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ABSTRACT 

This thesi& is an exposition of the various forms of Multivariate Gamma Distributions 

available in the literatllrc. We begin by discussing the univariate gamma distributions and 

~omc of thcir most important propcrties. These distributions are then extended to the 

vector variate and matrix variate cases. Derivations, applications and properties are given 

for gamma distributions in these two categories. Further generalizations associated with 

several matrix variate gamma variables are also included. 

RÉSUMÉ 

Cette thèse est un exposé sur les differentes formes existantes de distributions gamma 

multidimensionnelles. Nous discutons d'abord la loi gamma et ses propriétés les plus impol'-

tanteb. Puis nous présentons ses extensions à argument vectoriel et à argument matriciel. 

Lc& dérivations, applications ct propriétés des distributions gamma appartenant à ces rl<>ux 

catégories sont analysées. Quelques généralisations dépendant de plusieurs variables gamma 

à argument matriciel sont également considérées. 
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CHAPTER 1 

MATHEMATICAL PRELIMINARIES 

INTRODUCTION. 

There il> a va!>t literature on the various forms of ulllvariate, multivariate and matrix-

variate gamma distributions. The goal of this thesis is to present various existing forms of 

lIlultivariate gamma distributions, together wlth sorne of their properties and applications. 

ln chapter 1, wc give sorne mathematical preliminaries that will be used throughout the 

whol(' thebis. 

The univariate gamma and generalized gamma distributions are introdured in chapter 2. 

FUllctions of independent variables having the above den&ities, as weIl as, sorne applications 

arc abo considered. The purpose of this chapter is to provide the necessary background to 

IIllderstand the chapters that follow. 

ln chapter 3, we study the vector vanate gamma distributions. In particular, we COll-

blder the mllltivariate exponential, the multivariate chi-square and the multivariate gamma 

di~tnbutions. Sorne of their applicatIOns are also pointed out. 

Chapter 4 consists of matrix variate gamma and other densities such as matrix variate 

beta and matrix variate Dirichlet. Sorne generalizations associated with several rnatrix 

variate gamma variables are also discussed. 

In the end, some results are given in the Appendix, followed by a large number of 

1 cferenccs. 
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1.1 GAMMA FUNCTION. 

The gamma function f( 0:) can be defilled by one of the followi ll~ ('xpf('ssioll~: 

Definition 1: 

r(o:) = r= ('-ttO-idt 
./0 

= 1\log(1/t)r-1dt• 

for Re(o) > 0, where Re(.) means the real part of (.). 

Definition 2: 

r(a) 
n' l' C> lim .• 

n-oo o( a + 1) ... (0 + 11) 

lim nO[a(l + a)(l + a/2) ... (1 + 0/11)]-1 
n-oo 

= 

00 

= a-1 II[(l + l/n)°(1 + o/n)-l]. 
n=l 

Definition 3: 
00 

l/r(a) = ae-Yo II[(l + ll'/n)e-o
/
n

], 

n=l 

where ï is the Euler's constant, 

m 

"( Ji.~(L(1/n)-logm) 
n=l 

0.5772156649 ... 

\ 1 1 1) 

( 1. 1 :!) 

(1 1 :1) 

( 1.1.·1) 

The following properties hold for the gamma functloll, provided that the varioll~ galllllla ... 

are defined. 

f(o) = ..!.r(l + 0'). 
a 

(I.I ~) ) 
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na + n) = (a){ a + 1)( a + 2) ... (a + n - 1)f( 0). ( 1.1.6) 

['(0-)/1'(0 - n) = (a - 1)( a - 2) ... (a - n) 

= (-ltr( -a + n + 1)/r( -0 + 1). (1.1.7) 

1'( -n + n)/r( -a) = ( -1 ta( a - 1) ... (a - n + 1) 

= (-ltr(a + 1)/r(a - n + 1). ( 1.1.8) 

00 

1'(a)1'(-o) = _a- 2 II (1 - a2 /n2)-1 (1.1.9) 
n=l 

'ICI prO\'1' thaL (1.1.1), (1.1.2) and (1.1.3) refer ta the same functioll and for more properties 

of the galllma functioll, refer to Erdélyi et al. (1981, p. 2). 

Tite G.LllSS- Legendre multlpllcatlOo formula for gamma. functJOns is given as 

m--l 

r(mo) = (27r)(1-m)/2mnl~-(1/2) il r(a + L) for m = 2.3, ... 
]=0 m 

(1.1.10) 

Tha.1. l~, when rn=2 Wf' have the duplication formula, 

( 1.1.11) 

Some dPflvatives of the loganthm of r(o) are the following. 

( 1 ) 'l'hl' dlgalIllll.l. fUllction or the psi function 

,v(a) 
d 

= da log f(a) 

fi (l1) 
= r(a) . (1.1.12) 

(~) l'hl' tll~a.mma. fUllction 

~,/(a) 
d 

= da [w(a)] 

d2 

da 2 [log f(a)]. (1.1.13) 
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1.2 LAPLACE AND INVERSE LAPLACE TRANSFOIll\lS. 

The Laplace transform of a functiotl f( t) IS defined ,1S 

C{f}(s) F(s) 

(1 ) 1) 

This integral will con verge to an ë.a.Il,dytic fur.ction of F(.~) for ,1 ~u tIi( If'J\ th 1.1 It.!,(' \,,11 Il (' ,,1 

the real part of s if f(t) does not become infimte toc r,tpidl}' ,t~ t ~ ,:x; l'III' bllllJ\d,ll\ 

of the region of convergence of (1.21) is the line Re(s) = CT ,wJ CT 1~ c,d/Pd rit.' .Ih,,( 1'>'0.1 01 

COll vergence of the Laplace tU1!1sform 

The inverse Laplace transform of FI s) is 

1 jC+lOo 
f( t) = -. - est F( s )ds. 

2iTl c-,oo 

, ~, 

Tables for both Laplace transforms and inverse Laplace tr,Ul~f()rlll~ C,lIl \)(' ol>1.lIlIl'd Ilol!l 

Erdélyi et al (1954, pp. 129·301). 

1.3 THE FOURIER TRANSFORM. 

If f( x) is a function of a real variable X, 1 ts Fourier transfol'm l, ~(J( r)) h ri ,'llIlI'd ,1" 

FtU(x)) = 1: e1tx 
f(x)dor, (1 : 1 1) 

where l = FT and t is a real variable. More specJfically, If f( J') I!> ddi IIf'd ,11101 'olllg,!" v,iI 1II'd 

almost everywhere on the range -Où < x < 00, and i~ such th,lt tl,,' IJ\I(,~I,t1 



(()/IV1~rgf~!> for sorne real value k. then Ft(f(x)) is the Fourier transform of f(x). It IS 

1J~IJ,dly rf!ferff!d ta by st,ttistlClans as the charactenstic function of f(x), when f(x) is 

.L d(!ll!>ity functlOIl and e,tx is called the kernel. Conversely, if the Fourier transform is 

.t!>'>fJllItcly Întegrable over the real line -00 < t < 00, or is analytic in sorne horizontal 

~fffp -0 < It < li orthe camplex plane, then f(x) is uniquely determined by the inversion 

Ilofl'!!,r,d, (orten referred to as the inverse Fourier transforrn), 

1 100 

f(x) = - e-,tx Ft(f(x))dt. 
271' -00 

(1.3.2) 

III!> worthwlllie Iloting that if f(x) is a probability density functlOn, its char(1,cteristic func-

1.1011 .llwav!> pxisl:o and determines the distribution function Fx(x) uniquely. In particular, 

Fx(.r) = 
1 JOO 1 _ e- Ilx 

F(O) + -2- . Ft(f(x))dt. 
7!' --:>0 lt 

( 1.3.3) 

Wc may Ilote tha.t many of the simple properties of Laplace transforrns have ana-

IU!!,l/!''> wlth FOllrH~r transforrns One may refer to Titchrnarsh(1937), and Campbell and 

Fo:-,t,!'r( l') 18) for the properties and applicatIOns of Fourier transforms. Erdélyi et al. 

( 1 Dr> 1. pp 117-125) h,LYe provÎd~d tables for FOUrIer transforms. 

lA 'l'II F~ CALCULUS OF RESIDUES. 

WI' (,oll!>lder ~ollle techniques of calculating the residues ofintegrands involving products 

of l!,.1111 111,1 fllllctlollS 

l.l) Ih dt'tillltioll. at ü = -II the resldue of f(a) is 

JiLl = lim (a + 1/)[(0) 
o--v 

= 1
. f(o + v + 1) 
lm 

Q--V (0 + 1/ - 1)(0' + II - 2) ... (a) 
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(-1)" 
== --,-. 

v. 
(1 \. 1 ) 

(b) To obtain the residue of the product f(a)f(n + ml, 11/ = 0,1, .. ,,\\'(' finI filld IIH' Pllll''' 

of f(a) and f(a + ml. These are given by the equation~ 

0: -/l,v=O,1,2,.,.and 

-/l, V = m,ln + l" ,. (1 1 ~) 

That is, for Il = 0,1,2, ... , m - 1 the pales are of order one and fol' l' = 111,11/ + ), th,· 

pales are of order two. \Ve obtain the residues, 

and 

RI.' = lim (0: + Il)r(a)f(a+ rn) 
Q'--v 

(-1)V = --,-[(-11 + rn),v = 0,1, .. ,111-1 
v. 

R~ == Q!.!.~v :0' (a + Il)2[(a)f(0: + m) 

== lim ~ r 2(a+v+1) 
Q--Vaa (0: + Il - 1)2(0: + Il - 2)2 ... (a + m)2(ü + 1It - J) .. (n) 

(II :q 

== 
(-Ir III 

'( ), [2'I/J(I)+2(1+-+ ... +--l+( 1 + ... +-),(1-1,1) 
v. v - m . 2 m, - Il V - 7U - II 

for Il = m, m + 1, ... , Using the simplification of'lj; functioll glven by 'ljJ( 71 + J) :-= ) + ~ + 

'" + ~ - 1', where "Y is given in (1.1.4), we obtain 

( _l)m 
R' - ,[t/J(v + 1) + t/J(v - ln + 1)], Il = m,1ft + l, .. , 

v - v!(v - ml. (1 1 :-)) 
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whcrc 

a 
Ao = ao: log[(o: + 1/)2r(a)r(0: + m)], at 0: = -1/ (1.4.6) 

and 

00 = (0: + /J)2r(a)r(a + m), at a = -/J. (1.4.7) 

(c) Suppo!'c that 6 is a gamma product with a pole of order n at 0: = b, we find the residue 

of ~x-o at 0: = b. From the calculus of residues, 

( 1.4.8) 

Wc cau easily vcrify that 

Now, 

whcrc 

(1) JI = ;0 log B, 

(2) B = (0: - b)n~, 

(:J) JI-' dCllotcs the s-th partial derivative of A with respect to 0:. 
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Evaluating (1.4.9) and (1.4.10) at Ct = b, we obtaill 

-b n-l ( 1) R = x "" n- (-10 xt- 1- r 

( n - 1)! L.... r g 
r==O 

(1 1 1 1 ) 

where (1) Bo = (et - b)n~, at (l = b, 

(2) Aô = à~i[log«(l - b)n.1], at Ct = b. 

1.5 MELLIN AND INVERSE MELLIN TRANSFORMS. 

The Mellin t ransform of f( x) is defined as 

cjJ(s) = 10= x'-I f(x)dx. ( \.;). 1 ) 

More specifically, if f( x) is a real function that is defined and si nglrd- V,l 1 tipI! ,II IIl0~t eV(~1 y 

where for x ~ 0, and is absolutely integrable over the Ia.nge (0,00), the Melllll tlall~f()llll 

(1.5.1) exists. 

If the Mellin transform exists and is an analytic function of the cornpl(!x V,l.rJ.J,lJlp ~ Itlr 

Cl :::; Re(s) :::; C2, where Cl and C2 are real, then the inverse Mellin tlansfofm (Jf (p(.~) i~ 

1 l w
+

,OO 

f(x) = -, x-'cjJ(s)ds. 
27rl W-tOO 

If f(x) is a probability density function, the Mellin transform evaluated (ü ,~ ::: ,.: !!,l'!f'!. th.· 

(k - l)st moment of f(x) about the origin, k = 1,2, .... 

In order to find the inverse Mellin transform, the methoù of resiJ lJe~ (sp( 1·1) I~ IMI t.1( 

ularly useful. Other recursion formulae and algorithms that arc Involved ill f'v,dlJ.Jt.J1Ii!, t.I)I' 

inverse Mellin transform can be obtained from Springer(l!Jïn, pp. lO!J-112). 
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CHAPTER 2 

UNIVARIATE GAMMA AND GENERALIZED 

GAMMA DISTRIBUTIONS 

2.1 INTRODUCTION 

The generalized gamma distributions were discussed by Amoroso (1925) anù D'addorio 

(1932), who fitted su ch a distribution to data on income rates. Further properties and 

statistical problems associated with the distribution have been dealt with by authors such 

as Stacy (1962), Bain and Weeks (1965), Roslonek (1968), Malik (1969), Jakuszenkow 

(1974) and Gajek (1983). Special cases of the generalizeJ gamma distribution inc1ude the 

Weibull, gamma, Rayleigh, exponential and chi-square distributions. Another special case 

has been derived by Lienhard (1964) on a statistical-mechanical basis to describe rainfall 

run-off from a watershed. 

In this chapter, we shall study the generalized univariate gamma including some of 

its special cases su ch as gamma, Weibull etc. Then, we shaH consider the functions of 

independent univariate generalized gamma variables and finaHy we shaH give some of the 

applications of the generalized gamma density. 

2.2 GENERALIZED UNIVARIATE GAMMA 

The generalized gamma distribution has various expressions. Stacy (1962) gave the exp res-

sion as 

{ 

..:eM.. d-l -(x/o.)" 0 d 0 0 0 r(d/p) x e , x > , > ,a > ,p> 
f(x;a,d,p) = 

0, otherwise. 

(2.2.1) 
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Stacy and Mihram (1965) extended (2.2.1) to 

{ 

11'1 e-(:r/a.)P xpv-1 
aPvf'(v) 

f(xja,v,p) = 
0, 

, x > 0, /1 > 0, Il > O. p f. 0 

otherwise. 

Taguchi (1980) suggested yet another expression with lwo sha.p" paramclt'l's. ,Ih 

f(x; a, h) = { r'l,t'i::l)e-
xah 

0, 

, x > 0, (} > O. h > () 
(~ 2..1) 

otherwise. 

Other expressions can be found in Amoroso (1925) and Johnson and Kotz (1 nïO,p. I!}ï) 

tienhard and Meyer (1967) have described a physlcal model gellcr,tting, g('IIl'raltl.l·d 

gamma distributions. Let us consider the situation where the occurrencc of .\11 eVPll1. ~1J('h 

as the failure of a component or system, depends 011 some varla.hle ~uch a~ t.ht' :-.I.I(':-'~ I.n 

which the part has been subjected to, or the tlme dunng which il has beell ::'lIbjected 1.0,\ 

given level of stress or use. Let the variable be denoted by t and the Il ulIlbel of ou Il 1 ll'lI! t'S 

of the event during the interval [t'-Il t,l be designated by N, WhCIC t, - l'_1 == 8,1 .Illd 'I) I~ 

the arbitrary origin. 

The requirements that are imposed upon the N,'s a.re the foliowllIg: 

(1) the total number of occurrences of the event is fixed, 

00 

LN, = N. 
,=1 

The NI 's and N are assumed to be large numbers. 

(2) for each choice of (J, the following SUffi is a positive CO!ll>tanl 

ooN 
"_lt/3 = k. 
L- N 1 

1=1 

10 
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(3) the Humber of distinguishable ways, 9" in which the event can occur in the interval 

[1,-1, l,] is proportional to a specified power of t, . Thus, 

At",-1 
9, = 1 • (2.2.6) 

:vtOJeovcr, (} > O,{3 > 0 and k > 0 . 

Wc dcrive the distribution of the number of events by determining the most probable 

di~triblltio/l satisfying the above requirements. Let us designate as w, the number of ways in 

which N distingubhable occurrences of the event can take place. If N, of these occurrences 

1Il1J:,t t.lke pl,l.ee in [t ,- 1 , t, ] and if the number of ways the event can occur in this interval 

1:' glV!~lI by !1&, it can be shown (Sommerfeld (19.56» that 

00 N, 
lA! - N' II fL 
'f - • N r' 

1=1 ,. 
(2.2.ï) 

Suppose that .ili are those values of N, 's which maximize W, subject to requirements (1), 

(2) and (3) above. Then It can be shown thal;: 

(a) the explicit e'{pression for N, 's is given by 

- / ~t {3(j3k/ )-a/{3 0'-1 (at~) N, N = r(a/f3) • a t , exp - (3k . (2.2.8) 

(b) the maximum value of w is very much larger than the value of w corresponding to 

N,'s that ale sigl1lfic.wtly different from the N, 's, provided the Na's and N are large. Refer 

to SOIllIllerfeld (195{j) for proof. 

