SEE 0.153 0.160 0.207 0.269 0.200 0.226
CR 0920 0950 0918 0.95 0.910 0.960

300 0 5t Bias -0.000 -0.005 -0.009 -0.021 -0.000 -0.017
ESE 0.096 0.123 0.122 0.147 0.107  0.141
SEE 0.099 0.138 0.122 0.162 0.117  0.159
CR 0948 0962 0958 0.965 0.958 0.965

20t Bias 0.006 0.017 -0.001 0.016 -0.000 0.013
ESE 0.045 0.064 0.069 0.097 0.066  0.088
SEE 0.048 0.066 0.072 0.101 0.068 0.092
CR 095 0960 0940 0945 0946 0.945

0.25 5t Bias -0.006 -0.019 -0.002 -0.036 0.004 -0.027
ESE 0.132 0.131 0.165 0.190 0.157 0.161
SEE 0.127 0.142 0.152 0.176 0.149 0.164
CR 0940 0960 0911 0960 0.921 0.955

20t Bias -0.008 -0.001 -0.010 -0.006 -0.009 -0.008
ESE 0.108 0.095 0.145 0.119 0.135 0.115
SEE 0.093 0.093 0.120 0.121 0.115 0.114
CR 0945 0942 0945 0.956 0.942 0.960

Bias: bias of parameter estimator; ESE: empirical standard error of the parameter esti-
mator; SEE: mean of the standard error estimator; CR: coverage rate of the 95% con-
fidence interval; SMR: semiparametric multiplicative rate; PO: pseudo-observations; 4
time points are 0.2,0.4,0.6,0.8; 10 time points are 0.1 to 1 separated by 0.1; B = 200 for
standard error estimation(SEE).
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Table 2: Simulation summaries for the estimation of ACE based on semiparametric multiplicative
rate (SMR) model and generalized linear model (GLM) based on pseudo-observations calculated
with 10 time points when u(t) = 5t.

Estimators
0(0.2) = —0.12 0(0.4) = —0.24 0(0.6) = —0.36 6(0.8) = —0.48
noop(t) o’ Osurn  fro  Osur fpo  Osur fpo  Osur  Opo
100 5¢ 0 Bias  -0.005 -0.007 -0.008 -0.012 -0.011 -0.015 -0.019 -0.027
ESE  0.102 0.128 0.199 0.248 0.294 0.367 0.399  0.500
SEE  0.095 0.115 0.186 0.227 0.277 0.340 0.369 0.459
CR 0920 0922 0920 0906 0915 0917 0910 0.916
MSER  1(ref) 1474 1(ref) 1.493 1(ref) 1.508 1(ref) 1.549
0.25 Bias 0.011 0.016 0.019 0.029 0.027 0.045 0.037 0.061
ESE  0.124 0.151 0.249 0303 0.379 0461 0.511 0.625
SEE  0.120 0.144 0.236 0.280 0.351 0.426 0.471 0.580
CR 0.940 0915 0936 0916 0912 0.906 0.912 0.918
MSER 1(ref) 1.446 1(ref) 1.414 1(ref) 1.481 1(ref) 1.524
300 ot 0 Bias  0.008 0.004 0.015 0.007 0.022 0.009 0.031 0.015
ESE  0.055 0.065 0.107 0.128 0.161 0.192 0.216 0.256
SEE  0.066 0.067 0.112 0.133 0.169 0.201 0.224 0.265
CR 0.948 0940 0.958 0942 0948 0.940 0.948 0.948
MSER 1(ref) 1.408 1(ref) 1.394 1(ref) 1.394 1(ref) 1.378
0.25 Bias 0.009 0.013 0.016 0.024 0.026 0.040 0.031 0.051
ESE  0.069 0.080 0.139 0.160 0.207 0.241 0.271 0.321
SEE  0.070 0.083 0.141 0.165 0.211 0.252 0.282  0.337
CR 0946 0946 0.958 0946 0946 0.948 0.946 0.956
MSER  1(ref) 1.417 1(rvef) 1.381 1(ref) 1.440 1(ref) 1.443

Bias: bias of parameter estimator; ESE: empirical standard error of the parameter estimator;
SEE: mean of the standard error estimator; CR: coverage rate of the 95% confidence interval;
MSER: mean square error ratio; SMR: semiparametric multiplicative rate; ref: reference;
B = 200 for standard error estimation(SEE).
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Table 3: Simulation summaries for the estimation of ACE based on semiparametric multiplicative
rate (SMR) model and generalized linear model (GLM) based on pseudo-observations calculated
with 10 time points when pu(t) = 20¢.

