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Abstract

This thesis presents various results associated with forward and inverse kinematics of
serial six-axis robotic manipulators in continuous path applications. The methods and al-
gorithms thus derived are implemented on Unix-based workstations in the C language, in a
package called CINVERSE.

The orientation expression of the end-effector is described using natural, linear and
quadratic invariants, the latter better known as Euler parameters. The linear and quadratic
invariants can be derived by either multiplying the rotation matrices or by vector operations
which make use of invariant compositions.

Since the solution of inverse kinematics methods involve numerical iterations, an initial
guess is first derived, based on the kinematic architecture of the robot, this guess being
denoted as the home configuration of the robot. The home configuration is defined, in turn,
as that entailing the Jacobian with the minimum condition number. Since both positioning
and orientation tasks are considered, we begin by defining a characteristic length of the
robot that allows us to render the translational kinematics equations in nondimensional
form, thereby deriving a dimensionally homogeneous Jacobian. Next, a characteristic point
is defined as a point of the end—effector that minimizes the said condition number.

Kinematic equations of rotation are derived using linear invariants, quadratic invariants
and natural invariants. Althdugh linear invariants allow a straightforward derivation of
partial derivatives of the nonlinear kinematic equations with respect to the joint coordinates,
they are prone to algebraic singularities. The numerical conditioning and operation counts
of the three methods are analyzed and comparisons are made. A detailed study of spherical-
wrist conditioning is included.

A complete inverse kinematics solution involves derivation of joint coordinates, joint rates
and joint accelerations. In the presence of kinematic singularities, the joint rates and joint
accelerations are derived by introducing a scheme that ensures that the manipulator will not

jump to another branch while tracking a smooth trajectory.
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Résumé

Cette thése presente plusieurs resultats reliés a la cinématique directe et inverse des
manipulateurs robotiques & six degres de liberté pour des applications en trajectoire continue.
Les méthodes et algorithmes ainsi obtenus sont implantés sous-jacents sont implantés en
langage C sur des stations de travail a systeme UNIX, dans un programme qui s’appelle
CINVERSE.

L'orientation de l’organe terminal est décrite par des invariants naturels, linéaires et
quadratiques, ces derniers étant mieux connus sous l'appellation de paramétres d’Euler.
Les invariants linéaires et quadratiques peuvent étre calculés soit par multiplication des
matrices de rotation, soit par des opérations vectorielles utilisant les regles de compositions
des invariants.

Etant donné que les méthodes de résolution de la cinematique inverse nécessitent des
itérations numériques, on propose tout d’abord un estimé initial, basé sur ’architecture
cinematique du robot. On appelle cet estimé la configuration de départ. Le nombre de
condition de la matrice jacobienne de la configuration de départ se doit d’étre un minimum.
Comme on considére autant la position que l’oriehtation, on definit tout d’abord une longueur
cafactérx'stique pour le robot, ce qui nous permet de mettre les équations cinématiques de
translation sous forme non-dimensionelle et d’en dériver une matrice jacobienne dimension-
nellement homogéne. Ensuite, on définit le point caracteristique comme un position de
'organe terminal minimisant ledit nombre de condition.

Les équations cinématiques de rotation sont obtenus en utilisant les méthodes d’invariants
linéaires, quadratiques et naturelles. Bien que les invariants linéaires permettent une obten-
tion aisée des dérivées partielles des équations cinématiques non-lineaires par rapport au
coordonnées articulaires, ils souffrent des singularités algébriques. On analyse le numbre de
condition numeérique et le nombre d’opérations des trois methodes, et on les compare. Une
étude tres détaille du nombre de condition des poignets sphériques est également inclue.

Une solution compléte de la cinématique inverse demande ’obtention des coordonnées,
des vitesses et des accélérations articulaires. En présence de singularités cinématiques,' les

vitesses et les accélérations articulaires sont obtenues en introduisant une methode qui garan-
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tit que le manipulateur est confiné a une seule branche de solutions, ce qui assure une tra-

C jectoire souple.
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Chapter 1

Introduction

1.1 Definitions and Terminology

1.1.1 Robot Kinematics

Broadly speaking, kinematics is the geometrical study of the motion of bodies. This thesis is
confined to the kinematics of open-chain, or serial-type manipulators that do not necessarily
admit a closed-form solution. Furthermore, the manipulators studied consist of revolute and
prismatic joints, enabling, respectively, rotation and translation about and along a specified
axis.

The position and orientation of the end-effector (EE), are together referred to as the pose
of a serial manipulator. In order to perform an arbitrary operation in 3D space, the robot
must have six degrees of freedom. Three of these are needed for positioning the EE at a
specified location with respect to the fixed frame, and another three are needed to orient it
with respect to the same frame. Wrist-partitioned manipulators consiét of a spherical wrist,
which accounts for orienting the EE, and an arm accounting for positioning the EE.

Having six joints does not always guarantee six degrees of freedom. When two of the axes
of the arm joints are collinear, Fig. 1.1(a), or when the three wrist axes are coplanar, Fig.
1.1(b), the robot will lose one of its degrees of freedom. These configurations are referred to
as kinematic singularities, and they can happen naturally during the motion of the robot.

In order to study the position and orientation of the links with respect to each other, the
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Figure 1.1: a) Two collinear axes b) Three coplanar axes

well-known Hartenberg-Denavit, (HD) parameters are used (Hartenberg and Denavit, 1964).
In order to use this convention, we attach an orthogonal frame to each link as follows: The
Z-axis of frame i (Z;) is defined along the axis of rotation in the case of a revolute joint, or
the axis of translation in the case of a prismatic joint. The origin of frame i is defined at
the intersection of the Z; and the common normal to Z; and Z;_;. The said common normal
is referred to as the X-axis of frame ¢ (X;). After determining the orthogonal frames, the
four HD parameters are specified, namely, a;, ai, b; and 8;. The HD parameters are best

understood with the help of Fig. 1.2. For two arbitrary joints i and i+1, we have,

e ¢;: angle from axis Z; to axis Z;4;, measured about axis X;;;, using the right-hand

rule.
e a;: distance between axes Z; and Z;,,.

o b;: signed distance between the X; and X;;, axes; it is positive if the intersection of

axes Z; and X4 lies on the positive side of axis Z;; and is negative otherwise.

¢ 0;: angle from axes X; to X;;1 measured about axis Z; using the right-hand rule.

For a revolute joint, parameters ¢, a; and b; are determined by design, i.e., they describe

2
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Figure 1.2: Hartenberg-Denavit parameters

the architecture of the robot, whereas, 8; describes motion and is thus termed as the joint-
variable. On the other hand, for a prismatic joint, a;, a; and §; are the design parameters,
and b; is the joint-variable.

Because of the freedom in choosing the direction of the axes Z; and X;, the numerical
values of the HD parameters a;, b; and 6; are not unique. A complete analysis of the effect
of choosing opposite axes on these parameters is done in Appendix A.

A complete inverse kinematics problem (IKP) involves displacement, velocity and ac-
celeration inverse kinematics. In displacement inverse kinematics (DIK) the position and
orientation of the end-effector is given, and the joint-variables, {0;}¢, attaining these spec-
ifications, are calculated. In velocity inverse kinematics (VIK), the time rate of change of
the translational and angular velocity of the EE are given, and the joint-rates, {0;}$, attain-
ing these specifications, are calculated. Finally, in acceleration inverse kinematics (AIK),
the translational and angular accelerations of the EE are given, and the joint-accelerations,

{6,)8, attaining these specifications, are calculated.



spatial mechanisms consisting of seven links and seven revolutes. For the purposes of inverse
kinematics, a closed-loop seven link manipulator can be considered equivalent to an open-loop
six link manipulator (Angeles and Cyril, 1986). Thus, the above formulation is applicable
to the analysis of general six-revolute manipulators.

The degree of the polynomial was reduced to 48 by Albala and Angeles (1979). Next
the said degree was reduced to 32 almost simultaneously by Albala (1982) and Duffy and
Crane (1980), by expressing the polynomial in the form of a 16 x 16 determinant equated
to zero, all of whose entries are quadratic in the tangent of one-half a joint angle. Recently,
Tsai and Morgan (1985) formulated the IKP in the form of four bilinear equations in the
sines and cosines of four joint angles that were constrained by four quadratic equations. This
method yielded up to sixteen real solutions, the authors thus conjecturing that the IKP can
have at most 16 real solutions. Then, it was proven that a given six-axis manipulator would
admit a maximum of 16 solutions (Primose, 1986), thus confirming that additional solutions
suggested by previous methods were spurious.

Finally, Lee and Liang (1988) showed that a 16-degree univariate polynomial can be
derived, without proposing a method for evaluating the polynomial coefficients. Raghavan
and Roth (1990) provided an algorithm for the computation of the coefficients of the 16th
order polynomial in the tangent of one-half of the joint angle, 65. Next, Lee (1990) used the
same procedure but employed>a. different elimination technique deriving the coefficients of a
16th order polynomial in the tangent of one-half of the joint angle, 6,.

A joint-variable elimination technique was recently advanced with the help of powerful
symbolic manipulation software such as MATHEMATICA and MACSYMA (Chang, 1991;
Williams, 1989). The use of such software allowed the non-linear system of displacement
equations to be reduced to two equations in two variables. These equations yield correspond-
ing contours in the space of two variables, their intersections thus producing the desired
solutions. Moreover, Lloyd and Hayward (1988) used MACSYMA to find solution equations
for simple manipulators by making use of known decouplings in the manipulator kinematics.

The second methodology is based on iterative procedures. Goldenberg, Benhabib and
Fenton (1985) derived a system of six nonlinear equations for arbitfa.ry, n-degree of freedom

manipulators, and suggested a modified Newton-Raphson method for its solution. The



six nonlinear equations constituted a six-dimensional vector containing a combination of
orientation and translational entries. The gradient of the six dimensional vector function
with respect to the joint angles is calculated, and a first-order approximation of the Taylor
series expansion of the vector function is used. A- new incremental vector of joint angles
is obtained as a solution of the linear system derived from the aforementioned first-order
approximation and used in the next iteration. The procedure is repeated until a norm of the
vector function becomes smaller than a prescribed tolerance.

Angeles (1985) proposed, in turn, a method that formulates the IKP as an overdetermined
system of seven equations with six unknowns, the system being solved using the Newton-
Gauss method (Dahlquist and Bjérk, 1974).

Kazerounian (1987) also proposed an iterative algorithm based on the modified Newton-
Raphson approach. The objective of the algorithm is to minimize a scalar function of devia-
tion which is constructed by the sum of the squares of the entries of the difference matrix of
orientation between the prescribed and current manipulator configurations. In addition, the
sum of squares of the entries of the difference vector of position is also included in the scalar
function. The gradient of the scalar function with respect to incremental joint angles are
calculated, and a new vector of joint angles is sought that yields a smaller objective function.
The procedure is repeated until the objective function becomes smaller than a prescribed
tolerance.

Podhorodeski (1989) analyzed the inverse velocity problem with the help of screw theory.
The screw quantities are sequentially calculated from their relations to associated wrenches,
which in turn are related to force, length and time expressions. The joint rates are then
resolved from the screw quantities through reciprocal products. The displacement inverse
kinematics was formulated by defining a pose error, and the incremental joint angles were
calculated through reciprocal products with wrench expressions, using a Newton-type pro-
cedure.

Lenar¢i¢ and Kosutnik (1989) proposed a few methods to compute approximate solutions
for the kinematic inversion of six-axis manipulators with arbitrary architectures. The authors
separated the problem into two, in which approximate solutions were found by first solving

for the first three joint coordinates by considering the position equations only. Next, the



remaining joint coordinates were approximated by considering the orientation equations.
The authors concluded that the approximation errors do not cause a significant problem in
a number of applications, such as arc-welding.

Very recently, Wampler (1991) used unit vectors parallel to joint axes as design variables,
and found a 12 x 12 sparse Jacobian matrix. The method is applicable to general 6-axis ma-
nipulators provided twist angles o; (i = 1,...,6) are non-zero. Otherwise, common normal
vectors x; should be used as design variables (Wampler and Morgan, 1989). Compared to
the dense 6 x 6 Jacobian, the proposed algorithm required comparable computation time if
a;, for 1 = 1,...,6, were non-zero. In the most general case, twice as many operations were
required.

