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AIlSTRACT 

A survey of the minimal realization theory of Arbib and Manes for 

"state-behavior" machines in a category is given, and how the closed 

category machines of Goguen are included in the above machines is 

discusse.d in detail. A survey of the non-deterministic treatment due to 

Arbib and Malles is given. A study of C -machines in a closed category for 

a mono id C is given in both the detemlinistic and the non-determini:,tic 

cases. A notion of u-machine in a topos for a morphism of monoids u is 

introduced and studied. A discussion of the category of H -valued sets as a 

topos is given and fmally some of the concepts of automata theory for the 

deterministic case are investigated in this context, regarding the category 

of H -valued sets as a closed category and especially when H is a finite 
chain. 
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RESUME 

Ûn donne une révision de la théorie de ré~tlisation minimale d'Arbib 
et Manes des machines "state-behavior" dans une catégorIe. Un traitement 
approfondi de comment les machines de Goguen sont comprises dans les 
antérieures a été effectué. On donne une révision de l'approche 
non-déterministe d'Arbib et Manes. On a étudié des C -machines dans une 

catégorie fermée pour un monoïde C dans les cadres détcnninistc et nOI1-
détem1iniste. Une notion de u-machine a été introduite et étudIée dans Ull 

topos pour un morphisme de monoïdes Il. On donne une description de la 

catégorie des ensembles H -valorisés en tant que topos~ enfin, une 
investigation, dans ce contexte, de divers concepts de la théorie des 
automates dans le cadre déterministe est donnée, en considérant la 
catégorie des ensembles H-valorisés comme une catégorie fermée et plus 

spécialement lorsque H est une chaîne finie. 
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INTRODUCTION 

The aim of this the~i~ IS to discuss in some detail certain aspects of 
automata theory (or the theory of machines) in a catcgory and in a closed 
catcgory, follo.villg the pioneering work of AI bih & Manes 12, 4, 5, 6 J, 
Balllhridge 1 X], Ehng Il X], and Goguen 122], to mention a few. 

A topos i!'l a ~pccial kind of category 1271, and a partlcularly 
illuminalII1g cxample of a topO!'l ill connexion with lugic IS a topos of 11-
valued !'Iet!'l 1'01 a complete IIcyting algebra 1/. lIltroùuccd by Higgs 125]. 
After di!'.cll!'.~ing the concepts in gcneral, they arc thcn ~,tudied 111 this type 
of category, for the detcrmini!'ltic ca~e, in OIder to gall1 ~ome lI1tuition for 
the type of generality afforded by the categorical approaeh. 

Automata theory pre-date!'l digItal cOl11putcr~ and IS loday a basic 
tool in the newe!'lt lheorie~ of concurrent cOl1lputatlOn. The main point of 
the catcgoflcal machlI1c theory was to glvc a llnified treatment of 
Important concepts arbing from system theory and alltomata theory. The 
present the!'lls usc~ mainly a!'l a framework of ùIscll~si()n the Arblb-Manes 
formuLltlon of thc categorical machil}~ thcory and the oflgins of that 
formulation lIe III the elcmcI1t~ traeed 1:1 what follow~ . 

The Imear ~y~tem!'. had a module-thcorctlc approach in the work 
duc to Kalman 12X 1 111 1969, however it~ origll1~ lie III the theory of 
continlloll~-timc l111ear dynaI11ICai ~y~tem!'l. Arblb and Zelger ~howed [7] 
that a nlllllher of Kalman\ conceph were ~peclal case!'l of notions 
developed III automata theOl'y and they ~llgge~ted the use of category 
theory II1 the study of thl~ ncw per~pective; Gogucn\ mach mes in a closed 
category 122] formal!zed thls mueh. The work~ donc by Arbib & Manes 
12] and Bainhndge ;X] followecl ~hortly, Bcfore D.\Il(X) (sel' 1.1.1) was 
introdllccd to !'Itudy categorieal alltomata, It wa~ very clo~ely studied by 
the Prague schoul III illvulving Aùamek. Tmkova, Rcitcrman and othcrs 
in the year!'. 1970-74. Another element of influcnce was the devclopment 
of triples (or monads) 111 the sixties. 

The non-dctermiI11stlc case wa~ sub~equently trcated by Arbih and 
Manes in 141 and [32] and elements that played an important role on that 
development were the triples, the work done by Beek on distributive laws 
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[111, the Kleisli catcgorics [29\, and the notion of '\COOp" lIltroduccd by 
Ehrig [181 and modificd by Arbib and l\1anc~. 

As mcntioncd 'xforc a ~pcclal kmd of catcglH)' u:-.cd 111 thi:-. thl'~IS I~ 
that of a toP()~ [271. Tnpo:-. theory ha:-. it~ nng1l1s III t\\ () dllll'rl'l1t area~ of 
mathematical rcscarch III thc ~ixtie:-.. Fm,tly the \\old "topo:-," wa .... u:-.ed by 
Grothendlcck in thc contcxt of algcbraic geolllctly ln de!lOtc categ()rIe~ 

satisfying certain conditIOn!'.; the~e kind 01 categOllC:-' ail' callcd at ple~ent 
Grothendicck topo!'.cs. Secundly Lawvcrc attl'lllptl'd to a\IOIl1atl!'.e the 
category of ~ct~ and latcr, 111 !lJ69 Lawvele and Tll'lllCy hcgan in 

investigate the consequences of taklllg the exI .... tCI1Ce 01 a :-.ubobJect 
c1assificr a~ an aXlOm and thè outcomc wa:-. the 11101 l' gl'I1CI .. t1 notion of 
(elemcntary) topo!'.. I!l word~ of M. Bunge [161. "Â topo .... may he vlewed 
as a unÏver!'.c of varIablc sets, a:-. a gCllcralI7ed top()loglcal !'.pace, and as a 
semantical 1I111VerSe for hlgher ordcr intultioI1I .... tlc loglc" A gCl1erali:-.cd 
concept of '\ct" a~ rOllsi~tlllg of a collection 01 (partial) elclllel1b \VIth .l 

measurc of the clcgrce of cqllal!ty of thl'~e clemcIlt.... admit:-. an '-1Xlolllatlc 
treatment in partlcltlar toposel." namcly the topmc:-. ()f If-valucd .... et:-. for a 
complete Ilcytll1g algebra Il 1251. 

The prelllllinarie:-. of thl:-' thè~l~ contall1 ~Oll1L ha .... lc 110tlOn:-. of 
automata theory that arc gCIlerali7t.~d III the categorlcal approach 

Chapter 1 contalIl", 111 :-.ectlOn 1.1, a :-'lIl\'l'y 01 the minimal 
realizatlOn thcory of Arbib and Mane:-. for '\t;1(c-hchavlOr" machllll'!'. III a 
category [2,5,321. Section 1.2 deab \VIth the c\o:-.ed catcgory l11adlllle~ 01 

Goguen [221 and cOlltalI1~ a dctatled di .... cu~ .... lun 01 thl' kIllmn lact 01 thelr 
inclusion in the '\tate-behavior" maChllll?:-'. 'IllC chaptel cn<.!:-. \VIth li :-.urvey 
of the trcatment givcn by ÂJhlh and MaIle~ 01 the IlOll-detcrIllIlll .... tlc ca~c 

[4,321. 
Chapter 2 lIlclu<.k.... in It~ :-.ectlon 2.1 a <.kta!lcd <.Ii .... Cll:-.:-.IO!1 01 

C-machines III ~l clmccl category for a 1110nOI(.1 C, r()I1()\\Il1~ .... l'ctj()J1 1.1 a .... 
a guide and making u .... e of the notion of lI~ht actIOn of a 1ll011OId on an 
obJt'ct. SectIOn 2.2 extcnd:-. the approach of the C -machll1c~ 111 a c1()~cd 
category of ~cction 2.1 to the non-detcrIl11111 .... tlc ca"c lullmvl11g .... l'ctlon 
1.3 as a framc\Vork SectIon 2.3 deal.... \VIth a J10tlUll of u-mach1l1c 
in a topos for a morphi:-.m of monol<.b li. 1111 .... llotlon ha .... bCCll obtall1l'd 
from the idcas l'clatet! \0 the lllaChlllC~ 11l tllc hypel doctrlllc (( lIl, Sel) of 

V Il 
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Bainbndgc 1 ~ 1; this approach extends the one given in section 2.1 when 
the closed category is also a topos. 

Chapter 3 contains in section 3.1 a de~'cription, wlthout proofs, of 
the category of I/-valued ~ets as a topos following the work due to l-Iiggs 
1251 and then, a detailcd description of the ex poncntiation, the coproduct 
and the "fI' cc monoid" on an obJcct in that catcgory are glvcn. In section 
3.2 the conccpb of reacilability, rcsponse map, fun map, vnd ob~ervability 
arc investIgated for a machine in the ~ategory of II-valucd ~ets, regarding 
Jt a~ a closcd category, and e~pccially whcn 1/ is a fmite chain. 

In addition to a detailcd and unifled dcscnption of developments 
which are given in the litcrature quoted 111 the refcrence~, the present 
thC~lS cOl1tain~ ~ome ongll1al work, a~ follow~. In 2.2.R. the notion of a 
"d-machine" I~ llltroduced and thl~. 1I1 turn. 1\ cmployed in order to 
tran~port the non-detenl1l11i..,tic ca~e to the contcxt of the machmcs in a 
closed catcgory for a ll1onoid C. In 2.3 the Idca~ rclated to thc concept of 
rnachme in the hyperdoctnne (C(il, S ct) of ! X 1 are l1~cd to introduce and 
study the notion of II-machine in a topo:-, relatIve to a 111Orphi:-.m of 
Jl1onOids Il, glVlI1g 111 thl:-' contcxt a corre:-.pondlI1g "ll1illlmal Ical17ation 
thcofcm ". For II-valucd :-,ct~, a detaIled de~Cllptlol1 or the notions 
involvcd in the theOl y of machlJ1c:-, for the detcrmlllI \tIc ca~c I~ given, 
regan.ltng thc latter a~ a cl()~ed category. Fl11ally, the meanll1g of these 
conccpt~ 1:-' made preci:-,c in the ca~e of a topo~ of I/-valucd ~et~ for a 
fmltc cham Il. 
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PRELIMINARIES 

These prelimlI1arie~ contain some ha~ic concept~ of aut()mata theory 

that are generaltzed in the categorical apprnach. 

Sequential machine. Onc may ill1ag\l1è a 111.1l'h1llC that l'an he l\1 any 

one of a filllte number of lIlternal l'Ol1flgll[alHll1~ or ~lall·~. [L'l'l'Ive any 

one of a fillite number of Illpllt~. and l'mIl lin)' onc nt a fll1lll' number of 

output~. One may think of lt a~ rccclvll1g II1pllh. l'hanglI1g .... tates. and 

emittmg outputs once every "cycle" of ~omc dock. \"lllCh tllnè~ It~ aCllvIt:'. 

Such a system may be reprc:-.cnled as foll()\,,~ [(,. p. 931 : 
A ,\('(Il/enfUll mac/lll/i' II., a ~exillple At = L\o. (J. Ô. (/0. }'./J) where 

Xo, Q. and Y are ~et~ (called the ~el of /II/}[([.\. \[(/[n. and outpu/.\ 

re~pectlvely), (Jo E Q 1:-' the Initial .\[u/e. and <') (}xXo -) (J and 

f3 : QxXo -) Q are fllnction~ ( ccllled the 1lC\[-\!a!e jlil/('[/()I/ 01 d\'ll(/11l1C.\ 

and OUlfJlIl map re~11ectivcly). At I~ ~aId 10 he lill/li' If Xo. () IIld Y arc 

aIl fini te scI~. 

Tak.1I1g the "cycle tlme" of M'~ "dock" \1\ thc 1I111t on the tlll1C ~cale. 

one can llnaglI1e M a~ rcpl'~~entll1g a ~y:-.lt'm \\ hlch ~Iart~ 111 ~tate (10 al 

time 0. anù whlch II., .... lIch thal If lt I~ ln \tale (/(1) E (J at tllllè 1. and then 

receive~ lllpUI .\U), II will Clllit output .' (1) = 13( (/(1)) E Y and thcn scille 

into state (/([+ 1 ) = D< (/([). \( t)) E Q by Ilmc f+ 1 

Run map. Glven a ~cqueIllIaI machIne ~J. a 1.,1I1glc lllpllt \.' E Xo ~elH.b 

M from ~Iatc (J to ~tate (5«(1. x) • flOm \\ I11C11 a .... ccond mput \' ~cnd:-. M 
to state 8(D(q. t). x'). l'rom \Nhlch a thlnl lI1pllt \," .... cnd .... M to ~tale 
0(é5(0(q. x). t'). t") . and ~o on ln gCIlL'la 1. let ,\0" he Ihe frec ll1onold 

generated by X{), one defll1t's II1ductl\'el~ S QxXo" -) (} hy: 

5*(q. J\) = (1 for ail Cf E Q \vhcle /\ (k'notc\ thc lllU I 01 Xo .... 

8"(q. H'Y) = O(o*(q. w). x) for ail (/ E (J, H' E Xo". \' E Xo. 
0* is C~ lIed the l'un nwp of the dynal11lo è5 (}xX 0 -) Q of M 

(16, p. 9ï] and [2, p. 165 D. 

Reachability and obscrvability. Two important qlle~tl()n~ III alltomata 

theory ([ 6, pp. 97-100 J and ~ 32, p. 293]) are thc following . 
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Rcachahility : Givcn astate q of a sequential machine M does 
there exi~t a sequence of inputs which will drive M from its initial state 

qo ta that ~tate q? 
Ohscrvahiilt),. Given a sequential machine M which may be in 

either statc q or q', cloes tllere exist a sequence of lI1puts, M's response ta 
which will enable someone to tell the two !-.tate!-. apart '! 

The rc(/chalnlity 11/(/17 of M I!-. the map 1 : Xo'" ~ Q that sends w 

to 8*(qo,w). M i!-. ~alcl tn be IL'aclzahic if 1 is a sUrjectIve map, i.e. if 
every ~tate of Q I~ rcachahle l'rom qo. The input/output response 0; M 
is the map l: Xo * ~ y defll1ed by r = {Jr 

The oh.\crvalJ/lLt.\, map of M IS the map Œ: Q ~ YXo* that sends 
the ~tate q to Mq whele Al 1{(w) = f3(8"'(q, w». Mlf lS the input/output 

re!-.pon~e which would re~ult If (1 ( rather than (/0 ) were thc iI1ltial state. 
M i~ ~"lId to he oh.\{'1 ,'uh/e If Œ I~ an inJcctlve map, I.e. if distinct states 
have th~tll1ct re~p()l1~e~. 

Rcalilat ion A oa~ic concept of automata theory i~ tbat of rcalz::atlOn: 

An .. 11 hItrary tunctlon r: X()* ~ y i~ called a 1 eSlwl/.\C, and a ~equential 
machlllc M=(XO, Q, 8, qo, Y, f3) 1\ cal!ed a rcall::a!/OI/ of f if its 

IIlput/Olltpllt rc~pon~c COlllClclc~ \\/Ith f Il i~ intllltlvcly clear that optimal 
rcalIzatlOm of 1 I11Il~t be al lca~t rcachable and oh~ervable. A reachable 
and oh~ervable reabLatlon of f alway!-. eXlsb [32, p. 2931. 
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1. MACHINES IN A CATEGORY: A SURVEY. 

1.1. Machines in an arbitrary catcgory. 

( 1.1.1 ) Let C he a catcgory. A proccss 111 C is an cndofunctor 
X : C ~ C. The category Dyn(X) of X-dynanllcs has as objects ail 
pairs (Q, 8) where Q IS an object of C and 0: XQ -) Q is a 
C-morphism, and as rnorphlsl11s, X-dynllnzorplzisms, / :(Q, 0) ~ (Q', 0') 

aIl C -morphisms f: Q -1 Q' such that : 

XQ 
0 

• Q 

Xft l l 
XQ' • Q' 

0' 

commutes. Compo~itioll and idenl1tles are drfined a~ in C. [2, p. 1771. 
For ex ample, cOllsidering the category Set of ~et~ and maps and a 

fixed set Xo, one ha~ the rUIletar -xXo: Set ~ Set that ~cr1(ls 

f: Q ~ Q ~ to fx 1 : QxXo ~ Q 'xXo, and an (-xX())-dyI1arnic~ l~ Just 
a map 8: QxX 0 --7 Q. the next-state fUIlClioIl of a ~e4uentIaI 
machine.15, pp . .315-3161. 

(1.1.2) Let (Q. 8) be an object of Dyn(X), /, Y obJects of C: 
r : / ~ Q. f3: Q ~ y morphisms in C. A mac/llne 111 C for the 
process X is a 6-tdplc M = (Q. 8. /, T, Y. f3). Q, /, Y arc callcd 
respectively the statc o!JJcct. Îllltzal ohjcct and OUlfJllt O/,/('Cl; T l~ the 
initial stale, and f3 i~ the 011 tpUl !Il0rpJll.WI. (12, p. 177] and [32, pp. 2Y4-
2951). 

For cxample, comidenng the abnvc proces~ -xXo: Set ---7 Set, 

8: QxXo -j Q, qo: 1 -) Q (viewing the arrow as an clement qo E Q ) 

and a map f3: Q ~ y , the 6-tuplc M = (Xo, Q. 8, (/ (J. Y, f3) is 
a sequential machine. [5, pp . .313-314]. 

( 1 . 1 ) 1 



( 1. 1 .3) X is called an input pro cess if the forgetful functor 

U : Dyn(X) -~ Chas a left adjoint. The free dynamics over Q with 
respect to U will be denoted by «X@ Q , lloQ ), 17Q). The unique 

dynamorphic extension of the initial state r: / -7 Q is called the 
reachahility map r: (X@/, 110/ ) ---7 (Q, (5) of M : 

1]/ 
X @/ X X@/ / ~ 

~ 
1 

Xr l 1 
1 
1 r 
1 

t 
Q XQ ---.... Q 

(5 

The respoflse map of M is defined to be the C -morphism 

/J-r : X@/ -7 Q -7 Y. A map f: X@ / ---7 Y is called a response 

and if a machine M has as response map j: one says that M is a 

realizatiol/ of l ([32, p. 2951 and [2, p. 179]). 
The torgetful t'unctnr U: Dyn( -xXo) ~ Set has a left adjoint: 

Given a set Q, the free dynamics over Q with respect to U is 
((QxXo*, 110Q), I]Q) WhCIC XO-f< is the frcc monoid generated by XO, 

Q • * 110 : (QxXo )xXo -) QxXo sends (0, w), x) to (q, wx) and 

11Q : Q -1 QxXo'" scnds Cf to l~/, A), wr.~re A denotes the unit of XO*. 
Givcn (5': Q 'xXO -1 Q ~ and f: Q ~ Q', the two diagrams : 

Q 
1]Q 

(Q xXo *)XXo 

floQ 
Q xXo* .. Q XXo* .. 

f# 
fI/x 1 l l f# 

, 
Q~ Q~ xX • Q' - 0 8' 

give, by recursion, 

f#(q, A) = f (q) 

f#(q, wx) = 8'(f#(q, w), x) 

( l. 1 ) 2 



The reachability map of M = (X 0, Q, 8, qo, y. f3) is the unique 
dynamorphic extension of the initial state qo: 1 -; Q and it is givcn by : 

r(1, Ji) = qo 

r(l, wx) = 0(,. (1, w), X) 

And their response map is the composition {J.,.: lxXo'" ~ Q -) Y. (12, 

p. 176] and [32, pp. 293-2961). 

