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SECTION I

INTRODUCTION

A. STRANGE PARTICLES

Strange particles are members of a class of unstable ele-
mentary particles whose masses lie somewhere between those
of the neutron and the deuteron (exclusive of both) and which
have the property that no member of this class is ever produced
alone. The production of one particle is always accompanied by
the simultaneous production of another particle of the class
(usually a K meson unless the energy of the initial particle is
sufficiently high to produce anti-particles). This property will
be elaborated upon shortly.

A question which comes to mind immediately is: what makes
strange particles ""strange''? These particles were first obser-
ved in cosmic radiation and Fig. 1.1 illustrates the appearance
of an event which indicated the existence of the new (strange)

particles.

>%lmcom inq rartiele

5\

Fig. 1.1
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The first observation of a "V'' event by Rochester and Butler

(1) indicated that a neutral particle ( /\. in Fig. 1.1) was pro-
duced in the high energy interaction of the incoming cosmic ray
and a particle in the cloud chamber and after travelling several
centimeters decayed into two oppositely charged particles

( P ande- }. The rate at which these V events occurred in-
dicate a production cross section of the order of lo-tecm’- which
is the order of magnitude associated with strong interactions.
Interactions of this type take place in about 10.zg second i.e.

the proton radius divided by the speed of light. It was thought

]
originally that the A particles were produced by a reaction such

as

T +P — N\ +T" (1.1)

°
The half-life of the /\ (measured by the distance of travel be-

~10
fore decay) turned out to be about 10 second. One of the ob-

served decay channels was

° -
N — p+T (1.2)

If (1.1) is a fast process, then the virtual process

N — p+T°+T" (1.3)
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is also fast. The virtual process (l.3) can then be followed by

o
the absorption of the T by the P in which case we get the decay
o -
/\ — P—F}T (1.4)

which should, according to the above arguments, occur in a time
-3 -l0

of the order of 10 second. The fact that the decay takes 10

second is quite an anomaly. It is this which gave these parti-

""strange'’.

cles the qualification
There are ways of accounting for the prolonged life of the
strange particles. One of these ways is to assign a high intrin-
sic angular momentum to the particles. The angular momentum
barrier would then inhibit the decay. Pais (2) suggested an al-
ternative approach which attributed some internal degree of free-
dom specified by some quanturn number (call it strangeness)
and that selection rules based on conservation or non-conservation
of strangeness were operating in the production and decay pro-
cesses. It would appear that the production processes conserve
strangeness and decay processes do not. Interactions which
conserve strangeness would require at least two particles of
opposite strangeness to be produced simultaneously. This hy-
pothesis of associated production is confirmed by the observation

of two particles in the same cloud chamber photographs more

often than the accidental coincidence rate.
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Baryons are all those fermions which have a mass equal
to or greater than the proton. The hyperons are the baryons
which are heavier than the nucleons and are therefore strange
particles. The law of conservation of baryons has never been
observed to be broken: it states that the number of baryons
less the number of anti-baryons is a conserved quantity. This
suggests that we can assign a baryon number 1 to every baryon
and a baryon number -1 to every anti-baryon and require that
the total baryon number be conserved. This is the same sort
of conservation law as exists for the leptons.

By assuming conservation of charge and baryon number
as well as charge independence of the strong interactions,
Nishijima (3) and Gell-Mann and Pais (4) were able to assign
values to the isotopic spin t, its third component t; , and
strangeness S to all of the new particles. These quantities

are related to the charge of the particle by

Q =1% +%(N+s) (1.5)

where Q is the charge and N is the baryon number described
above. Table 1.1 lists the strange particles (anti-particles
not shown) and their measured properties.

Aside from a mass difference of approximately 77 Mev.
the /\ particle seems to have properties quite similar to the z

particles.



B. HYPERNUCLEI

Before 1953, hyperons had only been observed in cosmic
rays. In 1953 Danysz and Pniewski in Warsaw observed a nuc-
lear fragment from a cosmic ray star which stopped in their
emulsion and subsequently disintegrated with an energy release
of 140 to 180 Mev. The nuclear fragment was correctly inter-
preted as a hypernucleus containing a bound /\. particle as well
as nucleons. When the particle decayed into a nucleon and a

o
pion, the hyperfragment disintegrated. When a /\ particle which

is bound in a nucleus decays, the pion can either be emitted as

a free particle or it can be absorbed by one of the nucleons.

If the pion is absorbed by a nucleon, its rest mass ( ~~ 140 Mev.)
contributes to the energy released in the hyperfragment disin-
tergration. This was the case in the event just mentioned.

An event in which a pion escapes is shown in Fig. 1.2

TYPICAL HYPERFRAGMENT EVENT

Fig. 1.2
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TABLE 1.1

THE STRANGE PARTICLES

Mass Half-1life Strange- Isotopic £
Spin ness spin € 3
Mear sec.
Mesons
k4 494 to.l 220 o +1 Yo +Y
¢
k 479.1r08 - o 4 Yy Y
k" 444 2042 XN o -1 h Yo
-0
I 479.1t0-8 - o - Y2 +
Hyperons
A° InSatol4 27708 3 |
s’ 11€9.4%025  83xi8 3 I +) |
-l
D ° hqo.1t |0 <10 ! | 0
T 1965 205 p72x”" 1 | . |
Z° /311 1.? 4'/0-“, 1 '/L + ,’1 i
= /3197155 e i3 -

Taken from W.S.C. Williams Introduction to Elementary Particles

Academic Press (1961)
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In Fig. 1.2 a fast primary particle enters at 1 and collides with
a nucleus at 2 giving rise to a shower of mesons and other objects.

One of these objects is a hypernucleus 3 recognized by its dense track
and by its characteristic decay at 4 into a negative pion 5 and a proton
6 and a residual nucleus 7. By analysing the decay products in such
an event a determination of the binding energy of the A particle in
the hypernucleus can be made; for the energy released in the decay

is just the 37 Mev. of free decay minus the binding of the /\ particle
and nucleon in the hypernucleus. This is not an entirely satisfactory
method as the uncertainty is about 1/2 Mev. which unfortunately turns
out to be of the same order as the /\, binding energy.

At present, however, it is the only method available. Tablel2
gives the binding energy of the /\ particle in the light hypernuclei which
have been identified. In the symbol for a hyperﬁucleus, the atomic
symbol gives the charge and the superscript gives the number of nuclear
particles. Thus ,\He5 contains 2 protons, 2 neutrons and a A particle.

2 are not listed because they have

The simplest hypernuclei ,\HZ and zn
never been observed although they would be easily recognized. The in-
ference is that they do not exist. The table is not complete, however,
the identification of the heavier hypernuclei is uncertain and the experi-
mental uncertainty in the binding energy is very large. The Table is

due to Dalitz and Downs. The two papers of Dalitz and Downs on

hypernuclear binding energies will be referred to as DD.
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TABLE 1.2

BINDING ENERGY OF A A\ - PARTICLE IN HYPERNUCLEI

AH 0.6 + 0.4 Mev.
JH% | 1.8+ 0.3
aHe? 2.0+ 0.3
A He® 2.9% 0.3
aLi' 4.5% 0.4
aLi® B 5.4% 0.8
ABed 6.2+ 0.6
aBe? 6.4+ 0.4

Dalitz and Downs have made a phenomenological investi-
gation of the binding of A particles in the light hypernuclei (DD).
The analysis is simplified by the fact the N binding energy is
a small fraction of the nucleon binding energy per particle;
the hypernucleus consists of a tightly bound nucleus and a loose-
ly bound /\ particle. This approximation is good for ;\He5 in
which the & - particle core is rather rigid. It is not bad for
a AH4 and AHe4 which have triton and He3 cores respectively.
In the case of AH3 the approximation of a tightly bound core is
not valid at all, however this problem is simple enough to treat
more exactly.

Dalitz and Downs assume a reasonable range and shape for
the /A -nucleon potential and leave its depth as an adjustable

parameter with which to fit the binding energy;
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They use as the depth parameter, the volume integral of

the /\ - nucleon potential. These turn out to be roughly 310, 280,
280, 230 Mev-Cm3 x 10-39per nucleon for the hy‘pernuclei AH3,

,\He4, ,\H4 and ,\He5 respectively. To explain this marked
variation in the /\- nucleon potential DD assume that thé force
is spin-dependent, i.e., depends on whether the spins of the
particles are aligned or anti-aligned. In”H3 where the deuter-
on core has a spin of 1 (both nucleon spins aligned) the A spin
can align favourably with both of them and hence the potential
per nucleon is large. In /\H4 and ,‘He4 there is one uncoupled
nucleon spin with which the A spin can align and so
the /\ - nucleon potential is correspondingly reduced. The
spins in the o particle core of ,\He5 are all paired off so
that there is no spin with which the A - particle can couple
which results in a further reduction in the /\ - nucleon potential.
The calculations of DD are not precise enough to determine
whether the favoured spin alignment is parallel or anti-parallel,
however, there is direct experimental evidence on this point.

4

From the ratio of the decays of AHe™ in which a free pion is
emitted to those in which the pion is absorbed, it can be inferred
that AHe4 has spin zero. The N spin therefore cancels the
spin of the odd nucleon and so anti-parallel alignment is favoured.

The /\ - nucleon potential found in this way is too weak to bind

a /\ particle to a single nucleon in agreement with the fact that
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such hypernuclei have never been observed.

The phenomenological derivation of DD does not afford a
complete understanding of the /\ - nucleon system. As is the
case with nucleon systems the force between two or more part-
icles is brought about by an exchange of mesons. A complete
picture would therefore require a detailed calculation involving
the exchange of mesons.

At present, a quantitatively correct potential is not avail-
able. The difficulty is apparently a calculational one of finding
an approximation which is both accurate and tractable. Meson
theory has, hbwever, given qualitatively correct results for
the nucleon-nucleon potential, predicting its range and order
of magnitude correctly as well as implying that it depends on the
parity of the relative motion of the nucleons, the angle between
their spins, and in the case of the spins being parallel, on the
angle between the spins and the line joining the nucleons (tensor
force).

A /\ particle always changes into a nucleon or another
hyperon when it emits or absorbs a K meson or a pion (conser-
vation of strangeness). A /\ particle, therefore, cannot exchange
a single pion or K meson with a nucleon in the ordinary way and
still remain a /\ particle. However, we can have a /\ and a
nucleon interact and still be left with a A and a nucleon after

the interaction has taken place. Consider Fig. 1.3 for the case
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of the K meson type of interaction. The nucleon indicated by

N emits a K meson and becomes a A particle. At the N parti-
cle the inverse process takes place, i.e., the /\ absorbs the K
meson and becomes a nucleon. Wentzel (5} calculated the N -
nucleon force due to this exchange interaction and found that it
had all the wrong properties to account for the observed inter-
actions. Another way that a /\ particle and a nucleon can inter-
act is by an exchange of two pions. A /\particle cannot exchange
a single pion with a nucleon because the /\particle would be
left as a & particle. Fig. 1.4 is an illustration of the state of
affairs. After the /\ particle has emitted a pion and become

a 2 particle, the b3 particle can become a /\ particle again by
emitting or absorbing another pion. So in all at least two pions

must be involved in the interaction.

N A N N
\\ /]
N N
\\\K \\ // N
. 2 ~
\\ // \\\
y
A N A N
Fig. 1.3 Fig. 1.4

Several authors (6, 7) have calculated the force due to this inter-
action. The calculations are incapable of quantitative accuracy,
but the results agree qualitatively with experiment. The range

of the force and its magnitude are about right. Also, there is a
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spin dependence.

