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Abstract
A modeling technique for simulating the fatigue behaviour of laminated composite materials

with or without stress concentrations. called progressive fatigue datllage modelirlg. is established.

The 11lodel is capable of simulating the residual stifftless. residual strengtlz and fatiguc lifc of

composite laminates with arbitra.-y geometry and stacking sequence under complicated fatigue

loading conditions.

The tIlodel is an integration of three major components: stress analysis. failure analysis.

and material property degraàation rules. A three-dimensional, nonlinear, finite element technique

is dev'lloped for the stress analysis. By using a large number of elements near the edge of the hole

and at layer interfaces, the edge effect has been accounted for. Each clcment is considered to be an

orthotropic material under mulüaxial state of stress. Based on the three-dimensional state of stress

of each element, different failure modes of a unidirectiona! ply under mu!tiaxia! states of stress arc

detected by a set of fatigue l'ailure criteria. An analytical technique, called the generalized residual

material property degradation technique. is established to degrade the material properties of failed

elements. This analytical technique removes the restriction of the applicatIon of l'ailure criteria to

limited applied stress ratios. Based on the modeI, a computer code is developed that simulates

cycle-by-cycle behaviour of composite laminates under fatigue loading.

As the input for the model, the material properties (residual stiffness, residual strength and

fatigue life) of unidirectional AS4/3501-6 graphite/epoxy material are l'ully characterized under

tension and compression, for fiber and matrix directions, and under in-plane and out-of-plane

shear in static and fatigue loading conditions. An extensive experimental program, by using

standard experimental techniques. is performed for this purpose. Sorne of the existing standard

testing methods are necessarily modified and improved. To validate the generalized residual

material property degradation technique, fatigue behaviour of a 30-degrees off-axis specimen under

uniaxial fatigue loading is simulated. The results of an experimental program conducted on 30­

degrees off-axis specimens under uniaxial fatigue show a very good correlation with the analytical

results. To evaluate the progressive fatigue damage model, fatigue behaviour of pinlbolt-loaded

composite laminates is simulated as a very complicated example. The model is validated by

conducting an experimental program on pinlbolt-Ioaded composite laminates and by expcrimental

results l'rom other authors. The comparison between the analytical results and the expcrimenl~

shows the successful simulation capability of the mode/.
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Résumé
Use technique de modélisation est développée pour faire l'analyse du comportement

mécanique en fatigue des structures fabriquées de matériaux composites qui peuvent être sujettes à

des concentrations de contraintes. Cette technique s'appelle le modelage de dommages progressifs

e.'l}àtiRue. Le modèle l'eut simuler et prédire la rigidité résiduelle, la résistance résiduelle et la vie

totale en fatigue d'une plaque laminée en conlposite qui peut avoir une géométrie et une séquence

de plies arbitraires, et peut être soumise à une condition complexe de chargement.

Trois modules constituent l'intégralité du modèle: l'analyse de contrainte, l'analyse de

rupture et les règles de dégradation des propriétés des matériaux. Pour développer l'analyse de

contrainte, une méthode par élément fini, non linéaire et t:idimensionelle, sera utilisée. En

choisissant un grand nombre d'éléments près du bord des ouvertures et de l'interface des plies, les

effet~ de bord seront inclus. Chaque élément possède une propriété orthotropique en état de

contrainte multi-axe en trois dimensions. Les contraintes, calculées pour chaque élément, sont

évaluées par des critères de rupture en fatigue. Pour détériorer les propriétés des éléments

endommagés, une nouvelle !~chnique est mise au point: la technique générale d'évaluation des

propriétés résiduelles des matériaux. Cette technique élimine une restriction importante sur

l'utilisation des critères de rupture qui sont normalement limités à une seule proportion (maximum

sur minimum) de contrainte appliquée. Un logiciel est développé pour simuler, cycle par cycle, le

comportement en fatigue des structures en matériaux composites.

Le modèle nécessite que les propriétés de base (rigidité résiduelle, résistance résiduelle et

vie totale en fatigue) du matériau unidirectionnel graphite/époxie AS4/3501-6 soient mesurées. Les

caractéristiques du matériau seront répertoriées après qu'on ait mesuré les propriétés, en tension et

en compression, dans la direction des fibres, de la matrice et du cisaillement du matériau, et tout

cela en statique et en fatigue. Pour compléter tous ces essais, plusieurs techniques expérimentales

standards sont utilisées. Quelques essais ont nécessités des modifications et des améliorations.

Pour vérifier la technique générale d'évaluation des propriétés résiduelles des matériaux, des essais

de fatigue utilisants des coupons d'essais avec l'angle des plies à trente degrés ont été effectués.

Les résultats corroborent très bien les prédictions. Pour évaluer la technique de modelage de

dommages progressifs en fatigue, le comportement des plaques ayant une connexion

goupillée/boulonnée (exemple de chargement complexe) est simulé. Ces simulations sont

comparées à des essais faits sur des plaques goupilléeslboulonnées ainsi qu'à des résultats tirés de

la littémture scientifique. La corroboration des résultats démontre avec succès les capacités de

simulation du modèle.
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• Chapter 1

Introduction

The word fatigue is defined by the ASM [1] as the phenomenon leading to fracture under

repeated or fluctuating stresses having a maximum value less than the ultimate statie strength t of

the materiaI. Perhaps Poncelet in 1839 was the first person who called this phenomenon "fatigue"

[2]. One of the earliest papers on fatigue of metals was published in 1867, by A. Wohler, a

German engineer [3]. Since then, a great quantity of research has been performed on fatigue

behaviour of homogenous materials. Despite this, research in fatigue of composite materials was

virtually non-existent before 1958 [4].

•

Intricacy and non-homogeneity of composite materials make their fatigue behaviour very

complicated in comparison with traditional materials. Although today there is a large amount of

research in fatigue of composite materials, however the level of understanding of the fatigue

behaviour is far less than that obtained for homogenous materials [5]. In spite of the complicated

behaviour of composite materials in fatigue loading conditions and the lack of a relatively

comprehensive knowledge of the fatigue behaviour, the long life, light weight, high stiffness and

high strength of such materials make them attractive for design. Increasing application of

composite materials in primary structures is a good example of this attraction, and one that

demands a more challenging research effort. Thus the fatigue analysis of composite materials is a

tield of CUITent and growing importance.

t Tho words "ultimato tonsile strength" in the original definition by the ASM arc rcplaccd by "ultimate statie
strongth" in this thosis. In this way the definition is applicable to tension. compression and shear fatigue loading
conditions.



1.1 Literature review•
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Before beginning this section. it should be pointed out that this thesis covers numerous

topics. Hence. combining a literature review of ail the different topics covered by the thesis in this

section would make it lengthy and confusing. Instead. this section reviews papers rclated only to

the main subject of the thesis, i.e.. fatigue modeling of composite laminates with or without stress

concentrations. Papers related to specifie areas covered by the thesis are revicwed and discussed in

detail in relevant chapters.

Among the different types of composite materials. polymer matrices reinforced with

graphite fibers are used extensively in aerospace industries. Duc to the large difference between

the mechanical properties of graphite fiber and epoxy matrix. the resulting composite materials

show highly orthotropic behaviour. Also, the failure modes of unidirectional composites under

different fatigue loading conditions. such as tension. compression. in-plane shear or out-of-plane

shear in fiber or matrix directions, are ail completely different. Moreover a composite laminate.

consisting of plies with different orientations and different stacking sequence. has a more

complicated fatigue behaviour. For instance, delamination or separation between layers is a very

complicated failure mechanism which is special to composite laminates. Existence of stress

concentrations multiplies the complexity of fatigue failure of composite laminates and consequently

the modeling is even more difficult. It is necessary to mention here that the words "stress

concentrations" are equivalent to words such as notches, slots. slits, cracks, open holes and

pinlbolt-loaded holes used by authors in the literature. By considering ail the aforementioned

complexities, sorne of which are inherent to composites, the fatigue modcling of these materials is

a very tedious task. Specifically, the fatigue of composite laminates with stress concentrations is

one of the most complicated subjects which is still under research.

There are sorne remarkable efforts in the literature studying the fatigue behaviour of

unidirectional plies and laminated composites (see review papers [4-9]). Three principal

approaches are used for predicting the fatigue life of composite materials: residual strength,

residual stiffness and empirical methodologies. In each category, phenomenological, mechanistic,

statistical and mixed methods are utilized by different authors. Most of thesc works arc dcvoted to

the fatigue behaviour of unidirectional plies or simple laminates, while the number of research

papers on fatigue of notched laminates is more limited. Unfortunately, the valuable information

provided by different authors for the fatigue of simple composites without stress concentrations

• can not be directly used for the fatigue analysis of composite laminates with stress concentrations.



However, they can be considered a~ ba~ic knowIedge for understanding the mechanics of fatigue

failure in ordcr to develop suitabIe models for the fatigue failure analysis of composites with stress

concentrations.•
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•

One of the earliest papers in fatigue of composite laminates with stress concentrations was

published by Owen and Bishop [10]. Today, there are severa! experimental [11-22] and analytical

[23-39] research papers in this field. However, the present state of knowledge is still in the stage

of development and improvement. Among the existing modeIs, the semi-empirical model of

Kulkami et al. [27-31], the critical clement model of Reifsnider et al. [32-34], and the damage

growth model of Spearing et al. [35-39] are all systematic and methodological, therefore they are

worthwhile for discussion. The semi-empirical modeI of Kulkami et al. [27,28] was developed

ba~ed on a mechanistic wearout [40] framework. The wearout philosophy treats fatigue damage as

the growth of pre-existing f1aws or discontinuities in a materia!. By growing the f1aws, the

strength of the material decreases and reaches to the level of the state of stress and finally,

catastrophic fatigue failure occurs. The semi-empirical model was evaluated by experimental

techniques [29], but little correlation between the theory and experiments was found. Later, they

modified [30] their model by considering the effect of interlaminar shear stress in the failure

analysis. However, the experimental results still did not show any correlation with the results of

the analysis. In a subsequent attempt [31], the stress analysis part of their model was modified,

but unfortunately no attempt was made to correlate the results of that analysis with experimental

data. Although the semi-empirical model of Kulkami et al. [27-31] never showed a correlation

with experimental results, there are however many interesting points and valuable information in

their work. The critical element model of Reifsnider et al. [32-34] was developed based on a

mechanistic approach. Their mechanistic approach is based on micromechanica! representations of

strength. Sendeckyj [6] listed sorne of the weaknesses of this mode!. In the critical model, it is

assumed that failure occurs suddenly and everywhere in the lamina, which is not consistent with

the experimental observations. Aiso in the mode!, the dependence of lamina failure stresses on the

lamina thickness in laminates is not properly considered. Moreover, the model does not properly

account for delamination between the laminae in the laminate. The damage growth.model of

Spearing et al. [35-39] is based on quantification of notch tip damage by the extent -of the

individual failure processes, such as splitting in the 0" plies and delamination between the 0° ply

and off-axis plies. There are sorne limitations in the damage growth model which are listed here.

The model is laminate geometry dependent, i.e., by changing the lay-up of the laminate, the model

must be modified. Moreover. the existence of transverse ply cracks, which is an important failure

mode, is ignored in their mode!. Furthermore, they assume that the damage pattern is similar in ail

plies and delamination shape is the same at all interfaces which is not a general assumption. Also,



the shape of the notch is pre-defined. In addition. their model is only capable of considering cyclic

tensile loading. Thus ail existing models for fatigue analysis of composir.~s have limitations which

make them unsuitable for general use.•
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1.2 Motivation and Objectives

Experimental characterization of fatigue behaviour of composite materials is time

consuming and expensive. Moreover. generalization by cxtending and extrapolating of

experimental results for composite laminates is not straightforward and sometimcs. not possible.

Therefore, modeling is an attractive tool for saving time and expenses in the fatigue design of

composite laminates. By considering the complexity of the fatigue failure of composite materials.

the level of present knowledge and shortcomings of existing models. the neeessity of devclopment

of more general models with less limitations is quite obvious. The main o~jeetive of this research

is to establish a model to simulate the fatigue behaviour of composite laminates under general

conditions (loading. geometry, etc.). using the results of various types of uniaxial fatigue

experiments of unidirectional plies. The model should be capable of simulating cycle-by-cycle

fatigue behaviour of composite laminates with or without stress concentrations. There arc several

points and parameters which should be taken into account in order to ensure the genera.iity of the

mode!. A general model must not be limited to a special geometry. lay-up. 10ading condition.

boundary condition, loading ratio or loading sequence.

Progressive damage modeling, which is a widely used failure analysis technique, has been

successfuliy utilized to study the behaviour of composite laminates under static loading [41-43]. In

progressive damage modeling, stress analysis, failure analysis and material property degradation

are three important components. The states of stress in the composite materials are found by a

stress analysis technique, e.g .• finite element method. Then the failure analysis is perforrned by

evaluating the stresses using a set of failure criteria, capable of distinction of different failure

modes. Finally, the material properties of failed regions are changed by a set of degradation ru les.

Progressive damage modeling allows the detailed study of damage progression from damage

initiation to the final catastrophic state. However, so far this technique has been used to study

composite laminates under static types of loading. In this research. the concept of progressive

damage modeling is extended and the framework of progressive fatigue damage modeling is

established and utilized for fatigue failure analysis of composite laminates with or without stress

• concentrations



One complicated example of a composite laminate with stress concentrations is a pin/bolt­

loaded composite plate. Behaviour of pinlbolt-Ioaded composite Iaminates under static !oading

situation hw; been studied extensively (see [41] for a comprehensive review). However, after a

thorough literature review in fatigue of composite laminates, it is found that fatigue behaviour of

pinlbolt-Ioaded composite laminates has beer; studied much less extensively. AlI of the existing

investigations [44-54] are primarily experimental and restricted to a special type of loading, specifie

laminate configuration, certain geometry, etc. Therefore the pin/bolt-loaded composite plate under

fatigue loading conditions, is selected as a reasonable and sufficiently difficult example for

cvaluating the mode! developed in this study. Moreover, by considering the existing limited

rescarch conducted in the field of pinlbolt-loaded composite plates, the results obtained by the

mode! will be a useful addition to the literature. The established mode! must be able to predict the

rcsidual strength, residuallifc, final failure mechanisms (direction of failure propagation) and final

fatigue lifc of the composite laminates under general fatigue loading conditions.

•

•
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• Chapter 2

Problem Statement

In this chapter, a general explanation of the meehanies of fatigue failure of composite

materials is presented. Available information in the literature on the mechanics of fatigue failure is

reviewed and discussed. Different fatigue failure modes of unidirectional composite materials

under various uniaxial fatigue loading conditions are explained. A pinlbolt-loaded composite

laminate is selected as a sophisticated problem to be solved by the model. Furlhermore, a detailed

description of this problem is presented and the pertinent mechanisms of failure are discussed. The

difference between two terms used in this thesis, the modes and the mechanisms of fatigue failure

are elucidated. The framework of the established fatigue modeling strategy, capable of simulating

the fatigue behaviour of composite materials in general conditions is explained.

2.1 Mechanics of Fatigue Failure

It is weil known that the propagation of a dominant crack is responsible for filial fatigue

failure in metals, while accumulation of cracks causes failure in composite materials. Consider a

unidirectional composite material under fatigue loading conditions. Matrix cracking is the first

failure mode which occurs at the first cycles of fatigue loading of composite materials. Matrix

cracks occur at the interface of fiber and matrix as weil as within the matrix. By increa~ing the

number of fatigue cycles, cracks propagate and accumulate. At higher number of cycles or stress

• levels, cracks initiate in fibers and finally, catastrophic failure occurs. This brief explanation is a
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,implified ,ccnario of the uniaxial fatigue failure proces, of a unidirectional composite withoUl

considering the directions (fiber or matrix) or types (tensile. compressive. in-plane or out-of-plane

shear) of fatigue loading.

A proper understanding of mechanics of initiation and propagation of damage in

unidirectional composite materials under cyclic loading is an important step in fatigue modeling of

laminated composites. Due to non-homogeneity of composite materials, the fatigue failure

behaviour of a unidirectional ply loaded in fiber direction is different from a ply loaded in matrix

direction. Moreover. the fatigue behaviour of a unidirectional ply under various types of loading

such as tensile. compressive. in-plane shear and out-of-plane shear loading is also different. The

fatigue behaviour of a unidirectional ply under various types of loading is ealled mode of failure in

this study. Fatigue behaviour of unidirectional plies under longitudinal tensile [55-61],

longitudinal compressive [62-63], matrix compressive [62-64] and in-plane shear loading [55. 65­

76] has been studied by different aUlhors. lu most of these works, fatigue failure is explained by

interpretation of experimental observations of damage modes. However, there is no altempt in the

literature to fully characterize the fatigue properties of a unidirectional ply (such as, residual

stiffness. residual strength and life) under various types of fatigue loading. There is also a Jack of

information in the literature on transverse tensile and out-of-plane shear fatigue behaviour of

unidirectional plies.

By considering the differences between the failure modes of a unidirectional ply under

various fatigue loading conditions. it is very easy to confirm that the fatigue behaviour of laminated

composites, consisting of unidirectional plies with different orientations. is more complicated. In

addition, existence of delamination which is special to laminated composites makes the fatigue

analysis even more sophisticated. Also, existence of stress concentrations in the laminated

composite makes the problem extraordinarily diffieult. In fatigue modeJing of composite materials.

these difticulties can be alleviated by utilizing different strategies. The problem can be simplified

by limiting the capability of the model to special cases such as specifie laminates and lay-ups, pre­

detïned loading conditions, fixed geometries, etc. In this way, sorne suecess can be obtained in

fatigue modeling [35-39], however the models are case dependent and limited to the initial

assumptions. Another strategy is a localized analysis of fatigue failure events by means of a

micromechanicaI approach and integrating these localized results into a global mode!. The model

established in this manner could be genera!. However, to perform this strategy, a deep

understanding of the localized fatigue failure events must be available and micromechanical models

for ail failure modes. such as fiber debonding, matrix cracking, fiber breakage, etc., should be

established. Unfortunately, there are no comprehensive micromechanical models for the different
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fatigue failure modes to be incorporated into a systematic modcl to predict the global failure

behaviour of a complicated problem. This strategy is under devclopment [32-34]. however ail the

essential information required by the model is not as yet available. Also by eonsidering the state of

our present knowledge. creation of such information seems to be a very tedious task. Moreover.

the model established in this way would be too complicated and expensive. lnstead of saerilïeing

the feasibility of the model because of its generality or vice Versa. another strategy is adopted in

this research and a modeling approach is established which satisties both generality and feasibility.

The phenomenological behaviour of unidirectional plies undcr different type of fatigue loading ean

be measured. fully characterized and incorporated into a global systematic mode!. The following

example helps to describe the important basis of the mode!.

2.2 Description of the Problem

Among different examples of composite materials under fatigue loading conditions. a

pinlbolt-Ioaded composite laminate is a complicated problem. Pinnedlbolted joints are widcly used

in joining of components made of composite materials. The existence of stress eoncentrations.

edge effects. different stacking sequences and selection of various load and stress ratios are some

difficulties which exist in the pin/bolt-Ioaded composite laminate problem. Consider a composite

plate with a pin/bolt-Ioaded hole. i.e .• the plate has a circular hole tilled with a rigid pin or holt.

Load is applied at one end of the plate and is resisted by the rigid pin or boit. The coordinale axis,

dimensions and nomenclatures are shown in Fig. 2.1. The existence of stress concentrations.

which cause a non-uniform state of stress, as weil as the existence of singular state of stress near

the free edge of the hole (edge effects). make the stress analysis more cumbersome. The plate is a

laminated composite made of layers of continuous fibers embedded in an organic matrix. Each

layer of the laminate is called a "ply" or "unidirectionallayer". The geometry (size and location of

the hole. length. width. and thickness of the laminate), stacking sequence of unidirectional plies in

the laminate and the applied fatigue loading ratio (Ioad",,,/Ioad,,,,,.). which induces the fatigue stress

ratio (cr",;/cr"",) in the laminate can be selected arbitrarily. Existence of ail theses difficulties makes

the pinlbolt-Ioaded composite laminate a suitable problem for examining and evalualing the mode!.

Before explaining the fatigue failure events in a pinlbolt-loaded composite laminate. it is

worthwhile to explain the steps of failure initiation and propagation of this problem under static

loading conditions. The composite plate is loaded with an in-plane load "P" as shown in Fig. 2.1.

By increasing the load monotonically to a certain value. which is called the first ply failure load•
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failure initiates at a location near the edge of the hole. Experimental observations show that matrix

crdcking failure mode usually starts first. If after failure initiation, the load is increased, failure will
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Fig. 2.i Geometry of a laminated composite plate with a circuIar hole,
subjected to (a) pin loading, and (b) boit loading

propagate in different directions. By increasing the monotonic load, delamination and fiber failure

occur after matrix cracking. Finally at a higher load called the ultimate strength load, damage will

propagate to an extent that the plate cannot tolerate any additional load. It has been observed

experimentally that mechanically fastened joints fail under three basic mechanisms. The
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mechanisms of structural failure are net tension. shear-out and bearing. Typical damage due to

each mechanism is shown in Fig. 2.2. The magnitude of the first ply failure load. the position of

the initial failure, the direction of the failure propagation (or mechanism of failure) and the ultimate

strength load depend upon the material properties. dimensions. laminate contïgurations and many

other parameters.

~
Net-tension

t
Shear-out Bearing

•

Fig. 2.2 Different failure mechanisms of pin/bolt-loaded composite laminates

By notieing the l'ailure modes and mechanisms of a pinlbolt-Ioaded composite laminate

under statie loading conditions, the behaviour of the composite under fatigue loading conditions

can be explained easier. At the start of cyclic loading, the strength of the material is greater than the

stress state, therefore there is no statie mode of failure anywhere on the plate. By increasing the

number of cycles l'rom zero, based on the stress states at each point of the plate, material properties

(stiffness and strength) at those points are degraded as functions of number of cycles, state of

stress and stress ratio. By increasing the number of cycles, which is accompanied by more

degradation of the material properties and redistribution of stresses, failure begins in regions where

the strength of the material falls below the stress level at that point. After failure initiation, stresses

are redistributed around failed regions. By further increasing the number of cycles, failure

propagates in different directions. Finally al'ter a certain number of cycles called fatigue life, the

laminate cannot tolerate additional cycles. At this point the maximum number of cycles is reached

and the laminate has failed completely. Although material properties of ail points of the pin/bolt­

loaded composite plate have been degraded as functions of number of cycles, experimental
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observations however, show that the final mechanisms of faiJure in static and fatigue loading

conditions are the same.

It should be pointed out that the failure modes of unidirectionaI composites under uniaxial

fatigue loading conditions are inherent properties, while the mechanisms of faiJure depend upon the

ply sequence and geometry of laminated composites. Since there are a limited number of failure

modes for a unidirectional ply, they can be fully characterized by experimental techniques and

mathematical models. However the failure mechanism is a case dependent property, therefore a

variety of different mechanisms of failure can exist for Iaminated composites with various

geometries, stacking sequence, etc. This is an important point which categorizes the fatigue

models into two classes: general and case dependent.

2.3 Requirements and Modeling Strategy

It is desired to develop a model to simulate the behaviour of composite Iaminates under

general fatigue loading conditions. For this purpose, the framework of the progressive fatigue

damage model is established. The model is an integration of three major components: stress

analysis, failurc analysis and material property degradation rules. The model detennines the state

of damage at any Joad level and number of cycles, from failure initiation and propagation to

catastrophic failure. The model is able to predict the residual strength, residual life, final failure

mechanisms (direction of failure propagation) and final fatigue life of the composite laminates

under general fatigue loading conditions.

ln order to establish a model able to meet such requirements, a specifie strategy must be

followed. Realistic stress analysis, failure am:Jysis and material property degradation rules are key

points in the fatigue failure analysis of composite laminates. First, the stresses induced in the

composite laminate are analyzed by utilizing a finite element method. There are sorne complexities

which make the role of a realistic stress analysis salient, e.g., existence of boIt Joad, non­

homogeneity of composite materials before and after failure, presence of stress concentrations,

nonlinear shear stress-strain behaviour of unidirectional plies [77] and the existence of singular

states of stress near the free edges of composite laminates (see [78] as a review). Achieving a

realistic stress analysis for different geometries, lay-ups, loading conditions and boundary

conditions in general forms, is not possible without using a three-dimensional nonlinear finite

• clement technique. As mentioned earlier, there are different failure modes for unidirectional plies
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under uniaxial state of fatigue stress which must be fully characterized and used as basic

information for the model. Also, for predicting the failurc of a unidirectional ply under multiaxial

states of stress, the stresses are examined by a set of stress-based failure criteria. Moreover. on the

condition that failure exists. material properties of the failed regions arc changed. For this

purpose, the mode! should be capable of simulating the material property degradatioll of

unidirectional plies (residual stiffness and residual strength) under uniaxial and multiaxial states of

fatigue stress. Upon increasing the number of fatigue cycles. the whole process should he

repeated until catastrophic failure is achieved. For this purpose. a user-frielldly computer code

must be developed to integrate the different components of the mode/.

2.4 Summary

Although a general description of the modeling strategy has been given in a very compacted

form in this chapter, the three major components of the mode/: stress analysis. failure analysis and

material degradation mies will be discussed in detail in the following three chapters. A detailed

explanation of the mode!, which is an integration of the three components, will be presented in

chapter six.
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Stress Analysis

In this chapter the first component of the model, the stress analysis is explained. The free

edge effect (stress singularity), a very important subject in the stress analysis of composite

laminates, is considered and discussed. A three-dimensional finite element algorithm is developed

to analyze the three-dimensionaI state of stress of a pinlbolt-loaded composite laminate as a

sophisticated problem. A detailed explanation of the finite element algorithm and the theoretical

basis of the finite element formulation is presented. For achieving higher accuracy, a twenty-node

isoparametric quadratic solid element is used. Three different configurations, namely, cross-ply

[0/90.1, and [90/0.]" and an angle-ply [+45/-45.], are considered. By using a large number of

clements near the edge of the hole and at layer interfaces, the edge effect is simulated. Also, by

noting the nonlinear shear stress-strain behaviour of a unidirectional ply, the effect of material

nonlinearity on the stress state near the edge of the hole, which is a critical location for failure

initiation is considered. For this purpose, an existing model for the mathematical presentation of

material nonlinear in-plane shear stress-strain behaviour of a unidirectional composite ply is

extended to be also applicable for out-of-plane shear stress-strain. Moreover, an iterative scheme

is added to the algorithm to properly account for the existence of material nonlinearity. The effect

of existence of boIt load on the state of stress, near the edge of the hole is aIso studied and

discussed.

•
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• 3.1 Free Edge Effects: A Review

Delamination is a well-known out-of-plane mechanism of failure which lIsually occurs at

the free edge of composite laminates under static and fatigue loading conditions. It shollld bc

mentioned that delamination can also exist inside of the composite laminate. far l'rom the edge.

resulting l'rom impact loading which is not con~idered in this study. ln order to study the fatigue

behaviour of composites under general conditions. it is important to understand the three­

dimensional nature of the stress distribution of composite laminatcs. Stress analysis whieh

includes the third or thickness direction is required in order to understand the free edge effects.

The state of stress at free edges of a simple composite plate (without any simplifying assumptions).

was studied for the first time by Pipes and Pagano [79] in 1970. They used cl:L,sical linear theory

of elasticity to set up three coupled. elliptic, second-order. partial differential equations and applied

finite difference techniques to solve for displacements and stresses. Their results revealed that

there were significant magnitudes for normal and shear stresses on the free edges. between

different layers of composite plates (Fig. 3.1).

•

o WI2 y

Fig. 3.1 Laminate geometry and edge effects (aCter Pagano and Pipes [79])

Because of the important role of normal and out-of-plane shear stresses in the creation of

delamination, numerous attempts have been made to obtain an accurate stress state on the edge of a

composite plate by investigators. For this purpose, different techniques like finite difference [80),

finite element [81-87], closed form solutions [88-100], boundary layer theory [101], perturbation

method [102,103], Galerkin method [104] and experimental methods [95,105,106] were applied

by different authors. To reduce the great difficulties encountered in numerical and closed form
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techniques, such as computer time, satisfying ail boundary conditions, existence of a mathematical

singularity in the stress field, etc., approximate techniques were used by Pagano and Pipes [107].

They assumed that the normal stress is constant inside of a composite plate and varies linearly near

the edges. However, with respect to the results that have been obtained by other techniques, this

approximation seems coarse. There are other attempts to simplify this problem, for example, the

works of Kassapoglou and Lagace [108], and Rose and Herakovich [109] must be mentioned. In

1980, Raju et al. [110] reviewed many previous works and showed discrepancies in the results

obtained by different authors. They also investigated the reliability of displacement-formulated

finite element techniques for analyzing the edge problem. A detailed review of different models for

studying free edge effects is presented by Pagano and Soni [78].

Although in [85,86] it has been shown that interlaminar stress distributions converge to

large but finite magnitudes, almost all investigators believe that there is a mathematical stress

singularity on the free edges of composite plates, between layers of different orientations. In [111­

114] different analytical studies have been conducted to prove the existence of stress singularities

near the edges. However, the form, strength and power of the singularity are still open questions

for further research.

Most of the work in this field has been devoted to straight free edges, however there are a

few research papers related to stress analysis of curved edges. Normal and interlaminar stresses

around an open hole in a composite plate have been studied by different authors [115-121].

Stacking sequence, different configurations, and size effects on normal and interlaminar stresses

near the edges have been considered in their works. While in these studies [115-121] finite

element techniques have been used, in [122], a simplified c10sed form solution was applied to

compute the interlaminar stresses around a circular open hole. Three-dimensional finite element

techniques have been used in [123-125] to analyze the behaviour of pin and bolt-Ioaded composite

laminates. Nevertheless, in these works all stresses are not presented. Also, stress singularities

nearthe edge of the hole (edge effects) are not examined. In [126], the normal stress around the

hole of a pin-Ioaded composite laminate has been studied, however the interlaminar shear stresses

have not considered by them. Recently, the author published research papers on the three­

dimensionallinear elastic stress analysis of simple composite plates [127,128] and pinlbolt-Ioaded

composite laminates [129,175] with different ply lay-ups. Also, the effect of material nonlinearity

[77] on the stress state of piI.-Ioaded composite laminates near the edge of the hole has been

studied by author [130]. To the best knowledge of author, no comprehensive research exists in the

• field of edge effects on pinlbolt-Ioaded composite laminates and it can be concluded that this
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problem is still an open field for further research. Therefore. in this chapter a detailed study of this

problem is presented.