In this thesis, methods based on numerical procedures are studied. Below a brief com-
parison among the numerical and algebraic methods is made.

In path tracking, iterative procedures are attractive because the current solution is close
to the previous one. Thus, the previous solution can be used as an initial guess, thereby
allowing a quick convergence in a few iterations. Furthermore, iterative procedures converge
to only one solution, and in path tracking only one solution is needed.

The disadvantage of the numerical procedures is that, for the first point on a given
curve, an initial guess is not known. Moreover, this solution may heavily depend on the
initial guess, so that, with diffefent initial guesses, up to sixteen different solutions may be
obtained. Moreover, since the numerical procedures converge to only one solution, no infor-
mation is provided about the remaining solutions. For manipulator architectures allowing a
closed-form solution, it is preferable to use a symbolic approach, since solutions can be ob-
tained faster (Eppinger and Kreuzer, 1990) and, unlike numerical procedures, the solutions

calculated symbolically are obtained in a predetermined amount of time.

1.2.2 Previous Work Related to Conditioning of Robotic Ma-
nipulators

As an attempt to measure the kinematic performance of manipulators, the service angle

was defined as the range of joint angles allowing the EE to reach a specified point in space



(Vinogradev et al., 1971). Kumar and Waldron (1980) analyzed a subregion of the workspace
in which the EE could attain any orientation. Yang and Lai (1985), on the other hand,
investigated the properties of service regions that were defined in terms of service angles.

Salisbury and Craig (1982) introduced first the condition number of the Jacobian matrix
as a measure of the kinematic performance of a manipulator. Next, manipulability was
defined as a measure of kinematic performance by Yoshikawa (1983). Yoshikawa used the
~ determinant of the product of the Jfa.cobian with its transpose, that amounts to the absolute
value of that determinant, as a manipulability measure, while Klein and Blaho (1987) related
kinematic performance to the minimum singular value of the Jacobian.

As discussed in (Li, 1990), the condition number of the Jacobian, unlike the determinant,
is point dependent, i.e., the condition number of the Jacobian depends on the point of the
EE on which the Jacobian definition is based henceforth termed the operation point. On
the contrary, the Jacobian determinant is independent of that point. However, from our
experience we know that manipulability depends on the choice of the operation point. In
fact, a common manipulator task is handwriting, in which the point of interest is the tip
of the pencil. Our handwriting is highly influenced on the position of the pencil tip with
respect to the finger tips. |

In this thesis, we base our measure of kinematic performance on the condition number of
the Jacobian, which allows us to define tbe characteristic point and the characteristic length

of the manipulator.

1.3 Motivation

Inverse kinematics calculations are needed in order to determine the motion at the actuators
of the robot, so that the EE will follow a prescribed trajectory with a prescribed velocity and
acceleration. As discussed above, when the manipulator contains three intersecting axes, a
closed form solution can be obtained. However, a solution method has to be implemented
that will work in the most general case. The motion task can be specified to the IKP
program either off-line or on-line, as desired. At the early stages of robotics technology,

robots were only used in applications where the task was predetermined and repetitive, so



that off-line IKP calculations were sufficient. However, as robotics technology advances,
robots are required to understand their environment, and engage in tasks which depend on
changes in a time-varying environment. Thus, the need for quick, on-line, IKP calculations
becomes evident.

When solving the inverse kinematics of a robot iteratively, as proposed in (Angeles,
1985; Goldenberg, Benhabib and Fenton, 1985; Takano, 1985; Tsai and Morgan, 1985), a
fast convergence to a solution is required for robot simulation and control in real time. For
example, in an interactive computer animation program, the EE of the robot can be made
to follow a specified trajectory using a graphical input, and the motion resulting from the
change of joint-variables can be observed immediately. Moreover, quick inverse kinematics
results are needed in telerobotics applications, where the operator may describe ongoing tasks
based on the actual surroundings. Similarly, robots equipped with vision systems determine
their tasks based on the information they gather about their environment; in such cases,
quick and accurate inverse kinematics results are needed to perform the upcoming tasks.

Furthermore, when a numerical procedure is used to solve the inverse kinematics problem,
an initial guess is needed. In displacement inverse kinematics, it is desired that the Jacobian
be well conditioned, particularly upon starting the procedure. This motivates us to find the
home configuration of the manipulator to be used as an initial guess in the numerical pro-
cedure. However, the Jacobian matrix contains entries with dimensions of length associated
with translation, along with non-dimensional entries related to orientation. This motivates
us to define the characteristic length, by which the translational entries are divided, thereby
rendering the Jacobian dimensionally homogeneous while minimizing its condition number.
Finally, the robot task planner has a certain freedom in the choice of the location of the end
point anywhere in the EE of the manipulator. The location of this point influences the said
condition number, which motivates us to determine the optimum point, that we term the

characteristic point Pc, to minimize the condition number.



1.4 Thesis Contributions

The thesis contributions can be summarized as follows: First, two rotation representations
are analyzed with operation counts, and the best method is found. Next, three numerical
methods are outlined to solve the DIK, and comparisons are made on the basis of operation
counts, convergence rate and conditioning of the Jacobian. Furthermore, velocity and ac-
celeration inverse kinematics are reformulated to produce a faster solution. Next, the home
configuration of general 6-axis manipulators, bearing the best conditioned Jacobian matrix
is derived. In doing so, a characteristic length and a characteristic EE point are defined
and determined. Finally, the conditioning of spherical wrists is analyzed, and it is shown
that, for a given condition number, the orientation of the EE can be calculated using only
two rotation expressions. By keeping the intermediate revolute fixed, a surface of constant
condition number is then obtained.

All the above research contributions have been implemented in a C-language package,
CINVERSE. The package is divided into three modules, namely, TRAJ_.PLAN, HOME_CONF
and INV_KIN, allowing for trajectory planning, home-configuration and inverse kinematics

calculations, respectively.

1.5 Thesis Outline

Below we give an account of the overall thesis. Chapter 2 explains the formulation of
forward and inverse kinematics. Efficient methods to represent a rotation are discussed,
and comparisons are made on the basis of operation counts. Further in the chapter, the
formulation of displacement, velocity and acceleration inverse kinematics is discussed, and a
singularity treatment algorithm is presented. The displacement inverse kinematics problem
is analyzed with three methods, and comparisons are made on the basis of operation count,
CPU times, conditioning and observed convergence rate.

In Chapter 3, the determination of the home configuration is discussed. In addition, the
characteristic length and the characteristic point of six-revolute manipulators are derived.

The same methods are applied to three-axis planar and spherical manipulators. For the

10



latter case, the isoconditioning surface is obtained and example loci are displayed.

In Chapter 4, applications of the CINVERSE package are discussed. A trajectory track-
ing example is taken, in which the data needed for displacement, velocity and acceleration
inverse kinematics is derived with the TRAJ_.PLAN module. Furthermore, four existing
industrial robots are analyzed, and their home configuration, characteristic length and char-
acteristic point are found using the HOME_CONF module. Finally, using an initial guess
that is obtained from the HOME_CONF module, actual joint variables, joint rates and joint
accelerations are calculated and plotted.

In Chapter 5, the author discusses the thesis conclusions, and suggests areas of improve-

ments and possible future contributions to this field of study.
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Chapter 2

Computational Analysis of Forward

and Inverse Kinematics

2.1 Forward Kinematics

Forward Kinematics refers to the calculation of the orientation and position of the EE, given
the joint angles. The well-known Hartenberg and Denavit notation (Hartenberg and Denavit,

1964) is used throughout.

For a general six-axis manipulator, the orientation of the EE in the base frame is expressed

as the product of six rotation matrices, namely,

Q = Q:Q:Q3Q4Q5Qs

where Q; = [Q;]; denotes a rotation matrix expressing the orientation of the (¢ + 1)st frame
with respect to the ith frame, in ith-frame coordinates. Because the product matrix is
orthogonal, only three out of its nine entries are independent. Different methods can be em-
ployed to express the rotation representation, as discussed in (Funda and Paul, 1989). Here,
we use the invariants of the rotation matrix to express the orientation equations (Angeles,
1988). These quantities are preferred over Euler angles because they are invariant under a
change of coordinate frame, and hence, less prone to singularities.

The EE position is readily derived, as indicated below, when the rotation matrices ex-

pressing the orientation of the EE in all frames are available:

12



Figure 2.1: General 6-axis manipulator

g «— ag
For i=6to 1 do
ri — a; + Qiriy
enddo
where a; is the displacement vector from O; to O;4,, expressed in the ith frame, whereas r;
is the displacement vector from O; to point P of the EE, expressed in the ¢th frame, r; thus

describing the desired EE position in the base frame (Fig. 2.1).

2.1.1 Linear Invariants

The linear tnvariants are linearly related to the the rotation matrix through vector and trace

expressions, denoted as vect(Q) and tr(Q), respectively (Angeles, 1988),

932 — q23
1
vect(Q) = 3 ||, tr(Q) = qu1 + g2z + ¢33
q21 — 412

where ¢;; represents the (1, 7)th entry of Q. The linear invariants, denoted as q and gy, are
now introduced as follows (Angeles, 1988):

_(Q)-1 gu+gntgs-l
-2 T 2

q = vect(Q) = sin ¢u, Q% =cos¢

13



where u is the unit vector parallel to the axis of rotation, and ¢ is the angle of rotation.
The above representation is a consequence of Euler’s Theorem (Euler, 1775/1776a&b),
which states that any rigid body motion leaving one point of the body fixed is equivalent to
a single rotation, through an angle ¢ about an axis u. In the formulation of displacement
inverse kinematics (DIK), three quantities of the vector expression q and the scalar gq will be
required to be equivalent to their prescribed counterparts. The scalar gq is not an independent
quantity, but is introduced because of the ambiguity in the derivation of ¢ from sin ¢. The

dependence between the invariants can be expressed as follows:
tr(Q) - 1\?
Ivect(@? + (Y1)

The two linear invariants were derived above from the the rotation matrix. The reverse
can also be done, i.e., the matrix Q can be computed from the linear invariants, namely
(Angeles, 1988),

1 A

=gl+——q®q+1x 2.1

Q=ql+ 1 -a®q q (2.1)
The above relation is invalid when the angle of rotation is x, since q vanishes when sin¢ =
0. However, Q can alternatively be obtained from the relation below, using the natural

invariants of Q (Angeles, 1989):
Q=uQ®u+cosg(l—u®u)+singl xq

which becomes

Q=-14+2u®u

when ¢ = 7.

2.1.2 Quadratic Invariants

Quadratic invariants, better known as Euler parameters, are computed from the vector and
trace of orthogonal square root of Q, represented as /Q. The said invariants are denoted

below as § and §o, namely,

da2 — g3 /3
2 1. R . tr -1 7] G2 + Gaz — 1
Q= vect(\/—Q-) =g (B9 P= ( 2) =t q222 433
' g21 — G2
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where §;; represents the (i, 7)th entry of /Q. Furthermore, the quadratic invariants can be
expressed as,
q= sin(é)u do = cos(é)
2 2
Moreover, similar to eq.(2.1), the rotation matrix /Q can be computed from the quadratic
invariants as (Angeles, 1988),

1
=§pl+———qRq+1x4q
VQ = do tITRa®at1x4

Unlike eq.(2.1), the above relation is always valid, since § and (1 + gp) never vanish.

Derivation of the Quadratic Invariants from the Given Rotation Matrix

Because \/Q is not readily available, alternate methods of computation of the quadratic
invariants from the given rotation matrix Q are investigated.

First, the quadratic invariants can be computed from the linear invariants (Angeles, 1988)

é_/1+qo q__q\/2(1+90)__ do q 22)
’ 2 2(1+49) (Q+9)" '

Using this approach, the computation of q and go requires 4M and 6A, where M and A

denote multiplications and additions, respectively. Next, the computational cost of deriving
the quadratic invariants from the linear invariants is 15+ 1D+4M+1A, giving a total of
15+1D+8M+T7A, where S and D denote square root and division operations. These results
are shown in Appendix C.