\-re ma)' suppo~e that the !ft '5 replcsent the dis crete probability distribution associated 

with the (.llIdom variable T, where T is the time or stress at which the first occurrence of 

11 
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the event under consideration takes place. Accordingly: 

P(t.-l $ l' < t.) = ~', (2.2.H) 

where i = 1,2, .... We now approximate the discrete distribution in (2.2.9) with a continu-

ous probability density function, f, as below 

N. 11. - = f(t)dt. 
N t._1 

(2.2.10) 

Using the mean value theorem, the integral (2.2.10) becomes ôtf(~) where (t,-ôt) :; ~ :; lI' 

Hence, letting Ât - 0 and using (2.2.8), we obtain 

{ 

-L-(j3kjo:)-a/Pto-le-(ottfJ)/(Pk) t > 0 0: > 0 j3 > 0 k > 0 
f(x) = r(o/fJ) , -, , , 

0, otherwise. 

(2.2.11 ) 

Introducing a = Vf3kjo: in equation (2.2.11) gives (2.2.1). 

2.2.1 Properties. 

Let X'" f denote f as the density function of a random va":..;.ble X. Then (2.2.2) and the 

expression X '" f( Xi a, Il, p) jointly define X. 

We can easily show that 

kX l'V f(Xi ka, Il,p) where k > 0, (2.2.12) 

and 

X m 
IV f(y;am,v,pjm) where m =1 o. (2.2.1:J) 

The 8th moment of X, (8 = 1,2, ... ), is 

(2.2.11) 

12 



'l'hl! dihtribution functlOn is 

F(x) = { 
r w(v)/r(v) if p > 0 

(2.2.15) 

1 - (r w(v)/r(v)) if p < 0, 

wilere w = (x/at and 

A lili/liber of familiar distributions can be obtamed as special cases of (2.2.1). 

Ca~1' ! . Setting d = pin (2.2.1), we obtain the Weibull distribution. 

{ 

..r!..;;d-le-{x/a)d x > 0 a> 0 d > 0 
ad '" f(x;a,d) = 
0, otherwise. 

(2.2.16) 

This distribution is named after Waloddi Weibull (1939), a Swedish Physicist, who used it 

1.0 n'present the distIibution of the breaking strength of materials. A bibliography about 

tile dlSt.rlbutlOlI is given by WeI bull (1951). The Weibull distribution being often suitable 

\VllcI/.! the condition of "strict randomness" of the exponential does fiot hold, has many 

applications. Examples of applications can be found in papers by Berretoni (1964), Plait 

(!Dô2) and 50 on . 

.JOllllWIl and Katz (19ïO, pp. 250-271) provide a good general review of the Weibull 

dl:-- tlÎ bu lion, incl uding historical development, genesis, properties, characterizations, order 

St.ttiSt.IC~, estima.tion, ta.bles , graphs and its applications. 

S(llti/H~ ri =]J = 2 in (2.2.1), we obtain the Rayleigh distribution which is a special case 

of t.he Wei bull distribution. It was origmally derived by Lord Rayleigh in a problem in 

.U l)lI~lics. It is d. very CO III Illon distribution which occurs in works on radar, the detection 

13 

{ . 



of signais in the presence of noise etc. Archer (1967) and Siddiqlll (l9G2) h,l"c r;l\'t'Il .1. Il:-,!'llli 

summary of the properties of the Raylelgh dIstribution. 

Case 2 : Setting p=1 in (2.2.1), we obtain the gamma distribution. 

f(x;a.d.l) ~ 1 , x > 0, a > 0, ci > () 
(:! .! 1 j') 

l 0, otherwise. 

The gamma distnbution is Type 3 of Pearson's system of distflblltlOIl~ ~J.tll\' {li 11:-. b.I<'(t' 

properties and lesults are given by Johnson and Kotz (1970, pp. \(W·2()()). \ dtflt'll'llt 

generalization of th1S distribution called the Lagrangian garnm,l wai> dev!'lopt'd hy Nt'l:-.tlll 

and Consul (1974), as the distribution of the time bet\l/pen OCCllrrellll'~ of a gt'Il(,I.dll.l't! 

Poisson process. 

If we let d = n/2 and a = 2, we obtain the chi·square distributioll wlth n dt'g!l~(,'" ni 

freedom. A general review of this distribution, includillg properties, Lh.ll"lcttml..ll,iol1~ .llld 

so on can be found in Johnson and Kotz (1970, pp. 1:)(3-20G). 

We obtain the exponential distribution when d = p = 1. This h.l,:' wld"~prt'.ltl Il..,'' III 

statistical procedures and its generai revlew can aiso be obtalIIed from ./Ohll:-'Oll .llItI l\ol.z 

(1970, pp. 207-208). 

2.2.2 Characterizations. 

(a) Suppose that we have 3 independcnt positive randorn vartables X I ,'\2, Xl alld il ().li 1 

the necessary and sufficient condition for Xk to be generalizcd ga/llma di.,tllbll1.pd with 

parameters dk and p, (palld a common, k = 1,2,3) is that the joint dl~triblltioll of (\"1 ,Y'.d 

14 
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'-
i!> the bivariate distribution, given by the density 

where Yl,Y2 > 0 

= 0, otherwise. (2.2.18) 

The ab ove characterization has been generalized by Jakuszenkow (1974). She proved that 

li necesbary and sufficient condition in order that independent random variables Xo,X1 , ••• , 

Xn , (n ~ 2), have the generalized gamma distribution (2.2.1) is that the n-dimensional 

r,llldorn variable (l''t, .. . ,Yn ) defined as follows: 

Yk = IJIk (XI/Xo; ... ;Xn/XO), (k = 1, ... ,n), (2.2.19) 

hab a gencralized Dirichlet distribution with the density below. 

(2.2.20) 

wherc 1))0 > 0, (YI, ... ,Yn) E n, J = O,l, ... ,n and k(YI, ... ,Yn) = 0, otherwise. 

J1ere n is the image of {Xk 1 Xk > 0, k = 0,1, ... , n} under transformation (2.2.19). This 

transformation is assurned ta be one· ta-one with respect ta the variables Zk = Xk/ Xo, 

k = 1, ... ,;/ for X k > O. The functions Zk = 1/k{YI,"" Yn) are inverse to the functions 

(1.2.19) and are of class CI. J is the jacobian of the transfonnation 

(2.2.21) 
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where k = 1,2, ... ,n and J f. 0 for (YI," . ,Yn) E n. 

(b) Roy (1984) proved another characterization which il' as follows: 

If X, Y are two independent nonnegative random variables, thl'Il X .\IId Y h.l\'(' t III' 

generalized gamma distribution f( x; o., /3., "() and f( y; 02, .a l, "() rpspl'cti Vl'Iy, if and ollly If 

the conditional distribution of X 1 (Z = X Il') is thl' g<'lIcralizcd gallllll.l (h~trihlltl()lI. In 

this case, the distribution has pararneters 0' = al + a2, /j = (i3./hz"Y)/(j3J + p,!::"!) fLlld ,. 

2.3 FUNCTIONS OF INDEPENDENT UNIVARIATE GENERALIZED 

GAMMA VARIABLES. 

Let Xl! X 2, ••• , X n be an independent set of random variables, XI! hdVill1!; th{' gPJlt'l'aJ-

ized gamma distribution, 

f( x,; al , a" (3,) 

where x"a,a,j3 > 0, for t = l, ... ,n 

0, elsewhere. (1.:U) 

Stacy (1962) gave an expression for the distribution of the sum of Xl, X 2, ... , .ln .Llld hl' 

pointed out that his results are more general than the results obtaillcd by HobLIII~( FJtX), 

who studied the distribution of a definite quadratic forlll. Malik (}!)Gï) g.lVP th(· ('xMl 

distribution of the quotient of independent generalized gamma ~a.~;atc!'. In t111~ M'rlioll, 

we will find the distribution of a linear combinatioll of illclcpcndclI t gC/lcr(llI/.cd g.UIIIII<l 

random variables using the techniques givell by Mathai and Saxclla (197:1). Wc WIll .LI:..o 

derive the distribution for the products alld ratios of indepelldcllt geuerahzcd ulliv.U1,tlt' 

gamma variates using the method given by Mathai (1972). 
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2.3.1 Distribution of the sum of independent univariate generalized gamma 

variates 

Let Y = L~=l X" where the X.'s are defined as above. Now, the density (2.3.1) can be 

written as an H-function, (Appendix Al), 

when x, > 0,0, > O,a, > 0,j3, > O,i = 1, .. . ,n 

= 0, elsewhere. (2.3.2) 

lIere 

(2.3.3) 

The moment generating function of X, can be obtained as, 

[00 -1 x,t 1,0 /3, 0, 
M(t) = Jo c,x, e Ho,l[a,x, 1 j3, ,l]dx, 

I.I[ a, 0 1 ] = e,HII -/3 1 (1,j3')'(-a-,1). , t, 1-', 
(2.3.4) 

Since Xl,"" X n are assumed to be independent, we obtain a moment generating function 

«I»(t) for Y as, 

n 

cJ»(t) = II M(t) 
,=1 

(2.3.5) 

Using the series expansion for the H-function given by Braaksma(1964), we obtain (2.3.5) 

in a series form, 

«1»( t) = ft c, TI f f( -v,)f(l - 0,/j3, + (1 + v,»r(j3,(l + VI» 
,=1 ,=1 v,=o f(l + v,)f(o,/j3, - 1 - VI) 
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( 1.:U)) 

for the case when the poles of the integrand are simple. CoHertillg the tenus conta.inillg tll(' 

powers of t, we obtain the quantity 

(1.:1. i) 

The density of Y can now be obtained by taking the inverse Laplacl:' Transforll1 of cJl( t) in 

(2.3.6). The inverse Laplace transform of (2.3.6) can be seen to be 

y2:~=1 [13, (1+/1, )]-1 

fO=~=.r,6I( 1 + VI)])' 

After multiplying and summing up, wc get the dcnsity h(y) of Y as 

fI f: f( -v&)f( 1 - 0:, /,6, + (1 + va) )f(fJ,( 1 + va)) (1+II.) 

,=1 v,=O f( 1 + v, )f( 0:,/ {J, - 1 _ t',) X al 

(-1)'" yL~=I[i1,(1+v,»)-l 

X v,! X f(L~=l fJl(1 + vl)f 

for y> D,al> 0,,6, > 0,0:, > 0, 

= 0, otherwise, 

('} .:U\) 

where CI is defmed in (2.3.3). ln order to find the distribution of generallincar combjnatioll~ 

of variables Xl,"" Xn , one rnay refer ta Mathai and Saxena( 1973). 

2.3.2 Distribution of products and ratios of independent generalized gamma 

variates. 
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Ld randolJl variablp') XI, .. ,X k be independently distribu ted according to (2.3.1) and 

(2.3.10) 

If t hl' densJ ty fj( y) of Y exists, then the hth moment of Y about the origin, is given by 

m k 

E(Y") = II E(x;) II E(x;h) 
]=J ]=m+l 

(2.3.11) 

(2.3.12) 

Whpllever the vaflous gammas ex.ist, from the theory of Mellin transforms (2.3.11) uniquely 

;( .. dt'tClllllllpS y( y). Using the inverse Mellin transform of (2.3.11), we find that 

-) l c+1OO 

fj( y) = ~7l'l C-IIX> E( yh )y-h dh 

Cy-l jC+lOo I1m r(QJ/f~J + hjaJ ) rrk r(a la hl a ) 
/.1 /.1 J ~h~ /.IJ y-hdh, (2.3.13) 

27l'l C-IOO -1 ah//3J _ +1 a J 
)- J ]_m J 

(.t) 1 = R, 

(Il) C 1:-' glven by (2.3.12). 

1'10/11 Br.l.1bma( 196·1), (2.3.13) can be written as an H-function. So, we obtain 

{ 

Cy-I Hm,tl[( aja')y 1 (1-0m+I//3m+I,I//3m+t), . . ,(I-ak//3k,l//3k}j 

( ) 
n.m (ol//3t,l//3d. ,(Om/f3m ,l//3m) , 

!J II = 
0, 

O<y<oo 

otherwise. 

(2.3.14) 
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where 

(a) n = k - m, 

(h) - nm 1/{1, a - J=l aJ ' 

() 1 _ nk l/{1J d c a - J=m+l aJ an 

g(y) in (2.3.14) exists if 

(1) L:;n=11/(3J -l:;=m+11/f3J > 0, 

(2) (3AO:J/f3J + v):/= (3h(-O:h/f3h - r), 

where v,r = 0,1, ... ; j = 1, ... ,m; h = m+ 1, ... ,k. 

A representation of (2.3.14) in computable form is availahle from Mathai (1972) or M,ühai 

and Saxena (1978). 

Case 1 : 

131 = (32 = ... = (3k = (3. 

al = a2 = ... = k = a. 

The integral in (2.3.13) can be simplified using a simple transformation, 1.0 obtain 

g(y) 

= Cf3a{m-n}/{1y-1Gm,n[am-ny{1 /(l-a/(J), ,(l-a/J3)j 
n,m (a/fJ), ,(a/{3) (2.:U!» 

where y > O,a > 0,0: > 0,(3 > O. G(.) is a G-functlOIl which i1> a SPCCidl ca.:,c of.t11 11-

function (Appendix Al). For a definition of the Meijer'1> G-functioll, see Braaksma(]!)(j<1). 

The function (2.3.15) is available as the sum of the residues at the poleh of {"n( b + h) W}I('fI' 

20 



-----------------------------

b =:.. n / fi The poles of r m (b + h) can be obtained from the equation, 

b + h + v = 0, v = 0, l, ... (2.3.16) 

.wd eaeh olle ib of arder m. Hence density g(y) can be written as, 

00 

g(y) = c{3a-
m

;;"y-l I:Rv, y> O,m > n. (2.3.17) 
1'=0 

where Rv is the rcsidue of rm(b+h)rn(b-h)[am- nyl1]-h at h = -(b+v). Using the calculus 

of ff!l->idlleS (sec. lA), we obtain 

1 am - 1 

Rv = lim ( l)'ôh _l(b+h+v)mrm(b+h) 
h--{b+v) m - . m 

xrn(b _ h)(am - nyf1rh 

zb+v Ô 
= (m-l)!(ôh _log(=))m-l(b+h+v)m 

xrm(b + h)rn(b - h), at h = -(b + /1), where z = am - n yf3. (2.3.18) 

( 
SlIlIplifYlfig (2.3.18), we can write 

(2.3.19) 

where (i) 

13v = (b + h + v)mrm(b + h)rn(b - hl, at h = -(b + v) 

= (2.3.20) 

iX 
.4 1,(,,) = 8hr lag[(b + h + v)mrm(b + h)rn(b - hl], at h = -(b + v). (2.3.21) 
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(a) When m = 2, n = 0, we obtain the density of X 1X 2 as 

<X> _b+" 
g(y) = C(3z-I/IJ ~ (vl)2[-logz + 21jJ(v + 1)J 

= C/3z-t/IJ2:: b ](0(21=) 

[From Erdélyi et al. (1981, p. 9).] where, 

Ci) ](n(z) is a modified Bessel function of integer order (Sec 0.3..4), 

(iii) b = a/{3, 

(iv) 1jJ(z) = d~ log r(z) = -, + (z - 1) L~=O[(n + t)n + ZJ-I. 

(h) When m = 2, n = 1 

g(y) = { 
0, otherwl~l'. 

Case 2: 

Pl = {32 = ... = f3k = /3. 

In this case (2.3.14) can be written as, 

{ 

C,8y-1Gm.n[y.B al· am /(l-OJ/.B).J=m+l. . .• k] 0 < y < 00 m > IL 

( ) 
n.m am+l .. ail; (o}/!3),J:=l ..... m' , 

9 y = 
0, otltel'WI~I' 

(2.3.24) can be put into a computable form by using the results from ~ral.hai( ]!)ïO), .lftl'I' 

iden tifying the poles in n;n+l r( a J / (3 + h). 

Case 3: 

22 



{J 1 = {32 = .. =!h are ratlOnal. 

III t.his case, there exists a f3 such that 

(2.3.25) 

whlm' ml, ... ,ml; are positive integers since!3t, ... ,{J1; are positive. Then, 

(2.3.26) 

Expanding (2.3.26) by using Gauss-Legendre multiplication formula (1.1.10), we obtain 

m 1; 

Ilr(a,/,6J+ h//3J) II r(o]/{3,- h/(3)) = 

m mJ-l k m,- 1 

I1 II r(a)/,6 + r/m) + h/(3) II fI r(o.)//3 + r/m) - h/(3). (2.3.27) 
)=1 r=O )=m+l r=O 

( 
So, (2.:l.l4) reduces to the form 

!J(Y} = { 
0, otherwise, 

(2.3.28) 

where 

(") , "m Il 111 = L..J=l rnJ' 

( "')'''~ 1 III n = L..J=m+ 1 m)m , n' > O. 