3.2 Problem Statement

Consider a composite plate with a pinlbolt-Ioaded hole (Fig. 2.1). The plate has width w =

25.4 mm, length 1= 101.6 mm, thickness t = 2.336 mm (16 plies), edge distance e = 25.4 mm.

hole diameter d = 6.35 mm and washer diameter d...=18.8 mm. The plate is a laminated composite

with arbitrary ply orientation. The pin or boIt is fixed and the load is applied on the other end of

tne composite plate. Three different configurations, [0/90.],. [90/0.]" and [+45/-45.], are

selected for srudying the effect of stacking sequence. The magnitude of applicd load P is 1.0 KN.

which is less than the failure initiation load of ail three configurations (found cxpcrimentally) and

the magnitude of washer pressure is 2.48 MPa.

3.3 Finite Element Analysis

As previously mentioned. by considering edge effecl~, delamination and stacking sequence

effects that are fully three-dimensional phenomena, applying a three-dimensional tinitc clement

technique is essential to the pinlbolt-Ioaded composite plate problem. Therefore, a threc­

dimensional finite element code is developed to analyze the stress state of the problem. To achieve

high accuracy, the isoparametrie quadratic 20-node brick element is used. By considering the

curved boundary around the hole of a composite laminate, and in order to apply boundary

conditions, mixed Ca;tesian-Cylindrical coordinates are used (see Fig. 2.1). In order to simulate

the stress singularity between two layers of different ply orientations on the edge of the hole, a

large number of elements is used at that location (Fig. 3.2).

Fig. 3.2 Finite element mesh of the problem, showing large number of elements
at the hole boundary
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To explain the details of the fïnite element code developed in this research, the theoretical basis of

the fïnite element formulation is presented in the following sections.

3.3.1 Material Properties

A unidirectional ply is shown in Fig. 3.3. The x, y and z axes are the longitudinal,

transverse and normal directions, respectively. It is assumed that y-z plane is the special plane of

isotropy and the behaviour of material parameters are the same in x-y and z-x planes. Therefore,

the material properties of a unidirectional ply are assumed to be transversely isotropie [132]. By

this assumption, in three-dimensional cases, the number of experiments required to characterize the

material parameters (moduli, strengths and Poisson's ratios) are reduced drastically. In this study,

AS4/35D1-6 material is used with the material properties measured in Composite Materials

Laboratory of McGill University, shown in Table 3.1.

z

z

........ .
y

z

y
x

y

•

x

x

Fig. 3.3 Three-dimensionaI geometry of a layer of composite material

where in Table 3. I. En' Eyy and E,z are the longitudinal, transverse, and normal modulus,

rcspectively. Also, E,y. E" and Ey, are shear moduli, V,y , v" and vyz are Poisson's ratios, and X t •

Y,. Z,' X,. Y" Z,' S,y' S". and SyZ are longitudinal tensile, mattix tensile, normal tensile,

longitudinal compressive, mattix compressive, normal compressive, in-plane shear, out-of-plane

shear (x-z plane), and out-of-plane shear (y-z plane) strength, respectively. The x, y and z

directions are material directions as shown in Fig. 3.3. The Poisson's ratio in y-z plane (vyz) is

calculated by using Christensen's formula [159].
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Properties Ma~nitudes

Eu 147.0 GPa
Evy - Eu 9.0 GPa

Exy = E'l.1 5.0 GPa
EYI 3.0 GPa

v:ty - V ..., 0.3
v

Y/
_ 0.42

X, 2004. MPa
X, 1197. MPa
Y,=Z, 53. MPa
Y, = Z, 204.0 MPa

S"y =5:\/. 137.0 MPa

SYI 42.0MPa
ply thickness 0.146 mm
tïoer volume 62%

Table 3.1 Material properties of AS4/3501-G

3.3.2 Constitutive Equations

By assuming transverse isotropie material properties for each unidirectional ply, the

number of material parameters (moduli, Poison 's ratios and strengths) arc reduced from eighteen to

eleven. By using this assumption, experimental costs for material characterization can be reduced

drastically. The constitutive equations in terms of engineering constants are [131,132]:

cr" E"

cryy Eyy

cru
=[C]

tu

Oyz Ey,

cr,~ Ezx

cr,y E,y

where,

Cil Cl2 Cil 0 0 0

CZ1 CZ2 C23 0 0 0

[C]=
Cl1 C32 C:n 0 0 0

0 0 0 C... 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66• and,

Eq. 3.1

Eq. 3.2
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CIl:;;;; (J - '\);, )VExx

Cl2 =cu =\.ly~(I+1Jyl:)VEy~

C .... = (1 - 'U y, - 2'U" 'U,y )VE" 12

C55 =C66 = Exy

v = J 1[(1 + 'Uy,)(1 - 'U y, - 2'Uy, 'U,y)]

3.3.3 Material Nonlinearities

Composite materials exhibit nonlinear behaviour to an extent that accurate results cannot

al ways be obtained with a linear model. Inelastic stress-strain response of a composite lamina has

been studied by different authors [133-143]. Petit and Waddoups [133] simulated the nonlinear

stress-strain response of a lamina by using an incremental method based on a database of

experimental stress-strain results. Hahn and Tsai [77], and Hashin et al. [134] presented

appropriate constitutive equations by curve fitting of the experimental stress-strain data of a

composite lamina using Ramberg-Osgood parameters. In [77], a constitutive equation for in-plane

shear stress and strain is presented, and in [134] constitutive equations for in-plane transverse and

shear stresses and strains are proposed. Sandhu [135], by using cubic spline interpolation

functions, represented experimental shear stress-strain data. Sendeckyj et al. [136] experimentally

showed that the method of Sandhu [135] gave excellent results for predicting nonlinear response of

balanced laminates. Foye [137] and Adams [138] used finite element techniques to study the

nonlinear stress-strain behaviour of a composite lamina by considering the fibers and matrix

properties at the micromechanical level. Jones and Nelson [139-142] mode1ed nonlinear

mechanical properties as functions of strain energy density. Their model converged only up to a

specifie strain energy value. Jones and Morgan [143] removed the mentioned limitation by using

extrapolations of the available stress-strain curve and mechanical property-energy curve for strain

energies above available stress-strain data. An interesting feature of their model is the ability to

simulate the nonlinear beh..viour of material in ail principal material directions.

Experimental evidence shows that the shear stress-strain response of a graphite/epoxy

lamina is clearly nonlinear (Fig. 3.4). However, the longitudinal and transverse stress-strain

responses of the mentioned lamina are quite linear. Therefore, a suitable candidate model to study

the nonlinear behaviour of this type of material is the Hahn and Tsai model [77]. The Hahn-Tsai
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model can be easily implemented into a finite element code. By considering the limitations of their

model to the study of two-dimensional cases (in-plane shear stress-strain Jo the present research

modifies this model for three-dimensional cases. The constitutive equation for in-plane shear

stress-strain is [77]:

Eq. 3.3

where.

E,y = initial lamina longitudinal-transverse shear modulus

cr,y =in-plane shear stress

ê,y = in-plane engineering shear strain

() =nonlinearity parameter of the material (1.0 15E-S (MPar' dctermined experimentallyJ

70

60

50

40

~ 30
Cl>...
.... 20
CIJ

1 0

o

initial slope

. .

nonlinèar strcss~strain
'6ëliiïvilluF .

0.02o 0.005 0.01 0.015

Strain

Fig. 3.4 Nonlinear elastic in-plane shear stress-strain (cr xy - ê xy) hehaviour of
AS4/3501-6

By recalling the transversely isotropie material properties assumption. it is assumcd that

normal-longitudinal shear modulus (E,) is equal to longitudinal-transverse shcar modulus:

E" = E,y Eq. 3.4

Therefore. it can be assumed that there is a similar constitutive cquation for intcrlaminar

normal-longitudinal shear stress-strain (cr" - ê,):

•
cr" ~,

(xz = - + uO'X1.
E"l. Eq. 3.5
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where,

cr . = interlaminar shear stress
"

E" = interlaminar engineering shear strain

Aiso by considering that the yz plane is the plane of isotropy, and the

normal interlaminar shear modulus (E,) is not an independent function:

E
E = "

" 2(1 + v )
"

where,

E" = lamina transverse-normal shear modulus

E,., =lamina transverse shear modulus

v =transverse-normal Poisson's ratio
"

lamina transverse-

Eq. 3.6

By noticing that the tensile transverse stress-strain response (cr" - E,.,) for a graphite/epoxy

lamina is linear, and by using Eq. 3.6 and noticing that the v,, is assumed to be a constant, it is

seen that the transverse-normal interlaminar shear stress-strain response (cr" - E,,) is also linear.

This result is in very good agreement with the experimental results found by Gipple and Hoyans

[160].

In order to apply the inelastic behaviour to a computer code, instantaneous (nonlinear) in­

plane and interlaminar shear moduli of a lamina must be derived. By partial differentiation of both

sides of Eq. 3.3, with respect to crxy:

Eq. 3.7

It is cIear that

Eq. 3.8

where.

Ë" =instantaneous in-plane (longitudinal-transverse) shear modulus

• then by considering Eqs. 3.7 and 3.8:
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• 1
E" =-:-1----

- + 315cr;,.
E,y .

By applying the same procedure on Eg. 3.5:

E,., = 1 ~'
-+3ucr;,
El.,

where,

E" = instantaneous interlaminar (normal-longitudinal) shear modulus

Eq. 3.9

Eq. 3.10

•

There is limited research on the effect of material nonlinearity on the state of stress at the

edge of a simple composite laminate [144-147]. To the author's best knowlcdge. there is no

research on the effect of nonlinearity on the state of stress of a pin-Ioaded composite laminate.

Therefore, for the first time this effect is considered in this study. For further information. the

reader can refer to a paper [130] recently published by the author. It should be emphasized that the

mentioned nonlinearities are due to inelastic behaviour of the material before l'ailure initiation.

Nonlinearities due to failure are completely different phenomena and they are eonsidered by failure

analysis techniques in this study.

3.3.4 Material Orientation

In the computer program it is necessary to determine the stiffness matrix of the materiaIIE].

with respect to a coordinate axis (x-y) (Fig. 3.5), when the stiffness matrix of the material ICl is

known relative to a rotated coordinate systilm (x'-y') [132]. Suppose we have the following

constitutive relation:

{cr'} = [C]{E'} Eq. 3.11

where [C] is a known transversely isotropie stiffness matrix (Eg. 3.2). In the rotated coordinate

system, we have:

{cr} = [E]{E} Eq. 3.12
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y'

Fig. 3.5 Original and rotated coordinate systems

The transformed stresses in rotated axes are:

a~x
, ,

0 0 0 2mn cr"mO n-

a;y , ,
0 0 0 -2010 cryyn- m-

cr;z 0 0 1 0 0 0 O";r.z
=cr;/. 0 0 0 m -n 0 a yz

<1;.x 0 0 0 n m 0 (J'zx

a;y 0 0 0
, ,

cr,y-mn mn m~ -n~

Eq. 3.13

where m =cos S. and n =sin S.

Also the transformed strains in rotated axes are:

E~:o;
, ,

0 0 0 E"m- n- mn
t;y , ,

0 0 0 Eyyn- m- -mn
(;.z 0 0 1 0 0 0 E,~

Eq. 3.14=(;1. 0 0 0 m -n 0 Ey:r.

E~:o; 0 0 0 n m 0 E"

t:y -201n 2mn 0 0 0
, ,

E,y01- -0-

Substituting Eqs. 3.13 and 3.14 into Eq. 3.11. we obtain:

•
Eq. 3.15
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where [Ta] and [Tc] are the stress and strain transformations as defined by Eqs. 3.13 and 3.14.

From Eg. 3. i5, we have:

Thus,

By substituting Eg. 3.2 into Eg. 3.17. we obtain:

Ell =Cllm~+2m2n2(CI2+2CM)+C22n"

E" = m'n'(C" +C" -4CM )+C,,(m' +n')

E D =C 13m
2 +C::'J n2

E,. = mn[C"m' -C"n' -(c" +2C.,,)(m' - n')]

E22 =C 11 n4 +2m 2n2(C I2 +2C6h)+Czzm4

E23 =Cun:! +C2J m2

E,. = mn[C"n' -C"m' +(c" +2C".)(m' - n')]

E" = C"

E,. = (c" -C13 )mn
E+; = C.;.;m 2 +CS5n2

E,s = (Css - C.w )mn

E55 =C-wn 2 +Cssm2

E66 =m::!:"2 (Cil +CZ2 - 2c1:d + en (111
2

_ 0
2

)2

El .. = El; = E 24 = E 25 = E:\4 = E35 = E 4h = E S6 = 0

Eq. 3.16

Eq. 3.17

Eq. 3.18

•

It is cIear that the transformed matrix [E] is not transversely isotropie, but is monoclinie.

3.3.5 Shape Functions

The isopürametrie, quadratie, 20-node. solid element has bccn uscd as shown in Fig. 3.6.

The existence of stress singularities on thc edges of eomrositc laminatcs bctween laycrs with

different orientations neeessitates the utilization of this type of clement in ordcr to inerca~c thc

aeeuraey of the resu1ts. The assoeiated shape funetions are [148]:
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• Ni =.!.(I +<;,,)(1 +110)(1 +So)(<;o +110 +So -2)
8

; = 1,3.5,7,13,15,17,19

1 ,
Ni = -(1-<;- )(1 +110)(1 +So)

4
i = 2,6,14,18

1 ,
Ni =-(l+<;o)(I-11-)(I+So)

4
i = 4,8,16,20

Ni =.!.(I +<;0)(1 +11o)(I-s')
4

;=9,10,11,12

whcrc <;0 = <;i<; ,110 = 11i11 ,so = SiS for node ;

S

lU <;

1 2 3

Fig. 3.6 Twenty-node quadratic isoparametric solid element

3.3.6 Derivation of Element Matrices

Eq. 3.19

Using the isoparametric concept [149], displacements within an element {u}, are

interpolated from element nodal degrees of freedom {d}:

{u}=[N]{d} Eq. 3.20

Strains {e} arc obtained from displacements by differentiation:

•
{e}=[a]{u} yields {e}=[B]{d} where [B)=[a][N]

where in the three-dimensional problem:

Eq. 3.21
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a
0 0-

ax

0
a

0-
ay

0 0
a

- Ni., 0 0
[a] = az

a a 0 Ni\' 0- - 0
ay ax 0 0 Ni 1

a a & [B] =
0 - - 0 N Ni., Eq. 3.22

az ay
l,l

N 0 Na a 1./. l,\

- 0 - Nis N 0az ax 1.;0;

As shown in Eq. 3.19, shape functions are calculated in the 1;, " and ç coordinate system.

To obtain the derivatives of the shape functions in Eq. 3.22 with respect to x. y and z. the shape

functions must be tra:lsformed from the previous coordinate system to the x. y and z coordinate

system. Again by utilizing the isoparametric concept, we have:

•

x=LNiXj

Y=LNiYi

z=LNizi

and derivatives are given by:

where [J] is the Jacobian matrix:

then derivatives of shape functions with respect to x, y, and z arc found from Eq. 3.24:

Eq. 3.23

Eq. 3.24

Eq. 3.25
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• {N} IN ')
l,X 1....

N", = pr' N;,"

N,oz Nj,ç

We have the following expression for potential energy in a linearly elastic body:

np = f(~{€}T[E]{€} - {€f[EJ{€o} + {€}T {<J'o})dV
v

f{u}T{F}dV - f{u}T{<I>}dS-{Dfr{Pl
v s

whcre.

{u1=the displacement field

(E} =the strain field

[E] =the material property matrix

{E,,} and{crol =initial strains and initial stresses

{F} = body forces

{<J>} = surface tractions

{D} =nodal d.o.f. of the structure

{P} = loads applied to d.o.f. by external agencies

S and V =surface area and volume of the structure

Eq. 3.26

Eq. 3.27

•

By substituting expressions for lu} and {E} (Eqs. 3.20 and 3.21) into Eq. 3.27. we obtain:

nume! numd

np =+ L {d};[K],{d}, - L {d};{r}, _{D}T{p} Eq. 3.28
.... 11=1 11=1

where summation symbols indicate that contributions from ail elements of the structure are

included. and we define the stiffness matrix [k] and load array {r} of an element by:

[k]= f[B{[E][B]dV Eq. 3.29
v,

and.
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•
where,

{r}= f[B]T[E]{Eo}dV- f[B]T{C5,,}dV
v c \'"

+ j[N]T{F}dV+ f[Nj"{<I>}dS
\' c S,.

Eq. 3.30

Sc and Vc =surface area and volume of the element, respectively.

It must be mentioned that the expression for the load array {r} appears more complieated

than the stiffness matrix [k], but in fact, [k] contains the greater number of calculation steps. To

complete the derivation, we must determine the algebraic equations to be solved for the nodal

d.o.f. as follows. By considering Eq. 3.28, every local degree of freedom in 'ln clement vector

{d} also appears in the vector of global degrees of freedom {D}. Therefore {D} can replace {d)

in Eq. 3.28, if [k] and Ir} of every element are conceptually expanded to structural size. Thus Eg.

3.28 becomes:

where,

Ell. 3.31

nume!

[K] = L [k],
n=\

IlUlllc1

and {R} = {p}+ L {r}"
11=1

Eq. 3.32

Now by making Il. <tationary with respect to small changes in the Di. we have:

ra~ }={O} yiclds [K]{D}={R}

3.3.7 Fast Formation of Element Stiffness Matrix

Eq. 3.33

•

The number of computational operations to build the stiffness matrix of a 20-node, solid

element is high. By applying an organized formulation, the number of computational operations is

decreased dramatically. There are several methods to reduce the number of cperations [150-152].

In this study, an efficient scheme to evaluate the stiffness matrix [152] is applied and explained in

the following. By referring to Eqs. 3.18, 3.22 and 3.29, the matrix product is formed explicitly.

For typical nodal pairs i and j, the element stiffness matrix is given by:
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• where,

thus,

hl= f[B,{[Q;]dV
v,

Eq. 3.34

Eq. 3.35

and

EliN]" + E'6Nj,y

E,2Nj " + E26Nj ,y

E"Nj" + E16Nj,y

E"N j "

E"N j "

E",Nj" + E66Nj,y

E ,6N j" + E ,2N j.y

E26Nj., + E22Nj .y

E16Nj" + E 21N j ,y

E..Nj "

E.;N j "

E 66N j" + E 26Nj,y

E"N j"

E 23Nj ,z

E"N j "

E.;N j " + E..Nj,y

E;;N j" + E.sN j,y

E16N j "

Eq. 3.36

[

Ni,'QII + Ni,yQ61 + Ni"Q;,

[k i;] = f Ni"Q61 + Ni,yQ21 + Ni"Q.,

v Ni"Q;1 +Ni,yQ., + Ni"Q"

Ni"Q'2 + Ni,yQ62 + Ni"Q., N i"Q'1 + Ni,yQ61 + N i.,QS1]
Ni"Q62 + Ni,yQ22 + Ni"Q.2 N i"Q61 + Ni,yQ21 + Ni"Q.l dV

Ni.xQ.u + Ni .yQ42 + Ni ,zQ32 N i .xQ53 + N i .yQ43 + Ni,zQ33

Eq. 3.37

•

Now the stiffness matrix for each element is in a more compact form. Also the stiffness matrix is

symmetric and only half of it would be formed during numerical integration.

3.3.8 Coordinate Systems

When there are skewed boundary conditions [153] for nodes, for examp1e, radial boundary

conditions around a pin-loaded hole, coordinate system must be transformed from Cartesian to

Cylindrical (Fig. 3.7).

y

1"- +,

Fig. 3.7 Radial boundary condition for a node on a hole boundary
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By this transfonnation. skewed boundary conditions may be treated as nomlal boundary

conditions. The transfonnation equation for the stiffness matrix and load vector of an clement that

has skewed boundary conditions for sorne of its nodal points in Cylindrical coordinates is:

[k]p_, = [T]''[kJ,[T]

{r}p_, =[T]T{rL

where p and c mean Cylindrical and Cartesian coordinates. and

Eq. 3.38

[T]=

where [1] is identity (or unit) matrix and,

[I]
[il

o

o

[I] ","'0

Eq. 3.39

sinoa; o~]
cascxi Eq. 3.40

•

where i is the number of node that is located in Cylindrical coordinates. Finally, we find {D}, by

the following equation:

{D},. = [Tj{D},.o, Eq. 3.41

This transfonnation is perfonned before the fonnation of the global stiffness matrix, thus making

the method efficient.

3.3.9 Boundary Conditions

By considering the symmetry of [041'9041 and [9041'04] , pin/bolt-Ioaded composite plates

with respect to 1-2 and 3-1 planes, one quarter of the specimen is modeled in the finite element

analysis (Fig. 3.8). For [+4541'-4541, there is symmetry and antisymmetry with respect to 1-2 and

3-1 planes, respectively. Therefore one half of the specimen should be considered in the finite

element analysis. However it was shown [123] that if one quarter of the specimen was

considered, the only significant differences for stre~ses in sorne layers occurred on the e = 0" line

(Fig. 2.1), and the error was less than 5%. By accepting this minor deviation, one quarter of the

specimen has aIso been considered for the [+4541'-454] "
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Plane Boundarv Cond.
x V z
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•

Fig. 3.8 Finite element model

To simulate the pin load, different techniques have been used in the literature. Matthews et

al. [123] and Sperling [124] simulated a rigid pin by attaching high stiffness bar elements between

thc holc center and nodes on the loaded side of the hole. They applied the pin load by applying a

suitable displacement to the hole center. However, in a progressive damage simulation, reducing

the matcrial properties of the failed elements on the loaded side of the hole, connected to high

stiffness bar (rigid) elements, can cause a numerical instability. Marshall et al. [125] fixed the

degrees of freedom of all nodes of the loaded region in the radial direction. Also, by applying

tangential displacement boundary conditions, they simulated the friction between pin and hole.

Applying a cosinc distributed load on the loaded side of the hole is another method which has been

shown to be inaccurate when the degree of orthotropy increases [154]. Chaudhary and Bathe

[155] developed a method for applying the contact load which seems to be more realistic.

However us:ng their method is time consuming and expensive. To consider the singularity, a large

number of elements must be used which makes the analysis expensive and adding the contact

element to the model makes it even more costly. By considering the advantages and disadvantages

of these methods, in the present study, radial displacement boundary conditions have been applied

to nodes around the hole at the load region (nodes from e = 0' to 82.5' restrained radially [123]).

Prcvious experience shows that applying tangential boundary conditions to simulate the friction

bctween the pin and the edge of the hole, induces an over constraint on the model and the results

arc not reliable [41]. Therefore, friction between the pin and the hole is not considered here. To

simulate a fully tightened boit, a uniform pressure is applied on the washer region. Moreover, to

simulate friction between the washer and the plate, fixed displacement boundary conditions in

radial and tangential directions are applied on nodes on the surface of the composite plate and under

the washer region. The load "P" is applied as a uniformly distributed negative pressure on the end

edgc of thc composite laminate (Fig. 2.1).
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• 3.3.10 Method of Solution for a System of Nonlinear Algebraic Equations

In order to solve Eq. 3.33, different techniques can be applicd. However because of the

large number of degrees of freedom (d.o.f.) used in the finite element model, the stiffness matrix

[K] is a large matrix (d.o.L by d.oJ.). The costly way to store the stiffness matrix is to save it in

form of an array of dimension K(i,j). However, the stiffness matlix [K] is symmetric and there

are many unnecessary zero elements in it which are never needed in the ealculations. A more

effective method which is called the skyline storage scheme is used to store [K] in a compact form.

Because of this special storage scheme, a modified Gauss elimination technique called the active

column solution or the skyline solution [156] has been used to find the inverse of the stiffness

matrix.

By considering material nonlinearity, Eq. 3.33 is a set of nonlinear equations which must

be solved by a suitable nonlinear solution technique. The Newton-Raphson technique is a good

candidate for this purpose. However in this technique stiffness matrix must be updated in each

iteration, which is a computer-time consuming task that should bc avoided. Thcrefore in this

study, a modified Newton-Raphson technique [161] has been applied. In this technique. the

stiffness matrix is updated after four iterations and at the beginning of each new load step.

The developed finite element code is evaluated by standard patch test methods [157]. The

code passed the test successfully, but due to space limitations. the results of the patch test arc not

presented here.

3.4 Stress Analysis Results

Sorne of the most important and interesting results of the stress analysis arc presented in

this section. For more information about the three-dimensional stress analysis of simple and

pinlbolt-Ioaded composite laminates with a detailed interpretation, the reader can refer to the results

published by the author [127-130].

•

The fairly optimum mesh size and mesh distribution for achieving a reliablc stress state of

the problem were found by trial and error. By refining the meshes, smooth stress distributions for

ail six stresses from the edge of the hole to the far field region are achieved. It should be notcd !hat

for AS4/3501-6 with a fiber volume of 62% and a fiber diameter of 8 Ilm, to satisfy the orthotropic

behaviour of an element, the smallest element should have a minimum dimension of 0.013 mm.
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Otherwise, the dimension of the smallest element would be smaller than the fiber diameter or

spacing between fibers.

To study the effects of material nonlinearity and boit load, all six components of the stress

tensor near the edge of the hole and along the interface between the two layers with different

orientations are examined. Although the stresses for all different points of the composite laminate

are used for failure analysis, however the stresses far from the edge of the hole are not discussed in

this chapter. First the effect of material nonlinearity on the state of stress of a pin-Ioaded composite

laminate is explained. Moreover, the effect of boit load on the stress state near the edge of the hole

is considered and discussed. As mentioned earlier, two different cross-ply laminates, [04/'904]'

and [904/'0415, and an angle-ply laminate, [+454/'-454]s, are considered.

3.4.1 Effects of Material Nonlinearity

3.4.1.1 Cross-Ply [0./9041.,.

Ali six stresses of a [04/'904]s cross-ply laminate, along the interface between the two layers

with different orientations at the hole edge, for linear and nonlinear cases, are shown in Fig. 3.9.

Inducing material nonlinearity for shear stress-strain response in the x-y and x-z planes decreascs

cr" and cr", respectively. As shown in Fig. 3.9, cr" is decreased between 30° < e< 60° for the

nonl inear case, and it remains nearly the same for the linear and nonlinear cases at 0° < e < 30°

and at 60° < e< 180°. As shown in Fig. 3.9, cr" is reduced at 10° < e < 85° and at 100° < e <
135" for the nonlinear ca~e, and remains nearly the same for linear and nonlinear cases elsewhere.

By considering cr" in Fig. 3.9, it is evident that the material nonlinearity does not have a

significant effect on the longitudinal stress. However as shown in Fig. 3.9, cr" and cr" are

increased significantly for 0" < e < 85° for the nonlinear case. By comparing the linear and

nonlinear interlaminar normal stress (cru) curves in Fig. 3.9, it is seen that nonlinearity increases

the magnitude of interlaminar normal stress (cru) at e = 0° and at e = 90°, while it decreases

around e= 45°. Increa~ing cru and cr" can create delamination which is not favoured in the design

of laminated composites.

3.4.1.2 Cross-Ply [90./041.,.

Results of the stress analysis of [904/'04]s cross-ply, for linear and nonlinear cases are

shown in Fig. 3.10. By comparing Figs. 3.9 and 3.10, it is clear that longitudinal and transverse

stresses (cr" and cr,) for both cross-plies ([04/'904]s and [9041041s) are exactly the same. Also,

• interlaminar shear stresses (cr" and crY') have the same magnitudes but different signs. However,
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the nonnal stress (cr,,) is different forthe two cases. By comparing cr" in Figs. 3.9 and 3.10. for

the linear case (solid curves) it is seen that the magnitude of nonnal stress (cr,J at e = 0". for

[04"904]5 case is higher than that of [904"04]5 case. This evidence qualitativcly contirms the

experimental results reported in [158]. where it was found that lay-ups with 90" layers located al

the surface, under pin-Ioad conditions. show superior bearing strength. However. it must be

emphasized that without applying a progressive damage model the difference in strength between

[04"904]5 and [904"04]5 can not be shown quantitatively. By considering Fig. 3.10. it is seen that.

like the [04"904]5 case, material nonlinearity shifted cr" at e = 0". from the negative towards

positive magnitudes which again is not favoured in design.

3.4.1.3 Angle-Ply [+454-4541..

The distribution of all six stresses of an angle-ply [+454/-454]5 along the hole edge. for

linear and nonlinear cases, are shown in Fig. 3.11. As shown in Figs. 3.11, material nonlinearity

decreased the magnitudes of cr" and cr". By examining cr,,_ in Fig. 3.1 1. it is c1ear that this stress

is decreased at 45° < e< 120°. Also, as shown in Fig. 3.11, cr" is reduced at 0" < e< 35" and al

500 < e< 130° for the nonlinear case, and it remains nearly the same elsewhere. By considering

Fig. 3.11, it is seen that the material nonlinearity increased the longitudinal stress (cru) locally at e
=45°. By considering cr" and cr" in Fig. 3.11, it is clear that, for nonlinear case, these stresses

are increased at 0° < e< 135° and remain constant at 135" < e< 180". InterJaminar normal stress

(cr,,), in Fig. 3.11, is decreased at 0° < e< 25° and is increased at 25" < e < 90" and at 110" < e
< 160° due to material nonlinearity, and it remains nearly the same elsewhere. It must be

mentioned again that increasing cr'2 and cr" can create delamination which is not favoured in the

design of composite laminates.

3.4.1.4 Summary of the Effects ofMaterial Nonlinearity

In general, by inducing the material nonlinearity for shear stress-strain response of (cr" ­

e" and cr" - 10,.,), relevant stresses (cr" and cr,,) are decreased for all three different configurations

(two cross-ply laminates and one angle-ply). However, by looking at the behavioul' of

longitudinal stress (cr,,) for the three configurations, Fig. 3.9 to 3.11, it is clear that this stress is

not strongly effected by inducing the mentioned material nonlinearity. Moreover, transverse stress

(cryy) and one of the interlaminar stresses (cr,,) are significantly increased at 0° < e < 90" for all

three configurations. Also, interlaminar nonnal stress (cr,) is increased and shiftcd towards the

positive magnitudes for ail three cases. Thus, considering material nonlinearity causes significant

decrease in magnitudes of sorne stresses while others are increased to compensate.
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3.4.2 Effects of BoIt Load

As mentioncd earlier, the state of stress on the edge of the hole (which is a site for failure

initiation) and the effects of the boit load on the stresses at that location arc discussed here. The

stress state far from the edge of the hole is also important and will be used for failure analysis later.