Secondly, the quadratic invariants can be derived directly from the entries of the given

rotation matrix, namely,

. 1
do = :f:-z-\/l +qu + 922+ g3

él g3z — ¢a3
-~ -~ 1
qQ = | Q2| =7 |%N3—4gan
4qo
g3 a1 — Q12

The above derivation of § is prone to calculation errors if o is close to 0, which happens

when the angle of rotation approaches n. If §o = 0, an alternate method can be used to

15



compute §. To begin with, using eqs.(2.2), q can be expressed in terms of § as follows.
g =2 -1 q = 2¢oq (2.3)

Next, egs.(2.3) are replaced into eq.(2.1) to yield an expression for Q in terms of the quadratic
invariants:

Q=(24-1)1+24® §+24(1 x q) (24)

Now, from the diagonal entries of both sides of eq.(2.4), we derive:

i +1 :
G=h [T -g =123

In the above derivations, the signs of §; are unknown. However, the entry with the largest
absolute value can be found, and the remaining ones can be computed using the following

equations, that are derived from the off-diagonal entries of eq.(2.4):

4142 = qn + qu2
44143 = q31 + Q13

44263 = a2 + Qa3

In general, then, the following algorithm can be used to compute the quadratic invariants

from the entries of the rotation matrix:

do+— +3vT+au + g2 + g

if Iéol > € ‘
‘fl q32 — q23
Ga| z},—; @13 — 4¢3
3 an — 12
else

find maximum |g;|
Gi — (/2 — ¢

J (3 +1)(mod 3)
d; — 2:(g5 + 4i5)

k — (j+1)(mod 3)
gk a5 (gxi + gir)
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linear invariants of the product AB are denoted by q and go. Below we include expressions

C for q and go in terms of q*, ¢f!, q® and ¢Z, namely,
n N-D
where
D = (1+¢)(1+) (2.6)
N = (1+¢)1+a)ed + % +9%%) +(a* - q°)(q* -oa® - 2D) (27)
n = (D-¢* @)1+ w)a* + (1+3)d° +q* x 7] (2.8)

The reader is referred to Appendix D for the derivation of computational costs with this
method.
Quadratic Invariants
Method 1: Matrix Multiplications. As discussed above, the cost of computing five
matrix products is 117M and 60A. Using the expressions below, the calculation of the
quadratic invariants from the product matrix requires 1S+1D+5M+6A

Vvt +1

2

Method 2: Vector Composition of Linear Invariants. The method of calculation of

0 =

the linear invariants using eqs.(2.5) can be extended to quadratic invariants. When eqs.(2.5)
are substituted into eqs.(2.2), the relations shown below are found (Tandirci, 1991):

1+N l,/D(N+D) o

1 .
©=3¥V'""D 9T DpW~N+D ""nN+D"

A

where D, N and n were defined in eqs.(2.6-2.8). The computational costs involved are
included in Appendix E.

Method 3: Vector Composition of Quadratic Invariants. These relations were found
by Rodrigues (1840). They can be verified from the relations obtained in egs.(2.2) and
egs.(2.5), namely,

do = §@i¥-4*-48
C 4 = @o(dPah + AP+t x B
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min ||f @i (2.9)
without constraints, where
2[vect(Q) — vect(Q,)]
f(@)=| tr(Q)-1tx(Qy)
P—Py
The first four components of vector f are nonlinearly dependent; in the absence of singu-
larities, we have six independent equations. The factor two multiplying the first three entries
is used to eliminate divisions by two, thus saving time in computations.
In order to solve problem (2.9), the gradient of f(4) with respect to the joint variables
has to be calculated. As derived in (Angeles, 1985), for a six-axis manipulator, this gradient

can be expressed as
()
00

where the 7 x 6 matrix H arises from the formulation of the orientation equations, while K,

J(0) = =HK‘

a 6 x 6 matrix, is commonly known as the Jacobian matrix (Whitney, 1972), taking on the

form
k=| ° 2o (2.10)
€ XTI, € XT; ... €gXTg
As derived in (Angeles, 1985), the H matrix takes on the form,
1tr(Q) -Q 05
H= | —2vect(Q)T 07
03 13

where {e;}$ are the unit vectors parallel to the axes of the joints, and {r;}¢ are the vectors
directed from point O; to point P of the EE as shown in Fig. 2.1. If the i¢th joint is prismatic,

then k;, the ith column of K matrix becomes,

[

From its series expansion, a first-order approximation of function f(8) evaluated at the

current value of @ allows the computation of A8 from
JAG = —f
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Depending on the chosen initial guess, the above method yields different solutions upon
convergence. As proven by Lee and Liang (1988), up to 16 solutions are to be expected.
The solution obtained will be a local minimum of the problem in eq.(2.9) that verifies the

normality condition,
Jf=0

2.2.2 Quadratic Invariants (Euler Parameters)

With this rotation representation, the formulation of the problem is similar to the one with
the linear invariants. Instead of the linear invariants, the quadratic invariants are required

to match their prescribed counterparts. Thus, the problem is
min HOIH

without constraints, where

2[vect(v/Q) — vect(\/Q_g)]
1(0)=| u(vVQ -tr(,/Q)
P— Py
As shown in (Angeles, 1991), the gradient of f(@) is now calculated by making use of the

following relations:
oQ
6~ 1xevQ

Hence,

Q"_“atgﬂ = vect(1 x e;\/aj = -;-[tr(\/a)l - \/a]ei
6tr(\/Q) = tr(1 x e‘\/—) —2[vect(\/_)]Te.

Therefore, the Jacobian matrix can now be factored as,

J=HK
where
1r(vQ) -vQ 03
H = | —2vect(v/Q)T o7
03 13
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and K is the same velocity Jacobian defined before. The solution is obtained using the

Newton-Gauss procedure.

2.2.3 Natural Invariants

This method is different from the above two methods because it does not need an auxiliary
matrix, such as H or H’, in its Jacobian. Instead, the Jacobian used is the velocity Jacobian
K defined in eq.(2.10). The objective here is twofold. First, we wish to minimize the
difference between the current and the prescribed rotation matrices, Q and Q,. Secondly,
we wish to minimize the difference between the current and prescribed position vectors of
the EE, which is denoted below as Ap. The velocity Jacobian relates the incremental joint

angles to the vector of the difference in poses (Hiller and Woernle, 1989; Paul, 1981), namely
sin A¢du

K(6)A0 =
(9) Ap

(2.11)

where the unit vector u and the scalar A¢ express the difference between the current and
prescribed orientations, Q and Q,. Thus, frame C is carried into G by a rotation about an
axis parallel to the unit vector u through an angle A¢. The vector u and the angle A¢
are termed the natural invariants of the rotation involved in (Angeles, 1988). Let us denote
the prescribed pose as the G-frame, the actual or current configuration as the C-frame, and
the base frame as the F-frame, as shown in Fig. 2.2. The rotation carrying C into G, here
denoted as AR, is first calculated in the C frame and then transformed into base coordinates

using an orthogonal transformation carrying F into C, and denoted as Q, namely,

QAR=Q,

Hence,

[AR], = QTQy
i.e., AR in the F frame is given as
[AR]; = Q[AR]. QT = Q,Q7
The product sin Agu is then readily calculated from AR as
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Figure 2.2: General 6-axis manipulator at the current C and prescribed G configurations

sin A¢u = vect(AR)

Once the right-hand side of the algebraic system of eq.(2.11) is determined, the solution
A@ can be obtained using the LU-decomposition (Golub and Van Loan, 1983). The new
vector of joint variables is then obtained as,

6' =6°+ A0

and, at the next iteration, 8! is used to compute the said right-hand side vector, as well
as the Jacobian K. The procedure continues until A@ becomes smaller than a specified

tolerance.

2.2.4 Comparisons Among Displacement Inverse Kinematics Meth-
ods

When computing inverse kinematics solutions, it is necessary to converge to a solution
quickly. Thus, the comparisons between three methods are made on the following bases:

o speed in calculation of the function f(8) and of its Jacobian matrix;
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Table 2.2: Computational cost of the vector function

( Linear Inv Quadratic Inv Natural Inv

operations | 117TM + T2A | 15+1D+123M+74A | 144M+78A

e condition number of the Jacobian, indicating the numerical conditioning of the problem
formulation;
o overall performance of the numerical procedure based on the number of iterations needed

to converge both close to a solution and away from it.

Time Complexity in the Formulation of the Objective Function

The formulation of the positioning equations is identical in all methods compared. The
position vector r, is available as the velocity Jacobian is calculated. Thus, only 3 subtractions
are needed for the difference vector between the prescribed and current positions.

From the final rotation matrix product, which is calculated in Appendix B with 117M
and 60 A, the vector 2q and the trace can be extracted in 5A. Furthermore, 7A are needed to
find the difference with the prescribed pose expressions. Thus computation of f(8) requires
117M and 72A in the case of linear invariants. | ‘

As shown in Section 2.1.3, the quadratic invariants 2q and g, can be computed with 15
+ 1D + 122M + 66A, while the trace can be computed from gy in 1IM+1A. In the case of
quadratic invariants, the computation of (@) requires 1S + 1D + 123M + T4A.

In the case of the method based on the natural invariants, we have first the relation

[AR]; = Q, QT

which requires 24M and 12A, using a matrix-product method similar to the one outlined
in Appendix B. Furthermore, vect(AR) requires 3M and 3A, and thus, the derivation of
the left-hand-side vector requires 144M and 78A. Table 2.2 shows the operations needed to

calculate the orientation equations with all three methods.
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Time Complexity in the Formulation of the Linear Algebraic System

The velocity Jacobian is needed in all three formulations. The computational cost of the
velocity Jacobian is calculated in Appendix F as 127, 81M and 49A, where T denotes
trigonometric operations such as sine and cosine. The current position vector r; is readily
available from the computation of the said Jacobian. The computation of the Jacobians of
the methods based on the invariant vectors requires derivations of the auxiliary matrices and
their products with the velocity Jacobian. With linear invariants, the first three rows of the
velocity Jacobian are multiplied by a 4 x 3 matrix L defined as,
Lo [ltr(Q)—Q]
—2vect(Q)7
Moreover, the Jacobian expression can be written as,
L [1tr(Q) — QJA
J= l ‘ = [ —2[vect(Q)]TA
B B
It is noted that Q, tr(Q) and 2q are available from the derivation of the function f(6).
Hence, the construction of L takes 3A for the upper three rows and no operations for the
fourth row. The product of L with A requires in turn 72M and 48A. Thus, an additional
72M and 51 A are needed for J, once K is derived.

In the case of the quadratic invariants, tr(y/Q), 2q and §, are available from the derivation
of £(8), and +/Q can be computed from the quadratic invariants q and §o in 1D+12M +10A4,
as shown in Appendix G, whereas q is derived from 2q in 3M. Furthermore, J' is calculated
similar to the above case in 72M and 51A.

On the other hand, using the natural invariants, the Jacobian is K itself, and no additional
operations are needed. The number of operations and the observed CPU times needed to
compute J and f are reported in Table 2.3.

