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I INTRODUCTION

What is Photo-elastit¢ity

Theory of Tlasticity treats of the analysis of stresses
set up in a body, subjected to external forces. It leads us to
differential equations which have been solved only in a few simple
cases.,

Tor calculating stresses set up in structures the Theory
of Strength of Materials has been develored from pure IElasticity,
by making certain assumntions and anproximations. It leads us to
solutions, which, agzthough not exact, are accurate enough for en-
gineering purvoses. |

Cases arise, however, in which assumptions made by the
Theory of Strength of Materials are no*t justified and solutions
are apt to be of doubtful accuracy. In such cases it is desire-
able, if not nece=ssary, to check calculations experimentally.

In addition of the usual methods of determining stresses
by measuring strains with extensometers, a new, optical method has
been developed within the last thirty five years. It is a result
of the development of Optics in the XIX-th century and is based on
a peculiar property of transparent materials to undergo a changek
in their optical behaviour when strained, as well as on general
principles of Tlasticity.

By this method - the Photo-elastic method, as it is call-
ed - it is possible to solve for internal stresses, by measuring
the change% in optical behaviour of the material, utilising such
optical phenomena as polarised light, double refraction, interfe-

rence. In its present state of development, Photo-elasticity is



limited to analysing models made out of a transparent material,
and bound by plane parallsl faces, with external forces uniformly
distributed across the thickness. Its application to engineering
problems is made practicable by the fact that stresses in two di-
mensions are independent of elastic constants of the material, so
long as they are within its elastic limit.

If a plane plate is loaded in its own nlane, there will
be, at any point, two mutually perpendicular stresses, called »rin-
cipal stresses. Photo-elasticity completely determines the princi-
pal stresses and thus solves the problem of distribution of stress-
es; since,knowing the principal stresses at any point, it is simple
enough to calculate direct stress or shear on any plane at that

point.

Three methods

There are three distinct methods used in Photo-elasticity;

Coker's method - Rirst used'by I"esnager, but greatly de-
véloped and improved by Prof. Coker. It is partly optical and part-
ly mechanical.

Tilon's method - Insofar as the optical part is concerned
it is the same as Cokér's, but, instead of mechanical measurements,
it utilises graphical integration along the lines of principal
stress, beginning at the boundary.

Favre's method -~ It is the most recent one and is purely
optical. It is this method that is followed in the Photo-elastic

laboratory at MeGill University.

The Filon method is complicated and not very accurate;.
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1t 1is not much used at present, and will not be described here.

The other two methods, however, are being used, and they will be,
particularly the Favre method, described in detail. The latter one
has been developed only within the last three or four years,and
there are at present three laboratories in which #¥¢ Favre's appa-

ragtus is installed. ( Zurich, Buenos Ayres and McGill.)



Il. TUWDDRIYING PRINCIPIES.

Forces in a plane are independent of elastic constants.

If a plane plate is subjected to external forces in 1its
own plane, uniformly distributed across the thickness and is al-
lowed to deform laterally,it can be shown by elementary Elastieity
that the stresses set up in it are independent of all elastic

constants, devending only on shape and loading.

Principal stresses in a co-»nlanar system of forces.

Coﬁsider a block of material subjected to a system of
co-planar forces, Fig. 1, there being no external force in the
third direction (perpendicular to the plane of the wnaper). Any
such system, holding thegbody in equilibrium, can be resolved into

direct forces p, and pz.and shears s, as shown, shears on all

four faces being equal.
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Fig | Fig. 2
Considering the equilibrium of the wedge ABC, Fig. 2,

and resolving all forces parrallel to AC, we have:

,Pl.AB.-c,esQ + 5. BC.ces© - P2 BC.s5in8 -5 AB.sin® -9 A€ = O



where p and 9 are the direct force and shear respectivelylexerted

by the other wedge.
— 9= (P - P:.).sin ©.cos6 + q.(cosig— s:’n’Q)

For 9:0 P';Pl sin 26 = —q,COSZG
g,
tan 26 = — —
P.-P2

Two angles, 180° apart, satisfy the above equation.
Therefore, there are two angles two directions 909 gpart, on
which there is no shearing force and stresses are wholily normal.

Again, considering the equilibrium of the wedge ABC,

but resolving perp. to AT, we have:

pP-AC = P, AB.sin® + p; BC.cosO + q.-AB.cos® + q.BC.51n O

P = P sin"6 + Pz cos' ® +q. oin 28

Tor maximum (or minimum) p putting f%; =0
Zp,.sms.cose ~ Z2p,.5in0.cosO + Zcp-c.osiZ@ s O
(Pu‘Pz). sin 20 = — 2‘1} cos 20

29
ran 26 = - P'_Pz

Thus, e see that the normal stress is raxirvm on planes on which
shear is zero. At any point in a stressed body, then, there are
two mutually perp. Dlanes on vhich shear is zero and stresses, there-
fore, are wholly normal, and, moreover, one of these stresses is
greater than (and the other one, according to the Ellipse of Stress,
is smaller than) on any other plane at that noint. These planes
and stresses are called principal planes and principal stresses.

Incidentally, by putting EH;=0,for planes of maximum
shear, we find that tan 20 - rﬁéF} |

20 and 20° diff'ér by 90°, and, therefore, © and 6’ by
45°,  Waximum shear, then, acts on planés at 45° to the principal

planes.



1}  The Wave Theory of Light.

¥he Wave theory of light, founded by Huygens, explains
the propagaticﬁ,of light by means of vibrations of ether in a plane
perpendicular to the direction of the ray, analogous to the pro-
pagation of waves on the surface of water. In the case of the wa-
teéwwaves, the water particles oscillate about their equilibrium
positions, at right angles to the direction in which the wave is
travelling,but there is no movement of matter in the‘direction of
the wave. It is found extremely helpful to think similarly of
a.ray of .1ight, namely, that there is "something" which executes
SeH.M. 1n & plane perp. tQ the ray. Since the vibrations are
S.H.M., a2 ray of light can be represented by a sine curve. At
any instant the illumination is proportional to the square of the
ordinate.

Since light travels through "empty" inter-stellar space,
and since a medium is necessary for the propagation of a wave of
this kind, it is necessary to postulate the existence of a hypo-
thetical medium, which was named ether, a fluid filling all space
and penetrating all matter.

The speed of light in vacuum is 3.0 x 10" cm. per sec.

. 3.0x D"
(186,000‘miles~per sec.) and :L cms. per sec. in a medium

of refractive index n.
Wave length, crest to crest, is denoted by X, which
is different for different colours. Below is a table of wave

lengths of several colours.



Colour Violet Blue Green Gr.Yell. Yellow Orange Red

A .41 J47 B2 _ES3 575 = .57 .65-.79

Comparative 001 009 07 1 .92 063 .l"O

Effect on Bye

In the above tablefhe wave lengths are in microns.

. =Lt : 3 : .
(1 micron = 1.0 x 10 cm.). - The last line shows the comparative
sensitiveness of the human eye to the above colours, taking the
sensitiveness to the greenish yellow, which is the greatest, as 1l.

White light is a superposition of monochromatic vi-

‘brations.

2) Polarisation and Double Refraction.

a) Plane polarised light.

If a beam of parallel light OMfalls on a plane mirror
M, Fig.d, it will give rise to a reflected beam MF'. If the mir-
ror M is turned about O0X as axis, the reflected beam will turn

with it and its intensity will not change.

r» R”

Y
o
————b

Fig. & Fig. 4

Fig.4
1f, however, the incident beam 81',1is let fall on a

plane mirror M' at a particular angle or incidence-discovered by
Brewster and bearing his name,- such that the reflected and ref-

rated rays are at right angles to each other, the reflected ray
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I'R will exhibit a very peculiar property. This pnarticular angle
of incidence is”different for glasses of Aifferent refractive index
and is a simple function of it. Iet n be the refractive index,
i - the angle of incidence and r - the angle of refraction, then:

n = sin v . Also: sinr = cost

s\inr !
.» Tan ¢ = n

Tor ordinary glasz i is sbout 5609,
Let the reflected ray I'R fall on a s=econd nlane mirror M*, Tig. 4,
again at this peculiar angle of incidence. If the mirror M" is
turned about I'I" as axis, the angle of incidence does not change,
and the second plane of incidence RI"R" turns with the mirror.
Let tre plans of incidence at the first mirror be called p and
that at the second mirror- pr, Jhen plane p? coincides with
nlane p the intensity of reflected ray I"R" is maximum. As the
second mirror is turned, intensity dirinishes, until complete ex-
tinction is reached when pv is at right angles to p, Ray RI" is,
thereforé, unable to get reflected =2t the mirror ¥M" when pt is
perpendicular to P and, therefore, it has not the same properties
in all directions.