There are two considerations concerning the two pion in-
teraction which come to mind immediately. The first is that
there is no necessity for the /\ particle to exchange the two
pions with a single nucleon. If there is a second nucleon in the
vicinity the /\ can exchange one pion with each as is illustrated

in Fig. 1.5.

™ A N
p
/// /'
/ rd
- 2
/”( //')f
7
N A N
Fig. 1.5

Whenever there is more than one nucleon present, the
3-body force will be present as well as the ordinary 2-body force.
For various theoretical reasons (8) the 3-body contribution is
believed to be small although the arguments are not conclusive.
Experimental evidence on this point is difficult to obtain. The
second consideration forms the basis of this thesis. A A particle
in a hypernucleus actually spends part of its time as a > particle.

This is most easily explained by saying that there is a term
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in the N - nucleon potential which mixes A andz states of the
hyperon. The effect of the >3 mixing, when it is effective is
always to increase the binding energy of the N\ particle.

The mixing term is not equally effective in all hypernuclei.
While the hyperon is in a 2z state, one of the nucleons must change
its charge state, e. g., a neutron must become a proton or vice-
versa. In AHeS, with an & particle core, a nucleon is for-
bidden by the Pauli exclusion principle to change its charge state
and so 2 - mixing is ineffective. In AH4 and 4He4, however,
the odd nucleon is quite free to change its charge state and so
the potential per nucleon seen by the /\ particle is greater.

In the hypertriton ( AH3), the nucleons are once again prohibited
by the Pauli principle from changing their charge states; however,
to the extent that the hyperon can distort the deuteron core (and
the deuteron is a very loosely bound and hence easily distortable
syétem) 2 mixing can still be effective. The object of this work
is to determine whether or not potential required to bind the AHeS
and ( AHe4, AH4) systems is strong enough to bind the hyper-
triton, yet too weak to bind the hyperdeuteron. The hyperdeuteron
has not been observed and is presumed not to exist.

Spin dependence of the A nucleon potential will be disre-
garded in order to determine whether or not 2 mixing alone can ac-

count for the observed variation in binding energies among the

hypernuclei considered. In order to parallel the treatment of
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Dalitz and Downs as well as to avoid too much calculational com-

plexity, tensor forces have been neglected as well.
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SECTION II

THE LAMBDA - NUCLEON POTENTIAL

It has been mentioned that there are two ways in which
a /\particle can interact with a nucleon a) by K meson ex-
change and b) by the exchange of two pions. On the basis of
the following arguments, the K meson exchange potential has
been neglected in the calculations. Wentzel (5) has investi-
gated the possibility of the binding of A particles to nucleons
by pure K meson exchange. He found that a scalar K meson
resulted in a repulsive potential between a /\ and an o particle
(or heavier nucleus) which is contrary to observations and that
a pseudoscalar K meson gave an attractive potential but the
coupling strength to give binding of a /\ to an ® had to be at
least as great as that of the pion-nucleon interaction. This
would be alright were it not for the fact that such a large coup-
ling constant would predict a cross-section for photoproduction
of K's which is far greater than that which is observed experi-
mentally. Observations therefore indicate that the A _ nuclear
force is not predominantly a K meson exchange type.

The only other simple scheme available for binding a /\
to a nucleus is by exchange of two pions. The calculations of
Dallaporta and Ferrari (6) as well as those of Lichtenberg and
Ross (7) indicate that proper binding is obtained if it is assumed

that the pion -A coupling is the same as the pion-nucleon coup-
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ling. There are no arguments at present which preclude this
possibility and so we can accept the two pion exchanges as being
primarily responsible for the /\ - nucleon interaction. Using
this information as a basis, Gell-Mann (9) proposed the idea

of global symmetry which we will, for the time being, assume
to hold. Global symmetry implies that all baryons are coupled
to the pion field with the same strength. This means that in the
absence of the K meson field, all baryons are degenerate - they
are simply different states of the same particle. Just as the
magnetic field lifts the degeneracy between the spin states of

a system, the K meson field lifts the degeneracy which exists
between the baryons and results in the different masses. Gell-
Mann ( 9) has shown that the baryons can be split up into a system
of doublets (i.e. T = 1/2 particles) with no isotopic spin coup-

ling between them. The doublets are
P st 27 (=
o - —_—
n Y 2 =
) *s° ) ¢+ °
where Y = A-2 ana z°- %.—- . This implies that there
1

yon

is some isotopic spin operator which mixes /\ and 2. particles.

(2. 1)

Before determining just what form this operator must take, we
will redefine Y°by choosing the phases of the different compon-
ents of the 2 particle in conformity with Condon and Shortley

o v
(10) i.e., Yo= 2 =N
I




- 17 -

If the heavy particles are regarded as states of a single

particle(the baryon) the interaction Lagrangian density is

g (l; L P é\i b)- T (2.2)

where we have neglected a K meson exchange. b is the field

{
operator that destroys a baryon; ?1; A denotes the combination

gfu ZVN * (311')’ tY t+gmre Z;)tgw.sz—z (2. 3)

The g's are coupling constants and the T''s are twice the iso-
topic spin operators corresponding to a particle of spin T=1/2.

The symbols Y and Z have been used to denote the doublets

0"
> 2
Y = ¥ o Z= Z- (2. 4)
¢
The operator gﬂ;:ﬂ then,couples certain states of the baryon.
¢
In writing down gﬂ"ﬂ as the vector (2.3) we have imposed con-

servation of strangeness and isotopic spin.

And now if we also impose global symmetry

I A= Jg7n (2w r (2,+T0) £ T2) (2.5)

The choice of equality of phase of j;ry and ?F* is made on the
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assumption that all of the 2 particles are coupled identically
with the pion field. There is still an arbitrariness in the choice
of phase between a 2 particle and a N particle. This means

that we should really define Y and Z as

+ Z 0— A.
Y

- 2 Z- e
- 20;,\& Z-~ (2. 6)

When K mesons exchange is neglected, a baryon cannot change
its strangeness and so the concept of all the heavy particles
being different states of the same particle is largely lost. How-
ever A particles and 2 particles all have the same strangeness
and it will still be convenient to regard /\'s and Z 's as being
states of a single particle which we will refer to as a hyperon.
Although the exchange of K mesons has been neglected,
they still tend to spoil the global symmetry in two ways. Through
renormalization effects, they make the nucleon pion and the hy-
peron-pion coupling constants different. We neglect this effect.
The second effect is to make the masses of the particles different.
We will be concerned only with the /\- 2. mass difference. With
the neglect of K meson exchange, we cannot have any terms in the
/\ -N potential which mix A's or 2 's With—:-: 's. Therefore
global symmetry is not required. We require only that the baryons

can be split into doublets as in (2.1) and that all of the 2 's are

coupled to the pion field with the same strength.
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In order to determine the form of the operator which mixes
/\ 's and 2 's we must transform the isotopic spin operator
in the representation with basis Y and Z to its equivalent in the
representation in which the /\and Z particles are states of

the hyperon i. e.

/\-r
20
Z-

(2. 7)
If Y and Z are written as states of the same particle i.e.
Z_ +
T wA
e
ZO:A (2. 8)

‘\4‘;\

then the isotopic spin operator in this four component represen-

tation is

T = (2.9)

where 21-2' is the isotopic spin of T=1/2 particle.

If U is the operator which transforms 2.8 into 2.7 i.e.

_ 1
o ta Ige¢
U = ! o f’ ‘; (2.10)
1 g
o A iz
o © 9
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then the isotopic spin operator in the new representation is

T = uTu! (2.11)

If fz is the isotopic spin operator for a T=1 particle (a2 Z

particle) the operator T' turns out to be

T'= Ty ty (2.12)

Where Y is an operator which mixes /\ 's and 2 's.
Defining Y= V“-CVL and Y, -¢ Vo we find that for the

minus sign in (2.12)
VWN--TST NINEN WA=ZC
Y- /\°= JZ 2'- Y- Zt—-ﬁ,\" V;Z =A (2.13)

The minus sign in eqn. 2.12 has been chosen arbitrarily. It is
not physically significant since it is determined by the relative
phase of /\and 2 states.

¢
The operator aﬂ;A in eqn.{2. 3)takes the final form

g (Cx +T-7) (2.14)

We have chosen the pion nucleon coupling to be equal to the pion-
hyperon coupling consistent with Dallaporta and Ferrari (6) and

Lichtenberg and Ross (7).
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The form of 2.14 tells us how to translate the two-nucleon
potential into hyperon nucleon potential; one simply replaces
the isotopic spin operator T of one of the nucleons ih the two
nucleon potential bytx-y . The two nucleon potential is
~ v
/

Ve =V, +V, 0.0z +V, C,.8 #0507 C)0, (2. 15)

By making the above substitution, we find that the hyperon

nucleon potential has the form

V=V + oo .an 1, (- v )8 +Y% 07 0a (6-9)Tn (2- 16)

The Z mixing term is the one proportioned to VT

The object of this thesis is to determine whether or not
the variation in binding energy of the /\ particles amongst
the observed hyperfragments can be accounted for by P
mixing. In the light of this we will neglect any ordinary spin
dependence of the hyperon-nucleon potential. The ZA-nucleon

interaction to be used is then

V(r)= Vi (r) + Vo(r)(E-v)-Ca (2.17)

The depth of Vl(r) in equation (2.17) is determined from

the work of DD. The hypernucleus AHeS consists of a /\ particle bound
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to be an & particle core. The & particle is very tightly bound
and so the problem is essentially a two-body one. The inter-
action between the/\ particle and & particle (from eqn. 2.17)

Vi (r) + Y4¢r) ‘Z(é-P)'?c

where i runs from 1-4 (4 nucleons in an & particle). In an &

particle however

Hence we are left with V(r); a non isotopic-spin dependent
potential. Identical considerations hold for real spin. The spin
of an ¢ particle is zero and therefore the interaction of a N
with the o particle would show no ordinary spin dependence
either. We can use, therefore, the spin-independent part of

the potential calculated by DD.

THE SIGMA-MIXING POTENTIAL

The Z -mixing potential i. e. the coefficient of (6-}’ )'z:u

in (2. 17) will be written

Vi r) = ) wrer) (2.18)

where the shape v(r) is an unnormalized function of the distance

between the hyperon and the nucleon (or nucleus) and A is the
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potential well depth. DD have considered the influence of various
s hapes of the A -nucleon potential and found that the difference
in their results was less than the errors inherent in the approxi-
mations. The potential used in the AH4 calculation will be
Gaussian because this is simpler than a Yukawa or an exponen-
tial form for that system. However in treating the hypertriton
i.ce., AH3’ a Yukawa potential will be used. In each calcul-
ation we will determine the minimum value of A which will pro-
duce the observed binding energy of the hyperfragment concerned
(in the case of the hypertriton A will be determined for several
values of the hyperon binding energy since this parameter is not
accurately known). Having determined A for each case, they
will be compared by .converting A calculated for the A u4 pro-
blem to an equivalent Yukawa well depth by requiring that the
volume integrals and intrinsic ranges of the Gaussian and equi-
valent Yukawa potentials be the same. Finally the minimum
value of >\ which is required to bind the hyperdeuteron will be
determined and this will be compared with the other results.