From Table 2.3, it is apparent that all three methods are comparable for the evaluation
of J(@) and f(@). However, there is one more consideration: In the case of natural invari-
ants, the Jacobian is of 6 x 6, and the LU-decomposition is used to solve the system of
equations. The other two methods involve a 7 x 6 Jacobian matrix, and use Householder

Reflections (Golub and Van Loan, 1983). Because the array size is smaller and because the
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Table 2.3: Computation of Jacobian J and vector function f

Method Operation Count CPU Times (usec)
Linear Invariants 12T 270M 172A 325.0
Quadratic Invariants | 15 127 2D 291 M 184A4 345.0
Natural Invariants 12T 225M 127A 310.0

LU-decomposition is computationally less expensive than Householder reflections (Press et
al., 1988), in comparison with the other two, the third method is expected to be even less
time consuming. In Table 2.4, the total CPU times observed for the derivation of the same

solution are reported. Table 2.4 shows that, as expected, the third method requires the least

Table 2.4: Overall CPU times per iteration

" Linear Inv | Quadratic Inv | Natural Inv ll
" CPU Times (psec) 835. 850. 747.5 "

amount of time per iteration loop in the numerical procedure. However, a difference of less

than ten percent between the three methods may be considered insignificant.
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Comparison of the Condition Numbers of the Jacobians

The major disadvantage of the linear invariants is that the Jacobian becomes singular when
the angle of rotation ¢ is 7. This type of singularity is known as formulation or algebraic
singularity, since it arises only because of the way the problem is formulated. The first
three rows of matrix L defined above will be linearly dependent for ¢ = 7, and ¢ = +3.
However, the overall matrix L is of full rank for ¢ = +%, as shown in (Angeles, 1991). If
L is rank-deficient, then the factor matrix H will also be rank-deficient. The product of
a rank-deficient matrix with any other matrix is also rank-deficient. Thus, J will also be
rank-deficient, and a solution cannot be obtained with the underlying numerical procedure.

At ¢ = x, the matrix M, defined as
M=1tr(Q)-Q
becomes
M(r)=-2u®u
which is a rank-one matrix, and vect(Q) vanishes by virtue of its symmetry. As shown in

(Angeles, 1991), the condition number of L takes on the form,

2

") = s

from which the singularity at ¢ = 7 can be verified.

Unlike the linear invariants, in the case of quadratic invariants, the matrix M’ defined

M’ = 1t:(,/Q) — /Q

remains of full rank for all possible rotations ¢ (Angeles, 1991). Therefore, the matrix L/,

" defined as
| (/@) -vQ
~2vect(v/Q)T

is always of full rank and the quadratic invariants do not lead to formulation singularities.

below

In the case of the natural invariants, formulation singularities do not exist, since the

Jacobian K does not appear multiplied by any other matrix.
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Table 2.5: Range of xnq values

index on the horizontal axis range of Kpazr
1 Kmaz < 10
2 10 < Koz £ 20
3 20 < Kmaz < 100
4 100 < Kmaz < 1000
5 Kmaz > 1000

It has been proven that there is an upper-bound for the condition number of the product

of two matrices (Stewart, 1973), namely
x(HK) < x(H)x(K)

however, nothing can be said for the lower bound, except for the fact that x(HK) is greater
or equal to unity. Therefore, no comparison can be made between the Jacobian used with
the natural invariants> and that of the other invariants.
In order to assess the conditioning of the numerical schemes for DIK associated with
each of the three rotation representations, experiments were done using closed path tracking
“applications with 100 data points. The said points‘ are obtained on the intersection of two
cylinders. Furthermore, Frenet-Serret frames are used (Angeles, Rojas and Lépez-Cajin,
1988) to specify the orientation of the EE. Histograms of the maximum condition numbers
encountered ‘along the above paths are shown in Fig. 2.3. Here, the vertical axis indicates
the number of occurrences of the condition number falling in the range of values indicated
on the horizontal axis. The ranges of condition-number values are shown in the Table 2.5.
From the histograms in Fig. 2.3, it is observed that the quadratic invariants allow more
occurrences of lower condition numbers in the 100 points traced, whereas the linear invariants
lead to high condition numbers in a number of data points. Moreover, in this example, the

natural invariants never lead to condition numbers higher than 100.
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(c)

Figure 2.3: Histogram of condition-number frequencies a) Linear invariants b) Quadratic

invariants  ¢) Natural invariants
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Comparison on the Basis of Convergence Speed

Since all three methods are based on approximations, convergence properties cannot be
predicted theoretically. The first two methods rely on the Taylor expansion of the function
f(0) and employ the Newton-Gauss method. The third formulation is derived from the
joint-rate relations. A

Convergence in the Neighbourhood of a Solution: Experiments were made in order
to investigate the convergence properties of the algorithms studied. The foregoing set of
data points are a.pprba.ched in the neighbourhood of the solution, such that ||f|| < 1.0 at the
initial guess. The convergence speeds obtained are summarized with the histograms shown
in Fig. 2.4. Furthermore, total times spent to traverse the above three paths are measured

on an IRIS 4D/210VGX. These are reported in Table 2.6. In the histograms, the vertical

Table 2.6: Convergence speed in the vicinity of the solution

Linear Inv | Quadratic Inv | Natural Invariants

c Total CPU (msec) 340. 2500. 290.

axis indicates the number of occurrences of the number of iterations falling in the ranges
of values indicated on the horizontal axis. The range of numbers of iterations are shown in

Table 2.7. From the histograms, it is observed that the natural invariants always converge in

Table 2.7: Range of iteration numbers

index on the horizontal axis | range of iteration no.s: n
1 n<$
2 5<n<10
3 10<n<20
4 20 < n <40
5 n > 100
C less than 5 iterations. Similarly, the linear invariants also converge very quickly, whereas the

30



Convergence Away From the Solution: The above observations are valid if the initial
guess is in the vicinity of the solution. Such observations are also made when the initial
guess lies far away from the prescribed set of data points. Five arbitrary solution points are
selected, and two quantities are monitored: i) n, the number of iterations, and ii) &,az, the
maximum condition number encountered. The results are shown in Table 2.8, which shows

a clear correlation between .- and n.

Table 2.8: Convergence speed and conditioning away from the solution

Linear Inv | Quadratic Inv | Natural Invariants
Test | n | Kmaz | 1 Kmaz n Kmaz
1 26. |21 14. 7 39.
2 |5 9. 19 8. 5 14.
3 |19 60316. | 28 3407. | 26 607.
4 |5 10. |21 10. 5 15.
5 | 4 9. 20 8. 4 14.

2.3 Velocity Inverse Kinematics

In velocity inverse kinematics (VIK), the aim is to calculate the joint-rates so as to match the
angular and translational velocity of the EE to their prescribed counterparts. The angular

velocities of a six-axis manipulator are expressed as follows (Angeles, 1989):

w = be (2.12)

w; = bie; + bse,

Wwg = élel + ézez +...4 éses
The angular velocity of the EE can be expressed as
w=ws=A0 (2.13)
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where A is the 3 x 6 matrix displayed below:
A=[e e e3 e es eg]
Furthermore, for the position vector of point P of the EE, we have,
p=aj+a;+...+as

where {a;}$ denotes the set of vectors directed from O; to Oi41. Upon differentiation of both

sides of the above equation with respect to time, the velocity of the EE is written as
p=a +az+...+a (2.14)

where

a = w; X a (2.15)

Upon substitution of eqs.(2.12) and (2.15) into (2.14), we have
P =bie; xry +6e3 XT3+ ...+ bgeq x 1g (2.16)
where r; is the vector directed from point O; of the ith axis to point P of the EE, ie.,
ri=a+apnn+...+as

Therefore, eq.(2.16) is written in the form

p=r =Bo (2.17)
where the 3 x 6 matrix B takes on the form:

B=[e;Xr e Xr; e3Xrz € Xry € XTIs €gXTg]

From eqs.(2.13) and (2.17), we construct the velocity Jacobian matrix and then solve for

the joint rates from the linear system of equations thus derived, namely,
Ki=t (2.18)
where t is defined as the twist vector, and is expressed as

[

where w and p denote angular and translational velocities of the operation point P of the

end-effector.
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2.3.1 Treatment of Singularities

In continuous-path applications, the EE is to follow a set of prescribed positions and ori-
entations in 3D space. Let points i — 1, 1+ and ¢ + 1 be three consecutive points in the
six-dimensional configuration space, for the EE to follow, with corresponding configurations
having the joint variables 8%, 6° and @*'. Further, let us assume that the manipulator has
a kinematic singularity at point ¢, while being full ranked at two other points. The DIK
algorithm applied at point i — 1 yields the solution §°. With the aboveé assumption, K(8°)
is singular, and the joint-rate vector 6° cannot be computed uniquely from the linearized
equations (2.18), namely, from ‘
0\a° d
K(6M)o =| .
pl
Since K is rank-deficient, the above underdetermined system of equations lead to infinitely

many solutions. Commonly, in such cases, minimum-norm algorithms are used to determine
8°. However, the minimum-norm solution thus obtained is likely to be away from the previous
solution, é-l, thus resulting in an infinite joint acceleration between points : — 1 and .

In order to avoid a discontinuity in the joint-rate vectors, an objective function is intro-
duced to select a solution at the singularity 6° that will minimize the distance to the solution
just before the singularity, 67", The problem is now formulated as in (Angeles, Anderson,

Cyril and Chen, 1988). Let the objective function be
(6°) = 57 W

where

$=(6"-67)
The problem is defined as

mojn 2(6°)
subject to
K.(0%% =t  — K,(6°0"

where W is an n X n dimensional positive-definite matrix, accounting for nondimensionalizing
and scaling, and K, is a reduced r x n-dimensional velocity Jacobian of rank r, and t, is a

reduced r-dimensional vector of rank r.
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The above problem is solved using the orthogonal decomposition algorithm, whose details

are outlined in (Angeles, Anderson and Gosselin, 1987).

2.4 Acceleration Inverse Kinematics

The acceleration inverse kinematics problem is formulated by taking the time derivative of

both sides of eqs.(2.18), which yields
Kb=t-Kb

where t = [&, P} denotes the prescribed values of angular and translational accelerations.

The time derivative of K, K is computed as follows:
. A €, () e €es €s
K = - = . » . . . - .
B € XTF, €3 XTI ... €5XTIs €gXTg
From (Angeles, 1989), we have,

& = w;xe, fori=23.6

él = 0
We also have, from the same reference,

e = We X ag

and
l",' =w; X 8; + Qil’,‘.u, for i= 5,4..,1
so that
w; X e Wo X €9 oo Wwe X €g
- eg xF; (wixe))xrateyxr; ... (wsxeg)Xrg+es Xl

When kinematic singularities exist on the path, we have
00na® i Crra0\a®
K(6%)8 =t'-K(6°)6

50 . . . 20 . . . .
where §° is obtained in VIK, and 6 is computed using the procedure similar to the one

outlined in the singularity-handling algorithm.

35



Given that K(8°) is singular, the DIK problem at point i is solved using a truncated
Taylor series approximation with the help of the joint rates and joint accelerations that are
obtained previously (Angeles, Anderson, Cyril and Chen, 1988), i.e.,

' =6°+6"At + -;-é"At’

thereby completing all the expressions needed for the IKP.
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Chapter 3

Conditioning Analysis of Robotic

Manipulators

3.1 Condition Number Minimization

The condition number of a matrix is a measure of the error amplification upon solving the
linear algebraic system associated with that matrix. For example, when relating the joint-
rate vector § with the 6-dimensional twist vector t, the linear system given by eq.(2.18)
arises. If K is ill-conditioned, small perturbations in the data, i.e., in the entries of K and
t, may cause large variations in the solution, @. In the worst case, when K is singular, the
system does not admit a solution.

Introduced in this chapter is the characteristic length L of a manipulator. This length
is used to achieve dimensional homogeneity in the kinematics equations given by eq.(2.18).
For instance, the displacement terms involve units of length, while the orientation terms are
dimensionless. In order to render the Jacobian dimensionally homogeneous, the last three
rows containing components with dimensions of length are divided by the characteristic
length, thus obtaining
A
iB

e €2 . €5 €g

%el Xr %eg Xre ... %85 X 7Trs -};es X rg
Dimensional homogeneity is needed to avoid potentially large numerical differences between

the orientation and translational entries of the Jacobian, thus improving the numerical sta-
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bility of the linear system of equations that are solved at every iteration of the Newton-type
procedure. We will discuss below how L is determined for a given manipulator.

Furthermore, the characteristic point, Pc of a general six-axis manipulator is introduced.
In most cases, the end point P of the EE is assumed to lie on the axis of the last joint. It will
be shown that, if P is chosen conveniently, a Jacobian with .a minimum condition number
can be achieved.

The procedure to minimize the condition number and at the same time, to determine
the characteristic point and characteristic length, is based on the fact- that, for isotropic

Jacobians K, the product K;K,7 is proportional to the identity matrix 1, i.e.,
K IK [T = 0'21

where o is a real number. Isotropic Jacobians have a condition number of unity, which is the
minimum that the condition number can attain. The procedure that we will use here is that

introduced in (Angeles and Lépez-Cajin, 1988) which is based on a least-square approach.