(1.1.4) X is called an output pro cess if the fOl Jctful functor 

U : Dyn(X) -) Chas a right adjoint. The cofree dynamics ovcr Q with 

respect to U will be ctenoted by ((X@Q, LQ), /\Q). The unique 

dynamorphic coextension of the output morphism {J: Q -) y is callcd 

the observahility map Œ: (Q, 5) -) (X@Y, LY) of M : 

AY LY 
X @Y XX@Y .- X@Y 

~ X~f f 1 
(J Œ 

Q XQ .- Q 
8 

[32, p. 295]. 

The forgetful functor U: Dyn( -xXo) -) Set has a right adjoint: 

Given a set Q , the cofree dynamlcs over Q with respect to U is 
«Qxo *, LQ), JiQ) where QXo * is the set of ail maps from X 0 * to Q, 

LQ : QXo'~xXo* -) QXo* ~end~ (g. x) to XLt where 

Lx: Xo* -) Xo* sends w to xw and J\Q: QX()" -) Q ~cnds g tu 

g(A). Given 8/: Q 'xXo -) Q' and f: Q' -) Q, the two diagrams : 

( 1. 1 ) 3 



AQ X * X * LQ 
0 

Q ~ Q () Q xX 0 .. 
~tf. f# xd 

Q' Q' xX 0 • 
8' 

gi ve, by recursion, 
1 f#(q ') ](A) = f(q ') 

[f#(q')] (xw) = [/#(8' (q', x»](w) 

132, pp. 295-2961. 

X * 0 
Q 

t f. 
Q' 

The observability map of !vI = (X 0, Q, 8, qo. Y. f3) is the unique 

dynamorphic coextension of the output map f3: Q ~ y and it is given 

by: 

where Mq(A) = f3(q) and Mq (xw) = M8(q, x)(w). [6, pp.99-100]. 

(1.1.5) X is called a state-hehavior process if it is both an input 
and an output process. [5, p. 318J. Hence the process -xXo: Set ~ Set 
is state-bchavior. 

(1.1.6) Let X be an input process in C, for each abject (Q, b) of 

Dyn(X), the nUl map of (Q, 8) is the unique dynamorphic extension 
b@ : (X@Q, /loQJ ~ (Q, b) of lQ : 

11 Q J.loQ 
• X@Q Q ... X@Q X X@Q 

~ 
1 

xo@ l 1 1 

:8@ ~ 8@ 
1 , 

Q XQ ... Q 
8 

[2.p.179]. 

( 1. 1 ) 4 
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The mn map of (Q, 5) for the process -xXo: Sel -7 Set l~ 

8" : (QxXO*, poQ) ~ (Q, (5) where: 

8*(q, A) = q 

8*(q, wx) = 8(8*(q, w). x) 

[6, p. 97]. 

(1.1.7) An image factorizatioll system for a category C is a pair 
(E, M), where E and M are cla~~ses of morphisms in C satisfying the 
following axioms : 
(i) E and Mare subcategorics of C. 
(ii) E is included in the cIass of epimorphisms of C and M lS 

included in the class of monoI1lorphisms of C. 
(iii) If 1 is an isomorphism in C, then lE E and lEM. 
(iv) Every morphislll f: A ~ B in Chas an E-M factoriLation 

which is unique ur to i~omorphlsm. More prcci~ely, therc cxist a 
pair (e, m) and an 0bject (dcnotcd by f (/1,» such that 
e : A ~ f (A), Ill: 1 (A) ~ B, cEE, m E M and f = m·{' ~ 

moreover, if (e', nz ') and U' (A)]' arc such that 
e' : A ~ lf (A) r. fil' : lf (A) r ~ B, e' E E, nz' E M and 
f = nz '. e' then there exists an isomorphi~m tJf: 1 (A) -7 lf (A) l' 
such that makes the following diagram commute: 

I( A ) 

e/:~ 
A/:o/ B 

~./n~ 
I/CA)] , 

In Set, the pair (E, M) where E = { surjective maps} and 
M = { injective maps} is an image factorization sy~tcm. 15, p. 3221. 

(1 .1) 5 
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(1.1.8) ( Diagonal fill-in Lemma [5, p. 323]). Let (E, M) be an 
image factorization system for a category C. Given a commutative 

square g·e = mj 
e 

A .... B 

I! ~~ ..... /! g 

C... ... D 
nz 

with e E E and m E M, there exists a unique h with h·e = f and 

m·1z = g. 

(1.1.9) (Dynamorphic image Lemma [5, pp. 325-327] ). Let 
h : (Q, 5) ~ (Q " 0') be a dynamorphism and let e: Q ~ Q ", 
m : Q" ~ Q' be an E-M factorization of Iz. Then if either X 
preserves E or X@ preserves E, there exists a unique dynamics 0" on 
Q"suchthat e:(Q,8)~(Q",8") and nz:(Q",8")~(Q',8') are 

dynamorphisms. 
In the proof, for the case in which X@ preserves E, the following 

facts are u~ed : 
- r7I: X ---) X@, dcfined by 17IA = ,uoA,X17A : XA ~ XX@A ~ X@A 

for each object A of C, is a natural transformation. 
- If (JlP is the run map of (Q, 5) then $Y'17 1 Q = 8. 
- If Iz : (Q, 8) ~ (Q', 8/) is a dynamorphism then h·SfP = 8'@· X@Iz. 

(1.1.10) C:mcellation Lemma 15, pp. 327-328] ). Let 
e : (Q, ID ~ (Q', 8/) be a dynamorphism with e E E, let (Q ", 8"') 

be a dynamics and let f: Q' ~ Q" be an arrow in C such that 
le : (Q, 8) ~ (Q ", 8 ") is a dynamorphism. Then if either X 
preserves E or X@ preserves E, f: (Q', 8 /) ~ (Q ", 8' ') is a 

dynamorphism. 

(1.1.11) Let (E, M) be an image factorization system in C and 
let M = (Q, 8, l, r, Y, f3) be a machine; if X is an input process, M is 
said to be reachable if r: X@ 1 ~ Q is in E; if X is an output 
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process, M is said to be observable if (J: Q -7 X@Y IS 1I1 M. 132, p. 
303]. 

(1.1.12) Fixing / and Y, but letting Q vary. let X-mach he the 
category whose objects are machines M = (Q, D, /, T, Y, 13): and whose 
morphisms are simulatio1ls IJI: M -7 M'i.e. dynamorphisms 
VI: (Q, 8) -7 (Q', Dj such that : 

Let X be an input process ln C. if tjI: M -7 M' is a simulation of 
X - machines then M and M' have the same response. 15. pp. 323-3241. 

(1.1.13) ( Minimal realization theorem 132, pp. 303-3041 ). Let 
X : C -7 C be a state-behavior process and let (E, M) he an image 
factorization system in C such that either X prc~erve~ E or X«(V 
preserves E then: 

For any response f: X@ 1 -7 Y there eXlsb a rcachahle and 
observable realization Mf = (Qf' of, /, Tf, Y, {Jj} of l Any ~uch Mf is 
a terminal object in the category of reachahle realizatiolls of land 
simulations and any su ch Mf is an iI1ltial obJcct III the catcgory nI 
observable realizations of f and simulatinl1~: thu~ Mj i~ unique up to 
isomorphism. 

Diagonal fill-in lemma, dynamorphic image lel1lma and cancellatioll 
lemma are crucial points in the proof of the above thcorem. 
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1.2. Machines in a closed category with countable coproducts, 
relative to an object X. 

(1.2.1) A mOlloidal category C = (C, ®, E, a, À, p) consists of 

a category C, a bifunctor ®: CxC -? C , an object E of C, and 
three naturai isomorphisms a, Â, p. ExpIicitIy, 

aA,B,c : A@(B®C) == (A®B)®C 
is naturai for aIl objects A, B, C of C, and the diagram 

a a 
A®(B®(C®D» --. (A®B)®(C®D) -.. «A®B)®C)®D 

i a®1 

A ®( (B ®C)®D) (A ®(B&:C»®D 
a 

commutes for aIl objects A, B, C, D of C. ÀA: E®A == A and 
PA : A®E == A are naturai for aIl objects A of C, the diagram 

a 
A ®(E®C) -~. (A ®E)®C 

commutes for aIl ol,jects A, C of C, and ÀE = pc : E®E -? E. 
The above data imply aiso the commutativity of the diagrams : 

a 
E®(B®C) -. (E®B)®C 

À '-. /' Â®} 
B®C 

( 1.2) 

a 
A ®(B®E) ---. (A ®B)®E 

l®p~ 0 
A®B 

8 
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The monoidal category C is c~lIed a strict mOl/oida! (,lItl'gOl y if. 
further, a, À, p are aIl equalities. 

Any category with finite products is monoidai If one takes A®B to 

be (any chosen) product of the objects A, B anù /:' 10 he a terminal 
object, while a, À and p are the unique isomorphi~ms which commute 

with the respective projections. [31, pp. 1.')7-1591. 

(1.2.2) A mOlloid in 

is an object C of C 
11 : E ~ C such that : 

the monoidal catcgory (C, ®, 1:', a. À, p) 

together with two arrows JI: C®C --7 C, 

a tJ®1 
C®(C®C) .. (C®C)®C -. C®C 

1®)1 • • Il C®C • C 
)1 

(a~sociative law) 