The ray I'R is said to be »nolarised =2nd p is called its
plane of wvwolarisation,

In a ray of ordinary light vibrations are assumed to
take place in =211 directions around the ray, without any regularity
whatever., In the case of oolariced licht, however, vibrations
are surnoced tc take nloce only in one nlane, ~t right ansles to
the plane of nolarisation. Fence,its name - Plane polarised.

In the experiﬁent described nbove, the ray I'I" 1s wvi-
brating perpendicularly to the plane P, i.e. in and out of the

plane of the paper. When P' coincides with P, these vibrations



are still at right angles to the direction of the ray, and there

is no decrease in intensity, ‘Then mirrer " is turned through

90°, these vibrations are along the ray and, consequently, there

is no amplitude of vibraticn, and no light. At any intermediate
- . . . . 2 L

vosition the intensity of light is cOscb where 4: is the angle

between P and P' (since 1llumination is proportional to tne square

vuf the ordinate, representing the transverse vibration).

b) Double Refraction in crystals.

A few naturél crystals exhibit the property of double
refraction, to bé described presently. Crystals of Calcite,
CaCOz , found in Iceland possess particularly pronounced double
refracting properties and are usually employed in this connection.

When a ray of light talls on such a crystal, two ref-
racted rays are formed. O0f the two rays, one obeys the laws oY
refraction and is called the ordinary ray, and the other does not,
- and is called the extraordinary ray. The ordinary and extra-
ordinary rays are both polarised, but in planes at right angles to
each other, as can be easily shown by analysing them - one at a
time « by a mirror on which they should fall at the Brewster angle
of incidence.

In every crystal of Calcite, there is a line of optical
symmetry, called the optical axis. A section parallel to the
optical axis and normal to the face of entry is called the prin-

cipal section.

The plane of polarisation of ordinary ray is narallel

to the principal section.,



¢) DNicol Prisms.

The Vicol prism, Plate I, is made by cutting an Iceland
spar crystal along a diagonal nlane AC. The crystal is cut to
such a length that this plane starts at one blunt corner A and
finishes at the opposite on - C. The cut faces are polished and
re-~united with a thin film of Canada Balsam.

A ray of light entering the prism through one of the
lozenge-shaped end faces, gives rise to the ordinary ray NP and
the extraordinary ray NS. The angle of 'incidence of the extra-
ordinary ray NP at the film of Zanads Balsam is such (for a range
-of about 60° of the angle of incidence i) that it does not get re-
fracted, but goes throuzh emerging at the other end face BC, T
ordinary ray, on the nther hand, strikes the film at an angle suf-
ficient to csuse complete reflection, is reflected and is absorbed
at T. 3ince the extraordinsry ray (as well asg the other one) is
plane npolarised, the net effect of the Miecol is to produce nlane
polarised light.

The Nicol prism is one of the rost convenient means of

producing vpolarised light and is used extensively for this purpose.

d) Eliptically volarised light,
Let us consider z thin vrlate, cut out of a double re-
fracting'crystal, Fig. 5, and let Ox be its optical axis, Oy at

right angles to 0Ox.

Y
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Then, & nlane polarised ray, vibrating perallsl to 0X,
will go through the vlate without any change, save a slight re-
tardation while going through the plate, due to a different index,
and will, therefore, emerge at the other face as still a plane
polarised light vibrating parallel to 0x; similarly a ray vi-
brating varallel to Oy will undergo no change.

If, however, the incident‘ray is vibrating in some
direction OL, Tig. 6, it will break uv into two components, one
along 0x, the other along Oy. Tow, velocity of light irnfhe
direction O0x is VX, to whnich eorrespond Ax and n,3Similarly, cor-
responding to the direction Ozy we have ‘Vy,Ag and Ny_Je shall
call axis 0x the one for which the index is greater, and, there-
fore, Vx - smaller, i,e., Axis Ox is the one along which greater
retardation occurs.

In the ca2se of uniaxial cryst=ls, O0x iz the projection
of the optical axis on tre face of entry.

As the ray enters tre »nlate, it is brbken into two com-
ponents, one vibrating parallel to 0Ox aud tre other to Oy, and the
first is retarded more than the second. The deviation of the two
component rays is so samll that they recombine. Tach of the two
vibrations takes place as before, except that they are nor out of
phase, and as they combine, an elliptical motion is produced, that
isy the hypothetical particle does not execute vibrations in a
plane, but describes an ellipse. Such emergent light is called
elliptically polarised light. Plate IT shows the various polari-
sations produced with different relative retardations and different
angles between Ox and the plane of vibrations of the incident ray

(angle A ).
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It is readily seen that when the incident ray makes an
angle of 45° with the axes, and the relative retgrdation is %;
the ellipse becomes a circle, and the emergent light is called

circularly polarised.

3)  Full-, Half-, and guarter- wave plates.

Relative retardation between Ox axd Oy components is
proportional to thickness of the plate and to (N -Nyg). Plates
of double refracting crystals may be cut fo such o thickness as to
produce any required retarcdation, ™1ll-wave, half-wave and guarter-
wave plates are commonly used in Ontics. They are made of very
thin mica laminaw. The axis of grenter retardation is usually
indicated.

Tull-wave plates »roduce a full wave length retardation,
and, at the exit, the two corponents combineﬁnto vibrations iden-
tical to that of the incident ray.

Half-wave plates, produce a half wave retardation,that
is, Ox component is exactly T radians behind Oy. This is the
case shown at 5 and 13, Plate II. It will be seen that the ef-
fect of the half-wave plate is to turn the plane of polarisation
symmetrically about the axis. Thus, if before the vibrations
were at an angle o{°® with O0x, now they will be at the angle ~x”.

Quarter-wave plates préduce a quarter wave retardation.
This is the case shown at 3 and 11, Plate II. When o is 45° the
components along O0X and Oy are equal and the ellipse becomes a
circle.,

Depending on the relative retardation of components the

elliptical motion is either clockwise or anti-clockwise.
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When light received on any one of these plates (or any
other double refracting plate, for that matter) is not plane po-
larised, but is already elliptically polarised, the effect of the
plates is unchanged: - they still produce the same relative re-
tardation, which may chahge the shape of the ellipse or may change

it into plane polarised light, depending on values of ol phase
difference produced by the plate and the vhase difference already

existing in the incident ray.

4) Interference.

Light, like other vibrations With S.H.M., is capable of
interfering, Thus, certain conditions being fulfilled, dark bands
could be seen on a screen 1lit by two sources.

Condition of maipAmportance for interference is that the
two sources should be identical: since it is, of course, impos-
sible to realize this experimentally, two images of the same source,
or a source and its image are used.

Representing schematically an arrangement for producing
interference, Fig. 7, let S and S' be two identiecal sources sending
out beams of light, as shown. In a region illuminated by both
beams, alternate dark and light bands would be observed on a screen

placed in it.,




Interference is explained as follows: let two waves,
out of phase with each other be represented by two sine curves,
Fig. 8, and let one of them be & behind the other. The angular

difference will be g-lﬁ".

\ Sty /A SN
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Referring to Figs. 7 and 8, X, - X, =& for any point
on the screen. When =,-%®,= K.A  where k is 0 or a whole
number, the crests of the two waves superimpose, and the troughs.
superimpose; the luminous vactor is thus doubled, and the inten-
sity quadrupied - this results in a bright fringe.

At points for which x,vxm:(kfi)lﬁhe crests of one wave
correspond to the troughs of the other, the two waves thus neutra-
lising each other - this results in a dark fringe.

he interference fringes, although appearing straight,
are really slightly curved, since they are traces of large hyper-

boloids on the plane of the screen.

5) Interference of white light.