Ag.lIl1. we ca.n put (2.3.28)ïnto computable forms by using the results in Mathai(1970) . 

2.4 APPLICATIONS. 

(a.) Gl'l\cralizcd gamma distribution in reliability. 
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5pecial cases of the generalized gamma distribution sucll as gamma, Weibull, exponenti,ù 

and so on, are of great interest in reliabiIity theory. 

Let X be the age to first failure of a piece of equipment. We assume that X has a dellsity 

function f(x) and a distribution function F(x). We define the reliabilit.y of the equipnwllt 

at age x as 

R(x) = prob. (X> x) 

= 1 - F(x) 

and the failure rate, Z( x) at age x as 

Z(x) = f(x)/R(x). 

The exponential failure density function is characterized by a constant failure rate. That 

is, the reliability for a given operating interval is the same, no matter from what portion of 

the useful life of a device the interval is taken. 

The Rayleigh failure density function is characterized by a linearly increa!>ing failllfp 

rate. Tllat is, we have an intense aging of tbe equipment taking place and failures do Ilot 

satisfy the conditions of stationary raudom process. So, as time increa!>e!> the proba,llility 

of failure-free operation decreases at a much higher rate than in the ca.!>e of tl\(' expollcn Lia.! 

law. 

The gamma distribution represents satisfactorily the distribution of the times of LIli' 

occurrence of failures ofredundant systems when the redundancies are collllected accordin/l, 

to the method of replacement and under the condition that the flows of fail ure!> of the llIaiu 
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.. syiltnJrl and of ail the redundancies are simple.(Refer to Polovko (1968).) This distribution 
'" 

can also be a characteristic of the times of occurrence of failures of complex electromechan-

Ical sy&terns if the components fall instantaneously during the initial stage of operation and 

during the wcarollt period of the system. 

The Weibull dh,tribution, just like the gamma distribution, can be used as a charaeter-

i!>ti( 01 thc rcliability of equipment dunng its bum-in period. This distribution is observed 

III the case of sorne mcchanical parts and, in particular, it is used in the study of the relia-

JIIIILy of !J.lll bearlllgs. Po!ovko(1968, pp. 73-95) has discussed more about the above failure 

dpn!>i ty fUllrLions. 

(Il) The gCllcralized gamma distribution is employed as a radial distribution in Engineering. 

It il> assoclatcd wlth two dimensional kill probability, target evacuation and distribution of 

( 
populations. McNolty( 1968) assumed that the distribution of the distance from a typical 

impact point to a pOint target, is given by 

(2.4.3) 

where IQ_l(X) is thc modified Bessel funetion of order Q - 1, >..,Q > U and here Q is not 

nCLcshélrily an intcgcr. 

As a radial dcnsity fUllction, expression (2.4.3) includes many useful special cases - the 

Haylpigh di&tributioll, the non-central chi-square distribution with two degrees of freedom 

etc. Using thc ab ove distribution, the probability density functions for the random phase 

angle and the x, y components can be derived. 

(c) GCllcralizcd gamma distribution in demography. 
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The growth of the urban component of a nation and the shift in population from ru­

ral to urban areas in the course of industrial development are processes that show both 

regularity and predictability. Consequently, it is possible to describe the concentration of 

population in terms of population density and are a by comparatively simple e:<pf{·ssion~. 

Sherratt(1960) has shown that the distribution of urban populations can be a generalized 

gamma distribution. This is very useful t.o the complex of urban areas in the initiai planning 

for services su ch as protection of population and industry against possible attack, as weil 

as the logistic problems of supplying food, communications, housing, transportation and 80 

on. 
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CHAPTER 3 

VECTOR VARIA'I'E GAMMA 

DISTRIBUTIONS 

INTRODUCTION 

The vector variate gamma distributions can be considered to be generalizations of the 

univariate gamma distributions to the vector variable cases such that all the marginais 

are again gamma. They are commonly known as the multivariate gamma distributions in 

the literature. In this chapter, we shaH review sorne of the most popular generalizations 

such as multivariate exponential distributions which involve the exponential, multivariate 

chi-square distributiom which involve the chi-square, and multivariate gamma distributions. 

3.1 MULTIVARIATE EXPONENTIAL DISTRIBUTIONS. 

These are distfibutions for which aU the marginal distributions are exponential. There 

arc a lIumber of different bivariate exponential distributions and their extensions available 

in the literature. 

Gumbel(1960) gives several bivariate exponential distributions which he derives from 

different types of bivariate distribution functions. By studying the joint distribution func-

tion, 

F(x y) = 1 - e-x - e-Y + e-x-y-6xy x > 0 y > 0 , , - , - , (3.1.1) 

whcre the parameter fJ satisfies the inequalities 

(3.1.2) 
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he obtains the joint density function of X and Y as 

{ 

e-x(1+6Y-Y)[(1 + 6x)(1 + 6y) - 6l 
f(x, y) = 

0, 

, x > O,y > 0 
(3.1.a) 

otherwisc. 

The marginal distributions of X and Y ean be shown to bc standard cxponcntial a.nd wll<'l1 

6 = 0, X and Y are independent. 

The second system of Gurnbel's bivariate exponential is obtained by applying the gpllcr,1.1 

formula for a bivariate distribution function, 

and the bivariate density function is given by 

f(x,y) = h(x)f2(y)[l + o(2Fl(X) - l)(2F2(y) - l)}. 

Letting FI(X) and F2(Y) be exponential funetions, we ohtain 

and 

{ 

e-x-Y[(l + o(2e-X 
- 1)(2e-Y - 1)J ,x > O,y > 0 

f(x,y) = 
0, otherwise. 

(3.1.4) 

(:l 1.(i) 

(:U.7) 

Once again the marginal distributions of X and Y are exponentials. If (t = 0, thcll the two 

variables are independellt. 

The ahove models satisf'y <lU the criteria for bivariate exponentlal distrihutiollb. SOIllC 

authors remark til~t they do Ilot appear to he appropriate modeh to particulal' phYhical 

situations. 
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Moran (1967) gives a bivariate distribution as the joint distribution of 

and 

where X}, X3 are jointly normally distributed with zero means and variances 1/2 and cor-

relation a (0 ~ a ::; 1) and X2 and X4 are independent of (XI,X3) but have the same 

distribution. By considering the joint characteristic function of X and Y which is given by 

(3.1.8) 

he shows that the joint density can be expanded in the form 

00 

I(x,y) = L a2n fn(x,y). (3.1.9) 
n=O 

lIere ln (x, y) has the Fourier transform 

It then follows that 

(3.1.11) 

Downtoll (1970) derives a bivariate exponential distribution by using a simple failure 

model. Ile shows that the joint density function of the component lifetimes is given by 
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J1.1 is the mean interval between shocks of component !,! = 1,2. lOiS tl\(' /IIodi fil'd II{,~M'I 

function of the first kind of order zero, (see Appendix A:3). TlllS model IS a srH'lÏal ca~e of 

the bivaIiate gamma distribution glven by Kibble (1941), sec sectlOll :3.a .. 

We shaH now present Freund's and Marshall and Olkin's famolls bivan.tte e'l'0nplltl.t1 

densities and the.r extenSIOns. We will also glve sorne of their properth's. 

3.1a Freund's bivariate exponential distribution and extension. 

This bivariate extension of the exponential distnbution, is de~iglled. in pdl ticuJ.u, fOI th" 

life testing of two·component systems, which can function even aftel one of the COIII\IO!lI!11 b 

has failed. It might, thus, apply to the study of engllle fallures 111 two-eng,lnc plall(,~, to 

the wear of two pens on an executJve's desk, or to the performance of J perwn's l'j'I!'>, ... LI~, 

kidneys, or other paired organs. 

The model can be introduced by considering two random v.lfiables X and Y whi( Il 

represent the lifetimes of two components A and B in a two-componell t sy!>l.ern 1. .. 1. X· 

represent the lifetime of component A if component B is replaced wilh .L COlllpOIIl'1I1. I)f 1.1\1' 

same kind each time it fails (if necessaly more than once). Let y. IC(He!>I!lIt thl! III .. tlllll' 

of component B if component A is replaced with a component of the sallie kind I!,trh LllllI' 

it Cails (if necessary more than once). X· and y· are assumed to be indepelldent 1.1lIdO/ll 
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variables having exponential distributions. 

,z· > O,a > ° 
(3.1.13) 

otherwise. 

{ 

{3 -(3y. 

l(y.) = e 

0, 

, y. > 0,{3 > ° 
(3.1.14) 

otherwise. 

From the above assumption, we obtain the element of probability that the first failure of 

an A component occurs in the neighborhood of z· and that the B component has not yet 

failed as 

(3.1.15) 

Similarly, the element of probability that the first failure of a B component occurs in the 

neighborhood of y. and that the A component has not yet failed is 

(3.1.16) 

We 1l0W consider the case when the components .ue not replaced. The element of probability 

that component A fails in the neighborhood of x and that B has not yet failed is 

(3.1.17) 

analogous to (3.1.15). 

The element of probability that component B fails in the neighborhood of y and that A has 

Ilot yet failed is 

(3.1.18) 
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analogous to (3.1.16). 

We also suppose that, the probability density of X given that Y=y is 

{

a' e-o'(x-y) 

0, 

, 
,x>y,o: >0 

(J.I.W) 

otherwisc, 

and that the probability density of Y given that X=x Îs 

{ 

{3'e-r/(y-x) ,y>x,{3>O 

0, otherwise. 

(a.I.~O) 

It follows from the above assumptions that the joint density of X and Y is 

J o:flexp{-{3'y-(a+{1-{1')x} ,O<x<y, 
f(x,y) = l 

{3o:'exp{ -(l'x - (0: + {1- o:')y}, 0 < y < x. 

(:i.l.~l) 

(i) Properties. 

(a) The marginal densities are 

{ 

(o-o')(o+iJ)exp{-(lJ+o)x} + o',6exp{-o'x} 
o+{3-o' aJ..{J-a' 

f(x) = 
0, 

,x> 0 

otherwisc, 

provided lX + {3 - 0:' # 0, a.nd 

{ 

(,8-,8')(Ct+t3)exp{ -(I1+a)y} + a{J'exp{ -{J'y} 
f(y) = o+,6-{J' a+f3-f3' 

0, 

,y> 0 

otherwibe, 

provided lX + {1- {3' # u. It can be observed that the marginal distributions arc expollcllt.ia.l 

only in the special case cl = f3' ::: a + {3, and in this case 

{

a' e-o'x 
f(x) ::: 

0, 

,x> 0 
(:U .24) 

otherwi~e, 
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{ 

1 (J' f3 e- y ,y> 0 
f(y) = 

0, otherwise. 

(3.1.25) 

(b) The moment gencrating function of (3.1.21) is 

(3.1.26) 

(J:-'lIlg (:l.I.:W), we obtain 

E(X) 
a' + ;3 

= 
0.'(0. + {3)' 

E(Y) 
0.+ f3' 

(3.1.27) = 
;3'(0. + {3)' 

Var(X) 
0.'2 + 20.;3 + f32 

= 
0.'2 ( 0.+;3)2 

, 

Var(Y) 
p,2 + 20.;3 + 0.2 

(3.1.28) = 
;3''1.( a + ;3)2 

Cov(X, Y) 
0.';3' - op 

(3.1.29) = 
o'f3'( a + ;3)2' 

COr7'(X, Y) = (0.';3' - a;3){(a'2 + 2af3 + ;32)(f3'2 + 2aj3 + a 2)}-1/2. (3.1.30) 

(c) The condi tional densi ty function of Y, gi ven X (if a +;3 f:. a'), cau be shown to be 

{ 

aO' (o+i3-o' )e2p{O' y-(l3+o-0')x} 
J(y 1 ,1;) = (o-a')(o+O)exp{-(i3+a)x}+o'Oexp{-Q'x} 

o'{J(cr+Û-cr')exp{ -(o+!3-o')y- (o')x} 
(o-o')(o+O)exp{ -(.13+01 )x}+o'Oexp{ -o'x} 

lJ:.,lllg (:3.l.:31 ), i t iî straightforward to show that 
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(3.1.31) 

0::; y < x. 
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Now if o.' -+ 00, that is, if A has not failed prior to B, thclI wc havc a linear regl'l'ssion of 

y on X. That is 

0. 
E(Y 1 X = x) = x + (3'(0. + (3)' 

and the Hnear correlation coefficient becomes 

Similarly if {J' --+ 00, then 

(3 
E (X 1 y = y) = y + a' (0. + {J) , 

and the linear correlation coefficient becomes 

a' 

p = ";0'2 + 20(3 + (32 . (3.1.:Ui) 

It ('an be noted that in general -1/3 < p < 1. The linear correlation coeffident approacliei> 

+1 when a' -+ 00 and (3' --+ 00, which corresponds to the case where the two-compollent sy!', 

tem cannot function if either component fails. The linear correlation copfficipnt apploachl'!, 

-1/3 when 0 = {3, o.' -+ 0 and {J' -> 0, which corresponds to the case whcrc eithcr COllljlO-

nent becomes "almost infaillible" as soon as the other one fails. Since thli> would Ilot be a 

very reaIistic situation, the two limiting cases p = +1 and p = -1/3 are excJuded IIl1der tll(' 

assumptions of the modeJ. 

(ii) Extension. 

Weinman (1966) has extended distribution (3.1.21) to a multivariate exponcntial dihtri· 

~ution, by considering a system of m identical components witl! times lo failure XI' X <!,. .., 
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Xm. E<l(1t of the railure times is supposed to have the exponential distribution 

{ 

ClOI e-r ./ao , x, > 0, 00 > 0 
j(x) = 

0, otherwise. 

(3.1.37) 

MOll'ovcr, il Il> supposed thal if k components have failed (and not replaced), the conditional 

Joi nt d islri bution of lhe lifetlfnes of the remaining (m- k) components is that of independent 

r.Jlldol/l v(lIiable~, each having the distribution, 

{ 

a;le-r/Qk , x> O,Ok > 0 
j(x) = 

0, otherwise. 

Il Lan uc shown that the joint density of X 1,X2, ••• ,Xm is 

(3.1.38) 

(3.1.39) 

where Xo = 0 and XI ::; X2 :::; ••• :::; X m are the X)'5 arranged in in<.reasing arder of magnitude. 

The moment generating function of (3.1.39) is 

m m-l m 

E[exp(2),Xt )] = (m!)-l 2:> rI [1- 0] L tp(,)!(m - j)]-t, (3.1.40) 
p )=0 

whelc {t p(/), ••• ,tp(m)} is one of the m! possible permutations of {tl, ... ,tm} and L* 

dl'Ilotes slIll1lllatioll over aIl such permutations. The distribution is clearly symmetrical in 

XhX'!"'.,.\m. Foreachj (=1,2, ... ,m), 

m-I 

1/1.-1 La)' 
;=0 
m-l 

Vm'(X}) = m-2[L(m+i)(m-j)- 10;+ 
;=0 

2 L L j(m - j)a)o]I]. 
J<}' 
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The joint moment generating function of the ordered variables Xf < X~ < ", ::; X:,. 1'.111 

be found to have the form, 

m-l m 

II [1 - (a] L tl)(m - J )-It l , 
3:::0 .=]+1 

and the joint denslty of Xr, X~" ,X:n is m!x density III (3.1.39), 

3.lb Marshall and Olkin's bivariate exponential distribution and extension. 

First, we suppose that the components of a two-cornponent sy1>tem die .d'ler leu'lvill!-,; 

a shock which is always fatal. The occurrences of shocks are asslllllcd lo h(~ gOVPtlll'd !)y 

independent poisson processes with parameters "l, "\2, "12 accOIdillg to whet.her th" ~h()ck 

applies to component 1 only, component 2 only or both components. 

Thus if XI and X 2 denote the lifelength of the first and second cornponellt~ teSj}('( tiVl'ly, 

then 

for Xl ~ 0, X2 ~ O. 

Next, we consider a two component and three independent Pobwll pIOCf'!>!>e,,> /;t(l;t'J t ), 

Z2(tjC2), Z12(tj C12) governing the occurrence of shocks just like ahovl!, l':-''Cl'pl, th.lI. thl' 

shocks received need not be fatal. We describe the state of till' l>ystclIl by tbl! Ollll'll'd 

pairs (0,0), (0,1), (1,0), (1,1), where a 1 in the first (second) pldce indicatl'l> th,LI, the IiI!'>" 
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( .. 

(second) cornpollent is operating and a 0 indicates that it is not. Suppose that events in 

proccss Zl(tj hI), are shocks to first component causing a transition from (1,1) to (0,1) with 

probabi!ity PI and fJOrn (1,1) to (1,1) with probability 1 - Pl. Similarly, events in Z2(tjé2) 

arE' transitions from (1,1) to (1,0) or (1,1) with probability P2 and 1-P2 respectively. Events 

in Zl2(tj 612 ) are shocks to both components which cause a transition from state (1,1) to 

states (0,0), (0,1), (1,0), (1,1) with respective probabilities Poo, POl, PlO, pu. Furthermore, we 

a .. ;surnc that cach shock to a cornponent represE'nts an independent opportunity for failure. 