At this point it is convenient to distinguish between the
different states of the hyperon (2.7). When the hyperon is in
the /\ state we will call it a A particle. When it is in a 2 state
we will refer to it as a Z particle. Reference will be made
to the /\ -nucleon potential. This means the potential between
a hyperon and a nucleon when the hyperon is in the /\ state. This

differs from the ? -nucleon potential by the term ffzt‘ in (2.17).
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Both of these interactions are modified by the term Y't; in (2.17)

which mixes the /\and the 2 states together.
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SECTION III

THE AH4 HYPERNUCLEUS

A, THE POTENTIAL

The following assumptions are made in determining the
potential between the hyperon and the H? core (DD):
i)  the only distortion of the triton core is a uniform radial
compression
ii) the relative hyperon-core motion is slow (adiabatic)
compared with the internal motion of the core nucleons.
iii) all of the nucleons in the core have the same density
distribution function
iiii) the hyperon nucleon potential is the same for all nucleons
in the core.
Under these assumptions, the average potential provided by the

interaction of the hyperon and the nucleons of the core nucleus

is given by

A
Ulr) = 2 /\/(lr-ﬂl)f(ﬁ/a) dari (3.1)

where \/ denotes the individual hyperon-nucleon potential and
ﬂ (r/a) is the density distribution of a nucleon in the core nucleus.
a is a scale factor related to the nuclear r.m.s. radius. The sum

over i is over the A nucleons in the core. By assuming iiii)

above, the potential can be written



- 26 -

U (r) = Un acte)= Uy, U(lr-r')/l(r;a) dlrl (3.2

If v(r) is normalized to unity, then Uy denotes the total volume
integral for all the hyperon-nucleon interactions in the hyper-
nucleus. The subscript n denotes the number of nucleons in
the core. For convenience in computation, the potential shape

v(r) has been taken to be of Gaussian form.

..r‘/ >
| A
aulr) - (7}'/;})3/; 2 ¢ (3. 3)
We have defined
U(r)=U, &4(F) (3. 4)

The dependence of U(r) on ’af of course,depends on the shape
of the nucleon distribution in the core nucleus. The nucleon
distribution in the ({ particle is known to be approximated quite
well by a Gaussian shape. It will be convenient to assume that
a Gaussian will describe the distribution of the nucleons in the
triton (DD). One can make an experimental determination of
the r.m.s. radius of the charge distribution. By assumption
this is the r.m.s. radius of the nucleus.
z ”L d? 5t - "7&."
Ryms = /r,a(r/4) r c‘/'l""_e dr
e ssnury — .
J{o(%.) 43r f T '7’;7,. (3. 5)

0

—
—~—
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Therefore, the nucleon distribution function, properly normal-

ized is
3/7, ~3r*
(%) = (= ) ¢ R
/° o) = \ TrR® (3. 6)
Substituting (3.5) and (3. 3) into (3.4) we get
T
~T/a
U(r) = Up e Z (3.7a)
I\ 3
(TGL) [}
where
T e + Z R‘L (3 7b)
=t s ‘
The potential which must be determined is
V(r) = Vi(r) + V3(r) ¥ +t)Tm (3. 8)

It has already been pointed out that the depth of V] is cal-
culated from the value of the potential per nucleon determined
by DD in their investigation of the AHe5 hypernucleus. They
calculated volume integrals of potentials. The volume integral

corresponding to Vi (r) is (DD)

Us = 2274 11 Mev.-£3 (3.9)
4

The factor 4 is introduced to reduce the volume integral to the

volume integral per nucleon.
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We will assume that the potentials Vi(r) and V3(r) have the same
shape (3. 3) with different ranges. In Section I we discussed the
pion exchange interactions which contribute to the hyperon-
nucleon interaction. In order for the /\ particle to interact

with a nucleon and remain in the /\ state, there must be an ex-
change of at least two pions. However an exchange of only a
single pion is required for the A particle to become a = particle
and vice versa. Therefore in the absence of K mesons exchange
it is not unreasonable to choose as the range of the V, potential
that corresponding to a two pion exchange and the range of the V4
potential that corresponding to the exchange of a single pion.
According to (3.4), (3.7a) and (3. 9) the potential V](r) of (3. 8)

is given by

V() = 2z7sn g5, T

x * (3. 10)
rg’ /dc *'-377 R

R is the r.m. s. radius of the core nucleus and/g‘ is the range
parameter for the Gaussian potential. /g‘ is the range parameter
which is chosen so that the "intrinsic range'' for the Gaussian
potential is the same as that for a Yukawa potential with a range
corresponding to a two pion exchange i.e. 2-/',—;1:0. 7 fermi where
m, is the pion mass.

The intrinsic range for these two potentials is related to the
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range parameter as follows (11)

TABLE 3.1

RANGE PARAMETERS

Potential Well Intrinsic Range
- V‘Ze -
Gaussian -Vg2 “€ b= 19359 44
- ¥/,
Yukawa —V, @ 7 b=21196 8y

g

Y/sy
If we equate the intrinsic ranges for the two wells in Table 3.1,

we get the relation between the corresponding range parameters

2.1196 1.4767

and for a two pion exchange ﬁy =2.L 2% 0.7 therefore

7

ﬂ,; = 1.034. The range of the 2 mixing potential is chosen
to be twice ,@e because a single pion is exchanged with a nuc-

leon in converting a Ntoal particle. We will distinguish the

two range parameters by subscripts 1 and 3 corresponding to

the subscripts in (3. 8)

1.034 fermi

A,
%6,

B. THE ISOTOPIC SPIN WAVE FUNCTIONS

(3.12)
2.068 fermi

1

Consider the system AH4 ive. a A particle bound to a
triton. We know that the triton is one member of an isotopic

spin doublet; the other member being He3. The isotopic spin
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of the triton (and He?3) is therefore 1/2. While the hyperon is

in the /\ state, we can write the isotopic spin wave function for
the system /\+ triton as simply /\H3 (this is not to be confused
with ,\H3 which is the symbol for the hypertriton). If we de-
fine the proton to be the T3 =+ 1/2 component of the (p, n)
doublet, then He3 is the Ty =+ 1/2 component of the doublet
(He3, H3). The hypernucleus AH4 therefore has T, = - 1/2.

' In transforming eqn. (2.8) to (2.7) we found that the iso-

topic spin operator (2.9) becomes (2.12) which shows that in the

representation in which the basis vectors are

o o \ o
| 0 O - O

ol; &% l’)zzt\g (3.13)
0 o/ \I

The 2 particles behave like an isotopic spin triplet and the N

i1

{

O +
/\50;2

D

particle as an isotopic singlet. In the untransformed repre-

sentation i. e. the representation with bases

I o) @ (o)
e o] <o e | .o 0
2 = 0 :Z__-"/_\_:_o.iz'/\:_-: 0l;2=]0
NZ Wl (3.14)
0 \o | |
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The /\ and E particles are mixed together and behave like
components of isotopic spin doublets.
Since we are working in a representation with bases (3. 13)
we treat the 2 particles as T=1 particles. When the hyperon
is in a E state, one of the nucleons in the core must change
its 2; component of isotopic spin in order that the total T4 will
be conserved. If a neutron in H3 becomes a proton (T3=-1/2
-—)T3=+1/2) the nucleus becomes He3. The proper com-
bination of T=1 and T=1/2 isotopic spin wave functions which
will give a wave function with isotopic spin T=1/2 and T3=-1/2
is
2 = 3 t 0,3
A/; > He' - = 2 H

(3. 15)

C. THE SPATIAL WAVE FUNCTIONS

We can now describe the AH4 hypernucleus by a two

component wave function with bases

|
R = ( )

N o

3
~ 3 e~ (0
’/2_ -4 =

32 He fsjﬂ (I)

The wave function for AH4 may be written

(3.16)

Su(rl
(Fe — p 7
e CRTRNA YIS

(3.17)
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where u{ and \Vz are normalized functions which describe the
position of the hyperon relative to the core nucleus when the
hyperon is in a A and a 2 state respectively.

We will assume that the hyperon and the core are in a
relative S state. Since the mass of the Z is about 77 Mev.
greater than the N mass, it follows that in order for the
particle to exist in a hypernucleus, it must spend most of
its time in the deep part of the potential in order to overcome
the 77 Mev. mass difference. Suitable functions to describe

the /\ and 2- components of (3.17) are

-2r _QP

. dlo *-e
Yar: Ny (3.18a)
et
L'Pi(") = ﬁLtQ (3. 18b)

The parameter c in (3. 18b) must be large compared with the

parameter in (3. 18a) which describes the tail of the wave func-

11t

tion (say a/2). If we assume that b > a we can determine "a
from the known binding energy. The Schrodinger equation in

the region where no potential exists is

L 4 -&r ~-2r
= Ver . Be
7 r
Hence (3.19)
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where /& is the reduced mass of the N particle and the H> core
and B is the observed binding energy of the N particle in , I
(=1.85 Mev. - see Table 1.2).

The total wave function is a product of three parts, a)
spatial, b) isotopic spin and c) ordinary spin. Since we are
not considering any spin dependence of the /\ -nucleon force,
there can be no effect of the potential on the spin wave function
and so we can forget about it and consider only the spatial and
isotopic spin parts.

The Hamiltonian for the AH4 hypernucleus can be written

Hy, AHe SAIVEIZS

(3.20)
7\ H|7_</\\Y"c- ‘Z> H';_)_

where the matrix elements are
T
B = < ¥ \~3§ V3o U

Hy = <“K;\'Z§ V +3%0r | S andlvtnil @ Vs Jeziey (3.21)

+A4
Hi = <LH\ ot 1V >

We have used Dirac's (12) notation to describe the matrix ele-

ments and

Al =<K’
12> = G H-L2°H)

(3.22)
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A s the /\ - z mass difference and )\ is the depth of the
V3 potential (3. 1). H11 is the total energy of the system when
the hyperon is in a /\ state. The 3 in front of the Vl(r) term is
there because (3.8) refers to the potential between a hyperon
and a single nucleon. There are three nucleons in H> and in
He3. H__ is the total energy when the hyperon is ina 2 state.

22
We will neglect the kinetic plus potential energies in H__ with

22
respect to A (the A - J mass difference) since the neglected
terms are expected to be small (of the order of the binding energy)
and A is about 77 Mev. We will discuss the approximations

in Section V.

The Schrodinger equation for this system is then

Hu A Hn<AIV'rI2> & a

AHE v Iy A b b (3.23)

where B is the binding energy. The secular equation

: .
1,
(Hu +B)(A+B) ~A Hr <A WD =0 (3.24)
minimizes the energy (maximizes the binding energy) with re-
spect to the parameter a (b=4 1-a2). The smallest value of

which will give the observed binding energy of /N in ,\H4 is found
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by minimizing the expression

7\1 = (”“+EL)(A+B) (3. 25)
Ho ZAWPT 2O

where H11 and le are given in (3.21). In Appendix A we dis-

cuss the variational principle for the potential given the energy

of a system.
We now proceed to evaluate A in terms of the parameters
a, band ¢ of (3.18a) and (3.18b). The total wave function (3.17)

is normalized to unity over all space if

* 3
W odor = (3. 26)
3
f WYy d r= |
where _ay _%r
W e "-e
AT ONa P~
-crt
s - 2
L‘Pz NI
Therefore

aﬁbr

N« 4 ﬂf(e re b e )dr

!
= 47/_(4-5)
a+b)

(3. 27)
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and so

= ,[4m (&-b)
N’\ 1/a-b(a-'fb (3. 28)

For the Z part

ao
8 L —zeteT
N, = 97 Jrte dr
°
- (TI“ h
2¢t

Therefore

3/‘_
= (/7:? 2] (3.29)

From (3.21) the Hll matrix element is

2 3
/%(r’["i;i V1+3Wtrj]t/;'(.~)d v (3. 30)

The part of the Hamiltonian involved here does not have any
isotopic spin dependence and so the isotopic spin part of the

wage function gives a factor of 1.