When two beams of white light are made to interfere, the
fringes formed are of a different kind. Referring to Fig. 7
Xy -HX,=0 211 along the line OA. Consequently, there is no phase
difference at A and a White firinge of great intensity is formed.
On each side of it a dark band appears and is not black but a suc-

cession of dark colours due to different colours having their dark
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zones not at the same poiht because of different A’'s. For the
same reason the next light fringe is not white but coloured suc-
cessively with blue, green, yellow, orange and red. The next wwo
or three fringes are less and less pronounced until a region is
reached where all colours are so thouroughly Qut of phase that

the effect is white (of a much smaller intensity than the centre

fringe, of cours).

6) Interferometers.

The simplest type of interferometer consists of two paral

lel plates of glass, silvered on faces ijFig. 9.

Eieg S

If the two plates weré of exactly the same thickness and
were absolutely parallel there would be no interference, as the two
rays would be exactly in phase. Actually, however, these conditio:
are never realized and on looking through telescope T vertical in-
terference fringes would be seen. If a thin plate of transparent
material, P be interposed on the path of one of the rays as shown,
its optical path would be changed, and the whole interference field

would move sideways. It can be brought back by turning slightly



one of the mirrors. The movement is measured with a micrometer
and is a measure of retardation of ray 3B. Incidentally, thick-
ness. of the Plate P or its index can be computed from this.

The Yach-Zehnder Interferometer which is used in con-

nection with Favre's method, will be described in detail later,
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III. PRINCIPIL®S OF PHOTO~EIASTICITY

Double refracting properties of stresced materials; ILaw of Wortheim.

As has been shown formerly, in a plane body, under the ac-
tion of forces in that vnlane, there are two directions at right an-
gles to each other, on which the stress is wholly normal. Therefore,
at any point there are three unknowns: magnitude of one, magnitude
of the other and direction of one of them.

A plate of glass when unstrained is isotropic, that is, it
has the same optical properties in all directions ( provided it is
homogenous and has no initial stress). VWhen, however, it is loaded
in its own plane it exhibits the properties of a double refracting
material, the directions of principal strees at any point correspond-
ing to the axes of double refraction. TFrom what has been said-about
double refraction, it will be seen that a ray at an angle to the di-
rection of any one of the primcipal stresses, will be decomposed in-
to two component rays, vibrating in planes parallel to the ddrections
of the principal stresses.

Referring to Plate III, S0 is the incident ray vibrating
in plane 0A at an angle & with 0x; Oy and Oy are the components
in the direction Ox and Oy. Assuming the stresses to be unequal,re-
tardations suffered by the two rays will be unequal and on leaving the
plates they will be ocut of phase. e shall call &3 the relative re-
tardation suffered by the two rays.

Double refraction is due to destruction of properties of
igsotropy, - the index in one of the directions of principal stresses
is now different from that in the other direction. The greater be

\(_ -+ C"u
the difference of principal stresses at a point, the greater will be

the relative retardation 63 . Therefore, 53 is proportional to 13;q.
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ILLUSTRATING DOUBLE REFRACTING PROPERTY
OF A TRANSPARENT PLATE UNDER STRESS.

R A- Dircction of vibrations of incident ray SO
Ox, Oy - " w principal sfresses atf O

oD - Amplifude of vibrafion of incident ray SO

OH, OV - Ampllfudes of vibrations of new component rays




- 18 =

@3.i8 also proportional to thickness t

&y =c¢ . t.( p-q)
where:c is a constant, the value of which depends on kind of glass
and wave length of light used. Wortheim was the first to formulate
and prove by experiments the above law, which is known by his name.

When the plate is not loaded the emergent ray is identi-
cal to the incident ray. When the plate is loaded, each of the com-
ponents undergoes a retardation. We shall call them J, and 5,_ sy SO
that 8y 8- 6,

Sincerit is only Favre's method tnat is concerned with
measurement of 5. and 5-,_ s they will be discussed later

53 is usually measured by compensating it with a calibrat-
ing piece or a compensator. Khowing,gﬁp'- qs can be calculated from
Wortheim's relation.

P and q can be determined either separately or as p + q;
in the latter case p and q are obtained by solving two simultaneous
equations:

Determination of directions of the principal stress de-
pends mainly on the following principle. When the incident ray vi-
brates in'the directiqn of one of the@, it will undergo no decompo-
gition but simply a retardation 5}, and will still vibrate in the
same plane, and will,therefore, be completely extinguished by the
second, analysing, nicol. Thus, extinction results at all points
where the direction of stress coincides with planes of polarisation
of.light, which is known. The diréction of the prihcipal stresses
is usually referred to the'vertical, and the angle the vertical ma-

kes with it is ugually_designated by K .
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Historical

Seebeck and Sir David Brewster were the first to disco-
ver the double refracting properties of strained glass.
Iater, Fresnel experimented with it and confirmed their

theories.

Wortheim was the next to make the important discovery,
vis. that S = et (p-q)

Neumann did considerable amount of work on double refrac-
tion and formulated a theory of behaviour of glass loaded in three
dimensions.

But it was not until Mesnager that all that knowledge was
applied to engineering. In 1900 %esnager constructed a glass model
of a concrete arch bridge and analysed it bj means of polarised light
and measurements of lateral deformation.

| Soon after, Prof Coker develoned the subject still fur-
ther, introduced many changes and improverents and did a good many

tests.

A few years later, Filon contributed another development
- the graphical integration along the lines of siress.
And, finally, Prof. Favre,of Zurich, developed a purely

optical metheod by ingreducing interferometer measurements.
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IV MESNAGER-COKER OPTICO-MECHANICAL METHOD.

The following description mainly deals with Coker's ap-
paratus, but methods used by Mesnager (when they are different from
Coker's) are also outlined.

Mesnager used glass models; Coker usss models made of

celluloid or xylonite.

1) teneral arrangement of Toker's apvaratus.

A schomaticedxyx lay-out of the =zvnaratus is shown on
Plate IV,

White 1light from a source S passes through a condensing
lens . and water screen B (to reduce the heat rays), and is then
passed through a polariser P. This uhit consists of two larger
condensing lenses and two small concave lenses, arranged as shown
at 2, Plate IV, in combination with a Nicol. The latter is of
less than one inch circular opeture, but in combination with lenses
gives a beam of polafised light about 4" in diameter. The com-
bination thus accomrplishes what a nicol of 4" circular aperture
would do, were there any of that size obtainable. The plane po-
larised light is then passed through a quarter wave plate ¢, which
alters it to circularly polarised light, which, in turn, is passed
through the transparent specimen under load to be examined, which
is }n plane MM, The light then passes through lenses E, T and G;
and through the quarter-wave plate K,which is similar to J except
theyt its axis is at 900 to that of J, and, therefore, counteracts
the effect of J. The resulting light is analysed by another nicol

A set at 90° with the polarising nicol. The light is fenally
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projected upon the screen C so that points in plane MM (or NN, -
another position for the specimen) are brought to 2 focus on this
screen. The colours produced depend directly on the stress dis-

tribution in the specimen.

2) Determination of direction of stresses; iso-clinic, iso-

chromic and iso-static lines.

For determination of direction the qu-rter-wave plates
are removéd and light remains plane polariséd. In general, such
light after passing through a loaded model, would become elliptical-
ly polarised, and some light would get past the analyging nicol.

At points where one of the principal stresses is parallel to the
plane of vibrations, the emergent light would still vibrate in that
plane and would be completely extinguished by the analyser. If

the whole specimen is examined simultaneously, a dark band would

be seen, passing through all points at which the direction of one

of the principal stresses is parallel to the principal section of
the nicol, the direction of which is known. If the nicols are
turned through an angle, the dark band would move, to pass through
all voints at which one of the princinal stresses is parallel to the
new direction of the principal section of the nicol.

These dark bands connect points at which the principal
stresses are equally inclined to a fixed direction, and are called
iso-clinic bands., The inclinations are usually in reference to
the vertical; thus, the 30° iso-clinic passes through points at
which the princi?alvstressps are at 30° and 120° to the vertical.

Iso-clinic lineé, 28 such, are rather useless in convey-

ing the picture of the distribution of strésses, and are plotted
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only as & means of obtaining the lines of principas stress ég iso-
static lines, which at any point are tangent to one of the prin-
cipal stresses, and thus, at any voint show the direction of the
principal stresses, When o number of isbmstatic lines are drawn
for 2 specimen, they form a net-work of orthogonal lines.

The iso-static lines can be obtained from the iso-clinic
lines in one of two ways:

(i) As practiced by lfesnager. TIf tangents are drawn
at wo infinitesimally near points on a curve, tihren the lengths of
these tangents. (from the point of tangency to the point of their
intersection) are regarded as equal.