Let Xl and X2 denote the life length ofthe first and second components. Since Z}(tj éd, 

Z2( tj 62), Z12( tj 612 ) are independent and have independent increments, we have 

!(XI,X2) = P[(X1 > xt), (X2 > X2)] 

= {E e-61x1 (é1:!I)k (1 - Pdk){~ e-62X2 (t52;d (1 - pd} 

x {f: Ï:re612XI (-é12~dm (pu)m] 
n=Om=O m. 

x [e- 61Z (X2- X J) (é12(X2 ~ xd)n(Pll +poltn 
n. 

Dy symmetry, for Xl 2: X2 2: ° 

COIISC(1Ucntly, by combining (3.1.46) and (3.1.47), we obtain 
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It should be noted that when Pl = P2 = 1, Poo = 1, we have the specialized fatal mode\. 

(i) Properties. 

(a) The function (3.1.48) can be shown to have an absolutely continuous and a sing\llar 

part. 

( 3.1.4!J) 

.À e[-'\IXI-'\2 x 2-'\12 max(xI ,x2)1 

.À1 + .À2 

.À12 e[-'\max(xl,x2 )1 
.À 1 + .À2 ' 

is absolutely continuous. For a detailed proof, one may refer to Marshall and Olkin (HW7). 

The presence of a singular part in the distribution function is a reflection of the fact that if 

Xl and X 2 have bivariate exponential distribution, then Xl = X 2 with positive probahility, 

whereas the line Xl = X2 has two-dimensional Lebesgue measure zero. 

(b) The moment generating function for the bivariate exponential distribution il> givell hy: 

llt(tl,t2) = 1000 1000 

e-tlxl-t2x2dF(xt,X2) 

J [ e-tlxl-t2X2.À2(.Àl + .À 12 )f(Xl,X2)dx) dx 2 
lXl >X2 

+ J f e-tlxl-t2X2ÀI{.À2 + À12 )f(XI' x2)d:rl dx 2 
lXI<x2 

+ 1000 

e-tlxl-t2X2.À12f3(Xl,xddxl' 
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Evaluation of thcsc integrals yield the result 

From (3.1.50), wc obtain 

E(X1) 
1 

= ~I + Â12 

E(X2 ) 
1 

= ~2 + Â12 
(3.1..51) 

Var(Xt} 
1 

= (~I + Â12)2' 

Var(X2 ) 
1 

= (~2 + À12 )2' 
(3.1.52) 

CoV(X1,X2 ) = E(X1X2 ) - E(Xt}E(X2) 

(3.1.53) 

The correlation is 

(3.1.54) 

(c) If X is an exponential random variable, then it is known that aX is exponential for ail 

a> O. However, if(X), X2) is bivariate exponential then (aXh bX2) is bivariate exponential 

of the type we considered only if a = b > O. The density function of (aX], bX 2) for a, b > 0 

is easily seen to be of the form 

(3.1.55) 

This distribution bas exponential marginais and includes the bivariate exponential distri-

bution as the special case Â3 = ~4. 
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Another change of variables in the bivariate exponential distribution which may Ill' ni 

interest is (Xf/I3,XV·Y
). This has a bivariate Weibull distributioll, namely, 

(d) A characteflzatlOn of the bivariate exponential distribution is the followlllg' 

(XI, X2) has a bivariate exponential distribution if and oIlly if thcl'c eXlst indl!llI'lldl'nl 

exponential random variables U, V and W such that XI = mm( U, W) alld X,! = IlIIII( F, 1 n 
The above is an immediate consequence of the fatal shock mode! discussed at tl\l' beglllnÎlIg 

of this sectIOn. 

Marshall and Olkin (196ï) have also introduced a generaliu'd blvalÎ.}l.!~ exponenl.l.11 

distribution derived from shock models. They derive the moment generating fUllrtion and 

give sorne other properties of the distri bution. Saw (1969) h,u, gcnel'alizeu (3.1 1,1)) by 

replacing max (.'l:hX2) by an increasing funetlOn of max (Xt,X2) . This can I)(~ 11Itl'lplet(·d 

as arising from a situation in WhlCh the joint failure rate cau vary with tlIne 'l'hl' Ill,U)!,1I1,t1 

distributions are still exponential. Saw suggested the funetion 

for which 

for Xl > O,X2 > o. 

(ii) Extension. 
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Marshé1.11 and Olkin (l!J67) have generalized their bivariate exponential distribution in 

ttH! following way. In a system of m components the distribution of times between "fatal 

:,hncks" tn t1H~ combination {al, ... , a,,} of components is supposed to have an exponential 

dl~triblJtlOIl wlth expected value ,\{-l }. The 2m-l - 1 different distributions of this 
al, ta, 

kllld .lIe :'lIppo~ed to be a mutually independent set. The joint density function of lifetimes 

XI, Y 2 ••• X m of the components is obtained as 

m 

(;xp[- L'\)x) - L L '\JI)2max(xJPx)2) - LL L [ÀJlJ2J3 

)=1 JI <.12 31 <)2<33 

It IS observed that (3.1.59) is a mixed distribution. 

( 
(a) Method of parame ter estimation. 

Arnold (1!J68) hab pointed out that it is not simple to estjmatE~ the À's by standard 

lJJaxilllum likelJhood 01 method of moments. Instead, he has suggested the following method 

of e~tilllation which exploits the singular nature of the distribution. 

We definc 

{ 

1 
Z -

al.·· .. ('. - 0, 

if Xa1 = Xa.2 = '" = Xas < X J 
(3.1.60) 

otherwise, 

\V hClc j t- al,' .. ,as. Givcn Il independent sets X) = (XI}, ... ,X m}) ea.ch having the joint 

dbltibtlt.ioll (3.1.50), the estimator of À{al l la.} can be obtained as, 

n n 

[n- t L:Zal .. a •. (J)][(n _1)-1 Lmin(XI), ... ,Xm)rt
• (3.1.61) 

J:l )=1 
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The numerator and denominator of (3.1.61) are mutually independent. For each s E 8 11 • 

Zal •...• a.(;) can be shown to have a binomial distribution with paran\('tcrs ('\al. ,a.! ,\) • 

where À = sum of À{alt ... ,a.} 's over ail possible sets {al, ... , a,,}. Ali UJ = mm( X11 , .. ,.\ m)) 

(j = 1, ... , n), are LLd exponential random variables wlth COlIl!l1on IlIcan 1/ À. Sn, il follow" 

that n~l L:;=l U] has a scaled gamma distribut.ion wit h paranlPters 1\ ,tIId [( Il - 1 ),\]-1. 

Using the above and the independence of the numer,t',ur and dCllominéttor of (:3.l.Iil), it l.1I1 

be easily shown that the estimator is unbiased. The véJriancc of the csti lIléÜOI j:., 

Note that if n is not large, many of the estimators (3.1.61) will have the value zelo. ln fal t. 

for each }~, only one Z (at most) will Ilot be zero, so there must be at least (~1fI - 1 -- 1/) 

estimators with zero values. 

Before concluding this section.it is worthwhile mentiolling, other alllhols ~lIch ,I~ BlOCh 

and Basu (1974), Block (1975) and Fnday and Pat:1 (1977) who have abo disclI~~('d blV.lIi,tt,(' 

exponential distributions and bivariate exponential extensions. 

3.2 MULTIVARIATE CHI-SQUARE DISTRIBUTIONS. 

Multivariate distributions with chi-square marginals will be col\sldelcd here. 1\1 ihhn.\l.dl, 

Hagis and Steinberg (1963) refer to thern as multivariate chi-sqlJd.fc distriblltlollh ,\Ild MdiI'I 

et al. (1958) refer to thern as generalized Rayleigh distributions. Vanol/~ expll!~~iC)m, havI' 

been derived for both the central and non-central multivariate chi-square dbt.I'II)IJt.lOfI~ WI' 

shaH discuss only the central multivaIÏate chi-square distributions bllt the le~lIlt.h I.lfl Iw 

Ldended to the non-central cases. 
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Consider a random sam pIe of size n, represented by n independent vectors (X.I, X.2 , ••• , 

Xlm)', (i = 1, ... , n), drawn from a given multivariate normal dIstribution with covariance 

- 2 matrix E > 0 and having each diagonal element eqllal to 1. Let S; = L~=l (XI] - X.,) , 

(J = 1,2, ... ,ml, X J = L~=l XI;/n. 

ln this section, we shaH consider two ways of deriving the multivariate chi-square dis-

tribution: 

(i) as the joint distribution of S}, j = 1, ... , m, which is defined above, using the conditional 

distribution method; 

(ii) as the joint distribution of quadratic forms and of traces of Wishart matrices, using the 

characteristic function method. 

(3.2a) Multivariate chi-square distribution as the joint distribution of S, 's. 

Case (1): m = 2. 

Expressions for the bivariate chi-square distribution, using the joint distribution of 

S},j = 1,2 have been obtained by Dose (1935), Johnson(1962) and Vere-Jones(1967). 

Let }~11 = (Xll . .• Xnd, Y12 = (X12 ••• Xn2 ), where Xl; ... Xn}, j = 1,2, are indepen-

The conditional density of XII given XI2 is normal with mean pXI2 and variance (1 _ p2). 

Consequently, given XI2 we can represent XII as pXI2 + /1 - p2U., where Ull i = 1,2, ... ,n 

arc independcnt and UI '" #(0, 1). Thus the conditional density of Yll given YI2 is that of 

n indepClldellt random variables with expected values PY12 and common variance (1 _ p2). 
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Now, if S, = E?=l (Xi, - X.,)2 for j = 1,2, then given 1~2, S} is distributed as 

t[p(XI2 - X2) + V1- p2(U, - Ü)]2. (:1.2.1) 
1=1 

that is, as (1 - p2)X (noncentral X2 with (n - 1) degrees of freedolll and noncentra.lity 

parameter p2 S2(1 - p2)-l). This was proved by Johnson(1962). 

The conditional density function of SI given S2 is given by 

for SI > 0, 

= 0, otherwise. ( :1.2.2) 

Using j(SI 1 S2) and the density function of S2, which is chi-square with n - 1 degrccfl of 

freedom, we obtain the joint density of SI and S2 as 

g(ShS2) = ~ cJ[r(n - 1 + 2j)/2t2[Sl(1 - p2)-lj(n-J+2J)/2-J exp{ ~~~I_+p~))} 

1 (n-l+2Jl ( 2 ) 
[82(1 - p2r ) 2 -IT n-l+ J for S} > 0,82 > ° 
0, otherwise, (3.2.:1) 

where 

(3.2.4) 

The expression for a general bivariate chi-square distribution can be obtained by considcri/lg 

the varhbles S; = SJeT]. Moreover, we can replace (n - 1) by /1 > 0 but not ncccs~ariIy 

an integer. From (3.2.3), wc note that the joint distribution of fh and fh is a mixture of 
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joint distributions, with weights c" LoIX> c, = 1, in which SI and S2 each have independent 

Dose( 1935) shows that the density of G = t- can be written as, 

h B( I 1) r(-21)r(-2Iv)/r(~2V). w ere 2' 2V = 

Krishnaiah et al.(1963) give the joint density of U = VS; and V = .;s; as 

h(u,v) = 4(1- p2t/2 f)r(n/2 + i) 
.=0 r( n/2)i! 

p21( uv )n+2I-1 e-(u2+v2)/(2(I-p2» 

X [2n /2+'r( n/2 + i)(l _ p2)n/2+I)2' U > 0, v > o. 

(3.2.5) 

(3.2.6) 

They cali the joint density as the bivariate chi distribution and study its various properties. 

Case (2): m> 2. 

Derivation of the joint distribution of Sb"" Sm is more difficult and we will consider 

special cases only. Using the above method for m = 2, it can be shown that the conditional 

pr.23 ... m)-1 x (noncentral X2 with (n - 1) degrees of freedom and noncentrality parameter 

m m m 

(1 - P~.23 ... m)-I[La;S, + EL aJakPJk], 
J=2 J$k k=2 

multiple correlation of Xl on X 2, ... ,xm. Moreover, the joint distribution of S2""Sm, 

P23,"" P.n-l.m' can be shown to be Wishart distribution Wm-l(n - 1; Vu), where Vu is 

the cofactor of the first diagonal element of E, the covariance matrix (Anderson (1984». 
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Thus we can obtain the joint distribution of 8 1,S2, ... Sm, P23, ... ,Pm-l m, but Il i:; Vl'IY . . .. 
difficult to eliminate tl'e P's. When 

1 p p 

P 1 p 
E= 

p p 1 

Johnson(1962) sug,gests the approximate formula 

where z = 1, ... , m and cl's are as in (3.2.4) and f(SI,'" ,sm) = O,othcrwil>c Il ~I'elm I.h.lI. 

(3.2.8) gives reasonably ace urate values for m = 2 or -!, but that the acclIl.l!:y d('II('.lM·~ 

with increasing m. 

(i) Properties. 

(a) The joint characteristic function of S1,S2, ... Sm is 

where Dt = dwg(t1,"" tm). For proof of (3.2.9) see for cxample, f(rbltn<lIllOOI tily ,llId 

Parthasarathy (1951). 

(b) If p'] = p for aU i, j the joint distribution of S1.52,,,,Sm II> infinitely Ihm,lbl\, (l.h.\1. 

is, for any Ct > 0 , 11- 2lEDt 1-0 is a chara.cteristic functio/l ), see Moran .1IIc! VPII!·.J()llf~'> 

(1969). 

(3.2b.l) Bivariate chi-square distribution as the joint distribution of <)undratic 

forms, using characteristic function method. 
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Let X' = (X(I),X(2» where X(1) and X(2) are (r X 1) and (sx 1) respectively with r :c:; s. 

Suppose X' has a multinormal distribution with zero mean and non-singular covariance 

matrix 

E = ( ::: ::: ), 
(3.2.10) 

where ~Jl is the covariance matrix of X(1) and ~22 is the covariance matrix of X(2)' then 

the quadratic forms 

(3.2.11) 

can be shown to have X2 distributions with rand s degrees offreedom. The joint distribution 

of Yi alld Y2 is thus a form of bivariate chi-square distribution. Following Jensen( 1970), we 

obtain an expression for the joint density of YI and Y2• He points out that the distribution 

is the same as that of 
r Il 

YI = L Z;3' Y2 = LZ~3' 
J=I 3=1 

where (ZI), Z2J) (j = 1, ... , r) are independent and have standardized bivariate normal 

distributions with correlations pl, P2,'" , Pr (the canonical correlations between X(1) and 

The joint characteristic function of YI and Y2 can be shown to be 

( 1 2'1 )-r/2(1 2' )-~/2 ~C ( )[ -4t}t2 ]3 
- II - zt2 ~ 3P"P2" .. ,Pr (1-2itt}(1- 2it2) , (3.2.12) 

where 
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(Hi) PI = COrr(ZIl, ZI2)· 

Now Gurland (1955) has shown that the inverse Fourier exponential transform of tlH' fUllc-

tion w(t· 9 h) = (1 - it)-9[_Ii_]h is , , (l-It) 

1 1
00 9-1 -x 

-ltX. _, 9-1 X e 
- e w(t,g,h)dt - h.r(g)Lh (x)r() ( )' 
211' -00 9 f 9 + IL 

(3.2.13) 

.vhere L;-1 (x) is the Laguerre polynomial 

Applying the inversion formula (3.2.13) to the terms in (3.2.12), we obtain the joint denl>it.y 

We can renormalize the Laguerre polynomials and write (3.~.14) in the btalldard forlll 

y;/2-t e-Y1 /2][ y;/Z-I e-Y2 /2 

= [2r / 2r( r /2) 211/2f( s/2) J 
00 

X 'LM)L;L;*,y\ > O,Y2 > o. (a.2.15) 
J=O 

Where L; and L;* are Laguerre polynomials of degree J which are orthonormal with respect 

r/2-1 -111/2 _/2-1 -112/2 

to the weight functions [\rI2r~r/2) J and [Y;-12r~S/2) J and 

Al _., [r(r/Z)r(lI/2)]! C ( ) 
) - J·[f(r/2+k)r(II/2+k)J! J PI,·",PT . 
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It can be shown that the series (3.2.15) is absolutely convergent almost everywhere. Using 

the same procedure Jensen (1970) also obtains expressions as Laguerrian series for a gen-

eral trivariate chi-square distribution and a multivariate chi-square distribution when the 

covariance matrices of Yk 's are each of Jacobi form, that is, ail the elements are zero except 

those on the principal and its two adjacent diagonals. 

(3.2b.2) Multivariate chi-square distribution as the joint distribution of traces 

of Wishart matrices. 

Let W(p x p) be a central Wishart matrix having v degrees offreedom, positive definite 

pararnet<'f matrix E(,J X p) and rank min(p, v). Block partitions of W and 1: are WJk and 

~]kt rcspectively, both (p) X Pk), where 1 ~ j, k ~ q and Pl + ... + Pq = p. 