11®1 1®11 
E®C .. C®C ~ C®E 

~~~/. 
C 

(unitary laws) 

A morphism !: (:, )1, 17) ~ (C', r', 11') of monoids is an arrow 

In Cf: C ~ C' such that : 

J.l 11 
C®C .. C E • c 

f®! + + ! 1(''-,.. +f 
C'®C' • c' C' 

Il 

( l.2) 9 



The category of monoids in C is denoted by Mone .(! 31, pp. 166-

1671>. 

(1.2.3) If the monoidal category Chas countable coproducts and for 
each abject B of C, the functors B ® - and -® B : C ~ C preserve 
them, then for cach object A of C one ha~ a "free mono id" 
(A*, J.1 ' iO). In fact [31, pp. 168-169] the forgetfu! functar 
U : Mone ~ C ha~ a left adjoint. Here is a con~tructiol1 of (A *, J1, iO) : 

Let A be an object of C, for cach mllural number Il one defines 
the object Ail recursively as follows : 

A 0 = E, A 1 = A, A Il + 1 = A ® A fi 1'0 r Il ~ 1. 
Now let (lm: Am ~ EB III Am ::: A *)111 EN be a coproduct in C, 

since -®An pr('serve~ il one has that (i/ll 01 : Am 0AIl ~ A *®An)m is 
also a coproduct. Moreover, ~il1ce (Ill: Ail --j A *)Il is a coproduct in C, 

one has that : 
«(l®IIl)·(lm®I):AIn®AIl ----j A*®AIl --j A*®A*)m,n= 

= ( lm ®ln : Am 0AIl ~ A i<®A * )m,1l 

is a coproduct in C. 
Now, for any natural numbers m, none defines the isomorphisms 

('m,n : Am ®An ~ AIll+fI a~ follows : 

For Il = 0 : 
Cm,O: Am 0E ~ Am =p 

For rI ~l 

(' 0, Il : E0AIl ~ An =Â 

" 1. Il : A0AIl ~ AIl+ 1 = 1 

Cm +1, fi = (10C/1I,/I )·a -1: (A®Am )®AIl ~ A®(Am ®AIl) ~ A®Am+n 

for ni ~ 1. 
Now, since (l'm ®in : Am ®An --j A ~®A *)m.fI is a coproduct, 

defining J.1: A *®A '" ~ A;!. lJy : 
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, 

/Il n 
A ® A ----I .. ~ A * ® A * 

c~ m,n 
m+n ,il 

A 1 

j~!. 

one has that (A *, )1, io) is a mono id : 

- The diagram 

ex 
* * * * * * A ® (A ®A ) ---. ( A ® A ) ® r\ 

1®1l ~ 
A* ® A * 

Il 

commutes: 

Il ex) 1 
* * ~A (x) A 

~ Il 

.. A* 

First, from the definitions of CIlI ,Il one ha~ that for any natural 
numbers k, m, n the diagrams 

a 
k (m n (k /Il n 

A ® A ®A)----+ A ®A )@A ! 1 ® C m.n 

(' @) 
",n! 

J...+m 
---I.~ A 

(' 
A.+m. n 

n 
(>SI A 

l 
J...-+m+n J... m+n 

A ® A -------------.-------~I> A 
c 

J..., m+n 

commute as can be shown by induction on k. 
Now, since (ik ®(inz ®in ) : Ak 0(Am ®AIl ) -) A *®(A "'®A *»k.m,n 

is also a coproduct 111 C, the fact follows l'rom the commutative 
diagrams : 

( 1.2) 1 1 



., 
; 

1 ® c 
m. n 

A k ® A m+n 

ik ®(im® in) \k ® 

A*QI)(A*®A*) ~ A*®A* 

1®/1 

- The diagram 

E QI) A * 

c 1 k. m ® 

C k. m+n 

i 
m+n 

/1 

10 ® 1 

• A * QI) A 

~~ 
A * 

* 

1 c + k+m. n J1 
A k+m+n 

IA+m+~ 
A * • 

commutes because the commutativity of the following ones : 

1 ® 1 n 
E ® A n E QI) A * A * A * -----I.~ ® 

I()® ln 

jl 

C = À o. n A n 
1 n ------------.. 

• A * 
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- The diagram 

1 ® 1 0 

* A 

commutes because the commutativity of the following nnes : 

l ® 1 J® '0 m 
m * * * A ® E .. A ® E -----. A @ A 

1 ni ® '0 // 
'm ® 1 Il 

fil 
llII A ---------. * * A ® E • A 

P 

Therefore, given any object A of C, the triple (A >/<.).1. io) IS a 

monoid .• 

(1.2.4) A monoidal category (C, ®. E. ex. À. p) is callcd .\ "mme/ric 
if there are isomorphisms 

SA.B : A@B == B®A 

natural in A and B for each pair of obj,,-cts A, B of C, such that the 
diagrams 

S B,A S B,l: 

B®A .. A®B B®h' .- I:'®B 

l~ ~AB , PB~ /À8 
B®A B 
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a s 
A®(B®C) • (A®B)®C .C®(A®B) 

]®s ~ ~ a 

A®(C®B) • (A®C)®B • (C@A)®B 
a s®l 

commute. 
A monoidal category (C, ®, E, a, .A., p) where ® is the 

categoncal product is symmetric when s: AxB == BxA is taken to be 

the (canonical) isomorphism which commute~ with the projections. 

A c!o.\cd calcgory C is a ~ymmetric l110naiclal catl'gory in which, 

for ally abJcct A of C, the functor -®A: C ~ C ha~ a right adjoint 

( - )Il : C ~ C ; J. c. for each objcct /3 of C thcre b a morphism 

ev : BA ~ 8, callcd c\,a[ua[iOll, ~uch that 1'01 any object C of C and 

any morphism f: C®A -::; B therc is a unique morphi~m If!: C ~ BA 
such that makes the following diagram commute: 

BA ® A 

~®] r~ 
C® A • B 

f 
( [31, p. 1801 and Il~, p. 63 1 ). 

(1.2.5) Let (C. ®. E. a, À, p, s) be a closed category with 

countablc coproduct~. an X-l1lOnadic aige/n'a 12'2, p. 777] in C is an 

arrow 8: Q®X -::; Q in C ; and a morphism f: 8 -t 8~ of such 

algcbras is a morphism f: Q -::; Q ~ such that : 
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Q®X 

f®j ~ 
Q'®X 

-~ •• Q 

~ f 
• Q ' 

8' 
Goguen denotes by Moncix the resulting çategory. In the tcrminology of 

definition (1.1.1) this is in fael the eategory Dyn( -®X). 

(1.2.6) Let C be a cIosed catcgory with eOllntable coproducts, then 

the forgetfllI flll1ctor U: Dyn( -®X) ~ C h .. s a le ft adjoint. ( !\ more 

general result is given in [5, p. 319] ). A prout' rollow~ : 

The terminology of (1.2.3) is uscd through thi~ rront'. 1.<:t Q he an 
object of C, if one takes the clynamics 

(Q®X*, (l®,Ll )·(l®(1®I}))·(X -l:(Q®X")®X --) Q®X*) 

and the C -morphism (1 ®IO)'P -1 : Q -) Q®E ~ Q®X'" the only thing 

remains to :;how is that givcn a clyl1amic~ (Q', 8') and il C-morphism 

J: Q ~ Q' then there cxists il unique dynamurphi~m 
j#: (Q®X*, (l®.u )·(l®(l@il»)·a- l ) ~ (Q', 8') 

such that 
p-l 1®lO 

Q .. Q® E • Q ®X'" 

~ f' 
Q' 

commutes. 

For each natural nllmber Il one defines j~l: Q®X Il ~ Q' as 

follows: 

Jo = j-p : Q®E ~ Q ~ Q' 
fI ::: 8'·(J®1) : Q®X ~ Q'®X ~ Q' 

and 
fn +1 : Q®xn +1 ~ Q®(Xn®X ) ~ (Q®XIl )®X ~ Q'®X ~ Q' for 

n ~ 1 is the arrow givcn by 8'·(j~ ® 1 ).(X .(1 ®c -1 n, 1). 
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Now, since (1 ®in : Q®xn --4 Q®X*)n is a coproduct in C, one 

can define an arrow J# by: 

Q®X* 

1 ® ,/; n , , , 
Q ® X n 

f# 

0 
, 
V 
Q' 

It is routine to check that this ft works .• 

(1.2.7) Let C be a closed category with countable coproducts, then 
the forgetful functor U: Dyn( -®X) --4 Chas a right adjoint. [18, p. 

68]. A proof follows : 

Let L : X ®x* ~ X* be defined by : 

X ®x* X ®X'" 
1 ® i 0 l®/ 
~ 

X ®E X ®X n = X n+l 

~ 
L 

i~ 
L 

P X , 
i 1 
~, t 

X* X* 

( n = 0) ( Il > 0) 

Let Y be an object of C , define LY: yx*®X --4 yX* by: 
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y X* ® X* 

A 
1 

LY ® 1 : 
1 
1 

---------. 

( Y X* ® X) ® X * ---. y X* ® ( X ® X *) -. y X* ® X * -. y 

a- 1 I®L ~ 

then (yX*, LY) is an object of Dyn(-®X). 

Consider also the C -morphism AY: yx* --? y given by : 
AY = ev·(1 ®io)'p -1 : yX* --7 yX *®E --7 yx*®X* --7 y 

The only thing remains to show is that given adynamies (Q. 8) and 

a C -morphism f: Q --7 Y then therc exists a unique dynamOlv1lism 
f# : (Q, Ô) --7 (yX*, LY) such that 

Il Y 
y ....... t----

commutes. 

X* y 

For each natural number none dcfincs 811 : Q®X Il --7 Q as 

follows : 

and 

80 = p : Q®E --7 Q 
81 = 0 : Q®X --7 Q 

8n +1 - On ·(8 ®l)·a : Q®(x®xn) --7 (Q®X )®Xn --7 Q®XIl --? Q 

for Il ~ 1. 
Now, one defines 8*: Q®X * --7 Q by 

( 1.2) 17 



l 

and f# by 
y X* ® X* 

A 
1 

f# ® 1 : 
1 
1 

Q® X* --.. Q ~y 

8 * f 

It is routine to check that this f# works .• 

As a remark, given (Q, 8) the 011 defined in the above proof for 

each natural number n have another expression: 
(\) = p : Q®E ~ Q 
01 = 0: Q®X ~ Q 

On +1 = 8 ·(On <8>1)·(1 .(1®c- l
ll , }) : Q<8>(X®XIl) ~ Q for Il ~ 1, as can 

be shown by induction, and hence 8*: Q®X* -7 Q can be considered as 
the unique dynamorphic extension of 1 Q , the run map. 

'Ille above points (1.2.6) and (l.2. 7) show that if C is a closed 

category with countable soprùducts then the proce~s -®X: C -7 C is 

state-behavior for an:> object X of C. 

(1.2.8) Let (C, ®, E, (1, Â, p, s) be a closed category with 

countable coproducts and let X be a fixed object in C , a machine 
( relative to the object X) is a 6-tuple M = (Q, 0, l, r, Y, f3) where 

o : Q®X -7 Q is an X -monadic algebra in C; l, Y, are abjects of C 

and r: 1 ~ Q , f3 : Q -7 Y are C -morphisl11s [22, p.778]. In the 

tenninology of definition (1.1.2) this is in fact an (-®X)-machine and 

the minimal realization theorem (1.1.13) applied to this case is as follows: 
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----------------

Let CC, ®, E, a, À, p, s) be a closed category with countahle 
coproducts and let (E, M) be an image factorization system in C, jf either 
-®X or -®X* preserves E then: 

For every response f: I®X* ~ y therc èxists a rcachable and 
observable realization Mf = (Qf. of, l, Tf, Y, f3f) of r Any such Mf 

is a terminal object in the category of rcachable reali.lations of f and 
simulations and any such Mf is an mitial object in the catcgory of 
observable realizations of f and simulations; th us /l1f 18 UlllquC IIp to 
isomorphism. 

1.3. Non-deterministic machines in an arbitrary catcgory. 

(1.3.1) A triple (or /Jlo/lad) 7{' = (T, e, Ill) in a catcgory C 
consists of a functor T: C ~ C and two natllral transformations 

e : 1 C ~ T 11l : Tf -7 T 

which make the following diagrams commu te 

Te eT Tm 
T ... TT ... T TTT .. Tr 

l~~nYt mT + + m 

T TT .. T 
III 

e is called the unit and III the multiplication of th~ triple. 
Every adjllI1ction (F, C, 1], e) : C --j D glves risc to a triple 

(GF, 1], GeF) in C, called the triple dcfined by the adjllnctiün 
(F, C, 11, e). [31.pp. 133-1351. 

(1.3.2) Let T= (T, e, m) be a triple in C. A ...... -algehra (Q, Ç) 
is a pair consisting of an object Q of C and an arrow ç: TQ ~ Q 
satisfying : 

( 1.3) 19 



l 

TTQ 

mQ ~ 
TQ 

Tç 
-~. TQ 

~ ç 
---fl~ Q 

A mDrphism f :(Q, ç) ---7 (R, ()) of 7r-algebras (7r-lzomomorphism) 

is a morphism f: Q ---7 R sueh that : 

TQ - ... Q 

Tf ~ ~ f 

TR • R 
() 

The eategory of 7r- algebras and 7r- homommphisms is denoted by 

C7r. [31, p. 1361. 

(1.3.3) The forgetful functor U: CT ---7 Chas a left adjoint 

F -1 U whieh defines the triple 7r; F:C -) CT is given by the mIe 

that sends f: Q ---7 R to Tf: (TQ, mQ) ---7 (TR, mR) , the unit of the 
adjunetion is e and the eounit assigns to each 7('- algebra (Q, ç) the 

7('- homomorphism ç: (TQ, mQ) ---7 (Q, ç). [31, p. 136-137J. 
As a remark and bccause the adjunction, given any 7r- algebra 

(R. ç) and any arrow f: Q ---7 R in C , the unique 7:"'- homomorphie 

extension fi: (TQ, mQ) ---7 (R, ç) of f 

Q 
eQ 

~ TQ 

~~f# 
R 

(1.3 ) 20 



'f 
! 

is given by j#"::;: ç·Tf : TQ -7 TR -~ R. 

(1.3.4) Let X: C ---) C be a functor and let ~~ = (1'. c. 111) he a 
triple in C. A distributive /aw of X o\'er is a nalural 

transformation À : XT ---) TX such that makes the following diagrams 
commute: 

Â ÀT TÀ 
XT • TX XTT • TXT • TTX 

X~ /ex xm! ! mX 

X XT • TX 

[32, pp. 311-312]. 

As an example let J? = ( f, e, m) be the union triple Hl Set; i.eo 

P : Set -7 Set sends the set X to the power sct PX and l' X ---) Y 
ta the map PI: PX -7 PY such that (Pj)(S) = ( f (x) : x ES) for cach 
subset S of X. 

e : ISet -7 P assigns to a Stt X the map l'X : X -7 PX which 

sends x ta {x} 0 

11/ : PP ---) P assigns to a set X the map mX: PPX -7 PX which 

sends T ta uT = { x : x E y E T for ~ome y ET}. 
Then for any set X 0, À: (-xX 0) P ---) P (-xX (» dcfincd for 

each Q by ÀQ: PQxXo ---) P(QxXO) which scncb (S. x) to 

{ (q, x) : q ES} is a distributive la\\! of -xXO ovel :;. 14, pp. 17X and 

182]. 

From now on and till the enù of section 1.3 a procc~s X: C ---) C, 
a triple 'ir = (T, e, m) and a distrIbutIve law À: Xl' -7 l'X of X over 
7f are fixcd. 

(1.3.5) A À- a/ge/Jloa is a triple (Q, 8, ç) wherc (Q, 6) is an 
X- dynamics and (Q, ç) is a T-algebra such that ç :(TQ, T8·ÀQ) ---) (Q, 0) 

is a dynamorphism, i.e. the following diagram commutes: 
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ÀQ T8 
XTQ ----I.~ TXQ -~.~ TQ 

X~ ~ ~ ~ 
XQ -------------.~ Q 

A À-homomorphism f: (Q, 8, ç) ~ (Q " 8', ~ ') between 
,1- algebras is a simultaneous dynamorphism and iT-homomorphism. The 

categoryof À-algebras is denoted by CÀ. [32, p. 315 J. 
Let 7f = (T, e, nz) be the identity triple in C (i.e., TQ = Q, 

eQ = lQ, nzQ = lQ ) and let À: Xl' ~ TX be the identlty distributive 
Iaw ( i.e., À = lx ), since (Q, ç) is a T-algebra if and only if ç = lQ, 

CÀ is isomorphic to Dyn(X). Therefore the theory of À-algebras 

generalizes Dyn(X). [32, p. 316J. 
If Chas an initial object 0 then for arbitrary :~., = (T, c, nz) and 

X : C ~ C defined by XA = 0, Xi = 10 , the À: XT ~ TX defined 
by /lA = cO is a distributive law of X over~" and the category of 
À- algebras may be identifiecl with C7:'. [4, p. 189J. 

(1.3.6) The forgetful functor U: CÀ -) Dyn(X) has a left adjoint, 

a free À-algebra over (Q, 8) is given by ((TQ, T8·ÀQ, nzQ) , cQ) , and 
givcn any À-algebra (Y, y, e) and any dynamorphism f3 :(Q, 0) ~ (Y, y) 
the unique À-homomorphie extension f3#:(TQ, T8·ÀQ, mQ) -) (Y, y, 8) 

of f3 
cQ 

(Q ,8) ... (TQ, T 8 .,1 Q ) 

~ : f3# 

f3 ~(Y ~ y) 

is given by f3# = e·Tf3: TQ ~ TY ~ Y. [4, pp. 191-1931. 
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(J .3.7) If X : C ~ C is an output plOcess. thcn the forgctful functor 
U : CÀ ~ C7f has a right adjoint; a cofree À-algcbri.l over (Y. 8) IS 

given by ((X@Y, LY, B#), AY) allcl given any tl-algchla (Q, 8. ç) 
and any 71'- homomorphism f: (Q, ç) -) (y, 8) the unique 
À-homon10rphic cllextension "': (Q, 8, ç) ---7 (X~I)Y. LY. 8#) of 1 

AY 

(y ,B) .... ~~- ( X @ Y , B#) , 
1 ljf 
1 
1 

(Q, ç) 

is given by the unique clynamorphic coextension of l: 

Here B#: (TX@Y, TLY'ÂX@Y) ~ (X@Y, LY) is the unique 

dynamorphic coextension of (AY)# = B· TAY: TX(rp y ~ TY ---7 Y 

AY 
Y ~ X @ Y 

(A~ ! 8# 

TX @Y 

[4, pp. 195-196]. 

(1.3.8) A À -machine ( or Â - alilomalo1/ 

M = (Q, 8, /, r, Y, B, [3) where (y, 8) is a ~~-aIgcbra 

(5 : XQ ~ TQ, f3: Q ~ y arc C -morphisms. The 

(1. 3) 

) i~ a 7 -tu pIe 
and r: / ~ TQ, 
definition of a 
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Â -machine i~ mdcpcndent of Â but its response is not. 132, p. 3131. 
As an example, if onc takes the proccss -xXo: Set ~ Set, the 

union triple 'C = (P, e, m), thc di~tributive law Â : (-xXO)P ~ P (-xXO) 

glven by ÀQ : PQ xXo ~ P (Q xXO) that ~c\l(ls (S, x) to 
{(q, x) : (/ E oS' ), the .: -algcbra ({O, l}, max) the sll1glcton 1 = 1, and 
the map:-. T: 1 ~ PQ, 0 :QxXo ~ PQ, f3: Q ~ {O, I}, one has that 
M = (Q, 0, /, r, {O, l}, max, f3) is a usual nOll-determil1i~tic sequential 
machinc. lt is usual in automata Iheory 10 simulate such a nOI1-
dctcrmlllistic ~equeI1tial machine by the (determil11stic) ~equcntial machine 
( PQ, (50, 1, T, {O, 1}, [3 #) whcle 00: PQ xXo ~ PQ is defined by 

8°(S, x) = l".) ({ES {o(q, \'): qES) = (O#·ÀQ )(S, x). ([4, pp. 173-175] 

and 132, p. 3111 ). 
GeneraliLlng the abovc fact ta the general thcOI'y, one has : 

( 1.3.9) The À-machinc M = (Q, 0, l, T, y, e, [3) has an associated 
X-machine MO = (l'Q, 8°, /, T, y, f3#) where: 

8° = (j#·ÀQ : XTQ ~ TXQ ~ TQ 

If X is an input pIOcess, the respollse of the Â -machine 
M = (Q, 0, /, T, y, B, [3) IS the response of the X -machine 
MO= (TQ, 0°, l, T, y, f3#), i.e. is the C-morphism [3#.]": X@I ~ TQ ~y 
whcre r: (X@I, pol) ~ (TQ, (0) is the unique dynamorphic extension of 

T: 

11 1 
/ ~ X @ / 

~~r 
TQ 

132, p. 3131. 