Ap»nlying this to iso-clinic lines, the lines of principal
stress can be obtained from ther in this way; suvppose we have two

iso-clinic lines as shown in Wig.1l0, and suppose we want to derive

iso-static lines from them.

. :ZL-
e

Fig. 10

On one of thewm, say the 00 line several equally spaced
short 1lines are drawn in the direction of the princinal stresses.
Now,to find where wach of them cuts the next iso-clinic, say the
10° one, a ruler is placeé at 10° with line CA and is made to slide

up and down until the intercept C3 is equal to CA. When this vo-



sition is found, the voint B is marked and joined by an easy curve
with A since it is on the same iso-static.

(ii) Coker usec a faster method, if somewhat not quite
as accurate. He draws 1ittle crosses all along the iso=-clinic
lines, such that their arms are in the direction of the principal
stresses., Then the lines of principal stress are drawn in by eye.
In drawing the iso-static lines it is important to keep in mind

that they cut each other at right angles.

3) Measurement of p - q.

When a specimen is analysed in white, plané polarised
light, in addition to dark iso—clinic bands there will be coloured
bands, called iso-chromes, which are due to interference of wiite
light at points where the plane ofbvibrations is not varallel to
either principal strecs. At any »noint on ar iso-chrome the in-
terference effect is the same, hence &; or the difference of phase
between the two rays is the same, hence (p - q) is the same.
Points'for which (p - q) is zero would lie on a dark band, which
must not be confused with ~n iso-clinic line., Going from the
dark band for which (p - gq) is zero the succession of colours would
be as follows: - Grey, white, yellow, orange, red, purple, blue,
yellow, red, purple. Thus, for higher differences of stresses some
ol the colours repeat.

When analysing a model for p - g to eliminate confusion
of the black isc-chromes and iso=-clinics, two methods are available.

(i) To rotate the nicols at a high speed. TFor the
field of iso-chrome 1is inderendent of the orientaticn of the nicols

and will remain unchanged, while a different Iso-clinic corresponds
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to every position of the nicols, and with nicols rotating fast, the
iso-clinic lines will not be seen because of persistence of vision.
The whole field will be somewhat dirmmed.

(ii) A better method ard one which is now universally
used with Coker's apparatus is to use circularly polarised light,
j.e. to rotate the plane of polarisation instead of tle nicols,
which, nevertheless gives the same effect., This is accomplished
by inserting twec quarter-wave plates,as shown on Ilate IV, their
axes at right angles to each other. It will be seen from what has
been said of Optics that plane polarised light when falling on a

and vibrating
quarter-wave platejat 45° to its axis will result in circularly
polarised light; this light is nassed through the model and then
through the other quarter-wave plate which being at 90° to the first
will neutralise its effect. Tl.e resulting light will be ellipti-
cally polarised vitl: the same difference of phase at any voint as
if there were no quarter-wave plates; thus, the field of iso-chromes

will not be changed, with iso-clinics eliminated.

(p - q) can be determined in connecticn with this method
in one of three ways:

(i) A prismatic calibration piece of the same material
and thickness as the model is placed near the model and loaded in
direct tension or éompression until it develcpes the colour of the
iso-chrome under consideration, taking énto account the repetition
of some colours. When that is reached,(» - q) at any point on
that iso-chrome is equal to the intensity of the direct stress in
the calibration piece. By looking at the colour alone it is i~

possible to tell whether (p - q) is tensile or corpressive, but
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ﬁ' pan alwaye be dotermined by inepection. Thig mathod is fast

751’,11" tather inascurate mnd im vot very much used.

(ii) law of Wortheim states that J5 = c.l(p-q) Ue=-
lager measured .53 by HEeans nﬁI:Eabinet gompenaator, to be deep-
gribesd presently. In the sahove eguation € is kmnown, 3:3 can be
migsured by ths Bgbiret cowneneator; hence (p - q) can be cal-
culated, ¢ can be determined by measuring &3 for m known {p - g).

The Babinst compensator coneiate of two blocke of double
refracting material, shaped &8 Bhowxyn in Tig. 11, and placud with
the slanting faces together eo ge to form m rectangular blcck.

The axie of greater vstardation of one of themx, say bhlock N, iE
horvigontal and the aimilar axie of the gther is verticsl. A Tay
of light going tbhrough the centre of the bleck, that is in tha
plang CACB will he unchanged when it enmerges out at the other sids,
beEcauss the gremter retardation of the horizeontal compoenent by the
blook W will be neutralisedby an equal greater retardation of the

vertiaal cemponent by the block N,
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If, however, the ray penetrates the block nearer to the side as

at DEF, then the retardation cf the horizontal component by the
block M is proportional to DE and the retardation of the vertical
component with respéct to tre horizontal one by the block ¥ is pro-
portional to EF, and the net effect of the compensator is retar-
dation of the horizontal component with respect to the vertical,
which is proportional to (DE - EF). Similarly to the left of centre
AQB the compensator is equivalent to a single block with the ver-
tical axis and thickness equal to the difference of thicknesses of
blocks M and N at that point. Thus by letting the incident ray

go through the block at different noints verious phase differences
can be produced. And, having calibrated the compensator <S3can be
measured by compensating it by producing -<53,

In fact, a compensator like this is usually calibrated
for measuring (p - q) directly. It is placed between the calib-
rating prisnﬁnd the analysing nicol. When the prism is not stres-
sed a dark line appears at the centre of the compensator. By put-
ting a known direct stress on the calibrating piece, = certain 53
is produced which is compensated when the ray 1s passed through the
compensator somewhere off the centure. 'ne ray beirg fixed, 1t 18
the compensator that 1s made to slide, 1ts movement being measured
by a micrometer. It is obvious that for half the stress the com-
pensator would be moved half the amoun£ for extinction. Movement
in the opoosite direction correspondé to (p - q) of a different sign.

Having thus calibrated it, the compensator is placed be-
hind the specimen to be tested and (» -q) is determined with the
prover sign at any »oint by turning the micrometer screw until ex-
tinction is obtained, reading it and dividihg it by the calibrétion

constant.



(iii) Coker's method of determining (p - q) is as
follows:

To neutralise the effect of the loaded model, a simple
tension member is used. It is placed so that its axis coincides
with the diréction of one of the principal stresses. If they both
are compressive then the axis of the tension member is placed along
the greater; if they are both tensile, then it is placed along the
smalle®; if one is tensile and the other compressive, then it is
placed along the compressive one. Since the tension member is to
nentralise the effect of the model. the reasons for this are obvious.
At points where it is impossible to say the kind of stresses, the
calibrating piece would be placed along either stress’anqﬁﬂﬁt is found
to augment rather than to compensate the action of the model, it
would be placed along the other direction.

To find (p - q) the calibrating pilece is first-orientated
andt hen loaded until extinction results. At that moment the in-

tensity of tension is equal to the intensity of (p - q).

4) Determination of (p ¢+ qg)

Having obtained (p - Q),stresses p am q.can be cal-
culated if (p + q) can be measured. In 1900 Mesnager éuggested
that (p + q) could be opbtained by measuring the lateral deformation
of the model. He suggested that, since this lajeral expansion or
contraction is so small, an eitensometer employing two parallel mii-
rors produeing interference might be used. One of the mirrors
being fixed and the other one rotating with the lateral strain of
the model, a minute strainswould result in considerable shifting of
the interference fringes. Duq&o extreme sensitiveness of inter-

ference, the above method of measuring lateral deformation has not

‘been developed.
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Cokar's impteral extensomcier.

¥rof. Coker invented a lateral extensometer of pgreat ne-
guracy, FPlate V, of whish the descrintion followa:

On ane limb of a M=-frame the rensuring needle B is mounted,
the outar =nd being ~ent in contact mith the lzver ¢ by a very Tine
epring ID. t the op csite 2and thin laver operates a mirror L.

A beem of light is paesed through a lens and a retieule, projectad
eante the mirror B, i1a reflected by it, and is focusead on a sIcalse.
Thusy for a glight moverarnt of nesdle B the imaze of the croes
balr movasa across the secale,.

The extarpomstar is firet calibrate? by meang of the
minrometer mounted at the other limb of tae U-ITame. Thes mi-
Sromeves .5 aleo wtllised tor memnsurang the thickuess of & model.