3.4.2./ Cross-ply Laminates [0.1904]" and [90.1041.,
ln Figs. 3.12 and 3.13, six different stresses for [O/90.]s and [90/0.]s under boIt loading

conditions (by considering the material nonlinearity) are shown, respectively. By comparing the

results of stress analysis for a pin-Ioaded [0/90.]s in Fig. 3.9 and a bolt-Ioaded [90/0.]s in Fig.

3.12, it is clear that by applying boit load, ail stresses are decreased dramatically by sorne orders of

magnitude. The decrease in the state of stress near the edge of the hole is accompanied by an

increase in the magnitudes of stresses far from the edge of the hole which are certainly not as

critical as the magnitudes of stresses right at the edge. By comparing normal stress, cru' and

interlaminar shear stresses, cr"and cry" in Figs. 3.12 and 3.13, it is concluded that applying boIt

load can decrease the normal and interlaminar shear stresses of the [0/90.]s case mo~e than the

[90/0.]s case. By comparison between the pinned and bolted [0/90.]s cases in Figs. 3.9 and

3.12, it can be seen that the effect of the bolted washer decreases the interlaminar shear stresses,

cr and cr ., by a greater factor than the out-of-plane nor .tal stress, cru.'
'Il Yl

3.4.2.2 Angle-ply Laminate [+45.1-4541.,.
ln Fig. 3.14, six different stresses for [+45/-45.]s under boit loading conditions (by

considering the material nonlinearity) arc shown. Similar to cross-ply laminates, by applying boit

load. ail stresses arc decreased dramatically. Furthermore. as in the case of cross-ply laminates.

boit loading changed the sign of ail positive normal stresses. cru.' to negative which is favored in

the design of composite joints.

3.5 Summary

A three-dimensional nonlinear finite element algorithm is developed in this chapter. The

three-dimensional stress state of the pinlbolt-Ioaded composite laminate is calculated. The edge

effect (stress singularity) which is one of the most important phenomenon in fatigue behaviour of

composite laminates is considered. The effect of material nonlinearity and the boit load on the

states of singular stress near the edge of the hole and between layers with differel1t ply orientations

are studied. Therefore. the first component of the progressive fatigue damage model is

established. So far. wc are able to analyze the three-dimensional stress state of a complicated
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example such as pinlbolt-loaded composite laminates. However. to check the failure initiation and

propagation. the stresses should be examined by a set of failure criteria which is the subject of the

following chapter. The second component of the //lode!. failure analysis. is presented and

discussed in the next chapter.
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Failure Analysis

In this chapter, the second component of the model, failure analysis is discussed. Seven

different failure modes for the unidirectional ply under multiaxial state of stress are considered

which are: fiber tension, fiber compression, fiber-matrix shearing, matrix tension, matrix

compression, normal tension and normal compression failure modes. Suitable stress-based failure

criteria for detecting these modes of failure under static and fatigue loading conditions are derived.

The effect of material nonlinearity on the mathemalical form of the failure criteria is also

considered. Difficulties and limitations of application of such failure criteria, in traditional forms,

for unidirectional plies under multiaxial fatigue loading conditions for general stress state and stress

ratios are discussed.

4.1 An Introduction to Failure Analysis

To analyze the strength of any larninated composite, it would be extremely costly and lime

consuming to perform static tests for ail possible stacking sequences. To predict the strength of a

unidirectional composite ply under mulliaxial state of stress, strength theories are established by

investigators. Failure analysis is a tool for predicting the strength of a laminated composite,

containing several plies with different orientations, under complex loading conditions using

strength data obtained from uniaxialtests of unidirectional plies and strength theories. As a direct

result of the complex nature of observed failure phenomena, there are numerous strength theories

• in the form of different failure criteria for unidirectional composite materials under mulliaxial



•

•

Chapter 4 Failure Analysis 44

loading conditions (see [162] as a review). A survey of the literature reveals that different types of

failure criteria have been used by various authors in the design of composite laminates. A list of

the various types of failure criteria used for failure analysis of pin-Ioaded composite laminates by

different authors is given in Table 4.1.

Author(s) I<'inite Element Analysis Applied Failure Criteria
(two-dimensionai)

Waszczak and Cruse [165] Linear Distortional Energy criteria
Max. Stress and Max. Strain

Humohris [166] Linear HiIl-Tsai criteria
Agarwal [167] Linear Average stress criteria
Shokrieh [41] Linear Modified Hashin criteria
Lessard and Shokrieh [42] (Progressive Damage Model)
Chang, et al. [168] Linear Yamada criteria

(at characteristic distance)
Chang, et al. [169-171] Linear Yamada-Sun criteria

(at characteristic distance)
Chang, et al. [172] Nonlinear (material) Yamada-Sun criteria

(at characteristic distance)
Tsuiimoto and Wilson [173] Elasto-Plastic Hill criteria
Soni [174] Linear Tsai-Wu
Chang and Chang [43] Nonlinear (material and Modified Hashin criteria

geometry) (Progressive Damage Model)
Lessard and Shokrieh [175] Nonlinear (material and Moditïed Hashin criteria

geometry) (Progressive Damage Model)
Tsiang and Mandell [176] Linear, Hybrid Tsai-Hill and criteria

Max. Stress criteria
Conti [177] Linear Azzi-Tsai criteria
Serabian and Oplinger[ 178] Nonlinear (material) Hoffman criteria

Table 4.1 Different stress analysis techniques and failure criteria used by
different authors to analyze pin-Ioaded composite laminates

Among the different failure criteria, the c1assic quadratic failure criterion by Tsai and Wu

[163] is useful for predicting first ply failure, but cannot distinguish the modes of failure.

Consequently, it cannot indicate how to properly degrade material properties in damaged areas.

Maximum Stress or Maximum Strain criteria [131] are usefui because these criteria determine the

modes of failure, however the lack of interaction terms with shear stresses makes these criteria quite

conservative. Hashin type failure criteria [164] are in polynomial forms similar to the quadratic

failure envelope except that in the Hashin formulation, there are distinct polynomials corresponding

to the different failure modes. Thus, the Hashin-type criteria combine the advantages of accuracy

found in the quadratic criteria and the ability to distinguish failure modes found in the maximum

stress criteria. This makes the Hashin-type failure criteria ideal for use in progressive damage

models [41-43]. By noting the advantages of the Hashin-type failure criteria, quadratic polynomial
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stress based failure criteria capable of distinction of different modes of failure are developed for statie

and fatigue failure analysis in this research.

y

-RI

x

characteristic
curve

•

Fig. 4.1 In characteristic distance approach stresses are analyzed along a curve
described by two fitting parameters, RI and R,

By considering the existence of singular stresses near the edge of the ho\e of a pin-Ioaded

composite laminate (discussed in Chapter three), using an average stress approach [\79] in the

polynomial type failure criteria seems to be appropriate. In this approach, stresses are examined at a

certain distance "d,," from the stress concentration and final failure is predieted when stresses at this

distance reach a critical value (Fig. 4.1). The drawbacks of the characteristic distance method are

tha!: 1) only final failure load can be determined and the mechanism of failure is not achieved, and,

2) characteristic distance, an empirical experimental parameter, must b~ introduced which is material

and layup dependent. By considering the aforementioned limitations, noticing the lack of a physical

meaning for the characteristie distance concept, and the discrepancies found in the \iterature regarding

the magnitude of the characteristic distance (see Table 4.2), this approach is not used in this research.

Characteristic Distance
Reference Materia\ Ma~nitude

Kim and Soni [180] T300/5208 \.00 * ply thiekness
Jen el al. [181] T300/5208 2.00 * plv thickness
Soni and Kim [182] T300/l 034-c \.00 * plv thickness
Ye [183J T300/648-BF3/MEA 2.00 * ply thickness

T300/648-DDS
Kim [184] T300/934C \.00 * plv thickness
Sun and Zhou [185] AS4/350\-6 2.00 * plv thickness
Brcwer and Lagace [186] AS4/350\-6 \.05 * plv thickness
Joo and Sun [187] AS4/350\-6 \.50 * plv thickness

Table 4.2 Different magnitudes of characteristic distances used in the Iiterature
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In this study, instead of using the characteristic distance approach, the magnitude of

stresses are calculated and averaged at the twenty-seven Gauss points for each twenty-node

quadratic isoparametric solid element in the finite element model and examined by the polynomial

type failure criteria. Thus, the stresses are averaged within an c1cment rather than over a Iixed

distance.

4.2 Static Failure Criteria

Before explaining the failure criteria for fatigue loading conditions, it is helpful to establish

the static failure criteria for detecting the failure of a unidirectional ply under multiaxial state of

stress. As previously mentioned in Chapter one, the behaviour of a unidirectional ply under

various types of static loading is completely different. Experimental eviclence shows that the

failure behaviour of a unidirectional ply loaded in tension or compression in fiber or matrix

directions or under in-plane or out-of-plane shear loading conditions are clearly different. The

behaviour of a unidirectional ply under a multiaxial state of stress is even more complicated. ln

Fig. 4.2, a laminated composite under uniaxial loading conditions is shown. Each point of the

laminated composite can be considered to be a unidirectional ply under multiaxial state of stress in

the on-axis coordinate system, shown in Fig. 4.2. To establish the l'ailure criteria, capable of

detecting the modes of failure, it is assumed that the three on-axis stresses cr", cr" and cr" are

responsible for creation of failure in fiber direction. Also, the other three on-axis stre,ses cryy' cr"
and cr" cause failure in matrix direction. Moreover, the three on-axis stresses cr", cr" and cr", are

responsible for creation of failure in normal direction. According to the sign of cr", cr" and cr",
the failure occurs in tension or compression in the longitudinal, transverse and normal directions,

respectively.

On-axis stresses of a unidirectional ply under multiaxial stress state,
responsible for causing different modes of failure•

F

Fig. 4.2

off-axis coordinate
system ..............3

F
z

~"-G x • •
G zz on-axIs coordmatey..Gxz system

G .yy .
Gxy Gxx
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For each mode of failure, a suitable quadratic polynomial failure criteria is established. The

following failure criteria are developed in this study based on the quadratic polynomial forms for

detccting differcnt modes of failure of a unidirectional ply under multiaxial state of stress. The

traditional form of failure criteria for the linear cases are modified for the nonlinear situation (for

detailed explanation, refer to [172]).

4.2.1 Fiber Tension Static Failure Mode

For fiber tension static failure mode (cr" > 0), of a unidirectional ply under a multiaxial

statc of static stress, the following criterion is used:

(if e + > l, then failure)
F

Eq. 4.1

where Xl is the longitudinal tensile strength of a unidirectional ply under uniaxial static tensile

stress in the fiber direction. By considering the nonlinear shear stress-strain behaviour of the

unidircctional ply in x-y plane, the second and third terms in Eq. 4.1 appear in integral forms. In

the denominator of the second and third terms, the upper limits of integration are the ply ultimate

in-plane and out-of-plane shear strain, respectively. By introducing the ply shear stress-strain

relationship of Eq. 3.3 and 3.5, we obtain:

,
cr;y 3~ 4
--+-vcr
"E 4 'Y
- 'Y

cr;, 3~ 4--+-vcr
"E 4 "+ .... Xl

S;, 3 ~S4--+-v
"E 4 "- "

= e~. (if e
F
+ > l, then failure) Eq.4.2

where 0, E,y' S'Y' E" and S" are parameters of material nonlinearity, in-plane ply shear stiffness,

in-plane ply shear strength, out-of-plane ply shear stiffness and out-of-plane ply shear strength,

respectively. It should be mentioned that fiber tension failure is a catastrophic mode of failure.

The material properties of the unidirectional ply, failed under this mode of failure degrade

catastrophically, and the ply cannot tolerate any type or combination of stresses thereafter. More

details on the material property degradation caused by this mode and the other modes will he

explained in the next chapter. It should be added that by equating 0 =0, the nonlinear failure

• criterion in form of Eq. 4.2 reduces to a linear failure criteria, as proposed by Hashin [164].
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4.2.2 Fiber Compression Statie Failure Mode

(if e
F
+> I. then failure) Eq. 4.3

For fiber compression statie failure mode (0"" < 0). of a unidirectional ply under a

multiaxial state of static stress. the following criterion is used:

(if el'" > I. then failure) Eq. 4.4

•

where Xc is the longitudinal compressive strength of a unidirectional ply under uniaxial static

compressive stress in the fiber direction. The effect of shear stresses on the compressive

behaviour of a unidirectional ply is not weil understood and more research must be performed 10

model this phenomenon [188]. Hence, for this mode of failure thc interaction tcmlS from shear

stresses are not considered. Consequently. a conservative criterion for this mode of failure is

presented. It should be added that the fiber compression failurc is a catastrophic mode of failure

and the failed ply under this mode of failure cannot tolerate any type or combination of stresses

thereafter.

4.2.3 Fiber-Matrix Shearing Statie Failure Mode

For the previous mode of failure, i.e. the fiber in compression failure mode. the

contribution of shear stresses in the failure criterion is not considered which leads to a conservative

type of criterion (Eq. 4.4). Lessard [189] considered the effect of the in-plane shear stress in

compressive behaviour of a unidirectional ply in two-dimensional (biaxia\) conditions. He

presented a criterion which detects a mode of failure which is not as catastrophic as the liber in

compression failure mode. Here, the following equation is developed for detecting this mode for a

unidirectional ply under a multiaxial state of statie stress when 0"" < 0:

Eq. 4.5

Again, by considering the ply shear stress-shear strain relationship of Eq. 3.3 and 3.5, wc

obtain:
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• cr;, 3~ 4
--+-ocr
2E 4 "-

Xl

S
, ~

"- ~ ~S4--+-0
2Exz 4 xz

4.2.4 Matrix Tension Static Failure Mode

(if e
F

" > 1, then failure) Eq. 4.6

For matrix tension static failure mode (cryy > 0), of a unidirectional ply under a multiaxial

statc of static strcss, thc following criterion is used:

(
cryy )' +J:::cr,ydE,y +(cry,)' =e~"
Y, J. cr dE Sy,

il xy x)'

(if eM+ > 1, then failure) Eq. 4.7

where Y, ' and Sy, are the transverse tensile strength and shear strength in y-z plane, respectively.

By using the transversely isotropie material property assumption, the stress-strain behaviour of the

material in y-z plane is linear, therefore the third term in Eq. 4.7 does not appear in an integral

form. Again, by eonsidering the ply shear stress-shear strain relationship of Eq. 3.3, we obtain:

S;y +~8S4
'E 4 'Y
- 'Y

+ (cry,)' = e~,
Sy,

(if eM+ > 1, then failure) Eq. 4.8

4.2.5 Matrix compression static failure mode

Similarly. for matrix compression static failure mode (cryy < 0), of a unidirectional ply

undcr a multiaxial state of static stress, the following equation can be derived:

where Yc is the transverse compressive strength of a unidirectional ply under uniaxial compressive

static stress in the matrix direction.•

cr;y + ~8cr4
'E 4 'Y
- .'t)'

S;y + ~8S4
'E 4 'Y
- 'Y

+ (crY')' = e~_
Sy,

(if eM' > l, then failure) Eq. 4.9
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4.2.6 Normal Tension Static Failure Mode

For normal tension statie failure mode (cru> 0). of a unidirectional ply under a multiaxial

state of statie stress. which in the litemlUre is sometimes referred to as delamination in tension

failure criterion. the following criterion is used:

(if eN· > 1. then failure) Eq. 4.10

where Zt is the normal tensile strength of a unidirectional ply under uniaxial tensile static stress. ln

the denominator of the second term. the upper limit of integration is the ply ultimate shear strain.

Again. by considering the ply shear stress-shear strain relationship of Eq. 3.5. we obtain:

S~, 3.
S

•--+-u
'E 4 "- "

(if eN· > l, then failure) Eq. 4.11

4.2.7 Normal Compression Static Failure Mode

Similarly, for normal compression statie failure mode (cr,_, < 0), of a unidirectional ply

under a multiaxial state of starie stress, which in the litenlture is sometimes referred to as

delamination in compression failure criterion, the following equation can be derived:

cr~, 3 ••--+-ucr
2E 4 "

"
S~, 3 .s.--+-u
'E 4 ,,-- "

(if eN' > l, then failure) Eq. 4.12

where Zc is the normal compressive strength of a unidirectional ply under uniaxial compressive

static stress in the normal direction.

The aforementioned failure criteria are suitable for detecting the failure modes of a

unidirectional ply under multiaxial static loading conditions. ln order to apply the set of proposed

• static failure criteria, the material properties of a unidirectional ply under uniaxial static loading
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conditions in the fiber and matrix direction under tension and compression and under in-plane and

out-of-plane shear loading conditions must be fully characterized. After failure detection by any of

the failure criteria. the material properties of the failed material must be changed by suitable material

property degradation rules which will be explained in the nex~ ~iJa:-\er.

To predict the fatigue failure of a unidirectional ply under multiaxial fatigue loading

conditions. a similar approach to that used for the static ca~e is adopted and suitable polynomial

fatigue failure criteria are developed in this researc;h. In the following section. the strategy for

Jcvdoping quadmtic polynomial failure criteria to predict the failure of a unidirectional ply under

multiaxial fatigue loading conditions is explained and suitable fatigue failure criteria for each mode

of fatigue failure are established. Similar to the static loading conditions. the effect of the material

nonlinearity (nonlinear shear stress-strain behaviour of a unidirectional ply) on the mathematical

forms of the fatigue failure criteria is also considered.

4.3 Fatigue Failure Criteria

Despite the existence of an extensive amount of research on biaxiallmultiaxial fatigue of

metals [190]. research in the same field on composite materials [191-197] is less complete.

Literature reviews on multiaxial and biaxial fatigue loading of composite materials presented by

Found [196]. and Chen and Matthews [197] state that further research in this field is needed.

Under fatigue loading conditions. the material is Ioaded by a stress state which is less than

the maximum strength of the material, therefore there is no static mode of failure. However, by

increa~ing the number of cycles. the material properties degrade and eventually lower to the level of

the stress state and. at this point. catastrophic failure occurs. The idea of using polynomial failure

criteria to predict the Iife of a composite ply under multiaxial fatigue loading has been utilized by

many investigators [198-210]. They used the fatigue strength, as a function of number of cycles,

in the denominators of failure criteria instead of the static strength of the material. This strategy is

potentially beneficial. however in practice. the application of their models are restricted to very

specific conditions.

To show the restriction of application of fatigue failure criteria in traditional forms, consider

the following fatigue t'ailure criterion introduced by Hashin [200] for fiber tension fatigue failure

mode of a unidirectional ply under a two-dimensional state of stress (biaxiaI fatigu-'\
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• (if gr+ > 1, then failure) Eq. 4.13

where X,(n,O', KY IS the residuallongitudinal tensile strength of a unidirectionai ply under uniaxial

fatigue loading, and S,,(n,O', K) is the residual in-plane shear strength of a unidirectional ply under

uniaxial shear fatigue loading conditions. Bath X, and S,y are functions of n. 0' and K. which :m:

number of cycles, stress state and stress ratio, respectively.

The fatigue behaviour of a compositt: lamina varies under different states of stress. For

instance, under high level state of stress, the residual strength as a function of number of cycles is

nearly constant and it decreases drastically at the number of cycles to failure (Fig. 4.3). The

sudden death model [211,212] is a suitable technique ta describe this behaviour. However at low

level state of stress, the residual strength of the lamina, as a function of number of cycles, degrades

gradually (Fig. 4.3). The wear out model [40] is a suitable technique ta present this behaviour. It

should be mentioned that for each state of stress, the .l'-Il eurve passes through the point

(catastrophic failure point) of the residual strength curve, as shown in Fig. 4.3.

R(n)

low level stress
~---~====:----- "wear out"

n

high level stress
"sudden death"

.l'-Il

curv

0'1 ,

an _ j .
O. !

0.25 Nf
1

Fig. 4.3 Strength degradation under different states of stress

•

In practice, designers must deal with a wide range of states of stress, varying l'rom low ta

high. Therefore, in arder ta apply Eq. 4.13, the residual longitudinal tensile fatigue strength and

residual in-plane shear fatigue strength of a unidirectional ply (X, (n, cr, K) and S,,(n,cr, K» must be

l'ully characterized under different stress Ievels and stress ratios. This requires a large quantity of

experiments just ta predict the fiber in tension fatigue failure mode of a unidirectional ply under

simple biaxial fatigue loading conditions. By considering the other modes of failure and the
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multiaxial states of stress whieh are eneountered in the real fatigue design of composite structures,

the proposed method is faced with severe difficulties. As mentioned previously, for a multiaxial

fatigue failure analysis, the material properties of the unidirectional ply in fiber and matrix

directions under tension and compression and under in-plane and out-of-plane shear fatigue

conditions for different stress levels and stress rdtios must be fully characterized. This is an

expensive and time consuming task and virtually impossible in practice.

To overcome the difficulties arising l'rom the large quantity of experiments required at

different stress states and stress ratios to characterize the material, many investigators [198-210]

restricted their models to specifie stress ratios. A summary of different stress ratios utilized by

authors is presented in Table 4.3. This assumption is too restrictive for general cases. For

example, in the analysis of a pinlbolt fatigue loaded composite laminate, using a constant stress

ratio 1e~,Js to incorrect results. Clearly, for this problem there are different states of stress at

different points in the materiai. Also, al'ter applying fatigue load on a notched composite laminate,

failure initiates near the stress concentrations and the material property degrades, therefore the

stress ratio and the state of stress are not constant at different points. This means that in practice,

stresses redistribute during the fatigue loading. By considering the different behaviour of a

unidirectional ply for each combination of the stress state and stress ratio, an infinite number of

experiments would be required in order to fully characterize the residual properties of a

unidireetional ply under arbitrary state of stress and stress ratio.

References Utilized Stress Ratios (K:)

Sims and Brogdon [1981 .818..5 and .313
Hahn [1991 oand .1
Hashin [200,201] -1 to establish l'ailure criteria

.1 for exoeriments
Rotem et al. [202-204,209]
Elly in and EI-Kadi [205] . 1
Wu [208]
Rvder and Crossman f21 01
Tennyson et al. [206,207] .05 in tension

(20 in comoression)

Table 4.3 A summary of different load ratios utilized by authors

To eliminate the aforementioned obstacle of using the quadrdtic polynomial failure criteria

for a wide range of stress state and stress ratio, a technique is established in this study which will

be explained in detail in the next chapter. In the following, a set of quadratic polynomial fatigue

failure criteria capable of distinction of different modes of failure of a unidirectional ply under
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multiaxial fatigue loading conditions arc established. The fatigue failure criteria for different modes

of failure are similar to static failure criteria, except lhat the material properties are not constants but

functions of number of cycles. stress state, and stress ratios. lt should be added that the effects of

material nonlinearity on the fatigue failure criteria are also considered similar to the static loading

conditions.

4.3.1 Fiber Tension Fatigue Failure Mode

For fiber tension fatigue failuTe mode (a" > 0) of a unidirectional ply llndcr a multi:Lxial

state of fatigue stress, the following criterion is used:

,
a;, 3 ~ •

---=--+ -ua"
2E,,(n,a,K) 4

S;,(n,a,K) 3 ~ •
----"'-'---+ -uS,,(n,a, K)
2E,,(n,a,K) 4

+

a;, 3 ~ ,---"'--- + - ua
2E,,(n,a, K) 4 "

S;,(n.a,K) 3~S' )-"'-'----+-u ,,(ll,a,K
2E,,(n,a,K) 4 .

,= ty­
C'F'

(if g + > l, then failure)-r- Eq. 4.14

where X,(n,a, K) is the longitudinal tensile residua! fatigue strength of a unidireetional ply llnder

uniaxial fatigue loading, S"(n,a, K) is the in-plane shear residual fatigue strength of a

unidirectional ply under uniaxial shear fatigue loading, E,,(n,a, K) is thc in-plane shear residllal

fatigue stiffness of a unidirectional ply under uniaxial shear fatigue loading, S,,(n,a, K)is the out­

of-plane shear (in x-z plane) residual fatigue strength of a unidirectional ply under uniaxial shear

fatigue loading and E,,(n,a,K) is the out-of-plane shear residual fatigue stiffness of a

unidirectional ply under uniaxial shear fatigue loading conditions. Aiso n, a, K and 8 arc number

of cycles, stress state, stress ratio and parameter of material nonlinearity, r~spectively. It should be

mentioned that the parameter of material nonlinearity (8) is a~sumed to be a constant, not a function

of number of cycles, stress state and stress ratio. In order to express the relationship between the

parameter of material nonlinearity and number of cycles for various stress states and stress ratios,

further research is needed.

4.3.2 Fiber Compression Fatigue Failure Mode

For fiber compression fatigue failure mode (a" < 0), of a unidirectional ply under a

• multiaxial state of fatigue stress, the following criterion is used:
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• (if gF- > 1, then failure) Eq. 4.15

whcrc XJn,cr,K) is the longitudinal compressive residual fatigue strength of a unidirectionaI ply

undcr uniaxial fatigue loading conditions. Similar to the static loading conditions, the effect of

shcar stresses on the compressive fatigue behaviour of a unidirectional ply is not c1ear. Therefore,

the interaction terms of shear stresses are not considered in the proposed criterion.

4.3.3 Fiber-Matrix Shearing Fatigue Failure Mode

For fiber-matrix shearing fatigue failure mode (cr" < 0), of a unidirectionaI ply under a

multiaxial state of fatigue stress, the following criterion is used:

cr;, 3 ~ •
---"'--- + - ucr"
2E,,<n,cr, K) 4

S;,<n,cr, K) 3 ~ •
---""---- + -uS,,<n,O", K)
2E,,(n,cr,K) 4

+

,
cr;, 3 ~ •---=--- + -uO""

2E,,(n,cr,K) 4

_S,:";''-'-(n..:..,O"..:..,_K.:..) 3 ~S. ( )+-u xz n,O",lC
2E,,(n,cr,K) 4

(if g"",> l, then failure)

4.3.4 Matrix Tension Fatigue Failure Mode

Eq. 4.16

For matrix tension fatigue failure mode (O"yy > 0), of a unidirectional ply under a multiaxial

state of fatigue stress, the following criterion is used:

(
cr" )2

Y,(n,cr,K) +

cr;, 3 ~ •--::--"'--- +- uO""
2E,,(n,0", K) 4

S;,<n,cr, K) 3 ~ •
---'''----+ -uS,,(n,cr, K)
2E,,(n,cr, K) 4

(if g,,+ > 1, then failure)

( J
2

cryz _ 2
+ - g".

S,,(n,cr, K)

Eq. 4.17

•
where Y,(n.cr, K) is the transverse tensile residual fatigue strength of a unidirectional ply under

uniaxial fatigue loading and S" (n, cr. K) is the out-of-plane shear (in y-z plane) residual fatigue

strength of a unidirectional ply under uniaxial shear fatigue loading conditions.
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4.3.5 Matrix Compression Fatigue Failure Mode

Similarly, for matrix compression static failure mode (cryy < 0). of a unidircctional ply

under a multiaxial state of fatigue stress, the following equation can be derived:

(if gM' > l, then failure)

(
cr", )' ,

+ S,,(n,cr, K) = g~,

Eqo 4018

where Y,Cn,cr, K) is the transverse compressive residual fatigue strength of a unidirectional ply

under uniaxial fatigue loading conditions.

4.3.6 Normal Tension Fatigue Failure Mode

For normal tension fatigue failure mode Ccr" > 0), of a unidirectional ply under a multiaxial

state of fatigue stress, the foHowing criterion is used:

__ ..ccr
2

;,,-,__ 3 ~ 4
+ -uO'u

2E"Cn,cr,K) 4 .
_S"",;,,-,-Cn...:..,cr...:..,_K...:..) 3 ~S4 C )+ -u Xl n,O', K
2E"Cn,cr,K) 4 .

Cif gN+ > l, then failure)

(
cry, )' ,+ = gN'

Sy,Cn,cr, !c)

Eqo 4.19

where Z, Cn,cr,!C) is the normal tensile residual fatigue strength of a unidireetional ply under

uniaxial fatigue loading conditions.

4.3.7 Normal Compression Fatigue Failure Mode

For normal compression fatigue failure mode Ccr" < 0), of a unidircctional ply under a

multiaxial state of fatigue stress, the following criterion is used:

•
cr;, 3~ 4---=--+ -ucr"

2E"Cn,cr, K) 4 .

_S,=";,...:..Cn...:..,cr...:,,_K)...:.. 3 ~S4 C )+-U llZ n,cr,K
2E"Cn,cr,!C) 4

Cif gN' > 1, then failure)

( )

2
cr+ Y'· = g2

Sy,Cn,cr, K) N

Eq. 4020
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where Z,(n,cr,K:) is the normal compressive residual fatigue strength of a unidirectional ply under

uniaxial fatigue loading conditions.

To use the proposed set of fatigue failure criteria, the residual material properties of a

unidirectional ply under uniaxial fatigue loading conditions in fiber and matrix direction under

tension and compression and under in-plane and out-of-plane shear fatigue loading conditions must

be fully chamcterized. After failure detection by any of the fatigue failure criteria, the material

properties of the failed material must be changed by suitable material property degradation mies

which will be explained in the next chapter.

4.4 Summary

In this chapter, a set of stress based quadratic polynomial failure criteria for static and

fatigue failure detection of a unidirectional ply under multiaxial static and fatigue loading conditions

is established. The proposed set of static and fatigue failure criteria are capable of distinction

between different modes of failure. The effect of the material nonlinearity (nonlinear shear stress­

strain behaviour of a unidirectional ply) on the mathematical forms of failure criteria is taken into

account. It was explained how the proposed fatigue failure criteria in traditional forms cannot be

used for a general stress state and stress ratio. To eliminate this difficulty, a technique will be

established in the next chapter which allows the application of the quadratic polynomial fatigue

failure criteria under a wide range of stress states and stress ratios.
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Material Property Degradation

In this chapter, the third component of the mode!. material property dcgradation is

discussed. The strategy of changing material properties (stiffl'ess, strength and Poisson's ratio) of

failed materia! under static and fatigue loading for each mode of failure is explained. For each

sudden mode of static or fatigue failure detected by the set of failure criteria. explained in the

previous chapter, a suitable sudden ITl"teria! property degradation rule is associatcd. For the

fatigue case, before detecting the sudden mode of failure, the matcrial properties of the

unidirectional ply gradually degrade due to fatigue ioading. To simulate graduai material property

degradation, normalization techniques for strength degradation, stiffness degradation and fatigue

life of a unidirectiona! ply under uniaxial state of stress are utilized. The nonnalized strenlith

degradation and nonnalizedfatigue Iife models are adopted and modified from the works 'lf other

investigators, and the nonnalized stiffness degradation model is developed in this study. The

limitations of application of failure criteria in traditional forms. discussed in Chapter four, arc

overcome in this chapter. For this purpose, the generalized material property deliradation

technique is established by the coupling of the nonnalized strength deliradation, normalized

stiffness degradation and nonnalized fatigue Iife models. The developed technique simulates the

fatigue life and material property (strength and stiffness) degradation of a unidirectional ply under

multiaxial state of stress and arbitrary stress ratio.