Thc following concept generalizes the MO of (1.3.9) (see 
(1.3.12» and permits to give a generalization of the "minimal 
rcalization thcorem" stated in (1.1.13) (see (1.3.15»). 
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(1.3.10) An implicll A-machine (or impliCll A-1I1110IJ/cl{OI/ ) is a 
8-tuple M- = (Q-, 8-, C;-, l, r-, Y, (J, {3-) wherc (Q-, 8-, ~-) is a 
À-algebra, r-: / ~ Q- is a C-moqJhism. and {3-: (Q-,ç-) -) (Y,e) is 
a 7r-homomorphislll. [32, p. 3231. 

When 71' is the idcntity triple and À. = id, "1I11plicit À. -machine", 
and "À. -machine" coincide with "X -mach me". 

(1.3.11) If X is an input process, the X -reac/whilily IJ/ap of the 
implicit À - machine M- is the unique dynamorphic extension 
r : (X@/, 1101) -) (Q-, 8-) of r-: 

The reachability map of M - is the unique À-homomorph ic 
extension r#: ( TX@I, TJ.1o/·}..X@/, mX@/) -) (Q-, 8-, ç-) of r: 

e X @ 1 
(X@/, f.10/) --~ ... ( T X@I,TIlO I 'ÀX@/) 

r # 

r , 
(Q - , 8 - ) 

The response of M- is the composition [3-, r : X(i~îI -) Q- ~ Y, 
i.e. it is the response of the X -machine (Q -, 8-, l, r-, y, {3-). 

If X is an output process, the ohservabilit)' map of' M - is the 
unique À-homomorphie coextension cr: (Q-, 8-, ~-) ~ (X@ Y, LY, 8#) 

of {3-: 
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AY 
( Y, e) ....... 1--- (X@Y,e#) , 

>---(Q - , ç - ) 

132, pp. 323-324]. 

The next two results say that Â.-machines and implicit Â.-machines 

compute the same responses. 

( 1. 3 .12) Let M = (Q, 8, l, T, Y, e, f3) be a Â.-machine. Then 
MO = (TQ, 00, mQ, /, r, Y, 8, [3#) where 00= 8#·Â.Q is an implicit 

Â.-machine and the response of M is the response of MO. 132, p. 324]. 

(1.3.13) Let (Q-, ç-) be a ·.~~-algebra. A scoop of (Q-, ç-) is a 

triple (Q, i. c) where i: Q -7 Q- and c: Q- -7 TQ are morphisms 
such that i#·c= IQ-·(Q-, IQ-,eQ- ) is always a scoop of (Q-,ç-). 
132, p. 325]. ( This notion of scoop is a modification of the one introduced 

by Ehrig IIR] ). 
Let M' = (Q-, 8-, ç -, /, r-, y, 8, f3-) be an implicit Â-machine 

and let (Q, i, c) b~ ally scoop of (Q-, s-). Then the Â-machine 

M = (Q, 8, l, r, Y, 8, f3) where : 
8= c·8-·Xi: XQ ~ XQ- ~ Q- ~ TQ 

T= ('·r-:l~Q-~TQ 

f3 = f3-·i: Q -7 Q- -7 Y 
has the san1e response as M-. 132, pp. 325-326 1· 

The following is a generalization of the dynamorphic image lemma 

stated in (1.1.9). 

(1.3.14) Let h: (Q, 8, s) -7 (Q', 8', ç') be a Â.-homomorphism 

and let i·p: Q -» Q" >--> Q' be an E-M factorization of h in 
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c (C is suppased ta have an image fadorization system (E. M». Then. 

if TX@ preserves E, there exist unique 8": XQ" ~ Q" and 

ç": TQ '" ~ Q" sueh that p : (Q, o. Ç) ~ (Q ", 0", ç ") and 

i: (Q", 8", ç") ~ (Q', ô', ç') arc À-homomorphisl11s. 1321. A proof 
follows: 

For eaeh A define 112A to be the arruw : 
1J2A = eX@A'PoA,X11A : XA -7 XX«yA -7 X@.A ~ TX(Îl)A = 

= eX@A'111A : XA -7 X@A -7 TX0'A 
where 111 is given in (1.1.9). Thcll 172:X ~ TX@ is a natural 

transformation. 

Now, consider the following diagram : 
'- .... 

Xp 
XQ • XQ" 

cS 
"'" 17 2 Q II 1] 2 QU./ J 

- ~ TX@p / Xl 
l ,-,' ,-' III 

T X ,g; Q ----~.~ T X of Y Q" 

Q ~). A .••••••••••• l T x"' 1 X Q . 

V .~ 
TX (~ Q'" cf 

~IV 
(8' (ri;) # ~ 

B 

Q" ---------------------------~.~ Q' 

From the faets stated in (1.1.9), ont" has thc commutativity of : 
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and hence, 1 commutes. II and III commute since 1]2 is a natural 

transformation, IV commutes by the same reason as 1. 
Commutativityof V : 
AIso, from the faets stated in (1.1.9) one has that 

1z·{fiP = o'@·X@Iz. To show that h·(8lY)# = (o'@)#·TX@h but smce 
TX@/z :(TX@Q, mX@Q) -7 (TX@Q', mX@Q') 

IS a 'T-homomorphism , suffices to show that 
h·(~)#·eX@Q = (Ô'@)#·rx@/z·eX@Q , but h·( 8@)#·eX@Q = h·Ô@ and 
(ô'@)#·rX@h·eX@Q = (o'@)#·eX@Q '·X@h = ô'@·X@h = h·ô. Therefore 

V commutes. 
Now, by diagonal fill in there exists a unique C -morphism 

lf/ : TX@Q" -7 Q" such that makes A and B commute. Defining 
0" = lf/·112Q" one has that p : (Q, 0) ~ (Q ", o'/') and 
i : (Q", 0") -7 (Q', 0') are dynamorphisms. 

Now eonsider the following diagram : 

Tp 

i 

l' commutes since the following diagram 
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1 

II'' and III' commute since 11 is a natural transformation, IV' by the 

same reason as l', and Y' is the same as Y. Definc ç"= ",.1'1]Q". 
(Q ", ç ") is a T-algebra , i.e. the following diagrams (i) and (ii) 

have to commute: 

TTQ" 

(i) (ii) mQ" ~ 
Q" 

(i) : Since i is mono suffices to show that 

i·ç "·eQ" = ç'. Ti·eQ" = i #·eQ" = i. 

fQ" ---1.. Q" 

1'. ;; ". i'Q " ~ '- = 1 ; but 

(ii): Since 1 is mono suffices to show that i·ç"·Tç" == l·ç"·mQ "; but 
since m is a natural transformation and (Q ',ç ') i~ a iT-algebra one has 

respectively that mQ '. Tri = Tl·mQ " and ç '. T ç' = ç '·mQ' hcncc: 

i·ç"·Tç" = Ç'·1'i·T~" = ç'·TÇ'·TTi = ç'·mQ '·TTi = ç'·Tj·nzQ" = 
= i·ç "·mQ "'. 

Therefore, p : (Q, ç) ~ (Q" ',ç' ') and i: (Q ",Ç") ~ (Q ',Ç') are 

7!'-homomorphisms. 

(Q ", 8 ", ç ") is a Â-algebra : 

Only remains to show that the diagram 
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ÀQ" T8" 
XTQ" ---.. TXQ" .. TQ" 

X;" • • ;" 
XQ" .. Q" 

8" 

commutes; and since i is mono suffices ta show that i·ç "·Tô"·ÀQ" == 
= i·ô"·Xç". But since (Q', ô', ç') is a À -algebra one has 
that ç '·To'·ÀQ' == o'·X;' . Hence : 

i·ç"·Tô"·ÀQ" = ç'·Ti·Tô"·ÀQ" = ç'·Tô'·TXi·ÀQ'" = 
= ç'·Tb'·ÂQ'·XTi = o'·Xç'·XTi = 8'·Xi·Xç" = i·o"·Xç". 
Then, 

p : (Q ,b,Ç) -7 (Q ",0",; ") and i : (Q ",0",Ç' ') --1 (Q ',b',Ç ') are 
,,, -homomorphisms. 

Uniqueness of 0" and ç" follow since i is mono .• 

(I. 3 .15) Let (E, M) be an image factorization system in C , and X 
a state-behavior process in C sLlch that TX@ preserves E. Let 1 and 
(y, 8) be fixed. Then for every f: X@/ --1 Y there exists an implicit 
À-machine M- = (Q-, 8-, ç-, /, r-, y, 8, f3-) such that the response of 
M - is f, the reachability mup r#: TX@ / -) Q - is in E, and the 
observability map (J: Q - -1 X@ Y is in r-.1. If M-' al~o satisfies these 
thrce conditions then M - and !v1-' are isomorphic, i.e. there exists an 
isomorphism IJI: (Q-, 8-, ç-) --1 (Q-', 5-', ç-') of Â-algebras such that 
ljI·r- = r-' and [3-'·tfI = [3- . [32, p. 326-3271. Berc is a proof that is a 
developmcnt of the condensecl one given in [321 : 

Let J'tl : (X@/, pol) -) (X@ Y, LY) be the unIque dynamorphic 

coextension of f: 
AY 

y.. X,.;;-Y 
.g; 

~~f# 
X @ 1 
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------------------------------- ---

and let r = lf#)# : (TX@I, Tllo/·ÀX@/, mX @I) -7 (X@Y, LY. 8#) be 
the unique Â..-homomorphic extension of J'tt: 

e X @ 1 
( X @ l, J1 0 l ) • ( T X @ 1 , T Il 0 1· À X (cil 1 ) 

, 
# 

( j Il ) 

( X (tî Y, LY) 

Now consider ~n E-M factorization of .r : 
(J. r# : TX@/ -» Q- >-> X(f!)Y 

By 0.3.14) there exist unique 8-: XQ- -7 Q- and ;-: TQ -7 Q-
such that r# : (TX@I, Tllo/·ÀXCc1)f, IllX@)!) -7 (Q-, 8-. Ç-) and 
(5 : (Q-, 8-, ç-) -7 (X@Y, LY, e#) arc À -homomorphisl1l~. 

Now, define r: (X@I, /1(1) -7 (Q-,o-) to be the dynamorphisl1l 
r = r#·eX@j, ,,-:1 -7 Q- tobe the C-morphism r-= "'11/ and 
f3- : (Q -, Ç-) -7 (Y, 8) to be the ~"-homol11orphism f3- = AY·o-. 

---t.~ Y 

Therefore, M- = (Q-, 8-, ç-, l, r-, Y, e, f3-) is an implicit 
Â-machine with response equal to f3-·r = A Y·(J·,.#·eX@1 = 
= AYI-·eX@ 1 = A y. J'tt = f, reachability mup cqual to r# and 

observability map equal to (J. 
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Now suppose that M-' = (Q-', b-', ç-', /, r-', Y, e, f3-j is another 

implicit Â -machine such that its response is f, its reachability map r'# 

18 In E and its observability map (J' is in M. 
First one has that (J'·r'# = r : 
The diagram 

eX @ 1 
X @I ~ TX @ 1 

~~a'.r" 
X @y 

commutes if the following one does 

AY 
y... X@Y 

~ t a"r" 'eX@J 

X @ 1 

and this is true since Ay·(J'·r '#·eX@1 = /3-'·r' = f. 
Now, there exists a unique isomorphism VI: Q. ~ Q -, with 

J.jI.,.# = r' and a'· J.jI = (J : 
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---------------------------, 

lfI : (Q-, 8-) -} (Q-', 8-') is a dynamorphism because in the 

following the exterior and bottom diagrams commute and. since (J' is 
mono, also does the top one: 

8-
XQ- • Q-

~X\ll vr ~ 8- , 
Xa XQ- , • Q- , 

! x 0-' 0-' l 
XX@Y • x @y 

LY 

In a similar fOffil it can be shown that 1jI: (Q-, ç-) -} (Q-', ç-') 
IS a 7r-homomorphism. 

Therefore, IJI: (Q-, 8-, ç-) ~ (Q-', 8-', ç-') is an isomorphism 
of À-algebras. 

Moreover since 

= lJI·r·1J1 = IJI' r- and 
diagram commutes: 

r-' = r"1J1 = r'#'cX@!'n! = ljI'''#'cX(U)/''7/ = 

[3- = AY-a = AY· a'oljl = [3- 'olJl the following 

• 
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2. MACHINES IN 

TOPOSES. 
CLOSED CATEGOIUES 

2.1. Machines in a closed category for a monoid C. 

AND IN 

(2.1.1) Let (C,®,E,a,Îl,p) beamonoidalcategory,a right 
action of a mono id (C,)1, 17) on an object A is an arrow v: A®C ~ A 

of C ~uch that the following diagram commutes : 

a -1 1®)1 1®11 
(A®C)®C • A®(C®C) --. A@C ~ A®E 

v®l + + v/, 
A®C • A 

v 

A morphism f: v -7 v' of right actions of C is an arrow f: A -7 A ' 
in C such that the following diagram commutes : 

v 

v 

The category of right actions of (C, f.1, 1]) is denoted by CRact. ( [31, p. 

1701 for the similar left actions ). 

( 2. 1 .2) 'n1e forgetful functor U: CRact -7 Chas a left adjoint 

F : C ~ cRact which sc.,ds each object A of C to the right action 

(1 ®f.1 )·a- 1 : (A ®C)®C ~ A ®(C®C) --7 A®C. ( [31, p. 170] for left 

actions ). A praof follows : 

It is straightforward to show that 
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(l®,U)·a- 1 : (A®C)®C ~ A®(C®C) ~ A®C 

is a right action. 
F on arrows is defined by 

F (f: A ~ A ') = (f® 1 : A ®C 4 A '®C ) ~ 

the unit r( of the adjunction is 
IrA = (1®IJ}-p -1: A ~ A®E 4 A®C 

for each object A of C and the eounit E- is 
E-V = v: B®C ~ 13 

for each right action v. 
It is routine to check that the above data satisfy the cOl1cFtions of an 

adjunction .• 

The frce right action over an object A of C is given by : 
«(1 ®J1)·a- 1: (A ®C)®C ~ A ®C, (1 ® 1])·p- 1:A 4 A ®C ) and given any 
right action v: B ® C 4 Band any arrow l: A 4 R the umquc 
morphism of right actions 
tjf: «(1®p).(X-l:(A®C)®C 4 A®C) ~ (v: B®C ~ B) such that makes 
the following diagram commute 

p-l 1®17 
A --.. A®E ~ A0C 

1 I/f 
V 
B 

is given by tfI = ê-V' Ff = v·lf®l): A®C ~ B®C ~ /J . 

Following the remark givcn in [I~, P 941 one ha~ the followll1g : 

(2.1.3) Let C be a closed catcgory and let (C. fi. 1]) he a monoid in 
C, then the forgctful functor U: cRact 4 Chas a right adjoint 

G : C 4 CRaet . A proof follows : 

Given A an object of C, defme GA = vA : AC®C -4 AC whcrc 
vA is given by : 
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1 

L 

ev 

(A C®C) ~C .. A C®(C ®C) -. 
a -1 l®,u ev 

Now, G is defined on arrows as follows : let g: A ~ A' be an 
arrow in C, 
G ( g : A ~ A' ) = g C : (vA :A C ® C -) AC) --7 (vA / :A /C ® C --7 A /C ) 

where gC is given by : 

A' C ®C 

gC®1 f~ 
AC®C -+A .A' 

ev g 

The unit and l-ouinit of the adjunction are defined respectively as 
follows : 

For each right action v: B ®C --7 B define the arrow 
1]--v : B --7 BC by: 

B C®C 

'~ev 
1f- v ®1: ~ 

B ®C • B 
v 

'7--V :( v:B®C--7B) --7 (vB :BC®C--7BC) is an arrow In 

CRact. 

For each object B in C define the arrow E--B: BC ~ B by: 
E--S = ev·(l®1])·P -1 : BC --7 BC®E ~ BC®C ---? B 

Il is routine to check that the above data satisfy the conditions of an 

adjunction .• 
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The cofree right action over an object A of C is giVCll by : 
(vA: A C®C -7A C, E--A = ev·(l ® 17)'P -1: AC -7 A c®r; ~A C®C -7A) 

where vA is defined by : 

A C®C 

vA ®1 ~ 

(AC®C)®C +A C®(C<8JC)-+ 
a- l l®p cv 

Moreover, given any right action v: B®C -7 lJ and any arrow 
g : B -7 A, the unique morphism of 1 ight ~lctions 

f/J: ( v: B®C -7 B) -7 (vA: AC®C -7 AC ) ~lIch that makcs the 
following diagram commute 

ev 1®17 p- 1 

A 04-A C ®C..-A C ®E 4- AC 

A 
:f/J 
1 

!J 

is given by f/J = Cg'lf-v = gC. 11 --v B -7 [Je -7 AC whcrc 1]--v 

and gC are defined respectively by : 

BC®C 

.~ev 
1(-v®l: ~ 

B ® C ~ B 
v 

or, 
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1 

L 

AC®C 

~®lt~ 
B®C---.B .A 

v g 

From now on and till the end of section 2.1 a closed category 

(C, ®, E, a, À, p, s) and a monoid (C, p, 1]) in it are fixed. 

Following the rcmark given in [18, p. 94 J and imitating definitions 
[rom (1.1.2) ta (1.1.4) one has: 

(2.1.4) A (C,J1,lJ)-maclzine isa6-tuple M=(Q, v,l,r,Y,f3) 
where v: Q®C -j Q is a right action and r: 1 ~ Q , f3: Q -j y are 

morphisms in C. Q, l, Y are called respectively the state object , 
initial ohjcct (lnd output objecl; r is the initial stale and f3 is the 
output fllOlplli.'I1l. 

The 1 cachahility lIlap of M is the unique mOiphism of right actions 
r : «(1 (11).(1-1 : (1 ®C)®C -) I®(C®C ) -) I®C ) ~ (v: Q0C-) Q ) 
such that makel-. the following diagram commute: 

1®11 
1 --I •• I®C 

r 

I.e. r = v·(r®I):f®C ~Q®C ~ Q 

1 r 
1 • Q 

The leS!JOllSe "wp is the C -morphism f3·r: I®C -) Q -j Y. 

A map f: I@C-)Y is ca lIed a respOllse and if a (C,/1,11)-machine 
M has as rcsponsc map f, one says that M is a realizatwll of f. 

The o!JsC1Tahility nzap of M is the unique morphism of right 

actions Œ: (\' : Q®C ~ Q ) -) ( vQ : QC@C -) QC) such that makes 

the following diagram commute: 
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ev 1®11 P -1 

Y .-Y c ®C..-Y C®E ~Y c 

• :Œ 
f3 

Q 

I.e. (J' is also defined by the following diagram : 

Now, imitating the points (1.1.9) to (1.1. J3) one ha~ the followmg 

(2.1.5) to (2.1.9) : 

(2.1.5) Suppose that Chas an image factorizatlon system (E,M) such 
that -®C preserves E. Let h: (v : Q®C ~ Q ) ~ (v': Q '®C ~ Q ') 
be a morphism of right actions and let nz·c: Q -» Q" >-> Q' 
be an E-M factorization of Il. Then thCIC CXI~ts a 
unique right action v": Q "®C ~ Q" on Q" ~uch that 
e : ( v : Q®C ~ Q ) ~ (v": Q "&Je ~ Q") and 
ni : ( v" : Q "'®C -~ Q") ~ ( v' : Q '®C ~ Q') arc 

morphisms of right actions. 

Proof : Since h: v --'1 v' IS a morphism of nght actions one ha~ 
that h· v = v'·(h® 1). Now, since c® 1 is in E, hy diagonal fill in 

define v": 
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l 

e® 1 

Q ® C ~~ Q" ® C 

V • ...,,/ • m® 1 

Q ./. Q'® C 

e ,p/ ...... v· u + v' 

m 

The only thing remains to show is that v" is a right action but 

stnce m is mono this fact follows from a routine diagram .• 

(2. 1.6) Suppose that Chas an image factorization system (E,M) such 
that -®C preserves E. Let e :(v: Q ®e -) Q ) -) (v':Q' ®C -) Q') 
be a morphism of right actions with e E E, let \,": Q" ®C -) Q" 
be a right action and let f: Q' -) Q " be an arrow in C such that 
{-e : (v : Q ®C -'; Q ) -) (v" : Q" &Je ---:) Q") is il morphism of right 
a ct ion s. Th e n f: (v' : Q , ® C ---:) Q' ) ---:) (v" : Q" ® C ~ Q") i s a 
morphism of right actions. 

Proof: Consider the following diagram : 

v 
Q ®C ~ Q 

e ® 1 , + e v 
Q' ®C ~ Q' 

f®l 

+ + f v 
Q" ®C .. QU 