First we will do the kinetic energy term

-4 _b
)‘ﬂff@.* il ‘3 (e ¥ P

i

Kl El NA

- z 2- ~&r -br
N_";___.f; (5! )(a b e 2 v
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. T & t[*" br f
LR G T L TRy
= . kb 1, 1L

o R - WL S T S )

L th-2 otb

RS

= Tx° (a-b)

N.}z/a- a+b
=htab (3.31)
e

Using (3. 10) the potential energy term becomes

3V f (¥,
r

ﬁ:.ar _br_ -(egr r/rd

= N"' gFQ[F(drOJ-}-F(bfo) zF(“*br_)l} (3.32)
A

where
F(x) = e¥2 (l-erf x) (3.33)

So the contribution of the potential term to Hj is

ST foablats) y [ £ (ab) pp(b6)-2 (2400
2 (a-bY*
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Now putting V; = - ‘Vll we get

i

- ’f _ 3dT Tplasd) ~(ar,) 1 F(br ).
Hy = b} B - 10 Blert) || Flep)+ O )ZF&#%.W

In calculating the mixing term

SMPEIZYH = (AVYELIZ > <y ol b

we must evaluate the matrix elements of VChetween the

states (3.16). If we define Z‘-i-, Zv—, and V—l—, Y. as

2:'_ = 2',1\-(: ?\- T. sz}l"‘:zyl
_ (3. 35)
st\’,q-LV\. V-=¥-h
then
= (v T4V Te) + KT
N5 z(u,, +V.Te) + KT, (3. 36)

The matrix elements of the operators Y are (see (2.13))

(TR -7 =<K-2D
<Z-V- /\°>=ﬁ =N W 2) (3. 37)
(3HNY = 1 =N KT

All other matrix elements of \) are zero.



e
Also
{He &y WY =2
AT

(HY T W3y = -
<He3 Z's “03>=‘

(3. 38)

All other matrix elements of € are zero. The matrix element

of YT between the states (3.20) is therefore

. - J 0.3
AWTISS = AW IPTI[EZ He - 2HD

= T LARAND = 7

We have then

-d—r -gf‘-r:-c'l—r‘b
e i R NR
' N;\Ni I"
Let
-~ ~
¢ Y
= ——n
Then

(3. 39)

(3. 40)

(3. 41)
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Evaluating the integral and substituting (3.28) and (3.29) we

get

Yot (bt . "erand

where F(x) is given by (3. 34). It will be convenient to intro-

duce the following change of variables:

b s d
a=F fmC

M Y' rMa' = YL
z =y

and

Tl _ x

—————e

(148"

2
le becomes

2
= 82T P_<p.}'3 x(J- 9 ey ¢x) [xFoa - pxFPa] (3. 43)

Substituting (3.34) and (3. 43) into (3.25) we get

e BB +PIAL T TCed V. [£(pT) + Fe5)-2F(R21]]
294" E(_l:*)X(f TR [XF() —pxFPRI ]2

(3. 44)

Note that B= ta" is the expressmn which was used to evaluate a
/o

(eqn. (3.19)). The computer program which was used to determine

the minimum value of (3.44) will be discussed in Section V.
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SECTION IV

THE HYPERTRITON

A. THE DEUTERON PART

The hypertriton consists of a neutron, a proton and a hy-
peron bound together. It is well known that the free deuteron
(neutron plus proton) is bound in a total spin S=1 state with an
energy of 2.226 Mev. and that the spatial wave function in the
ground state of the system is symmetric. The Pauli Exclusion
Principle then requires that the isotopic spin state of the deuter-
on be T=0. This would seem to preclude the possibility of in-
troducing a /\ -nucleon potential which has any isotopic spin
dependence in it. The deuteron however is easily distorted by
the hyperon since the particles in the deuteron spend a good deal
of their time outside the range of the nuclear forces. This then
allows us to couple the isotopic spin of the particle to the
nucleon to which it happens to be closest and then to couple the
resulting hyperon-nucleon system to the remaining nucleon.

In order to see the conclusions to which we are led through
the use of the model just proposed for the hypertriton we must
examine the total Hamiltonian and the behaviour of the wave
function under the requirements of the Pauli Principle.

The total Hamiltonian for the hypertriton is
H= 2 (kinetic energy) + 2 nucleon potential + hyperon-

¢
nucleon potentials
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The 2 nucleon potential has the form

LACATR AL A +W(@r,) Z"oT. + %(rn) a6 tT, (4.1)

The hyperon-nucleon potential is

V.r) + V_, (Dx-v). T +Vina+ V(e M) T (4.2)

The expression (4. 2) commutes with 0;-6a but does not commute
with 2;-2‘1_ . This means that the two nucleons are in a pure
ordinary spin (either S=0 or S=1) but their isotopic spin state
is a mixture of T=0 and T=1.

The total wave function must be antisymmetric under the
operation of interchanging the two nucleons (Pauli Principle).
One would expect that the ground state of the hypertriton would
be described by a spatial function which is symmetric between
the two nucleons. This is because a symmetric function has
less rapid fluctuations than an antisymmetric one. Since the
hyperon is expected to spend most of its time as a /\ particle,
we will assume that the spatial function which describes the
hypertriton is symmetric between the nucleons. With a symmetric
spatial part, the possible values of total isotopic spin and total
ordinary spin (called simply spin) allowed by the Pauli Principle

are shown in Table 4.1,
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TABLE 4.1
ISOTOPIC SPIN AND ORDINARY SPIN EIGENVALUES

FOR A HYPERTRITON WITH SYMMETRIC SPATIAL

FUNCTION
Isotopic Spin Isotopic Spin Total Isotopic Spin of
of A of Deuteron Spin Deuteron
0 1 1 0
0 0 0 1

When the hyperon is a & particle there are a few more possibili-
ties regarding combinations of isotopic spin. We will relax the
requirement that the spatial part of the Z wave function be sy-
mmetric and consider both symmetric and antisymmetric cases.
Table 4.2 lists the combinations of isotopic spin and ordinary
spin of the ) hypertriton for both symmetric and antisymmetric
spatial functions.

If the spin of the deuteron is S=0, Table 4.1 shows that the
isotopic spin must be T=1. For the & part we see from lines 2
and 4 of Table 4.2 that there are two ways in which we can have
the total isotopic spin of the hypertriton equal to 1 and the spin
of the deuteron equal to 0. In one case the deuteron has T=1 and
the other it has T=0. This is to be expected since the operator
Y-r does not commute with Z,\z'g of the nucleons and so the total

isotopic spin of the nucleons is not conserved.
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, TABLE 4.2

ISOTOPIC SPIN AND ORDINARY SPIN EIGENVALUES

FOR THE Z. HYPERTRITON

Isotopic Spin Isotopic Spin Total Isotopic Spin of Deuteron

of 2. of Deuteron Spin Spatial Function
T Ttotal Sym. Antisym.

1 1 2 0 1

1 1 1 0 1

1 1 0 0 1

1 0 1 1 0

If the spin of the deuteron is S=1, Table 4.1 shows that its

isotopic spin must be T=0. Due to non-conservation of T for
the nucleons, we expect that the deuteron would have a compon-
ent of T=1 mixed in when the hyperon becomes a 2 . From
Table 4.2 we see that the only way to have Ty,451=0 is to have
the deuteron isotopic spin T=1 which requires the spin of the
deuteron to be S=1 and the spatial wave function antisymmetric.
Once again, the hyperon spends most of its time as a AN
particle. We will refer to T=0 hypertriton or the T=1 hyper-
triton depending on whether the nucleons are in a T=0 or a T=1
state when the hyperon is a /N . The T=0 hypertriton has S=1
while the T=1 hypertriton has S=0. Although the free deuteron
exists only in the S=1 state, the S=0 state is not far from being

bound. The presence of the third particle (the hyperon) could
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result in sufficient additional binding to hold the three particles to-
gether. Therefore there is no a priori reason to exclude the possibil-
ity of a bound T=1 hypertriton. The calculations will be carried out
for both cases. It is expected that the T=0 hypertriton will re-

quire less 2 -mixing due to greater attraction between the nuc-

leons in S=1 state.

B. THE T=0 HY PERTRITON

In the T=0 hypertriton, the two nucleons are in the singlet
ordinary spin state which is the favoured spin state of the free
deuteron. We have seen that for this spin configuration of the
nucleons, the isotopic spin of the /\ hypertriton is T=0. There-

fore the isotopic spin wave function is

A\ » pa-Pie (4.1)
Z

The proper linear combination of two T=1 isotopic spin function

which has T=0, T3=0 (since total isotopic spin must be conserved) is

3

This is the isotopic spin function for the hypertriton when the

1 ;Z- L. m, ‘Zt_l_.( Y P~ 2° .
ﬁ_F,p + ” ﬂ,mpw .) (4.2)

hyperon is a 2 . The spatial function which goes with (4. 1)
is symmetric and the one which goes with (4. 2) is antisymmaetric
(as discussed in A of this section). If we consider (4.1) and (4. 2)

as basis vectors in isotopic spin space and define
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/\m‘F;-P./nz !

= 4.3

P (4. 3)
0
- + 0 0

‘-'(; PiP2 + ‘—%m,mzz -'Lf(a.ﬁmm)?;_: (4. 4)
1

our total wave function (neglecting the spin function because it

is the same for both components) is

AY(r,rn)

(4. 5)

where ry, T, and ry are defined in Fig. 4.1

Fig, 4.1

The numbers 1 and 2 in Fig. 4.1 label the two nucleons.
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The trial functions which we will use are

VACE, ;,G);-h-l‘-[ -q:.xe r)*—(é’ +xa-m)][€-dsiae—blqj (4. 6)

e -chy [e—aarl —-bar'sJ

¢loan )=/-Y‘-z[e' —e +ge (4.7)

A trial function similar to (4.6) was used by DD. The part

which describes the relative positions of the two nucleons i.e.

4 +yge (4.8)
was found by them to give a binding energy of 2.221 Mev. The
observed binding is 2.226 Mev. so we will assume that the
function (4. 8) can describe the nucleons in the hypertriton. Be-
cause of a need to keep the number of parameters to a minimum
for computational ease, the nucleon parts of (4.6) and (4.7)
have been made the same. This does limit the flexibility of the
function somewhat and it means that the nucleon function will
have to adjust itself to compromise between the /\ state and the

Z state. The functions (4.6) and (4.7) do not have the proper
asymptotic form to describe the function in the region where the
/\ -nucleon potential vanishes. The true function would have

the form

dr
- -, 0 ~byn; (4. 9)
e (™ rye )

r
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where r is the separation of the /\ from the deuteron.

We need not worry about the 2. part because the 2.
particle is expected to spend most of its time in the deep region
of the potential in order to overcome the 77 Mev. N - T mass
difference. In this calculation we are interested in calculating
the minimum potential required to produce a certain binding.

It stands to reason that that part of the function which describes
the particles when they are within the region of their mutual in-
teractions is more important than the asymptotic region where
the potential is ineffective.