•
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5.1 MateriaI Property Degradation Rules

ln the previous chapter, suitable failure criteria are establish to detect the sudden statie and

fatigue failure modes of a unidirectional ply under multiaxial state of stress. As failure occurs in a

ply of a laminate, material properties of that failed ply are changed by a set of sudden materiai

property degradation rules. Sorne of the failure modes are catastrophie and sorne of them are not.

Therefore, for a unidirectional ply failed under each mode of statie or fatigue failure, there exists an

appropriate sudden material property degradation rule.

The scenario of material degradation of a unidirectionaI ply failed under static and fatigue

loading conditions before occurrence of sudden failure is different. For a unidirectional ply under

multiaxial state of static stress before sudden failure initiation, detected by the set of static failure

criteria, there is no material degradation. However, for a unidirectional ply under a multiaxiai state

of fatigue stress before sudden failure initiation, detected by the set of fatigue failure criteria, there

is a gradual materiai property degradation. To explain this difference more clearly, consider a

laminated composite under static loading conditions. The load is increased monotonically and at a

certain load level, failure initiation in a ply of the laminate is detected by the static failure criteria

(Eqs. 4-1 to 4-12). At this stage, the mechanicai properties of the failed region of the

unidirectional ply of the laminate must be changed. This type of degradation is called sudden

material property degradation. For a laminated composite under fatigue loading conditions, in the

first cyc:les, the strength of the plies can be higher than the stress state. Therefore, during the first

cycles, the proposed fatigue failure criteria (Eqs. 4-13 to 4-19) do not detect any sudden mode of

fatigue failure. However, by increasing the cyclic loading of the laminate, materiai properties of

each ply are degraded. This type of degradation is called gradual material property degradation.

By further increasing the number of cycles, mechanical properties of the piles t:ventually reach to a

level where different modes offailure can be detected by the proposed fatigue failure criteria (Eqs.

4-13 to 4-19). At this stage, the mechanieal properties of the failed material are changed by sudden

lIlaterial property degradation rales.

The sudden lIlaterial property degradation rales for sorne failure modes of a unidirectionai

ply under a biaxial state of static stress are available in the literature [41 -43]. A complete set of

sudden material property degradation rules for ail the various failure modes of a unidirectionai ply

under a multiaxial state of static and fatigue stress is developed in this study and explained in the

following section. Moreover, the gradual material property degradation rules, established in this

• research will be explained thereafter.
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• 5.2 Sudden Material Property Degradation Rules

In the following, a complete set of sudden material property degradation mies is established

for each mode of failure of a unidirectional ply under a multiaxial state of static or fatigue stress

detected by the static or fatigue l'ailure criteria. The mies must bc carefully applied to avoid

numerical instabilities during computation by the computer progmm.

Conventional finite element techniques are by definition limited to an intact continuum.

Thus, al'ter failure occurrence in a ply, instead of inducing a real crack, the failed region of the ply

is replaced by an intact ply of lower material properties (Fig. 5.1). Therefore, convcntional tinite

element techniques can be applied for stress analysis even al'ter l'ailure initiation.

Fig. 5.1 Degraded ply is modeled by an intact ply of lower material properties

5.2.1 Fiber Tension Property Degradation

Fiber tension failure mode of a unidirectional ply (detected by Eq. 4.2 for static and Eq.

4.14 for fatigue cases) is a catastrophic mode of failure and when it occurs, the failed material

cannot sustain any type or combination of stresses. Thus, all maierial properties of the failed ply

are reduced to zero, as follows:

Stiffnesses and Poisson's ratios:

[E xx' Eyy , E zz' E xy ,E xz ' E yz' V xy' V xz ' Vyz' Vyx , V1.lt ' V7.)' ]

•
J.

[0,0,0,0,0,0,0,0,0,0,0,0]

Eq. 5.1 (a)
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Strengths:

.............................................. 61

j.

[0,0,0.0,0,0.0,0,0]

Eq. 5.1 (b)

As mentioned, this mode of failure is eatastrophie, therefore if it occurs, the other modes of

railure do not need to also be verified. During numerical computations by the computer program,

reducing material properties to zero creates numerical instabilities. To avoid this difficulty, for the

case or failure, the material properties are reduced to very small values.

5.2.2 Fiber Compression Property Degradation

Fiber compression failure mode of a unidirectional ply (detected by Eq. 4.4 for static and

Eq. 4.15 for fatigue cases) is a catastrophic mode of failure and when it occurs, the failed material

cannot sustain any type or combination of stresses. Thus, all material properties of the failed ply

arc rcduccd to zero, as follows:

Stiffnesses and Poisson's ratios:

[E xx ' E yy • E '1.7.' E xy ,E Xl. • E y1. • Vxy • V Xl. ' Vyz' Vyx • V 7.X ' Vzy ]

Strengths:

j.

[0,0,0,0,0,0,0,0.0,0,0,0]

[X" Y"Z"X" Y"Z"SXy,S",Sy,]

j.

[0,0,0,0,0,0,0,0,0]

Eq. 5.2 (a)

Eq. 5.2 (b)

•

As mentioned, this mode of failure is catastrophic, therefcre if it occurs, the other modes of

rail ure do not need to also be verified.

5.2.3 Fiber-Matrix Shearing Property Degradation

In fiber-matrix shearing failure mode of a unidirectional ply (detected by Eq. 4.6 for static

and Eq. 4.16 for fatigue cases), the material can still carry load in the fiber, matrix and normal



directions, but in-plane shear stress can no longer be carried. This is modcled by reducing the in­

plane shear material properties of the failed ply to zero, as follows:•
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Stiffnesses and Poisson's ratios:

[Ex~' Eyy •Eu' Ex)" Ex:r.' Ep.' v xy' V ':101.' Vyt" V p.' V1.\' v,)']

Eq. 5.3 (a)

Strengths:

[XI' YI' ZI' X" Y"Z,.S" ,S" .S,,]

J, Eq. 5.3 (b)

After detecting this mode of failure, which is not catastrophic, the other modes of failure

must be verified. After this mode of failure occurs, in arder to check the other modes of failure by

relevant failure criteria, the terms containing S'Y must not be further cor.sidered.

5.2.4 Matrix Tension Property Degradation

For matrix tension failure mode of a unidirectional ply (detected by EC]. 4.8 for static and

Eg. 4.17 for fatigue cases), the transverse modulus, E yy, the transverse tensile strength YI' and

Poisson's ratios v Y' ,md vY' are reduced to zero. This modc of failurc is not catastrophic, and

affects only matrix direction properties, therefore other material properties are left unchanged.

Stiffnesses and Poisson's ratios:

[E ltX • E yy , Ezz • Exy' EXI, • EYl • V xy , V ·M. • VY'.• V Yl( • VI.X • VlY ]

Eq. 5.4 (a)

•
Strengths:
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[X" Y, ,Z" X" Y"Z"S,y,S", Sy,]

·r· Ego 504 (b)

After detecting this mode of failure, which is not catastrophic, the other modes of failure

must be verified.

5.205 Matrix Compression Property Degradation

Matrix compression failure mode (detected by Eg. 4.9 for static and Eg. 4.18 for fatigue

cases) results in the same type of damage to the composite ply as the matrix tension failure mode.

Thus, the transverse modulus Eyy' the transverse compressive strength Y" and Poisson's ratios vy,

and vY' are reduced to zero. This mode of failure is not cata~trophic, therefore, other material

properties are !cft unchanged.

Stiffnesses and Poisson's ratios:

[E:\X ' E yy' E 1J. ' Exy • E:u • Eyz • vxy • V xz • V y1.' V yx ' V I.X ' V zy ]

Ego 5.5 (a)

[E xx ,0. Eu- .E xy • E xz ,E yz • vxy' V XI. • 0.0, V I.x' V 7.Y ]

Strengths:

Ego 5.5 (b)

•

Similar to matrix tension failure mode, matrix compression is not a catastrophic mode of

failure. Thus. after detecting this failure mode, the other modes of failure must be verified.

502.6 Normal Tension Property Degradation

For normal tension failure mode of a unidirectional ply (detected by Eg. 4.11 for static and

Eg. 4.19 for fatigue ca~es), the normal modulus Eu, the normal tensile strength Z" and Poisson's

ratios v,., and V,y are reduced to zero. This mode of failure is not catastrophic, therefore, other

material properties are left unchanged. This is essentially the same type of failure as matrix tension

failure mode.
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Stiffnesses and Poisson' s ratios:

Eq. 5.6 (a)

[E xx • Eyy.O.Ell;y.Exl.Ey/., v :l.y' v ':\1' VY/_ • v yx .0.0]

Strengths:

[X,. Y,.Z,. X,. Y, .Z, .S".S".S,,]

J.. Ell. 5.6 (b)

After detecting this mode of failure. which is not catastrophic. the other modes of failure

must be verified.

5.2.7 Normal Compression Property Degradation

For normal compression failure mode of a unidirectional ply (dctected by EC]. 4.12 for

statie and Eg. 4.20 for fatigue cases). the normal modulus E" .. the normal compressive strenglh Z,.

and Poisson's ratios v" and v" are reduccd to zero. This mode of failure is nol catastrophie.

therefore. other material properties are left unchanged. This is essentially the same type of failure

as matrix compression failure mode.

Stiffnesses and Poisson's ratios:

•
Strcngths:

[X,. Y, ,Z,. X,. Y,. Z, .S" .S", .S,,]

J..

Eq. 5.7 (a)

Eq. 5.7 (b)
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Arter detecting this mode of failure, which is not catastrophic, the other modes of failure

must be verified.

5.2.8 Summary of Sudden Material Degradation Rules

This complete set of sudden material degradation rules (Eqs. 5.1 to 5.7) for ail various

failure modes of a unidirectional ply under a multiaxial state of statie (detected by Eqs. 4-1 to 4-12)

and fatigue stress (detected by Eqs. 4.14 to 4-20) will be used in the progressive fatigue damage

model explained in the next chapter. However, the material properties of a unidirectional ply

before sudden failure (detected by Eqs. 4.13 to 4-19) degrade due to fatigue loading. In order to

simulate this phenomenon, the graduai material property degradation raies are established in this

research and explained in the following section.

5.3 GraduaI Material Property Degradation Rules

To apply the fatigue failure criteria (Eqs. 4-14 to 4-20), the ri'sidual material properties of a

unidirectional ply under arbitrary multiaxial state of fatigue stress and stress ratio must be modeled.

For this purpose, the generalized material properry degradation tecllllique is established which

simulates the fatigue behaviour of a unidirectional ply under multiaxial state of fatigue stress and

arbitrary stress ratio by using the results of uniaxial fatigue experiments. In this way. the severe

limitation of application of the fatigue failure criteria in traditional forms, mentioned in the previous

chapler, is overcome. In the following, after a review of different residual strength models

proposed in the literature, a suitable model to simulate the behaviour of a unidirectional lamina

under a uniaxial state of fatigue stress is selected. Then, the normalization technique for stiffness

degradation is established. Subsequently, a procedure to find the fatigue life of a unidirectional

lamina under a uniaxial statc of fatigue stress, with an arbitrary stress ratio, is explained. Finally,

10 simulate the behaviour of a unidireetional ply under multiaxial fatigue loading, with arbitrary

state of stress and stress ratio, the generalized material properry degradation technique is

establ ished.

5.3.1 Normalizeù Strength Degradation Model

Therc are two major approaches to simulate the residual strength of laminat:.~ù :omposites

under uniaxial fatigue loading [210], whieh are caI:~d the statistical (probability-:Jased damage) and

mechanistic (emphasis on damage mechanics) approaches. Works of Halpin et al. [40,213] and

Broutman and Sahu [214] are the two earliest examples of statistical and mechanistic approaches,
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respectively. Investigations by Hahn and Kim [215]. Chou and Croman [21 1.2121. Whitney

[216], Sendeckyj [217], Radhakrishnan [218]. and works of Yang and his eo-workers [219-2261

are other examples in the statistical category. On the other hand. Reifsnider and Stinchcomb [321.

Reifsnider [33,34]. Ryder and Crossman [210]. Daniel and Charewicz [227.228]. Rotem [2291.

Whitworth [230), Spearing and Beaumont [38]. and Harris and his co-workers [231-2321

presented different mechanistic models. In both categories. statistical and mechanistic. no

comprehensive study of the behaviour of unidircctional plies under multim(Îal fatigue loading has

been conducted.

Consider a unidirectional lamina under a constant uniaxial fatigue loading. Under static

loading, or equivalently at n=0.25 cycles (quarter of a cycle) in fatigue. the strength of the

unidirectional lamina is R, (Fig. 5.2). It should be mentioned that the chamcler "R" is used as a

representative symbol for the strength of a unidirectional ply which has differenl magnitudes in

different directions such as, X" Y" etc. By increasing the number of cycles, under a constant

applied stress (cr), fatigue strength (R(n)) decreases. Finally, afler a certain number of cycles

which is called number of cycles ta failure (Nr), the magnitude of the strength decreases to the

magnitude of the applied stress. At this point, the composite lamina fails catastrophically. In Fig.

5.2, the residual strength and son curves are shown in one graph. As shown, it is clear lhat for a

particular state of stress (cr) the S-Il curve passes through the end point (catastrophic failure point)

of the residual strength curve.

R(n)

catastrophic
failure point

,lI
cr ::::::::::;::,=-f--

0, '-- -'- ..

0,25 Nf

Fig. 5.2 Strength degradation of a unidirectional lamina under a constant uniaxial
fatigue loading

As mentioned in the previous chapter and repeated here, the fatigue behaviour of a

composite lamina varies under different states of stress. For instance, under high level state of
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stress, the residual strength as a function of number of cycles is nearly constant and it decreases

drastically at the number of cycles to l'ail ure (Fig. 5.3). The sudden death mode! [21 1,212] is a

suitable tcchnique to describe this behaviour. However at low Ievel state of stress, the residual

strength of the lamina, as a function of number of cycles, degrades gradually (Fig. 5.3). The wear

ouI mode! [40] is a suitable technique to present this behaviour. In practice, designers must deal

with a wide range of states cf stress varying l'rom low to high, therefore a model to present the

behaviour of composite materials under a general state of stress is essential.

R(n) t
low level stress

,,---~====:::::---- "wear out"

n

•

high level stress
"sudden death"

son
curv

<rI ,
<ru [··.·:..· ·..· · · ·..· ·..·1 ·..· .
O. • '

0.25 Nf
1

Fig. 5.3 Strength degradation under different states of stress

Different models have been presented in the literature to simulate the residual strength of

composite Jaminates under fatigue loading. In the following, a comparison between different

models is made. Il should be mentioncd that there are many details in these models which are not

discussed here. Therefore in the following, the models and equations used by other authors are

only considered l'rom our point of view. Realizing that various notations have been used by

different authors, for simplicity, a unified notation has been applied here in order to present the

models of other authors in an informative manner. It must be mentioned that in this thesis, there is

no attempt to study the probabilistic fealures of the residual strength of composite materials; only

the mechanistic characteristics are considered here.

•
The sudden dealh mode! [211,212] is very simple and straightforward. The strength of the

composite lamina is constant until the number of cycles to l'ailure (Nf), where the composite lamina

l'ails catastrophically. In the wearOll/ mode!, which was initially presented by Halpin el al. [40], it

is assumed that the residual strength R(n) is a monotonieally decreasing funetion of number of



cycles (n), and the change of the residual strength is approximatcd by a power-Iaw growth

equation,•
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dR(n) = -A(a)/m[R(n)]'n-1
dn

in which A(a) is a function of the maximum cyclic strcss (a). :md m is a constant.

been used by many authors [215-226] in probabilistic and mcchanistic modcls.

By integrati"'S Eq. 5.8 l'rom no to ni cycles.

with no = a and ni = n. Eq. 5.9 reduces to:

R"'(n) = R:n - A(a)n

where R, is the static strength.

El). 5.8

This modcl has

El). 5.9

El). 5.\0

By considering that at the number of cycles to failure (N l'), the residual strength (R(n)) is equal to

the applied stress (a), Eq. 5.10 reduces to:

El). 5.\\

Eq. 5.11 expresses the residual strength (R(n)), as a function of static strength (R,).

number of cycles (n), and number of cycles to failure (N1-). AIso, m is a constant which is found

experimentally. For different states of stress, "m" has different values. therefore to l'ully

charaeterize a material, large number of experiments should be performed.

For eomparing betweep. different models proposed by difl'erent authors, Eq. 5.1 1 can be

rewritten in the following form,

El). 5.12

• and by the following algebraic operation,
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•
Eg. 5.12 reduees to:

RIII(n)-R:n-crlll + cr 11\ n
=

R"(n)-crm n
--'--'---=1--

Rlll _alll N., ,.

Eq. 5.13

Eq. 5.14

•

Eg. 5.14 is a normalized form of Eg. 5.11 which ean be used for the purpose of eomparing

different models. By using a unified notation and applying similar algebraie operations to the other

models praposed in the literature, a list of the residual strength models is presented in Table 5.1.

References Models Explanations
Halpin el al. [4D]
Hahn and Kim [215] RIlI(n) _ 0'1iI

= 1-2.-
"m" is a curve fitting

Yang el al. [219-226] RIll_crlll
Nf

parameter, found
Chou and Craman [211,212] , experimentally
Sendeekvj r2171
Brautman and Sahu [214] R(n)-cr n linear-strength degradation

1--
R -cr Nf,

Daniel et al. [227,228]
R(n)-cr = {~) g(~r ) is undefined function
R, -cr Nf

Reifsnider and Stinchcomb [32]
R(n~-cr = 1-(~J "kil is a curve fitting

Reifsnider [33,34] parameter, found
R, cr Nf experimentally

Harris et al. [231,232]
(R(nJ-crr = 1-[ log(n)-log(.5) J "a" and "(3" are two eurve

fitting parameters, found
\ R, - cr log(N1) - log(.5) exoerimentallv

Notes:

Hahn and Kim [215] use F=R(n), t=n, R(D)= R,
Yang el al. [219] use m=e. s=cr, N=Nf. R(D)= R,

Chou and Craman [211,212] use S=cr. N=Nf, R(D)= R,

[R'" )Sendeekyj [217] uses cr,,=cr, cr,=R(n). crc=R" lIS=m, C = cr:' -1 / N1(not derived by him)

.. n· 1 0
Brautman and Sahu [214] use cr; =R(n). fi=-, cr'~,. = cr,ir = R (for one state of stress)NUS S S,.

Daniel et al. [227.228] use f,=R(n). s=cr, N=N" R(D)= R,

Reifsnider and Stineheomb [32] use S,(n)=R(n), S,= R" S,,=cr, N=Nf, i=k (critieal element model)

Harris et al. [231.232] use f =R(n). s=cr, N=N,. R(D)= R

Table 5.1 A summary of different strength degradation models



As shown in Table 5.1. Hahn and Kim [215]. Yang "t al. [219-226]. Chou and Croman

[211.212]. and Sendeckyj [217] applied exactly the same modcl proposed by Halpin et al. [40].

Broutman and Sahu [214] assumed a linear relationship between the fatigue strength and numbcr

of cycles. This assumption is not consistent with the experimental evidence of strength

degradation at low level state of stress nor at high levcl state of stress. In a modcl presented by

Daniel et al. [227]. an undefined function of normalized number of cycles "g" is il1lroduced. There

is no effort in their paper [227] to define this function (Table 5.1). [n Table 5.1. in the equation

proposed by Reifsnider and Stinchcomb [32] and Reifsnider [33.34]. "k" is a curve tïtting

parameter which must be found experimentally. Harris et al. [231-2321 presented a normalized

equation consisting of two curve fitting parameters (Table 5.1). They showed that "cl." and "W' arc

stress independent curve fitting parameters whieh must be found experimentally. They emphasized

that stress-independent models. like the model proposed by Fong [233]. which is based on the

assumption that the fatigue process is controlled by a single primary damage mechanism. is not

realistic. They postulated that their model permittcd the incorporation of 'Ill modes of damage

accumulation. l'rom wear out to sudden death. by the adjustment of the curve lïtting parameters lX

and~. In their studies. the equivalent number of fatigue cycles for a static loading condition is

assumed to be 0.5. however by considering that a statie loading is really a quarter of a cyck. Ihe

equivalent number of cycles should be changed to 0.25.

•
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By using the normalization technique. ail different curves for different states of stress. 111

Fig. 5.3 collapse to a single curve (Fig. 5.4). For use in this research. the equation presentcd by

Harris et al. [231.232] is changed to the following form (with the equivalent number of fatigue

cycles for a static loading condition changed l'rom 0.5 to 0.25):

•

1

R(n.O')=[I-( IOg(n)-IOg(.2;) )11];;(R, -0')+0'
10g(Nr) - log(._5)

R(n)·O'
R·O's

1

l- ---I__+ logn-log.25
o 1 logN(log.25

i/ig. 5.4 Normalized strength degradation curve

Eq. 5.15



By having static strength (R,), state of stress (cr), number of cycles to failure (Nf) related to

tlle state of stress, and the curve fitting parameters (a and ~), residual strength (R(n,cr)), as a

function of number of cycles (n) and the state of stress (cr), is found.

•
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Since in Eq. 5.15, a and ~ are stress independent parameters, this model is called the

lIormalized strength degradation model. However. number of cycles to failure (Nr) is a function of

the state of stress (cr) and the stress ratio (l( = 0""",/0""",,). Therefore, to simulate the residual

strength of a unidirectional ply under a general uniaxial fatigue loading (arbitrary state of stress and

stress ratio), a suitable relationship between the fatigue life (Nf), state of stress and stress ratio is

needed. For the general case, i.e. arbitrary stress ratic-, E~. 5.15 is changed to the following form:

1

R(n,cr,K) =[1-( log(n)-log(.25) ]P];;(R,-cr)+cr
10g(Nf) - log(.25) .

Eq. 5.16

•

By considering that for each combination of the state of stress and stress ratio there is a

fatigue life for a unidirectional ply, to characterize the residual strength of a unidirectional ply under

arbitrary state of stress and stress ratio, an infinite number of experiments must still be performed.

As mentioned in the previous chapter, many authors restricted their failure criteria to a certain stress

ratio to overcome this difficulty. P.Jwever, as previously discussed, assuming a certain stress

ratio for the fatigue analysis of composite laminates is not always a realistic assumption. Before

removing this obstacle by introducing the nonnalized fatigue life model, the normalized stiffness

degradation model for a unidirectional ply in a normalized form is explained in the following.

5.3.2 Normalized Stiffness Degradation Model

The residual stiffness of the material is also a function of state of stress and number of

cycles. As discussed in the previous section, there are various number of strength degradation

models. Similarly, there is much research in stiffness degradation [234-245] of composite

materials. The stiffness degradation models are attractive to many investigators, because the

residual stiffness can be used as a nondestructive measure for damage evaluati.:,,;. By performing a

similar procedure used as that for normalizing the residual strength, a suitable equation for residual

stiffness of a unidirectional ply ean be obtained. By using the normalization technique, ail different

carves for different states of stress can be shown by a single master curve. The idea of



nOl111alizing the residual stiffness curves and establishing a master curve has been used by many

authors [9,15.247]. In this study. a new method of nonnalization is devcloped.•
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Consider a unidirectional lamina under a constant uniaxial fatigue loading. Under statie

loading. or equivalently at n=O.25 cycles (quarter of a cycle) in fatigue. the statie stilTness of the

unidirectional lamina is E, (Fig. 5.5). It should be mentioned that the charaeter ooE" is used as a

representative symbol for the stiffness of a unidireetional ply whieh has different magnitudes in

different directions sueh as. E". Eyy. etc.

E(n)

n

Fig. 5.5 Stiffness degradation of a unidirectional lamina under a constant
uniaxial fatigue loading

By inereasing the number of cycles, under a constant applied stress (cr), the fatigue

stiffness (E(n)) deereases. Finally. after a certain number of cycles which is calicd number of

cycles to failure (Nf), the magnitude of the stiffness decreases to a eritical magnitude (E,). At this

point, the composite lamina l'ails catastrophieally. The stiffness degradation of a unidirectional ply

is shown in Fig. 5.5. The aforementioned eritical value for stiffness (E,) can be expn:ssed by the

following equation,

Eg. 5.17

•
where,

Er = average strain to failure

The average strain to failure (E,) is assumed to be a constant and independent on the state of

stress and number of cycles. This assumption is used by many authors [234-237] and verified
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cxpcrimentally in this study. It should be mentioned that for different states of stress, the stiffness

degradation of the unidirectional ply is different. The same as for the residual strength case. under

high level state of stress, the residual stiffness as a function of number of cycles is nearly constant

and it decreases drastically atthe number of cycles to failure (Fig. 5.6). However at low level state

of stress the residual stiffness of the lamina, as a function of number of cycles, degrades gradually.

In practice, designers must deal with a wide range of states of stress varying l'rom low to high.

Thcrefore similar to strength degradation case, a model to present the residual stiffness behaviour

of composite materials under a generar state of stress is essential.

E(n)

E
s r-----=~=::::::::__ Iow stress Ievel

high stress level

q/Er ..1

o;iEr · ·· ·..·..· ··..· ·..· ·1· · · ~
O. L- ----'- ---L.__

0.25 Nr1 n

Fig. 5.6 Stiffness degradation under different states of stress

To present the residual stiffness as a function of number of cycles in a normalized form, the

following equation is developed. based on a similar idea to that used for residual strength,

•

1

E(n,a.K) =[1-( log(n)-log(.25) )l-JY(E, _~)+~
10g(Nf) -log(.25) Er Er

where.

E(n.cr.K) =residual stiffness

E, = static stiffness

cr = magnitude of applied maximum stress

Er =average strain to failure

n =number of applied cycles

Nr=fatigue life at cr

y and À = experimentaI curve fitting parameters

Eq. 5.18
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By using this nonnalization technique. ail different curves for different states of stress in

Fig. 5.6. collapse to a single curve (Fig. 5.7).

E(n)·er/Er
E.-er/Er

1

1o log(n).log(.25)
log(Nr)-log(.25)

Fig. 5.7 Normalized stiffness degradation curve

As mentioned, for the nonnalized strength degradation equation (Eq. 5.16). S\llCC the

number of cycles to failure (N,) is a function of the state of stress (a) and the stress ratio

(1<=a"'i./a",,,,,), then the residual stiffness in normalized form (Eq. 5.18) is also a function of stress

ratio. Therefore, the same obstacle for the nonnalized strength degradation model exists for the

stiffness degradation in normalized fonn.

In the following section, a model to simulate the fatigue life for arbitrary stress ratios is

explained. Then, by coupling the following procedure and the normalized strength and stiffness

degradation models (Eqs. 5.16 and 5.18), the severe restriction of the using a specifie stress ratio

in fatigue analysis of composite laminates is avoided.

5.4 Normalized Fatigue Life Model

•

The effect of mean stress «(cr",,,,, +cr",;,,)/2) on fatigue life, can be presented efficiently by

using constant life (Goodman-type) diagrams [247]. Establishing and interpolation of constant life

diagram data in traditional form is a tedious task. However. there arc sorne analytical methods

[248-252] for predicting the effeet cf mean stress on fatigue lite based on a limited numbcr of

experiments. In a paper by Adam et al. [248], an analyticaJ method has been proposed to convert

and present ail data l'rom a constant life diagram in a single two-parameter fatigue curve, which can

reduce the number of needed experiments drastically. In this study, this modc1 is cal!ed the

normalizedfatigue life model. Recently, the nonnalized fatigue life model was modified by Harris

and his co-workers [251-252] for more general cases. In the following, this model is explained in

detai!.



Introducing non-dimensional stresses by division of the mean stress (O"m), the altemating

stress (0"") and the compressive strength (O"cl by the tensile strength (O"t). where q=O"m/<Jto a=O"i<Jto

and C=O"c!O"I, an empirical interaction curve may be derived [251-252]:
•
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a = J(! -q)"(c+q)'

where.

J, U, and v = curve fitting constants

0"" = (O"m"x - O"min)/2 = altcrnating stress

O"m = (<Jm"x + <Jmin)/2 = mean stress

q = O"n,!<Jt

a = <Ji<JI

C= <Jc!<JI

Eq. 5.19

1(= 7

A+BI N,
)(c+ql)

0.4

0.3
Normalizcd
altcrnatinJ::
stress (a) 0.2

0.1

o
- 1 -0.5 o 0.5

1(=.45

1 1.5

•

Normalizcd mcan stress (q)

Fig. 5.8 TypicaI constant lire diagram

A typical curve for a fatigue Iife of 106 cycles is shown in Fig. 5.8. The bell-shaped curve

is the fatigue life curve. Experimental results by Gathercole et al. [252], showed that their

previous quadratic model [249] is inappropriate for the constant Iife curve especially in both low

and high mean stress regions (Fig. 5.8). Therefore, they introduced a power law model (Eq.

5.19) that produces a bell-shaped curve. which corresponds cioser to the material behaviour under

fatigue loading. In a paper by Gathercole et al. [252], it was shown that the exponents u and v

deterrnine the shapes of the left end right wings of the bell-shaped curve. However, it was a1so

shown [252] that the degree of curve-shape asymmetry was not very great, therefore they assumed

Il and \' are equal and are linear functions of fatigue Iife (Nf).
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• l/=v=A+BlogN, Eq. 5.20

where A and B are the curve fining constants. By :;ubstituting Eq. 5.20 into Eq. 5.19. the

following equation is obtained:

a = f[(I- q)(c + q)r"I"'N, Eq. 5.21

The following example helps to explain the /lon/wU:"d fatigl/e lire II/otle!. To predict the

fatigue life, the following steps must be performed. First, a O"-logNr curve for diffcrcnt stress

ratios (K=O"min/O"max) should be established experimentally (Fig. 5.9). Different symbols in Fig.

5.9 represent different applied stress ratios. It is obvious that tcslÎng at more states of stress will

result in more accuracy. Then by rearranging Eq. 5.21, the following equation is derived and

shown graphically in Fig. 5.10.

u = In(a/ f)
In[(I-q)(c+q)]

A+ BlogN, Eq. 5.22

•

CFRP

1.5
a \0a a..