COllsider scalars v] = trWJJE;l, 1 $ j ~ q. It can be easily shown that each v] has a 

chi-square distribution with vp] degrees of freedom. The characteristic function of W is 

è1>w(T) = 1 Ip - 2iTE r"/ 2
, (3.2.16) 

whcre T is real, symmetric and T == (")'t;tt;) with "YI} == 1 for i = 1, ... ,p, "YI} == 1/2 for 

if. J. Using (3.2.16), we obtain tl)e characteristic function of v= (V}, ... ,Vq ), as 

(3.2.17) 

where Ir(Ï) = diag( tl Eï/, ... , tq Eqql) is a block diagonal matrix. Let uJ = tv" 1 :$ j ~ q. 

Since EJJ is symmetric and positive definite, we write EJ) == 1:~{2 1:;{2. Using (3.2.17), we 

ohtain the characteristic fUllction of ü = (u}, ... , u q ), as 

(3.2.18) 
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where DOW H(f) = diag(ttIp1 , ... ,tqlpq) and R is a block partitioncd tnatrix with ('lenwnt!. 

(3.2.l!)) 

Letting Z) = itJ /(1- it),! ~ j ~ q in (3.2.18) a.nd factoring terms out ofth{' determillaut. 

we write 

q 

-tü(n = II (1- itJ r(IIPJ)/2[g(Zl! ••• , Zq )rv
/

2 , 

,=1 

where g(z}, ... ,Zq) =1 Ip - A(z) l, 

o 

A(z) ::- (:1.2.21) 

o 

and R)k is of or der (p, x Pk), Pl + ... + Pq = p. Now, 

[g(z), ... ,Zq)t"/2 = [1- B(Z)t"/2 

= f: r(v/2 + m) BnI(Z) 
m=O r(v/2)m! J , 

where, by the multinomial expansion, B m ( Z) is the finite sum 

m m 

Em(Z) = L ... L Aazrl ... z;q, 
al=O aq=O 

(ab'" ,aq) are non-negative integers and unless at least two of thelll are pm,itive, tlll' 

corresponding coefficient Aa of such first order terms vanbhcs. WC I10W writ(! 
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\ 2::~ml) = 2::~=0 ••. 2::;;:=0 where (ml') = (m, ... , ml· 

Combining (3.2.20) to (3.2.23) and replacing Z~I ... z;q by n~=dit;/(1 - zt;WJ, we obtain 

the characteristic function as 

= f: f(v/2 + m) 
m=O f(v/2)m! 

(ml) q 

X L Aa ll[d}/(1- zt})]aJ(l- it})-vPJ /2. 

a ;=1 

(3.2.24) 

Using the inverse Fourier transform of (3.2.24), we obtain the joint probability density 

function of u; = ~trWJJ~;/ 1 ::; j ::;: q, in the form of a series given by 

00 f(v/2 + m) (m) ~ 
feu) = L f( /2) , LAafa(Ujl/2Vp), 

m=O v m. (a) 
(3.2.25) 

where 

(ii) L1iCü;vp/2) = L~=O(_1)m(h:!;;;l)xm/m!. 

(iii) The coefficients Aa depend on the matrix E through R)k = E;;1/2r.;kEkk1/2, 1 ::;: j, k ::; q. 

N ow the joint probability density function of li = (VI, ... , vq) can be obtained by a simple 

change of scale. Sorne properties and approximations of the joint distribution function can 

bl' secn from Jensen( 1970). Note that special cases of (3.2.25) are given when p=q by 

Kibble (1941) and more generally by Krishnamoorthy and Parthasarathy(1951). 

We remark that the expressions for the multivariate chi-square obtained in this section 

arc gcnerally complicated. thus requiring considerable calculations in order to become ex-

plicit and UBerU!. In the next section, we will cOllsider Mathai and Moschopoulos models 

(1990, 1990a), which illclude multivariate chi-square density as a particular case and give 
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relatively simple expressions in computable forros. 

3.3 MULTIVARIATE GAMMA DISTRIBUTIONS. 

A random vector i = (Z., ... , Zm)' is said to have a multivariate gamma dÎ!,tribution if 

il has gamma marginais. Different methods have been used by authors to construct variolls 

forms of bivariate and multivariate gamma distributions. 

Kibble(1941) has introduced a bivariate gamma distribution functioll lIaving lincal' l't'-

gression under aU conditions, as a series which is bilinear in Laguerrc polynomials. Ile 

shows that a bivariate distribution functiOlI in which cach of the variatcs Z" i=1,2 ha!> tl\(' 

density 

g(z,) = { 

may be represented by 

z~-lexp(-z.) 
l'(p) 

0, 

if p > O,Z, > 0 
(:U.t) 

otherwise, 

where 1 p 1< 1 and Lr(z,p), p > ° is the generalized Laguerre polynomial of degt<·l' r. 

Krishnamoorthy and Parthasarathy (1951) cxtcnded Ki bble\ rcsult to Il variahlp!> hy u:,j III!; 

the moment generating function for the <hstribution of the SUIlIS of squ;up:, ill a 1'.Hunplt· of 

size fi from a n-variate normal distributIOn. 

Dussauchoy and Berlal1d (I 9ï 4) define a multivariate gamma rail dom vector 2 = 

(ZI,"" Zm)' as having a characteristic fUlictiOl1 

m fi 

I}Iz(u}, ... ,um ) = rnlJtzJ(u] + L (JJk 1LdJ 
)=} k=]+1 
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n 

+[llIz,( L ,BJkUk)), (3.3.3) 
k=J+l 

where: 

(i) IlIz,(uJ) = (1- iu)aJt e, for all j = 1, ... ,m, is the characteristic function of the 

component ZJ, e.g Z] is a gamma random variable with parameters (aJ,eJ). 

They obtain explicit form for the bivariate density only. 

Gaver (1970) generates multivariate gamma distribution with gamma marginais through 

the mixture of gamma variables with negative binomial weights. He does not give an explicit 

form of the density but instead gives the Laplace transform of the density of a multivariate 

gamma vector i = (Z}, ... , Zm)' as 

(3.3.4) 

Becker and Roux (1981) have introduced a bivariate gamma model by considering the 

lifetimes of components of operating systems when the components are subjected to shocks. 

Their model appears to be the only bivar',ate gamma density which includes Freund's bi-

variate exponential distribution mentioned in section (3.1), as a special case. 

Without doubt the most popular method of developing multivariate gamma densities 

has been from linear combinations ofindependent gamma variables. Various forms of bivari-

ate gamma have thus been ootained by Moran(1967, 1969), Kibble (1941), Ghirtis (1967) 

and Eagleson (1964). In their simplest form, the multivariate gamma distributions are 

constructed as follows: 
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Let XO,X1, ••• ,Xm be independent random variables with X) hcwing cl, standard gamm.l 

distribution with density funL~ion 

where j = 0,1,2, ... ,m. 

otherwise, 

We now consider the random variables Z ) 

1,2, ... , m. Since the joint density of Xc, X), .. . , X m is 

m 

IIlr(a) )r1 :r;J- 1 e- x ), 

;=0 

it can be easily seen that th" joint density of Xo, ZI, ... , Zm is given by 

m m 

g(ZO,ZI, ... ,Zn) = ITIlf(a)rl]x~O-l TI[z) -xo]oJ- 1 

)=0 J=I 
m 

X exp{( m - 1 )xo - L ZJ} 
)=1 

for z) 2: Xo 2: Ojj = 1, ... , m, R(a)) > (J. 

In order to find the marginal dellsities of Z}, .. . , Zm, we need to evaluatc 

(:J.:J.5) 

(:l.:LG) 

(:1.:l.7) 

where z = min(z}, ... , zm). In the general case (3.3.7) leads to very complica.t<,d cxprebbiollb. 

(i) The distribution for the bivaria.t<' case is obtained by Cheriyan{ 1941) and that of tlll' 

trivariate case is obtailled by llamabhadran{ 1951). 

(ii) If al = 02 = ... = am = 1, then 

{ 

[f(ao)J-lexp{- L;~1 z)h(zjao) 
f(zl.' .zm) = 

0, 
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More parameters can be introduced in the multivariate gamma distribution by consid-

ering the joint distribution of À}(Xo + X}) (j = 1,2, .. . ,m). The case m = 2 is called 

the double gamma distribution. Sorne of its characteristics and the method of fitting the 

parameters aha2, ao, À}, À2 by using sample moments can be found in Ghirtis(1967). 

We shaH now present sorne methods of constructions of multivariate gamma distributions 

with three parameter gamma marginaIs and we shaH also discuss sorne of their properties. 

3.3a Multivariate gamma distributions with three parameter gamma marginais. 

Let Vo, VI, ... ,Vm bE' mutually independent random variables with ~ having a gamma 

distribution with location, scale and shape parameters "'I"{3,,a l rE!spectively. The density 

fUllction of li; is given by 

= O,otherwise. (3.3.9) 

We denote the above statement by V; '" r(a},{3" "'l,). Kowalczyk and Tyrcha (1989) 

define a random vector t = (ZI! ... , Zm)' to have a multivariate gamma distribution, 

o ::; vo ::; nuu(a., ... ,om), (1] > 0 and Jl] is a real number, j = 1, ... ,m. They study 

various properties of the distribution but they do not give an explicit form of the multivari-

ate density. 

On the otlter hand, Mathai and Moschopoulos (1990,1990a) who start with l-j '" 
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....... 

r(a"Jj" i,) provide explicit forms of two multivariatc gamma densitics which inrlude 

several existing forms of bivariate and multivariate gamma t1i:-.tributiollS a.. special ca!.t'~. 

together with the properties. Since their two multivariate gamma roodels belong to diffcrcnt 

categories, we will look at both of them. 

3.3b Mathai-Moschopoulos multivariate gamma model-l. 

(i) Mathai and Moschopoulos (1990) have introduced a multivariatc gamma, as the density 

of the vector i' = (ZI, ... , Zm) where 

z. = ;~ Vo + v., i = 1, ... , m, (:1.:.1.10) 

Vi '" r(o".B.".),i = O,l, ... ,m and the Va's are mutually independent. Considcrlng tl\{' 

transformations (3.3.10) and Zm+1 = Vo, the joint densi ty of (ZI, ... , Zm+ 1 ) is 

r ( ) C( )°0- 1 {(.~m+l - 10)} Jm+1 Z1,,,,,Zm+1 = Zm+l-')'O exp- (30 

fIm «(3) )0 -1 
X Z 1 - a Zm + 1 - ')'} ) 

}=1 /JO 

xexp{ -(z) - ;~ Zm+l - Il )/.B}}, 

Letting U = Zm+l - 10, u} = ~(z) - 1}) - ')'0, j = 1,2, ... , min (3.3.11), wc ohtain 

!m+l(Ut, ... ,Um,U) = cft(~}t]-luOO-lexp{-u/(30} 
}=l /JO 

m (u -u) 
X fIeu} - u)o)-lexp{- }.Bu }. 

}=l 

where 0 < U < mine Ul, ••. , um). Integrating ou t u in (3.3.1 ::!), we obtain 

l
mm(UI, .. ,um} If) 

( ) C aro-l -u 0 gm UI, ••• , U m = 1 U e 
o 
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rrm ( )0 1 {(u,-u)}d X UJ - U ]- exp a
o 

u, 
1=1 j.J 

(3.3.13) 

Wc ubM~rve that the above density is of different form for each of m! orderings of Ul,"" U m . 

CO[lsldel III < 1L2 < ... < 1Lm, the part of the density in this region is then 

9m ( ?lI, ••• , llm ) 

xexp{ -[(UI - u) + ... + (um - u)]/f30}du 

Arter slmpljfyin~, we obtain 

m 11 !l.1! 
9 (Il U) = CI[II uOJJ-IluOlo yoo-le- {jo (1- y)Ot- l 

fil l,'''' m 
, )=1 0 

( UI)O 1 ( Ul)O 1 { 1 [ ) X 1 - -y 2- •.• 1 - -y m- exp -- ul(l - Y 
U2 Um /30 

Ul Ul 
+u2(1 - -y) + ... + um {1- -y)]}dy. 

U2 U m 
(3.3.14) 

We expand the exponelltials in series fonns to get 

glll( ILl,··· • /Lm) C [rrm O]-IJ ao ~ ~ ~ (-udf3oto (-udf3ot t 

= 1 U) Ul L,.; ~ ... ~ l , 
)=1 ro=Orl=O rm=O ro· rI· 

... (-'Um/~or'" X t yao+ro-l(1_ y)01+rt-1(1_ ~y)a2+r2-1 
~. k ~ 

.. , (1- Ul yy:rm+ru.-Idy. 
UT71 
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S· !!1. l' 1 Ince u < u < , J = , ... , m, 
J 

( -um //3oY'" 
Tm! 

(3.:1.15) 

where FD is the Lauricella fUllction, see Mathai and Saxena (1978). Thus for cach perlllll-

tation (il, i2, ••• , im ) of the integers (1,2, ... ,m) such that U'I < ... < U'm' that part. of the 

density has the form 

9m(U'I"" ,ulm) = 

(-u,m/flor'" 
1'm! 

xFn(oo + roi 0,2 + r2;"'; Oam + Tm; 00 + TO + 0,1 + TI; U,I /11,'/., 

(3.3.W) 

The Lauricella function Fn has a convergent series representation for 1 !!ù. 1< 1,] = 2, ... ,TIl 
U , ) 

and R(oo) > O,R(o,d > O. These conditions are satisfied since Ual < U,'/. < ... < 11"n ,111<1 

00, a}, ... ,Om are parameters of the gamma densities. 

3.3b.1 Properties. 

(a) Moment generating function. 
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( 

Let f = (th ... ,tm)', then we have 

MZ(Ï) = E(exp{(tlzl + ... + tmzm)}) 

1 
= E( exp{ Po (Pltl + ... + 'omtm)VO}) 

xE(exp{tl VI})'" E(exp{tm Vm }). (3.3.17) 

Using 

Mx(t) = E( e tX
) 

= 100 (x - 'Y)0-1 X - 'Y tx 
"Y f(a)po exp{ --p-}e dx 

e"Yt 
= (1 - ,Ot)O' 

(3.3.18) 

we obtain, 

Mt(Ï) 

(3.3.19) 

whcrc b = ('ot. ... • 'om)', fi = ("'tt. ... ,'Ym)'. t = (tl, ... ,tm)', 1 P.t. 1< 1, for aIl i and 

1 b'Ï\< 1. Using the moment generating function, we see that 

(ii) E(Z.) = (ao + Q.)P. + fof3. + 'Y •. 

(iii) Var(Z.) = (ao + a.)P? 

From (d). wc observe that Z. and ZJ, (i ~ j) are positively correlated. 
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(v) Reproductive properties: The class of multivariate gamma. is close" undcr 

(1) transformations of the form ur = 2 + l, where d = (db ... ,dm)'; 

(2) convolutions 21 + Z2 where Zl' 22 are indcpendcnt, il is Illultivariatc gamma 

with parameters a, ,(3, ,l, and 22 is multiva.riatc gamma with paramcters 0: ,p: ,1:, 

i = 0,1, ... , m. 

For proofs refer to Mathai and Moschopoulos (1990). 

(b) Moments and Cumulants. 

The moments of the form E(Z:) and product moments E(Z,& Zn can be evaluated \lsillg 

the moments E(V.&). Using (3.3.18), we obtain 

Letting t = 0, 

(3:.1.20) 

where (o)a = 0(0' + 1) ... (0 + a - 1),(0)0 = 1. 

Using (3.3.20), it can be shown that 

E( Zn E({3,/ /30 \10 + v.)" 

E[Ê (;) (/3,/ /30 Y v;v,&--r) 

= t (;)(iJ./fJoJ' fo (;}QO)k,/l.\'1;-" 
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(3.3.21) 

From (3.3.20), wc can also derive the product moments, 

E(Z:Zn = E[(,8./,8oVo+V;)~{,8J/,8oVo+v;tJ 

= ta ~ (;) (; ) (,8./ f30 r ((3) / ,80) t M;+t Mt-r M)n-t , (3.3.22) 

where M.(6) for l = 1, ... , mare availablc from (3.3.20). From (3.3.19), the Iogarithrn of the 

moment gcncrating function is 

m m 

ln M iCi) .:: -ooln(l - L:,8.t. - La. In(l - 13it.) + 
.=1 .=1 

m 

L:[bo/ ,80)13. + 1'.]t.. (3.3.23) 
.=1 

For s, 2: 2, the cumulants of i are 

68 , 

= 6t~' In(Mi(i)) Ibo 
• 

= [ oo(s. - 1)!13:' o.(s. - 1)!,8:'] I~ 
(1- f31t 1 - ... - f3mtm)~1 + (1 - (31tl)~' t=o 

= (SI - l)!f3:'(oo + o.). (3.3.24) 

The joint cumulants are 

(3.3.25) 

In addition, the allthors derive expressions for conditional densities and conditional 

moments. They also give asymptotic results and methods for parameter estimations. 
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3.3c Mathai-Moschopoulos multivariate gamma model-2. 