The Schrodinger equation for the T=0 hypertriton is the

same as (3.23) i.e.,

Hy AH AAIPTIS DS 3 1

.- (4.10)
A HaAVELS) Hz. m «
where
3R IR T (V%9 + VM) +VA-R) SV 4
(4.11)

“ugA-._a/\.z mass difference. We have neglected

all other energy terms in H,_, with respect toN .

22

Hi <Al T13HE< %lch)l%></\ PXAP >
RCA A AN I
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\<:—.-S’Trt/M—" (z:w,,.;zu,\[ﬁ?,} .[

4.__. [t-(zsn)+t(3|z)] z‘:(lz.s)}r‘,r,r,a(rdr.,ch’s (4.13)
where 1 R) = r'i r°1-r‘ ¥ ¥
h () k) HE AR S %

n

and the integrals are to be carried out under the conditions that

ry 1, > ra; ] and r3 + r, > r,e M and M,

denote the nucleon and A particle masses respectively.

rotr32 T

All of the potentials will have Yukawa shapes. The proton-
neutron potential effective in the triplet ordinary spin state was
taken to be that Yukawa potential whose range is consistent with
the low energy proton-proton scattering data (13) and whose
depth is determined by the known binding energy of the deuteron.
The intrinsic range of this potential is 2.4995 fermi and its
depth is 68.104 Mev. The part of the hyperon-nucleon potential
which does not depend on isotopic spin has a volume integral of
approximately 227 Mev-fermi>. The range has been discussed
in Section III and corresponds to an exchange of two pions. This
means that the depth of Vl(r) (3.8) for a Yukawa potential of
range 1.484 fermi is 52.7 Mev.

As in (3. 25) the depth of the Z -mixing potential which

is required to produce the observed binding of the hypertriton
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is given by

N = (Hu+8)(a+8)
Hie (AP E1ED

The 2. -mixing potential terms in (4.11) are the matrix elements

of
- K.\ _k.n
€ vt te vz, (4.14)
Kﬂ'\ r\l K m r._

taken between the isotopic spin functions (4. 3) and (4.4). Using
(2.13) and reading n for H3 and p for He3 in (3.38) we find that

the matrix element of Vz\', and Y.Ch are

. + °\ _
‘LAI"LPI._PI’"'- |V'?.| ém’,z +% mm, 2 -}L‘_{"‘: A >'ﬁ

=z (4. 15)

<Am'¢P: P'ml V-Cl[}iﬂ? 22 -%mm 3- (i‘,,(”':PwPa’"z.)Z °> -3
2

Now since <,\|\).Z"‘|$= -(A\Y-?;“:) from (4.15) and since
the function Vz (4.7) is antisymmetric with respect to r; and r,

we can, for calculational purposes, replace the potential (4. 14)

by

Ko 1} (4. 16)
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The main parts of the calculations for H“ and H,, are
carried out in Appendix B. Only the results will be presented
here. Since the expressions are rather long, names have been

assigned the various parts.

Mo« fllosbn 0,) 12 Ko 20) f Ko, b b bn} 1
Net(nay) + 2y Ne(a 3+ b) + 4  No" (oY)

where

K(a, b,j,mt) = i“ Wom E (2, b, bs.m) +-(1+ '_"_'") F.(a,b, Qsm)
My Ma

)Nl ] et

"Mcm F‘S'(alb/df"‘}

The function€ is introduced to avoid too much repetition. It

has the following property

€
€

In other words there is a factor of two in the coefficient of F3

0 forl=m

1 forl#m

in the middle term of (4. 17a) which does not appear in the other
two terms. Vj; and V__  are the depths of the hyperon-nucleon
(isotopic spin independent part) and nucleon-nucleon potentials

respectively.

th (a, b, ﬁ-&m} = ‘;,; (a,a,[.pm].‘. ZX-,(,_' (a, b, 0+41)+X1'£'(b, b,ﬂm') (4. 17¢)
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Ny (gemm) 2 Fi (@b €rm)

where i runs from 1 to 5.

The fi' s are

+m) i€ M n 1)
'g(f'ﬁ' ) (ﬁ%ﬁsz (p+mV(g+~® = = 21 17d)
‘Sz(ﬁgpﬂ-) = m!if;%éf (4. 17€)
fs (p,g, )= (Pre+a)speapam +§.m
:Z P1 CP 1_3)3(',,-’%){‘“4‘)3 (4. 17€)
.f.q (P'zrﬂ.)a ZCP-}XJA-IJ:) { / , !
kip#g +k)P ( (prmP@rnsk)® " (grm)3(ptmei}
/ i
+ + 8 (4.17g)
m (pagrmek)* (km)‘(Pa‘iM]’j +k(p+8+k) {
—Pm g~ (prg)m
(Pt gemak)™ * fi*a)’(wmk)‘ M (m+k)‘(Pf*"g)'§
£5(Pi ) ) = ?(P*YM*’) ! f
k (p:—g)3 (pemeky) (grmehy) @n-k’\ (,:frmk,)
(4.17h)

+ FP%
ky (ptg ) P+m+ks\‘(i+~‘+ ky)”

The matrix element le is

(’\W‘ibl—ln. ‘*ﬁ[;‘:(a‘b,c, ZQ)-* Zj F[ (41 blc] as"'bs)“‘; ZF; (41 b, CIZbS)} (4.

NA N},

where

F; /alb/c”")= 7(‘ (a,c,»)+x ;6”’161”‘) (4.

18a)

18b)
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and

§, (picyme _&(P+C+m+k,,.d
km (P $ Ctkpn

- : + ' - : j (4. 18c¢)
(C+m)3(P+M +k“)3 (P""’"S(C*”kalb (Pf'c*'mp M+ kT

{ms(p-rc-}m«- " bt

The factor /r31 in (4. 18a) comes from the matrix element of
(4. 15).

The expressions (4.17a) and (4. 18a) are to be substituted
into (3.25). (3.25) is then minimized with respect to the seven

parameters a, b, x,@,, by, y and c. The quantities k, k, and

3 ?
k., which appear in (4.17) and (4. 18) are the inverse range
parameters of the 2 pion hyperon-nucleon (Vy), the nucleon-
nucleon and the 2 -mixing (V;) potentials respectively. The

values of all of the parameters used in the calculations are listed

in Table 4. 3.

TABLE 4.3

PARAMETERS USED IN T=0 HYPERTRITON CALCULATION

EZ Mn

2My NMaA Vn-n k3 Vi k km

Mev-fermi® Mev (fermi)—1 Mev (fermi)'1 (fermi)
20. 88 .842 68.104 .848 52.7 1.4286 . 7143

The computations and results are shown in Section V.
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C. THE T=1 HYPERTRITON

In the T=1 hypertriton, the two nucleons are in the singlet
ordinary spin state. In this state, the nucleon interaction is
weaker than in the triplet state. If the T=1 hypertriton is to be
bound then the contribution to the potential from the hyperon-
nucleon interactions must be stronger when the two nucleons are
in the isotopic spin triplet state. In Table 4.2 we see that there
are two ways of forming a T=1, T,=0 isotopic spin wave function.
In one case the isotopic spin of the deuteron part is 1 and in the
other case it is 0. The two total isotopic spin eigenfunctions

are

(mipa-pioms) S° (4. 19)
NI

and

- +
pipr - mmiZ
fz (4. 20)

Table 4.2 also shows that if the total spin of the nucleons is to

be 0 then the spatial function which goes with (4. 19) must be anti-
symmetric with respect to the two nucleons whereas the spatial
fur;ction which goes with (4.20) must be symmetric. Recall that
(3.8) has in it a term V3(r)t-?~where t represents the i’sotopic
spin operator of the 3 particle. t-%, does not commute with 7,-C.

of the nucleons therefore it will mix T=0 and T=1 states of the
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nucleons together i.e., £&, and €T, have a non-zero matrix
element between states (4.19) and (4. 20).

The T=1 isotopic spin function for the N -hypertriton is

/\O"« Prt P'M‘)
rz

(4.21)

The 2 functions are given by (4.19) and (4. 20). If we let these
three functions be represented by basis vectors in isotopic spin

space i.e.

1
D= Ahprpin) =

" : 0 (4.222)

0

)z ’

= -Pm =

125> G“'P;hP' - — 1| (4. 22D)

0

4 0

\Z > P'P‘ - mHal =z

1/‘1'_ - 0 (4. 22c)

1

the total wave function can be written
pW(n,nn)
(4. 23)

/
\P(" he)s —L 3(#,;( fi,fy)
Jprrger”
r ¢f,(nl rl.j 3)
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For the functions ¥4 and VJ: we can use (4.6) and (4.7). We
require a function %' to describe the 2 particle relative to
the two nucleons which is symmetric with respect to them. The

function

-2,y

o -cn _cr;_)( "bs"s) |
%'"N}(e +e e +ye (4. 24)

is chosen because the integrals involved in using it are identical
with those already calculated for the T=0 case. The three

spatial functions, once again, are

W=t e ), 6% v ) [e'afyc'b’rf} (4. 252)
A

i “Ch  _cr [ ~430y —b.cG]
"e::i\rt[@ “er"]le +4¢ (4.25b)

-Ch _cn ~G T, -
*:” N‘}' (e +e cr}[é 313@ b’r’_] (4. 25¢)

The Hamiltonian for the T=1 hypertriton is

Hu )\ Hr <AlvT ‘i> hy ”03<Al £ lf}

MadAlv.2lsd Hae A7\H:3<Z e I’y (4. 26)

WH AIPEIT)  AHLLSléT 27D Ha;z
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The matrix elements H12 <A IY-Z"I 2> , H,3</\ IV-Z’\Z")

etc. represent the following:

HalA P E EY = Lo Dl al > KR o) AlvEIE> (4 270

RN 030 SEC AL DI DY A, S IW’J‘%¢<AIK3~l§>(4. 275)

Hz; Gl Z}E <‘/{; l«r(r.\s/‘.:)é €T [2—')+<¢£ |"(’i)|‘¥§<’ﬁ 165‘7'42“(4' 27¢)

The values of the isotopic spin matrix elements are, using (2.13)
AWWEIZ)Y = = (AlP-GZ)
== </\(M|E..*P:"'~)ly.(,"‘_\(m,& - E,m,,fxz °> = —|
< ="
A ls) =+{Aw T3y

- 4,28
* (Auprtpom) | p 2| BT mm Y g7
' i T

ClETls> == (St D

== <M.P1,‘ Pl”'lvz ol&-’(‘:‘“’l Pa r-”‘l”‘ts+> b [Z-’
vz

2

In (4. 27a) the coefficients of the isotopic spin factors are equal
and opposite in sign since Wz (4. 25b) is antisymmetric in r;
and T, while % (4. 25a) is symmetric. For the same reason

the coefficients of the isotopic spin factors in (4.27c) are equal
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and opposite in sign. With these facts and the matrix elements

(4.28) we can rewrite (4.27).