';;.. ..
~ 1,0 i- ....

x ~..
~

0

0.5 1-

, ""o.':-,-~0:------!'---::2-~3 --:-.-~5~----!':--~7
leg Nf

Fig. 5.9 S-logNe curve, O"t=1.91 (GPa), and O"c=1.08 (GPa), Reference [248]

In Figs. (5.9 to 5.1 1), this procedure has been applied to numerical data l'rom the paper by

Adam et al. [248]. In Fig. 5.9, original fatigue data is presented. Then, based on the data l'rom

Fig. 5.9, settingf= 1.06 (suggested by Gathercole et al. [252]) and Eq. 5.22, the u = In(alj)/ln[l­

q)(c+q} versus 10gNr curve is extracted (Fig. 5.1 O), l'rom which A and Barc found. In Fig. 5. 11,

based on ail previous information, the constant life diagram for different number of cycles to

l'ailure is predicted. Fig. 5.11 is generated by knowing A, B and f, three constants which can bc

determined l'rom a relatively small quantity of tests, as demonstrated in this example. Thus, the

method is very useful for reducing the number of experiments for characterization of materials.
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Fig. 5.11 Predicted constant Iife diagram

504.1 Modification of the Lire Model for 8hear Fatigue Conditions

•

For the simulation of the fatigue life of the unidirectional ply under shear fatigue loading

conditions. the method explained by Egs. 5.19 to 5.22 must be modified. For a unidirectional ply

under shear. the definitions of tensile strength and compression strength are meaningless, i.e.,

there is no difference between positive and negative shear. Therefore, the word strengr:' :5 liSe(!

instead. By considering this. the parameter "c" in Eg. 5.22 is egual to one (c=l) for she<: r;,;i;;...e

conditions. Also. the experimental results for unidirectional plies under in-plane shear loading

conditions to be presented in Chapter 7. show that a better curve fitting is achieved by adding a

"log\()" to the left-hand side of Eg 5.22. Therefore. Eg. 5.22 is changed to the following form for
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the simulation of fatigue life of the unidirectional ply under shear loading conditions. The left-hand

side of Eg. 5.23 is still denoted by "u" for briefness.

In(a/f)
u=logJ(l( [( )( )j)=A+BlogNfln 1- g 1+ g

5.5 Generalized Material Property Degradation
Technique

Eg. 5.23

•

At this stage, the nonnalïzed strength degradation (Eg. 5.16). tlze normalized residlla!

stiffness (Eg. 5.17), and the nonnalized fatigue !ife mode!s in form of Eg. 5.22 (and 5.23 for

shear), are established and available. By coupling these modcls. the genera!ized materia! property

degradation teclmique is established. By using this teclmique. polynomial fatigue failure criteria

can be applied for failure analysis of unidirectional plies undcr arbitrary stress state and stress

ratios. This technique is explained by the flowchart shown in Fig. 5.12.

To explain the model, consider a unidirectional ply under a multiaxial stalc of stress. Also.

suppose that one of the modes of fatigue failure, e.g.. the fiber tension fatigue failure mode (Eq.

4.14) is to be verified. As shown in the flowchart (Fig. 5.12), the state of stress (cr). stress ratio

(K), number of applied cycles (n) and the static material properties must he defined at the

beginning. For the aforementioned mode of l'ailure, the statie properties of the unidirectional ply in

fiber direction (X,) and in-plane shear (S" and E,,) and out-of-plane shear (S" and E,,) loading

conditions must be known (see Eg. 4.14). Then by using the nonna!ized jiltigue !ife mode! (Egs.

5.22 and 5.23), the number of cycles to failure for each stress state (N,,,. Nf" and Nf,,) is

calculated. By having this information and using the residual stiffness and strength degradation

models (Egs. 5.16 and 5.18), the residual material properties of the unidirectional ply under

longitudinal stress, in-plane and out-of-plane shear stresses can be calculaled. It sh()uld he

mentioned here that the experimental parameters (a.. ~, y, Â., A. Band j) must he l'ully

characterized in advance for each of the three states of stress in this example. At this stage, ail

previous results are substituted into Eg. 4.14 to detect the fiber failure mode for the unidirectional

ply under multiaxial state of stress. If sudden fiber tension failure is detected, the material

properties of the failed region of the unidirectional ply must be changed by sudden material

property degradation role (Eg. 5.1). This simple example shows that the model is capable of

considering arbitrary state of stress and stress ratio. Therefore, by establishing the generalized

material property degradGtion technique, the severe obstacle of application of quadratic failure

criteria for arbitrary stress ratios is overcome.
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,J,-

define states of applied
stress, stress ratio, number of applied

cycles and material properties

~
use IlOrmalizedfatigue life II/odel to find
the number of cycles to failure for each

stress state and stress ratio

~

~ ~
use normalized strengtlz degradation use normalized stiffness degradation
model to find the residual strength model to find the residual stiffness

~ ~

~

residual material properties are
ready to be used in a suitable failure

criteria to test for sudden failure

è
Fig. 5.12 Flowchart of generalized material property degradation technique at the

ply level

5.6 Summary

After sudden failure detection for a unidirectional ply under a multiaxial state of statÎc or

fatigue stress, detected by static or fatiguc failure criteria. the material properties of the failed region

are changed by sudden material property degradation mies. For the fatigue case, before detecting

the sudden mode of failure, the material properties of the unidirectional ply gradually degrade due

to fatigue loading. To simulate the graduai material property degradation of a unidircctional ply

under multiaxial state of fatigue stress, the generalized material property degradation technique is

established. For this purpose, the nonnalized strength degradation, nonnalized stif/ness

degradation and nonnalized fatigue life models are coupled. The established technique is capable

of simulating the residual material properties of a unidirectional ply under arbitrary stress states and

stress ratios. This eliminates the restriction of application of the quadratic fatigue failure criteria for

general states of stress and stress ratios.
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Progressive Fatigue Damage Modeling

In this chapter, the framework of progressive fatigue damage mode! is established and

explained in detail. The mode! is an integration of the three important components: stress analysis,

failure analysis and material property degradation. The mode! is capable of simulating the residual

strength, fatigue life and final failure mechanism of composite laminates with arbitrary geometry,

stress ratio and stacking sequence under complicated fatigue loading conditions using the results of

various types of uniaxial fatigue experiments on unidirectional plies. The generality and

capabilities of the mode! are discussed in detail. Based on the mode!, a computer code is

dcveIoped which simulates the cycle-by-cycle behaviour of composite laminates under fatigue

loading conditions.

6.1 Introduction to Progressive Damage Modeling

The idea of progressive damage modeling of laminated composites under static loading

conditions was initially proposed by Chou et al. [254,255]. They did not utilize a set of failure

criteria capable of distinction of different failure modes. Therefore after failure detection, they had

to delete ail material properties of the failed region. This procedure is a very conservative and

primitive type of damage modeling which results in a very low magnitude of the final failure load

compared to experimental results. The idea of detection of different failure modes (fiber and matrix

directions) by a set of discrete failure criteria was initially proposed by Hashin [164]. This type of

• discrete failure criteria was successfully utilized by investigators in a progressive damage modeling
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approach for two-dimensional [41-43] and three-dimensional [130] failure simulation of pin-Ioaded

composite laminates under static loading conditions.

To describe progressive fatigue damage modeling. it is helpful to explain the tr:tditional

progressive damage modeling technique used in static failure analysis of composite laminates. As

previously mentioned, the progressive damage model is an integration of stress analysis. failure

analysis and materia! degradation rules. The model can be clearly described by means of the

flowchart shown in Fig. 6.1.

r-----~Stress Analysis 1+----.

Change Material Yes
Properties Increase Load

Catastrophic

~~
Fig. 6.1 Flowchart of traditional progressive damage model used for static

failure analysis

As shown in Fig. 6.1, the finite element model must be prepared at the beginning. In this

step the physica! properties, materia! properties, and appropriate boundary conditions of the

problem are provided and a load increment is selected. In the next step, a finite clement stress

ana!ysis at a selected load increment is performed. In this step, on-axis stresses for each element

(averaged at twenty seven Gauss points) are ca!culated and utilized for failure analysis. By using

the static failure criteria (Eqs. 4.1 to 4.11), failure analysis is performed and the existence of

sudden modes of failure for ail elements is checked. If the failure criteria are not met, there is no

• failure at this load increment. At this stage, more load increments are applied and the stress



•

•

Chpater 6 Progressive Fatigue Damage Modeing 82

analysis is perforrned. These new on-axis stresses must be added to the previously obtained on­

axis stresses. Subsequently, failure analysis is performed for aIl elements and if there is failure in

certain plies of certain elements, ba~ed the mode of failure, the material properties of the those

failed plies are changed by using Eqs 5.1 to 5.7. The first instance of failure is called the failure

initiation load. After changing the material properties, a new stiffness matrix is rebuilt and

a~signed to the finite element mode!. Thereafter, the stress analysis step is repeated and whole

loop in the algorithm is continued. Thus if an element undergoes failure, not only are appropriate

material properties reduced, but the stress state is also relaxed in that element by the fact that the

stress state ha~ been recalculated for the whole mode!. As the Joad level increases, more and more

element~ will fail until ultimate failure is reached. This situation (catastrophie failure) occurs when

the laminated composite cannot tolerate any more Joad increments and a large deflection occurs. At

this stage, the final failure load and failure mechanism are achieved.

The progressive damage model in traditional form cannot be used for the fatigue modeling

of laminated composites. For instance, if the maximum Joad level in fatigue loading conditions is

selected below the failu ..e initiation load, then the sudden failure criteria will not detect any sudden

mode of failure. Therefore, the progressive damage modeling strategy used for statie loading must

be modified to be used for fatigue loading conditions. In this study, the idea of the progressive

fatigue damage modeling is extended from the traditional progressive damage modeling approach,

used for statie failure analysis of laminated composites. The three major components of the model

were explaincd in the previous chapters. In the following section, the framework of the

progressivefatigue damage model is explained in detaiL

6.2 Progressive Fatigue Damage Modeling

The major difference between the progressive fatigue damage model and the traditional

progressive damage model used for statie loading conditions is the existence of the graduaI material

property degradation which occurs during fatigue loading. In the previous chapter, the generalized

material property degradation technique is established. This technique simulates the material

property (stiffness and strength) degradation and fatigue Iife of a unidirectional ply under a

muitiaxial state of stress and arbitrary stress ratio. By adding this technique to the traditional

progressive damage model and necessary modification of the aIgorithm, the progressive fatigue

damage model is established and explained by means of the tlowchart shown in Fig. 6.2.
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r-------------JStress Analysis 1+--------"

No

Cycles =Cycles+Ôn

Yes Change Material Properties
Based on Sudden Degradation

Rules

Catastrophic

No

Change Material Properties
Based on Graduai Degradation

Rules

Fig. 6.2 Flowchart of progressive fatigue damage model

As shown in Fig. 6.2, the finite element model must first he prepared. In this step,

material properties, geometry, boundary conditions, maximum and minimum fatigue load,

maximum number of cycles, incremental number of cycles, etc., are defined. Then the stress

analysis, based on the maximum and minimum fatigue load, is performed. Consequently, the

maximum and minimum induced on-axis stresses of all elements are calculated. It should he

emphasized that on-axis stresses for each ply of each laminate of each element at Gauss points are

calculated and averaged. Therefore, the stress ratio (le = crm;/crm.,) for each element is determined.

In the next step, failure analysis is performed and the maximum stresses are examined by the set of

fatigue failure criteria (Eqs. 4.13 To 4.19). If there is a sudden mode of failure, then the material

• properties of the failed plies are changed according to appropriate sudden material property
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degradation rules (Eqs. 5.1 To 5.7). The stiffness matrix of the finite element model is rebuilt and

the stress analysis is pcrformed again. New stresses arc examined by the set of fatigue failure

criteria. In this step, if there is no sudden mode of failure, an incremental number of cycles are

applied (e.g., on = 100). If the number of cycles is greater than a preset total number of cycles,

then the computer program stops. Otherwisll, materiaI properties of aIl plies of aIl clements are

changed according to graduai materiaI prop::rty degradation rules using the generaLized mLllerial

property degradation technique (see Fig. 5.16). Then stress analysis is performed again and the

above loop is repeated until catastrophic failure occurs, or the maximum number of cycles (pre­

defined by the user) is reached. If catastrophic failure is reached, then fatigue life and the

mechanisms of failure due to fatigue loading have been achieved. It should be noted that if the

maximum number of cycles is selected as a large number, such as 10·, then the fatigue life of the

problem can be obtained by the algorithm. If the computer program stops because the user-ehosen

maximum number of cycles is reached, then the mechanisms of failure due to fatigue loading are

found by examining the final state of damage. Furthermore, in the latter case, residual strength of

the composite laminate is obtainable by performing a progressive statie damage modeling on the

final results of progressive fatigue damage mode/.

Based on the algorithm explained by the tlowchart shown in Fig. 6.2, a user-friendly

computer code is developcd. The computer code developed in this study is published by the author

elsewhere [276]. The computer code is able to simulate the cycle-by-cycle behaviour of a

laminated composite under general fatigue loading conditions and prediets the residual strength and

the fatigue life of the problem.

6.3 Requirements

In order to apply fatigue progressive damage modeLing to study the fatigue behaviour of

composite materials, a complete knowledge of materiaI properties (stiffness, strength, and fatigue

life) of a unidirectionaI ply under static and fatigue loading conditions is required. Hence, to run

the computer program developed for progressive fatigue modeLing of laminated composites, the

mechanicaI behaviour of a unidirectionaI ply under uniaxiaI static and fatigue loading conditions

must be fully characterized. For this purpose, the material properties of a unidirectionaI composite

laminate in static and fatigue loading conditions; in the fiber and matrix directions; under tensile,

compressive, in-plane-shear and out-of-plane-shear loading are required. Also, the expcrimental

parameters mentioned in the previous chapter for a unidirectionaI ply must be obtained. To prepare

this complete set of input data for the computer program, a unidirectionaI ply under static and

fatigue loading conditions must be fully characterized which is the subject of the next chapter.
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Experimental Characterization ofBasic

Material Properties

This chapter is devoted to experimental characterization of the material properties of a

unidirectional ply under static and fatigue loading conditions. The material properties (strength,

stiffness, residual strength, residual stiffness and fatigue life) of unidirectional AS4/3501-6

graphite/epoxy material are fully characterized under tension and compression, for fiber and matrix

directions, and under in-plane and out-ot:'plane shear, in static and fatigue loading conditions. The

information provided by this series of experiments is used as input data for the progressive fatigue

damage mode/. To avoid performing infinite numbers of experiments under various stress states

and stress ratios in fatigue loading conditions, the normalization techniques explained in the

previous chapter are utilized here. Sorne of the existing testing methods for characterization of

composites are necessarily modified and improved during the experimental stll<lies in this research.

7.1 Introduction

Experimental characterization refers to the determination of the material properties through

tests conducted on suitably designed specimens [255]. The anisotropie nature of composite

materials presents several difficulties which make the experimental characterization of such

materials a tedious task. There are various testing techniques for determination of the mechanical

• properties of composite materials. Nevertheless, sometimes quite different ml1gnitudes for the
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same mcchanical property of a composite materiai measured by different testing techniques are

reported in the Iitenlture (as a criticai review see [256]). There are few standard testing methods

for experimental characterization of sorne mcchanicai properties of unidirectional plies under statie

and fatigue loading conditions. However, after many years of using these testing methods for

measuring the materiai properties of composite laminates in research centers and industries, more

improvements are still needed. Therefore, selection of the best testing methods to find reliable

results is time consuming and expensive and depends upon the expcrience of the investigator.

7.2 Required Experiments

In order to apply the progressive fatigue damage model to study the fatigue behaviour of

composite materials, a complete knowledge of materiai properties (stiffness, strength and fatigue

life) of a unidirectional ply under statie and fatigue loading conditions is needed. For this purpose,

the material properties of a unidirectional composite larninate in statie and fatigue loading, in the

fiber and matrix directions, under tensile, compressive, in-plane-shear and out-of-plane-shear

loading, arc determined experimentally. The experiments are designed to determine the

experimental pararneters needed by the model explained in previous chapters. As a first step, ail

material properties of a unidirectional ply (stiffness and strength) under static loading conditions

are measured to establish initial strengths and stiffnesses. Using the results from statie tests as

normalizing parameters, material properties of a unidirectional ply (stiffness, strength, and life)

under fatigue loading are characterized experimentally. From the experiments conducted in fatigue,

residual strength, residual stiffness and fatigue life of the unidirectional ply under uniaxial loading

are fully determined. The static and fatigue tests, required for full characterization of the material

properties of a unidireetional ply are shown in Fig. 7.1.

Full Charaeterization of a Unidireetional
Ply under Static and Fatigue Loading

Conditions

1--1--1
Tension Compression Shear

~ ~ ~
Fiber Matrix Fiber Matrix In-Plane Out-of-Plane

Fig. 7.1 Tests needed to fully eharacterize material properties of a unidirectional
ply under static and fatigue loading



•

•

C/zapter 7 Experimental C/zaracterization of Basic Material Properties 87

It must he noted that the series of tests are designed based on the transvcrsely isotropie

materia! property assumption, explained in Chapter 3. Consequently, the material properties of the

unidirectiona! ply in normal and transverse directions are assumed to be the same. This

assumption decreases the number of required experiments. Also to avoid the infinite number of

fatigue experiments under arbitrary stresses and stress ratios, threc normalization techniques

(explained in Chapter 5) for stiffness degradation, strength degradation and fatigue life are used.

7.3 Experimental Setup

Tests are performed using the Materia! Testing System (MTS SI 0) equipped with hydraulic

grips (Fig. 7.2). A persona! computer is connected to the MTS for data acquisition.

Displacement, load and strain are monitored for statie experiments. In fatigue tests, maximum and

minimum displacement, load and strain as weil as number of cycles, are monitored. The strain is

measured by using an extensometer or strain gages. To transfer the results from the strain gages to

the controller and the computer, an accurate Wheatstone bridge is made and calibrated. Statie tests

are performed under displacement control, while the fatigue tests are carried out undcr load control

conditions. To avoid temperature effects, which could degrade the material properties, fatigue tests

are performed at frequencies less than 10Hz. Ali tests are performed in ambient temperature.

Fig. 7.2 MTS 810 equipped with hydraulic grips
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7.4 Specifications of Test Specimens

The specifications (dimensions, standards, and modifications) of the test specimens in

static and fatigue loading conditions, for full characterization of unidirectional plies, are explained

in Table 7.1.

Type of test
Test Specimens Standards Notes(Static or

Fatigue)

Fiber D 3039-76 With
....... .- " @I+- Hydraulic

Tension D 3479-76
Grips

Fiber
With

-+ - Hydraulic
Compression Grips

Matrix D 3039-76 With
Tension - - D 3479-76 Hydraulic

Grips

Matrix With
Compression -+ - D 3410-87 Hydraulic

Grips

In-Plane m Modified
Shear D4255-83 Notched

Specimen

Out-of-Plane ..... ;p+-
D 2733-70 With

Shear --"
...

D 2344-84 Clamp

Table 7.1 Specifications of test specimens

7.5 Test Procedures

Tests are designed based on the required information and data for the progressive fatigue

damage model (explained in previous chapters). First, static tests are performed to find the static



•

•

C/zapter 7 Experimental Characterization of Basic Material Properties ...... 89

strengths and stiffnesses. For ail six cases. except for the out-of-plane shear case. mentioned in

Table 7.1. the static strengths and moduli are measured. for the out-of-plane shear case. the static

strength is measured while the stiffness is calculated by the transverscly isotropie material property

assumption (Eq. 3.6). Then the fatigue tests are performed to mea.~ure the residual stiffness.

residual strength and fatigue life. The fatigue load is applied in a sinusoidal form. For the fatigue

life experiments. the maximum applied stress is selected based on sorne pcrcentage of statie

strength (e.g., 50%, 60%, etc.). Different stress ratios (K=cr",;,/cr,,",,) arc applied and tests are

continued until catastrophic failure is achieved. To determine the residual properties. two stress

levels (low and high) are selected and fatigue load is stopped after sorne number of cycles (e.g ..

10', 103, etc.). Static load is then applied to measure the residual moduli and strengths.

7.6 Test Results

As mentioned earlier, fatigue behaviour of unidirectional plies under longitudinal tensile

[55-61], longitudinal compressive [62,63]. matrix compressive [62-64] and in-plane shear loading

[55,65-76] has been studied by different authors. In most of these works, fatigue failure is

explained by interpretation of experimental observations of damage modes. However. there is no

attempt in the aforementioned referenees to fully characterize the fatigue properties of a

unidireetional ply (sueh as, residual stiffness, residual strength and fatigue life) under various

types of fatigue loading. AIso, there is a lack of information in the literature, on transverse tensile

and out-of-plane shear fatigue behaviour of unidirectional plies. Unforlunately, the existing results

in the literature cannot he used in the established mode!. Therefore. an extensive experimental

program is condueted in this researeh to fully eharacterize the material properties of unidirectional

AS4/3501-6 graphite/epoxy. The material is used in prepreg form and processed in an autoclave

by the method suggested by the supplier. The specimens are manufactured and maehined using

available techniques.

7.6.1 Longitudinal Tensile Tests

In this section, the results of static and fatigue experiments for characterizing the material

properties of a unidirectional ply [0]", in the fiber direction under tensile loading are summarized.

The specimens for fiber in tension tests are manufactured based on ASTM D 3039-76 [258] and

ASTM D 3479-76 [259] standards. The specimen and the dimensions are shown in Fig. 7.3.

Among different tabbing methods examined in this study. the fiberglass tabs have the best

performance. Therefore, specimens are equipped with fiberglass tabs to reduce the gripping

effects.
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LI =152.4
L2 = 25.4
L 3 =50.8
W=12.7
t = 2.2
T =8.2
(units are in mm)

Fig. 7.3 Fiber in tension specimen

7.6.1.1 Static Stiffness and Strength

The results of static experiments for measuring the stiffness and strength of the material in

fiber direction under tensile loading are summarized in this section. Typical stress-strain behaviour

of a unidirectional 0" ply under statie tensile loading in the fiber direction is shown in Fig. 7.4. As

shown, the stress-strain behaviour is Iinear and final failure occurs catastrophieaIly.

0.012O.OOS
Strain

0.004

.•••••• j•••••••..... ,················i···············+···············~···· + .500

//
o '

o

2000 -h-...--r--I-r-r.--h--.--r+-.--.--.-+.,-,-,..-h~-f--r-.--.-+

1- i :: i :/'
mm.,.·.....,....... .. ; ··[..ri· ......·..,.!/,,. :
, 1 1

.............! ; ! f••••••••••••••. "! .,. .

1500

1000

Fig. 7.4 Typical stress-strain behaviour of a unidirectional O· ply under static
tensile loading in the fiber direction

•
The results of static experiments for measuring the statie stiffness and strength of the

unidirectional 0" ply under longitudinal tensile loading conditions (average values and standard

deviations) are shown in Figs. 7.5 and 7.6, respectively.
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mean = 146.78 GPa
standard deviation = 1.64

150

<I.l 100
<I.l
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Fig. 7.5 Static stiffness of unidirectional O' ply under longitudinal tensile stress

2500
mean =2004.4 MPa
standard deviation = 102.

~ 2000=
~

~ 1500'-'
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Fig. 7.6 Static strength of unidirectional O' ply under longitudinal tensile stress

The mean (x) and standard deviation (S) are calculated by the following standard

equations:

•

"LXi
-_ i=1x---

n
and

"L(x; _X)2
S = 11-,-;=",,1__-

n-I

where X and n are the test value and number of .l'amples.

Eq. 7.1
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7.6.1.2 NormaLized Residual Stiffness and Strength

The results of experiment~ for measuring the residual stiffness and residual strength of

unidirectional 0° plies under tension-tension fatigue are presented here. To measure the residual

stiffness and residual strength. two different states of stress (80% and 60% of the longitudinal

tensile static strength) are selected. By selecting these two different states of stress. the high and

low stress levels are applied. A stress ratio equal to 0.1 and a frequency below 10Hz are applied.

The results of residual stiffness and strength experiments are shown in Figs. 7.7 and 7.8.

respectively. A least square curve fitting method is used and the curve fitting parameters using

Eqs. 5.16 and 5.18 are also ca1culated and mentioned in Figs. 7.7 and 7.8. An interesting increase

in residual stiffness and in residual strength (about 8 to 13% of the static stiffness and strength) for

the first few cycles. is observed experimentally. The increase in residual stiffness is perhaps due

to realignment of sorne of the 0' fibers. The phenomenon of increasing of residual fatigue stiffness

and strength for unidirectional plies has also been observed by Awerbuch and Hahn [257]. As

clearly shown in Figs. 7.7 and 7.8. whiJe the curve fitting using Eqs. 5.16 and 5.18 is able to fit

the decrea~ing parts of the curves very weil. it is not able to consider the increase in residual

stiffness and strength in the first few cycles. As will be shown in the next chapter. these results in

the present forms can be used for simulation of decreasing of the residual strength of notched

composite laminates. However. by ignoring the increasing parts of the residual stiffness and

strength curves of the unidirectional ply, simulation of increasing of the residual strength of

notched composites for the first few fatigue cycles. which is a frequently observed phenomenon

[4.9. Il. 13, 17-20,25.27,33. 38. 44, 257. 282-287], is not possible. A new strategy for

curve fitting and more details about this subject will be discussed in the next chapter.

080%
t; 60%

À. = 14.57
Y = .3024
Er = .0136

0.40

0.80

0.20

1.00 f--------e-_o

1.20

0.00 L----'----'----'---"--_Il!I--'

0.00 0.20 0.40 0.60 0.80 1.00

Normalized Number of Cycles
Fig. 7.7 Normalized residual stiffness of a unidirectional O· ply under

longitudinal tensile fatigue loading conditions (using Eq. 5.18)•
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Fig. 7.8 Normalized residual strength of a unidirectional 0" ply under

longitudinal tensile fatigue loading conditions (using Eq. 5.16)

7.6.1.3 Starie and Fatigue Modes ofFailure

The final failure mode of the tension-tension fatigue tests for the unidirectional 0" plies

loaded in fiber direction is the same as the final failure mode from static cxperiments. Therc is a

small amount of tab debonding near the gage acea for the specimen under sMic loading, and for

fatigue experiments this phenomena is more visible. A picture of unidirectional (J' plies, failed in

tensile static and fatigue loading in the fiber direction, is shown in Fig. 7.9.

(a) static failure

(b) fatigue failure

Fig. 7.9 Unidirectional 0° plies, failed under tensile static and fatigue loading in
the fiber direction
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In the following, the results of static and fatigue experiments for a unidirectiona! 0° ply

under uniaxial compressive loading are presented. Thereafter, the results of fatigue Iife

experimenl~ for a unidirectional 0° ply under uniaxial tensile and compressive loading will be

combined and presented in a norma!ized form.

7.6.2 Longitudinal Compressive Tests

ln this section, the results of static and fatigue experiments for characterizing the materia!

properties of a unidirectional ply [0]24' in the fiber direction under compressive loading are

summarized. The compression test is one of the most difficult types of test to perform. There are

various testing methods for performing compression experiments and they are categorized based

on the type of loading (end load, shear load, mixed endlshear load and bending load) of the

compression specimen. A list of sorne of these methods is given in Table 7.2. Many of these

methods need to use fixtures which reduce their simplicity.

Type of Loading Compression Testing References
Method

End load ASTMD-695 [264]
Modified ASTM D-695 [265]
RAE [266]
Northrop [267]

Shear load Celanese [260]
IITRI [260]
Wyoming modified IITRI [268]
Hvdraulic grips [269,270,271 ]

Mixed endlshear load Atmure [272]
ICSTM [273]
RAE modified Celanese [274]

Bending load Four point bend [260]
Sandwich beam [275]

Table 7.2 Compression testing methods

Most of the aforementioned testing methods are not suitable for fatigue experiments.

Therefore, a new test specimen (Fig. 7.10) has been developed during this research which is

suitable for both static and fatigue testing. No fixture is required to perform the static and fatigue

tests which is an .important advantage of the new specimen. Hydraulic grips are used for

cxperiments and to improve the traction of the wedges, they were plasma projected by an elcctric

arc procedure. '1'0 decrease the gripping effects, the specimen is equipped with fiat fiberglass tabs

• and Teflon inserts. The catastophic failure of the deve10ped specimen consistently occurs in the
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gage area, and ils perfonnance shows great improvement in both static and fatigue loading

conditions. The analytical and experimental study of the developed specimen and its advantages

are published elsewhere [270,271 J, and due to space limitations, are not presented here.

LI =12.7
L, = 6.8
L;= 65.
W= 12.7
t = 3.3
T =6.
(units are in mm)

Fig. 7.10 Fiber compression specimen

7.6.2.1 Statie Stiffness and Strength

The results of static experiments for measuring the static stiffness and strength of the

material in the fiber direction under compressive loading are summarized here. Typical stress­

strain behaviour of a unidirectional O· ply under static compressive loading in thc fiber direction,

using back to back strain gages, is shown in Fig. 7.11. As shown, the stress-strain behaviour is

slightly nonlinear and final failure occurs catastrophically.
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Fig. 7.11 Typical stress-strain behaviour of a unidirectional O· ply under static

compressive loading in the liber direction (using back to back strain gages)
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The results of static experiments for measuring the static stiffness and strength of the

unidirectional 0" ply under longitudinal compressiveloading conditions (average values and

standard deviations) are shown in Figs. 7.12 and 7.13, respectively.

140 mean =108.5 GPa
standard deviation = 8.46

,-... 120==-C-' 100
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Fig. 7.12 Static stiffness of unidirectional O· ply under longitudinal compressive
stress
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Fig. 7.13 Static strength of unidirectional O· ply under longitudinal compressive

stress

Although the static stiffness of unidirectional O· ply under compressive loading is

characterized experimentally, in the finite element modeling the tensile stiffness is utilized. The

difference between the longitudinal static stiffness of a unidirectional O· ply under tensile and
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compressive loading is about 26%. By modification of the constitutive equation and using an

iterative scheme in the finite element mode!. different modulus of elasticity for tensile and

compressive regions could be considered. However. adding such a scheme to the finite element

code makes it more complicated and is avoided in this study.