The perimeter and the top square commute, and since e ® 1 is epi, the 

bottom square also commutes .• 
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(2.1. 7) Let (E, M) be an image factorization system in C and 
M = (Q, v,l, r, Y, {3) a (C,p,11)-machine, M is said 10 he rCllcllllhle if 
r : I®C -7 Q is in E, and M is said to be observable if 0": Q -7 yC is 
in M. 

(2.1.8) Fixing 1 and Y, but letting Q vary, let (C,J.1,11 )-maclz be 
the category whose objects are (C,p,lJ)-machines M = (Q, v, l, r, Y, f3); 
and whose morphisms are simulations ljI: M -) M' i.c. morphisms of 
right actions VI: Cv: Q®C -7 Q ) -7 (v': Q '®C -) Q) which makc the 
following diagram commute: 

If VI: M -7 M' is a simulation of (C,p,1])-machines, then since 
the following diagram commutes: 

M and M' have the same responses. 

Now one has in this context of (C,ll,1]) - machllle~ the analogous to 
the "minimal realization theorem" stated in (1.1.13): 

(2.1.9) Let (E, M) be an image factori/.allon system in C sllch that 
-®C preserves E. Then, for every respon~e j : I®e -t Y lherc exi~ts a 
reachable and observable realization Mf = (Qf, Vj, /, TJ, Y, {3j) of f. 
Any su ch Mf is a terminal object III the calcgory of reachablc 
realizations of f and simulations and any ~uch MJ l~ an illltwi object in 
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the category of observable realizations of f and simulations; thus Mf is 
unique up to isomorphism. Here is a proof that is similar to the one given 

by Manes of the fact stated in (1.1.13) : 

Given f: I®C ~ y let f# be the arrow 
«(1 ®,u)·a- 1: (I®C)®C~/®(C®C) ~1®C» ~ (vy:yc®C-,yC) I.e. 

the unique coextension of f: 

ev l® 1] 

Y 4- y c®C+-yC®E 

1 ®C 

Consider an E-M factorization of f# : 

By (2.1.5) there exists a unique right action vion QI such that : 

rf : «(1®1l).a- 1: (1 ®C)®C~ 1®(C®C) ~ I®C» ~ (vf:Qf®C~ Qf) 
and Œf: (vi: Qf ®C ~ Qf) ~ (vY : yC ®C ~ yC) are morphisms of 

right actions. 
Now define Tf = 'f·(1 ®l])·p-l and f31 = ev·(1 ® IJ)"p-l. Œf . 

1# 
1 ® C • yC 

. 
1 p-l 

1 ® 1) l + 
y C ® E 

,1®7J 

l yC® C 
p -1 t ev 

1 • QI 
• y 

ri PI 
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Therefore Mf= (Qf' vf, /, fj, Y, {3j1 is a reachahle and observable 
realization of f. 

Now SUppC3C that M = (Q, v, /, T, Y, [3) is a reachahle rcalinttioll 
of f. First one has that (J·r = f# by uniquene"" of c()l'xtension~ : 
(ev·( 1 ®Tf)'P 1 )·(J·r = [3·l' = f. By diagonal fill in there exi~ts unique 
1.jI: Q ~ Qf with 

l.jI : (v : Q®C ~ Q) --t (vf: Qj®C ~ QI) is a ll10rphlsm of right 
actions because (2.1.6); also since Tf= rf .(I@1J).p-l=l.jI'l' ·(I®lJ)·p-1 = 

:-:: tf/·r L:nd {3 = ev·(1®lJ)·p-l.(J = ev·(l®l])·p-l.(JtlJ! = 131'11' the 
following diagram commutes: 

Hence tf/: M ~ Mf is a simulation. 
Analogously suppose that M = (Q, v, /, T, Y, [3) is an oh~ervable 

realization of f, as before (J·r = f#. By diagonal fill in thcre exists 
unique cp: Qf ~ Q with 
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Q 

:f~ 
1 

ljI 
yC /0(' 

~t (J 

Q 

cp : (vf : Qf®C ~ Qf) ~ (v: Q®C ~ Q ) is a morphism of 
right actions because (2.1.6); also since T = r ·(l®l1)-p-l = 

= (p"j'.(1®11)·p-l = ({J'Tf and fJi = ev·(1®11)·P-1. 0r = 

= ev·(l ®n)p-l.cr·qJ = fJ'qJ the following diagram commutes: 

Hence cp: Mf ~ M is a simulation .• 

The next point shows a relationship between the approach given in 
this section and the one given in section 1.2: 

(2.1.10) Let C be a c lo~ed category \Vith countable coproducts and 
let X be an object of C then one has the monoid (X*, J.l, iO) given in 

(1.2.3). If by one hand one considers the process -®X : C --7 C and the 
category Dyn( -®X) and by the other hand the category (x*)Ract th en 

hoth categories arc isomolphic 122, p. 778] : and then also, fixing 1 and 
y objects of C , the categories (-(X)X)-mach and (X*, J.1, io)-mach are 

isomorphic. A proof follows. 
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- The functor (/J : Dyn(-®X) 4 (X",)Ract 

Let (Q, Ô) be an object of Dyn( -®X) and let (5' : Q®X* -? Q be 
definecl as in the proof of (1.2.7), thcn 81- IS a nght aet ion. 

Now, define (/J ( (Q ,D» = (51- : Q®X' -? Q) and if 
f: (Q, Ô) 4 (Q', 8') is a dynamorphism, qJ (f) = j . j is a morphism 
of right actions and (/J is a funetor. 

- The functor lf/: (x*)Ract -? Dyn( -®X) 

Let v: Q®X* 4 Q be a right action, dcfinc Dv: Q®X -j Q 

to bt~ the arrow v ·(l®i}) : Q®X -j Q®X*' 4 Q and 
'r ( y : Q®X* 4 Q) = (Q, Dv). 

Given f: ( y : Q®X* -j Q) ~ (y': Q '®x* 4 Q') a 
morphism of right actions define lf' (f) = /. / is a clyn4lmorphism and 
P is a funetor. 

Finally one has that lV·(/J is the identity on Dyn( -®X) and (/J. tp 

is the identity on (x*)Raet. • 

2.2. Non-deterministic C -mach i nes. 

111 the following points (2.2.1) to (2.2.4) C reprc~cnt~ an 
arbitrary category. 

(2.2.1) Let S = (S, 1], f.1) and ~~= (T, c, Ill) be triples in the 
category C; a distribwive law of :: over"''' (Beek, Il 11 ) is a natural 

transforn1ation d: ST ~ TS such that : 

d dl' Td 
ST .. TS S'/T .. 'l'ST • TTS 

Se '\ l'eS Sm + + mS 
S ST .. TS 

d 
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Sd dS 
SST --I~" STS • TSS 

pT + + Tp 

ST --------.. TS 
d 

If d : ST -t TS is a distributive law of S over 7r a d-algebra 
is (Q, y, ç) where (Q, y) IS an S-algebra and (Q, ç) is a 
7r-algebra subject ta the d-law: 

STQ 
Sç 

• SQ 

dd 
TSQ y 

Tr! 
TQ • Q 

ç 

132, p. 334-335]. 

(2.2.2) Let X : C -t C be an input process then 
X@ = (X@, 11, J.10@) where J.10@Q is the run map of (X@Q, poQ) 

defines a triple in C . [32, p. 2991. 

(2.2.3) Let~'" = (T, e, 11l) be a triple in C, X : C -t C an input 
proccss and À: XT -t TX a distributive law of X over 7r. Then 
deI ining for each Q in C, dQ as the unique morphism such that : 
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.. 

1JTQ 
TQ ~ X @TQ 

~ :dQ 
T1J~~ t 

T X@Q 

J1 o1'Q 
x X@TQ 

XdQ ! 
_--I~~ X (Il) TQ 

! dQ 

XT X (jÙ Q ~ T X (cil Q 

T JI () Q . Il X (Il) Q 

d : X@ T ~ TX@ IS a distributive law of X@ over T' .( From 
exercise 6(a) of [32, p. 3351 ). 

Proof: TQ is an object of C and (TX@Q , TpoQ .,{X(lI)Q) is a 

dynamics, dQ is defined as to be the unique dynamnrphic extension 
dQ : (X@TQ ,J101'Q) -7 (TX@Q ,1'poQ .,{X@Q ) of T11Q : TQ ~TX(fI)Q. 

- d: x@r ~ TX@ is a natural transformation: 
Given f: Q ~ Q' one has to show that the following diagram 

commutes: 
dQ 

X@TQ ~T X(c}Q 

X @Tf ~ ~ '1 
X (rD j 

X @ TQ' • T X ((l'Q' 

dQ' 

Now TX@f: TXQ --) rX@Q' is a dynamorphi~m ~lI1ce : 

ÂX @ Q T IloQ 

XT X @ Q ~ TXX @ Q • '] X (Il Q 

XT X @ f~ ~ 'IX X «. f ~ '/ \' {il! j 

XT X @ Q' ~ TX X @ Q' • r X ('L Q' 

Â X @ Q' T IloQ' 
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By dcfinition of dQ one has : 

TJTQ 
TQ • X @TQ 

1 

~.dQ 
TTJQ T X @Q 

+ T X @f 

T X @Q' 

Then, by uniqucness of the dynamorphic extension, it suffices to 

show that the following diagram commutes: 

l1TQ 
-----1 •• X@TQ 

+X @Tf 

T X @Q X @TQ' 

T X @ f~ + dQ' 

T X @Q' 

This follows from the equality X@fl1Q = 1JQ' 1 and from the 

diagram : 
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Therefore d: X@T -7 TX@ is a natmal transformation. 

- For each Q the following diagrmll 

commutes: 

dQ 
X @TQ ... T X @ Q 

x@~ /X@Q 
X @Q 

From (1.3.6) eX@Q: (X@Q ,J1oQ) ---7 (TX@Q, TI1oQ·'AX(j/lQ) IS a 

dynamorphism. 

By one hand one has that : 

7JQ 
X@Q Q • 

LQ 
+ 

~ X@(Q 

17TQ 
TQ ... X @rQ 

T~ ~ dQ 

r X (a) Q 

and, by uniqueness of the dynamorphic extel1~ion, il sufficc~ 10 show thal 

the following diagram commutes : 

17Q 
Q • X (if: Q 

<Q ~ ~ eX(tI'Q 

TQ ... r X (ii Q 

T l1Q 

and this diagram COI1Ul1utes since e is a natural tr:m~format ion. 
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- For each Q the following diagram 

arQ 
---1 •• T X@TQ 

TdQ 
--... TTX@Q 

.. m X @Q 

X @7TQ 

X (cPmQ + 
X@TQ ----------.. T X@Q 

dQ 

commutes: 
mX@Q·TdQ : (TX@TQ, T/10TQ·À,X@TQ) -1 (TX@Q, Tf.1oQ·).X@Q) IS a 

dynamorphism : 

À X @TQ 

XT X@TQ • TX X@TQ ______ -I..TX@TQ 

XTdQ 1 1 TXdQ 1 TdQ 

+ II. T X @Q + T Â X @ Q TT ,u 0 Q + 
XTT X (cil Q _.. TXT X@Q-.TTXX@Q--.TTX@Q 

XIIIX("'Q~ ~mx X@Q ~IIIX@Q 
XT x (cP Q • T X X @Q --. T X @ Q 

TJ.LoQ 

Now one has 
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T 
! 

17TfQ 
7TQ • X @ 7TQ 

1]1TQ 

mQ t 17TQ + X @ mQ 

TQ .. X @TQ 

~+dQ 
T X@Q 

and by uniqueness of the dynamorphic extension the morphisms 
dQ·X@mQ and mX@Q·TdQ·dTQ are equai. 

- For each Q the following diagram 

@ dQ p 

X ru TQ • T X ~a, Q 

1JT0 /';1]Q 
TQ 

commutes. ( This is by dcfinition of dQ ). 
- For each Q the following diagrap~ 

(cV X - dQ dX((lfJ 
X @X @ TQ • X (ii; T X (i~ Q • 

Il @ TQ 
0 ! 

x@ TQ .. 
dQ 

(2.2) 

TX(d X (IlQ 

!T11"' Q 
0 

'j X (c" Q 

5 1 



commutes: 
J.4{fVQ is the unique dynamorphic extension of lX@Q 

J1 oX @ Q 
xx@x@Q • x@x@Q 

XJ1@QI 1J1@Q 
o + + 0 

xX@Q • x@Q 

Il 0 Q 

T)10@Q : (TX@X@Q, T)1oX@Q·}.X@X@Q) ~ (TX@Q, T)1oQ·ÀX@Q) lS a 

dynamorphism : 

XT X@X @ Q 

XT )1 @Q 1 
o + 
XT x@Q 

Now one has: 

--.~TXX@X@Q-.~ TX@X@Q 

TX Jl:Q~ ~T Jl(~.Q 
TXX@Q • TX@Q 

T Il oQ 
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.. 

TJ X@ TQ 

X @ TQ ~ X @ X @ TQ X@TQ 

~ !J1(;TQ dQ! 
X@TQ 

1] X(~ TQ 

_-;~. X (a) X (ci) TQ 

1 X (al dQ 
nf X (cl' Q + 

1 T l (CI) Q t 1 () 

and by umqueness of the dynamorphic extension the morphisms 

dQ'J10@TQ and Tj.JO@Q·dX@Q,X@dQ are equal. • 

(2.2.4) In the context of (2.2.3) the category of À-algehras IS 

isomorph:c to the category of d-algebras. (From exercise 6(b) of 132, 
p.335]). 

Praof: CÂ has as objects (Q, 8, ç) where (Q, 8) is an X -dynamics 

and (Q, ç) a Y-algebra such that ç: (TQ, To·AQ) -j (Q, 0) is a 

dynamorphism : 

Xç 
--•• XQ 

--•• Q 
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and as morphisms f: (Q, 8, ç) ~ (Q', 8', ç') a simultaneous 
dynamorphism and 7r-homomorphism. 

Cd has as objects (Q, y; ç) where (Q, y) is such that y: X@Q ~Q 
verifies: 

X@Y 

X @X @Q ~ X@Q 

J1 @ Q 
0 + + 

y 

X@Q ~ Q 

y 

(Q, ç) IS a 7r-homomorphism and the diagram 

has to commute. 
Cd has as morphisms f: (Q, y, ç) -~ (Q', y', ç') where 

f: (Q, ç) ~ (Q', ç') is a 7r-homomorphism and also the diagram 

y 
X @ Q ~ Q 

X @f + + f 
X @ Q' ~ Q' 

y 
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commutes. 
Now define F: CÀ -t Cd and G : Cd ~ CÀ by the following 

rules : 
F (f: (Q, 8,~) -t (Q', S', ç'» = (f: (Q, o@, ç) ~ (Q', S'Qu,ç'» 
where ~ is the fun map of (Q, 0). 
G (g : (Q, y,~) ~ (Q', y', ç') ) = 

= g : (Q , y. 17 1 Q : X Q ~ Q ,;) --7 (Q', Y"111 Q , : X Q , ~ Q' , ç ') 
where 111: X --7 X@ , as in (1.1.9), is defined for cach Q as 
J1oQ,XI1Q : XQ -j XX@Q -t X@Q and givcn any dynamics (Q, 0) is 
(j[P'1]1 Q = 8. 

The remaining details, i.e. F and G are weil delïncd fUllctOfS, 

G ·F = ICÂ. and F·G = lCd can be checkcd casily .• 

tvtonoidal and closed categories will be tn:atcd again . 

(2.2.5) If (C, ®, E, a, À, p) is a monoidal category and (C, /J, 1J) 

is a monoid in it one can consider 132, pp. 214-2151 the triple 
( -®C , ll' , /J ') on C given by : 

-®C: C 4 C 
1]': IC ~ -®C is the natural transformation that assigll!\ to each 

object A the arrow l(A: A 4 A@C defined by 
l(A = (1 ® 1]) . P- 1 : A ~ A@E -t A®C 

j1' : ( -@C ).( -@C) -t (-®C) is the natur;d transformatioll that 
assigns to each object A the arrow /J'A.: (A ®C)®C -t A ®C defllled 
by j1'A = (1®j1)·a- 1 : (A®C)®C ---} A®(C®C) -t A®C. 

Hence to have a distributive law of (-®C, '1', J.1') over 
7r = (T, e, m) (both triples on the monoidul catcgory C) means to have 

a natural transfoI1nation 
d : ( -@C ). T -t T·( -®C ) 

such that for each object A of C the following diagrams commute : 
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dA 
TA®C -. T(A®C) 

eA®\ le(A®CJ 
A®C 

dA 

dTA TdA 

TTA®C .... T(TA®C) -. TT(A®C) 

~ mA 1811 m (A ®C) ~ 
TA®C ------1.-. T(A ®C) 

dA 

dA®l d(A®C) 

T A®C .. T(A ®C) (TA®C)®C .. (T(A®C»®C -.T«A®C)®C) 

!J'TA\ !T Ij'A 

TA 

~ /l'TA TJ.!'A ~ 
TA®C ---------i •• T(A®C) 

dA 

And a d-algehra will be (Q, v, ç) where v: Q®C -7 Q is a 

( -®C , 1] " J1 ')-algebra (that is the same as to say that v is a right 
action) and (Q, ç) a T-algebra su ch that the following diagram 

commutes: 

dQ Tv 

• T(Q®C) • TQ 

+ 
C; 

• Q 
v 

A d-honzomorphism f: (Q, v, ç) -7 (Q " v', ç ') will be a 
simultaneous morphism of right actions and 7r-homomorphism. The 

corresponding category will be denoted again by Cd. 
Similarly ta (1.3.5) if 7r = (T, e, m) is the identity triple and 

li : ( -®C )1 --) T·( -®C) is the identity distributive law, Cd is 
isomarphic to CRact. Therefore the theory of d-algebras generalizes 

cRact. 
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From now on and till the end of section 2.2 C will be a closcd 
category; (C, Il, rl) a mono id in it, (-®C , 11', J1') the associated triple: 
7r = CT, e, m) another triple in C and d a distributive law of 
( -®C , 11 " Il') over 7(. 

In a similar manner to (1.3.6) one has : 

(2.2.6) ll1e forgetful functor U: Cd -7 cRact has a left adjoint. A 

free d-algebra over v :Q®C -7 Q is g: en by «TQ, Tv·dQ, mQ ), cQ); 

and given any d-algebra (Y, y, 8) and any morphi~m of right actions 

f3 : ( v : Q@C -7 Q) -7 (r: Y®C -7 Y ) the unique d-homomorphic 
extension 13#: (TQ , Tv·JQ ,mQ) -7 (Y, y, 8) of f3 is givcn by 

f3# = 8· Tf3 : TQ -7 TY -7 Y. Here is the proof: 

Let v : Q®C -7 Q be a right action then the arrow 
Tv·dQ : TQ®C -7 T(Q®C) -7 TQ is also a right action: 

(TQ ®C )®C -----...... TQ ® (C ®c ) .-----1 .... TQ ®C 

dQ®l 1 

t d(Q®C) T lX -1 T(l®J1) 

(T(Q ®C »®C -. T «Q ®C )®C)--+ T (Q®(C ®C» .. T (Q ®C) 

T v®l + 
TQ®C 

+ T (\/®1) 

---I",~ T (Q ®C) ----------t ... ~ TQ 

dQ Tv 
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1 ®1J 

TQ®C ~ 

dQ l p 

T P -1 TQ 

T(1®1J) 6' 
T (Q ®C) ~ T (Q®E) 

TQ 

Now follows the remainder of the proof that is similar to the proof 

given by Arbib and Manes of the faet stated in (1.3.6) : 

- (TQ , Tv·dQ ,mQ) is a d-algebra : 

The only thing that remains to show is the eommutativity of the 

following diagram, and this is obvious from the definitions : 

dTQ TdQ TT v 
TfQ®C ... T (fQ®C) .. TI (Q®C) .. TTQ 

",Q®I ~ ~",(Q®C) !mQ 

TQ®C .. T (Q®C) • TQ 

dQ T v 

- eQ : ( v: Q®C -7 Q) -7 (Tv·dQ : TQ®C ~ TQ) is a morphism of 

right actions: ,-

V 

Q®C .. Q 

cQ®l ~ ~ LQ 

TQ®C .. T(Q@C) ... TQ 

dQ Tv 
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- Suppose given (Y. y, 8) an ohJcct of Cci and 
f3 : (v : Q®C --7 Q) -t (r: Y®C -1 Y) a morphism of right actlon~. 
smce U : C7f --7 Chas a left adjoint thcrc èÀi~t~ a Ul11qUè 
T-homomorphism [3# : (TQ ,mQ) -1 (}', f) glVCIl by 

e·Tf3 : TQ -t TY -1 Y such that the following diagram C011lmutcs : 

eQ 
Q • fQ 

~~P' 
y 

Thal f3#: (Tv'dQ : TQ®C -1 TQ ) -1 (y: Y®C -t y ) l~ a 
morphism of right actions follow~ from thc diagram : 

dQ T \' 
TQ&JC • T (Q@C) • TQ 

T f3 &JI • • T (jJ @1) + 1 jJ 

TY &Je • T (Y &Je) ~ 1 }' 

8 &JI • 
ciY Ty 1 e , 

Y &Je ~ y 

y 

• 
In a similar manner to (l.3.7) one ha~ : 

(2.2.7) The forgclful [uIlcle rU: Cd -1 C~' ha ... a right adjOInt. 1\ 

cofree d-algehra over (Y, e) is givcn by «ye. vY, 8#), c--Y) , and 