3.2 Examples

We illustrate the foregoing concepts with a few examples of manipulators of various types

in this section.

3.2.1 Planar 3-Axis Manipulators

In this subsection, two special cases are studied. In the first case, the link lengths and joint |
angles will be found so that isotropy can be achieved, while, in the second case, all link

lengths are assumed to be equal. With the latter assumption isotropy cannot be obtained,

but the manipulator configuration of minimum condition number will be determined, along

with its characteristic length.

The dimensionless form of the Jacobian of planar 3-axis manipulators can be written as
1 1 1
K, = 1 1 1
EEI’] ZEI‘Q -L'El'a
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where E is the 2 x 2 orthogonal matrix defined as
0 -1
E=
1 0
3 HEir)TET

1ETre HE(C T )ET
From the above definitions it is evident that, in order for K,K,” to be proportional to the

Therefore,

KK, T =

identity matrix, we must have,
3
0’=3 and Y r=0
1

which means that the proportionality constant is 3, and the EE must be the centroid of the
position vectors {r;}3. Furthermore, the lower-right block of K, KT should be 3 times the

2 x 2 identity matrix 15, i.e.,
1 3
HEQ nnT)ET = (3)1 (31)
1

which is attained if {r;}; are the position vectors of the vertices of an equilateral triangle and
have the same magnitude. The link lengths of this manipulator are a; = a3 = @, a3 = v/3a/3,

in the configurations shown in Fig. 3.1, i.e.,
6, = 120°, 65 =150°

and,
02 = —120°, 03 = -150°

Moreover, 0; can be assigned arbitrarily, since it does not affect the condition number, as it
amounts to a rigid-body rotation of the overall ma.nipula,tqr.

The characteristic length is obtained readily from eq.(3.1) and the above conditions,
namely, as

a V6

—=+v6 or L=—7a

L 6
Now, the configurations of minimum condition number of a 3-axis planar manipulator

with all link lengths equal are determined. The product K,,Kf is written as

3 h N
KprT = fl f3 f4
f fo fs
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Figure 3.1: Isotropic configurations of 3-axis planar manipulator

which, in this case, cannot be rendered proportional to the identity matrix. We will try then
to approximate the isotropy conditions with a least-square error. These conditions lead to

five equations, namely,

fi = 282+333=0

fa = 2c4+3ci3+1=0

f3 = (s2+ 323)[1 +2(c2 + c23) + c23823] = 0

fo = N[2(s2+s23)* +533] -3=0

fi = AM[(Q+aten)+(aten)+c]-3=0

Because this design is not isotropic, all five equations of the above system cannot be satisfied
simultaneously, and hence, we have an overdetermined nonlinear system of five equations
with three unknowns, namely ,, 03 and A = 1/L. The Newton-Gauss procedure is used
to derive a least-square approximation to the system and the solution is obtained in a few
iterations. Two symmetric solutions are found, namely, 8; = 81.035, 8; = 158.512 and
6, = —81.035, 6; = 201.488. The minimum condition number derived is ki = 2.3, whereas

the characteristic length is derived as 0.51258577a. The solutions are shown in Fig. 3.2.
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Figure 3.2: Best configurations of 3-axis planar manipulator with identical link lengths

3.2.2 General Six-Axis Manipulators

Here we find the configurations of minimum condition number of general six-axis manip-
ulators. We wish to obtain a configuration such that the symmetric matrix KK7 will be

as close to a multiple of the 6 x 6 identity matrix as possible. Thus, we will minimize the
Frobenius norm of the matrix difference M, defined as,

M = KK7 - ¢%1

<~ |ja

with A and B defined as the 3 x 6 subblocks given below:

where

(3.2)

A=le; e es ]

Matrix M can then be written as

” [ AAT 1ABT

0213 0
1BAT LBBT 0

0’213

B=[e;xr, e;xr eg X Ig]
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where 13 is the 3 x 3 identity matrix, so that isotropy is achieved if M is rendered zero. Its
upper-left block vanishes if
8
AAT =) eref =013
1

Taking the trace of both sides of the above equation, and noting that
6
tr()_exel) =6 = 0”3
1

we readily derive
ol =2
Unlike the previous derivations, here it will be very cumbersome to expand the entries of
A and B explicitly and replace them into eq.(3.2). Instead, we use a numerical procedure
to minimize the Frobenius norm of matrix M. Since M is a 6 x 6 symmetric matrix, we will

be interested only in its 21 entries displayed below:

(i i fs fo fs fe]
fr fs fo fie fu
fhzo fis fiu fis

M=
sym fie fir fis
fie fao
far |

Thus, the objective function to minimize is the norm of vector f, whose components are
fi,---» - In order to render the Jacobian non-dimensional, we include the characteristic
length L as a further design variable. Because the reciprocal of L yields a simpler partial
derivative of K, A = 1/L is chosen as a design variable instead. Furthermore, we introduce
the HD parameters of the last link, ag and be, as additional design variables to determine
the position of point Pc. It is noted that ag does not affect the condition number of the
Jacobian, and hence, it i3 not considered as a design variable.

In the most general case, then, we have 21 nonlinear equations and 8 unknowns, the
objective being to minimize the Euclidean norm of vector f, and thus finding a configuration
which yields a velocity Jacobian of minimum condition number. This problem is solved by

resorting to the Newton-Gauss procedure, which requires the gradient of f with respect to
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the design variables. The design variables of the problem are contained in vector x, defined

as

X = [02 03 04 05 03 A ag bs]T (33)
The aforementioned gradient is thus the 21 x 8 matrix F defined below:
of

P ot or or ot o o o
- Ox —las, 88; 088 96 90 9N Dag Sbe

From the above discussion it is apparent that, for each column of F, we need to calculate

oM _9KT O0K_ . T
a_.‘L‘.-_KB_;: +—3_;K =P;+P;

In order to compute the gradient of the Jacobian K with respect to the joint angles, we use

the basic relations (Angeles and Lépez-Cajin, 1988),

ae,‘ {e.-xej, ifi>3;
86; 0, otherwise.

and,
ar; e; xr; ifi>j;
a_o‘. —

e; xr; otherwise.

Thus, we have
3K__[ 0 0 o & .- B8

a6, |1

L Ce

ti=

Cj

tol=

€ XV, -liel XV

where

g = e;xej, j=i+l,..6

hj = € XTrj
¢; = gjxXrj+e;xh;
Vi = e XTIy

As mentioned above, the partial derivative of K with respect to A is very simple to express,

19_15_ 0 0
9A €1 XIry ... €gXrg
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The gradient with respect to ag and bg is derived next. Because a change‘in ag and bg does

not cause any change in the direction of joint axes, we have,

6e.~ _ ae.'

—_—= = 1 =1,...,6
6a6 abe 0 ’

On the other hand, the displacement vectors all include vector ag, namely,

rp, = a+...+a 1=1,...,5

r¢ = 3as

where ag, in frame-6 coordinates, is given by
ag cos(0s)
[as)s = | aesin(bs)
bs

and none of ay,...,as is a function of ag and bg. We have then,

[l‘a]1 3[86]6 3[1‘.']1 a[as]e .
_-"'Q Q5 aas ’ abe Q Q abs 1—1,...,6

where
cos(0s) 0
Olagle | . Olagle | . ‘
ey sin(g) | , b 0, 1i=1,...,6
0 ’ 1
which then yield the expressions below:
K 0 0 K 0 0
das elxgﬂa} exg—:ﬁ dbe x & esx%:

thereby completing all the derivatives needed to obtain the gradient F.

3.3 Spherical Wrists

A spherical wrist contains three revolutes whose axes intersect at one point. In this section,
the condition number of the wrist will be calculated in terms of design variables o, a3 and
the joint variable 8;, as shown in Fig. 3.3. The said variables are defined in accordance

with the HD notation. The first and last joint angles, namely, 6, and 63, as well as the
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Figure 3.3: A spherical wrist with associated HD parameters

remaining HD parameter, a3, produce a rigid-body rotation of the overall manipulator, thus

not affecting the condition number of the orientation Jacobian that is shown below
K,=[e; e e3]

We now express the Jacobian in the first frame, namely

0 sinbysina;  cosb sin 8, sin a; + sin 8; cos 8, cos a; sin a3 + sin 61 sin a; cos az

K,=|0 —cosbsina; sinb,sinf;sina; — cosb, cos b, cos a; sin a; — cos b, sin a; cos a;
1 cos a; — cos 03 sin a; sin ag + cos ay cos ay
(3.4)
Thus, we have
1 cos o p
K.,’K, = | cosa; 1 cos a;
P cos a3 1

where,

P = cos @ oS a9 — sin @ sin a; cos ;

We derive the inverse of the above matrix and use eq.(1.1) to calculate the reciprocal of «,

denoted as k, namely,

? ) — cos? a3 + 2pcos a; cos az — p?)

K2 — 3(1 — cos (35)

1 +sin? oy +sin’a; — p?
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The variable k is used here, since its range is limited to the interval between zero and unity.

We now derive from eq.(3.5) a quadratic equation in 83, for a given condition number, i.e.,

acos’f; —2bcosf,+c=0 (3.6)
with the definitions given below:
a = (k*—3)sin? q;sin’ oy
b = cosaycosa;sinay sin agk?
c = 3(1—cos?ey — cos® ay + cos? oy cos? ;) — k*(1 + sin® @y + sin® @) — cos? @) cos? a;)

In order to derive 8, uniquely from eq. (3.6), we use the half-angle relation

112 0,
008(92) = 1+ tz, t = tan —2-
thereby obtaining
(a+2b+ )t —2(a—c)t* +a—-2b+c=0 3.7
so that,

t2=a-—c:i:\/b2—ac
a+2b+c

From the latter expression for t?, we can derive either zero, two or four real values of 6, for

a given k. It is evident that, for some k, real solutions may not be possible.

As shown in (Angeles and Rojas, 1987), an isotropic wrist has a; = a; = 90°, i.e., the
axes of the neighbouring revolutes are perpendicular to each other, thus constituting an
orthogonal wrist. Furthermore, in the same reference, it was also found that |8,] = 90° leads

to isotropy, a result which can be verified with eq.(3.7).

3.3.1 Isoconditioning Loci of Spherical Wrists

As discussed above, once the intermediate revolute is locked, 8, is given a prescribed value,
and the condition number of the wrist will remain constant for any value of 8, and #3. The
set of configurations attained by the EE, for a constant condition number, defines a manifold

in the space of either linear or quadratic invariants, that is referred to as the isoconditioning
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Figure 3.4: The spherical wrist with two joint angles

locus. Because the overall rotation under these conditions does not depend on 8,, the second
frame is removed and the third frame is redefined as {i, j, k}, as shown in Fig. 3.4. Moreover,
the HD parameters associated with the introduced frame are defined as (4, 6}) and (a3, 03).
Consistent with the HD convention, the introduced frame is defined such that, k = e3, and

i is perpendicular to the plane of e; and e3. Thus

.__ € Xe3

1= —— .Ee3>(i
sinf ’

where J is the angle between e; and e, and j is perpendicular to i and k. Noting that a3
is the angle between e3 and ey, as it was before the introduction of the intermediate frame,
the aim now is to compute 3,6; and 65 in terms of a1, as, a3,0;,02 and 63. Now, 3 can be

readily computed from the cosine and sine expressions below,
cosf=e -e3=p

where e; and e; are readily available from eq.(3.4). Similarly

sin B = |le; x e3]| = \/sin2 az sin? 8, + (sin oy cos a; + cos a; sin a; cos 6:)2>0
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The computation of 8] and 8} is shown in Appendix H. The expressions derived are repro-

duced below for quick reference.