7.6.2.2 Normalized Residual Strength

The results of experiments for measuring the residual strength of unidirectional 0" plies

under compression-compression fatigue are presented here. To measure residual strength under

fatigue loading, two different states of stress (80% and 60% of the longitudinal compressive static

strength) are selected. Again, by selecting these two different states of stress. high and low stress

levels are applied. A stress ratio equal to 10 and a frequency below 10Hz are applicd. The results

of residual strength experiments are shown in Fig. 7.14. The residual stiffness of the

unidirectional O· ply under compressive fatigue loading is also experimentally characterized in this

study but published by the author elsewhere [276]. However, similar to the static case, the

residual stiffness under tension and compression fatigue loading conditions are assumed to he

equa!. AIso, similar to the fiber in tension case, an increase in residual strength of 8 to 10% of the

static strength is observed experimentally. As clearly shown in Fig. 7.14, Eq. 5.16 is not able 10

account for the increase in the residual strength. This subject was explained for fiber in tension

case in section 7.6.1.2 and is valid here, and will be discussed further in the next chapter.
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Fig. 7.14 Normalized residual strength of a unidirectional O· ply under

longitudinal compressive fatigue loading conditions (using Eq. 5.16)
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7.6.2.3 Static and Fatigue Modes ofFai/ure

The final failure mode of the compression-compression fatigue tests of the unidirectional 0"

plies loaded in fiber direction is the same as the final failure mode from static experiments. Also,

there is a small amount of tab debonding near the gage area for the specimen under static loading,

and for fatigue experiments, this phenomena is more visible. Pictures of unidirectional 0" plies,

failed in compressive static and fatigue loading in the fiber direction, are shown in Fig. 7.15.

(a) static failure front view (b) static failure side view

(c) fatigue failure front view (d) fatigue failure side view

Fig. 7.15 Unidirectional 0" plies, failed in compressive static and fatigue loading

7.6.3 Normalized Fatigue Life of Longitudinal Tensile and Compressive Tests

As mentioned earlier, in this section the results of fatigue Iife experiments for the

unidirectional 0° ply under longitudinal tensile and compressive fatigue loading conditions are

coupled and presented in a normalized form. Two different stress ratios (1C=crmi/cr""", = 0.1 and

10) and different percentages of the static strength (selected as the maximum stress) are applied to

find the fatigue Iife of a unidirectional 0° ply under longitudinal tension-tension and compression­

compression fatigue loading conditions. In Fig. 7.16, the master curve for the fatigue life of the

unidirectional 0° ply under longitudinal tensile and compressive fatigue loading conditions is

presented in a normalized form. By using Eq. 5.22, the curve fitting parameters (A and B) are

• found and mentioned in Fig. 7.16. Although the parameter ur (in Eq. 5.22) seems to he a
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function of the strength of laminated composite materials [277]. however in this study. a constant

magnitude for this parameter if=1.06) appears to provide a proper curve fit.
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Fig. 7.16 Master curve for fatigue Iife of unidirectional O· ply under longitudinal
tensile and compressive fatigue loading conditions (using Eq. 5.22)

7.6.4 Transverse Tensile Tests

In the following, the results of static and fatigue experiments for characterizing the material

properties of a unidirectional ply [90] 16' in the matrix direction under tensile loading arc

summarized. The specimens for matrix in tension tests are manufactured based on ASTM D 3039­

76 [258] and ASTM D 3479-76 [259] standards. The specimen and the dimensions are shown in

Fig. 7.17. The specimen is equipped with flat metallic tabs.

1 L~
':-:.:.:.:.:.:.:.:.:@jll!'!!l~!{;.;.:-:.:.:.:.:-:.:.:.:]I fT
1 I~ !/W"

L

L= 152.4
~l=25.4
w =25.4
T=8.2
1=2.2
(units arc in mm)

•
Fig. 7.17 Matrix tensile specimen

7.6.4.1 Static Stiffness and Strength Tests

The results of static experiments for measuring the stiffness and strength of the material in

the matrix direction under tensile loading are summarizcd in this section. Typical stress-strain
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bchaviour of a unidirectional 90° ply under statie tensile loading in the matrix direction is shown in

Fig. 7.18. As shown, the stress-strain behaviour is linear and final failure oeeurs eatastrophieally.

Fig. 7.18 Typical stress-strain behaviour of a unidirectional 90· ply under static
tensile loading in the matrix direction

The results of statie experiments for measuring the statie stiffness and strength of the

unidireetional 90· ply under transverse tensile loading conditions (average values and standard

deviations) are shown in Figs. 7.19 and 7.20, respeetively.

1 2
mean = 8.87 GPa
standard deviation = .36.-- 1 0=
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• Fig. 7.19 Static stiffness of unidirectional 90· ply under transverse tensile stress
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Fig. 7.20 Static strength of unidirectional 90· ply under transverse tensile stress

7.6.4.2 Normalized Residual Stijfness and Strength

The results of experiments for measuring the residual stiffness and residual strength of a

unidireetional 90· ply under tension-tension fatigue are presented in this section. To mea.~ure the

residual stiffness and strength under fatigue loading, two different states of stress (60% and 40%

of the tensile transverse static strength) are selected. By selecting these two different states of

stress, high and low stress levels are applied. A stress ratio equal to 0.1 and a frequency below 10

Hz are applied. The results of residual stiffness and strength experiments of a unidirectional 90"

ply under tension-tension fatigue are shown in Figs. 7.21 and 7.22, respectively.

Fig. 7.21 Normalized residual stiffness of a unidirectional 90· ply under
transverse tensile fatigue loading conditions (using Eq. 5.18)
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Fig. 7.22 Normalized residual strength of a unidirectional 90· ply under
transverse tensile fatigue loading conditions (using Eq. 5.16)

7.6.4.3 Statie and Fatigue Modes ofFai/ure

The final failure mode of the tension-tension fatigue tests of the unidirectional 90· plies

loaded in matrix direction is the same as the final failure mode from static experiments. A picture

of unidirectional 90° plies, failed in tensile static and fatigue loading in the matrix direction, is

shown in Fig. 7.23.

Fig. 7.23 Unidirectional 90° plies, failed in tensile static (top) and fatigue
(below) loading in the matrix direction

•
In the following, the results of static and fatigue experiments for a unidirectional 90· ply

under uniaxial compressive loading are presented first. Thereafter, the results of fatigue life

experiments for a unidirectional 90· ply under uniaxial tensile and compressive loading will he

combined and presented in a nO!:malized form.
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• 7.6.5 Transverse Compressive Tests

In this section, the results of static and fatigue experiments hr characterizing the material

properties of a unidirectional ply [901,., in the matrix direction ull...:r compressive loading are

summarized. The specimens for matrix in compression tests are manufactured based on ASTM D

3410-87 [260] standard. The specimen and the dimensions are shown in Fig. 7.24. The specimen

is equipped with flat metallic tabs and no fixture is required to perform the static and fatiguc tests.

! L~
bi:·:·:·:·:·:·:·:·:·{;ii~~~!'m~)l::·:·:·:·:·:·:·:·:·:·:1t1T
1 v 1 1::::W-

L

L= 139.7
~t= 25.4
w=25.4
T=9.4
t=3.4
(nnits are in mm)

Fig. 7.24 Matrix in compression specimen

7.6.5.1 Statie StiffnêSS and Strength

The results of static experiments for measuring the stiffness and strength of the material in

the matrix direction under compressive loading are summarized here. Typical stress-strain

behaviour of a unidirectional 90· ply under static compressive loading in the matrix direction is

shown in Fig. 7.25. As shown, the stress-strain behaviour is slightly nonlinear and final failure

occurs catastrophically.
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Fig. 7.25 Typical stress-strain behaviour of a unidirectional 90· ply under static
compressive loading in the matrix direction
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The results of static experiments for measuring the static stiffness and strength of the

unidirectional 90" ply under transverse compressive loading conditions (average values and

standard deviations) are shown in Figs. 7.26 and 7.27, respectively.

1 6 ,-----------------,
mean = 10.1 GPa

1 4 standard deviation = 1.53
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Fig. 7.26 Static stiffness of unidirectional 90" ply under transverse compressive
stress

250 mean =203.69 MPa
standard deviation = 14.87

Samples

•

Fig. 7.27 Static strength of unidirectional 90" ply under transverse compressive
stress

Similar to the longitudinal tensile and compressive cases, although the static stiffness

unidirectional 90" ply under compressive loading is characterized experimentally, in the finite

element modeling the tensile stiffness is utilized. The difference between the longitudinal static

stiffness of a unidirectional 90" ply under tensile and compressive loading is about 12%.
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7.6.5.2 Normalized Residual Strength

The results of experiments for measuring the residual strength of a unidirectional 90" ply

under compression-compression fatigue are presented here. To measure the residual strength of

the material under fatigue loading, two different states of stress (70% and 50% of the compressive

transverse static strength) are selected. Again. by selecting these two different states of stress.

high and low stress levels are applied. A stress ratio equal to ID and a frequency bclow 10Hz are

applied. The residual stiffness of unidirectional 90" plies under compressive fatigue loading is also

experimentally characterized in this study but published by the author clsewhere [276]. However,

similar to the statie case, the residual stiffness under tension and compression fatigue loading

conditions are assumed to be equaI. The results of residual strength experiments of a unidirectional

90° ply under compression-compression fatigue are shown in Fig. 7.28.
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Fig. 7.28 Normalized residual strength of a unidirectional 90· ply under
transverse compressive fatigue loading conditions (using Eq. 5.16)

7.6.5.3 Statie and Fatigue Modes ofFailure

The final failure mode of the compression-compression fatigue tests is the same as the final

failure mode from statie experiments. A picture of unidirectional 90" plies, failed in compressive

statie and fatigue loading in the matrix direction, is shown in Fig. 7.29.
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Fig. 7.29 Side views of unidirectional 90· plies, failed in compressive static

(top) and fatigue (bottom) loading in the matrix direction

7.6.6 Normalized Fatigue Life of Transverse Tensile and Compressive Tests

As mentioned earlier, in this section the results of fatigue Iife experiments for the

unidirectional 90· ply under transverse tensile and compressive fatigue loading conditions are

coupled and presented in a norrnalized forrn. Two different stress ratios (le=crmi/cr""" = 0.1 and

10) and different percentages of the static strength (selected as the maximum stress) are applied to

find the fatigue life of a unidirectional 90· ply under transverse tension-tension and compression­

compression fatigue loading conditions. In Fig. 7.30, the master curve for the fatigue Iife of the

unidirectional 90· ply under transverse tensile and compressive fatigue loading conditions is

presented in a norrnalized forrn. By using Eq. 5.22, the curve fitting pararneters (A and B) are

found and mentioned in Fig. 7.30.
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Fig. 7.30 Master curve for fatigue Iife of unidirectional 90· ply under transverse
tensile and compressive fatigue loading conditions (using Eq. 5.22)
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7.6.7 In-Plane Shear Tests

In the following, the results of static and fatigue experiments for characterizing the material

properties under in-plane shear loading are summarized. There are numerous testing methods for

performing the in-plane shear experiments [278-280]. Among these methods, the three-r.lil shear

test method, described by the ASTM D 4255-83 [261] is a fairly reliable technique for

characterizing the in-plane shear properties of the material. This method is modified and Ulilized in

this study. The lower part of the standard fixture is redesigned for fatigue experimenL~ (Fig.

7.31). A new specimen is developed by inserting notches into the edges of the specimen. This

modification improves the performance of the specimen in both static and fatigue loading

conditions. The philosophy behind the insertion of notches at the locations of stress concentrations

is to replace a very sharp crack with a blunt crack with much lower stress concentration factor.

The analytical and experimental study of the modified specimen is published by the author

elsewhere [279,280], and d,'e to space limitations, is not repeated here. To increase the stability of

the specimen during the test, a [0/90], configuration is selected instead of O' ply. ft is clear that

theoretically, a [0/90], behaves the same as a unidirectional O· ply under in-plane shear loading

conditions. The specimen configuration and the dimensions are shown in Fig. 7.32.

.
"

"

strengthened ~ ..
lower section' "

Fig. 7.31 Three-rail shear fixture modified for gripping and equipped with
extensometer
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Fig. 7.32 Modified in-plane shear specimen

7.6.7.1 Statie Stiffness and Strength

The results of static experiments for measuring the in-plane shear stiffness and strength of

arc summarized here. Typical stress-strain behaviour of modified specimen (notched) and standard

specimen (un-notched) under static in-plane shear loading is shown in Fig. 7.33. As shown, the

stress-strain behaviour is highly nonlinear for both notched and un-notched specimens, however,

the un-notched specimen fails at a lower load level. It shows that inserting notches improves the

performance of the three-rail shear sample. Also, the experimental results of un-notched samples

show higher scatter than that of the notched samples (for more details, refer to [279,280]).
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Fig. 7.33 Typical shear stress-strain behaviour of the unidirectional material
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The results of static experiments for measuring the static stiffness. parameter of matcrial

nonlinearity (8, Eq. 3.3) and strength of the notched specimens under in-plane shear loading

conditions (average values and standard deviations) are shown in Figs. 7.34. 7.35 and 7.36.

respectively. The linear elastic part of the stress-strain curves are used to measure the pammcter of

material nonlinearity (8, Eq. 3.3).
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Fig. 7.34 Static stiffness of notched specimens under in-plane shear stress
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Fig. 7.35 Parameter of material nonlinearity (8) of notched specimens under in-
• plane shear stress
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Fig. 7.36 Static ~trength of notched specimens under in-plane shear stress

7.6.7.2 Normalized Residual Stiffness and Strength

The results of the experiments for measuring the residual stiffness and residual strength of

the notched samples under in-plane shear fatigue are presented in this section. To measure the

residual stiffness and residual strength of the material, two different states of stress (59% and 40%

of the in-plane shear slatic strength of the material) are selected. By selecting these two different

states of stress, high and low stress levels are applied. A stress ratio equal to 0.1 and a frequency

equal to 2 Hz are applied. The results of residual stiffness and strength experiments of the notched

samples under in-plane shear fatigue are shown in Figs. 7.37 and 7.38, respectively. The curve

fitting parameters for Eqs. 5.16 and 5.18 and are also mentioned in the figures.

Fig. 7.37 Normalized residual stiffness of a unidirectional material under in­
plane shear fatigue loading conditions (using Eq. 5.18)
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Fig. 7.38 Normalized residual strength of a unidirectional material under in­
plane shear fatigue loading conditions (using Eq. 5.16)

Although the parameter of material nonlinearity (8) seems to he a function of number of

fatigue cycles (for more details refer to [279,280]), however in this study, this pammeter is

assumed to be a constant.

7.6.7.3 Statie and Fatigue Modes ofFailure

The final failure mode of the in-plane shear fatigue tests is the same as the final failure

mode from static experiments. A picture of notched samples, failed under in-plane shear static and

fatigue loading conditions. is shown in Fig. 7.39.

Fig. 7.39 Notched samples failed under static and fatigue in-plane shear loading
conditions•

(a) static failure (b) fatigue failure
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After crack initiation in un-notched shear specimen under static loading conditions, by

increasing the load level, cracks propagate very rapidly along the rails. The final failure mode of

the un-notched sample under static loading is shown in Fig. 7040. As shown, i:.•tead of having

shear failure in the gage areas, the final failure mode is a combination of a small amount of shear in

gage areas and crack propagation along the rails. It is cIear that the specimen does not absorb the

applied load by failing under shear in the gage areas and it seems that the failure along the rails is

more dominant. Therefore, using un-notched samples for material characterization of composites

under in-plane shear loading conditions may lead to incorrect results.

Fig. 7.40 Un-notehed sample failed under statie in-plane shear loading

7.6.8 Normalized Fatigue Life of In-Plane shear Tests

In this section, the results of fatigue life experiments for the notched samples under in­

plane shear fatigue loading conditions are presented in a normalized form. Two different stress

ratios (le =ami/am'" = 0.1 and 0.0) and different percentages of the static strength (selected as the

maximum stress) are applied to find the fatigue life of the notched samples under in-plane shear

fatigue loading conditions. In Fig. 7041, the master curve for the fatigue life of the notched

samples under in-plane shear fatigue loading conditions is presented in a normalized form. By

using Eq. 5.23. the cUrve fitting parameters (A and B) are found and mentioned in Fig. 7.41.
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Fig. 7.41 Master curve for fatigue Iife of notched samples under in-plane shear
fatigue loading conditions (using Eq. 5.23)

7.6.9 Out-of-Plane Shear Tests

In this section, the results of static and fatigue experiments for characterizing the material

properties of a unidirectional ply loaded under out-of-plane shear loading conditions are

summarized. The double-noteh specimen test method, as deseribed by the ASTM D 2733-70

[262] and ASTM D 3846-93 [263] standards, was used for eharacterizing the out-of-plane shear

properties of the material. The specimen configuration and the dimensions are shown in Fig. 7.42.

The analytical and experimental study of the modified specimen is published by the author

elsewhere [281], and due to spaee limitations, is not repeated here. The out-of-plane shear

strength of the unidireetional ply can be measured by the present method. The method is not

capable ofmeasuring the out-of-plane modulus of the unidirectional ply, however it can be easily

calculated by transversely isotropie assumption (Eq. 3.6).

Fig. 7.42 Out-of-plane double-notched shear specimen•
L

De

L= 152.4
W=25.4
t=3.4
nl= 2.54
nd = 1.27
ni = 6.35
n. = 70.5
(nnits are in mm)
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ln order to induce interlaminar shear (O"y,) in the gage area of a double notched specimen, a

90-degree lay-up must be used. Since the materiai is weaker in matrix tension than in interlaminar

shear loading, a tensile load applied to a double notch specimen with 90-degree lay-up results in a

matrix failure prior to failure in interlaminar shear. There are two solutions to this problem. The

first solution is to use [0/90], laminate instead of a 90-degree lay-up. Also, it is known that the

strength of the material in matrix compression loading is higher than in matrix tension. Therefore,

the second solution is to apply a compressive load instead of a tensile load on a 90-degree lay-up.

Improbability of failure between the 0 and 90-degree plies is the disadvantage of using [0/90],

laminate (first method). The disadvantage of the second method is the possibility of buckling,

which can be avoided by using anti-bucking clamps. In this study, the second solution is selected.

The clamp and dimensions are shown in Fig. 7.43.

r----- 6s·-----1
6.3 12.7

o

.0

•

Fig. 7.43 Clamp used to eliminate the out-oC-plane buckling (aIl units are in mm)

7.6.9./ Static Stiffness and Strengtlz

The results of static experiments for measuring the strength of the unidirectionai ply under

out-of-plane shear loading are summarized here. The results of static experiments for measuring

the static strength of the unidirectionai ply under out-of-plane shear loading conditions (average

values and standard deviation) are shown in Fig. 7.44. As rnentioned earlier, the transversely

isotropic assumption (Eq. 3.6) can be used to caiculate the out-of-plane shear stiffness of the

unidirectional ply. Using this equation, the out-of-plane shear stiffness is caiculated and is equai to

3.1 GPa. Gipple and Hoyans [160] measured the out-of-plane shear stiffness of an AS4/3501-6

unidirectional ply using the Iosipescu method. Their results show a magnitude of 2.8 GPa for the

out-of-plane shear stiffness, which is 11% lower than the magnitude caiculated by the transversely

isotropie assumption (Eq. 3.6) in this study.
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Fig. 7.44 Static strength of double-notched samples under out-of-plane shear
stress

7.6.9.2 Normalized Residual Strength

The results of experiments for measuring the residual strength of a unidirectional ply under

out-of-plane shear fatigue are presented in this section. To measure the residual strength of the

material, two different states of stress (SO% and 60% of the out-of-plane shear static strength of the

material) are selected. By selecting these two different states of stress, high and low stress levels

are applied. A stress ratio equal to 0.1 and a frequency below 10Hz are applied. The results of

residual strength experiments of a unidirectional ply under out-of-plane shear fatigue are shown in

Fig. 7.45. The curve fitting parameters for Eq. 5.IS are also mentioned in the figure.

Normalized residual strength of double-notched samples under out·of·
plane shear fatigue loading conditions (using Eq. 5.18)• Fig. 7.45

-Cl:="0...
<:Il
~..c:
~ ....

=tl
"0=
~~

N-.......
-00Cl:

El­oZ

1.20 1 1 ,

1.00 -
"'- ~ {; {;o~

0.80
0 êo e- é -

0 0

0.60
{;

- -
~C!:!::i'i:J~

0.40 ,..

CI. = 0.2 080%
0.20 f- ~ = 12.0 t:. 60% -

0.00 l-_--'---__L-�_....I.I__~'a__,!;!è_----'

0.00 0.20 0.40 0.60 0.80 1.00 1.20

Normalized Number of Cycles



•

•

Chapter 7 Experimental Charaeterization of Basie Material Properties 116

Furthermore, ta calculate the residual out-of-plane shear stiffness of the unidirectional ply

under fatigue loading conditions, the transversely isotropie assumption (Eq. 3.6) must be used.

7.6.9.3 Starie and Fatigue Modes ofFai/ure

A pieture of unidirectional plies, failed under out-of-plane shear static and fatigue loading

conditions, is shawn in Fig. 7.46. As shawn, the final failure occurs in the gage area for bath

static and fatigue loading conditions, aIthough the picture for fatigue failure is slightly less clear.

(a) static failure

(b) fatigue failure

Fig. 7.46 Out-of-plane double-notched shear specimens, failed under static and
fatigue loading

7.6.10 Normalized Fatigue Life of Out-of-Plane Shear Tests

In this section, the results offatigue life experiments for the double-notched samples under

out-of-plane shear fatigue loading conditions are presented in a normalized form. Two different

stress ratios (IC =crmi/crnmx =0.1 and 0.0) and different percentages of the statie strength (selected

as the maximum stress) are applied to find the fatigue life of double-notched sarnples under out-of­

plane shear fatigue loading conditions. In Fig. 7.47, the master curve for the fatigue life of the

double-notched sarnples under out-of-plane shear is presented in a normalized form. By using Eq.

5.23, the curve fitting parameters (A and B) are found and mentioned in Fig. 7.47.



•

•

Chapter 7 Experimental Characterization of Basic Material Properties 117

2

u=.299+.lllIog(N,)

o K = 0.1

1:; K = 0.0

o
o 2 4 6 8 10

Log (Nf)
Fig. 7.47 Master curve for fatigue Iife of double-notched sampies under out-of­

plane shear fatigue loading conditions (using Eq. 5.23)

7.7 Summary

In this chapter by using different testing techniques, the material propertics of unidirectional

AS4/35û1-6 graphite/epoxy ply are fully characterized in fiber and matrix directions, in tension and

compression and under in-plane and out-of-plane shear static and fatigue loading conditions. In

general, the results obtained are consistent and reliable. The test methods yieldcd very low scatter,

even for fatigue experiments. The test fixtures performed weil, which was evidcnt by the fact that

the static and fatigue experiments showed identical modes of l'ailure for each type of test. Thus,

the results provided a good experimental data base for AS4/3501-6 graphite/epoxy material.

The results obtained are used as input for the progressive fatigue damage mode!. By

increasing the number of tests for static and fatigue loading conditions, more reliable expcrimental

results and curve fitting parameters could be obtained which is also time consuming and costly.

An extensive and expensive experimental program is performed for l'ully charactcriz:;.tion of the

material, however fatigue behaviour of laminated composites with different lay-ups and gcomctries

under various stress states and stress ratios, can he predicted by using the aforementioned model

and the results obtained in this chapter. This can save a large amount of time and cxpense for

testing of different lay-ups and geometries.
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Final Experimental Evaluation

This chapter is devoted to experimental evaluation of the progressive fatigue damage model

and sorne of its components. Firstly, to evaluate the generalized residual material property

degradation technique, which is an important component of the model, a series of static and fatigue

experiments are conducted on 3D' off-axis specimens. This set of experiments is in fact a method

used to study a unidirectional ply under biaxial loading conditions. A very good agreement

between the results obtained from the aforementioned technique and the experimentai results is

achieved. Secondly, a series of static and fatigue experiments are performed on pinlbolt-loaded

composite laminates to verify the progressive fatigue damage mode!. An excellent agreement

between the results of progressive static damage model simulation and the experimental results is

obtained. Fatigue life and residual strength of different pinlbolt-loaded composite laminates with

different ply lay-ups are predicted by the model and evaluated by the experiments. Also, the

results of the progressive fatigue damage model are compared to experimental results of other

authors. A good agreement between the results of experiments (performed in this study and also

from the other authors) and the model is achieved which shows the successful simulation capability

of the mode!. Finally, the fatigue behaviour of pin-loaded composite laminates under two

consecutive load levels (low and high) is predicted by the mode!. By changing the sequence of the

applied load level (high-to-Iow or low-to-high), il is shown that the traditional Miner's Rule is not

able to simulate this problem. As an improvement, a fairly good agreement between the results of

the two consecutive load level experiments and the simulated results by the model is achieved.

•
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8.1 Introduction

In the previous ehapter, material properties of unidireetional AS4/3501-6 graphitclepoxy

under statie and fatigue loading conditions are fully characterized by conducting an extensive

experimental program. The comprehensive data base provided by those experiments. for the

material at the ply leveI. is used by the model. to simulate the static and fatigue behaviour of

pinlbolt-Ioaded composite laminates as an example of a sophisticated problem. As explained in the

previous ehapters. the progressive fatigue damage //lodel contains several important parts which

can be considered as the basic components of the model. To evaluate the //l0l1e!. it is important lo

also verify the performance of its components. Among several components of the II/odel. the

generalized residual material properry degradation technique and the statie progressive dam:lge

model are of special importance. Therefore. these two components are evaluated experimentally.

Moreover, the fatigue life and residual strength simulation capabilities of thc //lode! are evaluated

experimentally. Also, the fatigue life simulation capability of the //lodel is evaluated by using

independent sets of available experimental results by other authors in the literature. Furthermore.

another outcome of the model which is the rcsidual fatigue life simulation capability is evaluated

experimentally. In the following, each set of experiments is explained in detail.

To validate the generalized residual material property degradation teclmique. which is an

important part of the model, a series of uniaxial static and tension-tension fatigue lests :Ire

performed on a unidireetional off-axis [3016] laminate. For this purpose, a series of statie tests arc

performed to measure the statie strength of the specimen and based on those re.~ull~, fatigue tesl~

are perfonned to find the fatigue life of the specimen under different stress levels (Fig. 8.1).

Fatigue Iife under different
stress levels

30 degrees off-axis
specimen

1

1
Static strength

Fig. 8.1 Tests needed to verify the generalized material property degradation

technique

•
In the next step, in order to verify the results obtained from the progressive fatigue damage

model (simulation of progressive failure of pin/bolt-Ioaded composite laminates), a series of static

and fatigue experiments are perfonned on different pin/bolt-Ioaded composite laminates (Fig. 8.2).
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To verify the capability of the progressive statie damage model for predieting the static strength

(failure initiation and catastrophic load) of pin/bolt-Ioaded composite laminates. various

experiment~ are performed for different ply lay-ups and geometries. To verify the fatigue

simulation capability of the model. fatigue Iife and residual strength tests are also performed for

different ply configurations and load levels. To show the generality of the model. simulated results

for fatigue life of the pin/bolt-Ioaded composite laminates are also compared with independent

experimental results available in the Iiterature. Aiso. the residual fatigue life of the pin-Ioaded

composite laminates under two consecutive load levels (Iow and high) is measured experimentally

and the results are compared with simulated results by the model.

Pin/boit loaded composite
laminates

1---1---,
Static strength Residual fatigue strength Residual

l
and fatigue Iife fatigue Iife

1 ir---I
1

Different Different Different load
geometries lay-ups levels

(eld and wld)

1
Different
lay-ups

Fig. 8.2 Tests needed to evaluate the progressive fatigue damage model

The specimens used for experimental studies are made from AS4/350 1-6 graphite/epoxy

material in prepreg form. The specimens are manufactured and machined using standard

techniques. The AS4/3501-6 graphite/epoxy material is fully characterized experimentally and the

results were presented in Chapter 7.

8.2 Evaluation of Generalized Residual Material
Property Degradation Technique

The theoretical bases of the technique were explained in Chapter 5. As mentioned, the

main advantage of this technique is that it can simulate the fatigue behaviour of a unidirectional ply

under multiaxial state of stress and arbitrary stress ratio by using the results of uniaxial fatigue

experiments. This tee/mique plays a very important IOle in the progressive fatigue damage model,

• therefore. special attention should be paid to evaluate il. Performing a multiaxial fatigue test on a
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unidirectional ply is a cumbersome task requiring special machines and fixtures. However. simple

biaxial testing of a unidirectional ply under static and fatigue loading conditions is essentia1.

Therefore. the first step in the experimental program is to tÏnd a suitablc and feasible method for

testing a unidirectional ply under a biaxial state of stress. There are severa! different ways for

inducing biaxial stress conditions in a unidirectional ply. A cylinder under a combination of axial

tension or compression, intemal pressure and tangential torsion; a plate under bilatcr.ll bending

loading; a flat cruciform specimen under biaxial loading applied to the arms; an off-axis

unidirectional specimen under uniaxial tension or compression loading. etc.. are examples of

different techniques for creating biaxia! stress conditions (sec [197] as a review paper). Diftïcultic.~

in manufacturing of the specimen, costs of manufacturing. special fixtures. and complicated

machine requirements are difficulties associated with these methods. A list of the major biaxial

testing methods and sorne of their difficulties are summarized in Table 8.1. There are various

advantages and disadvantages for each of these testing methods. however among them. the 01'1'­

axis unidirectional specimen under uniaxial tensile or compressive loading is special to composites

and is the simplest way of creating biaxial loading conditions. No special fixturc is needed and

manufacturing of the samples is simple. Therefore, the off-axis specimen test method is selected

for performing the experimental prograrn in this study.

TestiDl' Difficulties
Test manufacturing high complicated special or pressure tab

Methods difficulties cost fixture complicated leakage required
machine

cylindrical
./ ./ ./ ./ ./specimen

bilateral
./ ./bending

nlate
cruciform

./ ./ ./ ./nlate
off-axis

./snecimen

Table 8.1 Different biaxial test methods and their inherent difficulties

Because of its simplicity, the off-axis specimen test method is used by many authors for

experimental evaluation of polynomial failure criteria [288-294] for characterization of in-plane­

shear properties of composites [295-297] and for fatigue analysis of off-axis composites [298].

Along with the advantages of the off-axis specimen testing method, there are sorne difficulties,

such as end constraint and uniformity of stress state in the specimen, which should be considered

and avoided. To overcome the aforementioned difficulties, the test method ha~ received much
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attention from different researchers [299-307]. The first attempt to study the behaviour of the off­

axis specimen under uniaxial type of loading was accomplished by Pagano and Halpin [299].