H AW EISD = -I< K [~ )V W >
H13</\1V-H§"> =24z <%},,(,;Jl%,> (4. 29)

H T)ETIT) =2R <) oenld)

If we let the H's represent the spatial matrix elements, includ-

ing the factors of 2, then (4.26) can be written

H" - ) H)Z ﬁ)\ H'3
-AHe Hao Jx NHas (4. 30)

FZ/\HQ ‘/{'AH” H33

Now we will be consistent with the approximation made in the
T=0 hypertriton case if we neglect all of the energy terms in
the 2 parts of the Hamiltonian with respect to 4 the A~Z

mass difference. The Hamiltonian (4. 30) becomes

Hu "7\“:1 [Z/\“n;

R A 0 (.31

/Z )\Hn o



- 60 -

The secular equation the roots of which determine the energy

(or the potential - given the energy) (Appendix A) is

(A-E)(Hy-8) - P (B 20 ) = o

or

)\1: (A "'E)( HN-E)

T (4. 32)
Hyt+ Z His
H11 and le are given by (4.17) and (4. 18) respectively. H13
is given by (Appendix A).
HI3 = {E, (ﬂ, b, e, 243) +7—-'1_F:l(al b, C/aJ"'b))""le‘I{al blc./ Zb,l}
N Nes (4. 33a)
AT
where (4. 33b)
F'; (a, b,C,/’l] = ‘F') (a,C, 4\)-‘-)(47 (6,(',/'1)
and
£, (pcim)- 9(prermsn)” { I
km‘ (preske )™ mz(p-l-C-rm-'-j‘m)
(4. 33c)
/ - / + { %
(Cf/n)‘s(’)fmi-km)t (pfm]-’(c~lm+l<,...)z (ptesm)3(me ko)

The results for this system are shown and discussed in Section

V along with the results for all of the other systems considered.
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D. THE HYPERDEUTERON

The hyperdeuteron consists of a /\ particle bound to a
nucleon. Such a system has never been observed and the in-
ference is that it does not exist. It is worthwhile to see what
the strength of the 2 -mixing potential must be in order to
allow the hyperdeuteron to be just bound i.e., binding energy
B=0.

The isotopic spin states for the N and 2 parts of the

hyperdeuteron wave function are

/\P = ( 1) (4. 34a)

}j_.; 5°p -E Sin (4. 34b)

As in the previous cases we can write the total wave function

T \ 2 Yr
L_P(v): (4. 35)
V0% m* \om %(r)

The trial wave functions which we will use to describe the system

are

a
Ys Lo g (4. 362)
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where
T
Ny = %;—3)2 (4. 36D)
“Pz (r)= NL Q-Cr (4. 37a)
r
where
Nz = %ri (4. 37b)

Once again we will use Yukawa potentials to describe the hyperon
nucleon interaction (3.8). The depth of the potential Vi is 52.7

Mev. (Table 4.3) and its inverse range parameter is 1.4286

A

The inverse range of the 2 -mixing potential is given
-)

by .7143 (fermi) while its depth)\ is to be determined by mini-

(fermi)-:

mizing an expression like (3. 25) with respect to a, b and c of
(4. 36) and (4. 37).
The matrix element of the operator Ve (3. 8) between

the states (4. 34a) and (4. 34b) is determined using (2. 13}

AT ErAbely s e
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The Hamiltonian is
Hu cfi /\ Hn.
(4.39)

R AHe A

Again we have neglected the configurational energy of the z -
nucleon system with respect to A - the/ A~€ mas s difference.

By obtaining the secular equation corresponding to (4.37) and

+
solving it for ?\ we obtain

N (e o)ar®) w10

3 Hn.»
where
T _kr
H,, = <W\ ,-E V 'V:_q. HDA>
Z/“k . kb (4. 41)
Ho: <Kl T %>
KT
and /bis the reduced mass of a #\ and a nucleon (i. e.A;p—%—;‘—;’— ).

The kinetic energy integral has already been done (3.31). The

result is

RS
K. £ = K ab (4. 42)
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The potential energy integral is

- Kr

PC""TN—A/( = kr)_e‘: 43

“"TTV N%/(e A e  C20" T Je dr (4. 43)
r

By differentiating the integral in (4.43) with respect to k, perform-
ing the resulting integral over r and then integrating with respect

to k, (4.43) becomes

P.Ex—aTV 1 Lu(%gt+X)
K Na Gaabee) (4. 44)
Put (3.27) in (4. 42) we get
P.I5.< -V ab(a-}-b) (QH’ I‘) (4. 45)
K (a-b)* (ark)(b+k)
Hence
H, = f\';':a V ablath) yx (“"b* “) (4. 46)

g Tk (a-b* (a+k) (bt k)

The term le of (4. 39) written out is

4" 8" -c
Hn. = NANZ'/(e )2 r‘l.Jr

K
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(% Kr (b k)
_ Zc3h~ ab(a_‘_b) ‘/‘(Q (Lf+C* —re <‘f'+(+ )M
b @-b*
= 9.c”"m{ e
@—-k)* (T+CHEm) B +c4 km)

Ko

3
¢ h;/a.l;(a.+b)

Ko (2 +ctka) (§ 4t kan) (4.47)

Equation (4.40) becomes

N H keb Y “"““*Wn(“%"*“)tf+sﬂ’“3]

= g k (a-9* (at k) b+k)

abla+b) c? 5
ko (% +Ct Ken) (2 +C+ ko)

It was anticipated that the approximation of neglecting the
energy with respect to the A - 2- mass difference might
not be so good in this case. If the approximation is bad, the
correct value of A must be larger than the value given by (4. 40)
Since the hyperdeuteron is not expected to be bound, we will use

the approkximation above and discuss it in the results.
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SECTION V

COMPUTATIONS AND RESULTS

A, MINIMIZING ROUTINE

We have calculated expressions for the strength of the
2 -mixing potential required to produce a certain binding
energy for 4 different systems 1) the AH4 (or AHe3) system,
2) the T=0 hypertriton, 3) the T=1 hypertriton and 4) the hyper-
deuteron. In order to be able to refer to these well depths in-
dividually we will call them >\1, 7\ 5’ 7'3 and ) 4 respective-
ly.

In Appendix A we have shown that the minimum potential
necessary to produce a given binding will, when used in a
variational calculation to determine the maximum binding
energy, produce the desired binding energy. The problem at
hand therefore is to minimize the expressions which we have
derived in Sections III and IV for )\ 2.

The computations were performed on the IBM 7070 Digital
Computer at the U.S. Naval Ordnance Laboratory, Corona,
California. A minimization routine was written and tested on
different functions of varying degrees of complexity and was
found to give results the accuracy of which were determined by
some of the input data i.e., the size of the final grid.

The routine is quite general. It can accommodate any
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reasonably well behaved function (provided it is known to have a
minimum) of an arbitrary number of variables.

The procedure is to evaluate the function for some initial
set of values of the parameters. Having done this, the first
derivatives of the function for all of the variables are calculated
at the starting point. On the first pass, the derivatives which
are positive are reversed in sign so that all derivatives are
negative. We assume that the minimum which we seek is in the
direction in which all the derivatives are negative hence the
routine which is being described can find only the closest
minimum to the starting point. Once the derivatives are found,
each variable is incremented (or decremented) by an amount
proportioned to the partial derivative divided by the gradient

i.e.,

ON
X(N) = X(N) = XG0 & SIGN(N) (5.1)

——————————

IGRADI
where X(N) is the value of the Nth variable where the partial

derivative was calculated, S is the grid size and SIGN(N) de-
termines the direction towards the minimum for each variable
X(N). When a partial derivative, which has been running negative,
goes positive the corresponding variable is held fixed and remains
so until all of the remaining partial derivatives go positive.

When this happens, all of the SIGN(N)'s are reversed and the

grid size is diminished. The process repeats until the minimum
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grid size is reached whereupon, the minimum value of the
function along with the values of all of the variables are

punched out or written on tape whatever the case may be.

B. DISCUSSION OF THE CALCULATIONS

In the AH4 problem there is considerable uncertainty in
the size of the H> core. Since we do not have a value for the
r.m.s. radius of H3 we will consider two values which (it is
hoped) will bracket the actual value. Dalitz and Downs (DD),
based on arguments concerning the coulomb energy of He3 and
the known r.m. s. radius of the & particle (=1.44 fermi),
choose 1.38 and 1.58 as the lower and upper limits respectively.
We will use the same values.

It is expected that the presence of the hyperon in AH4 will
distort the H3 core. The only distortion which we consider is
a uniform radial compression. This means that the range we
should use for the r.m.s. radius of H3 should be somewhat
lower than 1.38 to 1.58 however it is felt that these values will
serve to indicate the dependence of the well depth on this para-
meter and allow us to draw some conclusions.

The energy with which the hyperon is bound in the hyper-
triton is not well known since the uncertainty in the measurement
is just about equal to the quantity measured. Because of this
the well depth for the T=0 hypertriton has been calculated for

two values of binding energy, B, =0 and B, =.5. The calculation
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for the T=1 hypertriton was carried out to determine the strength
of the 2. mixing potential which will result in zero binding
energy for the whole system. The total binding energy of the
hypertriton is B = B, + B deut. where B deut. is the binding
energy of the deuteron. In the T=1 hypertriton, the deuteron
part is in a singlet ordinary spin state. In order to bind the
system, a larger 2 -mixing potential is required in order to
make up for the reduced attraction of the nucleons.

As in the T=1 hypertriton, the calculation for the hyper-
deuteron was calculated with 0 binding energy. This calculation
was performed after the results of the T=1 hypertriton were
known in order to check for consistency in the results i.e., the
hyperdeuteron should not be bound by a potential which will
bind the T=0 hypertriton and the ,\H4 system.

In the tables to follow, the potential parameters refer to
the depth and range of the two parts of (3.8) and (when applic-
able) to the nucleon-nucleon potential. The hyperon-nucleon

potential (3. 8) is

Vir) = ViR $ A 0m (E-v)-The

In Table 5.1, the potential parameters refer to Gaussian
potentials. In all cases, the Vl(r) potential has a range correspond-
ing to an exchange of 2 pions while the v(r) potential has a one

pion range. The effective potential V,(r) for the ,\H4 case is
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given by (3.10) i.e.,

. A, T,
M I o/ i
= 1 .V Fs
V‘“’«H‘ m-’he - V" 7;‘3 e (5.2)
1 8 LN R
where V'G = (%‘%3/; ) = % +§ R™. A— is the range parameter

for a Gaussian well which has the same intrinsic range as a
Yukawa well with a two pion range. R is the r.m.s. radius of
the H3 core. The } -mixing potential At\)’(r) has the same
shape but has a [54 corresponding to a single pion exchange
that is, twice the /" for Vl(r). The quantity corresponding
to r for this potential is called r .

In Tables 5.2 and 5.4 the potentials used are all Yukawa

- kr
types i.e.,@ . In the case of the two hypertriton problems

we also havzra nucleon-nucleon potential. The range parameter
for the Vl(r) potential is 1.4286(fermi)"1; for the v(r) { 2 -
mixing) potential, it is .7143(fermi)_1. The nucleon-nucleon
potentials are shown following the hypertriton tables.

The trial wave functions used in the calculations are re-

produced after the corresponding table for easy reference.
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TABLE 5.1
2 -MIXING POTENTIAL WELL DEPTH IN

JHY (AND LHe?)

3
R 6‘ b
r, 3 V' E’S T a c )G,
-1
£ £ Mev. £ f -1 1 Mev.

1138 1S3 3449 2.3¢ -5 195 .66 7-6
/-s9 |68 2708 243 .S§ 8% .62 9.1

Bao= 1.85 Mev.
The components of the wave function are

P L L
LVA:N}\Q ~-£

In the above table, the column marked )Y'is the equiva-
lent Yukawa potential well depth per nucleon. R v was obtained

from A G by equating the volume integrals of the Gaussian and
1

Yukawa wells and by requiring that the effective ranges be the

same. Under these requirements we get

Ao = 1.426 A G\

Yy~

Mev.