1 [o0]] 9,
cosl, = — - cos arg — cos a;¢o8 ) — sin 8, sin @, sin a
1 smﬂ[sm 01( 2 1c0s ) 1 2 2]
. 1 COS (g — COS (1 COS
sin) = ——[—cosf cosl + 2 hal ﬂ]
sin 0, sin a;sin S
1 .cosf;
cosl, = - b cos ay — cos azcos B) — sinf; sin O3 sin a
3 sin B [sm as ( ! 2¢0s f) 2 3 1]
] 1 ©0S (1 — COS (¥2COS
sinfy; = [~ cos 05 cos 65 + : 2 ﬂ]

sin 03 sin agsin B
Having determined the above angles, the wrist rotation can be expressed using a single com--
position of individual linear or quadratic invariants. The linear invariants of each rotation,

denoted with superscripts A and B, are expressed as

sin B(1 + cos 87)
¢ = .;. sin @sin 8 a = -;—(cos 67 + cos B + cos@ycos f — 1)
| sin604(1 + cos B)
[sin a3(1 + cos 65)
qf = -;— sin 8} sin a3 @ = —;—(cos()g + cos a3 + cos 05 cosaz — 1)
| sin 05(1 + cos a3)

The quadratic invariants are derived from the linear invariants as

1+4¢ = V21 +q%)

GA = = _—
% 2 4 2(1 + ¢4,)
q.B - 1+ QQB é‘B - qB V 2(1 + qBO)
0 2 2(1 + ¢58,)

Finally, the invariants of the product are derived from the above relations using the vector

composition techniques outlined in section 2.1.3.

Graphical Display of the Isoconditioning Loci

As an example, we display the isoconditioning loci of a three-roll spherical wrist, for which
a; = op = 120°. This wrist was found to have a minimum condition number of 1.197175,
which corresponds to a value of £ = 0.8353 (Angeles and Lopez-Cajiin, 1988) with the

intermediate angle locked to §; = 95.652. Such loci corresponds to configurations lying
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farthest away from singularities. Figs. 3.5a-b show these loci in the space of linear and
C quadratic invariants, respectively.

o

el
o0

(b)

Figure 3.5: Isoconditioning Loci of the three-roll wrist a) q space b) g space
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Chapter 4

Robotics Applications of CINVERSE

4.1 Off-Line Robot Kinematics

4.1.1 Trajectory Planning: TRAJ PLAN Module

Industrial robots are most often used in continuous-path applications such as arc-welding,
cutting and materials handling. In these applications, the position and orientation of the EE
is required to undergo a gradual change between adjacent points on the traced curve. The
smoothness of the orientation is ensured by expressing the orientation with Frenet-Serret
frames at each point. These frames are composed of three orthonormal vectors representing
the unit tangent, normal and binormal vectors along the curve. The said orientation is

represented by a rotation matrix of the form

Q, =[er e, e]

where b, n,t stand for binormal, normal and tangent directions to the chosen curve, respec-
tively. The application of CINVERSE to off-line trajectory planning is illustrated with an
example below.

The example chosen is about arc welding along a curve defined by the intersection of two

cylinders as shown in Fig. 4.1.
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Figure 4.1: Intersection of two cylinders

Calculation of the Prescribed Data for DIK

The intersection of two cylinders is computed and parametrized as shown in Appendix L.
R, and R; denote the radii of the cylinders used, and 7 is the angle between the axes of
intersection of the two cylinders, whereas (X,,Y,, Z,) denote the Cartesian coordinates of
the point of intersection.

In our example, the cylinders have radii of 0.4 and 0.5 meters, and their axes intersect
at 60 degrees. Moreover, the point of intersection is located at (0.5,0.7,0.2) meters.

The position vector of a point in the curve is thus expressed as

z Rycos B+ X,

Pe=Pg=|y| = Rysinf +7Y, (4.1)
Rncoo‘ninﬂ-l-' fg—(R; cos 8)? +Zo

z
Here, B is a parameter that is chosen to be a smooth function of time, ¢, having the following

form (Fig. (4.2)

2x 2x
t) = =t — sin(=—
B(t) 10t sm(mt)
As t is incremented by 0.1 seconds from 0. to 10. seconds, 100 sample points of the curve are

obtained.
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Figure 4.2: Parameter B as a function of time

The above expression constitutes the prescribed position vector of a point on the curve
that is chosen. The orientation matrix Qg is derived next. First, we have (Angeles, Rojas

and Ldpez-Cajin, 1988)

d
.
ds
P x &
€ y—C
155 x =

where s = s(t) is a measure of the arc length on the intersection curve. Moreover, dp,/ds

and d?p,/ds? require computation of dp,/df and d?p,dS? which are readily available from
eq.(4.1).

Calculation of the Prescribed Data for VIK

For VIK, the angular velocity and the rate of change of the position vector of the EE are
required.

Now, the time rate of change of p, is calculated readily as

_dp, _dBdp,
Py ="0t =%t dB
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The derivation of the angular velocity requires the computation of the Darbouz vector, 8,

(Angeles, Rojas and Lépez-Cajin, 1988), i.e.,

36

Wy

§ = 1e + ke,

Here, $ is the speed of the EE along the intersection curve, calculated as

_dsds
T dB dt
where

ds d
7= "’u

Furthermore, T and & are the forsion and the curvature of the intersection curve, and are

functions of higher derivatives of dp,/ds, as shown in the same reference.

Calculation of the Prescribed Data for AIK

For the solution of AIK, we require the second derivative of p, with respect to time, as well
as the time derivative of the angular velocity. These expressions are derived from,
f’ = dng = d?ﬁ dpﬂ ﬂ dng
g dt*  dt? dt dt ) df?
w, = 56436

where 3§ is calculated as
s dsdB  dsdp
T dptdt ' dB dt?

The time derivative, § is derived as,
5 = 7"e¢ + Te.g + keb + ICé(,

where expressions for 7 and & involve higher derivatives of dp,/ds as shown in (Angeles,

Rojas and Lépez-Cajin, 1988). Moreover &; and é;, are derived as

€ = sKe,

e = —3Te,
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Table 4.1: Home configuration of four industrial robots

Design Variable | Y askawaAid810 | Puma560 | FanucArcMate | Asealrb6/2

0, (deg) 78.96 74.10 97.70 103.82

63 (deg) -27.53 -201.19 -46.53 -150.70

04 (deg) -40.5 -136.49 26.37 -37.56

05 (deg) 116.45 -113.19 -72.36 -114.85

0s (deg) -6.53 166.07 135.76 -13.79

L (mm) 423.522 226.389 296.837 298.665

ag (mm) 382.959 175.166 223.585 282.728

bg (mm) -397.864 214.312 274.221 -275.054
K 1.692666 1.665548 1.591313 1.767348

The TRAJ_PLAN module is applicable to any trajectory that can be parametrized, provided
that up to fourth order derivatives of the position vector with respect to that parameter exist.
As output, the TRAJ_PLAN module calculates p,, Q,, Py, w,, Py and w, and stores them in
ASCII and Binary files. When the trajectory is the intersection of two cylinders, the data
input required are i) the radii of the cylinders, ii) the angle of rotation between cylinders, v,

and iii) the offset of the intersection of the cylinders.

4.1.2 Home Configuration: HOME_CONF Module

Four industrial robots are chosen as examples, namely, Yaskawa Aid 810, Puma 560,
Fanuc Arc Mate and Asea Itb 6/2. More examples can be found from (Cugy, 1983). Among
the above robots, Puma 560 and Asea Irb 6/2 are wrist-partitioned. The HD parameters
of the robots are shown in Appendix J. As shown in the said Appendix, all architectures
contain identical values of |a;], for (: = 1,...6). However, the distances and offsets between
axes, namely, a; and b;, for (i = 1,...6), are not identical.

The numerical results for the above-mentioned robots are summarized in Table 4.1. It
is noted from this table that, although none of these robots is isotropic, if their Jacobian

matrices are defined at their characteristic points, the minimum condition numbers thus
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obtained are fairly close to unity.

Table 4.2: Home configurations disregarding the characteristic points

Design Variable | YaskawaAid810 | Puma560 | FanucArcMate | Asealrb6/2
8, (deg) 89.03 -83.65 121.75 88.29
83 (deg) -134.07 41.25 -58.73 -44.86
04 (deg) -182.48 -37.81 15.53 0.0
05 (deg) -48.47 199.38 -37.07 -56.09
L (mm) 653.594 294.117 366.300 458.715
3 3.73 | 468 3.95 4.02

For comparison purposes, we include in Table 4.2 the home configurations and charac-
teristic lengths of the same four robots, as provided by the manufacturer, i.e., disregarding
their characteristic points. ‘

The home configuration and the characteristic point of these robots are illustrated with
the help of figures generated on an IRIS 4{D/210VGX in Fig. 4.3. Moreover, Fig. 4.4 shows
the home configurations of the same robots, as provided by the manufacturers.

The input needed for the HOME_CONF module are, i) a user-supplied initial guess of
design parameters as indicated with eq.(3.3), and ii) the HD parameters of the manipulator.

The output produced is the said design vector.
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Figure 4.3: Various robots at their home configurations a) Yaskawa Aid 810 b) Puma 560
c¢) Fanuc Arc Mate d) Asea Irb 6/2
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4.2 On-Line Robot Kinematics

4.2.1 Inverse Kinematics: INV_KIN Module

First, the data p,, Py, P, are non-dimensionalized through division by the characteristic
length, L. Similarly, the translational terms of the HD parameters, namely, a; and b;, for
t = 1,...6, are also divided by L. Moreover, the values for the the HD parameters ag and
be are assigned in accordance with the calculation of the characteristic point Fg.

For the first point on the traced curve, the home configuration obtained is used as an
initial guess. For subsequent points, the solution obtained from the previous data point is
used as an initial guess so that a quicker convergence can be reached and the likelihood of
branch switching is reduced. The method based on the natural invariants is used in DIK
not only because of its faster convergence speed, bui also in order to avoid formulation
singularities.

Furthermore, the joint rates for each point are determined by making use of the joint
angles just derived. If the joint angles lead to a singular velocity Jacobian, the singularity
handling algorithm is applied to prevent branch switching. Otherwise, a linear algebraic set
of equations is solved for the joint rates. Moreover, the joint accelerations are determined
by making use of the joint angles and joint rates obtained for the point in consideration.
In the case of a singularity, the joint accelerations are determined using a similar numerical
procedure. |

Below, we display the IKP solutions obtained for all joint variables of the Yaskawa Aid
810 robot, using the example path that was discussed earlier in the Chapter. As can be
verified from Fig. 4.5a-f, in all cases, the joint rate § (dashed line) vanishes when the joint
angle 8 (solid line) is a minimum or a maximum. Similarly, § (dotted line) vanishes when §
is a minimum or a maximum.

The input required for the INV_KIN module are, i) alll the outputs produced from the
TRAJ_PLAN and HOME_CONF modules, and ii) HD parameters of the manipulator. The

output produced are joint angles, rates and accelerations. -
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Chapter 5

Conclusions

5.1 Concluding remarks

The forward kinematics problem has been implemented using two different methods, as
described below. The first method, based on the composition of invariants, allows the imple-
mentation of rotation calculations with four scalar quantities. Thus, only vector operations
are required with this method to derive the orientation expressions. The second method,
which is based on matrix products, requires the use of 3 x 3 matrices. Although the use
of invariant quantities is more elegant, it leads to more expensive algorithms, as shown in
the operation count analyses. Because Newton-type numerical procedures are used to im-
plement displacement inverse kinematics, it is always preferable to minimize the overhead
in orientation calculations, since at each iteration of the numerical procedure, the invariants
have to be recalculated. Because of the significant time advantage, matrix calculations are
recommended over invariant compositions.