Specifically, they showed [299] that increasing the length of the specimen provided more

uniformity of the stress state in the gage area. They [299] also showed that the bending effects and

nonuniform stress state resulting from end constraint can produce serious consequences in the

experimental results. To reduce the constraints transferred from the machine to the specimen,

special fixtures which allow rotation at the ends were developed and modified by many authors

[300-302]. The performance of the rotating fixture was criticized by Rizzo [303], who showed

that this method could not eliminate stress concentrations. Long tapered tabs, as suggested by

Pipes and Cole [304] and by Richards et al. [305], are difficult to manufacture. A special tab was

designed [306] by using fiberglass fabrics embedded in a silicon rubber matrix. Although this tab

allows the use of rigid grips available on most material testing machines, it cannot sustain load in

high temperature and tab manufacturing is time consuming. Then an oblique end tab was designed

by Sun and Chung [307] which creates a uniform state of stress in the off-axis specimen and is

very simple to fabricate. Among different techniques for reducing the nonuniformity of the stress

state in the gage area of the off-axis specimen, the latest method [307], because of its simplicity, is

selected in this study.

8.2.1 Theoretical Background

ln Fig. 8.3, an off-axis unidirectional specimen under uniaxial tension is shown. The off­

axis and on-axis coordinate systems are denoted by 1-2 and x-y axes, respectively.

F
by transformation

(off-axis stress)

(off-axis specimen)

Fig. 8.3 Off-axis specimen under uniaxial tensile loading
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The on-axis stresses are found by transforming the off-axis stresses from the off-axis to

on-axis directions using a suitable transformation operator [308].

cr x.x =crIl * cos:! e
cryy =cr" *sin' S

cr,y =-cr" *sinS*eosS

Eg. 8.1

As shown in Fig. 8.3, by applying a uniaxialloading on the off-axis specimen. a biaxial

state of stress in the on-axis direction is induced. By changing the fiber angle (S) l'rom 0 to 90

degrees, the mode of failure changes from fiber to matrix failure. To detect the failure of an off­

axis specimen, which in fact is a unidirectional ply under biaxial stale of stress, polynomial failure

criteria capable of detecting modes of failure can be utilized. The Hashin-type polynomial failure

criteria [164], capable of distinction of the modes offailure (Eqs. 4.2 and 4.8 l'rom Chapter 4). are

used to detect the static failure. By considering the biaxial slale of stress, the lhird lerms in those

equations are dropped. For simplicity and for presenting the resulls as closed form equalions, the

materiai nonlinearity is ignored. By knowing that the in-plane shear stress induced in a [30",]

laminate is not dominant in comparison with the matrix stress, ignoring malerial nonlinearily does

not induce a large percentage of error in the results. Il should be added thal lhe following

procedure ean also be performed by considering the malerial nonlinearily, however the resultant

equations should be solved numerically. Therefore. Eqs. 4.2 and 4.8 are rewrillen 10 the

following forms:

(cr"y+(cr,y)' =1 forstaticfiberfailuremode Eg. 8.2
X, j S,y

(cryy )' +(cr,y)' =1 for statie matrixfailure mode Eg. 8.3
Y, S,y

As mentioned, by ehanging the fiber angle (S) l'rom 0 to 90 degrees, the mode of failure

changes from fiber to matrix failure. The transition angle (S,) is defined as the angle where the

mode of failure changes from fiber to matrix mode. To find the transition angle, Eq. 8.1 is

inserted into Eqs. 8.2 and 8.3.

•
Eg. 8.4
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Eq. 8.5

where subscripts "f' and "m" denote the fiber and matrix. These two equations are plotted in Fig.

8.4 for graphitelepoxy AS4/3501-6 with the material properties mentioned in Table 3.1. The

transition angle, the intersection of these two equations, is equal to 9.3 degrees. Therefore to

achieve the matrix failure mode, the off-axis angle for the specimen must be greater than 9.3

degrees. In this study, an off-axis angle equ;'.1to 30 degrees is selected. The stress analysis for

the 30-degrees off-axis specimen shows that the transverse and in-plane shear stresses are

dominant. Therefore, the matrix cracking failure mode is dominant for this specimen and Eq. 8.3

can be used to predictthe static failure.

2500

,-.. 2000
=:
~

~ 1500
'-' transition mode
(I.l / (9=9.3 deg.)
(I.l 1000(l,l..-'Xl

500 matrix failure

1
0

0 15 30 45 60 75 90

e (Deg.)

Fig. 8.4 Transition angle from fiber to matrix failure for A84/3501-6

As explained in Chapter 5, in order to apply the generalized residual material property

degradation technique to study the fatigue behaviour of a unidirectional ply under biaxial state of

stress, a complete knowledge of material properties (fatigue life and strength) of a unidirectional

ply under uniaxial static and fatigue loading conditions is needed. The problem of failure

prediction in the static case is simpler than in fatigue, because for the static cases the magnitudes of

• the required static strengths are experimental constants. For instance, to check the matrix failure
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mode in static condition, Eq. 8.3 can be used. Knowing the state of stress along with the mauix

and in-plane shear static strengths, the mauix failure mode can be examined. However. since the

strength of the material under fatigue loading is not an experimental constant, but rather a function

of the number of cycles, stress state, and stress ratio, the problem in fatigue is more complicated.

For instance, for the 30-degrees off-axis specimen where mauix failure mode is dominant, to

examine the failure in fatigue (Eq. 4.17) can be used. Again, by considering the biaxial state of

stress the third term is dropped and the material nonlinearity is ignored for simplicity. Therefore,

Eq. 4.17 is rewritten to the following form:

( J' ( )'cryy O'lty

Y,(n,cr,K) + S,y(n,cr,K) = 1 for fatigue matrix failure mode Eq.8.6

It should be noted that the residual mauix and in-plane shear strength in fatigue are

functions of n, cr and K (number of cycles, stress state, and stress ratio). By using Eqs. 5.16

instead of Y, and S,y' Eq. 8.6 is changed to the following form.

,

1

[
1_[ log(n)-log(.25) J~~]a" (Y,-cryy)+cryy

log(Nr~) -log(.25)

+

,

1

[
1- [ log(n) -log(.25) J~" ]a., (S,y - cr,y) + cr'y

10g(Nr.,) -log(.25)

for fatigue matrix failure mode

=1

Eq. 8.7

•
where lX and ~ are experimental parameters found by curve fitling of residual mauix and in-plane

shear strength curves (experiments are performed in Chapter 7). Also subscripts "yy" and "xy"

refer to mauix and in-plane shear. Moreover, Nr is the number of cycles to failure for the relevant

state of stress, for instance Nr is the number of cycles to failure for the mauix direction under
"
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uniaxial transverse stress (J", and arbitrary stress ratio, which have been found experimentally in

Chapter 7. Also "n" is the number of cycles that the unidirectional ply fails under biaxial state of

stress which is found by solving of the Eq. 8.7, numerically. For more details, the reader should

refer to papers recently published by author [309, 310].

8.2.2 Off-Axis Specimen Experiments and Results

Tests are performed using an MTS 810 material testing system, equipped with hydraulic

grips. A computer was connected to the MTS for data acquisition. Displacement and load are

monitored for static experiments. During fatigue tests, maximum and minimum displacements and

loads a~ weil as number of cycles are monitored. Static tests are performed under displacement

control, while the fatigue tests are carried out under load control conditions. The fatigue load is

applied in a sinusoidal form. To avoid temperature effects, which could degrade the material

properties, fatigue tests are performed at frequencies less than 10Hz. Ail tests are performed in

ambient temperature. The specimens are manufactured, cut and polished using standard

techniques. To reduce the gripping effects, oblique Aluminum tabs [307] are used. A diagram of

the off-axis specimen with the oblique tabs is shown in Fig. 8.5.

1 ID.2mm ~

25AmmHh-'-'-'-~-'--h
~····:························l···················!...··· + (j

• 1 /
3. mm 2.29 mm /

43.2 mm

[3016] off-axis
specimen

Fig. 8.5 Diagram of the off-axis specimen with oblique tabs

At first, a series of static experiments are performed to measure the magnitude of static

strength of the off-axis specimen and to evaluate the static failure criteria (Eq. 8.3). The results of

static experiments are summarized in Fig. 8.6. Using Eqs. 8.1 and 8.3, the magnitude of the off­

axis failure stress for the [30'6] off-axis specimen is calculated and compared with the experimental

results in Fig. 8.6. As shown, the static failure load calculated by polynomial failure criterion

overestimates the static strength of off-axis specimen by about 5%, which is quite satisfactory.
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Fig. 8.6 Comparison of calculated static failure load with experimental results
for [3016] off-axis specimens

Tension-tension fatigue tests are perforrned under load control conditions and the load ratio

(FmliFmOl<) equal to 0.1 is applied to off-axis specimens. Different percentages of the maximum

static failure load, such as 40, 50, 60, 70 and 80% are selected as the maximum load. The Fatigue

tests are continued until catastrophic failure is achieved and the maximum number of cycles to

failure is monitored. The experimental results of fatigue life of the [30",1 oFf-axis specimen is

shown in Fig. 8.7. A linear curve fitting approach is utilized and the experimental S-N curve is

shown by a solid !ine in Fig. 8.7.
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Fig. 8.7 Fatigue life (S-N) curve of the [3016] off-axis specimens (experiments

and prediction)•
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The final failure mode of the tension-tension fatigue tests is the same as the final failure

mode from static experiments. A close-up view of 30-degrees off-axis specimens, failed in static

and fatigue loading, are presented in Fig. 8.8 to show the similarity of the failure modes.

Fig. 8.8 Off-axis [30,6] specimens, failed under tensile static (top) and fatigue
(below) loading

Now, by inserting the experimental curve fitting parameters found in Chapter 7, into Eq.

8.7, the number of cycles to failure for the [30,6] off-axis specimen under various applied stress

conditions and stress ratios are calculated by using the Newton-Raphson technique. The results

calculated by the technique are compared with the experimental results and are shown in Fig. 8.7.

By comparing the S-N curves (experimental data points curve-fitted mathematically and simulated

by the technique), it seems the S-N curve simulated by the technique overestimates the fatigue life

of the 30-degrees off-axis specimen. However, as shown in Fig. 8.7, the simulated S-N curve is

located inside of the experimental scatter range. Therefore, it can be concluded that the

deterministic technique is reasonably simulating the behaviour of the unidirectional ply under

biaxial state of stress.

A summary of selected fatigue life results from the experiments and the technique is

presented in numerical form in Table 8.2. In fatigue loading conditions, applying the biaxial Joad

decreases the fatigue life of the unidirectional ply drastically. For instance, consider the [30'6] off­

axis specimen under uniaxial tensile fatigue loading conditions, with the maximum stress equal to

80% of its maximum static strength as shown in Table 8.2. By using Eq. 8.1 and ignoring the

longitudinal stress (cr,,), it is clear that this case is equivalent to a unidirectional ply under

transverse loading combined with in-plane shear loading, where the cryy (maximum transverse

stress) is equal to 66.0% of Y, (maximum transverse tensile static strength) and the cr,y (maximum

in-plane shear stress) is equal to 45.3% of S,y (maximum in-plane static shear strength). The

fatigue life of the unidirectional ply under uniaxial transverse tensile loading with 66.0% of Y, as

the maximum stress is about 11,380 cycles. Moreover, the fatigue life of the unidirectional ply

under uniaxial in-plane shear loading with 45.3% of S,y as the maximum stress, is about
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10,920,000 cycles. By coupling the two states of stress ([30,.] off-axis specimen under 80% of

its maximum strength) the fatigue life of the unidirectional ply, found experirnentally, is decrcased

to about 1,202 cycles and the technique simulated 1,494 cycles. It shows that the fatigue life of the

off-axis specimen measured experimentally and simulated by the tecllllique are in a very good

agreement. For the other stress levels, the difference between the experimental and simulated

results seems to be considerable, however on a logarithmic scale (Fig. 8.7) very good agreement is

achieved. The effect of the interaction of the transverse and in-plane shear stresses is apparent

from the results.

applied induced uniaxial life induced uniaxial life expcrimental! simulated
stress stress Nf stress N biaxial life biaxial life

(off-axis (<Jy/Y.) " (<J,,I8,y)
r" (cycles) (cycles)

specimen)
(cycles) (cycles)

80% 66.0% 11.380 45.3% 10.920.000 1.202 1.494
75% 61.8% 57.507 42.4% 27.393.000 5.012 6.972
70% 57.7% 292.630 39.6% 72.361.000 23.422 33.060

65% 53.6% 1.502.400 36.8% 203.000.000 104.713 160.000
60% 49.5% 7.818.100 33.9% 610.850.000 441.570 794.700
55% 43.3% 41.584.000 31.1% 1.996.500.000 1.995.292 4.085.000

Table 8.2 Fatigue life results from the experiments and the technique

Before ending this section, there are sorne critical points which should be mentioned. As

shown in Table 8.2, by decreasing the applied stress level, the difference between the results

simulated by the technique and the experimental results increases. It should be mentioned that by

decreasing the applied fatigue stress level for the off-axis specimen, the unidirectional material is

under very low level states of stress. From the previous chapter, remember that the unidirectional

material was characterized at high and low states of stress but not at very low stress levels.

Therefore, the material properties of the unidirectional ply under very low level states of stress are

extrapolated l'rom the real experimental results. This is the main reason for the increased differcnce

between the fatigue life simulated by the technique and measured experimentally at very low levels

of applied stress. By increasing the number of experiments for characterization of unidirectional:

material al the very low level states of stress, which is not impossible but expensive and time

consuming, this difference could be reduced.

Moreover, the magnitudes and proportions of the on-axis stresses induced in the off-axis

specimen cannot be selected arbitrarily. According to Eq. 8.1, the magnitudes of these stresses

depend on the off-axis applied stress and the angle of orientation of fibers. This should be noted
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a~ a limitation of the off-axis specimen method as a biaxial testing technique. Nonetheless, the

simplicity of this method makes it attractive as a biaxialloading technique.

Also, it is c1ear that by using the generalized residual material property degradation

technique which is a detenninistic method, a single curve is simulated as the fatigue life curve of

the off-axis specimt:n. It is well-known that experimental scatter is inherent to the fatigue

properties of the material. Therefore, instead of having a single curve for the fatigue life of the off­

axis specimen, a range of scattered data points are found by the experimental techniques in the

laboratory. This limitation could be eliminated by coupling a probabilistic model to the technique

which is not considered in this study.

In spite of ail explained limitations, the results obtained by the 30° off-axis experiments

show that the generalized residual material property degradation technique is fairly capable of

simulating of the fatigue behaviour of a unidirectional ply under biaxial state of stress and arbitrary

stress ratio by using the results of uniaxial fatigue experiments. Experimental evaluation of the

established technique for the multiaxial fatigue loading conditions is not simple as the biaxial case

and therefore, left for future work. Instead, the verification of the technique for the multiaxial

fatigue loading conditions will be perfonned indirectly by evaluating of its perfonnance in the

progressive fatigue damage mode/.

The generalized residual material property degradatiun technique has passed the

experimental evaluation successfully. Hence, it can be used in the progressive fatigue damage

model reliably. In the following sections, the progressive fatigue damage model and its

components are evaluated experimentally.

8.3 Evaluation of Progressive Static Damage Model

To develop a model to predict the fatigue behaviour of composite materials, it is essential to

be able to first predict the static behaviour of such materials. As explained in Chapter 6, the

progressive static damage model, which simulates the static behaviour of laminated composites, is

an important part of the progressive fatigue damage mode/. Therefore, it is important to show the

validity of the progressive static damage model adopted in this research. By using the code

developed in this study, a Slatic progressive failure analysis (see Fig. 6.1 in Chapter 6) is

perfonned on three different pinlbolt-loaded composite plates with different ply configurations

• ([0';90.]" [90';0.], and [+45/-45.],). The stress analysis is perfonned using the three-
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dimensional finite element code developed in this study and the edge effects are considercd by

refining the elements near the edge of the hole between different plies with different orientations.

Also, the effects of material nonlinearity on the prediction of the failure initiation and tinal failurc

loads are studied. To the best knowledge of the author. the effect of material nonlinearity on the

edge effects for pinlbolt-Ioaded composite laminates is not comprehensivcly studied in the

Iiterature.

To evaluate the results of the analysis, a series of experiments was performed on differcnt

pinlbolt-Ioaded composite laminates with different configurations. Consider a composite plate with

a pinlbolt-Ioaded hole as shown in Fig. 2.1 (in Chapter 2). The plate is a laminated composite \Vith

arbitrary ply orientation. The plate has width w = 25.4 mm. length 1= 101.6 mm, thickness t =
2.336 mm (16 plies), edge distance e =25.4 mm. hole diameter d =6.35 mm. washer diameter d".

= 18.8 mm and the inside diameter of the washer to boit diameter ratio is 1.224. The specimens

were manufactured, eut, drilled and polished using standard techniques. A suitable tixture is used

for the experiments (shown in Fig. 8.9). The pinlbolt is fixed and load is applied on the other end

of the composite plate and static tests are performed under stroke control conditions. For the bolt­

loaded conditions, a torque equal4.02 N-m (higher than finger tight) is applicd for ail cases.

....,;.j
.. -.).:

'-'

Fig. 8.9 Fixture for pinlbolt-Ioaded composite laminates

To find the fallure initiation load, each specimen was loaded up to a certain limit, then

unloaded and inspected by X-ray. If no fallure was detected, the specimen was reloaded and the

previous procedure repeated until fallure initiation was achieved. It is understood that other

techniques, such as C-Scan and ultrasonic methods may also be used for non-destructive testing,
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but equipment was not available to the author. To measure the final failure load, the specimen was

loaded until the catastrophic failure was achieved. The results of analysis and experiments for

failure initiation and final failure loads for pinlbolt-Ioaded composite laminates are summarized in

Tables 8.3 and 8.4, respectively. For ail cross-ply laminates ([0/90.], and [90/0.],) the final

failure mechanism was shear-out failure with dominant delamination failure, which corresponds to

the results simulated by the mode!. Moreover, for ail angle-ply laminates ([+45/-45.],), the fin:!1

failure mechanism was net-tension failure with dominant delamination failure which also

corresponds to the results simulated by the mode!.

Failure Initiation Load (kN)

Layup Type of Linear Nonlinear Experimental Results
Loading Theory Theory (standard deviation)

(error %) (error %)

[0/90.], Pin 1.30 (17.%) 1.50 (4.4%) 1.57 (.132)

Boit 2.13 (14.%) 2.45 (1.2%) 2.48 (.112)

[90/0.], Pin 1.31 (21.%) 1.56 (5.4%) 1.65 (.141)

BoIt 2.21 (16. %) 2.59 (1.5%) 2.63 (.151)

[+45/-454], Pin 1.91 (32.%) 2.61 (6.8%) 2.80 (.122)

BoIt 2.68 (30.%) 3.64 (4.5%) 3.81 (.137)

Table 8.3 Comparison of failure initiation load by Iinear theory, nonlinear theory
and experimental results

Final Failure Load (kN)

Layup Type of Linear Nonlinear Experimental Results
Loading Theory Theory (standard deviation)

(error %) (error %)

[0/9°4]' Pin 4.68 (19.%) 5.31 (8.1%) 5.78 (.335)

Boit 7.38 (17. %) 8.71 (2.3%) 8.92 (1.56)

[90/0.), Pin 5.11(22.%) 5.98 (8.7%) 6.55 (.231)

BoIt 8.60 (18. %) 10.1 (3.8%) 10.5 (.523)

[+45/-45.], Pin 2.31 (37. %) 3.32 (9.5%) 3.67 (.290)

BoIt 3.01 (34.%) 4.32 (5.3%) 4.56 (.281)

Table 8.4 Comparison of final failure load by Iinear theory, nonlinear theory and
experimental results
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By comparing the results of the failure analysis for linear and nonlinear cases and the

experimental results (Tables 8.3 and 8.4). the following points are concluded:

• By ignoring material nonlinearity. the stress based failure criteria underpredicts the failurc

initiation load. The difference between failure initiation loads for [0/90,1, and [90/0J, is

negligible by linear theory. whereas the difference is more c1ear by introducing materi:ù

nonlinearity. Also, the predicted final failure loads by considering material nonlinearity are in

better agreement with the experimental results, showing the importance of considcring the

nonlinearity.

• The percentage of error for prediction of failure initiation and final failurc loads for the angle-ply

[+45/-45.], case by linear theory is more than the other two configurations. and this is due to the

high magnitude of in-plane shear stress induced for this case. The predicted failure initiation and

final failure loads by considering rnaterial nonlinearity are in very good agreement with the

experimental results.

• Experimental results show that the existence of boIt load decreases the edge effects and incrca.~es

the failure initiation and final failure loads. This phenomenon is also simulated by the model

successfully.

A picture ofthe progressive failure of a pin-Ioaded cross-ply, [0/90.]" under static loading

conditions is shown in Fig. 8.10. The final failure mechanisms of a pin-Ioaded cross-ply.

[90/0,],. and an angle-ply, [+45/-45.],. under static loading conditions are shown in Fig. 8.11.

intact specimen

~:'~~:, ~,q:,~;'~ :':"-~~'
- ----""-- =ï;(
~.",'~: ·~·i~~ :';'"7'J

,1 t l' '.
1• ..1,..:- .l : '",L..~..J..';""""".u..~...

before final failure (X-ray)

final failure

• Fig. 8.10 Progressive static failure of a pin-Ioaded [0/90.], cross-ply laminate
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.
.. ". , ~..~. '-

Fig. 8.11 Final static failure mechanisms of the pin-Ioaded [+45/-45.1. angle-ply
laminate (top), and [90/0.], cross-ply laminate (below)

Although the final statie failure loads of a bolt-Ioaded composite laminate is higher than that

of a pin-Ioaded case, the final failure mechanisms are similar. A picture of a typical final statie

failure mechanism of a bolt-loaded [O/90J, cross-ply composite laminate is shown in Fig. 8.12.

Fig. 8.12 Final static failure mechanisms of the bolt-Ioaded [0/90.], cross-ply
laminate

Moreover, to validate the capability of the progressive static damage model to simulate the

behaviour of different pin-Ioaded composite laminates with various geometries, two different e/d

and lVld (see Fig. 2.1 in Chapter 2) are examined. The results of experiments and model

simulation of final failure load for different cases are summarized and compared in Table 8.5. It

should be mentioned that materiai nonlinearity is considered for all cases. As shown, a very good

agreement is achieved between the model and the experimental results. The final failure

mechanisms of different pin-loaded cases with various geometries are shown in Fig. 8.13.
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Final Failure Load (kN)
Configuration e/d w/d Model (error %) Experimcnts

(standard deviation)
[0/90.], ") 4 2.63 (2.95%) 2.71 (.085)

5 2 4.53 (5.62%) 4.80 (.550)
[90/0.], 2 4 3.47 (4.93%) 3.65 (.250)

5 2 4.66 (5.86%) 4.95 (.0/0)
[+45/-45.], 2 4 1.98 (6.60%) 2.12 (.0/0)

5 2 \.01 (5.60%) \.07 (.0/7)

Table 8.5 Final failure load for different pin-Ioaded composite laminates with
different geometries, simulated by model and measured by experiments

Fig. 8.13 Final static failure mechanisms of the pin-Ioaded laminates with
different geometries (e/d and w/d)

The results presented in this section confirrn that the traditional progressive slatic damage

• model developed in this study, which is a part of the progressivefatigue damage model has passed
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the experimental evaluation successfully. The reliable prediction of the static failure loads

(initiation and final) is an essential capability to establish the progressive fatigue damage model. In

the following section, the progressive fatigue damage model is evaluated experimentally.

8.4 Evaluation of Progressive Fatigue Damage ModeZ

The evaluation of the progressive fatigue damage model is performed in different ways.

The capabilities of the model to simulate the fatigue life and the residual strength of composite

laminates are examined. To study the stacking sequence, three different ply configurations

([0/904]" [90/04], and [+45/-454],) are utilized. For the purpose of comparing results, all tests

are performed at load ratio CFm;nlFm",.) equal to 0.1 and a frequency less than 10Hz. It is c1ear that

although the load ratio is kept constant, the stress ratio for different points of the pin/bolt-Ioaded

problem is not constant and also varies with the number of cycles.

8.4.1 Fatigue LiCe Simulation

A series of fatigue tests is performed to measure the fatigue life of the pin or bolt-Ioaded

composite laminates with different lay-ups. Based on the maximum static strength of each case,

presented in the previous section, the fatigue experiments were accomplished under load control

conditions. In the following, the results of fatigue Iife simulation and experiments for different

cases are summarized.

8.4.1.1 Cross-ply [0/90.1.•

A series of fatigue life tests is performed at different percentages of the maximum strength

of the pin-Ioaded cross-ply [0/9°4). laminate with eld=w/d=4. The maximum applied load versus

number of cycles for the pin-Ioaded cross-ply [O/90J,laminate is shown in Fig. 8.14. The solid

line shows that the experimental fatigue life curve, fitted by using a least square method. Also, the

dotted line shows the simulated fatigue liCe using the progressive fatigue damage model. As

shown in Fig. 8.14, very good agreement between the experimental and simulated results is

achieved which shows that the model is performing successfully. For instance, at 4.335 kN which

is 80% of the maximum static strength of the pin-Ioaded cross-ply [0/9°4), laminate, the

experimental fatigue life is about 9,910 cycles and the fatigue life simulated by the model is 15,400

cycles, which is in the scatter range of the experimental results. As explained earlier, the main

reason for greater difference between the fatigue life prediction and the experiments in Fig. 8.14, al

very low load levels is that material characterization of the unidirectional ply is performed at high

and low states of stress but not at very low stress levels.
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Fig. 8.14 Fatigue Iife curve of pin-loaded cross-ply [0/90.], laminates
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A series of fatigue life tests is perfonned at different percentages of the maximum strength

of the bolt-loaded cross-ply [0/90,J, laminate with e/d=w/d=4. The maximum applied load versus

number of cycles for the bolt-loaded [0/90.], laminate is shown in Fig. 8.15. Again. the solid line

shows the experimental fatigue life eurve, fitted by using a least square method. Also. the dotted

line shows the simulated fatigue life using the progressive fatigue damage mode/. As shown in

Fig. 8.15. very good agreement between the experimental and simulated resulL~ is achieved.

Fig. 8.15 Fatigue Iife curve of bolt-loaded cross-ply [0/904]' laminates
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By comparing the pin and bolt-loaded cases for the cross-ply [Oi90.), laminate (Figs. 8.14

and 8.15), it is c1ear that the boit Joad increases the fatigue life by decreasing the edge effects. The

effecl~ of boit load on the states of stress near the edge of the hole between plies with different

orientations, which is the location of stress singularity was studied in Chapter 3. The predicted

results show that the model is c1early capable of simulating this behaviour.

8.4.1.2 Cross-ply [90/041.,
Another series of fatigue life tests is perforrned at different percentages of the maximum

strength of the pin-Ioaded cross-ply [90/0.], laminate with e/d=w/d=4. The maximum applied

Joad versus number of cycles for the pin-Ioaded cross-ply [90';0.], laminate is shown in Fig. 8.16.

Again, the solid line shows the experimental fatigue Iife curve, fitted by using a least square

method. Also, the dotted line shows the simulated fatigue Iife using the progressive fatigue

damage model. As shown in Fig. 8.16, very good agreement between the experimental and

simulated results is also achieved for this case.
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Fig. 8.16 Fatigue life curve of pin-Ioaded cross-ply [90/0.], laminates

•

In order to compare the results of the fatigue Iife of pin-Ioaded [0/90.], and [90iO.], cross­

ply laminates, Figs. 8.14 and 8.16 are shown in one graph (Fig. 8.17). As shown, similar to the

static strength behaviour, the pin-Ioaded [90/0.), laminate shows a higher fatigue Iife than the

[0';90.], cross-ply laminate for the same fatigue loading conditions. The main reason for this

behaviour is explained by the lower singular stress state for the [90iO.], cross-ply laminate near

the edge of the hole, as studied in Chapter 3.
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laminates
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Fig. 8.17 Fatigue liCe curves
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8.4.1.3 Angle-ply [+45/-4541,
Another series of fatigue life tests is performed at different percentages of the maximum

strength of the pin-loaded angle-ply [+45/-45.], laminate with e/d=w/d=4. The maximum applied

load versus number of cycles for the pin-loaded angle-ply [+45/-45.], laminate is shown in Fig.

8.18. Again, the solid line shows the experimental fatigue life curve, fitted by using a least square

method. Also, the dotted line shows the simulated fatigue life using the progressive fatigue

damage mode/. As shown in Fig. 8.18, good agreement between the experimental and simulated

results is also achieved for this case.
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Fig. 8.18 Fatigue liCe•
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It should be mentioned that the final failure mechanisms of the mechanical joints under

static and fatigue loading conditions are similar. Typical final failure mechanisms of the pin-loaded

[O/90.l. and [90/0.l. cross-ply laminates and [+45/-45.l. angle-ply laminate are shown in Fig.

8.19.

Fig. 8.19 Typical final failure mechanisms of the pin-Ioaded [0/90.]. and [90/0.].
cross-ply and [+45/-45.]. angle-ply laminates

8.4.2 Residual Strength Simulation

To evaluate the residual strength simulation capability of the progressive fatigue damage

model, a pin-loaded [90/0.1 cross-ply laminaIt is selected as an example. The maximum fatigue

load is selected as 80% of the maximum static strength of the pin-loaded [90/0J. cross-ply

composite laminate measured by experiments and the load ratio is chosen to be equal 0.1.

Although the load ratio is constant, the stress ratio at different points of the pin-loaded [90/0J.

cross-ply laminate and at different number of cycles is obviously not constant. The specimens,

after being subjected to a certain number of cycles, (e.g., 102
, 103, etc.) under fatigue loading

conditions. are tested under static loading conditions to measure the residual strength. For

modeling purposes, first the fatigue behaviour of the specimen is simulated by the progressive

fatigue damage model (flowchart in Fig. 6.2 in Chapter 6) and after a certain number of cycles the



•
Chapter 8 Final Experimental Evaluation 141

computer program is stopped. Thereafter, the behaviour of the specimen. with the new residual

stiffness and strength properties. is simulated under static loading by the progressive static damage

model (flowchart in Fig. 6.1 in Chapter 6). The results of experiments and simulation of the

residual strength of the pin-loaded [90/0.], cross-ply laminate with e/d=w/d=4 as a function of

number of cycles are shown in Fig. 8.20.
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Fig. 8.20 Residual fatigue strength curve of pin-Ioaded cross-ply [90,10.),
laminates (simulation and experiments)

As shown in Fig. 8.20, an increase in the residual strength at 102 and 103 cycles is

observed experimentally. However, as shown in Fig. 8.20, while the model is simulating the

decreasing part of the residual strength curve very weil, it is not able to simulate the initial increase.

As explained in Chapter 7, the increase in the residual fatigue strength of notched composites,

which sometimes is referred to as wear-in, has been frequently observed by various authors [4, 9,

II, 13, 17-20,25,27,33,38,44,257,282-287]. Sorne of the authors [9, 25, 33, 284, 285]

postulated that the redistribution and relaxation of the stresses around the notch area are the

responsible mechanisms for causing such a phenomenon.