Mathai and Moschopoulos (1990a) give another multivariatc gamma, which has a rda-

tively simple form, as the joint distribution of Z = (ZI," . , Zm)', where 

Va '" r(a.,p,îl),i = 1, ... ,m and VlI ... ,Vm are mutually indepcndcnt. Thc joint 

distribution of i = (ZlI"" Zm)' is 

f(z}, ... , zm) 

for al> 0,.0 > 0'11 real,zm < 00, 

= 0, otherwise. 

3.3c.l Properties. 

(a) Moment generating function. 

Using (3.3.18), the moment generating function of ï is 

M (t;\ ~.i Cl t) - E(e(ltZt+ .. +lrnZm )) t ; J = lYl t 1 , ... ,'m -

= (1- p(tl + ... + tmy~t (1 - f3(t2 + ... + lm )02 

eÎntm 
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which exists if 1 l, + t,+l + ... + lm 1< 1/{J for i = 1,2, ... ,m. Using the m.g.f, we obtain 

the properties below: 

(i) The marginal distri bution of Z, is gamma, 

Z, '" reG: ,(J,I;), i = 1, ... , m, (3.3.28) 

. 
(ii) The mean and variance of Z, are respectively 

Var(Z,) f3 2 • a,. (3.3.29) 

(iii) Z, and ZJ are correlated. For t < J, 

p = Corr{Z"Z,) = If[;. (3.3.30) 

Il is olmous that the correlation is always positive. For details about the covariance matrix 

of g, ~ee ~fathai and Moschopoulos (1990a). 

(iv) Heproductive property. 

Suppose that Z~ and Z~ have a IIlu)tivariate gamma distributiOlI with parametel's 

0J,(3,l'J,j = l, ... ,m, and 0;,;3,/;,) = 1, ... ,m, respectively and that they are indepen-

dcutly distributecl. Using the m.g.f in (3.3.27), it is seen that Z~ + Z~ is also distributed 

clS a llIulti"ariate gamma witl! parameters 0) + a~,f3, 1) + ,; ,j = l,. '., m. 
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(b) Moments and Cumulants. 

The logarithm of the m.g.f in (3.3.27) gives th(' cUlllulant p;cller,ltinp; fUlIll iOIl of i .Il> 

m TrI 

')'1 L t l + 12 L t l + ... + Î'mtm 
1=1 1=2 

m fil 

-01 ln( 1 - ,8 L t.) - 02 1n( 1 - ,8 L il) - 0m ln( 1 - (lt m ). (:L:L:H) 

50, the nth cumulant of ZI is 

The (nto1!2)th product cumulant of ZI and Z) is givcn oy 

6n1 +n2 ~ 

b nIb n2 In(MZU)) Ii=o 
t l t) 

= (nI + 1/2 - 1)!,8"1+112 0:; whclC r = 111111(1,)) 

The moments of ZI can be obtaincd [rom the moments of l~ hy 

Letting t = 0, in the above equation the n-th mome/lt of l ~ is 

MI(n) = E(l,:n) 

t (~L)O:I(O:I+l)"'(OI+kl-I)/II.I-f:'-kl 
1. 1=0 1 

= 

~ (11) (./1.1 ,,-1.1 ~ k (0'1)1.11-' 11 ' 
kl=O 1 

= 
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W 11f'/(! (ft)tL = n( ft + 1) .. (a -1- Cl - 1), ( 0)0 = 1. So, 

E(Z;) = E(V1 +···+v;t 
1 • 

= L n. TI E(v,rl ) 
- 1 r 1 1 

k(r! , . . ,r"n) , 1···· •. 1=1 

1 • 
= L ~-II(Arl) (3.3.3.5) 1 1 l' 

k(rl, .r"n) rl .... r·· I=1 

.llld N + I~ the ~el. of lIoll-negative mtegers. 

:1.ac.2 Marginal Densities. 

From tht' d"fillltioll of tllf~ Zl, It is clear that subsets Of(ZI"",Zm) ,c;hould h~~e the 

,>.111«' for III of dellsltJe~. We will show that this is in fact true. 

Th!' JOlllt dellslty of (ZI, ... ,Zm-d is obtained by integrating out Zm from (3.3.26), 

t h.lt 1:> 

( ~ _ ~y )a.m -1 . -'n - -m-l - m . 

L"l t 1I1~ 1/ -- -'H - =1Tl-1 - 1711 and integrating out, Wf:. Jbtain 

( 
~ • 'V )",,,..-1 

•• .....1Tl - .... m-l - Ifll , (3.3.36) 

whll Il 1:-. t 11\' S,IIIlt' 101'111 ILS 111 (:3.326). 
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We can also obtain the joint density of ZI, ... , ZI-1, ZI+1, . . , Z"'l hy intt'~r.\tln~ out li' '. 
that is we have the the integral 

(.1 .1 .Iïl 

Since the location parameter of =1+1 - =.-1 is 1'. + /1+ l ,U1d the sha Pl! !l;1I .11lI!'! 1'1 l', 1\ t t- <l, t 1. 

the d.bove denslty IS also of the saille form as the density of li,' ... ll/l 

Several other results concernillg conditiollal denslties and densi t.1('., of 1,\1 Hh lit th .. /, " 

can be obtained from N1athai and N1oschopoulos (l!)!)Oa). 

3.4 APPLICATIONS. 

The need to evaluate the different forllls of the Illultival'late g.lIl1l1l,l (II..,! 1 d)li! If III" .tild 

to study their properties. arises in diverse areas of investigation. In thi:. ~l'ctIOIi. w .. ..,h.d! 

point out several such situations. 

(a) ~Ilultlvariate exponentiaJ distribution III competing risks and lif!' !f'III.\r.lt., 

The analysis of human mortality for large populations flcquently 1 lI\'O! \l'.., d.1I 01 fill 10111 ,f", 

of death denved from death certificates. SomctllllPs. the C:-',lIl1l11.LtIOll of d.ll.oI (011 1 dlllllll!, 

information 011 ail the condition~ repOlted on the de.lth Œltdic,t!l'') ..,!IOW 111.11 1lI1I!!lp!f' 

conditions have becn repol ted as causlng death ami th,tt litt.h' IIt/ClIllloI!.lflll 1" .J\,,!Id !d,' IJlI 

the certificat.e to ascertain the underlyillg c.l1I'ie ofdeath frolll ,lIlIOll!!, IOlldl!IIHI" !",t,.d 

In order to analyse the lIlul ti pie ca.use of death da ta, ~I arsl!,t! 1 .lIl d O! hl Il''' ( 1 % ï) Il "Ii Il 

variate exponential distribution has becn used by David (UJï·l) lu dl~"1 f!!Jf' 11111110111 III/JI t .dlly 
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( 

!ll tllls "fata! !>hock mode!", individuals are represented as a multiple - component system 

,wd ;1 "mk" proIe!>!> 15 dcfincd for every po!>sib!e configuration of component failure. Thus, 

for a. k Cf)fIIponent syhtcm, olle wOllld define 2k vectors of dimension k, cach composed of 

a (oldig;urat.loii of zeros and olles - a one coded if a specifie component had been observed 

1.0 r"lJlltnbute 10 system failure and a zero if it had not. Each of the 2k vectors defined 

,l "pat. tPfll " of componellt fallures whlch was assumed to be generated by independently 

Opl~1 ,Ltlli/!; "f,ü,t!" :,hocb 'l'lus model has the attractive property that it can represent any 

Il'v!'1 of III tl'factloll .unollg t h(' farllIIg corn ponents. 

(Il) Nt ultlvarratl' rhl''>lIuare dlhtrr butions occur naturally as the joint distrIbutions of statis­

t.H" u.,dlll for hirnultalleou!> tests of hypotheses in a variety of cases. 

(i) III the c.:olltext of multlvanate lillear models, Jensen (19ïO) has shown that the joint 

dl~t fi hll tlOn of t he large salllple forrn of the Lawley- Hotelling statlstic in simultaneous tests 

IlIVO!Vlllt.?, ~lIb.,et:, of the respollses. as weil as subsets of the factors, is a multivariate chi-

(ii) l, lI~hllaiah (EHi5) has used the multivariate chi-square, in the fiuite intersection tests 

plOI l'd IHI' fur the multIple compansolls of rnean vectors where the underlying distributions 

,1 Il' 1111111 i v,lllate Il or III a 1 wi th à cOJllmoll known covariance matrix. 

\1) III },UII-m,lklllg expenments It is a common occurrence thàt one measurcs the rainfall X 

III ,1 t dl ~('t ,Il pa. ,wd l1~es the ram [ail Y in a control arca as a. controlling variate to lUcrease 

1111' (>U'( 1:->1011 of thl' reql1lfed test. In man)' rain-making experunents It has beclI shawn that 

IlIdl\'ldll.d dl~tfl!JlIl.lOn of X and Y are weil fitted by gamma distribution and usually such 
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that their probability densities are monotonirally decreasing ~lora.n (1 %9) gan' .1 bi\'.I1I.1 It' 

gamma distribution on which the tests on the rain-makillg experimcnts 'Ut' ba~l'd 

(cl) In stochastic processes, suppose that V., 1 = l, ... , m, <ire the ti IIW:, IH'tWl'Pll SIlI ((,:':'1 Yt' 

occurrences of a phenomenon, for example arrivais 01 time delayh Of.lll airpl.llll' .11 :'('\('f.d 

airports. and they are identically distnbuted Let Z, = Z,_I + F, fm 1 :::- 1.. ./11 .Iflt! 

Zo = 0, then Z, is the total time required for Ith occurrence 01 the tot.1l (kl,IY III tht' lIb 

airport. In this case, the process Z" 1 E N, cali be called.t re/1ew.lll'l()((,~~ .llIti Iht' IllfW" 

V, can be called renewal times. ~Iathai and ~Ioschopollios ({!JDO.t) ha\(' ..,!tOWll 1 li.! 1 Il,,, 

joint distribution of i = (ZJ, ... , Zm)' is a llluitivari,l!p gamm.l. 1I11t!pr ..,01111' .1"'.'>11111 pl 1'111" 

on the V. 's. 

(el In reliability analysis. an item is installed at time Zo = 0 and when It [.uh. It I~ Il'pl.lll>d 

by an identlcal (or different) Item. Then. when the Ilew item f,ul:, Il Ih 11~"I.\( l'd .1!!,01I11 hv 

another item and the process con tlnues. In this casl' Z, = Z,_ 1 + \/~, W 111>/1' F, 1" 1 IJI' 11111" 

of operation of the Ith part and Z, IS the time at which the [th II~pl,}( ""11'111 1'> 111>0 dl'd l'iii' 

joint (hstributioll or t = (ZI, ... ,Z,)' has bepll shown to be a IlIlJltlv,lIldll' )!,.tlflllid J,v 

Ma.thai and Moschopoulos (1990a), under sorne ass Il III ptjollh 011 IIH' \ '.'.., 
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CHAPTER 4 

MATRIX VARIATE GAMMA 

DISTRIBUTIONS 

INTRODUCTION 

In this chapter, we extend the vector variate gamma distributions dealt with in chapter 

3, to the matrix variate case. The matrix variate gamma and other densities su ch as matrix 

variat.t' beta and Diridllet which are related tu it, appear in the distributions of various 

test sta.tistics in multivariate analysis and in distributions connected with the concepts of 

gellcralized variance, canonical correlation matrices and so on. We shaH give a concise 

presentation of the various properties and distribu·'ons connected with the central matrix 

variah' gamma distribution. In addition we shaH consiûer some special functions associated 

with several matrix-variate gamma variables. 

The following notations will be used throughout the chapter: 

A' 

1 A 1 

Il = A' > 0 

Il ( . ) /1 

R( . ) 

A "" f{ . ) 

transpose of matrix ft 

determinant of matrix A. 

A is a positive definite symmetric matrix. 

integral over A such that Ais symmetric and positive definite. 

trace of A. 

norIII of ( . ). 

real part of ( . ). 

A is distributed as f( . ). 
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4.1 Matrix variate gamma density . 

Let A be a (p X p) positive definite symmetric matrix. Ais said to have a matrix vari.llt' 

gamma density with parameters (a, B), if its density IS of the form: 

h(A) = 
1 A 10-(p+I)/2 
1 Bio rp(o) exp(-trIJ-1A) for A = ,l' > O. 

B = B' > O,R(o) > (p - 1}/2, 

= 0 otherwise, ( .1. 1. 1 ) 

where r p( Q) is the multivariate gamma functiou defined by, 

(.\ 1.2) 

Letting C = B-L4B-!', from Deemer and Olkill (1951) Wl' have de =1 JJ I-~ dA. Th" 

density function of C obtail1ed from (4.1. 1) is known as the stalldaJ(1 lIIatri>, v;u iatl' !!,alll III <1 

dellsity, and is of the form 

hIC) = 
1 C 10-(P+I)/2 

r p( 0) exp( -trC), C = c' > O. H( (t) > (]J - 1 l/'.!., 

o otherwise, 

(i) Properties. 

Property 1: If we let C = TT' in (4.1.3) where T = (lI) with l,) = Il for l < J, t" > 0 V /, 

thell the t l ; 's are independently distributed with the t~,'~ having uniVMiate g;UIlIIl.t dl'lI~ltil':-' 

with parameters (Q - '"2 1 ,1). 

Proof: 

C = TT' and t" > 0 Vi. Then 0 < tll < 00 Vl and -'Xl < ltJ < x fOI l 1- ] :,IH Il that 

TT' > O. Using the results from Deemer and Olkin (1951), we have 
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dC=2p np tp+1 -'dT ,=) .. . 

Morcove-I C 1= n~=l t?, and 

Helice from (4.1.3), wc obtain 

h(C)dC 

( 4.1.4) 

From (4.1.4), wc sec that the joint density function of the t,;'s factors. This implies that 

the l,) '8 .tH' indcpendently distributed. If we let U, = t;" then U, has a univariate gamma 

density givcn by 

!J(u,) = 
o-!.=l-l 

U, 2 exp( -Ua) 

f(o: - '-;1 ) 0< Ut < 00. 

Property 2: The moment gcnerating function of matrix A having the density (4.1.1) is 

defincd hy 

MA(T) = E(exp(trT X)), 

wherc T = (ra)I,)) with III = 1 for i = l, ... ,p, ") = 1/2 for i 1 j and T is symmetric. 

lIellcc, 

= Il - BT 1-0 where "BI' 11< 1. ( 4.1.5) 

il 



Property 3: Reproductive property. 

Suppose that C and D are two independent matrices having matrix variate ~;lI\lm,\ 

densities with parameters (ol,E) and (02,B) respectively. Then the matrix C + J) al~o hM. 

a matrix variate gamma density with parameters (0 l + 02, IJ). 

Proof: 

Il Bl' 11< l, 

which is the m.g.f of a matrix variate gamma (01 + (2), B). 

Property 4: In (4.1.1), let A = ( Ali An ) and B == 

A 21 An 

Al1 and Bu are (r X r) matnces, A 22 and B22 are (p - r) X (p - rl) matrice!>. '1'1\('11 IIIl' 

marginal densities of AIl and An are matrix variate gamma with par.aIllPlen, (n, /JII) illld 

(0, Bn) respectively. 

Proof: 

( Tll 0 

J. 
Let To = 

0 0 

MAn (TH) = 

(.1.1. ï) 

From the uniqueness of the moment generating fUllctioll, Ail is di!>trihu1.ed (L!> lIlatrix val laI" 
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{ 

gamma (a, B11 ). Similarly, we can show that A22 is distributed as matrix variate gamma. 

Property 5: Given that matrix A has dcnsity (4.1.1), wc shaH derivc the density of 

U = trA. Several methods have been used to derive the density of U and we shaH give the 

olle which expresses it in terms of a zonal polynomial. 

The moment generating function of U is given by 

Mu(t) = E(ettrA
) 

1 f 1 lo-l!±l -1 d = 1 Bio [p(o) JA>o A 2 exp( -tr(B - tI)A) A. 

Wlthout any loss of generality we may assume that (B- 1 - tl) > O. Consequently, we have 

P 

= 11- tB 1-°= il (1 - tÀ) )-0, 
J=1 

1 t 1< ;, J = i, ... ,p, 
J 

w here À1 , •.• ,Àp are the eigenvalues of matrix B and À) > 0, j = l, ... , p. 

For ail)' " > 0, wc can write 

1 J -lB 1-0 = 11- B/o + B(1- ot)/o 1-0 

= 1 B 1-0 oP0(1 - ot)-PO 1 1 - (1 - OB-l )/(1- ot) 1-0 

( 4.1.8) 

= [fI À;O)6pO f: L (:~KCK(l- 6B-1)(1- 6t)-(po+k) , (4.1.9) 
)=1 k=o K . 