The displacement inverse kinematics problem was solved here using three different sets
of invariants. Although linear invariants are computationally inexpensive, they have the
disadvantage of causing ill-conditioning in the Jacobian when the angle of rotation is close
to . On the other hand, quadratic invariants are well defined for all rotation angles and
do not admit formulation singularities, but their use leads to a much slower convergence
rate than the use of linear invariants. The third set of invariants studied here, which §ve

call the natural invariants, consists of the unit vector parallel to the axis of rotation and
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the angle of rotation. Using natural invariants, the associated Jacobian takes on a much
simpler form than in the previous cases, thus reducing the overhead in the set-up time of
the linear algebraic system. Furthermore, because its Jacobian is square (6 x 6), the method
based on the natural invariants allows us to use a faster solution technique, such as LU-
decomposition. Moreover, the said Jacobian is also employed in the calculation of joint rates
and joint accelerations Thus, the complete inverse kinematics problem can be implemented
using only one Jacobian. One more advantage of the method based on natural invariants is
that it does not admit formulation singularities, the stability of the numerical procedure thus
being dependent only on the configuration of the manipulator. Because of both time and
numerical stability advantages, the natural invariants are preferred in the implementation of
inverse kinematics.

The condition number of the Jacobian matrix of serial manipulators has been used as
a measure of kinematic and numerical performance. A least-squares algorithm has been
presented to minimize the condition number of a square matrix.

The condition number of a general six-axis manipulator has been optimized using the
above-mentioned algorithm. The optimization is enhanced by defining a constant length that
is used to render the Jacobian matrix dimensionally homogeneous. It is also shown that, by
using the Hartenberg-Denavit parameters of the last frame as additional design variables,
an optimum location of the end-effector can be derived that allows the condition number of
the said Jacobian to approach unity. The algorithm was used to derive the best conditioned
configurations of several common robots.

The conditioning of spherical wrists is also analyzed. When the condition number of
a spherical wrist is kept fixed to a single value, the intermediate joint is locked, the other
two thus producing a set of motions of the end-effector that spé.n an isoconditioning surface
lying inside a unit sphere. The said surface is derived in Appendix H, and example loci are

displayed in Chapter 3.
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5.2 Suggestions for Further Research

Further improvements in this research area should address the handling of kinematic singu-
larities during the numerical iterations of the displacement inverse kinematics. Although any
of the above-mentioned three inverse kinematics methods would come out of the singularity
due to the robustness of the Newton-type methods used, a branch switching is very likely
to occur in the presence of a kinematic singularity. Definitely, a branch switching has to
be avoided in on-line applications, for it leads to jump discontinuities in velocities and to
infinite discontinuities in accelerations.

Furthermore, when the numerical procedure converges to a solution at a singularity, the
singularity-handling algorithm presented here uses a series approximation to calculate the
joint angles at the next point. Since joint angles are calculated using an approximation, the
error induced will be reflected to the joint rates and joint accelerations in the neighbourhood
of the said singularity, thus causing sometimes noticeable deviations in joint histories. In
order to avoid the deviations, the approximations obtained should be refined by introducing

another solution technique that does not require the gradient of the vector function used.
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Appendix A

Equivalent HD Representations

Once the origin of the frames (O;) are determined for each link, one has the freedom of
choosing the direction of the axis of rotation Z;, as well as of choosing the direction of the
axis X;. Among four HD parameters, only a; will remain unchanged if different directions
are chosen for the above axes. The effect of choosing an opposite direction of the said axes on
the remaining three HD parameters is analyzed below. For a six-axis manipulator, assuming
the directions of X; and X7 are fixed,

i) If X;, fori =2,...86, is chosen in the opposite direction, then a;_1, 6;—;, and 8; are affected

as follows,

Qi1 — —Qi-1
Oich - Oii+

b; — 6;+~

i) If Z;, for ¢ = 2,...6 , is chosen in the opposite direction, then a;_;,«;,6;, and b; are

affected as follows,
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Appendix B

Computational Analysis of Matrix

Products

B.1 Multiplication of Two Rotation Matrices

Given the rotation matrices Qi,Qz,..., Qe for a six-axis manipulator, the computational
cost of the first product of those matrices is calculated below, an asterix indicating a non-zero

entry, while M and A denote multiplications and additions, respectively,

* X * X k% 2M+1A 3IM+2A 3IM+2A
x * * * % x| =>|2M+1A 3IM+2A 3IM+2A| =2 21M + 124
0 = = 0 = = 1M 2M+14A 2M + 1A

B.2 Derivation of the Remaining Four Products

Once the first product is derived, the remaining ones can be derived by making use of the

properties of the rotation matrices, as outlined in (Angeles, 1989),

P ~ Q:1Q;
For i=3,n do
Pi_y « Pi2Q:
enddo
QP
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The product P;_,Q; is computed as follows: Let P}_g and P;_; be denoted as,

a;y a3 a3 b b12 bl3
Pioa=|an a2 as| Pioi=|bn b b
a3 as aa ba1 ba bas

We first compute u, v, and w as

u = aj8in68; — a;acosb;
v = ag8ind; — acosb;
w = a3 sinf; — a3z cosl;

The product P; can now be computed as,

biu = ai1cosf; + ayzsiné;
biz = —ucosa; + ay3sing
bis = usina; + ajzcos
by = a3 cosf; + axsind;
by = —vcosa; + azxssing;
b3 = wvsina; + azzcosa;
bsy = aa cosf; + azzsind;
by = —wcosa; + aszsing;
bis = wsina; + aszcosa;

The derivation of u,v and w requires 6M and 3A, whereas each b;; requires 2M and 1A4.
Therefore, the above product requires 24M and 12A. Thus, the remaining four products
require 96 M and 48A. Hence, the computation of Q requires

117M and 604
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Appendix C

Derivation of Quadratic Invariants

from the Rotation Matrix

First, the quadratic invariants of a given rotation matrix Q can be computed from its linear

invariants, namely,
. _ 1+ . do
= 2 = (1+ q)

where §o requires 15 + 1M + 1A, with S denoting square-root operation. Furthermore, q

q

requires 1D and 3M, with D denoting divisions. Thus, the cost of deriving the quadratic

invariants from linear invariants is 15 + 1D + 4M + 1A. Moreover, the cost of computing

the linear invariants is 4M and 6 A. Thus, the total cost of deriving the quadratic invariants is
1S+ 1D +8M + 74

Secondly, the quadratic invariants of a given rotation matrix Q are computed directly

from the entries of the matrix using the following algorithm:
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do—+ivVT+au+aoaz+en 1S+ 1M + 34

if |do| > €
¢ q32 — q23
g2 ""2%;; Q13— qn 1D +4M + 34
& 91 — Q12

else

find maximum |g;)
Geu-q  1S+2M+14
§i—w(gita) 1D+2M+1A
g —gi(gsitaa) 1M +1A
The above algorithm requires 15 + 1D + 5M + 6A when §o # 0, otherwise it requires
25 + 1D + 6M + 6A.
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Appendix D

Linear Invariants of Matrix Products

D.1 Method 1: Matrix Multiplications

A single product of two rotation matrices requires 21M and 12A. The derivation of the linear
invariants from this product requires 4M and 6A, hence the total number of operations is
25M and 18A
Moreover, as shown above the product of 6 rotation matrices is computed in 117M and
60A. The derivation of the linear invariants from this matrix requires 4M and 6A, hence the

total number of operations is

121 M and 66A

D.2 Method 2: Vector Compositions

Using vector calculations, the computational cost in the derivation of the linear invariants
of the first product Q;Q; is determined below in terms of the number of divisions, multipli-

cations and additions required.

t —_
@) = —?(Q;) ! 1M + 34
(Qa) -1
¢ = —’(Q;) 1M + 34
q") = vect(Qi) 3M +24
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q® = vect(Q,) IM +2A

(1+¢§)q® IM + 1A
(1+¢{")q® M +14
q(l) X qm 6M + 3A
=(1+¢M1+¢?) 1M
D —q®.q® 3M +3A
-2-15 1D +1M
n=(D-qY q?)1+¢M)q + (1 +¢§")g® + g x ] 3M + 64

=
— 2D
Thus, calculating q takes 1 more multiplication for a total of 1 division, 29 multiplications

and 24 additions. To find the trace, one further needs to compute N

(q(1)+ (2) (1) (2)) 1M +2A
(q(l) . q(ﬂ))(q(l) . q @ _ 2D) IM+1A
D(gt (1) (2) (l) (2)) M

N = D(® + ¢ + ¢®¢®) + (qV - q?)(qV - ¢ — 2D)

Thus, N takes 3 more multiplications and 4 more additions after the derivation of q. Finally,

_N-D
©="3p

Thus, go will take 1 more multiplication and 1 more addition for a total of 1D + 33M + 294
for the computation of the linear invariants of the first product with the proposed method.
To compute the linear invariants of the EE orientation matrix, four more products are
required. For subsequent products P;Qi;2,i = i,..,4, the linear invariants of the first
rotation matrix in the product is known from the previous step, thus saving 4M + 5A.
Therefore the total cost with the proposed algorithm will be:
(1D+33M+29A) + 4[(1D+33M+29A)-(4M+5A)] = 5D+149M+125A
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Appendix E

Quadratic Invariants of Matrix

Products

E.1 Method 1: Matrix Multiplications

For the first matrix product, 21 M and 12A are needed. Furthermore, the quadratic invariants
are extracted from the derived matrix in 15 + 1D + 5M + 6A, thus total cost for the first

product is
15 + 1D + 26M 4 184
If the quadratic invariants of the EE is required, we have 117M and 60A from the matrix

multiplications, hence a total of
1S + 1D + 122M + 66A

are needed.

E.2 Method 2: Quadratic Invariants from the Com-
position of Linear Invariants

The proposed method of vector calculations is extended to derive the quadratic invariants,

namely,
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. 1 /D+N . Go

©“=3V\"p 9°N+¥D
The computation of o requires 1S + 1D + 1M + 1A, and that of q requires an additional
1D + 3M. 1t is also recalled that the derivation of n, N and D requires 1D + 31 M + 284,

which is 2M and 1A less than the derivation of q and ¢o. Thus, the total cost for deriving

n

the quadratic invariants for the first product is
1S + 3D + 35M + 29A
Furthermore, the derivation of n, N and D for the EE orientation matrix requires 5D
+ 147TM + 124 A, which is again 2M and 1A less than the number of operations required
by the linear invariants of the final product. Thus, the total cost for deriving the quadratic

invariants of the final product is
1S + 7D + 151M + 125A

'E.3 Method 3: Vector Compositions of Quadratic In-
variants

The quadratic invariants of the end product of two rotation matrices is derived from the

quadratic invariants of the individual matrices, namely

G = @ -4M-q»

§ = fo(@"a" +46"4M +4 x §)

The derivation of §o requires 4M and 3A, while q requires 15M and 9A. Furthermore,
the derivation of each set of quadratic invariants requires 15 + 1D + 5M + 6A. Thus, the
total cost for the first product is

2S5 + 2D + 29M + 24A

For five products we have
(25 + 2D + 29M + 24A) + 4[(1S + 1D + 5M + 6A) + (19M + 124)]

which gives a total of 65 + 6D + 125M + 96A.
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Appendix F

Computational Cost of the Velocity

Jacobian

Assuming that the product matrices expressing the orientation of the EE in each frame are
known, we proceed to calculate the velocity Jacobian defined in eq.(2.10).