Estimators

0(0.2) = —0.48 0(0.4) = —0.96 6(0.6) = —1.44 6(0.8) = —1.92

n u(t)  o? fsmr Oro fsmr Oro fsmr Opo fsmr Opo

100 20t 0  Bias 0.017 -0.004 0.033 -0.012 0.051 -0.026 0.069 -0.039
ESE 0207 0307 0415 0.623 0.626 0950 0.831 1.126
SEE  0.188 0.278 0.372 0558 0556 0.842 0739 1.113
CR 0895 0904 0905 0904 0910 0914 0910 0.918
MSER  1(ref) 2171 1(ref) 2233 1(ref) 2276 1(ref) 2.251

025 Bias 0033 0024 0068 0049 0.110 0076 0.133  0.082
ESE 0373 0474 0.744 0946 1.104 1413 1.488 1921

SEE 0341 0439 0.678 0882 1.013 1.328 1.361 1.803

CR 0910 0918 0910 0.914 0.900 0.903 0.895 0.903

MSER 1(ref) 1.647 1(ref) 1.681 1(ref) 1.704 1(ref) 1.742

300 20t 0  Bias -0.005 0.000 0.012 0002 0025 0012 0.027 0.012
ESE  0.115 0175 0235 0357 0.352 0547 0463 0.721
SEE  0.115 0169 0230 0348 0350 0.526 0454 0.716
CR 0946 0942 0945 0.940 0.942 0.945 0.946 0.940
MSER 1(ref) 2.155 1(ref) 2283 1(ref) 2248 1(ref) 2.479

0.25 Bias 0.003 0.004 0.032 0.041 0.012 0.014 0.015 0.018
ESE  0.186 0.221 0.372 0.503 0.547 0.754 0.739 1.022

SEE  0.18 0.226 0371 0501 0539 0.751 0.726  1.016

CR 0948 0944 0950 0948 0948 0.946 0.950 0.948

MSER  1(ref) 1.492 1(ref) 1.822 1I(ref) 1.941 1(rvef) 1.958

Bias: bias of parameter estimator; ESE: empirical standard error of the parameter estimator;
SEE: mean of the standard error estimator; CR: coverage rate of the 95% confidence interval;
MSER: mean square error ratio; SMR: semiparametric multiplicative rate; ref: reference;
B = 200 for standard error estimation (SEE).
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Table 4: Empirical power rates for test statistics based on 500 replications.

a2 =0 o2 =0.25

(PS;Reg) pu(t) n U™ U™ USR®  Upg Uy Up™™ UR™ Uge®  USR  Ubk

(C,C) 5t 100 504 30.6 40.7 40.2 405 524 276 390 39.0 39.8
5t 200 71.0 470 738 738 746 71.0 382 559 559 573
5t 300 870 698 90.0 90.0 90.8 832 53.6 683 683 688
20t 100 80.2 422 778 778 782 774 318 569 569 56.3
20t 200 956 68.8 965 965 974 88.0 484 933 933 953
20t 300 974 82.6 100.0 100.0 100.0 946 628 982 982 989

(C,N) 5t 100 476 288 36.2 36.2 365 552 304 355 355 358
5t 200 704 50.2 738 738 745 70.0 412 546 546 547
ot 300 83.8 658 835 8.5 892 814 554 616 61.6 62.0
20t 100 80.6 424 616 60.2 632 808 30.0 484 484 50.7
20t 200 93.0 66.6 965 96,5 96.5 902 518 836 836 8.2
20t 300 982 87.8 100.0 100.0 100.0 940 628 91.6 91.6 925

(N,C) ot 100 482 294 573 573 575 510 224 444 445 442
5t 200 706 50.8 8.9 8.9 872 67.0 39.0 666 66.6 66.8
ot 300 8.6 69.2 100.0 100.0 100.0 81.0 532 90.0 90.0 91.2
20t 100 804 39.8 929 924 910 734 260 672 675 674
20t 200 954 71.6 100.0 100.0 100.0 89.6 51.8 96.6 96.6 97.2
20t 300 99.0 85.2 100.0 100.0 100.0 954 66.4 100.0 100.0 100.0

The numbers for power rates are multiplied by 100. SMR: semiparametric multiplicative rate; PO: pseudo-
observations; DR: doubly robust; SL: super learner; US™N: variance estimate is based on Poisson process assumption;
UgLN: variance estimate is based on robust to a departure from Poisson process assumption.
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