By referring to the basic concepts of the progressive fatigue damage model, it is clear that

the redistribution and relaxation of the stresses have been considered and the model is able to

simulate the stress distribution at different points of the specimen as a function of number of

• cycles. However, the model is still not able to simulate the increasing part of the residual fatigue
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strength curve shown in Fig. 8.20. Therefore, this observation shows that only by redistribution

and relaxation of stresses, it is not possible to simulate this phenomenon. The main reason for this

deficiency lies in the existence of experimentally observed inereases in residual stiffness and

strength of the unidirectional ply under uniaxial tension and compression in the first cycles (Figs.

7.7,7.8 and 7.14 in Chapter 7). The increase is ignored intentionally so far by the utilized curve

fitting strategy explained in Chapters 5 and 7. Hence, to establish a model capable of simulating

this interesting phenomenon, the realistic fatigue degradation of the material properties of a

unidirectional ply as weil as the ability of considering the redistribution of stresses should he

considered. To eliminate this problem, a new strategy is established for curve fitting and explained

in the following.

The typieal residual fatigue property (stiffness or strength) of a unidirectional ply with and

without considering the initial increase, under uniaxial fatigue loading conditions in a normalized

form is shown in Fig. 8.21. Forthe simplicity the x-axis (normalized number of cycles) and the y­

axis (normalized residual fatigue property) are denoted by .wand 'F, respectively.

Normalized Residual
Fatigue Property

(f})

1

o

........ with increase
-- without increase

...................""."

1
Normalized Number of Cycles (1V)

Fig. 8.21 Typical normalized residual fatigue property (stiffness or strength) of
a unidirectional ply under uniaxial fatigue loading conditions (not to scale)

As defined earlier in Chapters 5 and 7, the normalized number of cycles (the x-axis in Fig.

8.21) and the normalized residual property (the y-axis in Fig. 8.21) were related by the following

equation:
1

!F=(1-.w')6

which for the residual fatigue strength, !Fis,

• !F=

and for the residual fatigue stiffness, !F is,

R(n, cr, lC) - cr
R, -cr

Eq. 8.7

Eq. 8.8
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•
and .IVdenotes,

cr
E(n,cr,K)--

El'1'= -----'-
E-~

S E
f

.IV= log(n) -log(.25)

10g(N1) - log(.25)

Eq. 8.9

Eq. 8.10

Eq. 8.7, using two curve fitting parameters a and 6, is able to curve lit the solid line in Fig. 8.21.

However, this strategy cannot show the initial increase in the residual fatigue property (doued

line). To curve fit the dotted line, the following equation is a good candidate.

1

'1' = [1-.lV' + OV' (1-.lV)']' Eq. 8.11

This equation (Eq. 8.11) contains five curve fitting parameters (a, 6, c. d'and c) which must be

found experimentally, therefore is not simple as Eq. 8.7.

As explained in Chapter 7, during the characterization of the unidirectional ply, an incre::.~e

in the residual fatigue stiffness and strength of fiber direction in tension and compression is

observed. Using this newly developed curve fitting strategy (Eq. 8.11), residual fatigue properties

of the unidirectional ply under tension and compression fatigue loading (Figs. 7.7, 7.8 and 7.14 in

Chapter 7), are charaeterized and shown in Figs. 8.22, 8.23 and 8.24). As shown, the new

strategy for curve fitting is able to simulate the residual fatigue behaviour very weil.

Fig. 8.22 Normalized residual stiffness of a unidirectional O· ply under
longitudinal tensile fatigue loading conditions (using Eq. 8.5)•
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Fig. 8.23 Normalized residual strength of a unidirectional O· ply under
longitudinal tensile fatigue loading conditions (using Eq. 8.S)

a = 5.03
6= 0.01
c = 1.07 080%
If= 5.07 1::. 60%
c = 0.03

f
1
+0.00 '---'--...L-_---'--_----'-__L..-_.f!---J

0.00 0.20 0.40 0.60 0.80 1.00

Normalized Number of Cycles

-; '5 1.20
=O.ll:= 5 1.00 I------~
<Il""
~ ....

I:l=: 00 0.80

-=~~ •• 0.60
N<Il
•• <Il

-; ~ 0.40
8c.
~ 8 0.20
z8

Fig. 8.24 Normalized residual strength of a unidirectional O· ply under
longitudinal compressive fatigue loading conditions (using Eq. 8.S)

In this step, the effect of increase in the residual fatigue properties of the unidirectional ply

on the fatigue behaviour of notched composites is studied. Using the new experimental curve

fitting par.uneters in the progressive fatigue damage model, the residual fatigue strength of the pin­

loaded [90';0.], cross-ply with e/d=w/d=4 as a function of number of cycles is simulated by the

• model and compared with the experimental results (Fig. 8.25).
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Fig. 8.25 Residual fatigue strength curve of pin-loaded cross-ply [90/0.1.

laminates (modified simulation and experiments)

As shown in Fig. 8.25, the new strategy of curve fitting enables the progressive fatigue

damage mode! to simulate the residual fatigue strength of the pin-Ioaded [90/0.], cross-ply

Jaminate at low and high numl::er of cycles (Iess than 103 cycles). A comparison between the

simulated residual fatigue strength curves by modified and original models in Fig. 8.25 reveals that

while the original mode! is not able to simulate the behaviour in the first cycles (Iess than 103

cycles), it is able to simulate the residual fatigue behaviour of the notched composites at high

number of cycles (bigger than 103 cycles). To perform a belter simulation, more experiments are

needed for the material characterization of the unidirectional 0" ply in tension and compression

which of course demands more time and expense.

8.4.3 Fatigue Life Simulation (Experiments Performed by Other Authors)

To evaluate the progressive fatigue damage mode! by independent experimental data, the

fatigue life of a pin and bolt-Ioaded quasi-isotropic [0/901±45], laminate made of AS4/3501-6 is

simulated and compared with the experimental results of Herrington and Sabbaghian [52]. The

composite plate has a width w =38.1 mm, length 1=177.8 mm, thiekness t = 1.21 mm (8 plies),

edge distance e =38.1 mm, hole diameter d =6.35 mm and washer diameter dw = 18.8 mm and

the inside diameter of the washer to boit diameter ratio is 1.024. They [52] selectcd large values

for e/d and w/d equal to 6.0, therefore the final failure mechanism is expected to oceur mostly in

bearing (see Fig. 2.2). AlI tests are performed at load ratio (FmJFm,,) equal to 0.1 and a

• frequency equal to 10Hz. They performed their experimenL~ based on the definition that the final
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failure occurs when the hole elongation was cqual to 4% of the original hole diameter. While the

final failure, in the modeling strategy utilized in this study, is defined as the catastrophic failure in

which the pinlbolt-Ioaded composite laminate cannot tolerate any more load. Therefore, due to

these different definitions, sorne discrepancies should be expected between results of the present

mode! and their experiments.

It should be mentioned that there wa~ no direct access to the experimental results of

Herrington and Sabbaghian [52], therefore, the magnitudes used in this study are interpreted from

the graphs reported in their paper. In the first step, the statie strength of the pin-Ioaded quasi­

isotropie laminate is simulated by the progressive statie damage model and compared with the

experimental result. The simulated maximum statie load, which can be carried by the specimen, is

equal to 2.36 kN which is 7.3% different from the experimental result which is about 2.20 kN. In

the next step, the fatigue life of the pin-Ioaded quasi-isotropie laminate is simulated by the

progressive fatigue damage mode! and compared with the experimental results (Fig. 8.26). A

rea~onable agreement between the simulated and experimental results is achieved. For instance al

1.94 kN, which is 88% of the maximum static strength of the pin-loaded quasi-isotropie laminate,

the experimental fatigue life is about 1,202 cycles (average ofthree data points) and the fatigue life

simulated by the mode! is 4,800 cycles. By considering the existence of experimental scatter

which is inherent to fatigue behaviour of the material, the result obtained by the mode! is quite

satisfactory. Moreover, as mentioned earlier, the difference between the simulated and

experimental results is also attributed to different definitions of the final failure used in this study

and by the other authors [52].

o 123 456 7 8

Log (Nf)
Fig. 8.26 Fatigue life of pin-Ioaded quasi-isotropie [O/±45/90], laminates

(simulation by the model and experiments by Herrington and Sabbaghian [52])
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Additional experimental results of Herrington and Sabbaghian [52] on bolt-loaded quasi­

isotropie [O/901±45], laminates are eompared with the results simulated by the ,,/Odel. The

clamping torque on the boIt is equal to 3.76 N-m. Again. as a tirst step. the statÎc strength of the

bolt-Ioaded quasi-isotropie [O/90/±45], laminate is simulated by the progressive statÎc damage

model and eompared with the experimental result. The simulated maximum statÎc load is equal to

4.02 kN whieh is 5.85% different from the experimental result whieh is 4.27 kN. In the next step.

the fatigue life of the bolt-loaded quasi-isotropie [O/90/±45], laminate is simulated by the

progressive fatigue damage model and eompared with the experimental results shown in Fig. 8.27.

As shown, the model highly overestimates the fatigue life of the bolt-Ioaded [OI90/±45], quasi­

isotropie laminate and the differenee between the simulated and experimental results is very clear.

As a numerieaI example, at 3.59 kN whieh is 84% of the maximum statÎc strength of the bolt­

loaded [O/90/±45l. quasi-isotropie laminate, the experimental fatigue life is about 7.943 cycles

while the fatigue life simulated by the model is 125,900 cycles. As mentioned earlier. Herrington

and Sabbaghian [52] stop the fatigue cycling when the hole eIongation reaches to a value of 4%

and they define the fatigue life of the specimen as the number of cycles at that point. However. the

model shows that the specimen, after reaching that level of deformation. still can carry more fatigue

eyeIes. Therefore, the different definitions of the final failure used in this study and by Herrington

and Sabbaghian [52] could be the source of the large difference between the /IIodei and

experimental results.
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Fig. 8.27 Fatigue Iife of bolt-Ioaded quasi-isotropie [O/±45/90], laminates
(simulation by the model and experiments by Herrington and Sabbaghian [52])•
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The comparison of the fatigue life of the pin-Ioaded [OI±45/90], laminate simulated by the

model and the experiments by other authors [52] shows a fairly good agreement. The large

difference observed for the fatigue life of the bolt-Ioaded [OI±45/90), laminate, simulated by the

mode! and the experiments, is probably due to two different definitions for the final failure used by

other authors [52] and in this study. However, in general, it can be concluded that the mode! is

successfully verified by the available independent data provided by other authors. In the next

section, the fatigue behaviour of pin-ioaded composite laminates under two consecutive load levels

(Iow and high) is studied.

8.4.4 ResiduaI Life Simulation

Another interesting outcome of the mode! is its ability to simulate the fatigue behaviour of

composite laminates under two or more consecutive load levels. Although the mode! is not limited

to the number of the consecutive load levels, for simplicity, the study is perfonned in two stages.

A traditional method of predicting this behaviour is by using the Palmgren-Miner's Rule [311]

(sometimes called the Miner's Rule). The main procedure is that the composite laminate is under a

fatigue load level for a certain number of cycles and then the load level is changed and the

composite laminate is fatigue loaded under the second load level until final failure is achieved. The

load levels for both cases and the number of fatigue cycles under the first load level are known and

the number of cycle~ under the second load level (residuallife) must be ealculated. As an example,

consider the behaviour of a composite laminate under two different stress levels as shown in Fig.

8.28. Suppose the composite laminate is under n, number of cycles at 0", state of stress and then

the stress level is changed to 0"2 and the composite laminate is fatigued until catastrophic failure is

achieved.

Residual Strcngth

Static low Icvcl stress
Strcngth ,,--~..=..",.<;,:,.:::.,._ .

Fig. 8.28 Behaviour of a composite laminate under two different stress levels

s-n
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The simple Miner's Rule (for two consecutive stress levels) states that the following

equation can be used to calculate the residuallife. By knowing the cr" cr" n" Nf, and Nf,' the

residuallife (n,) under cr, is calculated using Eq. 8.12 [31 1].

" n _ n, n, _ 1L.,---+--
Nf Nf, Nf,

where,

n, = applied number of cycles at cr,
Nf, = fatigue life at cr,

n, =residual number of cycles at cr,
Nf, = fatigue life at cr,

Eq. 8.12

•

Although the Miner's Rule is a simple and useful method, however, experimental evidcnee

[312-316] reveals that it is not able to predict residual life in general. Also, experimental evidenee

shows that the sequence of applying stress levels (high-to-Iow or low-to-high) is important, while

the Miner's Rule is not able to distinguish the difference. For instance, consider thatthe n, number

of cycles under cr, stress level is applied first, and then the stress level is changed to cr, and the

residuallife (n,) is calculated by Eq. 8.6. Now, suppose if the n, number of cycles under cr, state

of stress is applied first (n, is calculated previously), and then the stress level is changed to cr ,.
Then, the residual life (n,) under cr, as calculated by Miner's Rule is the same as before, while

experimental evidence does not confirm this result. This is another shorteoming of Miner's Rule

which the mode! should be also eheeked for. From Fig. S.28, it ean be inferred that ehanging the

loading sequenee effeets the residual fatigue !ife of the eomposite laminate. Therefore, eonsidering

the mechanics of the residual fatigue strength is a vital step in fatigue modeling which is considered

by the mode!, while the Miner' s Rule does not account for il.

To evaluate the mode! under two consecutive load levels, the pin-Ioaded [+45/-454], angle­

ply laminate with e/d=w/d=4 under two consecutive load levels (SO% and 60% of the maximum

static strength) is selected as an experiment. The load ratio of 0.1 and frequency equalto 10Hz are

selected. From Fig. S.IS, the average number of cycles to failure for the pin-Ioaded [+45/-454],

angle-ply laminate atthe load level equal to SO% and 60% of its maximum static strength is 3,100

and 2,400,000 cycles, respectively. Two sets of tests are performed at the two consecutive stress

levels (high-to-Iow and low-to-high) and for each set of experiments, three samples are tested.

The results of the experiments, the prediction by Miner's Rule and the mode! are summarized in

Table S.6.
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Residual Fatigue Life (n,)

Applied Applied Miner's Rule Model Experiment
Stresses at cr 1 Cycles (n,) (error %) (error %)

Hi~h to Low 1,000 1,626,000 (124'1'0) 910,000 (25'1'0) 725,000

Low to Hi~h 1,626,000 1,000 (54'1'0) 1,700 (23'1'0) 2,200

Table 8.6 Residual fatigue life of pin-Ioaded [+45/-454], angle-ply laminates,
measured by experiments and predicted by Miner's Rule and model

For the first set of experiments (high-to-Iow), 1,000 cycles are applied at the load level

equal to 80% of the maximum static strength of the pin-Ioaded [+45/-454], angle-ply larninate.

Thereafter, the load level is changed to 60% of the maximum static strength and the residual fatigue

life is measured experimental~;,. The average residual fatigue life for three specimens, tested under

the same conditions, is 725,000 cycles. The residual fatigue life predicted by Miner's Rule is

1,626,000 cycles which shows 124% error with respect to the experimental results. The predicted

residual fatigue life by the model is 910,000 cycles which is 25% different from the experimental

resull~. The Miner's Rule and the model both overestimate the residual fatigue life, however, the

acceptable percentage of error produced by the model shows a fairly good agreement between the

simulation and the experiments. The next set of experiments (high-to-Iow) is performed by

applying 1,626,000 cycles (calculated for the previous set of experiments by Miner's Rule) at the

load level equal to 60% of the maximum static strength. Thereafter, the load level is changed to

80% of the maximum static strength and the residual fatigue life is measured experimentally. The

average residual fatigue life for three specimens, tested under the same conditions, is 2,200 cycles.

While the Miner's Rule cannot distinguish the changing of the loading sequence, the model

predicts the residual fatigue life equal to 1,700 cycles, which is 23% different from the

experimental results. Clearly, from Eq. 8.6, the mechanics of failure are not considered by the

simple Miner's Rule, therefore it is not surprising that the prediction of the residual life by this

eq!lation for the examined cases is not accurate. The more successful simulation of the residual

fatigue life results from the progressive nature of the model and considering the mechanics of

failure.

This limited number of experiments shows the capability of the model to predict the

residual fatigue life of a notched specimen under two consecutive load levels. As mentioned

earlier, the model is not confined to the special case of two consecutive load levels. To show this

capability under general conditions, more experiments must be performed.
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• 8.5 Summary

By performing several different series of experiments and using available indepcndent

experimentaI results by other authors. the validity of the progressive fatigue damage model and

sorne of its capabilities are examined.

Although the generalized residual material property degradation technique is capable of

simulating the fatigue behaviour of a unidirectional ply under multiaxial state of stress.

experimentaI evaluation of the established technique under multiaxial state of fatigue stress is not a

simple task. Therefore, the technique is evaluated under biaxial state of fatigue stress. using the

30· off-axis specimen. A very good agreement between the experimental and simulatcd results is

achieved which validates the generalized residua!materia! property degradation technique.

Before evaluating the fatigue simulation capability of the mode!, the progressive static

damage model, which is another important part of the progressive fatigue damage mode!. is

verified. Different ply configurations ([O/90.J" [90/0.l, and [+45/-45.J.) with different

geometries (e/d and w/tf) under static pin and boit loading conditions are studied. The failure

initiation and final failure load for different cases are simulated and compared with the expcrimental

results. Excellent agreement between the experimental and simulated results are 0btained.

•

To evaluate the capabilities of the progressive fatigue damage mode! for simulating the

fatigue life and residual strength of the notched composites laminates. a series of experiment~ is

performed. To show the fatigue life simulation capability of notched composites by the model.

different pinlbolt-Ioaded composite laminates with different ply lay-ups ([O/90.l,. [90/0.l, and

[+45/-45.l,) are sludied. A good agreement between the results of experiments and simulation is

obtained which shows the successful fatigue life simulation capability of the mode!. Moreover, the

residual strength simulation capability of the mode! is evaluated by performing expcriment~ on the

pin-Ioaded [90/0.], cross-ply laminates. The experimental results of the residual fatigue strength

of the pin-Ioaded [90/0.l, cross-ply laminates show an increase for the first few cycles followed

by a subsequent decrease. The mode!. using the expcrimentaI curve fitting paramcter in the

previous chapter, is able to simulate the decreasing part of the residual fatigue strength curve as a

function of number of cycles very weil. However, to simulate the increasing part of the residual

fatigue strength of the notched composite. the expcrimentally observed increase in the residual

fatigue strength of the unidirectional ply in fiber direction under tension and compression fatigue

loading must be considered. Il should be mentioned that this behaviour wa~ ignored intentionally

in the previous chapter to show the effect on the residual fatigue strength prediction of the notched
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composite laminates. By using a new curve fitting strategy and considering the initial increase of

the residual fatigue properties of the unidirectional ply in the fiber direction under tension and

compression, a successful simulation of the residual fatigue strength of the pin-loaded [90/0.],

cross-ply laminate is achieved. It is concluded that, although the redistribution and relaxation of

the stress field around the notch area are important factors, however without considering the proper

behaviour of the unidirectional ply under fatigue loading, the simulation of the residual fatigue

strength behaviour of notched composites is difficult.

To verify the mode! by the independent experimental data available in the literature, the

fatigue life of a pin and bolt-loaded quasi-isotropic [0/90/±45], laminate is studied. For the pin­

loaded case, fairly good agreement between the mode! and the experiments are achieved.

However, for the bolt-Ioaded case, large differences between the simulated and experimental

results are observed. The main reason for this discrepancy is stated to be the different definhion of

final failure utilized in the experimental study by other authors and the mode! in this study.

To evaluate another capability of the mode!, which is the fatigue behaviour simulation of

composite laminates under two or more consecutive load levels, the pin-Ioaded [+45/-45.], angle­

ply laminate with e/d=w/d=4 under two consecutive load levels (80% and 60% of the maximum

static strength) is selected as an example. The shortcoming of the Miner's Rule to simulate this

problem is shown and discussed. A very good agreement between the simulated and experimental

results is achieved.
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Summary and Conclusions

The present research establishes a new modeling approach to simulate the behaviour of

composite laminates under general fatigue loading conditions. Using the idea of the traditional

progressive damage model which is capable of simulating of static bchaviour of composite

laminates, the progressive fatigue damage mode! is developed. The mode! consists of threc major

components: stress analysis, failure analysis and material property degradation rules. The mode!

determines the state of damage at any load level and number of cycles, from failurc initiation and

propagation to catastrophic failure. The mode! is able to predict the residual strength, residual life,

final failure mechanisms (direction of failure propagation) and final fatigue life of composite

laminates under general fatigue loading conditions. Based on the mode!, a computer code is

developed which simulates the cycle-by-cycle behaviour of composite laminates under fatigue

loading conditions. The capabilities of the model are examined by simulation of a pinlbolt-Ioaded

composite laminates as a complicated example.

•

A three-dimensional nonlinear finite element algorithm is developed for the stress analysis.

By using a large number of elements near the edge of the hole and at layer interfaces, the edge

effect (stress singul<'rity) is simulated. AIso, by noting the nonlinear shear stress-strain behaviour

of a unidirectiona! ply, the effect of material nonlinearity on the stress state near the edge of the

composite laminate, which is a critical location for failure initiation, is considered. An existing

model for the mathematical presentation of nonlinear in-plane shear stress-strain behaviour of a

unidirectional composite ply is extended to he also applicable for out-of-plane shear stress-strain.

Considering material nonlinearity causes significant decreases in magnitudes of sorne stresses
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while others are increased to compensate. The effect of existence of boit load on the state of stress,

near the edge of the hole is also studied and discussed.

For the failure analysis, seven different failure modes for the unidirectional ply under

multiaxial state of stress are considered which are: fiber tension, fiber compression, fiber-matrix

shearing, matrix tension, matrix compression, normal tension and normal compression failure

modes. Suitable stress-based failure criteria for detecting these modes of failure under static and

fatigue loading conditions are derived. The effect of material nonlinearity on the mathematical form

of the failure criteria is also considered. Difficulties and limitations of application of such failure

criteria, in traditional forms, for unidirectional plies under multiaxial fatigue loading conditions for

general stress state and stress ratios are discussed.

A strategy for changing material properties (stiffness, strength and Poisson's ratio) of

failed material under static and fatigue 10ading for each mode of failure is established. For each

sudden mode of static or fatigue failure, detected by the set of failure criteria, a suitable sudden

material property degradation rule is associated. For the fatigue case, to simulate gradual material

property degradation, normalization techniques for strength degradation, stiffness degradation and

fatigue life of a unidirectional ply under uniaxial state of stress are utilized. The generalized

material property degradation technique is established by using the normalized strength

degradation. normalized stiffness degradation, and normalized fatigue llfe models. Using the

established technique, the limitations of application of polynomial failure criteria in traditional

forms are successfully overcome.

The material properties (strength, stiffness, residual strength. residual stiffness and fatigue

life) ofunidirectional AS4/3501-6 graphite/epoxy material are fully characterized under tension and

compression, for fiber and matrix directions, and under in-plane and out-of-plane shear, in static

and fatigue loading conditions. For this purpose, an extensive experimental program is performed.

The infOlmation provided by this series of experiments is used as input data for the progressive

fatigue damage model. Sorne of the existing testing methods for characterization of composites are

necessarily modified and improved during the experimental studies in this research.

To examine the model and sorne of its important components, different sets of experiments

arc conducted. To evaluate the generalized residual material property degradation technique, which

is an important basis of the model, a series of static and fatigue experiments are performed on 30°

off-axis specimens. A very good agreement between the l'esults obtained from the aforementioned

technique and the experimentai results is achieved. A series of static and fatigue experiments is
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perfonned on pinlbolt-Ioaded composite laminates to verify the progressive fatigue damage mode/.

An excellent agreement between the results of progressive static damage model simulation. which

is an important component of the mode!, and the experimental results is obtained. The fatigue life

simulation capability of the mode! is examined by the experimenl~ and good agreement between the

results is achieved. The fatigue Iife simulation capability of the mode! is also verified by

independent experimental results provided by other authors. For the pin-Ioaded case. fairly good

agreement is achieved between the results, while for the bolt-Ioaded case a large difference is

observed. The residual strength of a pin-Ioaded composite laminate is simulated by the II/odel and

measured experimentally. An initial increase in the residual strength of the pin-Ioaded composite

laminate is observed experimentally. It was shown that although the redistribution and relaxation

of the stresses are important factors. the mode! is not able to simulate this phenomenon without

considering the initial increase in the residual fatigue properties of the unidirectional ply under

tension and compression in the fiber direction. A modified strategy for curve fitting of the residual

fatigue properties of the unidirectional ply under tension and compression in fiber direction is

adopted and a successful simulation of the residual fatigue strength of the pin-loaded composite

laminate with initial increase is achieved. Finally. the fatigue behaviour of the pin-loaded

composite laminates under two separate consecutive load levels (low and high) is predicted by the

mode/. By changing the priority of the applied load level (high-to-low or low-to-high). it was

shown that the traditional Miner's Rule is not able to simulate this problem. A fairly good

agreement between the results of two separate consecutive !oad level experiments and the simulated

results by the mode! is achieved.

In summary, the established mode! ean predict several aspects of fatigue behaviour of

laminated composites. AIl experiments, perfonned in this study and provided by other authors,

confinn the capabilities of the mode/. A survey of the literature reveals that no other existing model

has been so heavily supported by experimental results. It can be concluded that the established

mode! represents a major development in the fatigue analysis of composite materials.
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Originality and Contribution to Knowledge

The present research contains the following original contributions:

• A new modeling approach, called the progressive fatigue damage modeling, for simulation of

the behaviour of laminated composites under general fatigue loading conditions is established.

• Fatigue behaviour of pinlbolt-Ioaded composite laminates is simulated by the model as a

sophisticated problem. For the selected problem, the effects of material nonlinearity and boit

load on the three-dimensional singular states of stress near the edge of the hole and at layer

interfaces are studied.

• An existing material nonlinear model, suitable for in-plane shear stress-strain behaviour of a

unidirectional ply is extended to be applicable for the out-of-plane nonlinear shear stress-strain

conditions.

• A complete set of three-dimensional stress-based polynomial failure criteria capable of detecting

seven different sudden modes of static and fatigue failure of a unidirectional ply under

multiaxial state of stress is developed. The effect of material nonlinearity on the mathematical

forms of the failure criteria is also studied. Difficulties and limitations of application of such

failure criteria, in traditional forms for general stress state and stress ratios are discussed.

• A complete set of material property degradation rules for sudden modes of static and fatigue

failure for a unidirectional ply under multiaxial state of stress is developed.

• To simulate the graduai material property degradation of a unidirectional ply under multiaxial

state of fatigue stress, the generalized material property degradation technique is established.

For this purpose, the normalized strength degradation, normalized stiffness degradation and

normalized fatigue life models are established and coupled. Using the established technique,

the limitations of application of polynomial failure criteria in traditional forms are successfully

overcome.

• The material properties (strength, stiffness, residual strength, residual stiffness and fatigue life)

• of unidirectional AS4/35D1-6 graphite/epoxy material are fully characterized under tension and
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compression, for fiber and matrix directions, and under in-plane and out-of-plane shear. in

static and fatigue loading conditions. Sorne of the existing testing methods for characterization

of composites are necessarily modified and improved.

• Static strength, residual strength, fatigue life and residual fatigue life of the selected problem

(pinlbolt-Ioaded composite laminates) with various geometries. ply configurations and load

levels are simulated by the proposed model and successfully compared with the experimental

results.

• Increase in residual fatigue strength of the notched composites is successfully simulated by the

mode!. It is shown that the initial increase in the residual fatigue properties of the unidirectional

ply under tension and compression in the fiber direction, as weil as the redistribution and

relaxation of the stresses. are responsible factors for causing this interesting phenomenon.

• The fatigue behaviour of composite laminates under two separate consecutive load levels (high

and low) is simulated by the mode!. Considering the mechanics <'f l'ailure of unidirectional

plies under uniaxial fatigue loading conditions and the progressive nature of the model enables

it to distinguish the effect of the sequence of the applied load.

• The material presented in this research is partially published by the author in six journal papers

[127, 130, 175,279,309,310], five conference papers [128, 129,270,280,281] and one

technical report [276].
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Recommendation For Future Work

The following recommendations should be considered to extend and improve the present research:

• The ply configurations investigated in this study are suitable for research, but not necessarily of

practical use in structural applications. Therefore, for design proposes, more practical ply

configurations should be studied. Furthermore, the model is not limited to pinlbolt loaded

cases. Analysis of any useful structure would be a good application of the current mode/.

• In this research, to simulate the edge effect (stress singularity) a large number of elements is

utilized near the singularity location in the finite element mode!. To reduce computational time,

the usc of singular elements may be beneficia!.

• In the present work, the effect of the friction between the pinlbolt and the edge of the hole is

ignored. Adding a frictional contact formulation in the finite element technique is time

consuming and expensive. However, by inducing the effect of friction, the static and fatigue

behaviour of pinlbolt loaded composite laminates can be studied in more detai!.

• In this study, to simulate the delamination failure mode, the material properties of failed

material in the normal direction are decreased. To perform a better structural simulation, anode

releasing approach for delaminated elements in the finite element model should be utilized.

• Experimental evaluation of the polynomial fatigue failure criteria is performed using the off­

axis 30" specimen as a biaxial testing method. To show the generality of the failure criteria,

experimental evaluation by using other biaxial and multiaxial testing techniques are

recommended.

• The fatigue modeling approach established in this research does not consider frequency effects.

Therefore, ail fatigue experiments for material characterization and model evaluation in this

study are performed at frequency less than 10Hz. Theoretical investigation should he

performed to make the model capable of considering the frequency effects. Also, considering

the viscoelastic behaviour of the composite laminates under fatigue loading conditions is

suggested.
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• AlI fatigue experiments for material characterization of the unidirectional ply are performed at

high and low level states of stress. To improve the capability of the model to prediet the

behaviour of laminated composites under low level fatigue loading conditions. the

unidirectional material should a1so be characterized at very low level states of stress.

• Sorne of the fatigue experiments under low level state of stress take several days to bc

p,~rformed. Therefore. consideration of the creep effect for these type of tests is recommended.

• The AS4/3501-6 graphite/epoxy material is fully characterized for the purpose of modeling in

this investigation. Other material systems should be studied to show the generality of the

model.

• Experimental scatter is inherent to composite materials under static and fatigue loading

conditions, while the model established in this research is only able to simulate a deterministic

fatigue behaviour for composites. A stochastic model should be coupled to the present

deterministic mode! to make it capable of considering the probabilistic behaviour.
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