Since the product of a rotation matrix with the vector [0,0,1]7 amounts to the third
column of that matrix, this product does not require any operation, and the unit vectors
e;, for i = 1,...,6, are calculated at no cost. The computation of i-.-, fort =1,...,6, is
discussed next. Since we have

Tg < 8¢
For i=5 to 1 do
r; — a; + Qiriy
enddo
we first need to calculate a; for : = 1,...,6, defined as,
cos 0;a;
a; = | sinb;a;
b;
each of which requires (2T'+2M), for a total of 12T and 12M. Next, rg does not require any
operation but r; « a; + Q;ri4; requires (8M+7A) each, for a total of 40M and 35A for the
remaining five vectors. Thus, the calculation of r;, for ¢ = 1,...,6, requires 127, 52M and

35A.
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To calculate [e; X r;];, for i = 1,...,6, we proceed as follows. Since we have

0 Tz —ry
O x|ryl=|r=
1 rs 0
the cross products do not require any operation. However, to compute [e; x r;]; we have,
x = x| [-r, | 2M +1A
[ea xra)i = Qulea xrala = |+ * r: | = |2M +1A
0 * x 0 IM
and for [e; x i), for i = 3,...,6, we have,
* x *][-r, 2M +1A
* ok ok r: | = |2M+1A
* % 0 2M +1A

totaling (5M+2A) + 4[(6M+3A)] = 29M+14A. Therefore, for the computation of the

velocity Jacobian we add the cost of r;, fori =1,...,6, and that of [esxr)y,fori=1,...,86,

yielding a total of
12T + 81M + 494
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Appendix G

Rotation Matrix from the Quadratic

Invariants

The rotation matrix +/Q is computed from the quadratic invariants as

-~ 1 ~ -~ -~
= gol + ~ 1x
VQ=do 1+qoc16§>q+ q

c The individual entries of the above matrix is expressed with the aid of the auxiliary variables

6u,v,w,T,Y,2 as

¢ = g _‘]_' . 1D +14A
u = c1i§a 2M
v = chifs 2M
‘w o= chis 2M
T = chii 2M
y = cf2§a 2M
zZ = c§aGs 2M

so that

(iu = éo+z 1A

Gz = u

-¢3 1A
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iz = v+4da 14
gn = u+ds 1A
g2 = Goty 14
G2z = w—q 1A
gn = u—¢ 14
g2 = w+q 14

-~

sz = Go+z 14

The total cost for the above calculations is thus 1D + 12M + 10A.
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Appendix H

Derivation of the Isoconditioning

Locus

H.1 Representation of a Spherical Wrist

Following the HD notation, a spherical wrist is analyzed using three pairs of HD parameters,
namely (o4, 6;), for i = 1,2,3, where
«; : angle from e; to e;;; measured about x;4;
0; : angle from x; to x;4; measured about e;
and, |
e; is the unit vector parallel to the axis of the ith joint
X; is the axis perpendicular to both e;_; and e;
The three HD frames with axes (x;,y:,e;), for ¢ = 1,2,3, give rise to the following
relations (Fig. 3.3):

cosa; = € -e; : (H.1)
cosa; = ez-e3 (H.2)
cosaz = es3 -ve4 (H.3)
cosfy = X; X (H4)
cosf, = x;-X3 (H.5)



cosfs = xX3-X4 (H.6)
e; X ez

= H.7
X2 sin oy (H.7)
X3 = e“: X % (H.8)
sin oy
X, = e3. X €4 (Hg)
sin a3
X1 X X2
= H.1
@ sin 81 ( 0)
_ X3 X X3 :
@ = sin 8, (H.11)
X3 X X4
= 12
e sin 05 (H.12)

H.2 The Computation of Two Rotations

When the second revolute of a 3-axis spherical wrist is locked, the wrist is considered as a
two-revolute manipulator (Fig. 3.4). Here, the first and last frames, namely (x;,y1, ;) and
(X4, Y4, €4) are unchanged, the second frame (x3,y3, e;) is removed, and finally, in the third
frame, x3 and y3 are replaced with i and j, respectively.

The two pairs of HD parameters needed now are (3,8;) and (a3, 03). In order to derive

6, and 63, as a function of («a;, 6;), for i = 1,2,3, we consider the following relations

cosf = e;-e3 (H.13)
cosby = x;-i (H.14)
cosfy = i-x4 (H.15)
. _ € Xeg
i = s (H.16)
_x1 X1
e = == & (H.17)
_ 1 x X4
e; = sin 0,3 (HIS)

Furthermore, the following vector identities are used

(axb)-(cxd) = (a-c)(b-d)~(a-d)(b-c) (H.19)
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(axb)x(exd) = b(a:(cxd))—a(b:(cxd)) (H.20)

H.2.1 Derivation of 6]

Combining eqs.(H.16) and (H.17) one has:

_ X3 X (e1 X e3)

= = ey(x; - e3) — e3(x; - e
@ sin 0}sin B 131 €5) —e5(x1 - @)

thus
X; - e3 = sin@]sin (H.21)

Furthermore, applying the dot product on both sides of eq.(H.7) with e; gives

(e1xe)-e3 (esxe)-e3 (exxe3)-e
X3-€3 = : = - = :
sin oy sin a; sin

From eqs.(H.8) and (H.16) we have

sin B (H.22)

. Xz-e; , i-ep
X3z €3 = —; Sin (g = ——;
sin g sin Qg

To find an expression for i- e, one resorts to eqs.(H.11), (H8) and (H.7).

_XaX (e; X e3) - (e1 x e3) x (e2 x e3)
sin @, sin a; sin @, sin a; sin oy

€2

which can be reduced, namely,

_ elei-(eaxes)] [(esxe)-e] ~sin 4
== . . = e . : =€ : - 1
sin 0 sin ag sin sinfysinagsina; | “sinfzsinazsina
Thus
. _ sinfssinazsingy
| 1-€ = sin ﬂ (H23)
Combining eqs.(H.22) and (H.23) one has
X3 + X3 = sin 03 sin oy (H.24)
X3-€e = — sin 02 sin Q; (H25)

Moreover, from the definition of the frame (i, j, k), one has the following relation:
e, = sin ) + cos Bk = sin fe; x i + cos fe;
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Taking the dot product of the foregoing expression with e; on both sides gives
e;-e; =sinfe3 X i-ey + cosPe; - e; = sinfe; x e3 -1+ cos Bcosaz

thus
cos @; — cos 3 cos a;

Xar1= sin Bsin ay (H.26)

On the other hand, the cross product of both sides of eq.(H.10) with x; gives

(x1 X X2) X X3 Xa(X1-X1) —X1(X2-X1) Xz — X;cos6,
e; XXy = n = . = :
sin 0, sin 8, sin 6,

which gives the relation
1

cos 8,

Xg =

(Xg —sin 01e1 X X]) (H27)

Similarly, taking the cross product of both sides of (H.10) with x; gives

(x1 X X3) X X3 _ Xa(X; * X2) — X3(X3 - X2) _ Xacos 6 —x;
sin 6, sin 6, sin 0,

e X X3 =
thus
X1 = (X2 cosd; — sinf1e; x x3) (H.28)

One can compute cos §] by taking the dot product of both sides of eq. (H.28) with i

e; X e3

sin 8

X1 -1 = (xyco80; —sinbye; x x3) -

which further reduces to

e X e;
sin ay

. 1 .
Xi1'1= m(cos 01 +€; X ez —sin 01(81 X Xg) . (el X e3)) =

1 { cos 6,
sin f "sin oy

(COS Q3 — COS (x1 COS ﬂ) —sin 01[(81 . el)(X2 . 93) - (e; . 63)(81 . Xg)]}

Therefore ,

1 cos 01

cosf, = —[=
1 sxnﬁ[sxnal

(cos az — cos a;cos B) — sin 8, sin 8; sin a,] (H.29)

An expression for cos @] can also be derived by taking the dot product of both sides of
eq.(H.27) with i

i . e; X e3
cosd = xy-1= X — sin fier X x1) -
' 1= e 1€ x %) o
1 .
- W[x2'el x ez — sinf,(e; x X.1) (e X e3)]
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which reduces to

1 cos a3 — Cos a;cos B

: - — sin 4, sin &sin
cos 0sin B8 sin a ! isin f)

We now solve for sin 8}, namely,

—cosfcosf,  (cosaz — cosa;cosff)
sin 6, sin 0, sin oy sin B8

sinf] = (H.30)

Thus, 8] is uniquely determined with the expressions (H.29) and (H.30).

H.2.2 Derivation of 65

To begin with, we equate eqs.(H.12) and (H.18), and take the cross product with x4 on each

side of the equation.
e = IXXq Xz XX
7 'sin6,  sin0s

Hence,
(i x xq) x x4 _ (x3 X X4) X X4
sin 04 sin 03

which reduces to
Xqc0803 —i  x4c0863 — X3

sinfy, sin 63 (H.31)
Taking the dot product of both sides of eq.(H.31) with e; yields
X4 e cosby—i-e xq-ecos03—x3-€
sin 64 B sin 6,
where X; - €; is known from eq.(H.25). Now, solving for x4 - e; yields
sinay 2%
Xq' € = g (H.32)

Coaly _ cosfy
:in?i 8in 6,

An expression for x4 - ; is also derived when both sides of eq.(H.18) are crossed with e;,

namely,
(i xxq) xe
e3 X e = ————
37 sin 64)
—isin Bsinfy = x4(i-e;) —ixq- €;
Thus,

X4 - €; = sin Bsin 0} (H.33)
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We now solve for sin #; from eqs.(H.32) and (H.33), namely,

. sin 65
sinfy = —— cos @y +
c

os 03

-sin o sin 6,

cos f3sin 3 (H.34)
Taking the dot product of both sides of eq.(H.31) with the right-hand side of eq.(H.31) gives

the following expression:

(x4 cos8g —1i) - (x4co803 — x3)

: : 1
sin 05 sin 05

or

cos 03 cos 8 — cos 05%4 - X3 — i- x4co803 +1i- X3 =sinbysin by

An expression for i - X3 is known from eq.(H.26); solving for sin 6} from the above equation

yields

. _ 1 cosa; — cos B cos ay
sinfy = e 03( cos 03 cos 0 + P ) (H.35)
Finally, from eqs.(H.33) and (H.34),
cosy = — ! [cos fa(cos o cosBoosas) sin 8, sin 83 sin o] (H.36)
‘ sin 8 sin az

Thus, 6 is uniquely determined from the expressions (H.35) and (H.36), thereby com-

pleting all the calculations necessary for the computation of two rotations.
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Appendix 1

Parametrizing the Intersection of .

Two cylinders

Let us choose two coordinate frames (X, Y, Z) and (X', Y’, Z') such that X and X' are coin-
cident, and that Z and Z’ intersect at an angle v, measured about the X axis. Furthermore,
let us attach a cylinder to each frame such that the axis of the cylinder is coincident with

the Z-axis of the associated frame. The equations of the two cylinders can be expressed as,

2?+y* = R ~h<z<h (L.1)
() + (') = R? -h<2'<h (1.2)

Moreover, (X',Y’, Z') is expressed in the (X,Y, Z) frame as follows,

!

z z z
Y| =Q:|y| =|cosyy —sinyz
2 z sinyy + cos vz

Substituting the expressions for 2’ and y’ into eq.(1.2) yields an expression for the intersection

of the two cylinders, from which an expression for z? is readily derived as

I
s cos—yy:t' R — 22

sin 7y

which allows two solutions, thus leading to two trajectories. Any one of the trajectories can

be chosen. We choose the positive square roots. Now, z and y are parametrized with the
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usual trigonometric expressions,

o

z = RycosfB

y = R1 sinﬂ

thus allowing an expression of a point on the intersection curve parametrically as,

z Ricosp
. R, cosysin §++/R3~(Ry cos )
siny
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Appendix J

HD Parameters of Example Robots

Below, the H-D parameters of Yaskawa Aid 810, Puma 560, Fanuc Arc Mate and Asea IRB
6/2 are included. Since all the above robots have only revolute joints, the joint variables
{6:}8 can attain arbitrary values and are not shown below. Similarly, the values for ag and

a¢ depend on the definition of the frame attached to the EE, and are neither shown in the

tables below.

Table J.1: Hartenberg Denavit Parameters of Yaskawa Aid 810

index | @ (rad) | @ (mm) b (mm)
1 z 0. 785.
2 0. 670. 0.
3 z 0 0.
4 z 0. 950.
5 z 0 90.
6 * * 128. ‘
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Table J.2: Hartenberg Denavit Parameters of Puma 560

index | @ (rad) | ¢ (mm)| b (mm)
1 5 0. 400.
2 0. 432, 149.
3 5 20. 0.
4 5 0. 432.
5 3 0. 0.
6 * * 56.

Table J.3: Hartenberg Denavit Parameters of Fanuc Arc Mate

index | @ (rad) |a (mm)|b (mm)
1 z 200. 810.
2 0. 600. 0.
3 z 130. 30.
4 z 0. 550.
5 z 0. 100.
6 * * 100.

Table J.4: Hartenberg Denavit Parameters of Asea IRB 6/2

index | @ (rad) |[a (mm) | &b (mm)
1 3 0. 700.
2 0. 450. 0.
3 3 0. 0.
4 3 0. 670.
5 3 0. 100.
6 * * 95.
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