Dy meaps of the Coker extsnegorater, Jaleral cefermations

1 -

gf thg order cf . abG of By inel: can be rengurad.
S 1

Ca

o

8 ldering av elerental cube vornler ths zetion of exter-

nal forece nernendicular te ite facen, Fig.l2 we lLave: -

at ’ .
E - -‘!-'-t"-_- = Px ~ m (Pﬂ"’Pﬁ)

lF'a =
A

*—-—-

Py | Py

Fig. 12
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If px= O, as is the case with models tested by the method being
At : '
described, E. & = % ~m(Ps*P3)

mE
Py * P = - g -4¢

E . .
Instead of determining E and m separately @ =k is determined
for each model by measuring lateral deformation under known force
Py, pj,'being zero. THaving determined k, the sumbf the stresses

at any point is obtained by multiplying it by the lateral deforma-
tion at that point.

5) Calculations and graphs.

Aghas been already mentioned a network of iso-static lines
is drawn directly after iso-clinic 1ines have been determined.

Having (p - q) and (p + q) we can solve the two simul-
taneous equations for p and q with their proper sign, and obtain
their direction from the iso-static lines.

Curves showing the variation of stress along any line

can then be plotted.



V. THEORY OF FAVRE'S TURELY OPRICAL METHOD

This method which utilises no mechanical meaurements, obut
only optical, has been developed during the last four years by FProf.
Favre,at Ecole Polytechnique de Zurich, Switzerland.

The theory underlying it as well as the description and

adjustments of the machine will now be taken up in detail.

Three eguations.

This method utilises green monochromatic light.

It will be recalled that a ray of light while passing
through a stressed transparent plate undergoes double refraction
and 18 decomposed into two rays vibrating at right angles to each

other and parallel to the principal stresses.

5 /A
|
3 )
|
o
s)
@) ’H C

Referring to Fig. 13, d;is the relative retardation of the
two rays; &; is the retardation of one of the rays as compared to
the ray passing through the unstrained plate; 6;13 the retar%ation

of the other ray.
: 65 = ‘Et“gi

0

There are three unknowns at each point: & , p and q (using the

usual notation ).

A is determined using the same principle as in Coker's
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method, namely, that complete extinction results when the prin-

cipal section of the nicol is parallel to one of the principal

stresses.

(p-q) is again determined by compensating the ef-
féct produced by loading the model, only using another kind of com-
vensator.

. But, instead of measuring ( p + q ) mechanically, p and
q are obtained independently, by measuring &, and &,.
It will be now shown that cﬂ and J,are linear functions

of p and g and are related in the following manner:

§ = tlop+ Bq)

S, = t(épraq,)
these
these equations holding good within the elastic limit of the mate-
rial, a and b being optical constants depending on the length of
wave employed and optical properties of the raterial.

Iet t =1. It is evident that 6]and <51depend only on
the wave length A, optical and elastic properties of the plate
and on the principal stresses p and gq. Since monochromatic light
is used throughout, A is constant; also optical »roperties of the
material do not change fror point to point. Therefore, J,and &,

devend only on p and q.

we thus have: 5}= %l(f’:%)
CSQ_ = +ZCP,%)
Developing +'<P'q0 by means of McIaurin's series with

two variables, we have:

e . (o)
§ < i(prq) -1 (00) + (_2p P T 0% 9)

When p =80 and q= 0, 5.= 0 h‘—‘ (0,0) =0 .
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o u(().d) ) ((),U)
: a'm ' ' jhaCy 9

J ICO'O) a?f"(oi_())
A

g, =

Now, P and are both constants.

putting Oplod . & and a%(;’_'-") =b ,
P v

we have o, = ap + bg

and, by symmetry: 5;:= bp + aq.

If the thickness in not unity:

§, = atp + btg
§,= btp + atg
Also, by Wortheim: ds=c.t.( p - q [

In these three equations, only p and q are unknown,
being measured by means of 3ravais @ommensator, and 5}and 51_by
means of lMach-Zehnder Interferometer, yet to be descibed. as b,
and ¢ are determined by measuring éﬂ, S, and 5} for ¥nown p and Q,
p usually being direct compression and q - O.

- We thus have trree equations with only two unknowns,
which not only provides a check, but also enables us to calculate
the most probabde values of p and g as Well.as their mean error.

Let the errors of measurements be v,, v, and v;. Then:

aep & beq = 5+ vy

bep £ aeq = &, t 7V,

i

|

C.t.( p"' q)=53+V3

o
e

Vs V, and vy, may be regarded as functions of p and q

related to them by the above equations. ILet p,, p, and p; be the

"weights" of measurements of§,, SZandSQ, respectively. Therefbre)

7 A

p'v"‘ﬁ‘ p,;v,, r DV, = Z (p\?) may be also regarded as a function

of p and q. Then, accorking to Gauss's method of Least Squares,
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te most »rcbable values of » and ¢ are tress which would make

Z(IC-VL) a minimum. Thot is: ,,)
Oz Crw]) 0z (pvd

7e can *thgs calcvlate the most nrobable values of = and g and their
mean evrors Mp and Mg .

we end up it the following expressions for o, q,rramdﬁ%::

D = R, t Ty 02+ Ry O

q = R‘L(S‘i' ?21(51,'* R‘;L(SS
Mp = £8, (8 -6-35)
'“’.t’ ‘-'—’92166:'(5" (53>

where 's and 6's ~re constants for each model, depending
on a, b, ¢, t, Dys Dy and D3 and stand for tke following exnres-

sions:

R - alpot Py)- é(,%,/) a[ib)_ 4[f>1+,,;3>

£ e (or &) CF) R s = ety ()
o . 2G)- & 3) R, . olp+3)-6(h)
! t.c (ar4) (%) T TTE e (aee) (7

o (5)+46 (3,)
t c. Café),("f,) ',?h, =

- 0\.6/’;1/) -.g [/—;/)
tc(aré)( )

\/ 6Ty Pza_ + psc l/ N
Q P - L P * e
' t c (Qf’é) [PJV =3 92 zZ.c [a*‘é) [/{) l//’//’b/’«‘*

They can be calculated once for all for a given model.
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V. FAVRE'S APPARATUS, ITS ADJUSTMENTS AND CONSTANTS.

The general view of the apparatus 1s shown on Photo No.l.
The frame Cm supporting the apparatus rests on three piers.  Im,
at one end, is a mercury lamp, giving light rich in green, Mo is
the monochromator which disperses the light into compdnent colours.
The colour of any desired wave ieﬁgth can be picked out by turning
the drum (just behind Mo) until it reads ﬁhe desired wave-length. |
All work is usually done with greenish yellow colour of gk:.5461
which is of gfeater intensity than colour of any other wave length.

Models are made of a fine wuality glass, very carefully
annealed and moulded. In this method the model is not analysed as
a whole but point by point. A diaphragm made of a thin sheet of
aluminium is pasted over the portion of the model to be analysed.
Tnis diaphragm has holes 0.5 mm. in dia. located at points at which
the determination of p and q is deemed desirable. It will be seen
that the apparatus consists of two distinct optical paths - one along
the rail I, the other along the rail IT. The former is used for
determination of & and <Sgand will be called Line I; the latter -

for §, and 6, and will be called Line II.

1) Iine I
| Referring to Plate VI, it will be seen that Line I con-
sists offhe following:
Mercury lamp Im
’Monoéhromator Mo
Adjuscable shuccer D,

Converging lens O
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Adjustable shutter D,

Polarising Nicol prism N,

Yodel (with the diaphragm) M

Braveis Compensator C

Anglysing Nicol prism N,

Telescope Ta'

The dimensions are such ghat tiie ray of light emanating
from the lamp has the diameter 0.5 mm. when it reaches the model
and it can pass through the 0.5 mm. holes in the diaphragm. Shut-
ters D,and ngshould be opened to diameter 2.5 and 3.5 mm., res-
pectively. The two Nicols can rotate azbout the axis of the ray
and are kept fixed relatively to each other by the connecting arm
Tu. Their optical axes are at right angles to eacli other. VMicol

»

,. has an index travelling over a calibrzted drum, so that the po-

‘=

sition of the Micols can be referred to +he vertical (in©). The

vertical is marlked 0°,

a) Determination of o

Trhe nicols are so adjusted thal for the nosition of the
index reading 0°, the axes of the lMicols are vertical and horizon-
tal (it is immaterial ns to which is which).  The compensator
beihg out of the way and the model unloaded, no light will go
through the two nicols. I7 the model is loaded, light will be ge-
nezally seen through the telescope. On turning the nicols the in-
tensity of light will vary, andthere will be 2 nosition of the ni-
cols giving maximum light, as well as a position giving complete
extinction. In the laéter nogition, the axes of the nicols are:

parallel to the directions of the principal stresses, Tosition of



the nicols being indicated on the drum we can thus read of f the in~
clination of one of tre »rincival stresses to the vertical, the other
one being at right angles to that. Directions of the princival

stpesses are obtoined for wach noint in succession.

b)  Determination of &a

é& is measured hy me~ns of the Dravals comoensator.

w

The bravais compensator cconeists of tirec rectangular platss of

quartz, nossessing the »rovertr of double rzfraction, Miz.14.