\\' heT<' k = (kt. k2 , ••• ,kp) dellotes a partition of the nonnegative integer k into not more 

t han ]J parts 1.'\ ~ k2 ~ •• , ~ kp 2: 0, k = k1 + k2 + ... + kp, CK denotes the zonal polynomiaJ 

of order p and 
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The above expansion is valid when Il (1- 6B-l )/(1- t5t) 11< 1. A sufficwnt condItion t\\lf.!,ht 

be having the absolute value of the largest eigenvalue less than Ilnity and it C.lIl alw.tys h,' 

met by adjusting the value of the arbitrary quantity 6 and choosing l Thli~ tlll' Ih'Il~1 t ~ 

function of U is the following. 

= 0, elsewhere. ( 1 1 1 Il) 

The variable U is connected to various problems in different fields surit .t~ I,llldoill dlVl:-'IOIi 

of intervals and distribution of spacings, sl:'e Dwass( 1961), to te~t ~tatl~t.II" .1IId t 1.11 1". (" 

Wishart matrices, see Nlathai(1980), Mathai and Pillai(1982) and to tllllP ,>1'1 il''> l)(obl"III'>, 

see MacNeill (19ï4). 

Property 6: Suppose that matrix Chas dellsity (4.13) then the dPIl'>lty of \' =1 (' Il.111 

be derived by tirst finding the (8 - l)-th moment of V. 

l
ie I(S-1)+.:>-(P+l)/2 

( e.r:1J( - t rC )dC 
c>o rp 0:) 

r (Ct + 8 - 1) jJ -- 1 
P wherc R( n t ~ - 1) > ---

rp(a) ~ 
= 

P r( a t s -1-9) 

= )l1 no: -7) 
= E(X:- 1 )E(Xi- 1

) ••• E( X;-I), (·1 1 Il) 

where X1, ... ,Xp are independent scalar gamma variable~ wlth parall1f>tf>l,> (H, 1),(11 
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1/2,1), ... ,(0 - (p - 1)/2,1). Now the density of V is uniquely determined by E(lI$-I) 

through the inverse Mellin transform. Mathai(1971) obtains the density of V in the form: 

!4(V) = CG~:g(v\0-1,0-3/2, ... ,0-1-(p-1)/2), 

where C 
p 1 
II cl and 
)=1 r(o - 2 ) 

with 0 < v < 00 and i = R. 

4.2 DensÎties related to matrix variate gamma density . 

(4.2a) Wishart density. 

(4.1.12) 

A matrix Wpxp , where W = W' > 0, has a central Wishart density, denoted by 

Wp(N, ~), if its dcnsity is of the form (4.1.1) with 0 = N/2 and B = 2E. That is, the 

dcnsity is givclI by 

\ W \N/2-(p+l)/2 

2Np/2 1 E IN/2 r peN /2} exp( -(tr~-lW}/2) for W = W' > 0, 

~ = ~' > 0, N/2 > (p - 1}/2, 

= 0 otherwibe. ( 4.2.1) 

The Wishart dellsity Îb a p-dimensional generalization of the chi-square density. Both 

the central and nOll-central Wishart densities have been discussed in detail in the literature. 

For the derivatiolls of the central Wlbhart density, see for example Wishart( 1928), lIsu( 1939) 

and Fisher( 1939). For the lIon-ccntral case one can consult James( 1955) and Constantine 

( 1963). 
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Anderson(1984) and Muirhead(1982) give a comprehensive discussion of the propcrtics. 

(4.2b) Matrix variate beta densities. 

Let Al and A2 he two independent (p x p) symmetric positive dcfinit.e matrices ha\'in~ 

gamma densities with parameters (al,/) and (a2,I) respectivcly. We will show tha,t tht' 

density of UI = (Al + A2)-1/2 Al (Al + A2)-1/2 is a type-l matrix variate bl'ta dClIsit.y wlth 

Since Al and A2 are independently distrihuted, their joint density is givcll by 

1 A IQI-(P+I)/2 
f p(adfp(a2) 1 A2 I

Q
2-(P+l)/2 exp( -tr(A1 + A2 )) tlA1dA,!, 

for Al = A~ > 0, A2 = A~ > 0, R(ad > (p - 1}/2, 

R(02) > (p - 1)/2. ( 4.1.2) 

Letting VI = Al + A2 for fixed Al, we have dVI = dA2 • 

Thus, we obtain the joint density of UI and VI as 

h(UI , VJ)dUIdVI 

= 1 UI IQI-(P+l)/2 1 V IQII V _ v,-1/2U v,-1/2
1
°2-(P+I)/2 eXIJ(-trV) dU1dV1, 

fp(adf p{o2} III III 

1 v: IOI+02-(P+!)/2 
= l 1 VI l,q-(P+I)/21 J - UI I02-(p+I)/2 eXTJ( -trVI )dU1dV1, 

f p(a})fp(02) 

for VI > 0, UI > 0, (J - ut) > O. 

Integrating out VI in (4.2.3) gives the marginal density of VI a& 
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forO<UI<I, R(a,»(p-l)/2, t=1,2, 

::: 0, otherwise, ( 4.2.4) 

wlllch j~ /3dr.r1 ,112)' Similarly, we can obtain a type-2 matrix variate beta d(,l1sity with 

.Il1d ·I l ,1(1' IlIdt'pelldf~ntly di1>tributed rnatrix variate gammas with pararneters (all!) and 

'1'1)(' j01/l1 df'Il~1 ty of A 1 and lb is given by (4.22). U sing the transformation Al = A;/2 AA;/2 

for fixpd A2, ~ dA I =/ A2/(p+l)/2 dA. Consequently, the joint density of A and A2 is given 

hy 

llilf'gr,ltill).!; out. ..1 2 in (4.2.5), we obtaill the marginal dellsity of A as 

IJd:l) = f p( nI + (2) 1 4 IOI-(P+l)/21 1 + A r(ol +(2) 
l'p(odfp(02) . , 

tI = A' > 0, R(o,) > (p-l)/2, i = 1,2, 

= 0, otherwis€, (4.2.6) 

Ilcmark: 

'l'hl' d('I1~iti(':-, of UI and A MC lIl:-ttrix-variate generalizations of the following results: If X 

.llId }' .Hl' Îndt'pclIdcntly distributcd gamma random variables, then (i) x!y has a type-! 

hl't,\ dl'Il~lty and (ii) f ha1> a type-2 beta density. 
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Expressions for the central rnatrix variate bcta dcnsi til'S ha VI.' lll'('11 dl'ri \'('lI Ily 1\ h.1 

tri(1959, 1970), Olkin and Rubin(1964) and Mitra{ 1970) and thOM' for tlt(, 1I01l-(('lIlr.d (.IM' 

by Kshirsagar(1960) and De Waal(19ïO). Tan (1969) bhow!> th,ll if Ft '" Ijl«(\I,n~) tlll'lI 

1 1 

A = ul (Ip - ud-Iul N tJ2(0" (2), 

Property 1: D~cornposit;oll of the matrix-variate bet:t dCllsity. 

Tan( 1969) shows that if the (p X 1l) rnatrix AI'" /3d (lI, (2)' 1.11(')1 AI rail hl' d('( (1111 pO'ol'd 

as a product of 2p - 1 independent random variablcf., ]J of whil h ,Ut' IIl1iv.matp tYIH'-1 

Dirichlet variables, D(1/2'0:2 - 1/2),D(1/2, 1/2,b - 1), ... , ))(1/'2 .. , I/'l.,b - (JI- 1 )/'!.) 

Property 2: Milra(1970) proved that if matrix Al '" Il''0'1, (2), t.hclI fOI e.tdl lixl'd 11011-

Hull vector a, (ü'Ala)/(a'ii) has a univariate type-l !Jela density with p.llalll('l('I~ ("1,02), 

This irnplies in particular that the diagonal clement!> of AI are distrihuted .l~ lIlIlv.lllal!' 

type-l beta raudom variables with parameterb (O't, 0'2). 

He also showed that if the (p X p) matrix AI"'" tJr(o" (2), then for ('very fixcd 110/1-111111 

vector a, (a'ii)/(ü'A11a) has a univariate type-l beta dellsity with paralllet.cr!> (01 - (p-

1 )/2), 0'2). Extensions of the above results can be s€'en from Khatri( 1970). Ot}I!'! PIII()/'! t il'~ 

have been discussed by Tan( 1969), and Roux( 1971). 

(4.2c) Matrix variate Dirichlet density. 

Matrix variate Diriclilet densities are genera1i;mtioll& of type-I fUIe! t.ype-:lmatrix Vit! iat.(' 
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1)(!t<L densities. We shall use the sarne proceedurc as Olkin and Rubin (1964) ta derive these 

gp/leralized densi tic!>. 

Lct Ao, Al,' .. , Ak be <Tl X p) symmetric, positive definite and independently distributed 

matrix varialp gamma variables with parameters (a),!),} = O, ... ,k. We have ta filld the 

jOlllt dellsity of 

k k 

W) = (LA.)-1/2A)(LA I )-1/2, J= 1, ... ,k. (4.2.7) 

The joint dellsity fUlIctioll of Ao,Ab ... ,Ak is given by 

k 1 A) lo,-(P+l)/2 
h(Ao,Al, ... ,Ak) = II () exp(-trAJ) 

)=0 rp a) 

for A) = A; > O,R(a) > (p-l)/2,) = O, ... ,k. (4.2.8) 

Let A = L~=o AI for fixed Ao and 11') = A-l/2A)A-l/2;} = l, ... ,k. 

=!> ri Au ... (lA~ = 1 A I(k(p+ 1) )/2 dAdWI .•• dWk . 

COI\!>equently, the joint density of A, 11'1"" , U'k is 

k k 
hI( A, IVI , ... , U'k) = [1/ II r p( a.)J 1 A - A 1/2 L W

J
AI/2 10'0-(P+I)/21 A l(k(p+I»/2 

1=0 )=1 

X 1 Al/2WIAI/21°1-(P+I)/2 ... 1 Al/2JtVkAl/21°k-(p+l)/2 e- trA 

k ) 

= {II 111') IO',-(P+I)/2} 11- LW) IOO-(P+l)/2 e- trA 1 A 10'0+ .+Ok 
)=1 )=1 

k 

7[f p(ao) ... rp(adJ, 0 < W) < 1,0 < LW; < l, 
)=1 

R(a;} > (p-l)/2, j = 1, ... ,k. ( 4.2.9) 

lUlegrating out A, wc obtain the joint density of W1, • •• , Hf,!: in the form 

k k 

h2( 1-FI!"" H'k) = C{ II 1 W] IO,-e:p.} 11- L: W; IOO-~, 
;=1 ;=1 
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A 

IF) > 0, J - L w) > 0, J = 1. .. k. ( .1. ~. 1 Il) 
)=1 

where C is defined by rdro+, +O'k). The above dcnsit\' h, knowlI as l\'pp-l 1ll.ltri., \'.III.I\t> 
n)=o r,,(o) . . 

Dirichlet density. Similarly, we obtain type-2 (or iu\'t'rtcd) lIIatrix \"\lialt· Dlrichh·t d('I\l>lt~ 

as a generalization of type-2 matrix variate beta d(lllhi ty hy (,ollhidering t IH' ,Joillt d(,lI~i! ,. of 

l' ) ( .1. '2 1 1 ) 

where Ao, ... ,Ak have been defined above. Mahing the transformation (-1.2.12) ill (.I.~!I). 

with the Jacobian being' Ao ,k\li 1l , we oLtain the joint d('n<;i,y of Au, "1," ,"A a~ 

l~ = V; > O,Il(oJ) > 0, J = 1, ... ,k. (-1.'2.1'2) 

Integrating out Ao in (4.2.13), we obtain the joint density of VI,"" FA givclI hy 

k A 
rp(a~+ '," +nk ){I1' V) IO)-Cf} Il + LV) '-(0'0+ 

TI;=o 1 p(n;) ;=1 ;=1 

l~ = \1; > O,j = l, ... ,k, R(a)) > P; l,j = O, ... ,k, 

which IS a type-2 matrix variate Dirichlet den&ity. Ot/lcr derivatlOlI& of IIIatrix v.llia!!' 

Dirichlet density can he seen from '1'al1(1969), Mitra(1970) and Houx(1!.l71) who !!;i\'('~ hl~ 

expressions in terms of generalized hypcrgcornetric functiollb. 



(4.3) Further generalizations associated with several matrix-variate gamma vari-

!lbles. 

In this section, we shall look at some generalizations associated with several-variate 

ga.mma variables Most of these generalizations can be obtained by using Lauricella func-

lionh which appear in many problemb connected with geometric probabilities, tirne series 

bituatioll~, queueing situations and engineering plOblems. Various types of scalar Lauricclla 

fUllction!. have been studied hy Exton(19i6) dnd Mathai and Saxena (198ï). In this section, 

• 
wc shall collbld<,r t.hp gCllcrahzatloll& of ~calar Launcella [UllctlOns of typc .4, Band D. 

lo Lauricella functions of many matrL'< variables, which have been given by Mathai( 1989). 

These functions will be defined by ubing integral representations and sorne of their properties 

will be studicd. 

(4.3.1) Lauricella function FA of many matrix variales. 

The l,auflcclla fUllctloll FA of many matrix variates, denoted by FA (a, b., . .. ,bn; Cl, •.• ,en; 

XI,'" ,X,,) analogons to the corresponding scalar case (Mathai and Saxena (1978)) is 

defillcd by the followillg intcgral representation. 

( 4.3.1) 

U:, i = 

l, ... n, IIX1/1 + ." + IIXn ll < 1. 
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Using definition (4.3.1), we shaH give some results 01\ lA. 

Result (1): 

- 1 i 17' IU-E.:I:1. (t· 7') 1,' (b' . \·~'I'\·t) - -r ( ) 1 CT1) - 1 1 1 l, Ch'\ 1 .\ 1 
p a T>D 

( 1 :~ :!) 

where T is again a (p X p) symmetric positive definite matrix and 1 PI is a hypl'rgl'olllt'I rI(' 

function of matrix argument. 

Proof: 

l 
Let X/ be the symmetric square root of the symmetric positivp dcfillit(' matrlx X" 1 = 

l l 1 l 
1, ... , n. Now, L:~=l X,2 U,X,2 is positive definite and 0 < 2:::~1 .\,1 U,X/ < 1 ah 0 < Il, < 1, 

l l 
V, = V:, X, = X: > 0, i = 1, ... , n, 0 < L::~1 X, < J. Silice 1 - 2::~1 X,2 U,X/ > 0, WI' 

can write its determinant as an integral (see Mathai and Saxclla (1978)) and il i~ givI'1l by 

for R(a) > p;l. We replace the last factor in (4.3.1) by the cquivalent illtegral ill (tj :1.:J), 

then interchange the integrals and integldte out Vil the steps being valid The in!.!'!!,I,d 

is evaluated by noting that tr.X} U,X,~T = tTT!X,~ U,X,tT~ and thcn using tlU' Il'hult 

(5.2.18) of Mathai and Saxena (1978) (see appendix A4). Consequently, wc obtalll tlll' 

following 
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l'p(bdI'p(c, - b,) F (b' . v~T V~) . - 1 = Il.,C,,A, .~"l-, ... ,n. l'p(C,) 
( 4.3.4) 

The result is casily obtained by using (4.3.3) and (4.3.4). 

Result (2): 

For IIX1/1 + ... + IIXnll < 1, R(a), R(d- a) > ~, 

rp(d) rI 1 u la-Eill 1 U I-{-a-l!±.!. F (d b b 
= rp(a)rp(d-a)Jo 2 - 2 A, l,···, n; 

CI, .•. ,en; u~ XIU~ .. , ut \'nU~)dU. (4.3.5) 

Proof: 

Ubillg (4.3.1), wc writc FA on the L.H.S of (4.3.5) as a multiple integral which is given by 

= 

(4.3.6) 

Substituting (4.3.6) III (4.3.5) and integrating out U by using the Euler integral (5.2.25) of 

Mathai and Saxena( 1978), W(! obtain 

dU 

( 4.3.7) 

1 1 

for Il L::~l xt· U,X,211 < 1. Note that the condition for convergence is satisfied because 

l l l l 

Il.\12 UIXl
2 + ... + XJ UnXJ Il ~ !lXIIIIWIII + ... + IIXnlllWnll :5 Il XI Il + ... + IIXnl1 < 1 
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since lIu,1I < 1 for i = 1, ... ,n. Moreover wc can permute the matrires in tlll' deterrllill.1II1 

when they are symmetric positive definit<,. Tha is 

1 1 1 1 11- AB 1 = 1 J - AiRAi = II - BiABi 1 = 11- BA 1. 

From (4.3.7), one upj.er parameter is l'quaI to olle lower parauwtl'r in 2FI henCl' Il fI·dll('t· ... 

to a 1 Fo which is a binomial series. That is 

n 1 l n 1 l 

2 FI(a,d;diLX/U,X/), = IFo(a,-iL'\'/U,X/) 
,=1 ,=1 

n lIn l 1 

= 1 1 - L .\'} V,X,ï I-a for Il L .\2 U,.\'} Il < \. ( 1.;\ ~) 
,=1 

Using the above fact in (4.3.6) and interpreting the rl'~lllting illtl'gral a:, .1\1 l'~I, r(':-.,III (~) 

follows. 