/0-8
/31
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TABLE 5.2
2 -MIXING POTENTIAL WELL DEPTH IN

THE T=0 HY PERTRITON

3 y ¢
1 gl 1
0 521 121 179 133 -S7S 2.5 995 )38

S 517 4oz 2-68 [29 .s93 26l %3 /62
S sto .929 292 I3 -S4 24| 966 1-60

The triplet nucleon-nucleon potential:

_kr
Vi () ==V
kr

where V = 68.104 Mev. and k = . 848 (13)

The wave function components are:

_bry][ -2.T;
L/{: Nl,\ ka-an,«xe_bc)-}(o-a::xe br)_”:g ‘-‘rae

~-Ch "Cr‘-][ -a3G - by rj]
. L L
W iy [e e € +ye

Mev.
12:.8
164
13-8
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TABLE 5.3

2 -MIXING POTENTIAL WELL DEPTH IN

THE T=1 HYPERTRITON

Ba+Bdeut. V;  a b x a; by y ¢ A
Mev. Mev. f-1  f-1 =1 gl g1
O 52'7 -7.‘1 2'68 I'S"" '105 "9 '.oq, l‘.-’

* See discussion of Results.

The singlet nucleon-nucleon potential:

ke

VARG S
Ky

where V = 46.17 Mev. and k = . 848f(13).

The wave function components are

-afi  ~b _
T (G i o M)

A

Wk [ome e oy ]

g

_ -Cf  _cCf, - Qq G _bsr
L —N‘—z'[e e le Thye ’]
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TABLE 5.4
2 -MIXING POTENTIAL WELL DEPTH IN

THE HYPERDEUTERON

B Vi a b c Ng
Mev. Mev. £-1 £-1 £ Mev.
o 52.7 o) 1-27 l-54 29-L
The wave function components are:
a
W\ >N e -e
A r
I e~CI’
¥ * R,

C. DISCUSSION OF RESULTS.

In setting up the calculations certain approximations were
made. The main approximation which requires some discussion
at this point is the one in which the energy of the z particle is
neglected relative to the /\ - 2. mass difference. The only
case in which the approximation was good turned out to be the
T=0 hypertriton. As a check on the approximation, the calculated
parameters were used to determine the total energy of the &
part. This check was not carried out for the T=1 hypertriton.
For the ,\H4 system the energy of the 2 particle,using the
parameter ¢ from Table 5. 1,turned out to be about 17% of A

(the /\ - Z mass difference). For the T=0 hypertriton, the



- 75 -

energy was 2% of A . In the hyperdeuteron, the approximation
broke down completely and the part we had neglected turned out
to be larger than the mass difference. Because of the simplicity
of the system the calculation was redone. The only purpose
which the new calculation served was to point out that the in-
clusion of the 2 energy only increased the value of /).,\ required
to bind the system and so there would be little point in re-
calculating the T=1 case in hopes of improvement. The value

of A«shown in Table 5.4 is the new calculation (i.e., including
the & energy).

In connection with the , 4 case, it would appear that the
calculations can be improved somewhat by including the >3 particle
energy in the expression for the well depth. However the uncertain-
ty in some of the parameters causes changes in the calculated value
of >‘ 1which are of this order of magnitude. Furthermore it is
likely that more complicated distortions of the H3 core in , H4
would allow greater correlations of the hyperon with the in-
dividual nucleons and result in a reduction in the calculated value
of 7\ for ,\H4.

The values of the parameters for the deuteron part of the
T=0 hypertriton (Table 5.2) are appreciably different from those
which DD found. This is not surprising since the presence of the

2 particle would tend to compress the deuteron resulting in

larger values of a3 and p3e It would also appear that the re-
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lative amounts of tail function (given by 1-%6) and inner function

- % ) are made more equal in this case. The relative amounts
are given by y. The values which DD found for ag, b; and y,

which minimize the spin dependent /A -nucleon potential are

az = .38, b3 = 1l.14 and y = 2. 14.
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SECTION VI

CONCLUSIONS

We have attempted to account for the binding of hyperons
in the light hypernuclei AHeS, AH4, ,\He4 and ,\H3 by assum-
ing that the hyperon nucleon potential has a term in it which
mixes /A and Z states of the hyperon. In order to see how
strong the A -mixing potential must be under the most adverse
circumstances the potential was assumed to have no ordinary
spin dependence.

The values for the minimum 2 -mixing well depth as
calculated in the '\H4 and the T=0 hypertriton agree to the ex-
tent that the range of the variations of the well depths for the
two cases overlap. That the results should agree this closely
may be a little fortuitous in view of the approximations made.
However it is felt that the value calculated in the T=0 hypertriton
problem may be a little better than that calculated for AH4.

From the calculations for the T=1 hypertriton and the hy-
perdeuteron it would appear that these systems are just about
equally "unbound' in that they probably require about the same

Z -mixing well depth to become bound.
The calculations of Dalitz and Downs for the T=1 hyper-

triton indicated that the volume integral of the potential required

to bind that system was roughly 20% larger than the potential
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required to produce a binding energy of 1 Mev. for the A particle
in the T=0 hypertriton and about 40% larger than the potential to
produce B, =0.

In view of their results and the results of the present work
it is unlikely that the T=1 hypertriton is bound. This means that
the other members of the T=1 triplet i.e., An3 and AHe3 are
not expected to exist either. Of course the coulomb repulsion
of the two protons in AHe?’ would tend to break that system up
anyway. The An3 system has not been observed but this could
have been due to the difficulty of detecting it because it carries
no charge. The inference from the work done here is that the
system does not exist.

If instead of well depths, we express the hyperon nucleon
potential in terms of volume integrals we can compare the
isotopic spin dependent potential with the ordinary spin dependent
potential of DD. If Vp and V, are the volume integrals of the

triplet and singlet ’\ -nucleon potentials then the spin dependent

potential can be written

Uz 3% +Ye o V-V

4 4 (6.1)

For the isotopic spin dependent potential we have

/

U = U, + U (&-v)- 2T (6. 2)
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The value of U; is 227 Mev. 3 which was determined by calcu-

lating 3V, + V, from the work of DD. The volume integral of

4
the z mixing potential is to be compared with V_ - V,. The
4

potentials V5 and Vp which best fit the hypernuclear binding

p

energies according to DD are

V, = 482 + 16 Mev. £

3 (6. 3)

v

p = 1421 18 Mev. £

Therefore the magnitude of the spin dependent volume integral
is

Vy-Va 2 -85 Mev. £3 (6. 4)

4

where we have neglected the errors. Denoting by Upp the volume

integral which Dalitz and Downs found, we can write it in the form

Upp = 227 - 85 0.0y (6.5)

The volume integral of the Yukawa shaped 2 -mixing potential is
4”)\‘? ¥ 517 Mev. {

Whence

ul = 227 1 517 (t-v ) C.. (6.6)
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The spin dependent potential is therefore considerably more
effective in binding the hyperons in the light hypernuclei than
is the 2 -mixing potential.

The correct hyperon-nucleon potential would contain some
linear combination of ordinary spin and isotopic spin dependent
parts. A measure of the amount of Z—mixing could be found
by fitting the A _nucleon scattering and the 2 production cross-

sections with an ordinary spin-isotopic spin dependent potential.
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APPENDIX A

THE VARIATIONAL PRINCIPLE FOR

THE POTENTIAL

In the calculations of this thesis we want to find the mini-
mum value of a potential which will produce a given ground state

binding energy. Suppose we have a two component wave function

tP = * (A. 1)

and a Hamiltonian

(H“ (o(c.) /\H,,("‘C)

(A.2)

)Hn(d;\ “u.(“i]

)\ is the strength of the potential which mixes the two states.
The matrix elements have been determined as functions of all
the parameters in the wave function used to describe the

ground state. From the Schrodinger equation we find

|, (<) 4 B M)

i
()

(A. 3)

Allata) hoase | b,

where we have written B for -E (the ground state binding energy).
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The secular equation resulting from (A. 3) is

(Hi (%) #B) Haal) +8) ~AHa () = 0 (A. 4)

Suppose now that we know >\ and want to find the maximum
binding energy. We do this by varying all of the X i's in
(A.4) for all & i,

The set of equations we will get to determine B max. is
2 ( Yhat4s) <22 Ho )= O

9 (U} +B)(HuCl8) ~A L Fr L=
M‘: 1§ &"

LS
a . . d) — *
= (#” (0(,:) +B) ‘&; HL\.(*\] +0+?;,(°<‘“B)§: HII(“() A;;Q. /'/u(%) (
If now we know the binding energy B and wish to determine the
minimum value of A which will produce this value of B, we
consider B to be constant and differentiate (A.4) once again

with respect to the ¥ i, The set of equations is

_D—i (Hulx:)+8)(Hauteci)#8) - )1%‘./”n )< Hy ') Z?Z'AL: o

( //u (x:) ¢ 8) %‘. ”u (:) +-ggll (Ki){ Hyy &idy B) = xb%\-y':(ﬁ) -”':a%?:

at the minimum, 2/\ =0 and therefore

>

[N

(”u (2 )+B )—2%(‘ “u_(%:) +'§_di.n@()(flu(¢; |+ B ).. )2‘.”':(&.)30(1_\.

(A.

A.5)

6)

7)
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Note that equations (A.5) and (A.7) are identical. Hence the
value of the potential strength A in equation (A.5) required
to produce the observed binding B is equal to the minimum value

of )\ found in (A.7) assuming that B has the observed value.
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APPENDIX B

CALCULATION OF THE SPATIAL INTERGRALS

FOR THE HYPERTRITON PROBLEM

In order to avoid repetition, we will define a function

[(e-m.? e_o.r.) + x(e-br.__)l_e.w._ )][e-ag-’:y e’ b;G_( (B.1)

%

Ri-

This will be handy for doing the normalizations because the &

parts of the wave function are

L (™" e'ca)(e'a’riae'b’r’) (B.2)
pA

el ~GAT, - by G (B. 3)
and ’;';'<e_cr.+e Cr)(e G+ lve ;5) B.3

We need only put a=c and x=0 to obtain (B.2) or (B. 3) from (B.1).

To normalize (B.1) to unity, we will first expand the square.