'

T L| » L3 \Tx

a |
' !/

: A N
| Aol \ A, o L
() Y %)

L~

Fig. 14.

The plote Ly is OA thick and s its optical axis (the
axis of grenter retardation) along Ox.  The plates L, and Lz have
their onticeal axes along Oz. L,and L, are triangular in cross-
section and can be made to =slide along each other, thus varying
their combined thickness. Wwhen thickness Q'A' is eqgual to OA,

L, and L3 are neutralising L,and a ray going through.the compensator
is unchanged. If, howecver, the wedges are displaced, increasing
thickness O'A', then the cormenzator =2cts ns o double refracting
plate of thickness O'A'-0A whose axis is parallel to Oz. If C*A?

is smaller than OA then the ontical axis is =long Ox. The wedges
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are made to slide by turning a drum, one revolution of the drum
corresponding to a certain displacement of the wedges. Revolu-
tions of the drum are indicated on a scale travelling with the
moving wedge and hundredths are read off the graduations on the
drum.

Thus, by turning the drum any required difference of
phase may be created.

Any 53 present in the ray before passing through the
compensator is obtained as follows: |

Before loading the model, the comvensator is set at
extinetion and the rz=ding taken; when the model is loaded, light
will generally be seen through the telescomne. The drum of the
compensator is turned until an extinction is reached and the cor-
resnonding reading taken. The difference of the two re~dings di-
vided by the €@onstant of the comvensator gives é;irxterms of wave-
length. (To determine the direction in which the drum is to be
turned only a part of the load is applied - the required direction
is the one for which the intensity decreases, asg?e drum is turned.
Only a part of the load is applied, becouse, if ¢ is over half
wave-length when full load is applied, the intensity will increase
as the drum is turned, reaching maximum, and then fade away until -
extinction is accomplished).

It is important that the axis of the compensator should

be in the dirdction of one of the princinal stresses.

2) Line II.

Tt consists of the following: (See Plate VI)
Mercury lamp Im

Monochromator Mo
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Adjustable shutter S

Nicol prism W

Converging lens 0

Interferometer Mach-Zehnder L = L,

Wodel and diaphragm M

Telescope Tu.

The mercury lamp and the model can be moved until they
are in Line II.

The dimensions are again such that the ray has diameter
0.5 mm. when it goes through the model. -Before description of

the interferometer, as used, its principle of oreration will be

outlined.
5I”C?£ D c
5's A -
sl/é‘i’é La T
Z l
r ‘ | L
af){ ¥ /fL, 4 B *
Fig. 15

Four equal glass plates are placed parallel to each other

4t the four corners of = square ABCD, Tig. 15. They are 21l in-
clined at 45° to the ray, emanating from the source S. TPlates

A and C are covered with a thin layer of platinum and are vartly
reflecting, partly transparent. Plates B ahd D are covered with

a film of olatinum, of sufficient thickness to reflect practically
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all the light falling upon them, letting none through. The
ray SA will then be decomposed into two rays ABC and ADC. The
two rajs, which we shall call Ray 1 and 2, are Qf the same inf
tensity. On looking'through the telescove T, a virtual image of
S will be seen at S'; .any other ray Srzwill =21so annear to be
‘éoming from 3'. Assuming all mirrors to bé‘of the same thickness,
the ovtical paths, traversed by the two rays will be exactly equal.
If one of the mirrors be turned very 1ittle out of parallelism, the
two rays 1 and 2 will have no longer the same virtual image 3°?,
but each will have its own virtual image at S" and g Tre two
images are'images of the same source S and rays coming from them are
in a condi tion to interfere. On looking through the teleséope,
interference fringes will be seen. Théy will appear as vertical,
equélly spaced, .black bands on uniform green background; by chang-
ing optical path of one of the rays, thé fringes will move bodily
to one side or the other. If the difference of optical pathsvls
exactly one wave length, tunen eacn frlngé will take place of 1ms
neighbour.

The interferometér as used on the machine at MecGill con-
giste of the following: (See Plate VI)

L . 4L3 full mirrors

L, uvqu vartial mirrors

L Comvensator

L A plate compensating the thickness of 1L

Ic A plate compensating the thickness of the model.

Lo and Lo' Half-wave nlates

Lo" 7™ull wave plate to compensate thickness of Lo and Lo

Iu Telescone, with a seale in it to gauge the movement

cf fringes as will be described.
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The frames of plates L, and Lsare fixed to the frame
of the interferometer, while L, and L, can slide along rails keep-
ing parallél to themselves. All four plates can be adjusted in
their frames by screwé Vv_and Vh.

| Compensator L is a plate of glass, mounted in a frame
capable of turning about the vertical axis. It is turned by means
of a gfaduated drum orerating a slow motion screw, thus changing
the optical »ath of ray L, L; 14 ., Tris plate is vertical and
inclined at about 80° to the ray.

I' is a plate identical to L and is set at the same an-
gle as L, but it has no slow motion arangement to turn it. Its
purpose is to compenséte for thickness of L.

Ic is of the same thickness and material as the model
and is placed on the path of ray L, L4 L, to compensate for the
thickness of the model.

Lo and Io' are two half-wave vlates. They can be turned
about the axis of the ray by means of two long toothed rods, en-
gaging their frames at one end and a common shaft at the other.
Thisvshaft can be turned and carries a graduated circular pnlate
situated near ILu. The platés are so placed that when the circle
is reading zero their gxes aré vertical. Now, nicol prroduces
polarised light vibrating in the vertical plane. To obtain retar-
dation suffered by the ray‘in one of the d& rections of the prin-
cipal stresses, the vibrations - must be parallel to it. As has
been explained, a half-wave nlate has the »roperty of changing the
plane of polarisation of light going through it, symmetrically

about its axis. If one of the principal stresses makes an angle
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X~ with the véTtical then the axes of both half-wave plates are to
be set at ;50 to the vertical. The secohd'plate renders the plane
0I Vvibrations again vertical. The drum is so graduated that it has
to be turned through the number of divisions equal to the number
of degrees in angle XK.

Lo" is a full wave plage and is there to compensate for
combined thickness of half-wave plates.

A section of the telescope is seen on Plate VIII. X is
a source of light, B a lens and A a scale with very fine divisions
(about 200 to the inch) etched on it. ° ¥, and M, are two mirrors.
From Photo 2, it will be seen that the compensator I carries a
mirror»M; This morror is set in such a way that light frpm source
X travels to it, is reflected and comes back into the telescope
theough the slot D; it is then reflected by mirrors M, and M, and
goes out thfough the eye-pﬂece. By moving Lp the image of the
scale can be focussed at the reticules.  When this igdone the
image of a portion of the scale will be seen,greatly.magnified,»
.through'the eye-piece. The reticule consists of one horizontal

and three vertical hairs arrangéd as shown ah Fig. 16.

L
—

~

Fig. 16

"The single hair is in the field of the image of the scale, while the

two top hairs are in the interference field.
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Any retardation introduced in one of the rays displaces the inter-
ference fringes sideways and is measured in this way: - the drum
operating the compensator I is turned, thus turning it and mirror
M and, consequently, moving tke image of the scale across the re-
ticule, until the interference field is restored to its original
position. The scale is read befdre and after; the ﬁifference
of readings divided by the compensator constant (see adjustmen ts)
gives us the values of 8, oi’ d,in terms of wave-length.

By measuring interferencé when vibrations are narallel
to one of the principal stressesgm1pﬁhis obtained and when paral-

lel to the-other,w,5is obtained.