Result (3): 

= n [n~1 fp(c,)] fI ... (l[ÏI 1 U
I 

Id'-!!:}!-I J - Vllc,-d,-!!f-j 
m'=1 rp(dl)fp(c1 - dl)] Jo Jo 1=1 

! 1 11 ft 

FA (a,b l , ••• , bni d" . .. , dni X 1
2 U1X l,· .. , 'J UnX J HII dU,], 

1=1 

1, i= l, ... ,n. 

Proof: 

On L.H.S of (4.3.9), we substitute FA as a multiple intcgral in a set of 1/ Ilew v<tl'iahl(':, 

VI, ... , Vn to obtain a 2n-fold integral in UI,"" Un and VI, ... , Vn . We dcnote thil> illtl'gl.d 
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I>y T and it is of the form 

" [n~=1 f,,(c,)] 11 (2) l/[rrn 
1 u Ib,-~ 

1 = [nn l' (b )r (d - b )r ( - d )] . .. n. . . , ,=1 p , p' 'p C, , 0 0 ,=1 

n ! 1 l l n 

1/- LX,2 ~2 U,l~2 X/ ra [TI dU,dVa]. (4.3.10) 
1=1 ,=1 

Result (3) followb by interpreting the U-integrals in (4.3.10) as an FA. 

Result (4): 

Proof: 

ln (4.3.10), consider a transformation of U, going to WI through 

_1 _1 
o < WI < Va and UI = ~ 2 W, V. 2, Vt. 

Thus T JlOW becomes 

T = c J ... (2n) ... f [rrn 1 w, Ib'-~I Va - W, Id.-b,-~ X 
jo<w.<v. 

O<V.</ 1=1 

!!±.l l l l l n 
1/- \~ Ic,-d,- 2 ] 1/- XlW}Xl - ... - XJWnXJ 1-0 [II dW,dVa], (4.3.11) 

t=1 

! whcre C is the constant representing the gamma products. Let / - Va = (l- W,)2 ZI(l-

1 !!±.l 
U'1)ï, Vi thclI dl~ = 1/ - 11', 1 2 dZ, and 

1 Va - 11', 1 = 1 (l - W,) - (l - Va) 1 = 1/ - 11', 11/ - ZI l, 0 < ZI < / Vi. 

Making the above substitutions in T, we obtain 
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rI rI n !!±.!. e±l 
XJo ···}o[TIlz,lc.-d'-211-Z,ld.-b'-1 cl?,l 

o 0 '=1 
\ 1 .\ ! ' .. ) 

Since 

t l ,\ \.\) 

Substituting (4.3.13) in (4.3.12) we have, 

(4.3.2) Lauricella function Fa of several matrix variates. 

FB ofsyrnmetric positive defimte matrices X 1 , ... ,Xn is defincd ,lb follow~ 

1'11 1 (! 1L 1"" ) 

( 1 :\ Il) 

for X, = X: > 0,0< X, < l, R(ad > ~, i = 1, ... , n, R(c) > ~, H(/>I/[--

~. Moreover 

Result (5): 

For R(a,) > ~, z = l, ... , n, R(e) > ~, R(e -ILl - ... - (ln) > ~, 

FB(al, ... ,an ;b}, ... ,bn ;c;X1, ••• ,Xn ) 

= r (b) 1 r (b ) r ... ( exp(-tr(T, + ... 1'n )) 1 Tl Ibl-~ ,1 '/'" \I,,,_IT 
pl", P n JT1>O JTn>O , 

l l l l 
x4>2(aI, ... ,an;C;X}2TIX1 .. ·XJTnXJ)dT1 ... dTn, (.\:~ I:i) 
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where 

r pCc) J J [rrn 1 U la _l!±.!.] = n' , . . . o<u <1 ' • 2 m'=1 1 p(a,)]I pCc - al - ... - an) 0<L:~='1 U.<I ,=1 

1 J U V I
c-al-. -an-tll 

X - 1-"'- n 2 

( 4.3.16) 

the y., i = 1, ... , Tl are symmetric positive definite matrices. 

Proof: 

l l 
For (J - Xt2 V,X/ ) > 0, wc can writc 

( 4.3.17) 

for R(b,) > E.f, t = 1, ... ,n. Substituting (4.3.17) in (4.3.15) and interchanging the inte-

1!,rab, the step bcing valid, wc obtalll 

FB = rp(C) 
rp(ad .. ·rp(an)l'p(r - al - ... - an)fp(bt} ... rp(bn ) 

X [ ... f 1 Tl Ibl-Ef ... 1 Tn Ibn -ll exp( -tr(T1 + ... Tn )) 
JT1>O JTn>O 

x[ J ... J 0<;:.<1 1 VI lal-!!:}l ···1 Un lan-!!:}l 
o<L.=1 u.</ 

J!.:;.!. n l l 
11- UI - ... - Un Ic-al-".-an- 2 exp(tr(~)X/T,XnU,) 

,=1 
xdlft ... dUn ]dT1 ... dTn • ( 4.3.18) 

The rcsult follo\l;s by intcrpreting the inner integral as a <P2. 

(4.3.3) Lauricella function FD of several matrix variates. 
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Lauricella function FD of matrice:; X, sneh that X, = X: > O. IIX,II <.. 1. 1 - 1. .11, 

is defined by 

= fp(c) [1 1 U lu-I!.fll- U IC-<l-~II_ UX I rh! 
rp(a)rp(c - a} Jo 

b P - 1 p - l Il 11- U X n r " dU, for R(e) > -2-' R(a) > T' U(I' - a) " 
,) 

( l ,\ llJ) 

Result (6): 

rp(dd, .. fp(dn ) [1 . [0 11 U
I 

Ibl-I+'-
- rp(bd ... fp(bn)fp(dl-bd ... fp(dll-bn)Jo Jo 

X 1 Un Ibn-~I 1 - Ut Id,-b,-E:}l ... 11 - Un Id .. -b,,-~ Fo(a.d l , ,'/", ,', 

Proof: 

The proof is similar to the one used in re~'iUlt (2), that is we fir~t repl.lce Fu 011 th,· L li 'i 411 

(4.3.20) USIng definition (4.3.19). Then we integrate ont UI , .,U" WI' h.JvP ,III' Joilo\\'llIl'. 

integrals, 

( 1 :l :! 1 ) 

The integrals are evaluated by the Enler's integrals (iVLlthai alld S,IXPfI.] (1!)7K, (I):2 :2;)})) 

Since there is one cornmon pararneter in 2 FI' it reduct'~ to a hillomial hlllli Th,l!. IS 

88 



11- UX. I-b
" for IIUX.II < 1, i = 1, ...... , n.(4.3.22) 

Th" f(~~lIlt follows by sustituting back in (4.3.20). 

Result (7): 

Fnr H(IJ,) > p;l, IIX.II < l, t == 1, ... ,n 

Proof: 

Silice for ail l, (1- UX,) > 0 we can replace 1 (I - UX.) 1 in (4.3.19) by 

(4.3.24) 

fOI R(b,) > zs:-~, l = l, ... ,n. We substitute (4.3.24) in FD and after coUecting the factors 

(,()1If..1Ïl1Jng U wc intcgrate It out uSillg the result from appendix A4. Thus we have 

(4.3.2,) ) 

Sllb~l.ltlItlllg the abOH' eqllatioll in the L.lI.S of (4.3.23) yields the result. 

The Ill'X!. lesult will be statcd without proof and later it will be used ta establish the 

11'1ll.lilllllg rl'~ults. 
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Result (8): 

= rp(c) J ... JIU1 Ibl- R11 
fp(bt) ... fp(bn)f p(c - b1 - ... - bn ) 

X 1 Un Ibn-~I 1 - Ul - .•• - Un 1.:-61 - .. -bn-!!:}l 

( 1 • \ ~'(J) 

Note that the integral is over 0 < Ut < l, i = 1, ... , n and 0 < L;~I UI < 1 Th" (tllldllllllh 

ale the same as the ones in (4.3.19). 

Result (9): 

= r l( ) riT IU-E.:}l exp( -lI' 'f')'/>2(h l , 
p a JT>o 

l l l l 
bn ; C;X1

2 TX I
2

, ... ,XT~T.YT;) ri'/', (-1 :\ .!ï) 

for R(a) > ~, the other conditIOns are the same as the Olles in (,1.:1.1(») .wd 1.1\1' '/'2 111111111111 

is defined in (4.3.16). 

Proof: 

We substitute for 4>2 and integrate ont T ta obtain 

1 1 1 1 

- 1 l ". :2 U V:2 \. ï rI \' ~ I--! - - • \ 1 1 • "1 -... - , IL • Tl' " ( 1 .\ :!S) 

We now substitute the above equation on the lUl.S of (-I.:!.2ï) and intpljJlP!. 11. Il)' Il ,Jll~l, 

(-1.3.26) and the result follows. 
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-

Result (10): 

= rp(C) rI

I u Id-!!f!1 1 _ U Ic-d-E.:}!-
rp(d)rp(c - d) Jo 

l l l l 
xFD(a,bt, ... , bn ; d ;X12 U X 12, ••• , XJ U X;t )dU, t t .;I.~!l) 

for R(c) > P;l, R(d) > !!f, R(c - d) > Itf, Il XI Il < 1, i = l, ... ,Tl. 

Proof: 

Let W represent the R.H.S ofequation (4.3.29), thus usillg ( .. 1.3.19), we C.lIl lewnt,1' \1' 

as 

w = 

= 

= 

f p(c) [1 1 U Id-~I [ _ u Ic-d-~ 
rp(d)fp(c - d) Jo 

l l l l 
xFD(a,b1,." ,bn ; d ; Xl U xi, ... , XJ, U x~ )dU, 

fp(c) t 1 U Id-~I [_ U Ic-d-~ 
rp(d)fp(c - d) Jo 

rp(d) rI 1 T la-~I 1 _ l' Id-a-!!f!1 [ -- l' \~U \,' ~ 1-1'1 
xrp(a)rp(d-a)Jo . 1 ''-J 

1 1 

... 11 - TXlUXJ rbn dT dU 

f p(d) [liT la-~I 1 _ T Id-a-~ 
rp(a)fp(d - a) Jo 

l l l! 
XFD(d,b1, ••• ,bn;c ;X?TX{, ... ,X,'fTX;t )dT. (.t .:~ :W) 

We now replace the R.H.S of (4.3.30) by the multiple integral represcnt.ltioll in (4.:L:W) dllel 

integrate out T. As it was shown e;ulier, the T· integralleads to a. 2FI wlllrh redllu'" 1,0 .l 

tFo. Thus interpreting the R.H.S of (4.3.30) by using the multiple llItegral [I!prl!~('nt.tf.loll 

of (4.3.26), the result follows. 
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(4.3.4) Mixed Results. 

Wc ~hall conslder a result invoivmg FB and FD of many matrix variates, similar results 

involving F~I and FD can be seen from Mathai(1989). 

RcsuJt (11): 

For INb,) > ?, /lX.II < 1, i = 1, ... ,n, R(d) > P;l, R(d- hl - ... _ bn ) > P;l, 

(4.3.31) 

Proof: 

Usillg (.1.3.19), we replace FD by the single integral representation and substitute it in 

1 1 
(·I.:J.:31). Then we make the transformation of V. going tn W, = V'iU,U'i, i = 1, ... ,n. If 

wc denote the R. H.S of (4.3.31) by Y, we have 

n 
X Il - U Ic-d-~I U - W1 - ••• - Wn /d-b 1 - .. -bn-~ [IT dW,]dU. (4.3.32) 

1=1 

Wc Ilote that 

U - lVl - ... - lVn = (l- W l - ••. - Wn ) - (1 - U) 

wht'IC (1 - U) 
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Using these substitutions and the matrix variate beta integral the Z-in1cgral rE'dllces to tlw 

following: 

Thus we obtain, 

y = 
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APPENDIX 

(Al) H-FUNCTION. 

The lI-function is applicable in rnany problerns arising in physical sciences, engineerillt, 

and statistics. It is the most generalized special function and it is studied in sorne detail 

in Braaksrna (1964). An H-function is defined in terrns of a Mellin-Barnes type integral as 

follows: 

Hm •n (z) = Hm.n[z l(ap,Ap)] 
P.q p,q (bq,Bq) 

(0.1.1) 

where 

i = (_1)1/2, zl=O, 

z'" = cxp[s log Izl + i arg(z)], 

III which log Izi represents the natural logarithm of Izl and arg z is not necessarily the 

principal value. An empty product is interpreted as unity. Here, we have 

x(s) 
= n;n=l r(bJ - BJs) n;=l r(1 - aJ + A, s) 

nj=m+l r(J - bJ + BJs) n~=n+I r(a} - A}s) , 
(0.1.2) 

whcre m, n,p and q are nonnegative integers such that 0 :::; n :::; p, 1 :::; m :::; q; A}(j = 

l, ... ,p), EJ(j = 1, ... ,q) are positive numbers; aJ(j = l, ... ,p), bJ{J = l, ... ,q) are 

complex nurnbers such that 

(0.1.3) 
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for v,). = 0,1, ... i h = 1, ... , m i j = 1, ... , n. L is a contour scparating the points 

s = b'i,+", (j = 1, ... , mi v = 0,1, ... ) 
J 

which are the poles of r(b) - B)s), (j == 1, ... , m,) from the points 

a)-v-l (' 1 0 1 ) s = A ,J = , ... ,ni v == , ,... , 
) 

which are the poles of r(l - a) + A)s), j == 1, ... , n. Thc contour L cxistf. 011 ac('()ullt 

of (0.1.3). The H-function is an analytic function of z and makes SCII!;C if th{' fo\lowill~ 

existence conditions are satistied. 

Case 1 : For ail z i: 0 with Il > O. 

Case 2: For 0 < Izi < fJ-l with Ji- == O. 

Here Il = E~=l BJ - 2:~=1 A) and 

a - np AA} nq B-B) 
1-' - 3=1 3 3=1 3 . 

Remark: When we have Al = ... = Ap == BI = .,. == Bq == 1 in the lI-fullctioll, WI' 

obtain the Meijer's G-function. 

(A2) HYPERGEOMETRIC SERIES. 

A hypergeometric function with p + q parametcrs is defined ab follows 

(O.:.! 1) 

for P $ q or p = q + 1 and Izi < 1, where for example (a)o == 1 and (a)tI == (L(u + 1) ., (a-t 

1) - r(a+n) - 1 2 n - - r(a)' n - , , ... 

Here (0.2.1) diverges for ail z i: 0 if p > q + 1. Assume that 1I0llC of the !JI. .. , "'1 ib ZfI/O 

or a negative integer and if any of the aJ, ... ,ap is a negativc integcr the beries terrlli/lat('~. 

al, . .. ,ap are often known as the upper pararncters and hl, ... , bq are called thp IIJWI'I 
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parameters. 

A particuJar case of the hypergeometric function is Gauss' hypergeometric function 2H(.) 

which is gi ven by 

2 FI (a, b; C; z) = F( a, b; C; z) 

(0.2.2) 

The Euler's integral representation for the Gauss' hypergeometric function is 

F(a,b;c; z) = r(c) fI tb-1(1_ t)c-b-l(l_ tz)-adt 
f(b)f(c - b) Jo 

for R(c) > R(b) > O. ( 0.2.3) 

(A3) BESSEL FUNCTION. 

The different Bessel functions Iisted below are solutions of Bessei differential equation. 

IX> 

Jv(z) = L(-1)m(z/2)2m+v/[m!r(mt vt 1)] 
m=O 

= {z/2)V oFl (v + 1; _z2 /4)/f( v + 1). (0.3.1) 

(0.3.1) is called a Bessel functioll of the first kind where z is the variable and v is the order. 

The Bessel function of the second kind or Neumann's function is given by 

(0.~.2) 

The modified Bessel function of the first kind is given by 

00 

[vez) = L (=/2)2m+v /[m!r(m + v t 1)] 
m=O 

(=/2)V 2 
= f(v t 1) oFt{v+ 1; z /4) 

(z/2)V -z 
= f(vtl{ IFI(vt1/2; 2vtlj 2z). (0.3.3) 
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The modified Bessel function of integer orcier is given by 

for n = 1,2, ... where 1/J(.) is defined il! (1.1.12). 

(A4) CONFLUENT HYPERGEOMETRIC FUNCTIONS OF MATRIX AR-

GUMENT. 

= ,rmU)) { exp(tr(A)) 
(21!'1)m(m+l)/2 JR(A)=XO)O 

for Xo > R( Z), R({3) > m, 

= rm(!3) ( eX]J(tr(AZ))IAlu-(mtl l/2 
r m(a)r mU3 - a) Jo 
II - AI i1-ex-(m+1}/2dA, for R( 0) > 111; 1 _ 1, 

m+l , m+l 
R(f3) > -2- -} and R({3 - 0) > ~ - 1. (O!.]) 
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