[ 44 11.: _I__x ~2ar - a., LY _af —(034—53){3 N af -7-%‘3
t Ny | @ + Za e +1 VA
-alfi+n) -, -af+n)-y4bIn
t P ATARTIN A
- 22 i‘ 4? e ;;.24312 1 b) 1
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-2af~2a0 -2an~@yubn o -2ann-2b3n

+2 4-232 *7 e

.2bf -2a;1n _zbr -la,rby)n; LW -2b,r
+x‘e 31+2>¢",e ! e +;75<"e ‘ 3

_binn)-24;5 bin+h)-@,+8)F,
2 e T2 f '?'b
+*2x¢ 1-4X;P t Zx 42 bietl-2oys

« _tbn-2a30 2 _zbr.;(a,:-b,)a; - -2br-2byn
+rX e +2x }é i+ X; @

C (asb)h-1a3h ~asbIn-lagh)y | @by (B.4)
#+2x ¢ o t4xy e +2xXy 2

—af-br-22,5 —an-bru-(ayrb)ry _ar-bn-ibh
t2xe *4xye +2xyp

_br-lay#by) §
-ar,-bn -2a30 -al-br-layt5)) § f-broth T
tixe 3:4x{7e 12)‘;;@-(; 1=5% 13

_(ath)h-1a,0 ~G+h)n ~bytby)ry _arb)r-2b,1
F240 +4xg€ + 2xy'e
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Each of these terms is to be integrated over the positions of the

three particles r;, rp and r; defined by

'O} p nucleon 2
hyperon ]
r‘ L nucleon 1

From the diagram it is obvious that Q +r:l' 2 rk . FEach term

is of the form

—@f‘. -y -m 0y
// ¢ nrndndrdr

(B.5)

we have left off a factor of 8 W which is unimportant for the time

being. If we define

T (L om=F ///e e ’Mrwﬂ;na/r;c/rg

then (B.5) can be determined from (B.6) since

3
9" L (£m ) SO~y
T 0D mOm "// e : ;',r;fsdr‘,/ridl}

or in general

PH{+T
(‘p/"',"‘)’(") af(ﬂm,a\
IPKP I 20Pm¥0n"

- -.@1‘,-0%(;‘”\(5
/./ / e Pty drdndn

(B. 6)

(B.7)

(B. 8)
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In evaluating I{l, m, n) we will do the rj integral first. The
limits on rj are from lrl—rzlto (ryt+ry). The straight bars

around a quantity indicate ''magnitude of''. The r; integralis

(r‘fﬂ,) ﬂiﬁ.
P -y -ml6-al -m(rgn)
3 S | e = __|_ e -\
¢ dr=— m ”
‘r‘. ni \rl' Gy

Putting this back into (B.6) we get

_ - _r\— __,vs(ﬂ'l'ri)
[l mrl{“"é I dndr,

- - n

=1 - er',-f’“f‘vm l(‘,-f‘,,\ - Qn-mr,_~m((.'+ )
m /fe drdr, ";;I f/e dandn  (B.9)

If the r) integral is done next, (B.9) becomes
a0

w0 o o
)G [ L (mimlty 1 (0t [ ~(enlle
L ofe /e dedn T+~ Dfé ¢ Jrdn

i
* . (D) b.. (gl
j e dr [é Ar.

- i{
M

If we interchange the order of integration in the first integral and

perform the last integral we get

o o ©
N G (% . —(0-m) G [ = (mrtmdt~
m f@ (m ) fre CQ-M):JP,J!‘,. -l-/-‘;L IQ fe dr.dv,
2 ¢

o

——

n(Gpn ) onsm)
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The remaining integrals are of the same form. We can get one

from the other by interchanging 1 and m. Doing the first

X0
A [ =i (2min © (o
AT T e fe
O Vel +m° [

() O4m)

.
-

Therefore the integral in (B.6) becomes

I e ' L
m ZCPM-)(QM] +,ém4m)( O+m) @’4,,\)(/”1.; ) ;

a
(0rm)(amt ) (m+L)

{1

(B.10)

The integrals involved in the normalization are I (1, m, n).

111
If we take derivatives of (B. 10) with respect to 1, m and n,
collect all of the terms and take the negative of the result we

find that

L, ()= 8 (Lrmsm) 1 P+mK€M)+(ﬂ+m}}mm) +(Ge N om )] (from) om i) ym)

(0+m)3 (04m)3 (prtm)3 {B.11)

In particular we have terms in (B. 2) which are of the form Illl.

(1, o, n) and Illl(l’ I, n). If we put m=0 in (B.11) we find

L.(40,n)= _F_ (B. 12)

£3m3
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Putting m=1 results in

T (4,2,m) = 3%3’;*“ (B. 13)

We see from (B.1l) or from (B.6) that
I:cu (i,/”ll’)\) = rm (Mll' m.)
and therefore we can reduce the normalizing factor N2 to
2
Nt (x,ay,b5)= Te (x,z“ﬂ”‘}:r‘ Ciaarb) e B2 )

3_1- (X;M) =2 {[I;“ (2a,0,m) T 1., (o.,a.,m)l

+2x [I..‘“"‘b’l m)*T, (a, L‘ mi +x"'[1"flb,0,ﬂ)t I,.‘b,b,«)j} (B. 15)

The normalizing factors for the three functions (4. 25) are

2 L
Ny ~ Ny (x,a,,b,) (B. 16)
z 2
Nt_ » N- (olat) bJ) (B.17)
Ns’= N Lo, a.“b,) (B. 18)

We will now evaluate the kinetic energy term (4.13). The wave

function for which the kinetic energy is tobe calculated is

-a,l, -Hh
¥ - Nl_ [(e aie'qr )+x( -4 'br')][e a’:;e [ (B.19)
A
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The kinetic energy is given by
Y [ (3 - (33T

,‘_M_L; [f(l?ﬂ) +7 [312?]."11’7; f(/ZBg;n H_Gdﬁdﬁ,dﬁ (B.20)

where é([J‘ k) = E‘L-J- r}t" rk-z éﬁ_ﬂ A‘JJ (B. 20a)

znr, 9% 90

Differentiating (B. 19) with respect to Ty and squaring, the

result is

- -2af, _zzan .alnin) [-(a+b]r; (@bl _af-br
(297!)’ {[é +e +le J+ZK . +e +e
3

b o0 b e RN (agb)g
e ™ Vg .o

Performing the integrals indicated in (B.20) we get
f/ g dc;dr‘dr— Zla}] { xf
x, Anan = 3 [h(44,205)+ 23, @,b,20) x4, (b, b, 20,)]

+Zd3 b:;g[.f‘(a‘o.,a;*b,) + LX -F,/a,b,a,-) by) x> vr, (b, bla,-yb_,)]

- E‘:yl[;‘(a’a"zb-’) +zx$'(a’ l”7'\’:';) +x* "l (blbl 7‘bJ)J}
(B.22)

where

-F’ (il”"lm] = [Im ([M,Ul’h)"’l-m([,ﬂ",m}J (B. 23)
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If we define
I (2,b =) = 1C. (a,0,m) 4 2%, (2, b, ) ¢ x* £,(bb,x) (B. 24)

(B.22) becomes
JI(5f) rrndndnda = 1fal F (a,b, 26,
+285by4 F (a,b,a;rb)+ b; 'f‘F,(a,b,zb,)} (B. 25)

The function (B.19) is symmetric in r; and r, therefore the

contributions from (74}) and (g:'-‘f:) are equal.
N
) 'Lbf‘ -@+b)h, Ay —b.;r:]
(94’) [ae +bx'e +2abxe _][0 rye (B. 26)

Writing ; (Pl )= P? I',,((P-rg,O,m) the contribution to the

kinetic energy from the [( 750 + (%) | terms
ffﬂfzﬁ +( 3;, ] raedodads =

A ZF,, (a,b,2a,) t2g F. (a;b ayt b,) +0~1'”F;(4, bﬂ‘n)} (B. 27)

where

F (e, b,m.): 7C,'(a,a,m)+ z2x §(a, b‘m.).‘.‘l;(b’b’«) (B.28)
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The terms t(231) and t(312) are identical as can be seen from
(B.20a) and the fact that the function \H\ is symmetric in rl

and Tye We require

tef[feresen oF 3¢ rdrdrdn

(B.29)
_bfuyj -a3F,  -bsh
9,‘;_(:“: - (ae'“r‘uxe )(0 ’ 116 3 3\ (B. 30)
b =br. -3y _b,",
34) .. [(e-o.r:"e-a-f‘:.)_._x(e +e D[a,e ;:6333 ”](B.31)

on

When (B. 30) and (B. 31) are substituted into (B.29) we get integrals
of the form 1120(1, m, n), 1103(1, m, n) and I3oo(l,m, n). If we

define

g @)= [T (tym) Tien Tyonllmen]

(B.32)
= 1 G(?,m,'k]
where
6‘(0,0'1,7\.) s _gg‘f’”‘*"‘)l-l- Com +lms ma
(L4am)? (amt) 3 (24 )™
then t(231) can be written
£(231)a { {a3 latc(a,a,z.a,) +2abx € (e, bra)+ b’y‘(/éb;“*i
by [0 (0 a,a,h) r2abu b (8 b,aseh) + G (bihagss,)]
(B. 33)

+byyt L (a,a,2d;) srabn Gla,b,2b) + 6546 (b, Lbs)]j
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Now defining
f3(1,m, n) = ImG(l, m,n)
and
F3(a, b,n) = f3(a, a,n) + 2x f3(a, b, n) + x2f3(b, b, n)

(B. 33) becomes
F(23)= é— {aﬁfa. b,2a,) Ha,+ b,)an (“zb:‘s*bs)*baﬁ (alblzbs)} (B. 34)
Adding the contribution from t(312) we get

£+t = gd;F, (@62 ot ) o (o b2 +)4 b;tg(a,s,u,)} (B. 35)

The final term of the kinetic energy t(123) is
bg\v
-afi  <bG., .a6 -bA, -%B -8
taa3) ’zl ﬂ}‘(n‘m'-'r.‘)(ae +bxe Nae voxe e r+ye )Glr.dm‘z(& 36)

The integrals occur in the combinations

g ??,m,mj =IZol(pl"“c”‘)+Iou (@ m)- IOOS(pI )

1
=l (gem;?mti’)?(;imi; =m g(?,'”'."‘) (B.37)

Using (B.37) the integral (B. 36) becomes

f("“) Ta, F;(albﬂ‘a) ﬂ(dﬁ-b’)ﬁ(a,b,a-,fh)-i—b’i‘% (aabﬂ'bz)} (B. 38)
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Comparing (B. 38) with (B. 34) we see that

t(1,2,3) = 2t(231)

Collecting all of the terms together the kinetic energy (B. 20) is

- [TlabtmigTlonnh) fTabbbd] |, .,
A

where we have written

T (aib,em) = {41,« Fo (@b, mm) + (14 112 ) Fula b, 0o

(B. 40)
»\m + (?4"’") ( lbl )
+ (H. A)(é ) F; (a 2 ;

A factor € has been introduced in front of F3 because there is

a factor of 2 in that term when 1#m and is absent when 1=m i.e.,

€ = 0 when 1l=m
€ =1 whenl# m
The integrals involved in the potential energy are all of the same
type since all of the potentials are of the form ’%__kr . The
r

potential energy is

PE.= - f/ _/[(e'“ie“")*x(e‘br-'re' ] [t 3'1”(]

-k _kn kf;
'[V,Q_ v VieT i Vawe Jrr;r,JrJr.df' (B. 41)

3
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Since the same type of integrals are involved here as in the kinetic
energy calculation we will not go through the details. The result
is written in (4. 17c), (4.17g) and (4. 17h).

The only point of interest in the calculation of the matrix
element Hy, of (4.10) is the fact that although the contributions
to the integrals from the two nucleons are equal and opposite in
sign, le does not vanish because the matrix elements of the
operator v.T (4.10) are also equal and opposite in sign. Thus

the sum of the contributions is equal to twice the contribution

from one of the nucleons. Therefore

-y -Gl '46 -b, 1 *

i :N-lr'i- f /f[(e":‘-e'a');u(e’brke‘br‘)] (%" le 5*3 ¢ bsiz
) z_Kmrl

-2 rrndndrdr

Once again there is nothing more to demonstrate in these integrals
and so the result is written in (4. 18a) and (4. 18b). The matrix

element Hj3 of (4.30) is

N {ri -a,, -bf
IR e s
NaNg‘
~Kali
@ nnndrdndr,
‘(m(;

H13 can be obtained from le by simply changing all of the minus

signs in the result of H._ to plus signs.

12
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