Adjustments.

Line I.

l. The reading on the drum at the mconochromator is set at .5481.

2. Thre nogition of the objective glass is set at 1:1.

3¢ All optical rieces are spaced as shorn on Plate VI, and
lined up; the alignment must be horizontal. A green spot will
then be seen through ths telescovne Iu'. The latter can bz fo-

sussed by moving the eye-niece.

4, Compensator C being out of the way, the Nicols =are to be
set at 90°. 1In this position no light should be seen in the te-
lescope. To accomplish this N,'is not to be touched, but N, ié
to be turned inside its frame unﬁil extinction results. To get
to nicol ¥, ,the protecting glass will have to be removed.

5. The vrismatic calibrating piece, supplisd with every model

is next subjected to vertical compression, making p vertical and

q"'Oo
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6. Both nicols are turned together until extinction is obtained.
In that position the optical axis of one of the nicols is parallel
to one of the stresses and the reading on the drum N, should be O.
It it is not, it will be necessary to keep the nicols fixed in
space and to turn.the arm Tu until the reading is zero. This ad-
justment is to be repeated until the reading is exactly zero, when
extinction is reached.

7: Constant of the Bravais Compensator.

The model being out of the way, the axis of the compen-
sator is rendered vertical by setting the vertical graduated dise
at 0°. A bright spot.willigenerally be seen. The nicols are
placed at 45° to the vertical;'for greater intensity. Turning
the compensator drum a position of cdmplete extinction'is reached.
The scale and the drum are.read, as hagbeen explained. Then the
drum is turned in either direction - the spot will re-appear,
reabh maxirum intensity and fade away again until another extinc-
tion}is reached. The scale and the drum_are againiread. ‘The
difference of the two readings is called the constant of Bravais
compensator and represents in terms of the divisions opthe scale
the relative movement of the wedges, necessary to produce‘a rela-»
tive phase difference of'oﬁe wave length Several determinations
over the range of two or three extinctions are made and the me sn
is taken. Any other difference of readings divided by the constant

will give the corresponding 5% in Wave-lengths

- Tine II.
Different optical pieces are located according to Plate

VI, and lined up, the alignmemnt being nerigontal and at tne same
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height as that of Line IZ.

1. The four mirrors are placed parallel to each other. To do
this adjustment, all pieces except L,,6 L., L3 and L, are taken
off and the interferometer is taken to a:wnlace from where a point
at least 1 km. away would be seen (e.g. a church spire). Car-
riages with L, and L, are also removed. The interferometer and
a teiescope (not Iu, but an ordinary telescope, suchias a transit)
are then placed as shown at 1, on Plate IX, and the iwages_of the
spire due to L, and Lj are made to coincide by{turning SCrews Vv
and Vh. The two plates are now parallel within about 2'. The
interferometer and thé telescope are then placed in position»z,l
Plate IX. L, with its carriage is replaced and is brought»pa_
rallel to L, and L 4 Similarly, L, is placed parallel to the
other three plates.

2. The interferometer is placed back on the machine and put in;
1ine4with the rest of the pieces in line. II. Uniform green field
with vertical interference fringes across it will be seen in the
upper part of the telescope field. Lens O" is to be out‘df the
ways; its purpose will be mentioned later.

3. All other pieces are now replaced opfhe interferometer, I
and L' at 80° to the ray, paésing through them.

v may be v ‘
4, Tens O &8 slightly moved to produce a sharp focus of the

light on the diaphragm.

5. The fringes are made exactly vertical. spaced conveniently
(5 or 6 in the field) and made as dark as possible by tmrning Vv,
Vh and V; respectively

6. By turning slowly mirror M and focussing Ip, the image of

the scale can be focussed on the reticule. It will be in the lower
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half of the field. The source of 1light is fed by a battery through
a resistance, wnicn can be adjusted to produce the image of the
scale of the most convenient intensity, permitting at the same'time
to see easily the interference fringes.

7. To ameliorate the fringes further, the mercury lamp is re-
placed with a carbon arc lamp, vroducing Wﬁite 1ight. On lqoking
through the telescope there may or may not be fringes. If not,
they are made to appear by again turning slightly the adjusting
screws. They are again spaced so as to have about six in the field
and the white fringe is placed at the centre. The carbon arc lamp:’
is then removed and the mercury lamp replaced.

8. Constantoof the compensator L. 7ith the model vplaced in
the path of ra;ﬂ;thgrum opergting L and ¥ is slowly turned until a
fringe is exactly hetween the two vertical cross hairs. The scale
in tre lower half is read with reference to the vertical hair.  The
drum is then turned until four inter-fringe spaces go by, and the
fourth fringe is brought between the cross hairs. The scale is
again read. The difference of readings dévided by four is called
the constant of the compensator L and represents the amount which
L has to be turned, necessary to produce a retardation of one wave
length. This determination is repeated several times and the mean
ﬁaken. It apnlies only within the range of the four fringes. Any .
other difference of readings divided by the constant gives S,Or

étin terms of wave-length.

When the lens O" is inssrted it is found that instead of
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uniform green field two pairs of bright spots are seen, the spots
in each pair being supérimposed. This lens may be useful when
changing to another hole. When the light does not go through the
hole the two bright spotw, one from wach pair, are somewhat dimmer
than‘whén.the iightféng through a hole.

After all adjustments are completed the wooden cover is

replaced over the interferometer, to screen it from draughts, etc.

Determination of constants a, b and c.

Coefficients a, b and ¢ are determined by measuring -5}

6Land 53 when the principal stresses p and q are known. The
most'convenient way is to subject the test piece to'a known di-
rect compression. If the cross cection of the prism is hby e
énd V ig the vertical force, then at any point near the contre bfy
the piece p will be -S&amm.q_— 0 (or nearly so). The three fuhi
damehtal equations reduce to:

6,:0210 5. »@qo 53:c.e,'3

o - é_r; L - 753(3 c;:g_sf

Since there is a certain "zero!" correction due to the

weight of the levers and the scale pan, & sare determined for se-
veral loads. It is not the absolute 5’ta,nd not the -absolute load
that are taken but an increase in & corresponding to the respective
increase in the load. Several determinations ofeach constant are
made and the mean calculated, as well as its mean error/ﬂd'
Weights p are inversely proportional to squares of /MJ'S

Finally R's and (fsare calculated, from formulae given

previously and the model may bé now tested for p and Qe
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Graphs.

Tittle crosses are marked at the position of each hole
with their srms in the direction of the prinCipal sfresses. LineSt
of principal, stress are then drawn in by eye.

Curves showing variation of stress along the boundary,
along the 41 of the model and along transversal lines corresponding
to the lines of holes, Wguld convey a sufficiently complete pic-
ture of stresses. If desired, vertical and horizontal stresses

at any point can be calculated and plotted.

Accuracy of the method.

Dr. Favre rmade several tests on models choosing shapes
Tor which a rathematical soluticn Was available. nd for majority
of points the discrepancy between the rathematical solution and
experimental results was within »62 kgms. per sq. rm. For points
in.zones wvhere stresses vary greately his results are within .05
kgms. per sg. mm. Thus, in an ordinary test the error would be

well within 5%.

Scale of loading.

Assuming the actual structural mermber and a model of it
to be of the same material let their linear diﬁensidns be in the
ratio a 1. If thhe ratior of external Fforces applﬁuﬁb the
mEdEk structure to the external forces applpdto the model be

b ¢ 1. Then the ratio of intensities of stresses in the actual

8

member to that in the model at tre corresronding point will be o
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VII. EXPERIMENTAL WORK.

TFh experimental work done in connection with this
thepis includes setting up and adjusting the apparatus and testi:
one quhe.models supplied with it.

The apparatus which is installed in the Testing Iabofa-
tory, Engineering Building, was presented to the University by lr.
C.M. Morssen, Honourary Research Fellow in the Department of Civil
Zngineering. |

A sketch of the model which represents a buklt-in wall

- L
is shown below.

ls?;m
Diaphragm ‘5—
ate S
Thickness=10mm . g“
N 1 )
Cur
|

1S5 —
mm ‘g_

5

v

240mm,

Fig, KT

|
>

¥ 5

It is only the shaded zone that was tested. The diaphragm

and the location of holes are shown on Plate X, hoes being repre-
sented by little dots at intersections of broken lines.