glven any d-algehra (Q, \', Ç) and ally r~-h()ll1ull1()rphl~m 

f: (Q, ç) -7 (y, e). thc uniquc d-1101110ll1orphlC C()l'xtcn~ion 
ljI: (Q. v, ç) -1 (ye, vY, 8#) of f i~ givcn hl' the uniquc l11orplw,m 

ljI : (Q. V) -j ( Y C, v Y ) 0 f ri g h tac t i () 11 ... t ha t 111 li k c ~ th c fo \1 () w i 11 g 
diagram commute: 
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E -- y 
y ... y C 

~ 
, 

1 
Ijf 1 

Q 

lIerc 8#: ( TvY·dYC :TYC®C ~ TYC) -1 (vY :yC®C ~ yC) IS 

the unique morphism of right actions sueh that : 

c -- y 
Y... y C 

'" +8# (E -- Y ) # ~: 
T y C 

where (c--Y )# = e·TE--Y : TYC -7 TY ~ Y. Here is a proof that is 

similar to the one given by Arbib and Manes of the faet stated in (1.3.7): 

Let (Y, 8) be an objeet of C~~. From (2.1.3) one knows that 
U : CRaet ~ C ha~ a right adjoint G: C -1 cRaet and that the cofree 

right action over an object A of C is glven by 
( vA : At®C ~ AC, c--A = ev·(l®lJ)·p-1 : AC ~ A ). Consider 

c--Y : yC ~ C = ev·(l®l])·p-l: yC -1 yC®E -7 yC®C ~ y 
anù the unique T - homomorphie extension 

(E--Y )# : (TYC , ni yc) ~ (Y, 8) of E--Y 

y C 
eYC 

• TYC 

y 

u'--y)# = 8·TE--Y: TYC ~ TY ~ Y = 

= (J·Tev·T( l®1])·Tp-l: TYC ~ T(yC®E) -7 T(YC®C) ~ TY-1 Y. 
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Now given the right action vY: yC®C -1 yc, flOm (2.2.6) 
TvY·dYC : TYC®C -1 T(YC®C ) ~ TYC is also a right actIOn and 
considering (E--Y)#. TYC -1 y as an allow 1Il C let 
()# : (TvY·dYC : TYC®C ~ TYC) ~ (vY: yC®c ~ yC) he the 

unique morphism of right actions ~uch that : 

E-- Y 

Y... Y c '" . () (E-- 1') # ~: # 

T Y C 

- (yC, 8#) is a ~~-algebra : 

One has to show that : 

T 8# 
T J }' ( ... T Y (' 

(i) (i 1) 
mye ~ ~ 8, 

yC T }' (' ... y (' 

& Il 

The diagram 

e Y C 
yC ... T Y ( 

E-- Y ~ T 'y ~ e Y 
y ... T }' ( f- } ) Il }' ( 

~~ /) 1 ~ 
} 

commutes, then the morphi~m~ of nght action.... 0#·(' y(' and 1 y( are 

equal followed by E--Y, and hcncc cl}ual. Thèn .. rurc (1) comIllute ..... 

(2.2) 6 1 

1 

J 



Now, considcr the diagram 

0# 
--. y C 

cYc / 
T ° # / • TYc 

+ m yC + ° # 

f-- Y 

0# 
Ty e 

y 

The :~~-hol11omorphisms (E--Y )#·fIl yC and (E--Y)#·T8# are 

equal prcccdcd by erye, and hence equal. 
Now the morphi~,ms of right actIons 8#·T8# and 8#·nz yC are 

cqual followcd by E--Y and ~o are equal. Thereforc (d) commutes. 
- (ye, vy, 8#) IS a d-algebra : 

Sincc 8#: (TvY·dYC : TYC@C -7 TYC) -7 (vY : yC@c ~ yC) 

is a morphI~m of right actIons: 

tiye TvY 
T yC @ C .T(YC®C) • 

8# ® 1 • 

Y C ® C • vY 

E--Y: (yC, 8#) ~ (y, 8) lS a ~~ -homomorphism 

The diagram 

(2.2) 

TYC 

~ 0# 

yC 
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TYC 
e # 

}' (' • 
T E-- Y + • t'-- }' 

TY • }' 

e 

commutes since ()·TE--Y = (E--Y)# anù E--Y'()# = (i'--Y )#. 

- Now suppose given a d-algcbra (Q, v,~) and a '-~-hoIllomorphism 

f: (Q, ç) ~ (Y, (). Let 11': ( v : Q®C -1 Q ) ~ (yC, vY) he the 
unique morphism of right action~ ~uch that 

E-- Y 

Y ... Y ( 

~ 
A 

~I 

Q 

It suffices to show that 'II' (Q,~) -) (Yc, 8#) 1'-> a 
~"'-homomorphism, i.e. that the following dJagnm commutes: 

t: 
~ 

TQ • Q 

T III + + lJI 

TYc • }' ( 

e /1 

Consider the diagram : 
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Tf 
TQ ~ T Y 

~ 
T E-- Y .,/' 

TYc ~ 

~ 
( c-- y ) # 

r: e# e s 

YY(E~ 
Q ~ 

y 

f 

The extcrior part commutes sincc f is a :-~-homomorphism. 

e#, TIj! and Ij!.ç are morphisms of right actions that are equal followed 

by E--Y , anô hence cquaI. • 

Now the concept of tl-machine is introduced : 

(2.2.8) A d-nwchinc is a 7-tuple M = (Q, :5 /, r, Y, e, f3) where 
(Y. 8) is a ~~-algebra, r: / -7 1'Q and f3: Q -7 Y are C -morphisms 

and 8: Q®C ~ 1'Q IS a C -morphism SLlch that : 

- 1 
1 ®11 a 1®1] 

(Q®C)&::, .. Q®(C®C) .. Q®C ... Q®E 

0&1 ! o! /p 
Q 

/ 
TQC8X' --. T(QOC) .. 1'1'Q ~ TQ cQ 

dQ 1'8 mQ 

If M = (Q. 8./. r. Y, e, (3) IS a d-machine. a routine diagram 

~hows that (50= O#'dQ : 1'Q®C -) T(Q®C) -, 1'Q i~ a right action. 

Now. trying to translate (1.3.9) to (1.3.15) to the present 

~itllation. the following (2.2.9) to (2.2.15) have heen obtained. 
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(2.2.9) Associated with the tl-machine M = (Q, 8, l, r, y, e, f3) lS 

the (C, p, 11}-machine MO = (TQ, 8°, l, r. Y. f3#) whcre: 
8° = (W·dQ = mQ·TSdQ : TQ®C -) T(Q®C) -) TQ and 

f3# = e·Tf3: TQ ----t 'l'Y -) Y. 

The rcspollse of the d-machinc M = (Q, (5, l, r, y, e, f3) is the 
response of the (C. p, IJ)-machine MO = ('l'Q, (5°,1. r, Y. f3#), Le. it lS 

the C -morphism : 
fJ#·r : I®C -) TQ -) Y 

where 
r : ((l®p)·a- 1: (/®C)®C ~ I®(C®C) -) I®C) -) (8°:TQ®C~TQ) 

is the unique morphism of right actions such that : 

-1 P 1®1J 
1 ~ 1 ®E • 1 ®C 

r 
r , 

TQ 

(2.2.10) An ÎmpliClt cI-nwclllne l~ a X-tuple 
for1- = ( Q-. v-, ç-.I, r-, Y. e. fJ-) where (Q-, v-. ç-) l~ a d-algebra, 
r-: 1 ~ Q- is a C-morphism, and f3-: (Q-, ç-) ----t (y. e) i~ a 
T-homomorphism. 

When r ... is the Identlty trIple and cl = id, "lmpliclt cl -machine Il 

and "cl -machine Il cOll1cicle \Vith Il (C, J.f, 1])-machll1e ". 

(2.2.11) The (C, J..1, ln-rcac/whzilty /lUI!) of the 11l1pltcit d-machine 
M - l!\ the unil{ue morph i~m of nght actiol1~ 

r : ( I®C , (1 ®J..1)·a- 1) -) (Q -, V-) ~Llch that : 

p-l 1®1l, 
1 ~ 1 ®E --+ 1 @( 

~ :r _ ____ V 
r --"""Q_ 
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The l'Clicha/JIllty map of M - is the unique d-homomorphic 
extension 
r #: ( TU®C), T[ (1 ®p)·a- 1J·dU®C), m (1 ®C) ) ~ (Q-, v-, ç-) of r : 

e (1 ®C) 

(/ ®C,(I®J1).a- 1 ).(T (/ ®C),T [(1®p)·a- 1 J·d(f ®C» 

1 

: r # 
1 

Y 
(Q-,v-) 

The rcspollSC of M- is the composition f3-·r: /®C ~ Q- ~ Y, 

I.e. is the respon~e of the (C, p, lJ)-machine (Q-, v-, /, r", Y, [3-). 
The oh.\crvahility mal' of /0.1- is the unique d-homomorphie 

coextenslOn (j: (Q-, v-, ç-) ~ (yC, vy, e#) of {3-: 

E-- Y 
(Y , e ) .... ~I---- C (Y ,e # ) 

A 
1 

10' 
1 
1 

(Q-,Ç-) 

The next two results show that d-machine~ and: 11icit d-machines 
compute the samc responses. 

( 2. 2 . 1 2 ) Let M = (Q, 8, /, r, y, e, [3) be 
Then t.-l° = (TQ, 8°, mQ, /, r, Y, e, f3#), wherc 

ad-machine. 
8°= 8#·JQ , is an 

implicit li-machine and the resp0n~c of M lS the rc~pon~e of MO. 

Proof: (TQ,~, mQ) i~ a d -algebra : 
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(lfQ TdQ T 8 # 

7TQ®C ~ T (TQ ®C) .11' (Q®(') --. rIO 

mQ ®} + + ln (Qc;<;lC) 

+ 
mQ 

TQ®C ~ 'f lQ Q0C )-+- '/Q 

dQ 8 # 

The rest of the proof follows immediately from the definitions. (; 

(2.2.13) Let M- = (Q-, v-, ç", /, T-, y, 8, {3-) be an implicit 
d-machine. 111cn the d-mach1l1e M = (Q -, <5, /, T, y, 8, {3-) where 
b = eQ-·v- : Q-®C ~ Q- ~ TQ- and T= cQ- T" : / ~ Q-~ TQ- has 
the same re~pon~e a~ M-. llcre is the proof . 

- A routine diagram shows that A1 I~ il d-machll1c. 
- M and M - have the same respomc~ : 
Since the response of the d-machine /1.1 I~ the re~pon~c of the 

(C, /J, rn-machine MO = (TQ-, 8°, /, T, y, f3- #), whcrc 8°= 8#·dQ = 

= mQ -. T 8·dQ = mQ -. TcQ -. Tv-·dQ = TV-·dQ and f3- # = 8·Tf3-, and the 
response of the 1I11plIcit li-machine /VI IS the rc~ponsc of the 
(C, /J, ln-machine M-- = (Q-, v-, l, T-, y, f3-) , 1. ~ufficc~ to construct a 
simulation 1jI: MO ~ M--. 

But since ( Q -, v-, ç- ) is a d-algebra one ha~ that 
~- : (TQ" 00) ~ (Q-, v-) is a morphism of right actions. 

Finally, smce the following diagram cOll1mutc~ 

TQ - T jJ -
eQ-/ -..... 
Q - 7 r & 

r-

f/ ~ 
~Q-~ 

y 
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one has that ç- is a simulation .• 

(2.2.14) Let Il : (Q, v, Ç) -7 (Q', v', ~') be a d-homomorphism 
and let i·p: Q -» Q" ~> Q' be an E-M factorization of h in 
C (C i~ supposcd to have an image factorization system (E, M) ). 
Theil, if T·( -®C) preserves E, there exist unique v": Q "®C ~ Q" 
and ç": TQ" -7 Q " su ch that p: (Q, v, ç) -7 (Q", v", ç") and 
i : (Q", v", Ç") -7 (Q', v', ç') are d-homomorphisms. 

Proof: Consider the diagram 

p ®l 
Q®C ------------------------------~. Q"®C 

l ~(Q®C) v 1 T(Q®C) 

Q ~# 

II e(Q "®C)/ l 
T (p ®l) • T (Q "0C) 1 ® 1 

• III 

....... ~ (1 ®l) Q' ®C 

pl .. "' .. ~... V 

.... 
T(Q'®C)/ v' 

IV 

V'~ 
B 

Q" -----------------.. Q' 

1 commutes by definition of vtt. 
Il and III commute since e is a natural transfom1ation. 
IV commutes by definition of vil. 
V commutes because the following diagram : 
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T (p ® 1) T (1 ® 1) 
T (Q®C) • T (Q U®C) _--I.~ T (Q 'QYC) 

T v l ' 11 1 T \" + T (Il ® 1 ) Th + 
------------I.~ '/Q' TQ 

ç ~ 
h 

/ 
Q • QU 

P 

Now, by diagonal fill in, thcrc exists .l unique 
ljI : T(Q' '(8) C) ~ Q" such thdt makc~ the diagram~ 

C-morphism 
Â and B 

commute. 
Define v" = 1jI.e( Q "(8) C) dncl u~ing the faet that 1 is a 

monomorphism a routine diagram shows that v": Q' '(8)C -) Q" is a 
right action. 

Then p : (Q, v) -) (Qu, VU) and i: (Qu, VU) -) (Q', v') 

are morphisms of right actions. 
Consider now the diagram 

Tp TQ ___________________ •• TQU 

1 
~T «(1 ® 1] ). P -1) T «(1 ® '1 ) P -1) ~ l" 

ç T(p®l) ~ 
T(Q®C) --------i~.T (Q U®C) --!' 1 TQ 

pl _------- .. --- T(Q".Cj -------- ç' 

.. ' ~>----.. 
QU ____________________________________ ~.~ Q' 

and define ç" = tJf·T«(l(8)1J)-p-l). 
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The rest of the proof is analogous to the proof of (1.3.14) .• 

(2.2.15) Let (E, M) he an image factorizéltion system in C and 
suppose that T·( -®C) preserves E. Let 1 and (Y, 8) he fixed. 
Then for every f: I®C --t Y there exists an implicit d-machine 
M- = (Q-, v-, ç-, /, r-, Y, 8, [3-) such that the response of M- is J, the 
reachahility map r#: T(I®C) ~ Q - is in E, and the ohsel vahility map 
a : Q - --t yC is in M. If M -, also satisfies these three conditions 
then M- and M-' are isomorphic (i.e., there exists an isomorphism 
'If: (Q-, v-, ç-) --t (Q-', v-', ç-') of d-algehras su ch that 'If·r- = r-' 
and f3-'.'If= f3- ). 

Proof: Let 
f#: « 1 ®J1)·a- l : (/®C)®C --t I®(C®C) ~ 1 ®C) ~ (vY: yC®C ~ yC) 

he the unique morphism of right actions coextension of f: 

and let 

ev 1 ®1] P -1 

yC®c .... YC®E ... yC 

+ 
1 f# 
1 
1 

1 ® C 

r= (j#)#: (T(I®C), T« 1 ®J1)·a- 1 )·d(l®C), m(/®C» ~ (ye, vY, 8#) he 
the unique d-homomorphic extension of J#. 

Now consider an E-M factorization of f-: 
a·r# : T(/®C) -» Q - >-> yC 

By (2.2.14) there exist unique v- :Q-®C ~ Q- and ç- :TQ-~ Q­

such that 
r# : (T(/®C), T((l®J1)·a- 1)·d(l®C), m(l®C» ~ (Q-, ç-, v-) and 
a: (Q-, ç-. vl --t (yC, vy, 8#) are d-homomorphisms. 

Now dcfine r: (/®C, (1®J1)·a- 1) ~ (Q-, v-) to he the morphism 
of right actions r = r#·e(l®C) and r- : 1 ~ Q- to he the 

(2.2) 70 

• 



C-morphism r-=r·(l®1J).p-l and {3-:(Q-,{3-) -1 (Y,e) to 

be the 7r -homomorph ism fJ - = ev·(1 ® 1])' p- 1. (J. ThcIl one has the 

following commutative diagram : 

f-
T (1 ®C) .. y C 

e (1 ®C) t + p -1 

1 ®C 

1 ® 1J t + 1 ® '7 
1 ®E Y c ® C 

p -1 t t ev 
r f3 -

1 .. cr .. y 

The rest of the proof is similar ta the proof of (1.3.15) .• 

(2.2.16) Let (C, ®, E, a. À, p, s) be a closed category with countahle 

coproducts and let X be an object of C, then one can consida the 
monoid (X *, /l, iO) givcn in (l.2.3). The triple in C that glvc~ ri~e the 

functor -®X in the sense of (2.2.2) and the triple that gives ri~e the 
mono id (X,.., p, iO) in the sense of (2.2.5) are the samc one: 

( -®X "', iO', p') where io' Q = (1®iO)·p-l: Q -~ Q®l:' -1 Q®X* and 

f.1'Q = (l®p)·a- 1 : (Q®X*)®X*-1 Q®(X*®X*) -1 Q®X* for cach 
object Q of C. 

Now let 

À : ( -®X )·r -1 
T = (T, e, nz) be a triple 

r·( -®X) a distributive law of 
111 C and 

-®X over 7r. 
Following (2.2.3) the distributive law À gives n~e to a di~tributive law 
d : (-®x*)·r -1 T( -®X*) of (-®X*, 10 " Jl ') over "'. 

Then, in that context, by one hand one can comldcr thc catcgory of 

implicit À-machincs and by the other h.md the catcgory of implicil 

d-machines because (2.2.4) the category of À-algchras is I~omorphic 10 

the category of d-algebras and hence both categone~ of implicit machines 
are isomorphic. 
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2.3. u-machincs in a topos for a morphism of monoids u. 

(2.3.1) A catcgory K that verifies the following three conditions is 
callcd an (clementary) topos : 

(i) J( has ail finite limits. 
(ii) J( IS cartc.\ùlI1 c/oscd, i.e. for each object ;\ of K there is an 
e.\/JOIlCI/IÎa/ fUIlctor (_)A: K ~ K whlch is right adjoint to the 
functor -xA . 

(Iii) J( ha~ a .\Uhohject c1assLjler, i.e. thcre l~ an object Q. and a 
morphi~m 1: ï ~ Q. such that, for each monomorphism j: B >-> A 
in K , thcrc is a unique Xj : A ~ Q. mak.ing the following diagram a 

pullback : 

B 

A ----,l.~ Q 

X
j 

In a topos a monie arrow (respectively epi) is an equalizer 
( respectively coequalizer). A topos is balanced; i.e. a morphism whieh 
is both mOllo and epl is an i~omorphi~m. A topo~ has finite colimits and 
an Image factorization ~ystelr (~IVeIl by the epis and monos. 127, pp. 23-

411. 

(2.3.2) Let C be a category with fmite 11l11ib. An internai category 
i Il C i s ::; = (C (), CI, do, dl, l , m) wh e re : 
(i) Co and Clare objeets of C, called respectively the ohject of 
ohjects and the ohject of 1ll00plzism.\ of::. 

(ii) four morphi~l11s do: Cl ~ CO, dl: Cl ~ C~, i: Co ~ Cl, and 
m : C2 ~ CI wherc C2 = CIXCoC 1 represents the pullbaek : 
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Tr-, 

--1 ... C} 

!d ll 

CI __ -I~" C () 

d} 

(iii) such that do·i = d l'i = 1 Co' do /JI = d() Tr 1. 

m·(lxm) = 11l'(lllxl): C3 = C)XCoCIXCoCI -~ 

m·(1xi) = m·(i xl) = ICI' 

cll'lII = dI'J'Q , 

CI, and 

(Whenever CI appcars as one factOl of a pullback ovcr Co, lt l~ 

written on the left ( rc~pcctlvcly, on the nght ) of the ~ymhol xCo Il lt I~ 

considered witlJ the ~tructurc map cl} ( rc~pectl\'cly. do) ). 

An lllfellwl jilllC{Of' (or morph i "111 of lllte mal ca te gorie~ ) 
f: ':' -7.~ is a pair of morphl"m:-. lil' Co ---') no ' Il : C} -) f) 1 

commuting wi'ch do, dl, i ,and m The category 01 II1tell1al catcgonc~ 

and functors or C l~ denotcd by cattC). 

An object -:: of eat (C) ~lleh that CO I~ the tennlllal obJcct 1 l~ 

called a nlOlloul . 

Let := be an objcct of cat(C). Ail inferllal dwgralll F on r. 

consists of an object l'cl: F(J -) Co of C /Co, and a morphi~ll1 

e: FI = FoxCoCI -7 Fo ~uch that Yr)'(' = dI·Tf']., (' ·(lXi) = 1"0' and 
c'(cxl) = c'(1xm) : F2 := F()xCoC}XC(lCI -) Fo. 

A IllmphislJl (i illternal diaglll/l/\ l: F -) G i~ a morphl~m 
FO -7 GO over Co ' commllting with the ~trllcturc Il1orphl~m~ (' 

1l1e category of lIlternal diaglam~ on := l~ dCllotccl hy C~' 

The catcgoric~ cat(C) and C~ have fmltc 11l11lh and If 
f: '2 -7 /1; ill a morphi~rn of cat(C) the Il the pllilbad. fUl1ctor : 

r : cat(C) / ~ -7 cat(C ) / -~ 
induces a fUIlctor r : C'; -7 C ~'. 

If K IS a topos and ':-.:: i~ aIl object of cat(K) then K:' i~ a 
topos and, givcn f:,~ -7': a ll1orplw,f)1 of cat(K), thc functor 

f' : CJO -7 CC has both left and right adJoil1t~. 1\1\0 one hu~ th ut the 

following diagrar:l commutcs : 
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1 * 
K ... ~ K .; 

U ~ ! u 

K / DO ---. KI CO 
* 10 