Originally, the intention was to do a considerable amount
of testing, but, due to a nunmber of unexpected difficulties in set-
tin up of the apparatus, and consequent lack of time only enough
testing was done to check the validity of the method. Simple

symmetrical loading was, therefore, chosefl, the bearing plate ex-
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tending over 4/5th of the width of the top of the model.
Constants of the Bravais Compensator and of Interfero-
meter Compensator were first determined. Then,coefficients a,b,
and ¢ were determined by measuring 5,,5ztwmdégfor'two different
welghts on the scale pan and taking the difference of readings
corresponding_to the difference of weights and calculating a, b,
and ¢ from_equations given in the.last chanter. This eliminates
the zero correction due to weight of the levers and the scale pan
which were afterwards determined as follows: - TFrom readings ob-
tained for determination of constanﬁx?~the difference of readings
was -2.47 for increase of 11 lbs. on the scale van. The dif-
ference of readings for 5 1lbs. on the scalé?gs -1.44. Therefore,
the combined effect of the scale pan and 5 lbs. weight is b.42 Jbs.
Therefore, the scale pan and levers are equivalent to 1.42 1lbs. on

the scale vpan.

The test was made with 16 1lbs. on the scale pan. Taking
into account the "zero correction", the load on the seeleiges
17.42 1lbs. Since, the amplification due to levers is 20, total
"load on the modelwids EL;%;&;B = 158.kgmsQ

The constants as determined are a = .0376, b= .0842
and ¢ = -.0467. Therfore a - b = =-.,0466. | Thus, fheconStants

check very well.

The model was then analised for o, S,, 5, and 5,,p and q

were calculated from the two simmltaneous equations
§, - &b + ol

(p - @)as obtzined from 53serves as a check. In the circumsta nces

it was deemed advisable not to go through laborious calculations
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of R's, 6 's,

From the enclosed tables of &s,p's and g's it will be
seen that although a general check ‘was obtained, quite a few points
were considerably out, some of them as much as 20%. Such errors
although not a reflection on the validity of the rethod are quite
objectionable.

The main source of error, undoubtedly, is due to the
fact that no readings were repeated. In the case of constants
all readings were repeated and the constants checked very well.

Another source of error is a certain défficiency of the
Bravais Compensatorj;under certain circumstances it gives no com-
nlete éxtinction and the position of minimum light can then be
only estimated.

A poor mounting of tke telescopetis, undoubtedly, res-
ponsible for some eTrrors. It is held to the frame of the inter-

ferometer by only one bolt and is,consequently, rather unsteady.
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VIITI. CONCILUSION.

It is hard to compare the relative advantages of the two
methods as‘ the writer had no experience with the Coker method.

But it seems to him that for ordinary testing the Favre
method is faster and little more accurate. It is generally the-
boundary conditions that are the worst and in which we are mostay
interested. At the boundary one of ﬁhe principad stresses is ze-
ro, and consequently, determination of (p - q) will give us direct-
ly the other stress. Determination of both, X and (p - q) is
quité fast and accurate on Favre's machine.

Coker's method, hoWever, nrovides a good illustration of
the general distribution of stresses.

It seems, that~a compination of the two, as suggested by
Mr. Morssen, would be desirable. Cokxer's method would be used to
obtain a generasl picture of the stresses and location of dengerous
points, and Favre's - to determine the stresses quantitatively aﬁ
such points.

As to the material, both glass and xylonite have certain
advantages anrd disadvantagés. Glass is. very expénsive to anﬁeal
and cut, but, when it is well annealled, it is almost perfectly iso-
tropic. Celluloid and Xylonite are easy to cut but they have fhe
disadvantage of "flowing" under stress, and imperfect material near
the edges. An advantzge of celluloid, when applied to Coker's

method is its high lateral deformation as compared to glasss.
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RESULTS OF TEST.

Determination of constants.

C of Bravais Compensator.

Load off: +.68 ~7.32 +.,70 ~7.21

Load on: ~7.32 -15.30 -7.21 -15.12

Dofference: - 8.00 7.98 - 7.91 7.91
= 7.95

Mean Cb

C of Interferometer.

Toad off: 16.68 10.17 10.62

Ioad on: 12.68 12.15 12.62

-Difference: 2.00 1.98 2.00 (for 4 fringes)
Mean Ci = .50

Constant "a".

5 1bs. on scale pan; Off: 10.53 11.05 11.54 12.02
Orni:  10.61 11.11 11.601 12Q09
Diff: .08 .06 .06 .07

Mean difference = .067
16 1lbs. on scale pan; Off: 10.58 11.09 11.59 12.09
On: 10.78 11.28 11.78 12.28
Diff: .20 .19 .19 .19

Mean difference = .192
Formula: a = ¢,p 5,’ «00 T <50 T = .25 wl,

(16 - B)% 20
p * 2.205% 150 = ,665 kgms/sq.mm. t = 10 mm.

2D
8 % 10x 665 = .0376



5 1bs. on scale van;

16° 1bs. on scale pan:

Formula: b

Constant ‘e

5 1lbs. on scale pan;

16 1bs. on scale pan;

Formula: ¢ = Txp

b
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Adjusted values of a, b and ¢

a = .0376

b = .0843 -C

0467

off: 10.84 11.32 11.80  12.31
On: 11.02 11.48 11.98 12.48
Diff: .18 .16 .18 .17
Mean difference = .173
Off: 10.38 10.87 11.36 11.82
on: 10.85  11.32  11.80  12.27
Diff: .47 45 .44 .45
Mean difference = .453
§.: SRt s 2 < 56wl
P = .665 kgms/sq.mm. t = 1l6mm.
.56
b= 10X .665 = ,0842
off: .23 .21
On: -1.24 -1.20
Diff: -1.47 ~-1.4%
Mean difference = -1.44
Off: .23 .20
On: -3.68 -3.71
Diff: =-3.91 -3.91
Mean difference: = =-3.91
S, - =3.91 -(-1.44) _ -2.47
- 7.99 7.95 = =,311 wli,
= .665 kgms/sq.mm. t z 10 mm.
311
¢c *7TI0 X .665 = = 0467 wl,
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o fonnt ot | 6 S| v | e | e | G
A -3 0 . 40 94| 1,13 | -.03| 1.16| .503 1-O8f§
-2 0 .38 .88 | 1,05 | -.02| 1.07| .496 | 1.06
-1 0 .40 94 | 1,13 | -.03 | 1,16 | .492|1.05
Centze O 40 92 | 1.10 | -.02| 1.12 | .498 |1.07
1 0 .42 .92 | 1.09 | .01 | 1.08 | .499 |1.07
2 0 .38 .86 | 1.09 | -.01 |' 1.10 | .494 |1.06
3 | o .40 .84 .98 .04 .94 | .489 [1.05
B -3 0 .40 | .92 | 1.10 | -.02 | 1.12 | .465 | .99
-2 0 .40 90 | 1.07 | o | 1.07 | .483 1.03
-1 0 .38 .92 | 1.11 | -.05 | 1.16 | .483 |1.03
tentre| O .40 .92 | 1.10 | -.02 | 1.12 | .495 |1.06
1 0 40 | .90 | 1.07 | o 1.07 | .494 |[1.06
2 0 .40 92 | 1.10 | -.02 | 1.12 | .501 |1.0%
3 0 .38 .92 | 1,11 | -.05 | 1.16 | .508 |1.09
c | =3 2.5 | .36 e94 | 1,15 | =409 | 1.24 | .479 |1.03
-2 0 .40 96 | 1.16 | -.04 | 1.20 | .468 |1.00
-1 o - . - - - <440 | .94
Centrg O 42 .90 | 1.06 | .03 | 1.03 | .413 | .88
1 0 .42 .88 | 1.03 | .04 | .99 | .439 | .94
2 0 .40 .90 | 1.07 | © 1.07 | 501 |1.07
5 | -2.5 | .40 .90 | 1.07 | o 1.07 | .546 [1.17
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-y S, P q
.14 | .28 | .32 .02
.16 .40 49 | =.03
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.10 | .22 | .26 | O
12 | .30 | .36 | -.02
12 | .32 | .39 | -.03
14 | .34 | .43 | -.02
10 | .28 | .35 |-.02
12 | .26 .31 .01
10 | .20 | .23 | .02
.08 | .18 | .21 | ©
.08 | .14 15 | -.03
.06 | .18 .23 | -.03
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