where U denotes the forgetflll fllllctors. [27, pp. 47-561. 
ln [10, pp. 226-2271 the concept of lcli ='-ohjec! IS glven, 

( allalogoll~ to the one of lI1tcmal diagram ) a~ a triple (A. cp. 1fI) where 

cp : A ~ Co, and tjI: A 1 ~ A wherc A 1 dcnote~ the fiber prodllct 

[ (.1: ,a) : a E A, g E Cl and (j) (a) = dO(g) 1 for which a list of conditions 

have to be ~aw,fIed Again C~ denotcs the catcgory of left = -objects 

( wlth the appropl<.lte morphl~m~ ). 
If K I~ a topos and if j : ::- ~ :::-' is a morphi~m in eat(2), the 

indllced fllllctor jt<: : K::' ~ K::, that has left and right adjoints, may 

be defincd on objeeb by stiplIlatlllg that j'f (A', cp '. tjI ') = (A. cp. 'l') 

where A = [(c .a ') : je ::: cp 'a' l, cp IS the flr~t projection, and 

lfI {g «( ,a' )) (where nece~sanly do(g) = c and cp' a' = le) must 

be (d\(g), 'l''(j(g), u».IIO, p. 2301. 

(2.3.3) In view of (2.3.2) one can consider the following : Let K 

he a topo~ and let (C. Il, z) be a monoid in it in the sense of definition 

(1.2.2) and with resnect to x, that mono id may be viewed as an internaI 

category in K \VIth object of objects the terminal object l, and 

then K(C, p. L) (111 the notation of (2.3.2» is the category of right 

actions of (C. p. 1). I1ence, if J: (C. p, z) ~ (C', p', l') IS a 

morphi~m of monoids, the functor : 
t : C ,Raet ~ cRact 

that semis g: ( V'A : Axe' ~ A ) -1 (V'B: B xC' ~ B ) to 

g :(\"A·(l~/): AxC ~ AxC' ~ A) ~ (v'B·(lxj): BxC ~ BxC'~ B) 

has lcft and right adjoints: 
El, 11} : c Ract -1 C 'Raet: Lf --1 jof' -1 Tlf 
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ft 

The Ideas conta1l1ed in (2.3.4) and (2.3.5) havL' IK'L'1l obtallll'd 
from the machmc thcory that E. S. Balllbndge IXI gl\'e~ 111 thl' 
hyperdoctrine (cat, Set) . 

(2.3.4) Let K he a topo~ and let (/:', Ill. e) and (C, p, 1) lx' 
monoid~ in IL If Il: U:;. 1Jl. e) ----t (c, ,u. 1) I~ a murpl11~ll1 01 llWllOld:-. 
then follow1I1g (2.3.3) one ha~ a functnr li -1-. that \\ III hl' denolL'd hy 
sub li (of ~ub~tItutiol1), ~uh il : CRact -; / Ract that Ita~ li kIt 

adjoint Lu and a right adjOInt //11 \Vhen one ta"l'" (/:, !Ii. (') tu hl' 
( l, Ixl, 1 ~ 1) and r7. ( 1. Ixl, 1 -1 1 ) -) (C, Jl, Il. IRact clin hl' 

identified wlth K and ~ub 1] wlth U: CRact --, 1\ and oné /l'COVl'/ ~ 

the determinl~tic approach glvcn III (2 1) loI' thL' Cl~l' of a t()PO~ K 

(2.3.5) Let K be a topos. fi>.. two I1l0110lt!" (/:', m, e) and (C. ).1, l) 

in it and a morphi~m Il: (E, m, c) ~ (C, p,!) het\\èCn thelll, Thcn olle 
has the corre~ponJing functor ~uh Il : cRact ----1 / Ract· that ha~ a kft 

adjoint Xu and a rigltt adJoll1t ///1. A Il -1Jl(/( Il/I/(, I~ li 5-tuple 

M = ( (Q, vU), (1. (vf). r, (y, (v}'). /3 ) \\hl'l"l.' ((J, \'(J) 1\ li 

C -right action, (l, (J)/) and ()', (O} ) aIL' I:'-Ilght aet 10/h. and 

r: (1.0)/) ----t sub Il (Q. \'(J) and li: ~llh Il «(J, \'(J) -) (Y, (oy) are 
morphisms in f Ract. 

The rcaclwhility IlUljJ of /1,1 I~ thc 1I1llql1C l11{)rphi~ll1 

r : Lu (/, (V/) ----t (Q, vQ) !'>l1ch that : 

1](I,Cù/) 

(1 ,Cù d ------1.. (~llb Il ) I: Il ( l , (1) 1 

1 

1 (~lIb /1 ) r 
1 , 

( !'>ub li ) ( Q , v Q ) 

(11 is the unit of Lu --1 sllb il ). 

(2.3 ) 75 



The re.\fJoll.\(' lllllfJ of M IS the morphism 1Il ERact 
f:H~uh u) r : (~ub Il ) Lu (l, (VI) -.:; (sub Il) (Q, \'Q) -.:; (y, coy). 

/\ morphi~I11 l: (~ub If) Lu (/, (VI) ~ (y, coy) is called a 

rl'.\/JOIl.\e and If a u-machmc M has a~ re~pon~c map j, M is said to 
he a rcal!:aIÎol/ of f. 

The oh.\l'I valnlil." IIWfJ of M is the unique morphism 
(J: (Q, \'Q) -.:; lIu (y, coy) such that : 

ECY, (Vy) 

( y ,co y) .... 4t----- ( ~ub Il rI Il ( y, (J) y ) 

( sub il ) cr 

( sub Il ) (Q , v Q ) 

( E is the counit of ~ub Il -1 nu ). 
The machine M is said to be r<!aclzahlc If (sub il) r IS epl and 

M I~ ~aid to be oh.\cITahlc if (sub Il) (J is mono. 

(2.3.6) Let K be a topos and let (C, j.1, l) be a monoid in 
it. Let <p: (Q, v) ~ (Q', vl be a morphism of right actions such 
that <p: Q -» Q' is epi in K, let (Q ", v") be a right action and let 
lI': Q' ~ Q" be a morphi~m in K such that lI"qJ: (Q, v) ~ (Q u, VU) 

IS a morphism of n~ht aClion~. Then If!: ('1', v') -.:; (Qu, VU) is a 
1l100vhism of right action~. 

Proof: Since qJ: Q -» Q' is cpi and the functor -xC: K ~ K has 
a right adjoint, it preserves colimits (in particular coequalizers) then, 
<p xl: QxC -» Q 'xC is also epi. 

The rest of the proof is like in (2.1.6) .• 
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(2.3.7) r'ïxing (/, (V/) and (Y, (oy), hut kttlll~ (Q, \'Q) vary, 

let U-I1/(/c!z he thc catcgol)' who ... c ObJCCb ~llC Il - machillc!'. 
M = ( (Q, \'Q), (l, (0/), r, (Y. (t)}), [3): and \\ hml' lllorphi!'.111!'. ail' 

simulatiolls If: M ~ tH' 1 L' lllorplll"llh \lI C-nght .Ictlom 
If: (Q, vQ) -:; (Q '. \'(2 ,) "Llch that : 

( ~ub Il ) ( Q ,\' (} ) 

~ ~ 
( 1 , (t) J ) ( sub Il ) VI ( } , (1) } 

~ ~, 
( !'.ub li ) ( Q , ,\'(J') 

The following is thc analogoll!'., 111 thc prc!'.cllt contcx\, 10 thc 
"minimal realization thCOll?l11" ~tated in (1.1 I.~) : 

(2.3,8) \VIlh the abo\'c notation, kt J . huh /() 2:11 (l, (Of} ~ (Y, (oy) 

be a respon~c, thcn thl?rc cxi~h a rcachabk and oh:-,crvahlc rcall/.atÎon 
M f = ( (Q j . \')), (/, (t) j), rJ' (Y. (v}'), f3 J ) 01 f. i\ n y ~ LI C h M Ji" a 

terminal obJect 111 the catcgoly of reachabk Il?all/atl()n~ of 1 and 
simulation~ and any ~,uch M) is an lI1ltlal obJcct III thc catcgory of 

observable realizations of l and ~Imlilati()m: tllu" :\1/ 1 ..... ulllquc ull to 

isomorphi~m. 

Proof: Given l: (.'Ill> Il) 2:/1 (I, (vf) ~ 0', (V} ), Ict 
f#: Lu (/. (V/) ~ 1 III (Y. (vy) bl? the uniquc morplll\l1l \uch that : 

(~',Wr) ('>lIh Il ) JI 0', (1)} ) u 

1 

: ('>lI b Il ») 1/ 

( .., li h Il ).2: /1 ( 1 , (1) 1 ) 
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and now con!-.Ider ail epi-mono factor il.atlOll of j'ti 111 CRact ( that is a 

toP()~ ) : 
(J) 'r; : LII (/ , (of) --» (Q), \'/) >-> /l/l (Y, My) 

Dermc T) and [3J le!-.pectively a" foIIO\\!-. : 
(~uh Il)lj '17 (/, (1)/): (l, ml> --1 hub u).rll (l, (1)/) --»(!-.ub u)(Qj, Vf) 

l' (Y, (J)Y)'(~ub Il)(Jj : ("ub ll)(Qj, \j) >--> ("ub /1)11 11 0', (vy)~(Y, roy) 

(~lI1CC !-.ub /1 ha" a kit and Iight adjoint il pre~èI'\'e~ limits and colimits 
and in particlIlar I1l()no~ ( eqLlall/er~) and epl~ ( \ . .'oeqllaliœr!-. ) , since 
cRact alld /. Ract ail' t()p()"e~ ) 

TherefOle, ~1j = ( (Qj , \J), (l, (v/), TJ' 0', (I)}'), 13;) i~ a rcachable 

and ob~crvablc n:ali/.atiol1 of j. 
Now ~uppu~e that 1\1 = ( (Q, \'Q), (/, (ùf), T, (Y, (vy), f3) is a 

reachablc rcalI7atioll of j. rll~t one ha ... that (J.,. = 1#. 
Now, by diagonailili 111 in ô<act, l)!1C ha ... a unique lJI slIch that : 

(,>ub Il ) ( Q , \' Q ) 

l'L1b~ ~11)11 Œ 

( ,>u b li ) 2: u ( /, (V 1 ) ('>lIh Il ) n Il ( Y, W y ) 

l'L1bll~ ~ ~) (J 1 

( ~ub 1/ ) ( Q f ' \' J 

Now, lfI : Q ---1 Qj IS a 111orphl~m 111 K such that 

lfI'I = Ij : LII (1. (V/) ---1 (Qf' \'1) IS a l1lorphi~m of C-right actions 
and r is epi in K then, by (2.3.6), lJI: (Q, vQ) ~ (Qj, vf) IS a 

Illorphism of C-right al'tiol1~; also the dwgram 
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( ~llb u ) { Q , \' {.1 ) 

(1, Wt) ( "'lIb Il ) VI = Ifl (r, (0 r ) 

1 , 
( ..,L1b Il ) (Q ,V r / 

commutes s ince : 
Tf = (~ub il) fj '17(1, (V!) = 'l''(~ub /1) "17 (l, (of) = v/·r 

f3 = E (y, (ùY)'(~ub Il) Œ = f (Y. (J)}' )'hub il)0; . '1' = {3j' '1' 
Hence, 'l': AI -) M; IS a ~il11l1laliull. 
Analogously if A1 = ( (Q. \'Q), (1. (1)/), r, (Y. (Or), {3) 1:-' ail 

observable realization off, there is a unique "1l1lulal1oll l{J • MI --} /\.1 .• 
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3. l\-lACHINES IN CATEGORIES OF HEYTING ALGEBRA 
VALUED SETS. 

3.1. A discussion of H -valued sets as a topos. 

(3.1.1) An cqulvaknt dcfll1ltion for a catcgO/y K to be a topos is 
that K has to vcnfy : 
(1) K ha~ aIl tïnite lil11lt~. 

(ii) For cvcry obJcct X of K , there cxists a IJOWèl ohjcc{ PX and a 
~ub()hJcct EX >--> :. XxX such that, for every ObJèct Y and every 
subohjcct R >--> }/xX , thcre exi!'lb a unique r: Y -1 :: X such that 

R • E X 

+ + 
YxX • ::XxX 

1 X 1 

is a pullhack.127, p. 431. 

(3.1.2) Let 1/ be a complrte IIcyting algebra wherc the smallest and 
largc~t clemcnh wIll hc (!ènoted respectlvely by 0 and 1. An H-valued 
set i~ il pail (X, 1\:) \vhcre X IS a ~et and ,..-: XxX -----) Il is a map such 
that : 

K( \, \') = 1\."( t', t) for aIl t. t' 111 X ; and 
K(t, .\') 1\ I\."(t'. t"):::; K(r, \,") for ail x, x'. X

U 

III X . 

Givcn (X, K) and (Y. hO) II-valued ~ch (the h: -functions are not 
di~tlI1g11lshcd Ilotationally) an 11-\'allied nwpjJlJlg f': (X, K) -----) (Y, K) is 
a map r: XxY -----) 1/ ~uch that : 
(t) A:{ \'. x') 1\ 1 ( \", y) ~ j ( \ " \,) 

ft t, y) 1\ h:(Y, y') ~ f( \", y') 

for a Il \, x' 111 X; y, y' in Y. 
(il) (Cr, \') 1\ f(\. \,') S /-;(y. y') for aIl x 111 X ; Y ,y' in Y. 
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• 

(iii) V j(x, y) = 1\-(.\", \") 

y 

( K(x, x) will bè cknoted by [(x) fOI ail \ III X ). 
A consequCl1c" {lI' (ii) and (iii) i~ thal j(.\. \') s: i'(\) i\ f(\,) 1'01 

aB x in X , Y in Y . 
Let f: (X, K) -7 (Y, 1\) and g : (l', 1\') -7 V,I\:) ht: II-valucd 

mappings, then (Ri): (y, K') ---:) (Z, J\) is dctïncd by : 

(gj)('(, z) = V j(x, y) i\ g(y, :::) 

)' 

To each H-valued ~ct (X, K) i~ assoclatcd an II-valucd l11applIlg 
the "identity" I(X, K) : (X, K') --1 (X, K) givcll hy 1\'. 

The above data glVC a catcgory : The catcgOl)' II-Set of II-valucd 

sets. 
The siglllficancc I~ that (X, r;) may contall1 l'kll\(:l1t~ uIlI)' parllally, 

the degree of mcmber:-,hip of x 1:-' mc~url'd by [,( \) ::: r,:( \. \) • and the 
degree of equality bet\veen x and t'in (X. 1\') i.., 1l11'\urcd by r;(.\, \ '). 

For an H-valued mappll1g f: (X, K) --1 tV, 1\') lhe slgl1lflcancc uf 

f(x, y) is that it gi\'c~ the <.kgrce of cquallty bet\\ ccn y and the Image of 

x by f. [25, pp. 4-5]. 

(3.1.3) Let (X, K) and (Y, KI be II-valued ~cb and jO: X --1 Y hc 
a map, dcfining l: Xx)' ---:) Il by j(X, yJ = L(~J i\ 1\-(l(x), y), if 1 i~ a 
morphism From (X, r;) to Of, ;:) onc ~ay:-, t!lat jO Il'/Jf'e.\('I/{.\ f. In 
particular lx reprcsellt~ 1 t'\. 1\) Cor l'ach Il -valucd:-,ct (X, K). 

A fUllctJOll fl: X --j }' lCplC\cnh a mUlphl\ll1 t'rolll (X, 1\:) to 
(y, K) iff K(t, \")~II.-U()(\),jO(r'») 1'01 ail \, \'Ill X. 

If j :(X, 1\') ---:) (Y, K) and g :(}, 1\-) ---) (l:, 1\-) arc morrhl:-,m~ alld 

f is reprc~cntcd hy jO t11l'11 (g) )( \", :) = ['(x) A g (fo(x J, ::); III 

particular if g is al\o ICplc~cl1tcd by a map gll then <..:.j 1\ fcpresclltcd 

by gOjO. 125, p. 6] 
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(3.1.4) The object ({e), 1';) where (el is a singleton and K(e, e) =1 

i~ a terminal object in the category H -Set. Given any object (Q, 1('), the 
unique morphi~m (Q, K) --7 ({ e}, K) is represented by the unique map 
Q -) {el. [25, p. 71. 

(3.1.5) Let (X,I(') and (Y, K) be objects of II-Sel, a product of 
them 1~ given by (XxY, K) where K«X, y), (x ',y ')) :=: 

= 1((x, x') A 1\'"(V, y"), and the projections IJl'l :(XxY, 1(') --7 (X, 1('), 

pr2 :(Xx Y, 1(') --7 (Y, 1(') that are lepre~entecl by the corresponding 

projections Xx Y -~ X, Xx Y ----) Y 111 Set. Moreover, if 
l: (Z, K) ----1 (X, K) and g: (2, K) -) (X, "'-) aIe morphisms, the 
unique !l1oqJhism h that makes the following diagram commute 

(XxY,K') 

prl / ~ ~Jl2 
1 

(X,K) :/z (Y,K') 

0:/ 
(Z,K) g 

is given by Iz(:, (t, y» = J(:, x) /\ g(:, y). [25, pp, 7-81. 

(3. l. 6) Let (X, 1(') be an II-valued set, COll si der the set P(X, K) = 

= {a: X-) JI :a (x):::; E(X) and a(t )/\K(X,x') ~ a(x') for ail x, x' in X}. 
If a E P(X, 1('), defining Ka: XxX --7 fi by: 

""(Y( \. r') = a (r) A K( t, r/) 

one ha'\ that (X, K)a = (X, K(Y) is an II-valued ~et and 
K'a :(X, "'-)cx ----1 (X, K) i~ a I1lOrphl~m lcplc~elltcd by lx. [25, p. 8]. 

(].1.7) • A morphislll f:(X,lÇ)--7(Y,K) IS mono iff 
ft x, y) /\ ft r " y) :::; l\"( t, X ') 1'0 r a Il x, t' in X ~ Y ln Y. 

• !\ lllorphism I: (X, K) ----) (Y, K) IS Cpl iff 

ê(y) :::; V f(r, y) 

\: 
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for aIl y in Y. 

• If morphisms f, g :(X, 1(') ~ (y, 1\:) sati~fy I(x. y) ~ g(.\", y) for 

aIl x in X , Y in Y, then f = g . 

• If f: (X, 1(') -~ (y, 1(') is both a 1l1onoll1orphism and an 

epimorphism, thcn it is an isomorphism. [25, pp. X-lOI. 

(3.1.8) Let f: (X, 1(') ~ (Y, 1\) be a l11orphisll1, defllling a} in 

pey, 1\) by 

afY) = V j(x, y) 

x 

then f: (X, 1(') -» CY, K')af is an cpil11orphi~m, and 

(X , 1\) 
f ----1.. ( Y , ,.;) 

commutes. 

The subobjects of an H -valuecl set (X, 1(') are III hiJective 

correspondence with the elements of P(X, 1(') : To g : (Z, 1(') >--> (X, 1(') 

corresponds aN and to a III P(X, 1\) corre~pond~ 
1('a : (X, K)a >-> (X, 1('). 

It is a consequellce of this re~L1It that the inter~cction of two 

subobjects of an Il-vailled ~et (X, K) always c'\i~t~ : if a and f3 are in 

P (X, K') then a 1\ f3 ' defined pointwi~l'. l~ abo in P(X, 1\) and 

obviously describe~ the intersection of tlll' ~L1l)ohJcct~ corrt~~ponding to a 
and f3. 

TogethcI \VIth the faet that II-Set ha~ tïnite prodllcts, thi~ implics 

that II-Set has aIl [lI1Ite limits. [25, pp. IO-I! 1 
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(3.1.9) (Power objects). For each f/-valued set (X, K), 
E (X, K) > > lP(X, K) X (X, K) 

is defined as follows : 

JP(X, K) = ( P(X, K), K) where K(a, [3) = /\ a(x) H [3(x) 

x 

In particular, E(a) = 1 for aIl a in P(X, K). 

Let E in P( P(X, K)X(X, K» be given by E (a, x) = a (x); then : 
E (X, K) = ( lP(X, K)X(X, K»E and 

E (X, K) > > 1'f(X, K)X(X, 1(") IS the mono 1("E. 

If (Y, K) is an fI-valued set, the subobjects of (y, K)X(X, 1\) = 
= (YxX ,1\) are bijective with the functions y in P(YxX , K). The 
condition that 

(y XX,1(")y 
g 

• E (X , /() 

~y l l ~E 
(Y ,1\) x(X , K ) .. Jf (X ,K)X(X ,K) 

IL x 1 

is a puIlback for some g defines a bijection, F say, from the set M of 
morphisms Iz: (Y, K) ~ /F(X, K) to the set P = p( YxX , K) : 

F(h)(x, y) = v h(y, [3) 1\ [3(x) and 

IjE p(x, K) 

F -1(r) : (Y, K) ---1 J?(X, K') is the morphism represented by the map 

y ~ {(y , -). 

Thereforc, the category H-Set i~ a topos. [25, pp. 11-121. 

(3 .l.I 0) Let (X, 1(") and (Y. K) be lI-valued sets. Then every 
morphism Il: (Y. K) ~ :?'(X, 1\) is represented by a unique function 

(3.1 ) 84 

------ -_ •... _--- -



hO : Y -7 P(X, K) such that hO(y)(x) ~ F(y) for aIl x in X and)' III 

Y . In fact hO(y) = '}(y , -) where y = F(ll) (~ec 3.1.9). [25, p. 131. 

(3.1.11) Let (X, 1(') be an H -valued set, a pl'cdicalc of type (X, K) 

is a subobject of (X, 1('). Thcn one can idcntify th~ predicatcs of type 
(X, K) with the corresponding elements of P(X, 1\:). 

Given (X, K) , E : P(X, 1(')xX -7 1/ that scmb (ex,x) to (X(t) is a 
predicate of type Ir (X, K)X(X, K). 

Given (X, K) and (Y, 1('), cp : P(XxY, K) -) II that ~cnds f to 

<P(fJ = /\ [j(x, yl A j(x, y'j --> "(y, y') J ,,/\ [1'( Il --> ": j( r, Yl] 

x,y,y' \ 

is a predicate of type J?(XxY, K). 

If f is in P(XxY, K) and g Hl P( YxZ, /() whcre (X, K), (Y, K). 

(Z, 1(') are /I-valued sets, t;f defined by 

(gf)(x, z) = V j(x, y) 1\ g(y, :) 

y 

is in P(XxZ, K). [25, pp. 14-171. 

(3.1.12) (Exponentiation). Givcn (X, 1\') and (Y, K) I/-vulucd ~cb, 
the subobject (P(XxY, K)4> of F(XxY , K) dctcrl11l11cd by (/J is 

denoted by 
(Y, K)(X, ",) 

it being the thing which mukcs fi-Set c~lItc~ia!l dm,cd. [2S, p. IXj. 
If one defincs ev : (Y, K)(X, "')X(X, f;) -~ (y, 1\') as thc mup 

(P(XxY, 1(')xX )xY ~ /1 that scml.., ((J, .\J, \,) 10 (/)(/)I\j('(, y), 

given (Z, 1\) and g : (L, K)X(X, 1\') -) (Y, 1\') the Ul1lqLlc 

g# : (Z, 1(') -7 (y, 1\)(X, ".) ~uch that ma"'c~ thc followll1g c1iagram 

commute 
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(Y, K) (X .K:) x (X ,K) 

A 
1 

g # xli 
1 
1 

(Z,K)X(X,K) ---1". (Y. /(') 

is represented by the map gO: Z ~ P(Xx y ,K) which sends z to 
g «z, -), -), and g#(z ,j) = c(z) /\ Kcp( .1:«: ,-), -),}) = 

= c( z) A Ki g ( (z , -), -), j) . 

Proof: (LP(XxY, K»cp = (P(XxY, K), 1(cp) where Kq,([, g) = 

C/>(j) A 1\(1, g). 

- ev is a morphism : 
(i) .}(ljJ (f, f') A 1\(X, x j 1\ Jtx, y) 1\ C/J(j) < 

~ 1\ lP (f, f') 1\ f(x', y) 1\ (/J(j) = C/J(j) A 1\(/, fj 1\ }(x " y) ~ 

~ C/>(/')I\f'(x', y) for ail x, x' in X; f,f' in P(XxY, }(). (The 

last inequality foIlows since C/J and E are predicates). 

• ev«(j; x), y) 1\ 1\(Y, yj = <P(j) I\}(x, y) 1\ K(y, y') ~ 
~ C/>(j) /\f(x, yj for aIl x in X; y, y' in Y; f in 
P(XxY, 1\). 

(ii) ev «(J, x), y) 1\ ev«(j: x), y') = <P(/) 1\ [(x, y) 1\ <!J(j) 1\ [(x, yj = 
= f(x, y) 1\ f(x, y j A 

/\ /\ [r(x,y) /\f(x, y') -7 K"(y, y')]/\ /\ [E (x ) -7 V f(x, y)}, 
, y 

x,y,y x 

~f(x, y) I\f(x, y') 1\ utx,y) A [(x, y') -) K(y, yj] ~ 1\(Y, y') for 

aIl x in X; y, y' in Y; f in P(XxY, K). (The last inequality follows 

since in H , a 1\ (a ~ b ) ~ b for any a, b in Il). 

(iii) V ev«(/, x), y) = c(l, x) for aIl x in X; f in P( X x Y, K) : 

y 
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~) v tex, y) A (/)(j) ~ E(X) A (/)(j) - E(f, X) 

y 

~) Elf, x) = (/)(j) A E(X) ~ (/J(j). 

One also has that Eif, X) = ([J(j) 1\ E(X) = 

::;: E(X) A /\ [r(x, y) Af(x, y') --> K"(y, y')lr../\ [e(X) ->'; f(x, y)]::; 

x,y,y x 

v j(x, y) 

y 

- gO: Z ~ P(XxY, 1(') represents a morphism from (Z, K) to 
(Y, K)(X,K) : 

First one has the following inequalities : 

(1) e(z)::; -; [e(x) --> ': g«z, x), Yl] for ail Z In Z. 

(2) K(z, z') :S /\ [g«z, x), y) H g(z', x), y)] for aIl z, z' In Z. 

x,y 

(1): Since g is a morphism one has that 

v g«z, x), y) ::;: E(Z, x) = E(Z) A E(X) 

y 

and the certainty of the inequality E(X) A e(z) ~ E(X) A E(Z) implies the 
certainty of E(Z) ~ E(X) -7 E(X) A E(Z). Then one has inequality (1). 

(2): Since g is a morphism, g«z, x), y) A 1((z, Z ') ~ g«z', x), y) 

and hence 1\"(z, Z ') ~ g«z, x), y) ~ g«z', x), y). Analogously K(z, z') :S 

:S g«z'. x), y) ~ g«z. x), y). And then, 
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T 
1: 

1(z, z ') ::;; g«z, X), y) H g«Z', x), y) for ail x, y . Thcrefore one 
has (2). 

Now from (1) and (2) one has : 

1\ (z, Z J = E( z) 1\ K"( ::, :: J ::;; 

,;; A [e(xl --> '; g«z, xl, Yl] A A [g«z, xl, yl H ~«z'. xl, yl] = 

x x, y 

= /\ [g«z, x), y) Â g«z, x), y') ~ 1\iy, y')] 1\ 

x,y,y 

1\ A [e(xl --> '; g«z, xl, Yl] A 1\ [g«z. xl. Yl H g«z', xl, yl] = 

x x, y 

= ctJ( g«z ,-),-» 1\ K"( g«z ,-),-), g«z' ,-),-» = 1\cp( gO(:), gO(z') ). 

One has used the fact that : 

/\. [g«z, x), y) Â g«z, x), y') ~ 1\(y, y')] = 

x,y, y' 

smce g«z, x), y) 1\ g«z, x), y') ::;; K"(y, y J. 
Now, 

g#(z,f) = é(Z) Â 1\cp(gO(z),j) = feZ) 1\ 1\l/J(g«z , -), -),j) = 
= é(Z) Â ctJ(g«z ,-),-» 1\ K"(g«z ,-),-),f) = t'(z) 1\ K"(g«z ,-), -),j) 

(The last inequality follows since t'(z)::;; $(g«:: , -), -» ). 
- ev·(g#xl) = g : 

g#xl : (Z, 1\)x(X, K") -7 (Y, 1\)(X, K)X(X, 1\) is represented by the map 

ZxX ~ P(XxY, 1\)xX that scnds (z, x) to (gO(.:), x), hence : 

l eV'(g#xl )]«z, x ), y) = E(::, t) 1\ cv«gO(::), x), y) = 

= E(Z) 1\ t'ex) 1\ $(gO(z» 1\ (g()(.:»(x, y) = 

= feZ) Â f(X) 1\ (/J(g()(z» Â g«:, x), y ) = g«z, x), y) 
- Uniqueness of g# : 

Suppose that Il: (Z, 1\) -) (Y, K")(x. K) is a morphism such that 

ev·(hxl) = g . Then Il = g# has to be shown . 
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First, one has the following formu la : 

(3) V h(z,}) A ftx, y) = g«z, x), y) 

f 

for ail x in X; y In Y; 

z in Z : 
g«z, x), y) = [ ev·(lzxl) ]«z, x), y) = 

= V (h x 1)«z, x), (J, x'» A ev(lf, x'), y) = 

J. x' 

= V h\z, j) A K(X, x') A C/J(j) A f(x', y) -

J, x' 

= V h(z,j) A (/J(j) A/(x, y) = V Iz(z,}) A CcP(f) Af(x, y) -

f 

Hence (3) follows. 

Now consider 

g# 

f 

= V l1(z,j) A f(x, y) 

f 

( Z , K) 
Kcp 

__ -.: (Y , 1\) (X ,Id ~ ~ If (X xV, K) 

Il 

and since Kcp is mono suffices to show that K(/>·11 = 1\lP·g#. 

Now, from (3.1.10), the morphism 1\lP'/z :(Z, K') ~ P(XxY, K) IS 

represented by a map IzO: Z ~ P(XxY, K) where fLC>(z) = }{z ,-) and 

}'{z, (x, y» = V (K'cP·Iz)(z,j) A [(x, y) = 

f 
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= v (v "(Z.]) " /Cd,(/,J))A/(\,y) = 

f f 

= V Iz(z,j) 1\ I(x, y) = M«:, r), y) 

f 
( The last equality is the formula (3) ). 

Hence -,ç(/)·h is represented by the map = -1 g«= , -). -) and 
1C(/). g# is also represented by 2 -1 g( (2 , -), -) • thcrcforc one has that 

1Cc]J·h = K(/)' g# .• 

(3.1.13) Let {(XI ,-,ç)}IE/ beafamilyofobject~il1l1-Sel,thcna 

coproduct of this family is given by : 
{ i) : (X) , K) --7 (EB 1 EIX 1 • K) } / E / 

where EB lE/ Xl = { (XI. i) : i El} is the disjoint ulllon 111 Set, 
1C :(E9iE/ Xl)X(EBi E/Xi) -1 H IS the map that sends 

«Xi. i ), (x]'. j» to 1('(XI. x/) if j = i and to 0 othcrwise and the 
injections l) are represented by the corre~pollding inJC'ctions 
X) ~ EB 1 E / Xl 111 Sel. Moreovcr, g1vCIl a family 
{ fi : (X) ,K) -1 (X, K)} JE 1 of morphi~ms in 1/ -Sel thc uniquc 
morphism f: (EB 1 EIX i , K) -1 (X, K) sllch that makes the following 

diagrams commute for each jE l , 

(EBiE/Xl,K) 

( X ) ,K) 
1 l , 

--;-;---(X ,/C) 

is given by I«Xj. j), x) = jj (x] • x) for ail (x], J) 111 EB 1 E / Xl ; X 111 

X. 
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The proof is straightforward .• 

(3.1.14) Given (X, K') an object of H-Set, the "free monoid on 
(X, K')" given following (1.2.3) is «X*, K'), 11, io) w.rere: 
• X* = $ Il E N XII (the disjoint union in Set). 
• K' :($ n E N xn )x($ n E N X" ) --) H is the mu')) that sends the 
element «XI, ... ,Xn ,Il), Cq ', ... ,xm' ,m» to K'(.q,.q') 1\ •• /\ K(xn ,xml 

if m = Il and to ° if m ~ Il ( 111 particular if m = Il = 0, 
K'(e, 0), (e, 0» = 1 ). 
• )1 : (X*, K)X(X*, K') ~ (X*, K) 

by the map X*xX* ~ X* that sends 
( Xl,· .. ,XII, Xl', . .. ,xm', Il + m). 

is the morphisn, represented 
«.:q, ... ,xn ,n), (Xl ', .. ,xm', m» to 

• il) : ( {e}. 1\) ~ (X*, 1\) is the O-injection. 
The proof is straightforward following the constructio'n given in 

(1.2.3) .• 

3.2. An analysis of some concepts of automata theory in the 
context of H -valued sets, especially when H is a finite chain. 

Given (X, K) an object of II-Set one can consider the 
process -X(X, 1\) : II-Set --) li-Set and the category Dyn(-x(X, 1\», 

then the study of the machines in a clo~ed category of (1.2) applies to this 
case: 

(3.2.1) An (X,K')-machine will he a 6-tuple 
M = «Q. 1\), 8, (/. 1\), r, (Y. 1\), f3) where (Q, 1\), (/, 1\) and (Y. 1\) 

are II-valued ~ets (the state object, initial object and output object 
rcspectively), 8: (Q, 1\)x(X, ,.;) --) (Q, 1\) an II-valued mapping ( the 
dynamics ) and r: (1. K) --) (Q, K'), f3 :(Q, K) -) (Y. 1\) fi -valued 
mappings (imttal ~tate and output morphl~m re~pcctively ). 

Following the slgnificance of the II-valucd sets ~uch a machine may 
be thought as to have an input objcct (X, K) that may contain "inputs" 
only partially and a degree of cquality bctwccn any two "inputs" x and 
x' is given.Thc same significance for the state object (Q, 1\), initial object 
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(/, 1\) and output object (Y, 1\). For the transition map, D«q, x), li') 

gives the degree of equality between the "new state" that results by 
application of "input" x to "stute" q and any "stute" q' of Q . For the 

output morphism, f3(q, y) gives the degree of equality between the 
"output emitted" by "state" q and any "output" y of Y . Analogously 
for the initial state. 

From now on some of the concepts will he interprcted 10 the 
particular case of H to be a finite chain with 

b {
1 if a ~ b a -t = 
b otherwise 

[23, p. 187]. 

(3.2.2) The reachahility map of M , that is the unique dynamorphic 
extension r: (/, K)X(X*, 1(') ~ (Q, K) of r, will he given by : 

r«i, Cq, ... ,xn ,Il»), q) = 

= V 

( in the case 12::;: 0, r«i, (e, 0», q) = rU, q) ). 

Proof: Going to the proof of (1.2.6) one has : 
ro = 'C'P : (l, K)X( {e), 1(') ~ (l, 1(') -t (Q, K"), then 'Co((i, e), q) = 

::;: cU, e) 1\ r( i, q) :::- rU, q). 
'C} ::;: 8·(1)(1): (l, K)X(X, K) -t (Q, K)X(X, K) ~ (Q, K), then 

'CI(U, x), q)::;: V (r x 1 )«(i, x), «(l', x'» /\ D((((, x'), Cf) ::;: 

q', x' 

= V 'CU, q') 1\ 1('(x, x') 1\ 8«((, x'), Cf) ::;: V r(i, (() 1\ D«((, x), q) 

q', x' 
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r~ = ô·(rlxl)·a: (l, K)X«X, K)X(X, K"» ~ 

-1 «(l, K)X(X, K"»X(X, K) -1 (Q. K")X(X, K") -) (Q, K") 

then r2(U, Cq, X2». lI) = 

= E(U, (.t}, X2») 1\ (ô·(rlxl ))«(i, .q), x2). q) = 

= (ô·(nxl»«(i, .q), X2), q) = 

= V (ri x 1 )«(i, xd, X2), (q', x'» 1\ 8«q', x'), q) = 

q', x' 

= V ri (U, xd, q') 1\ K"(X2, x') 1\ 8«((. x'), q) = 

(l', ..t' 

= V 'f1(U, xd, l/) 1\ 8«q', :'2), q) = 

q 

; V (,: rU, q") A /j«q", .rIl, c/) ) A /j«q', X2), q) ; 

q' 

= V r(i. q") 1\ D«q", XI), q') 1\ 8«q', X2), q) -

q', cl" 

Now ty induction can be shawn that : 

Til «i, (Xl, ... ,Xn», Cf) = 

ql, .. , qn 

Now, r: (l, K)X(X* K) -7 (Q, K) is defined by : 
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i 

l 

.. 
(l,/() x ( X 1\: ) 

~ 
(l,/() x ( X fi, 1\.- ) 1 r 

--:-----.. • n (Q , K) 

• 
Now, the reaehability map may be thought as follows : Bcgining in 

1 and applying the "sequence of inputs" (.q, ... ,x". Il), 
r«i, (XI, ... ,Xn. 'z», q) says the degree in which Cf i~ rcachcd. 

If H is the finite chain, the faet that li be rcached III dcgrce Cl E 1/ 
means that there eÀi~ts a sequence li I .... ,lfn such that : 

r(i, (/1) /\ 0«(/1, .\1), (/2) /\ 0«(12, X2), lI3)1\ ... /\0«Qn . xn), q) = a 
i.e. the degree in WhlCh r sends i to q! is at least II ; the degree in 
which D ~ends (ll/, tj) to lIJ+l is at least a, 1 $ i $ Il -1; the degree III 

which 8 sends (C/II' x,z) to q is at least a ; and at least one of those 
degrees has to b~ exactly a. 

M is reachahle if ,. IS epI, I.e. if for each q m Q IS 

V r«(i, (x], ... ,Xn , Il)), q) = E(q) 

that, in the case H is the finite chain. mcan~ that there exist an i and 
two sequences XI,· .. ,.t" , Cf l, ... 'C/Il such that : 

r(i, qt) 1\ 8(ql, .\:}), (/2) 1\ D«q?, .Q), C/3) 1\ ... /\ 8«qn, xn), q) = E(q) 

( if n = 0 it me ans slmply that rU, q) = E (q) ) 

i.e. the degree in which C/ is reached is the maximum possible sinee f(q) 

indicates the degree of melllber~hip of q to (Q. K). 

The respO/lse nwp of 11-1 , that will bc 
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f3-r : (/, I()X(X* , I() ~ <Q, I() -t (Y, K') i~ given by 

(f3·r)«i, (X), ••. ,Xn, Il)), y) = V r«(i, (x), ... ,Xn , Il)), q) /\ f3(q, y) 

q 

that may be thought as follows : il measures the degree in which, 
beginning with i and after apply the "sequence of inputs" (x 1, ... ,xn ,n), 

the machine will emit "output" y. 

If 1/ is the finite chain, to say that 
(f3·r )«(i, (.\1 , ... ,XII, Il)), y) = a E H means that there exists q in Q 
that is reached, from (i, (X1 , .. .• Xfl ,Il)), in degree at least a and the 
degree in which Cf emit~ y by f3 is also al least a~ moreover at least 
one of tho~e degrecs has to be exactly li. 

(3.2.3) 
extension 

n = 0: 
Il ~ 1 : 

llle r/ill II/Op of «Q, 1(), 8),that is the unique dynamorphic 
5* :(Q, I()X(X*, K) ~ (Q, I() of I(Q, /() will be given by : 

O*«q, (e, 0)), Cf ') = K(q, q') 

8* ( (q, (x 1 , ..• ,x Il, Il)), q ') = 

= V ( 
8«q, xd, qd 1\ 8«'/), X2), q2) j'v"/\ ) 

/\ 8«qn-2, Xn-l), qn-)} /\ 8«qn-J, xn), q') 
ql, .. {jll-I 

( when 11 =1 : 8*«q, (x, 1)), q') = 8«q, x), q') ). 

The proof can also be obtained from (1.2.6) in a similar manner 

to the one givcn in (3.2.2) .• 

The run map may be lhought as follows :8*«q, (XI, ... ,Xn, n)), q') 
measures the dcgrcc in which, after applying (.q, ... ,Xn, Il) to q, the 
dynamics assumes "SUHC" Cf'. 

If fi is the 
8*«q, (.q, ... ,.tll' Il), q') = a E fi 

q 1, ... ,qn-1 such that : 

finite chain to say that 
means that there exists a sequence 

8«q, .q), Cf)) /\ 8«q1, .\:2), (/2) /\ ... /\8«qn -1, x,,), q') = a 
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whose significance may be thought as follows : when applying the 
"sequence of inputs" (x l, ... ,XII, Il) ta Cf , the dynamics "goes from q 

ta ql Il in degree at least a, from q] to Cf) + \ in degrce at least Cl 

for 1 ~ j ~ n -2, from qll -1 ta Cf' in degree at lcast li, moreover at 

least one of those degrees has ta be exactly li. 

(3.2.4) The ohservability nzap of M , that is the unique 
dynamorphic coextel.Sion cr: (Q, 1() ~ (y, 1()(x·, /() of f3 will be the 

morphism represented by the map Q ~ P(X*xY, 1(') which sends q to 

(f3.S*)«q , -), -) where S* is the run map. 

Proof: Going ta the proof of (1.2.7) one has that (J is defined by : 

(Y ,1() (X· , /() x (X '" , /() 

()x\ 

~ 
(Q,1()X(X*,K) --i •• (Q,/() --. IY,~-) 

o • f3 

and by (3.1.12) one has that cr IS represented by the map 

Q ~ P(X*xY, K) which sends Cf ta (/J-S')«q, -), -) .• 

The observability map may be thought a~ follows : (/J.S*)«q, -), -) 
gives the "respollse emitted" by the machinc bcgII1lI1g 111 "state" q, and 

cr(q,f) measures the dcgrec of cquality betwccn the abovc "response" 

and f. 
If H is the finite chain, to ~ay that rr(l/,}) = li E 1/ means that : 

€(q) A 1((J>(f3·8*((q, -), -),j; = E(q) A 1(f3·8*«q, -), -),f) = 

= €(q) A /\ ({3·8*)«q, \:*), y) H f(x*, y) = a 

(x'" , y) EX'" x Y 
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i.e. that for ail pair~ (x*, y) one has that : 

E(q) A 1(f3·8*)«q, x*), y) ~ Rx*, y)] A [f(x*, y) ~ (f3·8*)«q, x*), y)] ~ a 

and the equality has to hold for at least one p,!Ïr (x*, y). 

l11at mcans that E«(/) ~ a and for each pair (x*, y) 

<f3·8*)«q,x*),y)=}(x*,y) or (f3·8*)(q,x*),y)l\f(x*,y)~a, and 

morcovcr ë(q) = a or for at least one paIr (x*, y), 

(f3·8*)«q, x*), y) I\}(x*, y) = a. 

M is observable if cr is mono, i.e. if for any q, q In Q is: 
E(q) I\E«(() A 1Ç4J( (fJ8*)«q, -), -), (f3·8*)«((, -), -) ) = 

= E(q) AE(q') 1\ K( (f3·8*)«q, -), -), (f3·8*)«q', -), -) ) ::; K(q, q') 

For any q, ((in Q, the degree in WhlCh ({J.8"")(q, -), -) and 

(f3.8*)((q', -), -) are equal, minimum tha dcgree of membership of q 

and q', has to be le~s or equal than the degree of equality Letween q and 
, 

q. 

(3.2.5) Finally, since the machines (relative to the object (X, 1\) ) 

are a special case of the olles given in (1.2) one has that the "minimal 
realization theorem" works. 
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